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@o nhidu du hicu nhan bié hai doan thing
bing nhau, trong khu6n khé bai viét nay ching
ta s€ dung dau hiéu sau day: “Puong thang di
qua trung diém mét canh cia tam gide va song
song voi canh thir hai thi di qua trung diém ciia
canh thir ba”, dau hiéu nay dugc néu trong Sach
gido khoa Toan 8, tap 1, trang 76 do NXBGD
Viét Nam xuat ban nam 2013. Chuing ta cing
xét mot so thi du sau:
Thi du 1 (Toin 8). Cho tam gidc ABC vuéng
tai A, duong cao AH. Ké HE | AC (E € AC),
lay diém M ndm trén doan HC sao cho
BEH = HEM . Chimg minh rang AM di qua
trung diém cua HE.
Léi gigi. Cach 1. Trén BC 14y diém N sao cho
M 13 trung diém cua HN, vi BEH = HEM
= EH la duong phén gidc trong cla goc
BEM . Mit khac HE 1 AC nén EC 1 duéng

phéan giac ngoai cua ABEM :HM= CM[: EM]
BH C(B\ BE

MN CM MN BH

= = = = (1).
BH CB CM BC

Vi EH // AB nén 4

theo dinh 1

Thales ta c6: L

AE BH

—=— (2).

AC BC »

T (1) va (2) 2 H M N
MN _ AE

= = AM // EN (theo dinh Ii Thales
CM AC
dao).

Xét AEHN c6 MN =MH va AM // EN nén

MQT PHUONG PHAP CHU'NG MINH
HAI POAN THANG BANG NHAU

NGUYEN ANH TUAN

(GV THCS Hoa Hiéu 2, TX. Théi Hod, Nghé An)

theo diu hiéu K
trén ta suy ra 4
AM di qua trung
diém cia HE. | £
Cdch 2. Trén tia
dbi cua tia AC |
ldy diém K sao B H M ¢
cho AK = AE. Vi HE // AB nén
BH AE 4K
BC AC AC
Tt BEH = HEM = EH 12 dudng phan gic
trong ciia BEM . Mit khiac HE | AC nén EC
la dudng phdn gidc ngoai cia ABEM
HM CM( EM\ BH HM
BH CB\ BE) BC CM

(3) (theo dinh 1i Thales).

Tie 3)va (@) > & _EM . ov 11 KH (theo
AC M

dinh 1i Thales dao).

Xét AEHK ¢0 AK = AE va AM // KH, nén
ths:o diu hiéu trén ta suy ra AM di qua trung
diém cia HE.
Thi du 2. Cho tam gidc ABC nhon, ba dwong
cao AD, BE, CF cat nhau tai H Goi I K lan
luot la hinh chiéu vuéng géc cua diém D trén
cdc canh AB, AC. EF cdat AD tai O. Chung minh
rang: IK di qua trung diém ciia OD.
Loi gidi. Cdch 1. Ta c6: AAEB <» AAFC (g.g)

AE 4B

s R BT

AF  AC
= AAEF ~ AABC (c.g.c) = AFE = ACB (1)
Tuong tw: BFD = BCA (2).
Tt (1) va (2) = AFE=BFD (3)

https://tieqjgm&o.org
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O

B D C

Léy P d(f)i ximg véi D qua AB thi: @ = ﬁ)
(tinh chat d6i xing) (4). Tir (3) va (4) suy ra:
A?E=§ﬁ{=> A/I*:P+A/}?‘E= AFP + BFP =180°.
Do d¢ ba diém P, F, E thang hang.

Vi DI // FHva DK // EH nén theo dinh 1i Thales
e = i [= ol = EF // IK (theo dinh
Al  AK AD

li Thales dao) hay PO // IK.

Xét APOD co6 PO /I IK va IP=1ID, nén IK di
qua trung diém cua OD.

Cach 2. Qua D ké dudng thang song song vdi
EF, dudng thang nay cit cac dudng thang OI,
AB 13n lugt tai M, N. Vi ID // C = IDF = DFC
(hai goc so le trong) (1).

ta co:

Vi MD // EF = MDF =DFE (hai géc so le
trong) (2). Theo ching minh & cach 1, ta cé:

AFE = ACB = DFC =EFC (3).

Tir (1), (2), (3) suy ra FDI = NDI' nén ADNF can
i D =IN=IF=AOFI=AMNI (gcg)
=IM=I0. Xét AOMD ¢5 IM=]Q:
IK // MD (cung song song v6i EF) nén theo

TOAN HOC
2 fclusifre
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déu hiéu trén suy ra IK di qua trung diém cta
OD.

Thi du 3. Cho tam gidc ABC nhon (AB < AC),
ke dwong phan gidc AD cua goc BAC va duong
trung tuyén AM (M, D € BC), vé duong trci{v
ngoai tiép tam gidc ADM. Puong tron nay cat
cdc canh AB, AC cua tam gidc ABC theo thir ty
tai E va F. Qua M ké duong thding song song
voi AD cat EF tai K. Chimg minh rdang K la
trung diém cua EF.

A

C
B W
N
Loi gi@i. Lay N d6i ximg véi F qua M, thi tr
gidc BFCN la hinh binh hanh = BNM = MFC.
Ma MFC = AEM . Do &6 BNM = AEM nén tir
gidc BEMN ndi tiép
— BEN = BMN = FMC = FAD = DAB = EN
Il AD = KM // EN (do KM // AD). Xét AENF
c6 KM // EN va& MN = MF nén theo ddu hidu
trén ta suy ra KE = KF.
Thi du 4. Cho dicong tron tam O, dwong kinh
AB. Trén ducng tron lay diem D khac A v
DAB > 60°. Trén diwong kinh AB /cfy diém C (C
khac A, B) va ké CH vuong géc véi AD tai H.
Phdn gidc trong cua géc DAB cdt dwong tron
tai E va cat CH tai F. Duong thang DF cat
duwong tron tai diém thir hai N.
a) Chirng minh tr giac AFCN noi zié'p dirong
tron va ba diém N, C.E th&ng hang.

b). A'Cho AD = BC.‘C/TL;"Hg minh DN @i qua trung
diém cua AC. (ﬂDé thi vao 16p 10 THPT chuyén
ggfg) Boi Chau, Nghé dn nam hoe 2014 -

Loi giai.

https://tieulun.hopto.org |



a) Ta c6 ADB=90° (goc néi tip chin nita
dudng tron) = AD L BD, ma CH 1 AB nén
CH // DB = HCA=DBA (1). Mjt khac:
AND = DBA (2). Tix (1) vi (2) = ANF = ACF
nén AFCN 1a tr gidc ndi tiep. Goi
E'= NC(0), vi AFCN 1a tir gide ndi tiép nén
DNE'=EAB=>DE'=EB (3).

Ta lai c6: DAE =EAB— DE=EB (4).

Tix (3)va(4) = E'=E,dod6badiém N, C, E
thang hang.

b) Lay diém M ddi xing véi A4 qua D, ta cé:
MDE = ANE=CBE, CB=DM=AD;DE =EB
nén ADEM = ABEC (c.g.c) => DME =ECB
nén tr giac ACEM ndi tiep duong tron
— MCE =MAE=DME = MC // DN. Goi
I=NDNAB, xét AMAC ¢c6 DM =DA, DI /| CM
nén theo déu hiéu trén ta suy ra 14 =IC.

Thi du 5. Cho tam gidgc ABC nhon, néi tiép
duong tron (0O) c6 cac dzr(}ng cao AD, BE, CF
cdt nhau tai H. Goi P la diém thudc cung nh}o’
BC (P khac B, C); M, N la”'n lwot la hinh chiéu
cua P trén cdc dwong thang AB, AC. Ching
minh rang MN di qua trung diém cia doan
thang HP (Dé thi vao lop 10 THPT chuyén
Phan Béi Chdu, Nghé An, nam hoc 2014 —
2015).

Léi gidi. Goi 113 hinh chiéu cia P trén dudng
thang BC; K 13 diém d6i xtmg cia P qua M; J 14
giao diém cua HK va AB. Khi d6 ta c6 ba diém
M, I, N thang hang (MIN 14 dudng thiang Simson
ing véi diém P cia A ABC). Vi K dbi ximg véi

P qua M va céc tir gidc ABPC, HDCE ndi tiép
nén ta co: AKB = APB = ACB = BHD
— AKBH 14 ti gi4c ndi tiép

— BHK = BAK = BAP = BCP = PNM (1)

Mit khac: ABE =90° — BAC=90° —(1800 —m)

= MPN -90° (2)

Ap dung tinh chét goc ngodi vao AJBH va két
hop véi (1); (2) ta co:

KJB = BHK + ABE = PNM + MPN —90°
=(180° -%)—90" =90° — PMN = JMN

= KH // MN.

Xét tam gi’éc KHP ¢6 KH /| MN, MK = MP

nén theo dau hi€u trén ta suy ra M7 di qua trung

diém cua HP.

Thi du 6. Cho hai duong tron (0), (O) cat

nhau tai A w:I,r B. Tz‘f' diéfn C thuéc tia déi cua tia

AB ke hai tiép tuyén dén (O)tai Dva E, E nam

trong (O’). Cdc dwong thang AD, AE cat (0"

tai diém thir hai twong img la M, N. Goi I la

giao diem cua DE va MN. Chirng minh rang I

la trung diém ctia MN.

(D¢ tuyén sinh vao 16p 10 THPT chuyén DH

Vinh ndm 2015, Vong 2)

Loi gidi.

i CE AFE

Ta c6: ACEA «» ACBE (g.g) = —=— (1).

€8 =—=2z ()

Tuong ty, ta c6: S a0 (2).
CB BD

T (1), (2) va két hop véi CE =CD ta dugc:
https://tieulun.hopto.or
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AE _AD

_ BE _AE 3)
BE BD BD AD

Trén tia ddi cua tia EN liy diém K sao cho

EN=EK. Xét ANEB vi AMDB cb:

m=m(zgs@]; NEB=MDB (Vi ti

giac ADBE ndi tiép) = ANEB ~ AMDB (g.g)
NE EB
= ——=— (4). Tt (3) va (4) suyra:
" oo (4). Tir (3) va (4) suy
AE

NE_AE_EK_AE oo
MD 4D MD 4D
EK MD EK-AE MD-A4D
= —] = =
AE AD

AE AD
AK AM  AK AE
= = = =
AE  AD  AM 4D
— AAKM ~ AAED (g.g) = AKM = AED
— MK // ED hay MK // EI.

Xét AMKN c¢6 EN = EK va MK // EI nén theo
d4u hiéu trén ta suy ra /M =IN.

Thi du 7. Cho tam gidc nhon ABC nji tiép
duong tron (0), AB < AC. Cc tiép tuyén tai B
va C cua duong tron (O) cat nhau tai N. Vé day
AM song song voi BC. Ggf‘P la giao diém cua
MN voi (O). Chirng minh rang AP di qua trung
diém cua BC.

Loi gidi. Ta co: ANCP ~ ANMC (g.g)

-
NM  MC
TOAN HOC
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NB BP
~ K A L /|
ANBP ~ ANMB (gg) = R (2)
T (1), (2) va két hop véi NC = NB ta cod:
cpP _PB D
MC MB
cp_pB
AB AC 4 .
(do AM // BC nén t
giac AMCB 1a hinh
thang cin=> AC =MB;
AB = MC).
Trén tia dbi cua tia
AC lay diém D 520
cho A4D=AC, két

BAK =CPB (=180°—§A?3).
Do d6 A4BD ~ APCB(c.gc) = ABD =PCB (3).
Ta lai c6: BAP = PCB [=%Sd}?§] (4).

Tir (3) va (4) suy ra BAP= ABD = AP // BD.
Xet ABDC co AD=AC va AP // BD nén theo
dau hiéu trén ta thay AP di qua trung diém cua BC.
Thi du 8. Cho @u'a dwrong tron (O) dwong kinh
AB. Ax la tia tiep tuyén cua nua duong tron (Ax
va nira dwong tron (O) cung thugc mét nira mat
phang bo AB). Tir diém M bdt ki thuée tia Ax
(M khac A), ke tiép tuyéen MC vé&i nirg dwong
tron do (C la tiép diém). Ke CH | AB (H €
AB). Ching minh rang MB di qua trung diém
cua CH.

Loi giai.

Goi I=ACmMO;Q=MBh(O);N= CHNMB.
Tac6 AQM = 4IM (= 90°) = AMOI 1a tir gide
ndi tiép :A@:@ (1).

Matkhéc: Vidx // CH = Mdl = ICH (2).

https://tieulun.hopto.org



Tix (1) va (2) = ICH = OB nén tir gidc IOCN
noi tiép dudng tron = @ =CIN . Két hop véi
CON =CAB tasuyra CIN = CAB = IN// AB,

Xét ACAH 6 IN // AB va IA = IC nén theo
ddu higu trén ta suy ra NC=NH.

X

M

I N

A e I B

Thi du 9. Cho tam gide ABC (A4 >90°) néi tiép
dwong tron (0), H la truc tdm cua tam gidc
ABC. M la diém chuyén dong trén cung nho BC.
Goi D la giao diém cua BM va CH, E la giao
diém cua CM va BH. Chumg minh rang trung
diém cua doan thang DE nam trén mot duong
thang ¢é dinh.

Léi gidi. Goi Q 14 giao diém cua 4B va HC; P
1a giao diém cua AC va BH. Qua D ké mét
duong thing song song véi PQ cat BH tai K,

- , OD QH
t dinh 1y Thales ta c6: =—==— (1
g SRy rk i

PC PH
5 APCH~ AOBH (g.g) = —=—— (2).
Tacod QOBH (g.g) 0B oM )]

Vi PCE = 0D~ 541
PE PC
E ~ AOBD (g.8) =>—=— (3).

= APC. OBD (g.8) 0D OB 3)
Tu (1), (2) va (3) suy ra:

Op PE_OH PC_OH TH | . PE=PK.

PK'OD PH OB PH QOH
Xét AKDE ¢6 PK = PE va KD // PQ nén theo
d4u hiéu trén ta suy ra PQ di qua trung diém

01:1a DE. Vay trung di?:m clia doan thing DE
nim trén mt dudng thing PO cb dinh.

Thi du 10. Cho tam giic ABC nhon va
AB < AC. Goi H la tryc tam AABC. Hinh chiéu
cua H trén cac dwong phdn gidc trong va ngoai
cua goc BAC ldn Lot la E va F. Chirng minh
rang EF di qua trung diém I cua canh BC.

Loi gidi. Goi

duong  tron
tim O la
duémg  tron

ngoai tiép tam
giac ABC, kéo
dai 40 cit
dudng  tron
(0) tai diém
thir hai 1a M,
khi d6 ta d&
dang chung
minh dugc BHCM 14 hinh binh hanh nén 7 cling
12 trung diém cta MH. T gidc HFAE c6 ba goc
vudng nén no6 1a hinh chir nhat, goi X la giao
didm clia AH va EF = KAE = KEA (1).
Goi D 14 giao diém cta AH véi BC, khi d6 ta co
ADBA ~ AMCA (g.g) = BAD = MAC . Ma AE
la dudmg phén gidc cia gbc BAC nén suy ra
HAE = MAE (2).
Tir (1) va (2) = KEA = MAE = EK /| AM. (3)
(Xem tiép trang 15)

https://tieulufﬁ?%b_gﬂﬁﬁt;g)rg
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HUGNG DAN GIAI PE THI TUYEN SINH VAO LOP 10
THPT CHUYEN LE HONG PHONG, NAM PINH, NAM HOC 2020-2021

VONG 1

Ciu 1. 1) PKXD: x? —6x+9> 0 (x-3)" >0
< x#3. Viy DPKXD ciia biéu thuc la: x#3.

2) Puong thaclng ¥ =x+3-m cit parabol y= o
tai hai diém phan biét khi va chi khi phuong trinh
x*=x+3-m ¢6 hai nghiém phan  biét
& x* ~x=3+m=0 co hai nghiém phan biét
SA>013-4m>0em <%.

3) Goi M, G lan lugt 1 trung didm cia BCva
trong tAm cua AABC. Ta co

AM = AB.sin 60° =—3~cm. Bén kinh dudng tron

ngoai tiép AABC: R=GA = %AM = R=1cm.

4) Goih 1a chidu cao cua hinh nén ta cé thé tich
1

Vv =§7rR2h = ';—JZ‘th =4r = h=3cm.

Cau 2. 1) VGiDK x> 0;x#1 tacéd:

po X N \/;“l-l N x+2
x+Vx+1 (J;—l)(\/hl) (\/I—l)(x+JE+1)
x 1 x+2

_x+ x+1+\/;—1“(ﬁ—1)(x+ x+1)
_x(\/E—l)+(x+\/E+1)—x—2
o (Ve-a)(xe x +1)

X x—=x++x-1 B (‘/;—1)("'”)

_(J;—l)(x+\/;+l)~(\/;—l)(x+ x+l)
x+1

:x+\/;+1'

2) Xét hiéu

2 x-2xsl (Vx-1)

P_-2,= x+1 _2_ _

3 x+yx+1 3 3(x+ x+l) 3(x+\/)_c+1)'
VoiBK x20;x#1 tacod:

2
-1 0

(\/)_C )> :>P—2>0<:>P>3_

3(x+ x+1)>0 3 3

TOAN HOC .
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2
Ciu3. 1) a) Tacé: A=m’ —6m+9=(m-3)"20
v6i moi m. Vay phuong trinh luén c6 nghiém véi
moi gia tri clia tham s6 m.

b) Tacé:xz—(m+1)x+2m—2=0<—’—>l:x=m_1-

Phuong trinh c6 hai nghiém duong phéan biét khi
-1>0 m>1
" = ).
m—1%2 m#3

=7
THI: {x‘

, khi doé: /x, +2 —\/x,+2 =1
x,=m-1 \/1 ?

oS2-Jm+l=lovm+l=1om=0.

khong thoa mén (1).

=m-1
TH2: {x‘ ';’ khi d6: Jx +2 -\, 12 =1
X, =

SVm+l-2=lJVm+1=3<m=8
thoéa mén (1). Vay m=8 thoa min yéu ciu bai
toan.
2)BK: (x+1) 20> x> 1.

PT< x* =3x(x+1)+2(x+1) =0.

DPity =vx+1(PK: y=0) ta duoc phuong trinh
x3—3xy2+2y3=0<:>(x—y)2(x+2y)=0

o|*TY :
x==2y
-Véix=y tadugc: x= X+l A5
X —x—-1=0
T4ad8
= (théa man bK).
-Véix=-2y ta duge: X=-2/x+1
x<0
- _ 3
x2_4x_4=0¢:>x—2—2x/5 (thda man PK).
Véy phuong trinh g ¢ho 6 hai nghiém
1++/5 |
X=— = x=2-247 .

https://tieulun.hopto.org



1) Ta ¢6 AB va AC 1a tiép tuyén cta (O) nén
ABO=90° va ACO=90° = ABO+ACO=180°
= 17 gidc ABOC ndi tiép.

Ta ¢6 ACI =CBI (mbi lién hé giita gc ndi tidp
va goc tao bai tiép tuyén va day cung).

Theo tinh chit 2 tiép tuyén cit nhau ta c6 40 13
trung truc cta BC, nén tam giac /BC can tai /, suy
ra ICB = IBC. Suy ra E?:B’é}, suy ra C7 1a
phan giac cua goc ACB.

Ching minh twong tu ta c6 BI l1a phéan giac cla
g6c ABC, suy ra I 1a tim dudmg tron néi tiép tam
giac ABC.

2) Ta c¢b AEB + AMB =180°, suy ra ti giac
AEBM i tiép, do 86 BEM = BAM .

Trong dudomg tron (O) ta cd BDC=A4BC (mbi
lién hé giira géc ndi tiép va goc tao bdi tia tiép
tuyén va day cung).

AAMB vudng tai M nén ABM + BAM =90° , suy
ra DEM + EDC =90".

Viy EM vudng goc voi DC.

Chimg minh twong tr ta ¢6 FM vudng goc vdi
DB.

Suy ra M la tryc tim cia ADEF, suy ra DM vudng
goc voi EF.
3) Xét AMKC v AMBD c6 MKC =MBD (hai
goc ndi tiép cing chén 1 cung), KMC =§I\Zi),
suy ra AMKC ~ AMBD. Do do:

MK _MC oy MK.MD=MBMC.

MB MD
Chimg minh twrong tu ta co6: MB.MC = MAMO.
MA MK
. MK.MD = MAMO hay 22 22
Suy ra y T
Xét AAMK va ADMO cé:
ik = Do i YA MR
MD MO
Do dé: AAMK ~ADMO = AKM =DOM hay
AKM = DOI.
Ta cb: b’@e%ﬁ& (méi lién hé giira goc co
dinh & tam va goc ndi tiép). Suy ra
EE:Y%ZE“M Trong dudng trdn (O) ta co

DCI = IKD (hai gbc ndi tiép cing chén 1 cung).
Suy ra KM =%m , hay K7 14 phén giac cua
goc AKM.
xz1
Ciau 5. 1) bK: .Pat t=x1—-y, PK:t=0.
y=<1
PT thit nhét tro thanh:

£ 4+xt—2x" -3x-1=0& (t—x-1)(t+2x+1)=0

St=x+1 (Vit+2x+1>0VE>20;x21)

= xJl-y=x+1.

Thay vao PT thir hai ta duoc:
X 49=6(x+1)-Vx-1&x —6x+3+x-1=0
& X -6x+5+(\/‘x—1—2)=0
x-5 -0
Nx-=1+2
1

Nx—-1+2

(théa man) (vix—1+ >0,Vx21)
x=1+2

<::>(x—1)(x—5)+
<:>(x—5)(x—1+ ]=0<:>x=5
=y =—H(théa mén)

25 '

Viy hé phuong trinh c6 nghiém[S;—-lz—;) :

2)Tacd a®> +b*>2ab

Sitpsstbiaul SRR By




=>4d" +4ab+46 =(a’ +b°)+34" +4ab+3b’ 23" +6ab+30
:;ucl(az2 +ab+b2)23(a+b)2 = Na’ +ab+b’ 23(a+b).
Tuong tu: 2vb* + be + ¢* 2J§(b+c);
2Vt +ca+a? 2J§(c+a) :>P2\[3_(a+b+c).
Ching minh:

(x+y+z)2 s3(x2 +y* +z2) Vx; y;z
S 2xy+2xz +2yz < 2x* + 297 +27°
& 0<(x-y) +(y-z) +(z-x)° (luén ding).
Ap dung ta cé:

(\/a+1+\/b+1+\/c+l)2 <3(a+b+c+3)

= a+b+c>9= P>93. Diu bing xay ra khi
a=b=c=3.Viy minP=93.

VONG 2

Ciu 1. a) Ta cé:a2=x2 +—12-+2, bZ:y2+-1_2+2
X

va i’ =x’y’ +——+2.
xy
3 1 x y
Taco: ab=xy+—+—+=
xy y x
2 2 2 1 » 1
Suyra abc=x"y' + 55 +x +—+y +=5+2.
x'y x

Suyra a’ +b° +c* —abc=4.
b) Tir didu kién bai toan rit dugc:
a=—— L (@0 2+120).
2(26+1) 2
1 2b+1
2+a 3(b+2)
2b+1 1 _2b+1+43 2
3(b+2) b+2 3(b+2) 3
Cau 2. a). PK: x>-3. Dét\/x+3=t,(tzo),
phuong trinh tr& thanh:
Phuong trinh twong duong voi

Suy ra: Suy ra:

232+t =3xt=0.

Véi x =t taduogc:

TOAN HOC
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x20
x=\Nx+3& " <
x'=x+ x=

(théa mén DK).
Voi 2x =t ta duge:

x20
2x=Jx4+3 & =
4x* =x+3 3

(théa man PK).
Viy tip nghiém cua phuong trinh la:

S={11+\/1_3}_

2

2
o
b) J2x+1+J2y+1=( 2y) 0l
(x+y)(x+2y)+3x+2y=4 (2)
PK: x, y?.—%. Phwong trinh (2) twong duong véi
(x+y-1)(x+2y+4)=0.
V6i diéu kién xéac dinh ta co:

1
x+2y+42—-£——1+4>0:>x+y=1.
Pita=v2x+1>0vab=.2y+1>0, két hop (1)
vax+ y=1 ta co hé phuong trinh:

1., N
a+b——8-(a -b ) .
a*+bt =4

_ja+b=0 .. _
THI: Eabed’ hé v6 nghiém.

THZ:{(a—b)Z(a+b)=8@{(a+b)(4—2ab)“8
a2+b2=4 (a+b)2—2ab=4 p

S=a+b 2 _
Bét{ , ha tr& thanh: {8(4 2P)=8

Pzab S2‘2P=4
S?—4 2_
e p=> 1 P=0
< 2 =X 2 Q{ =
S(4—S2+4)=8 SE{ZrH_-\/E} §=2

https://tieulun.hopto.org
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¢) Goi E 14 giao diém cua AS va BC, G la giao
diém thit 2 cua AS va (0). Trén canh BC lay
diém D' khic E sao cho BAE=
chimg minh D' 14 trung diém cua BC.
Tac6 AGB = ACD' va BAG = CAD' nén
GB AG
AAGB ~ AACD'=» ——=—— (1).
o 4ac O
Taco AGC = ABD' va CAG = BAD' nén
RAGE ~ AdbDy = e B0
BD'" AB
Ta c6 SBG=SA4B nén ASBG ~ ASAB,suy ra
SRR G : : : o
—=——_. Chimg minh tuong tu ta duogc:
S§S4 AB
SC (-6 e 34068 wlicing)
St~ AE CA B4
T (1), (2) va (3) suy ra CD'=BD'hayD'la
trung diém ciia BC. Ta c6 diéu phai chimg minh.
Ciu 4. a). Ta co: ..
X4yt =gt +le (X -1)=y (x=1

4::r(Jc-l).:(x‘z‘+'x‘—|~1—i"'2")="(?)'i ' b, Bt

y o0 R L g B o

!;_! 3
2y—2x-
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(Th gian lam 6%

Bai 1 (3 diém). Cho hai sb a, b thoa mén diéu KIeD
a—b=1. Tinh gi4 tri ctia biéu thirc:
P=a"—4ab’® +3a%b* —a'b—3a’b+b".

Bai 2 (3 diém). Giai phwong trinh:

X (2-x) =3(1-x)' -5.
Bai 3 (4 diém). Cho tam gidc ABC vuéng tai 4 ¢0
dwdng phén giac trong BD (D thue AC). Duong
trdn (BCD) cat canh AB tai E. Chirng minh

AE + AB=BC.

Bai 4 (3 diém). Cho bén sb thuc a, b, ¢, d thoa
mén didu kién a’ + 5> +¢? +d? = 4.
Chimg minh bat déng thic: (a+2)(b+2)2cd.
Bai 5 (4 diém). Cho tir gidc ABCD (4B khéng
song song voi CD) ndi tiép duong tron (0) va M
1a diém chinh giira cua cung nhé 4B. Céc day MC,
MD cit AB 1an luot tai cac diém F, E.

&P 9 THANH PHO HO
2020 - 2021

CHI MINH

120 phiit) .
a) Chimg minh tir giac CDEF no1 ticp.
b) Goi / 1a giao diém cua MC va BD. Goi J 1 gig,
diém cita MD va AC. Ching minh: 1{ /1 AB.
¢) Puong thang 1/ cit AD, BC, CD lan lugt taj 4,
didm P, 0, K. Chimg minh: KP.KQ=KIK].
Bai 6 (3 diém). Cho phuong trinh
X +ax+b=0 (1)
véi a, b 1a cac tham s6 nguyén. Gia sir phuong
trinh (1) c6 mdt nghiém 14 D o B
a) Tima va b.
b) Chimg minh rang
2021 2021

A=(2+\/§) +(2—\/§)

1a mot s nguyén va 4 chia hét cho 4.

NGUYEN PUC TAN
(TP. Hé Chi Mink) Gidi thisu

H R ok ookt ok sk of s o ok o s sl ok stk ot sk sk sk ok ok ok o o ok sk sk s ool skl oK R ok ok o ok ok ok ok o ok ok ok ok ok s s ok o ok ke o ok ok ok ok ok e ok ook K R ok

&
2y-2x-1 1 -1 3 -3
2y+2x+1 3 -3 1 -1

x 0 -1 -1 0
X 1 -1 1 -1

Vay tap cac gid tri (x;y) thda man la:
{(0:1),(0;-1),(=1;-1),(-1;1), (L, ),y z}.
b) Ta cé: c+l=a+—é<:> abc+a=ab+p? *
b a '
Suy ra a chia hét cho b, dat a=bk,keN", thay
vao (*) ta dugc:
b’ke +bk = bk* +b* & bke+k = b2 4 p,
Suy ra b chia hét cho & va k chia hét cho b, suy ra
b=k,
minh.
Ciu 5. a) Xét higu: (’+5°+¢*)~(a* +b* 4 ¢*
=a (1-a)+b (1-b)+¢ (1-c)
=a3(b+c)+b3(c+a)+c3(a+b)

=a’ (ab+ac)+b* (be + ba)+c*(ca+ ch).

TOANHOC
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suy ra ab=»5, ta ¢ didy phai chimg

Do a,b,c khong 4m nén bc,ca,ab khéng 4m
Suy ra a*(ab +ac) + b* (be+ba) +c* (ca+ch)
<a’(ab+ac+bc)+b? (be+ba+ca)+c*(ca+ch+ab)

=(ab+bc+ca)(a2 +5° +cz)
l
=5(a2 + b +c2)(2ab+ 2bc + 2ca)

l(az +0" +¢® +2ab + 2pe 4 2ca)2 1
2 4 )
Suy ra diéu phaj chimg minh.

b) Sau méi buse, g4 sg; giam di 1 va sb tai ting
1613'1, suy rz} tong s0 61 va ty; khéng thay @b sau
moi budc, tong nay 1a 2021

(Newyen Gy T’@AJEJ!:@PS //tl MN ﬂ[h@ pw (0] I'g

Hong Phong, Nam Binh) Gidi thigH
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1. Giéi thi¢u

Thudc Golomb 13 tip hop cac s6 nguyén (vach) véi
dac tinh 1 néu mgt khoang céch cé thé duoc do béng
cac vach nay thi né dugc thuc hién theo mot cach
duy nhit. Thuéc nay mang tén cia Gido su Solomon
Golomb, ngusi My 14 mt trong nhimg ngudi diu
tién nghlen ctru mdi lién quan cdu tric cua ching voi
1y thuyét t4 hop, ly thuyét méd hoa va truyén thong,

DPinh nghia 1. Tdp hop G gom che s6 nguyén

4y <ay<..<a,,<a, dugc goi la thuéc Golomb

néu voi moi cdp so nguyén khdc nhau, gid si

a;<a; va a,<a, th ta luén cé

a,—a; #a,—a,.

Kich thudc cia G duge x4c dinh 13 p (s6 lrong
vach trong G). P dai cia G duge xac dinh 13
a, —a; (khodng cich 16n nhét c6 thé duge do bing
cach su dung céc vach trong G).
Liru ¥ ring khoang cach giita hai
vach bét ky trén thudc 1a khac
voi khoang cach giita hai vach
khac ciia thuéc. Bit ky thudc
nao c6 dic diém nay déu dugc
goila “Golomb ™.

R rang 1a chiing ta ¢6 thé tinh

By

ik

Solomon Golomb
(1932-2016)

tién céc tap hop nay: néu G = {a, 27, ...,ap} 1a mét

thudc Golomb thi {al +b,a, +5, . +b} cling la

mdt thudc Golomb. Piéu d6 cho thay su lua chon
cua a; khong quan trong, vi thé n6 thudng duoc coi
la 0. Ta dé théy rang néu G={al,a2, ...,ap} 1a
mét thuéc Golomb, thi phép phan xa cia G xung
quanh trung diém (a] +ap)/2 cling la mt thude
Golomb.

Thuéc Golomb dung de Jam gi?

Thuéc Golomb duge cho 1a d3 duge W. Babcock
“kham pha” vao nam 1953 [1]. Thudéc Golomb cé

nhidu ung dung khéc nhau, bao gdm thién vin hoc
v6 tuyén va 1y thuyét thong tin. Ung dung duge biét
dén nhiéu nhit 1a mot (mg dung v tuyén dién tur.

1 1 1
(0] 2 8 11 12

Hinh 1. Mgt thude Golomb ¢6 ndm vach.
Kinh thién vin v6 tuyén (ing-ten) dugc dit trong
mot mang tuyén tinh, P6i véi mbi cép dng-ten nay,
cac tin hiéu nhan dugce s€ dugce trir cho nhau va sau
@6 c6 thé dua ra suy ludn vé vj tri cia nguém. Nhiing
suy ludn nay co thé dwoc thuc hién chinh xic hon
nhidu néu tét ca cac khoang cach gira cAc Ang-ten 13
bdi sb cua ciung mdt d6 dai chung va nhiéu cap vai
khoang cach khac nhau c6 sin giira chiing va c6 thé
duoc st dung. Bai toan tdi da héa sé khoang céch
khac nhau giita cic cip, ddng thoi gidm thidu sb
lugng ang-ten va A9 dai cia mang, da dugc Solomon
W. Golomb nghién ciru dau tién [10].
Trong 1y thuyét thong tin, thudéc Golomb thudng
duoc st dung dé phat hién va stra 18i. Céac thude
Golomb c6 cing dd dai dugc sir dung dé tao ra céc
maé ty truc giao, nhimg ma khong c6 sy khic biét
chung. Cac md nhu vdy cho phép kiém tra 13i d&
dang hon vi phé‘m du thira gita cac md s& hién thi
dudi dang 18i va sau d6 c6 thé duge giri lai hodc sira
chira [11].
2. Thuéc Golomb hoan hao
Luu y ring thuéc Golomb {0,1,4,6} c6 thém mot

dic tinh 12 n6 c6 thé do dugec moi khoang cach

nguyén tir 1 dén 6. Ching ta £oi mdt thudc nhu vay
1 hoan hdo.

Dinh nghia 2. Mér thuéc Golomb G ¢6 do ddai N
duoc goi la thuée Golomb hoan hdo néu moi s
nguyén d(1<d <N ) déu c6 thé duoc bidu dién

dudidang d = a-ay, véi a,ayndods e G.
L 1 L
0 1 4 6

Hinh 2. Mét thudée Golomb hoan hdo do duoc tdt cd cdc
khoang cdch tir I dén 6

s:/[tieulrtpANGEHO. Tf
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Vi G 14 thuéc Golomb, nén biéu dién & trén cua moi
d la duy nhit. That khéng may, c6 rat it thudc
Golomb hoan hao. Chinh Golomb di chimg minh
duoc dinh ly sau. )
binh ly (Golomb). Cung véi cdc phép tinh tién vd
phép phan xa cua chiing xung quanh diém giita, cdc
thuoe  Golomb  hoan  hdo nhdt  ld
{0}.{0.1}.{0,1,3} va {0,1,4,6}.

Noi cach khéc, khéng ton tai thiée Golomb hoan
hao c6 nhiéu hon 4 vach. Cé 18 do cich ching minh
cua Golomb la khéng don gian, nén 6ng chua bao
gio cong bd dinh 1y cia minh. Sau day 1a mét chimng
minh don gidn cua dinh 1y dugc thuc hién boi
Alperin R. C.

Chirng minh. Néu G 1a moét thuée Golomb hodn
hdo c6 kich thuée p va chidu dai N, thi do c6 N

khoang céch cin do va sé cdp diém khac nhau cua

duy

cic diém nay 13 [5], nén ta phai c¢o

N=p(p-1)/2 viviy N 1a mét sé tam giac. Cac
s6 tam gidc nh6 hon 10 13 0, 1, 3, 6 tuong (g véi
cac thuée duoc ghi trong dinh ly.

Gid sir ring G 1a mét thude Golomb hon hao c6 do
dai N>9 va ta s& tim kiém mau thun. Khong mit
tinh tong quat, ching ta cé thé gia dinh ring a,, sb
nho nhét trong G, bing 0 va do dé sé 1én nhit 1a
a, = N. Theo gia thuyét, moi s 1<d <N ddu c6
thé nhén ra dwgc duy nhit 13 hi¢u cua hai vach trong
G. Vi N cé thé nhan ra dugc, nén 0 va N phai
thuge G. Vi N -1 co thé nhan ra dugc nén 1 hojc
N -1 thuée G. Bfmg cach phan xa G xung quanh
N /2, ching ta c6 thé gia sirring 1 G . Tiép theo,
vi N>3, N-2 phai nhin ra duge. Vi N-2>1
nén G phai chira mét diém khac.
Cic cdp co thé nhin ra dugc N-2 la
{2.M}.{LN ~1},{0,N -2} . Hai phin diu tién ta0 ra
su nhan d6i: 1-0=2-1 va 1-0= N~(N-1).Kha
nang thir ba 14 kha nang duy nhat, vi vay G chirg
N-2 cing nhu 0,,N. Cac khodng céch nhap ra
Quocla 1,2, N-3, N-2, N-1va N.
Vi N-4¢{1,2} nén chung ta cin mot trong cac cjp

{O.N -4}, {LN-3}, {2,N -2}, {3.¥-1, {4.n)

TOAN H
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, _4 . Tht ca trnr truong hop cudi

dé nhan ra dugc N gy .

ciing tao ra khoang céch da nhan ra dugc:
(N-2)-(n-4)=N-(N=2)-

1-0=(N—2)—(N—3), 2-0=N-(N-2),

1-0=N—-(N-1). ciden tra. i
B : a, 3
Tmbng hop Cuﬁl cung VLlQ't quakll efrl cé:;l Va-'y q
x ) oan C &
chira 01,4, N-2 vi N. Cac g O the
nhén ra dugc cua G la:

: ' - -2, N—1 vz

112)3:4,N‘6,N-_4,N 3,N ,h NvaN'

. & . A A -5, v
Cubi cung, hay xét khoang cac 1 ’ Vi
N—Se{l 23,4} va N >9 nén khoang cich nay
khéng thé nhan ra dugc. Céc cap 6 thé nhén ra dugc
khoang cach N -5 la
{o.N-3},{LN-4},{2,N-3}, {3,N -2}, {4,N—£}, {5.¥}.
Ngudi doc 6 thé dé dang kiém tra rang mdi truomg
hop nay déu din dén sy trung lip. Su mau thuin nay
cho thdy ring N <9 va cac cau tric trén cua cac
thuéc Golomb hoan hao dugc khing dinh béi dinh
ly. Ppcm.

3. Nhirng thwéc Golomb t6i wu va ham G(n)

Do nhimg thuéc Golomb hoan hao vé co ban 1
khong ton tai, nén nguol ta tim kiém nhimg thudce
“gan nhu hoan héio”. Noi mot cach don gian, voi
do dai N, nguoi ta cb géng dat cang nhiéu diém
trong khoang [0,N] cang tét dé tdp két qua tao
thanh mot thuérc: Golomb. Ngoai ra, véi kich thudc
p cua thude (so vach), nguoi ta o ging xay dung
mat thude Golomb c6 49 dai ngan nhit o6 thé (1a N
) Véi p vach. Nhimg thuée nhy vay duge goi la
Thuée Golomp i wu,

Dinh nghia 3. py; moi sé n
G(P) la dé dai ngan nhér co t

co p vach.

guyén duong p, goi
hé cua thieoc Golomb

0,1 (Babcock 1952)
0,1,3 (Babcock 1952)
0,1,4,6 (Babcock 1952)

0,1,4,9,11 “Httpestieulun.hopto.org




0,1,4,10,12,17 (Babcock 1952)
0,1,4,10,18,23,25 (Babcock 1952)
0,1,4,9,15,22,32,34 (Babcock 1952)
0,3,9,17,19,32,39,43,44 (Mixon 1972)
0,1,6,10,23,26,34,41,53,55 (Robinson, Bernstein 1967)
0,1,4,13,28,33,47,54,64,70,72 (Robinson, Bernstein 1967)
0,2,6,24,29,40,43,55,68,75,76,85 (Robinson 1983)
0,7,8,17,21,36,47,63,69,81,101,104,106  (Robinson &
Bernstein 1967)
0,5,28,38,41,49,50,68,75,92,107,121,123,127
1990)
0,6,7,15,28,40,51,75,89,92,94,121,131,147,151
(Shearer 1990)
0,1,4,11,26,32,56,68,76,115,117,134,150,163,168,177
(Shearer 1990)
0,5,7,17,52,56,67,80,81,100,122,138,159,165,168,191,199
(Silbert 1993)
0,2,10,22,53,56,82,83,89,98,130,148,153,167,188,
192,205,216 (Silbert 1993)
0,4, 13,15,42,56, 59, 77, 93, 116, 126, 138, 146, 174, 214,
221, 240, 245, 246 (Rankin 1995)
0, 24, 30, 43, 55, 71, 75, 89, 104, 125, 127, 162, 167,
189, 206, 215, 272, 275,282,283 (G&V 1997)
0, 4,23,37,40,48, 68, 78, 138, 147, 154, 189, 204, 238,
250, 251, 256, 277, 309,331,333 (G&V 1998)
0,1,9,14,43,70,106,122,124,128,159,179,204,223,253,
263, 270, 291,330,341,353,356 (distributed.net 1999)
0,6,22,24,43,56,95,126,137,146,172,173,201,213,
258,273, 281, 306, 311, 355, 365, 369, 372
0,9,33,37,38,97,122,129,140,142,152,191,205,208,252,
278, 286, 326, 332,353,368,384,403,425
0,12,29,39,72,91,146,157,160,161,166,191,207,214,258,290,
316,354,372,394,396,431,459,467,480
Céc thude Golomb t8i wu c6 tir 2 dén 24 vach.
Luu y. Cac thude 6 tir 20 dén 22 vach duge tim
thdy bing may tinh do nd luc ctia Mark Garry va
David Vanderschel. Poi vt’):i nhitng thudc co 23, 24
va 25 vach, dugc tim thdy trén mang may tinh
distributed.net. Ky luc hién tai 1a G(26)=492 va
thuéc Golomb ti wru tuong Ving co céc vach la:
0, 1, 33, 83, 104, 110, 124, 163, 185, 200, 203, 249,
251, 258, 314, 318, 343, 356, 386, 430, 440, 456,
464, 475, 487, 492.
Viéc tim kiém thudc Golomb G(26) nay da kéo dai
vai nim va thdm chi cho t6i nay ngudi ta vin chua

(Shearer

biét thuéc Golomb nay c6 phai 1a duy nhat hay
khéng [13, 14].

Mt s6 giéi han cia G(n)

Pidu thit vi 14 ching ta chua biét nhidu vé vé ham
G(n). Thuc té, hiu hét cac nghién ctru gan ddy vé
tap thudc Golomb déu nhém xac dinh gidi han cia
ham G(n), md rdng cac gia tri da biét cia no, cing

nhu tim ra céc tap thudc moi, ghn t6i uu dbi véi cac
n lon.

1. G(n)z—— ) Pidu nay la dé thiy trong phén

n(n-1
2

tich & trén vé thudc Golomb hoan héo.

2. G{(n) > G(n—1) Néi cach khic, G(n) 12 m§t ham
don diéu ngit. Piéu nay duoc thiy bing céch xoa
vach cao nhédt khoi thudc twong tmg véi G(n).
Thuéc két qua s& ngin hon va no van 12 Golomb vi
chiing ta khdng thém khoang cach mdi.
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Hinh 3. Céc gid tri nhé nhdt @a biét ctia G(n) chia cho n*
Biing thyuc nghiém, ngudi ta thiy ring: G(n) <n® va
ho phéng dodn ring bét dang thirc nay ludn ding.
Tat ¢4 c4c gia tri nho nhit da biét cia G(n) déu nho
hon #* v Hinh 3 chi ra ham c6 xu huéng tién t&i
n? khi n cang 1on [4]. Phong doan nay cho téi nay
van chua duge chimg minh.
4. Mot cai tién cho gi6éi han dwéi
That ra thuéc Golomb di dwge cdc nha toan hoc
nghién ciru réng rdi trong nhiéu thip ky trudc
Babcock duéi cai tén tap Sidon. Bai toan tdp Sidon
lin diu tién dugc dé xudt boi Simon Sidon vao nim
1932, Sau d6 Paul Erdos di tiép thu vén @& va cdng
bd cac bai bao v& chu dé ndy vao nim 1934. Ké tir
d6 ¢6 nhiéu két qua da duoc chimg minh.
Dinh nghia 4. Tdp hop Sidon la tip hop con

A={al,a2, ...,aN} cua cdc s6 tw nhién trong dé

OD;[;PEOQ/,E'GWQQF% 139




i< j—>a; <a; véi thugc tinh la téng cua hai phan

ne ndo do trong tdp hop A la khdc véi téng cua hai
plm‘;n tu khac trong tdp A.

F,(n) 12 mdt ham cho ta sé luong 16n nhét cac s
nguyén cé thé duogc chon t n sb diu tién dé tao
thinh mot tap hop Sidon.

Tir dinh nghia ctia tdp Sidon va F, (n), ta thdy rang
phdi c6 mét mdi quan hé nao d6 giira ching voi
nhau. That vidy, Apostolos Dimitromanolakis da
chimg minh sy twong duong cta ca hai bai toan nay
vao nam 2002,

binh ly. 4 la mét tap Sidon khi va chi khi A la mét
thuée Golomb.

Chirng minh. Tdp Sidon = thudc Golomb.

Gia st rang 4 la tdp Sidon nhung khéng phdi la
thudc Golomb thi khi d6 tdn tai i< j<k <m trong
do a;—a;=a,—a =>a;+a, =a,+a; suyra A
khong phai la tdp Sidon. Méu thuln véi gia thiét 4
la tdp Sidon. Ppcm

Thuoc Qolomb = tdp Sidon.

Gia sur ring 4 13 thuée Golomb nhung khéng phai
1a tip Sidon thi khi @6 ton tai i < j <k <m trong d6
a;+a; =a, ta;,=>a;—a;=a, —a suy ra A
khéng phai thuéc Golomb. Méau thuén. Ppem.

Bang céch st dung cdc moi quan hé khac gifta
F, (n) va G(n), Dimitromanolakis [4] d3 dung dinh
1y ndy dé nhan duoc udc luong can dudi tot hon cia
G(n) 1a: G(n)>n*—2nn+n-2.

5. Tim kiém Thuéce Golomb tbi wu va gin téi uwu
Sy phitc tap ciia viéc tim kiém mdt thuéc Golomb
t5i wu vin ua dugc biét. Tuy nhién, né duge cho 13
NP-khé (14 mot tap hop céc bai toan trong 1y thuyét
d6 do phirc tap tinh toan “it nhit 1a khé ngang bat ky
bai todn nao trong NP”) va trén thue té, bang cach sir
dung cac phuong phép t6t nht, viéc tim ra mét chidc
thudc tbi wu co kich thuée n+1 s& mét khoang mudi
lin thdi gian cin thiét dé tim mot chiéc thude b
kich thuéc 7 . Do khoang thdi gian khong 16 nay ma
viéc tao ra G(n) méi chi dugc biét dén véi n <26,
Didu nay khién c4c nha toan hoc phai tim kiém céc
cach xay dung méi dé tim ra nhimg thuéc Golomb
gin nhur tdi vu. o

Sir dung két qua tir 1y thuyét sd, céc nha todn hoc ¢4
thé tao ra cac thudc gin téi wu trong thoi gian da
thie cho céc thude ¢6 s6 vach la mdt s nguyén t4.
Paul Erdos [5] xay dung thudc gan téi wu say day

TOAN HOC
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vio nim 1944 khi ong phat hién chiing 6 lién quay

i:gttizcsﬁdi; dung dom giﬁn CEm tAhmsrc ,G()l.oml?
cé 36 dai n’: Vi moi so nguyen t0 p 1¢, diy g4
sau te_;.o thanh thudc Golomb

2. pk + (k* modp), kE[O,‘p—IA]‘. o
St dung cach xdy dung hiél} Cl‘{f‘ nay doi Vg} céc s
nguyén 6 Dimitromanoﬂ{gkm: va cc_)khng su g‘taf) ra
cac thwdc gin t4i wu @61 voi n khong phai 1a 5§

nguyén to. )
Thuéc Golomb Mo-dun o .
Thude Golomb mo-dun, d6i khi con dugc goi Iy

Thude Golomb tron, 13 mot trudng hop cu thé cia
Thuéc Golomb c6 cu tao gén‘nhu toi .
Pinh nghia 5. Tdp hop k phan du ay,ay, ...a, sao

cho cdc hiéu a; —a, (i # j) déu la modk khdc nhay

duoc goi la Thude Golomb Mé-dun.

| |
0 2 6 7

Hinh 4. Thudc Golomb mé-dun do dirpc cdc khodng cach
1,2,3,4,6,7.

Luu ¥ rang thudc nay chi ¢6 3 vach. Mt cach tuong

duong dé xem xét didu nay 1a nhu mot vong tron.

Hinh 5. Ciing mét thuée do mé-dun duoc xem nhie mét
hinh tron.
Thudce Golomb mé-dun twong duong véi mot céu
tric todn hoc khic duoc 201 13 “tdp cdc khodng
cdch hodn hdo”. C6 rét nhiéu chu tric tét cho cic
tp hop khoang cich hoan hio dbi voi mot sb
nguyén to.
Mt sb chu triac
Cua Singer: p+1 vach ¢ do dai p? +(p+1) [9]
Cua Bose: p vach ¢ d daj P -112]
Cua Ruzka: p vach cé da dga; .2
P vacheo dp dai p -p.[8]

Ban’g mf)t 18p luén don gian ching ta d3 thiy rang
thuée ¢6 n vach phaj ¢g p2 _

https://tieulun.hopto.org
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MOT PHUONG PHAP ... (Tiép theo trang 5)

Xét AHAM c6 KH =KA;JH=IM =K 1a
dudng trung binh cia AHAM = IK // AM (4).
Tir (3) va (4) suy ra ba diém K, E, I thing hang
hay EF @i qua trung diém / cua canh BC.

BAI TAP TU LUYEN

Bai 1. Cho tam giac ABC, dudmg trung tuyén AM.
Qua diém D thudc canh BC, v& dudng thing song
song v&i AM, né cit AB va AC theo thir ty tai E va F.
Qua 4 v& duodng thing song song véi BC, cit EF &
K. Chirng minh ring K 13 trung diém cta EF.

Bai 2. Cho tam giac ABC nhon, ba dudng cao 4D,
BE, CF cit nhau tai H. Qua D ké dudng thing song
song v&i EF, duong théng nay cit cac dudng thing
AB, HC lin luot tai P vd Q. Chimg minh ring
DP=DQ.

Bai 3. Cho duong tron (O), duong kinh MN vubng
goc véi day cung AB. Goi 7 13 diém thudc day 4B (
IA < IB). Céc tia M1, NI cit (O) theo thi ty & C, D.
Goi hinh chiéu cia C trén cac dudmg thing 4D, AB,
BD theo thir tu 14 E, F, H. Chiing minh ring F 14
trung diém cia EH.

Bai 4. Dudng tron tim [ ndi tiép tam giac ABC

tiép xtc véi BC, AB, AC theo thir tw ¢ D, E, F.Qua E
ké duong thang song song véi BC cat AD va DF
theo thit tv & M va N. Ching minh ring M 13 trung
diém cua EN

Bai 5. Cho tam giac 4BC vudng tai 4, dudng cao
AH. Qua B ké dudmg thang cit dudng tron tdm C ban
kinh C4 tai D va E (D la diém nam trong tam gidc
ABC). Trén canh AB liy diém M sao cho

== 1 -—= ; ; . 3
BDM = EACD . Goi N 1a giao diém cua MD va AH.

Chimg minh réing D 14 trung diém ctia MN.

Bai 6. Cho tam gidc ABC c6 cac dudng cao BE, CF
cit nhau tai H. Goi M, N lan lugt 1a trung diém cua
AH, BC. Goi P, O lan lugt 13 chan duong vudng goc
ha tir N xudng BH, CH. Chimg minh ring MN di qua
trung diém ctia PO.

Bai 7. Cho tam giac 4BC va diém J Ia tim duong
tron bang tlep trong goc A4 cua tam giac. Pudng tron
nay tiép xiic véi cac canh 4B, AC, BC lin luot tai X,
L, M. Gia st LM cét BJ tai F, KM cit CJ tai G. Goi
S, T lan luet 1a giao diém cua AF, 4G véi BC.
Chimg minh rang M 14 trung diém cua ST.

JipS e pne00 pro
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"Mr S6 UNG DUNG CUA DAD HAM_
TRONGTHUCTIEN

I. Ung dung ciia dao ham trong Vit ly

Trong Vit Iy va K§ thuat nhiéu vAn dé khac nhau
c6 thé gap phai doi hoi ching ta phai g dung
toan toi wu. Trong nhimg bai toin nhu vdy, ngudi
ta thudng phai t6i vu mét sé dai luong vat Iy nhu
quang dudng, van tdc, thoi gian, khdi lwong, gia
tc, luc, cuong d6 dong dién, do roi, ...

Cac phuong trinh rang budc cé thé tudn theo cic
dinh lut va cong thirc vat 1y,

Phwong phéap chung dé giai quyét cac vin dé tbi
wu hoa van gif nguyén. Phuong phép nay dugc
md ta trén cac trang mang hoic tii 1idu vé cac vén
dé t5i wu hoa trong Hinh hoc phéng.

Thi du 1. Mgt bong den duge treo phia trén theo
phirong thang dimg so véi tdm cia mét cdi ban
tron. Véi dé cao nao thi mép ban dwpc chiéu roi
16t nhdt?

Loi gigi. Ta ky hiéu
R 1a ban kinh cuia mat
ban, £ 12 d6 cao treo
béng dén so vdi mit
ban, L 1a khoang
cach tir bong dén dén
mép ban, I la cudng
d6 sang, o la goc gira duomg thing L va phap
tuyén cua miat ban. Dd roi & mép ban dugc xéc

dinh béi cong thic E = %cos a.

T I*=HK+R* va cosazﬁz—-h— bt
AN

roi E cb thé dugc viét dudi dang ham E(h):

I R

E=E(h):hz+R2'\[hz+R2‘(h2+R2)%.
H ,
1 6 T?g?um% S8 527(5-2021)

LE HO QUY
GV THPTL:? Lgi, Kon Ty%j‘
e gt - - =
Ih
Tinh dao ham: E'(k)= 3
(B + R%)?
h2 +R? 3h2 I(R?' 2h2)
(#* +R2)2 (h +R2)2
Tim nghiém cta dao ham:
2 _2p R* =21 =0
Fy—0m IE =2 o, { Lo
(h2+R2)2 A" +R #0
2
—sgfp =T s

2 2

; R o
Khi di qua diém h=—= dao ham do6i dau tr
i 7 q
duong sang am. Do d6, diém nay la diém cyc
f
___ 2

dai. P chiéu roi cuc dai 1a E_ = :
2 >
2

3
-_ IR 22)IR 21 21

3 r 3 T 5 2
ﬁ(ERz)Z 23R pp VR
2

Thi du 2 Mot binh chira ddy chat long c6 chiéu
cao h nam trén mat phing ndm ngang. Binh co
mét 16 mo bén, qua @s chéy long c6 thé chay ra

ngoai. Tai vi tri ndo cug 13 m& thi tia chat long
ban ra xa nhat?

Loi gidi,

https://tieulun.hopto.org
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Gia str ring the 6 dong chay cua chat 1ong qua 15
duwgc mé tda boi DPinh lvdt  Torricelli:
= 2g(h—x), trong d6 x la chiéu cao cta 13 so
vOi bé mit nim ngang, h—x 13 d3 sdu cua cot
chit 1ong tinh dén 16 mé, g 14 gia toc trong
trudng.
Tinh tAm bay xa y gid st rﬁng chuyén dong cua
chit 1ong dugc moé ta bang cac phuong trinh giéng
nhu chuyén dong cua mot chit diém.
Trong trudng hop nay, thoi gian ma chat long
chay ra tir 1§ m& dén bé mit dat duge cho bang

2x . X . 2x
t= |—,vatambayxala y=vi=v |—.
g g

Thay biéu thic cho vén téc v tir Dinh luat

Torricelli: y= y(x)=2glh-5). | =%
g

IR Gt NP Py
g

Ta thu dugc mot bidu thirc cho tAm bay xa y phu

thudc vao dd cao cta 16 m¢ x. Ta khdo sat ham

cho céc diém cye tri: ¥'(x) = (2VAx — x>
22_;.(},}7_,52)' __h=2x
2hx—x* hx —x*
h—2x=0 h
= =
h—x+0 2

RS rang dy 1a mot diém cue dai, vi khi di qua gia
tri nay, dao ham déi diu tir duong sang 4m.

Vi véy, 16 md cho chit léng chay phai duge dat
chinh xa¢ & giita ct chét 1ong. Trong trudng hop
ndy, tia chit 16ng bén ra xa nhét va bang chiéu cao

2
ctia cot chit long: Vo =2 h-]l—[hj

_?_}h_z_ﬁ \fh'z 2h _

Thi du 3. Mét du khach muon bing qua mot cdi
hé hinh tron tir diém A dén diém B. Piéu ndy co
thé duoc thuc hién b&ng cach cheo thuyén hodc di
bé doc theo duong bo hé. Xac dinh duong di
nhanh nhat, néu van toc thuyén la u va van téc di
bo lav.

Loi gidi. Gia st ban kinh cua hd 1a R.Hay xem
xét mot tuyén duong két hop tiy ¥ khi mdt phan
cia con dudng chay ngang qua hé va phan con lai
doc theo bd hd. Quing dudng chuyén dong duge

x4c dinh badi goc noi tiép a = CAB.

Géc & tim COB =2a.Chidu dai céia phin con
dwdng bang qua hd 1a

AC=2AD =2Rcos«a,
va chidu dai ctia phin con dudng doc theo bo hé
la |CB|=2aR,
¢ day goc a duge do bang radian va thay dbi

% T ! B oE e "
trong mién 0< & 55. Khi @6 tong thoi gian cia

chuyén dong 1a:

AC CB 2Rcosa 2aR
t=t{a )——

14 u v

=2R[°°S“+3].
U v

Ly dao ham, ta cé: #'(a) = [2}2 ( ol E]:|

173 v

=2R(—Sm“ +1)=2R(1— S‘““J.
U Vv v U

sin &

Dao ham bing 0 khi £
)4 U

) u
=0=sina=—
v

.U
= & = arcsin—,
v

Ta tim cyc trj bing céch sir dung dao ham cip 2:
() = {21{(1_ smaﬂ __2Rcosa -~
vV u u

‘ " £ 2 - T .
Vi dao ham cép 2 luén am véi OSaSE,nen

diém trén 13 diém cuc dai cia ham (@), khong
théa man. RS rang ham #(a)la ham 15i trong

https: //tleullgﬁm&o.org
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khoang théi gian (0;%) va do d9, dat gia tri cuc

tiéu tai mdt trong cic diém mat cia khoing thdi
gian. Tinh cic gid tri cia #(a) tai a=0va

a=Z. t(0)=2R[°°S°+9]=2_R,
2 u v u
cosi—r-
t(£]=2R "2 7 |_7R
2 u 2v v

Truong hop @ =01mg véi chuyén dong trén mit
nuéce doc theo dudng thing 40B, va truong hop

T o 2 n - "
a:; mo ta chuyén dong di bo doc theo hinh

ban nguyét ACB.Tuy chon nao trong sb cac tly
chon ndy c6 thoi gian it nhit? Diéu nay phu thuée
vao moi quan hé giira cac van tde u va v.
2 u _ 2 i & x PP <
Néu —>—, sau do6 chéo thuyén (voi van toc u)
vV 7@
s& mat it thoi gian hon so véi di bd trén mit dét
pime 3R o \ . % u 2 g
(voi toc dov). Va nguoc lai, néu — <=, su di
v 7

chuyén doc theo dudng bd hd s& nhanh hon.
Trong trudmg hop céc ty 1¢ nay bang nhau, ca hai
tuyén vé thoi gian troi qua s€ tuong duong nhau.
I1. Ung dung cia dao ham trong Kinh té

Trong kinh doanh va kinh té rt nhidu vén d& doi
héi ching ta phadi tmg dung toan toi wu. Vi duy,
trong bat ky hoat dong kinh doanh san xuét nao,
loi nhugn c6 thé duoc biéu thi dudi dang ham sé
ctia s6 lugng san pham ban ra. Chiing ta cé thé téi
da héa loi nhuén don gidn bang cach tim gia tri
cuc dai cua ham d6. Nhimg van dé nhu vy c6 thé
duoc gidi quyét bang cich sir dung phép tinh vi
phan.

Thi du 4. M6t cong ty san xudt va ban 1000 sin
phdm méi thang véi gia 2000 dé la. Céng ty nhdn
thdy rang cir moi 50 dé la khdu trir trén san phim,
cong ty c¢6 thé ban thém 50 san phim méj
thang. Xac dinh mirc gia ma tai do céng ty dat
doanh thu t6i da va tinh gia tri t6i da nay.

Léi gidgi. Goi x 1a s6 1dn khau trir cia 50 d6 Ia tir
gia co s& 2000 @6 la. Theo d6, don gia (néu ban

TOAN HOC
18 "+ crusige
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nhidu hon 1000 san phérn 1m5i théang) 13
2000 — 50x. Téng lugng san _'phém da ban trong
thang 14 1000+ 50x san pham. I’\Thu' vy, tong
doanh thu dugc mo ta bang biéu thurc
R(x) = (2000 — 50x)(1000 + 50x)

— 2000000 — 50000x +100000x — 2500x’

— —2500x2 + 50000x + 2000000 (d5 la).

Liy dao ham cia ham R(x), ching ta tim dugc
diém cuc tri:
R'(x) = (=2500x* + 50000x +2000000)

=-5000x + 50000;
50000
R'(x)=0=>-5000x+50000=0=x= —-—5000 =10.
Luu ¥ ring dao ham cép hai ciia ham R(x) la dai
Iwgng am:
R"(x) = (=5000x + 50000)’ = 5000 < 0.

Vi thé, x=10 1a diém cuc dai. Do d6, doanh thu
td1 da khi sb 1an khau trir 12 x =10. Don gi4 trong
truong hop nay la:

2000 -50.10=1500 (d5 la),
va doanh sb ban hang mdi thang 1a:

1000+ 50.10 =1500 (san phim).
Theo d6, doanh thu téi da cua cong ty la:

R, =1500.1500 = 2.250.000 (db la).

Thi du 5. Khi mét con tau ra khoi chi phi nhién
liéu ty l¢ voi binh phicong téc @s (dam/gio) cua
no. Bén canh do, con cé chi phi ¢é dinh (phan chi
phi khdnfg chi:l thugc vao toc do) bcﬁngp (do
la/gio). O to"c': do ’ndo thi tong chi phi trén mot
dam sé la thap nhar?

Loi gidi. Theo m6 ta vén d&, chi phi bién doi
(phan chi phi phy thuge vao téc d0) duoc biéu thi

TP S i -
nhu sau: g=h?, ¢ day, k 1a mot hé s6 tuong

x}'mg. Nhu vy, t(:)ng chi phi méi g1 duge biéu thi
bang cong thic: € = Prq=p+i?

Trf)ng mot gid, tau dj duoce quing dudng bang v
(ddm). Do do, chi phi m3; dzm duoc x4c dinh b

G =C‘(v).___£=p+k'v2 =£+kv.

ta can £ g oy
4 can tim cac gi4 trj cyre tri cia nod

https://tieUIUn.:hbpf:o.org




C{(v)=(£+kvj=—-£2-+k= s
v 14

2 __ ___O
_0 kv p :}}):J-‘_;.‘
v £0 k

Véi gia tri ndy cia v,ham s6 C,(v)dat cuc tidu

2
Cv)=0= kv

khi dao ham dbi dau tir am sang dwong khi di qua
diém nay. Do d6, & téc d6 nay, chi phi cho mdi
dim s& 12 thép nhit. Gia tri cwc tiéu cia chi phi

mbi dam bing C, =£+kv=p:J%+k.\/-’;=2\/E.
1%

Thi du 6. Hai thanh phé A va B cach nhau a dam
va dwge néi véi nhau bang mot tuyén duong
sat. Dé c6 thé van chuyén hang héa tir thanh
pho A dén thanh phé C cdach tuyén dwong sdt b
dam thi can phai xdy dung mét dwong cao toc tiép
giap dén C
(hinh vé). Tim diém S trén diong sdt ma tai do

Vo1 tuyen dwong sat va di
diwong cao toc nén duoc xdy dung dé viéc van
chuyén hang hoa tiet kiém chi phi nhat. Biét chi
phi vdn chuyén la p dé lamoi tan/dim bang

duong sat va q dé la méi tan/dam bang xe tai.

Loi gidi. Goi x 1a khoang cach tir thanh phd 4
dén diém phan nhanh S vao duomg cao téc SC.
Khi d6, chi phi van chuyén cho 1 tdn hang héa
trén duomg sit 4S 1a px.Ap dung dinh Iy

Pythagore, ta c6 chiéu dai ctia doan dudng cao téc

SC la:

SC = J(a—x) +b.
Theo d6, chi phi vén chuyén trén doan dudng cao
tbc SC bing gyf(a—x)* + 52

Do dé, téng chi phi vin chuyén cho 1 tin hang
hoa tir diém A4 dén didm C duoc mé ta bai ham

0=0(x)= px+g(a—x)" + b,

Pé khao sat cac gia tri cyc tri cia ham QO(x),
ching ta tim dao ham cuia no:

0= (px rqfla—x7 + bi")
,_a(Da-n _ ga-»)

2\/(a x)? +b2 \/(a x)’ L5

Cho dao ham bang 0, ching ta xac dinh gia tri ciia
diém toi han x:

Ox)=0=p-

g(a—x) ~0

J@—x)7’+b -
= p\/(a—x)2 +b* =g(a-1x)

= p*a-x)' +p'b* =¢’(a—x)’
pb
= (¢ - p)a-2=pb > a—x=—~2
q-p
b

= X=a-

=T

Hiy xét xem déu cia dao ham tai diém t&i han
thay d6i nhu thé nao. Trong biéu thirc cia dao

ham Q'(x)=p-——28=0)
J@-x)* +b°
s6 tang nhanh hon miu sé khi ting hoic giam x.
Do d6, dao ham s€ am ¢ vung 1an can bén trai va
duong & ving lan can bén phai cia diém téi han.
Do d6, diém nay twong tmg vé6i diém cuc tidu cua
ham Q(x).

Luu ¥ ring 161 giai chi hop 1y néu ¢ > p, tirc 1 khi
chi phi vin chuyen hang héa béng Xe tai vuot qua
chi phi van chuyén bang duodng sat. Tuy nhién,

diéu kién nay khong phai 1a rang budc duy nhét
d6i véi cac gia tri ¢6 thé co cua pva g. Dé xac

tir s6 cua phéin

dinh mién gid trj cia Z, ching ta cin xét hai
P

trwong hop:

THI1: Néu x=0,ta cé; a——b_

)
At

https /tieutaaN@Eo.0rg
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2 2 2
:[—Q-J —lz[éj =9_ [2] +1.
P a P a
Ty s6 chi phi van chuyén L nay 13 nho nhét c6
P

thé. Vi gi4 tri nay cia Z,cin phai xdy dung
P

dudng cao téc doc theo duong chéo AC.
TH2: Néu x = a, ta co:

b q
Ad——F————=g = — — 00,

2
p
O day, ty s6 L din dén v6 cing, RS rang 1a trong
p

thue t€, ty s6 nay 13 hiru han, tirc 13 diém phan
nhanh t6i wu s& luén nim trong nira khodng
0<x<a.
BAI TAP

Bai 1. M{t vin ddng vién truot tuyét sau khi trurot
trén doan duomg dbc c6 d6 cao H so véi mit dét
va trugt ra khoi duong truot tuyét theo phurong
ngang (nhw hinh v&). Cho ma st khong déng ké.
Tim d6 cao & cia dudng trugt ma van dong vién

trugt tuyét bay dugce xa nhat.
VY
H s
v
h
S : &

Bai 2. Tim vin t6c ban ddu nho nhét cua nit chai
rugu sim banh dé khi ta mé chai ruou, cai nit bay
theo phuong ngang mét khoang L(m) (nhu hinh

-

ve). Ya
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Bii 3. D6 chiu luc clia mot céi dam hinh chir nhy
ty 1€ thuén vai tich ¢ya

chidu réng w Vva binh
phuong chiéu siu 4 cla
no. Tinh chiéu réng vj
chidu sau ctia dam c6 dg

R AT chiu lrc nhit ma ta c6 th
d .’ " ’ : 4 A Py
Nyl cd duge khi cat tir mot

ol hinh tru ¢6 ban kinh R,

Bai 4. Mot nha san xuét bang diéu khién tro choi
x4c dinh ring dé ban dugc x bo, gia mbi bd (tinh
bing db la) dugc xac dinh theo ham cau nguge
sau: p(x)=500-0,lx (d6 la/bd)
Nha sin xut ciing xc dinh ring chi phi phy
thudc vao khéi lwong san xuat va bao gom chi phi
cé dinh 100.000 (d6 la) va chi phi bién d6i 100x,
dé1a C(x)=100000+100x.
Tinh gi4 mbi bd dé thu duoc loi nhuan t6i da?
Bai 5. M{t cira hang ban banh nudng voi gia 5 d6
la mbi chiéc. Ham chi phi hang ngay c6 dang
C(x)=x+10+0,01x%,
trong d6 x 1a sé lugng banh nuéng ban ra trong
mét ngay thong thuong. Tim gia tri cha x dé loi
nhuén hang ngay 1 t6i da.
Bai 6. Mot Quéc gia su dung hé thong thué Hiy
tién. Lugng thué bao g6m mét phén tuyen tinh ty
1§ v6i thu nh@p va mét phén phi tuyén phu thude
vao thu nhép theo liy thira. Téng sb tién thué
dugc xac dinh theo cdng thire
TW)=aW + (bW +c)*,
trong d6 W' 14 thu nhap; p 1a sé mq, a,b,c 1a

céc s6 du(mg O muc thu nhip nao thi thué suét s
thap nhét?

PAP SO.

H
Bai 1. h——. Bai2. y = Lg.

Bai3. w= ZR\fd 2R\[

Bai 4. p(2000) =300 (dd la/bg).

Bai 5. x=200.Bai 6, w=-_C_
p-b

https://tieulun.hopto.org



CAC LOP THCS

Bai T1/527 (Lép 6). Tim hai sd ty nhién a va b
biét tong két qua ciia bén sb: a + b, a — b, a.b,
a: bbang 1575,

THAI NHAT PHUOQNG

(GV THCS Nguyén Véan Trdi, Cam Nghia, Cam Ranh,

Khanh Hoa)

Bai T2/527 (Lép 7). Cho tam gidc ABC cb

A=120°; B=40". Trén canh AC lay diém M sao

cho 4B = AM. Trén tia ddi cia tia AB lay didm N
sao cho AMN =40". Tinh s6 do goc BNC.

NGUYEN VAN BAN

(GV THCS xd Thanh Yén, huyén Dién Bién,

BDién Bién)

Bai T3/527. Tim tt ca cac cip sb nguyén (x; y)

thoa mén ddng thoi cac didu kién:

1

; 1
0<x+y<6 va x——=y——.
x

y
PHAM KIM CHUNG
(GV THPT Déng Thic Hira, Nghé An)
Bai T4/527. Cho tam gidc nhon ABC ndi tiép
dudng tron (O; R), cac dudng cao AD, BE, CF cit
nhau tai H. Goi M 14 trung diém cta AH, ké tia
MN vubng gbc vai BM, N thugec AC. Chimg minh

ring ON // BC va EM =R cosA.
TRAN NGQC DUY
(GV THCS Nguyén Trii, Mp Birc, Qudng Ngdi)

Bai T5/527. Giai phuong trinh:
Jv¢:2§[2:?—x4 +x*-1=0.

CAO MINH QUANG
(GY THPT chuyén Nguyén Binh Khiém, Vink Long)

CAC LOP THPT

Bai T6/527. Cho cac sd thuc x, y, z thoa min
x* +y* +2* =3. Chimg minh ring:
8(2-x)(2-yN2-2)2(x+ yz)(y +xz)(z +xp).
~ TRAN QUOC LUAT
(GV THPT chuyén Lé Hong Phong, TP. H6 Chi Minh)
Bai T7/527. Tim tit ca cac tam gidc 4BC co do
dai cac canh la cac ) nguyén duong thoa man dd
dai canh AC bing &6 dai duong phén gidc trong
goc A.
NGUYEN PUC TUONG
(GV THPT chuyén Hung Vuong, Gia Lai)
Bii T8/527. Cho tam gisc ABC nhon ndi tiép
duomg tron (0), 1, I, I, twong Ung 1a la tam
dudng tron bang tiép céc goc 4, B, C cua tam giac
ABC. Al cit (O) tai D khac A. Trén I,D, I.D lan
lugt d&iém E, F sao cho
A?E=2]T§E, ﬁ=2f:(_2‘??,E, F nim trong tam
gidc I,BC. Chimg minh rang EF cit L1, tai mdt
diém nam trén (O).

lay céc

NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phiic)

+ax+b
Pl

b 1a cac sb nguyén. Biét ring gi4 tri 16m nhit va

gia tri nho nhét clia ham sb f{x) déu 1a nhimg sé

nguyén va tap gia tri cia ham sd d3 cho co chira

ding 11 s6 nguyén. Tim gi4 tri 16n nhit va gia tri

nho nhét cia biéu thire M =a? + b2,

Bai T9/527. Cho ham s f(x)= voi a,

NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)

TIEN TOT OLYMPIC TOAN
Bai T10/527. V6i méi s6 nguyén duong n, ta ki
higu f(n)=(n’+n+1)’ +1. Tim s6 nguyén duong
k nhé nhat dé ton tai s8 nguyén duong # sao cho
F@).f(n+1)...f(n+k=1)14 s6 chinh phuong.

HOANG NGOC MINH
(GV THPT chuyén KHTN, PHQG Ha Néi)

ipss isu IR opg




Bai T11/527. Tim tit ca c4c ham sé6 f: R—R
thda man
SU+y)=F(f ) =3 (¥)+ f(-p)-2, Vx, yeR
HO THANH LAI
(GV THPT chuyén Lé Quy Dén, Binh Dinh)
Bai T12/527. Cho tam gidc ABC cén tai 4 ndi tiép
dudng tron (O) véi AD 1a dudmg kinh cia (O).
Céc diém E, F 14n lugt thuéc DC, DB. G thudc EF
sao cho SE_£B Chimg minh rang CG va AF
GE CE
cét nhau trén (0).
TRAN QUANG HUNG
(GV THPT chuyén KHTN, DHQG Ha Ngi)
Bai L1/527. Mgt con lic 16 xo ndm ngang gdm
vét nang c6 khéi luong m = 0,1 kg, 16 xo c6 do
cing £ = 10 N/m, hé sé ma sat gitta vt va mit

ph?mg ngang 12 pu=0,1. Kéo con lic t6i vi tri sao

cho 10 xo din 5 cm 61 tha nhe. Xac dinh khoéng
ong dén khi 10 xo khong big,
=10 m/s”.

VIET CUONG (Ha N

thi gian tir e dao d
dang lan dau tién. L3y &

Bai 12/527. Mot doan mach dién 4B gom hy;
doan AM vi MB mic nbi tiép. Trén doan AM o
dié.n (&6 R=200Q va cudn cam thudn, trén dogy
MB chi chira tu dién. Dat vao hai diu cia doan
mach mot dién ap xoay chiéu c6 gia trj higu dung
U va c6 tAn sé thay dbi duge. Diu chinh tin sé ¢
cho dién ap hiéu dung trén doan mach MB dat cye

dai thi thy dién 4p trén doan mach AM léch pha

n : - I— ,
— 50 v&i cuong d¢ dong dién. Xdc dinh tong trg

cua doan mach.
THANH LAM (Ha N3i)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOQOL
Problem T1/527 (For 6" grade). Find natural
numbers a and b given that the sum of four
numbers @ + b, a — b, ab, a: b is equal to
1575.

Problem T2/527 (For 7" grade). Given triangle

ABC with 4=120°; B=40".0n the side AC
choose the point M such that 4B = AM. On the
opposite ray of AB choose the point N such that

AMN =40°. Find the measurement of the angle
BNC.

Problem T3/527. Find all pairs of integers
(x; y) satisfying 0<x+ y <6 and

x—

Hul —
I
~
|
|

Problem T4/527. Given an acute triangle 4BC
inscribed in a circle (O; R). The altitudes AD,

TOAN HOC
22 clusifre

S48 527(5-2021)

BE, CF meet at H. Let M be the midpoint of
AH. Draw MN perpendicular to BM, N is on
AC. Show that ON // BC and EM = R cosA.

Problem T5/527. Solve the equation
PY2-x — x4 ~1=0.
FOR HIGH SCHOOL,

Problem Té6/527. Given real numbers X, Wz

such thatx® + y? 4 ;2 =3 Prove that
8(2-x)2-y)2~-2)> (x+y2)(y + x2)(z + xp).

Problem T7/527. Fing a1 triangles 4BC such
that the lengths of ]| sides are positive integers
and the length of 4( ig equal to the length of
the interior angle bisector of the angle 4.

Problem T8/527. Given an acute triangle ABC
inscribed in a circle (0). Let 1 In, I,

(Xem tiép trang 33)

https://tieulun.hopto.org
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PINH CHINH
Trén TH&TT s 527, thang 5.2021 trong muc Dé ra
ky nay Bai T7/527 di dang trung voéi Bai T7/525.
Xin dwgc giéi thiéu Bai T7/527 méi ¢6 ndi dung:

Cho tam gidc ABC c6 cac goc 4, B, C thoa man:

A< B<C<90°

10 8.1 2

- + — + — > 6
sinA smnB sinC

—\/—gsinC—cosA >cos(B—-C)—sinB

L 2

LS

Chiurng minh sin* A+sin* B +sin® C < 183
NGUYEN VAN THONG

(GV THPT chuyén Lé Quy Dén, Pa Nang)
Thanh thét xin 16i ban doc!

TH&TT
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Bai T1/523. Tim cdc s6 nguyén 6 p, ¢ va sé
nguyén dirong n sao cho
ple+ D +glg+1)=n(n+1).
Loi gidgi. Do p, g 1a cac s6 nguyén t6 nén dédu 16n
hon 1. Do @6 tir qéng thirc & d¢ bai suy ran > p va
n>gq,vin,p, qdéula cac ) nguyénnénn>p+ |
van=zg+1 (1)
Céch gidi 1. Khi dbi chd p va ¢ cho nhau thi déng
thirc trén van gi nguyén nén ta co thé gia si ring
p>q,luc d6 n> p > g. Bién dbi nhw sau:
pp+D=nn+1)—glg+)=n"+n-q'-q
=n' =g +n-g=(n-q)n+q)tn—q
=(n-g)n+g+1l),
trclaco: plp+)=m—q)n+q+1) (2).
Vip 14 s6 nguyén t6 nén tir (2) suy ra rang: hoic p
la uéc sb cua n — ¢ , hodc p 1a wdc sb cia
n+tq+1.
Néu n— g = pt voi sb nguyén ¢ > 1, thay hé thirc
nay vao (2) dugc: p(p + 1) = pt(n + g + 1), gidn
ubcchopdugep+ 1=tn+g+1)zntg+l,
nhung diéu nay khong xay ra vi n > p theo (1).
Vayplaudccuan+g+lhayn+g+ 1=pk (3)
véi k la s6 nguyén duong va k> 2 do (1). Thay hé
thire (3) vao (2) duoc p(p + 1) = pkin — q), gian
wéc cho p dugc p+ 1=k(n—q) (4).
Tir (3) va (4) co n+ g+ 1 +p+1=pk+kn—q),
haylan+g+p+2=kn—gq+p) (5 Matkhic
n—g+p)=n+q+p+2+2n-g-1)+20p-9)
>n+q+p+2do(l)
T d6 va (5) suyrak <3.
« Véik =2t (3) co n+ g+ 1=2p, thay vao (2)
va (@) dugep+1=2n-29=4p-49-2, hay 1a
4g =3(p-1),trd631a uéc sb cua sd nguyén to g
néng=3vip=5n=6
Véik=3tx(3)con+g+1=3p,thayvao ()

va (4) dugc p+1=3n-3g = 9p — 6g — 3, hay la
3g=2(2p-1), tr d6 2 1a wéc s ctia s8 nguyén té
gnéng=2vap=2,n=3.
Thir lai, ké ca g = p, ta thiy bai toan c6 3 nghiém
(p,q,n)1a (3,5, 6); (5, 3, 6); (2,2, 3).
Cich gidi 2. Bién dbi nhu sau:
nn+1)=plp+1)+q(g+1)
=p'+p+q'+q+2pg-2pg
=(p+q)+p+q-2pq,
hay1a2pq = (p+ g)*~n’+p+q—n
=(p+qg-nptgtnt+tptg-n,
hayla 2pg=(@ +g-n(p+g+n+1) (6).
Do (1)cop + qg—n<pnén s6 nguyén tb p khong
1a udc sb cia p + g — n, tuong ty s nguyén td ¢
khong 1a uéc sé ciia p + g —n , do do tir (6) suy ra
p+q+n+11abdisdciapvag,mi(p,q) =1
nénp+g+n+1=pgt (7) voi s6 nguyén duong
i. Thay (7) vao (6) dugc 2pg = (p + q — n)pqt, hay
a2 =(p +g—n), suyra:
ptg-n=lhoicp+qg-n=2.
* Véip + g —n= 1, thay vao (6) dugc:
2pg=ptq+tn+tl=p+qtptqg=2p+gq),
hayla pg=p+g,hayla(p—-1)(g—-1)=1,suyra
p=¢g=2licdon=p+q-1=3.
* VGip + g —n=2, thay vao (6) duwoc pg =p + ¢q
+n+l=p+qtp+tg-1=2(p+g)—1,hayla
g — 2p 2g =—1,hay la (p — 2)(g — 2) = 3, suy
ra: nup=3,q=5,licddbn=p+q-2=6,
néup=54g=3,lcddbn=p+qg—2=6.
Bai toan c6 3 nghi€ém nhu trén.
Nhdn xét. Cac ban sau co 101 gial dung. Ha Noi:
Hodng Phuong Ngoc, Tran Anh Pirc, 6C2, THCS
Archimedes, Pong Anh; Nghé An: Dinh A Na, 6A,
THCS Ly Nhat Quang, B6 Luong; Séc Trang:
Huynh Gia Bdo, 6A2, THCS K& An; Ddng Ngoc
Duy, 5A, TH Ké An 3, Ké Séch.

NGUYEN VIET HAI
Bai T2/523 (L6p 7). Tim cdc s6 nguyén 16 a, b, ¢,
a+b’=cd
c+d*=17b
Loi gigi. T hé d3 cho ta c6 c=17b-d" (1).

Thay (1) vao vé diu cua hé da cho, ta c:

d thoa mén: {

TOAN HOC
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a=-b"+d(17b-d*) (2).
Ding thitc (1) cho thdy mét trong 3 sb ¢, d, b la
chin, va do né 12 s nguyén té, nén phai bang 2.
 Truong hop ¢ =2: hé di cho trd thanh
a+b*=2d
{2+d2 =175
Xét 2 trudng hop co thé xay ra :
- Néu d#3 thi d° chia 3 du 1, v suy ra
2+d” =17b chia hét cho 3, vatacé b=3. Thay
b=3vao(l)taco d=17. Tir (2)tacé a=5. B
(a,b,¢,d) nguyén t6 théa mén didu kién diu bai
la(s,3,2,7).
-Néu d =3 thido c=2 nén khong thoa mén (1).
e Truong hop d =2: Tir (2) ta c6:
a=-b"+34b-8>0,

suyra b<17++/17* -8 <34 .
Thir v6i b 13 cac sb nguyén t6 tir 2 dén 31 ta thiy
a=-b>+34b—8 hodc c=17b—4 khéng phai la
) ngu)'/én t6.
* Truong hgp b=2: Trong trudng hop nay (1)
tré thanh ¢=34-d*> =d <5. Tht tryc tidp voi
cac s6 nguyén t6 d = 2, 3, 5 ta thy trudng hop
nay c khéng la sb nguyén t4.
Nhdgn xét : Hau hét céc ban c6 1oi giai rat dai dong
va khoéng chinh xdc. Céc ban sau day co dép sb
ding.
Pién Bién : Nguyén Ngoc Diép, 7B3, THCS Pom
Lot, huyén Dign Bién; Phi Tho: Ngupén Trung
Kién, D6 Ngoc Tién, Nguyén Pirc Quy, 8A3, THCS
Lam Thao, huyén Lam Thao; Ha N§i: Trdn Anh
Ditc, 6C2, Tran Khanh Chi, 6C1, Archimedes, Dong
Anh, Hodng Tudn Anh, 7T THCS Luong Thé Vinh
TP Ha Noi; Séc Tring: Nguyén Anh Thu, 8Al,
THCS K& An, Ké Sach; Hung Yén: Lé Tudn Nghia,
8C THCS Poan Thi Piém, Yén My;
Ban Nguyén Xudn Quang Vinh, 6CT7, THCS va
THPT Nguyén Siéu khéng cho biét dia danh cua
trudng.

VU PINH HOA
Bai T3/523. Tim nghiém nguyén 16 cua Phuwong

trinh X’ +y  +(x+y+1y =x*+3  +z 41,

TOAN HOC
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Apl o ST ) nang Jdalis =2
it oy gt b &3 DO T et g
vio bién déi phuong trinh dd cho, ta thu duge:
2 +y 43+ o+ DR =2 (1), .
Cich 1. Vai trd cia x, y binh dang nen gid sg
x <y. Do x, y 14 céc s6 nguyén t0 nén co thé xay
ra cac kha nang sau: i
o Néu x =2, y =2 thi thay vao PT(lp) tim duge  »
= 116 (loai vi khong 14 s6 nguyén t0).
e Néu x = 2; y = 3 thi thay ve‘lq PT(1) tim duoge
2=197 (théa mén la s6 nguyén t0). ,
eNéux >3;y >3 thixvaydeulé (d(?x,lea‘i $0
nguyén t3). Suy ra vé trai cua (1) 1a ’56 chan lén
hon 3. Mau thuan vdi z 14 s6 nguyén to.
Vay phuong trinh di cho ¢6 hai nghiém nguyén t6
x, ¥ 2)1a(2,3,197) va(3, 2, 197).
Cach 2. Do x, y 1a cac ) nguyén t6, nén vé trai
cia (1) 16n hon 3. Suy ra z > 3, ma z 14 sé nguyén
td nén z phai la sb 18.
Trong ba s6 x, y, 1 luén c6 it nhét hai s hoic
cing chén hoac clng 1¢, ma téng cua hai sé cing
chan hoidc cung 18 luén 1a s chén, suy ra:
3(x+y)(y + 1)(1 +x) 1a 85 chin.

Két hop véi z 1a s6 nguyén t6 1¢ suy ra x’ + ¥ lasb
1¢, do d6 x va y khéc tinh chin I&.
Vai tro cua x, y binh ding nén gia s x chén, y 1é.
Suy ra x =2 va y 13 s nguyén t6 1¢ 1ém hon 2.
+V6ix=2,y=3thi(l) tr& thanh:

2+3743Q+3)3+ 1)1 + =z
< z=197 (théa mén 14 s6 nguyén 1),
+V6ix=2,y>3 thi (1) tr¢ thanh:

24y 9240+ 1) =2 (2)
Do y 1’51 s0 nguyén t5 1& 16n hon 3 nén y khong
chia hét cho 3, suy ra »* chia cho 3 du 1; 27 chia
cho 3 du 2 nén vé tréi cuia (2) chia hé cho 3 va
16n hon ‘3, tre 14 ve tréi coa (2) 13 hop sé. Mau
thuan véi z 1a s& nguyen 5.
Vay phuong trinh d cho ¢4 haj nghiém nguyén t
., 2)14(2,3,197) va 3,2, 197)
Nhin xét. Pay




bai déu giai theo mdt trong hai cich trén. Tuyén
duong cac ban sau c6 1o giat tét:
Hung Yén: Lé Tudn Nghia, 8C, THCS Poan Thi

Diém, Yén M¥; Phé The: Nguyén Trung Kién, DS

Ngoc Tién, 8A3, THCS Lam Thao; Ha Ndi: Trdn
Dinh Ti, 9C, THCS Luong Thé Vinh, TP. Ha Noi;
Séc Triing: Nguyén Anh Thu, 8A1, THCS K& An,
Ké Sach; Thanh Héa: Lé Thj Thuy, 9C, THCS Thj
Trin Triéu Son; Nghé An: Nguyén Hai Triéu, 7B,
THCS Ly Nhit Quang, D6 Luwong; Dién Bién:
Nguyén Ngoc Diép, 7B3, THCS Pom 16t.

PHAM THI BACH NGOQC
Bai T4/523. Cho M la mét diém nam trong hinh
vuéng ABCD, céc tia AM, BM, CM, DM lan ot
cdt dwong tron ngoai tiép hinh vuéng tai E, F, G,
H. Gid sw cdc tiép tuyén tai F va H cat nhau tai K.
Chirng minh rang ba diém K, G, E thang hang.
Loi gidi.

K

A B

D& chimg minh céc cap tam giac dong dang dudi
day: AHGM o> ACDM, AEHM o3 ADAM,
AABM o> AFEM, ABCM 2 AGFM.

AT R 1 < it
a —_— =
T At AD MA

GM o» ACDM, ta co: GH—ME
Tu AH D MC

EH MC
S . 2 == (vidD=CD) ().
uyra o (

r AFEM ¢« AABM, ta co: LT L
Tuong tu, tir AF. ) "1B MA

FG MF

T AGFMC/)ABCM ta co: -§C—=—AZE

FE MC
S —=—— (VidB=RB 2
uyra: —=="" (WAB=BC) (2)
EH EF
T (1 2)suyra, —=—
u (1) va (2) e = GF()

Goi K, = HK nGE . D& chirng minh:
KE _EH _KH
KH GH KG
KE KE KH EH’
Tur do6 ta cd KiG = K:H . KIIG = 4).
Tuong ty, goi K, = KF NGE , ta co:
K.E _ FE*
K,G FG°

AKlEHCD AK]HG, suyra

(5).

KE K,E
Tix (3), (4), (5) suyra —— =
1 Q). (@) G suym o=

K, =K,=K. Viy K,E,G thang hang.
Nhdn xét. Céc ban dui diy co 10 gidi tot.
Nghé An: Ngé Thi An Binh, 9E, THCS Diang Thai Mai,
TP. Vinh; Ha Ndi: Trin Minh Tit, 9C, THCS Luong
Thé Vinh; Ha Tinh: Trdn Minh Hoang, 8E, THCS
Nguyén Trai, Nghi Xuan.

NGUYEN THANH HONG
Bai T5/523. Cho cdc s6 dwong a, b, ¢ thoa mdn
a + b+ ¢ =3. Chig minh rang:
B 4= LB

¢’ +1

B +e® +a*
b +1

2 )
a+b*+c’

2

NI\D

a® +1
Loi gidi. St dung céac b4t dang thuc quen thudc
Z(b2 +c2)2(b+c)2 va a* +1>2a, ta co:

@ +b* +c? 203+2(b2+02) 28° +(b+c)’
2 = 2
a +1 2(a2+1) 2(a2+1)
28 +(3-a) 2’ +a*—6a+9
2(a* +1) 2(a” +1)
_20(a2+1)+9(a2+1)—8a2—8a
- 2(a2+1)
gl Al 8 Saledd) 5
2. 4+l 2 2a 2
3 2 2
nghia 13 i e +f) v Z-S——a.
a +1 2

Diu dﬁng thirc xdy ra khi va chikhi b=c;a=1.
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3 2 2 3 2 2
btc+a 5, c+a’+b 5
b +1 2 & +1 2

Cong theo vé ba bét déng thirc trén, ta duoc:

Tuong tu:

B+t +a® S +al+b?
b +1 e +1

21—5——(a+b+c)=—1§—3.
2 2

a’ +b +c?
a*+1

@+ +c* P+t +d S+ +b°

ha 2 + 2 2
a +1 b +1 a +1
Bat déng thirc dugc chimg minh.
Déu déng thirc xay ra khi va chi khi g=b=c=1.
Nhdn xét. Trong cich giai trén, didu then chét 13
3 2 2
a + Zb +c > i i
a +1 2

Ngoai ra mét sb ban cé céc hudng giai khac nhu sau:
1) Viét vé tréi ciia BPT phai ching minh thanh

32 3 g2 3_ 2
VTz[a a+b b- ¢ c]

chimg minh bat ding thirc

a+1 b +1 32+1

1 1 1
2 2 2
+la” +b" +c + + .
( )[a2+1 b* +1 c2+1J
a@-a bB-0 -
+ + >
@+l B+l 4l
(a2+b2+c2) 21 + 21 + 21 ng
a +1 b°+1 c¢"+1 2
3
1
2) Tacé: f =a-— 20‘ B gt g,
a®+1 a +1 2a 2
Viét cac BDT tuong ty, ta co:
a2+sz
% 2
c"+1

Sau d6 chitng minh

]

c+a’
b +1

2 2
VTz(a+b+c)-§+[b 2++CI
a

2
=§+P.
2

b +c +C2 +d’  d+b -
a+1 P+l A4l T
Céc ban sau ddy c6 bai giai tét: Séc Tring: Nguyén
Anh Thi, 8A1, THCS Ké An, Ké Sach; Nghé An:
Ngé Thi An Binh, 9E, THCS Pang Thai Mai, TP.
Vinh; Thanh Héa: Lé Thi Thuy Dung, 9C, THCS
Triéu Thi Trinh, Tridu Son; Ha Tinh: Trdn Mink
Hodng, 8E, THCS Nguyén Trii, Nghi Xuin; Hung
Yén: Lé Tudn Nghia, 8C, THCS Doan Thi Diém,
Yén My, Nguyén Vin Khiém, 9C, THCS An Tao,
Nguyén Gia Khanh, 9B, THCS Nguyén Tt Thanh,
TP. Hung Yén; Phu Tho: Nguyén Trung Kién, D
Ngoc Tién, 8A3, THCS Lam Thao, Lam Thao; Haj
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Duong: Pham Minh Tri, 8H, THCS V& Thi S4u, TP,
Hai Duong; Ha Npi: Dao Quang Anh, Hoang
Phuong Ngoc, Hoang Gia Bdch, 8C2, THCS
Archimedes Pong Anh, Trin Minh Tii, 9C, THCS

Luong Thé Vinh, TP. Ha Noi. )
NGUYEN ANH DUNG

Bai T6/523. Giai hé phwong trinh:

xt 4y —2=z'-z (1)

y 4z —2=x-x (2) (D

7 +x* —2=y3 -y (3)
trong dé x, y, z la cdc s6 nguyén.
Lai gidi (cua ban Nguyén Huy Hoang, 11T, T:HPT
chuyén Lé Quy P6n, TP. Quy Nhon, Binh Dinh).
Néu (x,y,z) 12 mdt nghiém nguyén cia h¢
phuong trinh () thi x,y,z khac 0. That vay, gia
sir trong ba s6 x,y,z c6 mot sb bang 0. Thi du,
z=0, Vi 0" ¢6 nghia khi n>0 nén x,y>0.
Thay z=0 vao cac phuong trinh (2) va (3) ta

X_9— 3 2!

i S
-2=y'-y (3)
Thir trye tiép ta thiy (1,1), (1,2), (2,1), (2,2)
khong 1a nghiém fzﬁa hé (IT). Xét trudmg hqp
x,y 23. Do tinh d6i ximg, coi x> y>3. Khi iy

dwroc hé: {

Xzy'2y’ va y>2. Vay x,y23khéng la
nghi¢m ctia (3”). Do d6 (II) khéng c6 nghiém. Vay
néu (x,,z) 14 mdt nghiém nguyén cua hé
phuong trinh (I) thi x,y,z khac 0. Do tinh d&i
xtmg nén ¢6 thé coi x> y=z,

TH1: z>0. Do x>y>2z>0 nén tir (1) ta co
' —z=x"+y"—2>2;7 )

Néu z23 thi 27°>2° va 25, Mau thuén
voi bat ding thic trén. Viy néu (x, v, z) la
nghiém thi z=1 hosic =2,

Véi z=1 thith (1) taco X+y=2.Do x2y2z
nén x=y=1. Thir lai ta thiy (1, L1) 1a nghiém
cua hé (I).
Voi z=2 thi th (1) ta ¢4 x*+y*=8. Do
X2y2z=2 mén x=y=2 Thy lai ta thiy
(2,2,2) la nghiém cua hé (1.
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TH2: z <0. Khi 4y (1) tr& thanh
1 1

i) ||2z‘z

(1a).
-Khi z<-2 thi x*>-1 va y*>-]. Suy ra
x*+y°—22—4 Nhung khi z<-2 thi 2>4

nén z'—z=z(z ~1)<~6. Vay (I) khong c6
nghiém khi z < -2,
-Néu z=-1 thi (1a) tr& thanh ‘1“+l—2=0(1b)
x y '
Néu 0> x>y thi (1b) vo nghiém. Néu x> 0>y
5 I 1 i 4 ;
thi ;:2—;>2. Vo li. Suyra x> y>0. Khidy
1 1 2
2=—+—<—. Suyra x=y=1. Th 1
PR y ay (1,1,-1)
vao (I) ta thdy (1,1,~1) khéng 1 nghiém cia (),
Vay hé (I) co hai cip nghiém la (1,1,1) va
(2,2,2).

Nhin xét. Danh sach cic ban gidi ding:
Ba Ria-Viing Tau: Phan Trung Kién 11T1, THPT
chuyén Lé Quy Pon, TP. Ving Tau; Binh Dinh:
Nguye:n Huy Hodng 11T, THPT chuyén L& Quy
Pén, TP. Quy Nhon; Lam Pong: 76 Gia Bdo, 11
Toan, THPT chuyén Thiang Long, TP. ba Lat;
Quang Nam: Trdn Van Minh Huy, 11/1, THPT
chuyén Nguyén Binh Khiém; Thira Thién Hué:
Nguyén Vinh Tri, 11 Toén 1, THPT chuyén Québe
hoc Hué.
Ban Trdn Véin Quan 11 Toan 1, THPT chuyén Hung
Yén va ban Vii Nhdt Minh 10 Toan 1, THPT chuyén
Lé Héng Phong, Nam Pinh 13p luin khong chét dan
toi thira nghiém. Ban Trén Minh Hoang, 8E, THCS
Nguy&n Trai, Nghi Xuén, Ha Tinh chép nhdm dau
bai.

TA DUY PHUQNG
Bai T7/523. Giai phuong trinh trén tdp hop cdc

56 thue 52" =9,
Loi gidi. Nhén xét: Néu x 14 nghiém cua phuong
trinh thi x> 0. Véix > 0 phuong trinh

X2 =2 e x? 27 =222,

Chu ¥ ring néu 0<a<b thi 2°<2% suyra
a2° < b2° . Béi vay phuong trinh ciia bai toan
twong duong véi x*=2x, x>0 < x=2. Do d6
phuong trinh cé nghiém duy nhit x = 2.
Nhin xét. Dy 1a bai toan giai phuong trinh dang
don gian. Céc ban hoc sinh sau c6 151 giai tot
(khong tinh cac ban hoc sinh pbai dung dén dao
ham cua ham sb):
Nam Pinh: Phgm Thi Hoai Thu, 10T1, THPT
chuyén Lé Hong Phong; Hung Yén: Lé Xudn
Hiép, Nguyén Tri Hung, 10 Todn 1, THPT chuyén
Hung Yén; Ha N§i: Nguyén Huy Hodng, 10T1,
THPT chuyén Nguyén Hué, Ha Doéng; Ha Tinh:
Trén Minh Hodng, 8E, THCS Nguyén Trai, Nghi
Xuan; Quang Binh: Nguyén Tran Hoang, 10T2,
Pham Gia Hung, 10T1, Truong Thi Thu Ha,
11T1, THPT chuyén V& Nguyén Giap, TP. Dong
Héi; Quang Tri: Nguyén Tri Hodng Phii, 11A1,
THPT Huéng Hoéa, huyén Hudéng Hoba; Thira
Thién Hué: Lé Neuyén Ai Duyén, Lé Ngoc Cdm
Tu, Huynh Nguyén Vy, 10T1, Nguyén Vinh Tri,
11T1, THPT chuyén Quéc hoc Hué, TP. Hué;
Lam DPdng: Pdng Thanh Ldam, 10T, THPT
chuyén Thang Long, TP. Da Lat; Pong Thap:
Nguyén Minh Khéi, 11T1, THPT chuyén Nguyén
Quang Diéu, TP. Cao Lanh; Tién Giang: Mai Vo
Phiic Thanh, 11T, THPT chuyén Tién Giang,
Binh Pinh: Nguyén Huy Hoang, 11T, THPT
chuyén Lé Quy Pon, TP. Quy Nhon; Soéc Trang:
Nguyén Anh Thu, 8A1, THCS K& An, K& Sach.
NGUYEN MINH BPUC
Bai T8/523. Cho tam gidc ABC néi tiép dirong
tron tdm O. M la mét diém di chuvén trén cung
BC khéng chira A (M khac B, C). Ke BE vuong
gbe voi AM (E nam trén AM). Goi N la giao diém
cua AM va BC, H la truc tam tam giac CMN.
Chirng minh rang duong thang HE luén di qua
mét diém c6 dinh khi M thay doi trén cung BC
khong chira A.
Léi gidi. (Theo ban Trdn Vin Qudn, 11 Toén 1,
THPT chuyén Hung Yén, Hung Yén).
Ké AI vudng goc véi BC tai I, BE cit AC tai K,
CH cit MN tai G. Goi J 1a truc tAm cua tam gidc

=

e 2

bitesi/tiguIFEhE




ABN. Qua B ké dudng thang vudng goc voi BC
cit AC tai D thi D 1a diém cb dinh.
Ta co: AANB «» ACNM (g.g)

HC _ AJ _ AB.sin4BE

= — (D).
HG I  Bl.sinJBl
Theo dinh Iy Thales;
EG KC BC.sinJBI
= = (2).

EA KA BA.sin ABE
HC EG _BC _DC

Tr(l)va(2)suyra —.—=—-= .
LR ) sty HG EA BI DA
T do: EE:—Eﬂﬂ Theo dinh 1y Menelaus
HG EA DC

dao ta thiy ba diém D, E, H thang hang. Viy
duong thing HE 1luén di qua diém D cé dinh.

Nhin xét. 1) Bai toan van ding trong trudéng hop
diém M nim trén dudng tron (O). Ban Nguyén Huy
Hoang, 11T, THPT chuyén Lé Quy Pén, Binh Pinh
d nhén xét rang dé ra nén thém gia thiét tam gidc
ABC khéng c¢6 goc vudbng va AM khéng vudng goc
v6i BC, ddng thoi @é xudt thém bai toan saw; Cho
tam gidc MNC co ba géc nhon. Mot duong tron (k)
thay doi qua M, C cdt NM, NC tai A, B tuong img
khdc M, C. Goi E la hinh chiéu vuéng géc cia B trén
MN. Pucong thang qua B vudng goc véi NC cit AC
tai X. Chimg minh rdng duong thing XE luén di qua
mot diém co dinh khi (k) thay doi.

2) Ngoai hai ban Qudn va Hoang cac ban sau ciing
c6 101 giai tét:

Ha Ngi: Lé Thién Ngoc, 8C2, Trudng Archimedes,
Pong Anh; Quéing Binh: Pham Gia Hung, 10 Ton
1, THPT chuyén V& Nguyén Gidp, TP. Déng Héi;
Gia Lai: Nguyén Tai Kién, 9°, THCS Nguyén Dy,
TP. Pleiku; Pdng Thép: Lé Huynh Nhdt Nguyér, 10
Toan, THPT chuyén Nguyén Quang Diéu, TP. Cao

TOAN HOC
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Lanh; Ba Ria — Viing Tau: Phan Trung Kién, 11T1,
THPT chuyén Lé Quf Pén, TP. Ving Tau; TP. H
Chi Minh: Thdi Quang Phat, 11CT1, THPT chuyén
Lé Hbng Phong.
HO QUANG VINH

Bai T9/523. Cho n 56 thuc dwong XX, ... X,.
Tim gid tri nhé nhdt cia biéu thirc sau:

(e g,

- EX A
Léi gidi. Ap dung BDT Cauchy cho céc s6 duong,

ta cO;

x‘+(2+2j+[3+3+3 non n

L J

n s6
1+2+3+...+n
2 3 n
X
> 14243440y 22 73 Tn
2 X T3 g
2°°3 n
_2
14+ n)n X x x7 e
Sx+x,+x+..+x, Eg x]——gz-—i——'::—
2 2°3 n
n{n+l)
2 2
n(n+1) 2 3 A An(n+l)
<:>(xl+x2+x3+...+xﬂ) 2 2 el xlx—gﬁzfl‘—
2 223 n
n(n+1)

. (A+mn) 2
(x}+x2+x3+"‘+xn)+++...+ﬂ > 2

2.3
Xy Ty 12 Rt
; % - x x
Dau“="xayrakhi x =2=2"2_ _ %
3 n
iy i A ok Y2

1.2°2.3..0"
Nhin xét. Da sé cdc ban giai theo cach giai trén. Cac
ban ¢6 181 gidi t6t 1a: Phi The: Lirong Mink Hiéu,
Tran Tudn Minh, 10 Toan, THPT chuyén Hing
Vuong, Viét Tri; Ha Ngi: Pao Quang Anh, 8C2,
TH, THCS&THPT Archimedes Béng Anh, Nguyén
Huy Hodng, 11 Toén 1, THPT chuyén Nguyén Hué
Ha Doéng; Nam Dinh: g Nhat Minh, 10 Toa’u;’
THPT chuyén L& Héng Phong, TP. Nam Dinh',
Hung Yén: Ha Vink Quang, Tran Vin Qudn, Pi;arr;
Van Thng, 11 Toén 1, THPT chuyén Hung Yen:
Ha Tinh: Tran Minh Hoang, 8E, THCS Nguye:r;
Tréi, Nghi Xuén; Binh Dinh: Nguyén Huy Hodang
11T, THPT chuyén L& Quy Dén; Séc Tring: L);
Hoang Nhut, 10A1T, THPT chuyén Nguyén Thi
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Minh Khai; Thira Thién Hué: Nguyén Vipp, Tri
Nguyén Minh Ngoc, THPT chuyén Quéc hoc Y i
TP. Hué; Pdng Thap: Lé Hupnh Nhgr Nguyér, L;eO
Toan, THPT chuyén Nguyén Quang Diéu; B Ria
viing Tau: Phan Trung Kién, 11T1, THPT chy er:
Lé Quy Don, TP. Ving Tau; Pha Yén: Phay pznh
Tién, 11QT3, Trudmg Phd thdng Duy Tin; Quin
Binh: Pham Gia Hung, 10 Toan 1, THPT chuyeﬁ
Vo Nguyén Giap; Lam Dong I6 Gia Bdo, 11
Toan, THPT chuyén Thing Long, TP. Pa Lat.

TRAN HU'U NAM
Bai T10/523. Tim tat ca cdc ham s6 R >R
thoa mén diéu kién sau:
FOLON+ O™ fa) = xv+ o™ Vx, y e R 1)
Loi giai. Theo (1) voi x = 1, y =
SJ(fF)=1. V&i y =1, ta dugc:
SN+ f(f(x))=2x,VxeR" (2).
Tiép theo, cho y = f(1), ta duoc:
SOLSON+ LW f(x)
=xf(1) +x*%' (1), Vx e R*
& f(x)+ (O S(X)
=xf()+ x> (1), vx e R* (3).
Do f(1)>0 nén tir ding thuc f(x)= f(y), tr (3)
suyra x=y. Vdy f la don anh.
Trong (2) cho x= f(1), ta dugc:
SN+ SSFON =211
= f(FPa)+ f=2fM) e fS )=,
Tiép theo, sit dung tinh don 4nh cua f va
f(1)>0, ta thu dugc:
SSPy= e S =le fD=1
Két hop vdi (2) ta thu dugc:
f)+ f(f(x)= 2x,VxeR" (4).

1, ta dugc

Véi mbdi  xeR' cb dinh, xét diy
Uy =x>0,u, = f(x)>0, u,, = f(u,), neN. Tu
(4), ta thu duoc: u,,, +u,., —2u, =0,neN.

Phrong trinh dic trung tuong (ng c6 dang
£ +1-2=0 conghiém t=1 va t=-2.
Suy ra un=a+b(—-2)", trong do
_2x+f(x) xS
3 3

Néu >0, chon & sao cho a+b(-2)"" <0 thi

uy,,, <0, trai voi gia thiét f(x)>0.

Néu b<0, chon k sao cho a+b(-2)* <0 thi
u,, <0, trai voi gia thiét f(x) > 0.
Vay nén b=0, tirc 1a f(x)=x véi moi xeR".
Thir lai, ta thiy ham sé ndy thoa man céc diéu
kién bai ra,
Nhin xét. Day la dang toan co ban vé phuong trinh
ham voi cdp bién tr do trén R*. Cé rét nhiéu bai
giai gui dén Toa soan déu mic mét trong cac 16i sau:
Hodc ty tim nghiém trong 16p ham da thic (dé sir
dung so sanh béc cua da thuc) hodc sir dung tinh
lién tyc cua ham sé (de chuyén qua gi¢i han cia diy
ddi sb trong ham s6). Céac ban sau day c6 loi giai
dung: Hung Yén: T van Van Qudn, 11T1, THPT
chuyén Hung Yeén, Thira Thién Hué: Nguyén Vinh
Tri, Nguyen Minh Ngoc 11T1, THPT chuyén Québc
hoc Hué; Lam Pong: 76 Gia Bdo, 11T, THPT
chuyén Thiang Long, TP. Pa Lat; Pht The: Luwong
Minh Hiéu, 10T, THPT chuyén Hing Vuong;
Quéng Nam: Huynh Thanh Truong, Nguyén Quang
Huy, Trén Gia Huy, 11T, THPT chuyén Nguyén
Binh Khiém.

NGUYEN VAN MAU

1

Bai T11/523. Cho day s6 {a,} véi a, =1, a,=—

va na, =(n—1)a, , +(n—-2)a, ,. Tim hm—— Do kehi
an—l

n— oo,

Lo gidi . (Cha ban Nguyén Vinh Tri, 11 Toén 1,

THPT chuyén Quéc hoc Hué, Thira Thién Hué).
Dé.t Vp = 1 Vn =

Viy (v,) la day Fibonacci. Do d6

L (15 (145
05 5

na, Tacovy=v,= Vp1+ Vn_n.

¢ _ 1 " 1+\/§ 1_J§
Do d6 a,=——(4"— ) )

0do a, n\/g(A B") & dd A= > ’B_z-
Bfi

Tacc’):i:"_1 (A"—B") _(n—lj [l_(zl]
G (47-E7) An S 1(BY

A B\ A

T |- x/_|_\/_ ! (BY
"o 1 l1+\/-| J5+1 == A] =B

Sitprs sy IR RS )




Lai ¢6 lim”™=% = 1. Thanh thir

n
it i, s 1**5
an—l l 2
A

Nhin xét. Day la bai toan co ban. Nhiéu ban
tham gia giai va tit ca déu lam dang. Céc ban co
107 giai tot gdm: Quang Binh: Pham Gia Hung,
10 Toan 1, THPT chuyén Vo6 Nguyén Giap, TP.
Déng Hoi; Thira Thién Hué: Nguyén Thi My Lé,
11 Toén 1, THPT chuyén Quéc hoc Hué, TP.
Hué; Ha Tinh: Tran Minh Hodng, 8E, THCS
Nguyén Trii, Nghi Xuan; Ha Ni: Nguyén Huy
Hoang, 11 Toan, THPT chuyén Nguyén Hué, Ha
Déng; Pong Thap: Lé Hupnh Nhdt Nguyét, 10
Toan, THPT chuyén Nguyén Quang Diéu, TP.
Cao Lanh; Binh Pinh: Nguyén Huy Hoang, 11T,
THPT chuyén L& Quy Pon, TP. Quy Nhon.
PANG HUNG THANG

Bai T12/523. M la mét diém trén dirong thang BC
cua tam giac ABC (M khac B, C). K, L ldn lirgrt Ia

giao diém thir hai cia dirong tron (AMB), (AMC) -

va mot dwong thang qua M nhung khdc MA va
BC. P, Q lan lugt ld hinh chiéu vuéng géc cia A
trén BK, CL. R la giao diém ciia BK va CL. N la
giao diém cua duomg thang PQ va MK. Chirng
minh:

NP MB
a) N_Q =vC
b) Khi M la trung diém BC thi AKRL la tir gigc
diéu hoa (tir gidc diéu hoa la tir gidc néi tiép co
tich cdc cap canh doi bang nhau).

Loi gidi.
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a) DE théy:
(BC,BA)=(BM,BA)=(KM,KA) = (KL, KA4)(mod 7);
(CB,CA) = (CM, CA) = (LM, LA) = (LK, LA) (moq 7).
Do d6 céc tam gidc ABC, AKL dong dgng cung
huéng (1). Pidu d6 c6 nghia 14 cac tam giac ABK,
ACL di“)ng dang cung hudng. '
Két hop véi AP L BK;AQ L CL, suy ra cac tam
gidc APK, AQL ddng dang cung hu’f'mg.
Do d6 cic tam gidc APQ, AKL déng dang cung
hudng (2). ‘
Tur (1) va (2) suy ra cac tam giac APQ, ABC dong
dang cung hudng (3).
Tir (2) suy ra: (PA,PN)= (PA,PQ) = (K4, KL)
= (KA,KN)(mod 7).
Do d6 4, P, K, N cing thudc mot dudng tron.
T @6, chti y ring 4, B, K, M cing thuc mét
duong tron, suy ra
(AP, AN)= (KP,KN) = (KB, KM)
= (AB, AM )(mod ) (4).

B
Twr (3) va (4) suy ra £l =—M—-—.
NO MC
b) Theo phén a, cic tam gidc ABK, ACL ddng
AK BK
dang cung hudéng. Do d6: — =— (1).
g cung g L CL (1)

Chu y ring M, L, K thing hang, ap dung dinh li
Menelaus cho tam giac RBC, ta co:
MB LC KR

=]

MC IR'KB

Két hop véi MB = MC, suyra S AR (2).
RL CL

= - AK RK
T (1) va (2) suyra == = &2
A RL (3).

Theo phan a, cac tam gisc 4BK, 4CT, dong dang
cung hudng. Do dé: '
(RK,RL) = (BK,CL)= (4K, AL)(mod ).
Dicu d6 c6 nghia 1a 4, K, L, R cu
dudng tron (4).
Tir (3) v& (4), cht ¥ rin
phing khac nhau by KL,
hoa.

ng thudgc mot

2 4, R thudc hai nira mit
Suy ra ttr gidc AKRL didu
Nhin xét. 1) Bai toan nay dé, nhidy
giai, tuy nhién 11 giai cpa mét s
hinh vé. ‘

' ban tham gia
6 ban phu thudc
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2) Xin néu tén mot sb ban cé 101 giai twong dé; 4t
Ha Noi: Pao Quang Anh, 8C2, THCS & THpT
Archimedes — Déng Ang; Hung Yén: Trdn vapy
Quan, 11T1, THPT chuyén Hung Yén; Séc Trang:
Nguyén Ngoc Thity An, Trdn Minh Hiéy Hoe, Ly
Hoang Nha.t 10A1T, Nguyén Pic Tho, 11ALT, Lam
Khd Han, 11A2T, THPT chuyén Nguy&n Thi Minh
Khai; B(A)ng~ Thép: Lé Hupnh Nhdt Nguyér, 10T,
THPT Nguyén Quang Diéu.

NGUYEN MINH HA
Bai L1/523. Ijrong hién twong giao thoa song
nuée, hai nguén séng két hop A va B cdch nhau
20 ecm dao déng diéu hoa theo phuong thing
dimg, cung pha, cling tan s6 50 Hz. Téc do truyén
song trén mat nwoe la 1,5 m/s. Xét cac diém trén
mat nuwoc thuée duong tron tdm A ban kinh AB,
diém dao dong voi bién do cuc dai cach duong
trung truec cua AB mét khodang ngdn nhat la bao
nhiéu?

Loi gidi.
k=0
k=1
1
/P /
A 0 B
i v L5
Budc song A =— Y = 0,03 m. Trén hinh C la

diém dao dong véi bién d9 cuc dai trén duong
tron tim A ban kinh 4B, gin duong trung tye cua
AB nhit nén thudc cuc dai k= 1.

Suyra: AC—BC=A = BC=A4AC-A=17cm.
Xét AACB cén & A, ta xac dinh duoc goc
CAB =50,3° = AH = ACcos50,3° =12,775 cm
= Cl = AH - A0 =12,775-10=2, 775 cm.

Viy diém dao déng voi bién do cuc dai céch
dudng trung truc cua AB mot khodng ngan nhét 13
2,775 cm.

Nhgn xét. Chuc mung cac ban da co6 1oi giai ding
cho d& ra ki nay: H6 Pham Phi An, 11T1; Nguyen
Thién Chi, 11T1; Phgm Hitu Dang, 11T1; Nguyén
Minh Khéi, 11T1; Nguyén Thién Li, 11T1; Vo
Hoang Khoi Nguyén, 11T1; Nguyén B Thanh,
11TL; Nguyen Ba Thanh, 10AV2, THPT chuyén
Nguyén Quang Diéu, Pong Thip; Nguyén Vinh T,
11 Toan 1, THPT chuyén Québc hoc Hué, Thira
Thién Hué.

PINH THI THAI QUYNH

Bai 1.2/523. Mt hoc sinh mudn do hé sé tw cdm
cuia mét cudn ddy thuan cam. Hoc sinh do mdc noi
nep cuédn ddy voi mot bfen tré co gia tri thay doéi
dLroc Mach dzen mdc néi tiép voi mot am pe ké va
mdc vao nguén dién xoay chiéu cé dién ap u =
Uycos(100nt), trong dé Uy cé gid tri khong doi.
Do do dwoc cwong do dong diéen trong mach khi R
thay déi nén hoc sinh dé da vé duwoc dé thi sur phu
thudéc cong sudt tiéu thu cua mach vao dién ftro
nhu hink vé. Xdc dinh hé sé tw cam cua cugn day.

ll’[rn\‘l.rl
RS0 SO,
5B | s S
a0 | I : ‘g‘ A
e s
o fod N
100 1}“)‘1, el o :}..{;
l | 1 Teeea. s
© 1 2 3 4 S5 & R (x10°01)
i, o ; U? 2
ngra:.Taco:szzR:R, ~R= v 5
*+Z Z;
L R+ =

R

2

z . VA ; "
Ta thay P khi (R+ RL] min. Ap dung bat

5 Z z
dang thirc Cauchy: | R+ =% |2 2,|R=%£ =2Z,.
R R t

UZ
Dodo P, =27 xdyrakhi R=2,

L
ta ¢c6 P_ khi

max

Tir d6 thi R=3.10°Q nén

wL =3.10° hay L=3H
T

Nhign xét. Cac ban ¢ 101 giai ding: Thwra Thién
Hué: Nguyén Vinh Tri, 11 Toan 1, THPT chuyén
Qudc hoc Hué; Pdng Thap: H6 Pham Phu An,
11T1, THPT chuyén Nguyén Quang Diéu.

NGUYEN XUAN QUANG
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 JANGAN 608 CUA KR Lt LEMOINE
| | NGUYEN MINH HA
(€14 TI?PT chuyén DHSP Hé Nti)//

Dinh li Lemoine 1a dinh i kha ndi tiéng trong
hinh hoc phing, dwoc & cap dén trong nhijéu tai
lidu v&i nhidu cach chimg minh khac nhau,
thuén tiy hinh hoc va khong thuan tiy hinh hoc
[1, 2,3, ..., 6]. Trong bai bao nay, sit dung khai
niém géc dinh hudng gitra hai dwong thing, t6i
dwa ra mdt phép chimng minh thuan tay hinh hoc
khéc va ngin gon cho dinh 1i Lemoine.

Pé ban doc tién theo ddi, xin nhic lai dinh I

Lemoine.

Dinh li Lemoine. Cho tam giac ABC va diém
P; D, E, F theo thir tuw la hinh chiéu vuéng géc
cua P trén BC, CA, AB. Khi do P la diém
Lemoine cua tam giac ABC khi va chi khi P la

trong tam cua tam giac DEF.

Chirng minh.

Goi (0O) 1a dudng tron ngoai tiép tam gidc ABC.
D& thiy P khong thé thudc BC, CA, 4B vi (0).
Goi O la diém lién hop déng giéc cia P déi véi
tam giac BDE va goi X, Y, Z theo thr ty 13 giao
diém thir hai ciia AP, BP, CP va (O) (hinh v&).

Vi D, E, F theo th ty 12 hinh chiéu vuéng géc
clia P trén BC, CA, AB nén cic b bdn didm 4,
P,E F,B,P,F.DvaC, P, D, E cung thugc mot

dudng tron.

TOAN HOC
« CTuditre
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Do d6: (EF,EQ)=(EP,ED)=(CP,CD)
=(CZ,CB) =(YZ,YB)
=(YZ,YP)(mod r).
Twong tw: (FE,FQ)=(ZY,ZP)(mod r).
Viy hai tam gidc QEF, PYZ ddng dang cing
huéng.
Tuong tu hai tam gidc QFD, PZX df")ng dang
cung huong.
Vay céc didu kién sau tuwong duwong:
1) P la trong tdm tam gidc DEF.
2) O 1a diém Lemoine ctia tam gidc DEF.
3) P 1a diém Lemoine ctia tam gidc XYZ.

4) X4 va YB 14 dudng d6i trung cua tam giac
XYZ.

5) XYAZ va YZBX 1a t& gi4c didu hoa,

&

https://tieulun.hopto.org
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6) ABXC va BCYA 14 tir gidc didu hoa.

7) AX va BY 1a dudng d6i trung cua tam giac
ABC.

8) P 1a diém Lemoine ciia tam giac ABC.
Chu ¥, hién nhién 1< 2; vi cac cip hai tam
gibc OEF, PYZ vi OFD, PZX ddng dang cing
huéng nén 2<>3; hién nhién 34 va
4 ¢ 5; Vi phép nghich dao N7 theo th ty
bién 4, B, X, Y, Z thanh X, Y, 4, B, C nén
5¢6; hitnnhién 6 &7 va 7 8.

THU MUC

[1] J. P. Ehrmann, Hyacinthos message 95,
January &, 2000.

[2] D. Griberg, New Proof of the Symmedian

PROBLEMS IN ... (Xem tiép trang 22)

respectively be the centers of the excircles of
the angles A4, B, C. The line 4/, intersects (O) at
D which is different from A. On LD, I.D
respectively choose the points E, F' such that
ABC =21 BE, ACB=2I,CF, E, F are inside
the trangle 7,BC. Show that EF intersects /u/. at
some point on mot diém ndm trén (O).

Problem T9/527. Given a function

X rax+b
f(x)— x2+1

with a, b are integers. Suppose the range of f(x)

is the set of 11 integers. Find the maximum and

Mminimum values of the expression M =a’ +b".
TOWARDS MATHEMATICAL
OLYMPIAD

Point to be the centroid of its pedan triangle,

and the Converse, available at http.//de.

Geocities.Com/darij grinberg.

[3] R. Honsberger, Episodes of 19" and 20"
Century Euclidean Geometry, Math. Assoc.
America, 1995.

[4] P. Yiu, Introduction to the Geometry of
Triangle, Florida Atlantic University Lecture
Notes, 2001.

[5] C. Pohoata, A short proof of Lemoine’ s
theorem, Forum Geometry, 8 (2008) 97-98.

[6] Tran Quang Hung, 4 Simple Synthetic Proof
of Lemoine’s Theorem, Forum Geometry, 17

(2018) 93-95.

Problem T11/527. For each positive integer n,
let f(n)=(@*+n+1)>+1. Find the smallest
positive integer k& such that

S f(n+D...f(n+k-1)
1s a perfect square for some positive integer ».
T11/527.
S R— Rsatisfying

JU@+9)=/(F ) - )+ f(=)-2, Vx,yeR

Problem T12/527. Given an isosceles triangle
ABC with the vertex angle 4 inscribed in a
circle (0). Suppose that 4D is a diameter of
(0). The points E, F respectively on DC, DB.

GF FB
Let G be on EF such that —=-"_ Sh
& ow that

Problem Find all functions

CG and AF meets each other at some point on

. (0).

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)
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1. Giéi thiéu

Trong cudn sach "Tai liéu chon loc Truong déng
Todn hoc mién Nam nim 2020" do nhém tac gia
Trdn Nam Diing, Lé Phiic Lir va Doi Huln luyén
vién Truong Pong mién Nam bién soan, cO hai
bai to4n phwrong trinh him sau day:

Bai toan 1 (Bai toan 5, trang 103, Tai li€u chon
loc Trudng dong Toan hoc mién Nam 2020).
Tim tat cd cdac ham sé f:R >R thoa man:

F)=f(x+y + (), vx,peR
Bai todn 2 (Bai todn 6, trang 103, Tai liéu chon
loc Truong dong Toan hoc Mién nam 2020).
Tim tat ca cdc ham s SR> R théa man
f(0)#£0 va véi n22 la sé nguyén duong chin
thi f(x)= f(x+ Y+ f(y)) vai moi x,y e R.
(Hai bai toin ndy nim trong bai viét chuyén dé:
"Mot 56 ky thudt chimg minh ham hang" cua tac
gia Nguyén Trong Tudn). Day 1 hai bai toan hay,
chira dung nhimg phuong phap, k¥ ning dién
hinh cho viéc giai bai toan Phuong trinh ham, rét
phi hop cho viéc bdi dudng thi hoc sinh gioi
Quéc gia mon Toan. Bai toan 1 dugc tdng quat
Ién thanh bai todn 2 (y* dwoc tdng quat 1én thanh
y" v6i n>2 1a s nguyén chin). Tuy nhién, nhin
vao hai bai toan trén thi s& xudt hién ngay nhitng
cdu hoi sau:
1) Liéu c6 thé tim dwoc tit ca cic him sb
f:R—>R thoa man

S@)=f(x+)"+F(),Y%y€R véi n>2 Ia
s6 nguyén hay khong (n c6 thé chin, c6 thé 12)?

TOAN HOC
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2) Liéu c6 thé tim duoc tit cid cdc ham sb
S :R" > R* thoa man
f@=f(x+y"+f(»),VxyeR*
14 56 nguyén hay khong?

3) Bai todn tim tit ca cdc haimsé f:R >R thoa
min f(x)=f(x+y+f(»)),Vx,yeR tai sao lai
khong dugc dé cap dén, cé phai do né ¢ sb mii
n=1 thép hon sé mi n=2, thip sb6 mid n>2
nén s& dé hon, tham chi 1d tim thudng, hay
khong? Vi nhin vao phuong trinh ham
S =f(x+y+f(»),Vx,yeR thi thiy ngay
f(x)=0,VxelR;

f(x)=—x,YxeR. Con viéc tim hét tit ca cac

Voi n>2

hai nghiém ham 1Ia

nghiém chic 13 ciing d& dang! Néu gi nguyén
phuong trinh ham f(x)=f(x+y+ f(»)); thay
diéu kién f:R—R boi nhimg didu kién khéc,
ching han nhv f:Z—7Z, f:R" —R*,... thi
ligu ta c6 thé giai dugc nhimg bii todn vira méi
dat ra d6 hay khong?

Bai viét ndy s& lan luot tra 16 nhimg cau hoj dat
ra ¢ trén.

2. Hai 1&1 gidi cho bai toan 1

Trong muc nay, ta sé& trinh bay hai 16i giai cho baj
toan 1.

Loi giai 1. Gid st ton tai ham sb /R 5 R thoa
min: ()= (x+3" +f(3)),¥x,yeR ().

bat A={y2 +f(y)|yeR}.

Trudng hop 1: 4={0}. Khi ¢ S == wxeR.
Thir lai ta thy ham sé na

. Y théa mén céc yay ciu
de bai.

https://tieulun.hopto.org



Trudng hop 2: A+ {0}. Khi d6 tdn tai g e 4 gu0
cho a#0. Do (1) nén SX)=f(x+a),vxeRr (2).
pit g0)=Y' +/(=>gr+a)=(y+af + £ (y+a) (3).
Do (1) nén f(x)=f(x+g(1)),vx,yeR. (4.
Tu (4) thay x boi x—g(y), ta duoc:
J@)=1(x~2(»)),x,y R (5).

Nhevdy: () = f(x+g(y+a))
do (5)
= fx+g(y+a)-g(»))
do (3)
= f(X+(2ay+a2)+f(y+a)—f(y))
do (2)

= f(x+(ay+ a%) (6).
Vi a#0 nén A(y)=2ay+a’ 1a da thirc bac nhit
theo y, suy ra: {Zay +a* | ye R} =R. Do db
(6) rd thanh: f(x)= f(x+a),Vr,a R (7).
T (7) ldy x=0, ta duge f(a)=f(0).VaeR,
suy ra f 13 ham hing. Thu lai thdy ham hing
thfl)a man cac yéu cau dé bai.
Keét lugn: cac ham s6 cén tim la
f(x)=—x*VxeR; f(x)=C,VxeR
(Cla hang s6 ty ).
Loi gigi 2. Pit g(x)=x"+ f(x),VxeR . Khi do
(1) tro thanh: g(x)-x" = f(x +g(»),¥x,yeR
& gx)-x* =g(x+g(»)-(x+g()) ,VxyeR
©gn) -2 =g(x+g()-¥ —2x(»)—& (), Vx, yeR
e g(x+g(y)=g(x)+2x8()+g (), ¥xyeR @).
Trudng hop 1: g(x) = 0,Vx € R . Ham s0 nay thoa
méin (8). Do d6 f(x)=-x",VxeR
Truomg hop 2: g(x)#0, tic 12 JaeR:g(a)#0.
Tir (8) ldy y =a, ta duoc:
g(x+g(a)) - g(x)=2g(a)x +g'(a), VxR ()
Do 2g(a)x+ g*(a) 14 da thitc bic nhét theo bién
X nén co tap gia tri 1d R, do @6 tir (9) suy ra:
(g(x+g(@) - g(0)| x<R| =R (10}

Gia st u € R . Do (9) nén tdn tai cac sb thuc a, 4
sao cho: u=g(a)—g(B). Ta cin xac dinh
gu)=g(g@)-g($))? T (8) thay x boi
-g(x), ta dugc:
g(g()-g(x)=g(-g()-2g(x)g(»)
+g%(y),vx,yeR (11).
Tir (11) thay y bdi x ta dugc:
g(0)=g(-g(®x)-g’(x),vxeR (12).
Tu (11) va (12) suy ra:
g(g(y)-g(x))=2g"(x)-2g(x)g(»)
+g*(»)+2(0),Vx,yeR
e g(g(n)-g®)=(g(»)-g®) +£(0),Vx,yeR
= gw)=g(g@)-g(p))
=(g(@)-g(B))’ +g(0) =1’ +£(0).
Nhu viy g(x)=x*+d,vxeR (d la hing sd).
Suy ra f(x)=d,VxeR. Sau khi thir lai, ta két
luén: cac ham sb thoa man yéu cu dé bai la:
f(x)=—x*VxeR; f(x)=d,¥xeR (d la hing
56 ty ¥). ’
Chii 3. Néu nhu tir cac gia thiét cua bai toan, ta
chimg minh duge: f(x)= f(x+g(y)), trong do
g(»y) c6 thp gia  tri R thi:
f(x)= f(x+a),¥x,a e R. T ddy chon x=0suy
ra: f(a)=f(0),Ya€R hay f la ham hing trén R,

3. Tong quat héa cho bai toan 1

Bai todn 2 ciing d4 1a tdng quat héa cho bai toan 1
i (y* duoc tong quét 1én thanh " véi n>2 la
sb nguyén chén). Tuy nhién & muyc ndy, ta s& téng
quat hoa bai toan 1 v&i mirc dd cao hon nira, tirc
d ) s& duge tong quat 1én thanh da thitc theo
bién y véi bic n>2 (khong phan bidt n chin
hay 18).

Bai toan 3. Cho da thirc hé 56 thie Q(x) ¢6 bdc

I6n hon |, Tim tat ca cdc ham s6 SR> R thoa

man f(x+0(»)+f(»)=f(x),Vx,yeR.

https://tieulyadpaipire-Qr
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Léi gidi. Gia s tdn tai ham s6 f:R —> R thoa
min f(x+0)+f(»)=f(x),vx,yeR (1)
D2 thdy rang ham s6 f(x)=-Q(x),VxeR thoa
mén cdc yéu cu d& bai. Tiép theo ta gia sat f 12
m6t nghiém ham khac, tirc 12 thn tai y, €R sao
cho f(y0)+Q(y0) =T #0. Khi d6 tir (1) ta co:
fx+T)=f(x),vxeR (2).
Tu (1) thay x boi x—Q(y)— f(y) tadugc:
f®)=f(x-00)-f(»).Vx,yeR ().
T (1) thay y bdi y+7T vachiy dén (2) ta
duge: f(x+Q(y+T)+ f(»)=f(x),Vx,yeR.
Tir diy thay x bdi x—Q(y)— f(y) ta dugc:
f(x+0(+1)-00))=f(x-0() - f()),Vx,y R (4).
T (3) va (4) suy ra:
f(x+0(+1)-0())=f(x),Vx,yeR (5).
Ta c6 g(»)=Q(y+T)—Q(y) la da thirc co bac
duong nén chi c6 hai trudng hop sau co thé xay
ra:
Truong hop ,lir?m g(y)=+co. Khi do tdn tai
M, eR sao cho [M;;+0)cK=g(R)(K =g(R)
1 tap gia tri cha ham g trén R).
Tir (5),taco: f(x)=f(x+1),VxeR,Vi2M,.
Véi 5

z>max{x+M,,y+M,},taco:

X,y la hai sO thue, xét

z2x+M =>z-x2M,
= f(0)=f(x+@Ez-x))=f(2)
Tuong tw, ta cling ¢6 f(y)=/f(z), suy ra
f(x)=f(y). Nhu vay
f(x)=7(y)Vvx,yeR.

Trudéng hop }iﬂ g(y)=—0. Khi d6 ton tai
M, eR sao cho (M, |cK=g(R) (K=g(R)
14 tAp gi4 tri cia hdm g trén R). Tir (5), ta cé:

f(x)=f(x+1),VxeRVI<M,.

Véi x, y 4 hai sb thuc, xét
z<min{x+M,,y+M,}, tacé:
z<x+M,=>z-x<M,

= f(x)=f(x+(z-x)=f).
Tuong tuy, ta cling ¢6 f(y)=/f(z), suy r1a
f(x)=f(p). Nhu vy f(x)=f(y)Vx,yeR.
Téom lai ta di ching minh duoc
f(x)=f(y).Vx,yeR. Hay f 1 ham hang.
Thir lai thdy théa man. Vay cac ham s6 thoa man
f(x)=-0(x),VxeR;
f(x)=C,VxeR (Clahang sb tiy ).

yéu cau de bai la:

4. Téng quat héa va thay f:R—>R béi
R >R
Bii toan 4. Cho n>2 la s6 tw nhién. Tim tét ca
cdc ham s6 R = R" théa man

S(x+y"+ (D)= F(x),Vx,y >0.
Léi gigi. Gia st ton tai ham sé f:R*' >R’
thoaman f(x+y"+ f(»))=f(x),Vx,y>0 (D).
Pit c=1+ f(1)>1. Tu (1) cho y =1, ta duoc:

fx+e)=f(x),Vx>0 (2).

Tu (1) thay y boi y +c, ta duge:
SO+ +fr+0))= £(6),Vx,y >0 (3)).
Twr (3j), (23) va (1) suy ra
fx+ 5"+ fD)=f (x+r+0) + £()),Vx, > 0 (4)).
Xét da thic P(x)=(x+¢)" —x" = nex™ +... Ta
co degP=n-1>21 va

nc>0 nén

lim P(x)=-+%. M& P(x) 14 ham lién tuc nén tdn

tai M>0 sao cho [M;+°O)CK=P(]R*) (
K=P(R") la tip gia tri clia ham sé p trén R").
Gia sir d>M . Khi d6, tdn tai k>0 sao cho
d :P(k) Ta co: d :P(k)=(k+c)n —k"

- hitps/Hisulu r}sgqpto.org



Tact: f(2 4K +50) = f(x+ ko +1 )
(&)
= fx+k"+ S (k) +P(k))
= f(x+k" +f(®)+a).

Nhu véy:

fx+ &+ 1) = f(x+k" TS0 +d),vx >0,

Suyra: f(z)= f(z+d),Vz> k" + (k) (6)).

Gia st r > 0. Khi d6 tdn taj sb nguyén duong ¢
du lén sao cho Le+r > k" + f(k) | theo (6)) ta co:
f(£c+r)=f(£c+r+d),vr >0 (7))

Ma theo (2)), ta c6:
f)=f(r+0)=f(r+26) == f(r+4c),
f(r+d)=f(r+d+c)=f(r+d+2c)
== f(r+d+{c),
cho nén két hop véi (7)) ta thu duge:
fr+d)=f(r),vr>0 (8)).
Két qua (8j) cling c6 nghia 14 ham f tudin hodn
véi chuky d bétki théa mdn o > M. Do d6, bay
gio ta iy x va y 1a hai s6 duong bt ki va chon
mot sé duong p da 1ém sao cho p—x>M va
p—y>M .Khido:

1) = 7 (x4 (r=0)=£P)
do(8/)
(=3 = SO

p-y>M

Nhu vdy f 1a ham hang. Thu lai thdy théa mén.
Ta két luan: tAt ca cac ham sb théa min yéu cau
@ bai 13 f(x)=a,Vre(0;+0) véi a 1a hing
sb duong.
S. Trwomg hop "tim thudng" n =1
Biy giiy ta thir xem xét truomg hop n=1, tc 14
Xét bai todn sau:
Tim tdt cd cdc ham s6 f :R — R thoa man

fx+y+ fO)=f(),vxyeR ()
Bai toan nay c6 vé nbu 1a dé nhat, néu so vdi céc
bai toan ¢ trén. Nhung néu nhin nhin k¥ lai thi

thdy khéng phai nhu vay. C6 thé thiy ngay ring,
bai toan nay c6 hai nghiém ham la:
f(x)=0,VxeR; f(x)=-x,VxekR.

Tuy nhién, ngoai hai nghiém ham nay ra, li€u co
con nghiém ham nao khac nita khong? Va lam
thé nao dé tim hét tat ca cic nghiém ham. Ching
ta hiy cing xem lai 1o giai bai toan 3, thi thiy
ring, néu tién hanh tuong tu chung ta cling chi
lam dugc dén (5) va gap bé tic. Nhu thé, hudng
gidi d6 d6i v&i bai toan nay 13 khéng kha quan.
Ban doc c6 thé thiy ngay ring ham sb:

f(x)=—-{x},VxeR
(ky hiéu {x} 1a phan 1é cia x) ciing thoa méan (*).
Qua nghiém ham f(x)=-{x},VxeR ching ta
da phan nao mudng tuong, dé giai duec phuong
trinh ham (*) chic 13 phai can dén mét phuong
phap nao d6 rét khac biét, mang tinh dot pha. Va
day nita, ban doc hay kiém tra lai dé théy rﬁng,
ham so

f(x)=[5sin(z{x})]-{x},VxeR
(ky hiéu [a] 1a phan nguyén ciia @) ciing thoa man
(*) . Dén day chiing ta c6 thé khing dinh: bai toan
tim tat ca cac him s6 f:R — R théa man (*) sé
1a bai toan rit kho. Ching ta s& tiép cin timg
budc, mudn vay ta hdy xem xét bai toan 5 sau
day:
Bai toan 5. Tim tdt ca cdac ham sé f1Z —>7Z thoa
man f(x+y+ f(y))= f(x),¥x,yeZ.
Loi gidi. Gia st ton tai ham s§ f:Z — Z thoa
man f(x+y+ f(y) = f(x).Vx,y e Z.
Xét tap hop
T={yeZ|f(x+y)=f(x),VxeZ}.
DEthiy 0eT va TcZ. GidsitgaeT va beT.
Khi d6 véi moi s nguyén x, ta co:
Jx+a)=f(x), f(x+b)= f(x)

nén f(x+a+b)=f(x+a)=f(x), suy ra a+b
thude 7. Gid st aeT, khi @6 f(x+a)= f(x)

vei moi s6 a3/ fti@aalun.hopto.org
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f@)=f((x-a)+a)=f(x-a)
= f{x+(-a)) = f(x),Vx e Z

Suyra —aeT.
Dé thy rang: x+ f(x)eT,VxeZ (l).
Néu T ={0} thi tir (1) suyra f(x)=-x,VxeZ.
Thar lai ta théy ham sb ndy thoa man.
Bay gid ta gid st T # {0}. Khi d6 ton tai neT
sao cho n#0. Theo tinh chit cia tip T suy ra
-neT. Do d6 trong T ludn chira cac sb nguyén
dwong. Goi ¢ 14 sb nguyén dwong nho nhit cia 7.
Ta s& chitng minh T =(Z = {{a|a e Z}.
Do v61 moi a,b thugc T ta cd a+beT va
—aeT nén (ZcT. Gid st ae7. Ta viét
a=Lg+r voiqgeZ, 0<r<{. Taco:

LeT gleT —lgeT
=5 = =r=a-4fqgeT.
aeTl aeT aeT
Ma ¢ 1a sb nguyén duong nho nhat thudc T nén
r=0.Do & a=1{qelZ. Viy T c¢Z. Nhu thé

T=¢{Z. Do (1) nén x+ f(x)=4g(x),VxeZ,
vo1 g:Z—>7Z .Tacd £eTnén f(x+4)= f(x).

Do dé: {X+f(X)=fg(x)
o do:
(x+8)+ f(x+£)=4g(x+¥)

x+ f(x)=Lg(x)
x+0)+ f(x)=Lg(x+£)

:>E=E(g(x+£)—-g(x))
= gx+l)=gx)+1,VxeZ (2).

Véi xeZ, ta ki hiéu h(x):g(x)—[%;], khi d6
h:7Z — Z thoa man

h(x+£)=g(x+€)—{-{;—€}

-s@+1-(3]]

=g(x)—[ﬂ=h(x).

Viéy (2) cling nghia 1 A(x +£) = h(x),Vx e Z (3).

Véi moi s nguyén x, ta co:

TOEN HOC

[l {)ore el

<:>0£x—f,:%}<£ (4).

Véi moi sé nguyén x, do (3) nén taco

h(x)=h(x—€)=h(x—20)=" -..h[x f[ D(S)

Tt (4) va (5) ta thdy ring dé xac dinh dugc ham
h, ta chi cAn biét gia tri cta né tai ¢ diém 0, 1,
2, ... £-1 la du. Nhu vay

S(x)=-x+Llg(x)

e e

voi h:{0,1,2,...,4~1} = Z lahamsé tuy ¥ (6).
Nguoe lai, néu £ 14 ham s6 xac dinh bdi (6) thi

y+f()

(il i)z

Do 36 vé1 moi s6 nguyén x va y ta co:

fx+y+fM)=—(x+y+ ()
+£[[x+yw;f (y)] . h[x S E[x+y+f (y)m

.
=—(x+y+f(»)

oo ()

~(x+y+ ()

E[J+y+f(y)+€h[ﬂy+f(y) E[} " f(y)J

‘MMM h(x ELD

= fix).
Véy ham sb xédc dinh béi (6) théa min cac yéu

chu d bai. Nhu thé, cic ham $6 théa man yéu ciu
dé bai la: f(x)=-x, VxeZ;

f(x)=—x+f[%}l-f-h[x—ﬂ[%D,Ver

(VO’l ¢ la s
oy hﬁti‘)s f/tieaitan optororg

2,. Z 1a ham sé iy ),



Nhaﬂ xét. Miac du bai toan 5 nay, dé baj nhin rit
ngén gon va dé hiéu, nhu'ng theo ddi 101 giai chic

pin ban doc ciing thdy ring bai todn ndy rit khé, Cg
1hé chi ra cdc két qua cu thé nhu sau:

D) Ung véi £=1 thi cic ham sé sau thoa man yéu
chu @ bai f(x)=-x,VxeZ; f(x)= ¢, Vx e Z (voi
¢1a hang s6 nguyén).

2) Ung véi £=2 thi cic him s sau théa mén yéy
chudé bai: f(x)=-x,VxeZ;

{ khix =0,+2,+4, .
f@= 2g+1 khix =143 45,
(véi p va g 1a nhiing hing sb nguyén).
3) Ung véi £=3 thi cac ham sb sau thoa man yéu
chudé bai: f(x)=-x,VxeZ;
3p khix=3nneZ
f(x)=<3g+2 khix=3n+lneZ
3r+1 khix=3n+2,neZ
(v&i p, g va r 12 nhimg hang sé nguyén).
Bai toan 5 da dugc giai tron ven va hoan toan so cép,
nhd vao viée ta chimg minh dugc ding thirc tap hop
A={Z . Thyuc ra 1a nhd vao viéc ta da mo ta duge
mdt nhém con bat ki cia Z (moi nhém con cia Z
déu c6 dang ¢Z voi £ 1a s6 tu nhién).
Tiép theo ta s& giai quyét bai toan 6 da dugc dat ra
lac trude.
Bai toan 6. Tim tat ca cdc ham s6 fR->R
thoa man
flx+y+ () =f(x).VxyeR.
Léi gigi. Giasit A 13 mot nhom con cia R (déi
v6i phép toan cong). Ta xét mot quan hé ~ trén
R nhy sau: véi hai sb thuc x va y thi
X~y x—ye A D& thiy ring ~ la mdt quan
hé twong duong trén R . Do d6 tap sb thuc R
dugc phan hoach thanh cac 16p tuong duong. Tu
mdi 16p twong duong e ta chon ra mot phan to y,

(ndu ¢6 v6 han - khong dém dugce - cic 16p twong
duong, phép chon nhur thé dugc hop thire hoa nho
mét tién d& trong 1y thuyét tap hop, co tén la Tién
dc chon (xem & https://vi.wikipedia. org/wiki/Tién
_.de_ChQn))_

Xét r:R — R 13 ham s& dwoc xéc dinh theo cach
nhu sau: vOi moi sb thuc x, tdn tai (duy nhét) 16p
twong duong e sao cho xee va ta dat
r(x)=y,(ee). Cach thay
x—r(x)e A (VxeR). Gid su g:R— 4 la mét
ham s bit k. Khi d6 ham s6
f(x)=g(r(x))~7(x), Vx e R(1)

thoa mén cac yéu cau d2 bai. That vay, gi’é str ham
s6 f xéc dinh bai (1), khi d6 véi moi so thuc x,

chon y, cho

y taco:
y+ f)=y+g(r()-r()
=(y-r()+g(r(»)e4
(x+y+f)-x=y+f(»ed;
nhu vy x+y+ f(y) vd x cung thudc mét 16p
tuong dwong nén r(x+y+ f())=r(x), dodo6

Flery+7()=g(rGe+y+f)-r(x+y+f()
=g(r(x))-r(x)
= f(x).

Vay ham sé x4c dinh béi (1) thoa mén cac yéu
cAu dé bai.
Tiép theo, ta s& chimg minh moi ham s6 thoa méan
yéu cau dé bai déu c6 dang (1). Gia sk ton tai
hamsd f:R — R théa min

fGE+y+ )= f(x)Vx,yeR (2)
Xét tdp hop

A={yeR|f(x+y)= f(x),VxeR}.
Ta ching minh 4 13 m¢t nhom con cia (R,+).
DEthdy 0e 4 va AcR. Gidst ae 4 vA be A.
Khi @6 véi moi sb thuc x, ta cé:

f(x+a)=f(x), f(x+b)= f(x)
nén f(x+a+b)=f(x+a)=f(x),suyra a+b
thude A.
Gid st ae 4, khi 86 f(x+a)= f(x) v6i moi sb
thuc x. Ta cé:

f@)=f((x-a)+a)=f(x-a)

= f(x+(-a))= f(x),VxeR,

https://tieulun.hopto.org
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Suy ra —ae 4. Viy 4 13 mot phom con cua
(R,+).Do (2) nén x+ f(x)e 4,¥xecR (3).

Ta xét mOt quan hé ~ trén R nhu sau: Vi hai
sdthyc x va y thi x~y<ox—yed Do 4 12
nhém con ciia R (dbi véi phép todn cong) nén dé
thay ring ~ 14 mét quan hé trong dwong. Do do
tap sb thuc R duge phan hoach thanh cac 1op
trong dwong. T mdi 1ép twong duong e ta
chon ra mdt phin tir y,. Xét r:R — R 12 ham s6
dugc x4c dinh theo cdch nhwr sau: véi moi sb thuc
x, ton tai (duy nhét) 16p twong duong e sao cho
xe€e vatadit r(x)=y,(ee). Cichchon y, cho
thdy x~r(x)e 4 (VxeR). Dit g(x)=x+ f(x),
khid6do (3) nén g lahamsd g:R— 4. Véi
moi s6 thuc x,taco:

x~r(x)=>x-r(x)e d

= f(x)=f(r(x)+(x-r(x)) = f(r(x)),
do do
F(x) = f(r(x) = f(r(x)) + r(x) - r(x)
= g(r(x))—r(x).
Vay f(x)=g(r(x))—r(x),VxeR, din téi ham

f codang (1).

Két ludn: tht ca cac ham sb thoa min yéu ciu dé
bai déu c6 dang (1).

Nhur vy, bai toan 6 da c6 101 giai hoan chinh. Tuy
nhién 161 giai khc”)ng con so cdp nira; ma phai vén
dung dén mot s kién thirc toan hoc hién dai (cao
cép); ching han nhu xdy dung quan hé twong
duong dé phén hoach tap hop; van dung kién thic
vé Nhom, Nhém con; van dung Tién dé chon.
Liéu c6 thé c6 101 giai so cap cho bai toan 6 nay
hay khong? Toa soan TH&TT rat mong nhén
duoc 10 giai so cip cho bai toan ndy cia cic em
hoc sinh, cac thy c6 gido va ban doc quan tim
dén Phuong trinh ham.

Sau ddy ta sé chi ra mét s6 vi dy vé ham f.

1) Chon 4=R. Khi dé, v6i mdi sé thuc x th
l6p twong duong v6i phin tir dai dién x chinh |3
R,dodd r(x)=c,véi c 12 hing sé. Ta c4:

J@)=g(r(x))-r(x)=g(c)-c=gq,

P -

Vay trong truomg hop nay, f(x)=a,YxeR (a

I3 hing s&) thoa man yéu cau d& bai.
2) Chon A={0}. Khi d6 do x—r(x)e A={0}
nén r(x)=x, g(x)=0. Nhuvay
fx)=g(r(®)-r(x)=-x.
B&i thé nén ham f(x)=-xVxeR

yéu cau dé bai.
3) Chon 4 =Z . Khi dd, v6i moi s6 thuc x thi 16p

twong duong c6 phan tir dai dién x la

:{yeRIy—er}z{)H—n]neZ} =x+7Z
3.1) Chon r(x)=x~[x]={x} (khid6, néu ze%
thi z=x+m vé6i m la mdt s6 nguyén nao dj,,
cho nén r(z)=r(x+m)= {x % m} = {x} =r(x)).
Chon g(x)=n.Khi 4o

flx)= g(r(x))—r(x) =n —x+[x].

Ham sb f(x)=n—{x},VxeR (n 13 hing sb
nguyén) thdéa man cac yéu cau dé bai, That vay,
néu f(x)=n-{x},VxeR thi

fx+y+fO))=n—{x+y+f(»)}
—{x+n+[y]}
=n—{x} = f(x).
3.2) Chon r(x)={x}, g(x)=[x]. Khi d6
f(x)=g(r(x))—r(x)-——[r(x)]—r(x)
=L~ {3 =~{x)
3.3) Chon r(x)={x}, g(x)=[Ssin(7rx)] . Khi dé
) =g(r(x))- r(x)

[5 sin ﬂ(x

thoa min

]+[x

Ham sb f(x)=[531n(7r{x})}-—{x},‘v’xeR thoa
min cic yéu clu 43 pag Thit vay, néu
S(x) =[5Sin(”{x}):|—{X},Vx €R thi véi moi sb

thuc x va Yy tacé:

y+f(y)= [SSln y} ]+y {y}

htﬁﬁgu,{(agwyjpyﬂ%oto org

cho nén



fx+y+f) =[5sin(n{x+[5sm(ﬁ )] +[y]})]

—{x+[55in(7r{y}):|+[y]}
= [SSin(iz{x})] —{x} =f(x).

6. Truong hep "tAim thwimg" .-
f;R+—>R+

va

Trong muc nay chiing ta tiép tuc xem xét phuong
trinh ham f(x+ y+ f(3)) = f(x) nhung véi didy
kignla f:R" —R". Tuc la s& giai bai todn:
Tim tdt cd cdc ham 56 f:R* > R' théa man
Fx+y+f(¥) = f(x),¥x,y e R".
Trudc khi tim hiu, giai bai toan nay ban doc hy
xem lai bai toan 4 xem thir ¢6 thé ap dung phuong
phap giai ,cfia ’béi todn 4 vao bai toan nay duoc
khéng? Néu tién hanh tuong tu nhu bai toan 4 thi
ta cling chi thu dugc (4)) (ng véi n=1) va gip
bé tic, boi vi da thitc P(x)=(x+c)" —x" (img
v6i n=1) chi 1a da thirc hing nén ta hiu nhu
khong khai thac thém dugc tinh chét nao ca. D&
thdy ring f(x)=a, Vx>0 (a la hing sé dwong
bat k) 14 nghiém ham, nhung ngoai nghiém ham
ndy ra, c6 con nghiém ham nao khac hay khong?
va lam thé nao d@é tim duoc tit cd céc nghiém
him. Pén day, chung ta thiy rang cin phai hoc
héi lai kinh nghiém trong qué trinh tim hiéu va
g1di bai todn 6
Bai toan 7. Tim tdt cd cac ham s6 f:R* >R’
théa man f(x+y+f()=f(x),Vxy R’
Lévi gidi. Gia st A# {0} 12 mot nhém con (d6i voi
phép todn cong) bAt ky cia R . Ta xdy dyng mot
quan hé¢ ~ trén R nhu sau: véi cac s6 thuc
duong x, y; khi d6 x~y<>x—yed. Ta s
ching minh ~ 1a mot quan hé trong duong.
V&i moi s thyc x>0 ta co x—x=0€4 nén
X~x.Vay ~ ¢é tinh phan xa.
V&i hai sé thue duong x, ¥; néu x~y hay
*~yed thi y-x=—(x-y)ed hay y~*.
Vay ~ ¢6 tinh dbi ximg.

Vi céc sb thuc duong x, y, z;néu x~y va

x—yed
y~z thi { Y

:>x—z=(x—y)+(y—Z)EA::>x""‘Z.

y—zeA

Viy ~ c6 tinh bic cau.

Nhu vy ~ 1a mot quan hé tuong duong trén R”.
Do d6 tap sb thuc dwong R dugc phén hoach
thanh cac 16p twong duong. T moi lop tuong
duong e ta chon ra mot phin ti y,. Xeét
7:R* — R* 1a ham sé dugc xac dinh theo cach
nhu sau: véi moi sb thue x>0, tdn tai (duy nhét)
16p twong duong e sao cho xee va ta dat
r(x)=y, (). Chch théy
x—r(x)cA (VxeR"). Gid st g la ham sb

chon y, cho

g:R" — 4 sao cho g(x)>x vdi moi s6 x>0.
Khi 6 ham sé
f(x)=g(r(x)—r(x), vxeR" (1)
thoa mén cac yéu cau dé bai.
Thét vy, gia st ham s6 f xé4c dinh bdi (1), khi
d6 f:R* 5> R* véi moi sb thue duong x, y, ta
co: y+ fM=y+g(r(»)-r»)
=(y=-r(M)+g(r() e 4,
(x+y+fO)-x=y+f(») e 4 :
nhu vdy x+y+ f(y) va x cing thudc mot lép
twong dwong nén r(x+ y+ f(3)) =r(x), do dé:
f(X+y+f(y))=g(r(X+y+f(y)))—r(X+y+f(y))
=g(r(x))-r(x)
= f(x).
v‘ay l}z‘im s0 x4c dinh bdi (1) théa man cic yéu
cau de bai.
Ta s& ching minh néu ham s6 f:R* - R* thoa
man f(x+y+ f(y)= f(x),Vx>0,y>0 (2)
thi phdi c6 dang (1).
BfitA={aeR[f(x+a)=f(x),VxeR*sao ch0x+a>0}.
Tr ) w Kttpscftieulsnheptacorg
duong. Hién nhién 4 o6 tir hai phin tir tré 1én.

G e



Ta s& ching minh ring 4 13 mét nhom con cua
R dbi véi phép toan cong,
Hién nhién Oc 4. Gia st ae 4. Gia st x>0
sao cho x+ (—a)>0.Khi dé
f@=f(x-a)+a)=fx-a)= f(x-a)= /(%)
Nhu viy —aeAd. Giad st acdbed. Gia s
x>0 saocho x+a+b>0.Khidd

2x+a+b>0 nén (x+a)+(x+5)>0.
Nhu viy, trong hai sé (x +a),(x+b) phai co it
nhat mét sb duong. )
Gia st x+a >0 (trwdng hop x+b >0 dugc tién
hanh twong ty). Do x+a>0,x+a+b>0,be 4
nén f(x+a+b)= f(x+a).
Do x>0,x+a>0 va ae 4 nén f(x+a)=f(x)
Viy f(x+a+b)=f(x). Do d6 a+bed Nhu
vay A 1a mét nhém con clia R.
Ta dinh nghia mét quan hé ~ trén R* nhu sau:
V&1 hai s6 thue duong x va y, khi do

X~y x—yeAd

Khi d6 ~ la mdt quan hé twong duong trén R".
Do d6 tap s6 thuc duong R* duogc phan hoach
thanh cac lop tuong dwong. Tur moi 16p tuwong
duong e ta chon ra mét phan tr y,. Xét
r:R* > R" 12 ham sb duoc x4c dinh theo cach
nhu sau: v&i moi sb thuc x> 0, tdn tai (duy nhét)
I6p tuong duong e sao cho xee va ta dit
r(x)=y,(ee). Cach .
x-r(x)ed (VxeR").
bit g(x)=x+/(x),vx>0. Do ()

gx)=x+f(x)ed, din tgi g:R+-)A. Do

chon y, cho thiy

nén

FR">R" nén g(x)>x. Vi moi s& thuc
duong x,tacd x—r(x)e 4 nén .
SG) = ({0 +r9) = £ () = g () — s
Vayhim f c6 dang (1). '

Nhu viy, tit c& cic ham 56 thoa m3

n é A X
bai déu c6 dang 1. FEY g

Chit y. Ta s chiramgt s6 vi gy 3 ham f;

4~ TOAN HOC

n nhom con A=R. Khi dé, voi mbi s§

1) Cho g duong voi phén ti dai

thuc x>0 thi 16p tuon
dién x la
:{y€R+|y~x}={y€R ‘y—XER}zR.
Do d6 r(x)=c, voi ¢ 12 hing s6 thuc duong bét
ky. Chon g:R* >R lahimso g(x)=d, véi g
13 hing sb, d > ¢ . Khi do
fx)=g(r())-rx)=d-c=e3x>0.
Véay ham sb6 f(x)=e, Vx>0 (voi e la hang 56

dwong) théa man céc yéu cau dé bai.
2) Chon nhém con A=27 . Khi 86, véi mdi sb

thuc x>0 thi 16p twong duong véi phan tir dai
dién x la x={yeR |y~x}—{yER |y— er}.
2.1) Chon r(x)=1+{x},‘v’x>0 va chon
glxy=[x+1+ 100sin’(27x) |, ¥x > 0. Khi d6
fx)=g(r(x)—r(x)

=[1+{x} +1+100sin” (27 (1+ {x})) | -1~ {x}
=[2+{x} +100sin* (27 {x}) | -1-{x}
=[2+{x} +100sin* (27x) | -1-{x}.
Th lai, véi f(x):[2+
Vx>0 thi

{x} +100sin” (27x) | -1-{x}

x+y+f(y)=x+[y] +l:2+
{x+y+ O} ={x},
sin(27(x+y + f(y))) = sin(27x),
f(x+y+f() =[2+{x} +100sin? (270x) |-1-{x}
= f(x).
22)  Chon r(x)=2+{x},vx>0 wva chon
g(X)=|:x+ln(x+2021)]>x,Vx>0. Khi do
S =g(rx)-r(x)
=[2+{x} +In({x} +2023)]- 2 {x}, Vx>0

Thir lai: voi f(x)=[2+{x) +In({x}+2023)]-2-{*}
Vx>0 thivéimei x>0, y>0 taco:
x+y+f(y)=x+[y]+[2+{y}+ln({y}+2023)]'2’
{x+y+ /0

x+y+fohttf3SE ftigplug, hepteorg

=f(x).

+100sin (27) | -1,



TIENG ANH QUA CAC BAI TOAN
BAI SO 68

problem. The time T, correct to the nearest Hence the answer is 90 minutes and 110

minute, of making a box is 5 minutes What ar
. e

the limits of the time making 20 boxes ?

Solution. To make one box, the actual time T
needed is in the half-closed interval [4.5 ; 5.5)
Therefore the lower limit to make 20 boxes is

20x4.5 = 90 minutes ;

and the upper limit to
make 20 boxes 1s 20x5.5 = 110 minutes.

minutes.

TU VUNG

correct to . lam tron dén

half-closed interval . nira doan dong
lower limit s cdn dudi

:can trén
NGUYEN PHU HOANG LAN
(College of Vietnam National University, Hanof)

upper limit
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*'k‘k***********‘k********‘k************‘In’e‘k*‘k*****************‘k****

BAI DICH SO 65

Bai toan. Xdc dinh phép bién hinh duy nhait
bién hinh S thanh hinh R.R.

e X

L
o
do
&
L
e
|
N s
""'jj""
SRR
e
eabinit i3

Léi gigi. Ta thiy phép bién hinh thoa man yéu
céu d& bai phai 14 phép vi tu. Tir 46 ta cin xac
dinh tim va ti sb ctia phép Vi tu nay.

Chiing ta ¢6 thé nhén thay ting moi canh cua
hinh R bing ba lin méi canh cua hinh S, vi vdy

ti s6 ctia phép vi ty can tim 12 3.

Tam cua phép vi ty 1a diém co6 toa @6 (-4 ; 5)
c6 thé xac dinh nhu hinh vé sau:

A

— x
-0 -8,

Nhign xét. Cac ban sau c6 bai dich tét, giri bai
vé Toa soan som: Tran Vin Qudn, 11 Toan 1,
THPT chuyén Hung Yén, Hung Yén; Phan Lé
Thiic Bao, 10 Toan 1, Phan Thi Minh Chdu, Lé
Thiy Tién, 10 Toan 2, Nguyén Vinh Tri, 11
Toéan 1, Nguyén Thi Khdnh Linh, 11 Toén 2,

THPT chuyén Qudc hoc Hué, Thira Thién
Hué.

HO HAI (Ha Noi)

https: //tletpawgo org
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( III-IIE!I CAcH & Al }
CHO MUT BAI TDAN )
\"‘w....h k:h?::“;j_j"”“ = ,'*_ E—
BAI TOAN 48. Cho ba s6 thyc khéng ém x, y, Z
théa man x+ y+z=1. Chimg minh rang
1,1 1.5
I+x

l+y l+z 2

Khi gdp bdi todn ndy thi dinh huéng dau tién ta
co thé nghi dén la bién déi twong duong dé khir
mau s6, tic d6 ta cé loi gidi sau.

Léi gidgi 1. BDT cin ching minh twong duong véi

2[(1 +y)(1+2)+(1+z)(1+x)+ (1+x)(1 +y):|

<5(1+x)(1+y)(1+2)
S 2(p+yz+2x+2x+2y+22+3)
SS(xyz+xy+yz+zx+x+y+z+l)
<:>2(xy+yz+zx+5)$5(xyz+xy+yz+zx+2)
Wi x+y+z=1)
& Sxyz+3xy+3yz+3zx20 (D).
Vi x, y, z 1a ba sb thuc khong 4m nén bét déng
thire (1) ludn ding.

Ta cilng c6 thé nghi dén viée giit nguyén mét bidy
thirc va thyc hién phép céng hai biéu thirc con lai
& vé trdi bat ddng thirc can churng minh, tir @6 14
co loi gidi sau:

Loi gidi 2. Ta co:

1+I+1=l y+z+2

I+x 1+y l+z l4x yz+y+z4]
1 Y4242
< + vi yz >
I+x y+z+1 (lyz_O)

TOAN HOC
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1 1
1 =l4+—4_——_
=m+1+;:;f l+x 22—y
5
=1+ =3

21x(l-x) 2
(vi tir gia thiét suyra 0 <x<1=> x(1-x)=0).

Ta s& sir dung bat ding thikc Schwarz dé giGi bai
todn ndy. Mudn vdy phai bién doi phit hop vé trg
ciia bét diing thire ¢ dé bai roi méi dp dung, ta ¢
loi giai sau:

Léi gidi 3. BPT cén chimg minh twong duong voi

x+y+zzl(2).
I1+x 1+y 1+z

Ap dung bét dang thirc Schwarz, ta c6:

2 2 2
¥ ok . 2 2x 4 2y + Qz
l+x 1+y l+z x"+x y +y z +z
(x+y+z)2
X+ x+ Y A y+i 4z
et e . 21 ; >1 A3)
I+x 1+y 14z x*+y*+z°+1 2

(vi tir gia thiét suy ra 0 < x,y,z<1
= x(1-x)+y(l-y)+z(1-2)>0
=x* +y? + 7 <1).
Tir (3) suy ra bt ding thire (2) dﬁng.
Don gidn mdu sé cia cée thira 56 & vé tréi bat

ding thirc cdn chitng minh, sau dé d@gt dn phu, ta
6 10i gidi sau:

L Qa4 B = w11, by 4], gzt

Tacd a21,b21,¢21 thoa min g+ b+c=4 vi

bét déng thirc cin ching minh tré thanh:
~plala
a b ¢

Mit khac,

5
P 2(ab +bc + ca) < 5abc (4).

fa ¢ a>1,p>1,¢>1 théa min
at+b+c=4 suyra: (a~1)(B~1)(c-1)20

3abc-—ab—bc—ca+a+b+c—120
:>abc—ab—-bc—ca+320

https://tieulun.hopto.org



25‘:11;,022(ab+bc+ca)-i—3(ab +bc+ca~5
o (a_.l)(b—l)+(b-1)(c-—1)+(c—1)(a—1

;—;~ab+bc+ca—2(a+b+c)+320

) (5)
)20

—ab+bc+caz5 (6).
Tur (5) va (6) suy ra bit ding thic (4) dung,

DUONG VAN SON

(GV THPT Kim Lién, huyén Nam Pan,

tinh Nghé An).

Nhin xét. Ban Nguyén Hing Cuong, xa Nhon My,
TX. An Nhon, Binh Dinh va ban Ddo Quang Anh,
9E, TH, THCS Everest Ha N§i, Ha N@i cling dua ra

mdt so cach giai twong ty nhu nhing 141 gii trén cua

ban Duong Van Son, ngudi gioi thigu d& toan. Xin
hoan nghénh cac ban.

LE MAI (Ha Néi)
M cdo ban giri 101 giai BAI TOAN 50 dudi day
vé Toa soan Tap chi TH&TT trudc ngay
30.6.2021.

BAI TOAN 50. Trong hinh vuéng ABCD vé nua

duong tron duong kinh AD va cung AC voi tdm la

D. Néi D véi diém P bat ky trén cung AC, DP cat

nita dwong tron duong kinh AD o K. Chimg minh
PK béing khodng cdch tir P dén AB.

TRUGNG QUANG AN

(Xdé Nghia Thdng, huyén Tw Nghia, tinh Quang Ngdi)

B T L L LT L T Tansnm——————e SR T L LU L St bbbk

GIAI PAP PO VUI
(Pé ding trén THTT s6 517 thang 7 nam 2020)

7SO CO TONG BANG 2828

D bai. Ban hay dién 7 56
nguyén lién tiép véi tong
bang 2828 vao hinh 1 sao
cho méi s6 nam trong mot
hinh tron va cdc tong ba
s6 thang hang déu bang
nha'u. l:?iét rang 56 nho Hink 1
nhat nam bén trong lam
gidc.
Loi gidi. Goix+11a s6 nguyén nho nhét trong 7
s6 nguyén lién tiép. Xét tong 7 56 d6:
+ 1)+ (x+2)+.. +x+D=Tx 1+2+.47
=Tx + 28 = 2828,
Sy ra x = 400. Ta chuyén vé xét bai todn don
gian hon khi trir di x = 400 o

trong mai hinh tron: dién 7 '~

s nguyén lien tiép tir 1 o
5

dén 7 vao hinh 1 sao cho e
Cé}c tong ba sb thang héng °

d2u bing nhau. Téng 7 s6

nguyén lién tiép tir 1 dén 7 Hinh 2
14 28. Goi tong ba sb thang

\ , = & 3 “ 5 c, d,
hang 14 5, Pit 7 sb trong cac hinh tron 1a @, b

e, g h nhu & hinh 2. Theo gia thiét c6 cac dang
thirc sau:
atb+e=atctg=a+td+h
=h+c+d=etgt+th=s

Céng ba tong dau tién trong cic ding thic néu
trén va st dung cac dang thirc néu trén ta dugce:

a+b+e+ta+ctgta+d+h=3s

=2a+28=3a+2s.

T dds =3avaa+2s =28 suyraa+ 6a =28,
din dén a = 4 va s = 12. Thay a = 4 vio céc déng
thirc trén véi s6 nho nhét 0

bing 1 nam bén trong tam

gidac ta tim dugc nghiém
' '
CO—0—®

nhu ¢ hinh 3. Céng thém

x = 400 vao mdi sb wira

tim ra thi duwgc mét

nghiém cia bai toan. Dbi

chd cap sb (405; 403) va i
cap sb (406; 402) ta dugc nghiém thy hai. Bai
toan co 2 nghiém.

Hoan nghénh ban Phan Thé Anh, 11 Toan, THPT
chuyén Bién Hoa, TP. Phu Ly, Ha Nam cé 11
giai ddy du; cic ban sau tim ra mét nghiém coa
bai toan: Nguyén Ngoc Diép, 7B3, THCS Pom
Lot, h. Dién Bién, Pién Bién; Tran Pai Bdo
Khanh, 12A7, THPT Hai Ba Trung, TP. Hué,
Thira Thién Hué.

VAN KHANH (Ha Ngi)

ss AHPSAAi e?ﬂ@iﬂ@étqg rg




BAI TOAN 56 (Mathematical Excalibur, Vol. 22,
No 3, Feb. 19-Apr. 19). BCED la tir gidc [6i sao

cho BDC= CEB =90° va BE cdt CD tai A. Goi F,

G ldn heot la trung diém cua cdc canh DE, BC. Goi

O la tam dwong tron ngoai tiép tam gidc ABC.
Chimg minh rang AO va FG song song véi nhau.
Loi gidgi. Cdch 1.

Do BDC=CEB=90" nén t gi4c BCED ndi tiép
trong dudng tron tdm G 14 trung diém cua BC,
Do F la trung diém cia DE nén GF L DE (1).

Ta co:

0_ ——
& 180 COA_goo C;)A
=90° — CBE =90° - CDE = 90" — ADE.

Suyra O4 L DE (2).
Tir (1) va (2) suy ra OA // FG.
Cdch 2. Goi R 1a ban kinh duong tron ngoai tiép

tam gidc ABC. Vi BAC > 90° nén BC khéng [

dudng kinh cla dudmg tron nay va D, E nim
ngoai dudng tron nay.

Tacé: EAEB = EO* - R?, DADC=Dp@* _ g2

TOAN HOC
46 ' cTusie__ Sss2r6.20m

_ pO* = EAEB—-DADC
_ EA(EA+AB)~DA(DA+ 4¢)
_ EA* —DA* + EAAB—- D4 4C
_ EA* - DA

Do &6 04 L DE.

Do BDC = CEB =90° nén tir giac BCED ndi tlep

trong dudng tron tim G 13 trung diém cia BC,
Do F 1 trung didm cua DE nén GF' L DE,

Do d6: EO”

Tir d6 ta suy ra OA // FG.
Cdch 3. Qua A dung tiép tuyén At voi dudmg tron

(0). Khi do 14104 (1). Taco:
t4B = ACB (cung chén cung AB) ).

Mit khéc vi BDC = CEB =90° nén ti gisc BCED
ndi tiép trong durong tron tim G 1a trung diém cla

BC. Khi do: DEB = DCB hay DEB = ACB (cling
chén cung BD) (3). Tir (2) va (3) suy ra:

tAB = DEB, do &6 td // DE (4).

Tur (1) va (4) suyra AO L DE (5). Cling vi F la
trung diém ciia DE nén GF L DE (6).

T (5) va (6) ta co OA // FG.

Nhin xér. Cach giai 1 cua Jon Glimms, Hei Chun
Leung va Toshihiro Shimizu (Kawasaki, Japan),
Céch giai 2 1a cua Prithwijit (HBCSE, Mumbai,
India). Cach giai thir 3 1a cia ban Lé Ngé Nhdt Huy,
111A, khu ph 1, phuong 7, TP. Bén Tre, Bén Tre
va cach giai twong tu thudc vé ban Trdn Vin Qudn,
11 Todn 1, THPT chuyén Hung Yén, Hung Yén.
Ban Nguyén Hing Cuong, xi Nhon My, TX. An
Nhon, Binh Pinh cing dua ra mdt cach giai dung
bang phuong phép toa d. Xin hoan nghénh cac ban.

NHU HOANG

Sau ddy 14 bai tip d& nghi. Ban doc hiy giri 101 gidi
vé Toa soan TH&TT trudc ngay 30.6.2021
BAI TAP PE NGHI

BAI TOAN 58, Hinh by gidc déu ABCDEFGH cé
dien tich 1 . Goi m la dién tich ¢iia hinh nr gidc

ACEG. Gid tri crig il

la:
n
A V2 V2 3 W2 22
® 4 B‘ b C. ol D —_— [: —
2 4 5 3
KHANH HU'U (Ha Néi)
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n du dé ham s dat cuc tri.

| clia ban hoc sinh do, ta gia thiét yéu cau ¢
1a: Tim gid tri cia m @é ham sé

(x) = x4+ (m -+ (m+2)x-3m+5

(x)=—4x" +2(m’ —Dx+m+2;
can. Gia st ham s6 flx) dat cuc dai tai

Véim=-2tachd:
f(;) =-x*+11

¢ diing vi da nham 13n vé& didu kién cin va

in hay hon va dé dé nhin thy sai 1am trong

* Ham s6 dat cuc dal tal x= O khvanhikhn
{f (0)=0 qi’{m+2.=-0 @{m=—2

£"(0)<0  |m?-4<0  [-2<m<2
Vay khong c6 gi tri cia m thoa man dau bai. Tuy
nhién ta thiy véi m =2 thi ham s6 dat cuc dai taix =0.
2) Tuyén duong hai ban da phat hién dugc sai 1am
va dua ra 10i giai dang bai nay: Thira Thién Hué:
Nguyén Vinh Tri, 11 Toan 1, THPT chuyén Québe
hoc Hué; Binh Pinh: Nguyén Huy Hoang, 11T,
THPT chuyén Lé Quy Don.

omed.

ha 2 N t‘.[l&n‘i“‘

‘SO PIEM CUCTRI
ST CU.A HAM f(kxbﬁa ) !‘

L iy 2 qf,r“j]!-'lf_i

I

Trong gio To4n thay gido ra dé bai nhu sau:
Bai toan. Cho ham sé f(x) c6 dao ham

1) =+ (x—2)° (x+3)°, Vx e R.
S6 diém cuec tri ctia ham 56 f (|x|) la '

A.5 B.3 L e |
Sau day 1a 1oi giai cua ban Anh:
Dao ham cta ham s6 £ (|x|) 1a:
S'(xD) = (x| +D* (| = 2)° (| +3)*, vx e R.

Ta oo f(h)=0=2ox=42, v f(x)
dbi diu mdi khi x di qua céc gia t!;l x =
=2

D.2,

— Lk



au cua

S

1tai

Trong gi¢ Toédn thay gido ra dé bai nhu sau:
Bai toan. Cho ham so f(x) cé dao ham

f'(x)=(x+D* (x-2)° (x+3)’,Vx e R.

S6 diém cuec tri ciia ham s6  f (‘x]) la

A.5 B. 3 C.1 D. 2.
Sau day 12 101 giai ciia ban Anh:
Pao ham ciia ham s6 £ (|x]) 1a:
'(x)) = (x| + D" (x| = 2)° (x| + 3)°, Vx e R.
Ta co: f'(lxl) =< lx‘ =2&x=22, va f'(lx])
d6i dau mdi khi x di qua cac gid tri x = 2 va
x=-=2.
Vay f(x|) c6 2 diém cuc tri. Chon dap an D.

Theo em, 1oi gidi ciia ban Anh cé ding khong.
Néu khéng, 1o gidi ciia em thé nao!

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bdc Ninh)

TOF&NS H@@ 210170 .org
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TRONG SO NAY
@ panh cho Trung hoc Cosé €D Giai bai ki truée
For Lower Secondary School T1/523, ..., T12/523, L1/523, L.2/523.
Nguyén Anh Tuan — Mot phuong phép chimg Solutions to Previous Problems

minh hai doan thing bing nhau.

@ 1Huong din giai dé thi tuyén sinh vao lop 10 ) Ban dge tim tdi
THPT chuyén Lé Hdng Phong, Nam Dinh, Nguyén Minh Ha — Mot phép chitng minh thuin
uign hoe 2020-2021. tly hinh hoc khéc va ngin gon dinh 1i Lemoine.

D o thi chon hoc sinh gisi 16p 9 thanh phé Hb
Chi Minh, nim hoc 2020-2021.

Q Ban cé biét Nguyén Tai chung — V& mot 16p phuong trinh

Phuong phép giai toan

Hoang Pirc Tan - Thuéc Golomb va cac vin ham.

dé lién quan. @ .
Tiéng Anh qua céc bai toan — Baj sé
@ To4n hoc va dai sdng 1 toan — Baij s6 68

Lé Ho Quy — Mot sb tmg dung cia dao ham Bai dich s6 65.

trong thyc tién.
0 Pé ra ky nay

T1/527, ..., T12/527, L1/527, L2/527. @ Du lich thé giéi qua cac bai todn hay

Problem in This Issue

@ Nhidu cich gisi cho mét bai toan

o Sai 14m & dau?

Bién tdp: LE MAIL, NHU HOANG Mithugr, QUOCHIED

T su, pht hanh: HOANG THI KIM PHUQNG, TRAN THI MINH HIEN Th&ﬁ@&/,/ﬂ@lm:ﬂg ptO .0rg
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N Teiv BACRY
B HE THUC
00 YA LUONG O
0 TN GIAC

¢' Jung co ban cua cubn

1 dua trén két qua: Céc

yid t6 ciua tam gidc (ba

, ba « rong cao, ban kinh cua

ba dudmg  on bang tiép, cc ham s6
lugng gidc -1a ba goc,...) co thé dwge
coi la ba +ghi¢m cua mot phuong
trinh bdc  voi cac hé sb phu thudc
vio ba y¢ 16 co ban 13 p, R, r; trong
d6 p 1a nu - chu vi, con R va r tuong

img 14 bén kinh duong tron ngoai tiép
va ndi tiép tam gide. Tir d6, theo tinh
cht nghi¢m cia phuong trinh béc ba

v vin dung ¢de bat dang thic quen
LhuQC sach trip l bay .',. 600 he
thire ¢6 lién quand@én cac yéu t hinh

hoc va lu'o'ng gractrong tam gnic

Sach dﬁv 448 trang, kh& 1sx24cm,'gié bla 80.000 dong.
trinh vA him 56 bic ba) véi Hinh hoe:

va Liugng gide (cac h¢ thire trong tam
gidc). Pay chinh 1a diém mai va khac

bigt cua cudn sach ndy so véi cdc -

sdch da c6 vé h¢ thirc trong tam gide.
Cudn séch gdm nam chuong.
Chuwong 1 tip hop nhimg kién thic
co ban vé tam gide va cac cong thu'c
luong gide, cac bat dang thic dai s6
quan trong ¢an thiét cho cic chuong
sau.

Chuong 2 trinh bdy cic tinh chat
cua ham sé va phucmg trinh béc ba,
trong d6 dic biét luu y dén tinh chét
nghiém cua phuong trinh bac ba.

Chuong 3 va Chuong 4 chira rang,
céc yéu td hinh hoc va lugng gidc cua
tam gidc (canh, duong cao, ban kinh
dudng tron bang tlcp, sin, cOsin cua
céc goc, ...) chinh la nghiém cua cac
phuong trinh bdc ba véi cac hé sb
chira ba yeu to co ban cua tam giac
(taclabayeu tép, R, r). Vanhu la cic
hé qua, nho sir dung tinh chat nghiém
cua phuong trinh bac ba va cac bit
dang thic dai s6 nhu bit ding thic

Cauchy, bat ding thic Bunyakovsky,: :

bat ding thic Sch :
gia da dua ra va chin g inh kh
600 hé thire hinh hoc va

Ngoai {céc bﬁt
cbn it duge pho bién
fai hoe, thi hoc sinh
ciia cde nude, nhiéu h
va lugng gidc quen biet trong tam
gide ciing duge chimg minh lai trong
Chuorng 3 va Chuong 4 theo cach
md&i, dua trén tinh chat nghiém cua
phuong trinh bac ba, ma it dung dén
cach bién ddi lugng giac hodc nhing
cach chimg minh théng thudng.
Chwong 5 (Phu luc) tap hop mét s
muc dudi dang cac chuyén dé lién
quan dén phuong phap phuong trinh
bac ba chimg minh céc hé¢ thic trong
tam giéc

Ciing can hwu ¥ thém rang, tir cac hé
thirc néu trong cudn sich nay, ta c6
thé suy ra kha nhiéu hé thic khéc
nita, chua dugc khai thac trong cuén
sach. Dy 1a mot goi ¥ tét dé ban doc
¢6 thé tim cach chimg minh méi cho
cac hé thirc ct hodc tim "'@éc hethuc
méi. Ngoai ra, ca
haic Cil hlén hu
con ¢6 thé gitip
vigo thiét ke céc






