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qrrong thoi gian mot s dia phuong

S thuc hién g1an cach xa hoi dé phong

chdéng dich bénh Covid 19, néu chua thé
mua sach

21a0 khoa ban giay, quy thay
). quy phu huynh va cic em hoc sinh ¢6

> truy cap website: https://hanhtrangso.
rgd.vn dé str dung mién phi phién ban

1 i sach gido khoa, sach baj tap, sach
) Vién.
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(Chan troi sang tao

1a xuat ban Gido duc Viét Nam da xay
dung tranz Hanh trang sé va sé hoa
toan b sach giio khoa, mot sé sach bai
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Sach gido khoa

tap va sach gido vién. Khong can dang nhap hay m
tai khoan, quy doc gia van c6 thé doc sich mot cac
dé dang va thuan tién.
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THU THUAT GHEP BIEU KIEN
TR(NG CHUNG MINH BAT DANGTHUC

(GV THCS My Long Nam CauNgcmg. Iba}’l@y

Bat ding thirc ma cac bién cta no bi rang budc
thém boi mot dang thirc, bat déng thire khac duge
xem nhu bat ddng thirc c6 rang budc diéu kién.
Khi chimg minh bt ding thirc dang nay thong
thuong chung ta s& bién ddi bidu thic can chimg
minh 1am xuét hién diéu kién hodc bién déi bidu
thirc diéu kién di dén bat déng thie cin chimg
minh. Sau day tac gia xin gidi thiéu mot thu thuit
ghép diéu kién vao biéu thirc trong chimg minh
bét déng thirc. Pay 1a thu thudt hay va hicu qua
nhdm lam mét di diéu kién dua bai toan tro vé bai
todn chimg minh khong diéu kién cé thé duoc
dung dé tham khao.

Thi du 1. Cho hai 56 thuc khong am x va y thoa
—x—\xp +4y -4y +16=0. Tim gid

man:

nho nhat cua biéu thirc P=2x-3 Xy + y.

Huwéng dén. Ta co:

Pz—x—\/5+4y—4\/;+16+2x—3 xy+y

=x—4\xy +5y-4[y +16

=(x—4\/5+4y)+(y—4\/}+4)+12
=(Vx-2Jy) +(Jy-2) +12212

Vay minP =12 tai x=16;y=4.

Thi du 2. Cho cdc s6 thuc a,b,c>0 v

ab+bc +ca =1. Chirng minh rang:

Val +1+b* +1++/¢

Huéng din. Ta co:

+1<2(a+b+c).

2Va’ + =2\/aT+ab+bc+ca

=2\(a+b)a+c)
<2a+b+ec.

Tuong ty: 2vh> +1<2b+a+c;

2V’ +1<2c+a+b.
Cong vé theo vé ba bét ding thirc trén ta dugc:
2(Na: +1+b? +1++c? +1)<4(a+b+c).
Suy ra dpcm.

Thi du 3 (D¢ thi chuyén Toan tinh Tra Vinh,

nam hoc 2014 — 2015). Cho cdc so thuc a.b.c

théaman a+b+c+d =2. Ching minh rang:
ad+b*+ct+d* >

Huwéng din. Ta co:

E+b++d =+t +dP -242

=a’+b’ +c* +d* —a-b-c-d+2
2 2 2 2
= a—lj + b—l) + c—lj + d—lj +1
2 2 2 2
>1.
Vay a* +b* +c* +d* >1.

, 1
Dau “=" xayrakhi a=b=c= d—z
Thi du 4. Cho cac $O thuc duong a.b.c thoa

man: a+b+c=1. Chirng minh rang:

| 1)( 1)
(|+11(1+ ;( 1 +—|>64.
a/ b /“‘ ('/"

Huéng din. Ta co:

https://tierﬂjm.h@@toiorg
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1 a+l a+a+b+c
l+—= =

a a a
>2\/a—2+2\/b_c

a

_22\Va Vbe _ a¥fabe

a a

1 _4b’ac
Tuong tu: 1+52 ;

Nhan vé theo vé ba bit dang thirc trén ta duoc:

4(abe)’
(HLJ(HLJ(HLJZMM:M'
a b c abc
Ding thirc xay ra khi a=b=c:%.

Thi du 5 (Pé tuyén sinh vao l6p 10, tinh Bic
Ninh, ndm hoc 2018 - 2019). Cho cdc 56 duong
a,b,c thoaman a+b+c=3. Tim gid tri lén nhdt

cua A=4a” +6b° +3c".

Huéng dén. Ta co:
A=4a’ +6b*> +3c* =4a’ +6b° +3c* —24+24
=4a’ + 6b*> +3c* —8a—8b—8c+24

) 2 4 2
=4(a—1)2+6(b—§j +3(c—§) +12212.

) 2 4
Vay mind = 12 tai azl;bzg; c=§.
Thi du 6. Cho cac s6 duwong x,-y, z thoa man

x+ y+z=3. Tim gia tri l[on nhat cua

[ xp vz [ 2x

B= |— + : 4 =
\ xy+3z yz +3x zx+3y

Huéng din. Ta thiy con s6 3 xuét hién trong didu

kién va trong biéu thirc B. Pay 1a diém then chét
cho 101 giai bai toan nay.

Tac():\/ v Xy
xy+3z xy+z(x+y+2z)

TOAN HOC ]
2 Cludilre  S8531-2021)

R S > A—
(x+2)(y+2)
1 X h%
<= e )
2\x+z y+z
gy e 2 )
SEEE yz+3x 2\y+x z+x)
zx Si z X .
zx+3y 2\z+y x+y

Do do: B= AR Z_ = Si
xy+3z yz+3x zx+3y 2

2 P
Vay maxB:E khi x=y=2z=1.

Nhan xét. O thi du trén con s6 3 rat dé nhan dang
vi tri thay vao trong biéu thire. Néu diéu kién la s6
| thi hoi kho nhin va doi hoi ngudi giai phai mat
nhiéu thoi gian hon trong viéc ghép diéu kién.

Thi du 7. Cho cac so thuc dwong a, b, ¢ thoa man

abc = 1. Chirng minh ring:
l l 1
+ +—<I.
a+b+1 b+c+1 c+a+l
Huéng din.

Ta thay diéu kién abc =1 béi diéu kién Yabc =1
thi bat dang thirc cAn chimg minh sé& c6 dang:
1 1 1 1

+ + < .
a+b+abc b+c+Vabe c+a+Yabe  Yabc
bat x=i/;>0;y:i/g>0;z=i/;>0, ta dugc:

l | | 1
3 3 TS5 TS5 S—.
X +y +xyz y 4z +xyz zZ+X +xyz xyz

Mat khac: x* + y° > xp(x + y)

>+ Y+ xyz 2 xp(x+ y +2)

| 1 1 z
= 3 s < = . )
X +y +xyz xy(x+y+z) xyz x+y+z
Tuong ty: — S_l__'__x_’
Y +zZ 4+xyz xyz x+y+z

1

1 e —
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g vé theo vé ba b4t dang thuc HEE

Con
didu phai chimg minh.
. a ma

Thi du 8. Cho cac s6 thuc duong a b, « thod n
a+b+Cc= 3. Chung minh umg

ab bc ac 3

= *"’f— + ’_Fff_f,' — 4 ’, = ‘: " .
443 va 3 \//7 I “~

VI
Hwong dén. Ta co:
3(ab+bc+(‘a)S(a+b+c)2 =9

—ab+bc+ca <3.
1

cc+3 Jc? +ab+bc+ca

1

- J(a +c)b+c)

l( 1 1 )
<= + .
2la+c b+tc

ab 1( ab ab)
__,.’-—_g_ + —
2 +3 2la+c b+c

bc 1( bc bc)
<—| —+——1;
a’+3 2\b+a c+a

ac 1[ ac ac)
A < +-2
2 +3 2 a+b c+b

Suy ra:

Do do:

Tuong tu:

Cong ba bét ding thuc trén theo vé ta co:
ab bc ac 1 3
+—— <—(a+b+c)=—.
Ji+3 NP +3 b7 +3 2( ) 2

DAu déng thirc xay ra khi a=b=c=1.

Thi du 9 (Trich dé Toan chuyén tinh Quang

Ngii, ndm hoc 2021 - 2622). Cho cac 50 thuc

a,b,c doi khac

(c+a)(c+b)=4 Chirng minh rcfng:

nhau va thoa man

mot

I 1
(a-b)

Huéng din.
Khai thac gia thiét:
(c+a)(C+b)=4

auol ddlly a + a)(c +b) Z

ta co:

o L, ! 2 !
= +— _—
(a-by (c+a) (c+b) (c+a)c+b) 2

ja—b[=2
khi
DA4u bang xay ra kit {(C ra)e+b)= 4

(Trich dé HSG Toan tinh Bac Liéu,

Thi du 10
la cac 50 thuc

hoc 2014 - 2015). Cho a, b; ¢
3o =L

nim
Chimg minh

dwong théa man: a 24b° +

ab +2¢* bc+2a2
,/——————:+4//———,+
l1+ab—c” 1+bc—a

ac +2b°

1+ac-b’
>2+ab+bc+ca.

Huong dén.
Ta co:
ab+2c’ _ ab +2¢”
1+ab-c’ L+b+c>+ab-c

a®+b> +ab

_ ab +2c’
o2 5 )

(ab +2c2 )(a2 +b%+ ab)

Ma
- 20> +a’ +b* +2ab
- 2
2 2 2
28 4e)
2
=1
suy ra:

S6 531 (M%Z//tTgQnggng_org
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Cong vé theo vé ba bat dang thuc trén ta duge
diéu phai chirng minh.

Thi du 8. Cho cdc sé thuc duwong a, b, ¢ thoa man
a+b+c=3. Ching minh rang:

|98}

ab bc ac
+ + <-.
va +3 p*+3 2

Hudng din. Ta co:

\‘(‘\ +3

3(ab+bc+cax)£(a+b+c)2 =9

=ab+bc+ca<3i.

< 1

1
- =
c*+3 \/cz+ab+bc+ca
1

V@a+e)b+c)

1( 1 1 j
- + :
2la+c b+c

ab 1( ab abJ
<= +
V2 +3 2la+e b+c

Tuong tur:

Suy ra;

IN

Do do:

be <l( bc N bc j

\[a2+3_2 c+a ’

ac 1( ac ac )
——<— +—|.
Vb2 +3 2\a+b c+b
Cong ba bit dang thirc trén theo vé ta cé:
ab bc ac 1 3
+ + S(a+b+c)==.
Ve +3 Va+3 i3 2 2

Diu déngtht’:cxéyrakhi a=b=c=1.

Thi dy 9 (Trich dé Toén chuyén tinh Quing
Ngdi, ndm hoc 2021 - 2622). Cho cdgc 54 thyee
khac
(c+a)(c+b)=4. Chung minh rcfng:

a,b,c  doi mot nhau va théa man

Huwéng din.
Khai théc gia thiét:
(c+a)c+b)=4

2 1

dudidang — < _

(c+a)c+b) 2

ta co:
1
VT= 2+¥2+ ! 2_#4.1
(a—b) (c+a) (c+b) (c+a)c+b) 2

_ 1 +( L1 jll
(@a=-bY \c+a c+b 2
__ L @by 1

(a-b) 16 2

2
59 ;2,(“‘\”)1;1
(a-b?" 16 2

=1
’a—b|=2

Déu bang Xxay ra khi .
(c+a)c+b)=4

Thi dy 10 (Trich d¢ HSG Ton tinh Bac Liéu,
nam hoc 2014 - 2015). Cho a, b, ¢ la cac sé thuce

dwong théa man: a* +b* +¢* = . Chiung minh

/ab+2c2 . /bc+2a2 N | ac+2b*
l+ab-¢? 1+bc - g? 1+ac-b?

22+ab+bc +ca.
Huéng dén.

Ta cé:
ab +2c* B ab+2c?
=l CuTZe
V1+ab—c2 @ +b+c? +ab-
B ab +2c?
Na® +b° +ab

ab +2¢?
—_—
(ab +2¢? )(a2 +b% + ab)

Ma (ab+2c2)(a2 +b" +ab)
< 22 +a* + b2 +2ab
B 2
< 2(a’ +b* +¢?)
2
=1
suy ra:

WAL .hopto.or
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— ) 2
[ ab+2c ab+ 2¢

\T+ .I/A‘- (";

Jabv2et)(a” 4 b 4 ab)
> (1/’ 4 2(
Tuong .

ac 4 b

\]‘uh' ,‘~

~ac+ b’

Suv ra

I

ab + bc+ 2a° ac+2b’
4 N N ”_-7 4+ - + 2
\1+ab -« \1+bc-a’ l+ac-b

il(a‘ +b° +c:)+ab+bc+ca.

ab+ 26 . ‘f‘ bc + 2a’ +\/ ac +2b°
Vi+ab-¢? \’l+h('—a2 14 ac-b*

>2+ab+bc+ca.

Dau bang xay rakhi a=h=c = ﬁ

IT (Trich dé tuyén sinh chuyvén Toan,

2022). Ch

Nam Dinh, nam hoc 2021 -

| C hune n

Huwdéng dén. Thay gia thiét vao vé trai bat dang
thirc can chimg minh ta dugc:

u(u-rh+c)+b¢‘+b(a+h+¢‘)+cu

b+c¢ c+a
cla+b+c)+ab >2
Llfb
(a+bya+c) (b+a)b+c) (¢c+alc+b)
> - - + 22,

b+ c+a a+b

Quan sat Lhé) rang:

(a+ bla+c¢) (b+cib+a)

+ —
l) +C

c+a
5 [ta+b)a+c) (b+ce)b+a)
,/_..\‘\ '})1( . i
=2a+b),
vi thé:

4 TOAN HOC ,
4 ‘ CTubitre  S6531(9-2021)

c+a a+b
>4(a+b+c)=4.

hate) (h+ayb+e) (c+a)(c+b)j

2(({1

Suy ra:

h+c

: ‘a c+ab
at he } h+i‘i + >

> 2.
a+b

htvoe ct+a

, I
DAu dang thire xay rakhi a =bh=c = 3

I'hi du 12 (Trich Aé¢ tuyén sinh chuyén Toén,
tinh Ha Nam, ndm hoc 2021 - 2022). Cho ha 56

thuce dicong x, v,z thoaman x+ y+z<1. Chung

] ] /

l
minh rang: | —-1|| —-1|| —=—-1|=2512
O V- 4
Huéng din. Ta co:
+y+z)
RIS CA ) I
X X
[(x+y)+(x+z)](y+z)
- =
L2 +2).(r+2)
> = :
Tuong tu:
1 s 2J(y+x)(y+2).(x+2z)
o y: '
] 1> 2\/(27:);)(2 +y).(x+y)
ZZ - ZZ ’

Nhin vé theo vé ba bt dang thirc ta thu dugc:

e e e

N 8(x+y)

b )

(y+z) (x+ )
'y’ .

Mat khac: (x+ y)2 > 4xy;
(v+z )1 >4yz;

(x+2) 24xz,

Suy ra; [L— ]L l, —I}L l‘ —lj: 84 xyz :\"‘_v“:'
X Vv z XTyzo

Al e . . l
Dau dang thae xay rakhi v=y=z=—.

- bl

Al
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HUGNG DAN GIAI PE THI TUYEN SINH VAO LGP 10 TRUONG THPT
CHUYEN LE HONG PHONG, NAM PINH, NAM HOQC 2021-2022

VONG 1

Cau 1. 1) Biéu thtrc xac dinh khi va chi khi
x*+1
Sx—1

(vi x* +1> 0, V).

2) Hai duong thing song song khi va chi khi

m2=9 m=i3
= S m=-3.
m—1#2 m#3

1
>0 <:>5.\‘—1>O<3x>g

3) Goi AM 14 duong cao tam giac ABC, tinh duge

AM =3= S, =%AM.BC =%.3.2\[3_ =33cm’.

4) Hinh nén c6 chiéu cao h =+/5* —3> =4cm.

Thé tich hinhnén1a V = %;;32.4 =127 cm’.

Cau2. 1) V6ibK : x> 0;x #1, taco:
x+25

x+1_ 1
\/; \/;—1 x+lx+1

xZ
_[x\/;(\/;—l)+

o Jx +x+1_ 1
Jr-1 Jx  Jx—-1)x+/x+1
_(1+x+lj X+25 _ x+25 x+25
Jx ) x+ oo Ax

2) V6ibK x> 0;x #1,taco:

0= \/—+——>2F

= 0210. Vay minQ = 10, x4y ra khi

\/;:—gé-c;x=25.

Jx

Cau 3. 1)a)PT() cob:

x+25

x+1

A=(2m+1)" —4(m* +3)=4m-11.
(1) ¢6 nghiém <:>A=4m—1120<:>m2%1.

b) PT c6 hai nghiém phan biét x;x

©A>O<:>m>—1‘—‘1— (™)

X +x,>2

(x,=1)(x,-1)>0

Ta co: 1<xl<x2<:>{
X +x,>2

= :

xlxz—(xl +x,)+1>0

x +x,=2m+1
Theo dinh 1y Viéte ta co: { v

2m+1>2
Suy ra:
g m’ +3-(2m+1)+1>0

2
XX, =m"+3

m>l 1
& 2 Sm>—
m?>-2m+3>0

(vi m2—2m+3=(m—1)2 +2>0 vdimoim).
Két hop PK(*) ta duoc m>%.

2x+120 .
ta co:

x> +8x+420
x+1+2x+1-x? +8x+4 =0

& (x+1)+V2x 1=y (x+1) +3(2x+1) =0,

Dit a=x+1(a>0); b=+2x+1 (b>0) khi d6

PT tré thanh: a + b = a® +3b°

2) Vi PK: {

b=0

a=

<::>(a+b)2 =a* +3b’ <:>b(a—b)=0<:>[

Sal B b=0:>x:—% (thdéa man).

+TH2: Véi a=b =>x+1=~2x+1

& (x+1)" =2x+1¢ x=0 (thda mén).
1

Vay PT c6 hai nghiém x=——2—;x=0.

Luu y: Hoc sinh c¢é thé chuyén vé:

c414vV2x+1=/x* +8x +4 di binh phuong hai

vé va dua phuong trinh vé phuong trinh tich.

https://tieudiptagplo.org
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Cau 4.

1) Vi BE, CF la cac duong cao cua tam giac ABC
nén BEC = BFC =90". Suy ra 4 diém B.C.EF
cung thugc duong tron duong kinh BC hay tr giac
BCEF ndi tiép.
Xét AAEF va AABC cé: AEF = ABC (cung bu
voi goc FEC ) va chung goc 4 , suy ra A4EF
dong dang véi AABC (g.g).
Suy ra &= = ko < AE.AC = AF.AB.

AB AC
2) Ta c6 E va F cung nhin doan AH mdt goc 90°
nén tir giac AFHE ndi tiép duong tron tdm /
duong kinh AH . Lai c6 K 1a trung diém cia day
cung EF suyra IK | EF . (1)
Ké tiép tuyén As (hinh v&) cua duong tron tm O
tasuyra AP 1L At (2).

Khidé CAt= ABC =%sd/Tc 3).

T gigc BCEF noi tiép nén AEF = ABC (4).

Tt (3) va (4) suy ra AEF=CAt, do d6 At va
EF song song (5). Tu (2) va (5) suy ra
AP 1 EF, két hop voi (1) suy ra IK song song
Vo1 AP.

3) Goi D la giao diém cua 4H va BC. Ta c6 ti
gidc BCEF ndi tiép dudng tron duong kinh BC,
IK 1a duong trung truc cia ddy cung EF nén M
1a trung diém cua BC.

C6 BP // CH vi cung vudng goc v&i AB; CP // BH
Vi cung vudng goc voi AC. Suy ra ti gidc BPCH

TOAN H
6 . crumch S4 531 (9-2021)

... 3 diém P. M. H thang hany
4 diém thang  hang
do 40 0 ma A/DT/[ :900 suy ra o gide

— ANM =90 D =50 s 1 G g
Npy noi tiep = NMD = NAD (g0¢ ndi tiy

ANDM 1€ s

ND — HAN.

cling chin cung ND) hay HMC

pK: v=0. Chia 2 vé cua PT(1) cho

Céu 5. 1)

~

3y

X+l

y

4
¥ +1>0 taduoc M Qg\/x: +1

Y (1>0) tacoPT:

bat 1=

,\‘: +1
D
37+ 8t —3=0, gial PT dugc ’:3 thoa man.
| Liy 10 (2) ta duge:
oo —(x* +1) thay vao (2) ta dugc:
Voi 1 = 3 =) ()( )

ey s B e —12=0
X“_{,v_(x +]) = 9 =X +11x

xzzl 2 .le
o =>x =l .
x==12 x=-1

théa man. Vay hé phuong trinh c¢6 cac nghi¢m

() la(—l;gj{l;gj .

2) Véi Ya,b,c > 0 ta cod:

a+b+C23\3/abc;i+l+lZ33L
\ abc

a b c

Khi d6 y=2
9

:>(a+b+c)(l+i+l 29
a b ¢
- | Sl[l 1 1
., a b ¢
Dang thie Xayrakhi g =p =
Véi x; Y;z la cac sd duong ta co:

T~ 2 ,
2xy+4y :(Z’H‘J’)Z +3(x—y)2 Z(2x+y)-

S O s
x 2xy+4y222x+y:>_ S—
75 = 2xy + 4y’
1

S2\:*<11 I 1
x+y X+x+y‘§ ;"‘;4—; .

Day bang Xdy ra khi , _
%) Tuong tu ta co-
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1 1(1 1 1j
<—|—+—+—|.
J7y* =2yz+422 9y »y =z

Déiu bang xay rakhi y = z. Suy ra:

1 <1[1 1 1)
\/722—2yz+4x2—9 zZ z x

Dau bang xay ra khi z = x. Cong cac BT trén ta

duoc:

1 1
+
NTxX = 2xy + 4y V7Y =2yz + 42

+ 1 Si(zggjszozl_
\/722—22)c+4x2 Nx »y 2

VONG 2

Cau 1. a)+ Ta cé:
0:(a+b+c)2 =a’ +b> +c* +2(ab+bc + ca)

=1+2(ab+bc+ca).

Suy ra ab+bc+ca:—%.

\ 2 ) ) )
+Tu (ab+bc+ca) =a’b’ +b’c* +cta’

+2abc(a+b+c)
suyra S =a’h* +b’c? +c’a’ :%.

b) + Pat P(x):ax2 +bx + ¢ thi o hé:
a+b+c=P(1)=1
9a+3b+c=P(3)=3
49a+7b+c=P(7)=31

+ Giai hé¢ dugc a=1, b=-3, ¢ =3.

+Suyra: P(x)=x"—-3x+3 nén

P(10)=10*-3.10+3=73.

Cdch khac:

+ Thay P(x)-x c6 nghiém 1a x=1,x=3 nén co

P(x)-x=a(x-1)(x-3).

+Tir P(7)=31 nén
31-7=a(7-1)(7-3) = a=1.

+Vay P(x)=(x~1)(x-3)+x= P(10)=73,

2)a)+DbK: x#-1.

+ PT da cho twong duong véi

[ X )2 7x2 2x°
X———| +4= -
x+1 x+1 x+1

3
Déubéngxé rakhi x = —z—i
g YT T 000
2 )2 2
PN P Y S
x+1 x+1
2 2
&2 —=1 (1) hoic —=—=4 (2
+1 1
+
+ Giai (1) dugc x=l-2\/§.

+ Gidi (2) duge x =2+ 242,
++/5
Tép nghiém cua PT la: {%;2 + 2&}

Cdch khac: Quy ddng va rit gon ta dugc:
x5 —x* +8x+4=0

<:>(x2—x—l)(x2 —4x-4)=0

K oxo120 | g=1EYS
= L=
x*—4x—-4=0
(thoa man diéu kién)
x(2x+l)=y(x+y—2)+l @))
Ax+3+2y+2=11-x 2)

+ Diéu kién x4c dinh: x> -3 va y=-2.

2) b) Xét hé {

+ Ta cod (1)<:>y2+y(x—2)—2x2—x+1=()

<:>(y—1—x)(y—1+2x)=0<:B/:f_+21x .

+Vé1 y =x+1, thay vao (2) ta dugc:
I11-x20
6Vx+3=11-x< :
* {36(x+3)=(11—x)2

& x =29 —6+/23.
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Khi x=29-6v23 thi y=x+1=30—6\/§§

(thoa man DK).
+Voi y=1-2x, thay vao (2) ta duoc:

4x+3+2V3-2x=11-x
<:>(\/x+3-2): +(\/3—2x—1)2 ~0
Jx+3=2
o =
V3i-2x=1

Khi d6 ¢6 y=1-2x=—1 (théa man DK).

x=1.

+ Két lugn: Hé cho c6 dung hai bo nghiém (x; )

la (29-6v23;30- 6§23, (1;-1).

Cau 3.

D
a) + Xét duomg tron (0) c6 DOG =2DAG .
+ Xét dudmg tron (K) c6 PKG =2PAG .

Suy ra DOG = PKG (1).

+ Tam giac PKG can & K va tam gidc DOG can
0 O (2). Tu (1) va (2) suy ra hai tam giac nay
dong dang v6i nhau.

b) C6 MGP = KGP =90° - K2 _o0' _ G
Mt khac DAG = DMG nén AﬁnLll)'M\G:%O ,

suyra GP 1 DM. Ta cé:

TOAN HOC
8 Tousire
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DGEP no1 tiép. Do &

suy ra o giac . L
e DP/TG Ta giac APGE 101 t@p pgy
bR EG. Swy  AFUTDIG hy

voi H 1a giao diém cua OD v

[‘/]E\G:D/ﬁ; ne 25 A
4c HEGF 1ol tiep.

AE. Suy ra i gl

op | BC nén OD | AE, suyra FHE =90°_ g,

— 0
d6 ECE =180 — FHE =90..
Cau 4. a) + Gia su c6 x,» €N thoa man ygy
cu. Ta c6 »’ (.\"z —x'y+ 5_\') =27 (1). Suy ra 27

chia hét cho _\'3 nén .\“‘ IS {1;9} hay ve {1;3} ‘
+ Xét y=1, thay vao (1) co:
Y ext+5x=27T& ,wr(x2 -x+ 5) =27,

Pidu nay chimg to x la ude nguyén duong cia
, 27 :
27 va cod 5)6327@)(3?, suy ra x =1 hojc

x=3. Thir truc tiép hai truong hop nay thiy
khong thoa man.

+ Xét y =3, thay vao (1) co:

x° —3x? +5x—3=0<:>(x—2)()c2 —2x+3):0
ex=1. Vay (x;y)=(13).

b)+Véi p lash nguyén t6 16n hon 3 nén co dang
P=6k+l (keN").Suy ra p>—1=36k"+12k
chia hét cho 12,

+ Ap dung ¢4 (pf—1)+(p§—1)+...+(P122‘1)

chia hét cho 12 Suy ra p?
1

+ p; +---+ py, chia hét
cho 12.

Cach viét khge

o suy ra p’ —1=9k> £6k
chia hét chg 3.

+Tu
U p=4k+] (keN*), khi d6 ¢c6
2
P -1= : ; A
- 16k* + 8 chia hét cho 4. Suy ra /72’]
Chia hé; cho 12

’ 1{

https://tieulun.hgpto.org



PE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN VINH PHUC
NAM HQC 2021 - 2022
VONG 1
(Thoi gian lam bai: 120 phiit; Danh cho tat ca cde thi sinh)

I. PHAN TRAC NGHIEM (2 diém)
Trong cdc cau sau, moi cau chi co mot lwa chon dung. Em
hdy ghi vao bai lam chir cai in hoa ding trudc lua chon
ding (Vi du: Cau 1 néu chon A la dang thi viét 1LA).
Cau 1. Biéu thite P =+/x—2021 c6 nghia khi va chi
khi: A, x>2021 B. x> 2021

C. x <2021 D. x<2021.
Cau 2. DS thi ham s y =ax?(a 1a tham sb) di

qua diém M(~1; 4). Gié tri clia a bing

A. -4 B. 1 C. 4 D.-1.
Cau 3. Tong hai nghiém cia phuong trinh
2x*+7x-3=0 13

A. Z B. —Z. C. 3 D. —3.

2 p) 2 2

Cau 4. Cho tam gidc ABC vuong tai 4 c6
— 1 .
cos ABC ZE’BC =9cm. D¢ dai canh 4B bang

A.27cm.  B. 6\2cm. C.6cm.
I1. PHAN TU LUAN (8 diém)

D. 3cm.

Cau 5 (1,25 diém). Giai phuong trinh x* —x-2=0,
Cau 6 (1,25 diém). Giai hé phuong trinh
3x—-y=-4

{Zx +3y=1
Cau 7 (1 diém). Cho parabol (P): y = x*va duong
thang d: y = 2x — m (v6i m la tham sd). Tim tét ca
cac gia tri cua tham s6 m dé duong thang d cat
parabol (P) tai hai diém phan biét 4(x;y,) va

B(x:v,) sao cho y, + y, +x7x; =6(x, +x,).
Céu 8 (1 diém). Hai d6i cong nhan 4 va B lam
chung mét cong viéc va du dinh hoan thanh trong
12 ngay. Khi lam chung dugc 8 ngay thi doi 4
dugc diéu dong di lam viéc khac, doi B tiép tuc
1am phan viéc con lai. K& tir khi lam mét minh, do
cai tién cach lam nén ning suit cua doi B tang gap
d6i, do d6 d6i B da hoan thanh phan viéc con lai
trong 8 ngay tiép theo. Hoi v6i ning suit ban dau
thi mdi doi lam mot minh s& hoan thanh cong viéc
dé trong bao lau?

Cau 9 (3 diém). Cho duong tron (O) va diém 4
nam ngoai duong tron. Qua A4 keé hai tiép tuyén 4B
va AC dén (0) (B, C la cac tiép diém). Ké tia Ax
(ndm giira hai tia AB, AO) cit duong tron tai E va
F (E nam gitta 4 va F).

a) Chimg minh rang tir gisc ABOC noi tiép duong
tron.

b) Chung minh =AE.AF va

OEF = OHF , véi H 14 giao diém cta 40 va BC,
¢) Puong thing qua E song song v&i BF cit
duong thing BC tai K. Duong thing 4K cit duong
thang BF tai M. Chimg minh rdng MC = 2.HF.

rang AB’

Cau 10 (0,5 diém). Cho a, b, ¢ 1a cac s thuc
duong thoa man diéu kién abc <1. Chimg minh

o a=b) bl-¢) c(1-a)

rang —20.

b’ e’ a

VONG 2
(Danh cho thi sinh thi vao chuyén Toan, chuyén Tin; thoi gian lam bai: 150 phiit)

Cau 1 (3,5 diém)

a) Giai phuong trinh 4x? —x —3=2x+2.
4x°

=5
(x+2)

b) Gidi phuong trinh x* +

o Xy x+y=8
¢) Giai h¢ phuong trinh 4 , e .
2x"+y" =3xy+3x-2y+1=0

Cau2(1,5 diém)
a) Cho cac so nguyén x, y, z thod man

x>+ Y +28 =2xpz.
Chémg minh ring xyz chia hét cho 24.
Cau 2 (2 diém). a) Giai phuong trinh

3 7x° .
< +( X ] cd= &
+1 x+1

https: //tleth@zto org
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. giac DGFP 18 10 gidc g,
Chimg minh ™"
&= b) Gidi he phuong trinh tiép va ﬁ - 900'
,\‘(2A\'+I):_v(.\‘+)'—2)+l' Cau 4 (1,5‘ dif;.,n).rc i <6 nguyén duong (xl.\‘)
{4\/"!4:5*2\/.75: 11-x. a) Tim tat ca cat = 2 —27.
Ciu 3 (3 diém). Cho tam gidc nhon ABC hoq man: -":-":(y"\.):“‘n <A moTvAn 1A 1
(4B<AC) ndi tiép duimg won (0). PUME iy p la cac SO NEAYER 1O gy

o - horAng Pt Py TPl chi
phan giac trong cua BAC cit duomg tron (O) tai hon 3. Chung minh rang i R

D (D = A). Trén cung nho AC cua dudng tron hét cho 12.
(()) lay diém G khac C sao cho AG>GC;mot (ay5 (15 d‘wm)-o . ibtc=1. Ching min
’ ’ : va =1.

duone tron ¢ tam [a K di qua 4, G va cat doan  a) Cho a.b,c> o
thing AD tai diém P ndm bén trong tam gidc _af,bf . btca ¢ ; >
4BC. Puong thing GK cat duong tron (O) tai fang ie c+a at o

A ; ' A. B khac 0a mi
diém M (M # G). b) Xét hai tap hop A - nan
a) Chimg minh cac tam giac KPG, ODG dong 4 p-@ va AUB= N~. Bn;t raing 4 ¢o vo
han phan tur va tong ctia mOi phan tu thudc 4 voi

dang v6i nhau. A
b) Ching minh GP, MD 1 hai dudng thing p3i phan tr thuoe B la phan tir thuge B . Goi x

vudng goc. la phan tur bé nhét thuoc B thoa man x # 1. Hay
¢) Goi F 14 giao diém cta hai dudng thang OD iy .
va KP, duong thang qua 4 va song song védi TRAN MANH CUONG
BC cat duong tron (K) tai diém E (E=A). (GV THCS Kim Xd, Vinh Tuong, Vinh Phiic) Gidi thi¢u
khkkkkbbkhhbbbhbbbhrbhbbbrbdhbbhbbhhbbhhbbhhhbhkhrbhhhhhhhhhhrrhrhhhhhhrhhhhhhhhbhhrk
HUONG DAN GIAI ... (Tiép theo trang §) ~ b) + Ching minh 1€ B: Gia sir nguoc lai, 1€ 4,
+ Ap dung suy rap} + p2 +---+ p? chia hét cho khido v6i xe B ¢6 x+1€ B.
5 Co ledx+1eB, suyra x+2=1+(x+1)eB.
Ciu5.a)+ Taco: Clrnhu vy ¢6 x,x+1,x+2,.... déu nim trong B
a+be_ a(a+b+c)+bc (a+b)(a+c) nén suy ra 4 1a tp hiru han, mau thudn. Vay ¢
b+c b+c b+c ' leB.

Tuong tw thi BDT cén chimg minh dugc viét lai + Xétx>4:Do |<y_o < X nén tir tinh bé nhit

it (a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)22. ‘U x trong B suy ra x-2ed, suy @
. b+c joa a+b x,f'z(’“?—)+l thudc B, didu nay lai mau thuan
eo BDT Cauchy co: \\//Oil tmhﬂ Pé nhét cua x trong B.
(a+Z)(a+c)+(b+c)(b+a) +¢‘\)/’Phalcé *=2 hodc x=3.
- = 4 A 2
c g c+a du(y:l xh—' 2, cach chon 4 13 tap cac so nguycn
C & \ e, g
22\/(a+ Naxe) (b+c)(b+a) =2a+b) (1). nguyégndla " cho 3 va B 1a tap hp cic ¥
b-(i- 2 cta iy 1ong khong chia hét cho 3 thoa man Y&
o (b+c)(b+a) (c+ +b
Tu-ovng tu. )( )+( a)(c )22(b+c) (2) VU] x:3 Cr h , N
c+a a+b ’ > €aCh chon 4 13 3 1c sO nguye!
(a+b)(a+c) ( duong chin va 5 | A S
a+b)(a+c c+a)(c+b) 18 tham ma 45 latap hop cac sé nguyén duo
bre +Tzz(c+a) 3). Témola;imaf Yeu cau, guy
Cong vé cac BDT (1), (2), (3) suy ra dpem. VYT 2hodex =3

TRAN XUAN PANC
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SO la khai niém toan hoc quan trong nhét. Nha
toan hoc ndi tiéng ngudi Dac L. Kronecker (1823-
1891) tmg noi réng: "Thurong dé da tao ra 6 ty
nhién, tat ca cac hé thong s6 con lai déu la cong

trinh sang tao cua con nguoi".

Tu tuyén ngdn nodi tiéng ndy, ta nghiém ra rang
d6i voi toan hoc, nguoi ta xem cac s6 ty nhién nhu
1a nhimg s6 ¢6 trude cing v6i hai phép toan co
ban thuc hién duogc trén céac sb do 1a phép cong va
phép nhén. Roi trén d6 ngudi ta xay dyng cac dinh
luat cua sd hoc cac sb tu nhién: dinh ludt giao
hodn, két hop va phén phdi va cac dinh luat nay

phai bao toan trong moi buéc mé réng tap hop sé.

Tur tap hop s6 tu nhién N dwoc xem 1a xuét hién
tir thoi tién st & Ai cap C6 dai, khai niém s6 cang
ngay cang dugc mo rong dé dap ung nhu ciu
khach quan va ban than todn hoc. Sy mé& rong
pham vi s thuong dién ra bang cach dua thém
vao nhirng sb méi.

Su m& rong d6 can tuan this Nguyén Iy mé rong hé
théng 56" khéng dinh rﬁng: "Viéc duwa thém s6 méi
vao can duoc tién hanh sao cho cac dinh ludt [sé
hoc) cia pham vi sé da biét ban dau van phai bao

toan trong pham vi s6 da mo rong duoc”.

Lich sir tién hoa cua hé thong s6 toan hoc da trai

' R.Courant, H.Robbins, Todn hoc la gi?, Ha Noi —
1984,

qua con duong co ban la: S6 tu nhién N — s
nguyén Z — s6 hiuty Q — sb thue R — s6

phirc C va thu duoc bao ham thirc
NcZcQcRcC

1. MO RONG TAP HQP SO TU NHIEN DEN TAP
HOP SO NGUYEN

Trudc hét ta hdy luu ¥ dén "su mé rong tu nhién"

nho sy sap nhap cac phéan sb £, P, g€ N (duoc
q

xem la da ton tai tur thoi tién st & Ai Cap co dai)
vao cung voi chinh cac so tu nhién. Sy mo rong tu
nhién nay nham dap tng nhu cau ban than toan

hoc va thuc tién quy van de do vé van deé dem.

Budc quan trong trong su phat trién khai niém s
tu nhién la nhan thirc dwoc tinh vé han cia néd va
tir 46 ngudi ta méi phat trién dugc Phép quy nap
toan hoc. Noi nhén thirc tinh v6 han cia N 1a
quan trong bdi 1& vo han 1a gi vin 1a vin dé cin
ludn gidi. Ta xem, hon hai nghin ndm trudc khi
ndi vé sy vo han ctia tap hop cac sb nguyén té co
18 chinh Euclid cing da né tranh mot cach khéo
léo viée dung thuat ngit v6 han khi 6ng khang dinh
- "SG cdc s6 nguyén to ton tai nhiéu hon bdt cir
mét s6 lwong nao dinh gan cho né".

Sy m¢d rong tr N dén Z chu yéu nhim dap tng

nhu cdu ndi tai cua toan hoc la thuc hién dugc

phép toan nguge cua phép cong 1a phép trir . Su

ma rong tur s6 duong sang s0 am gap rat nhi€u kho

https://tie%%. n89to.org
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khin mic du sé am da xudt hién tir 1au. Theo nha
toan hoc va lich su khoa hoc J.Struik (1894-2000)
thi 1an dau tién trong lich sir toan hoc s am xuét
hién trong tac phém "Cuu chuwong toan thudt" nr
thoi Nha Han (thé ky 11 Tr.CN) ¢ Trung Quéc do
nha bac hoc Trung Qudc Tran Sanh (nam 152
Tr.CN) bién soan. Ti¢p nira sé am cling xuét hién
va duge Diophantus su dung trong cac tinh toan
trung gian cua "SO hoc" cua ong vao thé ky 1V.
Sau do. trong cdc tic pham cia cac nha toén hoc
An D9 s6 am xuat hién véi tén goi 13 "mén no”..,
Tuy vdy. s am dugc thira nhan mét cach triét dé
chi sau khi cong trinh "Nghé thudt vi dai..." (1545)
cua H. Cardano (1501-1576) ra doi.

Su mo rong tap hop sb tu nhién gan lién véi su
sap nhap cac sd nguyén am va sb zero vao véi cac
sO tu nhién. Viée dua s6 zero vao 1a d& biéu thi
cho hiéu a - a. Cling véi d9, cac ky hiéu -1, -2,
-3,...

b—a=

duoc dua vao kém véi dinh nghia
~(a—b)néub<aladd phép trir ludén ludn
thuc hién duogc trong tdp hop sd nguyén (sb

duong, sO am va so zero).

Can luu y ring khi dua vao nhitng ky hiéu méi (sb
méi) diéu cbt 161 1a can dinh nghia cac phép toan
trén cac s6 mdi sao cho cac dinh luét co ban cua
s6 hoc van dugc bao toan. Ching han, quy tic ddu
(~1)(~1) = +1 * 14 co s ciia phép nhan céc s am
dugc hinh thanh do ta doi hoi luat phan phdi
a(b + ¢) = ab + ac phai bao toan. Thét vay, néu
(-D(-1)=

phan phéi sé khong thoa min. Quy tic vé diu nay

—1thivoia=-1,b=1,c=-1 thi luat

cta phép nhan s6 am 1a "Khong thé chimg minh

duoc".

2 R.Courant. H.Robbins; Sach da dan.

TOAN HOC
12+ crusige
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S() zer(

Két qua cua su moO rong la thu duoc hé théng sé

nguyén gom: cdc 56 nguyén duong, nguyén m .
). Tap hop s6 nguyén dugc k¥ hiéu bg; hi
7, 1a chir cai dau cua tu tiéng Puc 1a Zahl
nghia la s0. Nhu vay NcZ.
2. MG RONG TIEP pEN HE THONG SO HU'U Ty
Su sang tao ra cac phéan s6 (Am va duong) véi g
céch la nhitng ky hiéu moi ve sb sanh ngang hing
V6i cac sb nguyén cung voi viée dinh nghia ¢4,
phép toan sao cho cac binh luat co ban ciia 5§ hoc
duoc bao toan da dam bao cho sy thuc hién khong
han dinh phép trir va phép chia (cho s6 khac 0).
Cén luu v rﬁng néu thira nhan phép chia cho zero
thi tir ddng thic ding 1.0 = 2.0 s& di dén mot sb

didu vo nghia 1 = 2.

Tap hgp moi sd nguyén, phan sO (am va duong)
va s6 zero ¢6 tén goi chung 1a s& hitu ty va duge
ky hiéu 1a Q, chit cai d4u cia tir Quotient, nghia
la ty s0. T @6 mdi s6 hitu ty hodc 14 sé nguyén
hodc dugc bidu dién duéi dang ty sO cla hai sb

nguyen, tirc 1a dudi dang £, trong d6 p, qeZ,
q

q#0.

86 hity ty — con ¢6 thé hiéu didn dudi dang phdn

$0 thdp phn hity han (PSTPHH) hoc mot phdr
$6 thip phan vo han tudn hoan (PSTPVHTH)

nho' phuong phap chia "kéo daj" thong thuong
trong s hoc

(x'sa[az..

...

tire 13: 2
Yy T %, (1),

https /ftieulun.hopto.org



Nho quy tic d4u nén o day ta chi can trinh b

cho 2. p>0,¢4>0ladu.
q

Trong s6 hoc nguoi ta da chimg minh rang ket qu

cua phép chia "kéo dai" (1) 1a khai trién thap phe
mot trong hai dang sau day. Hoac d6 1a PSTPHH

)
P _ A 1ar... Ay = O, @1a3...0000..., @m = 0(2)

q
hoac do la PSTPVHTH

ﬁ = a.alag...a,,,blbz...bnblbz...b,,. -
q

= o,a1ay...au(b10y...0,), n<g (3).
O day, truong hop (2) luon luon dua dugc v
truomg hop (3) nho biéu dién.

L = oaras...am (an—1)999... (tai sa0?) (4).

Do d6 dang thap phan ctia moi s hitu ty déu c
tinh chat tuan hoan. Ching han, sb

0,2365 = 0,2365000... = 0,2364999...
Nguoc lai, c6 thé chimg minh ring: Moi PSTPVHTE
a,a,a;...a,(b;b,...b,) déu 1a s6 hitu ty xac dinh dwoc
theo cong thiec

bb,...b
R=a,aa,..a, +-2="10" (5
%@y, -4, + =0 )

“es

n

trong d6 bb,..h, va 99..9 déu la nhiing sé

nguyén véi cac chit s6 twong tng 1a by b, ..., b,va
9,9,...,9. Chang han, 4 5 d:

Chang han, ap dung (5) ta c6
1) 1,237(06) = 1,237 + 0,000 (06)

06

= 1,237+ =210%=1237+ 0
99

99000

2)02(371)= 2CG7D _ 2 371 1
10 10 990

2 371
10 9990
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"Moi ddy tang va bi chan cac s6 hitu ty déu co
gi¢i han" nha toan hoc Xo Viét, Vién si 4.
Y Khinchin (1894 - 1959) da dwa ra Quy woce phat
hién s6 vo ty 3 dqugc phat
bidu dudi dang: "Néu ¢6
mét day tang va bi chan
cac so hiru tv khong co
gi6i han hitu ty thi no
dwoc gan cho mot 56
maoi nao do (goi la 0 V6
1) dé lam gi6i han". Va

ong khang dinh: "Quy

A. Y. Khinchin
(1894-1859)

wdc nay cing chinh la
Nguyén Iy tong quat dé phat hién ra cic s6 vo 1y *,
S6 mai noi trén ¢6 vai tro nhu 1a gidi han ngodi
hitu ty cua day cac sd hiru ty tang va bi chan.
Chéng han: ddy a;, = 1; a, = 1,4; a3= 1,41,... cic
gia tri gan dung cua phép khai can bac hai cua 2 1a
day tang va bi chan (0 < a, < 2) céc s hiru ty c6
gi6i han ngoai hiru ty 1a +/2 . Do d6 ngudi ta dua
vao s6 méi ky hiéu 2 dé 1am gi6i han cho n6 va
lima, = No Tuong tu, cac can bac hai cua $b
khong chinh phuong déu 1a giéi han cua diy cac
sd hiru ty dugc chon mdt cach thich hop ("cac can
gan dang").

Vién si A.Y.Khinchin viét: "Nho nguyén 1y nay
nguoi ta da phat hién dwoc toan thé cac s6 voé ty.
Toan thé céc s6 vé ty xac dinh nhu vay thuc 1 la
da hét va vé sau ta sé khéng con diea vao duoc s6
médi nao khac cac sé xac dinh theo Quy udc cua

chiing ta." (Sach da dan, tr.65).

>4 A.Khinchin, Gido trinh gidn yéu gidi thich todn
hoc; Ha Noi — 1961.

TOAN HOC
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o PHUC
<x HE THONG SO |

\ 5 TIEP PEN HE
4. MG RONG

Cé 1s ¢ niém dau tién v& sO P xuat hién vio h;

0 le v

ks xvyl vai H.Cardano (1501 - 1570). R-Bombe
y .

(1526-1572) va mot <4 nha toan hoc Italia khac, v

.3 o4t phat minh ra 101 gidi daj §§
5 1o odn lign voi pha 41S
niém do gan li

cac phuong rinh bac ba. Cung \Vdi phat rT“nh do
nguoi ta da phat hién ra mot rueng hop k¥ la. b
14 truong hop khi ca ba nghiém cua phuong trinh
bic ba (v6i hé s6 thue) deu 1 nghiém thuc thi bar
lugn thé nao trong 11 giai dai sO cua phuong trinh
bic ba do phép khai can bac ba cua so phire g
khéng tranh khol. Va, chinh Cardano da goi
truong hop nay la hat kha quy.

Tén goi s6 phirc nhu ngdy nay 1a do nha toan hoe
Phap L.Carnot (1753-1823) dat ra tor nam 1803.
Trude do, ndi chung cac biéu thirc dang atb \[:l,
b # 0 xuat hién khi giai phuong trinh bac hai va
béac ba déu dugc Cardano goi la "phdn twr nguy
bién", con R.Descartes (1596-1650) thi goi la "0
ao" hay "dai lwong ao”. Tham chi G.Leibniz
(1646-1716) da goi dai luong ao la "loai luong cw
song giita thee va do", I.Newton thi khong xem dai
lwong do thue khai niém s6. Cé 1& nhimg tén goi
nay it nhidu déu bét nguon tir sy hién dién cua
bidu thitc "day phi Iy" trong truong so thye R ma
ho gap 1a V=1 ().

Nam 1572, R.Bombell;
dd cho ra doi cudn
sach "Pgj g4 (1572)
trong 4o lan diy tien
6’ng Xac lap cac quy
tdc s hoc trén cac sb

Phirc cho gép phép
khai cip bic ba. Do do

Rafael Bombelli
(1526-1572)

0 T .
ng da CO COng khElC

phuc truomg hop b kg quy
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Ong xem cac s6 thuc va ky hiéu truu (Ugng

J=1 =% (ky hiéu Euler, 1777) la sanh ngang hang
v6i nhau rdi thuc hién cac phép toan cong va nhén
ching véi nhau nhu ddi véi s6 binh thuong. Két
qua thu duogc 1a cac phép toan do thoa man cac
dinh luat cua s6 hoc trong R la giao hoan, két hop
va phan phéi. Piéu con dac biét hon la két qua
tinh toan khong din dén bat cir mau thuan nao.
Trong tic pham "Lich sur toan hoc tir 6 dai dén
dau thé kv XIX" (Nauka - Moscow, 1970) c6 doan
viét: "Chinh R. Bombelli da dwa ra tam quy tdc
nhan cac dai lwong ao voi cdac 56 thue va do dé
ong la nguoi dau tién dt nén mong ving chdc
cho Iy thuyét sé phire". St dung ky hiéu cua Euler,
tam quy tac d6 c6 dang:

()i = (t) (+) =~1; (=) (+i)=+1;
EDE)=Fi () D=1 (=) (=) =-1.
Nho nhing quy tic nay Ong di ching to dugc
rang moi biéu thtc chita nhitng "phdn tir nguy
bién" cua Cardano déu biéu dién duoc duéi dang
A+ Bi; A, B € R. Trong trudong hop bét kha quy,
nghiém thuc co thé coi la tong cua hai dai lvong

aoa+bivaa—-bi;abelR.

Tir nhitng luan giai d6 da dan nguoi ta dén ¥ niém
m¢ rong tap hop sé thuc R bang cach ghép thém
cho né mot phan tir 1a chinh ky hiéu i dé thu duoc
RuU{il = C trong d6 C la chit c4i ddu cua t
Complex.

Do tit ca cac phan tir cia R U{i}co thé cong,
nhan véi nhau mot cach binh dang va vo han dinh
trén co s¢ cac quy tic trén nén trong R U {i} phai
chita moi da thure hé $6 thuc co thé c¢6 véi "doi s6
la i", trong d6 don gian nhat 1a nhitng da thirc bic
nhat doi véi i dang z=a + bi =a + ib véia, b 1a
nhitng s6 thuc tily y. Vao thé ky XVI - XVII
nguoi ta goi chang la "nhitng dai luong ao". Cac
phép toan trén cac biéu thirc nay phai tun thu
dinh nghia cac phép toan trén cac da thirc, trong

d6 theo quy tac Bombelli thi i

Tl nhitng luan cir va 1y gidi ¢ trén nguoi ta di dén

Dinh nghia. Tap hop céc biéu thirc dang

z=a+bit=cHdi,.. (abcdeR)

duoc goi la tap hop s6 phire (ky hiéu la C) va
moi biéu thae do dugc goi la mot séphd’c néu trén
C quan hé¢ bang nhau, phép cong va phép nhéan
duoc dua vao theo cac diéu kién sau day:

a=c

1) Quan hé bang nhau: a+bi = c+di @{b _J

2) Phép cong: (a+bi) + (c+di) = (a+c) + (b+d)i.
3) Phép nhan: (a+bi)(c+di) = (ac—bd) + (ad+bc)i.
Cac phép toan 2) va 3) bao toan cac luat co ban
cua s hoc. Pbi voi cac phép toan nay con ton tai
phép toan ngugc la phép trir va phép chia (cho sO
khac 0). Dac biét phép khai can thuc hién dugc vo
han dinh va cin bac n cua ) phtrc 1a c6 n gia tri.
Dén déy, néu con chut gi
nghi ngd ddi vai s6 ao (s
phtrc) thi c6 1€ n6 da hoan
toan ti€u tan khi nha toan
hoc Na Uy C.Wessel dua
ra minh hoa hinh hoc day
di1 vé s6 phirc va cac phép
tinh trén ching trong cong
trinh cong bd nam 1799.
Ddi véi toan hoc ngay nay
s6 40 dd khong ao hon
chut ndo so véi chinh cac s thuc...

Caspar Wessel
(1745-1818)

Piéu dic biét can lwu ¥ 1a doi véi cic s6 phire
nguoi ta khong dinh nghia dwoc cdac khdi niém
"Ién hon" va "bé hon". Do dé giita cdc sé phirc
v6i nhau khong bao gio dwoc néi lien boi dau lén
hon hodc ddu bé hon.

Tro 1én 1a con duong tién hoa diéu ky cua hé
théng sé trong toan hoc. V& sau, C. Weierstrass
(1815-1897) da x4c 14p rang tdp hop 0 phirc C
khong thé mo rong thanh tap hop rong hon bdng
cdach ghép them s6 méi dé trong tdp hop s6 rong
hom thu duoc van bdo toan moi phép todn va moi
dinh luat $6 hoc da ding trong tap hop $0 phike.

https: //tle%m D8E’t° .0rg
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THEO CHUONG TRINH VA SGK MO1
Chung ta biét ré'mg, trong chuong trinh cai cach
gido khoa maéi thi gido vién (GV) soan gido an
theo cong vin 5512 cua B gido duc va Pao tao
ban hanh. Theo 16 trinh bat dau tir nam hoc 2021 —
2022 1a GV day 16p 6 va cac nam tiép theo la tang
dan tir 16p 7 cho dén 16p 12. Tai thai diém nay.
mot sb dia phuong dang tap huén cho GV day lop
6 soan theo mau d6. Tuy nhién. nhicu GV bay to ¢
ngai vé mau gido an vi ho cho rf‘mg nhu vy la
khong kha thi, chua thiét thye va nhirng ngdn tr
trong gido 4n mau con hoa my. La mdt GV lau
nam trong nghé xin trao déi may ¥ kién nhu sau:
V¢ e dicm: Mau gido 4n theo cong van 5512
cua Bo gido duc va Pao tao ban hanh rit thuin
thién cho cong tac kiém tra. T4 truomg. té pho,
hi¢u pho chuyén moén va chuyén vién cta phong
gido duc hay so gido duc kiém tra rt thuan tién,
Ho chi can tim tirng ndi dung ma ndi dung d6 phai
d'?ly du cac budce, budc nao khong ¢ coi nhu gido
an chua dat yéu cau dé ra; tr do. ho gép y cho GV
vién dé dang hon.
2. Vé nhuoc diem: Mdi GV day mdi tuan tir 17
dén 19 tiét. Néu soan theo mau gido 4n ciia Bo ban
hanh thi mét tiét soan tir 10 dén 15 trang. Nhu
vay, GV soan khong kip va néu c6 soan kip thi
cung khong chuyén tai hét noi dung da soan dén
vGi hoce sinh (HS) vi qua dai dong. Hon nita, tiét ly
thuyét, tiét luyén tap va tiét thuc hanh do muc dich
khac nhau nén cac budc yéu cau soan cung khac
nhau. Do do, soan chung mot mau la khéng phu
hop.
3. Gido an soan nhw thé nao la hop ly: Ai cung
biét, giao an la kich ban cua GV, nguoi linh dao
khong nén bat cac GV phai soan cung mot mau vi
khi d6 s& lam mat di su sang tao cua GV. Theo toi,
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NGUYEN QUANG Ty
(GV THPT Bao Loc, Lim Bong)

gido an goi la hop ly la g1a0 an can ngan 200 vy

stic tich va no1 dung thé hign rd cac buge: Hoay
dong khoi dong. hoat dong hinh thanh kiép thue,
],0(,; dong van dung 1a duge. Khi day GV ¢in glup
HS linh hoi kién thire mot cach tu nhién v Khong
guong ép. DBé dat dugc diéu do thi 2140 an thoa hy;
yéu ciu sau:

- Diin diit hoc sinh vao bai méi mt cich ty
nhién: Bing kinh nghiém va su sanh tao ctia minh
GV tao hing thu dé 16i cuén HS vao bai mai
thong qua hé thong cau hoi, thong qua tro choi,
Sau day toi dua ra mét s6 vi du dé chia s¢:

+ Khi day bai: “Ung dung tich phan dé tinh din

tich hinh phang” thi GV ¢6 thé din dit: Ai cling

biét tinh dién tich hinh tam gidc. hinh chir nhat,

hinh thoi, hinh vuéng. Nhung khi gdp nhitng hinh

phang sau:

-

' e |
;

gt
lidu ching ta ¢6 tinp dién tich cua ching dugc
kflﬁng? Vay bai hoc hom nay giip ching ta tra li
cau hoi do va gido vien b dau vao bai mai.
thi day bai: “Phuwong trinh duomg thang” o 10p
10 va 16p 12 thi gigo vien din i thong qua tr0
C‘h:Tl: “Tim tir khog thong qua cac cau hoi’:

Clu iuéi 1: Haj VECLo €6 gia song song hodc trung
au goi 1a haj vecto. . 9
H?C sinh tra |- Cung Phuong. ;
Cau héi 2: Kn; mot sur viée nao do Xay ra, de "é,m
gUoi quan ly thuong yéu cu nha"

nh

Vien vigt gi 9 i/,

Cay hét 3 > tuong trinh. p
! 3: Nhing Nguoi ¢6 cong to lon Vo

NuGe khi qua Fﬁltlﬁgmﬁlt‘feﬁ Hun $ dﬁté .0rg
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Hoc sinh tra loi: tén diong, pho.
Cau héi 4: Dé dién ta ruong dong ménh mong,
bao la, ngudi ta con dung tir ruong dong ...7
Hoc sinh tra loi: 7/ang canh co bay.
Vay tir khoa la: “Phuwong trinh duong thang”. T
do, gido vién vao bai mai.
- Chuyén tir phin nay sang phin khic bing
tinh hudng néu van dé: Su tinh té cia GV gilp
HS biét dugc ndi dung tiép theo minh hoc van dé
gi. Sau day t6i dua ra vi du dé chia sé
+ Khi day bai: “Puong tron”, GV day xong noi
dung 1 1a phuong trinh duong tron (C) cO tam
I(a;b), ban kinh R. Gido vién cho hoc sinh khai
trién phuong trinh duong tron ra:

(,\‘—a)2 +(_\'—[7): =R’
o x4y —2ax-2by+ce= O,(c =a*+b'-R") (1)

Dé chuyén sang noi dung 2 la nhan dang phuong
trinh dudng tron. GV néi rang: Moi phuong trinh

dudong tron déu dua vé dang (1). Nguoc lai
phuong trinh dang (1) c6 phai 1a phuong trinh
duong tron hay khong, noi dung thar 2 giap ta tra
161 céu hoi d6” va giao vién vao phan 2.

+ Khi day bai: “Ccfp 56 ¢ong”, GV day xong ndi
dung 1 1a dinh nghia cap s6 cong u,,, =u, +d voi
neN". Dé chuyén sang ndi dung 2 la tim s hang
tong quat. Giao vién dua ra cau hoi: Néu ta biét u,
va d, liéu rang ta c6 tinh dugc sb hang u, voi n
rat 16n dugc khong? HS bét dau suy nghi khong
thé tinh tir u, dén u, dugc vi rat lau (néu n 16n).
GV s¢ noi trong ngi dung phan 2 gitp ta tra loi
cau hoi do va gigo vién chuyén sang phén 2,...
Béy gio, 101 gidgi thicu mot tiét giao an khong co
cac cum tir: Hoat dong khoi dong, hoat dong hinh
thanh kién thicc, hoat dong van dung nhung ban
doc van thiy thuc chét ndi dung cac budc dé van
¢ trong gido an.

Bai DUONG ELIP (SGK nang cao)
(Tiét 1: Pinh nghia va phuong trinh chinh tic cia elip)

I. Muec ticu: Hoc xong bai nay HS can dat cac yéu cau sau:

1. Vé kién thirc
- Hiéu va nim virng dinh nghia elip.

- Hiéu va nam viing phuong trinh chinh téc cua elip.

2. Vé ky ning

- Biét nh4n dang phuong trinh chinh tic ciia elip. V& hinh dang va dep
- Biét cach viét phuong trinh chinh tic ciia elip khi biét cac yéu t xac dinh né.

- Giai bai toan lién quan dén ban kinh qua tiéu cua diém trén elip.

3. Vé tw duy va thai do

- Linh hoat trong viéc nhan dang va viét phuong trinh chinh tic cua elip dua vao bai toan cho.

- Tich cuc hoat dong va trd 101 cac cau hdi cua gido vién dua ra.
- Khoi day su dam mé va yéu thich bo mon Toan khi lién hé todn hoc vao thyc tién.
- Phat trién duoc tu duy logic va tu duy thuat toan. Biét van dung dai s6 vao hinh hoc.

4. Dinh huéng hinh thanh pham chit, ning luc

- Niing lwe chung: Ning luc hop tac, chia sé va giao tiép.
- Ning Iwe chuyén biét: Nang luc tu hoc, tur phat hién ra vin dé va tim cach giai quyét. Ning luc biét

quy la thanh quen.
[1. Chuan bi

1. Giao vién: Gido an, thudc ke, sach giao khoa, bang phu dé hudng dan hoc sinh duong elip va may

tinh.
2. Hoc sinh:

- Doc trude nodi dung bai hoc ¢ nha. Sach, v, bat, thude, may tinh bo thi.

shitnsasgieultihdptorarg



- Cac bang phu dé tap vé duong elip va lam bai tap theo nhom.
11 Phuwono phap: Van dung linh hoat cic PPDH nham giup hoc sinh chu dong, tich cuc trong phat
hién chiém linh tri lluu nhu: trinh dién, thuyet trinh, giang giai, ggi mo van dap, néu van dé, ... trong
d¢6 phuong phap chinh la: giang giai, goi mo van dap va hoat dong nhom.

IV. Tién trinh day hoc

1. On dinh 16p.

2. Kiém tra bai cil.

3. Bai moi.

GV din dat dé vao bai méi: Gido vién cho hoc sinh quan sat mot s6 hinh minh hoa

GV dit cau héi 1: Bong clia mot dudng tron in trén {

mit dat bang phfmg dudi anh sang cua bong den nhu e

hinh vé& 1a duong gi? el

HS thao ludn va tra 101 cdu hoi: La mot dudng elip.

GV dit cAu héi 2: Néu ta d6 mot it nudc mau vao
cbe thity tinh va cho coc nghiéng thi mat thoang ctia
nude duge gioi boi mot duong gi?

HS thao ludn va tra 1oi ciu héi: Gidi han bdi mot
duong elip.

Earth-Jupiter distance: 368 milion mil

GV dit ciu hoéi 3: Cac hanh tinh chuyén dong quanh

Earin & .

‘Sun

Mit Troi theo cac quy dao 1a cac duong gi?

Juplter at opposition

HS thio luin va tra 1oi cau héi: La cac duong elip. SUSTTE

Tir d6 gido vién néi: Tiét hoc hom nay chung ta hoc bai D1 /'ONG ELIP
Hoat dong 1: Tiép cin dinh nghia dudng elip

Hoat dong ciia GV va HS Ghi bing - Trinh chiéu
GV: - Huéng dan hoc sinh cach vé elip. 1. Pinh nghia dwong elip
acy + Phat biéu dinh nghia (SGK)

3 :
+ Tom tat:

(E)={M|MF, + MF, = 2a, a > 0}.

_ Giai thich: F, va F, goi la cac tiéu diém. Khodng 6 ¥4 K, gonld cacticadion
cich FF, = 2¢ goi la tiéu oy cia clip. Khoang cach £ F, =2¢ goi la tiéu cu cua elip.
HS: - Hoc sinh thao tac vé elip.

- Khi M di chuyén trén (E) thi chu vi AMFF,

khong doi, tong MF, va MF, lu6n bing 2a.

- Hiéu ro va ghi vao vo.
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GV dan dit dé chuyén sang noi dung thir 2: “Chung ta da biét tir dinh nghia duong tron, ta xay dung
duoc phuong trinh duong tron. Vay tir dinh nghia duong elip lidu ta ¢6 xay dung dugc phuong trinh elip
khong? ndi dung thir 2 giup ta tra 161 cau hoi d6”. Giao vién bat dau sang ndi dung 2.

Hoat dong 2. Tiép can phuong trinh chinh tic cia elip

Hoat dong cua GV va HS Ghi bang - Trinh chiéu

GV dat cau héi 4: Hay cho biét toa do cua cac tiéu 2. Phwong trinh chinh tic cia elip
diém F, va F, ? Chon hé truc toa dd nhu hinh vé&.

HS thao luén va tra 16i ciu héi: i

Fi(=¢:0), 5 (¢:0). ‘ T

GV dit cau héi 5: Gia si M (x;y)e(E), hay tinh —— ol

MF,va MF,?. Khi d6, cac doan thang MF, MF, L el z\\ o
goi 1a ban kinh qua tiéu cta diém M. ‘ i 0 R

Huong dan: Dung cdng thire khoang cach d¢ tinh. t

HS thdo ludn va tra loi cau hoi:

(.
MF, =a+—x S .
Taco: F(—c;0),F, (c;0).
Tinh toan duoc a 1e6: F(-¢:0), 5, (:0)
C . .
XME —a Tinh  MF, —a+Sx ova MFzza—(—x.
a a
GV dit ciu hoi 6: MF,, MF, goi la céc ban kinh qua tiéu cia diém M.

Tu A{E :a-{-ix va MF; = (X+C)2+y2
a

2

2 2
e A X . \
rat gon ta duoc gi 2. Ket luan: (E)a_2+Z =1, (a>bh>0) (1) goi la

Hudng dan: Ta c6: /(x+ C)z +y* = a+Sx phuong trinh chinh tdc cua elip da cho.
a

HS théao luan va tra lod cau héi: Tinh toan rat gon
2 2
2 , X y
duoc dang thurc ;2—+ - =1.

a’ —c’
GV: - Huong dan: Néu dat b*> =a” — ¢’ thi ta dugc
2 2

X Y

- Nguoc lai: Néu diém M(x;y) thoa man (1) thi
Me(E).
Hoat dong 3: Luyén tap
Hoat dong cua GV va HS Ghi bang - Trinh chiéu
Thi du 1. Trong mat /)/lﬁllg toa do Oxy, phuong trinh

GV dat cau hoi 7 (trac nghiém):
Tur thi du 1, hdy chi ra phuong trinh chinh tic cua  nao duot day la phwong trinh chinh tac cua elip ?

clip? | aX Yoi BEgd
HS thao luin va tra loi cau hoi: 12 9 9 4

- Cac nhém chu dong thao luan dé chon dap an phu e S E .
hUp C ~J' -+ '—(; ]. D : 1 4 0
- Tra lo1 dap an: B. Pdp an: B.

TOAN H
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- Giai thich: chi c6 dap 4n B la dung. Cac dap an
con lai 13 sai vi khong phai 1a PT chinh téc.

GV dit cau hoi 8 (trac nghiém): Tir thi dy 2, hay chi
ra dap an nao sai?.

Hudéng ddn: Truge hét tim a va b, sau d6 tim ¢ thi
c6 két qua cua dé bai.

HS thao luan va tra 16i cau héi:

- Cac nhém chi dong thao luén dé chon dap an pha
hop.

- Tra loi dép an: D

2 =25 =5
- Giai thich: {° =
b’ =16 b=4

=c=+a’'-b* =3. Vay ta chon dap D.

GV dit cau héi 9 (tric nghi¢m): Tir thi dy 3,
tinh MF,?

hay

Huéng dan:  Biét a =4 va bidt MFE, +MFE, =8
= MF, =2.
HS thdo ludn va tra 1oi cau hoi:
- Cac nhom chu dong thao luan dé chon dap an phu
hop.
- Tra 101 dép an: A
- Giai thich: a* =16 = a =4. Theo dinh nghia, ta
co: MF, +MF, =2a =38
= MF, = 2. Vay chon dap 4n A.
GV dat ciu héi 10 (tu luan):
Tur thi du 4, hay 1ap phuong trinh chinh tic cia elip?.
Huéng dén: Goi PT chinh tic cia elip c6 dang
2 2

z_2+;_2:1 (a>b>0).

Thay toa d6 M va N vao thi tim duoc a va b.

HS thao luin va tra 1oi ciu héi:
- Cac nhom chu dong thao luan dé chon cach giai.
- Mot hoc sinh dai dién cadc nhom Ién trinh bay.

2 2

- Pép s6: PT chinh tic (E):%JT: L.
Hoat dong 4: Ung dung elip vao thyec tién

Hoat dong cua GV va HS
GV gidi thiéu tinh chat dac biét cia “Phong thi
tham” va gidi thich: Néu nhu tai mot tiéu diém ta
dat mot ngudn sang (hodc ngudn 4m), thi anh sang
hay am thanh s& phan xa qua bé mit cua elip va tap
trung tai diém kia va nguoc lai.

TOAN HOC
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Thi du 2. Trong mat phang toa dé Ox
Phuong trinh chinh tac la
X )
SRS T AR |
l
25 16
. 7 oA )
Trong cdc cdac dap dwdi day, dap dan nao sai
A. a-= 5.b 4. B. a- 5,c 3.
C.b=4,c=3. D.a=5,c=2

Dap an: D.

Thi du 3. Trong mat phang toa dé Oxy, cho elip

co
: . X y
phuong trinh chinh tac la: f L.
16 9
Néu M la diem nam trén elip sao cho thi MF =6 th
/ |

MF, bang:

Dap an: A.

Thi du 4. Trong mat phang toa @6 Oxy, viét phurong

trinh chinh tdc di qua hai diéem M (0;1), N| 1;> .

| o)

Dap sé: (E): %4—";:1. R o

Ghi bing - Trinh chiéu
Nha ngh¢ thuit tac tuong qubc gia 6 1 0
Washinhton D.C (My) 1a mdt phong hinh bau duc
duoc goi 1a phong thi tham vi hinh dang dac biét cua

no lam cho am thanh phan xa tr cac birc tuong mot

cach dac biét. C6 hai vi tri ma hai nguoi dimg ¢ do

https://tieulun.hopto.org



Nha nghé thudt tac tugng co thict ké déc bict dang
hinh bau duc la nua cua khéi hinh duoc tao nén khij

quay mot elip quanh truc

-
16 cua no (ellipsoid). Do > .
d6 néu hai nguoi dimg & T\

vi tri 1a hai tiéu diém thi
¢6 thé nghe tiéng thi thim
cua nhau mac du ho cach
xa nhau.

GV dit cau héi 11: “Co thé xac dinh vi tri ma hai
ngudi dimg dé co thé nghe dugc tiéng thi tham cla
nhau khong néu biét kich thudc nha tac tugng?”

va tir d6 GV hudéng dan HS lam thi du 5.

HS thao ludn va tra 1o ciu hoi

- Cac nhém chii dong thao luan dé chon cach gidi
khi nam dwoc tinh chét dac biét caa “phong thi
tham”.

- Mdi nhém ctr dai dién tra 19i.

GV két luan, sau d6 goi ¥ dé HS phat hién, tim
nhing vi du khic c6 ing dung cua elip trong thuc

r

te.

4. Ciing ¢6

c6 thé nghe tiéng thi thim ciia nhau mac du ho cach
xa nhau. Néu dimg ¢ cac vi tri khac thi khong nghe
duoc tiéng thi thim nhu vay.

bé xac dinh vi tri
ma hai ngudi dimg
c6 thé nghe dugc
tiéng thi thAm cua
nhau, chiing ta xét vi
du sau.

Thi du 5. Trong mot elip, Gm thanh hay dnh sang
dén tir mot tiéu diéem duoc phan xa qua tiéu diem kia
bé nghe dwoc nguoi khac thi tham hai nguoi can
dirng tai cac tiéu diem cua elip. Phong thi tham o
Toa nha tac neong quoc gia (M) cé thiét dién ngang

la mot elip vai chiéu rong 46 feed va chiéu dai la 96

Sfeed. Viet phuong trinh cua elip va xac dinh hai

diem ma tai dé hai ngudi can dirng dé nghe tiéng thi
tham cua nhau.

Loi giai. Gia sir tim elip tai goc toa do va truc lon
nam trén Ox, thi elip c6 phuong trinh chinh tic la:

x2 yZ_l
—S+5=1

(N}
Q-

D6 dai tryc 16n: 2a =96 = a = 48; Po dai truc nhé:

2b=46 = b=23. Do d6 elip c6 phuong trinh:

2 2

£ _ ¥ .
2304 529

Hai ngudi can ding ¢ hai tiéu diém cua elip. Khoang
céch giita hai tiéu diém 1a 2¢. Ta c6:

c=va*—b =48 23 = 1775 ~ 42 ft.
Do d6 dé hai diém can tim 1a (0; —42) va (0; 42).
(Chu y: 1 foot (ft) ~ 30,48 cm; 42 ft ~ 12,8 m).

- Hoc sinh nim duoc dinh nghia va phuong trinh chinh tic cta duong elip.

- Biét nhan dang va viét phuong trinh chinh tic cia elip.

- Tro choi trd 161 cau hoi (¢6 cau hoi chuan bj sin).

S. Hwéng din vé nha: Chuén bj trudce noi dung phin 3 cta bai hoc va lam bai tap 30, 32 trong sach gido

khoa, trang 102 — 103.

https://tieuhsn. h@pti-i)rg
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CAC LOP THCS

Bai TI1/531 (Lép 6). Chimg o ring
(2" +1).(2" +1) 13 véi s6 tu nhién m tly ¥.
NGUYEN VAN BANG

(GV THCS My Chéu, Loc Ha, Ha Tinh)

Bai T2/531 (Lép 7). Tim tat ca cac sb nguyén

duong n sao cho khi viét 6" +1 trong hé thap

phén ta dugc mot sb co tit ca cac chir sb bing

nhau.

LE XUAN DAI

(GV THPT chuyén Vinh Phiic)

Bai T3/531. Cho céf: s thuc dwong a va b thay

d6i théa man dong thoi cac dilu kién:
1+ b
1+a’

[a] [b] a <b. Chitng minh

- <2,5.

(Trong d6 ki hiéu [x] 1a phan nguyén cua x).

NGUYEN VAN NHO

(GV THPT Nguyén Duy Trinh, Nghi Lic, Nghé An)

Bai T4/531. Cho hinh vuoéng ABCD. Mot goc

vuong xAy quay quanh 4, c6 canh Ax cit céc

duong thing BC va CD theo thi tu tai M va N,

canh Ay cit hai duong thang BC va CD theo thir tu

tai P va Q. Pudng thing OM cit NP & R. Goi [ va

K theo thir tr 14 trung diém cua PN va OM. Chitg
minh bbn diém 7, B, K, D théng hang.

LE THI THAO

(GV THCS Ngé May, Phii Cat, Binh Dinh)

Bai T5/531. Cho a, b, ¢, d la cc 56 thyc duong.
Chimg minh rang

a'b+b'c+ctarabe(a’ +b' +c*) > (a+b+c)3abe-1).

TRAN MANH CUONG
(GV THCS Kim Xa, Vinh Tuong, Vinh Phic)

TOAN HOC
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CAC LOP THPT
Bai 16/531. Chirng minh rang néu a, b, ¢ la cac s
thye duong thi trong ba phuong trinh sau co it
nhét mot phuong trinh v6 nghiém
Ja+bx _2Jax+Je=0;
Jb+cx’ —2\/E,r+f=0;
Je+ax —2\/;x+\/5:().

NGUYEN THANH HIEN
(GV THPT Nguyén Du, TTr. Kién Xuong, Thdi Binh)

Bai T7/531. Cho tam giac ABC cO AB = ¢
BC = a, CA = b. Goi G la trong tam tam giac do,
. > GB* GC?
chirng minh rang: o + + 24,

bc ca ab

PHAM DUY KHANH

(GV THPT Quy Chéu, Nghé An)

Bai T8/531. Cho tam gidc ABC (AB < AC) ndi tiép
trong duong tron (O). Tia phan giac goc 4 cit (0)
tai D, cit BC tai E. Goi M 1a trung diém ctia BC, H
14 hinh chiéu cua M trén AD. Ching minh

WAC AB

TRAN THANH HUNG
(GV THCS V6 Trik, Tuy An, Phu Yén)

Bai T9/531. Giai phwong trinh
2021" =1+2019x + log,,, (1+ 2020x).

PAO VAN NAM
(GV'TH, THCS & THPT Everest,
Bdc Tir Liém, Ha Noi)
TIEN TOI OLYMPIC TOAN

Bai T10/531. Tim tAt ca cac cap sd nguyén duong

(m, n) nguyén to cung nhau sao cho
(2" =1)(2" = 1) 1a mdt s6 chinh phuong.
NGUYEN VIET HUNG

(GV THPT chuyén KHTN, PHQG Ha Noi)

Bai T11/531. Tim tit ca cac ham sb f-R->R
thoa man

JOSON+y+ f(x)=f(f(x+ )+ yf (x)

voi moi s6 thyc x, y.

TRAN MINH HIEN
(GV THPT chuyén Quang Trung, Binh Phuc)

https://tieulun.hopto.org
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11 Cho tir gidc 161 4BCD. (1), (1) lan

Bai T12/5
iép cua cac tam g1ac ADC,

Juot la duong tron ndi t
BDC. T, T>1a tiép tuyén chung ngoai khac €D cta
(I). (I) (trong do T, thude (1) va T2 thuoc (5)).
BT>, I,I> dong quy-
NGUYEN DUY PHUGC

wemail.com)

(nguyenduyphuoc @gMA-Com
| 1531, C6 bén diém theo thir tr Os M, N, P

322
Hal |

Chimg minh rang AT,

N R . o .. . X. of
cung nam trén mot so1 day dai, dan ho1. cang

ngang. Biét MN = 2NP. Cho O dao dong dieu hoa,
Trén ddy c6 song truyén di voi bién do khong doi.
an luot la :

r
3 )

Biét phuong trinh song tai M va P

Uy = aCOS(l 00t +2§j va U, = (ICOS[IOO’

Hay viét phuong trinh séng tai .

VIET CUONG (Ha Noi)
Bai 1.2/531. C6 ba dung cu gdm dién tro thudn
R=300, cudn cam thuan L va tu dién C. Dat dién
ap xoay chiéu u = Uycos(at + ) (V) lan lugt vao
hai dau doan mach ndi tiép chira R, L va chira R, C.
Khi d6 cuong do dong dién trong mach:

- 0
h = 6cos(a)t+§j (A) va i, = 6cos(wt+1—21—”)

(A). Dt dién 4p trén vao hai dau doan mach 0 R,
L, C mic ndi tiép thi cong sudt tiéu thu di¢n trén
doan mach luc do béng bao nhiéu?

THANH LAM (Ha Ngi)

pROBLEMSIN THIS ISSUE

FOR SECONDARY SCHOOI

Problem T1/531 (For 6™ grade). For am

arbitrary natural number m, show that
Q™ +D.(2"+1):3.

Problem T2/531 (For 7™ grade). Find all
positive integer n so that all the digits of the
number 6" +1, written in the decimal system,
are equal.

Problem T3/531. Given positive numbers a and
b satisfying [a]=[b], @ <b. Show that

1+5°

2

<5,
l+a

(The notation [x] denotes the integral part of

the number x).

Problem T4/531. Given a square ABCD. A
right angle x4y rotates about 4. The ray Ax
intersects BC and CD respectively at M and N.

The ray Ay intersects BC and CD respectively
at P and Q. The line QM meets NP at R. Let /
and K respectively be the midpoints of PN and
OM. Prove that 1, B, K, D are collinear.

Problem T5/531. Given positive numbers a, b,

¢, d 14 cac s thuc duong. Chimg minh rang

a‘b+bic+cta+abe(a +b +c)
> (a+b+c)(3abc—1).

FOR HIGH SCHOOL

Problem T6/531. Given positive numbers a, b,
¢. Show that at least one of the following

equations does not have solution

\/a+bx2—2\/;x+\/z=0;
\/b+cx2—2\/3x+\/;=0;
\/c+ax2—2\/;x+\/5=0.

(Xem tié'p trang 32)

hitps; tieultirEigtozorg
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CAC LOP THCS
Bai T1/527. Tim hai s6 tw nhién a va b biét tong

cua bon so: a +b,a —b,ab. a:b /";”.‘\'

el qud

1575

Loi gidi. Téng két qud cia bon sb a + b, a — b,
a.b,a:bla:

(@a+b)+(a-b)+ab+(a:b)

=2a+ab+(a:b)=1575,

hay 1575b =2ab + a.b* + a
hay a(2b + b*+ 1) = 1575b hay a(b + 1)’ = 1575b.
Do tong két qua ciabénsba + b, a — b, ab,a:b
14 s6 nguyén dwong 1575 nén a : b 1a s6 nguyén £,
hay a = bk v&i s6 b nguyén dwong. Thay a = bk
vao dang thirc trén duoc:

bk(b + 1)’ = 1575b, suy ra: k(b + 1)* = 32.527.
Xét s6 chinh phuong (b + 1)* > 1, xdy ra ba trudng
hop sau.
Db+ 1Y=3"vak=5%7=1751cd6 b =2 va
a=2.175=350;
2)(b+ 1Y =5 vak=327=63,lacddb=4va
a=4.63=252;
3y b+ 1Y =15vak =7, lac do b = 14 va
a=14.7=98.
Bai toan c6 3 nghiém nhu trén.
Nhgn xét. Mot sb ban thiéu nghiém thtr ba. Cac ban
sau c6 o1 giai dang. Nghé An: Nguye:n Trong Bao,
Thai Ba Nhan, Bui Thi Thuy Linh, Nguyén Vin Lim,
6A, THCS Ly Nhat Quang, D6 Luong.

NGUYEN VIET HAI

Bai T2/527. Cho tam gidge ABC ¢6 A=120":

B=40".Trén canh AC /<i\' diem M sao cho

TOAN HOC
24 e
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1B =

{IM. Tren tia doi cua tia AB lav diém N s
cho AMN =40". Tinh s6 do géc BNC
Loi giai. (Cua nhiéu ban) Ta léy E trén canh 4C
sao cho AE vudng goc N
BM. Do tam giac AMB
Cén tai 4, cho nén 4AE Xk >— ¢
1a phan giac goc A va /-
1a trung truc cua BM. B= E
Tir su dbi ximg qua AE, ta c6 AME = B = 40" v
BAE = EAC = CAN =60,
Td A=120°,B=40", AB=AM, AMN = 40",
tam giac BAE va tam giac MAN bang nhau (g.c.g).
Suy ra AE = AN,BE = NM . Vi EM = BE nén
ME = MN. Do AN = AE va ME = MN, suy ra AC
la trung tryc NE, do do NCA=C. Do
C=180° —120° —40° =20°, cho nén NCA =20".
Vay BNC = A— NCA=120" —20° =100",
Nhdn xét : Cac ban sau diy c6 dap ) dang:
Ha Tinh: Nguyén Duy Khanh Huyén, Lé Thi Yén
Nhi, Nguyén Quynh Anh, Dang Thi Ngoc Minh,
Nguyén Vi Duy, Tran Tudn Dat, Nguyén Minh
Quan, 7A, THCS Xuan Diéu, Nguyén Bdo Minh
Anh, 7A, THCS Ding Dung, Tung Loc, Can Loc;
Nghé¢ An: Thdai Minh Quan, Nguyén Hai Triéu,
Nguyén Kinh Anh Qudn, 7B, THCS Ly Nhat Quang,
D6 Luong; Binh Pinh: Nguyén Nguyén Thinh,
THCS Binh Dinh, An Nhon; Quing Tri: V6 Nguyén
Thang, 7D, THCS Trung Vuwong, boéng Ha; Dién
Bién: Nguyén Ngoc Diép, 7B3, THCS Pom Lét,
Di¢n Bién.

VU DINH HOA
Bai T3/527. Tim tat cd cac cap so nguyen (x; y)

thoa man dong thoi cac dieu kién:

! I I
0<x+y<6 va x——=1y-

Xy .
Loi gigi. DK: x#0; y#0.
A £ 1 1 1 ]
Nhan thay: X=Xy =———
X y Xy
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SX—y=- x3v3

o Néu x—y=0 thi x = » Két hop vgj

0<x+y<6 va ditu kignx#0;y#0 @ tim
duoe ()= (15 1), (2:2),(3; 3).
o Néu x— v = 0thi

Caxy )y

Cach 1. Tu (1) ta co: =575

=-1; ma

vty :L\'+12y) +%y2 >0 (do y#0)

suy ra: vy < 0. Bién doi
2 2
CAXy+Yy 2 3.3
LIRS et ray+y+xy =0
Xy

oSx+y)+xy —xp=0

& xp(xy =Dy + 1) =—(x+ )" (2).

Do x, y 1a cac sb nguyén nén xy(xy —D(xy+1) 1a
tich cuia ba s6 nguyén lién tiép nén chia hét cho 6.
T (2) suy ra (x+y)’:6, do d6 (x+y):6 ma

0<x+y<6 nén x+ye {0; 6}.

-Néux+y =0, tr (2) suy ra xy(xy —1)(xy +1) =0
- Két hop v&i xy < 0, tim duge xy = — 1. Tir d6 ta
co:

=@ =D Gy =(=1 ).

—Néux+y=6,u‘r(2)suyravéi
Wy -Dy+1)=-36 1 —t+36=0 (3) voi
1=xp. Do x, y 1a cac s6 nguyén va xy <0néntla
s0 nguyén am, lai tir (3) suy ra ¢ 1a wéc sd cua 36.
Tie 1a re{-1,-2,-3,-4;-6;-9,~12;18;-36} ,
thay céc gia tri nay vao (3) déu khong théa min.
Vay cic cap s6 nguyén (x, ) nghiém dung phuong

trinh da cho 1a (-1 ; 1), (1 ; =1, (1 1), (25 2),
(3; 3).

Cich 2. Tix (1) suy ra
x’ +xy+y° +x°y* =0 4),
ma x* + y* >0 nén xy+x) <0
S0(l+x°)") <0 xp <0 (do 1+x%y? > 0).
Vai tro x, y 12 nhu nhau, khong mét tinh tong quat,

gld sir x> 0. Ta xét cac truong hgp sau:
-Néux =1 thi thay vao (4) tim dugcy= 1.

- Xét x>
¥22, do xy < 0 nén y<-1, suy ra
X=y23. Lai ¢ L

11 S
o —7<?+1<2,dleu nay

Mau thuan vgi y - 11 (loai)

e y3 N
Vay cac cdp sb nguyén (x,
trinh d3 cho |3: (-1,
(3; 3).

Nhén Xét. Bai nay Yéu ciu giai phuong trinh véi
nghiém nguyén thoa man didy kién cho trugc. Cac
ban tham gia gi4i dédu theo mot trong hai cach trén.
Tuyén dwong c4c ban sau c6 15 giai tot:

Hu:ng Yén: Lé Tudn Nghia, 8C, THCS Poan Thi
Diém, Yén My¥; Dién Bién: Nguyén Ngoc Diép, 7B3,
THCS Pom Lot, Dién Bién; Pha Tho: Ngé Duc
Diing, Nguyén Birc Quy, 8A3, THCS Lim Thao;
Ngh¢ An: Pink Ana, 6A, THCS Ly Nhat Quang, D6
Luong,

») nghiém dung phuong
D, (-1, (1; 1), 25 2),

PHAM THI BACH NGQC
Bai T4/527. Cho tam cidac nhon ABC noi tiep
duong tron (O; R), cac dwong cao AD, BE. CF ¢t
nhau tai H. Goi M la trung diém cia AH. ké tia
MN vuéng goc véi BM, N thudc AC
rang ON // BC va EM = R cosA.
Léi gidi. Goi L 1a trung diém ctia BC. D8 thiy

MEzéAH:OLchosA

" Chune minh

Ta chi con cin chimg minh ON // BC.

Cach 1.
A —
NN
) l‘]‘/[\ \\“\*\\\\)B'
L IA_E 2
(J /‘/ ,/ ’ 7 »\\/N/ \
(%1 w0 X
[/ e e
\\ / //:Z;J }// /) //
B‘ £ == JD—7XLJ— 7/ C
\\\\;;_;Q//’/ /// -
H

Goi H’1a diém déi xtmg v6i H qua BC thi theo két

qua quen thuoc co H'€(0).Ta co:

https://tieuionmﬂMOzg’g

S8 531 (9-2021) * CluGilye

L




HME = 2HAE = 2HBC = H BE.
Suy ra tir giac BMEH "o tiép. Lai co, tr gidc BMEN
noi tiép duong tron duong kinh BN, suy ra
BH'N =90°.Ké duomg kinh BB’ cua (O), suy ra
H'.N,B' B'C L BC
= B'C nén AH'CB" 1a hinh thang can. Vay
ON la trung tnre cua . 4H do do ON// BC.

thang  hang,  va

AH',

Cach 2.
A
M
E
0 N
H
[1 M
B D L K C

HaNK | BCtai K.

Dé thiy cic diém B, E M. N, K thudc duong tron
duong kinh BN,
Tir giac MENK néi tiép nén

MKN =MEA (1)
Laicd: MEA=MAE (tinh chit) (2):

—_—

MAE =KNC (dbngvi) (3).
Tu (1), (2), (3) suy ra: MKN = KNC = KM/ AC.
Vay AMKN 14 hinh binh hanh, do dé:

NK = AM =%AH=OL.

Do d6 OLKN 1a hinh chir nhat, dan t6i ON // BC.
Nhén xét. Céc ban sau c6 16 giai tot:

Ngh¢ An: Ngi Thi An Binh, 9E, THCS Ding Thai Mai,
TP. Vinh; Hung Yén: Nguyén Gia Khanh, 9B, THCS
Nguyén Tét Thanh; Ha Tinh: Trdn Mink Hoang, 8E,
THCS Nguyén Tréi, Nghi Xuan; Ha Ngi: Pdo Quang
Anh, 8E1, THCS Everest, Bic Tur Liém.

NGUYEN THANH HONG

TOAN HQOC ]
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Bai T5/527. Giai phwong trinh:

V2 —x x'+x —-1=0.
Loi gigi. DK: 2—x">0. Tu bat déng the quen
thuge (a+b)2 < Z(a2 +b2), a,b e R, suy ra:

%(aer)4 S(az +bz)2 52(a4 +b4).

Do do: (a+b)' <8(a* +b*) (1),
Diu ding thtre xéy ra khi va chi khi a = b,
Phuong trinh d3 cho twong dwong voi

X (\“/2—x4 +x)=1+x4 ).
Ap dung bt dang thirc (1) ta co:
4
(\/“Z—x4 +x) S8(2—x4 +x4)=16
=>V2-x*+x<2. Do do:

VT(Q2) = x° (&‘/2 —x + x) <2x’ <l+x* = VP(2).

Nhu vay phuong trinh (2) thoa man khi va chi khi
dau dang thirc cia cac bat dang thirc trén Xdy ra,

nghia la:

4 4

V2-x* =

{ ¥ "o x=1 (thoa man BK),
4

x =1
Véy phuong trinh d3 cho c6 nghiém duy nhat
x=1.
Nhdn xét. Dicu then chét cia 101 giai I chimg minh
bét déng thirc

V2-x* +x<2.

Tong quat cua bit dang thiee (1):
Néu a, b la hai 56 thuec khéng am ta cé bat dang thire

(a+b)" <2t (a" +b"),n22,neN;

Néu n la s6 tw nhién chén thi a, b c6 thé I hai so
thiee bt ky.

Céc ban ty chimg minh nhé.

Céc ban sau ddy co bai giai tot: ‘
Hung Yén: Nguyén Gia Khanh, 9B, THCS Nguyén
Tét Thanh, Nguyén Van Khiém, 9C, THCS An Tao,
TP. Hung Yén; Ha N@i: Ddo Quanlg Anh, 8El,
THCS Everest, Hoang Qudc Viét, Bic Tir Liém;
Ngh¢ An: Ngo Thi An Binh, 9E, THCS Dang Thai
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Mai, TP. Vinh; Ha Tinh: Tran Minh Hodng, SE,
THCS Nguyén Trdi, Nghi Xuin; Lim Déng:
Nguyén Dinh Lé Vii, 9A2, THCS Phan Chu Trinh,
TP. Pa Lat.

NGUYEN ANH DUNG

Bai T6/527. Cho cac so thuc x, y, z thoa man

¢ +v' +2° =3, Chung minh rang:

8(2-x)2-y)(2-2)2(x+yz)(y+xz)(z+xy).

Loi gidgi. TAt ca céc bat dang thuc dugc ding trong
11 giai nay dugc suy ra tu bat déng thirc Cauchy

cho hai s6 thuc khong am. Pat: a=|x,b=|y

¢ =z, taco:
e22-y)2-2)=8-4(y+tz)+ 2z
=Q-y-2 +4-( ) + 2z
>4-y" -2 (1)
. \(y +zx)(z+ xy)l <(b+ca)(c+ab)

<(b+ca+c+ab)2 _(b+o)’(1+a)’

4 4
<(B*+c*)(1+a*)=3—-a*)1+a>).
2 2 2 2
'lx+yz]$a+bc£a+b ;—c :a+3_2a =4—(a—1) <2.

Do do:
(x+yz)(y+2x)(z+ xp)<|x+ yz||(y+zx)(z+xy)|
<2(3-a*)(1+a*)=2(3-x")(1+x*) (2).
Cha y rang x* er2 +2=3nénx* <3, suy ra
x < 2. Bdi vay két hop vai (1) va (2) ta suy ra:
8(2-x)(2-y)(2-z)=4(2—-x)(1 +x°)
=2[3+(x—1) =% |(1+x?)
>2(3-x")(1+x%)
>(x+ yz)(y+zx)(z+xp).
Bat ding thic di cho dugc chimg minh. Déng
thic xay ra khi va chikhi x=y=z=1.
Nhgn xét. Day 1a bai ton bat dang thic co ban, hay.
Céc ban hoc sinh sau co 101 gidi tot:
Béc Ninh: Nguyén Thi Phuong Thao, 10A1, THPT
Yén Phong sb 2, Yén Phong; Ha Ngi: Dao Quang
Anh, 8E1, THCS Everest, Hoang Quéc Viét, Quan
Bic Tu Liém; Hung Yén: Lé Tuan Nghia, 8C,

THCS Doan Thi iém, Yén My, 7vdn Van Quan,
1IT1, THPT chuyén Hung Yén; Pha Yén: Phan
Vinh Tién, 11QT3, Truong phd thong Duy Tan;
Thira Thién Hué: Nguyén Thi M7 Lé, 12 Toan 1,

THPT chuyén Quéc hoc Hué.
NGUYEN MINH PUC
Bai T7/527 Cho tam gidc ABC c6 cdc goc thoa
man A<B<C<90° va
1 3 2
+ V3 +——26, (a)
sinC

sind sinB

..
gsmC-cosAZcos(B—C)—sinB (b)

T . . : : 8 13
Chitng minh rang sin* A+sin* B+sin* C < —.

Loi gidi (cta tac gia Nguyén Vin Thong)
Ap dung bit dang thirc Bunyakovsky ta co:
4
+
4
(x+y+2)

5 (2).

va eyteztz
Tur gia thiét () ta co:
1 NE) 1
. + . +
2sind 2sinB
Ap dung (2) ta duoc:

1 9 1

= 2, T a5 T a
16sin" 4 16sin”" B sin" C

>3,
sinC

1
N -
2sin4 2sinB  2sinC 3
> >—=3 (3).
27 27

T didu kién (b) ta co:

)= gsinCﬂinB >cos(B—C)+cos A4

cosA—§+C:25inCsinB

=2cOSA+B—C

V3
4

2sinB  sinC

B,
9 1 . 2sinB  sinC 24

= > >_—=2 (4).
16sin4B+sin4C 8 8 “)
T (3) va (4) suy ra:

= >2. Ap dung (1) ta duoc:

Xsin* A+(sin* B—sin* 4)Y +(sin* C —sin* B)sin]“ c

https://tleu% rANhl_?gEo.org
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L B A .14 szin4 A

| 16sin' 4 16sin* B sin'(
4 s N I )

. 4 \A
+(sm B —sin .4)(16Sin4 PRy

19 13
= 4l=,
sint'C 16 16 8
Do X >3.Y>2 0<sinC<l nén:

C 4~ 4
+(sm4( —sin B)

3 . . ] a(aint O — qin?
%‘:.\'sm“ A+(sin® B -sin A)Y 4 (sin® € —sin B)sin4C
C

. . .4 .4
>3sin* 4+ .’.(sm4 B —sin* A) +sin” C —sin B
. . .4
=sin* 4 +sin* B +sin* C.
Bat dang thire dugc chimg minh.
Dau bang xay ra khi va chi khi x = y=z, ticla

1 B3

N - . = . = )
2sin4  2sinB  sinC

hay sinC:l,sinBzg,sinAzl.

Viy 4=30°, B=60°, C = 90"

Nhdn xét. Day 1a bai toan chirmg minh bat dang thuc
luong giac trong tam giac thoa man hai didu kién (a)
va (b). Py 1a mot bai kho theo nghia cin bidt sir
dung Ki thuat khéo 1éo bién dbi, van dung bét ding
thirc Bunyakovsky, gia thiét va danh gid s hang, vi
Vv@y 0 it ban tham gia gui bai nay. Cac ban cé 15i
giai tot 1a: Quéng Binh: Nguyén Trin Hoang, 10
Toan 2, THPT chuyén V35 Nguyén Giap; Lam

Df‘mg: T6 Gia Bdo, 12 Toan, THPT chuyén Thang
Long, TP. Da Lat.

TA DUY PHUQNG
Bai T8/527. Cho tam giac ABC nhon n

Ol tiep
uong tron (Q0), / I,

I. twong vmg la la tam
tron bang tiép cac goc A, B, C cua tam

IBC. Al cat (O) tai D khéc A, Tren I,D, I.D
i luot  ldy  cde diem FE, F

(rNo

sao cho

2L.BE, ACB=3] CF E J nam trong tam

1.BC. Chirmg minh rang EF cat 1,] tai mot
liem nam trén ()
Loi giai.

Vi 4,B,C 1a chan ba dudng cao cua
tam giac 1,1,1. nén (0) 1a dudng tron Euler cua
am gidc 11,1, Do do néu goi M 1a trung diém
LI thi M thuoe dudng tron (0). Ta sg chimg
minh  EF i qua M. That

TOAN HOC )
28 elusifre 3531 0-20mm

vay, do

21 BE- ABC=2ABI, nén A/B\E=ITBTIT =9(°

Tuong ty, ACF =90°. Goi G 1a giao d‘iém Cﬁ'a
BE va CF thi G thudc duong tron (O) Va, G ‘df)i
ximg voi A qua O, do do DG //,I;,IC .Chuy rﬁng
M 14 trung diém cta 1,1, theo dau hi¢u nhéan bié
ctia chum diéu hoa thi D(GM,FE)=~1.

Ill
E
D G
E
B
c o
1(‘
I A M

Mit khéc, d& thdy DB = DC, MB = MC suy ra
DB.MC = DC.MB, dn dén MBDC 14 tir gic diéu
hoa. Do vay G(DM,FE)=-1 = D(GM, FE).
Tir 46 ba diém E, F, M thing hang. Ta c6 didu cin
chimg minh,

Nhin xér, 1) Cing c6 thé giai bai toan trén theo
hudng: Goi N Ia trung diém cua BC, chi ra hai
duong thing IN vg I g ding gide ddi véi goc
LLI. Khi d6 ta cing suy ra duge ba diém E, F, M
thing hang.

2) Tét ca c4c bai giai giri v& Toa soan déu dung. Cic
ban sau ¢6 104 giai tét:

Hung Yén: Tran vin Qudn, Ha Vinh Quang, Pham
Van T, héng, 11 Toan 1, THPT chuyén Hung Yé}ﬂi
HA Tinh: 7v4n Mink Hodng, SE, THCS Nguyén
Trai, Nghi Xuan; Thira Thién Hué: Nguyén Quang
Huy, 11 Toan 1, THPT chuyén Qudc hoc Hué, TP.
Hue; Phg yen: Phan Vinh Tién, 11QT3, Trudmg
Ph théng Duy Tan; Binh Binh: Nguyén Huy
Hodng, 121, THPT chuyén L& Quy Pén, TP. Quy
Nh(m; Ba Rja - Viing Tau: Phan Trung Kién, 11T1,

T e S O ST NEBtE I



g Tin, 9A7, THCS K€ Sach,

Tring: Lé Hé Tron h
Sée = Minh: Thdi Quang

é Sach; TP. Hd Chi

huyén Ké
phat, 11CT1, THPT chuyén Lé Hong Phong.
HO QUANG VINH
> +ax+b

Bai TO/527. Cho ham 50 [(x)=—=_—— Ydia,

b ld cdc sé nguyén. Biet rang gid tri lon nhat va

gia tri nho nhat cua ham so fix) deu la nhitng so

nguyén va 1ap gia tri cua ham s6 da cho co chira

dung 11 56 nguyén. Tim gia tri Iom nhdt va gid tri

nho nhat ctia biéu thie M =d’ +-b*,

Loi gidi (cua tac gia dé toan). Ham sb f(x) xac

dinh trén R. Goi m 1a mot gia tri thude mién gia
tri cia ham s& f(x). Khi do phuong trinh
x> +ax+b
T
& (m-1)x" —ax+m-b=0 (*) co nghiém.

co nghi¢ém

e V4i m=1 thi phuong trinh tré thanh:
—ax+1-b=0&ax=1-b.

Phuong trinh trén c6 nghiém khi a#0 hodc

a=0,b=1.

e V4i m#1 thi phuong trinh (*) c6 nghi¢m khi va

chikhiA=a2—4(m—l)(m—b)20

<:>4m2—4(b+1)m—a2+4b30

2
<:>b+1—./az +(b-1) Smsb+1+.laz +(b—1)2
2 2 '

Két hop hai truong hop, ta c6 tip gia tri ciia ham

s6 f(x) 1a

: .
e b+1—,/a;+(b—1) ;b+l+\/a2+(b—l)2
5 .

Vi gia tri 16n nhét, gi4 tri nho nhit la cic sb

nguyén va tap gié tri ciia ham s6 f(x) co chira

dtng 11 sb nguyén nén

b+1+.\Ja® +(b-1) b+1—./az+(b—1)2
- =10
2
@ +(b=1)" =10. Suy ra T = [b29’b-;11}.

Do gi4 trj 16n nhat va gia tri nho nhét l1a cac sb

nguyén nén b 1a sé 1. Ta co a’+(b—1) =100

thi xay ra 4 trudng hop sau:
a’ =100
- THI: :>a +b* =101.
(b=1) =
a’ =0 n ,
- TH2: (b-1 . Truomg hop nay khong co
=100

ddng thoi gia tri 16n nhét va gi tri nho nhit.

{a =36
- TH3:
(b-1) =

- TH4: {a
(b

Suyra a’ +b° € {85;89;101;113;117}.

:>a2 +b° 6{117;85}.

= a’ +b° €{113;89} .

Viy max(a’ +5)=117 va min(a’ +5°)=85.
Nhin xét. Pay la bai toan hay. Co it ban tham gia
giai bai ndy va c6 3 ban dung phuong phap mién gia
trj (nhu 101 giai trén), con lai thi cac ban dung cong
cu dao ham dé gidi. Mot s6 ban nhim khi léy
maxM =221 vi véia =0, b =11 thi fx) khong
c6 ddng thoi gid tri 16n nhét va gia tri nhd nhat.
Cac ban co6 161 giai tot 1a: Hung Yén: Trdn Vin
Qudn, 11 Toan 1, THPT chuyén Hung Yén; Binh
Pinh: Nguyén Huy Hoang, 12T, THPT chuyén Lé
Quy Dbon, Ba Ria - Viing Tau: Phan Trung Kién,
11T1, THPT chuyén L€ Quy Pon, TP. Viing Tau;
Ha N§i: Pao Quang Anh, 9E1, TH, THCS&THPT
Everest, Hoang Quéc Viét, Bic T Liém.

TRAN HUU NAM
Bai T10/527. Véi moi so nguyén dwong n, ta ki
hiéu f(n)=" +n+1"+1. Tim s nguyen diwrong
k nho nhat dé ton tai s6 nguyén duong n sao cho

f(n).f(n+)...f(n+k-1)la s6 chinh phuong.

Loi gidgi (dva trén y cla ban Tran Minh Hoang,
8E, THCS Nguyéen Trai, Nghi Xuin, Ha Tinh).
Ta co:

F(n)=(n* +n41) +1=(n? 41)[ (n+1)" +1]
Dodo A =fin) fin+ 1)... fin +k - 1)

= (n2 +l)[(n +k)2 +1J.T

https: //tleull%hnﬂ%é) org
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& do T:[(n+])2+1T[(n+2)2+1T...[(n+k—l)z+l:[:.
Do d6 4 1a sb chinh phuong khi va chi khi
M:(n2 + 1)[(}1 +k)2 + 1] la s6 chinh phuong.

=

Ta co: M=[n(n+k)+1] +k°. Néu k I¢ thi
nn+k)+11énén M=1+1=2 (mod 4) khong 1a
s6 chinh phuong. Do dé k chin.
P VO k=243t M=’ Tacs: & =(n +20+1) 14
Dlic—(n2 +2n+1)][c+(n2 +2n+1)]=4
:>[c—(n2 +2n+1)]=2, [c+<n2 +2n+1)]=2
=n'+2n+1=0: v ly.
+ V6ik=4. Taco: ¢ = (n? +an+1) 116
:>[c—(n2 +4n+1)][c+(n2 +4n+1):| =16
:>[c—(n2 +4n+1)]=:z,[c+(n2 +4n+1)]:8
=>n’+4n-2=0: khong ton tai n nguyén duong
théa man.
* V&ik=6.Chonn=1thi M=100 3 s6 chinh
phuong. Vay k nho nhit 13 & = 6,
Nhgn xét. C6 it ban tham gia giai bai toan nay voi
cac cich giai khac nhau. Cac ban ¢6 16i giai tét bao
gdm: Ha Npi: Pao Quang Anh, 9E1, THCS Everest,
Bic Tu Liém; Phié Yén: Phay Vinh Tién, 11QT3,
THPT Duy Tan; Hung Yén: Lé Tudn Nghia, 8C,
THCS Doan Thj Diém; Ba Ria - Viing Tau: Phay
Trung Kién, 11T, THPT chuyén Lé Quy Pén, TP.
Viing Tau.
PANG HUNG THANG
Bai T11/527. Tim tdt ca cac ham 5f /i RoSR
thoa man
/'(,/"(.x')+,\'):./'(_/'(X))—,v/'(x)+./'(—.1r’)—2, Vx,yeR ().
Loi gidgi (theo da s6 cac ban).
Gia st f(x) Ia nghiém cua bai toan thi
@:=f(0)#0. That vay, néu f(0)=0 thi khi thay
¥=0,y=0 vao (1) s¢ dan dén 0 = _- Vo 1y.
Thay x=0 vao (1), ta duge:
f(a+y)=f(a)—ay+f(—y)—2, VyeR

TOAN HOC
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2 VvelR (1
)= fla)—ay— 4, V) (2
V= f(=V)=. ‘ e |
@Af(ar+ .‘5112 vé phai cua (2) la da thirc bac nhiy
N}lan ”'Xeth;i 1; 4nh xa toan anh 1én R. Suy ry tp
nén vé p o -
hop {,r(,‘-)__/'(_y)_v_\-.; e R}=R
Thayl boi — /() vao (1), ta dugc:
v JC

— N+ S f(x)
_ (y)] =f(f(x -
flfeo-f CIFOD-2VeyeR @,
Thay y=x vao (3).ta duoc:
a=f(f)+ /(S + (-2, VreR

(4).

a’_g\_)+[
2

< f(f(x)=
Thé (4) vao (3), ta thu dugc:

1@ -r0)]= “—_’2—‘” F14 LOVf()

a- ()
+“
2

[f (-]
2

+1-2, Vx,yeR

< f[f)-f()]=a- . Vx,yeR.

2
Suy ra f(x):a—%,VerR.

Thay vao (1) ta thu dugc g =2.

Nhén xét. Da sé cac ban déu giai theo cach trén. Cic
ban sau day c¢ 1o gidi dung:

Ba Ria - Ving Tau:  ppyy, Trung Kién, 11TI,
THPT chuyén L& Quy Dén; Binh Binh: Nguyén Huy
Hodng, 12T, TypT chuyén Lé& Quy Dén; Thira
Thién Hué: 1 Thiy Tién, 10T2, THPT chuyén
Quoc hoe Hyé: Hung Yeén: 1 Vinh Quang, Trin
Van Quin, 1111, Tpr chuyén Hung Yén; Ha
Tinh: Trdn pgins Hodng, 8E, THCS Nguyén Tréi
Nghi Xuan; Quing Nam: 774, Gia Huy, 10T1,
THPT chuygn Nguyén Binh K hiam,

NGUYEN VAN M‘t‘,/u
1 gide ABC cdn 1ai A noi tiep
VOi AD g dwong kinh (,'ua‘ (([))
n luogt thuée DC, DB G thuoc &

GF Fp . mvi AF
*aa - - . (G
o &‘C\E Cerng minh rang ¢

Baij Tl2/527. Cho tan,
duong iron (0)
Cac digy, E Fis

cat hhay trén (O)
Loy 8idj THPT

P
(theo ban 77,;; Ouang Ph, 1Tl
chuyay, h:tlﬂp@ Blh{(txl@ tﬂluiﬂaﬂpm .0rg



Goi H 1a giao diém thu hai cua AF va (0); G 13
giéo didm CH va EF. DE thay:
CGE-HGF;
GHF = CHA
AFDH ~ AFAB. |
Tu do, ap dung dinh li G

sin cho cac tam giac
G'CE. G'HF, suy ra:

G'E _G'E HF CE
G'F CE G'F HF

_sin(ﬁ sinITG'\F CE
sinCG'E sinG'HF HF

_sinG'CE CE
sinG'HF HF

_s'mI-TC\D CE
sinCHA HF

_HD CE _HD CE

" CA HF BA HF

_HF CE

" BF HF

_CE _GE

S
Lai c6 G va G’ cung thudc doan EF. Viy G trung
G’ (dpcm).

Nhin xét. 1) Bai toan nay khong kho nhung chi co
10 ban tham gia giai.

2) Xin néu tén tit ca cac ban: Hung Yén: Ha Vinh
Quang, Pham Van Thong, 11T1, THPT chuyén
Hung Yén, TP. Hung Yén; Quing Nam: Tran Gia
Huy, THPT chuyén Nguyén Binh Khiém, TP. Tam
Ki; Binh Pinh: Nguyén Huy Hoang, 12T, THPT
chuyén Lé Quy DPon, TP. Quy Nhon; Thira Thién
Hué: Nguyén Hoang Ngoc, 10T1, Nguyén Thi Thanh
Thu, Nguyén Quang Huy, 11T1, Pham Ngoc Long,
12T1, THPT chuyén Qubc hoc Hué, TP. Hué; Pha
Yén: Phan Vinh Tién, 11QT3, THPT Duy Tan.

3) C6 nhiéu loi giai thuin tay hinh hoc nhung dai
hon 161 giai cua ban Phdt.
4) Ban Nguyén Huy Hoang d& nghi ring dé bai can
noi 1o cac diém E, F , G, theo thir tu thudc cac doan
CD, BD, EF.

NGUYEN MINH HA
Bai L1/527. Mot con ldc 16 xo nam ngang g(i‘m vat
nang cé khoi lwong m = 0,1 kg, 16 xo c6 do cung
k =10 N/m, hé s6 ma sat giita vdt va mat phang
ngang la n=0,1. Kéo con ldc téi vi tri sao cho lo
xo ddn 5 cm roi tha nhe. Xac dinh khoang thoi
gian tir luc dao dong dén khi lo xo khong bién
dang lan dau tién. Lay g = 10 m/s”.

Léi gidi.

Khi vat di tir P vé O, luc ma sat hudng nguoc lai
nén tim dao dong dich chuyén tir O dén I sao cho:
F. wumg 0,.0,1.10

ol =2
k k 10
=0,0lm=1cm.

Biéndosovéillad=0OP—-0OIlI=4cm.

Chuki: T = 2zz\/E =Z ().
ks

N 2
Tan s0 goc: w:% =10rad/s.

Thoi gian di tir P d&én O:
. 10
t=—+—arcsm—=£ +Larcsinlz 0,1823s.
1) IP 20 10

Nhdgn xét. Chuc mung cac ban da cé 1oi giai dung
cho dé ra ki nay: H6 Pham Phii An, 12T1; Nguyén
Truong Duy, 10T1; Huynh Dang Khoa, 11 Li 1; Vo
Hodng Khéi Nguyén, 11T1, THPT chuyén Nguyén
Quang Diéu, Pong Thap; Nguyén Thi My Lé, 12
Toan 1, THPT chuyén Quéc hoc Hué, Thira Thién
Hué.

PINH THI THAI QUYNH
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Bai 1.2/527
lien /
VB « D
1 (ng
/ ( 0 1/ SO
cho (("." / ( nacit .>/L/)) da u
ad / /'): el / dan macn [ 1/ “VFZ )/
SO Vol cuong do dong dien. Xac dinh tone tro
}
cua doan mach.
14
nglal. Ta CO:
U.=1Z, = ,
2 1
oC,|R* +| oL — —
wC

U
\/L2C2w4 - (R - %L)af aj: ]

Khi tan s6 dong dién thay d6i, dé U ¢ dat cuc dai

, 1\/},/_5:2
taco: C():Z C 2

2z, z-2 L .
~ R R 2 )
Theo bai ra hiéu dién thé gitra 2 diém 4, M léch

pha 7 5o v&i dong dién nén:
4

T Zl

tan4 R

~

Tu(l)va(2)suyra: Z. —Z, = ’%
Do d6 tong tr& cua mach bang:

Z:\/;_*'(ZL—Z(‘):

_[5R?
-\ 4

:751? ~223.6Q.

Nhén xét. Rét tiéc la khong c6 ban ndo gui bai giai
cho bai vat ly nay.

NGUYEN XUAN QUANG

************$***#******************************************************%x*&*kk$$$*$#**k**k*$

PROBLEMS ... (Tiép theo trang 23)

Problem T7/531. Given a triangle ABC with
AB = ¢, BC=a, CA = b. Let G be the centroid
of the triangle. Prove that
GA> GB* GC?
+ + >
bc ca ab

1=

T8/531. Given a triangle ABC
(4B < AC) inscribed in a circle (O). The angle
bisector of 4 intersects (O) at D, intersect BC at
E. Let M be the midpoint of BC, and H the
perpendicular prejection of M on AD. Prove

that VAD.EH = AC%”’B.

Problem

Problem T9/531. Solve the equation

2021 =1+2019x + log,,,, (1 + 2020x).

TOAN HQC ;
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TOWARDS MATHEMATICAL
OLYMPIAD
Problem T10/531. Fingd all pairs of co-prime
positive integers (1, n) so that (2" -1)2"-1)
1s a perfect square.

Problem T11/531.
S RSR satistying

TION+y+ £x) = £+ ) + o @
for al| arbitrary reg| numbers x, y.
Problem T 2/531. Given a convex quadﬁlatera'

ABCD. et (), (1) respectively be the e
of 4Dc, BDC. Assume that 7,7 i g
externa] tangent of (7 1), (1) (where T i
(Z1) and T 2 belongs to (£5)). Show that AT e
LI, are concurrent,

Find all functions

LAN
Translated by NGUY N pHU HOANG :

(College of Seiencpn s ; vegsity, Hano)
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CAF;'HT!EP CAN PHUONG PHaP poN BiEN
' *MUNG MINH BAT ping THUGC
VATIM GIA TRI LON N GIA TRI NHO NHAT
\ o5 CUA BIEU THyG Ba pigy ' .
. ;; .{ .:;m‘ l "u : E2 & HOANG NGQC HUNG

1. DAT VAN DE LA s .,
Trong dong chay cia toénqhQC’ dac bict la ‘toa‘g
hoc 50 cip, bai toan Bdt dang thikc (BD;T) va bai
to?'m Tim gia tri lon nhat, gid tri n‘ho’ ’?hat (~GTLI\VI’
GTNN) cua mot biéu thic ludn tiém an nhimg nét
hay, sy ddc ddo v hudng ngudi yéu todn khit
khao kham pha. Bai toan ndy thudng xuyén Xxuat
hién trong cac ky thi tuyén sinh dai hoc, cac ky thi
chon hoc sinh gioi Tinh, Quéc gia, Khu vuc va
Olympic Québc té.
Co rét nhiéu phuong phép giai bai toan BDT va
tim GTLN, GTNN ciia mét biéu thirc. Nhidu nha
toan hoc néi tiéng déu c6 BDT mang tén minh
nhu: Cauchy, Bunyakovsky, Schwarz, Jensen,
Nesbitt,... C6 nhimg 101 giai hét strc ngén gon, stic
tich, c6 nhitng 10 giai ma méi ching ta khi tiép
can déu thuc su bat ngd véi nhimg k¥ thuat bién
doi, xir 1y that tinh t&. Tuy nhién voi nhitng bién
d6i va xir 1y nhu thé, hoc sinh thuong cam thiy
boi roi méi khi giai hosic nghién ctru 161 giai,
Trong qu4 trinh cong tac, gidng day va bdi dudng
hoc sinh gioi, én, thi t6t nghiép THPT, t6i thuong
xu.}ién huéng dén nhimg 1 gidi mang tinh fy
nhién va‘} ¢o tinh gidi thugt. M0t 161 gii ty nhién &
mang dén cho hoc sinh nhidy tw tin, dong luc @b

2.COSG LY LUAN

4) Dieu kign v Phuong Phéap chuan hoa
Dinh |y ; 7

b:n Iy. Cho H(x, V, z) la mét da thire dang CG{D
ac k, nghig 15 H(mx, 1y, tz) = t'H (x, y, z) va

biéy :
thir ,
¢ F(x, y, z) thba  man

T e S oy (GV THPT Ky Anh, Ha Tinh)

F(x,y,z) = F(Ax,Ay,22). Khi @6 gig tri cua
F(x, y, z) trén mién

{(x, , Z)}H(x, y,2) = a, a>0}
khdng thay dgi khi a thay asi,
Chirng minh. That vay, gia st M(x, y, z)sao
choH (x, y, Z) =a; M'(x', ', z')sao

H(x,y,z) = a,;véi a,,a, > 0. Ta co:

cho

H(x,y,z)=aq, <::>&H(x,y,z)=a2
a

1

k
a
@[k’—ZJ H(x,y,z)=a,
q
a, |a a
S H| f=2x,42y,2z |=a,.
a aq a
a a a s ,
bit x' = x—2x,y" = k|2y,z' = s/-2z. Khi d6 ta c6
' a a, a

H(x',y',z')=a,, suyra F(x,y,Z) =F(x, y, 2).

Mit khac: M e{H(x,y,z)=a} SMe{H(X,y,2)=a,).

K&t lugn: Nhu vy dé tim gia tri cua F (x, ¥, z)

trén mién H(x, y, z)ta chi cdn im gi4 tri cia

F(x, y,z) trén mién H(x, y,z)=a cb dinh

thich hop.

b) K§ thuit sip b thir tu

+ Néu F(x, y, z)la mot biéu thic déi ximg ba

bién. Khong mat tinh tong quat ta ludn dua ra gia

str dugc rang: x<y<z hodc x2y=2z.

+ Néu F(x, y, z)1a mot biéu thirc hodn vi vong

quanh. Khong mat tinh tdng quat ta luén gia i.fr

duoc ring: x = max{x;;2); X = min{x; y;z) hodc

0 rﬁng x 1a sb ndm gitra y va z.
https://tieulun.hopto.org
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¢) Co so phuwong phap don bién “day ve tam”
cua bét ding thirc ba bién

Phuong phap don bién “day veé tam” la cach néi
r4t moc mac cua phuong phap don vé cic bién
bang nhau hoac 2 bién bang nhau. Nghia la cuc tri
dat tai tat ca cac bién bang nhau, hodc mot sd bién
bang nhau. Gia sir bai toan cia chiing ta c6 dang
f(x;y;2)20 voi x, y, z la cac s6 thuc thoa man
diéu kién nao do.

Khi ¢6 mong muén cua chung ta la s& c6 danh gia
F(x;y;z)2 F(x;t;t) voi t la cach dat nao do lién
quan dén hai bién con lai. O phuong phap nay 1 la
bién thuc day hai bién y va z lai gan nhau. Nén
ching ta goi la phuong phap don bién “day vé
tam”.

Tuy vao gia thiét chia bai toan ma ta co cach dén
bién khac nhau, sao cho khi dt 1 thi diéu kién ban
du van thoa man. Thi du mot s6 cach dit nhu sau
trong truong hop bai toan c6 thé giai quyét dugc
bang phuong phap don bién “day vé tam™:

+ Néu cho x, 32
y+z

zkhong dam vax +y =a>0,

dat ¢ =

+ Néu cho x, y, z khong am va xyz = a > 0, dit
=\/yz.

+ Néu cho x, y, z khong 4am va x* +y* +z* =q,

2 2

+ Néu cho x, y, z khong am va xy + yz+zx =a,

chont > 0saocho > +2tx =a.

d) Co s& phuong phap don bién “day ra bién”
dbi véi bat ding thire ba bién

Phuong phap don bién “day ra bién” 1a cach noi
rat moc mac ciia phuong phép don mét sb bién vé
bién. Nghia 1a cyc tri cia BDT dat dugc tai gia tri
bién. Gia s bai toan cua chung ta c6 dang
f(x;y;2)20 voix, y, z 1a céc s6 thuc khong 4m
thoa man diéu kién nao do.

Khi d6 mong muén cua ching ta 1a s& c6 danh gia
F(x;y:2) 2 F(0;5;0)......voi s, t1a cach dit nao do

lién quan dén cac bién con lai. O phuong phap nay

TOAN HOC
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bien. N¢n €l
Chung ta da don 1 bién ra

1a phuong phap don bién “day ra bien™.
Thi dy mot sO cach dat nhu sau trong truong hop

bai toan c6 thé giai quyét duoc bang phuong phap

don bién “day ra bién”
+ Néu cho x, v, zkhéng am va x+y+z=a>0,

ta c cach dat sau:

X X
S=v+—it=2+—.
- D] B)

& e

1 > 0, dat

s=x+v.0 =z hodc
v, - khong am va xyz -

I =VX_Z.

+ Néu cho x,
-
S=XV,

+ Néu cho x, v, -khong am va xy +yz tzx —a >0,

it s=x+v,t=- :
X4y
+ Néu cho x, v, z khong am va xy+ vz +2x =a,

chont > 0sao cho ' + 2tx = a

¢) Nhirng luu y khi sir dung phwong phap don

bién

+ Téc gia nhan thdy c6 sy giong nhau tuong doi

cua bai toan BDT va bai toan Tim GTLN, GTNN

clia biéu thirc nén cac bai toan trong bai viét duge

sp xép theo mire do kho dé cia cach chimg minh

dva vao cach cam nhan cua tac gia.

+ Trong mét s bai toan phirc tap c6 thé sir dung

cac BDT Cauchy, Schwarz,

biéu thirc cin chirmg minh.

+ Vin dé lya chon cic bién 1, s phai ton tai va thoa

mén didy kién ban dau cua bai toan.

+ Khi da chimg minh duge F(x;v;z) > F(x:t:0),
- hodc F(x;y;z)> F(0:s:1), ...

. dé lam don gian

nghia 1a sb bién
ban dau da duoc giam vé 2 bién. Néu c6 diéu kién
rang budc cua hai bién chang ta chi can khao sat
bi€u thire mot bién.

*+ Khi trinh bay bai viét nay ching t6i di ¢b ging
SU dung nhirng phép bién doi so cap nhat dé chimg
minh  F(x;;1)>0hodc F(0:s;t)>0 hodc tim
GTLN va GTNN cia c4c biéu thac nay dé hoc
Sinh 16p 10 ¢6 thé tiép can mot cach dé& dang. Tuy
nhién cong cu dao ham dugc tac gia sir dung trong
Mot 6 truomg hop phire tap hon.

https://tieulun.hopto.org



t mot ham s6 nhu bac hal, bac

. vén dé khao sa hur béo hal, e
o dura ra bang bién thién ma ch;

ba, ... tac gia khong
&t luan van de.
3. MOT SO THI DU

2) Phwrong phap don bien
3 thi HSG Tinh Ha Tinh l6p 10 nim

“day ve tam”

Thidu 1 (P
hoc 2016 -2017). Cho a,b,
s tone bang 3. Chirng minh rang

la cac so thuce /\/’10')1(9

am '«

a+b*+ ¢’ +abc 2 4.
Phan tich.
- Nhan thdy rang diu bang xdy rakhia=b=c =1
nén chung ta sir dung phuong phap don bién “day
vé tam”.
- Bidu thirc ¢6 dang déi x{mg nén ta c6 thé gia sir
a<b<choac a>b>c.
- Ta ddn bién theo trung binh cong vi c6 diéu kién
atb+c=3.
Lo gidi. D3t F(a;b;c)=a* +b* +¢* + abe — 4.
Do tinh doi ximg cta a, 4, ¢, khong mét tinh téng
quét gid st a < b < ¢ . Khi d6:

F(a;t;t)=a2+2t2+at2—4, VOi t=b+c Va
OSasl.XétH:F(a;b;c)—F(a;t;t)
2
:b2+c2—(b+c) +abc—a(b+c)2
4

_ (b—C)Z(z—a)
‘TZO.
Ta chi Cé‘in Chfl’ng minh
F(a;t,'l)zaz +2t2 +at2 _42 O

Doa=3—2t nén lszsé. Ta cé:
5 "

F(a;t;t):(3—21)2 +202 +(3-2¢)2 4
—_ "3
2t +9z2-12z+5=(t—1)2(—2t+5)20-
b=c
Thi (=] Sa=b=c=1.
hi du 2. 0 a,b,c>0 ¢6 abe = |

Dau bang Xdy ra khi {

Chirng minh
L1 ‘ 6
- g ‘/’TT 29,

: |
"
ang — 4

Th4t vdy ta c6: 2¢* + 48 — 48 —t+2

1 2, 3,0, 3223
=(2t4_213+512)+(6t3—6t +5t)+21 2t+2

2 1Y (3.5
:2t2(t_—;—) +6t([‘—2—J +(5[ —5t+2)>0

v&i moi £ > 0.

- Nhan th4,,

d ay r3 AU R
angxéyrakhia=b=0: L.
“& phuong Phap don bién “day

1]
‘+_+1+ 6
a b ¢ a+b+c

Loi gig, x¢ F(abc)=

Dat 1= Vhe
< - C>0,ta hl von i )
b Ong chin h d
F(a,b,C)EF(a;t;t). Ta c6: 8 i Guoe

= Fabio) - Flazy)
1
=Z+l‘i+L_ 6
c \/27; a+b+c m.

S\l U
be (a+b+c)a+2vbc)

=(\/g_\/;)2.(a+b+c)(a+2\/b_c)—6bc
be(a+b+c)a+2be)
Khoéng mat tinh téng quat gidstr a>b>c, suyra

b+c .,
az—z—. Khi dé: (@a+b+c)(a+2vbc)—6bc
3(b+ b =
Z%( _2*-0-1-2 bC)—6bC

> 3v/be.3\be — 6bc = 3be > 0.
Vay H >0. Ta can chimg minh F(a;¢)>0. T

r i 1 .
gia thiét ta ¢6: ar’ =1< a=—. Tacé:
t

1 11 6
) =—+—-+—-+ -5
Flas) a t t a+2t
2 6 260 —10¢* + 118 = 5¢+ 2
A I K1+ 27
t
2
_(t—1)2(2t4+4t3—4t ~t+2) 5,
- 1(1+2F)

5

https://tie .nepto.org
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S a=b=c=1.

s .| b
Dau bang xay ra khi {t—l

Thi du 3. Cho cac so thuc khong

am a, b, ¢ thoa

man a 4. Chung minh rang

J
+ D + ¢

Phén tich’. ‘ o
- Nhén thay rang dau bang xay rakhia=b=c = 1.
Tu do ching ta st dung phuong phap don bién
“day vé tam”.
- Biéu thirc c6 dang d6i ximg nén ta c6 thé gia sur
a<b<choac a>b>c.
- Ta don bién theo bién ¢ khong 4m théa mén didu
kién ban ddu a® + 21> + ar® = 4.
Loi giai. Chon t khong 4m thoa man:
@+ +rva’ =4 & £ =2_g<2,

Theo gid thiét ta c6: 4=a? +b* + ¢ + abe > a,
suyra 2—-a>0. Do d6 ¢ ludn ton tai. Theo cach
dittaco: a® +b* + ¢ + abc = a® + 2% + gf?

<28 +at® =b* + ¢ + abe > 2bc + abc
= 2(¢* —=bc) + a(t? —bc)20 < 2+a)(t’ ~bc)20
= t*2bc. Dit F(a,bc)=a+b+c,

ching minh: F(a,b,c) < F(a,t,t)

ta can

Sa+b+c<a+2t < (b+c) <48
& b +¢% +2be < 4t
S 2 = (B> +)+26* —2bc>0

& 2t —(4-a® —abc) + 21> —2bc > 0

<27 —[(a2 +2* +a’)-a’ —abc}+2t2—2bc20
< abc—at®> +2t* —2bc>0

< (2-a)(t* —=bc) >0 : lubn ding.

Ta chi can chimg minh:
Fla,,1)<3©a+2-3<0(2-)+2t-3<0
< —(1-1)’ <0: ludn dung,

Déubéngxéyrakhia=b=c=l.

Thidu 4. (Canada 2002). Chirng minh /'('}ng
g B ¢
—+—+—2>a+b+c,

voi moi a, b, ¢ duong.
bc ca ab

TOAN HOC
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Phdn tich. Nhan xeét rf’mg dau bang xay ra khj
a=p = c, nén ta su dung phuong phap don bién
“déy ve tam” vdi cach ddn bién theo trung binh cong.

. Cl3 b3 " C3 D3
Léi giai. Ky hiéu F(a,b,c):b—+_ —. Dt

C ca a
t= b+c . Xeét
2
a@ b o (a2
H= F(abC) F(aatat)_a a ab [2 at
3 3
- 3 L_i +l .b_-{,-—c——ztzj
be t*) alc b
2
_EG-0 U 2 0p 420 +3b0) 20,
be(b+c)®  2abc

3 3

g i a 2t
Ta can chung minh F(a,t,t) = 7 + ; >a+2t

i ’ —t)Na+t) 2(t—-a
Tacé:a_2+7i_a_2t=a(a Z( ), 2(t-a)

t a t a

=(a t)(“(‘”’) 2t)=2l(a—t)2(a2+2at+2t2)zo.
a t"a

a3 3 3
Vaytaco —+—+—>ag+b+c.
bc ca ab

Diu bang xayrakhia =5 =,

Nhin xét. Do tinh dong bac cua bét déng thirc nén
ta ¢6 thé chudn héa a + b + ¢ = 3, khi d6 bai todn
s€ giai quyét don gian hon.

Thi du 5 (Thailand 2003). Cho a, b, ¢ > 0 théa

man a+b+c>l+ : +l

p Chimg minh rang

a+b +c 2a+b+ec.
Phén tich. - Tir diéu kien rang budc va danh gia
1 1 1
(Z+;+;j(a+b+c)29
ta thiét 18p duoc didu kién a + j 4 c>3.
- Nhén xét ring déuy bang Xayrakhig=p=c=1,

nén ta sir dung phuong phép don bién diy vé tam
V6i cach don bién theo trung binh cgng.

Loi gigi. Theo BDT Cauchy ta co:

2 I 1 1
(a+b+c) 2(;+Z+;J(a+b+c)29
= a+b+c>3,

https://tieulun.hopto.org



g hics Fla.be)=a T0 +¢ —a-b-c, gy

bt¢ tacd a+2t=3. Xét
7

15

Flabe)F@t0=b 4 =

) h+eY
:b}+(‘)_2 bl =

o cin chimg minh F(a,t,t)>0.

3(b—c) (b + c) S
\4 >

TaCO:

g +62(a +141)+ (26 +242)
23a+6t:(a+2t)+2(a+2t)2a+2t+6.

Suyra @ +202a+2t hay F(a,t,1)>0. Vay

i +b+c 2a+b+c (dpem).

Thi du 6 (Bat dang thire Schur). Cho a.p. ¢ > 0,
chimg minh r(fng

o +b'+¢’ +3abc 2 a’ (b+c) + b2 (c + a)+c’(a+b).
Phdn tich.

-Déu béng xay rakhi a = b = ¢, nén ta hi vong sur
dung dugc phuong phap ddn bién v tam.

-0 bai toan nay khong c6 diéu kién rang budc cac
bien nén ta c6 thé c6 nhidu céch ddn bién khac
mhau. Tuy nhién phai lua chon cach ddn bién sao
tho dé chimg minh BDT F(a,b,c)> F(a,t,t)1a
don gian nhit.

Loi giai. Xét F(a,b,c)=a® +b* + ¢ +3abe

_az(b+c)—b2(c+a)—-cz(a+b).
Dat t~b

—_—

5 , khi d6 ta hi vong rang c6 BDT

Flab,c)» F(a,t,t). Xét H=F(a,b,c)—F(a,t,t)

T4 4 3abe — aP (b +¢)— B (c + a)
“latb)- | +27 +3ar* —2a% 207 (1 +a) |
by +3abe -b*(c +a)—c*(a +b)

LS L ot ey
4

4

i (b+c+2a)]

:(b3+c3)‘(b+\c)3+ 3abe— 348+
4 €T
(b+c)
T(b+c+2a) b*(c+a)- c(a+b)}

:%_3a<b—c)2+(b—c)2<b+c) 2, b=V
4 4 4 Ty

=(b‘c)2(b+c—§aj.
4

Do bidu thire da cho g dang hoan vi vong quanh
nén khong mit tinh tong quat ta gia su

a = min{q; b; c}. Khi @6 b+c—%a 20, suy ra:

(b—c) (b+c-%a]20 hay F(a,b,c)>F(a,t,t).

Vén dé con lai ta can chimg minh F(a,t,t)>0.

Taco: F(a,t,0)=a’+26 +3ar 24— 22 (1+ )

=az’+at2—2aZt:a(a—l‘)2 2 0.
b=c
b+c<a=b=c.

2
Thi du 8 (IMO 1984). Cho x, Y, z khong am thoa

manx +y +z = 1. Chumg minh rang

Diu bang xay ra khi
a=1=

0<xy+yz +-\—”\\~<ﬂl7
Phan tich. D3t F(x,y,2) = xy+ yz + zx— 2xyz .
- D& dang chimg minh dugc F(x,y,z) > 0.
- Dy doan d4u bang xay ra khi x = y =1z Ta st
dung phuong phap don bién ddy vé tam dé ching

minh F(x,, 2)32i7 , don bién theo trung binh

cong.
Loi gigi. Dat F(x,,2)=xy + yz + zx — 2xyz.
o Ta chimg minh F(x,y,z)>0.Ta co:
F(x,y,2)=(x+y+2)(Xy + yz +2x) = 2xyz

=(x+ Y+ +2)yz+(x+2)xz + xyz > 0.
DAau bang xay ra khi x = 1,y = 0, z = 0 hodc cac

hoan Vi.

https://tieulun.hopto.org
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y+z

7 <
e Ta chirng minh F(x._v,;)sz;. bat =
suy ra: x + 2t = I, ta chung minh:
F(x,v.2) < F(x,1,1).
Do biéu thie co tinh doi

tong quat ta gia st x <y

w2)—=F(x,t,1)

=3+ + o =20z - (2xt+ 17 - 2xt?)
=x(v-0+x(z-0)+yz -t - 2x(yz - t%)

W= xp=2 (-2
4 4 4
Ta chi can chimg minh

(1-2x)<0.

F(x,t,t)=2xt + > = 2x* < Z
27

2
<:>4t3—5t2+2tszi7c>9(t—éj (12t-7)<0:

ding v&i moi 7 théa man %Sté%.
y=z 1
Déubﬁngxéyrakhi 1 <:>x=y=z=§.
t==
3

Thi du 8 (Belarus 1999). Cho a, b, ¢ la cdc 58
thuc duong théa man a® +b* +c* =3. Chung
1 1 I
+ +
l+ab 1+bc 1+ca

minh rang > E
2

Phan tich.
-Déub?mgxéyrakhia=b=c= 1, nén ta sir
dung dugc phuong phap don bién vé tam.
- Tuy nhién néu ta don bién theo trung binh cdng
cac binh phuong ta s& gip mot chit ric rdi khi
chimg minh  F(a,b,c)- F(a,t,t)>0. Vi thé
ching ta chuyén vé dén bién theo trung binh cong
cua b va c thong qua danh gia:

3@ +b +*) 2 (a+b+c),

Loi gidi. Ta c6: 3(a® +b* + )2 (a+b+c), suy

ra: a+b+c<3. Ky hiéu:

Flabey=— 4y 1, 1
l+ab 1+bc 1+ca

TOAN HOC ]
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xung, khong mat tinh

. | -
<z, khi do .rgg va

dat b+¢ g co: a+2t<3. Ta chimg mip},
a t:/’

d 5 -

F(a,b,c)— F(a,t,t)Z 0. That vay:

1 1
, -+
F(a,h,(’)'””*t’t)~1+ab 1+ bc

I 1 1 ]
I + R
| 4 ca l+at 1+t 1444

a(t—b) a(t—c) t* —bc
:(1+ab)(1+at)+(1+ca)(1+at) (1+bc)(1+1)
N2
al(c—-b)2 (b—c) >0
= X ran(l +ab)i+ac) A +bo)(I+1)
Ta cﬁn Chl,l'ng mlnh F(a,t,t) = Tt at + l +t2 25

Khéng mét tinh téng quat gia sit @ >b>c, khids

t<ava 0<t<1. Taco:

|
> -
F@tD2 G o e
2 1 343t
- 7t i 2 2N
1+3¢=-267 1+ (1+3t-2)1+1)
Ta cb: 3+3¢ 3

U320+ 2

S =D’ ++1)>0: luén ding.
Déu bang xay ra khi
a’ +b% 42 =3
t=1
b=c

Sa=b=c=1.

Thi dy 9 B¢ thi s 16p 10, tinh Ha Tinh,
nam 2009-2010). Cho tam giac ABC. Goi a, b, ¢
theo  thiz ne 14 do dai cdac canh BC, CA, AB va

m.m . m lg S cpwm g . ) y
oMy M 1A d6 dai cge duong trung tuyén xuat

hat ty . ) ;3
Phattir 4, B, C. 13, GTNN ciig P:L+L+;.
m  m,m

d



.y dung cong thtt EFFHe ZHre e

-
_ '_Zié:%l;ta CO dérﬂ]

, = 2 2 2
o : 2b" +c)—a”

12 ‘ a 4

2\/3d’ 24/3d°

2 :
T A

g ta co diéu kién rang budc

N b . 598

- 4+ —

m m, m,

a

7ir do chun

Do do, ta don bién theo trung binh cong.

a a

Lt gidi, Ta ¢0; ~— = —— =
m, am, . ’2@;&? )_ a
4
2\/§a2 2\/§a2
2 b*+ct+a*

Tuong tu: — > — 7 2, 2 2
m, b°+c +a m, b +c +a
. a b c
Bitx=—, y=— ,z=—,tacod
mtl mb mc

X+y +2>23. Ta cin tim GTNN cua
Py,z)=x'+ P +2°. Xét
H:P(xay,z)—P(x,t,t) :y3 +z2 -2

>0 vo1 t=

Y S,
C “n tim GTNN cia P(x, ¢, 7).S¢ dung BDT
“Why, ta co: P(x,1,0) = x* + 2¢°

[ (2 ] +(%j]+(2f + z[%j + 2(—%}]‘6%}
e g 6(\/_} 8\/—
Diy N

ban
Nhg, & Xay ra khj x = y=zhaya = b =c.

n xét,

trmh Hu(mg dan chdm cua bai toan nay dugc
; 4 theo cach khac, khong sir dung phuong
P don bién.

b) Phwong phap don bién “day ra bien
() ~ l[./i‘.( s
Cho a. b. ¢ thoa man A

Thi du 1.

‘d*/""

Chirng minh rang a’+b*+c” <5.

Phin tich. D thiy a = b = c thi déu bang khong
xdy ra. Xét ¢ = 0, khi do BPT tro thanh
a’ +b* <5 véidiéukiéna + b = 3. DAu bang xay
rakhia=2,b=1hoica=1,b~= 2. Tu do ta co
thé sir dung phuong phap “day ra bién”.
Loi gidi. Pat F(a,b,c)=a’+b"+¢,
s = b. Xét F(t,s,0)— F(a,b,c)
=(a+c)’ +b° —(a2 +b’ +c:):2acZO.

Ta chi can chung

t=a t ¢

Suy ra F(a,b,c) < F(s,t,0).
minh BPT dung voi truomg hop ¢ = 0. Khong mat
tinh tong quat gia sir a > b, suy ra:

2a2a+b=3:>a2§.

Taco: a2 +b> <5< a*+(3-a)’ <5
o2d*-6a+4<0s2a@—1)(a—-2)<0: ludn
dtng. Dau bang xay rakhia=2,b=1,c =0 va
cac hoan vi.
Thi du 2. Cho a, b, ¢ khong am. Chung minh rang
27(a’b + bc+cta+abc)<4(a+b+c)’.

Phén tich.
_ DA thiy a = b = ¢ théa man dau dang thirc, nén ta
c6 thé sit dung phuong phdp dén bién v& tam.
Cach nay danh cho ban doc nhu 1a mot bai tap dé
nghi.
_ Gia str ¢ = 0 khi do ta c6 27a’b < 4(a +b)’. Khi
d6 dAu bang xay ra khi a = 2b. Do d6 ta ciing c6
thé st dung phuong phap don bién da‘iy ra bién.
Loi gidi. Dat
F(a;b;c) —27(a’b+b’c+c’a+abc)—4(a+b +c)’.
Ta co: H = F(a;b;c) = F(a+c;b;0)

—27(a’b+ b*c+c’a+abc)— 27(a+¢)*b

= -27H#tpR/tidulun.hopto.org

Khong mat tinh tong quat ta gid su b la nam gnrd a
3 ¢ khi do (a— b)(b—c)=0. Vithé H <0. D4y



bang xay ra khi @ = b = c. Ta can chiing minh
BDT dung khi ¢ = 0. Ta co:

27a*b<da+b) < 4a’ —15a°h+12ab’ +4b° 20
& (a-2b)’(4a+b)20: luon dung.
DAu bang xay ra khi @ = 2b, ¢ = 0 va cac hoéan vi
cua no.
Nhgn xét. RS rang voi cach don bién déy ra bién,
bai toan dugc hoan toan chung minh véi nhitng
bién ddi rat so cap va don gian. Pa thirc trong bai
toan dong bac nén c6 thé chuan héaa + b + ¢ = 3.
Bai 3. Cho cdc s6 thuc khéong am a, b, ¢ théa man
a+b+c=23.Tim gid tri lon nhat cua biéu thir

P=a*+a+2b+3c.

Phan tich. Bang cich thir mot vai gi tri ta thy
ring véia=b=c = 1thi P khéng dat duoc gid
tri 16n nhét.
Xéta =0, ta co:
P=2b+3c=2b+3(3-b)=9-b<9
Xétb=0, taco:
P=d’+a+3c=a’+a+3(3-a)=a>-2a+9>9
(tn tai gi tri cia a).
Xét ¢ =0, ta co:
P=a’+a+2b=a’+a+2B-a)=a*—a+6>9
(ton tai gia tri cla a).
Tir nhimg phan tich trén ta thiy ring P c6 thé dat
gi tri 16n nhat khi 5 = 0 hoic ¢ = 0.
Tuy nhién dé sir dung phuong phap don bién “day
ra bién” trong bai toan khong c6 tinh dbi xtng va
khong c6 tinh hoan vi vong quanh nay ta cin xét
mot vai truong hop.
Loi gigi. Xéta = 0,ta c6: P=9-b<9, diu bing
xay ra khi b=0. Patt = a + ¢, s = b va
F(a,b,c)=a* +a+2b+3c. Khi do:
F(a,b,c)— F(t,s,0)
=d’ +a+2b+3c-[(a+c) +(a+c)+2b]
=2c—-2ac—c* <0.
Suyra F(a,b,c) < F(t,5,0). Ta can tim gia trj I6n

nhét ctia P khi ¢ = 0. Taco: P=a*—-a+6.

TOAN HOC
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= maxia, b!, suy r.
(, bl. Do a = max, i» SUy ra

Xét = max ad. Uy
a M3 ’T-
. A —:3
a>3 Khao st P trén L:' J

2

i P = 2
la 12 dat dugc khia = - -
' = maxid, . Suv
Xét p = maxia, b}. DO b = maxia, b}, suy ry

3 ,
Khao sat P trén {O;;J ta cO GTLN

P

ta cO GTLN Cua p

0<g<

to | W

() \ (9]

cua P la —24—7 khi a =
So sanh cac gia tri ta thay P dat gia tri l1on nhat
bing 12 khia =3, =0,¢=0.
Thi du 4 (VMO 2008). Cho x. v, z la cac so thie
khong am doi mot khac nhau. Chine minh rane

\
| I |

} } | ('\)

) Z+ 2ZX) )
Xy +) 1(\ V) () ) ( \)

Phan tich. D& thiy x = y = z thi BDT(*) khong ton
tai. Xét z = 0, khi d6 ta co:

(*) < xy(WUZ ;]24 ).
BDT (**) la dang cép nén ta dat y = ax vdia > 0.
Khi d6 biéu thirc dua vé mot bién theo . Ta hi
vong c6 dugc didu phai chimg minh.

Loi gidgi. Dt

F(x;y52)=(xy+yz+zx)( L —+ 1 + l J
(x=3) (y-2) (z-x)

)Iil’léng mat tinh tong quat gia sir z = min {x,,2}.
CtH =F(x,y,z)—F(s,t,0) VOis =x—z,t=y-z
Ta co: F(x,y,z)- F(s,1,0)
232y O 2= + (- ) (y-2)
=Y (r=2) (z-x)
Tuong hop z = 0. Ta co:
F(x’yao):-n/[*'f-i'*-*l‘
=y 2 ")
4 Va a#1. Tacin chimg minh:
Fx,ax,00= 2 =2a° + 34 —2a+1
a(a—1)?
4
A -6a’ 1112 —6a+1>(

N ﬁ&ﬁé:ﬁtreﬁf&ﬁ@mpto.org

20,
Ta chi cin xgt ¢

>4



] \a:T

o xayrakhi a+——3=0e |
piabing xéy rakhi a-+2 [ 3445
QZT

yay ta €O

1 1 1
) + T (24,
(¥t Zx)((x -y (y-z) (z—x)° ]

D bang BDT xay ra voi cac bo sb (t;at;O),l >0

3-5 _3+V5
2 2

Thi du 5. Cho a, b, ¢ khong am c6 it nhit mor <

i = hodc cac hoén vi.

khac 0 thoa man a + b + ¢ = 3. Chime minh rang
Il J

[2(a+b)(b+c)e+q) (*)
Phin tich.
-Dé  rang dau bang khong xay ra khi q = b - .
-Xeét truong hop ¢ = 0, khi d6 ta c6 bét ding thirc:

(@’ +5°)a’b* <12(a+b)ab
>(a’-ab +57)a’b? <12 < (9-3ab)a®h? <12,
Datt=ab. Taco: 31 =92 +12>0

< 3(t=2)"(t+1)20: luén ding.

-Tlr 46 ta s& van dung phuong phap ddn bién ra
bién,
Loi gidgi. D& thay néu (a+b)b+c)c+a)=0thi
BDT(*) luon dung. Xét (a+b)(b +c)(c +a) # 0.
Ta co:

") (a? —ab+?)(b* ~be+c)(c? —ca+a?) <12
D3t F(a,b,c)= (a2 — ab + b )B* —be+c*)(c* —ca+a?).
Khi d6: F(q+c,p,0) =[(a+ey ~(a+cpp+b*J(a+cyvr.
Khong mét tinh tong quét ta gia sit a>b>c, suy
% (@+e) ~(a+ )b+ b2
=a'-gh 4 p? +(2ac+c2 —bc)Za2 —ab+b*;
b2 b2 ~bc+c?;
(c+a) > 2 —-ca+a’.
Suy rg; [(a +c) —(a+c)b+ b2](a +c)’b’
E(612 ~ab+b2)(b2 —bc+cz)(c2 ~ca+a2)
YF@bey< Fatep, 0).

Ta chj cip chimng minh (*) diing trong truong hop
¢ =0, tirc 1a:

(a? ~ab+b’)a’h’ <12 & (9-3ab)a’h’ <12.
Datr = ab, taco: 37 912 11250
< 3(t-2)*(t+1)>0: ludn dung.
Déu bang xay ra khi
ab=2
a+b=3a=2h=1c=0 va cac hoan vi.
c=0
Thi du 6. ()0
@ +b" +c*)a'h

Phan tich.
-béy rang diu bang khong xayrakhia=b=c.
- Xét truong hgp ¢ = 0, khi d6 ta c6 BDT:
(a" +/)3)a3b3 <36ab . Dén budc nay ta thiy diu
bing ciing khong xdy ra khi a = 4. Tuy nhién:

(¢ +8°)ab* <36ab & (27-9ab)a’? < 36,
- Tir d6 ta van dyung phuong phap don bién “day ra

bién” véi cach dat t = a, s = b + ¢. Ta cin ching
minh F(a,b,c) > F(t,s,0), véi

Flab,0)=(a'+5'+0)(@ +5¢ +a’)~36(ab+ be + ca),

Loi gidgi. Khong mit tinh tong quat ta gia sir
a>b>c. Dat

Fabo)=(a +6'+8)(@8 +6'¢ + a’)-36(ab+ be + ca),
Khi do:

F(ab+¢,00=(a’ +(b+c))a’ (b+cy ~36a(b+c).
Ta can chimg minh F(a,b,¢) < F(a,b + ¢, 0),
Taco: @' +b' +¢* <a’ +(b+c) (1) va

A’ +0C +a <a’h + & + P
< (an3 +a’bc+ c3a3) +2a’b’c +3a’be?
=a’ (b’ +3b°c +3bc? + =d*(b+ o)’ (2);
Mt khc: 36(ab+bc +ca)>36a(b + ¢)
o —36(ab +bc + ca) <=36a(b + ) (3).
Tur (1), (2) va 3) suyra F(a,b,c) < F(a,b + c,0).
Xét ¢ = 0, tir (*) ta co:
(¢ +5°)a’h’ <36 véia +b =3,

/1 .hopto.or
https'//t'?glﬁlfano%p 9
—_* STusitre 4 ]
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() , .
Patr = ab, khido 0<r < 4 , BDT tro thanh

144> 37 (),
D¢ ching minh (**) chiing ta ¢ nhiéu cach
Cach 1 (Bién doi twong duong).

(27-9) <36 <

=30 4420 (-2 (4 1)2 0 (luon dung)
Dau bfmg xavrakhit =2

Cach 2 (Su dung BDT Cauchy). Ta co:

o o
r +4:~+—+423§[—.—.4 =3¢,
2 2 22
Dau bang xay ra khi 7= 2.

Cach 3 (St dung dao ham).

Xeétham so f (1) =1 -3¢ + 4 véi OStsg, lap

BBT cua ham sb ) trén [O;%}. Ta c¢é

70z f@)=o.
Diu bang cua BDT(*) xay ra khi

c=0

ab=2 S a=2,b=1,c=0 va cac hoan vi.

a+b=3
4. KET LUAN
Phuong phép don bién da dugc mot sé tac gia
trinh bay trong bai viét cua minh nhu Phan Thank
Viét, V6 Quoc Ba Cdin, Pham Kim Hing, Pinh
Ngoc An, ... Vé&i cac bai viét nay cac tac gia khai
thidc mot s6 thi du co s& minh hoa cho phuong
phap. O bai viét nay ching t6i da trinh bay chuyén
sau theo mot van dé, dé 1a sir dung phuong phap
ddn bién cho bAt déng thic ba bién. Céc baj toan
dua ra déu c6 nhimg phan tich, nhan xét dé dinh
huéng phuong phap giai. Cac bai toan trinh bay
trong bai viét la nhimg dé tr nhirng cudc thi chon
HSG cép Tinh, Quéc gia, Khu virc va Olympic
Quéc té, mot sb bai toan duogc swu tim hodc dugc
sang tac.
Dé thanh thao phuong phép, ban doc ¢6 thé lam
cac bai tap dé nghi sau
BAI TAP DE NGHI
2011). Cho x, y, z 1a 3 54 thyc thue
[];4] Va Xz pyixzz. Tim gia tri nho nhét cua

Bai 1. (A

RY B4 z

biéu thirc P = + + =

2x+3y Y+z z4+x

TOAN HOC
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Bii2 Choa, b, c khong amthoamana +5b +¢ )
Chitng minh rang
g 2\(h? + be + 2 (c2+ca+a2 <3
(a) + (//77#/)")(/) +bc+c =5
Bai 3. Cho x, v, z la ba s thuc théaman x +y + ; =

Ch(ng minh rang V3 +2' +\/3+7+\/3_;26

Bai 4. Cho cac s thuc khong érr,l a b, c }h(’)a mén
a+p+ ¢ = 3 Tim gia tri lén nhat cta biéu thirc
P=3a’+a+2b+3c.
Bai 5. Cho x, y, z khong am va x + y +z = |
Chtmg minh rang x’ + y’ + z° + 6xyz > e
Bai 6. Cho a, b, ¢ 1a céc sb thuc duong c6 tich
bang 1. Chitng minh rang
b+c+c+a+a+b2\/;+\/g+\/z+3.
Ja b e

Bai 7. Cho ba sb thuc duong tuy y x, y, z. Chimg

. z 3
minh ring |—— + |- +\/ 7
x+y y+z zZ+x \/-2-
Bai 8. Cho ba sb thuc duong a, b, c. Tim GTNN

6
(a+b+c)

ab*c’
Bai 9. Cho cac s6 thuc duong a, b, ¢ théa min
a+b’ 42 =1, Chimg minh rang
1
I L] 32.

l-—ab 1-bc 1-¢4 2
Bai 10. Cho 4, b, khong am va thoa man
ab+bc+cq=1. Chimg minh ring

Lrab 1+oc

cia P=

l+c*a® 5

THONG BAO

glf?- 2 do gié gidy va cong in tang cao, dé o6
€ Uep tuc phyc vy ban doc, ¢ ong y cua
Vign Nehin ciu Sach va poe e oY
. 0 Todn hoc i Tuéi tré xin dugc
diéu chinp gid bia: f okl
v~Tu 15000 déng/1 s§ (papy, 18000 dong/1 sb.
bré:lydToa Soan T(fa'n hoc va Tuéi tré thong béo dé
‘i QC .dUQC biét. R4t mong ban doc tiép tuc doc,
VICtbai ting h Tap opy
Tap chi tran trong cém on.

https://tieulun.hopterorg



B e -

EM Show, by induction, that

ROBLE o
P _’-l:' 4‘1_.‘4}( ]) III'

] &
can(nt 1)

() O

arbitrary positive integer.

it is clear that (1) holds

e BA) an
'u/,K ¢

So[uﬂ(m For n =1,
Both sides are equal to 1.

Suppose that (1) holds for n=k, 1.e.
+ ak(k+1
—23+...+(—1)k % =(_1)"‘ ( +1)

we need to show that (1) holds for n=k+1.

).

Consider

=1 =2 4+ (=1) R+ (1) (kD)
From (2), we have
s=(-1)"" ———k(k2+ 3 + (1) (ke + 1),

****************************************‘

BAI DICH SO 69
BAI TOAN. Co 15 diém duoc danh dau trén

mot duong tron. Keé (Gt ca cdc ddy cung cua
duong tron noi boi hai diém bat ky trong $6 cdc
diem dq cho. Mét cp ddy cung dwgc goi la ™ tu
do” néy hai day cung nay khong cdt nhau va
thong 6 diem ddu muit chung. Tim s6 cdp day
Ung “ty do .
E’:: j: Day I mot b toin trong ky thi kiém
) Uvao Dai hoc ¢ Singapore).
dol f’r'(: dTa dém sb tir giac tir 15 diém da dénh
b . udng tron trude. Vai moi tir giac s€ co
P day cung “ty do”, d6 1a hai cap canh déi

1@
N ¢
Ua tir gjac nay.

https://tieulun.hopto.org



NHIEV CACH &)
CHO MOT BAI TOAN

BAI TOAN 52. Cho tam giac ABC can tai A ¢6

ia AB lay diem E sao cho

Loi  gigi. Cich 1. A
Dung tam giac déu
BCD sao cho D va 4
nam khac phia bo 1a
dudng thing BC. Khi £
do:

{A/CT)=100°

CD=CB=AE D

= AEAC =ADCA (c.g.c)= AEC = 4DC.
Matkhic ADBA=ADCA (c.c.c)

= ADC =30". Vay AEC =30".

Cdch 2. Dyng tam giac déu 4ED sao cho D va C

ndm cuing phia b 13 duong thing 4B. Khi dé:
CAD = 40°
AD = AE = BC

= AABC =ACAD

(c.g.c)

= AC=CD

= ACAE = ACDE (c.c.c)

— AEC = CED = 30". Vay AEC =30".
Cach 3.

TOAN HOC
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Trén canh BC lay diém M sao cho BM = gp
Dyng 15m glaC déu MCD sao cho D va 4 n3m ha
nﬂa mat phang bo la duong thang BC.

ACD=100"

. = ABC = ACAD (c.g)
Khl do: l('[):(,M:CA

— 4D =BC=AE = AAED can tai A.
Lai co CAD = 40" = EAD = 60° = AAED déu.
— ACAE = ACDE (c.c.c)= AEC = CED = 30°.

Vay AEC =30".
Cach 4.
A
B ! ] =>C
E D

Trén canh BC lay diém M sao cho BM = BE.

Dung tam giac déu 4BD sao cho D va C nim ciing

nira mt phang bdr 13 duong thang 4B. Khi dé:
CAD = 40°; DBC = 20
AD=BD=BA=AC=CM

Ta co:

AACM can tai C = CAM = 70" = MAE = 30".

AACD cantai4 = ACD =70° = DCB = 30",

Lai c6: ABEM can tai B = BEM = ABM =20°

= AMAE = ADCB (g.c.g)=> ME = DB = MC

= AMEC cantai M = MEC = BME —=10°

Véy IE\C‘ = 300
Cach 5.

https://tieulun.hopto.org



|

|

: BC lay diém M sao cho BM = Bg
[rén am gidc déu ACD sao cho D va B nam Cling
D,mlfnét phang bor 1a duong thang AC.

- (3D =40"; DCB =20"
i 4o |pA=DC=AC=CM = AB

L‘;_ll\‘ﬂ

Tacéi - -
AABD cantai 4 = 1@ =70° = lﬁ\c — 300
Lsic6: ABEM can tai B = BEM =AB%M:200

- AMAE = ADBC (g.c.g) = ME = DC = MC

- AMEC cﬁntaiM:A?E\(j:BA;Ezlon

= AEC = AEM + MEC =30". Vay AEC = 30",

Cach 6. Trén canh
BC lay diém M sao
BM = BA.
Ding tam giac déu W C
BMD sao cho Bva D E

nim cing nira mat
phing bd 1a duong D

thing AC. Duodng thang qua C va song song véi
AB cit tia AM & I. Khi d6:

cho

DBA=100°
DB=BM = AB = AC ‘
Taco: AABD cin tai B = BAD = BDA = 40",
ICB = CBA = 40°; IMC = AMB =70°

SACMI can'tai C = CI // = BE .

Do do EBCY 13 hinh binh hanh = IEB = 40".

T2 D cit E1 & K, suy ra: AKEA can tai K
“AKAE = AABC (g.c.g)
SKE=K4= 4B= AC=BM

“Kl=cM = 10 = TKC =20".

i . KAC = 60° = AAKC déu
SKa=kc o kg - kC

> __ IKC
AEKC can tai K = KEC =£I—;—= 10°

= AEC = 4] - [EC = 30". Vay AEC =30".
Crdt‘h ". Ké tia Cx sao cho BCx = 20". Trén tia (x
lay diém D sao cho CD = CB. Suy ra:
CBD = CDB = 80" = EBD = 60°
= EBD = ACD = 60° = ti gidc ABDC ndi tiép
dudng tron (Q) = BAD = BCD = 20",
Tia phan gi4c ACB
cit dudmg tron (Q) &
F. Khi d6:
FA=FB=BD
Vi FAB = FCB = 20"
= FAC =120"
= AFAC =ADBA (c.g.c) = FC = DA
= AAED = ACBF (c.g.c)
= ED = BF = BD => AEBD déu
= EB = ED; BED =60". Lai c&6 AEBC = AEDC
(c.c.c)nén BEC =30°. Vay AEC =30".

POAN CAT NHON
(GV THCS P. Binh Dinh, TX. An Nhon, Binh Binh)
Nhin xét. Ban D6 Ngoc Tién, 9A3, THCS Lam
Thao, H. La&m Thao, Pha The dong gop 1 1oi giai
twong tw cach 2 cia ban Poan Cdat Nhom; ban
Nguyén Hing Cuong, x3 Nhon My, TX. An Nhon,
Binh Pinh dva ra mét cach giai theo hudng sir dung
dinh 1y ham sb sin cho AAEC; Ban Nguyén Hing
Gam, THPT Cam L9, Quang Trj cling dua ra 8 cach
giai cho bai toan nay trong d6 da sé nhu cac cach
giai da néu. Xin hoan nghénh cac ban.

LE MAI (Ha Ngi)
Moi cac ban gui 10 giai BAI TOAN 54 dusi day
vé Toa soan Tap chi TH&TT trude ngay
31.10.2021.

BAI TOAN 54. Cho x la so thue thoa man ‘ \" <
vaneNnz 2. Chitng minh rang

A+x)" +(Q-=-x)" <2".

TRAN VAN HANH

https://tieul%mﬁé%org
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BAI TOAN 60 (Bai 3, 43" IMO, 2002). Tim 1/ cd
ic cdp so nguyven dwong (m; n) véi m, n > 3 dé ton

ai vo han cdc s6 nguyen duwong x sao cho
v+ x -1 3 R A

ﬁ la mot s6 nguyén,

Lai gigi. Cdch 1. Hién nhién m > 5, Goi g(x), r(x)
la cac da thue co hé sb nguyeén va deg(r(x)) < n
saocho: x" 4+ x-1= (X" +x* - 1) + r(x).

Khi d6 x"+* 1 chia hét n(x) véi vo han cac
5O nguyén duong x. Nhung véi x du 16m th
X" +xP—1> r(x) (vi deg(r(x)) < n). Do dé
rx) =0. Vay

X"+ x—1=q(x)(x" +x* — 1),
0day g(x)=x"" + A X" a,.

Taco: x™ FX-1=x""(x" + 5 -1)

F(L=x)(x™ ™ 4 1),
dodé x" +x* -1 phai chia hét

m-n+1

X +x"" 1.
Vi vay, dic biét, v&i m>2n—1 thi X"+ x? -]
phai chia hét

m-n+|

CAE e ) X" 42 1)

m-n m-2n+3

=x""-x +x" (*).
Ta ¢6 thé viét (*) thanh

X" (s 1)+ (x" D) =)
biéu thirc nay am voj moi x e (0;1), trir khj
n=3=0vam-Q2n- 1)=0. Nhu vay, trir khi
h=3 m=35th (*) khong ¢o nghiém thuge
khoang (0: 1). Thé nhung

TOA
46 'TonHoC

" CTuitpe 6531 (0-2021)

2 , 5
X +x* -1 (uéc cia

(*)) lai c6 nghiém trong khf)ang (0; 1) boi vx né
nhan gia tri —1 tai x = (Z Va:I tg,u x.:’ 1_. Viy ta
phai co m = 5, n= 3. Pe thdy céac gia trj m - 5
n = 3 thoa man dau bai.

Cich 2. Tién hanh nhu céch 1 cho t6i (¥).

2 \ N n-| _ 2
Néu m = 2n — 1 thi (*) trd thanh: x" ' — x2,

)

Lic do néu n = 3 thi (*) = 0 va ta tim dugc m -
n =3 thoa man dé bai.

A n- n-3
Khin >3, taviet: x"' —x? =x(x"* - 1),

Pa thirc nay khong cé nghiém trong khoang (0; 1)
trong khi x"+x"~1 lai c¢6 nghiém trong
khoang (0; 1), do d6 x"+x* -1 khong thé 13
udce cia (*).

Néum>2n - 1, thi (*) ¢6 thé viét thanh:

(x - 1)(x”"”+1 P SO TR e LES I

+ XTI g 1).
Nhu trén, da thirc ndy v6 nghiém trong khoang (0; 1)
ma x"+x’-1 Ji ¢4 nghiém trong khoang
(0; 1), nén x" +x* —1 khong thé 13 wéc cua (*).
Tom lai ta chi tim dugc m =35, 5 =

! 3 thoa man
dé bai.

a’ +p? :
\ab +1 MOts chink Phuong .

KHANH H{'U {Hd Ngi)

https://tieulun.hopto.org
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SO PIEM CUC TRI

GIAI DAP: o
CUA HAM /(x])

pié ding trén TH&TT s6 527, thang 5 nam 2021)

phin tich. Ban Anh da ngd nhan réng dao ham
aa £(1) 1& f'(]*]). Néuham f(x) c6 dao ham
wén khoang (a;b), ham u(x) c6 dao ham trén
khoang (c;d) va u(x) € (a;b),Vxe(c;d), thi
ham f (u(x)) c6 dao ham trén khoang (c;d) 1a
(f((x))"= £ 'W(x)u'(x),Vx € (c;d).
Nir vy dao ham ciia f (|x|) khong phaila f"(|]).
Loi gigi dung. Ta cé:
f'(x)zO<:>()c+1)4(x—2)5(x-l~3)3 =0

x=-1
Slx=2 .
x=-3

Bang bién thién ctia ham s6 f(x) nhu sau:

X —00 -3 -1 2 +o0
AL + 0 - 0 -0

S~

Ta ¢6 bing bién thién ctia ham 6 £ (|x[) nhu sau:

f(x)

Viy 5§ dlem cuc trj clia ham sb f(|x|) a 3. Chon

dap 4 4n B,

Vi Xét. Ban Nguyén Hung Cwong, Xa Nhon My,
™. an Nhon, Binh Dinh da phat hién dung sai lam va
Haarg 153 giai chinh xac. Xin hoan nghénh ban.

KIHIVI

LOI GIAI CO THIEU SOT?

Trong gios luyén tap thay gido ra dé bai nhu sau:
Bai todn. Tim cdc gia tri cua m dé hé phuong
Xy —x+y=

trinh { p=g
mx+y)—xy+1=0

Sau mdt luc giai, nhiéu hoc sinh co két qua
a5 o
m = 1,i7 . Thay gido goi mot hoc sinh lén bang
trinh bay 101 gii. Sau day la 1oi giai dugc hoc sinh
do trinh bay trén bang:
Ta co:
{xy—x+y=2 @{y(x+l)=x+2 )
m(x+y)—xy+1=0 m(x+y)—xy+1=0 (2)
D& thiy x=-1 khong thoa min (1) do do:
x+2
x+1
Thay (1) vao (2) ta co:
2) @ m-D)x*+2m-Dx+2m+1=0.
Vi y xac dinh duy nhét theo (1) bdi x nén hé c6
nghiém duy nhit khi (2) c6 nghiém duy nhat
x#-1
Véi m=1 ta céb

c6 nghiém duy nhat.

(De y=

— hé c6 nghiém duy nhat (x;y) = (_3;%)

— m=1 1a gia trj can tim.
Vai m#1, phuong trinh (2) 1a phuong trinh bac
hai. Hé c6 nghiém duy nhét khi (2) c6 nghiém kép
x#-L Piéu d6 xay ra khi

A=—dm>+5=0 5 5
am=1 , < Ty sziTS'
”Z’(;T) —1%#-2
NG

vy hé c6 nghiém duy nhét khi m =1; iT
Sau khl xem loi gidi thay gido két lugn 1oi gidgi
cé thteu sot. Theo ban loi gidi ¢6 thiéu sét &
dau?

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén)

https://tieykup Ip,@gto org
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TRONG SO NAY

a Danh cho Trung hoc Co sé

For Lower Secondary School
Bui Minh Trung — Thu thuit ghép diéu kién
trong chimg minh bt dang thirc.

° Hué6ng din giai dé thi tuyén sinh vao 16p 10
Truong THPT chuyén Lé Hong Phong, Nam
Dinh, nidm hoc 2021 - 2022.

© »: thi tyén sinh vao I6p 10 Truong THPT
chuyén Vinh Phuc, ndm hoc 2021 - 2022.

@ Lich sit To4n hoc
Nguyén Thity Thanh — Sy tién hoa ciia hé théng
s6 trong toan hoc.

0 Dién dan day hoc to4n
Nguyén Quang Thi — Gio 4n soan nhu thé nao
la hop ly.

Bién tdp: LE MAL NHU HOANG

Tri su, phdt hanh: HOANG TH] KIM PHUONG, TRAN THI MINH Hf:\

Q Péra ky nay
T1/531; ..., T12/531,1L1/531, 1.2/531.
Problem in This Issue

@ Gidi bai ki truwéc
T1/527, ..., T12/527, L1/527, 1.2/527.
Solutions to Previous Problems

@ Phwong phap gii toan
Ho’angkNgg.)? Hl?ng — Céch tiép can phuong
phap filon _blén dé (fht'rng minh bt dfmg thirc va
tim gid trj 16n nht, gia trj nho nhit cia bidu
thire ba bién,
74

Q Tieng Anh qua céc bai toian — Baj sé 72
Bai djch s6 69.

oA , ene

aneu cach gidi cho mt bai todn — Giai bii
toan 52. Pé bai todn 54.

@ D“ li’ch thé glm qua cdc bai toan hay — Gidi
bai todn 60, Pa bai toan 62.

Q Sai lim & day?

Mithugt: QUGC HIEP, THANH LONG
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NHA'XUAT BAN GIAD
Cran trong gici thig,

,4',;.(-.“

DU

Vil
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UC VIET NAM

NG TRINH BAC BA VI CAC HE THUC HINH HOC VA

-

LUONG GIAC TRONG TAM GIAC

cla tac gia PGSTS. TA DUY PHUQNG v3 Thay gido HOANG MINH QUAN
Sach day 448 trang, khé 16x24cm, gi4 bia 80.000 ddng.

01 dung co ban cuoa cudn

sich dva trén két qua: Céc

yéu t& cua tam giac (ba

, ba duong cao, ban kinh cua

ba dudng tron bang tiép, céc ham sb
lwgng gidc cia ba g6c,...) c6 thé duge
coi la ba nghiém cia mot phuong
irinh bdc ba véi cac hé sb phu thudc
Vo ba yéu t§ co ban 1a P, R, r, trong
46 p 1 nira chu vi, con R va r tuong
mg 12 bén kinh dwong tron ngoai tiép
Vandi tiép tam gige. Tir d6, theo tinh
Cl}ﬁt nghi¢m cua phwong trinh bac ba
V4 vén dung c4c bit ding thirc quen
thL'IGC, sach trinh bay khoang 600 hé
thire ¢4 lign quan dén céc yéu t§ hinh
hoc va luong gidc trong tam giéc.
Qua cudn sach chiing ta s& thay méi
an b hiru co gira Pai s (phuong

trinh va ham s6 bac ba) véi Hinh hoc
va Luong gidc (c4c hé thie trong tam
giac). ay chinh 14 diém méi va khac
biét cia cudn sich niay so véi céc
sach da c6 vé hé thic trong tam gidc.
Cuén sach £dm nim chuong.

Chu'o‘ng‘l tap hop nhitng kién thirc
co ban vé tam giic va cac cong thirc
luong gidc, cic bt déng thirc dai sb
quan trong can thiét cho cac chuong
sau.

Chuong 2 trinh bay cdc tinh chit
cta ham sé va phuong trinh bac ba,
trong d6 dic biét luu y dén tinh chit
nghiém cua phuong trinh bac ba.
Chuong 3 va Chwong 4 chi ra ring,
c4c yéu t6 hinh hoc va luong giac cua
tam giac (canh, dudng cao, ban kinh
duong tron bang tiép, sin, cosin clia
céac goc, ...) chinh 13 nghiém cua cac
phuong trinh bic ba v&i cac hé sé
chira ba yéu té co ban cua tam giac
(ticlabayéutd p, R, r). Vanhu 1a cac
hé qua, nho sir dyng tinh chit nghiém
clia phuong trinh bc ba va céc bat
dang thirc dai s nhu bit ding thirc
Cauchy, bit ding thirc Bunyakovsky,
bat dang thirc Schwarz, . . . cdc tac
gia da dwa ra va chimg minh khoing
600 hé thirc hinh hoc va luqng‘ giac
trong tam giac, trong do c¢6 nhiéu hé
thirc 1a méi hodc chi mdi gap trén cac
tap chi va con it dugc biét dén trong
céc sach hién nay.

Ngoai cac bat dang thirc moi hodc
con it duge phd bién, nhiéu bai thi
dai hoc, thi hoc sinh gioi, thi Olympic
cta cdc nudc, nhiéu hé thire hinh hoc
va lugng gidc quen biét trong tam
gidc cling duogc ching minh lai trong
Chuong 3 va Chuong 4 theo cach
méi, dua trén tinh chat nghiém cua
phuong trinh bac ba, ma it ding dén
cach bién dbi luong gidc hoac nhitng
cach chirng minh thong thuong.
Chuong 5 (Phu lyuc) tdp hgp mot sb
myc duéi dang cac chuyén dé lién
quan dén phuong phap phuong trinh
béc ba chimg minh cac hé thic trong
tam giac.

Ciing can luu y thém réng, tir cac hé
thirc néu trong cubn sach nay, ta co
thé suy ra kha nhidu hé thirc khac
nira, chua dugc khai thac trong cubn
sach. Pay 1a mot goi y t6t dé ban doc
c6 thé tim cach chimg minh méi cho
céc hé thirc cfi hodc tim ra cac hé thirc
mdi. Ngoai ra, cach chimg minh mé;i
ho#c cai bién nhitng hé thirc d3 co
con co thé giﬁp cac théy ¢0 gido trong
vigc thi€t ke cac bai tap va dé thi mai.
Cubn sach khong chi ¢6 ich cho cic
hoc sinh, cic ban yéu todn, cac théy
cd day toan phd thong, ma con 1a
tai liéu tham khao tét cho cac sinh
vién va giang vién dai hoc, cao dz‘ing
nganh tOér,l, cting nhur cac phy huynh
mong muon gip con em minh hoc
tot mén toan.

Moi chi tiét xin lién hé:

TAP.CHi TOAN HOC VA TUOI TRE

Tap chi Toan

5, hoc va Tuéi tré, 187B Giang V6, Ha NO
® Bién thoai bien tap: 024.35121607

Email: toanhoctuoitrevietham@gmail.com
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O day, truong hop (2) luén ludn dua duoc vé
truong hop (3) nhd biéu dién.

P _ q.a1arami(@n—1)999... (tai 520?) (4).
q

Do d6 dang thap phan ciia moi sb hiru ty déu co
tinh chAt tuan hoan. Chéng han, sb

0,2365 = 0,2365000... = 0,2364999...
Nguoc lai, c6 thé chimg minh rang: Moi PSTPVHTH

a,a,as...am(bb>...by,) déu la s6 hiru ty xdc dinh dwoc

theo cong thirc

bb,...b, .
202y (5
99..9 )

—
n

trong d6 biby..b, va 99...9 déu l1a nhimg sb

n

R=«a,aa,...a,

nguyén véi cac chit s6 twong ung 13 by by, ..., b, va
9,9,...,9. Ching han, 4p dung (5) ta co:
1) 1,237(06) = 1,237 + 0,000 (06)
1237+ 910321237+ 2
99 99000
2)02(371y= 2G7D _ 2 371,40
10 10 990
2 371
S .
10 9990

Tén tai nhitng cach khac nhau de dimnh HSHEE =

thuc. Ta s& su dung phuong phap biéu dién s

thuc dudi dang phdn sé thdp phan vo han. (

Cac PSTPVHTH khong vét hét tap hop mQ
PSTPVH c6 thé co. Piéu do6 c6 nghia la ton tai ca
PSTPVH khoéng tudn hoan. Ching han, x¢
PSTPVH a = 0,123..101112... dugc thanh 1a
theo quy tic: sau dAu phay ta viét lién tiép moi s
tw nhién 1, 2, ..., n, ntl, ... Dua vao céu trac cu
s6 a va bang phuong phap phan chimg cé th
chimg minh ngay rang d6 1a phan sb thap phan v
han khong tudn hoan. Nhitng phdn sé thdp phd
vo han khéng tuén hoan dwoc goi la s6 vo 133 Ta

hop cac s vo ty duge ky hidu bang chir in h:

nét. Nhuviy R=Q UL, Q < R, trong do ¢
Q va I déu tri mdt khdp noi trong R .

Mot nét dic trung cta tip hop sb thue R 14 tin
lién tuc ca nd (continuum sé). Nhd d6 ma ngo:
bbén phép tinh thong thudng théa min cac dir
ludt ctia s6 hoc ngudi ta con dwa vao dugc ph¢
toan co ban cua giai tich 1a phép qua gidi han.

Tir d6, dua vao diéu khéng dinh:
https://tieulun.hopto.org

QA 221 (9-9091)



Nho quy tic ddu nén ¢ day ta chi can trinh bay

cho £’p>0,q>01édﬂ.
q

Trong s6 hoc ngudi ta da chimg minh rang ket qua
cua phép chia "kéo dai" (1) 1a khai trién thap phan
mdét trong hai dang sau day. Hoac do 1a PSTPHH,

/)
— = X.a1ar...a,, =

a, aas...a,,000...,
q

aln > 0 (2)
hodc do 1a PSTPVHTH

)
'I— . (X.(Ilaz...a,,,blbz...b,,b]bz...bn. .o
q9

= 0L,a18)...ay(b\b,...b,), n < q (3).
O day, truong hop (2) luén luén dua duge vé
truong hop (3) nho bidu didn.

5 = 0,414...ap.1(a,,—1)999. .. (tai sao?) (4).
Do d6 dang thap phén cta moi s§ hitu ty déu c6
tinh chit tun hoan. Chang han, s6

0,2365 = 0,2365000... = 0,2364999...

Nguogc lai, 6 thé chimg minh ring: Moi PSTPVHTH

Qa1;...ay(b1b;...b,) déu 1 56 hitu 1y xdc dinh duoc

theo céng thirc

bb,...b, _
R=a,aa,...a, +2 10"
29...9

I’l

trong d6 bb,...b, va 99..9 déu 1 nhimg sé

n

©)

nguyén voi céc chit sd trong tmg 1a by by, ..., b,va
9,9,...,9. Chi ap dung (5) ta co:
»9,...,9. Chang han, 4p dung (5) ta
1) 1,237(06) = 1,237 + 0,000 (06)
06 6
= + — =1,237+
- 1237 99 10° 99000
2,(371) _ 371
2)0,2(371 . s T
)0:26371) = 10 10 990
2 371
= —+—.
10 9990

3. MO RONG TIEP PEN HE THONG SO THY'C

Hé théng sb hiru ty hoan toan khong giai quyét
dugc bai toan thuc hanh do cac doan th'fmg bdi vi
ton tai nhitng doan thang v&i do dai khong bidu thi
dugc bang s6 hiru ty. Chang han, dudng chéo hinh
vudng canh béng don vi 1a mot doan théng nhu

vay. @)

Vi ly do nay, bén canh cac sb hiru ty can dua thém
vao nhitng s6 khac: d6 1a s6 vé ty. Tap hgp moi s6
hiru ty va s6 v6 ty duge g0i 1a tdp hop s6 thuc va
dugc ky hiéu 1a R trong d6 R 14 chir cai du cia
3)

Tén tai nhiing cach khic nhau dé dinh nghia sé

tr Realis c6 nghia 1a thuc.

thyc. Ta s& sir dung phuong phap biéu din sb

thue dudi dang phdn s6 thdp phén vé han. @)
Cac PSTPVHTH khong vét hét tap hop moi
PSTPVH c6 thé c6. Didu d6 c6 nghia 14 tdn tai cac
PSTPVH khong tudn hoan. Ching han, xét
PSTPVH a = 0,123..101112. .. dugc thanh lap
theo quy tic: sau déu phiy ta viét lién tiép moi s6
tw nhién 1, 2, ..., n, n+1, ... Dya vao ciu tric cua
sd a va bang phuong phap phan chimg c6 thé
chimg minh ngay ring d6 13 phén s thap phan vo
han khéng tudn hoan. Nhitng phan s6 thdp phain
Vo han khong tuan hoan dwoc goi la 56 vé ty. Tap

hop cac s vo ty dugc ky hiéu bang chit "i" in haj
net . Nhu viy R= Q U, Q < R, trong d6 ca

Q va T déu trit mdt khdp noi trong R .

Mot nét ddc trung cua tap hop sé thuc R 1a tinh
lién tuc cia n6 (continuum s6). Nho d6 ma ngoai
bén phép tinh théng thudng thoa man cac dinh
ludt ciia s6 hoc ngudi ta con dua vao dugc phép

toan co ban cua gidi tich la phép qua gidi han.

Tir d6, dwa vao diéu khang dinh:

https://tieulupppieerg
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\{zi, TP. Vinh; Ha Tinh: Tran Minh Hoang, g
‘THCS Nguyén Trai, Nghi Xuan; Lam Dfx’ng;
Vguv’é:n Pinh Lé Vi, 9A2, THCS Phan Chu Tripp
Tp. ba Lat.
NGUYEN ANH DUNG
Bai T6/527. Cho cdc so thuc x, y, z thoa may
) -=* =3. Chung minh rang:

8(2-x)(2-y)(2 z)2(x+yz)(y+xz)(z+xp).

Loi giai. Tat ca cac bat dang thuc dugc dung trong
o1 giai nay dugc suy ra tir bat ding thirc Cauchy

cho hai s& thuc khong am. Pit: a:‘x ,b=| y],

c=|z|, taco:
22-y)(2-2)= 8—4(y+z)+2yz
=Q2-y-2’+4-(+2)7 + 2z

>4y -2 (D).

o|[(y+2x)(z+xp)|<(b+ ca)(c+ab)

<(b+ca+c+ab)2 _(b+o)*(1+ay

- 4 - 4

<+ (1+a?)=B-a>)1+d>).

2 2 2 2
'|x+yz|£a+bc§a+b ;—c =a+3 2a _4 (a=1) <2.

Do do:
(x+yz)(y+zx)(z+ xy)S|x+ yZ“(y-i—zx)(z+xy)|
32(3—az)(1+a2)=2(3—x2)(l+x2) ).

Cha y rang x* +)° + 2 = 3 nén x* < 3,suyra
x<2.Boi vay két hop véi (1) va (2) ta suy ra:
82-x)(2-y)(2-2)=4(2—x)(1 +x*)
=2[3+(x-1) —x* |(1+x%)
>2(3-x")(1+x%)
>(x+ yz)(y +2zx)(z+xp).
Bit ding thic di cho duoc chimg minh. Dang
thire x4y ra khi va chikhi x=y=z=1.
Nhgn xér. Day 1 bai toan bat ding thirc co ban, hay.
Cé‘:c ban hoc sinh sau c6 10i giai tét:
Bic Ninh: Nguyén Thi Phuong Thdo, 10A1, THPT
Yén Phong s6 2, Yén Phong; Ha Ngi: Ddo Quang
4nh, 8E1, THCS Everest, Hoang Qudc Viét, Quéan
Bac T Liém; Humg Yén: Lé Tudn Nghia, 8C,

THCS Doan Thi Diém, Yén My, Tran Van Qudn,
11T1, THPT chuyén Hung Yén; Phu Yén: Phan
Vinh Tién, 11QT3, Truong phé thong Duy Tén;
Thira Thién Hué: Nguyén Thi My Lé, 12 Toan 1,
THPT chuyén Quéc hoc Hué.

NGUYEN MINH PUC
Bai T7/527 Cho tam giac ABC co cac goc thoa
man A<B<C<90° va

1 N

. + +
sin 4

> 6,

: 2 (a)
sin C

sin B
3.
gsmC—cosAZcos(B—C)—sinB (b)

e ; , _ , .
Chitng minh rang sin* A +sin* B +sin®* C < T

Léi gidi (cha tac gia Nguyén Vin Thong)
Ap dung bt ding thirc Bunyakovsky ta co:

(x+y)4
eyt (1)
8
(x+ +z)4
va x4+y4+z42—l——— (2).
) 27

Tr gid thiét (a) ta co:

1, 3 L,

+ >3.

2sin4 2sinB sinC

Ap dung (2) ta dugc:
1 9 |
= T o T 4
16sin" A 16sin”" B sin“ C
1 J3 N
+ +
2sinA 2sinB  2sinC 28
>

2 =2—=3 (3).
27 27 )

Tir didu kién (b) ta co:

(b)<:>?sinC+sinBZcos(B—C)+cosA

A+B-C A-B+C
Ccos :

=2c0S =2sinCsin B

43 1

+—
2sinB  sinC

B |
9 o 2sinB  sinC 24

I > >—=2 (4).
16sin4B+sin4C 8 8 “)
Tur (3) va (4) suy ra:

xsin® A+(sin* B=sin* A)Y +(sin* C=sin’ B)Sm{‘ B

https://tieulun.hopto.org
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>2. Ap dung (1) ta duoc:

Y=
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TIENG ANH Qua CAC BAI TOAN
BAJ 5¢ 72

pROBI EM. Show, by induction, that
i et T 2
n(n+l)
2

is an arbitrary positive integer.

=(-1)"" (1),

golution. For n=1, it is clear that (1) holds,
Both sides are equal to 1.

suppose that (1) holds for n =k , i.e.

F2 ()R =y D) )

We need to show that (1) holds for n =% +1.
Consider

§=1=2%+ .+ (=1 K+ (=) (k1)
From (2), we have

5=(-1)"" k(k+1)

+ ( )k+2 (k l)

Hence

S: k+|

k+1 (k 2k - 2)
2 b
01‘ S ( )k+2 (k +1 (k + 2)

We have shown that (1) also holds for n=4k +1.

By induction principle, we are done.

Question: Can you find another proof without

using induction ?
TU VUNG
induction . qui nap
principle : nguyen ly

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

R o R e R R R R T L L L e T T T

BAI DICH SO 69
BAI TOAN. C5 15 diém duoc danh ddu trén
mot duong tron. Ké tat ca cdc ddy cung cua
duong tron néi boi hai diém bat ky trong s6 cdc
diém da cho. Mot cap day cung duoc goi la ™ tu
do” néy hai ddy cung nay khong cdt nhau va
thing c6 diem dau mut chung. Tim s cap ddy
Uung “tr do .
(Chit y: Day 13 mot bai toan trong ky thi kiém
"4 déu vao Dai hoc & Singapore).
L gidi. Ta dém 6 tir giac tix 15 diém da dénh
% trep duong tron trude. Vi mdi tir gide s€ co
"i ¢3p day cung “ty do”, d6 1a hai cap canh ddi

Ggn opn o
M cha trr giac nay.

Do d6 sb cap day cung “tw do” cin tim la
C145 X 2.

Nhdn xét. Cac ban sau c6 bai dich tot, giri bai
v& Toa soan sém: Tran Vin Quan, 11 Toan 1,
THPT chuyén Hung Yén, Cao Thi Tuong Vy,
11A9, THPT Duong Quing Ham, Vin Giang,
Hung Yén; DS Ngoc Tién, 9A3, THCS Lam
Thao, Lam Thao, Pha The; Van Ngoc Binh,
Nguyen Ky Nam, Truong H6 Bdo Nhi, 10 Toén
1, Tran Duy Anh, 10 Anh 1, Tran Thi Thanh
Thu, 11T1, Lé Ngoc Cwong, Tran Nit Minh Thu,
11T2, Nguyen Thi Khanh Linh, 12 Toan 2,
THPT chuyen Quéc hoc Hué, Thira Thién
Hué; Nguyeﬂ Hung Cuong, xa Nhon My, TX.
An Nhon, Binh Dinh. o

HO HAI (Ha Noi)

https: //tleulun ho%to .org
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