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'SACH GIAQ KHOA TREN NHA SACH SO
V& 3 BUGC DON CIAN

m.‘! hi cdng nghé s6 ngay cang phit trién, viéc mua SGK cho con ciing tr& nén don

gian hon bao giv hét. Thay vi dén cira hang mua sach, quy thay/cé, quy phu

huynh va cac em hoc sinh c6 thé dat mua SGK truc tiép trén Fanpage Nha Sach S voi cac
budc nhu sau:

Budc 1: Tham khdo céc dau sich trong danh . Wivwisicinb
muc “Cira hang™ trén Fanpage Nha Séach S, -

Buic 2: Cung cip thong tin dét hang cho Nha
Sach Sé trong muc tin nhin trén Fapage véi cac
théng tin co ban nhur:

@ Ho tén ngudi mua hang

@ Tén sach can mua kém s6 lugng cu thé

@ So dién thoai ngudi nhan hang

@ Dia chi nhan hing

Budc 3: Quy khich thanh toan va nhan hing
theo phuong thirc chuyén khoan hoic tién mit.
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Faccbook Nha Sach Sé: https://www.facebook.
com nhasachsonxbgdvn
Hotline: 19004503

Website: htips://nhasachso.nxbgd.vn/

Email: hotro.nsst@aesgroup.edu.vn

OS\ thay c6. n_E\ phu huynh cé thé hoan toan yén tim khi mua sach gido khoa trén Nha Sach
Sb. Nha Sach S luén cam két:

+ Cung cip sich gido khoa véi gia nidm yét dugc in sau mdi cudn sich,

% Dam bao cung img ding va du véi timg nhu ciu dat sich (bao gdm sach bo va sich l¢)

+ Sach duge xuat trye tiép tir Nha Xudt Ban Gido duc Viét Nam. Trén méi cuén sich giao khoa
6 diy du tem va ma code ciia NXBGDVN.

NHA SACH SO: MUA CHINH THONG - PAT CHU DONG - NHAN KIP THOI
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Trong bai vit nay, ching ta sé xem xét mot sb
img dung cua mgt :mzm Qw:_m thitc bac hai trong
bai todn tim gia tri 16n nhit va gia tri nho nhit
clia mét bidu thirc. Trude tién ching ta tim hiéu
mét mé rong cia mot rm:m déng thirc bac hai.

1. MO RONG MQT HANG DANG THUC BAC HAL

(x+y) el +y1)+2(x)

Tu 5 )
(x-y) H?N +\<-HINA@.V
¥+ MH?+EN P} x-y)
2 2
1 - :
p=glx+y) -glx-y)
suyra:  a(x’+y7)+b(xy)
_ Ma+vﬁ.~+‘<v“ " wnleHI.«.vH.

4 4
Véi ax® + bxy + ¢y’ thi nhur thé nao?

Pé tra o cdu hoi nay ta tim m,nk sao cho:

- 2

(a+b+c)(ax’ +by+ey’)=(mx+ny) +k(x-y) (1)
Vx,y(vdia+b+c=0). Vi(1) ding Vx,y nén
alatbtc)=m"+k (2)
bla+b+c)=2mn-2k (3).
clatb+c)=n’+k (&)
Tir (2),(3),(4) suy ra: T=+i“ u?.l_:nvn
m+n=a+b+c
= m+n=—-a-b-c¢
-Triwomg hop I: m+n=a+b+c. Tir (2),(3)suy
M:+_¢

2

mn.fr i Foe AE!?
2 P

ra: 2m(m+n)=(2a+b)(a+b+c)=>m=

Dé dang tinh duge n =

n

- Trieomg hop 2: m+n=—-a-b-c, ta nm:mu_

b . ;
durge: 3ulma+o. =nrwq+ vk h.una.L.m
2 2 4 =
Két hgp ca hai truomg hop, ta co két luan: .QIU
. ! A =
Néu a+b+c#0 thi ax’ +bxy+¢y”
€u a c : X +cy W
!an+$k+ﬁa+$&- . 4ac-b quvn\u
= #Ah+&+nw L.An_+_¢+n.w., p
i
Pac bigt, néu {2707 * 0 iy =
' .. 4ac-b*=0 e

(a+b+c).f(x53)20,Vx,y
trong d6 f(x;3) =ax® + bxy + ¢y’
2. MOT SO THi DU AP DUNG
Thi du 1 (Thi HSG lop 9, TP. Hb Chi Minh,
ndm hoc 1996-1997)
Cho cdc 56 thiec x. y théa man x° + v’ —xy = 4.
Tim via tri nho nhdt va gid 17 Iém nhét ctia bidu
thire K =x* +3*
Loi gidi. Tacéd:
3

MT -y) =4

v X4yt -xy=4 nUWAH.*\.—_VN +

o (x+3) +3(x-») =16;
K=x"+y UW?L,.&“ +w?|.—.%.
Do do: NEH_HA.«.+.$” +3(x-») H_ 2(x- y)

=16-2(x-y) <16 > K <8.
Khi x=yv=2(théa min diéu kién d& bai) thi
K =8 . Viy gid trj 1ém nhat cua K bing 8.
. 6K uT.«.+.&~ +w?|.«.v¢+mf+iu

=16+2(x+3) 216 =K ww.

._.032 HOC 1
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Khi x=2=, y=-=Y2 (thoa min diéu kién dé

bai) thi aum. Viy gi4 trj nho nhét cia K bing

L
3

[hida 2 (BH Khai A, 2006)

Cho hai so dure x. v thay doi thoa man

i cua

Léi gidi. Vi xy#0 nén x* +y? >0
.UT+EH+?|5~VQ
Uw?féfwﬁniw%Vcﬂau:\f&\vc
x+y
a-
Tacd: xy(x+y)=x*+y" -xp

>0,

=x(x+y)> 0

1 2 3 2 1 2
e ke - >
A?n.:\v +AA.« y) |aﬁa+i

X+
GRS} <4 <q (chiy x+y20).
a‘?i_v xy
2
Nhuvay: 0< 23 <41 42| <y
xy Xy
3 A 3 x+y kuluu;um
ancnku.«ww .|.A qu v
xy xy

2

IMQA.TTH%H x+y <16

N X

Khi x= euwa:.; man didu kign @8 bai) thi
A=16. Viy gi4 trj 1on nhit cia A bing 16,

Thi du 3 (DH khii A, 2009).

Chemg nunh rang vor moi so thuee diceme ¢y =

wn (v s vez)=3vs ga el

fe=ah () «3les v ) v z)<S(rsz)

TOPN H
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hSw_.&.Uwﬂnu.«+w,@u.<+m,nnn+a.Enou
_a+c-b nn+@|n Nu@+n|n.
S A 2

Khi d6 diéu kién x(x+ y +2)=3yz tr thanh:

a+c-b a+b+c |u@+n1n a+b-c

2 2 2 2
nu Qa+nv|&_ﬂ?+nv+&
Hu_uw‘..ﬁnlavu?rﬁnlnu”_

ob=d +c —-ac ().

Bat ding thic phai chimg minh c6 dang
@’ +¢ +3abc<5b* (2) véi a,b,cla chc sb thye
duong thoa mén didu kién (D).
Taco: b* =a’ +c* —ac

1 1

uw N M
nM?+n +M?l& NM?.T&

a+c
=b> 5 2Jac = b >ac.

Nhu vay tacod: 2b—a—c20 va b2 —ac2 0.

Ta ciing co: (2)es 50" 2 ?+&?~ +c’ |nnv+unwn
<50 2(a+c)b +3abe
©3(b" —ac)+b(2b-a-c)20.

Tir day ta suy ra diéu phai chimg minh.

Thi du 4. Cho hai so thiee vy thoa man

Tim grd tri lom mwhat va gic (v

nho nhat cua biéu thiee K =x7 + 30 -y

L gidi. Pat A=3x" + xp+ 2y thi 4<2. Ta cé:
K+4=(2x+y) 20 >K2-42-22K>-2

N 22

Khi - T-lmlaé min diéu kién dé
bai) thi K =-2. Viy gid trj nho nht cia K bing
-2,

Ta ciing ¢6;
13
kimk X +3xy-y ||Auk +Q+va
2
u :hl.ﬁv_v .
23

L . |

23723 23"

7446 ZI
63 7
26

bai) thi Nlmw Vay gid tri 16m nhét cia K bing

Khi x=

(théa min didu kién dé

26
23
13
Nhin xét. Ta c6 thé tim sb 5 bing cach xét

K+ad=(3a+1)x +(a+3)xy+(2a-1)y° va
giai phuong trinh 4(3a +1)(2a 1) -(a +3)’ =0.

Thi du 5 (DH khii B, 2008).

Cho hui s6 thie vy thay doi thoa nmidn hé thir
Vvt =1 Tim oedd e nhe nhart va wla (ri leam
2{x +6x1)
nhat cua bicu thiee P = ——— =
[+2x1 42y
Loi gidgi, Ta cé:
2| x" +6xy
lﬁlw"tlw
xf+2xy+3y
x-3y)
H|I%FIMQ
X+ 20y +3y°
: 3410 V10
= P<3. Khi a1|:<ullcrom min diéu

10
kién dé bai) thi P=3. Vay gia trj lon nhit caa P
la 3.

NT~+9QV +mu NT:? <6

x4+ 2437 ¥+ 204 3y°

313 213

= P2-6. Khi x= y=-
13 13

diéu kién dé bai) thi P=-6. Viy gid trj nho nhit
cia Pla -6.

oP+6=

(Thoa man

Nhdn xét. S6 -3va s§ 6 duge tim biing cach xét
(@+2)x° +2(a +6)xp +3ay’

va giai

Pia= . :
X+ 2xy+3y°

phuong trinh 4(a +2).3a |TAQ + SH =

Thidy 6 (Bai 4 (143) bao Todn Tubi tho).

O

Cho wcde sa thiee dwong x. v,z the]ihan

vy Z

Yo o evay =1 Tim o @d tri nho :Fﬂ.i.:

éu thire

"zL f-lh..

pto

+(Hun” +3:

/] 1seuiyn.ﬁb

Léi gidi. Ta co:

Tx+11y)
2x +PQ+3» ,\A 2L +mA

‘ .wx+:<

Chimg minh tuong tu ciing co:

V2t +3yz +472° q\.‘.+__n

6
va V227 +3z0 + 422 w§+|m_?.
T day suy ra:

mww?+&+muwu7\m.¢,\u~|~+,\wﬂvn

= P>3. Khi auwnNqu_% mén diéu kién

https

dé bai) thi P=3. Viy gi4 trj nho nhét coa P bing
3.

Thidu 7. Cho ba sé thire dieong x, v,z thoa man
ek vz 4 zv =3 T gid i lom nhar cua hicu
thie
Ilx+ 4, v +dz- 11244y
P 2 1 e T,
dv cxr+ 2y e gz e2s 4 —zea 2y

Lai giai. Ta cé:

llx+4y 9
A —xp+2y7 " 2x+y

IA

Vx,yeR* (1).

That vay

()& (2x+y)(11x+4y) £9(4x* —xy +2)*)

Vx,yeR o E?l.ﬂ.vu 20, vx,yeR" (2).

Ro ring (2) dang, vy (1) dang. Mt khic
9 (1+1+1y PP 2

= C—+—+—=—4—,
2x+y x+x+y X Xx ¥y x y

TOAN HOC
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T da - Nx+4y A~+~
dy suy ra; ——————<—+—.
WOa 4xT —xy+2y° T x Yy
Chimg minh tuong ty ciing co:

wCI.pN Jmm.,.w., ,:Nt: Jmm+|~..
f..,|ﬁ+ulu,qu»urlnima.u.«

Suyra: P< uhh+.~u+wuu wﬁu@...wﬁ.fmxyno,
X ¥y z Xz

Khi x=y=z=1 (thoa man diéu kién d&) thi

P=9. Vay gi4 tri 1én nhét cia P bing 9.

Nhin xét. BDT(1) ¢6 duge bing cich: Tim a, f

lx+4y 1

- 7 < ding véi
4x° —xy+2y°  ax+fy

sao cho

Vx,yeR* dbng thoi ddu “=> xay ra khi va chi
khi x=y.

Thi du 8 (Thi vho 10, THPT chuyén L& Quy
Pon, Viang Tau, 2020). Cho cdc 56 thue dwong a,
b. Tim gid tri lom nhdt cua biéu thirc

P=(a+b)| ———t .

Bai 2 (Bai T9/419 Tap chi Todn hoc & Tudi tré)
Cho ba sé thyc dwong a,b,c thdoa man
1 1 1 111 u
St — =10 —+—+— |+2012.
Jhn“ * » %u hn@ be ca
Tim gi4 tri nhd nhét ciia bidu thirc
1 1

+
J5a® +2ab+26° 567+ 2bc + 2
1

+—
J5¢' +2ca + 2a

Bai 3 (Bai T11/423 Tap chi Toan hoc & T UG tré)
Giai hé phuong trinh

w”

V557 423 + 2y + 4257 + 23y + 57 =3(x+y)
/\N«+w+w+m%a+5w+muw@+w+m

Bai 4 (Thi vdo 10 chuyén KHTN, PHOG Ha Ngi,
2009-2010, vong 2)
Chimg minh ring v&i moi s6 thuc a,b,c ta cb

2

a b

+
Jai —ab+2b* 247 -ab+ b’
Léi gidgi. V&i moi sb thie duong a, b ta ¢
1 1
+
a?u +36° +(a-b) ,\wnm +0% +{a-b)

P=\2(a+b)

1 i
m/\m a+b +
g0 @ +360 st + b

Al [ ey | (a+b)

= \(a* +6*)+ 22 +¢?N+E+M%
B a a’ B

<2 %nu+¢u+unn +,\n~+&~+m.wﬂ

NUN 2 2 3
<2 Nh!:[tu +~Fl+Nu wu?\m.

a+b 2a8 a+b 2B
Khi a=b=1thi P=2J2. Viy max P=2.7.
3. BAI TAP VAN DUNG

Bai 1 (PH khi A, 2003). Cho ba sé thye duong
théa mén x + y +z=1. Chimg minh ring

2, 1 1 1
/T +ﬂ+,\en+4+/\nm+Ww§M

£

TOAN H
4 QC
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+
a? +867 +14ab  3b? +8c% +14be

2
a+b+c
s >

+
3¢ +8a +14ca 5

Bai 5. Cho hai s thue x, y thoa mén
x> +2xy+4y” =3. Tim gié tri 16n nhit va gia trj
nho nhét cia bidu thirc X =x% + 6xy +12)°.

Bai 6. Cho hai s thyc x,y thdaman x* + y* > 0.
Tim gia trj 16n nhit va gia tri nho nhit cha biéu
20" - 2xy +9)*

thitc 4=— —.
X +2xy+5y

Bai 7 (Thi HSG TP. Bic Ninh, lop 8, 2020-2021)
Cho ba s6 thyc a,b,c ddi mt khéc nhau. Chimg
2 2 3 5 o8 2
minh & +&N+w +nN+n +ad° NM‘
(@=b) (b~cf (c-a) 2

Bai 8. Véi hai 56 thyc x, y théa min x* +3* > 0.
Tim gia tri gi4 tri nho nhét cia bidu thirc

Ao 2x+4y+3

= 5,
X" +2xy+4y

HUGNG DAN GIAI DE THI HQC SINH GIOI LOP 9 TINH HA TINH

NAM HOQC 2020-2021

PHAN 1. Phin ghi két qua
Ciau 1.

A=y345+ 203 +\3-y5+25 =3 +1.
Ciu2. Vi x=3++2 nén

Vx*-6x+16 -3

\Slau|ma~+HL g
Ciu3. C+O+V+I1+D=25.
Cau 4. Hoi ddng X ¢6 272 thi sinh.
Cau 5. Gi4 tri nho nhét cia
P=2a>+b*-2ab-8a+2b+12,
bang 2khia=3,b=2.

Ciu 6. AC= 60v3 m.

e -yl 1)=0
Cau 7. Nghiem cia he; 17177 0+1)

au+&uum
Vio Vo) o 4o
1a (x; L-2),(-21),| —— |\| ——i— |}
es(E2)(21) 75 2 2
Ciu 8. Snmnﬁnm.
16 16
Om:o.mMH_luM'umuhn_d.

Cau 10, POA = 40",
PHAN IL Ty luin
Ciu 11, (x" -1)(x+3)(x+5)=9
e (x=-D(x+1)(x+3)(x+5)=9
ﬁv_H?l_:H+£TH+_:‘fww&no
& (¥ +4x-5)(+ +4x+3)=9 (*).
Pt r=x"+dx+d=(x+2) =120
Khi dé phuong trinh (*) trd thanh:
(r=9)1-1)=9=r -10t+9=91(1-10)=0
t=0
(=4 F
Tu_o
Néut=0 Hv?+m%ﬂoﬂvxulu.

Néur=10 = (x+2) =10 x=-2+/10.

0rg

Vay tap nghiém clia phuong trinh d3 cho ¥,

muTNYNf\_IonJ\Q.
Ciu 12. a) Vi DA > BD nén
Evlbwamu%umk

nén M nim giira A va D.

leulun.hopto

Theo baira suyra OM 1 AB.
Tir dinh 1i Pythagore suy ra:
O4* = AM? + MO?; OD* = MD* + MO*.
Suyra: OA* - 0D = AM? - MD?
Hﬁglbﬁv.ﬁm§+b§v
=(BM - DM ).AD = BD.AD.
b) Theo béi ra ta c6 KG // AB; KH /! AC, suy ra:

GRi = Bt v A 250 5D
KH 2KH  CE

Mt khdc chimg minh twong ty nhu ciu a ta co:

OA® —OF® = AE EC,

M OE = OD nén BDAD = AE.EC = 22 - AE
CE 4D
, KG AE
Dodd — =22 . Tu A 5
o do XH - 4D 2). Ta(l)va(2)suyrma
AEAD ~ AGHK (c.g.c)
= KGH = DEA =180° - KEC (3).
. TOAN HOC
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Ma KH // CE nén EKH + KEC =180°
= EKH =180 - KEC (4).
Tir (3) v (4) suy ra KGH = EKH (dpem).

Ciu 13, Theo bai ra ta cé: mwiu?+k+mvu.

Cich 1. Tir gia thiét suy ra: »* <1;)° <1

LRI
UOAAT.«”XT%JM MJQJ.:\V

Mitkhde: x* +y* +2' + 29z =1

=(p+z) = T ~x)(1-y? V
Do d6 theo BT Cauchy ta thay:

2-(x"+y
?uini T »\:_lfu Aw V
2-(¥* +)?
=>xy+z< A.l.\tlw
2
2—(x*+y* 9= At
anm|% wul‘dﬁ ?+i ().
2 2
Tacd: (x+y=1) 20 (x+y) +122(x+y)
T4l
ﬂ.....+\<m?n+.mv = (2). T (1) va (2) suy ra:
3 : 9
3 <o (x+y+z) <o
Xty+z Nu....:T.+u._ ) 5
9 T :
wwlmmﬁvvmm.o_._c =" xay ra khi
| SR 5
uu.eunnm. Vay gia tri 16n nhat cta wnm.

Cdch 2. Ta chimg minh xyz € W
e o 1
Thit viy. néu xyz >—

wnv_u.«u+‘<:uu+ubu

Nu.«N,uNu+N ﬂvu,ﬁwwu+NMMM+._4|_
.\_ uu_ m .m&al

1
(vo li). Suy ra xyz mm.

Ta chimg minh BPT: Véi x, , z 1 céc 56 duong
ta ludn cé:

(x+y-z)(y+z=x)(z+x-y)<xpz (*).
That viy, ta nhin thiy:

TCAN HOC
@ ' nﬂcb_ﬂnnla.l:]mm&ql -2021)

ﬁa+vlnv+q+ulkvuu‘<vo“
(y+z-x)+(z+x-y)=22>0;
(x+y-z)+(z+x-y)=2x>0
Néntrong 36 (x+y-z); (y+z-x)
(z +x-y) c6 it nhit 2 56 duong. Do d6 néu
trong3sb (x+y-2); (»+z-x);(z+x-y)co
mét s6 am thi
(x+y-2)(y+z-x)(z+x-y)<0<xpz.
Néuca3sd (x+y-z); (y+z-x); (z4x-y)
déu khéng am thi theo BDT Cauchy ta cé: '
2
(x+y-z+y+z-x)

om?+kuux.<+mlkvm.i[a =y

I AELH

2
ﬁw:-%;-%E%.

Nhan cac BDT khong dm cling chiéu ta dugc:
ﬁ?:. y-z)(y+z-x)(z+ Hl.fzu mmd,ﬁ%
=(x+y-z)(y+z-x)(z+x-y)< oz

Pit s=x+y+2z>0, BDT trén trd thanh:

o (s-2z)(s-2x)(s-2y) <0z

o5 -2 (xty+

z)+ds(xy+ yz 4+ 2x)-Byz < xoyz

-25%5 +4s(xy + pz + 2x) €9z

o ds(xy+yz+ ) <90z 45’

9xyz +5' ,
25
Két hgp vai gia thiét ta suy ra:

o 2(xy+yz+zx)<

Yuyz + 5

Yy e +2(xy+yz )< 5
s

+1-2xz

c..us+

—+1-2
2y i

>(x+y+z) <

o (9-4s)xyz 25 - 25

Néu ml&nmoﬂ;mem

=" =25 =5(s" - 2)>0,xz(9-45) S0 (v li).
Suyra: 9-45>0. Khi d¢:

3
5 =25
~hseoxz> —.
a4

(9-4ds)xyz 25’

I =25 1
Do xyzs—=>———<—
T 9 45 8

85’ -165<9-4s
& (25-3)(45" +65+3)<0
3

> sS—
2

(do 9 - 45> 0)

3
suy ra: h+_‘.+nmm

Tir bii ra ta ciling ¢6:

=(x+y+z) mw.

N?,_u?i,iumm

ﬁhmm.
8
I 5 1
Dau “=" xay ra khi »uznunm.
5 1
Viy gid tri 1ém nhit cia m.lm khi x = Hnnnm

Céch 3, Tu gia thiétsuyra: O<x,y,z<l.

a
X = =,

(a+b)(a+c)

Jb+e)(ate)

Khidé: x° +y* +2° + 202 =

z=

(a, b, e>0).

B

|=I +

(a+b)(a+0)
b e 2abc

—

(a+b){(h+c) ?::.1; (a+b){a+c)(b+c)
_a _.3:1.:;3,:. S+3+ 2abe

Dodd: x+y+z=

““““ —=1(c>0).

a b c

@ hare) Jarhibee)  Jlare)be

J\n,“; b b [ e

a+b a+c a+b b+c c+b a+e
mm.ﬁ L + b + 2 + g + £
2\a+bh a+c a+b b+c c+b a+c
3 L
2’ -
Tir bai ra ta cling ¢6: -
2P+1=(x+ +Nv~mm op<l m
Fry s TS
Viy gi4 trj l6m nhit cua ?m khi x=y= NL“e
Céch 4. Theo chimg minh trong cach 2 ta suy Py
.«.ﬁmwsw O<x,y,z<l 7p)
8 o
nén trong 3 sb x, y, z ton tai it nhit mét sé kharigs
: Lo 1 c
lonhon —, giasir x€£— = 0<x<—,
i 2 2
THI1: Néu u.mw. <) a+u_+nmm.
2 2 2
TH2: Néu v_wknmwUT-&?T@T!&NQ
2 2 2 2 2
ﬂ.hn|....«.+‘_‘..+5.+a+u_+n|wwo
’ 2 4 8
Umﬁulﬁd_+vﬂ+nl+F~+nww.
Két hgp vai gid thiét suy ra:
2 2 3 1
I-(x +y* +23) =y #yz o zx)+ T2 EH 25 0
(¥ 4yt +2)- (e pzem)e—=s—=27
SN +y +z V...a?.:;& -2x+y+z)s3.
Apdung BT (1127 o ngai

2(x+y+ n%
k)

= MMTM rytert).
Suy ra:
2Ax+y+z)
3
ﬂum?.+f+uuu -6{x+y+2)-9<0

+m7+e+nv~|m?+w+5m”w

(Xem nep rang 9)
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PE THI TUYEN SINH VAO LOP 10 THPT CHUYEN KHTN,
PAL HOC QUOC GIA HA NOI, NAM 2021

VONG 1

(Thoi gian lam bai: 90 phit; Danh cho (it cd cde thi sinh)

Ciu 1 (2 diém). Giai phuong trinh
13V5 3 +18yx +8 =61+ x+ 3B - <) +8).

Cau II (2 diém). Giai hé phuong trinh

x* +E._ +6x7y* =1

xX(x+y) =x-y
Ciau U1 (2 diém). Tim sd nguyén duong # nho
nhét, biét ting Khi chia # cho 7,9, 11,13 ta
nhan dugc cic s6 du wwong mg 13 3, 4, S, 6.
Ciu IV (3 diém). Cho tam giac nhon ABC cb
diéma P nim trong tam pidc (P khéng nim trén
cic canh). Goi J, K, L lan lugt 1a tim dudmg
tron ndi tiép cac tam giac PBC, PCA, PAB.

1) Chitng minh ring BIC+CKA+ ALB = 450",

2) Gia st PB=PC va PC<PA. Goi X,Y,Z
1in lwgt 14 hinh chiéu vubng goc cia J, K, L trén
cac canh BC, CA, AB. Dyng hinh binh hanh
XYWZ. Chimg minh ring W nim trén phén gidc
BAC.

Cau V (I diém). Cho tap A={1, 2, 3, ..., 2021}.

Tim 6 nguyén duomg k lén nhit (k >2) sao cho
ta c6 thé chon duge k s6 phan biét tr tip 4 ma

1dng cua hai sb phan bigt bit ky trong & s6 dugc

chon khong chia hét cho higu cia ching.

VONG 2

(Thoi gian lam bai: 150 phitt; Danli cho thi sinh thi vao chuyén Todn, chuyén Tin)

Caul (4 diém).

1) Véi a,b,c 1a nhimg sd thuc thoa min

a+b+c#0 va (a+b)(b+c)(c+a)=1. Ching

minh ring

a . b

a(a+b+c)+1+abc b (a+b+cy+1+abe

_+§~.+a2a+&+3
(a+b+c)

2) Giai hé phuong trinh
44y +dxy+ 25y =11
3xp(x+2y)+31=9x+18y +13xy
Cau Il (2 diém).
1) Tim x, y nguyén duong thoa mén

3 +29=2".

TOANH
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2) Véi a, b, ¢ 1a cac s6 thuc duong thoa min diéu
kién 2(a+b+c)+ab+bc+ca=9. Tim gid tri
16m nhét cua bidu thirc:
a+l b+1 c+1

M=— + + .
a +10a+21 B +10b+21 ¢ +10c+21

Cau Il (3 diém). Cho hinh thoi ABCD
(BAD <90°) ¢6 duimg trén ndi tiép (0). Cac
diém M, N lan lugt thuge cic canh CB, CD
sao cho MN tiép xic (O) tai P, va tam gidc
CMN nhon, khong cin, Puing thing MN lan
lugt cat cae dudmg thing AB, AD i E, F. Goi
K,L theo thir ty la tryc @m cdc tam gidc
BME, DNF.

&

1) Chitng minh ring OP di qua trung diém [ cua

KL.
2) Goi H la tryc tdm tam gidc CMN. Chimg
minh ring o1 ..tmﬁ |f._.

ECH 2N~ 2

3) Goi giao diém cua EK, FL v&i BD lan lugt
1a S, T. Goi giao diém caa NS va MT la Q.
Putmg tron ni tiép cua tam gisc CMN tiép xiic
MN tai G. Chimg minh ring hai duémg thing
PQ va GH song song.

Cau IV (/ diém).
Gid Sit @, @y, ...y lygs, 12 nhimg s6 thyc thoa __mu

g, a,
2 + 2 *
l+a l+a 1+ a5, O
Chimg minh ring tbn tai sb :mcwmnuml
(1< k <2021) sao cho O

_ a, 2a, _
_

+ e e P
__+m_, I+a; _+:

NGUYEN VU LUONG - PHAM :@
TRAN QUANG HURD:
(GV THPT chuyén KHTN, DHQG Ha Néi) Gidi fddu

-
=~

Jek ot de e ok dedede de g de g ok ol ok ek ket e s.*t**t‘.’.*‘!‘*!!‘**S‘%‘li*}ﬂ**!****i"‘?t“?*’***!*}*'ii'*#iy

HUONG DAN GIAI ... (Tiép thea trang 7)
= _”mC. +y+1z) ¢u_TT\ +y+2)+ w_ <0

=2Ax+y+z)-320 (dod(x+y+2z)+3>0)

3
=x+y+zs—.
¥HESS
TH3: y2 m.uww.
2 2
. 1 1
Pit: x=—-a=>0<a<—;
2 2
1 1
y=—+b=>0<b<—;
2 2
1 1
=—+c=2>0<c<—.
2 2

Thay vio gia thiét:
ﬁwlﬁu Awi.u +ﬁw+nq
2 2 2
+ Nﬁwa :qﬁw +Lﬁw+ﬁg =1
2 2

ﬁau+a~+nu+v+..|:+w
+uhw+v+n.}n+?ﬁ.i:___|=c;:?.un_
8 4 2

) ' » 3
al +h +M?+n|=u+?.

—ab—ac-2abc=0

S

o 2at+ b+ )+3b+c-a)
+2bc - 2ab - 2ac - an&llm

< 3(b +c—a)=2ab + 2ac + 4abc - 2be

-2a'+ b +c*)
Ma dabe < 2bc

= 2ab + 2ac + dabe - 2be - 2a’ +b* +?)
<2ab+2ca-2a’+b +¢")

==b - —(a-b) |nn1&u
<0.

Dodd; Ib+c—-a)<s0=b+c-as<l

U_«+.,.,+nMW+3+ﬁ|3

<

W

Tir bai ra ta cling co:

u?_n?i;._.vnmm
4
.U_umm.
8
Viy gid tri 16n nhit caa m|m khi .«u.,..n...uw.
LE BA HOANG

(Phong GD&DT TX. Hong Linh, Ha Tinh)
Gidi thigu
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Va

1. Nhap dé. Ta da biét Dinh Iy Torricelli sau.
Bai todn 1 (Torricelli). I'¢ hén ngoai tam gidc
IBC nlitmg tam gide déu ABD, BCE, ACF.

Khe ds AE, BF .CD déng quv.

Trong Tap chi Todn hoc va Tuéi tré sb 253

(théng 7/1998), Nguyén Vin Ban dat gia thuyét

m¢ rdng dinh ly Torricelli nhu sau.

Gia thuyét 2 (Nguyén Vin Ban, [1]). Vé hén

ngoar tam gice ABC  nhing tam gidge cdn
IBD, BCE. ACF sao clio

AD=BD=BE=CE=CF = AF.

Khidv AE.BF CD dong quy.

Nguyén Vin Ban [1] ¢a cho mét phan vi du cu
thé bang sb chi ra gia thuyét trén 1a sai nhir tinh
toan theo phuong phép toa d¢.

Bai bao di ¢6 phan hoi tir nhiéu ban doc va da
duge thng két, bd sung béi Nguyén Viét Hai
trong [3). Thi dy, ta c6 cac két qua sau.

Bai toan 3 (Lé Hdau Diang, THPT L¢ Quy
Don. ba Ning, |3]). Fe phia ngodi tam gidc
1RC dhng cac tam giie ABD, BCE, ACE

can tai il D.EF va ba tam gide nay dong

dang, thi cac duong thang AL, BF,CD n\:“:,r.

Gy,

Bai toan 4 (Nguyén Hiru Binh, THPT Tung
Thign, Ha Ty, (3]). V¢ phia ngoai tam gide

can ABC ding cde tam giae can ABD, BCE,
ACF suocho AD=BD=BE=CE =CF = AF.
Khidv AE BF.CD dong quy.

TORN HOC
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\llwWTt¢1.l!l\ AR — e ——

U DYNG wf, gé GEOGESR)
DE KIEM TRA

Nguyén Thj Héng Hanh

Nguyén Thij Bich q::w?._ Trhn Lé Thiy

N Treeomg THPT Quang Trung, Dong Da, Ha Nox, () Cong tde vicn Tign Toan hoc, Ha
) Pat hpe Bdeh Khoa Ha N,

5 Trwdng DH Gido o_.ﬂ_n ct@o Ha )e., (6} Fign Sish hoc v

r.-.f,)_:.

L]
EA.: Duy u._:no.sm )Pham Thanh ..-.w:_a_
a., Nguyén Hodng VO

Co-Tin, DHKHTN, DHQG 1ié )
Mo rieang Ding Dieang

Wy Khoua To

Va mét s bai toan khic (xem [3]).

Trong [3] ciing chi ra diéu kién cén va du dé ba
dwémg thing AE, BF,CD ddng quy (thém mt
gia thiét kha hop li 1a cac diém D,E,F theo
thir  tr phai

nam bén trong céc goc
ACB, BAC, ABC.

Cac bai toan trén cd hai dir ligu: Tam giac
ABC vi cac tam gidc ABD, BCE, ACF dugc
vé ra phia ngoai tam gidc ABC tya trén céc
canh cla tam gidc ABC. Cau hoi dit ra la: Khi
ndo thi cic dudmg thing AE, BF,CD dbng
quy?

Néu tam gidgc ABC bit ki thi cac tam giac
ABD, BCE, ACF phai thoa man thém tinh
chét nao d6 (Bai toan 1 va Bai toan 3). Hoic
néu thu hep 1ép tam gidgc ABC (Bai todn 4:
ABC can) thi diéu kién dat Ién cdc tam gidc
ABD, BCE , ACF nhe di. Hodc tim diéu kién
cin va du dé ba dudng thing AE, BF,CD
déng quy. Cic ¥ tuéng nay di phan nao dugc
phdn tich va thuc hién trong [3] va [9].

Bai viét nay ¢d muc dich gidi thiéu cach sir
dung phin mém GeoGebra dé kiém tra tinh
dung din caa cac bai todn va gia thuyét trén néi
riéng va goi ¢ ban doc sir dung GeoGebra dé
kiém tra cdc gia thuyét hinh hge va toan hoc néi
chung.

2. Gidi thi¢u GeoGebra. GeoGebra 1a mt
phin mém mién phi, c6 thé cai diit tham chi trén

dién thoai di ddng va sir dung trong day va hoc

tit ca cdc linh vyc todn: S5 hoc, Pai 6, Giai
tich, Théng ké, Hinh hec, Hinh hec giai tich

Hon nira, nsmz mém GeoGebra c6 cai dat :.mzm

yeas

Viét, vi vily né rét hiru higu trong day va hoc &
ca hai cip Phd théng va Pai hoc cua Viét Nam.
Mit khac, GeoGebra vira co thé vé hinh déng
vira i dgng finh todn va thong bao lén man
hinh (toa d6 diém, dd dai doan thing, dién tich,
d¢ 16n cua goc,...), vi vay rat thuan tién trong
két hep gitra hinh hoc va tinh todn dai $o.

Cé thé d& ding tai mién phi va cai dit phan
mém GeoGebra trén dién thoai di déng hodc
mdy tinh cd nhin (xem [2]). Sau khi cai dat,
biéu tuong € ciia GeoGebra dugc hién thi
trén min hinh may tinh. Nhay dap vao biéu
twong €3, man hinh s& hién giao dién cua
GeoGebra. Giao dién co ban cua GeoGebra
:.Egsm ¢6 hinh anh (tiéng Anh) sau (Hinh I):

[ T, .- o A - il
T T T e Q =
U p W ACo - LEN X

Hinh I: Giao di¢n co bdn cua GeoGebra

Pé chuyén sang Tiéng Viét, hiy nhay vao biéu

twgng = (goc trén cing man hinh), vao
Settings  (thiét lgp), kéo chudt dé tim
Victnamese (ticng Vigt).

Mudn x6a toa 40, hodc thay ddi ving lam vige,

i, X

ta nhiy vdo phim va (Hinh II).

WO hrtaresn Tdog Vi

Lamew 15 0%: vip ot

T e

Bed up

Lua radt g Pustora Semonys

Hinh 11: Giao dign tiéng Viét khong c6 toa di

3
=

tﬂl}n.hopto.or

3. Kiém tra céc gia thuyét hinh hoc & my
Ta c¢6 thé st dung GeoGebra dé kiém tra
thuyét hinh hoc néu trong Nhap d& mot cich e

dang nhu sau.

5/

Bai toan 1 (Torricelli), Tam gidc 4BC bét kis
va cc tam gidc ABD,BCE, ACF déu.

Buéc 1.1: Nhiy chudt vio biéu tugng

Hitpss

.
gidc), chon ¢~ Bagige , Ié chudt sang ving lam
viéc va nhay dé dugc cac diém A, B,C. Ta

dugc tam gidc ABC.

Buéc 1.2: Nhay chudt vao biéu tugng (da

-

y [rpagacdéu | )

giac), chon , ré chudt sang

ving lam viéc, nhay vao céc diém 8, 4. May
Da giac déu

hoi * (4 dinh?). Khai bao lai: 3 (tam
gidc déu) va bim phim OK. Mdy tyr dong va va
ki hiéu tam gidc déu ABD. Tuomg tur cho tam
gidc BCE va ACF.

ST
s’ | g
;
. TOAN HOC
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Bwée 1.3: Vio biéu tugng \\\ Vio

~~ Boan thang )
.Nbi 4 véi E, C véi D,

B voi F. GeoGebra tu dong dit tén cac dudng
thing AE, BE,CD tuong img la p,g,r. Hinh
vé cho thdy ba dudng thing p,q,r dong quy
(Hinh 1).

Hinh 1: Kiém rra Binh li Toricelli (Bdi todn I)

4+ Nhip lént
Vio va nhfp Iénh:

DPongQuy(p,g.). Miy tra 1ai: true (dung).

Pé tin twong hon nira, nhip lénh

GiaoDiém( <Ddi trong>. <DoI tuong> )

Vol
Déi twong 13 pog. (q.ripr) duge két qua
(-0.6910516605;0.2025792896) 1a giao diém
cua cac duong thang (cho hinh da vé):

G = GraoBem(p.q)

(-0 6910516605 0 2025792696)
H = GaoDiém(q.r)

(-0 6910516605 0 2025792896)
I = GiaoBiem(p.r)

(-0 6910516605 0 2025792896)

Nhu vdy, ¢6 thé tin tuong chic chin cic duong
thing AE, BF,CD ddng quy.

*ovadi chugt dé

Hon nira, vao biéu tugng
thay dbi tam gidc ABC, cic diém D,E,F sé
thay déi theo, nhung cic dudng thing

AE, BF,CD luén luén dong quy.

TOAN HQC
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ia thuyét 2. Tam gide ABC bét ki va céc tam

man ABD,BCE,ACF bén pgodi tam  gide
ABC sao cho
hbumbnﬁmummuhﬁ =CF.

Buéec 2.1: Vé tam gidc ABC (xem Budc 1.1).

Buée 2.2: Ly doan, thi du MN =R=3 cm.
¢ 2.3; V& dudmg tron d, e,/ ¢O tdm

Bud

- ,,N Compa
A,B,C ban kinh R nhg cong ci .
Cac dudng tron nay cét nhau tai D, E, F. Khi

4y AD=BD=CE=BE = AF =CF.
Buéc 2.4: Néi A voi E, C voi D, B véi
F. Hinh vé cho thiy ba duimg thing
AE.BF.CD (GeoGebra ty dong ki hiéu Ia
h.i.j) cé vé dong quy (Hinh 2a).

Hinh 2a: Ba dieong thing p,q,r co vé dong quy

x i +  Nhip lénh
Dé kiém tra, ta vao va nhip
lénh: DongQuy(hi ). May tra 10i: false (sai).

Dé tién, 1a dbi én hi, j thanh p,q,r.
Nhap lénh GlaoBiém( <Bdi twong> <D luong> ) thi
toa d¢ giao diém cic duimg thang h,ii, j; j.h
khong trung nhau, tic 13 A, khong déng quy:
G = GiaoPiém(p.q)
- (-0.66, -0.54)
H = GiaoBi¢m(q, r)
- (-091, -0.65)

I = GiaoBiém(p, r)
- (-056,-08)

Vao bidu tugng * va ding chuét dé phéng to
hinh, ta thdy cac duéng thing AE,BF,CD
khong dbng quy (Hinh 2b).

Hinh 2b: Ba dwdng thing p, q,r khing déng quy
Hon nifa, vdo biéu tugng % va di chugt dé
thay déi tam gidc ABC, hoiic doan thing MN,
cic diém D,E,F sé thay ddi theo, cic dudmg
thing AE, BF,CD co vé dong quy, nhung khi
phéng to thi thiy ching khéng dong quy.

Nhu viy, c6 thé tin tuomg chic chén, trong hau
hét cic truong hop, cac duomg thing

AE, BF,CD khéng dong quy.

Bai todn 3. Tam gidc ABC bat ki, vé céc tam
giac cin ABD,BCE,ACF bén ngodi tam giac

ABC va dbng dang
Buwée 3.1: VE tam giac ABC (xem Budce 1.1).
Buéc 3.2: Liy doan MN = R. Thidy, R=3 cm.
Buée 3.3: Dung cic dudmg tron tdm B va tam C
ban kinh MN (Ki hiéu: /). Ching cit nhau tai E.
Budc 3.4: V& cic dudng tron tam 4 va B, ban

MN ;
Kinh -....m”. B 1ing céic 1¢nh oh bén dudi.

Tuong tr cho cac dudng tron tam A va C, ban
MN x AC s
kinh |I_wwn|. Ta dugc cdc tam gidc cén

ABD, BCE, ACF déng dang.

; OoOmAnu
k : PuongTron| B, BoDai(f
® e 0i(F) 52 PoDai(a)

~(x+3P+(y+37=1

. BoDai(c)
: BuongTradn | A, BoDai(f) ——
q : BuongTron oDai(f) BoD3I(3)
-~ (x+21P+ (y+ 17 =16

Gc_u»_?u
PoDai(a)

h : DuimgTron{ A, DDaI(f) —

qun. oﬁfdorg

~(x+2172+ (y+17) =31

e

PoDa :&

Tron | C, DoDai(f
p : BudngTron oDai(f) — PoDai(a)

:/

Bubc 3.5: Ké cic duong thing AE, BF, COD
Nhip lénh PéngQuy(i,,/) dugc két qua la admu
o = DongQuy(i.j, ) c

- true

D

A (21N
B .11 29 n
€ sy

U« DeGeaclA B C)

. P S i Ry
17 b
3 = Do Thing(B C.t1) H

-8
b - DuanThing{C A 1)

< - DoamTaing(A 8.00)
-8

Y

Bii tosn 4. V& doan thing BC. Vao i va

UX» Buéng trung truc S .
s dé vé dudng trung truc

cia doan thang BC. Liy diém A trén duong
thang nay. Ta dugc tam giac ABC cin. Lip lai
cic bude 2.2 - 2.4 ¢ Bai todn 2. Cac dudng
thing AE,BF,CD luén dong quy khi A di
chuyén trén trung tryc cia BC (tam gidc ABC
céin, Hinh 4).

TOAN HOC 13
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k = @2:._.7»:NAD.ﬁV
-179

{ = BounThing(F.B)
-179

a = DingQuy(k.2.g)

- true

Hinh 4: Gid thuyét 2 diing khi tam gige ABC cdn
Keét luin. Nguyén Van Ban tong [1] viét:
Chitng minh [Gia thuyét 2] theo nhiéu cach déu
khong di dén két gua. Toi vé hinh whiéu lan, vé
10 va ¢6 ging thit chinh xéc, vén luon thay ba
duing thing AE. BF, CD dong quy...[ninmg]
mink da bi cap mdt danh liva: ba dirong ._____m..._w
noi wén ¢6 dong quy diu,

Bai viél cho thdy, GeoGebra 1i mét cdng cy
hiru hi¢u gitip kiém tra cac gia thuyét hinh hoc
twong d6i d& dang. Ban doc c6 thé si dung
GeoGebra dé kiém tra cac Thi du va Bai toan
con lai rong 1) va [3], [9], ciing nhu cic Dinh
Iy vd Gia thuyét hinh hoc khac. Hom nita,
GeoGebra con c6 thé trg gitip giai quyét nhiéu
bai todn khac, xem, thi dy, [4]-[7].

Vi thanh. Diém déng quy cua ba duémg thing

AE, BF, CD thuong dugc goi 1a diém Fermat-
Torricelli. Dinh 1y Torricelli (Bai todn 1) da
dugc mo rong trude va sau [1] va (3] (xem [9]
va cic trich din trong da).

Ladi cdm om. Cic tic gia cam on Tién s Nguyén

/gt Hai da doc va chi din mét s tai liu.
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Hi point, The Mathematical Gazelle,
79 (485), 374-378, July 1995,

Bai todn bao phit phé qudrt lin dau tién duge
dat ra bai Henri Lebesgue (Phap) trong mét birc
thr giri cho nha todn hoc déng nghiép Jufius
Pal (Hungary) vao nim 1914. Bai toan lién
quan t6i khai niém vé vimg cé ducmg kinh 1
(ddy 12 mdt tip hop céc diém trong mat phing
ma khong c6 hai diém nao cich nhau qua 1 don
vi) va khdi niém phu phd quit,

Néu mdt tap hop cic diém co duong kinh 1 c6
thé nim gon bén trong mdt tap hgp khac qua
céc phép tinh tién, quay va phan xa thi ching ta
n6i tp hop thi hai “phi” tip hop diu tién
(gidng nhu mét miéng va che mét 1 thiing trén
a0). “Tam phii ph quét” 1a mét ving phing ¢
thé bao phu toan b tap hop céc hinh phing co
dudmg kinh | va bai todn phi phé quat caa
Lebesgue yéu cau tim tdm phi phé qudt 16i
nhé nhat (trong d6"l6i” nghia la tim pha
khdng c6 vét 1om va “nhé nhdr” ¢6 nghia 1 phi
co dién tich t6i thiéu). Diéu ding ngac nhién la
mdt bai toan hinh hoc ¢é vé dom gian nhu vay
vin chira duge giai quyét tron ven trong hom
100 ndm qua.

Trude d6 ndm 1910 Heinrich Jung di chi ra
n.w:m “bét k hinh phing nio co diwomg kinh 1\
déu o thé diegre bao phii bii mit hink trén bin
kinh .,\_lm ". Pal da nghién ciru vin dé sau hon

vil cdng bé mot dijnh ly vito nam 1920, xem [1].

HOANG PUC TAN (Ha m

. . L
Dinh I 1 (Pal). Bar kv hinh phang Y
dieimg kinly | diu €6 thé dwoe bao ong 14D

V3

hinh e giac déu ven cdac canh = va b
g i 3 ()

mot hink lue giage deu nho hon. nor chung, ﬂ_

5 z ~~
da la khong thé ..

Ching ta ndi tiép mot duimg trdon & trong %l
giac dang xét, chon hai dinh khong ké E:E_“H
ciing khong dbi nhau theo duémg kinh vi_GR
khoi né hai dinh ké véi cac dinh nay cua tam
gidc biing cc duomg thang tiép tuyén véi dudmg
tron dang xét va vudng goc vai dudmg kinh cia
hinh luc giac di ra tir cdc dinh ndy. Hinh bat
giac két qua ciing 12 mot "tim phi phé quat”
chia cac hinh phang ¢é dwimg kinh 1.

Theo chi din dudi day ban doc cé thé ty minh
hoan thi¢n viéc chimg minh Dinh ly Pal.

Chi dan chimg mink. Chon mét doan thiing [
tiy ¥ va kep hinh nay giira cac dudmg thing hé
trg song song v&i /. Vi ching c6 mét didm
thude hinh nén chidu rdng cla dai gitra cac doan
thang nay khong vugt qua I. Quay duimg thing
[ mdt gde 60° theo chiéu kim déng hd va lap
lai phép dimg da chi ra ¢ trén, chimg ta s& ¢
thém m¢t dai nia bao phi hinh niy. Xcay
dudng | thém mdt géc 60° nira, ching ta sé c6
dai thir ba. Giao diém cia 3 dai nay 1a mét hinh
luc gidc déu bao phu hinh phang nay, Xét hai
canh déi dién cia no, nim trén cac canh cua dai
thit nhat. Néu d¢ dai cia ching khing bang
nhau, thi ban c6 thé can bing ching theo cich
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ludmg chinh xdc viée cdt giam dign tich i dugc
chimg minh I4 chinh xdc. Cac ki thuit Gibbs s
dung déu chi 14 hinh hoc so cdp, nhung éng
phai thuc hién véi dé chinh xac co thé khién
moi ngudi phai kham phuc.

Tai sao ho chi co thé ciit bo duge it thé? Do
ndm 2005, Peter Brass va Mehrbod Sharifi da
chimg minh ring “khéng co 1dm phii phé quat
ndo (ctia cdc 1dp c6 duong kinh 1) ¢6 thé nho
hon 0,832 " bing cach két hop hinh ton va hinh
tam gidc voi mdt ngli giac déu [6], do viy ta
thiy riing khing thé cit bo qua nhifu dién tich
so v&i ky luc hién tai.

Ban doc thdn mén!

Viiy la con dudmg di tim 151 giai caa béi toan
van ¢on dang dugc tiép tue, céc nha toén hoe hy
vong s& sém co 161 giai cia bai toan nay. Hy
vong ¢ sw tiép sirc cua cac ban tré yéu toan
Viét Nam.

Trong khong gian ba chiéu, cac dinh ly phi phd
quat sau day da duge biét dén. Cong trinh déu
tién thudc vé nha toan hoc ngudi My Gale.
Dinh Iy 3 (Gale). Mor vdt thé kheng gian co

diwcmg kinh 1 ca the dwge bao phu bai mot ne
dién déu vai canh N6 va met hinh bar dién déu

1
; V6

co canh ——
5

Cong trinh thir hai da duge ching minh mét
cach dgc lip boi nha toan hoc Israel Griinbaum
va nha todn hoc Hungary Heppes.

Pinh 1y 4 (Griinbaum-Heppes)., Chiing ta ¢t

N V6
khot mot hinh bar di¢n deéu cé canh .M bha hinh
chdp ké van ha dinh ctia né boi nhitng mat

phing song song vor cde mat phang chéo cua

TOAN HOC
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Rinh bat dién vé fidp xtie voi hinh cdu ngi ticp
hink bt dién. Ta nhan dupe khéi da dién || -
mdt la mot phi EE gudt cho cdc vir the co
drcomg kinh don vi.
Ban doc ¢o thé xem chimg minh cta cic dinh Iy
ndy trong [7].
Vio nam 1997, V.V, Makeev da chi ra ring ph
phéd quit cua bt ky tap hop dudmg kinh 1 nio
ciing 14 mt khdi hinh thoi - mot khoi da dign
duge gioi han bei 12 mit hinh thoi giong nhay,
c6 khoang cach giffa cac mét song song 1a 1.
Hon nira, dng d chi ra ring cé thém ba mét nira
12 mét mit phiing nhu trong trudmg hop ciia mit
khéi bat dién,
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CAC LOP THCS
BAi T1/529 (Lép 6). Cho

>| 1. u:muwwmcm_+w 2020 +...+2022.1

246" +12' .t (k= 1) +..+ 40905067
Hay so sanh 4 voi W
NGUYEN HAM THANH
(GV THCS Ly Nhdt Quang, D6 Liemg, Nghé An)
Bai T2/529 (Lép 7). Cho tam giéc ABC cin tai A,
Liy hai diém phan biét M, N bén trong tam gidc
sao cho AM = CN, BM = AN. Puimg thing BM cit
AN tai E, CN ciit AM tai F. Chimg minh AE = AF.
CAO NGOC TOAN
(GV THPT Tam Giang, Phong Dién, Thica Thién Hué)
Bai T3/529. Cho cac s6 thuc x, y, z thoa man
x21,y22, 223, Chimg minh ring:
Xy ez xp+yza e 2527+ 8y 49z
NGUYEN BUC TRUONG
(GV THCS Pa Ton, Gia Lim, Ha Noi)
Bai T4/529. Cho tam giac 48C vuong a1 4 va
duimg cao AH. Trén tia HC liy diém D sao cho
HA. Trén tia AB liy diém E sao cho
AE = AC. Chimg minh khoang cach tir £ dén BC
thi bing DC.
PHAM TUAN KHAI (Ha Ngi)
Bii T5/529 Giai phueng trinh
Byt 4320 +32%7 - x-3=0,

LE HOAI BAC
(Lop 38, khoa Todn, DHSP Hué, TP. Hué)

CAC LGP THPT mu
Bai T6/529. Cho tam gidc ABC c6 BC = @
CA = b, AB = ¢. Chimg minh ring O
a'+b +¢ v+§?v_|w§+a+3 -m

CAO HAI VAR
(GV THPT Nguyén Chi Thanh, Pleiku, Gia m

Bai T7/529. Cho cac sb thue duong a.v.msﬂm

Tim gia trj nho nhat cia biéu m
P=Vx+{y+¥izyxfi-y +ydl-2. Q@
TU HOU st

(S¢ GD & BT Ha Ty
Bai T8/529. Cho tam giac déu ABC canh a, %u
ticp dudmg trdn (0). Mot diém M di Qs:mt
duong tron (O). Tim gia trj nho nhit cua bidu ﬁ

__uuﬂ_wah.. +MB" + MC".

HOANG NGOC MINH
(GV THPT chuyén KHTN, DHQG Ha Ngi)
Bai T9/529. Cho tam gide ABC cb sé do cée goc
A4, B. C \jp thanh cdp s6 nhin cong bdi g =2; R 1a
ban kinh duémg tron ngoai tiép tam giac; sd do do
dai cac trung tuyén m,, my, m, coa tam gidc 1a cée
h¢ sb cua phuong trinh
x'+m x* +myx+m =0 (1). Chimg minh ring néu
Xp la nghi¢m cua phuong trinh (1) thi
G 2R
4

TRINH TUAN
(Ha Ngi)

TIEN TOT OLYMPIC TOAN
Bai T10/529. Giai phuong trinh nghiém nguyén

gt

duong ' +y' =19 (6-2).

NGUYEN THANH CHUGNG
(GV TH, THCS&THPT Archimedes Ding Anh, Ha Noi)

TOAN HOC
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Bai T11/529. Cho ham s6 f ;R — Svéi S1a mét
tip bj chan théa man f7(0)+ £(0)=0 va

5o 14 . i i 1
sy +2) - S@- L= £1E) <5

voi moi x,vzeR. Chimg minh

[f(x)= f(=x)| €2 vormg1 x e R.
TRAN QUOC LUAT
(GV THPT chuyén Lé Hong Phong, TP. Ho Chi Minh)
Bai T12/529. Cho tam giac ABC ndi tiép duimg
ton (0). Ciac diém X, Y thue (O) sao cho
AX 1/ BC, BY Il AC. Goi Z, T theo thir tir la giao
diém cia XY vai AC, BC. Oy, Oy, O, O, thea thir
tw la tam dudmg tron ngoai tiép cac tam giac AXZ,
BYT, CYT, CXZ. Chimg minh O,(,(;0; la hinh

binh hanh.

NGUYEN NGOC TU
(GV THPT chuyvén Ha Giang)
PROBLEMS

FOR SECONDARY SCHOOL

Problem T1:529 (For 6 grade). Given

1.2022+22021+32020+.. 42022 1
A=- ——

246 412 4+ h(k+ 1))+ 4090506

1
Compare 4 and 5

Problem T2/329 (For 7" prade). Given an
isosceles triangle ABC with the vertex angle A.
Choose 2 different points M, N inside the
triangle so that AM = CN, BM = AN, The lines
BM and AN intersect at £, the lines CN and AM
intersect at . Show that AE = AF.

Prablem T3/529. Given real numbers x, y, z

sausfying x> 1,2 2, z > 3. Prove that
YAy )z 4252 Tx 48y 49z,

Problem T4'329. Given a right triangle ABC
with the right angle 4 and the alutude A4, On

TOANHOC
20
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Bii 1.1/529. Mét con Jiic 16 xo treo thang dimg,
rreo cb dinh dao dong vai tan s0 5 Hz. ,:o:m

diém s .
an 10 xo bi gian bang 2 lan thoi

mdt chu ki than g

i 1= = 2 =
gian 16 xo bj nén. Liy n* = 10, g = 10 nVs". Tinh

o a1 cua vit.

gia tic cye dan cua Vi wbeuBNE -
Bii L2/529. Mot doan mach dién AB gdm haj
doan mach AM vi MB mic ndi tiép. Mach AM chi
chita bién tra R, doan mach MB chira dién trg
thuin 1 mic ndi tiép voi cupn cam thuan 6 do ty
cam L. Dit vio AB mdt dign dp xoay chiéu co gia
tri hiéu Q.E_m v tin sé khong doi. Diéu chinh R
dén gia tr) 80 Q thi cong sudt tiéu thu trén bién trg
dat cuc dai va tong trar cia doan mach 4B chia hét
cho 40. Tinh hé s6 cong suit cua doan mach AM
va AB.

THANH LAM (fi Ngf)

IN THIS ISUE

the ray HC we choose D so that D = HA. On
the ray 48 we choose £ so that AE = AC. Prove
that the distance from £ to BC 1s equal to the
length DC.
Prablem T5/529. Solve the equation

83! 432" +32¢" - x-3=0.

FOR HIGH SCHOOI

Problem T6/529 Given a triangle 4BC. Let
BC=a,CA=b, 48 = ¢. Show that

uE_.:_v,+a.v+an&aw$ﬁa+&+ﬁ.v_.
Problem  T7/529.  Given the numbers
X, ye(0;1).Find the minimum value of the

expression

P=Vae s i3y

f
|lkY rRUGC |
. | y |

_...\-,
‘\'\.l.

Bai T1/525. Tim hin si ngiven 1o a. h, ¢, d thoa

man > 3h > 6c > 12d va

@ =b e —dt =1749,
Lavi gidgi. Tir gia thiét c6a>3b ,b>2c,c>2d.
Trong bon s a, b, ¢, d thoa man
a-b+c-d=1749
thi phai c6 it nhat mét so chin, s6 nguyén t& chiin
duy nhat fa 2, ma a > b > ¢ > d nén chi xay ra
d=2dindénc>2d=4nénc>5.
Thay d = 2 via ding thirc trén duge
@ -6+ =1749 + 27 = 1753.
Taco 1753 =a’ - b*+ 7> 96" - b* + 25
= 8b"+ 25,
hay 1a 85" < 1728, suy ra b’ < 216.
Do A1i 6 nguyén té thi b < 13 vi 177 = 289.
Ta2e<bh<I3vic=25néne =5,
Vib>2e=10nénchixayrah =11 hoic h =13,
VGih=11thi1753=a" - b+ ¢’ =a’ - 121 + 25,
hay 1d ¢* = 1849 nén @ = 43 1a & nguyén 10,
Vb= 13thi 1753 =a" - b" + " = a’ - 169 + 25,
hay la a® = 1897 nén a khong 1 sé nguyén.
Viy bén sb nguyén to can tim 1a
a=43, b=11,¢=5d=2.
Nihgn xét. Saukhico d = 2 v ¢ > 5 xét
1749 =@’ - '+ & - &> 90" b+ 34
= 8K+ 12
nén cd 86" < 1737, hay 1a A < 218 Do b I sé
nguyen 10 thi & < 13, ron uép e Lip lujn twor e
vhu trén. Cie ban sau ¢o 1o giai ding Ha  §i:
Nguvén Phic Hoang, 6Cl, THCS Archimedes,
bong Anh; Ngh¢ An: ./.hx.,.m: Thai Trigu, 6A,

THCS Ly Nhat Quang, P6 Luong, Séc q.:mg
Huynh Gia Bao, 6A2, THCS Ké An. Ké Sach. &
NGUYEN VIET KX

Bai T2525. Cho tam giic ABC cdn EQ

(A=20"). Gor D, E g hai diem thuée AC sac )
D nam gira A va E, AD = CE = B8C Tinh sopsp
goc f IBE.

Loi giai. (Dwa trén y tieomg cua
loi giai eac ban gin) Ta dyng
tam giac déu BCK (xem hinh
vé). Do tam gidc cin ABC c¢b
goc A=20" cho nén B=80".

ey a = 0

Ta c6 CBE n.i%dhums =50
vi tam gidc CEB can tai C. Vi
B=80" va KBC=60", cho

lun.h

/[tieu

B

https

nén ABK =80" —60° = 20" . D2 thay hai tam giac
ABK va BAD bing nhau (c.g.c) cho ta BD = AK,
va do do hai tam giac AKD va BDK biing nhau
{c.c.c). Hai ciip tam giac bing nbau nay cho ta 2
cip goc twong (mg bing nhau ABD = BAK =10
v DBK = KAD =10°. Mit khac ta cé:
EBK = CBK -EBC =60° -50° =10’

Viy DBE =EBK + DBK =20".
Nhin xét. Ciic ban sau day c6 dip 50 ding:
Ngh§ An: Nguwvén Thi Kim Anh, Nguvén Thi Minh
Hong. TA, Nguvén Mar Triew, Thar Minh Qudn,
Nguvén Van Vigr, Dio Phuong Ank, Nguyén Thai
Hong Anh, Hodng Van Quyér. 7B, THCS Ly Nhat
Quang, B6 Luomg, Hodang Mai Linh, Cao Thi Khanh
Chi, Cao Long, TA, Pdu Anh Pang, Ho Hoang Vi,
7B, THCS Cao Xuin Huy, Dién Chiu, Lin Trong
Phiic, 7B, THCS B¢ Cung, TP. Vinh; Vinh Phic:
Phimg Thu Thuy, Nguvén Quinh Huong, TA, THCS
Yen Lac, Yén Lac; Quang Tri: Fo Ngivén Thdng,
7D, THCS Trumg Vuomg, TP. Déng Ha; Sée Tring:
Huinh Gia Bdo, 6A2, THCS Ké An, Ké Sach: Di¢n
Bién: Nguyén Ngoc Digp, 7B3, THCS xa Pom Lot
huyén Di¢n Bién.

VU PINH HOA
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Bai T3/525 Cho da thie (1) = - dax+h trong
:..m a. b ld cde si nguven. Chimg munh __.m:__....u Ion
TON fal SO nguven mdé [ (im)= {(2021)./(2022).
Lot gidgi. Trude hét ta chimg minh ring:
S () +x)=f(x) f(x+1), ¥x (1)
Thiit vay, ta c6 vé trai
_;.:au+ L = h\ﬁi+ ....VN + hA.:Hv+ av +b
= (x)+27(x)x+x* +af (x v+md+&
= f2(x)+2f (x)x+af (x)+ £(x)
= (S (¥)+2x+a+1]
n:.«vTu +§+v+~.«+a+@
= .ly.u_”:+5~ +a(x+ 5+L
= f(x)f(x+1). .
He thirc (1) duge chimg minh. Véi x=2021 va
dat m=f(2021)+202] ta c6 m la sé nguyén
thoa man f(m)= f(2021) f(2022). Bai toan
dugce chimg minh.
Nhgn xét. Didu then chét cua bai todn l1a chimg
minh f(f(x)+x)=f{x)f(x+1), vx.
Tt ca cac ban déu lam theo céch trén.
Céc ban sau diy 6 bai giai (81 :
Thanh Héa: Chu Thanh Ngoc, 8D, THCS Nha Ba
S¥. Hoing Hoa; Ha Tinh: Tran Minh Hoang, 8E,
THCS Nguyén Trii, Nghi Xuin; Phi The: 56 Ngoc
Tién, Tran Qudc Khdanh, Nguvén Pic Quy, 8A3,
THCS Lam Thao, Lim Thao; Ngh§é An: V6 Gia
Minh, 8D, THCS Ly Nhat Quang, D6 Luong; Ha
N@i: Tran Minh Ti, 9C, THCS Luong Thé Vinh,
TP. Ha Noi; Hung Yén: Lé Tudn Nghia, 8C, THCS
Poan Thi Piém, Yén My; Sée Tring: Nguyén Anh
Thie, 8A1, THCS Ké An, Ké Séch .
NGUYEN ANH DUNG
Bai T4/525 Cho M la mér diém nim bén trong

tam pidc ABC san cho MBA=MCA. Dimg hinh
hinh hanh BMCD. Chimg munh rang diamg phan

TORN HOC
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gide cua goe

BAC va diong phdn gide cua goe
MCD vuing goc voi nha.

Lgi gidi.

M

Ciéich 1. Goi P 1a giao diém ciia phan gidc cdc géc

mm.ﬁ. vi MCD . Ta cb:

feoe N

waﬁ+§|i]mwﬁ+§m+>@
_Eic , iCi | A, 3CB + ACD
2 2 2 2
_BAC , ACi + MCB _ 4B + MEC
2 2 2
u@mﬂ,ﬁfmﬁugo
2 2 2

Suy ra APC =90°, hay AP L CP. Ta c6 diéu phai
chimg minh.

Cdch 2 (Theo ban Ngé Thi An Binh, 9E, THCS
bang Thai Mai, TP. Vinh, Ngh{ An).

Goi P 1a giao diém ciia phan gide cic goc BAC

vi ._Sn.b. Ve tia Cx // AB va Cx thupe nira miit
phing b BC khdng chia 4.

D& thly: MBA = DCx (vi BM /I CD, BA /f C).

Suy ra CP la phan gidc trong cia géc ACx .
Lai c6: BAC + ACx =180° (trong ciing phia).
Suy ra PAC+ ACP=90°. Viy 4P 1 CP.

Nhin xét. Hau hél cic ban tham gia déu cho loi gidi
ding va chu yéu giai theo céch 1. Ngodi ban Binh, cic
ban sau ciing c6 1oi giai tht:

Ngh¢ An: Nguvén Cénk Nam Khanh, 8D, Vieomg Vidt
Luegmg, 9A, THCS Ly Nhit Quang, D6 Luong; Ha N
Trdn Minh Tii, 9C, THCS Luong Thé Vinh: Phi The:
Pé Ngoe Tién, 8A3, THCS Lam Thao: Humg Yén: Lé
Tudn Nghia, 8C, THCS Doan Thi Piém, Yén My; Ha
Tinh: Trdn Minh Hoang, 8E, THCS Nguyén Trii, Nehi

Xuan,
NGUYEN THANH HONG
Bai T5/525. Giai hé phwong trinh:
ﬁ._.,,__n:{.ﬁ.rnn‘di:..+u,.,.+m (1)
g. 1 1 1

— et ———=1 (2)
[ =x+] y—-y+] z7-z+] @

Loi gidi. Bién dbi phuong trinh (1), ta cé:
DNexpz-D-yz-D)-x(z-D+(z-1=1
S (y-y-x+1)x-1)=1
< x=-Dy-Dz-D=1 3).
Theo (3), ta co thé dat:

x-1= bm.\cl_lﬂ |_nm% (abe = 0).
¢

2 be ] u? &u X

wsf.mumlkiuﬁniu i e s e
a a a
Tuong ty, ta co:

2 b rabe+dd ¢ +abe’ +a’t
Yy 1-€+_“ I-J.un\ =1 I||+_.H|J....|F|.

Goi vé trii ciia (2) 1a © va ap dung bat ding thire
Schwarz:

a.. :+~¢+nv
|+||+|VA

x y = x+y+z

(V8 x, v, z 14 cdc s6 duong ; ding thicc xay ra khi

(& .
—=—==), taco:
X y z

a* b
mﬂ 2 1.2 + el 2 2 2
a' +abe+bic’ b +ablc+cta
4
¢

c +abc’ +a’b?
(@ +b+c)

+

v

a' +b* +ct +abe(a+b+c)+a’h +bc +

opto.org

(dé thiy &'+a’be+b’c’= T +— &nw +h >0

tuong tu: b* +ab’c+c’a’ >0;¢' +abc® +a’b >0). -

u

Mit khac: abe(a + b +c¢) = ab.ca+ abbc + cabc =——
a’h + b + .

Déu bing xay ra khi v chi khi a = b = c. Do d6 4=

Ieu

/!

(@*+b* +¢*)
4 s 4 s 242 1.0 2 S
a +b8 +c +abcla+b+ec)+ab’ +b°¢c’ +c'a

Q=
(@ +b +c*)
Q=1khivachikhia=b=c Tudox=y=z=
Viy hé phuong trinh c6 nghiém duy nhét:
(e, 2)=(2;2;2).

=1,

“http

Nhdn xét. Da 56 cic ban giri bai déu lam theo cich
twvong ty nhu trén. C6 ban sau khi bién déi ra
phuong trinh (3), da dit

x-1=a; y—-1=b;z-1=c(vaiabe = 1), thi
d-x+l=a+a+ 1Ly - y+1=b0+b+1;
Z-z+1=¢*+c+ 1 rdi thay vao (2) cling tim ra
két qua. Tuyén duong cdc ban sau ¢6 I giai tot:
Phii The: Tran Qudc Khinh, Pé Ngoc Tién, Nguyén
Pire Qu¥, 8A3, THCS Lim Thao; HA N@i: Trdn
Minh Tii, 9C. THCS Luong Thé Vinh; Hung Yén:
Lé Trong Nghia, 8C, THCS Poan Thj Diém, Yén
My: Ngh¢ An: Ngé Thi An Binh, 9E, THCS Ding
Thai Mai, TP Vinh; Séc Tring: Nguyén Anh Thu,
8Al. THCS Ké An, Ké Sach.

PHAM TH] BACH NGQC

Bai T6/525. Cho cdc 50 thire x. v, z ldn hon | thoa
mdn: X +y +z + 2= xyz, Chimg minh ring

x |_+_.‘. |_+&I|_.v«m

Pdng thiee xay ra khi nao?

TOAN IOan
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Loi gidi. Nhgnxét: x+y+z+2= Xz
S (ot xty+ :+c..n+.—‘.+ll+ D+(zx+z+x+1)
Sxyzrxytyrtaoctxtyptz+|
SEtDE+HD+ @+ 1)z+ D)+ (z+ Dx+1)
=x+ D+ DiE+1)

Satbte=1

. 1 1 1
(trong do ki hiéu a=—:h= e=—).

x+1 y+l1 z+]

Chiy v, v,z>1 = an.?evo. Ta co:

1 I-a
d=—>=Xx=
x+1 a
s
(I-a)
— l—
o

2
Sy -1=

Nu,\w.clw..;.
vi theo biit ding thirc Cauchy cho ba sd thyc

n+z+,|w~
duong thi: w.a.(1 - 2a) mﬁ||||“..|b_

L)
T
Tuong ty:

W =12330-26); Y= -123430-20)

Do dé:

o =143 =14 2123 3[3- 2 (a+b+0))
=33,
Ping thirc xay ra khi va chi khi
a=b=¢= |_.U>.u..‘uwum.
3
Bét diing thirc da duge chirng minh,

Nidn xét. Bai todn bit ding thire trén thuge dang cor
ban. Cac ban hgc sinh sau co I giai ot

Pha Thy: Lwomg Minh Hiéu, 10T, THPT chuyén
Hung Vuong, TP, Viét Tri; Ha N§i: Trin Minh Tii,
9C, THCS Luong Thé Vinh; Ha Tinh: Trdn Minh
Hoang, 8E, THCS Nguyén Trai, Nghi Xuan;

TOAN H
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Quiing Binh: Nguyén Trdn Hodng, 1012, Pham Gia
Hing, 10T1, THPT chuyén Vo Nguyén Gidp, TP.

Déng Hgi; Lim pong: Tran Céng Mink, 10T,
THPT chuyén Bao Loc: Binh Binh: Vi Tién Pa,
10T, Nguyén Huy Hoang, 12T, THPT chuyén Lé
Quy Don; Ba Ria - Viing Tau: Phan Trung Kién,
[1TI. THPT chuyén Lé Quy Bon, TP. Vilng Tau;
Ww:n Thap: Lé Huynh Nhdt Nguwyvét, 10T, THPT
chuyén Nguyén Quang Diéu; Tidn Giang: Tran Hodi
An. Mai V6 Phic Thanh, 11T, THPT chuyén Tién
Giang; S6c Trang: Ly Hodng Nhuet, 10A1T, THPT
chuyén Nguyén Thj Minh Khai, TP. Séc Tring.
NGUYEN MINH BUC

Bai T7/525. Tim tdt ca cdc tam gige ABC ¢6 do
dai cac canh la cac $6 nguyén dwong thoa mdin
do dai canh AC bing d¢ dai phan gidc trong goc
A

Lot gidi.

a p H C

Ki higu AD=1, |4 d§ dai dudng phin giac trong
cta goc A. Tir C ké dudng thing song song vdi
AD cit BA kéo dai tai E. Ta cé cdc tinh chit

sdu cua duong phin giic,

Tinh chit 1: \SM = m\\u_
AC DC

2he cos 4

2

Tinh chét2: /,=— 2.
b+e :
Tinh chét3; £ =pe- 2P

(b4c)

f—

Chirng minh. Tl cong thic dién tich ta co

. = A A
S - ==besin A = besin = cos =, Ma
ane =5 ¢ sin > cos 5t Mt khac,

1 A A
S e = Suap + Sea HME\_m_:M+Mn? w_:.ml

I |
=—(b+ ! —_
NH l;m_nm_

N

2heccos -
25
suyra: /, = e A = 2 &
(h+c)sin = bite
2
gk
P SO
P 467 cos 3 26 (1+cos A)
Ab +.h.v~ ﬁ\u.Tn.vu
wie [ b -d

= 1+
(b+c) 2be

be NG | B a‘be
n@ﬁﬂﬂﬁ?+qvlng-@ e

(cua ngudni ra d&). Tir gia thiét va tinh

gy:

Loi gidi
a‘be
(b+c)

chit3tacé: b' =13 =be-

Suyra: a’c=(c-b)(b +nuu

)

hay ﬁnﬁ_ -&?J. ().
[y [ [

pat 2=2 v L (*) vai (mn)=1 va
c n c s

(r.s)=1. Khi dy (1) tre thanh:

m’ Ahlﬁ:...+~.uu
e e R "
n 5

T (*)va (2)tacod:

m =(s-r)(s+r) van'=s

Chimg t6 s-» vd s 1d s chinh phuomg. Dit

s=t'  vi s-r=k" Khi dy r=0-k%,

:.n»ﬁw__...»J vi n=¢", Dt a=mx, c¢=nx,

b= v c=3sp Khi dy: nx=sy hay
]
n t'x ;
y=—=—=tx, Dodd:
s

a=xk(27 -K), b=xt(F - k), c=xt' (3)

(@)

véi >k va (k) =L bt
Cubi cung, dé dang kiém tra (3) thoa min %
dang thirc tam giac va diéu kién 1, =h. ®)

Nhin xét. Day la bai todn ma dau bai thi :@m
c6 vé d&. Nhung thire té thi ai 12 bai todn kho. @
khé & day 13 tam gidc ABC cé d¢ dai ba canh(E
s6 tu nhién. Vi vy chi ¢6 hai ban gui bai. .
Ban Nguyén Trdn Hoang, 10 Toan 2, ._.Im
chuyén V§ Nguyén Gidp, Quang Binh di c6 nhaie
xét 0t 13 ¢>p. Tuy nhién, do khéng chu y pem)
diu kién d6 dai cac canh 14 cfic sé nguyén duofP
nén chua di dén dap sé. Chi cd ban Pham E
Himg, 10 Toan 1, THPT chuyén Vé Nguyén Gilpy
Quing Binh ¢d 10i giai ding. (Vp]
Cich gidi 2 (cua Pham Gia Himg). Goi H G
diém gita CD. Do AD=AC nén tam gio
ACD cin vdi AH wvira 13 duong cao viralar
duimng phan gidc (hinh vé trén).
Pit AD=AC=b, CD=n (bei').

A — HC n

Taco: sin—=sin HAC=—=—. § :
acd: sin—-=sin TR uy ra

2 2 2
Smmn_-wmawmu_umﬁhu .

2 4 26
Tir tinh chat 2 va theo gia thiét ta c6

2hecos a4
l,=AD= == AC=b.

T bte

Suyra: ¢= ==

DC-AB _ b'n
AC b -n*
Dodb: a=BC=AD+DC=—2 " +n= um._l.w__
b -n b -n
Biing phép dong dang, mbi tam gidc ndy nrong
duomg voi mjt tam gidc ABC co d§ dai cic canh

Theo tinh chit | ta cé: BD =

ld cdc s6 nguyén duong v&i c=1'b=r -1k,
a=20% k', trong d6 ¢ va k 1A cic s6 nguyén
duong, ¢ > k.
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Viy cic tam giac c¢d d¢ dai cac canh 1A
c=rb=r - a=2k-I', (t,ke N, 1> k)
Ja tat ca cdc tam gidc can tim,

Gyiy cdch giai 3. DAt BD=x, DC = ».

Ta co:

&2 B L e b
v DC AB b "t VYTLT
ﬂ.vnHH+.<H}+nHHw+n.v_.
c b
H+Wn.wb+btumlnnmilum.\m
2
unﬁuﬂ:M|Amm:w|\Jnnmm ulbhﬁg
3 4 b b )

c A cy
ha Ty4s = mmuu R
g o M%ﬁ »)

= (2c+b)b* =c(3b - ._.J =cp’ =b*(c-b).

b+e
b

=(b+¢)'b’(c-b)hay ca’=(b+ c)(c-b).

Phai ching tir hé thic nay két hop véi diéu kién

a,b,¢ nguyén suy ra céng thic cho a,b.c!

TA DUY PHUQNG

Vay a nﬁ w y' = ch’d’ u@f&u o’

Bai T8/525. Cho hai dwéng tron (0) va (O)cat

nhaw tai hai diem A, B. Qua diéem C nam tren tia

5 cna tia BA dung ede tiép nwén CD, CE cia
() Doan thang DE cat () rai F. Tiep nyven
cua (O tai F cdt €D, CE lan heet tai M va N
Chreng minh rang tir gige ABMN noi _.:m_c.

L gidgi. Ta giai bai todn trong trudng hap diém D
ndm trong dudng tron (Q'), trudmg hop diem £
nim trong duimg tron (0) chimg minh tuong tr.
Gia sit DE cht duong tron (Q') tai P khic F, CP
cfit dudmg tron (Q') tai O khic P.

Tir CO.CP =CB.CA =CE* = ACQE ~ACEP(c.2.)
= CEQ =CPE (1).

TORN HOC
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n.ﬂ—ﬂma qcuﬂqmuﬂmm.m

= ACQD~ACDP(c.g.c)= CDQ =CPE (2).

Tir (1) va (2) suy ra CEQ=CDQ = tit gihc

DECQ ni tiép dudng tron dudmg kinh OC. Goi K

1a giao diém cila 4B va tiép tuyén tai F cia duong

won (0"); H la trung diém cia AB. Khi do, chi ¥

ring KF 12 tiép tuyén ciia duémg tron (O') nén
OHK = QEC=QPE =0FK.

Do d6 tir gidc FHOK néi tiép dudng tron dudng

kinh KO, suy ra KQO =90° hay KQ la tiép tuyén

cua duémg tron (O7) (3).

Mit khic vi OFM=QHC=0DM nén ti gidc

DFMQ néi tiép. Tit 86 NCQ=FDO=NMQ =

tr giac CMON ndi tiép va do KQ 1A tiép tuyén

cua duomg tdn (0", nén DMQ=QFP=KQC,

din dén KQ la tiép tuyén cia dudmg tron ngoai

tiép tam gide CMQ. Hay KO la tiép tuyén cua

dudmg tron ngoai tiép tam gidc CMN. T (3) suy

ra KB.KA=KQ"=KM KN. Diéu ndy chimg to tir

gide ABMN ndi tiép (dpem).

Nhin xét.]) Céc bii giai giri vé Toa soan Tap chi

TH&TT déu sir dung két qua sau:

Cho hai duemg tron (O) va  (0") khong dong tdm.

Khi dé tap hgp cdc diém M thoa man

P

.m.:|sn k (k#1) la dwueng tron dong truc vei (0)

MO

vé (0'). Ban doc ty chimg minh két qua nay.

2) C6 it ban tham gra i bai T8/525, Nhne
hoc sinh sau €8 101 giai téy: & baa
Quang Binh: Pham Gia Hing, 10 Toan 1, Thpr
chuyén V& Nguyén Gip, TP. Ding Héi; Bing
Pinh: Nguwyén Hiuy Hoing, 12T, THPT chuyen ia
0 DS &
Dﬁ... oL Ocu_ Nhon; Tay Ninh: Pham Héng
bang Khoa, 10T, THPT chuyén Hoang Lé Kha, Tp
& £ 1 , LR,
Tay Ninh; TP. Ho Chi Minh: Tha; Quang Phét
11CT1, THPT chuyén Lé Hing Phong. :

HO QUANG VINH
Bai T9/525. Chirng minh ring viri moi s6 nguyen

dicong n tu c6

3 | ] |
L S o w1 o
27y u:l_h:_ .u:luﬁ:,
(4ny'y 4 ’

L giai. Vai i 1a don vi 4o ta cé:
(L+ ¥ = @) =2V =2 ('Y = 16".

Pong thai:
(+0)" =Cy, +iCy, +i*Cy +...+1"Cy
=C +iC, - CE —iCy +Cy +..—iC ' + C
= ﬁm,:, -CL+Ch -G

H{C~CL 4+ G~ O - N
Dodé: C' —CL +Ch == G 4G - C

.-G+l =16"

hay 2C" —2C} +2C), .= 20 + G} =16

Dén toi:

€ ~CL+Ch —t Gt =G =5 (16" -C) (D)

i " ) 4 om+l n
Ap dung cong thire b oY C.. tr(Daco:
8n . Bn {n P 81
1 2 ﬁ,. .+.”__lh‘...._ :,+.—=1L el T w1
o -c
1 Ty I s | ey
= e — i + ﬂ.-
Uun:_ Lﬁ}.?: y P S )
Ch+2-16
- 16n

1 1 1 |
FL ey gL 4 JON N o 4
1Ot T e N:lmﬂ;._ + ™

_Cy2-16" amu
O

8n
Nhan thiy 16" =(1+15)" = C* +15C! +...15" 3=

(o

2CY+15C =1+15n22+14n o

stz 2=1e= 208 <7 e
&n 4 n.
Hon nifa; ufﬁu._.. = Pl@.b_l - E 6B
8n 8n ((4m)ly  ((4m)Y) —
Tir (3), (4), (5) suy ra: %
1 1 I 1
Lo olf g o n-s =
TR i PPETRAY +~=I_ﬁ.ﬂ
(Bt e
T an)y @)
BDT(!) duge chimg minh. Pang thirc xdy _.mq
n=1. N

Nhin xét. Diy la bii toin kho vé bat déng o e
hop. Chi cé ban Tran Van Qudn. 11 Toan |, THPT
chuyén Hung Yén, Hung Yén giai ding bai ndy.

TRAN HUU NAM
Bai T10/525. Cho dayv s6 (a,) xdc dinh boi.

g,_sw.. a, ., =logla +1), ¥n=12.. J
Chirng munh ring dav so (a,) hoi e va tim gion
han av

Loi gidi . (Caa ban Pham Gia Himg, 10 Todn 1,
THPT chuyén Vo Nguyén Giap, TP. Dong Héi,
Quang Binh).
Xétham sé f(x)=log, x -log,(x+1) (x>0).
Taco: f'(x)= S >0 ¥xeR*

xin2 (x+1)in3
F(=0:f®) =L f()=-Tog,2<0 nén x =2 14
nghi¢m duy nhit cia phuong trinh:

log, (x)=log,(x+1) (1) vd log, x <log,(x+1) Vxe(0;2),

Tro lyi bai toan, xét hai day con (a,,).(ay, )

Ta chimg minh (az) 12 ddy gidm v bj chan dudi
bai 2.

« Ta chimg minh a,, >2, VkeN’ bing quy nap.

TOAN H
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Véik=1,a;=3>2 (ding). Gia sir diéu nay
dung vai £. Khi do:

log,(ay.,) = log,(a,, +1) >log,(2+1) =1
= Ayy > 2. VAy a3 > 2 v6i moi k.

» Ta chimg minh (ay) la day giam. That vy, do
log, x>log,(x+1), ¥x>2 nén

log.(a,,,,) = log, (a,, + D<log,(a,,)
=a,,.,<a,. Do do tdn tai lima, =L.
T phuong trinh log,(a,,.,)=log,(a,, +1), cho

k— +w ta duoc log, (L))=log, (L, +1), theo (1),
suy ra L, = 2. Tuong tu ta chimg minh dugc
(ax% + 1) la diy tang va bi chin trén bai 2. Dat
L,=lima,, , taciing c6 L, =2. Vay day (a,) c6
gidi han hiru han va lima, = 2,
Nhdn xét. Ngodi ban Fimg, cac ban ciing co loi giai
tét: Phi The: Luwong Minh Hiéu, 10 Toan, THPT
chuyén Huang Vuong, TP. Viét Tri; Quing Binh:
Nguvén Tran Hoang, 10 Toén 2, THPT chuyén Vé
Nguyén Giap, TP. Dong Hai; Lam Ddng: Lé Hoing
Vi, 11 Toan, THPT chuyén Bao Léc; TP. Hé Chi
Minh: Thai Quang Phdat, 11CT1, THPT chuyén Lé
Hong Phong; Tién Giang: Mai V5 Phiic Thanh, 11
To4n, THPT chuyén Tien Giang, TP, My Tho.
PANG HUNG THANG

Bai T11/525. Tim tir cd cic him 56 [ R-R
sao cho [(x+y')= f(x)+y (V") Vx,vek.
Léi giai (Theo da 56 cdc ban).
Theo (1) véix =0, y =1, tadugc f(0)=0.
Voi x=0 vasirdung f(0) =0, ta dugc:
fH=x(V)VyeR (2).
Tir (2) thay y bai —y thi
SO ==y (-y"),VyeR (3).

T (2)va 3) suyra: f(y’)=—f(-y') tic [ 12
ham lé. Tiép theo, thé (2) vao (1), ta dugec:

Slx+yY=f(x)+ '), ¥x,yeR
hay f{ix+y)=f(x)+ f(¥),VxeR,y20 (4).
Xét x <0,y <0, thi —x>0,—y >0 vatheo (4), ta
co: f(x+y)=-f(~x-y)==f((-x)+(-p))

N w ._.nwm_ﬂh__nqvhm S3 529(7-2021)

={f(=x)+ (=] =-[-f(x) - f(¥)]
= f(x)+ ().
Két hop véi (4) suy raf1a him cong tinh trén R,
Trong (2), 14n luot thay y boi x+1 vd x-1 va
sir dung tinh cdng tinh cha f, ta cé:

S+ DY =(x+Df({(x+D)"),VxeR

© f(x' +4x +6x7 +dx+1)

=(x+ 1S +3x87 +3x+1)
S [N+ +6 /() +4f () + f()
=(x+ D) +I3S ) +IS )+ D], VxeR (5
f(x=D) = -Df((x-)"), ¥y eR
© f(x* -4 46 —dx+1) =(x-1)f (¢ -3¢ +3x-1)
S ) =41 () +6/(*) - 41 (x)+ f(1)

=D -3 () +3£ ()~ fD],VxeR (6).
Cong (5) va (6) va dd ¥ f(x*)=x/(x") ta thu
duge: f(x*)=x/(x),VxeR (7).

Tiép theo trong (7) thay x bai x + 1 ta thu dugc:

2

S +2x+)=(x+1)/(x+],VxeR
< f(F)+2f(0)+ f(D)=(x+DLf(x)+ ()], VxeR

S X ()+2f )+ fQ)=(x+ DS () + (), Vxe R
< f(x)=cx,VxeR, trong do ¢ = f{1).

Thir lai ta thdy ham sé nay thoa méan didu kién
bai ra.

Nhin xét. Day la dang todn vé phuong trinh ham
Cauchy véi cap bién g do trén R khéng doi hoi tinh
chét giai tich dp lén ham édn nhu tinh lién tyc, gidi
néi, kha vi, ... C6 nhiéu bai giai giri dén Toa soan
mic mt trong chc 13i sau: Khi két ludn duge tinh
cdng tinh coa ham f* suy ngay tinh :Qm.z tinh cia no,
diéu nay Ia khong thé vi ¢6 rit nhidu 16p ham cong
tinh ma khéng 1a tuyén tinh trén R hodic chuyén qua
gi¢i han khi x— 0 cia ham f(x) trong khi /'
khéng co tinh lién tyc tai 0. Céc ban sau ddy ¢6 1o
gidi ding: Ba Rija - Ving Tau: Phan Trung Kién,
11T, THPT chuyén Lé Quy Dén, TP. Viing Tau;
Binh Pinh: 2%:&%: Huy Himg, 12T, THPT chuyén
L& Quy Don; Hung Yén: Trdn Vin Qudn, Bii Huy

Tdi, 11TI, THPT chuyén Humg Yén; Sée Tring:
Tran Minh Hiéu Hoc, 10A1T, THPT Nguyén Thj
Minh Khai; Vinh Phie: Phgim Hodang Higp, 1241,
THPT chuyén Vinh Phyg,

NGUYEN VAN MAy

Biai T12/525. Cho tit gide ABCD. Piém E thuge
AB. Diém F thay déi trén CD. Céc diém M N Smc
thir tie la hinh chiéu clia C. D trén EF. P la giao
diem cua dwong thang qua M vuing goc vii AD
va duong thang qua N vuing gée véi BC, Chimg
mind rdng tam dwomg tron ngoai tiép tam gidgc
MNP chay trén mgt dieemg tron o dinh.

Loi gidgi 1 (cua ban Phing Thu Thao, 12T, THPT
chuyén DHSP Ha N¢i, Ha Ngi)

Goi S 1A tdm cha dudmg tron (MNP); H la hinh
chidu cia £ trén CD; (/), () la céc duomg tron
duong kinh EC, ED.

D& thiy M, H thujc (/) va N, H thuge ().

Goi X, Y theo thir t la giao diém thir hai cia SM,
SN va (1), (). DE thiy:

(MX ,ME) = (MS,MN)= wcﬁ. SN)

1] — —

(7 + (SM,SN))(mod 7) mmi )

|-

=

SN

+(PM,PN) = m+ (AD,BC)(mod 7).

Tir d6, cha ¥ ring 4D, BC, (NVAE ¢cb dinh, suy
ra X ¢ dinh (1). Tuong tw Y ¢6 dinh (2).
Dé thay

(SX,8Y)=(SM,SN) = (SM,NM)+(MN,SN)

= (XM, EM)+(EN,YN)(mod )

= (XH,EH)+(EH,YH)

= (XH,YH) = (HX,HY)(mod ) (3).
Tir (1), (2) va (3), chd ¥ ring H cb dinh, m.ﬁw.m s
chay trén mét duomg trén ¢é dinh (XYH). @)

0.0rg;

Léi gidi 2. Ta clin c6 mét b dé,
Bb @&. Cho hai diwong tron (0), (O cdt =m. tai
A, B. Mgt duomg thang bat ki di qua B va threy thi

h

te cdt (0), (O tai M, M". Khi dé tam gidc AMM'
déng dang ciing hieémg vor tam gide AOO.”

B6 dé trén rit quen thugc, khong trinh by phép
chimg minh ¢ day. Goi S la tam dudng tron ngoai
tiép tam gidc (MNP); H la hinh chiéu cia £ trén
CD; K, L theo thir tr 12 trung diém caa CD, MN;
(U). (M) theo thir ty 13 cac dudmg tron duong kinh
EC, EK. Vi CM L EM nén M thugc dudng tron
(U). Vi CM /{DN (cing vudng goc voi MN) va
K, L theo thir ty 1a trung diém cia CD, MN uén,
theo dinh li Thales dao, KL L MN =EL, Do dé L
thudc duomg tron (V) (1).

Dé thily E, H 1a cac giao diém cia (L) va (¥).

Viy, theo bd dé trén, tam giac HML dbng dang
cing hudng voi tam gidc HUV.

Piéu d6 co nghia la tam gidc HML lun ddng
dang va cung hudng véi chinh né (2).

Vi § 13 tim dudmg tron ngoai tiép tam gide MNP
va L 1a trung diém cia MN nén SL L ML va
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Do d6 tam gidc SML déng dang va cing hudng
v chinh nd (3). Tir (2) va (3) suy ra tam gidc
HLS ludn dong dang va cing hudng vdi chinh né.
Do d6 ton tai cic sé k,e saocho S= VieQ2(L)
(4). Tir (1) va (4) suy ra § ludn thudc dudng tron
(WY=V5 e On((V)). Chiiy. K e SL.

Nhdn xéf. 1) Bai toan ndy khé, ngodi ban Thdo, chi
¢6 bon ban tham gia giai, tuy nhién 1&i gidi cha cdc
ban hodc phu thudc hinh v& hodc qua dai.
2) Xin néu tén ca bén ban: Hung Yén: Ha Vinh
Quang, 11T, THPT chuyén Hung Yén; Ha N§i:
Nguyen Anh Tudn, 11T, THPT Chu Vin An; Quing
Binh: Pham Gia Hwng, 10T, THPT chuyén Vo
Nguyén Giap; TP. Ho Chi Minh: Thdi Quang Phdt,
11T1, THPT chuyén Lé Hong Phong.
NGUYEN MINH HA
Bai L1/525. Sing doc truvén trong mgt moi
triccmg vai bude song A = 15 em va hién dg khong
doi A = 53 om. Goi M va N la hai diém cing
nam trén mot phirong __ﬁ__..._.m,z sang ma khi chua co
séng troven dén lan lugt cach nguon nhimg
khoang 20 cm va 30 em. Xde dinh khoang caeh
mm: nhdt va xa nhar gitra hai phan tic mei trieong
tai M va N khi ¢6 song truvén gua.
Lai gidgi. Gia sir song truyén qua M 16i dén N, thi
dao dong tai M sém pha hon dao ddng tai N a:
Phuong trinh song téng hop l1a
27(MN) 4
Daw = |Mﬂlﬁl11w = |Nﬁ
A 3
Chon gdc théi gian 1a thiv diém song truyén qua
didm M, ta cé phuong trinh song tai M:
u = 53 coswr (cm);
Phuong trinh séng tai N:
d
u, = 53 cos(at - qu (cm).
Do léch li 46 ciia hai phan tr tai M va N:
4
Au=u, —u = m..\w_Hoom?& = qvl nou_?EL

=15cos(wt + m.mmv (cm) = Au,, =15 cm,

TOAN HOC
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Khoang cach gin nhdt va xa nht giira hai phén tir
fo=MN+Au_ =10+15=25(cm)

[10-15]=5 (cm)’

tai M va N:
P =0 -

Nhin xét. Rit tiée khong cd ban ndo gidi duge tron
ven bai todn, Cac ban Hd Pham Phii An, 11TL,
Nguyén Triong Duy, 10T1, Nguyén Tran Gia Bdo,
10T1, THPT chuyén Nguyén Quang Diéu, Déng
Thap da tham gia duge 50% bai toan.

DINH THI THAI QUYNH
Bai L2/525. Dogn mach AB mm_: bién tro, cugn
cam thudn va w dién méc ngi :.m_? Bat vao hai
dau doan mach dién dap u = U2 cos(w) (V). Khi
R =R, thi cing suat tiéu thu trén doan mach AB
dat cuc dai }%E.m P,. Khi R=R, hodc R=R, thi
cong sudt tiéu thy trén dogn mach AB bang nhau
bang 120 W va ¢6 hé s cong suat lwong tng ld
k, =0,6 va k, =0,8. Xdc dinh gid iri cua Py,
Léi gidi. Khi R=R, =|Z, - Z| thi céng sudt clia
mach dat cyc dai P, , taco: P, u%‘w@ (1). Khi R
thay déi, co hai gid tri ciia R dé mach c6 cing
cong suit P nén hai gid tri d6 cua R 1 2 nghiém

. u’ ;

ciia phuong trinh: R? \hm!x +(Z,-Z.)Y =0.

Suyra: R +R, = Qﬂ (2). T (1) va (2) ta co:

LA L) (3). Hé s cong sudt cia mach:
P 2R,
1 1
\a = m ] : —] =
I+ AN\H.‘ I\Nn v.. 1+ Nc;.
V& R
1 1
Suyra k =——=—, by === (4)
1+ % 1+
R R
k k,
Tt (39 va (4) ta i igis B = | et |
216 ik

Thay s6 ta tinh dugc P, =1250.
Nhin xét. Rit tiéc [ khdng co ban ndo gidi ding bai
nay.

NGUYEN XUAN QUANG

| g

PHUONG PHAP

GIXI TONRR

Baj viét dé cap dén mot s ng dung tir :w:m %.Em
thirc: @ + b’ +¢’ - 3abe=
=(a+b+ n.:nm +H+ - ab -bc —ca)
uwaiia [(a =) +(b~cF +(c-a)] (.
Hing ding thirc ndy duge chimg minh don gidn
nhur sau:
@ + B +¢ —3abe =(a+b) —3a’b-3ab’ +c' - 3abe
n?uiu% +ﬁuu_|unv?+_v+&
= ?. +&+&Tn +_mvu l?+$n+qw Iwnvu_
ﬂ? +w+n.:_uu +b+¢f |hv1nn|vnv
- W?ti&? ~b) +(b-c) +(c-a)' |
Tir hiing déng thire (*) ta ¢o:
Néuag+b+c=0thia + &+ =3abe.
(NG DUNG 1. Chimg minh ding thirc, bt
m:m._:h thire

s : g o e
Thi du 1. Chimng minh ring. néu a’ + b + ¢ =
Jabcthia=b=chogeca+b+e=0.
Lévi gidi, Tacd:a* + B+t = 3abe

o @+ + - 3abe=0
& Tifz?lsu +(b-c) +(c-a)']=0.

=atbtce=0

hofic (@-b) +(b-cV+ (- ay =0
<> a=bh=c(dpem).

Thi dy 2. Chirng minh rang

(@-bY +(b=c) + (c-a) =3l - hy(h - X

= Qv.

Loi gidi.

bit x=a-b,y=b-c,z=c—-a. cC
Taco: x + y+z=0nén ta suy ra: S
P+ +2 =302 m
=(a-b’+ @G-’ +(c-a) ()}
=3(a-b)(b-c)c-a) amv.
Thi du 3. Chitng minh rdng néu x +y + =S thi
m?u . .ﬁ,m... nJ = m.ﬁﬂ.,.u % .a.u + nJ. S

Loi gigi. Vix+y+z=0suyra:

http

Sy +d =3z
Tir d6 co:
(6 + 7+ D)+ )+ ) = Bale’ + 57+ 2)
X+ +2+x) (x+)) +yRp +2)
+ 2z + x) = 3z + 7 + )
o X’ +y + 2 —xyz(y +yz + )
= ukv_nnxp +y +2h)
e +\tu +2
2
o 2’ +3° +2%) = Sxpz(x® + )y + 2) (dpem).

o P+y+r -ne= =3nz(x’ +y* +2°)

Thi du 4. Cho x, y, = doi mgt khic nhau thoa mdn

diéu kicn:
(v- ,.Z\._Nl»u +(z I.«Zﬂﬁ +(x - .,.Z‘_Iulnn =0.
Chitng minh ring:

(- -pH-z)=(0-x0).
Loi gidi. Bat anﬁ.cln%.}llluﬂ . ouﬁl.«v@ﬂm“
nuﬁi‘éa. Tacd: a+b+c=0,suynm:

@+ B+ ¢ =3abe.

Do do: (y-2(1-¥)+(z-0'(1-3)+(x=3) A-2)

=3y -2z - - A=A =7)A=2) (D).

TOAN IOAM#
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VI =(r = 1=a) 4 2 =0 (1= )+ (x- 3 (1-2)
(=2 + =2 Fx =) - (- ) =z - )’ - (2 - o)
=3(y-=Wz—xHx =) =302(y - 2z~ x)(x - y)
=3y -z - xNx - ¥y}l -x2).
Viy ta dugc:
3y =)z = ) x - y)1 - x2)

=3y =2z - - PYA-x)1 -y )= )
@ (-02)=Ya-)-)1-2)
o (1-x2) =(1-x")1- )1 - 2).

Ta c6 dicu phai chimg minh.
Thi du 5. Chimg minh bat ddang thiec Cauchy cho

bha 56 diwomg x, v,z x + y+z23 s
Léi gidi. Ta ludn c6: a* +b* +¢* —ab-be-ca
1 2 2 4
umTals. +(b-c) +(c |3'uw 0.

Ap dung (*) ta co: X+y+z-3Yxyz
unﬁ+ﬂ\m+ﬁxﬁm+%+ﬁ|®|$ﬂleﬂu
=G e s P RE -3+ Q-2+ (GE - Y]
20.
Suyra: x+y+z2 uh\..olﬁ ( dpcm).
U'NG DUNG 2. Giai phuong trinh, h§ phuong
trinh
Thi du 6. Giui phreong trink
Gry-2Y - (-3 =@+ 1"
Léigidgi, Tacd: (3x—-2) -(x-3)P =(2xc+1)
& Bx-2-(x-3P-@x+ 1)’ =0
S (Bx-20+(x+3P+(=x-1=0.
Vi 3x-2)+(-x+3)+(-2x - 1) =0 nén
(B3x -2 +(x+ 3+ (- 1)’
=3(3x - 2)(—x + 3)(-2x - 1) = 0,
Tir dé giai ra nghiém cua phuong trinh 13;
2 1

;x=3x=—.

3 2

X=

TOAN HOC
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Thi du 7. Giai piucong trinh
(x*=3)' = (4x+6) + 216 = 18(dx + 6)(3 - x°).
Loi gidgi. Dat a=x"-3; b=-4x-6; c=6. Khi
d6: @’ +b + -3abc=0< atb+c=0
a=b=c
X =3-4x-6+6=0 (=2+
Tl -3=tx-6=5 © Humu.,m.
Vdy nghiém cua phuong trinh da cho la:
auww,\w. x=-3.
Thi du 8. Tim cdc nghiém nguyén ctia phicong
trink; x*+ 3 42 - Ixpz=1.
Loi gidi, Taco: X' +y'+2° - 3z =1
SE+y+) WY+ —xy-xz-yr)= 1.
Do x'+y*+:%— Xy-xz-yz
=S (@ + 02+ =020
nén chi c6 thé xay ra
x+y+z=1 (N
Sty +r —xy-yz-zx=1 ()
Ti (1), binh phuong hai vé, ta c6:
P+t Z+2xp+yz+az)=1 3.
qu.. (2) trir (3), suy ra: xy +yz +zx = 0 nén
X +yf =1,
Giasirx® 23 > 22, Suyraiz=0;y=0;x= +1.
x=1
Ta c6 x = -1 khong thod midn nén <y =0,

z=0
x=0 x=0
Tuong tysuyra; {y=1 va{y=0,
z=0 z=1

Vay phuong trinh ¢é 3 nghiém (x; y; z) la:

(1:0,0), (0;1;0), (0;0;1).
Thi du 9. Tim cdc nghi¢m nguyen dicong cua hé
L]

X4y 4 3oz=cz

phteemg trink: )
(2x+2yy =2

Léi gidi. Dt t = —z 13 ¢4:
Xy “3ar=g
ﬂvQ+p_+:ﬁ.%+em+m|d\:w.|acno
x+y+t=0

x=y=t=-z<0 (loai)’

L=1

Voi x+y+1=0tacé: x+y =z thay vio
phuong trinh thir hai ciia hé ta dugc: z =4,

Khi do: x + y = 4. Vay nghiém nguyén duong cia
hé 1a: (1;3:4) ,(3;1:4), (2;2;4),

UNG DUNG 3. Tinh gi trj biu thire

Thidu 10. Cho b= Jabcvaa+bh+c 20,

Tinh gid tri bicu thire M = a!..rImJH.
(a+h+cy

Léi gidi. Tach: a®+b*+¢® —3abe=0
& W? +w+3_”?|3u +(b-c) +€;3Juo.

Maa+b+c #0suyra:
(a+ b+ (B-cf+(c-af=0=a=b=c

2 2 2 2
T 2 A
(@a+a+a)y 9a 3

Thidu 11. Cho ‘_“ +—+—=0. Tinh

ARSI B B | 1 1 1
Loigiai. Th —+—+—-=0>>=+—+5=—.
X y z X Yy oz

, yz X IV XyD VX
Uogo”2n§+.|..+|uu|+i+||

3 3 ] g

Thidy 12. Che xvz 20 thoa man

13 1y R
A e =

Tink P - T . “:_ +,|H,..J_T +=

Lei gidgi. Dita=xy, b=yz, ¢ =2x Ta co:

¥y +y? xR = kS (@)}
| -
Sd P+’ =3abc o a +b +¢ -3abe D)

a+b+c=0 O
5
Q.

.Zm:n+&+nuo=uz@+.ﬁ+.ﬁno§ (@]
(x+2)y=-xz (v +2)r=—yz; (x + y)z = -2

Dods: P=[1+2 _TLTRW
¥ z x

=
a=b=c

X+y y+z z4+x (x+y)z (y+2)x (z+

¥ z x

»yz zx

B e S

//tf’elulun

=
I
b}
.
.

-.Zm:ﬂHUﬂnUku‘HENHH«U%HVHN

= P=8.

https

BAI TAP DE NGHI
1. Cho x + y + z = 0. Tinh gia trj biéu thirc

knuu+‘..__+uu.
—xyz
2.Choxy+yz+zx=0viaxyz #0. Tinh

3. Rit gon biéu thire:
Y4y +2 =307 k() Fp+(r-1)
0 exz(2yez) (x=pF H(r-z) +(z-x)

C=

4. Giai phuong trinh:
x-3P++1y=8x-1).
5. Giai phuomg trinh;
Yx+1+¥x+2+ Y43 =0,
6. Tim nghi¢m nguyén cia hé phuomg trinh:
xX+2y+3z=6
-1 +Q2y-3'-@3z-2 =18

7. Chimg minh ring néu @' +b’ + ¢’ #3abc thi
hé phuemg trinh sau ¢6 nghiém duy nhét
ax+by+cz=0
bx+cy+az=0.
ex+ay+bz=

83 529(7-2021)
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Noi dén phuong phap lién hop thi ching ta qua
quen thude trong bai todn giai phuong trinh, bét
phuong trinh,... Trong bai viét nay tac gia gibi
thiéu mot k¥ thudt ma ta tam goi 1a * lién hop” déi
véi bai toan chimg minh bit déng thie lugng gidc
thong qua cdng thire bién ddi tong thanh tich quen
thudc sau:

at+b alw
sina +sinb = 2sin——cos
2 2
Sau day 1a mdt s6 thi du minh hoa cho phuong
phap.

Thi du 1. Chimg minh rvang ven moi tam gidac

4. B _C
s sin s
BC e ———2 22 1
T A-B__B-C_ C—A &
COs COs COs
2 2 2

Chummg minh. Ta co:
8sin A
2

sin _ sin _ cos

2
A-B  B-C C-4
cos €08 — —— COS—— - COS = COS
2 2 2 2
< (sin A +sin B)(sin B +sin C)(sin C +sin A)
2 8sin Asin Bsin C.
Ap dung BDT Cauchy cho timg nhén tir & vé tréi
sau 6 nhin vé theo vé cic BDT cling chiéu ta cb
di¢u phai chimg minh,

- COS

B.C A
COS -
2 2

BOT <

O

22 o
A _B_C°
- CAas
22

Thi du 2. Chimg minh rdng véi moi tam gidge
ABC ra co:

A-8 B-C C-A
COS-———— + COy —— = + CO5 —
2 2 2
> .:75#;. sin m.. n Al.
2 2 2
Chimg minh.
TOANHOC
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.w.‘. I*u, L] _ﬁmxx. mam....u).
w(._h RN
& 4

10P" TRONG BAI TOA k

F‘rt

¥ cJ_ ‘ A...Cnhfiﬂ e‘ #ﬁ
r E-,.r (...._.,(
PHAM DUY KHANH
(GV THPT Quy Chaiv, Night An)
A-B -
cos s oo@w wﬁ.
BDT & +
mmpmm:_ wmim ﬁ:x_i:@m.:ﬁ
22 2 272 2
C-4
nCm.lFMrr!
SR - S,
+.a. B h.suas.
SN —Ssin —sin
2772 2
B-C A B-C
cos ..w| Nno_ﬂ\m cos - m
5t =
xa.\_mn 4. 4. B_C
sin - 2cos - sin _ sin —sin —
27272 2 2 2 2
_ sinB+sinC
sin k&:.@ﬂ:.ﬂ
2 2
Tuong tr cho cdc truémg hop con lai, ta co:
s sinB +sinC + sinC +sin 4
. . B . C . . C A
sin Asin—sin —  sin Bsin — sin —
2 2 2 2
" sinA+sinB >4
: . A . B
sinCsin = sin -
2 2

Ap dung BDT Cauchy cha vé trii 1a cé:

VT3 :m_.:m+&:m:mmzw.fm:_ﬁ.:um:mfv_ix_v
-¢ o, A..B _,C

sin Asin BsinCsin” —sin” — sin” —
2 2 2

224 (dpcm).

Thi du 3. Ching minh rang véi moi tam gide
ABC ta cé:

A= B B C , =4
CON™ ———+¢CO8" — — 4 cos
2 2 2

. A B &
2 245m - sinosin
2 2

Chiing minh,

Cos Fulf. cos? %Iiﬁ.
BT & —— < 2
sin mm.,z w&: m. +a|ﬁr
T R 5 sin 5 Sin 5
cos’ nlw[x
+rlxljw 24 (2
sin = sin = sin =
2 272
B-C
cos’ =5 dcos? mno% B-C

2

=
A. B . C . 4 4 7 =

Xeét

A A. B .C
sin - sin —sin—  4¢os” 2 = _sin—
5 i sin 05 Nm_sum_nmm_sm
o Ay o
sin . (sin B +sin cy
"Il'll'l.
ﬂz“xa:mmim
2 2
Tuong tir cho céc tnrdng hyp con lai | ta o,
_:ax._?:._m+m:_h.% ﬂsm?zn{mi\:w
@) —2 ——+—2
., ,.. B . C ) G .o
sin” Asin _ sin - s$in” Bsin - sin =
2 2 .2
sin e (sin A+sin Bu
+ 2 224
... A8
sin” C'sin - sin
22

Ap dung BDT Cauchy cho vé tréi ta co:

_ sind+sinB) (sin B+sinC)’ (sinC + sin A)’

<4wu¢ o i g oo e A o B G

sin” “Csin -sin- sin -
sin” Asin” Bsin 3 5 =

224 (dpcm).

Thi du 4. Chirng minh rang vén moi tam gide

ABC tu co:

4 B C
sin " sin s 3
N SN G ST CCAS S S
B-C ' (-4 (~B 2
Cos Cos coN
2 2 2
Chigng minh. Ta cb:
A B+C o, A4
5N = (ML 2 < COR 5 sin a
- e A _B-C
cos B cos gt 2cos - cos -
2 2 2 2

sin A

" sinB+sinC

Hodn toan twomg tu cho cic trudmg hop con %V_m

B -
b sng __ sing oS _ sin
.Smm|h_ sinC+sind’ cosA™B sind+sing’
2 2 O
BT ¢ — a_z\j 4S8  sinC Q

sinB+sinC  sinC+sinAd m.-sa...m_.:wQ
Day chinh la BDT Nesbitt quen thuc, tir d6Ga cé

dicu phai chimg minh. n.
Thi du 5. Chirng minh E:m vai moi ..::_UE
ABC ta co: u
x_=\_;_mdm+uﬁima_m.ﬂ T.u_m_m»,__“ \_WwQ.IU
sin’ sin’ sin” h
2 2 2 j
Chirng minh. Ta co: (Vp]
"y Q.
sinBsinC _ cos(B-C)+co —
sin” 24 2sin’ % =
2 2 -
B-C
1+cos(B-C) cos” BN
= -1= -1
2sin’ - sin’ 24
2 2
dcos’ 4 rfn.. 4
Wi mnOm 2 |_1ﬁm.=m+m_.=m_u 1
4cos’ mm_._._ e S A
2 2

Tuong tur ta ciing co:

sinCsin 4 iﬁmmzﬁﬁmi;uu _E

sin? : B sin B
N
sin Asin B hmwsxr.m.:muu
C = - -1.
snEs sinC
2
Theo BDT Cauchy ta c6;
<._,uﬁz_=\~,+w_=mw +hm5m_+m_=ﬁ.u
sinC sin A
i 3 2
+hm_=ﬁ.+m_=kw ~39
sin8

(dpcm).

Thi du 6. Ching minh :w_:,n voi mei tam giac
ABC ta ca:
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[

+
|
v

-~

3
EN
=
%

sin’ sin —sin - sin—
2 2

(3]
9

Chirng minh,
B. C B-C . C. A C-A

sin ﬂz: SCos—_—  sin_sin m.nom ik
BOT < = A + = N
1111 B m:._
2 2
A . B A-B

sin ~sin —cos — —
2 2 2 >3

+
s &
sin” -
2
B . n,oo B-C B . .C
. m_sum_mm S 7 sinBsinC sin’ .MmE o
Xet = + ’
LA A LA
sin” = 4sin sin” —
2 2 2

theo bai toan 5 ta co:

sin Bsin C LT;T?JH 1

s

duEd 4 sin 4 4
2
tuong nr cho cac truomg hgp con lai. Ta co:
: i i 2B
<HHWMTEA+VA‘5QQ> +Mv 2™ o _3
444 sinC = gin 9 4
2
Ta cb cac két qua:
sz g2 2
xi:L+£.:J 53 M 2 Nwm.
i ¢ 4
ax s1n
2
Do dé
2 sin” .\_m__._u s
1 sinA+sin8Y 2 2 3
VT=- + s £._2>3
LMﬁ sinC w M .2 C 4
sin®
2
(dpcm).
Thi dy 7. Chimg minh rdng vai mgi tam gidc
ABC 1a co:
. A . B . B . C C A
sin”sin = sin_ sin sin— sin
2 . 9 2 2 " 3
P=—e= =4 = = —= <
i-B B-C C—A 4
cos cos cos
2 2 2
Chirng minh. Ta co:
TOAN HOC
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2 Ao ll oomwSmﬁ mm:mmm:n,
sin —sin— —C0s— —sIn— sin—
1- 2 2 _ 2 2 2 2
A-B B-C
cos CO§———
2 2
B+C A . A
cos——— 2cos—sin — .
_ 2 272 sin 4
oothllm. mnommswm|n. sin B +sinC
2 2 2
Tuong tu ta cé:
3_2p=— w:...._. e sin B i sinC m
sinB+sinC sinC+sind sinA+sinB 2

< P< W (dpem).

Qua céc thi du trén ta thiy ring néu ching ta biét
khai thac va vén dung khéo léo céng thirc bién ddi

atb a-b
Tl
mot cach linh hoat, sing tao vdo bai toin chimng
minh BDT lugng gidc thi nhidu lic ta cé duge 1oi
hay va dep, sau diy la mot sb thi du dp dung danh
cho dac gia,

tong thanh tich sina +sind = 2sin

Bai tip ap dung cho phuong phip
Chirng minh rdng vai moi tam gisc ABC taco

,A-B sB-C sC-4
1. cos +€0S + €08’
2 2 2

> mf_.:u\mmr_mmim.
2 2 2

C-4
2,
— 12.
sin -
2
2 2 " .
— % NG 232" (neZ’)
sin sin sin
2 2 2
5. nomxlwecm.u”n(cc;n\“_ >64sin’ m«.: Q;.:...ﬁ..
2 2 2 2 2 2
6. Sm\.rmn_uv,_w\ﬁ nczm w\l_me._: n__,.:..._uw.::.m..
2 2 2 2 2 2
(neZ’).

e

Nhu ching ta dd bét, hai tam gidc 4BC vi
AB,C, dugc goi 13 thiu xa néu cac dudmg thing
A4y, BB, va CC, dbng quy tai mét diém . Diém
ddng quy d6 duoc gei 14 tém thdu xa cia hai tam
gidc. Mo hinh vé cap tam giac thu xa di duge
khai thac va sir dung rét phong pha trong cic bai
todn hinh hoc phéng. Trong bai viét nay, céc tac
gia xin gui dén ban doc mét hudmg :mw cén dic
biét chia md hinh trén. D6 1 xét cap tam giac thiu
xa ¢ cdc canh irong tng song song.

Trudce tién ching ta dén vai bai toan quen thuge
sau.

Bai 1. Cho tam gidc ABC cé dwong tron ngoai
:.m.ﬁ id (O). Pucng tron (1) noi tiep tam gigc 48C
tiép xie vori cdc canh BC,.CA, AB nromg img tai D,
Eva F. Cde dieomg tiing [4, IB. IC cdr cac canh
FE. FD. DE lan lwot tai M. N. P. Goi K fa tdm
cua dieong tron ngoqi :&: tam giac MNP. Ching
minh :Sn diém K. 1, O thing hang

Léi gidgi. Goi r 1a ban kinh cia dudmg tron (/).

KHAI THAC MO HINH
VE CAP TAM GIAC THAU XA
0 DANG DAC BIET

IE'=IF? =D’ =IM IA=INIB=IPIC =rT)
Xét phép nghich dao cyc /, phuong tich %m:
M e AN BPoC T do no bién qem
tron (X) thanh dudmg trén (O). Suy ra u.ﬁ.ﬁ.ﬁ
K, I, O thing hang. -
Nhdn xét 1. Ta thdy M, N, P lin lugt 13 %um
diém céc canh FE, FD, DE nén tam giac \Sﬁww
tam gidc DEF c¢6 cdc canh tuong img song_€ong
va cac duémg thing DM, EN, FP dong quy tai tam
thiu xa G (ciing 1a trong tim tam gidc DEF ).
T d6 suy ra cic diém K ,G,/,0 thing hing,
hay OF 1a duong thing Euler cia tam gidc DEF.
Tiép tuc khai thac md hinh trén, ching ta dén véi
bai todn sau.

Bai 2 (USA TST 2017). Cho tam giac ABC nhgn
khing cdn ngi ticp dicng tron (O), tiép tuvén cua
(O) tai A car BC tai T. Pudng won duong kinh AT
cdt cheimg tron ngogi tiép tam gide OBC tai 4, va

A, sao cho 04 <OA,. Cac diém B, B,,C,,C,
dege dink nghia neong te. Chiing minh rang  cdc
dwang thang AA,, BB,, CC, dong quy 1ai mot
diém va diém nav nam wén dwcng thang Euler
cud tam gidc ABC.

Léi gidi. Ké cc tiép tuyén cia (O) i 4, B,C,
chiing céit nhau tai X, ¥, Z nhu hinh v&. Dudmg
thing AX cat lai duong won ngoai ti€p tam gide

OBC va dudmg tron (O) 1in luet tai M, D, Khi
d6 do tir gisc ABDC diéu hoa nén TD=TA. Chia
§ ring M thuge dudmg tron duomg kinh QX nén

A
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OM L AD = MA=MD. Ti d6 3 diém T, M,

O thang hang, diém M nim trén dudng trén

dudng kinh AT hay M = 4,.

Xét dudmg trén ngoai tiép tam gidge XYZ , goi L,

P, Q lin lugt 1a diém chinh giita cia cung 24

khong chia X, cung 174 khéng chira Z, cung

ZX khong chia Y. Ta c6 TA,B =TA, A - BA, 4,

—180° - TAX ~ZXA=XZA. Suy ra tr giic
T4,BZ ndi tiép, Din dén 4, la diém Miquel coa
tr gidc toan phin ZBCYXT. Mat khic,

RFBA = KFCA, win Eh2B A
2 Y4, YC YA

A,A 1a phan gidc cia géc Z4,Y, hay A, 4,,L

thing hang. Chémg minh twong tu, ta ciing dugc

B.B,.Q va C, C,,P thang hang.

Goi W 1a tam duémg tron ngoai tiép tam gidc

XYZ. Tacbdb LZ=LY=LO va PY=PX=FO
nén LPLOY. Suy ra ACHLP. Chimg minh
twong ty din dén tam giac ABC va tam gidc
LPQ c6 cic canh dé1 mét song song. Suy ra cac
duimg thing AL, BO, CP dong quy, hay A4,
BB,,CC, déng quy tai tim J. Tir d6 theo md
hinh bai 1. ta cé 3 diém W, O, J clng nim trén
dudng thing Eufer cua tam giac ABC.

S3 529(7-2021)
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Nhdn xét 2. R6 rang bai toan 2 kha thi vi. Khéng
d& dé ching ta phat hién ra m hinh hai tam gidc
6 cac canh twong g song song. Méu chdt 1a &
chd, khi ching ta thay déi vai trd cia dudng tron
(O) ngoai tiép tam gidc ABC thanh duémg tron
ndi tiép tam gidc XYZ thi md hinh quen thudc
mai 16 dién.

,:mn tuc khai thic mé hinh trén, chiing ta dén voi
béi toan sau.

Bai 3 (Poland MO 2011). Cho ducng tron (1) ngi
ticp tam gidc ABC 1iép xiic voi cac canh BC.CA,
AB neomg wng teai D, E va F Cde duong thing di
qua trung diém cdc canh AF va AE, BF va BD,
CE va CD cat nhau tao thanh mot tam gidge.
Chimg minh ring tdm duing tron ngoai ticp tam
gide nav rimg voi tam ducng tron ngoai tiép lam

gide ABC.

Léi gidi.

N
Goi H, G,J . K, L .M lan lugt Ta trung diém
cic canh AE, AF, BF, BD, CD va CE;
HGNKI=0Q;, HGALM =P, MLNKJ=N.
Khi dé tam gidc QPN va tam giac DEF ¢0 cac
canh tuong {mg song song nén cdc dudng thing
ND, PE ,QF d6ng quy tai tim T. Goi O la tam
dudmg tron ngogi tiép tam giac PON . Khi do

lubn ton tai phép vi ty am T tisd IV bid
, m "
duomg tron (/) thanh dutmg tron (0), d

IDION (1).

Lai ¢ KB'=kD'-ypr -yt
LC? = LD* = MC* = ME? Suy ra KJ 13 me
ding phuong cia duong tron diém TPS va
duomg tron (1); LM la tyc ding phuong cia
duomg tron diém (C,0) va duéng tron (/). T
d6 din dén N 1 tam ding phuong cia 3 duimg
tron (8,0), (C,0) va (1}, hay diém N nim trén
duimg trung tryc cia doan thing BC (2).

Tia (1) va (2) suy ra OB=0C. Chimg minh
tuong tr ta dugc OA=0B=0C, hay diém O
ciing la tm cia dudng tron ngoai tiép tam gidc
ABC.

Nhén xét 3. Trong bai 3, néu goi 4, = A NEF,
B, =BI~DF, C,=CI ~ED third rang diém [
14 trye tim tam gidc A4 B,C,. Bay gid ta xét truémg
hop téng quat hon, cho cic diém 4, B,.C, thay
d6i tay y trén cac canh AJ, BI,CI tacd bditoan
sau.

Bii todn 4 (Bulpgaria MO 2004). Cho (N la
diecing trom nGr nép ram giae ABC. Trén cac canh
A, JB, IC 1 hiv cac diém A, B, C, nrong img
Cac duong trung v cia cde canh A4, BB,
CC, car nha tai A B, Co nromg wung Chimg
minh rang wim cua diweong 1ron ngowi tiép tam
widie A, B.C. trimg vor tim dwdng tron ngodi tiep
tam giae ABC néu va chi néu 1l truc tm cid
tam gide A B¢

Léi gidi. Goi O 13 tam cua duong tron ngoai tiép
tam gidc ABC: P, @, R linlugt1a diém chinh

gilta cia cung BC khong chia 4, cung e

khéng chira B, cung 4B khéng chira C; ¥, L))
T lin lugt 1a tim duémg tron bang tiép cic mﬁ_mlu

Gia sir [ 1a tryc tdm cia tam giac ABC,, Sum
IB,C, =1ZA=1ICB. Suy ra tir giac BBC,C nkD
tiép dwomg tron tim A,. Ti d6 A4, e OP . Ching.
minh wong tw, B,€00 vi Ce0

4, B, C ciatam giac ABC.

h

un

N

/tieu

https

Y

Lai ¢c6 RI=RB, PI=PB nén PR la dudng
trung truc cia doan /B, hay PR 1 [B. Dan dén
PRI 4,C,. Chimg minh twong ty ROHB,C, vi
PO/ 4,B, . Suy ta tam gidc POR va tam gidc
A,B,C, c6 cic canh tuong img song song va céc
duémg thing 4,P,C,R va B,Q dong quy tai tam
0. Mit  khic, OP=0Q=0R nén
04,=0B,=0C,. Viy O 1i tim dudmg tron
ngoai tiép tam gidc 4,8,C,.

Chiéu nguge lai chimg minh tuong ty.

Nhin xét 4. C6 mit chi tiét kha thi vj 1a trong bai
4 ching ta bat gip c6 4 tam gidc ¢ cdc canh
fwong (mg song song nhau. Tiép tuc khai thic md

hinh trén, chiing ta dén voi bi todn sau.

TOAN HOC u @
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Biai 5 (Romania Master In Mathemathics
2012). Cho tam giac ABC ngogi :.m.h dwang tron
(N va noi tiep dwong tron (Q). w, la ducng tron
qua B,C va tiép Niie voi (7): cdc dieng tron
w, w duoe dinh nghia tuong tie. Breong tron w,
va W, carl nhau tai A" khac A; cac diem B',.C'
dinh nghia teomg tie. Chimg mink rang cde duong
thang AA', BB', CC' dong quy tai mot diém
nam trén OI.

Loi gidai.

Y

Goi D, E,F lan lugt la tiép diém cia dudng
tron (/) véi cdc canh BC,AC,AB; X, X,,
X, lan lugt 14 céc tiép diém clia cic dudng tron
w,.w, va w, voi dudng tron ([); céc dudng
thing X ,D, X,E,X.F cit lai cic dudng tron
w,,w, va w, tai ¥,Z,T tuong img. Theo tinh
chit co ban cia hai duimg tron :mu xuc, xét trong
dudmg trdn w,, tacd ¥ 1a diém chinh giira cung
BC khéng chba X, va dé thiy
AX ,BY ~ ABDY nén
Suy ra diém ¥ 1i tdm déng phuong cia duimg
tron diém (B,0), duong tron diém (C,0) va

YB* =YC* =YDYX,.

TOAN H
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dwimg tron (7). Chimg minh twong ty cho céc
diém Z va T. Theo bai 3, ta ¢6 tam gidc DEF
vd tam gidc YZT c6 céc canh twong Ung song
song nén cic dudng thing YD, ZE , TF ddng quy
tai tam K. Hién nhién diém O cling la tam

dudmg tron ngoai tiép tam gide YZT va 3 diém

. K, I, O thing hang (1).

Theo: dibh: 1§ Tiales in, o =28 wig

KY Ki'

|192,,| =KX  KD=KX,KE nén din dén

KX, KY=KX,KZ ,bay ), =%, Suyra

0,

K e CC'. Chimg minh tuong ty, ta suy ra cic
dudng thing AA’, BB', CC' dbng quy tai diém
K (2).

Tir (1) va (2) suy ra diéu phai chimg minh.

Nhdn xét 5. 1) RO rang tam giac YZT & bai toan
5 chinh 1 tam gidfc NPQ & bai todn 3 (mdc du
cach xdy dung 2 tam giac co khac nhau).

2) Ciing tir bai toan 5, ta thiy cac duimg thing
X, D, X,E va X.F dbng quy tai K (ddy chinh la
dé Korea MO 2010). Theo dinh 1y Steinbart ta cb
cic duimg thing AX,,BX, vd CX. cing ddng
quy.

q,_,mv tuc khai thac mé hinh trén, chiing ta dén vai
bai todn sau.

Bai 6. Cho tam gide ABC c6 O la tam dieong tron
ngoai tiep. Goi M, N, P lin lugt la trung diém cua
cac canh BC, CA, AB. €, la dicomg tron di qua N,
P va :.m._e xtie vai dieomg tron (O) tai T,. Dinh
nghia twang e cho €, Q. T, T . Chirng minh
rang cdc dwomg thing AT, BT, CT ding quy
tai met diém ndm trén dwang thang Euler ciia tam
gide ABC.
Léi gidi. Goi 4,,B,,C, 1a giao diém cua 3 tiép
tuyén cia dudng tron (O) tai A, B,C nhu hinh

vE. Ké :mn Ewm‘: chung cia 2 dudng tron Q v
dudng trdn (O) cét BC, wi §, K d6 §4, ST
va NP la truc ding Phuong cia 3 duong qo“_
Q,, dudng tron (0) va duing tron ngoai tiép tam
gidc APN nén 3 diém §, N, P thing hing,

Lai c6 OP.OC, = 04’ =ON.0B, . Suy ra tir gidc
C,BNP noi tiép, Din  dén
ST} =SP.SN = 5B,.5C,, hay dudng tron ngoai
tiép tam gidc B,C\T, tiép xic duimg trén (0) tai
T, . Chimg minh tuong ty ta c6 duomg tron ngoai
tiép tam gidc AT, tiép xic duomg tron (0) tai
T, va dudng trdn ngogi tiép tam gisc A4BT tiép
xtic duéng tron (O) tai T,. Theo bai 5, ta c6 cic
duémg thing AT, , BT,,CT. ddng quy tai diém K
nim trén dudng _rmam Euler cia tam gidc ABC.

Nhgn xét 6. Trong bii 6, khi chung ta thay ddi vai
trd cia dudmg tron (O) ngogi tiép tam gide ABC
thinh dwdmg tron ndi tip tam gide AB,C, thi md
hinh ca bai § méi dan 1§ dign. Cing tir ddy
thy diém T, c6 nhidu cich xdy dyng- Thyc ra md

3 N i
hinh diém 7, da timg xuit hign trong cdc de IMO

_msal:.,.:met.Sﬁ?ni;&bmaxm.:wmb Qong
theé tim hic¢u thém. —
Tiép tuc khai théc mé hinh trén, ching ta dén @
bai t04n sau. O
Bai 7 (Viet Nam TST 2003). Cho tam gidc .Mm
¢t O la tim deomg tron ngoai tiép. Goi H, e}
lan hept la chan duong vuong goc ke tir cac i
A, B, C cua tam gigc ABC. Goi A, B, C, @.
lugt la trung diém cac duimg cao AH, BK, m
Puimg tron ngi tiép tam 1 ciie tam gide ABC H
xuc vei cac dogn BC CA, AB fan heot tai D, ﬁ:m
Chimg minh rang A,D. B,E, C,F cimg Sm
mot diém va no nem trén dicomg thing Ol C_(.m.mm
trung I thi coi Of la duwimg thang iy v qua bvr_ml

Léi gidi.

nt

4,

Goi 4,, B,, C, lan lugt 1d tim dudmg trén bang
tiép cdc goc A, B, C cia tam gidc ABC . Truéde
tién ching ta chitng minh 3 diém 4,, D, 4,
thing hing.

Thit vy, goi A'=D4 N AH; X=A4ANBC.
Do BI, BA, lin lugt 13 phén gidc trong va ngoai
clia goc ABC nén D(AX,I4)=-1 &
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= = D(AH,IA')=-1. Ma AH//DI din dén
A" 13 trung diém cba AH , hay A = 4,. Hoan
todn tuong tr ta chimg minh duge 3 diém B, E,
B, thing hiang va 3 diém C,, F, C, thing hing,
Lai c6, tam gidc DEF va tam gibc 4,B,C, c6 cic

canh twomg ¥mg song song nén céc duimg thing

AD, BE, C\F déng quy tai tim J, hay luén
. . ¢ JA .. ;
ton tai phép vi tu tim J ti sb QW_ bién duimg

tron ngoai tiép tam pise DEF thanh dudmg tron
ngoqi tiép tam gidc 4 B,C, . Din dén 3 diém /,
J, O'thing hing (voi O 1a tim dwimg tron
ngoai :mv tam gidc 4, B,C,). Mit khic, O 13 tim

OBLENMS .. (Tn theo trame 2

Provlem TR 529 Given an equilateral triangle
ABC with the length of a side a inscribed in the
circle (O). A point M lies on the circle (0). Find

the minimum value of the expression

P=Lmat 4 M8+ MCP.
16

roblonn 19529 Given a triangle ABC.
Assume that the measurements of the angles A,
B, C form a geometric sequence with the
common ratio ¢ = 2. Let R, m,, my, m,
respectively be the circumradius, and the
lengths of the medians m,, m;, m. of the
triangle. Suppose that xp, is a root of the
equation x* +m,x* +mx+m_ =0,

2R +4

Show that x] < 4

TOWARDS MIATHEMATICAL
OLYMPIAD
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dudmg trdn Euler clia tam gidc A B,C, va I 13
tryc tim cua tam gidc 4,B,C, nén 3 diém I, O,
O thing hang. Tir d6 suy ra bén diém 7,0,0',0
thing hang hay J nim trén dudng thing OF.
Trong truong hop [ tring véi O thi tam gide
ABC déu va bén diém 1,7,0',0 tring nhau, khi
d6 két qua bai loan vin ding,

Nhan xét 7. Néu ching ta tinh § két hop bai todn
5 vi 7 laithi dring X,, J,D., A4, 4, a5
diém thing hang. Tir d6 ching ta thiy ring hai bai
toan ndy rit gan gii. Tinh chét nay truée d6 da
timg xuét hién trong bai G7, IMO Shortlist 2002.
Ban doc ¢6 thé tim hiéu thém,

Problem T10/529 Find the positive integral
solutions of the equation

1950t 2021
@m

Fayt=1 (6-2).

Problem T11529 Given a function /R > §
where S is a bounded set. Suppose furthermore

that f2(0)+ f(0)=0 and
x5 42~ [0- 0= 5

for all x,p,z€R. Show that |f(x) ===
forall xeR.

I12/529 Given a ftriangle ABC
inscribed in a circle (O). The points X, Y belong
to (O) so that AX // BC, BY // AC. Let Z, T
respectively be the intersections between XY
and AC, BC. Let Oy, Oy, Oy, O, respectively be
the circumcenters of the triangles AXZ, BYT,
CYT, CXZ Show that 010,05 is a
parallelogram.

Translated by NGUYEN PHU HOANG LAN

(College of Science - Vietnam National University, Hanoi)

TIENG ANH

PROBLENM.  Find the

nexr ferm  of (he
jollowing sequence

Forb 2050210 5 11422y

Solution. The sequence starts with 1. The next
term is determined from the previous ope by
reading it digit by digit and grouping the
numbers that are repeated consecutively, For
example, Jooking at the first term then read one
(number) one, then the second term is 11 :
looking at the second term then read two
(number) one, then the third term is 21 ; and so

on,..

BAI DICH SO 67

BAY TOAN. 86 do moi gic trong cua mor da
g Y gl s o
grac deu la 1567, Tin so canh cua da giue dén

do

Léi gidi. Ta c6 thé chi ra ring tdng cic goc
trong cla mdt da gidc 16i n canh bing
180(n - 2) d5.

Do d6 s6 do mdi goc trong cia mét da giac déu

180(n-2) .
—_ T do.
, Q

n canh la

180(n-2)
n

=156 ta tim dugc

T phuong trinh
n=15. Vi vy s6 canh cia da gidc déu do a 15.

Nhin xé1. Cic ban sau cd bai dich 101, g bii
vé Toa son sémy: Tran Van Qudn, 11 Toin

L, THPT chuyén Hung Yén, Cao Thi Tuomg

A CAC BAI TOAN
BALSO 70

(@)
bt
@)

The sixth term of the above sequence, by 50
rule, is 312211, =

P

Remark: The sequence is called the Look-andD
Say Conway sequence. John H, Conway Emw.n.
famous mathematician. And people are ver@™

interested in the above sequence and study D
seriously too,

>

TUVUNG nlu

. t

sequence sddy (se) ”
dign s chir i (7))
consceulively CINOE CACh T1En 110D ejmd
-—

NGUYEN PHU HOANG LAKC

(College of Science - Vietnam national University, Hanoi)

¥y, 11A9, THPT Duong Quang Ham, Vin
Giang, Hung Yén; D6 Ngoc Tién, 8A3, THCS
Lim Thao, Lam Thao, Phi The; Zm:.«_muz Thi
Khdnh Linh, 11 Toén 2, THPT chuyén Quéc
hoc Hué, Thira Thién Hué, Nguyén Hing
Cuwong, xa Nhon My, TX. An Nhon, Binh
Pinh.

HO HAI (Hd Ngi)

M.C. Escher

TOAN HOC
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THEO CHUONG TRINH
VA SACH GIAO KHOA MOI

BAI TOAN 50. Trong hinh vuéng ABCD vé mia
diromg tron dwong kinh AD va cung AC vai tam la
D. Néi D véi diém P bdt ky tén cubg Ac, DP cdt
nira diong tron dwomg kinh AD ¢ K. Chimg minh
PK bing khoang cach tir P dén AB.

Cich giai 1. (h.1)

A I B

D C
Hinh !
Ké PI L AB. Ta thiy AAPK vuéng tai K (Vi

AKD =90°, goc ndi tiép chin nita duomg tron
duémg kinh AD) va AADP cén tai D (do AD = DP)
= m = DAP. Mit khéc: m =DAP (s0 le trong,
vi AD / PI). Do dé: P, = P,.

Suy ra AAPK = AAPI (c6 chung canh huyén vi
mét c3p goe nhon bang nhau) = PK =PI,

._.OD
44 Csige  ssseoom

Cich giai 2. (h.2)

4 I B

2

Hinh 2

Ngoai cach chimg minh hai tam gidc AAPK va
AAPI bang nhau (cich 1), ta thay viéc chimg minh
P= m bing viéc chimg minh M_ = M,m

Goi F la giao diém cia AP véi nira duong tron
dudmg kinh AD.

Ta cb: AFD =90° (goc ndi tiép chin nira duomg
tron). Tam gidc ADP can tai D c6 DF 1a duong
cao nén DF ciing 13 phin giéc, suy ra m =D,
Ma mw = M_“ wof_ = M (gdc cd cae ciip canh tuong
iang vudng goc) suy ra: M_ = M = AAPK = A4PI
(co chung canh rcwmu va m{t cip goc nhon Umsm
phau) = PK =PI

Cich gidi 3. (h.2)

Cach giai nay ching ta ciing di chimg minh
.M_ umw nhung viéc ching minh dugc 4p dung
béng kién thirc khéc.

Chi § ring AB la tiép tuyén ca dudmg tron tam D
nénta cé: JAK = ADK (cb sé do bing Wmﬁ_ rﬂs.
Mt khic gbc JAP 1a gc tao bai tidp tuyén va
diy cung AP cha dudng tron tim D nén géc AP

bing nita s6 do géc § tim cung chén mét cung 13

_ —_—

goc ADP: E?mé?wmw

—~

Suyra: 4 =4, = MPK = A4PI (co chung canh
huyén va mét ¢dp goc nhon bing nhau)
Cich gidgi 4: (h.3)

A I B

I

Hinh 3

Kéo dai AK cét lai dudmg tron tam D tai E.
Vi DK L AE nén sd AP =sd PE. Tacd goc BAE
1 géc tao béi tiép tuyén va diy cung AE, ma AP
lai di qua diém chinh giita cia cung AE :m:htu 1
tia phin gidc cua goc BAE. Suy m: M_ =4,
AAPK = AAPI (c6 chung canh huyén va mt cip
£6¢ nhon biing nhau)
= PK =PI,

TRUGNG QUANG AN
én T Nghia, tinh Qudng Ngdi)
an Trieong

(Xa Nghia Theng, hy
Nhin xé1, Npoai 4 céch m_E trén cia b
Quang in, nguosi gi6i thigu dé todn, ¢4° ban:

Trdn Vin Qudn, 11 Todn 1, THPT 3&% Hung
Yén, Hung Yén, Nguyén Minh Thdo, sb nha@H,
Té Hanh, TP. Quang Ngii, Quang Ngii, Nglgn
Hung Cucng, xa Nhon My, TX. An Zros.wm__
Pinh ciing dong gop mdt s cich giai twong @l

nhimg cach giai trén. Xin hoan nghénh tit nwmuu

ban. (@)
LE MAI Eﬁw@a

Méi cac ban giri 101 giai BAI TOAN 52 aqo._nhlow
vé Toéa soan Tap chi TH&TT truéc .mu\
31.8.2021. >

BAI TOAN 50. Cho Tam gidc ABC can s‘...ma.
BAC =100°. Trén tia AB ldy diém E _aya

AE = BC. Tinh 56 do géc AEC.

DOAN CAT Zﬂw

(GV THCS P. Binh Djnh, TX. An Njon,
tinh Binh Dinh)

kkkkkRkkkkkokkkokokkkkk Rk kR Rk kR Rk Rkkkkk kX

N aMath Jokes

A mathematician is flying non-stop from Edmonton
to Frankfurt with AirTransat. The scheduled flying
time is nine hours,

Some time after taking off, the pilot announces that
one engine had to be tumed off due to mechanical
failure: "Don't worry - we're safe. The only
noticeable effect this will have for us is that our total
flying time will be ten hours instead of nine.”

A few hours into the flight, the pilot informs the
passengers that another engine had to be tumed off
due to mechanical failure: "But don't worry - we're
still safe. Only our flying time will go up to twelve
hours."

Some time later, a third engine fails and has to be
turned off. But the pilot reassures the passengers:
"Don't worry - even with one engine, we're still
perfectly safe, It just means that it will take sixteen
hours total for this plane to arrive in Frankfurt."
The mathematician remarks to his fellow passengers:
“Jf the last engine breaks down, too, then we'll be in
the air for twenty-four hours altogether!"

TOAN HOC 45
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Khéng mét tinh ng quat, ta gia sir canh cua hinh
bat giac déu la 2. Kéo dai cae dogn A48 va DC cit
nhau tai P. Khi d6 ta tinh duge BP = CP = V2.
Theo tinh chét ddi ximg, ta thiy to gide ACEG la
hinh vudéng. Goi a 13 canh hinh vudng dé. Theo
dinh ly Pythagore cho tam giac vudng APC ta cé:

m=a’=(2+2) +(N2) =8+442.

Dién tich hinh bt gidc cb thé dwge tinh bing cich
cach lay dién tich hinh vudng 1ém bao quanh no trix
di bon lan dién tich tam gide BCP. Nhu vjy:

n=(2+2V2) L.w.?mm =B+8J2,

TOBN HOC
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Nhén xér. Bii ton ndy d&. Ban doc di gl vé Toa
soan vdi nhiu cach giai khic nhau cho bai todn niy,
Tuyén duong ciic ban ¢o 1o giai tot:

Do Quang Anh, 8E1, TH, THCS&THPT Everest,
Béc Tir Liém, Ha Nji: Nguyén Himg Cirdng, xa
Nhon My, TX. An Nhon, Binh Dinh; Tran Vin
Qudn, 11 Toin 1, THPT chuyén Hung Yén, Hung

NHU HOANG

Sau day la bii tap d& nghi. Ban doc hdy gui loi giai
vé Tda soan TH&TT trude ngay 31.8.2021.

BAI TAP PE NGHI]
BAI TOAN 57. Tim fit cd cdc cp $6 nguyén dicong
(m: n)veim,nz3 dé 16n tai vé han cac 50 nguyén

xX"+x-1

diweong x sao cho 1a mpt s6 nguyén.

Xt -1

KHANH HU'U (Ha Ngi)

\ﬂ P2

i

3 DO VUI:

PHAN CHIA HiNH VUONG
THANH 6 DA GIAC

Cho mét miéng bia hinh vudng mdt miit miu vang
vai d§ dai canh vmsm 6 cm (M@t sau mau 5“55.
Ban hiy cit hinh vudng do thanh 6 da gibc bing
cic duimg gip khic song song v&i canh hinh
vudng mi mdi da gidc duge cit ra cd khong qué 6
canh véi sé do canh la sb nguyén theo cm vi di¢n
tich 6 da gidc duge cit ra bing | em?, 3 cm’,
Sem’, Tem’, 9 em? , 1l em’, sao cho ca thé
ghép duge 6 da gide dé thanh hinh chir nhiit mau
ving véi kich thuée lan lugt bing 2 cm x 18 cm,
Jemx 12em, 4 cmx 9 cm,

NGUYEN VIET HAI (Ha Nof)

GIAIDAP: LU CIALCO pUNG KITONG »
(Pé diing trén TH&TT s§ 525, thing 3 niam 2021)
Phin tich sai ldm cia ban Linh Nhi;

Ta di biét ring néu y(x)= L‘A v thi khi dé

&T. +m)= \.A? + EUNVH .2.% +2mx + m? v

Do d6 khi ta tinh tién (C)y= .\TJ theo
ii (=m;0) s8¢ thu  duge A6
(C"):y= lm +2mx + EJ chit khong phai thu

dugc do thj ham sb Aﬁ..v;.u\?u +a_v nhu da
ngd nhin & cach lam cia ban Link Nhi.

Cich gidi ding. Xin dua ra mjt cich gidi ding
(Bién lufn theo nghi¢m) cho bai toan nay.
=%1

Tacéd: f'(x)=0e(x?-1)(x-2)=0 T .

S)=teld =20
S6 diém cyc trj ciia ham g(x) chinh 1 s& nghiém
bgi le cua phuong trinh g*(x)=0. Ta cé:
x=0
A,.Tu +§v =0
Yim=-lex =-m-1(1)

%.Tfpsuucﬂ Yam=lorr=-m+l (2)

g'(x)= o.UuC; ti 0

Cam=2or=-m+2 (3)
THI. (Céc trudmg hop cy thé)
= Véim= -1 thi g'(x)=0c6 cdc nghi¢m ld:x =0
(b3i 3), x=+2, =3 Chipnhinm =

=Véim=11thi g'(x)=0 ¢o cde nghigm la:x=0
(bdi 3), x = +\/1. Logi gid trj m =1
=Vaim =2 thi ._,..F...To ¢6 cac nghiém la:x =0

(b1 3). Logi giatrim =2.

TH2. Véi m e (—o;-1) thi g'(x)=0c67 :m_:mg
la anHu»,\_-sl_;u»%s:.aniasLmnlu
Loai ngay nhiing gié trj m nhu thé! .
TH3. Véi me(-11) th g'(x)=0 c6 5 =m=_ﬁm|
la: Huo.auuu\n_&l.l, a _"
nhimg gi4 trj m ndy. Tir ddy ta tim thém a..aolﬂ.
gia tr) nguyén m = 0 thda man yebt. (-
TH4. Vi me(1;2) thi g'(x)=0 cb 3 nghigmd
1a: x=0, x=£yJ=-m+2. Loai nhimg gi4 trj m a,\u

THS. Voi me(2;+) thi M_T‘u 0col =rr.”
1 x =0. Logi nhitng gié trj m nay. e

Tom lai 1a ¢b ding 2 gid trj m théa mén yebt |
m=-l,m=0. ﬂ—_osawﬂw=> t
Nhin xét Rit tiée 13 khong c6 ban nao phit hién .uﬁlﬁ

sai lam trong Ién gidi cua ban Link Nhi.

KIHIVI

GIATBAT PHUONG VRINH

CO THAM SO!

Trong gio luyén tap thiy gito ra bdi toan:

Tim tat cd cdc gid tri tham 50 m dé bdt phuomg

trinh |x = m|>-x" + 2x+m dingmpixeR.

Ban Diing da dwa ra ln gidi nhir sau:
|x=m|>-x* +2x+m

o lx=m|+(x=1) >m+1 (1)

Tacd: |x-m|+(x-1)*20,¥xeR nén bat

phuong trinh (1) ddng meoi xeR & m+1<0
om<-1.
Theo ban 107 gidi trén da ding chwa? Néu sai

ban hity chi ré sai lim va dira ra I gidi diing.

NGUYEN QUANG NAM
(GY THPT Quy Hop 2, Nghé An)

TOAN HOC
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BAN CO VAN KHOA HOC
GS TSKH TRAN VAN NHUNG

CHIU TRACH kz”I:.‘._E w.ﬁ,_.b.,_.. BAN
Chu uch Hé1 dong Thanh vieén

NXBGD Viét Nam
NGUYEN BUU THAI
Téng Giam doc NXBGL Viet Nam
HOANG LE BACH

T5. NGUYEN VAN VONG
GS. DOAN QUYNH
PGS TS. TRAN VAN HAO

TAP CHI TOAN

Bé &a._‘,zﬁ tap 0
HOC VA TUOI TRE HANG NAM

ptovo

Vign truimg Vien r,S,, Sich va HLGD n

PHAN XUAN THANH ﬂ’ N3m 2010 u

HOI DPONG BIEN TAP Khé 19x265 —

) Gia bia: 99 000 &:%

Tdng bien tap : TS. TRAN HUU NAM Pho téng bién tgp : CN. TRAN THI KIM CUUNG Nim 2011 D
Thu ki Toa soan : ThS. HO QUANG VINH T5. LE HONG MAI Khé 19 x 26,5 h
TS TRAN DINH CHAU, TAS NGUYEN ANH DUNG, TS, TRAN NAM DUNG. 5. NGUYEN MINH BUC, TS NGUYEN MINH HA, Gia bia. 126.000 g

7S. NGUYEN VIET HALL PGs. TS LE QUOC HAN. TAS PHAM VAN HUNG., PGS 78, VO THANH KHIET,
GS TSKH NGUYEN VAN MAU. Ong NGUYEN KHAC MINH. 7S PHAM THI BACH NGOC. PGS 7S5, TA DUY PHUUNG,
ThS. NGUVEN THE THACH, GS TSKH DANG HUNG THANG, PGS TS PHAN DOAN THOAL 74 VO KIM THUY, PGS 1S VU
DUONG THUY, G§. TSKH. NGO VIET TRUNG.

TRONG SO NAY

@ vanh cho Trung hoe Cosar €D Giii bai ki trwic

For Lower Secondary School T1/525, ..., T12/525, L1/525, L2/525.
Nguyén Khai — Ung dung cia m¢t hing ding Sol
thirc bac hai.

to Pre

v Pre

s

s 9 Phuong phip giai toin
o Huémg din giai d& thi chon hoc sinh gioi lép 9 . ) )
tinh Ha Tinh. ndm hoc 2020 - 2021. Lé Anh Tuan - Mot so g dung tir mét hing

3 . 3 2 dang thic dep
o be thi tuyén sinh vao 1dp 10 THPT chuyén

" TORN HOC
Cluotre

|

Nim 2012

Kho 19 x 26,5

Gia bia: 152 000 d
Nam 2013 —-—

Kné19x265

Gia bia' 175.000 déng
Nam 2014

Khd 19 x 26,5

Gia bia. 185.000 déng
Nam 2015

Khd 19 x 26.5

Gia bia: 199.000 dbéng
Nam 2016

Khd 19 x 26,5

Gia bia: 199.000 déng
Niam 2017

S

s NAL 13 Khd 19 x 26.5
KHTN, PHQG Ha Néi, nam hoc 2020 - 2021. " N .
QG Ha Nor, ndminoc 9 Pham Duy Khanh - Phuong uu.ﬁﬂ lién hop Gia bia: 199 000 Q.n—u_-.m
9 Difn dan day hec Todn trong bai toan chimg minh bit ding thirc lugng Nam hNc...m
n i gidc. Kho 19 x 26,5
Nguven Thi Hong Hanh, Ta Duy Phiegmg. Gia bia: 199 000 QW:@
Pham Thanh Tam, Nguyén Thi Bich Thuy, Trdan e Ban doc tim toi Nam 2018
Lé Thin, Nguyén Hoang Vii - Sir dung phén Nguven Van Thanh — Trcong Thi Thiy Vin - Kho 19 x 26.5
mém GeoGebra dé kiém tra gia thuyet hinh Khai thac md hinh vé cdp tam gidc thau xg & Gia bia: 199.000 déng
hoc.

dang diic biét.

@ Bancoviét

Hodng Prec Tan — Hon mét the ky tim kiém loi

@ 1iéng Anh qua cic bii toin - Bai s6 70
Biu dich sb 67.

giai bai toan phu pho quit cia H. Lebesgue. e Nhidu céich gldi cho mt bik tokn

@ i rakiniy
TU/529, ., TI2/529, L1/529, L2/529.

Praobicm in This fssuc

e Du ljch thé gidd qua cic bai todn hay
@ suitim s diu?

Bién tép: LE MAI, NHU  HOANG
Tri su, phit hanh: HOANG TH] KIM PHUGNG, TRAN TH] MINH HIEN

Mithugt; QUOC HIEP, THANH LONG
Thiét keé, che bdn: MINH HOA

Nam 2020
Khd 19 x 26.5
Gia bia: 210.000 déng

Moi chi tiét xin lién hé:
TAP CHi TOAN HQC VA TUOI TRE
bia chi: 187B Giang Vo, Ha Ngi
® Dién thoai: 024.35121606 - 024 35121607
® Email. toanhoctuoitrevietnam@gmail.com




NHA XUAT BAN GIAO DUC VIET NAM

PHAN'NGUNEN

VA UNG DUNGTRONG GIAT TOAN

Tac gia: Nguyén Thi Hong Hanh, Nguyén Thi Binh Minh,

Ta Duy Phugng, Nguyén Thj Bich Thiiy

Sach day 303 trang, khé 16 x 24cm, gia bia 105.000 dong.

Phan nguyén [x] cua mét sé
thue x la s6 nguyén Ion nhat
khong vieot qua x. Do tinh doc
dao khéng gidng ai cua ham
phan nguyén, thi du, him phan
nguyén kha don gian: 1a ham
hing timg khic, nhung ciing
kha phic tap: khéng lién tuc
tai cac diém nguyén véi bude
nhay bang 1, do d6 kho st dung
cong cu giai tich, vi vay céc bai
tap vé phan nguyén thuong la
kho.

Ngoal li thuyet duoc trinh bay
chi tiét, bat dau tir Trung hoc
Co s0, sach c¢6 nhiéu bai toan
thi hoc sinh gioi cép huyén,
tinh, Quoc gla va Quoc té lién
quan dén phan nguyen.

Cuon sach gdm nam chuong.
Chuwong 1 tdp hop nhirng kién
thire co' ban vé phén nguyén:
Ham phan nguyén va do thi
ham phan nguyeén.

Chwong 2 trinh bay cac bai
todn s6 hoc lién quan dén phan
nguyén: Toan chia hét, ung
dung nhi thic Newton trong
giai toan v6i phan nguyén, ...

Chuwong 3 trinh bay céc dang
toan lién quan dén phan
nguyén trong dai so: Tinh gia
tri cua biéu thic chira phan
nguyén, chirmg minh hé thic
chira ph?m nguyén va dic biét,
phan loai chi tiét va kha day du
vé céc dang phuong trinh chita
phan nguyén.

Chu’O’ng 4 1a cAc bai todn vé
phan nguyen trong toan Gidi
tich: Dy so, chudi 6, gii han
ctia biéu thirc cé phan nguyén.

Chwong 5 so luoc trinh bay
mot s6 van dé lién quan dén
phan nguyen: phan nguyén va
hé dém co sé khéc 10, phan
nguyén va phuong trinh ham,
phin nguyén trong 1i thuyét
ham thuec.

Nhimg kién thic va bai tap
trong sach 1a co s¢ dé giai nhiéu
bai toan thi hoc sinh gioi khac
chua duoc dua vao sach. Ngoai
ra, cudn sich co thé gmp cac

thay ¢ giao trong vige thiét ké
céc bai tap va d¢ thi méi.

Cudn séach khong chi ¢6 ich
cho céac hoc sinh, céc ban yéu
todn va cac thay co day toan
pho thong, ma con 1a tai liéu
tham khao tét cho cac sinh vién
va giang vién dai hoc, cao dang
nganh toan, ciing nhu céc phy
huynh mong muon gitip con
em minh hoc t6t mén toan.

Moi chi tiét xin lién hé:

CONG TY CO PHAN SACH BAIHOC - DAY NGHE
Pia chi: 73 Lo Puc, Hai Ba Trwng, Ha Noi
® bién thoai: 024.39724715 - 0983605756

Giay phép XB s6 534/GP-BTTTT cép ngay 19.11.2020; M4 s6: 8RT7M21
In tai Xi nghiép Ban dé 1 - BQP

In xong va ndp lwu chiéu thang 7 nim 2021

Gia: 15.000 d{)ng
Mw&i 1am nghin déng






