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CUQC THI SANG TAC

TRANG SACH TOI YEU”

ALY wong 101 Chao mUng ki nigm 65 nam fhack (- au
;!H;.;uét ban Gido duc Viét Nam {N;;gl'i'aﬁ; !:iﬁ;??ﬁ
sang tac “Trang sach t6i yéu” quoc 6 chire dé nham
khang dinh gia tri, thuwong hiéu, thanh twu 65 nam clia
NXBGDVN. Cudc thi sang tac “Trang sach to yéu” da
duoc to chﬂ*l:t;?hét f}@nghtlgr ngay 07/12/2021 va hién thu
hat si quan tam cua nhieu doc gid vay mén i Ly .z

phﬁm G °C gla yéu mén xuit ban

NXBGDVN da trai qua chang duwon
va phat trién voi nhiém vy t chpe
phét hanh sach gido khoa, taj |;
bi gido duc cho cac cap hoc, bac hoc trén toan quéc
NXBGDVN luodn gitr virng vj tri hang dau trong ngénﬁ
Xuat ban néi chung va trong finh Vurc bién soan, xuit
ban sach giao duc néi riéng. h

ghﬁﬁ nam xay dung
bién soan, xut ban
€U, hoc liéu va thiét

THONG BAO '

i+ GIAHAN CUQCTHI SANG TAC “TRANG SACH TOI YEU~ -

7 Thisl gian nhiin bal dy thi dén ngay 15/4/2022
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Cudc thi sang tac “Trang séch téi yéu” duoc t chirc
voi si tham dy clia cac nha tho, nha van, nhac si, nha
giao, nha bao, nhirng ngudi yéu mén van hoa doc sé
gop phan thap sang, lan toa tinh yéu déi véi sach bao,
gop phan déc lyc phat trién van hoa doc trong cong
dong xa hoi va dac biét la gop phan vao su nghiép gido
duc dao tao cla nudc nha.

Chia sé vé cudc thi, PGS.TS. Nguyén Van Tung - Pho
Tong bién tap NXBGDVN cho biét: Cudc thi sang tac
“Trang séch t6i yéu” da nhan duoc rat nhieu bai du
thi voi chat lwong cao, da dang vé thé loai ciing nhu de
tai. Cé nhirng bai hat, bai tho, tan van, but ki.;.., viet uf:
nhirng ki niém cling trang sach giao khoa tuoi thn’,_cﬂ
nhirng bai binh luan sau sac vé sach gido khoa, sach
tham khao, sach tham kho dac biét cia NXBGDVN.
Bén canh do, ciing co rat nhiéu tam sy, hoai niém, hoal

W,
bdo ciia nhiing can bo cong nhén vién da va dang i;]qng
tac tai NXBGDVN. Chung t6i tran trﬂgg twnq tac p am
i thi va ching i cling tin tudng rang nhung EE{?H
ngén, bai tho, bai ki, nhiing giai diéu viét vé NXBGDVN
voi sy thé hién cac gia trj nhan van tU sach cla
NKBGDVN sé tao nén thanh cong cho Cudc thi sang
tac “Trang sach toi yéu”.

D& cudc thi dam bao tinh cong bang, NXBGDVN da chia
hé théng gidi thudng thanh 2 bang Ava B danh cho céc
doi twong du thi khac nhau. Cu the:

- Bang A: Danh cho cac nha van, nha th-':r*_, qhé kh-:::? hl‘.}f,
nha gido, sinh vién, hoc sinh... khong gidi han do tuoi,
nghé nghiép, co qudc tich Viét Nam.

- Bang B: Danh cho c4c can bd, cdng nhén vién da va
dang cdng tac tai NXBGDVN.

NGi dung tac pham du thi bay té suy nghi, nhan xét,
danh gia... vé sach gido khoa, sach bai tap, sach tham
khao, chuyén khao, nang cao dan tri, tir dién, sach gido
duc... d6i véi nha tredng, véi viéc giang day - hoc tap
cua gido vién va hoc sinh, doi voi sy nghiép gido duc
n6i chung; Tac pham di thi viét vé sach gido khoa, sach
tham khao va sach néi chung clia NXBGDVN da dinh
hwong, anh hudng, tac dong, tao nén nhikng thay ddi
tich cuc nhu the nao dén cudc séng, sw nghiép cla
nhirng ngudi hoc sinh, sinh vién, thiy gido, c¢b gido
nhiéu thé hé; Tac phdm duy thi viét vé con nguoi va
cong viéc cla nhiing tac gia viét sach cho NXBGDVN:
Tac phdm du thi viét vé con nguoi va cong viéc cla
nhitng ngudi da va dang cong tac tai nha NXBGDVN:
Tac pham du thi phai dam béo tinh chan thuc, khach
quan, co tac dong tich cyc, truyén cam hirng ddi vaj
nganh Gido duc va voi cong ddng xa hoi,

Theo Ban T6 chirc Cudc thi sang tac “Trang
yeu" thoi gian nhén tac pham du thi duorc dié
ngay phat dong Cudc thi dén hét ngay 1
dia chi email: trangsachtoiyeu@nxbgd.vn. | gian
céng bo va trao giai du kién trong thang 5/2022 véi tbng

gia tri giai thudng Ién toi 200 triéu déng.

EﬂF biét, nhirng bai du thi dat giai ngoai viéc dugce trao |
Giay chirng nhan, Ky niém chuong clia Ban T chirc ‘

con sé dugc in trong Tuyél}{?&)‘g;yﬁli'eﬂrﬂﬁ&ﬂﬁmrg |

yéu” do NXBGDVN xuat ban




Trong ki thi chon Poi tuyén Viét Nam du thi
hoc sinh gioi Toan Quf:c: té IMO (International
Mathematical Olympiad) ngay thir nhit co bai
todn hinh hoc hay, phi hop véi déi tuong hoc
sinh 1&p 9 nhr sau:

Bai toan 1. Cho dwong tron (O) cé dav BC co
dinh va khong phai la dwomg kinh. Xét diém A di
chuyén trén cung lom BC sao cho tam giace ABC
nhon va AB < AC. Goi I, H lan lwot la trung
diém cua canh BC, triec tam tam giae ABC. Tia
IHcat dwong tron (O) tai K, dwong thang AH
cat dwong thang BC tgi D va dwong thang KD
cdt lai dwong tron (O) tai M. Tir diem M ke
dwong thang vuéng goe véi BC cat Al tai diém
N.

a) Chimg minh rang diém N luén thugc dwong

tron co dinh khi A thay doi.

b) Puwong mron tiep xuc voi AK o A va di qua N

cat AB, AC lan lwot tai P. Q. Goi J la trung
diém cua PQ. Chirng minh rang dwong thang
AJ luon di qua mot diém co dinh.

Loi giai. a) Cach I (h.1)

Hinh 1

V& duomg kinh AE cla dudng tron (O) va kéo
dai Al cit duong tron (O) tai diém tha hai la
F , ta dé dang chimg minh dugc tir gidc BHCE
la hinh binh hanh nén ba diém E./,H thing
hang. Ma ba diém /,H,K thing hang nén suy
ra bon diém K, H,IE
AKI = AKE=90°. Ta c6 AKI= ADI=90°
= AKDI 1a tir giac noi tiép.

= BDK = KAI

thing hang va

. l[saﬁ'x" +sdEEE‘:) _ L aKBF
2 2

= sdMC =sdFB = sdMB = sd FC
= BF = MC va BM = FC
= ABIM = ACIF (c.g.c) = BIM =CIF

— BIM = BIN (do BIN = CIF).

Xét AIMN ¢6 ID L MN va BIM = BIN = ID
la duong trung trnre cia MN = M va N dbi
' qua BC =

BNC = BMC =180° - BAC (khong ddi) = N

xirng vai nhau

ndm trén cung chira goc 180° — BAC dung trén
doan thing BC la cung tron co dinh. Viy diém
N luén thuje duong tron co dinh khi A4 thay
doi.

Cach 2 (h.2). Tuong tr cach 1 ta chirng minh
dugc JK 1L AK va tir giac AKDI ndi tiép
duong tron.

Goi S la giao diém cua hai duong thing AK
vi BC.Vi AD1BC va IK 1 AK nén H la

TOAN HOC
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tryc tam cua ASAI = DAS=DIH = DIL=DIH _ DAS = ASLI 1a ti giac noj

—tanDAS =tanDIH (1), tiép = DL.DA=DS.DI.
Ta lai c0 DM.DK=DLDA nén suy r
SD.DI = MD.DK.
’iﬂl Baahod b) Cach 1 (h.3)
__ Rve N
s B
R |
s ot |
_ ,
Hinh 2

Vi H la trtuce im A4BC = DCA=DHB
::-tanm=tanm :‘A.D=Bﬂ

CD HD
= AD.HD=CD.BD (2).
Talai co: ABDK ~ AMDC (g.g) Hinh 3
iy f;t; i Eﬁé — BD.DC=MDDK (3) Ta c6 NOA=NAK = KDB=MDC = NDC nén
Tir (1): (2) v (3) = SD.DI = MD.DK DNQC la tr giac ndi tiep. Vi CF=BM

= SKIM 1a tir gidc ngi tiép=> DIM = SKD (4), — QAN =BCM =BCN =DQN = DQ la tiép
Mat khac A4KDI la ur gidc ndi tiép tuyen cua duong tron (APNQ). Tuong tr DP
— SKD = DIN (5). la tiép tuyén cua dudng tron (APNQ).

T (4) va (5) — DIM = DIN. Tir d6 suy ra Goi G la giao diém cua AD voi dudng tron

dugc M va N doi ximg voi nhau qua BC = (AFNQ}‘ ta co:

BNC = BMC =180°— BAC (khéng déi) = N ADPG <> ADAP va ADQG <> ADAQ
: ——— DP PG . D

nam trén cung chira goc 180°-BAC dyngtrén = ;=—7 va 20 00

doan thing BC la cung tron ¢ dinh. Viy diém

i 3 PG
N luon thuoe duong tron co dinh khi 4 thay = e = PG.AQ = AP.OG (6).

: AP .
doi. | 10 |
Chi y. Ching ta c6 thé chimg minh ‘;‘:}3““3 dimh 1y Prolemy vao ti gidc noi tiép
DS.DI = MD.DK nhu sau (h.2): NQ ¢6: PG.AQ+AP.OG = AG.PO (7)

. : - - Tf!' ﬁ 'I-"é. -_|'|I 5 r =
Kéo dai 4D cit duomg tron (O) tai diém tho (6) va (7) suy ra:

PGAQ = AP.OG = AG.PQ
.

o

haila L. ta o6 LBC = LAC = HED = AG.QJ

— AHBD =ALBD (gcg) =H va L doi _ AQ_AG

xirng vo1 nhau qua duong thing BC & BG
TOAN HOC .
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= AAQJ > AAGP (c.g.c) = QAJ = GAP (8).
Mt khac ta dé dang chimg minh duoc:

BAD = CAO (9).
Tur (8) va (9) suy ra: ;ﬂ:} =CAO = ba diém
A4,0,J thang hang.

Viy duong thing 4J ludn di qua diém c¢6 dinh
0.

Cach 2. Goi J' 1a giao diém cua AF va PQ.
Taco: POA= PAK = IEB; QAJ'= EBI
- QJ' EI
= AQAJ'~ AEBI (g.g) = T (*).
Vi PQA=PAK =IEB; QAJ'=EBI nén ap
dung tinh chat goc ngoai cua tam giac vao céc
tam giac APJ' va CEI ta co:

AJ'P=PQA+QAJ"' = IEB + EBI = CIE.
Mit khac: BOT = ﬁ;!-:f', tir do suy ra:

AdPJ '~ ACEl = FL _EL (4ny
AFW CF
Kéthop (*), (**) va CI = BI suy ra:

AR - i :
gJ;AJ‘:}QJ':AJ'::-J’ la trung diém
cua PO=J=J' nén ba diém A,J,0 thing

hang.

Nhan xét 1. Cach giai thir hai khong can sir
dung dén diém N, cé nghia 1a ciu b) cua dé thi
dung trong trudng hop tong quat (tic la dudng
tron ndy chi can tiép xtc voi AK va cit cac tia
AB,AC tai hai diém P,Q). Vi viy ching ta c6
thé thay ddi cau b) cua dé thi cho phu hgp hon
nhu sau: “Mét duong tron thay doi luén tiép xiic
voi AK o A va cat cac tia AB,AC lan luot tai
hai diém P,Q. Goi J la trung diem cua !
Chieng minh rang dwong thang AJ luon di qua
mot diém co dinh”. Day chinh 1a ndi dung cua

cau 4c trong dé thi tuyén sinh vao l6p 10

Truong THPT chuyén Phan Boi Chau, Tinh
Nghé An, nam hoc 2021 - 2022.

Nhén xét 2. Goi L la trung diém cua AM , tr
bai toan | chung ta thu dugc mdt so ket qua sau:
Két qua 1. BC, AM lan heot la dwong phan
gidgc cia AIM va BLC.

Chirng minh (h.4)

Vi BM =CF = BAM = CAl = BAI = CAM
= A4BI ~ AAMC (g.g)

BIA = MCA (1)
B = ABMC =AM BI (2)
lAM  MC it Ll 5.

Vi BAM = CAl va BMA=ICA
=> AABM ~ AAIC (g.g)

—" AM = i = AC.BM = AM .IC
AC IC

= AC.BM = AM .IC (3).
Tir (1); (3) va BI =CI suy ra:
AC.BM = ABMC = AM.BI (*)

= AC.BM = AM Bl = s = =
BM  AM
= AIBM ~ ACAM (c.g.c)

— BIM = ACM (4).

Tir (1) va (4) = BIM =BIA = BC 1a duimg
phan giac cua AIM . Tuong ty ta c0 AM i
duong phan giac cua BLC.

TOAN HOC
' cTugitge 3
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.r{ p - At :
ht,t qug 2. Cac 17 giac AOIM vid BLOC néi
tiep dicong tron, .

Ching minh (h.4)
Tir BIA=MCA vj BIM < T

i ta co
AIM =AOM nén AOIM 13 giac ndi tiép.
Tuong tr ta co6 BLOC 1a tir glac njj tiép.

Két qua 3. Cac tiep tuyé,

"t Cua duong tron (Q)

tai B va C cg o *
¢ _C cat nhau 1gj mor diém nam tren
duong thang AM

Chirng minh (h.5)

R=R"
Hinh 5

Go1 R la giao diém cua tia AM vai tiép tuyén
cua dudng tron (O) tai B; Goi R' 1a giao diém
cua tia AM vdi tiép tuyén cua dudmg tron (0)
ta1 C. Ta co ARMB ~ ARBA (g.g)

RM RB BM :
= =— = ﬁRM-(ﬂ] (1).

RB  RA AB

R4 \ 4B
Tuong ty: AR'MC ~ AR'CA (g.g)
R'M R : ’
sl =RC=CM=RM=[£] @).
R'C ™ RA AT B'A “UAC

TOAN HOC
' Clugilre
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Mit khac ti ding thuc (%) o két qua |
AB  AC

Tir (1); (2) va (3) suy ra-

RM R'M RA-RM _R'A-RK'M

- = = :

RA R'A RA R'A

RA R'A
Chii y. Tuong tu ta ching minh dugc cac tiép
tuyén cia duong tron (O) tai A va M cj
nhau tai mot diém ndm trén dudng thang BC.

hay

Két qua 4. BL va BC doi xung voi nhau qug
dwong phan gidc cua Eﬁf :

Chirng minh (h.4)

Tir ding thirc (*) o két qua 1 suy ra:

ABMC =AM Bl = AM% = BC% =BC.AL

AB BC
= —

AL MC
= ABL=CBM suy ra BL va BC dbi ximg

= ABAL ~ ABCM (c.g.c)

r—

vOi nhau qua dudmg phan gidc cia ABM.

Chii y. Vi BAM =CAl nén ta cing cO AM va
CI doi Xumg vdi nhau qua duomg phan giac cua
BAC.

Kétquas. BL+LC= A+ M/

Chitng minh (h.6)

https://tieulun.hopto.org




Goi T la giao diém tha hai cua BL va duomg
tron (O).Theo két qua 3 ta c6 ABL=CBM
:bﬁ“zﬁ, Ma 1 ta co
Hﬂf=ﬁ'=§7=m. Suy ra AT = BF
= AB | FT = ATFB
= BT = AF (1).

theo bai toan

la hinh thang can

Tu ﬁ=ﬁ‘:{£=f LT £

AC=MT = TAL =CML
Xét AALT va AMLC cé:

AT = MC; TAL = CML; AL = ML
= AALT = AMLC (c.g.c)
= LT=CL=BL+LC=BL+LT =BT (2)
Mat khac ¢ cach 1 cua bai toan 1 ta co:
ABIM = ACIF (c.g.c)
= MI=IF = Al +MI=AIl +IF = AF (3).
Tu (1); (2) va (3) suy ra:
BL+LC=Al + MI.

Pén day chic hian s& c6 nhiéu ban doc van cé
thic mic 1a tai sao lai thu duoc cac két qua nhu
trén. Ciau tra 1oi d6 la do c6 két qua
BAM = CAI (hodc ﬁﬂ?ﬁe} nén suy ra tr
gidc ABMC 1a tir giac diéu hoa (tir giac noi tiép
¢co tich cac cip canh doi bang nhau dugc goi la
tir gide diéu hoa).
Nhén xét 3. O cau b) cua bai toan 1 ta co ba
diém A,J,0 thing hang (h.7) = QAJ = CAO,
ma ta dé dang chimg minh dugc BAD = CAO
:}@.:i?;":B‘;fJ nén AJ va AD doi ximg véi
nhau qua duong phan giac cua FT;IE? Vi vay
néu goi G la giao diém cua tia AD véi dudng
tron (APQ) thi ta c6 APGQ la ti giac diéu
hoa.
That vay ta cé: ﬁ?f? = Q‘If va ;EE?-;J =ﬁd
PG AG
JO  AQ

= AAPG «» A4JQ (g.g) =

= PG.AQ = AG.JQ (1).

Hinh 7
Mat khac:
APJ = AGQ va PAG = QAJ = PAJ = QAG
= AAPJ «» AAGQ (g.g) = = = i
AG GO

= AP.GQ = AG.PJ (2)

Két hop (1); (2 va PI=QJ
= PG.AQ = AP.GQ nén APGOQ la tir giac diéu
hoa.

Vi vdy néu ki hiéu duong tron ngoai tiép tam
gidc APQ la (APQ); Goi O' 1a tam duong
tron (APQ) va X latrung diém cua AG. Thi ta
lai 6 thém mot s6 két qua sau:

Két qua 1.1. FQ,AD lan lweot la dicomg phan
eide cua l?[: v I‘T{E).

Két qua 2.1. Cac nr gige PXO'Q va AO'JG
ngi tiep dwomg tron

Két qua 3.1. Cdc tiep n.{nfn cua dwong tron
(APQ) tai P va Q cat nhau tai mot diéem nam
trén dwong thang AD.

Két qua 4.1: PX va PQ doi xing véi nhau gua
dirong phan giac cua APG.

Két qua 5.1: BL+ LC = Al + MI.

Nhdn xét 4. R rang néu thay cau b) bing mét
trong nam két qua maéi nay thi viéc hoc sinh tim
ra dugc 10 giai sé co phan khé hon vi no di dau
di ban chat ba diém A4,J,0 thing hang.

TOAN HOC
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HUONG DAN G

Cau L 1) Cho biéu ¢th Yo

f = T — h"f}_}_’* 1] 2x+1
2x—+/x 2y 4 ‘*’T : E‘r_-_l vor x>0,
1 I
1 4-3 Vid \'?"3,
a) Rut gon bieu thire 4
b) Tim tat ca cac gia tri cua x dé 4 la so chinh

phuong.
3 . T ' ' o .- o
2) Tim tat ca cac gia tri cua tham so m (¢ phicomg

trinh X "2‘2”‘1“—[]1 'r-fﬂ: +m-3=0

co  hai
nghiem  phan  biér X, \ SA0 ho
- e
i X+ X, +]
R v 2(x rr sy ot gid m
_ 2 FolX +x, +xax, )+10
lém nhat.
Lai giai. 1) a)
i 1 —13 E
2 N
s ( ‘J';) | = (Z‘Jr.l') +1 :2.1'+l
J’I(zﬁ-l) JE(EJEH) 2x -1

(2J§~1)(4x+2~f}+1)
Vx(2vx -1 B
) (EJEH)(:;I-:JIH) P
Vx(2Vx +1) 2x-]

=[4_r+2-4'r;+l _4x-2Vx+1) 2x+1_ 4(2x-1)
Vx Jx 2x-1 :

‘1(2.1'-]] fh .3 i 1
—— vO1 diéu kién x>0, x#—,
2x+1

2x +1
V:’;}r A:

1
X#&—,

b) Do 4 la so chinh phuong nén A4 =0, két hgp

| 2x—1

voi dicu kién suy ra I}E. Khido 0< <1

2x+1
=0<A<4.Vi 4 lasb chinh phuong nén A =1.

Giai ra ta tim dugc x =-§ (thoa man).
2) Taco: A'=(2m—-1) —(m’ +m—3)

TOAN H
6 QC

i il ) -2022)

sX+ 3+

'A1 DE THI TUYEN SINH LOP 10 THPT CHUYEN BAC GIANG
NAM HOQC 2021 - 2022

+§}[L VmeR

5 5 2
— - 4:3. —_——
=3m" -5m+ (m ﬁ) 12

suy ra phuong trinh luon c6 hai nghiém phan pjg

X,, X, voi moi me R. Theo h¢ thirc Viéte, ta ¢4,

X, +X,=4m-2 _
3 Ta co:
XX, =m +m-3
B - X +x+1 X +x, +1

y (x, +x) +2(x, +x,)+10 k (x, +x, + I)EE

1 x4 %,=2)
" (x +x, I) <live. v
6 6[{xl+x,_+l) +9:| 6

Dang thirc xay ra khi va chi khi x, +x, =2
Keét hop vai hé thire Viéte ta dugc:

dm-2=2=m=1.

Cau ll. 1) Gigi phuomg trinh

V6—x — x"lr-ﬂ'r b6=x —-2x—18
2) Tim a, b dé da thire
f(x)=x"-3+3x +ax+b

chia cho x =1 dir 3 va chia cho ¥ -2 die 5.

Loi gidgi. 1) PK: -3<xy<6 (*). Phuong trinh da
cho tuong duong véi
[Jﬁ-x-l)—(sz+ﬁ-4)=f—21-15
5-x  2(x-5)

m m=[x—5){x+3}

ﬂ:ﬁ{x-ﬁ][:+3+ : - 2

=0
b—x +1 d2x+6+4J

=

x=-5=0
— 1 2

x+3+ 5 =)
Vo—-x+1 \2x+6+4

ex—-S=0=x=5 (thoa man (*)).

I

+
Vo—x +1

=(: vé nghiém

2
V2x+6 +4

khi -3<x<6,

B

|

https://tieulun.hopto.org

i



So sinh dicu kién ta duge tap nghiém cua phuong
trinh dd cho la §=1{5}.
2) Do f(x) chia cho biéu thirc x—1 ¢o s6 dur la 3

suyra f(1)=3 =a+b=2.

(1
Do f(x) chia cho biéu thirc x—2 ¢6 s6 du la §
/(2

suyra f(2)=5=2a+b=1.

Giai he

a+h=2 a=-—1
< \
2a+b=1 b=3

'[".lll 1l. | V  heme PN ol .l'|'. n chia het cho

240 varr n la so ne nhién le bat ki

2) I'r..i-'l fadl Ca cae nehiem NEUVCHR Cud I."'.;.-.'.f'-'l.l.l.l_' I .'.Fr.r'lf
L vix+y +06) ]=0

3) Cho lunh tran () co ban kinh bane 1. Chinge
minh rang trong tam diem A, A, .., A bat ki

thuoo hinh tron (Y, luon wom tai hai diem ma

I ] - . - Bl
-‘1..i|'|'.|.|'.l'."___r Calcit gRLncl CHRUF Ritcy narn |

Lai giai. 1) Do n(n—1)(n+1):3
:'Hf—n=rr{ﬂ—]]{n+l](n3+1)53.
la hai s6 chin lién tiép nén

Do n+1

(n=1)(n+1):8 va n® +1:2

n—1,

=n’ —n=n(n-1)(n+1)(n* +1):16. Mat khac:
n' —n=n(n-1)(n+1)(n’ +I]
=n(n—=1)(n+] ][[rr: - 4] - 5:|

=(n=2)(n=1)n(n+1)(n+2)+5n(n-1)(n+1):5.
Do 3, 5 va 16 d6i mot nguyén to cing nhau nén
n' —n:240 (dpcm).
2) X’ =y (x+y'+6y7)=0
o x*-yx-(y +ﬁ,1'4}=ﬂ (1).
Taco: A, = v+ 4(_1'“ + 6y ] =y (4_1': + 15).
Nhdn xét: Neu (x,:),) la nghiém ciua phuong
v, )cing la nghiém cua

trinh (1) thi (x;:-

‘——

phuong trinh (1). Khong mat tinh tong quat ta chi
can xét y = 0.

D¢ phuong trinh (1) c6 nghiém nguyén x, ta can
phai c6 A 1a mot s6 chinh phuong

THI1: Xét y=0 va thay vao (1) ta dugc x=0
thoa man nén (x;y)=(0;0) la mét nghi¢ém cua
(1).

TH2: Néu

y>0, A la s6 chinh phuong khi

4y* + 25 la so chinh phuong.
Dat 4y° +25=m" [m = NI)
< (m=2y)(m+2y)=25 (2).
Vi yeN, meN nén -2y<m+2y va

-2y, m+ 2y lacic uéc nguyén duong cua 25

m-2y=1 {m=]3
—

. Tir (2) ta duoc: ;
2) ¢ {m+2;-‘=25 y=6

Thay y=6 vao (1), rat gon ta dugc:

x' —36x-54432=0

x =252
& .
L=—2|ﬁ

Vay phuong trinh da cho co tap nghi¢m nguyén la
§ ={(0:0):(252:6):(~216;6):(252;-6);(~216;-6)}.
3) THI: 8 diém da cho c6 diém A tring véi tim
() cua duong tron.

Neu 7 diém con lai ¢6 diém 4, nam bén trong
dudmg tron (C) thi 44 <R =1 (thoa min).

Neu ca 7 diém con lai nam trén duomg tron thi
ching chia duomg tron thanh 7 cung. Do do co
mét cung trong cac cung do ¢6 so do nhé hon

360"

- ——=60". Khoang cich giira hai diém la diu

mut cua cung 46 nho hon R=1.

TOAN HOC
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TH2: Ca 8 diém da cho ddy
khac O. Ta chia hinh tron
thanh 7 hinh quat hfﬁng nhau

oK

C'ﬁl g{}E o lﬁm hi:illg ' ‘
360" . 60° (hinh v&),
7

Theo nguyén 1y Dirichlet, trong 8 diém da cho
phai ¢6 2 diém thude cing may trong 7 hinh quat
thu duge (c6 the nam trén bién cia hinh quat). Gia

su A4, A, thuoc mét hinh quat,
Khi d6 4,04, <60° nén mot trong hai goc Uﬂl
hogc OA 4 16n hon 60° (c6 thé bing 180°),

ching han  géc OA4,4,>60°. Ta b

AOA; <O4/4 nén AA <04 <R=1. Viy
trong cdc diém di cho luén tén tai hai diém ma

khoang cach gitra chiing nho hon 1.

Cau 1IV. Cho duong tron (O) va diém M o dinh
nam ngoai dwomg tron (), Qua M ké cat tuyén
MAB voi dweong tron (O) (MA < MB va AB khong
di qua O). Cdc tiép tuyén cua dieom g tron (Q) tai A
va B eat nhau tai K. eomge Hrcfrng gua K vudng
gac var MO, cat dwong tron (Q) tai hai diém C. D
phan bi¢t (KC < KD). Goi N la trung diém cua
doan AB.

1) Chitng minh rang ti gige ONCD néi tiép trong
mot dieomg tron,

2) Goi I la giao diém cua CD véi AB. Chirng minh
rang IAMB = IBMA

3) Qua B ke duong thang song song voi CD va cdt
dwong won (O) tgi diéem E (E khac B). Ching
minh rang dwomg thang AE luon di qua mot diem
co dink khi cat tuvén MAB thay doi.

Loi giai.

8 T?ﬂ?-:ﬁ% S 538(4-2022)

1) Theo bai ra ta thdy ba diém K, N va O thing
hang. Ap dung h¢ thirc lugng trong tam giac
vuong KBO ta dugc KB* = KN.KO ().

Chimg minh duge KB® = KC.KD (2).

Te (1) va (2) suy ra KNKO=KCKD
= o Kﬂ. Do d6 tam giac KNC dong dang
KN KD

voi tam giac KDO (c.g.c). Suy ra Hﬂ=m
Viy tir gislc ONCD ndi tiép trong mét duimg
tron.

2) Goi H la giao diém cua CD va MO. Khi d6 5
diem K, A, H, O va B cing thuc duong tron
duong kinh KO,

Ta c6 ﬁ:ﬁ:ﬁhm, suy ra HI la
duong phin giic trong cua tam giac- AHB

HA 14
= —=—{3).
HB IB ©)
Vi HM L HI nén HM 1a duémg phén gidc ngodi
cua tam giac AHB :-::‘JLL{:EI'LL1 (4).
HB MB

. . I4 MA
Tir (3) va (4) su —=——= J4MB = IB.MA.
(3) va (4) suyra H MH:; B=1

3) T OH.OM = ON.OK = OB’
2

= OH = e
OM

(khéng doi) suy ra H la diém cb
dinh. Goi F la giao diém cua AH vé&i dudimg
tron (O) (F # A). Ta cé:

AHK = 40K (7). ﬁ=%m=m (8).

Tir (7) va (8) = AHK = AFB = CD//BF.
Suy ra F'=E. Vay AE di qua diém H c6 dinh

(dpcm). &
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DE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN TRAN PHU, TP. HAI PHONG
NAM HOC 2021 - 2022
(Thoti gian lam bai: 150 phut)

Bai 1. (2 diém)

1) Cho biéu thirc

A= 1 —J;-H ’ JT*4+4\E+5
.w'r;—l x—1 J;+1

(vai x=20,x=1).

Rut gon biéu thirc 4 va tim tat ca cac gia trj cua
x e 422,
2) Cho hai phuong trinh (an x; thamso a. b)

X +ax+b=0 (1); X +bx+2a=0 (2).
Tim tat ca cac cap s6 thue (a:b) dé mdi phuong
trinh trén déu co hai nghiém phan biét thoa man
X, =X, =X, trong do x, la nghiém chung cua hai
phuong trinh va x,, x, lan lugt 1a hai nghiém con
lai cua phuong trinh (1), phuong trinh (2).

Bai 2. (2 diéem)

1) Giai phuong trinh v3x+2-2Jx=2-x

(¥ +y* +xy=x+4

2) Giai hé phuong trinh 1"’(, - fad |
1y +2xy=y—4

Bai 3. (3 diém) Cho tam giac nhon ABC

(AB = AC) nji tiep duomg tron (O0). Goi [ la
tam duong tron bang tiép trong goc BAC cia tam
giac ABC . Duong thang A/ cat BC tai D, cat
duong tron (O) tai E (E = A).

a) Chimg minh £ 1a tim dudng tron ngoai tiép
tam giac /BC .

b) Ké [H wvuodng goc vai BC tai H . Duong
thing EH cit duong tron (O) tai F (F#E).
Chimg minh AF L FI .

¢) Puong thing FD cat duong tron (O) tai
M (M # F), duong thang IM cédt duong tron
(O) tai N (N #M). Dudng thing qua O song
song voi FI cit Al tai J, duong thing qua J
song song vo1 AH cit IH tai P. Chimg minh ba
diém N, E, P thing hang.

Bai 4. (! diém) Cho cac so thuc duong x, v, z.
.Chirg minh ring

oo vz sz
—_—t e JInE..
J2x+y J2y+z 2z+x

Bai 5. (2 diém)

1) Tim cac so6 nguyén duong x, v thoa man

y'+2y' -3=x"-3x.

2) Cho tap hgp X ={1:2:3;..;101}. Tim so0 ty
nhién n (n=3) nho nhat sao cho véi mei tip con

A tiy y gom n phantrcua X déu ton tai 3 phan

tr 461 mot phan bigt a,b,ce A théa man
a+b=c.

TRAN QUANG THANG, TRINH VIET ANH

(GV THPT chuvén Tran Phu, Hai Phong)

Gidi thigu

e T T T Tl Lttt e T R T T T LTI,

& Cau V. Cho hai so dwong a, b thay doi thoa

man a +b +6ab<8. Tim gia tri nho nhat cua

=
i

; . = | 4 4 i .f:"
e TR t =

Léi gigi. Taco: @’ +b" +6ab<8
oa' +b +(-2) -3ab.(-2)<0 (*).

Taco: X +yv' +2 —-3xz

— %{.r:+_~.'+:}[{x—,r}: +{_r—::-: +{:—.1:}::|,

Khi dtﬁ:{‘}-::}[u+h—2}[[ﬂ—b]:+[a+2}:+{h+ 2]:}5!}
< 0<a+b=<2. Theo BDT Cauchy ta co:
a+b22Jab= ab<l. Khidé:

P=[ ,l -+ ! ]+[L+uh]+i

a +b 2ab ab 2ab
- “+”: E

(a+b) 2

+2+

=

ta | O

9
‘v’ﬂymin!’:? khi a=b=1.

NGUYEN ANH TUAN
(GV THPT chuvén Bac Giang) Gidi thi¢u

TOAN HOC
' cTusitze 9
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CHUAN g,

CHO KY TH)
‘1 TRUNG Hoc
= pub THONG

MOT 50 DANG TOANVESO NGHIM.
CUA PHUONG TRINH 0 CHUA HAM

|:1:_ Qudc Gia v

Bai toan vé sb nghiém cua PT ¢4 chir
xuat hién nhiéu trong cac dé thi
kho khin _Chﬂ cac em hoc sinh khj on tap. Tron
khudn kho cua bai viét chung toi trinh bay mot 5{2;
dang toan thudng gip vé s§ ‘nghiém cua PT ¢o
chira ham h‘?’P VOl mong mudn giUp cac em hoc
sinh tlep can tdt cac dang toan nay.,

a ham hgp
va gay khong it

DANG 1. Xac dinh so nghiém cua phuong trinh
f [”[,1'” =a voiala hfing s0

Cich tiégp cgn. Sir dung tinh chét say day ma vige
ching minh xin nhuéng cho ban doc: Gid sir

g(x) la ham s6 cia x, xdc dinh trén khodng
(a;b) va lay gia i wén khodng (c;d);
y=[(u(x)) lé ham 56 cia u(x), xdc dinh wén
khodng (c;d) va ldy gid tri trén R. Khi d6 -

X=X
: X=Xy
Neu f(x)=a < thi phuong trinh
(x=1x,
-H{I)‘:Il
H(I)=II
f(u(x))za-:::-
u(x)=x,

Thidy 1. (Trich ﬂe thi thar coa Truomg THPT
chuyén Ha Tinh nam 2020) Cho ham so

V= fx) co bang bién thién nhie sau
=
: —x

L e

I
[
-

M) | = 0 +

. LeTaETH
. L o £ . __Illll.. |
(YT i O 5 4 7
: : : [ 7 7]
Biét 1(0)=0, so nghié¢m thugc doan | —E —3~4|
cua phicong trinh _}"[_f'(uﬁsin.r+cus X _]:I la
A. 4 B. 3 A D. 5

: T
Loi giai. Dat r=\ﬁsinx+cﬂsx=251n[x+?}.

Vai IE[——'T—E} thi x+£e[:ﬂ;5—?r:l. Suy ra
6 3 6 2

;=25in[x+%)e[—2;2]. Tur duomg tron lugng

gidc cho ta thay: Véi mdi ¢ €[0;2) c6 3 nghiém x,
méi 1 €(-2;0)U{2} ¢6 2 nghiém x, £=-2 ¢6 1
nghiém x. Ta co:

f(f(ﬁsinx+cnsx))=!
-f( Isinx+cosx|=ag>2

(\-'!_SIII.I+C()SI) bE(-—Z{]

[‘J_SIH.I+ CﬂSI] cC<—

rﬁsinx+cﬂsx =f »2

!
V3sinx+cosx=¢, >2

2
aﬁsinx+cnsx =t € [{};2)_

3si -
u’r_ nx+r.‘:u5.1:—f4 < =2

‘-ﬁsinx+m5x=;5 <=2

Do d6 PT co 3 nghiém, Chon B,
Fhi dy 2. (Trich dé thi thy cua Iru-:rn;_ THPT

chuyén Quang ’Irun;_, Binh Phuérc,
2020) Cho ham so v = f (x) li¢

lin 3, nim
ntuc trén B va

co bang bien thién nhie hing vé

https://tieulun.hopto.org



\ f ) r
4 4 |
B __1 _ i .r_
f(x) \‘ / \ /
—1 2
Hoi ;!.I'.mmu trinh }'{1' ~|x|} =35 co bao nhiéu
nghicm’!
A. 4 B. 6 .8 D. 5.

Lai gidgi. Taco: 2f(x* ~|x]) =5

: / 1]
x* =|x|=ae| —oo;——
1 4
; (1
s x° —II{=bE —E:ﬂj
e f(F-p)=5= > e
:-:2—|x|=r:E l};-)
. 4

Xétham so u(x)=x" —x trén R.

Ta co: u'(x)=2x—-1. Bang bién thién ham s

y=u(lx)

L) - o

Y | o |
| O
[

LY

Tir -h:in.g_bié-t_]-th-i.én ham sb y= u(!x” ta .s.uy' ra PT
da cho co 8 nghiém. Chon C.

DANG 2. Tim dic¢u kién cua tham so m dé PT
flulx))=m ¢onghi¢m, cé k nghi¢m

Cdch tiép cdn.

+ Pjt t =u(x). Khao sat hodc danh gia tim mien
gia tri cia bien ¢ va tim sy twong (g giira 1 va x
trong truong hop bai toan yéu cau cé k nghi¢m.

+ Lap bang bién thién cho ham so f ().

+ Dura vao bang bién thién két luan.

Thi du 3. Cho ham so v = ||

thoa man dieu kien

Chi y. Ngoai vigc lap bang bién thién cho ham s6

fu) taco thé doc do thi f(u).
v ) lienm tuc tren

lim f{x)= lm f[x)=—

vad o do thi nhie  himh  diweai dan
F -}_I‘
|
/ \ II\ \
/ , s _Fx
{ -l 1"*-,% o 1 FLi X
/ ! /
N
Hﬁh / H‘\.
f \ / \
I} ! 1".

J|I -3 \/ \x
\

Voi gia thiet, phwong trinh | (l W + X j d Co

nghiem. Gia sw khi tham so a thay doi, phwong
rrinh da ho co nhiéu H:"!::'.f m H_-L'J'J'.f::ﬁ.l va o il .I.hl'hf.f
n nghiem. Gid tri cua m+n bang

A. 4
Loi  gial

u(x)=1-+x"+x trén [0;+0). Ta cé

()= 3EEL
2P +x

lim u(x)=—o0. Nhu vy cir | gia tri ue(—on;1]

=4+

B. 6 C. 3 D, 5.
Piéu kién x=0. Xét ham sb

<0, Vx>0 va u(0)=1,

chol giatn xe [{};+m), Bang bién thién ham so6

f{n) nhu sau

— S = SRS = ===

| u | —o = 1
L)
f{u / \.

Dz,ra Vao I:rang blen thlen ta suy ra PT
_f(l-xfx +,=:)=u c6 nhiéu nhat 2 nghi¢m, it
nhat 1 nghiém. Chon C.

TOFIN HOC

I.J.J..,\
| lup

S5 538(4-2022)

TR ko org



Thi du 4. (Trich dé thi thi cua Trwomg THPT
chuyén, Dai hoc Vinh, lin 2, nam 2020) Cho

ham 50 y=f| 1] lién e tréen R vg co do thi nhu

hinh vé.

........

Co bao nhieu gia tri nguvén cua m dé phuong
- fl 3 ! ‘ .
k| ( X —3_ri):m co dung 12 nghiém phdan biét
thuoc doan [—2; 2] 7
A. 4 B. 3 = D. 2.
Ta ¢6 u'(x)=3x* -3 . Bang bién thién ham sé

y=|u(x)

. N -2 -1 I 2{i 2
_[u'(x} iz g = 0 +

I}| \./'\ /\/‘

Nhu vay cir 1 gia tri |u|e(0;2) cho 6 gia tri
xe[-2;2], |[ul=2 cho 4 gia tri xe[-2:2],
W/=0 cho 3 gia i xe[-22]. Pé PT
I [lf —3x|) =m c6 12 nghiém thugc doan [*-2:2]
thi PT f(ju[)=m c6 2 nghiém |u| phén biét
thugc khoang (D;Z} . Dyra vao do6 thi ham 50
—2<m<0
2<m<3

f(x) trén doan [0;2]ta suy ra [

12 "Ooge _sssmumes

Chon C.

Dic biét néu thay m boi f(m m) ta thu dwgc mgi
I6p bai todn kha thi vi va cach tiép cdn ciing c6
nhitng nét riéng. Sau ddy la cde cach tiép cdn do.
Cich tiép cdn I: St dung tinh don dicu.

Néu ham sé y = f(x) dong bién hodc nghich bién
trén tip xac dinh cua phuong trinh thi PT
f(u(x))= 1 (v(x)) & ulx) =v(x).

Cich tiép cgn 2: Poc do thi.

+ Dit r=u(x). Khao sat hoac danh gia tim mién
gid trj cua bién ¢ va tim sy tuong (ng gitra f va x
Iléll cﬁn.

+ Duya vio d6 thi (bang bién thién) coi u 1a bién
tim dugc diéu kién cua f(u), tir d6 suy ra dicu
kién caa f(m).

+ Dya vao d6 thi ( bang bién thién) coi m 1a bién
tim dugc diéu kién cia m .

Thi du 5. Cho ham so v = f(x) lién tuc rén R

va co do thi nhu hinh vé.

B
L

;/ 4 0 x

LI L - i u - $ H -
Co bao nhiéu gid 1ri nguvén cua tham so m dé

phuong trinh

[ | 3sin x - -cosx—1|)

!

= | lm +4m +4)

!

2COSX —sinx- +4f,l
co nghiém ?

A. 3 B. 4 4 D. Vo so.
Loigiai. Taco m* +4m+4>0, VmeR .

Xét ham s6: u(x)= SSimx - cosx— |
2cosx —sinx + 4

!

https://tieulun.hopto.org
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= (u+3)sinx—(2u+1)cosx=4u+1. Sur

dung diéu kién c6 nghiém cua PT bic nhat déi véi
. ‘ 9
sinx va cosx ta dugc ~ﬁ£u5 1. Suy ra

0<|u|<1, vxeR. Dé thdy ham sé6 y=f(x)

dong bién trén (0;4w0). Do do:

d

Dé PT c6 nghiém thi 0<m®+4m+4<1. Vi

3sinx—cosx—1]

= | 4
2cosx—sinx+4 f(m TRy ]

&

3sinx—cosx-—1 5
| =m +4dm+ 4.

licnsr-sinx+4
meZ nén me{-3;-2;-1}. Chon A.

Thi du 6. Cho ham so bdc ba v = f(x) co do thi

nhie hinh vé.

B. () N D. 1.

Loi gigi. Xét ham s6 u(x)=x-+x"+1. Ta c6

u'(x)=1- e +1_I}'|],"?'IER va

vx© +1 x* +1

limu[1]={l. Voi xeR thi

e A

lim u(x)=—o,

u e (—c:0). Dya vao do thj ta suy ra f(u)<3
véi moi u €(—x;0). Kéo theo f(m)<3. Tu do
thi ta ¢6 m<2. Vi m nguyén duong nén
me{l;2}.ChonC.

DANG 3. Xac dinh s6 nghi¢m, tim diéu kién

cia tham s6 m dé phwong trinh

flulx))=g(u(x))+m cb nghi¢m, ¢é k nghi¢m.
Cdch tiep can 1: Dit t =u(x) va khao sat ham
so h(t)= f(t)-g(¢) trén mién bien .

Cich tiép cgn 2 : Dat t=u(x) va tim nghi¢m
cua PT f(t)=g(t) bing cach sir dung twong
giao cua hai d6 thi ham s6 y = f(¢) va y =g(¢).

Thi du 7. (Trich dé thi thir cia Truwong THPT
chuyén Quang Trung, Binh Phwoc, lan 4, nim
2019-2020) Cho ham so y=flx) co do thi nhie

hinh vé dweri.

= 4

Co bao nhiéu gia tri nguven cua tham so m deé

3 A I \ : =
phieeng  trinh : f i = | |[tx=m co nghiem
thuoc [—2;3]'.’

A.7 B. 6 C. 8 D. §.
Loi  gidi. PT  dugc  viét lai

lf[£+|]+g[£+1]=m+2.ﬂat fma ], Voi
3 2 2 2

xe[-2;2] thi re[0;2]. Xét ham s6

g{t]:%j'[rhz:‘ trén doan [0;2]. Ta c¢6

l .
g'(r)=3/"(1)+2>0, vt €[0;2]. Do dé dé PT

di cho c¢6 nghiém thuge [-2;2] thi

TOAN HOC
" Clusifre
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10 el 1

L

e ——

nén mE{_3;_2;—1;0;1;2§344}.Ch:;mQ | 5 ] = 4 O — 0 %

i dy 8. Cho him 36y = 1 (x) lién tye trén R
. _ I

L o . +a0
va co do thi nhie hinh ve | ¥ ] \ / \‘ / |
. | -2 -4 '

i | | §
, 2 ] . h
So6 nghiém thujc doan —-5,'—2— cua phuong
_b w
¥ trinh Sf(CGEII—CGSI)=] la
A. 11 B. 10 C.9 D. 12.
2. Cho ham sb bac ba y = f(x) c6 do thi ham so
nhur hinh vé dudi day.
Co bao nhieu gia tr nguven cua tham sé m dé Va

phuong trinh - f(f(x)+m)+1= flx)+m ¢6 0

dung 3 nghiem phan biét trén doan [_ - 1] o
A, ] B.2 53 D. 4
Loi giai. D3t t=f(x)+m. PT dugc viét lai

f(t)=t-1. Nghiém cia PT nay la hoanh d¢ giao 4

diem cua 46 thi ham so y = f(¢) va dudng thing  Tim sé nghiém thyc cia phuong trinh

t=-2 f(J-f+4x-3]=-z.
y=t-1. Do d6 f(t)=t-1 |t=0 =
A. 4 B. 1. T3 D 5,
=2
f(x)+m==2  [f(x)=-m-2 3. Cho ham 56 y = f(x)lién tuc trén R va c6 db
f(x)+m=0 < |f(x)=-m . Trén doan thi nhu hinh v& dudi dy.
f(x)+m=2 f(x)=-m+2
L : = " }?Jh
~1:1] ham s6 y = f(x) ddng bién nén cir mdi y

4 -5 ma
cho mét x. Duya vao db thi ta suy ra dé PT da cho
¢6 ding 3 nghiém phan biét trén doan [-1;1] thi
m=1], Chon A.
0
BAI TAP DE NGHI

1 (Trich @é thi thir So GD&PT Nam Bjnh, nam
2020) Cho ham s6 y = f(x) co bing bién thién

nhir sau:

14 T?g?'luggcc S& 538(4-2022)
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Co bao nhiéu gia tri nguyén cua tham s6 m

[-10; 10] dé phuong trinh

f(x'=3x* +2)=m’ =3m c6 nghiém thudc nira
khoang [1;3).

A. 4 B.6. C.2 D.5.
4. (Trich dé thi thic cua S6 GD&DPT Ha Tinh, nam
2020) Cho ham s0 y = f(x)lién tyc trén R va co
d6 thi nhur hinh v&.

Co bao nhiéu gia tri nguyén cua tham s6 m dé

phuong trinh f( f(cosx))=m c6 nghiém thudc

khoang [E'EEJ‘?
*
A 4 B. 2 BTk D. 5

5. Cho ham s6 y = f(x) lién tyc trén R va c6 do
thi nhu hinh vé dud day

o
ra
A

-

e

Co6 bao nhiéu gia tri nguyén cia m dé phuong

trinh f(2log, x)=m c¢é nghiém duy nhat trén

)
2

A. 4 C.9
6. (Trich dé thi thir ciia So GD&DT Phii Tho, lan

2, ndgm 2019) Cho ham s6 y= f(x) thoa man

1(0) *:’.% vi c6 bang bién thién nhu sau.

B. 6 D. 5.

v | = B 9 0

. --\..1/“\__,

Gié tri 16n nhét cua tham s6 m dé phuong trinh

2 (x)— f (x)+7 f(x ]—-
& =m

[0;2] 1a

c60 nghi¢m trén doan

15

Al E:-I B' €l3 CI- E4 Dl- E3 *

7. Cho ham s6 y = f(x) ¢6 do thi nhu hinh v&.

Tim tat ca cac gia tri nguyén cua tham s6 m dé
phuong trinh f(1+sinx)= f(m) co nghiém
A. me{-1;0;1;2}  B. me{0;1;2}.

C.med D. me{0:1}.
; TOAN H
S55384-2022) ! CTugi s e 15
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8. (Tr ich de thi thi cia Treong THPT chuyén Lé
Hong Phong, Nam Binh, lin | pam 2020) Cho
ham s0 ¥ = f(x) 6 dd thi nhu hinh vg, |

| / : Cé bao nhiéu gia tri nguyén cua m deé phuﬂng
g trinh f(ﬁsinx+3cn5:)=f(m(m+])] ¢

—-_._H_x_:“
o
s

.

Pt

nghiém thuec.
A, 5 B_ 6 ’C. 2 Dq- 4.,

11. Cho ham s6 y=f(.t:) lién tuc trén R v ¢

db thi nhur hinh vé.

C6 bao nhi€u gia tri nguyén khong am cua tham
s0 m dé phuong trinh

f(Jf[sinlx}+2)=f(i;_)

'],’ F s

c6 nghiém thudc nira khoang [__”_' ._’E] 9

4°4 |
A 4 B2 C. 3 ) 8 »
' X
9. Cho ham s6 y = f(x) lién tuc trén R va c6 dd
thi nhir hinh vé, Goi § 14 tip cic gid tri nguyén cia tham so m ¢
ya phuong trinh f{sin I] =3sinx+m co6 nghiém

thugc khoang (0;7). Tong cac phan tir cua §
bang
A. -5 B.-3. C.-10 D. 6.

o 12. Cho ham 50 bac ba y= f(x) c¢6 bang bién

thién nhur sau

e —— e — —— — — ———y

4 5 0

[ 7 x ’1 = = - T
| e i
C6 bao nhiéu gia trj nguyén ct bmad | °
gia tr1 nguyeén cua tham s6 m dé
| —or =

phuong trinh /(\[2/ (cosx))=m c6 nghigm —— —— |
Phuong trinh £ (sinx +cosx)+1 + sin 2x

e Fi g
thugc [—;H]? /4
2 =2~Esin(x+z]f[sinx+cn51}
"t B.3" .2 D4
ghim % Kl 2 " . I ST
10. Cho ham sé y = £(x) lién tuc trén R co g = ° "éu nghiém thuge doan [_T‘T]?

thj nhir hinh vé. A. B. 3 C. 4 D. 6.

1 6 T?gi-‘uggce S6 538(4-2022)
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PHUONG PHAP

GIARXT TOXR i

e i i e

r?ﬁfihwﬁﬁﬂﬂb’hﬂl

C6 mot s6 bai toan bat ding thirc ma ta co thé dya
vao diéu kién ban dau dé ta dinh huéng cach giai
cho né. Tat nhién khong phai bai nao c6 diéu kién
d6 ciing co thé dé dang giai duge theo cach giai
ma ta dinh hudémg va do6 cling chua chic d3 la cach
giai hay. Nhung & day t6i dua ra mot s6 dang toan
ma khi nhin vao dicu kién ta c6 thé dinh hudng
cach thé bién dé chimg minh.

Trong bai viét nay t6i c6 sit dung cac BDT
Cauchy, BDT Bunyakovsky, BDT Schwarz, BDT
Schur la nhimg BDT thuong gdp ma cac ban co
thé thiy trong hau hét cac tai liéu bat ding thic
nén toi khong néu ra day.

Dang 1. Trong gia thiét bai todn c6 cho abc=1
khi d6 ta co thé dinh huémg thé bien nhir sau:

a =£,b=£,c=£

y z X

1 1 1

hogc a=—,b=—,c=—.
x ¥ z

Tét nhién cé nhimg bai toan khéng cé diéu kién
@6, nhung thwong bdi todn cho dudi dang dong

bdc thi ta c6 thé chuan héa cho abc=1.

Thi du 1. Véi a,b,c la nhimg so thuc duong.
Chieng minh rang:

ac ba ch

+ -

x =21 (*)
ba + 2c”

ch+a

;IJ{.‘ - Zh'{
Huréng din. Bai nay khéng c6 diéu kién abc =1
nhung ta thdy c6 thé chuan hoa dugc dicu kién do.
Cén néu ma ban nao chua quen véi cach chuan
hoa thi ta co thé chia ca tir va mau cua timg phéan
thirc cho biéu thirc thich hop.

That viy ta co:

a b L
VI(*o—2_+—€ 42 __>1(*),
a b c. .0 a
— 42— —+2—- —+2-

b ¢ ¢ a a b
bat x:iy=£,z=£. Khi d6 (**) tro thanh:

b c a
x + AR A %,
x+2y y+2z z+2x
Theo BDT Schwarz, ta co:
2 2 2
VT a— et A
X“+2xy y +2yz z"+2z
> (x+y+z) R Ry

Xty 2+ 2xy+2yz + 22x
(dpecm). Ping thirc xay ra khi va chi khi
x=y=z&ra=hb=c.
Thi du 2. Cho a.b.c la cac sé thue dicong thoa
mdn abc = 1. Chimg minh rang:

I | I |
—— + S

a'(b+2¢) b (c+2a) c*(a+2b) 3

Hudng dan. Bai nay thi ta nghi ngay dén céach thé
bién thi hai, vi cach thé bién thir nhat s& cho ta bt
ding thirc con phire tap hon.

bat a-——-1~._, =—l-,c=l=>xyz=l. Khi do BDT da

X ¥y Z
cho tro thanh:
3 3 3
K B w P T
(2y+2) (2z+x) (2x+y) 3
Theo BDT Cauchy, ta co:
. TOAN HOC
So6 538(4-2022) . C‘I‘mt!;e 1 7
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1 X
(2y+ z)" 27 27 3

Tuong tw cho hai biéu thie cop lai, suy ra:

3 3
X LETEY z?

(2y+ ..':]I2 (2z +.1|r]2 +{2_1-+J.)2

1
Ea(x+y+z]

2

(dpcm). Bﬁng thire Xay ra Kkhj
x=y=z=log= b=¢=1.

Thi dy 3

d | —

va chi

khi

{ :.J t‘;t .. : {

man abc =1, Churng mini; rrin-;::

e e

—_.__

4+ 9 30
1+ 2ab 1+ 26¢ . 13-2ca
.H- h' JFJ "
ab + h—~ i d
t .-’.‘h_f +|’_-+i Ca+ g+ |

Hudng dan. Dat q =~ b«—-,c-—— Khi d6 BDT

y z
tr¢ thanh:
s 4 W+E+E
: J FJ - _< X
¥ {2x+z} [2}'+:-:] x {2 +¥) x+y+z

Theo BDT Schwarz, ta cé-

(x+y+2z)

Bay gio ta can chirng minh

xy zZX
.+}’Z+
zZ x y

=X+ y+2.

Dé ding chimg minh BPT nay nhs BBT

Bunyakovsky,
Thi dud. Choa, b, ¢ la ba so dwrene. Chirne minh
njng

ra” _ 9
T a

u+h Lo A B Y e

R S, e 4” +JHI: ."r*'

: {'H" = CIL

2 :;fn s
Hudng dan.

TOAN H
18 P acs

S5 538(4-2022)

L+b+ a+bh B+ {'J+a3}_9_
2abc +ab a+bc b +ac 2
Tee 28
l(EE.i.E P_+£ i]+ b _a + &
2\bec ac ab g g 'H-EE+1
ab b ¢
c,a
Y
fd £ 55 ay
E,é+l 2
ad c
a b 20
Dit x=—,y=—,z=—=xz=1. Khi do BBT
B g a
x+1
(1) e thanh: L[ 2+ 2+ 2 +Q{
7 £ X Yy I(J}+EJ
21 S ]
arily Haey (*)
y(z+x) z(x+y) 2
Ta co: vT{t}__(I"‘E I+}r+}:+EJ
% ¥
el aid + ye + it ot ¥
yY+z x+z x+y ,I(}.'+3)
z ¥ 3

+

y(x+2) z(;-:+y}“5
=[.r:z+ yz J+ oy 2

Z x+z 4x x4y

]+ I+E+ A
y+z 4z y(x+z)

4 o W N
\ 4 z(x+y) v x(y+z)) 2
< J’+JE+J;+ l+\[I.q.. l 3

&

y x: 2

3 9
b
=6 EﬁZ—VF{*}'

Dang thire Xay ra khi va chj khi
I=_}'=z=]{::-a-—b—|:*

Dang 2. Trong bai togn €6 thé dua tit ci vé dang
a+h f1+i'_ C+ ¢
c g b hoge i‘ﬁ i =
b+e c+a’a+b

https://tieulun.hopto.org



hogc trong bai todn xudat hién diéu kién . a4 ..o g ab b b e g ¢
. Ta co: <—+4—, il Wi g ot U]
Xyz=x+y+z+2 hodc xy+yz+zx+2xyz=1. b+tc b cc+a ¢ aa+b a b
Ta dé dang kiém tra dwoc rang néu co: Céng theo vé cac BDT nay ta suy ra di€u phai
_b+ec _c+a H_a+b=} e chirng minh. |
A a iis g MR g SHETe T Thi du 3. Chimg minh rang néu x.v,z 20 thoa
hodc nghich dao lén ta dwoc: mdan xy+yz+zx+xyz=4 thi
a b c X+ y+z2xy+ yz+zx.
X=——y= ;Z= i 1 ,
b+tc™ c+a  a+b Huwdng dén. Tir diéu kién ta viét lai nhu sau:
:‘1}"!‘}’:'4‘3.5:"'21}221. xX v V Z 7 X xXyz
s — =—t+=—+—=+2==—=1
Tir d6 dinh huomg cho ta cach thé bién cho timg 22 22 22 2212
bai toan. . 2a 2b 2c
_ Vaytadat: x= SV = 2= i
Thi du 1. Cho a.b.c la cac so thwe diweong. _ b+c c+a a+b
. 5 b ” 2 Bat ding thirc can chirng minh tro thanh:
Chirne minh rang —— + —— 4+ ——— 2 —, 4 b =
b+c¢c c¢c+a a+b 2 & o e
G . ; =vl @ meetea ey b+c c+a a+b
Day la BDT Nesbitt qua quen thugc va co nhiéu
cach chimg minh. O day ta thir giai theo cach thé g ObFEH o= BE . g 2ca
(c+a)(c+b) (a+b)(a+c) (b+c)(b+a)
bién vira néu. Pat x = £ gt z=—%
NI brc” c+a  a+b e ala+b)(a+c)+b(b+c)(b+a)+c(c+a)(c+b)
= xy+yz+zx+2xyz=1.BDT can ching minh >2ab(a+b)+2bc(b+c)+ 2ca(c+a)

esala-b)(a—c)+b(b-a)(b-c)+c(c—a)(c-b)20.

twong duong voi x+ y+z2—. Taco: :
2 Pay chinh 1a BDT Schur’s. Ta c6 BDT cin chimg

l=xy+ yz+zx+ 2xyz minh.
(I+}’+E]: RN Thi du 4. Ching minh rang néu x,y.z>0 vd
< il ————1. :
3 z=x+y+z+2 th
2 : o A 0 .'_‘{ Xy 4 '|_"~.:'L:| X+ y+2+06.
Giai bat phuong trinh —2F+?El Vo1 v .
Huwdng dan. Ta co:
t=x+y+2z tadugc: I+J*‘+335- 2(1,".1}-+ _}E+‘~J'EI]£.T+J’+E+I3

Thi 2. Cho x.v.z la cdc so thie dwong thoa 2
e e (Vr+{p +Vz) ~(x+y+2)Sxeyrzte

= T e ) : R o
mdn xv+ 1=+ zx + 2xyz = 1. Chirng minh rang:
oS+ fy+z ﬂ\lz[x+y+z+3} (X

S RMETENI) Tir didu kién da cho ta dat
+ o+ +b o
s a b ¢ x=u,y=‘;‘:=" . Khi dé:
1 i’ i =—_ V= y = e ;
Huwong dan. Dat x R T 5l a C
b+e¢ - +b
BDT tro thanh: [t},;-_-:,\( £ +JC i +Jﬂ
2 a b c
- .
h+£+[+ﬂ+a+h24 LR - ] b+c c+a a+b
a b c b+c c¢+a a+b < 12 + +
a b C

S 538(4-2022) T?g?u;gcc 1 9
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b+c.
J._

C

E\/Z(a+b+c)(; +:}+i}

BPT cudi Ia hién nhién theo BDT Bunyakovsky.
l'l-“ du q [ﬁr”? ry,z2> 0 fﬂﬂ“

muu
XVI=X+y+249

Cherng minh rang

11‘:-2Il+l+l > 5
l,_\.]i:- | F ul
Hmingdﬁn.
pT . _1_ 1 1
B X+ y+z=2 +—+—|>3 {#]
X ¥ z ;
b+c c+a a+b
't_,'{z—! = = 1 d4-
(*)¢b+c+c+a+a+b
a b c
b
-2[ =k el O
b+c c+a a+b e
b+c c+a a+b
= + - +3
a b c
a b c
=2 + + 3
[E:r+f: c+a a+ﬁ+)

a[a+b+c~][l+l+l)
a b c

22(a+b+c][bl o il Ib)
+C Cc+ad 4a-+

¢:>-]—+i+lz o et n

a b ¢ b+c c+a a+bd

Day la BDT co ban vi
it S LA 2 L. 1. 2
a b a+bb ¢ b+cc a c+a

Thi du 6. Chieng minh rang vai a,b.c >0 ta co:

_!:fi+f:~'—.;!|" llf}-ﬂ‘i—u] { o l'u'-l"’}"

_ b, e oot AFTE D) Y
2a° +(b+¢) 2b* +(c+a) "2¢* +(a+b)
TOAN HOC ;
- < 4-2022)
20 “ensifpe  S8538

Huéng dén. Trong bai ndy 1 thdy c6 thé dua tat

H‘l'b bh+c c+d n&dﬂlﬂﬂé dl:ll'.lg
ca vé dang

g b
phépthétrén.
Thét vy BDT tuong duong vol
2 AL .-:1+.-ﬂ"~1'2
s (2+i£ (HT)
a 4 b J1+ - <8 (%)
b+eY c+a) a+b)
24| —| 24| ——| 2+
a b / Bt
b+c¢ c+da a+b
Dit x=—— ,y=——-,z=
a b ¢
:;-1}!2‘:I+J—'+E+2.
Khi do (*) tre thanh:
(2+x)° (zw} {2+z) <8
4% 24yl 242
-1 -1 -1
(f‘: ] (J' }+{z ) (**J_
r +2 o +2
Theo BDPT Schwarz ta co:
2
vT[**)g{T+JI+z:3J :
X +y +z2+6
Vay ta can chimg minh;

2(x+y+z-3) 22+ +22 +6
ﬂ:::~2[f+y=+z:+9+21}'+212—6I+2_}z-—6y—52:l
2x' +y +2° +6

‘::"-1'3"'.1’3+23+4A}=+412 +4yz—-12(x+ y+2)+1220
S (x+y+2) —12(x+ y+ 2) 4364+ 2(xy+xz+ yz)-2420

S (X +y+2-6)" +2(xy+xz + yz) = 24,

Ta chi can chimg minh: XV+xz+yzz12.
Ta co: x}fz=1+y+:+2=hayzzjﬁ+2.
Giai bat phuong trinh: £ >3/ 4 2 v t=3 0z ta
ducre: r=@22::=m33

=X+ yz+zx 23 x?)22 510
Viy ta co dieu phai chirng minh_

(Xem tiép trang 24)
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THEOQ CHUONG TRINH VA SCR ‘hlill N

TONG QUAT MOT BAI 'I‘UAN VEEW
VAUNGDUNE ¢

e e e —

VU NGUYEN DUY
(GV THPT chuyén Husmh Man Dat, Kién Giang)
i : .y

Theo chuong trinh va sach gido khoa mai, viéc
wu tién phat trién ning lyc cho hoc sinh, dic
biét 1a nang luc tu duy sang tao tir nhirng bai
toan goc rat la quan trong. Trong bai viét nay, tir
mot bai toan don gian trong hinh hoc vecto 16p
10, chung t6i xét bai toan tong quét hon va dic
biét co thé ap dung bai toan téng quat niy giai
quyét cho mot sb bai toan kho.
BAI TOAN 1 (Bai toin ban diu).
ABC va diem M

Cho tam giac

thoa man MB=kMC (k <0). Chirng minh

. —  AB-kAC
rang. AM = :
1-k

Léi gidgi. Bai toan trén kha don gian, chi can ap
dung quy tic trir vecto va chén diém A vao:

Tir gia thiét:

MB =kMC < AB-AM :k(AC-AM}.

hay
(1-k)AM = AB-kAC
suy ra:
T = AB—kAC.
1-k

Khi diém M trén doan BC va yéu cau kho hon

la khong cho trude ty so , lic nay ta phai tim ty

tren doan BC

sO k theo ty 1& doan thiang trén doan BC va két
qua thu dugc mot ding thire kha phire tap tong
quat ca bai toan ban dau.

BAI TOAN 2 (bai todn tong quit).

ABC va diem M trén doan BC.

Cho tam gigc

Chirng minh rdang:

AM = ”f AB + - i AC.
BC BC

Léi gigi, Diém M trén doan BC nén ta co:

B=—EFC (1).
MC

Ap dung quy tic trir vecto vao (1) ta duge:

AB—-AM = —E(AC AM}

MC

Quy dong va thu gon ta co dicu can ching

minh:

e

M MC —

==—A4B+
BC

MB—=
BC

UNG DUNG BAI TOAN TONG QUAT

BAl TOAN 2.1. Goi do dai cac canh cua tam

giac ABC, AB, BC va CA lan lwrot la c,a.b ;
diem 1 la tam dwomg tron noi tiep tam gidc
ABC.

a) Chirng minh rang: ald+bIB+cIC =0,

b) Pwong tron noi tiep (1) tiep xuc voi cac canh

BC. CA. AB lan heot tai D, E. F.

TGFIN HOC

h'H'n

I1u|.r.lu l
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Chirmg minh .W?n;.:: alD 4 bIE + IF =
Loi giat.
2) Goi A" 1a giao diém cia 47 vy e

A

B 7 C
Ap dung bai toan 2 trong tam giac /B(:
7_AC— 4B

IAr:'.———_ ___--——.
BC IB + e IC (%).

D¢ gidi quyet bai toan ta chi cin tinh 4°C

: BC’
Ar x . . .2 —
EE theo a,b,c va biéu didn vecto [4' theo
IA.
Ap dung tinh chat duong phén giac, ta co-

AB AB g

A o Al B
suy ra:

AL il A4B__c
AC+AB b+c B hip
e, AL b

Ly luan tuong tu ta dugc = 7
g T TN

Lai ap dung tinh chat phan giac, ta co:
1A' _A'B _AC AB+AC a
IA AB AC AB+AC b+c

a

Suyra J4' = — 14 (3).

b+c
Thay (1), (2), (3) vao (*) ta duogc:
ald+bIB+cIC=0.
b) bat
AE = AF =x; BF =BD=y; CD=CE =z.
Ap dung bai toan 2 vao tam gidc /BC ta dugc:

hay

Tuong tr ta co:
bIE =zﬁ+xI_C‘;
r:F=yH+xE
= alD +bIE +cIF =(y + z)IA+ (z + x)IB
+{x+y)f=aﬁ+bﬁ+cf§.
Mt khac theo cau a thi

—
¥

alA+bIB+cIC =0

Viy alD+bIE +cIF =0
BAI TOAN 2.2. Cho tam giac ABC va diem M
nam rong tam giac. Goi S..5,.5 theo thir ur

la dien tich cac tam giac MBC. MCA. MAB.

Chitng minh rang:

S,MA+S,MB +S MC =0

Loi giai,

https://tieulun.hopto.org
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Ta th:i},r trong tr nhur bai toan 2.1, yéu cau
chimg minh cua bai toan 2.2 13 sb thyuc nhan véi
cac vecto MA,MB,MC, nhung thay vi cac sb
thuc la do dai cac canh cia tam giac thi do la
dién tich cac tam gidc. Piéu nay lam ta lién
tuomg dén ty sé do dai va ty sé dién tich tam
giac.

That vay, trudce tién ap dung bai toan 2 trong

tam giac MBC ta duoc

— AC — A'B —

MA"'=—— MRB _;__,_Mf Yy
BC BC )
Chavy rﬁng: AF = Swac = S,
A'B Sm'a 5{
g A€ i S, (.
BC §,+85.
A'B b
Tuong tu: = ~— (2).
BC §,+8,
Tiép theo ta biéu dién MA' theo MA lién quan
dén cac dién tich S,,5,.S. .
MA' o S.'.H'H s S.u.-:'t' e Sa
MA S_u-m 5_-.111:' Sﬁ T S:
— ]
= M4 =-— = MA [3}
3, +0,

Thay (1), (2), (3) vao dﬁng thirc (*) ta dugc:
S MA+S,MB+S._MC =0.

Nhdn xét. Tir bai toan 2.2 ta c¢6 cac nhin xét
sau:

. Khi M tring véi trong tim G ta c6 dang thic
quen thudc GA+GB+GC=0.

« Khi M trung voi tam dudng tron noi tiép tam
gidc ABC ta co két qua cia bai toan 2.1 cau a la

alA +hT;§+CE=ﬁ.

BAI TOAN 2.3. Cho tam gidac ABC, dwong tron
noi tiep (1) theo thie tu tiep xuc voi BC, CA, AB
tai D, E, F. Duong thang DI cat EF tai N.
Chirng minh dicong thang AN di qua trung diem

cua BC.

Lai giai.

C

Mot trong nhirng thé manh cua vecto la giai bai
toan chimg minh ba diém thang hang ma khong
qua phu thudc vao hinh v&, chi can chimg minh

hai vecto cung phuong.

Goi M la trung diém BC thi

Ap dung bai toan 2 trong tam giac AEF ta co:

y AL Ay LT
FE FE

= ﬁﬁﬁ +££R‘ (25
FE AB

FE AC
Goi L 1a giao diém cua A/ vadi BC.

——

Ta co: FIN = FBD (cung bu véi goc FID)

hay FIN = ABL.

Mat khac ﬂfﬁ':m(gﬁ: cO canh tuong ung
vuong goc).

Suy ra AFIN dong dang véi A4BL.

Tuong tu ta cé6 AEIN dong dang véi AACL .

TOAN HOC
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Suy ra:
NF FI o NE EI
LA AB Id AC’
ta duoc:
NF AC 5 NE NF
NE 4B " 4B AC

Hon nira ta c6 AE = AF nén

NE AF NF AE
FE AB FE AC

=k (3).

Tir (1), (2), (3) suy ra AM =EI£EE.

Viy A, M, N thﬁng hang hay duong théng AN di
qua trung diém cua BC.

TAI LIEU THAM KHAO

[1] Tap chi Toan hoc va Tudi tré, Nha xuat ban
Gido duc Viét Nam.

[2] Tai ligu gido khoa chuyén toan Hinh hoc
10, Nha xuat ban Gido duc Viét Nam.

Trén day la mét vai suy nghi, tim to1 cua ban
thin trong qua trinh day hoc. Réat mong sy dong
gop cua quy dong nghiép.

kEx ki
* ******************t***tt**wttt****t*************ﬁ***t*****t*******#**********

SU DUNG ... (tiep theo trang 20)
Sau diy la mt s6 bai tap twong tr dé rén luyén
Bai 1. Cho a,b,c la cac sb thuc duong théa man
abc =1. Chimg minh ring:
b+c c+a a+b
Vo "I e

. Cho a,b,c la céc s6 thuc duong thoéa man

\J'r_+»f3+ c+3.

Bai 2
abc =1. Chirng minh rang:

HE bl’ {':
- -
1+2ab 1+2bc 1+ 2ca
= o + b + = ;
ab+b+1 bc+c+l ca+a+]

Bai 3. Cho a.b,c la cac so thuc duong. Chimg

minh rang:
3 3 3
ab i b'c c'a <1
4 211 2 7 el s
a +a'b*+b* b +bcr+et A+cidt+al

Bai 4. Cho x,y,z 1a céc s6 thyuc duong théa man

Xy + ¥z + zx + 2xyz = 1. Chimg minh ring;

Bai 5. Cho x,y,z la cic so thuc duong thoa man

Xy + yz + zx + xyz = 4. Chimg minh rang;
x+2 y+2 z+2
a + - =3
: J 3 J 3 3 :
b) I+y+z

ﬁm,/:

Bai 6. Cho a,b,c 1a cac sb thyc duong. Chimg

minh r-':ing:

{.':;'*+:f:=r]I . [.-5'++|:'_1,\2 d {E+ﬂ}2
L'(2c+a+b} a{2a+b+¢-] E;(Eb+c+ﬂ}

22(a+b+cj.
b+c c+a a+b

la cac so thye duong thoa man

Bai 7. Cho x,y,z
xyz = x + y+ z+ 2. Chimg minh ring:
a) .xyz(.r—!}[y—])[z—l]iﬂ;

b) xy+yz+2zx22(x+y+2z);

) JE+J§+£5%JE.—.

Bii 8. Chirng minh rang v&i a,b,c > 0 thi

{b+.-:-a}

(b+c) +d°

[45 +a-b)
{c-l-a] + b’

{H+IJ -:]
(a+b +c’ 5
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CAC LOP THCS

Bai T1/538 (L6p 6). Tim tét ca cac cip sb nguyén

(x; ¥) sa0 cho x* + p =23

NGUYEN BUC TUONG

(Pleiku, Gia Lai)

Bai T2/538 (Lép 7). Cho tam gidc ABC cb

BAC =75, 4BC =45".D 1a mét diém thuéc doan
AB sao cho AD = 2BD. Tinh sb do goc BCD.

NGUYEN VAN BAN
(GV THCS x Thanh Yén, Dién Bién)
Bai T3/538. Tim s6 nguyén duong n thoa man:

-, £ ﬂ+3

moi1 SO T, n-=5;2n+1 la lap phuong cua mdt

s0 nguyén.
TA KHANH HA
(GV THPT chuyén Ha Noi- Amsterdam, Ha Noi)
Bai T4/538. Goi I 1a giao diém cac duong phén
giac trong cia tam gidc ABC vuong tai 4; M la
trung diém cua BC; N 14 giao diem cua M/ vé6i AB.
Biét ring BNM =75", hy tinh s do goc ABC.
vU HUU CHIN
(GV THCS Héng Bang, Hai Phong)
Bai T5/538. Cho céc sb thuc duong x, y thoa méan
¥y +12xy° +8 < 8)°. Tim gi4 tri nho nhat cua
biéu thirc
x*+3x2y  +2)°
0= 3 :
X
HOANG LE NHAT TUNG
(GV THPT Khoa hoc Gido duc. PHQG Ha Noi)

CAC LOP THPT
Bai T6/538. Cho p la sO6 nguyén to, p > 3 va
2%P
3

22-1.2 va 2" 1.

2 Hay tim udce chung lon nhat cua hai s6

n=

TRAN VAN HANH
(GV PH Pham Vén Dong, Quang Ngai)

Rai T7/538. Cho tam giac ABC vaoi do dai cac
canh BC=a, CA=b, AB =c. Goi S, R lan luot la
dién tich va ban kinh dudng tron ngoai tiép tam
giac ABC. Chirng minh rang:

S
acos’ A+bcos’ B+ccos’ Cl‘zﬁ.

CAO MINH QUANG
(GV THPT chuyén Nguyén Binh Khiém, Vinh Long)

Bai T8/538. Cho duong tron (O; R) ¢6 hai dudng
kinh 4B va CD vuéng gbc voi nhau. E la diém
thay d6i trén cung nho AC. BE cat DC tai N, DE
céit AB tai M. Chimg minh ring

B
+ v ity
MB ND R
NGUYEN QUANG NAM
(GV THPT Quy Hop 2, Nghé An)

Bai T9/538. Cho bon s6 thuc duong a, b, ¢, d va n
la s6 nguyén duong. Chimg minh ring

Yb" +c" +d" “I':; +d”+a {/m
n=1

=] =
+——E +b" +¢" +d
Ya" +b" +c" {ﬁ
NGO VAN THAI

(76 9, phweng Hoang Diéu, TP. Théi Binh)

TIEN TOT1 OLYMPIC TOAN

Bai T10/538. Tim céc so nguyén duong » sao cho
n" 2% 20210+ 2019
2021n-2020

1a mdt s6 nguyén.

BUI VAN PHUC
(GV THPT chuyén Ha Giang)

TOAN HOC
]
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Bai T11/538. Cho céc s0 thyc x, y. Tim gié tri nho

nhat cua biéu thuec:
=l = g ey 4
P=sin" x.| sin” y+cC0S§ y+§cus x.sin” 2y |+cos” x.

NGUYEN VAN XA

(GV THPT Yén Phong so 2, Bac Ninh)

Bai T12/538. Cho tam giac ABC ¢6 (0) la duomg

tron ngoai tiep. Diém P thay déi trén (0). Q 1a

diém d6i ximg cta P qua BC. E, F theo thir tu 1

giao diém cua BQ, CO va AC, ARB. Chirng minh

rang tim duong tron Euler cia tam gidc AEF chay
trén mot duong thing cb dinh.

DUONG THI XUAN AN
(GV THPT chuyén Bén Tre)

Bai 1.1/538. Hai diém A4, B ndm trén cing mdt
dudng thing di qua mot nguon 4m va & cung phia
50 VOl nguﬁn am. Biét mirc cuong dd am tai 4 vi
tai trung diém cua AB lan lugt 1d 60 dB va 55 dB.
Mirc cudng 46 am tai B la bao nhiéu?

VIET CUONG (Ha Ngi)
Bai 1.2/538. Mot doan mach gom ba phan tir R, L,
C méc ndi tiép. Biét cudng do dong dien qua doan

Ir #

mach co biéu thirc i = 2cos(100 7t + E) (A). Tinh
tir thi diém dong dién qua mach tri¢t ticu, sau
khoang thoi gian i chu ki thi dién lugng chuyén

qua tiét dién thing cua doan mach la bao nhiéu?
THANH LAM (Ha Noi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL .

Problem T1/538 (For 6" grade). Find all pairs of
integers (x; ) so that x* + y = 3%,
Problem T2/538 (For 7 grade). Given a triangle
ABC with BAC =75°, ABC =45". Let D be the
point on the side AB so that AD = 2BD. Find the
measurement of the angle BCD.

Problem T3/538. Find all positive integers n so

that n+3

:n—5;2n+1 are cube numbers.

Problem T4/538. Let / be the intersection of the
interior angle bisectors of the right triangle ABC
with the right angle at 4. Let M be the midpoint of
BC; and N be the intersection between M7 and 4AB.

Given that BNM =75, find the measurement of

the angle ABC.

T?Q{i'ug',gce S 538(4-2022)
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Problem T5/538. Suppose that x, y are positive
numbers satisfying x’y’ +12xy° +8 < 8y’. Find

the minimum value of the expression

x*+3xy* +2)°
O= : -
Xy

FOR HIGH SCHOOL

Problem T6/538. Given a prime p , p > 3 and let

2°F —|
H=

. Find the greatest common divisor of

TR and P2

Problem T7/538. Given a triangle ABC with the
lengths of the sides BC=a,CA=b, AB=c. Let S,
R respectively be the area and the radius of the

circumcircle of ABC. Prove that

acos’ A+bcos’ B+ccos’ 62%1

(Xem ﬁé}: trang 36)

https://tieulun.hopto.org



‘m v E"_:-i:,'
u‘% ;.." i = " = "'".-r:'_J {r"
[ /) GIAT ;‘,ﬁ‘h‘ﬁ
;frﬂ*'r- BAI /[ ki \&
/ 1% n
{7 I: KY TRUOC \ .Il rl
1.~-. N - SR | S U B
¥ wr - |
— . i | :H

Bai T1/534. Cho so te nhién
A=2021" + y" +3y" +4y +12,
trong do x va y la cac so te nhién. Tim gia tri nho
nhat (néu co) cuia tong cac chir so cua so A.
Lai gidi. Xét tinh chin Ié cua sd
A=20217+y"+ 3+ 4y + 12.
Ta thay 4y + 12 luén 1a sé chin véi gia tri chin
hay 1é tiy v caa y. Tong " + 3y ludn 1a so chin
voi gia tri chan hay lé tiy ¥ cua y, con s0 2021 1é
nén 2021%

y cua x va y.

ludn 1a s6 1é vdi gia tri chan hay 1€ tiy
Nhur vy s6 A = 20217 + p° + 3y* + 4y+ 12 luén 1a
s6 1é véri gid tri chin hay 1é ty y cia x va y. S0 1é
4> 12 nén A cb hai chir s6 hodc nhiéu hon hai
chir 56, chit sé dau trai it nhat 1a 1 va chir so dau
phai it nhat 1a 1 nén tong cac chir so cuasoleA it
nhat 1a 2, diéu nay xay ra khi so A co dang 101,
1001..... (cha ¥ 4 > 11), tic 1a khi tat ca céc chir
s6 g nim giita chir s6 1 o dau tréi va chir s6 10
déu phai déu la g =0. Thir thiy véix=0va y=2
thisbd=1+2"+3.2"+4.2+12=10L

Viy gia tri nho nhat cua tong céc chir s cia sO 4
la 2, didu nay xay rakhix=0va y=2.
Nhén xét. Hoan nghénh hai ban: Lé Tuan Hiép, 6C,
THCS Poan Thi Diém, Yén My, Hung Yén; Dang
Ngoc Duy, 6A1, THCS K¢ An, Ké Sach, Soc Triang
da giai dang bai nay. X
NGUYEN VIET HAI

M la trung

Bai T2/534. Cho tam giac déu ABC,

_' . I. r -
diem cua AB. Trén tia doi cua lid CM lay diem D

ho CD = CA va tren tig BC lav diem E sao
Sdaa Cne '

Tinh x0

7 . .r. o . qr .11;-;.-;,
cho BE la tia phan giac cle 56

AED.

do goc

Lai giai.

A

. /C .
B [ ¥
Liy diém F déi ximg voi D qua BE. Do EB 4 tia

phén gidc cua goc AED cho nén F nam trén AE.
Do M 14 trung diém 4B, cho nén CM cung la phan
giac goc ACB.
Ta o6 gbc MCB=DCE=30". Vi CF doi ximg
véi CD qua CE, cho nén

DCF =2ECD =60° va ECF = DCE =30°.

Tir d6 c6 FCA=180° —ACM — DCF =90° . Tam
gifc CFA can tai C vi CD = AC theo gia thict va
CD = CF do CF déi x{img v&i CD qua BE.
Tir dé ta c6 AFC =45". Suy ra:

FEC = AFC - ECF = 45" -30° =15".
Vi DE d6i ximg v6i FE qua BE, cho nén

FED = 2FEC = 30"

Nhdn xét. Cac ban sau day co dap so ding:
Nghé An: Nguyén Thdi Triéu, Pham Xudn Hoang,
Hodang Thai Thuwgng, Nguyén Vin Hung, Nguyeén
Van Ldm, Nguyén Quﬁc Diing, Pinh A Na, TA
THCS Ly Nhit Quang, D6 Luong ; Vii Piee Lic, TA
THCS H6 Xuin Huong, Quynh Luu; Séc Triing:
Huynh Gia Bao, TA2, THCS Ké An, Ké Sach,

VU PINH HOA
Bai T3/534. Tinh tong S cac so lé nho hon 2022
khong chia hét cho 5 va khong chia hét cho 9.
Laoi giai. Xét diy cic s6 1é nho hon 2022:
1,3,5,..,2021 ¢4 1011 s6 .

TOAN Hoc
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Trong d6 céc s6 chia hét cho 5 la:
(2015-5)

5.15,25,....2015 ¢6 +1=202 sb.

Céc sb chia hét cho 9 1a:

9}+1=112 s0.

2007 -
9,27,45,...,2007 cb { Dﬂlﬂ

Cic sb chia hét cho 5 va 9 1a:

1935-4
45,135,...,1935 ¢cb { 3)

+1=22 sb.

Tong cac s6 1é nhé hon 2022 1a:

1+2021).1011

S,=1+3+“.+2ﬂ21=( =1022121.

Téng cac so 1é nho hom 2022 chia hét cho 5 la:

S, =5+15+..+2015= (5+2015).202

= 204020.
Téng céc s6 1é nhé hon 2022 chia hét cho 9 1a:

§ =927, #2007 A0t 2007) 112

=112896.

Téng cac sb 1é nho hon 2022 chia hét cho 5 va 9
la:

454+1935).22
(45+1935).22 ) 2en,

S, =45+135+...+1935=

Tong S céc so 1é nho hon 2022 khong chia hét cho
5 va khong chia hét cho 9 1a :
§=8§-8§,-§,+5,
=1022121- 204020 —112896 + 21780
= 726985.

(M3i sé hang trong S, bj trir hai lan trong

-3, =3, nén tong phai tim 1a:
S=8-8,-5,+§,)

Nhdn xét. Tt ca cac ban c6 10i giai dung d%u lam

nhur trén. V& kién thirc chi can luu y véi day so cong

U, U,,....4, cong sai d, tong cic so hang S, cé céc

cong thirc ma ta da sir dung trong li giai la:

(1, +un}.n‘; e (u, ~u,) 5
g d
Cic ban sau ddy c6 bai giai tot :

g =

Nghé An: Nguyén Van Lam, Nguyén Cong Diing,
Nguyén Quyét Théng, Nguyé‘:n Trong Bao, Nguyén
Van Hung, Nguyén Quoc Diing, Pinh A Na, Nguyén

S6 538(4-2022)

Quéc Hoang Anh, Pham Xudn Hoang, TA, Nguyén
Thai Hoang Anh, 8B, THCS Ly Nhat Quang, Do
Luong, Nguyén Pic Loc, TA, THCS Ho Xuén
Huong, TT. Ciu Giat, Quynh Luu; Dign Bién:
Nguyén Ngoc Diép, 8C3, THCS Pom Lot, H. Dién
Bién. ) ;
NGUYEN ANH DUNG
Bai T4/534. Cho tam gidc ABC ndi tiep dong
tron (0). Goi D la diém chinh giira cung BC
khong chira A, E la diem chinh gitra cung AC
khéng chira B. ED cat AC, BC lin heot tai F va G.
Purong rhdr"ug qua F vuong goc voi A D cat dwong
thang qua G vuong goc voi BE tai H. Goi O Ny,
lan heot la tam duong tron ngoai tigp cac tam

gidc AFE va BGD. Chirng minh rang HO /O'O".
Lai giai.

Goi / 1a giao diém clia AD va BE. Ap dung tinh chit
goc c6 dinh nim trong dudng tron ta cé

== ]

BIB=E{sdEEI+sd;iI_E)

L it et e
=>4 BD+s4CE )= BGD.

Suy ra tir gidc BIGD ndi tiép. Tuong ty, tir giac AIFE
ni tiép. Do d6 / 1a mot giao diém ciia hai duomg tron
(0) va (0"). Goi P la giao diém khac / cua hai
dudmg tron (0") va (0").

TOAN H
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Taco: GPF =360°~IPF - jpg =4, B ),
2

2
Laico: GH LBE.FH 1 4D , Suy ra
o I
GHEF =BID =—4+—
Nor 2).
Tir (1) va (2) suy ra GPF = GHF , din dén tir gidc
GPHF ndi tiép. Tuong t, tir gidc APOB co:

APB=API + BPI = AEB+ ADB=2A4CB = AOB.
Do do tir gidc APOB néi tiép. Tir do:

fﬁﬁf:Iﬁ*fﬁI:lBﬂ“—%—fm

=,

A —
=180%=2 ~(90°~ DEB) = 90",

Suyra /P L PH (3). Tuong tyr:

IPO = APO — API =180° — ABO — AE]
_180°-180°—40B o0 4).

Tir (3), (4) suy ra:
O, P, H thang hang va HO L IP (5).
Theo tinh chat hai duong tron cat nhau, ta cé:
O'0O" LIP (6).
Tir (5) va (6) suy ra O'0"" // HO. Bai toan chimg
minh xong.
Nﬁﬁﬂ xér. Chi ¢o ban Nguyén Anh Thu, 9A1, THCS Ké

NGUYEN THANH HONG

Bai T5/534. Cho cdc so thee dwomg a, b, ¢ thoa
2 =12. Tim gia tri nho nhat cua

: 1 ] l
b."; e 2 — ——— = MR —
ieu thire | e, 4_1.

Léi gidgi. Trudce hét, ta ching minh BDT:
] x* +4
Vi 0 < x < 4 ta co: > (1).
4-x 16

That vay, do 0 <x <4 nén 4 —x > 0, suy ra:
1 5 x +4

4-—x 16
= —4x’ +4x20= x(x-2)" 20 (2).

mdan a- + b +¢

162(4-x)(x" +4)

BDT (2) luén ding, ding thirc xay ra khi x = 2
Viy BDT (1) duoc chirng minh.
Tro lai bai toan, do a, b, ¢ la cac s6 duong va

2 .—_]2 I]Eﬂ ﬂ,b,fE{n;zﬁLsuF ra

a+b+c
a,b,ce(0;4). Ap dung BDT (1), ta co:
| @ +4 1 Eb +4; | Ec .
di-a = 16 4= 16 4=c 1o

Céng theo vé ba BDT trén, ta nhan duoc

g 14 o +4
I+l+12a+4+h++c
4—a 4-b 4-c 16 16 16
_ﬂ3+b2+cz+12=§

16 2
Pang thirc xay rakhia=b=c=2.

P=

Viy minP =% khia=b=c=2

Nhdn xét. Da sb cac ban giri bai déu giai theo cich
trén, mot so6 ban quén khong dung diéu kién cua dé
bai dé chira4 —a > 0 ma lap luin ludn
b s x*+4
4-a
la khéng ding. C6 ban sir dung BDT Cauchy dé chi
ra abc £8va BDT Schwarz:

ﬂ'l b! P
+—+
X J«' =

&162(4—a)(a” +4)

_(a +b+c)

X+y+z
(vdi x, v, z 1a cac so duong) dé suy ludn nhung cho
két qua ciing khong dung;
9 e _;{ 3

*12- (@a+b+c) 4-Yabe 2
Tuyén dwong céc ban sau co 1ai tot:
Ha Ngi: Tran Vigt Anh, 8C1, TH, THCS & THPT
Archimedes, Dong Anh, Dodn Tri Anh, 7TA, THCS
Dan Phuong; Nghé An: Liw Trong Phiic, 8B, THCS
B§i Cung, TP. Vinh, Hoang Gia Hung, 8A, THCS
Cao Xuan Huy, Dién Chau, Nguyén Hai Triéu, 8B,
THCS Ly Nhit Quang; Ha Tinh: Trdn Minh Hoang,
9E, THCS Nguyén Trii, Nghi Xuin; Vinh Long:
Nguvén Tan Phic, 9/ I, THCS Nguyén Trai. Séc

Trang: Nguvén Anh Thue, 9A1, THCS Ké An, Ké
Sach, H. Ké Sach.

PHAM THI BACH NGQC

TOAN HOC
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Bai T6/534. Giai phwrong trinh

vi-=2x

4 - = - s = 5
FNX =3+ I =S+l =" =0+

3-+/5

Loi gidi. PK: x<=—==.

Ap dung BDPT Bunyakovsky ta cé:
V¥ =3x+14+47x% —5x+1</2(8x* —8x + 2)

= 2[2x-1| = 2(1-2x).
Ap dung BPT Cauchy ta c6:

I1+1-2x
—_—=]-nx

VI=-2x=1.(1-2x) <

Do do:

J1=2x +Vx* =3x+1 + 72 -5x+1
Sl=x+2(1-2x)=-5x+3.
Suyra: x* —5x+3<—5x+3 e X2 <0 x=0.

Thir lai ta thay x = 0 14 nghi¢m ctia phuong trinh
da cho.

Nhdn xét. Mot cach giai ngin gon ma da sb cic ban
tham gia giai phuong trinh vé ty ndy I dua vio
BDT dé danh gia hai vé (twong tr nhu 16i giai trén).
Mot s6 ban giai bing cach bién déi qua biéu thirc
lién hop ciing cho két qua diing, nhung céch nay dai
hon. Ba ban cho két qua sai la phuong trinh vé
nghi¢m. Céc ban cé loi giai tot la:

Hung Yén: Lé Tuan Nghia, 9C, THCS Poan Thi
Diém, Yén My; Trdn Hiru Duong, 10 Toan 1, THPT
chuyén Hung Yén; Ha Noi: Nguy.-‘:?:n Huy Hoang, 12
Todn 1, THPT chuyén Nguyen Hué, Q. Ha Péng;
Di¢n Bién: Nguyén Ngoc Diép, 8C3, THCS xi Pom
Lot, H. Pién Bién; Ha Tinh: Tran Minh Hodng,
9E, THCS Nguyén Trii, Nghi Xuan; Thira Thién
Hué: Tran Thi Thanh Thi, Van Neoc Binh, Neuyén
Ky Nam, 11T1, V6 Thi Bdo Ngoc, V& Xudn Nhi,
10T2, Huynh An Phu, 10T1, Pham Ngoc Long,
12T1, THPT chuyén Qudc hoc Hué, Sée Tring: Le
H6 Trong Tin, 10A1, THPT Ké Sach, H. Ké Sach.

TRAN HU'U NAM
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Bai T7/534. Cho a,.b,>0k=lLnnelNnz2 [
Chirng minh ning

| -
. - = }_r l
|

} " t
il b

b S

I
E

Laoi giai. Ta ching minh khiang dinh cua bai togy
bing phwong phép quy nap theo .
Vai n=2tacd:
| Gl Mttty is)
| 1 L1 .1
a, +a, +ET,+E a b a b

e e S —

={d| +dz ][bl +bj}_ l"T:I"E:'.] + ‘Iz‘bz
a,+a,+b +b, a+b a,+b,
o F
a,+a,+b +b,
trong do
F= ab a.b,
=(a,+a, )b +b,)—(a,+a, +b, +£:-}_}{ Ly — *—-J
a,+b a,+b,
=ab +a,b, +ab, +a,b, —ab, _gl%.,ul_glbz -ash,. a, +b,
a, +b a, +b,
=ﬂ.’_ [‘h—b:.ﬂl +bl ]+ﬂ| {bz —-E'-'I.az +b2
a, +b, d, +.§I'1
F
(a, ‘](a3+b2 a+h {ﬂ3+b:}f_a,+b[]2ﬂ (1).

Pang thirc xay ra khi va chi khi
Hlbl —'Hlb: =ﬂi::rﬂi-=ﬁ_
| b b,
véi moi cac so thye duong ay, ay,..., a;, by, b,

l}*zl
e e~ D
|

very Dy ta cO;

+_.£ Al *'“|_+.__
b a b

I

Ta chimg minh khing dinh ding véi n =k + 1.

-

That vay vai moi cic so thye duong a,, a,,...
ﬂk_f 1s b]‘ bﬂ: P I{-'i + 13 dl:l-ng hﬁt déng i’hl:l'l: 'i-'li'fl
n =2 va ding gia thiét quy nap ta co:
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= e —

TN
a b a, b,
_J.-J l
=l 1_+L
EJ i
Ping thirc xay ra < —ﬂ—‘=—a—==,..=5‘
IIEi] E"Z bl'l'

Khang dinh cua bai toan da duoc ching minh.
Nhdn xét. Day la bai toan bét ding thirc thuge kién
thirc 16p 8 hay (két qua chii yéu 1a hing ding thirc
(1)). Céac ban hoc sinh sau cé 1&i giai ding:
Ha N@i: Tran Viét Anh, 8C1, THCS Archimedes,
Pong Anh, Nguvén Huy Hoang, 12T1, THPT
chuyén Nguyén Hué, Ha Pong: Hung Yén: Trdn
Van Quan, 12T1, THPT chuyén Hung Yén; Thira
Thién Hué: Poan Vian Hoang Lan, Phan Quéc
Thang, 10T1, Pham Ngoc Long, Nguyén Quang
Huy, 12T1, THPT chuyén Quédc hoc Hué, TP. Hué;
Lam ﬂﬁng: Tran Cong Minh, 11T, THPT chuyén
Bio Loc, TP. Bao Loc; TP. Ho Chi Minh: Thai
Hoang Yén Nhi, 11CT, THPT Gia Dinh, Binh
Thanh; Binh Pinh: Vi Tién Pat, 11T, THPT chuyén
Lé Quy Pon; Ba Ria — Ving Tau: Phan Trung
Kién, 12T1, THPT chuyén Lé Quy Pon, TP. Ving
Tau; Soc Trang: Tran Minh Hiéu Hoe, 11AIT,
THPT chuyén Nguyén Thi Minh Khai.

NGUYEN MINH BUC

Bai T8/534. Cho tam gidc ABC vai trong tam G.
Cac dwong thang AG, BG, (G cat dwone tron
ngogi tiep tam giac ABC teomg wne tgi Ay, By, Cy.
Chueng minh

a) AB.. AC .BC,.BA .CA .CB, £4Rr":

A\C..BC, <2R(ZR

b)BA .CA +CB,.AB, +

] » | 1 E ' > iF
((J dév R r thir tr la ki hiéu cac ban kinh dwong

tron neodgl :r:.L.;.J Vil ol [ .r-'il ol _i::'i“ 'r.llr.:li )

Li giai.

a) Sir dung dinh 1y ham s sin cho tam gidc BAA,
va tam giac CAA, ta cod

BA,.CA 4R’ sin BAA, .sin CAA

=2R’ [ms(m, —m;)—cﬂs[ﬁl +CAA4, )]

= ERE]:cns(ml -ml)—cﬂs A]EZF (1-cos 4).
Tuong tu co:

CB,.AB, <2R*(1-cos B); AC,.BC, <2R"(1-cosC).
Tir d46: AB,.AC,.BC,.BA .CA .CB,

<8R°(1-cos A)(1-cos B)(1-cosC)

R S P
=64R° sin® —sin’ —sin’ —.
2 2 2
Pat BC =a, AC = b, AB = ¢, ap dung dinh ly ham
s6 sin cho tam gidc ABC ta thay:

_besin A 2R.sin A.sin B.sin C

¥ =
a+b+c sinA+sinB+sinC
2R.sin A.sin B.sinC 2+ LANEES 78| T 5
- y =4R5m—sm?sm—
4 C0S — COS — COS — B 3 :
2 2 2
y oA . :
= —=SIn—SsIin—sin—.
4R

Do d6 AB,.AC,.BC,.BA,.CA,.CB, <4R*r*.
Diing thirc xay ra <> tam giac ABC déu.
b) Dé y dén hé thirc:

Cos A+-::nsB+r::nsC=l+45in£5in£sin £=]+l
29 ‘

tir phép chimg minh trén ta co:

S6 538(4-2022)
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B4, CA +CB,.AB, + AC,.BC
<2R*(3-cos A—cos B—cosC)

=2R? [2—%] =2R(2R-r).

Ping thirc xay ra <> tam giac ABC déu.

Nhdn xét. S6 bai giai giri vé Toa soan khong
nhiéu. Cac ban hoc sinh sau ¢ 11 giai ding:

Ha Néi: Tran Viét Anh, 8C1, TH, THCS &THPT
Archimedes Pong Anh, Nguyén Huy Hodng, 12
Toén 1, THPT chuyén Nguyén Hué, Ha Péng;
Hung Yén: Tran Vian Qudn, 12 Toan 1, THPT
chuyén Hung Yén; Thira Thién Hué: Pham Ngoc
Long. 12 Toan 1, THPT chuyén Quéc hoc Hué,
TP. Hué

HO QUANG VINH

Bai T9/534. Cho a. b, ¢ la _wj do ba :';.{HJ'E cld m{_i:’

tam giac co nuwa chu vi p. Ching minh rang:

-
v vid

e e s o e—

vah B
p-d Ill'il'—.lr.i' _Ir}—L'-

(1).

Léi gigi. (Cua Tran Viét Anh, Tran Minh Hoang
va da s6 cac ban khac)
Theo bat ding thitc Cauchy ta co:

ﬂw’(p"ﬂ](ﬂ—b}E{Pva};(’a_b] =§5
0<(p-B)(p-o s 229 2,
G{J[P_f](f?—ﬂ] E(F-C);(P_H}=g.

Nhin vé véi vé cac bat dang thirc trén ta dugc:
abc28(p-a)(p-b)(p-c) (2)
Két hgp (2) va bét ding thirc Cauchy ta cé:

Jhe L Jea . Jab e JbheveanJab
p-a p-b p-c "\(p-a)(p-b)(p-c)

I abc

s 3#{;1 -a)(p-b)(p—c)

Vay (1) dugc chirng minh.

> 338 =6.

TOAN HOC
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Déu bang xay ra <> ABC la tam giac déu.
Léi binh. Bit ding thic Padoa:

(p-a)(p-b)(p-c) S22

da dugc dang lam dé thi vao truong Pai hoc Lujt
thanh phé Ho Chi Minh, 1995. Cach phét bicu khic
clia bit ding thirc Padoa ciing da dugc dung lam dé
thi viao truomg Pai hoc Kinh té Qu-:“in: dan Ha Noi,
1996: “Ching minh rdng néu
[P“H](F*b)(P“CF‘E—:E
thi ABC la tam gidc déu.”
C6 thé tim thdy nhiéu bat dang thic thi vi trong tam
giac trén mang hodc trong cudn sach:
Ta Duy Phugng, Hoang Minh Quan, Phuong trinh
bdc ba vai cac hé thire hinh hoc va lugmg giac trong
tam gigc, NXB Gido dyc Viét Nam, 2017.
Nhin xét. Ngoai cac ban céc 16p chuyén Toan, mot
s6 hoc sinh THCS va truong THPT khéng chuyén da
tham gia giai bai nay. Cic ban dudi ddy dd lam
duang:
Bic Ninh: Neuyén Thi Phwong Thdo, 11A1-K16-
YP2, THPT Yén Phong so 2, H. Yén Phong; Binh
Pinh: Vi Tién Pat, 11T, THPT chuyén Lé Quy
Don; Ha N§i: Tran Viét Anh, 8C1, THCS & THPT
Archimedes Dong Anh; Nguyén Huy Hodng, 12
Toan 1, THPT chuyén Nguyén Hué, Ha Péng : Ha
Tinh: Tran Minh Hodng, 9E, THCS Nguyén Trii,
Nghi Xuin; Hung Yén: Doan Ha Anh, Trin Hiru
Duwong, Nguyén Gia Khanh, Nguvén Vin Khiem, 10
Toan 1, Tran Van Quan, 12 Toan 1, THPT chuyén
Hung Yén; Lam Dong: Tran Cing Minh, 11 Toén,
THPT chuyén Bao Loc; Ngh¢ An: Lé Tién Hop,
10A1, THPT chuyén Phan Béi Chau. Liu Trong
Phuc, 8B, THCS Dgi Cung, TP. Vinh, Nguyén Hii
Triéu, 8B, THCS Ly Nhat Quang, huyén D6 Luong:
Quang Tri: Hodng Pinh Bdo, Nguyén Thi Thiy
Hing, 10A1, THPT Hudmg Hoa, huyén Hudmg Hoa;
Soc Trang: Dwong Vinh Khang, 11A1T, THPT
chuyén Nguyén Thi Minh Khai, Lé Ho Trong Tin,
I0A1, THPT Ké Séach, huyén Ké Sach; Thira Thién
Hué: Phan Thi Mink Chau. Lé Ngoc Cuong, Lé Thi
Thanh Tam, Nguyen Thi Hwong Thiy, 11 Ton 2,
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.\El{‘*';” Quang Huy, Pham Ngoc Long, 12 Todn 1,
Dodn Van Hoang Lan, Huynh An Phi, Trin Thanh
Tai, Phan Quoc Thang, 10 Toan 1, Hodng Thi
Pﬁlmwg Nga, V6 Thi Bao Ngoc, Hupnh Céng Tim,
Nguyén Dang Anh Tuan, Dang Quynh Bao Uyén, 10
Toan 2, Tran Thi Thanh Thu, 11 Toan 1, THPT
chuyén Quuc hoc Hué.

TADUY PHUQNG
Bai T10/534. Tim tat ca cdc sé nguvén khong am
a,b,csaochoa + 1,5 +2 la cac so nguVen 10,
¢ la 56 khéng chia hét cho 5. vg thoa man
(@ +D)(B+2)=¢" 40
Loi giai. (Cua ban Nguyén Van Khiém, 10 Toan,
THPT chuyén Hung Yén, Hung Yén)

eNéub=0,khidé (a*+1)2=c*+9 (1).
Vi ¢ khong chia hét cho 5 nén ¢? = +1 (mod 5).

Suy ra
¢ +9=0 (mod 5) hodc ¢* +9=3 (mod 5) (2).

Néu a khong chia hét cho 5 thi @® = +1 (mod 5).
Suy ra:

(@* +1)2 =0 (mod 5) hoidc (a® +1)2 =4 (mod 5).
Néua chia hét cho 5 thi (a’ +1)2=2 (mod 5).
Tu (1) va (2) suy ra:

(@ +1)2=0 (mod 5) = (a* +1)=0 (mod 5).
Do a* +1 1a so nguyénto nén a* +1=5
=a=2=>c=1. Viy(a, b,c)=(2,0, 1).

e Néu b > 0. Khi d6 »* +2 1a sb nguyén t6 dang
4k+3.Tacod b +2|c* +3

Ap dung bd dé quen biét:
dang 4k + 3, x va y la hai s6 nguyén dwong sao

chop| x* +y* thi p|xvaply”.
Suy ra 5% +2|3. Ma b* +2 la sé nguyén to nén
b'+2=3. Laico 3=b"+2|c nén
(@* +1)3=c? +9 chia hét cho 9.
Suyra > +1=0(mod 3). Do a° +1 la sO6 nguyén

th nén a’+1=3 =a’ =2. Diéu nay khong xay
ra. Ket ludn: (a, b, ¢) = (2,0, 1).

“Néu p la s6 nguyén to

Nhdn xét. Ngodl ban Khiem . cac ban sau day co loi

giai tot: Thira Thién Hué: Phan Quoc Thiang, 10
Toan, THPT chuyén Quoc hoc Hué; Hung Yén:
Tran Hiru Dwong, 10 Toan, THPT chuyén Hung
vén: Ha Noi: Tran Viét Anh 8C1, THCS

Acchimedes Dong Anh; Sé¢ Tring: Lé Ho Trong

Tin. 10A1, THPT Ké Sach, H. Ké Sach.
PANG HUNG THANG

Bai T11/534. Cho so nguvén duong chan n va

p>n'la s6 neuven to. Ching minh da thure

Olx)=(x

thire bat kha quy (theo nghia khong la tich

~-INx-2)..fX=n)+ D

la da .
ctia hai da thire hé so nguyen khac hang)
Loi giai. Gia su ((x) = flx).g(x) voi f, g la cac da

thire véi hé s6 nguyén bc 1.
Nhan xét raing do n chin nén khi x>n hoic

x<0 thi O(x)>0. Khi x&[0,n], theo gia thict

thi p>n" nén
(x=1)(x=-2)..

Suyra Q(x)= f(x)g(x)>0,VxeR.

Khong mat tinh tong quat, coi f(x) va g(x) la

(x-n)+p2-n"+p>0.

hai da thirc duong trén .
Tir gia thiét, ta co:

flk)g(k)= p,Vkeil,2,...,n}.
Suyra: f(k),g(k)ell,p}.Vke{l,2,...,n}
va fk)+gk)=p+1,Vke{l,2,.. n}.
Viay da thuc P(x):=f(x)+gx)-p

O<degP<n-1 va co6 it nhiat n nghiém, mau

-1 c¢o

thuin. Kér ludn: Da thirc
Ox)=(x-1)x-2)...(x=n)+p

la da thirc bat kha quy.

Nhdn xét. Diy 1a dang toan vé da thirc nguyeén cua

cac tac gia Titu A., Navid S., Alessandro V. Da sb

cac ban déu giai theo phuong phép d trinh bay &

trén. Mot 50 ban sir dung dinh 1y Viéte ciing cho két

qua ding. Cac ban sau day c6 1o giai ding:

Hung Yén: Tran Vin Qudn, 12T1, THPT chuyén

Hung Yén; Ha Tinh: Tran Minh Hoang, 9E, THCS

TOAN HOC
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Nguyén Trdi, Nghi Xuin; Lam Pdng: Trin Cong
Minh, 11T, THPT chuyén Bao Lic: Binh Dinh: Vi
Tién Pat, 11T, THPT chuyén Lé Quy Pén.
NGUYEN VAN MAU
Bai T12/534. Cho tam gidc khong vuong ABC,
(O) la dicomg tron ngoai tiép tam giac. AD, BE,
CF la cac dwong cao. A;, A. theo thir e la diem
doi xteng cua B, C qua F, E. A, la giao diém cua
EF va AyA.. Cdc diém B,, C. duwoc xac dinh fieong
fir. Charng minh ;ﬁng AA,, BB,, CC, ;I:iug quyv qi

mot diem thuoc (O).

Loi giai.

Goi X, Y, Z theo thir tyr 1a giao diém cua BC, CA,

ABva EF, FD, DE.

Vi AD, BE, CF dong quy (tai H) nén, theo dinh li

Desagues, X, ¥, Z thing hang.

Do do, theo két qua vé diém Miquel, cic dudng

tron (0), (4YZ), (BZX), (CXY) cung di qua mot

diém, ki hi¢u 1 S.

Vi B, 4, d6i ximg véi nhau qua CF va
BC 1 HA;BA 1 HC nén:
(4,4,4,C)=(A4,B,4,C)=(BC,BA,)=(BC,BA)

=(HA, HC)(mod 7).

Do d6 4, thugc duong tron (HAC) (1).

Tuong tr A, thude dudmg tron (HAB) (2).

Dé thiy AB.AF=ACAE=AH.AD=k. Qua

phép nghich dao N%, cac diém H, B, C theo thir

ty bién thanh cac diém D, F, E; cac dudng tron

S3 538(4-2022)
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(HAC), (HAB) theo thir tu bién céc dudng thing
DE, DF (3). Tir (1) va (3) suy ra.
N ({4,,4}) = N* (4B N (HAC))
= N4(AB) N N, ((HAC))
= ABN DE ={Z,x}.

Do d6 N%(4,)=Z. Tir (2) va (3), twong tu nhu
trén, N:{AL,]= Y. Vay:

Ni({4,,0})=N,(EF N 4,4.)
=N*(EF)n Ni(4,4.)

=(ACB) N (AZY)={S, A}.

Do d6 N'(4,)=S. Diéu d6 c6 nghia la S, 4, 4,
thiang hang.
Tuong ty S, B, B, thing hang va S, C, C. thing
hang. Vay 4A,, BB,, CC. déng quy tai mdt diém
thugc (0), diém S.
Nhdn xét. Bai toan nay tuong d6i kho, chi c¢6 bén
ban tham gia giai: Ban Tran Minh Hoang, 9E, THCS
Nguyen Trai, Nghi Xuén, Ha Tinh, c6 1&i giai twong
tr nhur 101 giai trén. Ba ban con lai ¢6 16i gial dai va
phu thuge hinh v&. Tuy nhién, vin néu tén ca ba ban:
Hung Yén: Tran Van Quan, 12T, THPT chuyén
Hung Yén; Lam Hfing: Mai Trung Nguvén, 12T,
THPT chuyén Bao Loc; Séc Triing: Lé Ho Trong
Tin, 10A1, THPT Ké Sach, H. Ké Sach,

NGUYEN MINH HA
Bai L1/354. Ba con lac don cung chiéu dai, cung
khoi lwgng va cung dirge treo trong dién truomg
deu co phicong thang dimg. Con ldc thie nhat va
thit hai tich dién lan lwert la g, va g-. con lac thir 3
khong tich dién. Bieét |:;E | <mg, Chu ki dao dong
nho cua ba con ldc lan leot la T\, T>. Ty sao cho
I = %:’ = % Tinh ti so %
Léi gidi. Theo dé dé bai ta nhin thay:
Il <T, nén gia toc tang, T, > T, nén gia toc giam,
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?;:2.::\/1
| g

WLTE /1+|‘?' E o JalE
= T, mg mg
662 IJI____|‘?2|E :—'%15 =0,64
I mg mg
bl Cqo s B0 o x
q; q

Nhdgn xét. Chuc ming ban duy nhat ¢ ciu tra 1oi
ding cho dé ra ki nay: Pham Ngoc Long, 12 Toén 1,
THPT chuyén Quodc hoc Hué, Thira Thién Hué.

PINH THI THAI QUYNH

Bai L2/354. Cho doan mach dién xoav chiéu
AMNB. Poan mach AM chi chira dién ro thuan
R= lithi Q. doan mach MN chi chira cugn cam

6 d¢6 ne cam L va dién wro hoat dong
r= 3{]\,3 Q. doan mach NB chi chira tu dign co
dién dung C. Hiéu di¢n thé hai dau doan mach co
biéu thire: u,, =U,cos100at (V), hi¢u dién thé
hiéu dung eiita hai diém A, N la Uy = 300 V, va
giwea hai diem M. B la U, = f:-Uw,.-’H.':'n (V). Hiéu dién
. 43
thé tire thoi u . léch pha so vii uyg la = Xac

dinh U,. d6 te cam L. ty dién C. Viet bieu thie

dong dién trong mach.

i 4.
L= ;
L ¥ F & F U—HB
Loi gigi. Taco: (£ = ]
tan¢,, an @y, = =

U
JR+r) +2Z; ==~
UHH
:::»4\/;‘1-5'{21.'2(:}1: I
Z; _Zf- Z =1
R+r r
‘J[R‘i'r}z""ZL ={“'|Ir.-l.i"-r
P2, -2y Ve
ZL _ZL Zf__l
 R+r r
Jas03)y +2; 300
_ 1 JB0BY +(Z, - Zc) 603
ZL _ZL-EC=-1
L R+r ¥
:}121.:15‘0!-1 _—_:..I:UAH:]_A._,
2. =240Q Zyy
1.5 107
=== (H);C= F);
) = (H) 2‘w{ )

U, =1Z ;2 =y2J(15043)? +(90)* = 6042 (V).

Do léch pha @45 gilta uz so voi dong dign duge
tinh theo cong thirc:

Z,-Z. 150-240

ﬁ;r T 1200353043
=--_5—3"—,'5 @ =—1,06r.

Mat khiac: ¢, =@, —@

tang,, =

=@ =0, -9,z =0-(-0,1067) =0,1067.
Suy ra biéu thirc cia dong dién la:
' =/25in(10072¢ + 0,10677) (A).

Nhdn xét. Mot s ban tham gia giai bai nay nhung

két qua by sai.

NGUYEN XUAN QUANG
oo TORIOS 35
I
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PROBLEMS ... | HE:}J theo trang 26)

Problem T8/538. Given a circle (0; R) with two
perpendicular diameters 4B and CD. Let E be a

moving point on the minor arc AC. BE intersects
DC at N, DE intersects AB at M Show that

1+la‘5.
MB ND R

Problem T9/538. Given positive numbers a, b, c,
d and a positive integer n. Show that

&l
{/b"+r: +d" -.,,;"c: +d" +a" dm

Ea" Y L L S LT

#a +b" +¢" {E

TOWARDS MATHEMATICAL
OLYMPIAD

e

Problem T10/538, Find all positive integers n so
that

NHIEU CACH GIAI ... (Tiép theo trang 45)

Cho x,y,z Ild ba 0 thuc dwong va

2<a <3, k>0. Ching minh rdng

[ or o

X y z
> 2-!- G
X" +hkxy+y

Vi+hyz+z' 2 +hkx+x

s +_'y';"2 +z
k+2

a=2

NGO VAN THAI
(T6 9, phuong Hoang Di¢u, TP. Thai Binh)

Nhin xét. Ngoai 7 cach giai trén cua ban Ngé Van
Thai, Toa soan Tap chi Toan hoc va Tudi tré ciing
nhan dugc nhiéu cach giai twong tir nhur bai viét tir
cic ban: Pao Van Nam, GV TH, THCS & THPT
Everrest, Bic Tir Liém, Ha N@i; Pham Minh

36 TOAN HOC
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2021n-2020

is an integer.

Problem T11/538. Suppose that x, y are real

numbers. Find the minimum value of the

expression

9 :
P=sin* x{sin" y+cos’ ,}J+§m:usI x.sin’ 2y |+cos* x

Problem T12/538. Given a triangle ABC and its
circumcircle (Q). A point P is moving on (0). Let
Q be the reflection point of P in BC. Let E, F
respectively be the intersections between BQ, CQ
and AC, AB. Show that the center of the Euler

circle of AEF belongs to a fixed line.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

Tuan, khu 10 x3 T& Hiép, huyén Ha Hoa, Phii
The; Cao Thi Khdnh Chi, 8A, THCS Cao Xuin
Huy, Dién Chau, Nghé An; Trdn Thi Thanh Th,
LTI, THPT chuyén Quéc hoc Hué, Thira Thién
Hué; Lé Ngé Nhdt Huy, 111A, khu phé 1, duomg
Hung Vuong, phuong 7, TP. Bén Tre, Bén Tre.
Xin hoan nghénh cac ban.

LE MAI (Ha N¢i)
Moi cic ban giri 161 giai BAI TOAN 60 Vé Toa
soan Tap chi TH&TT truéce ngay 31.5.2022
BAI TOAN 60. Gigi phicong trinh

JII+ZI+Z-JI’ -2x+2 =+/5-1.

LA DAI CUONG
(GV THPT Cam L, Quang Tri)

https://tieulun.hopto.org
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CHiNG MINH CAUCHY -
CHO B T0AN BASEL Mm

(GF?}uﬁ'ﬂgBﬂikacMﬂ ﬂ;améxﬂﬂﬁpn

Ching ta s€ xem xét bai toan tinh tong cac so
nghich ddo cap bon cia cic sé ty nhién bing
phuwomg phap Cauchy. Phuong phap nay duoc
Cauchy 4p dung dau tién la dé giai truomg hop
riéng cua no: Bai toan Basel. Sau khi nghién
ciru k¥, nhén thay c6 thé mé rong phuong phap
Cauchy dé giai bai toan tinh tong chudi cic so
nghich dao cua s6 ty nhién bac bon ma khong
can sir dung t&i khai trién chudi thanh tich vo
han. Trong bai bao co xuit hién mdt s6 cong
thire lugng giac duge sir dung dé tinh tong cac
chudi da cho.

Tir khéa: Bai todn Basel, bai todn Basel tong
quat, so Bernoulli, mng chuoi vé han, Eu!er,
Cauchy, tong nghich dao bac bén clia cdc s tuw
nhién.

1. Bai toan Basel

Nha toén hoc Italy — Pietro Mengoli ( 1625-
1686) di vao lich sir toan hoc nhu la ngudi dau
tién vao nam 1644 da thu tinh, nhung khong
thanh cong, tong ciia chudi cac nghich dao binh
phuong cac so tu nhién:

(1).

Sau dé, tham gia vio viéc gidi bai todn trén co
thém hai nha toan hoc 1a hai anh em: Jakov
Bernoulli (1654 - 1705) va Johann Bernoulli
(1667 - 1748) nhung cung khong thanh cong

trong viéc tinh mng T&i nam 1704 da c6 nhiéu

nhi toan hoc chau Au chi ¥ téi van dé. Va
day bai toan tinh tong chuoi (1) mang tén Bai

toan Basel (Basel Problem), lﬁ}f theo tén cua
thanh pho Basel & Thuy SY¥, thanh pho qué
huong cua hai anh em nha Bernoulli.

Bai toan Basel dugc giai vao nim 1734 — 1735
tai thanh phd Saint-Peterburg bdi hoc tro cua
cta Johann Bernulli, ngudi cing sinh ra tai
Basel. Do 1a nha toan hoc xuat ching ngudi
Thuy S§ Leonard Euler (1707 - 1786), phan Ién
cudc doi, ong song tai Nga. Euler tim ra két qua
ctia tong cua chudi (1) bing:

= 1
5L

m=] h

2
o (2).

Sur xuat sac cua phuong phap ma Euler ap dung
nim & khai trién chudi liy thira

SIN X i

Eu

n=0 2”""])
4 ] 1
=1._I DI . +(_1}1 X B
TR T (2n+1)

thanh tich v han

Sink: lil x°
X n=] Hzﬂr:

(2 )
i 4r’ On? ) n

Pha ngodc cua chudi trén, ta thu dugc chudi
mdi v&i h¢ ¢ cua s6 hang chira x° 1a

| 1 | |
1+ =+=+.. . +— 32
( 2- 31+ +ﬂ1 +.+.) 5

Vi khai trién thanh chudi c6 tinh duy nhat, nén

hé s6 cua sb hang chira x? phai hang -—l.
3!
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Tir déy ta thu dugc dang thie D&i vai m 1é, thi bai todn van chua co 161 giai.

P 1 1 2. Chimg minh cua Cauchy cho bai todn
= 1+_1-+ '|-+l-.--+___+. ___=__‘I_
2" 3 A P T Basel
Tir ddy ta thu dugc ding thic (2). Nim 1821 Cauchy dua ra hai 141 giai cho baj

toan Cauchy trong cudn sach noi tiéng (nhung
hién nay it nha toan hoc biét dén) cua minh
“Khéa hoc gidi tich dai s6” [7, 8]. Loi gidi thi
hai vé ban chit ciing khong khdc may dudi goc
phap di mang dén cho Euler niém vinh quang d§ chimg minh chat ché so voi cua Euler. Chinh
16n — Nha todn hoc xuat sic nhit chau Au, dua Vi the, ching ta khong dy dinh ban luan v no.
vao phuong phip ndy, Euler tim thém dugc Thé nhung 1o gidi thir hEll+ lai hnf}an toan Cﬁmm
xac. Cauchy xuat phat tir dang thirc lugng giic:
(m+2)(m-2)

= 1 27 )" 31

b3 =( ) B, (3).

3 . £ : ; Sinzz_ﬂ- 5il'|:l4_ﬂ. . : E(m_z)#,
Trong d6: k=1 la s6 ty nhién; B, 1a cac sb m 2m Smh m '
Bernoulli (so Bernoulli B, (k=0,1,2,..)1a 1rong do m la s6 ty nhién chan. Nhan ca ve
2

phai va vé tréi ciia ding thic (5) véi —

Phwong phap cua Euler 1a khéng chit ché ngay
ca & trinh 9 todn hoc thoi by gir va doi hoi
can phai ¢6 ching minh. Tuy nhién, phuong

tong mi bon cac nghich dao cua cac sé tur nhién

(5)

nhirng hé s6 thoa man khai trién chudi-

2 ¥
m
x _vB . Cauchy thu dugc:
e -1 & k! ) IR
! L 5= i = 4 (_J ! (_)
B, =1, R,:—,Bd=-——,3ﬁ=—}BE=——,...], _(1___J= m b, m
6 30 42 30 1 *
1 6 m 42 T4 Wias 2_?1'
[Bl=_: BJ'_' Bf.:B'.r:-":D])- o i ”
2 (m/2-1)zY
Day 1a nhimg s6 ma Jakov Bernoulli dua ra dé | n g
. , et
tinh tong lily thira cua cac so tu nhién. ( m ]): [m 1]3_ (©)
Bai toan tinh tff‘mg ctia chudi diéu hoa tong quat 2 gimd
m
= 1 1 1 ; 2
e sty B el ot ol U A,
;Hm am " gm (4) Vi ll_lﬂ p [1_:11—3]= p , tir day ta suy ra:
v&i m 12 sé tu nhién 16n hon hodc bing 2, dugc [ *
) : s B8 Bodas L3 27\’ (mi2-N)xY
goi la bai toan tong quat cua bai toan Basel. ) 1l ; N
: ] _ ; AN b i +...+
Euler da giai dugc mdt phin cua bai toén nay: sin? X dgip2 27 [m 'T [ m —I]Jr
| ¢ * ) - = = L
Tim tong cua chuoi (4) doi voi m la so tw nhién 3 2 sin? L4 i
chan (xem cong thuc (3)). =_’i (7)
s (-
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Cauchy hiéu ring mic dy cac §§ hang diu tién x b pere=, 02

<
cia (7) ¢O gidi han tiép t6i nghich dio binh 1< AT 2
huong: : : L =4 ]
F Ning cac vé Ién liy thua bac hai:
1 (E] x° r_-al 0<x<=
: m 1 < < s d
HE k2 Sk S =12 i ! sin” X cos’ x 2
sin2 %k A
i - . = __H_. = s va
Lay cac gid tri x=Xx, = o k=12,...n
theo gio1 han cia ham siéu viét ljm—"— =1 1
i L X , SUSmE " i ¥ ring cos’ 2 K7 o5t B2 Cauchy thu dugce
nhung van can chimg minh rang m m
] s danh gia cho tong (9) nhu sau:
2 2
= 1
Z (—mez JLi 1+—11—+...+~—2—
; m | m 2 n
lml s +...+ : g 2 ' g
m Sin:_ E_! E__l T £ (_’T] [-—J
S111 < +—--——E;-|'..+‘|'ﬂ2 L nm
g * . s L e sin” —
1 1 m m m
=1tk b= (B 1 1
T 1+ = ot
& i Y =~ . ’ 2 2 n I:l 3)
bé chimg minh cong thire (8), Cauchy tach tong < A .
& vé trai thanh hai phan: 0od:
(E]h [2_?1'}+ (ET Tir day suy ra: voi gia tri n dugc chon
i lim PRI 9) (:r]i (2:1*) (n.rr]:
e S n , NTT . - e
1 sin — sin” — m 1\ m 1 \'m
m m m + +...t—
. 2 i -4 - 2.'?!' M 2 nT
: sin“— sin”— sin” — B
va | < — " M <cos™ —.
2 1+i+ gt i
(ﬂ o g I)EJ - it =
| m e d
(n+1)2 _ :(n+l):r+ Vi thé ta tim dugc sb M(l cos™ m] tur
sin
m
((mfz-l_):r]‘ khoang [l cos~ ;—) bang
m
B 9% (10). g
(E—I]- [E-])H M[l o i )
. sin’ 2 1
. . s 2 ‘s nt\
Dé danh gia tong (9), Cauchy chon so tu nhien ”_"___ I___ o -
~ YR IR T A ey
n fu dléu kléﬂ n< lﬂ* (] 1} Slﬂ — Sln el H El“-. ”_
i = m m m
A n I I '
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Pé danh gia tung (10), Caur:hy gilr lai dieu kign

(11) va bién ddi dang cuia bt ding thire (12):

x
O<l<— Z I
o Eil'lE EDSE—
2
1 1 1
< < =5 Dcpes.
Cos> cos>  cos? % 2
2 2 4

Tir day danh gia cho tong (10) ta thu duoc:

g [_{j:—h]: e ([?IET

{n+1)‘5n=iigl_fr E“T. _ z[g_l]x

< .
(n+ 1)2 n’
Khi d6, ta tim dugc sé M (0,1) tir khoang (0,1)
sao cho:

(2]

(n+1) 2 (n+)7
Mgl [(%*IEJ:ZTM(H,U.
B ole e

m

4 0 T?ﬁPuggce S& 538(4-2022)

Tir déy, ta ¢6 thé viet lai ding thic (6) dudi

dang
”2=ZEE+[1+—1;+“.+—1—1-JM[1 cos” E]
6 3m’ 2 n m

+ 22 0(0,1) (15).
Va néu tinh t6i bat dang thic
l+£l-+...+;l;::2, thi
z [1+El_-+ +;1;1{%+2tan“: m (16).
Pat n=k* m=k', k=123,.... Piéu kién

% > n dugc thoa man véi & > 2. Khi d6

] Eﬂ'z EE 2

n’ I
——| 1=t +
6 [ 2°

2

Vi —Z-E—E+2tan2£+iz—}ﬂ khi k—c0, nén
3k kE k

véi s6 thue £>0 tiy v ludn ton tai s6 K, sao

cho véi s6 k > K bat ding thirc sau duge thoa

n’ 1 I
et I e gloeret SO -

man -
6 2

< €.

r

(¥)

1 . Sl
...+— don diéu ting, nén vaoi
n

Vi tong 1+Elz"+

SO n>k'> K, bat ky, bét ding thirc sau dugc
thoa man:

https://tieulun.hopto.org



* Chi y'. Trong cong trinh [7] cua Cauchy khong
co chumg minh gidi han cudi nhy trén. No dugc
tim ra bo1 L. V. Tereshchenko. Déi vi Cauchy,
ar dang thirc (16) suy ra gidi han (18) 1a hién

nhién néu ngoai diéu kign —’;— >n, ta chon thém
,,,:[H“]n,]mf:z.

By gi0 ta s& chimg minh ding thic lugng gidc
(5)- Gia st m=2k, véi k 1a sd tu nhién. Khi
' do bang cach sir dung dang thirc quen thudc:

1

’ 511‘1 X
|

=] + cot? X

ta ¢ thé viét lai ding thirc (5) nhir sau:

2k +1)(k-1)
3
1 1 1

= -+ +
sinzi sinzz—ﬂ' g ik—l]}i’
2k 2%

(19),

hay la

(2k-1)(k-1)
3

(k=17
2k $20).

T > 24T .
—r.:ﬂt'—+cnt‘~—+ .+ cot
2k 2k

T s 27T

. z 2 E{k_l)ﬂ-
Cac sO cot E{-,cnt .,cot

o™ 2k
duoc coi nhu 13 nghiém cua phuong trinh bac
k-1:

i
Ralx)= o | =B —E}é
k=] 2.& Zk
k-1
+..:-<[x—cnt‘( Zk) ]

Dé tim da thirc nay, ta sir dung thém mot cong
thirc lwgng giac nira [7]:
sin2kx = C}, cos™

= - T
__4-(—1)Jr (G cosxsin: T ¥

1

; =3 s 3
ISII’II—CLEGSM xsin” x +

hay la .
ElI’l Eab.'_ - C (Ct}tz x)*-' __{:;# (-F.'.:l‘.]'t,2 ;c) +

sin** xcotx N

S8 = 1 thi
NEH X=X, =E_',_.E, 5= 1,2,3,.. ,k
sin2kx,  _q
sin”* x_ cot x,
Vi thé
k=2

o, (cmz X )H -Cyy (mtE xs) +
(1) Cff'l[cotzx_;)+(—-l]t_'C§f"=D.

Tir day suy ra cot’ x, 1a nghiém cua da thuc

k-2

Gl oon
ﬁ-l(1)= sal Cz: L
2k-1
&:C§:_3 -1 G5 =
-1y 2 —x+(-1 0 (21).
- gl ey

Khi d6, theo hé thic Viete tong céc nghiém
bing

k=17
cot® — + cot’ =— +...+cot ( Ek)
v (2—THk=1)
10 3

Ping thirc (20) duge chimg minh.

3. Phuong phiap Cauchy va mé réng dé tinh
tong ciac nghich ddo mii bon cac so ty nhién
Tiép theo, tic gia xin trinh bay cich md rong
phuong phap Cauchy dé tinh tong cac nghich

dao mu bon céc s6 tu nhién. Trudce tién ta phai

chi ¥ t6i ding thirc — —=1+cot’ &, lay binh
sin” &

phuong ding thirc (19) va ciing nhén hai vé cua

: ,.[;?I' 7
no vai | — | :
2k

TOFlN HOC
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> 7 \* Két ludn. Phuong phap Cauchy giai bai todn
4(k" - 1) ( T J*‘ 3 = (_A:] Basel duoc dua ra vao nam 1821 va ¢co mo rkimg
9 2;5.' n=l Sind_ Eir d-é tlm H]ﬂg nghi{‘;h {I.E‘[ﬂ mﬁ bﬁ'n Hi "l-"l:lllg fﬁ'ﬂg

4 trong tuong lai phuong phap Cauchy cé thé
k-2 k-1
" 2[£] [1 +cot’ EJ{I + cot? EJ duoc thay dbi va don gian hoa nhim muc dich |
k

n=l p=n+l 2k tim dugc tong nghich dao vai bac bit ky.
4
k-l [E] 2 _a¥ ‘ TAl LIEU THAM KHAO
hay 1a ) k7 = 4(k —l) -'?1' _ , ” :
w gt gint N 9 2% 1. Stillwell J., Mathematics and Its History. 3™ ed. -_
2k N. Y. S}]I'iﬂgﬂ' Science + Business Mﬂdiﬂ, | B el
[ s )‘ (K =3k +2 2010. 660p.
i ey =3k +
2k } 2. Euler L., “De summis serierum reciprocarum,”
-Zt-z E (_ﬂ__)* (Eﬂtl BR . 2 PR ] Commentarii academiae scientorum
nel pems1 \ 20 2k Petropolitanae , 7 (1734/35) 1740, pp. 123-134.
“EE *z_l“ (_‘ET (cmz B st p:r) 3. Eyler L. Differentsialnoe ischislenie
net pnsi \ 2K 2k 2k (Differential calculus). Moscow, Leningrad, 1949.

Theo dinh 1y Viéte, nghiém cta da thic (21) 380p.

thoa man déang thirc 4, Eyler L., Vvedenie v analiz beskonechnykh

E *Z-l: [cnt' o2 P :r) o = (Introduction to the analysis of the infinite), Vol.
k) €. 1, Moscow, 1961, 315p.

A=] p=r+l

= (k —1)(4 —2)(2k =1)(2k - 3) 5. Bernoulli J.,, Ars Conjectandi, Basel:
30 Thurneysen Brothers, 1713.

Tu dang thire (19) co: 6. Kudryavtsev V. A., Summirovanie stepeney

ﬂ{ii [mt nr, p;r}: Ek{zk—l](k—l)h chisel naturalnogo ryada i chisla Bernulli (The
3

ol prt] summation of powers of natural numbers and

Khi do, ta thu duoc: Bernoulli numbers), Moscow, Leningrad, 1936,
o

]jmki“ 2 :ﬂ.ﬂ ot 7 =;r‘*' 7. Cauchy A. L., Cours d’analyse de I’Ecole

e ' sin‘% 36 .1:2.30.. 90 royale polytechnique Ire partie:  Analyse

algebrique. Paris: Impr. Royale Debure freres,
Miit khic ciing theo nhu nhimg I3p lugn khi tinh g5 596

gid1 han (8), ta thu duoc:
8. Bradley R. E., Sandifer C, E.. (Sources and

&
L ( nw ) ] : ; Studies in the History of Mathematics and
- 2k i :
P-I.EZ e =1+2—4+F+.,.+”—4+.“ Physical Sciences) Cauchys Cours danalyse. An
n® sin ﬁ Annotated Translation. Springer, 2009, 41 1 p.

42 T?ﬂ}“uggg S 538(4-2022)
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PROBLEM.

rind the general term of the

following sequence

s B e

Solution. The gaps are 6, 10, 14, 18, ... which

is arithmetic progression with the common

difference 4.

We can rewrite the gap sequence in the form
6,6+4,6+4+4 6+4+4+4, ...

Hence we get the pattern
49=a,=1+6*(5-1)+4*[1+2+(5-2)].
And the general term

a,=1+6*(n-1)+4*[1+2+...+(n-2)].

TIENG ANH QUA CAC BAI TOAN
BAI SO 79

H—Z)(H‘Z'l‘l)
an=l+ﬁ(n—1)+4( >

=1+6(n -1)+2(n—2)(n-1)

_1+(n-1)[6+2(n-2)]

=l+2(ﬂ-l](n+l]= 2n* —1.
TU VUNG

general term - g0 hang tong quat

. : .: N - 2
arithmetic progression - cap sO cong

gap - khoang cach,

khoang trong (gitra 2 50 hang)

common difference L cong sdi

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoti)

khkk ki khdh
ttttt **ii*****f**+tttfﬂﬁrtti**t*:**t*!*t**+tt*iiiﬂtf***ﬂﬂﬂt*****************************

BAI DICH SO 77

BAl TOAN. Trén mot day chuyén san xudt
thiét bi dién ur, xdc suat ngau nhién cua mot
thiét bi khéng dat tiéu chuan la 0,045. Kiem tra
”.ifcfn nhien mot mau chon geim 200 thiet bi. Tim

xde sudt dé co hom 190 thiet bi dat tieu chuan.

Léi gigi. Goi X la sb thiet bi dat tieu chuan
trong miu chon. Ta cin tim P(X > 190).
Taco:
P(X>190) = P(X = 191) + P(X=192)*
..+ P(X=200)

191

= C' x (0,045)° x (0,955)

+ C'% % (0,045)" x (09551 +..s

+ C'® x (0,045) x (0,955)'” + (0,955 .

Lueu y: Trén thuc té, vige tinh truc tiép mot tong
c6 nhiéu s6 hang nhu trén co thé khong thudn
tién. Ching ta c6 mét phuong phap goi la phin

bé chudn xéap xi dé udc tinh cac tong nhu viy.

Nhin xét. Cac ban sau c6 bai dich tt, guri bai
vé Toéa soan sém: Cao Thi Khanh Chi, 8A,
THCS Cao Xuan Huy, Dién Chau, Nguyén Vin
Lam, 7TA, THCS Ly Nhat Quang, D6 Luong,
Nghé An; Tran Van Qudn, 12 Toan 1, THPT
chuyén Hung Yén, Hung Yén; Tran Thi
Thanh Thw, 11 Toan 1,THPT chuyén Qudc hoc
Hue, TP. Hué, Thira Thién Hué.

HO HAI (Ha Noi)

TOAN HOC 3
 cTugitge 4
https://tieulun.hopto.org
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3 2 3 2 3 2
kg dy ) ty T
Cryty V+y+r 2 rmx

P+Q=

Ap dung BDT Cauchy danh gia ting mau thirc
cua P+ Q ta dugc:

30 41 3
x(xz+y2) J’[J" +2°)
P+Q2 T
2 [XEY R I [ 2
x+ ¥ ¥or |72
72 2
BAI TOAN 58. Cho x,y,z la ba s6 thiec dwong . z'(:;'1 +:-:2)
Chimg minh rang T LA
' y >’ 4+ y+2 314{ ]—l_f
1 i e A e S Xty+z 2
X +xy+y Yy +yz+z z+zx+x 3

2
>Z(x+ y+ |
Léi gidi. Dt hay P+Q22(x+y+z) ()

o 5 . Lai sir dung BDT Cauchy cho hai so dé danh gia
P= =
Pty P tyi Pameg  timgmiu thic cia O thi:
2 2 2
Cich 1. Dit Qggy+i+§;=%(y+z+x) 4.
N < X’y +xt P yiz+yzt > Zx+zx?
X+xy+yt Y+y+zt Z+zx+x’ T (3), @) suyra PEl(x+y+z}.
Ta co: .
Cry+x’ Y+ Yzt Cidch 3. Sir dung BDT Cauchy danh gia mau thirc
P+ N<es e 2 cuia biéu thy
3 2 2 3 3 3
+EZ+E.I+.EI:' Sl e ). 1 X g 1Jﬁ: __ % .
z°+zX+ X X +xy+y x’+(‘t +},1]+y1 3(x1+y1)
Str dung BPT Cauchy dé danh gia timg mau thirc 2
cua N ta dugc: Tuong tw: —; y’ _> 2y’
Y +yz+zt 32 L2)
v 2Ety) ye(y+z) m(z+x) L A
3xy 3yz 3zx z .
Zrz+x’ 3(2% 4 x2)
=E(y+z+x) (2). 3(2 +I}
3 2[.- 3 3
1 Suy ra: PE—[ — 1-‘" Litd ]
T&{IL{Z)SH}'H PEE(I-I—JJ'I'EJ. X ‘|'_P Vv +2’1 2'1+_;.\‘2

: J oy Sur dung ky thujt BDT Cauchy nguge déu thi:
Ding thirc cua bai toan xay ra khi va chi khi §

5 * v F - h II I=Il_ Iyz :,‘.\I__'UJE._ y
X = y = z. Bai toan dugc chirng minh. x4y Il""}’z = 21}'—1 E.
Cich 2. Dit Xdy dyng 2 BDT tuong ty rdi cong vé voi vé cua

£ & =
J-Z}’I }Eg 2x2 ba bat dang thire do lai s& dugc
O=r 2 3+31+z:-:+.1:2‘ 2
X +XxXy+Yy Yy +yz+z PE—(I—£+_1!-£+3_£]=I+,V+E

Ta c6: 3\ 2 2 " 2 3

44 T?HN HOC S5 538(4-2022)
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-

Cdch 4. Dé thay:

4 4

X ¥ 4
,P_—‘ 3 ? 3 " 3 "': - E - :3 =
X +..-T _].+_IJ‘ "I_! +'}. E"‘}Eh = 'I‘E‘I‘l‘ﬂ
Theo BDT Schwarz thi

. 2 242
(x +y +z‘)
P>
T o 'I: = 3 2 2 3 2 p JB
X+xXy+xy +y +yz+yzr +z2 +2°x+2x

Mat khac sir dung BDT quen thudc
(:-:z +y° +22)2%(:¢+y+ z)’
suy ra:
(.I: + y° +.'a'*2)1 E%(f +y° +22)[I+}’+3)2 =
=%{x‘ +Xyv+0r +V + Yz ey 42 2 x4 Hl]{x+5’+ z).

Viy FE%[.!:+}-+3}+

Céch 5. Sir dung k¥ thuat BDT Cauchy nguoc dau

ta dugc:
2. Pyt o o(xty)
x* +xy+y° X +xy+y’ 3xy
_ dx=Y
5

Xiy dung 2 BDT tuong tu roi cong vé voi vé cla
ba BDT d6 ta dugc:

21_}:+2y—2+22—-.1‘_x+_}?+z

P2z 3 3
Cich 6. Ta thay:
X’ X 3x* - x -x'y-xy’
Crxy+y. 3 3{f+;y+}")
2
x-y+(1+y}(1_vv)
= saa. 3(xat )l
B s 4
3
3 2x—¥
Suy ra: — = - E-_T'
x +xpr}y -

Xdy dung 2 BDT tuong tu rdi cong vé vai ve cua
ba bat ding thirc do thi

" 2x—y+2y—z+2z-X

£ 3

x+y+z

3
Céch 7. Theo BDT Cauchy thi
(.1u:2 +y° )(.r+ y) 2 2xp(x+ y) < 3x°

3 a2 2
Ef—y3+.x: + X y+xy

hay 3x° 2 (x—y)(x* + v+ 3? )+ x(¥* + 2+ ?)
x’ EZI—'_}-‘+
Crxy+y 3

—

Xay dyng 2 BDT tuong tu roi cong vé véi vé cia
ba BDT do sé dugc

EZI—.}—'-FE_]F—E'{'-ZE*-I
3

f o

B
"
Nhin xét.

1) Bai toan 58 la mgt bai toan dep nd co6 mit trong
nhiéu tai liéu toan so cip, vdi cach giai chi yéu sir
dung ky thuat Cauchy ngugc dau.

2) Tac gia chi mdi dua ra duge ¢6 bon cach giai 1,
2,3,4. Cach 5, 6, 7 1a cia mét sé ban trén mang,
hy vong cac ban doc khic ciing sé dua ra thém
nhimg cach giai mai cho bai toan nay.

3) Cuoi cling dé nghj ban doc tham gia giai bai
toan tong quat ding sau:

Cho x,y,z ld ba sé thiee dwong va a23,k>0.

Chirng minh rang
£
I + ya + z-li.l!
2 > 2
X thoy+y' yiaekyz+z 2 vkx+x
a=2 a-2 a=2
. +
> v 2"
k+2

4) Hign tai tac gia van chua giai dugc bai toan
sau day, tic gia rat vui khi nhin dugc 1oi giai tir
ban doc.

(Xem tiep trang 30)
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BAI TOAN 67 (IMO, 1994). Tim tdt ca cac cip
50 nguven dwong (m; n) sao cho b5 7.5 la so
mn — |

nguyen.

Léi giai. Cdch 1. Nhan xét ring: mn — 1 va m’ la
nguyén to cting nhau. Ta co:

3
mn—1|n +1=> mn—1lm’ (7’ +1)=m'n* =1+ m* +1
:mn—l|m3+1‘

"+l n’+l

mn~1" " =]

e Néum=nta cod:

1_ 1_
:{n+1]{n H+1}=ﬂ n+l="+l

(n—=1)n+1) n—1 n—1

1 s0 nguyén khi va chi khin = 2.

3

i +1 = 2 EE
mn—1 m-—1

o Xétm>n. Néun=1 thi

Sm-1eUQ2)={-1;1;-2;2} =>m=2,m=3.
Xét n > 2. Ta cb6: n’ +1=1(modn) va
n +1
mn =1

=kn-1voi k

mn—1= -1 (modn). Do do:
nguyén duong nao do. Ta co:

3 1
1 1
e e o (k-Dn<l+—r70.
n® -1 n-1 n-=

Suyra:k=1= n’ +1=(n-1)(mn-1)
2
di +l=ﬂ+l+—E—EE ‘:}}7:21”:3'
n-—1 n-—1

— Mm=

Trong mdi truémg hop ta ddu c6 m = 5. Viy ta co
9 c@p sb (m: n) chn tim la: (2; 2), (% 1, (3; 1,
(5:2), (5; 3), (1; 2), (15 3), (25 5), (35 3).

(4 cép 56 sau c6 duge 1a do tinh d6i ximg).

TOAN H
46 " crusitge

S6 538(4-2022)

Céch 2 (Theo ban Tran Viét Anh, 8C1, TH, THCS
& THPT Archimedes Pong Anh, Ha N§i)

E ]
bt i k= k(mn-1)=n"+1

mn—1
= k+l'n=>k=nx-1 (k,xe Z"). Khi dé:

n .|.]=(nx«]}{mn—ljz:rnz—mxn+m+x:ﬂ.

Ta thay PT béc hai ¢ —mxt+m+x=0c6 mjt

nghiém n nén nd cd nghi¢m thir hai la p. Theo

”+P=m(1). Suyra peZ’.

dinh ly Viéte thi: {
np=m+x

Dé thay m = n = p = x = 2 thoa mén (1).
Néu 4 sé m, n, p, x I6n hon 1 thi np > n + p va
mx>m+x=>n+p=mx>m+x=np:voly.
Viy trong 4 s6 m, n, p, x c6 it nhat mot 50 h:;'mg ].
THI1: mét trong hai sb m, x hﬁng 1, g1a sir x = 1.
Tr()suyra:mp=n+p+1=>(n-1)(p-1)=2.
Ta tim dugc (n; p) hﬁng (2;3x(3;2)=m=35.
Do m va x binh ding nén ta ciing co m =1, x = 5.
TH2: M{t trong hai s6 n, p bang 1, gia sirn = 1.
Ta(Dsuyramx=m+x+1= (m-1)x-1)=2.
Ta tim dugc (m; x) bang (2;3); (3;2) = p=5.
Do n va p binh ding nén ta ciing cé6 p =1, n = 5.
Viy ta tim dugc 9 cip s6 nhur trén,
Nhdn xét. Ngoai ban Tran Vit Anh, ban Trdn Th
Thanh Thu, 11T1, THPT chuyén Quéc hoc Hué,
Thira Thién Hué ciing giai ding bai nay.

NHU HOANG
Sau day la bai t4p dé nghi. Ban doc hy gii loi
giai vé Toa soan TH&TT truéc ngay 31.5.2022.

| | BAI TAP DE NGH]

BAI TOAN 69. Gig sir x lg nghiém cua phirong
trinh (3+2v2)" = (2 <1y 413,

Ching minh rrf'ﬂg Hu do x ciing la nghi¢m
phuang trinh {\E +1)* = chs%_

KHANH HUU (Ha Noi)

https://tieulun.hopto.org
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GIAIDAP: LOI GIAI DA DUNG CHUA®
(Pé ding trén TH&TT ¢ 332, thang 10 nam 2021)
Phén tich sai lam.

Lot giai cua hoc sinh xét thidy truomg hgp x=3
co thé thoa man bt phuong trinh. O day hoc sinh
dd hicu khi xét 2 truong hop x-3>0 hoic
x=3<0 da du cic trudmg hop 6 thé xay ra. Do
do lod giai lam mat nghiém x =3

[f(x)<0

le@=0

f(x)20

g <0

Lot giai dung. Loi giai cho truong hop 2 phai sira
lai nhur sau:

Liuy: f(x)g(x)<0<

eNéu x-320=x>3 tacd

(Vi +4<x+3

S +4<x +6x+9 {2:*.1.'2%5.

Két hop véi x =3 ta c6 nghiém cua bat phwong
trinh 14 x>3. Khi d6 tap nghiém bat phuong
trinh 1a

S= [—mf} U [3;40).

Nhgn xét. Céc ban tham gia bai nay déu phat hién
duge sai lam va dua ra loi giai ding. Toa soan hoan
nghénh cac ban sau: Binh Dinh: Newven Hing Cuong,
xd Nhon My, TX. An Nhon; Thira Thién Hué: Huynh
An Phi, 10 Toan 1, Nguyén Dinh Khai Nguyén,
Neuyén Thi Nhdt Thao, Hoang Thi Phuwong Nga,
Neuyén Dang Anh Tuan, 10 Toén 2, Tran Duy Anh, 10
Anh 1, .-"Ir:g'u_rgﬂ Ky Nam, Van Ngoc Binh, Tran Thi
Thanh Thir, 11 Toan 1, THPT chuyén Quoc hoc Hue.
KIHIVI

gitU THUC CO BAO NHIEU
SO HANG ?

Trong mot dé kiém tra ¢6 cau hoi trac nghi¢m sau:
Sau khi si dung cong thicc khai trién nhi thire

Newton va rut gon

| 20 | 10
A0

) [y [

i [I f] [I I)

thi biéu thiee P sé c6 bao nhiéu so hang?
A. 28 B. 29 C. 30 D. 31
M{t hoc sinh da chon déap an C va giai thich nhu

1 )\ 1\
sau: Dat Q=(I—-—;] ;R=[II——J , ta co:

X X
B

i) 1 k
" k

5) ~Eew (-7

= z{_]]i Cr:ﬂxzﬂ—:ﬁ ,

k=0

khai trién c6 21 s6 hang.

R= I:I] ¥ l)t'ﬂ L ZC;E{IJ ]Il]—m (_i)m

_Z{ 1} Cm 30- -Im

]
khai trién co 11 s6 hang.

Trong khai trién Q s6 hang chia x"img véi k
thoa man 20-3k=14<k=2 va c6 hé sb la
C;, =190. Trong khai trién R s6 hang chia x'
umg voi m thoaman 30-4m=14<m=4 va co
hé s0 la Cj, =210. Trong khai trién Q+ R sb
hang chira x'* ¢6 hé s6 1a 190+ 210 = 400. Do dé
khai trién va rat gon P hé sé cia sé hang chira
x“la Gl +Cf -400=190+210-400=0=> P
khong c6 s6 hang chira x'*.

Do d6 khai trien P cé 21 + 11 -2 = 30 s6 hang.
Theo ban két qua khai trién va rit gon biéu thirc
P ¢6 30 50 hang ¢é ding khong?

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén)

TOAN HOC

S6 538(4-2022)
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Tllp thl TOAN HOC va TUOI TRE B e SeTe, ey ¥, B . 1

BY Bién tap: 024.35121607,

Mﬂﬂlemuﬁﬁ and Youth Mnguine BT Phat hanh: 026.35142649, 02435662701

Emall: toanhoctualtrevietnam@gmail.com

BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
TSKH. TR *‘“,”..r " Chi tich Hoi dong Thianh vién
Ot VANNHUNG NXBGD Viét Nam e
TS.NGUYEN VAN VONG NGUYEN BUC THAI >
GS.DOAN QUYNH Tong Gidm doc NXBGD Viét Nam
HOANG LE BACH

PGS.TS. TRAN VAN
o Téng Bién tap NXBGD Viét Nam

PHAM VINH THAI
Vién truémg Vién nghién ciu Sich va HLGD

y P . . AN THANH
HOI DONG BIEN TAP ERAN XY
Ting bién tap : TS. TRAN EHU‘U NAM Phé téng bién tip : CN. TRAN THI KIM CUONG
Thu ki Toa soan : ThS, HO QUANG VINH 75, LE HONG MAI

TS. TRAN DINH CHAU, Ths, NGUYEN ANH DUNG, TS. TRAN NAM DUNG, T5. NGUYEN MINH DUC. TS. NGUYEN MINH HA,
IS. NGUYEN VIET HAL PGS. TS. LE QUGC HAN, ThS. PHAM VAN HUNG, PGS. TS. VO THANH KHIET,
GS. TSKH. NGUY‘I?N VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. TA DUY PHUONG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. VU KIM THUY, PGS. TS. VU
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co so @ Dé ra ky nay

For Lower Secondary School T1/538, ..., T12/538, L1/538, L2/538.

Nguygﬂ Anh Tudn — Khai thic bai toan hinh Problem in This Issue

hoc trong dé thi TST Viét Nam 2015. 0 Giii bai ki truée

THPT chuyén B ic Giang, nim hoc 2021 - Solutions to Previous Problems

2022. @ Lich sir toan hoc
o Dé thi tuyén sinh vao l6p 10 THPT chuyén Hoang Ngw Huan —~ Chimg minh Cauchy cho

Trin Phi, TP. Hai Phong, ndm hoc 2021 - bai todn Basel.

2022. o Tiéng Anh qua céc bai todn — Bai sd 79, :

i i

@ chuin bj cho ky thi THPT Quée gia Bai dich s0 77. |

Lé Thé Thong — Mot so dang toan vé so nghiém 0 Nhiéu cich gidi cho m{t bai todn — Giai bai

cua phuong trinh ¢6 chira ham hop. todn 58. Dé bai toan 60.

° Phuong phap giai toan
Trinh Xudn Liu — Sir dung phwong phip thé
bién dé chimg minh bat déng thirc.

@ v tich thé gisi qua cic bai todn hay - Gidi
bai toan 67. D¢ bai toan 69,

€ piin dan dey o toin @ saitimiaan
Vii Nguyén Duy — Tong quat mét bai todn vecto
va img dung.
it AT
Bién tdp: LE MAL NHU HOANG Mithugt: QUOC HIEP, THANH LONG
Tri su; phdit hanh: HOANG THf KIM PHUONG, TRAN THI MINH HIEN Thieét ké, ché ban: MINH HOA |
£ A I
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PGS. TS. Tran Kiém Minh
Iriromg Khoa Toan

Truong Dai hoc Su phs im

Hué dugce thanh lip ndm 1957, vai tién
lg1 la Ban Toan truc thudc phan khoa Su
pham cua Vién Pai hoc Hué. Trai qua 65 nam
xay dirng va phat tnién,

'f‘i" hoa Toan

Khoa Todan - Truomg
Dai hoc Su pham Hué hién nay di tro thanh
mot trong nhimg dia chi dao tao gido vién
toan trung hoc pho théng ¢o uy tin va chat
lwong hang diu cua dat nudc.

Khoa Toan hign ¢o tong ¢cong 26 can bo. trong
do c6 1 Gido su, 4 Pho Gido su, 17 Tién si va
khoang 500 sinh vién. Phan lon giang vién tre
duge dao tao Tién si va sau Tién si o nhimg
nude tién tién nhu Hoa Ky, Phéap. Puc, Nhat.
Uc. Khoa di dao tao, boi dudmg hang nghin
gido vién toan trung hoc cho cic unh Mien
Trung, Tay Nguyén, dap tng su nghi¢p phat
trien giao duc chung cua dat nuoc.

Ben canh »:hmmu trinh dao tao Cu nhan su
pham toan liLnLn thon 1g, Khoa u'hn dao tao
Cur nhan Su pham toan gi
Anh. Khoa hién ¢o 5 chuyén nganh dao tao
Thac si trong nuae,
Thac si Toan giai tich hen két vai Pai hoc
Chiao Tung (Pai Loan), 2 chuyén nganh dao
va Phuong

ang day bi ing HLH"

| chuyén nganh dao tao

tao Tién si (Pai s0 - Ly thuyét so

W KHOA TOAN - TRUGNG PAI HOC SU PHAM HUf
65 NAM XAY DUNG VA PHAT TR]EN

T'I mnmmwm_

s
. e
| B

Basl gt s Mo Wk
[1%47 25D

Tap thé khoa Toan — Trieong DHSP Hue

phap day hoc toan). Trong nim nam vira qua, Khoa da dao tao dugc
khoang 250 Thac si va 10 nghién ctru sinh Tien s,

Dén nay. giang vién cua Khoa da chu tri 13 de tai nghién ciru co ban
Nafosted va nhiéu dé EJI L.¢I|'I Ba, cap co so. Cong ho :.|um 1€ cua giang
Vien ngay cang tang Ve sO lufgmg va chat lirong. Nam hoc 2020 - 2021
¢o 15 bai bao cua giang vién dugc cong bo trén cic tap chi quoc te
thugc danh muc Web of science va Scopus. trong do co 9 bai tren cic
tap chi duoe xép hang Q1. Khoa Toan thuong xuyen don Liép cic gido
sir nodi tiéng trong va ngoai nudc dén trao do6i khoa hoc vai giang vién
va sinh vién nhu Gido su Neg Bao Chau, (ido su Ngo Figr Trune,
Gido s Martin Kreuzer, ... Po1 tuyén Olympic toan cua Khoa thuong
xuvén dat giai cao tai cac ky thi Qlvmpic toan hoc sinh vien toan quoc.
Hing nam. Khoa Todn trao cic suat hoc bong khuyén khich hoc Lip
cho sinh vién xuat sic va sinh vién ¢é hoan canh kho khan voi thanh
tich hoc tap tot. Tong gia tri hoe bong hﬁn;;. ndm khoang 90 tri¢u L‘Iﬁng.
Day la quy hoc bong do cyu sinh vién va giang vién thanh Lip. di
duroe duy tni hén tue hon 10 ndm qua.

V@i nhimg thanh tich do, Khoa Todn — Trudng Dai hoe Su pham Hue
i hai lan nhan duoc Bang khen cua Thu twrong chinh phu (ndm 2003
va 2016) va |1h|u| Cor thi dua Lup B0, cap co S0, danh hicu Tap the
Lao dong xudt sac. Trong dinh hudmg phat trien sap tai, Khoa Todn se
khong ngung nang cao chat lugng dao tao, mo thém churong trinh dao
tao Cur nhan Toan ing dung - chuyén nganh Thong ké va Phan tich dir
licu, nham dép tmg nhu cau vi sy phat trién nguon nhén lue cua khu
vue Mién Trung — Tay Nguvén va ca nurde,

fXem tiep bia 3)

Gidy phép XB sb 534/GP-BTTTT cép ngay 19.11.2020; Ma s&: 8BT4M22

In tai Xi nghiép Ban do6 1 - BQP

In xong va ndp Iwru chiéu thang 4 nam 2022

alilun: hobto.or
Muwéi tam nghin dong
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