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f!"x‘.‘
: hay khai thic mot bai todn

a1 mm s& gip cho hoc sinh khic
n tﬁﬁ%ng thoi tao cho cac em su hu'ng
ﬁﬁn&dﬁm mé yéu thich mén hoc. Bai viét
1y ching ta s& khai thic mét bai toan hinh hoc
. l@ s —.;tsau‘

“kii toin 1. Cho tam giac ABC. Dung ra ngoai
m gide do ede tam giic ABE, BCF lan luot

vuong tai E, F sao cho BAE = BCF = a. Goi K la
trung diém cua AC, chimg minh tam giic KEFcdn
tglKva EKF =2a.

Lo gidi (b.1) 5
l'-f;fgl M, N lan luot

12 trung diém cua %

& o
va KN I duong 4 g C
I | R 1

Mat khac: EM,FN lan luot 1a cic duong trung
tuyén img véi canh huyén cia AABE va ACBF

R 1
EM == AB va FN=_BC (2).Tit (1) va (2)
=NFva EM =NK (3).

M+AM{ =(180°-2) + 4BC
”KNC (180° -2a)+ 4ABC

-180°~ EMK + 45c
=180°-[(180°-.2a)+2§‘é]+21§?:=2a.

o Néu @ =30° thi EKF =60° tir d6 ta co bai toan
sau:

Bai toan 2. Cho tam gidc ABC. Dung ra ngodi
tam gidc dé cdc tam gide ABE, BCF vudng lan
lwot tai E, F sao cho BAE = BCF =30°. Goi K
!ci‘frung diém cia AC, Chung minh tam giac KEF
déu.

o Néu =45 thi EKF =90° tix d6 ta c6 bai toén
sau:

Bai toan 3. Cho tam giac ABC. Dung ra ngodi
tam gide do cdc tam giac ABE, BCF vuéng can
lan luot tai E, F. Goi K la trung diém cia AC.
Churng minh tam giac KEF vuong can.

« Néu a=60° thi EKF=120° tr d6 ta c6 bai
toan sau:

Bai todn 4. Cho tam giac ABC. Dung ra ngoai
tam gidc do cdc tam gidc ABE, BCF vuéng lan
lwot tai E, F sao cho BA’E’ = é‘C} =30° Goi K
la trung diém cua AC. Tinh céc goc cia tam giac
KEF., « 0%

. Goi D 12 diém doi xing v6i 4 qua E va G la
diém d6i ximg cua C qua F (h.2). Khi d6 ta c6
EK, FK lan lugt 13 duong trung binh cua
AACD va ACAG = CD =2EK va AG =2KF.
M3 theo bai todn 1 ta 6 KE = KF va EKF =2¢
nén ta c6 CD=AG va goc nhon tao bdi CD vi
AG ba'ﬂg 2a (néu & <45°) hogc bang
180°—2a @éu a> 45°) Bing cach cho @ nhan







MK i e déng‘qm’;’, :!}:ﬁf dran Bl OV VBE
e Xeétbiitoin 1 v6i o=45° va tam gide ABC
dugc thay bang tit gide ABCD , vé ra ngoai tir gide
- d6 cdc tam giac
45°+ BAC = DBN = BAC (1).  ABE,BCF,CDM,
/ cit AC tai H thi ta c0 ADN 1in lugt
By Td (1) va (2 wudng . cin. i tai
'+ ABH =90° = BH 1L AC. Tu d6 ta c6 E-F>M,N  (b7).
 quen thugc sau: Goi I la trung
diem cua AC,
theo bai toan 1 ta
c6 IE=IF va
IM=1IN . Ma Hinh ¥
90° + FIM = FIN = EIM nén ta cé:
AFIN = AEIM (c.gc) = FN = EM

n 10. Cho tam giac ABC c¢6 duong cao

mg ra ngoai ltam gidc do cdc tam gidac
ean ABD, BCG tgi B. Chimg minh rang
qua trung diém cua DG.

va IEM =IFN. Goi P,H lan luot 13 giao diém
cia - EM A ivdiv (BLG vad oFN L1 debas 66
90° = JEN + IPE = IFN + IPE = IFN + FPH

E  _ AFPH wuongtai H = FN 1 EM.
Goi J,K,L lan luot 1a trung diém cla cac doan
thing EM,BD,FN. Vi  AFIN = AEIM

AMIJ = ANIL (c.gc) = W =1IL va MIJ = NIL

¢
— MIJ +MIL=NIL+ MIL=90° = AI/L vuéng

can tai [. Tuong tw AJKL vuéng cén tai K, do
300 d6 tir gidc KL 1a hinh vudng. Tir d6 ta c6 bai

6 BJ=AC vy toén hay va kho sau: S5 ,
P, A ATV UL AN ot .' RQUV O0G G Bl P
L syres oSN ABCD. Dung ra ngodi




AE// CM (2). Tir (1) va (2)

) bai todn 1 ta c6 IE=IF va

IEE=IM=IF=IN (3). Mt
112 ta lai c6 EM | FN (4),

& gide EFMN 13 hinh vuong,

h bink hanh ABCD. Dyng

anh dé cdc tam  gide

:gmf;wéng can tai

tr gidge EFMN la

Bai toan 14 (Tap chi Todn Tuéi tho 2, $6 72). Che
fir gidc ABCD. Goi O,,0,, O,,0, theo thir tu la
tam cdc hinh vuéng ABEF,BCGH,CDKI, ADMN
¢6 canh lan luot la AB,BC,CD, DA dung ra phia
ngoai tam gidc.

a) Chimg minh rang tr gidc 0,0,0,0, c¢6 hai
duong chéo bang nhau va vuong goc voi nhau.

b) Trung diém cdc duong chéo cua cdc tir gidc
ABCD, 0,0,0,0, Ia dinh ciia mot hinh vuong.

¢) Goi X,Y,Z,T lan luot la trung diém cua cdc
dogn thing EH,GI,KM.NF. Chimg  minh
XZ =YT va XZ LYT.
~ « Bang cach v& ra phia ngoai tir gidc ABCD cac
S B eiudie L N
ADH AINE







ong tron tai E va F (E nim

| rang  AB'=AEAF v

il

la giao diém cua AO va BC,

ciia duomg tron (O) nén
tir gidc ABOC ta co:
k g

o 1

ra tir gidc

tiép tuyén va

OHE). Tam gidc OEF cin tai O, s

Oﬁ = 51_5:1?' ,tr ba dﬁng thitc trén ta duoc
OHF =AHE (4). Do  BCUI@NSSH
OHF =90° — NHF, AHE =90° — NHE, két hop
voi (4) ta duoce NHF = NHE , suy ra HN la phan
gidc cia EHF . Ma AH LHN, suy ra 4H 1a
phan gidc ngoai cuia EHF . Theo tinh chat cua

duong phan giac cua AEHF ta dugc:
NE_HE_AE.
NP IETr R
Goi L la giao diém EK voi AB. Ta ¢c6 KE [/ BF
nén E=E{E— Lai co0 NE J/ BF nén —lﬁ:ﬂ
N B LNF BF AF
Két hop vai (5) ta duoc:
/i
LI e
BE ( BE
Ciing theo dinh 1i Thales ta suy ra:
LE "4 KF .
—=——=—, ket 51
TR A €t hop voi (6) ta duogc

BF = FM hay F 14 trung diém cta BM. Do H 1a
trung di€m cua BC suy ra HF 13 dudng trung binh
cua ABCM, suy ra MC = 2HF. "
Ciu 10. Cho a, b, ¢ la cdc 56 thuc duong thod
man diéu ki¢n abe <1. Chimg minh rang
alwb) s bU=C)  cQ=a) . o
7 Fe e . @ ;0' .
Gidi. BDT cén chimg minh twong duong véi
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x ¥ .
bit t = —— | thay i 3
e hay vio PT trén ta duoc:

”"’f“' ky=8 P +4t=5c1 +41-5=0c [t_ 5
: f=—
P’ -3 . o

i ¥ -3xp+3x-2y+1=0 3

x2>-2.PT tuong duong voi: Lt 1 x*—x-2=0
+2Vx+2 4 = x+2+2Jx+2 +1 x SQ X +5x+10=0

e —

2x=\x+2+1 )

\2
-|;2+1) <
¥ 2x=—Jx+2-1

. gL
+ Vi xz—x—?,:{)@l:x ;
s

2x-120
i1 {x+2=(2x__1)2 + V6i x*+5x+10=0: PT ndy vd nghiém vi
e o A=5*-4.10=-15<0.
X+2=(<2x 1) So sanh voi PK(1) ta dugc tdp nghiém cna PT la
' §={-1;2}.
X+ +x+y=8
i {2x2+y2—3xy+3x—2y+1=0

X +y +x+y=8
X =24y -y 352y +1=0

} & sy ‘3!:’7)\)

.'Zxr-y—l—x-yq.]:.. -







Cau 5. Thay Quyét viét cac 54 nguyén 1, 2, 3.... 2021,
2022 lén bang. Thay Quyet thuc hién viéc thay 50 nhu
sau: Moi lan thay 56, rhay chon ra hai sé bdt ki trén
bang, xod hai 56 nay di va viét lén bang sé trung binh
cong cia hai s6 vira xod, Sau 2021 lin thay s6 nhu vay,
trén bang con lgi duy nhét mét sé.
a) Chirng minh rc'z"ng s6 con lai trén bang cé thé la sé
2021.
b) Chitng minh rang sé con lai trén bdng c6 thé la s6
2006.
Gidi. a) Dau tién ta xo04 hai sé 1 va 3 rdi viét Ién
bang s6 2, tiép tuc xoé hai sé 2 va 2 rdi viét Ién
bang mt s6 2. Sau hai 1an thay s6, cac sé con lai
trén bang 13 2,4,5,...,2021, 2022,

Lan 3, thay s6 2 va 4 trén bang bang s 3 ta dugc:
3, 5.&£42028, 2022

=343 69,.,2021,2022 =5 4,6,7,...,2021, 2022
2

=446 o 12021,2022 & 5,7,:,2021,2022.= .
2

Cir nhu vdy, sau 2020 lan thay s6 duqc 2020
2022. Tlep tuc thay hang tmng binh ceng (lan thir
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Baii thi mon Todn ca hai dot nam nay nhin
o m&gd{s twong dwong nhau; noi dung de
" thi niim trong chuong trinh cAp THPT, chi yéu la
chuong trinh 16p 12, dim bao kién thic co ban dé
xét tt nghiép THPT va 6 do phan hoa phu hop
dé cic co s& gido duc dai hoc, gido duc nghé
: t@i‘iéﬁ l"éy két qua thi dé xét tuyén sinh.
| D& thi gdm 24 mi a8 duoc sinh ra tir 4 ma dé gbe
101, 102, 103, 104. C4c ma d& gbc c6 nodi dung
E ti‘iémg tu nhau, trong d6 38 cau dau ¢ mic do nhan
3 bjét, théng hiéu duoc ra trong cic mi dé nhim
kiém tra kién thirc co ban ciia 16p 11, 16p 12; trong
cac ma dé tir cau 39 dén cau 45 kiém tra kién thirc
hoc sinh & mitc d6 van dung, tir cau 46 dén cau 50
0 mirc d van dung cao da thé hién rd tinh phan
hoa bang cach sir dung tong hop céc kién thirc
trong chuong trinh THPT. Hoc sinh ¢6 hoc luc
kha, gi6i; c6 k¥ nang phan tich, tong hop, tinh
toan, lién hé hé tot véi cac kién thirc ndi bo toan
hoc thi méi c6 thé hoan thanh tét bai thi.
DE c6 cdi nhin mot cach toan dicn v& d? thi mon
Toan ca hai dot nam 2021, bén canh viéc chi ra
nhﬁngklén thirc co ban véan dung, nhiing k§ ning
 can thiét dé trd 13 nhanh cau hoi tric nghiem va
1 chi ra nhiing sai lim ma cic em thudmg gap khi
gidi toin. Ban quin tri NHOM GIAO vIiN
OAN VIET NAM xin 8i6i thiu véi quy thiy co
L cdc em hoc sinh bai viét: “Phan tich, binh lugn
cdc cdu van dung, vin dung cqp trong dé
hiép TH{’ 5 'f‘”'f 2021”. Hy vong, bai
thay €6 ¢6 cai nhin toan dign va
98 MAm, 2021, dong thyi gigy o4
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Céu 39 DE thi TNTHPT dgt 1_ma 101). Cho
b f(x)={2“5 khi x21

3 +4 khi x<1
nguyén ham ciq f grén R théa man F(0)=2.
Gid tri ciia F(~1)+ 2F(2) bang

Gia su F la

7. W o .20, L 12 D. 33.
Loi gidi f(x): 2x+5 khi x>1
3x* +4 khi x<1

x2+5x+C, khi x>1
:>F(x = :
x3+4x+C2 khi x<1

Vi F(0)=20 =2
o x* +5x+C, khi le_
X’ +4x+2 khi x<1

Do ham s6 F ¢6 dao ham trén R nén F lién tuc
trén R, do d6 ham s6 F lién tuc tai x=1. Suy ra:
lim f(x)= lirfl f(x)
x—=1" x=l
& Iim(x2 +5x+C, )= lim(x3 +4x+2)
x—1* x=1"

S5+ G =l +2 & C =1

= r()-{

Vay F(—l) - 2F(2) =-3+215=27= chon A.

x2+5x+1 khi x>1
£ +4x+2 khi x<1

Nhdn xét:  Pay la cdu hoi yéu cau tinh gia tri cua
biéu thikc chita cdc gid tri ciia nguyén ham tai mgy
diém. Khé khan ma hoc sinh gap phai trong céu hei
nay la ham 56 cho boi nhiéu cong thirc va xge dinh
hank s é C cia nguyé"n ham tho:a man yéu cau gia
thiét cua bai todn. Dé giai quyet cau hoi nay trese
tién hoc sink pha;i cé‘kj; nang rh'dnh thao tinh nguyén
ham va mau chot dé gf‘a'i f;‘uyéf cau hoi nay lg tim
hdng so C thoa mc'l:n- gif: -thljt‘ B cdu ho'z"thé'ng qua
tinh chafti lien :y(‘;g;a e gt #d5w ¥ai:




Lo g%

(Céu 39 @2 thi TNTHPT

nguyen ham cua f thoa méan F(-1)=-2.

: ‘F(4)+F (6) bang

- B. 4. C, 8 D. 5.

) D8 thi TNTHPT dot 1_mai 101). C5 bao

nguyeén x thoa man

3 '-‘-‘)")[log3 (x+25)- 3:| <0?

B V6s0. C. 26. D. 25.

Diéu kién xéc dinh cia BPT la x> -25.
y x? '—'9‘)[1083 (x ir2 25)_ 3] Vo1

+00

& 5 ik
e “'5;'\“"‘#35]‘ vV

=
RRE , §€ dan dén

va ham s5 10garit, Hogc c6 thé tiép can cich giai
Khéc chia céc truong hop cia f(x) sau khi da néu

didu kién x4c dinh cia BPT: /(x).g(x)<0

f(x)>0 hoic {f(x.) <0.
g(x)<0 g(x)=0

o Mot s6 sai lam hoc sinh thuong gap khi giai cau
nay 1a: Thir nhat, khong tim diéu kién x4c dinh cia
bat phuong trinh, sau khi giai s& chon dap 4n B; Thi
hai, dwa vao bang xét déu khong lay nghiém ciia bat
phuong trinh tai cac diém dau bang ciia bt phuong
trinh xay ra, dAn dén chon dép 4n A hozc D.

e Cau hoi cung murc dé (Cau 40 dé thi
TNTHPT dot 2 _mi 102). C6 bao nhiéu sé nguyén

X thoa mén [log3 (x2 +l)—lo,g3 (x+21)](16—2“1) >0?

< f(x)=0 hodc {

AL OBrIS. C.16. D.Véso.
Ciu 41 (D& thi TNTHPT dot 1_ma 101). Cho
ham s6 bdc bay = f(x) ¢6 do
thi la dwomg cong trong hinh
bén. So nghiém thuc phédn biét
cua phwong trinh _/'(f(x)) 2|

la

A. 9. B. 3. C. 6. D. 7.
Loi gidi. T do thi ham s6 ta ¢6
@) =x.0<-D (1)
/(f(®)=1= | f(x)=0 @).
Sf(x)=x, (x,,<2)(3)
Dwua viao d6 thi ham sé iR
y=f(x) suy ra: PT(1) c6 {3
diing 1 nghiém, PT(2) va (3) : /
mbi PT ¢6 3 nghiém phan biet | © |\ 1
va ]qléc cé'c nghiém cua cac /’-‘"l o\ }/22’x
PT con lai. Do d6 PT ban diu ’
c6 7 nghiém phan biét nhau = chon D.




&5 (Cau 41 a& thi TNTHPT
Cho ham 50

\ e
Ham S0

.

o

day mét géc bang 60° ta thu
mét tam gidc déu canh 4a.
ank cua (N) b‘i”g:

a*.C. 8137a>.D. &7
tam déy nén. Ta c6 thiét dien

A ‘N*Q m
g n-t: il

o Cau h61 cl\ng muc do (Cﬁu 4i 3 *!1113
TNTHPT dot 2_mi 102) Cit hinh tru (T) boi mat
phang song song véi truc v cach truc mét khodng
bang 3a, ta duogc thiét dién la mot hinh vuéng c6
dién tich bang 16a®. Dién tich xung quanh cia (T)
b&ng

A.

16J13
Ta .

: B. 4J1274%.

D. 8V137a%.

€

S 10 ult.
Tﬂa A

Ciu 43 (D¢ thi TNTHPT det 1_ma 101). Trén

tdp hop cdc sé phirc, xét phuong trinh
22 =2(m+1)z+m* =0 (m ld tham 6 thuc). C6
bao nhiéu gid tri clia m dé phuong trinh dé cé
nghiém z, thoa man |z°|=‘7?

ANy B. 3. ol D. 4.

Lo’:gm:.TacoA =(m+17° —m’ =2m+1.
THI1: A'>0¢:2m+l>0¢m>—3 khldéPT

¢6 nghiém thuc z, thoa man A zo —47,
Thay z:»??*'“ﬁ% PT di cho ta dugc




oi quen thupc nm cde gid
m dé PT bac hai véi hé 56 thye c6
oa ga dxeu kién cho truce. De giai
iu hoi | nay trudce tién hoc sinh cdn tink
A xé?"t‘tm truong hop A>0,A <0, déng

--tlmc diéu kign |zu|—-7 va néu z, la

e e

ghien phicc cia PT da cho thi z, ciing la
?qné dé gidi quyét truong hop A<0.
) sai lam thuwong gap khi hoc sinh gidi cdu
m, Thiz nhat, chi xét truong hop PT c6 nghiém
a man diéu kién, tic dé chon dap dn A. Thir
g xet truong hop PT co nghiém thuc thoa
kién, tie d6 chon dap dan C. Thir ba, xét cic
hgp ctia A nhung khong kiém tra lai cic
ébﬂwm 56 tim duoc, tir d6 chon dap dn D.
‘héi cung mic d6 (Ciu 48 dé¢ thi
HPT dgt 2 ma 102). Trén tdp hop cdc sé
xét phuong trinh <z’ +4az+b’+2=0,
i cdc tham 56 thuc). Cé bao nhiéu cap s6
¥ gqp cho phuong trinh do c6 hai nghiém
: 02, 421z, =3+3i7
1. =1
thi TNTHPT dot 1_ma 101). Xét
) thoa man jz,-.:] va M:z. Khi

gid tri nho nhdt, |z - W bang

D.3.

Ping thic xay ra khi M =M,;N =N, (hinh v&)

R, g5t 27 ‘g
12M :i] ] M(‘_;__']

i3} 5
Khi 46 110 o
IzN:—IZIJ N[_gﬁ_‘gj
3
z—6—8i:—2—%§f Zg"'_l
=5 =
s . 8 6.
D 1y 5
|z_w|=_1—§i:@:>chonD.

Nhén xét: « Pay la cdu hoi tim médun cia sé phitc
hay, c6 nhiéu cdc giai khdc nhau, tiy kha nang va
théi quen, ngudi gidi c6 thé lua chon phwong phdp
khéc nhau d@é gidi bai toan. Pé gigi quyét cau hoi
nay yéu cau hoc sinh phadi nam vimg ¥ nghia hinh
hoc, médun ciia 56 phire, cdc tinh chdt hinh hoc.

Mau chét trong loi giai trén la s dung tinh chat:
Néu M,,M, lin leot biéu dién cho céic sé phirc

Z:2; thi ]zl—zz|=1‘|4flJM2 va khéo léo trong viéc

biéu dién |z+i7v-6-8i[ =MN théng qua gia thiét

|| =1, |[w|=2. Kho khan ma hoc sinh gap phai khi

di giai cdu nay la khéng thiét lap duwoc méi lién hé
gma gid thiét va két ludn cia cdu hoi dé chuyén Yéu
cau clia cau héi da cho vé bai toan thuong gap.

Ngoaz cach tzep can loi g:ar cdu hoi trén, cé the sur
bc‘ft ding thire dgi 56 dé giai cau hoi nay.




: 4 y+I_z+2
B 3 2 1
B iyl z—2
4 | AR

gidgi. Toa do giao diém A4 cua d va (P) 1a
ém cua hé phuong trinh:

Iyl _z-2 [x=0
. 1 Bt =1 4(0;1;2).
x+2y+z—4=0 0

_ﬂ vectc chi phuong = (L;1; —1) Goi (Q) 1a
ﬂphang chua d va vuong goc véi (P) Kh1 do

qﬁa (P) va (©). Mit phang (Q) c6 mdt vecto
yén i, =[i,,7i,]=(3;-2;1). Do d6 d' c6

iy la cau hoi quen thuge vé lap
m dw&ng thing. Pé lap phmmg trinh

: 'ibﬁng;hmmg chung ta can xac d‘mh ha:

md@a, (P) la giao

6 ”ﬁf vecto' chir

Duong thang di qua A, cit truc Oy va vudng goc

voi d c6 phuong trinh [4
x=3+¢ B 5
A.iy=1-t. B.{y=4-2t.
z=1+¢ ¥z=—3+3t
x=3+3t (x=-3+3t
C.yy=1l-t.. Pty =0ty
z=1+t (z=—1+1
Cau 46 (P2 thi TNTHPT dot 1_ma 101). Cho

ham s6 f(x)=x"+a® +bx+c véi a,b,c la cdc
50 thuec. Biét ham 56
g(x)=f(x)+f'(x)+1"(x) c6 hai gid tri cuc
tri la la =3 va 6. Dién tich hinh phang giéi han

x :
boi cac duwong y = —fu— va y =1 bang
g(x)+6
A. 78 3l C 055" D2
Loi  gigi. Ta co:  f'(x)=3x"+2ax+b;

f"(x)=6x+2a; P1%=0
g(x)=f(x)+/"(x)+ " (%)
= g'(x)=/"(x)+f"(x)+6.
Vi g(x) ¢6 hai gid tri cyc tri la1a -3 va 6 nén
khong giam tong quat, g(x) c6 hai diém cyc trj 1a
x,,X, Va g(x)=-3, g(x,)=6.

/(x)

PT dé giao diém cua hai duong y= i

g(x)+6
{()x) =1 f(x)=g(x)+6
& f(x)= f(x)“‘f‘(x)*f"(x)w sy
oy 1 == (*%ea@[

v i‘!Jf,;#!
i L 49 s R =X

4 x=x,

=

y=11

,‘,"u.gﬂ




d la voi hoc sinh vé
&i61 han boi mét duong
> dinh cong thire (hay con
g y=1. Hoc sinh kha ling
- nay, boi thong thuong hoc
an thong qua gia thiét. Tir d6,
n thugc.

oan nay hoc sinh phai nhé cong
cua hinh phdng giéi han boi hai
phuwong trinh hoanh dé giao diém,
( Idp lién hé né véi biéu thicc g'(x)
doi cong thirc tinh dién tich hinh

tinh tich phdn quen thugc.
‘mitc d6 (Cau 44 d@& thi TNTHPT
- 102). Cho  hai  ham  so
o 3% va g(x)=mx’ +mx’—x,

P b
13 ham so lién tuc trén -é-,l :

o f(3)=-5 v lim/(x)=+= suy ra P

x=1"
. (2
nghiém trén [g;l].
-Véi y=-2,tacd f(x)=3x"—11x—log,(1-2x)
ham s6 lién tuc trén {1,1) g
¥ D
] 4
Do f(;)=—3 va li(mJ_f(x)=+oo suy ra PT ¢o
: "
x5

nghiém trén G—,—i—) ;

* V6i y=0, PT tr¢ thanh 3x -9x=0<=>|:x
x=

khong thoa map.
* ¥V y210 , ta co;







; haz vecto' nguoc hu'ong
« Cau hoi cung mirc do (Cau 50 dé thi TNTHr
dot 2_ma 102). Trong khong gian Oxyz, cho
cau (S): (x—2)2 +(y—3)2 ~|~(z—1)2 =1. Cé ba.‘

nhiéu diem M thugc (S) sao cho tiép dién ciig

mdt cau (S) tai diém M cat céc truc Ox, Oy

- . luot tai cdc diém A(a;0;0), B(0;5;0) ma a,b I
go6c clia 4,B trén mat phang A

1(1;-3;0), K(-2;1,0). cdc s6 nguyén dwong va AMB = 90°?
e d6i ximg cua 4 qua g B. 1. C. 3. D. 2. <
4 Cau 50 @¢ thi TN THPT dot 1_ma 101). Cho
LT T 4 (x)  ¢6 dao  ham
£fx)= (3~ )(x —9) VxeR. Cé bao nhiéu gm

i nguyén duong cuq tham sé m dé ham -}‘9 E

x) f(lx + Sx' + m) €6 it nhat 3 diém cuc f"f?

- _ LAG BT e D. 4.
4, =MN, suy ra L0 gidi, Vi XeR tacé:

¢ dudng tron () 8(“x)='-f(|-x -5x|+m)
m)wﬁi&' dﬂ‘m g(x) la ham g4 chan, suy ra dd thi |
PO Y ) nhﬁn Oy lamtmc

(lx +5x|+m







CAC LOP THCS

Bai T1/532 (Lép 6). Tim nghiém nguyén cia
phuong trinh x* +(x+1)" = y* +(p +1)*,
TRUGNG QUANG AN
(Xa Nghia Théng, huyén Tu Nghia, Quang Ngdi)
Bai T2/532 (Lép 7). Cho tam giac ABC ¢b
4=120°; B=40". Trén canh AC Iiy diém M sao
cho AB = AM. Trén tia d6i cua tia AB lay diém N
sao cho AMN =40°. Tinh s6 do géc BNC.
NGUYEN VAN BAN
(GV THCS xd Thanh Yén, huyén Dién Bién, Dién Bién)
Bai T3/532. Tim phéan nguyén cua biéu thirc
2
A=(Nn+Vn+1 +Vn+2]
v6i n 1a sb nguyén duong.
NGUYEN KHANH NGUYEN (Hdi Phong)
Bai T4/532. Cho tir gisc ABCD ndi tiép nira
dudng tron (O) dudng kinh AD. Goi 7 1a giao diém
cia AC va BD. Puong phan giac ngoai ¢ dinh 7
cua tam gidc BIC cit AB, CD lan lugt tai £ va F.
Chimg minh ring dwdng thing vudng goc véi 4B
tai E, duong thang vudng goéc véi CD tai F va
duong thing Of ddng quy.
THAINHAT PHUONG
(GV THCS Nguyén Vin Tréi, Cam Nghia,
Cam Ranh, Khanh Hoa)
Bai T5/532. Giai hé phuong trinh
**(x=y)+3y* +x(1-3y)=y
332 —9y+2 43y ~21+3=x

POAN CAT NHON
(GV THCS P. Bink Pinh, TX. An Nhon, Binh Dinh)

TO
20 ¢ gll'“u:g; S& 532(10-2021)

CAC LOP THPT

pai T6/s32. Cho m 50 WO dugy
(ne N,n2 3). Chimg minh rang
al vaZ’""a" ’ 7
2 az an h
a, 5 = Fot >
m a; (az +a3) al(an +al) 2
’ NGO VAN THA]|

(T6 34, phuong Hoang Di¢u, TP. Thdi Bink)
Bai T7/532. Cho x, y, Z 1a cac s thuc thoa min
P4y +24=1. Tim gid tri 1én nhét va gid ti
1ho nhét cua biéu thie:
P___xy(x+y)+yz(y+z)+zx(z+x).
vU HONG PHONG
(GV THPT Tién Du 1, Tién Du, Bac Nink)

Bai T8/532. Cho hinh chop S.ABCD co O la giao
diém cia AC va BD. Goi hy, ha, hs, hy theo thr ty
12 khoing cich tir diém O dén cdc mjt phang
(SAB), (SBC), (SCD), (SDA). Chirng minh ring
hai mit phing (SAC) va (SBD) vudng gbéc véi

R 1 1 1
nhau khi va chi ?+E=E+g.
NGUYEN TIEN TIEN

(GV THPT Gia Vién B, Ninh Binh)
Bai T9/532. Cho tam giac ABC c6 d6 dai céc canh
BC, CA, 4B 1an lugt 13 a, b, c. Goi r,, 1y, r, lin
luot 14 bén kinh dwong tron bang tiép céc goc 4,
B, C tuong \mg. Chitng minh rang

L NS N 3
asmd  bsinB  csinC
HOANG LE NHAT TUNG

(GV BHGD, PHQG Ha Néi)

) TIEN TO] OLYMPIC TOAN
Bai T10/53 Tim tt ¢

a cac sb nguyén duong n

znfl.

NGUYEN TUAN NGQC
(GV THPT chuyén Tién Giang)

R >R 13 ham sé lién tuc
Ff(x).f(y)véi moi s
th réng £ 13 ham hing.
NGUYEN pUc TUGNG
chuyén Hing Viong, Gia Lai)

https://tieulun.hopto.org

chia hét che

Bai T11/53; Cho 7.

thuce x v . Chl’rng o






EB phii cit dudng tron tam

0 tai diém K. ViAKB la
: g6c ngoai cia tam giac AEK
' a. Vay goc st 1on nhét ti
mét diém trén doan thing
CD la géc sit tir diém F véi
AFB= a. (diém E c6 thé
nim trén doan thing CF
hoae doan thfmg DF).
2. Cach dyng dvwong tron tim Q .
- Dung duong tron tam 4 va dudng tron tdm B clng ban.
kinh, ching cit nhau tai hai diém 7, P thi dudng thing TP
13 dutng trung tnyc cia doan thing 4B.
- Dung dudmg trom tam 7 i qua hai didm A, B.

: Dung dudng tron dudng kinh DT tam S, dudmg tron 1
cat duomg tron tam tai diém Az




Yt +p+p’+.+p")
F(1+p+p +.+p")q"
P tg+q+.+q")

;1. Xét hiéu so:

447 +44= 19 .6==+44_198»<2m1 Tir 1981 dén
2021 ¢6 41 s6, va cac sb n nay théa man

1 | cm 1 )a
452—45+Z<-n<-452+45+-‘1z cho nén déu co

gid tri a, béng 45, Vﬁy
2021 1 1980 2021

___Z Z_

n=1a, n=1981 4,
- i 2021 41
Z — =88+—.
prgllt S TR 45
Nhdn xét. Khong c6 ban nao gui bai c6 dap sb ding.
vU PINH HOA
Bai T3/528. Tim tdt ca cdc b bon sé nguyén
dwong (x, y, z, t) thoa man:
x+y+z+t=54
Xz e 5.7
(x+y)z+1) 104
X»Z, x+y>z+t.

Loi gidi. VU (% y;z,’t) la bé bon s6 nguyén




LpE s e

bal toan

nén

ﬁép tam gidc APD (M khac A) va N la giao
thir hai ciia dudng tron ngoqi tiép tam gidc A,
véi duong tron ngoai tiép tam gidc APD (N khéc
A). Ching minh ba diém C, M, N thing hang.

Léi gigi. Cach 1.

Vit gidec AHDB no; tiép, ta co:
g HDC = HAB = HCD.

.uyra AH 1a trung tryc ciia €D, Do d6 4M 12 tia phan
gf:c :;a gO_c {DA? » én MP = MD. Két hop véi tt
gide _mnolﬁepvéﬁnhchéttructé‘mtacéi

(EREENED < 174D S AT - o




T 08 wdn Aok> tad goow

_2Q2z+x) 2;1 iy Gl

AR 22 h 0, 287 B AT

G5 il ¥y ME ey

X420y yP+2yz
P=2'&4%=y . SRR

Xyt =2yz

=a=4b=2c. Viy minP = 2 khi a = 4b = 2c.

. Cdch 2. Trudc hét ta chimg minh BDT-
C, M, N thing hang, 1 1

sau 06 1o giai to: Y £

+
) Minh Hodng, 8E, THCS Nguyén Trii, | | 2

- ==
1+y° 1+xp

1 1 1 1
- i + -
1+x° 1+xp) (1+)y* 1+xp

528Nl fenndTH)
(+x)(A+x) 1+ y")(A+xp)
L @D
T+ )1+ YA+ xp)

That vay, xét hiéu: :
1+ x

20do xy>1.

Tro lai bai toan, ditx _-5 y? —'-thixy-—'

4




nhu tren Tuyén du'cmg céc ban sau co

Cho: D6 Neoc Tién, 8A3, THCS
a Noi: Ddo Quang Anh, 9E1. THCS
Tu Liém; Hung Yén: Nguyén Vin
- THCS An Téao, TP. Hung Yén: Vinh
n Tan Phiic, 8/1, THCS Nguyén Trii,
h Long; Séc Tring: 1é Ho T) rong Tin, 9A7,

ch, H. Ké Séch.

PHAM THI BACH NGOC

m (ﬁa) phuwong trinh
1

Mm.ﬁcosx: - l e — (D)

- sin3x+cosx  cos3x—sinx
I (cua céc ban Nguyén Thi Phuong Thao,
wong Vy va nhiéu ban khéc).
sin3x+cosx; b=cos3x-sinx. PK dé

#

(*)-

. [a=sin3x+cosx#0
|b=cos3x—sinx#0
1) c6 thé viét dudi dang

% a(a—b)(1+ibJ=0

a

b0 hodc ab+1=0.

cos3x +€0s3xCos X —sin3;

5
1 in6x+0054x'551n2x+1

=é—(3sin2x—4sm3 2x) (1 2sin’ 2x)___§m2x+1
— _2sin® 2x - 2sin® 2x +sin2x + 2 =,

Pit ¢ =sin2x, -1 <1 Giai PT

28 -2 +t+2=0 6

trén Casio fx-580 ta duoc mot nghiém thie
£, ~0.8756 théa man diéu kién —1<¢<1 vi hai

nghiém phitc #,, ~-0.93+0.51i (h.1)

(]

B 1

’ Hinh 2
Ta co: Sin2x = [ #0.87556 <

2x = arcsj
X = arcsin L+k2rx hodc 2x = 7 — arcsin f+k2n

¢:>x-_—._1.

o desing, + ke hoic x—f—larcsint +kr
2 il

(tho
4 man PK (+)), Bdp 56: PT(1) c6 ba ho nghlem

B kx

e X =—arcsint, + kr;
2 2

e 1

2 arcsmt +kz, kel.
(13 . 2
Lai gigi o

Véi BK(*) thi (1) twong duwong VO




a
'J‘iarcsmt +k.

) '"g.ie*d:mh (h.2). Khang dinh
t,) &t =t, chi ding trén tung khoang
O dy: sin2x=(, ~0.87556~sin61"641’
= 30° 9"’20’ =3x=91°40" Do  do
x+cosx >0, trong khi d6 cos3x—sinx<0,
Do d6 tir f(4)=/(t,)chua thé suy ra 4, =t, Vi
~ f=sin3x+cosx>0 va
* thudc hai khoang xdc dinh khac nhau. Sai ldm nay
 kha té nhi. Céc ban cén than khi 4p dung 1i thuyét va
- phuong phip.
2) Nhiéu ban cén than giai tuong minh phuorng trinh
~ béc ba. Diéu nay khong can thiét, chi cn st dung
 mdy tih (thi du, Casio fx 580) va phin mém
0Gebra (co thé"dé dang ldy vé mién phi tir mang),
 thi va biét dich xac phuong trinh (3) c6 duy
nghiém thuc va nghiém gin ding bing
~0.87556 =~ sin61°6'41".
Wﬂm theo céch 2 va mit nghi¢m, mot
héc giai theo cach 1 nhung van c6 nhiing
‘E \&eﬂﬁn 16n hai s6 do goc (theo do va
' ) trong ciing mot cong thie, xét thiéu

i

t, =cos3x—sinx <0

-a'-.'-- ;

-de?v 6 loi giai ding (theo cach 1):
j’h) Phuong Thao 11A1, THPT
Binh ‘Dinh_i_ Nguyén Huy Hoang
> Quy Pon; Pong Thap: Ho
nh Hitu Hau, 12T1, Nguyén
: uyén Nguyén Quang

nhdt ciia biéu thi pgyp, o, 8

; ot s i
Loi gidi. Khong mét tinp tong quat, gia su
azb2c. Tl gia thidt ta co-

(@® +2ab +b*)=2¢(a+b) + c* = 4ab.
Do d6: (a+b-c)* > 4qpb,

Déyréng a2b2c¢>0nén a+b-c>0. Ap dung
BDT Cauchy cho 4 s duong ta cé:

P=a+b+c+—= +a+b_c+2c+—§—
abc 2 2 abc

Nz | L)
244(&'4‘[7 CJ 2Ci=44M24%=8
2 abe ab

a+b—c 8
: p I o
Dang thuc xay ra & 2 abe. Giai hé
(a+ b—c)2 =4ab
nay ta timduge: a=4,b=c=1. Khi d6 P = 8.

8 a+b-c

Vay minP = 8.
Nhin xét. Diy 1a bai toan chung minh bat dang thirc
¢o ban, tat ca cac ban gui 1o giai vé Toda soan déu cé
1o giai ding va tuong tw nhu cach giai trén. Cac ban
co 1o giai ngan gon la: Hung Yén: Tran Vin Quén,
12 Toan 1, THPT chuyén Hung Yén, Lé Tudn Nghia,
8C, THCS Doan Thi Piém, Yén My; Vinh Phic:
Trdn Anh Duong, 12A1, THPT chuyén Vinh Phic;
Bic Ninh: Nguyen Thi Phwong Thdo, 11A1, THPT
Yén Phong 6 2, Yén Phong; Ha Noi: Dao Quang
Anh, 9E1, TH, THCS, THPT Everest, Hoang Qudc
Viét, Bac Tu Liém; Nghé An: Ngé Thi An Binh,
10A1, THPT chuyén Phan Boi Chau; Ha Tinh:
n Quang Minh, 8E, THCS Nguyén Trii,

én Pod
N;;;_rn s ing‘Bi““ Nguyen Mn HOW 11




‘uyé'l; Bao Loc; ' Phi Yén: PAham
4o 11073, Truomg Pho thong Duy Tan;
(S noa VOSSR Naupén Huy Hoang, 12T, THPT chuyén
 canh doi bang nhau). pon, TP. Quy Nhon; Ba Ria — Viing Tay;
Trung Kién, 11T1, THPT chuyén Lé Quy
Viing Tau; Tién Giang: Mai V6 Phic

Trong Tin, 9A7, THCS Ké Séch, huyén Ké
TP. Ho Chi Minh: Thdi Quang Phdt, 11CT1, !
chuyén Lé Hong Phong.

HPT

HO QUANG VINH
Bai T9/528. Cho tam gidc ABC. Chimg minh tan

VO cac 56 thue duong x, y, z ta luén cé:
v Jl'ﬁ o

(1;+cés€)

X y Z
L (1+cosB)+
y+z EarX X+y
1 chung tai 4 cua dudng tron (O) va =

, ; : ; i : ol
n (O). Tiép tuyén chung nay cit duong > —(sinA+sif B+s1nC‘).t
2 tai D. Khi d6 DA la truc déng phuong  Ldi gidi, Ty cg;
(0'); PO la truc diang phuong cia . . ‘ 2 C
por 262 ; iy , @ SMASHBisncog AYE | A-B S EES
tron (O'PQ); BC la truc dang D) D) 2
) va dudng tron (O'PQ). Tir dé

'

)
=20083(cos

¥
=
*

A
=4cos—.cos£.cos£.
DB 2

b Y Dodsy —_ltcosy
R
B s . dcos cos

et C B
smh'OOS‘— i ]
2.‘ g 2+.c?s.z;

N

Y



Nhdn xét. Bij todn b

A ; at ]
1+cosC _P*9 (p=tan —i)- kién thirc co ban ¢y 1, dang thirc trén s dung céc
-""—'___—_.___—__'-__. - 3 v ik % 7 oy R
sin A+sin B+sinC 2 & déi dai 80 co bag_ p, Ong gidc tam giac, nh1e1l1 t.ner?

B

]-tan_.tan—> Toa soan chi cg mg )
2 2 ot ban cO 1y oia: A Lra \

A B+C_ 1 A Nhdt Newyét, 107, 0 101 giai dang : Lé Hupnh

Chu }": tan-i=cot——;—= B+C tan£+tan-2—

tan

2
= pq+qr+mp= (p.g>r>0, V1 0< 55577 o TS G}IYEN MINH PUC
b ot inh g o Cho ﬁai hép, moi hgp chira cdc vién
Boi vay BDT cén chung i bi trang va den. Tong s cic vien bi trong hai hop

la 25. Tir méi hop 17 - - o

+—L(1+COSC) ok TOI ‘ﬁ_Op, lay ra ngau nhién 1 vién bi.

+y TrAm .\c/‘( mm‘d‘e 2 vién bi ldy ra khdc mau néu biét
h(fp ”a? nhieu bi hon thi 6 bi den nhiéu hon v
xdc suat dé hai vién lay ra ciing mau den la 0,42.
X (erye(rep)t 2_(p+q)2\3 Lai gidi (cua tic gia dé toan): Goi s6 bi trong hop
=4 +r)+—I(r —— = I

y+z d z+Xx x+y thir nhat va thi hai twong img 1 m, va m,.

—-L(1+cosA)+—y—(1+cosB)
y+z Z+X

2£(siﬂA+sinB+sin )
2

@( x +L](p+q+r)zfﬁ+ﬂ+ 2N S6 bi den trong hp thir nhét va thir hai tuong tng
y+z z+x X+y

Jerm S et 1a k,va k,. Khong mit tong quat gia stt m, <m,.
Hai lan 4p dung BDT Bunyakovsky ta c0: ,
, . Ta co: P(2biden) = ﬂ.—2=0,42: 21
all 2N '}:q e —gn3 m, m, 50
yrz zHx Xty = 21mm, = 50k k, = m,m, 5.

B [ER R ll_2 : (p+q’+r*) Do m,+m,=25 nén m:5,m,:5. Xay ra hai
\\y#z) \zvx) (xty trwong hop:

3 a) Truomg hop 1: m =5m,=20. Suy ra:
+\EV2("‘”‘1"+’7’) Kk, =42. Vi k <5,k <20 nén k =3,k, =14.
: ; Viy sb bi trfng trong hop thir nhat va thir hai
< 1(__1_1 (L - 3.2 2 i ) . \ ..
= L J +k ® *3 [P +q' +r +2(pq+qr+rp)] twong img 1a 2 va 6. Do dé:

xX+y

. 2 6
i trang)= —.— =0,12.
S( I .. (p+g+r)(2) vi AL 5 20
y+z z+x x+y Vﬁyp(zbikhét:méu)=1—0,42—0,12=0,46_

(L_+L+LJZ_ (J_Z Y (2} 3] b)Truomghop: my =10,m, =15. Suy ra:
Y+z z+x x+y y+z % * X+y +E klkz___63:$kl=7,k2=9. Do d6:

. 3 6
= F P(2 bi trdng) = 1_5'1_§=0’12
20+ y)(y+z)(z+x)
trong d6: F=4{xy(x + y) + yz(y + z) + zx(z + x)) viy P2 bl khac maw) = 1 _.9’42 - ? 12 =045
£ ane XAC suat dé hai vién bi lay ra khic mau
0o =3 +y) o)z +x) Ketlan

=+ y) +yz(y + z) + 14 0,46 .
e +0’ )+ 2x(z + x)] - Diy |3 mét bai toan hay, nhung khong
) \ V) +yz(y+2) + 2x(z + x) + 2xy7] Nh'an hién chi co 3 ban tham gia giai bai ndy va
‘ Ae=yF +x( -2 + Wz > kho. dexy 3: Phit Yén: Phan Vinh Tién, 11 THPT
Tl.‘r (1) va (2) ta suy ra khfing dich cim i gial ;nf Hung Yén: Tran Van Qudn, 12 Toén,
Ding thire e Inh cua bai toan. Duy at;uyé“ Hung Yén; Vinh Phic: Tran Anh

SX=y=zvaip=g=r THPT CVU" \pT chuyén Vinh Phic.

hay X=y= 3 . 12T1
¥ =2 va ABC 14 tam giac ddy, Duong PANG HUNG THANG

7

TQHN HOC

SR S Py






& hai diém trén mot mat
m nhau 20 cm. fai diém O
MN va nam ngoai doan MN

= Scoswt

0 ‘Lg_' trén mdt nuoc véi bucc song
dc dinh khodng cdch xa nhdt va gan
phan tie méi trieong tai M va N khi

= MN =20 cm.
truyén qua M rdi dén N, thi dao dong
ha hon dao dong tai N 1a:
22(MN) _ 8
A

Bai L2/528. Trén doan mach dién xoay chiéu c6
bon diém theo ding thir ty A, M, N va B. Giita
hai diém A va M chi ¢6 dién tré thuan, gitta hai
diém M va N chi ¢é cuén déy, giita hai diém N
va B chi cé tu dién. Pdt vao hai dau doan mach
mot dién dp xoay chiéu 175V —  50Hz thi dién
ap hiéu dung trén doan AM la 25V, trén doan
MN la 25V va trén dogn NB la 175V. Xac dinh
hé sé cong sudt cua toan mach.
Léi gigi. Néu cudn day thuan cam thi:

Uiy =Uls + (Vs = Uns )’ -
Thay s6 dé bai cho hé thirc trén khéng thoéa méan
nén cudn day co dién tré thuan 7.
Do U,y =Uyy nén Z; +r* =R* (1).
Laico U, =Uys =7U, Dén taco:

Z2=R+(Z,-Z.) =49R* (2).

7

R; Z’. =E

24
) 9 tati duoc: r =—
Tir ) 5 9 B BERR* e

49
R+r _25

e T

Do d6 cos@ =




- ‘_'Ef 16m, gdm céc dang bai
°0ng xdy dung kim ty thap, tinh
:',m hay bom vao binh, xac
lue téc dong giita cac vat thé
nhau, tinh moment quan tinh
ng cua vat trude siic can cua
ty 1& thuin vé&i vén tc cia
véi binh phuong van toc), bai
1 cua vi trung, phén rd phong

h cua vat thé hay su hut dién

. ... R4t nhiéu gido vién

toan hoc. o ch

Ién thm phang dung dimg c6 hinh dang xdc

(ﬁ du nhu céi bé trén song, v cua tau thuyén).
Trén hinh 1 la tém pha"'ng dirng chiu dp luc cia
chat léng. Muc ciia chat long tring véi truc Oy.
Luec tac dong lén khodng cé do dai [ va chiéu cao
nhé dx bang dF = pgx-1-dx, trong dé pgx ld dp

sudt ciia chét long c6 mat d@o p lén chiéu siu
m QO % E ~

x, g =9.80665 — la gia toc roi nr do. Nhu vdy
C

dp lyc cua chat long Ién toan bé tém phang btfng

tich phan

T e Th
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B e S, )
Gid st tdm phang dimg c6 hinh dang
voi day la a trimg véi muc nude, chiéu

n gidge la h (h.2). Tir sir dong dang ciia

suy ra ty lé %= hh . Tirday ta co

—Xx
L(x)=a|1-2|.
(x)=af1-%)
cc theo cong thire (1):
VA.L a

!,: I,.‘_ T"‘---"" .

digntich 5, =L,

Bai todn 2. Gid si bién ciia tém ban la parabol

dang y’=a{1—%} (h.3).

Vil=2y=2q. Jl—% nén ta phdi tinh tich phén

h
F=2pgaIx 1—%dx

1
hay = ZpgahZIIVI —tdt.
0

Bién doi ta thu dwoc

it = [J1=y a(1-0)- [Nt (1-1)

e
-

8
Nhuwe vay F=I§'P‘g'a'h2-




ap luc i vay & ban
nh ap luc 1a rit don gian Vi vay ép luc bang

o 2

i V F:-—p-g-a b

pg— (3) 3
2

thé tron xoay xung quanh truc Oy
ai tim tich phan don gian hon dé tinh

X

Hinh 4

Cong thire () 1 cong thize tong quat. Ban doc:
2 hon mgt cdch ré rét. D¢ Khé ning Sng tao cao ¢

6 thé két lap mot series
on xoay, ta sé su dung

Véu dién tich ciia tiét
thé bang mdt phang
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Nguyén li Dirichlet (Johann Peter Gustav Lejeune
Dirichlet, 1805-1859, nha todn hoc ngudi Duc)
hay con goi 1a nguyén li nhung chiéc 16ng nhét
cac chu tho hodc nguyén li chudng bd céu, dugc
Dirichlet phat biéu dau tién vio nim 1834 va nd
c6 rit nhiéu img dung quan trong trong hau hét
céc linh vuc khac nhau cua toan hoc, dac biét la
trong li thuyét s5. Pay 1a cong cu rat hitu ich va
khong thé thiéu khi gap nhing bai toan ma céc
phuong phép thong thudng khong mang lai hiéu
qua. Loi thé cia nguyén li Dirichlet 13 ta c6 thé chi
ra sy ton tai cua mot doi trong ma khong can quan
tdm dén tinh chét cua d6i tuong 6, nhung trong
thuc té nhiéu bai toan chi can chi ra sy ton tai la
du rdi. Nguyén li Dirichlet thuc chét 1a mét dinh li
vé tap hiru han. Trong bai viét nay, chung toi su
dung nguyén li Dirichlet nhu la mét phuong phap
giai toan lién quan dén viéc tim gia tri 16n nhét va
gia tri nho nhét trong cac bai toan sb hoc, s6 hoc -
t6 hop ma it dugc dé cap ti nhiéu trong cac tai
liéu boi dudmg hoc sinh gioi.

1. NGUYEN LI DIRICHLET CO BAN

Cho k va n la hai sé nguyén dicong bat ki. Néu it
nhat kn+1 déi neong (k 21 khong nhat thiét hiru
han) dwoc phan b trong s6 n hép, thi mot trong
50 cac hop phai chira it nhat k +1 déi teong.
Chirng minh. Néu khong c6 hop nao chira k +1
hodc nhiéu hon dbi tugng, thi moi hdp chira nhiéu
nhat k d6i tuong. Diéu nay din dén tong sb céac
ddi tugng dat trong n hop c6 nhiéu nhit kn , mau
thuan.

Cé nhiéu céch phat biéu khac nhay vé nguyén li
nay, chang han, cach phat biéu nhu sau:

« Néu nhét n + 1 con tho vdao n chiéc fmm thi bao
gi0 ciing co mot long chira it nhar hai con tho,

e e S _—“.\

Zr NG DUNG NCUYEN Ly pinscrer
~ | TRONG CAC BAITOAy gyg

~ NGUYEN cU'U HUY
——— k__(T"“mS THPT Thai thén, Dd Nt?ng) ,

e Cho S la tdp Ahouu ,0”2 va gid sic S, Sp0sS
la  mot  phap

hoach  cua S (ure  la,
Sl US_* "'US” :S

va S N S =@ voi i#])
Neu a,a, i ¢4 2 in bié

U a, | la cde phan ni phan biét trong

S thi co mot | <1 ; i ]

not kell,2,...n} sao cho it nhit hai

trong so cac phan nr nay la thuge S £

2. NGUYEN Li DIRICHLET MG RONG
Nguyén li Dirichlet thir nhat. Néu m doi nrong
dwoc dat trong n hép, thi it nhit mét hép chira

m—1 . .
]: }-Fl hodac nhiéu hon doi tuong, trong do
"

[.\'] ki hiéu la so nguyén lén nhdat nho hon hodc

bang x.

Chirng minh. Ta chimg minh bang phan chimg.

- s [m=1] .
Neéu moi hép chira nhi€u nhat [m } d61 tuong,

n

thi tong sb cac d6i twong sé nhiéu nhat la

n[m“ngn-m_l=m—1. Diéu nay 13 mau
n n

thuin vi ban dau sb doi tugng co tatca la m .

Hé qua 1. Gia s m,m,,..m, la n s6 nguyén
duong. Néu m, +m, +---+m_ +1 doi tuong duoc
dit trong n hop, thi hop thi nhat chira it nhat

m, +1 doi twomg, hodc hop thir hai chira it nhat

m. +1 doi neong. ... hoac hop thir n chira it nhat
m +1 doi teong.:
Chirng minh. Ta chimg minh bang phan chimg.

Néu hop thir nhat chira nhiéu nhat m, ddi twong,

va hop th

va hop thu 7 . ! N ,
. cac d0i tuong s€ nhiéu nhat

& hai chia nhiéu nhdt m, déi twong, ...,
chira nhiéu nhédt m, ddi twong, thi

téng SO

. TOA
ﬂ%ﬂheﬂ?ﬁﬁ@cﬁ@@g




- A N \ X i s
my + M+t m . Dicu ndy 13 may thydn vi SO

‘ - r A ” \
do1 trong co tat ca 13 m +m, +otm 41,
Nguyén li Dirichlet thy hai. Néy m 44 tirong
diwcoc dat trong

[m]
|

n hop, thi it nhas mét hgp chua

| hodc it hon déi fiong.

J
Chimg minh. Ta chimg minh bing phan chime.

Néu mdi hép déu chira nhidu hop [1’1} dbi twong,
n

) . ., z m . :
tirc 1a chira it nhat [—} +1 d6i tugng, thi tong sO
n v )

>n-—=m.
n

Vi ta bat dau véi m ddi tuong nén didu nay 1a
khong thé.
Hé¢ qua 2. Gia sir m,my,...m

cac dbi tuong sé it nhat 1a n[{ﬁ'_} 5 1] m
n

la n s6 nguyén
diong. Néu mo+=m,+--+m -1 doi twong dirgc
dar trong n hop. thi hop thir nhér chica nhiéu nhét
m, —1 doi neong, hoac hdp thir hai chira nhiéu
nhat m, =1 doi tweong, ..., hodc hop thir n chita
nhiéu nhat m, -1 doi tirgng.

Chirng minh. Ta ching minh bing phan chimg,
Néu hop thir nhét chira it nhat m, dbi tuong, hop
thir hai chira it nhat m, dbi tuong, ..., va hop thir
n chira it nhét m, dbi tuong, thi tong sé cac dbi
tuong sé it nhat la m o+m,+-o+m,. Diéu ndy 1a
ddu ta chi «¢co
m +m,+...+m, —1 dbi tugng.

D¢ giai mot bai toan bang cach sir dung nguyén li
Dirichlet ta cén thyc hién cac budc sau:

Buéc 1: Tim hiéu dé bai, x4c dinh hai doi tuong
cla bai toan. S5 lugng mdi ddi tugng trong gid
thiét cia bai toan dang nay la cdc sb nguyén
duong.

Budéc 2: Xay dung thuit giai: _,
- Tién hanh phan chia céc déi twong trong gia thiét
o8 bai toén thanh hai tap hop cac déi tuong {4},
{B}. Pay 1 buoc quan trong nhat cua tién trinh
8idi todn. Viéc phan chia nhy vy thuong dya trén
tinh chit ciya timg loai yéu t4.

miu thudin vi ban

TOA
36 . m(écé S& 532(10-2021)

_ X4c dinh va so sanh sb ph’f'“m fu Cfia moi tap hop
{A}, {B}, tap hop nao co sd -phan 0 16n hey
duoc chon lam “thd”, tap hop kia d’uc_)'c chon lim
”lé:ng"- Néu trong bai toén dang xét ta da chj r,
duoc bai tdp hop cac do1 twong twong ung v,
whe” va “long”, thi bai toan duoc gidi quyé
xong.
3. MOT SO THI DU
Thi du 3.1. Cho S ={1.2,..,2021}. Tim $6 nguyén
dirong lon nhat n sao cho ¢é ff?éf tap ¢ on A gém n
phan tw cua S ¢6 tinh C/{(ft: Tong cua bat ki hai sé
trong A la khong chia hét cho hiéu cua ching.
Léi gidgi. Gia sit M ={3k+1/k=0,1,..,673}, thi
McS,M#S va|M|=674 (Chuy: Ki hiéu ||
dé chi sb cac ph?ln tir ciia tdp X). Vi hiéu cua bit
ki hai s thudc M 13 mdt bdi cia 3 va tdng cua
bat ki hai s6 thuge M khdng 12 bdi cua 3 nén téng
cua bat ki hai sb trong M 1a khong ch’ia l{ét cho
hiu cua chung. Vi vay gia tri 16n nhét can tim
khong nhé hon 674. Tiép theo, ta gia su tap §
dugc phan thanh 674 tip con nhu sau: {L2,3},
14:5,6},{7.8,9},...,{2017,2018,2019},...,{2020,2021}.
Ta ldy bit ki 675 sé tir S, thi theo nguyén li
675-1
674
cung t4p con va higu cia chiing khéng vugt qua 2.
Gia sir hai 86 13 4 vab,a>h Néua-b=1,thi
@+b chia hét cho a—p. N&y a-b=2,thi a va
b 14 clng tinh chin 1¢. Khi d6 g+ b 1a chin, do
dé a+b cling chia hét cho 4 — b. Vay sb nguyén

duong 16n nhét cin tim la béng 674 .
Thi du 3.2, Cho § =

Dirichlet, ¢c6 it nhat [ }+1=2 s6 thudc

Loi gidgi. p3t 4 :{keS,glk}; 4, ={keS3|k};
K}

4={kes,5/k}; 4, ={kes,7

va
L 1Y, 04 v
Khi d6, ta cg. A Uy
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4140141934 =36, 14 =0,
fA 0/1'21346’ Al ﬁA3|=285 -Al mA4|=20,

1
|AmA3|=18,AmA4I=13, 4,N4|=8,

=9,|4, N4, N 4,|=6,
A4, N4 NA]=2,

JA[mA20A3
|AlnA3nA4|=4,
]AlmAzﬁA3ﬁA4|=1.Dodé:

|A|=(140+93+56+40)
,(46+28+20+18+13+8)+(9+6+4+2)-—1

va; \,26265 s6 thy y (361 mot khac nhau) ca 4, ta
ddu co thé tim dwoc it nhét 2 sb ¢ trong cling mot
tip 4, (1<i<4) va hai sd trong cling tip A, nay
(5 rang 1a khdng nguyén t§ cung nhau, Do véy s6
n cin tim phai 16n hon 216. Ta s& chimg minh
n=217 thoa man bai toan da cho.
pit B, = A\{2,3,5,7}
32={112,11-13,11-17,11-19,11-23,132,13-17,13-19},
P=S\(B U B,).
Taco |P|=|S|—|B,|-|B,| =60 va P chirasé 1 va
it ca cac sb nguyén t6 c6 trong S. Xét tap hop T
tly y chira 217 sé. Néu [T~ P|>5 ta c6 ngay
diéu phai chimg minh. Vay chi cin xét truomg hop
khi |T ~ P| < 4. Khi do:
T A(S\P)[2217-4=213.
D'iéu ndy chimg to rang tir tip hop tt ca cac hop
S0 trong § (tat ca gdm |S\ P| =220 s6) ¢6 nhiéu
nhitla 7 6 khéng nam trong 7 . Pit:
Ml={2-23,3-19,5-I7,7-13,11-11},
M,={2-29,3.23,5.19,7.17,11-13},
M3:{2-21,3129,5-23,7-19,11-17},
M4={2-37,3.31,5-29,7-23,11.19},
Ms={2-41,3-37,5-31,7-29,11-23},
6={:z-43,,3-41,5-37,7-31,13-17},
1={2:47,3-43,5.41,7.37,13.19)
=

2

22,32,52,72,132},

5 rang M. 3
RO 0B M SS\P (1=1,2,...8) va moi phin ti

;Zy;:? lid(;;i:ir;itl :guifén té cfmg’ nhau. Thec')
iy(14y £8) sag Cfl(; ;/1011 ekl Chl Sqﬁ.

‘ i ©T . Ta dugc diéu phai
chirng minh,
Thi dw 3.3, Tipe 55 nguyén dwong nho nhdt k sao
cho trong tap con péy ki cia {1,2,..,16} voi k
phan i, ¢6 hai 56 phan bigr a,b @é o+ la 56
nguyén to.
Lot gidi. Gid siv M ={1,2,...16) . Ta d& thy tap
con §= {2,4,6,...,14,16} chira tit ca 8 sb chin
khong thoa man yéu ciu bai todn vi v6i mdi cip
s0 a,b€S, a*+5 luén ludn 14 mét hop sb. Do
d6 k phdilénhon § .
Bing cich tinh tryc tiép cia tAt ca cic tong
a +b* véi a,beM , ta c6 thé nhan duoc mdt
phén hoach cia M bao gém 8 tap con, méi mot
té}p con trong s6 8 tip con dé c6 hai phéan tir v&i
tong binh phuong 14 mét sé nguyén t6:
M ={1,4}u{2,3} U{5,8} U{6,11} U {7,10}

U {9,16} L {12,13} U {14,15}.

Theo nguyén li Dirichlet, trong s6 bat ki 9 phan
tir cia M c6 ton tai hai phan tir ma thudc cung tap
con ctia phan hoach. Néi mét cach khac, trong bat
ki tap con voi 9 phén tir cia M ludn ludn ton tai
hai s6 phén biét a,b sao cho a’ +b” 1a s§ nguyén
t. Vi viy gid tri nho nhit cdn tim 1a k=9 . Péy
rgng phén hoach néi trén khong phai 13 duy nhit.
Thi du 3.4. Tim 50 cac phan tuw Ién nhdt cua mer
tdp con L cua {1_2,3,....2023} sao cho hiéu cua
bat ki hai ]Jh(fn tu phén biét cua L la khong hc%ng 4.
Loi gidi. Pit 4={1,2,..,2023}. Trudc tién, bing
iy modulo 4, ta co thé phén tdp 4 thanh

cach 1 .
L, va L,, trong do

bén tap cont Lo>La:
I ={n€A;nzi(mod4)},w’yi i=0,1,2,3.

Khi do trong w0 Lu. Ly, Ly ¢ 506 s6 nhung chi
& 50550 thudc L, Véitap L, ta sap xép tht ca
Ci - A vy

. 56 theo thir tu ting dén, va xét 253 cap dugc

4

ca

TR



tao thanh  boi cic phin gy

(1,5),(9,13),(17,21),, ..., (2017,2021).
Gia st Lo 4 théa man yéu ciy py; toan va L
chira nhidu hon 253 phan tir thuge £, Khi dé,
theo nguyén ly Dirichlet, tdn tai hai phan tu, gid
s la a>b, thudc cung mat cap trong 253 cap
noé1 trén. Kéo theo, a-b=4 may thuin. Mat
khac, wvi {1;9;17;...;2017}cL1, c6 dang 253
phan tr va hi¢u hai phan tr bét ki lugn Khac 4
nén L c6 the chira toi da 253 s thuge L, . Tuong

cua NoO

tu, ta cling chi ra dugc L ¢co thé chira téi da 253
sd thuc méi tap hop L,,L,L,. Tix d6 suy ra sb
phan tir 16n nhét cia L ¢6 thé ¢6 1a 4253 = 1012
Thidu 3.5. Tim 50 nguven dicong nho nhéat m sao
cho vi bat ki cac ap con m - phan tu W cua

X= {1,2,....200]:. co hai phan te u va v (khong

nhat thiét phan bicr) trong Wma u+v=2" véi s6
nguyen dwong n nao do.
Loi gidgi. S6 nguyén duong nho nhit cin tim la
999. Cach tiép can cua chung ta la chia tip X
thanh cac tip con don (c6 kich thudce 1) va céac tap
con d6i (co kich thude 2) vai cac tip con don chira
cac 0y thira cua 2 va cac tdp con déi c6 dang
{u,v}véi u+v=2", trong d6 n la sd nguyén
duong nao d6. Ta bét dau tao thanh cac tap {u,v}
ma u +v=2048. Bing cach thuc hién giam dén
cac s6 d6i v&i w =2001 dén 1025, dé hinh thanh
cac tip doi

{2001,47}, {2000,48},..., {1025,1023}
va ltic nay tap don 1 {1024} . Sau khi sir dung het
cac sb lén hon 64, ta lap lai quy trinh voi
u+v=6413a liy thira nho nhat cua 2 va ldn hon
46. Lin nay ta nhan dugc:

{46,18}, {45,19},..,, {33,31},{32}.
Tiép tuc theo cach trong tu bit dau tr 17, ta tao
thanh {17,15} va {16}. Cuéi cung, bét dau véi 14,
ta nhén duoc: {14,2},{13,3},..,{9,7}.{8}, véi {1}

12 tap cudi cung.

& crumm . S& 532(10-2021)

Tiép theo, Xx€t bat ki tdp con W X v

| =999 - Neu bét ki trong s cc t4p don my ,
da tao thanh (1,8,16,32 va ‘1024 ) 1a thuge w g,
ta co ngay hai phﬁn tr {béng nhail) cia W g
téng 1a mét [y thua cua 2. Mit khic, 1 o

_2_(19_1_:_5_ — 998 cac tap doi, va néu ca haj phén tiy
2 o
ctia bat ki tap déi 1a trong 7, mot 1an nita ta Iy

¢6 hai phin tir ma tong 1 mt [y thira cva 2., Ky
d6 theo nguyén li Dirichlet, thi m =999 .

Van d& con lai 1a chi ra mot tdp ctia S ¢6 kich
thude 998 ma khong co hai phan tr c6 tdng 13
mét lity thira cua 2. Ta thuc hién di€u ndy bing
cich dat phan fir 16n nhat cia mi mot tap doi
trong S, tirc la, dit:
S, ={9,...14}, S, ={17}, S, ={33,...,46},
§,0={1025,..,2001},ta ¢6: S =S, US, US, US,.
Dé ding thay ring néu ueS,,veS,,j<k,tacé
2 <u+v<2"', trong khi d6 néu j=k, thi

2 <u+v<2"? Nhu viy, khéng c6 hai phan tir
cia § ma téng la mot 1y thira cha 2 (dpcm).
Thi du 3.6. Cho tap X gom 56 phan tw. Tim s6
nguyén dicong nho nhat n sao cho véi bat ki 15 tdp
con cua X, néu hop cua méi 7 1ap trong s6 cdc tap
con ndy chira it nhat n phd‘n tw, thi ton tai 3 trong
56 15 tdp con ma giao Ia khéc rong.
Loi gidi. Gia tri nh6 nhét cAn tim cua n 13 41.
That vdy, truee hét, ta chimg minh rang n =41
thoa man diéu kign. Gia sir tn tai 15 tap con ctia
fn}gz :‘:a rnf)i 7,t5.“lp ‘trong sb ;S tdp con nay c'hl'la
) phan tw, va khong ton tai 3 trong s6 15
tap €On ma giao 1 khac rdng,
}[51:201 Phén tu fﬁa X chi c6 thé thu(f)cq2 trong s6
2 *F CON (Vi néu nguoc Iaj thi ta c6 thé thém mot
SO Phan ti nitg vag war i . O £ e
con va diiy iy ‘(:gcac(; 'tap nao doAtrong s’o 15 tap
S Tang m3; phap t.f (&) cho it fa ¢ the £
6 15 8D con. Theg paeg s iR 2 o0k
mét tap trong s-(“') 15e0-nguyen li Dirichlet, thi co
tap con (gia sir d6 1a tap 4)
sao cho |A[_>_[_%_§_§:_l_ . X
15 ]+1=8. Gia sir 14 tdp
con lai I3 A,,Az,‘ 4

g

https://tieulun.hopto.org




Gia su 1 1a mot tap con c6 7 phan tir cud tap hop

{1-2;...;14}, ta ki hiéu W:{UA;}- Goi y la

iel
tong sb phﬁn tir cua tat ca cac tap hop thuéec W.
Theo gia thiét phan chung, Mol tap hop
w=J4eW oo it nhit 41 phan ti nén
iel
C’. Véi mdi aeX, néu agd thi a
oA, Vi

yz 41
thugc ding 2 trong s6 cac tap A, 4,
viy a duge 8ém CJ, - C; lan. Néu ae 4 thi a
chi thuéc mot tap trong s6 cac tAp A, Ay, Ay-
Do dé a duoc dém C7, - C7, 1an. Tix dy suy ra
41, <y <(56-|4))(Cli - cr)+l4(cl - ch)
=56(C], - Ch)-4/(Cl - Ch)
<56(cl, - C},)-8(C} -CL),

tirc 13, 140712 < 140448, mau thuan.

Tiép theo, ta chimg minh n>41.
Néu n<40, gia st X ={1,2,...,56} , goi

A={i,i+7,i+14,i+21,i+28,i+35,i+42,i+49},i=17
B ={j,j+8,j+16,j+24,j+32,j+40},j=18.
Ta dé dang thiy ring

|4]=8,i=1,7, A,.r\Aj|=0 (1gi<j<7);

|BJ| =Thf= 1’_8’

B nB|=0 (1<i<j<8);
4B |=1 (12i<7,1<j<8).

V6imdi 3 trong s 15 tap con s& c6 2 tap ma ca

haild 4 , hoic ca haila B ;- Vivly giao cua 3 tap

la f@ng. Nhung véi méi 7 trong s 15 tap con,
chang A A s d, va

Bf| ’sz ’""Bjr (S ti= 7)’ ta co:

han,

4,0 4, U4, UB, UB, ...UB

1y

=|Af||+|At1|+"'+|A,-"+

BJ| +‘Bh|+-“+lBﬂ[_Sr
=83+7t—st=8s+7(7—5)—5‘(7—5)

=(s-3)? +40> 40, Do dé n>41.

Vay gi4 tri nho nhit 13 n=41.

16 bgi dicomg oy

Thi du 3-7. KI’ h A

¢ 1 v ¥ 5
A g Ay o S(n) la long cua tat ca cac chir
SO cua m()t S0 nguy’\ )

o 003,
{‘ O;f;i"x];?cslgét ta cc':: mot s§ nhan xét sau: ‘
L hguyén dirong nho nhat m ma
thoa man 10" = (mod2003) 14 1001 .
That vay, vi 1001=‘-7-11'13 , cac wdc duong cua
1001 13 1,7,11,13,77,91,143 va 1001. Pé ¥ ring
10% =1(med2003) va do o, néu & 13 sb
nguyén nhd nhit sao  cho
10" =1(mod2003), thi & phai 14 mot ude duong
caa 1001, Bing c4ch tinh truc tiép, ta co
10',107,..,10' tit ca khong ddng du véi 1 bdi
(mod2003).
e Nhin xét 2. Khong tén tai mot bdi duong ciia
2003 md c6 dang 10° +1 v&i ke N.
Thét vay, néu khong nhur vy, tirc 13, c6 ke N sao
cho 10* +1=0 (mod2003) thi 10* =1(mod2003)
va theo nhén xét 1, 2k 13 mét boi cua 1001. T
day suy ra ring & chia hét cho 1001 (do UCLN
(2,1001)=1) va vi theo
10* =1 (mod 2003), méu thuan.

duong

vay  kéo

o Nhin xét 3. Tén tai mot boi dirong ciia 2003 ma
6 dang 108 +10" +1 voi k,heN.

That vdy, xét 2002 cac sé nguyén duong

al,...,awm,bp---abmm! trong 46 a,,b, lan luot la

céc phin du cua phép chia cia 10 va —10° -1
cho 2003. Taco 4, #0, b, #2002 va theo nhin
xét 2 cung co6 a, #2002,5, #0 vOi moi
k=11001. Vi iy tat ci cic S0 a,.b, may I3
thuéc tap {1,2,...,2001}. Theo nguyén li Dirichlet,
hi co hai s6 bang nhau. Hon nra, g, #a,.b, 2 b,
1<i<j<1001 ma g, =a,

1<j-i<1000 va

vi nguoc lai néu voi
hodc b=b; thi
;10 =10 (10" —1)=0 (mod 2003)

(mod2003). Piéu nay mau thuin véi

10 hay

lof'f El

ﬁ;gg;#%@@ww =




phan xét 1. Vi vay c6 k, ke {1.2,..,1001} sao cho
a, =b, , hay 10 +10" +1=0 (m0d2003)_

Bay gi¥ trd lai bai toan da cho. Gia s ;13 mét
boi duong cia 2003. Ta d€ dang thiy ring m
khong c6 dang 10° va 2-10° véi k<N Theo
nhin xét 2, ta 6 S(m)>3.N6i mot cach khic,
néu Ak eN thi S(10° +10" +1) =3 va theo nhan
xét 3, ton tai mt bdi duong m, cua 2003 sao cho
S(m)=3. Nhu vdy gid tri nho nhat cua
S(m)=3.
Thi du 3.8. Cho tap X = {1‘2.3.....15}, Ky hiéu M
la ujp’ con cua X H'ma. man dicu kién: Tich 3 ph(i'n
e bat ki cua M .(?‘(;H‘ khong phai la sé chinh
phwong. Hay tim so phan tie lon nhat cua tdp M.
Lai gidi. Ta coi bg ba phan t cia tip X véi tich
14 50 chinh phuong nhur 1 mét b xdu. Chia tap X
thanh 5 tdp con roi nhau:

M, ={1,49}.M, ={2,6,12},M, ={3,5,15},

M, ={7,814} ,N ={10,11,13}.

Cac bo ba trong mi tap M, déu la nhimg bd x4u.
Néu [M|>12 thi it nhat hai trong sb 5 tap con
trén 14 tip con cua M . Khidé, c6 i d¢é M, c M .
Do viy, ¢6 it nhat mot bd xau duoc chira trong tap
M .Tudésuyra [M|<11.
Néu |M |=11 thi phai c6 mét trong nidm tdp trén
la tip con cua M. Boi vi M, khong thé chira
trong M véi i=1,4 nén Nc M. Tir d6 suy ra
v&i méi i =1,4, c6 dung hai phan tir cia M, thudc
M ().
Tiép theo, vi N = M nén 10e M. Khi dé cac tap
con {1;4;9},{2,5},{6;15},{7;8;14} la roi nhau va
khong chita trong M (vi {2;5;10} va {6;10;15} la
céc b x4u). Lic nay,
* Néu 3 hoac 12 khéng thuc M thi tir (1) suy
ra ba trong bén s§ 2;6;5;15 thugc M . Khi do,
theo nguyén 1i Dirichlet ta ¢c6 mot trong hai tip
hop 1a {2;5) hoic {6;15)} chira trong M, mau
thuin,

TOAN
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Néu3 va 12 déu thugc M thi cling theo (1) gy

— 9} c6 hai phan tir thudc M , do dg py
ra tap b

chira it nhét mot bd xau,
tap M={1,4,5,6,7,10,11,12,13’14} o’

Xeét : oy \
_ 10, Khong co ba s0 0o tr tap M1 mgt by

] e
ba x4u. Nhu vay, s6 phan tir 1on nhat cia tip M

Ja bang 10. | —
Thi du 3.9 Cho 5 s0 ngu)r‘éﬁ phfzn lz:et,‘ xét ,1(}
picu diroc 1ao bhoi cdc c'c,?p_ c'fm fac.' $0 nay {d‘éJ;:
nflug mét s6 hi¢u nay "é thé la bang ljhau). Tim so
‘ ) nhat c6 thé cé dé chia het n’ch‘ cua 10
5 s6 nguyén da cho ban dau.

mau thuin. Viy \A/[] <10,

nguyen o '
hiéu nay, bat ké
Loi gidi. Néu nam s6 nguyén l1a 1,2,3,4,5, thi tich
ctia mudi hiéu 1a
IxIxIx1x2x2x2x3x3x4=288.
Bay gio gia sa cho nam s6 nguyén Phﬁfl biét
a,b,c,d,e. Ta s& chimg to 288 la gia tri can tim
dé chia hét tich P cta mudi hiéu dugc tao bdi cac
cip clia cac sb nay.
Truée hét, ta s& chimg t6 ring 2° 13 mot wdc cla
P . Theo nguyén li Dirichlet, cé it nhat ba trong sb
nam so, khong mit tinh tong quat, ta goi 1a a,b,c¢
14 ddng du modulo 2. Mot lan nira lai theo
nguyén li Dirichlet, c6 it nhit hai trong sb cac sb
nay, ta goild @ va b la ddng du modulo 4. Do
46, tich |a—|x|a—c|x|h—c| tao thanh nhén ti
2° cho P.Néu d va e Ia déng du modulo 2,
thi nhn tir |4 - ¢| tao thanh mot nhan tir bd sung
2 cho P. Nguoe lai, néu d va e 1a phan bict
g:ﬁ:k; 21 ;hdiél:hi 6 if.nhét mdt trong sb chung,
3 d gdu véi a,b,c modulo 2. Vi vy
iéu |a~d] tao thanh mot nhan tr b sung 2 cho
P.Do do, p chia hét cho 2° '

nam sb khong irichlet, it nhit hai trong so
30, mat tinh ,
la dong dy p, tong quat, ta goila a va b

0 b r r A
ching, khﬁng il ?” th} It nhat mét trong SO
ttinh tdng quat, ta goi 1a ¢, 12
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g du voi a va b modulo 3. Do d6, hiéu

D
o a-c| 1o thanh mét nhan tir bd sung 3 cho P.

Ngu-qc lai, néu ba s6 con lai 1a khong phan biét
modulo 3 thi theo nguyén li Dirichlet chic chin
¢ hai trong sb ching, khong mét tinh tng quat,
ta gOi lac vad,la dong du modulo 3. Vi vay hiéu

I‘”dl tao thanh mét nhén tir b sung 3 cho P. Do
46, P chia hét cho 3% Vi P chia hét cho ca 2° va
32 ma 2° va 3’14 hai s nguyén té cing nhau,
nén P chia hét cho 2° x3? =288 . Vay sb nguyén
6n nhit cAn tim 13 288,
Thi du 3.10. Cho tdp M gom 2003 s6 nguyén
duwomg phan biét sao cho khong ¢é sé nao trong
chiing ¢6 woc nguyen to lon hon 23. Ching mm‘h
rang M chira it nhd{ mot tap hop con gom 4 phan
e ma tich cua 4 phdn tur nay la liy thira bdc 4 cua
mol S0 nguyen.
Loi gidi. Vicd 9 sb nguyén té khong 16m hon 23
la: p=2,p,=3,p;=5p,=7,ps=11,p, =13,
p,=17,p, =19, p, = 23. Vi thé trong mbi phan tir
k cua tap hop M (tir gia thiét) déu c6 dang:
k=p-py-p (%),
¢ ddy k, 1a cac sé nguyén khéng 4m véi moi
i=1,9. V&i mbi phan tir k cua tap hop M ta gan
trong img véi mot diy (xl,xz,...,xg), trong d6
x,=0 néu sd mii k, cia p, trong (*) 1 chin va
x, =1 néu k, 1a 1é. Tap hop cac day (%1, %5000, )
trong d6 x, =1,i=1,9 gbm 2° phian tir
Theo nguyén 1i Dirichlet moi tdp hop con chira
khf)ng it hon 2° +1 phén tr cia M chira it nhat
bai 6 nguyén phan biét, ma ta goi chung la a,,b,,

trong @6 a,b, cung {mg véi mot day
(*,%,,...,x,) nao do, tirc 14
5 a = p 'pzz"’p;q’b1=p:‘l'p§2"'p;q'

O a,b cing ing véi mét diy chung

X, A : r 3 ’ = At
( bX2-s X ) nén k Lk co cung tinh chan ¢ voi

MO =19 Tir d6 ta co:
ab, = pf"*; -pi‘l""i

Pt =2,

M, thi con la 2003 _

Ap dung n
guyen |4 DmChlet mot lan nira va tlep

tuc ldy di nhimy
"8 c3p nhy thé cho dén khi con lai
2 +1 SO u‘ong M

pé y rang 2003>3(

=2>2°

2 +1) (vi 3(2° +1)=1539),
nén ta ¢6 thé 1y 4 29

+1 cip (a,b), luc @6 so
con lai cua pf vin Iy

2003-2(29+1)=977>513=29 +1.

. 9 ¥ 14 s x
Xét 27 +1 cap lay di (tmg véi méi cdp a,,b ) ta

6 )= 2 4 e ~ A
C a,b, G . Ta co C = fa‘_b'_ . So6 ¢ khong thé

chira cac thira 50 nguyén té khac Dy Pysees Dy (dO

cac a;,b, ciing nhy viy). Vi vay lai theo nguyén li

Dirichlet thi tjp tai it nhat mot cip (c,.,cj) sao cho

g2 g v A A
¢:c; =d”,v6i d 1a cac sb nguyen, suy ra:

4_ 2 2
d"=¢ ¢;=a,b-a b (dpcm).
Thi du 3.11. Ta noi rang mér 1ap cdc s6 nguyén
duong S dwoe goi la tot néu c6 mot ham
S N>S sao cho khéng ¢6 s6 nguvén k véi
(x) -
—— Tim
I &
Y/ \_1')

Sao

2<k <2017 c6 thé dwge viét thanh X

$0  nguyén diwong n  nho nhat cho

S:{I,BOI?,EOM” ....3017”;‘/& 161, hodgc chimg
minh rang khong ton tai 6 nguvén nhir vdy.

Loi gidi. Ta khing dinh 2=10 13 gi4 tri nho nhét
can tim. Thét vay, ta nhén thay tip S khong thé 1a
t5t voi n<9 va dé ¥ trong truomg hop nay
|S| —n+1<10. Theo nguyén li Dirichlet, hai
trong sb cac 56 1,2,2%,...,2' ¢6 cing anh boi f .
Néu céc gié tri ndy 13 2' v& 27 véi i<, ta dat
x=2 vay= 2' thi ta nhéan duoc:

i)

) =2"", 1a mo6t s nguyén nim

A (x) 20
w0 270

glll'a 7 va 210 =1024.
Tiép heo 12 muon xdy dung mdt ham [ voi
ié

_10.Ki piéu g(k) 1a sb cia cac sé nguyén tb

samioion® TRERPOP




trong phan tich nhén ti cha & , dugc tinh bei phép
nhan (chzing han, g(2"3”)-—a+b) Thé thi ta
thdy rang chi duy nhit s§ nguyén duong vOi
g(k)=0 138 k=1, va s % nhd nhét VoI
g(k)z1l 1 k=2"=2043

1< g(k)<10 véimoi 2<k<2017.

Khi do6

Dé y ring g(2017)=1 va g(2017) =k vi 1
va 11 1a nguyén tb cung nhau, pép cac s0
g(l),g(zon),...,g(20171°) ¢6 cac phin du khac
nhau khi chia cho 11. Véi moi n,chon f(n) ti
S dé g(n)+g(/(n)) 1a chia hét cho 11. Theo
céch nay, néu yf (») chia hét xXf(x) véi x va y
nao do6. thi ta co

(;ﬁ ;J=g(x)’f(f(x))—(i(J'Fg(f(y)))

chia hét cho 11

chjaﬁcho 11
12 chia hét cho 11. DPac biét, xf(x)

W (»)
mot s6 nguyén nim gita 2 va 2017.

khéng thé la

Thi du 3.12. Cho n va r la hai sé nguyén duong.
Tim 56 nguyén dwmw nho nhdt m thoa man diéu
kién sau: voi méi cach phan tdp {1,2,..., }flzanl;r
r 1ap con A, 4,,..,

hai s6 a va b trong mét tép con 4 (1<i<r) sao
1

a
cho 1£—<1+—,
n

Loi gidi. Ki hiéu gia tri nho nhat cua m 13 m,
(gid tri cia m, c6 thé nhan dugc tir phan tich dudi
day). Piat
4; ={i]i=j (modr),ism} (j=12,..,r). Thé
thi véi bat ki hai sé a,b trong mot tap con voi
a>b,tacod b<a-r<m,-r.Nhu viy

a a-5 r
—=1+ >1+
b b m

Gia s rang m<m,.

o —F

n
di€u kién trong cay ho khéng thé dang. Tiep theo,
vQ1 M=my=nr+r, xét (r+1) cac soO

3 ’ rs a 1 i
Khi 46 v6i my=nr+7r . ta co g>1+—. Do dé
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A,(A, N4, i@,r’#j),féi: tai

ar AL+ Theo nguyén li DH'lChlet 8o
nt,

b saocho a va b déu trong cing tip hop

tai a> b>nr,nén

con. Thé thi @ = —b=r 1

& b<1+££I+L=1+-
1<"‘=1+ b b nr n’

Do do, glé trl nho nhét Cél’l tim cla m 13
my, = nr+r.

Thi du 3.13. Cho n >1 la mét 56 nguyén, k I v8
cua cac nhdn b nguyen to ' phan biét ciia n. Chim, g

F M 2 . A "‘n {én V(j'l 1<a<—+
minh rang ton tai mot so nguy ; |

sao cho n|a@’ —a.

Loi gigi. Gia so n=p" --- p;* 1a phén tich tigy
chuan cua n. Vi p®,..., p* la d6i mdt nguyén t}
cung nhau, nén theo dinh 1i Trung Hoa v& p!'lén
du, v6i méi i, 1<i<k, cac phuong trinh ddng

El(modpi ) ' )
du ,J # i conghiém duy nhat x,
EO(modp )
modulo n. Gia st A%, .5 . Bat
1
S(A) = Zex véi 5 = néux, € 4
0 néurx, ed

Khi doé:
* Néu x €4 thi S(4)=1(mod p*), kéo theo
S(ANS(4)-1) =0 (mod p*).

» Néu Y ed thi S§(4q)= 0 (mod p*), kéo theo
S(A)S(4)=1)=0 (mogq pr).

Viy  vgi moi i<k, ta luén ¢d
SIS ~1)= 0 (mog P’).  Mit  khic,
:: o Pt @61 mot Dguyén t§ cing nhau nén ta
S:’A)li‘o S(4). S -1p=0 (modn). Pic biét
, = (mod n) hoic S(A)=1(modn) khi va
chi khi fi=g = =g, (%),

Dat S =p *

» S, 1a
X+ X, 4. Phan du khong am nho nhit cua

viy § 1+x mOdulo n, r=12,..,k. Nh

0 19«

theo Dguyéy 4 D;

k + 1 CaC SO
»8, 1a thuoc doan [1, n] nén

Iric Chlet, tonta1 0<l<m<k,sa0
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o SisSn cing  nim trong  khoang
¢

n (,fi.l_)f_ ,(0<j<k-1), trong 46 /=0 va
[
m =k 1a khong xay ra mot déng thoi.

n ’ A
Nhu vy, |S{_'Sm|<;. Ki higu y =35,

5, =8, =5,a(r=23,..k). Khi d6
y, =%, (modn)(r=l,2,...,k). Xét cac truong
hop sau:
Néu S-S, >1 thi

a:yh-l +),n'+2 +‘+vm =Sm '—S.; e[l’%J

I3 nghiém cua phuong trinh x* - x =0 (modn).
Néu S, - S, =1 thi
(3 + 22+ 49 F (Vs + oz o+ 2 )
nghia la n](.v;1 +x, +----!-ch)~+—()|:"“l +X,pt+ X, ).
Dé Y ring m >/, mau thuin véi (*).
Néu S, -S,=0 thi nl(y,‘l +Yat Y, )s
nghia la ni (X, +X.,++x,), mau thuin véi (*).
Néu S, -5, <0 thi
a=(y+y,++y)+ (Vs + 4 y,)
=5,-(S,-5,)=1-(S, -5,
la nghiém cua phuong trinh x* —x =0 (modn) va
l<a<l+2
-k ‘ \
Tém lai, ton tai s6 a thoa min diéu kién bai toan.
Thi dy 3.14. Cho § =[1.2,3,4,...,100000} . Tim
gia tri lom nhat cua k sao cho bat ki tap con A cua
§vai |4| = 2021 chira hai 56 phan biét a va b ma
la- bl<k.
Lai gidi. Ta xét cac tap con cua S nhu say:
§, = {1,2,3,...,49,50} ,
%,={51,52,53,...,99,100}
5 ={101,102,103,...,149,150}

S ={99951,99952. 99953,...,99999,100000}

5i {50i - 49, 50; - 48,...,50i}
vO1

y féng S dugc phan
D S,85,
ma |4]=20p) tan’t:-é i.bét,,ki tip con A cua S

’ 4l 1 voi 1<i<2000sao cho

[A'ﬁ S122. Giasg 4.4 ¢ 4 N S, . RG rang ta nhan
thiy |a ~b|

i=1,2,...,2000. bé
ach thanh ¢4, tdp co

, 1549, D chimg t6 49 13 gi4 tri 16m
nhat ¢4 thé ¢4 oy, k

N » ta tim mét tdp con A S
véi |4|=

' 2021 520 cho |q - £| > 49 véi bt ki che
SO phan bigt g p e 4 Goi
A={49j+1: j=0,1,2,...,2020)
={1,50,99,148,...,98981}.
Khi dé 4 1a mpt tdp con ctia § voi |4]=2021 va
|a~8]>49 voi bit ki abed. Vay gi4 tri 16n
nhat can tim 1a & = 49
Thi du 3.15. Xs¢ taip M = {1,2.3,...,9,10} va
A\, A4y, A, la ddy cac tip con khac rong vd phan
biét cua M sao cho JA,. ﬁAI‘S 3 vor moi
i#j (i,je{l,Z,...,n}). Hay tim gia tri l6m nhdt
cuan. . . i
Loi gigi. Trude hét, @€ n 16n nhat thi trong céc
tdp A4,4,,.., 4, phai chira tat ca cic tip con khac
rong vi co6 khong qud 3 phan tr cua tap
{1,2,3,..,9,10}. 86 luong cdc tap nay la
Ch +Cio +Cjy =175.
Goi B, By B, la cac tap con con lai sau khi
loai 175 tap c6 khong qua 3 phan tir néu trén tr
céc tap AI,AZ,...,A,r . RO rang:
n =M 175 V& |B|24,Vi=Tm,

Néu m> C;, thi trong moi '[f_ip hop ’B,,Bz,...,Bm ta
trich ra 1 tdp con co 4 phan tir bat ki va rp rang

s tip pay ciing la tp con ¢6 4 phan tr cua tap
cac tz

hop {1 2,3,..,910}. Do m > Ciy nén theo nguyén
1"DiriChl‘3t ton tai 2 tdp con c6 4 phin tir (gia str
i

3 tap CON B, vd B,) tring nhau. Suy ra

4 an. U va <t
g, B |24 i tuin N iy m s

ﬂ%iﬁti@?@ﬂd{@éﬂgom




Mat khac, trong C; tap con phan biét c6 4 phéﬂ

tr cua M thi giao cua hai tﬁp bét ki luén co Sé
phan tr khong VUot qui 3, thoa man yey i, Do

a6 m., =Cj=210. Vay Mew =175 4210 = 385

la gia tri léin nhét cin tim (cac tap A, A4,,..., Ays
thoa rflﬁn d¢€ bai chinh 13 cac tap con cg khong qua
4 phan tir cia tip M).
Tix bai toan trén ta nhan thiy ring trong trudng
hop tong quat, khi’thay 10 boi n va 3 boi k<n
ta cling thu dugc két qua tuong tr 13
C,+Cl+---+C*
Thi du 3.16. Cho 4 va B I hai 1ap con cua

{i,2.3,...,100} thoa man 14| =|B| va ANB=0.

Néu ne A luon kéo theo 2n + 2€B. Tim gig tri
lom nhat cua |4 Bl.

Loi gidgi. Ta s& chimg minh réng |4 U B| <66, hay
trong duong |4/ <33. Véi muc dich nay, ta chi
can chimg minh r?mg, néu 4 1a moét tdp con cua
{1,2,..,49} véi 34 phéan tir, thi phai c6 ton tai
neA sao cho 2n+2e 4. Ta chimg minh nhu
sau:

Phan chia {1,2,..,49} thanh 33 tap con:
{1,4},{3,8},{5,12},...,{23,48} :c6 12 tap con;
{2,6},{]0,22},{14,30},{18,38} :coO 4 tap con;
{25},{27},{29}....,{49} : c6 13 tap con;
{26},{34},{42},{46} : c6 4 tap con.

Theo nguyén li Dirichlet thi ton tai it nhit mot tap

con v&i 2 phan ir trong sb cac tap hop trén ciing la

mét tap con cua 4. Diéu nay co6 nghia la ton tai

ne A saocho 2n+2e 4.

Mit khac, gia su
4={13,5,...,23,2,10,14,18,25,27,29,...,49,26,34,42,46}
B={2n+2|neA}.

Ta tim dugc ring 4 va B thoa man diéu kién bai

todn va |4 U B| = 66.

4. CAC BAI TOAN TU LUYEN

L. Cho x,x,,...,x; 14 c4c s thuc. Tim sé nguyén

duong 16m nhét n ¢6 tinh chét sau: néu n tong

phan biét nio d6 b dang x,+x, +X, (voi

TOAN
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1< p<g<rs5) i bang o,

..-'_-.xs:o'

thi

X = X, = z ” x di ,

2. Cho m 12 mdt 50 nguyen c0 dinh Ién hop 1,

D.iy X Xy Xpyeer QUOC x4ac dinh nhyu say: X, =2
02*12 72?2

m

< 0<ism__1;x‘_=le_,_j neut?m.Tlmsﬁ
neu V= j=1

16n nhit k dé day chia & sb hang lién tiép chig
hét cho m . ’ ) e

3. Cho k la mot sO nguyen dm’:rng: Tim gid trj nho
nhat cua n sao cho trong sO bf?lt ki n cac sb
nguyén duong t6n tai hai s6 ma tong hodc hiéy 13
chia hét cho 2k .

4. Cho M 1a tap con cua S={1,2,__.,2000} -~
cho hiéu ciia bt ki hai s6 cia M khong phii 13 5
ciing khong phai 1a 8. Ho1 tip M c6 nhiéu nhat
bao nhiéu phan tir ?

5. Gia st x06a n trong  tip
§={1,2,..,2005} sao cho trong so cdc sd con

cac sd

lai, khong c6 sb nao bing tick’l cua hai sé kia.’ Tim
cac s6 nguyén duong nho nhit n c6 tinh chit néi
trén. ’ ) i

6. Ta goi tong cua mdt tdp hop céc sd 1a tdng cac
phén tr cia né. Cho S 1a mét tap hop céc sb
nguyén duong, khong 1ém hon 15. Gia sir khéng
¢0 hai tip con r&i nhau cua S ¢o téng béng nhau.
Téng 16m nhit ma mot tip S vai tinh chit di cho
¢0 thé c6 1a bao nhigu?

7. Chimg  minh vél  moi tip
X = {xnxz,---,xn} gém n s6 thue, ton tai mot tdp

conkhicrong § cia X va mdt s6 nguyén m sao
1

G
n+1

rang

cho m+zs

se§

8: Véi 56 nguyen k,n21, ta ky hiéu 4, (n) cho
so_cac: 0 nguyén duong khoéng gt qua n va
chia hét cho it nhit mot tr
tién; ky higy B, (n)
t d€ n taj mar ra. :
thon i’:r tal mot tap g0m ¢ sO nguyén duong
chongra km " $20 cho trong tap d6 khong thé
nhéu t:,‘mH $0 nguyép duvong nguyén té cung
& A5 mgy Chy '

. Ung minh

Bk(")zAk(")- ®

ong k s nguyén t§ dau
cho s6 nguyén dwong 16n nht

A

rang
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TIENG ANH QUA CAC BA| 14
BAI SO 73

PROBLEM. The graph of y = fix) is
yansformed to the graph of y = fi2x). Describe

jm[;: the transformation.

Solution. If we let £ = 2x, the function y = f{2x)
pecomes y = f{t) which is somehow similar to
y=fx) except the following: the variable x runs
from a to b corresponds to the variable t runs

a b

— to —.
from 7 0 >

Thus the transformation is stretching in x -

direction with the factor %

estion:
Question: Can You draw the graphs of the

t1 =51
functions SIn(x) and = sin(2x) ?

TU VUNG
graph : d6 thi
transform - bién déi
Sully - mét cach day di
transformation : phép hién déi
stretch

s dan

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)
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BAI DICH SO 70
BAI TOAN. Tim 56 hang tiép theo cua day sé
sau: 1: 11; 21; 1211; 111221; ...

Léi gidgi. Day s bat dau véi s 1. S hang tiép
theo dwgc xac dinh tir s6 hang trudc d6 bing
cich doc s theo timg chir sb va doc nhom cac
50 dugc lap lai mot cach lién tiép. Vi du, nhin
vao sb hang dau tién rdi doc mot sb 1, thi sb
hang thr hai cua day 1a 11; nhin vao s6 hang thir
hai cua day rdi doc hai sb 1, thi s6 hang thir ba

Cia day 12 21, va ctr tiép tuc nhu thé, ...

80 hang thr sau caa day sé trén theo quy luat do
14312211,

Liry V. Diy s trén duoc goi 1a day Conway

Nhin g Néi . John Conway 1a mot nha toan

hoc ndi tiéng. Rat nhiéu ngudi da quan tdm dén
day so trén va nghién ctru né mét cach nghiém

tac.

Nhén xét. Cac ban sau c6 bai dich tét, giri bai
vé Toa soan som: Cao Thi Tuong Vy, 11A9,
THPT Duong Quang Ham, Vin Giang, Hung
Yén; Pé Ngoc Tién, 9A3, THCS Lam Thao,
Lam Thao, Phi Tho; Nguyén Phuong Thao,
Nguyg’n Hoang Ngoc, Vian Ngoc Binh, Nguyén
Ky Nam, Truong H6 Bao Nhi, T van T, hi Thanh
1 Toan 1, Tran Duy Anh, 10 Anh 1, V5
Ngoc, 10T2, Nguyén Thi Khénh Linh,

Thir, |
Thj Bao

12 Ton 2, THPT chuyén Quéc hoc Hué, Thira

ub;  Nguyén Hing Cuong, xi Nhon

Thién H
i, TX An Nhon, Binh Dinh.
¥ 1
HO HAI (Ha Ngi)
TOAN HOC

55 sshiitpey/tien
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BAI TOAN 61. M6t diém trong mg phing toa d6
Pé Cac vuéng goc duoc goi la diém hén hop (mived
point) néu mot trong hai thanh phan toa dé cua né la
56 hitu ty, thanh phan kia la sé vé . Tim 16t cé cde
da thitc v6i hé 56 thuc sao cho dé thi cua da thire dé

khong chira bat ky diém hon hop nao.
Loi gidgi. Xét da thic tong quat dang:
P(x)=ax"+a, x""+. +ax+a,
v6i @, e R,Vi=0,n va neN.
Ta c6 cac truémg hop sau diy xay ra:
* THI: n = 0, khi d6 P(x) = ¢, ceR. D& thiy
treong hop nay khong thoa min bai toan (ching
han: v6i ¢ hiru ty thi diém (v/2,¢) thude db thi
cua da thirc, vdi ¢ vo ty thi diém (0, ¢) ciing thudc
db thi cua da thirc).
*TH2: n=1,khid6 P(x)=ax+b, a,beR,a #0.
Trong trudng hop nay ta thdy da thic can tim co
dang P(x) = ax + b, a,be Q,a # 0. Thit viy, néu
x hitu ty thi do a, b hitu ty nén P(x) = ax + b hitu
ty; néu x v6 ty thi do a, b hiru ty, a#0 nén
P(x) = ax + b vd ty. Do d6 cac diém (x, P(x))
khdng 12 diém hdn hop va db thi cua P(x) khong
chira bét cir diém hén hop nao.
* TH2: n > 2, khi d6 yéu céu cia bai toan la tim da
thirc béc 7 > 2 sao cho P(x) nhan gia trj hitu ty Yul
moi x hiru ty va P(x) nhan gia tri v6 ty voi moi x
V0 ty. Ta s& chitng minh khong c6 da thic nio
thoa man cic diéu kién nay.
Ta ¢6 bd d& quen thudc sau: Gig s x € R,x#0,
khi @6 hé co s {1, x,3*,..,.x"} véin =2 o doc ldp
tuyén tinh,
* Xét yéu ciu thw nhét: P(x) nhan gi4 tri hitu &y
Vo1 moi x hitu ty, ta cin chimg minh tat ca cac h¢

TOAN H
46 cl'umot;cL S48 532(10-2021)

P(x) 1a 56 hitu ty. Thit vay, gia sit ¢ my

sb cua o .
0<m<nlavoty. Taco:

hé 56 Amy
P)=a, + @y Tty ot O T3, €Q,

P2)=2"4, +3*g . +..+2"a, +...+2a, +a, eQ;

P(n+1)= (n+1)'a, +..+ (n+D)"a, +..+a, Q;

Su dung bd dé trén ta nhén théy co thé su dung

mot t6 hop tuyén tinh véi cac s6 hitu ty P(1), P(2),

oy Pnt 1) dé dua duogc vé dang: a.a, = b voi

didu a,b € Q,a = 0,nayla v ly.

Viy tt ca céc s6 cia P(x) 14 sb hiru ty.

o Xét ydu ciu thir hai, ta chimg minh yéu cau nay

khong thoa mén, tirc 1a voi Va e Q thi
P(x)=ax"+..+ax+a, nz2,a e Q,Vi=Ln

Iudn c6 it nhit rp@t nghiém hiru ty 1,2‘1 sai. That vay

chon m > 0 1a s6 hiru ty di 16m dé tat ca cac

phuong trinh sau ¢6 nghi€ém hitu ty &y, b, ..., by
Pb)=ab'+..+ab +a—m=0;
Pb,)=ab; +..+ab, +a-2m=0;

P, )=ab +..+ab,, +a-(n+1)m=0.

D& thily b, by, ..., By khéc 0 va khéc nhau tirng
d6i mdt nén xem h€ phuong trinh trén 4n ai, a,
- @, thi sir dung b6 d& trén va phép khir ta chig
mmh'dUQC @i=ay=..=aq,suyravoly.

Vat tat ca céc da thire cin fim 13 P(x) = ax + b v6i
a,beR,qx(.

Nhin xér, 1y 8idi trén 14 cua ban Nguyén Hing

Cuo 3 "
#0ong, X Nhon My, TX. An Nhon, Binh Pinh. Xin
hoan nghgnp, ban.

NHU HOANG
Sau day 13 ba; ca. 2 :
Y 1a bai tap g3 nghi. Ban doc hiy g 10i giai

& Ta
Y 0% S0a THATT trge ngay 30.11.2021

BAITAP pi: NGH]
Tim tdt cq
(x; ) 520 chy

BAI TOAN g3
. cde ¢ap s nguyén diong

x

:vl

KHANH HO'U (Ha Noi)

https://tieulun.hopto.org
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GIAI DAP: LOT GIAI DA DPUNG CHUA?
(Dé ding trén TH&TT 56 528, thang 6 nam 2021)

Phiin tich sai lam.
Trong 10 giai ban hoc sinh da sai & ché dat:
U=x+y,v=xy
ma quén chua xet diéu kién dé c6 nghiém (x, y) 1a
e+ y) > 4xy hay u* > 4v.
Loi gigi dung. Dat u=x+y,v=xy kh do
x>0y>0u>0;v>0.

o (u+v=m+1
Ta cé: el ¢
uv=m

D& thay hé (*) c6

(u;v) = (m;1);(L;m).
Pé hé d3 cho c6 it nhat mot nghiém théa man
x>0;y>0 thi hé (*) cé it nhit mét nghiém thoa

min #>0;v>0 va u° 24v hay

’(u+v)2 2 4uy '(m+1)2 = e
u+v>0 7 et
$ uv>0 = m>0
254 m<-2,m=2
m° 2
[124m mSl
L 4
mz2
=S 1.
O<m=<—
4

Véy hg c6 it nhét mdt nghi€ém théa méan x>0,y >0
khi 0<m£% hodc m>2.
Nhin Xét. Ban Nguyén Hung Cuong, xa Nhon My,

I;(- An Nhon, Binh Dinh d phat hién dung sai lam va
dvara 16 giai chinh x4c. Xin hoan nghénh ban.

KIHIVI

OTGIAT DA py
, MDADUNG Cpyprpe

ng gic A a .
Trong gi6 luygn tap thay gido ra bai toan:

Tim cuc trj cyig po <2 '
UC Il cua ham ¢4 y=(l+cosx)smx.
Ban Manh @3 01 giai
an Manh & dua ra 15 gia1 nhur sau:
I
Y =2cos’ x +cosx—1
=(2cosx - D(cosx+1);

" .
Y =-2sin2x-sinx;

Cosx=-1] x=r+k2x
y=0& kel
COSX:-Z— x=i§+k2x( Z)

’y”(ﬁ+k27r):0:>hém s6 khong dat cuc tri tai

cac diém x=7+k27z (ke Z).

o y"[—g— + err] = —1\2/——5— < 0= ham sb dat cuc dai
tai céc diém x =-]3E+ k2r (keZ) va

Yop = y[% + k27z’]

4

.yn(_f, + kz,rj =§l2/-‘3— >0 = ham sb dat cuc tiéu
3

» T .
tai cac diém X =~7 +k27n (keZ) va

T
Yer :y[—--g"'i" k27¢'}

33

4

Theo ban Joi gidi trén ding chwa? Néu sai ban
eo

. pirac 1o sai lim va dwa ra loi giai diing.
hay ¢ NGUYEN QUANG NAM
(GV THPT Quy Hop 2, Nghé An)

ﬂt’@ii{/tiéﬁ%@p@




TS. TRAN HUU NAM
12 ThS. HO QUANG VINH

. GS. TSKH. NGO VIET TRUNG.

il
nh cho Trung hoc Co sé
For Lower Secondary School

g dan giai dé thi tuyén sinh vio I6p 10
g THPT chuyén Vinh Phic, nim hoc
2022.

tuyén sinh vao l6p 10 Truong THPT

tho ky thi THPTQG

Todn va Ban qudn tri nhém gido
Nam — Phan tich, binh luin mot

in dung cao trong dé thi tot

B nin Mg W

i - HOI DONG BIEN TAP a9

H CHAU, ThS. NGUYEN ANH DUNG, 75. TRAN NAM DOUNG, TS. NGUYEN MINH DUC, TS. NGUYEN MINH HA,

EN VIET HAL PGS 75 Lf QUGC HAN, ThS. PHAM VAN HUNG, PGS. 7S. VU THANH KHIET,
. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC., PGS. TS. TA DUY PHUONG,
N THE THACH, GS. TSKH. DANG HUNG THANG, PGS, TS. PHAN DOAN THOAL ThS. VU KIM THUY, PGS. TS, V0

TRONG SO NAY

k%{%\ P

Téng Gidm d6c NXBGD Viét Nam

HOANGLEBACH  ...s Ui
Vien truéng Vién nghien ctu Sich vaHLGD
" PHAN XUAN THANH

A

Phé téng bién tip : CN. TRAN THI KIM CUONG
75. LE HONG MAI

€) Giai bai ki trudc
T1/528, ..., T12/528, L1/528, 1.2/528.
Solutions to Previous Problems
@ Dién dan day hoc todn
Hoang Ngu Hudn — Pham Tudn Cuong — Lé

Thi Hwong Giang — Tinh lién mén trong cung
mot bai toan.

@ Phwong phap giadi todn |
Nguyén Ciru Huy — Ung dung nguyén ly
Dirichlet trong cdc bai todn cyc trj.

17
Q Tieng Anh qua céc bai tosn —

Bai s6 73
Bai dich s 70,

0 :;: lich thé 8161 qua cic bai tosn hay - Giai &
104n 61. B2 baj togn 63. |
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TAI' CHI TOAN HOC VA TUOI TRE HANG NAM

5 e | Nam 2010

TAP CHi Kho 19 x 26,5
Gia bia: 99.000 déng

TOHN HOC o B Nam 2011

e AL Khé 19 x 26,5
MnhgmahcsandVouthMagaane IUhEaga: R T e A
Nam 2011 5 , Gia bia: 126.000 dong
4 Nam 2012

Khé 19 x 26,5

Gia bia: 152.000 déng
Nam 2013

Khé 19 x 26,5

Gia bia: 175.000 dbng

1 iy | \ Nam 2014
TAP CHI BRI R e : ‘ Khé 19 x 26,5
ife:\'l: ol TOAN Gia bia: 185.000 dbng
_ G Nam 2015
W——— - ne Kho 19 x 26,5
Nim 2013 ‘, Nam 2014 : X ' Gia bia: 199.000 dong
| Nam 2016

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2017

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2018

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2019

Khé 19 x 26,5

Gia bia: 199.000 déng
Nam 2020

Kho 19 x 26,5

Gia bia: 210.000 dong

TAP CHI
= A L o=
TORN K D,
& CGF

3 = : 3 1 Youth Magazine
Mathematics and Youth Magazine Mathematics and Youth Magazine Mathematics and Yo

Nam 2016 Nim 2017 Nam 2018

TAP CH

TOAN HOC

Mathematics and Youth Magazine Mlthemntlcs.n;d\'uum.ml.g.;;m MOI chi t’et xin lién hé
Nam 2019 N&m 2020 TAP CHi TOAN HOC VA TUOI TRE
pia chi: 187B Giang V5, Ha Noi

e pién thoai: 024.35121606 - 024.35121607

ey « EmapiS i (fimProtitororg
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cUa tdc gid Gs, Ts. -
Sach day 112 trang, khg 17 :24cm, gid bia: 30.000 dong.

chot bac
;rlfuunq trinh dong 0l ve
He phuldnd tnnhdongd
bang dé th

.01 dung cua sach trinh
.| bay phuong phap giai
~ ' bai toan trd choi boc céc
vat, phuo'ng trinh déng du tuyén
tinh, hé phuong trinh dong du
tuyén tinh va phuong trinh dong
du bic cao bang do thi. Néi cu
thé hon: Néi dung cha yéu cua
cudn séach 1a trinh bay thuat toan
xay dung do thi c6 huéng voi cac
cung duoc gan nhan trén bang
chir cai thap phan ma nhén cua
d6 thi nhan duoc chinh 1a tap
nghiém cua phuong trinh hay hé
phuong trinh dong du.

Sach ﬂlf)nl h: *hinh:

Phan tro choi boc cdc vat trinh
bay thuat todn dé nguoi di dau
chién thang bing cach boc duoc
vat cuoi cung (hoac khong phai
béc vat cudi cung).

Phan phuong trinh va hé phuong
trinh dono dw duogc trinh bay
trong bon chucmg cudi cua cudn
sach.

Chuong IV trinh bay thuat
toan xay dung do thi xdc dinh
tdp nghiém cua phuong trinh
ax = b (med m) véi a, m 1a cac
sO nguyén duong nguyén to cung
nhau, conb € {0, 1, ..., m—1}.
Chuong VI trinh bay thudt toan
xdy dung do thi xac dinh tap
nghi¢ém cua hé phuong trinh
dong du tuyén tinh.

Chuong VII trinh bay thuat
toan xay dung do thi xac dinh
tap nghiém cua hé phuong trinh
dong du béc cao.

Chuong V trinh bay vé thuat todn
giai phuong trinh dong du tuyén
tinh dang dic biétx=b (mod m).
Tap nghi¢m cua phuorng trinh
nay chinh la tap so dong du vai

1 o

SCAGW\ATPHUGNG TRINH
HDONGIDY; BANGIDOITHI
IDDANGHUYRUAN

b theo module m. Bdi vy do thi
xac dinh tap nghlem cua phuong
trinh nay duoc goi la nguon dong
du.

Cubn sach khong nhiing trinh
bay thuat toan xay dung nguon
dong du theo mot module, ma
con trinh bay thuat todn xay
dung nguon dong du theo nhiéu
module va mot s6 ciu trae khac,
chang han, ngudn sinh tat ca cac
6] nguyen duong chia hét cho 7
ma moi s6 nay déu c6 chir s6 Ie
va chit s6 chan dan xen nhau.

Trong khi Quy doc gla giang day,
huéng dan hoac lam viéc vé dong
du ma c6 ngudn dong du theo
module m bén canh thi ¢6 thé chi
ra hang chuc s6 gém nhiéu chix
s6 chia hét cho m trong chdc 1at.

Tin tuéng rang cudn sach khong
chi hitu ich cho hoc sinh va
thay ¢6 gido yéu toan pho thong
ma con 1a tai liéu tham khao
tot cho sinh vién va giang vién
cac truong dai hoc va cao dang
nganh toan cing cac phu huynh
¢o nguyén vong giup con em
minh hoc t6t mén s6 hoc.

Tap chi Toan hoc va Tudi tré,

® Dién thoai bién tap: 024.35121607

Moi chi tiét xin lién hé:

TAP CHi TOAN HOC VA TUOI TRE

1878 Giang V&, Ha Noi
» Dién thoai Fax- phat hanh: 024. 35121606

® Email: toanhoctuoitrevietnam@gmail.com

Gidy phép XB sé 534/GP-BTTTT capn

In tai Xi nghiép Ban dé 1 - BQP

In xong va nép lwu chidu thang 10 nam 2021

gay 19.11.2020; Ma so: 8BT10M21

Gii: DIONY Adng
Mwei tdm nghin déng






