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PHU’ONG TRINH BAC
LUONG Gl IA

clia tac gia PGS.TS. TA DU
Sach day 448 trang,

PHUONG TRIMI BAC B

HCACHEY i
;{?{‘H HO0IA AL (IACS .

TRONGAMONC

PN

61 dung co ban cua cudn
sach dua trén két qua: Cac
yéu to cua tam giac (ba
, ba dudng cao, ban kinh cua
ba dudng tron bang tiép, cac ham s6
lwong gidc cua ba goc,...) co thé dicac
coi la ba nghiém cua mot phuong
trinh bdc ba véi cac hé so phu thude
vao ba yéu t6 co ban 1a p, R, 7, trong
dé6 p 1a nira chu vi, con R va r tuong
tmg 14 ban kinh duong tron ngoai tiép
va noi tiép tam giac. Tir do, theo tinh
chét nghiém cua phuong trinh bic ba
va van dung céc bat dang thic quen
thudc, sach trinh bay khoéng 600 hé
thirc co lién quandén cic yéu té hinh
hoc va luorng giac trong tam gléc
Qua cubn sach chiing ta s& thay mdi

quanh¢ hiru co giita Pai s6 (p]mmg

inh va ham s bac ba) véi Hinh hoe
va Luong giac (cac hé thirc trong tam
giac). Pay chinh ]a diém mdi va khac
biét cua cuon sach nay so voi céc
sach da co vé hé thirc trong tam giac.

Cuon sach gorn nam chuong.

Chuong 1 tap hop nhimg kién thirc
co ban vé tam giac va cac cong thuc
luong gidc, cac bat dang thirc dai s6
quan trong can thiét cho cac chuong

sau.

Chuong 2 trinh bay cic tinh chét
ctia ham s6 va phuong trinh bac ba,
trong d6 dic biét luu y dén tinh chat
nghiém cua phuong trinh bac ba.
Chwong 3 va Chuong 4 chira rang,
céc yéu t6 hinh hoc va lugng gidc cua
tam giac (canh, duong cao, ban kinh
duong tron bang tiép, sin, cdsin cia
cac goc, ...) chinh la nghiém cua cac
phuong trinh bac ba véi cac hé sb
chira ba yéu t6 co ban cia tam giac
(ticlabayéutd p, R, r). Vanhu la cic
hé qua, nho sir dung tinh chat nghiém
cua phuong trinh bac ba va cac bat
dang thic dai s6 nhu bat dang thirc
Cauchy, bat déng thirc Bunyakovsky,
bat diing thiic Schwarz, . . . cac tic
gia da dua ra va ching mmh khoang
600 hé thirc hinh hoc va lugng gidc
trong tam gidc, trong d6 ¢6 nhiéu hé
thic 1a méi hogc chi moi gp trén céc

W‘mi VA edn it duge biét dén trong

hlcn nay.

® Dién tho

N GIAO DUC VIET NAW
BA VOl CAC HE THUC HINH HOC VA
C TRONG TAM GIAC

y PHUONG va Thay gido HOANG MINH QUAN
kho 16x24cm, gia bia 80.000 dong.

Ngoai cac bat dang thie méi hoze
con it dugc pho bién, nhidy bai thi
dai hoc, thi hoc sinh gi6i, th Olympic
clia cac nudce, nhiéu hé thirc hinh hge
va luong gidc quen biét trong tam
giéc ciing duoc ching minh lai trong
Chuong 3 va Chuong 4 theo cich
moi, dua trén tinh chat nghiém cua
phuong trinh bic ba, ma it ding dén
cach bién dbi luong gidc hoidc nhitng
cach cerng minh thong thuong,

wong 5 (Phu IUC) ldp h(‘/p mot 56
muc dudi dang cac chuyén dé lién
quan dén phuong phap phwong trinh
bac ba chung minh céc hé thuc trong
tam giac. .
Cung can luu y thém rfing, fir cac hé
thitc néu trong cudn sich nay, ta co
thé suy ra kha nhiéu hé thuc khic
nita, chua duoc khai thac trong cudn
sach. Day 1a mot goi y tot dé ban doc
¢6 thé tim cich chimg minh méi cho
céc hé thire cii hodc tim ra cac hé thuc
m&i. Ngoai ra, cich chimg minh méi
hodic cai bién nhimg hé thic da co
con c6 thé glup cac thay co gtao trong
viéc thiét ké cac bai tap va dé thi méi.

Cuédn sach khong chi co ich cho cic
hoc sinh, cac ban yéu toan, cic thiy
co day toan pho thong, ma con la
tai liéu tham khao tét cho cdc sinh
vién va giang vién dai hoc, cao ding

nganh toan, ciing nhu cdc phy huynh

asinh hoc
mong mudn giip con em 1

t6t mon toan.
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s chin PHUCKG
VA UNG DUNG TRONG GIAI TOAN

UG L~ VU HU'U CHIN
» HOU CO SO - (GVTHCS Hang Bang 0. Hong Bang Hat Phang)

Cac t?éi Eoén 'vé sd chmh phuong hoc sinh duge m—-k=11 m=67

hoc tr ndm 16p 6. Bai viét nay dua ra mot s bai {m k=123 < {k _s6 (chon)

todn tim s6 chinh phuong va mét sé g dung. Dé
bat d:au ching ta nhac lai mét vai kién thitc coban o i~ =32 = {m ==l (loai).

1. S6 chinh phicong la binh phuong cia mét $6 tw m+k=41 =

nht;-‘r‘:l. 2 L ‘ Viy abed =56 =3136.

2. So chinh phuong chi ¢6 thé tdn cung bang 0,1, Ty bai toan trén xet ba1 toan tim 2 sb chmh

4,5,6,9; khon thé cé tdn ci 7
P g, a chia het cho 6 .. & cung hon kém mot s6.

nguyén to p thi aip®.
4. Cho a 1a 58 chinh phuong thiz a chia cho 3 ¢6 Bai 1.2. Tim hai s6 chinh phuong A va B co 4 chir
56 dield 0,1; a chia cho4 c6 56 dula0, 1. : s
. . e i ’ B cung hon kém mot 50.
5. Khong tim dugc s6 chinh phuong x néu . —_— et
Loi gigi. Pat 1a:A=aaaa,=p’, B=bbbb, =q
(31< p,g<100). Gia su A>B va a,-b=x,

voiie {1;2;3;4} ,XE {1;2;3;...;8}. Ta cé:

6 va cde chiv s6 o moi hang twong ung cua A va

a’ <x<(a+1)2 voi aeZ.

DANG 1. TIM CAC SO CHI\H PHUONG
Bai 1.1. Tim tdt ca cdc s6 chinh phiong gom 4
chit s6. biét rang khi thém | don vi vao chir s6 A"B=Pz"qz =(p—-q)(p+q)=xxxx (1).

hang nghin, them 3 don vi vao chir s6 hang tram, Suy r4: (P“])(P*‘Q)=1111.x=11_101x -
them S Io’n vi vao chir 50 }mno chuc. thém 3 don vi : ) ‘
Do d6 (p—q)(p+q)i101, md 0<p-g<69,

p+q<200,suy ra p+q =101. Thay vao (1) suy

vao chir so hang don Vi, ld van dugc mot so chinh

phiecrng
Lai gigi. Goi s6 can tim 1a ra: p—g=1lx= p—-qe{ll; 22: 33; 44; 55;66}.
abcd(a,b,c,deN,Oéa,b,c,dS9,a¢0)- Ma (p—q),(p+q) cung tinh chin ¢,
Theo dé bai abed =k* va p+g=101nin p—qe(ll;33;55). Ta cb cic
(a+l)(b-u)(c+Sj(d+3)—m2 (k,meN;31<k<m<100).  trudng hop:
— = G _ 2 .
Suy ra: abcd +1353=m’ = k' +1353= m’ _{p g=11 i{p—SG:{A—SfiZ:{A-M%
o (m—k)(m+k)=1353=1.1353= 3451 p+g=101" |g=45 |B=45" (B=2025
=11.123=33.41. (théa man).
—g= s — 2 s
Co 0<m—k<m+k, tac chc trudng hop: ,{P g=33 :{‘“67: A=6T' _ [4=4489
m—k=1 m =677 p+q=101""|g=34 |B=34 |[B=1156
. - P (1031) hé o
m+k=1353  |k=676 (thoa maén).
_ = p—q=55 p=18
. m—k=3 ™ 227 (loai). o{ . —101:{ (loai).
m+k=451 |k=224 p+q= g =23
OFIN HOC

Sé".;lS%é(l-z:?%ﬁ) Ig 51'8558 ofg



Vay

A=3136 [A4=4489
B=2025" |B=1156

7 = s e so chinh
Bai 1.3. Cho abed va dcba la cdc 0 <"

. dcba
phicong ¢6 4 chiv s6 khic nhau, sao cho

chia hét cho abcd. Tim sé abed.

Lai gigi. Bat abed = m? (meN,31<m< 100) -

Do dcba’abed nén dcba=m't,voi 1<1<9.
Ma dcba 1a s chinh phuong. Suy ra ¢ la sO
chinh phuong. Pit t_—_n2,1<n2£9:>ne{2;3}.
Do dé:

deba=m’n* =(mn)’,32 < mn<99.
Do n>2,nén m<50. Ta co:
dcba —abed =999d +90c —90b — 999a.

Suy ra: (dcba —abcd)f9:¢dcba —abed =m*n* —m®

=m2(n2 —1)59. Do ne{2;3} = m:3. Lai cé:

(dcba +a_15:23)51 1= dcba +abed = m? (n2 +l)511
=m:11. Vay m:3,m*11,m <50 ,suyra m=233.
Do d6 abed =33 =1089, deba = 9801 = 99° (thoa
man). Viy sé abed =1089 |
Bai 1.4. Tim 56 ¢6 4 chi 56 abed biét abd Iy s&
chinh phwong va néu cong thém 72 vao 56 abed
thi dirge mot s6 chinh phiong.
Loi gidi. Ta c6 mét sé chinh phuong ¢6 tin cung
1a: 0; 1; 4; 5; 6; 9. Do abd 1a s§ chinh phuong
nén d 5{0;1;4;5;6;9} (1). Do abed +72 la sé
chinh phuong nén

d+2e{0;1,4;5,6,9} = o e{8;9;2;3;4;7}
Tir (1) va (2) suy ra de{4;9}

(2).

» THI: d=4:>c_134—1=y2;;b_-c4+72=m+70=x2.
Tacé y? cb tin cung 4, suy ra Y b tan ciing 13:
2; 8. Ta c6 x* co téliﬁng 6,5y ra x ¢4 e
cing la: 4; 6. Tyt ab4=y2-_->100<yz<100'0
=10<y<31.Dodé ye{l2s, 22; 28)

min x co tan cung la 4; 6).

. Néu  y=122) =144 2 =T4gg
— 1400 < x* <1600 =37 <x <40 (khéng theq
min x co tan cung la 4; 6).

- Néu  y=18=)" =324=x" =324

— 3200 < x* <3400 = 56 <x <59 (khong théa
min x c6 tan cing la 4; 6).

- Néu y=22=)y"=484=x" =48:617
= 4800 < x> <5000 = 69 <x <71 (khéng thoa
man x co tin cung la 4; 6).

- Néu  y=28=)"=784=x*=T86+7)
= 7800 < x* <8000 = 88 < x < 90 (khéng théa
man x co tan cung la 4; 6).

« TH2: d =9=>ab9=y*;abc9+72 = abcl +80 = 2.
Suy ra y co tin cung l1a: 3; 7. S6 x c6 tdn cling
la: 1, 9. Tr ab9=y*=100< <1000
=10<y<31.Dodé ye({13;17;23;27).

- Neu y=13=)"=169 vi x*=16c]+80
=1600 < x* <1800 => 40 < x < 43,

Khi d6 x=41, suy ra abed =1609 (thoa mén)

- Néu y=17=)"=280 va x*=28:1+80

= 2800 <x* <3000 = 52 < x < 55 (khong  thoa
man).

- Néu Y=23=p"=529 va x*=521+80

= 5200 < x* <5400 = 72 < x < 74 (khéng  thoa
man).

- New y=27=172720 va 2 =7201+80
=7200<x” <7400 =584 < x <87 (khong thoa man).
Vay s6 cin tim 13 abed =1609

Bai 1.5. Tim s6 4= a,aza3b|b3[)_‘a|aza3, (Gl # 0) v

bbb, =2.qa,a, d(jng thoi A viét dudi dang

Pngz Pip; Véi DDy Py P, la 4 s6 nguyén 10

khac nhau.

Loi gidi. S6 A= a,a,a,10° + bbb, 10° +a,a,0
il

- 3
=a,4,a,.10° + 2.4,a,a,.10° + 3,0,%

= cz,a:,_as.(lo6 +2.10° + 1)

https://tieulun.hopto.org




.y

. -
=a,a.r2a3.(103 +1) =a,a,a,.7.11%.13%

Tir 200 < 2.4,a,a, = bb,b, <1000

=100<a,a,a, <500. Ta ¢6 7; 11: 13 13 ba s&
nguyén t0 khac nhau. Theo d& baj suy ra

a,a,a,=p°, v6i p 1d s nguyén t5 khic véi
7;15513. Ta co: 100<aa,a, = p* <500=10< p< 23,
Do dé pe{l7;19}.
THI: p=17= aa,a, =17" = 289 = bb,b, = 578.
TH2: p=19=aa,a, =19 =361= bbb, =722.
Viy 4e{289578289; 361722361},
Bai 1.6. Tim s6 tw nhién A biét ring 3 ménh dé
sau 6 2 ménh dé dung, | ménh deé sai.
1) A+51 ld s6 chinh phirong.
2) Chir 56 tdn ciing vé bén phai 56 A la chiv 56 1.
3) 4—38 ld 56 chinh phuong.
Léi gidgi. Néu ménh dé 2) dang thi 4+51 c6 tan
cing 12 2. Suy ra A+51 khong l1a sb chinh
phuong. Tir ménh @ 2) ding thi 4—38 c6 tin
cing 1a 3. Do @ A-38 khéng la s chinh
phuong. Viy néu ménh dé 2) ding thi ménh dé 1)
va 3) 1 sai (trai vdi gia thiét).
Do d6 ménh dé 2) sai, ménh d 1) va 3) ding.
Dit A+51=m*,A-38=n", véi myneZ' ,m>n.
Suyra: m* —n* =89 < (m+n)(m—n)=89.
Tacéd: m+n >m-~n,(m+n,m—n eZ*) va 89 1a
m+n=289 {m =45

=

n=44 "

A - A ~
s0 nguyén td nén
m-n=1

Dodé A+51=45" < A=1974.

Bai 1.7. Tim tat ca cdc sé tw nhién khac 0 ma 3
lan s6 d6 bang binh phuong cua tong cdc chit 50
cua no.

Léi gigi. Pit N=abc.xyz (n chit s0),
(0<a,b,c,...x,y,2<9,a#0).

Ta c6 3N=(a+b+c+...+x+y+z)2. Ta co:
Q+btct.tx+y+z<9m=3IN<On) SN2 ().
Néu n>4 = 27n* >27.4> =432, ma N 21000,

khéng théa mén (*). Suyra n<3.

«THI: n=1 thi 3a=a’ =>a=3.Suyra N=3.

« TH2: n=2 thi 3.ab=(a+b) =>(a+b):3.

Dat a +b=3m= 3.ab=9m" <ab=3m". Tacé:

(10a+b)—(a+b)=3m2—3m:>9a:3m(m-l)

= 3g=m(m-1)= a lasb chiin. Ta nhan thiy

m<5 va m:3 hodc (m—1)33.

_Néu mi3=>m=3.Suyra ab=27.

- Néu (m—1)53:>m=4. Suy ra ab = 48.

«TH3: n=3 thi 3.abc=(a+b+c) =(a+b+c)3.

Pat a+b+c=3m. Vi a+b+c<27

— 3.abc < 27" <> abc <243 = a {1;2}.

_Néu a=1=1+b+c=3m (), lbc =3m* (2).

Te (1) suy ra3m=<l9cm<6. To (2)

—3m2>100>m>6. Do d6 m=6. Suy ra

1bc =3.6* =108. Khi d6 b=0, c=8 nén
a+b+c=1+0+8=9<3.6 (loai).

“Néu a=2=2+b+c=3m= 2bc =3m

= 3m? =200 = m =9 (loai).

Viy cac so6 can tim la: 3; 27; 48.

Nhin xét. Dé giai bai toan trude tién ta ’khéng dinh

s6 can tim chi cc'? nhiéu nhat 1a 3 chit s6, tr do xét

cac trudng hop dé giai.

Bai 1.8. Tim 4 s6 tr nhién cé tinh chat: Binh

phicong cua moi so trong ching cong véi ba sé

con lai la s6 chinh phuong.

Loi gidi. Goi bdn s6 tu nhién can tim 13 a,b,c,d

voi azb>c>d. Tacd: x=a’ +b+c+d,

y=a+b +c+d,z=a+b+c* +dt=a+b+c+d’

1a cac s6 chinh phuong.

Suy ra: a2<x5a2+3a<(a+2)2:>x:(a+1)z.

Do dé: x=(a+1)2=az+b+c+d

1
Z.':'a=§(b+c+d-—1)<§2-l3 (l)_Vay:
2 3b 2 3 2
B<y<S+b+2<(b+2) = y=(b+1).

Suy ra: y=(b+1) =a+5* +c+d :b=%.(a+6+d—1) 2.

sétpsclieniuf PP




-1 (3
Tir (1) va @) suyra a=b=c+d = 50
. THI d=lma=b=cz=(2*1)" -
t=3a+l la sb6 chioh phuorE;

t=3a+1=(3k+1)". Suyra:
a=b=c=3 +2kkeN.

«TH2: d >1.

_1<2c). Lai
Ta ¢6: c<a<2c (do a=b=c+d-1< )

2
3
co (c+1)2=c2+2c+1<z<c2+2c+26+c<(c+)

4+d
suy ra: z=(c+2)’ —l+dcrd=a+bFe

& 2a+d =4c+4. Két hgp véi (3) ta co:
a=c+d-1 a=c+d-1
{Za+d=4c+4<:> 2(c+d—1)+d=40+4

:a:z—4,c=3—2d——3. Do a,ceN=>d=2p

=>a=5p—-4,c=3p-3. Do azc>d

=5p-4>3p-3>d=2p=> p>3. Taco:
z=2a+c+d>=2,(5p-4)+3p-3+4p’

=4p’+13p-112>(2p+2)’.

Lai ¢ 4p’+13p-11<(2p+4). Do 6

(2p+2) <z<(2p+4). Ta ¢6 cac truong hop:

+V6i z=4p* +13p-11=(2p+2) = p=3.

Khidé a=b=1l,c=d =6.

+ Vi z=4pl+l3p-ll=(2p+3)2:>p=20_

Khiddé a=b=96c=57,d =40

Két lugn: Céc bd (a,b,¢,d) cin tim 13-

(3K% + 20;3k7 + 2k; 34 2k;1);

(34 ~ 24,3k — 24;342 - 2;1); 1

; 1;11;6;6)
(96:96,57:40) va cic hodn vi cga g 4 Ny

¥

Nhgn xét. Bai toan trén 13 by toan khg, 4
5 A 2, ' ' l ;
cua 4 s6 chinh phuong nhyy nhau ngp ta cg ha"] -
O the gig
Tty Ty
8141 byj t0dn tg da sy
ong |3 Néu la gd
]

n? <x<(n+2)2

thiét 4 sé d6 sip xép dugc theo th
céc trudng hop cua 4. Trong |
dung tinh chat cia sé Chinh pp
chinh  phuong m3

x=(n+1). "N thi

Bai 1.9. Tim 11 $6 tu nhién lién tiép ¢ to”yng cde
pinh phiong cua chung la mét sé chinh phu'ong
nho hon 10000.

Loi gidi. Goi 11 50 tr nhién lién tidp 13: 5 s
n—dn-3,n _2,n-1,l1,f1+1,n+ 2,n+3,n+4
ﬂ+5 (neN,HES). TaC6:

§=(n=5"+(n=4" +(1=3)" +(n-2y 4 (1
+n +(n+1)" +(n+2) +(7+3) +(n+4)? +(n+5)
=11(n* +10). Ta c6: §<10000=>11(x* +10) <1009

, 10000

=0 < -10=>n<29.

S 1a sb chinh phuong < n* +10=1 l9* (ge NY.
Suyra: g° = (n> +10):11 (*).
Ta co: nz —}-10:}12 —1+1111<:>(H—-I)(n+])“
Do dé (n—l)fll hodc (n+l)511. Suy ra
n=1lk+1 hodc n=11¢-1, (k,teN).
«THL: n=11k+1, n<29. Suyra ne{12;23}.
+ Thay n=12 vao (*) khong théa min.
+Thay n=23 vio (*) tim dugc ¢ =7. Suy ra:
§ =5929=77* <10000.

¢ TH2: n=117-1, n<29. Suyra ne{10;21}.
Thay n=10;n=21 vao (*) khong thoa man.
Vay n=23, tim duoc 11 s tw nhién lién tiép 1a:
18; 19; 20; ..... ; 28.
Nhin xét. Trong bai toén ndy ta da dat 11 s0 tu
nhién lién tiép mot cach phu hop, giéi han gié tri can
tim, tlr d6 xét c4c truong hop dé giai bai toan.
DANG 2. CHUNG MINH MOT SO LA SO
CHINH PHUONG HOAC KHONG LA SO
CHINH PHUONG
Bai 2.1. Chirng minh rang vor §6 nguyén diong

2.6.10...(4n-2)
(n+ 5)(n+ 6)(n+ 7)....(2!?)

la mot 56 chinh phuong.

nz26 thi sé a, =1+

- 2:[1.3.5..(21-1)]
TR TR oS o = S e ) )2

2" (2n)!
1+ [2_4.6....(211)](" +5)(n+6)(n+ 7)...-(2)1)

https://tieulun.hopto.org



s (2n)!
i n!(n+5)(n+6)(n+7)...‘(2n)
=1+(n+1)(n+2)(n +3)(n+4)

=L+(n’ +5n+4)(n* +5n+6)=(n* +5n+5) .
Viy a, la s6 chinh phuong.

Bai 2.2. Cho a.b,c,d nguyén duwong déi mét khdc
nhau va thoa man
2a+b 2b+c 2¢c+d 2d+a
+ +- + =4
a+b c+d d+a

Chitng minh rang A= abcd la sé chinh phwrong.

b+c

Loi gidi. Ta cé:
2a+b 2b+c 2c+d 2d+a
+ + + =6

at+b b+c c+d d+a
a_ . b E_ d _
a+b b+c c+d d+a
< 1- - - g +1- L - 4 =0
a+b b+c c+d d+a
b b d d
_ + - =0
a+b b+c c+d d+a
b(c—a) d{a-c)

(@+6)(b+c) (ctd)(d+a)
< b(c+d)(d+a)-d(a+b)(b+c)=0
& abc—acd +bd* —b*d =0
& (b-d)(ac—bd) =0 ac—bd =0 ac=bd
Vay A = abcd = (ac)’ 1a s6 chinh phuong.
Bai 2.3. Cho a,b,c la ba sé phdn biét. Chimg
minh rdang gid tri cua cua biéu thirc sau la s6
chinh phuong

- = ~b)(x-c) (x-c)x—a

(x) - ij—Z;;z-/fa); ’ Ez—i;;;—j * Eb—c;:h—a;'
Loi gidi. Cédch 1.
P(x)= X —(a+bx+ab x*—(b+c)x+bc

(c—a)c—0) (a—b)a—c)
x*—(c+a)x+ca - 4y —Br+C
(b-c)b—-a)

= 1 + L + - =0,
“(c=a)c=b) (a-bYa—c) (b—c)b-a)
ct+a

vl A

_ a+b . b+c "
(c-a)c-b) (a-b)a-c) (b-C)(b'a)

b’ - -f-C'2 - +a’-c =0
(a—b)(b-c)c—a)

ab be ca
C= + +
(c—a)c—b) (a-b)a-c) (b—c)b-a)
_—ab(a-5) - be(b—c)—ca(c—a) _q
- (a—b)b—c)c—a) ‘
Vay P(x)=1=1* véimoi x.Dod6 P(x) co gia

tri 12 6 chinh phuong.

Cdch 2. Xét da thirc

)= aet) GmBrm) | (eeem)
(c—a)(c—b) (a—b)Ya—c) (b-c)b-a)

Ta ¢6 f(a)=f(b)=1f(c)=0, do d6 f(x) co

ba nghiém phén biét a,b,c (a,b,c ddi mét khac

nhau). Nhung f(x) 14 da thitc bac 2 nén f(x)

phai la da thirc 0. Do do:

f(x)=0=P(x)=1Vx. Vay P(x) c6 gié tri la

s6 chinh phuong.

Nhin xét. Trong céch giai 2, ta da sir dung tinh chét

nghiém caa da thic: Mgt da thiec bdc n thi co khong

qud n nghiém (ké cd nghiém béi). Do d6 néu da thirc
bdc n c6 n + 1 nghiém thi da thirc do la da thire 0.

Biai 2.4. Cho hai s6 nguyén a, b thoa man
a’ +b° +1=2(ab+a+b). Chimg minh rang a
va b la hai s6 chinh phirong lién tiép.

Loi gidi. Taco: a* +b* +1=2(ab+a+b)

&a +b +l—2ab—2a+21.’):~4{)<::>(b—a+1)2 =4b.

b—a+1

Suy ra: (b-a+l)234:>(b-a+1)52:>

b—a+1

14 s6 nguyén. Do d6 b =[ ] 13 s6 chinh

phuong.  Chimg minh twong tu ¢6

a-b+1Y (b-g-1\ .
a=[ 5 ] =[ ; 1} cling 14 so chinh

—a+l b-a-1
’ 2
va b 14 hai s6 chinh phwong lién tiép.

phuong. Lai co6 =1.Suyra a

Bai 2.5. Cho a,b,c Id cic sé nguyén té cung nhau
PO 3% I I
oa man ;+g=—. Chung minh rang cdac so
¢

a+b va abc dong thoi la cdc s6 chinh phirong.

TOAN HOC
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Loi gidi. Tix gia thiét suy ra: c(a +b)= ab

< ab-ac—be+c¢* =¢? <::>(a~C)(b"C):C
(1). .
Tir nén

d. Gia

gia thiét suy ra a>cb>¢

a-c¢>0,b—c>0. Pit UCLN(a—c,b—¢)=
g2

sud>1.Suyra: a—cid,b-cd :>(a—0)(b“c)'d '
T (1) suy ra: ¢2d* =>¢id,dodo a va b cung
chia hét cho d. Diéu nay trai voi dé bai. VaY
d =1, do d6 hai sb a—c,b—c 1a hai so nguyén t6
cing nhau, nén tir (1) suy ra a—c,b—c 14 hai sb
chinh phwong.

Dat a—c=k’,b—c=m*,(k,meN’). Ti (1) suy
ra ¢ =k*m* < c = km. Do do:

a+b=(a—c)+(b—c)+2c=k2+m2+2km=(k+m)2
1a sb chinh phuong. Suy ra
abc=c*(a+b)=c(k+ m)2 14 s chinh phuong.
Nhin xét. Loi giai bai toan d3 dua vao tinh chit:
Néu a va b ld hai s6 nguyén to cing nhau ma
ab=m’>,meN thi a,b déu la sé chinh phuong.
Bai 2.6. Vi b6 3 s6 (2; 5; 13) ¢6 tinh chat: Tich
hai s6 bat ky tric 1 la sé chinh phuong. Chirng
minh rdng khéng ton tai s6 nguyén dwong d dé bé
4 56 (2; 5 13; d) ¢6 tinh chat trén.

Li giagi. Vi 25-1=32,2.13-1=5"513-1=8,
ta khing dinh khong tim duge sd nguyén duong
d sao cho cac sb

x=2d-1,y=5d-1,z=13d -1

déu 12 s6 chinh phuong. Xét cac truong hop:

e THI1: d=0,2(mod4)=>x=2d-1=
suy ra x khong la sd chinh phuong,

e TH2: d =3(mod4)= y=5d -1 ‘2(m0d4) suy
ra y khéng la sé chinh phuong,

« TH3: d=1(m0d4):>d=4k+1:>x 8k+1

y=4(5k+1),z =4( 13k+3) keN. Gia sy X,9,2

ddu la sé chinh phuong. g,
8k +1; 5k +1; 13k +3 ddulasd chinh phu

Piat a® =8k + 1,6 =5k +1,¢? =13k +3,

3(mod4)

Y ra
ong.

(a,b,ceN).Suyra: a® +p* =

6

¢ -1, Ta co;

TOAN HOC

 CTusitye_ S35351-20,,

2 —1=0, 3(mod4), ma at +b° =0,1, 2(m0d4)
suy ra a4 + b _—-_0(1’1’10(14):} a’ = p? EO(m0d4)

Viy a la s6 chin . Ma a’ —8k+1 , nén g la 55 ¢
(vo li). Véay khong tdn tai s d.

Nhdn xét. Loi giai da su dung phuong phap chimg
minh phan ching va tinh chét:
a* +b* =0(mod4) thi &’ =5" =0(mod4).

Bii 2.7. Cho 5 50 nguyen duong déi meot khéc
nhau sao cho méi s6 trong chiing khéng c6 e s
nguyeén to nao khac 2 va 5. Chirng minh rang
trong 5 56 do t6n tai hai s6 ma tich cua ching I
mét s6 chinh phirong.

Néy

Léi gidi. Goi cac sb da cho 1a g, (i=1,5). B
dién a,=2%5",véi a, 8 eN.

Xét nam cip sb (ai,ﬂ),(i =i,_5), mdi cip sé roj
vao mét trong cac trudng hop: (chin, chin),
(chin, 1&), (1é, chin), (¢, 1¢). Theo nguyén Iy
Dirichlet, ton tai hai cap (e;,8).(a;,8,) cing
thudc mot trudng hop. Khi do ¢, +a;, B, +ﬂj la
nhitng s chin (i, €{1,2,...,5},i # j). Do @é:
= 27,5927 5t =2 50

1a s6 chinh phuong.

DANG 3. TIM GIA TRI CUA BIEN DPE CAC
BIEU THUC _Li\ SO CHINH PHUONG. 'TU'
CA(:J S()‘ CHI:\'H P:HU'O'NG CO CAC TINH
CHAT CUA CAC BIEN

Bai 3.1. a) Tim tdt ca cac s6 nguyén dwong n $a0
cho: M =2"+3" + 4" la s6 chinh phuong.

b) Tim m,neN sao cho P=2"+5" la so chinh
phirong.

Loi gidi.a) e Véi n=1thi M =2'+3'+4' =3 I
s0 chinh phuong.

e Xét n>1 thi n 1a sé chin hodc sb lé.

+ TH1: n 1a sb chin thi n=2k, keZ". Sw"
M =2 +3% 1 4% Taco: 4 =(3+1),1€Z’ -5V
ta 4 chia cho 3 du 1. Do d6 2 =4* chia cho3

dur 1, 4% chia cho 3 du 1. Suyra M chiacho3 &
2. Suyra M khéng thé 1a s§ chinh phuong.
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+TH2: n las6léthi n=2k+1,keZ". Suy ra:
M=22k+1+32k+1+42k+1 =2.4k +3.9k +42k+1.
Ta co: 3.9 = 3.(2.4+1)" chia cho 4 du 3. Suy ra
M chia cho 4 du 3. Do 46 M khong la s chinh
phuong. Vay n=1 thi M 1a s6 chinh phuong.
b) Be cho P=2"+5" 13 s chinh phuong, dit
2" +5" =k’,keN,
+Néu m=0=>1+5" =k Do d6 k? la sé chin,
nén kla sb chin. Suy ra £%:4. Lai cb
1+5" =2(mod4), do 6 1+5" =k*, khong xay ra.
+Néu m#0=>2"+5"=k>=k 1& va k khong
chia hét cho 5. Ta xét hai trudng hop :
-THIL: n=0 thi 2" +1=k’=(2x+1)’ (xeN).
Suy ra 2" =4x(x+1). Suy ra x=1, khi dé
m=3;n=0 (thoa man).
Thir lai: Véi m=3;n=0 thi P=2>+5"=9=32
14 56 chinh phuong.
- TH2: n#0 va k khong chia hét cho 5. Suy ra
k* =x1(mod5). Tir 2" +5" =k* = 2" = +1(mod5)
suyra m 1as6 chin. Dat m=2m, m eN’, ta co:
k+2™ =5"
5" =(k+2 ')("“2'):}{,{"?[:5@
voi m +n,=n, n,>n,,n,n,€N. Suyra:
2" =57 (5" —1) > 5" =1 n, =0=>n=n,
Khid6 2" =5" -1
* Néu n 12 sb chin thi n = 2t,te N, suyra:
27 =5 ~1=25"-1:3 (vS Iy).
*Néu n 12 56 1¢, thi

e o B L 4(5"'l 52 g 4 B 1).

Véi n>1, thi 5" +5"2 4. +5+1 la sb 1& 16n
hon 1 (v6 1i). Véi n=1, thi 2""' =5'-1=>m =1.
Khidb m=2,n=1.

Thir lai m=2,n=1 thi P=2*+5'=9=3" la sé
chinh phuong. Vay cac cap (m;n) 1a: (2;1),(3;0).
B?i 3.2. a) Tim tdt ca cdc sé nguyén dwong n dé
0 A=111...1- 777...7 ld 56 chinh phwong.

nsg | nsd7

b) Cho g, =14,4, =144,a, =1444,..,a, =1444..4

ns6 4
(neN*). Tim tit cd cdc s6 i sao cho a, la s6
chinh phwong (voi i e N,1<i<n),
Loi gidi. a) Ta cé:
10" -1 _,10"=1_10"-7.10"+6
9 9 9

+Véin=1,tacd: 4=4=2" (thoa min).
+Véi n=2,tacé:

(10" -4)" <10 =7.10" + 6 < (10" - 3)
Suy ra 4 khong 13 sb chinh phuong. Vay n=1
thi 4 =2 1a s chinh phuong.
b) a, =14, khong la chinh phuong; a, =144=12*,

e

2

a, =1444 =38" 1a s6 chinh phuong; a, =14444
khoéng 1a chinh phuong.
Xéti=5,tacod: a, =1444..4=

is6 4

=1444..444 10" + 4444 =12 (mod16) (*).
\ﬂ_J

i-4564
Gia st @, =b*, suyra b 14 s chin. Tu (*) suy ra
a,=b" =(4g+1111).4 = b khong chia hét cho 4.
bat b=2(2k +1), ke N’, suyra:

b =4(2k +1) = 4(4k + 4k +1)

=16k(k+1)+4=4 mod(16) (**).
T (*) va (**) mau thuin. Vay i€{2;3} 14 haisb
thoa mén d¢ cho 4, 1a s6 chinh phuong,
Bai 3.3. Tim tat ca cdc sé nguyén dirong n co tinh
chat véi moi s6 nguyén Ié a ma a® <n thi n'a.
Loi gidi. Goi a 13 s nguyén 1& 16n nhit ma
a’<n. Khi d¢6 n<(a+2)2. Néu a>7 thi
@-4,a-2,a 1a cic u6c 1 cia n. Ta 6 chc sb
ndy nguyén 6 cing nhau ddi mot nén
nfa(a—z)(a_4)_ Suy ra:

61(61—2)(a-4)s;z<(a+2)2 =a -7a* +4a-4<0

:>a2(a-7)+4(a—1)<0. Vo 1y (do a>7).
Dodé a e{1;3;5} .

R N



.TH2:a=3 thi32Sn<52 .
= n e {9;12;15;18;21;24} (do n:3)-

: do
e TH3: a=5 thi 525n<72:>ne{30,45} (
n:15).
Véy "E{l;2;3;4;5;6;7;8;9;12;15-18-21;24;30;45}-
2] o B # I

14
Bai 3.4. Tim 56 nguyén 10 p dé T va
cde 56 chinh phuong.
3 i P 4 + :
Loi gigi. Gia s tdn tai céc sb6 x,y €Z’ sao cho

2
*D;-lzx2 va £ .

va p> +1=2y" (2). Tir (1) va (2) suy ra:

p(p—l)=2(y+x)(y—x) (3).
Do dé: 2(y+x)(y-x)ip (4). Mat khac tir (1)

suyra p lasbléeva x>1.

:yz_ Suy ra p+1=2x2 (1)

Tedé p+1=2x" =x’+x*>x+1=>p>x.

Tuo(2)suyra y >1. Do d6:
PP+1=2y" =)+’ > 41> p> .

Tu(3)suyra y>x.Dodé: 0<y-x<p.

Do @6 tir (4) suyra y+xip, ma O<x+y<2p.

Suyra: x+y=p. Thay x+y=p vio (3) dugc:

p—1=2(y—x):>y—x=p va x+y=p.

Ip-1
4

p+1

Suyra x=""—,y= . Thay =211

vao

(1) ta co: p+1=2[f4ilj @(p+l)(p-—7)-_—0

< p=T=>x=2,y=5. Thi lai x=2,y=5 thoa
man bai todn. Vay p=7.

Bai 3.5. Tim 56 tw nhién n nho nhés l6n hon 1 sao
cho (n + 1)(2!? + 1) chia hét cho 6 va thirong

la s6
chinh phuong.

Lai gidi. Theo a2 bai c6: (n+1)(2n+1) = 642 keN
Taco 6k 1as6 chén, 2n+1 lasé s Suyra n+]
lasochan nén n lasd lg. bit n= 2m +1 meN".

Do d6: (2m+1+1)(4m+2+1) 6k

TOF!N HOC
8 O
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@(m+1)(4m+3)=3k2.
Lai c6 UCLN(m+1,4m+3)=1, 4m+3 khong

thé 14 sé chinh phuong.

Do d6 m+1=a?,4m+3=3b",a,beN". Suy p,
a* -3b* =1 (2a+1)(2a—1)=3b".

Do 2a+12a-1 la 2 sb 1& lién tiép, nén

UCLN(2a+1,2a—1) =1, suy ra:

20—1:—3012 2a—l=a12
. hoac >
2a+1=a; 2a+1=3a,

. [2a-1=34}
+ Néu

a,a, N,

=>a; =3a] +2 (khong xay

2a+1=a’
ra).
. |2a-1=a] 5 )
+ Néu =a; =3a;,-2.Suyra aq la
{2a+1=3a§ 4,8 9

s6 18, a, khong chia hét cho 3.

Ta c6: n nho nhat <> m nho nhit <> @ nhod nhét
& a, nho nhit. Ma q, € {1;5;7;11;...} nén:

- Vai
n>1,
-Voi g =5=a=13=>m=168=>n=2.168+1=337.
Khid6 (337+1).(2.337+1)=6.195> (théa man).
Viy s6 n nho nhit 1a 337.

Nhdn xét. Trong bai ndy ta da sir dung tinh chét: Sé

chinh phuong khéng c6 dang 4m + 3 va 3n + 2 véi
m,neN,

a=12a=1=>m=0=n=1, loai vi

Bai 3.6. Cho m, n la nhitne s6 neuvén dirong véi
o [~ R S
n>1.Dat P=m’n® —4m+ 4n. Chirng minh rdng:
a) Neum>n thi (1;11?2 — 2)¥ <n'P<mn
b) Néu P la s6 chinh phuong thi m = n.
Loi gidi. a)
. (mn2 —2)2 < P> min' —4mn® +4<m’n’ —4mn® +4n’
5 ‘ v +
& n' >1< n>1 (ludn ding, voi neZ™,n>1).
3 14
n’P < m*n® < m*n* —4mn® +4n’ <m’n
& 4n’(-m+n)<0&m>n
(ludn ding theo gia thiét).
b) Gia sir nguoc lai m # n , xét hai trudng hop:
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e« THI1: Xét m>n, theo phén a) ta co:
, 2 ;
(mn* -2) <n’P<(mn*)’, vado P 1a sb chinh
phuong. Suy ra: n’P =(mn2 - 1)2

= m’n* —4mn® + 4n° = m*n* - 2mn® +1
S 4n’ =2mn* +1 (¥).

Vi 4n’ 14 s chin, ma 2mn® +1 14 sb 1é nén (*)
khéng xay ra.
o TH2: Xét m<n, khi do:
+Néu m>2 thi n>2=2mn>4n
= (mn)2 <P=m'n"—4m+4n< (mn 4-1)2 , mau
thuéin voi P 1a s6 chinh phuong.
+Néum=1thi P=n’+4n—-4. Khi dé:
-Véi n>2 thi (n +1)2 <P<(n +2)2 , mau thun
véi P 1a sé chinh phuong.
- V6i n=2 thi P=8 khéng phai 13 sé chinh
phuong.
Vay néu P la s6 chinh phuong thi m=n.
Bai 3.7. Cho x,y ld nhiing sé nguyén lém hon I
sao cho 4x*y* —Tx+7y la s6 chinh phwong.
Churng minh ring x=y.
Loi gidgi. Ta ¢6 x22,y>2. Ta s& ching minh:
—4xy+1<-Tx+7y<4xy+1 (*). That vay:

4xy+1<-Tx+Ty <= 1+Tx<4xy+7Ty

= 1+7x<y(4x+7) la BDT dung vi
1+7x<2(4x+7)< y(4x+7).
Tuong tw: —Tx+7y<4xy+1<Ty<Tx+4xy+1 la
BDT dung voi x>2,y 2 2.
Ta c6: (*) <4y —dxy+1 <ax’y? = Tx+Ty<4cy’ +4xy+1
= (?...xy—l)2 <4x’y* -Tx+7y <(2xy+l)2.
Mit khac 4x*y* —7x+7yla sb chinh phuong va
do 1<2xy—1<2xy+I1nén:

4x%y* —Tx+7y=(2xy)" < x=y (dpcm).

Nhdn xét. Trong 10i giai da su dung tinh chét cua sb
chinh phuong 1a: Néu x la so chinh phuong ma

n <x<(n+2) , neN thi x=(n+1) .

MOT SO BAI TOAN TUONG TU
1. Tim tét ca cac s c6 6 chir s6 thod man hai tinh
chit sau: o ’
- S6 tao thanh bdi ba chif s6 cudi 16n hon s6 tao
thanh bai ba chi s dau 1 don vi.
- La s6 chinh phuong. ' q
2. Tim ba s6 1é lién tiép ma tong binh phuong la
mot sb ¢6 bdn chit s6 gidng nhau.
3. Tim s6 nguyén duong n nhé nhét sao cho n:6
va 1000n 1a sb chinh phuong.
4. Tim tht ca céc sb c6 4 chir sb sau khi ghép vao
sau s 400 ta dwoc mdt s chinh phuong.

— ——\2

5. Tim sb xyztu , biét ring: (xy+ztu) =xyztu
6. Tim s6 chin 16n nhét c6 5 chir s6 ma 3 chir sb
dau (gitr nguyén thir tw tir trai sang phai) tao thanh
6 chinh phuong va 3 chit sb cubi tao thanh lap
phuong dung.
7. Cho s6 A4=1.2.3.....17
nhét cia A, biét wéc s6 d6la mot s6 chinh
phuong,.
8. a) Cho a=111...1;

n chir so 1
minh ab+1 1a sb chinh phuong.
b) Cho a=111...12; b=111..

n chu sG 1

. Hiy tim udc s lon

b=1000... 05. Ching

%(_/
n-1chirsg 0

14 . Ching minh

n chit s¢ 1

ab+1 14 sb chinh phuong.

9. Cho n=p'q’ véi p,q 1a cac sb nguyén tb
khac nhau, x,yeN". Biét n*> ¢ 15 udc sb. Hoi
n’ ¢6 bao nhiéu udc sb.

10. Cho n 1a s6 tu nhién thoa min n+1 va
2n+1 déu 1a s6 chinh phuong. Tim sé du cua
phép chia "% :§ 2

11. a) Tim s6 ty nhién #n sao cho 5" +12" 13 sb
chinh phuong,

b) Tim sé nguyén duong n sao cho 2" +3" 1a sb
chinh phuong.

12. Cho 2013 s6 ty nhién 1, 2, 3, ., 2013, Nguoi
ta viét 2013 sé d6 mot cach tuy ¥, mbi sd viét mot
l4n, lién nhau tao thanh mdt s6 méi. S6 d6 co 14 sb
chinh phwong hay khong ? Hay giai thich.

13. Hinh vudng c¢6 canh 1a sb tw nhién c6 thé ¢
dién tich baing 11111 ....... 1 duoc khong?

20012001 chi s6 1

. JOAN H
Sm{;szﬂiﬁeulunﬂn@;& of}




https://tieulun.hopto.org




HUONG DAN GIAI PE THIT

THPT CHUYEN BAC NINH, N

Cau 1. Cho biéu thire

xX+2 ,\/;_]

a) Rut gon biéu thirc P

‘x—l ]—vk

b) Tinh gid tri cua biéu thire P véi

x:\/i[ 35 3-\5 }
V2 4434 5 \[i—V3‘J§

¢) Tim tat ca cdc gia tri cua x dé P nhan gia fri

nguyén.
Léi gigi. a) DK: x>0,x#1. Taco:

p_Xt2+x(fx-1- (r+J§+1) Jx -1

X\/——l 2
__ 2(x-1r 2
(W~ les o+l stalnsl
b) Bién déi: x= O+ 25 6-2V5
2+\/6+2\/_ 2-+6-245
6+ 25 ehz\/E
= =2+2=4,
2+J5+1 Vs 41
Licnay gidtricua P la P= . .
' 44441 7
c) Voi x20,x=#1, thi x+ X+121 nén
0<P= <2. Do d6 P nhan gia tri
x+vVx+1 ’

nguyén khi va chikhi P=1 hodc P=2,
-Vé6i P=1 thi x+/x+1=2

-1 _

-Véi P=2 thix+\/;+1=1<:>\/;=0¢:,x=0
Viy co6 hai gia tri cia x théa min Yéu clu baj

3-.5
2 ]

x=0.

toanla x =

TOAN HOC

10 - crumt;%

UYEN SINH VAO LOP 10 TRU O,

AM HOC 2021 - 2022

Céau 2. a) Giai phuong trinh

6x° +10x-92+/(x +70)(2° +4x+16) = (h).

b) Giai hé phuong trinh
{x‘ —y 4+ 3x =12y +7=3x" - 6y’

Jx+2 4 J4=y=x"+p* - 4x -2y

Loi gidgi. a) DK: (x+70)(2x* +4x+16)>0
< (x+ 70)[2(x +1)? + 14] >0 x>-70.

Vi x2-70 taco:

(1) & (6x° +12x+48) = 2x — 140+ \/(x + 70)(22 + 4x 1 16) 0
< 3(2x  +4x+16) - 2(x+70) + V2x* + 4x + 16./x+ 70 =0
<::>(\/x+70 SN +4x+16)(:~h/2x2 +4x+16—2x/x+70)=0

@(\/H 70 +2(x +1)° +14)(3J2x’ +4x+16-2Jx+ 70):0

&322 +4x+16 = 20x+ 70

< 9(2x* +4x+16) = 4(x +70)

S 18x  +32x-136=0< x = 2 R 34

Ca hai gi4 tri nay déu thoa man PK x>-70. Viy
PT da cho ¢6 hai nghiém x=2, x = —3—4

b) PK x>-2, y <4 (1). PT diu tién cua hé twong
duong véi: x* =3x% +3x—1=y’ —6y> +12y -8
Sx-1)=(y-2) @x-l=y-2c y=x+l.
Thé y =x+1 vao PT thir hai trong hé ta dugc:
3—x=x"+x"—4x-1 (2)

PK xic dinh cua (2) la —2<x<3 (3). Vi

x+2+

~2<x<3 thi
Wx+2+(x+4)>0,33-x+(5-x)>0 va
1 1
+
Wx+2+(x+4) 3V3-x+(5-x)
Khi d6 ta co:

(2) & 3/x+2 + 33— x =3x" +3x* —12x -3

+3x+6>0.
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< 3x+2 (x+4)+3\/3—_;— S—-x)=3x +3x - 12x-12

-5 +5+2 -x* +x+2 _
3\/x+2+(x+4) Wi-x+(5-x) =(x’ =x=2)3x +6)
2 l 1
(" -x-2) + +3x+6|=
[3u[x+2 +(x+4) 3V3-x+(5-x)

2 x=2 ,

oSx —x-2=0 i (thoa man PK (3)).
X=-

-V6i x=2 thi y =3, thda min diéu kién (1).
-Véi x=—1 thi y=0, thoa man diéu kién (1).
Vay hé phwong trinh di cho co6 hai nghiém
(%) =(2;3), (x;»)=(-10).
Cau 3. a) Tim tdr ca cac cap 56 nguvén (x;y)
thoa man x.(1+x+x7)=4y(v-1.
b) Tim tat ca cac so nguyén duong n c6 tinh chat
véi maéi s6 nguvén dwong le a ma a*<n thin
chia hét cho a.
Lo&i gidi. a) Gia st (x;y) 13 cap sb nguyén thoa
man x.(1+x+x*)=4y.(y—1). Taco:
x(1+x+x)=4y.(y-1) o (F +)x+1)=2y-1y".
Vi y nguyén nén (2y—1) 1a sé chinh phuong 1¢.
Suyra x* +1 va x+1 la nhimg s6 16 va x>0.
Néu sé nguyén d 1a udc chung cua x’ +1 va
x+1thi d lasbéléeva x> +1—(x+1)(x—1)=2:d.
Suy ra d =1 hodc d=-1. Ching to x*+1 va
x+1 nguyén té cing nhau. Nhu viy x*+1 va

x+1 1a cic sd chinh phuong. Hon nira

< +1<(x+1)? nén X +1=(x+1)" ©x=0.
Véi x=0 thi 4y.(y—1)=0<> y =0 hoac je=l,
Thu lai théy (x; y) = (0;0), (x;v)=(0;1) thoa
man yéu cdu cua bai toan.

b) Gia sit n la sb nguyén duong co tinh chit véi
mdi s& nguyén duong lé @ ma a* <n thi n chia
hét cho a. Goi a, 12 sb nguyén duong 1¢ 16n nhét

2
théa mén a; <n, thi a; <n<(a +2)".

- Néu a,27 thi ay,a,-2,a,—4 la cic udc

nguyén duong ¢ cua &, déng thoi

_2,a,—4 dbi mdt nguyén t6 cing nhau

ay, dy
nén n:a,.(a, —2)(a, —4). Suy ra:

~2).(a, %) <n<(a;+2)". Tacéd:
a,.(a, —2)(a,

oa —Ta, +4a, —4<0=d (a,—T)+4a, —1)<0.

a,(a,

—4)<(a, +2)°

Pidu nay vo li, vi @, 2 Ty

- Néu @, =5 thi 5° <n<7* Ma nil, n:3, n:5

nén n € {30;45}.

- Néu a,=3 thi 3> <n<5’ Ma nil,n3 nén

ne {9;12;15; 18;21; 24}.

_Néu g, =1 thi <n<3" Suyra:
ne{l;2;3;4;5,6,7;8}.

Do do ne{1;2;3;4;5;6;7;8;9;12;15;18;21;24;30;45}.

Thr lai thdy 16 gia tri ndy cia n thoa min yéu

cAu bai toan.

Ciau 4. Cho tam gidc ABC nhon va c6 dinh, noi

tiép dwong tron tam O. Piém P thay doi trén cung

nho AB cua dirong tron (O), P khong tring voi A

va B. Puong thiang qua P vuong goc véi OA va

cdt cac dwuong thang AB. AC theo thir ty tai Q. R.

Purong thang qua P vuéng géc véi OB va cat cdc

diwong thang AB, BC theo thir i tai S, T.

a) Chirng minh tam giac POS la tam giac can.

b) Gia s tam gidc ABC can tai C. Goi giao diém

cua hai duong thang AB va PC la M. Chirng minh

hai tam giae CPA, CAM c?‘o:ng dang va khi P thay

déi trén cung nho AB thi ti s6 co gia tri
PA+ PB

khong déi.
¢) Tim vi tri diém P trén cung nho AB dé tich
OS.ST dat gid tri Ién nhdt.

Loi gidi.

TOﬁN HOC
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a) Goi F, E lin lugt 1a giao diém tht hai cua cac
duong thing PR, PT véi dudng trdn (O). Ta co

— e — —

AP = AF, BP=BE, va

— —— —_— —_— I S
PQS =PQB=%(sdPB+sdAF)=E sd AB (1),

— — . e 1 .
PSQ = PS4 =%( sa PA+s4BE)=2 s4BA ).

Tir (1) va (2) suy ra F@Sz@ nén APSQ cén
tai P.

b) Gia st A4ABC cén tai C, suy ra AC=BC,
nén AC =BC. Ta c6 APC=CAB=CAM (goc
ndi tiép chin cac cung bang nhau), ACM chung,
nén CAM, CPA la hai tam gidc ddng dang,

. PC_ PA

Dan t6i < T (3). Tuong tir ta chimg minh

dugce hai tam giac CPB, CBM déng dang nén

PC PB

pove MB() 1 (3) va (4) ta co:

PC_PA_PB_ PC_PA+PB pyypp

AC MA MB™ AC MA+MB g3

PC AC PC

= = . VY —— . & .

PA+PB 4B ' Parpp O gid

khéng ddi khi P chay trén cung nho 4B
c¢) Tam giac PSQ cén & P nép PQ=I;S

AR=BTS =—sd BC, AOR - acs -~
Q 2S ? AQR_BST'—"I"S(IAB
nén hai tam giac ARQ, TBS déng dang, d% s

d an tgj:

94 _OR
st sg R8T =0458 )

TOANH
12 )

&
Ch Sa
UO‘ItI: 0 535(1. -2025,

Vi APQ=PBS =2 sdPA=—sd4F,

NP T g,
DAL = =l dPBZ—' d BE

nén hai tam giac PAQ, BPS déng dang, din i

P _24 _, pops=04s
= P:>Q QA.SB (7).

T (5), (6), (7) suy ra OR.ST = PQ*.
1
Ta lai co PQS ACB = —2- sd AB.

Goi H la hinh chiéu vudng goc clia P trén 45

APOH c6: PQ 2] L
’t CO: - ————— = —
Ret AFL sinPOH sin ACB
Suy ra RST—_—'—-—;PHZ

yra Q sin? ACB

Vi sin ACB khong dbi nén tich QR.ST dat gié v

16n nhit khi PH 16m nhét, tic 1a P 1a diém chinh

giita ctia cung nho AB.

Cau 5. Cho cdc s6 thuc duong a, b, c. Chimg

2ab " 3bc " 3ca

3a+8bh+6¢c 3b+6¢c+a 9c+da+4db

< a+2b+ 3(:.
9
Loi gigi. Vi cac sd thue duong x, y, z taco:

(x+2y)2x+y)=(x+y+y)x+x+Yy)
>335 33

b 2 +
= AT . Tuong tu ta co:
x+2y 9

minh rang

xzy = 9){\-‘

nén

Yz 2y+z zx  _2z+x
y+2z 9 " z4+2x 9

DN toi; —2 g, S gf_f_)_’;._ti (1.
X+2y y+2z z+2x 3
Dau“="¢ (1) xayrakhi x=y==z.
Cling véi x, y, z> 0 ta co:
{ 9
PR S oAl
X+y+z

2 21
x+y+y 3Ix+dyte
hay *ﬁ—+ = O 2%/

Xx+y+z

X+y+z x+2y_3x+4y+22'
Tuong tr ta co:
2yz " yz 9yz ’ E
X+y+z y+2z_2x+3y+4z
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CHO Huﬁ

THEO CHUONG TRiNH VA SG[': MOT \
Hién nay day hoc khéng chi dimg lai & vige truyen
thu kién thitc ma con phat trién toan dien va phat
huy t6t nhat tiém ning, kha ning sang tao clia moi
ca nhan, tirc 13 cin hinh thanh cho nguoi hoc na‘ng
luc sang tao. Do d6 viéc phat trién “tinh mém
déo”, “tinh nhuin nhuyén” mét trong nhing dac
trung c6t 13i cia tr duy séng tao la viéc lam quan
trong gop phan phat trién tu duy sang tao qua do
phat trién nang luc sang tao cho céc em.

Hinh hoc khéng gian néi chung v bai toan vé goc
trong hinh hoc khéng gian néi riéng 14 phén kién
thitc ¢ nhiéu tiém ning trong viéc phat trién tu
duy sang tao cho cho hoc sinh. Ching ta khai thac

mot sb bai toan vé goc trong khong gian nhur sau
1. KHAI THAC KET QUA CUA BAI TOAN
Bai toan 1. Cho hinh thoi ABCD co
B?D:GOO_AB=2a. Goi H la trung diém AB
Trén dicong thang d vuéng géc vei mdt phang
(ABCD) tai H lay diem § thay déi khac H, dat
x=SH(x>0), goi ¢ la goc gira SC va(SAD),
Tinh sin @.

Loi gidi.

c
3 4(C,(S4D))
C
A4 M D H

TOAN H
14 )

. Cmmh;%

G0? puil PHAT m:*: TU DUY &/
41 TOAN VE GAC TRONG HIlH HOC

N e e

y

f11G Tan

INH THONG QUA KHAI THAC

i!é*«’ﬁ Mg
Uty g “é

NGUYEN VAN HAU - TRAN PiNH HQANG

(GV THPT Nguyen anrmg To Hu-ng ’ngoien Nghg An)

Ké HM wvuodng géc voi AD; N 13 hinh chiéy
vudng goc cia H trén SM . Khi d6 o

HN L1 (S4D). Suy ra d(H,(SAD)):
Ma BC/AD suy ra:
d(C,(SAD))=d(B,(SAD))=2d(H,(S4D)),

Tam giac SHM wvudng tai H va HN 1a dudng

cao nén

HN = SH .HM _ \/gax
SM \3a® +4x*

2\/3ax
V3a® +4x*
Goi K=HM mBC. Khi d6 ta c¢6 tam giac HKC
vudng tai K nén

= a(C.(s4D) =

CH? =CK? + KH? = 239 +3—Zl=7a2.
Tam giac  SHC vudng tai H nén

SC=+SH? +CHP =+[F 272

d(C,(54D))
sc

2\3ax
4x* +21a* +31a%

Nhén xét. Tir két qua bai toan trén, GV b thé
huéng dan HS khai thac dé tao ra cdc két qua khic
bang cach ap dung bat déng thirc Cauchy nhu sau:
2\/§ax

Vax® +21a* +31a%x°

2\/§ax

J@x® +3a3 ) +7d)

Sin(D:

-Do singp=

https://tieulun.hopto.org



= sing < 23ax =sing< fi
\/4\/2_1.azx2+31.a2x2 4@4’31

Déu déng thirc xay ra khi x = 4/%.(1. Viy ¢ lon

nhét < sing 16n nhit < SH=€G.

Do @6 ta c6 bai toan méi nhu sau:

Bai toan 1.1. Cho hinh thoi

ABCD ¢o
B§b=60°,AB:2a. Goi H la trung diém AB.
Trén duong thang d vudng goc véi mdt phing
(ABCD) tai H lay diém S thay déi khac H.

a) Tinh theo a do dai cua SH dé goc giita SC va
(SAD) ¢6 s6 do lom nhdr.

(Day chinh 12 @& thi HSG 16p 11 tinh Nghé An
nam hoc 2015 -2016).

b) Tinh thé tich cua khéi chép S.ABCD khi goc
giita SC va (SAD) ¢6 56 do Ién nhat.

21 2, [189
PS: a) SH =3 fTa ) Vs ssco =§.a34’7.

Bai toan 2. Cho hinh chop tam giac SABC cé
SA=a,BC=b. Goi V, d lan luot la thé tich cia
khoi chép S.ABC va khoang cdach giita SA va BC.
Goi ¢ la goc giwa SA va BC. Tinh sing theo
V.a.b vad.

Loi gidi,

C

bing hodc bl véi goc ¢
Dung hinh binh hanh S4BD. Khi d6 géc gitra S4
vd BC bang hodc bu véi goc DBC.

Vi 8D //AB nén Vy 50 =V aac = Vasco-

Dodétacd: V=V, zep-

Ma d(S4,BC)=d(4,(BCD))=d,

"

S —
ABCD 2

BD.BCsing = -;— SA.BCsingp= % ab.sing

suy ra:

1 1 .
V=V 0 =§d(A,(BCD)).SABCD = ga.b.d sin .

Do do: sinqo-”—m-

Nhén xét. Tu két qua clia bai toan ta thdy c6 mét
hé thic lién hé gitta cic dai luong rit dep la
6V
abd

ta c6 thé khai thac két qua ndy theo cac huéng sau:

sing = hay V = -é—a.b.d sing. Do @6 ching

o Thir nhét, véi mét tir dién déu canh a:
S

F
B

a\2

- Ta dé dang tinh duoc d = o

- Goc gita SA va BC bang 90°.
a’\2

12

-Dodé ¥V = %a.a.aﬁ sin 90° =

Thé tich cho tir dién déu canh a 1a: V =

a’N2
12

o Thir hai, véi tir dién gd‘n déu véi kich thude

SA=BC=gq, SB=AC=c SC = AB = b, goi E,

F lan lwot la trung diém cia SA, BC. Khi do
EF 1 SAva EF | BC,

-Tatinh d =EF.
EF? = sp? _gge _SC +SB* BC* _S4’
2 4 4
=bz+cz“a’2 g, b +c-a’
2 - 2

sipsilliny uT KRS 5




N W B N Y W, |

- Tinh sing. Ta cé:
S4BC = 54,(SC - 5B) = S4SC - 5458

_SA*+5C* - AC* 54>+ SB - 4B’ _b -’
3 2 2

Fiad |-
Do d6: cosep = .SA B =1 =

=sing =+/1-cos’p = H(bz—c J
\/(a2+b2—c2)(a2+cz—b2)

2
a

-Do d6
V:la.a ‘b2+c2-a2-\/(az+b2 _Cz)(az+cz __bz)
6 2 a

=_€g (@ +5 =)@+ )5 +e )

Nhu vy tir dién gén déu c6 cc cap canh déi disn
lan luot 1 a,b va ¢ ¢6 thé tich bing

r-2 1

a Ay — a +c —bz)(bz.w —a)

@(azwucz)m
bl +Bad Nt sk
108 .

Do d6 néu a’ +b” +¢* = P = const thi

PJ6P

108 °

D& thiy ring ¥ <

maxV =

TOAN H
16 o

" CTugitpe __S35350-2029)

o Thir ba, ta co cdc bdi todn tim yéu 16 vé géc,

khodng cdch, thé tich...khi dp dung cong thirc
1 .
=—abdsme.
6

Bai toan 3. Cho hinh chop tam giac S.ABC. Biér
dién tich cua hai tam gidc ASAB va AABC [
=a* va S, =6a’, AB=4a. Thé tich ciq

S ASAB T

[1’3

‘ : 3 ; .
khoi chop S.ABC bang . Goi ¢ la goc

giita hai mdt phang (SAB) va (ABC). Tinh
sin .

Loi gigi. V& SH la

duong cao cia hinh

chép S.ABC. Trong

mit phing (A4BC) ké 4
HI | AB,I € AB. 1

Suy ra gbéc giira hai

mit phang (SAB) va (4BC) 1a ¢ =SIH .

a3
2

B

viv. -lsus =%SH,6a2=

s.48C = agpc
3

a3

= SH =—4—. Do dién tich cta tam gidc ASAB

1a S,.,,=a’ vi 4B =4a, suy ra:

51=£A&@_:£=£
AB 4a 2’

Trong tam giac vudng SHI, ta co:

= @ =60°.
Nhin xét. Trong bai toan noi trén ta cho:

Thé tich cua khéi chép S.4BC 1a ¥, Dién tich ciia
hai tam gidc ASAB va AABC lan luot 1a S, va
S,. Do dai canh AB=d. Khi d6 ta c6 bai toan

nhu sau;
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Bai toan 3.1. Cho hinh chop tam giac S.ABC.
Biét Dién tich cua hai tam gidge ASAB va AABC
lan luot la S, va §,, canh AB=d, thé tich cua
khoi chép S.ABC bang V. Goi @ la goc giita hai
mat phang (SAB) va (ABC). Tinh sing.

Loi giagi. V& SH 1a dudmg cao cua hinh chop
S.ABC. Trong mat
(ABC) ke
HI | AB,1€ AB.

Suy ra goc gita hai 4

S
phing

mit phing (S4B) va <
(ABC) 1a ¢=SIH .

1
Vi Ko =—;SH.SMBC = SHS, =V

. Do dién tich cua hai tam giac
2

ASAB 1a S,,,; =S, va AB=d, suyra:
SI=——2SWB =—2i.
AB d
Trong tam giac vudng SHI ta cé:
SH _3v 25, _3¥d

sing=——=—: I
SIS, d 28.5,
. L. vVd
Viytaco: sing=———.
25,.5,

Ap dung két qua cia bai toan 3.1 ta giai nhanh
dugc cac bai toan nhu sau:
Xét hinh chop tam gidc c6 hai mat c6 dién tich 1a
S1, S, va canh chung d. Khi do:

1) Géc o giita hai mat Sj, S duge tinh theo cong
Vd
Z5.8,
2) Thé tich ctia hinh chop la:
_25,.5,smn g

3.d

3) Canh chung d gifta hai mit Sy, S duoc tinh

theo cong thic:

thirc: sing =

vV

_ 25,8, singp
3V
4) Khoang céch h tix dinh dén mat day 1a:
3V

h= .
Sdﬂy

5. GIAI BAI TOAN BANG NHIEU CACH
KHAC NHAU

Dya vio nhimg dic diém cia bai toan ma tir 46
GV goi y cho HS lya chon cac phuong phép va
cong cu tuong (mg voi dic diém do dé giai bai
toan. Viéc rén luyén cho HS giai mot bai toan
bing nhiéu cich khac nhau s& phat trién tinh
nhudn nhuyén, tinh linh hoat cho cac em.

Bai toian 4. Cho hinh chép S.ABCD co day
ABCD la hinh vuéng canh 1. Goi H la trung diém
AB, SH = 1 va SH J_(ABCD). Tinh @ la goc
giita (SAC) va (SBC).

Léi gidi. Cach 1. Gido vién hudng dén hoc sinh

sir dung dinh nghia goc giita hai mat phdng.

Ké AE L SB (E € SB),vi BC L(SAB) suy ra:
AE | BC = AE 1 (SBC).
Ké AM L SC(M e SC), suy ra:

((SAc),(SBc)) = AME.

-Tinh AE: Taco S =1SH.AB=l
2 2

ASA

Taco: SA* =SB* = SH? + BH?
:12 +(1]2 =§
2 4

AN H
TO %17

S48 535(1-2022) ' CTudi
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5

Sassc = SB 8C = 4
S
Suyra S4=S58 =§-
28 25 Theo két qua cua cach 1tacd S, =—
Do d6 AE =548 =~ —
. Tir 6 ta co:
V5 g
- Tinh AM. Ta cé: SA=—2—, 4c=\2, (*) e cos(o.—z-;’-_SMBC
3 ASAC
HC=~BH? + BC* == SC-W=§‘ 35, }Jz_\fj
4 54 )\4) 5
Suy ra theo cong thirc Héron cé: Sygic = 2 Do do J—
Viy ¢ =arccos—.
AM=£”—‘EA£=—§.E=I. Suy ra: _ 5
¢ 23 Cich 3. Giso vién goi ¥ cho hoc sinh sir dung
AE 25 25 (245
e Y 1 SN = arcsin| — |. d|(B,(S4C .
g AM 5 s ¢ ( 5 khoang cach: sin¢=(—éj—)) voi BJ L SC
Clch 2. Gido vien goi y cho hoc sinh sir dung tai J. O day sir dung lai cac do dai doan thang di

cong thirc hinh chiéu. tinh & Céch 2

Ke HK L SB (K € 5B) = HK 1(SBC),

Ta cé:
l 2
SA* =SB = SH? + BH* = | +(-) 3
o

2
35

2

Suyra S4=SB=

Ta co ASKH dong dang véi ASHp — SK _ SH
:SH “5z Dwng: HEL AC(Ee AC),

K 2
== . -2 HF L SE(F e SE).
i G 1 1 A > 7 ‘A o 14 %
Ke AE/HK (EeSB) = AE-L(SBC)_ 01 £, J lan luot 1a hinh chidy vudng goc cua B
5 trén (SAC) va SC.

Suy ra cosqa.—_—_._iﬁfc =é —ASBC (*). Ta
co; i 46: ((SAC) ( <nr 7 B\ = BRI
S Spore Khi do: ((SAC),(SBC))=([J,BJ)=BJ].

ASAC

TOAN H .
18 Crumct?:% https://tieulun.hopto.org



1 1 1 4 9 J5 Xem géc giita hai mdt pkcfng la goc gitra hai dwong
Taco TSt g ==-+l=—==BJ/=—. . . . e e g s 2 ,
BJ* SB° BC" 5 > 3 thing lan luot vudng goc voi hai mat phang do.
Ta c6 Bl =d(B,(SAC)) =2d(H.(SAC))=2HF K¢ AE LSB(E€SB), HN LSM(N eSM)suy
__ 2SH.HE J_ N ra AE L(SBC), HN L(SAC).
JSH® + HE® %3 3 i
Do do: ((S4C),(SBC))=(4E,HiN ) =
" Bl 23 2[5
uy ra s1ngo_——-—~3-T__ 2\/_ 1
Theo cach giai 1 taco: AE=—— , HN = 3
(245
= $=aresm) == . ES 3 NS _
> V6i két qua do ta tinh dugc — B2 NM
Cach 4. Gido vién goi y cho hoc sinh sw dung 5
cong thirc thé tich (két qua cua Bai todn 3.1). . ASH+ ’ AB 2Z§ +34B
Do dbtaco: AE = 3 5 ;

ﬁvzm+7=—%ﬁ+@j‘i;

. _ AM \( 24S +3A4B
v _hW:[—lAB AS+98AMJ[2AS45-3 J

v sC ~9A4B +2AS +164AM | 24S +34B
Ta co sinqo——3—5L— *) [ 5
ZSASACSASBC‘
1 1 —9AB+2A4S +4AC \[ 24S +34B
VS,ABC =—S8SH.S,5c ==
3 6 5
1 1 \/g \/g z 5 -
S sac ESB.Bng.—E—.I:—I.ThGO két qua _-124B.4S+ +8ACAS +12A4C.AB +4AS* — 27 AB*
. 90 '
qacach 1tacod S, =—- e 2 2 2
cua cach 112 €0 Sasc =7 Ta co: AB.AS=AB o
P
. 3134 4 275
N = ey, 2 2
U (*) suy ra: sing 2623Js 5 12+(§A] _(ﬁ}
2 2
= @ = arcsin 5 ; ¥ o
— —  AC? + AS? — CS?
Cich 5. Al =
2
2 2
2
() 5] -3)
B 2 2 1
2 S 2’

AC.AB = AC AB.cos45° = \/_-—\/—_——I
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Suy ra:
J5
-12.1+8.1+12+4[f- S
oy 90
2
Do dé: cos AEHN '1—5- :[2'
CSP=EaN (2 1] S
5 3

5
Viy ¢ = arccos?.

Cach 6. Sir dung phwong phdp toa do.

[,

Lai

— 1
AC}:[—I;I;—EJ Khi d6 n(SAC (2;_2;1)'

& 1 ey 1
6 SB=|0;—;-1|; SC=|1~—
co ( 5 ] (1,2, 1]:)

s g 1
[SB,SC]{O;—I;—E]-Suyra Mispe) = (0;251) .

(54C) n(SBC}

Do d6 cosp = —-.—~—=|0_4+1'=[§
5

35

5

sac) || sac)

5
Vay ¢ = arccos—5—.

Viéc

phat trién tw duy sing tao cho hoc sinh 13

viéc lam cén thiét. Qua qué trinp day hoc m
on

Toan & trudng phd théng cho thay,

Viéc ren luyen

tinh mém déo va tinh nhuén nhuydn cho hoc sinh
C si

thong qua khai thac timg bai todn cy tha s&
gitp

20

TOAN HOC

: Cruontf,'%

hoc sinh chu dong, tich cuc suy nght, phan tich py;
toan theo nhiéu goc do khac nhau, ¢6 ¥ thirc g,
toi cai mai, tir d6 gop phin ning cao chit luQ’ng
day hoc, dap (mg nhu cau cua nganh trong giai
doan hién nay.

3. BAI TAP AP DUNG

1. Cho khdi chép  SABC
ASB=BSC=CSA=60, S4=a,SB=24,5C =44
Tinh thé tich khéi chép S.4BC.

2. Cho tir dién ABCD c6 AB=CD=4,AC=BD=5,
AD=BC=6. Tinh khoang cach tr 4 dén mat
phing (BCD).

3. Cho hinh tt dién SABC c6 d¢ dai cic canh
SA=BC=x, SB=AC=y, SC=AB=2z thoa
min x>+ y* +2z> =27. Tinh gié tri 16n nhit cua
thé tich khéi tir dién SABC .

4. Cho hinh chép tam giac déu S.ABC co6 canh

bén va canh day déu bang 1, M i trung diém cua

SA, N thoa man NT?:%EN‘.

a) Tinh sin goc gitta BM va CN.

b) Tinh khoang céach gitta BM va CN.
5. Cho hinh hép chir nhit ABCD.A'B'C'D' co6
AB=BC=a, AA'=a\3. Goi I la giao diém cia
AD' vi A'D; H 1a hinh chiéu cta / trén mat
phing (4'B'C'D'); K 14 hinh chiéu cta B Ién mit
phing (CA'B'). Tinh thé tich cua khéi tr dién
IHBK .
6. Cho khdi chép tir gidc S.ABCDc6 day la hinh
binh hinh, AD=4a,S4=SB=_SC=SD=v6a:
Khi khdi chép S.4ABCDc6 thé tich dat gia tri 161
nhét, tinh sin cua gbc gilra hai mit phing (SBC)
va (SCD).
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CAC LOP THCS

Bai T1/535 (Lép 6). Cho a, b 1a c4c s6 tu nhién 1¢
nguyén tb cung nhau. Tim tht ca cac gia tri co thé

asl b1
¢ cua gcd(Z" +27 +1;2"+2°2 +1], o day
ged(x; y) ki hiéu 1a uéce chung lom nhét cua hai sb
xvay.

(cbl.dolehaithung@gmail.com)
Bai T2/535 (Lép 7). Biét N 1a s6 chin khong chia
hét cho IO hay tim chir sb hang chuc cia sé N*°

va chir s6 hang trim cla WP

NGUYEN MANH THANG
(GV THCS Khdnh Duong, Yén Mé, Ninh Binh)
Bai T3/535. Cho trudc sb nguyén t& p. Tim tit ca
c4c cap sé nguyén (x; y) thoa man
x*—(p+2x+2p+1=p".
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Npi)
Bai T4/535. Cho tam gidc ABC ndi tiép dudng
tron (O). Tiép tuyén tai B va C cit nhau tai M. OM
cat BC tai I, AM cit dudng tron (O) tai N, ké
duong kinh NP. Cac duong thang PA va BC cat
nhau tai £ va Q 1a giao diém cua PC va BN.
Chimg minh ring ME tiép xac véi duong tron
ngoai tiép tam giac OIQ.
POAN CAT NHON
(GV THCS P. Binh Pinh, TX. An Nhon, Binh Dinh)
Bai T5/535. Cho céc sb xi, Xz, ..., X» duong.
Chimg minh ring
* 3 Xy o+ |
x(x+x,) x(x+x) x,(x, +x)
1 1 1
+

> Fa ;
X +x Xt X, +%

PINH THI QUYEN
(GV THCS Nam Péng Quan, Dong Humg, Thai B inh)

CAC LOP THPT
Bai T6/535. Biét ring phuong trinh
(x —15)(x —10)(x —1964) = 2021
c6 ba nghiém 12 x;, X, x3. Tinh gid tri clia biéu
thirc
S= i[(x,. —15)° +(x, —10)° + (x, —1964) |

i=1
NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)

Bai T7/535. Cho ham s6 nhén gia tri thuc f xéac
dinh trén tdp hop cac s6 nguyén duong
(f:N">R) thod man diéu kién: V&i moi sb

nguyén duong n>1, tdn tai mot wéc nguyén td p
n sk L
cia n sao cho f(n)=f(;)—f(p).Blet rang

£(2021) = 1, hay tinh /{2022).
NGUYEN THAI AN
(GV THPT chuyén Lé Quy Dén, Quang Tri)
Bii T8/535. Cho tam gidc ABC ndi tiép dudng
tron (0). Mot dudng tron (J) di qua 4 cat cac canh
AB, AC 14n luot tai D va E; cat lai (O) tai P. Goi I,
K lan luot 13 tim dudng tron ngoai tiép céc tam
giac BDP, CEP. Chimg minh ring ID, KE, AO
ddng quy tai mét didm nim trén (J).
PAU ANH HUNG
(GV THPT chuyén Lé Quy Dén, Quang Tri)
Bai T9/535. Cho p 1a mdt s6 nguyén t6 bit ki, ¢ 1a
mdt sO nguyén thoa min 0< g < p-1.Ching
minh ring ¢q!(p-g-1)!+(~1)? =0(mod p), trong
dokihiéun!=1.2.3....n.
HO SY HUNG
(GV THPT chuyén Phan Boi Chiu, Nghé An)
TIEN TO1 OLYMPIC TOAN
Bai T10/535. Tim tit ca cdc ham sé lién tuc
S R—-R,biét £ don diéu tang trén R va thoa
man fifix)) = fix) + 1, ¥xeR.
NGO THANH NGHI
(SV Lép 01CDT, PHKT Pa Ning)

Bai T11/535. Tim sé thuc duong a > 1 nho nhat
thod méan dicu kién: Véi moi diém P nim trong

shilps:{jlisul IOHbIRS o5g




hinh vuéng ABCD (cé thé trén canh hinh vudng)
thi luén ton tai hai trong bén tam giac PAB, ’PC?D,
PDA, PBC (tam gidc c6 thé suy bién) cd ti so dién

tich thudc doan I:-l—;a].
a

LE XUAN DAI
(GV THPT chuyén Vinh Phiic)

Bai T12/535. Cho tam gidc ABC ndi tiép dudng
tron (O) véi truc tim H. Pudng tron duong kinh
AH cit (0) tai K khac A. OH cét tiép tuyén tai 4
cia (0) tai P. Trén (O) liy diém § sao cho
AS // OH. Puong thing qua S vudng goc voi BC
cét (O) tai T. Chimg minh ring KT di qua tryc tam
tam giac APH.
NGUYEN VAN LINH
(Ha Ngi)
Bai L1/535. Hai ngudn két hgp Sy, S> cach nhau
mot khoang 1a 50 mm déu dao dong theo phuong

trinh & = @sin200 ¢ (mm) trén mt nudc. Biét van
téc truyén song trén mat nudc v = 0,8 m/s va bién
d6 song khong ddi khi truyén di. Hoi diém gin
nhit dao dong cing pha voi ngudn trén dudng
trung truc cua 5.5, cach ngudn S, bao nhiéu?
VIET CUGNG (Ha Ngi)

Bai L2/535. Mot doan mach dién AB gf‘)rn hai
doan AM va MB mic ndi tiép. Trén doan AM co
dién tré R =200 Q va cudn cam thuén, trén doan
MB chi chira tu dién. Dat vao hai dau cua doan
mach moét dién ap xoay chiéu cé gia tri hiéu dung
U va c6 tAn sb thay déi dugc. Diéu chinh tan sb dé
cho dién 4p hiéu dung trén doan mach MB dat cuc
dai thi thiy dién 4p trén doan mach AM léch pha

% g T i . 2 o
2 so voi cuong @6 dong dién. Tinh tong trd cua

doan mach lac do.
THANH LAM (Ha Néi)

PROBLEMS IN THIS ISSUE

CAC LOP THCS
Bai T1/535 (Lép 6). Given odd coprime natural

numbers a, b. Find all possible values of
a+l b+1

gcd[Z" +27 +1;2° 422 +1 ] where gcd(x, )

denote the greatest common divisor of two
numbers x and y.
Bai T2/535 (Lép 7). Suppose that N is an even
number which is not a multiple of 10. Find the
tens place of N? and the hundreds place of N*,
Bai T3/535. Given a prime number p. Find all
pairs of integers (x; y) satisfying

X =(p+2x+2p+1=p’.
Bai T4/535. Given a triangle ABC inscribed in a
circle (0O). The tangents to the circle at B and C
intersect at M. OM intersects BC at [, AM
intersects (O) at N, and draw the diameter NP. The
lines PA and BC intersect at E and Q is the
intersection between PC and BN. Show that ME is
tangent to the circumcircle of O/Q,

Bai T5/535. Given positive numbers x,, X2, ..., X
Show that
X X X
2 o 3 1
£z 4m) X06+%) xx. +%)
1 1 1
o - +.nt s
XohXs Xyt X x +x

CAC LOP THPT
Bai T6/535. Suppose that the equation
(x —=15)(x —10)(x —1964) = 2021
has 3 solutions x;, X3, x3. Find the value of the

expression

S= i[(x,. —15) +(x, = 10)’ + (x, —1964)’ ]

Bai T7/535. Given a function f:N -R

satisfying the condition: For each positive integer
n > 1, there exists a prime divisor p of » s0 that

f(ﬂ)=f[—ri}—f(p). Suppose furthermore that
F4

f(2021) = 1. Compute f(2022).
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Bii T1/531 (L6p 6). Chirng to rang
(3" + 2"+ 1 3
VOi s6 tir nhién m tiy y.
Léi giai. RS rang 2" khong chia hét cho 3 véi sb
tu nhién m tay y.
Cidch 1. Néu véi sb tu nhién m ma 2™ chia cho 3
du 2, tirc 14 2™ = 3h + 2 thi
2™+ 1 =3h+3=3(h+ 1) chia hét cho 3;
néu voi sd tr nhién m ma 2™ chia cho 3 du 1, tiuc
1a2™=3k+1thi
2™l 1=22"+1=23k+ 1)+ 1=32k+1)
chia hét cho 3, véi h, k 1a cac s6 tu nhién.
Viy tich (2™ + 1)(2"+ 1) chia hét cho 3 véi sb tu
nhién m ty y.
Cich 2. Vé&i s6 tr nhién chin m = 2v ta thiy

271 =221 =2.4" =2 (mod3)
= 2™ +1=0 (mod3) = (2" +1)(2" +1):3.
Vi s6 tr nhién 1€ m = 2v + 1 thi

2" =2""=24" =2 (mod3)

= 2" +1=0 (mod3) = (2" + (2" +1):3.

Nhén xét. 1) Su dung Cdch 1 céc ban hay chirng
minh réng: Tich
@7+ DER™ + DER™ I 1R+ ])

chia hét cho 45 véi sé tw nhién m tay .

2) Cic ban sau c6 101 giai dang. Ha Ngiz Tran Anh
Pirc, 6C2, THCS Archimedes, Dong Anh; Hung
Yén: Lé Tudn Hiép, 6C, THCS Doan Thi Diém, Yén
My; Nghé An: Luu Trong Phic, 6B, THCS DO
Cung, TP. Vinh; Pinh A Na, Nguyén Thai Triéu,
Nguyén Thi Thio Trang, Nguyén Quéc Hodng Anh,

Thai Bd Nhdn, Hoang Phuong Thao, 6A, Pham
Xudn Hoang, Nguyén Thi Bdng Tam, Tran Hoang
Huynh, Trén Van Cuong, Lé Vin Quang Hiéu,
Nguyén Van Hai Anh, 6C, THCS Ly Nhat Quang,
D6 Luong; Soc Trang: Dang Ngoc Duy, 6Al,

THCS Ké An, Ké Sach.

NGUYEN VIET HAI
Bai T2/531 (Lop 7). Tim tat ca cdc s6 nguyén
dicong n sao cho khi viét 6" +1 trong hé thap
phdn ta digc mot G 6 tdt cd cdc chir s6 bang
nhau.
Léi gidgi. (Dua trén 101 gidi ciia mot s6 ban). Ta
thur vai gia tri d4u tién cia n:

6+1 =7

6’ +1 =237

6 +1=217
6'+1=1297
6 +1=7777
6° +1 = 46657.

Ta thdy c6 n = 1 va n = 5 thoa man bai toan. Bay
gio ta sé chimg minh n>6 khong thoa mén bai
toan. That vay, gia sir ton tai gia tri 726 sao cho

6" +1=aa..a thia=7vidé thiy l1a 6" ludn tan
k

cang boi 6 voi moi n nguyén duong. Khi do ta co:

n 5 p— —

6" +1)-(6 +1)_1._7f:3 7777.
Vé phai bing 777..70000=777..7x5"x2* la
k-4 k-4

mét s6 khong chia hét cho 2°, con vé trai bing
6’ x(6"* ~1) 1a mot sb chia hét cho 2°, v6 1y.
Mau thudn dé chimg to hai gid trin= 1van=5
12 hai gia tri duy nhit thoa min bai toan.
Nhdn xét. Cac ban sau day tim dugc it nhit mot gia
tri # théa man bai toan:
Séc Tring: Dang Ngoc Duy, 6A1, THCS K& An, Ké
Sach; Nghé& An: Tran Pirc Todn, Vé Anh Duong,
7D, Trdn Hodng Huynh, Lé Vin Quang Hiéu, TA,

TOAN HOC
' CTusitge 23
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y Bai T4/531. Cho hink vudng ABCD. Mot goc

h,  vuong xAy quay quanh A, ¢ canh Ax cdt cic
ducng thing BC va CD theo thir tir tai M va N,
canh Ay cat hai duong thing BC va CD theo thir
tw tai P va Q. Puong thang OM cit NP ¢ R. Goi I
va K theo thic tw la trung diém cia PN va QM.
Chimg minh bon diém I, B, K, D thing héng.

Lo gidi.
s
5 thire dumg a va b thay I
théi cae dieu  kién: 3
Rl N
) C
K
B
A
MO
1 { ’ hi'it trune tu A ’ ™ h 2
Do [a]= [b] va @ < b nén syaine tmh PRBSUC SIS v canh huyen
o trong tam giac vuong:
1ob” <a® +2a+1. A
' Trong tam gidc vudng ANP c6 Al = o
A

Trong tam gidc vuéng PCN c6 CI =

1+ @2 Suy ra AI = CI, do d6 I thudc dudng trung truc cua
1 AC.
=2,5. Twong tu, trong tam gidc vudng AMQ cb

Trong tam gidc vuéng CMQ ¢6 CK =—= MQ

Suy ra AK = CK, do d6 K thudc dudng trung tryc cia
AC. Ma theo tinh chét hinh vudng, BD 13 trung tre
Dodébénalemw IQBthang



Ngh¢ An: Hé Hoang Vi, 8A, THCS Cao Xuédn Huy,
Dién Chau; Nguyén Kim Anh Qudn, Phan Quéc Bao,
8A, Nguyén Théi Hoang Anh, Nguyén Vin Viét, Nguyén
Sy Bao Lam, Hodng Van Quyér, &B, THCS Ly Nhat
Quang, D Luong; Ha Nai: Nguyén Tudn Hoang, 8A,
THCS Nguyén Truc, Thanh Oai; Phii Tho: Kidu Gia
Huy, 8A3, THCS Lam Thao.

NGUYEN THANH HONG

Bai T5/531. Cho a, b, ¢ la cac sé thuc dirong.
Chirng minh fang

a'b+b'c+cla+abe(a’ + b +¢")2(a+b+c)3abe- 1).
Loi gia’i.“ Bat déng thirc phai chimg minh teong
duong vol
4:141'1+b4€+c"a+al:»c(.a3 +5 +CJ)+a+b+c

> 3abc(a+b+ c) (1.
Trude hét ta chimg minh rang:
a’+b> +c 2ab®* +bc* +ca’ (2).
That vy, ap dung bat dang thic Cauchy ta co:
@ +b +b 23a’b’h’ =3ab* = a® +2b° > 3ab’.
Tuong tr: &° +2¢° > 3bc?;
¢ +2a® >3cd’.
Cong theo vé ba BDT trén suy ra (2), diu dang
thirc xay ra khi va chi khi a=b=c.
Ap dung BDT (2), ta co:
VTI()=a'b+bc+cta+ abc(a'3 + b +c3)+a +b+c
> a‘b-i-b"c+c4a-i-abc(a.‘b2 +bc? +ca2)+a+b+c.
2 (a“b +ab’c® + a) + (b"c +bc’a’ + b)
+ (c“a +ca’h’ + C) A3).
Ap dung bét déng thirc Cauchy cho ba s0 duong
véi mdi biéu thirc trong timg dau ngodc cua
VP(3), ta cé:
VT(1) > VP(3) > 3a’bc + 3b*ca + 3c’ab
=3abc(a+b+c).
Bat ding thic (1) dwoc chimg minh, SuY
ding thirc trong dau bai dugc chimg minh.

D? thiy diu ding thuc xay ra khi vd o khi
a=h= c=1.

ra bét

Nhdn xét Hiu hét cac ban déu giai bai toan bing
céch sir dung bét déng thirc Cauchy cho ba hodc sau
sé thuc duong. Céc ban sau déy cé bai giai tot :
Ha Nji: Nguyén Tudn Hodng, 8A, THCS Nguyén
Truc, Thanh Oai, Trdan Viét Anh, 8C1, THCS &
THPT Arcchimedes, Pong Anh, Pao Quang Anh,
6E2, THCS Everes, Hoang Quédc Viét, Bac Tir Liém;
Phi Tho: Nguyén Thé Ngoc, Nguyén Thiry Linh, 9C,
THCS Cao Mai, Kiéu Gia Huy, 8A3, THCS Lam
Thao, Ldm Thao; Nghé An: Vo Anh Duong, 9D,
Trén Vin Cuong, 9C, Tran Hodng Huynh, 9B,
THCS Ly Nhit Quang, P6 Luong; Ha Tinh: Tran
Minh Hoang, 9E, THCS Nguyén Trai, Nghi Xuén;
Vinh Long: Nguyén Tdn Phiic, 9/1 THCS Nguyén
Trai, TP. Vinh Long.

NGUYEN ANH DUNG

Bai T6/531. Chimg minh rang néu a, b, ¢ la cdc
s6 thuc dwong thi trong ba phuong trinh sau cé it

nhat mét phuong trinh vo nghiém

Ja+bx —2\/’Ex+\f=0;
Jbrexr -20bx+Ja=0;
Jetax*-2Jex+Jb=0.

Loi giai. Cach 1 (chumg minh phan chung). Gia
sir ca 3 phwong trinh déu c6 nghiém. Khi do:

A=a—\(a+b)c>0
A, =b—\(b+c)a>0
Ay=c—\(c+a)b 20
a 2(a+b)c

&b 2(b+c)a
¢’ 2(c+a)b

(a
>a+b

https://tieuluHRRHO O,
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Toan, THPT chuyén Bén Tre; Pa Lat: 76 Gia Bdo
12 Toan, THPT chuyén Thing Long. Ha Noi: Pao
Quang Anh 10E2, Trdn Viét Anh, 8C1, THCS &
THPT Everest, Bac T Liém; Nguyén Huy Hodng,
12 Toan 1, THPT chuyén Nguyén Hué; Ha Tinh:
Trdn Minh Hoang, 9, THCS Nguyén Tri, huyén
Nghi Xuan; Hung Yén: Tran Yan Qudn, 12 Toén 1,
THPT chuyén Hung Yén; Phi Tho: Lwong Minh
Hiéu, Han Vi Long, 11 Ton, THPT chuyén Hing
Vuong; Séc Tring: Lé Hé Trong Tin, 10A1, THPT
Ké Sich; Thira Thién Hué: Phan Thi Minh Chéu,
Lé Ngoc Cuong, Lé Thi Thanh Tdm, 11 Toan 2,
Nguyén Quang Huy, 12 Toan 1, Tran Si Phiwong, 10
Toan 1, Trdn Thi Thanh Thw, 11 Toin 1, THPT
Chuyén Qubc hoc Hué; Vinh Phiic: Lé Thi Bdo
Ngoc, 8A2, THCS Yén Lac, huyén Yén Lac.

TA DUY PHUONG

Bai T8/531. Cho tam gidac ABC (AB < AC) noi

tiép trong ducng tron (O). Tia phin gidc goc A

it (Q) tai D. cit BC tai E. Goi M 14 trung diém

cua BC, H la hinh chiéu cia M trén AD. Chimg
re——= AC-AB

minh NADEH = ———.

Ldi gidi. (Theo ban Tran Minh Hoang, 9E, THCS

Nguyén Trai, Nghi Xuan, HA Tinh va ban Ngé

Thi An Binh, 10A1, THPT chuyén Phan Bdi Chaéu,

TP. Vinh, Nghé An).

D
Ap dung tinh chit duomg phén giac trong tam giac
ABC ta dugc:

EB _A4B AB_ EB EB__ 4B EC_ AC
EC AC  BC AB+AC BC AB+AC
AC—AB:(AB+AC).(EC—EB)
2BC
_(A4B+A4C).EM
BC
Trong tam gidc vudng EMD ta co: EMzJMD.
Mait khac tr ADBE~ADAB(g.g) suy ra:
EB"
SDAB ABZ
ED EB* __ BC [ EB_EC _EB+EC __ BC J

Do do:

(D).

Spee -

AB AC AB+AC AB+BC

AD AB (AB+AC)

AB+ AC
zEM—L JAD.EH (2)
" AB+AC’ ' '

AC—-A4B
T (1) va (2) suy ra VAD.EH =—2—.

Nhin xét. Cac bai giai gui vé Toa soan déu ding.
Ngoai ban Hoang va ban Binh, cac ban sau cling co
161 giai tbt:

Ha N§i: Pao Quang Anh, 10E2, TH, THCS, THPT
Everest, Hoang Qudc Viét, Bic Tu Liém, Nguyén
Huy Hodng, 12 Toan 1, THPT chuyén Nguyén Hué,
Ha Déng; Hung Yén: Trdn Vin Qudn, Pham Vin
Théng, 12 Toéan 1, Poan Hoang Qudn, 11 Toan 1,
Nguyén Vin Khiém, Nguyén Gia Khdnh, Tran Hitu
Duong, 10 Toan 1, THPT chuyén Hung Yén; Phi
The: Han Vi Long, Lwong Minh Hiéu, 11 Toén,
THPT chuyén Hung Vwong, TP. Viét Tri; Quang
Binh: Nguyén Tran Hodng, 11 Toan 2, THPT
chuyén V3 Nguyén Giap, TP. Pong Héi; Thira
Thién Hué: Tran ST Phuong, 10 Toan 1, Tran Thi
Thanh Thir, 11 Toén 1, Phan Thi Minh Chdu, Lé Thi
Thanh Tdm, Lé Ngoc Cuong, Nguyén Huwong Thuy,
11 Toan 2, Pham Ngoc Long, Nguyén Quang Huy,
12 Toan 1, THPT chuyén Quéc hoc Hué, TP. Hué;
Lim Pong: 76 Gia Bdo, 12 Toan, THPT chuyén
Thing Long, TP. Da Lat, Mai Trung Nguyén, 11
Toén, THPT chuyén Bao Léc, TP. Bao Loc; Ddng
Thap: Lé Minh Thudn, P6 Duy Quang, 10 Toan 1,
THPT chuyén Nguyén Quang Diéu; Ba Ria — Viing
Tau: Phan Trung Kién, 12 Toan 1, THPT chuyén L&
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Quy Dén, TP. Viing Tau; Tay Ninh: Thdi Gid _Huy,
11 Toén, THPT chuyén Hoang Lé Kha; Kién G1ang:
Luong Gia Hung, 10 Tin, THPT chuyén Huynh Man
Pat; Séc Trang: Lé HO Trong Tin, 10A1, THPT ‘Ke
Séch, huyén K& Sach; TP. Hd Chi Minh: Dang
Dinh Trung, 10CT, THPT Gia Dinh.

HO QUANG VINH
Bai T9/531. Giai phirong trinh

2021" =1+2019x +log,,, (1+ 2020x).
Loi gidi. DK x>—L. Ta co
2020

2021" =1+2019.x +1og,,, (1+2020.x)

<> 20217 +x=(1+2020.x) + log,,,, (1+2020.x)

& £ (%)= (logyy, (1+2020.)) (1) |

trong d6 f{x) = 2021* + x, xeR. Chi y néux, y 1a

céc sb thue thoa man x > y thi ta ¢4 2021° > 20217,

suy ra fix) > f{y). Do d6 (1) twong duong véi
x =log,,,, (1+2020.x)

20217 =1+2020.x < g(x) =202 1" — 2020.x—1=0.

Mit khac g'(x)=2021".1n2021-2020,xeR 1la
ham sb ddng bién. Do d6 phuong trinh g'(x) =0
c6 khong qua mot nghiém, suy ra theo dinh 1y
Rolle, phuong trinh g(x) = 0 ¢ khong qué hai
nghiém. Ta thdy g(1) = g(0) = 0. Béi vay phuong
trinh da cho c6 ding hai nghiemx=0vax=1,
Nhdn xét. Diy la bai toan thugc phin “ img dung
cua dao ham trong giai phuwong trinh”. Bai toan
thugc dang co ban. Cac ban hoc sinh sau ¢é 1&i giai
ding:

Phi The: Hdn Vi Long, Luong Minh Hiéu, 11T,
THPT cgluyén Hung Vuong, TP. Viét Tri: Hung
Yén: Tran Van Qudn, Pham Vin Thong, 12T1, Trin
Hitu Duong, 10T1, THPT chuyén Hung Yén; Vinh
Phiic: Lé Thi Bao Ngoc, 8A2, THCS Yén Lac, Yén
Lac; Ha N(}ij Nguyén Huy Hodng, 12T1, THPT
chuyén Nguyén Hl}é, Ha Déng; HA Tinh: Nguyén
Thi Thuy Linh, Tran Thi Nhu Quynh, 12A1, THPT
Cu Huy Can, Vi Quang; Quang Binh: Nguyéy 7rdn
H?dng, 11T2, THPT chuyén V3 Nguyén Giap. TP.
Dong Héi; Thira Thién Hué: Lé Dire Hidy 1071
Trfin Trong )Nghz"fz, Nguyeén Hodng Ngoc, Nguyé;;
Vian Huy, Tran Thi Thanh Th, L1T1, Phan Thi Minh

TOAN H
2 8 QC

" CTugitpe__S85351-2023)

Chdu, Lé Ngoc Cuong, Lé Thi Thanh Tam, Nguyén
Huwong Thuy, 1172, Nguyén Thi My Lé, Pham Ngoc
Long, 12T1, THPT chuyén Qudc hoc Hué, TP. Hué;
Lam Pdng: 76 Gia Bdo, 12T, THPT chuyén Thing
Long, TP. Da Lat; Binh Dinh: Nguyén Huy Hodng,
12T, THPT chuyén Lé Quy Pén, TP. Quy Nhon;
Tién Giang: Mai V5 Phic Thanh, 12T, THPT
chuyén Tién Giang; Pong Thap: Nguyén Thién Tri,
12T1, THPT chuyén Nguyén Quang Diéu; Bén Tre:
Ha Huy Hdo, 10T, THPT chuyén Bén Tre; Séc
Tring: Nguyén Anh Thir, 9A1, THCS Ké An, Ké
Séch.

NGUYEN MINH bUC
Bai T10/531. Tim tdt ca cdc cdp s6 nguyén duong
(m, n) nguyén t6 ciing nhau sao cho (2" =1)(2" -1)
la mét s6 chinh phuong.
Loi gidi (cua ban Nguyén Gia Khanh, 10 Toan 1,
THPT chuyén Hung Yén, Hung Yén). Do (m, n)
nguyén t6 cung nhau nén ton tai #, v nguyén
duong sao cho mu — nv = 1. Xét d = UCLN

(2'"—1;2"—1). Tacé: 2" =1 (mod d)

= 2™ =1(mod d); 2" =1 (mod d)
= 2" =1 (mod d). Do d6:2™ - 2™ =0 (mod d)
= 2" (2™ -1)=2" =0 (mod d) =d |2".

Vidlénénd=1. Viy (2"-12" ~1)=1. Do d6
(2" -1)(2" ~1) 1a s chinh phuong khi va chi khi

2" —1 va 2" —1 déu 1 s6 chinh phuong.

Néum > 1thi 2" —~1=-1 (mod 4) nén khong 14
s6 chinh phuong. Vay 2" —11a sb chinh phuong
chi khi m = 1. Tuong tw 2" —1 14 s6 chinh phuong
chikhin=1.

Vay cdp (m, n) = (1; 1) 1a cip duy nhét thoa man
dé bai.

Nhin xét. Ngoai ban Khdnh, cac ban sau diy c6 161
giai tbt: Hung Yén: Tran Hitu Dwong, 10T1, THPT
chuyén Hung Yén; Ba Ria-Viing Tau: Phan Trung
Kién, 12T1, THPT chuyén Lé Quy P6n; Lam D(’ing:
T6 Gia Bdo, 12 Toan, THPT chuyén Thing Long,
TP. Da Lat; Thira Thién Hué: Nguyén Quang Huy,
12 Toan, THPT chuyén Qubc hoc Hué; Tuyén
Quang: Pham Mai Uyén, 10 Toan, THPT chuyén
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Tuyén Quang; Quing Binh:

Nguyén Tran Hog
11 Toan, THPT chuyén Vg N =

guyén Giap.
PANG HUNG THANG

Bai T1US31. Tim tdt ca cdc ham i f RoR

thoa man
_/’(-\'f()-’)') Y+ = f(f(x+ W+ (x) (1)
voi moi so thuc x, y.
Lai gidi. (Theo da s6 cac ban). Thay lin lugt
x=0va x=1 vao (1), ta thu duoc:
FO+y+fO)=f(f() + 3 (0), ¥y R
S fUON=210)+y~y/(0),VyeR (2)
va f(fON+y+fQ)
=SUFA+ )+ (1), ¥y eR (3).
Thay f(f(»)) x4c dinh theo (2) vao (3), ta thu
duge: 21(0)+ y =y (0)+ y + £(1)
=f(fA+yN+3 1), YyeR (4).
Thay y bo1 1 + y vao (2) ta dugc:
FUA+N=210)+1+y~(1+y)f(0)
=f(0)+1+y—yf(0),YyeR (5).
Thay f(f(1+ y)) xé4c dinh bdi (5) vao (4) ta co:
WD-1-fD+1-f(0)=0,VyeR
Q{f(l)—l:O @{f(l)ﬂ_
-fM+1-f(0)=0 [f(0)=0
Thé f(0)=0 vao (2), ta thu duoc:
Sf()=y.VyeR
S(fx+y)=x+yVryeR
Thé gia tri nay vao (1) ta thu dugc:

hay

fOfON+y+ f(x)=x+y+yf(x),9x,y R (6).

Thé y =1 vao (6) va sir dung dang thic f(I)=1,
ta thu dugec:

SO +1+ f(x)=x+1+ f(x),Vx eR

& f(x)=x,VxeR ‘

Thir lai, ta thdy ham s6 f(x)=x thoa man dicu
kién bai ra,
Két lugn: Tét ca cac ham so f R
diéu kign bai toan 1 f(x)=x.
Nhgn xét. Day 1a dang toan vé phuon i
ban véi cap bién tu do trong 16p ham mo

— R thoa man

g trinh ham co
t bién thuc

nén c6 nhiéu ban tham gia giai. Cac ban giri dén Toa
soan déu giai theo cach da trinh bay & trén va cho
dap sb dung. Cac ban sau ddy c6 10i giai dung.

Ba Ria - Ving Tau: Phan Trung Kién, 12T1, THPT
chuyén Lé Quy Dén; Binbh Pinh: Nguyén Huy
Hoang, 12T, THPT Lé Quy Pon; Lam Ddng: Trdn
Céng Minh, 11T, THPT chuyén Bao Léc, Nguyén
Durc Hoang, 11T, Té Gia Bdo, 12T, THPT chuyén
Thing Long, TP. Pa Lat; Ha Tinh: Trdn Minh
Hodng, 9E, THCS Nguyén Trii; TP. Hd Chi Minh:
Thai Hoang Yén Nhi, 11CT, THPT Gia Dinh; Thira
Thién Hué: Pdng Quang Doan, Nguyén Truong
Hién, V5 Thi Bdo Ngoc, 10T2, Huynh An Pht, Tran
Sy Phuwong, 10T1, Tran Thi Thanh Thu, Nguyén Vin
Huy, 11T1, Pham Ngoc Long, Nguyén Quang Huy,
12T1, THPT chuyén Quéc hoc Hué; Hung Yén:
Nguyén Gia Khanh, Nguyén Vin Khiém, 10T1,
Pham Van Théng, 12T1, THPT chuyén Hung Yén;
Pha Tho: Hdan Vii Long, Lwong Minh Hiéu, 11T,
THPT chuyén Hung Vwong. Tién Giang: Mai Vé
Phiuc Thanh, 12T, THPT chuyén Tién Giang; Tay
Ninh: Thdi Gia Huy, 11T, THPT chuyén Hoang Lé
Kha.

NGUYEN VAN MAU
Bai T12/331. Cho nr gidc loi ABCD. (1)), (1) lan
lwot la duwong tron néi tiép cua cac tam giac ADC,
BDC. T,T:ld tiép tuvén chung ngoai khac CD cua
(1)), (I5) (trong dé T, thuéc (1)) va T» thuéc (IL)).
Chimg minh rang AT, BT>. 1,1, dong quy.
Loi giai. (Theo ban V6 Nhdt Minh, 12T1, THPT
chuyén Qudc hoc Hué, Thira Thién Hué).

ss shitpsditic IRENII 299




Goi M, E, Q theo thir tr 1a tiép diém Cu,a ADf e
CA i (1), N, F, P theo thir ty I tiép diém cua (£2)
va BC, CD, DB; S, 5y theo this tu 14 giao diém th
hai ctia ATy, BT, va (1)), (b); X 1a giao diém cua
ATy, BTy; ¥, Z theo thir tw 14 hinh chiéu cia D, C
trén 1, /,.
Dé thiy D, I, M, E, ¥ cung thudc duong tron
duodng kinh DJ;. ‘
Dé thiy céc tam gléc can EDM, EYT) dong dang
cung hudng.
Do do (ED,EY) = (EM, ET )(mod x).
Viy (MY, MT,) = (MY, MD)+(MA, MT,)
=(EY,ED)+(EM,ET;) = 0(mod r).
Do d6 ¥, M, T) thing hang,
Tuong tr cic b ba diém (¥, P, ), (Z, 9, Ty),
(Z, N, T) thang hang.
Dé théy cac ti giac a5, OT, va NS,PT, diéu hoa.
Vay T(T,XYZ) = T,(T,5,MQ) =I5 M0)=-1
= (TZSZPN)=?3(T;SEPN)=T§(YIXYZ)-

Do dé X, ¥, Ztha'ing hang.
Biéu d6 c6 nghia 13 ATy, BTy, LI, dong quy,
Nhin xét. Bai toan nay khé, ngoai ban Mink chi c6
ban 76 Gia Bao, 12T, THPT chuyén Thing Long,
TP. Da Lat, Lam Péng tham gia giai,

NGUYEN MINH HA
Bai L1/531. C6 hin diem theo iy wO M N p

cung nam trén mot soi day dai dan hoi cang
ngang. Biét MN = 2np Cho O duo dong diéy
hoa. Trén diy c6 SONG truyén di ve; bién dg ki o

doi. Biet phuirong trinh SOng tai M v p lan lient I

2
Uy, = aCOS(I 00r + TTJ va u, ZCICOS.[]O()[ ‘_%’EJ
3 )

Hay viét phieong trinh Song tai N.
Loi gidi. Do giam pha ciia song khj truydn ¢ M

—

61 P la: Ag,, =3’%"£=3£_(_EEJ -

3 3 “‘S‘s
MN =2 MP, ne Ag,y =237 87
3 3 3 9 '

TOAN H C
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2
Vay u, =acos(1001 + %—%{)zacos[lmt—-gf}

Nhin xét. Chic ming céc ban d3 c6 1o gidi dung
cho dé ra ki nay: Hg Pham Phii 4n, 12T1, THPT
chuyén Nguyén Quang Diéu, D(’ing Théap; Nguyén
Quynh Anh, 12T2, THPT chuyén Quéc hoc Hué,
Thira Thién Hué; 754 Hodng Yén Nhi, 11 Toan,
THPT Gia Dinh, TP. H3 Chj Minh,

DINH THI THAI QUYNH
Bai L2/531. ¢4 ba dung cy 20m dién tro thuan
R =300, cudn cam thudn 1, vg tu dién C. Dgt dién
dap xoay chidy y = Uscos(wr + ) (V) lan luot vao
hai déu doan mach néi fié:p chira R, L va chirg R &

Khi do cuong dé dong dién trong mach:
10,
i} = 6cos (ruf +-77—T} (A)vd ir = 6cos (cd +§] (A).

Dat dién ap trén vao hai dgy doan mach co R, L C
mde néi tiép thi cong sudt tiéu thu dién trén doan
mach lic do bang bao nhicy?

Loi gidgi. Do 2 truong hop cuomg d6 dong dién
hiéu dung bang nhau nén:

R +7Z:=pR? +L 7, =7,

Nhur vay Uy, nhanh pha hon cuong do dong dién
g6c @, con Upc cham pha hon ; mdt géc @, , ta
b =g, =i(£0_ﬂ_£)=£,
2021 7)) 6

V4
tan g, :;f‘-, suyra: Z, =%:IO\/§ Q.

T cong thire

Higu dién thé cyc dai hai diu mach:
U,=6.1043 =603V
Khi ca ba phan tr méc né;i tiép, xdy ra cong huong

U,
dong nén: 7, =?° =23A.

Céng suit tiéu thu cua doan mach khi d6 bang:
P= % =180 W,
Nhén xét. Chi ¢6 ban HS Pham Phy An, 12T1,
THPT chuyén Nguyén Quang Diéu, Péong Thap co
1 gidi ding,
NGUYEN XUAN QUANG
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Gidi thi¢u. Trong bai viét s& s& didm qua 20 bat
dang thuc (BDT) va sy lign két giga ching. Ta
quy wdc cach viét sau: Véi BDT (I) va (J), ta
viét:

(=(7)
neu c6 mot ddnh gid truc tiép dé tx BOT (1)
diing, ta thu duoc BDT (J) ciing duing .
V6i a,b,c la cdc s6 thuc duong. Khi d6 ta cé cdc
BDT sau:'

a+b+c

BDT 1 (Cauchy): > abc.

()
()

BDT 2: a +b*+c*>ab+be+ca.

BDT 3:
9(a+b)(b+c)(c+a)ES(a+b+c)(ab+bc+ca). (7,)

BOT 4:  9(a’+b’+c)2(a+b+c). (L)
BBTS: 4.2.%53 (1)
c a

BDT 6: (a+b+c)[i+l+l)29.

a b ¢

b il 3
B vesbi : _ =z —. I
DT 7 (Nesbitt) b+c+c+a+a+b > (7)
gors: Lylile 2 (%)
a b ¢ a+b+c
9
BDT 9: 2 + 2 + 2 Pl ([9)
a+b b+c c+a a+tb+c
g B bc)
BDT 10: (a +b +c)(ﬂ+7 ¢) >3 (Im)
(ab+bc+ca)

' Da s§ cic BDT ding véi truomg hop cdc bi‘f“
khong 4m. Tuy nhién, dé tranh phic tap trong :ap
ludn khéng cén thiét, nguoi vict da thay doi dieu kien
14 cac bién déu duong.

/
RYA PETITVA

i®. =

vy

NGUYEN TUAN ANH
(GV THPT chuyén Nguyén Quang Diéu, Déng Thap) 3

BDT 11:
3((,13 +b +c3)2(a2 +b° +cz)(a +b+c). (IH)

be ca_ ab

1
L b+c). (I
b+c+c+a a+b 2(a+ C) (12)

BDT 13 (Schur):
a’ +b’ +c +3abe
>ab(a+b)+be(b+c)+ca(c+a). (1)

BDT 14:

3 3 3 2 2 2
2)_‘3’52 +b" +c +l'a+b+cz a +b"+c (1)
4 3 4 3 3

BDT 15:

BDT 12:

27(a® +8* +) 2 (be +ca+ab)(a+b+c)*. (L)
BDT 16 (IMO 1984):

%(a+b+c)3 + 2abc

>(ab+bc+ca)(a+b+c). (1)

BDT 17 (Jack Garfunkel):

Babc
(a+b)b+c)c+a) 2. (L)

BDT 18 (Russia nam 2000): Véi a,b,c>0 thoa
man abc =1. Chirng minh rc%ng:

a’+b* +c? +a+b+cz2(ab+bc+ca). (158)
BDT 19 (Hong Kong nim 1997):

3+\/§ abc(a+l;r+t:‘+\}a2 + b +cz)
>
> - - (7
9 (a“ + b +c“)(ab+bc+ca) (1)
BDT 20 (Vigt Nam TST 2021): Vi a,b,c la cdc
6 thuc khéng dm théa méan:
2
2(a +b° +c2)+3(ab+bc+ca)=5(a+b+c).
Khi dé:
4(a2 +b’ +c2)+ 2(ab+be+ca)+Tabe < 25. (I,,)

U 4B
ab+be + ca

, TOAN HOC
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Ta c6 cac danh gia sau: «(1,)=(1,): bj-c+c-[:a+ j.b
a

.(Il)c>([2): a’+b*+c 3 6 PERMPX B
3 a3+b3+c3 25-‘-( +b 3 3 _abCJ.
=(ab+bc+ca)+ . {——-3-“_"“[’6‘ a+b+c)
=k a+b+c 1
O(a+b)(b+c)(c+a)28(a+bc)(abrborea) g2 abeto(59+11V33)x
243 (ab+be +ca)’ a3+b3+03—abc]. ><(ab+.bc+ca)2[ a b ¢ _é]
+16 (a+b+c)4 3 a+b+c b+c c+a a+b 2)
% o 13 5 3 ol )=>(1;):
()= (1) T e ()= (%)
3 1
11,1, o , 8 (bbJ
2%[9(a+b)(b+c)(c+a)—8(a+b+c)(ab+bc+ca)]. a b ¢ a+b+c (f.:!+b+c)‘ll 3
3, 33 3
«(1)=>(1,): 9(a3+b3 +c3) «(5,)=(1): %2abc+
3 3 3
2(a+b+c)3+15(M—abc]. +labc(a+b+c)(l+l+i— 9 )
3 3 a b ¢ a+b+c
‘+b' 4+ 2 2 2 9
o(L)>(r): X2 *C o(1)=(L): >
()=(1) 3 (h)=() avh Bre otd- atbie
2abc+—21£[9(a3+b3+c3)—(a+b+c)3j_ N 6(\/5—1) [a3+b3+c3_ach
o(1)= (1,): (a*+8° +c*)(a+b+c) 3
a b ¢ 9 a@+b +¢
842 4E3a _ R AT AT
c a (a+b+c)3[ 3 abc} (39)?( '3)
3 3 3 Eiéiﬁ_> b _1_ 59
(I.)=(1): L=< ”; e 3 C+192( +1133)x
2 2 2 9
Y b+b : _
2abc+27abc(ab+bc-:ca) (E+§.+£_3J X(a " c+ca) (a+b+b+c+c+a a+b+c}
4 b b )
(a+ +c) € a ; I) (az+b2—!—cz)(a-l-lz'+(:)2
(1 )= ;
o(1)=(1,): (a+b+c)[-cl:+zl;+lj (1)= (L (ab+be+ca)
C
3 3 3
29_'___43_ &b_a_ﬂi >34 36 1(0 +b" +c —ach.
(a+b+c)’ 3 ~abe |. (a+b+c) 3
3 3 3 3
«(7)=(1): a—t?fi «(1,,)=(1): LI;,JrLZazbc+
2 2 2 2 2
2abc+%abc{(a+b+c)(_l_+_l,+_l_ i +(ab+bc+ca) (a +b" +c )(a+l;+c) |
a p . 4(a+b+C) (ab+bc+ca)
o(1)=(1):
32’TOf"'iN HOC
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3(a +b3+c) (a +b% 42 )(a+b+c)+ .(11):)([15);
+3[f‘_1“_”3_i£__ach 27(a3+b3+c3)2.>_(bc+ca+ab)(a+b+c)“+
3 3 3 3
s(a +b +c
b+ +12(a+b+c) (——-———abc).
.(I“):>(Il): = = > abc + ( 3

o(15)=(1):

1 3,43, .3
—|3la’ +b +c )—(a® +b% + ¢
+33(e )= 48+ @rbr)] ‘13+b3___+c32abc+_1____11;——)?x
| 8l(a+b+c
0(11)2(112): _2—(‘]"""F-’+C)2 e = ’ v
b+c c+a x[27(a3+b3+cg)2_(bc+ca+ab)(a+b+c)4il.

ab 3 a3+b3+c3
+ ¥ 2 —abc |.
a+b 2(a+b+c) 3

o(Iy)=(1,):

.(]1):>(116) (a+b+c) +2abc >

+b3+c
(ab+bc+ca (a+b+c)+ [ J

3 3 3
fz_f_b__Jr_anabc—%(a.Fb_i_c)zx
a+b+c
. 1) ————>abc+
X‘il(a+b+c)—[ be | _ca } ()= (1) 3
b+c ct+a a+b

9| 7 3
Z| —(a+b +2abc—(ab+bc+ca a+b+c)].
o(I)=>(I;): @’ +b° +¢* +3abc> ab(a +b)+ +7[27(a+ +e) +2abe— X

2 2: 2
X a +b +c Rabc =
+bc(b+c)+ca(c+a)+%(g;3i-c——-abch2 .(Il)j(lw)' ab+bc+ca+(a+b)(b+(:)(c+a)
6(a* +b> +c*) 2 3(“3+b3“3 —abc]Mz
véi M = —~ 3. (a+b+c) 3
(a+b+c) ,
6(a2+b2+c )
'(113):"([1) véi M = (a+b+c)2 -
3 3 3 1
g%c_zabc+—3-{a3+b3+cs+3abc— '(1”)3(11):
"[ab(a+b)+bC(b+0)+Ca(C+a)]}- @b 2(ab+be +ca)’

a+b+c

3
3 ; a3+b3+c3 +_1ﬂa+b-+—(:2 b Sbe
'(11)::’([14)' 4 3 4 3 % & sl
ab+bc+ca (a+b)b+c)c+a)

3,
> 02+b2+c2 e J— Zf[iiﬁf—c; abc]. ‘(Il):(fls):

3
3 (a+b+C) a’+b* +c* +(a+b+c)abec 22(ab+bc+ca)+
-(]14):;,(]1): 4 1 [a3 +b+c _abC)Mz
. +b3+c s MX 3(a+b+c) 3

6(02 +b* + cz)

f 3 + a*+b +c voi M = —3.
[ a +b +c 1 a+b c J’:* (a+b+c)2

: TOAN HOC
pifsimen e .'}93
JTUCSUTUTT.



-(118)2.3([,):
a+b +c°
3
><[a2 +b% +¢? +(a+b+c)5/;b?—2(ﬂb+b‘3+m)]'

-(Il):>(119):
3+\/§ abc(a+b+c+m)
>

9 (c12+b2 +cz)(ab+bc+ca)
+3+\/§ 1 [a3+b3+c3_abc}
3 (a+b+cy 3

o[ Ly )= )

a+b+c’
el Ml LI

2arbc+a§_(.a4—17-'-6)><
10

X

2abc+ : hs\E

343 abc(a+b+c+\/al+b2+cz)
X -

9 (a2+b2+c:)(ab+bc+ca)

-(11)3(120):

N*24(a* +p? +¢*)+2(ab+be +ca) +

(a+b+c)3.

35abc

35(ab+bc+ca) (@ +b* +¢°
+ —abc
(@a+b+c)

PROBLEMS ... (Tiép theo trang 22)

Bai T8/535. Given a triangle 4BC inscribed in a
circle (0). A circle (J) passing through 4
intersects the sides 4B, AC respectively at D and
E; intersects (O) at the second point P, [ et 1L K
respectively be the circumcenters of BDP ang
CEP. Prove that ID, KE, A0 are concurrent at 5
point on (J).

Bai T9/535. Given an arbitrary prime humber p

and g is an integer 0 < 4< p~1.Show tha;

2P=g DD =004 p), where yy - |

Bl
TIEN TO1 OLYMp1C TOAN

Bai T10/535. Find ajj increasip
function f:R—-R satisfying Afix
VxeR.

& continygyg

D=1+ 1,

TOAN HOC
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34

Z(a2 +b? +cz)+3(ab+bc+ca)

voi NV =
a+b+c
-([20)3(11):
3 3
a+b’+c it 4(a+b+c)><
3 27

x{Nz _[4(02 +b +c2)+2(ab+bc+ca)+——ﬁ35ach}
N

2(a® +6” +¢*)+3(ab +bc +ca)
a+b+c

Chirng minh. Ching minh cic dénh 214 trén trrde

Khi d6 ton tai

Vi N =

hét ta chuin héa a+b+c=3.
t E[O;l) sao cho ab+bc+ca=3-37. gy dung
két qua quen thudc sau:
(1+2)*(1-26) < abe < (1-1) (14 21).
Thay vao céc danh gi4, vin dé con laj don gidn la
bién dbi dai sb hoidc c6 thé két hop khéo s4t ham
s6. Phan nay xin danh cho ban doc.
Ttr d6 ta duoc:

()= (L) va (1,)=(1,),vi= ;.

J

Bai T11/535. Find the smallest positive number a
> 1 satisfying the condition: For any point P lies
inside and on the boundary of the square ABCD,
there always two among four triangles PAB, PCD,
PDA, PBC (some triangle can be reduced to a line
segment) so that the ratio of two areas belongs to

2]
—;a .
a
Bai T12/535. Given a triangle ABC inscribed in a
circle (O) with orthocenter H. The circle with
diameter A/ intersects (O) at the second point X.
OH intersects the tangent at 4 to the circle (O) at
P. Let S be the point on (O) so that AS / OH. The
line through § perpendicular to BC intersects (O)
at 7. Show that X7 passes through the orthocenter
of APH.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanor)
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Dmh ly Leibniz 1a mét trong nhlmg dinh 1y néi

tiéng cua hinh hoc so cap, ¢6 nhidu ung dung dc
biét trong hinh hoc so cap Dinh 1y dwgc phat bidu
nhir mot bai tap trong séch gido khoa hinh hoc 1ép
10 Trong bai viét nay, ching t6i xin néu 16n mot
s6 huéng mo rong cua dinh ly Leibniz va mot vai
img dung cua dinh 1y ndi tiéng nay.

1. PINH LY LEIBNIZ. Cho M la mét diém bét ki
trong mat phang chiea tam giac ABC. Khi dé ta

s ) 5 3 1 2 b 2 a2
c6: MA* + MB* + MC* = 5(a- +5° +¢7)+3MG?,

trong do G la trong tam cua tam giac va a,b,c la
do dai cua ba canh BC,CA, AB twong ing.

2. MO RONG DINH LY LEIBNIZ

a) Hréng thir 1

Pinh Iy 1. Cho A, A4,,..,A,

khong gian va G la trong tam cua hé diém nay, voi

la cac diém trong

moi diém M trong khéng gian, ta c6 dang thirc:

i MA* =

Chirng minh. Ta co:

S =33 =3 (MG +GA)
i=] i=l

1=l

Z 4 A2 +nMG”.

'tllj

=3 (MG + 234G G + G4,
i=l

2 oo n 5
=Y G4? +2MG Y GA, + MG’ = > GA? +nMG.
= i=1 i=1
Chi ¥ rang, véi moi i # j.i,J = 1,2,...,1 , ta co:

G4? +GA* = (GA, - GA) +253.547;.

=447 +2GA,.GAJ-.
. 1 3 2
Do do: ZI:GA'E =— ij§$j(G42+GAj )

%Emgg mynrvy wﬂmvgg?
n‘k&j &&w“&h“@g LY LM@WWH#%@
ETAN

’Waﬂg

CAO MINH QUANG
(GV THPT chuyén Nguyén Binh Khiém, Vinh Lang?/ J

|

n

( S A4ie2 Y GAGA,
ij=lLi#j

1

n— i j=Li#j
( S 44 +[ZGA] Z":E;ZQJ
=L j=1i#j i=1
1 : 2 - 2 .
= AA? - GA’ |. Suyra:
n_'l(i,j;#j o rzzl: ]
iGAf:l Z AA7 .
i=] R j=Lizj
Tir d6 suy ra: iMAle Z A A +nMG*,
i=l R j=lizj

b) Huéng thir hai
Pinh Iy 2. Cho A,A,,... A4,

@, la cdc s6 thuce co tong

la cdc diém trong
khong gian va a,,Q,,...,
bcﬁng a khdac 0. Gia su G la tam ti cur cua hé diém
(A, A
thite: o, MA? + a,MA; + ...+ a,MA

=aMG* +a,GA’ +a,GA; +..+a, G4,
voi moi diem M.

A} va hé so {ai,az,...,an},ra co hé

Chirng minh. Vi G 13 tdm ti cu coa hé diém
{4,4,,...,4} ingvéihésb {a,a,,...,a,}, tacod
a,GA + a,GA4, +...+ a, G4, =0. Khi d6, v&i moi

diém M , ta co:

Zn:anAiz = ia,-mz = Zn:a‘. (M—G + G4, )2

= MG Za +2MGZa Ga +Y a,Gd

i=1 i=1

=aMG* + ZaEGA;".
i=]
Tur két qua trén, voi o, =,

duoe: MAS + MA] +...+ MA?
=nMG® + GA} + GA? +...+GA] .

itpre imUILT RGOS

=..=a, =1, tanhan



3. MOT SO KET QUA QUAN TRONG TU CAC
PINH LY (MO RONG)

Két qua 1. Néu 4,,4,,..., 4, 14 cic diem .
mat ciu tim O, ban kinh R, thi voi M=

co

OGZ=R2-i2 Z AL

i,Jj=li#J

né,m trén

g - 2z 1p1
T ket qua nay ta suy ra duge Z Ad;sn R

i,j=li#Jf

a) Trong tam gidc ABC, ta lubn co:

0G? =R2-—$(a2+b2+02)-

Suyra a® +b% +¢? <9R%.
b) Trong tir dién AA,A4,4,,talubn co:
OG* =R’ —%(az +b’+ct+d +é +f2).

Suyra: a® +b% +¢* +d> +¢* + f1 <I16R?
Két qua 2. Sir dung bét ding thirc Cauchy —
Schwarz, ta c6:

Zn: 1 2( n(n -1)/2) n*(n-1)°
.J—1.=,A.442 Z": AAZ 4 Z A,Az

ij=liej i, j=li#j
o7 (n—l) :(n—l) .
4n’R? 4R?

Tir két qua nay ta suy ra duge
a) Trong tam gidc ABC, ta luén co:

a b AR
i+1_1_ 1 1 1 9

Két qua 3. Tir két qua 1, sir dung bt déng thirc
Cauchy — Schwarz, ta ¢6:

n 1
> 447
I_,l—] :#_} f=lizj

Tir két qua nay ta suy ra dugc:
a) Trong tam gidc ABC  ta luén ¢

a+b+c<3f3p

b) Trong tir dién A4, 4,4, ,ta luén ¢4

TOAN H
36 Y

& qué‘%

a+b+c+d+e+f<4fR
Két qui 4. Tir két qua 3, g dung bét ding thie

Cauchy — Schwarz, ta ¢o:

r(n-1) i n{n-1)\2
s L, %) (Y ey
i 44, Z A4, nR 22R 7

i j=li#j

Tir két qua nay ta suy ra duoc:
a) Trong tam gidc ABC, ta luon co:

1. 11\

==X
a b c¢c. R

b) Trong tir dién A 4,44, , ta ludn co:

4.MOT SO BAI TOAN UNG DUNG

Bai toan 1. [Problem 11301, Amerlcal
Mathematical Monthly] Chitng minh rang véi
moi s6 phirc a,b,c ta cé bat ding thire

‘ab(a’ *b')+bc(b- ‘C")+ca(c- —GZ)I

9 N
S1—6—( d)

Lot gidi. Véimoi sb a,b,c tacé ding thirc:
ab(az—bz)erc(bz-c2)+ca(c2—a2)

=(b—a)(a—c)(c—b)(a+b+c).
That vay, ta co:
ab(a - b’ )+bc(b2—c )-i—ca(cz—az)
=ab(a® -b*)+bc(b? ~a? )+be(a® —c*)+ca(c -a?)
=(b"‘—a2)(bc ab) (cz~a2)(ca—bc)
—b(b:"— 2)( (cz—az)(a—b)
=(b—a)(c-a)(b2+ba—cz—ca)
=(b—a)(a—c)(c—b)(a+b+c).

Tir déng thirc trén, ta viét lai bit déng thire cin
chimg minh duéi dang:

J(b-a)(a_c)(c-b)(a+b+c)[sl_96(|ar+|b|2+|cf).

Xét trong mat phang phirc, gia st O 1a gée toa do,
va cac diém A4,B,C bidu didn cho cic sb phirc
a,b,c . Khi d6, bat dang thirc trén duoc bidu didn
duéi dang:

https://tieulun.hopto.org
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rong 46 G 14 trong tam ciia h¢ ba didm 4 5 C

Si dung dinh 1y Leibniz, két hop b4t ding thirc
AM - GM, ta co:

> 2 1
04> +0B° +0C =3OG2+§A32+§—BCZ+§CA2

2 44 3OG2.~;—’ABZ%BC2.—I—CAZ
3

2 1
hay ( 04> + OB* + OCE) > —E?.OG.AB.BC.CA.

Bit dang thirc (*) dugc chimg minh xong,

Bai toan 2. [Thi HSG Tinh Vinh Long, 1996 —
1997 Cho thap gidc deu AA4,.A, c6 d5 dai
canh bang véi a. Chirng minh rc?ng Voi moi diém
M trén mat phang chira thap gidce déy trén, ta luén

c6 itﬂ‘f 2 5a°(3+45).

Léi gigi. Goi O 1a tam cua duong tron ngoai tiép

da giac 4.4 4,...4,. St dung dinh ly 2, ta c6:
iM,f =10MO? +i04? =10MO* +10R* >10R?,
i i=1

Str dung dinh ly cdsin cho tam giac OA A4, , chiy

404, =1160£=36° VA cos36" =

, taco:

a’ =4 A> = R* + R* —2R? cos 36"
——3_‘/51&2.'

3
Suyra 10R? = 54° (3 + JE). Tir d6 ta c6 danh gid

=2R* (1 —cos36°):

Y M > 50 (3+35).
=1

Ding thirc xay ra khi va chi khi M =0.

Bai toan 3, [Crux Problem 3938] Clo tam gidc-
ABC va mot da'(}‘ng ron (OR) ]‘]ﬁ_}/ tm diem P
thuge (0) sao cho PA* + PB® +PC* dat gid lon
nhat gid tri nho nhat. 3

Lot gigi, Gia st G 13 trong tm cua tam gidc
ABC. 8 dung dinh Iy Leibnitz, ta c0

P4+ PR | pC? =3pG? + GA> + GB +GC” (*):

Néu G=0O thi PG=R. Khi 46
PA® + PB® + PC? 13 mot hing sb.

Néu G = O thi duong thing OG cat dudng tron
(O) tai cac diém BB, gia sa P, gan G hon so
voi B. Khi ), ta
PA* + PB* + PC? dat gi4 tri 16n nhdt khi P= P,

do, tx suy Ta

v dat gia trj nho nhtkhi P=F.
Bai toan 4. [Crux Problem 4594] Chimg min’h
1'511g voi moi diem M thudc duong tron néi tiép
tam giae ABC, ta ¢ hé thic:
MA> MB*  MC?
+ +
h h, h,

[
h, va h_lan lwot la do dai cac duong

=2R +vr,

trong do h,,
cao xudt phat tr cac dinh A,B va C; R va r lan
It la ban kink duong trén ngoai tiép va néi tiép
cua tam giac.

Loi gidi. Vi § 14 dién tich cia tam gidc ABC, ta
c6 28 =ah, =bh, =ch_, véi a,b,c lan luot 12 4o
dai cua céc canh BC,CA, 4B . Ki higu L 14 vé trai
ctia hé thirc can chimg minh, ta c6

M4 L MB? L MC® _ aMA® + bMB® + cMC?
h h, h 28 '

a [

Goi 7 1a tdm cna dudng tron ndi tiép tam giac
ABC, ta ¢6 cac hé thirc quan trong sau:
ald+bIB+cIC =0 va al4’ +bIB* + cIC? = abe.
Tir d6, v6i nhan xét diém 7 1i tAm ti cu caa hé
diém {4,B,C} éng voi b¢ sé {a,b, c}, sir dung
dinh Iy 2, ta c6: aMA®> + bMB® + cMC?
=(a+b+c)MI* + ald’ + bIB® + cIC? =2pr’ +abc,
Vol 2p=a+b+e. Suy ra:

I - 2pr* + abe _2r.S+4RS

28 28
Bai toan 5. [Crux Problem 4201). Cho M la diém

nam trong da giac déy AA,.. A,

=r+2R

néi ticp dirong
tron (()), ban kinh R =1
A8 k=123,

. Gia s

»h la cdc day cung qua dinh A

va diem M. Chirng minh rang

4

AB '+ 4,BI v, 1 4R 4
T T s -
n 1+ 0M"

TOAN HOC



A I A n
Léi gidi. Phuong tich cua diém M do1 VOl dwong
tron (Q) duge xac dinh boi

33.‘4/(0) = MAk MBL, = o

Suy ra MA, MB, =p=140M’-,}(=1,2,...,n. Do
do, véimoi k=1,2,...,n, ta co: 2
2 P
AB; =(AM +MBk) =AM +2p+ e

n n 4 n 1
Suy ra; ZAka =ZAA-M2 +p-;AAM: +2np.
k=1 k=1 (=

Mat khac, sir dung dinh 1y 2, ta c¢6 hé thic:
ZAI:MZ =nOM* + ZOAf =n(I+OM2).
&=l k=1

Swr dung bét dang thic Cauchy — Schwarz, dang

n

2
n

Engel, ta cé: Z . Tur d6 suy ra:

~AM>
k=1 k ZA‘.MZ
k=1

2 2\2
o o 7 (1-om?)
gAkBk 2n(1+0M )+-*n(l+OM2)
+2n(1-0M*)= - N
1+0OM~

Ding thirc xay ra khi va chi khi M = 0.

Bai todn 6. [T12/373, THTT] Clm tir dién ABCD
o trong tam G. ban kinh mdt cau ngogi tiép R.
Chirng minh rang

GA+GB+GC+GD+4R
2 .

?(,46@ AC+ AD + BC + CD+DB).’
v

Lai gidi. Trude hét, ta phat biéu cac bé dé say

Bo dé 1. Néu G la trong tam cua ty dién ABCD

thi

2

AB* + AC* + AD*)-(CD + pp? | BC?)
16
Chirng minh bé @ 1. Goi G,

Gf' = d

la trong tam cya
tam gidc BCD. Ta cé:

G = A=)
16" " 1679

B+ T+ 15 )_(E_ro)t(ngf -(4B~icy

~(4B+4c+ D)

16
3(4B° +AC* + AD*)~(CD? 4 pp2 +5c7)
16

TOAN HOC
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Bo dé 2. Néu 0,G theo thit t la tém mdt ciu
ngoai tiép va tr ong tdm cua tir dign ABCD th;

GA* + GB* + GC? + Gp?
%‘T‘—“
_AB*+ AC* + AD* + CD? + DB* + BC?
> ~ 16 -
Chirng minh bé dé 2. Su dung dinh ly 2, ta ¢é:
OA’ +0B* +OC* + 0D = GA* + GB? + GC? + G +40G?
_ogr = G4 +GB* + GC* + GD* -
4
GA® + GB* + GC? + GD?
4
_AB’ + AC* + AD* + CD* + DB’ + BC?
- 6 '
Tro lai bai toan, sir dung cdc bé dé 1 va 2, ta co
danh gid: R.GA= 0A.GA> 0AGA

R*-0G* =

hay R?

Két hop b dé 1, ta co:

_ 04 +GA* -0G* _GA* +R* - OG?
2 2
_AB*+ AC* + AD?
= :

Su dung bat ding thirc AM ~ GM va bat dang thirc
Cauchy — Schwarz, ta nhan dugc:

V6 (R+G4)22J6VRGA =\3\8R.GA

> \/3(A33 +AC* + AD*) 2 AB + AC + AD.

Mot céch tuong tu, ta ciing co:
V6(R+GB)> BC + BD + BA;
V6(R+GC)>CD+CA+CB;
V6(R+GD)> D4+ DB +DC.

Tur d6 suy ra: GA+GB+GC+GD+4R
2-\;_—(AB+AC+AD+BC+CD+DB).
6
Ding thirc xay ra <> tir dign ABCD déu. .
Bai toan 7. Cho tir dien ABCD noi tiep mar cau
(0), G la trong tam ni dién. Cac ducng thang
AG BG,CG va DG cat lai (O) theo thir ti tai
A, B,C,,D,. Chitng minh rang

a) GAGBGC.GD < GA, GB,.GC,.GD;

l 1 1
RN NS IO PO E S U
GA GB GC

YGn” G4 GB  GC OD

¢) GA, +GB, +GC +GD, 2 GA+GB+ GC+GD.

https://tieulun.hopto.org



Lot gidi. Ta su dung ki higy
ZGA—GA+GB+GC+GD
a) Ta c6 bat ding thirc cén chimg minh twong
duong bt dang thic: (Ga. GB.GC.GD)
<(GA.G4).(GBGB, ).(Gcae, )(GD.GD,).
Mat khéc: GA.G4, = GB.GB, = GC.GC =GD.GD,
=R’ -0G>

va st dung dinh li 2, ta cé:

4R’ —40G* =3 G4

1 2
22(2 GA)
2 % 16 VGA.GB.GC.GD

hay (R* ~0G*)' 2 (GAGB.GC.GDY'.

Bit dang thirc duge cht’mg minh xong.

bTaco: T——=¥ 1

A R -0G" R-0G° 2.G4.
Do d6 bét dang thirc cin chimg minh twong dwong

- 1 1
bat dang thic: ) —>—— % G4
. Gl oG &

2 1
G- —2> > GA
Tl
That vdy, su dung bét déng thice Cauchy -
Schwarz, ta co:

<:>(R2—O

(R*-0G?)

AW

z%(ZGA)2 G_1A>i(z )ZZG =Y GA.

¢) Sir dung cac két qua trén, ta c6
i 1
2.64=3 GA* GA_(r* - 0G* )2 —>2 > GA.

Bii toan 8. [Crux Problem 2629]. Cho tam gidac
ABC, go: S la diém doi trung cua tam giac. Chirng

minh rang

BC*.SA + LLEKL{’LL
T BC +CA +AB

Léi gigi. Trudc hét ta nhéc lai két qua quan trong
sau: *S4+5°SB+c’SC=0 hay 51
cla h diém {4,B,C} tmg véi hé $O {

Goi G 1a trong tam cua tam giac ABC. Su dung
Qinh 1y 2, ta ¢6 cac két qua sau:

i , ;
g(SA' +SB* +5C* ) 2

3 tAm ti cy

2 12 .2
a’-,b 1C }'

S42 + SB? + SC* =38G* + GA* + GB* + GC?

va a’GA* +b*GB* +’GC’

=(a® +b7 +¢*)SG* + a*SA* +b'SB* +¢*SC”.
Khi d6, bat ding thirc cdn ching minh dugc biéu
dién dudi dang:

6(a” +b* +*)SG* 2(2d* ~b* ~* ) GA®

+(26* - ¢* ~a’)GB* +(26* - & ~b*)GC* (%),
Mat khac: GA* =é(2b2 +2¢* -a*),
GBz=é(2cz+2a2—b2) GC? = (2 +26 =),

Bfmg cac bién ddi dai sb, vé phal cua (*) la:

1[ 2 p2)\? 2 a\¢ i 2}
—|(a"=b") +|b°—c") +[(c"—a <0.
(L@ =8) +(#-¢) (e =)
Bit dang thirc (*) duge giai quyeét. Ding thirc xay
ra khi va chi khi S=G hay tam gisc ABC déu.
Cuéi cing 12 mot s6 bai tap.
1. Cho tam gidc ABC c6 @6 dai cac canh lan luot
132 a,b,c va P 13 mdt diém bit ki nim trong mit
phang. Ching minh ring
2 2 2

P4*+ PR+ PC? 2 4 F0
2. [T10/244, TH&TT] Goi / va R lan luot 1a
tong do dai cac canh vi ban kinh mat ciu ngoai
tiép mot tir dién. Hoi trong sb céc tir dién, to dién

& il

nao dat GTLN cua ti s E ? Va tinh GTLN d6.

3. [Problem 3394, Dragoljub Milosevic, G.
Milanovac, Serbia, CRUX] Cho tt dién ABCD.
Ki hiéu h, va m, lan lugt chi d6 dai duomg cao
va d6 dai duong trong tuyén xuét phat tir dinh 4
dén mat (BCD) déi dién. Goi V' 14 thé tich cua t
di¢n. Ching minh ring

(h,+h, +h, +h,))(mf, +my +ml+m: )>12T38V
Bai 4. [Problem 11433, Amcns.dn Mathematical
Monthly] Cho » 13 mét sb nguyén dwong va cic
diém A, 4,, iy By Bis ByoB, i@, Cyyeis €

n

thudc mat cau (S) c6 ban kinh bing 1. Chimg

minh rang ton tai diém P thudc mat ciu (S ) $a0

cho y P4’ = , PR =\ pc?
Z, Z} ; ;PC,.

shistps:shigulll 9@%5@203@

cung




KHAI THAC BAI TOAN GOC

HOANG TRONG TAI
(GV THCS My Léc, Can Lée, Ha Tinh)

Trong gidi toan viéc ndm chic “bai todn goc” la
rit quan trong, n6 giup cac em hoc sinh hinh thanh
k¥ ndng giai toén rat linh hoat va giai quyét duoc
rit nhidu bai toan kho.

Bai toan gbc. Cho a, b, ¢ khic 0 va thoa man

1 1 1 1
—4+—+—=
a b ¢

a+b+c

Chitng minh rang (a+ b)(b+ c)(c +a)=0.

1
Léigiai. Tace: ~ 4L, 1__ 1
a b ¢ a+b+c
i u
= | =+ |+ —= =0
a b ¢ a+b+c
a+b a+b

ab c(a+b+c)=

= (a+b)(ac+bc+c2+ab)—_—()
=1 (a+b)[a(b+c)+c(b+c)]:0
- (a+b)(b+c)(c+a)=0.

Chung ta s& st dung bai toap gbe n

Ay dé piai o
R g Al g im ol ic
bai todn sau mdt cich d& dang| Blal cac

Bai toan 1. Ching minh rang néy 6

; e e
v 2021
TOAN HOC

40 - Tusitye S 5351 g0

thi foxﬁ tai mot trong ba sé & .
) _V; z b(mg 202]

Loi giai. Tur X+y+z=202] Vi

1 1 1 |
—+t—+— » Suy ra;
Xy

z 2021 Tt—+ 1

X S —
¥ @ Xt+y+z
= (x+y)(y+z)(z+x)

=0 (theo kit quy p
toan goc)

x+y=0 z2=202]
= |y+z=0 = | x=202]
z+x=0 y=202]

(Vi x+y+2z=2021).
Vay tén tai mot trong ba s x, y, z bing 202].

Bai toan 2. Cho a.b,c khéc 0 thoa mdn:

(a+b+c)[i+i+l):l.

a b ¢

Tinh Q:(azm?+b2m7)(b2mg+620£9)(62021+am]).

1
Loi gigi. Tu (a+b+c)(l+l+—]=1

a b c
1 1 1 1
et - . N
a b ¢ a+b+c

= (a+b)(b+c)(c+a)=0
(theo két qua bai toan géc)

a+b=0 a=-b
= b+c'—_0 = b:—c.
c+a=( c=—q

-V6i a=-b = " +p* =0 = 0=0.
“Véi b=— = P+ =0 = 9=0.
-Véi c=—-a = ' 4420 = 0=0.
Viy g=o0.

Bai toan 3. Cho 356 a.b,c thoa man:

I 1 1 1

a+b+c

a b c
Chirng minh ring:

1 ] 1 ]

+ + = 2 2
2 202 2021 2021 2021 h
g e g a’ +b7" +o

02] °
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ooy 1.1.1 1
— L. R
Loigia a' b ¢ arpras D
o (a+b)(b+c)(c+a)=0

(theo két qua bai toan gdc)

a+b=0 a=-p
= |b+c=0 = |p=_¢ ).
c+a=0 c=-q

Do vai tr0 cua a,b,¢ & (1) 1a nhw nhau nén tir (2)
ta c6 thé gia sit a =—p. .

Khi d6 ta ¢6: —— +—,10—2—+-1—=_L
a prar T = 0
) 1 1
va a2 4 0 o = TR
Do d6: 1 N 1 N 1 1
0 do: g g T a0 T am 42 o

Baitoan 4. Tinh gia tri cua biéu thie:
S
P = 02021 + bl(]Zl + CEUZ]
trong do a.b,c khac 0 thoa man diéu kién:

1,111

M)

a b ¢ a+b+c
@ +b +cP =202 (2)
Léi gigi. Tir (1) suy ra: (a+b)(b+c)(c+a)=0
(theo két qua bai toan gbe)
a+b=0 a=-b
= |b+e=0 = |b=——c ().
c+a=0 c=-4a

Do vai tr ctia a,b,c trong didu kién (1) va (2) 1a
nhu nhau nén tir (%) ta c6 thé gia st a=-b. Khi
46 tir (2) suy ra: ¢* =2021° =>c¢=2021.

Vziy P = g2 pro2l y 2071 — = 202122,

S : = diou kién
Bai to4n 5. Cho x,y,z khdcQ thoa man diéu ki

rx+y+Z:3 (1)

1 1
<i+l+-—=§ (2)-

x y £

12X +y=1 A3)

Tim X,y z,

Léi gidgi. Tir (1) va (2) suyra:

1 1 1 1
St —t—=—
x y z X+y+z

= (x+y)(y+z)(z+x) =0
(theo két qua bai toan gbe)

x+y=0 x==y
= |y+z=0 = |y=-z.

z+x=0 z=—X

-Véi x=-y . Tir (3) suy ra:
257 +y=1 = Y +y+)y’-1=0

= yy+D+(y+1)(y-1)=0

y+1=0

= (y+1)(2y—1)=0 = {2)}—1:0

Vi x+y+z=3).

-Vé1 y=—z . T (1) suyra x=3.

T (3)suyra: y=1-2x*=1-23*=-17
= z=17.

-V6i z=-x .Tu (1) suyra: y=3.

T By =it =8

= khéng ton tai x.

Vay (x;y;z)e{(l;—1;3),(%;%;3},(3;—17;17)}.

Bai todn 6. Cho X,v,z doi mot khac nhau va

x>0,y#0,220 thoa man-

11 1 1

X Yy z x+y-z
Chitng minh rang v<0.
Loi gidi. Ap dyng két qua bai toan gbc voi
a=xb=y,c=-z taco;

https://tieulun.hopto.org



1 1 1 1

X y z x+y-—-z
3i+_‘l_+i=—-—l——_
X y -z x+y+("z)

= (x+)(y=2)(~z +2)=0

= (x+y)(y-z)(x-2)=0 ().

5 4 au
Vi X, ¥,z d6i mot  khic B

= y—z#0,x—z=#0, néntr (1)suyra:
x+y=0=y=-x. Ma x>0 nén y<0.
Bai todn 7. Giai phirong trinh

1 11

*
- - = (*)-
4x—-2022 5x+2020 6x-2021 15x-2023

1 2021 2023
Loi gidi. DX: x khac %,404,-6—, s

(**)_

4x-2022=¢
bat (5x+2020=5 . Khi d6 (*) c6 dang:

6x—-2021=c¢c
1 1 1 1
—+—+== .
a b ¢ a+b+c
Ap dung bai toan gbc ta cé:

(a+b)(b+c)(c+a)=0

[a+b=0
< |b+ec=0
[ c+a=0
[9x-2=0
= |[1llx-1=0
| 10x-4043 =0
rx=3
9
1
=7 x=ﬁ
x=4043

Véi bii toin gbe va hé thong bai tp van dyng i
diay mong rang cac em s& c6 mot tur duy méi trong

hoc toan va gidi toan. Chuc cac em thanh cong|

BAI TAP TU LUYEN
Bai toan 1. Cho 3 s6 x, ¥,z khac 0 théa mian:

x+y+z=2021
1 1 1 1

¥ ; z 2021
Chimg minh ring trong 3 sé x,y,z tdn tai hai s§
déi nhau,
Bai toan 2. Cho a,b,c¢ khic 0 thoa man:

1 1 1 1
—+—t—=—
a 3b 5¢ a+3b+5c

Chimg minh rang (a+36)(3b+5c)(5¢ +a) =0,
Bai todn 3. Cho a,b,c khac 0 théa man:

1 1 3

(E—E+—C~](3a-—3b+c)=3.

Chimg minh ring (a-b)(c - 3b)(c+3a)=0.
Bai todn 4. Cho 3 s6 x,y,z khic 0 thoa man:
1

!
XL YLz Wi —— &
Xy

1

1_
zZ x—y+z

Chimg minh ring;

1 1 1 1

______+___
2021 2021 202 2021 °
x y z 2 x(u 021

—y+z

Bai toan 5. Cho —1——-1—+l= .
a b c

khac 0 va doi mét khac nhau.

voi a,b,c
a-b+c

Tinh 4 =g 4 220 | 5091

Bai todn 6. Cho x,y,z khac 0 thoa man didu
r)c +y+z=— !
2

kién : <~1-+l+l=_2

X y z

x2+2y=-—1

S

Tim X, ),z
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TIENG ANH QUA CAC BAI TOAN
BAI SO 76

PROBLEM. On a production |ine making

electronic  devices,  the probability of a

randomly  chosen  device pot meeting  the
standard is 0.045. 4 random sample of 200
devices is checked. Find the probabiiity that
there are more than 198 devices which meet the

standard.

Solution. Let X be the number of devices which

meet the standard among the sample. We need
to find P(X > 198).

We have P(X> 198) = P(X = 199) + P(X = 200)

200

— 200 (0.045)x(0.955)" +(0.955)
~0.00104.

Remark: X is called a binomial random

variable.
TU VUNG
randomly - mét cdch ngdu nhién
sample © mau chon
binomial : nhi thuc

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)

sk ek ek ok ke ok ok e ok ok Rk ok ok kk ok o e e ek ok ek e ook o R R kR Rk R ek R e e bk R kR kR ok ke ek ke ek

BAI DICH SO 73

BAI TOAN. PG thi ham sé y = fx) dwgc bién
d6i thanh do thi ham sé y = f(2x). Mé ta mét

cach day du phép bién déi trén.

Loi gigi. Néu ta dat ¢ := 2x, ham y = f{2x) tro
thanh y = f{z) va ham nay twong tw ham y = flx)
ngoai trir trudmg hop sau: gid tri cua bién x chay

tra dén b tuong Ung vdi gia tri bién ? chay tir

a .. b
— dén =
) en 2

Vi viy phép bién ddi trén 1a phép dan theo

N | =

huéng x v&i hé sé

n 5 ik P am SO
Ciu hgi: Ban co thé vé dd thi cic ha

Y= sinx va y = sin2x khong?

Nhan xét. Cac ban sau co6 bai dich tbt, gui bai
vé Toa soan sém: DS Ngoc Tién, 9A3, THCS
Lam Thao, Lam Thao, Phu Tho; Trdn Vin
Qudn, 12 Toan 1, THPT chuyén Hung Yén,
Doan Ngoc Thién, Cao Thi Tuong Vy, 12A9,
THPT Duong Quang Ham, Vian Giang, Hung
Yén; Phan Thi Bdo Tram, Nguyén Phwong
Thdo, Nguyén Hoang Ngoc, Vian Ngoc Binh,
Nguyén Ky Nam, Trirong H3 Bio Nhi, Trdn Thi
Thanh Thw, Nguyén Vin Huy, 11 Toan 1, Lé
Quy Diing, 11 Toan 2, Lé Pirc Hiéu, 10 Toan 1,
Tran Duy Anh, 10 Anh 1, ¥ Thi Bdo Ngoc,
10T2, Lé Nguyén Quynh Anh, 12 Toan 2, THPT
chuyén Quéc hoc Hué, Thira Thién Hué.

HO HAI (Ha Néi)

' TOAN HOC d}g;

SRE34-2rRRLIUA Sogitoe



umsu CACH G A'
CHI'.'I MOT BAI TDAN J

BAI TOAN 55. Giai phiong trinh
4x* —6x—1+xv2 +6x+1=0 (%),
Loi gigi. Bidu kién:
-3+ xﬁ

2
W e

2
Cdch 1. Dua PTvé dang 4 (x)=B(x).

2 25 2
PT(*) < 2x® + 6x+1—xv2x> +6x+1 +-‘%—= 4x

2 2
<::~(~,/2x2 +6x+1—§] =(£’E]

2

V2x? +6x + —i_a

s, 2 2

V2x? +6x+l—-§=—5£

2
V2x +6x+1=3x
= .
V2x* +6x+1==)x

>
THI: V2x* +6x+1 =35 < ¥ 20
7x2‘6X'—1=0

S x=].

X2z
2x* +6x+120=

TH2: 2x2+6x+1=—21<:>{xso
2x2-6x-1=0
<:>x::§._:___\/r_l_
—
Vay PT(*) c6 hai nghiém x=1; y . 3=VI1

. 2
Cach 2. Dat an phy khéng hogn toan

(*) & 6x7 -—(Zx2 +6x+1)+x‘[2"2+\6x+1

=0

TOAN HOC
44

* Clusi E%

bat 1=vV2x’+6x+12>0, pT (*) tr& thanh:

6x> +xt—1* =0 <:>(2x+t)(3x—t)=0<:>{t=——2x.
1=3x

- Véi t=—2x:>\/2x2+6x+1=—2x. Giai nhu

trén ta dugc nghiém x=§:—@.

-Véi t=x= 22" 1 6x 4] <

3x . Giai nhu trén ta
dugce nghiém x=1.

Vay PT (*) c6 hai nghiém x=1; x = 2 _Jﬁ.
2

Cich 3. Nhan biéy thire lien hop.
() o (207 -6x-1)+(2x2 + x2x +6x+l)=0
c:>(2x2 —6x—-1)+x(2x+\/2x2 +6x+1)=0

<:>(2x2—6x—1)+x. 2x° ~6x-1 =0

D=2 +60b]
<:>(2x2—6x—l){1+ ° }=0

2x—2x +6x+1

[2x2 — 6x—1=0

=
1+ o =)

L 2x—+2x*+6x+1

(2% —6x—1=0

pe=—

3x—v2x +6x+1=0
Gidi cac phuong trinh nay va két hop véi diéu
3-411

2
Cich 4. Nhdn biéu thire lién hop.

o (7 —6x-])—(3x2 [ +6x+1)=0
o (72 —6x—l)—x(3x—\/2x2 +6x+1)==0

C>(7x2—6x—1)-x. Tx’ —6x-1 =0

3x+V2x* +6x+1

& (7% —6x-1)1- al }:0
(x * ){ 3x+42x" +6x+1

Tx* —6x—-1=0
<~ X

1- =0
3x+v2x? +6x+1

kién ta dugc nghiém x=1; x =
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BAI TOAN 64 (IMO, 1981). Cho P la diém nam
trong tam giac ABC va D, E, F theo thir tir la hinh
chiéu vuéng goc cua P trén BC, CA, AB. Tim tat

cd cdc diém P sao cho ong D PE  PF
nhat.
Loi  giai. Ki hiéu

AB=c¢,BC=a,CA=b
va PF=x, PE=y,
PD =z Do P nam trong
tam giac ABC nén 5"

=805 +Sppc +Spy > ex+by+az =28 ;. (¥).
AB b
pat f(P)=2C, A 4B _a b c
PD PE PF z y «x

SABC

Taco: f(P)2S ,c = (g +§ + —E}(cx +by+az)

=a2+bz+c2+cb[z+£]+ac(i+ij+ab Y2
x y z x z y

Dox,y,z duong nén theo BDT Cauchy, ta co:

Z Zi 2 _+ >2
X v

+Zi>2 }P.—=2. Do do:
z ¥ zy

F(P)28 ye 2a* +b° +* +2¢ch+2ac+2ap = (a+b+c)?

['=

(a+b+c)
o FeryiEtoda
2SAEC
BC CA 4p 2
Vay min f(P)=min +—=,. A5 (a+b+c
y min /(7) =min 70 7o o |- el

ABC
& x=y=z< Platim dudng trgp n6i tiép tam

giac ABC.

TOﬁN HOC

46 *cTusitre _SSsasa-20ny,

Nhin xét. 1) C6 thé giai bai nay theo hudng: Tim

cye tiéu ctia ham ba bién: Sxy,2)=2 +é +£

zZ y x
Ta gioi han vi tri cia didm P
trén doan MN song song véi
canh BC thi cac gia tri az va

a n 2. v & v a2
— khéng d6i v&i moi didm M, A ——
z 0

P trén doan nay. Bai toan 2 K e
dua v& tim cuc tidu cia ham hai bidn:
. b ¢ ;

JlE ) -; + P Nhung hai bién x, y nay lai lién hé

voi nhau bdi didu kién (*) c6 dang cx + by = D véi
D = 28,pc — az khéng ddi nén bai toan dua vé tim

2
cuc tri cia ham f(x) =£+—b—=£+ &

X ¥y x D-cx

ham nay ta suy ra f' min khi x = y hay P = P, 14 gjao
cua MN va dudng phéan giac AK cia goc 4. Lap luin
twong tu ta suy ra diém P cin tim chinh 13 tdm
dudng tron ndi tiép tam gidc ABC.

.Khao sat

2) Céc ban tham gia giai bai nay déu c6 151 giai ding
va 1am nhu céch 1. Céc ban c¢6 10 giai ngin gon la:
Hung Yén: Trdn Vin Qudn, 12 Toan 1, THPT
chuyén Hung Yén; Phi Tho: P Ngoc Tién, 9A3,
THCS Lam Thao, H. Lim Thao; Thira Thién Hué:
Tran Thi Thanh Thir, Nguyén Véan Huy, 11T1, Phan
Thi Minh Chdu, Lé Thi Thanh Tam, Lé Ngoc Cuong,
Nguyén Hiwrong Thiiy, 11T2, THPT chuyén Qudc hoc
Hué; Binh Pinh: Nguyén Hing Cuong, xi Nhon
My, TX. Anh Nhon; Quang Ngii: Truwong Quang
An, xi Nghia Thing, H. Tir Nghia. Xin hoan nghénh
cac ban.

NHU HOANG

Sau day la bai tap dé nghi. Ban doc hay gui 1
giai vé Toa soan TH&TT truéc ngay 28.2.2022.

BAI TAP PE NGHI
BAI TOAN 66. Gid s f(n) la ham s6 xdc dinh
trén tip hop s6 tw nhién va lay gid tri trong tdp
hop do. Chung minh rang néu voi moi n ma ¢o bat
dang thire fin + 1) > ff(n)) thi véi moi n sé 6
dding thire fln) = n.
KHANH HUU (Ha Ngi)
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GIAI DAP:
(Dé déing trén T:H& TT 55 530, thing 8 nim 2021)
Phin tich sai lam. 1&i giaj o4 gy, sot khi xét
truong hop 77 1do 46 1am thidu gis 1 e aé
bé co nghiém duy nhit. He c6 nghier duy nhit
khi (2) c6 nghiém kép x -] hodc (2) ¢6 hai
nghiém phin biét trong dg ¢4 mot nghiém

x=-1.

Loi gidi dung truong hop m#1 nhw sau:

Véi m#1, phuong trinh (2) 12 phwong trinh béc
hai. HE c6 nghi¢ém duy nhat khi (2) c6 nghiém kép
x#=1 hodc (2) c6 hai nghiém phén biét trong d6

c6 mét nghiém x =—1. Diéu d6 xay ra khi

[(A=—4m?>+5=0

meEY
~-1#£-2 mziig-
=1 7 =4 2 -
—_\/g <m <—-£ m=-1
2 2
Vdy hé c6 nghiém duy nhit  khi

m=tl;m=i—5—.
2

Nhin xé, Ban Trdn Thi Thanh Thu, 11T1, THPT
chuyén Quéc hoc Hué, Thira Thién Hué da phat hién
dirge sai lim va dua ra 10i giai ding. Xin hoan nghénh

ban,
KIHIVI

PHUONG AN CHON CO
PUNG KHONG?

Trong d& kiém tra giita ky I c6 cau hoi trac
nghiém sau:

Téng S cdc nghiém phuong trinh

2cos3x(2cos2x +1)=1 trén dogn [-4n;6x] I

A. 6lr B. 557x C. 50r D. 567.
Mpt hoc sinh da chon dap dn A va gidi nhw sau:
Xét sinx=0<x=mr (meZ) thay vio

phwong trinh thiy khong thoa mén.
Xet sinx # 0 < x # mn. Khi d6

2cos3x(2cos2x+1) =1
<> 2[cos5x +cosx]+2cos3x =1

< 2sinxcosSx+2sinxcos3x +2sinxcosx =sinx
¢:>(sin6x—sin4x) +(sin4x—sin2x) +sin2x=sinx
& sinbx=sinx

k2x
R
k .
5 1og 1<)
7" 7

Véi x e[-47;67], khi do:
k
—47:5——_?—”S67r®—105k£15;

12 =
4r<Z 2T e T2 g
7 7 2

2
=-14<7<20.
Do d6 tong nghiém:

3 an'J 2 2

S= (—— + LR 61
k;o 5 f;a( 7 7 "

Chon A.

Theo ban chon phicong dn A di dung chuwa?

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén, Hung Yén)

P TOAN HOC
S3 spthemio | h mrustgstdalg






