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CO SO

B B - B _'x‘"
TRUNG I
Trong qua trinh giai toan, néu biét vin dung mjt
sO tinh chat co ban sé gitp cho ngudi hoe ¢6 mot
dinh huéng ro rang hon. Bai viét nay t6i mudn
gidi thiéu vai ban doc mdt sé tinh chat cua hai cat
tuyén cit nhau trong mot duong tron.
I. TINH CHAT
Tinh chat 1. Tir diém M nam bén ngodi dwong
tron (Q) ke hai cat H{rén MAB va MCD vai

dicomg tron. Khi do MO = H‘l'”H.
MC CACB

limg minbh. s )
M ’V
"R

C
MD DB
Ta c6: AMBD «» AMCA (g. =
aco {gg}erA =i
MA DA
4D «» AMCB (g. e
AM. {gg)ﬁMC =
MD MA DA DB
D dﬂ' : - ; ha
a MA MC CB CA ¢
MD DA DB
MC CB CA

Tinh chit 2. Tir diem M nam bén trong dwong
tron |Q) ke hai cat nnﬁf AMB va CMD vaoi

AM  AD.AC
Lf.’q!"n‘-"l"'“ tron. Khi do —— =

BM
Chirng minh. Ta co:

AMBD «» AMCA (g.g) =

e — ——

" BC.BD

AM AC
DM DB’

AM MD _AD AC

Suy ra: . = i
DM MB BC DB
MA ADAC
hay - :
MB BC.BD
Tinh chat 3. Tir diem M nam bén neoai dicong
tron (Q) ké tiép tuyén MA va cat tuyén MBC voi
e T R
dwrong tron. Khi do - = —,
MC CA

Chung minh.

Taco: AMAB «» AMCA (g.g)

_ MA_MB_BA
~MC MA CA
_ MA MB (BA )3
= MC M4 \CA
MB (AB ‘
hay = .
MC \cA
g TOAN HOC
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[I. VAN DUNG

Bai 1. Tir diem M nam bén ngoai diwcong tron (0)

keé cdc tiép tuyén MA,MB va car tuyén MCD véi

dwong tron (O) (4, B la cac tiep diém, MC nim

gitra hai tia MA, MO va MC < MD). Goi K la

trung diem cua CD, tia OK cdt dwong .rhci;ug AB

tai N.

a) Chimg minh rang NC la tiep tuyén cia (0).

b) Goi I la giao diém cia AB va CD, chumng minh
. 14 NA

rang — = NB

Loi giai.

a) Goi H la giao diém cia 4B va OM , ta cé

OM L AB nén AOHN <> AOKM (g.g)

OH ON
— =
OK OM

— OH.OM = OK.ON.

Mit khic: OH.OM =047 = 0C*. Tir d6 suy ra:
oK. OC

OC ON

= AKOC <> ACON (c.g.c) = OCN = OKC =90°
— 0C L NC, nén NC la tiép tuyén cua (O).

AC _MC
b) Ta c6 AMCA <> AMAD (88) =~ 5= 21"

OK.ON =0C* =

Tuong tr: 3C - M€ Ty g6 ta co:
“BD MB
AC _ B (1) (do MA=MB).
AD  BD

S6 540(6-2022)
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Xét dudmg tron (O) ¢ hai cat tuyén AB va CD
cit nhau tai / nén theo tinh chét 2 ta co:
1A _AC.AD

= {2
IB BC.BD
A : : = AC (3)
Tu (1) va (2) suy ra: B BC

Xét dudng tron (O) co cat tuyén NAB va tiép
tuyén NC cét nhau tai N nén theo tinh chét 1 ta
NA AC , IA NA

= ‘ + ra —=—,.
B BC (4). Tir (3) va (4) suy e
Bai 2. Cho nr giac ABCD ngi H{ip dweong tron
(O). Chiing minh rang néu AB.CD = AD.BC thi

co

cdc tiép tuyén cua dwong tron (0) o A va C cat
nhau tai mor diém (néu co) nam trén dwong thang
BD.

Loi giai.

Goi M la giao diém cia BD véi tiép tuyén cua
duong tron (O) tai diém 4; N la giao diém cua

BD véi tiép tuyén ciia duong tron (O) tai diém
C. Xét dudmg tron (O) co tiép tuyén AM va cét
tuyén BD cit nhau tai M nén theo tinh chit 3 ta

 MB BA NB CR?
co; = 1). -
Mp~ DE I T E L 5D
Mat khac: 4B.CD = AD.BC (gt), suy ra:
AB BC AB* BRC?
=— = ¢ (3).
AD CD A4D* cp?
Tir (1), (2) va (3) suy ra:
MB N
MB _ NB __MB _ NB
MD ND  MD-MB ND-NB
by MB _ NB

T e

Tir do suy ra dpem.

https://tieulun.hopto.org
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Bai 3. Cho hai dwong tron (O)va (O)cat nhau
tai A va B. Trén tia doi cia tia AB ldy M khdc A.
Qua M vé cac fr't':;:- tuyén MC,MD véi () (C, D
la cac tiép diém va C nam ngodi duong tron (0)).
Duong thang AC cat (O) tai P khac A, dwong
thang AD cat (O) rai Q khac A. Goi K la giao
diem cua CD va PQ. Chirng minh rang KP = KQ.
Lot giai.

Kéo dai BK cit dudng tron (O) tai N. Xét duong
tron (O) c6 hai cat tuyén PQ va BN cét nhau tai
K nén theo tinh chét 2 ta cé:

KQ _ONQOB |
KP PN.PB
Ta ¢c6 BDK = BAP = BOP nén ti gidc BKQOD
néi tiép dudmg tron = ADC = OBK = OPN.
Tir gidc ONPA néitip = PNQ = DAC.
ON AC

5y APNO «» ADAC | g. = 2).
Do do6 0 {gg):bPN 5 (2)
Cac tor giac AQPB, BKQD ndi tiep
BOP = BDC
:} e — e e
QPB = BAD = BCD
QB DB
= AQ (g.g.) e (3)
KO AC DB
(1), (2)va(3 : = ; 4).
Tur (1), @) va 3) suyra: - 2="m—r ()

Mk AS 4D
BC BD

nhu bai 1). Tir (4) va (5) suy ra:

(5) (chimg minh tuong tir

AL i ki EP
KP

Bai 4. Cho dwong tron (O;R) dwong kinh AB.M
la diém doi xieng cua O qua A. Puong thang d di
qua M cat dwong tron (O) tai C va D (C nam

gitta M va D). AD cat BC tai 1. Chirng minh rang
AIOA can.

Léi gidi..

Ké IE L AB (E € AB), xét dudng tron (O) cod
hai cat tuyén CD va AB cit nhau tai M nén

theo tinh chat 1 ta co: MA _ AE'A‘D.
BC.BD
Theo dé bai ta ¢c6 MA=AO=R va
MB=MA+ AB=3R.Suyra AC.AD 1 ().
BC.BD 3

Kéo dai CE cét dudmg tron (O) tai diém thir hai
la F.Vith gidc ACIE ndi tiép nén ICE = IAE
= {B.D = BF

= BD=DF = AD = AF =
AD = AF

Xét dudng tron (O) co hai cat tuyen CF va AB
cit nhau tai £ nén theo tinh chit 2 ta cé:

AE _AC.AF 3)
EB BCBF

(2)-

AE 1 ; .
Tw (1), (2) va (3) suy ra; — =~ , két hop voi
(1), (2) va (3) suy B3 op

AE + EB =2R ta cé: AE=%=}AE=EG.

TOAN HOC
- CTudifre 3
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Xét AIAO cO IE | AB vi AE = EO nén AIAO
cén tai [.

Bai 5. Cho ur giac ABCD noj :f.:f;:r dwong tron
(0), diém M nam trén tia di cua tia BD sao cho
MA, MC la hai tiép tuyén cua dwong tron (0O).
ﬂﬁp n.{rcjn tai B cua dwong tron {{J} cat MC tai N
va cat CD tai P, ND ¢t dieong tron (O) tai E,
Chieng minh ba diem A JP.E thdn o

hang.

Léi gidi.
K

Goi K la giao diém cua CE va AD, ta chimg
minh ba diém A E,P thing hang bing cach ap
dung dinh li Menelaus dao vao tam giac CKD.
Tirc 14 can ching minh:
CP DA KE L5
DP KA CE
Xét duong tron (O) co tiép tuyén PB va cét

(*).

tuyén CD cit nhau tai P nén theo tinh chdt 3 ta
. P CF

cﬂ. - 1 8
DP DB’ g
. AB BC : T
Ta cé = ; h tur nhur bai 1
T (chirng minh tuong ty )

= AB.CD = AD.BC (2).
Mit khéc tir gide ABCD ndi tiép duomg tron (O)
nén theo dinh ly Ptolemy ta c6:

AB.CD + AD.BC = AC.BD (3).

Tir (2) va (3) suy ra:
ACBD _ BC _ AC ..
ADBC == TR T
TOAN HOC -
T r 6-2022)
4 & CTi |ﬁ'|¢c_ So6 540(

BC.DE - BC 2CE

Tuong ty: CE.BD = 2 Bﬂ_ DE (5).
Tur (1), (4) va (5) ta co:
CP AC 2CE _AC CE
DP 24D DE AD DE’
AC CE DA KE
Do do: (* . gl =1
040 )= D DE KA CE
KA DE KA

Két qua nay ding nén ding thirc (*) duoc chirng
minh.

Bai 6. Tir diém M nam bén ngodi dicang tron (0)
ke hai tiep tuyén MA,MB va hai edt fuyén
MCD,MEF véi dwomg tron (A, B la cde tiép

diém, MC <MD va ME < MF).

Chiumng minh
rang dwong thang AB luén di qua giao diéem cua
hai dweng thang DE va CF.

Loi giai,

Goi giao diém ctia DE va 4p 13 I. Ta s& chimg

minh ba diém C.LF thﬁng hang hﬁlng cich su

dung dinh 1y Menelaus dio vao tam gidc MED .

Tirc 1a can chimg minh:
EI DC MFr
E—EE =1 (1)

X¢t dudng tron (0) c6 hai cat tuyén 4B va DE

cat nhau tai / nén theo tinh chit 2 ta co:

El _ Eqgp
DI DADEB
Do dé (1)« EAEB DC MF

DADB MC FF =)

https://tieulun.hopto.org
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EA CD EBMF
=

. =1 (2).
EF BD DAMC @
Chimg minh tuong tu nhur bai 5 ta co:
AEBF - AB.EF L4 AE 8 AB
J 2 EF 2BF
BD.AC= AB.C‘D CD 24C
BD AB
AE CD AC 3).
EF BD BF
Tir (3) suy ra:
* | ol
) C EBMF _ AC.EBMF _1 @
BF 'DAMC AD BF MC
Mat khic: AMAC «> AMDA (g.g)
AC e A0 (do MA=MB) (5).
A,D MA MB
Tu (5) suy ra:
MC EBMF _ EB MB
4) = .
MB BFMC BF MF

<> AEBM «» ABFM.
Két qua nay ding nén ding thire (1) dung.
Nhan xét. Tuong ty ta cing chimg minh dugc
duong thing AB luén di qua giao diém (néu co)
cua hai duong thing CE va DF.

Bai 7. Cho tam gidc ABC néi tiép diecomg tron (O)

va ngoai tiep dwong tron (), D la tiep diem cua
dwong tron () voi BC. Dwong thdang qua I vuong
goc voi IA car AB,

tron ngoai tiep tam giac AEF cat dwong tron (0O)

AC lan lieot tqi E, F. Pwong

tai diém thir hai la K. Puwong thang KD cdt dwong
tron (O) tai diém thie hai R. Chieng minh rang:

KB (BIY

EC \CI.

b) RA di gua trung diém cua BC.

a)

KB BE

Lai giai. a) ABEK «» ACFK e e
g (g.2) o (1)
ABEI «» ABIC:ABIC «» AIFC
L AnEres e o B
IF ~ FC IC
BE EI _(BI : BE (BIY
Ha = 25,
=T FC [IC] Y FC (IC] @)

KB
Tir (1) va (2) suyra: ——

BI'Y
(&)

KC
A
Bl Pl N0
F
I
0
B D\ M C
R
b) Goi M la giao diém cua BC va AR, goi H la
diém d6i ximg voi D qua [, ke

PO LIH(Pe AB,Q € AC). Xét dudng tron (G}

c6 hai cat tuyén AR va BC cit nhau tai M nén
theo tinh chit 2 ta co:

BM  BA.BR

CM CACR

BD _ BK.BR ).
Ch. CECR

BI BD

BP  BI

(4).

Tuong ty:

Ta co: ABDI «» ABIP =

— BI* = BD.BP
Tuong tw: CI* = CQ.CD.

Tu do6 suy ra: (EJ =
CI
Tir (3), (5) va (6) suy ra:
KB _BD BP BK.BR BP

EC.ODC0 CKCR CO

BD.BP
CO.CD

(6).

_BR_C
== 200 (7).

BP
Tu (4) va (7) suy ra:

BM BA CQ : AB AC
=—.—= =1 (vi PQ//B ).
oM - cagp ) M PRBCS co’

= BM =CM.
. TOA
S6 540(6-2022) N HOC
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HUONG DAN GIAI BE THI CHON HQC SINH GIOI CAP TINH LOP 9,

TINH NAM DINH, NAM HOQC 2021 — 2022

Cau 1. 1) Chom, n la cde 5o twe nhién thoa man {m;ﬂ}= {ﬁ;lﬂ') va (m;”} = (lﬂ;ﬁ).
I = — g e i@ ab
V2+V3 +43-/5 = Jm i ... Y 2) Tir gia thiét ta co mﬂﬂ:g+b

]

Tinh tong m+n. ab ab
i A , ::-Ja—l{]ﬂ{}hfb—lﬂﬂﬂ=1,¢I————+11’b‘_*ﬂ+b

2) Chieng minh rang véi moi so dwong

doi thoa man — + — = —

a va b thay

3~ |

— ,‘ -
. 5 e luon co Y Ay ﬂ+b

a+b

Ja—1000 +V5-1000 = Va7 3. B e L

_Ja+b

Loi giai. 1) Ta co:

0 I L

Ciu 2. 1) Cho phuong trinh

2(J2+~J§ +~J3—J§)
2
Jg+ 4 \@ i \/IZ— 45 vai m la tham so.

2 a) Giai phwong trinh voi m = -1.

J(Jg + \E)z + J( 0 = ﬁ)i b) Tim tat ca cac gia tri cua tham so m dé

phuong trinh da cho co dung ba nghiem phan biet.

{m+ '-.I'rlr: v 4.:-{-3“.‘:: +2.r+m}“x+ I]—m —]] =10,

s
2) Giai hé y tyi
(JE +ﬁ)+(ﬁ_ﬁ) ) Giai h¢ phwong trinh
- 2 DR 4 II'T 3
Ix-1)y=yp|2+, /=
—Jg+m J \ "‘.'.'r.'—IrJ
: | ..1':+_'-.11‘—5_1:+?;{] (2)

Tir gia thiét ta c6 m =6,n =10 hoic m=10,n=6

nén m+n=16.

Loi gidi. 1) a) PK: 2x* +4x+320

2 . L o .
Chii thich thém: Xét Jm +Jn =6 +10. ¢ 2(x+1)" +120 thoa man véi moi x

Binh phuong hai vé dugc:

i 60 =121 JGO(VE -1) =5 (4

Khi d6, véi m=-1 thay vao phuong trinh ta
dugc: (—1+J2x2 +¢L1r:+3)(a:"E +?_r-!)”,::+1|)=

2 ,
vai mn = k.60,k € Q. J2x* +4x+3-1=0
: 16—m—n | +2x-1=0
+NF k: : 11 » ﬁ - EQ
éuvk=aeQax ()m»f__ ____2{::—1] x+1]=0
diéu nay vo Iy do /60 14 sd vo ty. T B e Errmme O e SO - g e M
lo-—mon Sx+2x+1=0& x=-1.

+ Neéu ﬁﬁ@;(*)#ﬁ—1= >J60

Vai x° +2x—1=0e x=-1+/2.

Binh phuong duge vk =beQ vo 1. Véi [x+1|=0= x=-1.
Viy k=1, [*) — m +n =16,mn = 60 nén Viy tat ca cac nghiém cua phuong trinh d3 cho la:
TOAN HOC
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x=—l.x=~1+ﬁ,x=—l—ﬁ.

b) Ta co6: phuong trinh twong duong vai

[m +Jl(,:nr+])2 +l}[(.x+l)1 +m—-]:|{|x+l[-m—l)=ﬂ.

bat ¢ =|x+1l,r =0

=r(m+M](ﬁ +m+l](:—m—l]=ﬂ %)
Gia sir 7, >0 la mdt nghi¢ém cuia phuong trinh (*)
khi d6 phuong trinh |x+1/=¢, c6 hai nghiém
phin biétld x=-1+1,,x=-1-1,.
Con ¢, =0 la mdt nghiém cua phuong trinh (*)
khi d6 phuong trinh |[x+1|=0 c6 nghiém duy
nhat x = -1.
Tir d6 néu (*) ¢6 k nghiém ¢>0 phén biét thi
phuong trinh da cho c6 2k nghiém phan biét.
Do vay phuong trinh da cho ¢6 ba nghiém phan
bi¢t thi phuong trinh (*) ¢6 nghiém =0, thay
vao ta dugc m=-1,m=1. Thi lai: Cac trudong
hop déu thoa min.
Vay tat ca cac gia tri cua tham sé m thoa man bai
todanla m=-1lm=1.

‘ 9(x-1)y=0
2) Diéu kién: y

——2=0
x—1

Khi do tir phuong trinh (1) tacd y20,x>1.
TH1: Néu y =0 thi x=§ thoa man hé.

TH2: Néu y >0 thi

(I)ﬁSJxT=J;(2+

=)
Jr-1
¢3{I—1)=ﬁ(zJE+J})
ﬁd{x—l)z{x—l}+2mﬁ+(ﬁ]1

& (2Vx-1) =(Va-1+y)

'zﬂl-i=ﬁ+ﬁ
2Vx-1=—Jx-1-[y

prmir

_3-..E—_l+ y=ﬂ'

Voi Jx-1=y e x=y+1 thay vao (2) ta
dugc: y' =2y+l=0 y=1=x=2.

Vi 3Wx-1+Jy=0&x=1,y=0 khong thoa
man diéu kién.

Vay tit ca cdc nghiém (x; y) cua hé¢ da cho la

G;n],(z;:).

Ciu 3. 1) Cho da thirc P(x)=x" +6x" +ax+b

A —

véi a, b la cde 5o hiru ty va théa man P(l —uﬁ) =),
Tinh gia tri cua biéu thiec
0 =18P(3)+3P(2)+(a-b+3)"".
2) Tim tdt cd cde cdp 56 tw nhién (m;n) théa man
(2m+5n+1)(2" +n+m’ + m)=105.
Léi gidgi. 3) Tir gia thiét ta co:

(1-4‘?)3‘+l:€r(l—w.l'r§]2 +ﬂ(l-~ﬁ)+b={}

ﬂ::{a+15}ul'§=a+b+34.

NbiacIgsi0es a2t EA8
a+18
Vi a,b la cac sb hiru ty nén atb :‘4 la s6 hiru
a+

ty mau thuan véi 3 1a mét sd vo ty.
a+18=0 {:::-13

a+b+34=ﬂ¢ b=-16 (1)

Do do: {

Viy P(x)=x"+6x" -18x-16

= P(2)=-20,P(3)=11 (2).
Tur (1) va (2) ta co:
S3 540(6-2022) T?g‘u:gcé 7
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Q:13.11+3.{*20j+(-—18+15+3}2uz;
=198-60+1=139,

2) Ta c¢6 105 1a sb 1é nén tr phuong trinh suy ra

2m+5n+1 1€ = 5n chin tac 13 ciing chén.
Tuong tv 2" +n+m’ +m=2" +n+m(m+l} &,
nhung do n,m(m+1) déu chin nén 2" I¢ tic 14
2 =1am=0.

Khi m =0 thay vao phuong trinh ta duoc:

n=4
26.

H=——

5

Viy cdp s6 ty nhién duy nhét thoa man bai toan 13
(m;n)=(0;4).

Cin 4. Cho tam giac ABC vuing tai A

(AB< AC). co AH la duwong cao. Lay D la mot

diem thugc mien rrong cua tam gidc AHC sao cho
AH di qua trung diem cua BD Goi E, F theo thir e
la giao diem cua AH véi dwang thang CD va BD.
Qua E ke dwong thang n'é:,.u xuc voi dwong tron
dicong kinh CD tai diem M (4 va Mthuoc cung
mot miea mat phang co bo la CD). Goi N la giao
diem thir hai cua dwong thang BD vai dwong tron
dicong kinh CD. Chirng minh rfin;::

1y Tw gige ABCN noi mfp maot dicong tron va
ANB + CAH =90,

2) Tam giae EMD {!rju_if dang voi tam giac E( ‘N
ED.BF .BN

£C

. U'E! B

Vid

Mc
3) Ba diem A.M .\ thang hang

Lo giai.,

S5 540(6-2022)
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1) Theo gia thiét ta co BAC = BNC =90".
Suy ra 4 va N cung nhin BC dudi mét goc
vuéng nén A4,B,C,N cung thujc duong tron
duong kinh BC hay tir gidc ABCN ndi tiép mot
duong tron.
Do ACB,ANB la hai goc ndi tiép cing chin cung
AB cua duong tron duong kinh BC nén

ACH = ACB=ANB  (1).
Trong tam giac vuong AHC (vudng tai H) co
ACH + CAH =90°. Nén tir (1) ta duoc

ANB + CAH =90".

2) Xét hai tam gidc EMD va ECM c6 goc CEM
chung (2). Hon nira EMD = ECM (3) (vi clng

biing %sdfﬁ cita duomg tron dudmg kinh CD)

nén tir (2) va (3) ta c6 AEMD - AECM.
EM ED MD

Dodo: —= =
EC EM CM
MD* ED
= =— (4).
M " EC “)

Xét hai tam giac BHF va BNC c6 CBN chung
va BHF = BNC =90° nén ABHF - ABNC.

Tu do suyra BH.BC = BF.BN cung véi tam gidc
ABC c0 duomg cao AH
= AB* = BH.BC =BF.BN (5).

Nhin theo vé (4) va (5) ta dugc:

vuong tai A
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MD®.AB* _ ED.BF.BN

MC? EC
L MD.AB \j ED.BF .BN
MC EE

3) Trong tam giac ABC vuong tai 4 cod duong
cao AH = AC* =CH.BC nén két hop voi (5) ta

AB* BH.BC HB
" AC' CHBC HC
Goi K la giao diém thir hai cia BC va duong
tron duong kinh CD = AH //DK (cing vudng
goc voi BC ). Két hop vaéi gia thiét FB = FD suy

duoc (6).

ra HB=HK (7). T (6) va (7) suy ra:
B S w Bk ED
— cun =
AC:  HC ung vol HC -~ EC (do AH //DK )
. D
ta duoc: 1 — EC (8). T (4) va (8) ta duoc:
AB° _MD' _ AB _MD
AC* MC* ~ AC MC’
Két hop voni BAC = DMC = 90"

— AACB ~ AMCD = BCA=DCM = ECM

hay ECM =BNA (9) (do (1)). Mat khac

ECM = BNM (cung bing %sdﬂf_ﬁ cua duong

tron duong kinh CD) nén tr (9) ta dugc
BNA = BNM hay ba diém A,M,N thing hang.

Ciu 5. 1) Trén mot mat ban phang c6 2021 dong
xu kich thude bang nhau, moi dong xu ¢6 hai mat
trong do co mot mat mau xanh va mot mat mau
do, c!{h:f: thoi tat ca cac dong xu deu ngua mat
meu xanh lén trén mat ban. Thuce hién tro choi sau
ddy: moi heot choi phai doi mat 10 dong xu nao
dé trén mat ban. Hoi sau 2022 lwot choi co the
nhdn dwoe tdt ca 2021 dong xu trén mat ban déu
ngwra mat mau do lén trén hay khong? Hay giai
thich vi sao??

2} Xét tam gige ABC co do dai cac canh la
a, b, ¢ thay doi va théa man ¢+ 2b=abc. Tim

aia tri nho nhat cua biew thic

3 5 4

b+ece—a a+c-b a+b-c

Léi gidgi. 1) Lugt choi thir nhat ¢6 10 dong xu mat
xanh duge ngura thanh mat do. Do do sau lugt choi
thir nhit ¢6 2011 dong xu mit xanh va 10 dong xu
mit do duoc ngua lén phia trén.

Gia sir trong lugt choi thir hai ¢6 x dong xu mit
xanh dwoc lat thainh mau do, nhu vdy s€ co
(10-x) déng xu mau do thanh mau xanh (véi x
1a s6 tu nhién thoa man 0< x<10).

Khi dé s6 dong xu mau xanh ngura 1én phia trén sé
1a (2011-x)+ (10 - x) =2021 - 2x.

Cir nhu vy sau bao nhiéu lan di nira thi trén mat
ban sé dong xu c6é midt mau xanh ngira Ién phia
trén ludn luén 1a sb lé. Vay sau 2022 luot choi
khong thé nhan dugc 2021 dong xu c6 mit mau do
dugc ngura lén phia trén.

2) Vi haiso x,y >0 taco:

(ﬂ—ﬁ]zéﬂﬂ:}x+}leﬁ}[}.

Tuong tu: l+—1-22JI > (0.
x ¥ Xy

Tir do suy ra:

[x+y}[l+l)24=rl+lz e
X y X y x+y

4
x+y

Viy véi moi x,y >0 taco l+—~E
w ¥

Dau bang xay ra khi x = y.

Taco: P= 3 + : + 3
b+c—a a+c—-b a+b-c

1 1 | 1 J
— + +2 +
[bi—rs-u a+b—c] (b+c:-a a+c—b

o
+3 + !
a+c—-b a+b-c

&

TOAN HOC

S5 540(6-2022) P CTusilre

9

https://tieulun.hopto.org




DE THI CHON HOC SINH GIOI CAP THANH PHO LOP 9,
THANH PHO HO CHIi MINH, NAM HQC: 2021 - 2022
Mén thi: Toan (Tho: gian lam bai: 120 phut)

Bai 1 (3 diém).
Cho céc 50 a, b théa min cic didu kién:
2a° +7ab-3b" =0, b#2g, bz -2q4

Tinh gi tri cia biéu thire pr = 39—3b _ 2a-5b
2a-b Eﬂ"'l-b.

Bai 2 (3 diém).

Cho ba s6 duong a, b, ¢ théa man didy kién:
ab+be+ca =2022.

Chimg minh

Ja? +2022 +Jb? + 2022 + Vet +2022
JE +vbc ++Jca

2 2.

Bii 3 (3 diém). Giai phuong trinh:
4x 5
Lrlel x
Bii 4 (5 d@iém). Cho dudmg tron (0), dudng kinh
AB cb dinh. Goi C la diém di dong trén (O)
(C khac A va B), vé duong kinh CD cua dudng

tron (O). Tiép tuyén tai B cla dudmg tron (O) cit
hai duong thing AC, AD lan lugt tai E va F. Goi H

la trung diém cua doan thing BF; K 1a giao diém
cua hai duong thing OF va AH.

a) Chimg minh nim diém E, C, D, F, K cung
thugc mot duong tron.

b) Goi 7 14 tam cia dudmg tron ngoai tiép tir gidc
ECDF. Chimg minh diém / luén thuoc mot duong
thing ¢6 dinh khi C di dong trén dudng tron (O).
Bii 5 (3 diém). Qua diém M thudc canh BC cua
tam gidgc ABC ta ké cac dudng thing song song
Vi cac canh AB, AC ching tao thanh v&i1 hai canh
dy mot hinh binh hanh. Tim vi tri ciia M dé hinh
binh hanh d6 cé dién tich 16n nhit.

Bai 6 (3 diém).
Tim tit ca cdc cip s6 tu nhién (m; n) véi m>n

sa0 cho 4 =(m+n) la udc cua
}'~j'=24r'.'(3ar::':1 +n2]+3+

NGUYEN PUC TAN
(TP. H6 Chi Minh)

Gidi thiéu

s s ke o o ok ok o ok o o ok ok ok ool ok ok o o o ook ok ok o o o o s ok ok o o ook o ok ke o oo ok ok o o o o ol o ok oo ok o ok ol o ool o o o o o ol ko o o o

v
Véi moi tam gidc ABC ta ludn co
b+c-a>0,a+c-b>0,a+b—c>0 nén ap

dung két qua trén vao ta dugc:

2.3
PE4+8+12=~2—+E+E=2(_1.+__+_._}_
2b 2¢ 2a b ¢ a b ¢ a

: : %
Theo gia thiét 2b + ¢ = abc &—+E=a suy ra:
=

P> 2[.{1 +-3-]z z,z,ia.i = 44/3.
i1 d

TOAN HOC
10
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b=c

Vaymin P=43 khi {Z+-=4

ol R

1
b
3
a

-
I

Sa=b=c=3 hay tam gidc 4BC 1a tam giac
déu canh bing /3.

TRAN XUAN DPANG
(5/7/136 Phan Dinh Phing, TP. Nam Dinh)

Gidi thi¢u
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Hl](?

5 PHUONG PHAP GIAL

/2 GHO BALTOAN | | e
CHUNG MINH BAT DANG THUC LUONG m

PHAM D

UX KHANH

(GV THPT Qup CMH,M.{#}

THEQ CHUONG I.Hi\.li YA Hc;l:\ml b

Trude mot bai toan ching minh BPT lugng giac

chung ta ¢6 thé dua ra nim phuong phép giai

chinh nhu sau.

Cach 1 (phwong phap tam dién vuong).

Xét tam di¢n vudng OABC véi OA = a, OB = b,

OC = ¢ nhu hinh vé.

Tacéd: AB=-a* +b*, $
BC =+b* +¢*,
CA=+c" +a°.

ﬁup dung dinh ly cosin
cho tam gidc A4BC ta
co:

AB* + AC? - BC?
cos A=
2AB.AC
=a2+b1+a1+c: -b*-c* a’
(@+8)(@+¢) (@ +8)(a* +¢)
bz
Tuong ty, ta co: cos B =———-—owou
(6" +c)(b* +a*)
CE

cosC =

J(r:z +a’ )(cl +b2}
Tir d6 ta chuyén bai toan BPT lugng gidc vé BDT
dai s6 ba bién a,b,c voi a,b,c 1 ba canh cua
mot tam dién vudng.
Cach 2 (dwa vé ba canh cua mot tam giac).
Phuong phiap nay ciing st dung dinh ly cosin
trong tam giac dé chuyén bai toan BDT lugng gidc
vé BDT ba canh ctia mét tam giéc, cy thé:

b +ct -a’ ¢t +a* -b
cos A= ,cosB= :
2bc 2ca
2 2 2
a +b°-c
cos( =
2ab

Tiur d6 ching ta cing tinh duge cac dai lugng
lugng gidc khic thong qua cac canh a,b,c cua

tam giac, ching han:

b+ -a
sinﬁ- l-cos4 _ 2bc
2 2 2
_Jfa+b—r:)(a+c*b)
- = :
b+c—a)(bta—
Tuong tur: sin§=\/{ L1 T:L = C}1
Sin£=\j(c+ﬂ—b)(c+b-a}-
2 4ab

Cach 3 (phuong phap chimg minh triec tiep).
Trong phuong phap nay ching ta s€ van dung cac
tinh chat thuan tiy cia luong gidc dé giai quyét
chirg minh trrc tiép bai todn.

Cich 4 (phwong phap dai so).

Co so cua phuong phap la ching ta sir dung cac
dang thirc sau: Vi moi tam gidc 4BC ta co:

cos® A+ cos’ B +cos’ C+2cos Acos BeosC = 1;

s A

sin® = + sin? +sin2£+255nii—sin£sin£=l.
2 2 2 2 7

Va ta ciing c6 dang thire:
ab " be Py ca
(¢ +ﬂ][c+b} (a+b]{a+c] (b+c][h+a]
L 2abc
(a+b)(b+c)(c+a)
Tir d6 ta c6 cach dat an phy nhu sau:

e ,cos B = e '
“"”‘J(Hb}(ma]’ P J{b+c)(b+a)’

=1.

= = a c >
cusC—\/{C+a}{c_+b} (a,b,c = 0).
S& 540(6-2022) T?g-‘ugog 11
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ca

smg ] \/(ﬂ +;;Eﬂ H);smg ) \/{b+r:)(b va)’
Ein% =\](c+;;?c +b)

Tir d6 ta chuyén bai toan BDT lugng gidc vé bai
toan BDT dai sb.

(a,b,c > ().

Ciach 5 (phuwong phap don f:rhfn‘,t-

Co s¢ cua phuong phap 13 ching ta xét BPT c6
dang f(4,8,C)20 ().

Burde 1: Ching minh

f(A.B,G)—f[A,B;CF;C]m

Burde 2: Chimg minh f[A,B+C,E+C]:.ﬂ
. 2 e

Tir d6 ta két luan BDT (*) 1a ding,
Sau day 1a mot s6 thi dy minh hoa cho cic phuong
phap trén.

Thi du 1. Chimg minh rdang véi moi tam giac
nhon ABC ta co:

1+ cos Acos Beos C = /3 sin Asin Bsin C.
Lai gial.

Cach 1 (phwong phap tam dién vuéng).
Xét tam dién vudng OABC dinh O v6i 04 = a,
OB =b,0C=c. Taco:

a’b’c’
(a’ +b° ]{bz +4|:'2}(-:*2 +a2]
. (ﬂzbz + b2c? +czaz]J3(ﬂ1b2 + b +r:zﬂ2J
il (az +bz){b= +c2](£2 + HI)

=N [az + g ](azbz + bt + czaz)

BOT <1+

E(HEEJI +b’c’ +EIEE)J3(HIEJ: +b’c’ +c2a1)

Sa’+b +ct 2 JE(&EEJE +b’c’ +c’a’)
(a +b* + ¢ )2 >3(a’h’ +bc+ c’a’)
Sat+b +ct 2a’h +bt +cla’.

Ap dung BPT Cauchy ta c6: a* +b" 2 2a°h*,

2 2
b* +c* 220, b+ 22b°c.

TOAN HOC
' CTudilge
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Cong theo vé cac EE} : ‘ g
cén chimg minh. Dau bang xay ra khi a =
hay tam gidc ABC la tam glac déu.
Cich 2 (phwong phdp dwa vé ba ¢
giac).

Xét tam gidc ABC ¢ AB = ¢, BC = a, CAd =5,
Theo cach dbi bién trén ta co:

T cung chiéu trén ta c6 BDT
b= c

wh cua tam

(ﬂz I )[bl 4ot =at }(El +a’ —bl)

J3|:_ﬂ4 bt +2a%h + 2bh*c? +2E’2ﬂ'1]3
= 8a’bh’c’

> 8a’b’c’ +(a’ +b’ —cz)(.&’ +c —ﬂl](cz +a’ —bz)
> J3[—a4 _p' —ct +2a°h + 2B +2¢*a’ :r
aiegh = = +4:;"*(.-!1|2 +.|:*2)+.-f:-"l(s:*z +az)

vt (a +5) + 60

> [—.::i4 —b* —c* +2a°P* + 2b%c* + 2c*at ) X

X \/3(—;1" b et 30D 42 e’ + 2-‘:1.-:12)
= (—ﬂ* —b* = +2a°0* +2b°c* + 2c°a° )(a: +b° +r:1)

E{La‘ —b' =c* +24°P% + 2B 1 +2c3a3]x

x3(-a -b* —c* +2a%0? + 26°C* +2c%a°)

S+ 4+ in(-ﬂ* -b* = +22°b + 2b%C° +2c1ﬂ3)
eat+b vt 2B+ b’e’ +ctat

o (d° —b‘j')z +(E:r1 -c? )z +(cz —az)z >0 (dpcm).

Cach 3 (phwong phap chieng minh triee tiép).
BDT <

1
sin Asin Bsin C

= J(lr:m2 A+ I)(::.n::-t1 B+ l)(::t;:rt2 C+ 1]

+cot AcotBecotC 2 ﬁ

+cotAcot BeotC = -f3_

Ta co: cot Acot B+cotBcotC+cotCeot A=1 nén
<> (cot A+ cot B)(cot B +cotC)(cot C +cot A)

+cﬂtAcuthmCE-f?_r

c.‘:::-(cntA+cmB+cmC}x

:-:[mtAcﬂtB+cﬂthntC+cmC‘cm A}E \ﬁ

https://tieulun.hopto.org
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< cot 4 +cntB+cmE'E\1"§ (1). BDT(1) dung vi:

(cot 4+ cotB + ::mC‘)]
>3(cot Acot B +cot Beot C +cot Ccot A) =3

{::u:n:rt.ﬁ_[+cmﬁ+cut£'2vr§,

Cach 4 (phwong phap dai s0). Dit:

cad

be B
e =\j(a +h)(a+c]’ ﬂﬂSH-J{b+c](b+a]’
ab

“”EC=\/{E+H)(.:-+1:.}'

a o fs be _ ala+b+c)
A Jl (@+b)(aie) J(ﬂ+b](a+c}'

Ta co:

aco: sinB = B9 +h:te)
: cla+b+c)
sinC = ;
\,{f+a](c+b}

Khi d6: BDT <> 1+ g
(a+b)(b+c)(c+a)
}{a+b+f]J3abc{a+b+c)

(a+b)(b+c)(c+a)

f:::-(u+b+c]{ab+bc+m)

>(a+b +-::'}J3abc(a + b+ a::)

& ab+bc+caz Vl'?;abc{a +b+c)
& (ab+be +f:a:1}E >3abc(a+b+c)
& (ab-bc) +(bc—ca) +(ca- ab)’ >0 (dpcm).
Cich 5 (phwong phap don bién).
Khéng mat tinh tong quat, gia su
A>B>C= 4 3.’35_

Dat:
f{A.H,C}=l+cusdcus H::-:::-:‘.-.C"u@sin Asin BsinC

::»f[A,B'i'C.B"'C

]=I+cns ,45inzi{-—ﬁsin.4cns:£,
3 2 2 2

Ta co: f{A,B,C‘]—f’[A*B;C.B;C]

=¢:03A[cnsﬂcesf—sinzg]
. . . 2 A
—+/3sIn A(sm BsinC —cos EJ
=-;-cnsd[cﬂ5(ﬂ—ﬂ'}—c{}5z4—l+cnsAJ
+-V;Esin A[]+cﬂsA—cns(B—C)—cusA]

=%cnsd[] —ms(ﬁ'—ﬂﬂ(ﬁtﬂn A*-I)Eﬂ

(do Az%:}mnAzﬁ].

B+C B+C]

Ta chirng minh: f[A, 3 "3

5 A
=l+cﬂ5Asin2§—ﬁsin Acos’ EE{} (2).

bit ¢ = tan%, ta co:

Y 2\.@:_ 1
1482 1+ 141 1+%°

-:?[l+r3]1+f2(1—11)-2ﬁ12ﬂ

=1+ >0

&3 -2 +120e [-ﬁ! - l)‘ >0 (dpcm).
Thi duy 2. Ching minh ning var moi tam giac ABC

ta co:
sin” 4 +sin” B+sin’ C £2+16sin’ '—:::inz Esin: %
Lot giai.
BDT < cos” 4 + cos® B +cos’ C
+2(1-cos 4)(1-cos B)(1-cosC) =1

<> (1-cos 4)(1-cos B)(1-cosC) > cos Acos BeosC.
« Néu tam gidc ABC 1a tam gidc ti hodc vudng thi
ta c6 ngay BDT cin chimg minh.
« Xét tam giac ABC la tam gidc nhon.
Cach 1 (phuong phap tam dién vuong).
Xet tam dién vudng OABC dinh O véi 04 = a,
OB=b,0C=c¢. Taco:
BDT <> sin’ 4 +sin’ B+sin’ C

<2+2(1-cos4)(1-cosB)(1-cosC).
Theo céch doi bién ta co:

TOAN HOC
* cTusitre 13
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2
BDT < zab thic? + g 2

e
{2+2H[1-

ﬂl

(a "‘*5‘1)(-:1 FieT )] (1).

Jla* ) (e )
(@ 8)@r )

(J1+52)(a1+¢2) e

(@ +5)@ +e)
Do d6: VP(1) 22 +

Taco: 1-

2a°b*c?
T T e)
2a*b*c?
(a® +57)(p? +c?)(c* +a?)
a’h’ +b’c? + 'q?
o (Hi +E}2)(az +cz)
= (az +b" + cz)(azbz +b*c? +c2al)
=(a2 + b )(b? +-*::2)(1::'2 +.-12)+ a’b*ct.
Vay BDT(1) dugc ching minh.

Mt khac ta co: 2 +

Cach 2 (phuwrong phap dwa vé ba canh cua tam
gidc).

Xét tam giac ABC c6 AB=c¢,BC=a, CA=b.

2 2 2
BBT#:‘*Z(I—E’ +C —a J
s 2bc

4 (az +b? ~.:':1)(.-E.-2 ot — al)(c-z +a’ —bz)
N 8a’h*c’
(az +b’ —cz)(b"’ +c *az)(c"‘ +a’ —bz)
= 8a’b’c’
> (a+b-c) (b+c—d}z (c+a-b)
a 8a’b’c’

-::;{.-:11 +b’ —--:.'2)(.-53'2 +c’ "”E)("’J +a’ _bz)
<(a+b-c) (b+c—a) (c+a-b) (2.

Ta co:

(@45~ e —a)<(asb—c) (b -]

b - (r: —a ) £|:bz—{c-a}1]2

< (c-a) +(.':*2 —az}z —2b° (f'_ﬂ)z 20

S5 540(6-2022)

‘ﬁ{f—ﬂ}z[(c-a)z+(c+d):—2b1];_'[]

ﬂr(:‘:-—a]z (-:.'}' +a ‘bz) =0
(BDT cubi ding do tam gidc ABC nhon).
Tuong tu cho cdc trudng hop con lai, sau do nhéan
theo vé cac BDT ciing chiéu ta duge BDT(2).
Cich 3 (phwong phap chirng minh truec n'{f;;r}_
BDT <> cos’ A +cos® B+cos’ C

+2(1-cos A)(1-cos B)(1 ~cosC)2
& 2(1-cos 4)(1 —cos B)(1 ~cosC)

>1- (cnsz A+ cos® B + cos’ C)

&> (1-cos 4)(1-cos B)(1-cosC) zcos Acos BeosC

i ]J[ | 1)( 1 ]J}l
.g:::,\ ol — — =
\ cos 4 cos B cosC
/ G
1+l [ 1rwnts |1+’
2 2 2 _1]>1
-tan’ 4 [ 1-tan?2 1-tan® =
\ 2 2 2
2tan? Etang Ztang ]
= e >
A A A A B C
1-tan*Z || 1-tan*Z || 1-tan* = “ tan > tan—
tan 5 1-tan > 1-tan 5 t:m2 5 5

< tan Atan BtanC = Cﬂt%ﬂﬂt—?mtg

<»tanA+tan B+tanC Ecm§+ cnt§+cm% (3).

sinC

cos Acos B

" 2sinC
cos(A-B)-cosC

Tacod: tan A+ tan B =

22cnt£4
2
Tuong ty,tacd : tan B+ tanC > Ecnt—'i,
2

tanC +tan 4 > 21:1}1'%‘
Cong theo ve cic BDT cing chidu trén ta duoc
BDT(3).
Cach 4 (phuong phap dai sé).

BDT <> cos® 4 +cos® B+ cos?
< Z{I“CU‘EA)[I —cos B)(1 —cosC)2

https://tieulun.hopto.org




g be
Pat: A=
e \,{a +b](a+c)’

e

ab
(c+a)(c+b)

cos(C =

, (a,b,c >0).

Khi do:
= o + i >
BDT Zcz+b]a+c] 2];[[1 q{ﬁb]{ﬂﬁ_]}_lw}.

Ta ¢é: I_J(a+;}h(?a+.—:)=

J{a+b {a+c} J.!;_} %
Jﬁ_-i-b}{a+r: i [a+b)(a+£).

Tuong tu cho cac trm:rng hop con lai va ta co:
VT(4) 2 Z [

[ﬂ*'b)[ﬂ"‘f) o J{a+b](a+c}
_ab(a +b]+bc[b+c}+m{c+a}+ 2abc
(a+b)(b+c)(c+a) (a+b)(b+c)(c+a)
=1 (dpcm).

Cach 5 (phwong phap don bién).
BDT < 2(1-cos 4)(1-cosB)(1-cosC)
+cos’ A+cos’ B+cos’ C 21
<> (1-cos A)(1-cos B)(1-cosC)=cos Acos BcosC.
Pat: f(A4,B.C)=(1-cosA4)(1-cosB)(1-cosC)
—cos AcosBcosC.
Khong mat tinh tong quat, gia st 4 < B<C, suy

B4+ B+C]_
T A

ra: cos A 2% va f(A,

2
=[1 —COS A][] —sing) — cos Asin’ g

Ta cé: f{A,B,C}-,f{A,B;C,B;C)z

_(1 _cnsd}[{l _msﬁ}{l—cnsﬂ')"(l -sinngl

—COS A[cosﬂmsf —sin’ g)

g,
=|:| -msﬂ](—msﬂ-cnsC‘+Esin§+m}EBcn5C—smz —E-J

P
-EDSA(EQSBEGSC-SIDI —5)

1
> [l-cus{ﬂ— E}][GQSA —E] = 0.
Ta chirng minh:

. AY ; i
{l—cusA)(l—sm—iJ — cos Asin EEU L)

L A
Taco: D)< 2(1‘51115] —cosA=20

A L.
4sin* ——4sin—+120
<> 4sin 5 5

2
= (Zsini;- - 1] = 0 (dpcm).

Qua céc thi dy trén ta thiy néu biét khai thac va
van dung khéo léo, sang tao c4c kién thirc co ban
& nhiéu géc d6 khac nhau thi ta c6 dugce nhiéu 16
giai hay va dep. Sau diy la mot s6 bai tap ap dung
danh cho dgc gia.

BAI TAP
Chimg minh cac bat ding thirc lugng giac sau theo
nam phuong phap.

33

1. sin A +5inB+sinC£T.

: . ; 9
2. sin* A+sin’ B+sin*C<Z,

4

cot Acot BeotC % 8
sin AsinBsinC ~ 27

4. sinA+sinB +sinC 2 lzﬁcnsAcnsBcnsC.

5. sin®> A+sin’> B+sin® C
1 3
< E{EGS A+cosB +cosC) + = (AABC nhon).
6. sin Asin B + sin Bsin C + sin Csin 4

3
< -i(cﬂs.f{ +c0s B +¢cosC) (A4BC nhon).

NHOC
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\ NGI]N NGUON CUA __
KHAI NIEM GIOTHAN <

NGUYEN THUY mﬂ
(Trwdmg PHKHTN - DHOG Ha Ngi),

Khai niém truc gidc vé gigi han d3 dugc nghién
clru va van dung bai cic nha bac hoc Hy Lap cé
dai khi Ignh dién tich va thé tich cua cac hinh khac
nhau. V€ co ban, cic phuong phap giai nhimg bai
toan d6 da dugc phat trién bai Archimedes - mot
trong nhimg nha bac hoc vi dai nhét cua lich sir
nhan loai. |

Archimedes
(284-212 tr. CN)

l. Tién than cua khai ni¢m gidi han. Nha toén
hoc va triét hoc HyLap co dai Antifont (thé ky V
tr.CN) da nghién ciu phuong phap tinh di¢n tich
hinh - gidi han boi duong cong {Chﬁng han:
hinh tron). Noi dung cua phuong phap d6 la nhu
sau:

Péu tién can néi tiép trong duong cong mot da

glac sao cho bang cach nhiéu lan lién ticp gap doi

s6 canh cuia n6, ngudi ta thu dugc mot day da giac

TOAN HOC
16

o, i y 540(6-2022)
F cTusitre =2

ndi tiép duomg cong vai dign tich xﬁp x1 dién tich
hinh cong. Néu dién tich cic da giac trong moi
buée gip doi (sb canh) 1a tinh dugec thi c6 thé cho
ring dién tich hinh cong bang dién tich da giac
trong lan gép d6i (sb canh) sau cung, tirc la khi d¢
dii cac canh da gidc bé dén mirc tring véi céc
phin tir bit kha phan tao nén duong cong. Dé
khong do6i dién vai nghich Iy chia v cing doan
thang ngudi ta gia thiét ring sé buwde xdp xi can
thiét phai hiru han.

Phuong phap Antifont vé sau dugc hoan thién vé
mat 10gic b Eudoxus va Archimedes va di vao
lich sir todn hoc vdi tén goi "Phuwong phap vét
ki¢t" (PPVK). Tén goi ndy duge ding dau tién vio
thé ky XVII boi nha toan hoc ngudi Bi la S.V.
Gregorius (1584-1667).

Co so cua phuong phap vét kiét 1a B6 dé sau day:
"Gia si cho hai dai lvong a va b, a > b, Néu bot
di tir @ hon mgt niea, con lai bao nhiéu lai bot di tie
do hon mot nea ... thi sau mét so hiru han budc
nhie vdy c6 thé dat t6i mot lwong dw con :’.;:If bé hom
dai leong cho truce bat ky cung loai"

Bo dé nay duge phat biéu va chirmg minh trong
ménh dé X.1 cia bd "Cac nguyén ly" (CNL) cua
Euclid. Chimg minh d6 1a nhu sau. Theo tién dé

Euduxus - - Archimedes, daj luong b ¢6 thé gap lén mot

mlmdedumwb:—a ne N. Tiép do, 1ap lai N lan

quy trinh "bot di hom mér mpg™ tr dai lugng a va

tir cdc phan du lién tiép a,,d,,..,a, tathu duge:

https://tieulun.hopto.org
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&y 5 a

ay ,=a, ,—a

'|‘.| ~ -\.j,“.lh

]

ﬂ'\: il
o —— i —
9. o b

e

a, =a, ,—4a,

Ay 20 : AL
Nhur vay 2" a, <a. Nhung khi do
L]
Na, <2"a, <a

vadodo Na,<a<Nb=a, <b.

Tir d6 nguoi ta cho ring PPVK cua cic nha todn
hoc ¢ dai la hoc thuyét dau tién vé gid1 han.

II. Thoi k¥ Phue Hung thé ky XV-XVII

Gial doan mai trong sy phat trién khai niém gi6i
han bat nguon tr thdi ky kién tao Phép tinh vi
phan (PTVP) va Phép tinh tich phan (PTTP) véi
su gOp silrc cua cac nha toan hoc hang diu nhu: G.
Galilei (1564 - 1642), J. Kepler (1571 - 1630), B.
Cavalieri (1598 - 1647), P. Fermat (1601 - 1665),
B. Pascal ( 1623 - 1662), C. Huygens (1629 -
1695), 1. Newton (1643 - 1727), G. Leibniz (1646 -
1716), ...

Bén canh PPVK, khi tinh dién tich va thé tich cac
hinh ngudi ta con dua ra cac phuong phap khac
sau day:

1. Phuwong phdp bat kha phdn (khong phén chia
tiep duoc) dé xuat boi hoc tro cua Galilei 14 nha
toan hoc - thay tu Italy B. Cavalieri. Cavalieri di
gol cac day cung song
song voi1 nhau cua hinh
phing hay cac thiét dién
phing song song cua vat
thé la cac bat kha phan.

"Cavalieri da trinh bay ndi

dung cua phuong phap mot

B. Cavalieri

(1598-1647)

cach hinh tugng bing cach
dé nghi doc gia hinh dung
con nhén ching to tao thanh cic khoang bing
nhimg yéu t6 bat kha phan"("). Tap hop cac yéu tb

bat kha phan do Cavalieri dwa ra vé thuc chét la

.R:.'pm'ﬁ:np K. A. Lich sw toan hoc, tap I, Ha Noi-1967 (1r.127)

din dén khai niém tich phan xac dinh.

2. Phueong phap cac vo cung bé hién thiee, tic la
nhimg vo cing bé ma theo cach biéu dién cua
chung thi do la nhing
dai  lrong hat  bién,
khong bang zero va dong
thoi ¢6 gia tri tuyét doi
bé hon nhimg dai leong
hitu han bat ky.

Ching han, khi tinh dién
tich hinh tron J. Kepler
di xem hinh tron gom tir

J. Kepler
(1571-1630)

mot s0 vo cing 1dm hinh
quat vo cung be hign
thuc rat hep giong nhu tam gidc can vai canh ddy
la cung hinh quat va vdi mot dinh chung la tam
hinh tron.

3. Phuong phap vo cung bé tiéem nidng 1a phuong
phép ma trong do6 cic vo cung bé hién thuce dugce /.
Newton dé nghj thay bai
khai niém vo cung bé c¢o
tinh chat tiém nang: do
la nhirng vo cung be ma
chi trong gua trinh thay
déi va bién thién cua
minh no maoi co gia tri

tuyét doi tro nén bé hon

mot dai lwong dwong
hiru han bat ky.
Mot dieu ky la 1a cac

I. Neuton
(1643 = 1727

nha toan hoc thoi nay da sir dung mot cach hét sirc
tinh vi cdi vo han cua ly thuyét tap hop mac du
phai dén nhimg nam 1879 - 1884 G. Cantor méi
trinh bay mét cach hé thong cac nguyén ly cua ly
thuyét cia ong vé vd han. Ho ciing da nhén thirc
mét cach séu sdc ring co so ctia Iy thuyét moi vé
gioi han phdi la khai niém vé han tiem nang duwoc
thé hien dwot hai hinh thire vo cung bé va vo cung
lon. Dong thoi ho cling nhin ra ring trong
GTVCB ciing can c6 khdi ni¢m vé han hién thiec
mé hinh anh la céc tap hop vé han voi tat ca cac

TOAN HOC
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phﬂn tir da dugce cho mét cach hoan chinh va dugc
quan ni¢m nhur 1a ton tai cung mot lae. Chéng han
khi xét mét hinh hinh hoc hay khi b sung cho tap
hop s6 thyc céc "sd vo cung 16n" mg rong +oo va
— oo thi do 1a cai vo han hién thue.
Lich sir phét trién toan hoc cua giai doan nay ciing
chimg 16 ring truée khi 4. Cauchy (1789-1857)
khang dinh tha;ng lgi cua khai ném vo cung bé
(VCB) di c6 mét so6 nha toan hoc tiép can vei
phép qua gii han, chang han J. Wallis (1616 -
1703) trong "So hoc cic dai legng VCB" (1655)
hay G. L'Hospital (1661 - 1704) trong cudn sach
gido khoa "Giai tich cac VCB" (1696).
Déc biét trong "Cdc nguyén Iy toan hoc cua triés
hoc tir nhién" (1687) cia minh I. Newton di dé
cip dén Iy thuyét gigi han véi tén go1 "Phuong
phdp cdc ty s6 dau va ty s6 cuéi" ma vé sau trg
thanh co so cua phuong phap fluxio (dao ham!)
cia ong. Nguoi ta danh gia day 1a budc tién cin
ban trong sy phét trién cuia khai niém giéi han.
Ciing trong tdc pham nay Newton di dua vio
chinh thuat ngtt "Gioi han" (limes), con ky hiéu
"lim" dang dung hién nay la do nha toan hoc Thyy
Si L'Huiller (1750 - 1840) dwa ra nam 1786. Dang
tiéc 1a moi khai niém lién quan dén gidi han déu
khong dugc Newton dinh nghia hay moé ta. Toan
b 1y thuyét gioi han cuia Newton dugc géi gon
trong 11 bd d& véi ndi dung hinh hoc. (7)
Khai niém gigi han da dugce hinh thanh tirng budc
trong thé ky XVII da tiép tuc duge ludn giai, phan
tich va chinh xac hoa trong thé ky XVIII bai L.
Euler (1707 - 1783). J. D'Alembert (1717 - 1783),
.. Ching han trong bai bao - muyc tir "Gioi han"
viét cho Béch khoa toan thu Phap J. D'dlembert
da dinh nghia giGi han nhur sau:

. w 0
G.M. Fichtengon, Co sé GTTH, Ha Noi - 1972, tr. 364

] 8 TOHN HO§ S6 540(6-2022)

"Ngudi ta néi rang: mét dai lwong la gioi han cia
mot dai lweong khac néu dai lwong thie hai co thé
ddn dén gan dai heong thir nhat dén mirc no chi
khac dai heong thie nhat mot dai heong bé hon dai
licomg cho trwede bat ky bé bao nhiéu tiy y mdc di
dai lwgng dan dén dai heong khdc khong bao gic
duoc viept qua dai lwong do".

Trong dinh nghia nay c6 mdt chd ma vé sau 4.
Cauchy di bac bo 1a nhan xét ring dai lugng dan
dén a khong thé vuot qua @: nghia la theo
D'Alembert thi x —» a phai kéo theo diéu kién
x —a khong d6i dau.

1. Ly thuyét gi¢i han hién dai. Dinh nghia va
minh hoa

Vio dau thé ky XIX 4. Cauchy di ndi tiéng nhu
mot trong nhitng nha toén hoc vi dai nhét cua thé
gidi. Ong di c6 mot quyét dinh cuc ky sdng sudt
la xdy dung GTVCB trén nén tang giéi han mic
du ly thuyét ndy timg dim chim trong cudc khiung
hoang kéo dai may tram nam . .

Téc pham "Gidi tich dai sé” (1821) va céc thc
pham tiép theo clia Cauchy di tao nén bude ngodt
trong qua trinh xdy dung GTVCB. Trong &1 noi

ddu cua tac phiam nay Cauchy di thé hién mot
cach dirt khoat:

"Néu noi den phicong phap thi 16 di cd gang bo
sung cho n6 mét mirc dé chét ché mag toan hoc co
thé dat dén".

Gin mot trdm ndm say J Newton va G. Lebniz,

nho Cauchy ngudi ta moi nhin thirc duge mot

cach ro rang co s¢r cla Dinh nghia tich phan va

dao ham la khai nigm gioi han chir khong phai cai
gi khac,

Bén canh 4. Cauchy con phai nhic dén cong lao

cua linh muyc, nha tris hoc nguoi Séc 1a B

Bolzano (1781 - 1848). Dang tiée 13 ngudi ta biét

dugc cac thanh tyu cng ong chi qua céc di ciao ma

https://tieulun.hopto.org




ong dé lai. Ngay nay
trong GTVCB nguoi ta
thuong gdp nhimg cum
tr: Phuong phap chia
d6i Bé dé
Bolzano - Weierstrass

Bolzano,

vé sy hdi tu cua day
Pinh 1y
Bolzano - Cauchy vé

con, cac

Bolzano
(1781-1848)

ham lién tuc, ...

* &

Dau tién khai niém gi¢i han dugc dinh nghia cho
ddy s6 1a ham cua ddi s6 ty nhién neN. Diéu nay
s€ lam gian don hoéa viéc nhip mon vao khai niém
giéi han ctiia ham véi d6i s6 x bién thién lién tuc
trén duomg thang s6. Thét vay, viéc theo ddi qua
trinh chuyén tir mét sb hang dén mét s6 hang tiep
theo cua day sO (x, )., 1a khong kho vi so hiéu n

rzl
cua cac so hang cua diy chay trén tap hop so tu
nhién. Trong truomg hop bién lién tuc x chay trén
mot khoang cua truc sO, can luan giai thé nao vé
céu noi: "bién lién tuc x dan dén gia tri cho trueée
a " (?) khi ta khong hinh dung dugc dau la diém
lién ké trude hodc sau diém cho trudc.

Dinh nghia gigi hgn cua day so (B. Bolzano niam
1816, A. Cauchy nam 1811).

Day s6 (x,)., o gidi han bang a khi n tang vé

han (ky hi¢u: limx, =a) néu v&i mdi sé duong €

bé tuy ¥ déu co thé tim dugc sé nguyén duong
N, =N,(g) (phu thugc vao €) sao cho bat dang
thire |x, —a| <€ théa man véi moi so higu n=N,.
Day 56 ¢6 gioi han bang zero dugc goi _hi ddy vo
ciing bé (VCB). Dinh nghia vira phat biéu thuong
duge goi 1a "e — N - dinh nghia; con ky hiéu gioi
han limx, =a la do G. Hardy (1877 - 1947) dua
ra nim 1908. Bén canh ky hiéu nay nguoi ta con
diung kv hig¢u:

x, »a(n—>x).

Thi du 1. Ap dung "¢ — N" - dinh nghia, chimg

. 3 . In+4 3
minh rang hm

nae Int] 2

Gidi. Cho truéc sb ¢ > 0 bét ky. Ta cin tim s6

nguyén duong N, =N,(g) tuong mg sao cho bat
dang thirc

3| 3n+4 % 5
X ——= ——]=—<&
: E{ 2n+1 2| 2(2n+1)

théa man ¥n> N,.

5 R T
—_—pe=22n+ ) > - n>——— nEn
2(2n+1) £ 4e

ta c6 thé lay Nn{5]=[£—-ﬂ+l. trong do [ f] la

ky hiéu phin nguyén cua s6 g (tirc la s6 ma
(] < B <[B]+ 1) That vay, theo dinh nghia

phan nguyén ta co:

anﬁﬂ{aj}i———]i. Do d6 Vn>N, ta co:

d¢

3 5 5 5

B BT T L A

> z[_- ’ -}H z{z}
4g 2 4e

Pinh nghia gi¢i han cia ham véi doi s6 lién tuc

duoge Cauchy phat biéu lan dau tién vao khoang

nam 1820 """ trong "Giai tich dai s6". O d6 ong

gia thiét ham Mlx) xac dinh trong mgt lan cdn nao

d6 cua diém a, c6 thé trir ra chinh diém a.

Dinh nghia gioi han (theo Cauchy).

Ham fix) co gioi han (hay gia tri gioi han) A khi x
dan dén gia tri a (ky hiéu limflx) = A) néu véi moi
so duwong € bé bao nhiéu tiy y déu tim dwge sé
dwong twong ung o0 = do(e) (phu thudc &) sao cho

bat dang thire |f(x)-A|<e théa man véi moi x

ma 0<|x—a<d(e).

" R. Couraut, H. Robbins, Todn hoc ld 2i? Ha Nji - 1985

TOAN HOC
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Ngin gon: A=1iﬂffx} néu: Ve>0,35= 5> 0.
vre(0<ir=a|<8@)} = |f(r)-a<s

Pinh nghia nay co tén goi s _ d" - dinh nghia

Ve sau nha ton hoc noi tiéng Prre g Heine (1820
- 1881) da phét biéu dinh nghi, twong duong voi

dinh nghia theo Cauchy dya vag ngon ngir diy sé

lam giam di phan nao d¢ khé cua khai niém gigi

han.

Dinh nghia gidi han (theo Heine),

Gia sw ham f(x) xac dinh trén khoang (a; b) c6 thé
tric ra diém xo€(a; b). So 4 duwoc goi lg gidgi han
(hay gia tri giot han) cia ham fix) ai diém x, (hay
khi x— x;) néu doi voi ddy bat ky cac gia tr

(x,), Cla d0i 56 héi tu dén x, sao cho x, € (a: b)

va X, #Xo VOimoi n=1,2, .. thi day tiwong ung

{f{"-’,,}]m cdc gid tri cua ham héi tu dén A va

lim f[x}-hmf(.t )=A.

X, =iy
X, ®Xy

Ca hai dinh nghia déu
todt 1én mét diéu l1a: khi
bién x tién gin dén a theo
bit cu quy
nhung van khong bing a

luat nao

thi gia trj twong tng fix)
tién gan dén A, nghia la
tré nén gan A bao nhiéu
tuy y.

Can néi thém, khi budc x
dan toi a thi ta c6 thé
xem x hodc l6n hon, hodac bé hon a nhung do
x — a nén kha nang x = a bi loai trir (do ham co
thé khong xéc dinh tai a): tirc 1 x dan dén a nhung
khong nhén gia tri a.

H. Heine
(1821-1881)

: o —Ifl

I-'I

Thi duy 2. Chirng minh dang thirc Iim .
et x* —4x

bang cach:
1) Diing dinh nghia gici han theo Heine.

2) Ding "g - 8" dinh nghia theo Cauchy.

2 0 T?ﬂ:_‘uggce_ S6 540(6-2022)

Ta xét ham da cho trong lan cin nao do

Giai. 1) e
4 = 4. ching han do la khoang do1 xing

cia diém : ‘
qua tim @ = 4 (va khong chira diém x = 0). D€ don
gidn, d6 1a khoang (3; 5). Ta lay mot céch iy y
day xne{j; 5) nao d6 sao cho x, + 4.%n va

limx, =4. Khi do:
L

Vidiyx, € (3;5) latayy nén theo dinh nghia cua

x* =16
Heine ta co: ]1111
4 x° —4x

=2.

-

2) Xét ham f(x)=2

trong mot lan cén nao

d6 cua diém a = 4, chang han trong khoéng (2; 5)
(khéng chira diém x = 0). Ta liy sb € > 0 bat ky va
bién déi biéu thirc |f(x)-2| khi x # 4 nhu sau:

B x—4
3 16_2=x+4_2\:] |
x°—4x X X
Vix € (2;5) nén
x* 16 |x -4
— q;: =
x=4x 2

Tir 46, néu lay & = 2¢ thi ¥x e (2; 5) va thoa man
dicu kién 0<|x—4]<§ thi

x’-16
x* —4x

-2

0
<—=E&
2

Do do theo "¢ - §" - dinh nghia ta c6 4 = 2 1a gidi

han ciua ham da cho.

Doi v6i dinh nghia theo Heine cin luu ¢ ring: doi
hoi imflx,) = A déi véi day bat ky x, — x, la rat
cot yéu vi ¢6 thé xay ra trudéng hop la: doi véi mot
day cac gia tri cia d6i sd gi¢i han d6 ton tai va
bang A4 nhung dbi véi day khac nao d6 gidi han lai
khong ton tai hoic ton tai nhung khac A.

https://tieulun.hopto.org




CAC LOP THCS
Bai T1/540 (Lép 6). Chimg minh ring

1 | 1

l+—=+—=+...+
v2022

=t >2(+2023 -1).

LUONG VAN BA
(GV THCS Nghia Phwong, H. Tur Nghia, Quang Ngdi)

Bai T2/540 (Lép 7). Cho

] :
A=I+E(l+2]+—3!3{]+1+ 3y +...+—-::[1+2+,.,+n}”"
L

+... (1+2+...+2021)*2,

+ —
2':'2 l:ﬂzu
Hay so sanh A voi [23"1“)11:"

NGUYEN HAM THANH
(GV THCS Ly Nhat Quang, Do Liromg, Nghé An)

Bai T3/540. Tinh tong

véi a =32, n=2022.
NGUYEN bUC THUY
(SV K28B Toan Tin, DHSP Ha Noi 2)
Bai T4/539. Cho tam gidc ABC vudng tai A. Lay
diém D trén canh BC thoa mdn h¢ thuc

2 I I

+—.
AD* DB DC°
Chimg minh rang D la trung diém canh BC hodc D
la chan dudmg phan giac goc A.

PHAM HUY THONG
(49 Bach Mai, Ha Ngi)

Bai T5/540. Tim nghiém nguyén cua phuong trinh
Ox? —6x—3432J3x+1=064.

PHAM TRUNG KIEN
(GV THCS Ho Ting Mdu, An Thi, Humg Yén)

CAC LOP THPT
Bai T6/540. Goi (x; y; z) 1a mét hodn vi cia ba so

thue dwong a, b, ¢. Chimg minh ring

2 2

Jab(a+2c)(b+2c) Jbc(b+2a)(c+2a)

-l

-

- >1.
J{'{:{t +2b)(a+2b)

DAO VAN NAM

(GV TH, THCS&THPT Everest, Bic Tir Liém,

Ha Ngi)

Bai T7/540. Tim tit ca cic cap sO nguyén to
(p; g) thoa man
p’-127=¢"-1214’.

NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phic)

Bai T8/540. Cho tam giac ABC va diém M trén
canh AB. Pudng thing qua M va song song voi
BC cit AC tai N. Puong thﬁng qua N va song song
véi AB cit CM tai I. Chimg minh

4

Sm.ﬂ.r = Eg.wr:*
LUC BINH
(GV Trueong Trung Vwong, TP. Pong Ha,
Quang Tri)

Bai T9/540. Cho tam giac ABC ¢6 AB =¢, BC =a,
CA = b. Goi I la tam dudng tron noi tiép tam gidc
ABC. Chimg minh ring

3 - R
BN LSl
a+b+c
CAO HAI VAN
(GV THPT Nguyén Chi Thanh, Pleiku,
Gia Lai)
2 TOAN HOC
S6 540(6-2022) ' CTugilre 2 1
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TFEN TOI1 OLYMPIC TOAN

Bai T10/540. Cho p 1a sb nguyén td dang
27 +1 (neN,n21).

Dat §=3+32 4. 432

Chimg minh ring

1) V6i moi h nguyén duong, & < p va h khéng Ia
wée cuap — 1 thi 3" +1 khong chia hét cho p.

2) §+1:p.

TRINH VAN SU
(GV Hoc Vién Bién phong, khoa Chién thuat, Som Tay,

Ha Nii)
Bai T11/540. Cho n sb thuc a,,a,,...,a, thoa man
0<a <1Vi=1nn>2. Tim hing sé duong k bé
nhat sao cho bat déng thirc sau diing
mrl

e M a_ai+iar22].

[[d=s) &

l<i< jim i=l

LE QUANG KHANH

(GV THPT Tran Quang Dieu, Hoai An, Binh Dinh)

Bai T12/540. Cho tam giac ABC, I 1a tam dudng
tron noi tiép. Piém D thudc BC. K la giao diém
ciia duomg thing qua D vudng goc véi /B va phan
giac ngoai cua goc BAC. L la giao diém cua
dudng thing qua D vudng goc vai IC va phan giac

ngoai cua goc BAC. Cac diém P, Q theo thu ty

thude IB, IC sao cho PDO =90°. Chimg minh

KP L LO. : —
NGUYEN MINH HA (Ha Ngi)

LE VIET AN (TP. Ho Chi Minh)
Bai L.1/540. Mot con lic lo xo gom vat nho khoi
lugng m = 0,2 kg, 10 x0 nhe c6 d§ cimg k = 20
N/m duge dat trén mit phing nam ngang. H so
ma sat trugt giita vt va mat phing nam ngang la
i = 0,01. Tir vi tri 10 xo0 khong bi bién dang, truyén
cho vat vén toc ban diu co do 1om vo = 1 m/s doc
theo truc 10 xo. Con lic dao dong tit dan trong gidi
han dan héi ciia 10 xo (Ldy g = 10 m/s’). D6 lén
luc dan héi cuc dai cua 10 xo trong qua trinh dao
dong bang bao nhiéu?
VIET CUONG (Ha Noi)
Bai 1.2/540. Dat dién ap u, = 100cos100mnt (V) vao
hai diu cudn cam thuan L thi cudong dé dong dién
tirc thoi chay qua cudgn cam la i;. Dat dién ap
Uy = IZ{Jcns[]{]ﬂm - gj (V) vao hai diu tu dién C
thi cuomg do dong dién tirc thoi chay qua tu dién
la i,. Méi quan h¢ vé gia tri tirc thoi giira cudng do
dong dién qua hai mach trén la 41’12 +§l'£22 = 64
(AY. Khi mic cudn cam néi tiép voi tu dién rdi
mdc vao dién 4p u; = 80cos(100xt) (V) thi dién ap
cuc dai gira hai ban tu dién 1a bao nhiéu?

THANH LAM (Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/540 (For 6" grade). Prove that

> 2(4/2023 -1).

o | 1

l+—=+—+...+
¥l J2022
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Problem T2/540 (For 7" grade). Let

1 1
A =l+5[1+2}+?{1+ 2+3}1+...+%{1+2+... +n)"

&
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Compare A with (22“1“)1”_

Problem T3/540. Compute the sum

with a=%2, n=2022.

Problem T4/539. Given a right triangle ABC

with the right angle 4. Let D be a point on the side
2 1 1
AD* DB ' DC*'
either D is the midpoint of BC or D is the
intersection between the angle bisector of 4 and BC.

BC satisfying Show that

Problem T5/540. Find the integral solutions of
the equation 9x* —6x—3+32/3x+1 = 64.

FOR HIGH SCHOOL

Problem T6/540. Let (x; y; z) be a permutation of
3 positive numbers a, b, ¢. Show that

2 2
X
+ y

«Jab{a+ 2c)(b+2c) bc(b+2a)(c+2a)

2
4 >1

121,
+.,|I'ca[c+ 2b)a+2b)

Problem T7/540. Find all pairs of prime numbers
(p; g) satisfying
p’-127=4¢" ~-121q°.

Problem T8/540. Given a triangle ABC and a

point M on the side 4B. The line through M and
parallel to BC intersects AC at N. The line
through N and parallel to AB intersects CM at I.

Show that

4

Sumr = _2_7 S asc-

Problem T9/540. Given a triangle ABC with
AB = ¢, BC = a, CA = b. Let I be the incenter of

ABC. Show that
a+b +c
a+b+c

A +IB +IC* £

TOWARDS MATHEMATICAL OLYMPIAD
Problem T10/540. Let p be a prime number in the

form 2 +1 (neN,n21). Let

S =3+3%+..+3"% Show that

1) For any positive integer A with 2 < p and & is
not a divisor of p — 1 then 3" +1 is not divisible
by p.

2) S+1:p.

Problem T11/540. Given »n real numbers

a,.da,,..,a, satisfying 0<q <LVi=lLnnz2.

Find the least positive constant & so that the

following inequality holds

——— : 21,
ﬁ{i—ﬂ) k lﬂéﬂﬂlﬂﬂ‘;%
i

d]

Problem T12/540. Given a triangle ABC and its
incenter /, and D is a point on BC. Let K be the
intersection between the line through D and
perpendicular to /B with the external angle

bisector of BAC. Let L be the intersection
between the line through D and perpendicular to

IC with the external angle bisector of BAC. The
points P, O respectively are on IB, IC so that

FFQ =90". Prove that KP 1 LO.

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)
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Bai T1/536 (Lép 6). Goi m lg !r;?'ng.f cac chir so cua

1.-|"'-

s0 97, n la tong cac chir 56 cia m va k la tong

cae chir so cia n. Tim 56 k.
Loi gidi. S6 9" chia hét cho 9 nén theo diy hiéu
chia hét cho 9 thi tong cac chir sé cia sé 92022 phai
chia hét cho 9, do do s m chia hét cho 9 . Tuong
trr nhu thé, mng cac chir sb cua sé m phai chia hét
cho 9, do d6 s6 n chia hét cho 9 va tong cac chir sé
cua so n phai chia hét cho 9, do d6 sé & chia hét
cho 9.
S 97 < 10 nén c6 khong qua 2022 chir sé
thip phan, do do m < 9. 2022 = 18198 < 19999
Tedon<1+9.4=37 suyrak<3+9=12. Sb
nguyén duong k chia hét cho 9 nén k = 9.
Nhin xét. Ban Lé Tuan Hiép, 6C THCS Poan Thi
Piém, Yén My, Hung Yén va ban Neuyén Quoc
Anh, 8Al, TH, THCS&THPT Archimedes Dong
Anh, Ha Noi da giai dang bai nay.

NGUYEN VIET HAI

Bal T2/536. Cho ABC c¢o

IB( =4(", T(H—I{}
doan thang AB la d, d' la dwong thang qua C va
viwong goc voi d. Goi D la giao diém cua d va d.

Tinh 50 do goc Bﬁﬂf-

tam  gidc

Puone trung ruc cua

Loi giai.

S5 540(6-2022)

TOA
o podisted

Ky hi¢u £ la giao diém cua d va BC.F la trung
diém cua EC. Do d la trung truc AR , cho nén
FAB = EBA=40". Ta cé: CEA=EAB+EBA=80".
Tam gidc EAC wvuong tai A do £§A+EEA=9{]"_
Vi d.ld' va d vuéng goc voi AB, cho nén
d'l/l AB vatam giac EDC vuong tai D. Do trung
tuyén trong tam gidc vuong bang nira canh huyen,
cho nén AF=EF=FC=DF. Tu d’// AB 1ta co
FD=FC, nén

DCF=CBA=40". Do cho

EFD=2DCF =80".
Tuong ty AFE=2ACF=20".
180° — AFD

Trong tam giac

e ——

cin AFD . tacod FDA= =40°. Suy ra

CDA=CDF + FDA=40° +40° =80°. Do  do,
ADE =CDE - CDA =90 -80°=10°. Vi d la truc
doi ximg cua AB, cho nén BDA=2ADE = 20"
Nhin xét. Co mdt ban giri 10 giai dang bai toan nay
la ban Nguvén Quéc Anh, 8Al, THCS-THPT
Archimedes, Dong Anh, Ha Nji.

VU DINH HOA

Bai T3/536. Giai phicong trinh

V2x=1+Vl-x==x? +3x-1.
Léi gidi. PK: %5‘;:5 i
Vi diéu kién trén co:

0<2x-1<1; ﬂﬂl—xii.

Dodo: ¥2x-122x—1; Vl-x>1-x

= V2 =14+Vl-x22x=1+1-x=x (1).
Mat khéc, ta co:
X +3x-l=—(x-1]+x<x (2).
Déu dang thirc xay ra khi va chi khi y =1
Tir (1), (2) suy ra:

Y2x -1 +afl=x 2X2-X" +3x-1.

https://tieulun.hopto.org
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Véi x = 1 cac dau ding thire trong diy bat ding
thire trén dong thoi xay ra va thoa man diéu kién
cua bai toan.
Vay phuong trinh ¢6 nghiém duy nhit v = 1.
Nhén xét. 1) Diéu then chét cua i giai la ching
minh diy BDT

V2x=14+Vl-x2x2-x* +3x-1.
2) Tong quat:
- néu O<a<l, n22, neN cé6BPT

{"E}ﬂ{jﬂ}ﬂ"-ﬂ:}ﬂnlql dﬂng;

£ EI=[] .
- Neu cO Va=a.
la=1

Viy 0<a<l, n22, neN ¢6 Yaza Diu ding

0

a=1

thirc xay ra khi va chi khi |:a
Cac ban sau diy c6 bai giai 16t :
Ha Tinh: Tran Minh Hoang, 9E, THCS Nguyén
Trdi, Nghi Xuan, Tran Diéu Linh, 8A, THCS
Nguyén Du, TP. Ha Tinh: Ha N@i: Tran Viét Anh,
8C1, THCS&THPT Archimedes Pong Anh; Pha
Tho: Tran Lan Anh, 8A, THCS Nguyén Quang
Bich, Tam Néng; Hung Yén: Lé Tuan Nghia, 9C,
THCS Poan Thi Diém, Yén My.

NGUYEN ANH DUNG

Bai T4/536. Cho nr giac ABCD co ( AD=40",

BAC=50". CBD=20"va CDB=25". Tinh goc

nhon tao boi hai dwong chéo cua e giac.

Loi gidi.

H

Cich 1. Ké duong cao BH cua tam gidc BCD. Goi K
la giao diém cua BD va AH:; O la giao diém cua AC va
BD. Suy ra H__,E}_f) =65"= (f'EFf = 45°,
Do do tam giac HBC vuong can tai f1.
Tt gidge ABHD ¢6 BAD = BHD =90° nén ABHD la
W gidc noi tiép, ta cd HAB = HDB = 25".
Tir d6 suy ra KAC = KDC =25, dan 16i tr gidc
ADCK néi tiép. Suy ra CKD = CAD = 40°.
Vay KCB=CKD—KBC =20", nén tam gide BKC
can tai K. Tu HC = HB, KC = KB suy ra
AHBK = AHCK , tir do suy ra HK la phan giac cua
BHC |, ta co: BHK = 45°, Lai co, tir giac ABHD nji
tiép nén ABD = AHD = 45° .
Tam giac A0B co:

40B = 180° - ABO — BAC =85°
Viy goc nhon tao bai hai dudng chéo bang 85° .
Cach 2 (Theo ban Tran Minh Hoang, 9E, THCS
Nguyén Tréi, Nghi Xuan, Ha Tinh).

A

C F D
Ke ciac duong phin giac rong AE, AF cua tam giac
ABC, ACD tuong (mg.

Tacé: BAD =90° = m: = 45
BCD =180° - CBD - CDB =135°.
Tirdo taco EAF + ECF =180° = tit gidc AECF noi

tié]:t. suy ra EFC = EAC = 25° = CDB.

TOAN HOC 25
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Dodo EF J/ BD. Ap dung dinh Ii Thales ta co:
EC FC
EB FD'
Lai theo tinh chat dudng phan glac:
EC _AC FC _AC
EB AB’FD AD’

Tird6 suy ra AB = AD. Tir do, ABD = 45°, Lip luin
theo cich 1, ta co AOB =85°

Nhdn xét. Ngoai ban Hodng, cac ban sau ciing cho lini
giai tot: Hung Yeén: Lé Tudn Nehia, 9C. THCS Doan
Thi Diém, Yén My; Ha Tinh: Trin Diéu Link. 8A
THCS Nguyén Du, TP. Ha Tinh.

¥

NGUYEN THANH HONG
Bai T5/5836. Cho cdc so thiee a, b thoa mdn
a + b = 2. Tim gia tri lon nhat cua biéu thirc

P=ab+— l, - — I_ - I
a+b"+1 a +b" +1

a'+b*+1
Lai gigi. Nhdn xét: Vi moi cac so thue a, b ta co:
2a" +bY) - (a +b’)a+b)=(a-b)d’ - b

= (a - b)’(a’ + ab + b

=%[a-af[a*+bf+(a+bﬂ >0,

Dang thirc xay ra khi va chi khi @ = b. Do d6 tir
gia thiét @ + b = 2 ta suy ra:
2a* +b*)=(a’ +b’ Na+b)=2(a’ +b")
=a'+b'2a’ +¥°.
Chi ¥ ring:
a’+b+1=(a+b)a —ab+b’)+]
=2(a’—ab +b%) +1
= +b’ +(a-by+1>0.
Tirdo: a* +b* +1za’ +b° +1>0

1 1

<0 (*).
&+ +1 a'+bt+] )

== —

Lai nhin xét véi moi céc so6 thuc a, b ta co:

TOAN H
26 cm%
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2

(a—b)* >0 = (a+b)’ = 4ab; 2Aa’ +b%) 2(a+b)’.

Do d tir gia thiét @ + b =2 ta suy ra:

12ab:a®+b*22,

Tir (*) suy ra:
I B g ]
P=ﬂ&+az+bz+l a+b'+1 a*+b'+l1
I 1 4
—<l+o=
Eﬂh+g3+hz+l 33

P:% khi va chi khi @ = b = 1.Viy gid tri 16n nhét

cua P bﬁ'mg ;- ;

Nhin xét. Loi giai bai toan nay sir dung nhiéu bat
dfmg thirc co ban, hay. Cac ban hoc sinh sau cé loi
giai ding: Ha Ndi: Nguvén Quoc Anh, 8Al, Tran
Viet Anh, 8C1, THCS Archimedes Dong Anh; Hung
Yén: Lé Tuan Nghia, 9C, THCS Poan Thi Diém,
Yén My; Nghé An: Neuyén Hai Triéeu, 8B, THCS
Ly Nhit Quang, D6 Luong; Ha Tinh: Trdn Diéu
Linh, Nguyén Ha Trang, 8A, THCS Nguyén Du, TP.
Ha Tinh, Tran Minh Hoang, 9E, THCS Nguyén Trai,
Nghi Xuan; TP. H6 Chi Minh: Dwong Hodng Long,
9/1, THCS Au Lac; Sée Tring: Tiét Trong Nhan,
9/10, THCS Lé Hong Phong.

NGUYEN MINH pUC

Bai T6/536. Cho n so diong a,, a, ... a,

(neN',n22). bat 3= a +ag + .. +a,
Chieng minh r.:iug

(§-a) (S —a, )" ... (S-a) 5| f{_—!'ﬁ -

' . N '

Lot giai. Cach 1. T gia thiét suy ra
e G, : Lt
o ...+Tg—=l. Ap dung bat dang thic
Cauchy suy réng (c6 hé sé), ta co:

~ |
3

(S-a) (S-a, ]d‘- (S—a, }‘;

o
g B a !
-S{S ﬂ1]+;[5—a2}+.,.+;—’f(5ua"}
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3 2
N P ]_ﬂ| +a, +..+a
, S

g ta; +..+a’
hY
Ap dung bat dang thirc Schwarz, ta c6:

=S -

(a,+a, +..+a ]I 2

2
a, +ﬂ-§+,..+ﬂiz . =
M M
ﬂ +a; o +a
= 2 ESP
b n

Tur do suy ra:

(5-4)5 (S-a)% . (S-a,)F <5-5 "1
n n
&
hay (S -a,)" (S - a,)*..(8- a. )" {(”+I_SJ.
n
Do d6 BDT da dugc chimg minh. Diu “=" xay ra
khi a1=a:=...=aﬂ=—'§-
"

Cdch 2. Bat dang thic cin chimg minh tuong
duong vai
aln(S-a)+a,In(§-a,)+..+a,In(S-a,)

< S.In [—1 S} (*).

n
Khong mat tinh tong quat, gia sir @, <a,<...<a

>..>S-a_.Dodoé:

suyra §—-aq, 28 -a,
In(S-a)z2In(S-a,)2...2In(5-a,).
Ap dung bat d;fmg thirc Chebyshev véi hai day don
diéu nguoc chicu, ta co:
a, In(S - a,) +a, In(S—a,)+...+a,In(§-a,)

{ﬂl +ﬂ': + ... T, [lnlfs__H|J+]n[5—ﬂ=]+_..+I]‘](S_ﬂ'ﬂ}]

"
“Sh[S-a)S-a).(5-a)] .
n

Ap dung bat ding thirc Cauchy, ta co:
(§-a)5—-ay).(S- a,)

(§—aq +S—-a,+..+5-a,

IA
-
e

\

(nS-S ”:(H_I.Sjﬂ ).
n H

Tir (1) va (2) suy ra:
a In(S —a)+a, In(S -—a,)+...+a,In(S-a,)

Eiln( “5] Sln[ 13).
H n M

Do d6 bét ding thirc (*) di dugc chimg minh. Viy

bét ding thirc da cho dugc ching minh.

Déau “=" xdy ra khi va chikhi q, =a, =...=a,.

Nhin xét. Da s6 cac ban giri bai déu giai theo mot
trong hai cach trén. Tuyén duong cac ban sau c6 1oi
tot:
Ha Noi: Trdan Viét Anh, 8C1, TH, THCS & THPT
Archimedes, Péng Anh; Bic Ninh: Neuyén Thi
Phicong Théo, 11A1, THPT Yén Phong so 2; Binh
Pinh: Vii Tién Pat, 11T, THPT chuyén L€ Quy Dén;
Nguyén Thanh Hai, 11A1, THPT Tay Son; TP. Hé
Chi Minh: Thdi Hoang Yén Nhi, 11CT, THPT Gia
Pinh; Thira Thién Hué: Pham Ngoc Long, 12 Toan
1, THPT chuyén Quéc hoc Hué.

PHAM THI BACH NGQC

Bai T7/536. Cho tam giac ABC khong tu. Chung

minh rang

y BY'% (o)
s5in— In— | +| s1n— | =
x ::J [" TR ery >
Loi giai. Do tam giac ABC khong t nén
A B C‘ T
O0<—,—,—<—
S Bl 4

Vi ﬂ{xi% thi U{sinxﬂ—z-‘:l.

Xétham so: y = f(x) = (sinx)™* trén {[}%}

Suy ra: In y =sinx.Insinx. Ta ¢o:

¥" = y(cos x.Insin x + cos x);

»" = y(cosx.Insin x + cos x)°

+y( .w].wr]nsm:r+‘:ﬂ"i"2 ]

51N X
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¥ ?H _E ~ 5 -
Do d6: y" >0,Vxe [ﬂ. : } Vay ham s6 y = fix)
s = T 4
161 trén [ﬂg] Do do, theo BDT Jensen, véi

T :
XXX e (ﬂ;-—] ta co:
) -+

F)+ () + f(x,)> 3,{("' i e ]
3

Py w o
N Gl

Bk

£ Cl d
=—, % =—tadugc:
5 5 JC
A hlEIi E :|.|r|E “nf‘__ il
(sing} -+(sinEJ '+[5ing] EES[SinEJ ;

Diu=xayrakhi A=B=C hay AABC dau.
Nhén xét. 1) Lai giai trén da sir dung tinh chat:
Ham f c6 dao ham cap 2 trén khoang (a; b) 12 16i
trén (a; b) néu f"(x) = 0,vx € (a:b).
2) Cac ban tham gia déu co cach giai twong tu 1oi
giai trén. Cac ban sau co loi giai tot: Hung Yén:
Tran Van Qudn, 12 Toan 1, THPT chuyén Hung
Yén; Ha Noi: Tran Viét Anh, 8C1, TH, THCS &
THPT Archimedes Dong Anh ; TP. Ho Chi Minh:
Thai Hoang Yén Nhi, 11CT, THPT Gia Binh.

TRAN HUU NAM
Bai T8/536. Cho tam gidgc déu ABC canh a ngi
fr'[?'p duong tron (0). Mot diem M di dong trén
dweng tron (0). Goi I, J, K lan lieot la hinh chiéu
vuong goc cua M rén BC, CA, AB. Tim gia tri nho

nhat cua biéu thire P=4MI* + MJ* + MK,

Léi gidi. (Dya theo ban 7ran Viét Anh, 8C1, TH,
THCS &THPT Archimedes Dong Anh, Ha N§i).

Bo dé. Cho tam gidc ABC noi tiep dwong tron
(0: R). M la maot diém bar ky trén dicimg tron. Goi
1. J. K la hinh chiéu vuong goc cua M tren BC,

CA, AB twong irng. Khi do

8 TOAN HOC
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B

MR+ M+ MK =

= | o
=~

Chiirng minh.

VA

//

b i

Xay dung hé toa dd nhu hinh v&. Goc toa df tring

o

M

vai tam O cua dudng tron. Khi do

A(O;R); B['R“r;'ﬂ]; r:[ RI;'R}
g~ 3" D

Ta dé dang ldp dugc phuong trinh cac duong

thing: AB: xJ3-y+R=0:

AC: x\3+y-R=0; BC: _v+§=ll

Ly diém M(x; y) thude dudmg tron (O). Khi d6:

X '*'_1':*5.': vil MI=‘1=+E;
2
MJ=|I 3+J.._R|;MK=I 3-y+R
| 2 |

T do: MI° +MJ* + MK? =

(o8] 08 ] {efon]

v —
s :
=[J.+£’]‘ L 2BE+0-R] 6 46yt 43R
2 4 1
b
4

Bo deé dugc chimg minh,

https://tieulun.hopto.org




Tro lai bai toan, goi R 14 ban kinh dudmg tron (0),
dat MI = x; MJ = y; MK = z thj

2 3 9
X“+y +z°==R*

Str dung BDT Schwarz ta co:

(& +y7 +22)

P=4I4+_}’q +.?.'4:E
|

—+1+1
4
81 e
:L:ER“:H_‘
O N g e
4

Do do min P = % dat dugc khi 2x = y = z, dé

thay lac d6 M 1a diém chinh giita cia cung nhé
BC, hay AM la duong kinh cia dudng tron (O).
Nhdn xét. Co thé chi ra biéu thirc P khéng thé dat
gia tr] nho nhit trong truomg hgp M thugc cung nho
CA hoac M thudc cung nho AB. Ngoai ban Tran
Viét Anh, cac ban hoc sinh sau ciling ¢o6 1&i giai ding:
TP. Hd Chi Minh: Thai Hoang Yén Nhi, 11CT,
THPT Gia Pinh, Quin Binh Thanh; Hung Yén:
Tran Van Qudn, 12 Toan 1, THPT chuyén Hung
Yén: Ha Tinh: Tran Minh Hoang, 9E, THCS
Nguyén Tréi, Nghi Xuin; Thira Thién Hué: Pham
Ngoc Long, 12 Toan 1, THPT chuyén Quoc hoc Hue,
TP. Hué.

HO QUANG VINH

Bai T9/536. Cho tam gidc nhon ABC noi tiep
dueong tron tam O ban kinh R, cac dwong trung
tvén AA,. BB,. CC, lan heot cat dwong tron tam

O tai A, B>, Co. Chirng minh rang

3R
+C.C, 22— (1)

~

A A, + BB,

Léi gigi. (Cua ban Tran Viét Anh)
Trude tién ta chimg minh hai Bé dé quen thudc
(h.1).

Ay
Hinh 1.

Bé dé 1. Vi moi tam gide ABC ta co:
3
cos A+cosB+cosC = 5"

Ddu bang xay ra khi va chi khi ABC la tam gidc
déu.

Chirng minh. Ta co:

3
CG5A+EGSB+GGSC-E=

=st"I+'Eric.:«:rsfi'_ﬁ+l—25in‘£v—E
2 s
= 2 5in — cos— +l—25i113§—i
2
——-—E[E.]nE—ll: sA_B} —-l-[l- ]ﬂJ
2 2 2

Nhdn xét. Mot s6 chimg minh khac, thi dy, nho
Phuong trinh béc ba, c6 thé xem trong:

Ta Duy Phugng, Hoang Minh Quén, Phwong trinh
bac ba voi cac hé thic hinh hoc va lwong giac
trong tam giac, NXB Giao duc Viét Nam, 2017
(Bai 4.2.1, trang 283-284).

Bo dé 2. Vi moi tam giac ta co:

OA +OB, +0C, < %}E

Ddu bang xay ra khi va chi khi ABC la tam gidc
déu.

Chiing minh. (h.1) Do O4, 1 BC va

TOANH
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— ] —— ———
BOA, = BOC = BAC

nén ta co 04 = Rcos ml = Rcos A
Tir diy va tir Bo dé 1 suy ra:

OA + 0B, +OC, = R(cos A+ cos B + cosC) < iﬁ
Chiing minh Bat dang thirc (1).
Theo bat ding thirc tam giac (h.1) ta co:
A4, 204, -04,.
Tuong ar: 8,8, 208, - 0B,; C,C, 20C, -0C,.
Tir day va tir B6 dé 2 suy ra:
A A, + BB, + C,C,

2(04, + 0B, + OC,) - (04, + 0B, + 0C,)

=3R-(04, + OB, +OC,)

>3-
Dau bang xdy ra khi va chi khi 4BC 1a tam gidc
deu.
Nhin xét. Cac ban dudi day da lam dang:
Ha Noi: Tran Viét Anh 8C1, THCS & THPT
Archimedes Pong Anh; Hung Yén: Tran Van Qudn
12 Toan 1, THPT chuyén Hung Yén; Thira Thién
Hué: Pham Ngoc Long 12 Toan 1, THPT chuyén
Quéc hoe Hué.

TA DUY PHUQNG
Bai T10/536. Cho p la s0 nguvén to va n la 5O
nguven lom hon 4. Chirng minh rﬁug da thire
f(x)=x"—px* + px+ p’

khong the phan tich dwoe thanh tich cua hai da
thire vai hé s6 nguvén cé bac lom hom hav bang 1
Léi gigi (Dya trén 101 giai cia ban Tran Thi
Thanh Thu, 11T1, THPT chuyén Qudc hoc Hué,
Thira Thién Hué va ban Tran Viét Anh, 8C1, TH,
THCS &THPT Archimedes Pong Anh, Ha Noi)

Gia sir trai lai f(x) = g(x)h(x) trong do

30 TOAN HOC
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g(x)=a,x" +a, x"" +--+ax+a,

h(x)=bx' + b_x'" +:bx+5,.
véi a,b, la cic so nguyén , mit21. Ta c6
a b =1. Khong giam tinh tong quat gia su
a, =b =1.
Tacé ayb, = p’. Xay ra hai truong hop sau:
e Truong hgp 1: Chi ¢ duy nhét mot trong hai s6
a,,b, chia hét cho p. Gia str a,: p, b, Ip.
Goi k 1a chi s bé nhat ma @, [ p tirc 1a

0o i yeessih o s P VLA ! p.
Tacod k<m<n-1.Goi ¢ lahésocia flx). Véi
c,<n-1tacoc:p.Viy
¢, =ab,+a,_b+--+ab:p=ab,p.
Mau thuan.
e Truong hop 2: Ca hai s6 a,,b, chia hét cho p.
Goi 7 la chi s6 bé nhit ma a [ p va s 1a chi sb bé
nhat ma b [ p, tirc la:
Bt Pyl 00 L D VR b :phib cpb bn,

Patv=r+ 5. Taco:

¢, =ab, + Z ab,, trong do (f,j):e{r,s).

J+__|'=L'

Taco voi ¢ <n-1 thi ¢ip. Tong Zﬂ‘.!}}

iF T
trong d6 (i, j)#(r,s) chia hét cho P nén suy ra
v=n.Viyr+s=nSuyrar=m,s=1
Nhur vay:

T 1 A M. N e
Giasum,122. Taco p=c =ah +ab,: p*.
Miu thuin. Viy phai co m =1 hodct= 1.

Gia sir m = 1. Khi d6 g(x) c6 nghiém nguyeén

h e Z. Suy ra flx) co nghiém nguyén he 7,

https://tieulun.hopto.org



Ta c6 A" =ph’ - ph—p* = h20,hi p={h2 p.
Vin>4, |h|z p suyra:

[hP>1 12 p°H = p*h* =] ph? - ph - p? |
<ph’ + plh|+p?.

1
:‘-p{]+——+—%£]+-l_+_]_—]+,2_52_

—_—

LA & P p p
Mau thuan.
Nhdn xét. Day la bai toan twong ddi kho. Ngoii hai
ban trén, chi co thém hai ban nira tham gia giai
nhung & giai chua hoan chinh.

DANG HUNG THANG

Bai T11/536. Tim tat ca cac ham sé f:Q—Q

thoa man ffl) = 0 va
f(xy—=v)= flx)f(¥)+ f(x)=-1, Vx,yeQ (1)

Loi gidi. (Theo da s6 cac ban) Gia sir ton tai ham
fix) thoa man bai toan.
Thay y = 1 vao (1) va sir dung diéu kién f{1) = 0
ta dugc:
flx-1)= f{x)-1
hay
fx+1)=f(x)+1,VxeQ.
Ta chimg minh biang quy nap:
f(x+n)=f(x)+nVnekl'.
Gia sit cong thic ding voi n=k, tic la
f(x+k)= f(x)+k. Khido, voi n=k+1 thi
fx+k+D)=f(x+)+k=f(x)+k+].
Tuong tu, ta nhan dugc (bﬁng chirng minh quy
nap):
f{:+ﬂ]=f[_r}+n,‘v’nez.
Vaynén f(x+n)=f(x)+nVne ..
Do do:
= fll-=x))
=_f|:1}—[1—:}=x-—l,"f.re 4.

i AR
T (1) thay x-1=mn, _r=; vai 02 neZ vasu

dung hé thirc f(n+1)=n, ta thu duogc:

!
. i -1
f{l}:ﬁﬂ+1]f(nJ+f[”+}
1
. f[n}-

f[l):-l—-l,‘ﬂ"n e Z\ {0}.

n n

hay

|
Tiép theo, trong (1) thay x=m+1l, y=;, ta thu

dugc:

()= som (5 )+ smen-

=m[_l__1)+m_1‘=ﬂ—l, VYmeZ,nel",
H n

Suy ra:

f(,::]:_r—l,’?'xef{}.
Thir lai, ta thiy ham s nay thoa min cic diéu kién
bai ra.
Két lugn. Cac ham sb thoa mén cac dicu kién bai
rald f(x)=x-1.
Nhén xét. Pay la dang toan vé phuong trinh ham co
ban véi cap bién ty do trén tip s hiru ty. Pa sb cac
ban giri bai giai déu giai theo cach di trinh bay ¢
trén.
Cac ban sau diy co 1oi giai dang:
Binh Pinh: Vii Tién Pat, 11T, Neuyén Huy Hoang,
12T, THPT chuyén Lé Quy Don, Nguyén Thanh
Hgu, 11A1, THPT Tiy Son; Lam Ddng: Nguyén
Dinh Lé Vii, 10T, THPT chuyén Thiang Long, TP. Da
Lat; Pa Ning: Nguyén Ngoc Thach, 10A2, THPT
chuyén Lé Quy Dén; Dong Thap: Lw Gia Hung,
10T1, THPT chuyén Nguyén Quang Diéu; Ha Tinh:
Tran Minh Hodng, 9E, THCS Nguyén Trii, Nghi
Xuan; Hung Yén: Tran Van Qudn, 12T, THPT
chuyén Hung Yén; Sée Triang: Lé Ha Trong Tin,
10A1, THPT Ké Sach.

NGUYEN VAN MAU
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Bai T12/536. Cho tam giac ABC N .r:'ﬁ;: dwong
tron (0), dwong phan giac goc BAC ¢t BC tai E
va cat lai (O) tai P. P’ la diém déi xung voi P qua
BC. AP’ cat BC 1ai K; L li (riee tam tam giac
AEK. Chirng minh dwong tron dwong kinh AL ﬁ'::;,.'?

xuc voi dieong tron Euler cua tam eige ABC.

Léi gigi. (Theo ban Lé Ho Trong Tin, THPT Ké
Sach, Séc¢ Tring).

Goi (O,) la duong tron Euler cua tam giac ABC; H
la tryc tdm cua tam giac ABC; M, N theo thir tr 13
trung diém cta BC, AP’; T 1a giao diém cua EL va
AK; QO 1a diém do6i ximg cuia N qua Oe.

Dé thay NO, la dudng trung binh cua hinh thang
AHOP' (AH Il P'O).

Dé thiy O, M thudc PP’ va AH =20M. Viy

NO. = %(AH +P'0)= %(25&? +P'M + MO)

]

=l OM + MP)=—0P.
( )
2 2

Do d6 NO, =|NO| =-;-]ﬁ5[ =éR.

Diéu d6 co nghia la N €(0,). Do dé TN L TQ.
Kéthop voi TN = AK L TL, suyra QeTL.
Vay, cha y  ring N eTA v
NQO=NO.// AH = AL, suy ra (O,) liép xuc vai

dudmg tron dudng kinh AL tai T.

A
32 Pt
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Nhin xét. Bai toan nay khong kho, nhung ngoai ban
Tin. chi c6 bay ban tham gia giai: Hung Yén:
Vin Khiém, 10T1, Tran Van Qudn, 12T1,

Nguyen 1
Tinh: Tran Minh

THPT chuyén Hung Yén; Ha
Hoang, 9E, THCS Nguyeén Tréi, Nghi Xuan; Thira
Thién Hué: PG Pai Phong, 10T1, THPT chuyén
Quoc hoc Hué; Binh Dinh: Nguy@n Huy Hoang,
12T, THPT chuyén Lé Quy Dén; Lam Pong:
Nguvén Pinh Lé Vii; 10T, THPT chuyén Thang
Long, TP. Da Lat; Séc Trang: Pham Nguyén Khang,
10T2, THPT chuyén Nguyén Thi Minh Khai.
NGUYEN MINH HA

Bai L1/536. Cho ba diem A, B, C thang hang,
theo thir e xa dan .i;!gnff'r:! am. Miwrc ciwong do am
tai A, B, C ldn heot la 40 dB:; 35,9 dB va 30 dB.
Biét khoang cach giwva A va B la 30 m, Tinh
khoang cach gitra B va C.
Lai giai. Ta co:

L, lﬂlgi—" = 40

i

<1, =10"10°= 10®° W/m?:

I

L, = l{]lg?""’— =359 &I, = 10210°"
]

= 3,89.10” W/m*;

I

Le =10lg-% =30 <. = 1010’
fﬂ

= 107 W/m?;
IJ = c = &
47 R’ o
I, = i - 8
Salre 0,389.10
R,-R, =30
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R, = 49,72 m
| Ire
o= = = 10"
‘' 4zR? ;
P
. f — = 5
o 4R 0,1.10
R,= 49,72
<0,3162R. = R, < R. = 157,24 m
= khoang cach giira B va C la:
Bc=R[‘—REHTE m.

Nhgn xét. Chuc ming ban duy nhét ¢6 céu tra loi
ding cho dé ra ki nay: Neuyén Huy Hodng, 12 Toan,
THPT chuyén Lé Quy Pon, Binh Dinh.

PINH THI THAI QUYNH
Bai L2/536. Poan mach diéen AB gr;fm doan mach
AM mac noi n'é;r;r voi doan mach MB. Trén dogn
AM chita bién tré va cuén ddy thuan cam, trén
doan MB chiea tu dien. Mdéc vao hai dau doan
mach dien ap xoay chiéu ¢é tan s6 géc @ (voi
20°LC=3). Khi R=R, thi cong sudt tiéu thy
rén doan mach dat cwc dai, va dien ap giwa hai
dau AM c6 biéu thue la:

dogn mach

u,, =240v2cosar (V). Viét bieu thirc dien ap

gitra hai dau cua dogn mach AB.
Loi giai.

So 46 mach dién dugc biéu dién nhu hinh a). Ta
¢o gian 46 vec to hinh b).

B, L. M
a) WW“’?H?

b)

Véi 20°LC = 3= Z,= 1,5Z; (1).
Khi cong suat trén mach AB cyc dai:
R,=2,-Z;=0,5Z L)
Tir (1) va (2) ta c6 quan h¢ :
Z, =3R; Z,=15Z;= 3R,.
Theo gian db vecto, d 1éch pha gilra uu va ug 1a
Pans -
~ 72°,

tan@,,, = = 3= @

Do léch pha gitta usg va ug la @, !
Z,—Zc

tang@,; = R

=1= @, = 45°:

Vay u,p tré pha hon gy goc 27° = 1—: (rad)

=>phacuausla @, :

3x 3x
= - — = @t — — (rad).
Pas = Pam 20 20 (rad)
Ta co: L2 T R +(Z,-2.) = l
U..IM Rz + Zﬁ 5

,.HI..zmj;—:tﬂJ_ (V).

Phuong trinh cia dién 4p giira hai dau doan mach

AB: u,, —4Ef_cus(mr—-%a) (V).

suyra: U, =U,

Nhdn xét. Rt tiée 1a khong c6 ban nao tham gia
giai bai nay.

NGUYEN XUAN QUANG

TOAN HOC
* CTuéi
https://tieu

S8 540(6-2022)

un. hopto org




34 " cnsige

PHUONG PHAP : .

GIAT TOAR | \U

EQ*:;T‘ — ’ / \ ) y  mAY WA e
V/‘;ﬁ} vf/ ( E\,ﬁ SAU m | ‘ll ? .

! N
! ] .-I " 5
T N O

b\

S

i ﬂ&;

#

]
;il,*
Jj.

(.
I'-.I_

L} -!_IJ -..-i-.l

3 " r -l
J, e
A el
3 --
. I
L ...
] ¥
A '
x -

Trong dé thi Spain Mathematical Olympiad 2018
co bai toan phuong trinh ham sau day:

BAI TOAN. Tim tat ci cdc ham sé
1 (0;+0) = (0;400) thoa man:
FIA@)+3)=x(1+x1),Vx, y € (0;+0).

Dy 1a mdt bai toan hay va kho. Bai viét nay,
ching t61 sé trinh bay sau loi giai cho bai toan
phuong trinh ham trén. Qua d6; nhim muc dich
giol thi¢u vol ban doc nhirng k¥ nang, ky thuit co
ban khi giai phuong trinh ham; do6 1a thyc hién cac
phép thé don gian ciling nhu céc phép thé tinh té;
chimg minh ham sé tuin hoan; chimg minh ham
s6 don diéu; chimg minh ham s6 don anh, toan
anh; van dung tinh don anh, toan anh; chirng minh
ham s6 1a ham hang; k¥ thut tao ra day sO va van
dung gii han; moi lién hé gitra tinh don digu va
tinh lién tuc cia ham s6. Pong thoi qua bai viet
nay; ching toi ciing muén nhan nhu voi ban doc
ring; dimg trude mdt bai toan phuong trinh ham;
ching ta cAn quan sat, xem xét that ky dé bai;
ching han nhu tip xé4c dinh, gid tri cua ham 50,
phuong trinh ham, tinh chan l¢, tinh don di€u,...;
dé tir d6 ching ta thuc hién cic phép thé tir don
gian dén phirc tap dé tao ra cac h¢ qua; dy doan va
chimg minh cac tinh chét ciia ham sb; roi co gang
két hop cac két qua thu duge voi nhau dé tim ra
ham s théa man céc yéu cu dé bai. Hon thé nira,
viéc giai xong bai todn chua phai la két thic; ma
viéc tim toi, suy nghi thém, van dung sdng tao cac
kién thirc di c6 dé tiép can bai toan; sé giup chung
ta ¢c6 dwoc nhimg 1oi giai méi, lam phong phu

TOAN HOC
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thém kién thirc, ky nang ciing nhu phuong phap
giai todn. ,
Léi giagi. Gia st ton tai ham  sO
f:(0;490) = (0;400) thoa man:
F(f(x)+y)=x(1+x),Vx,y €(0;+0) (D).
Léi gigi 1. Ta chimg minh f 14 ham khong tang.
Gia sir ton tai hai s& u, v sao cho O<u<v va
fw)< f(v).
pat d =LY ®) gy go:

V—Uu
a- =L _ 1)
_fo-rw)] _,

V—Uu
Suyra d > f(v). Vithé d> f(v)> f(u). Ta co:

fd)=f(f@)+[d - fw)])
=uf (1+u[d - f()))

S o
w1 u[ O - ) _ f(u)]]

X i V—=u
¢

{1 2L~ S0

\ V—Uu

Tuong tu:  f(d) = 1:,«'[1 & ulf(v) - f(H)}

vV—u

Suy ra:
vf(l+u»{f{v}—f{u})=uf(l+m{f{v)&f{u)]_

V—u v—u

Do d6 u=v. Dén ddy ta gip mau thuin, vi thé,

voi moi u, v sao cho O<u<v ta ¢

fW)2f(v), hay f 1a ham khéng ting trén

(0; +0) .
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Tiep theo ta tinh f(1). Gia sgr S()#1. Thay
=1 Vao [1] d'l.tl',]'l::

FUM+y)=f1+y),vy>0 (2)
Tir (2) thay y béi y -1 ta duge:
fM=r(y+[rm-1)),vy>1 @)
Tur (2) thay y boi y - f(1) ta dugc:
f=f(y+[1=-FD]), vy > £() ().
Tir (3) va (4) suy ra:
flu+|fD)=1]) = f@), Yu>max{1, £(1)}.
Pat x, =max{L f()} va T=[f(1)-1. Khi dé
f(x)=f(x+T),Vx>x,. Quy nap ta dugc:
f(x)=f(x+nT),Vx>x,,Vn=12,.. (5)
Tir (5) va do f la ham khong ting trén (x;+o9,
suyra f la ham hang trén (x,;+0) (that vay, véi
a>b>x,, ton tai sd nguyén duong n du lén dé
x,<b<a<b+nT, suyra:

fb)z f(a)2 f(b+nT)= f(b).
Do d6 f(a)=f(b), viy f la ham hing trén

(xy5+¢) ). Tuy nhién khi do, voi moi x, y thudc
(x,;+¢) ta c6 vé trai cia (1) 1a f(f(x)+y) td
thanh hing sd, con vé phai cua (1) 1a xf(1+xy)
thi khong thé bang hang s, ta gip miu thuan.

I
= b e =1-— vao (1)
Vay f(1)=1. Vi x>1, thay y 2 (

dugc:

f(f[.‘-l‘}+ 1 _i] =xf(x],‘?‘x}] (6).

x
Néu f{:-:]}-l— thi
X
| :
1 () +1-= | fM) =1,
f{x]+l—;}1::rf{j{.1‘}+ x} Pal
diéu nay mau thuan voi vé phai cua (6) la

I - x
i i) " l:l_
xf(x)>1. Tuong tu, ncu f(x)< S thi cling dan

1
dén mau thudn. Vay f(x)=—>7% >1 (7).

Tir (1) cho y =1 dugc:
ffx)+1)= xf (1+x), Vx € (0;40)

1 X
.—_—-—,‘?’I}ﬂ dﬂ{?))
:}f{x]+l 1+x {

1
:;f{x]ﬂ=1+£,‘v’x}ﬂ=:f(x)=;,‘v’x}{l

Vay f(x)= -]—, vx > 0. Thir lai thay thoa man.
: X

chiy, s6 d="M"YY gy tim ra nhu

-V

sau: Ta coO:
1} .
£(d)= £ (£ ) +[d — f@)])=uf (1+ du—uf @)

(@)= 1(f@)+d-f @)= (1+dv=1f ®)).
Khi do:
uf (14 du—uf (u)) =vf (1+ dv—vf(v)).

Vay dé tao ra mau thuin la u=v, ta can chon d
sao cho 1+du—uf(u)=1+dv—vf(v)

= du—uf (u)=dv-vf(v)

=du—-v)=uf(u)-vf(v)
wf (W)~ v/ (v)

u—-v

Con viéc kiém chimg d > f(v) dugc tién hanh
nhu ¢ 1o giai.

Loi giai 2. Thay x =1 vao phuong trinh ban dau
ta duge f(f()+y)=f(1+y),Vye(0;+x0). T
déng thire nay ta huéng dén viéc chi ra ham sé f
la don anh hoc chi ra him sé nay 1a don diéu. Dé
chi ra ham sé f 6 mdt trong cac tinh chit do ta
lam nhu sau: lay hai s6 phén biét @ > b > 0, ta can
so sanh  f(a),f(b). T& (1)

f(x+f(a))=af (ax +1),Vx e (0;+);

S+ £ (b)) =bf (by+1),Vy e (0;+).

Ta sé chon x,y sao cho:

{“f(ﬂl=y+f[b)

— s

ta co:

ﬁ{x=y+f{b)-—f{ﬂ}
L+a(y+f(b)- f(a))=1+by

TOAN H
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(x=y+ f(b)- f(a)
_a(f(a)- 1 (b))
J.}_
a-b
_b(s(@)-/(8)
' a-b
= g P
a(f(a)-1(3)
a-b
Do x,y>0 nénnéutacd a>b>0 thiviéc chon
dugc x,y>0 chi lam dugc khi f(a)> f(b). Tur
phan tich & trén ta thiy véi a > b > 0 : khi d6 néu
f(a)> f(b) thi véi cich chon x,y nhu trong
(*) ta duoc:
x+f(a)=y+f(b)
l+ax=1+by

!

[£(x+1(a))=1(y+1 (b))
7 (1+ax)= £ (1+y)
af (1+ax) = bf (1+by)
f(1+ax)=f(1+by)

= a=b (vo li).
Do d6 néu a>b thi f(a)< f(b). Nhuviy f la
ham sé khong ting. Dén diy ta trinh bay tuong ty
nhu 1o giai 1.

4

Chii ¥. Ta con co thé chimg minh ham f giam
bang cach khac nhur sau:
Giasirtdntai x>z >0 dé f(x)> f(z). Taxét

x(f/M-/@)_,

J_.l'=
x—2z
Khi d6 xy — yz = zxf(x) — zxf (z)
= zxf(2)+ xy =2zxf(x) + ¥z
F

X

=:*f{z)+%=f{1}+

= X

ﬂf[ﬂz:ur—}i]:f(ﬂxﬂﬂ

il
=zf(l1+y)=xf(1+y)=z=X

Ta gdp mau thuan. Vay f giam.

S5 540(6-2022)
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Léi gigi 3. Gia sir ton tai x>y >0 sao cho

fx)=r1(»)

xX—y

>0 va

f(x)>f(»).Khidé z=

m—zy=f(x)-f(y) e f(x)+yz=fy)+xz
= f(f()+y2)= (S +x2)

(1)

= xf (1+xz) = yf (1+ 02);

suy ra x=y, ta gip mau thuan. Do d6, néu

x>y>0 thi f(x)<f(y) hay f giam.

Ta s& chimg minh f la don dnh. Gia st f khong
phai 1a don anh. Khi do ton tai b>a >0 sao cho
f(a)= f(b). Tix (1) lan lugt cho x=a, x=b ta

suy ra: af (ay+1)=f(y+ f(@) =
= f(y+ f(b))=bf (by +1),¥y € (0;+0) (8).
Tir (8) ta co:

F(+bx)=3f(1+ax),¥x>0 (5=%E (0:1).

Tiu diy thay x bai i, ta dugc;
f+x)=6f(1+x),¥Vx>0.
Ap dung két qua nay lién tiép, ta duge:
fA+x)=8"f(1+8"x),Vx>0,n=1,2,...
Tir day cho x =1 ta duoc:

f@)=6"f(1+5"),vn=12,...
Do f giam nén j’(]+§")£f{l),suyra:
fR)<6"f(1), ¥n=1,2,... (9).
Ma 0<d <1 nén ta co ,,]_iﬂ(ﬁn-f“})=ﬂ; do do
khi cho s6 nguyén duong n du 16n thi

0" f(1) < f(2), mau thudn véi (9). Vay £ 1a don

anh. Ta co: f[f{x]+i{£ﬂj{£xf(l+f{z}}

(1)
=xzf(l1+2z2),¥x,z > 0.

Tu day, thay x boi = ta duogc;
Z

f[f(§]+ %ff}}=xf{l+3:l=xf[l+1'£]

X
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)]

=f~[=f{x}+'z—)1 Hx‘z}ﬂr
A
Ma f don anh nén

X\, #(2)
f[;]‘l- =f(1]+i—,‘g‘_1;,z =) (10).

X
Tir (10) thay x béi zx ta duge:

i
f{.r]+—fj =f(zx)+%, ¥x,z>0 (11).

Tir (11) ddi vi tri z va x ta suy ra:

f(.l‘)+f(z)—..l___"f{z}+f[l']_ 1
X

p -, Vx,z>0.
Z &
Tu day, cho z = 2 ta dugc:
2) 1
f{x}+ﬂ—}—-—=f{2}+m-l,‘ﬁ'x}ﬂ
X X 2 2

L 1 —<f(2
"—‘-"gf(-f}=———’;{ )+f(2]“%,vx}ﬂ

= f(x)= l_if{z) +21(2)=1,Vx>0

=>_f(x]=€+1-ﬁ,vx}n(ﬁ=z—zf{z}).

Thay vao (1) ta duge S =1.

Vay f(x)= l,’?’x > (),
.

Chii y. C6 thé chimg minh f don anh bing céach
lap luan khac nhur sau: Tir (8) ta co:

f[!+ax]=af{]+bx},‘m’x::ﬂ{a=£}1].
i

Tirday thay x boi =, ta dugc:
o

f+x)=af(l+ax),vx>0.
Ap dung két qua nay lién tiép, ta dugc:
fA+x)=a"f(1+a"x),¥x>0,n=12,..

Tir day, thay x boi L , ta duoc:
a

f(l +-’-] =a" f(2),¥n=12,... (9)).

or
Ma f giam nén két hop véi (9)) ta co:

N f[] +_]—] =a"f(2),¥n=12,...(10)).
(7 4

Do a >1 nén lirﬂ(a"f{z)) — +o0, vi thé tir (10j)

cho s6 nguyén duong 7 da 16m ta nhan dugc diéy
o thnfn, Nhuthé, f don ath. Seu khi chimg
minh dugc f la don anh, ta con c6 the giai bang
cach khac nhu sau:

Ta co: f[f{x}+1)=xf{.r+l),‘?’x:>{l

Két hop vai (1), suy ra véimoi x>0,y>0 taco:

J—‘f{f(x)+y}=xyfixy+1)=f(f(xy]+l}+
LO)=1EX o oo
b 3

Tir (1) thay y boi

f(f{m ARS 1t ”‘) =xf (f()+x)

{:ﬂf(xy+1)—_-f(f(,x}=}+l},‘ﬂ’x}1,y}ﬂ.
Ma f don anh nén

f{I]+ﬂy}ﬁl,kx=f(1:|?}+1,‘?’.=::=-1,,y}|}_
x

Dt g(x}-—'xf{x}-l.}(hidﬁ voimoi x>1, y>1

ta co:
EU}—)-H 1+ x
g+l ¥ _go)+l .
X X Xy
- +1
AL E0O HL y _glxy)
x xy xy

< yg(x)+y+g(+1-y=g()+l1
< yg(x)+g(y)=glxy).
Déi chd x va y ta duge: xg(y) + g(x) = g(xp).
Do d6: yg(x)+ g(y)=xg(y)+ g(x).
Viy: 2g(x)+ g(2) = xg(2) + g(x)
= g(x)=C(x-1) (C = g(2))
i

= fix)=C+ .
X

Thay vao (1) ta dugec C =0 hay f{x):l,‘v’x:: L.
X

Pén day ta lam twong tu nhu cach 1.

Lot giai 4. Ta co:

() +y)=x(xy+1),¥x,y>0 ().

TOAN H
: c'l'uﬁi?;cé 37
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Gia sir ton tai xe(0;+0)\ {1} sao cho

f_(x_)T_l}{],khid:ﬁnlt{l}thay y boi LO=1
X — x—1

| M
o f[—fﬁ-!_] 2 If[ﬁf{_-'f}_l_) 1 o
x-1 x-1

dén day ta gap méu thuan.
JLx)~1

x-1
Tinh chat (i) c6 nghia la; néu x > 1 thi flx)<1:

Viy <0,Vx e (0;+0)\ {1} (i).

néu 0 <x <1 thi Sf(x)=1.

Xét x>1;tir(1)cho y=2

ta duoc:
X

fa- % ) =2 (%) (20)
Néu f{.r}}l thi 1+f(v‘-‘]—l}],suyra:
X X

FOLFE =22 Lor i1, mn-thiin Vi it
X

chat (1) .

Néu f[.m.‘}r-:l thi {}{!+f(.tj—l~=:l
X X

do (i)

1
:-*f(1+f(1)—;} = xf(x)<l,
mau thuan véi tinh chét (i) .
Tir hai truong hop trén dan téi
76)=L vxs1 G-
X

Bay gir xét x >0, ta co:

1 do(3i) do (1) 1
— — +
T S0 ) = o ()
e X 1
Al i+ L
X

#1+f{x}=l+lﬁf[x}=l,ﬁx}ﬂ.
x X

Thir lai thdy ham s6 f(x) =l,‘ﬁ’x}ﬂ thoa min
X

cac yéu cau dé bai.

Chii y. Tir "két cau" cta phuong trinh ham (1) ta

dur doan f{x}-——i,‘ﬁ’x}ﬂ.
X

TOAN HOC
38

b CTudi t!,'f-‘ S3& 540(6-2022)

Pé f(y+ f(x))=f(xy+1), ta xét phuong trinh:
f(x)-1

x-1

Do du doan

y+fx)=xy+l=y=

dugc f{.r]=l,"r-":-::‘-[] nén ta can chimg minh

X

xf(x)=1. Dé xf(xy+1)=xf(x), can co
x-1 I

y+l=x=y=—-=1--—.

X b

Lot giai 5. Ta co:
f(y+f(x)=x (xy+1),9x,y>0 (D).
x-1

Voi x>1; tir (1) ta cho y=—
X

(dé cho
xy+1=x), ta dugc:

f[x__]+f(x)]=xf{x},‘#x}1 (21).

X

Tir (1) thay x boi I—'_l+f[.r] va thay y béi x,
A

- f[ f[IT_l " f{x}] 5 x]

- {IT_I + f{x}} fx+xf(x)),vx>1 (30).

Tir (2t) va (3t) suy ra: x| + f(x)=1
X
=:r~f{.:l:}=l—x—-—!=}f{::)=l,‘ﬂ’x}l (4r).
X X

Tir (1) cho y=1 tadugc:
Ff(x)+1)=xf(1+ x),¥x € (0; +0)

| X
= e —1+I,“i-".r:~ﬂ (do (41))

1
= f(x)+1=1+—,¥x>0
X

:::f[x]z-ia,“u'x}ﬂ.

Vay f(x)= ;]f- Vx> 0. Thir lai thiy théa man.

Chi y. Loi giai 5 rat ngin gon, chi dung cac phép
the, cob theé 1a loi giai ngin gon nhat. Tuy nhién,
dé tim dugc 1o giai do 1a diéu khong d&. Bai toan
nay; da dugc ching t6i giang cho nhicu déi tuyén
hoc sinh gioi cua cic tinh, thanh phd, c6 nhimg
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dor rat manh; nhung cung chua thiy em hoc sinh
nao dua ra dugc 101 giai nay. Tiép theo, chiing ta
cung di dén 101 giai 6. Lai giai 6 nay dai dong va
phirc tap nhung chira nhimg lap luan hay va khé;
qua 101 gidi 6 nay chung ta sé thiy duge méi lién
hé dep gitra tinh don diéu va tinh lién tuc cua ham
s0; 10i giai 6 nay da thyc sy sir dung céac k¥ thuit
cua giai tich.

Léi gidi 6. Tix (1) cho y =" ta duge:
A

f(ftx}+ ﬂ TR0,

Tardny hay ¥ bt }% tasuy ra f 14 toan énh,
Tuong tu nhu 161 giai 4, ta chimg minh dugc: néu
x>1thi f(x)<1:
néu 0 < x <1 thi f(x)=1.

Ta chimg minh dugc f don anh va f(1)=1.Nhu
viy néu x>1 thi f(x)<1; nfu O<x<l thi
f(x)>1.Néuton tai x>0 saocho f(f(x))<x,
thi tr (1) thay x boi f(x) va thay y bd;
x=f(f(x)) taduogc:

fX) =@ f(1+ F)(x- 7 (/())):
suy ra f(1+ f(x)(x- f(f(x)))=1; ta gip miu
thuan. Do d6 f( f(x)) 2 x, Vx> 0.
Var x>0
f(l+xy) <1;do do:

f{f(.r)+_v]:.n;f(.t}'+1){x£f{f{x}],
Vay f(f(x)+y)<f(f(x),Vx,y>0; tir day va
f toan anh suy ra:
f(x+y) < f(x),¥x,y>0;do do [ giam nghiém

vi y>0 ta c6 l+xy>1 nen

ngat.
Bé dd. Néu f:R™ — R’ la toan anh va la ham so
giam nghiém ngat rén R thi f la ham so lien

tuc tren R" .
Chirng minh. Giast a>0.

——, TR

X: gz oA o limx =a ta
Véi mdi day sb duong (x,) $a0 cho lim x,

can chimg minh: lim f(x,) = f(a). Dat

F1 = e
u, =5up{'rn"rnv1*‘ "}’vﬂ = lnf{xﬂ’xﬂﬂ“”}’
46 ta co i lim v lan luot 12 gidi han
Khi do ta co ,.]LITLH“’ lim v,
trén va gioi han dudi cua ddy so (x, ), suy ra:

limu = lim v, =a. D& thay (u,) la day giam,

=4 =

(v,) la day ting va v, $x, <, Yn=12,...
Do f la ham s6 giam nén:
f{vﬂ}gf{_r“]‘gf{u”),"a‘r‘;':l,z,... (1h).
Do (u,) la ddy giam va bi chidn dudi (bo1 v,) va
/ la ham giam nén (f(x,)) la day tang va bi
chin trén (boi f(v,) )
fu)< < f(u,)s )<< fW);
do d6 day (f(u,)) hdi tu:
lim f(u,)=b2 f(%)>0.
Mit khac do f latoan anhnén3zeR": f(z)=b.
Tir do ta duogc:
lim £(u,)= £(2), f@,) < f(2)
=u 2z,Vn=12,... (2h).
Do (v,) la day tang va bi chan trén (bon u,) va
f laham giam nén day (f(v,)) giam va bj chin
dudi (boi f(u,) ):
J)z--2 f(v,)2 f(v,,)22 f(w);
do do day (f(v,)) hoi ty:
,,]_i.ﬂ f(v,)=cz f(u,)>0.
Mit khac do f la toan énh nén 3reR: f(f)=c.
Tirdé: lim £(v,)= £(1), f(v,) > £ (1)
=V, S,Vn=012,... (3h).
Mat khée, f(v,)2 f(u,),¥n=1,2,... nén chuyén
qua gion han ta dugce:
f()2 f)=>1<z (4h),
T (2h), (3h), (4h) ta thu duge:
V. S15z25u,,Yn=12,... (5k).

TOAN HOC
 Tusifre 39
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Tir (5h) chuyén qua gidi han, ta dugc:
z=t=a,suyra:

lim f(u, )= hm fv,)= f(a) (6h).

Két hop (6h) va (1h) ta dugc:
Im f(x,)= f(a).
Nhu vdy f 12 ham s6 lién tuc trén R*. B4 43
duoc ching minh.
Do f giam ngat va la toan 4nh nén theo bd dé
suyra f lientuc. Vo1 x>0 va y>0 taco:
ff()+y)=x(xy+1)<x.
Viy f(f(x)+y)<x,Vx,y>0. Tu day (dé y
ring f lién tyc trén (0;+)), cho y —»0* ta
duge f(f(x))<x,Vx>0. Nhu vay:
f(f(x)=x,¥x>0.

Tur (1) thay x boi f(x) vétha}r v béi y—1 thi

(x)

vaimoi x>1, y>1 tacod:
¢

flx+ *’"] F) ()

@
L ‘] OV
G 0

)
y=1 x-1
— i — | .
b f(x)) f[y+f{y))
Ma f giam ngdt nén
y—1 x-1

iYxel vyl
S T T bt
Tir day, cho y =2 ta dugc:
4 1 =7 4 1 x>1
S(x) f(-?)
¢L=2—I+I_],‘dx:-l
f(x) f(2)
1 =U_f{2}]x+2f{2j_l_‘ﬂ’x}1
J(x) f(2)
ﬁf—:;=1r+e‘?’x}l
{d*:l‘f‘ﬂ,f:zfﬁ:"])
f(2) f(2)

Thay vao (1), suy ra voi moix > 1,y > | ta co:

; i X
d(f(x)+y)+e dxy+1)+e
1 x
.|=:,, =
+e
d[_l_ +_}f}+£ A+
de+e

1
: = +y|+ex
Sdxy+1)+e :ir( P .P)

> d(xy+1)(dx +e)+e(dx+e)
= dx + dxy(dx + e) +ex(dx +e).

Do f giamngitnén d # 0. So sanh hé s cua x’
& hai vé suyra ed =0, dod6 e=0. Vay:
d*x(xy+1)=dx+d’x’y,¥x>1Ly>1.

Tudiysuyra d’ =d,dodo d=1.

Viy f(x)=—,Vx>1.

Tur day, nmn; tu nhur loi giai 1, ta suy ra
=ifx)= ‘v’.r > (). Thir lai dung.

Chu y. Tm:rng tr nhur bé dé trén, ta chimg minh

dugc nhimg két qua sau:

Néu f:R* ->R* ld todn dnh va la ham so tang
nghiém ngdt trén R thi f la ham sé lién tuc
trén R" .

Néu f:R — R la toan dnh va la ham sé don diéu
nghiém ngat trén R thi f la ham s lién tuc trén
R.

Nhur vay, ching t6i da trinh bay 6 1oi giai cho mot
bii toan phuong trinh ham. Dén day, chic hin ban
doc di nhén ra ring; dé gioi toan, nhiéu khi ciing
khong can chay theo sb lugng bai toan giai duoc,
ma phai tiép cdn bai toan, giai todn mot cach sau
séc va than trong, lat di 1at lai van dé, biét van
dung va tong hop nhiéu kién thirc dé khai thac cac
dac trung cua trng bai toan; manh dan phan tich
dé tim ra céc tinh chat tiém 4n cua bai toan. Lam
duge duge nhitng diéu nay, s€ giup ching ta cé
duge nhimg 101 gidi méi, lam phong phi  thém
kién thirc, k¥ ning ciing nhu phuong phap giai
toan.
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TIENG ANH QUA CAC BAI TOAN
BAI SO 81

PROBLEM. For (>0. the position of a

pm-m;-h* Fi]':‘ﬂ'ﬂ!g uf””g 'rf“.- X - axis iy ,_L{."'l‘t’” hl

.1'{1'] =SIni —cost. What is the accerleration of

the particle at the point where the velocity is

first equal to 0?

Solution. The velocity and the accerleration are

the first and the second derivatives of the

displacement x(¢)=sinz —cos¢.
Hence v(¢)=cost +sint

And a(r) = —sint +cost .

It is clear that v(¢) is first equal to 0 at ¢ = % :

At that point, the accerleration
3n o I 3in
—— |=—sin—+C0S—
“( 4 ] 4 4
=3,

TU VUNG
position vi tri

particle . hat

accerleration . gia foc
velocity . v@n toc

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)
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BAI DICH SO 79

BAI TOAN. Tim so hang tong quail cua day so

Sadu

1,7, 17, 31,49, .
Léi gidgi. Cic khodng cach gilfa hai s hang
lién tiép cuia dy sd trén lan luot 1a
6.10, 14,18, ...
D6 12 mot cap sd cong voi cong sal bing 4.

Ta viét lai day sb khoang cach trén dudi dang:

6,6+4,6+4+4,6+4+4+4, ...
Tir do ta ¢6 moé hinh:
49=as=1+6(5-1)+4[1+2+(5-2)].
Va s0 hang tdng quat cua day sb da cho 13
a, =1+6(n—1)+4[1+2+...+(n-2)]

—14+6(n—1)+ 4 1=2Xn=2+1)

=1+6(n-1)+2(n-2)(n-1)
=1+(n-1)[6+2(n-2)]
=14+2(n=1)(n+1)=2n* -1,

Nhdn xét. Ban Tran Thi Thanh Thw, 11T1, THPT
chuyén Québc hoc Hué, Thira Thién Hué co6 bai
dich tot. Xin hoan nghénh ban.

HO HAI (Ha Noi)

TOAN HOC
* Clugi
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Bai toan 60 la mot cau trong Bé thi hoc sinh
gioi toan tinh Quang Tri, 16p 12, nim hoc 2021-
2022. Pay la mot bai rat hay vé phuong trinh vo
ty. Xin gidi thi¢u véi céc ban vé bai toan nay
cung 6 cach giai.

BAI TOAN 60. Gidi phwong trinh:

VX + 2x+2 - VX' =2x42 = o T | [#}

Lot giai. RO rang véoi x <0 thi ta ¢o:

2 +2x+2=Jx* —2x 42

4x
= — <.

VX +2x4+2 4lx  =2x 42

Diéu nay chimg t6 (*) vo nghiém trén (—o0;0].

Do d6 ching ta chi can giai quyét (*) trén
(0;+0).

Véi nhan xét nhu trén thi ¢6 kha nhiéu cach dé
giai quyét bai nay, co thé néu ra diy mot sb
cach giai nhu sau.

Cich 1. (Bién déi twong dwong).

Ta co:

(*]¢J11+2x+2 = \E—l+\/x1—2_r+2
= x +Exv2=6—2w"§+2{£-l)#x:—2r+2+x=-2x+2
= 2+5-3=(V5 -1)Vx' —2x+2 (K :2x+V5-320)

o 4x’ +4(V5 -3)x+14-6v3 =(6-2V5)(x* - 2x+2)

f-':*[Z\E—Z)IE+2—2J5~=U=}IE =]

42 ngtlgugtéce S6 540(6-2022)

L ]  T6ém lai, phuong trinh d3
x=-1 (loai)

cho ¢6 dang 1 nghi¢m la x = I

Cich 2 (Van dung tinh don diéu cua ham s0).

Dat f(x) = +2x+2-Vx' ~2x+2.

Tacé: 1'(x) x4l x-1
a co; X)=—F7—77 2 :
(x+1)" +1 (x-1) +1

RO rang f'{l)=%}{l va vol xE(”;"'m)\‘“}

1 x=-1
thi ta c6: f'(x)2 —I+ﬁ=_#
\[(;1)~+1 J(x=1) +1
=___1____-——1——:r-[)

(x=1)

(Luuy : (_x+l): }(I—l)z vai x> 0).

(x+1)

Piéu nay chimg t6 f(x) la ham dong bién trén
(0;4+0). Taco: (*)e f(x)=S(1)=>x=1.

Cich 3 (Chuyén vé hé).

Pat Vx? +2x+2 =x+a va

Vx? =2x+2=x-f véididukién a >1> 3.

(Liu ¥ 1a: Vx¥ +2x+2=y(x+1) +1>x+]

va x? ~2.t+2=\/(.r-l)2+l:=-x—l]+

2
Khi d6 ta suy ra dugc: x=2#a va
2 -2
1_._
x=ﬁ 2.
28 -2
(a+p=V5-1 (1)
Dodotacohé: |- _ ,2 ﬁ"‘—Z E
= 2
2a-2 28-2 (2)

Tir (2) ta suy ra:
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2=a)(8-1)~(4* ~2)(a-1)
< 2(a+p)+(a’+ ) -ap(a+p)-4=0
< 2(a+p)+(a+p) -2af-ap(a+pf)-4=0
o af|a ~’r,.£5‘+2]—~-(.:'u:+1,=‘1if+1]I -5 (3).

Thay (1) vao (3) thi ta suy ra duoc:

axl>fg

aff=0 < =0
Vay nén ta suy ra dugc @ =+/5-1. Khi d6 ta

2
i {J: £2x 42 mxs4J8 =]

2
X —2.1'+2=I

& x =1,

Cach 4 (Chung minh tinh duy nhdt cua
nghiem).

RO rang (*) co6 nghiém x=1.
minh (*) c¢6 dung 1 nghiém.

Ta sé& ching

Gia st (*) c6 2 nghiém la x=a,x=b voi
a>b>0, Khi do6 ta co:

Ja* Pas 3 =Ja" 342
=Jb? +2b+2 -b* -2b+2
esVa? +2a+2 —b +2b+2
=Ja®-2a+2-Vb* -2b+2
a+b+2

{:}ﬂﬂ1+2a+2+~ib1+2bﬁ

a+b-2

Al da+ 2N =242

R rang néu a+b—2<0 thi
VT(**)>02 VP(**).

Néu a+b—2>0 thitaco:

a+b+2

Ja* +2a+2 +Vb* +2b+2
ﬂ"l"h"z {1}_

> J7 12212+ b +2b+2-4

-Hr)l

T M _M-T 4 N>M>0 var>0)
"N

N-r
Mt khac ta cO:
[ a’ S 2gi B “E”J“z]

+[JEI+2&+2—JH-2&+2}

da +____i—___
e R G G
4b

4.

{(a+1]f{a—l)+(b+1)+(f"1}_

Piéu nay chimg to:

0<a?+2a+2+\b> +2b+2—4
< a3-2a+2+vrb2—2&+2 (2).

Tir (1), (2) ta suy ra
at+b+2

Ja+2a+2+b* +2b+2

a+b-2

}daz—2a+2+db2—2b+2l

Suy ra VT(**)> VP(**). Do d6 phuong trinh

(*) khong thé c¢6 2 nghiém phan biét. Hay néi
cach khac 13 (*) c6 nghiém duy nhat x=1.
Cich 5 (Van dung hinh hoc phang).

Xét hé truc Oxy vé6i A(-1;1), B(1;1) nhu hinh
vé. Vai K(J:;D) thi:

f{I]=x[J:1+2x+2—v‘f-2;r+2=KA—KB+

Gia si M (x,;0), N(x,;0) véi x, >x, >0.

..............

N(x,) X

. 2t % B L Mx,)

- Taco: AM - BM =\/xf +2x +2—JI,2 -2x, +2

TOAN H
Pnuige 43
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va AN-BNzJIi +2x, +2_J_§ - 2x, +2.

- Duomg tron (M, MB) cat doan thing 4M tai
M' Khidotacd: AM'= AM - BM .

- Puong tron {N, NB) cit doan thﬁng AN tai
N'. Khidotaco: AN'= AN - BN.

Goi E 1a giao diém cua dudng tron (M; MB) va
doan thang AN. Khi d6 hién nhién £ thuge doan
AN. Vi M}Qﬂﬂ nén AMN' >90°. Suy ra
AM'< AN'& AM - BM < AN - BN.

Tir day ta suy ra dugc:

Néux>1thi f(x)>f(1)=v5-1 hay Ia (%

vo nghiém trén (1;+0).

Néu0<x<1thi f(x)<f(1)=v5-1hayla
(*) v6 nghi¢m trén (0;1).

Tir nhimg két qua trén thi ta suy ra (*) c6 ding
| nghiém lax = 1.

Cich 6 (Dwa vao mét bé dé hinh hoc).

Bo dé. Cho 4 diém A, B, C, D thang hang va
AB,CD cing chung trung diém I.

Chung minh: EA+ EB=EC+ ED < AB=CD
véi moi diém E.

Chirng minh.

Khong mit tinh téng quét ta gia st C thude
doan I4 va hién nhién D thudc doan /B.

Goi F la diém d6i x(img E qua /. Khi d6 ta co:
EC+ED=EC+FC<(EG+GC)+FC=EG+GF

TOAN H
44 s
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EEG+(AG+AF]=EA+AF=EA+EB.

Diéu nay chimg t6 EC + ED < EA+ EB
Déu ding thirc xay rakhi C=4, D=B.
Diéu ndy ciing gitp ching ta két thic chimg
minh cho b6 dé.
Quay tr¢ lai phuong trinh (*) da cho, ta co:

(¥l J(x+ 1) +12 +307 +1°

=‘j{;.:-l)1 +12 +427 + 12,

Trong hé truc Oxy, ta dit A(x + 1; 1), B(0; 1),
Cix=1:1) INZ: 1),

R rang A, B, C, D cung thugc duong thing
y = 1. Ngoai ra cic doan thing 4B, CD ciing

chung trung diem [/ [f;—lll Theo bd dé trén

thi OA+OB=0C+0D tuong ung v0i
A=D, B=C. Do do taco:

J(:H]]I +1° +V0° +1° =“[{1-.1r.-},2 +17 +42 + 1

{x+1=2
= e x=1.

x—-1=0

LA PAI CUONG
(GV THPT Cam L¢, Qudng Try)

Nhdgn xét. Ngoai 6 cach giai trén cia ban La Pai
Cuwong, Toa soan khong nhin dugc thém cach giai
nao khac tir cac ban doc gin vé.

LE MAI (Ha Néi)
Mai céc ban giri 16 giai BAI TOAN 62 dudi day vé
Toa soan Tap chi TH&TT trude ngay 31.7.2022.

BAI TOAN 62. Cho ba so thiee dwong a, b, ¢ va
a,feR, a,fz0. Chimg minh rang

a ar bﬂ' {..‘I.T

+ §
P+ ?+a® a® +b”

3(a® +b" +c“)
2a’ +b° +%)

NGO VAN THAI
(T6 9, phwong Hoang Diéu, TP. Théi Binh)

https://tieulun.hopto.org
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BAI TOAN 69 (USAMO, 1978). Gia sw x la
nghiem cua phwong trinh

! 3 ,"_ 1 o :
(3+2v2) ={x-"2—” + 3.

Chimg minh khi dé x ciing la nghiém ciia phurong

trinh

/ T
(V2 +1)" =2cos—,

Loi giai. Gia su x 1a nghiém cta phuong trinh
G+2V2) =2 -1y +3

— {‘\E + l}h = +3 (#‘J

1
(2 +1)
Pat 2t = (V2 +1)* > 0. Khi d6 (*) tré thanh

s 1 2 ]

4 =—+3 4 =3t== (*").
2t 2 (

Truéc hét ta tim cac nghiém re(=11) cua

phuong trinh (**). Do te(=1;1) nén co thé dat

t =cosa voi a e (0;7). Tir d6 ta nhén dugc:

1 ]
4cos’ a —3cosa s &5 cos3a s

o 3a =i-’35+ ko

T k2w
B B =t
S a 5 3
- HrSH'E}
Do o e(0;7r)nén a € 9,-—-9 9

Tir d6 ta c6 cac nghiém t e(—1;1) cua phuong
trinh (**) la:

Ta thiy (**) la phuong trinh béc 3, 115 co dl:'u 3
nghiém f1, 12, &3 trong khoang (~=1;1) nén ta khong
cin xét cac nghigm ngoai khoang d6 niza.

Vay tap hgp cac nghi¢m cua phuong trinh (**) la:
{.t::5}-
Do t,. t; khong thoa man didu kién ¢ > 0 nén

/1
i §—.
(V2 +1)" =2¢c0s
Piéu nay nghia la x ciing 1a nghiém cua phuong

T
trinh [JE +1) = chsa.

Nhdn xét. Ban Lé Ngé Nhat Huy, 11 1A, khu pho 1,
phuomg 7, duong Hung Vuong, TP. Bén Tre, Bén

Tre sir dung céac két qua:

34242 = (2 +1)’;
J2-1=

L ..
JE 1
cos3x =4cos’—3cosx
nhu & 16i giai trén va cac phép bién doi logarit,
luong gidc, ciing cho 1oi giai dang. Xin hoan nghénh
ban.
NHU HOANG
Sau déy 1a bai tap d& nghi. Ban doc hay giri 16
giai vé Toa soan TH&TT trude ngay 31.7.2022.

BAI TAP DE NGH]

BAI TOAN 71. Cho elip c6 phuong trinh:
(x-19)°  (»-98)°
19 98
Goi Ry, Ry, R, Ry lan luot dién tich cac phan
ctia elip nam trong cdc géc phan i thir nhat,
thir hai, thir ba, thir te twong img trén do thi.
Hay xac dinh giatri R, —R-+ R;- Ra.

KHANH HU'U (Ha Ngi)

=1998.

TOAN H
: c_l'uﬁi?;cé 45
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B o?

GIAI PAP: LOT GIAI CO DUNG KHONG?
(Dé ding trén TH&TT 56 536, thdng 2 nim 2022)

Phén tich sai lam. Hoc sinh di mic sai 1Am khi
dua mot biéu thic vao trong cidn bic chan

Yar2-2* =§/(a+~q‘2—a2)1 (chi c6 s6 khong

am mai dua dugc vio cin bac chn).

Hoc sinh con mic sai 1am & bude bién déi
Ja-a*y =1-a°
(phép bién d6i chi dang khi 1—a° > 0).

Léi giai ding nhw sau. Sau khi tim diéu kién
1#|a| <2 dé P xéc dinh. Bién dbi
P {[a+«d2-—az .‘tl’] —av2-a*
3 2
Vl—-a

1 Ya+2-a2 §2-2a\2—-a2
-EEJ"II—::'E

=\3ja+*~.|'2—-a:.ﬁ[ﬂ—ﬁ.l'2—az}2
ﬁw‘“l—a:

{fa+u'2—a"' .iﬂa—«iz—aw

Tacd: a—V2-a* 202 -a* <a

(0<a<2(azl)
a’ 21

0<a<2(a=1)
as-l,azl

— 4

L

f::}l::aivﬁ.

46 T?g?ugct;cc S6 540(6-2022)

Do do:

l_'l: . I|I 2

V’(”“z'”‘]("_ 2-9) 1hil<as?
$241-a°

Ya+2-a*)a-V2-d) g e o

@ -y

khi 1<a<+2
$231-a?

-Y2a’=1) ..

N T khi-v2<a<la=-l1
_ﬁﬂil—az

[-42 khi 1<a<V2
%E khi —ﬁﬂatzl;a;t—l

82 khi 1<a<s\2

Viy P= +
Lﬁ khi —\Eiac:l;a:&—l

Nhgn xét. Cac ban tham gia déu phat hién dung sai
lam, nhung khi dua ra 16i giai thi cic ban déu co két
qua

-¢2 khi |a|<1

2 khi 1<|d| <2

Mac du gia tri £ la ding nhung P nhén nhimg gia trj
do v cdc gia tri cua a 1a khong ding.

LOI GIAI MOT HE BAT
PHUONG TRINH VO TY !

Trong mot ky thi hoc sinh gioi cdp tinh 16p 12 ¢6
bai todn sau:

Tim tat cd cdc gia tri cua tham sé m dé hé bat
phicong trinh sau cé nghiém:

|x—6[2|.1'1 —5x+'5l|

(:-:+l'-~.|",1r1 +3)(—?x:+21—23)£m [xz +3)JL
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Khi cham bai thi thay ¢ thdy mgt Ioi gii ciia thi
sinh nhuwr sau:

Picéukién: xe R .
Ta binh phuong hai vé ciia bt phuong trinh thi
nhét dugc bat phuong trinh twong duong:
(x-6)" 2(x* —5x+9)’

& (¥ =5x+94x-6)(x" ~5x+9-x+6)<0

o (2 —4x+3)(x —6x+ 15)<0 (*).
Vi .1'1—'5-1'-1']5‘:(.1‘—3)1+ﬁ36}ﬂ'ﬁxER nén
bat phuong trinh (*) twong dwong véi

x*-4x+3<0 & 1<x<3.
Trong diéu kién 1<x<3, bang cach nhan cé hai

vé clia bat phuong trinh thir hai cua hé cho mét
dai lugng khong am 12 x +1++/x* + 3, ta duoc:
(x+1-vx +3)(=74 +2x-23) < my[(* +3)’
ﬁ[(:ﬂ]: —(ﬁﬂ(-'ﬁf +2x-23)

<my(x* +3) (x+1+ﬁ]
& 2(x=1)[-7(x* +3)+2(x-1)]

<my(x* +3) (:+1+Jf_ﬂ)

#2(,1'-1][— (I +3 +2( —]]J
(f+3)’[x+1+\!':_3)

£
x—1 x—1
14| S |+4| 5—
x 43 x°+3
=

x+1 ]

< m.

-1
E-'[ = = ¥ " X E ];3 .
it t=1(x)=5—, x€[3]
Ta co: :'=_I‘+ZI:3;
(x1+3}
I _1‘:-—1
t=0& S

I
Vi thé cho nén khix € [1;3] —F & [DE}

Xét ham s0
f(;} =4t —14¢

1
= f'(t)=8t-14<0,Vte [ﬂ;g].
Ham s6 f(t) nghich bién trén doan {[}é}

Vi thé cho nén khi

relot]= (5] <70

20 20
Xét ham so g (x) = x4l +1,vx e[1:3].
x+3
Ta co:
' 3--:': '
g'(x)=—F——=;g'(x)20,Vx e[1;3].
(I +3)
Do d6 ham s6 g(x) dong bién trén [1;3]. Vi véy
voi 1<x<3= g(1)<g(x)<g(3) hay
2 V3 1 1
2<g(x)sl+—==> < i
£ Ja gy g(x) 2
. x-1 S AR
Ta dat }.-(x}—m]q[ ]4,4( ) thi
x*+3 x* 43
-h(x)< =
P )E
E{x}
10 h{x}
9 " g(x) ="

Két luan hé bat phuong trinh c6 nghiém khi va chi

e h
khi bat phuong trinh (7] <m c¢0 nghi¢m
g(x)
; 10
xe|l;3 mz——
13] o ma -
Theo em 1oi gidi trén cé ding khong?

TRAN MINH VU
(GV THPT Tran Cao Vin, Gia Lai)

TOAN H
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XUAT BAN TU 1964

Tﬂp thi Toﬁﬂ HOC va T“6I 'IRE Sb 540 (6.2022)

Téa soan : 187B, Glang Vi, Ding Ba, Ha NOI

3
7( =#  Mathematics and Youth Magazine O Pt 024 35142640, 024 3568271

Email: loanhoctuaitrevietnam@gmail.com

Fraty e

BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
: i tich Hoi déng Thanh vién
GS. TSKH. TRAN VAN NHUNG Chil tﬁ'}'{géb 1,2%[ Nam
TS. NGUYEN VAN VONG NGUYEN BUC THAI
GS. DPOAN QUYNH Tdng Gidm d6c HJEEGE ":"Iiﬂ Nam
; HOANG LE BAC
PGS.TS. TRAN VAN HAO Tdng Bién tap NXBGD \I':i!}t Nam
PHAM VINH THAI
Vién truomg Vién nghién ciu Sach va HLGD
LA _phu, A NH
HOI PONG BIEN TAP PHAN XUAN THA
Téng bién tdp : TS. TRAN HUU NAM Phé téng bién tgp : CN. TRAN THI KIM CUONG .
Thu ki Téa soan : ThS. HO QUANG VINH 7S. LE HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DONG, T5. TRAN NAM DONG, T5. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAL PGS. TS. LE QUOGC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. TA DUY PHUUNG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAIL ThS. VU KIM THUY, PGS.TS. VU
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY
@ pinh cho Trung hoc Co sis € Giii bai ki trsc
For Lower Secondary School T1/536, .... T12/536, L1/536, L2/536.

Nguyén Anh Tuin - Tinh chat cua hai tiep _
Solutions o Previous Problems

myén cit nhau trong mdt duong tron.
© riuong din gidi dé thi chon hoc sinh gioi cap € Phuong phip giai toan

tinh, 16p 9, tinh Nam Dinh, ndm hgc 2021 - Neguyén Tai Chung — Séu 1o giai cho mdt bai

2022. todn phuong trinh ham.
@ Pé thi chon hoc sinh gi6i cap thanh pho, 16p 9, 0 & hom

TP. Hd Chi Minh, nim hoc 2021 - 2022. Tieng Anh qua cac bai todn - Bai so 81.

ai dich s6 79.

o Dién dan day hoc toan Bat dict 90
Pham Duy Khanh — 5 phuong php giai chobai @) Nhidu cach giai cho mgt bai todn — Giai bai
toén chimg minh bat déng thirc lugng gidc.

@ Lich sir toan hoc
Nguyén Thiy Thanh — Ngon nguon cua khai
niém gidi han. bai toan 69. Dé bai toan 71.
0 Pé ra ky nay
T1/540, ..., T12/540, L1/540, L2/540.
Problem in This [ssue

toan 60. Dé bai toan 62.

@ Du lich thé giéi qua cdc bai toan hay — Giai

@ Sai lam & diu?

Bién tdp: LE MAL NHU HOANG M thudr: QUOC HIEP, THANH LONG
Tri sus, phdit hanh: HOANG TH] KIM PHUGNG, TRAN THI MINH HIEN Thiét ké, ché bdn: MINH HOA
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. Ef.i_};mn DUC VA DAO TAD

NHA XUAT BAN GIAO DUC VIET NAM

xon LOP 10

NAM HOC 2022 - 2023

Theo cac Quyet dinh s6 442/QD-BGDDT ngay 28/01/2022 va Quyét dinh s 692/QD-BGDDT ngay
11/3/2022 cua Bo truong Bo Gido duc va Dao tao phé duyét danh muc sach giao khoa 16p 10 sir dung trong
cac co so gido duc pho thong, cic bo sich gido khoa I6p 10 cua Nhi xudt ban Gido duc Viét Nam gom Kér
noi tri thire 1'-:3;:‘ cupc song va Chén trer sang tao sé dugc dua vao giang day trén ca nudce tr nim hoc 2022-
2023. Nha xuat ban Gido duc Viét Nam da thyc hién ké khai gid ban ¢ cac bd sach véi Cuc Quan li Gid - B
Tai chinh theo ding quy dinh.

R
Tén sach Gia bia (ddng) TT Tén sach Gia bia (ddng)
Lo 1] Nk vl My K it 25.000 | Mgl viin 10, t4p Mt 24,000
Ng{ viin 10, tip hai e Mg vin 10, thp hal 20.000
£ . Toduan. tyn mgt 17.000 2 Toan10,tdp mét 21.000
Todn 10, tp hai 16.000 Toén 10, thp hai 17.000
3 Vit i 10 22.000 3 Vit li1o AN
4 Hoa hoc 10 20.000 4 Héa hoe 10 21.000
5 Sinh hgc 10 24.000 5 Sinh hoc 10 26.000
& Lich s 10 e 6 Lich sif 10 24.000
7 Bfali 10 19.000 7 oja li 10 26.000
8 Gldo dyc kinh t& va phip luit 10 24000 8 Gido duc kinh t& vh phip lult 10 27.000
] Tin hoc 10 25000 & Tin hoc 10 25000
0 Céng nghé 10: Thift ké va céng nghé e 10 Cé&ng nghé 10: Thidt ké va cong ngh 22.000
Cang nghé 10: Céng nghé tréng trot 35,000 Céng nghié 10: Céng nghd tréng trot 23.000
e i niae 30 i i Am nhac 10 26.000
g T b 12 Mithudt 10 : H&I hoa 6.000
T thudt 10 ; Kin troc s MI thufit 10 : Kidn tric 6.000
Mi thudit 10 : Thiét k& mi thudt da phuong tidén 7.000 i::::: :: ::I:;:‘“T:::: : :.:::q o :::Z
Mi thudt 10 : Ly ludn va lich i mi thujt 6.000 ' '
M1 thudt 10 : D& hoa tranh in 6.000
MT thudt 10 : D& hoa tranh in 6000
M1 thudit 10 : Biéu khic 6.000 R TR 01 B AR il
Mi thudt 10 ; Thidt ké thal trang 6.000
Mi thudt 10 : Thiét ké thai trang 6.000 MI thudt 10 : ThGE ké d6& hoa 6.000
Mi thujt 10 : Thidt k& 45 hoa 6.000 Mi thugt 10 : Thiét k& cong nghiép 6.000
Mi thudt 10 : Thiét k& céng nghlép &.000 Mi thudt 10 : Thidt ké mi thult sin khiu dién dnh 6.000
M thudt 10 : Thidt k& mi thudt sdn khiu dién dnh 6.000 13 Hoat déng tril nghigm, hudng nghidép 10 (bin 1) 16.000
13 Hoat déng trai nghiém, hudng nghip 10 14.000 Hoat déng trdi nghlg¢m, hudng nghidép 10 (bdn 2) 15.000
14 Gido dyc thé chit 10: Béng da 13.000 14 Gido dyc thé chit 10: Béng da 13.000
Gido dyc thé chit 10: Béng chuyén 12.000 Glao duc thé chit 10: Béng chuyén 12,000
Gldo dyc thé chit 10: Béng ré n.000 Gldo dyc thé chit 10: Béng rd n.000
Gido duc thi chit 10: Ciu léng 13.000 Gido dyc thé chit 10: Cdu léng 13.000
15 Gido duc quic phéng v an ninh 10 13.000 15 Gldo dyc quéc phéng va an ninh 10 13.000
Tén sach Gia bia (dong) TT Tén sach Gid bla (d6ng)
Chuyéin a6 hoc thp NgiT vin 10 15.000 i Chuyén dé heoc tip Ng van 10 16.000
2 Chuyén dé hoc thp Todn 10 10,000 2 Chuyén df hoc tip Todn 10 N.000
I Chuyén dé hoc tip Vit i 10 13.000 3 Chuyén dé hec tip Vit 1i 10 15.000
4 Chuyén dé hoc tip Héa hoc 10 12.000 4 Chuyén dé hoc tip Hea hoe 10 13.000
*  Chuyén dé hoc tép Sinh hoc 10 ainia v Chuyén dé hoe tip Sinh hoc 10 17.000
& Chuyén dé hoe tip Lich sif 10 o 5 Chuyén dé hoe tp Lich sir 10 12.000
Chuyén dé hoc tip Dija 1i 10 pimiaty . Chuydn aé hoc the Dla li10 8.000
E  Chuybn a8 hoe tap Gido dyc kinh 18 va phap lujt 10 n.000 e Chuyén dé hoc thp Glao duc kinh té va phip lujt 10 13.000
Chuyén dé hoc tdp Tin hoc 10: Khoa hoc may tinh 13.000 2 Chuyén dé hoe thp Tin hoe 10: Khoa hoc may tinh 13.000
Chuyin g8 hoc tip Tin hoc 10: Tin hec dng dung Loty Chuyén dé hoc thp Tin hoc 10: Tin hoc ing dyng 14.000
Chuyén 46 hoc tip Cong nghé 10: Thidt ké v céng naht itk 'O Chuyén a8 hoc thp Cong nghd 10: Thidt ki va cong nghi n.coo
Chuyén dé hoc tdp Cong nghé 10: Céng nghé tréng trot Ll Chuyén dé hoc tip Céng nghé 10: Céng nahé tréng trot 13.000
Chuyén dé hoc thp Am nhac 10 ki s Chuydn a8 hoc 14p Am nhac 10 2000
12.000 2 Chuyén dé hoc tip Mi thuit 10

“  Chuyin g hoc tép Mi thujt 10
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PHUONG TFIINH NGHIEM NGUYEN VA KINH NGHIEM GIAI

(Tai ban 1an thir hai) Cla tac gia NGND. VU HO*U BINH
Sach day 224 trang, khd 17 x 24 cm, gia bia 55.000 dong

WD A A (1 e Tt AT A el T S e e T 1] e kel

0i dung cua sach trinh bay
cac phuong phap giai phuong
trinh véi nghiém nguyén, von
ot dé tai ly thi cua S6 hoc va Pai s6,
tir cac hoc sinh nho voi nhimg bai toan
nhu Tram tru trdm co dén cac chuyén
gia toan hoc véi nhimg bai toan nhu dinh
i lon Fermat.

Sach gom 5 chuong:

Chuong | gioi thiéu cac phuong phap
thuéng dung dé giai phuong trinh nghiém
nguyen.

Chuong |1 gién thiéu nhimg phuong trinh
nghiém nguyén duoc sap xép theo timg ngay.

Chuong |1l giéi thiéu nhimg bai toan dua
vé giai phuong trinh nghiém nguyén,
trong do co nhing bai toan vui, bai toan
thuc té.

Chuong IV gioi thieu mdt sd phuong
trinh nghiém nguyéen mang tén cac nha
toan hoc nhu Pell Pythagore, Fermal,
Diophante, ...

Chuong V gigi thiéu nhimg phuong trinh
nghiém nguyén chua duoc giai quyét va
nhimg buéc tién cua Toan hoc dé giai
nhimg phuong trinh nghiém nguyen,
trong d6 co6 nhimg dong gop cua Andrew
Wiles chumg minh dinh ly lon Fermat va
Giao su Ngé Bao Chau ching minh Bo
dé co ban trong Chuong trinh Langlands.
Phuong trinh nghiém nguyén cé s
phuong trinh it hon s an nén doi hﬁi
sang tao, vi thé phuung trinh nghiém
nguyén thuong co mat trong cac dé thi
hoc sinh gioi tir bac tiéu hoc, trung hoc co
s¢ dén trung hoc phod thong. Cudn sach
danh mdt phan thich dang néu nhimg
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phan tich bai

toan, cach suy luan dé tim hudng giai,
cach phan chia bai toan thanh nhimg bai
toan nho dé giai quyét hon, cach “dua

kho vé dé, dua la vé quen’, cach lién he
tinh hudng dang giai quyét voi nhimg van
dé moi, cach chon hudng di phu hop voi
timg bai toan dat ra ...tat ca nhimg diéu
do déu la nhimg ki ndng ma moi nguoi
can co trong hoc tap, trong nghién cu va
trong cudc song.

Vi nhimg cau tho & dau méi chuong, voi
cach trinh bay r rang, dé hiéu, tuoi mat,
voi nhimg thong tin cap nhat, véi nhimg
kinh nghiém thuc té trong béi dudng hoc
sinh gioi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhimg kién thic hé thdng va nhimg
kinh nghiém giai toan gitp giai quyét mot
loai toan kho o bac phd thong.

Tin rang cudn sach khéng chi hiu ich
cho hoc sinh va thay c6 giao, ma con la
tai lieu tham khao tot cho sinh vién va
gif.‘mg vien cac truong Dai hoc va Cao
dang nganh Toan, cung cac phu huynh
CO nguyén vong giup con em minh hoc
Toan 16t hon.
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