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Ta d3 biét hai hing dang thirc binh phuong quen
thudc sau: 4’ +2ab+b* =(a+b) (%)

a* —2ab+b* =(a-b)> (*%).
St dung (*?, (**) ching ta s€ quy phuong trinh
(PT) v6 ti vé mdt trong ba trudéng hop sau:

@ [/(x)] =0e s(x)=0.

@) [/ (0] =[e(x)] &7 (x)=te(x).

i) [£(x)] +[g(x)] +-+[n(x)] =0
o f(x)=g(x)=...=h(x)=0.

Bai viét nay gidi thidu t&i ban doc mot s6 ki ning
dé bién ddi mot PT v ti v& mot trong ba trudng
hgp trén.

1. Phuong phap sir dung tham sb

St dung tham sb hay con goi 13 tham s6 hoa 13
mdt ki ning suy luin c6 li chua biét ding hay sai,
nhung kha ning dang rat 16n. Néu sir dung tham
sb thuong din dén mét PT hay mét hé PT (4n la
tham s8) dom gian dé c6 thé suy ra gié tri cia tham
s6 can chon, roi tir d6 ta di dén duoc 1oi giai bai
toan.

Truée hét ta c6 ménh dé sau

Ménh d&  Néu tam  thic  bdc  hai
f(x)=ax® +bx+c (vei ~ a#0) 6

A=b*—4ac=0 (hodc A'=b"-ac=0 VoI

b b\
b'=—) thi = +— .
2) i f(x) a[x 2aJ
Dé chimg minh ménh d niy, chi can dua vio

: bY A A
dang thirc =a|x+— | —— va A'l=—.
¢ f (x) * 2a a 4
Biy gi& sir dung ménh dé nay, ta xét mot s dang
toan PT v ti thudng gip.

Dang 1. ax’ +bx+c=(kc+h)/px® +gx+r (I

trong d6 a,b,c,k,h, p,q,r eR.
Cadch gidi. Nhin ca hai vé ciia PT(I*) cho 2 thi ta
thu dugc PT:

2ax* + 2bx +2¢ =2(kx + k) px’ + qx+r

rdi sau d6 cong ca hai ve PT nay cho

2
(fox + 1) +m(px2+qx+r) (véi m 1a mot tham

s6 ma ta s& chon) va sir dung hang dang thuc binh
phuong dé bién ddi thi PT(I*) tré thanh:

2
[2a+mp +£—sz + [Zb + mq +2—kth+
m m
2 2
+(2c+mr+h—J=m[kx+h +4/ px? +qx+r] I**)
m m

Néu xem vé trai caa PT(I**) 1a mdt tam thic bac
hai theo bién x thi sir dung ménh d& & dau bai

viét, ta s& chon m # 0 sao cho:

2 2
=[2b+mq+z@-) —4(2a+mp+k—Jx
m m

hZ
x(2c +mr+ —mj =0 ([¥*¥)

m
Quy ddng va bién ddi (I***) ta dugc mot PT da
thirc bac ba (an m):

(qz - 4pr)m3 +4(bg —2ar - 2cp)m’
+4(b” + khq - 4ac — k*r = k¥ p)m
+8(bkh —ah® —ck*)=0 (1)
Dén day, ta c6 nhan xét sau:
Néu (g* —4pr)(bkh—ah’ —ck*)=0 thi PT())
khdéng nhdn m =0 lam nghiém hay PT(I) luén cé
nghiém khac 01a m=m,.
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Nhu vay, ta c6 két qua: PT(I*) c6 thé dua vé dugc

mot trong ba dang (1), (ii), (ii1).

Dé thuan tién trong trinh bay, ta goi PT(I) 1a PT
tham s6 (PTTS) cua PT(I*).

Chu y. Vi PT(I) 1a mot PT bac ba nén c¢6 kha ning
€6 ba nghiém phan biét, tuy nhién trong thuc hanh
thi ching ta chi can chon mdt nghiém khac 0 la
m=m, dep nhit dé trinh bay 151 giai va hon nita
néu khéng nhén hai vé PT(I*) cho 2 thi ta cong ci

, ke + )
hai vé cia PT(%) vei L HA),
2m,

voi m_ 1a nghiém cua PTTS cia PT(I*).

Thi du 1. Giai phicong trinh
X 45V5v-2+2=0 (1)

Phén tich. Viét lai PT(1): x*+2=-5J5x-2, ¢
day a=1, =0, c=2, k=0, h=-5, p=0,

g=5 va r=-2 nén PTTS cua PT(1) 1a
25m* +16m* —32m —200=0
& (m=2)(25m" +66m+100)=0 <> m =2,

Do d6 PT(1) c6 thé dua vé (i) hodic (ii) hodc (ii).

2 AT I
Loi gidi. DK: X.Zg.K.hl d6 nhan ca hai vé cua

PT(1)

2x* +4=-10~/3x—1; sau dé céng c hai vé cia

vai 2

thu dugc

PT nay cho %+2(5x-2) thi ta dugc:

(I)®2x1+10x+——-2—

25

2 10/52+2(52-2)

<> 2(“-%]2 = Z(Jﬁ—g]z

S

x+§=\/5x— 3
2 2
x+§=§—\/5x—2

Giai c4c PT nay ta thdy PT(1) v nghiém,

Thi du 2. Giai phwong trinh

x*=3=2v2x" +3 (2).

Phan tich. Néu dat ¢=x" thi PT(2) ¢ dang (1%)
va ¢ ddy a=1, b=0, ¢=-3, k=0, p=3,

2
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+—2—(pr +qx+r)

p=0, g=2 va r=3 nén PTTS cua PT(2) I3
Kl
4 —24m* +48m—-32=0 < 4(m-2) =0

i =, L
Hon nita & trudc biéu thirc chira cén 14 so chin

nén ta khong can nhan hai vé PT(2) cho 2.
Lévi gidi. Cong 1+(2x” +3) vao hai vé clia PT(2)
taco: (2)ex'+2x" +1=2x" +3+1+42v2x* +3

o (xF +1)° =(\/2x2 +3 +I)2

X +1=v2x"+3+1
@ .
x2+l:—(\/2x2+3 +I)

Giai céc PT nay ta duoc nghiém x =++/3 .

Thi du 3. Gidi phuong trinh z
V2x—1+x =3x+1=0  (3).

Phin tich. O day a=1, b=-3, c=1, k=0,

h=1, p=0, ¢g=2 va r=-1 nén PTTS cia

PT(3) la: 4m’ —16m* +20m -8 =0

m=1

<:>4(m-1)2(m—2)=0®[
m=2

o 1 .

Loi giai, DK: xZE. Khi 46, nhan ca hai cua

PT(3) cho 2 ta duge PT: 2x* —6x+2=2/2x—1.
Cong ca hai vé cia PT nay cho bidu thic
1+(2x-1), va bién ddi duogc:

@& 2(x-1)' = (1-V2=1)’
[V2(x-1)=1-V2x 1
V2(x-1)=v2x=1-1

r\/2)c— =—\/5x+\/§+1
[V2x-1=V2x—J241

Giai PT nay ta dugc nghiém: x =[x = 2 —+/2.

<~

<

Chi y. Trong 141 giai trén ta da dang nghiém
(m=1) cia PTTS dé dva (3) vé truémg hop (ii). !
Néu dung nghigm (m=2) cia PTTS thi ta ciing ]
dua (3) vé (ji) nhu sau:
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1Y 1Y
Z[x——] =2[x12x— —w] ;
2 2
va tir day ta ciing tim dugc nghiém cua PT(3).
Thi du 4. Giai phirong trinh
x> +9x+20=23x +10 (4).
Phén tich. O ddy a=1, b=9, ¢=20, k=0,
h=2, p=0, g=3 va r=10 nén PTTS cua

PT(4) la: 9m® +28m* +4m-32=0

m=-=2
o (m+2)(9-8m)=0| 3.
m=—
9
Vay PT(4) c6 thé giai nhu sau:
Loi gidi. DK: xz—?. Khi d6 cong

—1—(3x+10) véo ca hai vé cia PT(4) thi ta dugc:

(4) & x* +6x+9=—(1-2{3x+10 +(3x+10))
<:>(s/3xTIO—1)2 =
¢v>(\/gﬁ—l)z+(x+3)2 =0
Q{M:y

x=-3

—(x+ 3)2

Giai hé PT nay dugc nghiém la x =-3.
Chu y. Trong loi giai trén ta d3 ding nghiém
(m=-2) cua PTTS dé dua (4) v (jii). Néu ding

nghiém (m = g] ctia PTTS thi ta ciing dwa (4) vé

(ii) va tim dugc nghiém cua PT(4).
Thi du 5. Giai phwong trinh
3x? —15x+8=2xv Bx+1 (5).
Phin tich. O 83y a=3, b=-15, c¢=8, k=2,
h=0, p=0, g=3 va r=1 nén PTTS ciia PT(5)
la:  9m® —204m* +500m —256 =0
< (m—2)(9m* -186m +128)=0
m=2
< 317417
m ==
Vay PT(5) c6 thé giai nhur sau:

Lai giai. PK: x 2 —%. Khi d6 céng vao hai vé ciia
PT(5) cho bidu thie x*+(3x+1) thi ta dugc:
(5) & (2x-3)> = (x +3x+1)?
V3x+1=x-3
& ’
NM3x+1=3-3x

Giai PT nay ta dugc cac nghiém:

7-J17

6

x=8x=

Thi du 6. Giai phuwong trinh
(4x—1VxX" +1=2x" +2x+1 (6).
Phén tich. O day a=2, b=2,
h=-1, p=1,
PT(6) la: —4m® —24m* —84m —208=0
& —4(m+4)(m* +2m+13)=0 > m=—4.

k=4,
g=3 va r=1 nén PTTS cua

c=1,

Do dé PT(6) c6 thé giai dugc nhu sau:
Léi gidi. Nhan ca hai vé ctua PT(6) cho 2 rdi cong

tiép hai vé cho (4x—1) +(.1c2 + 1) ta duoc:

(6)41{4)‘ 1—2\/_} [x_ET

- W +1=1
Jo# o1 =1

Giai PT nay ta dugc nghiém x = g
Thidw 7. Giai phirong trink

3 O Ea—

4x = Tx+3=(x+DV2x* +4x-3 (7).

Phén tich. O ddy a=4, b=-7, ¢c=3, k=1,
h=1, p=2, g=4 va r=-3 nén PTTS cia
PT(7) 1a: 40m® — 64m* +24m—-112=0

<:>8(m—2)(5m2+2m+7)=0<:>m=2.

L&’igiﬁi.DK:xS#l—gh a 2:2—+2i1—0-.
Khi @6 nhan ca hai vé cia PT(7) cho 2 rdi cong
tiép ca hai vé& cho (igl—)z+2(2x2 +4x—3) ta
duoc:

TOAN HOC 3
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1 (x+1)2

(7)<:>2—5x2—5x+—= +
2 2

=

12(x+1)32x +ax—3+2(22° +4x-3)

2
—;—(Sx—l)l =%(2 2x* +4x-3 +x+1)

\:\/2x2+4x—3=2x—1
= .

N2x? +4x -3 =-3x

Gidi PT nay dugce nghiém x=2+ \E :

Thi du 8. Giai phirong trinh
5x% —36x +64= 4(4-x)Vx —4x+7 (8).

Phin

tich. O diy a=5, b=-36, c=64,

k=-4,h=16, p=1, g=-4 va r=7 nén PTTS

cua PT(8) 1a: —12m’ —216m* —384m =0

<:>—12m(m2 +18m+32)=0<:>[

m=-—2
m=-16

(ta loai nghiém m =0).

Viy ta c6 thé giai nhu sau:
Loi gigi. Cong vao ca hai vé cia PT(8) véi
-(8- 2}:)2 — (x2 —4x+ 7) ta duoc:

(®) > 0= (16-4x) ~4(4-x)Vx" —d4x+7 +

f—

=

-1—(2.7c2 —4x+7):|
[(8-2x)- —4x+7T =0

x> —4x+7=2x-8.
19

Giai PT nay ta dugc nghiém x = ?

Nhin xét. Trong 161 giai trén chung ta da dung
nghiém (m =-2) cua PTTS dé dua (8) vé (i). Con
voi nghiém (m =-16) cua PTTS thi ta s& dua (8)

vé (iii) va cling tim dugc nghiém cia PT(8).
Dang 2. kx+h+pvax+b +qm =0 ()
trong d6 a,b,¢,k A, p,ge R va ac#0.

Cich gidi. Nhan cé hai vé cia PT(IT*) véi 2 thi ta

duoc

PT: 2x+2h+2pJax+b+2qJex+d =0

rdi sau d6 them bt vao vé tréi ciia PT(IT*) bidy

4
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2

thire £+ m(ax+b) va sir dung hing dang thic
m

binh phuong (*) dé bién ddi thi PT(II*) tr¢ thanh:

2 2 _
m[—g—+\/ax+bj +[2k ™ (ex+d)+

m c
(2k- ma)d

2
+2qVex+d +[2h-mb—€n—'-——————ﬂ=0.

C
Xem bidu thirc trong ngodc [] 12 mdt tam thic

theo bién vcx+d thi st dung ménh dé ¢ dau bai
viét, ta s& chon tham s0 m#* 0 sao cho

2 (2k-ma)d
A'=q2—2k_ma(2h—mb—£-——£——7_)“J=0-
c m

Quy dbéng va bién dbi PT nay ta thu dugc mot PT

da thirc bac ba (An m ) nhir sau:

a(ad —bc)m’ +2(ach—2adk +bck)m® +

+(c*q” — 4ckh + 4k’ —acp’ )m+2ckp® =0

(ID).

Va nhu dang truéce, ta cling goi PT(I) la PTTS

cita PT(IT%).

Pén day néu acpk(ad - bc) #0 thi PTJI) co

nghiém khac 0 la m =m,,.

Chii y. Néu khong nhén hai vé PT(IT*) cho 2 thi ta

thém bét vé trdi  cia PTUI*)  véi

r.m

2my

ctia PT(IT*).

Thi du 9. Giai phuong trinh
13vx—1+9yx+1=16x (9).

Phan tich. O @y a=1, b=-1, c=1, d=1,

k=-16, h=0, p

ax+b véi m la nghiém ciua PTTS

=13, ¢=9 nén PTTS cua
PT(10) 1a: 2m’ +96m> + 936 — 5408 =0

& 2m-4)(m+26) =0 | "=*

m=-26

Tir day ta ¢6 thé giai nhy say:
Loi gidi. DK: x21. Khi d6 nhan haj vé cia PT(9)
cho 2 rdi sau d4 thém bot E’._zﬁ( x—1) va biéo
" = _—2
d6i ta dugc:
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1

S

cO

ta

I'S

ua

©)

ien

2

(9)®13{Vx—1—%] +3(\/x+1—%J =0

x-1=
=

Nx+1l=

W -

.. _ 5
Giai PT nay dugc nghiém la x= T
Chu y. Trong 101 giai trén ta dd dung nghiém
(m=-26) cua PTTS ciia (9) dé dua (10) vé dang
(iii). Néu dung nghiém (m=4) cta PTTS thi ta

ciing dua (9) vé dang (i) nhur sau:
4(%%@]2 = (6\/xT —%T
va tir ddy ta ciing tim dugc lai nghiém cua PT(9).
Thi du 10. Giai phwong trinh
x+4/x+3+243-2x =11  (10).

Phin tich. O diy a=1, b=3, ¢c=-2, d=3,
k=1, h=-11, p=4, g=2 nén PTTS cla

PT(10) la: 97 +20m* —28m — 64 =0

m=-2
<:>(m+2)2(9m—-16)=0<:> 16.
m=—

9

Tir diy ta c6 101 giai nhur sau:
Léi gigi. DK: -3<x S% . Thém bot vao
—4—(x+3) vé tréi ciia PT(10) va sau do6 chuyén

vé trai sang vé phai ta dugc:

(10) & (2-Vx+3) +4-2x-2/3-2x =0
@(2—@)2+(1—\/3—2x)2 =0

- {\/m =2
V3-2x=1
Giai PT nay dugc nghiém: x=1.
Chii ¥, Trong 10i giai trén ta d3 ding nghiém
(m=-2) caa PTTS cua (10) dé dua (10) vé dang
(i).

2. Phuwong phap nhan xét phuong trinh

Khi sit dung phuong phap nay, ching ta can co
nhitng suy luén hop li dé co6 thé dua mot PT vé ti
vé mot trong trudng hop (i), (ii), (iii) dwgc hay
khong!. Khi suy luan ta thuong sit dung nhén xét
sau: Théng thuomg trong cac PT vo ti thi cac s6
hang cin béc hai thudng dong vai tro nhu sb hang
+2ab trong (*) va (**).

Thi du 11. Giai phuong trinh

X +8=8(x'+8)  (11).
Phéan tich. S6 hang chita cdn bac hai
JB( +8)=2,/2(x+2)(* ~2x+4) g0i ¥ cho

ta dén s6 hang +2ab trong (*) va (**). Do do aé
lam xuét hién hﬁng dﬁng thic, van dé con laila co

thé 1am xuét hién a® va b*. Truéc hét ta phéi co
a’+b> =x*+8 la mot da thirc bdc hai. Do do
quan sat cac sb dudi d4u can trong PT(11) thi cap
(az;bz) c6 thé 1a mét trong bai cip
(2(x+2);2> —2x+4) va (2(x* - 2x+4);x+2),
nhung chi c6 cép diu tién thoa man bdi vi
2(x+2)+x2 —2x+4=x"+8
Do d6, PT(11) c6 thé giai dugc nhu sau:
Léi gigi. PK: x>-2. Thém b6t 4 & bai vé cua
PT(11) & lam xuét hién hang dang thirc, ta co:
(A1) & 2(x+2)+ (x* —2x+4) -

~2\2(x+2)(x* —2x +4) =0
<:>(,/2(x+ 2) —vx? —2)c+4)2 =0

oV2x+4 =\/x2 -2x+4
S 2x+4=x"-2x+4.
Giai PT ndy duge nghiém x=0;x=4.

Chii y. Cin huu y dén cac khai trién va bién ddi
sau: x’ +a =(xta)x’ Fxa+a®)
x*+a' = +at —\2xa)(x* + a® +2xa)
4x* +a* = (2x* + 2> = 2xa)(x* + a* + 2xa)

x* +x*a® +a* = (2 + a* + xa)(x* +a* - xa).
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Thi dy 12. Giai phuong trinh

i —x+1+283xr+1=+x+3 (12).

1 s 5 2
Phan tich. Dé y trude biéu thirc xm
chwa c6 sé 2, nén dé xuét hién +2ab thi ta nhan

hai v& PT(12) cho 2, ta duoc 2xxt —x+1, ta
thdy ngay PT(12) co6 thé gom duoc

2
(35" =x+1) . Do a6 ta st gidi bai todn theo
huéng nay.

Loi gidi. PK: x> -~13; . Khi do

(12) & 2x3x? —x +1 +4Bx+1=2x* +2x+6
2
<=:>(V‘x2 —x+l—x) +(\/3x+1-—2)2 =0

Vx*—x+1=x
<~ ;
Vix+1=2
Giai hé PT nay dugc nghiém 14 x=1.
Thi du 13. Giai phirong trinh
4x* —4xy3x+1=2V3x" +2x-1-Tx-1 (13).
Phan tich. D&y 3x* +2x—1=(3x-1)(x+1),
tir day ta c6 thé gidi nhu sau
1 .
Loi giai. DK: xZE. Khi d6 x+1>0 wva
3x-1>0. Do d6 bién ddi PT(13) khéo 1éo bang
cach “gom binh phuong ding” ta dugc:

(13)<:>(2x—\/3x+1)2 +(VBx—T-Va+1) =0

Px+1=2x
= {Ja—f e
Giai hé PT nay ta dugc nghiém x=1.
Nhin xét. Pé bién dbi PT vo ti vé dugc @), (ii),
(iii) doi héi ngudi giai phai co6 ki nang “gom binh
phuong ding” thanh thao.
Thi dy 14. Gidi phwong trinh

V2Zx—1+ 25— 5" +2,(2x~1)(5-x)

=~x" +6x+ 4 (14).
Phin tich. Nhan xét ring trréc bidu thite 2, _]

TOAN HOC .
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nhén ca hai vé cia PT(14) ch

chsb2nénta o . §
chua 3 da thirc bac ba va trong cin

L
|
W A opai] ‘
2. Hon nira ve phal il |
ciing 12 mot da thirc béc ba, vachay ‘
2x-DG- x*) \

Vay PT(14) c0 thé giai nhw saw: 1
|

l i @6 nhin ca hai vé
Loi gidi. PK: Esxs\/?. Khi d6 i v

:-——2x3 +10x - 5.

ciia PT(14) cho 2 réizbién dbi ta du‘oc;
2
(14)<:>(\/2x-1-1) +( 5_x —2)
2
+(1/(2x+1)(5—x2)—2) 0
J2x—-1=1

e {V5—x* =2
(2x—1)(5—x2) =2
Giai hé PT nay dugc nghiém x=1.
Thi du 15. Giai phwong trinh

x+1= fx'+6+\/g (15).
2 6 6

Léi giagi, DK: x>0. Khi d6, 2 vé PT(15) déu
duong nén binh phrong hai vé, ta co:

(15)<___>(x+1)2 =x2+x+6+\/x(x2 +6)

4 6 3

<SP +D)+4x-4 x(x*+1)=0

@(Jﬁhz«/})z =0 & Ve +1=2Vx.

Giai PT nay dugc nghiém x=2+ V3.
Nhdn xét. C6 thé qua mét vai bude nang liiy thira

thi PT ban dau c6 thé sy dung dugc (*) hodc (**)-

Thi dy 16. Gigi phirong trinh
\/4-—3\/10—3x=x—2 (16).

Ldi gigi. PK: x> -2 Khi d6 |
: :

(16)<:>{x~—220 |
4-—3\/10~3x=(x—-2)2 |

{x;z |
Al ;‘
_3\[10_'\3)‘:3‘2—%: !

|
i
|

|
https://tieulun.hopto.org



(x>2

=y

2

(x>2

&< J10-3x =x-2.
LV10-3x =5~

Giai hé PT nay ta duoc nghiém x =3.

BAI TAP
Giai cac phuong trinh sau:

1. x> +2=2Jx" +1.
HD. PT<-:.'>(\U:—1——*..Ucz—x+l)2 =0.

2. \/2x1+3x——2=~fx2+x+\/x—1.
HD. Binh phuong hai vé va bién dbi vé

(\/E-Jﬁf:o.
3. V8x+4=1-x

x+3
5

4. 2x* +4x=

5. 2V2x2 -1=x*—-2x%.

6. X2 +x+12Jx+1=36.

7. 3x—2 =—4x? +21x-22.
8. x* —Sx+4=2Jx+1.

9. 4x2+x/_2m:8x+1.

10. x> —1=2xVx* - 2x.

1. (2 +3)J2 -0 (2+x)(12+x") =28-x".

HD. PT & (x*+3) (4—x2)(12+x2)=28—x2

va dit t=x’

12, (x+1Wx —3x+3 =2 —2x+3.
13. (x+ 2Vx? —2x+2 =x* +x+1.
14, (x+IWx —2x+3=x> +1.

15. 4/x+1=x* —5x+14.

16. x* —x+ 6 =4/1-3x.

+5
17. V2x—1+23x + =5x2 ,

HD. PT & (\2x—1- 1)2 +(Vax+1 —4)2 0.
18. V2x+3 +/6x+1=12+16x.

HD.PT & (J2x+3 -2)2 +(Vox+1 —2)2 40

19. \/2x+4+2\/2—x=‘/z—x2+4.

HD. Binh phuong hai vé.
20. 4x% +3x+3=4x/x+3 +24/2x 1.

HD. PT <:>(2x—\/x+3)2 +(Vax-1 —1)2 =0.
21, 14 x—2x" =v4x* =1 —+/2x +1.
HD. PT e (V2x+1 +1)2 =(J4x2 —1+1)2.

22, %' —2x°\x? — 2x+16 + 2x* —6x+20=0.
HD.PT & (¥’ -mr +(x=2) =0.
23 X' —x® +3x+5-2Jx+2=0.

HD.PT & (x* —1) + (x+1)" +(vx+2 -1) =0.
24, 2x/x+3 +Jx =26 + x+2.

HD. Nhan hai vé PT cho 2 rdi bién d6i PT thanh

(- 657 + (351
25. 4x? +12+Vx—1=4 (stx TugeafD = 5x)
HD. Fr@(Zx—JE—_l)"+(J9_—3—2) +x—1=0.

4x+9
28

HD.PT o> (V28 +63 +1) =(14x+8)".
27. & +4x+§-=\/2x2 +5x—=2+(x+1)V3x+1.

HD. Nhan hai vé cho 2 va bién dbi:

PT<::>(x+l—\/m)2 +(\/x_+5_m)z -

28. 2Jx+1+ 69— 5 +6,/(x+1)(9-*)

=—x —2x* +10x+38.

HD. (Vx+1- 1) +(\/§?—2— 3)2
+( (x+1)(9-x") —3)2 =0.

26. 7x* +7x=

TOAN HOC
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HUONG DAN GIAI PE THI VAO LOP 10 THPT CHUYEN
LE QUY DON, TINH BINH DINH, NAM HOC 2020 - 2021

Bai 1. 1) Tim tdt cq cac gia tri nguyén cua x dé Py L+_L__z_ =1
2 2 X
Kide X+4vx-7 Jr+l Ji-3 o AR
reu thire P= - =
x+2yx -3 Vx+3 Jx-1 x’2+x22-—2x]x2=1
nhan gia i nguyén, <

2) Cho phuwong trinh: 2x* — 3y + 2 = (1). Tim )
m dé phuong trink trén co hai nghiém phan biet - (x, +x2) —4x.%

1 1

X X

Loi gidi. 1) DK: x > 0,x # 1.

) (&—1)(3J§+7) Jril Jr-3

X1, X2 khac 0 thoa mén =1.

Theo hé thirc Viéte ta co:

& (5+%) —(xx) —4x.x,=0 (2).

ity g, = 3)
- - XtX, ==X, =——= .
(\/;—1)(\/;+3) Vx+3 Vx-1 R 1
2
3J§+7 Vx+1 Jx-3 Thay (3) vao (2): 8-] —m’ —4m=0
[ RE - =y
& 4mt+ 16m -9 =0.
_3Wrt7-Jr-1 Vr-3 e
Vx+3 et A'=64+36 =100, do dé:
= T ) | SPR—
_2( x+3) Jx= 3 &_3 m, = 4 ‘—'2_ 0a man DK).
Ve+3 Vx-1o \E‘l ~8-10 -9
m, = =—— thda man PK
_2Wx-2-Jx+3 x4l 2Ty ( )
Vx-1 Jx -1 Viy meLimo =9
_Vx-142_ 2 “
Jx—1 Jx-1 Bai 2. 1) Giai phiong trinh:
Dé PeZ véi xeN,x # 1thi Vx-1 e UQ) At | )
1. 9. 43—y 2
= Jx-1 e {-1;1;2} = Jx € {0;2;3)
o x € {0:4:9). 2) Giai hé phuong trinh-
Vay x € {0; 4; 9} thi P c6 gia trj nguyén. VX+y = 3x+ 2y =-1
2) Piéu kién dé phuong trinh (1) ¢6 hai nghiém Fb g sy '
in bié ac0la A >0 e g
phan bigt x;, x; khac 012 5 Lot giai. 1)) DK: ¥ +3,2_ 5 4 ¢
< 9-16m>0 < me S X’ +3x—1) 2 o
1 1 » = xz0xz ﬂ
Ta céd PN =1 —a—— =1 2
X 2 | 2 Bién déi:(l) PN 2(x4—x2+ 1)=x3+3x2-x
TOAN HOC _
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P



& W' -5 +x+2=0 (2).

Vi x = 0 khdng phai 12 nghiém cua phuong
trinh (2) nén chia hai vé phuong trinh (2) cho x2
ta duge:

2) 2(x2+i2j-[x—-l-J—5=O
x x
1Y 1
= 2]:[)7—;) +2}—[x—;]-—5=0 (3)

Datr= x—l, phuong trinh (3) tré thanh;
X
20 +2)—t-5=0 28 —t-1=0

<~ t1=1; th=

-Vé6it=1thi x—lzl o P-x-1=0

x
S x,= l 2\/_ (thoa man DK).
e 1 -1 2
-Voit= — thi x——=— & X" +x-2=0
X
& x,= = 4\/— (théa man PK).

Vay phuong trinh (1) ¢6 tdp nghiém:

o {1¢\/§‘—1i\/ﬁ}

2’ 4
2)PK:x+y20,y2x,3x+2y 2 0.
Pita=x+y;b=3x+2y(@ 20,62 0)
=>x=b-2a,y=3a-b.

Khi d6 hé phuong trinh tré thanh:
Va—-b=-1
Ja =(3a-b)-(b-2a)

Vb =+a+1

5a—«/a—
2

Va-b=-
= {\/_=5a—2b -

iz
2

B

= (\/a—+l)2=5a

& 2a+4Ja+2=5a-a
& 3a-5Ja-2=0 (1).
Patt= a (¢ 2 0), khi do:
(1) © 37 -5t-2=0, cé:
A =49= t,=2(chon); , = _?l (loai).

“Véit=2thiJa=2 < a=4

5.4-/4

= b= =9,
2

Khido:x=b-2a=9-24=1;
y=3a-b=34-9=3.
Viy hé phuong trinh c6 nghiém: (x, y) =(1; 3).
Bai 3. Tim (at cda cdc s6 nguyén 16 p va q sao
cho p* + 3pq + q" la mét s6 chinh phirong.
Loi gidgi. Dt p* + 3pg + p* = a* (a € N),ta c6:
(+ql+pg=d & - (p+q)'=pq
< (@-p-glat+tptq)=pq (1)
Vi p, g la cac sb nguyén t§ va hai thira s§ & vé
trai cia (1) 1a hai s6 nguyén duong phin biét
nén suy ra cac trudng hop:
L JE—RTA=4q
a+p+q=p
< p=-3¢<0: loai.
,Ja-p-a=p
a+p+qg=q

< q=-3p<0: loai.

= 2p+2q=p—q
=2p+29=q-p

{a P47 = oprag=pg-1
a+p+q=pq

S pg-2p-29=1 p(g-2)-2(g-2)=5
< @-2)p-2)=5

[[q-2=1 [[q=3
p-2=5 p=17
<~

g-2=5 g=7
L lp-2=1 i p=3

Vayp=3;9=7hodcp=7,9=3.

TOAN HOC
* cTusitee 9
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Khi d6: p* +3pg + g2 =32+ 337+ 2= 121
= 117 (thoa man DK).

Bai 4. 1) Cho tam giac ABC can tai A (voi
BAC < 60°) ngi tiep duong tron (0). Goi M la
d{ém bat kv trén cung nho BC. Chirng minh
rang MA > MB + MC.

2) Cho tam giic ABC nhon (4B < AC) noi tiép
trong dudng tron tam O Goi D la trung diém
canh BCva E, F twong immg la hinh chiéu vuéng
g6c cua D lén AC va 4B, Duong thang EF cat
cac duong thang 40 va BC theo thir tw tai M va N.

a) Chumg minh tir giae AMDN ngi tiép.

b) Goi K la giao diém ciia AB va ED, L la giao
diém cua AC va FD, H lg trung diém cua KL va
I la tam ducng tron ngogi tiép tam giac AEF.
Chirng minh HI 1 EF,

Loi gidi. 1)

Trén nira mét phang b 1a AB ¢ diém C, vé tia
Ax sao cho MAx = BAC va trén tia Ax 1dy diém
N sao cho AN = AM.

Ta c6: AACN = AABM (c.gc) = CN = MB;
ACN = ABM. Mit khac tir gidc ABMC ngi tidp
nén ABM + ACM = 180°, do dé:

ACN + ACM =180 & M, C, N thing hang,
suy ra: MN=MC+ CN < MN=MC + MB.

TOAN HOC
10

" CTuditré__ S8537(3-2029)

Xét A AMN cén tai 4 c6 MAN = BAC < ¢(°
nén: M=m>600 = ANM > MAN
& MA>MN < MA>MB+MC.

Vay MA > MB + MC.
2) a) V& dudng kinh AJ cua (0), ta co:

G e 1 —
ACJ = 90°. Mat khac, AJC=ABD [=5sd4c]

nén AACJ ~ ADFB (g.g) = CAJ = BDF (1).
Talai cb: AMF =CAJ + AEF  (2),

ADB = ADF +BDF (3).
Vi AED+ AFD =90° + 90° = 180° nén tir gisc
AEDF ndi tiép, do 46 AEF = ADF (4).
Tu (1), (2), (3), (4) suy ra:

AMF = 4ADB < tir gidc AMDN néi tiép.

b) Ta c¢b: IE = JF (). T& giac EFKL 6

KEL=KFL= 90° ngn ngi ti€p dudmg tron tim
H duong kinh K — HE = gF (2).

T (1), (2) Suy ra JH 13 duon
EF,dod6 HI | EF

Bai 5. Chox, vla hai sé ¢

nho nhat cuq biéu thiee

g trung tryc cua

huc dwong. Tim gid tri

+3) (x+ 0y
A= - .\+_\)

xy

Léi gidi, Bién d;- &
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DE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN BAC GIANG
NAM HQC 2021 - 2022
(Thai gian lam bai: 150 phut, Danh cho thi sinh thi chuyén Todn va chuyén Tin hoc)

Ciu 1 (5,0 diém). 1) Cho biéu thirc

Az[Sx\/;—l B Sx\[;+lJ_2x+1

2x-1

2x—/x 2x++/x
voi x>0, x;&—l— va x¢—1-.
2 4
a) Rut gon biéu thirc 4.
b) Tim tit ca cic gid tricua x d& 4 1 sb chinh
phuong.
2) Tim tht ca cac gia tri cua tham s m dé phuong
tinh  x*-2(2m—1)x+m’ +m-3=0 ¢6 hai

nghiém phdn bt x, x  sa0 cho
x +x,+1 sq s
B=————1 2 dat gid tri
X' +x," +2(x +x, +x%,)+10
16m nhit.

Cau I (4,0 diém). 1) Giai phuong trinh
V6—x—2x+6=x>-2x—18.

2) Tim a, b & da thirc
f(x)=x"-32+3x> +ax+b

chia cho x—1 du 3 va chia cho x-2 du 5.

Cau Il (4,0 @iém). 1) Chimg minh ring »n° —n

chia hét cho 240 v&i n 14 sé tw nhién 1é bat ki.

2) Tim tit c4 cac nghiém nguyén cia phuong trinh
X —yz(x+y4 +6y2)=0.

3) Cho hinh trén (O) c6 ban kinh bang 1. Ching

minh ring trong tim diém A4, 4,, ..., 4 bét ki

thugc hinh tron (0), luén tbn tai hai diém ma
khodng cach giira chiing nho hon 1.
Cau IV (6,0 diém). Cho dudmg tron (O) va diém
M cb dinh ndm ngoai dudmg tron (0). Qua M
ké cat tuyén MAB véi dudmg twon (O)
(MA<MB vi AB khéng di qua O). Cic tiép
tuyén cua duong tron (O) tai 4 vd B cét nhau
tai K. Dudng thing qua K vuéng goc vai MO,
cét dudmg tron (O) tai hai diém C, D phan biét (
KC <KD). Goi N la trung diém ctia doan 4B .
1) Chimg minh rang t gidc ONCD noi tiép trong
mdt dudng tron.
2) Goi I 14 giao diém cia CD véi 4B . Ching
minh ring IA.MB=IBMA .
3) Qua B ké dudng thing song song véi CD va
cat dudng tron (O) tai diém E (E khic B).
Chimg minh ring dwong thing AE luén di qua
mdt diém cb dinh khi cat tuyén MAB thay ddi.
Ciu V (1,0 diém). Cho hai sb duong a, b thay
d6i thoa mén @’ +b’ +6ab<8. Tim gid tri nho
1 3+a’b?
a +b* * ab
NGUYEN ANH TUAN

(GV THPT chuyén Bdc Giang)
Gidi thiéu

nhét cua bidu thire sau: P =

s sk e ke ok sk o S ok ok i ok o ok o s o o ok o o ok ok ok o o ok ok s ok oK ok K ok sk sk ok ok ok sk ok kK ok ok Kok ok s 3k ok 3k sk sk ok oK ok ok o ok ok ok ok ok ok ok ok ok ok

2 2 2 2
&= 4= +2y +22xy+x +y° +2xy
x*+y xy

+
22xy2+2+§___y_
X' +y xy
29 1 x2+y2+_1_ x* 4+
*+yt 2 oy 2 Xy

Ap dung BDT Cauchy cho hai sb duong, ta c6:

=1+

=3+

2 2 2 2

g4 B LEVY ¥ by

X +y 2 xy 2xy
23+2+1=6. Déu“=”xéyrakhix=y.

Viy 4 dat gid tri nho nhat1a 6 khi x=y.

Y

v

BUI VAN CHI
(21/2 Lé Hong Phong, TP. Quy NHon, Binh Dinh)
Gidi thigu

TOAN HOC
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PHAT TRIEN TU DUY EI”A ﬂw Sil

Q“A VIEE ; s“im {

l'll N DAN

o S

THEO CHUONG TRINH VA SGK \IUI
Trong tinh hinh hién nay, khi ma céc loai sach
tham khéao cia cac bo mén khac nédi chung va

ciia by mdn Toén néi riéng phat hanh nhidu,
diéu nay phé"m nao gitp hoc sinh cung c¢b, nang
cao kién thirc nhung ciing c6 mit tréi cia no 1
lam cho hoc sinh ¥ lai, chay ludi trong hoc tap,
trong d6 ¢6 mot by phan khong nho 1a hoc sinh
kha, giéi. Thuong khi doc xong mdt dé toan,
cac em it chiu khé suy nghi dé tim toi 10i giai
ma cac em doc 10 giai ¢6 sin, chinh vi vay tu
duy cua céc em it duoc phat trién. Trong qua
trinh giang day & cip THPT va dic biét 1a
nhitng 16p chuyén, 16p chon téi thuong yéu ciu
cac em tu tim toi 14y 10i giai clia bai toan néu ra.
Sau mdi bai toan t6i hay dit cau héi cho hoc
sinh: Bai toan nay con co cach giai nao khac
khong? Bai toan nay cd thé tong quat duoc
khong?
Tir nhimg cu hoi nhu thé nay ma hoc sinh ¢6
thirc hon trong viéc tim toi céac 11 giai cia mot
bai toan, tir d6 gay himg thi cho hoc sinh trong
viéc hoc bd mén Toan va phé‘in ndo phat trién tu
duy cua cic em. Sau ddy 1a mdt sé bai toan
minh chimg cho diéu tdi trinh bay & trén,
Bai toan 1. Qua trong tdm G cua tam giac ABC
ta ke duwong thing (d) cat cac canh AB, AC lan
luot tai P va Q. Chirng minh r&"ng:

bF L £0

PA QA

=1.

TOAN HOC
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LEQUANGHAO

GV THPTcht.jJen Huynh Man Dar Kién G:mE}J

A gt

B,

B I; &

Cdch gidi 1. Str dung phwong phdp vé duong
phu va tinh chdt cua tam gidc dong dang.
Qua B, C ta ké céc dudmg thang B,,C, song
song véi AG. Goi M 1a trung diém cua BC,
B =(d)nB,, C,=d)n C,. Taco:

ABB,P~AGP = BB _BP (1)

AG PA
Tuong tu, ta c6:

ACCIQ—-AAGQ:;.ﬂ:_C__Q_ 2).
AG QA

Cong (1) va (2) theo timg vé ta dugec:

BpP CQ BB, +CC, 3).
PA QA AG

Mat khéc, do GM 1a dudng trung binh cua hinh
thang BB.C,C nén

BB +C,C=2GM = 4G (4).
Thay (4) vao (3) ta duge dpem.

https://tieulun.hopto.org
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Cach giai 2. Sir dung phirong phadp vecto.

Pit AB=u, AC=v,22 - CQ_, PG_,
PA 04 PO
Tacod
sy P fon Pen [ Y
AG=2AM =—AB +-AC =~u +~5 (]
3 3 3 34ty (D
Mt khac
AG=4P +PG=—\_4F +/Pp
n+l1
=—L_758 +1(40 - P)
m+1
-1+ L ac-L 75
m+1 n—+1 m+1
-t ¥ v (2).
m+1 n+l

Liy (2) trir (1) theo vé, ta c6:

dou=0,v=0 va ching khong cung phuong
Ll L1
nén ta co: Bl 3.
L1
n+l 3
Tir hé ta dugc:
BP CQ

m+n=1 hay —+—==1 (dpcm).
PEhe ot oa T @

Cich gidi 3. Sir dung ti s6 dién tich cia hai tam
giac.
Bat §=5 ¢, S'=S,4Pga S, =S 15m>

S| = S 4pG> Sz =S e S, = SAQG'
Nhén xét: S =85, =-;—S; S +8,=58.

Ap dung cong thirc S = %b.c sind,tacd:

Si‘
D, =
@) s,

_APAG _2 AP

S'  AP.AQ _ _ ,
5 AB.AM 3 AB

S AB.AC

S;  AQ.AG _24Q
S, ACAM 3 AC
S S Z[AP AQ]
S 2= —+—=|
S, S8, 3\4B A4C
Tir nhén xét trén ta co:
S_1(4r,49) o)
S 3\48B AC
So sanh (1) va (2) ta dugc:

Arig,_ v 4g)
AB.AC 3\ AB AC

& 34P.AQ = AP.AC + AQ.AB

AB AC _

s e—

AP AQ

= ﬂJ—-i-£Q=1 (dpcm).
P4 QA

Tir chd tim toi dugc cac 161 giai cua bai toan 1,
toi ddt cau hoi cho hoc sinh: liéu bai toan trén
con ¢ thé mé rong duge trong khong gian hay
khong? Téi dd hudng dan va cho cic em kha,
g16i 1am bai toan sau:
Bai toan 2. Qua trong tam G cua tir dién ABCD
vé mat phing (@) cdt cac canh AB, AC. AD lin
lwgt tai P, O, R. Chirng minh rc%ng:

BP CQ DR

B + 5‘;— + i =1.
Cach gidi 1. Sir dung phuong phdp vé duong
phu va tinh chat cia tam gidc dong dang.
Qua B, C, D ké cic dudng thing B.C,.D,
song song voi AG. Goi G, 1a trong tim cua tam

gilc BCD vi B =GPNB, C,=GONC,,
D,=GRND, N=GRNB,C,.M=BCADG,

TOAN HOC
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Do G, 1a trong tam clia tam gisc BCD nén M la
trung diém cua BC, mit khic tir cich dung trén
suy ra MN //BB, //CC,. T d6 suy ra N 1a trung

dlemcuaBC vaDG bo 2
DM DN 3
Taco: ABBP~ AAGP:>BP 8% 2%
PA

Tuong tu: e CC’ (),

QA

DR_DD, o

RA  AG

Cong theo vé (1), (2), (3) ta co:

BP  CQ DR _ BB +CC,+DD, @)
PA 04 RA AG '

Dé dang ching minh dugc:
. DD, 2MN’= 1 DD L
GG,—S ,+5' 3 l+*3—(33l+CCl)

= BB, + CC, + DD, =3GG, = AG (5)

TQ@EQ% S§ 537(3-2022)
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Thay (5) vao (4)ta cd:

£+§_Q.+£)£=1 (dpcm).
PA QA RA

Cich giai 2. St dung phiwong phdp vecto.
Goi E=GPNQR, G, l1a trong tdm cia tay,
giac BCD.

D‘?:“AB:;’A :;,E:;,
DR
£=m’§+g_=n,‘__=1’
PA QA RA
PG _, QF _
PE QR
Do BP_, PA_1 _ PA_ 1
PA PB m AB m+1
Py ISy
m+1
] ~— 1 -
Tuong tw: 40= V,AR=—w
n+l I+1
Mit khac
- 3—
AG =46, = (AB+AC+AD)
P
—Z(u+v+w) 1)
Ta lai ¢6:

AG= AP + PG = AP + kPE
=E+k(2§?—2ﬁ)
= (1-k)AP+kAE
= (1"‘)E+k(3§+@f)
=(1-k)4P+ k40 +kOE (2).

Mai §E=r§ﬁ=rﬁ—r@ (3), thay (3) vao
(2) ta dugc:

—_—

AG =(1-k) AP+ (k- kr) 40 + kr 4R

https://tieulun.hopto.org




= g =L R Oy,
m+1 n+1 I+1
So sanh (1) va (4) ta dugc:

1-k 1}— [k—kr 1}— ko 1)- -
—— U+ —— |¥V+| ———— |w=0
m+l 4 n+l 4 I+1 4 :

dou=0,v#0, w=0 va ching khong déng

(1-k 1 _
m+l1 4
. k—kr 1
hang nén ta co: < ——=0
phang n+l 4
o 1,
[/+1 4
Tt hé ta dugc:
m+n+I[=1 hay —Bf+@+2—=l (dpcm).
P4 QA RA

Cdch giai 3. Sw dung ti s thé tich cua hai khéi

da dién.

Dat P; = VAPQG’P’Z = VAQRG’V; =VARPG’

Fe VAPQR A= VABCGI Vo= VACDGI )

Vy= VADBG] V' '=Vpcp-

V, _APAQAG 3 AP.AQ .\

Ta co:
V! AB.AC.AG, 4 AB.AC
V, ARAQ.AG _3 ARAQ .
v, AD.AC.AG, 4 AD.AC
V, AP.ARAG _3 AP.AR 3,
V! AB.AD.AG, " 4 AB.AD
V=V = V'—lV'
1 2 3 3 3
Vi+V,+V, =V,
V _APAQ.AR @
V' AB.AC.AD =~

Cong (1), (2), (3) theo tirng Vé ta co:

Vl+5+;_/_ [APAQ AQ.AR ARAP)

vV, v, 4\4BAC AC.AD " AD.AB
v _1(APAQ  AQAR ARAP
— (5)-
v 4 ABAC  AC.AD ' AD.AB
So sanh (4) va (5) ta dugc:
APAQAR _1( AP.AQ AQ.AR APAR]
AB.AC.AD 4\ AB.AC *ACAD ' ABAD
AB  AC AD _
~
AP AQ AR
§£+CQ DR _,
PA QA RA
BAI TAP

1. Cho tam giac ABC, M 1 trung diém cua BC.
Qua diém 7 cb dinh trén doan AM ta ké dudng
thing (d) cét c4c canh 4B, AC lan luot tai P va

0. Chimg minh ti s6 22+ €€ khong déi.
P4 OA

2. Cho tir dién ABCD. Goi G la trong tam cua
tam gidc BCD va I 1a diém c6 dinh trén doan
AG. Mat phing (a) qua I cét cac canh 4B, AC,
AD 1in lugt tai P, O, R. Ching minh ti sb

8P CQ

+— khéng d6i.
Pa 04 RA

Qua viéc tim toi céc 1oi giai va tong quét hoa
cia mdt bai toan giup cho hoc sinh himg thu
hon trong viéc hoc tap by moén Toan; tr 46 ti 1€
hoc sinh gidi, hoc sinh dau dai hoc cua nhitng
hoc sinh ma t61 giang day ngay cang cao. Pac
biét bai toan 2) duge chon lam dé thi hoc sinh
gioi Pong bang séng Ciru Long.

Trén ddy 1a mot vai suy nghi, tim tdé1 cua ban

than trong qua trinh day hoc. Rat mong su dong
gop cua quy dong nghiép.

TOﬁN HOC
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T oy

MAT TINH CHAT ,
CUA DUCNHG CAO TRONG TAM GIAC

NGUYEN NGQC T
(GV THPT chuyén Ha Gian_g')/

-

Céc bai todn vé truc tim trong tam gidc 1 cic bai
todn dugc khai thic nhidu trong céc dé thi hoc
sinh gidi. Nghién ciru ki céc tinh chét cua truc
tAm tam gidc giGp ta c6 nhidu ky ning lam hinh
hoc phing. Sau déy t6i xin gidi thiéu mot tinh chat
dep cia dudng cao trong tam gidc cé nhiu {mg
dung tha vj sau day

Tinh chat. Cio ram giac ABC néi tiep dwong tron
(O). cac dwomg cao BE, CF. Khi dé OA 1 EF.
Chirng minh.

D3 thiy tr gidc BCEF ndi tiép nén AFE = ACB,
ma OAF =90°- ACB suy ra ﬁF+ﬁ'=90°,
dod6 O4 L EF .

Nhgn xét. T tinh chét trén suy ra cc tinh chit
khéc nhu:

i) Goi M, J lan luot la trung diém BC, AH thi
MJ @i qua trung diém EF vi AJMO 1 hinh
binh hanh;

i) JEM =JFM =90°.

TOAN HOC
16
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Cic tinh chét néu ¢ nhan xét trén kha don gian,
xin danh ban doc ty chimg minh. Sau day la mgt
sé bai todn img dung tinh chét néi trén.

Bai 1. Cho tam gidc ABC noi tiép trong dircng
tron (0) ¢6 cac duong cao AD, BE, CF cat nhay
tai diém H. Puong kinh AG cua (Q) cat EF, BC
lan luot tai X, Y. Tiép tuyén cua (O) tai diém G
cdt AD tai diém Z. Chirng minh XH [ YZ.

Loi gidi.

B\D L

74

Ta c6 cdc tir gidc CDHE va CGXE noi tiép nén
AHAD = AEAC = AX AG

Din dén DHXG l1a tir gise ndi tiép. Chi y réng
DYGZ1a ti giéc ngi tidp nén HXG = ZDG = ZYG
tr 46 suy ra diéu phaj chimg minh.

Nhgn xét. Bai toan trén con cé thi tong quat ohu
sau: Cho tam gigc ABC nhon néi tiép duong tron
(0). Ba dwong cao 4D, BE, CF cdt nhau tai H .

https://tieulun.hopto.org



Diém M thugc cung nhé BC. AM cét EF, BC lgn
lugt tai K, N . Puong thdng qua M va vuéng goc
v6i AM cdt AH tai diém L. Chirng minh rang
HK [/ NL.

L&i gidi xin danh cho ban doc.

Bai 2. Cho tam gidac ABC ¢6 hai dicong cao
BE, CF cat nhau tai H. Buong phdn gidc AN ciia
tam giac cat EF tai M, diwong thang qua M vuong
goc voi EF car duong thang qua N vuéng géc véi
BC tai P. Chitng minh AP di qua trung diém cua
BC.

Léi gidi.

X
Goi O 13 tam dudmg tron ngoai tiép tam giac 4ABC
, AN cét (0) tai diém thir hai 1a X thi X 13 diém
chinh gilta cung BC khong chira 4 cua dudng
tron (O).
Do EF 1 OA, EF 1 MP => OA [/ MP, NP 1 BC,
OX 1L BC = OX /| NP, suy ra tam giac PMN
can tai P. Do d6 goi K la giao diém cia NP va
AO thi tam giac KAN cén tai K.

Goi U 1a giao diém thir hai cua AB véi duong
tron (K,KN); V la giao diém thir hai cia AC
v&i dudmg tron (K,KN). Ta co:

KP _KP AW AN R BC~AAEF),
KU KN AN AB

Mi PKU =2UAN = EAB=> APKU ~ AEAB (c.g.c)

:>K"E-’-a =90°. Tuong tu KPV =90° suy ra ba
diém U, P,V thing hang va P la trung diém cia
UV.Do UV J/ BC c6 P la trung diém UV nén AP
di qua trung diém BC.

Nhén xét. Ta cb bai toan tuong tu: Cho tam gidc
ABC ¢6 hai dwong cao BE, CF cdt nhau tai H.
Puong phan gigc AN cdt (O) tai X, cat EF tai
M. Liy UeABVeAC
NU J/ BX, NV || CX . Goi P la trung diém UV.
Ching minh rang PM = PN .

sao cho

Bai 3. Cho tam giac ABC noi tiép dicong tron (O),
cac dirong cao BE, CF cdt nhau tai H. Tr'ép {uyén
tai A cua (O) cat BC tai S. Trung Iu_}-‘cfn AM cua
tam gidc ABC cdt dwong tron dwong kinh AH tai
diém thir hai la K.

a) Chirng minh tam giac SAK cdan tai S.

b) Goi R la dmh cua hinh binh hanh AOSR.

Ching minh hai tam giic ARH va ASK dong
dang.

S5 537(3-2022) ¢ CTy 1 7
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Goi J 14 trung didm AH , theo tinh chét trén ta
6 JM LEF, do EF Il SA = MJ L S4, két hop
voi AJ L SM nén J 1a tryc tdm tam gidc ASM
Suy ra SJ 1 4K, ma dudng trung tryc cua doan
AK ciing di qua J va vudng goc voi AK , do dé

S/ 1a duomng trung tryc cia AK nén SA=SK .
b)

Dung hinh binh hanh  HRST ta co
HT /RS || AO, HT =RS = A0 nén AHTO 1a
hinh binh hanh suy Ia
AH [/OT, AH =0T =0T LBC vi O,T déi
Xing nhau qua BC. Tir &6 suy ra
RA=S50=ST=RH nén tam giac RAH can tai
R . Do dé: RAS = 450 = 90° — 408
=90°—M=m =>R7117=§2f(,
Ma ASAK can tai S nén AARH ~ AASK.
Tr bai toan trén ta c6 bai toan kho hon sau:
Bai 3.1. Cho tam gidc ABC, A" la diém déi ximg
qua trung diem M cua BC. AA" cit diong tron
(A'BC) tai diem thit hai la K. Goi 1, J lin heor
la tam cac duang tron (KAB) va (KAC). 1 cdy
BC tai diem S. Chitng minh SA la tiép tuyén cua
dicong tron (0).
Loi gigi. Ké cac duong cao BE, CF cua AABC.
Goi H la tryc tim A4BC. Do ABA'C 13 hinh

binh hanh vi BH L AC nén HBA'=90° syy 1

1 8 T?gll.’quggc@ S48 537(3-2022)

@':900 ma @:900 nén K tth)C dll‘(‘lfng
tron (A4EF) dudmg kinh AH.

o
N

<\
B

ot
Ba dudng tron (4BK), (ACK) va (AEF) ¢ chung
tryc dang phwong AK nén IJ di qua trung diém
U cua AH vala dudng trung tryc cia AK (1).
Goi ' 1a giao diem cua tiép tuyén tai 4 cia (0)
v6i BC, U la trung diém AH ta c6 két qua quen
thudc 1a UM L EF | két hop véi AU L S'M nén
U 14 trye tm tam gidc AS'M suyra S'U L 4K
hay §' thudc trung tryc IJ cia 4K (2).

Tr (1) va 2)suyra $'=S, do a6 S4 Ia tiép
tuyén cia (0).

Bai 4. Trén dicong tron (O) cho hai diem B, C co
dinh va diém A di dong. Tam gigc ABC ¢6 cdc
duing cao la BE,CF. Goi M. N. P, X,Y lan
leot la trung  diém

BC, BE,CF, PO va AM.

Chitng minh XY g qua dicm co dinh khi 4 thay

doi rén (0).

Lot gidi. Goi H 1a tryc tam tam gidc ABC; Q, L
lan lugt 13 trung diém A va EF Theo tinh chit
) thi 40MO 1a hinh bink hagy nén Y 1a trung

diém 0Q . D& thdy MNLP 13 hinh binh hanh nén
Q,L, M, X thang hang.
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Goi T 14 giao diém cia XY v6i OM . Ap dung
dinh ly Menelaus cho tam giac QOM véi ba diém
X, Y, T thing hang ta cé:

YO TO XM _
YO TM X0

TO X0
™ XM~

Vi 3¢ dai cac doan the'ing OM, BC khédng dbi nén

2
MQ=\JOF? + FM? =1/OM2+B:: khéng d6i.

. g T A MF*  BC?
Lai ¢c6 QOFM =90° nén ML= MO -4MQ2
khong dbi, suy ra XM khong dbi, do d6
X0 =MQ-MX =0A-MX khong ddi. Viy

%JQ khong ddi, do O, M cb dinhnén T 1a diém

c6 dinh.

Bai 5. Cho tam giac ABC co ha dwong cao
AD. BE. CF cdt nwhau tai diem H. Goi K la trung
diem AH; I la giao diem cua AH va EF. Chung
minh I la triec tam tam giac KBC.

Léi gigi. Goi P,Q lin lugt 1 giao diém cua
dutmg tron duong kinh BC véi KB, KC; M 1a

trung didm BC.

Goi I' 1a giao diém cia BQ va CP thi I' ]a truc
tim tam gidc KBC nén I'e AD.
Ta chimg minh /'€ EF.

Goi S, ' lan lugt 1a giao diém cua BC véi EF
vi PQ. Ta c6 (S,D,B,C)=-1 va
(S',D,B,C)=-1 (hang diéu hoa co ban cua tam
gidc ABC va KBC) suy ra §'=S. Tac 1a
PQ, EF, BC dong quy tai diém S.

Theo dinh li Brocard thi I’ 13 tnyc tam tam giac
SKM nén SI' L KM. Theo tinh chét trén thi
EF L KM =SE L KM nén S,E,F,I' 1a bon
diém thing hang suy ra I'=1. Tir d6 ta co diéu
phai chimg minh.
MOT SO BAI TAP AP DUNG

Bai 1. Cho tam giac ABC néi tiép dudng tron (O),
ba duong cao AD, BE, CF cit nhau tai H.
Pudng thing A0 cit EF va dudng trung binh img
v6i dinh D cua tam gidac DEF lan luot tai G, K.
Chimg minh hai dudng tron (K, KG)va (DEF)
tiép xtic nhau.

Bai 2. Cho tam giac ABC, ba dudng cao
AD, BE, CF cét nhau tai H. Goi M, N lan luot
14 trung diém BC, EF . Goi X la giao diém cia
AO va EF.

(Xem tiép trang 22)
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S8 R uiuFTRHBE olgrg



/ "\u}#/ o= P‘A
LB ST~ ) MY
= 4

oA

CAC LOP THCS
Bai T1/537 (Lép 6). Tim tit ca cac s6 tu nhién a,
b, cthbamian a’ +a+2=2" va a*=2°+1.
NGUYEN QUANG NAM
(GV THPT Qup Hop 2, Nghé An)
Bai T2/537 (Lép 7). Cho tam giac ABC c6
CAB=30", CBA=100". Trén canh 4B iy diém D

sao cho CD = AB. Tinh sé do goc CDB.
NGUYEN ANH VU
(GV THPT chuyén Lé Quy Dén, Binh Dinh)
Bai T3/537. Cho cic sb nguyén duong a, b, n thoa

5 13 20"
man o Iv b’”'

Chimg minh rang n = 1.

deu la cac s6 nguyén to.

NGUYEN VAN QUY
(Ha Néi)
Bai T4/537. Cho tam gidc ABC cin tai 4, ndi tiép
dudng tron (O; R). M 1a diém di dong trén cung
BC (khong chita 4). Cac diém D va E lan luot 1a
hinh chiéu vuéng goc cia M trén AB va AC. Xdc
dinh vi tri diém M dé tong
MA + MB + MC + MD + ME
dat gié tri 16n nhat.
NGUYEN BUC TAN
(TP. Ho Chi Minh)
Bai T5/537. Cho ba s6 thuc a, b, ¢ thudc doan
[0; k] véi k 14 sé thuc duong cho truée sao cho
a+ b+ ¢ =2k Tim gia tri nhé nhat cua biéu thirc
A=ab(a+k)+bc(b+k)+ca(c+k).

PAO QUOC CHUNG
(GV THCS Dién Hai, Dién Chau, Nghé An)

TOAN HOC
& q'lﬁt[:e S8 537(3-2022)
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cAcC LOP THPT

Bai T6/537. C6 bao nhiéu tap A ma cac phan tir

cua n6 gom 2020 s6 duong phan biét, trong d6 c6
hai s6 1, 2 va thoa mén tinh chat: Vi hai phan tu
phén biét bat ky x va y thuc tap A thi it nhat mdt
va x + y cting thudc tap 4?

pO LE HAI THUY
(GV THPT chuyén Bo Léc, Lam Déng)

trong hai ) |x—J’|

®2i T7/537. Chimg minh ring v6i moi tam gidc
ABC thi

r 7, ,l‘:_> 3 4R+

pEria
trong d6 a = BC, b = AC, ¢ = AB; R r, Yay T, e
lan luot 1a ban kinh duong tron ng0a1 t1ep, noi
tiép, cac ban kinh duong tron bang tiép g véi
cac dinh A4, B, C ctua tam giac ABC.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, DHQOG Ha Noi)

Bai T8/537. Cho tam giac ABC, () 1a dudng tron
noi tiép tam giac. E, F theo thi tu 1a tiép diém cua
(D) véi AB, AC. Cac diém M, N theo thir tu thue
cic doan 4B, AC sao cho MN tiép xic véi (I).
Chimg minh ring

EB MA FC NA

EA MB FA NC

NGUYEN MINH HA
(GV THPT chuyén PHSP Ha Noi)

Bai T9/537. Chox,y > 1. Ching minh ring

x+y 1>ln(x +1)? ln(y +1)
y+x x y

LE XUAN DAI
(GV THPT chuyén Vinh Phic)
TIEN TOI OLYMPIC TOAN

BAi T10/537. Cho s6 nguyén duong » > 1. Chimg
minh rang néu 4" ~2"+1 13 s§ nguyén t thi tit ca

cac udc nguyén t6 cua n phai nho hon 5.
NGUYEN TUAN NGOC
(GV THPT chuyén Ti ién Giang)
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Bai T11/537. Cho ham s6 f(x)=
25" +5

k
2020 [f (—J]
Z 2021 o

i 19

Y XE

Tinh tong S= [x] 1a sé

nguyen 16n nhat khéng vuot qua x.
DAO XUAN LUYEN

(GV THPT chuyén Lé Quy Pén, Binh Dinh)

Bai T12/537. Cho tam giac ABC nhon, khong can,
ni tiép duomg tron (O). Pudng tron tam C bén
kinh CB cat BA tai D khéc B va cit (0) tai E khac
B. DE cit (0) tai F khéc E. CO cit DE, AB lin
luot tai G, L. Goi Q la diém d6i xtng véi E qua
trung dieém cua GF. P thudc EF sao cho PL vudng
gﬁcvé;BC Pudng tron ngoai tiép tam gidc LPO
cat AB tai R khac L. K 1a diém d6i xing véi R qua
CF. Chimg minh rang FK // BC.
TRAN QUANG HUNG
(GV THPT chuyen KHTN, PHQG Ha Noi)

Bai L1/537. Tai O trén mit nuéc c6 mot ngudn
phat séng véi thn s6 /= 80 Hz, téc do truyén song
1a 1,6 m/s. Ba diém 4, B, O nam trén mét nuge tao
thanh tam gidc vudng tai O. Biét 04 = 9 cm;
OB = 12 cm. S6 diém dao déng cung pha vai 4
trén doan BA 1a bao nhi€u?
VIET CUONG (Ha Noi)

Bai L2/536. Pién nang dugc truyén tir noi phat
dén noi tiéu thu bing duong day mt pha v6i tong
chidu dai 1a 160 km. Vi cong sudt hao phi trén
duomg day bing 5% cong suat dua lén nén noi
nhan cong sut chi con 47500 kW va dién 4p nhan
duoc 1a 190 KV. Hé sb cong suét dudmg day béng
1. Néu dung day ddng co dién tro suat 1,6.107
Qm, khéi lugng riéng cua dong la 8800 kg/m’ thi
khéi luong dong dung lam dudong day nay bing
bao nhiéu?

THANH LAM (Ha Noi)

PROBLEMS IN TI-IIS ISSUE




where a=BC,b=AC,c=AB; R, 7, 7o, I'p, Tc

respectively are the circumradius, inradius, exradii
corresponding to 4, B, C of the triangle.

Problem T#/537. Given a triangle ABC and let
(D) be its incircle. Let E, F respectively be the
points of tangency between (/) and 4B, AC. Let M,
N respectively be the points of the line segments
AB, AC so that MN is tangent to (/). Prove that

EB M4 FC NA

Problem T9/537 Givenx, y> 1. Show that

3 2 2 2 2
- +
= O [ i e i by
¥ +x x ¥
TOWARDS MATHEMATICAL OLYMPIAD
Problem T10/537. Given an integer n > 1. Show

that if 4"-2"+1 is a prime number then all the
prime factors of » must be less than 5.
Problem T11/537. the

2033.25%
Lo 25" +5

Consider function

,x€R. Compute the sum

.U’()T TINH CHAT ... ( Tr'{fp theo trang 19)

a) Chimg minh HN J/ DX.

b) Goi P la giao diém cia KM va DX. Chimg
minh tdm dudng tron ngoai tiép tam gisc KDM
nim trén dudng thing OP.

Bai 3. Cho tam gidc ABC nhon, khéng can, noi
tiép duong tron (0). Ba duong cao AD,BE,CF
dong quy tai H. Dudng tron dudng kinh AH cht
duong tron (O) tai diém thir hai 1a J; AD ckt
dudng tron (O) tai diém thir hai 1a G; GJ ckt
BC tai K. Chirng minh ring KH chia d6i EF.
Bai 4. Cho tam gidc nhon ABC cé cac duong cao
AD, BE, CF citnhau tai H.Liy K, L lin lugt
thudc canh AB, AC sa0  cho
HK L DE, HL 1 DF. Goi T la trung diém KL.
Chimg minh AT | EF.

Bai 5. Cho tam giac ABC ¢ ba dudng cao
AD, BE, CF cat nhau tai H. Duong phan giac

22 T?ﬂwgg S6 537(3-2022)

cac

R 19

k=1

where [x] is the largest integer SRIEH %S inot
exceed x.

Problem T12/537. Given an acute, scalene
triangle ABC inscribed in the circle (0). The circle
with center C and radius CB intersects B4 at D
(which is different from B) and intersects (O) at E
(which is different from B). DE intersects (O) at F
(which is different from E). CO intcrsccts. DE, 4B
respectively at G, L. Let O be the reflection point
of E in the midpoint of GF. The point P belongs to
EF so that PL perpendicular to BC. The
circumcircle of LPQ intersects AB at R (which is
different from L). Let K be the reflection point of
R in CF. Show that FK // BC.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

clia hai goc ABH, ACH ckt nhau tai didm K.

a) Chimg minh X thudc dudng tron dudng kinh
BC.

b) Goi P, Q0 lan lugt 13 trung diém cua BF,CE;
X, Y lan lugt 12 giao diém thir hai cda KP, KQ
voi dudng tron dudng kinh BC; KT 13 duong
kinh cua dudmg tron duémg kinh BC Tiép tuyén
tai T cua dudng tron dudng kinh BC cit XY tai
S. Ching minh PQ /] MS.

Bai 6. Cho tam glac ABC kh
vuong tai 4 ndi
Goi M, N lin |

' ong cén, khong
tiep dudmg tron (0), truc tam H.
ugt 13 trung diém cua 4B, AC va
E, F lan luot 13 chan cac dudng cao ha tir dinh
B, C cla tam gisc 4BC Goi P 1a giao diém cua
ij véi tiép tuyén ciia (O) tai 4. Goi Q 1a giao
diem thir hai cia (0) véi dudng tron ngoai tiép

tam gidc AEF | R 1a giao diém cua AQ va EF.
Ching minh PR 10H.

https://tieulun.hopto.org
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Bai T1/533. Cho
A= ] &7 1 ‘ S 1—-——!—. 4 J 2
2021 8082 ' 8083
trong do mau s6 cua cdc phdn s6 ldy cace e
nguyén lién tiép tr 2021 dén 8083. Hay so sanh A

o 11
vdi —
6

— 4

2022 2023

Lai gidi. Tong A ¢6 6063 s6 hang,
Cadch 1. Dt

( 1 1 1 1
A= —+ ...+ + +o+—
2021 4041 4042 6062

+( 1 R L
6063 " 8083
—B+C+D,

trong d6 mdi tong B, C, D cb 2021 sb hang, theo
thir tr nhu trén. Panh gia mdi s6 hang trong cac
tong trén nhur sau:
= . +...+ 1 < L +..+ : = =
2021 4041 2021 2021 2021
1 2 | 1 & | _2021_1_
202 6062 4042 4042 4042 2
| "aile T bileg

- +.:s p
6063

R2021'y

3

S s = :
+8083 . 6063 6063 6063 3

I'g 351l

Nhuvayd=B+C+D< 1+—2-+—5=€.

y | | ! J
i ol —
e~ A (2020 2021 " 3029

+( } +..+ L +(-——l—+...+~——1——]
3030 7 4039/ 4040 5049

1 1 1 1 ]
H — — B e e
'(50—50 ok 6059}{6060 7069
L1 1 1 1 J_ i }
o ot ——
[7070 +'"+8079)+[(8080 8083/ 2020
“E+F+G+H+K+M+N,

T TEEENGRE TN O Y WA RN W Y WS T G W § TR T gy

trong d6 méi téng E, F, G, H, K, M c¢6 1010 sb
hang, téng cudi cung N c6 5 s6 hang, theo thi tu
nhu trén. Danh gia mdi sé hang trong cdc tong
trén nhu sau:
| ] 1
= 2 + .t
2020 2021 3029

1 1 1010 1
<—Ft——=——=—;
2020 2020 2020 2
= 1
73030 7 4039
L &4 [ 41010 ol
3030 3030 3030 3’
1 ]
=i
4040 5049
1 1 1010 1
<— +——=—=—
4040 4040 4040 4
H=L+...+L
5050 6059
] 1010 1
<—F b e ——
5050 5050 5050 5
K:—l——+...+L
6060 7069
S e R Lt L
6060 6060 6060 6
1 1
Saem i S h =
7070 8079
| 1 1010 1
Lt = —=
7070 7070 7070 7
N:(_l_._g.____‘_L]___l_
8080 8083 ) 2020
4 1
—_——— =),
8080 2020
Nhuviyd=E+F+G+H+K+M+N
{1 1 U=
—+—+—+—+—+—=
2 S T@l ot
83 84 3 5 11
=l+—<l+—=1+=<1l+==—
140 140 5 6 6

Nhén xét. Cic ban sau c6 16i giai tot. Hung Yén: Lé
Tudn Hiép, 6C, THCS Doan Thi Piém, Yén Mg;
Nghé An: Hoang Vin Nhdn, Nguyén Thi Bing Tam,
6C, THCS Ly Nhat Quang, D6 Luong.

NGUYEN VIET HAI
Bai T2/533. Tim cdc s6 nguyén 16 p, ¢ théa man:
p+4q va g + 4p déu la cac 56 chinh phuong.
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Do d6 MB® = MI' = MLMF, suy ra MI 13 tiép
tuyén cua dudng tron ngoai tiép tam giac ILF. Tir
8 ﬁ:ﬁ*:%“-B—’;E.

Mat khac MEs=mB5=24C nen 5= 00"

Tuong tu ta cling cO IKS = 90° , do d6 bén diém I,
L. S, K cung thu¢c duong tron dudng kinh /8.
b)Tat BIM = A’EE‘D:%C; MBYa tikp fén v
cac duong tron ngoai tiép tam giac TBD va tam
gidc FBL; MI la tiép tuyén cua cic dudng tron
ngoai tiép tam gidc /LF va tam giac /KE ta co:
MB* = MI* = MC* = MD. MT

= MF.ML = MK.ME.
Xét phép nghich dao cuc M, phuong tich
MF = MB® = MC*(1,,*™") thi
g :SHA;B»—)B;CHC;DHT;EHKiF""L'
Viy qua phép nghich dao / M'”M: duong tron
ngogi tiép tam giac DEF bién thanh dudng tron
ngoai tiép tam gide 7KL, duong thang BC bf?n
thinh duémg tron (0). Vi dudng tron (DEF) tiep
xiic véi BC tai D, suy ra dudng tron ngoat iep tam
gldc TKT, ﬁép xic voi duong tron (0) ta1 L.
Nin xér, 1) Cau a) ciing c6 thé gidi theo cich KN
%ﬁép nghich dao cwc M, phwong tich

k= MP=MB =MC (L"),

thi IFM' .St A: B> B;C—>C: I 1. Tir d6 qua

M

phép nghich dao nay ducng tron (MBS) bién thanh
duong thang AB, duong tron (MCS) bien thanh
duong thang AC. Do do f‘f,:"'”" K E; L F.
Ta thay A, F, I, E lan lwot la anh cua S, L, I, K qua
phép nghich dao [L:M‘r:, ma A, F, I, E cung thugc
duong tron duong kinh Al nén bén diem S, L, I, K
cung thuge mot duong tron.

2) Céc ban hoc sinh sau c6 10i giai ding:

Hunmg Yén: Pham Thi Minh Anh, Nguyén Van
Khiém, Nguyén Gia Khdanh, 10 Toan 1, Tran Van
Qudn, 12 Toan 1, THPT chuyén Hung Yén; Ha
Tinh: 7ran Minh Hodng, 9E, THCS Nguyén Trai,
Nghi Xuan; Thwa Thién Hué: Pham Ngoc Long,
Nguyén Quang Huy, 12 Toan 1, THPT chuyén Quoc
hoc Hué, TP. Hué; Quiang Nam: Huynh Ngoc
Hoang, 10/1, THPT chuyén Lé Thanh Téng; Lam
Pong: Mai Trung Nguyén, 11 Toan, THPT chuyén
Bao Léc, TP. Bao Loc; Binh DPinh: Nguyén Thanh
Hau, 11A1, THPT Tay Son; Ba Ria — Viing Tau:
Phan Trung Kién, 12T1, THPT chuyén Lé Quy Dén,
TP. Viing Tau.

HO QUANG VINH

Bai T9/533. Tim cdc s6 thuc a va b théa man cdc
dieu kién sau:

a) a<b<2000.2001;

b) (x+y+2z=2000.2001) €—c —  véi moi

500.2001 4

X, v,z€la,bl;

c) b — a dat gid tri lon nhat.

Loi giai. Pat x=500.2001x,, y=500.2001y,,
2=500.2001z, véi X, ¥, 7 €[a;;b] trong d6
a=500.2001a,, b=500.20015,.

Khi d6: a,b, <4. Ta dua vé bai todn tim a,,b, dé

(x,+y+z -4 <xyz (), Vx, 0.7 €[a:8]
vd (b —a,)16n nhat.
Pit x, =2+x,, ¥, =2+),, 2 =2+2z,. Tu (*) suyra:
(x, +2)(3, +2)(z, +2) 2 (x, + , + 2, +2)°
= x,0,2, +42 X2 + i +2;, Vo027, €[e;d] (*%)

véi c=a,-2,d=b-2.
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Todn hoc co ich gi? Nhiéu loai todn khén

} % v B g ding s :
tai sao cdn hoc? D6 la cau héi, thc i g sau nay

‘ ; ; ¢ ma nhiéu phy
wuynh va hoc sinh van thuwo 2u moi g
huy hwong néu méi khi hoc todn,

Mon Toén cung véi mon Tiéng Viét 1 haj mg Rt
lugng nhi€u nhat, gin bo daignhai fflfl Tlf;: 2210 et
Siﬂ‘h’ tu' Sk d‘én lc')'p'l?,_ Viy, hoc Toan ¢6 ich gimr:::i Ezg
ﬁﬁﬁi@? duc lai yéu cau hoe sinh hoc véi thoi lugng nhidy
Rénluyén bé nao

Trong cuge sbng, ching ta c6 thé khong tro thinh mot vn
df’:lg v1en:t.‘he tl\mao nhung ching ta vn thudng xuyén tép
thé duc mdi ngdy dé rén luyén sire khoe. Ching ta c6 the
Khong can tr¢' thanh nha todn hoc hay gido vién day toan
ahung R neH hoc todn dé "tap thé duc" cho b6 ndo cua
minh. CO Thu tuéng Pham Van Dong da timg néi: "Todn
hoc la mon thé thao cua tri tué”.

Hing ngay, ching ta gap rét nhiéu tinh huéng trong cuge
sc‘:ng, cc'f nhimg t‘u_lh hudng hoan todn méi doi hoi bo nio
can phai xur ly. De xur 1y duoc tinh hudng ddi hoi bd nio
phii "nh¢", "tim 13i", "lién tuéng",... v6i nhimg tinh
hudng quen thudc di gip. Néu bd ndo thuong xuyén duge
rén luyén t]:u "phan xa" cta by ndo s& nhanh hon, két qua
dat dugc tot hon.

Viéc giai cac bai toan (tinh hudng gia dinh) chinh 12 ta
dang rén luyén cho bd ndo giai quyét tinh hudng. D phirc
tap ciia bai toan (bién ludn, chia thanh nhiéu truong
hop....) chinh 12 d§ phirc tap cta tinh huéng doi hoéi bd ndo
phai xir 1y. N6 nhu 12 "qua ta", "xa don", "vot cau long",
"4 bong", "tiéng dan", tiéng sdo", ...dé rén luyén tri tué
va cam x1c cho hoc sinh.

Do dé céi con lai sau nhimg nam thing vat va hoc todn
Khong phdi chi 1 nhimg cong thic, quy tc,... mi quan
trong con la cich suy nghi, cch gidl quyét vdn dé, khad
ndng toin hoc ho# cdc tinh hudng cua cugc song.

Tao cdm xiic va phét trién thim my ‘ . ‘
Trong d&i mdi hoc sinh, chéc c6 hon mot lan "reo lén” ld“
ty minh giai duge bai toan kh6, tim thém dugc cécl} giai
khéic cho bai ton. Lic d6 cam xic cua ching 2 that vul
suéng v lang lang. Doi khi d6 con 1a mot ki nigm dep,
mot buéc ngodt trong cuge dai.
Nha todn hoc ngudi Phap Xi—ﬂ!fﬂg focys
1840), Itic nhé 1 mét hoc sinh rat s¢ toan. %au, vi gial
duge bii todn "Chia sia", ong trd nén say mé hoo e
nghién ciru todn va da tr thanh mot nha todn boc 161 lae-
Nha toan hoc Vla-di-mia Ac-non (1937-2010), mét ‘tr;;g
nhimg nha toén hoc vi dai nht cua nude Ngazthe # e
K Iai ring ltic con hoc & tiéu hoc, 08 cuoe Sy 82 2 a4
Bik bai todn vé chuyén dong cia hai ba 130. £¢
nhé: "Suy nghi tim céch gidi bai t0an,

Podt-xong (1781-

|in déu tién toi cam

[o—y

?
PHAN DUY NGHIA
(Phong GDPT, So GD&DT Ha Tinh)
nhan duoc niém vui sang tao. Va chinh uéc vong c6 duge
niém vui nhu vay da gidp t6i tré thanh nha todn hoc”.
Nha vin Phap Sten-dan (1783-1842), tic gia cua ticu
thuyét "D6 va den" ndi tiéng, da ké lai trong cudn "Tu
truyén": "0 thdy giéo, téi da tim thiy O-le va bai toén cla
O-le vé sb trimg ma ba nong dan mang ra chg ban... Do 1a
mot phat kién véi t6i".
Nhirng ciu chuyén trén chinh la nhitng "cdm xic" ma
to4n hoc mang lai, n6 1am cho cugc séng thi vi hon, giup
chiing ta thanh céng hon.
Bén canh dé, toan hoc con giup ching ta hiéu va yéu
thich vé dep ctia todn hoc, thé hién trong chan ly toan
hoe, trong sw sing tao khi hoc tean, trong hinh thirc
trinh bay. C6 PGS. Vén Nhw Cwong da chia sé:
“Em cam hoa twoi dit canh ban
Mong rang todn hoc bét khé khan
Em oi, trong todn nhiéu cong thirc
Ciing dep nhu hoa lai chang tan".
Phat trién pham chat va ning lue
Toan hoc 1a mén hoc cong cu vi ngdn ngir toan hoc, kién
thirc todn hoc, tu duy phuong phép toan hoc 14 cén thiét
cho cuéc sdng va cho viéc hoc cac mdn hoc khac. MBoi khi
ban da c6 phuong phap hoc toan tét thi ban s& khong chap
nhan viéc 1ap luin hoi hot, tr duy 16n x6n. Hoc toan mang
lai cho ban nhimg pham chiét va nang lyc: biét cach dit vin
d&, phan tich, giai quyét vin d&, kiém tra cach giai quyét;
biét nhin ra cdi ban chat, biét phan loai cac trudng hop,
biét tir nhitng vén dé riéng 1¢ rat ra két luan chung, biét 4p
dung ly ludn chung vao nhimng tinh hudng cu thé, biét suy
luin ngin gon, chinh xac, biét trinh bay, dién dat rd rang,
mach lach; rén luyén tac phong khoa hoc.
Trong bic thu gii cho cac ban tré yéu toén (thdng
10/1967), C6 Thu tuéng Pham Vin Pong da néu rd:
“Trong cdc mon khoa hoc va ky thuat, todn hoc giit mot vi
tri ndi bét. N6 ¢6 tic dung lom doi véi san xudt va chién
ddu. N6 con la mon thé thao cia tri tué, gitp ching ta
nhiéu trong viéc rén luyén phwong phap suy nghi, phuong
phdp suy lugn, phuong phdp hoc tap, phuong phap giai
quyét cdc van dé, giup ching ta rén tri théng minh sang
tao. N6 con giup ching ta rén luyén nhiéu dirc tinh quy
béu khéc nhie: can cit va nhén nai, tw luc canh sinh, y chi
viegrt khé, yéu thich chinh xac, ham chugng chan ly. Du cdc
ban phuc vu nganh ndo, trong cong tac ndo thi cac kién
thire va phuwong phap todn hoc cung rat can cho cdc ban”.
Tir céc loi ich trén, c6 thé khing dinh ring toén hoc cd vai
trd rit quan trong trong cugc séng va hoc toan la diéu hét
sttc can thiét cho méi ching ta, tham chi rat nhiéu ngudi
con hoc toén dén hét doi véi mét niém yéu thich. Truéc
khi ngung thd, Podt-xéng da néi cau bat hu: “Néu duwoc
s6ng thém cugc doi ni¥a, toi sé lai lam todn!'.
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DINH L cﬂmm. PHEHI

1. Mé dau

Viéc phan b céc vé si dé bao vé mot Phong trung
bay cac tac phdm nghé thuat (goi tit 1a Phong trung
bay nghé thuit) luén duoc cac chu s¢ hiru quan tam,
Van dé cing khong hé don gian boi so dé mdt bang
cua mot Phong trung bay nghe thuat cing kha phic
tap, la mit, n6i mot cach tong quat n6 la mét da gidc
don.

Da giic P la mét diy c6 thu tu goém cac diém
Pys-p,(n23) trén mit phing, dugc goi 1 cic
dinh cia P cung véi tap hop cac doan thing néi p,
voi pie Gi=1,....n-1) vi p, trung véi p,, goi la
cac canh cia P . Pagidc P dugc goi la don néu bét
ky hai canh khong lién tiép nao la khéong cit nhau
(h.1).

Hinh 1. Vi du hai da gide don.

Trong mot héi nghi & Stanford thing 8 nim 1976,
nha toan hoc V. Klee da néu ciu hoi véi cac sinh vién
cua minh: “S6 lugng vé i t6i thiéu ma ban cén dé
dam bdo rang ho c6 thé quan sat toan b6 phong
trung bay nghé thugt la bao nhiéu?”. O day gia dinh
vé si la mét diém va ho c6 thé dimg & mot vi tri bat
ky trong Phong trung bay nghé thuat (hinh da giac
dom) véi gbéc nhin cua méi vé sila 360°, va vé si co
thé nhm thiay mot diém trong phong trung bay nghe
thuat néu doan thing néi diém d6 véi anh ta nim
trong da gidc. Chi it ngay sau khi V. Klee dit cau hoi,
V. Chvatal da chimg minh dwgc két qua sau.

Dinh Iy Chvatal vé Phong trung bay Ngh¢ thuit:
Chi cdn nhiéu nhat la [%J vé sT dé canh gdc mot

phong trumg bay nghé thudt ¢é n canh ([x] la ky hiéu
56 nguyén lom nhat < x ).

34 qu?-.ugt;L S& 537(3-2022)

Dé lam rd [3} la gi6i han trén tot nhat cua s luong

V€ si, ta xét mot Phong trung bay nghé thuat c6 hinh
chiéc luge véi 3k canh v6i & rang (h.2) va dé bao
V¢ dugce can phong nay ta can ding & vé si (boi 16
rang Ia can ¢6 it nhit mét vé si dimg trong mébi khu
vuc bong rdim dé quan sat timg “ring” cua chiéc
luge). Phong trung bay nghé thuat hinh chiée Luoc
0 rang 1a mét tinh huéng xdu nhit cia Pinh 1y

Chvatal. I | | | |

Hinh 2. Phong trung bay nghé thugt hinh chiéc luge ¢6
3k canhva k rang (k =5).

2. Chirng minh Dinh ly Chvital
Ching minh cua Chvidtal bi nhiéu ngudi cho 1a khé
khan. Nam 1978 Steve Fisk di cong bd mot ching
minh tuyét dep, chimng minh nay da duoc chon dua
vao trong cuén sich néi tiéng “Proofs from THE
BOOK?™ cua Martin Aigner va Giinter M. Ziegler.
Chimg minh cia Fisk bao gom 3 budc chinh sau day.
a) Ta luén cé thé phdn hoach tam gide mét da giac
don.
Vige tao ra phan hoach tam giac mét da giac don tic
la phan chia da gidc d6 thanh cac hinh tam gidc ma
chi cdn sir dung cdc duong chéo ndi céc cip dinh cua
da gidc. Dicu nay s& ludn thue hién duoc, néu nhu ta
c6 thé tim thdy mot dudng chéo ndi hai trong sé cic
dinh va duong chéo d6 ndm hoan toan bén trong da
gide. Vi néu diéu ndy 1a dung, thi ta c6 thé si dung
mét dudmg chéo nhu vay dé cit da gidc ban diu
thanh hai da gidc nho hon, va sau d6 tiép tuc cht
ching thanh nhing da gidc nhé hon nira, 13p lai qua
trinh ndy cho dén khi ta khong con gi ngoai nhimg
hinh tam giac.
Dé thdy rang mot duong chéo nhu vy luén ton tai,
hay xét mot vé sT dimg & dinh X va chiéu mét den
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ngodi dg.c theo cic canh AB', ge» Vi CA'. Tu
phién, néu ching ta xoay theo huéng khace lt;i céz
mat hinh chir nhat cia ling try uép cong vz‘;o tron
tao ra mot hinh da dién khéng 16i. Taj diém ma ta dgf:
xoay dugc 60° thi ba canh AB', BC' va oyt ot
phau tai tam cfia. hinh. Pa dién Schonhardt thu duge
khi phép quay bang mét gia tri trung gian nao do, 1a
30° chang han. Trong truong hop nay, céc doan
thing AC', BA' ?fé CB' s& nam bén ngodi khoi c-Ia
dién. Tuy nhién, bat ky t dién nao dugc xay dung tir
s4u dinh cua da dién Schonhardt nhat dinh phai chira
mot trong cac doan thang AC', BA' va CB' vi do
d6, khéng theé nam bén trong né duoc.

pé ? ring d6i vdivcéc phong trung bay nghé thuat hai
chieu, viéc dat moi dinh mot vé si s& ludn di dé bio
vé thmg trung bay ngh¢ thuat (Boi moi da giac lun
c6 thé phan hoach tam gidc dugc. Nén méi tam gisc
trong phan hoach tam gidc luén dugc bao vé bai ba
vé si dung & cac dinh cua no6). Tuy nhién, lip luin
nay khéng the khai quat héa dugc cho cic phong
trumg bay nghé thuat ba chiéu, C6 mot két qua kha
bt ngor sau day (xem [6]).

Tén tai cdc khoi da dién sao cho cdc vé si dwoc dat &
moi dinh ctia né, nhung cdc vé si d6 van khong thé
nhin fhﬁ'y tat ca phzfn bén trong cua khoi da dién.

Hinh 8. Mot vi du vé khoi da dign véi cae diém bén trong
ma ta khong nhin thdy dugc tir bat ky dinh ndo.

4, Chiéu sing mét cin phong

Vin dé chiéu sang dugc dit ra cho céc nha toan hoc
vio nim 1969 boi Victor Klee [2]. Hay tuong tuong
ring ban dang dimg trong mot can phong, co I& la
mét phong trung bay nghé thudt, voi hinh dang cua
mot da giac don va mdi birc tuong 14 mot thm guong.
“Néu ban quet mét que diém, ¢o phai liic nao "‘5
ciing ¢ thé chiéu sang toan bo can phong?” Tat
nhién, 4nh sang lun truyén theo quy tic i'géc 161
bang géc phan xa" va dé don gian héa vén dé, ta hdy
i si ring khi 4nh sang chiéu vao mét goe cua can

N L T i e e e

phong thi né sé khong bi phan xa. Cau hoi nay da
duoc tra 1oi vao nam 1995 boi George Tokarsky [4],
bang cach st dung vi du sau. Ong da chi ra ring néu
ban dang dimg & diém A , thi ban khong thé chiéu
sang toan bo cin phong - thuc té 13 ban khéng thé
chiéu sing diém B . Trong vi du ndy sir dung mot da
gidc c6 26 canh (h.9), ban cé thé tim thiay mot da

gi4c c6 it canh hon khong?

Hinh 9
Hinh 9 chi ra ring mic du ban khéng thé chiéu sang
toan b can phong khi dimng & diém A, nhung ban
chéic chin c6 thé 1am nhu vay bing cach di chuyen
dén hiu hét moi diém khéc cuia can phong. Tuy vay,
rit la 1a cdu hoi sau day van con la mot phong doan
mo:
Liéu cé ton tai hay khong mét can phong da gidc don
khéng thé dwgc chiéu sang tir bat ky diém nao?
Biy gio hdy xem diéu gi s& xay ra néu ta mo rong
dinh nghia cua ta vé mdt cdn phong, cho phép co
nhimg cin phong ¢6 tudong l1a nhimg duong cong o
thé khac nhau. Trong truémg hgp ndy, c6 nhirng can
phong khéng thé dugc chiéu sang tir bat ky diém
nio, mét trong s6 dé6 dugc minh hoa trong hinh 10.
N6 duge xay dyng tir hai nira hinh elip dong dang ¢6
céc tiéu diém duoc dan nhan
F . Ban doc c6 thé xac minh
dwoc ring bat ky chim anh
sing nao di qua vung co
nhan X khong bao gio co
thé di qua mot trong cic
viung c6 nhan ¥ va nguoc
lai,
5. Cdc viin dé 1y thia danh cho ban doc quan tAm
Bii todn vé phong trung bay nghé thudt cua V. Klee
da thic day nhiéu nghién ciru phong phu va cho téi
nay né van dugc nhiéu ngudi quan tam. Céc van dé
nay hoan toan chira day nhimng van dé tha vi ma bat
ky ai ciing c6 thé giai quyét véi kién thirc toan hoc

Hinh 10
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Trudc ddy trén Tap chi Todn hoc va Tudi tré c6 bai
{mg dung cua ding thic

(a+b +c)(ab+be +ca)—(a+b)(b+c)(c+a)+abc

vao gidi toan ching minh BDT. Trong bai viét niy
tac gia tiép tuc khai thac dang thirc trén vao bai toan
chimg minh BDT.

Tir ding thirc trén c6 thé viét lai duéi hai dang tuong
duong sau

a+b+b+c c+a a+b b+c c+a

Dang I: + +2= : .
c a b c a b
b
Dang a be ca
(c+a)c+b) (a +b)(a+c) (b+c)b+a)
P 2abc _
(@a+b)b+c)c+a)

Biy gio ching ta di }im hiéu tmg dung cta hai dang
trén théng qua mdt so thi du sau.

1. Ung dung trong dbi bién s6 dé ching minh bt
dang thirc.

a) Ung dung cua dang 1

Thidu 1. Cho x,y,z la cdc s6 thwe diremg thoa man

r+y+z+2=xyz, chung minh rdng
I 1 1 3
vI+ 4
Chirng minh. T\ gid thiét x+y+z+2=xpz tontai

-J_\ + -1

céc s6 thyc dwong a;b;c sao cho

b+c c+a a+b

X=

1 R
A e 4a+b+c \[bﬂ’«‘ﬂ’ feva+h

Ap dung BDT Bunyakovsky ta co:

b ¢ 3
Vrepol—5—a + Jﬁ\/—
[4a+b+c ab+c+a Adc+a+b 2
. 1
a b c
< <=
+ + 2

da+b+c db+c+a Adc+ath

AL | 1 T 6T g g
£ - P T]:'z A B | 2
L - ] rd _-"

gr——
(1% . i T ) e
| UNE Dune MAT BENG THUC
< I“\ & - “ '-'6! A ATk [ h .il ST .J l; TR

= # " [ '

-’ ~t
EYNWTPRY™ B vy %“ we o
TR ‘"k .‘5‘,#{;-4 AAla B BFAumnY S & 4 A

PHAM DUY KHANH
(GV THPT Quy Chau, Nahe Ai)’/i

b+c i c+a a+b

d4a+b+c 4b+c+a 4dc+a+b
Ap dung BDT Schwarz ta co:
(a+b) (b+c)

(a+b)2 +4c(a+b) (b+c)2 +4a(b+c)
(c«ﬁ-c‘.-)2

+(c+a)2 +4b(c+a)

21.

VT =

B 4(a+b+c)
- 2(.::2 +b* +cz)+10(ab+bc+ca)

B 2(c1-1-b+c:)2
(a+b+c) +3(ab+bc+ca)
Thi du 2. Cho cdc o thie a.b,e>1

Chimg minh rang

>1 (dpcm).

thaa man

a+bh+c+2=abc
[3

: = e SN 1
br.'\/;.f’ —l+cavbh’ -1+abVc -1¢ —:—~ abe.

Chirng minh. Tir gia thiét suy ra ton tai cac sé thuc
+z , Z+XxX xX+y

duong x,y,z saocho:a= ,b= ,Cc=
x y z

Do a,b,c>1 nén x,y,z la ba canh cia mot tam

giac. Ta co:

BBTc:»\ﬁ—-I; +J;—L1 +\[l—i2 sﬁ
a b c 2

Jl— ¥ +J1— y +J1— z ,53‘5
(y+2) (z+x) (x+y)y 2

ol SB+y+2)(y+z-x) +,/3(x+y+z)(z+x—y)

ZA=X

+\/ix+y+z)(x+y-—z) <

x+y

y+z

&
5

Theo BPT Cauchy ta c6:

vreg-—2 -2 = 2
y+z z+x x+y 2

X 4+ Y % 53 (14 BDT Nesbitt) (dpem).
y+z z+x x+ty

TOFIN HOC 3 9
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Thi dy 3. Cho cdc 56 thue a.b.c>1  thoa man

1
-—+El)-+—l- =1. Ching minh (a—1)(b-1)(c-1)28.

a C

1 1 1
” i .. i + =1
Chirng minh. Ta cé: Tew ey bz

+Hy+1)(z+1)+(z+1)(x+1)

=(x+1)(y+1)(z+1)
S x+y+2z+2=xyz. Do do:
1 + 1 " 1 ”
b+c c+a a+b
I+——— 1+ 1+ ——
a b c
Luc d6 ton tai cac s6 duong x,y,z sao cho:

S (x+1)(y+1)+

dang 1 <

_X+y+4 b_.\'""_l'i" c_x+y+z K_h]d(':)
== ¥ i ’ == ®

x ¥y z
BDT & (x+y)(y+ z)(z+x)28xyz (dpem).
Thi du 4. Cho cdc 56 thic x,y,z >0

thoa man
Y+yv+z=xz. Chimg minh rang
1 | ] 3
—_— <= (1)
\{’1"’_1"3 \c'l+:2 2

Chirng minh. Gia thiét @—1—+—1—+l=1.

Xy yz =zx
b+c

—_——

Vi xo

a+b

+
Pat xy= l+——,_w 1+ i,
c

»ZX=14+—— ta cé:
b

= ala+b+c) , _bla+b+c) P cla+b+c)
Be Y g ab
Khi d6: (I)QJ

(c+ a)(c+b) \/(a +b)(a+c)

+ -———m—-——sg-. Ta co:
(b+ec)b+a) 2

VTs 2 _4 g + i +_c_+_c_+_a_J é
2\c+a c+b a+b a+c b+c b+a) 2

b) Ung dung cia dang 2
Thidu 1. Cho ~.y.z la cdc s thue dwong thoa man

X+ yz+zx+2xyz =1, Chirng minh rdang

3 / [ 3 3
VI-x" + 1= % + - :'fB—\/ (1).
Chieng minh. T gia thiét xp+ yz + zx+ 2xyz=1 ta

c

? .z:
b+c c+a’  a+b

o] )

TOAN HOC
40 * crusige

c6 thé dat: x= , khi do:

S 537(3-2022)

@Zt(a+b)(a+c)‘f(a+b+c)(b+c—a)
343

<—-——(a+b)(b+c)(c+a)

©2) (a+b)(a+c)\f[a+b+c)(3b+3c—3a)

<9(a+b)(b+c)(c+a).

Ap dung BDT Cauchy ta cé:
VTS(a+b)(a+c)(4b+4c—2a)+(b+c)(b+a)(4c+4a-2b)

+(c+a)(c+b)(4a+4b—2c). Ta chimg minh:
(a+b)(a+c)(4b+4c—2a)+(b+c)(b+a)(4c+4a—2b)
+(c+ a)(c+b)(4a+4b-2c‘) < VP. That vay
BDT & 3(a+b)(b+c)(c+a)<2a(a+b)(a+c)
+2b(b+c)(b+a)+20(c+a)(c+b)
4|n2(c:’+l:»’+c’)2a2 (b+c)+b? (c+a)+c*(a+b).
Taco: a'+a* +b° >3a%; a* +4° +¢° >3d’c;
b+ +d® 230 B +b 16t > 3b%c;
cC++a23c%a; P+ b > 3c%h.
Cong theo vé cic BDT cing chidu trén ta c6 dpcm.
Thi du 2. Cho

x= +y 4224 2xz =1,

X, yv,z>0 thoa man

Chirng minh rang
. 1
Wryztmxs—+2yz (1)

Chiimg minh. T\ gia thiét cua bai toan ta suy ra tdn
tai céc s6 duong a,b,¢ sao cho

_ be _ ca _ ab
“Vartxara” \}(b+cxb+a)’z' (c+a)c+b)’
Khi d6: (1) &2 ’ [
b+c (a+b)(a+c) c+a {b+r:)(b+a)
+ + 2abc
a+b (c+a)(c+b) 2 (a+b)(b+c)(c+a)

= 2a\/bc(b +a)(c+a)+2b\/ca(c+ bXa+b)
+2c\Jab(a+c)b+c) < (a+b)b+c)(c+ a)+4abe.

VT Sa(ab+ac+2bc)+b(ba+bc+ 2ca)

+c(ca+ch+ 2ab)=VP (dpcm).
Thidu3.Cho a,b,¢ >0 thoa man

I R S S
(a+1) (h+1) (c+1) (@+1)b+1)c+1)

Chieng minh rang: abe > 1.

https://tieulun.hopto.org
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Chimg minh. Tu di€u kign cia bai toan suy ra ton

@i x,» z>0saocho: ga+1= (‘+y)(x+z)
2t 2lina), ﬁ

46 BDT céan chimg minh tré thanh

e ),
e (lxr+2)0e+2) oz )y +2) o)~z
x(m—ﬁ)zw.

Ap dung BDT Bunyakovsky ta cé:

,}(x+y)(x+z)~\/37z2x;,/ y+z)(y+x)-Vx 2 p;
J(z+x)(z+y)—‘jx; 2z

Nhan theo vé cdc BDT cing chiéu trén ta c6 dpem.
Thi du 4. Chung minh rang véi moi tam gidgc ABC
ta luon c6 bat dang thiec

z 2 ) 2 125

(1+cos A)(1+cos BJ(I +cos C)Z? (1).
4

Chimg minh. V6i moi tam gidc ABC ta c6 dang
thirc: cos? A+cos® B+cos’ C+2cos Acos BcosC=1(*)

Néu AABC ti hodc vudng tir (*) ta suy ra:
cos’ A+cos’ B+cos’C =1, tir d6 ta suy ra BDT

ding. XétA4BC nhon. T (*) ta suy ra ton tai
yz
¥ ho: cos A= |———m,
x,¥,2>0 sao cho: ¢ D)
cosB= o ,cosC= . [—
(y+z)(y+x) V(z+x)(z+))
2
Da[,‘az 2x ’b= zy LB ‘ 7
y+z zZ+Xx x+y
Véi cich dat d6 thi a+b+e23,abcs] va

ab+bc+ca+abc=4. Taco:
(1) < (4+ab)(4+bc)(4+ ca)2125

3
S —+4(a+b+c)+abc216.
abe

+h+c)212.

Ta ¢ —~l——+abc.>_2; —%-22; 4(a

abe abc
Cong cic BDT cing chiéu ta c6 dpem.

O

2. Ung dung dé thu gon va ching minh bit ding
thire.
Thi du 1. Cho x,y,zz0. Chimg minh bat dang
thite: (x+y) (v+ Y (z+x)

> xyz(x+ v +2z)(y+z+2x)(z+x+2y) (1).
Chirng minh. TH1: Néu it nhit mgt trong ba bién
béng 0 thi BPT la tam thuong.
TH2: xyz # 0. Khi dé:

x+Yy : y+z z+x i
)=
z x y

>(x+y+2J[y+z +2).

R Z X
+y.b_y+z'c_z+x

L] - x ] y

a+b+c+2=abc va a+b+c=26. Do dé:
(1) & a’b’c? 2(a+2)(b+2)(c+2)
o (a+b+c+2) 2(a+2)(b+2)(c+2)

oa+b+cl>abc+d o al+b +ct2a+b+c+6.
Theo BDT Bunyakovsky ta cd:

(a +b+c)
3

+2J[z+x
¥

, ta co:

. x
Pit a =

a’+b*+c* 2 22(a+b+c)2a+b+c+6.

Thi du 2. Cho a, b, ¢ >0. Chimg minh r&ng

[ 1 [

a
Ja" +(b+¢']‘

Chirng minh.

N 1 i 1 1

e o e

. b+c c+a a+b
pat x= Y= r2 =
a b c

x+y+z+2=xyz. Khidé (1) c6 dang:
" 1 3 1
\/14-_)«'3 1+

: > 22.
J(l+x)(l+x+x2) 2+x
2 1 5 2 '
2+2*

1 II
h e

_>1 (1)
\' +{a+b) ()

\b +(c+a)

ta ¢o:

=1.

1
\fl+x’

Ta thiy ——

\/1+x

1
Tuong tyu: =
J1+

Cong cac BDT ciing chiéu trén ta cé:
1 L, 2 2 2

1
+ + > + ;
Jd+xd i+y V142 2+)y* 2+7°

‘t'o org

2+y* " 1+2°

2+’

TOﬁN HOC
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5 ) - . 2 % 2
Ta can chimg minh: 242

=1 (**).
2+x% 2+)°

(**) ‘3::>3(Jr2 +y? +zz)+1222(xy+yz +zx)+4(x+y+z).

Ta co: 2(x2+y2+z2)22(xy+yz+zx) va

2
+y+z

x2+y2+z2+122(—x—3-)—+1224(x+y+z)'

Cong hai BDT trén ta c6 didu cdn chimg minh.
Thi du 3. Cho a,b,c>0. Chimg minh bat dang
b P

thirc sau: — - — o — ;—-—,51 (.
2 +{b+c-a) 2 +(c+a-b) 2 +(a+h-c)
Chirng minh.
1
- : =+ 1 =+ PR <1
2+(b3—c-1j 2+["—+"-1) 2+[i—)
a b c
+b ;
bit: x=b+c—-1;y=-c-*-—a—l;z=a —1. Taco:
a b c

(x+l)+(y+1)+(z+1)+2=(x+1)(y+1)(z+1)
< xy+ yz+zx+ xyz = 4. Ta chn chimg minh:
L + : + L <1
2+x7 243 2422
S x*y? + 3227 4+ 222 +x’y’z' >4,
Ap dung BDT Bunyakovsky ta co:

(xy +yz+zx+xy:«:)2
4

Thi du 4. Chimg minh rang voi moi sé thiee duong

a,b,c taco:

Jc‘?y2 + yzz2 +zix% + ):zyzz2 2

=4,

o

(2a+b+c)

5

(2b+c+a)
2@ +(b+c) 2 +(c+a)3 2¢° +(a+b)
Chirng minh. Ta c6 két qua quen thudc sau:

a’+b* +c* +3abe > ab(a+b)+bc(b+c)+ca(c+a)

. (2c+a+b) ,

Py

(BDT Schur)
s a+b_b+c+b+c'c+a+c+a.a+b
c a a b b c
22(a+b+b+c+c+a

c a b

~ b+c c+a a+b
bat x=—;y= ) ;z2= Dx+y+z+2=x
a c

va xy+yz+zx22(x+y+z). Khi dé:

2 2 2
BoTe U2 (042 (r+2)!
x°+2 yo+2 Ak

TOAN H i
42 - crumg; S8 537(3-2022)

2 2
3_(x+2)2+3_(y+2) +3_()’2+2) >1
X +2 Y +2 y +2

) 2
(x—l)“+(y-—1)2+(z‘l) >1
< 42 Yy +2 22+2 2

2
) (x+y+z—3)
Ap dung BDT Schwarz ta cé: VT zm-

-~

x-!-y+z—3)2 "

1 o
Ta ching minh ( e That vay:

X+ +x"+6
BDT < ¥ +y2+22+4(xy+yz+zx)+12212(x+y+z).
Ap dung két qua trén ta cé:
4(xy+yz+zx)28(x+y+z),

ta chimg minh: x* + 3% +2° +1224(x+y +2)
¢::>(Jc—2)2+(y—2)2+(z-2)2 >0 (dpcm).

BAI TAP AP DUNG
I. Cho a,b,c>0 thoa min a+b+c+2=abc.
Chung minh rang: a) Ja+ b+x/ZS§\/cE.

Bty 1, 1 <1
V7+a V7+b T+ec

2. Choa,b,c>0 thoa min

P+l P+l A+1

Chimng minh ring ab + bc +ca < %

3. Cho x,y,z>1 thda man —1-+l+1=2. Ching
X y z

minh ring \x+ y+z >Jx—1 +yy—1+vz-1.

4. Cho a,b,c>0 thoa main ab+bc+ca+2abe =1.

s 1 1 1
Ching minh ring: a) —+g+-—2 4(a+b+c).
a c

b)\/%+ be ++/ca S%.

5. Céic s6

thuc a,b,c>0 théa main
a’+b* +c’ +2abc =1. Chimg minh ring
8) L., dabe2d. by Py be a3
c a b c a b 2
6. Cho a, b, c >0 thod min
1 1 1 2

+ + + =],
(a+1?  B+1°  (c+1)? (@+1(b+1(c+1)
Ching minh ring o +b%+c*+5> 2abe + 2(ab + be + ca).
7.Cho a,b,c 14 cic sb thuc duong, chimg minh rﬁng
(b+c-a)’ M (4:'-f~4:1—17)22 N (aﬂ!:—c)z2 53
a+(b+c) B +(c+a) +(a+b) 5
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~ Quang An, xi Nghia Thang,

rI, : ’ 1 £
IENG ANH QUA CAC BAI TOAN

PROBLEM: 4 1ourisy Gltraction in
is a big vertical whee] op, which pa
ridf.’. The wheel urns in such q 'th'u-,- 2

. i ]
height, h m, .”r’ @ passenger above the o L
given by the formula .

u ('f:fl'l‘ centre

Ssengers can

round is

h=60(1 - cos kt)

In this formula, k is a constant ¢ ;s the

' time in
minutes that has elapse

: l! Since !h() /)“-'!I-‘I'f.‘”g(’r
started the ride at ground level and IS measured
in radians.

One complete revolution of the wheel takes 30
minutes. Compute k.

Solution. One complete revolution takes 30
minutes means that the period of the function

h=60(1 — cos k)

BAI SO 78

1s 30 minutes. On the other hand, the function
h = 60(1 — cos k?)

has is a periodic function with the period 2{

Hence 2—H=30. And k =E~.
k 15

Remark: The above problem is extracted from a
A-level mathematics past paper.
TU VUNG

wheel : vong quay, banh xe
: mot vong (quay)
: chu ky

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

a revolution

period

TS R s .
wRkkEd Foldke de ke de dk e o ook e ok e Ao o o e oo T o o o e e ek e T e e e s R e e R e R e R R

BAI DICH SO 76

BAI TOAN. Trén mot ddy chuyén san xudt thiét
bi dien tu, xac suat ngdu nhién cia mét thiét b
khéng dat tiéu chuan la 0,045. Kiém tra ngau
nhién mét mau chon g5m 200 thiét bi. Tim xac

suat dé co hon 198 thiét bi dat tiéu chuan.

Li gigi. Goi X la s6 thiét bj dat tiéu chuan trong

mau chon. Ta can tim P(X > 198).

Tacé: P(X>198)=P(X=199) + P(X=200)
=200 x (0,045) x (0,955)'” + (0,955)*”
=0,00104.

t*“t*ttt###t*#*###*t#t*#*
NHIEU CACH GIAI ... (Tiép theo trang 43)

Nhdn xét. Toa soan da nhan dugc 1&i gidi cua :~not
s6 ban véi nhirng cach giai tuong nhu x:hu*ng.
cach giai da néu. Danh s4ch cac ban la: Tr:an Thi
Thanh Thiw, 11T1, Lé Thi Thanh Tam, Lé Ngo;
Citorig, Phan Thi Minh Chdu, 1172 THP

: : ¢y va Thien Hué; Truong
chu o Hué, Thira Thien Hué; $
huyén Quoc hoc huyén Tur Nghia,

s s o ok o o ok 6 o R ROK

Quing Ngai. LE MAI (Ha No)

Luru y: X dugce goi la bién ngiu nhién nhi thirc.
Nhin xét. Cac ban sau c6 bai dich tot, giri bai vé
Toa soan som: Cao Thi Khanh Chi, 8A, THCS
Cao Xuén Huy, Dién Chau, Nghé An; Trdn Van
Qudn, 12 Toan 1, THPT chuyén Hung Yén,
Hung Yén; Tran Duy Anh, 10 Anh 1, Ddng Quynh
Bdo Uyén, 10 Toan 2, Tran Thi Thanh Thu, 11
Toan 1, Nguyén Thi Khanh Linh, 12 Toan 2,
THPT chuyén Quéc hoc Hué, Thira Thién Hué.
HO HAI (Ha Nai)

s se s e o o o e o 3 8 3 a0 ok ok o o ok o o S o sk ok oSl R R oK o o R

Mdi céic ban giri 10i giai BAI TOAN 59 du6i day vé
Toa soan Tap chi TH&TT trudce ngay 30.4.2022
BAI TOAN 59. Cho (0) la dudng tron ngoai tiép
tam gidge ABC. Cac diém D, E ldn legt nam trong
cde doan thang AB va BC sae cho AD = AE. Cac
dwong trung triee cua BD va CE cat cde cung nho
AB va AC cua (0O) tgi cdc diem F va G neong ung.
Chirmg minh DE song song voi FG.
NGUYEN VAN BAN
(GV THCS Thanh Yén, H. Dign Bién, Dién Bién)

: TOAN HOC
s prttsEAieLIGRThBEFA ok




BAI TOAN 57. Cho AABC ¢4

A=2B =40

Chitng minh rang Ll— o +———]—.
AB  BC AC

Cidch 1. V& dudmg phin gide AD cua tam gidc

- — 1 — — ~
ABC= 4 = A, =5-BAC yma BAC =2.B nén

-_ — -~

A =4,=B = ADAB can A

tai D = DA=DB. ﬁ\

Ta c6:

acoh 5 L C
ABAC «» AADC (g.g)

BC_A4B_AC _AB+AC AB+AC

T dC ndnin DC ™ AD+DC DB+ DC
_AB+AC
_...BC
Tuong tir, ta co: AC? = AB(AB+BC) (2).
Tar (1) va (2) suyra: BC?* = AC? + AB.AC
=AB(AB+BC)+AB.AC=AB(AB+BC+AC)
AB BC
= —

BC AB+BC+ AC
= AC’ + AB.AC = AB(AB+BC)+ AB.AC
= AC(AC+4B)= AB(AB+BC+ AC)

AB _ AC+AB

T AC  AB+BC+AC
PR R L e il M
BC AC AT BC.CACT

Cich 2. B6 @& 1: Cho hinh thang  ABCD

(AB // CD). Hai duong chéo AC va BD cit nhau

tai O. Puong thang qua O va song song véi day

cuia hinh thang cat canh bén BC tai E, Chimng minh

= BC* = AC(AC+4B) (1)

(3). Tir (2) suy ra:

4

Chirng minh. Vi OE//AB//CD nén theo hé qua cua
dinh 1i Thales ta co:

4 4 T?ﬁl".'ug% S5 537(3-2022)

OFE _CE .OE_BE 2
. . Do do:
4B BC “CcD BC
OF OE _CE BE
AB CD BC BC 4 B
_CE+BE _BC _ '
BC  BC A
D 5
e e
OF AB €D
Tro lai bai todn. Dit ACB = x(x>0)=
ABC =2x, BAC=4x, vi ACB+ABC+ BAC =180
= 7x=180°. V& hinh thang ¢ A
BACM sao cho BM [/ AC N
via BM = BC. 0
M B

Goi O = AM N BC.
Keé ON /) BM (N e AB), theo Bé dé 1 ta co:

1 __1_ L 1 1 (1).
ON AC BM AC BC
Vi BM [/ AC=> CBM = ACB=x=> ABM =3x.
Vi ABCM cin tai B nén
— 180°-CBM 7x-=x

BMC = = = =3x.
2 2

Suy ra BACM la hinh thang can = AM = BC
= AM = BM = AAMB cén tai M

= MAB = ABM =3x (2).

Vi BM /| ON = ONA = 4BM =3x (3),

T (2) va (3) = AOAN céntai 0= 04 = ON (4).
Xét AOAB 6 OAB=3x va ABO=2x

= AOB =180" — ABO— OB = Tx—2x—3x = 2x

nén AOABcin tai 4= 0A=A4AB (5). Tu m,®
1 1 1

Céch 3. Bo d& 2: Cho tam gide ABC c¢6 duong

phan gidc trong AD . Qua D ké duong thang song

song voi AC cat canh AB tai E . Chimg minh

I 1 1
rang e

AB AC AE
Chieng minh. Vi DE /AC nén theo dinh 1i Thales

AE  DC
tacé: 2= === (1). Vi DE // AC = CAD = ADE.
©: 28 Bc 4

ma BAD = CAD (gt) :>EAD=ADE::>AEAD can
tai E£= AE =ED.

https://tieulun.hopto.org
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yvi DE /| AC nén theo h¢ qua
cua dinh li Thales ta co: A
AE _DE _BD
ac_4c _Bc @ E
Tir (1) va (2) suy ra:

AEAE__ _1__1 1 B D C

Tyo lai bai toan. Qua A ké dudng thing song song
yoi BC cat tia phan gidc cua
e i M. Goi
N=ABNCM , theo b6 d@é 2

Goi O=BMnNAC, ta co M4 J| BC
.__:,A/‘_"MB=CBM=x va M’?é:xﬁ=x, tir d6 suy
ra AOAM va AOBC cin tai O = OM =04,
0C=0B = BM = AC (2). Do d6 tir gisc ABCM

la hinh — MCB = ABC =2x
:m:2x=>Nm=WM+;@:2x+x=3x
:BAM:lso“—(n‘b?FwM):

thang cén

x—(x+3x)=3x.
Tirdé ABMN cantai B = BM = BN (3).
1 1 1

Tir(1); (2 N =>—=—t—

ir (1); (2) va (3) 5 B AC

Cdch 4. Trén cung mot
nra mat phing by AC
khong chia diém B liy
diém D sao cho CA=CD
va CA la tia phan gic cua

DCB. Xét tam giac can  CAD co
— 0 — ACD —
Gip= 180 —ACD _ 7"2 Fe o

= CAD+ CAB = 35+ 4x=Tx=180° nén ba diém
B,D,A thing hang, K¢ AMI/IBC (M € CD), theo

g il I

s ol

Bod‘e,?taco AC BC CD CM

Xét hinh thang ABCM c6 ABC = MCB (=2x) nén

ABCM 14 hinh thang can = AB=CM (2)
1
mﬁf.l) vi(2) =

+_.—-=-'-'_"
-

CACAB

TR

R T T T e -

Cich 5. (hinh & cdch 4) Trén tia doi cua tia AB lay
diém D sao cho CA la tia phan giéc cua BCD. Ta c6:
DAC =C, + B =3x. Xét ABCD c6 B=BCD=2x

— ABCD can tai D =>BD=CD va BDC=180°-2B
— Tx—4x =3x = ACAD can tai C = C4A=CD.
Ap dung tinh chét duomg phan giéc trong ACBD ta
_AD BD-AB _CD-A4B
=D 0D

4B _, 4B
SneD

4B_, 4B
BC AC
Cdach 6. Trén mra mat phéng by BC khong chira

(2). Tir (1) va (2) suy ra:

T o
AB AR . s

BC AC AB’

BC AC

A liy diém D sao cho A

CD=CB va CB la tia 4\.;

W ‘M, C
phan gidc cua goc ACD. BW
Liy diém E trén doan N

P

CD sao cho CE=CA
—s ACEB = ACAB => ABC = EBC =2x. Xét ACBD
can tai C va c¢o 563‘=x :>E§T)=C‘TD_B:3x
:lﬁ=5§&—£§2‘=3x 2% =%,
Ta ¢6 BDE=3x vi DBE=x = BED=3x
— ABDE c¢éan tai B = BD = BE = AB = ABAD
180°~4BD _ 7x—5x _

2 2
Goi M=ADNBC, ta coé: MAC = BAC — BAD=4x—x=3x.
Xét ACAM ¢6 ACM=x va MAC=3x
= AMC =3x nén ACAM cantai C = CA=CM.
Xét ACAD c¢6 ACD=2x va MAC=3x
= ADC =2x nén ACAD cén tal A = CA=
T CA=CM va CA=DA c¢6 CM = AD . Hai tam
gidc can BAD va NCM c¢6 hai goc day déu bang x
vdi CM =AD nén ching bing nhau din dén
AB=CN. Xét ACAD c¢6 CM la duong phan giic

nén theo bé dé 2 ta c6:
1 1 1 1 1 1

CA CB CA CD CN 4B

NGUYEN ANH TUAN
(GV THCS Hoa Hiéu 2, TX. Thai Hoa, Nghé An)
(Tiép theo trang 43)

cﬁntaiB::'ﬂD=§I-J:4=
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BAI TOAN 66. Gid st fin) Ia him s& xde dinh
Irén tap hop sé tw nhién va !ci\' gia tri trong tap
hop do. Chimg minh rang néu véi méi n ma co bal
dang thirc fin + 1) > ARAn)) thi véi moi n sé ¢6
dang thirc fin) = n.
Lot giai. Cach 1. Truéc hét ta chimg minh ménh
dé: Vi méi sé tw nhién k va véi moi s6 tu nhién
n2 ktaco bat dang thirc fin) > k.
Ta chimg minh bang phuong phap quy nap theo
k. V&i k= 1 thi ménh d¢ dung vi ham s6 f{n) chi
ldy gi4 tri trong N'. Gia sit ménh d& dang véi k.
Xétsébn>k+1,taco: n—1 > k va tir gia thiét
quy nap ta co: fln — 1) 2 kvaf{fin - 1)) > k.
Theo bai ra f{n) > f{fin — 1)) nén fin) > k hay
f(n) 2 k+ 1. Ménh dé dugc chimg minh.
Tir day suy ra véi moi k e N' thi f{k) > k.
Bay gi0 gia s ton tai s meN'sao cho
Sfim) > m.
Goi A = {f{n)| n>m} va goi /= f(p) = mind.
Ta chitng minh f{p — 1) > m.
That vy, vi p — 1 > m nén:
néup-1>mthi fip-1)2p-1
va néup—1=mthi fm)>fm).
Xét s6 nguyén duong ¢ = fiflp - 1)). Tir lap

bat dﬁng tht'tcj[p) > fifin — 1)), vady g < 1. Diéu
nay mau thuén vi / 14 phan tir nho nhét cua 4.

46 T?gruuﬁl;é S8 537(3-2022)

Ta dd ching minh mén dé f{m) > m la sai, viy
vdi moi n e N thi f{n) = n.
Céch 2. Gia sir ton tai him s6 f thoa min yéu
cau bai todn. Dt d =min{/f(n)|n€Z"}. Goi
m 14 56 thoa man f{m) = d.
Gia st m > 1 = d = flm) > f{fim — 1)), mau
thuin = m = 1. Nhu vay f(n) dat gia tri nho
nhét tai n = 1. Xét tap hop: {f(n)| n = 2}. Chiing
minh twong ty ta ciing c6:

A12) = min{f{n)| n > 2}.
Hon nita f{1) < f2) vi néu f{1) = f2) thi
A1) =A2)> fif(1)), mau thuin. Lap luin twong
twnhu trén, ta co: 1) <A2) <f3)<... (1)
Vi f(n)eZ' nén fin) > 1. Két hop véi (1) suy
ra f(n)2nvéimoi neZ’.
Gia sur ton tai k sao cho fik) > k= fik) >k + 1
= flk+ 1) > fifik) = fik + 1), vo Iy.

Do d6 fin) =n véimoi neZ*.

Nhdn xét. Co ba ban giai dung bai nay va giai nhu
cach 2 ¢ trén. D6 1a cic ban: Tran Vin Quan, 12
Toan 1, THPT chuyén Hung Yén, Hung Yén;
Truong Quang An, xi Nghia Thing, huyén Tw
Nghia, Quéang Ngai. Tran Thj Thanh Thu, 11T1,
THPT chuyén Qudc hoc Hué, Thira Thién Hué. Xin
hoan nghénh cac ban.

NHU HOANG

https://tieulun.hopto.org
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GIAI PAP: LOI GIAI DA PUNG CHUA?
(Dé dang trén TH&TT 56 532, thang 10 nam 2021)

Phin tich sai lam. 1) Goi A, 12 bién cb toa thir ;

khong €6 nguoi, i=1,2,...,12. Do 6 xdc suit dé
cic toa ab,c b ngudi lin lugt 13
P(A,), P(4,), P(4) chi khong phai Ia

P(4,), P(4,), P(4,).
2) V6i moi 7,je{l,2,.,12} vi i%; ta c6

RISl
P(A‘) =P(A")=(I_Z_J . Bién co A; ﬁAJ la blél‘l
c6 ca haitoa i va j déu khéng c6 ngudi. Ta thay

5
PANA) = Suy 18 PAYP(A) % P(A (\4),
tirc 12 hai bién ¢6 4, 4, khong déc lap. Vi thé ta
khong thé 4p dung quy tic nhan xac suit.

Lai giai dung Vi 7 hanh khénh 1én ngau nhién 12
toa tau nén so phan tr cua khong gian mau la
n(Q)=12".

Ta sé tinh x4c suit dé c6 ding 1 toa khong cé

nguoi.
Pianh $6 céc toa tir 1 dén 12,

C6 C}, cach chon ra 3 toa tir 12 toa. Chéng han 3
toa dugc chon 13 cac toa a, b, c. Ta s€ tinh s0
truong hop 7 hanh khach Ién tau sao cho cic toa
a,b,c déu c6 nguoi, con cic toa
ie{l,2,...,12} \{a,b,c} déukhong c6 ngudi.

- S6 truomg hop 7 hanh khach chi lén céc toa a,

b, e va khong 1én céc toa khac 1a 37;

- 86 tromg hop 7 hanh khach chi 1én khong qua

2trong 3 toa a, b, ¢ va khong lén cdc toa khic 1

32
- Nhu vay, sé truong hop 7 hanh khach chi lén

céctoa a, b, ¢ sao cho méi toa nay déu co ngudi,

vi ﬁt cA nhimg toa khéc khong c6 nguoi la

F!— -rey
-
P

e i T RS SRR W FESE W TR

Do d6, s6 truémg hep c6 ding 3 toa tau c6 ngudi
i C;(37 -3.27).
ch(3"=

3027)
T ~0,011.

X4c suat can tinh la
Chon dép an B.
Nhgn xét. Rit tiéc 1a khong c6 ban nao phat hi¢n ra sai

ldm trong 1o giai bai toan.

Bai toan. C6bao nhiéu so tu nhién c6 6 chiz so, trong
d6 chiz 56 1 xudt hién 2 ln, chir sé 2 xudt hién 2 lan,
cdc chit 56 3, 4 mi chir s6 xudt hign 1 lan, dong thoi
cdc chit s6 | khong dimg canh nhau, cdc chir 56 2
khong dimg eanh nhau?

Sau day la loi giai cua ban Minh:
Sé sb tur nhién c6 6 chir s6, trong d6 chir sb 1 xuat hién
2 lan, chir sb 2 xuét hién 2 lan, céc chir s6 3, 4 moi chir

S R ! ’
so xuat hién 1 lan 1a i~=180 sO.
21.2!

S6 sb tur nhién ¢ 6 chit sd, trong d6 chix s6 1 xuat hién
2 Tan, chir s6 2 xuat hién 2 Ian, cic chir s6 3, 4 méi chir
s6 xuat hién 1 lan, va cic chir so 1 lu6n dimg canh nhau
|
léi=60 so.
2!
S6 6 tur nhién 6 6 chir s6, trong d6 chir s6 1 xuat hién
2 14n, chir s6 2 xuat hién 2 Ian, cc chit s6 3, 4 mdi chir
56 xuét hién 1 lan, va cic chir s6 2 ludn dimg canh nhau
! %
=60 st
2!
Vay s6 s tur nhién ¢6 6 chit s6, trong d6 chir s6 1 xuét
hién 2 lan, chir 56 2 xuat hién 2 1an, céc chit s6 3, 4 mdi
chit s6 xuit hign 1 lan, ddng thdi cac chit s6 1 khong
dimg canh nhau, c4c chir s6 2 khong dimg canh nhau
la: 180 — 60— 60 = 60 sd.
Ban hay cho nhan xét vé Iéi giai ciia ban Minh

NGUYEN VAN XA
(GV THPT Yeén Phong so 2, Bac Ninh)
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Bai toan. C6 bao nhiéu s6 tir nhién co 6 chit 56, trong
d6 chiz s6 1 xuat hién 2 lan, chir s 2 xudt hién 2 lan,
cdc chir s6 3, 4 moi chir 56 xudt hién 1 lan, dong thoi
cdc chit s6 1 khong dimg canh nhau, cdc chit s6 2

khong dimg canh nhau?

Sau day la loi gidgi ciia ban Minh:
S sb tur nhién ¢ 6 chit sb, trong d6 chir s 1 xuat hién
2 1n, chit sb 2 xuét hién 2 lan, cic chir s6 3, 4 moOi chir
. fiiea 1 i g O %
soxuathién 1 1anla —— =180 so.
212!
Sé sb tur nhién ¢ 6 chit 8, trong d6 chit s6 1 xuat hién
2 14n, chit s6 2 xuét hién 2 1an, cac chir s6 3, 4 mbi chix
s6 xuét hién 1 14n, va céc chit sO 1 ludn dimg canh nhau
5! ,
la — =60 so.
2!
S s6 tu nhién cb 6 chi sb, trong d6 chit sb 1 xuét hién
2 14n, chir s 2 xuét hién 2 1an, cac chir s 3, 4 mdi chir
s6 xuét hién 1 14n, va cAc chit s6 2 ludn dimg canh nhau
5! ;
la — =60 so.
2!
Vay s0 sb tw nhién ¢6 6 chir s0, trong do chir s6 1 xubt
hién 2 lan, chit s6 2 xuét hién 2 Ian, cic chit s6 3, 4 mdi
chit s6 xuat hién 1 1an, ddng thdi cac chit s§ 1 khong
dimg canh nhau, cic chir s6 2 khong dimg canh nhau
1a: 180—60—60=60 sb.
Ban hdy cho nhin xét vé loi gidi cua ban Minh
NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)
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;’u(: saan( 1878, Giang Vi, pong Da, Ha Nal

1N §20.35721607,
g}- !B’g I;!Bnh: 02435142640, 02435682701
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BAN CO VAN KHOA HOC

GS. TSKH. TRAN VAN NHUNG
TS.NGUYEN VAN VONG
GS. POAN QUYNH
PGS.TS. TRAN VAN HAO

HOI DONG BIEN TAP

T6ng bién tap : TS. TRAN HUU NAM
Thu ki Toa soan : ThS. HO QUANG VINH

CHIU TRACH NHIEM XUAT BAN
" Chi tjch Hoi d6ng Thanh vién
NXBGD Viét Nam

NGUYEN BUC THAI

Téng Gidm d6c NXBGD Viét Nam
HOANG LE BACH

Téng Bien tap NXBGD Viét Nam
PHAM VINH THAI
Vién trwémg Vien nghién ciu Sich va HLGD
PHAN XUAN THANH

Phd téng bién tgp : CN. TRAN THI KIM CUONG
75. LE HONG MAI

TS. TRAN DINH CHAU, ThS, NGUYEN ANH DUNG, TS. TRAN NAM DUNG, T5. NGUYEN MINH DUC, T7S. NGUYEN MINH HA,
TS. NGUYEN VIET HAIL, PGS. TS. LE QUGC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS TS. TA DUY PHUUNG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL, ThS. VU KIM THUY, PGS.TS. VU

DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

@ Danh cho Trung hoc Co sé
For Lower Secondary School
Lé Viét An — Khai thac hang déang thirc binh
phwong dé giii mét sb phuong trinh vé ty.

Huéng dén giai dé thi vao 16p 10 THPT chuyén
Lé Quy Dén, tinh Binh Pinh, nim hoc 2020 -
2021,

@ Dé thi vao I6p 10 THPT chuyén Béc Giang,
ndm hoc 2021 - 2022,

' Dién dan day hoc toin
Lé Quang Hao — Phit trién tu duy cia hoc sinh
qua viéc khai thac loi giai mot bai toan,

0 Ban doc tim toi
Nguyén Ngoc Ti —
cao trong tam giic.

M@t tinh chit cua duong

' D& ra ky nay
T1/537,...,; T12/537, L1/537, L3537
Probiem in This [ssue

€D Gisi bii ki oruse
T1/533, ..., T12/533, L1/533, L2/533,

Solutions to Previous Problems

Bién tip: LE MAI, NHU HOANG

Tri 5u4, phait hanh: HOANG TH] KIM PHUONG, TRAN TH] MINH HIEN

£,

€5} Néichuyén véi cic ban tré yéu todn
Phan Duy Nghia — Hoc toan cé ich gi?

@ Ban cé biét
Hodng Dt Tdn — Dinh 1y Chvatal vé phong
trung bay nghé thuat.

€73 Phuong phip gidi toin
Pham Duy Khanh - Ung dung mot déng thic
trong chimg minh bét ding thrc,

A

{J Tiéng Ann qua cée bai todn — Baj s 78,
Bai dich s6 76.

Nhiéu cch giai cho mdt bai todn — Giai b;
todn 57. Dé bai toan 59,

13 Du lich thé gi6i qua cic bai toan hay - Giai
bii toan 66. D& bai toan 68.

@ Sai lam & day?

Mithugt: QUOC HIEP, THANH LONG
Thiél ké, ché ban: MINY HOA
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r\/ \ | tl'(rc thu@c Bd Giao duu va D.m (a0 ¢ nhiém
VU t6 chire bién soan, in dn, san xudt va phét hanh
cac san pham sich gido khoa, sich tham khao,
sach dién tur, thiét bi gido duc phuc vu giang day,
hoc tdp & cdc cap. bac hoc trén toan quéc.

Vi bé day hon 60 ndm thuc hién nhiém vu chinh
tri phuc vu nganh Gido duc, Nha xuat ban Gido
duc Viét Nam di hoan thanh xuat sic nhiém vu
trong cdc lan d6i méi chuong trinh va thay sach
gido khoa do Bo Gido duc va Dao tao phén cong.
Céc san pham gi4o duc cia Nha xuat ban Giao duc
Viét Nam luén ¢6 duoc su tin nhi€m, tin cay cua
nhiéu thé hé hoc sinh, phu huynh va g1a0 vién trén
moi mién to qué)c.

Thuc hién nhiém vu d6i méi chuong trinh sach
giao khoa gido duc pho thong, bén canh viéc bién
soan cac bo sach gidao khoa da dugc Bo truong
B Gido duc va Pao tao phé duyét; Nha xuat ban
Gido duc Viét Nam can cir vao quy dinh Thong tu
vé Danh muc thiét bi day hoc ti thiéu cz‘ip THPT
ciia B Gido duc va Pao tao, ciin cir vao triét li,
noi dung. dic diém cua cic bd sach gido khoa dé
t6 chirc thiét ké va san xuat cac san pham Thiét bi
day hoc lgp 10 méi dung chung cho cac b sach
giao khoa.

Pé chuan bi phuz. vu u)ng tac day va hoc cho GV va
HS trén moi micn 10 quoc nam hoc 2022 - 2023 va
nhitng nam tiép theo. NXBGDVN véi hon 35 nim
kinh nghiém trong san xuat va kinh doanh thiét bi
gido duc, cung véi doi nga chuyén gia giau kinh
nghiém, hoa si thiét ké chuyén nghiép va quy trinh
san xuat thiét bi hién dai da va dang t6 chirc nghién
ciru, xay dung, san xuat cac san pham TBDH theo
danh muc TBDH t6i thiéu danh cho cic cip hoc
bic hoc néi chung va 16p 10 néi riéng.

Lc'rp 10 véi 15 mén hoc, trong do ¢o hoat dong trai

nghiém htmng ngl:uép i&‘ m&udim hoan w’ah mi 3
me véi nhicu ndi dung chu dé “hép dan, budc dau
gido duc hudng nghiép cho cae em hoc sinh chép
chimg bude vao bac hoe THPT va day cling diéu
kién dé cic em duge kham phd ban than, kham pha
kha ning cua chinh minh. Dé giap mon hoc nay
thit b ich da c6 rat nhiéu thiét bi day hoc hé try
di kém dé GV va HS himg tha va yéu thich hon.
Ngoai ra v6i hang trim loai san pham thiét bi day
hoc phuc vu, hé tro cho cac mon hoc khac nam
trong danh muc thiét bi day hoc t6i thiéu 16p 10 do
Bo GDDT quy dinh.

Nim hoc 2022 — 2023 1a nim dau tién trién khai
thuc hién thay SGK theo chuong trinh GDPT 2018
ddi vai 16p 10, di doi voi SGK la cac loai thiét bi
day hoc tuong g hé tro cho cac bai hoc cua timg
moén hoc gitp cho GV va HS tuong tac voi1 nhau
nhiéu hon, khai thac va truyén tai noi dung day hoc
mot cach sinh dong, chan thuc va chat luong, dong
thoi théng qua thue hanh giap HS phat huy nang
luc 1am viée nhém tao sur say mé, himg tha déi vai
moén hoc qua dé phat trién nang luc va su sang tao,
tu duy va tri nhé dugc tot hon, cic em biét vén
dung li thuyét dua vao thuc hanh trong cugc sf)ng.
Day 1a hiéu qua to lén do thiét bi day hoc dem lai.

V6i viée xac dinh ding dan hiéu qua to 16n ma
TBDH dem lai cho cdng tac giang day, hoc tap cua
GV va HS trong nha truong. NXBGDVN da dau tur
nhan lue, tri luc, vat luc dé san xuat TBDH phuc vu
cho cac c'flp hoc, bac hoc. B6 TBDH cua Nha xuat
ban Gido duc Viét Nam dam bao mue dich day hoc,
¢6 tinh tham mi, than thién véi moi trudng, an toan
cho ngudi dung, gia thanh dam bao canh tranh, san
pham dugc dan tem cong nghé tich hop chéng hang
gia, hang nhéi, truy xuat nguén gbc va huéng dan
sir dung thiét bi gido duc trén ban dién tu.

(Xem tiep bia 3)

Gidy phép XB sé 534/GP-BTTTT cap ngay 19.11.2020; Ma sé: 8BT3M22

In tai Xi nghiép Ban do 1 - BQP
In xong va nop lwu chiéu thang 3 nam 2022
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