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BE GIA1 P

TRUNG HOC CO SO\

o ,
SU DUKG PRUTHG PHAP HENG SO BIEN T! N

"\\

I f\'

HUCNG TRINH BA THUC

S S -

VA PHUCNG TRINH VO TY

)
TRINH PHONG QUANG
(G¥ THCS Phii Lgc, Nho Quan, Ninh Binh_y

Trong qua trinh giai toan vé phuong trinh (PT) da
thirc bac cao hodc PT vo ti, tuy thudc dac thu cua
bai toan ma ta c6 thé trao ddi vai trd cta an voi hé
s6 hodc v&i tham sb roi chi dung kién thirc giai
phuong trinh bic hai ta s& giai quyét dugc nhiing
bai toan mdt cach dé dang, mic du nhimg bai toan
ndy c6 nhimg cach giai khac phai dung kién thic
cao hon. Sau day la cac thi du minh hoa cho
phuong phap.

Thi du 1. Giai phirong trinh
X =8x* +x+12=0 (1).

Léi gigi. PT(1) < 4 —=(2x* + D)4+ x* +x=0 (2).
Coi (2) 1a PT béc hai véi 4n 12 4. Ta co:

A=2x +1F —4(x* +x)=4x* —dx+1=(2x-1)".
4=2x2+1—2x+1
PT c6 hai nghiém: %
2x* +1+2x-1
="
2
113
xz-x—3=0:> =
= 5
xX+x-4=0 _—-1_-!:\[1_7
2

Vay PT da cho c6 tap nghié¢m la:

Sz{—l—\/ﬁ'_-lhﬁ?_l—\/ﬁ_lh/ﬁ}
=y .

2 2 7 2
Thi du 2. Giai phuong trinh
x'—22x* —x-110=0 (1)
Léi gidgi. Taco: (1) & x* —22x° —x+11" -11=0
112 -2 +1).11+x" —x=0 (2).
PT(2) 1a PT bac hai véi 4n 12 11. Ta co:

A=(2x +1) —4(x* —x) =4x" +4x+1=2x+1)"

Khi d6 PT c6 hai nghiém:
|2 e 24 ool
- 2 ¥ +x-10=0 2
& = :
“_2x2+1—2x—1 x*-x-11=0 x_li?)\/g
- 2 T2

Vay PT di cho c6 tap nghiém la:

S:{~1—Ji_1_—1+\/zﬁ_1—3\/§.1+3\/5}
2 .

g " 2 7 2z
Thi du 3 (Trich dé thi PH Céng Doan 1996).
Gidi phuong trinh  x=5-(5-x*)" (1).
Lgi gidi. Ta co:
() o x=5-(5 -10x" +x)
2 +D.S5+x* +x=0(2).
Coi (2) 1a PT bac hai c6 4n 14 5, ta c6:
A=(2x" +1)? -4(x* +x) =4x* —4x+1
=(2x-1)".
PT(2) c6 hai nghiém:
—5=2x1+1—2x+1 )
2 x'-x-4=0
2x* +1+2x-1 @L’ +x-5=0

°= 2

PREN
2
—1+421
2
Vay PT di cho c6 tap nghiém la:

—\/ﬁ_l+\/ﬁ_-1—\/ﬁ_—1+\/2_1}

o5

S=]

2 2 7 2 2
Thi du 4. Giai phuong trinh
x+32-3x)Y=2 (1.

TOAN
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Lot gidgi. PT(1) < x+3.2* =36x° + 27x" =2
<322 —(18x* +1)2+27x +x=0 (2).
Coi (2) 1a PT béc hai c6 4n 1a 2, ta c6:
A=(18x" +1)* -4.3.(27x* +x)
=36x> —12x+1
=(6x—-1)°.
PT(2) c6 hai nghiém:

_2_18x2+1+6x—1
B 6 3x° +x-2=0
2 = 2
2_18x +1-6x+1 9% -3x-5=0
6
x=—1;x=—§-
= . Vay PT da cho co6 tdp nghiém
e T e
N 6
. 1-V21 1+V21 . 2
la: §= 2 =1 =5,
6 6 3

Thi du 5. Giai phicong trin
x* =7 +/6 =0 (1.
Loi gidi. Dat a =+/6 . Khi d6 PT(1) tr& thanh:

X —(a* +Dx*+a=0
S-a'x +a+xt-x*=0
o xXa-a-x*+x'=0 (2)
Do x = 0 khéng 1a nghiém cua (1) nén coi (2) la
PT bac hai cé 4n 1a a, ta co:
A=(=1) —4x*(=x* + x*)

=4x" —4x* +1

=(2x* - l)j.
PT(2) c6 hai nghiém:
4
2 = 1+2x" -1 5. xz
2x* i
4 l-x
1-2x" +1 g=—
2x

x=i§/_6-
x=i-\/z
~

o _ I
Xt raxt-1=0 Y=+ M
2
TOAN HOC .
2 ¢ CTudi t':é S6 534(12-2021)

PT da cho co tap nghiém la:

" zm—ﬁ_\/m
S={x={‘/—6‘;x="‘46;" 2 ’ —T _

<ét. T (2) bang phuong phap phan tich g,

Nhin

r 2 4 2 _
thirc thanh nhan tu ta €0 (x> —a)(x' +ax’ —1)=

tir do ta tim dugc cac nghiém nhu trén.
Thi du 6. Giai phuong trinh

106 —20m—11)x* +2(5m+6)x+2m+m’ =0 (1)
trong do m la tham s6, m>—0.
Loi gidi. PT(1) duoc viét lai dudi dang:
m? = 2(x* =5x=Dm+x* ~10x° +22x% +12x=0 (2)
Ta coi PT(2) 1a PT bic hai c6 4n 1a m, ta cé:

A =(x* —Sx—1)* — (x* =10%° +22x* +12x)

=(x-1)"
PT(2) c6 hai nghiém la:
m=x*-6x ¥ —6x—-m=0 (3)
2 @ i) ®
m=x" —-4x-2 X —4x-2-m=0 4)

Giai PT(3) ta dugc nghiém:

X =3+V9+m 5 Xy =3-Vo+m.
Giai PT(4) ta dugc nghiém:

X, =2+/6+m P J, gp—
Vay PT(1) ¢6 4 nghiém:

=3+ m § X =3—m;

X =2+\/rm;x4 =2-J6+m.
Thidu 7. Gigi Phuong trinh

X +x+12dx+1 =36 (1).
Lot gidi. DK: x> -1, 1 d6:
D6 -2/x 1165 _x_¢ (2).

Coi PT(2) 13 PT b g €6 an 14 6, ta co:

A’=(\/Jc+1)2 =(~x*-x)
=X +2x 41
=(x+1)2,
PT(2) ¢4 haj nghigm:

6=vx+1 N,
{ X+ +x+1<:>{ X+1l=5-x (3).

6=
T+1-x_1 \/X\H=7+x )

https://tieulun.hopto.org



Giai PT(3):

5-x20
WX+ =5—x<::>{

x+1=25-10x+x*

x<5
x<5
= el B 3ED F =3
x—1lx+24=0
x=8
(thoa man DK).
Giai PT(4):

T+x20
Nx+ =7+x<:>{ x

x+1=49+14x +x*

B . "
o4, : vO nghiém.
x +13x+48=0

Viy PT da cho c6 tap nghiém 1a: S={3}.

Thi du 8. Giai phirong trinh 124x+1+9=x" (1),

Léi giai. DK: x>-1.Ta co:
(1) &3 +4/x+13-x" =0 (2).
Ta coi PT(2) 1a PT bac hai c6 4n 13 3, ta co:
2
A’:4(\/x+1) +xt=x'+4x+4
=(x+2)".
PT(2) c6 hai nghiém:
3=—2\,/)c+1+x+2<:> 2Nx+1=x-1 (3)
3= 2Jxtl-x-2 |2x+l=—x-5 (4)
o — x-120
Giai PT (3): 2Vx+l=x-1&
dx+4=1-2x+x

x=21

x21 -
&9, =3 X=3+2\/§:>X=3+2\/§
x=6x-3=0
x:3—2\/§
(thoa man DK).
-x=520

Giai PT (4): 2Vx+l=—x-5& ,
dx+4=x"+10x+25

X5—5 ) o
=2 : vO nghiém.
x +6x+21=0

Vay PT da cho c6 tap nghiém 1a: S = {3 +243 }

Thi du 9. Giai phwong trinh X 4x+3=3(1).
Loi giai. PK: x>-3. Ta c6:
() e Jx+3=3-x
3-x"20
< 242
x+3=03-x°)
~J3<x<A3
e 2 4
x+3=3"-23x"+x
—ﬁSxS\B
= 4
P22 +D)3+x"—x=0 (2)

Ta coi PT(2) 1a PT béc hai c6 4n 1a 3, ta co:
A=(2x2 +1)2 — 4(x" —x)=4x" +4x+1

=(2x+1)".
PT(2) co hai nghiém:
2x* +14+2x+1
3= > L+x-2=0 (3)
= " .
g2 #1-2x—1 |2 ~x-3=0 (4)
2
s
Giai PTG3): ¥* +x—2=0 @[x .
x=-2
r_1—\/5
Gidi PT(@): ¥* —x-3=0 <> &
1C_lJr\/B
S B

Dbi chiéu véi DK ta duge tdp nghiém cua PT da

cho 1é:S={1_;/E ;1}.

Thi du 10. Giai plhirong trinh x+\/3+\j§ =3 (1).
Loi gidgi. PK: x>0, Khi dé:

e V3+x=3-x

0<x<3
@{H\D(a—xf

{OSx£3
o
3+\/;=9—6x+x2

{0953
<~ 5 .
P —2x+1)3+x2—Jx=0 (2)

iy TOAN HOC
S S92 £y Tl Srg



Ta coi PT(2) 1a PT béc hai c6 4n 14 3, ta cé:
=(2x+1)" —4( -Jx)
=4x+4Vx +1
=(2vx +1)%.

Khi @6 PT(2) c6 nghiém:

2x+1+2\/;+1
3=
> @{H\/}-z:o 3)

3 2x+1-2Jx -1 ~Jx-3=0 (4
2

Giai PT(3): x+J§—2=o©[‘/; =

Jx =-2 (loai)
= x=1 (théa mian PK: 0<x<3).
Giai PT(4):
J;:1+Jﬁ
x—x-3=0c Z
&:1‘;/13 (loai)
=Jx= “‘/_ x=7+2\/E (loai).

Vay PT da cho c6 tap nghiém 1a: § = {1}.
Thi du 11. Giai phwong trinh
720x' +8\1-x* =36 (1).
Loi giai. PK: —1<x<1.
Pat r=v1-x*,0<¢<1. PT(1) tr& thanh:
729(1-1%)* + 81 =36

& 729 1458 + 729¢* + 8 =36
<9.9° -4.9-1458:> +729¢° + 8t =0

9.9 -2(2+81).9+ 729" +8=0 (2).

Ta coi PT(2) 1a PT bac hai c6 4n 1a 9, ta co:
A'=(2+81)* =9(729¢* +8r)
=4+324r" + 6561t* —6561¢* —72;
=324 -T2t + 4
=4(81£2 18t +1)
= 4(9 -1).
Khi d6 PT(2) ¢6 nghiém:

TOAN HOC
4 N CTusitre S3 534(12-2021)

24817 +2(9t-1)
e

2 +81 —2(9-1)
B

912 +2t-9=0 (3)
Q{gnz _18t-77=0(4)

Giai PT(3) ta co:
2 —-0=0&
o9t* +2t-9 _—1+\/8_2
T 9
B -1+ J8_2
= z y
Vi e +9\/§£ suy ra:

1—x" =_—1+9ﬂ < x = +%\/—2+2\/ﬁ.

Giai PT(4) ta co:

I =

(loai)

1-J78
9

B1#* ~181—77 = O

r_l-l-\;%

(loai)
Viay PT di cho co tap nghiém la:

1
S={§\/-z+2x/ET ;——; —2+2\/§}.

BAITAP Ap DUNG
Giai cac phuong trinh say:
s x4+ 2x0 4842 -16=0

. x4—10x2-x+20=0
. x=4__(4___x2)2

1
2
3
4. x* 4 X+5=5
5
6
7

https://tieulun.hopto.org



HUONG DAN GIAI PE THI TUYEN SINH VAO LOP 10 TRUONG
THPT CHUYEN, BPHSP HA NOI, NAM HOQC 2021 - 2022

VONG 1

Bai 1. Cho
b—a
P=
[JB—JE
(a20,620,a#b).
a) Rut gon P.
b) Chirng minh rang P>0.

Léi gidi. 2) Didu kién: a>0,5>0,a#b.

a\/;—b\/z}(\/z-\/af—@a
a-b ) Ja+/b

P:[ b-a___(Ja) () ] Ja+b
oo (Ja—6)(Ja+4b) ) a+b—ate
Vab(b-Va)  Ja+b _ b

" Wat B e —a) a+b—fab athsab
b) a+b-ab=(Va-Vb) +

a, b thoa man diéu kién, do d6 P> 0.

ab >0 vdi moi

Bai 2. a) Chung minh rang voi moi gia tri cua

m, it nhat mot trong hai phwong trinh sau c6

nghiem:  x*—(2m+1)x+m?+3=0;
x2—mx+4m—11=0.
b) Mot tim bién

quan cdo c¢o6 dang
hinh tron tam O, ban
kinh bang 1,6m. Gia
s hinh chit nhat
ABCD | ;
dwong tron tim O ban kinh 16m sao cho

BOC=45° (hinh vé). Nguoi ta can son mau

toan bg tam bién quang cdo va chi son mét mat

noi

tiép

nhu & hinh trén. Biét mirc chi phi som phin hinh
t6 ddm la 150 nghin dong /m” va phan con lai la
200 nghin dong/m> Hoi sé tién (lam tron dén
don vi nghin dong) dé son toan bé bién quang
cdo bang bao nhiéu? Cho 1t = 3,14,

Loi gidgi. a) Goi x> —(2m+1D)x+m* +3=0(1);

x—mx+4m—-11=0 (2).
Tacé A =4m—11.
Néu4m — 11 >0 thi PT (1) c6 nghiém.
Néu 4m — 11 < 0 thi tich a.c cua PT(2) trai dau,
nén PT(2) c6 nghiém.
Vay it nhit mot trong hai phuong trinh (1) va (2)
c6 nghiém.
b) Dién tich hai hinh vién phén khoéng t6 dam

bang 2 [’TRZ —l £ J

22
1£R2

Dién tich phan t6 dam bing 7R* — 25

Chi phi phan t6 d4m bang
2
I:yrRz —2.[”R 1 £ R H.lsoooo.
8 2
Chi phi son phin khéng t6 dam bing
2
2.[”R .k, £ R
8§ 2
1,6 m, ta ¢6 sb tién lam tron bing
1216000 (ddng).

J 200000 .

Thay R =
1.215730 ~

Bi 3. Cho ba diém A, B, C ¢é dinh sao cho A,
B, C théing hang, B nam giita A va C. Goi (d) la
dromg thing di qua C va vuéng géc véi AB. Lay
diém M tiuy y trén (d). Duong thd:ng di qua B va
vuéng goéc voi AM cat céc duong thang AM, (d)
lan luot tai I, N. Buong thcfng MB cdt AN tai K.

a) Chitng minh rang nir gide MIKN néi tiép.

b) Chitng minh CM.CN = AC.BC.

¢) Goi O la tam cua dwong tron ngoai tiép tam
giac ABM. Vé hinh binh hanh MBNE. Goi H la
trung diém cua dogn thang BE. Chirng minh
rang OH vuong goc véi dwong thang (d) va

oH=L438
>

s6 shttpaitic enie0 519




Loi gidi.
M
4 x T
H
0
E
N

a) D& thly B 1i truc tim tam gidc AMN nén
MIN = MKN =90°, vay tir gitc MIKN ndi tiép.
b) AMBC v AANC (g.g), suy ra:

CM C4
—=—=CMCN=
CB CN

¢) Vi MBNE la hinh binh hanh va H 1a trung diém
cua BE nén H 14 trung diém cua MN,
Suy ra OH | MN (duong kinh - day cung)

CA.CB.

Tir gia thiét suy ra AME = ANE =90° , nén AE Ia
dudng kinh dudng tron (AMN). Suy ra O la trung
diém cua AE, nén OH la dudng trung binh ciia tam

1
gidc ABE, dodo OH =~ AB.

Bai 4. a) Giai hé phirong trinh:
j,rf +y? —4x=57

lix-1p2 +|x-2p200=1

b) Cho a vd b la hai 56 hitu 1i. Chieng min néy
]

aﬁ+h\/§ ciing ld <6 hitu ti thi a=b=0,
2 2020 = *

Lo gidi. a) [x=1" +Hx=2"" =1 (%

Néu x < 1 thi ¢ — 21, tir 46 suy ra VT(¥) > |

(loai).

Néu x > 2 thi [

(loai).

Néu 1 <x<2thi - 1<, k=2 <1, taco:
VT(*) < = 1|+ pr—2|=x—1+2—x=1(loai).

Dé thdyx =1 hoacx=21la nghiém cua (*).

— 1]>1, tir d6 suy ra VT(*) > |

e V&ix =1, gidi dugc y=i\f6_0.

e VGix =2, giai dugc y =+/61.

Viy hé phwong trinh dad cho c6 cac nghiém (x, y)
1a (1,v60),(1,—v/60), (2,v/61),(2,~61).

b) Gia st av2 + b3 #0. Ta co:

2a°
a\/_ b\/_ —‘m

( \/—+b\/_) (aﬁ—b«,@)el@

2

cQ.

Do d6 a\/_

Vi V2¢Q=a=0, tirdé suyrab =0, tréi gi st

Vay a2 +bJ3 =0.
Néu a#0 thi j:\/%e@ vo 1.
(7]

Viya=5b=0.

VONG 2

Bai l. Cho a=

1+\/§
g

a) Tim mgt da thic bdc hai Q(x) voi hé so

nguyén sao cho ala nghiem cua Q(x).
b) Cho da thire P(x)=x%—x*—x+1.

Tinh gia tri cua P(Q).

6 T?g’l\_' u:gce S3 534 (12-2021)

Loi gidi. 2) Ta ¢ 20— 1) = 5 e 2 — g — | = 0.
Vay o 14 nghiém cua da thire Ox)=x-x-1.
b) Ta ¢6 P(x) = Q(x)(x* + x + 1)+ (x + 2).

5+\/§

Suyra Po)=o +2 =

Bai
i 2. Cho 4, B I hai diém c6 dinh nam tén
dunng tron tim O, han kinh R. Gia su C la diém

€6 dinh trén tia doi cua tig BA. Mt car tuy on thay

https://tieulun.hopto.org



doi qua C cat duong tron (O) tai D va E (D nam
giira C, E). Cdc duong tron ngoai tiép cdc tam
gidc BCD va ACE cat nhau tai giao diém thir hai
M. Biét rdng bon diém O, B, M, E tao thanh tur
gidc OBME. Chimg minh rang

a) Tir giac OBME ndi tiép.

by CD.CE=CO?*-R?.

¢) M luon di chuyén trén mét duong tron 6 dinh.

Loi giai.

a) Céc tir gidc ACME, ABDE, BCMD ndi tiép nén

EMC =180°— EAC , BMC = BDC = EAC.

Suy ra M=M—W=ISO°—2@ (D

Ma EOB=2BAE (2), Tir (1), (2) suy ra ti gidc

OBME nbi tiép.

b) Ké tiép tuyén CK ctia dudmg tron (4BE) (K 14 tiép

diém). D& chimg minh ACKD ¢> ACEK. Tir d6 suy

1a CD.CE=CK*=CO*-R’.

¢) Céc tix gidc BOEM, ABDE, BCMD ndi tiep ta
— BOE —

c6: OMB = OEB =90° —-—2— ~90° - BAE

=90°— BDC =90°— BMC .

Tu &6 suy ra OMC =90°. Suy ra M thudc duong
tron dudng kinh OC cb dinh.

Bai 3. Tim tat ca cdac so nguyén duong N sao
cho N co thé biéu dien mét cach duy nhat o

x2

dang voi x, y la hai so nguyén dwong.

xy+1
Léi gidi. » V6iN=1. Chonx =1, y 14 s6 nguyén
duong tlty ¥, nén c6 vo sb cach biéu dién (loai).

2
+
e V6i N> L. Gid sit —2=
xy +1

(1) véi x, y

nguyén duong. Ta co:
(1) & x> = (Ny).x + (y—N)=0.
PT 4n x trén ¢6 nghiém nguyén nén

A=(Ny} -4y +4N=F, keN (¥).
Tacéd: k2 —(Ny—2) =(N-1D(4y+4)>0;
(Ny+2)" —k* =4N(y - 1)+ (4y +4)> 0.
Suyra k= Ny £l hodc k= Ny.
Néu k = Ny +1, thay vao (*) ta co:
4(N - y)=+2Ny +1. Diéunay vé ly.
Vay k= Ny. Thay vao (*) suy ra:
y=N,x=y2=N2.
Tom lai, N> 1.
Bai 4. Cho a, b, ¢ la ba s6 nguyén duong sao
cho méi s6 trong ba sé dé déu biéu dién dwoc o
dang lity thira ciia 2 voi s6 mii tw nhién.
Biét rc%ng phwong  trinh  bdc  hai
ax?>—bx+c=0 (1) ¢6 ca hai nghiém déu la sé
nguyvén. Chimg minh rang hai nghiém cua
phuong trinh (1) bﬁrrg nhau.
Léi gigi. Goi x), x; 14 hai nghiém cua phuong trinh

ax’ —bx+c=0(1). Ta co:

b c
X +x,=——¢€Z, xle:ZeZ.

https://tieulun.hopto.org"



; _ , \ EN BAC NINH
DE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUY

NAM HQC 2021-2022 ;
(Thoi gian lam bai: 150 phiit; Danh cho thi sinh thi chuyén 10

Cau 1 (2,5 diém). Cho biéu thirc

X+2 Jx 1 ],\/}—1_

T2

P= + +
[xJI—l x+Vx+1 1-x
a) Rut gon biéu thirc P,

b) Tinh gia tri cua biéu thicc P voi

_ \/—[ 3+ \E 3- \/5
x=+/2 + ;
V243445 V2-\3_5
c) Tim tat ca céc gia tri cua x dé P nhan gié tri
nguyeén.
Cau 2 (2,0 diém).
a) Giai phuong trinh

6x” +10x—92 +/(x + 70)(2x* + 4x+16) = 0.
b) Giai hé phuong trinh

72 -y +3x—-12y+ 7 =3x? —6y?
{ﬁ+m =x"+y' —4x-2y
Cau 3 (1,5 diém).
a) Tim tat ca cac cap s6 nguyén (x;y) thoa man
x(1+x+x*)=4y(y-1).

b) Tim tat ca cic s6 nguyén duong 7 c6 tinh chit

vOi mdi s6 nguyén duong 1é @ ma a® <7 thi n chia

hét cho a.

***********#*********#************************

&

Suy ra a la udc cua ca b va c. Vi ‘vz,iy chia ca hai
vé PT(1) cho a dwa phuong trinh vé dang:
X' —px+q=0 (2),
trong d6 p=2", g=2"(mneN).
Suyra x;x;=¢g=2".Dodéx, =2 teN.
Tacd: 2% -2"*"+2'=0 (3).
Gian wéc (3) cho sb hang véi lity thira bé nhét, ta
dugc ding thic dang A - B+ C=0, trong d6 it

S6 534(12-2021)
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4n va chuyén Tin hoc)

Cau 4 (3,5 diém). Cho tam giac AB(,inhon va cb
dinh, ngi tiép dudng tron tam 0. biém P thay
dé)i trén' cung nho AB cua duong tron (0), p
khong trung véi A va B. f)u‘('mg théng quaw P
vuéng goc voi OA va cat cac duc‘mg thang
AB, AC theo thu tu tai O, R. Puong thang qua
P vudng goc voi OB va cit cic dudng thing
AB, BC theo thir tu tai S, 7.
a) Chirng minh tam giac PQOS la tam giac cén.
b) Gia si tam gidc ABC can tai C. Goi giao
diém cua hai duong thang 4B va PC 1a M,
Chimg minh hai tam gidc CPA, CAM ddng dang
va khi P thay d6i trén cung nho AB thi ti sb
PC
PA+ PB ’
c) Tim vi tri diém P trén cung nho 4B dé tich
OR.ST dat gia tri 16n nhét.
Cau5 (0,5 diém). Cho céc sé thuc duong a, b, c.
Chimg minh ring
2ab 2 __ib_c_ .\ __3':2—_
3a+8b+6¢c 3b+6¢c+4g 9¢c+4a +4b
ca+ 2b+ 3c.
9
NGUYEN VAN XA

/
(GV THPT Yén Phong s6°2, Bic Ninh) Gigi thiéu
AR A A K o ok ok ook S KK o

c6 gia tri khong dbi.

nhét mét trong ba sé hang bfmg L

Néu ¢o ding mot sé han

gbing 1thi 4— B+ Clq,
vo 1y,

chia hét cho 2. Déthiy 4=C=1 g=»

Vay n=2¢ tir ¢ acoxy=2'=y,.

NGUYEN THANH HONG
(GV THPT chuyén DHSP Ha Noi)
Gidi thigu

https://tieulun.hopto.org
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pE Tist 56 NGHIEM CUA PHUONG TRIKH HEM AN

TRAN VAN PUC »
(GV THPT Cdm Binh, Cém Xuyén, ﬂd Ifﬁh)

Khai thac céc chu d& lién quan dén dd thi rat phu
hop véi hinh thire thi trdc nghiém nhim phat trién
tu duy cua hgc sinh. C6 rit nhiéu ky thuat dé glal
cac bai toan phucmg trinh nhung ky thuat dung a6
thi d& tim s nghiém cua phuong trinh ham an 1a
mot trong nhing k¥ thuat hay va ngén gon.

D6i voi nhimg bai toan tim s& nghiém phuong
trinh ham 4n lién quan dd thi thi néi chung hoc
sinh khéng giai ngay dugc bing dugc bang cich
sir dung may tinh bo tui ma cac em phai ndm duoc
phuong phap giai dang todn ndy thi moi giai quyét
duoc bai toan. Thong qua cac thi du cu thé, bai
viét nay s& giup hoc sinh nam dugc phuong phap
dung d6 thi dé tim s6 nghiém cua phuong trinh
ham 4n.

Ciu 1 (D% thi chinh thic THPT Quéc Gia
2021). Cho ham s6 bdc ba y = f{x) co dé thi la

eong cong trong hinh duwdi.

Y4

S6 nghiém thyc phan bi¢t cud phuong  trinh

f(f(x)=1la
A.9 B.7 .3 D. 6.
Léi gidi. Tir do thi ta co:
f(x)=0
F(f()=1e| 7(x)=a (a<-1)

f(x)=b (1<b<2)

PT f(x) =0 c6 3 nghi¢ém phan biét.
PT f(x)=a co 1 nghié¢m.
PT f(x)=b c6 3 nghi¢m phan biét.

Do c4c nghiém trén ddi mot khac nhau nén PT
7(f(x))=1 c6 7 nghi¢m phan biét. Chon B.

Cich 2. Ding bang bién thién
Pt t=f(x) lic do ta co bang bién thién cua
ham sé y=f(t) véi a>3.

[ x [ -1 1 +o0_|
t=f (x)_i:oo -1 1 3 1 -1 1 oo
;
y=1 71\ 71\ 7'\y 171
%/ N / \x / \z /

Dua vao bang bién thién ta thdy PT f( f(x)) =
c6 7 nghiém thuc phén biét.

Nhdn xét. Day 12 bai toan ham n doi hoi hoc sinh
biét van dung kién thirc d6 thi dé tim sy twong giao
cua hai d6 thi va tir 46 suy ra s6 nghiém cua phuong
trinh. Qua bai toan trén ta c6 thé khai quat cac budc
gidi bai toan: “Cho dd thi ham s6 y = f(x). Tim s6
nghiém cua phwong trinh f (u)= g(m)” nhu sau:
Budc I: Bién dbi dua phuong trinh vé dang

f(u)=g(m).

TOAN HOC
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Budce 2: Dua vao d6 thi ham sé dé xét su twong giao
y=f(u) va y=g(m), gia s ching cat nhau tai
cac diém c6 hoanh do x,;x,;x,...

Buge 3: Xét su twong giao cua d6 thi ham sb y =u
VA y=x,y=x,,y=x,... dékét luan yéu ciu cua
bai toan.

Sau day 1a cac bai toan phat trién tir bai toan trén.
Cau 2 Cho
f(x)=ax’+bx* +ex+d
deR vq
a#0 c6 do thi nhir hinh

ham SO

bdac ba

Moy

voi a, b, c,

vé. Hoi phuong

l
trinh / -
f(f(-\'))‘—‘l co bao nhiéu “
nghiém?
A.5

 ~O
_
<
(V5]
H‘

B.6 C.7
Léi gigi. Dua vao db thi ta co:
f(x)=m, m e(-1;0)
f(f(x)):l@ f(x):mz, mze(O;l)
f(x)=my, mye(2;+0)
PT f(x)=m,, m, e(-10) 1

D. 9.

Ly L
c6 3 nghiém phén biét. \ [
PT f(x)=mz,mze(0;l) / W \ .

o\ 3 3%
1
2

NIV

¢6 3 nghiém phan biét. [
PT  f(x)=my,m e(2;+%)

¢6 1 nghiém duy nhat.

Do cac nghiém trén d6i mot khac nhau nén

phuong trinh f( f(x))=1 cé 7 nghiém. Chon C,

Cau 3. Cho ham 56 béic ba

f(xX)=ax’ +bX" +cx+d

(a,b,c,d eR va a#0) co
do thi nhie hinh vé. Hoi

phuong trinh

S@2-f(x)=0
c6 bao nhiéu nghiém?
A.5 B.6 C.7 D.9.

L&i gidgi. Theo d6 thi ta cé:

TOAN HOC
10 " enusige
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= f(2-f
d 2—-f(x)=c
f(x)=2-2 O
o|f(x)=2-6 @
r(x)=2-¢ ©
Nghiém cua cac PT (1), (2), (3) lan h‘ro*t 1a hoan
do -giao diém cua cac dl:l'O’ng thing
' 2 a'y—2—-b'y=2—c voi d6 thi ham s
y=2-a,y=2-5;
f(x).
y4
41
1
3]
|
\ It A
VLl N2 X
-2 O 1 L
a1
_3J

e (_2;_1) =2-ge (3;4), suy ra phuong trinh
(1) c6 dung 1 nghiém.

be(0;)=>2-p¢ (,2), suy ra phwong trinh (2)
c6 dung 1 nghiém.

ce(l;2)=>2—¢ce (0;1), suy ra phuong trinh (3)
06‘3 nghiém phan biét.

Két lugn: Co tit ca 5 nghiém phan biét. Chon A.
Cau 4, Cho
F(x)=ax® + by 4 x+d

Vol abe.de R g K

a0 ¢ g5 thi nhie hinp
vé. Hoi

ham $6

bé(‘ ba

Phuong trinh

S =0 o bao

nhié : 5

b,-é,f_: nghiém thiee phén
A5 B. 6 C.7

https://tieulun.hopto.org



Dua vao db thi ta co: PT f(x)=0 c6 2 nghiém Cau 6. Cho ham so bic ba

phan biét (1 nghiém don, 1 nghiém kép). PT
f(x)=3 co ba nghiém phan biét. Vay phuong

trinh £ (f(x))=0 c6 5 nghiém phan biét. Chon A.

Caus. Cho

)‘:./'(-") lien tuc trén

ham 5o Y,

R va co do thi nhir hinh

ve. S6 nghiém thuc phdn

biét cua phiwong trinh
f(2+/‘(e‘)) =] la

Al B.2
Loi gidi. Ta co:

r(2+f(e)=1 i

fle)=a-2, (a-2>0)

» Xét phuong trinh f(e") =-3

=S x=0.

e =1
=
e* =b,b<—1 (vonghiém)
« Xét phuong trinh f(e')=a-2>0.
-THI: O<a-2<1&2<a<3. Khi do:

e"=b,b <-1 (vonghiém)
f(e")=a—2<:> e =b,,—1<b, <0 (vonghiém)
e =b, by>2
< x=Inb,. Vay PT chi c6 2 nghiém 1a x=0 va
x=1Inb,.
-TH2: a-2=1<>a=3. Khi d¢:
f(e‘)=1<:> e’ =-1 () ey =1nb, .
e"=b, b >2

Vay PT chi ¢6 2 nghiém 1a x=0 va x=Inb,.

-TH3: a-2>1<>a>3. Khi dé:
fe)=a-2e e =b, o x=Inb véi b, >2.

Viéy PT chi c6 2 nghiém 1a x=0 va x=1Inb,.

Két lugn: Véi céc trudng hop thi PT chi ¢6 thé c6
2 nghiém thuc phén biét. Chon B.

y=ax' +bx’ +ex+d (a,b,c,d eR; a #0)

c6 do thi nhwr hinh vé

Phurong trinh [ f(x* + 1)]2 — /(¥ +1)-2=0 ¢

bao nhiéu nghiem?

A. 1 B.3 C.4 D. 5.
Loi giai. Ta co:
) f(F+1)=-1
)] Pl e}t u
. fR D=1 @sz +1=—1 (vonghiém) T

| x*+1=2
[x* +1=a e(~1;0) (vonghiém)
x*+1=be(0;1) (vonghiém)

x° +1=ce(2;+oo)

cf(P+)=2s

L

oxi=c-1 e(l;+oo)<:>x:i\/c—1.

Véy phuong trinh d3 cho ¢6 4 nghiém. Chon C.
BAI TAP TUONG TV

Ciu 1. Cho ham s6 bac bén y = f(x) c6 db thi Ia

dudng cong trong hinh dudi.

VA
_____ .
'?-l '\E O ﬁ \2 ‘i

S6 nghiém thuc phan bidt cua phuong trinh
S(f(x)=01

A.9 B. 12 C. 6 D.7.
Céu 2. Cho ham s6 bac bén y = f(x) c6 d6 thi la

dudng cong trong hinh vé.

ssbitns#sieuTRENARS oo




4
S
e

Goi S la tdp hop cac nghiém thuc cia phuong
trinh £ (log, f(x))=3. S& phn tir cua tap S 1a

A 4 B. 6 C.8 D. 10.

Céau 3. Cho ham s6 y = f(x) lién tuc trén R va
c6 d6 thi nhu hinh vé.

)
L

y =A%) ~--1

S6 nghiém thuc phan biét cua phuong trinh
F(/ (%)= f(x) bing
A.7 B.3

C.6 D.9

Céu 4. Cho ham sé f(x) lién tuc trén R c6 dd
thi y = f(x) nhu hinh v&.

F
r'—4
I VAVYER
./I;TC

Phuong trinh f (2 - f(x))=0 c6 tit ca bao nhidu

nghiém thuc phan biét.

A4 B.5 C.6 D. 7.

Ciu 5. Cho ham s6 y= f(x) lién tuc trén R v4
¢6 db thi nhur hinh v&, c6 bao nhiéu gi4 tri nguyen
cua tham s6 m dé phwong trinh FOr G+ 2y 5,

c¢6 nghiém x € (0;1)

TOAN H
12 v cl'uéagce S8 534(12-2021)

A. 2
Ciu 6. Cho ham 80 P
y = f(x) c6 dd thi nhu 2 \ _______ /
hinh vé bén. S6 nghiém 4/ 2 :

thuc phéan biét cua

phuong trinh
[r(+ 2x)]=3 1a
A. 0 B. 1 C.3 D.2.

Cau 7. Cho ham sb y= f(x) lién tuc trén R c¢6
dd thi nhw hinh v& duéi day.

X

M
1

S5 nghiém thyc phan biét cua phuong trinh
f(2-f(x))=11a
A. S B. 6 C.3 D. 4.

Cau 8. Cho ham s6 f(x) lién tuc twén R c6 db
thi nhu hinh va

-),' A~

! Nguyén duong cua tham $0

M nh

- 0 )0 ( t210’n 10 @gé phuong trinb
=m0 , .

Phan bia; W(x)-2=0 o 6 nghiém
A. 10

B.9

C.7 D. 8
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Ciru chwong todn thudt
(Toan hoc trong chin
chuong) 13 cuén sich
kinh dién cua toan hoc
Trung Hoa, do Liu Hui
bién soan nim 263 dua
trén céc tic pham toan
hoc Trung Hoa di co tur
trudc va sau cong
nguyén (CN).

Ciru chwong toan thudgt & Trung Hoa dugc coi nhu
cuén Co s¢ cua Euclid & phuong Tay. Curu chuong
todn thugt c6 anh huéng 16n khong chi dén toan hoc
Trung Quéc, ma con c6 anh huong sau rong dén todn
hoc Viét Nam, Nhat Ban va Han Quéc. Chuong 8
(Phuong tran) cua Ciru chiong toan thudt trinh bay
phwong phép giai hé phuong trinh dai s6 tuyén tinh
(sau nay duoc goi 1a phiong phap khir Gauss). Ciing
trong qua trinh giai hé phuong trinh tuyén tinh, Liu
Hui 14 nguéi dau tién trén thé gioi dua vao va sir
dung khai niém s6 dm trong toan hoc.

: vnét nay trinh bay toan bd 18 bai toan trong
£ O'l!g 8 cua Cuu chuong todn thudt giai hé

LA

1 '. ’tﬁnh tuyén tinh, din dén phat hién va lam

Hinh I: Liu Hui, tac gia
Ciru Chuong todn thudt

m
T
2 w

Bﬁng tﬁh Ihmg Hoa

II

chéo lén trén. Céc phép todn dugc thuc hién nhy

chuyén dich céc thé tre. Trong [1], cc bai todn va
1o giéi dugc phit biéu bang 16i, s6 0 dugc biéu thi 1a
6 trong (Hinh 2). Trong bai viét nay ching t6i sur
dung ngdn ngir va ki hiéu toan hoc hién dai, 161 glél
duge trinh bay dudi ngon ngir hé phuong trinh,
nhung van trung thanh véi Ciru chwong todn thudt..

2. Giai hé phuong trinh tuyén tinh trong Ciiu
chwong todan thuat

Cubn sach #E20Z (Suan shu shu-Séch vé tinh toan)
dugc khai quat trong mot ngdi md & tinh H6 Bic
nam 1984 gém 1200 thé tre. Ngdi mé co tir khoang
nam 186 trudc cong nguyén, nhung ndi dung toan
hoc trong cudn sich d6 da coé tir 300 nam trude
(Hinh 3).

s




Chuong 7 cua Cuu chiong todn thugt trinh bay
phuong phap giai hé phuong trinh bic nhét hai 4n da
o trong Suan shu shu. Mot sé bai toan trong
Chuong 8 cua Cuu chwong todn thudt ciing dan dén
hé phuong trinh bic nhét hai 4n.

Bai 1 (Bai 7 [1)). 5 con trau va 2 con ciru gia 10
lang vang; 2 con trdu va 5 con ciru gia 8 lang. Hoi
gia | con trdau, | con ciru.

Gidi. Goi x va y twong {mg 13 gi tién mot con triu

va mét con ciru. Theo bai ra ta c6 hé phuong trinh

A £ 22 5 =
bac nhat hai 4n X+2y ]0.
2x+5y=38
2 5
Lap phuong trin tuong ung véihé: |5 2 |,
g 10

Luwu y 1. Ngay nay ma trin duogc lap theo hang
ngang [z i 180] ngudi Trung Hoa lap phuong trin
(ma trén) theo hang doc. Piéu nay d& hidu vi ngudi
Trung Hoa viét chit theo hing doc (tir trén xudng
duéi) va tir phai sang trai. Xoay phuong trin mét goc
90° nguge kim déng hé, ta duge cach viét ma trin
hién dai.

Bién d6i phuong trin bang cach nhan cot diu véi 5
r6i lién tiép hai lan trir cot thir hai, ta duge:

2 5 0 5

5 2 =21 2|
8 10 20 10

; ; 21y =20
voi hé .
Ung ’ {Sx+2y=10

oA 20 el "
Véy gid mftcon clru la y = o lang va mdt con triu

10-2y 34 13 .
=_—=]1— lang vang.
5 21 21 7 g g

la x=

Lwu y 2. Vi tinh todn bf"mg the tre nén thut toan doi
hoi trir lién tiép (hai 1an), chir khéng thuc hién phép
nhin nhu hién nay (2x5-5-5=2x5-5x2=0).
Trong [2] d3 trinh bay 1&i giai chi tiét tit ca I8 bai
trong Chuong 8 cta [1] nho the tre.

Bai 2 (Bai 2 [1]). Tir [s6 ddu hat)] cua T bé lia san
liwegng cao bét di | dau, thém vao dé [sé dau har) cua
hai b6 lia san heong thdp thi dieoc 10 ddu. Thém |

diu vao [s6 ddu hat] cia 8 b6 lia san lieomg thap

T?f‘gP ngc S6 534(12- -2021)
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CUNneg ¢} d( cua ,..; hf} n’ ;'[l‘ RY#3; , ()”;J’ cao 'l v
y ot al { 1 1 P
”‘_, [eJ [ i h j L

cing dge 10 dau. Hoi so thoc nhan dwoc tiy | b
lia san lugng cao, thap?
Gigi. Goi x va y tuong \mg la s6 déau thoc nhjy
duoc tir mdi bo laa san lugng cao va san luong thip
Theo bai ra ta c6 hé phuong trinh
Tx-1+2y=10 Q{7x+2y=11
{8y+1+2x=10 2x+8y=9

Lap phuong tran va dua s6 hang dau vé 0:

2 7 2x7 7 2x7-7-7 17 0 7
8 2 |=|8x7 2 |=>| 8x7-2-2 2 |=|52 2
9 11) l9x7 11) (9x7-11-11 11} |41 11
41 ,x o . 0% _35 .8 o
B e au).

Suy ra ¥ (ddu) va x= R 26 (dau)

Bai 3 (Bai 10 [1]). 4 va B ¢6 mot s6 tién. Néu A
nhdn dige thém nwa sé tién cua B thi A cé 50 van.
Néu B nhén 2/3 s6 tién cia A thi B cting ¢o 50 vdan.
Hoi 56 tién méi nguoi co.

Gidi. Goi x va y tuong {mg la sé tién cua 4 va B.

Theo bai ra ta c6 hé phuong trinh bac nhét hai an:

2 3\
1 3 !
.\’+—y:50 2 2
2 1
+—-x=50
Y 3x L50 50 150 100
=| 2 1 = 1.
50 100) |*=373

Bai 4 (Bai 11 [ID. Gig 2 con ngwa va 1 con trau
nhicu hon MOt niea gia  con ngua la 10000 van. Gid

I con ngira vg > con trdau them

nira thi hung

niea gia 1 con trau

L0000 van. Hoi gia 1 con ngia, 1 con
trau la bao nhiéy®

Gidi, 3 | %
ai. Goi x va y twong {ng 1a gis tién mot con

Ngwa va mét con tray, Theo bai ra ta co hé:

1 3
2x+y=10000+ 1 . 2
2 5
= = 1
x+2y=10000-1, 2
2 10000 10000
\
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2 3 2x3-3-3 3
= 5 2 = I%3-2-2 2
20000 20000 20000 x 3 - 20000 — 20000 20000
0 3
= 11 2

20000 20000
Viy gia 1 con tru la: y=20000:11=181812—1 van;

200002y

Gia 1 con ngua: x =5454% van.

Trong [1] Liu Hui da phat trién phuong phéap giai hé¢
phuong trinh tuyén tinh dén béc ndm dudi ngdn ngir
phuong trdn (ma tran).
Bai 5 (Bai 1 (1], xem thém [3)). Tir 3 bo lia san
lwong cao, 2 bo lia san hrong trung binh va 1 bo lia
san lwgng thap thu dugc 39 déu: Tir 2 b6 lia san
ligng cao, 3 bo lia san leong trung binh va 1 bé lia
san luong thap thu dugc 34 ddu; Tic 1 b6 hia san
lugng cao, 2 bo lua san luong trung binh va 3 bo lia
san lugng thdp thu dwgc 26 déu. Hoi bao nhiéu ddu
thoc nhdn duoc tir 1 b6 lua san lvong loai cao, trung
binh, thap?
Gidi. Goi x, y, z 1a sb d4u théc nhan dugc twong
img tir mdt bo lGa san lugng cao, trung binh va san
luong thap. Lap phuong trinh va bién déi phuong
tran bﬁng céch dua hai sb hang dau & hai cOt tral va
cOt gilra vé 0 bang cach nhan cot ddu véi 3 rdi trir di
c6t thir ba, nhan c6t thir hai v6i 3 rdi trir lién tiép hai

14n cot thir ba, ta dugc:

1 2 3 0 0 3
3x+2y+z=39
rers wn|2 3 2 4 5 2
= =
xzy;z 26:’ 31 8 1 |
* =
e e 26 34 39) 39 24 139

Bua hé sé thir hai cua cot dau vé 0 bing cich nhan
cOt ddu véi 5 rdi trir lién tiép 4 1an cot thit hai. Sau
d6 lan luot tinh z,y,x ta duge:

0 0 3 0 0 3

4x5-5-5-5-5 5 2 0 5 2
=

8x5-1-1-1-1 I 1 36 1 1

39x5-24-24_-24-24 24 39 99

99 11 3 24-z 17 1
Z:_‘=—=2—‘; y= =—=4—,
%6 4 4 5 4 4
g =22y gl
3 4

Tiéu két. Thudt toan Phwong trin giai hé phuong
trinh tuyén tinh trong [1] 1a: Bién dbi phuong trin vé
dang tam gidc véi cac hé sb phia trén dudmg chéo
(tam giac trén) bang 0. Tir phuong trinh cudi cing va
bing phwong phap thé 1dn luot tim ra cac 4n. Pay
chinh la phuong phap khir Gauss hién dai.

Trong [1] Liu Hui d phat trién phuong phép giai hé
phuong trinh tuyén tinh dén bic nim dudi ngon ngix
phuong trdgn (ma tran).

3. Phat hién va siv dung s6 dm trong Criu
chwong toan thudt

Khi thuc hién thuét toan giai hé phuong trinh tuyén
tinh bac nhat, xuat hién s6 am.

Bai 6 (Bai 3 [1]). Cung thém hai bo lia san lvong
cao, ba bé lia sdan lwong trung binh va bon bé lia
san lwong thdp twong img vio mot bé lia san luwong
trung binh, thip va cao thi déu vira du | dau. Hoi
bao nhiéu théc nhdan dwoc tir méi bé lia sdn luong

cao, trung binh, thap?

Gidi. Goi x, y, z la sb théc nhén dugc tuong ting
tr mot bo lua san lugng cao, trung binh va san lugng
thip. Lap hé phuong trinh, lap phuong tran va dua
hé sb ddu vé& 0 bang cach nhin c6t ddu véi 2 va tnr
cho c¢6t 3, ta dugc

2x+y=1 2x+y=1 1 ¢ 2
3y+z=1=3{3y+z=1= ¥ 31
dz+x=1 X+4z=1 *+ 10
1 11
I1x2-2 0 2 0 0 2
0x2-1 3 1 -1 3 1
4x2-0 1 0| | g 1 0of
Ix2-1 1 1 1 1

Khi giai h¢ phwong trinh trén nhé bién déi phuong
trdn, xudt hién hé sé am (1), Liu Hui giai thich: $6
duong dugce hiéu 1a s6 tién, sé thoc, sé vat, 1a 1ai,...,
1a “thém vao”, s6 am 1a “bét di”, 14 13 (trong budn

ban). Liu Hui da phat biéu Quy tdc cong trir cdc sé




dwong dm, dudi ngén ngir hién dai dugc phat bidu
nhwr sau:
(£a)-(£b) = +(a~b); (ta)-(Fb) = +(a+b)
0~(+b) =-b; 0~(-b)=b.

’

(£0)+(38)=(a=b); (2a)+(xb)=2(a+5);
0+(+b)=+b; 0—(+b)=-—b.
Quy tic trén ciing c6 thé viét duéi dang:
a_b={(]a|—lb{)sgna khi sgna =sgnp _
(|a| +|6])sgna Khi sgna=-sgnp
0-b=—|b|sgns;

a+b= (|a|‘]b|)sgna, khi Sg‘na—_—._.sgnb‘
(e +16) g0, kbi sgnamsgns

0+b=|b|sgnb.
Y eao s I khi a>0
O day ham du seng = .
Y B ki a<o
Va tri tuyet déi |a;={" e
—a khi a<0

Tir day suy ra quy tac nhan s6 4m véi sb tu nhién,

Ap dung quy thc nay dé bién déi ma trén, ta c6

4

0 0 2) (0 0 2 (“{5'
-1x3+3 3 1| |0 3 1 l,_7
= =<iy=—,

8x3+1 1 0| |25 1 o 25
Ix3+1 1 1 4 1 1 s
25

Bai 7 (Bai 4 [1]). 5 b6 lua san lugng cao bét 7 bo
lia san lugng !hc'fp con | déu | thang; 7 bo hia san
luong cao bot 5 dau san luong thap con 2 diy S
thang. Hoi bao nhiéu thoc nhan duoe tir | bé hia san
lwong loai cao, thap?

Gidi. Goi x vd y la s6 théc (tinh theo thing) nhan
dugc tuong img tr mét bé lua sén luong cao va san
luong thép. Theo bai ra ta ¢ hé

7 5 Tx5-5x7 5
{5""7’”211’::» =5 =7 |=|-5x5-(-T)x7 —7
L e P 25x5-11x7 11
0 5 48
y=—=12
=24 -7|= 24 .
48 11 x=5 :

TOAN HOC
16 " cusife
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Luu y 3. 1 ddu =10 thing.
Bai 8 (Bai 5 [1])- Néu tir 6 bo lia san ‘hrp’ng cao b,dq
di | ddu 8 thang thi bang 10 b(i‘h?a san lwong thép.
Néu tir 15 b6 lia san lwong thap bot di' 5 thang g,
bing 5 b6 san hwong cao. Hoi bao nhiéu t‘héc nhan
duoe tir 1 bo lia san liwong cao va tir' 1 bo san lieong
thap?

Gidgi. Goi x va y la s6 thoc (tinh theo théing) nhap
dugc trong (ng tir mét bo lda san lugng cao va sap
luong thap. Theo bai ra ta c6 hé

6
15y —5="5x —Sx+15y =5 5 18
-1 3 -1x3+3 3 0 3 e
=3 -5|=| 3x3-5 -5(=|4 -5 :{x_s.
1 9 1x3+9 9 12 9

Bai 9 (Bai 6 [1]). Thém 6 diu vio 3 bé lia sdin
liwong cao thi diroc 10 bé lia san luong rf;'cfp,' Thém
| dau vio 5 b6 lia san lirong r/rﬁfp thi b(?ng 2 bo san
lwong cao. Hoi bao nhiéu diy thoc nhan duoc tir |
boé lia loai san lwong cao hodc f/r(fp'?

Gidi. Goi x va y 1a sé théc (tinh theo dAu) nhan
dugc twong g tir mot bo lda san luong thip va sin
luong cao. Lap hé va bién déi:

{3y+6=10x —10x+3y=—-6 3 10
= =|-2 -3

Sx+1=2y Sx=2y=-]
-1 6

5%x2-10 10 0 10} (o 10
=1 2x2-(-3) 3l -
-lx2-6 6

=1

Bai 10 (Bai 9 (1. s con chim se va 6 con chim én

nang 1 cin NG g4 ' n thi
) & 1 cdn. Néy doi 1 con chim se cho 1 con én thi
SO can bang nhgy,. Hoi méi chim se

nang bao phig,o

Gidi.

va moi chim én

MOt con chim s¢ vy mdt con chim ép (1

cén = 16
lang). Ta c6 he Phuong tran vy dap sé:

{5)‘-}-6)}_—.16 Sx+6y=1 3 5
4X+y=5y+x=> 3x_4y=0: -4 6
0 16

https://tieulun.hopto.org



Ix5-5-5-5 5 0 5

=| 4x5-6-6-6 6 |=|-38 6
O0x5-16—-16-16 16 -48 16
0 5 _24
=|38 6 |= 19.
48 16 Jc=-?£
19

Bai 11 (Bai 8 [1]). Ban 2 con trau. 5 con ciru mua
13 con lon thi du 1000 quan; Ban 3 con tréu, 3 con
lon mua 9 con cieu thi vira du tién. Ban 6 con cieu, 8
con lon mua 5 con trdu thi thiéu 600 quan. Hoi gia
mét con trau, ciru va lon.

Gidgi. Goi x, y, z twong dng la gia tién mdt con
triu, ciru va lon. Theo bai ra ta c6 hé

2x+5y=13z+1000 2x+5y-132=1000

3x+3z=9y =x-3y+z=0
6y+8._=5x—600 —5x+6y+82=—-600
-5 1 2 0 0 2
6 -3 5 -9 -11 5
= =
8 1 -13 13 15 -13
600 0 1000 —600 -1000 1000
0 0 2 0 0 2
9 11 5 9%x11-11x9 11 5
= =
-13 15 -13 || =I13x11-(-15)x9 -15 -I3
600 1000 1000 600x11-1000x9 1000 1000
0 0 2 z =300
0 11 5
e s y:M=5oo_
-8 -15 -13 11
-2400 1000 1000 x=1200

Bai 12 (Bai 15 [1)). 2 b6 lva A hon | b6 lia B la |
cdn, 3 ho lua B hon 1 bo Cla 1 can, 4 bo lua C hon
1 b6 A la 1 can. Hoi moi bé lia cdc loai nang bao
nhiéu?

Gidi. Goi x, y, z tuong img la sb can lia mdi bo

loai 4, B, C. Lap hé va bién d6i ma tran:

-1 0 2 -1x2+2 0 2
2x=1+y

0 3 -1 0><2+(-1) 3 -1
Jy=l+z=

4 -1 0 4x240 -1 0
4z=1+x

1 1 1 Ix2+1 1 1
0 0 2 0 0 2 0 0 2
-1 3 -1 -1x3+3 3 -1 5 0 3 -1

- ;
8 -1 0 8x3+(-1) -1 0 22 -1 0
3 1 1 3x3+1 1 1 10 1 1

Vay 1 b6 lba loai C nang z=12—(;- can; 1 bd lha loai

11 i ; . 17 .
B nang y=—; 1 bo loai 4 ning x=— can.
ang y 23 : ang x 23

Nhin xét. S6 am xuit hién ngay trong phat biéu cac
bai sb 7-12. Trong cac bai 13-18 dudi diy, sé 4m
xuét hién trong qua trinh bién dbi phuong tran. Pap
s cubi cung vin 1a céc sb dwong. Trong mét sé bai,
dé 161 giai ngén gon, ching t6i dd dung phép nhan
thay cho phép trir lién tiép.

Bai 13 (Bai 12 [1]). 1 con nguwa khoe, 2 con ngua
thuong va 3 con ngua yéu c6 thé tho duoc 40 dam
hang (1 dam =30 can) khi di trén duong bang, nhung
khéng thé leo déc. Khi thém 1 con ngua thudng vdo
1 con ngua khoe, thém 1 con ngira yéu vao cdc con
ngwa thuwong, thém 1 con ngua khoe vao 0 ngira yéf
thi tdt ca ching déu leo dwoc déc. Hoi méi con ngua
moi logi mang dwoc bao nhiéu dam hang?

Gidi. Goi x, y, z tuong g 1a s6 can mbi con ngua
khoe, ngua thudng va ngua yéu mang duogc. Lap hé
va bién déi ta duoc:

1 0 1 1
x+y=40 o B
0 2 1 -1 2 1
2y+z=40= 3 1 o0 = -
3z+x=40
40 40 40 0 40 40
0 0 1 0 0 1
-1x2+2 2 1 0 2 1

3x2+41 1 0| |7 1 of
0x2+40 40 40) |40 40 40

Viy 1 ngyua yéu mang dugc z = 5172 = 5E dam;

40—z

1 con ngwa thuong mang y = =17 1 dam;
7

Mot con ngua khoe mang duge 22E dam.
7

Bai 14 (Bai 16 [1]). 1 sép, 5 quan va 10 nguot linh
gop 10 con ga. Gida s 10 quan, 1 .wjp va 5 nguot linh
gop 8 con ga; 5 scfp, 10 guan va 1 nguoi linh gop 6
con ga. Hoi maoi nguoi gop bao nhiéu ga?

Gidi. Goi x, y, z tuong ung la sé ga ma sép, quan
va linh g6p. Theo bai ra ta c6 hé:

, TOAN HOC



5 10 1
10 1 5

10x+y+5z=8 =
’ I 5 10

6 8 10

5-1x5 10-1x10 1 0 0 1
10-5x5 1-5x10 5 -15 —49 5

= =
1-10x5 5-10x10 10 -49 -95 10
-44 92 10

x+5y+10z=10

Sx+10y+z=6

6-10x5 8-10x10 10

( 0 0 1 0 0 5
15x49-49x15 49 5 0 49 10
49%49-95x15 95 10| |976 95 1
44x49-92x15 92 10 776 92 6

5 B i ; 776 97 ’ .

Véy moi linh gop 2= 976 " 12 COM &4; moi quan

gop y= gee, 2l con ga; mdi sép gop
49 122 ’

e 6—-z-10y _ 45

5 122

con ga.

Bai 15 (Bai 14 [2]). Thu hoach 2 vuéng (luong) hat
ké mang, 3 vuong hat ké xanh, 4 vuéng hat ké ving
va 5 vuong hat ké den, néu dé riéng thi khong du 1
ddu. Néu thém san lhegng moi thir mot vuong ké xanh
va ké vang vao ké tring; ké vang va ké den vao ké
xanh, ké den ké rang vio ké vang, ké frffng ké xanh
vao ké den, thi deu dweoe du | dau. Hoi moi logi la
bao nhiéu?

Giai. Go1 x, y, z, u tuong ing la san lugng méi

loai ké tréng, xanh, vang den. Ta ¢6 hé

2x+y+z=1 [2x+yp+z=1
3y+z+u=1 3y+z+u=I1
4z+u+x=1 x+4z+u=1
Su+x+y=1 xX+y+5u=1
1102 I-1 Ix2-2 0 2
1 0 31 1-0 0x2-1 3 |
0 41 1|=0-4 4x2-1 1 1
5110 5-1 Ix2-0 1 0
1 1 11 I-1 1x2-1 1 1
0 0 0 2 0 0 0 2
1 -1 31 1-1  —Ix3+3 3 |
=4 7 1 1|=H4+7 7x3+1 1 1|
4 2 10 442 2x3+1 1 0
0 1 11 0+1 Ix3+1 1 1
1 8 T?Q?uggg S4 534(12-2021)

0002 0 0 02 0 00>
0031 0 031/ ]0 03
:>32211:>3x22~22><32211:>0 21
6 7 10| |6x2-7x3 7 100 [1I1 7 19
1 411 x2-4x3 4 11 10 4 1

10 Lz . R X
Viy 1 vuéng ké den cho gy dau; 1 vubng kg

4-Tu =_1_7_ diu; 1 vudng ké xanh cho
22 111

vang cho z=

r
rS

: 11
y:z—g; 1 vudng ké trang cho xz;; dau.
111

Bai 16 (Bai 17 [1]). 5 con ciru, 4 con chd, 3 con ga
va 2 con tho gid 1496 vdn. 4 con ciru, 2 con chd, 6
con ga va 3 con tho gid 1175 véin. 3 con curu, 1 con
ché, 7 con ga va 5 con tho gia 958 van. 2 con ciru, 3
con ché, 5 con ga va l con tho gid 861 van. Hoi gia
tién méi con moi loai.

Gidi. Goi x, y, z,u twong Umg 13 gia tién mét con

ctru, cho, ga va tho. Theo bai ra ta c6 hé

3 4 5
Sx+4y+3z+2v=1496 1 ) 4
4x+2y4+6z+3v=1175
3x+y+7z+5v=958 =i = ’ . X
2x+3y+5z+v=861 > 3 :
861 958 1175 1496
2x5-5x2 3x5-5x3 4x5-5x4 5
3x5-4x2 1x5-4x3 2x5-4x4 4
= 5x5-3x2 7x5-3x3 6x5-3x4 3
1x5-2x2 5%5-2x3 3x5-2x4 2
B61x5-149%x2  958x5—149%x3 1175x5-149%x4 14%
0 0 o 5 0 0 0 5
7 9 6 4 0  -Ix6+6x7 6 4
=19 26 8 3 | 45 26x6-18x7 -18 3
1 B 7 3 20 19x6-7x7 7 2
1313 302 100 1496] |1615 302x6+109x7 109 14%
0 0 o 5 0 0 o0 5
0 0 6 4 0 0 6 4
=| 45 30 -18 3 | 6 -18 3
20 65 3 5 4 13 g 2

1615 2575 100 1496 33 515 109 149
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0 0 0 5
0 0 6 4
=| 9x6-6x9 6 -18 3
4x6-13x9 13 -7 2
323x6-515x9 515 109 1496
0 0 0 5
0 0 6 4
=| 0 6 -18 3
93 13 7 2
2697 515 109 1496

Viy mdt con tho gid u =y 29 vin; mot con ga

2697

0o 0 0 0 9)
4 31 8 5 7
3 21 18 15 3
s 77 16 31 2
§ 26 7 -8 5
143 728 208 172 140

-13 . ,‘ o
%:23 van; mdt con cho gia y=121

gia z=
van; mit con ctru gia x= 177 van.

Bai 17 (Bai 18). 9 ddu ving, 7 dau mi, 3 dau dé, 2
ddu déu va 5 dau ké gia 140 van; 7 dau virng, 6 ddu
mi, 4 dau do. 5 dau diuv va 3 déu ké gia 128 van; 3
dau vimg, 5 ddu mi, 7 daw do, 6 dau ddu va 4 daiu ké
gia 116 van; 2 ddu virng, 5 dau mi, 3 dau do, 9 ddu
dauva 4 dau ké gia 112 van; | ddu virng, 3 dau mi, 2
diu d6. 8 dau dau va 5 dau ké gia 95 van. Hoi gid
maoi dau moi loai®

Gidi. Goi x, y, z, u,v tuong img la gia tién méi déu

vimng, mi, 6, dau va ké. Theo bai ra ta c6 hé

1 2 3 7 9
9x+7y+3z+2u+5v=140
Tx+6y+4z+5u+3v=128 3 > > . 7
3 +5y Tz+6 4z=116 2 3 7 4 3
2x 5y+3z 9u+4z:112:? 8 ? 6 5 2
iyezertussvoss, |5 4 4 3
FESPTEET BT O P R 95 112 116 128 140
1x9-9 2x9-9x2 3x3-9 Tx9-9x7 9
3x9-7 5x9-7x2 5x3-7 6x9-T7x7 7
— 2x9-3 3Ix9-3x2 7x3-3 4x9-3x7 3
8§x9-2 9x9-2x2 6x3-2 5%x9-2x7 2
5x9-5 4x9-5x2 4x3-5 3Ix9-5x7 5
95%9-140 112x9-140x2 116x3-140 128x9-140x7 140
0 0 0 0 9 )
20 31 8 5 7
I5 21 18 15 3
=
7T 15 31 2
40 26 7 -8 5

\715 728 208 172 140

(0 0 0 0 9)
4x2-8  31x5-5%31 8x5-5x8 5 7
3x2-18  2Ix5-15x31  18x5-15x8 15 3
| 14x2-16 7Ix5-31x31  16x5-31x8 31 2
8x2-7 26x5+8x31 Ix5+8x8 8 5
143x2—208 728x5-172x31 208x5-172x8 172 140
o 0o o 0 9 T i g
o o o 5 7 0 0 5 7
= =
12 576 168 31 2 4 32 56 31 2
9 -378 -9 -8 5 3 -21 -33 -8 5
78 1692 336 172 140 26 94 112 172 140
0 0 0 0 9
0 0 0o 5 7
—4x5+20 20-10x2 10 15 3
=
4x5+32 32-56x2 56 31 2
3x5-21 -21+33x2 -33 -8 5
26x5+94 94-112x2 112 172 140
o 0 0 0 9 0 0 0 9
o 0 0 5 7 0o 0 0 5 7
0 0 10 15 3 0 0 10 15 3
= =
52 80 56 31 2 26 16 56 31 2
-6 -45 -33 -8 5 -3 -9 -33 -8 5
224 130 112 172 140 112 26 112 172 140
0 0 0 0 9 00 0 0 9
0 0 0 5 7 0 0 0 5 7
- 0 0 10 15 3|10 0 10 15 3
26x16-16x26 16 56 31 2 | | 0 16 5 31 2
-Ix16+9x26 9 -33 8 5 18 -9 33 8 5
12x16-26x26 26 112 172 140) \1116 26 112 172 140
0 o0 0 0 9
0 0 o 5 7
0 0
= 10 15 3
0 16 56 31 2
93 -9 -33 -8 5
558 26 112 172 140

Padp sé: Gia ké 1a

558 - cr aa a
v=?3u=6 van, gia dau l1a w=5

van, gla 40 12 z=3 van, gia mi la y=4 vén, gia

Ve R H58://tieulun.hopto.org
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Bai 18 (Bai 13 [1]). 5 gia dinh ¢o mgt cdi giéng
chung cin gép dav lam gdu. Pé gau miic dioe nudc,
can 2 doan ddy cua gia dinh A thém 1 dogn ddy cua

gia dinh B, hodc 1 doan day cua gia dinh B thém 3

doan day ciia C, hogc 4 doan dav cua gia dinh C cdn
thém 1 doan ddy ciia gia dinh D, hodc 5 doan ddy
cua gia dinh D thém | ddy cua gia dinh E, hodc 6
doan ddy cua gia dinh E thém 1 doan ddy cua gia
dinh A. Hoi giéﬂg sau bao nhiéu va dg dai méi doan
ddy cua méi gia dinh.

Gidi. Goi x, y, z, u, v tuong Ung la o dai soi day
(thdn) cua céc gia dinh 4, B, C D, E va a (thén) 1a
dd sau cia giéng. Theo bai ra ta c6

1 0 0 0 2
2x+y=a 2x+y=a
0 0 0 3 1
3y+z=a Jy+z=a
0 0 41 0
dz+u=ageldzru=g =
0 51 00
Su+v=a Su+v=a
6 1 0 0 0
6v+x=a x+6v=g
a a a a a
Ix2-2 0 0 0 2 (00 0 0 2
0x2-1 0 0 3 1 -1 0 0 3 1
0x2-0 0 4 1 0 0 0 4 1 0
=5 =
0x2-0 5 1 0 0 0 51 00
6x2-0 1 0 0 0 121 0 0 0
ax2-a a a a a a a a a a
0 0 0 0 2 0 0 0 0 2
-1x3+3 0 0 3 1 0 0 0 3 1
0x3+1 0 4 1 0 =5 1 0 4 1 0
= Ox3+0 5 1 0 o 0 51 00
12x3+0 1 0 0 0 36 1 0 0 0
ax3+a a a a a 4a a a a a
0 0 0 0 2 0O 0 0 0 2
0 0 0 3 1 0 0 0 3 ]
Ix4-4 0 4 1 0 0 0 4 1 0
= =
-1 51 00 -1 51 0 0
Jox4 1 0 0 0 144 1 0 0 0
\4ax4-a a a a a) 15 a a a a)
0 0 0 0 2 0 0 0 0 2
0 0 0 3 1 0O 0 0 3 1
0 0 4 1 0 0 0 4 1 o
= = %
-1x5 51 0 o 0 5 1 0 0o
144x5+1 1 0 0 0O 721 1 0 0 o
15ax5+a a a a a 76a a a a gq
u T6a £ B
Viy e Chon a =721 thon (1 thén=23 cm).

TOAN HOC
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& Cl'udlh;e S6 534(12-2021)

Mot soi diy nha E dai 76 thén; mét soi nha D g3
Ot 50 § ;

4 =129 thén; mot soi ddy nha C dai z=148 théy
5t soi diy nha B dai y=191 thdn; mot soi day nhy

mot 5S¢

A dai x=265 thén.

L&i binh. Bai 18 (Bai 13 [1]) thuong dugc cho 1a b
dang hé phuong trinh vo dinh (5 phuong trinh 6 4n),
Thuc chét day 1a bai giai phuong trinh xéc dinh (5

phuong trinh 5 4n néu coi a 1a tham s6 va dua vé hg

A M - -, A '—_J':

5 phuong trinh 5 an bang cach dat an phu x ==,

=2 p=E =2 v=Y Liu Hui coi day I
Y a’ a a

phuong trinh xac dinh va giai theo phuong phip
phuong trén (xem [1]).

Tai liéu din
[1] 2% Liv Hui, AZEHR, Ciru chuong todn
thuat, ndm 263. Tiéng Nga: Berezina, trong Cic
nghién ciru lich sir todn hoc, Tép X, Nha xuit ban
Khoa hoc Ki thuat Moscow, 1957, trang 425-584;

Tiéng Anh: Shen Kangshen, John N. Crossley, and

Anthony W. -C. Lun, The Nine Chapters on the

MarhemaﬁcalArt, Oxford 1999.

(2] Roger Hart, The Chinese Roots of Linear
Algebra, The Johns Hopkins University Press,
Baltimore, USA, 2011.

(3] Lam Lay-Yong and Shen Kangshen, Methods of

SO/ving Linear Equations in Traditional China,

Historia Mathematics 16 (1989),107-122.

[4] Martzloff, J-C, 4 history of Chinese

mathemata’cs, Berlin, Springer, 1997,

[5] Ya-xiang Yuan, Jiu Zhang Suan Shu and the

Gaus, i .
s Algorithm Jor Lineay Equations, Documenta

Mathematica, Extrq Volume ISMP (2012) 9-14. Ban

dich tigng Vig. Duong Thj Hoang Linh, tap chi Pi.
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CAC LOP THCS
Bai T1/534 (Lép 6). Cho sb tu nhién
A=2021" +y +3y* +4y+12,

trong d6 x va y la cac sb tu nhién. Tim gia tr1 nho
nhit (néu co6) ciia tong céc chit sb cua sb 4.
HUYNH THI THANH TAM

(60/55 Quang Trung, phuomg Binh Dinh,
TX. An Nhon, Binh Dinh)

Bai T2/534 (L6ép 7). Cho tam giac déu 4BC, M 1a
trung diém cua 4B. Trén tia dbi cua tia CM liy
diém D sao cho CD = C4 va trén tia BC liy diém
E sao cho EB la tia phan giac cua goc AED. Tinh
s6 do goc AED.

NGUYEN ANH VU
(GV THPT chuyén Chu Van An, Binh Dinh)

Bai T3/534. Tinh téng S cac sb 1é nho hon 2022
khong chia hét cho 5 va khong chia hét cho 9.

NGUYEN HAM THANH

(GV THCS Ly Nhat Quang, D6 Luong, Nghé An)

Bai T4/534. Cho tam gidc ABC ndi tiép dudmg

tron (0). Goi D la diém chinh gita cung BC

khong chia 4, E 1a diém chinh gitra cung AC

khong chira B. ED cét AC, BC lan luot tai F va G.

Puimg thang qua F vudng goc voi AD cat duong

"

thing qua G vudng goc voi BE tai H. Goi O0',0

lan luot 14 tim dudng tron ngoal tiép cac tam giac
AFE va BGD. Chirng minh ring HO//0'O".

PAU ANH HUNG

(GV THPT chuyén Lé Quy Pén, Quang Tri)

Bai T5/534. Cho cac sb6 thuc duong a, b, ¢ thoa

min a® +b% +¢* =12. Tim gia tri nho nhét cua

1 1
+ + ;
4-b 4-c

LAI QUANG THOQ
(Phong GD&PT Tam Duwong, Vinh Phuc)

biéu thitc P =

—da

CAC LOP THPT
Bai T6/534. Giai phwong trinh
o2+ —3x+1447x° =5x+1=x* —5x+3.

PHAM VAN THUAN
(565 Thanh Xudn, Ha Noi)

Bai T7/534. Cho a.b >0k=1nneNn>2.
. 1 i, 1
. et S ‘
Chimg minh rang 1 . I ..;_1_4”1_
- b
Zak Zbk ra
k=1 k=1
NGO VAN THAI

(T6 9, phuong Hoang Diéu, TP. Thai Binh)

Bai T8/534. Cho tam gidc 4BC vdi trong tam G.

Cic duong thing AG, BG, CG cét duong tron

ngoai tiép tam giac ABC tuong Ung tai 4y, B, C,.

Chimg minh

a) AB,.AC,.BC,.BA,.CA .CB <4R'r*;

b) BA,.CA, +CB,.AB, + AC,.BC, <2RQ2R ).

(O day R, r thir ti 14 ki hiéu cac ban kinh dudng

tron ngoai tiép va noi tiép tam giac 4BC).

NGUYEN VIET HUNG

(GV THPT chuyén KHTN, PHQG Ha Noi)

Bai T9/534. Cho a, b, ¢ 1a sé do ba canh ctia mét
tam gidc c6 nwra chu vi p. Chung minh rang:
J_ Jea H
p-a p b p- c
NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)

TIEN TO1 OLYMPIC TOAN

Bai T10/534. Tim tat ca cac sb nguyén khong dm
a, b,csaochoa® +1,b" +21acac songuyento c
1a s6 khong chia hét cho 5, va théa man

@+ +2)=c"+9.

PHAM HAI DANG
(Kim Puwong, Ung Hoa, Ha Noi)

sﬁim&#dwulun% arb




Bai T11/534. Cho s nguyén duong chin n va
p > n" 14 sé nguyén té. Chirng minh da thirc
Q(x)=(x-1)(x-2)..(x—n)+p
la da thirc bt kha quy (theo nghia khong la tich
ctia hai da thic hé s6 nguyén khac hing).
BUI VAN BINH
(GV THPT chuyén Lam Son, Thanh Héa) Suu tim
Bai T12/534. Cho tam gidc khéng vudng ABC,
(O) la dudng tron ngoai tiép tam giac. 4D, BE, CF
la cic duong cao. Ay, 4. theo thu tr 13 diém dbi
ximg cuia B, C qua F, E. 4, 1a giao diém cua EF va
Apd.. Cic diém By, C, dugc xac dinh twong tu.
Chung minh réng AA,, BBy, CC, dé)ng quy tai mot
diém thugc (0).
LUU CONG DONG
(GV THPT chuyén DHSP Ha Ngi)
Bai L.1/354. Ba con lic don cung chiéu dai, cing
Kkhéi lugng va cung dugc treo trong dién trudng
déu ¢6 phuong thing ding. Con lic thir nhat va
thir hai tich dién 1an hrot 13 g, va g, , con lic tha 3

Khong tich dién. Bit |E| < mg, Chu ki dao dng
ho cua ba con lic 14n luot 18 T, Ty, T sa0 chg
n

_L 55 riontisé 2

17 4772 3 q

VIET CUONG (Ha Ngj)

Bai L2/354. Cho doan mac dién xoay chidy
AMNB. Doan mach AM chi chita dién rd thuin

R =12043 Q,doan mach MN chi chra cudn cam
c6 @6 tr cam L va dién tré hoat dong
R =303 Q, doan mach NB chi chira tu dién co
dién dung C. Hiéu dién thé hai diu doan mach c6
biéu thirc: u,; =U, cos100zt (), hiéu dién thé
hiéu dung giita hai diém A, N 1a Usy = 300 V, va
gitta hai didm M, B 1a U,, =60~/3 V.Hiéu dién

ok b ﬂ- r
thé tirc thdi uyy 18ch pha so vai uyp 1a 5 Xéc

dinh U, d6 tw cam L, tu dién C. Viét biéu thic
dong dién trong mach.
THANH LAM (Ha Ni)

3 ok e o o ok e ok ke ok ok e ok ok 2k 2k o o 3k ok s e ok 3ok sk sk ok sk sk sk skl ok sk sl ke s sk sk ok stk kI sk sk sk s Kk sk sk sk sk sk sk ik sl s i s e skt sk sk ok i sk sk SRR Sk K kKoK

Pinh chinh: Do so suit khi ché ban nén Tap chi TH&TT ) 533, thang 11 ndm 2021 da dang thiéu tén
mot em trong danh sach cac em doat giéi Cugc thi giai Todan va Vit Iy nam hoc 2020 — 2021. Xin dugc
b6 sung vao danh sach d6 1a em: Trdn Vin Qudn, 12 Toén 1, trudmg THPT chuyén Hung Yén, Hung
Yén: doat giai Nhat mén Todn, nam hoc 2020-2021.

Toa soan TH&TT thanh thuc xin 16i em Qudn va ban doc vé sai s6t nay. D& nghi em Qudn giii gip
dia chi mé&i cua minh vé Toa soan hodc lién hé truc tlep qua sb dién thoai 024.35121607 dé nhén Giay
Chimng nhén va Tang pham cua Tap chi.

TH&TT

AR AR A o K ook ook o 5K o o oo

PROBLEMS IN THIS ISSUFE

FOR SECONDARY SCHOOL AB. On the opposite ray of the ray CM, choose the

Problem T1/534 (For 6" grade). Consider the
number

A=2021" +° +3y* +4y+12,
where x and y are non-negative integers. Find the
minimum value, if exists, of the sum of all digits of
A

Problem T2/534 (For 7"
equilateral triangle ABC. Let M be the midpoint of

O HOC
22"

grade). Given an

S8 534(12-2021)

point D so that CD = (4 and on the ray BC, choose

the point £ so that £8 is the angle bisector of AED.
Find the measurement of I‘IIEED '
Problem T3/534. Find the sum S of all odd numbers

which are less than 2022, are not divisible by 5 and
are not divisible by 9,

(Nem 1.’57;.') trang 49)

https://tieulun.hopto.org
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Bai T1/5330. Tim cdc s6 (e nhién x, y, z thoa man
diéu kién: 35(.\'_\‘:+.\'+:):52(.\'_\'+l) (1.

Loi gidi. Cach 1. Néu x = 0 thi (1) tr& thanh
35z = 52, nhumg = khong 13 sé nguyén, vi viy
x 2 1. Néu z = 0 thi didu kién (1) tro thanh
35x = 52xy + 52 nén 35x > 52xy, gian wdc cho
x = 1 dugc 35 > 52y, suy ra 56 nguyén y = 0, luc
d6 35x = 52, nhung x khéng 1a s6 nguyén, vi vay
z> 1. Bién dbi (1) thanh

35(xyz +z) + 35x = 52(xy + 1),

35z(xy + 1)+ 35x =52(xy + 1).

Do x > 1 nén 35z(xy + 1) < 52(xy + 1), gian wdc
choxy+ 12> 1 dugc 352<52, ma z> 1 nén chi co
thé xayraz=

hay

1. Thay z = 1 véo diéu kién (1) dugc
35(xy + 1) + 35x = 52(xy + 1),

hay la 35x=17(xy + 1).
Tr d6 c6 35x = 17xy + 17 nén y > 0 va
35x > 17xy , gian udc cho x > 1 duogc 35 > 17y, do
d6 chico thé la y=1hodc y=2.Néu y=1 thi
€6 35x = 17x + 17, hay la 18x = 17, nhung x
khéng la s6 nguyén.
Néu y =2 thi c6 35x =34x + 17, nén x = 17. Vay
x=17,y=2,z=1 la by sd duy nhat thoa min
diéu kién bai toan.
Cich 2. Bién doi (1) thanh

35[(xy + Dz +x] = 52(xy + 1) (2).
Do 35 =5.7 va 52 = 4.13 12 hai sé nguyén t§ cung
nhau nén 35 1a uéce sb cua xy + 1.
Dit xy + 1 =35> 0 (3), thay vao (2) va gian udc
cho 35 dugc 351z + x = 52t (4), nén 35tz < 521,

gian ude cho ¢ > 0 duoc 352 <52 nénz=0 hoac

z=1.Néuz=0 tir (4) c6 x = 52t , thay vao (3)
duoc #(35 - 52y) = 1 nén ¢ = 1, nlumg y khéng la
s6 nguyén. Néu z = 1 thay vao (4) dugc
35t + x = 52t , hay la x = 17t , thay vao (3) duoc
17ty +1=135¢,hayla /35— 17y)=1,rdo =1,
x=17,y=2,z=1.
Nhin xét. Cac ban sau c6 101 giai dang: Hung Yén:
Lé Tudn Hiép, 6C, THCS Poan Thi Diém, Yén My;
Nghé An: Dinh A Na, Nguygn Thai Triéu, Bui Thi
Thity Linh, 6A, Pham Xudn Hodng, Nguyén Thi
Bang Tam, 6C, THCS Ly Nhat Quang, D6 Luong.
NGUYEN VIET HAI
Bai T2/530. Quanh dirong tron viét n so thuc khac
nhau (n > 3) sao cho méi sé bang tich cua hai sé
diing ké no. Tim n va tim cdc 56 dwoc viét néu hai

s0 dau tién diroe viet la a va b.

Loi gigi. (Dua trén l&i giai cia ban Nguyén Ngoc
Ti). Ta danh sb cac sé dugc viét mot cach hinh

thire 1an lugt 14 a,,a,,.... ké ca khi lip lai sé diu

ti€n. Do cac s6 a,,a,,...,a, d6i mét khac nhau

cho nén rd rang a#b va ca hai s6 khac 0. Tir gia
thiét du bai d& dang ¢

b L1 a

;, a, —~;,(IS —E, a, ZE,&'? =d.
..»d, 461 mdt khac nhau, cho nén

a =a,a,=b,a, =
Vi cic s6 (0 T
n<6. Ta xét cac truong hop :

Néu n = 3 suy ra al=al=al=1 va phai co 2
trong 3 s6 nay bing nhau, trai véi gia thiét bai
toan 1a 3 s nay d6i mét khic nhau. Voin = 4 va

n =5 ta co miu thuin tuong tu.

Véi n = 6, cac s6 dugc viét la:
b 1 1 a

@ =a,a,=b,a,=—, dy=—as=—,a,=—. Dé
a a b b

kiém tra 1a diéu kién ching déi mét khac nhau la

ab#0,a#ba#l,b#1b+a*,a ::—l—,avebz.

TOFIN HOC
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Nhin xét . Chi c6 mdt ban co 101 gidi ding 14 ban:
Nguyén Ngoc Tu, thon Ban Tuy, xa Ngoc Duong,
TP. Ha Giang, Ha Giang.
vU DINH HOA
Bai T3/530. Voi a, b, ¢ la cdc s6 nguyén duong
1

= x T‘ 1
[a;b]+[b;c] 2020 "

thoa man a < b < ¢ va

gia tri lon nhat cua a.

Ldoi gidi. Do [a, b] chia hét cho a va b nén ta co

thé dit [a, b] = mb = pa (m, p nguyén duong va

g mb
m<p).Khidé6 p=—2>m+1 (dob>a),suyra
a

m

ax<

m-!—lb ()

Tuong tu, dit [b, c] = nb (n nguyén duong). Do
b<cnénn > 2 Khidé:

_l_ + _1_ =_1_+_1_=_1_

[a.6] [bic] mb nb 2020

:>b=% (2).

mn
Tu (1) va (2) suy ra:
a<m .2020(m +n) < 2020(m + n)
m+1 n(m+1)

mn

+n

Ta s€ chimng minh <% (3). That vay:

n(m+1)

(3) <> d4m+4n<3mn+3n < n(3m-1)2 4m.
Vi n=2 nén

n(Bm-1)22CBm-1)=4m+2(2m 1) 2 4m

(luén ding, do m 14 s6 nguyén duong).
3
Do d6 a< 2020.Z =1515. Vay gia trj 16n nhét

cia a 1a 1515 khi m =1, n = 2. Lic d6 ta chon
a=1515,b=2a=3030, c=2b = 6060 (thoa man
didu kién bai toan).

Nhin xét. Rt tiéc 1a khdng c6 ban nao giai dung bai
nay.

PHAM TH] BACH NGOC

TOAN HOC :
& cl'umt;'e S0 534(12-2021)
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o tam gidc ABC la tam gidc nhop
i ndi tiép d Goi H la truc tém tam
;;z'dc'-ABC. Puong trung ruc cud dog\m thang AH
Lot cdt cdc canh AB. AC tai P va Q. Trén tig
. diem D (D khong tring A). Cae
t duong tron (O) tai cac

Bai T4/530. Ch
rong tron (0).

lan
doi cua tia AO ldy :
tia DB, DC lan hrot cd
diém khac la E va F. i il ,
vuong gée voi DO, duong thang ndy lan lwot cat
F, CE, OP, OQ tai M, N, S, T. Chiing

Qua D ke dwong théng

cac tia B
minh MT = NS.
Loi gidi. Ta s& chimg minh DS = DT va DM = DN, tx
d6 ta c6 diéu phai chimg minh.
e Ta c6 két qua quen thudc BAH = 0AC,
CAH = OAB .
Tir &6 suy ra AAPH o2 AAOC (g-g), ta co:
AP _ AH - AP _ AO .
AO AC AH AC
Do d6 AAPO «» AAHC (c.g.c), suy ra:
AOP = ACH = 90° — E;IZ‘ (1)
Tuong tw, AADO ¢ A4HB (c.g.c), suy ra:
f@ = 4BH = 90° — BAC (2)

T (1), (2) suy ra AOP = ZEQ Tam giac OST la
tam gidc can do OD 1a dudmg cao ddng thoi la
phan gidc, t d6 ta c6 DS=DT (¥

D T

e Goi A ) :
011, J 1an lugt 13 trung diém cua BF, CE, suy
18 OI L BF, OJ | CE (tin .

oy hat dwong kinh, day

https://tieulun.hopto.org



Vi EBF=ECF (goc nbi tiép cing chén cung
EF), suy ra ADEC v« ADFB (g.g).
T d6 suy ra ADJC o> ADIB (vi DJ, DI 1a céc
dudng trung tuyén tuong ung cua hai tam giac
DEC, DFB). Do &6 DJE =DIF (3).
Vi OJN = ODN =90° nén tir gidc OJDN ndi tiép,
taco DON = DJN (4).
Twong ty, tr gidc OIDM ndi tiép, ta co:

DOM =DIM  (5).

Tit (3), (4), (5) suy ra DOM = DON .
Tam gidc OMN can vi ¢6 OD la dudng cao dong

thdi 1a phan giac goc MON, tir do ta cé:
DM=DN (**).

Tir (*), (**) suy ra diéu phai chimg minh.

Nhn xét. Khong c6 ban nao c6 101 giéi tot cho bai toan

tren.
NGUYEN THANH HONG

Bai T5/530. Tim cac cap 56 nguven (x; y) thoa
-~ % B 2

mén phuong trinh: x* —=2xy+2y2xy -y =1L

Loi gigi. Diéu kién 2xy—y’ 20, suy ra x, y

khong trai ddu véi nhau.

Néu x 13 s6 nguyén chan thi vé trai 12 mot s6 chin,

phuong trinh khéng thoa mén. Do d6 x 1a 50 1é.

Nhan thdy néu (x,y)thoa man phuong trinh thi

(~x,—y) ciing thoéa man phuong trinh.

Ta xét truong hgp x>0, y=20. Luu y ring
x> =2xylasélénénx® —2xy #0.

o« Néu x? —2xy>0thi vi x* —2xyva 2¢2xy—»’
14 c4c sb tw nhién nén chi c6 thé

{x2-21y=1 (1)
2y-y=0 ()

Ta c6 (1)< x(x—2y)=1. Vix la sb ty nhién 1é
nén {le <:>(x;y)=(1;0): thoa man (2).
x-2y=1

Nhu vay (x;y)=(1;0) thoa méan phuong trinh
trong dau bai.
Theo nhan xét trén, ciing c6 (x;¥) =(-1;0) thoa
man phuong trinh.
eNéu x* -2xy<0thivi x>0 nén x<2y.
C6 2xy—y* <x* +)° —y* =x* nén

0<l=x2 = 2xy+ 220y — % €x* —2xy+2x

S22y <’ +2x =2y <x+2.
Nhu vdy x<2y<x+2=2y=x+1.Thay vao
phuong trinh, ta dugc:

x —x(x+1)+2\/x(x+1)—
S -x+V3x  +2x-1=1

¢>3x2+2x—1=(x+1)2<:>x2=1.

(x+1)2 _
4

Ta dugc x=1=>y=1.Cép sé (x;»)=(L1) thoa
man phuong trinh.

Theo nhén xét trén ciing c6 (x;y)=(-1;—1) thoa
man phuong trinh,

Viy céc cap sb nguyén (x, y) théa man phuong
trinh 1a: (1;0), (-10), (1), (=L-1).

Nhdn xét. Viéc nhan xét x 1a sb 1&; x, y khong trai
ddu voi nhau va néu (x,y)thoéa min phuong trinh
thi (—x,—y) ciing thoa man phwong trinh 1a rit quan

trong, vi ta chi can xét bai toan voi x> 0; y = 0.

TOAN HOC 25



Trong trudng hop x* —2xy <0, didu then chét la
chimg minh: x <2y <x+2,suyra 2y=x+1.
Chi ¢6 mét ban sau diy c6 1o giai ding: Phi Tho:

DS Ngoc Tién, 9A3, THCS Lam Thao, H. Lim
Thao.

NGUYEN ANH DUNG
Bai T6/530. Cho cdc so thuc a. b, ¢ thay dai thoa
man diéu kién a=0:h>0:¢21 vaa + b + c =2
Tim gia tri lén nhat cua biéu thire

P=(ab+bc+ca)a b +b°c* +¢*a’ +1).

Loi gigi. Cdch 1 (cua ban Tran Minh Hoang, 9E,
THCS Nguyén Trii, Nghi Xuén, Ha Tinh).
Ap dung BDT Cauchy ta cé:

(c+a+b) .

bec+ca=cla+b)< 1.

Lai c6: c21=a+b<l=ab<

4

4
Tu d6: P=(ab+bc+ ca)(a2b2 +bct +’a* + l)
<(ab+ fl)[alb2 +(bc+ca)’ —2c%ab + l]
<(ab+1)[ @'t +1-2ab+1]=a'b’ —a’b? +2
=a’b’(ab-1)+2<2.
P =2khi (a,b,c) e{(0;]; 1),(1;0;1)}.
Vay maxP = 2.

Cdch 2. (Cua ban Pham Ngoc Long, 12 Toan 1,
THPT chuyén Quéc hoc Hué, Thira Thién Hué)
Ta co:

(@+b+c)

(a+b)c< =l ac+bc-1<0.

Ma 1< ¢ & ab <abce,do do:
ab+bc+ca-1<abc.
Vi vay:
P=(ab+bc+ ca)[(ab+bc +ca)’ —2abc(a + b+c)+ 1]
=(ab+bc + ca)[(ab +bc+ca) —4dabe + 1]
<(ab+bc +ca)| (ab+be +cay’ —4(ab+bc+ca)+5]_
Pat t =ab+bc+ca. Khi do:

TOAN HOC  _
26

* CTuditre S0 534(12-202y)

(a+b+c) :i
0<ts 3 3
Xét ham s0: f(t):=1,'(z‘2 —4t+5),taco:
t=1
fﬁyﬂﬁ—&+$LFM=0¢>t=?

4)_52
F@=0f0=21 (3) 2

= a P =2 khi
Do d6: max f(H=2. Vay max

(o]

ab+bc+ca=1

a+b=c ab:bol [a‘=0,b=1,c=1

h egrb=1e . O
ab =abc - a=1b=0,c=]
a+b+c=2

Nhan xét. Cach giai thtr nhét chi ding kién thirc ¢
béc' THCS va c6 10 giai kha ngén gon, céch thi hai
chuyén vé viéc ding dao ham dé tim GTLN ciia ham
lién tuc trén mot doan. Lo1 giai cia cac ban tham gia
chi yéu nhu mét trong hai céch giai trén. Ngoai ban
Hodng va ban Long, céc ban co 15i giai tét 1a: Hung
Yén: Tran Hitu Dwong, 10 Toan 1, Trdn Vin Qudn,
12 Toan 1, THPT chuyén Hung Yén; Binh Dinh: Vi
Tién Dat, 11T, THPT chuyén Lé Quy Dén; Ha Noi:
Nguyén Huy Hodng, 12 Toan 1, THPT chuyén
Nguyén Hué, Ha Dong; Lam Ddng: Tran Cong
Minh, 11 Toan, THPT chuyén Bao Ldc; Thira Thién
Hué: Nguyén Thi My Lé, 121, Trén Thi Thanh Thi,
IIT1, THPT chuyén Quéc hoc Hué: Ba Ria - Viing

Tau: Phan Trung Kién, 12T1, THPT chuyén Lé Quy
DPén, TP, Viing Tau.

TRAN HU'U NAM
Bai T7/530. Chirmng minh rang trong tam giic

ABC bay kY ta luon 6

m —
I, mh|+l”h,“’”.|+im -m,|
t u

2Va +b° +¢% —ab-be-ca
thir tir I do dai cac canh BC.

CA, 4B v do dai cge ¢
dmmh 4. B C.

voi a.b ¢
,b,c,ma M m

71(‘(377;{ lriung fu_ve'}'; vé tir cac
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Loi gidi (cua Ddo Quang Anh). Goi G la trong
tam tam giac ABC. Ta co:
GB+GC < AB+ AC; GB+GA<CB+CA;
GC+GA< BC+ BA.

@)
Do do6:

3 3
m, +m, =>(GA + GB) <> (CA+ CB) :%(a ).

a

2 2
m, —m, |

m, —I?Jb| =

Suy ra:

m, +mb

2(152 -i-cl)—a2 2(C2 +a'2)—b2

=

Luru y: Déu “=" xay ra khi tam giac can. Khi d6 ca
hai vé bing nhau va bang 0.

Khéng mét tong quat, coi a>b2c. Khidy

m, —m,|+|m, —m_|+|m —m,

]a—b|+|b—c‘+|c—a|
>

2
(a=b)+(b-c)+(a=e)
2
Ta s& chitng minh:
a—c>a’ +b* +c* —ab—ac—bc (2).

Ta cé:

(2) = (a—c)’ za’ +b* +c’ —ab—ac—bc
<ab—ac+bc—b>20
<:>a(b—-c)+b(c—b)20
< (a-b)(b—c)20.

BDT cudi cing dung, vay (2) dang. BDT(1) duoc
chimg minh. Ddu “=" xay ra khi va chi khi ABC
1a tam giac déu.
Nhin xét. Chi c6 4 ban giri bai, tuy giai theo cac
cich khac nhau nhung déu dung: Ha N@i: Pdo
Quang Anh, 10E1, THPT Everest, Bac Tir Liém; Ha
Tinh: Tran Minh Hoang, 9E, THCS Nguyén Tréi,
huyén Nghi Xuin, Hung Yén: Tran Vian Qudn 12
Toan 1, THPT chuyén Hung Yén; Ba Ria — Ving
Tau: Phan Trung Kién, 12T1, THPT chuyén Lé Quy
Pén, TP. Viing Tau.

TA DUY PHUQONG

Bai T8/530. Cho tam giac nhon ABC (AB < AC)
néi tiep duong tron tam O, c6 cdc dudng cao BE,
CF. Puong thang EF cdt dirong thang BC tai S,
OA cdt EF tai K. Goi N la trung diém cua FC.
Chitng minh ring SAC=NKF.

Léi gigi. Cich 1. (Theo ban Phan Vinh Tién,
11QT3, THPT Duy Tén, Phu Yén).

—— — 0 pa— 10c e ——
Tacd: KAE+ AEK=—180 d + ABC

=90° — ABC+ ABC =90".

Nhu vay AKE=90° hay OA vudng goc vai EF tai
K. Tt C ke dudmg thang song song v6i KN, dudng
thang nay cat EF tai M, khi d6 K 13 trung diém cua

TOAN HOC
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FM. Do d6 F va M dbi ximg nhau qua OA.

Vi tam gidc AFM cin tai A4 nén

W=M3A’A}S=ﬁ=ﬁ. Suy ra bon
diém 4, M, C, § cung thudc mét dudmg tron. Tir
d6 SAC=SMC=NKF (dpcm).

Cach 2,

Goi T la giao diém cua NK véi AC. Két luan cua
bai toan duoc chimg minh néu ta chi ra duge bbn
diém S, T, 4, K cung thudc mot duong tron. Mt

khac, nhu cach 1 ta théy m=90° nén ta chi cin
chimg minh STE =90,
Keé duong cao AD cua tam giac 4BC. Khi d6 tir

(sD,BC)=-1=2B_5B )
DE SC

Lai c6 tam gidc AEF va tam giac ABC déng dang
ngugce hudng nén E:_{)ﬁ (2)

i KF DC
Str dung dinh li Menelaus cho tam gidc FEC véi

. KE TE
T, K, N thang hang ta cé *F-TC (3)
T (1), (2) va (3) suy ra 38 I dan dén
SC TC

BE // ST =STE=90". Ta c6 didu cin chimg
minh.

Nhdn xét. Cac bai giai giri vé Toa soan déu trinh
bay theo mét trong hai cich trén. Ngoai ban Tién,

cac ban sau ciling c6 1¢i giai tot:

Hung Yén: Tran Vian Qudn, 12 Toan 1, THPT <<g=
chuyén Hung Yén; Ha Tinh: Tran Minh Hodng, 9E,

TOAN HOC
* Clugilre
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THCS Nguyén Tréi, Nghi Xuéni Quﬁ~ng Bin}.; Dﬁng
Hoang Duy, 12T1, THPT chuyen :Jo I‘\Iguyenn (flép,
TP. Dong Hé1; Lim Pong: Nguyefw Dinh Lé Vi, 1
Toan, Nguyén Duc Hoang, 11 Toan, THPT chuygy
’ P. Pa Lat, Mai Trung Nguyén, 1]

3 Longs T
Thing TP. Bao Ldc; Binh

Toan, THPT chuyén Bao Loc,
Pinh: Nguye:rz Huy Hoang, 12T, THPT chuyén Lg

Quy DPon, TP Quy Nhon; Thira Thién Hué:
u , ;

Nguyén Quang Huy, 12 Toan 1, THPT chuyén Qudc

hoc Hué, TP. Hub; Séc Trang: Lé HO Trong Tin,
10Al, THPT Ké& Sach, huyén Ké Sich, Pham
Neuyén Khang, 10A2T, Lam Kha Han, 11A2T,
THPT chuyén Nguyén Thi Minh Khai, TP. Séc

Trang.
HO QUANG VINH

Bai T9/530. Cho a, b la hai sé thyc thoa man

sina+v3cosb=2. Tim gid tri lom nhdt va gid tri

nho nhat ciia biéu thire P =sinb ++3cosa.

Léi gidi. Ta co:

(sin® a+cos’ b)(1+3)=(sina++3 cos b)’ +(3sina—cosby
>(sina++/3 cosb)’ =4

3 )
= sin” a+cos’ h>] =1—cos? a+1-sin’ b>1
= 12cos’ a+sin? b,

Dodé: 42 (sin® b+ cos? a)(1+3)
=(sinb+/3 cos a)* +(\/3 sinb—cos a)’
z(sinb+x/§cosa)3=P2.

Suy ra: 23P5. 5

\/gsinazcosb

P=2c>4 \/-isinbzcosa

Sina+\/§cosb=2

Lsinb+\/§cosa=2

: 1 NG
Ssing=— _N3 1
2,cosb-—5-, COS“=—-2—,Sinb=E

i
—— —-_E
% +2kn b= : +2x (k,leZ).

https://tieulun.hopto.org



. |
_____2<:>sma=—2-,COSb=i2§-, Sinb:—'_l_:cosa=“"\/§
2

@a:-s-g+2k7r,b=—%+2hr(k,leZ).
Vay gi tri 16n nhat clia P béing 2, gi4 trj nho nhit
ciia P bang — 2.
Nhin xét. Dy la bai todn cuc tr lugng gidc cé bién
d6i hay. Céc ban hoc sinh sau c6 181 giai dung:
Ha Noi: Nguyén Huy Hodng, 12T1, THPT chuyén
Nguyén Hu¢, Ha Dong; HA Tinh: Tvdn Mink
Hoang, 9E, THCS Nguyén Trai, Nghi Xuin: Thira
Thién Hué: Pham Ngoc Long, 12T1, THPT chuyén
Qubc hoc Hué, TP. Hué; BA Ria - Viing Tau: Phan
Trung Kién, 12T1, THPT chuyén Lé& Quy DPén, TP.
Viing Tau ; Binh Pinh: Vii Tidn Dar, 11T, THPT
chuyén Lé Quy Bén, TP. Quy Nhon.

NGUYEN MINH bUC
Bai T10/530. Cho x, y, z la cdc s6 nguyén dirong
va p la 56 nguyén té thoa man 0 < x < y<z<p.
Biét X*, y*, 2} ¢6 cung s6 du khi chia cho p, chimg
minh x* +y* +2* chia hét cho x+y+z.
Loi gigi (cia ban Vi Tién Pat, 11T, THPT
chuyén Lé Quy Don, TP. Quy nhon, Binh Dinh).
Giast p>x>y>z Suyrap>3.
Theo gia thiét ta co: x* = y° (mod p)
= (x=y)(* +xy+y*) =0 (mod p).
Vi p>x—ynénx® +xp+y* =0 (mod p).

Tuong ty: y? + yz + z* =0 (mod p).

Dodé (x +xy + y*) = (y* + yz+2°) =0 (mod p)
= (x-z)(x+ y+2z)=0 (mod p)
=Xx+y+z=0(modp) (vip>x—2).

Suy ra: x + y =—z (mod p)

=X +2xy + y* = 2% (mod p)

-‘;>x2+2xy+y2+zx+zyszz+ﬂ(+zy (mod p)
=% +xy 432 4y + yz +2x = 2(x+y+2z) (mod p).

Vi x* +xy+)? =0(mod p), x+y+2z=0 (mod p)
nén xy+ yz +zx =0 (mod p). Suy ra:
X +yP +28 =(x+y+2z)’ - 2(xy + yz+2x) =0 (mod p) (1).
Vix+y+2z=0(modp) vax+y+z<3p néncod
hai trudng hop sau:
ex+y+z=p. Theo (1) x* +y* +2z° chia hét cho
p=x+y+z Tac la x* +y* +z*chia hét cho
x+y+z.
ex+y+z=2p Khidd:
X +y' +2 =(x+y+z)Y -2(xy+yz+zx) chia
hét cho 2. Ma (2, p) = 1 nén
x* +y* +z° chiahétcho 2p=x+y+z
Vay ta luén c6 x* + y* +z* chiahétchox+y +z
Nhin xét. Bii nay dugc nhiéu ban tham gia giai.
Trong s6 101 giai tét, ¢6 cic ban:
Thira Thién Hué: Nguyén Quang Huy, 12T, Phan
Thi Minh Chéu, 11T2, THPT chuyén Quéc hoc Hué;
Ha ndi: Nguyén Huy Hoang, 12 Toén, THPT chuyén
Nguyén Hué; Ha Tinh: Trdan Minh Hoang, 9E,
THCS Nguyén Trai, Nghi Xuan; Ba Rija — Viing
Tau: Phan Trung Kién, 12T1, THPT chuyén Lé Quy
Bon, TP. Viing Tau. TP. H Chi Minh: Pham Hong
Phiic, 10CT, THPT chuyén Lé Héng Phong.
PANG HUNG THANG

Bai T11/530. Tim tat ca cdc ham f: R—>R sao
cho (=) f(x+Y)~(x+y) f(x—3) = dy(x* = %) (1)
voi moi s6 thue x, y.
Léi gidi. (Theo da s6 cac ban). Thay x = I, y=1
vao (1), ta duge f(0)=0. Thuc hién phép dbi
bién x+y=u, X—y=v suyra:

u+v

2 2

Thé céc gia tri nay vao (1), ta thu duge :

Httuf(v)ﬁﬁ’éuluﬁ Rhoptd.Brg

X =




Véi u#0,v#0 thi

(Z)QM—M=L{2 —v?, Yu,ve R\ {0}
u 1%

<:>—flu—)—u2 :M—vz, Vu,ve R\ {0}
u %

S(x)

X

<

~-x* =¢, VxeR\ {0}

véi ¢ 12 hing s6 thuc tiy ¥. K&t hop véi diéu kién
f(0)=0, ta thu dugc f(x)=x"+cx, VxeR véi
c la h?mg 56 thuc tay v.
Tht lai, ta thdy ham f(x)=x" +cx ung véi ¢ 1a
hing s thuc tay ¥, théa man diéu kién bai ra.
Nhin xét. Day 1a dang toan co ban vé phuong trinh
ham véi ciip bién tw do trong 16p ham thuc mét bién.
C6 nhiéu ban tham gia giai va déu nhan dugc két
qua ding.
Binh Pinh: V6 Tién Pai, 11T, THPT chuyén Lé
Quy Dén; Ha Néi: Nguyén Pic Hoang, 11T1,
Nguyén Huy Hoang, 12T1, THPT chuyén Nguyén
Hué, Ha Pong. Ha Tinh: Tran Minh Hodng, 9E
THCS Nguyén Trii, Nghi Xuin; Ba Ria — Viing
Tau: Phan Trung Kién, 12T1, THPT chuyén Lé Quy
Pén, TP. Ving Tau. TP. H6 Chi Minh: Thdi
Hoang Yén Nhi, 11CT, THPT Gia Pinh; Thira
Thién Hué: Pham Ngoc Long, Nguyén Quang Huy,
Nguyén Thi My Lé, 12T1, Nguyén Vin Huy, Tran
Thi Thanh Thw, 11T, Lé Thi Thanh Tdm, 11T2,
THPT chuyén Quéc hoc Hué ; Hung Yén: Nguyén
Gia Khdnh, 10T1, Poan Hodng Qudn, 11T1, Tran
Vin Qudn, 12T1, THPT chuyén Hung Yén. Lim
pbéng: Nguyén Dinh Lé Vii, 10T, THPT chuyén
Thing Long, TP. Pa Lat; Pha Yén: Phan Vinh
Tién, 11QT3, THPT Duy Tén; Quéng Binh:
Nguyén Tran Hoang, Nguygn Thi Thu Phuong,
11T2, THPT chuyén V3 Nguyén Gidp; Sé¢ Tring:
Ly Hong Nhut, 11A1T, THPT chuyén Nguyén Thi
Minh Khai; Tién Giang: Mai V6 Phic Thanh, 12T
THPT chuyén Tién Giang; Ty Ninh: Thdi Gia Huy,
11T, THPT chuyén Hoang Lé Kha.

NGUYEN VAN MAU

Bai T12/530. Cho hinh vuong ABCD, trén canh
AB /cfy diém K bat ky, phan gidc cua cdc goc
ADK va BCK cdt AB lan luot tai E va F. Trén
AC ldy diém M sao cho MF song song voi BD. Tiy
M ke ;I'u'o"n g thing song song voi AB cdt DE tai N.
Chirng minh rang AE® + BF*=2MN".

Léi gidi. Goi P la giao diém cia MN va AD.
Khong mat tinh tdng quat gia sit ABCD co canh
bing 1. Dit ADK = a; BCK = 8. DE thay:

a
AK =tan a; BK =tan f3; AE:tan-?j =X;

BF:tan—g =y. Do do:

2y 2 _tana+tanf=AK +BK = AB=1,
1-x* 1-y
AP = MP = AM .sin45° = AF.sin45°.sin 45°
1 1 1-
NP:DP‘tanz:(l—AP).tanzz 1——]Hy X
2 2 2
I+ y)x
2 3
MN =Mp-Np=1=2 (0
2 2
=1—x—y—xy
gy

A E K i B

D g

Vay céc diéu kién sau twong dwong

1) AE* + BF* =2MN*.

2
1-x—y—>
2 L4yi=1 ,_f_y_fzg

https:/Aieu un.hopto.org



32+ )T 4V Y ~2x 2y 400, 10020
4) Ix+2y—2x'y=2y'x=1-x2 —y +x7)?
5) 21’(1 —J’l) + 2)’(1 _xZ) = (l —'IZ)(I —yz).

=1 (dung).

2

1-¥ 1=y
Nign xét. Bai todn ndy kha kho, chi cé bén ban
tham gia giai: Hung Yén: Hoang Dinh Qudn, 111:1,
Tran Van Qudn, 12T1, THPT chuyén Hung Yén:
Thira Thién Hué: Nguyén Quang Huy, 12T1, THPT
chuyén Qudc Hoc Hué; Phii Yén: Phan Vinh Tién,
11QT3, THPT Duy Tan.
NGUYEN MINH HA
Bai L1/530. Hai chét diém A va B dao dong diéu
hoa voi cung bien do. O thoi diém ban dau (t = 0),
hai chdt diem dou di qua vi tri can b:f'ng theo
chiéu dirong. Biét chu ki dao dong cua cdc chat
diém A vé B lan heot la T va 0,5T. Tinh 11 56 giita
toc dé clia chat diém A va toc dé cua chat diém B

tai thoi diem 1 = v

Léi gidi. Ap dung cong thirc doc lap thoi gian
giira li do va van toc:
2 2
37+ V - =1:>IVJ=(0\/A'—XJ;
A w A
L@,y A —x

[ 42 _
Wy A~ Xy

2 2
vV, 5__/_4_:1’-

Vg 2 \fAz 'x;

Vi khi 1 = 0 cac chat diém A4, B déu di qua vi tri

can bang, do d9, vi tri cua chiing sau /=

ung

g céc ban d3 c6 loi giai d
H6 Pham Phii An,

Nhin xét. Chac mim
cho dé ra ki nay: Pong Thap:

12T1, Nguyén Truong Duy, 11T1, THPT chuyén
Nguyén Quang Diéu; Ha Tinh: Nguyén Thi Thity
Chinh, 12A1,THPT Cu Huy Can; Thira Thién Hué:
Nguyén Thj My Lé, 12T1; H6 Khanh Diéu, 12 LY 2,
THPT chuyén Quéc hoc Hué; Hung Yén: Ddo Ngoc
Thién, Cao Thi Tuong Vy, 12A9, THPT Duong
Quang Ham.
PINH THI THAI QUYNH

Bai L2/530. Ddr mét dién ap xoday chiéu vao hai
dau doan mach AMNB. Trong do, doan mach AM
chira dien tro thuan R. doan MN chita cuon day
khong thuan cam c¢6 d¢ twe cam L va dien tro r
hoat dong. Biéu thirc di¢n ap gitra hai dau cac
doan mach AN, MB va NB lan lweot la

iy = 232U cos(et + @), Uy =2U cos(wl + Q).

( 1)? \
Uy =U'cos o +o0— '

-

3 )
I s F
Xac dinh t1 so —.

R

Loi gigi. Sir dung phuong phép gian dd vecto ta

co:

Vi uyy cling pha voi uys, do vay U,, song song
voi U,,. Tir gian do vecto, ap dung dinh li Thales
trong tam giac ta co:

2 1

Hyp

Y, _ _
[}R U,y 2\/5 \/5

Nhan xét. Rt tiéc 1a khong c6 ban ndo tham gia giai

L
R

bai nay.
NGUYEN XUAN QUANG

, TOAN HOC
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HOA

BAN CO BIET

BO CAUDANG HOA CHUC HOA BINH x = 2( sint + sin127).cost

1. Puong Hoa kép 2, phuong trinh tham g4

Birc hoa duepc tao thanh béi cdc duong cong

. . y=2(sint + sin12/).sint, 1 €[0;27].
toan hoc chu yéy frong chicong trinh THPT.

2. Puwong Hoa don 1, phuong trinh tham s,

M, x = 0,8. sin8¢. cost
) I.j, 7 . .
/”) y = 0,8.sin8t.sint, 7 €[0;27].

o 1 * - 3. Canh hoa: 85 thi ham sé
e -\l.j'{;\—’/’/// y= log_x , XE [0,2, 2],

\L// BO CAU (bén phai )
4. Pau v co: 86 thi ham sb
w < % e L 5 2x 3 ) .
Sau ddy 1a d6 thi cia céc ham sé trong mat y=-2¢+2, xef03],

phang di véi hé truc toa do tryc chuin (Oxy)

5. Mat: Hinh tron tam (1,5; 2,2), ban kinh 0,35
tao nén birc hoa.

6. Lung: @5 thi ham sé

2x 17
y=—4 +6, xe[3,2;15].
i 3 x-0,5
X% 1 7. Bung: d6 thi ham sé
=z
s 2x 6
> = *—-——-—5 P y-—-—?}+—~6, xE[E;ISJ.
= :K — _//'.b‘i"/;'—‘"—fo f’r;7 . . 2 . i 4 -
- Finge ik i e all” Chit y. Lay déi Xung qua truc tung dé cé toan
N 0‘\_#/ s . b0 hinh vé.
| TRAN PINH VIEN
(Hoi Toan hoc Ha Néi)

THONG BAO
M&i ban doc mua Tap chi Todn hoc va Tuéi tré quy 1 nj
trén ca nudc hoic tai Tda soan.
Moi chi tiét xin lién h¢ : TAP CHI TOAN HQC VA TUOI TRE
187B Giang Vo, Dong Da, Ha Noi
Dién thoai : 024.35121607 - 024.35142649 - 024.35682701
Email : toanhoctuoitrevietnam(@ gmail.com Website: vienn

m 2022 tai cic co sé Buu dién

ghiencuusachgd.com

TR bk d g

NP IR R BRI R F R =R T e T T vk bk r‘;==ht4¢4'..-v..';x.1-=¢a oy
h ok ox &
R R R E T e T 1
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Ll N AN ’ | 'w-“r-—w--—”-'-#""“‘\
RS CHUNG TA HOC DUQC Gl

I : "‘5 , LX) Ty

grd = o\ TU BAI TOAN HINH VUONG
'J q_n ¥ 1(.:5*‘{ NGUYEN HUY HOANG

THEOQ CHUONG TRINH VA SGK MO1 R -

Bai viét s¢ tap trung khai thic hai bai toan quen

thuéc trong chuong trinh bac THCS, qua d6 thay
duge tAm quan trong cua viéc tim hidu sdu mdt bai
t04n i v&i hoc sinh khi hoc bd mén nay.

1. HINH VUONG VA TAM GIAC DEU

Bai toan 1. Bén trong hinh vuiong ABCD ta
dung tam giac déw CDE. Tinh 56 do géc AEB.
Léi gidi. Vi tam giac EDC la tam giac déu nén
EDC = 60° suy ra ADE =30°.

Mia DA = DC = DE nén A1 B
tam giac DAE céan tai A4,

kéo theo DAE =75°.
46 EAB=15°. Hoan toan
tuong tu, ta cing chimg p
EBA=15°.

Tt day ta c6 AEB = 180° — EAB — EBA=150°.
Ta dit cau hoi ring liéu dyng tam giac deu phia
bén ngoai hinh vuong thi s& ra sao?

Bai toan 2. Cho hinh vuong ABCD. Dung ben
ngoai hinh vuong tam giac déu CDE. Tinh goc
AEB.

Tir‘
|

minh duogc

Lbi gidi hoan toan gidéng nhu trén, xin nhuong
¢ho ban doc rén luyén. Pap an 1a 30",

Nhin xét. Bai toan trén la mot bai bién d6i goc
<0 ban trong chuong trinh toan 16p 7. Nhung,
néy phat bidu bai toan trén 0 dang dao thi no sé
kh? hon d6i chat, vi khi do chiing ta s€ khong
the sir dung c4c tam giac can dé tinh goC:

Baj toin 3. (Bai toan dao) Cho hinh vuong
4BCp, Dung bén trong hinh vuong mot tam
Sidc EAR can tai E sao cho EAB = 150°

U”mg minh ramr tam gidc EDC la tam gidc deu.

(Tmang THPTchmen Lé Quy BDén, Binh Dmh)

Loi gidgi. Trong nira mat phang bds AE 14y diém
F sao cho tam giac FAE ddu. Tir gia thiét va
cach dung hinh, ta co:

EAB =15°, FAE = 60°nén DAF =15°.
Xét AEAB va AFAD ¢6
EAB=FAD=15°,
AE = AF v AB = AD nén E
AEAB = AFAD (c.g.c). Td |/
d6 tam giac FAD céan tai '
nén FA=FD=FE. D &)
Sir dung tinh chét goc ngoai cua tam giac, ta co
60° = AFE = FAD + FDA + FED + FDE
= 2ADF + 2FDE =2 ADE.

A B

Do d6 ADE =30°, suy ra EDC=60°. Hoan

toan tuong tu, ta ciing co E_Ef)= 60°
tam giac EDC la tam giac déu.

Nhin xét. Tuy 16i giai bai toan 1 khdng thé ap dung
cho bai toan nay, nhung ta thiy ring, viéc dung tam
giac déu trong bai todn 1 d3 mo ra con dwdng rat
sang sua dé giai bai toan 3.

. Tu do

Giai xong bai tosn 1 va 3, ta c6 mot két qua dé phat
hién nhanh cac tinh chﬁt hinh hoc trong qua trinh giai
céc bai todn khéc, ching han

Bai toan 4 (All Siberian MO 2016) 7rong hinh
vuong ABCD dimg bén trong cac tam giac déu
ADK va ABL. Chirng minh tam giac CKL déu.
Loi gidi. St dung két qua bai toan 1, ta thiy
ngay tam giac KBCva LDC A4 B
la tam giac can tai K L cé

goc & dinh bang 150° nén

AKCB = ALCD (c.g.c).

Tu 6 CL = CK. Lai c6 p<—rt

c

ss bitpsiielRI H0a arg




LCD=KCB=15° nén KCL=60° Vay
gidc KCL déu.

Bai todn 5 (All Siberian 2015). Dung bén
trrong hinh vuéng ABCD tam gidc ABL déu. Goi
K la giao diém AC va BL. C, hung minh CK = CL.
Goi y. Ching minh hai géc d4y cling bang 75°.
Khong ding lai ¢ d6, giai xong céc bai toan 1,
2, 3 ta phai dit tiép cau hoi: diém chung cua ba
bai todn ndy 14 gi, tbng quat né 1én duoc khdng?
Ban doc phai nhan théy réng ca ba déu phat biéu
dudi dang:

Bai toan 6 (Tong quit). Cho hinh vuong
ABCD. Ldy diém E sao cho tam giac EAB va
ECD cdn tai E. Hav tim méi lién hé giira goc
AEB va goc CED.

Phan tich. Rat kho dé giai bai toan nay bing
viéc v& dudng phu va giai bing hinh hoc thudn
tay, boi 1& gia thiét dugc cho qua it. Do vay ta
phai giai bai todn nay theo huéng khac véi cdng
cu cao hon. O day, ching t5i s& giai bai nay
bang luong giac.

Loi gidi. Goi M, N 1a trung diém CD va AB. Tu
giad thiét ta c6 £ ndm trén dudng thing MN.
Khong mat tinh téng quat,

gid s& d6 dai canh hinh 4 3 B
vudng la 2. bat
DEC=2a va AEB=2p.
Su dung hé thuc lugng E
giac trong cdc tam giac |
vuong MED va NEA:

EM = DM.cota = cota, EN = AN.cotf3 = cotf3,
Truong hop 1. E nam trén doan thang MN.

Vi E nam gitta M va N nén EM + EN = MN hay
cota + cot f=2.

Truwong hop 2. E nam trén tia déi tia MN.

Vi M ndm gitra £ va N nén EN — EM = MN hay
cotff—cota= 2.

Truong hop 3. E nam trén tia déi tia NM.

Vi N ném gita £ va M nén EM — EN = MN hay
cota —cotff=2.

tam
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hirc thu dugc rat 4n tuong va dep dg!

5 st. Hé t . ;
Nhan xét. He n voi két qua virg

5 s thé ma ta thoa ma
ch’)l?L:guktlzggiu\:;Ein lai vao loi giai bf:\li' trén, ta thiy
ring yéu td hinh vuong k_h)(‘.)ngndlroﬁ i dung t‘1:01:£g
bai todn, va thuc té 10i giai trén ~ch1 s dung “mg
nira hinh vudng”, d6 la hinh chu‘nha‘t A{}/MD co
chidu dai gip ddi chiéu rong. Lai nhin vao s6 2 trong
két qua thu dugc, rat ty nhién, ta dat ra bai toan tong
quat cho bai 6.

Bii toan 7 (Téng quat bai todn 6). Cho hink
chir nhdt ANMD co AD = xAN: Trén canh MN
liy diém E tiry y. Chieng minh rang

cotcot /;IETV + cot li*?-/\j! =X.
Chung minh bai toan nay, cling nhu tinh huéng
E nim ngoai doan MN nhudng cho ban doc tim
hiéu.
Nhu vay, cit mdi s6 x va diém E ¢6 vi tri xac
dinh thi ta c6 mot bai toan. Chéng han:
Bai todn 8. Cho hinh chir nhdt ABCD c¢6

AB=\[3,4D = 4 Duong tron dwong kinh AD
cdt BC tai Kva L. Tinh dé dai KL

Con néu diém E nim & vi tr ngau nhién bén
trong hinh vuéng thi sao? Luc biy gid, viéc giai
tat nhién s& con vAt va hon. Ta phai str dung cac
cong cu tét hon & 16p trén nhu dinh 1y cosin,
phuong phap toa dg trong mét phang,... Tuy
nhién, ban doc cing hdy thu giai véi mot vai
frung hop dac biét cia didm E, ching han cac
bfn t0dn ¢ cudi muc 2, hodc ban doc c6 thé thu
SUC ngay véi bai todn sau:

Bai toan 9. Cho hinh v

A uong ABCD ¢¢ canh la x.
Lay diém E be

" trong hinh vuéng sao cho
EA:\E, EC=\/5 va ED = /g

a) Tinh dp dg; EB. b) Tim x

b) St _
v; E‘;C(‘;-mg’émh y cdsin cho hai tam giac 4BE
"L ehG Y hai goc 4BE va £BC phu

Vol
nhau, ¢
. g1l phuong tripp tring phuong

: a vé
an x.
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Nguoi ta ‘C(‘)n dat ra bai toan: Khéng ton tgi
fiém E nam trong mdt phang chira hinh vubng
4BCD ¢6 canh la 1 sao cho cac khoing cdch
g4, EB, EC, ED déu la s6 hiru ty. Bai toan trén
con goi 1a Bai toan hinh vuéng dom vi va dén
nay van chua c6 101 gidi dugc hoan thign. Ngudi
ta chi chimg minh qduqc trong mdt vai trudng
hop déc biét cua diém E, chang han E nim trén
canh hinh vudng, E ndm trén tryc dbi ximg cua
hinh vudng va E nam trén dudng trdn ngoai tiép
cua hinh vudng.

3. VE HAI TRUNG DIEM CUA CANH HINH
VUONG
O 16p 7 ta da quen voi bai toan sau:

Bai toan 1. Cho hinh vuéng ABCD ¢6 M, N la
diem cua BC va BA. Chimg minh
CN L DM.

Ta xét bai toan tong quat hon:

trung

Bai toan 2 (Tong quat Bai todn 1). Cho hinh
vuong ABCD. Trén tia BA va tia CB lay diém
M. N sao cho BN = CM. Khi do DM L CN.

Loi gidi. Ta co NBC = MCD=90°, BN = CM
vi BC = CD, nén g 5
ABNC = ACMD (c.g©)
suy ra C =D,. Tu 4o

5= Cam90".
Suy ra DM L CN.

Bai toan 3 (Pao bai todn ). \
ABCD ¢6 M la trung dicm BC. Khi do diong
DM di gqua (rung diem

-‘

Cho hinh vuong

thang qua C vuong gO¢
4B.

Nhdn xét. Giai xong bai todn 1, 2, 3 thi ta phai dat
ngay cau hoi: Ta s€ van dung cac Kkét qua trén nhu
thé nao. R rang, bai toan 3 ding dé chu?g mm‘h S,u.
chia dai (di qua trung diém mot doan thang) va b'm
todn 1 va bai toan 2 s& van dung vao céc bai toan
chimg minh sy vuéng gbe. Sau day la céc bai toan

ng dung cu thé:

Bii toan 4 (Moldova NMO 2015). Trén canh
CB. CD cua hinh vuéng ABCD lan liot lay E, F
sao cho BE = CF. Goi G la giao diém cua BF
va DE. Chirng minh rang AG vidng goc voi EF.
Loi gigi. Theo bai toan 2:
Vi BE = CF nén AE | BF.

Vi DF = CE nén DE L AF.

Ti hai diéu trén suy ra G la

" E
truc tdm tam gidc AEF nén " Af‘
AG vudng gbc voi EF. d

Bai toan 5 (Moldova NMO 2020). Cho hinh
ABCD ¢6 E la trung diém AD va Fla
giao diém BD va CE. Chirng minh rang BE

vuong goc AF.

A B

C

lll’()”"

Léi gigi. Goi K la trung 4 B
diém CD. Theo Bai toan 1
ta c6 AK L BE. Viy, s€ g
hoan tit néu ta ching minh EX 0
duge A4, F, K thing hang. i
D K (@

Coé hai céach dé chimg
minh diéu nay:
Céch 1. Goi O 1a tim cua hinh vudng. Ta co
DO, CE 1a duong trung tuyén trong tam gidc
ADC nén F 1a trong tdm cua tam gidc ADC. Vay
nén AF di qua trung diém K cua CD.
Céch 2. Ap dung dinh 1y Thales cho DE//BC, ta

FE DE 1 , FE KC AD 1

= d6 ——-—=—-12=1.

FC KD AE 2
Theo dinh 1y ddo cua dinh Iy Menelaus thi 4, F,
K thing hang.
Nhin xét 1. C6 thé thay rang 10i giai cich 1 nhe
nhang, chi st dung kién thirc trong tdm cua tam giac
trong chuong trinh 16p 7 nhung 161 giai cach 2 lai 1a
chia khoa gitp ta giai quyét duoc mot 16p bai toan
rong hon. Ching han:
Bai toan 6. Cho hinh vuong 4

B
ABCD. Trén canh AD, BC
lan lwot I(i\»' hai diem E, F
sao cho EA = 2ED va E
GB = 3GC. Climg minh i3
ring BE L AF. D &
TOAN HOC
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Goi y. Goi K = AF n CD. Dung dinh ly
Menelaus dé chimg minh KD = 2KC. T d6
AE = DK.

Nhdn xét 2, Bai toan 5 phat biéu c6 vé hoi thira gia
thiét, vi vay ta co thé phat biéu bai toan theo hinh
thirc 4n tuong hon:

Bai todn 7. Cho tam giac OAD vudng can. Trén
canh OA, OD, AD lan ot lav cdc diém E, F, G
sao cho EA = ED: DF = 2FO va GA = 2GO.
Chirng minh rt.ing EG vuong goc voi AF.

B?mg k¥ thudt trén, ta cling sang tao ra bai toan
sau:

Bai toan 8. Cho hinh vuéng ABCD. Trén canh
BC ldy diém E sao cho EC = 2EB. Trén canh
DE ldy diém F sao cho FD = 6FE. Duong
thang qua B song song AF cat duong thang CD
tai G. Chumg minh AG vuéng géc voi BF.

A B

E

D 1 C G

Loi gidi. Goi I 1a giao diém BF va CD. Ap dung

dinh ly Menelaus cho tam giac DEC, ta c6:
Q-E-Eﬂ i‘9:1-(’3:2, tir d6 /C = BE.
IC BE FD 3

Ap dung bai todn 2, ta c6 AE L BI (1).

Theo bai toan 4, ta c6 AF 1 EI Lai c6 BG // AF

nén E/ L BG. Két hop BC L IG, tasuyra E la

truc tam tam giac B/G, tr d6 GE L BI  (2).

T (1) va (2) ta suy ra 4, E, G cing ndm trén

dudng thing vudng goc véi BI.

.....

khac: Ching minh AE L BF, sau d6 ching minh 4,
E, G thing hang bang h¢ qua dinh 1y Thales.

Bai toan 9. Cho tam giac ABC vuing cin tai A
c6 M, N la trung diem AB, AC. Goi H la hinh
chiéu cia N lén MC. Chitng minh rang

a) BA = BH; b) BH di qua trung diém cua NC

TOAN HOC
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Léi gidi. Dung hinh vudng ABDC. Sir dung Bai
toan 1, khong khé dé thay N, D, H thang hang.

a) Vi MBD=MHD=90° b
nén ti giac BDHM 14 ta
giac noi tiép. Do do

M
BHD=BMD. Mit khac, H

d& thdy AMBD = AMAC |
(c.g.c) nén BMD=AMC .

Vi MAN = MHN =90° nén AMC=HNC. Vi
NC J/ BD nén HNC = HDB. Viy 1a cudi cing,

BHD = HDB nén tam giéc BHD cén tai B.

b) Goi 7 la giao diém cia BH va AC. St dung
két qué cau trén va cic cip goc so le trong, ta co
NHI = BHD = BDH = HNI nén tam giac INH
can tai /. Mat khac, vi tam giac /NH can nén

ICH =90° - INH =90°— [HHIN = JHC hay tam
gidc JHC can tai /. Tir hai tam giac can nay, ta
c6 IN = JH = IC hay I 1a trung diém cua NC.
Nhin xét. Phat biéu bai toan khéng cé hinh
vudéng nhung céc yéu t§ “trung diém hai canh
ké” va “vudng goc” da goi cho ta tu duy dung
hinh phu nhu vay. Giai dugc bai toan trén ma
khong 1am gi thém thi that la mot su ling phi.
Bai 1€ nho no, ban doc sé giai quyét dugc hang
loat bai todn rét hay sau day:

Bai toan 10 (Bai P486, Tap chi Pi). Cho hinh
vuong ABCD ¢6 dwong tron néi tiép (O, r). Ly
E, F sao cho B, D lan luot la trung diém cua CE
va CF. Goi H la hinh chiéu cuia D lén BF.
Chitng minh rf%ng EH !fé'p xuc (O, r).

Goi y. Tlr bai toan trén ta E

c0 ngay AOEH = AOEC

(c.c.c) ’nén khoang céach . 4

tir O dén day cua hai tam \

gidc s& biang nhau va o

bang r, nén EH tiép xidc c D 1 F

voi (0).
Lam xong bai toan 10, vé& thém diém / nhu bai
toan 9, nhin lai hinh vé ta dé ¥ ring (O, ) chinh
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la dudmg tron ndi tiég cua tam gide CIE. p¢ y
[hfém () Cng chAmh 1a tdm cia dudmg tron noi
ticp cuﬂa hinh vuong ABCD. VUI nhimg nhin xét
phu vay, ta ¢ phién ban “tong hop” cua baj 9
va 10:

Bai toan 11. Cho tam gige 4B 6 AB = 4,
AC,, =3.BC=5.Goi I la tim dwong tron nei
tiep cua LR giac ABC. Duong tron tam I ban
kinh I4 cat BC fo‘H va K. v6i K nam giita B vq
H. Chung minh ;:c?ng K la trung diém BI v i
giac AIKB noti tiép.

Ung dung cua béi toan 9 van chua két thac. Két
luan ¢ ¥ a cho thay rang H nim trén dudng tron
tim B, ban kinh BA. Su kién CHD=90° cho
thay rang H nam trén dudng tron duomg kinh
CD. Nhu vdy, giai xong bai toan 9 nghia 13 ta
cling giai quyét xong hang loat cac bai toan co
chung ho hang cua né, duge gidi thiéu ngay sau
day:

Bai toan 12 (D& thi vao 16p 10, THPT chuyén
Lim Péng 2021). Cho hinh vuiéng ABCD,
Duong ron (A, AB) cat dudng tron duong kinh
BC tai E khdac B. Chirng minh rang CE di qua
trung diem F cua AD.

Bai toan 14 (Kyiv City MO 2017). Cho hinh
vuong ABCD ¢6 M la trung diém BC. Goi H la
hinh chiéu cua C lén DM. Ching minh rang
AH = 4B.

Pay chi 12 bai toan tryc tiép, khong co gi dang
dé ban. Céc bai ton sau s¢ tap trung khai thac
cic tinh chit trén mo hinh cua bai toan nay. Ban
doc c6 thé tim hidu thém, coi nhu bai tap luyen
tap:

Bai toan 13 (Poland JMO 2016). Trong hf‘flf.l
vuéng ABCD lay P sao cho AD = AP va
DPC =90°.. Chirng minh rang DP = 2CP.

5 e N ine can tai
Bai toan 14. Cho tam gidc MAN vuong

) 5 < diem C wén med
M ¢6 B g trung diém MN. Ly diem C

j r tam
mat phiang bo MN khong chira A sao cho

giac ABC vuéng can tai B. Chimg minh
CBM + CNM = 45°.

Bai todn 15. Cho hinh vuing ABCD. Puong
tron (4, AB) cat ducng tron dirong kinh BC tai
E khic B. Goi F la diém bat ky trén cung BD
chira diém E. Chirng minh rang

Sier = Sper + Scer + Sper
3. KET LUAN

Bai viét trén néu ra mdt phuong phap dé hoc
toan: Tim hiéu that sdu, that rong, that siu sdc
va ung dung linh hoat vao cac tinh hudng khi
lam bai. S luong bai toan ching ta hoc 1a rét it,
nhung sb luong bai tip ma ching ta tao ra la
nhiéu vo ké. S& that sai 1am néu ban doc giai
xong mdt bai toan va dimg ngay d6, dé rdi sau
nay, khi gap phién ban khac cua nd lai ro1 vao
bé tit. Dan 181 cua nha bac hoc 4. Einstein dé
thay cho 10i két: “The important thing is not
stop questioning” (Tam dich: Diéu quan trong
nhét Ia khong ngirng dat cau hoi).

Sau day la mét vai bai tap dé ban doc rén luyén:

Bai tap 1 (Bai P383, Tap chi Pi)

Cho hinh vuéng ABCD. Goi M, N lan lugt 1a
trung diém CD va AD. Goi P 1a giao diém AM
voi BN va H 14 tryc tdm cua tam giac PDM. Ly
L sao cho P 1a trung diém LN. Goi K 1 trung
diém MN. Chimg minh réng H, K, L thing hang

KH
va tinh

/L'

Bai tap 2. Cho hinh vuéng ABCD c6 canh la 3.
Liy M, N lan luot thudc CD, DA sao cho
CM = DN = 1. Goi P la giao diém AM véi BN.
Liy diém / trén doan thiing MN sao cho IM =
2IN. Goi L 1a d6i xtmg voi N qua P va K 1a déi
xtmg D qua /. Ching minh KL di qua tryc tdm
H cua tam giac PDM.

Bai tap 3 (UNSW Australia 2020). Cho hinh
vuéng UNSW. Trén canh UN, UW lan luot liy
céc diém 4, B sao cho UA = UB. Goi E 14 hinh
chiéu cua U 1én BN. Ching minh rang ES L EA.

. . TOAN HOC
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(Tiép theo ky triroe)
Tinh chat 3. V5i n la 56 nguyén duong va a, b l

cdc s6 thuc ta c6: a®" + b2 > Z(G-;b]

Ddng thirc xdy ra khi va chi khi a=b.
Chirng minh. « Tacé: (a- b) >0, suy ra:

a’+b* 22ab=2a% + 2b° 2 (a +b)
2
:a2+b222(m] ).
]
Viay BDT dung véi n=1.
* V&i n22, xétham: f(x)=x"+(a’ +5* - x)';

_x)n—l;
=(a® +b* —x)"
( )

a’ +b*

f(x)=nx"" -n(a2 +b
f(x)=0< x""

Sx=d+b-xox=

Do a’+b° 20 nén a® +b* —x>—x. Tir d6 xét n
chin hay 1¢ ta déu c6 bang bién thién nhu sau:

a’+b
x —0 +oo
2
f(x) - 0 *
oo T g |
f(x) ~ 2[az + b J —
2
]

a’+b

Suy ra: x” +(a2 +b? —x)" 2 2(

J Q).

Ap dung (2) véi x=a’ ta dugc:
2 I\
o + b >2(“ - ] 3).

Tir (1) va (3) suy ra:

TOAN HOC
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i PP BUIHTNe BT
.j‘ 11;2 Egi i i!ﬁj xmii; Q.a

vU HONG PHONG
(GV THPT Tién Du 56 1, Tién Du, Béc Ninh)

a+b :
i(_z_)_ :2(“1’}2“.
2

2

, a +b?
a = 2
& a=b.

+bY
B4 5% =3 2 ]
. (2

Tinh chit 4. Véi n la sé nguyén duwong va a,b la
6 thye ta co:
D (a+b)" =a* +6* <a=0 hoic b=0.

Dang thirc xay ra <

a2n+l

2) (a+b)"" = +b"" <a=0 hoic b=0

hodc a+b=0.

Chirng  minh. 1) o« Khi b=0 thi

(a+b)2" =a” +b™" . Xét b20 ta co:

2n 2n
b b
= (&) (2
5 > ~1=0 (.

_a
Bat - =X thi (1) trs thanh f(x)=0 véi

f(x)=(x+1)2" Ay
Ta co: f'(X) =2n(x+ 1)2"_l - 2nx*",

Do x+1>y nén (x+1)2.rrl 2l

Suy ra
I ( )>0 VxeR. Do do flx) dong bién trén R.
Vi

Ivay x=0 |3 nghiém duy nhét ciia phuong trinh

f() 0. Véi x= 0th1———0:>a 0.
b

A 2n
V@Y(a+b) =q° +b2":>a—0hoacb 0.

e Dé thay 2= 0hoi#c p = 0 thi (a+b)'" b
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2) . Khl b = 0 thi (61 + b)Z’Hl = a2n+1 + bZnH'
Xét p#0 taco:

a 2n+l 24l
a2n+1 Js b2n+l o (‘—'l‘ 1} _ E +1
b b
2n+1 2n+1
@[ﬁﬂ) —[3] ~1=0 2
b b =0 ()

Pit %:x thi (2) tré thanh f(x)=0 véi

2ntl

(a+b) =

F(x)=(x+1)"" =x"" ~1. Ta cs:
f’(x) = (2” + 1)()6 + 1)2" —(2” g 1)x2n
f’(x):0<:>(x+1)2" =x" ¢:>x+1:—x<:>x=-l,

Ta c6 bang xét dau:

F
ol - 0

Tir bang xét ddu f'(x) suy ra ham s6 flx) ¢6 2

—00 - +o0

khoang don di¢u nén x=0x=-1 1a tht ca cac
nghiém caa f(x)=0.

Véi x=0 hoic x=-1 suy ra a=0 hodc
a+b=0. Vay (a-kb)z'ﬁ1 = g®"! 4 b, suy 12

a=0hoic b=0hodca+b=0.
-Déthéya=0hoacb:0hoaca+b:0thi

(a+b)2"*1 — a2n+] +b2n+l'

Sau ddy 1a mot sb thi du co vén dung céc tinh chat
nay.

Thi du 1. Gidgi phuong trinh:
(\112+x2 +\/2+x) +(\/2—x+x+4) =2"7 (D).
Loi gidgi. PK: —2<x<2. Ap dung tinh chét 3 ta

8
J - 4
c6: W(l)zz(_gifj_}’-_f_zj_ﬁ—ﬁ—’fl ] ).
Mit khac (\/2+x+~/2-x)2 —44 04— 24,

Suyra: 2 +x +v2-x22 ()

Ta 6 (loga?22-x (4. That viy, do
2<x<2 nén x+220 va 2-x20.

\/’T(4)=\/(2——x)2 +4(2+x) Z\KZ—x)z =2—x.
T (3) va (4) suy ra:

V124X +424+x+ 2—x+x+4>2-x+2+x+4=4'

2 2
Theo tinh chét 1 ¢6:

8
[\J12+x2 +\/2+x+\/2~x+x+4 > 4} — 6 (5).
2

T (2) va (5) suy ra VT(1)= VP(1). Péng thirc
xay ra ©x=-2. vay PT da cho co6 dung 1
nghiém x=-2.

Thi du 2. Giai hé phuong trinh:

+4}‘+1)M +(4y2 +4x+1)Id

(x+y+ )™

(x+y+1%0
Loi gidgi. PK: ix y . PT(1) tuong duong

X #

2

voi (4 +dy+1) +(4) +ax+l) =2(x+y+1)" O).
Ap dung tinh chit 3 ta co:

2 , ,2 14
VT(3)22(4X +4y+1+4y +4x+1]

2

=2(2x +2y7 +2x+2y+1) " (4.
Mait khac (x—y)z >0, suyra 2x° +2)° 2(.\"+_v)2.
Do dé: 2x° +2)° +2x+2y+12(x+3) +2x+2y+1

=(x+y+1)
Theo tinh chét 1 suy ra:

(26 +2y" +2x+ 2y + I)H = ((‘ ry* 1)2)14

=(x+y+1)" ()
Tl (4),(5) suy ra VT(3)>VP(3). Ding thirc xay
ra <>x=y. Thay x=y vao (2) dugc:

22
(48] s e 22

A 4 22 27
&l x +——-4 +{—x? = _ a2
[ ~ ] (~x*+x+4) =27 (6).

Ap dung tinh chét 3 ta c6:

fﬁtﬁﬁ:dﬂiﬁﬂiug%@g




2

o Thay x=0 vao (*) ta duoc 7= 0.

.t2+{~4—x2+x+4 (i+x 1., d m=—E-
YI(R)eE —t— =2/ %—| (- Thay x= vio ) ta dugc 3
. ' 2 __ 1.
\ eXét y=x"—3x. Taco: y =3)f 3
Ap dung BDT Cauchy ta co: y'=0e x=+1. Taco bang bién thién
p o2 [ x | - -1 1 - oo
X+ =|| T || =4t s ¥y’ + 0 - 0
| l l I 2 2 +00
Theo tinh chat 1 suy ra: y / \\ /’
x+i N 4\* i — 2
<1} I iy PP Tir bang bién thién suy ra PT(3) c6 3 nghiém phan
2 2 B

1 11
biét khac 0 va 3 @me(—Z 2)\{—§ }

T (7) va (8) suy ra: « Xét y=x" —6x, ta co:

VT(6)22.2" =2” = VP(6). Y =3x"-12x; y =0 x=0;x=4.

Dang thic xay ra Sl=—ox’=d4cx=142 Ta c6 bang bién thién:
] | [ [ 0 4 +oo0 |
Suy ra PT(6) c6 2 nghiém x=+2. Vay hé PT d3 { I n 0 = 0 + j

cho ¢4 2 nghiém (x; y) 1a (2;2) va (-2-2).

I 0 +o0
|
Thi dy 3. Cho phuwong trink y ( / \ /
Ty 4 ‘- s ~32

(_\" -3x-m) +(—.r" +6x° + m) = ((1\’j —3-\‘) (1). =

Tim tip hop S gom tit ca cdic sé thire m deé Tir BBT suy ra PT(4) c6 3 nghiém phén biét khac
phwong trinh (1) ¢6  ding 8 nghiém phan biét. () va 1 n— E( _39. 0)\{ 11}
Biét S=(p.q) {r} hay tinh P=(p—q)r. . 2’ ' - 8A ) :
Loi gidi. Dit a=x -3x—m b=—x+6x’ +m. Suy (16 lng 8 nghiém phan Rgh LRI
ra 6x’ -3x=a+b. Phuong trinh (1) tr& thanh
a’ +b" =(a+b)" (2). Theo tinh chét 4 thi

(2) ©a=0hodac h=0hoica+ b =0, Do viy

PT(4) qéu c6 3 nghiém phén bigt khac 0 va 21
dong thoi PT(3) va PT(4) khén

ome (-2 0)\{ 8}

& ¢6 nghiém chung

[ ~3x=m 3)
3 -
¥ =3e=m=0 P _ex’=m (4) Vay §=(-2;0)\(_U ).
(l)(‘:} —x3+6xz+m=0<1> x=0 . ’ —_8_ VA P:?
6x% —3x=0 1 Thidy 4. ¢y, Phuong trin),
) (-\’2-3x+m8+ x> —(7 2\®
‘ X =(2m+1)x .
» Gia sir (3) va (4) c6 nghiém chung, ta co: ) ( ( x+m )
x3-—3x=m ((2"”“7 X+m—m- 3 D).
i . * Tim m g PT(1 ) , ) (
x'—6x'=m (1) co diing 4 nghigm phan biét.
x=0 Loi gidi, PT( l)tucmg duong véi
- s 2 _ e -3
Suyra: x'-3x=x’—6x’ < 6x’ —3x=0 > L L (x x+m) + (= +(2m+1)x~mz)8
2

=((2m ~2)x+m -hmz)s (2).

40 T(?@'F'ug‘éi S8 534(12-2021) https://tieulun.hopto.org




" g=x =3x+m ;b=—x2+(2m+1)x—m2.
poi (2m-2)x+m-m*=a+p. Phwong trinh
00 [hénh:' a'+b" =(a+b) (3).

Theo tinh chat 4 thi 3)<>a =0 hoic b=,

X =3x+m=0

) (4)
Do vay (2)= sz +(2m+1)x—m> =0 (5)

, Gia sit (4) va (5) ¢6 nghiém chung ta c6
X =3x+m=0
= +(2m+1)x-m? =0

*).
Cong theo vé hai PT cua (*) ta duogc:

(2m-2)x+m-m" =0

@(m-—l)(Zx—m)=0<:>m=1 hodc x:%.

... m : m* 1
4i x=— thay vao (*) tadugc: — ——m =
V. 5 ¥ *) G 2 2m 0

o m =0 hoic m=2. Tht lai vé6i m = 1,
m=0,m=2 thi(4) va (5) c6 nghi€ém chung.
+PT(4) ¢6 2 nghiém phan bigt

o 9—4m>0©m<%.

«PT(5) ¢6 2 nghiém phén biét <>4m+1 >0
1

eom>—,.
4

Vay PT(1) ¢6 diing 4 nghiém phan biét < PT(4)
vi PT(5) déu ¢6 2 nghiém phén biét va ching

19
khong c6 nghiém chung <> m € [—-Z,Z] \ {O;l; 2}

BAI TAP
1. Gii cac phwong trinh:

10
4
(4)‘2 +3% + 1)10 + (4,\’2 +3x+ —)f’]
=]

4x* +1
%) 1 20
2 (x+l)
6
128| 2x° —(3x +2
b) (x+2)6=__[i_£_——l—].

(x—-1)6 +(x+3)6

10
(8x* + 8 —2)10 +(5 + szT—?) _,
(2x2 +1)20

d)(x+ 2+x)g +(\/12+x2 4 2—Jc—-2x)8 =2°.

L. G c4c hé phwong trinh:

<)

x2+y2=1
x80+yso_ ].

= NE (x3+yg)B
V(x3+y3 +1—\/§)5+(x+y+1+\/§)5 =82
J5+4x— —x.aii;iigﬂ |

[sz—x+y+2

b) 4

\
-

5

5
ol S| ] +(x3+y3+1) =33
C)W

[ 2y 2s+ xy+1 2s:ﬁ1_
2 2 i3
| x"+1 y +1 2

11 17
2

__+ =
2 1+

9 (x+\/y2 +1)8 +(2x2 4257 +2xy" +1 +l)4
{ 17(x2 +y?‘)4

3. Tim m @& phuong trinh

(Jc2 +mx+2)8 +(2x2 +4x+ Zm)E =(x2—(m—4)x+2m—2)

c6 dung 4 nghiém phén biét.
4. Tim m ge

()c2 —4x+m)S +()c2 ~(3m -|r1)x+mz)8

=1

8

phuong  trinh
=((3m-3)x+m~-m")" co sb nghiém nhiéu nhét.
trinh
(x3—3x—m)7+(x2+3x+m)7 =(x3 +x?‘)7 co
ding 7 nghiém phan biét.
6. Cho phuong trinh
(x3 —3x+m)7 —(3x—5)7 :(x3 —6x+m+5)

Tim m de

n

phuong

7

a) Giai phuong trinh véi m=0. b) Tim m dé
phuong trinh ¢6 ding 7 nghiém phan biét.
7. Cho phuong trinh

5

(x4 ~3x’ —m)7 +(—)c3 +3x7 +m)7 =(x4 —xj) .
a) Giai phuong trinh véi m = —% ,
b) Tim m dé phuong trinh ¢6 ding 9 nghiém phén
biét.
8. Cho phuong trinh
3 2 . 3 ’ 5 4
(x +2x —-m) —(x —3x—m) =(2x +3x) .
a) Giai phuong trinh vé1 m=1.
b) Tim m &é phuong trinh ¢6 déng 8 nghi¢m phén
biét.
https://tieulun.hopto.org
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PHAN CHIA HINH VUONG
THANH 6 DA GIAC
(Dé in trong TH&TT s6 529, thang 7.2021)

D¢ bai. Cho mat miéng bia hinh vuong mot mat
mau sam véi do dai canh bang 6 cm (mdt sau ma
trang) Ban hay cat hinh vuong do thanh 6 da gidgc
bang cdic d'uong gap khiic song song voi canh hinh
vuong ma moi da giac duge cat ra cé khong qua 6
canh véi 56 do canh la sé nguyen theo cm va dién
tich 6 da gidc duoc cit ra bang lem®, 3em’,
Sem’, Tem?, 9cm?, 11 em’, sao cho c6 thé ghép
duge 6 da gide d6 thanh hinh chic nhit mau sém
vai kich thucce lan licot b&ng 2cmx 18 cm, 3 em
X 12em. 4 cmx 9 cm.

Lai giai. Phan chia hmh vuong 6 cm x 6 cm thanh
6 da giac ¢ hinh 1 roi ghép lai thanh cac hinh chit
nhat v6i kich thuée lan Iugt bing 2cm x 18cm
(hinh 2), 3cm x 12cm (hinh 3), 4cm x 9cm (hinh
4) nhu dudi day voi cc hinh chir nhat dugc ghép
©6 mau sam.

Hinh 4

6 g&l lﬁl.glﬁl ahunshmn chir

CO BAO NHIEU CHU SO ?
Ngay 26/12/2017 ong Jonathan Pace - ky su dién =
tu (] bang
Tennessee (My),
dong thoi 1a mot
thanh vién cua
GIMPS (du 4n
Great Internet
Mersenne Prime Search - Tim kiém s6 nguyén t6

Mersenne khong 10 trén internet) la ngudi di cho
méy tinh chay phin mém dac biét trong vong 6
ngiy lién dé co ban tim ra sd nguyén t6 méi
27?231917 §-. 1 g

M¢ét ndm sau, thang 12/2018 Patrick Laroche
thanh vién khic cua dy 4n GIMPS di tim ra sd
nguyén t016n hon 2%%*" _1 46 13 met s6
nguyeén t6 Mersenne (S0 nguyén té Mersenne 14 sé
nguyén t§ c¢6 dang 2" -1 )

Cho dén nay (2021) sé 2858993 _ van dang giit

ki luc "sé nguyén t6 16n nhit ma con nguoi tim
thay",

Muc tiéu tiep theo cua chuong trinh GIMPS 14 tim
dugc s6 nguyén to ¢6 hon 100 triéu chir sé va ai

tim thiy no s& co phén thuong khoang 150.000
USD do Electronic Frontier Foundation tai fro.

SO nguyén t§ Mersenne 2%998 1 ¢4 ghn 25
tri¢u chir s6 s& trai daj khoang 126 km néu viét hai
chir s6 trén mot centimet va néu in mj chir s6 cua
con s6 nay trén 1 milimet {hi chiéu dai cua sb
nguyén to nay twong duong 1.600 chiée xe bus hai |
ting cua thanh phd London né lién nhau.

Cau hoi dat ra 1a: g4 nguyén 5 Mersenne E
282539933 t

-1 cd bao nhiéy chiy so"

N(;UYE '




 RHIEU CACH DAy
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gAI TO AN 54. Cho x la 56 thue thay doi thoa

i lx‘<1 va neN n>2. Chirng minh bér

ging thire (1+x)" +(1-x)" <2"

. [l

Loi gidgi. Cach 1. Sir dung phuong phap danh
gid.
Ta c0: \x|<1<:>—1<x<1

<:>0<x+1<2<:>0<x—;-l<1;

—1<x<1<:>0<1—x<2<:>0<1_7x<1.

DonelN ,n=>2 nén
L4y l+x . [lwx b e
< Va |——— | &—,
2 2 2 2

1+x) (1-x) 1+x 1-x
Suy ra: + < + =1.
2 2 2 :

Vay (1+x)" +(1- x) &2

Cich 2. Sir dung phwong phap lwong giac hoa.
Do |[x|<1 nén dat x=cose, 0<a <7. Khi do

(I+x)" +(1-x)" =(1+cosa)’ +(1-cosa)

2n 2n

3 " r .«

=[2005ng +(25'ngj =2"(cos£z-] +2”[sm—)
2 2 2 2

<2’ [c052g+sin2£J=2“.

2 2
Vay (1+x)" +(1-x)" <2"
Cich 3. Sur dung phwong phdp khai trién nhi
thirc Newton.

n

Ta co: 2"=(l+x+1—-x)"
"-C,?(1+x)" C,? +C'11(1+x)n-l(l_.x)+...
o)1= + G0

=(1 +x)" + C,(1+ x)"_l (1-x)+...
+C (14 x)(1-x)"" +(1-x)".
Do |x|<1 nén 1+x>0 va 1-x>0, suy ra:
Co(1+x)" (1=x) 4.+ C (1+x) (1-x)"" > 0.
Dodé 2" >(1+x)" +(1-x)".
Vay (1+x)" +(1-x)" <2".
Cdch 4. Sir dyng phwong phdp quy nap.
bit 4, =(1+x)"+(1-x)". Khi n=2 thi
4 =(1+x) +(1-x)" =2+2x* <2+2=2"
Suy ra bat dang thirc ding véi n=2.
Gia sir voi |x|<Ithi bat dang thic dung voi
n=k>2: 4, <2* Ta ching minh bt ding
thite dong véi n=k+1, tac 1a 4,,, <2*".
Thét vay: 2" =22 >2.4,
=[(1+x)+(1 f-x)1[(l+x)k +(1 —x)k]
=(1+x)" +(1-x)"" +(1 +x)" (1-x)
+(1-x)k (1+x)
>(1+x) " +(1=x)" (vi 1+x>0 va 1-x>0).
vay (1+x)" +(1-x)" <2" VneN,n22.
Cich 5. Sir dung phiwong phap dao ham.
Xéthamsd f(x)=(1+x)"+(1-x)",
Tacé: f'(x)=n(1+x)" —n(1-x)"
=n|(1+x)"" - (1-x)""];

[(x)=0e(1+x)" =(1-x)""
Sl+x=1-x=>x=0 (vi 1+x>0 va 1-x>0).

x|<1.

Ta c6 bang bién thién:

X ] 0 1
/1) -0
f) |7 2

; . TOAN HOC
s s3fttrpet)tie (emotie:

rg
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TuBBT suyra: f(x)<2", Vxe(-1; 1).

Vay (1+x)" +(1-x)" <2".
TRAN VAN HANH
(GV DH Pham Vin Péng, Quadng Ngai )
Nhdn xét. Ky nay Tap chi xin hoan nghénh céc ban:

Tran Vin Quén, 12 Toén 1, THPT chuyén Hung
Yén, Hung Yén; Nguyén Vin Luong, GV THPT
Cam L3, Quéng Tri; Trdn Thi Thanh Thi, Trdn

Trong Nghia, 11T1, THPT chuyén Qudc hoc Hué,
Thira Thién Hué; Nguyén Hing Cuong, xa Nhon
My, TX. An NHon, Binh Dinh ciing da dwa ra duge

PROBLEMS IN ... (Tiép theo trang 22)

Problem T4/534. Given a triangle ABC inscribed in
a circle (0). Let D be the midpoint of the arc BC
which does not contant 4, and £ the midpoint of the
arc AC which does not contant B. ED intersects AC,
BC respectively at F and G. The line which passes
through F and is perpendicular to AD intersects the
line passing through G and perpendicular to BE at H.
Let O, O" respectively be the circumcenters of the

triangles AFE and BGD. Show that HO//OQ'().
Problem T5/534. Given positive numbers a, b, ¢

satisfying a” +5% +¢* =12. Find the minimum value
of the expression

FOR HIGH SCHOOL
Problem T6/534. Solve the equation

V1-2x +\/x2 —3x+1 +x/7x2 —Sx+1=x"-5x+3.
Problem T7/534. Given

a.,b, >0k =lmne N,n > 2. Prove that

1 z 1
_—
L A-Z=:‘_1_+ﬁ
zak Z ) a4 b,
k=l k=1

Problem T8/534. Given a triangle 48C with the
centroid G. The lines 4G, BG, CG intersects the
circumcircle of 4BC at 4,, B;, C,. Show that

a) AB,.AC,.BC,.BA,.C4.CB, <4R*/;

44 T?@Pu";,’l% Sé 534(12-2@

. A T B
e ettt b L - i i, £ A 525 = %
Vi R P e e -~k

giai tuong ty cho bai toan 54 nay.
LE MAI (Ha Ngi)

nhiéu cach

Moi céc ban gui 16 gidi BAI TOAN 56 f;iu'éri dz‘?xy
vé Toa soan Tap chi TH&TT trudc ngay
31.1.2022.
BAI TOAN 56. Cho ba s6 thuc duong a, b, c.
Chiing Zﬂfnh }'dﬁgbz ; e
\/27;:62 +\/cz+a2 +\/az+b2 y V2

PAO VAN NAM

(GV TH, THCS&THPT Everest,
Bdc Tir Liém, Ha Ngi)

b) BA,.CA + CB,.AB, + AC,.BC, <2R(2R —r).
(where R, r respectively is the circumradius and
inradius of the triangle 4B8C).

Problem T9/534. Suppose that @, b, ¢ are the lengths
of 3 sides of a triangle and p 1s the triangle’s half
perimeter. Show that

Ve ez e

P-a p-b p-c

= 6.

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/534. Find a] non-negative integers a,
b, c satisfying > + LB +2are prime numbers, ¢ is
not divisible by 5, and (42 +D(B* +2) =2 49,

Problem T11/534. Given an even positive integer n

and a prime number  p>p" Show that the
polynomia]

O(x) = (x ~D(x- 2)(x=-n)+ D
cannot be pregenteq as

. a product of two non-constant
polynomialg with inte

gral coefficients,
Problem T12/534. Giy

altitudes. 4, A, Tespectively are the points of

»ConF, E 4, is the intersection
e The points By, C. are

ilarly, Show that 44,, BB, CC, are
concurrent at 5 point op (0). a bs e

ed by NGUYEN PHU HOANG LAN

Coll ; :
(College of, Science _. Vietham National University, Hanoi) -

https://tieulun.hoptqo.org



TIENG ANH QUA CAC BAI TOAN
BAI SO 75

pROBLEM. Show that for any natyrq) number
n, the p?‘OdMCf P =n(n + D(2n + 1) is divisible
by 6.

Solution. We will show that P is divisible by 2
and 3, and hence 1t is divisible by 6.

Either n of n + 1 must be even. Thus P is
divisible by 2.

If n is divisible by 3 then so is P.

Ifn=3m + 1, for some natural number m, then
n+ 2 is divisible by 3. And so is 2n + 1 since
2n+1=2(n+2)—3. Therefore, P is a multiple

of 3.

If n=3m + 2, for some natural number m, then

n + 1 is divisible by 3. Therefore, P is a multiple
of 3.

Thus P is divisible by 2 and 3 and we are done.

TU VUNG
divisible : chia hét cho
50 is L cung thé
multiple : boi

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

************‘k**************‘k****v\-********‘k*******'k'*'k*:k*-k-k**‘k***********************

BAI DICH SO 72

BAI TOAN. Chimg minh bang quy nap rang:
12 _22 4_32_42_ o s (41)11' ']”:
b n(n+1)

= (— —= . {1
(-1) 5 (1)

Léi gigi. Vi n=11rd rang (1) ding. Ca hai vé
déu bang 1. Gia st rang (1) dang voin =k, tire la:
o243+ + ()T

o1 k(k+1)
) 2

Ta ciin chimg minh ring (1) dng véi n=Fk+ 1.
Xét §=12—22+32 -4+ ...
+ (DR ED

wn KD Ly (k1)
2

K20+ 1)

T (2)taco S=(-1)

T do: S=(—1)"”(k+l)[%—(k+1))

2
k+1)(k+2)

S:(_l)k+2 _g__,___‘__-—-—

o2k =2
=(~1)"“(k+1)(————-']

hay

Chiing ta da chi ra rang (1) ding v&i n = k& + 1.
Theo nguyén 1y quy nap ta co didu can chung

minh.

Céu héi: Ban co thé tim duoc cach ching minh

khac ma khong st dung dén quy nap khong?

Nhin xét. Cac ban sau c6 bai dich tét, giri bai vé
Toa soan som: Pé Ngoc Tién, 9A3, THCS Lam
Thao, Lam Thao, Phit Tho; Tran Vin Qudn, 12
Toan 1, THPT chuyén Hung Yén, DPoan Ngoc
Thién, Cao Thj Twong Vy, 12A9, THPT Duong
Quang Ham, Vian Giang, Hwng Yén; Phan Thi
Bdo Tram, Nguyén Phuong Thao, Nguye:n Hoang
Ngoc, Van Ngoc Binh, Nguyén Ky Nam, Truong
Hé Bdo Nhi, Tran Thi Thanh Thir, 11 Toan 1, Lé
Pirc Hiéu, 10 Todn 1, Trdn Duy Anh, 10 Anh 1,
V6 Thi Bao Ngoc, 10T2, Nguyé-n Thi Khdnh Linh,
Lé Nguyén Quynh Anh, 12 Toan 2, THPT chuyén
Qubc hoc Hué, Thira Thién Hué; Nguyén Hing
Cuong, xa Nhon My, TX. An Nhon, Binh Dinh.
HO HAI (Ha Ngi)

séhitps tieu] TROEO 48
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BAI TOAN 63 (Bai du tuyén nim 1997, IMO

lin tha 38). Tim tdt ca céc cip s6 nguyen diong
(x; y) sao cho x* =y (1).
Loi gidi. Goi x, y 13 nghiém cia (1) va d = (x; ).
Tacd: x=du,y=dvvéi u,veN’, (u,v)=1.
Khi dé (1) tro thanh:

(du)™ =(dv)" (2).
So sanh cac sé mi b’ va u trong (2) ta ¢6 cac
trudmg hop:
THI: & = u Khi d6: (2) > u=v. Vi (u; v) = |
nén u =v=1 vérﬂrdv2=usuyrad=1.Dodé
x =y =1 l1a mdt nghiém cua (1).

TH2: dv* > u. Khi d6:
(2) & d™ ™ u™ =y 3).
Do d6 v*:u™ . Vi(u; v)=1 suyrau=1 va ta co6:
d¥ " =v (4).
Néu d = 1 thi do (4) nén v = 1, khi 46 BDT dv* > u
khong ding. V&id 2 2 ta ¢o:

2 2 - s
gLz p-Tsabrlg, veiv=1,23 ..

BDT cubi c6 thé chitng minh bing quy nap theo v.
Diéu nay mau thuin véi (4). ’
TH3: &’ < u (nhu vay u > d). Viét lai (2) nhr sau:

udvz :du—dvl -vu (5)‘

Do d6 u® v, Vi(w; v) =l suyrav= 1 va (5)
tro thanh:  »’ =d“™ (6).

Do u > d nén tir (6) suy ra: d < u — d. Do (6)
nén moi wdc nguyén t6 p clia d cling la udc cia

% N o 5 mii lon nhit véi
u. Lay a, B la cac sO mu !

u, pP|d. Tir (6) suy ra: ad = B(u - d), dicu do

p
ching té ring a > B. Vay u:d, cho nén u = kd,
keZ. Viu>2dnénk> 3. Thay u = kd vao (6)
ta duge: k=d** (7).

R& rang d khong thé bang 1. Vivay d = 2.
-Néuk=3thido (7)taco:d=3.Suyra:u=9,
x=27,y=3.

- Néu k = 4 thi do (7) ta cé: &* = 4. Suy ra: d = 2,
u=8,x=16,y=2.

-Néuk>5 thi & 2> 2872 > k (d& théy theo quy
nap) va (7) khéng dugc nghiém dung.
Toém lai phuong trinh (1) ¢6 ba nghiém (x; y) la:

(1; 1), (27; 3), (16; 2).

Nhin xét. Mot s6 ban tham gia c6 1o giai khong

ding hoic con sot nghiém. Chi c6 mét ban giai ding
bai ndy 1a ban: Phan Trung Kién, 12T1, THPT
chuyén L& Quy Don, TP. Viing Tau, Ba Ria - Viing
Tau. Xin hoan nghénh ban Kién.

NHU HOANG

Sau day 14 bai t3p & nghi. Ban doc hay gui Ioi

giai vé Toa soan TH&TT truse ngay 31.1.2022

BAI TAP PE NGHI
BAI TOAN 65. Goi 45 va

e ; CD la hai div cung
107 e . . Ee o o
ng cat nhauy ey mot diong tron. cho K I

diém nim trén 15 . .
ren . g < ’ .
en diy CD. Chy bang thirée va compa,

V ~ *
l f.l } Of > 5l 7 r f) W Sq ¢
(X7 a1 'g meo dl’é 124 ] ff (7] aid 7€ ( 10 4 A

.. 1@ nam trong am
glac ABP cug day CD.

https://tieulun. AOpEt8 8 g



GIAIDAP:  TINH TONG 2

(De diing trén TH&TT s6 530, thing 8 niim 2021)
Phin tich sai lim. Loi giai cua ban Hai sai ¢

=8 =
pudc bién dm{ q" =8ug" Q{q L

w+ugt =272 u1(1+‘14):2’]2'
Ta thay rang
u, =0
ug’ =8ug" ©u g (¢ -8)=0 g=0.
q =8

Ngoai ra, trong 161 gidi cta ban Hdi con mot chd
chwa chiph xac, do la ngay tur d4u ban da khing
dinh “S6 hang tong quat cta chp sé nhan la
=u.q"",VneN.” Cong thic nay ding voi
neN,n>2. Chi khi ndo ¢#0 thi cong thic
méi ding véi moi ne N’
Léi gigi ding. Goi u, va g lan luot 1a s hang
dhu tién va cong boi cua clp sb nhan (u,). SO
hang nhin 1a
u, =u.q"",VneN,n>2. Theo gia thiét ta co hé

4" =8ug® _ [uald=9=0
u+ug =272 |w(1+¢*)=272

tbng quat cua cap SO

u =O H] —0 ( & li)
VO 11).
L AP

TH2 =4 {q:O
i Ll .
u,(1+q4)=272 U, =272

u =0,YneN,n>2, nén khong ton tai tong

Luc nay

3

g -8=0 g=2

TH3: ] -—272<:>{ e
ui(l-c—q )—-

Swra u =u g™ =162"",¥neN,n22.Dodo:

S 1 1 +—1——+...+——l—m_
2"2'=1—6—+T6_.ZT 16.2° 16.2*"

111 1
—'1—6 1+§T+?+"'+FH—0 7

Xeét P=l+—ll—+L2+ e —

S Nhén thiy cac 56
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Nhén xét, Ban Trdn Thi Thanh The, 11T1, THPT
chuyén Quéc hoc Hué, Thira Thién Hué da phat hién
duoc sai 1Am va dua ra 16i giai ding. Xin hoan nghénh
ban.

KIHIVI

LO1 GIAI DA CHUAN CHUA? o
b
Bai toan. Giai bdt phuong trinh
(x=3Wx +4<x* 9.
Mat hoc sinh gidi nhw sau:
(x=3INX* +42xX° -9 (x=3Wx" +4 <(x=3)(x+3)
S (x=-3)x"+4-x-3)<0 ().

e Néu x—-3<0x<3 tach: (Nvr +42x+3

x<-3 x<-=3
o[ x=2-3 = 5§ x<—
2 2 —3&xs—
x +4Zx +6x+9

Két hop v6i x<3 tacod x< TG—S 1a nghiém BPT.

oNéu x-3>0&x>3 tacor (1)<:>\/.;31+Z1£x+3
o +4<x +6x+9 @xz—_gs. Két hop voi x>3
ta c6 nghiém coa BPT la x> 3,
Vay BPT co tép nghiém S = [—m,_—s}uﬁ;ﬂo) .
Theo ban 161 gidi trén dii chuin chira?

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén, Hung Yén)
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Do do:

- LOI GIAI DA CHUAN CHUA?

Bai toan. Gidi bt phwong trinh
(x=3Wx*+4<x” -9,

Mot hoc sinh gidi nhw sau:

(=3I +4<x2—9 e (x—3Wr +4 < (x-3)(x+3)
o (x=-3)r+4-x-3)<0 (D).

e Néu x-3<0x<3, taco: () +42x+3

x<-3 [ x<-3
S| x2-3 < S xs—
{1 , —Jexs— 6
x"+42x"+6x+9 | 6

; -5
Kéthop voi x<3 tacd x< ) la nghiém BPT.

eNéu x-3>0x>3 taco: DoVvx’ +4<x+3

-5
S X +4<x +6x+9 <:>x2-6-

ta co nghi€ém cua BPT [a x> 3

Vay BPT ¢6 tip nghiém § = [—oo;i] U (3;+0) .
6

Theo ban loi gidi trén d; chuin chwa?

. Két hop véi x >3

NGUYEN THANH GIANG
(GV THPT chuyén }}}tt%s /épleu 4 hO tO Org



Mdi cac ban giri 101 giai BAI TOAN 56 duéi day
vé Toa soan Tap chi TH&TT trudc ngay
31.1.2022.

BAI TOAN 56. Cho ba sé thuc dwong a, b, c.

Chitng minh rang

a’ . b N ¢’ >a+b+c.
\[b2+c2 \/cz+a2 \/a!2+b2 \/5
PAO VAN NAM

(GV TH, THCS&THPT Everest,
Béc Tir Liém, Ha Noi)
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PHUONG AN CHON CO
DPUNG KHONG?

Trong d& kiém tra gita ky I c6 cau hoi tric

nghiém sau:

Tong S cac nghiém phwong trinh

2cos3x(2cos2x + 1) =1 trén doan [—471; 671'] la
A. 6l1rx B. 557 C. 30% D. 56r.

Mot hoc sinh da chon ddap dn A va gidi nhw sau:

Xét sinx=0&x=mrz (m € Z) thay vao

phuong trinh thiy khong théa man.

Xét sinx # 0 <> x # mx. Khi d6

2cos3x(2cos2x+1)=1
<> 2[cos5x+cosx]+2cos3x =1

<> 2sinxcosSx + 2sin xcos3x + 2sin xcosx =Sinx
<:>(sin6x—sin4x) +(sin4x—sir12x) +sin2x=sinx

< sinbx =sinx

k2rx
X=—
= > (kleZ).
/4 2
x——+—
7 7
Véi x €[—47;67], khi do:
k
—47r$%567r<:>—10£k$15;
—47[5ZI—+I—2-€S6JT<:>:-%2<1<%1—
= —14</<20.

Do d6 tong nghiém:
k2 20
s=Y ( ”] £y (£+12—”J=61x.
k=-10 1=a\ 7 7
Chon A.
Theo ban chon phwong dn A da ding chua?

NGUYEN THANRLtpSGtieulun. |

(GV THPT chuyén Hung Yén, Hung Yén)
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Théi gian gii bai dy thi: tir ngay 07/12/2021 - 31/3/2022
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Déi tuong du thi:

- Bang A: Danh cho céc nha thg, nha van, nha khoa hoc, nha gido, sinh vién, hoc sinh,
cong dan Viét Nam néi chung. |

- Bang B: Danh cho cdc can b, céng nhan vién da va dang ¢éng tac tai NXBGDVN. _
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