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LOP 10

NAM HOC 2022 - 2023

Theo céc Quyét dinh sé 442/QD-BGDDT ngay 28/01/2022 va Quyét dinh sé 692/QD-BGDDT ngay
11/3/2022 cua B9 truong BO Gido duc va Dao tao phé duyét danh muc sach gido khoa 16p 10 sir dung trong
cac o sO gido duc pho thong, cac bo sach gido khoa I6p 10 cia Nha xuét ban Gido duc Viét Nam gom Két
néi tri thike véi cude song va Chdn troi sang tao s& duge dua vao gidng day trén ca nude tir ndm hoc 2022-
2023. Nha xuét ban Gido duc Viét Nam da thuc hién ké khai gia ban I¢é cac bg sach voi Cuc Quan 1 Gia - Bo
Tai chinh theo dung quy dinh.
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IRUNG HOU CO SO

NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)

Bai viét nay, ching ti givi thiéu Ve {mg dung cta
mot hé thirc truy hoi lién quan dén nghiém cua
phuon’g trinh bac ba c¢6 dang didc biét trong giai
mot sO bai toan thuong gép :[rong cac ky thi chon
hoc sinh gidi 16p 9 va thi tuyén sinh 16p 10 THPT.
I. MO PAU
Cho ba sb thuc a,b,c cb téng bang 0. Ta c6
a,b,c 1a ba nghiém cua phuong trinh:
(x—a)(x-b)(x—c)=0

o x' —(a+b+c)x’ +(ab+bc+ca)x—abc=0
& x* +(ab+bc+ca)x—abc=0 (¥).
Gia st a=ab+bc+ca va f=abc thi (*) tré
thanh x’ + ax— B =0.
bat S, =a"+b" +c", véi n la s6 nguyén duong
thi ta c6 hé thirc truy hoi:
S ., +aS,, —pS, =0 hay S, ,=-as,,, +p8S,.
Tacé: S, =0;

S, =(av+b+c)2 —2(ab+bc+ca) =20
va S,=—as +36=3p.
Tir hé thirc truy hoi trén, ching ta tinh dugc:

S, =-as, + BS, =2a*;

S; =—as, + pS, =-5apf;

S, =-a$, + BS, =-2a’ +34°;

S, =—aS; +BS,=7a’B;

S, = —aS, + fS; = 2a* —8ap’*;

S, =—aS, + S, =38’ -9a’B;

S, =—aS, + BS, =15a’p* - 2a°;

S, =—aS, + S, =11a*p-11ap’ .

II. MOT SO KET QUA
Tt nhiing tinh todn trén, véi ba s6 thuc a,b,c
théa man a+b+c=0, ching ta c6 mot sd két
qua sau day:
Kétqua 1. @’ +b* +¢* =-2(ab+bc +ca).
Luu y. Tir két qua nay, ta c6 nhan xét:
Néu a+b+c=0 thi ab+bc+ca<0.
Két qua 2. @’ +b° +* =3abc .
Kétqua 3. a* +b* +c* =2(ab+bc+ ca)z.
Két qua 4. @’ +b° + ¢’ =-5(ab+ bc + ca)abc.
Két qua 5. a® +b° + ¢ =3a’b’c? —2(ab+bc+ ca)3
Kétqua 6. a’ +b" +c’ =7(ab+bc+ ca)2 abc.
Két qua 7. a* +b° +c* =2(ab+bc+ ca)4
—8a’b’c* (ab +bc + ca).
Két qua 8.
@ +b +¢ =3a’b’c’ - 9abc(ab +bc+ ca)3
Két qua 9. o +b" +c"° =154°p*¢? (ab+bc+ca)2
—2(ab +bc+ ca)5 :
Két qua 10. a" + 5" +c"' =1labc(ab +be + ca)4
-11a’b’c’ (ab + be + ca).
Sau day chiing ta van dyng nhiing két qua trén dé
giai mot sb bai toan dién hinh.

T'hi du 1.

g oy
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P+b+c d +b +e

5
Loi gigi. a) Cach 1. Ta c6 a+b+c=0 nén
c=-(a+b). Dodé =(a+b)2 =a’ +2ab+ b’
va c¢*=a* +4a’b+6a’h’ +4ab’ +b*. Suyra:

(a2 +b* +¢? )2 =a* +b* +c* +2a%b* +2b°c* +2c%a’

=a* +b* +c* + 2a%h? +2(a2 +b2)c2

=a* +b* +c* +2a°0* + 2((12 +b2)(a2 +b* + 2ab)
=a* +b* +c* +24°0° +2(a2 +b° )2 +4ab(a2 +b2)
=2(a* +b*)+c' +a* +6a’b’ +4a’b+4ab’ + b
=2(a4 +b“+c4).
Cdch 2. Theo ket qua 1 va két qua 3, ta co:
(a*+6% +c*) =4(ab+be+ca) =2(a* +5* +¢*).
b) Tir két qua 1, két qua 2 va két qua 4, ta c6

a* +b* +¢?

S =—(ab +bc +ca);
3 3 3
b % LSBT
3
5 5 5
va a—-'-b?tc—=—abc(ab+bc+ca). Do d6:
2 2 2 3 3 3
fr i dat i o o =—abc(ab+bc + ca)
2 3
_a5+b5+c5
S
c) Tir két qua 1, két qua 4, két qua 6, ta co:
2 2 2
a—%—=—(ab+bc+ca};
5 S 5
%1=—abc(ab+bc+ca)
7 i i
va a—+b7—+—c=abc(ab+bc+ca)2. Do d6:
2 2 2 5 5 5
e . wl ol -——abc(ab+bc+ca)2
2 Y
_a +b +(’

7

| du 2. Cho a,b,c la ba so thuc déi mot phan

a) M =-

1\ A 2 2
D) N=a +0b e

Loi gidgi. TUr gia thiét ta c6 a,b,c 1a ba nghiém
cua phuong trinh:

2x’ +1=5x hay x3—§x+l=0.
2 2

Tir day ta c6: a+b+c=0;ab+bc+ca=a=—%

va abc=ﬂ=—%.

ab+bc+ca _

a)Taco: M = 5.

abc
b) Ap dung két qua 1 thi N = -2 =5.
¢) Ap dung két qua 4 thi

P = -5abc(ab+ bc +ca) = —275_

idu 3. Cho a,b,c la ba so thuc doi mot f’/.’(i,‘!

‘ L i ! 19 T
l0d man a 1Za 0 1 Linn

i cua biéu thire S =a” +b
Loi gigi. Pit @’ =12a=b*-12b=¢* —12c =m.
Nhén thdy a,b,c 13 ba nghiém cia phuong trinh:

x'=12x-m=0 hay x’=12x+m.

Tacd: a+b+c=0 va ab+bc+ca=-12.
Theo két qua 3, ta co:

S =2(ab+bc +ca)’ =2.(-12)" = 288.
4. Cho x,y,z

/(/ cac so nguyen doi

nhau va A=(x-y) +(y-z) +(z-x) .

wing minh rang A chia hét cho
Loi gidgi. Ta c6 (x—y)+(y—z)+(z—x)=0 nén
ap dung ket qua 6, ta co:
A=7(x-y)(y-2)(z-x)[(x-»)(y-2)+

+(y-z)(z=x)+(z-x)(x-»)]"
Mit khac: (x—y)(y-z)+(y-z)(z—x)+

+(z—x)(x—y)=—(x2+y2+zz—xy—yz—zx).
Vay A chia hét cho 7(x2+y2+z2 —xy—yz—zx).
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% nidud. Giai pnuong trinn

Loi gidi. Nhan thay
(x-3)+(2x-1)+(4-3x)=
va (x-3)(2x-1)+(2x-1)(4-3x)+
+(4-3x)(x-3)=—(7x" =17x +13).
Do d6, ap dung két qua 4, ta co:
(x-3) +(2x-1)’ +(4-3x)’

=5(x- )(2x 1)(4-3x)(7x* —17x+13).
Suy ra: (x - (2x 1) (4—3x)5=0
= ( )(2x-1)(4-3x)=0

7x2—17x+13 0

< (x-3)(2x-1)(4-3x)=0

(do 7x* =17x+13 =0 v6 nghiém)
<:>x=-1-;x=i;x=3.

2 3

Vay tap nghi¢ém ctia phuong trinh 1a {%;%;3}.

T 1. £ o / > 7 ) C
1'h1 du 6. Giai he phuwong tri

Loi gidgi. Pat a =xy + yz+2zx va f=xyz.

Vi x+y+z=0 nén theo két qua 1, két qua 4, ta

c6:  x*+y’ +z° =-2(xy+yz+2x)

va  x°+y +2° =-S5xyz(xy+ yz+2x).

Do d6, hé phuong trinh d3 cho dugc viét lai thanh
x+y+z=0 X+y+z=0

—2(xy+yz+zx)=14 S{xy+yz+zx=-7.

5xyz(xy+yz+zx):210 xyz =—6

Suyra x,y,z la cac nghi€ém ctia phuong trinh:

£-Tt+6=0& (t-1)(t-2)(t+3)=0

Sit=1t=2; t=-3.

Vay hé phuong trinh da cho c6 6 nghiém la:
(L2;-3),(1-3;2),(21-3),(2-31),(-3:12)

va (-3;2;1).

IV. BAI TAI
Bai 1. a) (Trich trong Tap chi Kavant, thing 03,
ndm 2012). Chimng minh rang néu a +b+c=0 thi
(a2 +b’ +cz)2 =2(a4 +b* +c4).
b) (Trich @é TS lép 10 chuyén Toadn, nam hoc
2006 — 2007, So GD&DT Ninh Binh).
Chimg minh ring néu x+ y+z=0 thi
Z(x5 +y° +25) = 5xyz(x2 +y° +zz).
¢) Ching minh ring néu x+ y+z=0 thi
Z(Jc7 +y’ +z7): 7xyz(x4 +y* +z4).
Cho cac s thuc a,b,c thdéa main
a+b+c=0.Chimg minh ring
a +b'+c’ @ +b+c at+bt +ct

a =2 .
) 7 3 4
b) a’+b°+¢° _1{a’+b*+c’ 3+l @+ +c)
6 3 2 2 3 ’
2 2 G A | 4 4
) a6+b6+c6=4‘a +b2 +c .a +l:1 +c

3 3 3\2
b 3(;@4;} ,

11 11 11 o) ] S
d)a +b +c :a+b+cx
11 5
a+b*+c* at+b*+c* a@+b+c? }
212, : + :
2 4 3

. (Trich dé TS I6p 10 chuyén Todn, nam hoc
1999 — 2000, PHKHTN — PHOG Ha Ngi)

Cho cac sb thuc a,b,c thoa min
a+b+c=0
a+b*+c* =14
Hay tinh gia tri ciia biéu thitc P=1+a* +b* +¢*.
| 4. (Trich dé thi HSG Todn 9, nam hoc 2020 —
2021, S6 GD&DT Thanh Hoa)
Cho céc sb thuc x, v,z @61 mgt khac nhau thoa
min x*=3x-1,°=3y-1 vd 2z’ =3z-1. Tinh
gié trj cia biéu thirc § = x* + y* +27.
5. (Trich trong Tap chi Kavant, thang 8, nam
2018). Cho x,y,z 1a ba s6 thuc phan biét, thoa

TOAN HOC
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min x° +1009 =2018x; y* +1009=2018y va
z* +1009 = 2018z . Tinh gié trj cia biéu thirc

A= 5 + 1 + l

Xy
Bai 6. (Trich dé TS 16p 10 chuyén Todn, nam hoc
2020 - 2021, S6 GD&DT Thanh Hoa)
Cho x,y,z 1a ba sb thyc théa man ddng thai cac
didu kién x + y +z=2045 va
(x-18) +(y-7) +(2-2020)’ =0.
Tinh gié trj cua biéu thirc
F=(x-18)"" +(y-7)"" +(2-2020)"".

Bai 7. Cho cac sb thuc a,b,c

5 -7a* +1=0,5 -7 +1=0 va

théa man

5¢> =7¢* +1=0. Tinh gié tri cia cac biéu thirc:

NENETRERR D
a

b
Bai 8. Cho ba sé nguyén a,b,c khac 0 nhung co
téng bang 0 . Chimg minh rang:

a) 2(a* +b° +¢*) chiahétcho 5(a” +b* +¢*).
b) 4(a’ +b +c”) chia hét cho 7(a* +b* +c*).
Bai 9. Cho x,y,z 1a cac s6 nguyén d6i mot khac
nhau.

a) (Trich dé thi HSG Todn 9, ndm hoc 2020 —
2021, S6 GD&PT Pak Lak)

Chimg minh ring (x—y)5+(y—z)5+(z—x)5
chia hét cho 5(x-y)(y-z)(z-x).
b) Chimg minh ring (x—y)7 +(y —2)7 +(z —x)7
chia hét cho 7(x-y)(y-z)(z - x).
c¢) Chirng minh rang
(x-2) +(y-2)" +(z-x)"
chia hét cho 1 W(x-y)(y-2z)(z-x).
d) Chung minh rang
(x=3)" +(y-2)" +(z-2)°
chia hét cho 13(x - y)(y-z)(z-x).

Bai 10. a) Giai phuong trinh

TOAN HOC ;
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(2x-1) +(3x=5)’ —(5x—6)’ =0.
b) Giai phuong trinh
(3x-8)’ +(2x-7)’ +(15-5x)’ =0.
¢) (Trich dé TS I6p 10 chuyén Todn, nim hoc
2020 - 2021, bHKHTN — DHQG Ha Noi)
Giai phuong trinh
(x-12) +(2x-12)" +(24-3x)" =0.
Bai 11. a) (Trich trong Tap chi TH&TT s6 301,
thang 07/2002)
x+y+z=0
Giai hé phuong trinh { x* +y* +2z* =10 .
x +y" +2z =350
x+y+z=0
b) Giai hé phuong trinh < x* + y* +z* =18 .
x +y +2z =126
¢) Giai hé phuong trinh
x+y+z=3
X +y+22 =17 .
(x=1) +(y-1) +(z-1)" =210
Bai 12. (Trich dé thi dé nghi Olympic 30 thing 4)
Tim nghiém nguyén cia hé phuong trinh
2x+y+3z=2
{(23c+l)3 +(y—1)3 =(2—3z)3 -G
Bai 13. Cho céc sb thuc a,b,c théa man
a+b+c=0 ’ "
{cf i Chirng minh rang
a’+b’+c°<960.
Bai 14. Cho céc s6 thuc a,b,c théa man
a+b+c=0
{a“ +b*+c* =18
Chimg minh ring ‘a7 +b + c7| <126.
Bai 15. Bibt phuong  trinh
(x—2)(x—9)(x-1945)=2021 c6 ba nghiém la

rang

X,,X%,,%,. Tinh gié tri cia biéu thirc

§ =2 (x=2)" +(x -9) +(x -1945)'].

3
i=1
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HUONG DAN GIAI DE THI TUYEN SINH LOP 10 THPT CHUYEN TRAN PHU,
TP. HAI PHONG NAM HOQC 2021 — 2022

Bai 1. 1) Cho biéu thirc
( e as
1 x+1 — 44/x +5
] o 4 .(\/.\44.\//\+
\y\'\/:‘ —1 x—1 : Vx +1 y
(voi x>0, x#1).

1) Rut gon biéu thirc A va tim tat ca cde gid tri cua

xdé A>2.

2) Cho hai phuwong trinh (an x; tham s6 a, b)
X +ax+b=0 (1); x> +bx+2a=0 (2):

Tim tdt ca cdc cdp s6 thue (a:/)) dé moi phuong

trinh trén déu c6 hai nghiém phan biét théa man

Xy =X =i la nghiém chung cua

0» trong do x,

hai phwong trinh va x,, x, lan luot la hai nghiém
con lai cua phuong trinh (1), phwong trinh (2).
x+1

1 : 1 )x+
wWrx-1 Jx-1) Jx+1
B _\/;(‘/;‘H) X+ x+1= Jx
_(\/5—1)(x+\/§+1)' NEETIRE TN 4

Jx 3Wx =2
1-Jx 1-vx

@53\/;«@%5“1 (thda mén DK).

Loi gidi. 1) A=[

A22 < 22 >0

| x2+ax,+b=0
2) Ta co: 5
Xy +bxy+2a=0
2a-b
=>(a-b)x,=2a-b=>x, =
(“’ )%, 8~ b

(vinéu a—b=0=2a-b=0=>a=b=0: loai).

X, =X, +x, =—a, thay vdo (2) c6:a’ —ab+2a=0
a=0

<a(a-b+2)=0 c>]:a—b+2=0.

THd: b=-1

(théa man bai toan).

a=0=x,=1thay vao (1) cé:

2—a

TH2: a—b+2=0={""" 5
b=a+2

a=-2;b=0 (loai)
a=6b=8

thay vao (1) coé:

a’-4a-12=0 e ol
(théa man)

Viy c6 hai cdp s (0;-1), (6;8) thoa man dé bai.

Bai 2. 1) Giai phuong trinh \3x+2-2Jx=2-x.

*+y +xy=x+4

2) Giai hé phuong trinh {
Yy +2xy=y—4
2=

\V3x+2 +2\/; T

Loi gigi. 1) PK: x>0. PT<

<:>(2—x)(m—1}=0.

1 1
————=<—=<1,Vx 20 nén phuong trinh
Br+2+2dx 2 s

1

—————=-1=0 v6 nghiém.

VBr+2+2/x

Véi x-2=0<& x=2 (théa min DK).

2) )cz-f~y2+)cy=x+4<:> ¥ +2y  +3xy—x-y=0
Y +2xy=y-4 YV +2xy-y+4=0
(x+2y-1)(x+y)=0

=L ;
Y +2xy-y+4=0 (2)

ex+2y—-1=0=x=1-2y. Thay vao (2) cé:
y=-Lx=3

3y’ -y-4=0c 4 5.

y:—;x:——
3 3
e x+y=0=x=-y. Thay vao (2) co:

117

¥y +y—4=0<:>y=—2—=—x.
Vay h¢ phuong trinh c6 4 nghiém (x; y) la:

(3;—1),(_5 5] (1+\/_7 o1 \/—J

(1 17 —1+\/_}
ai 3.

2 2

Cho tam giac nhon ABC (AB# AC) néi
Iicfp dwong tron (O). Goi I la tam duong tron
bang tiép trong géc BAC cua tam giac ABC.
Puong thang Al cdt BC tai D, cdt duong tron (O)
tai E(E=A).

a) Ching minh E la tam dwong tron ngoai tiéep
tam giac IBC.

S4& 539(5-2022) T?ﬁwgcé 5
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¢) OJ /| FI nén OJ L AF = J 1a tim dudng tron
ngoai tiép AAFI = J 1a trung diém Al =P 1a
trung diém cua [H. Goi Q 1a diém d6i xtng véi
I qua E. C6 DQ.DI=DM.DF(=DB.DC)
— MOFI 1a tir gidc ndi tidp= OFM = QIM , ma
MNE = MFE = NEQ = QFE; EQ* = EI* = EH .EF
— AEQH ~ AEFQ => QFE = HOE.

Lot gidi. 2 Suy ra @:@(:Q/F\E):EN//QH. Ma

o1 gidi. a

4 ' | E 1a trung diém cia IQ nén EN di qua trung
diém P cua IH hay N,E,P thing hang.

I\ N\X X Loi gidgi. BDT tuong duong voi
Dy \/ )
{ AN P= = + 2 + u >3
\/z(2x+y) \/x(2y+z) \/y(2z+x)
Str dung BDT Cauchy va BDT Schwarz ta co:

P22\/§( = + X + = ]

3z+2x+y 3x+2y+z 3y+2z+x

2 2 2
I :2\/§£ & + 2 + =i ]

x(3z+2x+y) y(3x+2y+z) z(3y+2z+x)

N 2x/§(x+y+z)2
N 2(x2 +y2+22)+4(xy+yz+xz)

_&.

Ping thitc xdyra <> x=y=z.
Ta c6: Al 1a phan giac goc BAC ) Tim cdc s6 nguyén dwong x, y thoa
= BAE = CAE = EB = EC (1). Ta ¢6: , , 2 3y
180°~4BC BAC ACB _AEB ho tip hop X ={1:2:3._-101
2 7 w22 ' S -
= ABEI can tai E = EB=EI (2). o SRR PR e
Tu (1) va (2) suy ra E 13 tim dudng tron ngoai iy y gom n phan tw cua X
tiép tam gidc BCI. doi mot phan biet a, b, ¢
Loi gidgi. 1) PT < 4y* +8y* —12=4x" —12x

EBI =CBI ~CBE =

v) TAF = DIE ( =3 saBF =3 (s4FC -+ sdBE

2 o (27 +2) —(2x-3)' =7
AFCE ~ ACHE = EC? = EF.EH

— — 2 2 -
— EI? = EF .EH => AEIH ~ AEFI = EHI = EIF (20 +2x-1)(2y* ~2x+5)=7.
= IAF + AIF = DHE + EHI =90° = AF | FI. Vé6i x, y nguyén duong thi 2y° +2x—1>0 nén

= ARL LI e
i nQOC
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{2y2+2x—1=1

L2y +2x-1=7
, hodc
2y" -2x+5=17

2y —2x+5=1

2y*+2x-1= 1 4x-6=-6 x=0
L=

2y —2x+5= 7 2y +2x-1=1 |y=%l1

2y +2x— 1—7 4x-6=6 x=3
L =—4

2y? 2x+5—1 2y2+2x—1=7 y =%l

(loai)

’

loai truong hop y =—

Viéy phuong trinh ¢6 nghiém (x;y) =(3;1).

2) Cdch 1. Dé thiy tip hop gdm 51 céc sb 1é
khong théa mén diéu kién ciia dé bai. Ta s& chimg
minh 7 nho nhét bing 52.

Xét mit tip A< X va |4|=52 c6 céc phin tir
dugc sip xép a, <a, <...<ay, (1<a, <50).

Néu a, =1thi trong 51 s6 con lai cia A luén tdn tai
2 s6 nguyén lién tiép, thoa mén diéu kién dé bai.

Ta chia cac 86 @, +1,a, +2,...,101 vao céc tap B,

gom cac phin tir k sao cho k = i(moda,),

i=la, =|B|= [M} (¢ day ta ki hiéu [a] 1a
a

s6 nguyén 16n nhit khong vugt qué sb thuc a).

Néu 1017a, va 5liq, :[a‘ v
a =17

Ta xét truong hop q,

tuong tu.

|Bl| e

cua A mditap B, B, chi cé thé chira nhiéu nhét

=3, truong hop a, =17

B,|=33,|B,|=32. Trong 51 s6 con lai

17 s6, néu khong s& tn tai hai phan tir c6 hiéu

bang 3. Vay tip B, chira it nhét 17 s nén trong

B, chira it nhat hai phén tir c6 hiéu bing 3.

Néu 51/a,, do . PPE . , Vi=la
2 a,

q

nén mdi tap B, (i =la, - 1) chi chira tdi da
51 A e e
— |+1 phan tir trong 51 phan tir con lai cua 4.
al

= B, chira it nhat 51— (a, - 1)[[2} + IJ trong
4

51 phan tir con lai cia A.

Ta chirng minh

Bl (o, 1) 2L |+1]>(8] = 2] | 19 |-1
aq, 2{| q
s sase| 2 20] ,[51]
a | 2| q a,
Do iﬂ+a 2 <51+ 505<525 el
2| q aq, q, a

nén trong B, c6 qué nira s6 phan tir thuoe 4 =

B

9

trong B, chua it nhét 2 phan tir a,,a, théa man
a, -a, =a,, trlr trudng hop |B, | 1.

Néu B, c6 3 phan tir, ton tai tap B, nao d6 c6 4
phén tir chira it nhét 3 phén tir cia A thoa man c6
hai phan tir c6 hiéu bing a.

Néu ,Ba[ I > 5, khi d6 c4c phan tir 2a,,4a,,6a, € A
théa man 2a, +4a, =6q, .

Ta c6 dpcm trong moi trudmg hop |A| =52,

Cich 2. Bo dé: Xéttip A< X sao cho khong tdn
tai 3 phan tr d6i mdt phan biét a, b, ce A thoa
101

man a+b=c.Goi x=minA4;k = [
x

} Khi d6

a) Trong tap B, ={x+2mx+1;x+2mx+2;...;3x+2mx}
c6 nhiéu nhit x s6 thuoc 4 (1).

b) |4 <51.

Chitng minh. a) Ta c6 a¢ A hodc a+xg A suy
ra (1) dugc chirng minh.

b) TH1: k =2n.

1101
(1):>|A|S1+n.x=1+2 <51,5=|4|<51.
TH2: k=2n+1.

()= |4|<1+nx+(101-x-2nx)=102-x(1+n)
S102—x.ﬂ=51,5:>‘A1351.
2x
Vy |4 <51, b6 dé dugc chimg minh.
Suy ra n nho nhit bang 52 théa méin bai toan.

TRAN QUANG THANG, TRINH VIET ANH
(GV THPT chuyén Tran Phu, Hai Phong)

Gidi thi¢u
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)N HOC SINH GIOI CAP TiNH LOP 9, TINH NAM DINH
NAM HOC: 2021 — 2022
Mon thi: Toan (Thoi gian lam bai: 150 phuit)

(3,0 diém)

1) Cho m, n 1a cac s6 tu nhién thoa man
\/2+\/§ +\/3—\/— :@—;ﬁ.

Tinh téng m+n.

2) Chimg minh rang véi moi s6 duong a va b

thay d6i thoa man L + = = ta ludn co
a b 1000
Ja—1000 ++/b—1000 =a+b.
(5,0 diém)
1) Cho phuong trinh

(m+\/2x2+4x+3)(x2+2x+m)(‘x+1|—m—l)=0,

v&i m 14 tham sd.
a) Giai phuwong trinh véi m =—1.
b) Tim tit ca cac gia tri cua tham s6 m dé

phuong trinh da cho c6 dung ba nghiém phan biét.

2) Giai hé phuong trinh
J9(x-1)y =y[2+ }L]
x-1.

Y +xp-5x+7=0.
iu 3. (3,0 diém)
1) Cho da thic P(x)=x"+6x’ +ax+b véi a,b
1 c4c sé hitu ty va thoa min P(l —ﬁ) =0. Tinh
gié tri ctia biéu thirc
0=18P(3)+3P(2)+(a-b+3)"".
2) Tim tt ca cac cp s ty nhién (m;n) théa mén
(2m+5n+1)(2" +n+m* +m)=105.
CAu 4. (7,0 diém) Cho tam gidc ABC vudng tai
A (AB<AC), c6 AH 14 Quong cao. Lay D 1a

. TOAN HOC
8 clsige

S8 539(5-2022)

mdt diém thudc mién trong cua tam giac AHC
sao cho AH di qua trung diém ctia BD. Goi
E,F theo thi ty 14 giao diém ciia AH voi dudng
thing CD va BD. Qua E ké duong thing tiép
xtic véi dudng tron duong kinh CD tai diém M
(4 va M thudc cung mot nira mat phing c6 by 1a
CD). Goi N la giao diém thtr hai cua dudng
thing BD véi duong tron dudng kinh CD.
Chimg minh rang:

1) T& gidc ABCN ndi tiép mot duomng tron va
ANB +CAH =90".

2) Tam gidc EMD ddng dang véi tam gidc ECM

w MD.AB _ [ED.BF.BN
MC b

3)Badiém 4,M,N thing hing.

Cau 5. (2,0 diém)

1) Trén mot mit ban phing c6 2021 ddng xu kich

thudc bang nhau, mdi ddng xu c6 hai mit trong d6

c6 mot mit mau xanh va mdt mit mau do, déng

thoi tAt ca cac ddng xu déu ngira mit mau xanh 1én

trén mit ban. Thyc hién trd choi sau day: mdi lugt

choi phai dbi mat 10 dong xu ndo d6 trén mat ban.

Hoi sau 2022 lugt choi co thé nhan duoc tat ca

2021 ddng xu trén mat ban déu ngira mit mau do

1én trén hay khong? Hay giai thich vi sao?

2) Xét tam gidc ABC c6 d9 dai cac canh la

a, b, ¢ thay d6i va théa min c+2b=abc. Tim

gié tri nho nhét cia biéu thirc

3 5 ot

:b+c—a +a+c—b+ a+b-c
TRAN XUAN PANG

(5/7/136 Phan Dinh Phung, TP. Nam Dinh)

Gidi thigu
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CHUAN B|
CHO KY THI

MOT S0 DANG TOAN VE HAM SO KHI BIET .
B0 TH! HAN Snv f(x) HOAC BANG XET DAU X )

NGUYEN pUC TRUNG
(GV THPT Nii nanh‘,Qua(:g Nam) /

TRUNG HOC
PHO THONG
’ Qudc G1a
Dang 1. Céc bai toan vé ham s6 gl f} u }
khi biét dd thi ham sé y = f'(x).
Phwong phap.
Buéc I: Tinh g'(x)=u'( [u ] va giai

phuong trinh g'(x) =0.

Buéc 2: Lap bang bién thién ctiia ham s g( )hoac
bang xét du cﬁag’(x). Tir @6 tra 10i cac yéu cau
cua dé bai.

Thi du 1. Cho ham 56 y = f(x) c6 dé thi y = f'(x

nhw hinh sau.

y=f'x)

N
L4

0 1 2 x
Ham so g(x)= f(3—2x) dong bién trén khoang nao

dwoi day?

" 1) sl ] et
A. (1;40) B.[S.l) ("[”’EJ l).Eﬂ,.E ’;
Loi gigi. Taco: g'(x)=-2f"(3-2x)
g'(x)=0 f'(3-2x)=0
{3—2x:1 sl
& 1.
3-2x=2 x=—
2
Bing xét ddu cia g'(x):
x —00 l 1 400 ‘
2 |
g’ = 0 + 0 = |

Tr bing xét diu cia g'(x) suy ra ham sé

g(x) = f(3 - 2x) dong bién trén [%;1) . Chon B.

Thi du 2. Cho ham 56 /V(,\‘) co bang xét dau %)

nhw sau

_
g o 3 [ 3 too |

f(x)

-
| 0 0 + 0

Ham 56 g(x)=f {»\'7 + 3,\”) dat cuc tiéu tai diem
Arx=-3 B.x=-1 C/x=1 D.x=-2

Loi gidi. Ta cb: g'(x) =(2x+2).f"(x* +2x)

g'(x)=0= (2x+2).f'(x* +2x)=0

x=-1

2x+2=0 x* +2x = -2 (vonghiém)
Ll f'(x*+2x)=0 ¥ +2x=1
¥} +2x=3
[x=-1
=-1-42
olx=-1+2
xi=1
x=-3

(trong d6: x=-1 —\/E;x =-1++/2 1a céc nghiém
boi chin cia PT g'(x) = 0).
Bang blen thlen

~1+\/— 1 4o

+ 0 -

~1-+/2 -

,,+0_ 0

/\/\

ra ham 6

|
| X -0 -3

j,,,,,
| &)

\
| &)
L

Dua vio bing bién thién, suy
g(x)=f (x +2x) dat cyc tiéu tai diém x=-1.
Chon B.

Chi y: Cach xét dau g'(x):
x=0e (—1;—1+J5), ta c6g'(0)=£'(0)>0 (dya
theo bang xét dau ciia f'(x)), suy ra:

g'(x)>0,Vx € (-1;-1++/2)).

Chon gia tri

TOAN HOC <9
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) bdc n ¢) ¢6 do thi Do &6, phuong trinh g'(x)=0 co b6n nghiém don
phén biét va hai nghiém bdi ba nén ham s6 y= g(x)
ry ‘ ¢6 6 diém cyc tri. Chon C.

Thi du 4. Cho ham so y

7ol /* N
Lai gidi. Ta co: g'(x)=(3x" +6x).1"(x* +3%%).
3x2+6x=0 (X ) X m)

Do do: g'(x)=0 .
st g Q{f'(x3+3x2)=0

S 0©[x=0 Lo gidi. Tix dd thi f"(x) ta co:
aco: 3x = :
¥l x==2
¥ +3x*=a<0 f(x)=0|x=1 .
S43x2 =0 x=2
f'(x3+3xz)=0<:> Il .
X’ +3x* =4

Ta co: g’(x)=(|x3+2x|+m), f’(

% +2x|+m)

X +3x° =b>4
2
Ta thiy: =(3x +f)(x3+2x) f'(|x3+2x‘+m).
X +3 =0’ (x+3)=0 x=0,x=-3; |x +2x‘

V‘ [ A r d . <R = A =
2 13 =4<:>(x—1)(x+2)2 (g =01 i g'(x)khong xac dinh tai diém x=0nén x=0

A 1a mot diém cyc tri ciia g(x).
Xétham sd h(x)=x"+3x trén R. - re tri ciia g(x)

Tacéd: g'(x)=0< f'(

i x3+2x}+m)=0

Ta co: A'(x)=3x>+6x, h'(x)=0c>[
x=-2 |x3+2x|+m=—2 |x3+2x|=—2—m

Béng bien thién: e[ +2d+m=1 o | +24| =1-m .
X —00 -3 =2 0 1 +00 3 . 3 A
K (x) § PR A A i lx +2x1+m—2 |x +2x|—2 m
i g | 1 Xétham sé h(x)=x"+2x trén R.
L7 V.
h(x) « e <, Taco: h'(x)=3x*+2>0,VxeR.
-0 0”7 ¥ y
Bang bién thién cua k(x):
Dya vao bang bién thién cia k(x), ta c6:
X —00 +00
Phuong trinh x’+3x*=a<0 c6 duy nhit mét H(x) %
nghiém x, <-3. » oo
Phuong trinh x’+3x*=b>4 c6 duy nhit mot Logi==" |
nghi¢m x, >1. Béng bién thién cua |h(x)| t

. S8539(5-2022)
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X —00 0 +00

(In)) =il o0

|G

Tu bang bién thién cua ham sé lh(x)l, ta c6 ham sb

g(x) c6 5 diém cuc tri
1-m>0
" & -2<m<l.
-2-m<0

Vi meZ nén me{—Z;—l;O}. Chon B.

A. &

Li gidi. Taco: y'=(2x+3) f'(x* +3x—m);
f’(x)>0<:{i;—3 vi f'(x)<0e-3<x<l.
Ham sé y =f()c2 +3x—m) dong bién trén (0;2)
< y'20,Vxe(0;2)
& (2x+3) /(¥ +3x-m) 2 0,vx €(0;2).
Vix€(0;2) nén 2x+3>0,Vxe(0;2).
Do dé, y'20,Vx €(0;2) < f'(x* +3x-m) 20

y
X +3x~m<+3 m>x*+3x+3

= = ,
m<x“+3x-1

_x2 +3x-m>1

m2>13

[ m > max ()c2 +3x+ 3)
fo2]
lim <-1

mSI[IO1;izr]1(x2 +3x—1)

Vi me[—S;lS], meZ nén
m € {~5;~4,-3;-2;-1;13;14;15} . Chon A.

Loi gigi. Ta co: g'(x) = f"(x+m).
Dya vao d thj ham sé y = f'(x) ta thdy
g'(x)<0<:>f'(x+m)<0

x+m<—1 xX<-1-m
[1<x+m<4 [l—m<x<4—m.

Béng bién thién

l1-n 4-n +00

g'(x) = 0 #0400~ 00 F

b4 —00 -1-n

g(x)

Ham sb g(x)=f(x+m) dat cyc dai tai diém

x=2&1-m=2< m=-1. Chon D.

Phuwong phdp.
Butc I: Tinh g'(x)= u'(x).f’[u(x)]+h'(x) Y
Budrc 2: Lap bang bién thién cia ham sb g(x) hoic

bang xét déu cia g'(x). Tir d6 tra 16 chc yéu céu

cua dé bai.
y
y=f'e)
1
4
2 10 x
-2
A’ 4\? |
S6 539(5-2022) ¢
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Léi gidi. Ta c6: g'(x)=-2f"(4-2x)+2x-4
4-2x
2

g'(x)=0& f'(4-2x)=-
= 1'(f)= —% (v6i t = 4-2x).

s t S KiThiy A
V& duong thang y = - va d6 thi ham so f (t) trén

cung mét hé truc.

1 y=£
—————— 1
4 »
2 (0 i t
D2l
[ = o 0
¥T"3

Vi ham s6 g(x) ddng bién nén g'(x)20, dva vio

2 0<t<4

,_[zs—z {4—2x$——2 l:xZS
Véi co =4

5 t<-2
do thi ta c():f'(t)s—icb[

0<t<4®®|0<4-20<4" |0sx<2
Vay ham sé g(x)=f(4-2x)+x"—4x dbng bién
(0;2) va (3;+0).
(35)c (3;+90) nén ham $6
g(x)=f(4-2x)+x"—4x
ddng bién trén khoéng(3;5). Chon A.

trén cac khoang Ma

Thi du 8. Cho ham s6 f(x) c6 bang xét dau cua

dao ham nhu sau

Him s6 y=3f(x+4)—x’+12x nghich bién trén
khodng ndo duwdi day?

A.(-0;-3) B.(-%-2) C.(-1;2) D.(L+)
Léi gidi. Taco: y' =3[ f'(x+4)-%° +4].
Vi-3<x<—2nén l<x+4<2.

Suyra: f'(x+4)<0,Vxe (-3;-2).
Lai c6 —x* +4<0,Vx e(-3;-2), do do:
y' <0,Vx e(-3;-2).

TOAN HOC
12 *crsige

S8 539(5-2022)

Co thé thdy ring diéu kién y' <0 khong thoa mén
véi moi x thudc mdi khoang con lai. Vay ham s6
y=3f(x+4)-x’+12x nghich bién trén khoang
(-3;-2). Chon B.

R va thoa

Thi du 9. Cho ham sé f(x) lién tuc trén

i -2)=0 c6 bang xét dau cua dao

man f(-1)=

Al

ham nhu sau

(= = 3 -1 1
| (%) -0 + 0 - 0 +

Cé bao nhiéu gid tri nguyén cua tham so m de

trinh 2f(3—x)++ x* +9-x=m ¢0

phuong ‘
nghiém trén khoang (4;5)?

A.3 B.5 C.4 D.6
Léi gigi. Xét ham sb

g(x)=2f(3—x)+\/x2+9—x

trén khoang (4;5). Ta co:

g'(x)=-2f'(3-x)+ —-1.
x+9

Vi 4<x<5nén -2<3-x<-1. Do d6
f'(3-x)>0,vx e(4;5). Suyra:

-2f'(3-x)<0,Vx e(45).

Miit khic ——— <1, Vx €(4;5), do dé:
x*+9
X
-1<0,Vxe(45).
x*+9

Suy ra: g'(x)<0,Vxe(4;5).
Ta co:
g(4)=2f(-1)+v4# +9—4=2%+1 =%;
g(5)=27(-2)+V5* +9-5=-5+34.
Béng bién thién
[ x [4 o *j%
( g'(x) - o ‘

g4)

g(x)

https://tieulun.hopto.org



trinh

2f(3-x)+Vx*+9-x=m cb

nghig¢m trén khoang (4;5)

Phuong

<:>g(5)<m<g(4)<:>—5+\/§<m<%
Vi meZ nén me({1;2;3;4}. Chon C.

Thi du 10. Cho ham sé f(x) cé dao ham lién tuc

trén R. Ham so y = f'(x) lién tuc trén R va cé6 do

thi nhw hinh bén.

Bdt phuong trinh 18x° +9x* <m—2f(3x+ 1)

{

,
nghiém dung vdi moix €| —

\

.}

) 1
;= | khi va chi khi

W | b

A.m22f(-1)-

(OR[N

B. m>2f(2)+

W | W

C. /1122/‘(1)4§

: )

Loi gigi. Ta c6: 18x +9x* <m-2f(3x+1)

D. m>2f(1).

< m>2f(3x+1)+18x* +9x7.
Xéthamsd g(x)=2f(3x+1)+18x" +9x*, ta co:
g'(x)=6/"(3x+1)+54x" +18x;
g'(x)>0& f/(3x+1)+3x(3x+1)>0 (*).
bat ¢ =3x+1, khi d6 (*) tro thanh:
f'()+(-1)t>05 f'(£) > +¢.
V& parabol y =—x"+x va dd thi ham s f*(x) trén

cung mot hé tryc.

] ; -1<t <1
Duya vao do thj ta thay f’(t)>—tz+t©L s
>
,[—1<z<1
Vi ta co:
£>2
-2
“1<3erlel R EEEH
3x+1>2
x>=
3
Ta c6 bang bién thién:
© Ul I — ,
e 1 2 0 1
Ly | 3 3
L &® | - 0 -4 )
i IR g(0)
| gx
2
| (2" S Y

Tir bang bién thién ta cé:
[mzag()g(X) =g(0)=2/(1).
53

Bit phuong trinh 18’ +9x’ <m—2f(3x+1)

nghiém dung véi moi x € (—%%)

Sm> mzzslz(g(x)<:>m22f(1). Chon D.

33
Thi du 11. Cho ham so y = f(x) lién tuc trén R.

Do thi ciia ham s6 v = f"(x) nhu hinh ve.

Gid tri I6m nhat ciia ham sé
g(x) =21 (x)-(x+1)

trén doan [*33] bang

A. 2f(3)-16 B. 2/ (-3)-4
C. 2£(0)-1 D. 2/ (1)-4
Li gigi. Taco g'(x)=2f"(x)-2(x+1)

; TOAN HQC
S6 539(5-2022) & uéntr;e
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Li gidi. Ta co: g'(x)=6f7(2x-4) f"(2x-4).

y
Ham sd g(x) = [f(2x—4)]3 nghich bién
& o g'(x)<0 6,7 (2x-4) f'(2x-4)<0
2 & f(2x-4)<0 (vi f*(2x-4)20,vxeR).

Dua vao d6 thi ham sé y = f'(x) ta cé:

2 ; 2x—4<-2 x<1
f'(2x-4)<0& S PP
Dua vao dd thi ta thiy: . i x—' B SH
P Do d6 ham s6 nghich bién trén cac khodng:
g'(x)=0<:>f'(x)=x+lc> el (—oo;l), (2;3). Chon C.
x=3
Béng bién thién
2 —0 -3 1 3 +00
g'(x) = TR PO R
Phwong phdp.
g(x) Buéc I: Lap bang bién thién cua ham s

h(x) =f[u(x)}+v(x) :

Budc 2: Lap bang bién thién cia ham s6 g(x) hodc

max g(x)=g(1)=2/(1)-4. ChonD.

[-3:3]

bang xét déu cia g'(x). Tir d6 tra 16i cac yéu cau

cua dé bai.
Phwong phdp.
Buéc I: Tinh g'(x)= k.u'(x).f’[u(x):l.[f[u(x):HH
véi keN, k>2).
Budc 2: Lap bang bién thién ciia ham sé g(x) hodc
bang xét déu cia g'(x). Tir d6 trd 16i céc yéu cau 7
clia d& bai.
1
NI
I x
YA
y=1'(x)
2 ) P Loi gigi. Xétham h(x) = f(x*)+x*. Ta cé:
h'(x)= 4x3f'(x4)+2x = 2x|:2x2f'(x4 )+1];
H(x)=0 2x[2x2f'(x“)+1] =0
x=0
= 20 f'(x*)+1=0 (1)
A s
SG53965-2022)
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' 1 Ham so ) f )—4x’
(1)<:>f(x4)=—§ (x#0) (2). / ’M . ‘

Pt x* =1=>x* =/ (¢>0), PT(2) tr& thanh: " o ik g
L (15400 ]) B.(—0;0)

f())==57 (>0) (3). Lévi gidi. Dit g(x) =121 (x)-4x’.

Ta v& d6 thj ham s§ y =f'(x) va& y=x" trén cing

A . \ A 1 A \ A
V& d6 thi ham s6 y =— trén cung hé truc toa
2Jx mét hé truc nhu hinh duéi.

dd v6i ham s6 y =f'(x).

Yy i‘ 4?)/ y \y x?
1 { / ’/( ;
i v,:\\ - ,A/u;"';\,v\%_o !¥, —> l' ,,’/’ )
/ =8 N 1--X
X y=-— 1}
y=f'® [ 2/x ~~ b

Dua vao dd thi ta c6 phuong trinh (3) c6 nghiém du 5
: ) . 8 4/_( ) E ’ Ta c6: g'(x)=12f'(x)—12x2.
X=4aa

x:—{‘/;. x=0

Dodé: g'(x)=0< f'(x)=x|x=1.

nhit t=a>0=>x' =g

Bang bién thién:

x=2
P _a 0 42 +o | Vig(0)=12.£(0)-4.0° =0 néntacé BBT:
e 0 - 0 + o0 - x |- 0 1 2 4 +wo
e g'(x) L o W T
hx) @+ S@+e o LN
it i e 0Tyl oo
f@+a f@+a e
g(%) |\ 7\ Vs \\ /1 Dya vao BBT suy ra him s§ y = I g(x)l dong bién
0 0ifie -’ 0 trén céc khoang (0;2),(a;+0) (véi a>2).
Duya vao BBT, suy ra hamsd g(x) = l f (x4)+x2’ c6 ChonD.
5 diém cye tri.Chon C. BAI TAP TU LUYEN
Thi (hﬁ :15 Cho ham so6 v f(x) 1‘-"L n tuc trén ’ ( ’;u{i 1. ChO hém Sé y=f(x) Dé thl hém Sé
f(0)=0 va do thi ham so y= f'(x) nhu hinh vé y=f'(x) nhu hinh bén duéi.
',:(Ay /
[y=f't)
1y \ /
) 2 \ /
. & I® /
[ / \ [\ /
=Y o I~

/ A2 \x Ham s6 g(x)=f(\/x2+2x+3—\/x2+2x+2)

ddng bién trén khoang nao sau day ?

AN HQC
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C. (%&ocj D. (—1;+oo).
Céu 2. Cho ham s6 y = f(x) c6 dao ham trén R.

Biét dd thi ham s6 y = f”(x) nhu hinh v&.

Biét S la tap tit ca cac gia tri nguyén cua tham s0
m thoa mian me(-10;10) sao cho ham )
g(x)=f(x—m) dbng bién trén khoang (~2;0). SO
phén tir cia tap S 1a

A.S B. 7

C.6 D. 4
Céu 3. Cho ham s6 f(x) c6 dao ham lién tyc trén

R va d thi ham s6 f'(x) nhu hinh vé.

Aky

\ y=f'®

\ 12
1

o7 17\ 2 3
2

C6 bao nhiéu s6 nguyén m dé ham sb
y=f(x*+m) c6 ding 3 diém cyc trj ?
A. 2

C. 4

B.5
D. 3

Ciu 4. Cho ham s6 f(x) c6 dao ham lién tuc trén

R _ Db thi ham sé y = f'(x) y

nhu hinh  bén va

f(-1)=f(2)=0. 3
-1 \0 2\ J4

TOAN HOC
16 cusige

S6 539(5-2022)

2 I4
Ham sb g(x) = [f(xz —3)] ddng bién trén cac
khoang nao dudi day?
A. (1;2) B. (0;1)
C. (-10) D.(-2-1)
Céu 5. Cho ham s6 y= f(x)c6 dao ham trén R.

Biét dé thi ham s y = f’(x) nhw hinh v&.

’1

Hamsd g(x)=f(x)+x datcyc tidu tai diém

A=
C. x=-1

B. x=2

D. x=0.

CAu 6. Choham sb y = f(x) c6 dao ham lién tuc
trén R. Db thi ciia ham s6 y = f'(x) nhu hinh

veE.

Ham s6 g(x)=f(1-2x)-2x" +2x+4 ddng bién

trén khoang nao dudi day?

A. [—2;—%) B. (~o-2)

C. (—-;—;+oo) D. (—%;2)

Céiu 7. Cho ham y = f(x) c6 dao ham lién tyc trén

R va dd thi cia ham sé y = f'(x) nhu hinh v&.
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Dit g(x)zf(x—m)—%(x—m—l)z+2021 v6i m
la tham sb thyc. Goi S Ia tdp cac gia tri nguyén
duong cia m dé ham sé y=g(x) dong bién trén
khoang (5;6).

Téng cac phén tir cia S bang

A. 4 B. 11
C. 14 D. 21

Cau 8. Cho ham s y= f(x)c6 dao ham lién tuc

trén R. D6 thi ham y = f’(x) nhu hinh v&.

4

>

N

Pt h(x)=3f(x)-x’+3x.

Ménh dé nao duéi day dung ?
B. max A(x) = 3f(—\/§)

A.max h(x)=31(1) oay
[-V3;4/3]

[-V3:43]
C. max h(x) = 3f(\/§) D. max (x) =31 (0).

[-V3:\3] [-V3:3]
Céu 9. Cho ham s6 y = f(x) c6 dao ham lién tuc
trén R, f(-6)<0 va bang xét ddu dao ham nhu

sau

x —o0 -2 2 +00

f'(x) = o Vi B~

Ham sé y =]3f(—x“ +4x* - 6)+2x° —3x* ~12x°

cd tat ca bao nhiéu diém cyc tri?

A. 7 B. 4 C. 1 D. 5
Céu 10. Cho ham s6 y = f(x) c¢6 dao ham lién tuc
tren R va f(0)=0;/(4)>4. Biét ham sb
y=f"(x) c6 @ thi nhu hinh v,
S6 diém cyc tidu cua ham sé glx)= ’f(xz)—le 1a
A. 2 D. 0

B. 1 C. 3

Cau 11. Cho ham da thtc y:f(x) dao ham trén
R, f(0)<0 va co db thi ham sb f'(x) nhu hinh

V€.

S6 diém cuc trj ciia ham sb g(x)=|f(x)+3x 1a
A. 5 B. 6
C. 4 D. 3
Cau 12. Cho ham s§ y= f(x) lién tuc trén R va
ham s6 y = f'(x) c6 dd thi nhu hinh v&.
Y4

\-:1 1%

s \ %
y=f')

f(1-2sinx)+cos2x+2sinx—1>m

Bit phuong trinh

c6 nghiém trén doan [O; 77] khi va chi khi

A. m< f(-1) B. m< f(1)

C.m> f(-1) D. m> f(1)
Cau 13. (Trich dé tham khdo t6t nghiép THPT nam
2022 cua B$ GD&DPT) Cho ham sb f(x) c6 dao

ham 1a f'(x) =x* +10x,Vx € R. C6 bao nhiéu gia

tri nguyén cia tham s60 m dé ham sb

v = f(x* —8x* + m) c6 dung 9 diém cuc tri?

A. 16 B. 9 C.15 D. 10

: TOAN HQC
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HUYNH NGUYEN LUAN LUU - NGUYEN THI DUY AN

"

(Trung tam Thang Long, TP. Ho Chi Minh) v,

G hoc ki I nam 16p 10 céc em hoc sinh ¢6 hoc vé
b4t phuong trinh (BPT). Déy 1a dang todn doi hoi
k§ ning tinh toén phai tét. Hon nita, néu ching ta
khong ndm vimg mét s6 k§ thudt thi khi giai ta s&
lam cho bai toan phuc tap thém. Trong bai viét
ndy ching t6i xin gi6i thidu dén cac em mot
chuyén d& nho vé cach gidi mot s6 bat phuong
trinh.

Loi gidi. Diéu kién: x> 2.
(1) & (o +4x)x* —2x +82 (32" —4x)2x .
bat a=\/;c2_—_2;‘b=\/—2_3_c . Suy ra:
x* +4x=a’+3b%; 3x* —4x=3a’ +b".
BPT trén tré thanh:
(@ +3b%)a+8>(3d° +b*)b
<:>82(b—a)3 <:>22b—a<:>\/£S\/;c—2—_2;+2
<:>2x$x2—2x+4+4\/;——2x
& (x=2)" +4Jx* —2x 20 (ludn ding).
Vay bit phuong trinh c6 tap nghiém la:
§=[2;+).

Loi gidi. Piéu kién: x< —1-

(1) (x=1) —(1-2x) 2 (¥* = 3x+2)3/1-2x
Pit a=x-1;b=+1-2x . Suyra:

N

S35 539(5-2022)

a<0;b>0 va x’-3x+2=a’-a.
BPT trén trd thanh:

- 2(a* -a)b o> (a’ —a’b)+(ab~b")20
<:>a2(a—b)+b(a—b)20
& (a-b)(a* +b)20 (ludn ding).

Vay BPT (1) c6 tdp nghi¢m la: § = (—oo;%:] '

bal

Léi gidi. Didu kién: x21.
Pita=Vx-1;b= V2x. Suy ra:

2 52
b®-2a =1

a>0;b>+2 va

BPT trén trd thanh:
bt ~24* ’

5 ] +a(b—3a)3 >0

c{l—z(ﬂﬂ +43(1-33) >0 (2).
b A

Dit ¢ = -Z-. Didu kién: ¢> 0. BPT(2) tré thanh:

1+a(b—3a)320<:>(

(1-222) +41(1-3t) 20
o (2:—1)[:(52t2 —28t+6)+1]20

©2t—120<:>t2%.

Véi tZ%:Zx/x—IZ\/-Z;@4x—4.>_2x<:>x22.

Vay BPT(1) ¢ tap nghiém la: S =[2;+).
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Lo gidi. Dieu kién: x > 4. BPT tuong duong véi:

2x(\/x+4—\/x—4)—(\/x+4+\/x—4)516.
Dit t=Vx+4-Vx-4>0=JVx+4+/x-4 o,

t
:>4x=(\/x+4+\/x—4)2+(\/x+4—\/x—4)2
64

2
=—+17,
2
t

Do d6 BPT trén tr¢ thanh:

1(64
E(f—zuzjt—?sm@t“ -32t+48<0

<:(t—2)2|:(t+2)2+8]50<:>t=2.

Véi t=2,taco:

VX+4—Jx-4=2eJx'—16=x-2 > x=5.

Véy BPT c6 tép nghiém S ={5}.

Dal >

Loi gidgi. Diéu kién: x> %

bit t=v2x+3+V2x-3>0=>y2x+3-/2x-3 =§

=8x=(v2x+3 +\/2x—3)2+(\/2x+3—\/2x—3)2

36
=t2 +7.

Do d6 BPT trén tré thanh:
l[3'—26+t2j§3t3 <1° -3 -10820
2%t t
<:>(t2 —-6)(* +3¢* +18)20 <12 /6.
Véi 126 =V2x+3 +/2x-3>6

S Vax* -9 +2x-320 (*).

Do d6 BPT(*) luén ding Vx > %

Vay BPT c6 tap nghiém S = [% ;+ oo).

Léi gii. Pidu kién: x>1.

bit t=J;cT2—\/;TI.Diéu ki¢n: #> 0. Suy ra:
P =2x+1-We+x-2

=2V’ +x-2 =1 -2x-1.

BPT(1) trd thanh: £* +(x+6)¢~(2x" +3x-5) >0
c>(t—x+l)(t+2x+5)20
St-x+120 (vi t+2x+5>0Vx>1).

Véi t—-x+120=\x+2 -Jx—1>x-1

SN x+22(x~1)+\/x_—_1
@ x+22(x=1) +2(x-1)Vr-T+x-1
& (x-1) +2(vx-1) -3<0

SVx-1<51x<2,
Pbi chiéu véi didu ki¢n, ta dugc tap nghiém cua
BPT I: S=[1;2].

Loi gidi. Diéu kién: —1<x<1.

Dit t=+1+x ++1-x. Diéu kién: £>0
2
= Pl 2 = Jlo et > 2

BPT(1) tré thanh:

2

2t + 22x* +4x -1 +4t>4x +8x

<:>t2+4t24x2+8xc>(t—2x)(t+2x)+4(t—2x)20
< (t-2x)(t+2x+4)20

St-2x20 (vi t+2x+4>0,Vx>-1).

V6i t22x > 1+ x +/1-x 22x (2).

THI: —1< x<0 (théa man bit phuong trinh (2)).
TH2: 0<x<1.

S8 539(5-2022)
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2x* -1<0
Q) oN1-x 228 1| (26 =120
4x* —=3x* <0
1 1 o bl b
RR 2o ol
= = \/.5
1eped B e
2 4 2 2
1 NE)
& ——<x<—.
2 2

So voi didu kién, ta duge: 0<x < ?

Két hop ca hai truong hop, ta dwoc tip nghiém
\/gj\

ctua BPT da cho la S=|i—1;—2— .

Bai 8. Gidi bdt phuong trinh:

a1+ (x—1)vVx* -=2x+221-2x.
a=vx*+1

Lai gigi. Dt {

b=+x*-2x+2
3 i
:>a2—b2=2x—1:>x=g——§—+—l.

BPT trén trd thanh:

232 3 _ g
a -b +la+a b lb > b — g
2 2

<:>(a2—b2)(a+b) (a—b >2(b2—a)
@(a—b)(a+b)2+ ( b2)+(a b)20

& (a-b)(a+b+1) 20 a-b20

<:>\/;c2+12\/x2—2x+2 St +12x*-2x+2

1
oSx2—.
2

Vay BPT c6 tap nghiém S = B;+ oo).

3. K§ thuit nhin lwgng lién hop cé danh gia
Bai 9 (P& thi PH KD nim 2014). Gidi bt
phuwong trinh:

(x+1)Vx+2+(x+6)Vx+7 2 x> +7x+12 (1).

Loi gidi. Didukién: x+2>0& x2-2.

TOAN HOC
20 e
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(1)<:>(x+l)(\/x+2—2)+(x+6)(\/x+7 -3)
>x*+2x-8
x—-2 x-2
b A e PO o

2(x—2)(x+4)

x+1 x+6
< (x-2 + —(x+4)(=0 (2).
( )[\/—X_‘i‘—2+2 Nx+7+3 ( )]
Ta c6:
x+1 x+6 x+2 x+6

+ < +
Jx+2+2 Nx+T7+3 NJx+2+2 Nx+T7+3

x+2+x+6_5x+18
2 3

<x+4Vx>-2.

Suy ra: (2 x-2<0&x<2. So voi didu
kién, ta nhan -2 < x<2. Vay BPT c¢0 tap nghiém
1a §=[-2;2].

Binh lugn. Day 1a mt bai BPT dep, hau nhu céc

em kha gioi déu bién dbi dugc vé BPT(2), dén day

thi da sb cac em vuéng vi khong biét cach danh

gid. Mot sai 1dm phd bién khi ta danh gia
x+1 x+1

\/x+2+2 2

dung khi x+1<0. O day ta chi cin dé y tinh chat
don gian sau:

,Vx>-2 vi diéu nay khong

Ch o< RigicBa >0 thi 22,
c
tinh chét nay dung dé danh gié cung mau duong

céc phan thirc khi tir vira &m vira dwong. Vén dung

P P i B ke BT
Je+r242 Wwt2 42 ’

1a dénh gia méu chdt dé giai hoan chinh bai toan.
Bai 10. Gidi bat phuong trinh:
(x+1)Bx—1+(Bx—1)Vx+123x* +2x-9 (D).
Loi gigi. Didu kién: x> -1.
() & (x+1)(Br=1-2)+ (3x-1)(Vx+1-2)
>(x-3)(3x+3)

3(x-3 x-3
< (x+1 +(3x—-1)—/——
( )(33x—1+12+3 ( )Vx+1+2
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3(x+1) i f(x)=(x+1)(\/x+7+\/4x—2)—
& (x-3) ; =3(x+1)[20 (2).
( 1) +3 Vx+1+2 £ A X 1
ta thay f (x) dong bién trén —;+ooj nén suy ra
2
. 3(x+1) 3(x+1)
Ta c6: 7 =< ; 1 3 fi5 1
(¥3x Pr-1+1) +3 3 f(x)zf[a)za /?-3>0, ‘v’xe{gﬁoo),
3x—1 . 3(x+1) <3(x+1) trdotacd: ()= x-3<0e x<3.
Vatl+2 Vx+1+2 2 Bai 12. Giagi /nﬁp/um‘ng trinh:
Suy ra: ==
y Vx — x? ‘ V1=2x% = \/2.\"—1)§ ] x L (1).
3(x+1) 3x-1 _5(x+1)
> +\/_ - <3(x+1). { {
(Bx-1+1) +3 Vx+1+2 Léi gii. Didu kién: 3S¥S 5 Tacs:

Do d6: (2) < x-3<0< x<3. So véi didu kién,
) e ) & Vx-x (- x* =2x+2)
ta dugc: —1<x<3. Vay BPT c6 tip nghiém la

S=[-13] S(l—x—xz)(\/l—2x2+\/2x—l)
Bai 11. Gidi bat phuong trinh: <:>(1—x—x2)(\/2x—1 O —2\/x—x2)20

Vx+7 +x* -2x—-3<J4x-2.

2x? —2x+21/(2x—1)(1 -2¢*)
>0

x/2x—1+\/l—2x2 +2\/x—x2

Léi gidi. Diéu kién: xZ%. BPT di cho tuong < (1-x-x

duong véi: ( ~\2
V2x—1-+/1-2x
e X’ ~2x-3+Jx+T7-Jdx-2%0 <:>(1—x~x2) ) <0
2 x+7—4x+2 V2x—1+1-222 4 25 =
< <0
- (S S ey [V2x—1-v1-2¢ =0
3(3-2) S| |Vax-1-+1-2¢ 20
S (x+1 X b e
( )(x ) NX+7 +4x - TR
<:>(x—3)[(x+1)(\/x+7+\/4x—2)—3:ISO *). e
xX=—
1 3 2
Véi x2=,tach: x+12> va N
01 X 5 aCo: x+ > va _1—\/5 _1+\/§
2 x < > vx> 2
(Vx+7+Vax=2) =5 +1)+2J(x+ D@x-2) .

2 15 @x<—1_\/§ hodc x>_1+J§
= (Vx+7+Vax-2) 25(x+1)2— T2 PR g

So v6i diéu kién, ta dugctap nghiém cia BPT da
:\/x+7+\/4x—22‘/£. .
2 chola S =

—1+\/§_ 1 J
3 15
Suy ra: (x+1)(Vx+7 +Vax-2)> 5\/; >3, 4. Ky thut dimg ham sé aé gii

2 Wi
Do d6: (*) < x—-3<0< x<3. Vay BPT c6 tap Bai13. Gidi bat phuwong trinh:

3—x

+

1
e 1
ngh1¢mlaS={5;3}. V6—x x+2

Loi gii. Diéu kién: —2< x<6.

—120%(1).

Binh lugn. Khi xét ham so

OAN HOC
P91
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: 3—-x 1 :
Xét ham sO0 f(x)= + —1 lién tuc
F&) 6-x ~x+2
trén (-2;6) co:
fl(x)= x=9 0 obe b |0, vre(-2:6).

1

2|(E=) ()

Suy ra ham s6 nghich bién trén (-2;6). Do do:
(1)<:>f(x)20<:>f(x)2f(2)<:>xs2.

So véi didu kién, ta duge: —2 < x<2. Vay BPT ¢

tap nghiém 1a S = (—2;2].

Loi gidi. Diéu kién: x >1. Ta c6:
(1) < (2x+2)V2x+3 +(x+12)Vx—1-6x-220.
Xét ham s
f(x)=(2x+2)\/§+_3+(x+12)x/):—6x—2
lién tuc trén [1;+ ). Ta co:

, 6x+8 3x+10
L= e

1 13
>—|3x-1+ A6
2( \/x—lj

>+/39-6>0, Vx e[l;+®).
Suyra f(x) ddng bién trén [1;+ o).
Do d6: f(x)2f(1)=4J5-8>0Vxe[l;+w)
=> BPT(l) ding Vxe[l;+).Vay BPT cé tép

nghiém 14 S =[1;+ ).

Lai gidi. Diéu kién: x>1.
bat t=+vx-1, suy ra: x=t*+1. BPT(1) tr¢
thanh: (2¢’ +4)\/2t2 +3<10-13¢+ 682 - ¢

<:>(\/2t2 +3)3 22 13- +2-0) ).

Pit u =+2¢* +3;v=2—t, BPT(2) tr& thanh:

w+usv' +v (3).

S8 539(5-2022)

Xét ham sé f()=f£+t lién tuc trén Rco
fl()=3"+1>0,VieR nén f(?) ddng bién
trén R. Do do:
(3)<:>f(u)$f(v)<:>uSv<:>\/2t2 +3<L2-t
C>t£x/§—2<:>xﬁlo—4\/§.

So voi diéu kién, ta dugc tap nghiém cua BPT 1a
5 =[1;10—4«/§].

Binh lugn. Thoat nhin ta cir nghi bai nay c6 thé
giai giéng nhu bai 11 nhung thyc té lai khong nhu
vay. Do c6 nghiém x4u nén viéc giai bang k¥ thut
nhan lugng lién hop gip nhidu kh6 khin, dat
a=~2x+1;b=+x-1 rdi biéu dién cac biéu
thirc con lai theo a,b bing k¥ thuat hé s bat dinh

rht phirc tap, ta nhan thy cach giai trén 1a tdi wu
hon ca.

Léi gigi. Pidu kién: xeR.
bat a=vVx*-x+1=>1=a’>—x* +x. BPT trén

tr& thanh: 1+ xv/x® +1> a(1+\/a2 +1)

od - +x+xix* +1>a+ava’ +1 (1)

o - +x+xxt+1>-a*+a+ala® +1.

Xét ham s f(f) =—> +t+ 1> +1 lién tuc trén

2

t

Rco: ()=~ +1-2t+1+
(\/t2+1—t

)2
=~ +1>0,VteR

V2 +1
nén ham ddng bién trén R. Do d6:
O e f(x)>f(a)ox>a
Sx>Vx-x+lex>1.
Vay BPT c6 tap nghiém S =(1;+ ).

Bai

2 +1

Loi gidi. Didu kién: x> 2.
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Vi/ahi

CAC LOP THCS

Bai T1/539 (Lép 6). Cho s A=100...02008ab

(c6 2008 chir s6 0 giita hai chit s 1 va 2). Hay tim
céc chir s6 a va b dé A chia hét cho 41.

PO QUANG MINH

(GV THCS Nguyén Bé Ngoc, An Xudn,

Tuy An, Phu Yén)

Bai T2/539 (Lép 7). Néu viét s6 2108 thanh tng

clia c4c s6 chinh phuong thi phai cin it nhét bao
nhiéu sb hang?

NGUYEN THANH CHUONG

(GV TH, THCS&THPT Archimedes Dong Anh, Ha Néi)

Bai T3/539. Giai phwong trinh nghiém nguyén
11x% +2xy +16y* +4="72".

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Nji)

Bai T4/539. Cho tam gidc ABC khong 13 tam giac
can véi AB + AC = 2BC. V& duong tron (O) va
dudng tron (7) 1an luot 1a dudng tron ngoai tiép va
dudng tron ndi tiép tam gidc ABC. Dudng tron (1)
tiép xtic véi canh BC tai D. Tia AI cét dudmg tron
(O) tai diém khéc 1a M. Tia MD cét dudng tron
(O) tai diém khéc 13 E. Tia AE cht duong thing
BC ¢ K. Chimg minh ba diém K, 1, O thing hang

NGUYEN TAN NGOC

(GV THCS P. Binh Bjnh, An Nhon, Binh Dinh)

Bai T5/539. Cho x, y, z 1a céc s6 thuc duong théa
mén x + y + z = 3. Tim gi4 tri nho nhét cua biéu

2 2 2
thirc P=\/x+3+\/y+3+\/z+3+ X +y +z .
2(xy + yz + zx)

HOANG NGQC MINH
(GV THPT chuyén KHTN, DHQG Ha Ngi)

CAC LOP THPT
Bai T6/539. Giai hé phuong trinh
X +y*+y=5
{x3 +y’ +6xy=8
DPAO VAN TRUNG
(GV THPT Hupnh Thiic Khang, TP. Vinh, Nghé An)
Bai T7/539. Cho hai s6 nguyén duong m, n. Ki
higu: A=(1+n)"(1+m)" -(1+n)" —-(1+m)"
va B=(1+n)"(1+m)" —(1+n)" —(1+m)".
Tim s6 du khi chia A—mnB cho (mn)*.
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bic Ninh)
Bai T8/539. Trong khéng gian cho 5 diém 4, B,
C, D, E phan biét. Goi M, N, P lan lugt Ia trung
diém cac doan thang nbi trung diém céac cdp canh
BC va DE, CD va EA, DE va AB. Chimg minh
rang ba duodng thing AM, BN, CP ddng quy.
LE HOAIBAC
(GV THPT Nguyén Vén Cir, Xuén Som, Chéu Diic,
Ba Rja-Viing Tau)
Bai T9/539. Cho tam gidc ABC c6 AB=c, BC =a,
CA = b va néi tiép dudmg tron tim O, céc dudng
trung tuyén AA,, BB,, CC; lan luot cit dudng tron
tm O tai 4, B,, C,. Goi G 1a trong tdm tam giac

ABC, ching minh ring
1 1 1 9
+ + < !
G4, GB, GC, g*>+p*+c?

PHAM DUY KHANH
(GV THPT Quy Chéu, Nghé An)

TIEN TOI OLYMPIC TOAN

Bai T10/539. Tim hang sb 16n nhét m sao cho véi

mdi sé n nguyén duong bét ky ludn c6 téng cac

uéc s6 nguyén t6 (khong nhét thiét phan biét) cua
n s€ khong nhé hon minn.

TRAN QUOC HOAN

(K50CA — Dai hoc Cong nghé, PHQG Ha Nji)

TOAN HOC
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Bai T11/539. Tim tit ca cac ham ff R —»R" thoa
man: f(x+yf(x))=f(x)+x(»), Vx,yeR".

NGUYEN TAI CHUNG

(GV THPT chuyén Tran Phii, Hai Phong)

Bai T12/539. Cho tam giac nhon ABC (4B < AC),
¢6 cac dudmg cao BE, CF cht nhau tai H. M, N lan
luot 1a trung diém ctia AH, BC. Duong tron duong
kinh AH cit AN tai diém th@r hai 12 U khic 4. EF
cit AH tai T. K 1a diém ddi xtmg voéi U qua BC.
Ching minh KH, NT cét nhau tai mot diém thudc
dudng tron ngoai tiép tam gidc MBC.
TRAN DAILO
(GV THPT chuyén Lé Quy Dén, Dién Bién)
Bai L1/539. Mot con lic 16 xo dat trén mat
phing nim ngang gbm 10 xo nhe co

d6 ctrng 20 N/m va vit nho khdi lugng 400 g. He

s6 ma sat truot gittra vat va mat phing ngang la
0,1. Ban diu gii vit & vi tri 10 xo0 bj dén 6 cm 10i
budng nhe @8 con lic dao dong tt din. Lay
g = 10 m/s>. K& tir lic budng vt cho dén thoi
didm tdc d6 cta vat bat dhu giam, thé nang cua
con ldc 10 xo da gidm mot lugng bang bao nhiéu?

VIET CUONG (Ha No¢i)

Bai 1.2/539. Dit dién 4p xoay chidu Uy = 100v2 V
khong dbi vao hai diu doan mach RLC ndi tiép,
cudn day thuin cam. Khi néi tit tu dién C thi dién
4p hiéu dung giira hai dau dién tro R tang 2 lan va
dong dién trong hai truong hop vudng pha voéi
nhau. Pién 4p hiéu dung giira hai dau dién tro khi
chura néi tit v6i tu dién 12 bao nhiéu?

THANH LAM (Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/539 (For 6" grade). Given

A=100...02008ab (there are 2008 digits 0’s

between the digits 1 and 2). Find the digits a and
b so that 4 is divisible by 41.

Problem T2/539 (For ¢ i grade). Find the least
possible number n so that we can write 2108 as a

sum of » perfect squares.
Problem T3/539. Find integral solutions of the
equation 11x° +2xy +16y° +4=72".

Problem T4/539. Given a scalene triangle ABC
with AB + AC = 2BC. Let (O) and (/) respectively
be the circumcircle and the incircle of ABC. (D) is
tangent to BC at D. The ray 4/ intersects (O) at
the second point M. The ray MD intersects (O) at
the second point E. The ray AE intersects BC at K.
Show that K, I, O are collinear.

TOAN HOC
* Cluéilpé
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Problem T5/539. Given positive numbers x, y, z
satisfying x + y + z = 3. Find the minimum value

of the expression

' 2 2, 2
P=+x+3+y+3++z+3 s
2(xy + yz + zx)
FOR HIGH SCHOOL

Problem T6/539. Solve the system of equations
Bt ryi4y=5
X+ +6xp=8
Problem T7/539. Given two positive integers m,
n.Let A=(1+n)'(A+m)" —(1+n)" —(1+m)"
and B=(1+n)"(1+m)" -(A+n)" —(1+m)".
Find 4 - mnB mod (mn)’.
Problem T8/539. Given 5 different points 4, B,

C, D, E on the space. Let M, N, P respectively be
the midpoints of the line segments connecting the

&
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&~ midpoints of the pairs BC and DE, CD and
EA, DE and AB. Show that the lines AM, BN, CP
are cbncurrent.
Problem T9/539. Given a triangle ABC with 4B
=¢, BC = a, CA = b, The medians 44, BB, CC;
respectively intersect the circumcircle (O) at A,
B;, C,. Let G be the centroid of 4ABC. Show that
1 1 1 9
+ + < .
G4, GB, GG F pn
TOWARDS MATHEMATICAL OLYMPIAD
Problem T10/539. Find the largest possible

number m so that for each positive integer n, the

sum of the prime divisors (not necessarily

different) of n is not less than mInn. ;

MQT SO KY THUAT ...
Cach 1. Viét lai BPT(1) vé dang:

(2x—2)\/2x—1 - ()C2 —2)c—1)\/x2 -2x

(Tiép theo trang 22)

).

2x x*=2x+1

a=2x-2 T
bat . biéu kién: a,b > 0.

b=x*-2x-1
ava+1 . b\b +1 3)

BPT (2) thanh:
a+2 b+2

Xét ham sé f () = ’tle

lién tyc trén (0;+ )

2
co: f'(t)=5(—;%>0 Vit e(0;+0)
nén f(¢) ddng bién trén (0;+ ).
Dodo:  (3)< f(a)2f(b)

Saz>b

Sx-4x+1<0
S 2- \/5 <x<L2+ \/5
So véi diéu kién ta dugc tip nghiém ciia BPT 1a

S=[2;2+ﬁ).

Problem T11/539. Find all functions f: R* — R*
satisfying

S+ ()= f(x) +3 (), Vx,yeR".
Problem T12/539. Given an acute triangle ABC
(4B < AC). The altitudes BE, CF meet at H. Let M
and N respectively be the midpoints of 4H and
BC. The circle with the diameter 4H intersects AN
at the second point U. EF intersects AH at T.
Suppose that K is the reflection point of U in BC.
Show that KH, NT meet together at some point on

the circumcircle of MBC.

Translated by NGUYEN PHU HOANG LAN

(Colfege of Science — Vietnam National University, Hanoi)

Cdch 2.
D& (x=1)' V212 (% =227 +x)Va? — 2x
& (x-1)'V2x-12(x-1) V¥ - 2x

+(x2 —4x+l) ¥ Dx

& (X% —4x+1)| VX2 =2x + (x_1)3 <
( & 1)( : x/2x—1+\/xz—2x]_0

<:>x2—4x+130<:>23xs2+\/§.

BAI TAP TU LUYEN

Giai cac bat phwong trinh sau:

1. (x—3)(\/2x—1+\/})2 > (x—1)?

3 \/x+§+\/2—x+ = <4

s 2—-x

2 3
3 X +x—23/2x+3 =\/x—+§
2x+3-3

32X +54 2 x+2 > —8x% +25x-13
c(2x+AV5-x +(x D5+ xF <Tx+5
e (= x—6Nx=1+(x-2x+1>3x* —9x+2.

N

19/ o

(=)
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Bai T1/535 (Lép 6). Cho a, b la cac so tu nhién le
cung nhau. Tim tat ca cdc gia tri co the
L 972

f’,\.,‘\“ 2°+2 2il; 2 B (I’(h

1 la woe chung lom nhat cua hai SO

Léi gidi. Nhdn xét 1. Véi céc s6 ty nhién duong,
n,pmam=n+pthi ged(m;n)=ged(n;p).
That vay, dit e = ged (m ; n) va f = ged (n; p) thi
e 1a udc sb chung ctia m va n nén e 1a uéc sb
chung cuan vap =m — n do 6

es< f=ged(n;p),
con f =ged (n;p) thi f 1a udc s6 chung ctia n va
pnén f laude s6 chung cian va m =n+ p do d6
f<e=gcd(m;n),suyra e= f.

Nhdn xét 2. Gia st c6 cac sd tw nhién duong m, n,
pmém=n+p,xétcépsén,p.Néun>pmé
n=p+qtalépd5ysédu'0'ngm>n>p>qkhi
p>q,hoéclé\pdﬁyséduo‘ngm>n>q>pkhi
q > p. Lam tuong ty néup > n. Tiép tuc xét cip s6
nhé nhit trong mdi diy s s&p thir ty nhu thé, do
céc sb hang déu 1a s& tw nhién duong sép thir ty
nho din nén ta duge ddy sb sip thir ty nhé dan véi
khong qua m s6 hang. Gia sir véi day sdm>n>p
> g ta dugce cac s6 hang duong nho nhit 13 u, v v6i
s>t>u=v>0(@{=u+v =2u).

Theo Nhdn xét 1 ¢6: ged (m ; n) = ged (n; p)
=ged(p;q)=...=ged (s;0)=ged (;u)
=ged Qu; u)=u.

Tuong ty vai cac day s6 khac ciing c6 ged (m ; n)

= u v&i u 12 sb hang duong cubi cling cla diy s6

do.

Tré lai bai toén voi gia st ting a > b. Dt

a+l b+1

e=ged (2°+272 +1;2° 4272 +1)

TOAN HOC
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a+l
thi ela udc sb cua 2° +2 2 +1 nén 1a wc so cia
a+l £+_1
(2°+27 +1)(2° =27 +1)
=@+ 1) -2 =22+ 1=4"+],
tir d6 e 13 wéc s6 clia
@+1)@*-1)=4"-1=16"-1.

Lap luan tuong tyr thi e 14 woc sé cia 16° — 1. Tir
d6 e 1a udc sb cua

16°— 1 — (16" - 1) = 16" — 16" = 16°(16** - 1).
4 4% + 1 1a s6 1, khong chia hét cho 3 nén e 14 sb
16 va khac 3, do d6 e 12 uéc sb cia 16*° — 1 va
khac 3. Dita — b= c thiela udc sb cua 16°— 1.
Theo Nhdn xét 2 xét cip sb b, ¢ ta co diy sb
dwong sép thit twya > b>c>d khib = c +d hodc
c6 day s6 duonga>c>b>d khic=b+d. Tiép
tuc xét cip sb nho nhét trong mbi day sb trén, gia
str s& duong cudi cing (nhod nhét) trong diy s6 d6
lau=v thiged (a; b)=u,maged (a;b)=1nén
u = 1. Tuong tmg v6i ddy s6 duong sép thir tw do,
e 1a wdc s6 chung cia 16°—1va 16°— 1, e la udc
s chung ctia 16° — 1 va 16°— 1, ... nén cudi cing
(do u = v) e la udc s6 cha

16*-1=16=1=15.
Vi e khac 3 nén chi c6 thé e bing 1 hoic 5.
Chéng han, khia = 3,5 = 1 thi
e=ged (22+22+1;2+2+1)=ged (13;5) =1,
khia=7,b=1thi
e=ged (@+2*+1;2+2+1)=ged (145;5)=5.
Nhgn xét. 1) C6 thé chimg minh dugc ring v6i cac
sb6 tu nhién duong a, b, ¢ va d = ged (a; b) thi
ged (¢*—1; ¢ - 1) =gt 1.
2) Hoan nghénh ban Lé Tudn Hiép, 6C, THCS Poan
Thi Piém, Yén My, Hung Yén da giai dung bai nay.
NGUYEN VIET HAI

Bai T2/535. Biét N la s6 chdn khong chia hét cho
10, hay tim chir s6 hang chuc cua so N 0 va chit s6
hang triam ciia N*.
L&i gigi. » Vi N 1a sb chin nén N chia hét cho 2,
suy ra N? chia hét cho 4. Do d6 N*° = (V*)'° chia
hét cho 4.
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Vi N 1a sb chin khong chia hét cho 10 nén N
khéng chia hét cho 5, suy ra N = 5k 1 hodc
5kt 2 (ke N). Ta cé:
Skt 1) = (5K £ 20.(50)"° +... + 20.(5k)+1
suy ra: (Sk+ 1) chia cho 25 du 13
Sk 2= (50 + 20. (5k)°2 +
e 120, 5k). 2P 420
suy ra (5k+ 2)® chia cho 25 dur 1.
Vi thé N*° chia cho 25 dur 1, suy ra N° ¢6 hai chit
sb tan cung 1a 01, 26, 51, 76. Mit khac, N*° chia
hét cho 4 nén trong céc s6 trén chi chon dugc 76.
Vay chit s6 hang chuc ciia N*° 14 7.
* Vi N 1a s6 chn nén N chia hét cho 2, suy ra A?
chia hét cho 8. Do d6 N** = N> N'7 chia hét 8.
Do N” chia cho 25 du 1 nén
N*=25m +1 (m eN).
Tacod: N°% = (25m +1)"°= (25m)"°
+10.(25m)’ + ..+ 10. 25m + 1,

suy ra N*®° chia cho 125 du 1.
Do d6 N*® c6 ba chit sé tan cing 1a 001, 251, 376,
501, 626, 751, 876. Mit khac N*® chia hét cho 8
nén trong cac s6 trén chi chon dugc 376.
Viay N*® ¢6 chit sé hang trim 14 3.
Nh@n xét. Bai niy rit it ban tham gia giai. Tuyén
dwong hai ban Bui Thi Thup Linh,6A, Nguyén Vin
Lam, 7A,THCS Ly Nhat Quang, D6 Luong, Nghé
An.

PHAM TH] BACH NGQC

Bai T3/535. Cho truoc so nguyen 1o p I1m tat

Yuyen , V) thoa man

e R e A | 5
X v ) X <p 1 D,

Loi gigi. Nhan xét
X —(p+2)x+2p+le Z=>p’ €Z =y 0.
Néuy=0, phuong trinh twong duong véi
X-(p+2x+2p+1=1
© 0=2"~(p+2x+2p =(’-px)- (2x-2p)
=(x-2)x-p)
Sx=2néup=2; xe{2,p} néu p#2.
Xét truong hop y=1 ta cé:
F-(p+2x+2p+1
=l -@+x]-G-p-D+p
=(x-DE-p-D+p.

Chi § (x~1) - (x - p — 1) = p. Do d6 néu trong
hai 86 x — 1, x—p—1 c6 mdt sé chia hét cho p thi
s6 con lai cling chia hét cho p, hé qua 1a néu
(x=1)(x-p-1) chia hét cho p thi suy ra
(x=1)(x—p~-1) chia hét cho p?.

Talaico (x—1)(x-p-1)+p=p’, p khong chia
hét cho p” nén P’ khong chia hét cho p® suy ra
¥ = 1. Khi d6 phuong trinh twong duong véi
C-DE-p-D+p=p SE-)x-p-1)=0
< xe{l, p+1}.

Nhur vy tét ca cac cép s6 nguyén (x , ») thoa man
bai toan 1a: {(2,0),(1, 1,(3,1)} néu p=2,

{(2,0),(p,0),(1,1),(p+1,1)} néu p=2.
Nhén xét. Ly luan nhu trong 1&i giai trén khong phai
1 méi. Ly luan d6 da xuat hién trong nhiéu bai toan
thudc phin “ ing dung ciia phan tich thanh nhdn tir
trong 6 hoc” cua 16p 8. Céc ban hoc sinh sau c6 10i
giai dung:
Bic Ninh: Nguyén Thi Ngin Ha, 7A1, THCS Yén
Phong, Yén Phong; Ngh¢ An: Nguyén Thj Bing
Tam, 6C, Nguyén Hai Triéu, 8B, Nguyén Tat Quan,
9D, THCS Ly Nhat Quang, D6 Luong, Cao Thj
Khdnh Chi, Cao Long, Hé Hodng Vii, 8A, THCS
Cao Xuan Huy, Dién Chau; Ha Tinh: Trdn Minh
Hoang, 9E, THCS Nguyén Trii, Nghi Xuén.

NGUYEN MINH PUC
iac ABC noi [,'(3:/) duong

Bai T4/535. Cho

tam @

tron (0O). 1 Q;) tuyén tai B va C cat nhau tai M.
OM cat BC tai I, AM cdt duong tron (O) tai N, ké
dwong kinh NP. Cac duong thang PA va BC cat
nhau tai £ va Q la giao diem cua PC va BN.
Chirng minh rang ME tiép xic véi duong tron
"}f.:’vju’;“ iep tam giac f,)/&i].

Lai gidi. Goi D 14 giao diém cia MO va PC. Vi PN 1
dudmg kinh dudng tron (O) nén PBN = PAN =90°.
Theo tinh chat hai tiép tuyén cit nhau ta c6:
BMD =90° - BOM =90°— BPC = BOD .
Suy ra tir gidc BMQD ni tiép. Tir d6:
MQB = MDB = MBN , suyra MQ = MB = MC.

; TOAN HOC
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Theo tinh chét goc tao bai tia tiép tuyén va day cung
tac6 MOC = MCQ = PBC = PNC.

Goi H la giao diém ciia PN va MQ, suy ra tir giac
OCNH ndi tiép, do d6 NH L MQ.
Ap dung hé thirc trong tam gidc vudng va do
ABMN ~ AAMB ta cd6 ML.MO = MB* = MN.MA, suy
ra tr giac ANIO ndi tiép, suy ra 410 = ANO (1).
Lai c6 MIE = MAE =90°, nén tir gidc MEAI ndi
tiép, suy ra AEM = 410 (2).
Tir (1), (2) ta c6 ANO = AEM , goi H’ Ia giao diém
ciia PN va ME thi tr gisc AEH'’N ndi tiép, dan t6i
NH’ 1 ME,dod6 H'= H. Vay M, Q, E thang hang.
Mit khac, MQ® = MI.MO nén MQ 1a tiép tuyén cta
dudng tron (0IQ), do 46 ME 1a tiép tuyén clia dudng
tron (OIQ).
Nhdn xét. Ban Nguyén Ngoc T, thon Ban Tuy, x3 Ngoc
Puong, Ha Giang sir dung tinh chét ciia tr gidc diéu
hda ABNC va tinh chét cuc — dbi cuc dé giai bai toan.
Ngodi ra, ban Trdan Minh Hoang, 9E, THCS Nguyén
Tréi, Nghi Xuan, Ha Tinh ciing cho 101 giéi tot.
NGUYEN THANH HONG
Bai T5/535. Cho cdc s6 X1, X2, ..., Xn duong.

Chirng minh rang

X, Xy >

- : + ..+
X () 2 (X 400

] | 1
> - +ot

X, + X, X, + X5

.X” * xl

S5 539(5-2022)

TOAN HOC
28 2

* Cluéilge

Loi gidi. (Ctia mét sb ban) Ap dung bét dang thirc

1 .1 e
—+—2 cho cac s6 duong x,,x,,...,X,>0 ta
a. bra+th
co:
1" sl 4o b 1 4
il - P2 e s
X X, XtX X X XtX
L .. 14 4
_+_>

Cong theo vé céc bat dang thirc, ta thu dugc:

(1 SR 1}
2l —+—+—+.ik—
b A ACED - b

n

4 4 4
o +...+

X, + X3

—xl+x2 x”+xl'
Chia 2 vé cho 2 va dem trir vao 2 vé tong
1 1 1

+ +...+

x, + X,

, ta cO bat dang

X+ E X
thirc can ching minh:
X X3 X

+ st
bR b 4y Tl (x2 +x3) X, (x" +x1)

1 1 1
> + +..+
X x5

X, + X, X, +x
Nhén xét. Cic ban sau day c6 10i giai ding:
Quang Tri : Thai Pham Thu Uyén, THPT Cam L9,
Ha Tinh: Trdn Minh Hoang, 9E, THCS Nguyén
Trdi, Nghi Xuin; Ngh¢ An: Ho Hoang Vi, 8A,
THCS Cao Xuan Huy, Dién Chéu, Nguyén Thi Thdo
Trang, 7A, THCS Ly Nhat Quang, Da Son, D6
Luong; Ha Giang: Nguyén Ngoc Ti, thon Ban Ty,
Ngoc Puong, TP. Ha Giang.

vU PINH HOA
Bai T6/535. Biét rang phwong trinh

(x—15)(x —10)(x —1964) = 2021

c6 ba nghiém la x,, x,, x3. Tinh gia tri cua biéu

thirc S = Z[(x, ~15)* + (x, —10)* +(x, —1964)’ ]

i=1
Loi gidi. Xét phuong trinh tong quét
(x—a)(x=b)(x—c)=m (1)
c6 banghiém 13 x,,X,,X, . Tinh gi tri biéu thirc
3
8= Z[(x, —a)3 +(x, —b)3 +(x, —0)3}
i=1

Phuong trinh (1) ¢ thé viét thanh
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X’ —(a+b+c)x? +(ab+bc+ca)x—abc—m=0.

Theo dinh ly Viéte, ta c6:
X+x,+x;,=a+b+c (©))
XX, + X% +x,x, =ab+bc+ca (3).
XX,x; = abc+m @)

Tu (2), @) suyra: x} +x) +x2 =a® +b> + 2.

Str dung déng thirc quen thudc, ta co:

a’ +b +c* —3abe
=(a+b+c)(a2 +b% +¢? —ab—bc—ca) (4).

3 3 3
Mtx +x —3xx,x

= (%, +X, +x,)(x7 +x} +x; —xx, T X Gk S)S
Vi céc vé phai ciia (4) va (5) bing nhau nén:

@+ +c’ -3abc=x} + X +x} ~3(abc +m).
Suyra: x +x, +x; =a’ +b° +¢* +3m.

<\ . - R 3

Dung khai trién (x-a) =x’ —3ax’ +3a*x-a’

voi tit ca 9 sb hang trong S, ta c6:
3

L Z[(x,. —a)3 +(x, -b) +(x, —0)3:l
i=l

:3(x13 +x +x33)—3(a+b+c)(xf‘ +x2 +x32)
+3(a2 +b’ +c2)()cl + X, +x3)—3(a3 +b’ +c3)
=9m.
V6i m=2021 ta dugc S =9m=9.2021=18189.
Vay §=18189.
Nhgn xét. 1) Diéu then chét cua 10i giai la tinh
X +x, + Xy, X +x; +x§, %0 +x; +x;sau  d6 bidu
dién § qua céc biéu thirc ndy. Trong két qud, S khong
phu thudc a, b, c.
2) Néu phuong trinh bac ba x* + ax® +bx+c =0 ¢cb
ba nghi¢m 13 x,,x,,x, thi ta c6 phan tich
X' +ax’ +bx+c =(x—xl)(x——x2)(x—x3)
& X’ +ax® +bx+c
=2 = (3, 2, + %) %7 + (33, +2,%, + 5,5, )X — X%, %,.
D("mg nhit hé sé hai vé, suy ra dinh ly Viéte voi
phuong trinh bac ba ma ta da sir dung trong 1oi giai
trén.
3) Ap dung déng thic
@ +b’ =(a +b)3 —3ab(a+b) taco:

a+b +¢ —3abc=(a+b)3 —3ab(a+b)+c3 —3abc

=(a+b+c)} —3c(a+b)(a+b+c)—3ab(a+b+c)
=(a+b+c)[(a+b+c)2 —3ab—3bc—3ca].

T d6 suy ra (4).
Cac ban sau ddy c6 bai giai t6t: Thira Thién Hué:
Nguyén Quang Huy, Pham Ngoc Long, 12 Toén 1,
Tran Thi Thanh Thu, 11T1, Poan Vén Hodng Lan,
10 Toan 1, THPT Chuyén Quoc Hoc Hue, Bic
Ninh: Nguyén Thj Phuong Thdo, 11A1, THPT Yén
Phong 2, H. Yén Phong; Ha Tinh: Trin Minh
Hoang, 9E, THCS Nguyén Trai, Nghi Xuan; Hung
Yén: Tran Hitu Du*o’ng, 10 Toan 1, Poan Hoang
Qudn, 11 Toan 1, Trdn Vin Qudn, 12 Toan 1, THPT
chuyén Hung Yén; Phi The: Hdn Vi Long, 11
Toan, THPT chuyén Hung Vuong; Binh Pinh:
Nguyén Huy Hoang, 12T, THPT chuyén Lé Quy
Dén; TP. H6 Chi Minh: Thdi Hoang Yén Nhi,
11CT, THPT Gia Dinh, Q. Binh Thanh.

NGUYEN ANH DUNG

Bai T7/535. Cho ham s6 nhdn gid tri thuc f xdc
dinh

(f:N >R) thod man diéu kién:

trén tdp hop cdc s6 nguyén duong

77 o X
Voi moi so

nguyén dwong n > 1, ton tai mét wée nguyén to p

cua n sao ('/7().f'(n):_/‘[ﬁ]*‘/'(p). Biét rdng
D,

f2022) = 1, hay tinh £2024).

Loi gidi. Nhan xét ring v6i moi sb nguyén t6 p ta
0}
o6 (D)= (p) swyras f(p)=L D

V6i n la tich cta hai s§ nguyén tb p, q tuc la:
n = pq, ta co:

Sf(m)=1(p)-f(g) hodc f(n)=f(q)- f(p).
Két hop vGi nhan xét trén ta suy ra trong trudng
hop nay thi f(n)=0. Tuong tu, néu » 1a tich cia
3 sb nguyén td, theo gia thiét phai c6 udce nguyén
t6 p cta n sao cho:

P ally

[ n
f(n)=f[ j f(p)=0-f(p)=
p 2
Tur d6, biang quy nap ta ching minh dugc néu n 1a

; : 1
tich ctia k s6 nguyén t6 thi f(n)=(2- k)f—gl.

Dic biét, do 1= £(2022)= f(2.3.337)=(2—3)%,

TOAN HOC
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suy ra: f(1)=-2. Do d¢:

1052
2 2
Nhdn xét. Diy 12 bai toan khong kh6 nhung kha hay.
C6 5 ban giai ding bai ndy, danh sich 5 ban la:
Hung Yén: Nguyén Gia Khanh, 10 Toan 1, Trdn
Van Qudn, 12 Toan 1, THPT chuyén Hung Yén; Ha
Tinh: Trdn Minh Hoang, 9E, THCS Nguyén Trai,
Nghi Xuén; Thira Thién Hué: Pham Ngoc Long, 12
Toan 1, THPT chuyén Quéc hoc Hué; Séc Tring:
Lé Hé Trong Tin, 10A1, THPT K& sach, H. Ké Séch.
NHU HOANG

£(2024) = £(2.2.2.11.23)=(2-5)

Léi gidi. (Dya theo ban Nguyén Quang Huy, 12
Toan 1, THPT chuyén Quéc hoc Hué, Thira
Thién Hug).

-
Xét truomg hgp ABCva ACB déu 1a géc nhon,

truong hgp mét trong hai goc ABC ] ACB 1a goc
tu ta giai tuong tu.

Goi H 1a giao diém thir hai cia OA4 v6i dudng
tron (J), F 14 giao diém ctia ED véi BC, gia sit B
nam giira F va C.

Vi P la giao diém cia dudng tron (O) va duong
tron (J) nén P 13 diém Miquel cua tir gidc todn
phdn CEDB.AF. Suy ra (B, D, P, F) cing thudc
mot dudng tron va (C, E, P, F) cung thugc mét
duong tron. Ta co:

2 0 TOAN HOC
JU ‘Clus

_ S8539(5-2022)

HEC=0AC + AHE = 90° — ABC + ADE
~90° —(ABC— BDF) = 90° —~EFC=KEC.
Tir d6 ba diém E, H, K thing hang. Mit khac
ADH =180° ~OAB — AHD
= 180° —90° + ACB— AED
— 90° —(AED~ ACB) = 90° — DFB = IDB.

Suy ra ba didm I, D, H thing hang. Vay ID, KE,
AO dbng quy tai diém H thudc dudng tron (J).
Truong hop C nim giita F va B ta lam tuong ty.
Nhdn xét. Két qua cla bai toan nay 1a mot tinh chit
dic trung cua tir gidc toan phan c6 lién quan dén
diém Miquel cta tir gidc d6 (to giac toan phin
CEDB.AF). Ngoai ban Huy, cic ban hoc sinh sau
ciing c6 10i giai dung: Ha Giang: Nguyén Ngoc Tu,
thén Ban Tuy, x4 Ngoc Duong, TP. Ha Giang; Phi
Tho: Hadn Vii Long, 11 Toan, THPT chuyén Hung
Vuong, TP. Viét Tri; Ha N@i: Bui Tién Diing, 10
Toan 1, THPT chuyén Nguyén Hué, Ha Pong; Ha
Tinh: Trén Minh Hoang, 9E, THCS Nguyén Trai,
Nghi Xuan; Hung Yén: Nguyén Vin Khiém, Nguyén
Gia Khdnh, 10 Toén 1, Tran Vin Qudn, 12 Toan 1,
THPT chuyén Hung Yén; Thira Thién Hué: Pham
Ngoc Long, 12 Toén 1, THPT chuyén Qudc hoc Hué,
TP. Hué; Quang Nam: Nguyén Thé Hiéu, 10/1,
THPT chuyén Lé Thanh Téng; Binh Dinh: Nguyén
Huy Hoang, 12T, THPT chuyén L& Quy Dén; Séc
Tring: Lé HS Trong Tin, 10A1, THPT K& Séch,
huyén Ké Sach.

HO QUANG VINH

Loi gidgi. Cach 1. Ta cé:
q'(p—q -4+ (-1)? =0 (mod p)

< g (p-q-D!=—(-1)’ (mod p)
< q(p-D'=—C)(p-9-(p-1) (mod p) ().
Ta cling co:
VP(1)=—~(-1)*(=¢)-..(-1) (mod p)= (-1)g! (mod p).
Theo dinh 1ly Wilson ta c6:
(p-D!=(-1) (mod p)

nén VT(1) =(-1)g! (mod p).
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Do d6 (1) diing, suy ra diéu phai chimg minh,
Cdch 2. Trudc tién ta cin mot bd dé.
Bé dé. Cho p la 56 nguyén 6. gt

X={L2. .,p-1}.
Khi @6 véi bt ky a e X thi ton tai a’e X sao cho
aa'=1(mod p)va a=a' < a=1 hoic a=p-1.
Chirng minh. Xét phan tir bat ky a € X, ta thuc
hién p — 1 phép chia a, 2a, ..., (p - 1)a cho p, va
goi by, by, ..., b,y 12 cic sb du twong img
(1=sbsp-1)
+Dol<b<p-1,1<i<p-1vaplasbnguyén
tdnén ailp véii=1,2,....p-1
=b#0,Vi=12,.,p-1.
+ Gia sir ton tai i = j (gi st i > ) sao cho b, = b
Khi d6: ia=ja(modp)< (i-j)a=0 (mod p)
hay (i- j)a:p. Do (a,p)=1nén i—jip (I).
Mgt khic doi,j € X, i>jnéni-j e X, didu nay
mau thudin véi (1). Vay b; = b;, Vi # j.
T hai nhén xét tn tai b = 1
= ia=1(mod p). Pita’ =i thita cé:

trén,

aa'=1(mod p). Theo 1ap lun trén thi sy tdn tai
a’ 1a duy nhét. Bay gio néu a = @’ thi
@’ =1(mod p) & (a-1)(a+1)=0 (mod p)

-1
< * _p<:>
a+l:p

B4 dé dugc chimg minh. Tré lai bai toan.

=1
{a (doa € X).
a=p-1

* Véi g = 0, ta can chimg minh:

(p=-D41=0 (mod p).
Véip=2tacéd: (2-1)+1=2=0 (mod2), ménh
dé ding.

Véip =3 tacod 3-1)4+1=3=0 (mod3), ménh

dé ding.

Véip>5taco: (p-1)!=(p-1(p-2)..2.1.

Theo bé dé trén, ta c6 trong tap hop
{p-2,p-3,...,2}

cdp a, a’ sao cho aa’' =1 (mod p).

A -3
gom p2
Do d6: (p-1)!=p-1=-1(mod p)

< (p-DH+1=0 (mod p).
Vay ta chirng minh dugc bai todn véi g = 0.

* V6i1 <g<p-1, theo trén ta co:
(p-1)H1=0 (mod p)

S @P-D@-2).(p-9)(p-g-DH1=0 (mod p)
=(-D)q(p-g-D+1=0 (mod p)
=q!(p-g-D(-1)? =0 (mod p).

Nhn xét. Bai toan trén c6 thé xem nhu phat biéu

tong quat cia dinh 1y Wilson trong s6 hoc. Céc ban

tham gia giai bai nay déu c6 1o gidi twong tu nhu
cach 1 (sir dung dinh ly Wilson). C4ch gidi 2 1a cua
tdc gia dé toén. Céch 2 tuy dai hon nhung ¥ tuong
chimg minh 1 hay va néi dung bé dé 1a mot kién
thirc cn biét khi gidi céc bai toan lién quan dén sb
nguyén t6. Tuyén duong céc ban sau c6 10i giai tét:

Tuyén Quang: Pham Mai Uyén, 10 Toan, THPT

chuyén Tuyén Quang; Hung Yén: Nguyén Gia

Khdnh, 10 Toan 1, Tran Vin Qudn, 12 Toén 1,

THPT chuyén Hung Yén; Phi Tho: Hdn Vi Long,

11 Toan, THPT chuyén Hung Vuong, TP. Viét Tri;

Ha Tinh: Tran Minh Hoang, 9E, THCS Nguyén

Trdi, Nghi Xuin; Thira Thién Hué: Phan Quéc

Thang, Podan Vin Hoang Lan, 10 Toan 1, Trdn Thi

Thanh Thu, 11 Toén 1, Nguyén Quang Huy, Pham

Ngoc Long, 12 Toan 1, THPT chuyén Quéc hoc

Hué; Binh Dinh: Vi Tién Pat, 11T, Nguyén Huy

Hoang, 12T, THPT chuyén Lé Quy Dén; TP. Hd

Chi Minh: Thdi Hoang Yén Nhi, 11CT, THPT Gia

Dinh; Séc Tring: Lé Ho Trong Tin, 10A1, THPT

Ké sach, H. K& Sach.

TRAN HU'U NAM

. £ ; e s
im lat ca cac nam So

i T10/535 lien tu

f don diéu tang trén R va thoa
I (1), VxeR.

Loi giai. (Theo ban Phgm Ngoc Long, 12T1,
THPT chuyén Quéc hoc Hué, Thira Thién Hué)
Gia st lim f(x)=geR thi tir gia thiét £ lién tuc
va don di¢u ting trén R suyra f(x)<g,VxeR
va lim f(f(x))= lim f(x)+1> g, miu thuln.
Vaynén lim f(x)=+co.

- Truong hop khi  lim f(x)=—o0. Khi d6 mién
gid tri D, = (—00,+0) nén tir (1) suy ra:
f@)=t+1,VteR.

Ham s0 nay thoa mén cic diéu kién bai ra.

TOAN HOC
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- Trudng hop khi  lim f(x)=ae€ R. Khi do:
D, = [a,+). Tx (1) suyra f()=t+1Vte D,.

Do do, khi x €[a,+®) thi f(x)=x+1.

Khi x<a thi f(x)=g(x) trong d6 g(x) 1a ham

(——OO,a)

lien tuc don diéu ting trén voi

lim g(x)=a va limf(x)=a+]1.
Thir lai, ta thiy cac ham s6 nay thoa min céac didu
kién bai ra. Vi du, chéng han khi a=0 ta cé thé
x+1 khix>0
chon ham sb dan X)=A ) :
‘ 8 107 brgdvco
|
K&t lugn. Céc ham sb thoa man céc diéu kién bai
I f(x) 1vd £(x) x+1lkhix>a
rala f(x)=x+1va f(x)=
g(x)khix<a
trong @6 g(x) 1a ham lién tyc don diéu tang trén
(~0,a) v6i lim g(x)=a va limf(x)=a+1.
Nhin xét. Day la dang toan kho vé phuong trinh
ham trong 16p ham hop. Da s6 cac ban giri bai giai
chi tim duoc mdt nghiém ham f(x) =x+1.
NGUYEN VAN MAU
Bai T11/535. Tim s6 thuc dwong a > 1 nho nhat
thod méan diéu kién: Véi moi diém P nam trong
hinh vuéng ABCD (co thé trén canh hinh vuéng)
thi luén ton tai hai trong bon tam gidc PAB, PCD,
PDA, PBC (tam gidac co thé suy bién) c6 ti s6 dién

: . 1
tich thuoc doan l:— : a}.

a

Léi gidi 1 (cla tac gia Lé Xudn Dai). Khong han
ché téng quat, coi hinh vuéng ABCD c6 canh do
dai bang 1 (don vi dai). Ki higu d(M,A) la
khoang cach tir diém M dén dudng thing A.

M6t mién ndm trong hinh vuéng ABCD dugc goi
13 mién tét néu v6i moi diém P coa mién d6 luon
ton tai hai trong bon tam  gidc
PAB, PCD, PDA, PBC ¢6 ti s6 dién tich thufc

doan [l;a}.
a

LAy hai diém E,F thudc canh AB va hai diém
G,H thudc canh CD sao cho (h.1):

S 539(5-2022)
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AE=BF:CG=DH=—1—.
a+l

A, ol Fi\B A B

N
:
|
|
|

\\"/7 Mgt N
N j b |

— | |
D H G C D C
Hinh 2

Hinh 1
Gia st P 12 mot diém trong hinh vuéng ABCD.
Ki hiéu 7:=d(P;AD). Khi &y d(P;BC)=1-t.

1 a

Tacdé: AF =AB—-BF =1- = va
a+l a+l1
San d(p;aD) .t .
R d(P;BC) 1-t¢

ot<l-Naoilta)<act<—

l+a

< P nam trong hinh chit nhat AFGD.
Tuong tu:

SP_ADzl leg__t_z_l_

Spe @ d(PBC) -a 1=t .a

<:>at21——t<3t(a+1)21<:>t2—1——.
a+1
&> P nim trong hinh chit nhat BEHC.

Nhu vay, L < Seap < a <> P nam trong hinh chir
a  Sppe

nhat EFGH hay EFGH 1 mjt mién tot.

Tuong ty, ta xac dinh MNILJ, trong do

AM =JD =IC = BN =—1—1, cling 12 mot mién
a+
tbt (h.2). Mt khac, bay gio 1dy O trén canh BC

1
va R trén canh AD sao cho BQ = DR =— (h.3).
a

y B , B
=210 iwfﬁ 0

e L

T, S | E

\

R L N Rt
D é D J

Hinh 3 Hinh 4

L4y P la diém bét ki ndm trong tam giac 4CQ.
AP cét BD tai T vacit BC tai S. Hai tam giac
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PAB va PAD c6 chung ¢4y PA nén

P
G2 0. SRRl ¢
d(D;PA) TD AD a

Seas _ L5

SPAD
Mait khac,

Spas :d(B;PA)=§<_O_BS1<a‘

d(D;PA) TD~ TD

SPAD

el LY g . sl ik
Vay —<—22 <4, hay P la diém théa man diéu
a Opyp

kién dau bai.
Tuong tu, néu P 1a diém bat ki nim trong tam
gidc ACR thi P 1a diém thoa man diéu kién diu
bai. Vay hinh binh hanh 4QCR 13 mdt mién tdt.
Tuong tu, ta ¢c6 thém ba hinh binh hanh 1a cac
mién tt (h.4).

S6 a théa man yéu céu bai
toan khi va chi khi diém P
nim trong hop clia sau mién ;
tbt, tirc 12 sdu mién tét tram |
toan by hinh vudng ABCD.
DPé diéu nay xdy ra thi
CO=CI (h.5).

Hinh 5: 6 mién tét
khong triim toan b

Wi CO=BC-Bo=1--=2=1 &
a a
co>cret=ls !
a a+1

5+ 1

oSadt-a-120a2 5 °

5 +1

e
Nhdn xét. Day 14 bai toan kho nhung rat hay. P& bai
va 10i gidi cia tac gia c6 thé coi nd thude dang toan
Hinh hoc t6 hop. Chi c6 ba ban guri bai va ba ban nay
da thé hién kha nang nghién ctru toan hoc tdt. Vi han
ché cua trang béo nén khong thé trinh bay chitng
minh cta cac ban. Hi vong céc ban c6 thé mo rong
chirng minh ctia minh cho bai toan trong khong gian.
Céc ban dudi day da guri bai va giai dang (mic du ¢
mét s6 so sudt trong trinh bay):
Ha Tinh: Tran Minh Hodng, 9E, THCS Nguyén
Trdi, Nghi Xuan; Hung Yén: Tran Vin Qudn, 12
Toén 1, THPT chuyén Hung Yén; Thira Thién Hué:
Pham Ngoc Long, 12 Toan 1, THPT chuyén Québc
hoc Hué.

Viy s a nho nhétla a =

TA DUY PHUQNG

Bai T12/535. Cho tam gidc ABC ngi tiép duong
tron (O) vdi truc tdm H. Puong tron duong kinh
AH cdt (O) tai K khdc A. OH cdt fié;n myérn tai A
cua (O) tai P. Trén (O) /(i\‘ diem S sao cho
AS // OH. Puong thang qua S vuong goc voi BC
cat (O) tai T. Chirng minh rang KT di qua truc
tam tam giac APH.

Loi gidi. (Cua ban Tran Minh Hoang, 9E, THCS
Nguyén Trai, Nghi Xuan, Ha Tinh).

Goi D 1a giao diém thir hai ciia 40 va (O); E 1a
tryc tdm cua tam gidc APH, F 1a giao diém cta AE
va PH. Dé¢ thay K, H, D thang hang va F thudc
duong tron dudng kinh AH.
Vi OK = 04 va OAP=90°% AF | PH nén

OK? = 04* = OP.OF.
Do d6 OK tiép xtc vé6i dudng tron (KPF).
Vay, chi y rang PH = HF; OK = OD; DK 1 AK;
DO =DA 1 AP; E la tryc tdm cia tam gidc APH,
ta cé: (PK,HK)=(PK,PH)+(PH,HK)
=(KO,KF)+(HF,KD)(mod r)
= (KO,KD)+(HF ,KF ) = (DK, DO)+(HA,KA)(mod )
=(AK, AP)+(HA,KA) =(AH, AP)
=(AH, PE)+(PE, PA)(mod r)
= §+ (PE,PA) = (PA, HE)+(PE, PA)
= (PE,HE)(mod x).
Do d6 P, K, H, E cung thugc mot dudng tron.
Dé thiy SD | SA//OH = PH. Do d6 SD L PH.
Dé thdy ST L BC,AH 1 BC,AH 1 PE. Do &6
ST L PE. Vay (KD,KT)=(SD,ST) = (PH, PE)

=(KH,KE) = (KD,KE)(mod r).

Diéu d6 c6 nghia 1a K, E, T thing hang.

TOAN HOC
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Nhdn xét. Ngoai cach giai trén cua ban Hoang,
ban Nguyén Gia Khdnh, 10T1, THPT chuyén
Hung Yén, Hung Yén di sir dung bd dé dudi day
ciing di dén két qua can chimg minh.
Bb dé: Cho tam gidgc ABC, (O) la dwong tron ngoai
tiép, H la triec tam. Diém P thugc (O). X, Y, Z theo
thit tur la diém @di ximg ciia P qua BC, CA, AB. Khi
dé H, X, Y, Z thdng hang.
(Puodng thang di qua H, X, Y, Z dugc goi la duong
thing Steiner cia P ddi v6i tam giac ABC).
NGUYEN MINH HA

Léi gidi. Theo dé bai ta xc dinh dugc budc song:

A= P = e R
@ 2007

=0,008 m= 8 mm.

Tai mot diém bat ki & trén mat nude s€ nhan dugc

cac song do Sy va S, gui toi:

i = asin(ZOOzzt 2 ),um = asin(ZOOm PRl j
A A
Nén dao dong tai M 1a: uyp = usy
z(d —d d +d
= 2acos L—i)sin 2007zt - Z(—'—z) (mm).
A A
Vi M nim trén dudng trung truc cua S;S,. Suy ra:
z(d, —d
d =d, =d:>cos—('/1—2)=1>0.
Nén do léch pha cia diém M so véi ngudn la:
sim(dp+dy),  2nd

Ao, = = :
Pym )\, x

biém M dao dong cung pha vdi cac ngudn khi:

Ao, = 2kn

:3’; =2kz =d =kA =8k (mm)

S48 539(5-2022)

(keZ). DoM nam trén dudng trung tryc nén:

d2§'2i:> 8k225=k 23,125.

= kuin = 4 = dinin = 4.8 =32 (mm).
Nhdn xét. Chiic mirng ban da c6 16i giai dung cho daé
ra ki ndy: Pham Ngoc Long, 12T1; THPT chuyén
Quéc hoc Hué, Thira Thién Hué.
PINH THI THAI QUYNH
. doan math (B gom hai

200 Q va cuon cam thuan en doan

[ lech pha

R L M
Léi gidi. So @b mach ¥ §— 11—
dién dugc mod ta nhu
hinh a). Ta c6 gian do IZM R
vecto dién 4p hiéu y 4
dung nhu hinh b). /o

2 . b) A% R
bé Uc cuc dai Ny 5

Ul

L i R?
:>ZL =\/E—‘7 =\/ZLZC ——2-—

VA A
= —£~¢ L —tang,.tana, - ).
R R 2
i r . Z
Vi (oUAM/i:al=Z:>7L=tanal=l ).

Tx(l)vaQ)suyra: Z, —Z, =£.

2
2
Téng tré: Z=\|R* +(Z, - Z.) =J% =223,61C2

Nhgn xét. ; Ban Phqm Ngoc Long, 12T1; THPT
chuyén Qudc hoc Hué, Thira Thién Hué di c6 1oi
giai dung cho dé ra ki nay.

NGUYEN XUAN QUANG
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TRAN THI THANH MINH (GV THPT Nguyén Binh Khiém, Gia Lai)

4 A

%3 4| " SUDUNG PHUONG PHAP HAMSE
| &% < Yy | DG GIANHANH PHUONG TRINKLMU - LOGARIT

TRAN MINH VU (GV THPT Trén Cao Vin, Gia Lai)
NGUYEN VAN TRI (GV THPT Nguyén Truomg T6, Binh Dink)

1. Pinh nghia va dau hién nhin dién ham sé
don diéu trén mot khoing

1.1. Pinh nghia ham sé don
khoédng

diéu trén mét

Cho K la m¢t khoang cia R va ham sé y = f(x)
xac dinh trén K. Ta néi:

Ham s6 y=f (x) dong bién (ting) trén K néu
Vx,x, €K, x <x, thi f(x)<f(x,).

Hamsb y=f (x) nghich bién (giam) trén K néu
Vx,x, €K, x <x, thi f(x)>f(x,)

Ham s déng bién hodc nghich bién trén K duoc
goi chung 14 ham s don diéu trén K .

1.2. Diu hi¢u nhan dién ham sé don diéu trén
mot khodng

1) Dyra vao dinh nghia

xet 7=/ (1) =7 (x)

X, =%,

s VXX, € Kx #x,.

Néu 7>0 thi ham sé y=f(x) dong bién trén
K.

Néu T <0 thi ham sb y=f (x) nghich bién trén
K.

2) Dya vao méi lién h¢ giira tinh don diéu va
diu ciia dao ham

Cho ham s6 y = f(x) c6 dao ham trén khoang
K.

Néu f'(x)20,Vx e K thi ham sb f(x) déng bién
trén K .

Néu f'(x)<0,VxeKthi ham s6 f(x)nghich
bién trén K .

Chu y ring phuong trinh f'(x)=0 chi c6 mét sé

hitu han nghiém trén K.

1.3. Mt s6 tinh chit

1) Téng c4c ham ddng bién (nghich bién) trén K
1a mot ham ddng bién (nghich bién) trén X .

2) Tich cia hai ham s6 dwong ddng bién (nghich
bién) trén K 1a mot ham ddng bién (nghich bién)
trén K .

3)Néu y=f (x) ddng bién va duong trén K thi

e y=2/f(x),neN,n>1d6ng bién trén K.

nghich bién trén K.

1
o T
e y=—f(x) nghich bién trén K.
4)Néu y=f (x) nghich bién va duong trén K thi
e y=%f(x),neN,n>1 nghich bién trén K.

1 , ; :
e y=—-— khi f(x) d6ng bién trén K.
7 <)
o y=—f(x) ddng bién trén K.

7 Sao

0 nghieém cua hai dang phwong trinh

2.1. V& tréi 1a ham s don di¢u, vé phai 13 hing
s0

Dinh ly 2.1. Néu ham 56 y = f(x) don diéu trén
khodng K thi phuong trinh f(x)=m cé khong

qua mot nghiém trén khoang K, trong dé m la
tham s6.
Thi du 1. Tim

4 l a / . S l
ac ngniem cua pnuwong trinn

Hudng din gidi. Dé dua v& mot vé 1a hing sb thi
thong thudng ta thyc hién phép chia ca hai vé cho
ham mil véi lily thira cao nhét xut hién trong dé
bai, véi lwu ¥ ring ham mi luén nhén gia tri
dwong nén khong lam thay dbi tap nghiém cua
phuong trinh.

TOAN HOC
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Ta chia ca hai vé phuong trinh trén cho 7%, ta
dugc phuong trinh twong duong

4Y 3)‘ 26 )
l=|=| +|=| +|—| -

7 7 7
Luc nay vé phai 1a ham giam do né 1a tong ciia cac
ham giam va vé trai 12 ham héng, do d6 nghi¢m
cua phuong trinh da cho néu c6 1a duy nhit. Bing
cach nhdm nghiém, ta thiy x =2 théa min nén nd
12 nghiém cta phuong trinh da cho.
2.2. V& tri 13 ham sé don diéu ting, vé phai 1a
ham sé don di¢u gidm
Pinh 1y 2.2. Néu ham s6 y = f(x) don diéu tang
trén khoang K va ham s6 y= g(x) don diéu
giam trén khodng K thi phuwong trinh
flx)=g(x). co nhiéu nhdt mot nghiém trén
khoang K .
Thi du 2. Tim tat ca cdac nghiém cua phwong trinh
4" =7-3x.
Huwéng din gigi. D& dang thiy dugc vé tréi cua
phuong trinh 1a ham ting va vé phai 12 ham gidm,
cho nén nghiém cta phuong trinh da cho néu c6 la
duy nhét. Bing cach nhdm nghiém ta thdy x=1 1a
nghiém duy nhét ctia phuong trinh da cho.
3. K§ thuét dwa phwong trinh vé sir dung ham
s0 dé giai
Trong xuyén sudt bai viét, chiing t6i viét ngén gon
t va u thay vi t(x) va u(x) dé cac biéu thic
bdt ndng né vé mat ky hiéu.
3.1. Chi xuéit hién ham da thirc
Can bién dbi dua vé f(u) = f(t), trong do
f(x) 1a ham sb don diéu trén tap xac dinh cua
no.
Thi du 3

m dé phuwong trinh
e we" = 2(.\‘+\/1 ~x )(l +xv1=x7 )

co nghiém.

. Tim tdt cd cdc gid tri thuc ctia tham 50

Hudng dén gidi. Didu kién: x e [—1;1].

S5 539(5-2022)
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Xéthamsby =x++v1-x* ,xe[-1;1]. Tacé:

=

y=03Vl-* =x=1-=x"ox=t—

~$

Thir lai ta chi chon x=—22—1é nghiém cua dao

ham. Tiép tuc tinh
)=t E ] Eir(-)=-

Vi vay voi xe[—l;l] thi ye[—l;\/z].
Ta cé: (x+\/1 3 ) =1+42xV1-x"
2

= xvJ1-x’ =!—2_—1.

Phuong trinh da cho tr¢ thanh:
e =y +y.
Xéthamsé f(u)=u’ +u.
Vi f'(u)=3u’+1>0,Yu nén him s6 f dong
bién trén R. Do d6 ta c6:
e+t =y +y<:>f(e’")=f(y)<:>e’" ),
Vi vay phuong trinh c6 nghiém khi va chi khi
~1<e" <2 ©om<hV2.

Thi du 4. C6 bao nhiéu gia tri nguyén duong cua

tham sé m nhé hon 2022 dé phwong trinh
m+~Nm+2" =2 c6 nghiém thuc.
Huwdng din gidi. Ta c6:

m+lm+2* =2 & m+2"  +Vm+2" =2 +2%,
D& thiy khi m >0 thi Vm+2* >0.
Vi ham s§ f(¢)=¢*+t ddng bién trén khoang

(0;+0)nén phuong trinh di cho tuwong duong

véi:  f(\2rem)=1(2")
SV +m=2¥ om=2"-2"

Pit 2 =a va khao sit ham s6 g(a)=a’-a

trén khoang (O;+oo), ta dugc (Ig_lin)g( a)= _%_
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Do d6 phuong trinh c6 nghiém khi va chi khi
m 2—%. Viéy c6 2021 gia tri cia m théa man
diéu kign.
3.2. Chi xuit hién ham sd mii va da thirc
Cén bién dbi dua vé
a“+f(u)=a"+ f(1),
trong d6 f(x) 1a hai ham s6 don diéu ting néu
a>1 va don diéu giam néu 0O<a<l1.
Dang toén nay thuong xuét hién duéi dang
a“ —a' =h(x).

Viéc 1am cua ching ta 1a bién ddi dé thdy duoc
h(x)=a(t-u),a>0.
Thi du 5. Cho phwong trinh:

gredem o0 L8 S man;
Tim tat ca cdc gid tri cua tham sé6 m dé phuong
trinh co ba nghiém phdn biét.
Huwdng din gidi. Ta bién ddi dua vé dang trén, vi
-’ +3x—m=x* +x—(x3 +x° —2x+m)
nén phuong trinh da cho twong duwong véi

grettem By xrm=2" P +x *):

RO rang f(f)=2'+¢ 1a ham s don diéu ting trén
R. Do d6 tir phuong trinh (*) ta suy ra
X+ -2x+m=x>+x, vi vay ta dugc phuong
trinh: x* -3x+m=0< m=—x*+3x.
Béng céch khao sat ham s h(x)=—x" +3x trén
Rva xét sy tuong giao cua dd thi ham sb
y= h(x) va dudng thang y =m, ta két luan: D8
phuong trinh da cho c6 3 nghiém phan biét thi

-2<m<2.
Thi du 6. Gidi phuwong trinh

£ _7 (,l)m\\
\ 16 /, \ 8

Huéng din gidgi. Ta c6:

(LJ - (1] =cos3x
16 8

1 3cosx 1 4cos® x
& 3cosx—| — =4cos3x—(—J ®).
2 2

=C0s3x;

t
Vi ham s6 f(¢t)=¢ —(%) don diéu tang trén R

nén phuong trinh (*) tré thanh:
3cosx=4cos’ x < 4cos’ x—3cosx =0

& cos3x=0 <:>3x=£+kﬂ <:>x=£+kZ
2 6 3

b

(ke Z).
Vay phuong trinh da cho c6 nghiém 1a

T .7
=—+k—(keZ).
X 6+ 3(e)

Thi du 7. C6 bao nhiéu gia tri nguyén cua tham
50 m thuoc doan [*lO; l()] dé ton tai dung bon cap

y+1

s0 (x;y) théa man & -&*¥ =x+y-1

dong thoi théa man

470 gy 270 gy o
Hudng dan gidi. Vi
x+y-1=(3x+2y)-(2x+y+1)

nén ta bién doi trong duong:

2x+y+1 3x+2y
e y+l _ 3 4

e =x+y-1

&M 4 (2x+ y+1) = + (3x+2y).

Téi day ta c6 két qua

2x+y+1=3x+2y = y=1-x.

Thé vao phuong trinh con lai ta dugc:

—m 2" a0
& 22 _om 2tV 4 3m—-2=0.

bat 1= gty , 121, phuong trinh tr& thanh:

) *)

2t-3

4)(3 +2(1-x)-1

?-2mt+3m-2=0>m=

(do ¢ =§ khong 1a nghiém).

2
Xét ham sb f(t):;_t:i trén D=[1;+oo)\{%}.
Ta co:
2t -6t+4 t=1
"()=2"222. f(=0e
=" r=0s| )

Ta c6 bang bién thién:

OAN H
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2
f@o [0 - S0+
1 o0 i 990 |
40 e T
- 2

Nhén xét ring, mdi nghiém ¢>1 s& sinh ra hai
nghiém x va mdi nghiém x {mg v&i mot cdp s6
(x; y) theo yéu cau. Dya vao bang bién thién ta c6
tap hop cac gia tri cin tim ctia tham s§ 1a m > 2.
Vay c6 8 gia tri nguyén m thudc doan [—10;10]
thda man.

1 dh

Huéng dén gidi. Ta bién dbi nhu sau:
(x4 + 1)3”4_(’”'")2 =x*+2mx+m* +1
& E+_1)23_"4 =(x+m)’ +1
3x+m)

o (x* +1).3" =[x+ m)? +1]37 ().
Xét ham s6 f(t)=(¢z+1).3" v6i t20, ham sb
f(t) 1a tich cua hai ham s6 ddng bién trén
(0;+00) nén ddng bién trén (0;+0).
Khi d6 phuong trinh (*) c6 dang

f(x4)=f((x+m)2) &t =(x+m)2

X =x+m X =x-m=0 (1)

S AN <, .
X"=—-x—-m x“+x+m=0 (2)
Phuong trinh da cho c6 4 nghiém phan biét <
mdi phuong trinh (1) va phwong trinh (2) c6 2
nghiém phén biét dong thoi ching khong c6
nghiém chung.

Phuong trinh (1) c6 hai nghiém phan bi¢t khi
A, =1+4m>0<:>m>—%.
Phuong trinh (2) c6 hai nghiém phan bigt khi

A2=1—4m>0<:>m<l.

S5 539(5-2022)

Gia st x, 1a nghiém chung ctia phuong trinh (1)
va phuong trinh (2), khi do ta c6

2 e, e Ll
Xy — Xy =M =-X,

X, % =0. Suy ra m=0
thi phuong trinh (1) va (2) c6 nghi¢m chung.

5 11
Vay gia tri m can tim 1a me(—z;zj\{O}.

3.2. Chi xudt hién ham s6 mii va da thirc
Cén bién d6i dua vé
log, u+ f(u)=log,t+ 1 (1),
trong do f (x) 14 ham sé don diéu ting néu a >1

va don diéu gidam néu 0<a<1.
Dang toan nay thuong xuét hién duéi dang

log, (%) = h(t).

Viéc lam cua ching ta ciling théng thudng nhu trén
la bién ddi dé kiém tra duwoc dang thirc
h(x)=a(t-u),a>0 co ding hay khong?

Hudéng dén gii. 4x* —4x+1=(2x-1)" 20 nén
diéu kién cua phuong trinh 1a x> 0,x # % .
Ta bién ddi: —4x> +6x —1=2x—(4x* —4x +1).
Khi d6 phuong trinh da cho twong duong vai:

log, (4x* —4x+1)+4x* —4x+1=log, (2x)+2x.

Vi ham s6 f(¢f)=log,¢+t don diéu ting voi
¢t > 0 nén phuong trinh da cho tré thanh:

45 —4x+1=2x = 4x* —6x+1=0> x="=

So s4anh vé6i diéu kién ban dau, ta nhan nghiém

3+4/5

i

Huwong din gidi. Tuong tu nhu thi du trén, ta co
didu kién x <2 va bién ddi twong duong:
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1n(x2+3x+4)+x2 +3x+4=In(-x+2)-x+2.
Ta suy ra x* +3x+4=—x+2, giai ra va so sanh
v6i didu kién ta nhan nghiém x=-2+2.
I'hi du 11.

Giai phwong trinh

Hudng din gidgi. Vi x*+2>0 nén ta c6 didu

kién2x+5>0c>x>_?5. Nhung ta kiém tra

duge —~x2+4x+9¢2x+5—(x2+2), nhu vay

chiing ta phai 1am sao? T&i day, can luu §:

o T 2(2x+5)

Va khi d6 4x xuét hién, vi vy ta cin bién dbi

o =5 S s
thém nhu sau: véi x> 5 phuong trinh da cho
tuong duong véi:

2
log, W s =—x" +4x+8.
2(2x+5)
Khi d6 ta c6: —x* +4x+8=4x+10—(x* +2), do
d6 ta bién d6i phuong trinh ban diu thanh
log, (x* +2)+x” +2=log, (4x +10) + 4x +10.

T 46 ta dugc ¥*+2=4x+10>x=2+23
(théa mian diéu kién).

I'hi du 12. Giai phuong tri

X +3x% 2

09
108

Hudng din gigi. Vi 3x* -5x+8>0,VxeR nén
diéu kién cua phuong trinh la
x<-2

x2+3x+2>0<:>[ )
x>-1

Vi X -4x+3 =%[(3x2 ~5x+8)-(x* +3x+2)]
nén phuong trinh da cho trong duong véi:

log, (x? +3x+2)+%(x2 +3x+2)

=log (322 - 5x+8) + L (352 — 5x + 8).
: 2

Vi ham séf(t)=log2t+%t dong bién trén

(0;400) nén ta dugc:
(3x? =5x+8)=(x* +3x+2) < 2x* —8x+6=0
& = Lax=3:
Két hop véi diéu kién, ta thdy nghiém cia phuong
trinh 1a x =1;x = 3.

Thi du

YWILLOT ¢

Huéng dén gigi. Vi 3x* -2x+3>0 nén ta ¢
diéu kién x* +m’ >0. Dé ¥ ring néu ngay tr dau
ching ta chon #=3x"-2x+3 va u=x*+m*thi
moi viéc lai trd0 nén phac tap khi
t—u#-x>+2x+2m* -2.

Do d6 v6i dé y rang log,2 =1, phuong trinh da
cho tuong duong voi

log, (3x* - 2x+3) ~log, [ 2(x* +m?) ]

=2(x* +m* )= (3x" - 2x+3).
Ta suy ra:
log, (3x* - 2x+3)+(3x” - 2x +3)
=log, [2(x2 +m? ):|+ 2(x2 +m2).
Ta dugc:

3 —2x+3=2(x" +m’) & x* —2x +3=2m".
Dé phuong trinh ¢6 nghiém thi 2m?® > 2 < |m|>1.
Tuong tu nhu thi dy trén, ta ciing c6 huéng xir ly
twong tu cho thi du sau.

Th A
1Nl au

,/;“‘,«’ ‘ (
Huwdng déin gidgi. Trong didu kién da cho cua dé

bai, cac bieu thirc déu c6 nghia, ta bién doi:

TOAN HOC , ¢
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log (4a+2b+5)+(4a+2b+5)

=log,[5(a+b)]+5(a+b) (*.
Phuong trinh (*) twong duong véi:
4a+2b+5=5(a+b)<>a+3b=5.

Tacod: 5° =(a+3b)2 S(l2 +32),(a2 +b2)
:T=a2+b22§.
2
A-n_n 2 a b
Dau "=" xayra <:>ng:> b=3a.

A A .7 . 7 A 5 R , \ 5
Két luan: Gia tri nho nhat cia biéu thac 7'1a 5

L, 3
2 2

Thi du sau cling c6 mdt hudng xur 1y tuong tur.

khi a=

Thi du 15. C6 bao nhiéu 6 nguyén m dé phwong
trinh

3x* +3x+m+1 i

log, ———=x"-5x+2-m
| 2% —x+]

co hai nghiém phan biét lon hon 1?
Huwéng din gidi. Diéu kién: 3x* +3x+m+1>0.
Ta thém bét hang so vao trong logarit nhu sau:

3x2 +3x+m+1

7 1 =x’=5x+2-m
X" —x+

log,

[3x2+3x+m+1
= e e
2x"—x+1

j—1=x2 —5x+1-m.
Téi day moi bién ddi thuan lgi hon
log, (3x* +3x +m+1)+(3x* +3x+m+1)

=log, (4x* —2x+2) +(4x* —2x+2).

Ta duge: 4x* —2x+2=3x" +3x+m+1

o x-5x=m-1.
Xét ham s6 g(x)=x"-5x trén Rva si dung
bang bién thién cia né. ta két luan: dé phuong
trinh x* —5x=m—1 c6 hai nghiém phan biét 1on
hon 1 khi va chi khi:

—2<m—1<—4 <:>—2<m<—3.
4 4

Do meZ nén m e {-5;—4}.

TOAN HOC
40 ra
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3.4. Xuét hién ca mii va logarit
Cén bién d6i dua vé
log, t+b"") =log, u+b"",

trong d6 f(x) 12 ham s don diéu ting néu
a, b > 1 va don di¢u gidm néu0<a, b<1.Dang
toan nay thudng dugc bién déi khac di mot ti so
v6i dang trén, tuy nhién ddu hiéu phét hién ra n6
dé la a';log,u co xut hién trong bai toan. Hoc

log” ¢

sinh can lua y két qua t=a hay dugc dung &

dang toan nay.
Thi du 16. Giai phuong trinh

2 Ll
logz[——zx +1j+2' =18,
2x

Huwéng dén gidi. Diéu kién: x >0 . Khi d6

2 L
log, [Mj +2 *=5
2x

1 s
= logz(x+——)+2 =5,
2x

1
bat t:x+2—, phuong trinh tr¢  thanh
X

log,?+2" =5. Tir 46 phwong trinh trén cé nhiéu
nhét mot nghiém ¢ . Ta nhan thdy ¢ =2 1a nghiém,
va déy 1a nghiém duy nhat ctia phuong trinh. Suy

+
ra: x+—]—=2:>2x2—4x+1:0<:>x:2‘\/5.
2% 2

Ca hai gia tri ndy déu théa man diéu kién x>0,
nén déu 1a nghiém cia phuong trinh da cho.
Thi du 17.

Trong hé toa do Oxy, cho diém

M(x;y) voi x;yelZ;—6<x<6;y#0 va thoa
oot LB (36—x")
man phwong trinh 3> e +2= Iog,\{\ \——

Hoi c6 bao nhiéu diem M thoa yéu cau néu trén?

Hudng dan gidi. Ta co bien doi sau:

39_)'2 _336-,\'2 = 10g3[36_)€~ ]* )

2
2
& Prigiew =logz[—36 ; ]
'\ 7oy
Trong diéu kién da cho thi 36 —x* >0; y* > Onén

ta thém mdt 14n bién d6i twong dwong ta co:
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3" -3 =log, (36 -x") - log, 95
37 +log,9y” =3 +log, (36-x*).
Khi d6 ta dugc 9y° =36—x*> < x* +9y* =36. Vi
9;36 déu chia hét cho 9 nén tir phuong trinh nay

chia hét cho 3. Vi
X, y€l;—6<x<6;y#0 ta nhan duogc

x=0;y=12 = M,(0;2); M,(0;-2). Vay c6 hai

diém can tim.

suy ra x

nén

Thi du 18. Cho phuong trinh
5" +m=log, (x—m) véi m la tham sé.

C6 bao nhiéu gia tri nguyén cua m €(-20;20) de
phwong trinh da cho co nghiém?
Huong dan gidi. Dat t=5" + m. Khi d6 phuong
trinh da cho tuwong duong véi:

t=log;(x-m)e>x-m=5 < x=5+m.
t=5"+m

t =Sft-x=5-5
x=5+m

Ta co hé: {
Sx+5 =t+5 ().

Khi d6 ta dugc x=5"+m< x—-5" =m. Day la

phuong trinh hoanh d6 giao diém ciia d6 thi ham

s6 y=x-5" va duong thing y=m song song

hodc trung truyc hoanh. Xét y=x-5" co

y’=1—5xln5; y':()@x:logs(_l-j‘
In5

Dua vao bang bién thién, ta thiy phuong trinh c6

nghiém khi va chi khi

) : meZ
ms f (logs [ED &(-10).-vi {m e(-20;20)

nén me{-19;-18;..;-1}. Vay c6 19 gia tri
nguyén cua m thda man bai toan.

Thi du 19. Tim cac gia tri nguyén cua tham s6 m
2" =log,(x+2m)+m c6
).

Huwéng din gigi. Diéu kién: x+2m>0. Phuong
trinh da cho tuwong duong véi:

2° 4+ x = log, (x + 2m) + 275

dé phuong trinh

(98}

nghiém trong khoang ( —3;

Xét ham sb y=f(f)=2'+¢ v6i VieR dong

bién trén R. Ta suy ra:
x=log,(x+2m) < 2m=2" —x (*).

S6 nghiém ciia phuong trinh (*) 1a sb giao diém

cia d6 thi ham s§ y=g(x)=2"-x va dudng

thing y =2m, 15 rang ring nghiém cia phuong

trinh théa man diéu kién dau tién.

Xétham s6 y = g(x)=2" —x v6i VxeR. Taco

g'(®x)=2"In2-1= g'(x)=0<> x=log, (Lj

In2
25 " §ig r
g(-3)= 3’ g(3)=5. Ta cd bang bién thién:
e oy
| X =3 log, — 3
. S22 -
g'(x) + 0 -
| 25 |
g(x) ?\ /v 5
[o62755)
L A B

Dua vao bang bién thién ta c6 phuong trinh ban
d4u c6 nghiém khi va chi khi

1
5>2m2g| log, —
g( g, ln2)

1 1
& 55>m>—gl log, —— |~ 0,456.
2g( g21n2j

Vay c6 4 gia tri nguyén cia m 1a 1, 2, 3, 4 dé
phuong phuong trinh da cho cé nghiém trong
khoang (-3;3).

Thi du 20. Tim tat ca cac gia tri thuc cua tham so

X" =3|x—m

m dé phuong trinh 3 =log , ;(3},\' - m} +3)
6 nghiém.

Hudng déin gidi. Ta bién dbi phwong trinh da cho
tr¢ thanh:

3% log, (x* +3) =3%"".log, (3|x — m| +3) ().
Ham s6 f(t)=3"log, (¢ >3)la tich ciia hai ham
don di€u ting va khong am nén nd 1a ham don
diéu tang. Do d6 (1) tuong duong voi:

x2+3=3|x—m|+3<:>x2=3|x—m|.

S46 539(5-2022) T?ﬂ":lgiog 41
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Ta chia ra hai truong hop sau dé pha dau gia trj
tuyét doi.
e THI:
x? —3x+3m =0. Dé phuong trinh nay cé nghiém

x>2m, ta dugc phuong trinh

thi A:9—12m20®m3%(1). Khi d6 nghiém

x_3+x/9—12m
2

3—-V9-12m
2

cua no la s€ c6 mot nghiém 16n

P e
hon E nén thoa man di€u kién x> m.

o TH2:

x* +3x—3m=0. Pé phuong trinh nay c6 nghiém

x<m, ta dugc phuong trinh

thi A:9+12m20<:>m2~%(2).

x_-—3—\/9+12m

2

o -3+9+12m
2
Ta kiém tra diéu kién x < m, ta co:

-3-Vo+12m _
) ’"@ JO+12m >-2m -3
3+\o+12m JoOr12m<2m+3
2

Khi do

nghiém cta né 1a

-2m-320
e V9+12m >-2m-3 | |9+12m > (-2m - 3)?
-2m-3<0
mS—3 :
2 : vonghiém 3
4m* <0 <:>m>—5. Két hop voi
M >

diéu kién (2) ta c6: m > —%.

2m+3>0
9+12m < (2m +3)*

e V9+12m <2m+3<:>{

3
>—-="_ !
2. Két hop véi diéu kién
m#0

3
m>——
<> 2

4m* >0

2)taco: m Z—%,m #0.

TOAN HOC
¥ Clugilpe

S8 539(5-2022)

42

Két lugn: Tir cac truong hop trén suy ra: véi moi

m phuong trinh da cho Iudén cé nghiém.

CAC BAI TAP AP DUNG
Bai 1. Cho phuong trinh:

em4sin x-cosx __ eZ(l—cosx)

=2—cosx—m.sinx(*),
v&i m 14 tham s6 thye. Tim tdng tit ca cac gia tri
nguyén cta m € (—5;10) dé phuong trinh (*) c6
nghi¢m.
Bai 2. Tim tit ca cic nghiém thudc khoang (0;7[)
cua phuong trinh
2020 —2020°"* = cos 2x.

Bai 3. Cho 0<x <2020 va
log, (2x+2)+x -3y =8". C6 bao nhiéu cap (x;y)
nguyén théa man céac diéu kién trén?
Bai 4. Tim tong tt ca cac gia trj ciia tham sé m dé
phuong trinh

3xz_2”l~2'x—ml = Ingz—zx+3 (2|x - ml + 2)
c6 dung ba nghi€ém phan biét.
Bai 5. C6 bao nhiéu s6 nguyén a (a 1) sao cho
t0n tai s§ thuc x théa man (a™ +5)™ =x-5 ?
Bai 6. C6 bao nhiéu s nguyén duong x,x <2021
sao cho ton tai s6 nguyén y théa min
x(2’ +y-1)=2-log, x*?
Bai 7. Tim tit ca cAc gi4 tri nguyén cua tham sb
m <10 de phuong trinh:

A O 1) 2=
c6 nghiém thyc.
Bai 8. C6 bao nhiéu gia tri nguyén duong cia
tham s6 m dé phuong trinh

x* =2mx+2m-5

2
c6 hai nghiém trai dau.

+x*=2mx+2m-7=0

log,

Bai 9. Tim tit ca cac gid tri nguyén duong cua
tham s m d& phuong trinh
4xz+(m—3)x i 2x2 —2(m—3)x—m +_i_x2 43 (m _3)x +_"_:l_ b 0

c6 2 nghiém duong phan biét.
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TIENG ANH QUA CAC BAI TOAN
BAI SO 80

PROBLEM. On the Argand diagram, sketch & 6

" , . el FRIE P
tne locus of z defined by |z— 3| >z = 1 — 21]. | 3 ///
Solution. Let P be the point representing z. i / /
Hence |z — 3| is the distance from P to the point AV ',‘;"""

A(3; 0) and |z — 1 — 2i| is the distance from P to § o 1 o

the point B(1; 2). E ] \J4
2 af Tof A28 Tja 8 e

Thus we need to find the locus of P so that i

PA > PB. TU VUNG
It is a half-plane, without boundary, determined #Nggnd ciggram e 'W‘“?M phitc
by the perpendicular bisector of 4B. (legc do Argand)
sketch : vé (phac hoa)
half-planc : nua mat phang
perpendicular bisector : duong trung truc
Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)

ﬁ;‘;”‘mﬁ E)E{fﬁ S(} 78 h = 60(1 — coskt) 1 30 phit.
Mit khac ham sé
h = 60(1 — cosk?)

BAI TOAN. Mot diém thu hut khach du lich o

« A 7T 4 e A n 5% 'y 71
mot trung tam thann pho la mot bann xe Lon

19 ” ng ma na 1h r‘\/ /(‘/! {'/ / > ;f 1 '{:’ do. \ A \ A A \ r.e \ 2”
B ety hani Knach co the di trer do. - 13 mét ham s6 tuin hoan vdf chu k¥ T

Banh xe quay theo cach sao cho do cao h(m)

22 30 k=2
k 15

cua mot hanh khach trén mat dat dwoc tinh theo Do d@6

cong thuc h = 60(1 — coskt). Trong cong thirc

Luwu y: Bai toan trén duoc trich tir mot dé thi

nay, k la mét hang sé, t la thoi gian tinh /»vff.i::
phut da tréi qua ké tie khi hanh khdch bat dau mon toan khoi A vira qua.
chuyén di trén mat dat va kt dwoc do bang Nhdn xét. Céc ban sau c6 bai dich tét, giri bai
vé Toa soan sém: Trdn Thi Thanh Thu, 11
Toéan 1, THPT chuyén Quéc hoc Hué, TP. Hué,
Thira Thién Hué; Nguyén Hung Cuong, xi

Nhon My, TX. An Nhon, Binh DPjnh.
HO HAI (Ha Ngi)

radian. .\1’{'/. VOng quay noan thanh cua banh xe

mat 30 phit. Tinh k.
Loi gigi. Mgt vong quay hoan thanh cua banh

xe mét 30 phut c6 nghia 13 chu ky ciia ham s6

TOAN HOC
0 43
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NHIEU CACH O}
CHD MOT qu TUA!\II

e

BAI TOAN 59 (IMO 2018). Cho (O) la duong
tron ngoai 1/'[;/) AABC. Céc diém D, E lan luot
nam trong cac doan thang AB va AC sao cho
AD = AE. Cac dwong trung truc cua BD va CE
cat cdac cung nhé AB va AC cua (O) tai cac diém
F, G. Chirng minh rang DE song song véi FG.
Cdch 1. Dé giai bai toan trén ta xét hai b dé nho
sau day:
B6 d¢ 1. Cho AABC ngi
tiép dwong tron (0). Goi
M, N lan luot la trung
diém AB, AC. DPuong
trung truc AB, AC lan
lwot cdt cung nho AB, AC
tai P, Q; PQ cdt AB, AC
lan leot tai I, J. Chitng minh tam gidc ALJ cén tai
A.
Thét vay, trt AOQP can tai O suy ra:

51—'\@=0/-Q7’ = AIJ = AJ1 (dpcm).

Bb dé 2. Cho cdc diém
nhw  hinh vé bén
(04 // O’D; OB // O°C;
khoang cach tw OA, OB
lan lwot t6i O'D, O°C la
Khi do

bang nhau).
AB // CD.
(Ban doc tu ching minh, béng cach kéo dai OA,
OB cit O’C va O’D tai K, E. D& dang chimg minh
dugc tir gidc EOKQO’ 1a hinh thoi, suy ra OO’ 1a
phan giac ctia goc 40B, DO'C )

Quay trd lai bai toan 59:

Goi I, L, M, J, K, P, N lan luot 13 trung diém cua
AD, AB, BD, AE, AC, CE, DE. Goi O’ 1a giao

TOAN HOC
* Cludilye

S 539(5-2022)

Gk

diém cua FM va GP; OL, OK cit cung nho
4B, AC 1an luot tai F°, G’.

Trudc tién ta chirg minh LM = KP.
Theo cach dung ta c6: MN // BE; LJ /| BE,

MN = %E— = LJ = MN song song va bang LJ

= tir giac MLJN l1a hinh binh hanh
=IM=NJ= % ().
Tuong tu ta ciing chiing minh dugc tir gidc NPKI

cling 1a hinh binh hanh, suy ra:

PK=NI= A—f :A—ZQ Q).

Tir (1) va (2) suy ra: PK = LM. Ap dung bb d& 2
suyra FG// F°G’.

Tir bd d& 1, b6 d8 2 suy ra:

F’G’l/| DE = FG // DE hoic FG tring v&i DE

(bai toan dugc ching minh hoan toan).

Cach 2.

Goi M, N lan luot 1a diém d6i xing cua D, E qua
AF vi AG. Khi 46 FM = FD = FB; MAF = BAF .
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D& thiy AMF = ADF, ma ADF +BDF =180’;
Eb?‘ = P/'Zi), suy ra:
FBD + ADF =180° = FBD + AMF =180°
= tir gidc ABFM ndi tiép dudng tron tim O =
M € (0). Tuong tu: N €(0O). Suy ra:
AM =AD = AE = AN
= tir gidc MDEN nbi tiép duong tron tim A
— MND = MED (cung chin cung A//IB) 3
EGA=AGN = AGM
=G EM thflng hang
=> MNF =MGF = MND = MED
= MED = MGF = DE song song hodc trung véi
FG (dpcm).
Cach 3.

Goi 7, J 1a hai diém 14n lugt thudc cung nho AG va
AF sao cho GI = GC; FB = FJ. Goi H, K lan luot
la giao diém cua AB, AC véi GF. D& thiy
AAJF = AADF (tir gidc ABFJ ndi tiép suy ra:
FBA+ AJF =180"; ABF = BDF => ADF = AJF,
JAF = FAD;JFA= DFA;FJ = FB = FD)

= AJ=AD. Tuong tu c6 AI=AE = AJ= AL

Lakcs ﬁ:é@dﬁﬂdz&)
= %(sdb?: +sa1G +sdIA).
AKH =%(sd(’?_6 +sdFA)

:%(sdc?;+sdﬁ +sd4J).

(Sb do cac cung & trén 1a s do cic cung nho)
ViBF =FJ, CG = GI, IA = AJ, suy ra:

AHK = AKH => AAHK cén tai 4
= DE song song hoac trung vdi FG (dpcm).
Cach 4.

Goi M, N lan luot 1a giao diém cua GE, FD voi
duong tron (O). Ta c6 ABFD can tai F, AGEC cén
tai G nén: FBD =FDB = ADN = ANF

= AADN cantai A = AD = AN.
Tuong tu: AAME cén tai A = AM = AE =
AM = AN = AD = AE. Do d6 tir giac MDEN ndi
tiép dudng tron tim A ban kinh 4D, suy ra

— m— e .

vay DE song song hodc trung véi FG.
Léi binh: + Khong mit tinh tong quat, gia sir
AB > AC, khi d6 néu D = B thi DE = FG, nguoc lai
néu AB < AC thi khi 46 E = C thi DE = FG.
+ Trudng hop F, G ndm trén céc cung 16n thi bai
toan van dung.
+ Bai toan 1, IMO 2018 phat biéu that ngan gon va
thi vi. Cach giai 1 c6 phan hoi dai nhung phu hop
v6i hoc sinh THCS, hip dan cho nhitng ngudi mudn
kham pha!
NGUYEN VAN BAN
(GV THCS Thanh Yén, huyén Dién Bién, Dién Bién)

Nhdn xét. Ky nay chi c6 ban Truwong Quang An, xa
Nghia Thing, huyén Tu Nghia, Quing Ngdi dong
gbp mot cach giai twong ty nhu cich 4 cua ban
Nguyén Vin Ban. Xin hoan nghénh ban.

LE MAI (Ha Noi)
Moi céc ban giri 101 giai BAI TOAN 61 duéi day vé
Toa soan Tap chi TH&TT trudce ngay 30.6.2022.
BAI TOAN 61. Cho tam giac ABC can tai A, noi
tiép dwong tron (0). D va E lan luot la trung diém
cua AB va Ac. G la trong tam tam gidgc ADC.
Churng minh GO vuong goc voi DC.

TRAN THANH HUNG
(GV THCS V& Trit, Tuy An, Phii Yén)

TOAN HOC
' cTusite 45
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#/ DU LICH THE GIO1 \

/ QUACACBTOAN HAY

4

Tro AN 68 ( Iran MO. 1999. vone 2). Gia sur
3 (Iran MO, 1999, vong 2). ‘

diem co toa do nguyen tren

7

mot duong tron co ban Kinh r . Chung min/

ilry < 64mr
Loi gidi. Xét duong tron ban kinh » ¢6 chira n
diém c6 toa d0 nguyén trén d6. Ta can chung

minh n(r) < 63/ 7.

Vir>1va 6/7r* >8nén ta co thé gia sirn > 8.

Goi n diém c6 toa 4 nguyén ndi trén 13 Py, P, ...,
P, ndm theo thi tu nguoc chiéu kim déng hd. Do
tong s& do cla cac cung I’E’E,PZB,,...,R,Q bing

P

47 nén ton tai mot cung PP,, c6 s6 do 16n nhit

. 4r A R g 2 . ag il g ey

lda —, khong mat tinh tong quat ta gia sir d6 1a
n

cung RP,.

Xét tam giac ABC ni tiép trong cung EE . Dién
tich tam giéc nay 16n nhét khi hai diém 4, C tring
v6i hai dau cung va diém B 1a giao diém cua trung
truc cua AC vdi cung 1/3;_1;3 (khi 4y, khoang céach
tir B dén dudng thing AC 16n nhét). Khi d6 ta co:

CAB=CBA=a<Z, 4CB=180° -2a.
n

Goi ba canh tam giac ABC ¢6 d6 dai 14 a, b, c. Khi
do6 ta co:
abc  (2rsin 4)(2rsin B)(2rsin )
SABC T e
4r 4r
_ 2rsina.2rsin2a.2rsina

4r

S8 539(5-2022)

2r£.2r£.2r£75 2
PO Ny ni s A
4r n’

Vi tam gidc P,P,P; ndi tiép trong cung chira

goc 2’1?3 nén theo két qua trén ta co:

4r*r’
<8 S - ne

S

il 2

Ma Py, P,, P; 1a cac diém c6 toa d§ nguyén nén
theo dinh ly Pick, ta co: Sppp = 5

4r*r?

Vivady: —<8,. ST. Suy ra:

1
2
n* <8r27° = n<223Yr* <6nr? (dpcm)

Nhdn xét. Trong chimg minh trén ta d3 sir dung két
quéa: sinx < x vdi moi x > 0 va dinh 1y Pick. Noi
dung dinh ly Pick nhu sau: Cho da gidc (P) khong tu
cat trong mat phcfng toa d¢ voi cac dinh co toa do
nguyén. Ky hiéu B la s6 cdac diém c6 toa dp nguyén
ndm trén bién cia (P), Ila s6 cdc diém cé toa do
nguyén nam bén trong cia (P). Khi 6 dién tich cia
da gidc (P) la: S, =1 +%B—1.
Ky niy chi c6 ban Nguyén Hing Cwong, xi Nhon
My, TX. An Nhon, Binh Pinh giai diing bai nay végi
cach giai tuong ty nhu trén. Xin hoan nghénh ban.
NHU HOANG
Sau day 1a bai tap d& nghi. Ban doc hay giri 16
giai vé Toa soan TH&TT trudce ngay 30.6.2022.

BAI TAP PE NGHI
BAI TOAN 70. Cho '

(:"ai‘z SO AgUyen Knong am

< a, thoa man:

Gia tri cua k la bao nhiéu?
KHANH HU'U (Ha Noi)
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GIAI PAP: LOI GIAI PA PUNG CHUA?
(Pé ding trén TH&TT sé 535, thdng 1 nim 2022)

Phén tich sai lim.
Trong 101 giai hoc sinh da chua xét xem trén doan

[—4ﬂ;6ﬂ] hai ho nghiém sz” va £+127”cc’>

nghiém tring nhau khong va c6 nghi¢m nao co
dang mz (meZ) can loai khong? Phuong én
hoc sinh chon khong la phuong an ding.
Loi gidgi dung sau khi tim duwgc nghi¢m phwong
trinh lugng gidc cdn bé sung nhu sau:

- : . n k2w
o Trudc tién ta ta xét xem hai hg nghiém x = s

va x= g + 127” c6 gia tri ndo trung nhau khong.

Gl Sl 0T
i

vi 14k 1a s6 nguyén chin va 5+10/ 1a s6 nguyén

1¢. Nhu vay hai hg nghiém khong c6 nghiém tring

nhau.

<14k =5+10l=v0 li

o Ta xét cac nghiém c6 dang mr (meZ)

ke
_ > k € {~10;-9;-8;...14;15)
Véi {x#mzn =
k ¢ {~10;-5;0;5,10,15}
x e[-4r;67]

= céc gia tri x can loai la: —4x, -2z, 0, 27, 4r,
67 . Tong cac gia tri nay 1a 67.
m D2r

(A {le{—14;—13;-12;...19;20}

Véi {x#mnx =5
l¢{-4;-11;3;10;17}

x €[-4x;67]

= céc gia tri x can loai 13: -7, =37, x, 3x, 57.
Téng cac gia tri nay 1a 57z. Khi d6 téng nghiém
15 20
S= Z("z—”)—(sn) ¥ Z(£+12—”]—57r =507.
k=-10 5 I=-14 7 7

Vay phuong an chon 1a C.

Nhgn xét. Chi c6 ba ban phat hién duoc sai 1Am va dua
ra 101 gidi dung. D6 1a cac ban: Lé Ngé Nhdt Huy,
111A, khu phé 1, phuong 7, TP. Bén Tre, Bén Tre,
Tran Thi Thanh Thu, 11 Toan 1, Nguyén Thi Khinh
Linh, 12 Toan 2, THPT chuyén Qubc hoc Hué, Thira
Thién Hué. Xin hoan nghénh ba ban.

KIHIVI

GIA TRI NAO ?

Bai toan. Cho sina —2cosa =2. Tinh sin2a.
Loi gidgi ciia ban Ngan.
Pat cosa =t voi —1<t<1. Do sina—2cosax =2

nén sina =2t + 2. Ta co:

~1<2t+2<] @—EStS—l.
2 2

Suy ra diéu kién cua ¢ 1a ——IStS—-z-.

Vi sin @ +cos’@ =1 nén (2t+2)2 +1* =1
&5t +8t+3=0<t=-1 hoic t=—%

(thoa mén diéu kién —IStS—%). Vi t=-1 thi

cosa=-1. Ma sina@+cos’a =1 nén sinaz=0.

. . by 3
Suy ra: sin2a =2sinacosa =0. Véi t =——
3 3 A &2 2
thi cosa=—§. Ma sin“a +cos“a =1

; 1 . 4
nén sin’ @ =1-cos’ a =—6. Suyra sina =+—.
25 5

Néu sina =f‘— thi sin2a=2.i.(—§j=—gi.
5 5 5 25
Néu sinot=—i thi sin2a = 2. —i . _é =E.
5 5 Seln 25

Vay sin2a =0 hodc sin2a = —z—: hoéc sin2a = ?

Cic ban c6 tinh ra két qua nhu ciia ban Ngén khong?

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)

TOAN HOC
* cTusitpe 47
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XUAT BAN TU 1964

[} A 9
Tap chi TOAN HOC va TUOI TRE L ——

BT Bién tap: 024.35121607,

Mn“‘emaﬁcs and Youfh Maguzine BT Phat hanh: 024.35142649, 024.35682701

Email: toanhoctucitrevietnam@gmail.com

BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
X A Chua tich Hoi déng Thanh vién
GS. TSKH. TRAN VAN NHUNG NXBGD Viét Nam
TS.NGUYEN VAN VONG NGUYEN bUC THAI
GS. POAN QUYNH Téng Giém\d(‘)’c NXBGD Vi¢t Nam
P e HOANG LE BACH
PGS.TS. TRAN VAN HAO Téng Bién tap NXBGD Viét Nam

PHAM VINH THAI
Vién trudng Vién nghién ciu Sich va HLGD

i p . ” AN THANH
HOI PONG BIEN TAP LA
Téng bién tap : TS. TRAN HOU NAM Phé téng bién tgp : CN. TRAN THI KIM CUONG
Thu ki Toa soan : ThS. HO QUANG VINH TS. LE HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH PUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAIL, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. TS. TA DUY PHUONG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAIL, ThS. VU KIM THUY, PGS. TS. VU
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY
@ Danh cho Trung hoc Co'sé € Giii bai ki truoe
For Lf;wer ‘Seco’ndar.?' School T1/535, ..., T12/535, L1/535, L2/535.
Nguyén Tién Tién — Ung dung ctia mdt hé thic
truy hai. Solutions to Previous Problems
© Huong din gisi 43 thi tuyén sinh vao 16p 10 @ Phuwong phip giii toin
THPT chuyén Tran Phu, TP. Hai Phong, nim Tran Minh Vi — Nguyén Vin Tri — Tran Thi
hoc 2021 - 2022. Thanh Minh — Sit dung phuong phap ham sb dé
© p: thi chon hoc sinh gidi 16p 9, tinh Nam Dinh, gt i phicone il s, 10gags
nam hoc 2021 - 2022. @ Tiéng Anh qua céc bai todn — Bai s6 80.
o Chuén bi cho ky thi THPT Quéc gia Bai dich s6 78.

Nguyén Pirc Trung — Mot sb dang toan vé s @ Vi o L
ham s& khi biét db thi y=f'(x) hodic bang xét Nhieu cach gidi cho mét bai toan — Giai bai

toan 59. D& bai toan 61.

dau y=f'(x).
Dién dan day hoc toan @ Du lich thé giéi qua céc bai toan hay — Giai
Huynh Ludn Luu — Nguyén Thi Duy An — Mot bai toan 68. D& bai toan 70.

s6 ky thudt giai bt phuong trinh.

s JA P A
Pira ky nay G Sai lam & dau?
T1/539, ..., T124539; 1.1/539,1.2/539:

Problem in This Issue

Bién tdp: LE MAI, NHU HOANG Mi thugt: QUOC HIEP, THANH LONG

Tri su, pht hanh: HOANG THI KIM PHUQNG, TRAN THI MINH HIEN Thiét ké, ché bdn: MINH HOA
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~. Saujday/Bimatss)
Gangthueng hisul

2. Mén Mi thuit

Hép xéc suat théng ké

Ban ghé hoc mi thuét

3. Mon Sinh hoc

May cét nudc 1 Ian

Truyén ém
5. Mon Héa hoc

B¢ thiét bj do gia téc
roi tu do

BY dé mé Tiéu ban

Béng vé Méu vé

R R T

Xoay chiéu

B¢ gid dé co bén
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“. - /ha xudt ban Gido duc Viét Nam la don vi

N\ 1 A A & ¥ e ) ' i oif o -
/T\l trure thudc B Giao duc va Pao tao ¢6 nhiém *

vu td chire bién soan, in 4n, san xuét va phat hanh
cac san pham sach gido khoa, sach tham khao,
sach dién tu, thiét bi gido duc phuc vu giang day,
hoc tap & cac cip, bac hoc trén toan quéc.

Véi bé day hon 60 nam thyc hién nhiém vu chinh
tri phuc vu nganh Gido duc, Nha xuat ban Gido
duc Viét Nam d3 hoan thanh xuét sic nhiém vu
trong cac 1an doi méi chuong trinh va thay sach
gido khoa do B Gido duc va Dao tao phan cong.
Céc san pham gido duc ctia Nha xudt ban Gido duc
Viét Nam ludn c6 dugce sy tin nhiém, tin cdy cua
nhiéu thé hé hoc sinh, phu huynh va gido vién trén
rp(_)i mién t6 qudc.

Thuc hién nhiém vu déi mai chuong trinh sach
gido khoa gido duc pho thong, bén canh viéc bién
soan cac b sach gido khoa da dugc Bo truong
B Gido duc va Pao tao phé duyét; Nha xuét ban
Gido duc Viét Nam can ctr vao quy dinh Thong tu
vé Danh muc thiét bi day hoc tbi thiéu cép THPE
ciia Bo Gido duc va Pao tao, cin ci vao triét 1i,
ndi dung, dac diém cua cac bd sach gido khoa dé
t6 chire thiét ké va san xuét cac san pham Thiét bj
day hoc 16p 10 mdi dung chung cho cac bd sach
giao khoa.

Dé chuan bi phuc vu cong tac day va hoc cho GV va
HS trén moi mién t6 qudc niam hoc 2022 — 2023 va
nhitng nam tiép theo. NXBGDVN v&i hon 35 nim
kinh nghiém trong san xuat va kinh doanh thiét b
gido duc, cung voi doi ngii chuyén gia giau kinh
nghiém, hoa si thiét ké chuyén nghiép va quy trinh
san xudt thiét bi hién dai da va dang t6 chirc nghién
ctru, xdy dung, san xuét cac san phdm TBDH theo
danh muc TBDH t6i thiéu danh cho cac cip hoc
bac hoc n6i chung va 16p 10 noi riéng.

Lop 10 véi 15 mon hoc, trong dé cé hoat dong trai

GIOTHIEUTHIEV B DAVIHOBIIU

nghiém hudng nghiép 1a moén hoc hoan toan méi
mé v6i nhiéu ndi dung chu dé hip din, budc dau
gido duc hudng nghi€p cho cac em hoc sinh chap
chimg budc vao bac hoc THPT va day ciing diéu
kién dé cac em dugc kham phé ban than, kham pha
kha ning cua chinh minh. D¢ giip mén hoc nay
that bo ich dd c6 rat nhiéu thiét bi day hoc hd trg
di kém dé GV va HS hing tha va yéu thich hon.
Ngoai ra véi hang tram loai san pham thiét bi day
hoc phuc vu, hd tro cho cic mon hoc khac nim
trong danh muc thiét bi day hoc t6i thiéu lop 10 do
Bo GDDT quy dinh.

Nam hoc 2022 — 2023 1a ndm dau tién trién khai
thuc hién thay SGK theo chuong trinh GDPT 2018
d6i voi 16p 10, di doi vai SGK 1a cac loai thiét bi
day hoc twong tng hd tro cho cac bai hoc ciia timg
mon hoc gitip cho GV va HS tuong tac véi nhau
nhiéu hon, khai thac va truyén tai ndi dung day hoc
mat cach sinh dong, chan thuc va chat luong, déng
thoi thong qua thyc hanh giip HS phat huy nang
luc lam viéc nhom tao sy say mé, hung thu dbi véi
mdn hoc qua d6 phat trién ning luc va su sang tao,
tu duy va tri nhd dugce t6t hon, cac em biét van
dung 1i thuyét dua vao thuc hanh trong cudc song.
Day 1a hi¢u qua to lon do thiét bi day hoc dem lai.

Véi viée xac dinh ding dan hiéu qua to 16n ma
TBDH dem lai cho cong tac giang day, hoc tap cua
GV va HS trong nha truong. NXBGDVN da dau tu
nhan luc, tri luc, vat luc dé san xuat TBDH phuc vu
cho cac cép hoc, bac hoc. BO TBDH ctia Nha xudt
ban Giao duc Viét Nam dam bao muc dich day hoc,
¢6 tinh thAm mi, than thién voi méi treong, an toan
cho nguoi dung, gia thanh dam bao canh tranh, san
pham duoc dan tem cong nghé tich hop chong hang
gia, hang nhai, truy xuit ngudn gbc va hudng dan
sir dung thiét bi gido duc trén ban dién tir.

(Xem tiép bia 3)

Gidy phép XB sb 534/GP-BTTTT cép ngay 19.11.2020; Ma sé: 8BT5M22
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