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Trong hinh hoc ¢6 nhimng bai todn tuy don gian
nhung lai ¢6 nhicu Ung dung 16n trong viéc giai
cac bai toan khac. Trong chuyén muc nay tac gia
trinh bay mét bai toan nhu viy.

Bai toan. Cho tam gidc ABC néi tiép diong tron
tam O. I la diém nam trong tam giac ABC, duong
tron dicong kinh Al cat AB, AC, (O) lan heot tai E,
F, M (M khac A). Khi do ABEM - ACFM.

That vay, ta co: A
MEA = MFA, suy ra: M
B - HTFC. F
Két hop MBA=MCA Bl
suy ra ABEM -~ ACFM B C
(g-2)

Sir dung két qua nay ching ta c6 thé giai quyét
duoc kha nhidu cac bai toan hinh hoc c6 clng céu
hinh.
Bai 1. Cho tam giac nhon ABC ndi tiép duong
tron (0) va AB < AC. Goi [ la tam dwong tron noi
tié}) tam gidc ABC. Duong thang Al car duong
tron (O) tai diém thir hai M (M khae A). Goi D. E
va F lan luot la cac hinh chiéu vuong goc cua
diem [ trén cdc duong thang BC, CA va AB.
Puong tron ngoai tiep tam gidc AEF cat dwong
tron (O) tai diém thir hai P (P khac A).
a) Chirng minh rang ba diem P, M, D thang hang
b) Goi H la giao diém cua dwong thang IP va
dwong thang EF. Chimg minh rang duong thang
HD song song voi duong thang AM.

(Thi vao 16p 10 chuyén Tin TP. Ha Noi. nam 2021)

Loi gidi. a) Theo két qua bai toan trén, ta co:

ABFP — ACEP nén L2 =B
PC_CE

Mit khac dé y BF = BD, CE = CD (tinh chét hai
PB BF BD

tiép tuyén cit nhau), nénta cé —=——=——_.
S ) PC CE CD

Do d6 PD la tia phan gic giac cua BPC nén
duong thing PD di qua diém chinh gita cung BC
khong chira 4 cua (0). Theo gia thiét AM 14 tia
phan gidc cia BAC nén M 1 diém chinh giira ciia
cung BC khong chira 4 cua (O).

Vay duong thing PD di qua M hay ba diém P, M,
D thiang hang.

b) Cdach 1. Ta co:
F PE _;
FE TS Dhg

PB PC
d6 APEF —~ APCB/(c.g.c).

ABFP -~ ACEP nén

EPF = EAF = CAB = CPB, do

Vi IE = IF nén PI la tia phén gisc EPF. Mit khac
PD 1a tia phan gidc cua B‘EE? nén suy Ia
APFH - APBD, ta ciing c6 APIF — APMB (g.8)-
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Do d6

PH _PF_ Pl PH_PD

PD PB M D PI PM

Vay HD // AM.

Cdch 2. Vi PH 14 tia phan giac cia EPF nén ta co
HF PF _BF
HE PE CE
AFE = 4EF, suyra BFH = CEH.
Do d6 ABFH — ACEH (c.g.c) suy ra:

Mit khac vi AF = AE nén

BH _BF
CH CE

BHF = CHE,

Tia PD la phan giac cia BPC nén 28 i3 =K :
DC PC CE
. DB BH « me agm e g

Do do e =a. Suy ra HD la tia phén giac cua

BHC hay BHD = CHD.
Két hop BHF =CHE, suy ra DHF =90° hay
DH 1 EF ma A 1 EF nén DH // Al Viy
DH /] AM.
Cdch 3. Gia sit tia DH cét duong thing 4B tai K.
Theo cach 1, tacé APFH —~ APBD, suy ra:
FPH = BPD, 2H _PF.
PD PB
—. _— PH PF
d6: DPH = BPF , ——= =1
Do PD  PB
Vay APHD - APFB (c.g.c).
Ta c6 PBK =PBF =PDH =PDK hay t gisc
BPKD ndi tiép, suy ra:

TOAN HOC
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BKD = BPD = BPM = BAM.

Do dé ta co: DK /| AM hay DH I/ AM.
Nhdn xét. Tu cach 3, ta co:

FKH = BKD = BAM = FPI = FPH.
Do d6 tor giac PKHF 1a tr giac noi tiép do
HK 1L HF nén PK L PF.
Bai 2. Cho tam giac ABC noi f,r‘é'p ducng tron ( 0)
va 6 dwong tron néi tiép (1) tiep xuc canh BC g
D. Duong tron duong kinh Al cat dirong tron (0)
Jan nira tai M, cat dirong thang qua A song song
voi canh BC tai N. Chirng minh rang diong thang
OM chia doi doan thang DN.
Loi gidi.

Goi E, F 1an luot 14 tiép diém cia (1) véi AC, AB:
H, K lan lugt 13 trung diém cua cung BC va
BAC. D2 thiy cac didm 4, I, i thing hing va A,
O, K thang hang.

Tacs ID 1 BC, INLAN (N thugc dudng tron
dl{Ung kinh A7) va AN // BC nén ba diém D, I, N
thang hang,

Theo bai toan 1, ta ¢6 ba diém M, D, H thing
hang,

Vi hi 5 .
1 00n diém 4, M, I, N cing thudc dudmg tron

——

duong Kinh 47 nen Az — AN,

https://tieulun.hopto.org



Do IN // HK (vi cung vudng goc vdi BC) nén
AIN = AHK = AMK. Suy ra
ba diém M, N, K thang hang.
Goi giao diém cua OM va DN 1a J, vi DN // HK
nén theo hé qua dinh li Thales ta co:

JD MJ UN

OH MO OK
Ma OH = OK nén JD = JN hay OM di qua trung
diém doan thang DN.

— —

AMN = AMK hay

Bai 3. Cho tam giac ABC noi tiép diring tron (O)
va co dirong tron noi ticp (1) .‘u:p xuce canh BC tai
D, H la hinh chiéu cua A trén BC. Dwong tron
dieong kinh Al car dieomg tron (O) tai diém M (M
khac A). va cat AH tai N. Chirng minh rang M, N,
D thang hang

Loi gidi.

Goi E, F lan lugt 1a giao diém cua dudng tron
dwomg kinh AT véi AC va AB. Gia st Al cét dudng
tron (O) tai diém tha hai 13 K.

Theo bai toan 1, ta co ba diém M, D, K thang
hang. ’
Tiép theo ta s& chimg minh N thudc duodng thang
di qua ba diém M, D, K.

Thét viy, gia sit dudng thing MK cit duong thing
AH tai N'.

Ta co: MEI = MAI - MAK.

. —_— 1 — —_— —_——
Ma MAK = sd MK =%(deB+sdBK)
1 — [ —_— —
= E(SdMB+SdKC) = MBD=N'DH,

do d6 ta co: MEI = N'DH. Chi ¥ rang:

MET + MEA=90°, HN'D + N DH =90°,
vay ta co MEA=HND hay @:W
Suyra N'thudc dudng tron duong kinh A7
Do dé N =N’ hay ba diém M, N, D thing hang.
Bai 4. Cho tam gigc ABC néi tiép dueng tron (0).
Mot duong tron qua A, O cit AB, AC lan luot tai
P, Q. Chirng minh rang truc tam tam gigc PQO
nam trén BC.
Loi gidi.
Bé dé. Cho tam gidc ABC néi tiép duong tron (O),
diém M la diém bat ki thudc duong tron sao cho
M khéng tring véi cdc dinh cua tam gidc. Goi Ay,
By, C, ldn luot 1d cdc diém d36i ximg voi M qua
cic duong thing BC, CA, AB. Khi dé ba diém Ay,
B,, C, va triec tdm H cua tam gidc ABC cung nam
trén mot duong thang (Puonmg thang nay la dudng
thdng Steiner ciia diém M doi véi tam gide ABC).

(Ban doc tw chimg minh B6 dé ndy).

Quay trd lai bai toan, goi (K) 12 dudng tron di qua

hai di€ém 4, O.

Gia su (K) cat (0) tai diém thi hai 1a M.

Ta co m=@=2m.8uyra:
MBP = PMB hay PM = PB.

shitps:4ite Il RGO




Theo bai toan diu tién ta c&6 APBM —~ AQCM do
d6 AQCM cén tai Q.

Chd ¥ OM = OB va OM = OC do d6 OP va 0Q 1a
duodng trung truc cia MB, MC. ’
Ap dung bd & trén cho tam gidc OPQ ndi tidp
duong tron (K) va M 13 diém thudc duong tron
(K), tir d6 suy ra tryc tdim H cia tam giac OPQ
nam trén BC.

Bai 5. Cho tam giac ABC nhon néi tiép duwong
tron (0). Goi I la trung diém ciua BC va H Ia tryc
tam tam gidc ABC; BH, CH cit CA, AB twong ting
tai E, F. Duong tron duong kinh AH cdt (0) tai
diém T (T khic A). Chimg minh TI la tia phan
gidc cua goc FTC.

Léi gidi. Goi Tn la tia ddi cua tia TB.

4
E
T
F
H
B ¥ c
TOAN HOC
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Vit gide ATBC ndi tiep dudng rdn (0) ng,
TN = ACB. o

Ta 6 BEC = BEC =90° nén bon diém B, F, g ¢
thupc mot duong tron nén suy p,

Cﬁng — —
AFE = ATE  pgp

JFE~-ECB=ACB. Ma E
TN = ATE hay TA la tia phan gidc ctia NTE,
Két hop AHT =90° (T thudc duomg tron dutng
kinh AH) nén suy ra TH la tia phén gidc cla Eﬁ’
Do d6 ta co: fﬁ'=2ﬁ=2@:2§§}-1

Tam gidc BEC vudng tai E, c6 I 1a trung diém BC
nén EIC = 2EBI.

Viéy ta dugc BTE =EIC, nén ti gidc BTEI nji
tiép. Ma IB = IE suy ra T7 14 tia phan gidc cta
BTE . Do d6 ba diém T, H, I thing hang,

Theo bai todn m& dau ta c6 ABFT —~ ACET, suy
ta BTF =CTE . Do d6 FIH = HTC .

Véy ta c6 77 1a tia phan giac cua F!'?E' :

Bai 6. Cho tir gidc ABCD théa man ABC = ADC.
Trén tia doi cua tia DA lay diém P, trén tia doi
cua tia BA ldy diém O sao cho DCP = EEQ Goi
O\, Oy lan lugt la tam cua duwong tron ngoai tiép
AdBDva AAPQ. Gid si hai ducng tron (O)) va
(0?) khong tiép xic nhau, chimg minh rdng dwong
thang 0,0, di qua trung diém doan thang AC.

Léi gidi,

(Xem tidp trang ? 0)

https://tieulun.hopto.org



HUONG DAN GIAI PE THI CHON HOC SINH GIOI MON TOAN
LOP 9 TINH BINH PINH, NAM HQC 2020 — 2021

Bai 1. 1) Giai phurong trinh:

\/x—\/xz -1 +\/x+\/x2 -1=2 (1.

2) Cho cac s6 thuc a, b, ¢ thoa man 2b=c

>4 (2).
a

Chitng minh rang phuong trinh: ax” + bx + ¢ =0 (3)
luon co nghiém.

Loi gidi. 1) DK: x > 1. Taco:

(1) & (=N =)+ (et 1)+ 2 ~(x* ~1) =4
S 2x+2=4 & x=1.

Vay PT(1) c6 mdt nghiém x = 1.

2) Via # 0 nén co6 3 trudong hop:

TH1: a>0; ¢ =2 0. Khi dé:

(2) < 2b > 4a+c 2 2v/4ac (BDT Cauchy)

— b’ > dac < A =b*—4ac > 0 < PT(3) co

nghiém.

TH2: a<0;¢c < 0.Khidé: (2) & 2b < 4a+tc

& —2b 2 (—4a) + (—¢) 2 2y/(-4a)(-¢)

= b2 > dac & A =b*—4ac 2 0 & PT(3)ch
pghiém.
TH3:a>0;¢ < Ohoaca<0;¢ 2 0. Khi do:

A =b%—4dac 2 0 < PT(3) c6 nghiém.
Viay PT(3) ludn c6 nghiém.

Bai 2. 1) Tim nghiém nguyén cua phuong trinh:

(x2 + y)(x +y ) = (x—y)3 (1).

2) Cho 69 56 nguyén dwong phdn biét khong vugt
qud 100. Chirng minh rang c6 thé chon ra tir 69 50
do 4 s6 sao cho trong ching c6 1 s bang téng
cua 3 s6 con lai.
Lai gidi. 1) Bién doi:

1) <& © + 1 +xy~i—y3 = -3y + 3ch2—y3
= 2y3 +x2y2+ 3x2y—3xy2+xy=0

& y[2y2 +xy+ 3x? —3xy+x]=0

&y + 3= 3x) + (3% + )] =0
& y=0hoic 2y’ +y(x* = 3x) + 3x* +x)=0(2)
Xem (2) 1a phuong trinh bac hai 4n y (x 1a tham
s0), ta co:
A =(x*-3x)* - 8(3x° + x)
=x* — 6 + 9x* - 24x* — 8x
=x* — 6x° — 15x* — 8x = x(x> — 6x* — 15x — 8)
-:}c(x3 +x*—Tx* = Tx—8x—8)
= x[xX(x + 1) = Tx(x + 1) — 8(x + 1)]
= x(x + 1) - Tx — 8) = x(x + 1)*(x - 8).
Piéu kién dé phwong trinh (1) c6 nghi¢m nguyén
13 A 12 sb chinh phuong. Do do:
x(x—8)=a2 (ae Z)
& P —8x-a*=0
o x-4)7-d"=16
& (x—4-a)(x—4+a)=16.
Vi hai thira s& & vé trai c6 tdng 1a sb chén va tich
13 sé chin nén chung déu 1a s6 chin.

Xét cac truong hop:

x—4-a=2 x=9
- @ .
x—4+a=8 a=3
Thay x =9 vao PT(2) ta dugc:

-6
27+ 54y +252=0 & | .
y, =-21

Khi 46 (x; y) €{(9; -6), (9; —21)}.
x—4-a=28 x=9

. ~ .
x—4+a=2 a=-3

x—4-a=4 x=38
| = .
x—-4+a=4 a=0
Thay x = 8 vao PT(2) ta dugc:
2% — 40y +200=0 < (y— 10 =0

< y=10.
Khi d6 (x; y) = (8; 10).
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x—4+a=-8

PT(2) ta dugc: 2)° + 4y +2=0 < (v + 1)=0
< y=-1.Khidé6 (x; y) = (-1; -1).

x-4-a=-8 x=-1
. = :
x—4+a=-2 a=3
{x*4—a=—4 {x=0
8 1=
x—-4+a=-4 a=0
ta duoc: y = 0. Khi d6 (x; y) = (0; 0).
Véy cac nghiém nguyén cia phwong trinh (1):
(5) € {(9;-6), (9; -21), (8; 10), (<1;-1), (k; 0)},

ke Z.
2) Gia sir 69 s6 nguyén duong phén biét nho hon

. Thay x = 0 vao PT(2)

1001a: 1 < gy <a;<ay<..<ag < 100.
Dé thdy: a; > 2;a3 > 3; ... ; ag > 69;
1 <a <32

Xét 2 day sé:

1 < G-@<as-ar<..<ag-a, < 100-2
=98 (1);

4 <asta <as+a <..<ag+a <100+32
=132 (2).

Day (1) c6 67 s6 hang khac nhau, day (2) c6 67 sé

hang khac nhau. Ca 2 day c6 134 s8 hang 14y gi4

tri tir 1 dén 132, nén theo nguyén ly Dirichlet tdn

tai 2 s6 hang bang nhau. Chang han:

am—ay=acgta (m = kmke {3;4; ...; 69}
& a,, =a, + ax + a; (dpem).

Bai 3. Cho nwa duong tron tam () dicong kinh AB.
trén mica duong tron (0) ldy diém C sao cho cung
BC nho hon cung AC, qua C ding tiép tuyén voi
diong tron (0). cit AB tai D. Ke CH Vuong oi¢
voi AB (H € AB). ke BK vuong géc véi Cp (K ¢
CD); CH cdt BK tai E.

a) Chiung minh BK + BD <EC.

b) Chitng minh BH.AD = AH BD.

Loi gidi.

TOAN HOC
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6

e i P - I -
i g — = — BC - E
a) Ta c0: BCD—-CAB[ 2-5‘d j CD= cp

13 tia phan giac cua goc E?D = BH=BK.

Mit khac, B 1a giao di€ém hai duong cao cja
AC.‘DE nén 1a truc tim, do d6 CB L ED tai F.

Do d6 ACDE cén tai C, suy ra CD = CE.

ACDH vudng nén HD < CD < BH+ BD<(CD
< BK+ BD < CE (dpcm).

b) Vi CA L CB nén CA la phan giic ngoai cia
ACHD tai C. Theo tinh chét duong phan giac

ngoai cua tam giac ta co:

—Aﬂ——Bﬂ < BHAD=AH.BD (&
4D BD = i (dpcm).

Bai 4. Cho tam giic ABC vieong can tai A va M la
diém di dong trén canh BC (M khac B, C). Hinh
chieu cua M trén AB. AC lin luopt la H va K. Goi l
la giao diém cuq “va C hii j :
glao diem cua BK vq ( H. Ching minh rang

dieong thang IM luon ¢ qua mot diém co dinh.

Léi giai,

https://tieulun.hopto.org



Goi O la trung diém cua BC. E 1a diém di xung
cua 4 qua O. Ta c6 ABEC la hinh vuéng. Goi P 1a
giao diém cua £K véi CH, Q 1a giao diém cua EH
véi BK.
Ta ¢6 BC la trung truc cua AE nén MO L AE
= AOM = 90°. Mit khic, AKMH 13 hinh chit
nhét nén 5 diém 4, H, M, O, K cing thudc dudng
tron tdm F dudng kinh KH.
Vi ABCE la hinh vuéng va AHMK la hinh chix
nhat nén suy ra:

ACAH = AECK (c.g.c) = ACH =CEK .
Vi ACH + HCE = 90° nén CEK + HCE = 90"
—ACEP vubéng tai P = CP L1 EK hay
HP 1 EK ().
Ching minh tuong tu ta co6: KQ 1L EH (2).
Tur (1), (2) suy ra / l1a truc tdm AEHK.
Do d6 EI 1 KH (3). Ta lai co:
KAO = HAO (= 45°) = OK = OH = OK = OH
= OF 1 KH (4). Tt (3), (4) suy ra OF // EI (5).
Vi OF la dudomg trung binh cia AAME nén

OF I/ EM (6).
Tir (5), (6) suy ra hai duong thang E7 va EM trung

nhau.

Viy duomg thing IM di qua diém cb dinh E 14
dinh cua hinh vuéng 4BEC khi M di dfng trén
canh BC.

Bai 5. Tim 1at ca cdc gid tri clia x dé:

Jlx-2)(4-x) +¥x-2 + 34— x +6xJ3x—x' <30,

Léi gidi. PK:2 < x < 4.

) al=x-2
Pl A L0 b0 e,
T lp=44—x b"=4-x

— g%+ b*=2. Khi do:

Y(x=2)(4-x)+¥x-2+Y4-x=ab+a+b(*
Ap dung BDT Bunyakovsky cho 2 bé sb (a; b) va
(1; 1) ta cé:
2=a"+b* o 22=2a*+b%) 2 (@ + b
<22 @+
o 222 2@+ b)) = (a+b)
< 2 2(a+b) ()
Lai ap dung BDT Cauchy cho 2 s6 khéng 4m:
2=a+b 2 2Jab
& 12 Jab < ab < 1(2).
Tir (1), 2) tacod: ab+a+b < 1+2=3 (**).
T (*), (¥*) suy ra:
Yx-2)(4-x)+¥x-2+¥4-x <3(4).

BDT(4) ding khi 2 < x < 4 (a).
Ta co:

6x\/§—x3 =x\/;(6\/§—x\/;).

Ap dung BDT Cauchy cho 2 sb khong am:

x\/;(6\/§—x\/;)s(x "*6;/5_““/;} =27 (5).
BPT(5) diing khi
{6\/5—.: 20

x20 x>0

Q{(6\/§)-2x3
o 0<x<3¥4 ).
Tir (4), (5) suy ra:
Yx-2)(d—x) +¥x—-2+¥a-x + 6xB3x-x’

< 3+27=30.

Tir (2), (b) ta c6 nghiém cua bét phuong trinh da

chola;:2 £ x £ 4.

BUI VAN CHI

(21/2 Lé Hong Phong, TP. Quy NHon, Binh Binh)
Gidi thiéu

TOAN HOC
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5. thoi gian lam bai: 150 phiif)
Mén thi: Todn chuyén, thoi gian lam ) o gt il ik
Bai 1 (2,0 diém). Honh ’ néi tiép duomg tron (0). Goi M 13 diém batky rgy
1. Tim tat ca céc gi4 trj nguyén cia x dé bidu thirc cung ho BC . Chirng minh rang
+4Vx -7 x+l Vx-3 . MA>MB+MC.
P= - - nhan gia tri )
x+2x-3  Jx+3 Jx-1 2. Cho tam gidc ABC nhon (4B < AC) ndi tié
nguyén. trong dudng tron tdm O. Goi D la trung diém canh

2. Cho phuong trinh: 2x* — 3x + 2m = 0. Tim m d& BCva E, F tuong tng 12 hinh chiéu vudng géc ciia
phuong trinh trén ¢6 haj nghiém phén biét x|, x;

L

D 1én AC va AB. Dudng thflng EF cit cic duomg

khac 0 thoa =1. thang 40 va BC theo thir tu tai M va N.

X X .

I 2) Chitng minh tt gidc AMDN ndi tiép.

Bai 2 (2,5 diém).

.o . Y = - A 7 AB b ED, 1 .

1. Gidi phwong trinh: b) Goi K la giao diém cua Vﬁt L 1a giao
el 1 diém ctia AC va FD, H 1 trung diém ctia KL va |

X =X +

U e la tim duong tron ngoai tiép tam gidc AEF. Chimg

2. Giai h¢ phuong trinh: minh HI 1 EF.
A SBri2y =-1 Bai § (1,0 diém). ’Cho X, y la hai s6 thuc duong.
. Tim gi4 tri nhé nhat caa biéu thirc
Xt+y=y—-x
, . ; (x+y) 2
Bai 3 (1,5 diém). Tim tat ca cdc sé nguyén té p va 4=2"0 (x+) _
g sao cho p” + 3pg + ¢° 1a mét s6 chinh phuong. X +y Xy
Bai 4 (3,0 diém). BUI VAN CHI
1. Cho tam gidc ABC can tai 4 (véi BAC < 60°) (21/2 Lé Hong Phong, TP. Quy Nhom, Binh Dink)
Gidi thiéu

********************************************************************* EETT LT
ok k

0.000005! An engineer. 'pi is about 22/7.

A nutritionist, 'Pie is g healthy and delicious
dessert!'

*ook sk
********************************$**

It is only two weeks into the term that, in @
'What is Pi?" A mathematician, 'Pi is the rqtjo  Calculus class, a Student raises his hand and
of the circumference of a circle to its diameter:  asks: "Wy We ever need this stuff in real life?"
A cqmputef programmer, ‘Pi is The Professor gently smiles and says: “of
3141592653589 in  double  precision. course pot —

: if your ife will consist Of
A physicist, Pi is 314159 plus or minys your real life will con

i
flipping hamburgers ot MacDonald's!"
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CHUAN B|

Qudc GIA

N

I Kum THAC YEU T6 TRUNG BIEM. TRUNG TUYEN

cho K1THI | B cudl MOT S8 BA T0AN MAX, I
it | LENQUANDENSGPHOC

"~ CAOHAIVAN{
(GV THPT Nguyén Chi Thanh, Pleiku, Gia @

Ky thi THPT Qudc gia va Tt nghiép THPT trong
nhitng nim gin ddy, cic bai toan min, max lién
quan dén s phirc xuit hién kha nhidu va & dang
bai toan van dung cao. Bén canh viéc giai bang
céc phwong phap Pai sé quen thudc thi viéc khai
thac yéu té Hinh hoc cua sé phirc & giai ciing 1a
mdt huéng di kha hidu qua. Trong khuén khé bai
viét ndy tac gia mudn trao ddi mdt hudng di bang
cach khai thac yéu t6 trung diém va trung tuyén.

1. Mt s6 kién thirc lién quan

o I 14 trung diém cta doan AB < 14+1B=0
& MA+MB=2MI v&imoidiém M.
» Moi tam gidc ABC véia=BC,b=CA,c= 4B

2 2 2
+ g AR RS
B HE —%—,trong d6 m, la d6 dai

thi ma2 =

dudng trung tuyén v& tir dinh 4.
« Trong tap sb phic C, mdi s6 phic
z=a+bi (a,hbeR) duogc biéu dién bi diém
M (a;b) trén mit phing toa d6 Oxy.

« Mbdun ciia sb phirc z dugc biéu dién béi diém
M(a; b): |2|= io"ﬁ] =Ja* +b’.

e Néu 4,B lin lugt 1a diém biéu dién cho cic sb
phic z,w va I la trung diém cua AB thi I 13

zZ+w

2

e Néu A4,B lan lugt 12 diém biéu dién cho cac $6
phirc z,w thi ]z - w[ = AB.

2. Mt s6 thi du minh hoa

Pé thudn tién trong trinh bay, cdac bai todn sau
ddy déu dugc xét trén hé truc toa do Oxy.

diém bidu dién cho so phirc

Thi du 1 (D2 thi thir ciia Trwong THPT chuyén
Quang Trung, nam 2021). Xét hai $6 phirc z,w

thoa man ’w+z|z4 va 12+3i‘£]. Gia tri lon
nht ciia T:’w—z| bang

A. 12. B. 9. C.7. D. 6.
Phin tich. Néu M,N lin luot 1a cac diém biéu

difn ctia hai s6 phirc z,w thi diém J biéu dién

14 trung diém cua doan thing

z . zZ4+w
cho so phirc

MN. Ti gia thiét |w+z|=4 ta c6 OJ=2. Bii
toan quy vé tim gid tri 16n nhét cia doan MJ voi
J thudc duong tron (O;2).

Léi gidi, Pat 1(0;—3). Goi M,N lan luot 1a cac

yAL
N 2
1
21 o 2 N
-5 3 x
J 1
2
Is

diém biéu dién cua hai sé phitc z,w; J 1a trung

diém ctia doan thing MN.

Ta co |w+ z| =20J = OJ =2 hay J thudc dudng

tron (O;2).

Véi |z+3 <1 thi ta c6 M thudc hinh tron tim

1(0;-3) va ban kinh bang 1. Ta ludn co:
MJ<MO+OJ<MI+10+0J<1+3+2=6.

TOAN HOC
sepsepmraulud Fopte o)



Do d¢ gia tri 16n nhét cua 7 =|w-2z| bing 12.
Chon dap an A.

Thi dy 2 (D& thi thw cua Truong PT Ning
khiéu, DHQG TP. H3 Chi Minh, nim 2018).

Cho z,,z, la hai sé phirc thoa man hé thirc
|:—3—41'|=2 va Iz1 —:3|=I. Tim gia tri nho
nhat cua biéu thirc P = ]:|[2 -z, i

A. -10. B. -5.

C. ~6-2.5. D. —4-3V5.

Phén tich. Ching ta biét réng néu M, M, lan
hrot 13 diém bidu didn cho cic sé phic z,z, thi
v8i gia thiét ta c6 M,,M, thugc duong tron tim

(4:2) v6i 1(3;4) va thoa man MM, =1.Ta cé:

P=|zlf2 o 22]2 :OM12 _OM22 ZO—MZ __Oﬁz.2

=(0Ml ~0M2)(0M1 +OM2).

Ma OM, +OM, =20J (véi J 14 trung diém cua
M\ M, ) thi viéc ta khai thac yéu té trung diém la
hoan toan c6 can ci.

Loi gigi. Goi M,,M, lan luot 1a cac diém bidu
dién cho cac sb phtc z,,z,; J 14 trung didm cua
MM, . it 1(3;4). Khi d6 M, M, thuoc duong
tron tam (/;2) va thoa man MM, =1.

Ta co:

P=‘anz '_Izzlz =OM’-OM,’ 25)7472 ~OM,

2

2

=(5§TI—C—)A7;)((TAZ+(W2)

= 2M,M,0J = W(Ei + f]) = M,M, O]
i MM, LIJ)

=2MM, .OI.COS(MZMI,Z)7) - 10008(“@1(_)_1.)
>-10. L
Diu "=" xay ra khi (M2M1,01)=1800 hay

MM, cung huéng véi O .

TOAN HOC
10 *cnsite
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Tir d6 ta co dap an chon la A.
Thi du 3 (D& tham khdo Tot nghiép THPT pg

so  phirc

hai Z,Zy  thoa man

=\3. Gid tri Ign nhéy

2021). Xét

o)=Ll =2 v 2 -
.;.] 2 s

cua [3’:l + 2, —5i| béing
A. 519, B. 5+/19.
D. 5+219.

C. -5+ 2\/1—‘5.

Phan tich. Ta c6:

3z, +2, - 5i =2z, +(z, +2,) =5 =2z, +2,)-5;
=4z, —5i.

Néu goi M,N lan luot la diém biéu didn cic s§

phirc z,,2,; P la trung diém ctia MN; Q 14 trung

diém cua MP thi bai todn quy vé tim gié tri l6n

, = 5
nhat cua doan IQ voi I[O;ZJ.

Loi gigi. Goi M, N 1an luot 13 diém bidu dién cho
2,,2,. Theo gia thiét thi tam gidc OMN vudng tai
M.

Gol P 14 trung di€m cia MN va Q 1a trung diém
cia MP. Suy ra P,Q theo thir tr 1a diém biéu

Z + 2z, z, + 2,

va z, = ;
2

dién cho cac sb phic zZ, =
Ta co:

3242, - 51| =22, + (7, + 2,) - il

e — ’2(2.'1 +Z3)—5il =4

z,——1

. 5t

b et ‘. 5

at 1(0,4). Ta co: 1Q310+0Q=Z+0Q.
Mat khac:

=1+—

00> =OM* ¢ pp? 1 4 [ MN - )
4 16 16

Tu @6 Suyra JQ < é +__‘/‘11_—9_ hay gi4 tri 16m nhe"lt

cia 70 13 3+V19
—

https://tieulun.hopto.org



Diu "=" xay ra khi /,0,Q theo thir tu thing

hang. Ta tim duoc toa d6 cac diém M, N lan lugt

la [3@_4‘/1_9] va (iﬁi@J

2

9 ' 19 19 19
AY
2
T
F
0 ey
2 -1 L7 |2 j4
0
M

Vay gia tri 1én nhét cua |3z +z,—5i] bing
5++/19. Taco dap an chon la B.

Thi du 4 (Dé thi Tt nghiép THPT nim 2021 -
Dt 1). Xér cdc s6 phirc z,w thoa man H =1 va

wl =2. Khi ]: +iw+ 6+8f| dat gia tri nho nhat,

|
|

z—wl bang
_—
A. 3. B.““Szl. C. Vs, D.l/—?

Phin tich. Néu w=a+bi thi iw=b+ai va
W] =|w{=2. Tac la néu tim dugc sé phirc iw thi
ta ciing c6 thé tim dugc w va tdp hop cac diém
bidu didn cac sé phuc iw va w 13 dudng tron
(0,2).

Khi do, goi M,N la diém biéu dién cho céc s6
phicc z va iw; I 1a trung diém cia MN. Tir gia
thiét ta co |z+iw+6+8i|=[2v+6+8]] véi v 1a
s6 phirc cé diém biéu dién /. Bai toan quy vé tim
gi4 tri nho nhét cia LJ v6i J(=3;-4).

Léi gidgi. Goi M, N lanlugt1a diém bidu dién cho
cac sb phirc z,iw; I latrung diém cua MN. Véi
J(=3;—4) thi |z +iw+6+8]=21.

Ta luén cé: LJ = JO—O0I =5-0I. Mat khéc:

_OM*+ON* MN® 5 MN’
2 4 2 4

or’

Ma 1< MN <3 nén OI"S%.

yJL

™2
ey

QJZ/

2

Jr: ------------ -4
< . 3 T i w_m ooz :
Tir @6 ta co IJ25—E=E. Diu "=" xay ra khi

MN =1 va J,1,0 theo thir tu thang hang.

- 3.4 6 8
Deé dang tim dugc M(——g;—gj va N[—._;__)_

, s 3
Nhu vidy 2 s6 phirc can tim la z=—-§——5—i va

8 J29

6 .
we—2_5: nay lz-w=Y2. Pap an cin tim
sl ey | W= P

laD.
Nhdn xét: Giira dé& tham khao va dé chinh thic cua
Ky thi Tét nghiép THPT nim 2021 thi ching ta
théy c6 mdt su tuong déng vé cach tiép cdn bai
toan bang hinh hoc dic biét 1a yéu tb trung diém.

Thi du 5 (Dé thi thir cia Truong THPT chuyén
Dai hoc Vinh, nim 2018). Cho cdc s6 phirc w,z

/
thoa man |w+i|=i\;—5— va Sw=(2+i)z-4).

Gia tri lon nhat  cua hiéu  thirc

P=|z-1-2il+|z—-5-2i| bang

A. 4J/13. B. 4+2J13. C. 2V53. D. 67
Phan tich. Dat A(1;2),B(5;2). Goi M 14 diém
bidu dién cho sb phic z. Bai toan quy vé tim gia
tri 16n nhét cua bidu thic MA+ MB. R rang véi
A, B cb dinh thi két hop v6i cong thic trung tuyén



N A S ot e e s e

va bt déng thitc Bunyakovsky ta c6 thé giai quyét
dugc bai toan.
Loi gidi. T Sw=(2+i)(z—4) ta ta suy ra dugc:

S(w+1i)
2+

S(w+1)

=z—-3+4+2i hay’ P =|z-—3+2z’|.
+i

Két hop véi gia thiét |w+i|=%_§- ta co

|z2-3+2]=3. Pat A(1;2),B(5:2).1(3;-2). Goi
M 14 diém biéu dién cho sé phic z Khi d6 M
thudc duomg tron (1;3).

ka

=Y

Goi J la trung diém cua AB.

_ MA*+ MB® 4B
2 4

Ta co MJ?

hay

MA® + MB* = 2MJ* +8.

Ma MJ 16n nhét khi M,1,J theo thi tw thing
hang. Véi J(3;2) thi M = F(3;-5) c6 nghia la 1a
gié tri 16n nhit cua MJ béng 7.

Nhu viy gid tri 16n nhét cia MA® + MB® bing
106.

Theo bat ding thic Bunyakovsky ta lai ¢o
MA + MB < \[2(MA* + MB*) =2/53. Diu "—n
xdy rakhi MA=MB va M J.J theo thi ty thing

hing tirc 1d z=3-5i. Vi két qua nay iy i
chon la C.

Thi du 6 (D& thi thir ciia S¢ GD&DT tinh Ha
Tinh, nim 2018). Cho cdc 56 phire

z, ==3i,z, =4+i vd z thoa man |z-;"-_-2_ Biét

TOAN HOC
12  *clusitpe

S4 536 (2-2022)

biéu thirc |z—Z,|+2IZ‘Zz| dat gid Iri nhg g,

whi z=a+bi(@beR). Hiéu a=b bang

3_-6\/’1_5 B. 6_\/5_—_3:

——17‘_' 17

346413 p. _3+6413
C—7 17

Phin tich. So voi thi du 4 thi thi du nay c6 g
Khac biét & hé sb 2 va chung ta s& tim cich bigy
4éi dé co hé sb bang nhau, tic 13 néu dy
A(0;3), B(4;1) v& M la diém biéu di€n cho z
ching ta s& di tim mot diém N sao cho
MA=2MN.

Loi giai.

31 A

bat 4(0;-3), B(4;1), C(0;—1), D(0;3), 1(0;1). Goi
M 1a diém biéu din cho sé phic z Khi d6 M
thude duong tron (152). Goi G 1 trung diém cta
M4. Khi 46 GC 1a duomg trung binh cia tam
giac 4AIM hay GC =%MI =1. Suy ra tam giac
CGO cantaj C.

Mat khic 0G yMD nen oGLMC
MD L MC). Do d6 McC 13 dudmg trung tryc cia
OG hay MG = MO. Nhy véy:

|2“21|+2|z—z2\ =MA +2MB = 2(MO + MB)
2208 =417.
diém cuf: til:.h ioz’M.’.B thang hang hay M 14 gi®
vO1 dudng tron (1;2).

Déu "

https://tieulun.hopto.org



Phuong trinh dudng thang OB va duong tron
(I;2) lan luot 1a: y =%x va x* +(y-1)° =4.
1
3 3 y=—x ; e
H¢ phuong trinh 4 ¢6 hai nghiém
B +(y-1)"=4

" (4—8\@_1—2@] “ (4+8\/§_1+2\/§]

17 7 17 17 17
Viy diém M cin chon ¢ thoa man bai toan co toa

. 4+8\/E 1+2\/§
do la ; o

T tirc 1a s6 phirc can tim

, 4+8J13 1+2413,
c6 dang 7 + T i

Tirdo két qua a—b= . Chon dap 4n C.

3+6V13
17
BAI TAP TU LUYEN
1. Cho z,,z, 12 hai trong c4c s6 phitc z thoa mén

|z—5—3i

=5 vi |z, —z,|=8. Gia tri nho nhét cua

bidu thie P =|z +z,| bing

A. 6-+/34. B. 2./34 6.
C. 2\/3—4+6. D.6+\/§.

2. Véi hai s6 phic z,,z, théa mdn z, +2z, =8+6i

va |z, —z,|=2. Tim gi4 tri 16n nhét cua bicu thirc

P=|zl|+‘22|.
A. 5+345. B. 2./26.
C. 4/6. D. 34+ 32.

3. Gia st z,,z, la hai trong céac s6 phic z thoa
min ‘iz+x/§-i|=1 va |z -2,)=2. Gia tri lén
nhét cia |z,|+|z,| bang

A4 B.2J3  C32

4. Cho hai s6 phic z,,z, théa min |z, +z,|=5 va

D. 3.

|z, —2,| =1. Goi M,m lan luot 12 gid tri 16n nhét

va nhé nhit cla biéu thie P =|z|+|z,|. Khi d6
moédun cla s6 phic M + mi bang
A 476, B.2415. C.2413. D. 2411
5. Cho sb phirc z thoa mén |z—2+3i] =+/5. Goi
m,M 1in luot 1 gia tri nho nhat va 16n nhat cia
biéu thirc P=|z+1 ~|z-2|". Tinh A=m+ M.
A. A=-3. B.A=-2. C. A=5.D. 4=10.

6. Cho z 1 s6 phirc théa man |z—1+i=2. Tim

gia i 16n nhit cia biéu  thirc
P=|z+2—i|2 +|z—2—3z'|2.

A. 18. B. 14+ 2410.

C. 38+84/10. D. 16+ 24/10.
7. Cho z,z, la hai sé phiuc théoa mién

liz+6-3i|=|2z-6-9] va Iz,—zzlzg. Gia tri
16n nhit cta |z, +z,| bing

A3l maz cs p2
5 5
8. Cho sb thoa

5|z—i|=|z+1-3i|+3|z=1+4. Gia tri 16n nhét

phirc z man

cua |z—2+3i| bang

A.?. B.1+13. C.4J5. D.o

9. Gia s z,z, 1a hai trong s& céc sé phirc théa
min (z—6)8+7zi) 1a s thwc. Biét rang

|z, — z,|=4, gi4 tri nho nhét cua |z, +3z,| bing

A. 20-422. B. 5—2L.
C. 20—4421. D. 5—+/22.

10. Xét cac sb phitc z=a +bi(a,beR) thda man
|z-3-2{=2. Tinh a+b khi

|z +1-2i|+2|z—2~5i| dat gid tri nh6 nhét.

A. 4=3. B.2+3. C.3. D.4+\3.

TOAN HOC
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THEO CHUONG TRINH VA SGK MO1 N —

Trong qua trinh day hoc & truomg phé thong, viée
lua chon dwgc mét bai toan co ban va sau do khai
thac, phat trién bai toan 1a viéc lam cin thiét vira
khoi ddy tri t& mo, kham phé cia hoc sinh vira gop
phén nang cao kién thic, phét trién ning luc cho
hoc sinh. Vi khuén khé bai viét nay, ching toi s&
gi61 thiéu mot bai toan nhu vay. D6 14, bai toan vé
mit ciu ngoai tiép hinh h¢p chit nhit.

I. BAI TOAN MO DAU

Cho hinh hop chir nhdt ABCD.A'B'C'D' ¢6
AB=a, AD=b va AA'=c. Xdc dinh tam I va

tinh ban kinh R cua mat cau ngoai !ié'p hinh hop
chit nhar do.

Léi gid.
A’ Dr
iy O‘
B’ ~—RC
b
fli:""é':"- TREE . D
,',_'_‘_.- ------ b. “-‘
B (&

Ta c6 cac duong chéo AC,A'C,BD'B'D cua
hinh hop chir nhat bing nhau va cit nhau tai trung
diém cua mbi duong. Goi / 13 trung diém cua
A'C thi I4=IB=IC=ID=1A"=IR'=IC'= D",
Suy ra / 1a tdm cua mét cdu ngoai tiép hinh hép
chir nhat da cho. Ta lai c6:

A'C*=A' A+ AC* = A'A* + AB* + AD* nén

A'CP=a> +b* + 7.

Ban kinh ctia mit ciu ngoai tiép hinh hép chit nhat
da cho la

TOAN HOC
¢ Cluditre
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i UAC
PRAT TRIEN NANG LUC HOC SINH
Add sl &VAA ;

1Ee YA LS

GUA Vé'uu Bhaitd kAN §
; Y TH " YHONG GIA _
MOT BAI TOAN HINH HOC KHONG GIAN :

et

——

4

miiny

]

NGUYEN TIEN TIEN - HOANG THI NAM'
(GV THPT Gia Vién B, Ninh Sngy,

R=%A'C=%\/;IBZ+AD2+AA'Z
e+
2

IL. KHAI THAC BAI TOAN
2.1. Dic biét hoa
a) Mit ciu ngoai tiép hinh 14p phuong canh a ¢4

J3

ban kinh 1a R:Ta.

b) Hinh l4p phuong ndi tiép mat ciu ban kinh R
cocanhla a= % :

2.2. Lod ban

a) Chiing ta d3 biét tAm 7 cua mit cu ngoai tiép
hinh hép chir nhat 4BCD.4'B'C'D" ciing chinh
la  trung diém cua
A'C,AC',\B'D,BD' va Q0O"'.
b) Mit cdu ngoai tiép hinh hop chir nhat
ABCD.A'B'C'D' ciing chinh 13 mit ciu ngoai
tiép hinh ling tru ABC.A'B'C’ va cling 13 mat
cu ngoai tiép hinh chép A'.ABCD va céc tir dién
A'ABD, A'ABC,A'BCD, ACB'D".

2.3. Khai thac va phat trién bai tosn

T mé hinh trong bai toan m¢ ddu, ching ta s&
khai théc két qua déi véi ba mé hinh: Hinh ling
tru dimg, hinh chép cé canh bén vudng goc Vo
day va hinh tir dién gin ddu,

cic doan thing

a) D6i v6i hinh ling try dimg
Nhin xfft 1. Trong bai todn mg ddu, mat cd
"80at tiép hinh lang try ABC.A'B'C" ciing chinh

la mat ciu ngogi tiép hinh hip chi nhdt
ABCD.A'B'C'D' nén ta cé bai togn:

https://tieulun.hopto.org



Bai toan 1.1. Cho hinh
ABC.A'B'C" ¢6 dav ABC la tam gidc vuong lai
A. Xdc dinh tam va tinh ban kinh R cua mat cau
ngoai tié'p hinh lang tiu ABC.A'B'C' theo

AB,AC, AA".

lang tru dung

Cl’
R
)

A
L, X '

A’ =
[ 1 =

A “ B
Két qua 1.1. Mit céu ngoai tiép hinh ling tru

ABC.A'B'C' co ban kinh

1
R 25\/1432 + AC* + A'4* va tim dugc xac dinh

béng mot trong hai cach sau:
Cdch 1: Tam mit cdu ngoai tiép hinh ling tru
ABC.A'B'C" la giao diém cia B'C véi BC'.
Cach 2: TAm mat cAu ngoai tiép hinh ling tru
ABC.A'B'C' la trung diém cua doan ndi trung
didm cua BC va B'C' (hai canh huyén ctia hai
day).

Nhan xét 2. Trong bdi todn mo dau, ddy ABCD
la hinh chir nhdt nén AC va BD chinh la duong
kinh dwong tron ngoai tiép day ABCD, va dé y
ring AB* + AD* =BD? = AC*. Trong bdi todn
1.1, tam giagc ABC vuédng tai A nén BC chinh ld
canh huyén va la dwong kinh cua dwong tron
ngoai tiép tam gidc ABC, lic nay dé y
AB* + AC* = BC?. Vi viy, té'ng quat hoa bai toan
mé déu va bai todn 1.1. thi ching ta c6 bai todn
sau:

Bai 1.2. Cho hinh

AA.AA4'A" .. A" coday la da gide ngi tiép
dwromg tron ban kinh r. Xac dinh tam I va tinh ban
kinh R cua mdt cdu ngodi tiép hinh lang tru da

cho.
Két qua 1.2. Mt céu ngoai tiép hinh lang try da

1 W
cho c6 ban kinh R:—Z-,fAI 'A>+(2r)" , con tim

I duoc xac dinh nhu sau:

toan lang tru ding

Buoc I: Xac dinh tdAm H va tim H' cia dudng
tron ngoai tiép cac da gidc A4 4,..4, va
A'4'.. A" (Pudong thing HH' li tryc cia
duong tron ngoai tiép cac da gidc A4 4,..4,,
A'4'...A").

Budc 2: Xac dinh trung diém / cia doan thing
HH'. Khi 4 I chinh la tm clia mit chu ngoai
tiép hinh ling try.

b) P6i véi hinh chép ¢6 canh bén vudng goc voi
day

Nhédn xét 3. Trong bai todn mé dau, hinh chop
A".ABCD c6 day ABCD ld hinh chit nhdt va
canh bén A'A vubng géc voi day, va mat cau
ngoai tiép hinh chép A'.ABCD chinh la mat cau
ngoai tiép hinh hop chit nhdt ABCD.A'B'C'D'
nén ta co bai toan:

Bai toan 1.3. Cho hinh chép S.ABCD cé day
ABCD la hinh chit nhdt va canh bén SA vuong
goc véi mat phang day (ABCD). Xdc dinh tam 1
va tinh bén kinh R cua mat cau ngogi tiép hinh
chop S.ABCD theo SA,AB,AD.

Két qua 1.3. Mit ciu ngoai tiép hinh chop c6 ban

g 1 2
kinh R=5SC=%\/SA2+A32+AD“ va tam [

cuia mat cau 13 trung didm cta doan thang SC.
Nhén xét 4. Trong bdi todn mo dau, hinh chép
A" ABD ¢6 ddy ABD la tam gidc vuéng tai B,
canh bén A'A vuéng goc voi ddy, va mdt cdu
ngoai tiép hinh chép A'.ABD ciing chinh la mat
cdu ngoai tiép  hinh  hop nhdt
ABCD.A'B'C'D" nén ta co bai toan:

htt s://tieultmmﬁ.cirg
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Bai toan 1.4. Cho hinh chdp S ABC ¢6 day ABC
la tam giGe vuong tai B va canh bén SA vuéng goc
VOi mat phang (ABC). Xac dinh tam I va tinh ban
kinh R cua mdt ciu ngoai tiép hinh chop S.ABC
theo SA,BA,BC.

S

Két qua 1.4. Mit ciu ngoai tiép hinh chdp c6 ban

, 1 5
kinh R =?/SA- +BA® + BC* vitim I cua mit

céu la trung diém cia canh SC,

Nhdn xét 5. Trong bai todn mé dau, hinh chdp
A" ABC c6 ddy ABC la tam gidc vuong tai A,
canh bén A'A vudng goc véi ddy, va mdt cdu
ngoai tiép hinh chop A" ABC ciing chinh la mat
cdu ngoai  tiép  hinh hép nhdt
ABCD.A'B'C'D' nén ta cé bai toan:

Bai toan 1.5. Cho hinh chép S.ABC c¢6 diy ABC
la tam gidc vuong tai A va canh bén SA vuéng géc

chir

voi day. Xac dinh tam va tinh ban kinh R cia mt
Itep

cdu ngoai hinh chop S.ABC  theo

SA4,AB, AC.

Két qua 1.5. Mat cAu ngoai tiép hinh chép cé ban

kinh R=
ciu 1a trung diém cua doan thang SD, trong d6
D 14 dinh con lai ctia hinh chit nhat 4BDC .

+ ~ TOAN HOC

_1.\/5"A2+ABZ+AC2 vatim / cia mat
2

QA B20 0 anaa

Nhin xét 6. Néu tong quat cdc bai todn 1.3, 4
1.5 cho truong hop ddy la da gidc néi tiép dicomg

tron thi chung ta co bai toan:
Bai toan 1.6. Cho hinh chop S.A4,..A, cé day Iy

da gidc noi tié'p dwong tron ban kinh r va cqpy,
bén SA, vudng goc voi day. Xac d‘,inh’ tam I va tinj,
ban kinh R cua mat cdu ngoai tiép hinh chép
8444,

Két qué 1.6. Goi K 14 tam dudng tron ngoai tiép
da giac A4 4,...4,. Mat ciu ngoai tiép hinh chép

1
S.AA,..A, c6 ban kinh R =5\/5Af +(27)°, con

tam / ctia mit cdu duoc x4c dinh nhu sau:

Buéc 1. Xac dinh tdm K cua duong tron ngoai
tiép da gidc 4 .4,...4, .

Budc 2. Tt K ké duong thang d song song véi
S4, .

Buéc 3. Mit phing trung truc cla canh S4, cit d
tai diém / thi / chinh 13 tim mit cAu ngoai tiép
hinh chép dé.

¢) Déi véi tir dién gin déu

Nhén xét 7. Trong bai todn mé déu, cdc tir dién
A'C'BD va ACB'D' la nhitng tir dién gan déu
va A'CP+ A'B + 4'D* =2( 4B + AD? +44%).
Do ds, mdt cdu ngoai tiép hinh t dién gdn déu
A'C'BD, ACB'D' ciing chinh la mdt cau ngoai
tiép hink hdp chit nht ABCD.A'B'C'D' nén ta
¢0 bai todn:

Bai todn 1.7. Cho i dign gdn déu ABCD co
AB=CD=a; AC=BD =b. AD= BC =c. Xéc
dinh tam I va tinh ban kinh R cua mdt cdu ngoai
tlep tr dién ABCD theo a,b,c.
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Két qua 1.7. Mit ciu ngoai tiép tir dién gin déu

2 2 2
ABCD noi trén c¢6 ban kinh R = ’a_t_bsi

va tim I cla mdt cdu 13 trung didm cia doan
thang ndi hai trung diém cba cip canh déi 4B va
CD hodc AC va BD hodc AD va BC.

Dic bigt. Mit cu ngoai tiép tr dién déu canh a

ot B P 3 :
thi c6 ban kinh R=J%a=—\~/_f-a.T&diéndéun©i

tiép mat cdu ban kinh R thi ¢6 canh a = 2/6R :
3

2.4. M{t s6 két qua thuong ding

a) Pudng tron ngoai tiép tam gidc ABC co6 ban
il B B.C __C4 _ 4B

2sind 2sinB  2sinC

b) Dudng tron ngoai tiép da giac déu n canh c6

ban kinh R =—2

. T
2sin—
n

, V01 a 14 d0 dai canh cia da

giac déu do.

1II. THi DU MINH HQA

Thi du 1 (Trich d tham khao THPT Quéc gia
2017). Cho hinh hop chit nhat ABCD.A'B'C'D’
c6 AB=a,AD=2a va AA'=2a. Tinh bdn kinh
R cua mat cau ngoai tiép tir dién ABB'C'.

3a 3a

A. R=3a. B. R=7. C. R:7. D. R=2a.

Huwong ddn. Mit cau ngoai tiép tr dién ABB'C'
ciing chinh 13 mit cau ngoai tiép hinh hép chix
nhit ABCD.A'B'C'D' nén theo két qua bai toan
3a

mé dau ta co R——\/kAZ+ABZ+1‘1—D2

Thi du 2 (Trich dé thi HSG 12 nim hoc 2016 —
2017, S¢ GD&DT Phi Tho). Tinh theo a thé tich
khéi cau ngoai tiép tir dién OABC, biét cdac canh

0A,08,0C déi mot  vuéng  goc  va
OA=a,0B =aJ3,0C = 2a+/3.
N2ra’
A.2d. B.6ra’. C.8za’. D. ”3“’ _

Huwéng dén. Ti dién OABC c6 cic canh
0A,0B,0C d5i mét vudng goc nén theo két qua

1.5, ta ¢6 ban kinh mit cdu ngoai tiép tir dién

OABC 13 R=%\/OA2 +OB*+0C* =2a.

Suy ra thé tich khéi ciu ngoai tiép tr dién OABC

3
la v =250 = 3272
3 3
Thi du 3. Cho hinh chép S.ABC 6

AB =a, AC = 2a,BAC = 60°, canh bén SA vuéng

abc voi day (ABC) va SA=+[3a. Tinh ban kinh
cua mat cdu ngogi tiép hinh chop S.ABC.

JTa J55a J10a Jlla
et Berram: LG e BT

Huwdng dén. Ta cb:
BC* = AB* + AC* — 24B.AC.cos BAC

nén BC=a3. Duong tron ngoai tiép tam gidc

BC

2sin A4
1.6, ta c6 ban kinh mit cdu ngoai tiép hinh chép

S.ABC 1a R =%JSAZ +(2r) =-*/%.

Thi du 4 (Trich dé thi HSG 12 nim hoe 2017 -
2018, So GD&DPT Nam Pinh). Cho hinh chop

S.ABC ¢6 AB=3a,AC =33a.BC =6a. Hinh
chiéu cua S 1én mat phing (ABC) la diém H thoa

ABC c¢6 ban kinh r =

=a. Theo két qua

man XﬁB = E_I;TC = 5;54 =120°.

dién tich cua cac mat cau ngogi tiép hinh chop

Biet rang tong

S.AHB,S.BHC,S.CHA bing 288za*. Thé tich
ciia khéi chép S.ABC la
A. 93a'. B. 6434, C.3\3a'. D. 123"

Huwéng din. Dudng tron ngoai tidp cac tam gidc
AHB,BHC,CHA c6 ban kinh 1an luot 14

r|: AL =a 3’ r2: A:z\/'ja,
2sin AHB 2sin BHC
= ——-——-—-——-—CA =3a.
2sin CHA
TOAN HOC
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Dat SH =h. Theo két qua 1.6, mit ciu ngoai tiép
hinh chép S.AHB ¢6 ban kinh

R =%,/SH2 +(2r) :%\//f +12a°,

Tuong tw, mat ciu ngoai tiép cac hinh chop
S.BHC,8.CHA c6 ban kinh 14

1

R, =5\/h2 +48a’ va R, =%\/h2 +36a’.
Tong dién tich cua cac mit cdu ngoai tiép hinh
chép S.AHB,S.BHC,S.CHA bing 2887a> nén ta
¢ phuong trinh: 4r:(Rf + R + R} ) = 28874’

< 3h* +96a° = 288a* < h=8a.

DE y ring tam gidc ABC cé AB® + AC? = BC?
nén tam giac ABC vudng tai 4.

Suy ra thé tich khdi chép S.4BC la:

V=%SH.?12—AB.AC=12\/§a3.

Thi du S. Trong khong gian Oxyz, cho mat ciu
(S) c6 1am I1(1,2:3) va di qua diém
A(S-2-1). Xét cdc diem B,C.D thue (S)
sao cho ABCD la mor  wr dien ¢o
AB=CD,AC=BD va AD=BC. Thé tich cua
khoi tir dien ABCD co gid tri lém nhat bcfng

512 32 512 D. 4096 |

.22 B. = 2=
A3 3 9 3

Huong din. Dit a=AB=CD,b=AC=BD vi
¢=AD=BC thi thé tich khéi t& dién gin ddu
ABCD duogc tinh bdi cong thirc

Mit chu (S) c6 ban kinh R=14=4/3 . Theo két

qua 1.7, mat cdu ngoai tiép tr dién gin déu

R e
ABCD cb6 ban kinh R:@' Do dé ta
2 2 2
co: 1/5—'*%-ic—=4xﬁc>az+bz+c2=3g4’

Ap dung bat déng thirc Cauchy-Schwarz, ta c6

1 8 Tc")g'l?uggg S48 536 (2-2022)

(b2 v =) a0

2 L p? 4ot 3
S[a_i__c_J .

— ng' |28 =_5_§£. Diu bang X4y ra khj
a=b=c=8/2 hay ABCD la tir dién deu,

Luu y: Qua két qud thi du ndy va két qua | /
chiing ta c6 thé it ra luu y sau /fhf ldr'n l.)fii trie
nghiém: Trong cac tir dién g%n déu nc_“)? tiép mé,t
ciu ban kinh R thi tr dién déu la tir dién co thé
tich 16n nhat va gia tri 16n nhatdéla V = 83\?1}8 '

IV. BAI TAP TU LUYEN

Bai 1. Hinh chép S.4BC c6 day la tam giac
ABC vudng tai 4, c6 S4 vudng gbéc véi mit
phing (ABC) va Sd=a,AB=b,AC=c. Mat
cau di qua cic dinh A4,B,C,S c6 ban kinh r
bang

A. M. B. 2Va® +b% + 2.

3
1 I3 ; :
C. E\/a‘ +b°+c”. D.Va>+b>+c2,
Bai 2. (Trich dé thi THPT Quéc gia 2017, ma dé
101)

Tinh ban kinh R cua mit cdu ngoai tiép mot hinh
18p phuong ¢6 canh béng 2a.

A- R:—@_ B R:a
3
C. R=23q, D. R=1f3a.
Bai 3

(Trich dé thi THPT Quéc gia 2017, ma dé
102). Cho mit ciu ban kinh g ngoai tiép mot

hinh 13p phuong canh a. Ménh d& nao duéi diy
diung?

A.a=2\/§R‘ B.a=‘\/§R.
3
C.a=2R D, ;. 23R

M § 3 A
Bai 4 (Trich & thi THpT Quéc gia 2017, ma d¢

103). Cho tt dien 4pcp 6 tam gide BCD
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vudng tai C, AB vudng goc véi mat phing
(BCD), AB=5a,BC =3a vi CD=4a. Tinh ban
kinh R cua mit ciu ngoai tiép tir dién ABCD.

A_sta\/i_ B.stmﬁ
3 3
C.R=5a;/§. D.R=Saf.

Bai 5 (Trich & thi THPT Qudc gia 2017, ma aé
104). Cho hinh chép S.4BCD c6 day 14 hinh chir
nhit véi AB=3a,BC=4a, SA=12a va SA
vudng goc voi day. Tinh béan kinh R clia mit cau
ngoai tiép hinh chép S.ABCD.

A, R=-§~a—. B. R=17—a.
2 2
C. R=137a. D. R =6a.

Bai 6 (Trich dé& thi HSG 12 nim hoc 2019 -
2020, S& GD&DPT Thai Binh). Cho hinh chop
S.ABC c¢6 tam gidc ABC vuédng tai B, S4
vudng  goc (4BC) va
SA=5,4B=3,BC =4 . Tinh dién tich § cta mit
cau ngoai tiép hinh chép S.4BC.

voi miat phing

A. S=1007. B. S=10;)—ﬁ.
C. S=l%{[—. D. S =507.

Bai 7 (Trich @& thi HSG 12 nim hoc 2019 —
2020, S& GD&DPT Béc Ninh). Cho hinh chop
S.ABC ¢6 SC=2a, SC vudng gbéc v4i mit
phing (4BC), tam gidc ABC déu canh 3a. Ban
kinh R cua mat cdu ngoai tiép hinh chop S.4BC
bang

C. —ua.

A. a\g. 3

Bai 8 (Trich d& thi thir TN THPT 2021, S¢
GD&DT Bic Giang). Cho hinh chép S.ABC ¢6
day 1 tam gidc ABC c6 BAC=120°, BC=3a,
SA vudng goc voi mat ph?mg day va SA=2a.
Dién tich mit cu ngoai tiép hinh choép S.4BC

NE

B. 2a. D. a.

bang

167a’

2
A. 1274>. B. ”—;‘— C. D.167a".

Bai 9 (Trich d@ thi thir TN THPT 2020, S&
GD&DT Bic Ninh). Cho hinh chép S.ABCD ¢6
day 1 hinh thang vuong tai 4 va B. Biét S4
vudng goc voi (4BCD),
AB=BC=a,AD=2a,54=a\2. Goi E 1la
trung diém ciia 4D . Ban kinh mt cau di qua cdc

diém S, 4,B,C,E bing

A.a. B. a3 o a0 a6
2 6 3

Bai 10 (Trich dé thi HSG 12 nim hgc 2020 -

2021, S& GD&DT Bic Ninh). Cho khoi chép

S.ABCD c6 day ABCD 1a hinh ch¥ nhit,
AB=a3,4AD = a, S4 vudng gbc voi mat day va

mit phing (SBC) tao v6i ddy mdt goc 60°. Thé
tich ¥V cia khéi cdu ngoai tiép khdi chop
S.ABCD.

A. V=£3—1-3—7m3. B. V=-5—197ra3.
6 3

C. V=§-J—§ﬂa3. D. V=1—3~1—3;ra3.
6 24

Bai 11 (Trich d& thi HSG 12 nim hoc 2019 -
2020, S& GD&PT Pi Ning). Cho hinh chép
S.ABC cb SA vudng goc véi mit phang day, goc
giita (SBC) va mit phing day bang 60°. Néu
ABC 14 tam gidc déu canh a+/3 thi ban kinh mt
cdu ngoai tiép hinh chép S.4BC bang

" a43 a43 & a\43 i a\/43

T4 8 12 6
Bii 12 (Trich dé thi THPT Qudc gia 2018, ma
dé 101). Trong khong gian Oxyz, cho mat céu
(S) co tim 1(-21;2) va & qua diém
A(L;-2;-1). Xét cic diém B,C,D thuge (S)
sao cho AB,AC,AD @di mdt vudng goéc voi nhau.
Thé tich cua khéi tir dién ABCD c6 gia tri l6n
nhét bang

A. 72.

s&vﬁgszhﬁéeu%%.&@

B.

B. 216. C. 108. D. 36.




Bai 13 (Trich dé thi HSG 12 nim hoc 2019 —
2020, S¢ GD&PT Pa Ning). Trong khong gian
Oxyz, cho hinh chép S.ABC véi cac dinh
4(1;0,2),B(3;1,4),C(3;-21) va S(a;b;c). Biét
54 vubng goc voi mat phing (ABC) va ban kinh
: , .31
mat cau ngoai tiép hinh chép S.4BC bing =
Khi @6, gia tri cua 2a+ b+ 2¢ bing
A. 0. B. 6. C. 3. D. 6.

Bai 14 (Trich dé thi HSG 12 nim hoc 2019 —
2020, S¢ GD&DT Ninh Binh). Trong khong gian

Oxyz, cho mat phing (a):x+2y-2z-18=0,
Goi 4,B,C lin lugt 14 giao diém cua mat phang
(a) v& céc truc Ox,0y,0z. Goi D la diém sao
cho DA4,DB,DC d6i mdt vudng goc véi nhau va
D khéng trung véi O . Goi I(a;b;c) 1a tam mat
cau ngoai tiép tir dién ABCD, gia tri cua
a+b-3c bang

A. 9. B. 6. C. 18. D. 1—2-7—

Bai 15 (Trich dé thi HSG 12 nim hoc 2017 —
2018, S¢ GD&DT Nam Pinh). Trong khong gian

Oxyz, cho A(a;0,0),B(0;5;0),C(0;0;¢) véi

a,b,c 1a cac sé thuc thay ddi, khac 0 va thoa

- g+b+c=6. Goi tam mat cau ngoai tiép t;
man '

dién OABC 1a I . Gia trinho nhét ctia OI bing

J3 V3 D. 3.

A 3. B Eh G 3

Bai 16 (Trich dé thi thir TNTHPT |z021, S&
GD&PT Binh Thuin). Trong khéng gian Oxyz
cho ba diém A(a;O;0),3(0;5;0),C(0;0;0) véi
a,b,c la cac sé thuc du'orng° thda min
a+b+c=4. Biét khi a,b,c thay doi thi tim J
ctia mit cau ngoai tiép tr dién OABC thu@c mét
mat phing (P) cb dinh. Khoang cach tir diém
M (1;2;3) dén mat phing (P) bing

243 43
A. \/5 \/5 C. —3“ D ——,

B. 3 3

Bai 17. Trong khéng gian Oxyz , cho mit ciu (S)
c6 tim I(-2;1;2) va di qua diém A(1;-2;-1).
Xét cic diém B,C,D thujc (S) sao cho
AB,AC,AD d6i mot vudng géc véi nhau. Khi thé
tich cua khoi tir dién ABCD dat gi4 tri 16n nhét
thi cac diém B,C,D thudc mat phang c6 phuong
trinh

A.x-y-z+2=0. B. xX—-y—-z-2=0.

C.x-y-2+8=0. D.x-y_z-8=0.

******t##*********#****************************************************************

MOT BAI TOAN ... (Tiép theo trang 4)
Goi N la giao diém th& hai cua (0)) va (0,). Goi
H, K 1n lugt la hinh chiéu vudng géc cia C trép
hai duong thiang AB, AD. Theo két qua bai todn
ban déu, ta c6 ADNP —~ ABNQ.
Vi Aﬁzﬁ nén KR:]@Z‘ nén

AKDC —~ AHBC (g.g);

ADCP -~ ABCQ (g.g).

DN _DP _CD KD
BN BQ BC HB’

Ta c6: két hop voi

KDN = HBN, suy ra AKDN —~ AHBN (c.g.c).

20 T?g?"ug% S8 536(2-2022)

Do d6 ta c6 KND = FNB.
Vi KNH = KND +DNH
= HNB + DNII
=DNB=DAR
= KAH,
S”‘Y ranim diém 4, N, g, C, H cing thudc duong
tron duong kinh AC.

Do 46 NC 1 N4, ma
N nén 0,0, vuén
AN. Vay nC
binh cyg tam g
chimg minp,

(0)) va (0,) cét nhau tai 4,
& 80¢ V61 AN tai trung diém cia
010: va 0,0, chira duong trung
1ac ANC. T d6 ta c6 didu phai
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CAC LOP THCS

Bai T1/536 (L6p 6). Goi m 1a tdng céc chir s6 cua

sb 9% n 1a tdng cac chit s& cta m va k 1a téng
cac chir s6 cua #. Tim sb k.

NGUYEN HONG THANH

(GV THCS Minh Hai, Van Lam, Hung Yén)

Bai T2/536 (Lép 7). Cho tam giac ABC c¢o

ABC=40", 4CB =10". Dudng trung truc cia doan

thing 4B la d, &’ la dudng thang qua C va vudng

goc voi d. Goi D 1a giao diém cta d va . Tinh s

do goéc BDA.
LE ANH KIET va nhém HTS
(Toan k4, THPT chuyén Chu Vin An, Binh Dinh)

Bai T3/536. Giai phuong trinh

gl onfl=x ==x* 531,
PHAM VAN THUAN
(565 Thanh Xuin, Ha Ngi)

Bai T4/536. Cho tir gidc ABCD c6 CAD=40",
BAC=50°,CBD=20"va CDB=25". Tinh géc
nhon tao bai hai dudmg chéo cua tir giac.
TRAN QUOC LUAT
(GV THPT chuyén Lé Hong Phong, TP. Ho Chi Minh)
Bai T5/536. Cho cac sb thuc a, b thoa min
a+ b= 2. Tim gi tri 16n nhat ctia biéu thirc
1 1
T3 3 += 4 :
A+ +1 S+ +1 a*+b"+1
LAI QUANG THQ
(Phong GD&PT Tam Duong, Vinh Phiic)

P=ab+

CAC LOP THPT
Bai T6/536. Cho n s6 dwong ay, ay, ..., g,
(neN,nEZ). bait §=a t+ta+.. +a, Ching
minh ring

n—1

(S-a)"(S—a,)...(S—a ) s(—.sj .
n

DANG THANH HAI
(GV khoa Co bdn, Hoc vién Phong khdng - Khéng quén,
Son Tdy, Ha Noi)

Bai T7/536. Cho tam gidc ABC khong ti. Chimg

minh ring
i sinE sinE
. AJ“"Z [ BJ 2 [ c) z_ 342
sin— +| sIn— +| siIn— z—.
2 2 2 2
TRIEU VAN HUNG

(GV THPT Durong Quadng Ham, Van Giang)

Bai T8/536. Cho tam giic déu ABC canh a ndi
tiép duong tron (0). Mot diém M di déng trén
duong tron (0). Goi 7, J, K lan luot 1a hinh chiéu
vudng goc cua M trén BC, CA, AB. Tim gia tri nhd
nhit cua bidu thic P=4MI* + MJ* + MK*.
HOANG NGOC MINH
(GV THPT chuyén KHTN, PHQOG Ha N&i)
Bai T9/536. Cho tam gidc nhon ABC ndi tiép
dudng tron tim O ban kinh R, cdc dudng trung
tuyén AA,, BBy, CC, l4n huot cit dudng tron tim
O tai 43, B>, C;. Chirng minh réng

Ad; + BB; +CC, 2%.

PHAM DUY KHANH
(GV THPT Quy Chdu, Nghé An)

TIEN TOT OLYMPIC TOAN

Bai T10/536. Cho p 1a s6 nguyén t5 va n 1a sé
nguyén 16n hon 4. Chimg minh rang da thtc
fO)=x"~px* + px+p’
khong thé pl}ﬁn tich dugc thanh tich cia hai da
thirc vdi hé s6 nguyén co bac 1én hon hay bang 1.
PHAM HUU HIEP
(GV THPT chuyén Tién Giang)

TOAN HOC
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Bai T11/536. Tim tit ca cac ham sé f:Q—>Q

thda man f{1) =0 va
Sy=y)=f(x)f(»)+f(x)-1,Vx,yeQ.
HO THANH LAI
(GV THPT chuyén Lé Quy Pén, Binh Dinh)
Bai T12/536. Cho tam gidc 4BC néi tiép dudng
tron (0), dudng phan gidc goc BAC cit BC tai E
va cét lai (0) tai P. P’ 1a didm déi xttng v6i P qua
BC. AP’ cit BC tai K; L 1a truc tim tam giac AEK.
Chimg minh dudng tron dudng kinh AL tiép xic
V&1 dudng tron Euler cua tam giac ABC.

NGUYEN DANG KHOA
(Sinh vién K71, khoa Todn-Tin, DHSP Ha Néi)

Bai L1/536. Cho 3 diém 4, B, C thang hang, theo
thir tr xa dan ngudn am. Mirc cudmg d6 4m tai A,
B, C lan luot 14 40 dB ; 35,9 dB va 30 dB. Biét
khoang cich gilra 4 va B 1a 30 m, Tinh khoang

cach gitta B va C.

VIET CUONG (Hd Ngi)
Bai [,7/%6 Doan mach dién 4B gdm doan mach
AM mic nbi tiép voi doan mach MB. Trén doan
AM chira bién tré va cudn day thudn cam, trén
doan MB chua tu dién. Mic vao ha1 dau doan
mach dién 4p xoay chiéu co tn sb goc o (voi
20°LC=3). Khi R=R, thi cong suat tidu thy
trén doan mach dat cuc dai, va dién ap gilra hai
diu doan mach AM co biéu thioc la:

 =240v2coswr (V). Viét biéu thirc dién 4p
gilra hai diu cia doan mach 45.

THANH LAM (Ha Néi)
**}c************:’r***v‘:****#*‘k****************
Pinh chinh: Bai T7/535 muc Pé ra kp nay, s thang
1.2022 d3 nhim khi viét:

. f12021) = 1, hdy tinh {2022).
.. 2022) = 1, hay tinh £2024).

Thanh thuc xin 181 tac gia va ban doc.

Xin dugc sua la:

TH&TT

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/536 (For 6" grade). Let m be the sum

92022

of the digits of the number , n the sum of the

digits of m and k the sum of the digits of ». Find £.

Problem T2/536 (For 7" grade). Given a triangle
ABC with ABC=40°, ACB=10". Let d be the

perpendicular bisector of the line segment 4B, and
d’ the line through C and perpendicular to d. Let D
be the intersection between d and &’. Find the

measurement of the angle BDA.

Problem T3/536 Solve the equation

Y2x—1+41-x=—x% +3x -1,
Problem T14/536. Given a quadrilateral ABCD
with CAD=40°, BAC=50°, CBD=20° and

CDB =25". Find the measurement of the acute

22

TOAN HOC
' Clusifre
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angle formed by the diagonals of the quadrilateral.

Problem T5/536. Given real numbers a, b so that

a + b =2 Find the maximum value of the
expression

P=gby—21 1 . 1
@ +b°+1 @ +p 41 o'+ +1

FOR HIGH SCHOOL

Problem T6/536 Given n positive numbers a,, a2,

ey Ay (HEN‘)‘ LetS= a +02 + .. +an- Prove

5
that (S-a)*(S~a,) (S-a, )= s[”_l.s) .

n

Problem T7/536. Given a non
ABC. Show that

( A s,'nﬂ . B
. 2 . B smE <m J_
2 ] ( 5 -+ sm 2

2

-obtuse triangle

(Xem ticp trang 31 )
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Bai T1/532. Tim nghiém nguyén cua phirong trinh
FAx+) =y + ()
Loi gidi. Th x* + (x + 1)’ =y*+ (¢ + 1) (1), khi
cho x = 0 hodic x = -1 thi (1) tr&s thanh:
V++1)t=1
Do céc s y* va (v + 1)* déu 1a s6 nguyén khong
am nén chi xay ra: hoic y = 0 hodc y = —1, déu
thoa man dé bai.
Xét v6i x > 1 hodc x < —1. Ta bién ddi:
Yo+t =yt oty 1y
=2y4+4y3 +6y2+4y+ 1,
thay vao (1) duogc:
2+ 2+ 1=+ 4 +67 +dy+1
hayla ¥ +x=y"'+2y° +3)7 +2y,
hay1a X+ x+1=0"+y +)+ 0’ +y" +)
+ @y D=0+ 1),
suy ra x?+ x+ 1 14 sb chinh phuong.
s Véix 21 thi > <x*+x+1 <x+ 2+ 1
= (x + 1)> nén khong ton tai s& nguyén x dé
x2+ x+ 1 1a sb chinh phuong.
CVéix<—1thix> P +x+1>x+2+1
=(x+ 1)2
nén khong ton tai sb nguyén x déx*+x+11asd
chinh phuong.
Viy phuong trinh (1) 6 chc nghiém nguyén (x; y)
sau: (0;0); (0;—1); L 0); (—=1;-1).
Nhin xét. Céc ban sau co 1&i giai dung. Hung Yén:
Lé Tudn Hiép, 6C, THCS Doan Thi Diém, Yén M¥;
Nghé An: Luu Trong Phiic, 6B, THCS Doi Cung,
TP.Vinh; Séc Triang: Pdng Ngoc Duy, 6A1, THCS

Ké An, Ké Sach.
NGUYEN VIET HAI

Bai T2/532, Cho tam giac ABC ¢6
A=120" B=40". Trén canh AC ldy diém M sao
cho AB = AM. Trén tia doi cua tia AB lay diém N
sao cho AMN=40". Tinh 56 do goc BNC.

Léi gigi. (Cia nhidu ban) Ta lay E trén canh BC
sao cho AE vudng goc

. N
BM. Do tam giac AMB
can tai 4, cho nén AE 1a 2
n . ; i i C
phin giac goc 4 va la
trung tryc cua BM. Tu p E

su dbi ximg qua AE, ta
6 AME =B =40° va BAE = EAC = CAN = 60".
Tit  A=120°,8=40", AB=AM, AMN =40°, tam
giac BAE va tam giac MAN bang nhau (g.c.g). Suy
ra AE=AN,BE=NM . Vi EM = BE nén
ME = MN. Do AN = AE va ME = MN, suy ra AC
I trung truc NE, do 6 NCA=C.
Do C=180" —120° —40° =20° nén NCA = 20". Vay
BNC = A- NCA=120° - 20° =100".
Nhin xét : Cac ban 16p 7 sau day c6 dap sb dung:
Nghé An: Pham Xudn Hodng, Thdi Ba Nhdan,
Nguyén Thai Triéu, Nguyén Vin Lam, Pinh Ana, TA,
THCS Ly Nhit Quang, P6 Luong; Séc Trang:
Huynh Gia Bdo, 7A2, THCS Ké An, Ké Sach;
Ngoai ra c6 2 ban 1op 8 cling giri bai giai 1a ban
Nguyén Kim Anh Qudn, 8A va Nguyén Hai Triéu,
8B, THCS Ly Nhat Quang, D6 Luong;

vU DINH HOA
Bai T3/532. Tim phan nguyén ciia biéu thirc

:(\/’n_ +n+1++n +2)"
Vi n la s6 nguyén duong.
Ap dung bit ding thic
(a+b) <2(a* +b*) véi a, b 1a hai sb thuc bt
ky khéc nhau, ta co:
2

(\/;+ n+2) <2(n+n+2)=4(n+1)
=SJn+vn+2<2dn+1 ().

N s P v

Loi  gidi.

Dodo: A4

s$itipsabitieu e 15{%(@ 23




<(3Vn+1) =9n+9 (2)

Ta sé chimg minh

2
A=(\/;+\/n+l+ n+2) >9+8 (3).
That vay,

3) e 4=3n+342(n(n+1) + f(n+1)(n+2)

+m)>9n+8
c>VT=2(\/n_(rl)+\/(n+l)(n+2)+Jn(n+2))
>6n+5.
Theo (1), ta co: 2(m+1)+J(n+l)(n+2))
=2JTH(J;+M)>(\/;+M)Z
=2n+2+2,[n(n+2).
Do d6 VT=2(fu(n+1)+[{+1)(n+2) +n(n+2))

>2n+2+4,/n(n+2).

DE suy ra (3), ta chi cin chimg minh

2n+2+4,/n(n+2)>6n+5
<::>4,,‘n(n+2) >4n+3

4@161r1(n+2)>(4n+3)2 < 8n>9.
BDT théa mén véi moi sé ty nhién 7>2. Nhur
vay (3) ding voi n>2,
Vo1 n=1:tacé:
A=(\/f+x/§+\/§)2 >(1+1,41+1,73)°
=414* >17
nén (3) ding véi n=1. Nghia la (3) ding v&i moi

s6 nguyén duong . ,

Tir (2), (3) suy ra vdi moi sO nguyén duong n, ta
c6 In+8<A<9n+9.Viy [A]:9n+3.

Nhin xét. Didu then chét cia 1oi giai 1a ching minh
On+8<A<9n+9. ‘

C6 thé chimg minh A>9n+8 bang cach ap dung

BPT Cauchy:

A=(\/;+ n+l+-,/r:k_2)2>93 n(ﬁ+1)(n+2);

sau do Ch'l.lmg minh vol nz3 co

93 n(n+l)(n+2) >9n+8 (ldp phuong hai vé, quy

vé tam thirc bac 2); truong hop n=1, n=2 duoc

846 536(2-2022)

thir tryc tiép. Ban doc tu kiém tra cac két qua. Céc
ban sau day c6 bai giai tot :
Ha Noi: Tran Viét Anh, 8Cl, THCS & THPT
Archimedes Dong Anh; Ha Tinh: Trdn Minh
Hodng, 9E, THCS Nguyén Trdi, Nghi X’uﬁn; Séc
Triang: Nguyén Anh Thu, 9A1, THCS Ké An, Ké
Sach. ) i
NGUYEN ANH DUNG

Bai T4/532. Cho tir gidgc ABCD ngi tiép mia
duong tron (O) duong kinh AD. Goi [ la giao diém
cua AC va BD. Puong phdn gidc ngodi ¢ dinh I
cua tam giac BIC cit AB, CD lin lugt tai E va F.
Chirng minh ming duong thiang vuéng géc voi AB
tai E, duong thang vuéng goc véi CD tai F va
duong thang OI don o quy.

Loi gidi.

D

Goi K 1a giao diém cua cac duong thing qua E, F lin
lwot vudng géc véi AB, AC.
TacOKE L AB,KF L CD (1). Bai toin td& thanh
chimg minh ba diém /, X, O thing hang,
Goi M =EK N AC,N=FK ~BD .
Vi4D la dudng kinh duong tron (O)nén
BD LABvAAC 1 CD (2),
Tu (1), 2)suyra EK// BD, FK /| AC.
Xét hai tam gidc BI4 va CID c6:
ABI = DCI =90°, Bld=CID (@i dinh),
nén A4ABI v ADCI (g.g). Lai c6 IE, IF 14 hai tia
phan gi4c twong mg cia hai tam gl4c trén, suy ra
EB FC
EA FD
Ap dung dinh If Thales cho tam gidc ABJ va tam
giac CDJ ta cé: Eg:ﬂ, i =£.
EA MA FD ND
Do d6 M =A-U—
MA ND
déo). Mit khac, tir gisc ZMKN 12 hinh binh hanh

= MN // AD (dinh 1i Thales

https://tieulun.hopto.org



(co cac _cap canh dbi song song), nén IK di qua

trung diém cua MN.

Vi MN /| BC, theo hé qua cia dinh li Thales, suy

ra IK di qua trung diém cta 4D,

Viy ba diém 7, K, O thang hang.

Nhin xét. 1) Bai toan trén c6 nhiu céch giai, ¥ tuing

chung 12 két hop tinh cht tia phén gisc va dinh 1i Thales.

2) Cic ban THCS sau ddy c6 11 giai tét.

Séc Trang: Nguyén Anh Thu, 9A1, THCS K& An, Ké

Sach; Ha Tinh: Trdn Minh Hodng, 9E, THCS Nguyén

Trai, Nghi Xuin; Nghé An: Nguyén Canh Nam Khdnh,

Nguyén Tdt Qudn, 9D, THCS Ly Nhat Quang, P6

Luong; Luu Trong Phuc, 8B, THCS D$i Cung, TP Vinh.
NGUYEN THANH HONG

Bai T5/532. Giai hé phwong trinh

[_\'2(.\'—_\‘)4-3)‘: +x(1-3y)=y ()
> :
i:’a\j}r‘—9_\w+2+{/y}—21+3:x (2)

Léi gigi. PX: 3x* -9y +220.
Bién d6i phuong trinh (1), ta c6:
X (x—y)+3y  +x(1-3y)=y
o X (x—y)=3p(x-y)+x-y=0
o (x—y)x*-3y+D)=0
oSx-—y=0&x=y.
(vi 3x* =9y +22>0=>3x" -9y +3>0

=x’-3y+1>0).
Thay x = y véo (2), ta dugc:

3322 —9x + 2 +3/x’ —21+3=x.

Do 3v3x? -9x+2 20nén

J x3—21+35x4:>x3—21-<-(x—3)3

C27x+6<0 e 3x* -9x+250 ().

& 9x?

Két hop véi didu kién 3x° —9y+220vax=y

2>0 (4). Tu (3) va (4) ta co:

9—\/57 9+\f5—7-
6

6
Vay hé phuong trinh c6 hai nghiém (x; y) 12

(9_5_9—f] [9+J’ 9+J')

suyra 3x* —9x+

3 -9x+2=0&x5= X =

6 6

Nhin xét. Diy 1a dang hé phuong trinh hai &n c6
chira can. Ngoai cach lam trén, dé tim mdi lién hé
giita y va x, ta ciing c6 thé coi (1) 1a phuong trinh bac
bai 4n y (véi x la tham sb), ta tim dugc y = x va

2
+ ; T o ews
A 41 (loai). Bai nay rat it ban tham gia giai.

y=
Tuyén duong cic ban sau ddy 6 191 giai tot: Ha Ngi:
Trdn Viét Anh, 8C1, TH, THCS va THPT
Archimedes Dong Anh; Hung Yén: Lé Tuan Nghia,
9C, THCS Poan Thj Piém, Yén My, Hung Yén.
PHAM THI BACH NGQC
duong

T6/532. Cho n s6 thuc

a, (neN,n=3). Chirmg minh rang

Bai
@y eens
a; a4 a n
: + 2 fo——.
a,(a, +a,) a,(a, +a,) a(a, +a) 2
Léi gidi. Theo BDT Cauchy ta co:

2
a a, +
) +1az

a,(a +a,) 4a,
2
4 2§.i——1—. Tuong tu
a(a+a) 4'a, 4

3

=»>—2=r> y——— 22—

a(a, +a,) 4a, 4 a(a,+a) 4q
Cong theo vé cac BDT trén ta duoc:

af .a,2 a,

+ : 4 —"

al(an+a1)

+
a,(a, +a,)

a,(a, +a,)
22(i+—q-2—+...+ff-}-—£.
4\ a, a, a ) 4
Mait khac ciing theo BPT Cauchy ta cé:
R T
a, a 4
do dé:
af @, ., a
a,(a, +a,) a(a,+a,) afa,+a)
3n._ . n_n
22 7a 2
Péng thiic Xdyra & @, =@, =...=a,.

Nhin xét. Cac ban tham gia giai bai nay déu ding va co
céch gidi theo huéng nhur cich gidi trén, mot sO ban sir
dung BDT Schwarz ciing cho 15i giai ngén gon. Céc ban
sau b 16 giai tdt: Hung Yén: Nguyén Gia Khanh, 10
Toan 1, Tran Van Quén, 12 Toan 1, THPT chuyén Hung
Yén, Lé Tudn Nghia, 9C, THCS Doan Thi Piém, Yén
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Bai T8/532. Cho hinh chop S ABCD 060 13 wido
diem cua AC va BD. Goi hy, ha, hy, hy theo thir ne

la khoang cach tic diem O dén cic mar phang

(S4B), (SBC), (SCD), (SDA). Chitng minh rang
(SAC) va (SBD) vuong goc voi
I 1 1 1

hai mat phang

nhau khi va chi

Léi gidi.

Goi (a) 12 mit phing di qua O va vudng goc véi
SO, (a) cét cac duong thing SA,SB,SC,SD
theo thir tu tai M,N,P,Q .
Pit #=MON = POQ thi
NOP = QOM =180°- 3.

Goi K la chan dudng cao ké tir O cua tam giac
OPQ va H la chan duong cao ké tr O cua tam
giac SOK. Khi dé:

OH L (SPQ) hay OH L(SCD).
Suyra k, =d(0,(SCD))=OH.
Ki hiéu k,k,,k,,k, theo thir tw 1a do dai duong
cao ké tr dinh O tam giac
OMN,ONP,OPQ,00M.
Tam gisc SOK vuéng tai O co dudng cao OH

1 1 1 1 1 1
én —=—==—o vt ¢?
n OoH* 0S* OK

cua cac

= +i=—,

Tuaong tu, ta co:

T 1 11 1,1 1t .1
—— i i + 92 2— 2 2.
® S0 KR SO kK SOk

11

bit m=0OM,n=0ON,p=0P,g=0Q . St dung
dinh li ham s6 cbsin trong tam giac ta co:
1 MN* m*+n*-2mncosp
K asi. T miaisi?f

Tuong ty, ta cé :
1 _n’+p’+2np.cosf
K n*.p’.sin’ B
1 _ p’+q°-2.pg.cos B
k: p*.q’.sin® B
g’ +m’ +2.gm.cos 8
q>.m*.sin” B

>

1
72

k4

va

1
Suy ra: E + E
_ pgi(m* +n* —2mncos f) +m'n’ (p* +¢° —2pgcos f)
mlnzplql Sinzﬁ
_mn’(p* +4°)+ P’ ('’ +n’)—2mnpq(mn+ pg)cos B
mznzpzqz Sinzﬁ

1 1
Tuong tr: —+—
Kk Ok,

_m’qz(n2+p’)+n2pz(m2+qz)+2mnpq(mq+np)cosﬂ
m'n’ p’q’sin’ B '

(SAC)n(SBD)=SO; SO L(a)

(a)N(SAC)= MP,(a) " (SBD)= NQ nén
(SAC) L(SBD) <> MP L NQ.

Vi va

Vé . L.{.L-—L.{_L@_l_.{.i—l.p_l_
YRR R R K KR
- m*n? (p2 + qz)+ g (m2 +n2)*2mnpq(mn + pq)cos B

mznzpzqzsinlﬂ
mzq:(nz +p’)+n2p2 (mz+q2)+2mnpq(mq+np)c{)sﬂ

- 10737

m'n® p*q*sin’ B

< (mn+ pg+mq+np)cos f=0<cos =0

< f=90°< MP 1 NQ < (SAC) L (SBD).
Nhgn xét. S bai giai giri vé Toa soan khong nhiéu.
Hai ban sau c6 1&i giai dung: Trdn Thj Thanh Thu,
11 Toan 1, Pham Ngoc Long, 12 Toan 1, THPT
chuyén Quéc hoc Hué, Thira Thién Hué.

HO QUANG VINH

OAN HOC
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Bai T9/532. Cho tam giagc ABC ¢o dé dai cac
canh BC, CA, AB lan ot ld a, b, c. Goi r,, 1y, 7,
lan hegt la ban kinh duong won bang tiép cac goc
A, B, C tuong tmg. Chirng minh rang

" %

fetie B% (1),

asmA bsinB csinC

Lot gigi. (Cua Trdn Viét Anh, 16p 8 va nhiéu ban)

Tacc'): SABC =(p—a)r; =—;-

Suy ra: - be
y 'asmA—a(b+c—a)

besin A.

).

Tuong tu:

B ac A ab
bsinB_b(a+c—b)’ csinChc(a+b—c)'
V& tréi clia (1) tr& thanh
L % Te
asind bsinB c¢sinC

be ac ab
a(b+c—a)+b(a+c-—b)+c(a+b~c)'

Ap dung bt ding thic Cauchy ta cé:

. bc . ac N ab
’ a(b+c—a) b(a+c—b) c(a+b—c)
be ac ab
=3 : s
Ja(b+c—a) b(a+c-b) c(a+b—c)

abe
23i/(b+c—a)(a+c—b)(a+b—c)'

Mi o = 4? —(b—c);1 =(a+b—c)(a—b+c);

b 252_(a—c)2=(b+a—c)(b-a+c);
ct>c _(b—a)2 _—.(c+b~—a)(c—-b+a).

Nhan vé véi vé ta duoc:
abcz(a+b-c)(a~b+c)(b+c-a).

Suy ra:

abc
P23{/(b+c—a)(a+c—b)(a +b-c)
Viy BPT(1) duge chimg minh. Diu bing xay ra
< ABC 1a tam giac déu.
Léi bimh. Céc ban tir chimg minh bén hé thitc tuong
d6i quen thudc sau hodc xem trong
[1] Ta Duy Phuong, Hoang Minh Quén, Phyong
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23.

trinh bdc ba véi cdc hé thirc hinh hoc va luong gidc
trong tam gidc, Nha xuét ban Gido duc Viét Nam,
2017.

BS d& 1 ([1], Bai 3.4.10, trang 190) 1, = p’r.

B6 dé 2 ([1], Bai 3.1.11, trang 76) abc =4 pRr.

B4 dé 3 ([1], Bai 4.1.4, trang 261)

1 Asin Bsin C pr
inC= ;
sin Asin B's R

B dé 4 (Bét déng thirc Euler, [1], trang 24): R > 2r.‘
Ap dung. Theo bt dang thirc Cauchy va bdn bé dé
trén ta co:

fa t e

oy 22 3D : , -
asind bsinB c¢sinC \/abcsmAsmBsmC

Vay bit déng thirc (1) dugc chimg minh.

Nhin xét. Cac ban déu lam theo cach da trinh bay,
v6i mot vai chi tiét khac khong déng ké. Thi du, mot
s6 ban dung hinh v& ching minh céng thirc

Susc =(p—a)r,, hoic mot sé ban ding cong thirc
A 3 s A A= s P4 , .
o ptan; va bi€n ddi lugng gidc dé chimg minh

cOng thirc (2). Cac ban dudi diy da lam dung:
Ba Ria-Viing Tau: Phan Trung Kién, 12T1, THPT
chuyén L& Quy Pén; Binh Dinh: Nguyén Thanh
Hau, 11A1, THPT Tay Son; Ha Néi: Trdn Viét Ank
8Cl, THCS & THPT Archimedes, Péng Anh,
Nguyén Huy Hoang 12 Toan 1, THPT chuyén
Nguyén Hué; HA Tinh: Trdn Minh Hodng 9E,
THCS Nguyén Trai, huyén Nghi Xuin; Hung Yén:
Nguyén Gia Khanh, 10 Toan 1, Trdn Vin Qudn, 12
Toan 1, THPT chuyén Hung Yén; Lim Pong: 76
Gia Bdo, 12 Toan, THPT chuyén Thing Long, TP.
ba Lat, Tran Céng Minh, Mai Trung Nguyén, 11
Toan, THPT chuyén Bio Loc, TP. Bio Ljc; Long
An: Nguyén Tién Dat, 10T1, THPT chuyén Long
An; Quang Binh: Nguyén Trdn Hodng, 11 Toé4n 2,
THPT~ chuyén V3§ Nguyén Giép; Thira Thién Hué:
Nguyén Quang Huy, 11 Toén 1, Pham Ngoc Long 12
Toan 1, THPT chuyén Quéc hoc Hué; Vinh Long:
Lé Nguyén Gia Bao, 12 T1, THPT chuyén Nguyén
Binh Khiém. v3 mét ban khong ghi tén,

TA DUY PHUQNG
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Bai T10/532. Tim tat ca cdc sé nguyén duong n
sao cho n! chia hét cho 2"
Loi gidi (Cua ban Tran Minh Hoang, 9E, THCS
Nguyén Trai, Nghi Xuéan, Ha Tinh)
Gia st n!= 2°m,v&im la sb 1&. Khi d6:
2" nlss2n -1,

£l m
Ta co: s = v,(n!)= Z{?} ¢ do k 1a s6 nguyén

i=1

dwong 16n nhat ma 2* <. Do dé:

.
n—lﬁsszgznzii=n(l__21?]

Viy taphdi co s =n— 1 & n=2% Vayn=2* véi
k 14 s6 nguyén duong.
Nhén xét. Cac ban sau day co6 101 giai tbt:
Ha Noi: Tran Viet Anh, 8C1, THCS Archimedes; Ba
Ria - Ving Tau: Phan Trung Kién, 12T1, THPT
chuyén Lé Quy Pén; Quang Binh: Nguyén Trin
Hoang, 11 Toan 2, THPT chuyén V6 Nguyén Giap;
Binh Pinh: Nguyén Huy Hodng, 12 Toan, THPT
chuyén Lé Quy Don; Thira Thién Hué: Pham Ngoc
Long, 12T, THPT chuyén Quéc hoc Hué; Lam
Pdng: 76 Gia Bdo, 12 Toan, THPT chuyén Thing
Long,

PANG HUNG THANG

Bai T11/532. Cho f: R —> R ld ham s6 lién tuc
thoa man f(x+ y)=f(f(x).f(¥) (1) véi moi 56
thiee x va y. Chirng minh réng [ la ham hdng.
Léi gigi (Theo da sb cac ban).
Nhan xét ring néu ton tai x, €R dé f(x,)=0 thi
tr (1) suy ra:

f+x,)= L[S (5)=0xeR ‘
& f(t)=0,V1 € R.Viy f(t)=0 1a ham hang.
Xét truomg hop f(x) # 0,¥x e R. Ti (1) va tir gia
thiét £ 1a ham lién tyc trén R suyra f(x)>0
véi moi xeR. Thay y=0 vao (1), ta thu duoc:

fx)= £(f(x)f(0), xR

_ SO yreRr
< f(f(x)= f(o),Vxe

Két hop véi (1) ta thu duge:

_f& R
Jx+y)= 70) f(),Vye

hay gx+y)=g(x)g»)VyeR (2),

trong do (x)=mcl 1a ham lién tuc va duong
A0

trén R. Vay (2) la phuong trinh ham Cauchy dang
mii nén c6 nghiém g(x)=a",a>0. Suy ra:
f(x)=ba*,a>0,b=f(0)>0.

Ta chitng minh a =1, titc 13 f(x)=b.
That vdy, gia st 0<a=1. Thé vao (1), ta thu
duoc: ba™” =ba’™ xba’ ,Vx,yeR

o a* =ba’® < x=ba” +log, b.
Véi x=log, b thi 0=>5ba"*", mau thuan.
Thé f(x)=»b vio (1), ta thu dugc b=1,
Két lugn: Vay chi c6 ham hing f(x)=0 va
f(x)=1 la théa man cac diéu kién bai ra.
Nhén xét. Diy 13 dang toan vé phuong trinh ham co
ban véi cap bién tu do trong 16p ham mét bién thyuc
nén c6 nhiéu ban tham gia giai. Céc ban giri dén toa
soan déu giai theo cach di trinh biy & trén dya vao
két qua di biét v& phuong trinh ham Cauchy dang
tuyén tinh va dang md.
Cac ban sau day co 151 giai dung.
Ba Ria - Viing Tau: Phan Trung Kién, 12T1, THPT
chuyén Lé Quy Don; Lam Dfmg: T6 Gia Bao, 12T,
THPT chuyén Thang Long, TP. Da Lat; Ha Tinh:
Tran Minh Hoang, 9E, THCS Nguyén Trii; Thira
Thién Hué: Nguyén Hodng Ngoc, Nguyén Thi
Phuong Thao, 11T1, Pham Ngoc Long, Nguyé}z
Quang Huy, 12T1, THPT chuyén Quéc hoc Hué;
Hung Yén: Tran Vin Qudn, 12T1, THPT chuyén
Hung Yén; Vinh Long: Lé Nguyén Gia Bdo, 12T1,
THPT chuyén Nguyén Binh Khiém; Séc¢ Tring: Ly
Hoang Nhut, 11A1T, THPT chuyén Nguyén Thi
Minh Khai.

NGUYEN VAN MAU

Bai T12/532. Goi (0), (1) lan luot ld duong tron

ngoai tiep (tam O), ndi tiép (tam I) cua tam gidc
ABC. Puong tron (D) tiép xuc trong vé6i (0) tai X

ss Alips:ie TR0 51y




tico vie voi cac canh AB. AC. M {a giuo
1X ke tir X

va tiep tuvén cua (D) song song voi BC (tiép tuyen

(ﬂ'ﬁg;-; thot
diem cua diwong thang vuong goc VOT A
nav nam cing phia véi X so vai BC). Chimg minh
AM, BC va Of dong quy.

Loi gigi. (Theo ban Té Gia Bdo, 12T, THPT
chuyén Thing Long, TP. Pa Lat, Lim Ddng)

Ta cén c6 mdt bd dé.

B6 d&. Cho tam gidc ABC, (0), (I) theo thir ti la
duong tron ngoai tiép va dwong tron ndi tiép.
Puong tron (D) tiép xiic véi AB, AC va tiép trong
voi (0) tai X. Q la trung diém cung BAC ciia (0).
Khi dé 1, X, Q thang hang.

B d& trén rit quen thudc, khong trinh bay cach
chimg minh ¢ ddy. Tro lai bai toan trén:

Goi H la tiép diém cua duong tron (D) va dudng
thang qua M song song v6i BC; L 14 tiép diém ciia
(D) va BC; N 1a diém dbi ximg cia H qua D; P 1a
giao diém thir hai cia A va (0); Q la giao diém
thir hai clia PO va (0); J 1a diém dbi ximg cia H
qua DM; K 1a giao diém thir hai cia XJ va (0); Z
13 giao diém thir hai cia MX va (D); T 1a giao
diém cta OI va BC; A’ 1a diém ddi xing ctia 4 qua
0.

Ki hiéu XX 14 tiép tuyén chung tai X cia (O) va
(D).

D& thy DH 1T OP. Tir 46, chii ¥ ring X 1a tim
cia phép vi tw ngoai bién (D) thanh (0), suy ra X,
H, P thing hang, D& thiy AXd'= AXM =90°. Do

TORN HOC
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46 X, M, A’ thang hang. Két hop v6i Z € MX, suy

raX,Z,A thang hang.
D& thay MJ tlep xtic voi (D). Do dé t& giac HZJX

didu hoa. D& thdy IL//QP va OP =00Q. Do do

1(LOPQ)=-1.

Vay Q(PKA'X)=X(PKA'X)= X(HJZX)
——1=1(LOPQ).

D& thiy QP//IL; QA'l/ AP = IP.

Theo bé d2 trén, QX = IQ. Vay QK /10 (1).

D& thiy DN T OQ. Tir d6, cha y rang X 12 tim

cia phép vi tur ngoai bién (D) thanh (0), suy ra X,

N, Q thang hang. Viy qua phép vi tr tdm X bién
(0) thanh (D), O, K theo thir tu bién thanh N, J.

Do d6 QK // NJ (2). Tix (1) va (2) suy ra NJ /1 1O.

MD L HJ,HI LNJ, suy r1a

Két hop voi
MD//IO=TI.
Két hop véi MH //TL; DH//IL, suy ra cic tam
gidc MHD va TLI c¢6 cic canh tuong Ung song
song. Vay MT, HL, DI ddng quy (3).
Dé thdy /L ™1 DH. Tir 46, chu ¥ ring 4 14 tdm
clia phép vi tr ngoai bién (J) thanh (D), suy ra A,
L, H thing hang.
Do d6 A=HLN DI (4).
T (l)va(2)suyra 4e MT.
Diéu d6 c6 nghia 12 AM, OI va BC déng quy.
Nhgn xét. Bai toan nay kha khé, ngoai ban Bdo chi
c6 4 ban tham gia gidi: Hung Yén: Nguyén Gia
Khdnh, 10T1, Tran Vin Qudn, 12T1, THPT chuyén
Hung Yén; Ha Tinh: Trdn Minh Hodng, 9E, THCS
Nguyén Trai, Nghi Xuan; Séc Tring: Pham Nguyén
Khang, 10A2T, THPT chuyén Nguydn Thi Minh
Khai.

NGUYEN MINH HA
Bai 1.1/532. Song dung trén mét soi déy ¢6 dang

il T /4
f=25in {Zx)cos(ﬂ)m +@——)(cm).
, 2

Vi x do bang (em), t do bang (s).
a) Tinh van to¢ truyen song doc theo soi day.

,or 3 ~ . I3 A ~
b) Xdc dinh nhimg vi tri trén day c6 bién d¢ dao
dong bang | em.
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Loi gidgi. Theo dé bai bién d6 dao ddng cua song:

(7
sin| =x |.
(4]

Tai nhing diém 1a nit thi 4 = 0, nén
. (n’ ]
s —Xx
4

Vi khoang cach giira hai nut lién tiép 1a A nén:
2

A=2

2

7:
=0:>Zx=k”:>xk=4k-

%:xk_,—xk:4k+l—4k=4 = A=8cm
L, @ 207

Laico: f =—=—=10Hz.

' / 2r 2m ‘

Véay v=»Af=8.10 = 80 cm/s.

Nhimg diém c6 bién d6 bing 10 cm théa mén
s (4
sm| —x

[4 )

. 1
sin| Zx —t-Zy=2Z4kn :>xk=iz+4k.
4 2 9 6 3

Véi k 1a nhimg sé nguyén sao cho xx > 0 va nhé
hon chiéu dai soi day.

phuong trinh: 2 =1 =>A=8cm

Nhin xét. RAt tiéc 1a khong c6 ban nao co céu tra
161 dung cho dé ra ki nay!
PINH THI THAI QUYNH

PROBLEMS ... (Tiép theo trang 21)

Problem T8/536. Given an equilateral triangle
ABC with the side a, inscribed in a circle (0). Let
M be a point moving on (0). Let I, J, K
respectively be the perpendicular projections of M
on BC, CA, AB. Find the minimum value of the
expression P=4MI’ T MJ+ MK

Problem T9/536. Given an acute triangle ABC
inscribed in a circle (0) with radius R. The
medians 44,, BBy, CCi respectively intersects (0)

3R
at 4, B, C,, Show that 44, + BB, + CC 2

TOWARDS MAT!-IEMA'!‘]CAL OLYMPIAD

Problem T10/536, Given a prime p and an integer
n which is greater than 4. Show that the

Bai L2/532. Poan mach di¢n xoay chicu gom
dién tro thuin R mdc noi ticp voi cuon day cé
dién tro r hoat dong. Dién dp hicu dung o hai
ddiu dién tro, cudn day va hai dau doan mach lan
lwot la 35V, 85V va 752 V. Cuon day tiéu thu
cong suat 40 W. Xdac dinh tong dien 1rd thudn

cua toan mach.
35% +(75v2)" 85" _ 2

235752 0
= U+, = UAE=ABCOS(|) =75V=U,= 45V

Lo gidgi. Taco: cosg =

=lA=>r+tR=750Q.

P= r12=I.U,:>I=?

R

— I
4 M 3r,L B
B

752V
85V, U,
4=<2f > >

35V M U E

r

Nhin xét. Hoan nghénh ban Nguyén Truong Duy,
11T1, THPT chuyén Nguyén Quang Diéu, DPong
Thap va ban Lé Dinh Minh Quan, 11CT, THPT
Gia Dinh, TP. Hd Chi Minh d4 c6 101 giai ding,
NGUYEN XUAN QUANG

polynomial f(x)=x"— px*+ px+ p’
cannot be factorized as a product of two integral
coefficients polynomials are
greater or equal to 1.
Problem T11/536. Find all functions f:Q—>Q
satisfying f{1) =0 and
foy=»=f@f)+f(x)-1,VxyeQ
Problem T12/536. Given a triangle ABC inscribed
in a circle (0). The angle bisector of BAC
intersects BC at E and intersects (O) at the second
point P. Let P° be the reflection point of P in BC.
AP’ intersects BC at K. Let L be the orthocenter of
ACA. Show that the circle with diameter AL is
tangent to the Buler circle of 4BC.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

whose degrees
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% | Hing s TOT NHAT

PHUONG PHAP

GIXT TOAR \&

A & _ % /f'(\ n? o gwﬁ i
4.5 \:7'| TRONG BAT DANG THUC .
[ v HOANG LE NHAT TUNG

(GV THPT Khoa hoc Gido duc, DHOG Ha ij&

L&i mé dhu. Bit ding thirc (BDT) 1d mot mang
toan hay va kho trong chwong trinh toan THPT.
Cac bai toan bt ding thirc thuong xuyén xuit
hién trong cic d& thi HSG hay thi vao lép 10
THPT chuyén va thudng giy khé khin cho hoc
sinh. Trong bai viét nay, tic gia xin dwa ra mot
phuong phip dé giai quyét mét sé bai todn yéu
cu vé tim hing s tt nhét trong bt dang thirc.
Phuwong phap:

Budc 1. Cho hai hodc ba bién trong bét déng thirc
bing nhau (dya theo didu kin bai toan).

Buéc 2. Bién dbi tir bude 1 dé tim ra hang sb tdt
nhit.

Budrc 3. Ching minh bai ton luén ding véi hing
s6 tbt nhat d6. Két thiic chimg minh.

Sau day xin di vao mdt sb bai toan cu thé:

Bai toin 1. Cho cdc 56 thue duong x, y. Tim hc?ng

$6 k lom nhdt thoa man bat dcfng thire sau luoén
dung: (x+y)4 Zk.)g/(xz +y2) (1).
Loi gidi. Cho x=y . Tu (1), ta cé:
BDT > (x+x) 2 kxx(x’ +x*)
=N (Zx)4 >kxt2x* < 16x* > k2x!
o k<8=k,, =8.

Ta s& chimg minh k=8 13 gi tri 16n nhét thoa
man bai toan. That vy, thay k=8 vao (1), ta cé:

BDT < (x+) 28x(x* +5*)

TOAN HOC
* cusitpe
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&5 +y4+4xy(x2 _,_J,2)+6chy2 28xy(x2+y2)
@x4+y4_4xy(x2+y2)+6x2y220
<:>(x1_*_.);2)2_4_)9,();2+J;2)-i-4.762)22ZO

o (P +y -20) 206 (x-y) 20

(luén dung). Do d6 & =8 thoa mén bai toan

Vay k=8 1a gi4 tri 16m nhat thoa man bai toan,

Bai toan 2. Tim hdng s6 k nho nhdt thoa man bét

dang thire x'y* (x3 +y3)5k luén ding véi moi

56 thuc dwong x,y thoa méan x + y=2(2).

Loi gidi. Tu gia thiét, cho x =y =1. Tir (2), ta c6:
BOT & PL(P+P )<k o k22=k, =2.

Ta s& chimg minh k=2 1a gi4 trj nho nhét thoa
man bai todn hay cin ching minh
x'y? (x3 +y3)S2 .

Thit vy, tir bat ding thic Cauchy cho bén sé
thye drong ta c6-

4=2%= x+y (X —Xy+y )+xy+xy+xy

:12m
@2y (x- —+ <]
SEG (xz‘xy+y)

& x'y? (x3+y3)

+y)<2

<2 (do x+y=2),
Suy ra BPT ding véi =2

Vﬁ k= 3 o014 ft 5 .
Y %=2 14 gid tri nho nhat thda min bai toan.
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Bai todn 3. Tim hang s6 m 16t nhdt théa man pg;

& . _in i___ X y
da”g fh'fc y"- + x2 22m(;+;_2] (3) [uén

ding voi moi 50 thuc duong x, y.

Loi gidgi. Tu gia thiét, néu cho x= y vao BBT

2 2
X
(3), ta dugc: —2+x—2—22m[i+£_2)

©2-22m(4-4) = 02m.0.

Khi d6 ta khong tim dugc hang sé m 1én nhit
thoa man.

Trong trudng hop nay, ta bién ddi bai toan nhu

2 2
sau. Taco: —+2—2>m|Z42_2
Y X y x

x'y? xy
o = () mx-y)
x'y’? 7
Q(x-y)z x+2) _ lse
Xy xy
(x+y)2
=70 >0 (Vx2y)
xy
Z
:>m_<_£x_-_*-_yl_.
xy

Do BPT(3) luén ding VX y>0 nén tU
] x+y2
mg(iﬂ)_ﬁmsmin _(____—)—- .
X o

2
(x"’J’)z >E_@=ﬂ_—.4 nén
2 o
— 4 13 gia tri tt nhat

Mit khac,

m<4. Ta sé chimg minh m
thoa min bai toan.

That vy, thay m =4 vao (3) ta duoc:

¢:>t2+iz—4z—i+620
t
4P 16 - t-1)"
ol 4t+62t 4t+120@(_t_2)__>_O
t

(lu6n ding).

Suy ra BDT (3) ding voi m=4.

Vay m =4 1a gié tri tdt nhat thoa man bai ton.
Bai toan 4. Cho cdc sé thuc dwong a,b,c. Tim
hing sé k lén nhdt thoa man bat dding thirc sau

luén dung:
4(a3+b3+c3)+15abc2k(a+b+c)3 (4).
Léi gigi. Cho a=b=c. Tir (4), ta cé:

BDT @4(03 i +a3)+15a.a.a2k(a-+~a+4:z)3

©124° +154° 2 k(3a)’ & 274’ 2 k274’
ok<l=k, =1
Ta sé chimg minh k=1 13 gi4 tri 16n nhét thoa
man bai toan.
That vy, thay k=1 vao (4), ta co:

BPT & 4(a3 +b +c3)+15abc2(a+b+c)3

e 4(d+b +c*)+15abc
>a*+86 +c +3(a+b)(b+c)(c+a)

od+b+c’ +5ach(a+b)(b+c)(c+a)

oa +b +c +3abe
> ab(a +b)+bc(b+c)+ca(c+a)

o a®+b +c +3abc—ab(a+b)
—bc(b+c)—ca(c+a)20
@a(az-—ab—ac+bc)+b(bz—bc—ba+ca)

+c(c2 —ca—cb:+ab)20 ‘

, TOAN HOC
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R

<a(a-b)(a-c)

+b(b—~c)(b—a)+c(c-—a)(e—b)20 (5)-
Khong mét tinh téng quét, gia st a>b>c >0,
T do:

{2:22336(6—0)(c_b)20‘
Mat khac, a(a—b)(a-c)+b(b-c)(b-a)

(a-8)[a(a-c)~b(b-c)]

=(a—b)2(a+b—~c)20

nén a(a—b)(a—c)+b(b—c)(b._a)
+c(c-a)(c-b)>0.

Suy ra, BDT(5) ding hay

4(a3 +b’ +c3)+15abc_>.(a+b+c)3.

Do d6 k =1 thoa min bai toan.

Vay k=1 13 gié tri 16n nhét théa man bai toan.

e Tir bai todn 4, ta xay dung duoc 2 bai toan co

chu tric “nhe” hon nhu sau:

Bai toan 5. Cho cdc sé thure dwong a,b,c. Tim

hing s6 k nho nhat thoa man bdt dang thicc sau

luon dung:

2(x+y+z)1 +anz2T(x+y+z)(xy+yz+z).
Bai toan 6. Cho cac s6 thue duong a,b,c. Tim
hing s6 k nho nhét thoa man bat dang thirc sau
luén dung:

(x+y+z) +90z2 k(x+y+z)(xy+yz+2x).
Bai toan 7. Cho cac s6 thiee dwong a,b,c. Tim
hing sé h nho nhdt thoa mdn hdt ding thirc sau
luon dung:

a‘ +b* +c* +habc(a+b+ ¢)z(ab+bc +ca)2 (6).

Loi gigi. Cho a=b=c. Tir (6), ta co:

S& 536(2-2022)

< a'+a' +a' +haaa(a+a+a)
> (a2 +a’ +c;cz)2
< 3a* +h3a* 294" & h3a* 26a S h22
=h_ =2
Ta s& chimg minh A=2 1a gia tri nho nhét thoa
man bai toan.
That vdy, thay h=2 viao (6), BDT
oat+bt+ct +2abc(a+b+c)2(ab+bc+ca)2
<at+b'+c +2abc(a+b+c)
2a’b* +b’c’ +*a’ +2abe(a+b+c)
Sat+bt+ct —atht -bt -ctat >0
1 1
= E(a“ —24°p? +b“)+5(b4 —2b%c* +¢*)
+%(c4 -2c*d? +a4)_>_ 0
1 2 1 2 1 2
«:::»5(512 —~b2) +5(b2 —-cz) +E(c2 ——az) >0
(ludén dung).
Suy ra, BDT(6) dung hay A=2 thoa min bai
toan.
Viy h =2 la gi4 tri nhé nhét thoa man bai toan.
e Trong bai toan s 7, ta c6 thé “lam manh” bt

dang thirc hon nhu sau:

Bai toan 8. Cho cdc s6 thuc diong a,b,c. Tim

héng 56 t nho nhdt thoa man bér ding thirc sau

luén ding:

a+bt 4ot +t.abc(a+b+c)2 2(alb: +b'ct +at )

Viéc tim hang s§ ¢ va chimg minh xin danh cho
ban doc.

Bai toan 9. Tim hang sé k tét nhdy thoa man bat
dang thirc sau luén ding véi moi x,y,z>0:

X
oD

y+z z+x x+y
kxy kyz kz
Se— 4. e X
(c+2)0+2) )+ T ey ¢

7).
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Loi gidi. Cho x=y =2z . T (7), ta cé:

X X
+

X
BPT & +
X+x x+x x+4+x

5 k.x.x = k.xx . dexx
(x+x)(x+x) (x+x) (x+x) ' (x+x)(x+x)

2
ol Ll Bx kx® kxt
22 27 4 42 | ag
kL kL k_3k
4 4 4 4
E2%<:>k32
2 4
=k, =2

Ta s& chimg minh k=2 13 gid tri t5t nhat thoa
mén bai toan. Thét vy, thay k=2 vao (7), ta co:
Z

BT & —+-2 4
y+z z+x x+Yy

2xy . 2yz . 2zx
C(x+2)(y+z) (y+x)(z+x) (z+y)(x+y)

x(x+z)(x+y)+y(y+z)(y+x)+z(z+x)(z+y)
(x+y)(y+z)(z+x)

;. 2xy(x+y)+2yz(y+z)+22x(z+x)
- (x+z)(y+z)(x+»)

<:‘>x(x+z)(x+y)+y(y+z)(y+x)+z(z+x)(z+y)

22W(x+y)+2yz(y+z)+22x(z+x)

oxX+y +2 +3xpz
ny(x+y)+yz(y+z)+zx(z+x)

<:>x3+y3+z3+3xyz—xy(1+y)
__yz(y+z)—zx(z+x)20

& x(x* —sz—-xz+y2)+)’()’2 —yz - yx+2x)
+z(zz—zx—Z;V+xy)20

Sx(x—-yWx—2z)+ (y—z)(y-z)
e R N

Pay chinh la BDT (5) trong bai toan 4 d& dugc

chimg minh, suy ra BDT

x + y + ¥4
y+z z+x x+t)Y
2xy 2yz + 2zx

2 +
(x+2)(y+2) (y+x)(z+x) (z+x)(z+y)
lubn ding hay k£ =2 thdéa mén.
Véy k=2 1 gi4 trj 16n nhét thoa mén bai todn.
Pé két thuic bai viét, xin dua ra mot sb bai tap ap
dung.
BAI TAP
Bai 1. Tim hing s6 k nhé nhit thoa min BDT

1 1 1 k
—t—+—+
a b ¢ a+b+c

1 1 1)
>4 + +
a+b b+c c+a

ludn ding v&i moi s6 thuc duong a,b,c.

Bai 2. Tim hing s6 m t6t nhét théa mén BDT

x*+y*+2° mxyz

22
xy+yz+zx (x+y)(y+z)(z+x)

ludén dang véi moi sb thyuc duong x,y,z.
Bai 3. Cho x,y,z>0. Tim hing s6 & 16n nhit
théa mén bat ding thic sau ludn ding:.

1 % 1 i 1 " k
()c+y)2 (y-l—z)2 (z+)c)2 T xy+yztax

Bai 4. Cho a,b,c>0. Tim hing sb h tbt nhét

théa méan bét ding thic sau luén dang:

a’ b
+
20 +k(b+c) 20 +k(c+a)

2

2
c
Ty

+ 2
23 +k(a+b) 2
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Bai viét mé rong khéi niém diém Brocard cho da
gidc 16n hon 3 canh va néu diéu kién dé mot
n - gidc ndi tiép c6 diém Brocard.

Truéc tién ta nhic lai dinh nghia va tinh chét ciia
diém Brocard trong tam gidc.

Pinh nghia 1. Diém Brocard thir nhét ciia tam
gidc ABC la mot diém P nam frong tam giac ABC
sao cho PAB=PBC = PCA. Piém Brocard thir
hai cua tam giac ABC la mét diém Q ndm trong

tam gidgc ABC sao cho QJZE‘ = ‘(:)E‘TB = Q?)’jti

B
Theo dinh nghia trén ta thdy ring moi tam giac
déu tdn tai hai diém Brocard, dugc dyng bing
cach ldy giao diém cua cic duéng tron qua hai
dinh va tiép xic v&i mdt canh cua tam giac,

Sau day la hai tinh chét co ban cia diém Brocard
cla tam giac.

Tinh chit 1. Hai diém Brocard cua tam gidgc ABC
la mét cap diém lién hop dang gidc.

T?ﬁ',—tﬁ% S48 536 (2-2022)
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Chirng minh. Thit viy, gia si P 12 diém Brocard

nhit tam gidc ABC. Dit

~ Q. Goi 0' 14 diém lién hop

thar cua

P4B = PBC = PCA

ding gidc cua P trong tam gidc ABC. Khi do:
Q' AC=0'CB=0'BA=0.

Dodé Q0'=0Q.

Nhin xet. Ta goi
Q=/LPAB=/PBC=/PCA
=Z20AC=ZLQCB =Z0BA

12 géc Brocard cua tam gidc 4BC.

Tinh chit 2. Cho tam gidc ABC ngi tiép dwong
tron (0) voi L la diém Lemoine. Khi d6 hai diém

Brocard P, Q cua tam gidc nam trén dwong tron

duong kinh OL va POL = QOL = ),

Chitng minh, Go; (V) 1a dudng tron qua B va

tié
ép xic véi 4 tai 4, (K) 11 duong tron ngoai

https://tieulun.hopto.org



tiép tam gidc APC . (J) cét (K) tai X khac A
Tuong tu x4c dinh cac diém ¥,Z.

Ta cO LTB:@ va m:m nén
AAXB ~ ACXA , ta thu duoc fd_(.X._’_Ai)=;A§
d(X;AB) AC’

Do d6 X ndm trén dudng déi trung ing véi dinh
A cuatam giac 4BC.

Mit khac, BXC =360° — AXB — AXC
=360° —2(180" —)(?B-X%)
—2BAC = BOC.

Suy ra B,X,0,C df‘)ng vién (cung thugc mot

duong tron). Ma OB=0C va X4 1a phin giac

cia ZBXC nén ZAXO=90".

Viy X la hinh chifu cua O trén AL. Tuong tw

ta thu dugc @=I%=IED=90°. Suy ra

L X,Y,Z,0 dong vién.

Sur dung goc dinh huong, ta co:
(zp,ZL)=(BP,BC)= (CP,C4)= (XP, XA)

E()GD,XL)(modfr).

Suy ra Pe(LXZ). Vay P nam trén dudng tron

dudmg kinh OL. Ddng thoi POL=PZL =Fz§“c‘=vaz
Biy gi¢ chung ta thd m& rong khai niém diém
Brocard cho tr gic. Mot cau héi dugc dit ra 12
fim didu kién cua tr giac ABCD dé tén tai mot

diém P thoa man:

PAB = PBC = PCD = PDA
boje  PAD= FDC = PCB = PBA?
Néu tdn tai, ta s& goi P 1 diém Brocard cua tir
giac.
TAc gia chua tim dugc hét cac loai tir giac ABCD
thoa mian didu kién trén. Tuy nhién c6 mét loai tr
gi4c rit quen thudc c6 diém Brocard, do 1 tir gidc
diéu hoa.
Tinh chét 3. M6t 1ir gide néi tiép c6 diém Brocard
khi va chi khi tir gige dé diéu hoa.
Chitng minh. Gia st t& gitc ABCD ndi tiép
dudmng tron (O).
Chidu thudn. Gia st ton tai diém P nim trong tir
gidc ABCD thoa min PAB =PBC = PCD = PDA.
Goi N 14 giao diém cua (APB) v6i BD. Suy ra
PNB = PAB =§EB, suy ra tr giac DNPC ndi
tiép. Ta co:

NAB = NAP + PAB = NBP + PBC
= DBC = DAC,

suy ra AN va AC déng giac trong ﬂB Tuong
tw CN va CA dang giac trong BCD.
Goi K 14 giao diém ciia AC véi BD. Ta cé:

AD? =ND_KD=CD2

AB* NB KB CB*’
Suy ra AD-BC=AB-CD hay ti gidc ABCD
diéu hoa.
Chiéu déo. Gia sir tir gidc ABCD diéu hoa. Goi
M,N lan luot 13 trung diém cua AC, BD. Goi
P 14 giao diém cua (ANB) va (BMC).

Do AC 13 dudmg dbi trung clia tam gidc DAB
nén NAB=DAC =DBC, suy ra (ANB) tiép xac
véi BC. Twong ty (BMC) tiép xic véi CD,
(UND) tiép xic vi AD.

Tur d6 %:@:ﬁé:ﬁﬁi suy ra to giac
DNPC ndi tiép. Suy ra PCD = PDA.

Jips /iU Teid et




Nhin xét. Vi APB+ DPC = ANB+ DNC

= BNC + DNC
=180°

nén P c6 diém lién hop ding gidc Q trong tir
gidc diéu hoa ABCD. Do d6 P,Q la hai diém
Brocard cta tir gidc diéu hoa 4BCD. Ta dit

Q=P4B = PBC = PCD

= PDA = 04D = QDC

14 géc Brocard cua tir gidc ABCD .
Ban doc ciing c6 thé chimg minh dwgc hai diém
P,Q nim trén dudng tron dudng kinh OK va
POK =Q0K =Q.
Viéc tdn tai diém Brocard ciia tam giac va tr giac
diéu hoa gitip chiing ta manh dan dinh nghia diém

Brocard cua n - giac.

Pinh nghia 2. Cho n - gidc A A,..A,. Néu ton tai

diéem K nam trong n - giéc théa man
Km =KA A =..=KAA_ = m hodc diém
L nam trong n - gidc théa man
[AA =LAA =..=LA, A =LA A thi K va L

duoc goi la diém Brocard cua n - gigc A Asiad, .
Muén di tim mét 16p céc da giac nhiéu canh hon 4
¢6 diém Brocard, ta cin tim diém chung gilta tam
gidc va tir giac diéu hoa. Tam gic lai vén dé vé
diém Brocard, ta nhic lai mt tinh chat quen thudc
clia diém isodynamic, giao diém cia ba dudng tron
Apollonius cia mdt tam gidc.

Tinh chit 4. Cho tam gidc ABC c6 P la diém
isodynamic. Khi do ton tai mét phép nghich dao
tam P, phuwong tich k > 0 bién cdc dinh cia tam

gigc ABC thanh cac dinh cua mot tam gidc déu.

TAAAL LIy

N

B
Chitng minh. Goi f 1a phép nghich déo tam P,
phuong tich & >0 batki.
f(4)=4,1(B)=B.f(C)=C"
kCA
KBC i

Taco B'C'=

PB.-PC’ " PC-PA
1a diém isod ic nén E——C;B— Suy ra
Do P la diém i1sodynami A Od y
450 5CA hay B'C'=C"'A4".

PB-PC_PC-PA
Tuong tr ta thu dugc tam gidc 4'B'C' déu.

M6t diéu thu vi 1a ciing tdn tai phép nghich dao
bién bén dinh cia ti gidc didu hoa thanh bén dinh
cua mdt hinh vudng.

Tinh chét 5. Cho i giage ABCD ngi tiép (0). Khi
dé ton tai phép nghich dao bién bén dinh cua tir
giac ABCD thanh bon dinh cua mot hinh vuong
khiva chi khi tir gige ABCD diéu hoa,

Chieng minh. Chiéu thugn. Gia sit tdn tai mét
Phép nghich dio tim P bién bén dinh A,B,C,D
thanh céc diém 4',B",C',D' sao cho A'B'C'D'
12 mét hinh vuéng,

Ching minh twong ty tinh chit 4 1a thiy
A'B'=B'C' nan PA_B4

= ; tu
PC " BC Tuong tu

PA Dy
—=—= B4 DA ”
PC pc' YW ma BC Do Y& i g

ABCD 13 tit gi4c didu hoa,

Chiéu déo. 5tk mSu/¢tic R LORLO.OrY



Goi T la giao diém cua tiép tuyén tai 4 va C
cua (0), S 14 giao diém cua tiép tuyén tai B v
D cua (0). Khi d6 (T;TA) va (S;SB) 13 duong
ron Apollonius cua cac cép tam giac ABD, CBD
va BAC, DAC.

Goi K la giao cia AC va BD. Khi d6 dé thiy
OK 14 truc dang phuong cia (T;T4) va (S;SB).
Ma Pyrry=04">0 va L A— =KA-KC<0
nén ton tai giao diém P cua (T;74) va (S;SB)
pam trén OK.

Goi f l1a phép nghich dao tdim P, phuong tich
k>0 batki. Gia st f(X)=X"' véi X 1a diém
bt ki trén mat phang.

Do LA B4 nén chimg minh tuong tu tinh cht
PC BC

4, B'4'=p'C'. Tuong tr suy 1

A'B'=B'C'=C'D'=D"'A". Dong thoi do tir giac

ABCD néi tiép nén tix gidc 4'B'C'D’ néi tiép.

Suyra 4'B'C'D' la hinh vudng.

Nhén xét. - Thuc té co hai phép nghich dao bién
bén dinh cua ta gisc ABCD thanh bén dinh cia

mét hinh vuéng do (7 TA) va (5;5B) c4t nhau

tai hai diém trén OK.

_ K&t hop hai tinh chit 3 va 5 ta thu dugc: "mot ti
giac nf1 tiép c6 diém Brocard khi va chi khi tdn tai
phép nghich dao bién bon dinh cua ti gidc do
thanh bén dinh cia mdt hinh vuéng."

Pay la co s¢ cho viéc tim ra 16p céc da giac nhiéu
canh hon 4 c6 diém Brocard. Sau céc budc chimg
minh twong ty tinh chit 3 va 5, téc gid thu dugc
két luan sau.

Tinh chit 6. Cho n - gidc AA,...A, ndi tiép (O).
Khi @6 t6n tai mét diém K nam trong n - gidc sao
cho Km = m B KA”A" = Kﬂl khi va
chi khi ton tai phép nghich dao bién cdc dinh cua
n - gigc A A,...A, thanh cac dinh cua mot n - giac
déu.

Chlmg minh. Chiéu thudn. Gia st tdn tai mot

diém K nim trong ~n-gidc sao cho
KAA =KA A =..=KA_A =KAA4,.

Goi X, 1 giao diém ctia duong ddi trung tmg voi
dinh 4, cia tam gidc 4,,4,4,,, véi (0); M, la
trung diém cua A X,
Goi P la giao cia A4,X, véi 4X,. Ta ¢
M,,M, nim trén dudng tron dudng kinh OP.
Lai c6 4,4,K = 4,4,K nén (KA, 4,) tiép xic véi
A, 4. Do dd K,M,,A,, A, ddng vién. Tuong tu ta
thu duge M, nim trén (K4,4,,, ).
Ta cé:
(M,P,M,K)=(M,4,,M;K)
= (A4, AK)= (4,4, AK)
=(M,4,,M,K)=(M,P,M,K)(mod ).

Suy ra P,M, M, K dng vién. Do d6
OKP =90"
Tuong tu goi P' la giao cia 4, X, vl 4,X, thi

OKP'=90", suyra P'=P.

sttpsieul RORAT: B9



TR,

Ching minh twong tr ta thu dugc

AX,AX,,. ,A4X, ddngquytai P.

Gid st P nim ngodi (O). Khong mét tong quét
gid st P nam trén nira mit phing bo 4,4, khong
chra 0. Goi T 14 giao diém clia 44, va 4,4, .
Khi 6 P phai ndm trong géc tao bdi cac tia dbi
cia tia 74, vd T4, vi P nam trén duomg dbi
trung Ung véi dinh 4,,4, cia cic tam giac
A A4, va 4,44,

Nhung diéu nay vo 1y vi khi d6 P ndm ngoai
A,A,A, ma T lai ndm trén dudng d4i trung img
v6i dinh A4, cua tam gidc 4,4, 4,. Viy P _ném
trong (O). ‘
Goi @, 1a dudmg tron Apollonius img vdi dinh 4,
cia tam gide 4,,4,4,, (j=Ln).

Ta ¢6 Py, =PA4,-PX, <0 va Py, =04;>0

nén ta thu dugc cac dudong tron @; nhén OP lim
truc ddng phuong va cit nhau tai hai diém trén
OP . Goi J 1a mot trong hai diém do.

Goi f 1a phép nghich ddo tam J, phuong tich

L

k>0 batki.
Giast f(4,)=B; (i=1n).

TOAN HOC
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51 tiép né ndi tiép.
Do A4 4,...4, ndi tiép nen B,B,...B, ndi tiep

Déng thoi ;
BB, _ ka4, . kb4 ,4541.74;:1‘
BB, J4-Jd, JA-JA Aty A,

Chirng minh tuong ty ta thu dugc:
BB, = B,B, = .= B,aB. = B.B.

Suyra B,B,..B, la n-giac deu.

Chiéu dio. )

Gia sir ton tai phép nghich dado tam J bicn

AA..A thanh n-gidc déu. Ching minh twong ty

chidu thuan, ta thu dugc J la giao cua cac duong

tron @; ( J =1_,?)

Do P,, =04’ =R, nén phuong tich cia O t6i

@y

céc dudmg tron @, déu bang nhau. Suy ra OJ 14

truc ddng phuong cua cic dudng tron o,

(=)

Goi X, 1a giao diém khac 4, ciia @, véi (O) thi

céc duong thing 4,X, déng quy tai P nim trén

oJ.

Goi M, la trung diém cia 4,X,. Ta thu duoc

M.,M,,..M,  dé&u nim trén dudng tron duodng

kinh OP.

Goi K 1a giao diém khéc M, cua (4,4,M,) véi

duong tron dudng kinh OP,

Tir dé:
(M3A3:M 3K )

i

(M,P,M.K)=(M,P,M,K)
= (44, 4.K)(mod ).
Suy ra (KM,4,) tip xtic véi 4,4,. Suy ra
Ke(M,4,4,).
Ta c6 (4AM,) tidp xic véi 4,4, va (M,44,)

Hep XUc véi 4, 4, nén

https://tieulun.hopto.org



——

=KA|A

N

KA 4 =Kad, =..<K4 1.
Nhin xét. Ta thiy:
trong tr tinh chét 2 cia didm Brocard cua tam
giac.
Hoan toan tuong tu, véi didu kién tdn tai nhe
nghich dao bién cac dinh cua n '_gi;:nﬂf:hpl:i
dinh cia mot z -giac déu, ta ciing théy r?mg tdn tai
diém L ndmtrong n- gidc 4 4,..4 sao cho

L4d,=14,4,=..=
Cudi cung ta s& chi ra cc goc & trén ‘g véi hai
diém K,L déu bang nhau d& thu dugc goc
Brocard cia n-giac ndi tiép. Nhung trude khi
chimg minh diéu nay, ta dén véi mot tinh chat
khac cia diém K . '
Tinh chit 7. Tdm duong tron ngoai tiép cua cdc
tam gige KAA,, KA,A,....KA, A, KA A dong
vién.
Chirng minh. Goi (0,) 1a duong tron ngoai tiép
tam gidc KA A, (i=Ln, 4,,=4).
Goi R la giao diém cia 44, va 44, S 1 giao
diém cua A4 4, va A4 Khi 86 RK, SK Lan
lwot 14 truc déng phuong cua céc cgp dudng tron
(0),(0,) va (0,), (Or)-
Ta thu duoc:

0,0, L RK, 0,0, L SK.

Mi 0,0, L 4K, 0.0, 1 4K nén

——

0.0,0, = 4LKR,

—F
N
"

X
A

Mit khic, KA A =KA4,4, nén ta gidc RAKA,
néi tiép. Suy ra m = m
Tuong tu ta ciing c6 tir gidc 4,SAK ndi tiép. Suy
ra ES‘E =m. Suy ra:
4KS =180 - KA,S - K54,
=180 - 44,5 - K4, 4, - KA 4,
= D A4 - A = AAA ~ A A
= 4,44,
Do 86 0,00, =0,0,0,. Suy ra 0,,0,,0,,0,
ddng vién.
Chtng minh tuong tu ta thu dwoc O,,0,,...,0,

ddng vién.

TOAN HOC
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Tinh chic 8. Hai diem K, L la mot cap lién hop
ddang gidc rong n - giac A, Ayl

RS rang khéng thé sy dung diéu kién mot diém
nhin hai canh déi dién duéi hai géc bu nhau trong
tir gidc dé chimg minh K ¢6 didm lién hop ding
gidc trong n -gic nén ta sé& sir dung phwong phap
khac: chimg minh hinh chiéu vudng gbc cua X
trén n canh dong vién.

Chirng minh. Goi g 1a phép nghich dao tim K ,
phuong tich k > 0 bét ki.

Goi B, laanhcua 4 qua g (i=fr;).
Ta co m=m, KB,&:KTA; nén
KB,B, = KB,B,. Chimg minh twong ty ta thu

duoc I&E =1®: =..=KB B, =I?§:§, hay
K la diém Brocard cia B\B,...B,. Dong thdi do
n- gidc A 4,..A, nfi tiép nén n-giic BB,..B,
ndi tiép.

Chimg minh twong ty tinh chit 7 ta thu dugc tim
cia (KB,B,), (KB,B,),.., (KB,.B,), (KB,B)
ddng vién.

Goi J, 1a tam cua (KBB,,), T, la hinh chiéu cia

K tén A A, S la diém dbi xing véi K qua

A4, (i=Ln)

Phép vi ty tim K, ti s6 2 bién céc diém T, thanh
S, nén T,T,,...,T, ddng vién khi va chi khi

TOAN HOC
C CTugitre
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S,,S,,...,S, dong vién.

Tuy nhién g(S,)=/, ma Ji./z0-

nén diéu nay hién nhién ding. | |

Vay hinh chiéu cua K trén cac canh cia 7 -gic

AA,..A, cing thujc mot dudng tron co tim J
e R

»J, dong vigy

Goi L 13 diém déi ximg VOi K'qua I thi
chinh 1 diém lién hop ddng giéc cua K trong .
giac A4,..4,.

Nhin xét, Ta dat Q= KA, 4, = KA, A, = ...

—

—KAA =LA =LAd =..=144
la géc Brocard ctia 7 - giac A 4,..4,.
RG rang hai diém L,K déu nim trén dufmg tron
dudng kinh OP nhu trong tinh chdt 6 va
KOP=10P=Q.
Pé két thic, moi ban doc thir chimg minh mét tinh
chit khac khé tha vi nhu sau.
Tinh chat 9. Cho n - gidc A A, A néi tiép (0)
¢6 P la tam cia phép nghich dao bién cdc dinh
cua A A,...A, thanh cac dinh cua mét n - giac deu.

Goi T, la diém isodynamic thir nhat cua tam gidc

APA., (i=Ln, P =PR) Khi d6 T.T,,..T

cing nam trén moi dieong tron cé tam nam trén
OP.
Dé chimg minh két qua nay, ban doc c6 thé si
dung phép nghich dao tam P phuong tich & > 0 bit
ky. Khi d6 cic diém T,4,4_ bién thinh cic
dinh cia mét tam giac déu.
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TIENG ANH QuA CAC BAI TOAN
BAI SO 77

PROBLEM. On a production line makine
o

clectronic  devices,  the probability  of 4

/ 3 ) : i
randomiy.chosen  device not meeiing  the

stundard is 0.045. 4 random sample of 200
devices is checked. Find a formula for the
probability that there are more than 190 devices

J | ar vl
which meet the standard.

Solution. Let X be the number of devices which

meet the standard among the sample. We need
to find P(X> 190). We have
P(X>190) =P(X=191)+ P(X = 192) +
... + P(X'=200)
= Cyp0 x (0.045)° x (0.955)""
+ Cyos % (0.045)" x(0.955)' + .,

+CI% % (0.045) x (0.955)' +(0.955)™™,

Remark: In practice, it might not be convenient
to calculate directly a sum with many terms like
above. We have a method, called the normal

approximation, to estimate such sums.

randomly s mot cach ngaw nhién
sample s mau chon

normalt approximation  : xap xi (boi) phan bo
chudn
Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

mﬂmtr;ti*******iﬁ***iﬁ***i*ﬁ*ﬁ******ﬁ****i********t*w**w*****ﬁ***w***k****************k*****

BAI DICH SO 74

BAI TOAN. Chirng minh rdang véi moi sé e

nien n, tich P = n(n + 1)2n + 1) chia hét cho

6.

Léi gidi. Ta s& chimg minh rang P chia hét cho
2 va 3 va nhu thé né chia hét cho 6.

Trong hai sé n hodc n + 1 phai c6 mjt sb chin.
Vi vdy P chia hét cho 2.

+) Néu n chia hét cho 3 thi P ciing chia hét cho
3.

+) Néun=3m+ 1, véi m la sb ty nhién thi
n + 2 chia hét cho 3. V& 2n + 1 cling chia hét
cho 3, do 2n + 1 = 2(n + 2) — 3. Tir d6 P 13 boi

cua 3,

+) Néu n = 3m + 2, v6i m 1a sé ty nhién thi
n + 1 chia hét cho 3. Do d6 P 14 béi cua 3. Vi
vay P chia hét cho 2 va 3. Phép ching minh cua
ta da hoan thanh.

Nhin xét. Cac ban sau c6 bai dich tét, giri bai
vé Téoa soan sém: Cao Thi Khanh Chi, 8A,
THCS Cao Xuan Huy, Dién Chau, Nghé¢ An;
Tran Vin Qudn, 12 Toan 1, THPT chuyén
Hung Yén, Hung Yén; Nguyén Hoang Ngoc,
Tran Thi Thanh Thi, 11 Toan 1, Nguyén Thj
Khanh Linh, 12 Toén 2, THPT chuyén Québc
hoc Hué, Thira Thién Hué; Nguyén Hung
Cuong, x8 Nhon My, TX. An Nhon, Binh
Pinh.

HO HAI (Ha Ngi)

TOAN HOC
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BAI TOAN 56. Cho ba 6 thuc duong a,b.c.
Chirng minh ralrng
2 b c? a+b+c

[#4
+ + 2
VB 42 Jor+ad® ol +p NG

Lévi gidi, Cich 1.
(
x=va® +b* >

D{itJy: b’

a+bd _
€2 B 9
_x2+y2—zz

_=x Yt 4R

_ 4,2
Do dé 2a _X -y 4z
b +¢? Yy
z(xz'*‘)’z)‘*'(zz‘*'.)’z)‘?’)’z >2xy+2yz—3y2
y - y '
2
Suy ra: 22x+2z-3y. Tuong tu:

b +c?
2

2b°

2c
———=22x+2y-3z,
Vet +a? va® + b

Cong vé véi vé cuia ba bt déng thirc trén ta duoc:

24° 4 2b* . 2c2 S 2 by
> z
\/bz+¢:'2 \/cz+a2 va' + b
22(a+b+c)‘
V2
at b? c at+b+e

Viy: + + >

VB +& Ni+a i+t 2
Diu ding thl’rc cua bai todn xdyra <> g=p =
Cich 2. Goi vé tréi cua BDT trong bai toan 13 P,
Theo bt déng thirc Schwarz ta duoc:

a4 b4 c4
= + +
SN+ B+ d g + 5

TOAN HOC
“ CTugilpe _ S4536(2-2022)
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22y+2z-3x,

_-__—-__~‘—-—_.___

(° +b’2+02)2
2 b2+c +b2\/—,"

(a b4t +bNE +d +c )

a -H')2

(az +b2)]

(a® +6%+¢° [ o7+ )
_2(a +b?+c*)(a" + 52024'62“2)
(a +b + )

< \/—?2’-(012 ‘?‘bz +cz)3

3(c12+b2 +c2)

R

(a2 + b +cz)2

3
g(cz"' +8 +Cz)
3

a+b+c
2 .
V2
Cdch 3. Bai todn dé ra tuong duong véi cic bat
dang thirc sau

V2a* b\ + \/—b —cVe® + a4
V2B + ¢ V2e? + 42
+\/§c —ava® +p? >0
V2Navpr
A R e Y]
 Vree +c? ¢’ +a?
ﬁcz—am

V1 bt dang thirc dé ra 13 b4t déng thic dbi xung,

khéng mit tinh tong quat ta gla st a>p>c>0
khi d4: - o ,

{\/_a ‘bmxb\/‘c —ava® +p*
0<\/E>+\c<m< T

Suy ra: P>

20 (%),

= 1.
i O
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\/,C —ava® +b’ \/_c -—am
va +b2 \/c +ad

Cong vé vai vé cua (1,(2),(3) va dat vé trai cua
(*) 1a Q ta duogc:

V2% -bb? 1 7 \/‘bz-—cm
e -am
B(a 45" +¢) (b7 4 +cm+am)

Vet +a?
Tiép tuc ta chirng minh:

\fi(az + b+ cz)
—(b\sz +a’ +cm+am)zo
hay ﬁ(a2+b2+cl) |
= (b\lb2 +c’ +£\/c2 +a + a\/::;z2 +b? )
That vay, theo bét ding thic Bunyakovsky thi:
(b2 +c’ +a2)[(4'_’72 +c2)+(c2 +a2)+(a2 +b2):|

2(b\/b2 +c? +C\/':2+a2 +a\/a2+b2)2.

2
¢’ +a’

Do d6: \E(az +b? +c2)
Z(b\/b2 +c? +cx/c2 +a’ +a\[02 +bz)~

Suy ra Q>0
e >a+b+c

V" =
Y Vb +¢? \/c +a’ Na'+b V2

Cich 4. Khong mat tdng quat ta gia su:
1 1 1

.. >
@zbze= Jor+c’ \/m Va* +b°
Ap dung bt ding thirc Chebyshev véi bai ddy don
diéu cung giam trén ta duoc:

1 1|
2%((12 +b +c2)(%+ﬁ+m]

1 1 ]

.z +
Lt e N +\/L‘T+a2 N
9
RN Ev N T

Mit khac theo bét déng thirc Bunyakovsky thi

2
(\/mwcz +a’ +Vd’ +b2) <6(a” +2* +c)
=Vb + +c? +a +4a’ +b’ SW

Do d6:

9 9

P
B+ +Jt + @ +at + b _ Haz +b +cz)

1 2 2 2 1
:>3-(a +b°+¢ )[,\/b +c

T )

2

> 3(a +b? +c m—
\/6 a +b2+c ‘/_
3 a+b+c a+b+c

RN e

Vi a’ b’ N c? a+b+c
ay =
N/ \/chra2 Ja* + & V2
PAO VAN NAM

(GV Truong TH, THCS&THPT Archimedes
Dong Anh, Ha Nji)
Nhan xét. Ngoai 4 cach giai néu trén cua ban Ddo
Van Nam, ngudi gidi thiéu bai toan 56, Toa soan
cling nhin dugc mot sb cach giai tuong ty nhu
nhitng cach trén tir cac ban: Nguyén Hiung Cuong,
xd Nhon My, TX. An Nhon, Binh Pinh; Hoang
Minh Diing, t6 5A, t6 dan phd 2, phuong Déong
Son, TP. Png Héi, Quang Binh; Nguyén Hodng
Ngoc, 11 Toan, THPT chuyén Quéc hoc Hué,
Thira Thién Hué.

- LE MAI (Ha Néi)
Mdi cac ban guri 161 giai BAI TOAN 58 dudi day
vé Toéa soan Tap chi TH&TT trudc ngay
31.3.2022.

BAI TOAN 58. Cho x, y, z ld cac s6 thuc dirong.
Chirng minh rang '

3 3 3

x 4 y z SXtytz
CAxy+yt Y4yz+zt Zazx+x 3
NGO VAN THAI

(T6 9, phuong Hoang Diéu, TP. Thdi Binh)

https://tieUydnPese- rg
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¢ DU LICH THE GIOH
/ ; C“if{"’gmfaii‘{;b |

i H% i Jﬁl

4 W
% " e - |

< ™ J

BAI TOAN 65 (Vé dich Toan Quoc gia
Hungary, 1997). Goi AB va CD la haj day cung
khong cat nhau cua mot dicong tron, cho K g
diém nam trén day CD. Chy bcmu thude va compa,
hay dung mot diém P trén diring tron sao cho K

la trung diém cua phan doan thang nam trong tam
giac ABP cua day CD.,

Loi gidi. (Theo 141 giai cia ban Tran Van Qudn,
12 Toan, THPT chuyén Hung yén, Huwng Yén)

/ YO ™ ‘_‘\7\'4
o ; | NN |
/ 4 \ \\ \ X, ,/ \‘\.
/ \ N \\ 7 / / \
" \ WA
/ B \‘\\«,\ | \ \\ ‘\V“, {,”‘_/ .y
| ¥ie %zi —"\ ™\
| o' N\ L N\ N \ A
\ N A7 Ry \ \
\ sty v NN \
\ \ / /Z?‘\\ B \ \'\
~\ //’ ~._ 0 ' ) |
\ N SN N |
N »»// // ”\\ “ % \:. \\,\ /j
N “ ‘\\-‘—__\__ \\l‘\\:\tiﬁ \ /
- ,/ \ T R /
— *7—._7/ B

Liy A’, B’ lan Iugt d5i ximg véi 4, B qua K. V&
phin gidc Ax cia géc B'40. Goi O 1a giao
diém dudmg trung cua doan AB’ véi AB”’.

Dung dudng tron tim O’ bén kinh 0. Dudng
tron nay cat CD tai [ (I nam trong dudng }rén
(0)). Khi d6 AI s& cét dudmg tron (O) tai diém I
can tim. That vay, do 4x 1 phan gi4c cla goc
F40 vi B, B dbi xtmg véi nhau qua Ax nén
A8 = 04B. Do d6 hai tam gidc can 40’B’ va
AOB 6 hai géc & dinh bing nhau: 103" = 40B.

T?g?ugge S5 536 (2-2022)
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— 1 0 _ oA An Pt

Ta co: FE=

— | [
1 1 2 00““—A T
=1go°—isdAnB 18 ” O'B
— A0'B' +24IB' =180".
Mit khac: AO'B' = AOB =2APB. Do dé:

—— — e "“‘-’. _ "
2 4PB +24IB' =180° < APB+ AIB" =180

— APB=BIP = B //PB.
Goi J 14 giao diém cia BP va CD, ta c0:

KI _KB' | o k1=K
K/ KB

Cich 2. (Cua ban Trdn Thi Thanh Thu, 11T1, THPT
chuyén Quéc hoc Hué, Thira Thién Hué)
Phan tich. Gia sir diém B
P 33 dyng dugce. Goi
E=PANCD,
F=PBnCD,
=D, (4),
suy ra AEA’F la hinh
binh hanh. Ta cé:
A'FB = AFD+ DFB = PEF + EFR
=180° — 4PB=180" - ADB=q khéng dbi.
Do d6 F 1a giao diém cua doan CD va cung chira goc
o dung trén doan 4°B. Tir @6 ta tim duoc diém P.

Phén cach dyng, chirmg minh va bién luén danh cho
ban doc.

Nhin xét. Chi c6 haj ban Qudn va Thank tham gia
giai bai nay va cach giai cua haj ban khéc véi dap 4n
cua ky thi. Xin hoan nghénh hai ban.

NHU HOANG
Ban doc hay gui 101
gidi vé Toa soan TH&TT trude ngay 31.3.2022.

Sau day 13 bai tap d& nghj,

BAI TAP BE NGHI
BAI TOAN 67, 7

Tim 1at ca che cap so nguven
L? YEo \ + l

Hong m. 1 sao cho —— 1 56 HEUVER.

H — |

KHANH HU'U (Ha Nob)

https://tieulun.hopto.org



GIAI PAP: LOT GIAI DA DUNG CHUA?

(Dé ding trén TH&TT 56 532, thing 10 nam 2021)
Phén tich sai lim. 1yi g1ai cua ban Manh di sai
lim khi khing dinh: Y'(7+k27)=0= ham sé

khong dat  cuc tri tai
x=rw+k2x (keZ).

Loi gidi dung. Ta cé:
' 2 ' .
y'=2cos" x+cosx—1,y '=-2sin2x —sinx;

cosx =-—1

cac diém

X=x+k2x
y=0&

— (keZ).

x=+Z4 k2x
3
o Xétcac diém x =7+ k27 (ke Z). Vihim sb ¢6
tinh chit tudn hoan v&i chu ki 27 nén ta chi cin
xét cuc tri cua 1 diém bit ki trong cac diém trén.
Chéang han, x = 7 (khi k=0).
i T

!x}f
L ] 2

)
|

y | - 0 -

} \
Yo

i

= ham sé khéng dat cuc tr tai cac diém
x=x+k2r (keZ).

{

. y”[ﬁ + k27r) a= —§—£ < 0= ham sb dat cyc dai
3

x=335+k27r(keZ) va

_33

_3_\/__5_ > 0 = ham sb dat cuc tidu
2

c=-Zik2m (keZ) va
3

33

Yer = y[—% +k2ﬂ') = 'T-

tai cac  diém
. y”(—% +k27)=

tai  cac diem

Nhin xét. Rit tiéc 1a khong c6 ban nao phét hién ra sai
14m trong loi giai bai toan.

KIHIVI

LOT GIAI CO BUNG
KHONG?

Trong gio luyén tap bién ddi cén thirc thay gido
cho bai toan: Riit gon biéu thirc

A s el
3 l_az
Mot hoc sinh dd c6 101 giai nhur sau:
Piéu kién dé P xéc dinh la:
lilaI <2
—/2<ax<0
{ O<ac< \[2-

124*(2-a%)

2-a*>>0
ax+l

12av2-4d°

4

rl¢|a[$~/§
—2<a<0

{0<a$\/§
t

Va

<:>1;t|al£x/5.

\/a+\/2 a* §1-aV2-a°
Y1-d
=€/(Q+V2—a2)2,62_2a,12_a2

i/l—-a2
\/;h/z 2 a—2-a?y
§231-4q
={/(0+\/2—a2)2(a—\}2—a2)2
Q/_%h—az
\/—4-6"‘(1 a)z \/—\4‘1 a \/—
‘\/_\1‘1 a’ \3“ a?
Vay p=92.
Theo em loi gidi trén co ding khong?

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén, Hung Yén)

g

Khi d6:

TOAN HOC

SHHEZ IR UIURREHES .
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GS. TSKH. TRAN VAN NHUNG
TS.NGUYEN VAN VONG
GS.DOAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
. Chi tich Hoi dong Thanh vién
NXBGD Viét Nam

NGUYEN DUC THAI

Téng Gidm d6c NXBGD Viet Nam
HOANG LE Bﬁ}CH’

Vieén trudng Vién ng{u’én cuu Sich va HLGD
" PHAN XUAN THANH

HOI DPONG BIEN TAP

Téng bién tép : TS. TRAN HUU NAM
Thu ki Toa soan : ThS. HO QUANG VINg

Ph téng bién tip : CN. TRAN THI KIM CUONG
7S. LE HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, 75, NGUYEN MINH DUC, TS. NGUYEN MINH }fA
IS. NGUYEN VIET HAL 2Gs. 75, LE quéc HAN, TrS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. T5. TA DUY PHUON(%,
ThS. NGUYEN THE THACH, GS. TSKE. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL, T4S. VU KIM THUY, PGS. TS. Vi)

DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co sg
For Lower Secondary School

Nguyén Ding — Mot bai toan ¢6 nhidu g
dung.

© Huong din giai @ thi chon hoc sinh giéi mon
Toan 16p 9 tinh Binh Dinh, nim hoc 2020 -
2021.

© o i vio 15p 10 THPT chuyén L& Quy Dan,
tinh Binh Dinh, nim hoc 2020 - 2021.

© chuin bi cho ky thi THPT Quéc gia
Cao Hai Vén — Khai théc yéu té trung diém,
trung tuyén dé giai mdt so bai toan max, min
lién quan dén sé phirc.

@ Dién dan day hoc toan
Nguyén Tién Tién - Hoang Thi Nim — Phat
trién nang luc hoc sinh qua viéc khai thac mot
bai toan hinh hoc khéng gian.

€ D ra ki nay
T1/536, ..., T12/536, L1/536, L2/536.
Problem in This Issue

Bién tdp: LE MAL NHU HOANG

Tvi su, phét hanh: HOANG THI KIM PHUQNG, TRAN TH] MINH HIEN Thist ke

@ Giai bai ki truee
T1/532, .., T12/532, L1/532, 1.2/532.

Solutions to Previous Problems

€ Phwong phip gisi tosn

Hoadng Lé Nhar T ung — Héng s6 tét nhét trong
bét ding thirc,

@ Ban doc tim toi
Nguyén Vén Link — Diém Brocard cia 5 — gidc
ndi tiép.
ok
@ Tieng Anh qua cac b todn - Bai s§ 77
Bai dich 5§ 74,
A e
@ Nhiéu cich gigj che mdt bai toin — Giai bai
todn 56. D& bai toan 53,
@ Du lich th§ Ei61 qua cac bai tosn hay — Giai
bii todn 65. Pa py; todn 67.

Q Sailim ¢ gay2

Mithude: QUOC FEp, TrANH LonG
» k€ bdn: MINH HOA
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| trae thuoc B4 Gi ; T
0 chre bién soan, in 4n, san xudt va phét h
san pham sach gido khoa, sach tham khao,

I dién tr, th1ct bi gido duc phuc vu glang day,
tap & cac cap, bac hoc trén toan qudc.

71 bé day hon 60 nam thue hién nhiém vu chinh
ohuce vu nganh Gido due, Nha xufu ban Giao

> Viét Nam da hoan thanh xuét sdc nhiém vu
trong cac lan déi maéi chuong trinh va thay sach
2140 khoa do B9 Gido duc va Pao tao phan cong.
Laa san pham gido duc cua Nha xuit ban Gido duc
Viét Nam luén ¢6 duoc su tin nhiém, tin cay cua

nhiéu thé hé hoc sinh, phu huynh va giao vién trén
moi mién td qudc.

Thuc hién nhiém vu déi méi chuong trinh sach
gido khoa gido duc pho thong, bén canh viéc bién
soan cac bo sach gido khoa da duge B truong
Bo Gido duc va Dao tao phé duyét; Nha xuat ban
Gido duc Viét Nam cén cr vao quy dinh Théng tu
vé Danh muc thiét bi day hoc toi thiéu ca"ip THPT
ciia B Gido duc va Pio tao, cin cir vao triét I,
ndi dung, diac diém cua cac bd sach gido khoa dé
to chirc thiét ké va san xuat cac san pham Thiét bi
day hoc lép 10 méi dung chung cho cac bd sach
giao khoa.

Dé chuén bi phuc vu cong tac day va hoc cho GV va
HS trén moi mién to quoc ndm hoc 2022 — 2023 va
nhimg nam tiép theo. NXB'»GDVN véi hon 35 nam
kinh nghiém trong san xuat va kinh doanh thict bj
gido duc, ciing voi doi ngti chuyén gia giau kinh
nghlem hoa st thiét ké chuyén nghiép va quy trinh
san xuAt thiét bi hién dai da va dang to chirc nghién
curu, xdy dung, san xuét cac san pham TBDH theo
danh muc TBDH toi thiéu danh cho cac cap hoc

béc hoc néi chung va 16p 10 ndi riéng.

Lép 10 véi 15 mon hoc, trong do c6 hoat dong trai

gido duc huéng nghl$P ho

chung buoc vao bac hoc TH p’

kha nang cua chmh minh. Dé gitip mon hoc‘*
that b ich da co rt nhiéu thiét bi day hoc hd tr
di kéem dé GV va HS hung tha va yeu thich hon,
Ngoai ra voi hang tram loai san pham thiét bj day
hoc phuc vy, hé tro cho cdc mon hoc khac nam
trong danh muc thiét bi day hoc t6i thiéu 16p 10 do
Bo GDBT quy dinh.

Nam hoc 2022 — 2023 la nam dau tién trién khai
thue hién thay SGK theo chuong trinh GDPT 2018
déi véi 1op 10, di doi véi SGK 1a céc loai thiét bi
day hoc twong g hd tro cho cac bai hoc clia timg
mon hoc gitp cho GV va HS tuong tac véi nhau
nhiéu hon, khai thac va truyén tai noi dung day hoc
mot cach sinh dong, chan thuc va chat luong, dong
thoi thong qua thuc hanh gitp HS phat huy nang
lyc lam viéc nhom tao sy say mé, himg thi dbi véi
moén hoc qua dé phat trién nang luc va su sang tao,
tu duy va tri nhé duoc tét hon, cac em biét van
dung 1i thuyét dua vao thue hanh trong cudc séng.
Day la hi¢u qua to 16 do thiét bi day hoc dem lai.

Voi viée xdc dinh ding dan hiéu qua to 16n ma
TBDH dem lai cho cong tac giang day, hoc tap cua
GV va HS trong nha truong. NXBGDVN da dau fur
nhan lye, tri lue, vat luc dé san xuit TBDH phuc vu
cho céc cap hoc, bac hoc. Bo TBDH ciia Nha xuat
ban Gido duc Viét Nam dam bao muc dich day hoc,
¢6 tinh thim mi, than thién v&i mai truong, an toan
cho nguoi ding, gid thanh dam bao canh tranh, san
pham duoc dén tem cong n ghe tich ho‘p chong hang
gia, hang nhai, truy xut ngudn géc va hudng dan
st dung thiét bi gido duc trén ban dién tur.

(Xem tiép bia 3)

—
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