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Bai toan bdi chung (BC), bdi chung nho nhit
(BCNN) cua céac sb ty nhién dugc hoc sinh hoc &
16p 6, nhung dugc ng dung rit nhieu trong thye
t& vé quy luat cac s6 ti nhién. Bai viét nay dua ra
mot sb tng dung cia cia BC, BCNN trong giai
toan va trong thuc té. Dé bt diu ching ta nhic lai
mot vai kién thirc ban

1. ¥éi x,a,b,ceN théa man xia,xib,xic thi
x:BCNN(a,b,c), ki hiéu BCNN(a,b) 1a [a,b].
2. V6i a,beN 1thi ab=(ab)[ab], ki hitu
UCLN(a,b) la (a,b).

3. Véi a,b,meN’ thi [am,bm]zm.[a,'b].

I. VAN DUNG BOI CHUNG, BOI CHUNG
NHO NHAT PE TiM CAC SO _
Bai 1.1. M6t 56 tir nhién chia cho 4 du 3, chia cho
17 du 9, chia cho 19 du 13. Héi 56 d6 chia cho
1292 dir bao nhiéu? :

Léi gigi. Cdch 1. Goi x 14 sb ty nhién cin tim,
xeN", Tacé:
x=4a+3=17b+9=19c+13,(a,b,ceN').

b+2

T 4a+3=17+9=>a=4b+1+ eN’

=b+24b=4k-2, keN.
Suyra a=4.(4k-2)+1+k=17k-7 (1).

Tu 4a+3=19c+l3::»a:50+3—c+;1 =,

=c+2id4=>c=4-2,teN,
Suyra: a=5.(4¢-2)+3-t=1%-7 (2).
T (1) va (2), suy ra:

17k =7=19-T7=k=19n,t=1Tn,neN". -
Do d6: x=4a+3=4(17k—7)+3=68k—25
= 68.19n —25=1292n - 25
=1292n-25=1292(n-1)+1292-25
=1292(n—1)+1267, (neN').
Vay sb tu nhién di cho chia cho 1292 du 1267.
Céch 2. Goi x la s tw nhién can tim, xe N'.
Suyra: x-3i4=>x-3+284= x+254
x—-9117 = x-19+34}17 = x+25:17;
x—=13119= x—-13+38:19= x+25:19.
Do d6: x+25:BCNN(4,17,19),
BCNN(4,17,19) =4.17.19=1292.
Suyra: x+25'1292 = x+25=1292k
=x=1292k-25keN .
Suyra: x=1292(k-1)+1292-25
=1292(k-1)+1267,keN".
Vay s6 tw nhién d4 cho chia cho 1292 du 1267.
Céach 3. Goi x 1a sb tw nhién cin tim, xe N".
Taco: x=4a+3=323x=1292a+969, a e N (1);
x=17b+9=76x=1292b+684,beN (2);
x=19c+13=>68x=1292c +884, ce N (3).
T (1), (2) va (3) suy ra:
76x.15 - 68x.12 —-323x = 1292 k —1317
= x=1292.(k-2)+1267, keN".
Viy sé tu nhién da cho chia cho 1292 du 1267.
Nhin xeét. Cach 1 st dung phuongy phap gii
phuong trinh nghi¢ém nguyén. Ché khé nhét trong
cach 3 1a két hop ca (1), (2) va (3) dé tim duoc 56
du cia x cho 1292, Cach 2 dya vao tim BCNN
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a giai bai toan. Trong ba cach gii thi céch 2 dva
vao BCNN nhanh va gon hon.
Bai 1.2. a) Tim 56 tu nhién Ién nhdt ¢6 ba chir s6.
Biét rang khi chia sé do cho 3 thi dw 1, chia cho 4
thi du 2, chia cho 6 thi du 4, chia cho 7 thi duw 5,
chia cho 8 thi du 6.
b) Tim s6 tw nhién khac 0 nho nhat, 1ém nhdt cé 4
chir s6. Biét rang khi chia s6 dé cho 30 duw 17,
chia cho 40 dw 27 va chia cho 50 dur 37.
Loi gidgi. a) Goi sb tr nhién cin tim 1a x,
(xeN'). Ta co:
(x+2)13, (x+2):4, (x+2):6, (x +2):7, (x+2):8.
Suyra: x+2:BCNN(3,4,6,7,8), x+2> 2.

Suyra: x+2i168 <> x=168k-2,keN".
Ta co: 100 < x <1000 =100 <168k —2 <1000

2, 1002 17 . .27
168~ 168 28 28

Do keN nén ke{l;2;3;4;5). Pé x lén nhat
thi k= 5. Khi d6: x =168.5-2=838.

Vay s6 tw nhién 16n nhét thda man bai toan 1a 838.
b) Goi s ty nhién cin tim la x, (xe N').

Ta c6: (x+13):30, (x+13)40, (x +13):50.

Suy ra: (x+13)5BCNN(30,40,50);
BCNN(30,40,50) = 600. Do d6: (x+13):600

= x+13=600k <> x = 600k —13, ke N". Ta co:

1000 < x < 10000 => 1000 < 600k —13 < 10000

o138 crael,
600 600

Do kN’ nén ke{2;3;..;16}.

+ P& x 1a sb nho nhét c6 4 chir sb thi & = 2. Khi
d6: x=600.2-13=1187, thoa man & bai. Viy
s6 t nhién c6 4 chir s6 nhé nhét cin tim 13 1187.
+Dé x 12 sb 16n nhét c6 4 chit sb thi k= 16. Khi
d6: x =600.16—13=9587, thoa man dé bai. Vay
s& tr nhién c6 4 chit s 16n nhit cin tim 12 9587.
Nhgn xét. Trong cach giai phan b), do x = 600k —13
nén x nho nhét (16n nhét) <> & nhé nhit (16n nhét).
Do d6 ta da chon k=2 va k=16, Néu lin luot cho &
=2,3, ..., 16 rdi tinh x twong g, sau d6 chon k img
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véi x nho nhat, 16n nhét thi cling dwoc két qua nhung
161 giai s& dai hon.

Bai 1.3. a) Tim s6 tw nhién nho nhét, lom nhit
trong khoang ti 1000 dén 2000. Biét rang 56 do 1
chia hét cho 3, chia cho 5 du 1, chia cho 7 du 5.
b) Tlm 56 tu' nhién nho nhét, lom nhdt co 4 chiv 56. é
Biét rang sé do chia cho 30, cho 36, cho 40 ¢6 56 |
dur theo thir tir la 7, 13, 17.
Loi gigi. a) Goi sb ty nhién cén tim Ia |
x,(xeN,1000< x < 2000). Ta cé:
x3=>x+9:3;
x—115=>x—1+10:5=>x+9:5;
x=5T=>x-5+147=>x+9:7.
Do dé: x+9BCNN(3,5,7),BCNN(3,5,7) =105.
Suy ra: x+9105 = x+9 =105k = x =105k -9,
k eN. Ta co: 1000 < x <2000

64
00 9—~—<k<19
= 1000 <105k -9 < 2000 < 105 5

Do keN nén ke{l0;15..519}. Dé x la sb tr 3
nhién nho nhét thi & =10. Khi d6: f;
x=105.10—9 =1041, thoa man §¢ bai.
Vay sb tw nhién nho nhét cin tim 1a: 1041. 3
P& x 14 s6 tu nhién 1én nhit k£ =19. Khi do: '
x=105.19-9=1986, thoa mén dé bai.
Vay sb ty nhién 16m nhit can tim 1a: 1986.
b) Goi s0O ftr nhién cin tim 1
x, (x € N,1000 < x <10000). Ta cé:
x—=7:30=> x—7+30:30 = x+23:30;
x—13136 = x —13+ 36136 = x + 23:36;
x—17:40 = x —17 + 40:40 = x + 23:40.
Do d6: x+23:BCNN(30,36,40), x +23:360. |
Suy ra; x +23 =360k = x =360k - 23,k N". |
Ta cé; 1000 < x <10000

s AP N i s

=>10005360]c—-23<10000®2%sk<27%.

Do ke N’ nén ke{3;4..527}. /
Dé x I3 sb nho nhét c6 4 chir s6 thi k =3. Khi do: !
x =360.3-23=> x=1057, thoa mén dé bai. Vay
s tr nhién c6 4 chir s nho nhét can tim 14 1057.

—
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Pé x la sb 16n nhét c6 4 chir s thi k = 27. Khi
dé: x=360.27 - 23 = x =9697, théa man dé bai.
Vay sb tu nhién c6 4 chix sb 16n nhit can tim 1
9697. -

Bai 1.4. Tim sé tu nhién nho nhat, 1én nhdt c6 3
chir s6. Biét rang sé dé chia cho 3, cho 5, cho 7
duoc s6 du thirtw la 2, 3, 4.

Léi gigi, Cach 1. Goi sb tw nhién cén tim Ia
X, (xeN,100$x<1000). Ta co:

x=3a+2,aeN=2x=6a+4, nén 2x chia cho

3dul;

x=5b+3,beN=2x=10b+6, nén 2x chia cho
5dul;

x=7c+4,ceN=>2x=14c+8, nén 2x chia
cho 7 du 1.

Do d 2x—1:BCNN(3,5,7) = 2x—1:105. Suy ra:
2x-1=105k < 2x =105k +1, ke N.

Ta cé: 100 < x <1000 = 200 <105k +1 < 2000

LY PPN )

105 105

Do keN", klénén ke{3;5 7..;19}.
Pé x 1a sé nho nhit c6 3 chir s thi k=3. Khi
d6: 2x =105.3+1<> x =158, thoa man dé bai.
Vay sb ¢6 3 chit s6 nho nhét cin tim 13 158.
D& x 13 sb 16n nhit co 3 chir sé khi d6 k = 19.
Khi d6: 2x=105.19+1<> x =998, thoa min dé
bai. Vay sé c6 3 chi s6 16n nhét can tim 13 998,
Céch 2. Goi sb tr nhién
x, (x€N,100 < x <1000). Tacé:

¢in tim la

x=3a+2, aeN=x+52=3a+543;

x=5b+3 beN=>x+52=5b+55:5

x=Tc+4, ce N=x+52=105¢+56:7.
Suy ra: x+52:BCNN(3,5,7) = x+52:105.
Do d6: x=105k-52, ke N.

Ta c6: 100 < x <1000 =>100 <105k —52 <1000

= 1£sk<1oi.
105 105

Do keN nén ke{2;3;..;10}.

Pé x 1a s6 nho nhét c6 3 chir sé thi k =2. Khi
d6: x=105.2—-52 =158, thoa man & bai. Vay sb
c6 3 chir s6 nho nhat can tim 1a 158.

Pé x 1a s6 16n nhit c6 3 chir s6 thi £=10. Khi
do: x=105.10-52 =998, thoa min dé bai. Viy
s co 3 chit sb 16n nhit can tim 1a 998.

Nhgn xét. Trong cach 1), do 2x=105k+1 nén k
phai la sé 1¢. Néu khong chi y dén diéu ndy ma ldy
ca k chin thi x c6 thé khong nguyén (ching han véi
=2

Bai 1.5. Cho 4 s6 tur nhién lién tiép khac 0 ld
x,x+1,x+2,x+3. Biét ring x:5,x+1:7,x+2:9,
x+311. Tim 4 sé tuw nhién lién tié}) trén déu
trong khodng tir 8000 d@én 10000.
Léi gidi. Goi 4 sb ty nhién lién tiép 1a
x,x+1,x+2,x+3, (x = N'). Taco:

X5 2x:5=2x-5:5;,
x+117=2x+27=>2x+2-717T=2x-5:T,
X+29=2x+49=2x+4-9:9=2x-5:9;
x+311=2x+611=>2x+6-11:11=>2x-5:11.
Do d6: 2x—5:BCNN(5,7,9,11) = 2x — 5:3465

<> 2x=3465k +5,ke N, k1é.
Ta c6: 8000 < x <10000 < 16000 < 2x < 20000

= 16000 < 3465k + 5 < 20000

<:>4ﬂ<k<5ﬁ$k=5. Suy ra: 2x=3465.5+5
99 231

— x=8665. Khi d6 4 sb ty nhién lién tiép la:

8665; 8666; 8667; 8668, thoa man dé bai. Viy

bén sé cin tim 13: 8665; 8666; 8667; 8668.

Bai 1.6. Tim s6 tur nhién nho nhat cé 4 chir sé dau
tién la 2003 ma né dong thoi chia hét cho 18; 24;
42.

Léi gidi. Goi s6 tr nhién nho nhat cin tim 1a x,
xeN'". Taco: x'18,x:24,x:42.

Suy ra: x:BCNN(18,24,42) = x:504.

+ Néu x c6 dang 2003a, a 1a mot chit sb thi tir
x=20030+a=(39.504+374+a):504 tacé:
(374 +a):504, nhung 374 <374+ a <384,vd li.
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+Néu x ¢ dang M, véi a, b 14 céc chit sb

thi tir x=200300+5=(397.504+212+EB)3504 ta

co: 212+ab504, nhung 212<212+gb <312,

vo li.

+Néu x ¢o dang ME, voi a,b,c la cac chir

s thi tir x =2003000+ abc
=(3974.504+104+a_bc')5504 ta co:

104 + abc:504. Nhung104 <104+ abc <1104 nén
104+ abc e {504;1008}. Suy ra abc & {400,904},
Dé xnho nhit thi abcnho nhit vi abe =400.
Viy s6 nho nhét can tim 1a 2003400.

Bai 1.7. Tim s6 tw nhién nho nhdt chia hét cho 41
va khi chia s6 d6 cho 8, 10, 15, 20 thi dugc cdc 56
duthirtwias,7,12,17.

Léi gidi. Goi s6 ty nhién cin tim 13 x, xe N’

Ta cé: x +3 chia hét cho 8, 10, 15, 20; x:41.

Suy ra: x+3:BCNN(8,10,15,20) = x +3:120

= x+3=120k<= x=120k-3, keN".

Vi xi4l=>x=41z,teN". Suyra:

C120k-3 . 3(k+1)

Yt L =N,
41

Suyra: k+1i41=>k=4lm-1, meN"

Do d6: x=120.(41m—1)—3=4920m—123.

Pé x nho nhitthi m = 1. Khi dé:

x = 4920.1-123 = 4797. Vay s6 tu nhién nhé nht

cAn tim 13 4797.

120k -3=4lt ¢

Bai 1.8. Cho ba tdp hop:

A= {1;4;7;10;...;2023} ,B= {1;5;9;13;...;202 1}, .
C ={1;6;11;16;...;2021}. Tim tdp hop X gom cdc
phan tir thuéc ca ba tdp hop trén. Tinh tong cdc
phdn tir cia tdp hop X.

Léi gidgi. Goi xe X la phan ti thude ca ba tap
hop 4,B,C,v6i xe N, 1<x<2021.

Tacoé: xed=>x=3m+1,meN. Suyra xchia
cho3dul.

TOAN HOC
4 *clusife

S6 526(4-2021)

xeB=x=4n+LneN Suyra x chiacho4 dur 1.

xeC=>x=5t+1,teN Suyra x chiacho 5 dur 1.

Do d6 x—1 chia hét cho 3, cho 4, cho 5. Suy ra

x~1§BCNN(3,4,5):>x—1560::>x=60k+1,keN.
Vi 1<x<2021 nén 1<60k+1<2021

:>0$ks33-§-:>05k533. Vay tap hop

X ={1;65;121;18;..;1981}. Tép hop X co:
(1981-1): 60 +1=34 (phin tir). Tong céc phén tir
cua tip hop X bing: (1981+1).34:2=33694.
I. QUAN HE GIUA BOI CHUNG NHO
NHAT VA UGC CHUNG LON NHAT
Bai 2.1. a) Tim BCNN(n,n+1Ln+2) véi neN
b) 7im BCNN(2020,2021,2022);
BCNN(2021,2022,2023).
Loi gigi. a) Ki higu: (a,b)=UCLN(a,b),
[2,b]= BCNN(a,b). Ta c6: UCLN(n,n+1)=1.
Suyra BCNN(n,n+1)=n(n+1). Tacé :
[n,n+1,n+2]:[[n,n+l],n+2]:[n(n+1),n+2].
n(n+1)(n+2)
(n(n+1),n+2)'
n(n+1)id
n+2:d

Suy ra: A:[n(n+1),n+2]=
Goi deU’C(n(n+1),n+2):>{

*+nid
ﬁ{;:;;d' Suy ra: (n2+2n)-(n2+n)5d:>n5d,

ma n+25d:>n+2—n5d:>23d:de{l;2}.
+Neu n lasb1ethi d=1=> d=n(n+1)(n+2).

+Néu n 14 sb chin thi d=2:>A=n—(}-?—+—1:)Z£E£).
b) Ap dung phén a) cé:
BCNN(2020,2021,2022)=2020.2021.2022:2
=4127326620.
BCNN(2021,2022,2023):2021.2022.2023
=8266912626.

Nhgn xét. Loi gidi cau a) d3 dwa vao tinh chit

[0,6].(a,6)=ab, 1a mbi quan bhé gira BCNN va
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UCLN. Ti két qua cia ciu a) ta d3 giai duoc phén
b) nhanh gon.
Bai2.2.a) Cho 4= 11994 B =153923,C =129935.

Tim BCNN(4, B, C).
b) Cho A=118932; B =157993;C =38743. Tim

BCNN(4, B, C).
Lo gidi. a) Cach 1. Ta cb: A=1999.2.3;
B=19997.11; C=1999.5.13.
Do d6: BCNN(4, B, C) = 1999.2.3.5.7.11.13
— 60029970,

Céch 2. Taco: D=UCLN(4,B)=1999;

AB
UCLN(4, B)

UCLN(E,C) =1999. Do dé:

E=BCNN(4,B)=

=923538;

EC

BCNN(4, ,C) =BCNN(E,C)= = JONGE.O)

___923538.129935
1999

b) Céch 1. Ta co: 4 =2"3.11.17.53;
B=11.53.271; C=53.1743.
Do d6: BCNN(4, B, C) = 271.53.43.17.11.3.2%
= 1385914596.
Céch 2. Tac6: D=UCLN(4,B)=583.

AB
4E)= UCLN(4,B)
UCLN(E,C)=901. Do d6:
BCNN( 4,B,C) =BCNN(E, C) =
___ECc 32230 572.38743

UCLN(E,C) 901
Nhin xét. Cach giai 1 nghn va don gian hon nhung
cach gidi 2 cho ta cich khac 48 giai bai toan, 46 1a
dua vao tinh chét [a,b]. (a,b)=ab va dua ra mét

cach tim BCNN cua nhidu sb, trudc tién ta tim
BCNN cia hai s6, sau d6 ta tim BCNN cua ba s,

=60029970.

E =BCNN( =32230572;

=1385914596.

Bai 2.3. Cho a =123456789,b= 987654321. Tim
56 du ctia phép chia [a,B] cho 11.

Loi gidgi. Ta c6: b-8a=9=>b=8a+9. Do do
(a,b)=(2,8a+9)=(a,9). Ma a chia hét cho 9,

suy ra (2,9)=9. Ta co:

ab=[a,b].(a,b)=> ab=[a,b].9 = [a,b] = %.b.

Tacd 59’-:13717421,suyra: [a,6]=13717421.5.

Lai co: 13717421=11k +3,6=987654321=11g +5,

k,qeN. Suyra: [a,b]=13717421.b
=(11k+3)(llq+5):11n+4,(neN).

Viy [a,b] chia cho 11 du 4.

Nhdn xét. Trong 161 giai trén ta d st dung cic chat:

(b,bg+7) =(b,r) va [a,b].(a,b) ab.

Bai 2.4. a) Tim 2 56 ty nhién a,b biét ab=151840

va [a,b]=1440.

b) Tim 2 s6 tw nhién a,b biét [a,b]+(a,b) =22

¢) Tim 2 s6 tw nhién a,b biét (a,b)=10 va

[a,b] = 600.

Loi gidi. a) Ta c6: [a,b].(a,b) =

::>1440.(a,b)=51840:>(a,b)=36. Suy ra:

2=36a"b=236b' véi (a'b)=1, a'b'eN".

Do vai trd cua a, b trong bai toan 14 nhu nhau nén

khong mat tinh tong quat ta gid st a<b, suyra

2'<b'. T ab=51840=>36a'36b'=51840

— a'h'=40=1.40="5.8. Ta c6 céc truong hop:

P a'=1 a=36.1 a=36
— = :
p'=40 |b=3640 - |b=1440
. ja'=3 a=36.5 a=180
=5 = :
b'=8 |b=368 [b=288
Vay céc cip (a,b) la: (36;1440), (180;288) va
chc hoan vi. ‘
b) Goi d=(a,b):>a-—-da',b:db',(a’,b'):l,
a'b'eN'. Nhu cdu a), gid st a'<b'. Suy ra:
[a,b]=[da’,db|=d[a'b]=da'’, deN.
Tir & bai ta cb: da'b'+d =22=>d(a'b'+1)=22.
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Suyra 4 13 udc cua 22 va a'b':gdz_ .

Suy ra d €{1;2;11;22}, a'b'=%2——l, (a'<d").
+V6i d =1 thi a'b'=21=(a',b") e{(1;21),(3;7)}
:>(a,b)e{(1;21),(3;7)}.

+Véi d =2 thi a'b'=10=>(a'b") €{(1;10),(2;5))
= (a,b) ={(2;20),(4;10)}.

+Vai d=11,thi a'b'=1=>(a',b')=(1;1)

= (a,b)=(11511).

+V6i d=22,thi a'b'=0, loai.

Viy cac cdp (a,b) 1a:
(1,21),(3;7),(2;20),(4;10),(11;11) va céc hoan vi.
¢) Tx (a,b)=10, suy ra a=10a',b=10b", véi
(a',b') =1,a'b'e N". Nhu cdu a), gia sir a' <b".
Do ab=[a,b].(a,b) nén 10a'.106'=600.10=>a'd' = 60.
Suy ra cac cap (a',b') 1a: (1;,60),(3;20),(4;15),
(5;12). Vay céc cap (a,b) la: (10;600),(30;200),
(40;150),(50;120) va cac hoan vi.

Bai 2.5. Cho a,b,c la cdc s6 nguyén t6 Ié khdc

nhau timg doi mot.

1 1 TS K S,
[a,b]+[b,c]+[c,a]s7 (ki hiéu
[a,6]= BCNN(a,b)).
Loi gigi. T a,b,c 1a céc sb nguyén 5 1é khac
nhau timg 46i mot, gia st a<b<c Ta cb
3<5<7<1l<..,suyra
[3,5]<[3.7]<[57] <
1 1 1 S |
U [a}b] * [6.¢] " [c.a] < [3,5] ¥ 5,7] ¥ [7.3]
1
. 7

Chung minh:

[
Y
5 57 73
1 1 1 7 3 5 1
= + + < + + =—,

[a,6] [b.c] [c,a] 357 3.57 357 7
Nhdn xét. Tuong tu bai toan trén, ta c6 bai todn:
Cho a,b,c la cic sé nguyén t6 khic nhau tirng

TOAN HOC
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1 1 1 1
e - r N . S_
dci mot. Chung minh: [a,b]+[b,c] +[c,a] 3

(ki hiéu [a,b]= BCNN(a,b)).

Bai 2.6. Viét sé 72 thanh téng hai s6 ma BCNN

cua ching cé gia tri lon nhat.

Léi gidi. Ta c6: 72=36+36=35+37=34+38
=...=2+70=1+71

Ta cé: [36,36] = 36; [35,37] =35.37; [34,38] < 34.38;

-[2,70]) < 2.70;[1,71] = 71.

Nhin xét: Néu b>a 21v6i a,beN thi
(a-1)(b+1)=a(b+1)—(b+1)=ab+a-b-1
=ab+(a-b)-1<ab.

Vay ab>(a-1)(b+1). Do dé:
35.37>34.38>33.39> ....>2.70 > 1.71.
Vay [35,37]=35.37=1295 14 16n nhét.

1. UNG DUNG BOI CHUNG NHO NHAT
GIAI BAI TOAN PHAN SO

Bai 3.1. Tim 56 tw nhién lén nhét cé6 ba chir s6 sao
cho s6 do bdang méi tong a+b,c+d,e+ [ va

0 :
L3¢ o 10 f-=--7-- (a,b,c,d,e,geN).

a
b 49°d 143°g 13
Lo gidi, Tagby 2a=u?
b 49 7
keN'. Suyra: a+b=12k.
c 130 10 . .
Z=§§=ﬁ nén ¢=10t,d =11t,teN'. Suy ra
c+d=21.

e 7

g 13
e+ g=20n.

nén a=>5k,b="7k,

nén e=7ng=13n,neN". Suy ra
Goi sb c6 ba chit sb cén tim la 1’)72 thi
E=12k=21t =20n. Suy ra -x}; chia hét cho
12,21, 20. Do d6: xyz:BCNN(12,21,20) = xyz:420.
Suy ra xyz e {420;840}. Do 6 sb c6 ba chir sb
16m nhét cin tim 1a 840.
BAi 3.2. Cho cée phan s6 >, 3% 2 Tim ba phan
8°20°15

£ r . \ X 2 -
56 (c6 tir va mdu ld s6 nguyén duong) theo thir tu
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bang ba phan so trén sao cho hiéu cia mdu va tie
cua moi phan 56 ndy déu bang nhau va hiéu dé cé
gid trj nho nhdt.

Loi gidi. Goi ba phan s6 can tim 14

a_s ""__1_1_ e_4 (abc,degEZ")

b 8d 200g 15
Suy ra: a =5k, b=8k; c=11t,d =20t, e=4n,
g=15n (k,t,neN'). Ta cé:

x=8k—5k=20t-11t=15n—4n
=x=3k=9%=1ln
Suyra x chia hétcho 3,9, 11. Do dé:
x=BCNN(3,9,11)=99 = k=33,¢=11,n=9.
Viy céc phén s can tim la:
a_533_165 ¢ _1111_121 e _49 _36
b 833 264°d 2011 220°g 159 135

Bai 3.3. Tim s6 tw nhién a khdc 0 nho nhét sao

cho khi nhéan a lan leot véi —5— 10 Z4 ,—, la duoc
12°21°90
céc tich 1a céc sé tyr nhién.
5 . 10 24
Loigigi. Taco: a—eN, eN,a=—eN’,
& RV TR

Suyra: 5412, md (5,12)=1 nén 412,

10a:21, ma (10,21)=1 nén a:2];
2442190 = 44:15, ma (4,15)=1 nén 4’15,

Do d6 a‘l2,a:21,a:15. D& a nhé nhét thi
a=BCNN(12,21,15)=420. Vay sé ty nhién a

khéc 0 nhé nhat 1a 420.

Bai 3.4. Tim phdn sé lom nhat sao cho khi chia

« 28 21 49
cdc phin s0 —;,—;—

cho no ta déu &
15°10 84 “i8 dupe

thirong la cdc 56 tu nhién.
phan s6 can tim 13
28y

Goi
28 x

Z xy)=Lx,yeN. Taco: =.% eNo—¢eN.
y 15y 15x

Lot gidi.

Suyra 28y:15x, mi (28,15)=1 nén 28:x,y:15.
—eNo —= 2y
10 y 10x
(2,10)=1 nén 21ix, y:10.

eN. Suy ra 21y:10x, ma

Y eN. Suy ra 7y:12x, ma

(3
84 y 12x
(7,12) =1 nén 7:x,y:12.
Suy ra cc s6 28; 21; 7 chia hét cho x, ddng thoi
y chia hét cho cac s 15; 10; 12.

Phan sb = 16n nhét khi x 16n nhét va y nhé
y

nhit. Do d6 x=UCLN(282L7) va
y=BCNN(15,10,12) = x=7,y = 60.

4 l‘n ) b1 7
Viy phén s 16n nhat can tim la: —.

60
Bai 3.5. Tim cdc s6 tuw nhién nho nhat a,b,c,d
a 3 b 12 [ 6
ic 0 sao cho — = =—
khac 0 sao cho b s kT

Léi gigi. T g—=§ suy ra a=3k,b=5k, keN'.
T 2=1—21=g suy ra b=4n,c=Tn,neN".
c

Tir g0 suyra c=6m,d=11lm,meN".

Dodé: b=Sk=4n=n:5; c=Tn=6m=>n:6

Suy ra n:BCNN(5,6) = ni30. Dé a,b,c,d 14 sb

tw nhién nho nhit khac 0 thin phai nhé nhit. Do

d6 n=30. Suyra: b=5k=4.30=120,k =24.
c=6m=7Tn=730=210,m =35.

Do d6: a=3.24=72,d =11.35=385.

Viy céc sé a,b,c,d nho nhat la:
a=72,b=120,c=210,d =385.
IV._UN‘G DUNG BQI CHUNG NHO NHAT

GIAI BAI TOAN THUC TE

Bai 4.1. 86 hoc sinh clia mét truong trong khoang
tir 2400 dén 2500, néu xép hang 3 thi duw 2, xép
hang 5 thi dir 1, xép hang 7 thi due 3. Tinh s6 hoc
sinh cua truong.

Loi gidgi. Cdch 1. Goi s6 hoc sinh cia trudmg 13 n

(hoc sinh), 2400<n<2500,neN". Ta c6:

n=3x+2,xeN = n+4=3x+6=n+4:3.

ss sdal{5{/tieTRANIRR0 o1




n=5y+l,yeN =>n+4=5y+5=,+4:5.

n=7z+3,zeN =>n+4=T7z2+7=n+4:7,

Do d6: n+4:BCNN(3,5,7) |
=>n+4:105=>n+4=105k,keN".

n=105k -4, ma 2400 <n <2500

= 2400 <105k — 4<2500<:>222—<k 23— 8
105 105

Suy ra:

Suyra k=23.Dod6 n=105.23—-4=2411, thoa
mén dé bai. Vay s hoc sinh cia truomg 1a 2411
(hoc sinh),

Cich 2. Goi s6 hoc sinh cia trudng 13 » (hoc

sinh), 2400 < n<2500,n e N". Ta co:
n=3x+2, xeN =70n=210x+140 (1).
n=5y+1, yeN =2ln=105y+21 (2).
n=7z+3,zeN =15n=105z+45 (3).
Cong (1), (2), (3), ta duoc:

Loi gidi. Goi tubi clia ngudi bd 14 4,
(AeN‘,10<A<100). Ta co:
A-232 A4-2+3:3> A+1:3;
A-56=>A-5+6:6=>A+1:6;
A+8 7= A+1+7:7=> A+1:7.
Do dé: A+1:BCNN(3,6,7)=> A+1:42 (1).
Tacod: A-32=>A4-1-212=>A4-1:2;
A-54= A-1-44= A-1i4;
A-65=> A-1-5:5=> A-1:5;
A+78=> A+7-8:8=> 4-18.
Do dé A-1:BCNN(2,4,5,8)=> A—1:40 (2).
Tir (1) va (2) suy ra:
A+1€{42:84,126;..} = A e {41;83;125;...} (3);
A-1€{40;80;120;..} = A € {41;81;121,...} (4).
Tu (3) va (4) suy ra: {1‘=41. ’
Vay tudi cua ngudi bd 1a 41 tudi.

Nhén xét. Trong chch giai trén, tr gia thiét ta da
thém bét cac s6 hop li ¢é tim dugc hai BCNN cuia
cac s6. Can cir vao hai day sé, ta tinh duoc tudi cua

106n =206 +105¢, t e N = 1057 + n = 206 +105¢
= n=206+105k, ke N. Taco:

2400 < n < 2500 = 2400 < 206 + 105k < 2500
2024 cre< 382
105 105
Suy ra k=21. Do d6 n=206+10521=2411,
théa man dé bai. Vay sb hoc sinh cua trudng 13
2411 (hoc sinh).
Nhin xét. Trong cach giai 1) ta 1y sé cin tim thém,
bt véi sé phi hop dé dua vé bai toan tim BCNN
cia cic s6. Trong cach giai 2) dua vio
BCNN(3,5,7)=105 ta ldy sb cén tim nhan véi s
phit hop. Tir (1), (2) va (3) ta tim duge sé cin tim.

Bai 4.2. Khi dugc con trai hoi tudi cua minh, ong
b6 (la thdy gido todn) néi: Tuéi b6 la s6 tw nhién
o cdc dic diém sau:

+ Pem 56 d6 tric di 2 thi duoc sé chia hét 3, dem
56 d6 trir 3 thi dwoc s chia hét cho 2, dem 6 d6
trir 6 thi du-oc 56 chia hét cho 5.

+ Dem s6 dé cong 7 thi dwac 56 chia hét cho 8,
dem sé dé cpng 8 thi duegc 56 chia hét cho 7.

+ Dem 56 d6 trir di 5 thi dwrc s6 chia hét cho 4,
dem 56 d6 trir S thi duoc 56 chia hét cho 6.

Hoi ngudi bé bao nhiéu tudi ?

TOAN HQOC )
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ngudi bé.
Bai 4.3. Pén nam 1984 tuéi ciia thay gido va nam
sinh cia ong ta cé ti 56 giiia BCNN va UCLN la
63. Tinh xem thay gico sinh nim ndo.
Léi gidi. Goi nam thdy giao sinh 13 19xy,
(0<x,y<9,x,yeN). Pit a—19xy va gia sir
tudi clia thiy gido1d b (nim), a > b,
’ b]
Tacé a+b=1984 va sz’—=63. Dat d =
(@.5) at d (a,b)
=a=a'd;b=b'd,(a'b")=1. T a+b=1984
=da'+db'=1984 = d(a'+ b') =1984.
1o [%P] 3 Laban] o d[ae]
(a,b) d
=[a'b']=63. Do (a'6")=1, nén a'b'=63,
Ta co a'>b'. Taxeét cic trudng hop:
=9,0'=7, ma d(a'+b") = 1984 = d(9+7) =1984.
Suy rad=124,a=9.124=1116 (loai).
*a'=21b"'=3, ma d(a'+b')=1984

=d(21+3)=1984= 4 = -3— (loai).
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* 0'=63,b'=], ma d(a+b)=1984=>d.(63+1)=1984.
Suy ra d =31,a=63.31=1953,b=31.1=31. Vay
thy gido sinh nim 1953 va dén nim 1984 thiy
gido 31 tudi.

Nhdn xét. Bai toan dugc dua vé vide tlm hai s ty

a
nhién a, b théa man a+b=1984 va Ea
Bai 4.4. Bon con tau cdp bén theo lich sau: Tau 1
cit 15 ngay thi cdp bén, tau 11 ci 20 ngay thi cip
bérz, tau U1 cir 12 ngay thi cdp bén, tau IV cir 28
ngay thi cdp bén. Lan ddu cd bon tau cung cdp
bén vao ngay chi nhér. Hoi it nhat bao léu, ca
bon tau lai cdp bén vao ngay chu nhdt.

]
=63.
b)

L&i gigi. S6 ngay dé ca bén tau lai cap bén vao
ngdy chi nhat la x=BCNN(15,20,12,28). Do
BCNN(15,20,12,28) =420 nén x = 420. Vay sau
420 ngay thi ca bén tau lai cép bén vao chu nhit.

Bai 4.5. Ba 6 16 cung khoi hanh mét lic tir mot
bén. Thoi gian ca di lan vé cua xe thir nhét la 30
phat, cua xe thir hai la 40 phit, xe thir ba la 50
phut. Khi tro vé bén, mdi xe déu nghi 10 phut réi
tiép tuc chay. Hoi sau it nhdt bao ldu cd ba xe 6 t6
cung roi bén.

Li gidgi. Goi thoi gian it nhat dé ca ba xe 6 t6 lai
cung nhau r&i bén 1a x (phit, x > 0).

Thoi gian 6 t6 r&i bén tir 1an ddu dén 13n th hai
ciia xe thir nhat, thir hai, thir ba lan luot 1a: 40
phit, S0 phuat, 60 phut. Suy ra: ,

x = BCNN(40,50,60) = x = 600.

Vay sau it nhit 600 phit = 10 gio thi ca ba xe 6 t&
lai cing nhau r&i bén.

Nhin xét. Cac bai toan thyc té 4.4 va 4.5 déu dua vé
bai to4n tim BCNN cua céc sb. | |

MOT SO BAI TOAN TUONG TY

1. a) Tim sé tu nhién chia cho 4, cho 5, cho 6, cho
7 ddu du 3. Biét rang sb 46 trong khoang tir 1200
dén 1500.

b) Tim tit ca sé tu nhién 16n hon 10000 va nho
hon 15000 ma khi chia cho 2015 ciling nhu chia
cho 775 déu duogc s6 du 13 10.

2. a) Tim cé4c chir sb x,y,z sao cho 523xz chia
hét cho 6,7, 8, 9.

b) Tim c4c chir s6 x,y,z sao cho 579xyz chia hét
cho5,7,9.

3. Cho s A=155*710*4%16 c6 12 chir sb.

Chimg minh rang: Khi thay (*) bdi cac chir s6

khéac nhau ly tir {1;2;3} thi 4 ludn chia hét cho

396.

4, a) Tim 2 sb

[a,6]~(a,b)=18.

b) Tim 2 sb ty nhién a,b biét (a,b)=10 va

[a, b] =900.

¢) Tim 2 s6 tu nhién a,b biét [a,b]+(a,6)=19.

5.Tim sb ty nhién N nho nhat chia hét cho 7, cho

8. Biét rang cac chit s6 cia N chi c6 thé 1a s6 7

hodc sb 8, va c6 it nhét 1 chit sé 7 va 1 chir sb 8.

6. Mot s6 tu nhién N chia cho 3 du 1, chia cho 4

du 2, chia cho 5 du 3, chia cho 6 du 4, va chia hét

cho 19. Tim s6 N nhé nhét, 16n nht c6 4 chir sb.

7. Viét s6 83 thanh téng hai s ma BCNN cua

chiing c6 gia tri 16m nhit.

8. Cho ba phin sb 15 ﬁ 36 . Bién d6i ba phén
42° 56 51

s6 trén thanh cac phéan sé bing ching sao cho miu

ctia phan sb thir nhat bang tir s6 cua phan sb tha

hai, mAu ctia phan sb thir hai bing tir ciia phan sé

thir ba.

9. Bai todn Han Tin diém binh.

Han Tin 1a m{t tudng tai gidi gé gitp Luu Bang

1ap nén nha Héan bén Trung Quéc. Khi diém binh,

mubn biét sb quén, 6ng cho xép hang 3, hang 5,

hing 7 rdi tinh s6 ngudi 1é hang. Néu sé nguai lé

hing tht twr 1d a,b,c thi s quan bing:

70a +21b+15¢ £ bi 105.

a) Tinh s6 quén trong khoang 2200 — 2400 néu

xép hang 3 thi du 1, xép hang 5 thi du 2, xép hang

7 thi du 6. ‘

b) Giai thich cach lam trén. ‘

10. Trén doan dudng dai 4,8 km cé céac cot dién

trong cach nhau 40 m, nay trdng lai cich nhau

60m. Hoi ¢6 bao nhiéu cft di¢n khéng phai trng

lai, biét rang & ca ha1 dau doan duwong déu c6 cit
dién?

tr nhién a,b biét
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S& 526(4-2021)
hitps://tieul ‘unlﬁnopto org




HUGNG DAN GIAI
DE THI CHON HOC SINH GIOI LGP 9 TP. QUY NHON NAM HOQC 2020 - 2021

k)
Bii 1. 2) Taco: a’ = ({/26—-15\/5 +%/26+15J§)

=(26—15~/§)+(26+15\/§)+3{/(26—15\/§)(26+15\/3_‘)x
x({/26—15\/§ +%/26+15J§)

S @=52+3ad-3a-52=0

© (@ -64)-3@a-4)=0

S (a-4)@*+4a+13)=0 g—-4=0

<>a=4. Thay a =4 vio biéu thirc B ta cé:
B=4+124+1=113.

b) T didu kién (x+\/1+x2)(y+\ll+y2)=1

suy ra \fl+x2+x=—1~—=\/1+y2—y(l)
\f1+y2 +y

Dita= J1+x* b= J1+y* (a, b > 1). Khi dé:

X=d -1y’ = -1 P-y*=d - ).

(1) & x+y=b-a. Thay vao (2):
(x=y)x+y)=(a-b)a+b)

< (x=y)b-a)=(a-b)a+b)(3).

Xét cac truong hop:

-Néua-b=0 < a=bthix+y=0:suyra

dpcm.

-Néua-b#0< a=bth

)& x-y=—(a+b),kéthgpvéix+y=b—a

ta ¢6: x = —a va y = b: diéu nay khong xay ra bi

vikhidotac: 1+y? =y = 1+)* =37 (v Iy)

=> phuong trinh v6 nghiém. Vay x +y =0.

Bii2. a)Pita=x-y,b=y-z,c¢=z-xthi
atb+c=0< a+b=-c
Vix#y+#znéna,b,c# 0,a # b # c. Khidd

A= +b +¢
=(a+b)a*-a’b+ b —ab® + b+ ¢
= (a+b)[(a* + b)Y - ab(a’ + b?) - a’b*) + ¢’
= (=O)[(c* - 2ab)’ — ab(c’ - 2ab) - a*b*] + ¢*
= (~0)[c* —4abc® + 4a°b* - abc® + 24 - b + &
= (—o)[c* + 54°b" - 5abc?] + ¢°
=—c" ~ 5a°b’c + Sabc® + ¢* = Sabc(c? - ab).
Doa,b,c # 0vac? # abnén
Sabe(c* - ab) : Sabe.
Viy A chia hét cho 5(x - y)(y - z)(z - x).

TOAN HOC
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b) Taco: x*+2)° +3xy+2x+3y+4=0

o +xGy+2)+ @+ +4)=0 (1)
Xem (1) 14 PT béc hai theo x (v 1a tham sd), ta c6:
A=@3y+2) -4 +3yt4)

=9t + 12y +4-8y° —12y-16=)" - 12. '
Piéu kién dé PT(1) c6 nghiém nguyén la A la sO
chinh phuong. Pit A =¥ & y>—12=F

o -y +k =12k e 7).

Vi tong (y — k) + (v + k) = 2y 1 s6 chiin va tich 1a
12 14 s6 chin nén (y — k) va (y + k) déu 1a sé chin
va la udc cua 12,
Xét cac trwong hop:

o = - -— == :_4
L k 242> ¥y 4;. y—k 2@ y ;
y+k=6 |k=2" |y+k=—6 |k=-2

Jrebt ot ket ot
y+k=2 k=-2 y+k=-2 k=2
Trong céc trudng hop ta déu co y = 4 hoic y = —4.
Véiy =4, PT(1) ¢6 hai nghiém:
2 2
Vé&i y = —4, phuong trinh (2) ¢6 hai nghiém:
2 2
Vay PT(1) c6 4 nghiém nguyén (x; y) la:
(=6; 4), (=8; 4), (6; —4), (4; 4).
Bai 3. a) Ki higu: 5x* —x+5=vx"+ £ +1 (1)
Bién déi; 5x* —-x+5= 5(x2 -x+1)+4x;
PRI I =(x2+ 1)2_x2
=@x’+1 -x)(% + 1 +x).
Pita=x*—x+1(a> 0) thi
X +x+ l=a+2x; 5x—x+5=5a+4x
Khi 46 PT(1) tr& thanh: (5a + 4x)* = a(a + 2x)
< 25a% + 40ax + 16x* = a* + 2ax
& 244+ 38ax + 16x* =0
< 124° +19ax+ 8x* =0
2,

19

2

S a+—ax+—x" =0
TR 3
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Ping thic xdy ra & x =0 va a = O diéu nay
khong thé vi a > 0. Vay PT(1) v nghiém.
b) Thay 1= (xyz)’, ta co:

\/1+x3+y3 . 1+x3+y3 % x2y222+x3+y3
xy xzyz ‘ x2y2

= zz+iz+_)f{_
V ¥y ox

Ap dung BDT Cauchy cho 3 s6 duong ta co:

2
22+i2+1223.322.—£2—.lz=3.3—z——
A A

3
=3.sz— —337 =32

xyz

Jl+x* +y°
Do do: NI s Tuong tu:
xy
J1+y +2° Vi+z2*+x°
__y__z_z\/a; -——Z—xz\[ﬂ. Suy ra:
yz zx

3 3 3
e +y Ny 4z +sﬁ+z’+x32 3+ 3.
xy ¥z zx
Lai 4p dung BDT Cauchy cho 3 s& dwong:

3z +3x + 3y 233323x.f3y
=33 323x3y =33\2T0z =33271

= 34327 =343.
Do dé6:
3 3 3 3 3 3
\/1+x +y +\/17+y iz +\/I+Z +x >33,
xy ¥z zx

Diu‘“="xayrakhix=y=z=1.
Bai 5. Xét A ABD va A AEB cé:

A’E:A’EB[:%S@], g6c BAD chung, do dé:

AB AD
AABD ~ AAEB (g.g)= e T
. <> AB*=AD.AE (1).
Tam gidc OAB vudng tai B c6 BH 13 dudng cao
nén theo hé thic lugng ta cé:

AB* = AHAO (2).
Tir (1), (2) suy ra: AD.AE = AH.AO
= o ) , lai 6 goc DAH chung nén
A0  AE
AADH ~ AMOE (c.g.c) = AHD = 4EO.
Mit khic, AHD+DHO= 180° (k& bu), nén
4EO + DHO = 180% Vay tir gisc OEDH ndi tiép.

b) Ta co: AHD = DEO (1).

Tam gidc ODE can tai O nén DEO = ODE (2).
Vi tir gi4c OHDE néi tiép nén ODE = OHE (3).
T (1), (2), (3) suy ra: AHD = OHE.

Mit khic, HB | HA nén DHI = IHE , do &6 HI
1a phan gidc goc DHE va HA 1a phéan gidc ngoai
tai H cua tam giac DHE. Theo tinh chit duong
phén giac ctia tam gidc ta co:

AD ID{ HD
Bl

AE IE
Vi DQ /! BE nén theo dinh ly Thales ta c6:
D AD
L e (5).
BE AE
P ID ..
DP//BE = ——=— (dinhly Th .
0 (dinh 1y Thales) (6)
. DO DP
Ta (4), (5), (6) suyra: —=——
#), ), (6) suy ra: =~
& DQ=DP < D latrung diém cta PQ.
AD _DP

Xét AADP va AA4EK

AE  EK
ADP = AEK (8bng vi, DP // EK).

Do d6 AADP ~ AAEK (c.gc) = DAP=EAK
= hai tia AP va AK tring nhau. Vay ba diém 4,
P, K thiang hang.

Bai 5. AOCE vubng tai E c6 EM 1a dudng cao nén
theo hé thirc lugng ta c6: (Xem ticp trang 13)
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DE THI TUYEN SINH VAO LGP 10 THPT CHUYEN LE HONG PHONG NAM DINH

. Nim hoc 2020 - 2021
VONG 1 (khéng chuyén) (Thoi gian ldm bdi: 120 phut)

Cau 1 (2 diém).

1) Tim diéu kién x4c dinh cia bidu thirc
e P

VX' —6x+9

2) Tim tht ca cAc gid tri cia tham sé m dé duomg

P=

thing y=x+3-m cét parabol y=xtai hai
diém phan biét.

3) Tinh ban kinh dwong tron ngoai tiép tam gidc
déu ABC, biét 46 dai canh ctia tam gidc 14+/3 cm,
4) Cho hinh nén c6 thé tich ¥ = 47 cm’, biét ban
kinh ddy R =2 cm. Tinh chiéu cao ctia hinh nén
dé.

Ciu 2 (1,5 diém). Cho biéu thirc

% N \/; +1 x+2

x-1 —x\/;——l

P=
x+x+1
(vo1 x=20;x #1).

1) Rit gon biéu thic P.
2) Cht'mgminhP>§v6*im(_Ji x20va x=#1.

Ciu 3 (2,5 diém).
1) Cho phuong trinh x* —(m+1)x+2m—2=0
(v&i m 1a tham sb).

a) Chirng minh ring véi moi gi tri ctia tham s
m thi phuong trinh luén cé nghiém.

b) Tim tit ca cac gia tri cua tham sb m dé
phuong trinh ¢6 hai nghiém duong phan biét
x;x, sao cho \fx, +2—[x, +2 =1.

2) Giai phuong trinh
X =3x*-3x+2 (x+1)3 =0,
Cau 4 (3 diém) Tix diém A nam ngoai dudng tron
(0) ké cée tibp tuyén AB,AC dén duong tron (
B,C la céc tiép diém). Poan thing 40 cit BC va
dwong tron (O)lan luot tai M val.Goi D la
diém thudc cung lén BC cla dudng trén (O) (v6i
DB < DC). ’
1) Chirng minh ring 4BOC 14 tit gidc ndi tiép va
I 13 tim dudng tron néi tiép tam giac 4BC.
2) Goi E,F 1an lugt 14 hinh chiéu vudng géc cia
A trén cac duong thang DB,DC . Chimg minh
DM vudng gbc véi EF .
3) Goi Kla giao diém thir hai cia tia DM véi
duong tron (O).Ching minh K714 tia phan giic

cia AKM.

Ciu 5 (I diém)

1) Giai hé phuong trinh
(y+)+3x+1=x*f1-y
X +9=6xf—y -x-1

2) Cho a,b,c 1a cac sb duong thoa main

Va+1++b+1+Jc+1=6. Tim gi4 trj nhé nhét
cua biéu thic

P=va +ab+ b + B +bc+? +E +ac+ b

VONG 2 (chuyén) (Thoi gian lam bai: 150 phiit)

Cau 1 (2 diém).

a) Cho céc s thyc x,y,z khac 0. Dt a=x++,
X

1 1
b=y+—vac=xy+—.
¥ Xy
Chimg minh & +5* +¢* —abc =4.
b) Cho cic sb thyc a,b khic -2 thoéa min
(2a+1)(26+1)=9.

1
2+a 2+b'

Tinh gia tri cuia biéu thirc 4 =

TOAN HOC .
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Cau 2 (2 diém).
a) Giai phrong trinh 2x* + x +3 = 3x/x + 3.
b) Giai h¢ phuong trinh

2
\/_2x+1+\/2y+1=(x_Ty)

(x+y)(x+2y)+3x+2y=4

Ciu 3 (3 diém). Cho tam gidc nhon ABC cb
AB < AC néi tiép dudng tron (0). Mot duong
tron tiép xtic véi cdc canh AB,AC tai M,N va

https://tieulun.hopto.org



c6 tam I thudc canh BC. Ké dudng cao 4H cua
tam giac ABC.

a) Chimg minh c4c diém 4,M,H,I,N cing thugc
mit duong trdn va HA 13 tia phén gidc cia géc
MHN.

b) Pudng thing di qua I va vudng géc véi BC
cit MN tai K. Chimg minh 4K di qua trung
diém D cia BC.

¢) Tiép tuyén ciia duong tron (O) tai B va C
ct nhau tai S. Chimg minh BAS = C4D.

Cau 4 (1,5 diém).

a) Tim cic s nguyén x,y théa mian
X +y=x +1.

b) Cho céc sb nguyén dwong a,b,c théa min
c+%=a+%- Chung minh ab 1a 1ap phurong cia

mot sb nguyén duong.
Cau 5 (1,5 diém).

a) Cho céc sb thuc khong 4m a,b,c¢ théa min
diéukién a+b+ ¢ =1. Chimg minh

1
a3+b3+c3$§+a4+b4+c4.

b) Ban dau c6 2020 vién soi dé trong 1 chiéc tdi.
C6 thé thuc hién cong viéc nhu sau:
Bucc 1: Bé di 1 vién s6i va chia thi ndy thanh 2
thi mai.
Budc 2: Chon 1 trong 2 thi ndy sao cho thi d6 co it
nhit 3 vién soi, bo di 1 vién tir tii ndy va chia tai
d6 thanh 2 tdi méi, khi d6 c6 3 thi.
Buéc 3: Chon 1 trong 3 tii ndy sao cho ti do c6 it
nhét 3 vién soi, bo di 1 vién tir t0i ndy va chia tii
6 thanh 2 thi mai, khi d6 c6 4 tii.
Tiép tuc qua trinh trén. Hoi sau mot sé budc cé
thé tao ra trwong hop ma mdi thi c6 ding 2 vién
sd1 hay khong? ‘
TRAN XUAN PANG
(5/7/36 Phan Dinh Phing, TP.Nam Dinh) Gidi thiéu

3 o 2k 3k sk o sk 3k Sk sk 3k sk 3k sk sk ok ok ok sk ok o sk ke ok sk ok sk ok e s i skooke ok ke s e ok sk sheook sk sk sk sk sk sk ok o ok s sk sk sk ke sk sk ok stk sk i sk sk ok ok sk o ok ke s sk sk sk ok sk ok sk Rk ok

HUONG DAN GIAI ... (Tiép theo trang 11)

Mit khic, ACEP ~ ACDE (g.g) = —=-<P
CD CE
& CD.CP=CE*(2).
Theo hé thirc lugng trong tam giac vudng OCE ta
c6: CE? = CO.CM (3). Tir (2), (3) suy ra:
CD CM
CP=CO.CM & —=—.
CD.CP=CO.C. 0" P
Lai c6 goc OCD chung nén
ACDM ~ ACOP (c.g.c) = CDM =COP = tir
gidc OMPD nbi tiép = CMP=0DC (cing bi
véi OMP) (4). Tix (1), (4) suy ra: OMD = CMP.
Mait khac, OM 1| ME nén suy ra DME = EMP (5)
= ME 1a phan gidc goc DMP.

Ta c6: DME + DMF = 180° (k& bu) (6);
EMP + PMF = 180° (k& bu) (7).

Tix (5), (6), (7) suy ra: DMF = PMF.
Vi tir giac OMPD ndi ti€p nén

DOP = DMP (=%sd13}3) (8).
Theo tinh chét goc ndi tiép va géc & tAm trong
dudng tron (O) ta co:
DOP=2DFP, DMP=2DME (vi ME 1 tia
phén gidc géc DMP) (9).
Tir (8), (9) suy ra: DFP = DME (10).
Ta lai ¢6: DPF = DEM (11).
Tix (10), (11) suy ra: APFD ~ AEMD (g.g)
= FDP=MDE ,do &6 MDF = EDP (12).
Vi DFM = DPE (13) nén tir (12), (13) suy ra:

ADFM ~ ADPE (g.g)

PE_PD _PE_FM

> —— ==& = .
FM FD PD FD

‘ BUI VAN CHI

(21/2 duwong Lé Hong Phong, TP. Quy Nhon, Binh Dinh)

Gidi thiéu
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CHO KY THI
TRUNG HOC
PHO THONG
Qudc GiA

-

BALTORN TUCNG G0 G104 20 ) i
VA DUONG THING E

. PHAMBACPHU
(GV THPZ‘ chuyén Lé Hé}ig Phang N@J Df?/

Dang 1. Dung d6 thi dé bién luan sé nghiém
cua phwong trinh
Trong phf?m nay, xét bai toan dit ra sau khi ta d3
khao st va v& d6 thi (C) (hoic da c6 dugc bang
bién thién) cua ham s6 y = f{x) cho trudc.
1. Kién thirc chuén bi
Céch bién @di tir dd thi (C): y = f(x) thanh mét
trong cac do thi (G3): y = f(|x]), (Ca): y=|f(x)|.
+ Tir (C) thanh (C3): Giix phin db thi (C) nim bén
phai truc Oy ma ta goi d6 1a phén I, ldy dbi xtmg
phan I nay qua Oy ta dugc phan II. Hop cia hai
phin I va Il 14 (C;).
+ Tu (C) thanh (Cs): Giit phin db thi nim phia
trén Ox cua (C) ma ta goi d6 la phin 1, 1iy déi
ximg phén nim dudi Ox cia (C) qua Ox ta dugc
phén II. Hop cua hai phan I va I11a (C,).
2. Bén buéc bién luin sé nghiém cua phuong
trinh bang dd thi
- Bién d6i PT cho vé dang c6 vé tri 1a (hodc cb
dang gibng véi) ham sé d3 khao sat.
- Phat biéu ménh dé chuyén tr s nghiém cua PT
sang s giao diém cia hai db thi.
- Néu cach v& cac db thi.
- Dya vao db thi bién luan sé giao diém.
3. Thi du minh hoa
Thi du 1. Cho ham 56 y=x"=3x*+1 (1).
1) Khao sdt va vé dé thi (C) cua (1).
2) Dua vao (C), hdy bién lugn theo tham sé a 56

nghiém cua phuong trinh: x*(3-x) =a.

TOAN HOC
¥ cTuditre

S3 526(4-2021)

14

3) Tim tdt ca céc gid tri cua tham 50 m dé phirong
trinh |x|'=3x*=m’ +3m’* -4 6 ding bon
nghiém phan biét.

4) Tim tdt ca cde gid tri cia tham 56 b dé phuwong
trinh fo ~3x +ll =log,b coé ding sdu nghiém
phan biét.

Loi gidgi. 1) y'=3x" —6x c6 nghiém 12 0, 2. Ban
doc tir khao sat, sau day 1a d6 thi (C)f

2)Tachd: ¥*B-x)=a=x’ -3 +1=1-a (2).
S6 nghiém cua (2) bang sé giao diém cua db thi
(C): y=x'-3x>+1 vadudng A,:y=1-a.

Cich vé: A, 1a dudmg thing vudng goc vdi Oy tai
(0; 1 = a); (C) 1a dd thij vira vé.
Quan sat kinh vé& ¢o:
(2) c6 nghiém duy nhat

l-a>1 a<0
= = .
l-a<-3 a>4
(2) c6 dung hai nghiém
l-g= =
@,i a=1 N 0.
l-a=-3 a=4
(2) 6 dlng ba nghiém < -3<l-a<le0<a<4.

Ngoai ra khdng con kha ning nao khéc.

3) Tacé: lxl3 “3x =m’+3m* -4

4,

=1 lxr -3lxl2 +1=m’+3m* -3 (3).
(3) c6 ding bdén nghiém < d& thi (C):
y=|’ =3[ +1 va duong thing
Ay:y=m’+3m’ -3 c6 ding bén diém chung

phan biét.

™~
A
§0:
*

¥
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Cach vé: -A, la dudng thing vudng géc véi Oy

tai diém (0; m® +3m* =3).

- Nhan xét: Ham sé y=|x -3|x" +1 12 ham
chin nén (Cy) nhén Oy lam tryc ddi ximg, khi
x20 thi |1 -3[x" +1=x"-3x" +1, do d6: Gidt
nguyén phén d thi (C) nim phia bén phai tryc Oy
sau d6 14y d6i ximg phin ndy qua Oy ta dugc (Cy)
nhuv hinh v&,

Tt hinh v& ta c6 didu
kién:

3 2 -
e AL
o L\

m +3m’ -4<0 BT

{mz(m+3)>0 {—3<m<l
=

< .
(m+2’(m-1)<0 |(m#-2,m=0

Vay me(-3;1)\{-2;0}.

4) Taco: |¢* -3x" +1|=log,b (4).
(4) c6 ding sdu nghiém phéan bigt <> b thi (Cy):
y =‘x3 ~3x? +1| va dudmng thing A, :y=log,b
¢6 dung sau diém chung phan biét,
Cach vé: -A, 1a Quong thang vudng géc véi Oy
tai diém (0;log, b).
- Nhan xét:

lxj _3? +1| ={x3 -3x* +21 néu x’ -3x* +1>0 -

-(x’ =3x* +1) néu x* -3x% +1<Q

Do d6: Git nguyén y4
phén ¢4 thj (C) nim
phia trén tryc hoanh,

ldy déi ximg phin con 4,

(€

(]

N —
L/

lai qua Ox thu dugc @6 V \/ Vi
0 3 X

thi (Cy) nhu hinh V&,

Tirhinh vé c6: O<log,b<l<>1<b<2.

Thi du 2. Cho him s6: y = 2 "1‘ (1).
x —_—
1) Khdo sat sy bién thién va vé dé thi (H) cua ham
56 (1).
2) Tim tat ca cdc gia tri cua tham sé6 m dé phuong
2x -1

trinh
1= x]

=2m+1 c6 nghiém duy nhat.

Léi gidi. 1) Ta vé dugc d6 thi (H):

2) Ta c6 =) gt 2L 4 (*).
| —xl |x—-1]

(*) c6 nghiém duy y4 )

nhit < hai dd thi
2x-1 2

H): = va

(). y Ix_ll —]

a4

@:y=2m+1cs 1 0 \‘ 2

ding mét diém

chung.

Cdch vé. - (d) 1a dudng vudbng géc véi Oy tai
0; 2m + 1).

2x -1

251 néu x>1
-Nhanxét: X —__] *- :
|x-1| 2x-1
- néu x<1
x-1
Do‘ dé:‘ Gl}l’ ngu){en y 4 @
phéin 46 thi (H) nam
bén phai tiém cén
dimg, 14y déi ximg S
phén con lai cia (H) @ / N
qua Ox ta dugc dd __}/ - =
thi (") nhu hinh 5
Vé.

Quan sat tir hinh v& ta c¢6 didu kién:
1

—2<2m+152<:>—%<ms
Bai tip vin dyng
Bai 1 (A-2006).
1) Khao sat sy bién thién v& 44 thi ham sé
y=2x"~9x* +12x -4,
2) Tim m d& phuong trinh sau ¢é sau nghiém phén
biét: 20x’ —9x* +12[x|=m. .

s BRS{jeuTPONdIRe. grg




Bai 2 (B-2009).
1) Khao sat va v& d6 thi ham sé y = 2x* — 442,
2) Tim m d& phuong trinh x |? ~2|=m ¢ 6
nghiém,
Bai 3 (A2002). Cho ham sb:
y==x +3m* +3(1l-mP)x +m® — m?

(m 1a tham s6).

1) Khao sat chiéu bién thién va v& dd thi cua ham

séchokhim=1.

2) Tim &k  dé trinh
—x*+3x* +&° -3k =0 ¢ ba nghiém phan biét.
3) Viét phuong trinh duémg thing di qua ba didm
cyc tri cia d6 thi ham s da cho.

Bai 4 (Dy b 1-D2005).

1) Khéo sat chiéu bién thién va vé db thi cia ham
—6x* +5. ‘

2) Tim m dé phuong trinh ¢6 bén nghiém phan
bigt: x* —6x* ~log, m=0.

phuong

s0 y=x*

Bai 5. 1) Khao sat chiéu bién thién va vé& dd thj
ciia ham s6 y=—x* +4x? -3,
2) Tim m dé phuong trinh

I—x" +4x* — 3] =Tm*—m
co nghiém xe [—2;\/5 ] :
Bai 6. 1) Khao sat chiéu bién thién va v& dd thi
ciaham s§ y=x* +3x* —4.

2) Tim m dé phuong trinh sau c6 hai nghiém phan
biét: (x+ 2)2 |x—1|=

Dang 2. Bién ludn s6 lwgng va tinh chit giao

diém ciia hai 40 thi qua viée bién luan phwong

trinh

1) Kién thirc chuén bj

- Toa 4§ giao diém cta 45 thi (C): y = F(x) va

(d): ¥y = Fx(x) 13 nghiém cua hé phuorng trinh
Fi(x)=F,(x) (1)

{y = F,(x)

44 thi 6 chinh 13 s6 nghiém cua (1),

TOAN H
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. Sé 6 luong diém chung cua hai

_ Céc kién thirc khao sat him sb; tam thirc bic hai
va dinh 1i Viéte; mot s6 kién thirc vé hinh hoc giai
tich.

2) Hai cich thuimg ding dé xir li bii toin
twong giao chira tham so

Cich I: - Lap phuong trinh h(té‘m%l dé.

- C6 lap bién, tham s6 vé m = f{x).

- Khao sat f{x), quan sat bang bién thién
hodc sir dung tinh chit ham sb lién tuc suy ra diéu
kién tdn tai giao diém va bién luan dwoc sé hrong
giao diém; két ludn.

Céch 2: , ‘
- Lap phuong trinh hoanh d6 giao diém va quy vé
phuong trinh bic hai.

- Tim diéu kién @& c6 du sé giao diém theo yéu
cau.

- Viét twong minh hodc hinh thitc céc toa d6 giao
diém (va néu hé thire Viéte), tinh toan céc yéu té
lién quan t6i yéu ciu.

- Giai quyét yéu cdu va ddi chiéu didu kién, két
ludn. :

3) Thi du minh hoa

A. Phwong phap sir dung tinh lién tue, chidu
bién thién ciia ham sb

Thi du 1. Cho ham s6 y=x* + 2m*x? + 1 (m la
tham  s6). Chu'ng minh  rang dzrcrng thang
Yy =x+1Iuén cgt ds thi cua ham sé di cho tai
dung hai diém phan biét véi moi gidg tri cua m.
Loi gigi. S§ giao diém ciia haj dd thi 1a sé nghiém
cua phuong trinh: x* + 2m%x? +1= x + 1 (1).
Ta c6: (1) < [xf i .

X +2m°x—-1=0 (2)
(1) ludn c6 nghiém x = 0. Ta cn di chimg minh
(2) c6 dung mot nghiém khac 0 véi moi m. That
vay:

+Néu m =0 thi (2) c6 nghiém duy nhdtx=1.
+Néu m#0,xét f(X)=x +2m’*x—1 trén R;
S'(x)=3x" +2m" >0,YVxcR = flx) ddng bién

trén R nén f{x) c6 tbi da mot nghiém thye.

https://tieulun.hopto.org



Lai c6 flx) lién tuc tén  [0;1] va
£(0).f(1)=-2m* <0,do d6 suy ra (2) c6 ding
mdt nghiém thyc va nghiém d6 khac 0.

Thi du 2. Tim m dé &6 thi ham 56 y = +mx +2
cdt truc hoanh tai ding mét va chi mot diém.

L&i gidi. Hoanh d§ giao diém cia d6 thi ham s6
cho va truc hoanh 13 nghiém cua phuong trinh
X +mx+2=0 (1).

Thay x = 0 khong 13 nghiém cta (1).

Khix#0; (1) & m=—gt 2.
X

Xét ham sb f(x)=-x* —z,x;eO.
X

2(1-x°
-f'(x)=——-—( x) ¢6 nghiém x=1.-
X

2
. 1@& f(x)=—w, lim f(x)=-0x,lim f(x)=+oo.
x> x—=0" x—=0"

« Bang bién thién:

X —0 0 1 ! +00
f'(x) + + 0 z
+00 "3
oL T
—0

Nhu vay: D thi ham sb cho cit Ox tai dang mét
didm < PT m = f{x) c6 nghiém thyc duy nhit
& m> -3,

B. Phwong phip quy vé gidi va bi¢n luin
phwong trinh bic hai, sir dung dinh li Viéte

2x

; ek, i e
Thi du 3. Cho ham 56 y = co do thj la (C).
x_

Goi A la duong thang di qua A(0; 4) va cb hé s6
goc bang 1/3. Ching minh rang A cat (C) tai hai
diém phan biét. Tinh khoang cach giita hai diém
chung do. '
Loi gigi. A c6 phuong trinh:

y=%(x—0)+4 hay y=§+4,'

Toa do giao diém cia A va (C) 1a nghiém cta hé:

4
27l Xia 0 (Rasn-9=0()
x-1 3 h

ay X
y=3+a P73

Cach 1. Giai hé trén cho ta cc giao diém 1a
M{—S-Jﬁ_wrxfé_lJ N[~5+J5_19+Jﬁ)
2 7 6 ) 2 6 )

610

Suy ra khoang cidch MN = —3

Céch 2. Ta thiy (1) c6 biét s6 A, =61>0 nén

(1) cé hai nghiém phén biét x;, xz; do d6 2 db thi
c6 2 giao diém phan biét 14

M[xl;%+4J,N[xz;%+4j.

Theo dinh li Viéte ta co: x, + X, =-5,x%, = -9,

2
Ta co: MN = (xz—x1)2+(x—2-ﬁ-
3 3
10 610
= \/—é—[(x2+x1)2—4x1x2 =

Téng quat: Gia su dd thi (C) va duong thang
(d):y=Jx+n cétnhau tai hai diém phéan biét M,
N. Néu hoanh d6 ctia M, N 13 nghiém cta phuong
trinh bac hai ax® +bx+c=0 thi
(£ +1)A
lal

Thi du 4. Tim tham s6 thuwc m dé do thi (C):

MN = (voi A=b* —4ac).

y=x'-3x*+4 cat duong thang (d): y = mx + m
tai ba diém phan biét la A(~1; 0), M, N sao cho
dién tich tam gidge OMN bang 1 (O la géc toa dd).
Léi gidi. Phuong trinh hoanh do: |
2 =3x* +4=mx+m hay [;-1 . .
x' —4x+4-m=0 ()
(d) cét (C) tai ba diém phan biét <> (1) cb hai
nghiém phén biét khac —1
a=1+0
S{A'=4—(4-m)>0

{m >0
= (2).
(-1’ -4(-)+4-m=0

m#=9
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Gia st hai giao diém M, N c6 toa d6 1A M = (x;;
mx; + m), N = (x5; mx, + m) véi x,,
nghi¢m cda (1), theo dinh I Viéte c6:
X1 +x=4; X% =4 —m;
MN ¢6 phuong trinh: mx—-y+m=0,

* MN = J(m’ +1)(x,~x,)? = 2 fm(m’+]),

* d(O;MN) =_|'3._

m? +1

x; la cac

1
* Soun =1 ~d(O;MN)MN =16 m =1,

Két hop véi (2) ta ¢6 dép sém = 1.

Téng quat: Gia sir dd thi (C) va dudmg thing
d:y=kx+n cit nhau tai hai diém phan biét M,
N. Xét diém A(x,;y,) cing hai giao diém trén
t30 thanh tam gidc AMN. Néu hoanh d6 cta M, N
Id nghiém cua phuong trinh bic hai
ax’* +bx+c=0 thi
» |kx =Y, t nl\/z

2|al

Thi du 5 (D-2009). Tim tham s6 thuc m d@é a3 thi
(©): y=x"-CBm+2)x* +3m cdt duong thing

ik (véi A=b* -4ac).

(d): y = =1 tai bén diém phan biét c6 hoanh d¢
nho hon 2,
Léi gidi. Phuong trinh hoanh d6 giao didm cua
©Ova@la: x*-GBm+2)x* +3m+1=0 (1).
Pitx’=¢,¢>0, (1) tré thanh:

£ —(3m+2)t+3m+1=0 (2).
(d) cit (C) tai bbn diém phan bidt < (1) c6 bén

nghiém phan biét < (2) c6 hai nghiém duong
phan biét

a=1#0
1
= 2_ __
- A=(3m+2) 4(3m+l)>0¢> m> 3 0)
S=3m+2>0
m#0
P=3m+1>0
Véi diéu kién (3) thi (2) @[’ =fm+1 nén (1)
=
6 bén nghiém 12 +1,+3m+ 1.
TOAN HOC
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Bén giao diém cua (d) va (C) c¢6 hoanh d6 nhé
hon2 & VIm+1<2& m<l1.

£ o R 1
K&t hop véi (3) c6 dap s6 m e[—é—;lJ \{0}.

Chii y. C6 thé néu didu kién +/4,,2,/s, <2 hay
G-96-D>0 o & ding
-4+ -4)<0
dinh li Viéte dé giai.

Thi du 6. Tim tham s6 thuc m dé dé thi (C):

L.t <4©{

Y= ! +f cdt diomg thang (d): y =x + m tai hai
X —

diém M va N ma tam gidc AMN la tam gidc tu voi
A=(2;0).

L¢i gidgi. Hoanh d6 giao diém cia (d) va (C) 1a
nghiém cua PT:

x+3 {x2+(m—2)x~m—3=0(1)

——=x+m hay
x—1 x#1

(d) cét (C) tai hai diém phan biét < (1) ¢b hai
nghiém phan biét khac 1
A=m*+16>0
<
I+(m=-2)-m-3=20

Goi M(x1; x1 + m) va N(xs; x; + m), v&i x, x, 1a
nghiém cua (1) nén co:

<o melR..

+t0=2-m va xpx,=-m-3.
Tr(1)concd: x? +(m—-2)x =m+3
va X3 +(m=2)x,=m+3.

+ Tén tai tam gidc AMN < Adg¢d < 0#m+2
@ m#-2 Taco: MN* =2(x, —x)’ =2(m’ +16)
AMZ=(Jcl-2)2+(xl+1rn)2

=2[x,2+(m—2)xl:,+m2+4=m2+2m+10.
Tuong ty c6: AN? = m? +2m +10.
+ Nhan xét AM = AN nén tam gisc AMN cin tai
4, theo d6: tam gidc AMN ¢c6 g6c¢ ta khi va chi khi
MAN td hay AM?* + AN? < MN?

@2(m2+2m+10)<2(m2+16)<:>m<3.

Két luan: mE(—°°;3)\{_2} ¢

3

(Xem tiép frang 22)
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TS. Hoang Ngw Huin - TS. Pham Tuén Cudng - .
ThS. Lé Thi Hu-orng Giang (PH Mo - D;a chat, Ha Npt)

Trong phén 16n c4c truomg hop, hoc sinh khong
nghi dén viéc thay bién bang mét ham luong giac
khi gidi phuong trinh dai s6 vi nd ¢d vé nhu lam
phirc tap héa phuong trinh. Thé nhung khong it
lan cac tinh chat cia ham lwong giac lai giup ich
trong vi€c gidi phuong trinh dang nay.
Xét phuong trinh (PT) thudng rat hay gip trong
cac cubn sach 6n tap thi tét nghiép trung hoc phd
théng Quéc gia.
Thi du 1. Giai phuong trinh

x 35

L¢i gigi. Dua PT ban dau vé dang

1 J 35
x| 1+ =
Vvxi -1

X+

E‘.
Nghiém ctia PT phai théa man diéu kién x> 1.
Cich 1. Liy binh phuong ca hai vé, ta thu dugc:

x2+ 2x2 + x2 =[£J
2

o ge()
xz—l xz—l 12 .

Tiép theo, dit y = , y>0,tacé:
4 Vxt -1
1225
+2y———=0.
VY

Tir diy c6 y= %5 (nghiém thir hai &m).

; - o 25
Quay tr& lai bién cii, giai PT ——\/_2————=——. Sau
-1 12

khi bién déi, ta thu duoc PT trung phuong
144x* —625x* + 625 =0.

o/
PT cuébi cho hai nghiém: x, —g =§
déu thuge khoang (1,+0).
Cich 2. Dt bién méi: 1 =\x* =1, x =/ +1.
PT khi @6 c6 dang \/t_+_(1+ J 325
z. e 5
PT cudi trong duong véi (t2 +I)(1+?2+;l;)=%.

Ta viét lai duéi dang
t2+i2 +2 t+1 +2—1—2—?—5= :
t t 144

1 . 1 :
bit a=t+-t—, khi dé az—2=t2+t—2. Ta chuyén

1225
qua PT: &’ +2a —m_o Nghiém cua né la:
a, =—g,az =z§-.Vi t>0 va a>0, nén ta cin

1 b e
giai PT: t+;=§. PT cudi dan té1 PT bac hai

b ; 4 3
vO1 hai nghiém 13 ¢ =§’—,t'2 =Z. T day ta tim
- 3 5
duoc nghiém: x, =§,x2 =7

Khi gidi PT bing céc phuong phép théng thudong
ta phai tién hanh di bién va phai giai khong chi
mdt PT bic hai. Diéu nay din t6i mét rit nhidu
thoi gian cho cdc bude trung gian. Bay gid ta s&
tim céch giai PT da cho bing c4ch khac.

Cich 3. DK x>1 goi y cho ta it ham lugng gidc

X =

~_ze [0, 5’-) Vi cach dit nhur vay, PT
sin z 2

s itpsdfie TeRhERto @
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~  TTOIN e < =—+4=
da cho dan téi hé: <sinz  cosz 3+4 (1).
-sin®z4cos?z=1
: 3 .
Sinz == s1nz=i
Tir day ta suy ra: hodc 3 ;
‘ COSZ=— cosz=2
5 5
e - n 5 5
Tir déy, ta c6 céc nghiém: X, =§,xz=z.

Liru y. Ta s& chi ra ring, trong qué trinh gidi biang
phuong phéap trén, khéng c6 nghiém nao bi bo sét.
Qué vay, PT dau tién cua hé (1) dwoc viét lai duoi

sinz+cosz 25
dang —————= =2~ (),
- 2sinz-cosz 24 )

Trong PT  trén, dit sinz+cosz=g,
2sinzcosz_=a2—1, ta thu duwoc PT
24 5 ;
a? —;5—05—1=0. Vi géc z nam trong géc phin

tu thit nhit nén @>0, va vi thé PT ¢4 nghiém

; 2
a =%. Tir day suy ra; sin2z =—-i,00522 =i-l.

25 25
13
Tu day co: smz=,f1*C§SZZ= 225. -

Tir day ta tim duoc nghiém cia PT @3 cho:
3. .5
‘ | X = 3 3 Xy = r
Cach giai thir 3 nhu trén 1 rét it gip khi giai cic
PT dai 5. Xét céch dat ham luong gidc khac.
Néu én x cia PT kém theo didu kién [x|<1, thi ta

nén dit in: x =sin go,(——;-r— <gp< —;EJ

hoic 1a x=cosp,(0<p<r). Pbi khi s& 14 rht

2
Cic ham néi trén 1a don diéu trén céc khodng
trong (g vi thé ham s6 chi nhin méi gi4 tri 13
mét 1an,
Thi dy 2. Gidi phuong trink \1— x? = 35— 45"
La&i gidi. Vi [x| <1, nén ta dat

20

thuan lgi néu ta dit x =tan g, (——g— <@ <£J.

TOAN HOC
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¥4 T
—<p<—,
2923

\ : 3
PT ban dau tr¢ thanh: cos@ =3sing—4sin” ¢
sin| Z - )—sin3§o=0.
2
PT cudi tich thanh hai PT:
sin(z-—Zqo):O (3) va cos(ﬁ-f-goJ:O 4).
4 4

Tir PT(3), ta tim duoc:

x=Siﬂ¢, -

hay

1 ¢
gp:f_’x: —— e _\/5;
8 2 2
1 cosijE
o= x| ——4 =L

gy o 5L oD
Tuong tu, tir (4) cé: =—,x=sln—=—,
g, tir (4) co: ¢ 2 2=
Nhu vdy nghiém cta PT 13
;/2—2; 212 213,
Thi du 3. Gidi phuong trink

X NI=x =[x <[] +

Lot gigi. Ve trai va vé phai caa PT 13 cac ham
chin, nén ta cé thé dit

1

[ —

[ =sing, 0<p<Z,

[38)

Viét lai PT dang: sin® pcos g = sin’? gp—sin(a+—1—.

1

—_—

hay  sip? PCosp =—singpcos® p +

d6i  PT

sin 2;asin[q9+ %) =1.
Vi ]sin t' <1, V¢ nén ta thu duoc haj hé
sin2¢ =1

Bién cudi thu duoc:

sin2¢_—._1

. T . T
+— =1, Lo e
sm(@ 4} sxn((p+4) 1.

Hg dau tién cho nghiém )

—

T
7> hé tht haj khong

¢6 nghigm. Nhur vy tir |x| = sin g_ , ta suy ra

https://tieulun.hopto.org



nghiém ca PT dau la x = b

2
Thi du 4. Gidi phuong trink 2(26* -1) —1=x.
Lai gidi. Thoat nhin, ta chua thay rd cch dgt ham

luorng gisc trong PT. Vi vay, dau tién, ta s& chira
ring nghiém cia PT khong thé 1én hon 1.

Gia sir |x| >1, khi d6:
2 —1=x* +x7 —1,2x7 1> x* >|x]
va =l 2(2x2 —l)2 -1 >‘2x2 - ll >|x\.
Sau 4%, tién hanh ddi bién x =cosa,a €[0, ), ta
thu dugc: 2(20052 Q- 1)2 —~1=cosa.
Vi 2cos? @ —1=cos2t , nén vé trai bién ddi thanh
cos4da . Vay PT c6 dang cos4a =Cos .

Trén doan [0,7], PT cubi c6 cac nghiém:

0, 27r’ 2571' 47:

3 . Quay tr¢ lai bién cii, ta thu dugc

v 1 27
nghiém: 1, ——, cos—, COS—.
2 5 5

Thi du 5. Gidi phiong trinh

T 4 e e b
e (l«i—)cz)\/1+x2

Léi gidi. Tién hanh d6i bién

/4 T
x=tana, ——<a<—.
2 2

Khi d6 PT ban déu c6 dang
) Lesi _
Ly =cos’ @ hay +sma_(1_sm2 a)oosazo_
cosa

Chia c hai vé cua PT cho 1+sina v nhan véi

cosa voi @ e (—12{ -2—J Dén téi PT twong duong

—(l-sina)(l—sin:" a) =0
hay
sin’ @ —sin’ @ —sina =0.
Tir ddy, ta rat ra dugc hai PT sina=0 va
sin®a —sinag—1=0. PT ddu tién cho nghiém
1-+/5
.

a=0, con nghiém cia PT hai 1 sina =

Gia tri 4m cia him sina . tuong tmg VOi

b4 - A 3
5 < a <0. Tiép theo ta tim dugc:

J5-1
cosax =4|———

T
ang=-— ' == [—.
4 51 2
Quay tro lai bién cii, ta thu duoc hai nghiém cua
: 5-1
PT ban ddu: x=0, x=— —\[——2——

Thi du 6. Gidi hé phwong trinh

{(4;:3 _3x)" +(4y) -3p) =1

24yt =1

Loi gidi. Vi x4+ y2 =1, néntaco thé dat
x=sina, y =cosa.
Khi d6 PT diu tién cua hé tr& thanh
sin® 3a + cos® 3 =1 (5).
Tién hanh bién dbi vé trai: sin®3e +cos® 3a =

= (sin2 3¢ +cos’ 31&:)(sin4 3¢ —sin? 3a - cos® 3 + cos® 3a)

=1-3sin? 3a - cos* 3a.
Tit d6 suy ra, PT (5) twong duong voi PT:
sin6a = 0. Tap nghiém caa PT duge cho bdi cong

, rk o . ;
thirc =—6—,k eZ. Tiu diy ta tim dugc nghiém

o {52} (2
240 Do 8249

2x
1-x
2y
_y2
2z

T

Thi du 7. Gidi hé phwong trinh

=Z.

ozt

b

Léi gigi. Pat x=tana, ae(-ﬁ —’5).@’
. 2
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. ) r .7 _”_-,’i]_
& Khi d6 PT thi nhat va thir hai cta hé tro mén:ae[—%;ﬂﬁ)u( 16’16)U(16’2

hanh; {¥ = n2e Céc gié trj sau cia o thoa man diéu kién trén
2 z=tan4a - +2” a=+3_”
Phuong trinh thir ba cua hé cé dang: a=0, a=i-;l-, a==% 7 =
tan8c =tan o hay __s_i&_ =0. Tir 46 suy ra nghiém can tim cua hé phuong trinh
cos8a -cosa

un 2”'tan 4r ).
5 dau 1a: (0;0;0 ;(tan—; an—;tan— |;
PT cudi cung trén khoang (—%,%} tuong duong au ( ) 7 7 7

6r 127
: 27 . Az 871’],( 37, ———'tan—J'
= a —;tan—;tan— [;| tan—;tan—; ’
véi hé: {sm;a ((; Tur déy ta tim dugc nghiém: (tan 77 A 7 7 7 7 7
cos8a #
27 ar 87 ).
——tanf'—tanﬁ;—tanij{ ;(—tan—;“fan—§“tan7}
d d nghiém ndy ciing thoa m 7T 0 7 7
a=—,neZ. D& nghiém nay cling thoa min
v 3z 67 127
Ao A1 18N tha A wld et o el —tan—;—tan—;—tan— |.
nghiém cua PT diu tién thi no phai thoa man diéu 7 7 )

***********************************************************************************

BAI TOAN ... (Tiép theo trang 18)  bI€t 4, B sao cho dién tich tam giac OAB bang WE]

e (v6i O 1a gbe toa do)
Bai tdp vin dung i 5
.  4d B2 7 Ow bi, khéi D-2010). Tim m d& duong
Bai 1 (Dy bi 2, khéi D-2002). Tim m dé d thi , ) L
4 4 tha = + 1 at 3 - s 1
him s6 y=x'—mx’ +m—1 cét truc hoanh tai ang3; mx + 1) cat (C): y=—x+3x> —4 tai
bén diém phén bit, ba diém phan biét M(~1; 0), 4, B sao cho
Bai 2 (Dy bj 1, khéi B-2003). Tim m dé db thy M4 =2MB.

ham s6 y =(x ~I)(x + nor + m) cit truc hoanh tai Bai 8 (Khoi A-2011). Chimg minh ring véi moi

ba diém phan biét. m, dudng thang y = x + m ludn cit (O):

- B: AL 2 A b % = -x+1 § g v
Bai 3 (Khoi A-2004). Tim :n C;e dudng thang y y= e tai hai di€m pbiét 4 va B. Goi ky, &, 1a
m cit b thi ham s§ y= "X F3X=3 o

2(x=1)
phén biét 4, B sao cho 4B = 1.
Bai 4 (Khéi D-2006). Goi (d) Ia dudng thing di
qua A(3; 20) va c6 hé sb goc 1d m. Tim m dé

hé s6 géc cua cac tiép tuyén véi (C) tai 4 va B.
Timm de k + k, dat gi4 tri 16m nhit.

Bai 9 (Khéi D-2011). Tim & dé dudng thing

duong thing (d) cit b thi (C): y=x* 3542 tai 7 o+ 2kt 1 ok (O y=2
ba diém phan biét.

Bai 5 (Khéi A-2010). Tim m & & thi ham sé:
Y= -2 +(l-m)x+m ckt truc hoanh tai ba
diém phan biét ¢6 hoanh 3 1an luot 14 x,, x,, X3 dudng thing ¢i qua M(=2; 3) va ¢6 hé 5§ goc 1a k&
thoa min x? +x + x2 < 4. ' ;

tai hai diém
Phén bigt A, B sao cho khoan

g céch tir 4, B dén
truc hoanh bing nhau.

Bai 10 (Dy bi khéi A, A1-2012). Goi @ 1a

Tim k g€ (d) cat (C): y=ux 4352 tai ba did
Bai 6 (Khéi B-2010). Tim m ¢i duong thing A 02 diém

Phén biét sao cho cac 4 B ek .
T T g TCP Tuyen cda (C) tai ba
y m cat (C): y= x+] @ hai diém phan  diém d6 tao thanh mét tam giac vudng,

22 TQQ%M https://tieulun.hopto.org



CAC LOP THCS

Bai T1/526 (Lép 6). Cho hai s6 m, n nguyén
duong va nguyén t§ cing nhau théa man
m + n = 90. Tim gi trj 16n nhét cia tich m.n.
PHAM MINH HOANG
(Céng ty Nissan Automotion Techlonogy Viét nam)
Bai T2/525 (L6op 7). Tim tit ca cac sb nguyén
duong 7 sao cho n™' +n+1 la sb nguyén t.
LE XUAN PAI
(GV THPT chuyén Vinh Phic)
Bai T3/526. Giai phuong trinh
x* —6x—1=2(x + 425 +8x* +6x +1,

TRAN MANH CUONG
(GV THCS Kim Xa, Vinh Tuong, Vinh Phiic)

Bai T4/526. Cho tam giac nhon ABC cb
AB + AC = 2BC nit tiép dudng tron (O) va ngoai
tiép duomg tron (Z). Goi M 1a diém chinh gifra cua
cung 1én BC. Pudmg thing MI cit dudng tron
ngoai tiép tam gidc BIC tai N. Pudng thing OF cit
BC tai P. Chitng minh ré‘ing duong thﬁng PN tiép
xtc véi dudng tron ngoai tiép tam gic BIC.
DOAN CAT NHON
(GV THCS phuong Binh Dinh, TX. An Nhom, Bink Binh)
Bai T5/526. X4c dinh tit ca céc cdp sb nguyén
(a; b) sao cho hé phuong trinh:
2 4+2ax-3a-1=0
{yz ~2by+x=0
6 ding 3 nghiém thyc (x; y) phén biét.
NGUYEN PHU SON
(GV THCS Yén Lac, Vinh Phuc)

CAC LOP THPT

Bai T6/526. Cho ba sé thuc duong a, b, c. Chimg
: s (a-b)? (b-c)? (c-a)’
ikt Fng; (b+c)c+a) (c+a)a+b) (a+b)(b+c)
L@ +8+c?)
~ (a+b+c)
PAO VAN NAM
(GV TH, THCS Everrest, Ha N§i)

Bai T7/526. Cho tam giac ABC c6 d) dai céc
dudng cao 14 A,, A, A va nira chu vi p théa mén
hé thirc #>+Hk +k =p*. Ching minh ring tam

gidc ABC déu.
DANG THANH HAI — TRAN TUYET THANH
(GV khoa Co bdn, Hoc vién
PKKQ Son Tdy, Ha Noi)

Bai T8/526. Cho hinh chdp tam giac S.ABC co
day 1a tam gidc vudng tai 4 va AC > AB, AM 1a
trung tuyén. Goi 7 13 tam dudng tron ndi tiép day.
Gia sir JM vudng géc véi BI. Tinh gia tri biéu thirc

T= I{G.AIB + VS.AJC + VS.BIC :

p:S“A!B

KIEU BINH MINH
(GV THPT chuyén Hung Vwong, Phii Tho)

Bai T9/526. Cho a, b, ¢ 1a d5 dai ba canh cua tam

giac va neN'. Chimg minh ring

I/S.AJ'C P:S'.EIC

a N b . c" 5 3
(b+c)'—-a" (c+a)' =b" (a+b)'—c" 2"-1
NGO VAN THAI

(T6 9, phuong Hodng Diéu, TP. Thai Bink)
TIEN TOI OLYMPIC TOAN
Bai T10/526. Véi mdi s6 nguyén duong n, dit
S,,=Z[Jk2+4 k2+2k+2], trong d6 ky hiéu [x] 1a
k=l
s6 nguyén lém nhét khong vurot qua x. Tim tit ca
cac sb nguyén dwong » dé S, 1a Iy thira cia mét
s0 nguyén to.

PAO XUAN LUYEN
(GV THPT chuyén Lé Quy Pin, TP.Quy Nhon, Binh Dinh)
Bai T11/526. Tim tat ca c4c ham s§ f: Z—Z
théa min f(x+ f(y))=,f(x), Vx,yeZ.

NGUYEN TAI CHUNG
(GV THPT chuyén Hing Vuong, Gia Lai)

s§ smmﬁﬂielﬂmg@@@




Bai T12/526. Cho tam giac nhon 4BC, (O; R) 13
dudmg tron ngoai tiép. Dudng cao 4D=2R. Goi
M, N theo th tr 14 giao didm caa AB, AC va
dudmg tron dudng kinh 4D. P 13 giao diém thir hai
cua (O; R) va dudng tron dudng kinh 4D. Q 1a
diém abi x¥mg cua P qua MN. Chimg minh ring
a) 28, _SABC
z

b) BON =Com -2,

| NGUYEN NGOC TU
(GV THPT chuyén Ha Giang)
Bai L1/526. Hai didm A, B nim trén cung mot

duorng thing di qua ngudn am S va & cung mdt
phia so v6i ngudn 4m. Coi ngudn 4m la dang

FOR SECONDARY SCHOOL
Problem T1/526 (For 6" grade). Given positive
integers m, n which are coprime and satisfy m + n

#90. Find the maximal value of the product m.n.

Problem T2/526 (For 7" grade). Find all positive

integers n so that »°”' +n+1 is a prime.

Problem T3/526. Solve the equation

X' —6x—1=2(x + 422> +8x2 +6x +1.

Problem T4/526. Given acute triangle 4BC with
AB + AC = 2BC which is inscribed in the circle
(O) and is circumscribed the circle (/). Let M be
the midpoint of the major arc BC. The line M/
;inters,ects the circumcircle of B/C at N, The line
 01 intersects BC at P. Show that the line PN is
tangent to the 01rcumc1rcle of BIC. o

Problem TS/526 Find all pairs of integers (a; b)

so that the following system of equations

x2+2ax—3a*l=é)
Y =2by+x=0

TOAN HOC
* CTugilpe
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hudng va mdi truong khéng hip thy 4m. Biét mirc
cudng d6 am tai 4 13 L,=150dB, tai Bla Lz=30
dB. Cho C 1a mdt diém trén doan AB ma

CB = 2CA. X4c dinh muc cudng do am tai C.
VIET CUONG (Ha Néi)

Bai 1.2/526. Cho doan mach co R, L \mﬁc ndi
tip, dién trd R = 100 Q, cudn cdm thuan c6 4§

ty cam L = ﬁ(H). Gia sir dién 4p giita hai d4u
a (s
doan mach 13 u =400cos?(50mt +m)(V). Xéc
dinh cudng 6 dong dién hiéu dung qua doan
mach.

THANH LAM (Ha Nbi)

" PROBLEMS IN THIS ISSUE

has exactly 3 different real roots (x; y).

FOR HIGH SCHOOL

Problem T6/526. Given positive numbers a, b, c.
Show that

(a-b . G- | (c-a)
(b+c)c+a) (c+aXa+b): (a+b)b+c)
3(a +b2+c’)
(a+b+cy
Ploblem T7/526. Given a triangle ABC with the

lengths of the altitudes ha, hy, h. and its half

perimeter p satisfying 4 + 42 +4* = p*>. Show that
the triangle i4BC is equilateral.

Pfoblem T8/526. Given a tetrahedron S.4BC
Wwhose base is a right triangle with the right angle
4 and AC > AB. Let AM be the median and / the
incenter of the base. Suppose that IM is
perpendicular to BI. Compute the value of the
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(Xem tiép trang 33)
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Bai T1/522. Ching t6 rang voi moi neN, ta co:
4% +2% +1 chia hét cho 1.
Lm gidi. Chiy : Véi cac sb nguyén h, k tiy y ta
thay:
1) BGA+1)(3k+1)=3s+1va

(Th+ 1)(Tk+ 1) =7s + 1 v6i s 12 s6 nguyén;
2) (3h — 1)(3k — 1) = 35 + 1 v&i s 12 s6 nguyén;

IGA+DBE-1D)=3x-1=3x-1)+2=3s+2
voi s, x 13 cac sb nguyeén.

Véi k, m 1a cac sb nguyén tr Chit y trén suy ra
rang: 3k — 1)*" =3u+1va3k- 1')2"' e 3v+2
vdi u, v 1a cac s6 nguyén, do d6 néu # la s6 chan
thi 2"=(3 - 1)"=3u+1 (néun=0thi2"=1)va
neu n lasdlethi2"=(3-1)"=3v+2voiy viad
cac sO nguyén.
Pit T= 4% +27 +1.Néunlasb chin ta co:
T=4" 427 +1=4"""142""141
=4.47+22"+1=4.64"+28"+1
=479+ 1) +2(7+1)'+1
=4(7s+1)+2(7t+ 1)+ 1
=7(4s+2t+ 1),
sb nay chia hét cho 7 do s, ¢ 1a cac s6 nguyén.
Néu n 1a 56 1é ta co:
T=47 +27 +1 =43v+2+23v+2+ 1
—1647+427+1=16.64"+48"+1
=16(7.9+1) +4(7+ 1) +1
=16(7s+ 1)+ 4(Tt+ 1)+ 1
=7(16s + 4t + 3),
s6 ndy chia hét cho 7 do s, £ 1a cac s6 nguyén.
Vay T = 47 +27 +1 chia hét cho 7 véin 1 s6
nguyén duong tuy y.

Nh@n xét. Luu § raing 4 khong bing 16", Céc ban
sau co 10i gidi ding. Phé Tho: Nguyén Podn Anh
Ti, 6A, THCS Nguyén Quang Bich, Tam Nong; Ha
Noi: Trin Anh Pirc, 6C2, THCS Archimedes, Pong
Anh; Nghé An: Lé Ngoc Huong Giang, 6B, THCS
H6 Xuan Huong, Quynh Luu; Bui Thi Thiy Linh,
Nguyén Vin Lam, Nguyén Trong Bdo, Dinh A Na,
Léam Phuong Théo, 6A, THCS Ly Nhat Quang, P6
Luong.

NGUYEN VIET HAI

Bai T2/522. Cho tam gidc ABC c¢6 ba goc nhon
(4B < AC), duong cao AD. Vé cdc diém M va N
sao cho AB la dwong trung truc cua MD, AC la
duong trung trung truc cia ND. MN cat AB tai E
va cdt AC tai F. BF va CE cdt nhau tai H Goi I,
K, O theo thir tir la trung diém cia cdc doan thing
BH, CH va BC. Chirng minh

EIF = EKF = EDF = EOF.
Léi gidi.

C

Do 4B la dudng trung truc cua MD va E€ AB nén
tam gidc EMD can tai E va EB la phan giac cua
MED . Chimg minh twong tyr, ta ¢6 FC 14 phan
giac cua NFD.

Tam gia:tc DEF c6 EB va FC 13 hai phan giac
ngoai cat nhau tai 4, nén DA 1a phin gidc cua
EDF.

Lai co AD L BC nén DC la phan giic ngoai cua
tam giac DEF.

Tam gie’fc DEF ¢6 DC va FC la hai phdn giac
ngoai cdt nhau tai C nén EC 1a phin gidc cua
I@.Suyra Cﬁ=90°véHlétructﬁmcﬁatam
gidc ABC. Do d6 BF 1L AC.

Do 4B la duong trung truc cia MD, AC 1a duong
trung truc clia ND nén AM = AN (= AD) va
ADE =AME, ADF = ANF,MAN =2BA4C.
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Suy ra: EDF = ADE + ADF = AME + ANF
=180° —MAN =180° — 2BAC (1).

Tam gidc BEH vudng tai E c6 EJ 13 trung tuyén
Umg vdi canh huyén nén E/ = IB. Do d6 tam giac
IBE cantail. Suyra EIF =2EBF.
Chimg minh twong ty, ta c6 EKF=2ECF. Ma
EBF =ECF (gbc c6 canh trong img vudng goc),
suy ra EIF =EKF (2). Taco:
EOF=18(° —(EOB + FOC)

=180° ~(180° — 2.4BC +180° — 2. ACB)

=2(ABC+ ACB)-180°

=2(180° — BAC) —180° = 180° —2.BAC (3).
T (1), (2), (3) suy ra EIF = EKF = EDF =EOF
(didu phai chirng minh).
Nhin xét. Day la bai toan chimg minh st dyng linh
hoat kién thirc hinh hoc 16p 7. Pa sb cac ban giri bai
déu 1am dang va cach lam trong ty nhr trén.
Tuyén duong cac ban sau c6 11 giai tot:
Ha Nji: Hodang Tudn Anh, 7T, THCS Luong Thé
Vinh; Vinh Phiic: Nguyén Huy Hodng, 7A2, THCS
Yén Lac; Binh Pinh: Nguyén Nguyén Thinh, 71A4,
THCS P. Binh Minh, TX. An Nhon; Quang Tri: V&
Nguyén Thang, 7D, THCS Trung Vuong, TP. DPong

Ha; Quang Ngai: Bui Thi Quynh Nhuw TA, THCS
Nghia My, Tu Nghia.

PHAM THI BACH NGOQC
Bai T3/522. Cho cdc tap hop
A={xeN: x=3k+2 véi keN va k<668};
B={xeN: x=5k+1 v6i keN va k <668},
C={xeN: xed va xeB).
Hoi tdp hop C c6 bao nhiéu phén tir?
Léi gidgi. (Coa nhiéu ban) Truéc hét ta tim cac

phén tir ctia tap hop C. Ta phai giai phuong trinh
Diophantus:

x=3k +2=5k,+1,0<k,k, <668 (*).
Cong thém 4, ta c6 s& x+4 vira 13 bdi cua 3 va
boi cua 5, nén 1a b4 caa 15, wi
x+4=3k+6=5k,+5. T 46 c6 x+4=15k.
Thay x =15k —4 vao (*) ta c6:

TOAN HOC :
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0<k =5k—25668=>1<k<134

va 0<k, =3k 15668 1<k <223.
Téng hop lai, tap hop Ccod 134 phﬁ’n .
Nhdn xét : Cac ban sau day Cé\ dap so dﬁfgi ’
Phi Tho: Nguyén Thi Thu Hang, Ngu}ffn Dwfi Huy,
7A3, D& Ngoc Tién, Nguyén Trung Kién, Ngé Du;c
Diing, Nguyén Thai Triéu, Nguyén Duy Anh,nNguyen
Pirc Quy va Bui Duy Khanh, 8A3, THCS Lar‘n thao,
huyén Lam Thao; Nghé An: Ngé Thi An Emh, A9E
THCS Ding Thai Mai, TP. Vinh, Ngu}'en Cong
Phiic 9C, Théi Manh Qudn, 7B, Phan Quéc Bdo TA,
Nguyén Phuong Phuong, 6A, THCS Ly Nhat
Quang, P6 Luong; Ha Nbi : Trdan Anh Dirc, 6C2,
Pham Héng Gia Bdo, P Viét Nhan, 8C2, THCS,
THPT Archimedes Pong Anh, Tran Minh Tu 9C,
THCS Luong Thé Vinh, TP. Ha N¢i; Dién Bién:
Nguyén Ngoc Diép, 7B3, THCS Pom Lot, huyén
Pién Bién; Hung Yén: Lé Tuan Nghia, 8C, THCS
Poin Thi Diém, Yén M¥;
Ban Ngé Hitu Nam, 8A3 khong cho biét hoc trudng
nao, ¢ dau.

vU DINH HOA
Bai T4/522. Cho tam giac ABC vuong tai A co

§=600, duwong cao AH. Goi I la trung diém canh
AB. Trén tia IH ldy diém K sao cho BK = BA.
Tinh s6 do goc BKC.

Loi gidi. Theo hé thirc luong trong tam gidc
vuédng ta ¢6 BA*= BH.BC. Suy ra:

BK BH
BK? =BH BC < T Tir d6 suy ra:

C BK
ABKH ~ ABCK (c.gc) = BHK = BKC (1),
y
!
0
B & = c
K

Vi tam gidc AHB vudng tai H, c6 I 1a trung didm
Cua 4B nén IB = IH. Tam giac BIH can, c6

IBH = 60° (gia thiét) nén ABIH déu.
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Do 46 JHB = 60° = BHE =120° (2).

Tir (1) va (2) ta c6: BKC =120,

Nhdn xét. Céc ban dudi day c6 161 giai tht.

Nghé An: Nguyén Danh Tién Nam, Pham Viét Thinh,
Hoang Binh Birc, Nguyén Céng Phic, Truong Dinh
Khai, 9C, T}{CS Ly Nhit Quang, D6 Luong; Hung
Yén: L& Tuan Nghia, 8C, THCS Poan Thj Piém, Yén
MY; Nguyén Gia Khdnh, 9B, THCS Nguyén Tt Thanb;
Quang Tri: V&6 Nguyén Thang, 7D, THCS Trung
Vuong, Pong Ha.

NGUYEN THANH HONG
Bai T5/522. Cho ba s6 thuc a, b, ¢ sao cho ab # 0
vd thoa man 2a(a’ +b*)=bc vd

b(a®> +15b%)=6ac. Tinh gid tri cua biéu thirc

_a' +6a’b’ +15b"
15q° +b* -
Vi ab#0 thiét
124> (a2 +b? ) = b6abc

b*(a’ +1552)=6abc'

Loi giai. nén  gia
2(1(1:12 +b2)=bc
b(a2 + 15b2) = 6ac

Suyra: 124° (a2 +b2) =b (a2 +15b2)

< 12a* +11a°p* —-156* =0

(34 +5b7 )(44" ~36*)=0
2

& 4a’ 36" = o«i»b—fZ

(lwu ¥ 3a° +5b° > 0).

Chia ci tir s6 va miu sb cua biéu thic P cho

at +6a*h + 1556*

154" +b*

b* %0, tadugc: P=

a’ a 9 3
P‘+6-b-z’+15 _ i—g+64 +15 _ 321
B J B 9 151
a 15. = +1
15.54—-1—1 16
151 o
Nhin xét. Diy la dé toan khong kho, ‘1'.1811 'het céo
ban lam nhu trén. Diéu then chét cua bai todn 1a tir
2

2
*a A ’ -_ 3
g1a thiet, tinh dug 24
ot +6a%b +150° _ 321
a +6a b Vo8 .
154 +b* 151

4a
C6 thé thay b* =—

varat gon, ta dugc P =

Céc ban sau diy c6 bai giai tdt:
Phi Tho: P Ngoc Tién, Nguyén Trung Kién, Lé
Vin Kiét, Nguyén Tién Diing, Nguyén Duy Anh, Bui
Duy Khanh, Duong Nguyén Khdnh, 8A3, Nguyén
Pire Vinh quang, 9A3, THCS Lam Thao, Lé Anh
Khiém, Triéu Huyén Trdam, Nguyén Gia Huy B, 8C,
THCS Cao Mai, TTr. Ldm Thao , H. Lam Thao;
Nghé An: Trdn Quang Vinh, 8A, THCS HO Xuén
Huong, Quynh Lwu, Nguyén Céng Phic, Truong
Pinh Khdi, Nguyén Danh T ién Nam, Hoang Dinh
Dirc, Nguyén Huy Diing, Dwong Trong Nguyén, 9C,
THCS Ly Nhat Quang, D6 Luong, Ngé Thi An Binh,
9C, THCS Ping Thai Mai, TP. Vinh; Hu’ng Yén:
Lé Tudn Nghia, 8C, THCS Poin Thi Ppiém, Yén
My, Nguyén Gia khdinh, 9B, THCS Nguyén Tt
Thanh, TP. Hung Yén; Ha Noi: Trdan Minh Tu, 9C,
THCS Luong Thé Vinh, TP. Ha Noi.

NGUYEN ANH DUNG

Bai T6/522. Giai hé phwong trinh
X +y*=9 () B
5ox+23+x-6y=2{5 (2)

Léi gigi. (Cua ban Nguyén Huy Hoang va nhiéu

. x<5;
ban khac) DK: *)
23+x-6y20

Véi DK (*) thi
(2) & 5—x+2V5-x/23+x -6y +23+x-6y =20
SN5-x23+x-6y=3y—-4 (3).

Véidiéukién 3y —420 hay yzg (**) thi
e (5-x)(23+x-6y)=9y* -24y+16
&9y’ +x% —6xy+18x+6y-99=0
& (10x* +10y* -90) - (3x+y-3)" =0 (4).

Do (1)nén (4)=(3x+y-3)' =0 3x+y-3=0.

Thay y=3-3x vao (1) ta dugc:

x? +(3—3x)2 =9< x, =0 hodc x, ==

% 12
Suy ra y, =3 hoic y, =—? (loai vi khéng thoa

min didu kién (**)).
Vay hé (I) c6 mét cip duy nhit (0;3) théa man
diéu kién (*). Ddp s6: x = 0; y=3.
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Phuong phdp do thi: Khai bao xA2+yr2=9
va  sqrt(5-x)+sqrt(23+ x —6y) = 2sqrt(5) trén
GeoGebra (dAu ~ 13 diu Iy thira, sqrt 1a can bic
hai), GeoGebra s& vé hai dudng cong va ching
cét nhau tai diém duy nhit (0;3).

® LA ] ?

WiEs R a2
-y k-G~ 2VE

s ]

+

Nhdn xét. Diy 13 bai dang giai hé phwong trinh hon
hop (dai sb va cin thic), c6 do khé nhu bai thi hoc
sinh gidi cAp Trudmg, thip hon thi hoc sinh gidi chp
Tinh, Thanh phd hién nay. Bai cé nhiéu cach giai.
Pi c6 61 ban tham gia gii, trong d6 c6 17 ban 14
hoc sinh THCS. Tuy nhién, nhiéu ban khong nim
vimng qui tic bién d6i twong dwong khi giai phuong
trinh, thi dy, khong st dung dinh li:

_ g(x)20
V=g e {f(x) =g’

nén thira nghiém (Céc ban: Ngé Gia Hiéu, 9C,
Nguyén Gia Huy, 8C, THCS Cao Mai, Thi trdn Lam
Thao, Phi Tho; Pham Vinh Minh, 10 Toan 1, THPT
Chuyén Nguyén Quang Diéu, Pong Thap; Bui Minh
Trung, 11C2, THPT Chu Vin An, Thanh phb Gia
Nghia, Pik Néng). Thim chi, nhiéu ban dap sb
diing, nhung khong thé cho diém t6i da: Mot s6 ban
din dén phuong trinh béc bon vi sir dung cong cu
dao ham, trong khi bai niy chi cin dén bién d6i
tuong duong va giai hé don gian.

C6 mot ban mic sai lAm don gian khi chuyén vé

3x+y—-3=0 thanh y=3-3y va gidi h¢
y=3-3x ,

cho nghiém (x;y)=(0;5).
{x2+y2=9 ghl¢ ( y) ( )

Danh sach cac ban giai dang la:

Ba Ria-Viing Tau: Phan Trung Kién, 11T1, THPT
chuyén L& Quy Pén, TP. Viing Tau; Bic Ninh:
Nguyén Thj Phuong Thdo, 10A1-K16-YP2, THPT
Yén Phong sb 2; Binh Dwong: Trdn Hoai Bdo, 9Al,
THCS Pha My, TP. Thu Diu Mét; Binh Dinh:
Nguyén Huy Hoang, 11T, THPT chuyén Lé Quy
Poén; Binh Phuéc: Ha Trong Tai, 12T6, THPT

TOAN HOC )
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chuyén Binh Long; pong Thap: Lé Huynh Nhat
Nguyét, 10 Toan, Pham Vinh Minh, 10 Toan 1, Lé
Nhat Khéi, 10T1, Pham Hitu Ding, Lé Van Anh
Khoa, Nguyén Minh Khoi, Nguyén Thién Ly, Lac
Xudin Thinh, Nguyén Thién Tt vi, 11T1, THPT chuyén
Nguyén Quang Diéu; Ha N§i: Pham Hodng Gia
Bio, Trin Anh Dat, D& Viét Viét Nhan, 8C2, THCS
Amsterdam, Péng Anh, Nguyén Huy Hodng, 11 toén
1, THPT chuyén Nguyén Hué, Ha Dong; Ha Tinh:
Tran Thi Ngoc Anh, Nguyén Thi Thay Linh, 11A1,
THPT Cu Huy Can, Vil Quang; Hung Yén: Cao Thj
Tuong Vy, 11A9, THPT Duong Quang Ham, Lé
Xudn Hiép, 10 Toén 1, Tran Van Qudn, 11 Todn 1,
THPT chuyén Hung Yén; Nghé An: Hodng Dinh
Ditc, Nguyén Danh Tién Nam, Nguyén Céng Phic,
Pham Viét Thinh, 9C, THCS Ly Nhat Quang, D%
Luong, Trdn Quang Vinh, 8A THCS Ho Xuan
Huong, Quynh Luu; Pha The: Nguyen Tién Diing,
Vii Dirc Huy, Nguyén Trung Kién, Nguyén Dirc Quy,
DG Ngoc Tién, 8A3, Nguyén Dirc Vinh Quang, 9A3,
THCS Lam Thao; Trdn Tudn Minh, 10 ToAn THPT
chuyén Hung Vuong; Quéng Binh: Lé Dic Hanh,
11 Toan 2, Nguyén Tran Hoang, 10 Toan 2, Pham
Gia Hung, 10 Toan 1, Tran Nhédt Minh, 11T1, THPT
chuyén V6 Nguyén Gidp; Thira Thién-Hué: Lé
Nguyén Quynh Anh, Hodng Bdo Ngoc,11 Toan 2,
Phan Thi Minh Chdu, Lé Thi Thanh Tam, Nguyén
Huong Thiy, Lé Thiiy Tién, 10 Toan 2, Tran Trdn
Chéu, Tran Thi Thanh Thuw, Phan Thi Bdo Tram, 10
Toin 1, Nguyén Thi My Lé, Hodng Ding Tén,
Nguyén Vinh Tri, 11 Toén I; Nguyén Quéc Toan,
Nglfyg" Ai Hrirye:n Trang, 12 Toan 2, THPT chuyén
Quée hoc Hué. Va ¢ hai ban khong ghi tén.

TA DUY PHUONG
Bai T7/522. Cho cdc s6 thuc khéng ém a, b, ¢
théa man 25a+45b+52c<95. Tim gid tri lom

at+b + b+c . c+a
a+b+l b+c+l c+a+l

nhdt cua biéu thirc

Loi gigi. Cach 1. Vi cac sb thyc khong 4m a,
b, ¢ thoa man 25a+45b+52¢<95 ta dé dang
chimg minh dugc:
a+b <a+b+9
a+b+1 16

; day “=> xdyrakhia+b =3,
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b+c <b+c+l

sdau “="xayrakhib+c=1.

b+c+l 4
cta <C+a+4 d;’\ _3 2 .
chatl . @ | nuants xayrakhic+a=2,

Cong ba vé déng thirc trén ta co:

a+b b+c _c+a <25a+45b+52¢+181
a+b+1 b+c+l c+ag+1 144
a+b b+c c+a <23

+ <=
a+b+l b+c+l c+a+l 12
' Diu “=’” xay ra’khi a=2,b=1,c=0. Vaygia tri
16n nhét cla biéu thirc

a+b b+c N c+a bi 23
| a+b+1 bic+l crasl T8 1o
Cich 2. Dat p=—3%b_ | btc | cta
a+b+1 b+c+l c+a+l
Tacc’»:P=3—( I8 a3 i b L
a+b+1 b+c+l c+a+l
3? 62 4?
=3- + + !
Ya+b+1) 36(b+c+]) 16(c+a+1)]
Theo BDT Schwarz ta co:
32 62 42
+ +
a+b+1) 36(b+c+1) 16(c+a+1)
S (3+6+4)
T 9a+b+1)+36(b+c+)+16(c+a+l)
169 169
T 95461 156
169 23
Dodé: P<3——=—.
00 156 12 |
3 6 4

P=—2§<:> 9a+b+1) =36(:’)+c+l) - l16(c+a+1)

25a+45b+52¢ =95
. 23
< a=2,b=1,c=0. Viy rnaxP=-E.

Nhan xét. Bii toan khong khé nhung 1 giai cua
mét s6 ban con dai dong. Céch gidi 1 14 cia thc gia
dé toén. Céch 2 13 cua da sb cac ban. E’Jéc bf;m sau co
167 giai ngén gon: Bdc Ninh: Nguyén Thi }:huo-ng
Thdo, 10A1-K16-YP2, THPT Yén Phong s0 2, H
Yén Phong; Ha Ndi: Nguyén Huy Hoang, 1% Toan
1, THPT chuyén Nguyén Hué, Ha Dong; Pht Th:
Ng6 Diec Diing, Nguyén Duy Anh, Nguyén Duc Ouy,
Biii Duy Khdnh, Lé Vin Kiét, Nguyén Trung Kién,
Nguyén Tién Diing, P6 Ngoc Tién, 8A3, THCS Lém
Thao, H. Lam Thao, Trdn Tudn Mink, 10 T020,
THPT chuyén Hing Vuong; Hung Yén: Lé Xuan

Hiép, 10 Toan 1, T) ran Vin Quan, 11 Toan 1, THPT
chuyén Hung Yén, Lé Tudn Nghia, 8C, THCS Poan
Thi Piém, Yén My; Nghé An: Nguyén Céng Philc,
Nguygn Danh Tién Nam, Hodng Dinh Puc, Nguyén
Huy Diing, Pham Viét Thinh, Duong Trong Nguyén,
9C, THCS Ly Nhat Quang, P6 Luong, Ngé Thi An
Binh, 9E, THCS Piang Thai Mai, TP. Vinh; Ha
Tinh: Nguyén Thi Hodi Mén, 11A1, THPT Cu Huy
Can, Vii Quang; Quéang Binh: Phgm Gia Hung, 10
To4n 1, Nguyén Trin Hodng, 10 Toan 2, Trieong Thi
Thu Ha, Hoang Pdng Tén, 11 Toan 1, Hoang Bdo
Ngoc, 11 Toan 2, THPT chuyén V5 Nguyén Giap;
Thira Thién Hué: Nguyén Thi My Lé, Nguyén Vinh
Tri, 11 Toan 1, Phan Thi Bdo Trdm, Tran Thi Thanh
Thw, 10 Toan 1, Phan Thi Minh Chdu, Nguyén
Huong Thiy, Lé Thi Thanh Tim, 10 Toan 2, Nguyén
Ai Huyén Trang, 12 Toan 2, THPT chuyén Quéc hoc
Hué; Pong Thap: Lé Vin Anh Khoa, Pham Hitu
Pdng, 11T1, Lé Huynh Nhdt Nguyét, 10 Toan,
THPT chuyén Nguyén Quang Diéu; Ba Ria - Ving
Tau: Phan Trung Kién, 11T1, THPT chuyén L&
Quy Pén, TP. Viing Tau; Lam Pdng: 76 Gia Bdo,
11 Toan, THPT chuyén Thing Long, TP. Pa Lat;
Binh Pinh: Nguyén Huy Hoang, 11T, THPT chuyén
Lé Quy Don; Phi Yén: Phan Vinh Tién, 11QT3,
truong phd théng Duy Tan, TX. Pong Hoa; Pik-
Nong: Bui Minh Trung, 11C2, THPT Chu Vin An,
TP. Gia Nghia.

TRAN HUU NAM
Bai T8/522. Cho tam giac ABC cé duong tron néi
tiép (I). Puong tron (I) tiép xiic véi BC, CA, AB
lan luot tai D, E, F. Goi M la diém déi ximg cia F
qua B va N la diém doi xirng cua E qua C. Duong
cao DH cua tam giic DEF cdt MN tai G. Chiung
minh DH = DG.

Loi gidi.

M G
N

Dé thiy tam gidc FDM vuéng tai D, tam gidc
EDN vudng tai D. Trén canh EF liy diém J sao

sé sastparitie O onA2 9




cho EDJ=DNG. Khi d6 do JED=GDN (cing

phu véi EDH ) nén AJED~AGDN (g.2). Suy ra
%=§]Ev=cotlﬁ=cotﬁ) (1).
Xeét hai tam gidc JFD va GDM cé:
DGM =DJF (vi DGN =EJD);
JFD =GDM (cung phu vé1 I::Bﬁ)
= AJFD~AGDM (g.2)

oI DF A DFB=cot DB (2
DG DM =0 ).
Tu (1) va (2) suy ra:
JE JF
———+——cotEFD+ tDE
DG DG CoLILK
hay Ezcotﬁ)+cot5ﬁ' FH EH 23
DG DH DH DH

Tir d6 c6 DH = DG.

Nhgn xét. Hau hét cac bai gii vé Toa soan déu sir
dung tinh chét ctia hang diém didu hoa, chim didu
hoa va két qua Cho hai duong thang dy, d,. Trén d,
lay cac diém Ay, By, Cy; trén d- [ay cac diém A, B,

C, sao cho ii—_‘ 43 =2L=Fk Trén A\A,,

BC, B,C,
lan lirot lay cic diém A, By, Cy sao cho
44_BB_GC
44, BB, GG,
A,

1321 Cl C2

. Khi @6 ba diém 4, B; C,

5 =22 =k. (Bé d¢ ERIQ) & giai quyét
3C3

bai toan nay. Sau diy la danh sach cac ban cé i
giai tot: Phii Tho: Trdn Tudn Minh, 10 Toan, THPT
chuyén Hung Vuong, TP. Viét Tri; Qudng Ninh:
Nguyén Thu Huong, 11 Toan, THPT chuyén Ha
Long; Hung Yén: Nguyén Tri Hing, Pham Pirc
Manh, 10 Toan, Trdn Vin Quén, 11 Toan 1, THPT
chuyén Hung Yén; Bic Ninh; Nguyén Ngoc Khanh,
12 Toan, THPT chuyén Bic Ninh; Quing Binh:
Nguyén Trdan Hodng, 10 Toan 2, THPT chuyén V&
Nguyén Giap; Quéng Tri: Nguyén Xudn Tién, 11
Toan, THPT chuyén L& Quy Pén; Thira Thién
Hué: Nguyén Quang Huy, 11 Toin 1, Pham Ba
Hoang, Nguyén Bdng Khanh Toan, Nguyén Thi Bdo
Ngoc, Lé Thi Minh Thiy, 12 Toan 1, THPT chuyén
Quédc hqc Hué, TP. Hué; Quing Nam: V3 Hodng
Diec, Tran Gia Huy, 11/1, Nguyén Pham Minh Tri,
16p Toan K14, THPT chuyén Nguyén Binh Khiém;

TOAN HOC
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Lim Pdng: 76 Gia Bdo, 11 Toan, THPT chuyén
Thing Long, TP. Pa Lat; Binh Dinh: Nguyén Huy
Hoang, 11T, THPT chuyén L& Quy Dén, TP. Quy
Nhon; Péng Thap: Lé Nhdt Khéi, 10 Toan 1,
Nguyen Thién Tri, Pham Hitu Dang, Lé Van Anh

Khoa, 11T1, THPT chuyén Nguyen Quang Diéu,
TP. Cao Lianh; Kon Tum: Nguyén Minh Khoa,
11Toan, THPT chuyén Nguyén Tit Thanh; Binh
Phwéc: Ha Trong Tai, 12T6, THPT chuyén Binh
Long; Séc Trang: Ldm Kha Héan, 11A2T, THPT
chuyén Nguyén Thi Minh Khai; Tién Giang: Mai
Vé Phiic Thanh, 11 Toan, THPT chuyén Tién Giang;
Ba Ria — Viing Tau: Phan Trung Kién, 11T1, THPT
chuyén L& Quy Pén; TP. Hd Chi Minh: Thai
Quang Phat, 11CT1, THPT chuyén Lé Hong Phong.

HO QUANG VINH

Bai T9/522. Cho ba s6 x, y, z khéng dm théa man
x+y+z=3. Ching minh rang

(C+y +2)* Y + 72 +2°x°) <36(xy + yz + zx).
Lot gidi. Do vai tro cua x, y, z trong bai toan 1a
nhu nhau, khdng mit tinh téng quat ta gia sir ring
xzy,x2z. Data=y+z Ta cé:

36(xy + yz + zx) 2 36x(y + z) = 36xa;
X+y’+2 <8 +(y+2) =x* +a;
Xy +y’ 2 + 258 <X (P +3y% 2+ 3y2° +2%)
=x’(y+z)=x’.4".
Do d6

36()0"".1’2"*‘Z'JC)‘(JC3 +y’ '*'ZJ)(xgy3 +y3'z3 +23x3)

>36xa—(x’+a*)x*a’

=xa {36—[(x+a)3 —3xa(x+a)]x2a2}

=1[36-(27-91)]#* (trong d6 ki hiéu £ = xa, > 0)

= 9 - 37 +4)=9(t - 2)(F - 1-2)

=9t — 2%t + 1) = 0. BDT di dugc chimg
minh. Ding thitc xay ra < yz = 0, x(3 -x)=2
hogc yz = 0, x(3 — x) = 0. Piéu nay twong duong
V&i hoic x = 2 va trong hai s6 y, z c6 mét sb bing
0 va mét s bang 1, hoiic x = 3,y=z=0. Nhu vay
bat ding thirc tr& thinh ding thirc khi va chi khj
(x, y, z) 1a mft hodn vi ciia cac s6 (0, 1, 2) hoic Ia
mét hoén vi cua cée sb (0, 0, 3),
Nhin xét. Chung ta da xét VE phai — Vé trai va higy
nay dugc dénh gia tr phy thugc vao ba tham sé x, y,
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zxubng fc‘m phu thuée vao hai tham sé x, a, tiép theo
giam xuong chi con phy thugc tham sé ¢. Chi c6 mét
ban hoc sinh nhan xét duoc ding thirc xay ra tai 9 bd
s0 (X, ¥, 2), cac ban con lai thidu trudng hop (J.T Y Z)
Ia mdt hodn vj ctia cac sé (0, 0, 3). D6 13 ban Trdn
Van Qudn, 11T1, THPT chuyén Hung Yén; Hung
Yén.

NGUYEN MINH pUC

Bai T10/522. Cho day 56 thuc (u,) xdc dinh boi

{ul =16,u, =288
Yo =18u,, —1 Tu, ,Vn>1

Tim 56 n nho nhat sao cho u, chia hét cho 22,
Loi gifii . Dé dang ching minh bang quy nap cong
thirc tong quat cua u, 1 u, = 17" — 1. Yéu ciu cia
bai todn 1a tim s » nho nhit sao cho
2™ 117" -1. Pén day c6 thé gidi theo hai cach
sau:

Cich 1. (Cia ban Phan Vinh Tién, 11QTS3,

Trudng Ifhé thong Duy Tan, TX. Pong Hoéa, Phu
Yén). S6 n cin tim 1 cép cua 17 (mod 22°%).

Theo dinh Iy Euler ta cé: 17°*"" =1(mod 2°™).

Do d6 n |@p(2°°)=2019.
Viy n=2*% ke{l,2,3,..,2019}. Tacé:

17% —1= 17-DA7+DUT +1)...(A7*" +1).
M3i thira sé 17% +1, i€{0,...,k—1} chi chia hét
cho 2 ma khong chia hét cho 4 nén

vay k& + 4 22020

v,(17% =)=k +4.
22016-

= k > 2016. Do d6 nnhé nhatlan=
Cich 2. (Cia ban Trdn Vin Qudn, 11 Toan 1,
THPT chuyén Hung Yén, Nguyén Quang' Huy, 11
Toan 1, THPT chuyén Quéc h?c Hué, Thl‘ra;l
Thién Hué). Trude hét ta c6 bo de sau (goi 14 bd

dé LTE): Néu x, y la hai 56 Ié sao cho 4|x—y

thi v,(x" —y")=v,(x— ) +v,(n).

Ap dung b dé trén ta c6:
v,(17" =) =1, (171D +v,(n) = 4+v,(n).

Vi 2% ’ 17" —1 nén 4 + v, (n) = 2020, suy ra
v,(n) > 2016. Didu nay twong duong véi7 chia
hét cho 2296, vy minz = 22'°.

Nhgn xét. Pa s6 cic ban giai theo cich thir hai ma
thira nhan khong chimg minh b d& LTE. Ngoai ba
ban Tién, Qudn va Huy, cic ban sau c6 14 giai tot:
Quiéng Binh: Nguyén Trin Hodng, 10 Toan 2,
THPT chuyén V5 Nguyén Giap; Thira Thién Hué:
Pham Ngoc Long, 11 Toan 1, THPT chuyén Qubc
hoc Hué; Quiang Nam: Nguyén Pham Minh T+,
Toan K14, THPT chuyén Nguyén Binh Khiém; Lam
Ddng: 75 Gia Bdo, 11 Toan, THPT chuyén Thing
Long, TP. Pa Lat; Binh Pinh: Nguyén Huy Hodng,
11T, THPT chuyén Lé Quy Pén.

PANG HUNG THANG

Bai T11/522. Tim 14t cd cdc ham s6 f: Z"—Z"

thoa man f[f ,(O',"'ﬂ))=n2°“ (), véi moi nguyén
e

duong n.
Loi gidi. (Theo da sb cac ban) Gia st f{n) thoa

man (1). Suy ra: 2D e 2", VneZ* (2).
n

Thay 7 =1 vao (1) va két hop véi (2), ta duoc:
FU@)=1 va fFa): ™.

Suy ra S(=1. Ta ching minh

f(n)=n"",YneZ" (3) bing phuong phap quy

nap. Ta thay (3) dang vo1 n = 1. Gia sir (3) dung

&n n = k tic f(k)=k™"'. Ta ching minh

flke+1)=(k+1)*". Thay n=k+1 vao (1), ta

.o S+ ) 2021
thu dugc: f[(k £y J =(k+1) (4).

= Sk+1) _ s _ 2021
Bt oy =@ i f(@)=(k+)™". Thay |

2021

n=a vao (1), ta thu dugc: f[fz(ofo)]
a

- Néu a < k+ 1 thi theo gia thiét quy nap,
f(a)=a"™. Mit khac, theo (4) thi

_ Sk+1) _ 2021
r@=s{ L% )=

~ 2021 a =
nén & =(k+1)™ < a=k+1, mau thuin.

5 . k+12021 )
-Néu a>k+1 thi (—-a—z-oz)o—<k+1, nén theo gia

thiét quy nap thi

S6 526(4-2021) T?nguggg 3 1
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2020
a 02020

20 =f(§b%)) =f((k+l)2oz: )z((k 1y Jzozl

nén a =k +1, mau thuin. Do dé, a =k +1, dpcm.
Kétluan: f(n)=n™ vpez'.

Nhén xét. Day 13 dang todn co ban vé phuong trinh
hiam trong s5 hoc. Pa sé cac ban déu giai theo
phuong cach trén. Mgt s6 ban sir dung nguyén 1y kep
cling cho 1di giai ngén gon. Cic ban sau diy cé loi
gidi dung:
Ba Ria — Viing Tau: Phan Trung Kién, 11T1,
THPT chuyén L& Quy Dén; Binh Dinh: Nguydn
Huy Hoang, 11T, THPT chuyén L& Quy Dén; Pdng
Thap: Lac Xudn Thinh, 11T, THPT chuyén Nguyén
Quang Diéu; Thira Thidn Hué: Nguyén Thi Bdo
Ngoc, Nguyén Ddng Khdnh Todn, Pham Bé Hodng,
12T1, Nguyén Minh Ngoc, Nguyén Vinh Tri 11TI,
D& Nguyén Nhu Tém, 10T2, THPT Chuyén QH
Hué; Hung Yén: Trdn Vin Qudn, 11T1, THPT
chuyén Hung Yén; Phi Yén: Phan Vinh Tién,
11QT3, THPT Duy Tin, TX Déng Hoa. Quing
Binh: Pham Gia Hung, 10T1, Dang Hoang Duy, Lé
Quang Phiuc; 11T1, Lé My Duyén, 12T1 THPT
chuyén V& Nguyén Giép; Séc Tring: Nguyén Pirc
Tho, 11A1T, THPT chuyén Nguyén Thi Minh Kbai.
NGUYEN VAN MAU
Bai T12/522. Cho tam gidc ABC, A' la diém ddi
xing cua A qua trung diém M cia BC. AA' cdt
duong tron (A'BC) tai diém thir hai K. Goi I, J
lan heot la tém cdc ducng tron (KAB) va (KAC),
IJ cdt BC tgi S. Chimng minh rdang SA la tiép tuyén
cua duong tron (O). :

Léi gidi. Dé thiy

TOAN HOC :
& cr“mm 86526(4-222_1_)

32

MB? = MC? =— MBMC = -MA' MK = MAMK.

Do d6 suy ra BC 1a tiép tuyén chung cita (1) va ().
Viy S 1a tim ctia phép Vi ty ngodi bién (J) thanh
(/). Do d6 S ciing 13 tim cta phép nghich dao

ngoai bién (J) thanh (J). Vay S4° = SB.SC.
Diéu d6 c6 nghia 1a S4 tiép xtc véi (O).
Nhén xét. 1) Bii toan nay dé, nhiéu ban tham gia
giai, tuy nhién mot s6 ban cho 141 giai qué dai.
2) Mot sb ban cho 10i gidi kha gon bang cach sir
KB AB , | ; 3

dung nhin xét T va chimg minh riang §
chinh la tim dudng tron Applonius tng v&i dinh 4
cua tam giac ABC.
3) Xin néu tén mét sb ban cb 1 giai tét: Bic Kan:
Néng Quéc Duy, 11T, THPT chuyén Bic Kan;
Hung Yén: Trdn Vin Qudn, 11T, THPT chuyén
Hung Yén; Thira Thién Hué: Lé Thj Minh Thuy,
Nguyén Ddng Khinh Todn, Pham Bd Hodng,
Nguyén Thi Ngoc Bao, Bui Thi Ngoc Quynh, 12T1.
THPT chuyén Qubc hoc Hué; Binh Pinh: Nguyén
Huy Hoang, 11T, THPT chuyén Lé Quy Dén; TP.
Hé Chi Minh: Thdi Quang Phdt, 11T1, THPT
chuyén Lé Héng Phong.

NGUYEN MINH HA

Bai L1/520. Séng co truyén tic mét nguén diém
trén mat nuéc voi buée séng 12 cm va téc do 6
m/s. Hai diém A, B cing nam trén mot phuong
truyén séng cach nhau 2 ey T, ai thoi diém t, khi li
do dao dong tai A la Uy =+2 mm thi li @ dao
dong tai B la up = -2 mm. Biét s6ng truyén tir B

dén A. Piém A c6 i d6 23 cm sau thoi gian

ngan nhdt ké tir thoi diém t la bao nhiéw?

Loi gidgi. Goi C 1A trung didm cia 4B. Do
A

AC=lcm=1—?: nén 4 c6 i d§ u, =§ va dang

nguoc chiéu duong (dé sau d6 4 ¢6 trang théi dao
dong giong nhw C va & vi tri c4n bing). Thoi gian

di tir vi tri cAn bang t&i didm c6 li 4 243 cm

B3

T g
(: a—z—ch 1a E Thei gian cén tim 1a:

3T 324
— =—=0(,015s.
4 4 °

=

2

T
+ —
12 6
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PROBLEMS P, (Tiép theo trang 24)
ad ” b N & 5 3
b+e)'=d" (c+ay —b" (a+b)y ~c" 2'—1

} TOWARDS MATHEMATICAL OLYMPIAD

_Problem T9/526. Suppose that a, b, c are the

:lengths of three sides of a triangle andneN".
Prove that

Problem T10/526. For each positive integer n, let

S, =Z[Jk’+4 k*+2k +2], where [x] is the greatest
Lo k=l .

integer which does not exceed x. Find all the
‘ positive integers n so that S, is a power of a prime.

& Nhén xét. Chi c6 ban Nguyén Ai Huyén Trang,

12 Toan 2, THPT chuyén Quéc hoc Hué, Thira
Thién Hué c6 16i giai dung.

NGUYEN XUAN QUANG
Bai L2/522. Mot khu tdp thé tiéu thu cong sudt
dién 14289 W, trong do cdc dung cu dién o khu
nay déu hoat déng binh thwong o dién ap hiéu
dung 220 V. Pién tro cia ddy tai dién tir noi cap

dién dén khu tdp thé la r. Khi khu tap thé khéng

dung mdy ha ap, dé cdc dung cu dién cua khu ndy

hoat dong binh thuomg thi dién ap hiéu dung o noi
cung cap dién 1a 359V, khi do dién dap tirc thoi o

T
2 dau ddy cua khu 1dp thé som pha s so voi dong

dién tirc thoi chay trong mach. Khi khu tdp thé
e A Nl - 2
diing may ha ap li fuong co t SO -1\7-2— =15, dé cac

dung cy dién cua khu ndy vén hoat dong binh
ong dung mdy ha dp thi
la bao nhiéu?

p cua mdy ha

thiong gidng nhu khi kho
dién ap hiéu dung 0 not cap dién
(biét hé sé cong sudt & mach so ¢
dp bang 1).

Léi gigi. Khi khong ding méy bié
dong dién chay qua mach cung cép ¢

ho khu tdp

Problem T11/526. Find all functions f 1 Z-Z
satisfying f(x+/(»))=/(x), Vx,yZ

Problem T12/526. Given an acute triangle ABC
and (O; R) is its circumcircle. The altitude
AD=1/_2-R. Let M, N respectively be the
intersections between AB, AC and the circle with
the diameter AD. Let P be the second intersection
between (O; R) the circle with the diameter AD
and Q the reflection point of P in MN. Show that

SABC"

b) BON =COM ==

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

a) 28y =

thé ciing chinh 1a dong dién chay qua dudng day

tai: /= 7 = 14252 =75A.

Ucosg 220cos _;_r_

Po giam dién 4p trén duong diy:
U-t_ 13% Q.
I 75
Khi dung may bién ap, dién 4p hiéu dung noi cung
cép la: U, =AU, + U’
U' 1a dién 4p & hai diu cudn so cép:

N,
U'=U—+=15U =3300 V.

2
P giam dién ap trén dudng diy AU, =17 voi I'
14 cudmg d6 dong dién chay qua cudn so cép:

AU, =U,-U=Ir =>r=

pipized. s
N, 15
139

=AU, =Ir=5—=9,27 V.
75

Do d6: U, =AU, +U'=3309 V.
Nhgn xét. Chic mimg céc ban sau d3 c6 1&i giai
dung cho dé ra ki nay: Pong Thap: Pham Hiru
Pang, 11T1, THPT chuyén Nguyén Quang Diéu;
Thira Thién Hué: Nguyén Thi My Lé, 11T1, Nguyén
Thi Bio Ngoc, Lé Thi Minh Thiy, Nguyén Ai Huyén
Trang, 12T1, THPT chuyén Quéc hoc Hué;

PINH TH] THAI QUYNH

TOAN H
dstesmahtioy| ':rmp&séié



Gr’:x
G % T
(ﬁ g-.

PHUONG PHAP !

GIXST TOAR \gi

'\\

HE o VA KA1 TRIEN CUA DA THLG

TRAN MINH VU (GV THPT Tran Caa Vén, Gia Lai)

TRUONG QUANG PHONG (GV THPT Nguyén Binh Khiém, Gia Lai)
TRAN THI THANH MINH (GV THPT Nguyén Binh Khxem, Gza[.ﬂ,,

Vige xay dung mot da thirc ¢6 di nghiém thuc véi céc
hé s6 nim trong mét tap ndo 14 mot bai todn thuong
gap, n6 thudng xuyén xuét hién nhu mot linh virc nhod
ctia mén Pai s6, n6 hay xuét hién trong céc bai toan d,
c4c tro choi vui vé nhung day tu duy, ching han [xem
trong [3], trang 40]:

Cho da thuc P(x) =x* +*¢* +*x+*. Hai nguoi
cling choi tro choi nhur sau:

O méi lugt choi, méi nguoi viét mot sé nguyén khdc 0
bat ky vao vi tri * . Néu thay xong tét cd cdc gid tri cia

* ma c6 3 nghiém nguyén thi nguéi di trude thang,
nguoc lai thi nguci di sau thing. Hay tim quy ludt choi
dé nguai di truce luén thang cudc.

Trong khuén khd bai viét ngén nay, ching t6i muén
xau chudi céc bai toan vé xéc dinh hé sé cia mot da
thirc sao cho no6 cé di nghiém thyc va ngoai ra con mét
s6 két qua khong moi vé khai trién da thic, song 4p
dung cua né kha hay cho mét sO bai toan thi chon ddi
tuyén thi hoc sinh gidi Québc té cua cac nudc hay mét
s6 bai toan trong cic Ky thi Olympic Sinh vién Viét
Nam héng nim.
1. Hé s6 cua da thirc ¢é diy di nghiém thuc
1.1. Mt s6 kién thirc co s&
Pinh nghia 1.1. Cho n ld s6 nguyén duong. Mjt
da thire bdc n la mét biéu thirc co dang

P(x)=ax"+ax"' +..+a_x+a,a,#0 (1.1).
0 1 n-1 n 0

Cac sb a,,a,,...,a, goila cac hé sb clia da thirc.
Néu a, =1 thi ta néi da thirc 13 mononic.

Pinh nghia 1.2. (Nghiém cua da thitc)

Cho da thirc P(x),x, duoc goi la mt nghiém ciia

né néu nhu P(x,)=0.

TOAN HOC
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Ta cong nhan hai két qua quan trong vé nghiém va

hé sb cua da thirc sau.

Pinh X 1.3. Cho n ld s6 nguyén duong. Néu da
thirc bgc n: P(x)=a)" +ax” +..+a, x+a, 420 (1.2)

cé di nghiém thwc x,i=ln thi né dugc viét

n

aOH(x—

=1
Pinh li 1.4. (Viéte thudn) Cho n la s6 nguyén
dwong. Néu da thirc bdc n

dudi dang: P(x)= x;) (1.3).

P(x)=ax"+ax™ +..+a, x+a, a,#0.

c6 di nghiém thuc x,,i=1,n thi cdc hé s6 cua no6

c6 moi lién hé nhu sau

4

3

a,

X+ X+t X, =

a
e U3
XX+ X%+ X, X, =—.
9 a,

XXy X, = (—1)" .,
)

Tu dinh 1i 1.4, ta c6 két qua quan trong sau.
Pinh li 1.5. Gid str da thirc bdc n> 1;
P(x)=x"+ax"" +..+a,_x+a,
6 du n nghiém thuc. Khi dé:
1) Néu cac nghiém déu ém, ta cé Zak =0.
k=2
2) Néu céc nghiém déu bé hom hodc bing -1, ta

co: 1"'2“* 2

3) Néu cdc nghz_em déu lom hon hodc b&ng 1, ta
cé: n+(-1) a,21+a.

1+a1)
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Chirng minh. Goi x, 1a cic nghiém cua da thirc

P(x), t;l c6: P(x) =ﬁ(x—x,.). Khi g6:

i=]

n(x x)=PQl)= 1+Za,r,(—l) Hx =P(0)=a,.

t-l

1) Ta chimg minh bang quy nap, ring véi moi s6

duong yf,i=f:r_¢ ta co: H(1+y,.)21+iy,. (")
i=l i=l

Voi n=1 tacd 1+y >1+y,. Gii s véi n=k,

ta co: ["[(1+y)>1+2y, Véi n=k+1,ta co:

i=1

k+1

H(1+yi)=

(1+yk+.)H(l+y‘.)2(l+yhl)(l+iy,.]

i=1
i+l k+l

=1+ 2y, +yk+.2y, 21+,

Do d6 véi cac nghiém x; déu am thi tir bt ding
thic (*) taco: [ J(1-x)=1-) x.

=1 i=1
2) Ta chimg minh BDT sau dung véi moi

¥ 21, i=Ln: H(1+y, [1+Zy,] (**).

i=l
Véi n=1 thi (**) 1a hién nhién.

-1
Néu n>2 thi dat b, =-—2-<:>y =2b +1, ta co:

1+ y, =2(1+5,). BDT(**) twong duong véi:
2"H(1+b )>—-—[1+Z(2b +1)J
1 n
= H(1+bi)zm[n+l+2zb.)

i=1
2 n
o]‘[(ub) (1+_——-2ij.
theo (*). Do do trudmg hop céc

BDT cubi dtng
—1, theo (**) ta

nghiém x; déu bé hon hodc bang

c6: Hl %) >_——[ Zx]

Tir d6 ta suy ra diéu phai ching minh.
3) Néu céc nghiém d&u 16m hon hodc

dung § 1) véi y, = —1 taco

bang 1 thi ap

( .—1)—-7-n+1+2x

ial

H" -—I](1+x-1

i=1 =l =1

Suy ra:

(-1 "a, —Hx >1+Z .—1)=—n+1+2x

=1 i=l

Tir d6 suy ra diéu phai chimg minh.

1.2 Cac thi du _

Thi du 1 ([4]) Cho da thirc béc 3 co ba nghiém
thiec x,,X,,x, c6 dang P(x)=x’+ax’+bx+c

trong d6 a,b,cla cac sé hiru ty, ¢ #0. Chung

2 Ja s6 hitu t khde =1 thi cdc
X

minh rang néu
2

$6 X,,%,,%, ld cdc 56 hizu ty.

Léi gigi. RS rang 0 khong 13 nghiém cua da thirc
s oo X% P

da cho, gid st —~=¢geQ,g#0. Khi d06, theo

X3

o X C[x,+x,+x,=-a
dinh ly Viéte thuin, ta co:{' ¢ "1

XX, + XX, + X%, =b

i {cpcE +Xx,+x, =—a
gx; +(1+q)x,x, =b
x, =—-a—(1+q)x

{ng +(1+q)x,[-a-(1+4g)x,|=b ‘

Do d6 x, la mét nghiém cua da thirc voi hé sb

hiru ti O(x) =(q2 -{—q+1)x2 +a(g+1)x+b.

Khi d6 ton tai cac sb hiru ti: @#0,8,m,n sao

cho: P(x)=(ax+pB)0(x)+mx+n. Vi x, 1a

nghiém cua P(x) va O(x) nén mx, +n=0.

Co l}ai trudng hop xay ra:

e Néu m = 0 thi n = 0. Ta dugc: P(x) =(ax+ S)AA(x)

¢6 nghiém hira ti x, = -—g .Néu x, 1a mét trong

hai 56 x,,x, thi ta dwgc tit ca cic nghiém déu 1a

(1+9)x,.
Néu x, =x, thi cling tir két qua trén suyra x, 1a

s6 hiru ti tir két qua x, =-a—

s6 hitu ti, vi do d6 c4c nghigm cta P(x) déu 1a

hiru ti.

https: //tleull.ghm g
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e Néu m#0 thi x2=—£— 14 s6 hiru ti nén bing

céch 13p ludn twong t, ta ¢ tt ca cac nghiém cﬁa
P(x) d&u 1 hiru ti,

Thi du 2 (TST Kién Giang 2020). Cho da thirc

bic n: P(x)=x"+ax"'+..+a_x+a cé n

nghiém x,, x, e(O;l) voi moi i =1,n va théa man

|P(0)| = P(1). Chitng minh ring a, < G) :

Léi gigi. Theo (1.3), tacé: P(x)= ﬁ(x -x).

i=l

Do d6: |P(0)|= Hx va P(l) = Hl x,)

i=1

Véi i€{1,2,...,n}, 4p dung BDT Cauchy ta cé:

ez (x+1 szi'

%. Do 46 theo gia thiét

Dau “=" xay ra khi x,

n 2 n 44
i a=|P(0) =[Hx,.J =Hx,.(1—xj)s(i-) .
i=l i=1
Viy a, s(%) . Péng thirc xdy ra < x, =-;- véi

moi i €{1,2,...,n} . Khi 46 P(x)=(x—%) .

Thi du 3. Cho da thirc bdc n:
P(x)=x"+ax"" +.+a, x+I

c6 n nghiém thyc x,,{= 1n Biét rc%ng cac hé sé

cuia da thirc déu khong ém, chimg minh rang véi

moi 56 nguyén dwong m, ta cé: P(m)2(m+1)".

Léi gidi. Theo (1.3) tacé:

P(x)=]:[(x—x,); p(o):I:[(_x, )=1.

Do 46 P(m)=f[(m—x,). Vi vi cac hé sb cia
i=1

da thic 1a khéng 4am nén x, <0 véi moi i, theo
BDT Cauchy ta cé:

36 TOAN HOC
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(m-x,.)=l+1+...+1+("x;)2(m+1)’""'\/z:‘5
f[(—x,)

i=l

= p(m)z(m+1) =[] (x) = (m+1)"

Diu “=" xdyra &% =1 Khi d6 P(x)=(1+x)".

Thi du 4. Da thirc bdgcn>1:
P(X) = aux" + alxrrrl +...F an—[x + a,, ao #0
c6 dii n nghiém duomg phdn biét. Cho (b,) ia mot

cdp s6 cong va dat ¢, = a,b, voi moi k=0,1,..

Chiimg minh rang da thirc

(x)=cpx" + ex" e, x+E,, G 70
ciing co di n nghiém thuec.
Léi gigi. Goi d 1a cong sai cua cép sb cong (8,),
nghia 14 b, =5, +kd. Khi d6, véi mbi k=12,..,n
ta co c, = a,b, + kda,. Ta co:

Q(x) = aobox" + (albo + dal )xn—l + (azbo + Zda'z )x

n-2

+..+(a, b, +(n—1)da, ) x+a,b, +nda,

=abx" +abx"" +a,bx" +..+a,_bx+ab,
+dax"" +2da,x"? +...+(n-1)da,_x + nda,
= b,P(x) + dR(x), trong d6

R(x)=ax""+2a,x"*+..+(n-1)a, x+na,.

Vi P(x) chi c6 nghiém dwong nén ta chi cin xét
trén mién x> 0, ta cé:
P(l _G+ax+..+a, x""
x X
R(l] _&+2ax+..+(n-1)a,
x

Ky higu H(x)=a, +ax+...+ a, x"!

e 21 8L
Do dé: QG—) 2 () :"dxH (%)

chimg minh:  K(x) =B H(x)+dxH'(x) c6 n
nghi¢m thi s& suy ra dugc didu phai chimg minh.

n
+a"x

lxn—2 + na"xu—l

n=1

x
+a,x".
H'(x)

n-l *

X

. Ta chi cin
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1
Vi P(;—) €6 n nghi¢m duong nén H(x) c6 n

nghiém duong.
Truong hop d =0 1i tim thudmg, ta xét trirc‘mg

L.}
hop d #0, khi 46 hamsb f(x)=x?H(x),x>0
c6 n nghiém dwong va 0 14 nghiém khéc. Do d6
dao ham cua né c6 » nghiém duong, nghia la

o E by, %4 b
ham s6 f(x)z-;x“‘ H(x)+x?H'(x)

by

ke
= iZ’-—(boz’-f(x) + dxH'(x))
c6 n nghiém duong, hay b,H(x)+dxH'(x) cb
-n nghiém duong. Ta cé diéu phai chirng minh.
Thi du 5. (Olympic Sinh vién 2018 - HV KTQS
dé nghi). Tim tdt ca cdc da thirc béc n:

P(x) =iakxk, a, e{—-l;l}, Vik=0,n,
k=0

sao cho P(x) co n nghiém thuc.
Léi gigi. Theo (1.3),

nghiém cua da thic d3 cho, ta co6:

P(x)= a"ﬁ(x—x,. )

i=1

néu x,i=lLn la cac

, |4 = a,.,
Dodé: [ =|[[x[=1 == > xx,.
a, i a, Ii< jSn

2
n
Hx‘_ =n. Vivay:

i=l

n
Ta co: fo >n

i=1

2 n .
1=[Zx!) =ZI’.2'-2 Z x,szn_z‘aaL!"

= ISi<jsn

i=1

Suy ra: n<1+2%L=3,
a

n

Ta ¢6 cac da thirc cin tim nhu sau:

o n=1 ta c6 cic da thirc xt1L;,-x*1.
2

e n=2 ta cé cac da thuc x> £x—1-x +x+1.

* n=3 ta c6 cac da thiec:

£ -2 —x )P ¥ -x-1)

Thi du 6 (TST Thai Lan 2016). Tim tat cd cdc
n-1

da thiec bdc n: P(x)=(-1)"x"+ > ax,a {0 1,
k=0

vk =0,n—1 sao cho P(x) co n nghiém thuc phan
biét.
Lai gidgi. Gia st P(x)cé n nghi¢m thuc phin
biét x,,i=1,7, khi dé: P(x)= H(—l)" (x-x).

i=l

« Trudng hop a, =1,tacé:

[[x]=ta.=(-1) T =
i=1

1Si< jgn

2
n n
Taco: D x; Zn;'} [[x| =» Vivay:
i=1 i=l

1=[§;x,)2 =Y-2 Y xx,2n-2(-1)a,,

i=1 1Si<jsn

Suyra: n<1+(-1)"2a, ,<3

e Truong hop q,=0 ta gia st x, =0khi do

a #0 va P(x)=xfI(-—I)" (x—x;). Tacé:

i=2

Zx,.z P (n —I)H

=2

Vi vay: 1=("Zx,] =i.xf -2 Z xx; 2n—1-2-1)ga,,.

i=1 i=1 2i<jsn

2
=n-1.

x‘.
2

Suyra: n<2+2.(-1)"a, , <4.
Nhu vay c6 cac da thirc bac khéng vuot qua 4
can tim nhu sau:
en=1céd —x va —x+1.
en=2cod x> +x
en=3¢cé-X+x"+x;—x2+x,
o n=4 khong c6 da thirc nao théa man yéu cau
bai toan.
Thi dy 7 (Olympic Sinh vién 2019 - PH KTQD

2 . \ A i .
4@ nghi). Tim 1at cd cdc da thire béc n:

P(x)=3 a:", (4, %0)

sé sabnitpei/ iSO HOEg org




38 *crusite

théa man cac diéu kién sau:

* BG (ay,4,,a,,...,a,) la cdc hodn vi cua cdc s6
{01, 2, usm}

e Tt cd céc nghiém cua P(x) déu la sé hitu fi.
Léi giai. Vi tit ca cac nghiém cia da thirc ddu 12

s hiru ti nén ton tai b,;c, 1a cac sé nguyén dé

P(x)= i(bkx +¢,).

Ta & ¢ rang vi s§ 0 xudt hién téi da mot 1in trong
cac hé sb ciia da thirc di cho nén c6 it nhit n-1
s6 ¢, #0 . Hon nita vi hé s cua da thice 1a cac s6
duong nén cic nghiém dugc néi & trén déu Am va
ta c6 thé gia st b, >0,c, >0.Tacé:
n(n+1)

P(1)=0+1+2+..4+n= >

P(1)=kz:‘(b* 8y,

+1
T 46 ta co: i(nz—)zz"“ ont+n22
Piéu trén chi xay ra khi #<4. Hon nira tir (*) ta
chi xét cac truomg hop P(1) phén tich thinh

khong it hon #n~1 thira s6 nguyén t6 16n hon 1.
Tir 6 ¢6 cac da thirc can tim nhu sau:
o n=1 tacoé cac da thirc x .
e n=2 taco cac da thirc:
x(x+1); x(x+2); x(2x+1).
e n=3 taco cac da thirc x(x+1)(2x+1).
o n=4 khong c6 da thirc nao théa mén.
Thi du 8 (VMO 2021, ngay 2). Cho da thirc
P(x)=a,x" +ayx™ +...+ax+a, co cic h¢ 50
thuge [1011;2021].. Biét rang P(x) c6 nghi¢m
nguyén va c¢ la mot s6 dwong sao cho
|a,., —a,|<c véi moi k €{0,1,...,19}.
a) Chimg minh rang P(x) c6 dung mét nghiém
nguyén.

10
b) Chimg minh Z(azk+l —a,, )2 < 440c¢.
k=0

TOAN HOC
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Lai gidi. a) Do da thic P(x) ¢6 cac hé sO duong
nén nghiém cua P (x) phai 1a nghi¢m am. Ta cé:
P(x)= a, x + @ X et aGxTa,
=x" (ayx+ )+ X" (@px +ayq)
+..4+x(a +a,)+(ax+a,).
Do @6 néu x<~2 thi voi moi je{2..521} ta
co: 1011<a, £2021= X4; <-21011=>ax+a;,
=ax+a, < _2.1011+2021=-1.
Pidu d6 c6 nghta 13 P(x)<0. Vi vay phuong
trinh P(x)=0 chi c6 nghiém nguyén am duy
nhitla x=-1.
b) Vi x =—1 la nghiém cta P(x) nén
Ay + g+t a =0t a Ty ).
Dit | =a,, —a,,,,do (1) nén [+ +..+], =0.
Taco: |, — 1| =|(a — @) — (@212 — @i )
- I(azi ~3iv2 ) (@ — az;+3)
<y, — g +|oias = Barna] < 2¢ ().

Do 21’5(10 +1+ ...+Im) =0 nén
10 10
Z(azux ey )2 = Zli =(l§ =21l +l§)+
k=0 k=0
(B =200+ 1)+ o (1 = 21, L + 1) —1022

- g(h ~L,Y <101 < :Z:(Ik -LY ).

Do (2) nén
|10-15|slzo—11|+111—12|+...+|14-151510c;
=Bl <[l =)+l = L]+ | = 1)+, - 1| <8c;
b =k <]l = B+ |5 1| + ]2, =4 < 6c ;
=L <\, - 1|+l - 1] < 4c;
lo=L|<2¢; [ls=L|<2c5 |, -1 <4c;

I —1|<6c; |l —1|<8c; lho — 4| < 10c.

Viy tr (3) ta co:

10

Z(azku — )2 < 2(22 +4% +62 4+ 82 +102)c2 =440c2.

k=0

Ta c6 diéu phai chimg minh.
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1.3. Bai tap d& nghj
Bai 1. ([3]). Cho da thic bac 2014 véi hé sé thue

= 2014 2013
P(x)=x X"+t ax+q,

c6 n nghiém thue X, 1=1,2014. Chimg minh
ring v6i moi s6 thuc @ 16n hon tit ca cic nghiém
4y, ta c6: P'(a)—2014(P(a))§35 20.

Déu bang xay ra khi nao?

Bai 2. Cho da thic bac »

P(x)=x"+ax™+. . +a_x+1

c0 n nghiém thyc X 1-1 n. Ching minh rang
véi moi sé ducmg t taco:

TT(F -xe+ x;")z e lP(r)l

=1
Bai 3. Cho da thuc bic n:
P(x)=x"+ax""+. . +a_x+a (1.7)

c6 i n nghiém thyc khéng am. Chimg minh ring

a
I1+z3fa, <7/P(-1)<1--—.
e <P <1
Bai 4 (VMO 1988). Cho da thirc bac n:
P(x)=axx"+ax"" +..+a_x+a,

2
n —n

¢6 n nghiém thuc va q,=l,q, =-n;a, =

Hay xac dinh hé s6 con lai cta da thirc.
Bai 5 ([6]). Tim tat ca cac da thirc bac n:

P(x)=Fa, (0, #0)

théa mén cac diéu kién sau:
*B§ sé (ao’al’az,_,,,an) 1a cac hoén vi cua céc

56 {0,1,2,...,71}.

A T IR T
*Tat ca cac nghiém cua P(x) deéu la s hitu ti.
*Khong nhan gia tri 4m trén toan b so thyc.

2.Cic dang khai trién da thirc va ap dung

Nbu ching ta di biét, viéc khai trién da thirc thanh
®4c don thirc 14 viéc thuong gap, khai trién thuong
théy 13 khai trién nhi thirc Newton. Lin ndy chung
i xin giéi thidu mot vai khai trién khéac cua da thirc
(khong méi) va 4p dung n6 cho viéc giai céc bai toan
hay,

2.1 Céc khai trién thuong gip va thi du
Pinb li 2.1 (Khai trién Abel [1]). Cho P(x) ld da
thire bdc n. Khi d6 véi céc s6 thuc x,, i=1,n luén
t6n tai n+1sé thuc by, b, b, ,....b, sao cho
P(x)=b,(x=x)(x—x,)..(x~x,)

+b  (x=x)x =X, (x =%, )+...+ b (x—x) +8,.
Trong truomg hop P(x)la da thirc hé sb nguyén
va x, 14 céc sb nguyén thi b, ciing la sb nguyén.
Néu tat ca cac x, déu bing a tacé cdng thirc khai
trién tai x —a nhu sau:

P(x) =b, (x—a)" +b (x—a)"_] +..+5 (x—a) +b,.
Thi du 1 ([5]). Cho P(x) la da thire véi hé sé thuc
va gia su x, la mét s6 thuc khong la nghiém cua
no. Chirng minh rc")ng t6n tai da thue Q(x)voi hé
56 thire sao cho da thire R(x)=P(x)Q(x) co tinh
R'(xo) = R”(xo) -~

Chitng minh. Khai trién da thic P(x) tai x=x,.

chat: R(x,)=1,

Gia sir P(x)=g, ta(x—x)+a(x—x) +..+a,(x—x)".
Ta ciing khai trién da thite O(x) tai x, véi céc hé
sb by,b,,b,,...,5, s& chon sau:

O(x)=b,+b, (x—x,)+b, (x=x) +..4b_ (x-x,)".
Khi d6 R(x,) =1 nén ta chon b, -1 1 co:

P (x)Q(x)+ 2 (x) P(x)
>R (x)=0s ab, +ba, =0.

R’(x) =

Ta chon 5, = ——L—i‘,—. Ta cé:
4y

R'(x)=P"(x)0(x) +2P (x) () +0"(x) P(x)
= R'(x)=0c 2a,b, + 2a,b, + 2ba,=0. Ta

2
chon 5, = 4 _fﬂa
a

0

*.Ta c6 didu phaj chimg minh.
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Thi dy 2 (TST Thai Lan 2015). Cho da thirc P(x)
€O hé so nguyén. Véi X3 XysesXogys 1 cdc s6
nguyén phdn biét ta cé
1S P(%,),P(x,),0s P( x50 ) < 2014,
Chitng minh rang P(x,)=P(x,)=...= P(xy,5)-
Léi gidgi. Theo gia thiét thi
PGy = P(x,)| <2013, 4, j € {1,2,..,2015}
Khong mat tinh tong quat (c6 thé thay ddi vi tri),
tagiase x; = 1&%&5{%}’)‘2 = 1%s{x"}'
Khai trién da thirc theo khai trién Abel, tdn tai cic
s6 nguyén by,b,b,,...b,,..., v cic s6 nguyén
phan biét x; trong 46 b, =0, V) > def P(x) &é
P(x)=by +b (x—x)+b,(x—x)(x—x)+...
+b, (x=x)(x=-x,)..(x=x,)+...

Cho x=x,.Tadugc P(x)=b,+b(x,—x,).
Néu b =0 thi|P(x,)—P(x )| 22014 dodé b =0.
Ta gia sir tdn tai x, (c6 thé thay d6i vi tri) dé
P(x,)# P(x). Khi 86 néu x, —x, 22014 thi
|P(Jc3)—P(xl )| = |b3|(x3 —x)(x, —x,) 2 2014.
Vi vay x, —x, <2013, ta cbd
|P(x,)- P(x)| 22013, diéu nay chi xiy ra khi
|P(x,)— P(x,)|=2013. Ding thitc xay ra khi khi
%, —x =1, x, —x, =2013. Nhu vay x, la cac )
nguyén lién tiép theo thir ty sau:

X% =x +1x, =X +2;..,%0, =X +2012;x,.
tinh gia st
P(x)=1P(x,)=2014. Bing cich tinh P(x,) ta

Khong mét tong quat

suy ra b, =-1, rdi tinh P(x) ta 'suy rabeZ ta

¢6 miu thuin, Vivay P(x,)=P(x).
Ta c6 didu phai chimg minh.

TOAN HOC
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40

Dinh Ii 2.2. Ching minh ring vi moi so nguyén

16 p, moi da thirc P(x) c6 bdc bé hon p-1 va

P(z) chia hét cho p voi moi z eZ thi tdt cé céc hé

sé ciia P déu chia hét cho p.

Chirng minh. Khai trién Abel véi x =i,

i=Lp-1. Tbn tai b{,,b],b;,‘,...,b.,,_l sao cho

P(x)=b, +b(x-1)+b, (x=1)(x=2)+...

+b,., (x—l)(x-Z)...(x—p+ 2}
+b,,(* ~1)(x=2)..{(x—p+1).

Véi lwu § ring, vi p 13 s6 nguyén t6 nén ta co:

P(1)=0(mod p)=>b, = 0(mod p);
P(2)= O(modp)
= b, +b, =0(mod p) = b, = 0(mod p).

P(p-2)=0(mod p)
=5, +bl(p—3)+...+bp_3.1.2...(p —3)=0(mod p)
=b,_, =0(mod p);
P(p-1)=0(mod p)
=by+b(p-2)+..+b, ,.12..(p—2)=0(mod p)
=b, , =0(mod p).
Do d6 xét da thirc riat gon trong modulo p
P(x) =B;(x~—l)(x—2)...(x— p+1).
Theo gia thiét P(0)=0(mod p), suy ra:
b, (-—l)p—l (p-1)'= O(modp) =b,, =0(modp).
Ta ¢4 diéu phai chimg minh.
Thi du 3 (TST Gia Lai 2017-2018). Néu P(x) la
da thirc bic 4 véi hé sé nguyén. Chimg minh rang

néu P(x) chia hét cho 7 véi moi sé nguyén x thi tat

ca cdc hé sé ciia P(x) déu chia hét cho 7.

Léi gidi. Ap dung dinh 1§22 cho p=7.
Tir dinh 1y 2.1, ta c6 hé qua sau:

https://tieulun.hopto.org



H¢ qud 2.3. Moi da thirc P,(x) c6 bc n luon

n

.k r <
dugc viét dudi dang P (x)= Zak Ji (x), trong d6

k=0

-2 ek

felx)= R Jk=Lnva f =1.
Chimg minh. V6i cic gid & x =1, véi moi
i€{0,L,....n 1}, khi d6 theo khai trién Abel, tbn
tai b,,b,,b,,....,b, sao cho:
P(x)=b,x(x=x)(x~x,)..(x~x,,)+
+bu—lx(x‘x1)(x‘xz)...(x—x"_2)+...+b1x+b0.'
Ky hiéu a, =b k! véi ke{0,l,..,n-1}, ta c6
diéu phai chirng minh,

Thi du 4 ([2]) Cho da thirc hé 56 thirc
P(x)=ax"+a_x""'+ .+ax+a,
Chimg minh rang néu P(z)eZ voimoi zeZ thi

a.n'el.

Loi gigi. Ap dung dinh 1y 2.3 v6i luu ¥ ring
(x=1)(x—2)...(x—k+1)(x—k) chia hét cho k!
véi moi s6 nguyén x va k.

Pinh i 2.4. Moi da thirc P,(x) c6 bdc n ludn
duge viét dudi dang

P(x)=a,(x+n) +a,, (x+n=1)" +..+aq (x+1)+4.
Chimg minh. Ta sé chimg minh quy nap theo n.
Véi n=1 ta co: R(X)=ax+b=a(x+1)+b"a'
Gia sir ring voi gid tri n=k, k=1, moi da thirc
bic k déu viét dugc dudi dang:

B(x)=a, (x+ }'c)’r +a,, (x+k—-1)k'l +ota(x+1)+a,.
Khi d6 véi da thirc bac n=k+1 bit ky ta co:

k4l k gy +bx+b.
(x) s . ¥ b,x |

P;n-l
Ta xét da thirc bic &: -
Qk(x)=a,‘(x+k)k+ak-l(X+k—l) -

: 5n tai dé
Theo gja thiét quy nap thi ton tal dys s

0 (x)=q, (x+k)k +a,, (x+k-—l)H +ota (x+1)+ 4

Suy ra: Py (¥) = b (x+k+1)" +a, (x+ k)
+a (x+k- ) +..+a (x+1)+a,

Ta c6 diéu phai chimg minh.

Tuong tu nhu vay ta co két qua sau:

Pinh ly 2.5. Moi da thirc  F,(x) ¢ bdc n luén

duoc viét dudi dang:

P(x)=a,(x—n) +a,, (x—1n+1)"'1 +ota (x—1)+a,

2.2 Bai tap dé nghi

Bai 1. Chimg minh rang moi da thirc bic n v&i hé
sé thuc P(x) nhan gi4 tri nguyén tai n + 1 diém
nguyén thi n6 s& nhén gia tri nguyén tai moi gia tri
nguyén khac.

Bai 2 (IMO 1998). Tim tit c& céc sb nguyén dwong
k sao cho néu P(x) 14 da thirc hé sé nguyén thoa

min diéu kién O<P(c)<k, voi moi

ce{0,1,...k+1} thi P(0)=P(1)=..=P(k+1).
Bii 3 ([5]). Cho da thirc P(x) véi hé sb thyc cé bac
n>1. Chimg minh ring tén tai cic sb thuc
a,,4a,...,a, sao cho
ayP(x+n)+aP(x+n-1)+..+a, P(x+1)+a,P(x)=0.
Bai 4. Ching minh ring v&i moi sé ty nhién n tén
tai cac s6 nguyén duong a; €[1;2014) dé
n=a,(-2015)" +a,(-2015)' +a, (-2015)" +...

Tai liéu tham khio
[1] N.T.Chung, H.T.Luan, T.M.VA, ..., Da thize, NXB Dai
hoc Quéc gia Ha N&i, niim 2019.

[2] Héi Toan hoc Viét Nam, Ky yéu Olympic Sinh vién
2013, nam 2013.

[3] Hoi Todn hoc Viét Nam, Ky yéu Olympic Sinh vién
2014, nim 2014.

[4] Hbi Toén hoc Viét Nam, Ky yéu Olympic Sink vién
2015, nim 2015.

(5] Héi Todn hoc Viét Nam, Ky yéu Olympic Sinh vién
2016, nim 2016.
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l - ouvét di i Abel ndm 2021,
Vién Han lam Khoa hoc va Vin chuong Na Uy ngdy 17- 3 dd quyet dinh trao gidi Abe n; h
o, . a o
gidi thudong dwoc vi nhuw “Nobel Todn hoc”, cho nha khoa hoc Laszlé Lovasz (Vién Of\f h o
' o Vié é
Alfréd Rényi va Pai hoc Eétvés Lorand tai Budapest, Hungary) va Avi Wigderson (Vien Ngnien

cuu Cao cc’z‘p tai Princeton, My).

Theo website chinh thirc cia giai thadng
Abel, hai nha toan hoc dugce vinh danh vi
nhimg d6ng gép mang tinh nén tang ddi
v4i 1y thuyét khoa hoc may tinh va todn
hoc rdi rac, cung voi viée déng vai tro
din d4u trong dinh hinh néi dung ndy
trong cac linh vuc chinh cua toan hoc i |
hién dai”. Pl

. Avi Wigderson (1956) Ldszlo Lovasz (1948)
Vién Han lam Khoa hoc va Vin chuong

Na Uy ly giai, hai nha toan hoc Ldszlé Lovdsz (73 tudi, ngudi Hungary) va Avi Wigderson (65 tudi,
ngudi Israel) trd thanh chu nhén cia gidi Abel ndm nay boi cac cong trinh nghién ciru lién quan dén
viéc chimg minh cac dinh 1y va phat trién cac phuong phap trong toan hoc thuin tay (pure

mathematics) song lai mang tinh {mg dung thyc té cao ddi voi linh vuc khoa hoc mdy tinh, dic biét
14 trong mat ma hoc. ‘

Ong Hans Z. Munthe-Kaas, nha todn hoc tai Dai hoc Bergen (Na Uy) va cang 1a Chu tich Hbi déng
Giai thuong Abel, danh gid cac cong trinh cia hai nha khoa hoc nay da cho thdy su twong tac hiéu
qué gira khoa hoc may tinh va toan hoc. Hai nha toan hoc s& chia sé giai thudng tri gia 7,5 triéu
kroner Na Uy, twong duong khoang 880.000 USD.

Giai thudng Abel dau tién duge Chinh phu Na Uy céng bd nam 2002 nhan dip k¥ niém 200 n&m
ngdy sinh nha toan hoc ngudi Na Uy Niel Henrik Abel. Vién Han 1am Khoa hoc v3 Vér; chuong Na
Uy 1a don v1 trao gidi tl}uémg danh gijét nay. Viéc lya chon chu nhan cia gidi thuong Abel dura trén
co s& khuyen nghi cia Uy ban Abel gom ndm nha toan hoc dwge Qubc t cong nhin ;

. LE MAI
(Theo Abelprize no, New York Times)

TOAN H )
42 TOCTuse S8 s26u-z0m
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TIENG ANH QUA CAC BAI TOAN
BAI SO 67

problem. The size of each interior angle of a
regular polygon is 156°. Work out the num.ber
of sides of the polygon.

Solution. We can show that the sum of all
angles in a convex n - polygon is equal to
180(n — 2) degrees (why 7.

Therefore, each interior angle of a regular

n-polygon measures ESQM degrees.
n
180(n - 2)

n

From the equation =156, we get

n=15.

BAI DICH SO 64

Bdi todn. Trong cdc s6 cé 4 chir s6 dugc tao ra
bang cach dung ca bon chitsé 1,2, 3 va 4, c6 bao
nhiéu sé chia hét cho 117
Léi gigi. Ta st dung quy thc sau; MOt s6 chia hét
cho 11 néu téng céc s6 & vi tri chan va téng cac sb
& vi tri 1é c6 hiéu 12 bdi s6 cua 11.
Xét cac s6 c6 dang 1 - - - . Theo quy tic trén, chit
s6 thir ba (tinh tir trai sang) phai 14 sb 4, va céc
chit s5 2 va 3 c6 thé dugc dat vao cac vi tri trong
con lai theo bat ky thir tyr ndo. Tir d6 ta cd hai 50
trong s6 chung 14 1243 va 1342.
Twong tu, voi m&i trudmg hop trong ba trudng
hop con lai ta cé hai s6 chia hét cho 11
Do d6 ¢6 8 sb thoa man yéu cau dé bai.
Nhin xét. Céc ban sau c bai dich tbt, giri bai vé
Toa soan som: Cao Thi Twong ¥y, 11A9, THPT
Duong Quang Ham, Van Giang, Hung Yén; D6
Ngoc Tién, 8A3, THCS Lam Thao, Lam Thao, Phi
Tho; Vin Ngoc Binh, 10 Toan 1, Ngwén Ai Huyén
Trang, 12 Todn 2,THPT chuyén Quoc hoc Hue,
Thira Thién Hué; Nguyén Ba Thanh, 10AV2,
THPT chuyén Nguyén Quang Diu, pong Thip.
HO HAI (Ha No1)

Thus the number of sides of the polygon is 15.
TU VUNG

interior angle : goc trong

regular polygon : da giac déu

n-polygon - da gidc n canh

convex : 16

work out : tim, tinh
NGUYEN PHU HOANG LAN

(College of Science - Vietnam National University, Hanoi)
NGHICH LY ZENON

»
xa%%\,l\/lath Jokes o e ok .
= Ngudi hung ndi1 teng cua

Cubc chién thanh Troia, Achilles (chung ta van biét t6i
anh va "got chan A-sin" oan nghiét) chay dua véi mot
con rua thip kém. Ngao nghé, Achilles cho phép rua
chay trudc. Chang dua khong co gi kho khin v6i mot
chién binh diing manh vd nhanh nhen, nhung moi
chuyén khong dé dang thé: dé chay vuot dugc con rua,
anh phai bat kip né trudc da.

Khi Achilles rat ngin khoang cach gira minh va rua,

moi  nho  hon
khoang cach giita

ria va Achilles,

con rua lai tao ra mét khoang cach nira rdi, ép Achilles
phai chay ndt ca khoing cach méi nhét dé dudi kip.

Day 12 mot vong ldp vo tdn, cho thiy Achilles ching

con Vit cham ‘&
Achilles phai chay
thém cad khoang
bao gid dudi kip duge con ria. Du tde dé chay cua
Achilles ¢6 cao t&i dau, khoang cach méi vin ludn xuit

chap lai tao ra mot
khoang cich mai.
Du khoang cach gl .

__1__4

L

cach mai dé duoi
kip dugc ria.
Anh tiép tuc chay, nhung trong khoang thoi gian d6,
hién; dit nho hon nhiéu nhimg 14n trudc, nhung day vin
la khoang cich cho phép con ria luén chay trudc
Achilles! '

TH&TT

" TOAN HOC
Sepatseienl renoiige. &9
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BAI TOAN 47. Cho tam gidc ABC, M va N ld hai
diém nam trén phdn gidc AD théa man
ABN = CBM . Chimg minh ACN = BCM.

Léi gigi. Cich 1. Goi E, F 1 cac didm 1an lugt 40
ximg véi N qua 4B va AC. K 13 diém d6i ximg
véi M qua BC.

Theo tinh chit d6i xtng ta c6: BK = BM; BN =

BE;
KBN = 2CBM + MBN; MBE =2A4BN + MBN.

Mai ABN = CBM nén KBN = MBE. Suy ra:
AKBN = AMBE (c.g.c)
= KN =ME (l).
Ta lai c6: EAM = FAM = BAC nén

AEAM = AFAM (c.g.c)
= ME =MF (2).

Tir (1) va (2) suy ra: KN=MF
= AKCN = AMCF (c.g.c)
= KCN = MCF
= 2BCM + MCN =24CN + MCN
= ACN = BCM (dpcm).

TOANHOC
44 ¥ crusigs _S3s261-2021

Cdch 2.
Ké tia CN cfit dudng tron ngoai tiep tam gl

ac ABN

B D C ’
ing BM cht dudng tron ngoai ticp

tam gidc ACM tai 0. Khi 46 ta c6:
- Tir gidc AMCQ ndi tiép nén: MAC = MQC;

tai P, dudmg th

- Tir gidic ANBP 1di tiép nén: NAB = NPB.
Mi AD l1a tia phan gidc cua BAC nén
MAC = NAB. Suy ra:
MQC = NPB=> BOC = CPB
— tir gidc BPOC ndi tiép. Tr do:
CPQ=CBQ=NBA=NPA.
Suy ra ba diém P, 4, Q thang hang
. GV = QM = FOB = FCB
= ACN = BCM (dpcm).

Cach 3.
A

E
Tia AD cit dudmg tron ngoai tiép tam giac BCM
tai E (E # M). Khi d6 ta c6: 4BN = MBC = MCE

https://tieulun.hopto.org
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e e,

ZUE ~ 4AC
=>AMBE ~ AANC(c_g_c)
= AEB = ACN.
M3t khic MCB = 4EB pen ACN =BCM .
Cach 4.
Bi dé. Cho tam gidc ABC va M, N I hai diém
trén canh BC. Chimg minh rang MAB = NAC khi

va chi khi M: 48y
MC.NC AC )

Chirng minh.

E

B

Phan thudn:

, — _— _ MBNB (A4BY
Néu MAB = NAC thi =( J

MCNC \AC
Puong tron ngoai tiép tam gidc AMN cit cAc canh
AB, AC lan lugt § Eva F.
Vi #iB = NAC nén ME = NF. Tir d6 d& thy tir
gidc MEFN 13 hinh thang can.

BM.BN = BE.BA,

CN.CM = CF.CA

BM.BN BE.BA
= CNCM  CFCA’

Ma EF // BC nén:
BE _ B4

S

CF CA

_ BMBN _ ( gf)z.
CNCM \C4

Phin d4o. Ban doc tu ching minh.

Ta co:

Tro lai bai toan:

C

B D

Xét tam gidc ABD c6 ABN = DBM nén 4p dung
Bd dé trén ta dugc:
DM.DN _ ( BA Jz
AN.AM \BD)’
Do AD la tia phan giac cua BAC nén:
4B_AC
BD DC
DM.DN (4ACY
AN AM \DC
hay ACN = BCM (dpcm).
POAN CAT NHON

(GV THCS P. Binh Dinh, An Nhon, Binh Binh)
Gidi thiéu

Nhdn xét. Ngoai 4 cach giai trén cua ban Doan Cat
Nhon, ngudi giéi thidu dé toan, ban Trwong Quang
An, t6 2, hém 70/5 V& Thi Séu, P. Chanh L3, TP.
Quang Ngii, tinh Quang Ngai va ban Truong Thi
Thu Ha, 11 Toan 1, THPT chuyén V6 Nguyén Giap,
Quiéng Binh ciing dua ra 1 cach gidi trong ty nhu
cach mét trong cach giai trén.
LE MAI (Ha Ngi)
Moi céc ban guri 1oi gidi BAI TOAN 49 dudi diy
vé Toa soan Tap chi TH&TT truéc ngay
31.5.2021. '
BAI TOAN 49. Gidi phuong trinh
2x% —14x=5(x-4)Vx-1+30=0.
NGUYEN PUC TRUNG
(GV THPT Niii Thanh, H. Nii Thanh, Qudng Nam)

ss ssottne/OENHOO g




‘DU LICH THE GIGH

f\*ﬁ ~ QUACACBATOANHAY

BAI TOAN 55. Cho tam gidc ABC ¢6 AB = 3,
BC =5, AC = 7 va AD, CE la cac phdn giac trong
cdt nhau tai P. Tinh AP.

Loi gid.

Céch 1. Theo din 1y ham s6 cdsin ta c6:

600 B

L
E

P
A C
BA*+BC* - AC? 345 -7
2BA.BC 235
1

2
Do d6 ABC=120". Vi P 1a giao diém cia céc
dudng phan gidc AD va CE nén P la tdm dudng
tron ndi tiép tam gisc ABC. V& PL L AB thi
PL = r 14 ban kinh dudmg tron ndi tiép tam gidc
ABC. Ki hiéu p 13 nira chu vi tam gidc ABC thi
3+5+7 15
RECE L

cosB =

Tacd: Spc= %BABC.sm ABC=~2—.3.5.s1nl20°
153 15 V3
=—=pr = ;
4 2
Xét tam giac vudng BLP cé:

BL =LP.cot60® =

TOAN H
46 D crumgg CY 526(4-2021)

Cdch 2. Ta co: —E“AC AB+ BC 10 2

3
AC = 2DC:>DC=E D=2,
AB=2BD ) A
Vi CP 1a phan giac nén
AP _PD _AP+PD _ AD AP_AC:'Z.fD.
4C _DC AC+DC 221 z
A nira chu vi tam giac ABC, khi do:
AB+BC+CAr3+5+7:§.
P 2 2

Goipl

Ta d# chimg minh dugc:

2bc [P(P=9 (4= BC,b=CA,c=4B)

AD=L =\

ACAD _ 2 " _ 7.

21 21

2 2
Nhin xét. Cac ban tham gia déu giai dang bai nay.
Danh sach cic ban giai ding la: Hai Phong: Tang
Hodng Oui, 11B6, THPT Ngé Quyén; Hung Yén:
Tran Vin Qudn, 11 Toan 1, THPT chuyén Hung
Yén; Thira Thién Hué: Vin Ngoc Binh, Truong Hé
Bdo Nhi, Nguyén Ky Nam, 10 Toan 1, Nguyén Vinh
Tri, 11 Toén 1, THPT chuyén Qudc hoc Hué; Ha
Noi: Dao Quang Anh, 8C2, TH, THCS&THPT
Archimedes Dong Anh; Bén Tre: Lé Ngo Nhdt Huy,
111A, khu phd 1, phudng 7, TP. Bén Tre; Quéng

Binh: Trirong Thi Thu Ha, 11 Toan 1, THPT chuyén
V& Nguyén Giap.

Do d6: AP=

NHU HOANG

Sau day 1a bai tip d& nghi. Ban doc hiy giri 101 giai
vé Toa soan TH&TT trudce ngay 31.5.2021

BAI TAP DE NGHI 4
BAI TOAN 57. Vi ¢ thudc tdp hop cdc sé thyc thi

gid tri Iém nhat cia bidu thie (i—?—t)-z- la bao

nhiéu?r
1 1 1

A— B c— 1 1
16 15 2z D3 E. o

KHANH HU'U (Ha Noi)

https://tieulun.hopto.org
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GIAI PAP: LOT GIAI C6 pUNG KHONG ?
(Dé ding trén TH&TT ¢4 522, thang 12 nim 2020)

Phin tich. Hai vecty AC DB lin luot 12 vecty chi

phuong clia cac dudmg thing AC,DB. Néu goc giita

4AC va DB 13 o véi f Sa<90° thi géc giira hai

duomg thing AC,DB bang a. Néu goc gilta AC
vi DB 13 avéi 90° <a<180° thi goc gikta hai
dudmg thing AC,DB bing 180° —a. Vi thé, khi goc

gita AC,DB bing 60° thi hoc (AC,DB)=60°,

holic (AC,D"TB) =120° Loi giai cita ban Mink Quan
chi d& cap dén trudng hop A

thir nhit, con thidu truomg

hop thir hai. Nhu vy, ban

Minh Qudn khéng dat duge B c
diém t6i da cho cau hoi nay.

Léi gidi dung. Ta co: b

MN =MA+ AC+CN va MN =MD+ DB+ BN

nén 2MN = MA+MD+ AC+DB+CN + BN
- AC+DB.
Do d6: 4 MN? = AC? + DB* +2.AC.DB
=a® +9a* + 2.a.3a.cos(A_C°,bré).

Vi thé gbc giilra AC,DB bang 60° nén hodc
(ZZ’,BE):(,OD, hoic (Zé,b?):lZO”.
Néu (,TC‘JTB) = 60° thi

4MN?=g>+9a" +2a
af  Néu (4C,DB) =120 thi

34.c0860° =134,

Suyra pv =22
4MN2-a +9a° +2a3acos120 =7a?

a\/—
=‘>MN_aJ_ Vay MN= a\/— hodc MN N
a bal nay 04 khong phat

Nhgn xét Cac ban tham gi goc giita

higy duoc sai lam trong 101 giai. Chi y rang

hai yecy DB co thé 1a goc 1.
o AC va KIHIVI

DAP AN NAO ?

Trong gi® bai tip v& s6 phirc & 16p 12 Vin, thay gido
c6 cho bai tip tric nghiém sau:

Cho hai s6 phirc z;, Z, théa man Iz1 +I-i|=1 va
z, =iz,. Tim gid trj I6n nhdt ctia bidu thirc P=|z —z,|.
A. P=\242 B. P=2J2+2 C.P=2J/2 D. P=4.
Sau khi ghi d& trén bang vai phit, ban Thanh Trung
xung phong 1én bang. Sau diy 1a loi gidi cia ban
Thanh Trung B

T G s A e
Léi gigi. Ta c6 két qua = v‘
sau: Cho dudng tron .%

(C) ¢6 tdm [ , ban kinh
R va dudng tron (C°)

¢6 tdm P, ban kinh R’. Piém 4 thay d6i thudce (C),
diém B thay dbi thudc (C’). Poan thing 4B ¢6 d6 dai
16m nhat bing II'+ R+ R’.

Ta &p dung két qua ndy dé giai bai toan.

Goi z =x+yi (x,yeR), cé diém biéu dién 13
A(x; y), khi @6 theo gia thibt cia d& bai ta c6
z, =—y+xi , c6 diém biéu dién la B(-y; x).

Khi 46 |z +1-i|=2 < (x+1) +(y—-1)’ =1,suy ra
A thuge duong tron (C) c6 tdm K(—1; 1) va ban kinh

R=1.Talaicé: |7 +1-] =12 +1-4 =1
i

Sz, +1+il=1e (—y+1)2 +(x+1)2 =1, suy ra B
thugc dudmg tron (C’) ¢6 tdm I'(~1; —1) va ban kinh
R =1.Tacé |z —z,|= 4B, theo céc tinh chit trén,
lz,-2,|=4B ¢ gia i nhét
P=II'+R+R'=2+1+1=4. ChonD.

Sau khi ban Thanh Trung giai xong, thdy giao hoi
lop ¢6 nhan xét gi khong?. Sau mot hdi xem xét lai,

ca lop déu dong y dung, ngay ca chd dang nghi nhit
13 tr phuong trinh (—y+1) (x+1) =1, suyra B
thudc duong tron (C’) ¢6 tim P(—1; —1) va ban kinh
R’= 1 cling da dugc phén tich ki ludng va théng nhét
khong sai.
Thay gido khang dinh, 18i giai chua ding. C 16p da
1én, "4 sao chua ding ta?”. Cc ban hay chi chd sai
cua ban Thanh Trung gitp 16p 12 Vin nhé,
NGUYEN ANH V0
(GV THPT chuyén Chu Vin An, Hodi Nhon, Binh Dinh)

S Ad

16n

S§ 526(a-2021) T?HN HOC
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p1 Bign tap: 0 602701
. ’ 41 hanh: 02435142649, 024.35
Mﬂﬂlﬂmms ﬂnd Youﬂ'l Mugﬂllne :Tm:?l: loanhocmultrevlemam@gmall.com
. { 1EM XUAT BAN
) VA CHIU TRACH NHIE _
BAN CO VA{V KHOA HOC ot ety Hoi déng Thanh vien
GS.TSKH. TRAN VAN NHUNG NXBGD Viet N;n;'u
TS.NGUYEN VAN VONG . GNQU;’;N puC {) N
UYNH Téng Giam “:EBG, ;
GS. DOAITI Q ’ HOANGLEBACH
PGS.TS. TRAN VAN HAO Vien truéng Vién nghién ctu Sich va HLGD
" PHAN XUAN THANH
HOI DONG BIEN TAP
Téng bién tp : TS. TRAN HOU NAM Phé téng bién tip : CN. TRAN THI KIM CUONG
7. LE HONG MAI

Thu ki Toa soan : ThS. HO QUANG VINH
TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, T5. NGUYEN MINH P .
7S. NGUYEN VIET HAlL, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. T‘A DUY PHUZJN(E‘,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. vU KIM THUY, PGS.TS. VU
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

UC, TS. NGUYEN MINH HA,

TRONG SO NAY

€@ Dvinh cho Trung hoc Co'si @ Giai bai ki trude

For Lower Secondary School T1/522, ..., T12/522, L1/522, L2/522.

Vii Hiru Chin — Bai toan boi chung, boi chung Solutions to Previous Problems

nhoé nhét va img dung.
@ nuong din gidi é thi chon hoc sinh gidi 16p 9 © Phuong phip gidi todn

TP. Quy Nhon ndm hoc 2020-2021. Tran Minh Vi, Truwong Quang Phong, T’ ran Thi
Q i thi tayén sich vio 10 THPT chuyén Lé Thanh Minh — Hé s6 va khai trién cua da thirc.

Héng Phong, Nam Pinh, nim hoc 2020-2021.
; £ o Tin tire
@ Chuin bj cho ky thi THPT Quéc gia
Pham Bdc Phu — Bai toan tuong giao gita db Lé Mai - Giai Abel nam 2021.
thj ham sb va dudng thing.

QTiéng Anh qua cic bai todn — Bai sé
@ Ditn aan day hoc todn q an — Bai s8 67

Hoang Ngu Hudn, Pham Tudn Cuong, Lé Thi Bai dich s 64.
Huong Giang — Ap dung cich &3t ham luong Q ciid . .
gidc dé giai cac phuong trinh va hé phuong hieu cach giai cho mdt bai toin
trinh dai s6.
@ Du lich thé giéi qua cdc bai tosn hay
@ Pé ra ky nay
T1/526, ..., T12/526, L1/526, L2/526. o Sai 1dm & dau?
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T BAN GIA0 DC UIET NAM TicH CUC TRIEN KHAI
1CH GIAD KHOA LGP 2. LGP 6 THEO CT 6DPT 2018

Theo Quyét dinh s6 709/0D-BGDBT ngay 9/2/2
dinh s6 718/Qp-BGDPT ngay 9/%/50211 ,/30§c1)
! (SGK) 16p 2, 16p 6 da duge B trudng
duc va Pao tao ban hanh, trong dé ¢6 2 bo
3 t; 0’151’ i m:l"c Vl%i cugc séng” va “Chan troi
cua Nha xudt b ia '
AV an Gido duc Vigt Nam
- Thuc hién chi dao clia By Gido duc v Bao tao tai
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thanh viéc gioi thiéu SGK mdi
trudc ngay 15/3/2021 theo chi dao clia Bo Gido duc va
"Dao tao. Hién co 62/63 tinh thanh da hoan thanh
' ding ki lich 16 chic gii thiu SGK 16p 2, 1dp 6. Dén
ngay 9/3/2021, NXBGDVN da to chdc gidi thiéu

K mdi t6i 58 tinh thanh. . L
~ Trong c4c cudc hoi thao gidi thiéu SGK, cac Tong

chil bign, Chii bién, tac gid SGK da trinh by tudng
minh v& nhiing diém mai, noi dung,,cﬁq triic séch
nhu nhiing goi md vé phuong phap 10 chic hogt

g day - hoc.
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i thigu SGK trén nén
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NXBGDVN cung cdp hé thong fai
ban dién tU sach hoc
cac video clip, inQe
tang Tap huan
Hanh trang SO
utube dé GV thuan

hai b sach: bd SGK “Két ndi tri thic vdi cudc séng”
dugc hop nhat ti bd “Két ndi tri thic vdi cuge song”
va b0 “Cung hoc dé phét trién ndng luc”™ bo SGK
“Chan troi sdng tao” dugc hgp nhat tit bo “Chan troi
sdng tao” va bd “Vi su binh ddng va dan chi trong
gido duc”. Muc tiéu hgp nhat 1a nhim tap trung toi da
ngudn lyc tri tué clia doi ngii tac gia; tap trung ngudn
|c tai chinh dau tu cho cong tac bién soan SGK, phat
trién SGK gidy dong bd véi sdch va hoc ligu dién ti
cling nhu ndng cao chat lugng cong tic tap hudn sl
dung SG¥ mdi- tigt gidm t6i da chi phi nham c6 dudc |
cdc b "%t lugng cao hon nia vé ndi dung, =
it ¢ thanh. Viéc hgp nhat nay hoan ©
fing dén viéc day va hoc cla
2 lra chon SGK, bgi I8 mdi
; cu thé hod cac yéu cdu can
5 duge quy dinh trong Chuong =

iong 2018. DU hoc theo bd SGK
. két thic 16p 1, HS déu phai dat chudn toi
i 1S 16p 1. Mét khdc, 4 bo SGK 16p 1 clia
NXTUCOUN tuy 6 sy khdc biét, nhung déu thé hién
quon wiem xuyén sudt clia NXBGDVN trong viéc bién @
soan SGK. Vige hop nhat da lam cho bd SGK “Két néi &
tri thie véi cude séng” ndng cao hon nifa vé chat &
lugng bdi 18 hoi tu dugc nhiing diém wu viét clia b
SGK “Cung hoc dé phét trién ndng luc™ 1am cho )
SGK “Chan troi sdng tao” ndng cao hon nita vé chat
lugng bdi [E hoi tu dugc nhitng diém wu viét clia bo
SGK “VI sy binh ding va dan chi trong gido duc”. \N
the, gilia 4 bd SGK Iop 1 va 2 bd SGK I6p 2 cla
NXBGDVN c6 mot su lién théng hét sic chit cha.
Theo do, 6 16p 1, du GV va HS s dung bd SGK nao,
dén 16p 2, GV va HS déu c6 thé lya chon SGK “Két
ndi tri thic vdi cuge song” hodc “Chan trdi sdng tao”.

0 16p 1, véi cac dja phuong tiép tuc sit dung SGK
“Cung hoc dé phat trién ndng lyc” hodc SGK “Vi sy
binh ddng va dén chii trong gido duc”, NXBGDVN vin
téﬁi ban, ddm bao phuc vu ddy di, kip thdi theo nhu
CAL.

Trong ndm hoc 2021 - 2022, phat huy truyén thong,
NXBGDVN tiép tuc thuc hién chuong trinh tang hon
52 000 by SGK cho HS ¢c6 hoan canh kho khan, trj gia
gdn 12 ti dong; dong thoi ho trg chi phi van chuyén

) _cha. céc khu vitc mign ni, viing sau ving xa d@ phyc

hdt HS va GV ci nuds,
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