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MH . Do d6 MH 1a tia phan

3 Chlmg mmh tucmg tw: NH 1a tia phan giac cua
¢ gbc PNM.
Do d6 H la giao diém cua ba duong phan gise
cua tam giac PMN.
Vay H la tam duong tron ndi ti€p cua tam gidc
PMN.
5. Ta c6: CAE=CBE (hai goc ndi tiép cing
chin cung CE).

Ma CBN = CAE (cap gbéc c6 canh tuong img
€0 BN, CP la céc dudng cao cia tam gidc

éncé: CP L AB;BN | AC j1ic

- = BPC=BNC =90°; APH = ANF = 90" ia buienty sl gBE 4 o :
L o . O & -.( 7 A t 2 4 \ < . '

4 ;EbﬁtgacBPNCco hai dinh lién tiép P, N cung ‘e; f‘m glf:i A con Cvura 12 ‘ucmg fffo V}ra

- nhin canh BC duéi mot goc 90° nén t gidc % H?ng? aliglagc ‘ABF{E 1a tam gidc ca1n.

IR N6 tics duons tron duong kinh pc D 40 duong cao BC la duong trung tryc cia

vuong goc), suy ra: CBE = CBN. Do do6 BC la

(theo cung chira goc). HE = E d6i ximg v6i H qua BC,
T gide APHN c6: 6. a) Ta c6: ACA'=90°( gic noi tiép chén nira

APH + ANH =90° +90° =180°. duong tron) = A'C L 4AC.
Suy ra tir gidc APHN noi tiép duong tron duéng Ma BH L AC (gt)= 4'C //BH.

kinh AH (tit gic c6 tong hai goc déi bang 1807, Chung minh twong tu ta c6: 4A'B//CH. Do dé
2. Xét hai tam giac vuéng: ACMA;ACNB ta €0: BHCA’ la hinh binh hanh.

i ' BCA chung = ACMA ~ ACNB (g.g) b) Ta c6: BHCA® 1a hinh binh hanh (cau a) ma 7/
i : CM CA la trung diém cta BC nén 7 13 trung diém cua
e T g CMCB=CN.C4. H4.
: % S Ma 04 = OA’ nén OI la dudng trung binh cua
m-‘! lh ! { - e . ,H, :
 BPBA-BMBC i siic A4 T e 1
'+ BP.BA=CM.CB+ BM.BC Ol // AH; OI T AH = Ol // AM .

=BC(CM + BM)= B2,

: 7. Xét tam gide AHA'co: AO=04"; HI = 4"
tuo'ng tur cau 1 taco tﬁgléc

= HO, Al la dudng trung tuyén cua tam giac
 AHA’. Ma G la giao diém cua A7 va HO nén G

| ?;Ia_ trong tdm cua AAHA' = 4G =-§-A]_



8. Ta c6: tit giac APHN ndi tiép duong tron

duodng kinh AH.
Ap dung dinh ly Pythagore cho tam giac OB/
2
~ |, [RB) R
co: OI=VOB’ —BI* =,|R" — ""i—‘ =—2—.

Ma AH = 20I (cau 6) nén AH = R. Do d6 ban
kinh dudng tron ngoai tiép tam giac APN bang
AH _R
3 2z
1
9. Ta co6: AH = A0 = R :>OI=-£AH=—;—R
(cdu 6b). Xét tam giac O/B vuodng tai / co:
1
— -~ R —
cosBor =2l _2~ _ 1 Bo1—60°
OB R 2

= BOC =2.801 =2.60" =120,

Do dé: ﬁ*:%é’&:%.uo" =60° (gbc ndi

tiép va goc & tim cung chin cung nhd BC).

10. Ta co: tr gidc BHCA’ 1a hinh binh hanh
(cau 6a) nén co: ABHC =ACA'B. Suy ra duong
tron ngoai tiép ABHCbing dudng tron ngoai
tiép ACA'B.

Ma duong tron ngoai tiép ABA'C chinh la
duong tron (O; R), vdy ban kinh dudng tron
ngoai tiép ABHC 14 R.

11. Xét AQAB va AQCFco: AQB chung;
QZ?=Q‘C7? (2 goc ndi tiép cung chin cung
BF) = AQAB ~ AQCF (g.g)

o4 _08
QC QOF
AQBN va AQPC c6: BON chung; ONB = OCP
= AQBN ~ AQPC (g.g)

= QAQF = 0B.OC (1).

QB
— QP gc = 0B.0C=0PON (2).
Tir (1) va (2) suy ra: Q4AQF = QN.QP
QA _9N,

AQAN va
QP = oF Q AQPF lai c6

AON chung => AQAN ~ AQPF (c.g.c)
—, ONA = QFP. Ma OFP + PFA=180"
= QT/A + PFA=180"
s tir gidc AFPN la tir gidc ndi tiép (tong hai
goc dbi bang 180°).
12. Ta co tit gidc AFPN 1a tir giac ndi tiép (cau
11), ma t& gidc APHN ndi tiép duong trén
dudmg kinh AH (cdu 1). Do d6 5 diém 4, F, P,
N, H cung thudc dudng tron dudng kinh AH
— AFH =90° = HF L AQ (3).
Ta lai co AFA"=90° (gbc ndi tiép chin nira
duomg tron) = A'F L AQ (4).
Tir (3) va (4) suy ra: H, F, A’ thang hang
Mt khac / 1a trung diém cua HA’ (céu 6b) nén
I, H, F thang hang.
13. Ta co: I, H, F thing hang (cdu 12) ma
HF L AQ = IF 1 AQ. Xét AAQI cb:
IF L AQ; AM 1 QI; AM N IF = H.

Do d6 H la truc tdm cua tam giac AQ/
= OH 1 Al
14. V& tiép tuyén Ax tai 4 cua dudng tron (O).
Ta co: CAx = CBA (gbc tao boi tia tiép tuyén va
day cung va gbc néi tiép cing chin cung AC ).
Ta lai c6: tir gidc BPNC ndi tiép nén

PNA=CBA (cing bu véi PNC)
= PNA=CAx, ma hai goc nay & vi tri so le
trong nén PN // Ax.

I5. Taco: PN// Ax ma Ax L AO (tinh chat tiép
tuyén) nén

1
PN L AO= Sopy == OAPN = —12-R.PN.

Chirng minh tuong tu ta co:

1 1
ZE-R-PM; SCNOM =—2“.R.NM.

S BPOM

Do d6: S ;0 =S pon + Seeon + Sexom

1
=~ R(PN+PM + NM).
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16. Theo céu 15, ta co:
—R(MN+NP+MP)"AMBC

SAEC

Do BC cb dinh nén MN + NP + MP cb gia o
16m nhét khi AM c6 gié tri 16n nhit. .
Ta lai c6: AM <OA+OI =R+OI khong do1
(theo quan hé giita dudng xién va dudng vuong
g6c), do 46 AM dat GTLN khi AM =R + OF, khi
d6 4, O, I thang hang. Khi d6 diém 4 13 diém
chinh gia cung Ién BC.

Vay MN + MP + PN c6 gi4 tri 16n nhat khi 4 1a
diém chinh giira cung lén BC.

17. Ta ¢6: chu vi AABC = AB + BC + AC. Ma
BC ¢ dinh nén chu vi A4BC c6 gié tri 16n nhét
khi AB + AC c6 gia tri Iém nhit.

Ly diém B’ thudc tia ddi cua tia AC sao cho
4B = AB’. AABB'cin tai A = BAC=238'C
khong dbi do BAC =sd—;-z?—(j‘ khong déi vi BC
cb dinh. Do d6 diém B’ thuéc cung chira goc
%E,Z?: ctia (O") dyng trén canh BC 6 dinh,
Talaicé: 4B+ AC=AB’ + AC = B’Cco gia tri
16m nhit khi B°C ¢6 gia tri Ién nhat.

Khi d6 B'C 1la duong kinh cpa (0"
S BB' L BC<> AB=AB'= AC < 4 la diém
chinh giira cung BC.
Vay chu vi AUBC c6 gia tri Ién nhit khi 4 nim
chinh giita cung Z?_E'
18. Ta co6: tr giac BPNC néi tiép (cau 1)
= APN = ACB( cung bu véi BPN)
Xét AAPN va AACB c6:

3;1_5 chung; APN = ACB
= AAPN ~AACB (g.g) =

AN — ’
= PN = BC,-ZEzﬂC.cosBAC €O gid tri
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khong dbi khi BC c6 dinh (vi 54?7=—21—sd§€'

khéng dbi khi BC cb dinh).

Vay PN c6 gi tri khéng d6i PN = BC.cos B4
khi BC c6 dinh, 4 di dong trén (0).

19. Theo cau 14, ta ¢c6: PN LO4A ma o4 cb
dinh nén PN luén vudng goc véi met dudmg
thing ¢ dinh khi 4 c0 dinh, BC di déng trén

(0).

20. +Tacs: BC=RV3=>/B=IC= ZBCHR‘/‘

Tam gidc OBC can tai O (OB =0C = R)c6 01
1d duong trung tuyén vira la dudng cao, vira 1a
dudng phin giac nén ta cé:

V3,
sin@:fizL:—@:@:éoo
BO R 2

= BOC =120° :ﬂf‘z%ﬁ‘=60“ (*).
+ Xét hai tam giac vuéng BMH va AMC cé:
BHM = ACM (cung bu véi NHM)

= ABMH ~ MMC (g.g) = ZM _ MH
AM ~— MC
3

= AM .HM = BM MC< ZI(BM +MC)? =ZR?
Do d6 AMHM c6 gia tri 16n nhit Ia

3 R khi BM =MC. Khi d6 tam gidc ABC cin

tai B (**).
Két hop (*) va (**) ta c6 tam giac ABC déu.

, 3
Viy AM.HM c6 gi4 tri 16n nhit 1a ZRz Kkhi d6
tam giac ABC déu, diém 4 & chinh gilta cung
lén BC. o
BAI TAP TU LUYEN
Bai 1. Cho tam gidc ABC (4B < AC) c6 ba g6¢
nhon noi tlep trong dudng trdn tim O, ban kinh
R. Goi H 1a giao diém cua ba dudng cao AD,
BE, CF cuatam giéc ABC.

1) Chirng minh ring AEHF va AEDB 13 cac it
giac ndi tiép dudng tron,
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2) Vé duong kinh 4K cua dudng tron (0).
Chimg minh tam gidc ABD va tam gidc AKC
ddng dang véi nhau.
3) Chimg minh ring OC vudng goc voi DE,
Bai 2. Cho tam giac ABC c6 3 goc nhon ndi tiép
trong (O; R). Céac duong cao BE va CF cat nhau
tai H va cit duong tron (O; R) 14n luot tai M, N,
Ching minh ring
a) Bon diém B, E, C, F cing thudc 1 dudng
tron.
b) ACAE = AF.AB;c) MN// EF; d) —;{V« 2,
Bai 3. Cho tam giac 4BC nhon ndi tiép duong
tron tdm O bén kinh R. Pudng cao 4D, BE cét
nhau tai H, kéo dai BE cat duomg tron O tai F.
a) Chimg minh bén diém C, D, H, E cing thudc
mot dudng tron, xac dinh tdm 7 cua dudng tron
do.
b) Chung minh tam giac AHF cén.
¢) Goi M la trung diém cta AB, chimg minh ME
1a tiép tuyén cua dudng tron ngoai tiép tam giac
CDE.
d) Cho BC cb dinh va BC =R+\f3. Xéc dinh vi
tri cua diém A trén dudng tron (0) dé DH.DA 1a
16m nhat.
Bai 4. Cho tam gi4c 4BC ndi tiép dudng tron
(0). Goi H la tryc tdm cua tam giac ABC; E 1a
diém ddi xtmg cua H qua BC; F 1a diém dbi
ximg cua H qua trung diém / cia BC.
1) Chirng minh t&r gidc BHCF 14 hinh binh hanh.
2) E, F nam trén dudng tron (O).
3) Chimg minh tir gidc BCFE 1a hinh thang can.
4) Goi G la giao diém cua A7 va OH. Ching
minh G la trong tdm cua tam giac ABC.
Bai S. Cho tam gidc ABC ¢ ba goc nhon ndi
tlep dudmg tron (O). Cac dudng cao 4D, BE, CF
cit nhau tai H va cét dlrong tron (O) lan lugt tai
M, N, P. Chimg minh rang
1) Tt gidc CEHD ndi tiép

2) Bén diém B, C, E, F cing ndm trén mét
dudmg tron.

3)AEAC=AHAD; AD.BC = BE 4AC.
4) H va M ddi ximg nhau qua BC.

5) X4c dinh tm dudng tron ndi tiép tam giac
DEF.
Bai 6. Cho tam gidc ABC c6 3 géc nhon ndi tiép
duomg tron (O) (4B < AC). Ba dudng cao 4D,
BE, CF ct nhau tai H. V& dudng kinh CG cua
(0). ’
1) Chimg minh tr gidc ABDE ndi tiép mot
duong tron, xac dinh tdm / ciia dudng tron do.
2) Ching minh tir gidc AFHE ndi tiép mot
dudng tron, xac dinh tdm M cua duong tron do.
3) Chimg minh ring ba diém G, /, H thing hang
4) Puong thing qua D vuéng goc véi ID cat AB
tai N. Chitng minh t& gidc IMFD néi tiép.
5) Trén 4B liy diém T sao cho NDT =4Ol
Chimg minh GT vudng goc voi CN.
6) Chimg minh: AB.AC.BC = 4R.sin’A.Sprec
(ki hiéu S 1a dién tich).
Bii 7. Cho tam giac ABC nhon néi tiép (O; R)
c6 duomg cao BE, CF cit nhau tai A.
a) Chimg minh ttr gidc BFEC ndi tiép.
b) Ching minh OA4 1 EF.
¢) Ké dudmg kinh 4D cua (0), BC cat HD tai 1.
Chimg minh OI 1 BC.
d) Gia st BC = R+/3. Tinh ban kinh dudng tron
ngoai tiép tam giac AEF theo R.
e) Ching minh 2 diém E, F cuing thuéc duong
tron duong kinh BC.
f) Ké tiép tuyén Ax, chimg minh 4x // EF.
Bai 8. Cho tam gidc ABC c6 3 gbc nhon néi tiép
(O: R) c6 AB < AC. V& 2 duomg cao BE va CF
cla tam gidc ABC cét nhau tai H.
1) Chimg minh t&r gidc BFEC ndi tiép, x4c dinh
tam /.
2) Chimg minh: AH =20l
3) EF cit (O) tai M va N (M thude cung nho
AB), M1 cit (0) tai K. Chimg minh:
a) Tam gidc AMN cén
b) HF.CF - HE.BE = OE® -
¢) BC*=4MIKI.
4) V& HT vubdng goc vii NK tai T. Chirng minh
AK vudng goc voi AN, rdi suy ra tir gidc MKTE
noi tiép.

OF%.

(Xem rfé'p trang 24)
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HUONG DAN
TRUONG THPT CHUY
Ciau 1.

hiét, rut gon hicu thirc:

. .. R (an
Cho a, b, ¢ la cac so thue doi mol Fm

(a*h) +(/1—() ((.—U]

a’ (b— )-t-f) ((,‘—a]+¢ ((1—!'7)
Loigidi. Dit x=a-b;y=b-c;z=c-a

=x+y+z=0=z=—(x+y). Khido:

(a—b)3 -1-(b—c)3 +(c—a)3 =x*+y*+2
=+’ ~(x+y)
=x3 -1-y3 —I3 —y3 —3_1}!(;(-}-)))

==3xy(x+y)=3xz;

az(b—c)+b2(c—a)+cz
=a’y—b*(x+ )+c’r=(a2y—b2y)—(b2qc—chC)
)

(a-b)=a’y+b’z+c’x

y
+b

(x
=y(a-b)(a x(b-c)(b+c)
=yx(a+b)-xy(b+c)=xy(a+bh-b-c)
=xy(a-c)=0(-2)=-n=

Do do

P 2(a—b)3+(24'J—c)3+(.:'-a)3 vz _
a’(b-c)+b'(c—a)+c*(a=b) -xyz

Cau 2. a) Giai phicong trinh:

9x? = (x* + r-5)(V3x+1 -1).
b) Giai he pluong trinh:

X+ 42y =0

;\,‘3.\: -x+8y +3) 4-
L) . 1 . ’
Loi gidl. a) DPK:x 2 ——3;. Khi d6 PT d3 cho twong
2
duong véi: 9x° (\/3x+1 + I) = (x2 +x_5)9xz

9x* =0

e (\/3x+1 +1)2 =x’+x-5

TOAN HOC
6 cusige
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{x =0 (thoa man)

e i2428x+1=x +x-5

Xét 3x+2+23x+1=x +x=5

oxt-2x-7-2J3x+1=0

( 5)(x+3)(23x +1-8) =0
~9)(x+3)- (m-4)=0

x+3— J=0
3x+1+4

=
x+3-—6-=0

L V3 x+1+4

x=5 (théa min)
~ 6

X+3—-— =
V3x+1+4

6 I
St gl
4

Vix+1+4 3

Vi x2—§-:>x+3—

6
————=0 v6 nghiém.
V3x+1+4 S

Vay PT dé cho c6 cac nghiém x = 0; x = 5.

=PT: x+3-

b) PK: 2x* ~x20. Vix = y = 0 khong phai 1
nghiém cua HPT nén trong hai s6 x va y tén tai it

nhét mot 6 khac khéng, suy ra x* - xy +2)* > 0.

Taco: ¥ +x7° +2y =0e(x+y)(x ~xp+2,?) =0

X=-y
=
x=y=0 (loai)

Thay x =—y vao PT thir hai ta duoc:

\/;E;z—_l)+8x2-3x—4=0
x(2x* =1) +4(2x* -1)-3x =0 (1)

+Néu x>0=>2x" ~120 suyra:

https://tieulun.hopto.org



m:xf;‘.\lzxz -1
Pat JVx =b (b>0)vV2x* —1=a (a>0).
Khi d6 PT(1) tr& thanh:
4a’ +ab-3b* =0 & (a+b)(4a-3b)=0
&4a=3b (vi a+b>0).

& 164" =9b =16(2x" ~1)=9x

9++v2129

x:
: 64

&322 —9x-16=0
9-4/2129 ,
x=T<0(loz_u

)
, 2139
Ta thay xzm thoa man 2x* —1>0 nén
9++2129
tachon x =——  suyra:
( ) 9++2129 9++/2129
x;y)= - .
d 64 64

+Néu x<0=2x"-1<0 suyra:

,/x(sz -—l) =\/;.,f-(2x2 —1).

Pt V=x = b(b > 0);\/—(2x* ~1) =a(a 2 0).
Khi d6 PT(1) tr& thanh:
—4a* +ab+3h* =0 4d* —ab-3b" =0
< (a-b)(4a+3b)=0=a=b (vi 4a+3b>0)

el = o2t -l=x2x-x-1=0

x=1 (loai)

xX=-=
2

. 1 -
Vai x=—E:>2x2—1<0 nén x:——l- thoa man,
2

suyra (x;y)= [-l,—l-J

Vay hé da cho c6 hai nghiém:

1 .lJ. 9++2129  9++2129
CHNT2 T e T @ [
. a) Tim cac s6 nguvén m, n thoa man:

m(m+1)(m=+2)=n".

b) Cho x, v la cac so thuc dwong ihoa nan

x+ v+xv=3. Tim gia tri lon nhat cua brev thire:

x+y

P=v9—x" +9-)" +

Loi gidi.
a)Néu n=0 =>m(m+1)(m+2)=0

= m=-2;-1,0=> (m;n) € {(=2,0);(~1,0);(0,0)}.
Véi nz0=>m(m+1)(m+2)>0=>m>0

= m>1 (do m 1a s6 nguyén).

Ta c6: m(m+1)(m+2)=(m+1)(m2 +2m).

Goi d 12 w6c chung ciam + 1 va m” + 2m. Suy ra:

m+1id (m+1)'id
.
m* +2m:d

m* +2m'd
= (m+1) —(m* +2m)id hay lid=d=1.

Ma m(m + 1)(m + 2) =(m +I)(m2 + Zm) =n* la
sb chinh phuong va (m + 1, m*+ 2m) = 1 nén méi
s& m+1;m*+2mla sé chinh phuong. Suy ra
(m+1)*;m*+2m 1a cac s6 chinh phuong hay
m® +2m+1;m* +2m 1a cac sb chinh phuong. Ma
m* +2m;m’ +2m +1 la hai s6 nguyén duong lién
tiép (do m=1) dan dén vo 1.

Vay (m;n) €{(=2,0);(-1,0);(0,0)}.

b) Tubairataco:

(Jc+y)2
4

3=x+y+xy<x+y+ =>x+y=2.

Pat t=x+y=>t22. Ap BDT

Bunyakovsky ta co:

dung

uo




Lo gidi.

P=Vo + ooy +E22
SJ2[18—-(x2+y2):|+f—}z-

= 622 +y)+ 222,

Vi 2(x2+y2)2(x+y)2:>J36—2(x2+y2)+£—§£
t
<36 —(x+y)’ +J'C—E—J-’=\/36—t2 iz

Ta chimg minh: V36 - ¢ +—3_<,4\/§+-;—

<361 —4\/5+t;42-50

3 L —— 1 —
=S 4-p . ) - a) Ta gia thiét ta ¢6: ACB =~ A4JB ——w—l—.900 =45"
V36-12 +42 4 74 2
t 14 5 3 '
- (2—:)[ 2+¢ —1}50 *) Suy ra tam giac MBC vudng cén tai M.
V36— +4y2 4 Chimg minh twong tu, ta cling ¢6 tam gide NAC
Vi 122=t+2>4; vudng cén tai N,
V36— +ay2 <36_27 + 47 =83 b) Goi £ I trung diém cua BC, do tam gisc MBC

vudng can tai M suyra ME | BC.
2+t 1.4 1 1 2-v2 :
P> - 1 _47NZ Do /1a tim dudng tron i tié 14
sl 496 o i 5 >0 g ngoai t€p tam giac ABC, E

mi 122=>2-¢<0 do d6 (*) luén dbng, Ia trung diém cia BC suy ra JE L BC.
J_ 1 Suyra M, I, E thang hang nén

g 2T MI 1 BC= M 1 CN.
Cau 4. Cho nuea ducng tron ducng kinh 4B Goi [ Chimg minh twong ty, ta ciing c6: NI 1 CM.
la diem chinh giita cua cung AB. Trép cung lon  Suy ra I'la truc tim tam giac CMN.

AB cua cua dicong tron tam I, bin ki I4 15 ) .
I Gy T chimg minh cau a va b suy ra M7 /AN,

o . ; " IN /! BM, do d6 tr giac MINJ 1a hinh binh hanh,
lwot la giao diem cua CA, CB véi nua dicong oy )
: , . ; ° 3 A di€ém cua g ing 13
duong kinh AB (M khic A, N khic By, J 1g gigy ™ K'1a trung cua L nén X ciing 1a trung

diem C sao cho tam gide ABC nhon. Goi M, N lgn

diem cua AN vii BM. diém cua MN, suy ra OK vuéng géc véi MN.
a) Chimg minh AMBC va  ANAC 1§ ¢, fiim bit AB = 2R, dé thay

gidc ean.

ACNM ~ACAB (g.g)=> SN _ MN.
AB

b) Chitng minh 1 la truc tam cua tam giGe ) N CA
e, Ma tam gidc NCA vudng can tai Nnén &Y. L
¢) Goi K la trung diem cua 1, tinh 1y 56 —_ CA \/5

e (Xem rfé}) frang [0)
TOAN HOC . |
8 CTugilye S0 533(11-202y) https://tieulun.hopto.org




B, C thing hng . B nim gitia A vi C. Go
r {1 A X% i -J{ B
duong théng di qua C va \}uoﬁé Eoc voi Aﬁ. La;
diém M tuy v trén (d). Dudng théng di qug Bva
| : : - vudng goc vé1 AM cét cac duomg thing AM, (d)
,: R ri0i 04 i o x 2 2 _
| TN TGS VoI Mol gid tr) cua m, l4n luot tai 7, N. Puong thang MB cat AN tai K.
| it nhat mot trong hai phuong trinh sau ¢ nghi¢m: ‘ .
:" _ a) Chimg minh rang tir gidc MIKN ndi tiep.

—(2m+1)x+m?2+3=0;
b5 : b) Ching minh CM.CN = AC.BC.

~ x?-mx+4m-11=0. ;
Asr ¢) Goi O 1a tim cua dudng trén ngoai tiép tam

gidc AMN. V& hinh binh hanh MBNE. Goi H la
trung diém cna doan thing BE. Chimg minh
ring OH vudng goc voi dudng thing (d) va

4. a) Giai hé phuong trinh:

x2+y% —4x=57
|x—1]2021 +|x—2|2°2°=1'

b) Cho a va b 14 hai s6 hitu ti. Chimg minh néu
a2 +b-3 ciing 1a sb hivu ti thi a=b=

VONG 2
diing riéng cho thi sinh thi vao chuyén Toan va chuyen Tm)
131 2. Cho 4, B la hai diém co dmh nam trén
dudng tron tam O, ban k

uﬁt ¢ i e ‘7['
‘ h trén tia ¢




‘m___\t\ CHUAN B| i "
e CHO KY THI il
Wy | | | TRUKGHQC
LA peb THONG
s qubcaia

Bai todn vé tim sb cyc tri cia dd thi ham sé co
chira déu gia tri tuyét dbi thuong xuat hién trong
ky thi tt nghiép Trung hoc pho thdng. Dang todn
gay nhiéu kho khin cho hoc sinh. Bai viét ndy xin
trinh bay mdt cach tiép can hai bai todn co ban
thuomng dugc d& cap trong ky thi noi trén. Tac gia
hy vong bai viét s& c6 tac dung thiét thuc ddi véi
hoc sinh trong viéc on thi tot nghiép THPT va la
t liéu tham khao hiru ich cho cac thdy cd gido.

Bai toan 1. Tim s6 diém cyec tri cua dd thi ham

b g(x)=1(x)

Tacod: g(x)= ‘f(x)[ = \/ﬁx_);

g'(x) LT vy 2o,
V7
Dé tim cyc trj cua dd thi ham sb g(x)=|f(x)| ta
gisi cac PT: f(x)=0 (1) va f'(x)=0 (2).
S5 diém cuc tri coa dd thi ham s& g(x)=|/(*)|
bing tdng sb nghiém boi 1é cua hai phuong trinh
(1) va (2). Néi cach khac, néu goi m la sd diém
cuc tri cua ham sé y = f(x), n la sb giao diém
cua @b thiy=f(x) véi truc hoanh (khong tinh
diém tiép xac) thi sb diém cyuc tri cua @6 thi ham
sé g(x)=|f (x)| 1a m+n.

Nhgn xét. S§ diém cuc tri cia di thi ham S0

y = f(x) bang sé diém cuc tri cua dé thi cac ham

s6y=f(xtm), y=f(x)tm véi meR.

Hiv oA it D
faith o

s ————
~,

Xy e oA S‘W Avip mnT AT BA
Al vG U Uikt WU ddid Wil by il

RYp AT M mrryR w}
wliva BoV Uia B AV ime by
NGUYEN VAN CUONG
(GV THPT My bric A, Ha Noi) |

LY

Thi du 1 (Dé thi Qudbe gia nim 2017). Cho ham

sé v = [(x)cobang bien thién nhu sau

—

X R -1

Do thi cua ham so y = ]/(\)‘ c6 bao nhiéu diem

cue ti?
A. 5

5
J

B. C.4 D. 2.
Léi gigi. Dua vao bang bién thién ta thdy phuong
trinh f(x)=0 c¢6 mot nghiém don duy nhat,
phuong trinh f*(x) =0 c0 hai nghiém (a6 thi ham
sb y=f(x) co hai cyc tri) nén d6 thi ham sb
y=|f(x)| c6 ba diém cuc tri.
Thi du 2. Tim s6 diém cwc tri cua ham 50
ylie=2) (e= 1) +1)

B. 6 C.7 D.

Léi gigi. Xét ham s g(x)=(x-2)" (x—1)(x+1),

-
o £

A.S

ta c6 g(x)=0cbd ba nghiém bdi 1é la x=2,
x==1. Mat khac:
g'(x)=3(x-2)" (x* 1)+ 2x(x-2)
= (x-2)[3(x* -1)+ 2x(x-2)]
=(x-2)" (5x" —4x-3);
g (x)=0 cb hai nghiém bdi 1é . Do d6 ham s6

y=|(x-2) (x-1)(x+ 1)|c6 5 diém cye ri.

ss i RS 20die UTE%@&) blo




. Am
1) -)] Ri
I (D : GD&DT, B
1Q) 5 o
ZUIR)Y ) ¢ ‘,'[-':_ p Lo it
i frem
¢ !,(r, ) 3 4y \ / 0 A
N |
«ire !
i - ¥ 2
A. 5 B. 6 C D .

Loi gidi. Xét ham f(x)=3x" —4x’ —12x" +m-
Taco: f'(x)=12x" ~12x" —24x =12x(x’ ~x-2);
f’(x)=0 Cé banghlém x:o, x:—I, x=2.
Bang bién thién

f'—??.

‘ Dua vao bang bién thien ta thay ham sb c6 ba
diém cuc tri. D& ham s6y =[3x* —4x* —12x° +m|
c6 bay diém cyc tri thi dd thj ham sé y = f(x) cit
truc hoanh tai 4 diém phan biét. Tir bang bién

S
thién ta suy ra {m < 0<m<5. Vaycod 4

m-5<0

gidtringuyénla m=1m=2,m=3,m=4.

Thi du 4 (D¢ thi TNTHPT, nam 2020). Cho
hanmr sa [ x) o & ( Bret v= ”,'\.V \':I la
hant so bac bon va co do thi nhe hinh ve,
Y 4
A%
.-/
| E'I
| 4
\ s /
——F *\"ﬂ. . —
| ‘
\ ’/‘ ./ x
\/ ‘
So diém cuc i cua hadm S6 gHX) =11 | ) — X
la:
\ 5 H 3 (_ ) I) A
TORN HOC

So 533( 11- 2021)

12

* Cludire

Lo gidi. Xét ham s h(x)=f (x') =2 cs:
(=40 ()25
x=0
h’ 20@ ' 4 __1_ ¥
(x) f(x )_2x2 (1)
Xét phuong trinh (1): Pat t=x* thi (1) thanp
1 ; A1 © .
()= —— voi t>0. Ta thay ham y= f'(¢) ¢
f(1) i

db thj nhu hinh dudi.

y
ﬁ;y=fxo
/
| ) I
\ AT g
IR o/
\/ |

|

.f

1 ”

Ham y=—=  nghich bién trén (0;4w) va
y=57 veh (0;+0)

lim ——==0, lim——

x40 2\/- x—0* 2\/—
Tir 4 thi ta thdy phuong trinh Sf'(t)= \/_
J—

c6 bang bién thién clia ham sb 4(x)= £ ( )

nghiém duy nhit 7= >0, khi d6 x=

-V 0 N

Dua vao BBT ta thay ham h(x) co ba dlem cuc tri
ddng thoi dd thi ham sé h(x) cit truc hoanh tai hai
diém don (mot diém tiép xtc) vi viy sé diém cuc

trj ciia ham sé g(x lf

https://tieulun.hopto.org



Thi du 5. = .

Thi au (o /L o nhicu u“ H. na '|(_I1 L{H(},ﬂi 'l

‘ - . \ e

tham N i de ham >
S0

Yinet A | \ 2 i
P =12LX —4{m+¢ : 210 oL -
. E (m+3)x" +m—-202 L Coondm diem

cue !
A. 2019 B. 2020 C. 2021 D0
Loi gidi. Xét ham sb
f(x)=2x" —4(m+8)x* +m—2021

co: f'(x)=8x -*8(m+8)x=8x|:x1 -(m+8)];
ORE
x*=m+8

TH1: Néu m+8<0<>m<-8 thi ham sd
y=f(x)c6 mot diém cyc tri nén 6 thi ham sb
y= f(x) cht truc hoanh nhiéu nhét tai hai diém.
Tir d6 suy ra ham 56

=[2x* —4(m +8)x" +m—-2021
c6 nhidu nhit ba diém cyc tri.
TH2: Néu m+8>0<>m>-8 thi ham 56

y=f(x)coba didmoeuctrila x=0,x=X,X=X,

7(x) — % 0 - & + |
|+ m—_()"i ' —J
N S \ / !
‘ f(‘wl

pé ham sby= \Zx —4(m+8)x +m— 2021| co

nsm diém cyc tri thi do thi ham sb y=f(x)cit
truc hoanh tai hai diém phan biét (khong tinh diém
tiép xtc). Dua vio bang bién thién ta suy ra
m—2021<0&m= 2021. Vi mnguyén duong
nén cb 2021 gié tri théa man.

Thi du 6. Cho ham s0 Y = [(x) co bang bien thien

o A L
.r" —~ o - 0 ¢+ f"‘:Jl
r ‘—? 2022 — T |
|y | / \ / r

Po thi hani so V= 2020} + 2021} ¢o huo

ACS
nhiéu diém cyc tri’?

A.S B.3 C. 2 D. |
Léi gidgi. Xét ham s6 g(x)= f(x—2020)+2021.
DS thi ham s6 y=g(x)cod dugc bing cach tinh
tién b thi y=f(x) sang phai theo phuong truc
hoanh 2020 don vi rdi tinh tién lén trén theo
phuong truc tung 2021 don vi. Ta c6 bang bién
thién cua ham s6 y = g(x) nhu sau

e _r_‘ . o
x |- 2018 2023 vy
e -—
Cov o - 0 |
Ly / \ / |
| — U :
,4____4

| S—

Dya vao bang bién thlen ta thay do th1 ham s6

gx)=f(x- —2020) +2021 cét truc hoanh tai mot
didm, tiép xuac tai mot diém. Tir d6 suy ra b thi
ham sb y= | f(x- 2020) +202 ll c6 ba diém cuc

tri.
f(x)co do thi (C)nlue

Thi du 7. Cho ham S6 V=]

hinh ve.

Timi s6 gid (ri nguyen duong cla m de do thi ham
. | g e i
2020)+m| €0 D diem cue i’

B. S C.2 D I
Duya vao dd thi ta thiy ham s y = /(%)

so y=|/(x-

A3
Lai giai.
<6 ba diém cy tri nén do thi ham 56 y=f(x—2020)
cling 6 ba diém cyc tri. Vay dé 46 thi ham 56
y=|f(x-—2020)+ml
(x- 2020)+m=0 phai c6 hai

TOAN HOC

c6 pam diém cuc tri thi

phuong trinh f

s bt



nghiém b6 16, hay dudmg thing y =—m cat dO thi
(€):y = f(x~2020) tai hai diém phén biét. Dua
vao dd thi ta co:
—6<-m<-3 [3<m<6

[‘m 22 < [m e
Do m nguyén duong nén m €{3,4,5}. Vay co ba
814 trj clia m thoa mén bai todn.
Thi  du 8 Cho  him 50
Y :‘/‘(-“) =x' +0x* +cx+d voi b,c,d e R va

. [d>202] ‘ <
thoa  man | . Ham s0
b+c+d-2020<0

V= ]‘/ (x)—~2021| ¢6 bao nhiéu diém cure tri?
A3 B.5 C.2 D. 1.

Loi gidi. Ta c6 ham s g(x)= f(x)-2021 1a
ham s6 béc 3 nén lién tuc trén R. Mit khac

xI—l;IPoc g(x)= xl_i’IBO(f +bx* +ex+d —202 1) =400
nén Ja>1dé g(a)>0, g)=b+c+d-2020<0,
suy ra g(l).g(a)<0 nén phuong trinh g(x)=0
c6 it nhat mét nghiém thuac (La). Tuong ty:

Jim g(x) = lim (x” + %" + cx +d - 2021) = —oo
=38<0dé g(f)<0, g(0)=d-2021> 0, suy
ra g(/).g(0)<0,g(0).g(1)<0 nén phuong trinh
g(x)=0c6 it nhit mét nghiém trén ma; khoang
(8:0), (6;1). Két hop lai ta c6 phuong trinh
&(x) =0¢6 ba nghiém phén biét déng thyi d3 thj
g(x)c6 hai diém cyc tri (tinh chét ham b ba).

Véy him 6 y =|f(x)-2021] ¢6 5 diém cyc tri.
Thidu 9. Cho ham sé

v=/f(x)= (m"+ Dx'=2(m' 3" +1) 497 4 2022
voi m ld tham sé. Ham s6 y = 1 (x) - 2020] cé

bao nhiéu diém ciec 1r4?

A.4 B.3 C.2 D1

1 4 TQQ?ugotr; S8 533(11-2027)

Loi gidi. Ta co:
y=|f0- 2020] = J[.f (x) = 20207,

£ [f(x)=2020]
véimoi x thoaman f (x)—2020 0.
Mit khac —2(m4.3’" +1)(m8 + 1) <0, Vm ngy
ham s§ y= f(x)co ba diém cuc tri hay phuong
tinh  f'(x)=0 c¢6 ba nghiém (ham g
y=ax'+bx* +c ¢6 ab<O0thi c6 ba diem cyc
tri). Xét phuong trinh:
(m8 +1)t2 —~ 2(m4.3"‘ + 1)t+ 9" +2=0 (t=x?)

¢6 A'=(3"m* +1) - (m* +1)(97 +2)

= —(9”‘ -2.3"m" + ms) -m® -1

=-(3"-m*) -m*-1<0.
Tir d6 suy ra phwong trinh f(x)=2020=0 vb
nghiém. Vay ham sé y=|f (x¥)~2020| c6 ba cuc
tri.
Thi du 10. Cho him 56 y = f(x)c6 dé thi nhue

hinh vé

Co bao nhicu gia trj nguven m<10 d@é ham sé
glx)= ./ (X)+2f(x)+ m‘ 6 3 diém cire tri?

A3 B.5 C.7 D. 10.

Loigiai. Xét h(x)= f(x)+2f(x)+m,

W)=/ S D421 0 =21 () £ (x) +1;

S'(x)=0 ()

R(x)=0
(x) Q{f(x)=—1 )

https://tieulun.hopto.org
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Dya vao d0 thi ta thdy PT(1) c6 2 nghiém 13 S } ,
x=%1,PT(2) co mot nghiém x=a<—] Hoi ham so g(x)= f(]2x+2[-4)-5 b bauo
Taco: h(l)= fl‘ 1)+ 2 +m=m, nhiéu diem cuee trf?
A3 B.4 C.5 D.7
i Loi gigi. Dya vio bang bién thién, ta thiy
h(a’)=f (a)+2f(a)+m=1_2+m=m_1‘ y=f(x) c6 2 diém cyc tri x=2; x =4.
Bang bién thién cta ham A(x)

W=D = -D+2f(-1)+m=24+m ,

Taco: g'(x)=([2x+2|-4) f'(|2x+2-4)

X !—’:C a -1 P
. 2x+2
i - . — = - -1.
L—i;)— 0 + 0 0 - |2x+2|f (2 +2|-4),vx =1

m o+ 24

Y \ /7 Nhin thdy ham sé g(x)c6 mét diém cuc tri
n

|2x+2|-4=2
=-1. Taco: [ 21-4)=0
x acé: f'(|2x+2-4) @{sz+2|‘4=4

m—1

h(x) -ILT\
|

Dya vao bang bién thién ta thiy ham sé
o R ] " 1= e

h(x)= f(xX) +2f(x)+m co6 ba diém cyc tri. Vay <::>[|J\f+ |=3 @[x 2,x=—4 e —

d& ham sd |x+1=4  |[x=3,x=-5

g()=|/2(@0)+ 2/ (x) + m| c6 ba didm cye ity O hamsb g(x)=f(|2x+2|-4)-5 c6 5 diém

cuc tri. Chon C.

d6 thi ham A(x) ndm trén truc hoanh (cé thé tiép
xic) Thi du 2. Cho ham s6
Ta cin ¢6 m—120&m=1. Vay cd ia tri sy B 8

. . Vay et 10 .54 4 y=f(.r):—.\"'A(m+2}.\"+2(m'*16).r+2021.
cia m thoa man. 3 ' / _
o, . ¥ ek . C6 bao nhiéu gid tri nguvén dwong cua tham so m
Bai toan 2. Tim so diém cwec tri cia do thi ham

3 Iy - ST o O - 3 s - 7
56 g(x) :_f(i.\ﬂ dé ham so f (I.\l) ¢ ding 3 diem circ tr

B A4 B.6 C7 D3
Tacod: y =f(|x|) =y =H.f'(lxl), Vx # 0. Lo gidi. Ta cb:

Nhén thiy x =013 mot diém cyc tri ciia ham s. f(x)=2x" —2(m+2)x+2(m’ -16);

Pé tim cyc tri cua ham sbg(x)=f(|x]) ta gidi Fx) =0 % —(m+2)x+m* ~16=0 ().

phuong trinh f'(¢)=0 ( =|x|>0). M&i nghiém PE ham sé f(|x]) c6 ding 3 diém cyc tri thi ham

t >0 cho ta hai nghiém cia x. Vi vdy néu ham S(? s y= f(x)phai c6 ding 1 diém cue i o6 hodnh
y=f(x) c¢6 m diém cyc tri duong thi ham s0

&% duong.

g(x) = f(|x|) c6 2m +1diém cyc tri TH1: PT(1) c6 2 nghiém tréi ddu < m* —16 <0 1
Thi du 1. Ham 56 (C): y = fx) lién tue rén R vd s _4<m<A4. ‘
¢6 bang bién thién nhir sau: TH2: PT(1) c¢6 1 nghiém bi‘“ing 0 va 1 nghiém
r ]
X o 2 4 F00 m:-16=0

] o m=4,
- - 0 - ; QUOE 1 1y 4250

—oe

]
i
i
|
o

' Do m nguyén duong, két hop hai trudmg hop ta
/ \1 / cd me{1,2,3,4}.Véyc64giénimc?mtim.
TOAN HOC
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T o _ s i i
Thi dy 3 (D3 th TNTHPT, nim 2021). Cho ham
3 SO i / 54 _1__(.

SO V= {‘ _‘\) co dao ligm / i\\) = [‘_\‘—DH‘J ))

VxeR. Hoi ¢6 bao nhiéu gid tri nguyen

Voi

duong clia m de ham so / (i‘\ +6-"j e ) 6 i

nhat 3 cee tri?
A5 B.7 C.8 D. 6.

Loi gidi. Tix gia thiét /"(x)=(x—8)(x* -9) dat

Cuctritai x=8 x=+3 .

Bat g(x) =/ (|¥’ +6x/+m). Ta co:
g’(x)=[f(lx3 +6x,+m):|

_ (3x2 + 6)()(3 + 6x)

’x3 + 6x,

r

.f’Ux3 +6x, +m)

vol x#0. Nhén thdy x=0 13 1 diém cuc tri clia
ham s6 g(x). Dé him sé g(x) cé it nhét 3 cyc
tri thi g'(x) phai c6 it nhit 3 nghiém boi 1é hay
f'(}f +6x]+ m) =0 c6 it nhit 2 nghiém bsi 1é
khac 0. Ta c6:

Hx3 + 6x’ +m=-3
S(|#+6x+m)=0 ¥ +6x|+m=3
_’x3 +6xf+m=8
les + 6xl =-m-3

= lx3+6x[=—m+3.

_’xJ + 6x’ =-m+8§

pé f'(’x3 +6x[+m)=0 c6 it nhit 2 nghiém bgj

1¢ khac 0 thi: 8-m>0<m<8. Do m nguysy

duong nén m € [l; 7]. Vay co 7 gid tri m can tim,
BAI TAP TU LUYEN

Bai tap 1. Cho ham s f(x)=x"+bx* +¢ véi
c>2021

véi b,c € R va thoéa min {b+c—2020<0'

Ham s y=|f(x)—~2021 c6 bao nhi¢u diér ¢,

tr1?
A7 B.5 C.3 D.1.

Bi tip 2. Cho ham s0 ¥ =f(x) c6 bing big,

2 2

y' + 0 - 0 +
2 ot |
—ED -2 \J

Héi ham sb g(x) =’f2(X)—4f(XJ+1’ 0 bao
nhiéu diém cuc tri?

A7 B.6
Bai tip 3 (D& TNTHPT, nam 2020). Cho him
s6 f(x) c6 £(0)=0. Biét y= f'(x) 1 ham sé

bac bdn va c6 db thi 1a dudmg cong trong hinh vé,

thién nhu sau:

E | =28 -1

C.5 D. 4.

y

$6 diém cvc tri cia ham s§ g(x) =[ f(x*)+ x2[ 1

A.3 B.6 C.5 D. 4.

Bai tip 4 (D& TNTHPT, nim 2021). Cho ham sé

y = f(x) c6 dao ham
f'(x)=(x-9)(x*-16),vxeR.

C6 bao nhiéu gié trj nguyén duong cta tham sé m

¢ ham s6 g(x)=f (¥’ +7x|+m) co it nhit 3

diém cuc tri?

A. 16 B.9

C.4 D. 8.

https://tieulun.hopto.org









X X +X <3m=x +X+X 1avely.
Do vay, X, cing phai thoa man m<Xx, <m+q

Tém lai, néu nhu giam khao 1 bi loai, giam
Khao 2 va giam khao 3 khong bi loai thi diém
cua giam khao 1 luén nho hon m —a, con gidm
khao 2 va gidm khao 3 @éu c6 diém 16n hon m .
Hon nita, khi tinh didm TBC ddi véi 2 eiam
khao con lai 1a gidm khao 2 va gidm khao 3 thj
s& khong c6 giam khéo nao bi loai nira.

Thi dy: Giam khao 1 cho 70 diém, gidm khao 2
cho 85 diém, giam khao 3 cho 88 diém, do d6
diém TBC = 81. Trong truomg hop nay, diém
cia gidam khao 1 it hon diém TBC la 11 diém
nén bi loai. Diém cudi cing cla thi sinh & 1
diém TBC cua giam khao 2 va giam khao 3, tirc

85+88 _ 96,5 didm.

la

+ Gia st giam khéo 3 bi loai, giam khao 1 va
giam khao 2 khoéng bi loai thi ly luén tuong tu
nhur trén ta cling €O két luan sau: Piém clia gidm
khao 3 s& 16n hon m+a con giam khao 1 va
gi4m khao 2 déu c6 diém nho hon m . Khi tinh
diém TBC déi voi 2 giam khao con lai 1a gidm
khao 1 va giam khao 2 thi s& khong cH giam
khao nao bi loai nira.

Thi dy: Gidm khao 1 cho 70 diém, giam khao 2
cho 79 diém, giam khao 3 cho 91 diém, do do
diém TBC= 80. Trong trudng hop nay, diém
clia giam khao 3 vurot qua diém TBCa 11 diém
nén bi loai. Piém cudi cung cua thi sinh s¢ 12
ditm TBC ciia giam khao 1 va giam khao 2, tC
70+79

la =74,5 diém.

« Do diéu kién 0<x, <x, <x, <100 nén khong
bao gity xdy ra truong hop chi co gidm khao 2 b1
loai.

¢) Tinh hudng 3: C6 ding 2 gidm khdo bi loai
sau lén tinh diém TBC dau tién.

« Gia st giam khao 1 va gidm khao 2 bi loai, khi

do ta co:
. [(m<m=a . |%<m—a
hoéc la hoac la .
X, <m-—a x,>m+a
. |x,<m-a
Néu <" thi x, +X, +X <2m—2a+x
X, <m-a

suy ra x, > m+2a>m+a. Do d6, gidm khao 3

ciing bi loai.

B x, <m-a
Néu
x,>m+a

thi do x,2x,>m+a nén

giam khéo 3 ciing bi loai.
« Gia sir giam khao 2 va giam khao 3 bi loai, khi
do ta co:

x,>m+a x,<m—a

hoic la { hoéc la {

X, >m+a x,>m+a

;. |x,>m+a
Néu thi x, +x, +x, >2m+2a+x

Xy >m+a
suy ra x, <m—2a<m—a. Do d0, gidam khao 1
cling bi loal.

. X, <m-a
Néu
X, >m+a

thi do x,<x,<m-a nén
giam khao 1 ciling bi loai.

Toém lai, trong tinh hudng 3 nay, dé c6 ding 2
giam khao bi loai sau lan tinh diém TBC déau
tién thi chi c6 mdt truomg hop duy nhat 13 giam
khao 1 va giam khao 3 bi loai.

_5343_&%.14613{?““% u@@ég@




Thi du. Giam khao 1 cho 70 diém, gidm khao 2
cho 80 diém, gidm khao 3 cho 93 diém, khi 46
diém TBC=81. Trong truong hop nay, diém cua
ca hai giam khao 1 va 3 déu léch so voi diém
TBC qua +10 nén bi loai. Diém cubi cing cua
thi sinh s 13 diém ciia giam kho 2 (80 diém).
) Tinh hudng 4: Ca 3 gigm khao déu bi loai
sau lan tinh diém TBC dgu tién.

Thi dy: Giam khao 1 cho 70 diém, giam khao 2
cho 71 diém, giam khao 3 cho 36 diém, khi dé
diém TBC= 59. Trong trudng hop nay, diém
cua ca 3 giam khao léch véi diém TBC qua +10
nén déu bi loai. Do do, khong co6 két qua cudi
cung cho thi sinh.

3. Didu kién cua a dé thi sinh ludn cé kit qua
cuéicﬁng

Trong mét cudc thi, néu ching ta cir léy diém
TBC cua tit ca cac giam khao lam két qua diém
cho thi sinh ma khong cén thém diéu kién gi thi
diém cua thi sinh luén x4c dinh. Tuy nhién, néu
phai dua thém diéu kién dé loai cac giam khao
c6 diém 1én hon hodc nhé hon diém TBC I3 4
diém thi nhu da phan tich ¢ trén, ¢6 thé x4y ra
tinh hudng 1a khong xac dinh duoc diém cudi
cung cho thi sinh. Do d6, mét cau hoi tu nhién
duoc dit ra ¢ day la: « phai thoa man diéu kién
nio dé két qua diém cudi cung cua thi sinh ludn
tdn tai?

« D6 V61 trudng hop Ban gidm khdo ¢6 2 thanh
viéen.

+ Néu chon @250 thido 0<x, <x, <100 nén

ta Iluén co x, —x, <100 < 2a hay
X, + X
x2=+—2-gq ‘
2 . Céc diéu kién nay ching t6
X + X,
x, £ =+a

TOAN HOC
20 ¥ crsife

S 533(11-2021)

khong c6 ai trong Ban giém @éo b1 loai ¢p, a
ho ¢6 cho diém bao nhi€u di chang ny, trop
pham vi tir 0 dén 100 PIem cudi cing gy, -
X, + X

sinh luon 1a - Thi du, trong trugmg y,

xéu nhat la mot giam khao cho 100 gigy, Vi
giam khao con lai cho 0 dfém thi thi sinh v}, o
két qua cudi cing 1a 50 dim.

+ Néu chon a <50 thi nguy co khong xac dinh
duge diém cua thi sinh van xay ra néy 2 gidm
khao cho diém nhu thi du vira néu,

Tom lai, trong truong hop Ban giam khao ¢g 9
thanh vién va diém dugc cho theo thang diéy
100 thi d& két qua diém cudi cing caa thi sigp
ludn ton tai, Ban tb chirc chi cin chon didm léch
a250. Tuy nhién, trong truéng hop chon nhy
vy thi khong c6 y nghia gi (tue 13 cling giéng
nhu viéc khéng dua ra diéu kién).

« D6i Vi truong hop Ban gidm khdo ¢é 3 thanh
vién.

£ 1 _—
+ Néu chon az—;)g thi khéng bao gior ci 3

gidm khao déu bi loai sau Iin tinh diém 78C
dau tién. That vay, gia sir ca 3 giam khao déu bi
loai thi xidy ra 2 trudng hop, hoac la

0<x,<m-a 0<x, <m-a

0<x,<m-a  hozc 13 m+a < x, <100.

m+a<x, <100 m+a<x3_<_100

Ole<m—.a

Néu {0<x,<m—, thi xl+x2<2m--2“I
m+a<x3$100
hay x1+x2+x3<2m-—2a+x3 suy T
X, >m+2a>3a>1q (vo 1y).
0<x,<m-g4
Néu ym+a<x, <10 thi x, +x, >2m+24

m+a<x3_<_100
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= TN tX>2m+2a+X = m>2g4y
1
— m+a>3a+x. Ma m+a<x, <100 nén
3a+x, <m+a<l100=x <100-3a<0 (v
1y).
) 5 il 100 ... .
Tém lai, néu chon 4 2—3— thi khéng bao giy
xdy ra tinh huéng ca 3 thanh vién déu bi loai.
Tét nhién, c6 thé c6 ding 2 gidm khao bj loai
(thi du: x =25, x,=60 va x,=95 vgi
a = 34), hodc c6 ding mot giam khao bi loai (th
hodc khong cO gidm khao nao bi loai (thi dy:
X, =33 » X =66 va X5 =99 voi1 a:34). Nhu

da phan tich trong cac tinh hudng cta Truéng
hop 2 thi khi chon a > %, thi sinh luén c6 két

qua cudi cung cua ho.

+ Néu chon a<% thi nguy co ca 3 gidm

khao bi loai van co thé xay ra.

Thi du: Cho x,=x,=0 va x,=100. Khi do,
diém TBC=m = -I%Q- va ta ludn co6:

100

x1=x2=0<———a<m-—a
3

x3=100>-1£;9+a>m+a

Do d6, ca 3 giam khéo déu bi loai va hién nhién
khong ¢6 két qua cudi cung cho thi sinh.

Tém lai, trong truong hop Ban gidm khao c6 3
thanh vién va diém dugc cho theo thang diém
100 thi dé két qua diém cudi cung cua thi sinh
ludn ton tai, Ban td chic chi cin chon diém léch

a 2—1%. Trong truong hop nay, viéc chon A

Viy 1d ¢6 ¢ nghia vi ching ta cé the loai r2
nhfrng giam khao cho diém qua cao hodc qua

thép ma thi sinh thi vin ludn cé két qua cuti
cung.

Két luan. Trén ddy la sy phén tich vé mot sb
tinh hudng cho diém cua cac gidm khao trong
nhitng cudc thi ma thanh vién cua Ban giam
khao 13 2 hodc 3. Doc gia ¢6 thé nghién clru
thém c4c tinh hudng déi véi nhitng cude thi ma
Ban giam khéo c6 tir 4 thanh vién tré 1én. Mat
khac, ching ta cling coO thé dua ra cac bai toan
thuc té cu thé ma dé giai dugc nd, ngudi hoc
cin van dung linh hoat cic phuong phép giai hé
phuong trinh va bit phuong trinh. Sau day la
mot thi du minh hoa.

Bai todn: Trong mot cudc thi hung bién cua hoc
sinh tai mot truomg hoc, Ban giam khao gdm cb
5 thanh vién. Ban t6 chirc d3 dwa ra mét diéu
kién nhu sau: Diém cia timg gidm khao duoc
cho tir 0 didm dén 100 diém. Néu sau khi tinh
diém TBC cta cac giam khao, diém cia mot
gi4m khao ndo dé 16n hon hodc nho hon diém
TBC 10 diém thi diém cia giam khao do s& bi
loai va diém TBC cua thi sinh chi dugc tinh déi
véi nhitng giam khao con lai. Sau khi nhan két
qua tir cac giam khao va tién hanh tinh toén,
Ban thu ky nhan thiy: Trong lan tinh thir nhit,
c6 ding 1 giam khao 1én hon diém TBC cua ca
5 giam khao 13 12 diém nén diém cua vi giam
khao nay da bi loai ra. Trong an tinh thir hai, lai
c6 ding 1 giam khao 16n hon diém TBC cua ca
4 giam khao 1 12 diém nén diém cua vi gidm
khao nay tiép tuc bi loai ra. Cudi cing, diém cua
3 giam khao con lai d&u bang nhau.

a) Ban hiy cho biét diém cu thé cua timg giam
khao trong cudc thi nay.

b) Clng hoi nhu céu a) nhung c6 thém tinh
huéng: Trong lan tinh tht ba, lai c6 dung 1
giam khao 1ém hon diém TBC cua ca 3 giam
khao 1a 12 diém nén diém cua vi gidm khao nay
tiép tuc bi loai ra. Cubi cung, diém caa 2 giam
khao con lai déu bang nhau.

s¢ SRS:4elie Uﬁ@@%ugggnfig
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CAC LOP THCS
Bai T1/533 (Lép 6). Cho

=—l*-+—-1—+ : C I : + :

2021 2022 2023 7 8082 8083
trong d6 mau s6 cua cac phan sé liy cac gia tri
nguyén lién tiép tr 2021 dén 8083. Hay so sanh

sz L1
A v —.
6
TRAN VAN HANH
(GV Dai hoc Pham Van Péong, Quang Ngdi)
Bai T2/533 (Lép 7). Tim cac sb nguyén 6 p, g
thoa man: p + 4q va ¢ + 4p déu 1a cac s chinh
phuong.
TA KHANH HA
(GV THPT chuyén Ha Ngi - Amsterdam)
Bai T3/533. Tim tit ca c4c sb (x; y; p) thoa man
phuong trinh x° +x* +1= p’, trong d6 x, y 14 hai
sb nguyén duong va p 13 s6 nguyén t4.
PHUC NGUYEN
(congphuc 1 3toan(@gmail.com)

Bai T4/533. Cho AB la diy cung c dinh cua
duomg tron (O; R) (AB khac 2R). M la diém di
dong trén cung lon A8 (MA < MB), N la hinh
chiéu vudng goc cua O trén tia phan gidc cua goc
AMB. Pudng tron ngoai tiép tam gidc AMN cit
MB tai K, cét AB tai D. Chimg minh ring dudng
thing qua K va song song véi MN di qua mot
diém cb dinh.
NGUYEN BUC TAN
(TP. Ho Chi Minh)
Bai T5/533. Cho céc sb thuc duong a, b, ¢, d thda

an 1 + 1 + : + ! =1. Chimg minh
a+3 b+3 c¢+3 d+3
TOAN HOC |
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Jab +Jac +~ad +be +bd + Vg <
TRAN CONG Dify,
, (TP. Ho Cy Min
CAC LOP THPT
Bai T6/533. Giai hé phuong trinh
\/;i’: =y+ 2\/5
9yt (x+3y)=1-xy’
- TRANQUOC Lyjq
(GV THPT chuyén Lé HOng Phong, TP. Ho Chi Mink
Bai T7/533. Cho ba sb duong a, b, ¢ théa m,
abc = 1. Chimg minh rang

3 1 1
g >——t——t—
z'max{a’b’c}_1+a2 146 1+¢
3.

2E.mm{a,b,c},

NGUYEN NGOC T(

(GV THPT chuyén Ha Giang)
Bai T8/533. Cho tam gidc 4BC ndi tiép duomg
tron (O). Puéng tron ndi tiép (/) clia tam gisc 4BC
lan lhugt tiép xtc véi BC, CA, AB tai D, E, F. Bi&t
Al cét BC tai S va cit (O) tai diém thir hai 1a M,
Céc dudng tron ngoai tiép tam giac BSM, CSM cht
MF, ME tuong Umg tai K va L.
a) Chimg minh ring bén diém /, L, S, K cung nim
trén mot dudng tron.
b) Goi T la giao diém thir hai cua MD véi (O).
Chimg minh rang dudng tron ngoai tiép tam gidc
TKL tiép xuc véi (0).

NGUYEN ANH TUAN
(GV THPT chuyén Bdc Giang)
B;‘i\i T9/533. Tim cac sé thuc @ va b thoa min céc
diéu kién sau:
a) a<b<2000.2001;

b) (x+y+2-2000.2001) <— 2% y6i moi
500.2001
x,y,z€la,b];
¢) b - a dat gia tri 16n nhit.
NGUYEN VAN THONG

(GV THPT chuyén 1. Quy Don, Pi Ning)

TIEN TGT OLYMPIC TOAN
Bai T10/533. Cho q, b, ¢ 13 cac sb nguyén duoné
saochoa+ 10b, b + 10c, ¢ + 10a 14 Iy thira cua

https://tieulun.hopto.org



hodc la ldy thira cua 5. Chimg minh rang gpe okia
nét cho 10 nhung abc khong chia hét cho 1¢q

HOANG NGOC MINK
(GV THPT chuyén KHTN, PHQG g N6i)

Bii T11/533. Cho a, b, c la cée 56 thuc duong
khong nguyén. Ta xay dyng day {x,}” nhy say:

X, =a,x,=b,x;=c

x3n+l = lx3n “x3n—2

X

X3n42 =Xz ~ Xy

X

L 3n+d &

Xy —X

in

Chimg minh ring tdn tai a, b, ¢ (a,b,ceR*-
a,b,ceZ) sao cho cac didu kién sau duoc thoa
man: 1) x, <1l,Va>1,

2)-—2.2] Naxl;

lll

3) im (x, +x, +...+x,) ton tai.
PHAM PINH TRUONG
(Khoa Toan- Tin, K41, DHKHTN, PHQG Ha Ngi)
Bai T12/533. Cho tam giéc khong can ABC, (O),
(I) theo thir tuy 1a dudng tron ngoai tiép, noi tiép
tam giac ABC. Ay, Bo, Co theo thir tu 1a tiép diém
cua (/) voi canh BC, CA, AB; Ay, B,, C, theo thir

tr 1a hinh chiéu vuéng goc cia 4o, By, Co trén

ByCo, Codo, AoBy;, A2, B>, C; theo tha tu la giao

diém thir bai cua A4,, BB,, CC, va (0). Ching

minh rang cic dudng tron (Aod,4s), (BoB1B2),
(CoC)1C,) €6 chung truc déng phuong.

DUONG THI XUA'N AN

(GV THPT chuyén Bén Tre)

Bai L1/533. Séng dimg trén mét soi diy c6 dang
U= 2sin(%x]cos(20m‘ +p- Zrz—) (em).Véi x do

bang (cm), ¢ do bang (s).

a) Tinh vén téc truyén séng doc theo soi déy.

b) Xac dinh nhitng vi tri trén ddy c6 bién dd dao
dong bang 1 cm.

VIET CUONG (Ha Ngi)

Bai L.2/533. Poan mach dién xoay chiéu gbém
dién tro thudn R mic ndi tiép véi cudn diy co
dién tr&  hoat dong. Dién 4p hiéu dung & hai dau
dién trd, cudn day va hai diu doan mach lan lugt
1a 35V, 85V va 75v2 V. Cudn day tiéu thu cong
sudt 40W. Xac dinh téng dién tré thudn caa toan
mach.

THANH LAM (Ha Noi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/533 (For 6" grade). Given
= : + : - : ..+ 2 +——E——
2021 2022 2023 8082 8083
where the denominators are consecutive integers

from 2021 to 8083. Compare 4 and %

Problem T2/533 (For 7" grade). Find all prime
numbers p, g so that p + 4q and g + 4p are both
perfect squares.

Problem T3/533. Find all triples (% ¥ P)
satisfying XPexi+l= p’, where x, y ar¢ positive
integers and p is a prime number.

Problem T4/533. Suppose that 4B is 2 fixed
chord which is not a diameter of a circle (05 R).
Let M be a point moving on the major arc AB (MA
<MB), and N be the perpendicular projection of O

on the angle bisector of the angle AMB. The
circumcircle of AMN intersects MB at K, intersects
AB at D. Show that the perpendicular through K
and parallel to MN always passes through a fixed
point,
Problem T5/533. Given positive numbers a, b, c,
i 1 M 1 b 1 -1
a+3 b+3 c+3 d+3

d satisfying

Show that

Vab +ac +ad +Jbc +Jbd +Jed <6.
FOR HIGH SCHOOL
Problem T6/533. Solve the system of equations

Vi +l=y+22
9y’ (x+3y)=1-x'y*
Problem T7/533. Given positive numbers a, b, ¢

satisfying abc = 1. Show that B

 sdins fipunoaNGd.grg




1
1+ 12+ 2
I+a” 146" 1l+4c

3
—2-.max{a, b,c} >

2%.min{a,b,c}-

Problem T8/533. Given a triangle ABC inscribed
in a circle (O). The incircle (/) of ABC are tangent
to BC, C4, 4B at D, E, F respectively. Suppose
that 47 intersects BC at § and intersects (O) at the
second point M. The circumcircles of the triangles
BSM, CSM intersect MF, ME at K and L
respectively.
a) Show that four points [, L, S, X both lie on a
circle,

b) Let T be the second intersection between MD
and (0). Prove that the circumcircle of the triangle
TKL is tangent to (O).

Problem T9/533. Find real numbers a and b
satistying the following conditions

a) a<b<2000.2001;

b) (x+y+z-200020017<—2* _  for all

500.2001

x,y,z€la,b];

¢) b — a obtains the maximum value.

TOWARDS IATHEMATICAL OLYMPIAD
Problem T10/533. Suppose that a, b, ¢ are
positive numbers so that a + 105, b+ 10c, ¢ + 10a
are either a power of 2 or a power of 5. Show that
abc is divisible by 10 but not divisible by 100.

CHINH PHUC ... (Tiép theo trang 5)

Bai 9. Cho tam gidc 4ABC c6 3 gbéc nhon
(AB < AC) . V& 3 dudng cao AF, BD, CE cia
tam gidc ABC cit nhau tai H, goi / la trung diém
cua DE, IH cét dudng tron tim O ngoai tiép tam
giac BHC tai M.

1) Ching minh BD la tia phin gidc cua goc
EDF.

2) Chimg minh t&t gidc AIFM ndi tiép.

3) AF cit MC tai Q. Pudng tron tim G ndi tiép
tam gidc MHC tiép xtc véi HC va MC lan lugt
tai J va L. Pudng thing qua C song song véi
MH cat JL tai S. Goi K 13 tim duong tron ngoai
tiép tam gidc 40C. Ching minh: OK // SG.

4) Chung minh:

TOAN HOC
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Problem T11/533. Given positive numbers whicy
are not integral a, b, ¢. We define the sequence

(1’1 =a,x,=bx;=c

x3n+1 = l'x3" —xa”LZ
{x,}"2 as follows: 1
nJln>

Kane2 =lx3ﬂ-2 " Ko

X343 :‘x3"‘1 _x3"

Show that we can choose some &, b, ¢ (a,b,ceR;
a,b,c¢7) so that the following conditions hold

1) x,<1,Vn21;

2) 23 o1 wpat;

xﬂ

3) lim (x, +x, +...4£,) exists.

Problem T12/533. Given a scalene triangle 4BC.
Suppose that (0), (/) respectively are the
circumcircle and the incircle of. Let A4y, By, G,
respectively be the touch point between (I) and
BC, CA, AB. Let 4,, B,, C) respectively be the
perpendicular projections of 4y, By, Cy on ByCy,
Codo, AoBo; and 4,, B,, C, respectively the second
intersections between A44,, BB;, CC; and (0).
Show that the circles (404 ,4,), (BoB1By), (CoC1C)
have the same radical axis.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietham National University, Hanoi)

2sind.sinB.cos4 = sin’B + sin?C — sin?4

(4, B, Cla cac gbc cua tam glac ABQC).

Bai 10. Cho tam gidc 4BC ¢6 3 goc nhon
(4B < AC) ndi tiép dudng tron (O; R). V& 2
dwong cao BD vi CE cua tam giac ABC cit
nhau tai /. V& dudng kinh 47 cua (0).

1) Chimng minh AEHD 13 tir gisc ndi tiép.

2) Chimg minh: AHAC =4 41

3) DE cat (O) tai S ( S thuge cung nhé 4C), ST
cat BC tai K. Chimg mipp, 4 K vuéng gbc voi
HS.

4) HS cat BC tai L. Chimg minh 4x va HS cit

nhau tei mOt diem thuge duomg tron ngoai tiép
tam gidc LBD,

https://tieulun.hopto.org
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Bai T1/529. Cho
1.2022 +2.2021+3.2020 +...+ 2022 |

B 2° +6'+12° +..+(h(k -5-1))""i ++4()()()§W

A

. . fss 1
Hay so sanh A voi —.

Lai gidi. DAt tr s6 cua phan s6 da cho 13 B va my
s6 cua nd 1a C. Ta s& chimg t6 ring;
A=£<l, ticla 2B<C
Cc 2 ‘
Cich 1. Téng B =1.2022 + 2.2021 +...
+1011.1012 + 1012.1011 +...+ 2022.1
co tit ca 2022 sé hang, mdi sé hang 14 tich hai sb
nguyén xy = yx voi 1 < x < 1011 va
1012 < y < 2022, va c6 s6 hang nhd hon
1011.2022, nén B < 2022(1011.2022) = 1011,
2022%, hay 1a 2B < 2022. 20227 = 2022° (*). D&
thdy miu s& C > 40905067 = (2022. 2023)*"”
= 20227, 20234 (*%).
Tir (*) va (**) c6 2B < C . Chinh xac hon co:

B 2022°
A=—< 2023 2023
C 2.20227-.2023
1 1 1

TR 3 <5

272022772023 2

Cach 2. Xét truong hop tt ca cac sb mil ¢ moi sO
hang ctia miu sé déu bang 1 thi

C>D=12+23+34+..
+ k(k+ 1) +..+ 2022.2023.

Coi mdi sé hang x. trong tong B la tong cua * s0

déu bing y, ching han
1.2022 +2.2021 + 3.2020
=2022 + 2021 + 2021 + 2020 + 2020 + 2020

thi B = 1.2022 + 2.2021 +...+ 1011.1012

+1012.1011 +...+ 2022.1
= L3l +(1 + 24 3)+..,
+(1+2+3+..+2021 +2022)
va sir dung cong thirc tinh téng cac sb tu nhién tir
n(n+1)

1dénnlal+2+3+.+n= , ta co:

2B=12+23+34+. . +klk+1)+..
+2022.2023 =D < C (dpcm).
Nh@n xét. Mot sb ban viét nham dau 16n hon, nhé
hon; mdt s ban tinh nham sb cac sb hang cla téng.
Cac ban sau c6 161 giai dung. Ha N§i: Nguyén Gia
Hién, 6A, THCS chuyén Ha Néi- Amsterdam; Hung
Yén: Lé Tudn Hiép, 6C, THCS Poan Thi Piém, Yén
My; Nghé An: Dink A Na, Nguyén Thai Triéu,
Nguyén Trong Bdo, 6A, Nguyén Thi Béng Tam, 6D,
THCS Ly Nhat Quang, D6 Luong.
NGUYEN VIET HAI

Bai T2/529. Cho tam gidc ABC can tai A. Ldy hai
diém phdn biét M, N bén trong tam gidc sao cho
AM = CN, BM = AN. Puong thang BM cat AN tai
E, CN cit AM tai F. Chirng minh AE = AF.
Léi gigi. (Cia ban Nguyén Ngoc Diép va ban
Nguyén Thai Hodng Anh).

4
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Céc ban nhan xét 1a ddu bai ra sai. Trong trudng
hop téng quat, c6 thé thiy néi chung ring
AE # AF . Khing dinh bai toan dung khi cho
AM =CN =BM = AN do tinh d6i xtimg qua truc

dbi xtng (qua A) cua tam giac.
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Nhan xét : Chi hai ban sau gui 101 giai va €0 1/0 213
ding: Nghé An: Nguyén Thai Hoang An I’B"‘ ;
: ' 5 - Pié jen:
THCS Ly Nhat Quang, DO Luong; Bu_?n o
Nguyén Ngoc Diép, TB3, THCS x3 Pom Lot, huy¢
Dién Bién. ‘ ‘
vU PINH HOA
Bai T3/529. Cho cdc s6 thuc x, y, z thoa man

x>1,v>2z>3. Ching minh rang:

X4y xy+yz+zx+2527x+8y+ 9z

Léi gigi. Pitx=1+a,y=2+b;z=3+c, trong
d6 a, b, ¢ 1a cac sb6 thuc khéng am (do
x21, y=2, z23). Taco:
x2+y2+22+xy+yz+zx+25—7xw8y—9z
(1+aY+@Q+b+@+c)l+(1+a)2+b)
+2+bh)CB+e)+(3+ce)(1ta)
+25-7(1+a)-8(2+b)-9(3 +¢)

= a*+ b +*+ab+bc+ca = 0. Suyra:

Py + P Ay +yz e+ 25 27x+8y+9z.
Dang thirc xay ra khi va chi khi

a=b=c=0& x=1,y=2,2=3.

Khang dinh cua bai toan da dugc chimg minh.
Nhén xét. Ban cht cta bai todn duoc 16 ra khi ta
d6i tham s tir X, ¥, z sang a, b, c. Hoan nghénh cac
ban hoc sinh sau di tham gia va c6 1oi giai dung
trong hoan canh ¢ nhiéu dia phuong hoc sinh dang
phai hoc tryc tuyén do dich Covid — 19:
Phii Tho: Nguyén Son Hai, 8A4, THCS Gidy Phong
Chédu, Phi Ninh; Pién Bién: Nguyén Ngoc Diép,
7B3, THCS Pom Lot, bién Bién; Ha Nii: Nguyén
Gia Hién, 6A, Vii Minh Hoang, 8C1, Nguyén Duy
Hiéu, 8C2,THCS Archimedes, Ddo Quang Anh,
9El, THCS Everest, Hoang Quédc Viét, Bic Tu
Liém; Hung Yén: Nguyén Vin Khiém, 9C, THCS
An Tao, TP. Hung Yén, Lé Tudn Nghia, 9C, THCS
Poin Thi Piém, Yén My; Thanh Héa: Nguyén
Hodng Long, 9B, THCS Nhit B4 Sy, Hodng Héa; Ha
Tinh: Tran Mink Hoang, 8E, THCS Nguyén Tréi,
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Nghi Xuan; Vinh Long: Nguyén Tin Phic, 8/]
THCS Nguyén Trai, TP. Vinh Long,
NGUYEN MINH b{/¢

Bai T4/529. Cho tam giac ABC VUong tai 4 v
diwong cao AH. Trén tia HC ldy diém D sao cho
HD = HA. Trén tia AB /ffl‘ diem E sao cho
AE = AC. Chitng minh khoang cach tir E dén BC
thi bang DC.

Loi gidi.

A c

Ha EF L BC tai F. Ta cin chimg minh EF = CD.
Theo gia thiét HD = HA va AE = AC nén céc tam
gidc HAD, AFC vudng cidn, do dé:
AEC = ADH = 45° .
Cich 1. Tacé CAE = CFE =90° nén tir gidc ACEF
ndi tiép. Suy ra:

AFC = AEC =45° = ADH = AFH =45°.
Viy tam giac ADF vudng cén tai 4, suy ra:

AF=ADva FAE = DAC =90°-BAD.

Tur d6 suy ra AFAE = ADAC (c.g.c).
Do d6 EF= CD.
Cich 2. Gia sit AB < AC. Trudng hop AB > AC lam
tuong tu.

FF EB
Z thi w At ————— l,
DA thiy AFEB <> AHAB, ta c6: < AB( )
AC HC
A HAB tacd; —=——
AHCA» Bchs —==sy
AB+EB HD+CD EB _CD @)
Suyra: = C>———'"H :
AB AH AB A
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,(2)suyra — = CD

{Nhin xét. Cac ban tham gia d&u cho 1 glai ding. Cac
ban sau o 101 giai tt:

Thanh Hoéa: Nguyén Hoang Long, 9B, THCS Nhj Bi
5, Hoang Hoa; Nghé An: Nguyén Vin Viét, Thai Minh
Quin, 7B, Nguyén Cdnh Nam Khanh, 8D, yg Anh
Duong, 9D, THCS Ly Nhat Quang, B Luong; Dign
Bién: Nguyen Ngoc Diép, TB3, THCS x3 Pom Lot, Bign
Bién; Phi Tho: Nguyén Som Hai, 8A4, THCS Gidy
Phong Chéu, Phi Ninh; D6 Ngoc Tién, 9A3, THCS Lim
Thao; Vinh Long: Ngzg;en Tan Phic, 8/1, THCS
Nguyén Tréi.

— 5 hay EF=cp

NGUYEN THANH HONG
Bai T5/529. Giai phwong trinh
8x* +32x' +32x = x-3=0.
Loi gigi. Phuong trinh da cho trong dwong véi:
4x* (27 +3x—1)+10x(2x* + 3x - 1)
+3(2x* +3x-1)=0
& (207 +3x-1)(4x* +10x+3) =0
2x* +3x-1=0
&, :
4x* +10x+3=0

3+
Ta co: 2x2+3x—1-—-0<:>x=—3-:1i1_—1;
" —5+4/13
4x“+10x+3=0<:>x=——-4l[———-

Vay phuong trinh c6 tap hop nghiém la
{~3—\/ﬁ‘ EEWT) -—5—\[1—3,“5""‘/1—3}_
4 4 4 4
Nhin xét. Didu then chét cua 161 gidi 1a bién doi

phuong trinh vé dang tich

(2)c2 + 3x—1)(4x2 +10x+ 3) =0.
Cach nay ngan gon. Mot sé ban sur dyng phuong
phip dat &n sb phu, dua vé hé phuong trinh. Lam
nhv viy dai va phirc tap.

Céc ban sau day cé bai giai tot : -
Nghé An: Nguyén Van Viét, Thai Minh Quan,

THCS Ly Nhat Quang, D6 Luong pha Tho:

Nguyén Son Hai, 8A4, THCS Giay Phong Chau, Phu
Ninh; Ha Noi: Va Minh Hodng, 38Cll,
THCS&THPT Archimedes Dong Anh ; Dao Quang
Anh, 9E1, TH, THCS Everest, Hoang Qudc Viét,
Bic Tu Liém; Hung Yén: Lé Tudn Nghia, 9C,
THCS Poan Thi Diém, Yén My; Dién Bién: Nguyén
Ngoc Diép, 7B3, THCS xa Pom l6t, H. Pién Bién;
Thanh Héa: Nguyén Hodng Long, 9B, THCS
Nhit B4 Sy, Hoing Héa; Ha Tinh: Trdn Minh
Hoang, 8E, THCS Nguyén Trai, Nghi Xuén.
NGUYEN ANH DONG

Bai T6/529. Cho tam giic ABC cé BC = a,
CA = b, AB = c. Chirng minh rang

3(a3+b3+c3)+4abcz%(a+b+c)3.
Loi gidgi. Cach 1. Ta co:
3a’ +b° +c‘1')-l-4ab¢:2%(a+b+c)3 )

< 81(a® +b + ) +108abe=13(a + b +¢)’

< 81(a’ +8° + ) +108abe=13(a’ +b° + ¢’
+3a’b +3ab® +3a*c+3ac® +3b°c + 3bc® + 6abc)
<68(a’ + b + )+ 30abc>39(a’b + ab?
+a’c+ac’ +b*c+bc?)
& (34a+34b-5c)(a—b)’ +(34b+34c —Sa)b—c)’
+(34c+34a-5b)(c—a) 20 (2).
Via, b, cla ba canh cia tam giac nén g, b, c 1a cac
séduongvz‘la+b>c,b+c>a,c+a>bnén
34a+34b—-5c>5a+5b-5c=5(a+b-c)>0
34b+34c-5a>5b+5c-5a=50b+c—-a)>0
34c+34a-5b>5¢c+5a-5b=5(c+a-b)>0.
Do d6, bt dang thirc (2) ludn ding. Vay bit déng
thie (1) duge chimg minh. Péang thirc xay ra khi
a=b=c, tirc la tam gidc ABC la tam giac déu.
Cdch 2. Via, b, c 1a ba canh cua tam gidc nén q,
b, clacicsbduongvia+b>c b+c>aq,
c+a>b.

Theo bét ding thitc Cauchy, ta cé:

s shttpeoicl R OO




(b+c—a)(c+a~b)g(b+c_a+c+a'b} —& (D).
2

Tuong tu ta coé:
(c+a-b)a+b-c)<a*(2);

(@+b=c)b+c—-a)<b® (3)
Nhan theo vé ba bit dang thirc (1), (2), (3) ¢6 hai
vé déu duong, suy ra:
(b+c—a)c+a-b)a +b-c)<abc
© =@’ b - +aba+b)+be(b+c)
+ ca(c +a) — 2abc < abc
Sd+b+¢ +Sabc 2 ab(a + b) + be(b + ¢)
+ca(c +a)+ 2abe
o a’+b +c* +5abe > (a +b)(b+c)c+a)
<S4+ +c)+15abc > ad + b + ¢
+3(a+b)b+c)c+a)
4@’ +b° + %) +15abe = (a+b +c)’

3@ +b + c3)+425—abc2 %(a+b+c)3 (4).
Ap dung bit ding thirc Cauchy ta co:
a+b+cz23Vabc s (a+b+c) 227abe.
Suy ra:

13 29
%(a+b+c)3=E(a+b+c)3+1—(-)§(a+b+c)3
13 29
>—(a+b+c) +Zabe (5)
27( c) i (5)

Tir (4) va (5) suy ra:

>] 13 2
3(a’ +»’ +c3)+£4—abc_>.5(a +b+c) +—‘-12abc

13
3@ +b +c’)+4dabe> E(a +b+c) (dpcm).

Ding thirc xay ra khi tam gidc ABC Ia tam gisc
déu.

Nhn xét. Bai ndy c6 nhiéu ban tham gia gui by,
ngoai hai cach lam trén nhiéu ban da sit dung BpT
Schur cho ba canh a b ¢ cla tam gjs,.
a+b +c +3abc2ab(a+b)+bc(b+c)+ca(c+a)
dé giai nhung can phai ching minh truéc khi ding,

Tuyén duong céc ban sau c6 15i giai tdt:
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Ha Tinh: Trdn Minh Hoang, 8E, THCS Ngyz
Trai, Nghi Xudn; Ha Noi: Pao Quang Anh, 9|
THCS Everest, Béc Tir Liém; Hung Yén: L¢ 1,5,
Nghia, 9C, THCS Poan Thi Diém, Yén M3; Neuyé,
Gia Khanh, 10 Toan 1, THPT chuyén Hung Yén;
Quing Binh: Nguyén Tran Hodng, 11 Toip 2,
THPT chuyén V& Nguyén Gidp; Nghé An: Ngs 7,
An Binh, 10A1, THPT chuyén Phan Bi Chau; Thirg
Thién- Hué: Trdn Thi Thanh Nhur, Nguyén Vin Hyy
11T1, BG Nguyén Tam Nhu, 11T2, THPT chuysy
Quéc hoc Hué.

PHAM THI BACH NGQC

Bai T7/529. Ching minh rang (on tai vé so cap so
nguyén dirong (x; y) sao cho

(+D+D) iy va +DO +Dix (%)

Loi gidi. Cach 1. Nhan thdy rang néu cap (x; y)
théa man (*) thi (x; y) = 1. That vy, dat (x; y) =d
d’ y, ma

thi ta co: d|xX’+x'+x wva

y|x° +x* +x+1 nén d]l. Viyd=1.

D& thiy cip (x;; y1) = (3; 2) thoa man (*). Ta xdy
dung ¢3p (xa+1; Yu + 1) thoa man:

Xnt1F Yur1> X, + y,,.
Xét cap (x; y) = (xn; y,) thoa man (*) thi (y,; xa)
cling thoa man (™). Gia sir Xp > Y.
Ta chimg minh CAp  (Xp4p: Vn+1), trong do

S Yy =Lt DG +1)
n

man (*). That vay, ta c6:

Mg | = N ,
¥l >y, cling thoa

*(x,, + 1)(x:+, +1) = (x, + 1)(x: % D;Efil_)(_xiil_)
= (G + D, + iy, §
* Gnu +DOL, +1)
=£(ii‘l(ifjj)\+&_][(x,, 't +)* 0]
b
Ta co: [(x" +1)(x: + 1)+y":,[(x" +I)“(x: 1 +y::]

=, +D(p? +1) =0 (mod x,)
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ey = 1 0EN (1, + DGR, 1)
Vi (505 ) DO +Dix, L Do gg

tn tai v6 han céc c@p (x; ) thda man (*)

Cich 2. Xét b toan tong quat:
cho PO =X"+a, X"+t ax+1(n22) 15 4

e v6i hé $8 nguyén duong vi a,=q_ 4
k=12, - n — 1. Chirng minh rang tén 1ai V6 5
cée cdp s0 (x; y) sao cho

P(x):y va P(y)ix (**),
That viy: Dé thay cap (1; P(1)) thoa man (**). Xet
cap (x; ¥) thoa man (**) ma x <yva (x; y) = 1.

Ta ching minh néu cap (x; y) théa min (**) thi

X

P
cip [y; o )J cing thoa man (**). Vi P()

P(y)
X

P(—@]Ey. Ta cé:

X

P(ﬁ(—y—)) = (-}i(-y—)]n +a,., [M]H +...+4a ) +1
x x x x

2%[(19(}’)" +a,, (P(y)"x+...+a]l3'(y),x"'l +x"].

duong va P(y): nén ta con phai chimg minh

Do a, =a_,va P(y)=1(mod y)nén

x”P[fQ—Q] = P(x) (mody)=0 (mod y)
y

b [P—(y—)} 0 (mody) (vi () =1D- V& cap

y
P r .
[y; (J’)) thoa man (%) Mat  khac
X
P 2 . . Ao A .
(y) >_Ji_ S y’ Suy ra t(f-)n tal vO SO Cap SO (X,J")
X X
thoa mén (**). Tro lai bai toan, chon
4
P(x)=x"+x" +x+1=(x+DE +1)
ta 6 didu phai chimg minh. -

4 a - udn
Nhin xét, Lori giai 1 1a cua ban 77 én Quer

Todn 1, THPT chuyén Hung Yén,
Biai 2 thudc vé ban Hoang Purc Nguyen:

N A1

43 ¢an, Loi gid1 1
chuyén DHSP Ha Nbi, tac giﬂ cua dé toan. Long

ngén gon nhung 15i giai 2 cho ta nghigm cua bai todn
tng quét 14 16p ham da thic théa man dieu kién dau
bai. Ngoai ban Qudn, ban Pham Ngoc Long, 12 Toan
1, THPT chuyén Quédc hoc Hué, Thira Thién Hué
ciing cho 141 giai dang.

TRAN HUU NAM

Bai T8/529. Cho tam giac déu ABC canh a, noi

tiep duong tron (0). Mot diem M di dong trén

dwong tron (0). Tim gia tri nho nhét cua biéu thirc
1

P:l—éMA8+MB“+MC".

Li gidi. » Véi M thuge cung AC khong chira B

(M khac 4, C). Goi M, la diém dbi ximg cua M

qua OC thi M, thudc cung BC khong chira 4.

Khi d6: M,B = MA; M4 = MB; M;C = MC.

Ta thdy M4 > M, B, do d6

[—I—MA" +MB? +MC5]~[—1—M1A8 +M,B* +M1c*)
16 16

=(iMIB" +M A +M1CBJ+[LM,A“ +M B +M1C3J

16 16

=i—2—(M1A8—MlBS) >0

:>I%M48 +MB* +MC* >%M,A8 +M,B* + M C".

Tir d6 P khong dat gia tri nho nhat khi M thuge

cung AC khong chira B. Lap luan tuong tu ta

s BipsilleTonNHRt S




thdy P ciing khéng dat gi4 trj nho nhét khi M
thugc cung 4B khong chia C.

* V6i M thugc cung BC khong chira A (M khac B,

C). Ap dung dinh Iy Ptolemy cho tir giac ndi tiép

ABMC ta c6 MA.BC = MB.CA + MC.AB, suy ra.
M4 =MB + MC.

Sur dung dinh 1y ham s cdsin cho tam gidc MBC

ta duge: MB? + MC? —2MB.MC cos BMC =BC*

= MB* + MC? + MBMC =4d*

= MA* + MB* + MC* = (MB + MC)* + MB* + MC*

=2(MB* + MBMC + MC*)* =2a".
Ap dung bat dang thirc Schwarz ta co:

4 4 452
P=— MA' + MB* + MCP > M4+ MB +MC)
16 16+1+1
2a
9

Ding thirc xay ra khi va chi khi

MA=MB+ MC va —A?-zMBzMC.

Lic nay M la diém chinh giita cia cung BC
khong chira 4.
e V&i M=A thi P=2a*; M =B hoic M=C

thi P=—lq*
16

: : 2
Vay gié tri nho nhat cua biéu thie P 13 aa“ :

Nhan xét. Mot $b ban chua chi ra dugce khi M thude

cung ZE' khéng chira B, M thudc cung AB khong
chira C thi biéu thirc P khong dat gia tri nh6 nhat. S6
101 giai gui vé Toa soan khong nhicu. Céc ban sau cé
16i giai tot:
Ha Noi: Ddo Quang Anh, 9E1, TH, THCS Everest,
Hoang Quéc Viét, Quan Bic Tu Liém; Hung Yén:
Nguyén Gia Khdnh, 10 Toan 1, Tran Vin Qudn, 12
Toan 1, THPT chuyén Hung Yén; Ha Tinh: Trdn
Minh Hodang, 9E, THCS Nguyén Trai, Nghi Xuan;
Thira Thién Hué: Pham Ngoc Long, Nguyén Quang
Huy, 12 Toén 1, THPT chuyén Quoc hoc Hué, TP,
Hué.

HO QUANG VINH

3 0 T?g_;‘_'uggg S& 533(11-2021)

Bai T9/529. Cho tam giac ABC co 50 do e goc
A, B. C lap thanh cap so nhdn cong boiqg =2.R I,
ban kinh dwong tron ngoal tiép tum giac; 56 do do
dai cac trung f!t_l-'(’:n Mg Mp, M CUA LAM gidc la cace
hé $O cua phuong trink
X +myx+m =0 (D Chirng minh rcing néu

vy la nehiem cua pheong trinh (1) thi

. 21R +4
\l'] e
4
Léi gigi, Trude tién ta chimg minh bo dé sau.
5IF 5 27 +sin? 471: 7
Z 4sin?=—+s =
B dé. sin’ 7 s1 7 7 4

Chirng minh. Ta c0:

, T , 27 ,4r
sin’ 7+sm N —

2z 47 87
l-cos=— l—-cos— 1—cos—
7 7

+ +
2 2 2

27 4 87
COS—— + COS — + COS ——
3 7

2
. 97 . S5x . Sm
Do sin—=sin| 27 - == |=—sin== nén
7 7 7

T dr
COS— + COS— + cos~8—ﬂ'r
7 7

25sin —| cos — e ”
7( 7 + cos = +cos—_/—)

2sin£
7

2811‘1 —COS 2‘ +2
7 7 sin

4r T 81
—*co Ride Z cos—=
7 S 7 + 2sin = cos

?_sinE
7
. 37 . T Sa
Ao : 37: . .1
=(5m 7 S‘D7J+[Sm7‘—sm - ]+[sm9—7ﬁ—sm-_/-{r~J
2sin”
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. . L 4
suyra: S 7 I TSI =
coS ,-+cos-~—+005§7£ 1
’E‘_ d ‘.:}_ —‘E 7
- 2 2 2 %7
Goi A 1a gOC nho nhit. Vi A B C lép thanh ca

Sonhancongbmq 21nén B=24,C= 2B=4y
quyra: 7=A+B+C=A+24+44=74

T 2
A:—,Bz——,C:__
= A=

Theo cong thirc dudng trung tuyén:

2 2 5
2 b~+C- a”

2 4’
, a+c¢ B
th= -—
2 4
l:_az+b2 Cz
2 4’

Cong vé vai vé ba dang thirc trén ta duoc:
; 5 "B
m: +m, +m =—(a2 +b’ +c2)
4
=3R’ (sin2 A+sin® B +sin’ C)

=3R2[s Z +sin? —2—+sx 4”) 2R2
7 7 7 4

Vi x, 12 nghiém cua phuong trinh (1) nén
X, +mx; +mx,+m, =0

3 2
hay X, = —(m“x(J +m,x, +m, )

2
Suy ra: S = (mux(f +m,x, + m{,) .
Ap dung bat ding thirc Bunyakovsky ta dugc:
2
(m X2 +m,x, +m, )

( +m; +m‘_)(x0 +xp +1).

6

Suyra' 21R2_ Z,y 2 4 m? >0 —
. _mu mh ‘—x3+xj+l
1
=x, —1 —4—'_-;_‘>x0—1
Xy x5 #1
2 ‘44
y o 2R R4
N 4

Nha" xet Chl CO 4 ban nop ba] Va co ban la"l dung-
n
Binh Binh: Ngyyén Huy Hodng 12T THPT chuyé

Lé Quy Pon; Ha Noi: Dao Quang Anh, 9E1, THCS
Everest, Bic Tir Liém. Huwng Yén: Tran Van Qudn,
12 Toan 1, THPT chuyén Hung Yén; Thira Thién
Hué: Pham Ngoc Long, 12 Toan 1, THPT chuyén
Quéc hoc Hué.

TA DUY PHUQNG
Bai T10/529. Giai phuong trinh nghi¢m nguyen
duong x° +y’ =19 (6-12).
Loi giai (cua ban Phan Vinh Tién, 11QT3, THPT
Duy Tén, Phu Yén).
Ta c6 bd dé sau:
B d&: Cho hai sé nguyén dwong x, y va p la 56
nguyén té p = 4k+3. Khi d@o néu p| x> +y* thiplx
va ply.
Chitng minh: Phan chimg. Gia st trai lai. Khi do
ca x va y khong chia hét cho p. Theo dinh 1y

Fermat nho ta c6 theo modulo p

E})p-] El:x4k+2 Ey4k+2 =1

g (xz )2k+l +(y2)2}:+1 =9

= pl+ () + ()

= p = 2, méau thvan. BS dé dugc chimg minh

2

Tré lai bai toan. Ta cd 19]x* + 3%, vi 19 1a sé
nguyén t5 dang 4k + 3 nén theo bd dé: 19|x,19]y.

598" 4 2021
o

bédt x=19x,,y=19y,,n=
2 2 2n-2 ¥4 a
= x’+y’>=19"7(6-z). Ticp tuc nhu vay sau
nbudc din dén x’ +y =6-z véi x=19"x
y=19"y . Bing cach thir truc tiép ta duoc:
x, =Ly, =lz=4;
x,=2,y,=1lz=],
x, =Ly =2,z=1,
Tir d6 phuong trinh da cho ¢6 3 nghiém nguyén
duong (x, y, z) la:

TOAN HOC
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(19", 19", 4); (2.19", 19", 1), (19",2.19",1) @

Sloso‘ +2021
2
Nhin xét. Ngoai ban Tién , co 8§ ban tham gia gidi
bai toan nay, 1 ban c6 10i giai chua hoan chinh, 7

ban két lugn phuong trinh khéng c6 nghiém nguyén
duong.

do n=

PANG HUNG THANG
Bai T11/529. Cho ham sé f:R — S véi S la mot

1ap bi chan thoa méan _f'Z(O) + [(0)=0 va

lf(x +¥+2%) = f() - () - f"('")| = l ()

VoI moi xy,zeR minh

Chimng
If(_\‘) - j'(—.\"); <2 voi moi veR.

.....

lf(zj)—f3(z)|$%, VzeR (2).
Tu gia thiét f2(0)+ f(0)=0, suy ra f(0)=-1
hodac f(0)=0.

e Truomg hop khi f(0)=-1. Thay

x=z=0
vio (1), taduge |1()=1*(»)+2s 1, vy R

Suyra |f2(0)-f(-y)|SLVyeR ().
Thay y=0 vao (1), tadugc:

fGa+2) = F @) - £ @)=1|< 2 ¥z eR @)
Cong theo vé (2) va (4) ta dugc:
7@+ L@+ 1+ 2) - F -1 ()-1 <1,
Suy ra:

7@+ @+ f e+ )= S = £ ()~
<|-£ @)+ @)+ S+ 2) = f0- £ (2) -]
<l1.
Suy ra: |f(X+ZJ)"-f(X)*f(23)—1| =L, Wx,zeR
hay  |f(x+2)-f(®)-f@-1<L VxzeR,
Vaynén |-f(x)— f(-¥)-2|<LVxeR. Suyra
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F )+ f(=n|22-|-f @)~ f(X)=221VxeR
Két hop véi (3), ta thu duoc:
£ () - f(-x)|£1, Vxe R.

« Trwomg hop khi f(0) =0.
Thay y=0 vao(l),ta duoc:
1
flxe+2) =S~ L (D] S5, 0z € R

Suy ra: If(x+z3)—f(x)—f(23)‘Sl,\'/x,zeR.
Do vay: ‘f(x+z)—f(x)—f(z)[SI, Vx,zeR.

Suy ra: ]f(x+y)—f(x)—f(y)l£1, Vx,yeR
Cho y=x tathuduoc:
|f(2x)-2f(x)|<L,VxeR

hay ’%f(Zx)—f(x)

Sl,VxeR.
D

Thay x boi 2x, ta duoc:

1 .
_ ‘51(2ZX)—f(2x)s%,VxeR
hay |- 220 -1 ool <]
y 4 x —Ef( x)“_z_z_’VXER'

Suyra: | f(2°x)~ £

—+

1
570~ 1)

< ? +—=
Nhu viy,

1—2_2:VXER.

béng Phuong phap quy nap theo /eN,
ta chimg minh duoc :

<1-

1 !
‘?f(z X)=f(x)

27 VxeR,/eN.

Cho /- 4+

ta dugc

70| <1 véi moi
xelR (dO fb] Ch.ﬁn\ié !

—+0) Suyra:
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. Chi c6 mét ban tham gja giai 13 T

1, THPT chuyén Hung Yey, Hun ; aynA Vin
&n,

NGUYEN viy AU
ai T12/329- Cho tam gide ABC ngi tig, g5
Jon (O). Cée diem X, Y thug .
1 // BC. BY // AC, Goi Z. T theo thy wla gige
gigm cua XY v6i AC. BC. 01, 05, 05, 0, yheo

Qﬂ(inv IZT

(0) sao _

| | ’ theo thy
e la G duwong tron ngoai tiép cac tam giac AX7

T CYT, CXZ. Chung mi . T
BIT, L th O\Oﬁo:(h la hink
pinh hanh.

' v

Y

Goi R la giao diém thir hai cua (O) va dudng
thing qua C song song Vo 4B
U=BY NCR,V =CRNAX;W = AX N BY .

Dé thiay 0,0, L XZ = YT L 0,0,.

Dods 0,0, // 0,0, (1).

Dithiy P, = WAWX =WB.WY =Pyo)

wi(o)
Vi AZ //BY: XA//TB va A, B, X, ¥ cung tuoe
(0) nén
(4z, 4B)=(BY,B4)=(XY , XA)
= (IZ,TB)(modn).

Bieu d6 c6 nghia 1a 4, B, Z, T cing thud¢
dudmg tron,

Do do P,

mot

Y= CA.CZ=CB.CT=Pcyo)

(@

Viywe 100, (2).

Vi VX //BC;VC//BA va A, B, Z, T cung thudc
mot duong tron nén
(VX,vC)=(BC,BA)=(BT,BA)
-—_-.(ZT,ZA)
= (ZX,ZC)(mod 7).
Piéu d6 c6 nghia la C, X, Z, ¥ cung thujc mot
dudmg tron.
Tuong tu C, Y, T, U cing thudc mot duong
tron.
Vi YU//ZC va C,X,Z,V cung thugc mot
dudmg tron nén X, Y, U, V' cung thuéc mot
duong tron. Vay

Pryiay=WY-WU =WXWV =Py,

L)

vdi P =0=

Két hop 6] suy ra

ci(0,)?
wC 10,0, (3).

Tu (2) va (3) suyra 0,0, // 0,0, (4).
Tix (1) va (4) suy ra 0,0,0,0, 14 hinh binh haoh.

Nhin xeét.
1) Bai toan nay khong kho, kha nhiéu ban tham gia
giai: Hung Yén: Trdn Vin Qudn, Pham Vin Thong,
12T1, Nguyén Vin Khiém, Nguyén Gia Khanh,
10T1, THPT chuyén Hung Yén; Quéing Binh:
Nguyén Tran Hoang, 11T2, THPT chuyén V&
Nguyén Giap; Thira Thién Hué: Pham Ngoc Long,
Nguyén Quang Huy, 12T1, THPT chuyén Quédc Hoc
Hué; Binh Pinh: Nguyén Huy Hoang, 12T, THPT
chuyén Lé Quy Dén; Lam Pdng: Mai Trung
Nguyén, 11T, THPT chuyén Bao Ldc; Ba Ria -
Vviing Tau: Phan Trung Kién, 12T1, THPT chuyén
Lé Quy Don; Tién Giang: Mai V6 Phiic Thanh, 12T,
THPT chuyén Tién Giang, Séc Tring: Ly Hodng
Nhdt, 11A1T, THPT chuyén Nguyén Thi Minh Khai.
2) Nhiéu ban khong bié sir dung géc dinh huéng dé
khic phuc tinh trang phép ching minh phu thudc
hinh vé.

NGUYEN MINH HA

Y e T




hiao Tirno

P As o~ 1 . - j- - F1e:270) T1lell] e (f .
Bii 1.1/5329. \iot con lac lo xo treo thaig difng
i 5na pa 3 r g > & Trone
diem reo Co ‘\,’f(‘ th J’.‘J{;‘ “'i”’:!: yor [dn SO 3 j‘{/ ]- oS
) 7 Rk g ’ -~ Lo 3, ,i;., t"/"j
MOt chu ki thei vign o xo bi giun bang < lan 1101

. . 4 2 : lr
gian lo vo bi nén. Lay = = 10, & = 10 o, it
satoc ciee dai cria vt

Loi gigi

v

Hinh v& trén mé ta dao déng diéu hoa cia con Iic
16 xo0 va cé xac dinh 15 cac vi tri ddc biét; V&i M
1a vi tri 16 xo0 khéng bién dang; O 14 vi tri can bang
cua con lac 10 x0; -A va +4 lin Iuot 1a cac vi tri
tuong Ung bién trén va bién dudi.

Theo dé bai, thoi gian 16 xo bi gian bing 2 13n thoi
gian 10 xo bi nén.

Keét hop véi hinh V& ta co: M tmg véi vi trf vit

nang cua con lic 16 xo ¢6 li d6

A A 2
x=5:>A10=—2— hay A=2Alo=—6§—_
Véi w= |5 =271 =107 radss.
Aly
=219 _o02m=2cm
(107)

Suy ra gia téc cuc dai cua vit la:

a_ =ao'A=(107)".0,02 =20 m/s’.
Nhin xét. Chiic mimg céac ban di c6 101 giaj ding
cho dé ra ki nay: Hé Pham Phu An, 12T1, THPT
chuyén Nguyén Quang Diéu, Pdng Thép; Nguyéy

TOAN HOC
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Thi Thay Link, 12A3, THPT Cu Huy Can, Ha Tinp,
Nguyén Thj My Lé, 12T1; Pham Ngoc Long, 1211
THPT chuyén Quéc hoc Hué, Thira Thién Hyf
BPdo Ngoc Thién, Cao Thi Tuong Vy, 12A9, THpT
Duong Quang Ham, Hung Yén.

PINH THI THAI QUYNK

Bai L2/529. Mot doan mach dién AB gom hg;
doan mach AM va MB mdc néi tiép. Mach AM chy
chira bién tro R, doan mach MB chita dién trg
thuan r mdc néi tiép Vi cuon cam thuan ¢6 dj e
cam L. Dat vio AB mot dién dp xoay chiéu ¢6 gia
tri hicu dung va tan so khéng déi. Diéu chinh R
den gia tri 80 Q thi cong sudt tiéu thy trén biéy
tro dat cuc dai va téng tro cua doan mach AB
chia hét cho 40. Tinh hé so cong sudt cua doan

mach AM va AB.

Loi gidi. Cong suit toa nhiét trén R:

2 2
P=rr=—21Y S
(R+r) +2? Rl ;ZL i

Poue dai khi R=R, =r* + Z? =80%. Khi d6 téng
tré cua doan mach 4B 1a:

Z=\(80+r) +Z; =/2.80.(830+ 1),

Theo dé bai Z chia hét cho 80 va r < 80 nap a o
dang tim duge r =100 Do dé:

- 10 1
COS@MB S = _ 1.
Jri+zz 80 g

80+ 3

COS¢=—-_.__~___‘__:_
(r+80)y + 22 4

Nhln xé Cic ban o6 161 gidi ding 13 Hung ven:

Cao Thi Tuong Vy, 1249, THPT Duong Quing

2

Ho Pham Phii An, 1271, Nguyén Trirong Duy, 11T1,
THPT chuyén Nguyén Quang Digy

NGUYEN xuAn quanG
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yr—

Trén cing hé truc Oy 1@ thue hién:
+ V& dudng thang y = SONE SOng hoge ryng
Ox (thy thudc vao gia tri cua m).

+ V& parabol (P) Y= x* —2x voi dink [(1;_1)
v di qua 2 diém 0(0;0), M (3;3). Pdng thei chg
nhanh  tuong

gy dén 2 g véi
x € (—0;0) L (0; +00).

x* —x
+ V& parabol (P):y= 5 v&i  dinh
J[L-1) va di qua 2 diém 0(0;0

g va di qua 2 diém (,),M(B;})_
Qua céc db thi thi ta suy ra dugc:
X

+ Pé (1) co nghiém thi m>0 (tuy nhién nghiém
x € (—00;0) U (0;+)).

1 .
+ Vo m e[—l;—g} thi (2) dugc thoéa man Vo1
vxeR.
1
Do d6 trong TH2 thi (*) thoa man khi me[—l;-—é}

Tém lai, céc gi tri m thoa yéu ciu bai todn la:
m=< ~—-1—.
Nhin xét. Day la bai todn bét phuong trinh c6 chia
tham sb hay. Ngodi hai cich giai trén ciia ban La Dai
Cuong, ban Nguyén Himg Cuong, xa Nhon My, TX.
An Nhon, Binh Pinh ciing phat phat hién ding sai
JAm va dong gop mdt cach giai twong ty nhu cach 1
trén. Xin hoan nghénh hai ban.

KIHIVI

NAC SUAT NAO?

Dé pai. Mot doan tait rmm 12 tou tau, méi toa déu
c6 thé cho dioc nhiew hon 1 nguoi. Ban dau cd 7
toa déu :’u’mng o ngieot. Co 7 hanh khdach lén tau
va vao naau nhién cac toa. Tinh xde sudt dé ¢o
diing 3 toa tau co nguwoi (lan tron dén chir s6 thap
phan thir ba).

A. 0,123. B. 0.011.
Ban Thdo Linh dé xudt 1oi gidi:
Vi 7 hanh khéanh 1&n ngdu nhién 12 toa tau nén sb

C. 0,017. D. 0.087.

phin tir cia khong gian mau 1a n(Q)=12".

Ta s& tinh xac suit d& c6 dung 1 toa khéng co
ngudi. Danh sé cac toa tir 1 dén 12. Goi 4, 12 bién
cb toa thir i khdng cod nguoi, i=1,2,...,12. Sé
cach 7 hanh khach lén tau sao cho toa thi i
khéng cé ngudi 13 117, véi i=1,2,..,12. Xac sut

dé toa thir i khong c6 ngudi la P(4)= [:;)
voi i=1,2,..,12.

C6 C2, céch chon ra 3 toa tir 12 toa. Chang han 3
toa duoc chon la cac toa a, b, c. Xac suat dé cac
toa a,b,c co cac
ie {1,2,...,12} \{a,b,c} khong c6 ngudi la:

P(4,).P(4).P(4). ] P4)

iefl.2, 12\ abe}

()] (-],

Do vy, xac suét d€ co ding 3 toa khong c6 ngudi

ki
11 1y
la C ] . "
o) ([12” ( (12” ~0,087. Chon dép

4n D.

ngudl  va toa

Ban cé dong ¥ vdi két qui trén khong?

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bic Ninh)

TOAN HOC
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A\TTOAN &2 (7 S -
BAI TOAN 53. Cho ba sé6 thure dirome - )
BAI ; ‘ e duong X, v,z. Tim
gidi tri nho nhat cua biéu thire
00 - Y b

Xy +ﬁ
Phin tich 1. Ta thiy vai tro cua ¥,z binh ddng va
khéc vai tr0 cua x, nén ta du doan P dat gid trj
nho nhat khi y =z = (¢ > 0). Khi do
ephest A0 oE

P= = = :
WE2Yz 2 025520 Oh o O

Suy ra

(27 +20)P =2 +1 < (2P-2)* +2Pt—1=0(l).
Ta tim diéu kién ciia P d& PT(1) 4n ¢ c6 nghiém.

A | !
Néu P=1 thi (1) ¢6 nghiém I:E. Néu P =1 thi
P>\3-1
— 2P-2>0
(1) c6 nghiém khi AP | p<—f3-1
el Rl

Prg o

. Nhung
P<—3-1

Do d6 (1) ¢6 nghiém khi [

P>0 nén ta dy dodn gid trj min P 13 ¥3 -1
Phdn deh 2. Gia s minP= m e 18
iﬂ—z-ifz—zm ), Vx,y,z2>0. Ta bién doi
W+2yz+2x
(2)¢$x2+y2+22__m,9;_2myz_mzx20
<:>’Cz"71(_)?+z)x+y2+zz—-2myz?-0

2
: LY +z)“]2°
Q[x"nzi(wz)J +[J’2+zz'2myz ¢

4 2 2 2
Q[x—g(ﬁ 2)] +((1—£;—)y2 =(2m +m7)yz +(1—~’Z—)z2J2 0.

Ta sé tim m dé

m* e, m’ m*
]—— -2 NH LA 5 2

tr¢ thanh binh phuong ciua mét biéu thirc, muédn

vay ta s€ chon m sao cho
2 2
m+—’%—-—-l—ﬂ4—>0<:>m:—li\/§. Vi P>0

nén m>0. Vi thé ta du doan min P = m =3-1.
Phén tich 3. Ap dung BDT
a’+b*>2ab,Va,beR,
ta co:
2t(xy + 2yz + zx) = 2(tx)y + 2¢.2yz + 2z(tx)
< (t2x2 wi—yz)+2t(y2 +z2)-i—(z2 +z‘2x2)
=265 + 2t + 1)y + (2t +1)22.

Ta sé& chon s6 #>0 sao cho

_1+\/§

20 =2+l t=
)

Do d6: 2t(xy +2yz + zx) < 26 (x* + y* +2z°).

2 2 2
2 Feaet AT g o

Nhu vay P = 2
XpH2pz24 2z ¢

Phin tich 4. Vé6i 0<t<l, ta 4p dung BDT
Cauchy: x* +21° > 22t xp;
x* +2tz* > 22t xz;
20-0)(* +2*) 2 4(1-1)yz

= x>+ + 22 22ty + 2(1— ) yz +2 2x A3).
Ta s& chon 7 €(0;1) sao cho hé s6 cua xy, yz, zx
& vé phai cia (3) twong g ti 18 véi hé sb cua
Xy, yz,zx trong biéu thitc dudi miu cia P, tic I

J2t =1-1t va duoc t=2-4/3.

Phén tich 5. R6 rang P 1a biéu thuc thuin nhét
d6i voi x,y,z. Do d6, dé tim gia tri nhé nhét cua
P thi trude hét ta s& xét cic sé x,y,z>0 thoa

min xy+2yz+zx=1. Khido P=x" +y* +2°.

https://tiepiiR. negto.org
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Ta thiy vai trd ciia ¥,z binh ddng nén co thé dat  Loi gidi 2. Vi moi sb thuc x,y,z ta co:

2
[=y+z>0.Suyra xt+2yz=1 hay 2yz=1-1t. [x_sfi—l(yn)] +i2—3—(y—z)220(4),vx,y,zek
2

Vi (3+224yz2 ngn £2>2-2x suy ra
xazg:z, Ta co: <:>x2—(\f37—-1)(xy+xz)+(1——?J(y2+2J?Z+zz) :
P=x’+(y+2)? —2pz=x* +£ —1+xt +l§(y2—2yz+zz)20,‘dx,y,ze]l{ |
P
‘ 2( ;tz) 1+2_2L @x2+y2+222(\[§-1)(xy+2y2+2x) () Vxy,zeR.
o ;%,24,}1?_12\/5_1. | Vi (4) ding voi moi x,y,z€R nén (5) ding véi

moi x,y,ze R . Ping thirc & (5) xdy ra khi

A1
2

Do d6 ta dy doan min P = /3 —1.
Tir nhitng phan tich trén day, chung ta dwa ra mgt ~ x—
s6 cdch gidi quyét Bai todn 53,
Léi gidi 1. Do x,y,z >0, ta thiy
2 2 i
P FTRE)
xy+2yz+zx

Rttt (\/_ )(xy+2yz+zx)>0

T L

X
= Y — =0C> =zZ= 5
(y+z)=y-z y Bl

Véi x,y,z >0 thi tir (5) ta co:

pz_’f_ﬂ>\/— 1 (6).
xy+2yz+zx

i
I
|

=81 twong duong véi

Diéng thitc ¢ (6) xay rakhi y =z = >0

X
V3 -1

Vay minP=\/§—1, dat duoc khi i
@xz—(f 1){y+z)x

X
[+ 2B -1y) 20 AP
é-Bac'hman % (001 y,z lathamsé) ~ L07giai 3. Ap dung BDT
a’ +b* > 2ab,Va.b ~
D0+ 2+ (s 42 23 )ye) B
e R (1+~/§)(ay+2yz+n)=2 1+\/§x
b , SRS 5 ¥

ﬁ@?mﬁa -;2(\/" l)yz)

yriasdyt - j+(l*éx/§)3yz+22{'1%§'—21[ﬁ-§-%!;
¢ yJ#(NJ‘)(y’w’)' 5o 0<%

e we 8P 4§-e~




e T—————

’//E/r\ e Ql’—2=-{__>0
:H;>U \/5—1
gy minP =3 ~1 dat duoe khi
p=z=—t >0
' eV

L g jai 4 Ap dung BDT Cauchy

F+22-V3) 2 2\/-2_(2—\\/5)@
¥ +22- V3)z* > 2m.xz

WWB-DO +2) 243 - 1))z

2 (\/‘E —D(xy+2yz + zx )

xt+ D i

) 2 R 4
= i i e

>P= >\3-1.

xy+2yz+2zx
Déng thire xay ra khi

y =2z

S¥ =23y =@-B)7

|
iL.r._1-',:>0
x
Sy=z= {0
S-1
Viy min P =+/3 1, dat dugc khi
x
— > 0.
2 J3-1

Loi giai 5. Ro rang P la bidu thirc thuan nhat doi

Wi x,y,z. Do d6, dé tim gia tri nho nhat cua P

: . n
thi truge tién ta sé xét cic x,).Z thoa ma

2
D S TR R Gl
bay vai trd cua y,z binh déng nén co the dat
yt+2yz=1 hay

TR TR R

2 2 =l
Yesloys, Vi (p+z) 24z nén £22

2~1 :
o o Tu )
2f

it
Qe 2y =x o i

22N 2 1 3-1.

Suyra x >

P

2t 3 '_.4 f

bé xay ra dang thie P= J3 =1 thi trude hét phai
co:

[ 2

_ 2=t Dt
2t g 2r
t=y+z>20p =0z >0 {
X @Ty:z:—
(y+2z) =4yz 2
L4 I i 3
X, _1
B AE
N t 2, | o0 144
o Fa— = s —_ —
" 2 Y e
\F
f=4—
3

Vi P la biéu thirc thuan nhat doi véi x,y,z nén

dang thic P=+3-1 cling xay ra voi
y:z:\/_)C ]>0. Vay minP=\/§—I, dat duoc
%
khi y=2z= >+
-1

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)

Nhin xét. Ky nay Tap chi TH&TT xin hoan nghénh
hai ban: Nguyén Hung Cuong, xa Nhon My, TX. An
Nhon, Binh Dinh vi ban Truwong Quang An, t6 2,
hém 70/5 Vo Thi Sau, phuong Chanh Lo, TX.
Quang Ngdi, Quing Ngai cing dong gép mot )
cach gii twong tu nhu céc céch trong bai viét cia
ban Nguyén Vin Xa.

.LE MAI (Ha Néi)
Moi cac ban gui 161 giai BAI TOAN 55 dugi day
vé Toa soan Tap chi TH&TT truéc ngay
30.12.2021.
BAI TOAN 55. Giai phwong trinh

4x® —6x—1+x7y2x* +6x+1=0.

POAN CAT NHON
(GV THCS P. Binh Dinh, TX. An Nhon, Binh Dinh)

hitps
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1 33 1 3
{l+x+—-+(l+x)2} 2(1+x+—]

X

Tuong ty, do I-x—=+(1+x)’ >1-x—— nén
x b
1 33 1 33
[:I—x-—+(1+x)] > 1—x——J (3)
x x
Tur (2) va (3) suy ra:
1 33 1 33
VT(1)2(1+x+—) +(1—-x——) (4).
x x
Ap dung BDT Cauchy ta cé:

—1—=x+i> x.i=
x . ]‘ M_ZM 2.

Theo tinh chit 1 véin 13 56 nguyén duong co:

|

- 1 ;
Dat t=x+= taco " 22™ (5). Ap dung cong
%

thirc nhi thirc Newton cé:

33
(1+1)" =Co + Clyt + C2P7 +...+ 2%,

X+—

2n 2n
1
] =[x+l) > 2%
X

X

3
(1-1)" =C - Clr+ Co2 - .- C2¢>,

1y 1Y’ 33 33
Suyra: | I+x+=| +/1-x—=| =(1+1) +(1-1)

X X
= 2(C3f’3 +Cit” +.+ C?) (6).
Tir (5) suy ra:
2(cy+Cir? + AT e (0 L2 +.+C2%),
Thay ¢ =2 vao (6) ta duoc:
3 -1=2(C}, +C4 2" +..+C22"),
Do dé: 2(Cy, +Cit® +..+ C317) 237 -1 (7).,
Tir (4), (6) va (7) suy ra VT(1)> VP(1).

(1+x)" =0
Pang thirc xay ra < 1" ,, S x==1,
x+—|| =27
X

Véy phuong trinh da cho cé6 diung 1 nghiém
x=-1.
Thi du 3. Giar phwong trink:

(2 +x=7)" +(x —x=3)" =x"+3" =5 (1),

Loi giagi. Taco:

TOAN HOC
38

& crué;tce 56 533(11-2021)

1 2]

VT(1)=[2(xZ —4)+]-§-)c]2 +[(x2 —4)+1—-x]
Ap dung céng thirc nhi thic Newton c6:

(I + )c)zj = CZOI + C';lx + szlxz +..+ C,_zl'xm.
Tuorng tr:

(1 —x)ZI =Ch —Cyx+ €0 0° “and= CHx”.
Suyra: P(x)=(1+x)" +(1-2)"

=2(Cp +Cix" +..+ Cx) (*).
Thay x =2 vao (*) ta dugc:
¥ -1=2(c) +C}2° +.+C27).
* V6i x* > 4 theo tinh chit 1 ta c6:
l:?_(x2 —4)4-1+x]2f >(1 —i-x)zI ;

[(f —4)+I—x:]2I > (I -X)Zl .
Suy ra VT(1)>P(x) (2). Do x* >2* nén theo
tinh chat 1 thi v6i moi s6 nguyén duong » cé
x*" > 2% Suy ra:
P(x)>2(Cy +CL 22 +.+ G2 )+ 2C % - 2C2 2?
=32’—1+420(x2—4)>32‘—1+(x2—4)=VP(1)(3).
Tur (2) va (3) suyra VT(1)> VP(1).

* V6i x* <4 theo tinh chit 1 ta c6:
[Z(x2 —4)+1+x]21 <(1+x)";

I& —4)+1-x]" < (1- )"

Suy ra VT'(1)<P(.\:) (4). Do 0<x*<2? pan
theo tinh chat 1 thi v¢i moi sb nguyén duong 7 cé
x*" < 2*". Suy ra:
P(x)<2(Cp+Ci2%+ 4 Cr2)+2¢2 ~2C1 97
=3 - 1+420(x* - 4) < 32 ~I+(x* -4y = vp(1) (5).
T () va () suyra VI(1)<vp(y),

« Véi x=12 thi VT(I
diing 2 nghigm x = +2

)=VP(1). vay PT(1) c6

Thi du 4. (imr'p/nmng tring

(\’?T 1)“ EESLE
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Suy 12 ; T ‘
o Thi du 5. Giai h¢é phwong trinh:
? Bl B 2 S~ !

\W?_O (x+ )ﬂm—-lé—u(x{_?)). (2_\'—31')”+(3,\‘-—2-_.:)|2:5"(,\’:"‘1 })\_‘)
i 0 . . : B = ‘5 _

Ji— -15VA-1=1814 x40 o 4 33-( -1+ 20/ +1) |

/ ' | =

Nhu vay -(x+3)S 4=x —1gx4 3, Theo tiny l+(4.x3 —3ay 4+ T 4343y + l)

44 .
it 1 o6 (V4= —1) <(3+x)*, Li gii. Phuong trinh tht nhét cia hé PT tuong
duong voi

4 a4 ¢
VT(l)s(?""x) +(3—x) (@). Ap dung cOng ((.’lx—-Sy)z)6 +((3x—2y)2)6 =5° (x'2 +y”)
thirc nhi thirc Newton ¢o:

Suy ra

2 2 2\¢
(3+x)" =34 CL+3PCx+3"Chx s Cpn, o (4x" —12xy +4y +55’)

6
(?’"")4‘1 S R G O e — et Clx®, +(5;rc2 +4x* —12xy +4y2) =5 (x”' 4 y”) *).
Suy ra: (3“‘)“ *(3—35)44 . Xét 4x* —12xy +4y* >0 taco:
2 2 2 290
=2(344C24+342C:4x2+--+C::x4“)(3). 4x* —12xy+4y° +5y° >S5y >0;
5x2 +4x° —12xy+4y2 >5x720.

Thay x =2 vao (3) ta dugc:
Theo tinh chét 1 ta c6:

$# +1=2(3%CY +3°Cla® o w Clia®), 6 6
2 : ) 4 —12xy +4v2 +5y%) >(5y%) =5°y" (1
Do 0<x* <4=2% nén theo tinh chit 1 véi moi sé ( eyt +5y7) >(5y7) =500 ()

6 6
nguyén duong n c6 x*" < 2", Suy ra: (5% +4x* ~12xp + 4y') > (5x*) =5°%" (2).
2IUCL +3PCox* 4t Ciax™) Tir (1) va (2) suy ra VT(¥)>VP(*).
23 C, +3%CL2 +.+ Cy 2)+2Cx" . Xét 4x* —12xy +4)y* <0 tacé:
=2(3“c;;+3‘2c3422+__+c32“)+2c:x“—2c:2“ 0<4x® —12xy +4y* +5y° <5)%;

0<5x% +4x* —12xy +4y” <5x°.
Theo tinh chét 1 ta co:

(4x* ~12xp + 4y +5y) <(5)7) =5°)" (3)

44
=2x“+5“—2‘5+1=245((§) —IJ+5“+1 (4).

2
Vio<x’<4 nén OS[g] <1. Suyra:

)

(sz +4x7 —12xy + 4y? )6 < (Sx2 )6 =5x2 (4).

44
o ::{325) ~10 Tir (3) va (4) suy ra VT(*) < VP(*).

44

« Xét 4x* —12xy+4y” =0 thiy théa man PT(*).

44 44
as| [ X Xl ).
=2 {(Ej —IJS[EJ LG Tacod: 4x*—12xp+4y* =0
Ty 5
U(4)Va(5)5uyra: <:>y2—3xy+x2=0<:>y=3i\/§x,
45 X A 44 < x 44.{-5“ (6)' 2
2 [gj -1|+57+12(5 Thay y* —3xy+x’=0 vao PT thi hai cua h¢ PT
Al % 5 5
Tir 2), 3), (4), (6) suy ra vT(1)< VP(1)-PHE 33-(x ~1+ 2057 +1)
s T . d6ng d3 cho ta dugc: _=1
UC Xdy ra eyx=-2. V&Y PT(1) €© 1+(3x2+3+3x\jx2+1)
nghlé[n x=__2

ss saditiped/ti gﬁ%@@ rg



o —1+2x\/x3_+1)5 +(3x2 +3+3x&fﬁ)“ =32(%).
VT(*)=((J¢1 +1)+2x\/x2—+1—2)5
+(x2 +143xx? +1 424 +2)6
=li\/x2\+1(\/-xT+§l+2x)—2:]s
(T )T 2e) 2]
Ta co: \/x2“+1>\/x_2=|x|2—x, suy ra:

Vxi+1+x>0.
Mait khac:

3x2+3+3x\,p'x2 +1=3 x2+1(\jx2+l+x)>0.
« Xét VX +1+2x >0 thi
\/x2+1(\/x2+1+2x)—2>—2

va (\/x2 +1 +x)(\/x2 +1 +2x)+2 > 2.

Theo tinh chit 1 ta ¢6:

[m(mm)_z]s >(=2)’;
[(\/JTHJr x)(\/m + Zx) +2:r 20,

Suy ra VT(*)>32=VP(*).
o Xét Vx2+1+2x<0 thi
\/x2+1(\/x2+1+2x)-2<—2

va 0<(\/x2+1+x)(\/x2+l+2x)+2<2.

Theo tinh chit 1 ta cé:

[VFoi(Ve T e 2e) 2] <(2);
[(m-l» x)(\/may 2x)+ ZT «2°,

Suy ra VT(*) <32= VP(*)
» Xét V/x* +1+2x =0 thdy thoa mén (*). Ta c6:

<0
VXr+1+2x=0vVx + =—2x<=>{ 2 i

X" +1=4y2

TOAN HOC
* Clugitre

S3 533(11-2021)

40

x<0 f
3 Lty = ——— SUY ra:
g P e T
3
y=-3\/§ +4/15 . Vay hé PT ¢6 2 nghiém (x; y) Ia
6 ' -
{__J_E‘—sﬁtx/l_gj
37 6 '

Mot 58 tinh chét khac xin duoc trinh bay & s0 tiép
theo.

BAI TAP
Giai céc phuong trinh :

l. (3+x+\/I—x2)21:(2+x+\/1—x2)w+22]—1‘
2. (2+x+\/1—x2)t2=1+220(1+x+\/1—x2)9.
3.(1+JE+ 4—x)44+(1—\/_—\/2?§)“=2“8+2“.

. (3x" —I)7 +(3x“ + 1)7 _
X +21x* +35x2 +7

5, (xz—x—2)5+(2x2+x—5)5 =152,

6. (3x*+x-5) + (247 x~3)' =478,

8
7. [x+vx? +I) +(x2 +1+ xvx? +1)8 =337.
——IJ +( 1)+ (3x-1) =3

9. (3" +x-5) + (22 —x-3) =14x° 4 366,
10. (3x2 +x——2)23+(2x2 —x—I)23 =x* 422 1.
.

5
(3/24x2 +18x+9-xﬁ1) +(m_3x)s

T Banen———Lei
12. (\/4—x2 —1)44 +(3mx) X

=‘I+544.
2
13. (\ll—x2 —1) i +(2-x)22 =x?2 432

14. (x5—4x3+12)3+(x+2)3=j§§
x*

(KY san ding ticp)
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m—usu cAcu = }
CHO'T MéT BAI TCIAN /|

; AN 53. Cho ba s6 thuc dico.
BAI TOAN 5; ) a 50 thuc diong X, ¥,z Tim
vid i nho nhat cua biéu thire
gid I

2 2 .
x4yt 42

P=
Xy+2vz + 2x
phan tich 1. Ta thﬁy vai tro cua y,z binh déng -
khéc vai trd cua x, nén ta dw doan P dat gis
oho nhitkhi y =z =mx(¢> 0). Khi dé
_ x4y X420 204
X2 +2) 2842t

Cxy+2yzdzx
Suy ra
QF +20)P =2 +1<> (2P -2)* +2Pt-1=0 (1),
Ta tim diéu kién cua P dé PT(1) 4n ¢ c6 nghiém.

1

Néu P=1 thi (1) c6 nghiém ¢t==. Néu P#1 thi

[\

(1) c6 nghiém khi A'=P +2P-220
Pl

P>\3-1
P<—3-1

P=1

PZﬁ_l . Nhung

Do @6 (1) cd nghiém khi [Ps-\/i—l
P>0 nén ta du doan gia tri min P 1a J3-1
Phin fich 2. Gia st minP= m, tic 1
2
i{-;—;i%zm (2), Vx,y,2>0. Ta bién doi
(2)¢°12+y2+zz—nw—2myz—mzxzo
X —m(y+z)x+y* +2° —2myz 20

2 mZ
Q("“’;‘(yﬂ)) +(y2 +2° -Zmyz—T(y+2)2J20

iy il A i T "W*ﬁ“""‘”’_ e e

2 2 2 mz
@[x——;:(}w z)] +[(l-f;—)y2 —(2m+m7)yz+(1 -7)22}2 0.

Tasé tim m dé

m* 2 m* m’ 2
- -2l m+— +|1—— |z
[1 4])} m 3 yz ”

trg thanh binh phuong cua moét biéu thirc, mudn
vay ta s€ a0 cho
2 2

m+—’%—-—-l—-mT>0<:>m=—1i\/§. Vi P>0

chon m

nén m>0. Vi thé ta du doan minP:m:\fi—l.

Phan tich 3. Ap dung BDT
a’ +b*>2abVa,beR,

ta co:
2t(xy +2yz +2x) = 2(xX)y + 2t.2yz + 2z(tx)

5(1212 +y2)+2t(y2 +zz)+(z7' +t2x2)
=285 + (2t +1)y* + (2t +1)2%,

Ta sé& chon sé t>0 saocho

20 =2t+1t=

1+3
5
Do d6: 2t(xy+2yz +2zx) <262 (x> + y* + 2°).

)
+ » -
Nhuv@p:f‘_)’_i 1_/A-1.
xy+2yz+zx

Phin tich 4. Vo1 0<r<l1,
Cauchy: x? +21y% > 221 xy;
x+2tz7 > 2\/512;
20-0(" +2)=4(1-1)yz

ta ap dung BDT

=2+ +22 2200 + 201 - 1) yz + V2t 2x (3).
Ta s& chon #&(0;1) sao cho hé sb cua xy, yz, zx
& vé phai cua (3) tuong ung ti 1& véi hé sb coa
xy,yz,2zx trong biéu thic duéi miu cua P, tic la
J2t =1-t vaduge t=2-13.

Phén tich 5. Ré rang P 1a biéu thitc thuin nhét
d6i véi x,y,z. Do @6, dé tim gia tri nho nhét caa
P thi truéc hét ta s& xét cac s x,y,z>0 thoa

man xy+2yz+zx=1. Khidé6 P=x*+y* + 2%,

OﬁN HOC
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o ad o g it it
Ta thdy vai tro cua y,z binh déng nén c6 the dat  Loi giai 2. V&i moi sO

t=y+z>0.Suyra xt+2yz=1 hay 2yz=1-x’.

Vi (y+z2) >4yz £ >2-2xt

2

nén
2-t¢
2t

x> . Taco:

P=x’+(y+z) —2yz=x*+1* ~1+xt

2V _ g2
2[2 tJ +z:2—1+22r

2t

3, 1
i e - E B
4 7 V3

Do dé ta dy doan min P =+/3 —1.

Tir nhitng phdn tich trén ddy, ching ta dwa ra mét
56 cdch gidi quyét Bai todn 53,

Loi giai 1. Do x,y,z> 0, ta thiy

2 2 2
+y° + .
P:—x#zxﬁ—l tuong duong véi

xy+2yz+zx
x2+y2+zz—(\/§—l)(xy+2yz+zx)20

— —(\/3_—1)(y+z)x
+(y2 +2° =2(3-1)z)20.

Xét tam thirc bac hai 4n x (coi y,z i tham sé)
S@ =2 ~(B-N+2x+(y +2 -23-1))
c6 biét thirc

A, =(\/§—1)2 (y+2) —4(y +2 -2(3-1)yz)

=-23(y-z)" <0,¥y,2>0,

nén f(x)20,vxeR, suyra f(x)20,Vx>0.

2 2 2
Vi th p=XFY*Z S 3.1 i

moi
xXy+2yz+zx i

x,y,z>0. Béng thirc xay ra khi

y=z>0

=z= >0,

X
=P
x=2(WB=D(r+2) B
Viy min P =3 —1, dat dugc khi

& 3 =1

42 T?ﬂc?ugot;i S6 533(11-2021)

>0.

suy TIa

2
[x—‘fz”ou,z)] By 2o@vnreer

V3 2
<___>x2__(\/§_1)(xy+xz)+[1"—i_ (y2+2y2+2)

NG

Y22 -2yz+2°)20,9x,y,z€R
2

Sty 422 2(VE-1)(p+ 2+ 2x) B)VryzeR

Vi (4) ding v&i moi x,y,Z € R nén (5) dang vai

moi x,,z e R . Ping thirc ¢ (5) xay ra khi

V3-1 x
2

K (y+z)=y-—z=0<:>y=z=\/§_1.

Véi x,y,z> 0 thi tir (5) ta co:

2 2 2
pe2 X V2 s B4 (6).

‘xy+2yz+zx
> 0.

B: th' 5 (6) 5 a 1 y X
an uc o Xavr. =Z=
& yrakh Bl

Viy minP = V3- 1, dat duoc khi

X

V3-1
Loi gigi 3. Ap dung BDT
a’+b*> > 2ab, Va,beR, tacéo:

(1+\/§)(xy+2yz+zx)=2(1+2\/§ny

<2+\/§
o2

=(2+\/§)(x2 +y? +22)'

y=a= >0.

+(l+\/§)2yz+ 2z(1+2\/§xJ

x: 'F)’z}‘(H\/?‘»)(y2 +zz)

+(zz + 2+\/§sz
2

2
N viy P=X*Y+2 143
; xy+2y2+zx_2+
Pang thirc xay ra khj

=+/3-1.

&
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ey

2 2
2N =yt =2t P
2 =P n
x),',z>0 \/g—‘l )

iy minP = J3-1, dat duoc khi

X

>0,
V3-1
L it 4 Ap dung BDT Cauchy
v +202-\3)Y 22{2(2-3) |

7 +2(2.-\/§)22 22\12(2—-\/5)12 b
2B-DOF +24) 243 = 1)z

— o~ —
s

:>x2+y2+z: Z(ﬁ—l)(xy+2yz+zx)
24yt 4 22
Lp=XTY T 5 3.y
Xy+2yz+zx

Pang thic xay ra khi

2

yi=z
1 o)

S¥ =@-V3)y'=2-VB)
x,y,z2>0

X
J3-1
Vay min P = Jg —1, dat dugc khi
o P
y=z= \/5 1
Loi giai 5. Ro rang P 14 biéu thic thuin nhét doi
voi x,y,z. Do d6, dé tim gia tri nho nht cua P

S y=z= > 0.

>0.

thi truéc tién ta sé xét cac x,y,z thoa man
: 5 2 2 2
Y+2yz+zx=1. Khi d6 P=x+y +Z. Ta

thiy vai tro cua y,z binh ding nén co thé dat

!=y+z>0. Suy ra xt+2yz=1 hay
Dz=l-xt. Vi (y+2)°24yz nén £2272
2
suyra x>2=% T4 co:
2t
P+ (yszp—2yzr=x’+02-1+H

2t -

D¢ x4y ra dang thic P=+/3 -1 thi truéc hét phai
co:

,

_ 42 [ 2
x:2 t L2t
2t 2t
t=y+z>0,y>0,z>0 t
4 5 d,y:zz—
(y+z2) =4yz 2
3p_1 t\/ﬁ
L4 7 | 3
(x 1L
V3i-1 13
Lt Z J = z ad 144
< — = — — = = —4f—
Y=ETY S B =l 215
\[Z
t=4—
L 3

Vi P la biéu thirc thudn nhét ddi v&i x,y,z nén

ding thic P= J3-1

cing xdy ra vdi
x .
Y =g >0. Vay mlnP——“\/g—l, dat dugc
31
X
khi y=z= > 0.
RN

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)

Nhin xét. Ky nady Tap chi TH&TT xin hoan nghénh
hai ban: Nguyén Hing Cuong, xa Nhon My, TX. An
Nhon, Binh Pinh vi ban Truwong Quang An, td 2,
hém 70/S V& Thi Sau, phudéng Chanh L3, TX.
Quang Ngii, Quang Ngii ciing dong gop mot sd
cach giai twong tu nhu cac cach trong bai viét cua
ban Nguyén Vin Xa.

.LE MAI (Ha Ngi)
MJi cac ban giri 101 giai BAI TOAN 55 duéi day
vé Toéa soan Tap chi TH&TT trudc ngiy
30.12.2021.
BAI TOAN 55. Giai phieong trinh

4y —6x—1+xy2x  +6x+1=0.

POAN CAT NHON
(GV THCS P. Binh Dinh, TX. An Nhon, Binh Dinh)

ss shtparsitiol kgl 3rg



TIENG ANH QUA CAC BAI TOAN
BAI SO 74

PROBLEM. The graph of y = flx) Is
transformed to the graph of y = {(2x). Describe

Jully the transformation.

Solution. If we let t: = 2x, the function y=f2x)
becomes y = f{¢) which is somehow similar to
¥ =f(x) except the following: the variable x runs
from a to b corresponds to the variable ¢ runs
from = to 2
2 2

Thus the transformation is stretching in x -

direction with the factor %

Question: Can you draw the graphs of the
functions y = sin(x) and y = sin(2x) ?

TU VUNG
graph : do thi
transform - bién doi
Sully - mét cdach diy di
transformation : phép bién doi
stretch s dan

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

********‘k:‘:***********************‘k**************7’:**********************************

BAI DICH SO 71
BAI TOAN. Cho ham s6
fi(=72:2) > (Bstx), f(x)=x’ —4x+1,
Ki hieu [ '(x) la ham ngugc cua ham f(x).

Giai phirong trinh f(x) = [~'(x) (1).

Loi gigi. Chu ¥ ring d6 thi ciia him nguoc
y = f7'(x)c6 thé nhan dugc bing c4ch Ay dbi
xtmg d6 thi cia ham ban diu qua duong théng
c6 phuong trinh y=x.

T d6 nghiém cua phuong trinh flx) = f“(x) ,
néu ton tai phdi la nghiém cua phuong trinh
flx) = x. Xét phuong trinh

Ax)=x,hayx*—5x+1=0 (2).

) n 3+
Phuong trinh (2) c6 hai nghiém x=—?@.

Tuy nhién ta chi ¢6 thé chip nhan nghiém thugc

TOAN HOC

& crumme S§ 533(11-2021)

44

tdp ngudn ctia ham £ Do d6 phuong trinh (1)
521

T
Nhgn xét. Céc ban sau c6 bai dich tét, g bai
vé Tda soan sém: Trdn Ven Qudn, 12 Toan 1,
THPT chuyén Hung Yén, Boin Ngoc Thicn,
Cao Thi Tuong Vy, 12A9, THPT Duong
Ham, Van Giang,

chi ¢6 m{t nghiém x=

Quang
i Hung Yén, Nguyén Phuong
Thao, Nguyén Hodng Ngoc, Vin Ngoc Binh,
Nguyén Ky Nam, Truong HGS Béo Nhi, Tran Thi
Thanh Thu, 11 Toén 1, Lé Py Hiéu, 10 Toan 1,
Trdn Duy Afzh, 10 Anh 1, ¥5 73; B4, Ngoc,
10T2, Newyén Thi Khinh Linp, 14 Nguyén
Qu},‘mh Anh, 12 Toén 2, THPT chuyén Quéc hoc

Hué, Thira Thién Hué; Ng,,g, Hing Cuong,

xa Nhon My, TX. An Nhon, Binh Dinh.

HO HAX (15 N
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BAI TOAN 62 (IMO, 1988). Cho a, b I haj o

nguyén duwong sao cho ab + 1 chia hét g* 4 p

~

Chimg minh rang la mot so chinh Phuong .

ab+1

a2 +b2
Léi gigi. Cdch 1. Dat il =k,kelZ'
&gt —kba+b* —k=0 ().

Gia st (a,,b,) 13 nghiém nguyén duong cia (1)
sao cho téng a, +b, nho nhét. Vi a va b trong bai
todn 12 binh ding nén khong mét tinh tdng quat,
gia st a,>b,. Khi d6 ap 12 mét nghiém cia
phuong trinh  x* —kbyx+b; —k=0. Suy ra
phuong trinh ndy con mét nghiém nita 12 a;. Theo
a, +a, = kb,

dinh 1y Viéte ta co: { =aq €l
aya, =b —k
o Néu g, <0, tirc 1a a, <-1 thi
0=a’ —kbya, +b; —kZa]2 —k+b§ _.k=af+b§
=5,=0, vo ly.

«Néua, > 0, tirc 14 4, nguyén duong thi (¢:5)

12 nghiém nguyén duong cua (1). Do @, Z b,

B-k _&-k a b

4= —< =g Do vay:g+h<e
G a a % vay: a,t%

mau thudn v&i céach chon (ao,bg)‘ Do 4

a, =0=> k =b] 12 56 chinh phuong. )
Céch 2. Ta chimg minh quy nap theo @ * b. Trudc‘
tién, ta c6 nhin xét r%mg; Néy o*+ bzfab +1hI
b +1iab +1.

That vay: @+ iab+1s (g2 LA
Mat khic  b*(@? +b%)= g2 _q4b° ] g

b +1iab+1. Doa, bla e ong nén
. * > ac A 5 dlI
B4 bSO ac sp nguyeﬂ

Xét g+ b =2, suy ra @ = b =1 va bai toan hién
nhién dang.
Gia s bai toan ding voi moi a + b < n, ta ching
minh né cing dang véia+b=n+1.
Néu ¢ = b thi 2a25a2+1:7~a=b=11. Tu doé
n =1, vd Iy Do d6 khong mat tinh tong quat ta
gia st @ > b. Theo nhén xét trén, do @* +b*iab+1
b* +1
ab+1
sk =p' +1—kab=1(modb). Vay ton tai c dé
k=bc+ 1. Khi do:
b“+1=(ab+l)(bc+1):>b4+15bc+1 ).
Vi cz(b4+1)=clb4—b2+b2+cz
=B 1)+ b+t ibe+] = b* +ctibc+1.
Do a> b nén ab+1>b% +1,tk d6:bc+1<b” +1.
Suyrac<b<a.Véyc+b<a+b=n+lhay

nén bt +1:ab+1. Dat k=

2 2
¢+ b < n. Theo gia thiét quy nap thi = la sd
&
2 2 2
chinh phong, Tir (2) ta cb: ZE+2)
ab+1
272 _ 4
(@B 4ab) (@D L ke
ab+1
b2 2 2
Tuong tu: M=ab+ba.
bc+1
2 2 2 2 2 2
Suy ra: sl =l +b . vay 2 £ 1a sb
ab+1 bc+1 ab+1

chinh phuong véia + b=n+ 1 (dpem).
Nhdn xét. Da sb cac ban giri bai déu 1am theo céch 1
& trén. Cac ban sau co 101 giai t5t: Hung Yén: T an
Vin Qudn, 12 Toan 1, THPT chuyén Hung Yén;
Phi Tho: PG Ngoc Tién, 9A3, THCS Lam Thao;
Quiang Ngai: Truwong Quang An, X. Nghia Thing,
H. Tu Nghia. Xin hoan nghénh cac ban.
NHU HOANG

Sau day 1a bai tap d8& nghi. Ban doc hay giri 161 giai
vé Toa soan TH&TT trudce ngdy 30.12.2021

BAI TAP PE NGHI
BAI TOAN 64. Cho P la diém nam trong tam gidc
ABC va D, E, F theo thu tw {a hinh chiéu 11‘1!(3!‘1‘;{7{2(3(‘
cuag P trén BC CA, AB. Tim tai ca cac diém P sao

; BC (4 AB P
cho tong =+ ——+—— nho nhdt.
r£nD  PE PE

KHANH HU'U (Ha Néi)

TOAN HOC
v “chgie 45
https://tieulun.hopto.org
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GIAI DAP: LOT GIAI DA DUNG CHUA?
(Dé diing trén TH&TT sé 529, théng, 7 nim 2021)
Phan tich. Xét BPT: |x—m|>—x* +2x+m (*).
R& rang véim = -1 thi BPT (*) trg thanh:
[e+1>-x? +2x -1 <::>\x+1|+(x—1)2 > 0.

BPT nay ludn dung véi moi xR (luu v 14 hé

x+1=0 . A
la v6 nghiém). Do d6 c6 thé khing
x-=1=0
dinh 101 giai cua ban Diing 13 sai.
Ban Diing di sai & ché, tir nhan xét:
lx—m|+(x-1) >0,vxeR
suy ra BPT |x—m|+(x-1)’ >m+1,VxeR < m+1<0.
Ding 14 |x—m|+(x-1)* >m+1,Vxe R, tuy nhién
day 1a biéu thirc phu thudc vao m va GTNN cia
né trén R 14 ham sb theo m nén dé 1am theo cach
trén can xac dinh f(m)= min (Joe =] + (x - 1)*)
va giai BPT: f(m)>m+1. .
Loi gidi dang (cua ban La Pai Cuong, GV THPT
Cam Lo, Quang Tri).
Céch 1. Xét BPT: |x—m|>—x* +2x+m (%)
TH1: Véi x 2 m thi (*) trd thanh:
X—-m>—X +2x+meSx—x=2m>0
2
1 1+8m
S|l x—-—| - >0 (1.
[ 2) 2 )

Pé thoa yéu cdu bai toan thi diéu kién cin la (1)
diing voi moi x 2 m.

X 1
TH1a: Néu m 25 thi

1Y 1+8m _(m__l_)z_l+8m
mlT2) T 2) 4

TOAN HOC
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=m’ ~3m. hai ¢
Do d6 dé thoa man (1) thi t2 p

KomzZs
D@z > 3.
m? —3m>0

TH1b: Néu m <—:1): thi

1Y 1+8m 1_1J2—1+8m
‘12?([*5} 3 ) \2 2 4
1+ 8m
R
Do d6 dé thoa man (1) thi ta phai c0:
Kom<x 1

4
Tém lai, nhitng gia tri m thoa man THI1 la:

me(-oo;f%JU(:*;*"o)-

TH2. Véi x < m thi (*) tr¢ thanh:
>3

X
m—x>—x2+2x+m<:>x2-3x>0<:>[ (2).
x<0

Dé thoa man yéu ciu bai toan thi diéu kién cin la
(2) ding v&i moi x <m. Do d6 ta phai cd m<0,
Tu nhimg két qua trén thi ta suy ra duoc cic gia
tri cdn tim ctia m 1a: m < _1_
Céch 2. Xet BPT: ‘x -'-ml > _xz + 2x +m (*).

. :\ g 2 IRl
THI1: Néu —x +2x+m<0<=>m<x2 —2x Wi
VxeR thi thoa min duge py; toan.

Mat khac ta co: mm(x - 2x) = .

Do d6 m<—1 thoa man Yéu ciu cua bai toan.
TH2: Néu —x" +2x4 5 o thi:

m=x* =2y

T {x_m>—x2+2xwtm

x—m<x?_
2

(1)

:
m2zx* -2y {maxz—Zx

2

o 0<x?_
o me=—12X X =3x
g7, =

m>x? -2y

2 2
mel =¥ @
- 2

()-(.Jc:l-.3Jc

https://tieulun.hopto.org
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Trén cung hé truc Oxy ta thuc hién:

+ V& duong thing y =m SOng song hodc tring
Ox (thy thudc vao gia tri cua m).

+ V& parabol (P):y= x* —2x véi dinh (1-1)
va di qua 2 diém 0(0;0), M(3;3). Déng the chy
y dén 2 nhinh twong  mg

x € (—0;0) L (0;+c0).

A4 1

. _x —x .
(P):y= 5 vo1  dinh

+ V& parabol

11y . 4 )
J(E;_g] va di qua 2 diém O(0,0), M(3;3)'

Qua cac db thi thi ta suy ra dugc:

+ Dé (1) c6 nghiém thi m>0 (tuy nhién nghiém
x € (—o0;0) U (0; +0)).

+ Vo1 m E{*l;—é:l thi (2) dugc théa man vdi

vxelR
. 1
Do d6 trong TH2 thi (*) théa mén khi ’"E[“;“g}
Tém lai, cac gid tri m thoa yéu cau bai toan la:
ms——.
8

Nhin xét. Day 12 bi toan bét phuong trinh c6 chira
tham s hay. Ngoai hai cich giai trén cua ban La Dai
Cuong, ban Nguyén Hung Cuong, xa Nhon My, TX.
An Nhon, Binh Pinh ciing phat phat hién ding sai
lim va déng gép mot cach gidi tuong tw nhur céch 1
trén. Xin hoan nghénh hai ban.

KIHIVI

XAC SUAT NAO?

Dé bai. Mot doan taw gom 12 toa tau, moi toa déu
c6 thé cho diwge nhiew hon T ngiroi. Ban ddu ca 7
toa déu khong coé nguai. Co T hanh khach lén tau
va vao ngau nhién cac toa. Tinh xdc sudt dé o
diing 3 toa tau co ngiroi (lam tron dén chir so thédp

phdn thir ba).

A. 0.123. B.0,011. C.0.017. D. 0,087.
Ban Thio Linh d¢ xudt loi gidi:
Vi 7 hanh khanh 1én ngiu nhién 12 toa tiu nén s6
phén tir ctia khéng gian mu 1a #(Q) =12".
Ta sé tinh xac sudt dé co ding 1 toa khong cb
ngudi. Panh sé cac toa tir 1 dén 12. Goi 4, 1a bién
12. S6

cach 7 hanh khach 1én tau sao cho toa thi

cb toa thit i khéng co6 ngudi, i=1,2,...,

khong co nguoi la 117, véi i=1,2,...,12. Xac sult

dé toa tha i khong c6 ngudi la P(4)= (EJ

voii=1,2,..,12.

C6 C;, cach chon ra 3 toa tir 12 toa. Chéng han 3

toa dugc chon la cac toa a, b, c. Xac suét dé cac

toa ab,c cod

i€{1,2,..,12}\{a,b,c} khong c6 ngudi la:
P(A).P(4)P4). [ P4)

ig{1,2,...121\ (a.b,c}

GOREOI

Do vay, xac suﬁt deé c6 dung 3 toa khong cd ngudi

° G (11 1 1173 0,087. Chon da
212 12| = =~ (,087. on dap

an D.

nguéi va cac  toa

Ban cé dong y véi két qud trén khong?
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bdc Ninh)

) TOAN HOC
S3 $3aute20at o 1St brg






SO GD & BT BAC GIA
TRUGNG THPT CHUY.EN 3;\:. GIANG




ThS. Tran Duy Phuong
Bi thu ©éng Uy - Higu truong nha trnong

K‘Trru{)ng THPT Chuyén Bac Giang duoc thanh lap ngay 26/8/1991,
bkhi do mang tén Truong PTTH Nang khiéu tinh Ha Bac. Nam
1997 tinh Ha Bac tach thanh tinh B&c Giang va Béc Ninh, truong doi
tén thanh Truong PTTH Néng khiéu Ngé Si Lién, tinh Bac Giang.

* Ke tu ngay 18/11/2004 dén nay theo Quy ché truong THPT chuyén
cua Bo GD&BT va Quyeét dinh cua UBND tinh Bic Giang, truong duoc
mang tén THPT Chuyén Béc Giang, tinh Bac Giang.

Khi mai thanh lap truong chi ¢6 8 6p voi 3 mén chuyén (Toan, Vat
li, Tiéng Nga) vai 150 hoc sinh va 22 can bo, giao vien, nhan vién.
NGUT Cao Ngoc Thanh |a Hiéu truong dau tién (1991-2005), tiép dén
la NGUT Nguyén Bic Hién (2005-2009), nha gido Bach Déng Khoa
(2010-2015), NGUT Ho Thi Lan (2015-2019). Dén nay, nam hoc 2021-
2022 nay, nha truong da c6 31 Iop voi 12 mon chuyén (Toan, Vat Ii,
Hoa hoc, Sinh hoc, Tin hoc, Ngi van, Lich st, Bia li, Tiéng Anh, Tiéng
Phap, Tiéng Trung, Tiéng Nhat) gém 1075 hoc sinh. Hoi dong Gido duc
nha truong co 4 Can bd Quan i, Hiéu truong: ThS. Trdn Duy Phuong,
cac Pho Hiéu truong: ThS. Nguyén Anh Tuan, ThS. Nguyén Thi Mai
Phuong, NGUT Nguyén Thi Tric Van va 99 can bo, gido vién, nhan
vién (1 Tién si, 56 Thac si); co 7 to chuyén mon 1a cac 16 Toan-Tin,
Vat |i-KTCN, Héa, Sinh-TD-QP, Ngii van, Xa hoi, Ngoai ngii va t6 Van
phong. Bang bé truong co 6 chi bd véi 59 dang vién.

Trai qua 30 nam xay dung va phat trién, nha truong luén hoan thanh
xuat sac nhiém vu chinh tri la truong trong diém, co chét luong gido duc
toan dién cao nhat tinh; la noi khoi nguon, phat hién, béi dudng hoc
sinh gioi, dao tao nguon nhan luc chal lugng cao cho dia phuong va

dét nudc. Nha truang c6 1230 luot hoc sinh doat giai qudc gia (trong d6 -

c6 03 gii KHKT), 1 HCB Olympic Toan qudc té, 2 HCB Olympic Vat
Ii qudc té, 1 HCD Olympic Hoa hoc qudc té, 1 HCV va 1 HCB Olympic
Vat li chau A, 1 HCB Olympic Vat i chau Au va nhiéu giai Toan, Vat |
khu vuc, 1 hoe sinh v dich Bueng Ién dinh Olympia Ian thi 13; trong
ki thi tuyén sinh Bai hoc, thi TN THPT, THPTQG ¢6 nhiéu hoc sinh dat

TRU’(‘)Nq THPT CHUYEN !

_) Dia chi: Buong Hoang van Thu - P. Ngo

' GIANG

.n - TP. Bac Giang

Hoi dong Gido duc truong THPT Chuyén Béc Giang

diém tuyét dai 30/30, nhiéu hoc sinh la thu khoa cac trJudng Pai hoc
hang déu; xép thir hang cao trong top cac truong o diém binh quan
cao nhat nudc. Voi myc tiéu giao duc toan dién dé tir do phat hién va
boi dudng nhing tai nang tuong lai, khong chi kién thic ma vun dép
tam hdn, von sdng va budc dau tao ban linh cho ting hoc sinh trong
thoi dai 4.0; Truong luon dinh hudng hoc sinh chuyén khéng chi xuat
séc trong hoc tap, c6 tam long nhan &i, vi tha ma con phai rét bén [inh,
khoa hoc trong t0 chuc, xay dung cac chuong trinh; biét yeu thuong,
chia sé, hop téc tt, nhat Ia trong thai ki hoi nhap quéc té. Chinh vi vay,
nha trudng thuong xuyén tao diéu kién dé hoe sinh tham gia, 1o chie
cac hoat dong ngoai khoa, hoat dong thign nguyén nhat Ia thoi diém
dich Covid-19 dien bien phuc tap... nhdm phat huy tinh nang dong,
sang tao cla hoc sinh chuyen. Ciing vai kién thic, d6 Ia hanh trang
buoc vao doi cua nhing chu nhan tuong lai cia dat nuce.

Vi su quan tam sau sac clia cac cap ty Dang va Chinh quyen, suno
luc vuon [én, nha trudng da dat duoc nhing thanh tich dang tran trang
va tyr hao. Nha truong lién tue nhidu nam lidn dat danh higu Truong tién
lién xut sac, duoc Ch tich nude tang Huan chuong Lao dang hang
Ba, hang Nhi, hang Nhat; nhiéu In duoc nhan C thi dua ciia Chith
phu, ol Tinh va nhieu Bang khen cc op. Cac 18 chic o duecclil
nhan Viing manh XUt séc. Hoi déng Giao duc nha truong co thay gid
Trén Van Chit uoc phong tng danh hiay Nha gigo Nhan dan 1314
¢ gido dugc phong tang Nha gido Uiy 1 va nhigy nha gido duoe g
Huén chuong La 301 Gl Ch igh nuge, Bng khen ciia Thi u6ng
Chinh ph, 1B NG B GRBT, o1 ohd tich UBND1iah. . Nhid
I he foc Sint (@ 1910 88 ing thanh tran moj midn @t nud VA&

e ngoal, 1 tham them I3 og ry g thong vé vang ctia nha truong.

Fng AU S8 SN0, trive ol o the e i o di0RH
M= Tiva 00 "9 981 b6 61 mai truong than thuong 1.

Gidy phép XB s6 534/GP-BTTTT cap ngay 19.11.2020; Ma sé: RRT11M21

In tai Xi nghiép Ban do 1 - BQP
In xong va ndp lwu chiéu thang 11 ndm 2021

Gi4: 18.000 dond
Muwei tam nghin dond






