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TRUNG HOC (6 SO

Trong mét dé thi hoc sinh gidi cip THCS c6 bai

toan nhu sau: Cho cdc so thue x, v thoa man

(\/:t—'i-_l + \)(\/Tjﬁl + _1') =2.

f

’ . . s 4 s 2
Tinh gia tri cua biéu thirc O=xy)~ +1 +_1\/.x’ +L

Day 14 bai toan dugc phat biéu kha dep mét va
ciing gy ra khong it kh6 khin cho hoc sinh.
Trude hét ching t6i xin trich lai 101 gidi cta d4p 4n:
Tir gia thiét ta co:

2=\/(x2+1)(y2 +1)+xy+ny2 +1+ 332 +1
=\/(x2 +1)(y2 +1)+xy+Q
=>2—Q=\/(x2+1)(y2+1)+xy

:4—4Q+Q2

=2x%y% +x* +y? +2xy\/(x2 4-1)()}2 +1) +1 (D).
Mait khac
O =2x*y* +x* + 7 +21yJ(x2 + 1)(}12 +1) ).

Tir (1) va (2) ta c6 4—4Q=1:Q=%.

Céch giai trén rat hay tuy nhién hoi thidu ty
nhién so véi trr duy cua hoc sinh trung hoc cg
s&. Chung t6i xin dwa ra mét céch tiép can khac,
tir 46 d& xudt mot s bai toan xung quanh baj
toan nay.

Y tudng tiép cén cua ching tdi 1a sir dung dzing

thitc quen thudc (\/az +1 +a)(\/a2 +1 —a) =

TU MOT BAI TOAN

~ THI HOC SINH GIOI

TU HUU SON
(86 Gido duc va Dao tao Ha Tinh)

1

>Vl +l-a=———
\/a2+l+a

Tir gid thiét ta co:

J(xz +l)(y2 +I) +xy+x~\/y2 +1 +y\/x2 +1=2
<:>\j(x2 +1)(y2 +I) +xy+0=2 (3).

Mat khac tir (*) ta co: (\lxz +1 —Jc)(\/y2 +1 —y)

1

R

suy ra: \/(xz +1)(y2 +1) +xy—-Q=% (4).

(*), VaeR.

Tu (3) va (4) suy ra: 2Q=%:> Q=%.

Tir cach gidi trén ta rit ra cdc tinh chét sau:

bat F=(\/x2 +1 +x)(\/y2 +1 +y)>0, ta co:
Tinh chat I: x\Jy® +1+ pv/x? + :-l—(F—i].
2 F

Tinh chdt 2: ‘/(xz + 1)(y2 +l) +xy=%(F+iJ.
F

Ap dung két qua d6 ta c6 thé giai quyét cac bai
toan sau:
Bai 1.

Cho cac so thiee . v thoa mdn

[ 2 ‘
XV WX HL=2. Tinh gii tri cua cdc biéy thire:

a) F:(m+.r)(m+),)_
b) GZ(\/A’:—Hﬁx)(\/ﬁ_y)_

TOAN HOC
‘cusitre 1
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c)M =\'/(x2 +1)(_v2 + 1) + xy.
Loi gidgi. Taco F >0.
a) Ap dung tinh chit 1, ta cé:

F——;—=2(ny2+1+ny2+l)=

S F?-4F -1=0 F=2++/5 (vi F>0).

1

b)Taco: G=—=+/5-2.
F

¢) Ap dung tinh chét 2 ta co:

M:l(F+%J=%(2+\/§+\/§—2)=\/§.

2

Bai 2. Cho cac so thuc x, v thoa méan

\/.r: +1 +\/y2 +1=2xy.

a) Tinh gia tri cua biéu thirc:

(ﬁﬂ)(\/y_%-‘lﬂ)-

Xy

b) Tinh gia tri cua biéu thirc:

(\./xz +1—-l)(\/y2 +1—1)
G= :
xy
c) Chimg minh réing: ,{(xz 4—1)(_1/2 +1) =5x-1

L¢i gigi. Tix gia thiét suy ra xp >0, do dé6 F > 0.

B

,/(xz +])(y2+1) VX +1 44yt +1+1
a)Tacod F= >

1 xy

(\/x +1 -i-l)(\/y +1 +l)
=(Jx2+1—1)(Jy2+1-1)

xy

_J(x2+1)(y2+1)—\/x2+1-\512+1+1

B xy

va‘l

2 ng?‘ug& S8 525 (3-2021)

(i)

Do do F_F- Xy

<:>F2—'4F—1=O;>F:2+\/§ (dOF>O)

b) Ta cé:
Xy -

I
S F
¢) Ta cé: \/(;2+1)(y2+'1)=\/§xy—1
@ﬁ+ﬁ+\[ )(»*+1)+1
2 r1+4)? #1445y
MR NI

(ddng thirc cudi dung theo két qua cau a).

=5-2.

Bai 3. Cho cdc s6 thuc x, y thoa man

X 2 +1+yVx? +1=2J2 . Tink gia tri nho

nhét cua cdc bidu thire sau:

a) P:\/x2+1+\/yz+1+x+y.
b) O=Vx? 1432 4 1-x— .

Loi gidi. a) Ap dung bit ding thirc Cauchy cho

2 56 duong (\/x2+1 +x),(\/y2 +1 +y) ta cé:
P>2 (\/x2+1+x)(\/y2+1+y) ().
bat F=(\/x2 +1 +x)(\/y2 +1 +y)> 0.

Ap dung tinh chét 1, ta co:
F—%=2(xm+y\/;2:)=

SF —4F 1=0F=2/343 v F>0),
Thay vao (*) ta cé: P>2\/ZT 242 + 2,

Dau 113 !’ Xay ra

</l +1+x=\/y2+1+y=1+\/§:x=y=l_

Vay gid tri nh6 nhét cia P 1a 23 42




b) Ap dung bét ding thirc Cauchy cho 2 s6

duong (x/;c?+_l—~x) ,(\/’}74-'1 —y) ta co:
0> ZJ(M —x)(\[}:i: - y) ().
Tir két qua cu a) ta co: (\/x2_+1 —x)(\[y2—+I —y)

1 1 A
)

Thay vao (**) ta cé: Q0 >2y3-2v2 =2v/2-2.

Dﬁu " Xéy ra kh1 X=y= 1.
Bai 4. Cho cac

so thue x, y thoa man

\/x2 +1+ \/(_r: +1 +‘\'+y=2\/§+ 2. Tinh gia

tri 6m nhdt cua biéu thirc P=xyy? +1+ wx? +1.
Loi gigi. Pat F =(\/x2 +1 +x)(,/y2 +1 +y) > 0.

Ap dung bét dang thirc Cauchy ta co:

2ﬁ+2=(m+x)+(\/};2—-|-1+y)
22J(W+x)(m+y) =:/F

1
=3+22=>—2>

1
F 3422

=3-2/2.

2
:>Fs(\/§+1)
Ap dung tinh chét 1, ta co:
1 1
a2 +1+ pVx% +1 =E[F——F—J52J§.

Déu “=" xay ra khi x=y=1.

Viy gi4 tri 16n nhat cia P13 242,
Bii 5. Cho cdc s6 thuc x, v thoa man

\/x3+1+\/—;2—+'—x—y=2\/§—2. Tinh gig

tri nho nhdt cua biéu thirc

P= (x2+1)(y2+1)+xy_
Loi gigi. Dat F=(\Jx2 +1 —x)(\/yz +1 _.y)>0_
Ta cé: 2\/5—2=(\/x2+1-x)+(1/y2+1_y)

22wm—x)(\/}?+—l—y)=2ﬁ
:Fs(ﬁ—l)z =3-22.

Ap dung tinh chat 2, ta cé:

1
2P=F+F“(F+ 7
124216
3

399015 197 + =7
=2(3—2\/§)+4\/§=6

(do 1242 -16>0,0< F <3-2+/2).
suyra P2>3. Déu “="xayrakhi x=y=1.

F

Vdy gié tri nho nhat cuia P la 3.
Bai 6. Cho cac
Z(Jﬁ—x)( y:+1-y)=1. Tim gid tri nho
nhdt cia biéu thire F =x+ y.
Loi gigi. Tir gia thiét suy ra:

2(Vxt +1-x)= Y +l+y
2(\/y2+l—y)=\/x2+l+x.

Cong vé theo vé hai dfmg thirc trén ta dugc:

V2 1432 +1=3(x+y) (1).
Ap dung bt ding thirc Bunyakovsky ta cé:

(S E e

Déu “=" xdy ra khi x = —\{1—5- Tuong tyr:

e R 28

Két hop véi (1) ta co:

x+y 42 ol
3

va

3(x+y)> +——:>x+y>._

V2

Diu “=" xay rakhi x=y==

V2

Vay gia tri nho nhét F 1a 5
(Xem tiép trang 24)

TOAN HOC
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HUGNG DAN GIAT iNH PHUO
, ) . , o ;. BIN
DE THI TUYEN SINH VAO LOP 10 THPT CHUYEN BINH LONG, B

VONG 1 (Khéng chuyén)
Cﬁu I. l) A:l; B:,’(4+ﬁ 2_ﬁ=4_

x+2\/;
~3=x-3.
Jx+2

b 0=2Vx-3=2cVx=5cx=25.
Cau 2. 1) b) PT hoanh d6 giao diém cua (P) va

2)a) 0=

(@): x2=2x+3<:~x2—2x~3=0<:> x=—1:y=1-
x=3=>y=9
Vay toa d6 giao diém la (-11),(3;9).
2x-3y=3 {3x=9
o

2) Ta ¢o: {
x+3y=6

x+3y=6

x=3 x=3 )
Q{3+3y=6©{y=l . Vay S—{(3,1)}.
Cau 3. 1) a) Thay m =6 vio PT (1)ta co:

x=4
. Vay §=1{1;4}.
x=1 e { }

x* —5x+4=0c>[

b) PT(1) c6 hai nghiém dwong phan biét khi

A>0 (-5) -4(m-2)>0
x+x,>0<5>0

x,x,>0 m—-2>0

8

{33—4m>0

33
S2<m< = (*)
m>2 4

(V& 5 ) =(3m )

9
Sx+x,+2 x,xzzz-x,xz©5+2\/m— :E(m—Z)
Pit t=Vm—2,(t>0) tac6 PT én t:
-10 . . .
9 —8t-—20=0<:>t=-—9—— (loai), ¢ =2 (nhan).

Viay vm —2 =2 = m =6 (thoa min PK).

2) Goi x (m) la chiéu rong hinh chit nhét (x >0).

Chiéu dai I x + 4 (m). Ta c6 PT:
x=16
2 =
x(x+4)=320x +4x—320—0@[x=—20_

4 T?g‘-“uggg S3 525 (3-2021)

C NAM HOC 2020-202,
Viy chiéu rong la 16m, chiéu dai la 20m. Chuy v;
husa dAt 1a: 2(16 + 20) = 72 (m).

Cau 4. A ABC vudng tai 4 co:

1. .. BCS3
C=90° —60° =30°; AB—:EBC, AC = :
8B, . 1. 83
:>BC=I—63J—§(cm);AB=—3—-(cm),AM _ZBC & (cm).

Ciu 5. a) Vi T4, TB la hai tiép tuyén cua dudmg
tron (0) nén TA0 =TBO=90°. Tit gidc TOAB
c6 TAO+TBO =180° = tir gidc TOAB nbi tiép.

b)ATAC  va

ATDA co:

ATC chung,
ﬁé:ﬁ:%sdfé = ATAC o> ATDA (g.g)

TA TC
= ——=— T4 =TCTD (l). Vi =
D74 =5 CTD (). Vi T4 1B,
OA=0B nén TD 13 dudng trung truc cua 4B.

ATAO cé: TAO=90°, AF 1. TO = TA? = TF TO ).
Tir (1) va (2) suy ra: TC.TD =TF.TO (=T4%).

©) Goi E =TGN (0) (E khic G). Tt gide ATEF
ndi tidp (do @:ZE?:%“) = TAB = FE]
(cung bu véi Tt?f‘\ ) (3,).’; 4T /I' BH (cing vudng
80c v6i AG) = TAB = FB] (so le trong) (4).

T (3) va (4) suy ra: FEI = FgJ = tIr gidc
BEFT nji tiép :ﬁ;zlﬁ (cing chin cung
BI) (5). C6 BEG=BAG (cimg chén cng BG cia

©) ©. Tx (5) va (6)suy ra BEI = BT

=1IF//AH Ma FA=FRB (do TD 1a dudng trung
truc cia 4B) nén Bl =

: H hay I 1a trung diém
Cua BH.



VONG 2 (Chuyén)
Ciul.a) A=+Ja +1.
b) & =2021-2v2020 = (+/2020 - 1)2. Khi do

4=J(~2020 —1)2 +1=~/2020 —1+1=+/2020.

Cau 2. a) BK: ng. PT di cho tuong duong vdi

(x—\/Sx-4)(2x-—\/5x—4)=0.
THI: x—VJ5x-4 =0 x=+/5x-4

x20 x20
<9, < .
X" =5x+4=0 x=lx=4
TH2: 2x—\5x-4=0=2x=/5x—4
x20 R .
“laxt —sx44-= 0 (véimghiim)
Két hop PK: PT ¢6 tap nghiém S ={1;4}.
b) Ta thiy x = 0,y =0 khong 13 nghiém cua HPT.
iy 2=
Xét x.y #0, taco: Wy -xy =3
64x’ -y =61
43(--y=i
Xy :
2
(4x—y)[(4x-y) +l2xy]=6l *)
60

Dat t =4x - y thay vao (*)@t(rz +7]=6I

<~

&SP -1=0<1t=1=> xy=5. Giai HPT:

xy=35 x=-1 x=£
. duoc: _ s 4.
x-—y= y= 5 =4

HPT c¢ tip nghiém S:{(-l;—S); :;4 }

Cau 3. 2) PT hoanh d$ giao diém cua (4) va (P)
a x*-2x+m=0(). P& (d)cit (P) tai hai
diém phan biét c6 hoanh d9 duong thi (1) ¢6 haj
A'=l-m>0
nghiém duong phan bi€t <{S=2>0
P=m>0
< 0<m<].Viay O0<m<l.
b) Gia sir x, la nghiém chung ciia hai PT. Khj d4

tacd: x; +mx, +8=0(1) va x? +X,+m=0(2).

Suyra (m-1)x,=m—8(3)
TH1: Véi m=1 thi hai PT x*+x+8=0 va

x> +x+1=0 vo nghiém. Viy loai m=1.

m—8
TH2: V&i m=1 tir (3)suyra x, = 1 thay

vao (2) ta dugc m® —24m+72=0
<:>(m+6)(m2—6m+12)=0<:>m=—6.

Khi m=—6 thi PT x*> —6x+8=0 co6 hai nghiém
2 va 4: PT x*+x—6=0 co6 hai nghiém 2 va
—3.Vay m=-6 thi hai PT c6 nghiém chung la 2.
c) Vi a,b,c 1a cac sb thuc khac Onén cac PT da
cho 14 PT béc hai mot 4n. Ta co:

A, =(b+c)’ —4ac; A, =(a+c)’ —4ab;

Ay =(a+b)’ —4bc. Suyra:

Al + A + A, =2(a2+b2 +c’ ——ab—bc—ca).
Ta co: 2(.ar2 +b% +¢? —ab—bc—ca)

=(a-b) +(b~c)’ +(c-a)’ 20.

Suyra A +A, +A’>0. Vay trong ba PT trén c6
it nhat mot PT c6 nghiém.

Chu 4. a) Ta c6 BDH + BFH =180° nén t& gidc
BFHD ndi tiép.

Do BDA=BEA=90" nén ti gisc ABDE noi tidp
dudng tron duong kinh AB. Ta c6 FDH = FBE
(cung chin cung FH )-

Mit khéc lai c6 fEF[:ZEE = ADE (cing chin
cung AE). Suy ra FDH = EDJ hay DH 1a tia
phan giac cia EDF. Tuong tr FH 13 tia phén

g_i’a'\c cua goc DFE hay H 1a tim duong tron noi
ti€p tam giac DFE .

S3 525 (3-2021) T?@,'?uggg 5




b) Vi EM 1la trung tuyén cua tam glac vudng
BEC nén AMBE cén tai M. Hay EMC =2EBM
(g6¢ ngodi cua A MBE).

Theo ciu a) EFD =2HFD (do FH cing la phan
giac cua DFE)

M& HFD = HBD = EBM (cung cung chan cung

DH ). Tx @6 suy ra DFE = EMC = tr giac
DFEM nbi tlep

¢) Tacod BH /I A'C' (vi cung vudng goc vai AC)
va CH /| A'B (vi cung vudng géc véi AB), suy ra
tr gidc BHCA' 1id hinh binh hanh nén
A',M,H,I thing hang. T d6 ta ¢6 / nim trén
duong tron (AFHE)véi duong kinh AH (vi
HIA=A4'IA=90"). Goi EF NBC=S, SA cit
(O)tairl. Khldo SF.SE=SBSC=SI'SA = 4, 1,
F, E cung nam trén duomg tron duong kinh AH
= AI'H = 90°, hay I' thudc tia MH. Tir d6 suy ra
I=1, hay AI, EF, BC dbng quy.

Cau S. a) PT da cho twong duong véi

¥ -2(2x ~1)y—8x-7=0.

Xem day la PT bac hai dbi voi bién y, dé PT co
nghiém nguyén thi A la sé chinh phwong. Ta c6
A=4(x' - x* +2x+2)=4(x+1)’ [(x—l)2 +1]

Néu =-1. Thay vao PT ta duogc
¥ -2y+1=0< y=1. Do d6 (xy)=(-L1) la
mot nghiém cua PT.

Néu x#-1. P& A la sb chinh phuong thi phai
tdn tai

s6 aeZ sao cho (Jc—l)2+l=.:z2

sd —(x—1)2 =l (a-x+1)(a+x-1)=1
a-x+1=1 a=1
a+x—-1=1 x=1
=
a-x+1=-1 a=-1
a+x—l=—1 x=1
Vi x =1 thay vao PT ta dugc:
y=5
y=-3
Thir lai ta thay cac nghiém (1;5),(1;-3) thoéa man.
Vay PT da cho c6 ba nghiém nguyén la:

6 Tc‘)ngugg; S3& 525 (3-2021)

y2—2y—15=0<:>[

(x:p) e{(-5D;(535):(5-3)}-
b) Do &’ +3a'a’b nén ton tai sO nguyén dwong
k sao cho b° +3a = ka’b hay
b =ka"b—3a=a(kab—3) nén b*a
Hon nira do 3a=ka’b—b’ =b2(ka2 —b) nén
3a:b.

b2 3a ‘b'+3a_b 3
Dodocacso;—b—v PP S 1a céc
g ,3a (b 3 _3+9 13
s0 nguyén duong. Ta co e ;2—+ab 2 B a

2+i 3+—9——(-1- la s
b* b’

sd nguyén duong nén a(
a

nguyén duong hay i—f 12 sé nguyén duong, suy

ra 9a:b*. Khi d6 ton tai m,n nguyén duong sao

b’m=9 ]
cho " a. Tua d6 suy ra mn=9. Do d6
an = b*

n e{1;3;9} nén b’ e {a;3a;9a} . Khi @6 PK cua
bai todn tr¢ thanh na +3aia®h <> n + 3:ab.
Ta xét ba kha ning c6 thé ¢6 cua n nhu sau:

2-— 2: oo
e Néu n=1 thi b,_aa b P 1.
4:ab 4:p3 b=1

e Néun=3 i ¥ =da Jr=a b 13 boi
6:ab 18:5°

cua 3 nén khéng tdn tai (a,b) thoa man yéu ciu,

. 2 _ 2 -
*Néwn=9 i {¥ =%  |b'=a _ fa=1
12:ab 108:4° b=3

Vay c6 hai cip sd

a (11),(13).

Cau6.a)i) Tacs: ~ 415 4

(@, b) théa min y&u ciu bai todn

a b a+b
©l+—1-- 4 20¢:>b(a+b)+a(a+b)h4ab>0
a b a+b ab(a+b) =

¢>b(a+b)+a(a+b)—4ab>o

< a’-2ab+ b2 >0¢:>(a b)

20. BDT duge
chimg minh. D4y “=

"Xdyra< g=p.

&F



DE THI HQC SINH GIOI TOAN 9 TP. QUY NHON NAM HOC 2020 - 2021

Ngay thi: 02/12/2020 -

Bai 1. (4 diém)

Thoi gian lam bai: 150 phut
Bai 4. (5 diém)

Tl diém 4 nim ngoai dudng tron (O), vé hai tiép
tuyén AB, AC (B, C 14 hai tiép diém), va mdt cat
tuyén ADE nim gitra hai tia 40, 4B (D, E € (0)).
Pudng thang qua D song song véi BE cit BC, AB
1an luot tai P va Q. Goi K 1a diém d6i ximg v&i B
qua E. Goi1 A, 1 lan luot 1a giao diém cua BC véi
OA, DE.

a) Chitng minh tir gisc OEDH néi tiép.

b) Chimg minh ba diém 4, P, K thing hang.

Bai 5. (2 diém)

Puong tron ndi tiép tam gic ABC tiép xtic véi
céc canh 4B, CA, BC lan luot tai D, E, F va cit
CD tai P. Goi M la trung diém cta EF.

a) Tinh gia trj biéu thirc B=¢a’ + 12a + 1, biét

a= 26153 + 326+ 1543.

b) Cho x, y 14 cac sé thyc thoa man:

(x+\/l+x2)(y+\f1+y2)=l.
Ching minh rﬁng: x+y=0.
Bai 2. (4 diém)
a) Cho x, y, z la céc s nguyen ducmg khac nhau.
Chung minh rang: (x — y)° + (v—2z)’ + (z-x)’ chia
hét cho S(x N —2)(z —x).
b) Tim tit ca cac cép sb nguyén (x; y) thoa man:
X+ 2):2+3xy+2x+3y+4=0.
Bai 3. (5 diéem)

a) Giai phuong trinh: 5x* —x+5=vx* +x% +1 .. PE_FM

2 ; o Chimg minh: — =——.

b) Cho ba s0 duong x, y, z théa méin diéu kién PD FD
xyz = 1. Chimg minh ring: BUI VAN CHI
J+x+y 14y +2 142+ o35 (2172 duong Lé Hong Phong, TP. Quy Nhon, Bink Dink)
= * = 2N Gidi thiéu

3 3k 3k 3k 3k 3k o ok 3k sk 3k ok 3k ok ok ok ok ook ok ok ok ke ok sk ok sk oKk sk sk ok kool ok sk ok sk sk sk sk sl ol sk R s sk kool sk st sk sk ok sk ok sk sk ok sk e sk sk kol sk ok sk sk ok ok ok ok sk koot sk sk cksk skk ok

Tu (1) ,(2) ,(3) ta co:
+1) *

1 1 1 1{1 1
P< + + +=| ==
a+b+2 b+c+2 c+a+2) 4\a b

&E= 11) Ta co: \/02 —ab+3b2+12%(a+5b+2)

o alad —ab+3b’ +12a+5b+2

2
a a—+
& 15a% + 23b* —26ab—4a—20b+1220 1 11 1) _1[1(1 R
5 2 2 co: <- +— <] == (4)
&13(a—b) +10(b-1) +2(a~1) 20. BDT a+b+2 4la+b 2)°4|2a7y)"
dugcchungnnnh Diu “="xadyra<> a=b=1. 1 10 1 1 1fi/1 1 1
BDT <— +o S| ==+ +=
b) Ap dung : PR b+c+2 4(b+c 2J 4[4[1; c] 2} ©)
2 _ 3b°+12—(a+5b+
Ja—ab+ nG ) 1 <1( 1 +1J<l}_1+1+1 ©
bt PiE 4 4 4 c+a+2 4\c+a 2) 4|4lc a) 2|7
a CO: T ; )
a+51b+12 b:5c+2 c+3a+2 Tir (*).(4),(5).(6) ta duoc:
0 Bl WA, Va,b>0 tadugc:
ApdungBDTa+b a+b P<3[1+1 l) ésé
8la b 8 2
L S 11) 2+%(1) 3 ’
a+5;b+2 ato+ Vﬁymaxf’zg dat dugckhi a=b=c=1.
R 2 . ,
b+5¢c+2 b+c+2 4c ( ) MAI VINH PHU
4 1 (3) (GV THCS&THPT Tén Tién, Bit Dép, Binh Phudc)
c+5a+2 cta+2 4a Gidi thigu
, TOAN HOC
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CHUAN B|
CHO KY THI
TRUNG HOC
PHO THORG
Qudc Gia

Trong phan hinh hoc khong gian 1ép 12, vin dé
the tich va ti s6 thé tich caa céc khéi da dién 14 rét
quan trong, thuong duge dé cap trong cac ky thi
HSG cép tinh va thi THPT Quéc gia. Bai viét ndy
gidi thigu véi ban doc mot s6 két qua quan trong
va ing dyng cua no.

1. CAC KET QUA QUAN TRONG

Ménh dé 1. Cho ram gidc ABC c6 trung tuyén
AM. Mot dwong ihing car cdc canh AB, AC lan
liwot tgi P, O va car AM rai 1. Khi do ta co:

AB  AC _ AM Svipg  AP.AQ
a) —_—t—= ) — =

AP AQ Al Sape ABAC
Churng minh.

a) Vi M la trung diém cua BC nén ta co:

— — —— AB— AC—x _AM —
=2 AP+ = 40=2""41
AB+ AC AM:>AP e @=2=
Vi 3 diém I,P,Q thang
hang nén > g
AB AC M !
—t—=2— B (6
AP 4Q T Al M
b) Ta co
1 =
Satro ) ~2-AP.AQ,smPAQ ) AP.AQ'
Sapc %AB.AC.SmEZC ABAC

Ménh dé 2. Cho hinh chép SABC. Goi G la rrong
tcif;-r tam giac ABC. Mot mat phang () ‘/)c}.’ ky: ('m.
cac canh SA, SB, SC cua hinh chop lin legt tai
AB\C, va cdt SG tuai diem G,. Khi do:

sS4 SB SC Lye
A) b= A,
S4, SB,  SC, SG,
b V.s',_4,a,q 84 ‘.gle_ 5(7'"
: Voige A SB 8C
TOAN HOC
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THETICHVATISO THE TICH
- CAC

KHONG GIAN -0
= T LBVANQUY.
- (GV'THPT Binh Son, Qudng Ngai) .
Chimg minh. a) Vi G 14 trong tam cua tam giac
ABC nén: SA+SB+SC=35G
SA — SB SC SG

5 sx 08 5p v 25 56 =322

Vi4 diém A4, B;,C,,G, dong phing nén

sS4 SB SC _SG

+ =S

S4 SB, SC,
b) Goi H,H, lan luot
12 hinh chiéu cia 4 va
4 tén (SBC) . Khi db
3 diém S,H,H, thing

SG,

hang. Vi A4 H, /| AH
. AH, S4
nén —=—1
AH  S4

Ap dung cong thic tinh
thé tich khoi chép va Ménh dé 1b, ta co:

1
Vsang _3°ssmeAth g4 sp s
Vs.anc % SypcdH A SB'SC

Nhdn xér. Néu 3 dudng thing a,b,c khong déng
phing va cht nhau tai S. Trén céc duong thing
nay lan ot Iéy cac cip diém 4,4; B,B;; C, G
(khong tring véi ') thi két qua caa Ménh dé 2b
van ding,

Ménh de 3. Cho hinh chip SABCD ¢ day ABCD
la hinh binh hanh, Mot mar phang (P) thay doi cdt
cac canh S4, SB, SC, SD cua hinh chop lan heot
lai cac diem 4, B, C|, D, .
S SC

. =Y
Dat at—l/;,b:f G Bt
SB, S

SA

a) u+c=hb+d.

oD
S])i‘ 1 do.

VS'_,!,B,Q D a+b+etyd
4abed

b)

V.S'..JIB(,'.’)

KHO! DA DIEN TRONG -



Chirng minh.

a) Goi O la tdm cua hinh binh hanh 4ABCD va
0,=AC, NBD, thi ba diém S,0,,0 thing
hang. Theo Ménh d¢ 1a, ta co:

54,56 _,50
54 SC, " S0,
s SB.SD_ SO

d —H——=d—
SB,  SD, SO,
Suyra: a+c=b+d.

b) Ap dung Ménh d& |
2b, ta cb:

Vs ascn _ Vsasc, +Vsacn, _ Vs anc, . Vs acn,
Vs.aecp Vs.apcp Wsape  Vs.acp
_1S4,.5B,SC_ 154.5C.5D,

2 SASBSC 2 SASC.SD
_154.5G, (SBI . SDl]= b+d

2 SASC \ SB SD 2abed
_a+c _a+b+c+d
" 2abcd  4abcd

Ménh dé 4. Goi K la mot diém thuge day cua hinh
chop co dinh O va S la dién tich hinh chiéu cua
day hinh chop trén mat phang vudéng géc voi OK.

: - 1
Khi do thé tich cua khoi chop nay la V = EOK &

Chimg minh. Goi H 14 hinh chiéu ciia O trén
mit phing day cua hinh chép va a la goc gilra
duomg thing OK va OH . Khi d6 o la goc gitra
mit phing day vi mat phing vudng géc véi
duong thang OK. Ta co:

OH =0K.cosa va §=5".cosa
véi S’ 1a dién tich day cua hinh chop. Do dé:

.cosal.OK = é— OK.S.

1
v=Lsom==
3 3 cosa

Ménh dé 5. Trén ba duong I/rcfng SOng Song j(i‘..
cic vecto cung hwong AAL BB CC\. Goi S la
dién tich tam giac thu dugc khi cat cac duong
thang nay bang mot mat phang vuong goc vii
ching. Khi do thé tich V cua khoi da dién loi
l al
ABCABC 1aV = E(AA] + BB, +CC)).S .

Chirng minh. Goi 7 la trung diém AB va B, 1a

giao diém cua AI vi BB. Ta co:

Ve, asr =Ve, p, (Vi hai khoi chép nay c6 cung
chiéu cao va dién tich diy bang nhau). Do doé:
trung diém B,C; va G,
1a giao diém cia BJ va
CC, . Ta co:

CC, =44 + BB +((
va Vg, =Vice,s V3 A

do d6 ¥ spcc,8, =Ve,usc-

Vay V' = VCZABC'

Theo ménh dé 4, ta ¢6
1

Ménh dé 6. Cho lang tru ABC.ABC . Mot mat

V=VC2ABC =

phang (P) thay doi cat cac canh A4, BB, CC
cua hinh lang tru lan ot tai M, N, P . Khi dé

Viscaune :l AM n BN + i _
A4, BB, CC,

Viscasc, 3
Chirng minh.
Goi § 1a dién tich tam giac
thu dugc khi cat lang tru boi
mdt mat phang wvudng goc
A4, . Ap dung ménh dé 5, ta
cd:

VABCW:%(AM+BN+CP).S

g 1
va Vypcasc = E(AAl + BB, +CC(,).S

Vascune _AM + BN +CP
Visc.apc, A4 +BB +CC,
Do AA, = BB, =CC, nén
Vasc.mnp =1(AM LBN CPJ
A4, BB, CC )’
Ménh dé 7. Cho hinh hop ABCD A, B,C, D, . Mét mat

Suy ra:

Viscasc, 3

phang (P) thay doi ¢t cac canh A4, BB,,CC, DD,
cua hinh hép lan luot tai M, N, P, Q.Dit a= AM
44,

3

BN . _CP
BB, CC’

a) a+c=b+d.

DY
d =22 Knias:
DD,

TOAN HOC
' Cluditreé
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VABC D.MNPQ

a+b+c+d
b) — = .
I’ABCD.A]HI(‘, D 3

Chirng minh. Dénh cho ban doc.

Il. CAC THIi DU AP DUNG

Thi dy 1. Cho khéi tir dién ABCD 6 thé tich v Trén
dwong trung tuyén BM cua tam gidc BCD Idy diém I
sao cho Bl =kBM vgi 0 < k <1. Mat phang (P)

thay doi chira Al vd cdt cac canh BC, BD cua tam

gidc BCD lin heot tai P, Q. Tim gié tri Iom nhdt va
nho nhat cua thé tich khoi nr dién ABPQ.

BC N BD
BP " BQ
Theo Ménh dé 1a, ta c6

Loi gidi. Dt

=y,Voix,y>1.

BC BD__BM 2
BP " BQO " BI I’
2
hay x+y==
yx+ys=-
Ta co:
Vasro _ BP BO
14 BC BD
BP BQ 1 1
— rrrs V: V
= Vasro BC'BD  xy [2 )
b o S
k
2-k

Véi y 21 thi y—%—x>1:x<

2-k

; 2 L.
Xét ham s6 f(x)=x(};—xJ vol 1<x<

k
, 2 ’ 1
Ta co f(x)=7c-—2x;f(x)=0c>x=;.
Bang bién thién
1 1 2-k
* i k
Jf'x) + 0 -~
1
72
A, k / 2-k
k
Tir BBTtathay:

2-k

+ _min f(x)—% dat tai x=1 hoic x=

4]

T?g?uggce S8 525 (3-2021)
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+ max f(x)"‘_dattalxrk
[,._k_J K
Tk
2-k]

Honnita f(x) lién tuc va duong trén [1 —k—J nén;

1
- 2% khi x=y=— hay (P) chia
+min¥ppp =k°V khi x=y P y (P)
AT va song song voi CD.

k 1 x=1; . hoic

x=22% ) 1 hay (B)=(4IC) hoic (P)=(AID).
k . .
Thi du 2. Cho khoi chop S.ABC ¢6 thé tich V. Goi

G, G, lan lugt la trong tam tam gidc ABC, SBC.
Trén duong trong tuyén SG cua hinh chép lay

. 8 3
diéem I sao cho SI=kSG véi 0</cSZ. Mat

phing (P) thay déi chira GI va cat cic canh
SA,SB,SC lan hrot tai 4,8,,C,.

SC 4 3-3%

L 2
SB 8¢ S4 k

b) Xdc dinh vi tri ciia (P) d@é tam gigac SB,C, ¢o
dién tich nhé nhat.

¢) Tim gia tri Iém nhét va gid tri nho nhdt cua thé

tich khoi chép S. A4B,C,.

Loi gigi

a) Chimg minh Jang 3 va

a) Goi M 1a trung diém cua BC thi G e AM,
G, € SM va

S

sm =3

'—E‘SGI - ‘41
Theo Ménh @ 1a, ta
co
B s ”
B SGsG
Mit khac, theo ménh
dé 2a, ta c6:
4,58, 5C_,SG_3 84 3.3
84, SB, SC STk 54, -—T—.
b)Taco § 1 o

€6 Asc, = SBl SC,.sin BSC

Ap dung bit ding thirc Cauchy ta c4:



SB SC
SB, S

2
5 = SB.SC.sin BSC (khong dbi)

SB
9[_+“)J

4
C.
sB, " SG =SB, Sq> SB.S

Do d6 Syepc 2

SB_SC _3
SB, SC, 2
Vay dién tich tam gidc SB,C; nho nhit < (P)
qua IG; va song song véi BC.
SA SB sC

c) Dat =x;—=y;
sS4 sB Vsq

Déu ding thirc Xayra<» —

=z vo1 x,y,z21

3-3%

Theo cdua,tacod: y+z=3 va x=

v
Ta co: SABG _ S4, _SBI _SCI _1
V SA SB SC xyz
= Vs.anc = L e 1 .
w2z (3-3k)y3-y)

Véiz21 thi z=3-y>21= y<2.

Xéthamsd f(y)=y(3-) véi 1< y<2

Lap bang bién thién cua ham sé f(y) trén [1;2]
ta tim duoc

+1[nnllf(y) 2 dattai y =1 hoac y=2.
1;2
3

9 .
+ == datta ey
lﬁ;%ff(y) e Bl y =

Vi f(x) lién tuc va duong trén [1;2] nén:
4KV 3-3%

Ay mi =——— khi
Vay min VS.A,B,C, 9(3 _ 3k) X E

y=z=2:hay (P) chita Gl va (P)// BC.
2
KV 3%
e — " khi x>
YsamG o5 3 &

x=3_;3_'f;y=z;z=1 hay (P=(GIC) hoic (P=(GIB)

;¥=Lz=2 hoic

Thi dy 3. Cho khoi chdp S.ABC c6 thé tich Ia v,
G la trong tam tam gidc ABC. Mt phang (P) thay
doi cdt cac canh SA, SB, SC lan lugt tai A[,BI,C]

: ., S SB
thoa man dang thiuc —+—+

S4B E-:?)k, voi k

khong déi va k > 1. Goi G, la giao diém cua SG
voi (P); W, V5,15 lan luot la thé tich cua cae khoi
tir dién SAB\G,, SB.C\G,, SC\AG,. Chirng minh
rang:

a) Mat phang (P) luén di qua mot diém cé dinh.

b)\H’ e fE

Vs 480, . Yoann, > k-1

A% > 2>
©) V k3 v V i’
Loi gidi. a) Theo ménh
dé 3a, ta c6:
S, B SC_,SG
S4 SB SG - SG 4, &
Tir gia thiét suy ra:
3& =3k A c
SG,
= §G; = %SG B

(khoéng ddi). Suy ra G, cb dinh. Viy mit phing
(P) luén di qua diém cb dinh G;.

v
by Tace: | = [foso _ [SA 5B SG
W\ K 5S4, "SB, SG,
(54 sB
<oVk| (1)
4, SB
Tugpaiis (oo SR 4200 Q)
¥, 2 \SB  SC

4 SC SA4
[ (e o

Céng ba BDT (1), (2) va (3) theo vé ta dugc:
\/_V_+ V+\/V<JESA SB+SC
3, \3 S4 SB, SC )

Suy ra: \/:+\/:+\/:<3k\/§c
Z

¢) Ta co _S4 SB sC
Vs.,;,a,c, " 54, SB, 5C,
3
sifst 8 sey
27\ 84, SB,  SC
. TOAN HOC
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Vs as.c 1
Suyra; —1 1t >
y 2 o
A M 2 SA SB SC
Diau “= Xay ra < = = -
S4,  SB  SC
e Ta co: _VG—“'@E:_%:]C_L Voasc _ M SB SC
g G Vousg 4B
= Vs a8c __1 .SA SB SC
VG.A,B,C, k—1 S4, SB, SC,

o 1 (54 SB+S(, K
27(k-1)\ S4, SB, SC, =t

Vay VG.A]B,Cl = k -
4 k*

qua G, va song song voi (4BC).

Thi du 4. (Pé thi HSG tinh Quang Ngdi nam hoc

2020-2021) Cho khoi chop S.ABCD cé day ABCD

la hinh binh hanh, thé tich la V. Goi M la trung

diem canh SA. N la diém nam trén canh SB sao cho

: . Du “=” xay ra khi (P) &

SN =2NB; mat phang (o) di dong qua cdc diém M,
N va car céc canh SC. SD lan lugt tai P, Q. Tinh
thé tich lém nhat cua khéi chép S.MNPQ.
Loi gidgi. Dit il =X; S
SP :

SD
SQ
Theo ménh d& 3a, ta
co:

SA sS4 SC SC SB S8 _SD SD
SM SP SN SQ

—=y,voix,y21.

8 Lo

1
hay 2+x=%+y:>y=x+——,

2
Theo ménh dé 3b, ta co:
2 +3
Vsamrg _ X E+y_ x+2
= =—= ]
4 4.2.x.§.y 6x" +3x
2
x+2 ..
Xétham sé f(x) = voi x 21 .
6x2 +3x
—6x* —24x—6
Taco f'(x)= <0,¥x>1
(6x +3x)?

12 TOMHOC  sesaszom

[1; +o0) nén ham s6 fx) nghlch

max f(x)= f(1)~—

Vi f(x) lién tuc trén

bién trén [1; T°)- Suy ra

1
Vemuneo 1 V <=-V.
Tirdotaco: —— =37 SMVPC T3

“=> xay ra khi
Viy maxViamrg =37 - D =" xdy 2 ki v

3
chi khi x=Ly = hay (o) = (MNC).

Thi du 5. Cho khéi hinh chop S ABCD co thé tich
la V, day ABCD Ja hinh binh hanh. Mat phmm (P)
thay doi cdt cae canh SA, SB, SC, 8D lan luot tai
A, Bs Gy I
_‘?A S’B SC SD__ ok
S4, SB

thoa mdn cfamr thire

SR voi k khéng doi va
SC,  SD

k> 2. Goi Vo, Vi, Vs lan luot la thé tich cua khdi

(']f(ip S.A |B| (J‘] D], S.A |B| (-.'] va S.A ] CHD]. (:]?L:"]Tg

minh rang:

a) Mdt phing (P) luén di qua mét diém cé dinh.

M ]
b) 3P+3lgk'i/z‘ c) S,SES‘—C
A2 4 BV 2

2(k-1)"
Loi gidi. a) Goi O = AC A BD va 0O, =80 n
(A131C1D1) Theo Méﬂh dé la ta co:
S4 SC SB SD _9 SO 4
SAI SC1 SB SD SOI X

Cing v6i ding thic di
cho cua gia thiét ta cg:

SO
i
50, = 2k '
250 a4,
=50 ===(khong "/ D

do:) Suy ra 0, cb dinh, 4

Vay (P) luén ¢ qua diém ¢§ dinh O,.
b) Tr (4) va gia thiét suy ra;

\[m
S4, SB, SC,
3 sS4 s 'S



Tuong ty: 3/ 4 <l SA+iC__+£‘£)_ (6)
2V, 3\84 Sc,  SD,

Cong hai BDT (5) va (6) theo vé ta dugc

14 14
3—+3——g.1h 2k+S_A+£ =k.
Vo, Ve, S4, S,
Suy ra 3f—~+3/——<ki/:

c) Dat

=a_—=b C‘ =d, VOl a,bc,d>1.

Ssz Sq

Tacoa+b+e+d =2k va a+c=b+d=rFk.

Theo ménh d& 3b, ta co: 0 _dtb+e+d  k
TN e

Theo bit déng thitrc Cauchy ta co:

4
2k=a+b+c+d24\4z‘abcd:abcdsf—é

Do do i
V

k3
A (13 ” k
Dau “=" xay ra khi a=b=c= d—z

Mit khac vi a,b,c,d>1 vda a+c=b+d =k nén
1<a,b,c,d <k-1.Dodd:

ac=alk—a)=(@-D)k-1-a)+k-1>k—-1>0.
Tuong ty: bd 2k -1>0 = abcdz(k—l)2 >0.
Do ds Yo < % . DAu “=" xay ra khi
Voo2(k-1)
(a! bscs d) € {(1, lak = lak - 1)1
(Lk—Lk-L1;(k—LLLA-1;(k—1k—-11D)}.
Thi du 6. Cho hinh chop SABCD, ¢6 SA = a, (P)
la mat phéing qua A va vuiong goc véi SA. Goi B,
Cy, D, lin luot la hinh chiéu cua B, C, D lén (P).
Biét dién tich nr giac AB,C\D, bﬁng 4a*. Tinh thé
tich cua khoi chop SABCD theo a.

Léi gigi. Ap dung ménh dé 4, ta cé:
1 . 4q°
Vs.ascp = ':',;SAB,C,D, SA = 3'.461 = —3~— ;

Thi du 7. Cho hinh chop SABC va diém M tiy y
nam trong tam gidc ABC. Ba duong thing qua M
song song voi SA, SB, SC lan lwot cdt cic mat
(SBC), (SCA), (SAB) tai A1, B, C.

. S4 SB SC
a) Chirng minh rang: + o
M4 MB,  MC,

b) Xac dinh vi tri cia diém M dé thé tich khéi
chop M A B/C, nhin gid tri [6n nht.

Loi gid.

a) Kéo dai AM, BM, CM cét cac canh BC, CA, AB
4n luot tai X, ¥, Z. Khi d6 céc diém 4,B,C lan
lugt thudc SX, SY, SZ.

Theo dinh 1y Thales ta co:
M4 MB MC XM YM ZIM
+ + = + +
S4 SB SC X4 YB ZC

Ma XM+YM+ZM Savsc SA;‘/ICA+SAMAB i
XA YB ZC  Sppc Saapc Saasc
M
Dol it M0 C‘zl.
SB SC
Ap dung BDT Cauchy ta co:
(84 SB  SC\(M4 MB MC
k + + + + =9
M4 MB MG\ 'S4 SB  SC
Nén Ll + o3 + 5S¢ >,
M4, MB,  MC,

b) Xét phép tinh tién theo vecto MS. Ta thiy

T M. ABC > SAB,C, v6i 4,B,C lin
lwot 1a anh cuda B,
4,8,G  qua phép GT. -

tinh tién theo vecto
MS . Do d6 4,B,C,
lan luot thude tia déi

clia cac tia ¢
SA,SB,SC  tuong X
ung va S84, =M4;

Véy hai hinh chop MABG va SABC, bing

nhau. Suy ra V,, ABC, = Ve 4,8,C,

Vi Ve
Ta co: 248G 'S4G 54 SB SG, M4 MB MG
Vsare  Veuse SASB SC S84 SB SC
<_1_(}'_Ml MB, MG 3__1_
271\ 84 SB  sc | 27
OAN HOC
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1
= V.48 —EVS.ABC-
M4, 3 MB, _MC, __1_

Déu “=" xay ra < =
SB SC 3

XM YM _ZIM 1
X4 YB ZC 3
Hay M la trong tim tam giac ABC.

Thi du 8. Cho khéi chép S.ABC ¢6 thé tich V. M
la mét diém bat ky nam trong khéi chop. Mot mt
phdng (P) tuy y qua M va cat cac canh SA, SB, SC
lan lugt tai A, B,,C,. Pat V., Vy, Ve ldn leot la
thé tich cac khoi chop SMBC: S.MCA: S.MAB.
Chitng minh rang:

S4 . SB SC

A V=—-V,+ Va+ V.
s4, " s "% sc ¢
A4 BB cC
b) V, =1y, +—2rV,+—22r.
) MABC SA! A SBI B cl C
Lai gigi. a) Ta co: 3
isau _S4 B **1
Vsasy S4 SB e
84 SB 4 C
=Ve iapy=— — ¥,
SABM = o T ep c(
Tuong tu: B

S SG S4
SB,GM =%-EQ-VA @) Vscanm =E'§Z'V}3 9.
Cdng cac dang thirc (7), (8) va (9) theo vé ta dugc:

84, SB SB, SG SG S4
Ve W s K APl Wit B G it i
SABCG ~ 545 ¢ s sct sc s4a”®
VS‘AlBICI =SAI SB] SCI nén

14 SA SB SC

V.
SC IS.ABC ¥ +
hye Vv

Mait khac,

Vs anc, =

+_S_:_4_-'VS,A,B,C, 'VA + SB .VS-AIBICI 'VB
s4, ¥V SB,
SA SB SC

Suyra: y = V,+ Vy + Ve
Y B, 488 - 86, F

b)Ta cd: Vypyupe =V —(Vy +Vs +V¢)

SA SB SC
=iy 328 e BN EL R LB VP
s4" " sB % sc ¢ \¥ia g V)
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Cc¢,
AA] +_€_Bi-1—'VB +-—'_'.Vc-

=547 458 "G

hi du 9 (OLP 30/4/2001). Cho /dng tru dimg
:BIC A.’B'C e BCSCA<AB. Cac diem M, N, p
lgn luot di dong frén cdc doan AA' BB’ CC' sao
cho AM = BN 2CP 3 ‘
quanh cua lang ru cut A'B'C'. MNP va ABC MNP

ya ti so dién tich xung

i s oid tri 1om nhat cua 1t so
bang 2021. Tim gia 11t [on n

Vygcoave

ViBc. MNP
Loi gidi. D& cho gon ta ddt 4 C
AM = x, BN = y, CP = z;
AB=c¢, BC=a, CA=bva yy
Ad'=1 voi 0<a<b<c, [
>2x2y2z20. N
Goi S, §' lan luot 1a dién tich
xung quanh cua hai ling tru
ABC. MNP, A'B'C'"MNP. Taco:

S=x;y c+? ;Zaﬁ;’xb va §'+S=(a+b+o)l.

!

" S
Theo gia thiét thi <= 2021 nén S'+ S =20228

<:>(a+b+c)1=2022(_’%v_c+)’+za+z+xb]
2 2

<:>(a+b+c)l=1011[(x+y)c+(y+Z)a'i'(z"'x)b]

Theo Ménh dé 5, ta c4: Vas'caave

Vsscrmp
1(1
3V Ty +-5)8, e 37
D e = SR, S,
-3—(x+y+z)SMBC xX+y+z
Ta co: —i_____3033[:(x+y)c+(y+z)a+(z+x)b1
e (X+y+z)(a+b+c)
303
_ 3[(x+y+z)(b+c)-(b_a)y_(c_a)z]
(x+y+z .
3033 Xa+b+c)

ST 2rz)Bre) 30334

(x+y+z)(a+b+c) =

Ve i
TV e < 303(b 4 c)



(a+b+c)l

Déu “=" xay ra < x = , y=z=0.
1011(5+¢)
max —————-—V’"B ‘cunp _ 3033(b +¢) _
VABC.MNP a+b+c

Thi du 10 (Trwong hop dic biét cia bai todn
IMO 1964). Cho tir dién ABCD, Dy la trong tam
tam gidac ABC, cdc duong thing song song vdi
DDq va lan luot qua A, B, C twong img cat cdc
mdt phang (BCD), (CDA), (ABD) tai 45,8,Cy.

; : 1
'] .y _— ¥
Chitng minh rang Vp, e = 5 Vi AB,Cy -

Loi gidi. Goi M = ADyNBC ,N=BD,nAC,
P=CDy"AB va d,,d,,d; 1a cac duong thing
song song v&i DD, va lan luot qua 4, B,C . Khi
do 4y=d,"MD, By=d,nND, Cy=d,NPD .
Ta co:

I/
D MNP
Vb.4sc

_DM DN DP DM DN DP 1
D4, DB, DC, DyA DB D,C 8

(vi Dy 1a trong tAm tam gidc ABC ).

1 r
Mait khac,

DD, MD, 1

A4y, MA 3
= A4, =3DD,.
Tuong tu:

mét lang tru tam gide = (ABC) / (4,B,(,) .

Goi D, = DDy~ (A4BCy), khi @6 DyDy = A4yva
d{ Dy, ( ) 3

DyDy /1 A4y LADAAGD) DD

d(D(4BG) DD 2

3 3
e VQ,.AQBOCO = E 'VD.AOBOCO = 5 2Vp.a8c =3¥p.anc .

1
Vay Vp.asc ='§ Dy-A4BoCo *

111. BAI TAP TU LUYEN
Bai 1. Cho hinh chép S.4BCD c6 day 14 hinh binh
hanh va c6 thé tich 1a ¥ . Goi P 14 diém trén canh
SC sao cho SC=kSP ,véi k > 1. Mot mit phang
(OL) qua AP cét hai canh SB va SD lan luot tai
M vi N. Goi ¥V, la thé tich cia khéi chép
2 £
kk+1) "V 2%
Bai 2. Cho khéi chép S.4BC c6 thé tich 1a ¥,
G la trong tim tam gisc ABC . Mit phing (P)
thay d6i cit cac canh S4,5B,SC lin luot tai

M SB X
A, B;,C, théa man dang thiic E4—+_ e

B8

véi k khong déi va k >1. Goi G 14 giao diém

S.AMPN . Chimg minh ring;

cia SG véi (P); ¥, V3,V 1an luot 14 thé tich cua

cac khdi tir dien SABG,, SBGG, SGAG,.
Chimg minh ring

3i+3i+3i$3k§/§.
n \n \h v
Bai 3. Cho tir dién ABCD. Hai diém M, N lan luot

di dong trén hai doan thing BC va BD sao cho

BC _BD
2—+3——=10. Chimg minh réng
BM BN

6 Vi 3

%" Viser 8
Bai 4. Cho tir dién déu 4BCD c6 canh bing 1. Hai
diém M, N lan lugt di dong trén hai canh 4B, AC
sao cho (DMN) L (ABC). Hay tinh gia tri T la tich
gi4 tri nho nhét va gia trj 16n nhét ctia thé tich khbi
da dién ADMN.
Bai 5. Cho khi t& dién SA4BC c6 thé tich v .
Mot mit phing (P) bat ky di qua trong tim G
cia tir dién SABC cit cic canh S4,SB,SC lin
lugt tai 4,5,C.

SB . SC _

Chirg minh ran ﬂ+——~—+
2)Cining €54 5B TS5

b) Tim gia tri nho nhét ciia thé tich khdi chop

S.ABG.
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{r SO TU NHIEN pEN SO SIEU VIET\

LOAI NGUOT DA TRAI QUA MOT CHANG
DUONG LICH SU DAI HANG NGHIN NAM

LE QUOC HAN
(Vién SP Ty Nhién, Dai hoc Vfﬂy

Tir lac xudt hign trén tréi dit, loai ngudi da bidt
khai niém s6 tu nhién do nhu ciu dém hoa qua hai
dugc, cac thi vat sin bat duge. Cua cai ngay cang
ohicu, viéc phan chia chién lgi phim ngay cang
phurc tap, tir d6 loai ngudi phai biét dén khai niém
s6 hiru ty, nghia 12 loai sé co thé biéu didn dudi
dang thuong cua hai sé ty nhién. Khi viéc buén
béan thong thuong phat trién, van dé 1o 13i dit ra,
va khai niém sé am xudt hién. Nhung phai dén
cach nay vai nghin niam, do nhimg c6 ging khong
mét moi cua Pythagore va cic mon dé ong, loai
ngudi méi thira nhan su ton tai cua sb vo ty, ma

thi du don gian nhat 1a V2 - sé do cia duong
chéo cua hinh vuéng canh bing don vi. Bai viét
nay cung cap cho ban doc buc tranh vé khai niém
va su phat sinh va phat trién cua lich sir loai nguri
tir s6 v6 ty dén so siéu viét.

1. S6 vo ty. Trong sach gido khoa Todn 7 hién
hanh ghi rd: Moi sb hiru ti déu biéu dién dugc
dudi dang sb thap phan hiru han hay vé han tuén
hoan, nghia 1a biéu dién dugc duéi dang thuong
clia hai s& nguyén véi s6 chia khac khong. Nguoc
lai, mdi s6 thap phan hiru han hay vé han tuin
hoan déu biéu dién mot sb hiru ti. S6 vé ti la 5o
viét dugc dudi dang sO thap phin v han khong
tuidn hoan. Sach gido khoa ciing trinh bay cach
ching minh ket qua: Khong co s6 hiru ti nao binh
phuong bang 2. N6i cach khac, J2 12 mot s vé
ti. That vay, gia str +/2 1 sé hiru ty, khi d6 ton tai
hai sb nguyén duong p, g sao cho 2 =§ vai p,

g nguyén té cing nhau. Thé thi p = 24° nén p’
chia hétcho 2. Vi2 la s6 nguyén td nén p chia hét

TOAN HOC
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cho 2. Do d ton tai sd nguyen dwong r sao cho p =

2r Thay vao ding thirc pi= 24° ta 6 47" = 24" nén
= 2%, do d6 g chia hét cho 2. Nghia la p, g déu

chia hét cho 2: méu thudn v6i p, ¢ ngayén t6 cling
nhau. o o '
Chiing ta cd mot s0 két qua vé so htru ti va s6 vo ti
nhr sau:
“Cho a 1 mot sé vé ti, b 1a mot s6 hitu ti. Thé thi:
i)a+b,a—blacacsd vé ti.

b
va — la cac sb vo ti”.
a

1) Néu b # 0 thi ab, —

Bay gid, néu c6 ai hoi ban V2 +3/3 1a sé hiru ti
hay s vé ti thi ban ¢ thé tra 11 duoc ngay d6 la
s0 vo ti. Nhung dé chimg minh khing dinh trén thi
khong phai don gian. Xin néu hai két qua sau de
giai bai toan trén.

Két qua 1. Neu r la mgt nghiém hiru ti cua
phieong trinh véi hé so nguyen

x4+ a,t . tax+ a, =0 (D) (voi ne N’ ) thir
phai 1a mot s nguyeén.

Chirng minh. Vi r 13 mot sb hiru ti nén ?‘—E
q

VOi p.g€Z, %0 va (p; q) = 1. Thay vao (1) ta
dugc:

n H-

P +au1p 'q+ +alpq +a0q =0

PP =4@np™ 4 apg? +ag™).

Dodo p'iq.Ma (p; 7)=1néng=1.
Vay r=phay r1a mgt s nguyén,
Két qua 2,

Néu r la met nehmn nguvén cud
Phuong

inh (1) th la wée s6 cua ay.
Chitng minh, Vi , lan

s l ghiém cia (1) nén
a}[-[r”_

+ "+alr+00=0




S a=-n"" +a. "+ +ar+a).
Suyra a,:r.
Nhin xét. Ap dung cac két qua trén, ta co thé
chimg minh +2,3/3,42,...

han vi V2 13 nghiém phuong trinh x*-2=0,
nhung vi phuong trinh nay khéng c6 céc nghiém

la cac s vo ti. Chang

nguyén 13 udc sb cia 2 nén V2 1a mét sb vo ti.
Cach giai ndy ngian hon cich giai trén nhidu.
Tuong tw, ta chitng minh duoc r=v2 +3/§ la
mot sO vO ti nhu sau: Ta co:

r—ﬁzi@@(r—ﬁ)s=3

o r =32 +6er-242 =3

<:>\/5(3r2 +2)=r3 +6r-3
= 2(3r* +2)* = (+* + 6r -3)

S rt—6rt—6r' +12r —36r +1=0,

nghia 14 » 1a nghiém cua phuong trinh
x*—6x— 6 + 12x* —36x + 1 =0.

Gia sir 7 1a mot s6 hitu ti. Theo két qua 1 thi » 13
mét sd nguyén. Theo két qua 2 thi r 12 mét wéc sb
cua 1. Nhung phuong trinh trén khéng cé cac
nghiém 1a + 1: vo . Vay # 12 mot sb vo ti.

Nhdn xét. Ta thiy ring

cac ) vo ti ﬁ “"\}
EN
\fi{/i‘\‘/i co s ¥s “3

chung mot tinh chit
dic trung: 1a nghiém
clia mot phirong trinh ¢6
dang fix) = 0, vi fix) Ia
mét da thirc véi hé sb
nguyén. Ngudi ta goi
nhimg phuong trinh co N. H. Abel (1802-1829)
dang nhu trén 1& phuong trinh dai s6. Cac nha
toan hoc Niels Henrik Abel, ngudi Na Uy va
Evariste Galois, ngudi Phap da chimg minh dugc
ring khong co phuong phap dai sé téng quét nao
dé giai phuong trinh dai s3 c6 bac 16n hon bén,
Ngudi ta goi nhitng s6 hiru ti va s6 v6 ti 1 nghigm
ctia phuong trinh dai s ndo 6 13 58 dai 54, cac s
con lai goi 1a 56 siéu viét. S6 hiru ti ludn 13 s§ dai

L B R e S o

s6. Néu mot sé dai s6 1a nghiém cua mét phuong
trinh dai s6 bac n (neN") ma khong thoa mén
bt cir mdt phuong trinh dai sb c6 bac nhé hon n
thi ta goi s8 d6 14 56 dai s6 béc n. Chéng han, 2

13 6 dai s6 bac 2, V2 +3/3 1a sb dai sb bic 6. Sb
dai s bac 1 13 s hitu ti. Nguoi ta da chimg minh
duoc ring tdng, hiéu, tich, thwong (néu ton tai) cia
hai s6 dai s6 1a mot sb dai s6. Hon nita, moi nghiém
ciia mot da thirc véi hé sb 1a céc sé dai s6 cling 1a s6
dai 5. Tt ca cac s6 co duge bang hiru han cac phép
toan cong, trir, nhan, chia, khai can bac n (rn € N')
clia cdc sb nguyén dwong déu la sb dai sb. Tuy
nhién, diéu nguoc lai khong ding: Cé nhing sb dai
s6 khong thé tinh duoc theo cach nay.

Nhan déy, ching t6i xin duoc néi thém vé Ly
thuyét Galois. Tir 1au, loai ngud1 da tim cach gidi
va tim cdng thitc nghiém cia tit cd cic da thirc
voi bic bat ky. Bat ddu tir Viere véi cong thirc
nghiém ctia phuong trinh bac hai (SGK Pai 56 9).
Tiép d6 1a Cardano véi cong thuc nghiém cia
phuong trinh bic ba. Sau d6, nguoi ta da giai
dugce cac phuong trinh bac bdn téng quét bang
cach dit 4n phu rdi giai mdt phuong trinh bic ba
trung gian (theo céng thirc Cardano). Tiép sau d6
1a Abel va Galois di
chimg minh dugc ring
khéng c6 phuong phap
dai s6 tong quat nao dé
gidi phuong trinh daj sb
c6 bic 16n hon bén.
Trude d6, céc nha toan
hoc dd chimg minh
duge ring néu bing
phuong phép dai sé c6
thé giai duocmotphuong E. Galois (1811-1832)
trinh dai s6 ndo dé ¢ bac 16n hon bén thi nghiém
cua phuong trinh nay (14 sé dai $6) c6 thé dung
duoc bing thudce ké va compa. Trai qua nhidu thé

ky, ho di bé tac & bai todn tong quat nhit: C5 tisu
chuén noo dé khang dinh mét phuong trinh dai 56
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co thé gisi diroc hay khéng? Chi b:;"mg mot cong
trinh day chwa dén 200 trang cua Galois (ma sau
nay duqc goi la Li thupét Galois) bai toan trén di
dugc gidi quyét tron ven, Céc nghién ctru cua Abel
va Galois v& nghiém cta nhidu da thic c4 béc
khic nhau d3 dit nép moéng cho cac phat trién sau
hon vé I thuyét nhém va cac linh we lién quan
cia dai sd trima tuong sau nay. Lin diu tién, cdc
&i61 han ciia todn hoc da dipe khdm pha. Két qua
nay gitip cdc nha toan hoc thé ky XIX 4p dung dé
ching minh hai bai toan Hy Lap ¢4 dai néi tiéng
ma cc nha toan hoc trude dé da tén cong vd ich
ma khéng giai dugc. Pé 1a bai todn chia ba mit
goc va bai toan cdu phuong hinh tron (khong thé
chi dung thuée ké va compa: chia ba mét géc hoge
dung chiéu dai mot hinh Idp phuong cé thé tich
gdp déi mot hinh IGp phirong cho truée, hay dung
mot hinh vuéng cé dién tich bing dién tich mét
hinh tron cho trurce).

Ta tiép tuc n6i vé& sé sidu viét. Nam 1851, nha
toan hoc ngudi Phép Joseph Liouville (1809-
1882) da ching minh sy ton tai cia sé siéu viét,
Tuy nhién, chiing ta méi chi biét mot sb rat it cac
sb siéu viét va viéc chimg minh mét sé 12 sé siey
viét la bai toan kho.

Nam 1874, nha toan hoc
buac Geogr Cantor (1845-
1918) da chimg minh duoc
réng hau hét cic sb ddu 1a
sb siéu viét. Nghia la, vé
mit hinh thic, s6 lwong
cac sb sieu viét nhiéu hon
cac sb dai s6. Nam 1882,
nha toan hoc ngudi Pirc
Ferdinand von Lindenmann
da chimg minh duoc ring
F. Lindenmann (1852-1939) 7 14 s siéu viét. Tir két

qua ndy, ta c6 thé chirng minh g,ﬂ:-ﬁ-l,\/;,... la

cac s siéu viét. Ngay nay ngudi ta d3 tim duogc
nhiu sb siéu viét khac khéng lién quan dén sb .
Chéng han, nam 1934, hai nha toan hoc d déc lip
chimg minh dugc két qua (ma sau nay dugc mang

TOAN HOC
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tén hai ong Dinh Iy Gel/bnd—:’S'ch.neider )’5 Cac ‘S(‘J o
dang o, trong d6 a la m;o‘t 50 dé'li s0 l.chac,O \‘ra L,
L bt 56 v 1, du I 56 siéu vigt. Dinh li nay cho
ta mot 16p céc sb siéu viét. |
2. Méi lwong duyén giira s6 7 va cac tong vo han
a. Céch tinh mdt s6 tong hiru han |
Twong truyén, nhd todn hoc vi dai Pic CF
Gauss (1777-1855) - ngudi dugc ménh dani{ Ia
“Ong Vua sé hoc” - da biét cach tinh nhanh tong
cac sb tu nhién tir 1 dén 100 tir luc ("{ng vira 5 tu(‘)i:
Y tuéng cua Ong trong viéc tinh tong d6 c6 thé
dién ta v& mat toan hoc nhu sau: tir
S=14+2+3+...+99+ 100 va
S=100+99+98+...+2+1taco
28'=(1+100) + (2 +99) + ... + (100 + 1)

=101 x 100, nén =101 x 50 = 5050,
Bing phuong phép do, ta tinh dugc tdng cia n b
nguyén duong déu tién.

S, (k)=1+2+..+n :——n(n; 1) a)

Ngay nay, mét hoc sinh THCS khé toan c6 thé
dung phuong phép quy nap toan hoc dé tinh duoc
cac tong dang:

S,(K)=r+22 1. 1n2 = n(n+1)(2n+1)

@)

S (B)=F+2 1 4p ={"_(”7+L)J2 =[s, (kﬂz A3)

Céc tong ndy con cé thé tinp duge bang cach sit
dung khai trién nhj thirc Newton (4 + b két hop
v(riv ¢ong thirc tinh cac tong véi s5 ma nho hon.
Chang han, d8 tinh tong SY=P+2+  +4
ta dya vio khaj trién nhi thire:
(1+ k=1 tAk+ 6k + 413+
Cho k= 0,1, 2,...nta nhén dyuog:
P=1,2<11474 6.12+4.1% + 1*
F=1+404 6.2° +4.2% 19 |
(1 +n)4= 1+45+ 6.n% +4.5° + n; -

C 6 5 A r 2.
PNg ting vé cjc dang thyc trén, ta nhan dugc

4 _
A+my=14,, 4.5,(6) + 6.5,(8) + 45,

Thay c4c két s \ \
o o KELauA (1) va (2) vy ding thirc trén, ta




(+n) =n+ 1+ 200+ 1)+ + 12+ D+ 450,
Tirds S, (k3)=[ﬁ%tﬂ:\ , nghta 14 c6 (3).

Ta hdly xét cac tng twong tir, chang han:

Sﬂ(l)=l+l+l+...+l,
k 2 3 n

1 1 1 1
S =]ttt s
(i&] ot 3 n’

Viée tim cong thirc tdng quat cho cac tong nay,
nhu sau day ta s& thiy 1a khong thé. Mic di mét
s& tdng nhin c6 vé phirc tap hon lai c6 thé tim
dugce cong thirc téng quat cho ching, Vi du téng

11 ; L
B Bt L 6 thé tinh & dang
12 23 n(n+1)
A, 1 1
dua vao nhén xét R A i
k(k+1) k k+1
Teas p=1-L,1 1, 1 1
2 2 3 n n+l
EPER S
n+l n+l

Péi véi tong
1 1 1
P=——+——
27123 234 n(n+1)(n+2)

cach tinh c6 phirc tap hon chit it. Dya vao nhén

Xét 1 =l|t.1__i+_l_:| ta
k(k+1)(k+2) 2Lk k+1 k+2 ]
nhidn duoc: P2=l[l——-l—+ ljl hay

212 n+l n+2
n(n+3)

f= 4(n+1)(n+2)

b. Méi lién quan giira sb T va cc tong vd han
Vio nhimg nim giita thé ky XVIL, cling véi sur ra
ddi ciia phép tinh vi tich phan, cac nha toén hoc di
nghi dép viéc tinh mét s tong véi vé han cic sb
hang, Ho du do4n rang mic du khong tim ra dugc
cong thirc (dai s6) cho céc tong dang

1 I n+ll
—|=l==+..+(-1) =
Sn[ ) 2+ +( ) ?

k n

1 1 1
S =]+t =
(kzj 2’ n’

Tuy nhién khi cho » “lon v6 cung tan”, cac tong
iy s& xAp xi mot s thuc nao do. S& nay cé thé
khong phai 14 s hiru ti, tham chi cling khéng phai
1a “s§ v6 ty thong thuong”, va ho nghi ngay dén
“s§ vo ti dic biét”, a6 1a sé m. Ngudi du tién
nhén dugc mot két qua nhu vdy 13 nha toan hoc
ngudi Scotland, J. Gregory (1638-1675). Bing
mdt phuong phap dic biét, ong da tim thiy mot

két qua kha bt ngo:
1 1 1
]-——+——=+...=
3 5 7

Muédn hon mét chat, nha
toan hoc thién tai Thuy ST
Leonhad Euler di tim ra
mdt két qua bét ngd khac:
l+—1—+...+i+...= z
? n’ 6
DPé nhéan dugc két qua nay, S
Euler da ¢c6 mét sy tuong tu L. ﬁm‘et (1707 1783)

tao bao. Dua vao dinh ly Viéte phat bidu vé mdi

lién hé gitra cac nghiém cia mét phuong trinh dai

so6 bac n: “Néu x), x3,..., X, la cac nghiém cua
phuong trinh
n-1 -
a +ax™ +... +a,x +ap=0 (v6i ag 2 0)
A 4
thi: X X bt x, =—1L
a()
+ =%
XX, + XX bt XX+t X, X =

--------------------------------------------

Euler d3 ap dung két qua ndy cho mét phuong
trinh “kiéu dai s6 bac v6 han” va nhan dugc két
qué trén. V& sau, chinh Euler ciing khong tin 1im
vao céc lap ludn ma dng d4 sir dung. Va cung vl
su phat trién ca mén Gidi tich todn hoc trong
thoi gian sau d6, Euler d3 chimg minh duoc két
qua trén mot cach chat ché vao nhitng nim cudi
d&i minh. Ngodi ra, éng con nhén duge mét sé két

qua khac, chang han: 1+1+l—2—+123+__,=£_
3 35 357 2
TOAN HOC
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Ngoai Geory va Euler, nhiéu nha toan hoc khac
nhu J. Bernoulli I (1655-1705), G.W. Leibniz
(1646-1716)... ciing nhan dugc cic két qua lién
quan giita s6 T va cac tdng v han khac rét thu vi.
Pic biét, nha toan hoc Anh J. Wallis (1616-1703)
d3 nhan dugc két qua sau day t rat som:
24.4.6.6828.10.10.. ~«

33.55.7.799.11.11... 4

3. S& sidu viét e va cac bat dang thicc ¢o dién

a. Céc bét ding thic c6 dién

e Bat dang thirc Cauchy (mang tén nha toan hoc
Phap Agustin Louis Cauchy):
a+a,+..+a,

2{/aa,..a

\ VC'Jia,-ZO,i=1,

n

n

2,..., n that ra da dugc biét tir thdi thuong co.

>R Trong cac kim i thap &
f \ Ai Cép (nim 2900-1167
v, W ¥ trudc cdng nguyén)
Y & ngudi ta da tim thay céc

hinh vé dugc khidc trén

4 lién quan dén bat dang

thitc véi n = 2. Tuy
nhién, A.L. Cauchy
dugc xem la nguol

AL Cauchy (1789-1857)  chimg minh bat ding
thirc d6 trong truong hop tong quat mot cach chat
ché va di sir dung n6 mét cach ¢6 hiéu qua trong
cac cong trinh nghién ciru toan hoc cua minh.
Ngay nay di cé hang chyc cach chung minh bt
ding thic Cauchy, dua trén cac phuong phép
chinh: nhu bién d6i dong nhét, quy nap toan hoc,
sir dung tinh chéat ham 15i, phan chimng, ...
e Sau bt ding thuc Cauchy, bét ding thire
Cauchy - Schwarz:
(@ +a3 +..+a)(b +b; +..+0])

>(ab +ab, +.. a,b, )2
ciing ¢6 nhidu tmg dung trong todn hoc. Qé chfm’g
minh bt ding thic nay, o thé dong dong nhat
thirc Cauchy - Lag néi tiéng:
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2
2B {i“ibj +Z(a,-b,- "af‘bf)2
i=l

i’ ! i>J
=l =l

hodc sur dung nhan xét:
Néu tam thirc fH = AP + 2Bt + C (A4 # 0) khong

sm véi moi ¢ thi A" < 0 hay B* < AC, trong dé

-3 ?Bzu b, vuC= y .
4=t pegeb Ok

Bit dang thirc Cauchy - Schwarz con dugc goi 1

bét ding thirc Bunyakovsky.

o Bit ding thirc Bernoulli, mang tén nha toan hoc
Thuy si Jacob Bernoulli I “Neu a > —1 va n la mjt
s6 nguyén dwong thi (1 + a)’ > 1+ na” tuy don gidn
nhung c6 nhiéu (mg dung trong toan hoc. Pé chimg
minh bt ding thic ndy, cé thé dung phuong phap
quy nap theo n hodc sir dung cong thirc khai trién nhi
thitc Newton (a + b)".

e Bit ding thirc Holder, mang tén nha toan hoc
Purc Holder (1859-1937):

iajbf
i=1

trong d6 p va ¢ 1a hai s& duong thoi man

1 1 <
—}; +E =1. Bat dang thirc Bunyacovsky la truong

1 1

<(Sar | +(Zpr ]

i=l i=1

hop riéng cua bit ding thie Holder khi p =g = 2.

e Bat damg thirc Minkowski, mang tén nha toan
hoc Dic H. Minkowski (1 864-1909):

[Z(a. +bf)p}% S(Z;a”)lp +(§b§’ ]%

trong d6 a;, b; 1a nhimg sb duong vap > 1.

® Bat dang thire Chebychev, mang tén nha toan

}‘;:_)Ac Nga P.L.Chebychey (1821-1894):
euaIZazz..‘Zamb1>bz> . 2 by hodt
Q<a < <bothi

BN ey &
S, b <by<... <b, thi

a +a, +
1 2 T..+a
—-——-_._.____Lxél__‘i"__b;__"f‘___"l_'_{)ﬂ_

n

h

2 a!bl + a2b2 +..- + anbn .

n



b. S$6 ¢ va phép tinh logarit
Vao giita thé ky XVII, cac nha toan hoc quan tim

dén diy sé u, = (1 +l} voi n la so nguyén
n
duong. Dung bét ding thirc Bernoulli, thiy ngay
us > 2. S dung bAt ding thirc Cauchy, c6 thé
chimg minh dugc u, < 3. Nhur viy 2 < u, < 3. Hon
nita, #,+; > u,. Nhu vay, khi 7 “lén vo cing tan”,
u, s& tién gan t&i mot sd nao d6. SH nay khong
phéi 1a s6 hiru ti hay “s vo ti quen thudc” (cac s6
chira can thirc), ma 1a mot sé “vo ti khong quen
thude™: s vo t sidu viét (1). Cac nha toan hoc got
s6 d6 1a sb e va noi r?mg day u, hdi tu vé e. Piéu
bat ngd nhit 12 ho di chimg minh duoc ring
e=1+l+—1—+...+—1—+...trong don!=12...n
I 2t n!
Cac ban da biét phép trir 1a phép toan nguge cia
phép cong, phép chia la phép todn nguoc cua phép
nhén. Mot cau hoi dat ra hét sic ty nhién: Vay
phép toan nguoc cua phép ning 1€n luy thura l1a
phép toan nao? Ngoai phép khai cén con co phép
toan 1y ldgarit.
Cho a 12 mdt s6 duong khac 1, b 1a mét sb dwong
va n 12 sb thoa min a" = b. Khi d6 phép todn tim n
khi biét a va b duoc goi 14 phép toan l(fy logarit
(co sb a cua b), ky hidu n = log,b. Hai trudng hop
dugc cac nha toan hoc quan tam la khi @ = 10 thi
ta noi ring # 1a logarit thdp phdn cia b va viét n =
lgb, con khi a = e thi ta ndi n 14 logarit tw nhién
hay légarit Neper cua b va viét n = Inb. Céch goi
thr hai nay dé twong nho nha toan hoc Anh J.
Neper (1550-1617), ngudi dé phat minh ra phép
toan 16garit. That dang ngac nhién khi cic nha
toan hoc d4u tién tim thiy két qua
1 1 1

e — .+
1 2+3 4 ( )

Ciac sb siéu viét T va e duge lién hé voi nhau béi

n+l 1

—4..=l2. ()
n

hé thic €™ = —1 (Cong thirc Euler), trong 6

-2
4

= —1. H¢ thirc nay nhan dugc tir cong thirc
Moiver, mang tén nha toan hoc Phap dbraham de
Moiver (1667-1754):

(cos + ising)” = cos(np) + isin(np) hay (%) = ™.

Pé két thic, moi cac ban giai cac bai toan sau.
BAI TAP
1. a) Chimg minh ring /3 + /2 1a mét s6 v ti,

b) Chimg minh réng \/; 1a mot sb sidu viét.

2. Gia stt f{x) 1a mot da thirc dai sb thoa man A0) va
A1) 1a nhimg sb 1¢&. Chimg minh ring nghiém
phuong trinh f{x) = 0 khong c¢é nghiém nguyén.

3. Tinh céc tong
a)1*+2'+3*+ .. +n%;

1 1 1
+ + et 3
1.234 2345 n(n+1)(n+2)(n +3)
¢) 12345+23456+...+mn+1)Xn+2)n+3)¥n+4)
4. Chimng minh 1° + 2° + 3’ + ... + »’ chia hét cho 1
+2+3+ ... +n Tong quat hoa.

b)

2 1 1 1 .
5. Gia st S, :1+2T+3T+---+n_k trong do £ la

s6 tu nhién, k£ > 2. Chimg minh

a) 1 <S, <2 v6i moi » 1a s6 nguyén duong;

b) S, > S, néum > n.

6. Chimg minh cic bt ding thitrc Cauchy,
Bunyakovsky, Bernoulli.

7. Gid s ay, ay, ..., a, 1a cac s6 duong. Ching

minh
n
"’lalal"'an < 1 ] 1
— L —
a a, a,

catatota,

2 2 2
<\/al +a2 +...+a"

n n

1y :
8. Gia sir u, = [1+—J trong do » 1a s6 nguyén
n

duong. Chimg minh réng;

a)2<u, <3;
b) Up+l = Up.
) TOAN HOC
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CAC LOP THCS

Bai T1/525 (Lép 6). Tim bén sb nguyén t8 a, b, c,
dthéamin a>3b> 6¢>12d va

a’—b +c* -d* =1749.
LE XUAN DAI
(GV THPT chuyén Vinh Phiic)
Bai T2/525 (Lép 7). Cho tam gisc ABC cén tai A
(2 =20°). Goi D, E 14 hai diém thudgc AC sao cho
D nim gitta A va E, AD = CE = BC. Tinh s do
goc DBE.

NGUYEN VAN BAN
(GV THCS Xa Thanh Yén, huyén Dién Bién,
tinh Dién Bién)
Bai T3/525. Cho da thitc f(x)=x*>+ax+b trong
dé a, b 1a cac sb nguyén. Ching minh ring ludn

ton tai s nguyén m dé f(m)= £(2021).1(2022).

BUI DUY CHUAN
(GV THCS Lai Vu, Kim Thanh, Hdi Dwong)

Bai T4/525. Cho M la m6t diém nam bén trong
tam gidc ABC sao cho MBA=MCA. Dung hinh
binh hanh BMCD. Chimg minh rang dudng phén
giac cua goc BAC va dudng phan giic cua goc
MCD vudng goc voi nhau.

DOAN CAT NHON
(GV THCS phwong Binh Binh, TX. An Nhom, Binh Dink)
Bai T5/525. Giai hé phuong trinh:
XYz+x+y+z=xy+yz+zx+2
SIS S S
X =x+1 Y —y+l zZ2—z+1
THAI NHAT PHUONG

(GV THCS Nguyén Van Tréi, Cam Nghia,
Cam Ranh, Khanh Hoa)
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CAC LOP THPT

Bai T6/525. Cho céc sb thyc x, y, 2 16n bon 1 théa
min: x +y +z+2=xyz. Chirng minh rang

JP =14y -1+ 712343

ing thirc xdy ra khi nao? .
Baug J PHAM DUY KHANH

(GV THPT Quy Chdu, Nghé An)
Bai T7/525. Tim tit ca cic tam giac ABC c6 49
dai cac canh la cac s6 nguyén duong théa man dé
dai canh AC bing d6 dai phén gidc trong goc A.
NGUYEN PUC TUONG
(GV THPT chuyén Hing Vuwong, Gia Lai)
Bai T8/525. Cho hai dudng tron (0) va (O')cit
nhau tai hai diém A4, B. Qua diém C nam trén tia
dbi cua tia BA dung cac tiép tuyén CD, CE cla
(0). Poan thing DE cat (') tai F. Tiép tuyén cua
(0" tai F cét CD, CE lan luot tai M va N. Chimg
minh ring tir gidc ABMN ndi tiép.
PAU ANH HUNG
(GV THPT Lé Quy Dén, Quang Tri)
Bai T9/525. Chimg minh rang véi moi sb nguyén
duong n ta c6

1G5 G 3 G G4 G
2 (8n—I)!_Z

T (4 4
NGUYEN VAN XA

(GV THPT Yén Phong sé 2, Yén Phong, Bdc Ninh)

TIEN TOI OLYMPIC TOAN
Bai T10/525. Cho day s (a,) x4c dinh boi:
a=1a,=3
log,a,,,=log,(a,+1), Yn=12,..
Chimg minh ring day s6 (a,) hoi tu va tim gi¢i
han Ay.

DANG XUAN SON
(Lop I DHT, khoa TT, PHSP Hai Phong)

Bai T11/525. Tim tAt ca cdc ham 6 f: R—R
sao cho f(x+y")=f(x)+yf(3*), Vx,yeR.
TRAN VU HOANG PAO
(GV THPT Lé Quy Pén, Long An)



dﬁu doan mach d:en ap u= U\f- 2 cos

R =R, thi cong suit tiéu thu trén doan mach 4B

dat cuc dai bang P,,. Khi R=R, hoic R=R, thi

cong suat tiéu thu trén doan mach 4B bang nhau

bing 120 W va c6 hé sb cong suét tuong vmg 14

k, =0,6 va k, =0,8. Xac dinh gié tri cia P,,.
THANH LAM (Ha Ngi)

BLEMS IN THIS ISSUE
s XVZHX+Y+I=xp+ ypz+z0+2

1 1 1
et e T SRR
¥ -x+l Y —p+l 22—z+1

FOR HIGH SCHOOL

Problem T6/525. Given numbers x, y, z wh

: _:an%I greater than | and satjsfy x+y+z +3 -z |

o el
‘at) Prove that 1} 1+




%d—l),-k—ay.

‘ éﬂ-’-‘thuc x,y thoa man

BC' Show that_ 7the incenter of the trlangle MN
belongs to a fixed circle.

Translated by NGUYEN PHU HOANG LAN :
(College of Science - Vietnam National Umversﬂy, Hanm)

a) Tim gia tri 16n nhat cta biéu thitc
LY
b) Tim gié tri nho nhat cua cac biéu thirc
P= (x2 +1)(y2 + 1) + xy.
Bai 5. Cho c4c s6 thuc x,y théa man
Neprilimant
a) Tinh gi4 tri ctia biéu thirc
b) Tim gié tri nho nhat cua biéu thitc G=x+2y
Biai 6. Cho cic s6 thuc x,y théa man

w2+ 24 32 +2 =48 . Tim gia tri nho

nht cua céc biéu thirc sau:

=kt vi

' = Vx? +2 +y2 424 x4y,
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Bai T1/521. Xé’f 100 s6 nguyen diong 1: 2: 3:
100. Ha) tim 56 nguy en dicong n nho m’mf sao (ho
voi moi cdch /ay n 56 phan biét tir 100 s¢ .fun deou
ton tai hai 56 a, b sao cho q + b la mér 56 nguven
to.
Loi gigi. » Nhdn xér 1: Néu ldy n = 50 thi tdn tai
tap hop 7' gém 50 sé phan biét ma tong hai sb bat
ki trong chung déu 1 sé chin 16n hon 2, nén téng
ndy 13 hop sb.
Thyc vay, khi chon tap 7 Ia tap hop gdm 50 sé
chén tir 2 dén 100, hodc chon T 1a tap hop gdm 50
sd 1é tir 1 dén 99 thi tdp 7 d6 déu thoa man nhén
xét trén. Vi vay can xét n > 50.
* Nhdn xér 2: S6 n = 51 théa min yéu ciu cua bai
toan.
Dé chimg minh Nhdn xét 2 ta phan chia 100 sé
nguyén duong 1; 2; 3;...; 100 thanh 50 cip sb nhu
sau (1; 100), (2; 99), (3; 98), ..., (49; 52), (50; 51).
Téng cia hai sé trong mdi cap sb déu bang 101,
mi 101 13 sé nguyén t. Gia sir chon 51 s6 tuy y
trong cac s tir 1 dén 100 la a, a;, a3 ..., 49, dso
as; . Goi tap da chon la tap 4 va goi té’ip 49 s6 con
lai 1a tap B. Xét sb ay, néu trong 50 s6 con lai cta
tip 4 c6 s6 @, ma a; + a, = 101 thi cach chon nay
thda mén yéu ciu cua bai todn; néu khong xay ra
didu 6 thi sé by = 101 — a thudc tap B. Ta xét
nhy thé véi sé a, va chi céan xét truomg hop trong
Cac sb con lai cua tap A khong co sb a, maa,+a,
=101, luc 46 thi sé b, = 101 — a, thudc tap B. Ck
xét tiép tuc nhur thé cho dén sb aug . Néu trong cic
s8 con lai cua tap 4 khéng cd sb a, ma ’6149 +a, =
101 thj 5§ bas= 101 — aqg thudc tip B. Dén hic nay
4 xét duoc 49 s6 thude tap A va 49 sb thudc tip B

(chung 13 49 c3p sé da dugc phan chia nhu trén),
do d6 chi con 2 s6 thudc tép 4, d6 chinh 13 asy, as,
ddng thoi 1a cdp s6 cudi cung duogc phan chia nhu
trén nén asy + a5, = 101. Nhw vay sb » = 51 thoa
man yéu ciu cia bai toan.
Chi ¥ ring c6 nhiéu cach phan chia 100 sé
nguyén duong 1; 2; 3;...; 100 thanh 50 cip sb thoa
mén Nhdn xét 2. Chang han, trong céch chon 50
cap s6 (1; 100), (2; 99), (3; 98), ..., (49; 52),
(50; 51) ta thay ba cap sb (3; 98), (7; 94), (11; 90)
boi ba cap sé (3; 94), (7; 90), (11; 98) thi méi téng
3+94=97=7+090, 11+ 98 = 109 déu 14 sb
nguyén td.
Nhan xét. Cac ban sau c6 10i giai ding. Ha Noi:
Tran Anh Dirc, 6C2, THCS Archimedes, Péng
Anh; Nghé An: Thai Minh Quan, 6B, THCS Ly
Nhét Quang, D6 Luong.

NGUYEN VIET HAI
Bai T2/521. Cho p la 56 nguyén 16 1é. Tim tét ca

cac cdp s6 nguyén dirong (x; y) sao cho x + yva
xy + 1 déu la lity thira cua p.

Loi gidi. (Coa céc ban giai ding) Dit x + y=p"
va xy+1=p". Tacéd: xy+1 —(x+y)=p”’ -p".
Do xy+1—(x+y)= (x-l)(y—l)zO vix,y>1,
suyra mzn va do dé (x~1)(y~1) chia hét cho
p". Do x-1va y—1khéng déng théi chia hét
cho p, vi néu nguge lai  thi
(x+y)—[(x—1)+(y-—l)]=2 chia hét cho sé
la v6 ly, cho nén tir
(x-1)(y-1)=p" (P"'_"—l) phdi ¢6 x—1 hoic

y—1chia hét cho p". Vi ca hai sé nay déu nho

nguyén to & p

hon x+y=p",chonén x-1=0 hodc y-1=0,
va cac bd sb can tim la x¥=Ly=p"~1 hoic
x=p"-1Ly=1. Thi lai, ta thiy hai b nay thoa
min bai toan.

Nhdn xét. Mot sb ban dua ra dép sé sai. Cic ban cin
phai rat ra kinh nghiém 13 Iuén phai thir lai xem
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nghiém tim thdy cé thoa min bai toan hay khong.
Céc ban sau day c6 dap sé ding.
Nghé An: Nguyén Thdi Hoang Anh, Thdi Minh
Qudn, B, Nguyén Thai TA, THCS Ly Nhat Quang,
P56 Luong; Ha N@i: Tran Anh Puirc, 6C2, THCS
THPT Archimedes Pong Anh.
vU PINH HOA
Bai T3/521. Tim tit ca cdc s6 nguyén x, v thoa
mdn phwong trinh
F@y+1)+y (3x+1)
+(x+ V) =+ + 1)+ 2xy=343.
Léi gigi. Taco
Xy + 1)+ Y Ex+ 1)+ +))" —xy+)7 + 1) + 2
=3x2y+x2+ 3xy2+y2+x3+y3+x+y+2xy
=0 +3% + 307 +37) + (P + 2y + 7)) + (x +))
=a+d’+a (trong d6 a =x +y).
Do d6 phuong trinh cua bai toan twong duong véi
a’+a +a=343,
Chu y:
By B 3 _ ':( 1]2 3J
a+ta+ta=a@+ta+l)=al|la+=| +=],
2) 4
343="7.
Suy ra: a la s nguyén duong,a<7=>a<6
=Sa+d+a<6+6 +6=216+36+6=258 <343,
Nhu vay khong ton tai cic s6 nguyén x, y thoa
man phuong trinh cua bai toan.
Nhiin xét. Piy 1a bai toan sé hoc giai bang phuong
phap dung bét ding thirc cia cac sb nguyén. Céc ban
hoc sinh sau c6 11 giai dung:
Hung Yén: Lé Tudn Nghia, 8C, THCS Poan Thi
Diém, Yén My; Ngh@ An: Nguyén Hang Nga, 8D,
Hodng Pinh Pirc, Nguyén Céng Phii, Nguyén Danh
Tién Nam, 9C, THCS Ly Nhat Quang, D6 Luong.
NGUYEN MINH PUC

Bai T4/521. Cho duong tron (O) va diwong tron
(O°) cat nhau tai A va B. Ké mét tiép tuyén chung
ngoai lan luot tiép xic véi duong tron (O) va
dwong tron (O°) tai C va D. Chirng minh rang

AC 8D,

>2.
AD  BC
TOAN
26 ?cruggg S6 525(3-2021)

Loi gidi

Goi M la giao diém cta 4B va CD. Theo tinh chit
goc tao bdi tia tiép tuyén va day cung ta cé:
@:@, @:55,‘4 Suy ra:

AMCB ~ AMAC (g.g), AMDB ~ AMAD (g.g).
MC MB MB _MD

MA MC’ MD MA’
tr d6: MC? = MA.MB, MD* = MA.MB. Suy ra M
1 trung diém ctia CD (1).
Mat khac, tr AMCB ~ AMAC ta co:

BC _MC

Suy ra

=—— (2).
AC MA @)
T AMDB ~ AMAD ta cé:
BD MD
St A
AD  MA &)
T (1), (2), (3) suy ra:
BC BD AC BC
-~ <> = .
AC 4D AD BD
Ap dung BDT Cauchy, ta cé:
AC BRD BC BD BC BD
—_ — + > 2 e T = 2.
AD BC BD BC BD BC

Viy gg+—?g2 2. Ping thirc xay ra khi va chi
khi BC = BD <> AB 1 CD <> hai dudng tron (O)
va (O’) c6 cung ban kinh.

Nhdn xét. Chc ban duéi day c6 161 giai tét.

Nghé An: Ng6 Thi An Bink, 9E, THCS Diéng Thai Mai,
TP. Yinh; Nguy'e:n Cong An, Nguyén Céng Phiic,
Ngz'gzén Danh Tién Nam, Hoang Dinh Dz, Hoang Thé
Hie?u, 9C, THCS Ly Nhat Quang, s Luong; Ha Nji:
Tran Minh T, 9C, THCS Luong Thé Vinh; Ha Tinh:
Tran Minh Hodng, 8E, THCS Nguyén Tréi, Nghi Xuan,

NGUYEN THANH HONG
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Bai TS/521. Giai hé phiong trinh:
Wy-xy-y=l
{—xyz —y+)yt=3
L& gidi. Nhan thdy y =0 khéng thoa mén hé.
véi y # 0, hé tuong duong véi

3x2—x—]=l
Yy
1 .
"'x——+1:-—-§2—
y y

Ixt el =
i el e L2 1=0 (1)
y 3 +x+1-1=0 (2)

Trir theo vé cua (1) cho (2), ta c6:
3(x—t)(x+1)=2(x+2)=0
o (x+1)(3x-3r-2)=0.
THI: x+t=0 <> x=—t, thay vao (1):

3x2-—1=0<:>x=i—-1—'y=$\/§.

\/5!
TH2: 3x—3t—2=0<::~x=3t+2,thayvéo(2):
w2 1=0
-1+£v2
&9 +6t-1=0=1= 3\/—.
A G2\
3
a2 3 J2
=2x= iy = =3[1+V2}.
x 3 Y _1+ 2 ( )
\Jc'rit-—l;‘/:Z

1-2 _.__.____-—-—3 =3(I—J2_)-

Dx= 3 Y=

Viy hé phuong trinh ¢6 ¢4¢ nghiém (x; y) I&:

(el
[1:_‘(2-;3—3\/5}

3

Nhin xér, Hbu hét céc ban gidi theo céch trén. Mot

36 ban giai bing cach, t hé

3x2-—x—-1=—1~
Yy

—x—l+l=—37
Yy Y

thay iz 3x? —x—1 vao phuong trinh thi hai; dugc
mét phuong trinh bac cao cua x; phan tich thanh
tich; suy ra két qua. Cach giai ndy khong gon. Cac
ban sau ddy c6 bai giai tot:

Hung Yén: Lé Tudn Nghia, 8C, THCS Doan Thi
Diém, Yén My; Ha Noi: Trdn Minh Tt, 9C, THCS
Luong Thé Vinh, Nguyén Dirc Hién, Nguyé'n Quang
Minh, 9A6, THCS va THPT Nguyén T4t Thanh, TP.
Ha Néi; Nghé An: Kiéu Dinh Nam, Hoadng Dinh
DPirc, Hodng Thé Hiéu, 9C, THCS Ly Nhat Quang,
D6 Luong, Ngé Thi An Binh, 9E, THCS Ding Thai
Mai TP. Vinh: Phi Tho: Nguyén Dicc Vinh Quang,

9A3, THCS Lam Thao, H. Lam Thao.
NGUYEN ANH DUNG

Bai T6/521. Cho cac s6 thire diwong x,ye(0;1).

Tim gid tri lon nhat cua biéu thirc
: e
P= JI+J;+VI 2 [\"/l —p +yvl=x".
Loi gidi. Ta co:

PSZJX-;“V +2§/—ji—\/;\/l—y2 +yy1-x°
=2[ /x;y+</§m+y\/1_—_x-’).

Ap dung bét dang thirc
(a+b)* <[2(a +8’ )] <8(a* +5°) tacod:

2
P sz‘s[(%zj +%(x\/1 — 1= )2}

x+yY _xt+)y
LaiCéI[ 2 J<—Tvﬁ

(Wi=7 # =) 5@ 457025,

Suy ra:
2 2
P4 < 248{x ;y +_‘§4_(x2 +y2)(2_x2 _yZ)}

= 2'[4G7 + )+ 6 + )2 -2 - ]

, TOAN HOC
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bat t=x* +3?, t €(0;2). Ta co:
P <2'[dr+612-n))=2'[ -6 +161]

2
Do dé: Ps4{g—. Dau “=" xay ra khi
x=y
x2+y2—-ﬂc>x:y=\/:
3
Viy max P—4\4/§
24 sye@n V3

Nhin xét. Pa sb 1oi giai cla céc ban 13 sir dung cic
BDT cb dién dé danh gia (twong tu cach giai trén).
Tuy nhién cich danh gia qua cac him lugng giac
(bing céch dat x = sing, Y = sind) clia mét sé ban
cing 1a cch giai hay déi véi bai toan ndy. Cac ban
sau c6 101 giai tot: Ha Noi: Nguyén Huy Hoang, 11
Toan 1, THPT chuyén Nguy&n Hué, Ha bong; Pdo
QOuang Anh, 8C2, THCS Archimedes Déng Anh;
Cao Bing: Nguyén Pirc Tudn Anh, 11 Toan, THPT
chuyén Cao Bing, Thira Thién Hué: Nguyén Thi
My Lé, Nguyén Vinh Tri, 11 Toan 1, P& Nguyén
Nhw Tdm, 10 Toan 2, THPT chuyén Quéc hoc Hué;
Tay Ninh: Ngé Quéc Tai, 9A1, THCS Tréin Hung
Bao, TP. Tay Ninh; Phi Yén: Phan Vinh Tién,
11QT3, THPT Duy Tan; Péng Thép: Lé Hujnh
Nhdt Nguyét, 10 Toan, THPT Nguyén Quang Diéu,
TP. Cao Lanh.
TRAN HU'U NAM
Bai T7/521. Giai phwong trinh sau trén tip sé

thue (x+1)(x" +1)(xX’ +1)=30x".
Léi gigi. Cach 1. Bién @6i PT d cho thanh
G+ (& + 1% ~x+1) =30 (1)

Vi x = 0 khéng 14 nghiém cta PT(1), nén chia c4
hai vé cua (1) cho x° ta duoc:

[x+2+~1—].(x+l}[x—l+l)=30 (2).
X b X
Diat F=xdd visi t]|>2, PT (2) tr& thanh:
X
F+2Det-1D=30=L +2-2t-30=0

S E=-3)(* +4:+10)=0 (3).
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Do 2 +4t+10=(¢+2)* +6>0 v&i moi s6 thuc ¢
nén (3) < ¢—3=0 < =3 (thoa mén DK).

3+4/5

l = —
Khi do6 )c+;c—=3<:>x2 “3x+1=0x= o

345

Vay PT di cho c6 hai nghiém la S

Cdch 2. Bién dbi phuong trinh d3 cho thanh

(e+ D e+ 17 = 2x || (+1) = 3x(x+ 1) |=304°
o[+ - 2x(x+D ][ (r+1) -3x(x+ ) |=30¢°
S+ [(x+1) =5x |+6x° [ (x+1)* ~5x =0

o (x+17 =5x][(x+D* + 6x* =0 (4).
Vi (x + 1)* + 6x* > 0 v6i moi s6 thuc x, do dé:
D= (x+1)? -5x=0 x> -3x+1=0

345
7

Nhdn xét. Day la bai toan giai phuong trinh bic cao,
cin phai bién ddi va dat 4n phu dé chuyén vé phuong
trinh bac thip da biét cach gidi. Nhiéu ban tham gia
gui bai va déu cho két qua dung. Tuyén duong céc
ban sau ¢6 15i giai tét:
Ha Noi: Nguyén Huy Hoang, 11 Toan 1, THPT
chuyén Nguyén Hué; Bic Ninh: Nguyén Thi
Phuong Thdo, 10A1, THPT Yén Phong s6 2; TP.
Hé Chi Minh: Neupdn Phic 4i Ngdn, 10 DI,
THCS-THPT Nguyén Khuyén Co s 4; DPéng Thap:
Lé Hupnh Nhdt Nguyét, 10 Toén, Nguyén Thién Tri
Nguyén Thién Ly, 11T1, THPT chuyén Nguyén
Quang Diéu; Thira Thién Hud: Nguyén Van Huy,
10 Toan 1, Nguyén Vinh Tri 11 Toan 1, Hodng Bao
Ngoc, 11 Toén 2, Lé Thi Minh Thity, 12 Toan 1,
THPT chuyén Quéc hoc- Hué; Lim Péng: 75 Gia
Bdo, 11 Toén, THPT chuyén Thing Long, P4 Lat;
Tién Giang: Mai V6 Phic Thanh, 11 Toan, THPT
chuyén Tién Giang; Quing Binh: /s My Duyén, 12
Todn 1, THPT chuyén V3 Nguyén Giap.

PHAM TH] BACH NGOQC
Bai T8/521. Cho tam gide ABC ¢6 trong tam G, E
la tam duong tron Euley vad R la ban kinh dwong
1ron ngoagi 1iép. Chitng minh rang
a) EA+EB+EC<3R;
b) B4+ EB v ECt s g +GB* +GC?.



Lai gidi. Goi O, H theo thy tr 1a tim dudng tron
pgoai tiép, truc tim tam
giac ABC thi E 1a trung
diém cia OH. St dung
quy tic tam gidc d& thiét
lap dugc hé thirc vecto

EA+EB+EC = %BB
Binh phuong v6 hudng hai vé thy duoc:
EA’ +EB* + EC* + 2EAEB + 2EAEC + 2EB EC

- HO?
4

SEL+ER+EC+(E4 + EB - AR

+EAL+EC - A+ (EB* + EC? - BCY) =L noy
SUEA+EB +EC)~(@ + B + ) = —L—HO:

(VO1a=BC,b=AC,c= AB).
Mat khac ta co h¢ thire quen thudc:
HO =9R —(@+5+ A (1).
T d6 co:
3 , ; @g* 2B a g 43R
EA+EB + EC* = 2‘ LE
a) Tu (1) ta thay: & + b*+ & < 9R? (3).
Két hop voi (2) suy ra: EA®+ EB* + EC* < 3R,
Theo BDT Bunyakovsky ta thu dugc

EA+EB+EC< [3(E4 + EB® + EC*) <3R
b) Tir (2) va (3) suy ra:

EA +EB + EC? 2%(:{2 +b +c2):(;,42 +GB* +GC~.

Nhin xét. Hé thirc (1) duge suy ra tir cong thire
Leibniz:

MG’ :%(MAZ +MB’ +MC2)~~‘15(a2 +b*+c%), VM

va OG =-13-0H.

Méu chét cia bai toan 14 viéc thiét 13p h¢ thie (2).
Céc ban sau c6 161 gii tot:

Ha Npi: Nguyén Huy Hoang, 11 Toan 1, THPT
chuyén Nguyén Hué, Ha Dong; Hung Yén: Trdn
Van Quan, 11T1, THPT chuyén Hung Yén; Quang
Binh: pang Hodng Duy, 11T1, THPT chuyén V3
Nguyén Giap, TP. Pong Hoi; Thira Thién Hué: Tir

Nguyén Dizc Anh, 10 Toan 1, Nguyén Quang Hu)’),
11 Toan 1, THPT chuyén Quédc hoc Hué, TP. Hue;
Phi Yén: Phan Vinh Tién, 11QT3, Truong Pho
théng Duy Tan; Lam Pong: 76 Gia Bdo, 11 Toan,
THPT chuyén Thang Long, TP. Pa Lat; Binh Dinh:
Nguyén Huy Hodng, 11T, THPT chuyén L& Quy
Pon, TP. Quy Nhon; Pdng Thap: Lé Huynh Nhat
Nguyét, 10 Toan, THPT chuyén Nguyén Quang
Diéu, TP. Cao Lanh; Tién Giang: Mai Vo Phic
Thanh, 11 Toan, THPT chuyén Tién Giang; Ba Ria
- Vang Tau: Phan Trung Kién, 11T1, THPT
chuyén Lé Quy Pén.

HO QUANG VINH

Bai T9/521. Giai plurong trinh hrong gidce
\j-{ u—)h—:}—”—-;\;} 9 \/Z]r sin”'x+3=4 (1)
trong do n la sé tw nhién bat ky.
Loi gidi. Cach 1 (cua nhiéu ban). D& chimg minh:
BDOT1: Voimoi a,b>0,neN taco:
n n (a + b)n
a +b" > i (2).
Diu “=” xayrakhi a=54 hoic n=1.
BDT2: Véimoi a,b,c,d >0 ta co:

N+ +yE + dF 2\/(a +C)3 +(b+d)2 (3).

Déu “=" xay ra khi va chi khi ad = be.
Ap dung. Ta giai phuong trinh (1) nhu sau.

Vi n=0: PT(1) ding véi mo1 x, hay moi x la
nghiém cua (1) khi n =0.

Xeét n laso tu nhién khong nho hon 1, Ta co:
COSEH X + Sinlu Ao (C()Sz '\_)n 3 (Sinz x)"

2 S n
(cos X +sin” x)

211—1

— \/En (COSZrI X+ Sin2rl x)? + 12

’ 1
2 4"-2'm+12 =v4+12 =\/1_6=4_

Suy ra (1) xdy ra <> cos® x = sip? X & cos2x =0

> _ 1
h - 2",| *

\%
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<:>2x=£+k;r<:>x=£+k£,kez.
2 4 2

Céch 2 (cua ban Lé Huynh Nhdt Nguyét)
Vi n 14 sb tr nhién khong nhé hon 1 ta cé:

(1) <> \/(2cos? x)*" +3 +/2sin? x)" +3 = 4

= \/(1 +c0s2x)”" +3 +\/(1 —cos2x)” +3=4 (4).
Dat t=1+cos2x v6i t €[0;2]. Khi d6 (4) c6 dang:

SV 13+ J(2-0"+3=4 (5)

Xéthamsé f(0) =" +3+\[(2-1)" +3-4 co:

f=—r__, Chme-n™ = u(t) +v(t).

NP +3 \/(2—1)2"4»3
V&i moi te[O;Z] vi neN" tacé:

u'(t) =( %

]
Vi +3 =0

- 3

(7 +3)
n(2-0)""[(n-1)2-1)" +6n-3] i

((2 —1)" + 3)E

Do @6 f"(t)=u'(t)+v'(t)>0 véi moi t€[0;2]

£l J [ (=1 + 6n-3

Vi(t)=

vi neN'. Vay f'(+) 1a ham ddng bién trén
t€[0;2] véimoi neN". Vi f/(1)=0 va
. ' ; 7 3
S O='Q+vV(D)=n|-n-1|2=>0
4 4
véi moi neN nén r=1 la didm cyc tidu duy
nhét cta ham s6 £(r) trén doan 1< [0;2] véi moi

neN". Do d6 f(r) dbi dau tir (-) sang (+) khi

quagiatr t=1.
t To 1 2 |
1@ - @ &

Lf(:) 0~ S
0

Tir bang bién thién cia ham s§ £(f) trén doan
te[0;2] ta c6: f(1)=f'(1)=0. Chimg to db thj
ham s tiép xtic véi truc hoanh tai duy nhit mét
diém M (1;0). Hay phuong trinh f()=0 6 duy

TOAN HOC
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) Véy I+0052x=t..':1
e =1e[0:2] VE
nhat nghiem
ik —75, kel.
e cos2x=0&7% 2 5
Nhin xér. 1) Truong hop n=0: Motﬂ s6 ban khong
’!gh ic dap Sé) “vO Sé nghiém”. Nén duDg “in
e ]RO'Ié nghiém”, chinh xac hon. Ban 76 Gia By
;‘ e“czin thﬁn”' khi viét: “phwong trinh cé vé 54
a -
7
y i h ém XxX=—+ k” .
nghiém (trw  cac ho nghié : i
=7 +kr voi k ld s6 nguyén, do khing ton tai

0°). Tuy nhién, & ddy n =0 1a c0 dinh, vi vay, phai

=7 Xz

hiéu cos’ [—275] = lim cos” x = limI =1.
2) Mot sb ban da khong két hop nghiém cho gon.
3) Khéong nén goi PT(1) la “phuong trinh lum}g
giac”, ma nén liét (1) vao dang “phuong trinh hén
hop”.
Danh sich cac ban giai dung la:
Ba Ria-Viing Tau: Phan Trung Kién, 11T 1, THPT
chuyén Lé Quy Dén, TP. Viing Tau; LAm Pong: 76
Gia Bdo, 11 Toan, THPT chuyén Thang Long; Péng
Thap: Lé Huynh Nhdt Nguyét, 10 Toan THPT
chuyén Nguyén Quang Diéu; Ha Ni: Nguygn Huy
Hoang, 11 Toén 1, THPT chuyén Nguyén Hug, Ha
Dong; Thira Thién Hué: Pham Bi Hodng, Neuyén
Thi Bio Ngoc, Nguyén Hoa Phan, Lé Thi Mink
Thity, 12 Toan 1; Nguyén Thi My Lé Pham Ngoc
Long, Nguyén Vinh Tri, 11 Toan 1; Hodng Bdo
Ngoc 11 Toan 2, Ng"llygn Qu(’):c Todn, 12 Toan 2,
TI‘FP T chuyén Quéc hoc Hué; Phu Yén: Phan Vink
Tien, 11QT3, THPT puy Tan; Quing Binh: Lé My
Duyén, 12 Toan 1, THPT chuyén V& Nguyén Gip.
TA DUY PHUQNG

B'i'l i’ T10/521. 0 a, b, ¢ la cdac s6 nguyén dirong.
( f'”f'Hg minh ring tén tai 56 nguyén k sao cho ba
SO nguyén o +bhe, B +ea, & +ab 6 it nhdt mot woce
nguyén (o chung,

Lot gidi (cha pyy Pham Bi Hoang, 12 Todn 1,
TH?T chuyén Quéc hoe Hué, Thira Thién Hué).
GQIP la mét ude nguyén té cua gbe + 1. Dé théy

®.0)= (5, b= (p, )= 1.
Ch('mkzp“z. Ta co:



S o i

ad+b)=a""+abe=a" 1+ gpe

=1 +abc (mod p) do &' =1 (mod p).
Vi(a,p)=1nén a* +bcip,
Tuong tr: b(b* + ac)=1+abc =0 (mod p)
= b*+ac =0 (mod p)
va c(c*+ab)=1+abc =0 (mod p)
= ¢+ ab =0 (mod p).
Viy p 14 udc nguyén t6 chung cia d* + be, b* + ca,
f+abvéik=p-2.
Nhdn xét. Bai toan ndy dugc nhiéu ban tham gia
gidi. Hoan nghénh ban Pang Hodng Duy, 11T1,
THP"l“ chuyén Y6 Nguyén Gidp, Quang Binh nhin
xét rang moi s nguyén kA co dangk=(p-1)t-14¢
46 t e N déu co tinh chét trén. Cac ban sau diy c6
1o giai tot: Ba Ria - Viang Tau: Phan Trung Kién,
[1T1, THPT chuyén Lé Quy Dén; Hung Yén: Tran
Van Quan, 11T, THPT chuyén Hung Yén; Thira
Thién Hué: Nguyén Thi Bao Ngoc, Nguyén Ding
Khanh Toan, Nguyén Hoa Phan, 12 Toan 1, THPT
chuyén Quéc hoc Hué.
PANG HUNG THANG
Bai T11/521. Tim (Gt ca cdc ham s6 f: Z—Z
thoa man f(f(xX)+yf (CN=x+x"f(») (1) véi
moi x,y e
L&i gidi (Theo da sb cc ban). Theo (1) véix =0,
y=—-1thi f(f(0)-/(0))=0& f(0)=0.
Thay x =1,y =—1 vao (1), ta duoc:
fO)=1+ f(-) e f(D=-L
Thay x =-1 vao (1), ta dugc:
f(=14 yf ) ==1+f(»), V¥ eZ ).
Thay y =0 vao (1), ta dugc:
f(f(x)=x,Vx€ Z (3).
Ta chimg minh f la don 4nh. That vy, gid su
T0)= £(x), tr (3) suy
FU@E)=SU )%=
Tiép theo, thay y = /(1) vdo (2) va s dung tinh
don anh caa f, ta dugc:
=1+ 2 =-1+fSD) =-1+1=0=f(0)

hay  f(-1+ £2)=/0)

-1+ 2 1) =0 f(1)==1.
Trudng hop f(l)=-1 khéng xdy
-1= f(-1) din dén f(1)= f(-1) = 1=-1, méu
thuan. Vay nén f(1)=1.

Tir (2), suyra: f(y—1)=f(»)-1LVyeZ (4).

Dit f(y)=y+g(y) thi g(0)=0. Thé vao (4) va

stir dung g(0) =0, ta duoc:
y=l+g(y-D=y+g(y)-1,VyeZ

©g(y-)=g(»), VyeZeg(y)=0,Vyel

Vaynén f(y)=y,VyeZ.

Thir lai, ta thiy ham nay thoa man céc diéu kién
bai ra.

Nhédn xét. Diy la dang toan co ban vé phuong trinh
him véi cip bién tw do trén Z . Da sb céc ban trinh
bay theo 1&i giai da trinh bay & trén. Mt s6 ban khac
sir dung tinh don di¢u cua ham f ciing cho 161 gii
ngin gon. C4c ban sau ddy co 10i giai ding.

Ba Ria - Viing Tau: Phan Trung Kién, 10T1, THPT
chuyén Lé Quy Don; Binh Dinh: Nguyén Huy
Hoang, 11T, THPT chuyén L& Quy Dén; Thura
Thién Hué: Hodng Bdo Ngoc, 11T2, Nguygn Thi
My Lé, Nguyén Quang Huy, Nguyén Vinh Tri, 11T1,

Nguyén Hoa Phan, Tran Ha Diéu Thiy, Nguyén

Ping Khanh Todn, Nguyén Thi Bdo Ngoc, Pham Ba

Hoang, 12T1, THPT chuyén Quéc hoc Hué; Hung

Yén: Trdn Van Qudn, 11T1, THPT chuyén Hung

Yén; Lam Ddng: 76 Gia Bdo, 11T, THPT chuyén

Thing Long; Sé¢ Trang: Ldm Khdanh Héa, 11A2T,

THPT chuyén Nguyén Thi Minh Khai; Thanh Héa:

Nguye:n Pai Duong, 11T2, THPT chuyén Lam Son.

NGUYEN VAN MAU

ra vi

Bai T12/521. Cho tam gidc ABC, M la diém bat
ky nam trén canh BC. Ducng tron (I) néi tiép tam
gidc ABM tiép xic voi cac canh BM, MA, AB lin
Lot tai D, E, F. Duong tron (J) noi ffélo tam gidac
ACM lfé'p xuic voi cde canh CM, MA, AC lan liot
tai X, Y, 2. H la giao diém cia DF va XZ. Chitng
minh cac diwong AH, DE, XY dong quy.

Loi gidi. Goi K 1a giao diém cua DE, XY; P, Q
theo thir tf la giao di€m thir hai cia 4D, AX va
cac duong tron 1), ().

TOAN HOC
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H

D@ thay DEPF va XYQZ la tir gi4c didu hoa.
Do d6: D(AXKH)= D(PDEF)
=—1=X(QXYZ) =X (ADKH).

Do d6 4, K, H thing hang.
Viay AH, DE, XY dong quy.
Nhin xét. 1) Bai toan nay dé&, kha nhidu ban tham
gia giai, tuy nhién mét s6 ban cho 161 giai qué dai.
2) Xin néu tén mét sd ban c6 1di gidi tuong tot: Biic
Ninh: Nguyén Ngoc Khdnh, 12T, THPT chuyén Bic
Ninh; Ha Ngi: Lé Ngoc Hiéu, 10T, THPT Son Tay;
Thira Thién Hué: V6 Quéc Gia, Nguyén Quang
Huy, 10T1, Nguyén Huwong Thuy, Lé Thi Thanh Tam,
Phan Thi Minh Chdu, 10T2, THPT chuyén Quéc
Hoc Hué; Lam Pbng: Bai Thi Huwong Quynh,
Nguyén Hoang Mai Anh, 10T, Té Gia Bdo, 11T,
THPT chuyén Thing Long, TP. Pa Lat,

NGUYEN MINH HA
Bai L1/521. Hai diém A, B ndm trén cung mot
duong thang di qua nguén am S va & cing mot
phia so véi nguén am. Coi nguon am la ding
hirémg va moi trieong khéng hap thu am. Biét mirc
cuwong do am tai A la L, = 50 dB, tai B la ;= 30
dB. Cho C la mét diem trén doan AB ma
CB = 2CA. Xdc dinh mirc cuong do am tai diém C.
Loi giai. Ta co:

I 2
L,-L, =101g}i=101g[%§-) = 20.
B

Suy ra SB =10S4. Theo dé bai C nim trén doan
AB nén SC =454.

TOAN H
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I s4Y
Lai co: LA—LC=101g}-"—=101g(E] ~12dB.

C

Do vay L. =L, ~12=38dB.

Nhén xét. Cac ban co 161 gidi ~Chlmg: Thira Thién
Hué: Nguyén Thi My Lé, Nguyén V?i?h Tri, Nguyén
Hoa Phan, Lé Thi Minh Thuy, Nguyén fz&ng Khérfh
Toan, Pham Bd Hoang, 12Toan 1, Nguy’én Ai Huyén
Trang, 12 Todn 2, THPT chuyén Qudc hoc Hué;
Pdng Thap: Nguyén Thién Ly, Nguyén Thién Tri,
11T1, THPT chuyén Nguyén Quang Diéu.

NGUYEN XUAN QUANG

Bai 1.2/521. Cho doan mach ¢o R, L, C méc néi
tiép. Dit vao hai ddu dogn mach dién dp xoay
chiéu cé gid tri hiéu dung khong déi. Dung ampe
ké mdc néi tié;o vao doan mach dé do cuong dg
dong dién, khi @6 sé chi ampe ké la 2 A. Dung
mot ddy dan cé dién tro r rdt nhd néi tdt tu dien C
thi s6 chi ampe ké ciing la 2 A, van dimg ddy dé
néi tat doan mach chira L, C thi 56 chi ampe ké la
2,5 A. Khi dung day nay néi tit hai dau cuon cam
thuan L thi ampe ké chi bao nhiéu?
Loi gidi. Ta co:
Truong hop 1: g=2:>Z=—q.
7z 2

Truong hop 2: Néi tit C, mach con L, R:

U

U
7 =22 Zu=r=l=2,=22,

LR

Trucng hop 3. %=2,5:>ZL =141£:>Zc =32{€—.

Truong hop 4: Néi tit cuén cam thudn mach con

U U S
R L @ " 3 %
! JZE+R? J13R 13

2

Nhén\xe’t. Chic ming cac ban di ¢6 1o giai ding
cho dé ra ki nay: Quing Binh: L¢é MYy Duyén, 12T1,
THPT chuyén V5 Nguyén Giép; Thira Thidn Hué:
Pham Ba Hodng, Nguyén Hoa Phan, Lé Thi Minh
Thuy, Nguye:nnﬂéng Khanh Toan, Nguyén Ai Huyén
Trang, Nguyén Ai Huyén T, rang, Nguyén Vinh Tri,
12T1, THPT chuyén Quéc hoc Hué,

DINH THI THAI QUYNH
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Gong nhitng s6 bao trudc doc gia da duge gioi
thlf;ll vé phuong phép tiép tuyén dé chimg minh
pit dang thic. Chinh vi vdy, trong bai viét ndy
chung t01 khéng néu lai co so cua phuong phap
nep tuyen ching t61 xin dua ra mot so dang toan
c6 thé dung duogc phuong phap tiép tuyén

I. Céc bién “roi” nhau

Day la muc do don gian nhét cua phuong phap
nep tuyén, ta chi cin nhom céc biéu thic cung
bién lai v&1 nhau (c6 lap cac bién) 14 tim ra ham

dac trung
Thi du 1. Cho a.b.ceR, a+b+c=3, tim gia tri

nho nhat cua biéu thire

P=a'+b' +c' -3(d’ +b +c")+5(a3 +b+?).

-----

Loi gidi. Ta co
Pz(a —34 +54° )+(b4 "3b3+5bz)+(c4—3c3+5c3)

= f(a)+/(b)+/(¢)

trong d6 f(x)= ¥ —3x +5x* (1)

Phuong trinh tiép tuyén cua db thi (1) tai diém co
hoanh do x=11lay=>5x— 2. Ta chimg minh
f(x)=x* _3d 450 25x-2 (%) luén dung

Vx € R. Thét vay:
*) e x* _3x°+5
c>(x-—l)2 (xl —-x+2).20
vx e R nén (*) duogc chimg minh.

x2—5x+220

ludn ding voi
Ap dung (*):
-véix=ataco: f

véix=btacof(b)= b -
(c)=¢ 4 _3c 458 25¢—2.

(a)=4" _3g+5d7 250
_3p’ +5b* 2502

-véix=ctaco f(¢

Suy ra
pe 1(a)+ £()+ 1(0)2
Viy max P =9 dat dugc khi a=

Thidu 2. Cho a,b.ceR, a +h+c=23 timgiatri

nho nhat cua bicu thire

> Y2t + 6+ 3207 +6 +V2" +
Loi gidi. Ta c6: P=2d" +6+2b° + 6+\/2c +6
= f(a)+f(B)+ £ (c)

trong d6 f(x =32x"+6 (1)

Phuong trinh tlep tuyén cua db thi (1) tai diém co

x+5

hoanh d6 x=11a =

_— +5
Ta xét bit ding thic: £ (x) = ¥2x* +6 2 %— *

PN 27(2x2 4 6) > +15x% +75x+125

o (x-37)(x-1) <0 & x<37.
Suy ra (*) luén ding v&i moi x <37.
Néu trong ba sb a,b,c co it nhét mot s6 16m hon 37,
gid sua>37ta co:

p>3237 46436 +36=14+2%6.

Néu ca a,b,c <37 ap dung (*):
_véix=ataco: f(a)=V2d" +6>%£,

- véi x=b ta co: f(b):-‘y,? 6>b3 .

_veix=ctaco: f(c)= J2¢* +6 2£+—5-.

3
Suy ra: P=f(a)+f(b)+f(c)2£ﬂ?-+?cil—§
So sanh hai truong hop ta ¢6 min P =6 dat dugc

khia=b=c= 1.
Thi du 3. Cho a,b,ceR v
i nho nhat cuia biéu thirc

2h% +1 207 +1

* 5 —br4 Ny

=6.

da+b+c¢=3 Tim

g:a tr
x_u +1

M\/’— a+4é

TOAN HOC
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Loi gidi. Ta co:

2a% +1 267 +1 " 2¢2 +1

P=\/a2 -a+4 +\/b2 -b+4 \/cz—c+4
=f(a)+1(b)+f(c)
2% 1

tl'Ol’lgd(’) f(X):ﬁ (1)
X —X

Phuong trinh tiép tuyén cua dd thi (1) tai diém c6

9 _
hofinhdgw= 1 1 ye= ;‘6 3

Ta xét bat dang thuc:
2x*+1  _29x-5
f(x)=—5 >
Jxi —x+4 16

(*).

Néu x < 2% thi (*) luén dung.

4x' +4x’ +1_ (29x-5)’

x*-x+4 256
< 183x* +1131x° —2655x* +1185x +156 2 0
& (x—1) (183x" +1497x +156) 2 0

Néu x>ithi M
29

luén dung voi moi x > i
6 29°

Suy ra (*) luén dung véi moi xeR.
Ap dung (*):

2 -—
-véix =ata co: f(a)=\/;a_:l4229f6 5;

26% +1 29b -5
-vodix=btacod: f(b)= > :
Vi x co: f(b) PR WTTNCT:

23 +1  _ 29¢ -
-v6’ix=ctac6:f(c)=\/czc_:+42 f6 5.

29(a+b+c)-15

2
16 2

Suyra: P=f(a)+f(b)+f(c)2

VéyminP=-g—. datdugckhiga=b=c=1,

Thi du 4 (Thi hoc sinh giéi TP. Hd Chi Minh

nam 2010). Cho a,b,c>0, a + b + ¢ = 1. Tim

gid tri lén nhat cua biéu thire

P (4a+b+c)’ L4 +a+c) . (4c + b +a)

S +(b+cy  SH4(a+e) S5t +(b+a)

Loi gidgi. Doa+ b+ c=1nén tacé:
_(4a+1-a)®  (4b+1-b)* (dc+1-c)
S Sa’+(l-a)’  SHE+(1-b) 5 +(l-c)

34 T?gyugot:; S8 525(3-2021)

95 +6b+1, S tbetl

9g> +6a+1
g 6¢c? —2¢c+1

=Ga—2a+1 6 —2b+]
= f(a)+f(b)+/(c)

, 9x? +6x+1 1
wong 48 £ (x)= 751 (1

Phuong trinh tiép tuyén cua do thi (1) tai diém co
hoanh ddx=11a y=4x+§. Xét bét dang thic:
9x2+6x+1< 8 «
2% FOFE e dpbm (%)
f(x) 6x> —2x+1
@27;:2+18x+35(12x+8)(6x2—2x+1)
720 =3¢ - 2x+520 (3x-1)" (8x+5)20

luén ding véi moi x > 0. Suy ra (*) luén dung voi

moi x> 0.

Tir gia thiét a, b, ¢ > 0 nén ap dung (*):
—véix=atac6:f(a)=z—zz-;—§~2—:_r-1124a+§-;
—vérix=btacé:f(b)=27bj—i—%{—ll24b+§.
-véix=ctac6:f(c)=gz;i—§—z%24c+§-.

Suyra P=f(a)+f(b)+f(c)24(a+b+c)+8=12.
Vaymin P =12 datdugckhia=b=c= %
Thi du 5. Ching minh rang véi moi AABC thi
3

} : ' 3V
smA+sinB+sinC< 5

Nhén xét. - Diu bing trong bat ding thirc Xxay ra
khid=B= C=§, A,B,Ce(0;7).

- Xét ham s6 y = f{x) = sinx, x e (0;7:). Tiép tuyén
cta dd thi ham sé tai diém c6 hoanh
A 4 1 7 3 ;
dox== 12 y==—x-Z+= vi vay ta cb thé tri
5 2 83 ay ta cé thé trinh
bay céch chimg minh bat déng thirc trén nhu sau:
Loi gidi, Ta chimg minh bit dang thirc sau:

. 1 T 3 Ty
sinx < Ex—g+7 (1) véimoixe(0;7).

3

Thét vay, (1)< sinx — %x+%s? V&l moi x

€(0;7). Xét him s y = sinx —é—x+% trén



. e T B Wrosiy e N
. ‘-mg&w‘h%}%:ﬁg@“&w&f_;f_&w@ie_a;siq%“%&n

A ' 1
(0;”)’ ta €Oy’ =cosx X y'= 0 cos L. 0

_1 T,
& o=y @ x== (Vixe(07)).

Bang bien thién:

X 0 % ]r;
y’ T
N |

4 2 i
_{/ \ Jri
L8, . 3]

Dua vio bang bién thién ta co: o
. b 4 3 . . .
y = sinx —5.r+g < 5 voi moi xe(0;77), dang

thirc xay ra khi x =§. Ap dung BDT(1):

-volx=Ataco: sind < 1A—-7£ —}-
2 6 2
v x = Btaco: sinB< 1B—E 3
2 6 2
! . 3
-voix=Ctacd: sinC< lC—£+—-.
2 6 2
Tr 46 ta co:

: 3
$ind + sinB + sinC< — (A+B+C)-—£+—\C
2 2 2
33

2

Diing thirc xay ra khi 4 = B= c=3
Thi du 6. Chirng minh rc?ng viri moi AMBC ta co:

A B C_ | ! 1 _7\3
°03~2—+cos—+cos—>’—A+——§+"'—*52—;-

COS —

cos— COs——
P 2

Nhdn x¢ét: - D4u bing trong bit ding thirc xay ra

w4 B_Cx _4226[0;15).
2 2 6
,xe[O;E}
cosx 2

2 3 2
Tigp tuyén ctia d6 thi ham sb tai diém c6 hoanh

Wx=T L ) ‘/- _2_
x=_ | e
6 77 6(" 6) 2 3

" Xét ham s y = fx) = cosx +

Xét ham sé f(t)=

Tacod: f'()=

Léi gidi. Ta chimg minh bét déng thirc sau:

1 1 4 J§ 4
cosx+—(;;26(x——) 5 J.(2) X€E ( J

Viéc chimg minh BDT nay khong khé, cac ban c6
\ . . T

thé ty ching minh, dang thirc xdy ra khi x =g.

Ap dung BDT(2):

n) B2
+—+

vai —At d: A+ 1 Ax
x=-1a ¢0: cos Osé..6 > 6

" B B 1 _1(B =
- VOl x=—taco: cos—+——52—| ——— |+
i S0 G0 B 6(2 6)
COS—

1 [anﬁ 2
> ——— [+—+—.
C62 6) 2 B
2

. C ; C
- VO1 x=—1a CcO: cos—+
2 cos
Cong cac vé cia BDT ta c6 BDT cén chimg minh.
Thi du 7 (PH khdi A 2003). Cho x, y, z > 0,

x+y+z<1, x,y,zeR. Chirng minh )(mo

R » s
Jf = +J_v‘ + \/ +1 >80
X~ )’_ Z=

Nhdn xét: - Dau bang trong bét ding thic xay ra
x,y,ze(O;l).

; 1
khi x=y=z=—,
4 3

1
- Xét ham sb y = f{) = [ +—- ,te(0;1). PT tiép

tuyén clia d6 thi him sb tai diém tng véi ¢ =

Jg2\ 3) 37

la

=
3

Lai gidi. Ta chimg minh bét ding thic sau:

1, 80(, 1) 82
r2+-t7 2-—\/—8_2—(I—§J+—3-—,Vte(0;l) (1).

That vay:

1 80 1 V82
N P +— +—| -2 |5 ¥02 1
O 7 ’—82[ 3) 3 Ve(0).

f——

\/2‘1@

= !



F(H=0e(1-1)V82 =80r +/*

@t‘zgli@:%(vi te(0;1)). Ta c6 BBT:

1
0 - - + 1
* 3
3
160
+o0 +
y 3432
3

Tir bang bién thién cua ham sé suy ra (3) duorc

chung minh. Lin luot ap dung (3) voir=x, ¢ =y,

t =z 16i cdng cac vé cua cic BDT thu duoc, ta co

diéu phai chimg minh. Pang thuc xay ra khi
1

x=y=z 3

Thi du 8. Cho a.b.¢

tri nho nhat cua biéu Ifmc

Roa+b+c=3 Tim gia

P=a'+b +ct+2a" +2b° +20°,
Nhdn xét. - Dy doan P dat gia tri nho nhét khi
a=b=c=1, a,b,c eR.
- Xét ham sb y = fix) =x* +2x°, xeR. Tiép tuyén
cia d6 thi ham s6 tai diém c6 hoanh d x = 1 14
y=10x-7.
Loi gidi. Trude tién ta chimg minh BDT:

x*+2x° 210x-7,VxeR (1).

That BDT trén tuong duong vl
(x-1)° (¥ +4x+7)20. BDT ndy luon ding véi

vay,

moi xeR nén BDT(1) ding. Diu bang xay ra
khi x = 1. Ap dung BDT(]) lin luot véi x = a,
x = b, x = c 161 céng céc vé clia cac BPT thu duoc,

ta ¢6: P>10(a+b+c)-21=9. Suy ra minP = 9
khia=b=c=1.

Thidu 9. Cho a, b > 0 va ahel
a+b=1.Timgida tri nho !If?(jl cua biéu thirc

vl ﬁ—h
Nhin xét. - Dy doén P dat gi4 tri nho nhét khi
a=b =—;~, a, be(0;1).

sao cho

P=pP=

- Xét ham s6 y = f{x) =

x
\/l-x'
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PT tiép tuyén clia d thi ham s tai diém c6 hoinh
| 6x-1

4o x=2 1 y=—"r=.

Huréng dén gidi. Trudc tién ta chimg minh BDT

X 6x—1

Jd-x 242 N '
Ap dung BPT(1) v6i x = a, x = b 161 cong cac ve

, 6(a+b)-2
cua cac BPT thu duoc, ta co: PZ—(m-z‘E—z J2.

(1), v&i moi x €(0;1).

Vay minP=+v2 khia=b=—

Thi du 10. Cho cac so thuc dieong a, b, ¢ thoa
man a*+b> +c* =3, Chutng minh rang
1 1 I
+ + 2.
J1+8a

JI+86 1+8¢

Lai gidi,

1 vai xc—:(O;\/g].

Xétham sé f(x)=
1+8x

- -4 " 48
Ta cé: f(x)=———r._(1+8x)3 = f (X)z—_;_(l-FSx)s -3
Taco: f(a)z f'()(a-1)+ f(1);
O f'WOG-D+ £(1); £(©)2 )=+ f(1)
= f(@)+F(0)+ ()2 f'(Na+b+c-3)+3£(1) (¥)
Lai c6: (a+b+c)2s3(a2+b2+c2)=9

=>-3<(a+b+c)<3=a+b+c-3<0; f'(I) =;<O,

do d¢ tir (*) suy ra: f(@)+f(®)+ f(e)=3f(1)=1.
I1. Chuin héa dé c6 Iap cic bién

Thidu 11. Cho a, b, ¢ > 0. Tim gia tri nho nhdt ciia
(b+c'fa)2u+ (c +a-b)? " (a +b*c)2

2 (a+ b)j g™

(c+ (1)2 +b2
Léi gidi. Do P 1a thuin nhit bic khong nén chuén
héaa+b+c=3taco:

(3-2a)? (3-25)2 (3-2¢)?
a’ +(3-ay b +(3-p)? ? +(3-c)?
_4a’-12a+9 4b2—125+9 4c —-12¢+9
24° —6a+9 252 —6b+9 2¢? —6c+9

S(a)+ £ (B)+ f(c)

. 4x* —12x+9
HREl = 2x2—6xx+9

P=

(b+ €17 dg

P=

(1).



G

R e s s T P

¥ e R

phuong trinh tiep tuyén cua d$ thi (1) taj diém c6
—18x+23
25

5= 1 8x +23

hoﬁﬂhd@x= 11a y=

. Xét bit ding

8¢ ~12x+9
2x" —6x+9 ©

& 100x* —300x + 225 > (2x2 —-6x+9)(—18x+23)

thire: f(x)=

o 36x° —54x* +18>0
2
o (x-1)"(36x+18)>0, ding véi moi x> 0.

Suy ra (*) ludn ding véi moi x > Q
Tu gia thi€t a, b, ¢ > 0 nén 4p dung (*):

-vdix=atacod: f(a)= w>‘_18"+23.
2a° —6a+9 25
Voix=btaco: f(p)= 712649 -185+23
21) -6b+9 25

—12¢+9

—186+23
2(2—6c+9 25

—18(a+b+c)+69 3

-véix=ctacd: f(c)=

Suyra: P=f(a

VéyminP=% datdugc khia=b=c>0.

Thidu 12. Cho a.b.c>0, tim gid tri nho nhat cua

(u+hu4c‘): (u+c‘—4b)2 y (J‘)+('—4f1)2

P=

(a+ b): + 3¢ ) (a+ c')') +3h2 (h+(')3 +3a° .
Léi gigi. Do P 1a thuan nhit bac khéng nén chuan

hdag+b+c=1taco:

p__ (5a-1) (5b-1)° (5c-1)°
382 +(a—-1)2 32 +(b-1)% 3 +(c-1?
25a% —10a +1 25b2—10b+1+25c2—100+1
——+
4a% —2a+1  4b2—2b+1  4c?-2c+1
=f(a)+s(b)+f(c)

25x2 —10x +1

trong dé . Rk cabdl g )

nedo f(x) 4x? - 2x+1

Phurong trinh tiép tuyén cua db thi (1) tai diém cé

hoanh d x= L1a y=220% 104
; 3 49 49
Ta xét bit ding thuc
25x% —=10x +1 = 396x __1_% *)

S = Toxs1 = 20 49

€ 49(25x* ~10x+1) 2 (396x—104)(4x* ~2x+1)

153
& (153-176x)(3x - 1)* 20 &> x<—— 176

153
Suy ra (*) luén ding voi moi x < 7
Néu trong ba sé a, b, ¢ co it nhat mét sé 1ém hon

153
gia sir a>E ta co:
176

176’
. 153) 346921
- —_ = z4.9
f(a)+f(b)+f(")>f[176) 70756~ +9)
Néu ca a,b,c< 153 ap dung (*):
176
25a —10a+1 396a 104
- v 2
ix=atacd: f(a)= oail - 49 49
.. 256> -106+1 _ 3966 104
- = b ta co: = 2 TR
Véix=btacé: f(b) 4B —2h+1 49 49
25¢* ~10c+1 _ 396c 104

-vbix=ctacéd: f(a)= PR TR TR

b+c)39%6-312 12
1)+ £() =1 *?9 ==

Suyra: P=f(a)+f

So sanh hai trudong hop ta c6 min P = % dat dugc

khia=b=c>0.
I11. Dung tiép tuyén ciia ham hai bién
Thidu 13. Choa, b, c>0vaa + b + ¢ = 3.
Chirng minh rang:
a® =26 b* -2 *-24°
P= - ~ 4 =<1
b+2a c+2b
a’ - 2b’
b+2a

Loi gidi. Dat f(a) = . PT tiép tuyén cua

dd thi tai diém a = b léyzga-—lg—lb. Ta xét bat

a’-26> 8 11
br2a 97 90O
& 9(a* -26%)<(8a~116 )(b+24)

& 7a’ —14ab+7b6* 20 = 7(a-bY 2 0

dang thie: £ (a) =

luén dung Va,b > 0. Tuong tu ta cé:

2_2¢% 8 11
b <—b-—c, Ve,b > 0;

c+2b 9 9
. 2
¢’ -2a 8 11
£—¢c——a, Ve, ;
a+2¢ 9 9a c:a>0

g8 11, 8 11 8 11

3
P<-a—b+—b—c+—c—g=—" A
Suy ra: 9" 99 9 96‘ 9 9(a+b+c) L.

Déu“.—_”xéyrakhia=b=c= 1.
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Thi du 14. Cho a. b, ¢ > 0. Ching minh rang:
a’ b g' a+b+c
3 z Loy T3t 7 = -
a +ab"+b b +bc +¢ ¢ +ca +a 3

a4

Léi gidi. it f(a)=—————. PT tiép tuyén
e 0 e &

" A . . o X 4 8 5 . %
cua do thi taidiema=25 layzga—-g-b. Xét bat

4

a 8 5
s il (8
a+ab’ +b 9a 9 ©)

& 94" 2(8a-5b)(a’ +ab® +b)

< a* +5a°b—8a’b* —3ab® +5b" 20

& (a-b)(a"+7ab+5b*)20 dung Va,b>0.
b 8

dang thic: f(a) =

5
Tuong tr: —————>—b-=¢, Ve,b>0;
2 Pibl+c 9 9 ¢
4
85, vaeso,
¢ +ca +a 9 9
Suy ra:

PZ—a—§b+§-b—£c+-§c—§a=
9 9
Diu“="xayrakhia=b=c> 0.
Thidu 18. Choa,b,¢>0vaa + b+ c=3.Tim
gid tri nho nhat cua biéu thirc

a’ —ab+2b°

3a’ +4dac +2¢°

a+2b 3(2a¢ +c¢)
2 2
Léi gidi. Xét ham s f(a)=2—%2*20" py
a+2b

Sb+a

tiép tuyén cia d6 thi tai diéma=5b1a y =

2 2
Xét ham ség(c) = 32 3:24:i2)20

5¢+4a

,PT tiép tuyén

ctia d6 thi taidiémc=ald y=

2 _ 2
Ta chimg minh: a —ab+2b 25b+|::r

() Ya,b>0.
a+2b 9
2 2
3a‘ +4ac+2c 250+4a (2)Va,c>0.
3(2a+c) 9
2 2
That vay: a“—ab+2b 25b+a'
a+2b 9

< 9(a’ —ab+2b") 2 (5b+a)(a+2b)
&> (a—-b)* >0 dang voi moi a, b > 0,

Diu “="xdyrakhia=5>0.

TOANH
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M>M

3(2a+c) -9
<::>9(3az+4ac+202)23(2a+0)(5c+4a)

& (a—c)* 20 ding voi moi a, ¢ > 0.

Diu “=" xay ra khi a = ¢ > 0. Tir (1) va (2) ta co:

_d*—ab+2b’ 3a* +4ac+2c’ S 5(a+b+c)=5
a+2b

3(2a+c) 9 3

Véymiang dat dwgc khia=b=c=1.

Thi du 16. Cho x, v, Z ~ 0 va
Ix(x+y+z)=2y" +5yz+ 222, Tim gid tri nho
nhat cua biéu thire

e 2 A )5 2)
(2] 127 +52)

2

(x+y)2 -4(.¥+,1f')(.\‘+:) + (x+2) ;
4(y+ z)(3x+2y+z)

Loi gigi. Ta co:
3x(x+y+z)=2y"+5yz+22°
<:>>3(x2 +xy+xz+yz)=2y2 +8yz+22°
&3(x+y)(x+z)=3(p+z) —(y-z)°
=3(y+z) —]:(x+y)—(x+z)]2

=3(y+z)2 —(x+y)2 +2(.:r+y)(.7c+z)—(:c-!hz)2

e R R el e R

= X+ xX+z
DPiatga= y,b: ,a,b>0,taco:

y+z y+z

dab=3-a*+2ab-b* = ab=3-g> — >

<:>3=(a+b)2—ab2(a+b)2 _(a"'b)z

4

:>(a+b)2s4:>a+b52.

Diu“="xayrakhi a=b=1.Khids ta co:

P —(x+y)2 +5(x+y)(y+z)

= (y+z)|:7(x+y)+5(y+z)]

_(x+y)2 ‘4(x+y)(x+z)+(x+z)2

W y+z)[2(x+y)+(x+z)]




(mq]z_4(fi}j][x+z]+(x+zy
_\Jy+tz y+zN\y+z y+z
8[x+y)+4[ﬁj)
y+z y+z
_—a’+5a _a’-4ab+ b’
"~ 7a+5  8a+db

Xét ham sé_f(a):fg—f%, PT 65y tuysn cla
a+

db thi tai diéma =113 y=219

a’ —4ab + b*

Xét ham s6 g (b) = - —
a+

, PT tiép tuyén

2b+a
18

cta dd thi tai diémb=ald y=

—a2+5a<5+a
Ja+5S 18
.12
_a2—4abTb S2b+a 2)
8a+4b 18

—a2+5aSS+a
Ta+5 18
<:>18(—az+5a)s(7a+5)(5+a)

& 25(a—1)* 2 0 ding véimoia>0.

Ta chitng minh: (1) Va > 0;

Ya,b>0.

That vay:

Déu “=" xay rakhia=1.
az—4ab+b2<2b+a
" 8a+4b 18

& -9(a* —4ab +b?)<(4a+2b)(2b+a)
& 13(b—a)’ 2 0 ding véimoia, b> 0.

g’ +5a_a’—4ab+b

= 7a+5 8a +4b
5+a 2b+a=2a+2b+551.

Viy minP=~ dat dugc khia =b=1swyr
- 2

x=y=z>0.

Thidy 17. Cho x,y.z>0 va xz+y’ =2yz. Tim

gia tri nho nhat cua biéu thic

27 +¢7° 207 4 22
d L ‘ * v 2 4
\/"'_)’_ —xy +4y! \6’"2‘ —yz' +4z
Léi gidi, Tix gia thiét ta c6: =+ =2.
y z
g 2
z[z] 41 2[;_»] o
Yy + z

Talaicéd: P= =
T
z z

co PT tiép tuyén cua

(-2

Sl |

Ve -t+4

Ham sb f(1)=
29t -5

dd thi tai didmr=11a y= . D& chimg
. 27 +1 _29t-5 .
minh  f(f)= > (*)  ding
J-t+4 16

VieR.

That vay, vt £ < % = (*) dang.
55 3 s
Vi 2 — taco:
29

256(1‘ 2414 1)

. > 841t — 2907 + 25
t'—-t+4

(e
< 183t* +1131£ —2655¢* +1185¢+156 > 0
& (t-1) (1831 +1497¢ +156) > 0

ding voi

122_59_ Suy ra (*) ding V¢ e R. Ap dung (*):

S8 525(3-2021)
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Vay gid tri nhé nhat cia P 13 3 dat dwoc khi  Tir gia thiét @, b, ¢ > 0 nén ap dung (*):
x=y=z>0,

Thidu 18. Cho a, b, ¢ > 0. Chung minh f'(‘}'!.'lgf “ V= §>0 co: f(g)z——l-—_ﬁ.g+«]?
a a
a +4b b +4c ¢’ +44° 5 (') +o-+2
by - 2—(a+b+c). b b
a +ab+2b b +bc+2e ¢ +ea+2a 3
3 3
I ) D a3+4b3 B @#ﬂhb—zzl—é% gb(*)vab>0
0i gidi. Dat f(q)= . PT tiép tuyé a’+ab+2b
f( ) a’ +ab+2b> pfuyen 5
12 40 thi tai did blaiy="2442 b b (éj T
cha ot tar diem a = % 6% X i =250 12 co: fH=—-——§ 2t
. R 3 3 2 == -
bét ding thite: - +# 3 a+2p () c) ¢
a +ab+2b° 16 4 3
b’ +4c -3 23 )
3 3 s S5 2—b+—c (¥) Ve,b>0;
= 16(a +4b')2(-—3a+23b)(a'+ab+2b2) B +bc+2c T 16 16
3
< (19a+18b)(a~b)’ 20 ding va,b>0 (c) +4
£ c . ¢ a 3¢ 23
b 3 -vOo1x=—>0 cb: f(—):———z z.lg,;+].g
Tuong tu ta cé: T—i-—>—-éb+—2-§-c Ve, b > 0; a & (c) 55422
b +bc+2c* 7 16 16 a a
3 3 _
¢ +4aq° ——3 +23aVac>0. C;,_zi_'__lla_> 3 +£3»a (*) Va,c > 0.
 +ca+2a 16 16 ° c“+ac+2a’ 16 16

-3 23 3 23 3 23 5 Suy ra: Pz——3a+§b+_—3b o +;3c+§a=§(a+b+c).
Suy ra: P2E0+——b+——b+—c+——c+—a=—(a+b+c). 16 16 16 16 16 16° 4
L e Déu =" xay rakhig = b= >0,
Déau “="xayrakhia=b=c>0. Ayt kit s
Thi du 19. Cho a, b. ¢ > 0. Chirng minh famf:
a +2ab’ + b +b +2bc* +¢&* P +2cat+ 4’
ab’ + b’ b+t ca’ +a’
Lot gidi. Ta “c6 dinh” b = 1 khi 46 ta o
5
a +2a+1
f(a):—‘*—.

IV. Cé dinh mét bién rdi dung tiép tuyén

Nhdn xét. D¢ cho d& 1am ta ding bién phap “cé
dinh” mét bién béng mit hé‘mg sb, ching han 13 1,
khi d6 ta quy vé ham mét bién dé co thé giai dé

22(a+b +c’).

dine hon : Xét ham sé f(x)= fiz—fj—l
ang . + +
Xét thi dyu 12 ta “cb dinh” b = 1 khi d6 ta c6: Tiép tuyén cia dd thj ham sé tai x = 1 I3
5 1 b
a +4 Y =—x——. Xét bat diang thic:
dtrerrs 22
+4 i f(x)=£i2x_+12_5_x“l @)
Xét ham dic trung f(x )——TS’ PT tiép x+1 z 2
TR i s 2 +4x+2>5x% +4x—1
tuyén coa dd thi ham sé tai x = 1 Ia
- 23 _ <:>(x—l)2(2x3+4x2+6x+3)20 ding vx > 0.
szgJH-E Ta xét bat dang thirc:

Tir gia thiét a, b, ¢ > 0 nén 4p dung (¥):

5
i (g) +2241
-V6i x==>0 co: f(-e):—_—___.b__>
b b

x+4 B -
:——-—2 B
/(=) +x+2 16" 16 ;™

Sa_l
< 16(x* +4) 2 (-3x+23)(x* +x +2) 24 26 2
, 5 4 5
<> (19x+18)(x~1)* 20 luén ding Vx> 0. sl +23ab fb z—a—ib, Va,b>0:
ab” +p 2 2
TOAN HOC
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5
-vOl x=—>0 ¢céb: f(ﬁJ_—__ﬁ_..L.z_‘ -
c c b 2
—+1
c

o | o
N |-

b® +2bc* + ¢°
bc® + ¢
5
. : [3] #2541
-v6i x==>0 cé: f(—-):———a g 5
a c

a
—+1
a

zib—lc, Vb,c>0;
2 2

Se¢ 1
2'a 2

s 4 5

¢ +2ca’+a _§ 1

T3 3 —2—-¢—-—a, Vc,a>0.
ca’ +a 2 2

5 1.5 1 5 1
Suyra: P2—a——b+=b——c+=c——g=2(a+b+c).
y 22 R0t b etseoe (at+b+c)

Déu*“="xdyrakhia=b=c> 0.
V. Logarit dé ¢6 13p cac bién

Thi du 20. Cho a.c.b>0 va a+b+c=3. Tim
gia tri lom nhat cua biéu thirc

P = (\la_‘*—i + ('.'\)h (\a‘b” + 1‘ + b)v (\/ e+ [- + C)“ .
Huong din gidi. - T gia thiét ta c6 P> 0 nén
mpzbln(y’al+1+a)+c1n(J52+1+b)+am(Jc2+1+c).
- Chirng minh dugc

m(m+x)s%(x—1)+m(ﬁ+1) (*) Vxe(0;3).

+ Tir gia thiét ta c6 a, b, ce(0;3) nén 4p dung (*)

ta co:
nP<
-\ll—i[b(a—l)+c(b—1)+a(c-—1):|+(a+b+c)ln(s/5+l)
———J—_-(ab+bc+ca)+31n(\/—+l)——f
(a +b+ c)

- Chitng minh ab+bc+ca$———3———=3.
3
Vay 1nP573_2—+31n(J5+1)——5
=]n(ﬁ+l)3 <:>Ps(\/_2_+1)3.

: 1 — o
Viy maxp=(ﬁ+1) khia=b=c=1.

Thi du 21. Cho cdc so thuc a,b,c =1 thoa man
a+b+c=6. Ching minh rang:

(a* +2)(p? +2)(c* +2)£2]6.

Léi gidgi. Tir gia thiét suy ra a,b,c € [1;4].

: 2
Xéthams§ f(x)=1In(x* +2)-Zx xe[L4].

—2x% +6x—4 x= .
Taco: f'(x)= x(x"':;) _0©L= .BBT:
X !_ 3 4
/w0 o+ 0 -
" / . \

Tir BBT ta cé:

S (x)=n(s*+2)-2xs f(2)=1n6—§ (), vxe[l:4].

Ma a,b,c €[1;4] nén 4p dung (*) véix=a,x=0b,

2 4
x=c, taco: f(a)=1n(a‘2 +2)-—~§a$1116—§;

- 2 _E <1Il6—j4—'
f(b)=Mn(p*+2) 3b_ 3
2 4
=In(c*+2)-Zc<ln6——.
f(c) (c + 30 3

)
Viy ta duoe: f(a)+/f(b)+f(c)<3In6—4
& In(a® +2)+ (b +2)+In(c? +2) <36
& Inf(a” +2) (6 +2)( (¢ +2)]<m216
o (a* +2)(8? +2)(c? +2) < 216.
Diu“="xayrakhia=b=c=2.

VL. Ung dung giii hé phuong trinh
Thidu 22. Giai hé phuong trinh

A ¥ X+y
J*-"‘-‘T.T-ﬁ———"__.___:_ e (1)
\/2-""" +xy+ y° 2y  +xy+x 2

],\'_p +3w+3y -1=33x+2,+5 (2)

2 +xy+32 >0
Laoi gidi. DK: 12" +xy+x* > 0.

xy20
TOAR
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Tir (1) ta cé x+y >0, d& thiy x =0, y = 0 khong

théa min h¢ phuong trinh nén suy ra x, y > 0.

PT tiép tuyén cia dd thi ham sb
JS(x)= u—z——tai x=11a y=11x—3.
Vart £x+1 16
Ta d& chimg minh duoc:
x’ 11x-3

(*) ding VxeR.

f(x):x/2x2+x+1 16

That vay: Néu x < 13—1 thi (*) ludn diing,

Néu x> 2 ta co:
11
(*) ©256x* 2(121x* —66x+9)(2x +x+1)
& (x-1)"(14x* +39x-9) >0
& (x~1)"(14x* +39x-9) >0 Iuén dimg vi

14x* +39x -9 >0, Vx21—31-.

Dau

Viy (*) duge chimg minh.

xdyrakhi x=1.

Ap dung (*) véix, y> 0 ta co:

[ A

v
e

izl
’ JZ(?T*“E“ ‘6

2
y o 1y-3x

A1 2
VO vt 16

TOﬁN HOC
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xz N y 2J(,"l'y
S i rm+y Nirwrd 2
F =
néntﬂC(’)(l)‘:} Y C}_x:y>0.
Yoy
X

Thay véo (2) ta duoc:
X +3x2 +3x—1=33x+5
o (x+1) +3(x+1)=Bx+5)+3Bx+5 (3).

Xétham g(f)=¢# +3t trén R, ta co:
g'®)=3*+3>0, VteR
nén g(f) dong bién trén R. Do dé:

) R=" g(x+1)=g(\j3 3x+5)

x=1
S x+1=33x+5 <:>x3+3x2—4:0<:>{:

=-2
= x=1(dox>0) = y=1 (thda min bK).
Véy HPT c6 nghiém duy nhét (x, y) = (1;1).

BAI TAP
1.Choa, b,c>0 via+b+c=3. Chirng minh
1 1
+ e > /3.
V2@ +1 V2P 41 aei 1

2.Choa, b, c >0 va 17a + 14b + 23¢ = 54,
Chimg minh ring

rang

V4a® +2ab+35% + 245 + 20 1 307

+3v4c? + 2ca + 34 >18,
3.Cho a,b,c>0 tim gia tri 16n nhét cua
alb+c) b(c+a) c(a+b)
a’ -f—(b+c)2 b? +(c+a)2 c? +(a +b)2 ’
4.Choa, b, c> 0. Ching minh ring
a* b* c* a+b+c
3 2 3 + 3 2 3 +
a +ab”+b P +blt+F 2 +eat+ad 3
5.Cho a, b, ¢ > 0. Chimg minh ring
a 2 b’ et a+b+c
\/2a2+ab+b2 V28 +bc+c \/20 +ca+a 2

P=(a:2+az+1)(b2 +1b+1)(c2 +c+l).

P=




TIENG ANH QUA CAC BAI TOAN
BAI SO 66

Problem. Determine a single transformation
that maps the triangle ABC onto the triangle
DEF.
- ‘.;fw«f e T "'T - — 10 l
=1 \ —
._ it i 8 “, ';..a;'_’:‘_m..m_.u.
/T 6
R ° " -
| 3 E f | -10 -8 -6
2
Thus the center is at the origin O and we can
-0 -8 -6 - -2 0 2 4 6
SR - 3 : N easily see that the angle is 90 degree clockwise.
Solution. We can see that the required TU VUNG
transformation should be a rotation. Hence we . ansformation : phép bién déi
need to determine the angle and the center of . m
rotation : phép quay
that rotation. . .
angle 1 goc (cua phép quay)
The rotation maps B onto £ and C onto F. ) _ )
center s tam (cua phép quay)

Therefore the center is the intersection between

the perpendicular bisector of the line segment

BE and the perpen Hicular Bisector of the Tins NGUYEN PHU HOANG LAN
(College of Science - Vietham National University, Hanoi)

perpendicular bisector : dirong trung triee

segment CF.

t‘***‘******.*‘*tttt*4(X**t*#********************#*************************************************

BAI DICH SO 63

Nhin xét. Cac ban sau c6 bai dich tdt. ouri bai
W 5 PR ‘ : i a1 dich
Bai todn. Goi n la so nguyén duong nho nhat Ich tot, guri bai

vé Toa soan sém: HE Ngoc Tién, 8A3, THCS
Lam Thao, Lam Thao, Phy Tho; Phan Lé Thiic
Bdo, 10 Toan 1, Nguyén Hoa Phan, Lé Minh
Thup, Nguyén Ding Khénh Toan, 12 Toan 1,
THPT chuyén Quéc hoc Hué, Thira Thién
Hué; Nguyén Ngoc Khinh Ldm, 10 Toan,
THPT chuyén Luong Thé Vinh, Ddng Nai.

sao cho tong cua cdc chir 56 cua né bang 2020,
Tim cdc chiF $6 cua n.

Lii gigi. Dé tim sb nguyén duong » nhé nhat
thoa man d& bai, can co chir s6 9 trong sé n
cing nhidu cang tbt (d€ c6 sé céac chit sé cua n
cang it cang tbt). Ta c6: 2020°= 224 x 9+ 4.

Do d6 s n 14 499...9 (224 chir 6 9) va sé n co
225 chit sb. HO HAI (23 g

S48 525 (3-2021) T?gpu:gg 4 3




i

umﬁu cAcH AP
.\_tHD MOT BAI TDAN
BAI T()»\‘V 46. Cho tum giic ABC diong

mung mwn BM va dwong phan giac CN Cla
tam giac ABC car nhauy tai D. Chung minh f((HU

DC  AC

DN  BC

""‘--—--..;_... e A

byt

Loi gidi.
Cach 1 (h. I). Qua N v& dudng thang song song
A

véi BM cit AC tai E.
Tam giac ABM ¢6
NE || BM

AN _ AE
BN ME’
Tam giac CNE cb B
Hinh [
DM /I NE = D€ _MC _AM

DN ME ME’
Tam giac ABC c6 CN la dudng phan giac
LAC_aN,
BC BN
DC AC _AM AE _
DN BC ME ME
Cidch 2 (h.2). Qua N v A
duong thang song song
voi AC cat BM tai 1.
Tam giac NDI co N

criN 25 M
DN~ M

Do do

] D “‘“\\;X

B (8
Hinh 2

Tam gidc ABM c6
AM _ 4B
" BN’
Tam giac ABC c6 CN la dudng phén giac

NI/l AM =

DC AC _AB AN _
DN BC BN BN

Do do6

TOAN HOC
' Cludifre

S5 525 (3-2021)

44

Cich 3 (h. 3). QuaA -

vé duong thang song
song v@i BM cit CN g M
tai K. Tam giac CAK /

cod -
MD/IAK, AM=CM B c
= DK,
=DC Hinh 3
Tam giac ABC co CN la dudng phén giac
AC _ AN
“BC BN’
AN KN
ia AK/{ BD = — =
Tam giac NBD ¢ BN " DN —;
DC AC DK _ KN DN
Do do =1,
DN BC DN DN DN
Cach 4 (h. 4). Qua A A
vé dudng théng song
song vai CN cat BM tai H
H. N
AMAH=AMCD (g.c.g) ; D
= AH = DC; B ¢
Tam giac ABH c6 Hinh 4
AFIDN =2 AT,
DN BN

Tam giac ABC c6 CN la dudmg phén gidc

= — =

Cich 5 (h. 5).
Goi § la diém
doi ximg cua B
qua M. Ta co: ti
glac ABCS 13
hinh binh hanh

= 4B/ SC, o

AB=g8C,

Hinh 5

DC _SC.
Tam giac 4BC ¢6 oy 12 DN 2V
a dudng phén giac

N ('

BC BN’
Dods PC_AC sCc 4v sc 4w

. _9C 4N _SC AN _,
DN BC BN BN BN BN

Tam gidc BDN ¢ SC// BN =




.

Cach 6 (h. 6). Qua C A
w duomg t.hfn)g song
song vo1 BM cit AB tai
I. Tam giac ATC co:
BM /I TC,
AM = C‘M
= 4B =TB8B.
Tam giac NCT ¢6
BD // TC

Hinh 6

_DC_TB _ DC_ 4B
DN BN~ DN BN’

Tam giac ABC c6 CN1a duong phén giac

AC AN
=>—=""

BC BN

Dods PC_AC_AB 4N _BN _ |

DN BC BN BN BN
Caich 7 (h. 7). Ta cb

A
DC  Sgzep
D.V SB;\'.D ’
N M
II.B - S,{BD D
SA.DM =SCDM’ Hinh 7

SABM’ :SBCM(AM:CM) va

S 80 =S 480 —Sapm =Seem —Scom =Spep

dods 2€ A5
DN BN
Tam giac ABC c6 CN la dudng phén giac
AC _ AN
~BC BN’

DC AC _AB _AN _BN
DN BC BN BN BN
Cach & (h. 8). Goi L 1a giao diém cua 4D va
BC. Tam giac ABC c6
CN la dudmg phén gidc
AC _ AN,
BC BN’
Tam giac ABC c6 AL, .
BM, CN dong quy

Tacod

Hinh 8

-5 AN B_li Ef‘i:] (dinh li Ceva).
' "CL AM

BN C , AN_E'_li
MﬁAM-:CMnen TB—Z'V“"BL-

AN CL

Tam gidc ABC c6 —=— = NL// AC;
BN BL
DC AC
i4 5 NL == i
Tam gidc DNL c6 AC // =% N L
AC AB
14 i NL = —="—.
Tam giac ABC c6 AC // = BN
Dodo DC_AC_AC AN _AB AN _BN _,
DN BC NL BN BN BN BN
Cach 9 (h. 9). Tam ﬁ{
gidc ABC ¢6 CN 1a \\
dudng phan giac M
L AC_aN, V<N,
BC BN’ D ™
Tam giac ACN ¢6 D % ¢
thudc CN, M thudc AC, Hinh 9

B thudc AN, ba diém D, M, B thing hang

€ BN AM 5 @ik EMenslavs).
DN AB CM
DC 4B

MaAM=CMnén — =",
DN BN

DC AC _AB AN BN _

DN BC BN BN BN
NGUYEN BDUC TAN

(TP. H6 Chi Minh)

Nhan xét. Ngoai 9 cich giai trén cua ban Nguyén
Pirc Tdn, ngudi gio1 thigu bai toan xin hoan nghénh
nhimg ban sau cing dua ra nhidu cach giai tot: Tran
Van Qudn, 11 Toan 1, THPT chuyén Hung Yén,
Hung Yén; Van Ngoc Binh, 10 Toan 1, THPT
chuyén Quéc hoc Hué, Thira Thién Hué; Nguyén
Huy Hodng, 11T, THPT chuyén L& Quy Don,
Nguyén Hing Cuong, 85 Bién Cuong, P. Ngé Maiy,
TP. Quy Nhom, Binh Dinh; Nguyén Thién Ly, 11T1,
THPT chuyén Nguyén Quang Diéu, Pdng Thap.

LE MAI (Ha N6i)
Moi cac ban gui 161 giai BAI TOAN 48 dudi
day vé Toa soan Tap chi TH&TT trude ngay
30.4.2021. ’
BAI TOAN 48. Cho ba sé thuc khéng dm x. v,
z thod man x +y + z = 1. Ching minh rang
1 1 1 9

Do @b

DUONG VAN SON
(GV THPT Kim Lién, Nam Dan, Nghé An)

gidi thi¢u

TOAN HOC |
' Tusire 45
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DU LICH THE GIOY |

QACACSATOMNHY

alt

E P : :v‘_&: 1
\ NQuw o S

BAI TOAN 54 (Japan TST 2004). Ching minh

rang voi x, y, = la cac sé thue diong thoa mdan

x +y+z=11hitacé bat dang thire:
l+x 1+yv 1+ 2x 2v 2z
- S—+—=—+— (1)
f= l=p l=z 9 & ‘ax

L¢i gigi. Bat ding thic (1) twong dwong voi:
2x+y+z+2y+z+x+2z+x+y 534.&4(2
y+z Z+Xx x+y ¥ Z X
2% 2y 2z 2x 2_y+2_z

= +——+ +3<—+
y+z zZ+x x+y ¥y z X

X z 3 =x z
< P el )

Z+x x+y 2 y z x

e x y -y B & _1
y y+z z z+x x x+y 2
IR I | 29-(2).
y(y+z) z(z+x) x(x+y) 2
Theo bt ding thirc Schwarz ta c6:
xz : yx " zy =L(xzzz+y2x2+zzy2J
y(y+z) z(z+x) x(x+y) xz\y+z z+x x+y
L 09+ yz+ 2’
2xyz(x+ y+2)
Véi moi a, b, c ta ludn cé:
(@a+b+c) 23(ab+bc + ca)
nén (xy+ yz +zx)’ 2 3(x’yz + y*zx + 2°xy)
=3xyz(x+ y+z)
(y+yz+z) 3
2xyz(x+y+2z) 2
Tir (2) va (3) suy ra (1) dugce chimg minh.

Déu “="xayrakhi x=y=1z =%.

Nhdn xét. Da sb céc ban tham gia c6 cich giai twong
tu nhu cach giadi trén. Cic ban cé 101 giai t6t la;
Thira Thién Huaé: Nguyén Vin Huy, Hupnh Nguyén
Vi, 10 Toan 1, Nguyén Vinh Tri, 11 Toan 1, Hodng

46
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© 211 v s0 viét n

11 Toan 2, THPT chuyén Quéc hoc Hué;
. Lé Ngé Nhdt Huy, 111A, khu phé 1,
TP. Bén Tre; Nam pinh: Nguyén 'Thj
n, 10 Toan 2, THPT chuyén Lé Hong

Bao Ng
Bén Tre:
phudng A
Phuong Ngd

Phong, TP. Nam Pinh. ‘
NHU HOANG (Ha Ngi)

Sau day la bai tap d& nghi. Ban doc hay gui 16i giai
v& Toa soan truéc ngdy 30.4.2021

BAI TAP PE NGHI
BAI TOAN 56. BCED la nr giac l6i sao cho
BDC=CEB=90" va BE cdr CD tai A. Goi F, G
lan lirot la trung diém cua cac canh DE, BC. Goi O
la tdm diong tron ngoar tfé;n tam gidgc ABC. Chitng
minh rang AO va FG song song vai nhau.

KHANH HU'U (Ha Ngi)
PO VUI: SO XUOINGUQC

Cho so nguyén duong viét trong hé thip phin
a=a,a,,.aqa, voia,>0,tagoiso viét nguoc cua
soalasd b=aya,..a, \a, , tirc 1a khi viét cac chir s
cua s0 a theo thir ty nguoc lai thi dugc sé b. S6
nguyen duong a dwoc goi la sé xudi nguoc
(palindromic number) néu a = b voi b 1a sé viét
guoc cua sb a, tic la sé xusi nguoc cb dang

a =anan—l"‘alao voi aQ = a, > 0-: a, = a voi s
bin - ’ e ~ 4 4
& 0, 1., n. Ching han, cic sé sau 1 s& xudi

ngugc: 3; 22; 121; 34543; 345543; ...
fhu palindrome 1an diy tign duoc nha bién kich Ben
onson dung vao thé ki XVII khi ghép hai tir gbc Hy

Lap 1a palin (nguoc lai)
chay).

n-3

va dromos (di chuyén, chay,

SO viét nguoc cia
thi vj gay: 12022
cla sg 408444

$6 2021 1a s4 1202, ta thy diéu
= 1442804, s ndy 1a sd viét ngiroc
=2021° Tinh chit khac: tich ciia 50
'BUOC clia n6 bang 211.112 = 23632,
01 ngu'gc_

N Hay
. YO Vi€l (ropg
.S(J‘ff!j VO so Vict s =
gom f)({l

tich nay 13 s xy

BAL T

; AN . ; ; :
bhon chir im cac so liguvén diwong gom
' he thap phin sao cho tich cud
rore o © g 3 {4 as e
.. SO Cua ne g mer vé xudi ngieoe
chir so. '

VIET HAI (Hd N6i)




GIAI PAP: CO BAO NHIEU TIEP TUYEN ?
(Dé diing trén TH&TT sé 521, thang 11 nim 2020)

Phin tich sai lam. Chi dua vao s6 tiép diém x, ma két
ludn vé sb tiép tuyen ké tir M dén (C) 1a chua du. Vai
mbi xo tim duoc can viét cac _phuong trmh tlep tuyen
moncr ung, lam nhu vay be blet chmh xac so tlep tuyen

-----

Goi M, (xo,xo —2x; -1) 1a diém thudc db thi (C). Ta
co: y'=4x" —4x, y'(xo):4x’0-—4x0. Tiép tuyén vé&i (C)
tai M, ¢ PT:y=(4x; —4x, )(x—x,) +xj - 2x2 ~1(d).

Tiép tuyén d di qua diém M[%;-Z] khi va chi khi

—2=(4x; ~4x0)(;—on+x3 -2x% -1

< 9x; —28x, — 6x; +28x,-3=0

) 1
& (x2—1)(x, ~3)(9x, —1) =0 x, = t1,x, =3,x, = —

-Véi x,=1=> y,=—2,PT tiép tuyén tai M, (;,-2)

la (d)): y=-2.
-V6i x, =—1=> y, =—2,PT tiép tuyén tai M,(~1,-2)
la (dy): y=-2.

-Véi x,=3= y,=62,PTtiép tuyén tai M;(3,62) 1a

(d3): y = 96x — 266.
6722

2722 pT tiép tuyén tai
273 i

-Vo xoz—j Yo =—

9
6722 320 2134

1 _ 320, 2134
M(g 6561}‘ 3(da): ¥ ="729% " 2187

) 7 . A 94
R3 rang (d)) = (d2)- Viay tu M(—}-,—Z] ké dugc 3 tiep
tuyén t6i db thi (C):y=x"~2¢~1. Chon dép 4n C.
Nhin xét. Céc ban sau d3 phat hién dugc sai 1im va dua
ra loi giai dung: Bén Tre: Lé Ngo Nhdt Huy, 111A, khu
phé 1 , phuong 7, TP. Bén Tre; Thira Thién Hué: Nguyén

Vinh Tri. 11 Toén 1, THPT chuyén Quoc hoc Hué.

KIHIVI

BIEN POI PO THI

Trong dé hoc ki I ¢6 bai todn: Cho ham sg fx) ¢é
dao ham rén R la  f'(x) = (x* —1)(x - 2). Goi
S la tdp tat ca cdc gid tri nguyén cua tham 56 m
dé ham s6 g (x) =f(x2 +m) c6 5 diém cuec tri.
86 phan tir ciia tp S la: '

A.2 B.5 C.3 D. V4 s
Ban Linh Nhi cam thiy dé kha dé& va da trinh bay
16i giai ra gidy nhap nhu dudi day:

x =l

Ta cé: f'(x)=0<:>(x2 —1)(x—2)=0<:::>L_2

Tir day ta c6 thé Y = fx)
phuc hoi do6 thi

ham 56

y=f() nhu 7] \

hinh bén véi cac byl g 3

diém cuc tri la

x=-1, x=1, x=2 va céac gia tri cuc tri chi mang
tinh twong déi.

Tir d6 thi him s6 y = f(x) thi ta suy ra dugc db

thi ham s6 (C):y=f(x*) nhu hinh dudi voi
dung 5 diém cyc tri (Chu y: hamsé y= f(x?) 1a

ham s6 chén).

x=-1x=0x=1 x=2
Vi néu ta tinh tién (C): y = f(x*) theo i#(-m;0)
s& thu duge dd thi (C'):y=f(x’+m) nén sb

diém cyc tri ciaham sé y = f (Juc2 + m) ludn bang

}’zﬂxz) ly=_f(x)

so diém cuec tri ciia ham s yi f(xz) v&i moi gid
tri ctia m. Do d6 dap 4n cén chon la D.

Theo ban loi gidgi trén da ding chwra?
LA DPAI CUONG

(GV THPT Cam L§, Qudng Tri)

TOAN HOC 47
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L nedd
Rt o) abpl.aty W
'HOI DONG BIEN TAP |
Phé tong bién tdp : CN. TRA\N‘THI KIM CUONG
7s. LE HONG MAI

MINH PUC, 7S. NGUYEN MINH HA,
KHIET,

VINH
UYEN ANH DUNG, 7S. TRAN NAM DUNG, TS. NGUYEN g
7S. LE QUGC HAN, Ths. PHAM VAN HUNG, PGS. TS. ANH

v MA Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. T:A DUY PHwN?,
CH, G. .;T;Ser. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS.TS. VU

HGO VIET TRUNG.

TRONG SO NAY

Q Dé ra ky nay
ii525. 1.5 T12/525] T.1/528, 1245255
Problem in This Issue

@ Gidi bai ki truéc
T1/521, ..., T12/521, L1/521, L2/521.
Solutions to Previous Problems

Q Phwong phép giai tosn
Phan Quang Son — Ban thém vé phuong phéap
tiép tuyén trong chimg minh bit déng thirc va
tim gid trj 16n nhét, gi4 tri nho nhét.
- & Tiéng Anh qua cac bai tosn Bai 56 66.
?ai dich s6 63,
% 3. 5p W

Nhiéu céch giai cho mpt bai todn
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NHA XUAT. BAN/GIAODUGIVIET NA N

GIAI BAITOAN TRO CHOI BOC CAC VAT, PHUONG TRII

DONG DU VA HE PHUONG TRINH PONG DU BANG DO 1

clia tac gia GS. TS. NGND PANG HUY RUAN
Sach day 112 trang, khd 17x24cm, gia bia: 30.000 dong.

01 dung cua sach trinh
bay phuong phap giai
bai toan tro choi boc cac
at, phuong trinh dong du tuyén
tinh, h¢ phuong trinh dong du
tuyén tinh va phuong trinh dong
du bic cao bang d6 thi. Noi cu
thé hon: Néi dung chu yéu cua
cuon sach la trinh bay thuat toan
xdy dung d6 thi c6 hudng vai cac
cung dugc gan nhédn trén bang
chir cai thap phan ma nhin cua
dd thi nhin dugc chinh la tip
nghiém cua phuong trinh hay h¢
phuong trinh dong du.

Sach gom hai phan chinh:

Phan tro choi l)r5c cde vat trinh
bay thudt toan dé nguoi di dau
chién lhdng bing cach boc dugce
vt cuoi cungp (hodc khong phai
boc vat cudi cung).

Phan phicong trinh va hé phuong
trinh d(ib:g dw dugc trinh bay
trong bon chuong cudi cua cudn
sach.

Chuong IV trinh bay thuat
toan xdy dung dd thi xac dinh
tap nghiém cua phuong trinh
ax = b (mod m) véi @, m 1a céc
s0 nguyén duong nguyén t6 cing
nhau, con b € {0, 1, ..., m-1}.

Chuong VI trinh bay thudt toan
xidy dung do thi xac dinh tap
nghi¢m cua h¢ phuong trinh
dong du tuyén tinh.

Chlrorm3 VII trinh bay thuat
toan xay dung d6 thi xac dinh
tap nghi¢m cua h¢ phuong trinh
dong du bic cao.

Chuong V trinh bay ve thudt todn
giai phuong trinh ddng dur tuyén
tinh dang dic bi¢tx = b (mod m).
Ta ap nghi¢m cua phucmg trinh
nay chinh la tp s6 dong du véi

b theo module m. Boi vay do
xéac dinh tap nghi¢m cua phuc
trinh nay dugc goi la nguon do
du.

Cudén sach khéng nhimg tri
bay thuat toan xay dung nguo
dong du theo mdt module, 1
con trinh bay thuat toan xay
dung nguf)n dfmt_ du theo nhicu
module va mot so ciu tric khac,
chang han, nguon sinh tat ca cac
s0 nguyén duong chia hét cho 7
ma mdi s6 nay déu cé chir so le
v chir s6 chin dan xen nhau.

Trong khi Quy dgc gia giang day.
hudémg dan hodc lam viéc vé > dong
du ma c6 nguon dong du theo
module m bén canh thi co thé chi
ra hang chuc s6 gébm nhiéu chir
s0 chia hét cho m trong choc lat.

Tin tuéng ring cudn sach khong
chi hiu ich cho hoc sinh va
thdy ¢ gido yéu toan pho thong
ma con 1a tai li¢u tham khao
tot cho sinh vién va giang vién
cac trudmg dai hoc va cao ding
nganh toan cung cac phy huynh
€O nguyén vong giup con em
minh hoc t6t mén s6 hoc.

Moi chi tiét xin lién hé:

TAP CHi TOAN HOC VA TUOI TRE

Tap chi Toan hoc va Tudi tré, 187B Giang V6, Ha Néi
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