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NHA XUAT BAN GIAO DUC VIET NAM
CONG BO PUONG DAY NONG

PHUC VU NHU CAU MUA SACH GIAO KHOA

rude thém nam hoc méi, Nha xuat ban

Giao duc Vit Nam (NXBGDVN) di
khén truong trién khai in sach gido khoa (SGK)
phuc vu hoc sinh trude khai giang. Tinh dén
thoi diém nay, NXBGDVN da hoan thanh viéc
in, nhap kho trén 90% san luong SGK theo ké
hoach, sin sang phuc vu nam hoc mdi. SGK
bt dau dugc NXBGDVN phat hanh tir thang
3/2022, dam bao cung tng day du, dong bo.
kip thoi dén cac nha truong, hoc sinh, gido
vién, khong dé xay ra tinh trang thiéu sach, sot
sach, dac biét trong giai doan trién khai ap dung
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Chuong trinh gido duc pho thong 2018. Trong
cac thang phat hanh phuc vu khai giang nam
hoc méi, cac cira hang ban Ié thudc hé thong
NXBGDVN chuan bi day du hang hoa, mo cira
ban hang tat ca cac ngay trong tuan, niém yét
day du bang gia, dong thoi to chirc cac chuong
trinh khuyén mai phong phu. Dic biét, duong
day nong s 0344181018 sé& ho tro giai dap moi
thac mac vé nhu cau mua SGK duoc duy tri tur
8h00 dén 22h00 hang ngay trong khoang thoi
gian tir ngay 15/6 dén ngay 15/9/2022, ké ca
thar Bay, Chu nhat va ngay 1é.
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TRUNG HOC CO SO
D¢ giai bai toan hinh hoc 16p 7 khi cin phai vé
thém hinh d€ 1am bai 1a mot viée khé khin véi hoe
sinh. Nhung c¢6 mét s6 bai toan khi vé thém hinh,
nhin nhan dudi mét phép quay trong hinh hoc thi
s€ giup cho hoc sinh thuén tién trong lam bai.

j P Phép' quay tﬁn} O goc quay a 1a mot phép bién

hinh bién mdi diém M thanh diém M

sao cho OM =OM' va (OM,OM ") =« .

2. Phép quay nguoc chiéu véi kim dong hd va

phép quay cung chiéu véi kim ddng hd.

3. Phép quay vé6i goc a =180" 1a phép dbi xing

tam O.

4. Phép quay bién doan

thing thanh doan thing

c6 do dai bang no; bién

goc thanh goc bang no;

bién tam gidc thanh

tam giac bang no. o

I. BAI TOAN CO GOC QUAY 90°

Bai 1.1. Cho AABC vuoéng can tai A va diem M
. MB MA _MC

nam trong tam giac thoa man = s 3

Tinh so do M
Loi giai. Vé AADM vuodng can tai 4, diem D
va M khac phia d6i voi AC .

Ta ¢c6 AAMB=AADC (c.g.c). Suy ra
ADC = AMB
C

Ty MB _MA _MC .

1 2 3
MB =a,MA =2a,MC = 3a.
Suyra CD=BM =a.
Xét AADM vudngtai A4, 2 M ;

cO
AD =AM =2a=>DM?* = AD? + AM*.

Suyra DM’ = (?..::f)2 + (2&)2 =8a°.

Xét ACDM |, co

CD? + DM? = a* +84* =9a*,CM* =(3a)’ =94’
Do d6 CD* + DM* =CM?*, suy ra ACDM vuong

tai D, nén 55]7!=90ﬂ.
Do d6 ADC =90° +45° =135°. Vay

AMB = ADC =135° = 135° .
Nhin xét. O day ta da xét phép quay tdm 4 goc
quay 90°, theo chiéu ngugc chiéu kim dong ho dé
dung hinh phu. Khi d6 ¢c6 CD=BM va ACDM
vuong tair D .
Bai 1.2. Cho AABC vuéng cdin tai A, diem M

nam trong tam giac thoa man

MA:MB:MC =+/3:N2:2J2. Tinh sé6 do cac
goc: MW@M

Léi gidi. Tir MA: MB: MC =+/3 N2 : 242,

dit MA=3a,MB=~2a,MC=22a

Dung AAMN wvudng cantai 4 sao cho N va M
nim trén hai nira mat

; B
phang b0 4B .
Co AABN = AACM
(c.g.c). Suyra
BN =CM = Zﬁa ; o

C
Tue AAMN vudng can .
tai 4. Suy ra:

2 2
MN? = AN? + AM* .—.(ﬁa) +(J§a) = 6a°.
Co MN* + BM® = 6a” +(\2 n)2 ~ 84,
BN? =CM? = (2@:)‘ =84°.

Xét ABMNcd MN?>+BM*=BN?. Suy ra

ABMN wvuédng tai M .

TOAN HOC
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Do d6 BMN =90, suy ra:

AMB =90° + 45° = 135"
Xét ABMN vuong tai, c60 BM = ﬁa,BN =224
Do d6 BN =2BM = BNM =30
Suyy ra  ANB=45°+30"=75. Do do
AMC = ANB=175", BMC =150’
Nhan xet. O day ta da xét phép quay tim 4 goc
quay 90°theo chieu nguoc chiéu kim déng hé dé
dung hinh phu. Khi d6 BN=CM va ABMN
vuong tai M .
Bai 1.3. Cho hinh vuong ABCD c¢6 dé dai cdc
canh la 1. Trén cac canh BC,CD lay lan hrot
cac diem E va F. Chimg minh rang chu vi ACEF
bang 2 khi va chi khi EAF = 45"

Loi giai. Trén tia doi cua 4

B
tia DC lay diém 7 sao
cho DI = BE . Khi @6 5
AABE = AADI (c.g.c)
— AE=AI,LBAE=DAI. 1~ 5 c

Ma BAE +DAE =90°, suy ra:
DAI + DAE =90° = EAI =90".
* Néu chu vi ACEF bang 2 thi
CE +CF + EF =2.
Tt CE + BE + CF + DF =2,

CE+CF+EF=CE+BE+CF+DF =2

= EF =BE+ DF = EF =DI+ DF =1IF .
Do d6 AAFE = AAFI (c.c.c).

s, ¥

EAI 5*90” =45° .

—

Suy ra EAF = IAF =

I

1
2
* Nguoc lai, néu ﬂ;““:ﬁlS“

— JAF =90° — 45° = 45° = EAF = IAF .

Do d6 AAFE = AAFI (c.g.c), suy ra:

EF = IF = DI + DF = BE + DF .
Do d6 CE+CF + EF =CE +CF + BE + DF
=BC+CD=2.

Vay chu vi ACEF bing 2.

Nhan xét. Xét phép quay tam A goc quay 907,
theo chiéu kim dong ho. Khi d6 BE=DI va
AADI vuédng tai D. Thay doi gia thiét cua bai
todn, ta co bai todn moil.

TOAN HOC
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Bai 1.4. Cho hinh vuong ABCD. L{.fj' diem M bt
ki trén canh CD. Tia phan giac BAM cdt BC tai
E, tia phan giac DAM cat CD tai F. Chieng mink
AM 1 EF.

Loi gigi. Goi AM cat EF tai H.

Trén tia dbi cua tia DC lay diém [ sao cho
DI = BE = AABE = AADI (c.g.c)

— DAI = EAM , y B
0
Al = AE . |
SUE: - P
IAF = EAF =45,

¥ . H
Do do: / T
AAFI = AAFE (c.g.c)
— AFD = AFH = AAFD = AAFH (g.c.g).
Do d6 ADF = AHF =90°. Vay AM 1 EF .
Nhdan xét. Tu bai toan trén, ta con ching minh
dugc chu vi ACEF bang 2AB.

Bai 1.5. Cho hinh vuong ABCD, co canh hinh
vuoéng bang 1 don vi. Lay cac diém M, N lan luort
trén canh BC.CD sao cho chu vi ACMN bang 2.
Puong chéo BD cat cac doan AM , AN lan Lot
tai P,Q. Chirng minh rang cac doan thang
BP,PQO.QD lap thanh 3 canh cua mot tam giac
vuong.

Loi gidi. Trén tia doi cua tia DC lay diém E sao
cho DE =BM .

A B
Ta ¢c6 AADE = AABM ;
(c.g.c). Suy ra: “M
AE = AM |,
AED = AMB (1). 1
E ~p N C

Tu MC+CN+NM =2=MC +BM +CN + DN
— MN =BM + DN =DE + DN = EN (2).

Tu (1) va (2) suy ra AANE = AANM (c.c.c).

Suy ra AEN = M = AMB.

Ha AH 1 MN,H € MN .

Ta co AAMH = AAMB (canh huyén, goc nhon).
Suyra AH = f%Ui.‘u’.,!lg;f:i:i’-;r = MAB .

Do do AAPH = AAPB (c.g.c). Suy ra HP = BP,

| —

AHP = ABP = 45"
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Chung minh tuong ty AAHQ = AADQ , suy ra:
OH =Q0D , AHQ =45°.
Vay PHQO =45"+45° =90°, suy ra:

PQ* = HP* + HQ* = BP* + QD* .

Do do6 cac doan thang BP,PQ,0D lap thanh 3
canh cua mot tam giac vudng.
Nh@an xét. Xét phép quay tam 4 goc quay 90°,
theo chiéu kim dong ho dé dung thém hinh phuy.
Khid6 BM = DE va AADE vuéng tai D.
Bai 1.6. Trong hinh vuéng ABCD ldy hai diém
P,Q sao cho BP//DQ va BP’+DQ* = PQ*.
Hay tinh so do F@
Loi giai. Cach 1. Trén
nra mit phing bd BC
chira diem 4 vé diém
E sao cho

AE=AQ,AE 1 AQ.
Khi do:

AADQ = AABE (c.g.c)

= DO =BE,AQD = AEB Goi DQ cit EB tai
I.Cé AQD+ AQI =180° = AEB + AQI =180".
Ma @+,ﬁ+§1§=360“ — QAE
=360" —90° =270°

suy ra QTB=90” = DI 1 EI. Ma BP//DQ suy
ra BP 1 BE. Ta co:
PO’ = BP* + DQ* = BP* + BE* = PE* = PQ = PE.
Suy ra AAPQ = AAPE (c.c.c) = FE@ =45",
Cdch 2. Trén nira mat phiang bd BC chia 4 vé
diém E sao cho BE L BP,BE =DQ.
Tacoé PQ* =BP* + DQ’ = BP® + BE* = PE*.
Suyra PQ=PE (1)
Go1 F la giao diém cia BP va AD, do
BP/I/DQ.
Suy ra 35@ = ﬁ , ma

AFB + ABF =90" = ABE + ABF
. 4FB = ABE = ADD = ABE
Xét AABE va AADQ co:

AB = AD, ABE = ADQ,BE = DQ .
AABE = AADQ  (c.g.c)
AE = AQ, BAE = DAQ = QAE =90° (2).

T (1) va (2) suy ra
AAPQ = AAPE (c.c.c).

Suy ra:
PAQ = PAE =90° : 2
= 45°,

Suy ra Suy ra

C

Nhén xét. Trong cach 1, xét phép quay tam 4
goc quay 90°, theo chiéu kim dbéng ho dé dung
thém hinh phu. Khi d6 BE =DQ,BE 1 DQ.
Trong cach 2, vé€ ABEP wvubdng tai B vOI
BE=DQ.Tudoécéd PO=PE.

Bai 1.7. Cho hinh vuong ABCD canh a. Trén canh
BC va CD lan luot lay cac diém M va N di dong
sao cho MAN = 45°.

a) Xdc dinh vi tri cua diém M va N sao cho MN
lon nhat.

b) Xac dinh vi tri cua diem M va N sao cho MN
nho nhat.

Loi gidgi. a) Trén tia d6i cua tia DC lay diém E
sa0 cho DE = BM .Ha

Al 1L MN , ta
minh duoc:
AABM = AADE (c.g.c).
Suy ra AANE = AANM
(eg.e)=> AD=Al =a.
Suy ra AAND = AANI (canh huyén, canh géc

vuong). Do do S,wm o SAMN +SABM +SABN +SCMh”

chung

E

o py e
Suyra: @ =8 0 + 8,50 8 o F S

2
g = SAMW + SAEN * SCMN

= T +%CM.CN .

= AI.MN = a* —%CM.CNE.::E. Ma Al = a nén

MN < a. Do @6 MN 16n nhét bang a khi

CM=0 |N=D
o .
CN=0 |M=B
. TOAN HOC
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b) Tir MAN = 45" suy ra MN = EN . Do d6 MN
nho nhat <> EN nho nhit.

Ta chimg minh néu AD A

la phan gidc EAN = 45°

thi EN dat gid tri nho
nhat.

Xét E AN, =45° sao cho F

E,N,€eEN va tia AD E\" ¢

D Ny N
nam gita tia AN, va AE,.

Tacé AEN <90° = AEE >90°.

Xét AAEE, ¢6 AEE,> AEE .

Suyra AE, > AE = AN > AN,

Liy diém F trén canh AE, v&i AF = AN, .
Suyra F namgiita 4 va E, .

Do d6 AAEF = AANN, (c.gc)=S,.,. =S

ANN,
= SAEE, > SM, = SAEIN, 2 S.-IEN .
Ma hai tam gidc nay cung chiu cao AD
= EN, > EN.
Do d6 MN nho nhat < AD 1a phan giac
EAN < AM = AN < AM, AN lan lugt 13 phan
glac BAC va DAC.
Nhdn xét. Xét phép quay tam A4 goc quay 90°,
theo chidu kim déng hd dé dung thém hinh phu.
Khi d6 BM = DE va AADE vudng tai D. Bai
to4n tim vi tri ctia diém M va N dé cho MN 16n
nhit, nho nhit. Dua vao bat dang thire co ban tim
duoc vi tri cia diém M va N dé cho dién tich tam
gidc CMN dat gié tr1 lon nhat. Ta c6 bai toan
Bai 1.8. Cho hinh vuéng ABCD, cac diém M, N
lan lwot trén canh BC,CD sao cho MN =45
Hay tim vi tri diem M.N dé cho dién tich tam
giac CMN dat gia tri lon nhat.
Léi gigi. Diat a la canh cta hinh vuong ABCD .
Trén tia dbi cua tia DC, 1y diém E sao cho
DE = BM. Ta ¢c6 AADE = AABM (c.g.c), do d6
AE = AM , ﬂb=m Suy ra:
EAN = EAD + DAN = MAB + DAN
=00 ~45" =45,

TOAN HOC
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Do 36 AEAN = AMAN (c.g.c). Suy ra:
MN = EN = ED + DN = BM + DN
=2a-CM -CN (1).
Lai c6 ACMN vudng tal
C, nén
MN =+ CM?* +CN* .
Thay vao (1) ta co:

JeM? + CN? =2a-(CM +CN).

& 2a=(CM +CN)+JCM* +CN* (2).
CM +CN >2JCM CN,

JcM? + CN? = \[2CM.CN

do d6: 2a>2JCM.CN +~2CM.CN
2a

Ma

2
2a
& JCM.CN < < CM.CN < .
2+\5 [2+\/§]
2
| | 2a
Suyra: S.., =—CM.CN < :
i 2(2+\/§J
2
Vay max S... =—— <> CM =CN
d e W )

S DN=a-CN=a-CM = BM
vatacd AADN = AABM (c.g.c)

hay BAM = DAN =22°30". Vay vi tri cua diém
M,N dé¢ dién tich ACMN dat gia tri 1on nhét 13
BAM =22°30".

I1. BAI TOAN CO GOC QUAY 60"

Bai 2.1. Cho xOy=60°, trén tia Ox,Oy thit tr
lay diem A, B sao cho OA = OB.. Lii:_}/' diém M nam
trong xOy va nam ngoai AOAB sao cho
AMO=15". Cho biét MA =2 cm. MB=2cm.
Tinh dé dai AB,OM va BMO.

Loi giai. Dyng AOMN déu sao cho M va N
nam trén hai nira mat phang bo Oy .

Tacé AOM = BON .

Suyra AAOM = ABON (c.g.c).
Do d6:

AMO =BNO =15" = BNM =60° —15° = 45".

https://tieulun.hopto.org



Ha

BP L MN,P € MN ,
ta c0 ABPN vuldng
can taa P va
BN =AM =2
Suy ra BP= PN =1.
Xét ABMP vudng tai
P, BM =2,BP=1. Suy ra:

BMP=30" = BMO =30 = AMB =30 +15° = 45"
Xét AABM ,c6 AM =~/2,BM =2, AMB = 45"
Suy ra AAMB wvudng can tai 4. Suy ra
AM = AB =42 .

ABPM  vudng tai P,
MP* =MB* -BP* =2* _ 1> =3= MP =13 .
Do d6 OM =MN =MP + PN =3 +1.
Vay OM =+/3 +1 (cm), AB = V2 (cm), BMO = 30°.

Ta ¢o nén

Nhén xét. Xét phép quay tdim O goc quay 60°,
theo chiéu ngugc chiéu kim ddng hd dé dung thém
hinh phu. Khi @6 AM = BN va
AMO =BNO =15,

Bai 2.2. Cho AABC cain tai A, c6 A=80". Goi M

la diéem nam trong tam giac cho

MBA = 40°, MAB = 60°. Tinh AMC.

Loi gigi. Goi BM cit AC tai D, dung AABH
déu v6i H va C
cing nam trén nira
mit phing by AB.
Ké tia phan giac
cia CAH cit BD
tai G.

Tacod:

CAH =80° — 60° =20

— CAG = HAG = CBG = CBH =10".

Xét AABM cb6 MBA=40°, MAB = 60° .

Suy ra AMB = GMH =80

Xét AABG co6 ABG =40°, BAG = 60° +10° = 70°.

nén AABG can tai B. Suy ra:
BG=BA=BH = AC=AH .

Suy ra AGC = AAGH ,ABCG = ABCH.

SdoO

Do d6 CG =GH =CH , nén ACHG @déu.
Suy ra CHG = 60° = GHM =80" —60° =20" .
Xét AMHG ¢6 GHM =20°,GMH =80°. Suy ra

AMHG can ta1 H .
Do d6 HM = HG = HC , nén AHMC can ta1 H.

Lai c6 MHC =80" = HMC =50° = AMC =130"

Nhdn xét. Xét phép quay tim A goc quay 60°,
theo chiéu ngugc chiéu kim dong ho dé dung thém
hinh phu. Khi d6 AB=AH=AC va

CAG=HAG=CBG=CBH =10" .
Bai 2.3. Cho tam giac AABC can tai A co

A=80". Trén canh BC lay diém D sao cho
C%z?s(}”; trén canh AC lay diém E sao cho

ABE =30". Goi I la giao diém cia AD va BE.
Chung minh AIDE can.

Loi gigi. Duyng AABF déu v6i F va D cung
nam trén nua mat
phing bd AB. Lay
diém K trén BI sao
cho BAK =10°.

Tu AABC cantai A p
nén

ABC =(180° -80"):2 = 50"

Lai ¢4 BAD=80"-30"=50". Suy ra

ABC = BAD =50". Suy ra AABD can tai D, nén
AD=BD= AFDA=AFDB (c.c.c). Do dé
AFD =60":2=30° = AFD = ABK =30", ta co:
DAF =KAB=10". Suy ra AADF =AAKB
(g.c.g),nén AD = AK (1). Ta co:

AEB =180° —80° - 30° = 70°;

EAK =80° —10° = 70"

Td &6 AEB=EAK = AKAEcin tai K
= AK =KE (2).

T (1) va(2)suyra AD=KE (3).

C6 I4K = 40°, IKA = 40° = AIAK can tai /. Suy

ra I4=1K (4). Tt (3) va (4), suy ra:
AD—-IA=KE-IK = ID=1E

—> AIDE cantai /.

TOAN HOC
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Nhdn xét. Xét phép quay tim 4 goc quay 60°,
theo chi¢u ngugc chiéu kim dong hd dé dyng thém
hlﬂh phu Khi do AD = AK .

Bai 2.4. Cho AABC ¢6 BA 1C =45", AM I4 dwong

trung tuven, AD la duong phan giac trong cua

AMAC. Ke DK L AB (K € AB); goi ! giao diém

cua AM voi DK. Chung minh rﬁng néu AM la tia

phan giac cua BAD thi BI la tia phan gidc cia

ABC.

Loi gidi. Néu AM 1 tia phan gidc ctia BAD thi

ta coO MW:ﬂD:Iﬂ@:]SU_

Trén nua mat

phing bd AC A

chita B ta dung E

AACE déu, khi

do AM la tia

phin gidc cua 2

EAC . Do d6 g ‘o & ¢
AACM = AAEM (c.g.c).

Suy ra MC=ME, ma MC=MB. Suy ra

MC =MB = ME .

Do d6 ABEC vudng tai £ (1). Vi AACE déu,

nén AM 1 EC = AM //EB.

EBA=MAB=15". Lai c¢b
EAB = 60° —45° =15° . Tir do:

EAB = EBA—> EB=EA=EC (2).
Tu (1) va (2) suy ra ABCE vudng can tai £ .
Vay ABC = EBC — EBA=45"-15°=30" = BAD .
Do d6 AABD cantai D. Tu do DK la phan giac
cia ADB (vi DK L AB).Nén I la giao diém hai
duong phan giac AM,DK cua AABD .

Suy ra:

Suy ra B/ la tia phan gidc cua ABD .

Nhdn xét. Xét phép quay tim A4 goc quay 60°,
theo chiéu nguoc chiéu kim dong ho dé dyng thém
hinh phu. Khi 46 AC = AE,MB=MC =ME.

Bai 25. Cho hinh chir nhat ABCD voi
AB =2A4D. M la trung diém doan AB. Trén canh

AB fcj_l' diem H sao cho ADH =15". Hai dirong
thang CH va DM cat nhau tai K. So sanh do dai
cac doan thang DH va DK.

TOAN HOC
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Loi gifii. Trén nﬁfra - M s
mat phang chira diém
C c¢O6 bo la duong
thaing DH, dung
ADHN déu. Goi O
la trung diém cua
CD. Ta ¢o: |

AD = DO, ADH = QDN =15°,DH = DN .
= AADH = AQDN (c.g.c)= @ — HAD = 90",
Do d6 ANOD = ANQC (c.g.c). Suy ra:

NCO = NDQ =15° = DNC =150".

D 0 C

Tir &6 CNH = 360" —60° —150° =150".
Suyra ACND=ACNH (c.g.c) =>CD=CH.
Do d ACDH «can tai C, suy ra

CHD =CDH =90° -15° =75° (1).
C6 AADM  vudbng <can tai A, nén

HDE =45° -15° =30° (2)

Xét ADHK , tir (1) va (2) suy ra DKH =75

Do d6 DKH = DHK =75", suy ra ADHK cén tai
D.Nay DH=DK .

Nhin xét. Xét phép quay tim D gbc quay 60°,
theo chiéu kim dong hd dé dung thém hinh phu.
Khi d6 DH = DN, AH = NQ .

Bai 2.6. Cho AP,BQ la duong phan giac trong

BAC = 60",
AB+ BP = AQ + QB. Tinh B.C cia ABC.

Loi gidi. Trén tia doi
cua tia B4 lay diém D
sao cho BP = BD.

V& AADE d&u véi ¥
E,C cung niam trén nira B 4

- - )
mat phang bo 4B, ' C
taco E thudctia AC. D J
Suy ra ABDP can tai B, nén BDP - BPD
Ma ABC = BDP + BPD = 2 ABO = 2.BDP .

Do d6 BDP=BPD = 4BQ = CBO
T AQ+QE:AB+BD=AB+BPZAQ+QB

cua AABC. Biet rang

A
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suy ra QE=QB, nén AQBE can tai Q

= QBE=QEB (1). Tt AADE déu, ma AP la

phan giac cua DAE do d6 AP 1a trung truc cua
DE, suy ra PD=PE,;ZBP:E.

Suy ra CBQ = AEP (2). Ta chimg minh E=C.
+ Xét diém E thudc tia dbi cua tia CA . Tir (1) va
(2), suy ra

OBE - CBQ = QEB — AEP = PBE = PEB
Tu do:

PE = PB = PD
= PB = PD = BD,
vo li.
+ Xét diém E thudc
tia CA.
Tu (1) va (2), suy ra:
CBQ - QOBE =

= AEP - QEB = PBE = PEB .
Suyra PE=PB=PD= PB=PD=BD ,vd\.
Vay E=C. Suy ra ABQC can tai Q, nén

1 - i

ﬁ=éﬁ*=5.ABC.

Do d6 ACB + ABC =180° —60° = 3. 4CB =120".
Vay ACB=40", ABC =80°.

Nhdn xét. Xét phép quay tam A4 gbc quay 60°,
theo chiéu ngugc chiéu kim dong ho. Khi dé
AD=AE,PD=PE.

Bai 2.7. Cho AABC déu va diém M bat ki. Chirng
minh trong ba doan thang MA,MB,MC moi doan

thang khong lom hon tong cua hai dogn thang kia.

Loi giai. * Ta ching minh MA+ MB 2> MC .
(Twong tu chung minh MA+MC2MB,
MB + MC = MA). A

Xét cac truong hop

a) Diém M thudc nira mat
phing bo AB khong chia
diem C. N

Vé ABMN déu véi diém B . C
M va N nam trén hai nira mit phang bo 4B .
Ta c0 ABMA = ABNC (c.g.c)=>MA=NC (l).

M

Ta ¢6 BM =MN = NB. Xét ACMN (c6 thé suy
bién), ta c6: MN + NC > MC = MB + MA> MC .
b) Piém M thudc nira mat phang bd 4B chira
diém C. T

Vé ABMN déu véi diem
M va N nam trén hai nira
mat phing bo BC .

Ta ¢c6 ABMA=ABNC
(c.g.c) = MA= NC.
Twong tu phan a) ta chimg N
minh duoc MB + MA> MC .

¢) Piém M thudc dudng thing AB .
A A

B C B C
M

e V4i diém M thudc canh AB. Ta co
AMC + BMC =180°. Suy ra AMC >90° hodc
BMC>90". Néu BMC >90° (truong

AMC > 90 chirng minh tuong tu)

Xét ABMC, vi BC > MC nén AB > MC.

Do d6 MA+ MB > MC.

e Vi di€ém M thudc tia dbi cua tia BA (hodc tia

d6i cua tia AB). Suy ra

MA+MB > AB+ MB =BC + MB > MC .

Suy ra MA+ MB > MC .

e Véi diém M=4

MA+ MB = MC.

Két lugn: Trong mo1 truomg hop ta co
MA+MB=>MC.

Nhgn xét. Xét phép quay tam B goc quay 60°,

theo chiéu nguoc chiéu hay cung chiéu kim dong

ho tiy theo tirng truomg hop cua bai toan. Khi do

cO MA= NC .

hop

hoaic M =B thi

111. BAl TOAN CO GOC QUAY KHAC GOC
QUAY 90’ . 60°.
Bai 3.1. Cho AABC can co A?B:IUU“. Ke

phan giac trong cua BAC cdt BC tai D. Ching
minh AD+ DC = AB.
Loi giai.

S6 541 (7-2022)
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Ha DM L AB,DN | AC,(M € 4B.N AC).
Suyra DM = DN.
Do ACB>90° nén
N thudc tia ddi tia
CA. Trén tia MB
lay diém E sao
cho NC=ME . Suy ra ADNC = ADME (c.g.c),
nén DC = DE (1).
Suy ra DEM = DNC =180° —100° =8(°_
C6 CAB=CBA=40", BAD = CAD = 20"
Xét AADE | co:

DEA =80°, DAE =20° = ADE = 80"
Nén AADE cantai 4, suyra AD = AE.
Xét ABDE c¢o:

DEA =80°, DBE = 40" = BDE = 40"
Do d6 AEBD cén tai E = BE = DE (2)

Tu (1) va(2)suyra DC=BE ,ma AD = AE .
Dodo AB=AE+ EB=AD+CD.

Nhdn xét. Xét phép quay tim D géc quay NDM

theo chiéu nguoc chiéu kim dong héd. Khi d6 6

DU=DFE.

Bai 3.2. Cho AABC, cdc diém E,F theo thir tu

nam trén  cdc canh AC,AB sao cho
] ] —

fEE:E,ZiEE“ EF:E.ACB. Goi O la giao

diéem cua BE va CF Chirng minh rf:ir:rzg néu
OE = OF thi AB = AC hodc BAC =90".

Loi gigi. Khong mat tinh tong quat, gia sir
OBz 0C.

TH1: Néu OB=0C thi A

2= F E
= —ABC=—ACB
3 3
= ABC = ACB.
Do d6 AABC cantai 4. & C
TH2: Néu OB>OC. Trén canh OB lﬁy diém
D sao cho OD=0C. Goi I la giao diém 3
duong phan giac trong cuia AOBC .
Ta c6 AODF = AOCE (c.g.c)= ODF = OCE (1).

T?@Puggce S6 541 (7-2022)
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C6 AOID = AOIC (¢c.g.c)= ODI = OCI  (2).

Do cﬁ:%ﬁ#’iﬁ:;ﬁ nén

cﬁ.:%,ﬁ:ff’l:ﬁ (3).

Tt (1), (2) va (3) suy ra ODF =0ODI. Do d¢
FDB = IDB. Suy ra ABDF =ABDI (g.c.g) .
— DF = DI = AODF = AODI (c.g.c). Suy ra

. ———— ——— e — i -

DOF = DOI = COE = COI = COI = DOI = 6(°
— BOC =120°,0BC + OCB = 60°.
% e D

Do d6: —S-.ABC + E'ﬁ = 60°

:pz(ﬁff:+,ﬁ)=130“:>_§2"é=90“.

Nhan xét. Xét phép quay tam O goc quay EOF ;
theo chiéu kim déng hd. Khi do  c¢o

OF = OE,OC = 0D,0DI = OCI .
Bai 3.3. Cho AABC c6 A=90". AB = AC. Tia

phan giac cua B va C twong ung cdat cac canh
AC; va AB tai D va E. Tir A va E ké cdc dwong
thang vuong goc voi BD cdt dicong thang BC
twong ung tai I va F. Chirng minh rang IC = IF .
Lot giai. Trén tia BA lay diém K sao cho
BK =BC, K thudc tia
d6i tia AB. Suy ra ABCK
can tai B, ma BD 1a
phan giac CBK , nén
b 1L.CK
Ta co:
BE=BF,BA=BI,BDJ_EF,BDJ_AI.
Suyra AE =IF AK = IC (1)

Ta c6 ACK = ABD (cung phu v6i AKC)

i e ]. o 1 ——
ma ABD =— ABC = — T T
5 2AC‘]EE—A[CE
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suy ra ACK = zﬁ, néen ACEK can tai
C=> AK =AE (2). T (1) va (2) suy ra IC = IF.
Nhgn xét. X¢ét phép quay tam B goc quay EBF ?
theo chiéu ngugc chiéu kim dong hd. Khi do co
BE =BF,BA=BI,BC = BK.

Bai 3.4. Cho AABC véi ABC = ACB =36". Trén
tia phan giac cua ABC lay diém N sao cho
BCN =12°. So sanh dé dai ciia CN va CA.

Loi giai. Trén tia BA lay diém D sao cho
BD=BC. Ta ¢6 ABCD can tai B, nén
ﬁ=ﬁ=(1go“—36“):2=72ﬂ.

Lai ¢6 m=ﬁ+zﬁ=36ﬂ+36ﬂ =72°, suy
ra BDC =DAC =172" D

—> AACD can tai C, do A4

d6 CA=CD (1).

Xét ABDN va ABCN . -

cO canh BN chung, e C

BD = BC, NBD = NBC . Suy ra ABDN =ABCN
(c.g.c) = CN = DN = ANCD can tai N.

Lai c6 NCD=BCD—-BCN =72° —12° = 60"

Do d6 ANCD déu = CN =CD (2).
Tu(l)va(2)suyra CA=CN.

Nhin xét. Xét phép quay tim B gbc quay 36,
theo chiéu nguoc chiéu kim dong ho. Khi dé cé
BC=BD,NC = ND.

Bai 3.5. Cho tam giac ABC co AB> AC. Trén
canh AB.,AC lan Lot !ciiv diem M,N sao cho
AM = AN. Goi K la giao diém cua BN va CM.
Hay so sanh do dai cua KB va KC.

Loi gidgi. Trén doan AB lay diém [ sao cho
Al = AC. Khi d6 AAMC=AANI (c.g.c)
= MC =NI (1). Tacd AAIC cantai A, suyra

AIC <90° . Suy ra A
AIN < 90°.

ol M
Ma AIN + BIN =180" I .
suy ra BIN > 90"
Xét  ABIN ¢ ” C

BIN >90°, suyra BN > NI (2).

Tu (1) va (2) suyra BN > MC (3).

T AAMC=AANI nén AMC=ANI, ma
AMN =ANM  (do  AAMN cén),
KMN = INM. Lai c6 INM <KNM (do I nim
giita B va M), do 46 KMN < KNM. Xét AKMN
c6 KMN < KNM ,suyra KM > KN (4).

T (3) va (4) suy ra:
BN — KN > MC - KM = BK > KC .

suy ra

Nhdn xét. Xét phép quay tam A4 goc quay MAN ,
theo chiéu kim doéng ho. Khi do6 co
AM = AN, AC = AI,CM =IN .
Bai 3.6. Cho AABC can tai A. Goi E la diém tiy
y nam gitta B va C. Duong thang di qua E vuéng
goc voi AB duong thang di qua C vuong goc voi
AC cdt nhau ¢ D. Goi K la trung diém cua BE.
Tinh so do AKD.
Loi gigi. Goi F 1a giao diém ctia DE va AB.
Ta co: A

DCE + ACB =90,

ACB = ABC
(vi AABC canta1 A),

FEB = DEC e =5 c
(d6i dinh). D
Suy ra DCE = DEC = ADEC  can tai D
= DC=DE (1). Trén tia d6i cua tia KD lay
diém L sao cho KL=KD. Theo gia thiét
KB =ED. AKBL = AKED (c.g.c)
— BL=ED (2)va BLK =EDK (3).
Tu (1) va (2) suy ra CD=LB. Tu (3) suy ra
BL//ED=> BL | AB. Suyra LBA=90"=DCA.

Laico AB= AC (vi AABC cantai A).
Do d6 AABL =AACD ,suyra AL = AD .

Ma KL =KD ,taco AK L LD .Vay AKD=90".

Suy ra

Nhan xét. Xét phép quay tam 4 goc quay BAC ;
theo chiéu kim dong ho. Khi do c¢o
AB=AC,AD = AL,CD = BL.

Bai 3.7. Cho AABC can tai A voi ﬂ'@ = 80",

Lay diem M nam trong tam giac sao cho

MY C =20 va m =30". Tinh so do A?EE.‘ :

TOAN HOC
' CTusitre 9
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=l N - g

- s

Loi gidi. Trén duong cao AH cua AABC lay
diém P sao cho
AP = AB = AC .
vVé AAMN sao cho
MN 1 AH tai K
va
PAN = PAM = 20"
Tu do co:

BAN =20" va
AAKN = AAKM (g.c.g)
Suyy ra AN=AM. Tu d6 suy ra

AABN = AAPN = AAPM = AACM (g.c.g). Do d6
(BN =PN =PM =CM

(NBA=NPA=MPA=MCA=30"

4

Suy ra NBC =20° vi APMN déu= MN = PN .
Vay BN =MN, ABNM can tai N
— NBM = NMB (1). Ma MN //BC (cung vudng
goc voi AH). Suy ra NMB = MBC (2).

Tu (1) va (2) suy ra NBM = MBC. Do d6
MBC =20°:2=10".

Nhdn xét. Xét phép quay tim A4 goc quay 40°,

theo chiéu kim doéng hd. Khi d6 cd
AB = AC = AP, AM = AN .

nén

Bai 3.8. Cho tam giac ABC co A=60". Tim diém
M sao cho P = JE.."»-M + MB + MC dat gia tri nho

nhat.

Loi gidi. Trén tia ddi cua tia 4B lay diém C' sao

cho AC=AC', lay c!
diém M sao v
cho AM = AM ', A

MAM'=120°, diém M
va M' cung nam trén
nira mit phing bd AB. v,

Ta c6 AMAM' céan tai B C

A va MAM'=120°. Suy ra V3.MA=MM"'. Ta
cd MAC=M'AC'. Suy ra AMAC=AM"AC",
nén MC=M'C'. Do do

P=(\3.MA+MB+ MC) nho nhat

@(MM‘+MB+M‘C'] nho I'Il’lﬁt

10

TOAN HOC
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& (BM +MM '+ M 'C") nho nhat.
< B.M.M".C' thing hang va dugc sap x€p theo

thir ty d6 < M = 4. Vay |
min P = BC'= AB+ AC khiva chi kh1 M = 4.

Nhin xét. Xét phép quay tim A goc quay 120°,
theo chiéu ngugc chiéu kim dong ho. Khi d
AC = AC',AM = AM'MC=M"C".

MOT SO BAI TOAN TUONG TU
1. Trén canh BC,CD cua hinh vudéng ABCD lay

lin  lwot cac diéem E,F  sao  cho
EC=2FEBFC=FD. Ching minh ring
AEB = AEF

2. Cho hinh vuéng ABCD canh a. Trén canh
BC,CD lay lan luot cic diém M,N . Chimg
minh c4ac ménh dé sau la tuong duong:
(A). MAN =45°; (B). MN =BM + DN ;
(C). CM +MN +CN =2a ;

(D). Khoang cach tir 4 dén MN bang a;

(E). ANM = AND .

3. Cho AA4BC, duong cao AH thdéa man
BC=AH A2 . Cho biét ABC =67,5" . Tinh sé do
ACB.

4. Cho ‘tam giac ABC wvudng can tai 4. Goi
M.N lan lugt la trung diém cua AB. AC. Ké
NH L CM,HE | AB,(H € CM,E € AB). Chimg
minh HM la tia phan giac cia BHE .

5. Cho tam gidc ABC c6 BAC =75°. Ké dudng

cao AH, biét AH =13

> C. Chimg minh ring

AABC can.

6. Cho AABC, c6 BAC =120°, 4B < AC. Tia

phan giac cia BAC cit trung truc cua BC tai D.
Ching minh 4D = 4B + 4C

7. Cho A4BC deu va mt diém / nim trong tam

giac AABC. Chimg minh AJ/B> 4JC khi va chi
khi IB<IC.

8. Chc-&' AABC @déu va mot di€m M nim trong
tam giac A4ABC sao cho MA < MB < MC . SO
sanh cac goc m, BMC,CM4

https://tieulun.hopto.org



HUONG DAN GIAI PE THI CHQON HQC SINH GIOI CAP THANH PHO LOP 9,
TP. HO CHI MINH, NAM HOQC 2021 - 2022

Bai 1. Cho cdc s6 a, b thoa man céc diéu kien: \/ a* +2022 +\/ b* +2022 +\/ ¢ +2022

22(ﬁ+\/b_c+\fc_a),

Ja? +2022 +b? +2022 +Jc? +2022 .

2a* + 7ab-3b*> =0, b#2a. b+-2a.

ST SO O TR 8a—-3b 2a-5b o
Tinh gia tri cua biéu thire M = al — Wil = 2.
2a-b 2a+b d \/ﬁE—F\[f;'F ca
e a»s 8a—3b 2a-5b 4x 5
Loi giai. M = - i 3. Gidi r trinh: +—=1x.
4 PR Bai 3. Giai phuong trin ¥ oy ST X
_(8a—3b)(2a+b)-(2a~-5b)(2a~b) Léi gidi, Didu kién: x> -1, x#0. Khi dé:
(2a-b)(2a+b
' I\ ) 4x +5_ @4x(vx+1—1)+§_x
_16a’ +8ab—6ab-3b* —4a> +2ab+10ab-5b"  rala+l x . (x+1)-1  x

4a* —b*

\ 5— R -
 12a* +14ab-8b° 12#::.""+2(3.&3-2‘:12)—3.{;;2 <:>4( JIf'*'l—1)+;-Jﬂ:«:,::-~~£L7c\/.:n:+1—4.mc+5—3c

2 32 2 g2
4a b s <:>x2—4,rM+4(x+l)=9
124 +6b* —4a* —8b* 84> -2b° i
B 4a° —-b’ B 4a° -b’ <:>(.Jr:—2 x+l) =3
1 2(4a’ -0 _, x-20x+1=3  [2Jx+1=x-3
= = —

2 2 E
4a” b |_x—2\/:r+ =-3 _2\}x+l=x+3

Bai 2. Cho ba so duong a, b, ¢ thoa man diéu )
X= Z\E +5

kién: ab + bc +ca = 2022. Chung minh &
xeQ

Ja? 2022 +yb* +2022 +Nc* +2022 _

Jab +Jbe +Jca - ©x=2V5+5,

Viy tap nghiém cua phuong trinh la

S={2\/§+5}.

Do d6: Va* +2022 —Ja* +ab+bc+ca
Bai 4. Cho duwong tron (O), duong kinh AB co

=\j(ab+ 2\a’be + -t:ar)+(¢'?='E ~2Va’be +b‘3) . s V. g :
dinh. Goi C la diém di dong trén (O) (C khac A va

=\/(\/EE_?+\[EE)2 +(ﬂﬂ\@;)z E\K\/a—b+\/5)l B), vé duong kinh CD cua dwong tron (O). Tiép

tuven tai B cua dwong tron (O) cat hai dwong

Loi gidi. Tacé: ab+bc+ca =2022;a,b,¢ >0.

=G T, thang AC, AD lan liot tai E va F. Goi H la trung
Taco: ~a®+2022 2+ab+~eca (). diém cua dogn thang BF; K la giao diém cua hai

Twong tu: Vb* +2022 2be +ab (2). dieong thang OE va AH.

Je? +2022 2Jea +\be (3).
Tu (1), (2), (3) suy ra:

a) Chirng minh nam diem E, C, D, F, K cung

thuoc mot duong tron.
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b) Goi I la tam cua dwong tron ngoai tiép tir giac
ECDF. Chung minh diem I luén thuéc mot duong

!hfﬁng co dinh khi C di dong trén duong tron (0).

Loi gial.
E
C
M
N [
A B
K
H
D
F

a) Ta c6: CAD=90°, ACB=90°" (goc ndi tiép
chin nira duong tron);

ADC = ABC (: %Sd 211'6')
va ABC = CEF (cung phu vé6i CBE).

Suy ra ADC = CEF. Ta giac CDFE n1 tiép (1).
Ta c6 H, O lan luot 1a trung diém cua BF, AB, suy
ra HO la duong trung binh cua tam giac ABF.

Suy ra HO /| AF. Ma AF vudng goéc voi AE

(CAD =90°) nén HO vudng goc véi AE.
Tam giac AHE c6 AB, HO la hai dudng cao cat
nhau tai O, suy ra O 1a truc tdm cua tam giac AHE.
Do d6 EK vudng goc vo1 AH.
Xét AKOA va ABOE co:
OKA = OBE (=90°), KOA= BOE (doi dinh).
Do d6 AKOA ~ABOE (g.g), suy ra:
OK _04
OB OE
Ma O4.0B = OC.0D (OA = OB = 0C = 0D) nén
OK.OE = OC.OD.
Xét AOKD va AOCE cb:

— OK.OEF = OA.OB.

1 2 T?gllyu;llocl S6 541(7-2022)

KOD = COE (d6i dinh)

OK _OD (i OK.OE =0C.OD).
OC ~ OF

Dodé AOKD ~AOCE (c.g.c). Suy ra:

OKD = OCE => tir gidc KCED ndi tiép (2).

Tt (1), (2) ta ¢6 E, C, D, F, K cung thugc mot
dudng tron.

b) Goi M la trung diém cua EF, N 14 giao diém cia
AM va CD.

Tam giac AEF vudng tai A, AM la duong trung
tuyén nén AM = FM, suy ra.

AMAF cin tai M = NAD = AFE.

Ma AFE + AEF =90° (AAEF vudng tai A), do

d6: NAD+ ADN = AFE + AEF =90’

= tam giac NAD vudng tai N = AM vulng goc
voi CD. Ma OI vudng gbéc vo1 CD (O la trung
diém cua day CD cua (/)) = AM // OI.

Mit khic AO vudng goc v6i EF (EF 1a tiép tuyén
cua (0)) va IM vudng goc EF (M 1a trung diém
cua day EF cua (I)), suyra AO // IM.

Ta gidc AOIM c6 AM // OI va AO // IM do d

AOIM 13 hinh binh hinh = IM = 40 =28

2
AB khong doi, EF cb dinh, IM vudng gbéc EF, viy
I nam trén duong thiang cb dinh song song vdi tiép
tuyén tai B cla duong tron (0), cach tiép tuyén do

. il s B s il !
mot khoang bang > va nam trén nua mat phang

bo la tiép tuyén d6 ma khong chira diém A.

Bai 5. Qua diem M thuéc canh BC cua tam giac
ABC ta ke cac duong e‘lﬁng song song voi cac
canh AB, AC chiing tao thanh véi hai canh ay mot

hinh binh hanh. Tim vi tri cua M dé hinh binh

hanh d6 c6 dién tich lém nhét.
Lot giai. Xet ABME va ABCA c6:

B (chung), BME = BCA (ddng vi vi ME // AC)
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Do d6: ABME ~ABCA (g.g)

_ Sous :(B_w{j
S BC

ABC

Tuong tu: Scup :[Qﬂf_ 1 E
. S.{BC BC 1

=1(BM+CMT l(BM CM Y
2\ BC BC) 2\ BC BC
}1[3114 CMY 1
22— —t—| ==
2\ BC BC ) 2
Dodo & , Saw 5 1
S.JEC‘ S.dBC 2
TECO O + D0 25 e NEH 3 e 5%5}3{”
2
Déu “=" xay ra < [y--g‘i] =0
BC BC
S BM=CM
< M la trung diém canh BC.

Vay khi M la trung diém cua canh BC thi hinh
binh hanh c6 dién tich 16m nhat va bang nira dién
tich tam giac ABC.

Bai 6. Tim tat ca cac cdp so tw nhién (m; n) voi

m>n sao cho A=(m+n)’ lawoc cua
B=2r:(l3m:+nz)+8.

Loi giai. ViA,B>0,AlaudccuaBdodoB=>4

hay 211(3;1'::*12+n‘?)+82(i':r1+.w)3

& 6m*n+2n' +8=>m’ +3m’n+3mn’ +n’

o m' =3mPn+3mn® —n’ £8

S(m-n)P <8 ©&©m-n<2 &Smn+2,

Mam>n nén: n<m<n+2 (mneN).

Dodém=n hoaicm=n+1hoacm=n+2.

e Néu m = n thi

B=2n(3m2 +n3)+8=8n3 +8, A=8n".

Vi B:A suyra 85(8113), suyran = 1.

TacOm=n=1.
-Néum=n+1 thi

B=2r::|:3(sr.-+1)2 +n2:|+8=8f13+12n2 +6n +8,
A=(2n+l)3.
Ta co B=(8n3+12n2+6n+1)+7:(2n+l)3+7

chia hét cho A=(2n+1)3 nén 75(2n+1)3. Suy
ra: (2n+1)’ =1=>n=0. Khidé m=0+1=1.
e Néum=n+2 thi
B=2n[3(n+2) +n’ |+8
=8n® +24n* +24n+8 = (2n+2)’,
A=(2n+2)3.

Ta thdy B:A,VvneN nén m=n+2(neN)

thoa man diéu kién dau bai.
Két ludn. Cac cap sO tu nhién (m, n) can tim 1a:
(1;0); (1;1); (n+2; n) véi neN.

NGUYEN DUC TAN

(TP. Ho Chi Minh)

Swu tam va hwong dan gidi

% 3% 2 3k 3k ok 3k sk ok o ok ok s ok sk ok ok ok ok ok ok sk ok sk ok ok ok ok sk 3k ok ok ok ok ok ok ok sk ok ok

DE THI TUYEN SINH . . . (tiép theo trang 14)

Bai 5. (1,0 diém) a) Trong mat phing cho 5 diém
sao cho khong ¢6 3 diém nao thang hang. Chimg
minh ring ton tai it nhit mot tam giac c¢o cac dinh
dugc lay tir 5 diém da cho.

b) Trong mit phing cho 2022 diém sao cho khong
c6 3 diém nao thing hang. Chimg minh rang ton
tai it nhat 2018 tam giac th ma mdi tam gidc co
cac dinh dugc lay tir 2022 diém da cho.

NGUYEN THANH HONG
(GV THPT chuyén DHSP Ha Noi)
Gioi thiéu

TOAN HOC
' cTusitre 13
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PE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN, PHSP HA NOI
NAM HOQC: 2022 - 2023

VONG 1
(Thoi gian lam bai: 90 phiit, danh cho moi thi sinh thi vao triong chuyén)

Bai 1. (1,5 diém) Cho

.r+1 1 1

[IIJ_ 2 V-1 J‘+2] 1 - (x20;x21)

a) Rut gon A.

. A28 ¥ : Inzd 5
b) Tim cac sO nguyén x sao cho y la s6 nguyén duong.

Bai 2. (2,5 diém) a) Trong mit phing toa do Oxy,
hdy viet phuong trinh duong thing (d):y =ax+b
biét duong thing (d) di qua diém A2 ; —1) va song
song voi dudng thang y==3x+1.

b) Mot cua hang kinh doanh dién may sau khi
nhap vé chiéc tivi, d3 ban chiéc tivi do; ctra hang
thu duoc tién 1di 1a 10% cua gia nhap vé. Gia st
cua hang tiép tuc nang gia ban chiéc tivi d6 thém
5% cua gia da ban, nhung bdt cho khach hang
245000 déng, khi d6 cua hang s€ thu dugc tién 14i
la 12% cua gia nhap vé. Tim gia tién khi nhap vé
cta chiéc tivi do.

Bai 3. (3 diém) Cho tam giac déu ABC noi tiép
duong tron (O), diém D thudc cung nho AB (D
khac 4 va B). Cac tiép tuyén véi dudng tron (O)

tai B va C cit AD theo thir tu tai £ va G. Goi ] I3
giao diém cua CE va BG.

a) Chimg minh rang AEBC ¢« ABCG.

b) Tinh sé do goc BIC. Tur d6, hdy ching minh
rang tir giac BIDE ndi tiep.

¢) Goi K 1a giao diém cta DI va BC. Ching minh
rang BK* = KI.KD .

Bai 4. (3,0 diém) a) Tim céc s6 thuc x sao cho

a=x+v2 va b=x+5J/2 ddng thoi 1 hai sé
hiru ti.

b) Biét rang: phuong trinh bac hai x>+ ax+b =0
c6 hai nghiém phan biét la x, va x;; phuong
trinh bac hai x* + a»x + b, = 0 c6 hai nghiém
phan biét 1a xy va x,; . . .; phuong trinh bac hai
X" + amx + bagza = 0 ¢6 hai nghiém phan biét 1
Chimg minh rang s thuc
X Ry Fasvdk R

2022
trinh bac haz:

2 +(a1 T4, Tt Ay Jx+[b] i g ]=0
2022 2022

Xp Va X2p29.

=

la nghi€ém cuaa phuong

VONG 2
(Thoi gian lam bai: 120 phit, danh cho thi sinh thi vao chuyén Toan va chuyén Tin)

Bai 1. (2,0 diém)
a) Khong st dung may tinh, hdy tim gia tri cua

bidu thirc P=3/7+5v2 +3/7-52 .

b) Cho da thirc P(x) = ax’ + bx + ¢ (a # 0). Chimg
minh rang néu P(x) nhan gia trl nguyen vGi moi scr
nguyén x thi ba s6 2a, a + b, ¢ déu la nhitng so
nguyen. Sau dﬂ chirng to rang néu ba s 2a, a + b,
¢ 1a nhirng s6 nguyen thi P(x) cing nhan gia tri

nguyén voi moi 50 nguyen Xx.
Bai 2. (3,0 diém) Cho tam giac déu ABC ngoai

tiép duong tron (0). Cung nho OB cua duong
tron ngoai nep tam glac OBC cit duong tron (O)
tai diém E. Tia BE cét duong tron (O) tai diém tha
hai F.
a) Chimg minh tia £O la tia phan gidc cua goc
CEF.

TOAN HOC
14 7 cusitre

S5 541 (7-2022)

b) Ching minh tir gidc ABOF noi tiép.
c) Goi D la giao diém thir hai cia CE véi duong
tron (O). Chimg minh ba diém 4, F, D thing hang.

Bai 3. (2,0 diém) Cho a, b, ¢, d 14 cac sb nguyén

duong sao cho a.b = cd Chimg minh rang s0

2022 2{]22 2(]22
N=a"""+b +d2 13 hop sb.

Bai 4. (2,0 diém) Ta viét muoi s6 0, 1, 2, ..., 9 vio
muo1 0 tron trong hinh bén, mdi sd duoc viét dung
mot lan. Sau do, ta
tinh tﬂng ba s0 trén
moi doan thing dé
nhan dugc 6 tong. Co
hay khong mdt cach

O-

viét mudi s6 nhu thé sao cho 6 tung nhan dugc la
bang nhau?

(Xem tiep trang 13)

https://tieulun.hopto.org



PH UONG PHAP

GIXIT TOXR K

Pa thic trong cétc dé thi hoc sinh gio1 thuong la
kha phirc tap doi voi thi sinh, ding sb phirc dé
giai toan khong 1a sy lya chon cua nhiéu hoc sinh
do cac em }cht':?ng ¢6 nhiéu diéu kién tiép xuic. Bai
viét n&)‘z cO gﬁng’lﬁm nhe di su phirc tap va lam
tang diéu kién ti€p xuc cho cic em qua viée xét
nghiém phirc cua da thirc.
Bai viét nay su dung cac kién thirc quen thudc :
dinh 1y Bezout, dinh 1y Viete, cac kién thic vé sb
phuc trong sach gido khoa mén Toan 16p 12 ning
cao,..., chican luu y thém vai y sau:
e Da thirc bac n ¢6 khong qua » nghiém thuec, c6
ding »n nghiém phuec.
e Da thirc bac 1é luén c6 nghiém thuc.
e Khi s6 phitc z=a+bi c6 phan a0 b=0 thi
modun cua z chinh 1a gi4 tri tuyét ddi cia phan
thuc a .
e Cho hai da thirc f(x) va g(x)(g(x)khong la
da thic 0) bat ky cua Z(x) (twong ng la
Q(x), R(x), C(x)) thi bao gid cling c6 hai da
thirc duy nhat g(x) va r(x) thugc Z(x) (tuong
ing la Q(x), R(x), C(x)) sao cho

f(x) = g(x).g(x) +r(x)
vl 0 <degr(x)<degg(x).
Néu r(x)=0,tanodi f(x) chia hét cho g(x).
e Néu z la nghiém phirc cua da thirc hé sO thuc
f(x) thi z
J(x).

e Tich cua hai sb phic lién hop 1a mét s6 thyc
kKhong am.

cling 1a nghiém phirc cua da thuc

Bai toan m& dau 1a mot bai kha quen trong dé thi
Qudc gia cia Rumani da kha lau.

Bai
neNn22.aelR masina#0 thida thiec

toan 1. Chung minh rang voi

P(x) = x"sina — xsinna +sin(n —1)a

chia hét cho da thiee O(x)= x> =2xcosa +1.
Ta co cach giai quen thudc la chung minh quy nap

theo ne N”. Xét cach giai dung s6 phirc sau

Loi giai.
e Ta ¢6: O(x)=(x-xXx—x,) VOl
X, =cosa +isina, Xx,=cosa—isina nén ta

chirng minh Xx,, x, la hai nghiém cua P(x).
Taco: P(x;)=x,"sina —x, sinna +sm(n—1l)a

=(cosna +ismmna)sina —(cosa + isin @) sin n
+ (SIn n cos @ — cosnasin &)
= 0.

e Vi x, -—-;l nén P(x,)=0.

Viy P(x): Q(x), ta c¢6 diéu phai chirng minh.
Phirc tap hon mot chut, ta c6 bai toan sau

Bai toan 2. Chirng minh rang neu nelN | n

khong chia het cho 2 va 3 thi da thirc

-

P{x)= Ci.r” == PR

H

+ (T't
chia hét cho da thire Q(x) = Y +2x +2x+1.

Loi gidi. « Pa thic O(x)=x" +2x* +2x+1 ¢o

1+\/§£ l—x/if "

cac thiém X, = —],xz = 3 Xy = 5 ncn

ta chimg minh P(x )=0,i = 1;3. Ta co:

xP(x)= Cx! 43" 2 # 0 2 €N
) TOAN HOC
S 541 (7-2022) ' Cludilre 1 5
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& XP(x)+x" +1=(x+1)"

do d6 xP(x)=(x+1)" —=x" —1 va tir gia thiét suy

ra n lé, ta co:

+ 5 P(x)=0-(-1)"-1=—(-1)-1=0

< P(x)=0.
f] _{_‘1"*‘&5} —1
2

- (cns%+isin£] —[cus—z-;-p;'sinﬁj =

+ x,P(x,) = {; + ‘/23

3 3

nTr . Rnx

=[cos—+zsm—-—)~ f.:iasﬁ—j:r—+f5in--zﬂ -1
3 3 3 3
nmw 2

= (cos_—-cnsﬁ—ljﬂ sinE—sin%—ﬁ .
3 3 3 3

Vi n khong chia hét cho 2. cho 3 nén

n=6kx1LkeN .Dodd

+ cosn— = cos(iﬁ) = l
3 3 2
27 [ 2}?] 1
+ cosn—=cos| *— |=—~—,
3 3 2
+ sinnZ=sin| += | =sin iz—H]=sinﬂ—H
3 3 3 3
- P(x,) : +1 1+0=0
ne %)= o = V.
n x,P(x, >*5

+ Lai c6 x, #0 nén P(x,)=0.

Vi x =.1c_2 nén P(x;)=0.

Viy P(x):Q(x), ta c6 diéu phai chirng minh.
M& rong mot chut bai toan nay, ta co bai toan 3
Bai toan 3. 7im so nguyén duong n dé da thirc

-1: TR 3. Jn 4
+ Cx" =L, x +
IR {“'I)” I (“u:ll |

P(x)=-C'x"

f

chia hét cho da thire Q(x)= X —2x" +2x~1.

Loi giai.  Pa thic Q(I)=(I—1)(x3 -Xx+1) ¢

li-fﬁ

cac nghlém X, = l;xzj = > nén ta tim
TOAN HOC .
sl 541 (7-2022)
16 "~ crusige S°

|

(2

neN" d&& P(x)=0,i=13.

e TacoVx#0,

XPO) = —Cx* R0 - O™+t G Cx

& xPx)+x" +(-1)"' =Cx" = C,x"" +C,x"
—Cx" P 4+ (DT Cx+ (D) CE

& xP(x)=(x-1)"—x"-(-1)".

Do do:

+ xP(x)=0-1"—(-1)"

& P(x)=-1-(-1)" (do x, =1).

Do dé P(x,)=0-1=(-1)" < nlé.

Lac d6 xP(x)=(x-1)"—x"+1,Vx #0.

SPSSRITE A W (W Y

2 2
1 n i
=1 = +J§f = 1+J§i +1
230 12 2 2
2 .2
_ [_; ;][;ijl

2
= [cos—zﬁ —-CDSEBE + 1)+ .rf(sin__?“'""”'T s Sinﬂr.)_

3 3
2nm niT
COS —cos—+1=(
Dods P(x)=0e{ 3
Sin'—n:—r-—sinﬂ=0

Rt nix
COS—| 2cos——1 | =
3 [ 0S 3 1] 0

sin?[ZCﬂsn—; - 1] =(

\

"::’2(:03"”—;{—-1:0

nit T
P——=F—+k2x

3
cb.n:ﬁkil& kEZ.

+Vix,=x, nén P(x,)=0n=6k+1

Vay s6 n can tim 13 sé nguyén duong chia cho 6
du 1 hoac du 5.

https://tieulun.hopto.org



Ket hop v6i day s0, ta co bai thir 5 (bai diu cia
ngay thit hai) VMO 2015,

Bai toan 4. Cho dav da thire (‘.f,;(-ﬂ]
dinh boi: f,(x)=2; f (x) =3x;
f.(x)=3.

I(x}+(l—1—"1 )/, (x),neN,n>2.

Tim tat ca cac so nguyén d:rung n dé da thirc

f,(x)chia heét cho da thite x* - * + x.

Bai nay ngoai cach giai dit day ham phy va dong
du, con co f:éch giéi khac, c6 thé nhe hon, 14 cach
dung day so va so phirc.

Loi giai.

o Xét diy sb

=2 3y
{un =3xu,  +(1-x-2x")u, _,,neN,n>2
voi x 1a tham sd thure.
Ta ¢6 phuong trinh dac trung
AP =3xA+(2x* +x-1)=0
co hai nghiém 4 =x+1; 4, =2x—1 nén

u =a(x+1)" + p(2x-1)",neN.

{a'=l
—
p=1

nén f (x)=(x+1)"+2x-1)",neN.

Cé u,=2=a+p
u, =3x=a(x+1)+fQ2x-1)

e Dit g(x)=x"—-x"+x thi g(x)=x(x"-x+1)

1+i3
2

co ba nghiém x, =0;x,, = nén ta tim

neN @ f.(x,)=0(uc 4o

ﬁr(xl)zo;
f,(x)=0 do x3=x_1). Ta co:
+ f(x)=0 1"+(-1)"=0 onle.

+ f(x,)= [_3_.‘._‘/__.;] (J_r)

2

r( f
‘5+1f} +(N3) (0+i)
7y @

) ) i
L Tr ..

cos£+ism— =} CDS-—HSHI“]
6 6 2 2

=(\/3)"

= (J3)

—

dwoc xac

% i
=(\/§)" (cﬂs%+isin%]+£ms%+rsmi;-]

:
nw nc) [ . nwr . nxw
= ’ — — |+i| SIn— +SIn—
(\E) cos p + COS > J 1[ . 5 )

_ o <
- 2(\5)" (CDS%}E ms%] + :'[sm %cns%)_

= 2(J§) cu[:}s——[cvzzus.113-}E + 1 sin”—;-].

ni
Do do: fn(x2)=0<::-cos—6—20

M2 ke n=6k+3,keN.

602
+ Két hop véi n 1é, chon n=6k +3,k e N.
Vay tt ca cac gia tri can im 12 n =6k + 3,k € N.
Ta xét mot vai dang toan khac cua da thuc su

dung dén so phirc va nghiém phurc.

Bai toan 5. Goi x,,x,,...x, la n nghiem cua da
thure voi hé so thuc
| 2
P(x)=x" +ax" +a,x" " +..+a..

Chirng minh rang

]i[(.rf +1) =
=1

={l-@,va,—a; +...) +(a, —a, +a;,—a, +..).

Nhin xét. Da thirc x* +1 ¢6 hai nghiém la i va —
=X = =x).

Do dé can viét lai P(x) dudi dang tich va thay x

i nén x*+1=(x-i)(x+i)=(

boi i va —i dé xuat hién nhan tr x° +1.

Loi giai. Theo gia thiet, P(x) = | [ (x—x,) nén

P(i).P(—i) = lil (i=x)=i-x)

n

Tl 1) 0
Lai co:
P(@)P(—) =" + a,f"_]

+a, ()" +a,(=)"* +..+a,)

+a,i" +...+a,)((-)

TOAN H
: Cl'uﬁ'i% 17
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- = 2 any 4 B oy - 8
l=—(=i)" =(-1) =—(=)° = (=)} =...
nen a,f"‘l =i = -ai"™,
e AZ M :
a,(—1)" ' =—(—) a,(—1)" l =—aq, (=)™,
ng"d‘z = -fzﬂzfn-z = —ﬂzi‘n,

a,(—i)" = ~(=i) a,(=i)"? = —a, (~i)",

=13 . .4 -

= ﬂ3f"+],
a, (_I.)ﬂ-3 - (_5)4 ﬂ3(—f)n_3 = HE("I')HH,

n-4 _ 4 _ .n-4 _ _ .n
aji’ =iajg  =a,,

a,(-)"" = (=) a,(-)"" = a,(-i)",

Hﬂiﬂ-ﬁ i _fﬁasiﬂ—ﬁ - _Hsiﬂ+] !
=5 36 =5 -\ n+1
a,(3) =) a~) = —a(-i)”
- . =0 .
a ™" ==i'a it =agh
ay (i)' = ~(~i)° a,(=i)" = =ag(=i)",...
Do d6: P(i).P(—i) =

=(@{)".(-i)'[l-aji-a, +ai+a, —asi—ag+..]x

x[1-a,(=i)—a, + a;(-i) +a, —a;(-i)—as +...]

=[(1-a, +a,— a5 +..)—i(a —a, +a5—..)]
x[(1-a, +a,—ag+..) +i(a, —a; +a; ~..)]

S e W

=(1-a,+a,—a, +..)" +(a —a; +a, =) Q)
T (1) va (2) ta c6 diéu phai chimg minh.

Bai toan tiép theo st dung s6 phirc ¢ khia canh
khac - mot da thirc hé sd thuc néu c6 nghiém phirc
that su z (khong phai nghiém thyc) thi s& co
nghiém z , do d6 né ¢6 mét so chan nghiém phic
va tich hai nghiém lién hgp nay la mot so thuc
duong.

Bai toan 6 ( IMO lan thir 34). Cho

f(x)=x"+3% '"+3(nel,n>1).

Chimg minh rang f(x) khong the bieu diéen
thanh tich hai da thwece ( khdc hang so) voi hé so
nguyen.

Loi giai,

TOAN HOC
18 *cusitee
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e Khi n=2thi f(x)=x>+5x+3 la bét kha quy
trén Z(x).

* Khi f(x)=g(x).h(x) véi
g(x);h(x) € Z(x) vacobac 2 1.

nén trong hai sé

n>3, gia su

Vi degg+degh=n23
deg g:deg h cd mot s6 16n hon 1. Lai c6 f(0) =3
la 6 nguyén té nén |g(0)] =1 hodc [A(0)|=1. Gia
Sur

gx)=x' +ax*" +ax" 7 +..+a (ke Nk>1)
va |g(0)=1.

Goi x;x,;..;x, la cac nghiém (ndé1 chung €C)
k

cua g(x) thi g(x) = H(x—x,.).
i=1

Vi |g(0)| =1 nén |xx,..x,|=1 (¥).

Co g(x)=0 nén f(x)=0, i=Lk.
x""(x, +5)=-3,i=1,k.

Do do

Nhédn k dang thirc nay va dung (*), ta duoc:
(%, +5)(x, +5)...0x, +5)|=3*  (**%).

Lai co: |g(=5)| =|(x, +5)(x, +5)..(x, +5),

va 3= f(=5) = g(-5).h(-5)

nén |(x, +5)(x, +5)...(x, +5)| =3

hodc |(x, +5)(x, +5)...(x, +5)| =1 (***).

Vi k>1 nén 3" >3, tir ( **) va (***) ta co ngay
mau thuan.

Viy ta c¢6 diéu phai ching minh.

Két hop véi cac ky thuat thuong dung trong bai
toan xac dinh da thirc nhu xét nghiém va S0
nghiém, dong nhét hai vé,.... ta c6 bai toan twong
do1 phure tap sau

Bai toan 7. Tim tar cq cac da thirc P(x) hé S0

thue thoa man diéu kién

P(x).P(x+1)=P(x* + x+ 1),Vx (1).

https://tieulun.hopto.org



Loi giai. « Neu P(x)=a,Vx(a 1a hing sb) thi tir

P

la=1

thae P(x)=0,Vx, P(x)=1,Vx.

(1) ta cd a’*=a < . Thir lai, chon hai da

e Xét P(x) khong 1a da thirc hing.
+Neéu x, 1a nghiém thyc cua P(x) thi
P(x,” + X, +1) = P(x, ).P(x, +1)=0
nén x, =x,” +x, +1 1a nghiém cua P(x).
Tuong tw, X, =x° +x, +1 thi
P(x,)=P(x," +x, +1)= P(x,).P(x, +1) =0

nén x, la nghiém cua P(x).

Ctr thé ta cd X=X +x +1, keN 1a nghiém
cua P(x) va x,,, —x, = =x,°+1>0 nén P(x)cd
vd s0 nghiém (1a didu vé 1),

Lo do P(x) khong c6 nghiém thuc.

+ Ta dugc: P(x) = az,,xz” + ah_ixz”'l A
(a,,,a, #0,n2>1).

Thay vao (1), duoc:

2n 2n-1
(@ X 405X ... ¥d)X

2n-1

x[a_,,_”(x+ D> +a, (x+D)™ +...+ au] =

2n-1

=a, (X +x+1)*" +a, (& +x+1)7" +...+4q,

Pong nhat hé s6 cia x* va hé so tu do, ta co:

F 2 i

a,, =4a,,

ﬁn('ﬂzn fillyea o T a,)=a,, +a,, , +..t4a,

C}{HZHEI

a,=1
Goi x,x,,...,X, 1a 2n nghiém phtc cua P(x) thi

(_I)IHH{]
xle-trxzn = : I
a,

<N

=1,

do do |I1I2...x2nl £= ‘IIH-xz"“len

Vi x, la nghiém cua P(x) thi x> +x, +1cling la
nghiém P(x) nén tu ‘xf +Xx, + 1\ > |~"-}l ta cO:

- Néu |x,|>1 thi ‘xﬁ+xk +l|>\xk|:>1, suy ra
P(x) c6vO s6 nghiém: loal.

. Néu |x|<1 thi so phic u thoa man
u,? +u, +1=x, cling 1a nghi¢m cua P(x) vataco

, suy ra P(x) co vo sO

] <|g® +10, +1] =,
nghiém: loal.
Nhu vay phai co |xk| =]l.k= EE; hay
X, =Cos@, +ising,,k =1,2n.
Vi ‘xf + X, +1‘ =1 nén

(2cos g, +1)(cos @, +ising, ) =1

< (2cos @, +1)*(cos’ g, +sin’ ¢,) =1

cosg, =0

=
cos@, =1
Uy

—
Xy =
- —a

Laico ) x, =—>==0 nén

k=1 Ayn

P(x) = (x* +1)",n>1 ( thoa man (1)).
Vay tat ca thurc
P(x)=0,P(x)=1,P(x)=(x* +1)",n2>1.

cac da can tim la

Pé rén luyén, cac em hoc sinh cé thé giai cac bai
toan sau

BAI TAP
1. Ching minh rang da thirc
P(x) = (x+1)"*? 4+ (x—1)**? chia hét cho da thirc
O(x)=x* +1 v&i moi so ty nhién n .

2. Tim s6 nguyén duong n sao cho da thuc

P(x)=x"+x"+1 chia hét cho da thic
O(x)=x*+x+1.
(Xem rflf;:r trang 22)
: TOAN HOC
S6 541 (7-2022) ' CTugitre 1 9
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CAC LOP THCS

Bai T1/541 (Lép 6). Tim cac s6 tu nhién x, y thoa
man
(xy+3)(xy+2) =2007"" +1930.

HOANG HAI DUONG
(GV THCS Chu Manh Trinh, Van Giang, Hung Yén)

Bai T2/541 (Lép 7). Cho tam gidc ABC

(AB < AC) c6 BAC=0. M la trung diém cua canh
BC. D la diém trén canh AC sao cho

AD=AB+AC

. Tinh s6 do goc ADM theo a.

NGUYEN PUC TAN
(TP. Ho Chi Minh)

Bai T3/541. Tim tat ca cac sb thuc duong x thoa
man phuong trinh

1945 1954 1975 2023
+ + + =13.
6x+3 4x+5 3x+9 2x+14
NGUYEN TIEN TIEN

(GV THPT Gia Vién B, Ninh Binh)
Bai T4/541. Veé phia ngoai cua tam gidc ABC vé
cac tam giac ABD, BCE, CAF thoa man
ADB =BEC=CFA=90", ABD =CBE =CAF =q.
Chirng minh DF = AE.
NGUYEN KHANH NGUYEN
(3/29E, Da Nang, Hai Phong)
Bai T5/541. x, y 1a cac s6 thuc duong thoa man
xy > 1. Tim gia tri nho nhat cua biéu thirc
R el SR AT : :
xy+1

x+1
THAI NHAT PHUONG
(Cam Nghia, Cam Ranh, Khanh Hoa)

TOAN HOC
20 " cTusifre

So 541 (7-2022)

CAC LOP THPT
Bai T6/541. Tim cac s6 tu nhién x, y 16n hon 1
thoa man
I+ x4 4L+ T =5,
DOAN CAT NHON
(GV THCS P. Binh Pinh, TX. An Nhon, Binh Dinh)

Bai T7/541. Cho cac s6 thuc duong a, b, ¢ thoa
man a + b + ¢ = 1. Ching minh riang
2a-3bc 2b-3ca 2c-3ab
+ + <
2a+3bc 2b+3ca 2c+3ab
MAI QUOC THANG
(TP. Ho Chi Minh)
Bai T8/541. Cho ABC la tam gidc déu ndt tiép
duong tron (O) ban kinh R. Chimg minh ring voi
moi diém M bat ky thudc (O) ta ludn ¢

3 3 3
6J§<:MA H.';B; + MC < 33/216.

1.

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHOG Ha Ngi)

Bai T9/541. Cho a, b, ¢ la @0 dai ba canh cua mot

tam giac co chu vi bﬁng 5 va my,, mp, m, lan luot 1a

d6 dai cac duong trung tuyén tng véi cac canh aq,

b, c. Tim gia tri nho nhét cta biéu thirc
T=m+m +2m’ +4c.

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bac Ninh)

TIEN TOI OLYMPIC TOAN
Bai T10/541. Cho s6 nguyén duong n. Chimg
minh rang khong ton tai da gidc c6 2n + 1 dinh
nguyén (toa do dinh c6 hoanh d nguyén va tung
dd nguyén) va cac canh bﬁng nhau.
PO LE HAI THUY
(GV THPT chuyén Béo Léc, Lam Péng)
Bai T11/541. V&i mdi s6 nguyén duong n, chiung
minh rang ton tai duy nhat sd nguyén duong x,
thoa man

(2+\E)” =Jxﬂ - 3" +J€.

CHAU HOA NHAN
(GV THPT Go Pen, Long An)

https://tieulun.hopto.org



Bai T12/541. Trong mit phing cho bon diém

phan biét c6 dinh 4, B, C, D thing hang theo thur

tu d6. Tim tip hop cac diém M sao cho MAC va
MBD la cac tam giac co tryc tdm trung nhau.

LE VIET AN

(TP. Ho Chi Minh)

Bai 1.1/541. Trén mit nudc co hai nguon két hop

S1, S> cach nhau 6v2 cm dao dong theo phuong
trinh u = acos20nt, véi ¢ do bing s. Biét tdc do
truyén song trén mat nudc la 40 cm/s va coi bién
do song khong doi trong qua trinh truyén. Piém
gan nhit dao dong nguoc pha vdi cic ngudn nam
trén duong trung truc cua S5, va cach 5,5, mot
doan bang bao nhiéu?

VIET CUONG (Ha Néi)

Bai L.2/541. Mot doan mach 4,B; ¢0 Ry, Ly, C
mic nodi tiép, cong huong dién voi tan SO
11 = 30 Hz. Mot doan mach khac 4,8, ¢o Ry, L), C;
mac noi tiép, cong hm:":mg dién vOol tan so
£,=40 Hz. Biét C,=C,. Néu méc noi tiép hai doan
mach d6 vdi nhau thi doan mach mai tao thanh sé
cong hudng dién véi tan so 1a bao nhiéu?

THANH LAM (Ha Noi)
ske ke sk 3¢ ke sk ofe e 3k s ok ok 3k ok ok 3k sk 3k ok ok sk 3k ok sk 3k ok 3k ok ok ok %k ok 3k ok ok 3k ok ok ok
DINH CHINH:

Trong muc Dé ra ky nay, sO 540, thang 6.2022
Bai T12, di viét: ... Chimg minh KP L LQ.
Xin duoc stra la: ... Chung minh KQ 1 LP.
Thanh that xin 16i ban doc.
TH&TT

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/541 (For 6 grade). Find all natural
numbers x, y satisfying

(xy+3)(xy+2)=2007" +1930.

Problem T2/541 (For 7" grade). Given a triangle
ABC (AB < AC) with BAC=a. Let M be the
midpoint of BC. Let D be the point on the side AC

AB+AC. Find the measurement

such that AD=

ofm in terms of c.

Problem T3/541. Find all positive numbers x

satisfying
1945 1954 1975 2023 15
6x+3 4x+5 3x+9 2x+l4 ;

Outside a given triangle ABC
CAF such that

Problem T4/541.
draw triangles 4BD, BCE,

ADB = BEC =CFA=90, ABD =CBE =CAF =a.

Prove that DF = AE.

Problem T5/541. Let x, y be positive numbers

such that xy > 1. Find the minimum value of the

X y 1
expression 4 =——+ = .
y+1 x+1 xy+1

FOR HIGH SCHOOL

Problem T6/541. Find all natural numbers x, y
which are greater than 1 and satisfy

l4+x4+x° +..+x =5,

Problem T7/541. Given positive numbers a, b, ¢
such that a + b + ¢ = 1. Show that

2a- 3b(: 2b—- 3ca 2{'—3ab
2a+3bc 2b+3ca 2c+3ab

Problem T8/541. Given an equilateral triangle
ABC inscribed in a circle (O) with radius R. Show

that, for an arbitrary point M on the circle (O), we
always have

TOAN H
: quéi(t?_;cé 04 |
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MA® + MB® + MC®
632 < o < <3¢716.

Problem T9/541. Let a, b, ¢ be the lengths of

sides

three of a triangle which has the

circumference 5 and m,, m;, m. be the lengths of
the corresponding medians. Find the minimum

value of the expression
T=m+m +2m’ +4c.
TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/541. Given a positive integer n.

Show that there does not exist a (2n + 1)-polygon

with equal sides and integral vertices i.e. the

NGHIEM PHUC ... (Tiép theo trang 19)

3. C6 ton tai hay khong so nguyén duong n sao

cho da thic P(x)=(x+D"+(x- > — (2x)>"

chia hét cho da thirc O(x) =x" —1.
4. Cho day da thirc (f,(x)) dugc xac dinh boi

' 3
fﬂ(x)=2,ﬁ(x)=—;-

| :
fo(x) =3?xf,,,l (x) _E(f ex—2)f. s(xhn22
Tim tit ca cac sO nguyén duongn dé da thuc
(f,(x))chia hét cho da thirc x° - 2x* +4x.

5. Cho céc da thirc hé so phirc

-] n-2
P(x)=x"+ax +ax " t+..74,

cO n nghiém X;,X;,. %,

TOAN HOC
' cTugitre.

Sé 541 (7-2022)

47,

components of the coordinates of all vertices are

integers.

Problem T11/541. For each positive integer n,

show that there exists a unique positive integer x,

satisfying Q2+7)" =Jxﬂ -3 +J.E.

Problem T12/541. In a plane there are 4 fixed
points 4, B, C, D which are collinear in that order.
Find the locus of the points M such that two

triangles MAC and MBD share the same

orthocenter.
Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)

P(x)=x"+bx"" +bx"? +..+b

’ " A 2
cO n nghiém x, 5,31'1"'.,.....’..:!:2

n

. Ching minh rang
néu cac té}ng qt+a;+a;+...va a,+a, +a, +..
la cac 56 thuc thi tong b +b, +b, +...+b cing 1A
sO thuc.

6. Cho da thuc

12n+2

P)=(x*+x+1)"" =} g,x* neN.
k=0

) 2n n
Chirng minh rang A =) a,.,
2: Z o

k=0 k=0

Mong 1a bai viét nay giap cac thay c6 c6 thém tai
li¢u cho cac em doc va 1am baj tap. Nhirng vy kién
trao doi xin goi vé: Pham Ngoc Chadu, giao vién
Toén Truong THPT chuyén L& Khiét, thanh ph
Quang Ngai, tinh Quéng Ngai.
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Bai T1/537. Tim tat cd cdc s6 tir nhién a, b, ¢ théa
man a +a+2=2" va a* =2 +1.
Loi giai. Tu a’=2°+ 1 thi sO tu nhién ¢ > 0 nén
sO tr nhiéna > 1 va a 1a s6 16,
Cich 1. T2 =a’—~1=(a+1)(a—1)néna+ 1
via a — 1 chi 1a liy thira cia 2. Pata + 1 =29 va
a—1=2° véi cac s6 tu nhién d, e thoa min
d>e>0. Tirdd 2°—2°=2, hay 1a 2°(2“*- 1)= 2,
suyrae=1vad=2.
Khidoa=3va2’=a*—1=2nénc=3.
Tac62°=a’+a+2=32=2" suyrab=>5.
Vaya=3,b=95;c=3.
Cach2: T 28 (> - 1)=2°(a’ +a +2)

=2°[a (@ - 1) +2(a + 1)),
gian udc cho s6 a + 1 > 0 duge
2°(@-1)=2[a(a-1)+2],
2"“(@-1)=a(a-1)+2,
suy ra s6 a — 1 1a u6c sb cia 2, ma so a 1¢, a > |
nénaq=3. Lic d62° =a’—1=8nénc =3 va

=g’+aq+2=2",suyrab=>5.

hay la

Nh@n xét. Cac ban sau c6 10i giai dung: Hung Yén:
Lé Tudn Nghia, 6C, THCS Doan Thi Diém, Yén My;
Nghé An: Phan Thuy Linh, Bui Thai Hai Linh,
Hoang Truomg Phic, 6C, THCS Cao Xuian Huy,
Dién Chau.

NGUYEN VIET HAI
ABC  ¢o

Bai T2/537. Cho fam  gidc

CAB=30". CBA=100". Trén canh AB lay diem D

sao cho CD = AB. Tinh so do goc CDB.

Léi gidi. Ta c6 ACB=180" -30" —100" =50".
Dung tam giac déu ABE (xem hinh v€).

Do CAB =30 cho nén AC la trung truc EB, tam
giac CEB cén tai C. Lay D' trén AB sao cho

CD'B=40".

100
00

A D'

B

C6 D'CB=ACB —ACD'=50" —(40° —30°) = 40"
Tam giac D'CB can tai B.
Mit khiac EBC= ABC —ABE =100" - 60° = 40",
Trong tam giac can ECB co:

ECB=180° —2.40° =100° = CBD'.
Suy ra hai tam gidc can CBD' va ECB bang
nhau (c.g.c), cho nén CD’=EB=AB . Suyra D’
tring véi D va CDB=CD’B = 40",
Nhan xét. Co hai ban giai dung bai toan nay la:
Ha Noi: Pham Nguyén Nam Anh, 7A4, THCS

Giang VO, Ba Dinh; Thanh Héa: Ma An Khanh,
7D, THCS Chu Van An, Nga Son.

VU DINH HOA

Bai T3/537. Cho cac so nguyén dweong a, b, n thoa

" a -1 - a"’ b ] A . , : " £

man — va ! déu la cac so nguvén to.
b" -1 b""" —1

Chirng minh rang n = 1.

Loi gigi. T gia thiét ta ¢6 a>b>1. Gia su
a’-1__ a"-1
bY 1 P, bn+l ~1

to. Giasa n>1.

=g Vvobi p, g 1a cac sO nguyén

Taco: a"—1=p(b-1)(b"" +b"* +...+1) (1)

TOAN HOC
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a™' =1=q(b-1)(b"+5"" +..+1) (2).
Suyra: a"-1:b-1, a"' -1:p-1.
Dodé:a’”'—I—a(a"—l)5b~l:>a-—15b—l.

Pat a—1=m(b-1) v&i m 1a sé tw nhién 1én hon

. Thay vao (1), (2) ta duoc:
m(a"" +a"? +...+1)=p(b"" + b +..+1) 3);

m(ﬂ" +a" o+ l) = q(b” £ h +__‘.|.1) (4).

Vi @ +a" 4. .+150" +0"2 4. . +1 nén ti
(3) suy ra m< p, lai vi p la s0 nguyén t6 nén

b +b"  +..+1im  (5).
Ly luan tuong tu, tir (4) suy ra:
b" +b" " +...+1:m  (6).
Tur (5), (6) co:
b" +b" +...+I—b(b"" +b"? +...+1)Em = 1:m

vo ly. Vay phai ¢6 n=1. Bai toan duogc ching
minh.
Nhén xét. 1) Nho gia thiét phan chimg n>1, ta

m&i cé (1) tir 46 dan dén mau thuan m>1, 1:m !

2) Véi n=1céd nhiéu cip $O nguyén duong (a, b)
thoa man bai toan nhu:

(a,b)=(4,2) hoac (a,b)=(5,3)...
Cac ban sau day c6 bai giai tot:
Hung Yén: Lé Tuan Nghia, 9C, THCS Doan Thi
Piém, Yén My; Thanh Héa: Ma An Khanh, 7D,
THCS Chu Vin An, Nga Son; Ha Tinh: Tran Minh
Hoang, 9E, THCS Nguyén Trai, Nghi Xuan; Ha
Noi: Tran Viét Anh, 8C1, THCS&THPT Archimedes
Dong Anh.

NGUYEN ANH DUNG
Bai T4/537. Cho tam giac ABC can tai A, noi tiep
duong tron (O; R). M la diem di dong tren cung
BC (khong chira A). Cac diem D va E lan leot la
hinh chiéu vuong goc cua M trén AB va AC. Xac
dinh vi tri diém M dé rd‘ng
MA + MB + MC + MD + ME

dat gia tri lon nhat.

TOAN HOC
24 *cngsie
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Lo gidi.

Goi N la giao diém cuia AM va BC. Vi AB = AC nén
AMB = AMC . Ap dung tinh chét géc ngi tiép, ta co:
ABC = AMC = AMB .

Tt d6 suy ra AABN &> AAMB, ta co:

AB BN
= = MB.AB = MA.BN
AM MB (1.

Tuong tu ta c6: MC.AC = MA.CN (2).
Tu (1) va (2), theo gia thiét AC = 4B, ta co:

MB+MC=§£M4 (*).

AB

Tu do ta co:
MA+ MB + MC + MD + ME <

EMA+2(MB+MC)=MA(I+£)

AB

2BC
< 2R(1 + ——-—J khong déi

B (khong doi).
Dang thirc xdy ra khi va chi khi M 14 diém chinh
gitra cung BC khong chira A.
Nhin xét. Ding thic (*) I3 truong hop riéng ciia dang
thirc Ptolemy. Cac ban dudi day co loi giai tot:
Phu The: Ha Phuong Anh, 8A, THCS Nguyén Quang
Bich, Tam Noéng; Dién Bién: Nguyen Ngoc Diép, 8C3,
THCS xa Pom Lét, huyén Dién Bién: Ha Tinh: Trdn
Minh Hoang, 9E, THCS Nguyén Trai, Nghi Xuan;
Ha Ngi: Tran Vigt Anh, 8C1, THCS Archimedes, Pong
Anh,

NGUYEN THANH HONG
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Bai TS/337. Cho ba 5o thuc a. b, ¢ thuoc doan
[0; k] voi k la sO thuc duong cho trude sao cho
SR ) 1 A . # ; 2
a+b +c =2k Tim gia tri nho nhdt cuq bieu thuee

A=abla+k)+bc(b+k)+ca(c+ k).
Loi giai. Do Uiﬂ,bﬂkﬁa(ﬂ—k](b—k)z(]
=a(ab—ka—kb+k*)>0

—=ab(a+k)>ka* +2kab-k’a.
Tuong tu co:

be(b+k)2kb® +2kbc —k*b:

ca(c+k)>kc® +2kca—ke.

Cong theo vé ba bat dang thirc trén ta nhan duoc:

A=ab(a+k)+bc(b+k)+ca(c+k)
>k(a® +2ab+b* +2bc+c” +2ca)—k*(a+b+c)

=k(a+b+c)* —k*(a+b+c)=k(2k)* —k*2k=2k".
A=2k < a(a-k)b-k) =bb-k)c-k)
=clc—k)a—k)=0
<> trong ba sO a, b, ¢ c6 mot s0 bﬁng 0 va
hai s6 bang k. Vay gia tri nho nhét cua 4 bang 2k’.
Nhdn xét. Phuong phap giai trén khong phai 1a méi
la v&i nhiéu ban hoc sinh. Cac ban sau c6 101 giai
ding: Pha Tho: Ha Phuong Anh, 8A, THCS
Neuyén Quang Bich, Tam Nong; Hung Yén: Lé
Tuan Nghia, 9C, THCS Doan Thi piém, Yén My;
Ha Néi: Pham Minh Anh, 8V1, THCS Victoria
Thang Long, Thanh Oai, Thanh Ha, Tran Vi¢t Anh,
8C1. THCS Archimedes Pong Anh; Ha Tinh: Tran
Minh Hoang, 9E, THCS Nguyén Trai, Nghi Xuan.
NGUYEN MINH BUC

Bai T6/537. Co bao nhiéu tap A ma cac phan tu
cua no gom 2020 s6 dwong phan bi¢t, trong do co
hai s6 1. 2 va thoa man tinh chat: Voi hai phan tiw

phan bict hat kv x vay thuoc tap A thi it nhat mot

oo lx— Vv va -V CU e tap A’
trong hai so |.\ —_1[ va x + y cang thuoc 1qj

Loi giai. Gia su tap A=3X,X5 55 X50195 X200 § »
khéng mat tinh tong quat, ta coi cac phan tr cua

xép  nhu

tip A4  dugc  sap sau:
0<x <X, <o <Xpgrg < X0
Vi&i bhai s6 xse VA XD (= Lo, 2019) thi

X2020 T Xi =~ X2020 nén xz020 * Xi khong thudc tap A.
T gia thiét suy ra xaz0— i (i =1,..., 2019) thudc

tap 4.
Ma0< X9020 ~ %2019 <.

< Xy000 — %2 < Xy000 — X < Xyp0

Nén X,p,0 = X; = Xpp09-; (i =1,...,2019) (1).

Tuong tu, voi hai SO X219 Va X; (i = 2,..., 2018) thi
Xpg1o + X > Xogo + X = Xy DEN X2019 + X; khOng
thudc tip 4. Suy ra x99 X; (i =2,..., 2018) thudc
tap A.

M8 0< X0 = X515 <

e S Xo19 — Xy < Xygp9 — X < Xpg9

Nén x2019-X; =X2019.; (=2, ..., 2018) (2).
Tu (1) va (2) suy ra:

X2020— Xi+1= X2019 — X; i=1, ..., 2018)

hay Xi+1 — X = X2020 — X2019 = X].

Suyrax; = ix;.

Tu do tap 4 c6 dang {d, 24, ..., 2019d, 20204} .

Do 1, 2 thudc 4 nén d=l. (i=1,%..,-1010). Vay
I

co 1010 tap 4, (i = 1, ..., 1010) véi a’=1 thoa

i
man.

Nhan xét. Bai nay 1a dang toan tim tip hop thoa man
dicu kién da cho. Cac ban tham gia giri bai nhung

déu nham ring cac phan tir cua tap hop déu la s6

nguyén nén chi tim dugc duy nhat tap
4=141,2, ..., 2019, 2020}.
PHAM THI BACH NGQC

TOAN HOC
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Bai T7/537. Chung minh rang véi moi tam gide
ABC th

a b ¢ Y2 R
AC,c =AB. R, r,r, 1y, r
lan lwot la ban kinh duong tron ngoqi tiep, noi

trong do a = BC, b =

tiep, cac ban kinh dwong tron bang tiép irng voi

cac dinh A, B, C cua tam giac ABC.

Loi gidi 1 (cta ban Tran Viét Anh) Ki hiéu S va

p lan luot 1a dién tich va nira chu vi tam giac

ABC. Trudc tién ta phat biéu mot s Bd dé.

Bo deé 1.
S=\p(p-a)(p-b)(p—c)=pr=22%.

4R

Chirng minh. Xem, thi dy, [1], trang 40-43.

[1] Ta Duy Phuong, Hoang Minh Quan, Phurong

trinh bac ba voi cac hé thirc hinh hoc va lwong

gidc trong tam gidc, Nha xuat ban Gido duc Viét
Nam, 2017.

Bo6 dé 2.

A .8 \/p(p*-b)(ﬁ*—f)

¥ =ptan—=——=
p—a

2 p—a_
Chirng minh. Ta c6 (xem hinh vé):
AM = AB + BM = AB + BP;
AN = AC+CN = AC+CP;

AM + AN AB+BP+PC+CA

AM = .
2 2 e
A
Suyra: r,=EM = an-;i:ptana—.
A
o C
N
M
Mat khac, ta co:
TOAN HOC :
sop 2 0 7-202
2 6 & cru&lt!:e S0 541( 2)

S:SE.-IH +8z4c —Szac
_AB-EM+AC'EN_BC-EP
TN 9 2

=-;i(c+b—a)=!; (p—a).

Suy ra:
___S _yp(p-a)(p-b)(p-c)
" p-a p—a
_ |p(p=b)(p—¢)
p-a
Vay bd dé 2 duge chirng minh. Tuong tu ta co:
r;=Jp(p_a)(p“C)' __ |p(p-b)(p-a)
p—>b Aty p—c |
pdads, h 0% Kl AR+r
ab ' bc ca 2R

Chirng minh. Dat p—a=x,p=-b=y,p-c=z.
Khi ay
P=X+Y+z, a=y+z;b=z+x,c=x+y.

Theo bo dé 1 va b dé 2, ta co:

rarb _l_rbrc +rcrﬂ =p(p_ﬂ')+p(p—ﬂ)+p(p*b)

ab bc ca ab bc ca
=(x+y+z)‘z(x+y)+x(y+z)+y(z+x)
(x+y)(y+z)(z+x)
=2(x+y+z)(xz+yz+3qy)
(x+y)(y+z)(z+x)
=2[(x+y)(y+z)(z+x)+_1}z:|
(x+2)(y+2)(z+x)
_ 2xyz 2 2
_2+ =24+ 1}”5: Xz
(-’f+J’)(J’+2)(z+x) abc 2+4er
=2+2P-P7=2+2p2r2= L_4R+r
4p°rR 4p°rR 2R 2R

Vay bo dé 3 dugc chig minh. Quay lai bai toan:
Tir bo de 3 va bt ding thirc

(I"f"y-l-z)z E3(Iy+yz+zx)

ta suy ra:

https://tieulun.hopto.org
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L norn Llnn rr rr Hau, 11A1, THPT Tay Son; Ha N@i: Tran Viét Anh,
a +_£? + ¢ \ ° ab x be i o0 ] 8E, THCS Archimedes, Dong Anh.
34R +r Nhdn xét 2. Trong [1] ¢ kha nhiéu dang thic lién
A N2 R quan dén (1), thi dy,

1) Bai3.4.46,[1], trang 207:

I ; a b c 2(4R+r)
Loi giai 2. (Cua tac gia Nguyén Viét Hung) RS *

f: Vo s i, P

u L

2) Bai 3.4.48, [1], trang 208:
£, .9 ('=U‘2+.a*')2 + p’

Vay bat dfing thirc (1) dugce chirng minh.

Trudc tién ta co:

Bo dé 4. Goi /, 1a do dai duong phan gidc xuét

Va , b

phat tir A Khi 4y T R 4Rp

A Tir cac dang thirc nay ciing cé thé suy ra nhiéu bat

. botos-> ~ 2\Jbep(p-a) ding thirc twong tu nhu bat déng thirc (1).
£ b+c b+c | TA DUY PHUQNG
Chirng minh. Xem, thi dy, [1], trang 44-45. Bai T8/537. Cho tam giac ABC, () la duong tron
Hé qua 1. noi Ifé:v tam giac. E, F :fren thu tie la rie’";n diém cua
(/) voi AB, AC. Cac diem M, N theo thu tu thuoc
p(;;-a) =COS’ j — 1+ZGSA , cac doan AB, AC sao cho MN tiép xuc voi (I).

c

Chung minh rang

Bo dé 5. cosA+cosB+cosC‘=l+%. EB *’”‘4+‘LC NA _

I

EA'MB FA NC

Chiing minh. Xem, thi dy, [1], Bai 4.2.1, trang Lot gias.

283-284.
ffp dung. Tu bd dé 2, hé qua 1 va bo dé 5 ta co:
AR S? _p(p-a)lp-b)(p=c)

b " ab(p-a)(p-b)  ab(p-a)(p-")
P(P-f-') , C l+cosC'

= = COS =
ab 2 2
2 l14+cosd. fEF_a:1+COSB
Tuong tur: _EE T TS 5
Vay
i O 5 N 3+cosA+cosB+cosC
ab 4 2¢ 4 kB o
ab . "bc:vca 2 _ , ‘ N ‘
AR +r Goi P, Q theo thir tr 1a giao diém cua CM, BN va
ap. duong thing qua 4 song song véi BC; R 1a giao

Tuong tu 101 giai 1, suy ra (1) dugc chimg minh. diém cua EP va FQ.

Nhaén xét 1. Cac ban sau c0 101 giai dung:

Binh Dinh: Nguyén Thanh Hdu, 11A1, THPT Tay
. Ha Tinh: Trdn Minh Hoang, 9E, THCS
Nguyén Trai, Nghi Xuan: Binh Dinh: Nguyén Thanh

Ta c6 EF, CM, BN ddng quy (day la két qua quen
thugc. C6 thé chimg minh két qua nay bang cach

S3 541 (7-2022) T?g@uggec 2 7
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sir dung dinh 1y La Hire; tinh chat cuc — d6i cuc
(xét doi véi duong tron (I)) va dinh ly Pascal).
Do d6 tir phép bién doi ty so kép:
P(BCRQ) = (BMEA) = (NCFA) = Q(BCRP),
ta suy ra ba diém B, C, R thing hang. Tir d6

EB MA FC NA_RB PA RC QA
EA MB  FA' NC PA BC. 0A BC

_RB RC' RB+RC _BC
BC BC  BC BC

Nhgn xét. So bai giai giri vé Toa soan khong nhidu.

Cac ban hoc sinh sau co 101 giai dung:

Binh Dinh: Nguyén Thanh Hgu, 11A1, THPT Tay
Son, Nguyén Hiru Tri, 10A1, THPT Sb 2 Phu Cat,
huyén Phu Cat; S6c¢ Trang: Pham Nguyén Khang,
10A2T, THPT chuyén Nguyén Thi Minh Khai: Ha
Tinh: Tran Minh Hoang, 9E, THCS Nguyén Trii,
Nghi Xuan.

HO QUANG VINH

Bai T9/537. Cho x, y > 1. Chirng minh rang

9

(y* +1)°

20 1o ~In

V +X X 1
Loi gidi.
Bode. 1) Véimoixtaco: e >21+x (1)

9

2) Véimoi x 2 0tacd: e ?_*1+x+‘—rz—- (2).

Cac két qua trén la co ban, nén ta khong néu
ching minh & day. Tr¢ lai bai toan.
BDT can chitng minh twrong duong vai:

X +y

) > (xi Z l)i’v (3).
(y" +D)7°x

3
Yy +x

Ta co:

(F +y) = +0)=(x=y)x* +xp+y° -1).
Xét hai truong hop:
THI: 1 <x <y. Ap dung (1) ta dugc:

1
X +)

= -]
P }.I +}’

e’

2 8 T?@Puyloc‘ ¢ S6 541 (7-2022)

y+x

X’ +y}(x +l)y (4).
y + X (y +1) X

Ta s€ chirng minh:

That vay,
@) o x(x +y)y* +1)° 2 y(y° +x)(x* +1)°
A Jﬁ:}’) 2 05

BDT cud1 luén dung vdi moi 1 <x <y.

TH2: Néu x > y, thi theo (2) ta c6:

o X +y 1(x°+y
e’ 14— -1 |+ =
Yy +X 2\ Wetkx

< (x=p) (x+y)I

2
_IJ_

Ta s€ chirng minh:
(x +1)? y

x+y 1{xX*+y b
Yy +x 2y+x (y+l)x

Bicn doi twong dwong BT nay ta duoc:

x* +xy+ 3y =1)?x(3* +1)
22(x+y°)(x* — y*)(xy - 1).
VT 2 x*(x+ y)*(x + °)
2 (x+ )" )(x+ y)(x - y)(xy —1) = VP.
Vay ta c¢6 diéu phai ching minh.
Nhén xét. Bai toan c6 nhimg bién ddi phic tap.
Ngoai cach giai trén, ban Tran Minh Hoang, 9E,
THCS Nguyén Trii, Nghi Xuin, Ha Tinh ding

phuong phap dao ham ciling giai dung bai nay. Xin
hoan nghénh ban.

TRAN HUU NAM
Bai T10/537. Cho so nguyén dwong n > 1. Chimg
minh rfing néu 4" -2"+1 la sé nguyén toé thi tat ca
cac wdc nguyén to cua n phai nho hon 5.

Loi gidi (cua ban Tran Minh Hoang, 9E. THCS
Nguyén Trai, Nghi Xuan, Ha Tinh).

Bo dé. Cho x, a, b 14 cac sb nguyén duong (x > 1).
thi b | a.

Chitng minh bo de. Pat a = bg + r (0 < r < b).
Theo modulo x° +1 ta co:

0=x"+1=xM" +1= ()X +1=(=1)x" +1

https://tieulun.hopto.org



= x" + 1’(-—1)"‘"..1«r +1.
ViO<r<bnén |[(-1)°x’ +l<x 41,

Viy (-D)*x" +1=0=r=0. Vay b | a.

B6 dé duoc chimg minh.

Tro lai bai toan. Dat p =4" -2" 41, gia sir trai lai
n ¢6 udc nguyén t6 1on hon 5. Khi do
n=2°3"m=Am a6 m>1,(m,2)=(m,3)=1.
Ta co:

p(2"+1)=2"+1=2"""+1 chia hét cho 2% +1
vi(m,2)=1.

Néu (p, 24 +1)=1thi 2*4 +1|2" +1. Theo bd d?
suy ra 34 | n = Am hay 3 | m, vo ly vi
3)=1.Vay (p, 24 +1)> 1.

Do p 1a s6 nguyén t6 nén

pl2* +1 :(2.4 +l)(4*’l -2 +1).

(m,

Néu p|2'+1=>2"+12p=4"-2"+1
=2422"(2"-1)>2"=> 4>n, voly.

Néu p|4'-2"+1=4"-2"+12p=4"-2"+1

:>2“(2‘—1).22”(2”ﬂ1).

Vie i 4w pepw 28822 =1x 2P =] V=

2° (2" - l) <h (2" - 1), méau thuan, ta c6 dpcm.

Nhdn xét. Bai toan nay chi co hai ban tham gia giai
la ban Hoang va ban Nguyén Van Khiém, 10 Toan,
THPT chuyén Hung Yén, Hung Yén. Ban Khiém
ciing c6 16 giai dung nhung bang mot cach khac.
PANG HUNG THANG

2033.25°
25" +5

xelR.

Bai T11/537. Cho ham so f(x)=

-

P X
]

; lf‘i:u [ ?_U?—-I . roa e " i A

Iinh tong S= E 9 voi [x] la so

nguyén lom nhat khong vugt qua x.

Loi gidi. D¢y rang
2033 x 25" " 2033 x 25"

fx)+f-x)=

25" +5 257" +5
e 52.1‘ SE-ZJ: 5
St (545 o 574 4.5

Ta str dung cac nhan xét sau

1)Khi a,bgZ, a+beZ thi a+b=[a)+[b]+].

That a =[a)+{a},b=[b]+{b}
{a},{b}(0,1) nén a+beZ khi {a}+{b}=1.

%) Khi meZ* thi |14 |=| &

—— e Lo =

vay, Va1

,Va e R.

That vay, dat | < |=beZ thi b<Z<b+1 nén
m m

bm<a<(b+1)ym.Suyra bm<[al<a<(b+1)m

hay bi[ﬂ]ﬂ =

m m

<b+1(dpcm).

Ap dung vao bai toan, ta co:

=y

k j k
S E“Zz“ _bf(2021]* _Eﬂz-"” f[zozlj
k=1 19 k=1 19

1 2 [ (2020) ]
)] )], [
g 2021 / 2021 / 2021
. 3 +...+ :
19 19 19
i 4 L gl " "
k = = ! —
dRUET
Ta co: + 2021
19 19

Il
+

k . k
dor
L2021 b 2021 3}

19 19

2033
=—5"~1=106,Vk €{1,2,...,1010}.

TOAN HOC
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Suy ra S =106x1010=107060.

Nhén xét. Day la dang toan vé udc luong tong voi
cac ky thuat sir dung phan nguyén tuong doi phirc
tap nén co rat it ban gui bai giai dén Toa soan. Chi
c6 hai ban giai dang la Nguyén Huy Hoang, 12T, Vii
Tién Pat, 11T, THPT chuyén Lé Quy Dén, Binh
Pinh.

NGUYEN VAN MAU

Bai T12/537. Cho tam giac ABC nhon, khong can,
noi tiep dwong tron (0). Dieong tron tam C ban
kinh CB cat BA tai D khac B va cdt (O) tai E khdc
B. DE cat (O) tai F khac E. CO cat DE. AB lan
lieot tai G, L. Goi Q la diém doi xung voi E qua
trung diem cua GF. P thujc EF sao cho PL vuéng
goc voi BC. Puong tron ngoai tiép tam giac LPQ
cat AB tai R khac L. K la diém doi xung voi R qua
CF. Chung minh rang FK // BC.

Léi gidi.

s

_—l-l"'"-—-

Bo dé 1. Néu cdc diém A, B, C, K thing hdang thi

(ABCD)=(CDK) «< AC.AD = AB.AK.

Bo dé 2. Cho tam giac ABC, (O) la duong tron
ngoai tiép, AH 1 BC. Khi dé H la truc tam ciia

TOAN HOC
30 *ensige
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tam giac ABC khi va chi khi diém doi xveng cia H
qua BC thuoc (O).

Bo dé 1 duoc goi 1a hé thirc Maclaurin mo rong.
Phép chimg minh hai b6 dé trén rat don gian,
khong trinh bay ¢ day.

Tro lai giai bai toan trén. Goi H la giao diém cua

BE va CF. Dé thay FCB = FEB = DEB = 2 DCB.

Do d6 CF 1a phan gidc cia goc BCD. Viy

— e, S e—

HCD = HCB = FCB = FEB = DEH = HED.
N6i cach khac tir giac CHDE ndi tiép (1).
Dé thay B, E dbi ximg véi nhau qua OC = LC. Tur
do, chu y rﬁng B, D doi xuing vo1 nhau qua CF,

e e

suy ra BDC = DBC = LBC = LEC. Do d6 tir giac
CDLE ni tiép (2).

Tu (1) va (2)suyra C, D, E, H, L cung thuoc mot
duong tron, ki hiéu 1a (X).
Két hop v6i CB = CE , suy ra:
HLG = HLC = HEC = BEC = EBC
= EFC = GFH = HFG.
Do d6 F, H, G, L cung thuoc mot duong tron, ki

hiéu 12 (Y). Dé thay H 1a truc tim cia tam gidc
LBC. Keéthop v6i LP 1 BC, suy ra P thudc HL.

Tu do, chuy rﬁng HL la truc dﬁng phuong cua (X),
(Y), suyra PG.PF = PD.PE.
Vay, theo bo de 1, chu y rang £, Q déi ximg véi

nhau qua trung diém cua GF, ta co:
(DPFG)=(PDGF)=(GFE) = (FGQ).

Tir d6, lai theo bo dé 1, cha y rﬁng P,Q, L, R cung
thu¢c mot duong tron, suy ra:

DF.DG = DP.DQ = DR.DL.

Do d6 R thudc (Y). Két hop véi LR | FH va kK la
diém d6i xiing cta R qua FH, theo bd dé 2, suy ra
K 1a truc tam cua tam giac LFH.

Vay FK//BC (vi LH 1 BC).

https://tieulun.hopto.org



Nhdn xét. Bai toan nay khé, chi ¢6 ba ban tham gia
giai: Ngh¢ An: Pham Gia Huy, 10A1, THPT Phan
Thuc Truc; Séc Trang: Pham Nguyén Khang, 10T2,
THPT chuyén Nguyén Thi Minh Khai; HA Tinh:
Tran Minh Hoang, 9E, THCS Nguyén Trii, Nghi
Xuan, Ha Tinh.

NGUYEN MINH HA
Bai L1/537. Tai O trén mat nuéc c6 mét nguon
phat song voi tan sé /=80 Hz, toc do truyén song
la 1,6 m/s. Ba diém A, B, O nam trén mat nueoc tqo
thanh tam giac vuong tai O. Biéet OA = 9 cm;
OB = 12 cm. S6 diém dao dong cung pha voi A

tren doan BA la bao nhiéu?

A= A0 =2 cm. Puodng cao cua tam

80
giac ha tr O: OH = 7,2 cm. Ta co:

OA=9cm= 4,5\
O

Loi gid.

O cm 12 cm

7.2 cm

B
- P H

— A dao dong ngugc pha voi O. Goi P la diém
thudc AB thoa man P dao dong cung pha vo1 4
= P dao dong ngugc pha voi O

=P = (k +—;—)/1.
Xét trén AH :
OH <OP < 04 <:=»7,2<:[k+%]2<:9
= khong c6 gia tri nao cua k thoa man.
Xét trén HB:
OH <OP<0B & 7,2{(!{ +-;—J2£12

—=3,1<k<55 =c62 gia trj cua k thoa man.

Nhgn xét. Chuc mung ban duy nhat ¢o cau tra 1oi
dung cho dé ra ki nay: Nguyén Huy Hodng, 12 Toan,
THPT chuyén Lé Quy Don, Binh Pinh.

PINH THI THAI QUYNH

Bai 1.2/536. Dién nang dugc truyén tir noi phat
dén noi tiéu thu bang dwong day mot pha voi tong
chiéu dai la 160 km. Vi cong suat hao phi trén
diwong ddy bang 5% cong suat dwa lén nén noi
nhin cong suat chi con 47500 kW va dien ap
nhdn dwoc la 190 kV. He 5O COng suat dwong day
bang 1. Néu dung day dong co dién tro suat
1.6.10° Qm, khéi heong riéng cua dong la 8800
kgfmj thi khoi heong dong dung lam duong day
nay bang bao nhiéu?

Loi gidi. Phan trdm cong suat hao phi trén dudng
day dugc tinh theo cong thure:

AP 1 AP
P PP AP
5 AP

:>_._..._ —
100 47500.10° + AP
= AP=25.10° W;

P=P +AP=510W
=M‘0_Rﬁ _RI U-U,

h
P UL, U U
5 U“190.103 5
—p —— = p—
100 T =0l = 2.107Y.
72
Ma AP = RI* =‘@;f
APU* 25.10°.4.10°
S R=——= s 4110 =40 Q.
9P 23:10
Mat khac: R=pi=p£=piD=pf—D
S S VD m
I’'D 1,6.10°%(160.10°)*.8800
m:p—:
R 40
=90112 kg.

Nhén xét. Rt tiéc 1a khong c6 ban nao giai dugc bai
nay.

NGUYEN XUAN QUANG

TOAN HOC
* cTusitre 3 1
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THEO CHUONG TRINH VA SGK MO
LOT NOI PAU
Nguoi yéu oi, néu em la day sé
Anh xin lam gioi han cua doi em
Tinh yéu ta truy hoi bao song gié
Khado sat réi lai héi tu ben nhau!

Pung 1a nhu thé tir truée dén nay, day sé 1a mot
chu dé vo cung thu vi trong toan hoc. Ngay tir thoi
An Do ¢, diy s6 da xuat hién trong bai toan vé sb
thoc trén ban co. Diy s6 con ton tai & khip noi,
trong tu nhién, trong hoi hoa, kién tric, tai chinh,
khoa hoc... Hay nhu day s6 Fibonacci duge tim
thﬁy trong cach tinh dién tré mach dién vat ly,
trong kién triic ¢6 nhu Kim Tu Thép - Ai Cap,
dién Parthenon ¢ Hy Lap hay trong cac buc tugng
¢d va cac buc tranh thoi ky Phuc hung. N6 biéu
hién quan ni€ém veé cai dep va su can xung, su ua
nhin. Khoéng chi vay, day s6 con ung dung trong
biéu d6 gid ca cua mdt md chiung khodn hay
nhimg chi sé ching khoan. Bai toan tim s6 hang
tdng quat cua mot diy so cho boi cong thirc
truy hoi 12 mot bai toan kho doi vai hoc sinh
pho thong. Khi nghién ciru céc bai toan vé
x4c dinh coéng thuc tong quat cua day sO
khong it hoc sinh thuong thic mic “Tai sao
lai ¢6 dwoc nhu vd@y” hay “Sao lai co két qua
d6”...: nhidu em khong tim dugc moi lién hé
gitta cac bai toan, khong tu xdy dung dugc
mot 16p cac bai toan cung dang va quy trinh
dé giai cic bai toan do.

Nhiam gitip hoc sinh c¢6 cai nhin méi va dé hiéu
hon trong qua trinh giai cac bai toan xac dinh cong
thirc tong quat cua day so6 khi biét mot s6 sd hang
ddu tién, bai viét nay gigi thiéu voi ban doc
phuong phap ng dung sai phan dé xac dinh cong
thirc tong quat cia diy so.
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COSO LI THUYET
Dinh nghia 1. Mot ham s6 # xac dinh trén tap

hop céc s6 nguyén duong N* dugc goi la mot day
sd vO han (hay con goi tat 1a day s0).
Nguoi ta thuong viét diy so dudi dang khai trién

U, Uyyenld, ..., trong d6 u, =u(n) hodc viét tat 1a

(4,).

S6 hang u, dugc goi la sé hang dau, u la s6 hang
témg quat (sb hang thir » ) cua diy so.
Ki hi¢u: Diy s6 1a ham s vai déi sb 1a sb tu
nhién
u: N* >R
n—u(n)
Brinh nghia 2. Cho ddy s6 u:N*—>R. Saj phan
cap | cua u 1a day s6
Au(n) =u(n+1)—u(n).

Dinh nghia 3. Ta goi sai phan c:ap hai cua day s0

u(n) la sai phan ca sai phan cip 1 cua u, va
no6i chung sai phan cap k cua day u, la sai phén
cta sai phan cap k£ —1 cia né. Tir do ta co:

Sai phén cap hai ciia diy (n) 1a

A = A(Au,)=Au,,, — Au,

=Wy~ )=y ~u,)=u,,, —2u,, +u,.
Sai phéan cap ba clia day u(n) la
Au, = A(A’u,) = Au i~ A’u,
=y =200 +u,) = (u,,, —2u,, +u,)

= un+3 -3Hn+2 i 3Hﬂ+1 _'un'

Tong quat sai phan cap k cua day u_ la
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Atun =; d(ﬁk-llf’l)=ﬁk—luﬂ+] ——&k_iu

n

k | | ke
= Z(_]‘)' C.:cun+.l:-t' ? le C::: ¥ : .
— i\(k—i)

Cic tinh chat cua sai phan

Tinh chat 1. Sai phan céc cﬁp déu co thé biéu
dién qua cac gia tr] cua day s6 theo cong thic

k
Aku" = Z(d—l): C;r“n+k-i g
i=0

Chung minh. That k=1 thi

Au =u_, —u,. Gia sir cong thuc dung véi n=k

vay vol

n+k—i"*

X
nghia 1a A*u_ -—-Z(—l)i Ciu
i=0

Ta can chimg minh cho cong thirc dung véi k+1.

k+1,. Ak k
A"u =A"u,,—Au,

k k | _
. z(_l)r C;:un+k+i—|' o Z(__l)' C:run+k-f‘
f:[} f:ﬂ

A _ o 1
O tong Z(—I)'C;um_,. d6i chiso i=j—1 taco:
=0

k+1

k L4
IV s z -1 v j-1
=0 j=1

lai thay bién j =i ta dugc:
&MHH =ﬁkuﬂ+1 -—.&‘tun -~
k ] ] < i-1 il
= Z(hl)l CLun+k-;+1 = Z('—l) C.l: un+k-—f+]
i=0 i=1
. [ I
= (_—1){] Cfun+.ﬁ:+] + Z(dl) Ckun+k-l'+l
i=]

k b
N i(_l)i-l C;_lun+k—£+l - (_1) C:H"
i=1

=(-1)°C, ., +(-1)" Cit4,

n+k+1
2§ i(-—l)" (C;: - CL'_I )”n+k-:’+|
i=1

k e - J:rlC,j”1”
= (—l)ﬂcfun+k+l +Z(_l) Ck+l”n+k~r+l +( 1) k+1"n
j=]

: +1
(do Ci,, =C: +C;" va ey )
k+1

= Z(“ l)l C:c rlun+k-r’+i .
i=0

Do d6 ta co diéu chimg minh.

Tinh chat 2. Sai phan mol cﬁp cua day sO 1a mot
toan tir tuyén tinh.
Chieng minh. Ta cin phai chimg minh

A*(ax, +by,)=aA'x, + bA*y ;Va,beR.
That vay theo tinh chat 1 ta co:

k . -+
ﬂk (ﬂxu & byn) = ZC.:: ('_1)I (arn+k-:' +byn+k-i)
i=0
k Bhi. LS 2 1L
= Z(—-l)' C.ax, .+ Z("l) Ceby, ik
i=0 i=0

k S : Wall

= aZ("DI CiXpaki T bZ (1) G Yoy
i=0 ¢=0

= ﬂﬂkxﬂ T b&kyn.'

Tinh chit 3. Sai phan cap k cua da thic bic m
la

1) Pa thirc bic m—k néu k<m.

2) Hing so néu k=m .

3) Biang 0 khi k>m.
Chirng minh. Do tinh chét 2, sai phan moi cap cla
day sb 12 mot toan tir tuyeén tinh nén ta chi viée
chirng minh cho da thirc P, (n)=n" la du.
1) Taco:

A" =(n+1)"-n"=C) +C.n+..+Cin" —n"
=C’+Cn+..+C'"'n"" =P, _,(n).
Gia st tinh chat dung voi k=s<n. Ta ching
minh cho k=s+1<n.
Tacod: A'n" =AM ") =A (n+1)" —A’n"
= AP, (n)=P, _,(n)

nén tinh chit ding véi k=s+1<n. Do do tinh
chat 1) dugce chimg minh.

2) Néu k=m thi A"n" =P, (n)=c (la hang
sfi)
3) Néu k >m ta co:

Akp™ = Ak (Am”m ) = AF "o = AN (zi‘hc) =
Tinh chat 4.

N

A - - s +
ZZ& u, =A"'u,  —A"'u, voi kel .
n=d

TOAN HOC
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N N
Chirng minh. Ta co: Zﬂ.*uﬂ = Zﬂ.(&"'lun]

n=a n=a
k=1 k-1 k-1 k—1
— ﬁ ”a+] —ﬁ Hﬂ + -& uu+2 = & “::HI
k-1 k-
b A T = A
k-1 k-1 A 2 ' :
=A"u,, , —A" u, (di€u phai chimg minh).

Phwong phap giai (Su dung ung dung cua sai
phan).

Vi bai toan “Tim s6 hang tong qudt cia day so
(dang da thirc) khi biét cdc s6 hang dau tién" dé
tim ra quy ludt bi€u dién 1a rit kho. Dé giai bai

MOT SO THI DU

toan bﬁng phuong phap st dung Ung dung cua saj
phan ta lam nhu sau:
bat: Au, =u, , —u,

Au, =Au, , —Au,

3 e 2
Au =Au, .. —4LU,

Ta lap bang cac gia tri Au, ,A’u, ,A’u,.....néu dén
hang nao c6 gia tri khong doi thi ding lai, sau d6
két luan u, 1a da thie bac 1, 2, 3,... va ta di tim
da thure do.

Thidu 1. Cho day SO (u”) co dang khai trién sau: 1: -LE =1L 5:11:19; 29:41; 55:. .. . .-

Hay tim cong thirc cua so hang tong quat va tim so6 tiép theo?

Loi giai. Bang gia tri ban dau:

|
u, |1 | -1 -1 l 5 11 19 29 41 55
Au, =2 | 0 2 4 6 8 10 12 14
Au, | 2 2 2 2 2 2 2 2

Ta thay hang cia A’u, khong ddi nén diy sb la ddy cac gia tri cua da thic bac hai gia sir

u,=an’ +bn+c (a#0) (1) trongdé n lasé thir ty cua cac sé hang trong day.

Tim a,b,c nhusau: Cho n=1;2;3 thay vao cong thirc (1) ta duoc hé phuong trinh sau:

a+b+c=1 (a =1

e

9a+3b+c=-1 c=35

4a+2b+c=-1<{b=-5 =u =n"-5n+5. SO hang tiép theo u, =71.

Thi du 2. Cho day so (u,) c6 dang khai trién sau:-5; -3;11; 43; 99; 185; 307: 471: Hay tim

cong thiee cua s6 hang tong quat va 2 so hang tiép theo.

Loi giai. Bang gia tri ban dau:

- -5 -3 11 43 99 185 307 471
't
| Ay, 2 14 32 56 86 122 164
Au, 12 18 24 30 36 42
| Ay, 6 6 6 6 6
Ta théy hang cua A"uk khong doi nén day sd la day cac gia tri cua da thirc bac ba gia sir

N 2 : y : A ~
U, =an” +bn"+cn+d(a#0) (2) trongdd n la s thir tw cua cac so hang trong day.

Tim a,b,c,d nhusau: Cho n = [52:3;4 thay vao cong thirc (2) ta duoc hé phuong trinh sau:
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(a+b+c+d=-5 ‘atbtesd==5 a=1
8a+4b+2c+d=-3 la+3b+c=2 b=0

3
) & — T ) e B
27a+9b+3c+d =11 *26a+85+2c=16 @dc.-:—ﬁ

64a+16b+4c+d =43  |63a+15h+3c=48 |d=-1

Hai s6 hang ti€p theo 1a: u, =683 ; 1, =949

Bai tip twong tw: V&i mdi day s6 sau day, hiy tim cong thirc cuia s6 hang tong quat cua day sO
1. 8;14;20;26;32:.....

1;—2:-2:1:7:16;28:43:61:...

156;17:34:57:86:121-.....

23 T714:24:377...

3:5;10;18:29:.....

2;1;5;14;28;47;71;100;134;173;217:....

2;2:8:26:62:122:212:338:....

NoB W

2 P

Ching ta tiép tuc xét bai toan don gian dugc trinh bay & nhiéu sach bai tap nhu sau:

£ ; . u, =1 - . : - 2 "
Thi du 3. Cho day so (u,) xac dinh nhu sau: J | 23@‘;1 e N *, Hay xac dinh so hang tong quat
|\L!'"_i — U, <

cua day ?

Nhdn xét. Viéc gial quyét bai toan trén khong c6 gi kho khan. Hoc sinh ¢6 thé gidi theo 3 cach nhu sau:

Cich 1. Tacéd: uy =1, u,=u +2, u;=u,+2, ......, u, =u,_, +2.

Cong vé voi vé cac hé thirc trén ta duoc: u +u, +u; +.cootu, =1+u +u, +u, +.....4u,_+2(n—1)
=>u,=1+2(n-1) =>u, =2n-1.

Cdch 2. Dua vao cong thuc truy hoi ta tinh dugce dang khai trién cua day (un) la: 1:3:5:7:9:11%13:.]

Ta c6 bang gia tr1 ban dau:

| w, |1 3 S 7 9 11 13
Au, 2 2 2 2 2 2

= cong thirc tong quat cua day (4,) c6 dang l1a ham da hic bac nhit theo gia su

u =an+b (a#0) (3). Thay n=1va n=2 thay vao (3) ta duoc:

a+b=1 . a=72 N ,
TR TOR e

Céch 3. (Tam goi la phuong phap don gian tung so hang)
Tir gia thiét ta co: u,,, —4, =2, VNE N = (u,) 1a mdt cap s6 cong voi sb hang diu u =1 va cong sai

d=2 DU =u1+(n—-1)d=l+2(n—l)=2n—l.

Thi du 4. Tim cong thiec cud so hang tong quat cua day (u,) biet:

TOAN HOC 35
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Loi giagi. Cach1.Viu,,, =u,+3, n21 =(u,) la mot cap so cong vdi so hang dau u, =—1 va cong

sai d =3 =u, =u +(n-1)d=-1+3(n-1)=3n-4.

Cach 2. Tacod: u,=-1, u,=u, +3, u,=u, +3, ........ s U =u_ +3.

Cong vé voi vé cac hé thire trén ta dugce: u, +uy Uy +oeetu, =—1+u, +u, +u, +.....+u,_+3(n—1)
=u,=-1+3(n-1) =>u, =3n-4.

Cich 3. Dya vao cong thuc truy hoi ta tinh dwgc dang khai trién cua diy (u,) la:

-2y 8 i1 14:17: ...,

Uy ~1 2 5 8 11 14 17

Au, 3 3 3 3 3 3

=u, =an+b (a#0) (1). Thay n=1va n=2 thay vio (1) ta duoc:

ﬂ+b=—l a=>3 3 4
I —=u =3n-4.
2a+b=2 b=-4 Hoh

Thi du 5. Tim cong thirc cua s6 hang tong qudt ciia cac day (u, ) biét: T
u,.,=u +3n-2, n>1
Lot giar. Cach 1. Taco: u =5, u,=u, +3.1-2, u, =u, +3.2-2,
Ug=uy+33-2, ug=u, +34-2, ..., u, =u, , +3.(n-1)-2.
Cong vé véi vé ta duge: = u, =5+3.1+3.2+33+...+3.(n-1)-2(n—1
3(n—1)n el
_s. 3 : ) -1y ;n+14‘

Cdch 2. Ta c6 dang khai trién cua day so (u, ) la: 5; 6; 10; 17; 27; 40; 56; 75;. . ..

u, |5 6 10 17 27 40 56 75
Au, l 4 7 10 13 16 19
A, 3 3 3 3 3 3 |

=u,=an’ +bn+c (*). Thay n=1,n=2,n=3 vio (*) ta dugc:

3
a=—
a+b+c=5 Z :
14a+2b+c=6 @<b=——; =:"“"=§”2“'§’”+7=3” ";”"LM_
9a+3b+c=10 ;
- c="7

Bai tap twong tu: Tim cong thirc cua sb hang tfmg quat cua cac day (un) biét:

| u, =1 u, =99 u, =1 u, =1
; 2. 3. < g 4. < :
U, =u,—-2n-1, n21 u.. =u +n,nzl hu"+l=uﬂ+2nz,nél

L "+
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BAI TOAN GOLDBACH

NGUYEN VIET HAI
(Ha Noi)

Ngay 7 thang 6 nam 1742 nha toan hoc Phéd (nay
thudc nudc Duc) Goldbach (Christian Goldbach
1690- 1764) viét thu cho nha toan hoc Thuy Sy
Euler (Leonhard Euler 1707- 1783), trong d6 néu

gia thu};ét rﬁng:

Christian Goldbach (1690-1 764)

Moi s6 lé (lon hon 5) hiéu dien diroc thanh tong
cua ba s6 nguyén to (gia thuyét Goldbach yéu, the
weak Goldbach Conjecture, the ternary Goldbach
Conjecture, viet tat 1a GC-3).

Trong thu tra 161 ngay 30 thang 6 nam 1742, nha

toan hoc L. Euler cho rang:
2) hicu dién dwoc thanh

(gia thuyét Euler hay

Moi sé chan (lon hon
fﬁug ctia hai sO nguyeén to
gia thuyét Goldbach manh, the strong Gnldbaf:jl
Conjecture, the binary Goldbach Conjecture, vict

tit 1a GC-2).

Leonhard Euler (1707-1783)

Cac gia thuyét trén (da viét cho gon va ro rang
hon ban goc) 16i cudn su nghién ciru cua rat nhicu
n]r]fi truim hoc va nguoi yeu toan. Xin trinh bay mot
SO k€t qua lién quan dén cac gia thuyét nay.

Dinh li 1. Mét so chan biéu dién dwoc thanh dang

- . ~ _ ‘. : s ,
<H P i VoI P, { ftf CAc So (e |\ 1 <P - {f} Knt vd

chit khi ton i@l SO nguyen k voi 0 <k <n -1,

k=p; nth

{

[11od

man k khac tinh chan le voi n va n

q.

Chirng minh. Gia si 25 = p+ q vol p, g la cac sO

_, ) Tl . _
l€,p<qgthi2p<2n< 2gnénp<n<g.

Datk=n—-pthi 0<k=n psn—-1lvan—Kk=p

~ - - — -} F % r -r: ' A He
nen n + 4 <h—p=gq. Vi P, d la cac sO lé nén A

khac tinh chin ¢ vOl n.

Sé6 541 (7-2022)
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Dao lai,néuﬁ—k=pvén+k=qthip,qlz‘1¢f1c
s6 1¢ do k khéc tinh chin 1é véin va2n=p +g.
Tir dinh 1i 1 ta co thuat toan don gian xac minh
tinh ding din cua gia thuyét GC-2.
D& thdy 2n =4 =2+ 2, xét 2n > 6.
- Néu n 1a sd nguyen chan thi lﬁy s6 k lan luot
béng 1:3:5..dénn—1vaxétxemn—kvan+k
c6 déu la sob nguyeén to khong, néu dang thi
2n = p + q , néu khong dung thi xét tiép véi sb k 1é
16n hon.
- Néu 7 1a s6 nguyén 1€ thi 1y sd k 1an luot bﬁng
0;2;4;..dénn—1vaxétxemn—kvan+kcd
déu la s6 nguyén to khong, néu dung thi
2n = p + q , néu khong ding thi xét tiép voi sb k
chén 16n hon.
Vidu.1)6=2-3=3+3;8=2-4=3+35;
10=2-5=5+5=3+7:12=2-6=5+1.
2)24=2-12=11+13=7+17=5+109.
3)26=2-13=13+13=7+19=3 +23.
4)30=2-15=13+17=11+19=7+ 23.

Pinh li 2. a) Néu gia thuyét Euler GC-2 ding voi
s6 chan bat ki lém hon 2 thi gia thuyét GC-3 ding

Vi 56 Ié bat ki lém hon 5.

b) Néu gia thuyét Euler GC-2 diing dén so chan
2n (n = 2) thi gia thuyét GC-3 dung voi cac 5o lé
3nva 3n—2 khinla lé va ding véi s6 1é 3n + 1
khinla chan.

Chirng minh. a) V&i 4 = 2 + 2, tirc 1a GC-2 dung
véisochin 2n=4,taco: 7=2+2+ 3, tirc la
GC-3 dtng vé&i so 1é 7.
Néu2n=p+qgﬁ(n23) vfrip,qlécécsé
nguyén t thi 2n +3 = p + g+ 3>9, tirc la GC-3
ding v&i moi s6 1é 16n hon 7.

b) Ta thiy gia thuyét Euler GC-2 dung véi s6 chdn
4(n=2),6(n=3),8mn=4)val0(n=5)06vidy
trén. Tuong Ung, ta co:

Voin=2thi 3n+1=7=2+2+3.

Véin=3thi 3n=9=2+2+5=3+3+3;

TOAN HQC
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3In-2=7=2+2+3.
Vgin=4thi 3n+1=13=3+5+35;
Vgin=5thi 3n=15=5+5+5=3+5+7,
3n—-2=13=3+5+5.

Gia st gia thuyét Euler GC-2 dung dén sb chin
2n, thclaco62n=p+qvoip, qla cac SO nguyén
tﬁvﬁpinﬂq.

Khinlasblé, laysdlé kvoil <k<ncé
2n+k=p+q+k<3n.
Do560h§np+k£n+ﬂ=2H(khik=?1—2thi
p+k<n+n-2=2n-2<2n)nén theo gia thiét
GC-2 ding thi p + k= r + s V6i r, s 1a cac sb

nguyén to, lic d6

2ntk=q+ptk=q+r+s,
gia thuyét GC-3 dung.
Khi 7 1a s6 chin thi p < n — 1, liy sb 1& k véi
| <k<n+1c62n+k=p+qg+k<3n+1.Dosd
chin p+k<n—-1+n+1=2n nén theo gia thiét
GC-2 ding thi p + k=r + s v&i 7, s 14 cac sb
nguyeén to, luc do

2n+ k= g+tptk=q+r+s,
gia thuyét GC-3 dung.
Véy gia thuyet GC-3 ding véi cac sé 1& 3n va
3n— 2 khi n 1a 50 1& va diing véi sb 16 31 + 1 khi »
1a sO chan.

Pinh li 3. T6n tai vé han hop so 1é biéu dién duoc
thanh Iri'ng cua ba sé6 nguyén t6 khac nhau nhung
56 do khong thé biéu dién dweoce thanh !fing cua hai
SO nguyén 1o.

Chirng minh. M6i s6 nguyén 8 16n hon 30
(khong 1a bdi cua 2, 3, 5) ¢4 dang 30k + r véi k la
sO tr nhién va r 1a mot trong cic sb L= 113 13
17; 19; 235 29. Vi cée s0 nguyén 6 1a vé han nén
it nhat voi mot s6 7o nao d6 & trén thi day s6 dang
30k + ro, v6i k 1a s6 ty nhién, phai chira vo han s6
nguyéntﬁ.
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S6 n = 30k + ro 1a s0 1é nén néu né bidu didn
duoc thinh tong cua hai sé nguyén t6 thi mot sé
hang phat la 2, con so kia la n — 2, ta s& chi ra ri’mg
s6 n —2 @6 1a hop so.
« Néu c6 vo han s nguyén to dang p = 30k + 1 thi
¢6 vO han hop so 1€ dang

n=7+19+p =310k +9),
va khi d6 n — 2 = 5(6k + 5) 1a hop sé.
Tuong tu nhu thé trong cac truong hop sau:
e Néu c6 vo han sb nguyén t6 p = 30k + 7 thi
n=7+13+p=3(10k + 9) van—2 =5(6k + 5).
« Néu c6 vo han s6 nguyén td p = 30k +11 thi
n=11+13+p=5(6k +7) va n—2=3(10k +11).
e Néu c6 vo han so nguyén t6 p = 30k + 13 thi
n=3+11+p=3(10k +9)va n-2=5(6k+5).
e Néu c6 vo han so nguyén to p = 30k + 17 thi
n=3+7+p=3(10k +9)va n—2=5(6k+)5).
e Néu c6 vo han so nguyen to p = 30k + 19 thi
n=3+5+p=3(10k +9)van—2=>5(6k+)53).
e Néu c6 vo han sO nguyen to p = 30k + 23 thi
n=5+7+p=56k+7)va n—2=3(10k+ 11).
e Néu c6 v6 han sb nguyén to p = 30k + 29 thi
n="5+31+p =5(6k +13) va n-2=3(10k+21).
Dinh dé Bertrand.

‘I

| Joseph. Bertrand (1822 -1 900)

Nim 1845 nha toan hoc nguoi Phap J. Bertrand
da cong bé mot ménh dé nhu sau.

Pinh dé Bertrand. Voi bat ki so nguyen dicong n
thi ¢iira hai o n va 2n luon ton tai it nhat mot so
nguyen 1o.

Chit y: Khi n = 1 thi ton tai sO nguyén td

p = p) < 2 . 1’ Cf)n V'jl n > 1 thi theo ménh dé trén

ton tai sO nguyén to p thoa man n < p < 2n. Ong da
thr thay khang dinh nay ding vdi moi sO nguyén
duong n < 3000000, nhung chua ching minh
dugc dung voi cac sé nguyén I6n hon nita, vi the

ménh dé trén dugc goi 1a dinh dé (postulate).

Pafnuty Lvovich Chebyshev (1821 — 1894)

Vao nam 1850 nha toan hoc nguoi1 Nga Chebyshev
(/LI . HYebbrues, P. L.Chebyshev) da chlirng minh
duoc dinh dé trén bang cach danh gia C,, va xet
ham s6 giai tich, sau dé cach chimg minh so cap
dinh d¢ nay (dua vao mot s0 két qua cua
Chebyshev) duge cong bo boi nha toan hoe nguoi
An Dg S.Ramanujan nam 1919 va boi nha toan

hoc nguoi Hungary P.Erdos nam 1932 (khi Erdos

TOAN HOC
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mdi 19 tudi). Chimg minh Dinh dé Bertrand dia
theo cach cua Erdos do Laslo Kalmar viét, c6

trong sach cua W.Sierpinski ([6] tr.137 — 145),

Paul Erdos (1913 — 1996)

Mot cach chimg minh Dinh dé Bertrand da dang
trén tap chi TH&TT s6 432 thang 6 nam 2013.

Dinh li 4 (Richert H.E., 1950). Moi s6 nguyén
duong n > 11, ké ca cac s6 7: 8; 9; 10; biéu dién
dicoc thanh fé'ng cua hai hay nhiéu so nguyen t6
khac nhau.

Chirng minh. Ta sé ching minh: Moi s6 nguyén
duong n > 7 la sO nguyén t6 11 hodc biéu dién
dieoc thanh téng nhiéu s6 nguyén t6 khac nhau, 1o
loai bo s6 11.

Chimg minh so cap cua Erdos.

Nhdn xét. Khing dinh trén ding véi moi sO tu
nhién lién tiép n tir 7 dén 19 va bicu dién dugc
(khong ké so 11) thanh tong nhiéu s nguyén to
khac nhau véi tip cac so nguyén t6 1a

Ps = 12;3;5; 7; 11} = {p1, P2, P3, P4, Ps}-

TOAN HOC
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Thyc viy 7 =2 + 5, 8 =3 +5; 9 =2 + T;
1{]=3+7=2+3+5;lllz‘isﬁnguyénté;
12=5+7;13=2+11;14=3+11=2+35+17;
15=3+5+7:16=5+11; 17=2+3+5+7:
18=7+11,19=3+5+11.
Tré lai chimg minh dinh li. Ta thdy 7 = 6 + I
8=7+2,. dn19=6+ 13 vaoi 13 = ps.
Goi py, P2, P3s..., Pi ... 12 day cac sO nguyén to lién
tiép. Pat S,= {6+ 1; 6 + 2;..; 6 + p,;} V&i so tu
nhién a xac dinh. V&1 ¢ = 6 thi

Se= {61, 6+ 2.5 6+ psi=11; 855 193
ma mdi sé cua tdp hop S déu biéu dién duogc
thanh tong nhiéu s nguyén t6 khac nhau trong tap
cac sO nguyén to Ps . Gia stir khang dinh cua Dinh
li trén dang véi s6 tu nhién £ khi 7> 6 va twong
ung vo1tap hop S, = {6 + 1; 6 + 2;..; 6 + p,} vdi
gia thiét rﬁng mdi sd cua tap hop S, déu biéu dién
duoc thanh téng nhiéu s nguyén té6 khac nhau
trong tap cac sb nguyén t P, . Vi Pt < p;+1n€n
co tap hop
Se+1 =30+ 1; 6+ 2;.; 6+ p,, )

= {6 + 1;6+2;.;6+p,;6+1 + D3 6+ P}
Dat R,={b + p,}

=0+1+p6+2+p,:.; 6+2p,),
trong d6 b 1a sb trong tap hop S, thi ¢
Pe<Pr1 <2p,n€n 6 + p,..y <6+ 2p, theo Dinh dé
Bertrand, do do S,., thudc tap
S,UR,={6+1;6+2;..;6+p,+1;6+1+p,+1;

6-+2:Ep.sz O+ puys.; 6+ 20 ).
Nhu vy mdi sb cua tap hop S,.; déu biéu dién
duoc thanh téng nhiéu sé nguyén t6 khac nhau
trong tap cac sO nguyén td P, , khing dinh dung
voi t + 1. Do tap hop céc s6 tu nhién 16n hon 6

bang U S, nén khang dinh cia Pinh Ii ding voi

t=6
s6 tu nhién bat ki 1én hon 6.

Ghi chu. 1) Nam 1950 nha toin hoc Duc
H.E.Richert su dung dinh dé Bertrand cling chung
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minh dugc: Moi s6 nguyén n > 1( hodac la s
ngw) én 10, hodc biéu dién dugc thanh tong cia
nhiéu sO nguyén 16 Ié phan bigt (c6 nhiéu cach
biéu dién duogc nhur thé) ( [6] tr. 152, 153).

Nim 1972 nha toan hoc R.E.Dressler siy dung
phmmg phap Erdos da chimg minh dugc:

Mbi so nguyen n > 10 biéu dién duoc thanh tong
ciia nhiéu s6 nguyén o lé phan biét,

2) Nha toan hoc Ba Lan 4. Makowski nim 1960 d3
chimg minh dugc dugc:

a) Moi s6 nguyén m > 56 biéu dién duoc thanh
tong ctia cdc S0 nguyén to phan biét dang 4k — 1.
b) Mi 56 nguyén m > 122 biéu dién dwoc thinh
tong ctia cac sé nguyén té phan biét dang 4k + 1.
¢) Méi s6 nguyén m > 162 biéu dién duoc thanh
tong cia cdc s6 nguyén té phan biét dang 6k — 1.
d) Moi 56 nguyén m > 206 biéu dién dwoc thanh
tong cua cdc s6 nguyén to phan biét dang 6k + 1.
3) Nam 1974 cac nha toan hoc R.Dressler,
A.Makowski, T.Parker da chirng minh dugc:

a) Méi s6 nguyén m > 1970 biéu dién dugc thanh
tong cua cdc so nguyén t6  phdan biét dang
12k + 1.

b) Méi s6 nguyén m > 1350 biéu dién dwoc thanh
f&ng ciia cdc so nguyeéen t0 phan biét dang
12k + 5.

¢) Moi sé nguyén m > 1388 biéu dién dwoc thanh
tong cua cdc s6 nguyén t6  phan biét dang
12k + 7.

d) Méi 56 nguyén m > 1476 biéu dién dwoc thanh
féﬂg cua cdc s nguyén to6  phan biét dang
12k + 11. ([6] tr. 153). 1

4) Gia thuyét GC-2 (GC manh) da dugc kiem tra
ding tir 4 dén 2n nhu sau.

- Véi 2n < 10° boi nha thién van Phan Lan Nils
Pipping nam 1940;

-Véi1 2n < 33 - 10° boi nha toan ho
Kong nam 1964.

c Shen Mok

- Véi 2n < 10° bai cac nha toan hoc M.L. Stein,
P.R.Stein nam 1965.

. Véi 2n < 2 - 107
A.Granville, Jvan de Lune, HJJ.Te Riele nam
1989.

- Véi 2n < 4 10"
M.K.Sinisalo nam 1993.
. Véi 2n < 10"

bdi cac nha toan hoc

bodi cac nha toan hoc

bdi cic nhd todn hoc

J M.Deshouillers, Y.Saouter, H.J.J.Te Riele nam
1991.

. Vé&i 2n < 4 -10" boi cic nha toan hoc
J.Richstein nam 2001.

. Vé&i 2n < 4 - 10" boi cac nha toan hoc
T Oliveira e Silva, S.Herzog, S.Pardi thang 5 nam
2012.

5) Gia thuyét GC-3 (GC yéu) da duoc kiém tra
dtng tir 7 dén 2n + 1 nhu sau.

- v6i 2n < 10*° boi cac nha toan hoc Y.Saouter
nam 1998.

- véi 2n < 837 - 10** boi cac nha toan hoc
T.Oliveira e Silva, S.Herzog, S.Pardi thang 5 nam

2012.
- vOi 2n < 887 - 10°° bai cac nha toan hoc

H.A.Helfgott, D.J..Platt thang 5 nam 201 3.

6) Nam 1930 nha toan hoc Nga Schnirelmann
(V/Iee I'enpuxosuy lnupenvmarn, L.G.Shnirelmann

hoac L.G.Schnirelmann) da ching minh dinh li
sau.

Dinh li Shnirelmann. Ton tai hang s6 k dé moi so
nguyén n > 1 déu biéu dién duoc thanh tong cua
khong nhiéu hon k s6 nguvén 1o.

* Nam 1969 nha toan hoc Nga Klimov (Knumos
HHA., Klimov N.I) d3 chimg minh dugc dinh li
Shnirelmann v&i k=6 - 10°,

* Nam 1983 nha toan hoc Thuy Dién Riesel
(Riesel H.1929- 2014), va nha toan hoc Anh
Vaughan (Vaughan R.C. sinh nam 1945) da chung

minh dugc dinh li Shnirelmann véi k= 19.

* Nam 1995 nha toan hoc Phap Ramare (Olivier

Ramaré) da cai tién chang minh cua
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Shnirelmann, cho két qua: Moi s6 nguyén chan
déu biéu dién dwoc thanh tong cua khong nhiéu
hon 6 s6 nguyén t0.

« Nim 2012 nha toan hoc Pao Triét Hién (Terence
Tao, sinh nam 1975), di chimg minh duoc: Mdi sé
nguyén lé n > 1 déu biéu dién dwoc thanh tong
ciia nhiéu nhat la 5 s6 nguyén (6.

7) Nam 1934 nha toan hoc Nga Vinogradov (Ivan

Matveevich  Vinogradov, Hean Mameeesuu

Burnozpaodos) da chung minh dinh li sau.

Pinh li Vinogradov. Ton tai hang so nguvén
dicong m dé moi so nguvén le n > m deu biéu diéen
dwegc thanh tong cua ba s6 nguyén to.

 Nhiéu nha toan hoc tim cach lam giam s6 m
trong dinh i Vinogradov. Hoc tro cua Vinogradov
la Borozdin (K.bopo3oun, K.Borozdin) nam 1956

da tinh duge m > 3° ~ 3,25-10%4® (5§ nay
g6m khoang 7 ti chir so thap phan).

« Nim 1989 Chen J.R. va Wang T.Z. da tinh dugc
m >3,3334 - 10%°, nam 2002 Liu M.C. va Wang
I'.Z. da tinh dugc m 22 9. 109

8) Vao thang 5 nam 2013 nha toan hoc Péru
Helfgott (Harald Andrés Helfgott, sinh nam 1977),
lam viéc tai Pai hoc Princeton (Hoa Ky) va Trung
tim Qudc gia nghién ciru Khoa hoc Phép, da tinh
duge m > 10% trong dinh li Vinogradov va kiém
tra gia thuyét G yéu la dung véi moi 50
m < 887:10°° (xem ghi chu 5), nhu thé Helfgott da
chimg minh duoc gia thuyét Goldbach yéu.

Dinh li. M6i s6 nguyén lé n > 5 biéu dien duoc
thanh tong cua ba s6 nguyvén (0.

H¢ qua. Mdi s6 nguyvén chan 2n > 2 biéu dién
dirge thanh tong cia nhiéu nhat la bon sé nguyven

o,

42 Pbie_ sssuoame

Chirng minh. Vi n = 2 thi 2n = 4 =2 + 2, véi
n=3thi2n=6=3+3 voln =4 thi
In=8=3+5,voin>5thi2n—3 > 5 nén theo
dinh li trén viét dugc 2n—-3=p t g *tr Vo1 p, g,
r 12 cac s6 nguyén to nén s6 chan
2n=3+p+gqtr.
8) Nam 1973 nha toan hoc Trung Qudc Tran Canh
Nhudn (Chen Jingrun) da chung minh duoc dinh
li sau.
Dinh li Chen 2. Moéi so nguyén chan n lom hon
mot s v deu viéet dwoc thanh dang n = p + g,
trong do p la s6 nguyén to, con g hodc la so
nguyén to hodc la tich cua hai sO nguyén to.
« Nam 1975 ching minh cua Chen da duogc
P.M.Ross it gon kha nhiéu.
» Ndm 2002 nha toan hoc Trung qudc Chun Ying
Cai 43 CM duge p'”’ <n” trong DL Chen, va dén
nam 2015 nha toan hoc Nhat Ban Tomohiro

y i6
Yamada tinh dugc v= & = 1,7 - 10572344071119348
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TIENG ANH QUA CAC BAI TOAN
BAI SO 82

PROBLEM. The graph below gives the
velocity, v, in ft/sec, of a car for 0<t<8. where
t is the time in seconds. Give a reasonable

estimate of the distance traveled by the car from

t = 0 until the car comes to a complete stop.

w(?)
5 50
g 40
gz'_:;o Bl |
2 & 201
%10
4
Ol 123456 78

Time (seconds)

Solution. In this case the distance traveled by

the car from ¢ = 0 until the car comes to a

complete stop is the area under the curve and is

bounded by coordinates axes.

From the graph, we can see that that area is
about one half of the rectangle. Hence a

reasonable estimate of the distance traveled is

0.5 x 50 x 8 =200 ft.

Remark: The problem is based on an exercise
from a practice test for the US college entrance

examination.
TU VUNG

estimate . woc luong

velocity . van toc

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)

e aearaeararwemrarprarararaeprarppr T T T T T T TR T S S £ R A d A 2 A d kA bk b bk A R b R R R R R kR R R TR R T R R S S A T R

BAI DICH SO 80

BAI TOAN. Trén mat phang phirc, hay ve
phac hoa quy tich cua nhung diem biéu dién so
phirc = duoc xac dinh boi

z-3|>|z—-1-2i]
Loi gidi. Goi P la diém biéu dién s6 phuc z. Tur
d6 |z — 3| 1a khoang céach tir P dén diém A(3 ; 0)
va |z — 1 — 2i| la khoang cach tur P dén diém
B(1;2).
Vi vay ta can tim quy tich cic diém P sao cho
P4 > PB. P4 la nira mat phéng khong ké bién,
dugc gisi han boi duong trung e cua doan

thing AB.

................
o =

#
e e e

.......

Nh@n xét. Cac ban: Nguyén Vin Lam, Thai Ba
Nhan, 7A, THCS Ly Nhat Quang, D6 Luong,
Ngh¢ An; Tran Thi Thanh Thw, 11T1, THPT
chuyén Quéc hoc Hué, TP. Hué, Thira Thién
Hué, Nguyén Hing Cuong, xa Nhon My, TX.
An Nhon, Binh Pinh c6 bai dich tét.

HO HAI (Ha Néi)
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————— e

.

(nHIEU cAcH QvAl )
\CHO M@TpAl TOA N |

-

?

BA} TOAN 61 (trich Dé thi v dich Vuong
quoc Anh). Cho tam giac ABC can tai A néi tiép
dwong tron (O). D, E lan luot la trung diém cua
AB va AC. G la trong tam cua tam giic ADC.
Chung minh GO vuong goc voi DC.

Bo6 dé. Cho tam gidc ABC ¢6 H la diém thudc
duong cao CE. Piém H la truc tém ciua tam gidc
ABC khi va chi khi xay ra hé thiec EA. EB=EH.EC.
Chirng minh. Néu H 13 y

truc tam AABC thi

ABEH ~ ACEA, suy ra: D

EA.EB=EH.EC.
EA  EC
- —=—
EH EB
— ABEH ~ ACEA = EHB=A=ADB=90" hay
BD la duong cao, do do H la truc tam cua A4BC.
Cdch 1. Goi H 1 trung diém BC, K=CDn AH,

B C

I=DEN4H, DG=§DE. y
1 3

hay IG=%ID (1).

AK=2-AH,AI =—1-AH
3 2

= Al =—3AK hay IK=-:I);IA (2). Tu (1) va (2) co:

IG _ID IO
IK IA ID
O la tryc tAm cua tam gidc DKG hay OG L DK.
Cdch 2. Goi M la trung diém cua 4K, ta co:

m=li6=1IE.
3 3

— IG.ID = I0.IK. Viay theo bo dé,

4 4 T?gyuggce S6 541(7-2022)

M 141K
—_ — = —

IG [E 10
— IM .JO = IE IG.
Tt bd dé c6 G 1a truc tam
cua tam giac EOM  hay
0G L EM. Ma EM //CK dan
dén OG LCK.

Cich 3. Goi P 1a diém thudc IH sao cho IP = 3]0,
ta co:

IP=3I0,IK :%IA

= IP.IK =10.IA =D’
=ID.IE.
Tir bd dé c6 K 1a tryc tim
cua tam giac DEP, suy ra
DK L PE. Ma PE// OG suyra OG LCD.

Cach 4. Go1 M la giao
diém cua tia OG véi dudng
thing qua C vudng goc véi
BC; N 1a giao diém cua
DE va MC, ta c6: I4 = CN,
DI=IE=EN, DN =9IG.
Do MN // Ol nén

NM _NG _ NM.NC_NG _ NM.NC NG

10 IG 7 101A IG  IEE IG
NDY’
——| NG
IE’ NG [ 3 ]

Viy theo b6 deé G 1a tryc tam cia tam gidc DCM
dan dén OG L DC.
Ccifch 5. Goi M la giao
diém cua OG va BC, ta ¢6:
HM HO HC _HK
IG 10°ID IK
Nhén theo vé hai dang
thirc trén ta duoc:
HM.HC HO.HK
IGID  I0.IK

khac,

(1).

1
1@=§m,m=lm:m_m _10

Mat

3 IK JA ID
=IGID=I0IK (2). Tk (1) va (2) suy ra:

https://tieulun.hopto.org



MH.MC = HO.HK. Viy theo b d& X 1 tryc tim
cua tam giac OMC suy ra CK 1L OM
GO 1CD.

hay

Cach 6. Tu
EG=~ED.AK =2 AH
3 3

EG_1ED _EI
T AK 2AH AH
_El _EO EO
" JAL OFEAT AC
AOEG va ACAK céb:
EG EO — ——

—=—-,0EG=CAK
AK AC

— GOE=I?E'7@ = 0G1CD.
Cich 7. Chimg minh OG.CD =0. Ta c6:

0G.CD =(AG —AO)AD - AC).
tam tam giac ACD nén

= AOEG ~ ACAK

Vi G la trong

E=%(AC+AD). Do dé:
OC.Ch= émmw)_m (AD-AC)

=%(ADE -ACE)—E.E+AO.A5 ().

Theo cong thirc hinh
chiéu ta lai co:

AO.AD = AD* (2).

AO.AC =AE.AC
1 o ey 1 2
== AC.AC=-AC2 Q).
2 2 ©)
Tir (1), (2), (3) suy ra:

e |
OG_CD:%(ADZ —'ACZ)_ADE -i-"Z‘ACZ

_1 ac?-aaD*)=0.

6
Cich 8. Y44(0:0)

Khong mat tinh téng quat, ta chon hé truc toa dd
nhe hinh vé. Do D la trung diétm AB nén

D[-——l—'E); G 1a trong tam AADC nén
22

Puong thing DO nhin AB(-1—a) 1am vecto
phéap tuyén c6 phuong trinh:
1.(x+l]+a[y—g-)=0<:> 2x+2ay+1-a’ =0.
2
Vi 0=DONOy nén toa d§ diém O la nghiém
2=

x=0

2x+2ay+1-a° =0 s i
+ —_ il )
x+2ay ky 5

cua hé: {

GO - _l;_.LJ;C—D'z[_E;E]
6 2a 3
!

— GO. Cﬁ=i-z=0:>GOJ.CD.

TRAN THANH HUNG
(GV THCS V6 Tru, Tuy An, Phu Yéni)

Nhin xét. Ngoai 8 cach giai trén cua ban Tran
Thanh Hung, nguoi gidi thiéu bai toan 61, Toa soan
nhan dugc hai cach giai twong tur nhu cach 1 va cach
7 & trén, clia ban Tran Thi Thanh Thu, 12T1, THPT
chuyén Quoc hoc Hué, Thira Thién Hué; mot cach
giai twong ty nhu cach 8 cua ban Nguyén Hing
Cwong, xa Nhon My, TX. An Nhon, tinh Binh
Pinh. Xin hoan nghénh hai ban.

LE MAI (Ha Néi)

Méi céc ban giri 16i giai BAI TOAN 63 du6i day vé
Toa soan Tap chi TH&TT trudc ngay 31.8.2022.

BAI TOAN 63. Gidi phuong trink

4x +1 —-\/3.1::3 +7x —23x—-1=0.

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bic Ninh)
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BAI TOAN 70 (AMC, 2020). Cho day sO nguyen

khong am a, < a, <...< a, thoa man

2% el

P4

~d

+ 2% H DN

Gia tri cua k la bao nhiéu?

Loi giai. Dé y rang yéu cau bai toan tuong duong
véi viée xéac dinh s6 chir so khac 0 trong biéu dién
nhi phan cua so

274
palls S

=2% +2% +..+2% (D).

Pit m =2, khi d6 ta c6 thé viét lai vé trai cua (1)
dudi dang:

2% +1 m" +1

W 1. mid

1
—m'® —m" +m" —m"

+otm—m+1.
Ta s& danh gi4 timg cp hai sb hang lién tiép:

m' —m" = m" (m—1)

=m15(21? ___1)
=(27)5(2" +2" +2"“ +...+2' +2°)

_ 91715416 +2:115+15+m+2w.15+| 4 pV715+0.

Bang cac phép bién doi tuong tu, ta thay rang moi
hiéu (m* —m* ™) déu c6 thé viét dudi dang tong
17 Ity thira cua 2, hon ntra cac s6 hang d6 doi

mot phan biét.

Lan lugt thay i = 8, 7, 6, ..., 1, ta thﬁy rﬁng co

2239 +1

thé biéu dién oy duéi dang tong

TOAN HOC
* Cludilye

S5 541 (7-2022)
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17 x 8 = 136 lily thira d6i mdt phan biét véi so

mii nguyén duong cua co so 2.

Luu ¥ ring ta ciing can quan tdm dén s6 hang
20 =1. Nhu véy, sd chir s6 1 trong biéu dién nhj
2% +1

A hay gia tr1 cua & la:

phan cua

136 + 1 = 137.

Nhdn xét. Cac ban: Tran Thi Thanh Thu, 11TI,
THPT chuyén Qudc hoc Hué, TP. Hug, Thira Thién
Hué, Neuyén Hung Cuong, xa Nhon My, TX. An
Nhon, Binh Pinh, c6 101 giai dang cho bai toan nay.
Xin hoan nghénh hai ban.

NHU HOANG
Sau day 1a bai tap dé nghi. Ban doc hay giri 16
giai vé Toa soan TH&TT trudc ngay 31.8.2022.

BAI TAP PE NGHI

BAI TOAN 72. Hay tim s6 di khi chia 1776
cho 2000.

F i~
KHANH HU'U (Ha Néi)
3 3k 3k ok ok ok 3 3k ok ok 3k 3k sk ok 3k 3k 3k oK ok ok 3 ok ok 3 ok 3k 3k 3 ok 3k ok 3k 3k 3k ok ok ok K 3K 3 ok

SAI LAM ... (Tiép theo trang 47)

= D =(-w;0)uU (10;+00).

2
X" +2 X% +2

Taco: 3’4 3 =144 & 3"4T = 32 42

(x=2
9 242 @{xz_l_z

3 =4? =2
9 # -

(x=2

x =12

e i

Khi d0 x=2¢ D. Vay phuong trinh khong c6
nghi¢ém thudc tap xac dinh cta ham sé di cho.

Theo em loi giai trén co dung khong?

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén, Hung Yén)
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GIAI PAP: LOI GIAI CO PUNG KHONG?
(Pé dang trén TH&TT sé 537, thang 3 nam 2022)
Phan tich sai lam. Sai 1am cua ban Minh chinh 1a
st dung cong thic n(AUB)=n(4)+n(B) voi
A,B la cac tdp c6 hiru han phan tur. Cong thirc nay
sai vi nhitng phan tir thudée 4N B duoc tinh 2 lan (1
lan trong 4 va 1 lan trong B). Céng thirc d6 chi ding
néu c6 thém gia thiét AN B =@. Con trong trudng
hop tong quat, véi A, B 1a céc tap c6 hiru han phan

trthi n(AUB)=n(A)+n(B)-n(ANB).

Do dé. sb sd tu nhién c6 6 chir s, trong d6 chir s6 1 xuat
hién 2 14n, chit sd 2 xuat hién 2 lan, cic chir so 3, 4 méi
chit s6 xuat hién 1 1an, dong thoi cac chir so 1 khong dimg
canh nhau, cic chir sO 2 khong dimg canh nhau, la
180 — (60 + 60 — @), voi a la so sO tu nhién co 6 chir so,
trong d6 chir s6 1 xuat hién 2 lén,chfrsﬁ2xu$:t hién 2 lan,
céc chit sb 3, 4 mdi chir so xuat hién 1 lan, dong thoi cac
chit s 1 luon dimg canh nhau va cac chir s0 2 lu6n dimg
canh nhau. ’

Léi gidi ding nhuw sau. Goi A 1a tap hop tat ca cac
s& tur nhién c6 6 chit sb, trong do chir so 1 xuét hién 2 lan,
chit 6 2 xut hién 2 14n, céc chit s0 3, 4 moi chif sO xuat
hién 1 1n. Mdi phn tir cia A 1a mot hoan vi 6 chir 6

| 2 . ;
4.2 2.3 4 CH _i_—_-ISO hoan vi. Do do,
i T 21.2!

n(A) =180. Goi B, la tap hop tat ca cac so tu nhién co
6 chit sb, trong d6 chit s6 1 xuat hién 2 lan, chir s 2 xuat
hién 2 lin, c4c chir s6 3, 4 moi chir s xuat hién 1 lan, va
cic chir s 1 luon dimg canh nhau.  Ta ¢o

=

2! | |
c6 6 chir sb, trong d6 chu so 1 xuat hiér{ 2 lgn, chir O 2
xuét hién 2 lin, cac chit s6 3, 4 moi chir so xuat hien | lAn,
lubn dimg canh nhau. Ta c¢o

H(Bt ) = 5_' — 60. Goi B,latap hop tat ca cac so tur nhién

va cac chir sO 2

7(B,)=>" = 60.Khi d6, B, "B, 13 tip hop tat ca
)

céc so tir nhién c6 6 ch

lan, chir s6 2 xuat hién

& 56, trong do chit s0 1 xuat hign 2
5 Tan, céc chir so 3, 4 moi chir s0

xuAt hién 1 l4n, va cac chir so 1 luon dimg canh nhau,
déng thoi cac chir sd 2 luon dimg canh nhau. Ta cd
n(B, NB,)=4!=24. Tap B, LB, 1a tap hop tat ca
céc sb tu nhién c6 6 chir s6, trong d6 chix sO 1 xuat hién 2
lin, chir s6 2 xuét hién 2 lan, céc chir s0 3, 4 moi chir s
xuAt hién 1 1an, va céc chir s6 1 luon dimg canh nhau hogc
céc chir s6 2 ludn dimg canh nhau. Lic nay
n(B, LJBE)=H(BI)+H(BE)—H(BI ""Bz]'
= 60 + 60— 24 = 96.
Ta thiy (B, UB,)c 4 nén
n(A\(B, UB,))=n(4)-n(B wB,)=180-96=84.

Tap A\(B,UB,) la tap hop tat ca cac so tu nhién co
6 chit s, trong d6 chir s 1 xuét hién 2 lan, chir s 2 xuét
hién 2 l4n, cic chit s6 3, 4 mdi chir sb xuat hién 1 lan,
ddng thoi cac chir s6 1 khong dimg canh nhau, céc chir s
2 khong dimg canh nhau. Vay sb s6 tur nhién c6 6 chir so,
trong d6 chir s6 1 xut hién 2 1an, chir s6 2 xuat hién 2 lan,
cac chir s6 3, 4 mdi chir s6 xuét hién 1 1an, ddng thoi cac
chir s0 1 khong dimg canh nhau, céc chir s6 2 khong dimg
canhnhaula n(4\(B, UB,)) =84 sb.

Nhén xét. Chi c6 ban Tran Cam Tii, 8B, THCS Tran
Phi, H. Nong Cong, Thanh Héa phét hién duoc sai

1am va dua ra 10 giai dung. Xin hoan nghénh ban.

KIHIVI

PHUONG TRINH CO
NGHIEM THUQC TAP XAC
PINH CUA HAM SO
KHONG?

Bai toan. 7im nghiém cua phwong trinh

x2+2

34 3

=144 thujc tip xdc dinh cua ham so
y=lg(x* —10x).

Mﬁ_r hoc sinh da gidi bai todn nhw sau:

Goi D 1a tap x4c dinh cua ham sd
Y =lg(x* —10x). Ta c6:

Hx::wl[]

(Xem tiep trang 46)
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XUAT BAN TU 1964
S6 541 (7.2022) _
Toa soan : 187B, Giang Vo, Dong Da, Ha N

Top chi TOAN HOC va TUOI TRE s

Mﬂﬂlﬂlllﬂﬁts ﬂnd vouih nguine BT Phat hanh: 024.35142649, 024.35682701

Emall: toanhoctuoitrevietnam@gmail.com

BAN CO VAN KHOA HQC CHIU TRACH NHIEM XUAT BAN
A _ Cha tich Hoi dong Thanh vién
GS. TSKH. TRAN VAN NHUNG NXBGD Viét Nam
7S.NGUYEN VAN VONG NGUYEN bUC THAI
GS. DPOAN QUYNH Téng Gidm d6c NXBGD Viét Nam
P HOANG LE BACH
PGS.TS. TRAN VAN HAO Téng Bién tap NXBGD Viét Nam
PHAM VINH THAI
Vién truong Vién nghién ciu Sach va HLGD
" . . PHAN XUAN THANH
HOI PONG BIEN TAP
Téng bién tdp : TS. TRAN HUU NAM Phé téng bién tgp : CN. TRAN THI KIM CUONG
Thu ki Toa soan : ThS. HO QUANG VINH TS. LE HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, T7S. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAI, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. 7S. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. TS. TA DUY PHUONG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS. TS. VU
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY
@ Danh cho Trung hoc Co'sé € Dién dan day hoc toan
For Lower Secondary School Nguyén Thi Tam — Tim sé hang tdng quat cua

Vii Hiru Chin — Nhin nhan phep quay dé ve

, day sb (dang da thirc) khi biét mot sé sé han
thém hinh trong giai toan hinh hoc 16p 7. Q ang

dau tién,
° Huéng dan giai dé thi chon hoc sinh gioi cap

thanh phd 16p 9, TP. H6 Chi Minh, nam hoc 9 Lich sir toan hoc

ek 2les Nguyén Vigt Hai — Xung quanh bai toan
@ b: thi wuyén sinh vao 16p 10 Truong THPT Goldbach.

g Ha N6i, nam hoc 2022 - 2023. ) '

chuyén, DHSP Ha No1, nam ho @ Ti éng Anh qua cic bai todn — Bii 6 82
@ Phuong phap giai toan Bii dich s 80.

Pham Ngoc Chau — Nghiém phuc cua da thuc. Q

Nhiéu cich giai ch ot bai s ha

@ Peé ra ky nay | glal cho mot bai toan — Giai bai

T1/541, ..., T12/541, L1/541, L2/541. toan 61. D€ bai toan 63,

Problem in This [ssue
9 Giai bai ky trudc
T1/537, ..., T12/537, L.1/537, L2/337.

@ pu tich thé gici qua céc bai toan hay - G
bai toan 70. Dé bai toan 72.

Solutions to Previous Problems

Binidp: LEMALNAUHONG
Tri st phit hanih: HOANG TH] KIM PHUONG, TRAN THI M

https://tieulun.hopto.org
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Mathematics and Youth Magazine
Nam 2021
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Nam 2010

Khd 19 x 26,5

Gia bia: 99.000 dong
Nam 2011

Khd 19 x 26,5

Gia bia: 126.000 dong
Nam 2012

Khd 19 x 26,5

Gia bia: 152.000 dong
Nam 2013

Kho 19 x 26,5

Gia bia: 175.000 dong
Nam 2014

Khd 19 x 26,5

Gia bia: 185.000 dong
Nam 2015

Khd 19 x 26,5

Gia bia: 199.000 déng
Nam 2016

Khé 19 x 26,5

Gia bia: 199.000 dong
Nam 2017

Khd 19 x 26,5

Gia bia: 199.000 dong
Nam 2018

Kho 19 x 26,5

Gia bia: 199.000 dong
Nam 2019

Khd 19 x 26,5

Gia bia: 199.000 déng
Nam 2020

Khd 19 x 26,5

Gia bia: 210.000 dong
Nam 2021

Khd 19 x 26,5

Gia bia: 240.000 dong

Moi chi tiét xin lién hé:
TAP CHI TOAN HOC VA TUOI TRE
Dia chi: 187B Giang Vo, Ha Noi
® Dién thoai: 024.35121606 - 024.35121607
® Email: toanhoctuoitrevietnam@gmail.com

https://tieulun.hopto.org
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PHUONG'TRINH'NGHIEM'NGUYEN'VA KINH'NGHIEM!GIAI
(Tai ban lan the hai) Cla tac gia NGND. VU H(’U BINH
Sach day 224 trang, khd 17 x 24 cm, gia bia 42.000 dong

o, AL O YD i D WIACR WA M LY Dokt SN et [ DNy b

0i dung cua sach trinh bay
cac phuong phap giai phuong
trinh véi nghiém nguyén, von

ot dé tai ly thu clia S6 hoc va Pai s6,
tr cac hoc sinh nhé véi nhimg bai toan
nhu Tram trdu trdm co dén cac chuyén
gia toan hoc voi nhimg bai toan nhu dinh
Ii lon Fermat.

Sach gom 5 chuong:

Chuong | gi6i thiéu cac phuong phap
thuong dung dé giai phuong trinh nghiém
nguyen.

Chuong Il gi6i thiéu nhimg phuong trinh
nghiém nguyén duoc sap xép theo timg ngay.

Chuong IIl gi6i thiéu nhimg bai toan dua
vé giai phuong trinh nghiém nguyén,
trong do cO nhimg bai toan vui, bai toan
thuc té.

Chuong IV gi6i thiéu mot s6 phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat,
Diophante, ...

Chuong V giéi thiéu nhimg phuong trinh
nghiém nguyén chua dugc giai quyét va
nhimg budc tién clia Toan hoc dé giai
nhimg phuong trinh nghiém nguyén,
trong 46 c6 nhimg dong g6p cua Andrew
Wiles chimg minh dinh ly Ién Fermat va
Gido su Ngé Bdo Chau chimg minh BG
dé co ban trong Chuong trinh Langlands.
Phuong trinh nghiém nguyén c6 s
phuong trinh it hon s an nén doi hoi
nguoi gidi toan phai van dung kién thuc
sang tao, vi thé phuong trinh nghiém
nguyén thuong c6 mat trong cac dé thi
hoc sinh gioi tir béc tiéu hoc, trung hoc co
s& dén trung hoc pho thong. Cudn sach
danh mot phan thich dang néu nhimg
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phan tich bai

todn, cach suy luan dé tim huéng giai,

cach phan chia bai toan thanh nhimg bai
todn nho dé giai quyét hon, cach “dua

kho vé dé, dua la vé quer, cach lién hé
tinh huéng dang giai quyét véi nhimg van
dé méi, cach chon huéng di phu hop véi
timg bai toan dat ra ...t4t ca nhimg diéu
d6 d@éu la nhimg ki ndng ma moi nguoi
can c6 trong hoc tap, trong nghién ctu va
trong cudc song.

V6i nhimg cau tho & dau moi chuong, Voi
cach trinh bay rd rang, dé hiéu, tuoi mat,
v6i nhimg thong tin cap nhat, voi nhimg
kinh nghiém thuc té trong bdi dudng hoc
sinh gioi va viét sach, tac gia cudn sach,
NGND Vi Hiau Binh sé dem dén cho ban
doc nhimg kién thuc hé thong va nhimg
kinh nghiém giai toan gitp giai quyét mot
loai toan kho 6 bac pho thong.

Tin rang cudn sach khong chi hiu ich
cho hoc sinh va thay cd gidao, ma con |a
tai liéu tham khao tot cho sinh vién va
giang vién cac truong Pai hoc va Cao
dang nganh Toan, cling cac phu huynh
CO nguyén vong giup con em minh hoc
Toan t6t hon.
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O THE MUA AN PHAM TREN TAL:

n':_.q._ :

b AE’_;SG[fTOAN HOCIVALTUOITRE
IA CHI: 187B, IANG VO, HA NOI
024.35142649 - 024.35682701

Giay phép XB so 534/GP-BTTTT cap ngay 19.11.2020; M4 s6: 8BT7M22

In tai: Xi nghiép Ban do 1 - BQP
In xong va nép lwu chiéu thang 7 nam 2022

Gia: 18.000 dong
Muw&i tam nghin dong
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