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T ONGUIRINHIS0000)BOISNCHI CINOIKHON
“CUNG TIEP BUO’C EM DEN TRUONG”

cO wﬁ thuc hién cong tac xa hoi,
~ tir thién, chung tay hé trg hoc sinh (HS)

~ c6 hoan canh khoé khan la trach nhiém, l1a
nguyén vong cua toan h¢ thdng. Trong
nam hoc 2021-2022, phat huy truyén
thong twong than tuong 4i, NXBGDVN
thuc hién Chwong trinh “Cing riép
bwde em deén truong” trao ting hon
50.000 b¢ sach gido khoa (SGK) lop
1, 16p 2 va l6p 6 cho HS co6 hoan canh
khé khan, HS 1a con em thuong binh,
liét si trén ca nudc. Témg tr1 gia trén
10 ti dong. Nam nay, do tinh hinh dich
bénh Covid - 19 dién bién hét sirc phirc
tap, viéc van chuyén sach dén cac tinh/
thanh gip nhiéu khé khan nhung ngay
fir thang 5/2021, NXBGDVN da chu
dong lam viéc voi So Gido duc & DPao
tao céc dia phuong, tong hop s6 luong
HS c6 hoan canh khé khin dé guri tiang
SGK dén cac em. Tinh dén giita thang
7/2021, Chuong trinh “Cimng tiép budc
em dén truong” cia NXBGDVN di
- ftrao tdng 18.150 bd SGK dén 23 tinh/
~ thanh: Béc Kan, Pién Bién, Ha Giang,
~ Hai Phong, Lang Son, Pht Tho, Quang
- Ninh, Thai Nguyén, Tuyén Quang,
_. Vinh Phue, Yén Bai, Hung Yén, Lao
":C?" Lai Chau, Quang Nam Da Nang,
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TRUNG HOC CO NG

Cho A4BC nhon néi tiép noi tiép duong tron (0O).
Céac duong cao 4K,BD,CE cua tam gidc cit
nhau tai H. Khi d6 s& co 6 to giac ndi tiép
ADHE, ABKD, ACKE, BCDE , BEHK . CDHK |
Phat hién thém cac to giac ndi tiép khac dé giai
cac bai toan:

*+ Chimg minh hai dudng thang vuéng goc.

+ Chimg minh ba diém thing hang, cic duomg
thang dong quy.

+ Chimg minh cac hé thirc, tinh dd dai cac canh va
goc.

I. CAC BAI TOAN CHUNG MINH HAI
PUONG THANG VUONG GOC

Bai 1.1. Cho AABC nhon (AB < AC) co cdac
duong cao AK,BD,CE cat nhau tai H, goi N la
giao diém cua DE va BC, M la trung diém cua
BC. Chimg minh rang: NH L AM .

Céch 1. Goi (O) la dudng tron ngoai tiép A4BC,
X 1a giao diém thr hai cia AN v6i (O). Ching
minh rang:

a) Nam diém A,D,E,H,X ciung nam trén mot
dudng tron.

b) NH L AM .

Léi gidi.

QUAN EE GIGA CAC DUCNG CAO
. - TRONG TA! GIAC VA DUCKG TRON .

~

VU HUU CHIN
(GV THCS Hong Bang, TP Hai Pheng)

o et B

a) Do A4,B,C,X thudc dudng tron (O), suy ra
NX .NA=NB.NC. Cé bén diém B,C,D,E cing
nam trén duong tron duong kinh BC. Suy ra
NE.ND = NBNC. Do d6 NX.NA= NE.ND. Suy
ra bon diém 4,D,E, X cung nam trén mot dudng
tron. Lai ¢ 4, D, E,H cing nam trén mdt dudong
tron duong kinh AH. Do d6 5 diém A,D.E H,X
cling nam trén dudng tron duong kinh AH .

b) Tacd X thudc dudng tron duong kinh AH, nén
AXH =90° = HX L AN. Goi XH ct (0) tai
diém thic hai F thi AXF=90", nén AF la
dudng kinh ctia dudng tron (O).

Suyra FC 1 AC ma BH L ACsuyra FC//BH.
Chimg minh twong tw FB//CH . Do d6 tr giac
BHCF 1a hinh binh hanh, ma M 13 trung diém
BC .Suyra X,H,M,F thiang hang.

Xét AAMN c6 AK,MX 1a cac dudng cao cat
nhau tai H ,nén H la truc tdm cua A4AMN.

Suyra NH L AM.

Cich 2. Goi (J) va (1) lan luot la duong tron
ngoai tiép AADE va ADKN .

Chimg minh ring;

a) MD la tiép tuyén chung cta (J) va (7).

b) NH L AM .

Loi gidi.

S48 530(8-2021) T?ﬁN HOC
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2) C6 ABCD vung tai D, trung tuyén DM. Suy ra
MD = MB. Do &6 AMBD cantai M
s8m=m=@ﬂ (cung phu véi rﬁ)
= MD la tiép tuyén ciia dudng tron (J ).
Ta co: MDC = @;

MDK = KDC - MDC = ABC - MDC (1)

BND = ABC - BEN = ABC-MCD  (2).
Tir (1) v& (2) = MDK = BND. Suyra MD 1a tiép
tuyén cia duong tron (7). Do d6 MD la tiép
tuyén chung cua (J) va (/).

b) Goi L 1a giao diém thir hai cia AM vé6i (J).
Tit MD 1a tiép tuyén cua (J ) va (1), ta co:

MD* = ML.MA = MK .MN => t giac ALKN ndi
tip = ALN = AKN =90° hay NL L AM..

Ma 4H la duong kinh cua (J), nén HL L AM .
Do d6 N,H,L thang hing. Suyra NH 1L AM .
Céch 3. Ching minh ring;

a) NE.ND = NK.NM;

b) NH L AM.

Loi giai. a) Ta c6: EDM =180° — ADE — CDM

=180° — ABC - ACB = BAC.

Ma BAC = BKE , do 46 EDM = BKE .

Suy ra tr gidc KEDM ndi tiép (duong tron Euler).
Khi d6 tac6 NE.ND = NK.NM ().

N

b) Goi J,I lan lugt 1a tam duomg tron duong
kinh 4H va HM .

Goi S, la giao diém thir hai cua NH véi duong
tron tdm (J). Khi d6 NH.NS, = NE.ND (2).

) TOAN HOC )
& crumt;c‘ S6 530(8-2021)

Goi S, la giao diém thir hai cia NH V&i diemg
tron tam (/). Khi d6 NH.NS, = NK.NM (3).

Tu (1), (2) va (3) suy ra NH.NS, =MI,N32
& NS, =NS,.Vay S, tring S, (dat Ia §). My
HS L IJ, IJ//AM = HS 1 AM hay NH | AM.

Bai 1.2. Cho AABC nhon ndi tiép diong trgy
(0), (AB < AC). Cac dwong cao AD,BE,CF
dong qui tai H. Goi I la trung diem AH, goi K I
giao diém cua EF va AH. Tic K vé duong thing
vuéng goéc voi AD cat dwong tron ngoai tiép
AAEF tai X.
a) Chirng minh DX la tiép tuyén cua ducng tron
ngoai tiép AAEF.
b) Chimg minh K la truc tam cua tam gidc IBC.
Lai gidi. a)

A

Ta c6 tr gidc AEHF ndi tiép dudng tron tam /.
Tl cic tir gidlc ACDF,CDHE ni tiép ta chimg
minh dugc: IDF = ﬁi‘ = ECF . Ta co:

ECF + EAF =90° = 2.ECF + 2. EAF =180°
— EDF + EIF =180 Suy ra tir gidc IEDF ndi
tiép. Do d6 KE.KF = KI.KD = KH.KA.
Lai c6 KH.KA=(IH - IK)(I4+ IK)

=[H? - IK* = IX* - IK* = KX*.

Suyra KX*=KI.KD.Dod6 ADXI vudng tai X.
Nén DX la tiép tuyén cua dudng tron (/).

https://tieulun.hopto.org



b) Tacd: DX?=DK.DI =DH.DA .

Vi ADBA «» ADHC (g.g) nén

DH.DA=DB.DC = DK.DI = DB.DC = 2K _ DB
DC DI

Suy ra ADBK <> ADIC (c.g.c).

Do d6 DBK =DIC, suy ra BK 1 CI. Xét AIBC

¢ ID, BK la cac duong cao. Suy ra K la truc tim

AIBC.,

Bai 1.3. Cho A4BC nhon ngi ticp duong tron (O),
AB < AC, goi BE va CF lq cac dirong cao cua
AABC. Cac tiép tuvén cua (O) tai B va C ct
nhau tai S, goi M la giao diem cua BC va OS.
a) Chimng minh AAEM dong dang AABS.
b) Goi N la giao diem cua AM va EF, P la giao
diem cua AS va BC. Ching minh rang NP L. BC.
Loi giai.

A

S
a) Tacd OS L BCtai M 1 trung diém cua BC.
Tam gidc vudng EAB dong dang véi tam gidc
AB _ BS
AE ~ BM’
Lai ¢c6 ABEC vudng tai E,EM 1a dudng trung
BS

tuyén nén BM = ME. Suy ra L
AE  ME

C6 ABME cantai M = MEB = MBE. Mt khac
SBM + ABE = EAF + ABE =90° = AEB
Suy ra

vudng MBS (vi E*{‘E’:@/]) 2,

(1).

SBA=SBM + ABE + MBE = AEB+ MEB = AEM 2.

Tu (1) va (2) suy ra: AAEM <> AABS (c.g.c).

b) AAEM ©> AABS => BAP = EAN, AME = ASB.

Ma tir giac BCEF ndi tiép duong tron dudmg kinh

BC, suy ra ABP = 4EN. Suy ra A4EN <> AABP
AN NE

= 2" == (3). Tuong tw: AMAF <> ASAC.
AP~ BP

Do d6 AMF = ASC, AME = ASB = EMF = BSC.
Lai c0 AMEF céantai M, ASBC cén tai S. Suy ra
SBP = MEN. AEMN va ABSP c¢6: BSP = EMN,
e e NM
SBP = MEN = AEMN «» ABSP = L 4).
BP PS

Tir (3) va (4) suy ra: Al _ N = NP /IMS , ma
AP PS

SM 'L BC = NP .L.BC,

Bai 1.4. Cho AABC c¢6 ba géc n.  noi tiép

duong tron (O) va AB> AC. Goi AD,BE la

cac duong cao cua AABC, F la chdn duong

vuong goéc ha tir B lén duong thang 40

a) Churng minh tr giac BEDF la hinh thang can va

EF di gua trung diém cua BC.

b) Goi P la giao diem thir hai cua dirong thang

AO voi dirong tron (0), M va N lan lirot la trung

diém EF va CP. Chimg minh BM 1 MN .

Loi gidi.

a) o Tur gia thiét ¢6 4,B,D,E,F cing nim trén
duong tron duong kinh AB. Tt giac 4BFD noéi
tiép nén



. 180°-A0B
BDF = BAF = BAO =————

BDF =90° — ACB = EBC.
Do d6 DF //BE nén BEDF 1a hinh thang. Lai co
tir gidc BEDF noi tiép dudng tron duong kinh AB
nén BEDF 13 hinh thang can.
« Goi I 14 trung diém BC, do ABEC vudng tai E
nén BIE =2.ACB (1).
Do I la trung diém BC nén OI L BC . Suy ra o
gidc BOIF ndi tiép. Suy ra:
BIF = BOF =180° — AOB =180° = 2.ACB (2).
Tur (1) va (2) suy ra BIE + BIF =180°.
Suy ra E,I.LF thang hang hay EF di qua trung
diém 7 cua BC .
b) Do céc tir giac ABPC, ABFE ndi tiép nén ta co:
BEF = BAF = BCP; BFE =180" — BAC = BPC.
Do d6 ABFE ddng dang ABPC (g.g).
Ta co: BEM =ﬁ’;£=£€=§£. Suy ra
BC CP CN
ABEM <> ABCN (c.g.¢) = EBM = CBN;
BE _BM , Epc-iamn, 2L -5
BC BN BM BN
Do d6 AEBC «» AMBN (c.g.c).
Suy ra BMN = BEC =90". Do d6 BM L MN.
Bai 1.5. Cho AABC nhon (AC < BC) cdc duong

cao AD,BE,CF cdt nhau tai H. Duong tron

ngoai tiép tam gidc CDE cdt trung tuyén CM cua
AABC tai T. Trung tuyén CN cia ACDE cat
dwong tron ngoai tiép ABC tai T, . Chirng minh
AB la trung truc cua TT,.

Léi gigi. Goi O 1a trung diém cua CH, ta c6 O
la tim dudng tron ngoai tiép tir giac CDHE. Tit
AABD wudng tai D, trung tuyén DM, suy ra
AMAD can tai M. Do do:

MDA = MAD =90° - ABC = DCH.

Vay MD la tiép tuyén cua (O ).

Suy ra: MA* = MD? =MT.MC:>_A_.M;*MT

MC MA

TOAN HOC
4 = CTuditre _ S6530(s8-2021)

_ AMAT &> AMCA (c.g.c) = MAT =MC4 (),

CD DN
Lai co ACDE > ACAB (g8) = a=m’

CDN =CAB. Do d6 ACDN <> ACAM (cgy)
— NCD=MCA ().

Lai co6 NCD=T AB (goc ndi tiép) (3).

Tir (1), (2) va (3), ta c6 MAT = MAT, .

Chimg minh tuong ty c6 MBT = MBT, .

Do d6 AABT =AABT, (g.c.g). Suy ra 4B la
trung truc cua 17, .

II. CAC BAI TOAN CHUNG MINH BA PIEM

THANG HANG, CAC PUONG THANG PONG
QUI.

Bai 2.1. Cho AABC nhon, duong cao AH. Trén

doan thd'ng AH léy diém D khéng tring voi A (D

khéng la truc tam cua AABC). Tia BD cat AC tgi
M, tia CD cat AB tai N. Puong thang vuéng goc
véi BM tai M va dwong thang vuéng goc véi CN
tai N cit nhau tai S. Chimg minh AABC cdn tai A
khi va chi khi S,A,H thing hang.

Loi giai.

e Diéu kign can: C6 AABCcan tai 4 thi AH 1A
truc doi xing cia AABC.

https://tieulun.hopto.org



Suy ra CNM = BMN. Lai ¢6 SND = SMD = 90°
:M:M. Suy ra SN=SM , nén S nim
trén trung truc MN. Do A4BCcan tai 4 nén
AH 1a trung tryc cua BC vd MN. Viy diém S
namtrén AH hay S,4,H thing hang.

S

C

o Diéu ki¢n dii: Cho ba diém S, 4,H thing hang,
Gia st AB < AC. Goi K 1a diém dbi xtng cta C
qua AH. Taco: AK = AC,AKD = ACD (1).
Vi SNC = SMB = SHC =90° nén ta cb céc tir giac
noi tiép:  SNDM,SCHN,SMHB. Do &
NSD = NMD = NCH. Suy ra tir giac BCMN ndi
tiép. Suy ra ABM = ACN 2).
Tir (1) va (2) = ABM = AKD. Do dé tir gi4c
AKBD ndi tiép.
Khi d6 ADM = AKC = ACB = BDH
Ma BDH + DBC =90° = ACB + MBC = 90", hay
BM 1 AC, ma AH | BC suy ra D la tryc tim
AABC (méu thudn véi bai toan 14 D khéng la truc
tam cua AABC).
Ching minh tuong tu 4B> AC khong xay ra.
Vay AB=AC,nén AABC cantai 4.

Bai 2.2. Cho AABC nhon néi tiép trong duong
tron (0), H la truc tdm cua tam giée, M 14 diém
bét ki trén cung nhé BC ctia (O).

a) Goi E ld diém doi xirng cia M qua AC, N la
diém doi ximg cua M qua AB. Chimg mink
E,H,N thing hang.

b) Tim vi tri cia M sao cho db dai NE lém nhdt.
Loi gigi. a) Goi HE ciat AC tai K, NH cét
AB tai I, BH cat (O) tai diém thir hai Q, CH
cit (0 ) tai diém thir hai P,

Ta co: ACQ=ABQ=ACH , HQ L AC.

Do dé H va Q dbi ximg qua AC; M va E d6i
xtmg qua AC. Din dén AC, HE,MQ cing di qua
K. Chimg minh tuong tw AB, NH, MP cung di qua
I. Theo tinh chit déi ximg ta cé:

CHE = COM, PHN = CPM.
Ma @“—"@,suy ra CHE =PHN. Do dé
H,E,N thing hang.
b) C6 M va E dbi ximg qua AC. Suy ra
AM = AE , MAC = EAC.
Tuong tw: AM = AN, MAB = NAB.
Suyra: AE = AN, NAE =2.BAC.
Xét AANE ¢ NAE=2BACkhong dbi,
AE=AN. Do d6: NE 1én nhit < AE= AN
16n nhit < AM 16n nhit <> AM 14 dudng kinh
cua (Q).
Nhin xét. C6 thé thay dé bai phan a) tur “chimg
minh E,H,N thang hang” bang “chimg minh khi
diém M di chuyén trén cung nho BC thi EN
[udn ludn di qua 1 diém co dinh”,
Bai 2.3. Cho AABC nhon ngi tiép duong tron
(0),(4B < AC). Céc duong cao AD,BE,CF
déng qui tai H. Duong cao CF cdt (O) tai diém

TOAN H
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thir hai M, ducng thang MD car dwong tron ( 0)
tai diém thie hai Q. goi P la trung diém cua DE.
Chung minh rang A, P.Q thang hang.

Lai gidi,

Ta 0 cac tir giac ndi tiép 1a:
ABDE,CDHE, ACDF.
Suy ra: ﬁzA/EE:ATE‘FI:A’Bﬁ
Ma ACH =ABM (g6c ni tiép ciia duong tron
(0)). suyra ABE=ABM vi AB L MH . Do d6
FM = FH.
Tt ADF = ADE va l’)‘;{?‘:ﬁ, suy ra:
AAFD «» AEHD (g.g)
AD _DF _ AD _DE
DE HD  DF HD
T ADF = ADE va Eﬁlzﬁi, suy ra:
ADHF «» ADEA (g.g)
_AE_DE __ AE _2PE_ AE _PE
HF HD  MH:2 HD  MH HD
Xét AAPE vi AMDH c6: AED=MIID (cing
AE _ PE

—— = ——, suyra:
MH HD

AAPE > AMDH (c.g.c) = DMC = PAE,
ma [M‘-—-éf—lz‘nén @:@, do do
A,P,Q thing hang.

bu v6i DBF),

Bai 2.4. Cho AABC nhon, AB < AC. Ke dirong
cao AH. Puong tron (O) dirong kinh AH cdt cac

TOAN HOC
6 - CTuditre
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canh AB,AC twong ing tai D va E. f)u‘dng thing
DE cdt duong thang BC tai S.

a) Chimg minh rang SB.SC = SH..

b) Puong thing SO cit AR, AC tuong ng tai M
va N, duong thang DE cat HM ,HN lirong img
tai P va Q. Chirng minh rang BP,CQ vq AH
cfdng qity.

Loi gidi.

K
a) Vi 4H la dudng kinh duong tron (O), nén
HD 1 AB,HE 1. AC. Lai ¢6 ADE = AHE .

Xet AAHC vubng tai H , co @:AWE Suy
Ia ﬁ:@ Do @6 tir giac BDEC néi tiép.
Suy ra SD.SE = SB.SC. Ta c6 SH la tiép tuyén
cua dudng tron (O ) nén SH? = SD.SE.

Viy SB.SC = SH?.

b) Ly K la diém déi xémg voi & qua S, ta c6

SO I/ AK . Suy ra: fﬂ=§£.__£§ (1.
MA  SK SH

Theo cdu a) ta ¢6 SB.SC = SH?. Suy ra:
SB.(SH + HC) = SH*

= SB.HC = SH.(SH - SB) = SH BH.

S. BH ;
Suyra — = Tic (2). T (1) va (2) cé:

BM HB e
7 = e = MH I/AC = BHP = ACB = ADE.
Do do t& giac BHPD ndi tiép. Suy ra:
CPH = BDH =90° => BP | MH.

Ma MH //AC nén BP L AC, tt d6 BP la dudng
cao cua A4BC. Ching minh tuwong tw c6 CQ 1a
duodng cao cia A4BC.
AABCc6 AH,BP,CQ

AH,BP,CQ déng quy.

la cac dudng cao, nén

https://tieulun.hopto.org



b

Nhan xét. Trong 10 gidi phan a) ta phat hién thém
tr giac BDEC ndi tiép. Trong phin b) dé chimg
minh AH,BP,CQ ddng quy ta ching minh
AH,BP,CQ 1a cac dudng cao cua tam giac
AA4BC . Do O latrung diém AH néntaliy K 13
diém dbi xing v6i H qua § dé tao ra duong
trung binh tam giac.

Bai 2.5. Cho AABC nhon ngi tiép trong duong
tron tam O. Cdc dwong cao AD,BE,CF. Goi
[,J,K lan luot la tric tdm cia cdc tam gidc
AEF,BFD,CDE.

a) Chimg minh DI, EJ,FK dong quy tai trung
diém cua moi duong.

b) Chirng minh AI,VBJ,CK dcjfrg quy tai O.

¢) Goi M,N lan lwot la hinh chiéu vuéng goéc ha
e D xuéng AB, AC; goi P,Q lan lwot la hinh
chiéu vuéng goc ha tir E xuong BC,AB ; goi R,S

lan leot la hinh chiéu vuéng géc ha tir F xuong
AC,BC. Ching minh M,N,P,Q,R,S cung nam

trén mot duong tron.

Loi giai.
A
0 R
E
F
4 N
v
M (0]
B S\D—/P C

a) Goi H 1a tryc tam cua A4ABC. ta co:

El' 1 AB, HF \ AB= El //HF .
Chimg minh twong tw co6 EH //IF .
Do d6 EIFH la hinh binh hanh,
EI //HF, EI = HF (1).
Chimg minh twong tu DJ//HF, DJ = HF (2).

nén

Tir (1) va (2) suy ra EI//DJ, EI=DJ.Vay
DJIE 13 hinh binh hanh. Do d6 DI, EJ cét nhau
tai trung diém ctia DI va EJ (3).

Ching minh tuong tu DI, FK cat nhau tai trung
diém cua DI va FK (4). ’

Tu (3) va (4), suy ra DI,EJ,FK cat nhau tai
trung diém cuia méi duong.

b) Tt gide BCEF noi tip, nén ACB = AFE .

Xét AAOB can tai O, ta co:

——

. 0_ B
o 180 AOB o A0
2

~90° — 4CB =90° — AFE.

— OAB+ AFE =90° = AO L EF .
Lai c6 Al L EF, suyra A,1,0 thang hang, nén
Al di qua O. Ching minh twong tw c6 BJ va
CK ciing di qua O. Vay AI,BJ,CK ddng quy
tai tim O cua duong tron ngoai tiép A4BC .
BF _BH _BD
Q BE BP

= BF.BP = BQ.BD (5). Ta gidc DFMS noi tlép

nén BM .BF = BS.BD (6).
Tu (5) va (6) suy ra BM.BQ=BS.BP. Do dé

M,S,P,0 cing nim trén mét dudng tron.

Goi ¥V la trung diém cua DI,EJ,FK. Do
EP1 BC,JS L BC nén V nam trén trung truc
cta PS. Twong tu ¥ nam trén trung truc cua MO.
Suyra M,S,P,Q cung nam trén moét dudng tron

¢) Tt HF //EQ, HD I/ EP =

tam V.
Chimg minh twong tu, ta suy ra M,N,P,O,R,S
cung nam trén mot dudng tron tam V.

Bai 2.6. Goi AD,BE,CF la cac dwong cao cua
AABC nhon. Goi 1,J,K lan lirot la tém diwong
tron ngi tiép cdc tam gidc AEF BFD.CDE. Goi
O va O' lan lwot la tam duong tron ngoai ﬁép che
tam gidc AIC va BJC. Chimg minh 00" | CK.
Loi T ACDF

gidi. giac

- ndi  tiép
= BFD = ACB.
S48 530(8-2021) a. TOAN HOC
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Tuong tu co EEEEE_C

Suy ra ABDF ©» AEDC (g.g) = AJDF ©>AKDC
DJ DF
o o T )

ok pc P

Ma FDB=EDC = JDK = FDC (2).

‘o

5
Tu (1) va (2) = ADJK «» ADFC (c.g.c). Suy ra:
JKD = FCD:
fﬁ)+ﬁ=%,@3+@+ﬁ*

=-%,:1§E‘+5?7?7+(180°—@—1‘{‘D?‘)

] —

=l&+90“—m+180°—l@——£:‘0c
2 2 2
=270~ L dBc L 1ch - L 5ac — 1500
2 9 2

= Tt gidc BJKC noi tiép dudmg tron (0') (3).
Chimg minh twong ty ta c6 tir gidc AIKC néi tidp
duong tron (O) (4). Tir (3), (4) va CK la day
chung ciia (0 ) va (0'), suyra 00' 1 CK.
III. CHUNG MINH CAC HE THUC, TiNH
PO DAI CAC CANH.
Bai 3.1. Goi AD,BE,CF 4 cic duong cao cua
AABC nhon néi tiép ducng tron (O;R). Chimg
minh rang chu vi ADEF khéng doi khi A,B,C

thay déi trén duong tron (O:R) sao cho dién tich
cua AABC luén bang a?.

8 O Sessos.zuen

Loi gidi. Ta co ti giac BCEF noi tiép, na
AFE = ACB. Goi AA' 1a duéng kinh cia dudmg

tron (O; R).
Ta co: %+ﬁ=3ﬂ'+ﬁ
— BAA'+ A4'B =90".
Suyra AO 1 EF . Do do:
|
S ror :EAO.EF

LR
2

Tuong tu ¢o:

1
Sapor = 5 RDF,

1
SCD()E = E RDE
Viay SAEC‘ = SAEOF + SBD()F * SCDOE

:%.R(EF+DF+DE) . Suyra

R
Véy chu vi ADEF khong déi.
Nh@n xét. Ta da chia AABC thanh ba tir glac ma
moi tir giac c6 hai duong chéo vuéng goéc véi
nhau. T @6 tinh dugc DE + EF + DF theo dién
tich tam gidc A4ABC va R .

DE + EF + DF = = % (khong d6i).

Bai 3.2. Cho A4BC nhon ngi riéb trong dirong
tron (O;R), H la chin duong cao ha tir A dén BC.
Tu H ké HD vuéng goc vi 4p (De dB), HE
vuong goc voi AC((E € AC). Chimg minh ring
AH = RV2 khiva chi khi D, O,E thing hing.

Lot giai. Goi BM ,CN 1a dudmg cao AABC
BM cat CN tai S. Goi 47 I3 dudng kinh cua

duong trén (0); 41 ¢t DE,MN lan luot tai P
va F.

Ta co ACI= 4B/ = 90° v giac BCMN ndi

= Lai cé 63?:(’7,?1 Suy ra:
CBI+ABC=@+A'A4}‘V=@=900

tiép nén ABC = AMN
hay
= AFM=90" < a1 L MN ().

ﬁ

|
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fa ity 3

A
F M
E
N s 0
P
D
B&H @
K 1
Ta cd: SN //HD nén = =A‘S;
AH
SMiHE sen LA
AE AH
AM AN
Suyra: —=— =>MN//DE (2).
AE AD

Tu (1) va (2) suyra Al L DE tai P.
Ta c6: AAPE «» AACI = AE.AC = AP. Al (3).
Xét AAHC vubng tai H , duong cao HE suyra
AH? = AE.AC (4). T (3) va (4) suy ra:

AH? = AP.AI = AH® = AP2R.
Do d6 AH =R\2 khi va chi khi 2R* = AP.2R
< AP =R < D,O,E thing hang.
Nhdn xét. Trong bai toan trén ta dd vé thém
duong cao BM,CN cua AABC @é tir d6 chimg
minh AO 1 DE Bii toan lién quan d6 dai duong
cao AH v&i ban kinh R cua duong tron (O),
nén ta v& thém duong kinh 47 dé giai bai toan.
Bai 3.3. Cho ABC ¢6 truc tam H. Goi (O; R) la
duomg tron ngoai tiép tam giac, goi (I;r) ld
duong tron néi tiép tam gidgc AABC. Goi
d,.d,,d lin lwot la khoang cach tir O dén ba
canh BC,CA, AB.
a) Chimg minh HA+ HB+ HC =2(d, +d, +d_).
b) Gia su AABC nhon.  Chimg  minh
HA+ HB+ HC =6r (*).

¢) Bdt ding thirc (*) con ding khi AABC ¢6 géc
ti khong? Vi sao?
Loi gidi. a) Goi E,F,D thir ty Ia trung diém

BC.AC,AB. Ta c6 OE=d, OF =d,,OD=d,.
Taco: EF //AB,EF:%AB.

4

'l‘

e

B A, E C

Tacod: AOEF «» AHAB (g. g)
:>OE=%AH:>HA=2da.

Chimg minh tuong tu ¢6: HB =2d,; HC =2d,

= HA+HB+HC=2(d, +d,+d.).
b) Tam giac ABC nhon, nén di€ém O nam trong
tam giac. Pat BC=a,AC=b,4B=c.
Ta chimg minh:

d +d,+d =OE+OF +OD=R+r.
That viy, tir tir gidc ADOF ndi tiép, theo dinh Ii
Ptolemy ta c6 : OA.DF = AF.OD + AD.OF

~r2_2opilor.
2 2 2

Tuong tu: R.£=£.OD+£.OE;
2 2 2
RE=2or+20E.
2 2 2
Suy ra:
R.[3+9+£]=OD.
2 2 2

C a b
= R, =0D[p-—)+OE.[ —_)+OF i
2 3 P > p o)

—(OD + OF + OF)p—[Ol;'C LOEa OF-b)
2 2

aXE L op 28 pop AtE

TOAN HOC
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= Rp=(OD+OE +OF)p-§
Rp+S§
P
Vay d, +d, +d =R+r (1)
P

= 0D+ OFE +0OF = =R+r.

A

1L

at

B&\%C

o

Chimg minh OI° = R* = 2Ry,

That vy, gia su tia A7 cit duong tron (O) tai
diém Q. Ke duong kinh PQ cua duong tron (0)

cit BC tai M.

V& IN L BC,IL L PQ, (N € BC,L ¢ PQ).

Cé IN=ML=r,c6 I’ =01 - 0L = IQ* - QI

=0 =0L +1Q" - QL =|00- QL[ +IQ* - OF
=0Q" + QL' ~2.00.0L + IQ* - QI

=R*+1Q0*-2RQL.
T AQ/Ccin tai Q= QI=0C.
OI° =R* +QC? -2R QL

C6 ACPQ vuéng tai C,nén QC* =2ROM .
Do d6 OI* = R* + 2ROM —2RQL = R* - 2Rr

Suyra R*-2Rr>0=>R>2r (2).
Ta(l)va(2)suyra d, +d, +d_>3r.

Vay HA+ HB + HC > 6r . Dau bing xay ra khi va
chikhi O trung /, khi va chi khi AABC déu.

A

B /N

NV

T
10 OQNH C

c) Bat ding thirc (*) vin con ding khi AABC t.

Chang han 2 >90". Tuong tu cau b) ta co:

a+b +OF. a+C—OE.b+C

2 2

= p(OD + OF + OF)

_(oniorl_ 05.3] ~20E.p
2 2 2

= p(OD+OE + OF)-S —20E.p

Suyra: p(OD+OE+OF)=Rp+S+20E.p
=(R+r+2.0F)p.

Dandén: OD+OE +OF > R+r2>3r

=d, +d, +d, >3r = HA+ HB + HC > 6r.
MOT SO BAI TOAN TUONG TU

1. Cho A4BC nhon (4B < AC), Mla trung diém
cua canh BC, O la tam dudng tron ngoai tidp
ABC . Cac dudng cao AD,BE,CF cua AABC
dong quy tai H . Céc tiép tuyén véi (O)tai B va
C cat nhau tai S. Goi P,Q lin luot la giao diém
cia dudng thang EF véi cac duong thang
BS, A0 . Chimg minh rang:
a) ASMP déng dang v&i ADHF
EF BC

® o= cn

2. Cho AH 1a dwong cao ciia A4BC nhon ndi tiép
dudng tron (O). Tiép tuyén tai 4 cua (O) cat
cac tiép tuyén tai B va C cua (0) lan luot tai
M,N . Chimg minh HA4 la phén giac cua A‘ﬁN

3. Cho AABC véi tryc tim H (H khac A,B,C)
va M 14 trung diém ciia BC . Dudng thing di qua
H vudng goc véi HM cht duong thing AB & E

va cat duong thing AC tai F. Chimg minh
AMEF can.

(Xem tiép trang 45)
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HUONG DAN GIAI DE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN
KHTN, PHQG HA NOI, NAM HOC 2021-2022

VONG 1
Caul. DK:-8<x<5. Cau 1I1. Gia st 7 thoa mén cac didu kién cia bai
Bat a=V5-x,b=vx+8(a,620). Khi do ta co: toan, ta c0:

a’=5-x,b* =x+8 nén a*+h*=13. 2”"’1:2("“3)"‘7:2(’1—4)+9

Phuong trinh d cho tr& thanh: =2(n-5)+11=2(n~6)+13.
a8t 2550 Tur gia thict cua bai toan suy ra:
& 13a+18b=40+a" + 25 +3ab 2n+1=0(mod7), 2n+1=0(mod9),
C>8(a+b)+5(a+2b)=(a+h)(a+2/7)+40 2/1+120(m0d11), 2n+150(m0d13).
@(a +b—5)(a+2lr—8)=0, Vi trng cép 2 so bat ky trong cacs6 7,9, 11, 13 1a

THI: a+b=5=a=5-b Ma &> +5 <13 — nguyén t0 cung nhau nén 7x9x11x13|2n+1

(5—b)2+b2=13 25 —10b+25=13 < 9009(2n+1 = 2n+1=m.9009 (m la s6 nguyén

duong) = n nho nhit < 2x+1 nho nhét

b=2 |x=-4
©2b2—10b+12:0<:{ :>|: i :théaman. = m =1 Ta thu dugc:
= XxX=
9008
TH2: a+2b=8=a=8-2b. M& & +b*=13 suy S L=UR=gmets e SOR:
ra: (8-2b) +5* =13 567 —32b+64=13 Cau IV.
b=3 x=1
&5 -32h+51=0 < L, 72| 89 thoa
o= — X=—
5 25
man. Vay phuong trinh da cho cd 3 nghiém:
l;—4;g.
25

Ciu I1. HE phuong trinh twong duong véi
2x* +2y* +12x%y2 =2
2x(x+y)’ =2(x-y)

Q{(m)‘w(x—yr_z

(x+y+x=y)(x+y) =2(x—y) Iy Ta 6 bidn 851 gc b san:
Dat u=x+y, v=x-y ta co: {u:+v4 =2 BJC + CKA + ALB = 90° +B—2PC—+90” +§P_A‘l
u' (u+v)=2v . 2
:>u4(iu+v)=v(u'1 +v4)<:>t.f5 =V Su=y +90° + A_;E =270" +180° = 450°.
52 =2 u=11 thu duge: 2) Khi PB = PC thi X 14 trung diém BC. Liy E, F
{x+y=1:>{x=1 - {x+y=—1:> =1 12"7:1’1 lu'o\rt délxxt’mgAvé'l C. B flua- Y, Z. Do XYWZ la
x—y=1" |y=0" |x—y=-I {y:() . hinh binh hanh nén trong tr gidc BCEF thj W la

, trung diém EF. Tir d6 ta cé:
Bdp so: x=1,y=0; x=-1,y=0. E

TOAN HOC
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AE=AC—-CE=AC-2CY
= AC—(CP+ CA— PA)= P4~ PC.

Tuong tu thi AF = PA-PB. Ma PB = PC nén
AE = AF. Lai do W la trung diém EF nén AW la
phén gidc ciia géc BAC.

Ciu V. Gia sir k 56 dugce chon 1a x, <x, <...<X,.

e Trong day trén khong ton tai cip 2 s6 dang
(x,x+1) vi tong 2 sb luén chia hét cho hiéu cia
chiing bang 1. Khéng ton tai cip s6 dang (x,x+2)
vi tdng 2 sb bang 2x+2 chia hét cho hiéu cia

ching bang 2. Suy ra x,, —x, >3.

o Ap dung két qua trén suy ra
X 212521432 x 214232 2% 21+ (k-1)3,
2023

3

Ta co: 20212x,(21+(k-1) =3k -2=k<2

:>ks[

e Gia tri 16n nhit dat duoc khi ta chon diy cop
1,4,7,10,.....,3.674—2. Khi d6 téng clia 2 s bjt
ky chia cho 3 dur 2. Hiéu cua 2 sb bit ky chia hét
cho 3 = téng cua 2 s bit ky khong chia hét cho
hiéu ctia chiing. Vay gia tri 16n nhét cua k 14 674,

2023

]:674=km

VONG 2

Caul. 1) Kihiéu S=a+b+ctacéd:
1=(S-a)(S-5)(S-c)

=5 —(a+b-|—c)S2 +(ab+bc+ca)S—abc

1
+abe =ab+bc+ca.

suy ra:
o a+b+c
. 1+abe ]
Kihiéu: P= ,tacod: ab+bc+ca="P.
a+b+c

Pang thic can chimg minh tuong duong véi

a . b _I+abc+ab(a+b+c)
gy drabe o ltabe B a+b+c
a+b+c a+b+ec
? b _piab %,

+
a+P bB+P
Tacéd: a’+P=a’+ab+bc+ca=(a+b)(a+c)
b*+P=b>+ab+bc+ca=(b+c)(b+a).
Luuy: (a+b)(b+c)(c+a)=1 taco:
a 5 b
(a+b)(a+c) (b+c)(b+a)
<:>a(b+c)+b(c+a)zP+ab

e =P+ab

< ab+bc+ca=P (ding).
2 2
2)Pat u=x+2y,v=xy tacéd: { +2v° =11 _
3uv+31=9u+13v
Céng theo Vé 2 phu’o'ng trinh suy ra:

Buv+u’ + 207 +20=9y +13v

TOAN H
' Crum% S3 530(8-2021)

12

& (u+v)(u+2v)+20=5(u+v)+4(u+2v)
< (u+v-4)(u+2v-5)=0.
u+v=4 u=4-v
’ [u2+2v2=11:>{(4—v)2+2v2=11

v=lLu=3
=W -8v+5=0=| 5 T
v=—,u=—
3 3
-Véiu=3,v=1tacéd:
x+2y=3 5
=>y(3-2y)=1=2y" -3y+1=0
xy=1
1
=y=Lx=1 y==x=2,
2
- Vi u=z,v=— ta co:
3
x+2y=—} 7 5
5 :>Y(§‘2J’J=§<:>y(7—6y)=5
xy=§

&6y'—=Ty+5=0 (vd nghiém).

u+2v=5 u=5-2v
¢ 2 2 = 2 2
u'+2v =11 |(5-2v) +2v" =11
v=lu=3 (di xét)

=6V -20v+14=0=| 7 |
V=—U=—

5 3

. 1
VOI u:—, =
¥z @

3

~]

co:
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1

Xt 2p=— 1 7

w

< 6y" —y+7=0 (vd nghiém).
Ddp s6: x=l,y=1;x=2,y=-12-.
Cau Il 1) Xét x>1=3"=0(mod9)
=3"+29=2(mod9)=2" =2 (mod9). Tacd:
2% =(63+1)" =1 (mod9),

2% =(63+1)' .2=2(mod9),

2% =(63+1) 4=4 (mod9),

2% =(63+1) .8=8 (mod9),

2% =(63+1)" .16 =7(mod9);

2% =(63+1)" .2=5(mod9),
suy ra y co dang y=6k+1.
Ta co:

2* =2%" =(65-1)" 2=£2 (mod13) ().
Ta cling co6:
3% =(26+1)" =1(mod 13)=> 3" +29=4 (mod 13)
3 —(26+1)" 3=3 (mod13) =>3*" +29=6 (mod13)
3%2 =(26+1) .9=9 (mod13) =3** +29=12 (mod13).
Tom lai: 3* +29=4,6,12 (mod 13) (2).
Tir (1) va (2) suy ra 2 vé khéng ddng du khi chia
cho 13 nén v@i x > 1 thi phuong trinh khéng cé
nghiém nguyén.
Véi x=1 ta thu duge dap sé x=1, y=5.
2) Viét lai gia thiét dusi dang:
(a+1)(b+1)+(b+1)(c+1)+(c+1)(a+1)=12.

Ta co:

a+l _ a+1
a’ +10a+21 12+(a+1)2+8(a+1)

a+l1 1 1
< KT N
4 12+(a+l)2 8(a+1)

Tuong tu:

b+1 <b+1 1 . 1|
b +106+21" 4 [124(b+1) 8(b+1)

c+l c+l 1 1
< * :
> +10c+21 4 12+(c+1)2 8(c+1)

Suy ra:

1 a+l b+1 c+l1 3
= -+ =+ = =
412+ (a+1) 12+(b+1)" 12+(c+1) | 32

bit: x=a+1,y=b+l,z=c+1=>xy+yz+zx=12

=>x2+12=x2+xy+yz+zx=(x+y)(x+z);
y +12=(y+z)(y+x) Z+12=(z+x)(z+y)
1 X y z 3
:>MS4!:(x+y)(x+z)+(y+z)(y+x)+(z+x)(z+y)J+32
1 2(xy+yz+zx) 3
—_ +_
4 (x+y)(y+z)(z+x) 32
1
2

xXy+yz+zx 3

g(x+y+z)(xy+yz+zx) 4a

Ta co:
(x+y+z)2 23(xy+yz+zx)=36:>x+y+226
9 3 9 3 3 3 3
<

=M< +—x< +—= =—
16(x+y+z) 32 166 32 32 32 16

maxM"—--li6 khia=b=c=l.

Ciu IIL 1) D3 thdy O la trung diém BD va OP,
BK, DL song song v6i nhau do cing vudng goc
v6éi EF. Tir @6 trong hinh thang BKLD c6 OP di
qua trung diém / cua KL theo tinh chit duong
trung binh.




2) Ta 6 bién déi ty sé:

201 _BK+DL_BK DL _EM _FN

— =+
ci cH cn o T an TN
_EF-MN _EF _
MN N
ol EF | |
Tirdo: — - =7 1\ hone déil
CH 2MN 7 ongdol

3) DE thiy ES cit FT tai R 1a truc 3m tam giac
AEF. Do AAEF «» ACNM ¢6 truc tam twong {mg
1a R, H; c6 tiép diém cua cac dudng tron noi tiép
V01 cac canh EF va NM tuong ung 1a P, G nén
RP [l HG, véy 1a s& ching minh P, Q, R thing
hang thi bai toan hoan tat.

J

Goi giao di€ém cua 8D va EF la J. Theo dinh Iy

Menclaus thi NS, MT, PR dong quy khi va chi khi
NP SE_MP TF _ NP MP TF SR
NE SR MF TR

NE MF TR SE
PN MF JF
& ——.— == (l).
PM NE JE
Ta lai ¢o bién dai:

MF _MF BD _JF JD JF

— = —=_Z = (D)
NE BD NE JD'JN JN
Tir (2) ta thay:
PN JN PN DN PN NF
De—=—o—=—u-—"—=" ()
PM JE PM BE  PM ME

TOAN HOC
14~ usige
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Ta lai ¢6 (O) la duong tron bang tiép cua tam gj4e
CMN nén PM = GN, PN = GM. Lai chi § cic g,
gidc CMN va AFE c6 tiép diém cua dudmg iy,
ndi tiép véi cac canh MN, EF tuong ing 1a G vy
P, ta c6 bién ddi ty s6:

PN GM

PF_PF-PN _EN
PM

= —_—

GN PE PE-PM EM’
T diy suy ra (3) ding, ta c6 diéu phai chimg
minh.

Cau IV. Ky higu b, =2. Y (i=1,2,...,2021), ta
+a’

thu dugc bai toan tuong dwong:
Gia sir b,b,,....by,, ld nhitng sé thire thoa mén
bitby+by+. by, =0 va |b[<1,i=1,2,...,2021.

Ching minh rang tén tai k nguyén, 1<k <2021

2k+1

.

sao cho: fb, +2b,+3b,+..+ kbk, <

o Taco thé gia sw b, >0 vi:
Néu b =0 thiton tai k=1 bai todn thoa man:

Néu b <0 ta dua vé truong hop 4 >0 bang cach
giai tuong tu voi day (-h)

(vi |-5|<1, Z(—b‘):—z b, =0).
«Ky hidu S,=0,5,=it, véij=1.2, ...2021
1=]

§,~8

J-

thi S-S, = b b, =

Ta ¢&:
2021 e 9

R

+ §l‘§_~_ 2 ﬂ_i o+ Syny _szn
3 3 4 4 2021 2021

1 Slﬂ’l
tot———mS§, . +—.
2020.2021 **° 2021

(Xem tiép trang 16)
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PE THI TUYEN SINH VAO LOP 10 THPT CHUYEN LE HONG PHONG,
NAM DINH, NAM HOQC 2021 - 2022

VONG 1

(Ddnh cho tat ca cdc thi sink; thoi gian lam bai: 120 phit)

Cau 1 (2 diém).
x +1
ST

2) Tim tat ca cac gia tri cua tham s6 m dé duong

biéu thitc P=

thing y=m’x+m—1 (m#0) va duong thing
Y =9x+2 song song.

3) Tinh dién tich tam gisc 4BCdéu canh bing
2\/5 cm.

4) Tinh thé tich cua hinh non c6 duong sinh bing
Scm va ban kinh day 3cm.

Cau 2 (1,5 diém). Cho biéu thirc

Q:[ .\'If_+x+1_\/;+l}(

X = X x=1

x+25
X+ \/T +1 )
VOl x> 0:x =1,
1) Rat gon biéu thie Q.
2) Tim x dé biéu thitc Q dat gié tri nho nhat.
Chu 3 (2,5 diém). 1) Cho phuong trinh
X =(2m+1)x+m*+3=0 (1)

(v&i m 1a tham sd).

a) Tim tat ca cac gia tri cia m dé phuong trinh (1)
¢6 nghiém.

b) Tim tit ca cac gia trj cua m dé phuong trinh
(1) ¢é hai nghiém phan biét x,x, thoa man

l<x <x,.

1) Tim di€u kién xac dinh cua

2) Giai phuong trinh

x+1+v2x+1-Vx’ +8x+4 =0,
Ciu 4 (3 diém). Cho tam giac nhon
ABC (AB> AC) ndi tiép duomg tron tdm O
dudng kinh AP . Cac dudng cao BE va CF cit
nhau tai H .
1) Chimg minh ring tir gidc BCEF ndi tiép va
AE.AC = AF .AB.
2) Goi K,/ lan luot la trung diém cua EF va
AH . Chimg minh /K song song voi AP.
3) GoiM la giao diém cua /K va BC; N la giao
diém cia MH véi cung nho AC cua dudng tron
(0). Chimg minh riing HMC = HAN.
Cau 5 (I diém). 1) Giai hé phuong trinh

8Jx’y+y :3(x2 —y+1)

_13
x*+9y’ =
dary
2) Cho x,y,z la cac s6 duong thoa min
l+i + L <2021. Chitng minh rang
Xy 2

1
1 - + 2
\/7):2 —2xy+4y° \/7y“ —2yz+4z°
1 <2021.

122 -2z +4x* 3

+

VONG 2
(Dénh cho thi sinh thi vio chuyén Todn, chuyén Tin; thoi gian lam bai: 150 phiit)

Cau 1 (2 diém).
a) Cho a,b,ceRthéa mdn a + b + ¢ = 0 va
a® +b* +¢* =1. Tinh gia tri cta biéu thirc

S =a*b?* + b’ +*a®.

b) Cho da thirc béc hai P(x) thoa man P(1)=1

2

P(3)=3, P(7)=31. Tinh gia tri cda P(10).

TOAN HOC
" CTugi 915
https://tieulun. hopto org
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@& Cau 2 (2 diém). a) Giai phuong trinh

x2+(ﬂ_{_]2+4:jfi.
x+1 x+1
b) Giai hé phuong trinh
x(2x+1)=y(x+y- 2)+1
{4ﬁ+2 D =i,
Cau 3 (3diém). Cho tam giac nhon ABC
(4B < AC) ni tiép duomg tron (0). Puong
phan giic trong cua BAC cit duong tron (O) tai
D (D # A). Trén cung nho AC cua dudng tron
(0) lay diém G khic C sao cho AG > GC ; mdt
dudng tron c6 tim 1a K di qua 4, G va cit doan
thing AD tai diém P nim bén trong tam gidc
ABC. Pudng thing GK cat duong tron (0) tai
diém M (M =G).
a) Chimg minh cic tam giac KPG, ODG déng
dang v6i nhau.
b) Chimg minh GP, MD 1a hai dudng thing
vudng goc.
¢) Goi F la giao diém cua hai dudng thing OD

va KP, duong thing qua 4 va song song voi

BC cit dudng tron (K) tai diem E (E;t,q)_
Chimg minh rang ti giac DGFP 1a tr gidc ng;
tiép va EGF =90".

Cau 4 (1,5 diém).

a) Tim tit ca cac cap sd nguyén duong ( X y)
thoa man: x*y* (y —x) =50’ -27.

b) Cho p,, p, ..., P, 12 céc s& nguyén 6 loy

hon 3. Chimg minh ring p? + p? +-+ p}, chia
hét cho 12.

Cau 5 (1,5 diém).

a) Cho a,b,c>0 va a+b+c=1. Chung minh

s a+bc b+ca c+ab
rang + + 22,

b+c c¢c+a a+b

b) Xét hai tdp hop 4, B khac & thoa man

ANB=2 va AUB=N". Biét ring 4 cb vd
han phi‘m tu va téng cua moi ph?m tir thuéec A4 védi
mbi phén tr thugc B 14 phén tir thude B . Goi x
la phén tir bé nhét thudc B théa man x=1. Hay
tim x.

TRAN XUAN DANG

(5/7/136 Phan Binh Phiing - TP. Nam Dinh)

Gidi thiéu

***********************************************************************************

HUONG DAN GIAI ...  (Tiép theo trang 14)

Vi §,=5>0 nén ton tai k nho nhét(2 <k <2021)

mas, <0 (1).

» Theo gia thiét ta co:
k2 |kb,|=|S, - S,.|=S,., -5,

(vitheo (1) taco: S, < 0,85,,>0)

=H kz]S,c_l[+|SA ().

Néu c6 dong thevi 2 bt dang thirc

2(k~1)+1
iSk-1|>~(‘4—)—+‘va 5, 2k

TOAN HOC
16 qwtsem

suy ra:
k h+1 2
s fofs 2D 26
4
mau thudn véi (2). Vay phai c6:
2(k-1)+1
}S,Js—u hodc |5, < 2k+1
4 4

Suy ra ton tai k£ hodc k-1 thoa man bai toan.

NGUYEN VU LUGNG — PHAM VAN HUNG
TRAN QUANG HUNG

(GV THPT chuyén KHTN, PHQG Ha N&i)

Gidi thiéu

https://tieulun.hopto.org
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THEO CHUONG TRINH VA SGK MO1 N, 3

Tap chi TH & TT da nhiéu 1an ¢6 céc bai viét dé cap
dén chu dé “phucmg trinh tiép tuyén” nhu: sé 363
thang 09/2007, sé 420 thang 06/2012, s6 460 thang
10/2015, ... Trong bai viét nay, céc tac gia khong dé
cap lai cdc dang co ban, phé bién ma gioi thiéu cac
bai todn mdi la co lién quan, dic biét trong cac dé thi
THPT Quéc gia. Ngoai ra, ta sé khong dung didu
kién tiép xuc gitra hai d6 thi ma chi giéi han o cong
thirc phuong trinh tiép tuyén quen thude.

L. KIEN THU'C CAN NHO

Pinh Iy 1. Cho diém M c6 hoanh d¢ x, trén do thi
(C) cua dieong cong v = f(x). Khi dé, hé sé goc
cua dwong u'(fp I!(l‘é’n (d) cua (C) tgi M la
k= f'(x,), vavithé

(d): y=["(x)x=x,)+ f(x,).
Tiép theo, ta sé chimg minh mdt tinh chat hay sur
dung sau day:
Dinh Iy 2. Clio da thire [ (x) ¢o bdc lon hon | voi
do thi (C) va dirong thang (d) ffé;') xtie (C) tai
diem ¢6 hoanh dé x,. Khi dé phuong trinh hoanh
do giao diém gita (C).(d) sé c¢é nghiem kép
(hodc nghiém boi ba tra lén) la x = x,.
Chirng minh. Ti PT tiép tuyén (d), ta c6 PT
hoanh d6 giao diém la:

S ) =xg) + f(x,) = f(x) (*).
Do da thirc f(x)— f(x,) chia hét cho x—-x, nén
ta viét f(x)- f(x,)=(x—x,)g(x). Pao ham hai
vé cua dang thirc nay, ta dugc:

S10)=(x—x,)g'(x) + g(x).

Cho x=x,,

vao (*), taco:

ta c6 ngay f'(x,)=g(x,), thay lai

CAC BAI TOAN

VE PHCNG TRINK TER TUYEN
L PHUC LU (PHKHTN, DHOG TP Hé Chi Min)

TRAN QUOC TU (THPT Gia Dinh, TP. Hé Chi Minh)
TRAN BA DAT (Wayne State University, USA)

- - S - —— e —-."”

(x = x,)g(x) = g(xp )(x — x,) hay
(x —x,)(g(x) — g(x,)) = 0.

Piéu nay cho thiy PT(*) c6 nghiém kép (hodc
nghiém bdi ba trg 1én) 1a x = x,,.

Chii y rang két qua nay cing ding déi véi cdc
ham phan thirc hivu ty.

Tinh chét. Gia su ham so f(x) lien ' trén D,
dat cie i tai lao ham

./l'{—rn)-

hodc trung voi triic hoanh Ox.

x=x,eD va t6n i

Khi do, tiep nnven lai x, se song song

Chirng minh. Theo gia thiét thi ta s& co

f'(x,)=0 va tir @6, hé so6 goc cua tiép tuyén

tuong ing 1a 0 nén ta suy ra ngay két qua trén.

Nho ap dung tinh chét nay, ta co thé giai quyét

nhiéu bai toan twong giao d thi lién quan dén tiép

tuyén rit gon nhe.

I1. CAC BAI TOAN CHON LOC.

Bai 1. Cho ham s6 S(x) lien tuc, ¢6 dao ham cc"fp

hai la f"(x)=x"cosx. Hoi trén mién [2:4]. tiép

Itr_j'c§:: cua do thi v= f(x) tai diem co hoanh do

bang bao nhiéu thi h¢ 56 goc lom nhar?

Loi giai. Cau traldila x =2.

Cha y rng  [24]c [i ‘-”) nén

2 2

f'(x)=x"cosx <0, Vxe[2:4] va f'(x) nghich

bién. Hé sb goc cla tiép tuyén cua @b thi
= f(x) tai X, chinh la

Fos)Er '(2), Vx, €[2;4].

. : TOﬁN HOC
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Bai 2. Viét phuong trinh tiép tuyé‘n‘ tai diém ¢6
hoanh do x =2020 cua do thi ham so
S(x)=(x=1)(x=2)(x=3)...(x —2020)(x — 2021).
Loi gidi. R6 rang ta cdn tinh f'(2020) va
£(2020). Truéc hét, dé thiy ring £(2020) = 0.
Ngodi ra, dao ham cia f(x) s& gbm tdng cua
2021 s6 hang, ma mdi sé hang g(‘)m\ tic}'1 cua
2020 thira sb. Khi thay x = 2020 vao, hiu hét cac
) hang sé bfmg 0, chi con duy nhAt mot sd hang
khac 0, thay 2020 vao, ta duoc:
£1(2020) = (2020 - 1)(2020 - 2)...
(2020 -2019)(2020 - 2021)=-2019!.
Tir do ta viét duge PT tiép tuyén la:
¥ =-2019!(x - 2020).
Bai 3 (Thi HSG TP. H) Chj Minh 2017) Cho
ham s6 f xdac dinh. co dao ham trén
S0 = +2r 4+ Hf(x+2)
va f(x)#0,VxeR. Viét phwong trinh tiép tuyén

R thoa mén

cua do thi ham sé tai diém cé hoanh d¢ x = 0.
Loi gidi. Thay x=0 va x=-2, taco:
f70)=472) va f? (2)=41(0).
Suyra: f4(0)=1677(2) = 641(0)= f(0)=4 va
S(2)=4.DPao ham hai vé cua ding thirc da cho, ta
c0: =2 f'(-x)- f(-x) = (2x+2)- f(x+2)
(0 +2x+4) f(x+2).
Laithay x=0 va y = -2, ta co:
=2/'0)- f(0)=2- £(2) + 4 -J/'(2)
—2/2)- f(2)=-2-7(0)+ 4- 1(0)
hay -2 7'(0) =2+ 1'(2) va =2/'(2)=-2+ f'(0).
Gidi hé nay, ta duoc f'(0)=-2. Vay PT tiép
tuyén cin tim la:
f(x)= —2(x-0)+4 hay f(x)=-2x+4.
Nhin Xét. Qua hai bai toan trén, ta thdy mét didu co
ban 1a: dé viét PT tiép tuyén ctia d thj ham sé f(x)
tai x=x,,ta s& phaj tinh f(x,) va f(x,). Nguoc
lai, 8r PT tiép tuyén cho trude, ta ciing s& c¢6 duoc

hai théng tin tuong img d6. Piéu nay duoc khai thac
nhiu & cac bai "ham an",

flrc 14 khong biét biéu thirc
tudmg minh ctia ham sé f(x).

TOAN HOC
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Bai 4. Cho cdc ham s6

y=/@), y=[(/(x), y=F (" +4)
c6 cdc do thi lan lwot la (C)),(C):(C). f)u'd'ng
thang x=2 cat (C1(C),(Cy) theo thir fy tai
M,N,P. Biét rang phwong trink liep tuyén ciiq
(C) tai M va cua (C,) tai N lin lvot I
y=3x+2 va y=12x-5. Viéet phuong trinh liép
tuyén ciia (G,) tai P.
Loi gidi. Ta c6 PT tiép tuyén cua (C)) tai M Js
(=3 va f(2)=3
Tuong tu, PT tiép tuyén cia (C,) tai N Ia
y=12(x-2)+19 nén SR Ur2en=12 v
Sf@2)=19.
Do f"(2)=3 nén f'(f(2))=4. Suyra f(8)=19
va f'(8)=4.
Chil y rang (f(x* +4)) = 2x/"(x* + 4) nén hé sb
g6c cua tiép tuyén (C,) tai P 1a k=4 /'(8) =16.
Tur do, PT tiép tuyén can tim 14

Y=16(x-2)+19=16x-13.

Bai 5 (Thi HSG TP. H§ Chi Minh 2019) Cho
ham s6 y = (x* <1 ¢6 ds (C). Xét dicm M dj
clm_vefn trén (C) va co hoanh d5 4 e (=1 1) 7‘,}_{’,,
tuvén ciia (C) o M cat (C) tai hai diém 4. B

phan biét va khic M. T inh giG tri Ion nhit cug

tung do trung diém | cua doan r/;ciizg AB.

y:3(x—‘2)+8 néﬂ

Lov gidi. PT tiép tuyén (o) cya (YoMl
y=(4a’ - da)(x - a)+a' —24° +1
Y=(4a’ —dayx-34% 4 7,2 +1.

PT hoanh d¢ giao diém cua (C) va (d) la:

hay

(" =1)% = (44° —4da)x-3a* +24° +1.

& (r-a)’(x* +2ax +3a° ~2) = .
Do d6, hoann do Xz, X la nghiém cua PT:

X* +2ax + 347 —2=0&(x+a)’=2-242
nén véi diéu kign 4 €(=L1) thi PT ¢6 2 nghiém
Xy +x. =-2a

phén biét, Theo dinh Iy Viéte thi
XpXs =3u" =2

https://tieulun.hopto.org



nén ta tinh dugc:

x; + p3 =4—2a2,x; W x: =-X7a' -4a* - 4).
Tung d6 trung diém I cua doan thang AB 1
(x5 =1 +(xe 1)

2
Khao sat ham sb nay trén (-1;1), ta tim duoc:

maxTz19 dat dugc khi a =+ E.

7 V7
Bai 6 (Dua theo d¢ THPTQG 2018). Mot dicong
thang (d) co hé s6 géc bang | tiop xtic voi do thi

P =-Ta* +6a* +1.

ax+bh

(C) cua hamso y = tai diem co hoanh do

x—1
x =2. Tinh dién tich hinh phang tao boi do thi hai
(O)(d) va

x=-1,x=0.

ham  so hai — dwong  thang

Loi gidi. PT (d) ¢6 dang y = x +m, thi vi tinh tiép

; . 5 ax+b
xuc da cho nén PT x+m= |
I_.

sé cd nghiém

kép x =2 (vi khi quy dong Ién, ta c6 phuong trinh
bac hai), tre la co dang thic

ax+b (x-2)
xX+m-— = .
x-1 x-—1
Pén day, ta tinh dugc dién tich hinh phang can tim
[ x + b
la: S:IOE(,¥+rn)—a\+ |dx
4 x—1|

0 —21
= | E=2) ge=L 412 v,
-1 1—x 2

Bai 7 (Thi tha THPTQG 2019). Xét ham s6
v = f(x) vaido thi (C) va cé dao ham la
S'(x)=2x(x-2)2x +1).

Xac dinh hé s6 goc k cua duing thing tfé'p xtic voi
(C) tai hai diém phan biét.

Loi gidgi. Vi f'(x)=4x" —6x* —4x nén ta coO
fx)=x*-2x"-2x"+¢ véi ¢ 1a hing sb. Goi
(d): y=lx+e 1a PT tiép tuyén cin tim thi PT
hoanh  do (C).(d) la
x* —2x’ = 2x + ¢ =kx +e s c6 hai nghiém bsi 1
x=m,x=n phan biét; tuy nhién vi bac cua PT

giao  diém

nay la 4 nén hai nghiém trén déu phai 14 boi 2.
Ta viét lai:

2 2
2y — 2 —kx+c—e=(x—m) (x—n).
Pdng nhat hé s6 x* va x’ trong dang thic trén, ta
2m+n)=-2 m+n=1
co: . B nén .
m’+n +4mn=-2 2mn =-3
Cudi cung, ta tinh dwge k thong qua hé so cua x,
cuthé 1a k =2mn(m+n)=-3.
Bai 8. Cho parabol (P):y =x" va duong cong
(C):yv=x" 3" -9x-1. Piem  A(x,,y,) nam
trén (C) thoa man ticp m)»‘cfn (d) cua (C) tai A
cat (P) tai hai diém B.C sao cho tam gidc OBC
can tai O. Tim tat ca cde gid ri c6 thé ¢6 cua x,.
Loi gidi. Ta c6 nhan xét rang: AOBC cén tai O
khi va chi khi BC song song voi truc Ox (diéu
nay khéng khé, ban doc cé thé tw chirng minh). Tt
day suy ra tiép tuyén (d)// Ox kéo theo s0 X,
phai 14 diém cuc tri cua ham SO
y=x'-3x*-9x-1. Ta co: ' =3x"-6x-9
nén ta tim duoc hai diém cuc tri la x, =1 hoac
X, =2. Tuy nhién, vdi x,=2 thi y, <0 nén ta
phai loai trudng hop nay. Gia tri x, =1 1a sé duy
nhat thoa min dé bai.
Nhén xét. Nho viéc lién hé diéu kién tam giac cén
vOi canh day song song voi truc hoanh, ta da xur 1y
bai toan rat gon gang. Tiép theo 1a mét bai toan cling
ding y tudng tuong tu.

Bai 9 (Thi HSG TP. H4 Chi Minh 2020). Cho

. E 1, 3 xX—-m
ham so f(x)= ;x‘ —mx va g(x)= ——], tham
2 X —

so m# 1 lin heot ¢6 do thi la (C).(C). Biét
rang ton tai diing hai s6 x, €(2;3) sao cho néu
goi d,.d, la ficfp !uyé'n tai cac diém co hoanh dé
x, thuoc (C).(C,) va d, d, cat nhau o A, con
dd, car truc Ox o B.C thi AB= AC. Tim tit
ca cac gia tri m.

Loi gidgi. Ta bict rang hé s6 géc cia AB. 4C Iin
lugt 1a f'(x),&'(x,). Ngoai ra, tam gidc ABC

can tai A4 khi va chi khi hai hé s§ goc trén 13 ¢dj

TORN HOC
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)#0.Ta dua vé Thaytoa dd O(0;0) vao cac phuong trinh duomg
| 1
i6m phan biét.  thing, ta c6 hai daj | 1a mym+—. Tirdé sy
bii todn tim m dé PT trén co 2 nghiém phan biet.  thang ai lugng . .

| nhau va # 0 nén ta cin co f'(x)=-8 (%

|

| > ) gl =m0 kign cdn tim 13 m{ mt L | <0,
Tacd f'(x)=x-m va g'(; —(x—l)l a ' 2

7 x, —1 Chii y. Ta 6 thé ding tinh chdt doi xing gyq
PT:m-x, = s A0 S m=x,+ 2 9 S SRS T d
(x =1)° Xo — <% diém uon cua do thi dé suy ra ngay d, /| d,.

Xétham sé h(r) =1+ f ; voi 1€(2;3). TacO:  aj (1. Cho hdm s6 y=x* —3x+1 ¢6 dé thi (C),
£-2+2 (-1 =21-2) Xét cdc diém A,B thay doi thugc (C), A thuge

H(n)=1- £2(t-2) - 1 (= 25 ' goc p/z(fn ti thir nhat cua hé truc toa do sao chy
tiep tuyén ciia (C) tai A,B song song nhay vg
cdt tryc tung lin luot 6 E,F. Hoi cé bao nhié

cdp diém A, B c6 hoanh dg nguyén dé EF < 20219

Suy ra k'(t)=0<:>t=l+\/§e(2;3). Khao sat

ham ndy trén (2;3), ta thdy tat ca céc gia trj cin

o \ W3 [ L
e R 1o S 3 Loi gidi. Tacé y'=3x* -3 nén theo d& bai, ta co:
Bai 10. Xér m la tham so thie thay déi sao cho do { Yix)=y ’(xa) B

p . A g
thi (C) cua ham s6 v =x'-3x* + co hai diém Xy #F Xy

cuc tri la A, B. Goi d.d, lan lwot I hai tigp  PT tiép tuyén tai 4 la y=(3x; —3)x~x,)+y,
nén ta cd ngay:

tuyén ke tir A. B dén (C) va d,, d, khing song
Ve =(3x; =3)(~x,)+(x} - 3x, +1)=-2x3 +1.

song vaoi truc hoanh Ok, Chirng  minh rcfng
Twong  tr, ta o6 =—2x,+1  nén

d [l d, va tim m sao cho géc toa dé O cach déu ,
EF =2|x, - x}| = 4]x,| =4x; (do x,>0). Ta

hai duong thang 6.
Loi gidgi. Tacd y'=3x* —6x nén can ¢6 EF <2021 va Y4>0 nén 0<x? 201
4
x=0 = \
Y=0 N V& X3 41500 Ta gy q thdy
x=2 y=m-—4 ; L
Xy 5{2,3,---,7}, Ung vor moéi gig tri ndy, ta tim

Goi x, Ia hoanh d6 tiép diém cua tiép tuyén o At mot did
; ﬂ oan d(i 1¢p diém cua tiép tuyén cua duge F‘juy nhat mét diém 4 VA B, tirc 14 s& c6 6

(C) thi (d):y=(3x,;~6,\;,)(x—%)+(x3 =3x; +m).  cip diém (4,B) thoa man,

-Neéu (d) qua 4(0;m) thi Bai 12, Xér a6 oy (C)
m=(3x,;—6x0)(—xu)+(x,f ~3x: +m), x, # 0. f(x)=x3+3(1x+b VOi a b 5 cdc s6 thyc va

- g s 3
Khai trién ra va giai duge x, = =,
2

‘ (C) sao cho tiép tuyén véi (C 1t hai diden 4r .
- Néeu (d) qua B('Z;m—4) thi (C) tai hai diéem ds co

. hé s goc b&ng 3. Biét khodng céich #y goc tog do
m-B SRt [ 31 X -3 +m} 522, 107 duwong thang MN bang 1. Chimg minp rcf'ng

3 & 3
(C) cat truc hognp, tai ba diém phan big;
Khai trién ra Va giaj dur. I Lot gidgi |
oc x, =—, o1giai. T i tré i :
o | ' =3 ‘ & uong tir baj trén, goi m=x, va n=x,
U do thay vao PT U€p tuyén, ta cg: thi m+n=g va ’"2="2=1'—a>0. Ta c¢o

9
d, o =-_ \ N—m = 5
( 1) y 4x+m va (dz):yz—§x+m+l. m=2n vz In =Y, =2n3+6an_ Suyra

MN=(20;2H3 +6an)||(1; n2 +3a) =(l;2a+i).

TOAN .
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Tir d6 ta viét duge PT MN 1a:

Qa+1)(x+m)~(y+n’ +3an-p) =,
Khoang cach tir gbc toa d6 O dén MN 1a:

f_2x43 4x
hay m=2"°X"2_;_ __ 4x

Y x+2x+3 x“+2x+3'The°BDT
Cauchy thi x*+3=x"+1+1+1>4] nén

I(Za +Dn—(n’ +3gn - b)l
D e S e 1

d[O;MN] =1 x*+2x+3>0,Vx. Do dé:
(2a+1) +1 4x 2
TN 4 >0 _4_—5_
Chiy rang (2a+1)n~(n’ +3an—bp) {x +2x+32 ¥ lx'+2x43 73
=(2a+l)n—n(2a+1)+b:b x*+2x+326x 4x i
x'+2x 43

|b|=V4a® +4a +2. Tiép theo,

f'(x)=3x" +3a nén hoanh dé hai diém cuc tri 1

nén ta co 2 1 .
Suy ra I-ESmSI—(—2)<:>§SmS3. Ung véi

. . ’ m=3, taco:
X=Iv-a va tuong img ta tim dugc

Yoo ==2aN-a +b, y., =2av-a +b nén

YeoVer =4a +b7 =4a* +4a* +4a + 2.

S'(0)=2x" +8x+6=2(x+1)*(x* = 2x+3) > 0, Vx

< " _— s |
nén khong thoa méan. Tuong tu véi ng thi

Xét ham sb f(a)=4a’ +4a> + 4 +2 vdi a<-1
f(w) dra Y e f'(x):—-%(x—l)z(x?‘+2x+3)§0, cing khong
thi f'(a)=124a°+8a+4>0, VaeR nén ham sé 3

f déng bién va f(a@)< f(-1)<0. Piéu ndy thoa man. Viéy nén ta co §< m<3.

chimg t0 y, Ve <0. Vi hai diém cuc tri nd RS Cd e SUNDTIE
& YeoXer Ie "RE Dagy Sau day la mét s bai todn trac nghiém véi clng
khac phia véi Ox nén nhé vé bang bién thién,

3 » chu dé dé ban doc tu rén luyén thém.
(C) cat Ox tai ba diém phén biét.

ITI. BAI TAP TU LUYEN
Bai 13 (Thi thir PH cida truong PTNK, PHQG
TP. Ho Chi Minh 2016) Véi m la tham s6 thuc,

xét ham s6 sau véi dé thi (C):

Bai 1. Cho ham s6 y=x"+mx+1-m c6 d6 thi
(C), tiép tuyén cia (C) tai A(1;2), cit (C) tai
B. Goi S l1a tip hop m thoa man AB=3V2.
Tinh tdng cac phén tir cua S.

A2 B. 1 C. -6 D.-s.
Bai 2. Cho ham s6 f(x)=(1+x?), viét phuong

1
JS(x) =§(m—1)x5 +(m+1)x* + (3m—-3)x.
Gia su t6n tai hai diém A,B thujc (C) ma tiép
tuyén cia (C) tai A,B vuong géc voi nhau.

. . > 1 s sA A » A R 4 - . e
Chirng minh rang 3 <m<3. trinh tiép tuyén cua do thi ham s6 tai x, thoa man

Loi gidgi. Ta cé: f(x)=(m-1)x" +2m+1)x+(3m-23).
Do ton tai 4,B8¢€(C) ma tiép tuyén cua (C) tai
A, B vudng goc voi nhau nén tich hé sb goc cua
ching la —1, suyra f'(x,)f"(x;)=~1 hay hai sb
f10c,), f(xg) trdi diu nhau. Theo dinh Iy ham
lién tuc thi PT f'(x)=0 phai c6 nghiém. Mat
khéc, ta co:

£(x) =0 & (m=Dx* +2(m+1)x+Bm=3)=0

FP(x) =10, véi fP(x,) la dao ham cdp 9 cua
f(x) tai x=x_.

A. y=160x+32
C. y=160x+128

B. y=160x-128

D. y=160x-32.

Bai 3. Cho ham s6 y=x’+m. Goi d 1a tidp
tuyén ciia d thi ham s6 tai diém M c6 hoanh d¢

la 1. Néu khoang céch t O dén d 1a V10 thi gia
tri cua m 1a bao nhiéu?

(Xem tiép trang 24)

OANH
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CAC LOP THCS

Bai T1/530 (Lép 6). Tim céc sb tr nhién x, y, z
thoa man diéu kién: 35(xyz+x+2)=52(xy+1).
TRAN VAN HANH
(GV PH Pham Vin Péng, Quang Negdi)
Bai T2/530 (L6p 7). Quanh dudng tron viét n sé
thyc khac nhau (n > 3) sao cho mdi s6 bang tich
cua hai sb dimg ké no. Tim # va tim cac sb dugc
viét néu hai sb dau tién duoc viét 1a ¢ va b,

NGUYEN KHANH NGUYEN

(Hai Phong)
Bai T3/530. Cho a, b, ¢ 1a cic sb nguyén duong
1 1

thdoa man a < b < ¢ va Tim

[:6]" [6:c]  2020°
€14 tri lon nhét cua a.

CAO VAN DUNG

(GV THPT chuyén Ha Noi - Amsterdam)

Bai T4/530. Cho tam giac ABC la tam giac nhon
va néi tiép duong tron (0). Goi H la tryc tim tam
gidc ABC. Budng trung truc cua doan thing AH
lan luot cit cac canh AB, AC tai P va Q. Trén tia
dbi cua tia 40 ldy diém D (D khéng trang 4). Céc
tia DB, DC lan lugt cit duong tron (O) tai cac
diém khac 1a £ va F. Qua D ké duong thing
vudng goc vai DO, dudng thang nay lan luot cit
cac tia BF, CE, OP, OQ tai M, N, S, T. Chimg
minh MT = NS,
NGUYEN TAN NGOC
(GV THCS P. Binh Pinh, Binh Dinh)
Bai T5/530. Tim céc cip sé nguyén (x; ) thoa

man phuong trinh; 2 —213,+2,f2_g,_y3 =1.

NGUYEN LAI
(GV THPT chuyén Luwong Van Chanh, Tuy Hoa.

Phu Yen)

99 TOANHOC
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CAC LOP THPT
Bai T6/530. Cho céc sb thuc a, b, ¢ thay dbi tha
man diéu kién @>0;b20;c21 vaa+b+c¢=2
Tim gi4 tri I6én nhit cua biéu thirc
P=(ab+bc+ca)(a’b® +b’c’ +c*a’ +1).

PAO VAN TRUNG

(GV THPT Huynh Thic Khang, Nghé An)

Bai T7/530. Chitng minh ring trong tam gidc ABC
bit ky ta ludn co:

|m” = mbl+ [m,, —m, l +[m‘. —m, f

>Va* +b* +c” —ab—bc—ca
voi a,b,c,m,,m,,m_ tht tu la d6 dai cac canh BC,
CA, AB va d¢ dai cac dudng trung tuyén ve fir cac
dinh 4, B, C.

NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHOG Hé Néi)

Bai T8/530. Cho tam gidc nhon ABC (4B < AC)
ndi tiép duong tron tim O, ¢b cac dudng cao BE,
CF. Pudng thing EF cit dudng thang BC tai S,
04 cit EF tai K. Goi N 1a trung diém cua FC.
Chimg minh ring SAC =NKF.
TRAN DAI LO

(GV THPT chuyén Lé Quy Pén, Pién Bién)
Bai T9/530. Cho a, b 1a hai sd thuc thoa man
sina+vy3cosb=2. Tim gia tri 16n nhét va gla tri
nho nhat cua biéu thirc P =sinb++3cosq,

NGUYEN ANH VU
(GV THPT chuyén Chu Ven An, Hoai Nhon,

Binh Pinh)

TIEN TOI OLYMPIC TOAN
Bai T10/530. Cho x, y, z 14 cac s§ nguyén duong
va p la s6 nguyén t6 thoaman 0 <x <y < z <p
Biét x*, y*, 2% ¢4 cuing s6 du khi chia cho p, chéng
minh x*+ * + 22 chia hét cho x+y+z.

) TRAN BA DUY LINH
(79 Nguyén Hué, phuong 2, TX. Vinh Long, Vinh Long)

&
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& Bai T11/530. Timtatca cicham f: R—>R

sao cho
(=P f(x+p) = (x+ ) (x=p) =4xp(x* - y*)
v&i moi sb thuc X, V.
NGUYEN THI HIEU NGUYEN
(SV DH Y Dugc TP. Ho Chi Minh)
Bai T12/530. Cho hinh vudng ABCD, trén canh
AB liy diém K bat ky; phan giac cua cc goc
ADK v BCK cht AB 1in luot tai E va F. Trén
AC 14y diém M sao cho MF song song véi BD. Tur
M ké duong thing song song véi AB cét DE tai N.
Chimng minh ring AE* + BF? =2MN?.
NGUYEN XUAN HUNG
(GV THPT chuyén Ha Ngi - Amsterdam)
Bai L1/530. Hai chét diém 4 va B dao dong diéu
hoa véi ciing bién d. O thoi diém ban dau (1 = 0),
hai chit diém déu di qua vi tri cén bing theo chiéu

dwong. Biét chu ki dao dong ciia cac chat diém 4
va B 1an luot 1a 7 va 0,5T. Tinh ti s giita toc dd
ciia chat diém A va tdc d6 cia chét diém B tai thoi
diém ¢ = 1
12
VIET CUONG (Ha Ngi)
Bai L.2/530. Dit mot dién ap xoay chiéu vao hai
dau doan mach AMNB. Trong do, doan mach AM
chira dién tro thudn R, doan MN chira cudn day
khéng thudn cam c6 d6 tu cam L va dién tro r hoat
dong. Biéu thirc dién 4p gitta hai dau cac doan
mach AN, MB va NB lan lugt 1a
ugy =2~2U cos(wt + p); Upp =2U cos(wt + ¢);
UN3=U’cos(a)t + ¢ —%ﬁj
Xéc dinh ti s6 —.
R
THANH LAM (Ha Noi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/530 (For 6™ grade). Find integers
x, y, z satisfying 35(xyz + x+z) =52(xy +1).

Problem T2/530 (For 7" grade). We mark n
different real numbers on a circle (n = 3) such
that each number is the product of its two
adjacent numbers. If the first two numbers are a
and b, then determine # and all other numbers.

Problem T3/530. Given positive integers a, b, ¢

satisfying @ < b < ¢ and . +—l_:;-1-.
[a;6] [bic] 2020

Find the maximum value of ¢.

Problem T4/530. Given an acute triangle ABC
inscribed in a circle (0). Let H be the
orthocenter of ABC. The perpendicular bisector
of AH respectively intersects the sides AB, AC
at P and Q. On the opposite ray of the ray A0
choose a point D (D is different from A). The

rays DB, DC respectively intersect {O) at £ and
F other than B and C. Through D draw
perpendicular line to DO, this line intersects BF,
CE, OP, OQ respectively at M, N, S, T. Prove
that MT = NS.

Problem T5/530. Find all pairs of integers
(x; y) satisfying x* —2xy +2y2xp—? =1.
FOR HIGH SCHOOL

Problem T6/530. Consider all numbers a, b, ¢

satisfying a>0;6>0;c21 anda + b + ¢ = 2.

Find the maximum value of the expression
P=(ab+bc+ca)a’d +b°c’ +c*a’ +1).

Problem T7/530. For an arbitrary triangle ABC,
show that

lmﬂ - mh| + |mh —m,|+ lmr - mu‘

2 2 2
2Na +b +¢" —ab—-bec-ca

V=

, obl: TOAN HO
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& where a,b,c,m,,m,,m_ respectively are the

Jengths of the sides BC, CA, AB and the
medians from the vertices 4, B, C.

Problem T8/530. Given an acute triangle 4BC
(AB < AC) inscribed in a circle O. Let BE, CF
be two altitudes of the triangle. The line EF
intersects the line BC at S, OA intersects EF at
K. Let N be the midpoint of FC. Show that

SAC = NKF.

Problem T9/530. Consider all pairs of real
numbers a, b such that sina + /3 cosh = 2. Find
the minimum value of the expression
P =sinb+ V3 cosa.

TOWARDS MATHEMATICAL
OLYMPIAD

Problem T10/530. Suppose that x, y, z are
positive numbers and p is a prime number
satisfving 0 < x < y < z < p. Given that

(Tiép theo trang 21)
B. m=12
D. m € {-14;6;.

CAC BAI TOAN ...

A. me {812}

C. m=12J5
Bai 4. Cho ham sb y= f(x) c6 do thi (C), co
dao ham lién tuc trén R va thoa méan

fil=x)+ f(1-x*)=3x" —x v&imoi x.

Viét phuong trinh tiép tuyén cua (C) tai giao
diém cua (C) véi truc tung.

A y=3x-4

C. y==x+1

B. y=x-1
D. y=x+1.
Bai 5. Cho ham s y = f(x) lién tuc trén R va
f'(-2)=3. Tiép tuyén cua do thi ham 50
y=f(x) tai diém c6 hoinh d0 x=-2 Ila
y=3x+4.Pat g(x)= f*(x), tinh g'(-2).

A. -4 B. -12 C.12 D. 6.

Bai 6. Cho him s§ y=2

w3 : .
= 6 db thi (C). Hoi

c6 tat ca bao nhiéu diém A thugc truc tung va

S3& 530(8-2021)
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x*,y*,z have the same remainder when
dividing by p. Show that x*+y°+2z% is
divisible by x+ y + z.
T11/530. Find all
/: R—>R such that

Problem functions

(x=w)f(x+y)=(x+ ) f(x=p) = dxp(x’ - y°)
for all real numbers x, y.

Problem T12/530. Given the square ABCD. On
the side 4B choose an arbitrary point K. The

angle bisectors of the angles ADK and BCK
intersect AB respectively at £ and F. On AC,
choose the point M such that MF is parallel to

BD. From M draw the line parallel to AB and it

intersects DE at N. Show that

AE* + BF? =2MN*.
Translated by NGUYEN PHU HOANG LAN

(College of Science - Vietnam National University, Hanoi)

tung d6 thude [-2021;2021] dé tr d6 c6 thé ke

duoc hai tiép tuyén dén (C) ma hai tiép diém nam

vé hai phia cua truc hoanh?
A. 2021 B. 2019

C. 2020 D. 2018.

Bai 7. Cho hai duong cong (H): y=l va
X
(C):y=x"-3x"-8x+1. Diém A(x,,y,) nim
trén (C) thoa min tiép tuyén tai 4 cua (C) cit
(P) tai hai diém B,C sao cho OB =OC. Goi tip
gid tri c6 thé ¢6 cua x, 1a S. Tinh tich cac phin ti
cua S.
A. 0 B. 4 C. 3 D. 7.

xe ) % x+1 .
Bai 8. Cho ham 6 y = co do thi (C). Xeét
X+2

hai diém 4,B € (C) sao cho tiép tuyén cua (C)
tai ’hai diém ndy song song véi nhau. Cac tiép
tuyén nay cat hai tiém can cua (C) tai cac diém
M,N,P,Q. Tinh chu vi nho nhit cua tir gidc cb
cacdinhla M,N,P,Q.

A. 8 B. 812 C.42 D4
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Bai T1/526 (Lép 6). Cho hai s6 m, n nguyén
duong va nguvén to cung nhau thoa mdn

m +n =90. Tim gia tri lon nhat cua tich m.n.

Léi gidgi. Nhdn xét: T m + n = 90 suy ra hai so
nguyén duong m, n phai ciing chin hoic cing ¢,
ma m, n nguyén t5 cung nhau nén m, n 1a hai s6 1&.
Gia sit m > n thi hidu m — n = 2k 1a sé nguyén
duong chin. Néum —n =2, dom + n = 90 thi
=46 va n = 44 (khong thoa man). Vay &k = 2.
Cich 1. Tom-n=2kco90=n+m=n+n+2k
=2(n+k)suyran =45—k vam =45+ k. Tich
T = mn= (45 + k)45 — k) = 45* — k* . Dé tich
T = m.n 16m nhit thi & nhé nht, tirc 13 & = 2, luc
d6 n=43 va m = 47 véi tich 16n nhét 1a
T =4743=2021.
Cich 2. Tx (m + n)> =m* +n* +2m.n

cé tich
4T = 4m.n = (m + n)* — (m — n)> = 90> — (m — n)".
Dé tich 4m.n 16n nhét thi (m — n)” nho nhat, tic 1a

va (m-ny=m*+ n*=2m.n

m—n =4, luc do m = 47 va n = 43 vdi tich la
T = 47.43 = 202]. Vay tich T = m.n 16n nhét khi
(m; n) bang (47; 43) hodc (43; 47).

Nhin xét. Cac ban sau c6 10i giai tét. Vinh Phuc:
Nguyén Hai Yén, Liu Thanh Ha, 6A1, THCS Kim
X4, Vinh Tuong; Nghé An: Dink Trdn Pirc Phic,
6C, THCS Hd Xuan Huong, Quynh Luu; Pink A Na,
Nguyén Sy Pirc Tri, Thai Ba Nhéan, Nguyén Thai
Trigu, Bai Thi Thiy Linh, 6A, THCS Ly Nhat
Quang, D6 Luong; Soc Tring: Pdng Ngoc Duy, 5A,
TH Ké An 3, H. Ké Sach.

NGUYEN VIET HAI
Bai T2/525 (L6p 7). Tim tdt ca cic sé nguyén

2021

dirong n sao cho ™' +n+1 lda s6 nguyén 1.

1 thi
2 4 p+1=3 lasb nguyén tb. Véi n>2 ta co:
202‘+n+1—( 202'—r:2)+(;12+n+1)

=n2(n2""’ —1)+(n2 +n+I)

Loi gigi. (Cua nhiéu ban) Khi n =

la mot da thic chia hét cho n’+n+l, vi
673
nzow_l:(na) -1

—1)(n2+n+1). Viy khi n> 1 thi

chia hét cho

n' -1 =(n
7™ +n+1 1a hop sb. Tét ca gié tri nguyén duong

nsao cho ™ +n+1 lasénguyéntola n=1.

Nhin xét. Cac ban sau day c6 dap s6 ding:
Nghé An: Thdi Minh Qudn, 7B, Dinh A Na, Nguyen
Trong Bdo, Nguyén Sy Dirc Tri, Nguyén Quéc
Hodng Anh, Thai Ba Nhan, Nguyén Thai Triéu, Bui
Thi Thuy Link, 6A, THCS Ly Nhat Quang, Do
Luong; Dién Bién: Nguyén Ngoc Diép, 7B3, THCS
xid Pom Lot, huyén Dién Bién; Binh Dinh: Nguyén
Nguyén Thinh, 7A4, THCS phudng Binh Dinh, thi
xi An Nhon; HA Noi: Hoang Tudn Anh, 7T, THCS
Luong Thé Vinh; Séc Tring: Dang Ngoc Duy, 5A,
TH Ké An 3, H. K& Séch.

vU PINH HOA
Bai T3/526. Giai phwong trinh

X' —6x—=1=2(x+4)WW2x' +8x" +6x+1.

Léi gidgi. PK: 2x° +8x" +6x+120  (1).

Phuong trinh d4 cho c6 thé viét thanh :
X420 4957 +8x+16=(x+4) +

+2(x+4)@ +8x? +6x+l+(2x3 +8x° +6x+1)

<:>(x2 +x+4)2 :(x+4+\/2x3 +8x1+6x+1)2

<::>(x2 —\/2x3+8x2 +6x+1)x

x(x2 +2x+8+V2x + 8% +6x+l)=0 Q).
Vi thira sé thir hai

x2+2x+8+\/2x3+8x3+6x+1

=(x+1)2+7+\/2x"+8x2+6x+1>0

nén (2)<::.‘».1c2 =25’ +8x2 +6x +1

ox'=2x"+8x" +6x+1 (3)

TOAN HOC
S Tusire 25
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et (x2 -!-2x+1)—4x(x2 +23c+1)—(x2 +2x+l) =0
x+1=0

c+1) (- 4x-1)=
& (x+1)(x* —4x )0@L2_4x_1=0

x=-1
“ Lc =245
Cac gia tri nay 12 nghiém cua (3) va thoa man didy
kién (1). Vay phuong trinh da cho c6 tap hop
nghiém la {—I; 2-45; 2+\/§}.

Nhdn xét. Diém chung trong 10i giai cua cac ban la
bién déi bai toan dé dugc mét phuong trinh dang
tich, loal cac thira so0 ludn duong, duge
(x+1)’ (x2 —4x-1)=0; suy ra két qua.
Cac ban sau day c6 bai giai tot :
Phu Tho: PG Ngoc Tién, 8A3, THCS Lam Thao,
Lam Thao; Hung Yén: Nguyén Gia Khdinh, 9B,
THCS Nguyen Tat Thanh, Nguyén Van Khiém, 9C,
THCS An Tao, TP. Hung Yén, Lé Tudn Nghia, 8C,
THCS Doan Thi Piém, Yén My; Séc Tring:
Nguyén Anh Thu, 8A1, THCS Ké An, Ké Sach;
Nghé An: Ngé Thi An Binh, 9E, THCS Ding Thai
Mai, TP. Vinh, Thdi Minh Qudn, 7B, THCS Ly Nhit
Quang, D6 Luong; Ha Ndi: Tran Minh T4, 9C,
THCS Luong Thé Vinh, TP. Ha Néi.
NGUYEN ANH DUNG

Bai T4/526. Cho tam giac nhon ABC c6
AB + AC = 2BC nét tiép duong tron (O) va ngoai
tiep ducmg tron (I). Goi M la diém chinh giita cua
cung lén BC. Puong thing MI cit dwong tron
ngoai tiép tam gigc BIC tai N. Puong thang OI
cdt BC tai P. Chimg minh rang dwong thing PN
tiép xiic voi duong tron ngoai tiép tam gidc BIC.
Loi gigi. Goi D 1a diém 4

chinh gilra cung nho BC, ta
cd két qua quen thudc
DB =Df=DC nén D la
tam dudng tron ngoai tiép
tam giac BIC.

Ap dung dinh li Ptolemy
cho tir giac ndi tiép ABDC D
ta co:

o
O

AB.CD+ AC.BD=AD.BC.
Suy ra: (AB+AC).DI= BC.DA.
Tix gia thiét AB + AC = 2BC, suy ra DA = 2DI.

S4 530(8-2021)
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Do d6 7 1a trung diém 4D, suy ra A410=90°. Goi J
la trung diém cua BC, dé thiy M, O, J, D thang hing
va MD L BC. Vi MD la dudng kinh ctia (O) nén
MB 1 DB, suy ra MB 14 tiép tuyén cua dudng tron
(D). Ap dung tinh chét phuong tich ta co
MB® = MIMN. Lai ép dung hé thitc trong tam gic
vuéng MBD ta c6 MB* = MJ.MD.

Suy ra MIMN = MJMD, dan t6i t giac JJDN la tir
gidc ndi tiép (1).

Vi PI L DInén tir gisc PLJD noi tiép (2)

Tu (1), (2) suy ra P, 1, J, D, N cing thudc dudng tron
duong kinh PD, nén PN L DN. Do d6 PN la tiép
tuyén cia dudng tron ngoai tiép tam gidc BIC.

Nhdn xét. Cac ban sau co 101 giai tdt:

Ngh€ An: Ngé Thi An Binh, 9E, THCS Ding Thai Mai,
TP. Vinh; Hung Yén: Nguvén Gia Khéanh, 9B, THCS
Nguyén Tét Thanh; Ha Tinh: Trdn Minh Hodng, SE,
THCS Nguyén Trai, Nghi Xuan; Ha Nai: Trin Minh Ti,
9C, THCS Luong Thé Vinh; Séc Triing: Newyén Anh
Thir, 8A1, THCS Ké An, Ké Sch.

NGUYEN THANH HONG
Bai T5/526. Xdc dinh (it ca cac cap sé nguyeén
(a; b) sao cho hé phuong trinh:
x*+2ax-3a-1=0 )]
{yz -2by+x=0 (2)
co ding 3 nghiém thiec (x; y) phan biét.
Loi gidi. Nhan thiy voi mdi gia tri x thi PT(2) 4n
¥ ¢6 khong qua hai nghiém. Vi vay, dé hé da cho
c6 ba nghiém phén biat thi PT(1) 4n x phai o hai
nghiém phan bigt, thc 1a A, =a® +3a+1>0 (%).
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véi PK(*), PT(1) c6 hai nghi¢ém phan biét x; < x,

§do: x, =—a-va +3a+1;x, =—a+va* +3a+1.

Thay x;, x> thi PT(2) 4n y ¢6 dang:

|:y2 —2by+x,=0 (3)
Y =2by+x,=0 (4)
Nhin th'fly véi moi gia tri x;, x; thi mdi PT(3) va
PT(4) 4n y c6 khdng qué hai nghiém. Do d6 dé hé
da cho c6 ba nghiém phén biét thi xay ra hai kha
nang:
a) PT(3) c6 nghiém kép va PT(4) c6 hai nghiém
phan biét, tirc la:
Ay=b'-x=0 b=
' . =2 =5 X K
A'y=b"—x,>0 b >x, i
(diéu nay méau thuan vi x| < xy).
b) PT(4) c6 nghiém kép va PT(3) ¢o hai nghiém
A,=b'—x >0 b’
phanbit, ticla: 4> 0 T e TH
A'y=b"-x,=0 b* =ax,

'+ 3G +150

Khi d6 ta c6 ;
‘ {b2=—a+x/a2+3a+1 (5

Ta cin xéac dinh cac sd nguyén a, b sao cho
@ +3a+1=c (ceN')(6)<4a” +12a+4=4c"
& (2a+3) —(2c)* =5 (2a+2c+3)(2a—2c+3)=5.
DoceN'nén2a¢+2c+3>2a-2c+3, ma
5=(-1).(=5)=1.5 nén xay ra hai truéng hop:
2a+2c+3=5 a=0
. )
2a-2c+3=1 c=1
2a+2c+3=-1 a=-3
. = .
2a-2c+3=-5
V61 a =0 thay vao (5) tim dugc b*=0,nénb=0.
Véi a = — 3 thay vao (5) tim dugc b’ = 4, nén b
bing 2 hoiic — 2. Viy cac cap sb nguyén (a, b) dé
hé c6 ding ba nghiém phén biét la:
0;1),(0;-1),(-3;2),(-3;-2).
Nhén xét. Bai nay yéu cau tim diéu kién cua tham 50
dé hé phuong trinh bac hai c6 hai én 56 c6 ba nghiém
thye phan biét. Rét it ban tham gia giai. Tuyén
duong céc ban sau c6 101 giai tt: Phii Tho: Pd Ngoc
Tién, 8A3, THCS Lam Thao; Ha N@i: Tran Minh Ti,
9C. THCS Lwong Thé Vinh; S6c Tring: Nguyén
Anh Thu, 8A1. THCS Ké An, K& Sach,
PHAM THI BACH NGQC

c=

Bai T6/526. Cho ba sé thuc dwong a, b, c. Chung
(a—b) (b—c) (c-a)
(b+c)c+a) (ct+ala+b) (a+b)b+c)
& a®+b* +¢?) s
(a+b+c)
Léi gigi. Do a, b, cla cac sb thuc duong nén ta c6
(a+b+c)2==a2+ b+ ¢+ 2ab + 2bc + 2ca
> +ab+be+ca =(b+c)cta).
(a-b __(a=by
(b+c)c+a) (a+b+c)
Ding thirc xay ra khi va chi khi a = b.
(b-¢)’ (b—c) .
(c+a)a+b) (a+b+c)’
(c—a)’ (c-a)’
(a+b)(b+c) (a+b+c)
Do s @b (=0 (c=a)
(b+c)c+a) (c+a)a+b) (a+b)b+c)
. (a=b)* +(b—c) +(c—a)?
B (a+b+c)
B 3(a® +b’ +<’:2)—(a+1f:v+c)2
- (a+b+c)
3@ +b+ch)
T (a+b+c) '
Ding thirc xay ra khi va chi khi a= b = c. Bit
ding thirc dd dugc chimg minh.
Nhidn xét. Bai toan bat ding thic trén thudc loai
don gian. Céc ban hoc sinh sau c6 1oi giai tot:
Phii Tho: Nguyén Tudn Pat, 10T, THPT Tam Néng,
Tam Néng; Bic Ninh: Neuyén Thi Phuong Thdo,
10A1, THPT Yén Phong s 2, Yén Phong; Ha Néi:
Nguyén Huy Hodng, 11T1, THPT chuyén Nguyén
Hué, Ha Dong; Hung Yén: Lé Tudn Nghia, 8C,
THCS Doan Thi Diém, Yén My, Nguyén Thiy Linh,
10T2, Pham Dirc Manh, 10T1, Tran Van Quadn, Bui
Huy Tai, 11T1, THPT chuyén Hung Yén; Nghé An:
Ngé Thi An Binh, 9E, THCS Ping Thai Mai, TP.
Vinh; Quéng Binh: Nguyén Tran Hoang, 10T2,
THPT chuyén V& Nguyén Giap, TP. Ddng Hoi:
Thira Thién Hué: Nguyén Vin Huy, 10T1, THPT
chuyén Quéc hoc Hué; Binh Pinh: Vi Tién Dat,
10T, Nguyéﬂ Huy Hoang, 12T, THPT chuyén Lé
Quy Pon; Ba Ria — Viing Taw: Phan Trung Kién,
11T1, THPT chuyén L& Quy Pén, TP. Viing Tau.
NGUYEN MINH PUC
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minh rang:

Suy ra:

Tuong tu:




Véi DK(*), PT(1) ¢6 hai nghiém phan biét x, < x,
6do: x, =-a-Va*+3a+1; X, =-a+va’ +3a+1.
Thay x, x; thi PT(2) 3 any co dang:
[Jﬁ ~2by+x,=0 (3)
P=2by+x,=0 (4)
Nhian thay v&i mbi gia tr1 x), x; thi méi PT(3) va

PT(4) 4n y ¢ khong qua hai nghiém. Do d¢ dé h¢

dé cho c6 ba nghiém phan bi¢t thi xay ra hai kha
nang:

a) PT(3) c6 nghiém kép va PT(4) co hai nghiém
phan biét, tic la:

Ay=b-x =0 [p=x
, = = x, > X,
A'y=b-x,>0 b* > x, 1 e

(diéu nay mau thuin vi x, < xp).
b) PT(4) c6 nghiém kép va PT(3) c6 hai nghiém

|:b3_ 2
phan bidt, tire 13: 4 * R ]
A'y=b*-x,=0 |b*=1x,

. a’+3a+1>0
Khi do ta ¢o

b =—a+Ja® +3a+1(5)

Ta can xé4c dinh cac s nguyén a, b sao cho
@' +3a+1=c (ceN') (6) > 4a® +12a + 4 = 4¢*
&(2a+3) - (2c) =5 (2a+2c+3)(2a—-2¢+3) =5.
DoceN'nén2a+2c+3>2a—-2c+3,ma
5=(-1).(-5)=1.5 nén xay ra hai trudng hgp:
2a+2c+3=5 a=0
{2:: 2c+3=1 {
. 12a+20+3:—1 c}{a =-3
[2¢-2¢+3==5 '
V&1 a = 0 thay vao (5) tim dugc b*=0,nénb=0.
Véi a = -3 thay vao (5) tim dugc b° = 4, nén b
bang 2 hodc - 2. Vay cic cip so nguyén (a, b) dé
hé c6 ding ba nghi¢m phan biét la:
(0;1),(0;-1),(-3;2),(-3;-2).
Nhdn xét. Bii nay yéu ciu tim didu kién cia tham s
dé hé phuong trinh béc hai ¢6 hai 4n s c6 ba nghi¢m
thyc phan biét. Rt it ban tham gia giai. Tuyén
duong céc ban sau 6 10i giai tot: Phi The: Do Ngoc
Tién, 8A3, THCS Lam Thao; Ha Noi: Tran Minh T,
9C. THCS Luong Thé Vinh; Sé¢ Tring: Nguycfn
Anh Thu, 8A1, THCS Ké An, K¢ Sach.
PHAM THI BACH NGQC

c=1

c=1

Bai T6/526. Cho ba 56 thie duong a, b, c. Chimg
(a=b) . (h—c¢) 5 (¢c-a)
(btc)eta) (c+a)atb) (a+b)b+c)
2z(ﬂz +b +c1': )
(a+b+c)
Loi gigi. Do a, b, c 14 cac sb thuc duong nén ta c6
(@a+b+cyf=a>+b"+c+2ab +2bc + 2ca
>t +ab+bec+ca =(b+c)(c+a).
(a=b)" _ (a-b)
C(b+c)c+a) (@+b+c)*
Ding thirc xay ra khi va chi khi a = b.
(b-¢)*  (b=c)

minh rang:

Suy ra

Tuong tu ;
(c+a)(a+b) (a+b+c)*’
(c-a)' __ (c-a)
(a+b)b+c) (a+b+c)*’
Do dé (a-b) + (b=c) + e-a)f

:(b+c)(c+a) (c+a)a+b) (a+b)b+c)
(a by +(b=c) +{c=a)’
(a+b+c)

3@ +b’+c?)-(at+b+c)’

- (a+b+c)

3@ +b+ch)

" (a+b+c)
Ding thirc xay ra khi va chi khi a= b = ¢. Bét
dang thuac da duoc ching minh.
Nhdn xét. Bai toan bit ding thic trén  thude loai
dom gian. Cac ban hoc sinh sau ¢6 101 giai tot:
Phu Tho: Nguvén Tudn Pat, 10T, THPT Tam Nong,
Tam Néng: Bac Ninh: Nguvén Thi Phwong Thao,
10A1, THPT Yén Phong sb 2, Yén Phong; Ha Nji:
Nguyén Huy Hoang, 11T1, THPT chuyén Nguyén
Hué, Ha Pong; Hung Yén: Lé Tuin Nghia, 8C,
THCS Doan Thi Diém, Yén My, Nguyén Thiy Linh,
10T2, Pham Birc Manh, 10T1, Tran Vin Quén, Bui
Huy Tai, 11T1, THPT chuyén Hung Yén; Nghé An:
Ngé Thi An Binh, 9E, THCS DPang Thai Mai, TP.
Vinh; Quang Binh: Nguyén Trin Hoang, 10T2,
THPT chuyén VO Nguyén Giap, TP. Ddng Héi:
Thira Thién Hué: Nguyén Van Huy, 10T1. THPT
chuyén Quéc hoc Hué; Binh Dinh: Vi Tién Dar,
10T, Nguyén Huy Hoang, 12T, THPT chuyén Lé
Quy bén; Ba Ria — Viing Tau: Phan Trung Kién,
11T1, THPT chuyén L& Quy Dén, TP. Viing Tau.

NGUYEN MINH PUC
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Bai T7/526. Cho tam giac ABC c¢6 dé dai cac
dwong cao la hg, hy, h. va niea chu vi p thoa man
hé thirc B+ +h =p*. Chimg minh rang tam
gidc ABC déu.
Gidi. Trudc tién ta chimg minh bat dang thirc

R +h +R2<p* (%)
T d6 dé dang suy ra diéu phai chitng minh.

Chirng minh 1. (Cia cac ban Pham Pic Manh,
Dodn Hoang Qudn, Tran Van Quan, R3))

Dung CD =2HA, D
AELCD. Xhi dy
CD
CE=HA=—" Sy A
2 Y E

ra tam giac ACD cén
vai AC=4D. Theo
Dinh li Pythagore:

BC* +CD* = BD* <(AB + AD)' =(AB+ AC)’.

B H C

Suyra 44H* =CD’ <( 4B+ AC)’ - BC*

hay h: =

2 2_ 2
Ci) S(b+c) ? . Tuong ty:

4

2
;h?s(a+b) —cz.
4 [ &

Cong céc bét dang thirc trén ta suy ra:

h3+h:+h3<a2+b2+c2+2ab+2ac+2bg
] b c -
4

(a+b+ c)2 )
= = p .
4
Chirng minh 2. (Cua tac gia va nhiéu ban khéc)

bit x=a+b-c,y=b+c-a,z=a+c-b. Khi

; ) +
. a=x+z,b=x+),c=y z’
2 2 2
2p=a+b+tc=x+y+z

Theo cdng thirc tinh dién tich tam giac, ta co:
1 1 1
S =5a'h‘,_r =§bhb :—2—(_-]1( = \/p(p--a)(p—b)(p—c)

J(a+b+e)(atb=c)(are—b)( ro-a)

4
_ (x+y+2)9z
y :
TOAN )
2 8 . crug% S3 530(8-2021)

2 2 2
o (2] B
a b b

=4Sz(-1—2++17+-1—1]

a b

(_y_)i[ 4, 4, 4 J
4 (x+y)2 (x+z)2 (y+z)2

loror(l 1 ) e
4 Xy xz yz 4

Nhdn xét. Trong [1] c6 kha nhiéu bét ding thic lién
quan dén h,, h,, h_,trong d6 co (*).

(1] Ta Duy Phuong, Hoang Minh Quan, Phuong
trinh bdc ba véi cac hé thicc hinh hoc va luwong gidc
trong tam gidc, NXB Gido duc Viét Nam, 2017.

Bai ndy dé. Nhiéu ban, trong d6 ¢6 ¢a céc ban hoc
sinh THCS va THPT khéng chuyén tham gia giai.
Tét ca cac ban déu c6 16 giai dling.

Ba Ria — Viing Tau: Phan Trung Kién, 11T1, THPT
chuyén Lé Quy Dén; Binh Dinh: Nguyén Huy
Hoang, 12T, THPT chuyén Lé Quy Dén; Déng
Thap: H6 Pham Ti An, 12T1, Lé Huynh Nhat
Nguyét, 10 Toan, THPT chuyén Nguyén Quang
Diéu; Ha Noi: Nguyen Trong An, 10A1, THPT Hoai
Dic A, Nguvén Huy Hoang, 11 Toan 1, THPT
chuyén Nguyén Hué; Ha Tinh: Trdn Minh Hoang,
8E, TﬁHCS Nguyén Trai, Nghi Xuan: Hung Yén:
Nguyén Thiry Linh, 10 Toan 2, Pham Pirec Manh,
Doan Hoang Quan, 10 Toan 1, Trdn Van Quan, 11
Toan 1, THPT chuyén Hung Yén; Nghé An: Ngé
Thi An Binh, 9E, THCS Diang Thai Mai, TP. Vinh:
Phi Tho: Nguyén Tudn Bat, 10A1, THPT Tam
Néfng; ‘Phl'l Yén: Phan Vinh Tién, 11QT3, Truong
pho théng Duy Tan; Quing Binh: Nguyén Tran
Hoang, 19 Toan 2, Lé Hung Tién Quéc, 11 Toan 1,
THPT chuyén V5 Nguyen Gidp; Séc Tring: Neguyén
Anh Thir, 8AL, THCS K¢ An, H. K& Sich: Thira
Thién Hué: Nguyéy Quang Huy, 11 Toan 1, Pham
Ng(')c Long, 12 Toan 1, Phan Tat Hoang Minh, 11
Toim %’ THPT chuyén Quéc hoc Hué: Vinh Phic:
Tréin Anh Durong, 12A1, THPT chuyén Vinh Phuc.

TA DUY PHUQNG
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Bai T8/526. Cho hinh chop tam gidc S.ABC ¢6
day la tarfr giac vudng tai A va AC > AB, AM la
Iruif.'g tuyén. Goi I la tam diong tron néi tiép day.
Gia sir IM vuong géc voi BI. Tink gia tri biéu thirc

T= ts.,f.'ﬂ i Vs uic 3 Vs mic )
Vsae Vspe V. S.4ip
Loi gidi.
A
D
B ' M ' ¢

Goi D 14 giao diém cua BI va AC. Khi do:
DIC=IBC+ICB=45"= MIC =45"

= AMIC=ADIC (g.c.g) = MC = CD.

T tinh chét duong phén giac ta thdy:
MC_CD_4D _ _AC 1
BC BC AB BC+A4B 2

=BC+AB=2AC (1).

Miit khic do AC* = BC® — AB* = 2AC(BC — AB),

nen

AC=2(BC-AB) = AC-2BC+24B=0 (2).
T (1) va (2) suy ra:

AC 4

AC-2BC+ ~BC)=0 = —=— (3).
BC+2(2AC-BO)=0 = 5C 3 (3)
Tir (3) két hop véi (1) co:
BC+AB 4 AB 3 AB 3
sl =il —=— )= —=- (5)
28C 5 BC 5() AC 4

Dung SH 1 (ABC) va goi r 1a bén kinh duong
tron noi tiép tam giac ABC. Tir (3), (4), (5) ta ¢

!SH.lr.AB 1SH. : rAC 1 SH. l'r.BC'
-3 2 . o+ Zl’, I%

1 | 1 1

—SH.—r. —~SH.—r.BC -SH.--r.AB

BSH.erC 3 21 il

_AB AC BC 3 4 5 193

" AC BC AB 4 5 3 60’
Nhdn xét. Tt ca céc 161 giai giri vé Toa soan déu cd
dap sb ding. Cdc ban sau c6 101 giai tot:
Ha Noi: Nguyén Huy Hodng, 11 Toan 1, THPT
chuyén Nguyén Hué, Ha Dong; Vinh Phic: Trdn

Anh Dirong, 12A1, THPT chuyén Vinh Phic; Hung

Yén: Trdn Vin Qudn, 11 Toan 1, THPT chuyén
Hung Yén; Bic Ninh: Nguyén Tdt Dat, 11A1, THPT
Yén Phong S6 1, Yén Phong; Ha Tinh: Trdn Minh
Hoang, 8E, THCS Nguyén Tréi, Nghi Xuin; Quéing
Binh: Nguyén Trin Hodng, 10 Toén 2, THPT
chuyén V& Nguyén Gidp, TP. Pong Hoi; Thira
Thién Hué: Pham Ngoc Long, 12 Toan 1, THPT
chuyén Quéc hoc Hué, TP. Hué; Binh Pinh:
Nguyén Huy Hoang, 12T, THPT chuyén Lé Quy
Bon, TP. Quy Nhon; Ba Ria — Viing Tau: Phan
Trung Kién, 11T1, THPT chuyén Lé Quy Pén, TP.
Viing Tau,
HO QUANG VINH
Bai T9/526. Cho a, b, ¢ la dé dai ba canh ctia tam
gidc va neN'. Chimg minh ring
a’ . b" + c" 2 3
(b+c)' —a" (c+a)"-b" (a+b)'-c" 2'-1
Loi gidgi. Cach 1. Vi a, b, ¢ 1a ba canh cua tam
giacnén: (b+c)—-a>0,(c+a)-b>0
(a+b)—c>0. Suyra:
(b+c)' —a">0;(c+a)' =b">0;(a+b)" —c" > 0.
BPT cén chimg minh tuwong dwong véi:
a” 1 b"
- -
(b+c)" ~a® 2=1 (eta)® =b*
1 e 1
+ - >
2"-1 (a+b)"'-c" 2"-1
= 2"a" -(b+c) 5 2"" —(c+a)"
@ -D[b+e)-a"] @ -D[(c+a)-b"]
& 2"c¢" —(a+b)" 50
@' -D[(@+b) -]
2"a" - (b+c) " 2" —(c+a)" i 2"¢" —(a+b)
(b+e)' —-a" (c+a)'-b" {(a+b)" —¢"
Biéu thirc ¢ vé trai cia cac BDT (1) va (2) 1a céc
biéu thirc d6i ximg nén khong mat tinh tdng quat
c6 thé gia s a > b 2 ¢ > 0.Khi dé:
{z"a" —(b+e)"2022"¢c" -(a+b)

0<(b+c)' —a"<(c+a)' -b"<(a+b) ~c"

(1).

0

>0(2).

2nan __(b+c)ll a 2:! an —(b +C)u

L (b+c)' -a"  (c+a) —b" %

2” b" 2 (c + a)" _ 2." b" - (C + a)" .

(C' " a)n e bn (C + a)" _bn (4)3
TOAN HOC
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T I

3(allbn ,‘C”+C”ﬁn)
2" @B+ )2 +d")+ 2 A+ ) - (@B B )

re—(a+b) (2" =@tD ()

— 2 —
(a +;b) (& (L;'a) _ 3(arrbn + bncn Py C ) _ 3 DO dé.
Cong timg ve O), (), e Q" -INd"b + b +c'a") 21 '
[2"a”—(b+c)"]+[2"b" —(c+a)"]+[2"c —(a+b) ]
ies (c+a) -b" ' a’ b ¢ .3

- + + > .
(b+c)" —a" (a+c)"=b" (a+b)"'-c" 2"-1
[Z"a" —(b+c)"]+[2"b" —(c+a)":|+[2"c" —(a+b)"J Dang thuce xay ra khi A4BC déu.

. . Nhdn xét. 1) Nhiéu ban d3 sir dung BDT(*) (¢ cach

s n=-lyg n ny bn+2nlbﬂ+cﬂ_b+c O - ’ ,. . ‘ L
[2 (8"} =(e+5) ] [ ( )=(b+e) ] 2) dé giai bai nay. Ngoai cach chirng minh bang quy
+[2"‘l(c" +a")—(c+ a)”]z 0 (6). nap nhu & cach 2, BDT(*) ¢6 thé duoc chimg minh
gon hon bang phuong phap him s hoic st dung

BBT Hoder.

2) Céch giai 1 1a cua ban Ngd Van Thdi, tac gia dé
toan, cach giai 2 thudc vé ban Nguyén Quang Huy,

Mait khac:

BDT(6) dung 1a do ap dung BDT trung binh luy
thua dé danh gid timg biéu thirc trong dau moc
vudng. Diu ding thic trong (4) xay ra khi

a=b=c.Vay (1) dugc chimg minh. 11 Toan 1, THPT chuyén Qudc hoc Hué, Thira
Cich 2. Truéc tién ta ching minh BDT: Thién Hué va mot s6 ban khac. Ngoai hai cach giai
Dk trén, cac ban tham gia con dua ra mot s6 cach giai

Xy 2 & 2+,, —,Vx,y>0,neN (¥ khac. Ngoai ban Huy, cic ban sau co 101 gidi tbt:
bing quy nap. Ha Néi: Nguyén Huy Hoang, 11 Toan 1, THPT
Véin =1 thi (*) hién nhién dtng. Gia s (*) ding ~ chuyén Neuyén Hué, Q. Ha Dong, Ddo Quang Anh,
8E1, TH, THCS &THPT Everest, Q. Bic Tir Liém;
voi moi k< n, titc 1a: x* + y* 2 o y) Vk<n. Bic Ninh: Nguyén Thi Phwong Thao, 10A1-K16-
o o ... YP2, THPT Yén Phong sb 2, H. Yén Phong; Vinh
Taco: 7 +y" =(x+3)(x* +y)-0(*"+3*")  Phies Tran Ank Duong, 12A1, THPT chuyén Vinh

e W ) Phic; Phii The: Nguy{n Tuan Dat, 10A1, THPT
k- 9k-2 Tam NoOng, H. Tam Nong: Hung Yén: Lé Tudn

. , Nghia, 8C, THCS Doan Thi Diém, Yén My; Trd

_ (x+y)* l[(x+}’)_ _2"3’] Van Qudn, 11 Toan 1, THPT chuyén Hu’n):g iréc:
g Quing Binh: Nguyén Tran Hoang, 10 Toan 2,

C(x+ y)k—-l(x2 +y2) THPT chuyén V& Nguyén Giap; Séc Triang: Neguyén
= - Anh Thu, 8A1, THCS Ké An, H. Ké Sach; Dong

G+ Py x4yl (x4 ) Thap: Lé Huynh Nh@t Nguyét, 10 Toan, THPT
2~ = chuyén Nguyén Quang Diéu; Ba Ria — Viing Tau:

- 212 S
) N Phan Trung Kién, 11T1, THP
Vay BBT(*) ding v6i k + 1. Theo nguyén Iy Gy 1p vang Tau T chuyén L& Quy Don.

nap thi (*) ding v&i moi n nguyén duong.

Ap dung BDT(*) ta co: 2"'(a" +b") = (a + b)";

TRAN HUU NAM
Bai T10/526. Véi moi sé nguyen dwong n, dat

7@ + ")z (b+c)"; 27 (" +a") 2 (c+a). \ Vi
JEGE) ( )2 (c+a) S,,:Z[Jk2+4 k‘+2k+2], trong do ky hiéu [x] la

Suy ra: ;4 + b 4 ¢
b+ey —a"  (atcy —b"  (a+b) —c" $0 nguyen lom nhdt khéong virot qud x. Tim tér ca
(al'i) & (bn) (Cn)Z 7 L:zc;”;zlziu:‘;en du'OWO' n de S 1(1 IU}} fhua (ua n?Or
a"[(b+c) —a ] B'[(a+cy b":| [(a-i-b)”—c"] B
id
, (@ 5B 1) gtat. (Duya theo ¥ cua ban Nguyén Trin Hoang,

10 Toan, T
Chrey b cra)y +ary [@Y+ @'V +(’]  Binh) " THPT chuyén Vo Nguyén Gidp, Quing
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Bai T8/526. Cho hinh chdp tam giac S.ABC c6
day la tam gidc vuong tai A va AC > AB, AM Ia
. tuyen Goi I la tam duong tron ngi tiep day.
Gia sir IM vuong goc voi Bl Tinh gid tri biéu thire

V., v

T =—Sa8  saic V

S.BIC

Vswc Vsae Vs

Léi gidi.

B ' Iy, ’ &
Goi D la giao diém cua BI va AC. Khi d6:
DIC=IBC+ICB=45"= MIC =45"
= AMIC=ADIC (g.c.g) = MC= CD.
Tir tinh chét dudng phan giac ta thay:
MC CD AD AC 1
BC BC AB BC+AB 2
=BC+AB=2AC (1).
Mit khac do AC? = BC? — AR =
nen
AC=2BC-AB) =>AC-2BC+24B=0 (2).
Tu (1) va (2) suy ra:

24C(BC — AB),

AC 4
AC-2BC+2(24C-BC)=0 = —=— (3
, (AC-8G=0= 375 @)
Tir (3) két hop vai (1) cé:
BC+AB 4 AB 3
———=2 s 2 2 5,
C 5 BC 507 AC 4

Dung SH L (4BC) va goi r la bin kinh duong
trdn néi tiép tam giac ABC. Tur (3), (4), (5) ta co:

1

-SH. l-r.AB ESH_ : r.AC lSH :ﬂC
T= 3 2 + 3 2 "

1SH—1 r.AC L SH 1 r.BC L SH. l r.AB

3027 37 3772

4B AC BC_3 4 519
AC B 57353 60
Nhén xét. Tit ca cac 10 giai gui vé Toa soan déu c6

dap 5 ding. Céc ban sau c6 10i giai tot:
Ha Noi: Nguyen Huy Hoang, 11 Toan 1, THP;T
chuyén Nguyén Hué, Ha Déng; Vinh Phic: Tran

Anh Duong, 12A1, THPT chuyén Vinh Phiic; Hung
Yén: Tran Van Quan, 11 Toan 1, THPT chuyén
Hung Yén; Bic Ninh: Nguyén Tdt Pat, 11A1, THPT
Yén Phong Sé 1, Yén Phong; Ha Tinh: Trdn Minh
Hodng, 8E, THCS Nguyén Trai, Nghi Xuin; Quang
Binh: Nguyén Tran Hoang, 10 Toan 2, THPT
chuyén Vo Nguyén Giap, TP. Pdng Héi; Thira
Thién Hué: Pham Ngoc Long, 12 Toan 1, THPT
chuyén Quéc hoc Hué, TP. Hué; Binh Pinh:
Nguyén Huy Hoang, 12T, THPT chuyén Lé Quy
Dén, TP. Quy Nhon; Ba Ria — Viing Tau: Phan
Trung Kién, 11T1, THPT chuyén Lé Quy Don, TP.
Viing Tau.
HO QUANG VINH
Bai T9/526. Cho a, b, c la d dai ba canh cua tam
gidc va neN'. Chimg minh ring
A nRRS S )
(b+c)' —a" b (a+b)'-¢" 2"-1
Loi gidgi. Cach 1. Vi a, b, ¢ 1a ba canh cua tam
gidc nén: b+t+c)-a>0,(c+a)—-b>0
(a +b)—c>0. Suy ra:
(b+c) —a">0;(c+a)' —b">0;(a+b)" —¢ > 0.
BDT cin chimg minh tuong dwong véi:
a” 1 b"
- + n n
(b+c)' —a" 2"-1 (c+a)' -b
1 el 1
= + -~
211__1 (a+b)n_cn 2"__1
2a"-(b+e) 2 —(c+a)
Q n n n n
@ -D[+or-a'] @ ~D[(c+a) -b"]
ZJ'IC!I _ (a +b)n
@ -D[(a+b)' -]
L2 (b+c)"+2"b"—(c+a)"+2'c"—(f+bﬂ)">0(2)_
(b+c) —a"  (c+a)'-b"  (a+h)
Biéu thirc ¢ vé trai cua cac BDT (l) va (2) l1a cac
biéu thirc déi ximg nén khong mét tinh téng quat
c6 thé gia sur a>b>c>0.Khido:
g" —(b+c)' 202 2"c" —(a+b)"
0<(b+c)" _au S(C'l'a)" _bﬂ S(a+b)" _cﬂ

(c+a) -

>0

>0

2 —(b+e) 2 (bt
Wi o (eray b O
20" —(c+a) _2'b" ~(c+a)

-k " " (4)3
(c+a) -b (c+a) -b
TOF\N HOC
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—__w

2°¢" - (a+b)" . 2"¢" —(a+b)"
(a+b)'-c" (c+a)"-b"
Cong timg vé (3), (4), (5) ta duoc:
[2"a"-(b+c)"]+[2"b"-(c+a)"]+ 2"c"—(a+b)”]

(c+a) -b"

(5).

VT(2)2

Mat khac:

[2"a"—(b+c)"] [z"b"-(c+a)"] +[2°¢"~(a+b)']

=[27@" +b")-(@+b) +[27 (0" + ") (b +c)']

+H27e +a") - (¢ +a)']20 (6).

BDT(6) dung la do ap dung BDT trung binh liy

thira dé danh gia timg biéu thirc trong ddu moc

vudng. Dau ding thuc trong (4) xay ra khi

a=b=c.Viy (1) dugc chirng minh.

Cach 2. Trudc tién ta chirng minh BDT:

(x+y)
2?14

X"+ 2> Vx,y>0neN (%)

bang quy nap.
Véin =1 thi (*) hién nhién dung. Gia s (*) diing
(x+y)
i
=(r+ )+ ) (M 4y
(x+»)' @+
2&'—] Tl 2&—2
(x+ )" [(x+y) -217]
= 2(‘71
(x+ 07+
= 2£—|
(x+3) ' (x+y) _(x+y)
* 20 T2
Vay BDT(*) ding voi & + 1. Theo nguyén ly quy
nap thi (*) ding v&i moi # nguyén duong.

v6i moi k < n, tircla: xF + yf > Vk<n.

- +] L+1
Tacé: x*'+yt

2(x+y).

k+1

Ap dung BDT(*) taco: 2" '(a" +b") 2 (a+b)";

2' "+ "y (b+c)": 2" (" +a")2(c+a).

an bu Cn
+ +
(b+£’)"—a“ (ﬂ'+(‘)” iy (H+b)" —C"

I 0 Y i L)

a’ I:(b-i-c‘)"—a"] b [(a +¢) —b"] ¢ [(a-i—b)" —-C‘"]
% (@ +bh"+c"y

a(b+e) +5'(c+a)' +c"(a+b) -[ (@) + (5" +(c")' ]

TOAN HOC
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Suy ra:
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Ha"B +b"¢" +c"d")
2" B+ ) 2B a2 () - (at b +c'a")
_ 3(a"b" +b"c" +c"a") _ 3 " Do dé:
2" =D)(a@"b" +b"c" +c"a") 2" ],

a" N b" . c" > 3 .
(b+c)' =a" (a+¢)"-b" (a+b)"-c" 2"-1
Ding thitc xay ra khi A4BC déu.

Nhdn xét. 1) Nhiéu ban d3 si dung BDT(*) (& céch
2) d¢ giai bai nay. Ngoai cach chimg minh béng quy
nap nhu & cach 2, BDT(*) ¢é thé dugc chimg minh
gon hon bang phuong phap ham s6 hodc sit dung
BDT Hoder.

2) Cach giai 1 1a cua ban Ngé Van Thai, tac gia dé

toan, cach giai 2 thudc vé ban Nguyén Quang Huy,

11 Toan 1, THPT chuyén Qudc hoc Hué, Thira

Thién Hué v mot s6 ban khac. Ngoai hai cich giai
trén, cac ban tham gia con dwa ra mét sé cach giai
khac. Ngoai ban Huy, cdc ban sau c6 1o giai tot:

Ha Noi: Nguvén Huy Hoang, 11 Toan 1, THPT
chuyén Nguyén Hué, Q. Ha Déng, Pdo Quang Anh,

8E1, TH, THCS &THPT Everest, Q. Bic Tir Liém;

Bic Ninh: Nguyén Thi Phuong Thao, 10A1-K16-

YP2, THPT Yén Phong sé 2, H. Yén Phong; Vinh

Phic: Tran Anh Duong, 12A1, THPT chuyén Vinh

Phuc; Phi Tho: Nguyén Tuin Par, 10A1, THPT

Tam Noéng, H. Tam Néng: Hung Yén: Lé Tudn

Nghia, 8C, THCS Doan Thi Biém, Yén My; Tran

Van Quan, 11 Toan 1, THPT chuyén Hung Yén;

Quing Binh: Newyvén Tran Hoang. 10 Toan 2,

THPT chuyén V& Nguyén Giap; Séc Tring: Nguyén

Anh Thi, 8Al, THCS Ké An, H. Ké Sach; Péng

Thap: Le Huynh Nhat Nguyér, 10 Toan, THPT

chuyén Nguyén Quang Diéu; Ba Ria - Viing Tau:

Phan Trung Kién, 11T1, THPT chuyén L& Quy Dén.

TP. Viing Tau.

TRAN HU'U NAM
Bai T10/526. Vi méi s6 nguyén dwong n, dat

S.;:g[\/kl+4v'kl+2k+2} trong do kv hiéu [x] la

0 nguyén lom nhét khong vieot qua x. Tim tat ca
cde 56 nguyen dwong n dé S, la liiy thira ciia mot
56 nguyen (6.

Loi gidi. (Dya theo y cua ban Nguyén Trdn Hodng,
10 Toan, THPT chuyén V& Nguyén Giap, Quing
Binh)

https://tieulun.hopto.org
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Dé chimng minh rang:

k+2<Vk + a4k 1 2k+2 <k 43,
Do do |:\/;+4Jk3+2k+2}=k+2.vay

n(n+3)
2

S,,:Z(k+2): =n(n+5)=2p".
k=1

Tacon=1théamin (p=3, m=1). Xétn>1.

TH1: n=2p°,n+5=p".a+b=m.

2p°+5=p">p° :>b>a:>5=p"(pf'“"—2)
Néua>0,tacod: p* =5 p" " -2=1
= p=5,p"*=3, mau thuan. Viy a = 0, do do

n = 2. Th lai thoa man.

TH2: n=p°.n+5=2p".a+b=m.

p" +5=2p" Néu b>a thi 5=p*(2p" -1).
Don>1 néna>0.Vay p°=5,2p"" -1=1

= p=5,p""=1l= p=5,a=b=1. Viy n = 5.
Thur lai thoa man.

Néu a > b :>5=p"(2—p""’),méu thuan vi

p*"22 Vayco3giatrilan=1,n=2van=5.
Nhin xét. Co it ban tham gia giai bai toan nay. Cac
ban sau day co loi giat dung, tuy rdng chua thit ngin
gon:
Ha N@i: Pdo Quang Anh, 8E1, TH, THCS &
THPT Everest, Q. Bic Tur Liém , Nguyén
Huy Hoang, 11 Toan 1, THPT chuyén Nguyén Hug;
Pong Thap: Lé Huynh Nhdt Nguyét, 10 Toan,
THPT chuyén Nguyén Quang Diéu; Binh Dinh:
Nguyén Huy Hoang, 12T, THPT chuyén L& Quy
Pon, TP. Quy Nhon: Vinh Phic: Tran Anh Duong,
12A1, THPT chuyén Vinh Phuc.

PANG HUNG THANG
Bai T11/526. Tim tit ca cic ham so f: L—ZL
thoa man f(x+/(y)=/(x),Vx,yeZ (l).

Léi gidi. (Theo da sb cac ban). Nhan xét ring moi
ham hing f(x) = C thoa man diéu kién bai ra (g
voimoi C e Z.

Xét truong hop khi f(x) khong phai 1a ham
hing. Theo (1) thi v6i mébi y nguyén cb dinh, ta

duge:  f(xx f(3)) = f(x),VxeZ

< fx+ fOIN=/(x), VxeZ
Vay f(x) 1a him tuin hoan véi chu ky a
(2<aeZ') nao dob.
Goi ¢ (2<geZ’) la chu ky co so cia f(x).
Khi d6, tng véi moi aeZ’
f(x+a)=f(x),VxeZ déucé a chia hétchog.
Thét vay, néu a=mq+r voi g€ Z,0<r<gq thi

f(x+a)=f(x),VxeZ
& f(x+mg+r)=f(x),VxeZ
& f(x+r)=f(x),Vx € Z, mau thuan.

ma

Vay tip hop cac cia f(x) 1la

{£(0), £(1),..., f(g=1)} va f(») chia hétcho ¢
voimoi yeZ.

bit f(k)=qa, €Z v&i a, €Z, k=0,l,....q9 —-1.
ham f(x)=ga, khi
x=k (modg), a, €Z, thoa man diéu kién bai ra.
Két lugn: Tat ca cac ham s6 f:Z—7Z thoaman
f(x)=CeZ va
x=k (modgq) v6i 1<qeZ’,

gia tri

Ta nhin dugc céc

didu kién bai toan la:
f(x)=gqa, khi
a, €eZ wyy.
Nhin xét. Pay la dang toan vé phuong trinh ham
trong s hoc va rat it ban tham gia giai. Pa s cac
ban gui dén Toa soan déu biét su dung déng du aé
biéu dién nghiém cua phuong trinh. Cac ban sau day
co 1oi giai dung: Ba Ria - Viing Tau: Phan Trung
Kién, 11T1, THPT chuyén Lé Quy Don; Vinh Phie:
Trdn Anh Duong, 12A1, THPT chuyén Vinh Phic;
Ha Tinh: Trdn Minh Hoang, 8E, THCS Nguyén
Trai, Nghi Xuén; Hung Yén: Bui Huy Tai, 11T1,
THPT chuyén Hung Yén.

NGUYEN VAN MAU
Bai T12/526. Cho tam giac nhon ABC, (O; R) la
dwong tron ngodi tiép. Puong cao AD=\2R. Goi
M. N theo thir e la giao diem cua AB, AC va
dicong tron duong kinh AD. P la giao diém thir hai
cua (O: R) va dirong tron dwong kinh AD. Q la
diém doi xtmg cua P qua MN. Chirng minh ran g
a) 25;,\;\.‘ =Siﬂ("

b) B@T’V = COM =§.
’ TOAN
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1) Goi K 13 giao diém thit hai cua A0 va (0). D&
thdy céc tam gidc AMN, ABC dong dang nguoc
huéng ti s6 .

Tir d6, chi ¥ ring 4D, AK theo thir ty 1a duong
kinh cta cac dudng tron (AMN), (O), suy ra:

2
S.m.\-_k:_(ﬁ?_]z_ 2R) 1
8 AK 2R 2
5 1 4 Eoo
2) Theo phan 1, hﬁ:ﬁ (). Tir @0, cht y

rang cic tam gidc AMN, ABC dbng dang ngugc
huéng va 40, AD la hai dudng ding giac cua goc
(AB,AC), suyra Oe MN va

(AK,MN) = (40, MN) = (BC, AD) = % (mod 7).

Do d6 Q thudc (O) va K 1a diém d6i ximg cuia 4
qua MN. Vay:

(OB,ON) =(QB,0K)+(QK,QN)
=(A4B, AK)+ (PN, PA) (mod r)
=(AM, AO)+(MN, MA)

=(MN, A0) Eg (mod ).

Do d6 @V=% Tuong tur: @ =§.

J\Thg’in‘ :\-ce't. 1) Bai toan nay khéng kho, co 9 ban tham
E1a g1, tuy nhién 15i giai cya mdt vai ban qua dai,

€0 ban phai st dyng phép nghich dio va dinh I
Pascal. )

2) Y tuémg chimg minh BON i trong 1o giai
A w x . 2
trén thuge vé ban Tran Minh Hodng, 8E, THCS

TOAN HOC |
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Nguyén Trdi, Nghi Xuan, Ha Tinh. Vo;x r\n(".)t h‘(_)c
sinh 16p 8, biét sir dung goc dinh hudng d€ lam toan,
didu do rat dang khen. ' .
3) Xin néu tén ca 8 ban: Bac Ninh: Nguyén Tién
Pat, 11A1, THPT Yén Phong 1, H.‘Yén Phong;
Hung Yén: Phan Dic Manh, 10T, T rdn-Van Qf;dn,
11T, THPT chuyén Hung Yén; Quang Binh:
Nguyén Tran Hoang, 10T2, :THPT f:huyf:n Vo
Nguyén Giap; Thira Thién Hué: Nguyén Vin Huy,
11T1, THPT chuyén Qubc hoc Hué: Binh Dinh:
Nguyén Huy Hoang, 12T, THPT chuyén L€ Quy
Dén; TP. Hd Chi Minh: Thdi Quang Phat, 11T],
THPT chuyén Lé Hong Phong.

NGUYEN MINH HA

Bai L1/526. Hai diém A, B nam trén cing mot
duong thing di qua nguén am S va & cung n”tlo’t
phia so véi nguon am. Coi nguon am la ding
hudng va méi trirong khéng hép thu dam. Biét mire
cwong d¢ am tai A la L, = 50 dB, tai B la
Ly = 30 dB. Cho C la mét diem trén doan AB ma
CB =2CA. Xac dinh mire cuong do am tai C.

Loi gidgi, Ta co:

2
L,-L, =101g[—4=101g(§J =20 dB
I, 54
= SB=10S4; SC = 454,

SCY
Ly L = IOIg(TS-g) =101gl6 =12 dB.
= Lc=38 dB.
Nhin xét. Qhﬁc mimg cdc ban sau da co 16i giai
ding cho dé ra ki nay: H6 Pham Phy An, 11T1,
Nguyén Truong Duy, 10T1, THPT huyén Nguyén
Quang Diéu, Pong Thap.

DINH THI THAI QUYNH
Bai L2/526. Cho doan mach c¢ R, L mdc néi

tiép, dién tro R = 100 Q, cuén cam thuin ¢é do

B3

tir cam L = — (H). Gia sw dién ap gitra hai dau

doan mach lg , = 400 cos? SO0nr + ) (V). Xde

dinh cuong @s

dong dién hiéy dung qua doan
mach.

Loi gidgi, Ta co:

u=400cos® (S07f + 7) = 200 + 2000510071,

https://tieulun.hopto.org



Téng tr& cia mach ddi voi dong xoay chiéu:

Z=yR'+2}=200Q.
Cudng d6 dong hiéu dung cua thanh phin dong
200/+2 V2,

dién xoay chidu: /, = =
200 2

Cudmg d6 cua dong dién khong dbi: /, =%’ =2A

Cuong d6 dong dién hiu dung / trong mach thoa
9
II+I} =— A.
’ 1 ] .JE
Nhdn xét. Rét tiéc 12 Toa soan khong nhin dugc 141
gial ndo g vé€ Toa soan cho bai nay!

NGUYEN XUAN QUANG

Khkhkhkhhkkhrkkhhkrrdrrrrdbhrrohrhhdkr bk hhkrhddd
DINH CHINH

Trén TH&TT: « S6 528, théang 6.2021 trong muc Dé
ra ky nay, Bai T2/528 da viét:

min: I’R=I]R+;R=1=

1 1 1 1
—_—t—t .
a, a, 2020 2021
. . 1 1 1
Xindugcswala: —+—+...+ +—
al aZ alOZD a2021

« S8 529, thang 7.2021 trong muc Pé ra ky nay Bai
T7/529 da dang trung véi Bai T6/521, thang
11.2020. Xin duoc gidi thigu Bai T7/529 moi co ndi
dung;
Bai T7/529. Chimg minh ring ton tai vé sé cép s6
nguyén duong (x; y) sao cho
(x+D(x*+1)iy va (y+D(* +Dix.
HOANG PUC NGUYEN
(GV THPT chuyén BHSP Ha Néi

Toa soan TH&TT thanh that xin 16i tac gid va ban doc.
e e e e ook s do e dede ok ek de e de o g e e ek e ek e ek ek dede de ok e e de ko dok

GIAI PAP PO VUL S6 xubi nguge
(Dé diing trén TH&TT 56 525, thing 3, 2021)

Bai toan. Hay tim cdc sé nguyén diong gém bon
chi 56 viét trong hé thap phan sao cho tich cua s do
Véi s6 viét ngurge cia né la mét s6 xudi nguoc gom
bdy chit sé.

Loi gidi. Goi sb chn tim 1a s = abed véi a > 1,
d > 1, céc chit 56 a, b, c, d c6 thé bing nhau. Theo
gid thiét c6 tich T = abed .dcba = eghkhge (1).
Khai trién (1) ta cé:

T=e10°+g10°+A10*+ £10°+ £ 10°+ g 10+ e

= (@.10°+ b.10°+ .10 +d )(d.10° + ¢.10*+ b.10+ a)

= ad.10°+ (ac + bd )10° + (ab + bc + cd )10
+(@+ b+ +d)N0+ (ab + be + cd )10?
+ (ac + bd )10+ ad.

Tir d6 xét cac hé sb 1an luot cua 10° va 10°% 10° va

10, 10* va 10%, 10° thi chi c6 thé la:

e=ad<9;,g=ac+bd<9h=ab+bc+cd<9;

k=a*+b +*+d <9 (2).

Tir didu kién cudi cting cua (2) thi mdi chit sé a, b, c,

d ddu nho hon 3 va khong cé qué hai chir sd bing 2,

lai do @ > 1; d > 1 nén xay ra cac trudng hop sau:

Da=d=1,b=c=0
a=d=1,b=0,c=1(hoicb=1,c=0)
Na=d=1,6=0,c=2(hodacb=2,c=0)
Na=d=1,b=c=1
5Ya=d=1,b=1,c=2(hodacb=2,c=1)
a=d=1,b=c=2
Na=d=2,b=c=0
8)a=d=2,b=0,c=1(hodchb=1,c=0)
Na=d=2,b=c=1
10)a=2,d=1,b=¢c=0
(hoica=1,d=2,b=c=0)
I1Na=2,d=1,b=0,c=1

12)a=2,d=1,b=1,c=0

(hoaca=1,d=2 ,
13Ya=2,d=1,b=0,c=2
(hodca=1,d=2,b=2,c=0)
14)a=2,d=1,b=2,c=0
(hoica=1,d=2,b=0,c=2)
15a=2,d=1,b=c=1
(hodca=1,d=2,b=c=1)
16)a=2,d=1,b=1,c=2
(hodca=1,d=2,b=2,c=1)
1MNa=2,d=1,b=2,c=1

(hodica=1,d=2,b=1,¢c=2).

Bai todn ¢ 13 nghiém s = abcd voéi a >d (khong

ké thir ty hai thiva s& abed va deba ), d61a (s; T)
bang: (1001; 1002001), (1011; 1113111),
(1021; 1226221), (1111; 1234321), (1121;1357531),
(2002; 4008004), (2012; 4229224), (2001;2005002),
(2011; 2216122), (2101; 2126212), (2021;2429242),
(2201; 2249422), (2111; 2347432),
Hoan nghénh ban Nguyén Hing Cuong, xi Nhon
My, TX. An Nhon, Binh Dinh , d3 giai va tim duoc
toan bo cac nghiém s6 clia bai toan.

VIET HAI (Ha Ngi)

, TOAN HOC
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Da thirc hé sb nguyén (da thirc c6 tat ca cac hé sé
déu 1a céc s6 nguyén) 1a mdt trong nhimg van dé
quan trong trong da thirc, mot déi tuong nghién
clru trong tAm cua Pai s, Giai tich, Ly thuyét sé,
. Trong 16p céc bai toan da thirc hé s6 nguyén,
chiing ta ddc biét chu v dén cac bai toan da thirc
monic (da thirc ¢6 hé s6 cao nhét bang 1). Bai viét
sau xin trinh bay vé mét tinh chat phé dung va tha
vi cia da thuc monic hé s6 nguyén: Dinh 1y
nghi€m hiru ti cua da thiec.
1. DINH LY ‘NGHIEM HUU TI. Cho da thirc

S(x)=ax"+a_x"+. s A, 0,

co tar ca cac hé so a,,i=0,12,..n deu nguyén.

yd 7 . ¢k ~ ; - \

Néu x = L.(p.q) =1 la nghiém hitu ti cua f thi
q
Handle,

Chirng minh. Vi x =

5,(1;4):1 1a nghiém cua

n-1

da thic f nén an.-p7+an7,.p—l+...+a1.£+a0=0

q 9" q
<a.p'+a,_qpT+. . +a.q9"" pra.g =0
a,.p =—(an_,.q.p"" +..+a,.4"" pta, .q")fq
a,q"=—(a,.p" +a,,q.p"" +..+q, ,q"”.p)fp.
Ta chi y ring (p,q)=1 nén a,iq,a,'p hay
play.qla,.

2. MOT SO HE QUA VA NHAN XET QUAN
TRONG
a) H¢ qua 1. Cho f la du thire monic co hé s6

nguyén. Néu f cé nghiém hitu ti thi nghiém a6 la
mot 56 nguyeén.

TO
340N cheM

;",-»“"‘A ﬁ-\.
o | VENOTTIvE CRAT THO v
L_Jj ,4/7 ¢ g thi lx“g CTTY ] o % X
Pl \T«’ (‘s,f 3
¥ - 1Y pifam &*ﬂ!"""”“{
Vo A4 WY c 1 Ct 1
f’-m{"- N BETT La EA Tsﬂ;b HiUitiv ai} NIV LIV RV FPRL
'\ {»_} .t.-—"‘
s __..«— 4"’-—-.~ o
PHUONG PHAP ' CAO MINH QUANG
GIXg TOATL e o i ; ‘.((_.W THPTcilfq'én Nguyén By:f: {(i‘riém; le;Long)

Chirng minh. Theo dinh 1y nghiém hiru ti, vi
=1 nén g=+I,dodé x=2 1a s§ nguyé
a,=1neén g=1=xI,dodé x == la sé nguyén.
q
Nhin xét 1. Cho n la mot s6 nguyén duong va
m > 1 la mot s6 nguyén. Khi dé, néu n la mot s6
hinu ti thi %n ciing la mot s6 nguyén.

Chirng minh. That vay, dat x=%n ,suyra x la
nghiém hiru ti cua phuong trinh x" —n=0. Vi
S (x)=x"~-n 12 mét da thirc monic hé s6 nguyén
nén theo hé qua 1, moi nghiém hiru ti cua né déu
nguyén,

Dua vao hé qua 1, ching ta cé co s¢ kiém dinh
mdt da thirc hé s6 nguyén cho truede co nghiém la
mot s6 nguyén, hitu ti hay vé ti hay khong.

b) HE qua 2. Cho a, b la cdc 56 hitu ti sao cho
a + b va ab déu la cdc s6 nguyén. Khi dé a, b déu
la cdc 56 nguyen.

Chirng minh. Xét da thirc

f(x)=x* —(a+b)x+ab=(x—a)(x—~b).
Khi d6 a,b 1a céc nghiém hiru t{ cua da thuc
/(x) monic hé sb nguyen, nén theo hé qua 1, suy
ra a,b déu nguyén,
Hé qué 2 ¢6 thé mé rong nhw sau: Cho a,b,c la

cdc s6 hin i sao cho 4+ b tc,ab+ be + ca,abe

déu la cac s¢ nguyen. Khi o, ca ba sé a,b,c déu
nguyén.

¢) H¢ qua 3. ¢ a,b,c la cdac s6 nguyén, a#0,

Neu Phitong trinh ax® + by tc=0 ¢6 nghiém hitu

th, thi dink thire A = b —4ac phai la mét s6 chinh
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Chirng minh. Gia st phuong trinh ¢6 nghiém hiru
ti x,taco:

ax’ +bx+c =0 4a*x* +dabx + dac =0
<::>(2ax+b)2 =b’ —4ac hay JEz]Zax+b].
Vi [2ax + b| 1a 58 hiru ti nén suy ra VA ciing 14 sé
hiru ti (khdng am). Mat khac A=b" —dac 13 s
nguyén nén theo nhén xét 1, suy ra Ja ciing 14 sb
nguyén, hay A 14 sé chinh phuong.
d) H¢ qua 4. Cho f'ld mét da thire hé sé nguyén

. )
va x =!; ((p.q) = l) la nghiém hiru ti cua f. Khi

do ton tai da thirc g voi hé s6 nguyén sao cho
S (x)=(qx~-p)g(x)-
Chirng minh. Gia su

f(x)=ax"+a,_x"" +. . +ax+a,(a,#0).

+5

Ta xét da thue g(x)=5b, X" +..+5,.
Khai trién ding thic f(x)=(gx—p)g(x) va
dbdng nhét hé sb, ta c6: —pb, =a,, qb, — pb =a,,
wqb _,-pb,  =a,.,qb_=a,.

_ 94, + pa,

Ta thu duge: b, =—frﬂ,bI S
p

b -_qn—ia0+pqn—2a] +."+pu—la"—l
w0 Bl T n

P

..-a"
q

Ta s& chirng minh cac hé sé6 b,i=0,..,n—1 déu

la céc sb nguyén. Trudc hét, theo dinh ly ve

nghiém hiru ti, vi x=2 1a nghi¢m hiru i cta da
q

thiac f nén b, =4 mét s6 nguyén. Tiép theo
q

ta s& ching minh p*' 1a wuwéc cua

(qkau +pg*a +..+ pla, ), k=0,.,n-2. That
vay,tacd: a p" + anﬁlp”‘lq 5P ah]pk+lqn-k-1
+a,pq"t+..+aq" =0

Suyra p**' chia hét

apqt+.+aq =q" (akp"‘ +..+a,q ) .
Vi p**' va ¢"* nguyén t6 cing nhau nén suy ra
p**! chia hét (a!,k p*+..+aq )
3. MOT SO BAI TOAN MINH HQA
Bai toan 1. Chimg minh rang x,= J2+¥4 la
mot §6 Vo 1.
Léi gidi. Gia st x, =42 +4 1a mot s6 hiu ti.
Ta ob: = 2+4+33f§(3/5+{/1):6+6x0 hay
x)—6x,—-6=0. Da thirc f(x)=x"—-6x-6 la
da thirc monic nén nghiém hiru ti cia no6 phai la )
nguyén via la woéc cua 6. Chi ¥y r1ang

2<32+34 <4 Tuy nhién
£(3)=3%0 (v&1§). Viy x, =32 +3/4 12 mbt sd

nén  x,=3.
vo ti.

Bai toan 2 [Australia, 2001]). Xac dinh tdt ca cdc
gid tri nguyén cua m dé tat ca cac nghiém cua da

thirc f(x)=3x"=3x"+m déu la cdc s6 hiru ti.

Loi gigi. Néu m =0 thi da thirc f co6 cac nghiém
1a 0, 1. Nguoc lai, ta s& ching minh néu céc
nghiém cua da thuc nay déu l1a cac sb hiru ti, thi
m =0 . That vdy, gia sir tat ca cac nghiém cia da
cic sb hiru ti, dang

thaic déu 1la

x=§, (@,b)=1, b>0. Khi d6:3a’ —3a’b +b’m = 0.

Suy ra b la wéc cua 3a’. Nhung (a,b) =1 nén b
la wéc cia 3, do d6 b=1 hodc b=3.Néu b=3
thi @’ =3a°+9m=0,suyra 3 laudccua a, vd
i vi (ab)=1. Vi vy b=1, suy r
m =3a’(1-a). Phuong trinh f{x) = 0 dugc viét
Jai dudi dang:

f-x-a+d =(Jc—a‘)[x2 +(a-x+a’ —a].
Pinh thirc cia tam thitc bdc hai trong tich trén 14
(1—a)(3a+1). Vi a 13 s nguyén nén tam thirc
c6 nghiém khi (1-a)(3a+1)20 hay a=0 hodc

z=1.Dodo m=0.

AN
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Bai toan 3. Co bao nhiéu cap s6 nguyén dwong
(a,b) sao cho @ +b* <2021 va a’b|(b'-a’).

b -a
a’b

bY a
=[—J —;,keZ. Khi

Léi gidi. Dat k =
a

3 2
do (%) +k(%) —-1=0. Xét da thuc monic

f(x):x3 +he? =1 voi hé sb nguyén c6 nghiém
hiru ti # == >0, khi d6 theo hé qua 1, » 1a wéc

cuia -1, suy ra r=1. Do d6 a=b va
a’ +b* =2a’ <2021 hay 1<a<31. Vay c6 31

cap s6 nguyén duong (a.b) thoa man bai toan.
Bai toan 4. Tim rar ca cac s6 hiru ti dirong x sao
cho X* +x+6 la so chink phirong.

Loi gidi. Gia st ton tai sé hiu i x sao cho
x*+x+6 1a s chinh phuong, hay ton tai sb
nguyén duong a sao cho x’+x+6=a’ hay
X} +x+6-a>=0. Vi f(x)=x*+x+6-a* 13

da thirc monic hé s6 nguyén, nén theo hé qua 1,

mo1 nghiém hiru ti cua n6é déu nguyén, suy ra x la
- A - . 2
mot s6 nguyén. Tacod: X’ +x+6=a
2

< 4x’ +4x+24=4a’ o (2x+1) +23 =44’

<=>(2a+2x+])(20—2x~1)=23.

nén chi xay ra

Vi 1€2a-2x-1<2a+2x+1
vne b 2a-2x-1=1
TUORE AP 1 20 4 2x+1=23"

Giai hé phuong trinh nay ta dugc ¢ =6 va x=5.
Bai toan 5. Cho x la mét sé thuc thoa man diéu
kién x* —x la mét sé nguyén khdac 1 va x* —2x
ciing la mét s6 nguyén. Ching minh rang x ciing
la mét sé nguyén.

Loi gidi. Dat x* -x=a,x* -2x=b(a,bcZ,a#).

Tacé: b=x’ —21=(x3 - x? —x)+(x2 —-x)

=x(x2—x-—1)+(x2—x)zx(a—1)+a.

S48 530(8-2021)
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b-a

Via#l nén x= hay x la mét s6 hiru ti.

a-1
Khi 46, vi x* —=x—a=0 nén theo hé qua 1, suy ra
x la mét nghiém hiru ti cua da thirc monic hé sé

nguyén, do d6 x 1i mét s6 nguyén.

Bai todn 6. [George Stoica, Crux problem 4579,
Vol47 (2021), Astria MO, 2016] Cho a,b,c la

. . , ab bc ca .
cac so nguyen khac 0 sao cho —+—-+? la
c a

mot 6 nguyén. Chirng minh rdng cdc s6

ab bc ca

b ’

¢ da

déu nguyén.

Loi giagi. Xét da thic:

ca
+—]x2 4—(512 +b? +c2)x—abc.

Ta nhén thdy f(x) la da thtc monic hé s6
nguyén. Su dung hé qua 2, suy ra cac nghiém hiru
ab bc ca

ticaa f(x) lacéc gid tri —,—,— déu nguyén.

Bai toan 7. Tim tat ca cdc so nguyén duwong
a

a c . b ¢
a,b,c sao cho —+—+— va —+—4+_
c a a b ¢

déu la

cac so nguyén.

Loi gidi. Gia st ton tai cac s§ nguyén duong
a

a b ¢ b ¢ g
a,b,c sao cho —+—+— va —+-4+Z @&y Ia
¢ a a b c

cac s6 nguyén. Xét da thirc:

:x'“‘h(ﬂ+2+—ci)x2 +(2+£+£Jx—l.

b ¢ a a b ¢

Ro rang 1 (x) 1a da thirc monic hé sb nguyén co

cac nghiém hiru ti 13 %,é,—c—, nén theo hé qua 2,
c a )

cac nghiém nay déu 1a céc sé nguyén. Vi
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=1 va —,—,— dé€u la cac sO nguyén nén

o | o

a'|h
oo

Qln

g
”

ra —=
suy b

Bai toan 8 [Viét Nam MO, 2007). Cho x,y la

¥4

=—=1 haya=b=c.

ﬂlf\. >l

a_b
C

y'-1

cdc s6 nguyén khdc —1 sao cho +

y+1  x+1
ciung la mot sé6 nguyén. Chimg minh rang
x*y* =1 chia hét cho x+1.

4 4

-1 A
& pead
x+1

.Taco a,b

Léi gidgi. Dt a==
y+1

1a cac s6 hitu ti va a + b 1a mot sé nguyén.

Vi ab=x‘1m1 }-4_1:(\__])(1.:“)( ,_1)( ,2+1)
y+l x+1 © ) )

nén ab ciing la mot sd nguyén.
Sir dung hé qua 2, suy ra a,b déu la cac so

nguyén, tirc la y* -1 chia hét cho x+1 hay
yi=1 (mod(x+l)):>y“ =1 (mod(x+l)).
Mait khac, tacoé x* =1 (mod(x+l)).
Td 46 suy ra x'p*=1(mod(x+ 1)) hay
x*y* —1 chia hét cho x+1.
B’:?li toan 9 [Balkan, 2006]. 7im tat ca cac bo ba
56 hiru ti dieong (m,n, p) sao cho cac 56

1 1 1
m+—n+—,p+—
np pm mn

déu la cdc s6 nguyén.

Loi gigi. Gia sir ton tai cac sd hiru ti duong
1 1 1 S oya

m,n,p sao cho m+— n+—,p+— dcu la
np pm mn

cic sb nguyén. Pit a=mnp, khi d6 cac sO

a+l a+l a+l

) 14 cac sd nguyén nén tich cua
np pm

mn

3
ehfitigreting dlign 2id tringuyén, tirc & 12 +21) la
a

mét s0 nguyén, hay ton tai sé nguyén & sao cho

(a "'])J = kaz'

Tir 46 suy ra @ la nghiém hiru ti (duong) cua da
thirc monic hé sé nguyén:

g(.:c):()cﬂ)3 —hx® =x*+(3-k)x* +3x+1.
Sir dung hé qua 1, suyra a=1. Pidu nay din dén

s — = =2m la mot sb nguyén. Ly luin twong

np  hp
tu, ta ciing co 2n,2p déu la cac sb6 nguyén. Mat

khéc 2m.2n.2p=8mnp=8a=8=1.1.8=1 2.4=222.
Tir dé, ta nhan duoc cac b ba s6 hiru ti duong 1a
1 1 1 " ; s
(L1,1),] 2,=,1 ], 4=, | va cac hoan vi cua
2 2 2

chung.
Bai toan 10 [Kvant M1740]. Cho a,b,c la cac
56 nguyén duong sao cho

a’+b*+c? :(a--b)2 +(bfc)2 +(c—a)2.
Chirng minh rang ab,bc,ca va ab+bc +ca déu
la cdc s6 chinh phuwong.
Loi gidi. Didu kién bai toan co thé viét lai dudi
dang: a® +b* +c* =2(ab+bc +ca)

o a*-2(b+c)a+b’ +c" —2bc=0.

Xem bidu thic trén 14 mdt phuong trinh béc hai 4n
a,taco: A=4(b+c) —4(b* +c* —2bc)=16bc.
Vi phuong trinh (An a) trén c6 nghiém hiru ti
(nguyén) a nén theo hé qua 3, suyra A= 16bc 1a
s6 chinh phuong, hay bc 1a sb chinh phuong. Lap
ludn tuong tu, ta cling c¢6 ab,ac déu 1a cac s
chinh phuong.
pat be=x" (xeN), khi 46 a=b+c+2x hay
b+c=ax2x.Suyra:

ab+bc+ca=x"+a(b+c)

=x2 +a(aiZX)=(a-i_-2x)2_.

Bai toan dugc chimg minh.

TOAN HOC
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Bai toan 11. Cho da thire f(x)=ax’ +bx+c ¢
cde hé s6 déu la cdc s6 nguyén lé. Chimg minh
rang f khéng co nghiém hiru 1.

Loi gidi. Gia st f ¢6 nghiém hiru ti, sir dung hé
qua 3, suy ra A=>5b"—4ac 1a sb chinh phu0‘r‘1g 1é
(vi b 18). Do d6 A=1(mod8). Vi a,b,c déula
céc 56 nguyén 1é nén ta c6 thé dit;

a=2m+1,b=2n+lc=2p+1(mn,peN).
Khido : A=b"—4ac=(2n+1) -4(2m+1)(2p+1)

= 4n’ +an+1-4(4mp +2m+2p +1)
=4n(n+l)-—l6mp~8(m+p+l)+5.
Suy ra A=5(mod8), mau thudn véi két qua
A=1(mod8).Viy f khong thé c6 nghiém hiru
ti.
Bai toan 12. Cho f I mét da thie co hé s6
nguyén va thoa man diéy kién ‘f(a)l =|f(b)] =1,
Vo1 a,b la cac sé nguyén phan biét.
a) Chung minh rang néu la=b|>2 thi f khéng
co nghiém hiru i,
b) Ching minh rang néu la —b] =2 thi [ nghiém
+b

~ .4, a
hitu ti la

Loi gidi. a) Gia st x=L((p,q) =1), 14 nghiém
q
hia ti cia f, sir dung hé qui 4, ta co:
f(x)=(qx—-p)g(x), trong d6 g(x) ciing la da
thirc hé sb nguyén. Suy ra:
1=|7(a)=[(9a~ p)g(a)| =lga - p| |g (a).

Tir d6 dan dén |qa—p|=|g(a),=l. Tuong tu ta
cling ¢6 |gb - p| =1 Tir day, ta c6 danh gia;
|qa-qb|=\(qa-p)—(qb~p)l
<laa=pltlgp-pl=2 (v
hay |glla-b|<2.
la-bl<2, vo ly.

b

Chu v re"mg [q[kl nén

38 TOAN HOC

b) Tir dénh gid trén, ta da c6 [g|la—8[<2. v
la—b|=2 nén suy ra |g|<1. Mét khic IqJZI, do
d6 ta phai c6 déng thic |g|=1. Khi d6 dang thi
& (*) xay ra, tic 1a ga—p va p—gb cing diy,
Chu y ring, lga - p|= lgb— p|=1 nén

ga-p=p-gbq(a+b)=2p
p a+b
— =

q 2

_a+b

Bai toan 13. Cho f(x)=ax’+bx* +cx+d |
mét da thire hé sé nguyén véi ad la s6 16 va abe la

s6 chan. Chirng minh rang f (x) ¢ nghiém vé

Loi gigi. V6i i =1,2,3, gia st cac nghiém X clia

i

f(x) déu hiru ti, dat x, :&, voi (p,.,q,)zl. Str
q

dung dinh Iy nghiém hiru ti, ta 6 pld vigla.

Vi ad lénénsuyra p,,q déule. Ap dung dinh ly
Viéte, ta co:

b
——_—_x1+x2+x3:.&+!?_3+&

g 9 4, 93

=299 + 229145 + P99, _ B

VILELS a

c
;‘—‘1‘1)62-f-.JtL‘z)c_,'+;c3xI :&_&_f__&_&_,_& _P_L—_--}i

9@ 4 gq, 7 g, q Q
trOﬂgdé (ﬂ,a):(}/,a)zl'

]

Chi ¥ rang cac gig Pisq; (i= 1,2,3) déu 1¢ nén
@, f.y deulé, hay abe Ja (mau thuin),
Bai toan 14. Chp 5> o la mot

-l . : SO nguyén dirong.
Chitng minh rang da thire

x)= " n—1 n-2
f() X0+ 2x" 43y +o.tnx+n4+1

khéng c6 n ghiém hipy 1
Loi gigi. Giz g g ié

81t Gia st f ¢4 nghiém hiru ti. Vi S lada
thic monic h¢ ¢4 ,,

g guyén nén theg hé qua 1, moi
nghiém hin, ¢ cla

J déu nguyén, Nhan thdy ring

X = l A \ " ;
khong 13 nghiém cua da thirc f nén ta c6

bién d61
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j‘(x);-(x" +x b x ) (x4 1)+

.xn44 __1

x—1

x—1

i

x" =1 xl—]
o

x—1 x—=1 x-1

o

x—

;‘—n—2=x"’3—(n+2)x+n+1
(x=1)

Do d6, nghiém cua fcing la nghiém cua

x-1

g(x)=x"?—-(n+2)x+n+1 va nguoc lai, hay
moi nghiém (hitu ti) cua da thic g déu nguyén.
Chu y ring —1,0 déu khéng la nghi¢m cua g (x).
Ta s& chimg minh moi nghiém r=1 cua g(x)
déu thoa mén |r| < 2. That vay, gia st |r|> 2. Khi
dé:
2" |r] S!r"‘]!irl =ir’“:‘=!(n+2)r-(n+1)l
s(n+2)]r|+(n+1)<(2n+3)|r|.
Suy ra 2" <2n+3, nhung diéu nay khong thé
xay ra voi moi n>2. Viy ta phai co |r|<2. Vi
r nguyénnén r e {-1,0}, vo ly.
Bai toan 15 [Japan MO, 2009]. Cho P(x) la
mot da thic hé sé nguyén va nz0 la mot 56

nguyén sao cho P(n’ ) =0. Chirng minh rang voi

moi 6 hicu ti dieong @, ta deu cé P(az ) =1,

Léi gidi. Pit degP=d va P(x)=(x-n*)0(x),

trong 46 Q(x) la da thac hé s6 nguyén. Gia su

tdn tai sb hiru ti duong a =£,(p,q)=l sao cho
q

X
ey

J la mét da thuc
q

Vi degQ=d 1 nén QZ‘HQ[

2

hé s6 nguyén. Do do qz‘HQ(%—J 12 mot sd

. 38 i ol e i
nguyén hay p° —g’°n’ 1a udc so cua g™ .

Vi (p,g)=1 nén (q,pz—qznz)zl hay

(C]M,pl—q:nz)=1. Suy ra:

pr—gn*=(p—qn)(p+qn)==l.
Vi p,g,n déu la cac s6 nguyén duong nén khong
thé co p+gn=+1. Mau thudn nay két thic bai
toan.
Cudi cing 1a mét sb bai tap tu luyén.
Bai tap 1. Tim cac nghiém hitu ti cua da thuc

f(x)=3x"+5x" +x* +5x - 2.

Bai tdp 2. Ching minh rang s6 a=13++3+ 3

14 mét s6 vo ti.

Bai tip 3. Cho f(x) la da thirc c6 bac chin va
cac hé sb déu 1a cac sb nguyén le. Chimg minh
rang da thirc nay khong c6 nghiém hitru ti.

Bii tap 4 [Ukraina MC, 2016]. Co ton tai hay
khong s6 thue x dé cac s x++2 va x*++2
déu la cac so hiu ti?

Bai tip 5. Cho abe la mét s6 nguyén t5. Chimg
minh ring da thic f(x)=ax’ +bx+c khong co
nghiém hitu ti.

Bai tip 6. Cho x,y lacac s6 nguyén khac —1 thoa
241y +1

man +

14 mot sb nguyén. Ching
y+1 x+1

minh ring x*° —1 chia hétcho y+1.

Bai tap 7. |Belarus 2017]. Cho sb nguyén k> 2.
Gid sit aya,..a, la biéu dién duéi dang thap phan
cia 65°. Ching minh

n n-1
P(x) =ax"+ax"" +..+a,_x+a,

thirc
khéng co

réng da

nghiém hiru ti.

TOAN HOC
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‘MOT TINH CHAT

3
Ay

cUA ELIP

b ¥

\\

VE HAI BUGNG KINH LIEN P |

R

-

P

Phat biéu tinh cht: Dién tich cua hinh binh hanh

5

AL LA . V , i Lo
noi tiep trong eli oT = Vlon nhat khi hinh
¥

binh hanh c6 hai dwong chéo la hai dwong kinh
lién hop cua elip va dién tich do bang 2ab.

Cich chirng minh bang phuong phdp cue tri

Xét hinh binh hanh MNPQ bt ky, néi tiép trong
2 2
elip c6 phuong trinh: ——+£—— 1.
P

Nhéc lai rang hai dudng kinh cta elip duoc goi 1a
lién hop néu méi duong kinh s& chia doi nhing
ddy song song v&i dudng kinh con lai. Ta cling cé
két qua: Véi elip co6 phuong trinh chinh tic trén,
néu hai duéng kinh c6 phuong trinh y = kyx va
¥ = kox thi hai duong kinh d6 1a lién hop khi va chi
bZ

!
a

khi kk, =

Xét duong kinh MP bat ky va c6 dinh, mot dudng
kinh NQ quay quanh tdm O. Dé tinh dién tich hinh
binh hanh MNPQ, ta tinh dién tich AMON.

Goi k 1a hé sb goc cua duong thing OM va 1 14 hé
s6 goc ciia duomg thing ON. Pudng thing OM c6
phuong trinh; y =
phuong trinh: y = .

kx va dudong thing ON co

Vi M 14 giao diém cua elip va duong thang OM
nén toa d¢ diém M 1a nghiém cua hé phuong trinh:

2 2
+

,H
,\<

[¥3

T o

=1

< 8

TOﬂN HOC
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M :

i
NGUYEN BA TRINH,
(TP. Ho Chi Mink),
S S e
2 _ a’h’
M T 377 42
Giai hé ta duoc: a 12€ 2+;‘; .
y t= a'bk
S S
X 2 aZbZ
Tuong tu ta co: at +b"
2522
p P ab’t
N 22 2
YA —
e IV
YN e
2 o Y =kx
»" a - :
- ’ O¢ Xpn XM -’x
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Dat o 14 56 do goc gitta OM va ON, S 1a dién tich

, 1
AOMN, ta cé: SZ=ZOM20N2sin2a (D).
Ta co: OM* =x*, +y, =—2£22£2-— —azizf_
aTh+B P2 g2
_ @b (1+ k%)
Ty
Tuong trta co:  on? =___~_a2b2(1+t2) 3
2 2 +b2 ( )
Thay s < =k
ay tana = tan(OM,0N) = Topg Vo dang thirc
tan’® o
sin’ o = 5
m—— ta co:
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P (0.0} (k)
ol a_(l+kt)2 +(t—k)’ —(1+k2)(1+t2) @).
T (1), (2), (3), (4) suyra:
§? o 1 a's (t—k)? ).

T4 K8 A+

Ta cé SMNPQ = 4S5xr0my nén dién tich hinh binh

hanh MNPQ 16n nhit khi dién tich tam giac OMN

1én nhét, nghia 14 khi $* 16n nhét.

Trong biéu thirc tinh $%, vi dudng thing OM cb

dinh nén k& khong d6i, kéo theo biéu thirc
a‘b’

e khoéng d6i. Vay dién tich hinh binh
a +

b2
\ r A . cA , (t _k)z r
hanh MNPQ 16n nhat khi biéu thic ————-16n
at +b
(—ky’
a’t’ +b°
L 2@+ b)Yt —k)-2(t-k)a’t
Y (a.'!l.'! +b2)2

nhat. Pat y= . Ta cé:

_2At-k)(&’F +b°) - a1t —k))
- (HZIZ +b2)2
_2At-k)akt+b%)

- (azt: +b2)3 :

t=k
Y'=0o(t-k)(a*kt+b*)=0 = B2 .

@k

Ta xét dau dao ham Y.
s Truomg hop k # 0.

-Néu % >0 tac6 bang bién thién:

I ]

! | —o ——
a’k

8| —

-Néu k<0 tacé bang bién thién:

bZ
4 —00 k - 7 +o0
y' - 0 + 0 -
1 a*k* +b°
:17 a’b’
2
a
L ]
Tir hai bang bién thién ta thay:
_p? B2
y dat cuc dai khi t=—— (6) <= kt = o

a
Piéu d6 c6 nghia 13 hai dudmg chéo MP va NQ
ctia hinh binh hanh la hai duéng kinh lién hop cua
elip. Gia tri cuc dai (hodc cyc tiéu) c6 thé tinh

2
vao ham

truc tiép bang cach thay t =k, t=— =y

y nhung cling c6 thé tinh theo céach sau, chang han
véi k> 0 thi:

_ (rfk)2 _i_u_'_Z(t—k)
P PP+ v ¥ 2a’t
_p?
2| —— -k
_ (alk J—alk2+b2
2a’t o a’t’
aZ

D& thiy ring véi k > 0 (hoic k < 0) thi

a’k’ + b’ 4o d6 e = .
—'—;'27)2—'—> T 0 dO Ycp = Maxy vol1 mo1 /.
Khi d6 theo (5) ta co:
474 s 2
s o0 aR B L
4 a'k”+b ab 4

= maxJ$ :lab = max S, =45 =2ab.

o Truong hop k=0. Theo (6) thi ¢ khong xac
dinh. Day la truong hop hai duong kinh MP va
NQ nam trén hai truc toa d6 va hinh binh hanh
MNPQ‘ tr¢ thanh hinh thoi c6 dd dai cac dudng
chéo bang dc}\d:‘ai cac tryc cua elip 1a 2a va 25 va
c6 dién tich bang 2ab.

Vay tinh chét da duoc chimg minh véi moi £

S3 s3eibereatitie a@-ﬁ%@ﬂg




TIENG ANH QUA CAC BAI TOAN
BAI SO 71

PROBLEM. Consider the function
fi(=0;2) > (3;4+0), f(x) = xt—4x+1.

Denote f~'(x) the inverse function of f(x).
Solve the equation f(x)= ["(x).
Solution: Notice that the graph of the inverse
function y=/f"'(x) can be obtained by
reflecting the graph of the original function
y=f(x) inthe line y=x.

Hence the solution of the equation
f(x)=f"(x)(1), if exists, must be the
solution of the equation f(x)=1x.
f(x)=x, or
x* =5x+1=0 (2). The equation (2) has two

Consider the equation

+21

solution x= . However, we can only

accept the solution which lies in the domain of
/. Therefore equation (1) has only one solution

5-21

2

TU VUNG

inverse function : ham nguroce

graph 2 do thi
reflection (in the line) : doi xung (qua dwong thang)

domain 2 lap nguon

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

*******************-k‘k******************'k'k***********:‘f:‘:*****:’:********************‘**'k

BAI DICH SO 68

BAI TOAN. Khoang thoi gian T dé lam mét cai
hop la 5 phut, khi ta lam tron dén phit. Gigi
han khoang thoi gian lam 20 cdi hop la bao
nhiéu?
Loi gidi. D& lam mot cai hop, thoi gian thuc té
T cin la nira doan dong [4.5 ; 5.5). Do d6 can
dudi thoi gian 1am 20 cai hop la:

20 x 4.5 =90 phut,
va cén trén thoi gian 1am 20 cai hép la:

20 x 5.5 =110 phat.
Vi vay céu tra 11 12 90 phut va 110 phat.
f\fhén xét. Céc ban sau c6 bai dich tét, guri bai
Ve Tda soan sém: Trdn py, Qudn, 11 Toén 1,

THPT chuyén Hung Yén, Hung Yén; P46

TOAN H ;
42 P cl'umgc: S6 530(8-2021)

Ngoc Tién, 9A3, THCS Lam Thao, Lam Thao,
Phi The; Vin Ngoc Binh, 10 Toan 1, THPT
Thira Thién Hué,
Nguyén Hing Cuong, xia Nhon My, TX. An
Nhon, Binh Dinh.

chuyén Quéc hoc Hué,

HO HAI (Ha Néi)

e )
g’ __8' -)Math Jokes

SN

A mathematiciap and his
attend a public lectu
dimensional space.

"How did yoy like if?"

best friend, an engineer,
T¢ on geometry in thirteen-

the mathematician wants to

know after the talk.

n 1 s H

CZI?y head's SPInning", the engineer confesses. "How
: yt.m develop any intuition for thirteen-

dimensiona] space?"

"Well, it's not even difficult. 4}

Situation in arbit ]
rary N-dj ]
setN =13 ” e

I do is visualize the
onal space and then

https://tieulun.hopto.org



=(a+b;c+d) Q.
2a+b+c+d)
s’ g - ‘\’\&,’ T (1), (2) suyra N 2 (axbres 3
(HIEU €A CH AT ) {a#botomhd)
\

CHCI MOT BAITD N _ T LI I
i c+d d+a a+b

b+c

i el d dvaar
Q= + + Ee

BAI TOAN 51. Cho bon so thue diwong a, b, ¢, d. - b+c c+d d+a a+b
Chitng minh rang Dé thiy P + O = 4. Theo BDT Cauchy ta dugc:

a+b b+c c+d+d+a

_______

a b ¢ d
t—— 2 _>2 N+P="""x4
b+c c¢+d d+a a+h b+c c+d d+a a+b
Li gidi. Goi vé trai cua BDT dé ra 1a N >4§/(a+b)(b+¢)(c+d)(d+“) ol
2 2 2 2 - b+clc+d)d+a)la+b ’
Cich 1. Vi N= : 7 b ¢ d (b+e)e+d)(d+a)(a+b)
alb+c) blc+d d+ d(a+! .
( (¢ ) ﬂ‘) (a+b) N+Q:a+c+b+d+c+a+d+b
b+c c+d d+a a+b

nén theo BDT Schwarz ta cé:

2
(a+b+c+d) | _(Mc)[ 1 ] (b+d)[ 1 J
ab+ac+bc+bd +cd +ca+da+ db brc d+a c+d  a+h
Xét tinh dtng din cua BDT sau: Theo BDT Schwarz ta co:

(a+b+c+d) 55 N+O> 4(a+c) + 4b+d) _
ab+ac+bc+bd+cd+ca+da+db atb+c+d a+b+c+d
bay a*+b° +¢* +d* +2ab+2ac+2ad +2bc+2bd +2cd D040 N+P+N+Q>8 hay N>2.
1 1 1 1

>2ab+4ac+ 2 ,
1 a +’ac+ be +4bd + 2cd + 2da Cich 4. Dt P= _ . B |
e (a-c) +(0-d) 20. b+c c+d d+a a+b

N2

Bat dang thic cuf“')i Cl:mg ndy hién nhién ding. Ta co6: N =("’ +5 LA a)__ 1+ aP
Suyra N 22. Dau bing cua bai toan xdy ra khi va ¢+d d+a atb
Cidch 2. Theo BDT Schwarz ta cé: = e e+
" ¥ B .2 7 Theo BDT Cauchy: N>3—-1+aP=2+aP (3)
= T IR,
a(b+c) b(cvd) c(d+a) d(ath) , N23-1-bP=2-bP (4).
(a+bses gV Néu P>0 theo (3) ta duoc N>2. Néu P<0
+
> Gd) theo (4) tadugc N >2. Tomlai N>2.
a(b+c)+b(c+d)+c(d+a)+d(a+b) b e . d
(a+b+c+d Cach 5. Dat P= + ¢ a .,
) (1 b+c c+d d+a a+b’
(a+c)(b+d)+2ac+2bd ' = d - b
= + =
Mat khéc theo BDT Cauchy ta dugc: b+c ,C+fi d+a+a+b'
(a+ c)(b+ d)+2ac+2bd Theo BDT Cauchy cho bén s thi:
a+tb b+c c+d d+
2 2 N+P= € a
<(a+c)(b+d)+(azc) +(b+d) b+c c+d d+a+a+b24'
2 Ma P+Q=4=N2Q Theo BT Schwarz ta c;

ss bidssdfijeulAdIoR of




(a+c) (b+d)’
N+Q=(a+c)(b+c) +(b+d)("+d)
,_(cxay (d +b)
(c+a)d+a) (d+b)a+b)

S (a+c+b+d+c+a+d+by
T (a+c)b+c)+(b+d)c+d)+(c+ald +a)+(d +b)a+Db)

2
:4(a+b+c+a’)j =4 Viy N>2.
(a+b+c+d)y

Cach 6. Pit
b c d a
) - + +
b+c c+d d+a a+b
c d a b
+ +
d+a a+b

= +
b+c c+d
Dé thiy P+0=4.
(a+b) . (b+c)2
(a+d)(b+c) (b+c)(c+d)
(c+ai')2 s (d+a)

(c+d)(d+a) (d-i-a)(a-i—b).

Theo BDT Schwarz ta cé:

+P> (a+b+b+c+c+d+d+a)
(a+b)b+c)+(b+cXe+d)+(c+d)d +a)+(d +a)la+b)

3

_Ma+b+c+d)

" (a+b+c+d)} W
N+Q= (a+c) (b+d)
(a+c)b+c) (b+d)c+d)
N (c+a)’ (d + b
(c+a)d+a) (d+b)a+b)
Theo BDT Schwarz ta co:
N+Q> (a+c+Jb+c.v'+c+_a+_d’ﬂb)2

“(a+e)b+c)+(b+d)Nc+d)+(c+a)d +a)+(d +b)a+h)

_YUa+b+c+d) _4
(a+b+c+d)

T (5),(6)suyra: N+P+N+(Q>8 hay N >2.

Chi y. Nam 1954 nha Toan hoc ngudi My
H. Shapiro di mé réng bat ding thirc Nesbitt thanh

(6).

gia thuyét: Voi X3 Xy, X, ld 1 56 thic dirong thi

X o X,

o
ot T ().
x+x, 2

Ngdy nay gia thuyét (*) duoc goi 13 BRT Shapiro,
song phai mat nhi€u ndm sau d6 cic nha Toén hoc

TOAN H
44 i Cl'uﬁiocl!:é S8 530(8-2021)

X, +x, X +x,

moéi chimg minh dugc BDT Shapiro diung ¢ mot 50
truomg hop riéng trong d6 con =4, 5, 6.
Qua that bat dang thirc Shapiro véi hinh thirc don
gian nhung dé chimg minh dugc né cé ding hay
khéng véi n tw nhién tay ¥ lai 1a mét diéu khéng don
gian. Sau gin 4 thap ky, tinh tir ngay gia thuyét (¥)
do Shapiro dé xuat, vao niam 1989 nha Toan hoc
Troesch da két thuc cong cudc tim kiém 161 giai bai
toan bing viéc sir dung todn hoc cao cip cling mdy
tinh sd hién dai, ching minh hoan tat dinh 1y sau dy
“Bir dang thire Shapiro diing voi moi n chdn, n < 13
va n le, n < 24, con vdi moi gia tri khac cua n thi bat
ding thirc Shapiro sai .
Bit dang thic Shapiro ngay ca trong trudng hop don
gian nht khi #n = 4 (bai toan néu trén) cling da la mot
bai toan dep hay va khé chimg minh. Lot gidi cach 1,
2, 3 dugc tac gia suu tim tir nhiéu ngudn tai lidu
khéc nhau, cach 4 dugc tac gia dua ra ding trong
Tap chi TH&TT sb 270 thang 12 nam 1999, cach 5
do tac gia méi tim ra trong thoi gian gin day.
| NGO VAN THAI

(T6 9, phuong Hoang Diéu, thanh phé Thai Binh)
Nhdn xét. Ngoai 6 cich gidi trén cua ban Ngé Vin
Thai, ngudi gidi thiéu dé toan, cac ban sau ciing
déng gop mét sé cach giai twong tw nhu nhimg cach
giai trong bai viét: Nguyén Van Huy, 11 Toan 1, L&
Thuy Tién, 11 Toan 2, THPT chuyén Quéc hoc Hué,
Thira Thién Hué; Truong Quang An, t6 2, hém 70/5
V& Thi Sau, phuc‘mg Chanh Lo, TP, Quéng Ngii,
Quéing Ngii; Nguyén Himg Cuong, xi Nhon My,
TX. An Nhon, Binh Dinh. Xin hoan nghénh cac ban

LE MAI (Ha Ngi)
Moi cac ban giri 1di giai BA] TOAN 53 dusi day

vé Toa soan Ta i
: ap chi TH&TT ¢ ;
30.9.2021. uoe ngly

BAI TOA 5
5 TOA,N SC’L Cho ba 56 thyc dvong x, y, z. Tim
81 i nho nhét cug pidy thire
po X+ 4z}
XY +2yz 4+ zx

NGUYEN VAN xA
(GV THPT Yeén Phong 56 2, Bic Ninh

https://tieulun.hopto.org



(a+c) (b+d)y
N+Q=
(@a+c)b+c) (b+d)c+d)
(c+a) (d+b)
(c+a)d+a) (d+b)a+b)
> (a+c+b+d+c+a+d +bY
- (a+c)b+e)+(b+dXc+d)+(c+aXd+a)+(d +b)a+b)
=4(a+b+c+d)" —4 Vay N>2.
(@a+b+c+d)
Cach 6. Diat
b c d a
= + + +
b+c c¢+d d+a a+b
c d a b
= + + -
b+c c¢+d d+a a+b
Dé thiy P+ =4.
CET (o)
(a+b)(b+c) (b+c)(c+d)
(c+d)z (a’+ar)2

(c+d)(d+a) (d+a)(a=b)
Theo BDT Schwarz ta c6:

(a+b+b+c+c+d+d+a)
(a+b)(b+c)-r(b+c){c+d)+(c+d)(d+a)+(a'+a)(a+b)

N+P>

:4(a+b+c+d)2: &
(a+b+c+d)
_ (a+c) (b+d)
(a+c)b+c) (Bxg)c+d)
(c+al' X (d +b)*

+ ;
(c+a)d+a) (d+b)a+bd)
Theo BDT Schwarz ta co:

P (a+c+b+d+c+a+d+hy
+Q’(a+c)(b+c)+(b+d)(c+ d)+(c+a)(d+a)+(d+b)a+b)

_Matbtc+d) o
(a+b+c+d)

Tu (5),(6)suyra: N+ P+ N+(QJ=8 hay N=2.

Chi y. Nam 1954 nha Toan hoc ngudi My

H. Shapiro d3 mé rong bét ddng thirc Nesbitt thanh

(6).

gia thuyét: Véi XXy, X, ld n 56 thire duong thi

X %x x
L——2 4 4T
X, + X,

n
>= (%)
x+x, 2

X, + X,
Ngay nay gia thuyét (*) dugc goi 14 BPT Shapiro,
song phai mit nhiéu nim sau dé cac nha Toan hoc

TOAN H
44 Ci'udict;g

S8 530(8-2021)

m& ching minh dugec BDT Shapiro ding & mot $0
truong hop riéng trong dé co6n =4, 5, 6.
Qua that bat dang thic Shapiro véi hinh thirc don
gian nhung dé chimg minh dugc né cé ding hay
khéng véi n ty nhién tuy v lai 1a mét diéu khéng don
gian. Sau gan 4 thap ky, tinh tr ngay gia thuyét (*)
do Shapiro d& xuat, vao nam 1989 nha Toan hoc
Troesch da két thuc céng cude tim kiém 107 giai bai
toan bang viée st dung todn hoc cao cép ciing may
tinh 56 hi¢n dai, chimg minh hoan tt dinh ly sau day
“Bat dang thirc Shapiro ding véi mei n chan, n < 13
va n le, n <24, con vdi moi gid tri khdc cua n thi bdt
dang thire Shapiro sai ™.
Bit dang thirc Shapiro ngay ca trong trudng hop don
gian nhat khi 7 = 4 (bai toan néu trén) ciing da la mot
bai toan dep hay va khé chirng minh. Loi giai cach 1,
2, 3 duoc tac gia swu tim tir nhiéu ngudn tai lidu
khic nhau, cach 4 duoc tic gia dua ra ding trong
Tap chi TH&TT s6 270 thang 12 nim 1999, cich 5
do tac gia méi tim ra trong thoi gian gin day.
NGO VAN THAI
(T6 9, phuong Hoang Diéu, thanh phé Thai Binh)
Nhdn xét. Ngoai 6 cach gidi trén cia ban Ngé Ven
Thdi, ngudi gi6i thiéu dé toan, cic ban sau ciing
dong gop mét sb cach giai twong tu nhu nhimg cich
giai trong bai viét: Nguyén Van Huy, 11 Toén 1, Lé
Thiy Tién, 11 Toan 2, THPT chuyén Quéc hoc Hud,
Thira Thién Hué; Trieong Quang An, td 2, hém 70/5
V6 Thi Sau, phuémg Chanh Lg, TP, Quang Ngii,
Quing Ngai; Nguyén Hing Cuong, xa Nhon My,
TX. An Nhon, Binh Binh. Xin hoan nghénh cac ban

LE MAI (Ha Ngi)

Méi cdc ban giri 101 gidi BAI TOAN 53 dudi day
vé Toa soan Tap chi TH&TT truéc ngay
30.9.2021.

BAI TOAN s53. Cho ba 56 thyc duong x, y, z. Tim

814 tri nho nhét ciiq bidy thirc

2 +y2 + 22
e g Tk
XY+ 2yz + zx

P=

NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Béc Ninh

https://tieulun.hopto.org
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QUAN HE GIUA ... (Tiép theo trang 10)

4. Cho A4BC nhon ndi tiép dudng tron (O). Céac
duong cao AD,BE,CF cit nhau tai 4 . Pudng
thing EF cit duong tron (O) o M va N (F
nam gita £ va M). Ching minh 4M la tiép
tuyén cua dudng tron ngoai tiép AMDH.

5. Cho tam giac 4BC nhon (4B < AC). Goi
D,E,F lan luot 1a chan cac duong cao ke tir
A4,B,C . Goi P la giao diém cua BC va EF .

Qua diém D ke duong thang song song voi EF

cit cac dudng thang A4B.AC.CF lin luot tai
O,R,S . Chitng minh:
PB DB ,
a) E=H(~; va D la trung diém cua OS;

b) Puong tron ngoai tiép tam giac POR di qua
trung diem cua BC.
6. Cho A4BC nhon (AB < AC) ¢6 truc tim H ,
ndi ticp trong dudng tron tim O, dudng kinh
AA4'. Goi 4D la duong phan gidc trong cua
BAC (D e BC): goi M,I lin lugt 1a trung diém
cua BC va AH.

a) Lay X la diém déi xmw vé1 H qua duong
thang 4D . Chirng minh X nim trén duodng thing
AA'

b) Chimg minh dudng thing /M di qua hinh
chiéu Vuong géc cua A 1én dudng thing 4D .

¢) Goi £ la giao diém ciia 4D va HM . Buong
thing HK cit AB,AC lan lugt tai Q,P. Chimg
minh O, P lin luot 14 hinh chiéu vudng goc cua
E lén AB, AC.

7. Cho AABC nhon néi tiép duomg troén (O) cob
duong cao AN va CK . Pudng tron ngoai tiép
ABKN cit duong tron (O) tai M (M khic B).
Goi E la trung diém cua doan thing AC .

a) Chimg minh EK la tiép tuyén cua dudng tron
ngoai tiép ABKN.

b) Chirng minh EM 1L MB.

8. Cho A4BC nhon cac duong cao BK va CL
cit nhau tai H , goi M la trung diém canh BC.
Mét dudng thing di qua H cit AB, AC lan lugt
tai P,Q. Chimg minh ring HP = HQ khi va chi
khi MP = MQ.

9. Cho A4ABC voi AB < AC va cac duong cao
AD,BE,CF ; goi EF cat BC tai G. Goi K la
hinh chiéu cia C trén AG; 4D cit CK tai H;
AC cit HF tai L. Chiing minh ring 4 la tim
dudng tron ndi tiép hodc tim dudng tron bang tiép
tam giac AFKL .

(Bai nay duwoc viét nhéin ky niém 20 nam bai viét déu
tién cua tac gia dwoc dang trén Tap chi TH&TT)

*********#***************************************************************

-8
-

DAN NHAN
Doanh nghiép A chuyén ba thung hang miu quén,
40 cho ba ban hang khac nhau ¢ nudc ngoai qua
du('mg hang khong. Mgt thing gém cac mau quﬁn;
Mot thiing gdm cac mau 4o; mot thing co ca mau
quan va mau 40. Cac nhan déan véo céc thung hang
ghi rd dia chj nhan hang kém theo thdong tin:
MAU QUAN; MAU AO; MAU QUAN - AO.
Thét tr¢ tréu khi cac thung hang da duoc déng
chic chin, nhan da dén, da chuyén qua cua kiém

tra an ninh, nhan vién van chuyén chuin bi
chuyén hang ra may bay thi méi nhan dugc thong
tin khéng c6 thung hang nao dan ding nhan ca.
Maéi chiéc qui"m hoac 4o déu dugc dung trong mot
tai ni 1ong riéng (tii hang). Néu mo ndp thing
hang thi chi nhin thdy tii hang trén cing. Thei
gian con lai dé dan lai nhan cho cac thung truge
khi chuyén ra may bay chi dit dé m& ndp duoc
dung mot thung hang, thay déi lai cac nhan dag
vao céc thung hang cho ding va khéng dugc nhic
tai hang ra khoi thung hang. Lam thé nao cé thé
dan lai cac nhin cho cac thiing hang d6? Mai Cac
ban chi giup.

NGUYEN THANH GIANG
(Hung Yén)

S5z e DS A&



BAL TOAN 59 (Problem 10.2. 1996, the Winter

mathematical competitions in Bulgarvia). (o tam
giac ABC co R la ban kinh dinmg tron ngoai nép
Got Ry, R- lan (wert la ban AT il Cdd -f:”""_‘.;’ fron
(Ky) vl (A-), hai -ii"-'"f"j.' iron nav di gua C va 1 P Vhe(
ng thang AB twomg img tai A va B

a) Churmg munh rang ha so R,.. R, R

ap tnann maol

by Tinh Cat QO (Cld Tam 2l 1BC new dieen v Irow

rrep wiwe von (k) k) va dieemg thane AB co

D
7 4
Lai giai
//-_—_—\‘" ~
\.\\
/ “\‘
e ; lc__ 0,
P 7 A
/ P %
/ / // jf
() / \
1y Moy f‘/ !
| f / .,
*,) 1/ P (‘/ (k;)
v N ; / L
N T ~ Ty
' /
% 7
3 ra

a) Dit AB = ¢, BC = a, CA = b. Ki hi¢u O,, O; lin
lugt la tim hai duong tron (k). (k;). Khi d6 O, la
g1ao diem cua duong thang vudng goc voi AB tai
A va duimg trung tnye cua AC. Goi M la trung

diém AC thita ¢6: MAO, =|90° - 4, do do:

AM 4C
cos(90° — 4) 2sind

R=0A=

TOANHOC
46 *crusige  SSss0@-200

; h
Theo dinh li ham so sin ta ¢6: R, = R'u (1

Tuong ty: R, = R.—E (2).

Tu (1) va (2) suy ra: R R, =R Do do ba si K
R. R 1ap thanh mot cap sd nhan.

b) Goi O la tam duong tron tép xac voi (k). (k)
va dudmg thang 48. Ki hicu 7'1a dicm tiép xiic cua
duomg tron nay voi duong thing 48 va r la ban

kinh cua no. Xét hinh thang vuong A7O0, 1a ¢6

AT = (??T+ ry —=(R, - r)“"_ = Z\JrR r.

Tuong tyr:

BT = (R, +r)Y = (R, —r) =2,Ror.

Do do: ¢ = AT + BT =2/Rr +2/R.r. Suyra:

P
4(\:;[{‘ +-\,‘;R: ):
Surdung (1) va (2) ta duoc: r=——ub—; (3
4R(a~ by
Vi —iff—,sl va ¢’ <4R* nén tr (3) ta oo
(a+b)y 4

r< %R. Dau déng thirc xay rakhia = bva ¢ = 2R
Lic détacod A=B=45",C=90"
1’\’hg"rn.xét. Rat tiée la khong o ban nao gn bai wia
nay vé Toa soan.

NHU HOANG

Sau day ld bai tp de¢ nghi. Ban doc hay pin o gial
ve Toa soan TH&TT trude ngay 30,9202

BAI TAP DE NGHI
BAI TOAN 6l. Mot dicm rovig mal o
fJi" ‘ U

VUORNY 90N ,"'

dircre gol la diem ni
{mixed POty neu meof ”““,L’ hett ”,'r',‘,”'!
Cua NG la so e . thanh ’,,;,”,, ki la vo ve

it Cui oo A ER
tat ca cac du thiee venr he 3o thiee sao che Jdo . Wl

e Sk - o & . "
du thirc de lm)n«__" chitea bat kv Jiom hon b 10 b

KHANH HU'U (/75 A\ i)
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PAP AN NAO!
(Dé diing trén TH&TT 53 526, thing 4 nam 2021)

GIAI DAP:

Phin tich. Ban Thanh Trung sai & chd, ap dung két
qua: Cho dudng tron (C) ¢6 tdm 7, ban kinh R va
du'orng tron (C) ¢6 tdm I°, ban kinh R’. Diém A thay
dsi thugc (C), diém B thay d6i thugc (C"). Poan
thang AB c6 d6 dailénnhdtla IF + R+ R’ Vi A, B
khong cé rang budt nao thém. Con trong bai toan
nay thi, ngoai 4 thudc (C ), B thudce (C"), con thém
rang budt gita 4 va B la 04, OB vudng goc (O 1a
goc toa d§). Dé giai bai toan nay dung theo hudng
khai thac tinh chit hinh hoc trong sb phuc cua ban
Thanh Trung ta su dung kién thirc: Diém A thay déi
thuée (C) 6 tam /, ban kinh R. Diém M cb dinh, do
dai MA 16n nhit 14 MI + R. Ta sua lai bai giai cta
ban Thanh Trung nhu sau:

Loi gidi ding. Goi z; =x+yi (x,yeR), c6 diém
biéu dién 1 A(x; y), khi d6 theo gia thiét cua dé bai
ta cd 2, =—y+xi, c6 diém biéu didn 1a B(-y; x).
Khi 46: |z +1-i|=2 & (x+1)* +(y=1)" =1, suy
ra A thugc duong tron (C ) cé tam /(—1; 1) va ban

22 41-4=1

kinh R =1.Ta lai ¢6: |z, +1-i|=1
1

&z, +1+i =1<:>(-y-i-1)2 +(Jc~+-1)2 =1,
suy ra B thugc duong tron (C°) co6 tam I'(-1; -1) va
ban kinh R* = 1. Tir A(x; y) va B(=y; x), suy ra OA,
OB vudng goc. Khi d6, ta co:
|21~ 2, = 4B* = 04> + OB® <(OI + R)* +(OI'+ R’
S2AV2+1)? o |z - 7| < 2+42
Déu "=" xay ra khi va chi khi ¢6 4, B lan lugt thudc
OA=0{+R
OB=0I'+R""’

dung. Vay m=2++/2. Chon A.

Léi binh. Co thé 10i giai theo huéng cua ban Thanh
Trung chua tdi wu, tuy nhién, cach giai nay gilp ta
khai théc duge tinh chit hinh hoc ctia sé phirc dé giai
to4n tric nghiém vé sé phic. Co thé khong hay trong
bai toan ndy, nhung trong mot sb bai toan khac thi

(C ) va (C) thoa man { diéu nay

cach giai nay gip ta c6 két qua nhanh hom. Ta cé
thé giai bai toan trén theo hudng dai sé nhur sau:
Goi zy =x+yi(x,yeR) = z; =—y+xi. Khi do:
loy +1-i]=1 @ (x+1)" +(y=1)* =1. Vay tbn tai
teR dé x=-l+sinf vd y=1+cost. Do dé:

]zl —zz|2 =(x+y)2+(y—x)2 =2(x2 +J’2)

=2[3—2(sinr—cost)]:6—4—\Esin(t——§-).<_6+4\5.

Déu "=" xay ra khi 1.'=-——47E = m=+2+2, Chon A.

Nhédn xét. Cac ban tham gia bai nay da khong phat
hién dugc sai lim trong 15i giai.

TINH TONG !

Pé bai. Cho cé'p sé nhdn (u,) thoa man
Uy = 8u : 1 1 l
A0 1" . Tinh téng Doy Bt
uy + Ug = 272 U u2 Hoa1

Sau ddy la 16 gidi ciia ban Hai: Goi u,, g lan luot
14 s hang dAu tién va cong boi cia cip sé nhan (u,),
thi s hang téng quat1d u, =u,.¢""',Vn e N". Theo
gia thiét ta c6 hé:
19 16
=8uq

q q° =8 {q =2
u +uqt =272

ul(l+q4)=272® u =16

Suyra u, = u].q"" =16.2"" VneN". Do d6:
S. : i : + : +..+ 1
2021 = 16 162" 162 16.22020

1 - ,
Xét P—1+2—+2—+ .+———. Nhéan thay cac s

g 2020 °

hang cia P la mot cip sé nhin nén

2021
£
%) 3 1 1 1 2202! ]
P= l 1 =2 2020 =S001 "13[2_ 22020) 22024 »
2
Ban cé fim ra ddp s0 gibng ciia ban Hai khong?
NGUYEN VAN XA

(GV THPT Yén Phong s6 2, Béc Ninh)

S3 sprpastie a@ﬁﬂ%&mg




GIAI DAP: PAP AN NAO!

(Dé diing trén TH&TT sé 526, thing 4 nim 2021)

Phdn tich. Ban Thanh Trung sai & chd, ap dung két
qua: Cho dudng tron (C) ¢6 tdm I, ban kinh R va
duong tron (C*) ¢6 tdm I”, ban kinh R’. Diém 4 thay
doi thuée (C), diém B thay ddi thude (C). Poan
thang AB ¢4 46 dai lon nhét 13 IF + R+ R. Véi 4, B
khéng c6 rang budt nao thém. Con trong bai todn
nay thi, ngoai 4 thudc (C ). B thudc (C’), con thém
rang budt gita 4 va B 1a 04, OB vuéng goc (O 1a
gé}c toa dg). bé giai bai todn nay ding theo hudng
khai thac tinh chét hinh hoc trong sé phitc cua ban
Thanh Trung ta su dung kién thirc: Diém A thay déi
thude (C) ¢6 tam /, ban kinh R. Diém M ¢4 dinh, do
dai MA 16n nhét 1a MI + R. Ta sua lai bai giai cua
ban Thanh Trung nhu sau:
Loi gidi diing. Goi z;=x+yi (x,yeR), c6 diém
biéu dién 1d A(x; y), khi d6 theo gia thiét cua dé bai
tacd z, =—y+xi, c6 diém biéu dién 1a B(-y; x).
Khi d6: \z1 +1—i[=2 = (Jc+1)2 +(y—1)2 =1, suy
ra 4 thugc dudng tron (C ) ¢6 tdm J/(—1; 1) va ban

=S

kinh R=1.Talai ¢6: |z, +1-i|=1<
I

Sl +1+i =1 (—y+1)° +(x+1)° =1,
suy ra B thuéc duong tron (C’) ¢é tdm I’(-1; —1) va
ban kinh R” = 1. Tir A(x; y) va B(-y; x), suy ra O4,
OB vudng goc. Khi do, ta co:
2= 2,[" = 4B = 04> + OB® <(O1 + R)* +(OI'+ R')?
SAV2Z+1) e |z -z £ 24 V2.

Diu "=" x4y ra khi va chi khi ¢6 4, B lan lugt thuge
OA=0+R

, diéu nay
OB =0!l'+R'

(C) va (C’) thoa man {
ding. Vay m=2++/2 . Chon A.

Léri binh. C6 thé 161 giai theo hudng cua ban Thanh
Trung chua t8i wu, tuy nhién, cich giai nay gitp ta
khai thac duoc tinh chét hinh hoc cia sé phirc dé giai
toan tric nghigm vé sb phitc. C6 thé khong hay trong
bai toan nay, nhung trong mot sd bai toan khac thi

cach giai nay giGp ta co két qua nhanh hon. Ta c6
thé giai bai toan trén theo hudng dai sO nhu sau:
Goi z; =x+yi (x,ye R) = z, =—y+xi. Khidé:

|z +1-4 =1 c>(x+1)2+(y—l)2=1. Vay ton tai
teR dé: x=-1+sint va y=1+cost. Do doé:

’Z: -22’2 =(x+y)2+(y~—x)2 :2(x2+y2)

:2[3-«2(sint—cost)]=6—4ﬁsin(r—%).<_6+4\/§.

Diu =" xay ra khi z=—§ = m= \/E-F 2. Chon A.

Nhin xét. Cac ban tham gia bai nay d3 khong phat
hién duoc sai 1am trong 1o giai.

KIHIVI

TINH TONG !

D¢ bai. Cho cdp s6 nhan (u,) thod man

{1!20 = 8H17

Tinh tong S. IR R
. Tinh ton s, ;
U +us =272 & L1

4 W Lol
Sau ddy la 16i gigi ctia ban Hai: Goi u;, g lan luot
14 56 hang dau tién va cdng bdi cua cép s6 nhan (u,),
thi s hang tong quat1a u, =u,.g"",Vn e N". Theo
gia thiét ta c6 hé:

{u‘qlg =8uq'° 7= {Q=2

) i 5 ;
uy +ugt =272 u1(1+q)::272 u =16

Suyra u, =u;.q" "' =16.2"" VneN". Do dé:
Ssasq = L + ! + ! At etk :
706 162" 1622 162200

(1,1 1
—E +2—1+-2_2_+'"+22W A

1 5 g
Xét P=l+§+"27+---+'255)‘— Nhén thiy cac sb

cia P 1a cip sd

hang mot nhin nén
2021
1-[—1—]
2 1 1 1 22021y
= =2 = i T P
P I 27030 =80 ] 6(2 22020}———202 —
bt 2
Ban cd tim ra ddp 56 giong ciia ban Hii khong?

NGUYEN VAN XA
(GVTHPT Yén Phong 56 2, Béde Ninh )

TOAN HOC
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01 dung cua sach trinh
bay phuong phap giai
bai toan tro choi bdc cac
at, phuong trinh déng du tuyén
tinh, hé phucmg trinh dong du
tuyén tinh va phuong trinh dong
3 du bac cao bang do thi. N01 cu
;-the hon: Noi dung chu yéu cua
cudn sach la trinh bay thuat toan
xdy dung d6 thi c6 hudng voi cac
ung dugc gin nhan trén bang
4i thap phan ma nhan cua
“thi nhan dugc chinh la tap
iém cua phuong trinh hay hé
 phuong trinh dong du.

Sach gom hai phan chinh:

Phan tro choi boc cdc vat trinh
bay thuat toan dé ngudi di dau
chién thang bang cach boc dugc
vat cudi cung (hodc khong phai
boc vat cudi cung).

Phan phuong trinh va hé phicong
trinh dg} g dw dugc
trong b a chu'o::«_v-

sach.

Chuong IV trinh bay thuat
toan xay dung d6 thi xac dinh
tap nghiém cua phuomg trinh
ax = b (mod m) voi a, m la cac
) nguyen dwong nguyén t6 cling
nhau,conb €{0, 1, ..., m—1}.

Chuong * I‘éy thuat toan
xdy dung do thi xac dinh tap
nghiém cua h¢ phuong trinh
dong du tuyén tinh.

Chuong VII trinh bay thuat
toan xay dung dd thi xac dinh
tap nghiém cua hé phuong trinh
doéng du bac cao.

Chuong V trinh bay vé thuat todn
giai phuong trinh dong du tuyén
tinh dang dic biét x=b (mod m).
Tap nghiém cua phucmg trinh
nay chinh la tap s6 dong du véi

b theo module m. Bai vay do thi
xac dinh tap nghiém cua phuong
trinh nay dugc goi la nguén ddng
du.

Cudn sach khéng nhimg trinh
bay thuét toan xay dung nguén
dong du theo m§t module, ma
trinh bay thuat toan xay
ng ngudn dong du theo nhiéu
10dule va mot s6 céu truc khac,
hanu han, nguon sinh tat ca cac
sb nguyén duong chia hét cho 7,
ma moi s6 nay déu co chit s6 1é
va chit s6 chan dan xen nhau.

Trong khi qu ddc gia giang day,
huéng dir 07 > 1am viéc vé dong
du ma on déng du theo
mod a canh thi co thé chi
ra ha e s6 gom nhiéu chir
s6 chia hét cho m trong chdc lat.

Tin tuong r%mo cudn sach khong
chi httu ich cho hoc sinh va
thay c6 gido yéu toan pho thong
ma con la tai ligu tham khao
tot cho sinh vién va giang vién
cac truong dai hoc va cao dfmg
nganh todn cung cic phy huynh
cd nguyén vong giip con em
minh hoc t6t mén s6 hoc.

’l@' chi Toan hoc va Tubi tré,
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