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Wi Ky thi HSG Todn 16p 9, Ky thi tuyén sinh
vao 16p 10 THPT, va Ky thi tuyén sinh vao 16p
10 THPT chuyén, ta thudng gip cac bai toan
lién quan dén phuong trinh bac hai mot 4n ¢c6
chira tham s6 ma bai todn lién quan dén céc
biéu thirc ciia 4n nim trong dau gi4 tri tuyét déi.
Viéc gidi quyét cac bai toan dang niy khéng
kho khan néu chung ta nim chéc kién thic vé
gia tri tuyét doi va mdt sO kién thirc lién quan
cung véi nhirng k§ nang co ban. Sau diy la cac
thi du minh hoa:
Thi du 1. Gia sir phiwong trinh 2x* — 4ax —1=0
c6 hai nghiém x1; x5. Tinh gid tri cia biéu thirc
Léi gidgi. Vi a va c trai diu nén phuong trinh
luén c6 2 nghiém phén bi¢t x;,x,.
x+x,=2a

-1 va

XXy =——
142 2

Theo dinh li Viéte ta cé:

2 2
= 44> —4(—3 =44% +25>0=> T =v4d> +2.

Thi du 2. Cho phuong trinh
x> +(Bm+1)x+2(m—-4)=0 (1)
(x la an 6, m la tham s6).

Chimg minh rang phuong trinh (1) luén cé hai
nghiém phdn biét voi moi m. Goi x|, x2 la hai
nghiém cia (1). Tim m dé |x, —x,|=17.

L&i gigi. Tach: A=(4m+1)* —8(m—4)

BAI TOAN LIEN QUAN PEN PHUONG
TRINH BAC HAI MOT AN CO CHUA THAM
SO MA BIEU TH(FC NGHIEM €O DAU GIA

TRI TUYET D01

TRINH PHONG QUANG

(GV THCS Qudng Phii Léc, Nho Quan, Ninh Binh)

=16m* +8m +1-8m+32 =16m* +33.
Vi A=16m*+33>0, VmeR nén phuong
trinh (1) ludn cé hai nghiém phén biét v&i moi m.

Phuong trinh (1) luén c6 2 nghi€ém phén biét
vo1 Vm nén theo dinh 1y Viéte ta co:

X +x, =—(4m+1)
{xl X, =2(m—4)
Theo yéu cdu bai toan: le = le =17
& (3 —x) =289 (x +x,)* —4xx, =289
© (Am+1)> —8(m —4) = 289
< 16m* +33=289 < 16m*> =256 <> m = +4.
Viy m=+4 1a céc gia tri cin tim.
Thi du 3. Cho phuong trinh
P 2m+1Dx—-3=0 (mla tham SC;’).
Chig minh rdng phuong trinh da cho luén cé
hai nghiém phdn biét x|, x; véi moi m. Tim cdc
gid tri cua m sao cho le: —|x2| =5va x; <x,.
(Trich Dé thi tuyén sinh vio 16p 10 tinh Hai
Duong nam hoc 2019 - 2020)
Loigidgi. Via=1,c=-3 = ac<0
=> phwong trinh ludn c6 hai nghiém phan biét
X1, X3 voi moi m. Ap dung hé thirc Viéte, ta c6:
X +x,=2m+1 (1)
{xlx2 =-3 (2)
Tir (2) = x1 va x5 trai diu, ma x; <x,
= x<0<x = ‘xll =—Xx; |x2| =X,.

Do dé: |xl]——’x2[=5<:>—xl -x,=5

TOAN HOC
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L x+x,=-53).
Te(l)va3) = 2m+1=-5 m=-3.
Vay m =~ 3 la gié trj can tim.
Chii y. Néu binh phuong 2 vé cia ding thuc
|%| =[x, | =5 dé tim m thi phai thir lai.
Thi du 4. Cho phirong trinh
x2+2(m - 2 —m? —5=0 (véi m la tham s0).
Tim tét cd cde gia tri cua tham $6 m dé phirong
trinh 6 hai nghiém phan biét x,,x, (gia suw
X, < x5 ) thoa man ‘_\‘] ] - |.\'2 + ll =05,
(Trich D¢ thi tuyén sinh vao 16p 10 tinh
Nam Binh nam hoc 2019 - 2020)
Loi gigi. Ta c6 ac=-m? -5<0, Vm, nén
phuong trinh ¢6 hai nghiém trai diu.
Ma x <x, nén x; <0<x,
= |x|=—x; [ +1|=x, +1.
Do d6: |x|~|x, +1|=5¢ -x, —x, —1=5
S x+x,=—6
Lai cé: x; +x, =—2(m—2) (theo hé thirc Viéte)
= 2(m-2)=—6<m=5.
Vay m =5 la gié tri cn tim.
Thi du 5. Cho Parabol (P):y=x’ va duong
thang (d):y = -2ax—4a, voi a la tham sé. Tim
tat ca cac gia tri cua a dé dirong thang d cat
parabol (P) tai hai diém phdn biét ¢6 hoanh do
X,;x, thoa mdn ,x,|+'le=3.
(Trich Dé thi tuyén sinh vio 16p 10 truomg
PHSP Ha N§i nam hoc 2017 - 2018)
Lot giai. Phuong trinh hoanh d¢ giao diém cua
(P)va(d) 1a x* = -2ax—4a
ox?+2ax+4a=0 (1)
dudng thang d cit parabol (P) tai hai diém phan
biét khi phuong trinh (1) ¢6 hai nghiém phan biét
a<(

<:>A’>0¢:>a2—4a>0<:>[ :
a>4

. , | +x,==2a
Theo dinh li Viéte ta co:
XX, =4a

TOAN HOC :
2 & Clugilré __S6524(2-2021)

Tir [ +[x2| =3 & (nl+[x)* =9

®x12+x§+2[x1x2!=9

< (x +x,)% - 2xx, +2Ix1x2’= 9
© 4a® —8a+8la]=9 (2).

Néu a > 4 thi (2) trd thinh 4a”> =9

(loai)

a=—

Pt 2 :
2 (loai)

a=—— :
2

Néu a <0 thi (2) tro thanh: 44> —16a-9=0

a= —21 (thoa man)
2=
9
a=—
2

(loai)

| N
Viay a=—5 1a gia tri can tim.

Thi dy 6. Cho Parabol (P):y = —x? va duong
thang (d) 1y =2mx -1, voi m la tham sé.
C{n.'"ng minh rang véi méi gia tri cua m, (d) ludn
cat (P) tai hai diém phin biét A va B, Goi y,,»,
la tung do cia hai diém 4 va B. Tim m sao cho
I)’,z —)'32 =345,

(Trich D& thi tuyén sinh vao 16p 10 truong

DHSP Ha Noi nam hoc 2016 - 201 7)

Lot gidgi. Phuong trinh hoanh d giao diém cua
P)va(d)la: —x*=2mx—1

¢>x2+2mx—1=0 (1).

Ta c6 A'=m?+1>0 v&i moi m nén phuong
trinh (1) luén c6 hai nghiém phén biét X ;xy VOI
moi m hay (d) luén cit (P) tai hai diém phén
biét A(x;3 ), B(xy; v,) v6i moi m,

s P - ==2
Khi d6 theo hé thire Viéte ta co: 4 71 T2 =
xyx, =—1
Taco: y =x7;p, =x2. Do dé:

lyf—y§[=3~/5@]xf—x;]=3\/§

https://tieulun.hopto.org




& (1 —x3) (6 +x2)? =45
= (x12+x§)2|:(x12+x2) 4x1x2} 45

& +x) =9 ox+x3=3

& (0 +x,)* —2x%, =3

:>4m2+2=3@m=%.

Vay m=i% 1a céc gia tri cAn tim.
Thi du 7. Cho phirong trinh
x4 2(5-m)x+4+ m*=0.

Tim m dé phiwong trinh @i cho ¢6 hai nghiém

L _s
el 2
Loi gigi. Phuong trinh d3 cho c6 hai nghiém phén
bigt khi va chi khi A'=(5—m)" —(4+m’)>0

phan biét x,, x; thoa man

<:>21—10m>0<:>m<lz(-}.

Theo dinh li Viéte, ta co:
X +x,=2(m=5) va xx, =m’ +4.
Vi xx,=m*+4>0 nén x, vd x, khéc 0 va
1 5 |1, 1)_5
1x1| |12| X X 3
<::>2|Jc1 +x2| =5|x1x2| . Suy ra

2|2(m - 5)| = 5(m’ +4) & 4m -5 =5(m* +4)
m—-520 .
¢{4(m-5)=5(m2+4)( )

} m—5<0 -
o {—4(m—5)=5(m2+4)( )-

cung déu. Do d6

y mz5 (v6 nghiém)
Taco = v6 nghiém).
) 5m* —4m+40=0
m<5 m=0
Taco (**) =4, = 4
Sm*+4m=0 m="g

(thoa min diéu kién).

4 ey R
Vay m=0;m= _E 1a céc gia tri can tim.

Thi du 8. Cho phuong trinh

Y2 —3x=—mi+1=0 (x/ladn mla tham s6).

Tim m dé phuong trinh ¢6 hai nghiém phan biét

=3.

xyi%, thoa man diéu kién |x|+2|x,
L gidi,
Cach 1. Taco A=4m*+5>0 v6i moi m, nén
phuong trinh da cho ludn c6é hai nghiém phan
biét voi moi m.

X +x,=3
Ap dung hé thirc Viéte ta c6 {

XX, = —m* +1
Tir didu kién bai todn |x | +2|x,| =3, ta xét céc
trudng hop sau:
Truong hop 1: Xét x; 2 0;x, 20 thi
|x1|+2lxll =3 &x+2x =3 két hop véi x, +x, =3
ta tim dwgc x, =3;x, =0 (thoa man x >0,x, 20).
Khidotaco —m” +1=0 < m==l.
Truwong hop 2: Xét x; <0;x, <0 thi
|xll+2|x2|=3 S —x—2x, =3 x+2x=-3
két hop voi x, + x, =3 ta tim dugc:
x, =9;x, =—6 (khong thod min x; <0,x, <0).
Truong hop 3: Xét x; > 0;x, <0 thi

|xl]+2|x2| =3 & x-2x,=3
két hop véi x, +x, =3 ta tim dugc

x; =3;x, =0 (khong thoda mén x; > 0,x, <0)

Truong hop 4: Xét x; < 0;x, >0 thi

|x1|+2|x2| =3 & =-x+2x, =3
két hop véi x, +x, =3 ta tim duoc

x; =1;x, =2 (kh6ng thod man x; <0,x, > 0).
Vay m=+1 1a gid trj cén tim.
Cich 2. Taco A=4m? +5>0 véi moi m, nén
phuong trinh da cho luén ¢6 hai nghiém phéan
biét v&i moi m.
Ap dung hé thirc Viéte ta c6 {x to =3 ;
XXy =-m’ +1

Tir diéu kién bai todn |x;|+2|x,|=3

<:>|x1|+lx2|=3—|x2|<:>|x1|+|3—x,|=3—|le.

. TOAN HOC
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Lai ¢6 |x|+[3-x|2|x +3-x|=3, ding thic

xay ra khi x(3-x)20 << 0<x <3 (1), mi
~|x,| <3, ding thirc xay ra khi x, =0 (2).

T (1) va (2) két hop véi hé thirc Viéte ta co

X +x,=3
2 xl=3
XX, =—m" +1
©13x,=0
0<x <3
m=1zl]
X2=0

Vay m=+1 la gié trj cin tim.

Thi du 9. Cho cdc da thirc P(x)= x> +ax+b,
Q(.r) =x’+ex+d voi a, b, c,d ld cdc 56 thue.
a) Tim tdt ca cdc gia tri cua a, b dé 1 va a la
nghiém cua phuong trink P(x) =0.

b) Gia su phuong trinh P(x) =0 co hai nghiém
phan biét x, x, va phuong trinh O(x)=0 ¢o
hai biét b S 4
P(.r3) + P(.r4 ) = Q(xl) + Q(xz).

Chimg minh rang |x, -x;]= jx; — X

nghiém phdn sao cho

(Trich Dé thi tuyén sinh vao 16p 10 chuyén Toan
THPT chuyén Hung Yén nam hoc 2019 - 2020)

Léi gidi.
a) Pé 1 va a 1a nghiém cia PT P(x) = O thi ta
phai cé: P(1)=1+a+b=0, P(a)=a’+a* +b=0.
Rat h=-1-a tr phuong trinh diu, thay vao
phuong trinh sau, ta dugc 24> —a-1=0.

1
Tir 46 a =1 hodc a=—§,

1
tuong img b = -2 hodc b=—5.

Viy c6 hai cip (a,6) théa man diéu kién & bai

b) Do x;, x, 14 hai nghi¢m phan biét clia phuong
trinh P(x)=0 nén P(x)=(x-x)(x-x,).
Tuong ty, ta ciing ¢6 O(x)=(x—x;)(x-x,).

4 T(?g—lr“u:gce S8 524(2-2021)

Pidu kién dé bai c6 thé viét lai thanh:

(x3 ‘11)(3‘3 —XtX ‘x4)
x3)(x4 —x;,_) =0.
Hay (x; =%, +x, =%, ) (%3 =2 + X, — x4 ) =0
= (x; — x4 )2 hay
%, = x,| = |%; = x,|. Ta c6 diéu phéi chimg minh,
Thi du 10. Trong mdt phdng toa dé Oxy cho
parabol (P):y=x*, dwong fhzmg (d) ¢6 hé 56
goc k va di qua d:em M(0;1). Chumng minh rang

Vo1 moi gia tri cua k, (d) luon cdt (P) tai hai diém
phdn biét A va B c6 hoanh dé x;, x, thoa man

+(X4 - X +x2 =

& (5 -x )2

diéu kién |x, — x,| = 2.
(Trich Be thi tuyén sinh vao 16p 10 chuyén Toan
THPT chuyén Quéc hoc Hué nam hoc 2017 - 2018)
Léi gidi. Puong thing (d) c6 phuong trinh
y=kx+1. Phuong trinh hoanh d6 giao diém
cia (P) va (d) 1a: x> —kx—1=0 (1).
Ta ¢ A=k*+4>0, véi moi k& nén phuong
trinh (1) co hai nghiém phén biét x|, x;. Suy ra
(d) luén cit (P) tai hai diém phan bigt.

Theo dinh ly Viéte, ta c6: X +x, =k, qx, =—1.
Suy ra (4 —x,)" = +x,)? —dxxr, =k + 424,
Do d6 |x; —x,| 22 (ddu “=" xdy rakhi & =0).
Vay v0i moi gia trj cua &, (d) luon cit (P) tai hai
diém phén biét théa man yéu cau bai todn

Thi du 11. Cho phuong trinh m +x+m—1=0,
Xac dinh m dé phwong trinh ¢6 hai nghiém phdn

bi¢t x;,x, thoa man

XI xZ

>1.

(Trich D¢ thi HSG Toén 9 tinh Thanh Héa
nam hoc 2016 - 2017)

Loi gigi. PT da cho c6 hai nghiém phan biét khi

0
e T ™™ i
A>0 T \1=dmm-1)>0

m=0

2 &1 J2+1 (D).
G S
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xl +x2 = —l
Theo dinh 1y Viéte c6: i
m-—1
xl..t2 S
m

).

-1 m#l
Tacod xx, =0 @———#0
m m=z0

Khi do

X

> 15|y x| > [0y

< (x -x2)2 > x{".x%

—(%%,)* >0

2 2
o) -2 (=) >0
m m m

1—4m> +4m -
R

2
m

2
2_
m+ml>0

+6m

2
m

—5m2
L >0 & m(=5m+6)>0

<‘;:>0<m<—§- (3).

Tir (1), (2), (3) ta c6 hé:

(m =0
—\/’2_+1<m<\/5+1
) 2 2 0<m<'§-
0<m<-é m#1
5
|m#1

. 6
Viy céc gia trj can tim cia m Ja: 0<m<g,m;ﬁl.

Thi du 12. Cho phuong trinh
X2 =2(m+1Dx+2m* +4m+1=0 (1)
(m la tham 50).
a) Tim m dé phuong trinh (1) c6 hai nghiém phan
T8 w1

biét x;x,. Chimg minh rang
b) Gia su cdc nghfém % x2 khac 0.

Chimg minh rang \/—-
"1 \/ ‘z

(Trich Pé thi tuyen sinh vao lop 10 Truong PTNK
PHQG TP. Ho Chi Minh ndm hoc 2017 - 2018)

>2>lfnl+lle

Loi gidi.
a) Ta ¢6 A'=-m? —2m. Phuong trinh c6 hai
nghiém phéan biét x;;x, < A'>0
& -m?-2m>0&-2<m<0.
Khi d6 theo hé thirc Viéte ta co
X+ Xy =2(m+1);x%, = 2m* +4m+1.

Taco -2<m<0 —l<m+1<le|m+]|<]

xl+x

~

nén 2l =|m+1<1.

b) Vi |[m+1) <1 nén suyra: ~1<2(m+1)* ~1<1

——1<2m? +4m+1<1= |x;x,|<1. Do d6:
1%2
1 1

1 1> . =22
Tl Tl ] el (el

Mt khac (|x1| + Ixz |)2 = x12 + x% + 2|x1x2]

=0+ X5)2 = 2x0, + 2|xlx2|
=[20m+ D] —2(2m® +4m+1)+2|xx, |
=242)x| <2+ 2.1=4=> x| +|x,| < 2.
Vay —1—+————222|x1|+[x2|.
| yix|
Thi du 13. Cho phwong trinh
x2 —(2m+5)x+2m+1=0 (xla an, m la tham so).

Tim cdc gié tri cia m dé phuong trinh (1) ¢6 hai
nghiém dwong phdn biét x,;x, sao cho biéu

thie P=|\fx - x,
Léi gidi. Phuong trinh

¥ =2m+5)x+2m+1=0 (1).
Tacé: A=(2m+5)° —4(2m+1)

dat gia tri nho nhat.

=4m? +12m+21=(2m+3)2 +12>0, ¥Ym

=> phuong trinh (1) luén c6 hai nghi¢m phan
biét xy, x3.

X +X=2m+5

Ap dung hé thirc Viéte, ta c6:
XXy =2m+1

TOF\N HOC
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Piéu kién dé phuong trinh (1) c6 hai nghiém

d 13 2m+5>0<:> . 1
uong 1a; m>——.
L 2m+1>0 2

'xl +x2) 2 XIX2

Tacé: P? (\/— \/7)
=2m+5~2/2m (2m+1 22m 1+1)+3
=(\/2m+l—l) +323= P23 (do P>0)

Déu “=" xdy ra <>\2m+1—-1=0e2m+1=1

< m=0 (thoa man didu kién m > —% 1
Véy m =0 1a gia tri cdn tim. Khi d6 gi4 trj nho
nhét cia P 12 v/3 khi m =0,
Thi du 14. Cho phirong trinh
&7 2m=Dx+2m* -3m+1=0 ;
trong do m la tham sé, x la dn sé.
a) Tim tat ca cdc gid tri cia m dé phirong trinh
co nghiém.
b) Gia sir phuong trinh da cho c6 hai nghiém la
Xy, X5. Tim gid tri lém nhat cua biéu thire
P=lx 43 +x0,].
Laoi gidi.
a) PT c6 nghiém

S A'=(m-12-2m? -3m+1)20

om-m<0emm-1)<0

r{m>0
ik 0<m<l
Py <l | [m<0 <0<m<]
m-=1>0
mz21
m=0
_m=l

b) Cach 1. Theo hé thic Viéte ta cé:
{x] +x, =2(m—-1)

X%, =2m* —3m+1

TOAN HOC
6 cusiye

S8 524(2-2021)

:;,p=|x,+x2+x1-lez‘2m2—m—ll

1)2 4
(m"Z 16|’

1 3

1
Co 0sm<ler—Sm=y <7

(n3) 5%
Al T e

=7

2
9 1 <9 #an ,
| PR () <=, g thic
Suy ra P 2[16 (m ‘JJ 8
i m=2 Vay maxP=2 khim=—
xayrakh1m=Z.V@Ymax =3 4’

Cach 2. Xét Pz‘xl + X, +xl.x2|
=|2m2—m—1I=l(2m+1)(m——1)| véi 0<m<l.
“Véi m=1=P=0 (1)

-V6i 0<m<1, P=|x +x, +x.3)|

=|@m+1)(m-1)|= -2m +1)(m 1)

2
= —2m2+m+1=§—2[m—5 s% (2)

Ping thic xay ra khi
1 2
m =—-(thoa man 0<m<]).

Tu (1) va (2) ta duge glé tri 16m nhéit cva P 13
i khl 1

Thi du 15. Goi YsXy la hai nghiém cua
phirong trinh 2x* 4 2mx 4+ m? —
tri lon nhat ciia biéu thirc

2=0. Tim gid
Loi gidi. Ta co: A'= m? -z(m2 _2)=_m2 +4
Phuong trinh c6 hai nghiém khi v chi khi:
A=4-m*20om’ <4 2<m<r

Theo dinh li Viéte ta c6: m2—19.
xle = 2

https://tieulun.hopto.org



Khi d6: P =|2x,x, +x, +x, —4| BAI TAP TUONG TV
Bai 1. Cho phuong trinh
=|m* =2+ (-m)-4|=|n* - m~¢| 3% =3(m+1)x+2m? +5m+2=0,
. \(m +2)(m-3). Tim m dé phuong trinh c6 hai nghiém phan
(Trich D& thi tuyén sinh vao 16p 10 trudng
THPT chuyén Ngoai ngit PHQG Ha Néi nam
hoc 2014-2015)

Do —-2<m<2nén m+2>0,m-3<0

= P=-(m+2)(m-3)=-m*+m+6

N2 25 25 Bai 2. Trong mit phing toa d¢ Oxy, cho parabol
- _[m __2-) +T S_4—' (P):y=—x2’, va duomg thang (d): y =mx—m—2
(m la tham s0). , ]
Ping thirc xdy ra < m =l € [—2;2]. 1) Chirng minh rang khi m thay doi (d) luén cat
) (P) tai hai diém phan biét c6 hoanh d6 x,x,,
Vay maxP=%5— khim:-%_ 2) Tim m dé |x, — x,| = v/20.

(Trich Dé thi tuyén sinh vao 16p 10 truong
Thi duy 16. Cho parabol (P): y= -x* va dirong chuyén DHSP Ha N¢1i nam hoc 2012 - 2013)
thang (d) di qua diém 1(0;=1)va cé hé so goc Bai 3. Goi x;x, la hai nghiém cua phuong
la k. Goi A va B la céc giao diém cua (P) va (d).  trinh X +(2-mx-1-m=0, (x 1a 4n, m Ia
Gia suw A, B lan lwot ¢6 hoanh dé la ®yikys tham s6). Tim m dé | —x,|= 22,
g (Trich D& thi tuyén sinh vao 1ép 10 truong
Tim gid tri nho nhat cia biéu thirc P= ’ —le THPT chuyén Thai Binh nim hoc 2018 - 2019)
L4 g Bii 4. Tim m dé phuong trinh
e théng (&) o phiuomg teinh = ke 1. x2 = 2mx +m? ~2=0,(x1a 4n, m 1a tham sé)
¢0 hai nghiém phén biét X,;%, théa méan

e - 3| =10v2.
(Trich D thi tuyén sinh vao 16p 10 tinh Hai
Vi A=k?+4>0 v6i moi k nén phuong trinh Duong ndm hoc 2018 - 2019)
(*) ludn ¢6 2 nghiém phan biét x;;x,. Bai 5. Cho phuong trinh
G +D* —(m - (x+1)? -m? +m—1=0 (¥)

(4n x, m1a tham sb).
Ta co6: lJC? —x§’| = ‘(xl _xZ)[(xl +Xx; ) = XXz :“ 1) Ching minh phuong trinh (*) ludn 6 hai
nghiém phén biét X%, véi moi m.

(Tap chi TH&TT théng 11 ndm 2019)
Bai 6. Cho cac sb thuc a,b,c thoa man
a#0,2a+3b+6c=0. Chimg minh rang
phuong trinh ax® +bx+c=0 cé hai nghiém
phén biét x;;x, va tim gi4 trj nhé nhét cua bidu
Vay gid tri nho nhat cda bidu thic 142 khi k=0.  thirc |x; —x,].

~'5b; RS /tleqiwumﬂgpt%org

- Phuong trinh hoanh 6 giao diém cia (d) va
P la: -’ =kx-1ox> +hbc—1=0 (*).

Theo h¢ thic Viete ta co: x, +x, =—k, xx, =—1.

Co |x —x2|2 =(x +x2)2 —4xx, =k +4

= P=|q -x|= VK +4(k2 +1)22, Vk <R.
Ping thire xay ra khi k= 0,




HUONG DAN GIAI ‘ )
DE THI CHON HOC SINH GIOI CAP TINH LOP 9 TINH BINH DINH NAM 2020

Bai 1. 1) Ta co:
V134448 =\13+4/3 =23 +1] =243 +1
= m=\/5—(2\/§+1)

=m=,/(ﬁ-1)z =3-1

= \/3+\/5—\/13+\/ﬁ -
= \/3+\/§—1—\/2+\/§+1
=V2+3 =2+ 3+1 =1,

Do d6 a = 1, suy ra M = (44*" — 447" + 1)V
] (4'12019_4.12018 + 1)2019 sz (4_4 + 1)2019 - 1‘

2)Taco: Vi2n’ +1=a (a eN*)

S12nr+l=do 130%=g" -1

© 127" =(a-1)(a+1) < 3ndn=(a-1)a+1).
Vi vé phai 14 tich cua hai s6 tw nhién hon kém 2
don vi nén suy ra chi c6 trudmg hop 4n =3n + 2
< n =2 (thoa min), cac trudng hop con lai déu
khong thoa man, Khi d6: 2v12n2 +1 +2

=241222 +142=27+2=16=4

1a 56 chinh phuong.

Bai2. 1)Patr=x+10<x=1-10.

PT di cho tro thanh:

8(1—10)—(t— Dt +1)=0=8—80-F+1=0
P -9+80=0 (t+5)(F-5t+16)=0

t+5=0
= L et=
t* —5¢t+16 = 0 (v6 nghiém)
Khidé x=1¢-10=-5-10=-15. Vay PT d3
cho ¢6 mét nghiém x = —-15.
2) Taco: A=m’(m—2)*+4(m—1)>>0, Vm.

Do d6 PT dé cho c6 hai nghi¢m phan biét x,, x,.
Theo hé thirc Viete ta co:

Xyt x=m(m—2); x1.%,=— (m—1)°.
Thay vao diéu kién bai toan:

TOAN HOC 5
8 * Cugdilre S0 524(2-2021)

2% +xy —2(m—2)—3\[—x1x2 >1, ta coé:

2\/;n(m—2)-—2(m—2)—3 (m—l)2 >1

o2 (m-2)2 —3\km—1)221

& 2jm-2|-3|m-1|=1 (1).

Xét 3 trudng hop:

Hm<1. Khido (1) -2m-2)+3(m-1)>1
om+l121om20.

Kéthop didukiénm <1taco: 0<m<1 (*).
Hm>2.Khidé (1) =2m-2)-3(m—-1)>1
<> -m—121<>m<-2: khong thoa méan
+)1<m<2 Khido

(e -2m-2)-3m-1)>1

6
o-Sm+721 & mS-—S—.

Két hop diéu kién ta cé: 1< m 5? (*%).

(=)}

Két hop (*) va (**)ta co két qua: 0<m<—.

Lh

Bai 3. Trudc hét ta chimg minh BDT phu;
Véia, b, ¢ >0 thi:
ala—b)a—c)+bb-c)b-a) telc—a)c—b)20 (1).
Vi a,ib, ¢ ¢6 vai trd nhu nhau nén khéng mét
tinh tong quat, gid sta> b > ¢ > 0.
Khi @6 c(c - a)(c — b) > 0 (2). Ta cén chimg
minh: a(a - b)(a—c) + b(b - c)(b-a) >0 (3)
Bién ddi vé trai cia (3);
a(a~b)a—c)+ bb-c)b-a)
=(a-b)[a(a—c) - bb- )]
= (a - b)(@* - ac — b* + bc)
=(a-b)a-b)a+b-c) =(a—b)2(a+b—c)20.
Tir (2) va (3) suy ra BDT (1) dwoc chimg minh.
Khai trién BDT (1) va thyc hién c4c phép bién
dbitaco: @ —a’b-a’c+abc+b —ba

—bc +abe+c—ca-c*b+abez20

https://tieulun.hopto.org



o (@ +b)+—d’b-d’c—ba-bc
—ca—-c*b+3abe20
< (a+b) —3abla+b)+ —a’b-d%
—-ba—-bc—cla—c*b+3abc>0
S(@+b+ce)y -3@+b(a+b+c)
—3ab(a + b+ ¢) + 3abc + 3abc
~d’b-dc—ba-be-cta-ch>0
<::>(a+b+c)3—-3(a+b+c)(ab+bc+ca)
+6abc 2 a’b + d’c + bla + bc + ta+ b
@(a+b+c)3—3(a+b+c)(ab+bc+ca)
+6abe 2 ab(a + b) + be(b + ¢) + ca(c + a)
@(a+b+c)3—3(a+b+c)(ab+bc+ca)
+6abc2abla+b+c—c)+be(b+c+a—a)
+cala+b+c—-b)
<::>(a+b+c)3—3(a+b+c)(ab+bc+ca)
+6abc 2 (a+ b+ c)ab + bc + ca) — 3abe
S(a+b+cy—4(a+b+c)ab+ be + ca)
+9abc 2 0 (2).
bat p=a+b+c;g=ab+bc+ca; r=abe . g, r>0).
Taco: (2) & p* —4pg + 9r> 0 9r2p(4g—p2).
Béng céch thay 3 s6 a, b, ¢ >0 bdi 3 séx, y, 2> 0
vz‘idétp=x+y+z,q=xy+yz+zx,r=xyz, ta
ciing ¢6 BDT: 97 > p(4q- pz)(3). Tré lai BBT
& d& bai, dat x=l;y=l;z=l =xy,z>0va
a b ¢
xyz=1=r=xyz=1. Thay r = 1 vao BDT (3)

taco: 92 p(dg —p*) < 4g-p? é% 4).

Vi vy BDT & dé bai can chimg minh twong
duong véi: x2+y2+zz+322(1+i+l]
x y z

2 2
Sx+y +22+3_>_2(xy+yz+zx)
S @Y+ -2 +yz+ ) +32 20+ yz + 20)
SOty +2) +32 40y +yz + 20)
o pi+324q(5).
Mat khac, theo BDT Cauchy ta cé:

X+y+z23xyz=3 <= p>3.

9
Véip 2 3,BPT (4) & 4q—p253-=3

& 4g<p*+3 = BDT (5) ding = BDT & dé
bai dugc chimg minh. Vay
L+i+i+322(a+b+c).

© ¥ e

Déu “="xdyrakhia=b=c=1.
Bai 4. Goi D, E,

F lin lugt L -

trung di€ém cua

cac canh BC, CA,

AB.Taco MAC\B ¢, B,

1a hinh binh hanh

= MA=BC, B D C
MA I/ BC,

va AC, = MB,
AC, I/ MB. 4,

MAB,Cla hinh binh hianh nén MA = CB,, MA //B,C.
T d6 suy ra BCB,C, 14 hinh binh hanh nén hai
duong chéo BB, va CC, cit nhau tai trung diém
H cua mbi dudng.

MBA4,C 13 hinh binh hanh nén MB = C4,, MB // CA,
= AC, = CA], AC[ /] CA,.

Tir @6 suy ra AC,4,C 12 hinh binh hanh nén hai
duong chéo CC; va 44, cat nhau tai trung diém
mo1 dudng. Vay 4, H, 4, thang hang.

2) a) Goi H la giao 4

diém hai dudng cao
BB’ va CC",

Tam giac A4BB
vudng tai B’ cb

A=45 nan vudng
cdn, do d6 B4 =
B'B. Mit khic,
04 = OB nén OB’
1a duomg trung truc cia 4B — OB’ 1 AB. Mit
khic, CC' L AC nén OB’ // CC’ hay
OB’ // HC’ (1). Lap luan twong tr ta 6 OC’//
HB’ (2). T (1), (2) suy ra OB’HC’ 1 hinh
binh hanh, do 46 B'HC'= B'OC". Vi 0 va O
doi ximg qua B°C’ nén B'0C'=B'0'C", do d6
BHC'=BOC"

(Xem tiép trang 11)

s§ 52hltg,§;//tié‘9@puggg pig-org




A ~ T 3 ¥ L5 T
PE THI TUYEN SINH VAO 10 THPT CHUYEN BINH LONG, BINH PHUOC.
NAM HOC 2020-2021.

VONG 1 (khéng chuyén)
(Théi gian Jam bai 120 phit)

Ciu 1 (2 diém)
1) Tinh gia tri cia céc biéu thic:

A=J64 -39, B=\[(4+7) ~7.

x+ 2\/_

3,(x=0)
\/; +2
a) Rut gon biéu thirc Q.
b) Tim gid tri cua x dé bidu thirc O = 2.
Cau 2 (2 diém)
1) Cho parabol (P): y = x* va dudng thing
(d):y=2x+3.

a) Ve parabol (P) va dudng thing (d) trén clng
mdt mit phang toa d6 Oxy.

b) Tim toa d6 giao diém cua parabol (P) va dudng
thing (d) bang phép tinh.

2) Khong sir dung may tinh, giai hé phuong trinh:
2x—-3y=3
x+3y=6

2) Cho biéu thirc Q0=

Ciu 3 (2,5 diém)

1) Chophu'(mgmnhanx X —5x+m-2= 0
(m 13 tham s3)

a) Giai phuong trinh (1) v&im = 6.

b) Tim m dé phuong trinh (1) cc')’ hai nghiém
duong phén biét x;, x; thoa méan hé thirc:

PV .4

R
2) Mot thira d4t hinh chir nhat ¢6 chiéu dai hon
chiéu rong 4m va c6 dién tich 13 320m’. Tinh chy
vi thira dit d6.
Ciu 4 (1 diém)
Cho tam gidc ABC vudng tai 4, c6 canh AC = 8m,
B = 60°. Tinh sé do géc C va do dai cac canh 4B,
BC, dudng trung tuyén AM ciia tam giac ABC.
Ciu 5 (2,5 diém)
Tir mot dlem To bén ngoai dudng tron tim (0).
V& hai tlep tuyén 74, TB v61 duong tron (4, B la
hai tiép diém). Tia 7O cét duong tron (O) tai hai

diém phan biét C va D (C nam giita T'va O) va cit
doan AB tai F.

a) Chimg minh réng tir gidc TAOB néi tiép.

b) Chirng minh: T'C.TD = TF.TO.

¢) V& duong kinh AG cua dudng tron (0) Goi H
12 chan du'omg vudng goc ké tir diém B dén AG, I

la giao diém cua TG va BH. Chimg minh 7 1a
trung diém cva BH.

VONG 2 (Chuyén)
(Théi gian l1am bai 150 phut)

Ciu 1 (1 diém) Cho biéu thirc:

2a) (1
A=(1—a+l]'[\/¢;+l

a) Rit gon biéu thic 4.

b) Tinh gié tri ctia 4 khi @ = 2021 - 2/2020.
Cau 2 (2 diém)

a) Giai phuong trinh: 2x% —3x+/5x—4 + 5x —4 =0,
ax’y-xy* =5

64x* — 3 =61

2a J

a a+\/5+a+1 )

b) Gidi hé phuong trinh: {

Ciu 3 (1.5 diém)

a) Tim tit ca céc gid tri cua m dé duorng thing (@):
y = 2x — m cit parabol (P): y = X’ tai hai diém

phén biét c6 hoanh d6 duong.

10 TOAN HOC

& crumme S38524 (2-2021)

b) Tim tit ci cic gia tri cua m @é phuong trinh
X +Hmx+8= 0 va phuong trinh x% + x + m = 0co
it nhat mot nhiém chung.

¢) Ching minh rang VOia, b, c 14 c4c sb thuce khac
0 thi ton tai it nhét mdt trong cic phwong trinh sau
cd nghiém

d4ax’ +2(b+ c)x + ¢ = 0 (1):
4bx’ +2(c + ayx + ¢ = 0 (2);
4ex’ +2(a+ bx +b=0(3).
Cau 4 (3.5 diém)
Cho tam gidc nhon ABC véi (4B < AC) néi tiép

duomg tron tdm (0). Ba dudng cao AD, BE, CF
cit nhau tai trure tAm H.

a) Chimg minh rang céc tir giac BFHD, ABDE néi
tiép va H 13 tAim dudng tron ndi tidp tam gisc DEF,

https://tieulun.hopto.org



b) Goi M la trung diém cia BC. Chimg minh tr D 1.1, 4
giac DFEM ni tiép. a b a+b
c) Tia MH cat duong tron tim (O) tai I Chimg > 1
: : 3 - +12—(a+5b+2
minh ring cac dudmg thing 47, EF, BC dong quy. ii) Va? —ab+3b 4 (a )
Cau 5 (1 diém)

3

b) Cho cac sb6 thuc duong a, b, ¢ théa min

a) Giai phuong trinh nghiém nguyén sau 1 . 1 N 1 <3, Tim gid tri 1én nhat cita bidu thitc:
49" +2y=4x"y +8x + 7. a b c

b) Tim tit ca cac bd sb nguyén duong (z, b) e 1 5 1

thoa mén b2 +3a'a’h. _J;z—ab+3b2+l \/bzubc+3c2+l

Cau 6 (1 diém) . 1 .

a) Cho a, b 14 hai s duong. Chig minh ring; Jc? —ca+3a* +1

MAI VINH PHU
(GV THCS&THPT Tan Tién, Bit Pép, Binh Phudc) Gidi thiéu
HUONG DAN GIAI ... (Tiép theo trang 9) Véi bd n sb thue xi; x25 ...} . (n €N, n > 2),
Ta lai c6 tit gidc AB°HC ndi tiép c6 goc A=45"  xét bidu thie: f(x,x5,...,%,)
nén B'HC'=135°. Dodé: B'O'C'+B AC' = il 1 1 ' IJ
135°+45° = 180° & 7 gidc 48’0’ C’ ndi tiép. =(=2)" = o\ T) A\ Ty
Vé}r 4 di‘ém 4, C, 0, B’ cung nam trén mOt  gpy; x6a hai s6 x, x, bt ky trong diy sb trén va
dudng tron. thay bing sb x, + x, — 2x,x,, cac sb con lai gitr
b) Goi 7 13 trung diém cta BC. ' nguyén thi gia tri cta biéu thirc fkhong thay déi.

Taco: BB C=CC'B = 90° nén ttr gidc BC'B’C Goi ¢ 1 sb cubi cung con lai trén bang. Ta co:

1 2 2020
5 . B _ ’ .
ndi tiép duong tron tam /, ban kinh bang TC=-;- /() f(zozo’zozo""’zozoj

Tam gidc ACC’ vuéng tai C’ c6 A=45° né =(“2)2019[_1“1)(L—l] [2_029_1}
S gl Vg Tl &7 sl Aol nen 2020 2/82020 2) 2020 2
ACC'=45° . Tt @6 suy ra

1 1 2 1
e ol ).
B'IC'=2.4ACC'=90" (cling chan cung B'C"). 2020 2/\2020

Do d6 tam giac /B°C’ vudng cén tai [ (_2)[ 1010 3 (_2)[ 1011 9 (#2)[2020 N 3
2020 2020 2/ 2020
:>B'C'=IB'\/_=5£-VéyB’C’= e, . (1010 1
] 2 Vi tich c6 thira sé [ ——] =0 nén f{f) = 0
Bai5. Diatc=a+b—2ab 2020 2
1 1
<:>c=a(1—2b)+—;-(2b—l)+—;- = t‘5=0®t=5.

A A A - 1
V A A a . X
=(1-2b)(a—l)+l=_2[b_l] (a___l_]_l_l 4y s0 cud1 cung con lai trén bang 1a =1
2/ 2 2 2; 2

I { ) BUI VAN CHI
- ——2[0! - 2) [b - 5) . (21/2 Lé Hong Phong TP. Quy Nhon, Binh Dinh)

gidi thidu

ss sEuERs: )/ tié@@'\m!!@)ﬁorg




CHUAN 8|

CHO KY THI
TRUNG HOC
PHO THONG

R b
Mt s6 bai tin tich phan [ /(x)dx nhung chua

cho biét ham sé f (x) ma chi cho biét f (x) thoa
man mét phuong trinh ham cho trude,

Phwong phap chung

Cdch I. St dung céc kién thirc v& phuong trinh
ham dé tim ham sé f (x).

Cach 2. Biéu dién ham f(*) qua ham g(x) ma

ta ¢6 thé tinh dugc j‘g(x)dx.

Dcf)i v&i dang toan t:én, ta thudng gap cac dang cu

thé dudi day. o

Dang 1. Tich phén lién quan dén biéu thirc
u(x)-f(x) +u'(x).f (x) = g(x)

Phuong phdp.

Tacé: u(x).f'(x)+u'(x).f (x)=g(x)

= [u(x).f(x)]'zg(x). Suy ra

u(x).f(x) ='[g(x)dx . Tir 46 tim dugc f(x)

Thi du 1. Cho ham 56 [ (x) €6 dao him lién tuc

trén doan [0;1] . Biét f(1)=-1

va (x+1) f'(x)+ f(x)=3x" - 2x.

1
Tinh tich phdn I = J‘ [ (x)dx.
0

3
A.[=iﬁ4ln2. B.[:Zf4ln2.
3

C. !:i+4ln2. D. 1:--§+4ln2.
3

Léi gidi, Taco (x+1) f'(x)+ f(x)=3x" - 2x
P I:(x+l)f(x)]'=3ucz —2x.Suyra

TOAN HOC
" CTugitre

S48 524(2-2021)
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CAC DANG TOAN THI THPT QUOC Gia
c6 VAN byne PHUONG TRINH HAM

TRONG CHUONG TICH PHAN

NGUYEN PUC TRUNG
(GV THPT Nii Thanh, Nii Thanh, Qudng Nam)

(x+1)f(x)=J‘(3Jc2 —?_x)aix=x3 -x*+C.
Vi f(1)==1nén (1+1)f(1)=P-1*+C.
ox-2

Suyra C=-2 .Dodo f(x)=x e

jx3—x2—2
x+1

Vay I= [ f(xpde=

0

1
=J.(x2—2x+2—-4— Ix
> x+1

n

[i—xz +2x—41njx+1[]|’0 2 ama.

3 3

Dang 2. Tich phan lién quan dén biéu thire
I'(x)+ f(x)=g(x) (*)

Phwong phdp. Nhan hai vé cua (*) voi e" ta

duge e".f'(x)+e". f(x) = e’ .g(x)

= [e".f(x)]' =e".g(x). Suyra

e f(x)= fe" &(x)dx . Tir d6 tim duoc f(x).

Thi du 2. Cho hdm 56 f(x) lién we rén R va

théa. mdn _/"(x)+f(x)=(2.\'+])e",VxeR vd
1
S (1) =e. Tinh tich phin | = J‘f(r)dr
0

A.-I1=1. B.I=e. C[=0. D 1-2
Loi gidi. Taco: f'(x)+ f(x) =(2x+1)e"

e f(x)+e' f)(x)= e (2x+1)e*

o[ f(x)]'=(2x+1)e*

Suy ra: e‘.f(x)=f(2x+1)e2‘dx

1
=5(2x+1)eh ‘"%eh +C =oe®™ 4O,
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Vi f(I)=enén é.f(1)=1e"+C.
Suyra C=0. Dodo f(x) =xe*. Viy
1 1 1
Izjf(x)dx=J.xe"dx=xe" |i0 —Ie‘
0 1] 0
Dang 3. Tich phén lién quan dén biéu thirc
S'(x)+ p(x).f (x) =g () (*)
Phuwong phdp. Nhan hai vé cua *) véi e * ta

(
duqcf e[p() +p e[p()dx x eJ ()
“PM*W}J” g(%)
= [l g

Tir @6 tim duqc Floe),
Thidy 3. Cho ham s f(x) c6 dao ham lién tuc trén
R. Bict f(0)==2 va (x’ +1)f'(x)+xf(x) =~

Tinh tich phan I = J-

s =l

Suy ra f I e

0
A.[:—E. B.[—i C.Iz—i. D.IziA
2 2 2 2
Loi gidi. Ta c6 (x +l)f( )+ xf (x)=—x

& () r ()= ()

Nhan hai vé cua (1) véi

& xl+1)
IP(X)'ix=e.f,Tf1‘b 2 24— fy? 41
ta dugc: VX% + f(x)+\/—f(x) \/—+
x
[«/x +1 f(x)] J_I Suy ra:
X+

dx=—+x"+1+C.
-0l +1+C.

m'f(x)z'[\/;lﬁﬂ
Vi £(0)=-2 nén V07 +1.0(0)=

Suyra C=-1.Dodo f(x)=-1-

Va J—\/5 1 1 i i

=28

s_ 3
0 2

Dang 4. Phwong trinh him ham hep
Cho ham s6 f(x) théa min f(u(x)):v(x),
trong do u(x) la ham don diéu trén R . Tinh tich

b
phén I=J.f(x)dx
Phuong phdp. Pat t=u(x)=>dt=u'(x)dx vi
f(t)=v(x).Déi can: t=a=x=q; t=b=>x=p
(vi u(x) 1a him don diéu trén R).
b

If(t)dt = fu "(x).v(x)dx

a a

Do do Izjif(x)dxz

Thi dy 4. Cho ham 56 f(x) lién tuc trén R thoa

man f(x3+2x—2)=3x—1. Tinh tich phdn
10
I=[f(x)x
1
3
A. [:I—32 B. 1:_*_87111 C. [—E D. ]*u.
4 4 4 4

Loi gidi. it t=2° + 2x -2 = dr=(3x" +2)dx
va f(t)=3x-1. Déi can: t=1=x=1, 1=10=x=2,

Do d6 I=Tf(x)dx

19 2 13
= | f(t)dr=|(3x-1)(3x* + 2)dx =—2,
[/ (e)ar=[(3x-1)(3 +2) e =
Thi du 5. Cho ham sé6 f(x) lién tuc trén R\{l}

théa man f(“

1
] =x+3,Vx=1,
=il
3
Tinh tich phan I = If(x)dx
2

A 1=4+2In2
C I1=-4+2n2

B. [=4-2In2
D. I=4+21n3,

Léi gidi, Dt ¢ = X+1
x—1

=>dr=—

dx vi f(t)=x+3.

2
(x=1)’

Déican: t=2= x=3; t=3=x=2. Do dé:

TOAN HOC

SSSAGEEY. 114i & Slugtre

adisdo.or



3 3 2 _
1=jf(x)dx=jf(t)dr=j(x+3) 5 dx
2 2 3 ()C“l
| 4 4
= B =2| ln|x-1|]-— |3
-!(x-l (x-1)° [ e X—JL
=4+2In2.
Céch khdc. Ta tim ham sé f(x).
x+1
f(—;_—J=x+3,Vx¢1(l).
Dt 1‘=x+1 =1’+1 y
a o] X Te (1) suy ra
_l‘_tl _ 42 ’ _4x-2
f(t)—t_1+3- = .Dodd f(x)= —F
1 t(4x-2
Vay I=If(x)dx=j( )dx
2 o\ x=1

3
:j[4+i)dx=(4x+zm|x—1|)|;=4+21n2.
5 x—1
Dang 5. Déi vai trd ciia bién x va y

Cho ham s f(x) théa man x=G(f(x)), trong

d6 G(t) 1a ham don digu trén R.
b
Tinh tich phan /= [ f (x)dx .
Phwong phap
bit y=f(x):>x=G(y):>dx=G'(y)dy
Péicin: x=a=G(y)=a=y=a;

x=b=>G(y)=b=>y=p
5 )
Do d6 1= f(x)dx=[yG'(y)dy
Thi du 6. Cho ham s6 [ (x) lién tuc trén R thoa
man f*(x)+ f(x)=x. Tinh I =J_f(x)¢iv.
0

5

3
A I== -
4

B. [ =14 C.I1=0 D.[:4

Lai gidi. Bat y = f(x)
=y +y=x va dx=(3y"+1)dy.
Péi can: x=0=2y +y=0=>y=0;
x=2=y +y=2=y=1

TOAN HOC
* Cludilre

S3& 524(2-2021)

14

2 1
Do dé 1=jf(x)dx=jy(3y’- +1)dy

' 3y ) 5
=E[(3y3 +y)dy =[%+y7)“, =Z.

Dang 6. Cho ham s6 f(x) lién tuc trén R v3
théa man f(x)+f(—x) =g(x),vxeR.
Tinh tich phin / = If(x)dx (a>0)

Phirong phip. Dat x =—t = dx=—dt.
Péicin: x=—a=t=a; x=a=>t=—a

Do dé I = j f(x)dx= j f(~1)(-dr)
- [ r0d= [ r(=)ax
Suyra 2/ =j-[f(x) +f(ﬁx)]dx =ig(x)dx.

. 17
Viay I —E:[g(x)dx.
Thi du 7. (Trich d& minh hoa cia By GD & PT
nim 2017). Cho ham sé f(x) lién tuc trén R va

thoa man f(x)+ f(—x)=v2+2cos2x,VxeR.

ir

Tinh tich phan I = I f(.\‘)d.\' !

B.1=0

A I=-6 CI1=-2 D.[=6.
Loi gidi. Dat x = —t = dx = —dr. Ddi can:
x=—3—-- :—3£ x_z?_:t——_?’_ﬁ
2 2’ 2 -
3 3
2 2
Dodo: I= [ f(x)v= [ f(~t)(~dn)
L in
2 2
= _!‘f(~t)a't= !f(—x)dx
2 2

https://tieulun.hopto.org
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3:':

i
Ny
I\/2+20052xdx 2I |cosx|dx
3

T iz
7 z
=2 I (—cosx)dx+2_[ cosxdx+2J. (—cosx)dx

2

=-2sinx| 2 ,—2sinx|? =12,

2

+25mx
T

[SUE N‘;’

Viy I=6
Dang 7. Cho ham s6 f(x) lién tyc trén R va
théa man f(x)+ f(a+b-x)=g(x) ,VxeR.
b
Tinh tich phén /= [ f(x)dx

Phirong phdp. Pat t=a +b—x= dx = —dt.
Péi can: x=a=>t=b;x=b=t=a.

b a
Do d6 1=jf(x)dx =jf(a+b-r)(—dr)
b

=[f(a+b-t)dr= jf(a+b x)dx.

a

Suyra 21=J[f(x)+f(a +bvx)]dx=_|-g(x)dx.

NS &
Viy I—Elg(x)dx
Thi du 8. Cho ham 56 f(t) lién tuc trén R va
thoa man f(x)+ f(—l-zr— - xJ =sin2x,VxeR.

n

Tinh tich phan [ =I S (x)dx .
0

A I=—. B.

Léi widi. D3 7

o’:glat.l-)attza—xr&dx=—dt.

Pbi can: x=0:>t:12r-; x=§:>t=0.

Do d I:Tf(x)dpff[g—z](-dz)

2

=_!f[%—f}” =!f[§“)¢}ix.8uyra
[f(x)+f[g——xj:!cbc=:[sin2xdx=l.

1
Viy I=—.
dy 2

Dang 8. K¥ thuit phwong trinh ham
Thi du 9. Cho ham s6 y = [ (x) lién tuc trén doan

2l =

© Ty

[-3;3] va thoaman 3 f (> )+4f(—x)—9+xu

3
Tinh tich phin I = jf(x)dx
3

A E=E B P, Pt D, i,

6 40 42 4]
Lai gidi. Tir gia thiét, thay x bang —x ta dugc
1
3f(—x)+4f(x)=9 =

+x

1

9+x?
1

9+x*

3/ (x)+4/ (-3)=
3f(—x)+4f(x)=

Do do6 ta co hé

9f (x)+12f (~x) = ——

9+x

L=

16f(x)+12f(—x)—

9+x
1

:>f(x)=7(9+x2)'

Khi d6 I = jf =%j

3

bat x=3tanr= dx = dt.

cos’t

F S T
Boicinix=-3=¢=-=: x=3:>t=%:—. Do @6

pedf 1 3 aetfaot]i _z
7 9r9mtcos 210 ¥ 30 4
4 ]
Céch khdc. Tacd 3f (x)+4 f(-x)= L
F)+af (=52

6 s24tpone /o am . orgi



(x)-—li —x)] Khi do If(t) ,[ dt—jf(x
1 1 | 2
1= dx=— —41{-x) |dx. Ry Poemis 1—x*dx—-3[|.Suyra
If(x) f[9+x I x)] Vay I 2{];*1 x ]
XetJ = _[f(~x)a!x. Pit t =—x=> dx=—dt. Izlj,/l_xidx=g6_ (Bam mdy tinh cam tay)
) 50
B g =B k) w3 BB e Thi du 11. Cho ham s6 f(x) lién tuc trén

Dods J=— f(t)dt=[ f(¢)dt=[ f(x)dx=1 [1.2} i théa mén f(x)+2f(lj=3x.i‘"fnh
3 -3 -3 2’ X

s 1|+ dx 13 dx T 2f(x)
v I=— — e l=s—| —m=—=u% , ~ e
= 3[:[9+x2 41} k 7£9+x2‘ 42 tich phdn I—I - dx

Thi du 10. Cho ham 56 f (x) lién tuc trén [01]

! 3 _B 7
va thoa man 2 f(x)+3f(1-x _,/1 . Tmh A 1=5. B. 1=5. C. 1—2. D. 1—2_
|
tich phdn I = If (x)dx. Lai gigi. T gia thiét, thay x bang % ta duoc
0
T ye T T 1 3 5 S I
== .B. I=—. CI=—. D I=— —[+2 ==, Dodo6tacohé
e Lt BE0E 6 4 f(x]+f(x)x °
Léi giai. Tur gia thiét, thay x bang 1—x ta dugc | |
21 (1-x)+3f (x)=v2x—x". f(x)+2f(;)=3x f(x)+2f[;)=
= s
2 £(x)+3f (1-x)=+1-x 1 _3 1.6
Do d6 ta c6 hé A -2 f(x)”f(x) — [l 2
2f(1—x)+3f(x)=\/2x—x2 .
Suy ra == —x. Khi d¢
{4f(x)+6f(1—x):2\/1—7 g )= o BRO.E0
<~ 3 5
orrori-n=nx B (2 a2 -5
2 2 1 X 1\X x - 2
32x—x" -2Wl-x 5 - 2

Suyra f(x)= 5

Vay 1=l_1[(3 2x—-x —2\/1~x2)dx=—

1 2
(Bém may tinh cAm tay). f(x)=3x~2f[;]. Khi d6 I=If§cx)dx
Céch khdc. Tt 2f(x )+3f l—x)—-\lln -
J 1 1
_L AT -37(1-x) | Khige | fl= o (g}
suy ra f(x) 2[ 1 1 )] () =I 3_2%1 dx=3j.dx_2j{_—£ddx.
N 1 ] 1 ) | " x
(=t Tl -] z L 3
" /)
Xét J = ffl‘ )dx. Dt £=1-x = dt =~dx. XétJ:J: L dx, 5 18 TP
Péi can: x-0=>r—l;x=l:~t=0.Khid6 2 x
TOAN HOC .
S§ 524(2-2021) .
16 *crsite https://tieulun.hopto.org
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1
dt=——2dx=

—2dx = dx = -ﬂlz—dt‘
X ¢

B on 1 —
Poi céan: x=5:>t=2;x=2=>t=—21—. Khi d6

1
2 1 2 t 2
J=j:f(z)(-—] =jf( e=| ( dx=1
2 ¢ 1 # 1
2 2
. 3
Vay I=3[dx-2/ . Suyra I= dr==.
1

2
Thi du 12. Cho ham so [

""\ NI—‘—,N

) lién tuc trén

R\ {—1-} thoa man
2

J-l—Zx.Vx;&l.
—2x 2

J =1}~ 3f(

Biét If(x)dr: a+bln3+clnS véi a,b,c ld cic

s6 hiru ti. Gid tri ciia 2a +b +c b&ng
1 11

A — B.1 C — D. —.
2 16 16

Lo gidi, Dat = =2 =51
1-2x
Y :>x—1=—1—_—y
2y-1 2y-1

=>x=

1

Suy ra f[ ) 3f(y- l)—y—l1 Vy:tE

Suyraf( e J 3f(x —1)_. lvx:#;

f(x‘l)—3f(x—l)=l—2x,Vx¢%

Do d6 I —2x 1
x—

f[l—z ) 3f(x “1)-— o \:fx;tE

Suyra -8f(x-1)=1-2x+
1-2x

3 ,Vx;t-!—
2x-1 2

1 3 1
S LY PUNP SV S RV 3
uyra f(x) 8( g 2x+J 2

<:>f(x~—l)=%(—l+2x+

Khi d6 I_J' S(x)dx= j(1+2x+2x+1}1;

1
- x+x2+—ln|2x+lljlf=——iln3+—ln5
8 2 216
1 87 3
S L SN APTeL.
wrma=7 16" 16

Viy 2a+b+c=1.
Dang 9. K§ thuét bién adi

Thi du 13. Cho ham s6 f(x) co6 dao ham lién tuc
f(x)+(2x+3) f*(x)=0,

x>0,f(l)=é vd

trén (0;+00), biét

f(x)>0 voi

moi

[ f(x)dx=aln2+bIn3 v6i a,b la cic s6 hitu i

Gid tri ciia a +b bang
A1 B. -1 cC2 D. -3
Loi gigi. Taco: f'(x)+(2x+ 3)f2 (x) =0

AC

f ( - —(2x+3) (do f(x)>0).

fzgx) dx=—[(2x+3)dx

Suy ra f(x) g T

1 1 3 1
X +3x+2 x+2

Do d6 I = jf (x)dx = j(——ﬂl—

x+1 x+2

C=-2. Suyra: f(x)=

x+1

=(Infx+1|-In|x+2))|? =—3In2+2In3=aln2+5In3.
Suyra a=-3;b=2 . Vay a+b=-1.

Thi dy 14. Cho ham 56 f(x) lién tuc trén [0;6]
thoa man f(x)>-1, £(0)=0 va

f'(x vx' + =2x,/f(x)+l.

Khi do J-f dx bang

A 9 B. 72 C. 78 D. 66.

1R PP

sc‘ismxaoﬁi{/tie




f(x) 2x

rx)+l r+1
el

o2 /f@+l=2/F+1+C.
Vi f(0)=0 nén C=0. Suyra f(x)=x".

Lot gidi. Tix gia thiét suy ra

Suy ra:

6 6 3
Viy jf(x)dx=jx2dx=x?|g =72.
) 0
Thi du 15. Cho ham s6 1 (x) c6 dao ham va lién
tuc trén [1;4], d(jng bién trén [!:4], thoa man

x+2xf (x) = I:f’(x)]2 voi moi X€ [1;4]. Biét
4
rang f(1)= % tinh tich phan I = jf(x)d.\

9
4y LIB6 o o 1187 .. U8B . 9
45 45 45 2

Léi gidi. Nhan xét: Do f(x) dong bién trén
[1;4] nén f'(x)20, Vxe[L;4].
Tir gia thiét ta c6 x[1+2f(x)]=[/'(x)] -

Suyra f'( x)—xf_,/1+2f , Vx [1;4]. Suyra
21'(x) _ A e
oo |l

2 1+2f
—xJx+C.

Do @6 ,fl+2f(x)=

4
Vi f(1)=—;- nén C:-3—.Suyra

2 +i z—1
i . ,+81 x+—7—
f(x)= ) 9% 'y Ttk

4 4
2 . 8 7Y, 1186
4 =2 +2xdx+— dx=—"—.
Vay _l[f(x)dx ';[(9x 9xx/; R T
Thi du 16. Cho ham 56 y=_[(x) co dao ham

ﬂ o rB=x)s(x)=1
trén [0;3], thoa mdn I/'(I)’* -

vai moi

xE[U;B] va [(0)=~. Tinh tich phan

j xf'(x)
o[1+/(3-x ] S(x)

T(?g:_"uggce S5 524(2-2021)

D | — _

18

L
2 )
Léi gidi. Tix gia thiét f(3-x)f(x)=1va

f(0)=—;- suyra f(3)=2. Taco:
[l+f(3—x)]2_f2(x) = [l+f(x):|2
i f(3-x).f(x)=1). Do do:

J3‘[1;’:1;“(;:))] dx:_ixd[“fl(x)J

3
B.1=1 ClI=35 D. |=

M_ju:

A 1=

3

X 3 dx=-1+.J.
Sy e Eyie

. B 1 .i'=_3-:.t_- 1 dt
Tinh J = [ £1+f(3-t)

dx. Suyra
x

3 re 1
(vi f(3—x).f (x)=1). Suy raJ=—2—.Ve}yI=5.
Dang 10. Mt vai dang khac
Thi du 17. (Trich dé tham khdo cia Bg GD &
PT nim 2018). Cho ham s6 f(x) c6 dao him

lién tuc trén doan [0;1] thoa man f(1)=0,
| . |
j[f'(x)]’dr=7 va [x° f(x)dx= %

1
Tich phan If(.\')d.\' bcing
0

41 81 ¢l D. 4
5 4
Léi gigi. Xét tich phan j X2 f(x)dx
pae =) u=af(X)dx '
" |dv=xtdx ve - KL da

https://tieulun.hopto.org




1
Suy ra Ix’f'(x)dxz—l. Tim k sao cho
0

j:[f'(x)—locz]zdxza Ta cé: j[ £(x) -k T ax

dx+k2_[ Sdx

0

i(f( )) dx — 2ijf

=0 k=-17.

1l

1
T-2k(-1+ 1.~
(-1)+k =

Do d6 j[f +7¢ Jdx=0e f'(x) 478 =0

<:>f'(x)=—-7x3. Suy ra f(x):—%x4 +C.

Vi f(1)=0 nén C=%. Do d6 f(x):—%x4+%.

Cdch khdc. Ta co Ix3f'(x)dx=—l.

Ap dung bit ding thirc Holder ta c6
7=7.(-1)" = 7Ux3f'(x)dx]

7.[(x3 )2 dx.J-(f x))’

1 I

1L {0 ) = [ (0

Ding thitc xay ra < f'(x) =/’ voi keR.

IA

O'—‘—-

1 1
Tacd —1= [ f*(x)dx=[ £ Je’dx
0 0
1 7 ; k
=k-([x6dx=—--7lo =':l". Suyra k ==/

Dodo f'(x)=-7x". Suyra f(x)z—%x4+C.

Cha y. Bat ding thirc Holder:
Cho hai ham 56 f(x) va g(x) lién tuc trén doan
[a;b]. Khi d6

[ff(x) 8(1)05‘} Sfﬁ(x)dx-igz(x)dx

Ddng thirc xdy ra <> f(x)=kg(x),keR
Thi du 18. (Trich dé minh hoa ciia B4 GD & DT
nim 2017). Cho ham sé6 f(x) thoa man

f(“l).f"(x):lo va 2 (1)~ £(0)=2.

[}
|

Tinh 1= [ f(x)dx
0

A I=-12 B.1=8 CI=12 D.I=-8.

1
Lévi gidi. Xét tich phan [ (x+1)f"(x)dx
0

_ |u=x+1 du =dx
2 {dvzf’(x)dxj{v=f(x)'

10 = i'(x+ 1) (x)dx=(x+1) £ (x)];

Khi d6
1

— [ f(x)ax

0

=27 (1)~ £(0)- [ F(x)ds=2- [ £ (x)as

1
Suy ra If(x)dxz—
0
Nhdn xét. Néu trong bai toin c6 xuit hién tich
b
phén dang Ig(x). S'(x)dx ta nghi ngay dén viée

ap dung cbng thirc tich phan timg phan véi cach
dit u=g(x);dv=f"(x)dx.

Thi du 19. Cho ham s6 f (x) lién tuc trén R va

x

thoa man j‘tarnf(cos X)d.‘c 1, _[ (11]; r)drzl.
xlnx
T tf(2
inh tich phan I = J dx.
-
A I=1 B I=2 C 1I=3 D.I1=4.

a(a |

Li gidi. Xét A= [tanx.f (cos® x)dx=1.
0

ss sdali R/ tié@ﬁﬁg@gqgorg




Dit 7 =cos® x.Suyra dr = —2sin x cos xdx

dt
=—2cos” xtan xdx = —21.tan xdx = tan xdx = s

D("iicén: x=0=1¢=1; x=%:>t=l. Khi do

50 1170) . 1
'{—‘dt=—2"!‘—(—dt=5j; ()dx

Suyra j
P

DPit u =1n’ x. Suyra
2 2

du=2BX gy 20x 2w dx _du
X xlnx xlnx xInx 2u

Doicin: x=eu=lx=e*=>u=4

Khi d6 1=B=lj—'@du=l]‘mdx.
2% W 27 X

4
Suy ra J.ii)dx= 2.
1 X

2
Xét tich phan cén tinh 1= [
1
4

SN

BAI TAP TU LUYEN
Bai 1. Cho ham s& f(x) xéc dinh va lién tyc trén

doan [%;2] va thda man f(x)+fGJ=x2 +;12.+2_
Khi d6 j’f;(x) bing

1% +1
2 0 Tct)g:-‘uggg S3 524(2-2021)

5
A_i B. 2 C'E
2

Bai 2. Cho ham s& f(x) ¢6 dao ham lién tuc trén

D3,

2
doan [0;1], théa man [f(x-1)dx=3 w
1

f(1)=4. Knido jx’f‘(xz)dx bing

B. _l C. -1

@
Bai 3. Cho ham sé f(x) chin va lién tyc trén

A D. 1.

b | —

1
doan [-1;1] vi théa man j £(x)dx=2020 . Khi
0
1
do | ﬂa{x bing
220197 +1
1

" 2020
Bai 4. Cho ham sé f(x) lién tuc trén doan
[3;7], théa mian f(x)=r(10-x) wva

jf(x)dx=4.1<hi a6 j’xf(x)dx bang

A. 2020 B.0 D. 4040.

A. 20 B. 30 C. 40 D. 50.

Bai 5. Cho ham s6 f(x) c6 dao ham lién tuc trén
T 2 " Z b1
doan 0;5 , théa man J-f'(x)coszxa{x:z va
0

2
f(0)=1.Biét [ f(x)sin2xdx=ar+b véi a,b
0

1 céc sb hitu ty. Ménh 48 nao dudi day ding?
A.4a=b B.ag=4p C. 4a=-b D. a=-4b.

Bai 6. Cho ham s6 f (x) c6 dao ham lién tuc trén

1
doan [0;1], théa man If‘(x)sin(;rx)dx=:r v
0

,:[ (f(x))dx=2. Kni g i fg}k bing

O N
ﬂ T Jr oﬁ-

(Xem tiép trang 41)
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CAC LOP THCS
Bai T1/524 (L6ép 6). Tim céc sé nguyén t5 x, y

théa man x* -2y* —1=0,

LE THI THAO
(GV THCS Ngé May, Phix Cat, Binh Pjnh)
Bai T2/524 (Lép 7). Cho tam gidc ABC (4B < BC),
cac tia phén gidc cua cic goéc BAC, ABC cit nhau
tai /. V& ID vudng goc véi AB tai D, IE vudng gbc
véi AC tai E. Goi M, N lan lugt 14 trung diém cta
BC, AC. K la giao diém cia DE vi MN. Chimg
minh rang ba diém B, 7, K thing hang.
NGUYEN bUC TAN
(TP. Ho Chi Minh)
Bai T3/524. Tim tit ca cac cap s6 nguyén (x; y)
thda man phuong trinh
2025 =y* +3y* + 2y +6.
NGUYEN HAM THANH
(GV THCS Ly Nhdt Quang, D6 Luong, Nghé An)
Bai T4/524. Cho tam giac ABC c6 dudng cao AH,
dudng tron tim J ndi tiép tam giac tiép xic véi
BC, CA, AB lan lugt tai D, E, F. Goi G la giao
diém ciia £F va BI, P 1a giao diém cia AI va FD.
Chimg minh ring GD vudng goc véi HP.
PO MANH PHUC
(Chung cu Rice City Linh Bam, Hoang Liét,
Hoang Mai, Ha Noi)

Bai T5/524. Cho a, b, ¢, d 1a cic sb nguyén

duong théa min a.b = c.d vac>a,d>a. Ching
minh ring; Jb=~Jaz1.

BUI VAN TAO

(GV THCS Chanh Lé, TP. Quadng Ngdi, Qudng Ngd)

CAC LOP THPT
Bai T6/524. Giai hé phuong trinh:
X+y +3y=x"+2y"+x+8
v+ +3z=y"+22" +y +8.
Z2+x+3x=2+2x" +z+8

NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)

Bai T7/524. Cho cac s thuc a,b,c>%. Chimg

minh ring
1 = 1 Fy 1 +4ab+4bc+4ca29.
2a-1 2b-1 2¢-1 l+ab 1+bc l+ca
HOANG NGQC MINH

(GV THPT chuyén KHTN, DPHOG Ha Ngi)

Bai T8/524. Cho tam gidc ABC. Chimg minh ring

cos’ é+<:os2 £+cosz E2185inésin—sin-—.

9 2 2 28 2

TRAN XUAN HOA

(GV THPT Triéu Thai, Lap Thach, Vinh Phuc)

Bai T9/524. Cho x, y la cac s thuc duong sao
cho x < y. Chimg minh bét ding thic sau:

sz *Zﬁx+4.\/y2 ~2\2y+4

VX2 +2V2x + 44y + 242y +4 2 4(x+ ).
NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phuc)

TIEN TOI OLYMPIC TOAN
Bai T10/524. Chimg minh ring

(57

2 2

14 s6 nguyén 16n hon hodc bing 3™ vi chia hét
cho 3 voi moi neN.

NGUYEN VAN XA

(GV THPT Yén Phong s6 2, Bdc Nink)

Bai T11/524. Cho truéc hai sé duong o va B. Xét

hai day s6 (x,),(y,) nhu sau: x, =o,y, =Bvi

Sx 5
= 04 = __".u&_,v,, =12,.
2y, +3x, 2y, 3z,
Hay tim limx, va limy,.
NGUYEN TAI CHUNG

(GV THPT chuyén Hing Vuong, Gia Lai)
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Bii T12/524. Cho tam giac ABC nhon, néi tiép
dudng tron (0), dudmg cao AD. Tiép tuyén tai B,
C cua (O) cit nhau tai T. Trén doan thang 4D ly
diém K sao cho BKC=9¢° G 1a trong tam tam
gidc ABC. KG cét OT tai L. Cac diém P, Q thude
doan BCsao cho LP // OB, LQ // OC. Cic diém E,
F 1an lugt thude doan CA, AB sao cho QE, PF
cung vudng goc véi BC. Goi (7) 1a duomg tron
4m T di qua B, C. Ching minh ring dwong tron
ngoai tiep tam gidc AEF tip xic véi (7).

TRAN QUANG HUNG

(GV THPT chuyén KHTN., DHQG Ha Ngi)

Bai L1/524. Trén mat chét Iéng c6 hai nguén séng
ket hop dao dong déng pha, phat ddng thdi song
¢6 budce song bang 1,2 cm. Hai diém C va D thude
cung mdt elip trén mit chét long nhéan 4, B 1a hai
tiéu diém. Biét hiéu sb khoang cach tir hai ngudn

——y

t6i C va D lin lugt 1a AC - BC =4,8cm vi
AD — BD =0,4cm. Coi bién d¢ séng do mdj
nguén giri dén mdi diém trén elip néi trén déy
bang nhau. Tai thdi diém ¢ nao do, li d6 cta didm
Cla 1,5 mm thi li 46 cua diém D 4 bao nhiéu?

VIET CUONG (Ha Ngi)
Bai L2/524. Cho doan mach c6 R, L, C mic né;
tiép. Dat vao hai diu doan mach dién ap xoay
chiu c6 gia trj hidu dung khong ddi. Dung ampe
ké méc ndi tiép vao doan mach dé do cuong do
dong dién, khi d6 sd chi ampe ké 12 2 A. Ding
mét day din c6 dién trd r rat nho ndi tit tu dién C
thi s6 chi ampe ké ciing 12 2 A, van dung day d6
ndi tat doan mach chira L, C thi s chi ampe ké Ia
2,5 A. Khi dung déy nay néi tat hai ddu cudn cam
thuan L thi ampe ké chi bao nhiéu?

THANH LAM (Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/524 (For 6" grade). Find all prime
numbers x, y satisfying x* —2y* —-1=0.

Problem T2/524 (For 7" grade). Given a triangle
ABC (AB < BC), the bisector of the angles BAC,
ABC intersect at I. Draw /D perpendicular to AB
at D, IE perpendicular to AC at E. Let M, N
respectively be the midpoints of BC, AC. Denote
K the intersection between DE and MN. Show that
the points B, I, K are collinear.

Problem T3/524. Find all pairs of integers (x; y)
satisfying

2025% =y +3y* +2y+6.

Problem T4/524. Given a triangle ABC with the
altitude AH. The incircle I of the triangle is
tangent to BC, CA, AB respectively at D, E, F, Let
G be the intersection between EF and BI, and P
the intersection between A/ and FD. Show that
GD is perpendicular to HP.

Problem T5/524. Suppose that a, b, ¢, d are
positive integers which satisfy a.b=cd and ¢ > q,

d > a. Show that \/E—Jzzl.

FOR HIGH SCHOOL
Problem T6/524. Solve the system of equations

x3+y3+3y=x2+2y2+x+8
V42 +3z2=3 4227 + y+8.

z’+x3+3x=zz+2x2+z+8

Problem T7/524. Given real numbers a,b,c‘>l.
Show that

1 1 1 4ab

4be 4ca
+ + +
2a-1 2b-1 2c-1 1+ab+

+ >9.
1+bc 1+ca

Problem T8/524. Given a triangle ABC, Show
that

A B C A B C
2 2 2 . 3 .
CO08" —+C0s" —+cos" —>1 — —_ —
) 2 § 8sin Sin—sin

Problem T9/524. Given positive numbers x, y
with x <. Prove the following inequalities
V¥ -2V2x+4.)F 202y 14
+x? +2J§x+4.\/y2 +2J2y+4 24(x+y).

(Xem tiép trang 41)
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|KY TRUGC

Bai T1/520. Tim tdt ca cde sé tw nhién n sao cho
2%+ 2"+ 2" 14 56 chinh phuong.
Léi gidi. Ta bién dbi tong 28+ 2" nhur sau:
284 911 8 (1+2° y=2%232 482,

tr d6: 2%+ 2+ 2" =482+ 2" |

Theo gia thiét 48% + 2" = 4% véi g 1a sb nguyén
duong va a > 48 thi 2" = o* — 48% hay I3

2" = (a + 48)(a — 48) > 48.

Do vé trai cia dang thirc nay 1a liy thira cia 2 nén
chixdyraa +48=2"vaag —48=2"véim, t1a
cac sétunhiénmém>t20,n =m+t.

Tir hai ding thirc trén c6 2™ — 2 = 96.

-Néu t = 0 thi @ = 49 va 2™ = 97, khong tn tai sb
nguyén m nhu thé.

-Néutr>0thi2' 2™ '—1)=2%3,ma 2’ 1asb chin
va 2™~ 1 1a 56 1& nén chi xay ra

PP il =5,

suyrat=5vam-5=2,ticclam=7,do d6
n=T+5=12vi a=48+2°=48+32=180.
Thir lai thdy 2% + 2! + 2!% = 487+ 22 = 807, thoa
man.

Nhin xét. Ban Ping Ngoc Duy, 5A, Truomg Tiéu
hoc K& An 3, K& Sach, Séc Tring gii loi gidi ding,

NGUYEN VIET HAI

Bai T2/520. Cho tam gidc ABC nhon. D la diém
cdch déu 3 dinh cua tam gidc. Goi E, F lan lwot la
trung diém cua BC, AC. Goi G la hinh chiéu cua
F trén AB, goi J ld trung diém cia DE. Chimg
minh tam giac BGJ can.

Léi gidgi. Bai todn ndy 4p dung bd dé: < 'Puong
thang qua trung diém 2 canh bén cua tam gidc
sSong song voi canh day’’ va bb dé don gian sau
Mgt tam gidc la tam gidc vudng khi va chi khi c6
mét canh gdp di dirong trung tuyén tmg véi ng’.

Ban doc c6 thé ty chimg minh hai bd d& nay hoic
tham khao trong sach gido khoa va bai tip.

Goi H 1a diém d6i ximg cia B qua D. Ta c6
DA = DB = DH. Theo B6 d¢ vé tam giac vudng, ta
co goc BAH =90°, cho nén GF // AH. Theo Pinh
1y dudng trung binh cla tam gidc 4p dung cho tam
gidc ACH thi GF di qua trung diém I ctia HC. Mt
khac DI 1a dudng trung binh cua tam giac HBC,
cho nén DI // BC va DI = BE = EC, va do d6
DICE 13 hinh binh hanh. Vay BI di qua J 14 trung
diém caa ED, ciing A

1a trung diém cua G

BI. Bb d trong tam

giac vudng BIG cho H
taJG=JI=JB (v D I
J 14 trung diém ctia

E c

BI). Viy tam giac
JBG cin tai J.
Nhin xét. Chi c6 ban Kiéu Minh Phuong, TA3
THCS Lam Thao, Lam Thao, Phi The giai bai toan
ndy va t sira 16i in nhim G 1a chin dudmg vudng
g6c ha tir F xubng AB.

vU PINH HOA

Bai T3.520. Gidai hé phwong trinh
X +y=2 (1)
y+z=2(2)
Z+t=2 (3)
F+x=2 (4)
Loi gigi. Cdch 1. Gia st (x, y, z, ) 1a mot nghiém
ctia hé phuong trinh trén. Do x, y, z, ¢ ¢6 tinh chét
hoén vj vong quanh, khéng mét tinh tdng quét gia
stx=max{x, ¥,z t}. Khidéx > y,x 2 z,x > ¢
Néux<1thi ¥*+y<P+1=2 (méau thudn véi
(1)).Dodéx=>1.
Tir (1) suyra: y=2-x*<2-1, nény<1.
T (2)suyra: z=2-3'22-1°, nénz>1.
T (3)suyra: t=2-7° <2-0, nénr<l.
Dodé ¥’ 2x,y2y°,2° 22,24, két hop véi (1),
(2),(3), @) tact: 4=2+2=
=@+ +E+02@x+y)+ (@ +F)
= +2)+(F +x)=2+2=4.
Déu bing phai xay ra, nén suy ra:

s s2acz 0z, TOAN HOC
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¥ =x,y=y3,z=zs,t=r3.
Véi X’ =x,kéthopvéix>1,suyrax=1.
Lap luén tuong tu, ta c6 y =z =1t = 1. Nhan thay
x=y=z=t=1 thoa min hé phuong trinh. Vay hé
phuong trinh c6 mét nghiém duy nhat:
xyznH=(01,111).
Cach 2. Hg d3 cho tuong duong véi:
X*-1=1-y
y-1=1-z
2 -1=1-t¢
P-1=1-x
Néux = 1 thi tir hé phuong trinh suyra y=z=r=1.
Néux>1,tr(1),2Q) va@)suyray<1,z>1,¢<1.
Nhan theo vé cac phuong trinh ciia hé trén, ta cb
o =DO =D -D( - =
=(1-y)1-2)1-6)1-x)
SO +x+D)  +y+ )2 +z+ I +t+D =1 (5)
(do 1=-x)1-y)1-2X1-6)=0).
Vix>1vaz>1nén X +x+1>3;
>

2

2
zz+z+1>3;y2+y+l=(y+—1£) +

2
P +r+1=(t+—l—] +522.
2 4 4

+ i.u

3
4

5 1
Tir d6 vé trai cua (5) s€ 16m hon 7—2— tirc 1a lon

hon vé phai cuia (5). Do d6 méu thuén véi (5).
Tuong tx x < 1 ciing xay ra mau thuin. Vay hé
phuong trinh c6 mdt nghiém duy nhét:
xyztH=(,1,11).

Nhin xét. Day la bai toan giai h¢ phuong trinh ma cac
An cd vai trd hoan vi vong quanh, ta thudng gia sir
mét in nhin gia tri 16n nhat (hofic nho nhat). T 46 sir
dung bét dang thicc dé tim ra nghi¢m cua hé phuong
trinh. Bai nay nhiéu ban tham gia giai d3 quan niém
nhim day 1a hé phuong trinh d5i ximg nén da gia sir x
>y >z >t Tuyén duong céc ban sau ¢6 10i giai tot:
Ha Néi: Nguyén Minh Ti, 9C, THCS Luong Thé
Vinh, Nguyén Quang Minh, Nguyén Pirc Hiéu, 9A6,
THCS Nguyén Tét Thanh, TP. Ha Noi; HA Tinh:
Trén Minh Hoang, 8E, THCS Nguyén Trii, Nghi
Xuin; Séc Trang: Nguyén Anh Thu, 8A1, THCS Ké
An, K& Sach; Tay Ninh: Ngé Quoc Tai, 9A1, THCS
Trin Hung Pao, TP. Tay Ninh.

PHAM THJ] BACH NGOC

TOAN HOC
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24

Bai T4/520. Cho nr gidc ABCD ¢
ABD=ACD=90". Ké BHLAD tai H. Trén
duong chéo AC lay Al = AB. Goi O la trung dié'n}
ctia AD. Puong thang vudng goc voi Ol tai I ‘cdt
BH va CD lin luot tai E va F. Chimg minh rang

IF =2[E.

L&t gigi. Cach 1 (Theo ban Ngé Thi An Binh, 9E,
THCS Diang Thai Mai, TP. Vinh, Nghé An).
Goi M la trung diém cia /4 va N la diém d6i
xung voi A qua l.
Vi O/ 1a Gudng trung binh cia tam giac ADN nén
DN/ OI = IF 1 DN.
Ma DC L IN, nén F la tryc tam tam giac IDN, suy
ra NF 1 DI (1)
Mat khac, ap dung hé thirc trong tam gidc vudng
ABD taco: AH. AD = AB* = AP «» 2 _ AL
Al 4D
Tir d6 suy ra MHI > AAID (c.g.c). Ma 10, HM
14 hai trung tuyén turong ing nén
AHM = 410 = MHE = MIE,
Suy ra tir gidc HMEI va do d6 ti giac MEJO ndi
tiép. Goi G 14 giao diém ca ME va DI, ta c6:
MHI =GEI=MOI=0ID=%°~GIE (vi OIE =90°).
Suyra: MELDI (2).
Tir (1) va (2) suy ra ME // NF. Ap dung dinh li

IE IM 1
Thales ta ¢6 —=——=— -
IF IN 2° hay IF = 2JE,

Cach 2. Goi X 1a giao diém thir hai cia BH va
dudmg trdn (0). J, L lan lugt 13 giao didm thir hai
cﬁf K{, BI'véi dudng tron (0).

Dé thay 4 12 diém chinh giira cung BK, két hop
véi AB = Al = AK, suy ra I 1a tdm duong tron ndi

https://tieulun.hopto.org




- tiép tam gidc BCK, suy ra J, L lin lwot 13 diém
chinh gitta cung BC va cung CK,, tir d6 ta c6:
JC=JI=JBvalLl=LC=[KX.

J [
B E
I
E
A
H 0 D
L
K

Suy ra JL 13 trung truc cua IC, vi M € JL nén
MI = MC. Mat khac, tam giac ICF vuong tai C,
suy ra M la trung diém cua IF.
Lai ¢, theo dinh li con budm, ta c6 JE = IM.
Do @6 IF =2IE.
Nhin xét. Ngoai ban Binh, cic ban sau ciing cho 101 giai
tbt: Humg Yén: Lé Tudn Nghia, 8C, THCS Doin Thj
Piém, Yén My; Ha Tinh: Tran Minh Hodng, 8E, THCS
Nguyén Trii, Nghi Xuan; Phi The: Tran Thi Thanh
Thdo, 9A3, THCS Lam Thao.

NGUYEN THANH HONG

2x\/g _

Bai T5/520. Giai phuong trinh x +
Vx¥ +1

1.

Léi giai, Nhan thiy néu x <0 thi
2x\/g
X+
V‘xz +1

x> 0. T PT suy ra:
2x/6

x%+1

Binh phuong hai vé cua (1), ta duge :
24x*
x?+1
& 24x% = (x2 +1)(x2 —2x+ 1) )

<0<1, PT khong thoéa man, do d6

=1-x>0 (1),nén 0<x<l.

=x2 '—2x+1

@24=x2+1.x2—2x+1
x X

<:>24=[x+l)(x+l—2j.
X X

1
Pit t=x+—>2 (vi 0< x<1). Ta dugc:
X

t(t-2)=241* -2t +1=25
(-1’ =25c1-1=5c1=6.Dodé:
x+-l—=6<:::>x2 —6x+1=0<>x=3+22.
X

Vi 0<x<1 nén x=3-2+2 (théa man PT).
Vay PT c6 mot nghiém 1a x =3 -2v2 .
Nhin xét. Tix PT(2) c6 thé bién d6i nhur sau:

(2) & 2422 =(x* —x+14x)(x? —x-+1-x)

<:>(.1c2—x+])2 —x? =24x%

<=>(x2 ~6x+1)(x* +4x+l)= 0.
Tir 46 d& tim duogc két qua bai toan. Cac ban sau day
co bai giai tét: Thai Nguyén: Tran Quang Khoi,
7AS, THCS Chu Vin An, TP. Thai Nguyén; Soéc
Trang: Nguyén Anh Thu, 8A1, THCS Ké An, Ké
Sach; Ha Noi: Trdn Minh Td, 9C, THCS Luong Thé
Vinh, TP. Ha Néi; Phui Tho: PG Ngoc Tién, 8A3,
THCS Lam Thao, Lam Thao; Nghé An: Ngé Thi An
Binh, 9E, THCS Ding Thai Mai, TP. Vinh.
NGUYEN ANH DUNG
Bai T6/520. Giai hé phuong trinh

J;+J,\_‘+J;+l=4 xyz
1 1 1 3fxyz -
+ + =
W+l 2Jp+l 2Wz+l x+y+z
Loi gidi. PK: x,y,z220,x+y+z>0.
Nhén xét: Néu (x, y, z) 13 mdt nghiém cia hé
phuong trinh (HPT) thi x, y, 2> 0.
Pit a=+/x,b=4[y,c=+z thig, b,c>0vaHPT
tré thanh:
at+b+c+1=4abc (1)
1 1 1 3ab
B + = azc 7 @
2a+1 2b+1 2c+1 a“+b°+c
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Tét ca c4c BDT dugc ding trong bai ndy 1a BDT

Cauchy cho hai s6 khong am. Tix PT (1) ta c6:
4abc=a+b+c+1>2Jab + 2Jc > 4¥abe.

Két hop véi abe > 0 ta suy ra abc > 1

=t=a+b+c =4abc-12>3.

Nhdn xét:

+ V&i moi cac sé thue P, q, 1, taco:

€)

(p+g+r) = p? +q2+r2+2pq+2qr+2rp
<P +@ + P+ (PP + g+ P+ )+ (P +pP)
=3(p* +4° +r).
Do d6: a” +b% + ¢ 2—13—(a+b+c)2 =§.
+ Vi moi s6 thuc duong p, q, r, ta co:

1

[—1—+—-+lj(p+q+r)

£ 9 r

=3+(£+i]+[z+ij+[i+£]234.2.3:9‘
q p ¥ q pr
Do dé:

1 . 1 % 1 < 9 N 9 .
2a+1 2b+1 2¢+1 2(a+b+c)+3 2t+3
Béi viy tir PT (2) ta co:

t+1_a+b+c+l 4abc

£ (a+b+c)2r3(a2+b2+cz)

4( 1 1 1 ) 4
=— + + = .
9\2a+1 2b+1 2c+1/) 2t+3
=0>42 (¢ +1)(2¢+3) =212 —5¢-3
=(-3)(2+1)=>32t (4).
Tir (3) va (4) ta suy ra tit ca cic BDT déu try
thanh dang thic. Suyra: a=b=c=1=x=y=;
= 1. D6 12 nghiém duy nhit ciia HPT.
Nhdn xét. HPT c6 hai phuong trinh va ba 4n s6 ¢6
nghia mot bat déng thic ndo d6 43 tré thanh ding
thirc. Céc ban hoc sinh 16p 8, 9,10 ¢0 14i gidi dung:
Phi Tho: Hdn Vii Long, Trdn Tudn Mink, 10T,
THPT chuyén Hung Vuong, TP. Viét Tri; Ha Ngi:
Pham Hodng Gia Bdo, Dinh Mai Phuong, 8C2,
THCS Archimedes Péng Anh; Nguyén Birc Trong,
10A1 Toan, THPT chuyén KHTN, PHQG Ha Nbi;
Nghé An: Ngé Thi An Binh, 9E, THCS Ding Thai
Mai, TP. Vinh; Thira Thién Hué: V6 Quéc Gia,
10T1; Lé Thi Thanh Tam, 10T2, THPT chuyén Quéc

TOAN HOC
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hoc Hué; Péng Thap: Lé Huynh Nhdt Nguyét, 10T,
THPT chuyén Nguyén Quang Diéu va rat nhidu csc
ban hoc sinh lop 11, 12.

NGUYEN MINH bU'C

Bai T7/520. Cho cdc sé thuc a, b, ¢, d khdc 0 thoa
man a, b, ¢, d > =2 va ¢6 16ng bing 4. Chimg
minh rang

L, + —1; +

a

1 1 1 1
2—t+—+—+—

LI
2 a b c

1
= L
Léi gigi (Két hop 101 giai cua Nguyén Huy Hodng,
11T, chuyén Lé Quy Pon, Binh Dinh; Lé Hupnh
Nhdt Nguyét, 10 Toan, THPT chuyén Nguyén
Quang Diéu, Pong Thap véi 161 giai cua téc gi).
Xét ham sb f(x):i—l, v6i x €[-2,0)(0,40).
X

x2

Ta s& chimg minh: vé6i a + b+ c +d <4 va
a,b,c,d €[-2,0)U(0,+0) thi

f@+fB)+ fe)+ f(d)=0.
« TH1: Ca bén sb a, b, ¢, d khac 0 va déu 16n hon
hoic bing —1.

Véimoi sb thye x> —1,x#0 taco

2.3 _2
i-l._l _l-x-x"+x =(1 x) (I+x)20.

¥ o= x? x*
Thay x lan luot boi a,b,c,d vao bét déng thic

trén, ta duoc

F@+f)+f()+ f(d)24-(a+b+c+d)=0
khia+b+c+d<4.

« TH2: Tén tai it nhit mot trong bén sb nhod hon
-1, changhan: -2<q<—1.

, 5
Vé&i moi s6 thue x =0 ta co: (l—lj >0 hay
x 2

1 1,1 te 1 »_1
e Caf(x)——z-
Thay x boi b,c,d rdi cong lai, ta duoc:

fO+ @+ f@)=-2.
Vay ta chi ¢in ching minh I (a)Z% v6i moi

-2 < a <-1. That vy, véi —2Sa52 ta co:
3
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L_13_4-4a-30 (24a)2-34

2
a a 4 a a2

20.

3
Viy f(a)EZ voimoi —2<qg <1,

BDT(*) dwgc chimg minh,

Déu bing xay ra khi va chi khj a=b=c=d=1
hodc hodn vi ciia (-2,2,2, 2),

Nhin xét. 1) Tir chimg minh ta thiy: BDT(*) ding
chi can didu kién a,b,c,d e[—2 O)U(O +oo) va

a+b+c+d<4 TfODgtl'll‘O'nghO'p2(001tnhatht
trong bdn sb a, b, ¢, d nho hon — -1), thi BDT(*) dung
khéng cand1eu kiédna+b+c+d<4.
2) Mot 50 ban khéng dé y dén didu kién bai toan nén
d3 coi ci bén s& a,b,c,d 1a nhing s6 dwong. Cai
khé ciia bai niy (dé khong thé 4p dung truc tiép bét
dang thirc AM-GM) 14 didu kién a,b,c,d >—2. Mot
vai ban c6 101 giai va trinh bay giéng hét nhau. Mot
s ban thi xét qua ti mi cdc trudmg hop: trong bdn sb
¢6 mdt, hai, ba, bén s§ duong, nén trinh bay dai.
Danh sach céc ban lam ding 1a:
Binh Pinh: Nguyén Huy Hodng, 11T, THPT chuyén
Lé Quy Don; Pong Thap: Nguyén Thién Ly, 11T1,
Lé Huynh Nhdt Nguyét, 10 Toian, THPT chuyén
Nguyén Quang Diéu; Ha Ni: Nguyén Huy Hodng,
11 Toan 1, THPT chuyén Nguyén Hué, Ha Déng;
Thira Thién Hué: Nguyén Hwong Thiy, Phan Thi
Minh Chgu, Lé Thi Thanh Tdm, 10 Toan 2, THPT
chuyén Quéc hoc Hué; Hung Yén: Tran Véan Qudn,
11T1, THPT chuyén Hung Yén.

TA DUY PHUQNG

Bai T8/520. Cho tam giic ABC ¢6 BC =
AC = b, AB = . Chitng minh rang

[a (b+c)+b*(c+a)+c (CH‘b)J

2

a C
6sin’ B

Ho!

0S8 —_-CO0S
— C —
COS 2 D)

o

Déu dang thirc xay ra khi nao?
Léi gidi. Ta cAn chimg minh bt déng thirc
a* (b+c')+132(c+c1)+.c2 (a+b)
6a*c?
>
b

sin® B

™

. - COS£ COS —
COSZ. 2 2

That véy, theo dinh Iy ham s sin va két qua quen

thudc: sl Asin£sin£<—tac6'
LlQC.SlIlz. g v

6a’c? sin’ B
b coséi cosE cos —
2 2712
. 3
sin” B
= 6abc.%c—.

COS— COSE COSE
R S

. G
=48abc. sinﬁ.sin E.sm— < 6abce (1).
2 2 2

Sir dung bit ding thic Cauchy cho ba sb
aXb + ¢), b¥(c + a), cX(a + b) va bat ding thirc
(b+c)c+a)a+b) = 8abe, ta dugc:

a*(b+c)+b*(c+a)+c%(a+b)

> .”i/azbzc2 (b+c)c+a)a+b)

>33/84%b%c?.abe = 6abe (2).

Tir (1) va (2) ta suy ra bat dang thirc (*) dung,
do @6 bét ddng thirc & dé bai duoc ching minh.
Dé thdy déng thirc xay ra khi va chi khi tam
gidc ABC déu.

Nhgn xét. Hau hét céc bai giri vé Toa soan déu sir
dung dinh 1y ham s& sin, bt ding thte

sinﬁ.sin{i.sinE Sl va bit ding thirc Cauchy
27 8 2R _

dé gidi quyét bai toan nay. Sau diy 13 danh sach
céc ban c6 161 giai tét:

Ha Npi: Nguyén Huy Hodng, 11 Toan 1, THPT
chuyén Nguyén Hug, Ha Dong; Hung Yén: Pham
Van Théng, Tran Som Ting, 11 Toan 1, THPT
chuyén Hung Yén; Thira Thién Hué: Phan Th;
Minh Chdu, Lé Thi Thanh Tém, Nguyén Huong
Thiiy, 10 Toén 2, THPT chuyén Qudc hoc Hué,
TP. Hué; Lim Pdng: 75 Gia Bdo, 11 Toan,
THPT chuyén Thing Long, TP. Da Lat; Binh
Binh: Nguyén Huy Hodng, 11T, THPT chuyén Lé
Quy D6n, TP. Quy Nhon; Pdng Thap: Lé Hupnh
Nhgt Nguyét, 10 Toén, THPT chuyén Nguyén
Quang Diéu, TP, Cao Linh.

HO QUANG VINH

TOAN HOC
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Bai T9/520. Tim tdt cg ce nghiém thuc cua phuong

oy i(“l)r_l X(x=1..(x=r+1) _1
P (x+1)...(x+7) 2
voin la sé nguyén dirong cho trurée.
Loi gigi. DK: x = =L, x#-2,.., x#-n
Cich 1. «Véin=1thi PT d3 cho trg thanh:
x 1

conghiémlax=1,

* V&in=2thi PT d3 cho tr thanh:
x x(x-1)

(x+1)(x+2)

¢6 hai nghiém la X =1x,=2.

* Gid st v6i n = k, PT d3 cho c6 k nghiém 1a

xe {1,2,...,/(}. Ta chimg minh PT

k+1

Z(_l)r_l x(x—=1)...(x—r +1) 1

G+ tr)

1
x+1 2

—=_ (%
> ™
c6 k+ 1 nghiém x &{L,2,...k,k +1}.

That véy (*) c6 thé viét dusi dang:

r=1

i (c1y - XD (=7 +1)

(x+D...(x+r)

r=1

e X(x—=1)..(x—k) __1_
+eD (x+1)..(x+k+1) 2
1
hay dang 4 (x)+ 4,(x) =§.

Theo gia thiét quy nap thi

A!](i)=%, Vie{l2,. k}
4,)=0,Vie{l,2,..,k}.
Vay PT (*) co nghiém x {1,2,...,k}.

Cubi cing ta chimg minh (*) c6 nghiém & + 1 hay

k41 _
. o (k4 Dk (k=r+2) 1
E P =§1(_1) (k+2)..(k+1+7r) 2’

va

biét S = % nén diéu ndy d& chimg minh duoc.
Viy céc nghiém cta PT 43 cho 1a x e{1,2,...,n}
véi n da biét,

Céch 2. Ta di chimg minh:

28 TOAN HOC
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n

1 X(x=1..(x—r+1)
EH) (x+1)..(x+7)

_ (hl)"—l (x—l)(x—2)...(x—n)+1(l)-
- 2x+1)..(x+n) 2
Thét vay:
x g X—1 1
- e - r. — _1 +_
Véin=1, tacé: e )2(x+l) 5

(ding).
» Ta gia sir (1) ding véi n = £, tirc 1a:

i(_l),_l x(x=1)..(x—r+1)
- (x+D..(x+7)
= (- (x-D(x—-2)...(x-k) " i
o 2(x+1)...(x+k) 2
(gia thiét quy nap). Ta s& chimg minh (1) diing véi
n=k+ 1 hay chimg minh
k+1

r—1 X(x — 1)()6 —r+ 1)
Z (x+1)..(x+7)
=(=1)* (x-D(x-2)..(x-k-1)
i 2x+1)..(x+k+1)

r=1

).
. Rl A XE =D (x—r+1)
Ta cb: E( D (x+1)...(x+7)
N et XE=D) (e 1]) ok XD (x—~k)
=2-D GADnGrery TCD (+D)..(x+k+1)
-—_(—l)k_l (x—I)(x-z)...(x—k) +l
2(x+1)...(x+k) 2
+ (1) x(x=1)..(x—k)
(x+D.(x+k+1)
_ (-1)"[ MX—D.(x—k)  (x-1x=2)..(x~k)
B e+ Do (x+k+1) 20x+ 1. (x+k)
(-1t (x-—1)(x~2).,.(x-k)(2x~x—k—l)
20x+1)...(x+k + 1)
— (1) (x~1)(x-2)...(x—k——l) +l.
2(x+1)...(x+k+1) 2

r=1

2
2
L
2

Dang thirc trén 14 didu cin ching minh & (2).
Theo nguyén ly quy nap thi (1) duge chirng minh.
Ap dung ding thirc trén vio bdi toan, ta c6:

3yt 2D -r ey

1
1 (x+1)...(x+r) =§

https://tieulun.hopto.org



_pyl (x—l)(x—2),,,(x_n) 1
= 2x+0)..(x+n) 2
e 2+ D) (xtm)

1
20+ 1) (x+ n)
cho ¢6 tip nghiém § = {1,2,...,n}.

+

1
2

Vi (D" 20 #0 nén PT di

Nhn xét. Cich thir nhat 14 cita téc gia d& toan, cich
thir hai 18 cla ban Trdn Gia Huy, 10 Ton, THPT
chuyén Nguyén Binh Khiém, TP, Tam Ky, Quing
Nam. Co it ban tham gia gii bai ndy, ngoai ban Huy,
ban Trdn Vin Quan, 11T1, THPT chuyén Hiung Yén,
Hung Yén ciing c6 161 giai ding bing cich danh gig
qua céc hé s6 td hop.
TRAN HU'U NAM
Bai T10/520. Cho day sé (u,) duoc xdc dinh nhi
sauzwy =3, u, =4u, | + 3n° —12n% +12n - 4,
Chimg minh rang véi moi 56 nguyén 16 1é p thi
p-1
20192 u; luén chia hét cho p.
i=l
Loi gigi (cta ban Thdi Nhdt Minh, 10CT, THPT
chuyén Nguyén Binh Khiém, Quéng Nam).
Tacod: u, +n° = 4[u,,_1 +(n —1)3].
batv,=u, + n. Suyrav; =4, v,=4v,
=v,=4" T dou,=4"-rn’.

. i ".3_4(4n_1)_[n(n+1):r
Zui=z4 —;z =3 > .

= 2019 2
20193 w,; =2692(47 ~1)-==[(p-1)p]"
i=1

Do p 1a sb nguyén té 1é nén (4, p) = 1, tir d6:
4771 _1!p (theo dinh li Fermat).

2

. 2019 2 2 _ p-ly o
Lai cé: 2 (p-1)p ¢2019( L i

p-1
Viy 2019) u;:p.

i=1 .
Nhan xét. Pay 12 mdt bai tosn twong dbi d&. C6
uhiéu ban tham gia giai vA tt ca déu lam ding. M
56 ban c6 15i giai tét bao gdm: Thira Thién Hué:

Nguyén Thi My Lé, 11 Toan 1, THPT chuyén Quéc
hoc Hué; Binh Pinh: Nguyén Huy Hoang, 11T1,
THPT chuyén Lé Quy P6n; Hung Yén: Pham Van
Théng, 11 Toan 1, THPT chuyén Hung Yén; Ba Ria
— Ving Tau: Phan Trung Kién, 11T1, THPT
chuyén Lé Quy Pon; HA N§i: Dao Quang Anh, 8C2,
THCS Archimedes Péng Anh; Pdng Thip: Lé
Huynh Nhdt Nguyét, 10 Toan, THPT chuyén Nguyén
Quang Diéu. '
PANG HUNG THANG
Bai T11/520. Tim tdt ca cdc ham s6 [ R—R
thod man diéu kién
f(f(x)—Zy)z6x+f(f(y)+x),Vx,ye]R(1)

Léi gidi. (Theo da sb cac ban).

1 .
Theo (1), véi y=—f (x) thi

f[f(%f(x)]+xj=-6x+f(0),Vxe]R (2).
Tir (2) suy ra f{x) 1a toan 4nh. Do d6 tdn tai
a €R d&f{a)=0. Theo (1), véi y = a thi

f(f(x)—Za)=6x+f(x),VxeR 3).
Gia st f(x)=f(x,). Tu (3), ta cé:
f(f(xl)— 2a)= 6x; + f(xl)
va f(f(x2)~2a)= 6x, + [ (x;).

Suy rax; = x,. Vay f{x) 1a don 4nh.
Theo (1), véix =0 thi

F(£(0)-2y)=£(£(»), vy R
hay f(0)=-2y=f(y),vyeR
<:>f(y)=b—2y,‘v’y eR,beR.
Thir Tai, ta thiy ham f(y)=b-2y, Yy eR véi
beR tuyy, thoa man diéu kién bai ra,
Nhan xét. Diy 1d dang toén co ban vé phurong
trinh ham véi cfp bién tw do trén R. Da sé cde
ban gidi theo 1&i gidi di trinh bay. Cac ban sau
déy c6 10i giai dng;
Ba Ria - Viing Tau: Phan Trung Kién, 10T]1,
THPT chuyén L& Quy Dén; Binh Dinh: Nguyén
Hz’zy Hodng, 11T, THPT chuyén L& Quy Bon;
Piak Néng: Mai Thi Thanh Loan, 11T2, THPT
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chuyén Nguyén Chi Thanh; Pbng Thap: Lé
Hupnh Nhdt Nguyér, 10T, THPT chuyén Nguyén
Quang Diéu; Thira Thién Hué: Lé Thi Thanh
Tdm, 10T2, V6 Quoc Gia, 10T1, THPT chuyén
Qudc hoc Hué; Ha Noi: Neuyén Dic Trong,
10A1, THPT chuyén KHTN, PHQG Ha Noi;
Lam DPéng: 76 Gia Bdo, 11T, THPT chuyén
Théang Long, TP. Da Lat; Quang Nam: V6 Vin
Linh, 11T1, THPT chuyén Nguyén Binh Khiém;
Tién Giang: Mai V& Phic Thanh, 11T, THPT
chuyén Tién Giang.

NGUYEN VAN MAU
Bai T12/520. Cho tam giac ABC, (O) la tam
dwong tron ngoai ffe:p. Ay, By, Cy theo thu tir ld
trung diém cua BC, CA, AB. A, By, C, theo thir tw
la hinh chiéu cia 4, B, C trén BC, CA, AB. (0,) 1a
duong tron di qua By, Co va tiép xiic trong voi (O)
tai Ay khac A, (Oy) la duong tron di qua Cy, A va
tiép xiic trong v6i (O) tai B, khéc B, (0,) la dwong
tron di qua Ay. By va ri'ép xtic trong véi (O) tai Cy
khac C. A; la giao diém cua B\C| v B:Cs. B3, Cs
dwoc xac dinh tuong ty. Ching minh rc%ng As, Bs,
C, cung thuéc mét duong thang vudng géc véi
dwong thang Euler cua tam gide ABC.

Ldi gidgi. B aé. Cho tam gidc ABC, (0) la duong
tron ngoai tiép, G la trong tam. Ay la hinh chiéu
cua A trén BC. By, Cy theo thu tw ld trung diém
cua CA, AB. (0,) la dvong tron di qua By, Cy va
tiép xiic trong v6i (O) tai A, khdc A. As la giao
diém thir hai cia A4, va (O). Khi d6 G thudce

AAs va .G_A] = —l.
G4, 2
Chirng minh. Goi Ay 14 trung diém cia BC; 4, 1a
giao diém ctia cac tiép tuyén voi (O) tai 4, A,; As
13 giao diém cia OAp va A4s; (K,) 1a dudmg tron
ngoai tiép tam giac ABoCo (h.1).
D& thiy B,C, // BC. Do &6 (K,) tiép xiic véi (O)
QWA VY B o) =Aads =44 =Py .
Diéu d6 c6 nghia 14 4, thude ByCy. N6i cach khac
A, thudc trung tryc cla 44,. Két hop véi 4,0 1a
trung truc cla A4,, suy ra 4, 1 tim duong tron
ngoai tiép tam gidc A4,4;.
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Vay: (dy 4, 4 A) = (As A, Ay Ay)+ (4 4y, 4 A)
= (4, A+ (A, A ) m0d )

= (4dy, Ady)+ (4,0, 44 A)=(440, 44) =7 (mod ).

Keét hop véi 4,4 | BC, suy ra A4; // BC. Tix d6,
chit y ring 44,4045 14 hinh chi¥ nhat, suy ra:

At o Bk A 1 A
Ady 244, 24A 24y4 2 AG
Viy theo dinh 1i Thales, G thudc doan 4,4; va

GA _ A4 1
G4, Ady 2
A —
Ay 2 By
z (@]
0,
B\/4, 4 ¢
4,
Hinh 1

Tro lai gidi bai toan T12/520.

By

4

15
A!'ir e
QAT
}'ﬁz@g‘!‘A |

A

/\-l

4

G
Hinh 2
Goi G la trong tdm cua tam gidc ABC; By, C, la
giao diém thi hai clia B,B,, C,C; vi (0), (N) thir
tir 1a dudng tron ngoai ticp tam giac ABC, 4,8,C,
(h.2). Theo bd dé trén, ta c6 G = B,B, N C,Cy;
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Piéu d6 co nghia 13 B, B,, i,

G, cling thude mét
duong tron. Do d6:

£, A/(0) = 4B, A,C, = A3BL-A3CI =
Tuong tu: PB, 1oy =

Eayiany:
Ehy 103 Fey100) = By
Vay 43, Bs, G cing thudc mét dudng thing
vubng goc véi ON, dudng thing Euler cia tam
gidc ABC.
Nhén xét. 1) Bai toan ndy khéng kho, kha nhidu ban
tham gla g1a1 Xin néu tén mot vai ban ¢6 10i giai
twong d6i tdt: Ha Noi: Nguyen Anh Tudn, 11T,
TPHT Chu Vin An; Béc Ninh: Nguyén Ngoc
Khanh, 12T, THPT chuyen Bic Ninh; Hung Yén:
Tran Tudn Binh, Trdn Vén Quan, 11T1, THPT
chuyén Hung Yén; Binh Pinh: Nguyén Huy Hoang,
11T, THPT chuyén Lé Quy P6n; Phu Yél}: Phan
Vinh Tién, 11QT3, THPT Duy Téan; Lim Dong: 76
Gia Bdo, 11T, THPT chuyén Thing Long; TP. H)
Chi Minh: Thai Quang Phat, 11CT1, THPT chuyen
L& Hong Phong.
2) Toa soan khong nhin nhiing 10i giai dugc chup
bdi dién thoai. .
NGUYEN MINH HA
Bai L1/520. Trong thi nghiém giao thoa song trén
mat nwoc voi hai ngu5n két hop, cung pha S “’d
S véi 8,8, = 4,2cm. Khodng cdch giita hai diém
gin nhét dao déng cwe dai trén 85, la 0,5cm.
Piém C di dgng trén mat mude sao cho CS, luon
vung géc véi CS,. Xdc dinh khodng cdch lon
nhét tir S, @én C khi C nam trén mét van giao thoa
cuc tiéu.
Léi gigi, Khoang cach giira hai cyc dai lién tiép
trén §,5, 13 i; i:—g—:}?\, =1lcm. Vi diém C cin

tim ¢6 CS, ludn vudng goc voi CSz:
2
dlz + d% = SISZ'
Diém C nim trén van giao thoa cuc tiéu nem:

d,~d, = kA véi k ban nguyén.

d —dy = kA

dt +d; =42
Vi M xa §; nhit nén k 14 sb bin nguyén gin
{412] 4 nhit = k=3,5.

-d,=3,5
d* + di =4,2°
Giai (2) ta dugc dy = 4,150 cm.
Nhan xét. Chiuc ming cic ban: V6 Hodng Khoi
Nguyén, Nguyén Thién Ly, 11T1, THPT chuyén
Nguyén Quang Diéu; tinh Pdng Thép da c6 10i
giai diing cho dé ra ki ndy.
DPINH THI THAI QUYNH

Bai L2/520. Poan mach dién AB gom hai dogn
mach AM va MB mdc néi tz'é;n. Trén doan mach
AM co dien tro R =
cam thudn ¢é dé tw cam thay déi duoc. Poan
mach MB chi chira bong den soi dot loai 120 V —
60 W. Ddt vao hai dau A, B mét dién dp xoay
chiéu 220 V - 50 Hz. Dé bong den sang binh
thuonmg thi dé tu cam cua cuén ddy la bao nhiéu?

2
Léi gidi. Dién trd clia dén: Ry = —2" =

dm
Cudng d6 dong dién hiéu dung trong mach bang
cuong d6 dong dién dinh mirc ciadén 7 = 0,5A.
Dén sang binh thuong nén: U, =120V,
Tacd: Up=IR=56V,

Mt khic: Uy = (Ug +U,) + Uy

M

d

Thay k vao (1): { (2).

112 Q néi tiép véi cudn

240 Q.

U z cung pha véi U s dong thoi ching vuéng

pha v6i U, nén ta cé:

Up =JU% —(Ug + Uy )? =132V.
Do d6 dé dén sang binh thudng cin didu chinh do
tr cam cia cudn diy bing:

Zy U,
L=—Lt - _—“L _0g4Q
2zf 12nf
Nhdn xét. Rit tiéc 1a khén

& g c6 ban nio tham gia giai
bai nay.

NGUYEN XUAN QUANG
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O & o Org



=
(4

PH UONG PHAP

GIAT TOXARATR

Da thae déng vai trod rat quan trong trong toan
hoc va bai todn da thuc thudng xuét hién trong
cdc cudc thi Olympic. Bai bao ndy s& néi vé
mét phuong trinh ham da thirc dic biét, co dang
nhu sau:

Bai toan: Tim tat ca cdc da thire P(x )GR[ ]
thoa man

F(x)P(x)=G(x)P(ax+b),deg F =deg G (*).
Dé giai bai toan trén, ta 1am nhu sau:
Bién d6i phwong trinh (*) vé dang
Q(ax+b)=kQ(x),Vx eR (*¥),

véi P(x)=R(x)Q(x)
-Néu k=1 thi

O(x)=c,VxeR= P(x)=cR(x),Vx eR.
-Néu k#1l;a=1 thi
Q(x) =0,vxeR=> P(x) =0,Vx €R.

-Néu k#1;a=1 thitalam tiép tuc nhur sau:

boi x+1—b——(b¢0) va  dat

Thay x =z

T(x)= Q(x + l—f—a] thi ta dugc phuong trinh;
T(ax)= kT (x),Vx eR (],

Gia st T(x)=a,x" +a, 7+ tax+ay(a, #0),

So sanh hé sé twong Ung cla (***) suyra n va

T do

cac a;,i=0,1,..,n-1. tim dugc

7(x)= 0(x)= P(x)-

CACH GIAI MOT DANG PHUONG
TRINH HAM PA THUC PAC BIET

KIEU DINH MINH
GV. THPT Chuyén Hiing Viidng, Phii Tho

Pé minh hoa cho phuong phdp, xin moi ban
doc cung theo doi qua cdc thi dy sau ddy

Thi du 1 (New York 1976) Tim tdt ca cdc da
thire P(x) eR[x] thod man
(x=1)P(x+1)=(x+2)P(x),Vx eR (1)
Léi gidi.
Cho x=1, tir (1)=0.P(2)=3.P(1)= P(1)
Cho x=0, tir (1)=>—P(1)=2.P(0)= P(0)
Cho x=-2, tir (1)=-3.P(-1)=0=>P(-1)
Viay P(x)=x(x-1)(x+1)Q(x) véi Q(x) eR[x].
Thay vao phuong trinh (1) ta dugc:
(x=1)(x+1)x(x+2)Q(x+1)
=(x+2)x(x-1)(x+1)Q(x),Vx eR

0.
0.
0.

= Q(x+1)=0(x),Vx = 0;+1;-2
= 0(x+1)=0(x),Vx eR= Q(x)=¢,Vx eR.
Suy ra P(x)=c(x-1)(x )(x+1)=c(x3—x), c

14 hang sb. Thir lai thoa man.

Thi du 2 (VMC 2000). Cho a,b eR . Tim tét ca

cdc da thie P(x) € R[x] thod man
xP(x—-a)=(x-b)P(x),vxeR (2).

Léi gidi.

e V&i a=0,b=0 thi P(x) tuy y.

e Véi a=0,b=0 thi P(x)=0,VxeR.

e Véi a#0,b=0 thi P(x)=c,‘v’x eR.

e VOi a#0,b=0 thixay ra hai truong hop:
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. b § i
+) Néu - ¢N thi khi thay x=5 vao phuong
trinh ta c0 x=b—a 13 nghiém, Twong ty khi
thay x=b—a thi s€ ¢c6 x=b-24 13 nghiém.
Suy ra P(x) =0,VxeR,

. b
) Neu —=neN thi P(x) c6 x=0,x=aq,
a

x=2a,..,x=(n-1)a 1a nghiém, suy ra
P(x)=x(x-a)(x~ 2a)..[x~(n- a]o(x).

Thay vao phuong trinh (2) ta duge:
O(x-a)=0(x),Vx eR = Q(x)=c,Vx R.

Vay P(x) =cx(x—a)(x—2a)...I:x—(n—l)a],Vx eR

Thr lai thoa man.

Thi du 3 (IberoAmerican 2014). Tim tét ca cic
da thirc P(x) eR[x] sao choP(2014):1 va
xP(x-c)= (x- 2014)P(x),Vx eR;ceZ (3).

Léi gidi. Theo thi dy 2 thi x4y ra cac trudng
hop sau:

e Néu ¢=0 thi P(x)zO,Vx eR, truémg hop
ndy loai do P(2014)=1.
2014

C

hop nay loai do P(2014)=1.

« Néu 2014

« Néu gN thi P(x)=0,VxeR, truong

=n eN thi

P(x)=hox(x—c)(x—2c)..[x—(n ~1)c].
Véi P(2014)=1
= knc(nc—c)(nc—2c)...[nc—(n —l)c] =T,

1 "
Suy ra k.c".(n!) =] k= . Viy

c".(n)

x(x—c)(x—2c)...[x—(n—l)c:l,Vx eR

P J(,‘)':.
c".(n!)

Thit lai thoa man. ’

Thi du 4 (Greece 2014). Tim tdt cd cdc da thiec

P(x) eR[x] thod mdn

(xz "6x+8)P(x) =(x2 +2x) P(x-2),vxeR (4).

Léi gidi. Viét lai phuong trinh:
(x—4)(x—2) P(x) =x(x+2) P(x~2),vxeR (4).
Cho x=0, (4')= P(0)=0.

Cho x=-2, (4')= P(-2)=0.

Cho x=4, (4)=P(2)=0.

Suy ra P(x)=(x-2)x(x+2)Q(x). Thay vao
phuong trinh (4') ta dugc:

(x—4)(x—2)2x(x+2)Q(x)

=x*(x+2)(x-4)(x-2)Q(x-2),VxeR
= (x-2)Q(x)=x0(x-2),Vx # 0;42;4
=(x-2)0(x)=x0(x-2),VxeR (4").

Cho x=0, (4")=0(0)=0=Q(x)=xR(x).

Thay vao (4”), ta duoc
(x-2)xR(x)=x(x-2)R(x~2),Vx eR

= R(x)=R(x-2)=c,Vx R

Do P(x)=cx’(x* —4)=c(x* —4x?).

Thir lai thoa mén.

Thi du 5 (Vietnam 2003) Tim tit ca cic da
thirc P(x) eR[x] sao cho

(x7+32% +3x+ 2)P(x-1)
=(x3-3x2+3x-z)P(x),vxeR (5).
Lox gidi. Phuong trinh d3 cho dugc viét lai nhu sau
(x+2)(x2 +x+1)P(x—1)
=(¥=2)(x* ~x+1)P(x),vxeR (5).
Cho x=-2, (5’):>P(—2)=0.
Cho x=2, (5')= P(1)=0.
Cho x=-1, (5')= P(-1)=0.
Cho x=1, (5")= P(0)=0.

Suy ra P(x) =(x~1)x(x+1)(x+2) O(x),vxeR

. T
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Thay vio (5'), ta duge: (x? +x-+1)Q(x-1) =
(¥ —x+1)0(x), vx = 01,22
:>(x2+x+1)Q(xﬂl)=(x2~x+1)Q(x),VxER.
Do (x2+x+1,x2~x+1)=1nén

O(x)=(x" +x+1)R(x),¥x R
=0(x~1)=("-x+1)R(x-1)

:>R(x—1)=R(x),VxeR:>R(x)=
Do do:

P(x)= c(x—l)x(x+l)(x+ 2)(352 +x+1), Vx eR.

Thir lai thoa man.

Thi du 6. Cho k eN". Tim tdt ca cac da thirc

P(x) ER[,\‘} sao cho

(x=2001)" P(x)=(x~2002)" P(x+1),vx &R (6)
Loi gigi. Ta phuong trinh suy ra x=2002 1a
nghiém bdi bic >k cua P(x), do @6
P(x) = (x— 2002)k Q(x),\?’x eR.
phuong trinh (6), ta duoc:
(x~2001) (x- 2002)* O(x)

= (x-2002)* (x - 2001)* O(x+1),vx eR

= O(x)=0(x+1),Vx # 2001,2002

= 0(x)=Q(x+1),vxeR = 0(x)=c,Vx eR.

Do d6 P(x)=c(x~2002)°,¥xeR. Thi lai
thod méan phuong trinh d3 cho.

Thay vio

Thi du 7 (Canada 2013) Tim 4t ca céc da thie
P(x) eR[x] sao cho(x+1) P(x~1) ~(x=1)P(x)
la mét da thicc hang (7).

Loi gidi. Phueong trinh d3 cho tuwong duong véi
(x+1)P(x~1)~(x=1) P(x) =k, vx <R

= (x+1){P(x~1)—§J=(x—1)l:}’(x)—-§:,,‘v’x <R

TOAN H
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bat O(x)

(x+1)Q(x~1)=(x~1)Q(x),vx eR (7).
Cho x=1, (7)=0(0)=
Cho x=-1, (7')= Q(-1)=0.
Suy ra Q(x)= x(x+1)R(x). Thay vio phuong
trinh (7'), ta dugc:
(x+1)(x—1)xR(x—l)

=(x—1)x(x+1)R(x),VxeR

:>R(x—1)=R(x),Vx¢O;il
:>R(x—1)=R(x),VxER:>R(x)=c,Vxe]R.
Do do Q(x):cx(x+1)

= P(x)—g , ta c6:

:>P(x)=cx(x+1)+§,\7x eR.

Thu lai thoa min phuong trinh.

Thi dy 8. Tim tit ca cde da thire P(x) eR[x]
sao cho

(xz —x)P(x+ 2)—(x2 +5x+ 6)P(x) =4(x2 +2x},
VxeR (8).
L1 gidgi. Phuong trinh d3 cho viét lai nhy sau
(¥ =x)[P(x+2)+x+2]
=(x2 +5x+ 6)[P(x) +x],VxeR
bat O(x) =
x(x—I)Q(x+2)=(x+2)(x+3)Q(x),Vx eR
Giai twong tu nhir céc thi du trén ta duge
O(x)=e(x=1)x(x+1)=c(x’ ~x),vxeR
= P(x)=cx’ —(c+1)x,VxeR.

P(x)+x,tacé

Thir lai thoa mén.
Thi du 9 (CentroAmerican 2008). Tim tér ca
cde da thire P(x) eR[x] sao cho

(x+10)P(2x) =(8x=32) P(x+6),vx cR (9)
va P(1)=210.

https://tieulun.hopto.org
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Lot gidi. Gia st
P(x)=a,x" +a, x4 4x+ay (a, #0)
thi P(2%)=a,2"x" +a, 27y, ay
P(x+ 6)=a,x" +....
So sanh hé sb cta X" trong hai vé cua phuong
trinh (9), ta duge a, 2" = 8a, =>n=3.
Cho x=-10, (9)=> P(-4)=0.
Cho x=-2, (9) =>—48P{4)=8P(~4)=0=> P(4) =0
Cho x=4, (9) =14P(8) = 0.P(10) = 0=> P(8) =0,
Viy P(x) = a(x —4)(x *+ 4)(x— 8),a eR.
Do P(1)=210=>a=2,Do d6
P(x)=2(x~8)(x* ~16],vx . Thi lai thoa man.
Nhgn xét. Thay x boi x—6 thi (9) tr& thanh
(x+4) P(2x—12) = (8x~80) P(x),Vx eR.
Suyra P(x) = (x+ 4)(x - 8) Q(x)
vi (x—-4)0(2x-12)=2(x-8)Q(x).
bat Q(x)=(x—4)R(x),suyra R(x)=c
= 0(x) = c(x~4) = P(x) = c(x - 8)(x* - 16).
Thi dy 10 (KHTN 2014) Tim tat ca cde da thirc
P(x) eR[x] sao cho (x—2)P(3x+2)=
3295 xp(x)+3%%"°x = 3x+6,Vx R (10).
Lii gigi. Xét P(x)=c thi P(x)=-3.
Xét P(x) khong la hing s6. Phuong trinh da
cho twong dwrong véi
(x~2)[P(3x+2)+3]=3" 5[ P(x) +3], ¥x R
Dit O(x)= P(x)+3 thi ta duge
(x-2)0(3x+2) =3P xQ(x),Vx eR.
Cho x=2=0(2)=0. Pit O(x)=(x-2)R(),
taduge: R(3x+2)= 3204 R(x),Vx eR
& R(3x-1)=3""R(x~1),Vx R,
Lai dit §(x)= R(x—1) thita cé:

S(3x) = 32014S(x),Vx eR (10).
Gia sit S(x)=a" +a, X" +..+ax+a (a, #0),
thay vao phuong trinh (10°) va so sanh hé s6
cia x" c6: 3"a, =3""a, =>n=2014. Tiép
tuc so sanh hé sb clia x,i=0,1..,2013 ta duoc
¥, =My 1=0,1,...,2013
—a, =0,i=0,1,..,2013.
Viy S(x) e cx2014,\7’x eR (c # O) , tir d6 suy ra:
R(x) =c()c+l)2014 = Q(x)=(x-2)c(x+1
= P(x)=c(x—2)(x+ 1) =3, VxR (¢ #0).

)2014

Tom lai P(x)=c(x—2)(x+1)"""* -3, vx eR.

Thir lai thod mén phuong trinh di cho.

Nhin xét. Qua cic thi du trén ban doc c6 thé tu
sdng tac cac phuong trinh ham da thirc dang nay
theo mong mudn cua minh dé phuc vu cong tac
bdi dudmg hoc sinh gidi co hiéu qua, ching han

Xuét phat tir Q(x+1)=Q(x),Vx eR:>Q(x)=c,
ta suy ra x(x—2)Q(x+1) =x(x-2)0(x) (¥).
bat P(x) =x(x-2)Q(x)
:>P(x+1)=(x+1)(x-I)Q(x+l).
Plx+1
(x+(l)(x—)l) =P(x)
=>x(x—2)P(x+1)=(x+1)(x—l)P(x)

hay (x2 —2x)P(x+1)=(x2 —I)P(x) va ta co
bai toan:

Do d6 (*)= x(x-2)

Tim tt cd cdc da thite P(x) eR[x] thod mén:
(x2 - 2x)P(x + l) = (x2 - l) P(x), Vx eR.

Bang cich diit R(x)= P(x)-x thi

(#* = 20) [ R(x+1) 4 x4 1=(x* -1)[R(x)+x]

& (x? - 2x) R(x+ )~(x* -1)R(x)=x? + x.

Va ta ¢6 bai toin;

Tim tdt ca cdc da thitc P(x) eR[x] thod man

(x2 -2x)P(x+ 1) —(x2 - I)P(x) =x? +x,Vx eR.

< . T
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BAI TAP
1. (Baltic Way 2010) Tim tat ca céc da thirc
P(x) eR[x] thoa min
(x—2010) P(x +67) = xP(x),Vx L.

2. Tim tht ca cdc da thuc P(x)eR[x] thoa
man xP(x—l):(x—IS)P(x),Vx eR.
3. (Croatian 1994) Tim tit ci cic da thic
P(x) eR[x] thoa man

xP(x—n)z(x—l)P(x),Vx eR véi n eN.
4. Tim tit ¢d cic da thic P(x) eR[x] thoa
méan xP(x~1)=(x-2014) P(x) - 2014, vVx <R.
5. Tim tit ci céc da thic P(x) eR[x] thoa
min (x+4) P(x)+2x=xP(x +2),Vx R.
6. Tim tat ca cic da thic P(x) eR[x] thoa
man xP(x)+ P(1-x)=2x? - x +3,vx eR.
7. Tim tit ca céc da thirc P(x)eR[x] thoa
mén (x—l)2 P(x) = (x—3)2 P(x+ 2),Vx eR.
8. Tim tat ca céc da thic P(x)<R[x] thoa

man x(x— 1)2 P(x) = (x+ I)3 P(x~ 1), Vx eR.

**********************‘k*********************************

Hoa bdi tho:
Mirng Xuén T4n Siru nhé canh ddng qué
(cua tdc gid Dao Tam ding & s6 523)

PON XUAN TAN SUU ME KHUYEN CON

L. Tan Siru da vé khuyén cac con
Ludn ldm vigc thién dep tam hin
Dd yéu cudc song thoi cham chi
La ban thén réi mai sét son
Thu xép viéc nha tdng mirc song
Lo toan céng so dang vuéng tron
BDon xudn thi nhé on tién 16
On Bdng quang vinh, on niji non.
IL. Tén Siru da vé chuyén véi con
Nong thén dsi méi canh me hon
May bira phat trién tang hwong sde
Con lam trau cay gift nét son
Hién ddt mo duong thém rong rhéng
Chuyén ving déi thirg thudn vuéng tren
Ving qué dang SOng vui xugn mdi
Ngdm canh quanh lang hdi I5e nop,

¢
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9. (Irish 1997) Tim tit cd céc da thic

P(x) eR[x] thoa man
(x—16)P(2x)=16(x~1) P(x),Vx eR

10. Tim tat ca céc da thirc P(x) € R[x] thod mén
(4Jc2 +4x+ 2)(4)62 - Zx)P(x)
=(x2 +1)(x2 —-3x+ 2)P(2x+1),\/x eR.

11. Tim tt ca cac da thirc P(x) EIR[x thoa méan
(4x2 + 6x)P(x)—(x2 +x— 2)P(2x+ 1)

=2x3+3x2+3x+2,v;ceﬂag. ‘
12. Chirng minh rﬁng v&i moi s6 tu nhién k£ ton
tai duy nhét da thitc B, (x) eR[x] bac & +1 sao

cho P, (0)=0 va B,(x+1)- B (x)=x*,vx eR
13. (Bulgaria 2004) Tim tit ca cic cap da thirc
P(x),Q(x) eR[x] khéng phai da thirc hing thoa
man P(x)Q(x+1)= P(x+ 2004)QO(x),vx eR.
14. (Putnam 2010) Tim tit ca cic cap da thirc
P(x),0(x) eR|[x] sao cho

P(x)Q(x+1) - P(x+1)Q(x) =1, vx eR.

***********************
. Tdn Suu lai vé khuyén cdc con

Gép tién xay nuée, cd tam hon

Giiip ngieoi nghéo khé thém com do

Ghét ke chay liwoi ham phdn son

Ngay dy qué nghéo triu gcfy Yéu

Bdy gio thon dep bung cing tron

Chot xuén ciing nhé vé trdu nhé !

Cat co thdt nhiéu, logi c6 non.
IV. Tan Siu lai vé khuyén cie con
Nong thén vit va dep tém hén
Mt ai ra thi tuy nhiéy phén
Ta ¢ lai lang vin Idm sop
Dau phai chan tréu cling ncihg gio
Ciing luén nhay miia véi 6 tron
Bén xudn ling xém vui doan kér

Ciing lé cau troi, hai I6¢c non.

NGUYEN HOU Dy
(Bai Péng, Quynh Lién, Hodng Mai, Nghé 4n)
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(Trwomg DHKHTN, PHOG Ha Noi)

1. HE THONG GIAI TiCH CUA LNEWTON
VA G.LEIBNIZ
L1. Hé théng ciia INewton, Ly thuyét thong
lugng do Newton phat minh ra vio khoang 1665-
1666 1a dang sém nhit ciia Giai tich cac vo cing
bé (GTVCB). O day, v& co ban cach tiép can cla
Newton 1& dong hoc nén theo Ong moi bai toan
cia Giai tich déu c6 thé quy vé hai dang vén dé
dugc phat biéu bai cac thudt ngit co hoc.
A. X4c dinh v4n téc clia
chuyén dong tai thoi diém
cho truée theo doan dudng
da biét.
B. Xéc dinh doan duomg di
dugc trong khoang théi gian
déd cho theo van toc chuyén
dong d4 biét.
g day Newton xem thoi
glan 1a doi sé chung cua
moi dai lwong bién thién. ;
Theo théng 1¢ Trung thé ky, dai lwong bién thién
lién tyc dugc goi la fluens. - thajng v'én (fluens:
Latinh nghia 1a leu chuyén) vdn téc bién thién ciia
cdc théng vin dwoc goi la fluxio - thong luong
(fluxionum, Latinh: - nghfa la; sy thoét ra). Céc
khdi niém co ban cua hé thdng gidi tich cua
Newton 14 nhu sau:
1" Khdi nigm dao ham (fluxio) dugc dua vio theo
Phwong pﬁép Fermat va dao ham céac cﬁp }fén tiép
duoc Ong ky hidu trong tmg 12 Z, .'2','2',2,:.. R3
ring hé ky hiéu nay 1 rt phirc tap va bét ti¢n
frong sir dung ... .
2" Khéi niém co ban thit hai Ja tich phan bdt dinh
hay nguyén ham (fluens).

I Newton
(1642 -1727)

bl g

Nha lich st toan hoc X6 Viét 1a L.S. Freiman viét
ting: "Chinh I Barrow (1630 - 1677) da trao lai
cho Newton toan bd cac két qua [vé Giai tich] ctia

minh... va phat minh cia Barrow [Vé tinh nguoc
nhau gilta bai toan dién tich (tich phén) Yé bai
toan tiép tuyén (dao ham)] try thinh mét phén cua
cong trinh Newton".

3" Khai niém quan trong tha ba 12 "moment" -
tuong tmg nhu vi phin cua G.Leibniz 1a VCB.
Moment ciia thoi gian dwoc Ong ky hiéu la "o"
(khéng nham I&n véi zero). Khi d6 moment cua
fluens z duge ky hiéu 1a zo.

4" Khdi niém thir tw hét sirc quan trong la Khai
trién nhi thirc (1664 - 1665) va Khai tridn him
thanh chudi liy thira v6 han véi k¥ thuit khai
trién rét tinh vi,

Déng tiéc, phin 16n cac két qua thu duge cia Ong
déu chu yéu nam yén "trong ngan kéo ban" hodc
noi chung khéng ai biét hodc chi mét sé khong
lon nguci quen biét gan gii v6i Newton duoc
biét... Dén nhimg nam 1704, 1711 va 1736 céc
céng trinh cua Ong moi duge An hanh, trong d6
cng trinh "Vé cdu phuong duong cong” (1704) 1a
cong trinh coéng bd diu tign vé Giai tich cua
Ne,wton. Theo J.Struik thi "Chi sau cong trinh nay
thé gici méi bidt Iy thuyér thong lwong la gi",

1.2. H¢ théng ciia G.Leibniz, Chém hon Newton
khoang mudi nam nhung véi
cdch tiép cdn hinh hoc dse lap
voi Newton va xuét phat tir
can ctr khic (fir cde vi phan)
G.Leibniz ciing thiét lap céc
nguyén ly cha GTVCB ngay
tr ndm 1675 va cho cong bé

G.W. Leibniz
({646 - 1716)
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cac két qua ctia minh trén tap chi Acta Eruditorum
(AE) ma Ong thanh 14p ndm 1682, 1a tap chi cua
c4c nha bac hoc.

1" Trong cdng trinh "Phuong phdp méi vé cuc dai
va cuc tiéu" (1684) Ong dua khai niém cbt 15i 1a
khéi niém vi phdn. O day vi phan dugc hiéu 1a
hiéu v6 cung bé cua hai gia tri k& nhau cua dai
lwong va duge chi bai chit "d" 14 chir cai diu cua

tir diferentia nghia 1a hié¢u. Ty sb cla céc vi phén
d . : i A 3 g
gz» duge Ong goi 14 dao ham. Ngay tai ddy Ong

thiét 1ap moi quy tic tinh vi phén va dao ham moi
cdp clia cdc ham ké c4 ham mii a* va ham lay thira
tong quét x*.

2" Trong céng trinh "Vé hink hoc sdu sdc ..."
(1686) Ong cong bd phép tinh tich phan. Tich
phan duoc xem la tong vé han cic VCB vi phan
va ky hiéu | nhu ngay nay.

V& biéu thuc _[ vdy Leibniz viét:

"Wi d(y?zj = ydy nén Iydy=—y2—2 vi ¢ ddy ta
nhu c6 tong va hiéu hay néi cach khac phép toan |
va d 1a ngugc nhau nhw lily thira va khai cdn trong
phép tinh thong thudmg .

Pay chinh 1a c4i hdén cta Pinh 1y co ban ciia Giai
tich. Piéu ndy c6 y nghia dic biét quan trong
trong lich st toan hoc vi dang trinh bay thuin tay
Giai tich cua Ong dugc ban dén & day la déu tién
va dugc duy tri qua hang thé ky.

Hon thé nira, trong cOng trinh "Bdi todn tcfng quat
vé cdu phuong ..." (1693) Ong con chimg minh
réng: dé tinh tich phéan cia ham f{x) can tim ham
F(x) sao cho 46 déc F(x) ciia n6 bing f{x), tirc 1a

dF ()

dx

_[f(x)dx:F(x), néu =f(x) (.... ngdm
0

hiéu £(0) = 0). Thyc chit diy 13 Binh Iy co bag
cua Giai tich.

TOAN HOC
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3* Nam 1673 — 1674, Ong phat minh ra chudi dan
déu (goi 14 chudi Leibniz) va déu higu hoi tu cta
n6 (1695) - goi 1a dau higu Leibniz.

Piéu dang kinh ngac 14 céc thanh tyu ma Leibniz
va cac hoc tro cia Ong thu dugc nhanh dén mirc
ma vio nam 1696, G.L'Hospital (1661 - 1704) da
dic két va cho ra doi som cudn sich gido khoa
dau tién "Gidi tich cée VCB..."” trong d6 cé quy

tic khir dang v6 dinh "g " do /. Bernoulli tim ra.

2. CAC CONG TRINH PA CONG BO VE
GIAI TICH

2.1. Cdc cong trinh ciia Newton. I Newton bit
dau nghién ciru PTVCB vao khoang 1665 - 1666
(truée Leibniz) va da trinh bay cac két qua trong
cac cong trinh sau day.

1. (1704). "Vé cau phwong duong cong" (1704) 1a
Phu luc vé toan cua tac pham "Quang hoc" (1704)
cua Newton.

2. (1711). "Giai tich thong qua cdc phuong trinh c6 vé
56 56 hang" (viét nim 1669, xuét ban nm 1711).

3. (1736). "Phuong phdp fluxio va cdc chudi vé
han" (viét nam 1670 - 1671, xuit ban nim 1736
sau khi Ong qua doi.

4. (1687). "Cdc nguyén Iy todn hoc cua triét hoc
tw nhién" (1687) la tic pham duoc Lagrange goi
1a "tic pham vi dai nhét cia tri tué nhan loaj".

2.2. Cdc cong trinh ciia Leibniz. G.Leibniz bit
dAu nghién ciru PTVCB vio khoang 1673 - 1676
muén hon Newton nhung dgc ldp voi Newton va
Ong céng b céc cong trinh ctia minh rit sém.

1. 1673 - 1674. Céng bé cong trinh vé chudi dan
ddu (chudi Leibniz), ddu hiéu hdi ty Leibniz .
Ciing théi gian nay Ong con ché tao thanh cong
chiéc méy tinh sé hoc.

2. (1684). "Phuong phdp méi vé cuc dai va cuc
tiéu ..." (AE) 14 cong trinh diu tién ciia Ong vé
cac nguyén ly co ban cua PTVP.

3. (1686). Cong trinh "Vé hinh hoc sdu sdic ..."
(AE) dugc danh dé trinh bay PTTP, trong d6 1in

https://tieulun.hopto.org




dAu tién nguoi ta gip ky hiéu tich phén [ véi 16i
dan do: "dudi diu | khéng dirgc phép bo qua thira

0 dxll
4.(1693). "Bai todn tcfng qudt vé cay phitong” (AE),

5. (1694). Trong céng trinh tiép theo v& PTTP
Ong d& cap dén su xut hién hang s cong trong
phép tich phan bét dinh.

3. SU CAI CQ KHONG PANG CO GIUA
NEWTON VA LEIBNIZ
Mot s6 nha khoa hoc lich st cho ring cudc tranh
céi gira hai nha bac hoc vi dai nhat nira sau thé ky
XVII (Newton va Leibniz) 1a sy xich mich dang
x4u hd nhit trong toan bé lich sir toan hoc.
Ta hdy xem cdu chuyén da xdy ra thé ndo?
Nim 1695, Newton nhan dugc mot bic thu tir
J.Wallis (1616 - 1703) viét vé nhimg kham pha
toan hoc dau tién cua Newfon véi 10i canh bao
rang: & Ha Lan cac quan diém cua Ong [Newton]
dugc ngudi ta xem nhur 1 mdt phan caa "Phép tinh
cac vi phan" cua Leibniz. Wallis thic giuc Newfon
phai lam gi d6 dé bao vé danh dy cho minh.
Tiép 6, khi Phu luc vé toan "Vé cdu phwong cdc
duong cong" ciia cudn sach "Quang hoc" (1704)
clia Newton ra doi thi trén tap chi AE xut hién
mdt Bai nic danh diém sdch xac pham mot CE:lCh
bong gi6 nhim vao Newton. Bai nic danh khang
dinh tic gia cua Phép tinh méi (GTVCB) Ia
Leibniz chir khéng phai Newton.
Ban than Leibniz kién quyet phu nhan rang Ong viét
Bii nic danh d6. Nhung céc hoc tro cia Newion van
$01 syc con tirc glan va do vdy Newton bi 161 vao
cude. Moi chuyén bat ngudn tir nhimg loi dm chi va
nhanh chéng chuyén thanh nhimg man cong kich
gay git qua lai tir hai phia.
Tac gid cua "Gidi tich nhiéu bién s6" (Ha Noi-
2007) 13 G.F Simmons (1925 - 2019) cho ring;
"Newton d tyr cho phép minh bi 16i cuon vdo trung
tim ctia su tranh chap va mot khi con g’a" cua
Ong da bing phat ... thi khong bao gio c6 thé kiem
ché néi". Cé 18 vi viy ma Ong vo cung thoa da khi
ldm v qua tim cua Leibniz" (S. Hawking, 272).

'IC?
Cae nha lich sir khoa hoc va cde nha todn hoc noi gi'

Theo nha lich sir toan hoc J. Struik (1894-2000) thi
gid ddy nguoi ta da xdc ldp dwoc rang hai Ong da
dat duoc nhitng thanh tyu to lén va phwong phap
cua ho la déc ldp véi nhau. Newton da dat duge két
qua ddu tién vao nhimg ndm 1665 - 1666, con
Leibniz thi vao khoang 1673 - 1676 c6 mudn hon.
Nhung Leibniz 13 nguoi diu tién cong bd sdm cac
két qua trén tap chi (Leibniz trong khoang 1684 -
1686, con cac két qua ciia Newfon dugc cong b6 vao
cac nam 1704, 1711 va cong trinh lon nhét duoc
cong bé vao nim 1736 sau khi Ong qua doi gan
mudi nam).

Hon thé nira, truéc thi diém cong trinh dau tién
vé Giai tich ctia Newfon ra doi nam 1704, khong
nhitng hiu hét cac cong trinh ctia Leibniz vé Gidi
tich déu da dugc cong bd ma nhiéu céng trinh cua
hoc trd ctia Ong 12 anh em nha Bernoulli ciing da
duge cong bb. Tham chi (1) cudn sach gido khoa
dAu tién v& PTVP va PTTP dugc L'Hospital viét
ciing da dugc chao doi.

Trong Tir dién Bich khoa phé théng todn hoc ciia
CHLB Nga (1997) ngudi ta cling viét rang: "Xung
quanh vin @é giita Newton va Leibniz ai dd xdy
dung trurdc PTVP va PTTP dd xdy ra cudc tranh
cdi dai ding khong di dén két qua cd chiéu hudng
bi hai phe doi khang théi phong lén. Newton da
dat dwoc két qua ddu tién trong linh viec do trudc
Leibniz (vao nam 1665 va sau do), nhung Leibniz
ciing di dén nhitng két qua dé mot cach doc ldp va
céng bo chiing sém hon nhiéu. Ngodi ra, thudt
todn va hé ky hiéu ma sinh thoi Ong rdt xem trong
thi lai c6 nhimg wu thé vuot tréi hon céc cong
trinh cua Newton",

Trong cuén séch "Luwoc si thoi gian" (Ha N§i-1995)
thic gia - nha toan hoc va vat 1y hoc 13i lac
S.Hawking (1942 - 2018) ngudi timg giir cuong vi
ma u’u'é'c day I Barrow va I Newt timg dam nhiém
- viét rang: "Cd Leibniz ldn Néwton di phat trién
doc lap voi nhau nganh todn hoc goi la Calculus
(Gidi tich) vén Ia co so cho vat ly hoc hién dai. Méc
du hién nay chung ta déu biét Newton da phat hién
Calculus nhiéu nim truce Leibniz, song Ong da
cong bé cdc cong trink ciia minh mudn hon Leibniz.
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Nay sinh cuéc tranh cdi om som xung quanh viéc ai
la ngudi ddu tién tim ra Calculus giita cdc nhd khoa
hoc ung hé hai phia...".
Con G.F.Simmons thi viét: "Pén bic can phdi ldtn
16 rang méi mot nguoi déu cé thé phdt trién
nhiing hinh thitc vi phdn ciia minh theo cdch khdc
nhau dgc ldp v6i nguoi kia. Liic dau la Newton
trong 8 hodc 10 ndm nhung khéng xudt ban y
twomg cua minh, va nhifng céng trinh cia Leibniz
ndm 1684 va 1686 1a nhitng dn phdm sém nhdt vé
van dé nay...".
Chuyén om som trong giéi todn hoc Chau Au thoi
by gi¢ cling da lam cho Cong chia Caroline xit
Ansback (1683 - 1737) (sau la Vuwong hiu cua
Lién hi¢p Anh va Irland) - ngusi rit kham phuc
va kinh trong tai ning cua Leibniz - ciing phai 1én
tiéng. Ba gui cho Leibniz mt birc thu ngin véi
ndi dung nhu sau:
"T6i thuc su rat tiéc khi chirng kién nhitng nha bdc
hoc tam cé nhur Ngai va I.Newton lgi khong thé
hoa giai dugc véi nhau. Thé gian ndy sé lpi biét
bao nhiéu néu cac Ngdi han gdn véi nhau! Nhung
thdt dang tiéc, nhitng con ngudi vi dai nhw céc
Ngai lai hanh dong qud nho nhen va thidy long vi
tha. Cdc Ngai, d6 la thién ¥ ciia t6i vé cuge cdi cp
dai diing khong dang co gitta cdc Ngai".
R&i mot birc thu caa Leibniz &2 ngay 31-1-1713
v6i 16 1& dung hoa giri 1én Hoi Hoang gia cling
khong may may tic dung va khong lam diu di con
thinh ng ctia Newton.
Khi ban v& sy xich mich gitta INewton vi
G.Leibniz hai nha toan hoc Hoa Ky R.Courant vi
H.Robbins a3 viét:
"C6 thé c6 mét phat minh dong thoi va dge lap
[voi nhau) khi ma bdu khi guyé’n da tran ddy
nhitng yéu t6 cua mét Iy thuyét méi ndo ds" Co 18
"Gidi tich cdi vé cung bé" (GTVCB) 12 mét phat
minh nhu viy...
4. SO PHAN CUA HAI VI NHAN
INewton d3 céng hién tron d&i minh cho khoa
hoc. Ong duoc coi la ngudi da dit nép mong cho
khoa hoc hién dai. Nam 1703 Ong dwoe biu 13
Chu tich Hai Hoang gia va dugc tin nhigm giir
chirc vu 46 cho dén lac mét. Vao nam 1705, Ong

TOAN HOC )
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duoc nit hodng Anne tang danh‘ higu I-_Iiép st (Sir
Isaac) va nim 1699 Ong duge bau 1a Vién si nuéc
ngoai cia Vign Han lam Khoa hoc (VHLKH)
Paris. Cudi doi Ong con nam gilt cuong vi Thong
dbe So diic tién Hoang gia.

I Newton qua doi ngay 31-3-1727 Yi bénh s.(’)i than
va xung huyét phéi. Ong dugc mai tang tai nghia
trang nha tho - noi an nghi cua cic vi npan nude
Anh. O bé pho twong dong twéng niém Ong dung
& truong Trinity cuia DH Cambridy c6 khac dong
chit: "Tri tué ciia Ong hon han moi nguoi".

Dbi v6i Leibniz, G.F.Simmons viét ring: "Nhin lai
Leibniz théng qua lan swong mu cﬁg 3(?0 né;:n
trong lich su, chung ta duong nhe: thay rat nhiéu
nguoi trong mgt nguoi - nha triet hoc, nha todn
hoc, nha khoa hoc, nha logic hoc, nha ngoai giao,
ludt sw, ... thay vi ld mét cd nhdn don lé ..."

Nim 1700, Ong duoc Hoang hau Sofia Charlotte
(1668 - 1705) trao nhiém vy thanh 1ap VHLKH
Berlin va Ong 1a Chu tich diu tién. Ong ciing
dugc bau 12 Vién si nude ngoai ciia VHLKH Paris
(ndm 1700) va Hdi vién nudc ngoai cia Hoi
Hoang gia Luin D6n ndm 1673 trong dip Ong dén
Luan DPén trung by chiéc mdy tinh sé hoc ma
Ong sang tao ra.

Nhiing ndm cudi di cta Leibniz di troi qua trong
cd don va lanh I%o... L.SFreiman viét ring:
"Bénh giit nhu thé tr6i Ong ngéi mét ché, Tir sdng
ngdy 14-11-1716 ngudi ta thdy bénh tinh ciia Ong
16 nén xdau hon. Khi moi dwoc bdc si t6i thy Ong
diradi...".

G.Leibniz mét ngdy 14-11-1716. Nhi they 43 béc
b6 céc quan diém trist hoc ciia Ong va do d¢ triéu
dinh cling khong thém doai hoaj 1. Trai véi 1é
th}r(‘mg, H{i hoang gia Luan Bén cfr im hoi léné
tiéng, khéng hé ring nira 164, lam b nhu khéng
biét Leibniz 13 ai mic dy éng 1a Héi vién nudc
ngodi cua Hoi tr nim 1673, Vién Han lAm Khoa
hoc Berlin thi khdng biét phai hanh xit thé nao
trwée anh linh cua Ong 14 Vign st va ciing 13 Chu
tich ctia Vién minh. Chi ¢6 VHLKH Paris t chirc
tuong ni¢m long trong ngay gi dau cuia Ong ngly
13-11-1717.  Chu  tich VHLKH Ppags la
B.Fontenelle (1657 - 1757) doc dién vin ca ngoi

G Leibniz 1a nha tu tuéng vi dai va 1a mét trong
nhitng bd dc hoat déng nhat va da dang nhét,

https://tieulun.hopto.org



PROBLEM... (Tiép theo trang 22)

TOWARDS MATHEMATICAL
OLYMPIAD

Problem T10/524. Show that
{3+\/§\3 +(3_\/§\3“

2 2
is an integer which is greater or equal to 3!
and is divisible by 3 for every » e N.

Problem T11/524. Given positive numbers «

and f. Consider the following sequences

(xn)!(yn): X=a,y; = ﬂand

sxnyn ™ 5xn+1yn

B B = ,Vr=12,...
™l 2yn+3xn e 2yn+3xn+1 "

Find lim x,and Lim y,.
H—X0 n—0

CAC DANG TOAN...  (Tiép theo trang 20)

Bai 7. Cho ham s6 f(x) c6 dao ham lién tyc

trén doan [0;1], théa mén

3f'(x) +)f‘(x) =78 vy 6[0;1].

1
Khi d6 [ f(x)dx bing
0

1 1
Ay o B.
4084440 4082418
R o, D
" 4082420 " 4078380

Bii 8. Cho ham s& f(x) xéc dinh va lién tuc

trén R va thoa man 2/(0)+/(-9)=x, VxeR.
2
Khi 46 If(x)dx bing

o)

| =
D | -

Problem T12/524. Given an acute triangle
ABC inscribed in a circle (O) and suppose that
AD is the altitude. The tangent lines of (O) at B,

C intersect at 7. On the line segment AD,

choose K so that BKC =90°. Let G be the
centroid of ABC. KG intersects OT at L. The
points P, O are on the line segments BC so that
LP // OB, LQ // OC. The points E, F
respectively on the line segments Cd, AB so
that QF, PF are both perpendicular to BC. Let
(T) be the circle with center 7' which passes
through B, C. Show that the circumcircle of
AEF is tangent to (7).

Transleted by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

Bii 9. Cho ham sb I (x) ¢6 dao ham, lién tuc
trén R va thoa man 2/ +f(x): x+1,Vx eR.

2
Khi d6 [ f(x)dx bing
0

Aoz_—l". B.E__3_
2 In2 2 In2°
7 5

C-__l.nz. i
> D.2+h12.

Bai 10. Cho ham s§ f(x) théa man

f(2)=—% va f(x)=2x[f(x)]" véi moi

3
x eR. Gid trj ciia [ f(x)dx bing
2

1 3
A-“i— = B. —%+ln2
1 2
G ——ln 3
. TO, C
so\ L]
os U 4q.0rg



(Tranh khac gd ciia Henri Oger)

Dip vui Tét, d6n Xuan trén khip ca nude co
nhimg phién chg Tét doc dao nhu: Chg phién
xir Dodi (huyén Thach Thit, Hi Néi); Cho dé
c6 phé Hang M (Ha N¢i); Cho tét dinh Bich
La (huyén Triéu Phong, Quang Tri);...
Theo ban nhitng cdu truyén khiu sau lin lwot
néi vé phzen che Tét dge dio nao ¢ viing Péng
bang Bic B¢ va viing Duyén hdi Nam Trung b
Viét Nam ?
1. Mong tam thang giéng di choi cho

Bon rang canh cho dep vui thay

Ngwa xe chen chic nguoi di lai

Hang quan dua nhau ke xép bdy

Néim sdm ban buén mong duge dzir

Khdnh dua sam sira dé cdu may

Mot nam co6 mét ngay phién cho

Choi cher ai khéng dén cho nay.

TOF!N HOC
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Cho hop méi nam co mét phién
Nguroi ban, nguroi mua o khap mien
Mo:ng mot kéu nhau di hop cho

Tung bing khan do budc chan chen.

TRAU “XEP HINH”

Con trdu trong tranh dén gian Dong Ho

Dau nim Tén Siew, mét dan tréu
Ddang ve nhung nhéng, guc guc dau
C6 ké buon buén, dira tay dém

Dém 16i dém lui, bong ... phat rau
Mot, hai, ba, bén ... muei bén chir
Bay hang chan chan, trivée nhu sau!
Moi hing ... bon chii, y nhir mor

Thé thi ching dirng kiéu gi day?

Theo ban din tréu “Xép hinh” theo kiéy gi ma
ky viy?

NGUYEN THANH GIANG
(Hung Yén) Swu tim

https://tieulun.hopto.org



TIENG ANH QUA CAC BAI TOAN
BAI SO 65
problem. Determine a single transformation

that maps the shape S on to the shape R,

A
.;2_ e S

TU VUNG
Solution. We can see that the required yrqpnsformation : phép bién doi

transformation should be an enlargement.
Hence we need to determine the scale factor

enlargement . phép vi tw (phong to, thu nho)

dth ver of e enlargement scale factor © 10 6 (cua phép vi tir)
and the center of the en . | _ o
; i o tam (cua phep vi tir
We can see that each side of R is three times as "¢/ (etda phep )
big as each side of S, thus the scale factor is 3. NGUYEN PHU HOANG LAN
The center (—4 ; 5) can be determined as in the (College of Science — Vietam National university, Hanor)
£?|=1];?k\riri%<?*g)l‘:]::;k******************************************************************
BAI DICH SO 62 Luwu y. Bang trén thyc chét 1a bang phan phéi
¢ xac sudt cho mot bién ngdu nhién x véi phén
Bai todn. Cho bang phdi hinh hoc theo tham sé p. Téng cua tit ca

cac s0 hang trong hang thir hai clia bang ludn
bang 1, bdi vi nod 1a xdc suit cuia tit ca kha nang
cé thé xay ra.

T i

Béc sudt | p

Wi0<p<lvig=1-p Tinh tong vé han N!t{m\xe’t. Cac ban sau cc:) bai dich tdt, guri bai

ey - L2 +,_,+q"‘lp+--- veé Toa soan sém: Trdn Vin Qudn, 11T1,
cac so hang S=p +qp~4qpP THPT chuyén Hung Yén, Cao Thi Tuwong Vy,
11A9, THPT Duong Quang Ham, Vin Giang,

Léi gigi. Ta cé:

S=ptgptglpt ..+ Sl Hung Yén; D6 Ngoc Tidn, 8A3, THCS Lam
®» ) i 4 Thao, Phi The; Trdn Thi Thank Thir, 10T1, Lé
=pl+gq+g +.ntqg Foo Thi Thanh Tim, 10 Toan 2, Nguyén Thi Khdnh
1 Linh, 11 Toan 2, THPT chuyén Qudc hoc Hué,
o p.—qu- - =1. Thira Thién Hué.
HO HAI (Ha Néi)
TOAN HOC
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BAI TOAN 45. Cho n s6 thure ditong X1, X2, ++»
Xp neN, n> 1. Chimg minh rang bdt ding

L+L+_._+LJ > nz.

thire (x,+x, +...+ x,,)
% X X

Léi gidi.
Céch 1. Tt gia thiét da cho, theo bat ding thirc
(BDT) AM-GM ta duge

X+ Xy ok X, 208X XX,

1 1 1 1
—+—+..+t—2nn :
X X X, Xk,

Nhin theo v& hai BDT trén va rit gon s& dugc
diéu phai chimg minh.

Ding thirc xay ra khi va chi khi hodc n = 1 hoic
X1 =%3= 0 =%
Cich 2. V&i gia thiét 43 cho, theo BDT CBS s&
duoc (x; +x, +...+ xn)(i+ —1—+...+—1—\ =

X1 %

(Y (Y (Y],
Iyt s R e - ]

Ping thic xay ra khi va chi khi hodic n = | hoic
X1 =X2= ..

s S
Cdich 3. Theo BDT Cauchy-Schwarz dang

Engel —1-+L+...+L2

1 Xy X,

TOAN HOC
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_

\2
| Ll n?

x1+x2+...+xn x1+x2+...+xn

1
(,1_4___4- A+ Jan.
X,

<:>(x1+x2+...+x) .

Déng thitc xdy ra khi va chi khi hodc 7= 1 hodc

= i toa Ung minh.
x| =X3= ... =X, Baitoan duoc ching

Cich 4. B toan di cho 1a mét BPT doi ximg,
khong mét tinh tong quat gid sit

1 1 1
>..2%x>0=20<—<—=<..8—.
X|12X32...2%, X "
Theo BPT Chebyshev thi
(1 1 L\
(3 + 2+ + 3, Lx1+;;+ A
)
S
X Xy Xy,
Ding thitc xay ra khi va chi khi hodc » = 1 hoic

X] =Xx3 = ... =X, Bai toan duoc ching minh.

Cdch 5.

* V6in=1BDT tré thanh ding thic, ciing dé
dang chimg minh BDT dang voin = 2.

* Gia sa BDT dong véin =k, k eN, k=2 tic

: (
la (xl +x2 +"'+xk) L+_l_++i\ 2k2

xl x2 X k

Ta ching minh BT cling ding véin=k+ 1.

Dé.tP=X1+.X'2+.. Q_—_—l_.i._l__'. +i

XX Xk

, (
M (P+xk+1)LQ x: \>PQ+2\/_Q+1

'+xk)

2K 42k +1=(k +1)%.
T}ileo nguyén ly quy 1ap toan hoc bai toan dugc
ching minh. Bing thy, Xay ra khi va chi khi
hoac 7 =1 hotic x, =

-x2=...==xn_
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Cich 6. Bai todn can chimg minh trong duong

S—‘nx S_'nx S—n
L+ L4 *n 5 0.

X G -

BDT
Bai todn di cho 12 mét BDT &4; ximg, khong
mét tinh tong quat gia st 0 <x; < x, < ... <x,
=>S-mxy=2S-nx > ... 28— nx,.

DE thay trong day cic biéu thirc S — rxy, § — iy,
+vvs S = My, S8 t0n tai bidu thirc thit J (1 < J < n),
48 0> S — mxy, khi d6

S—nmx1202...28—nx;> e 28— nxy.

Nén NVi=ln

Ding thitc xay ra khi va chi khi hodc # = 1 hodc
X1 =Xx2 = ... =Xx,. Bai toan dugc chirmg minh.

Cich 7. Dat S=x; + x5 + ... + x,, ta chimg minh

S S
BBT twong dwong;: {£+~—-+...+—J2n2
o X Xn
(S—x1 S—x, S-x,)
+_

o +...+——”—J2n2—n.
\ X,

X X

" 5~
Hién nhién [

(§-x) 2
2(n-1)+1 Li=(r-1) .
<:>S_x [( ) ]L JC,r J O;Vi=1,n
X e
X;
2
@S—x,>(2n—l)(8—x,-) (" l) xiO;Vi=L_”
% . hY

Déng thitc xay ra khi va chi khi hogc n = 1 hodc

X1=X2= ... Xp.
Léi binh. Bai toan trén 1a m¢t BDT co ban ¢o
tinh tmg dung manh dé chimg minh nhiéu bai
toan BDT dai s6 va BDT hinh hoc. Khi chon
cach ching minh cho BDT nay ngudi ta thuong
str dung cac BPT kinh dién hoic BDPT AM-GM
hoic BPT CBS hoic BDT Cauchy-Schwarz
dang Engel hoic BDT Chebyshev ‘nhu' da trinl‘1
bay & cach 1, 2, 3, 4. Béi vy co thé ?oi BDT gé
ra 12 hé qua cua ca bén BDT kinh dién d6. Cich
5 giai bang phurong phap quy nap toan hoc ciing
la cach giai quen thudc, théng qua cach gidi nay
mdt 1an nira nhic ching ta, khi giai loai toan c6
chira bién dung véi moi gid tri nguyén diong »
thi phai nghi ngay t&i phwong phdp quy nap
toan hoc. Céach 6, 7 13 hai cach gii mé&i, vé mit
hinh thirc so voi cach giai 1, 2, 3, 4, 5 1a dai
nhung lai 1d nhing cich giai thuin tuy mang
tinh dc 18p, sang tao, d6 1a cach giai ngé’in gon
d& hiéu danh cho cac ban chua-hoc v& céc BDT
kinh dién.
NGO VAN THAI (Thdi Bink)
Nhdn xét. Ngoai 7 cach giai cia ban Ngé Van Thai,
ngudi gidi thidu dé bai Toa soan Tap chi TH&TT
con nhin dugc mot s6 cach gidi ding tr cc ban Lé
Ngoc Cam T, 10 Toan 1, Phan Thi Minh Chdu, Lé
Thi Thanh Tdm, Nguyén Huong Thuy, 10 Toan Z;
THPTL chuyén Quéc hoc Hué, Thira Thién Hué;
Nguyén Thién Ly, 11T1, THPT chuyén Nguyén
Quang Diéu, Pdng Thap.
LE MAI (Ha N3i)
MOi cde ban gir 161 gidi BAI TOAN 47 dusi day vé
Toa soan Tap chi TH&TT truec ngay 31.3.2021.
TBAI TOAN 47. Cho tam gide ABC. 1193 w1 hai

’

gdié'm nam trén duong phan gige trong AD thoa
iman ABN = CBM . Chimg minh rang

ACN = BCir,
DOAN CAT NHON

,(GV THCS P. Binh Dinh, tinh Binh Dinh) gici thigu

S atio | RanARO DIy

[ =
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¥ DU LICH THE GIOI ‘1

2\ QUA CAC BAITOAN HAY

v(/ o

BAI TOAN 53. Tam giac nguvén duwoc dinh
nghia la tam giac c¢é s6 do cac canh la cdc so
nguyén. Hay tim tat ca cdac tam giac nguyen co
chu vi b(?np; dién tich (khong tinh dén don vi do)

P e

Loi gidi. Piéu kién bai todn twong duong véi
Jp(p-a)(p=b)(p-c)=2p (1)

véi sb ba s6 nguyén duong a, b, ¢ 1a ba canh cua

a+b+c

tam gidc, p= la mra chu vi tam giac.

bitp—a=x,p-b=y,p—c=z Khidé (1) tr&
thanh: \[(x+ y+z)xyz =2(x+ y +2)
Sxz=4x+y+2z) (2).

O day x, y, z tit ca la cac sb nguyén duong hodc
ching 1a cic phan sé v&i mu sb 1a 2. Tuy nhién
voi x, y, z 1a cac phan s6 v&i mau sb 1a 2 khong
thoa man phuong trinh (2). Do d6 x, y, z 14 cac sb
nguyén duong. Khéng mat tinh téng quat, gia sit
rﬁng x2y2z. Tu(2)suyra:

4y +4z
yz—4

Jc=4y+4z
yz—4

RO rang 13 yz—4>0nén ta co:
Y'z-8y-4z0 (- )Xy-3)<0 ).
Véi y,,¥,la nghiém cia PT zy* -8y —4z=0:

,dodd x= =

4+16+ 42> 4-+16+4z*
W= g o weT

Vi y, <0nén y—y,>0,dodé

/1 2
B)e y-3<0y<y st—“ S+4z

& yz<4+16+42> = 22 —4<16+42° (4)
vViy=z)
—z* —822 +16<16+42

S6 524(2-2021)

TOAN HOC
46 7 crsire

o <1222 o 2P <12=>2<3.

Xét ba truong hop:
4+16+4
eTHL:z=1, yS—— —— <%
4y+4z 4y+4
x= = .
yz—4 y—4

Dé x nguyén duong ta c6 cac truong hop:
-Véiy=5thix=24;-Vaiy=6thix=14;
- Véiy=8thix=9.

4++16+4.4 <
2

e TH2:z=2, y< 3;

Jc=4y+4z=4y+8:2y+4l
yz—4 2y—-4 y-2
Dé x nguyén duong ta c6 céc trudng hop:
-Véiy=3thix=10;-Véiy=4thix=6.

4++16+4.9

e TH3:2z=3, y5—3——<4,'

_4y+4z 4y+12
.0 yz—4 N 3y—-4
V&1 y =z =3 thi x khéng nguyén.
Tir cac trudng hop x, y, z tim dugc ta tim duge 5
nghiém cua bai toan:

x |y |z x+ty+z=p a (b |c
2415 |1 30 6 25|29
1416 [1 21 7 | 15|20
9 |8 |1 18 9 |10 |17
103 |2 15 3 12]13
6 |4 |2 12 6 [8 |10

Nhdn xét. Hoan nghénh ban Pgo Quang Anh, 8C2,
THCS&THPT Archimedes Pong Anh, Ha N§i vi

ban Pham Hiu Dang, 11T1, THPT chuyén Nguyén
Quang Diéu, Pong Thdp c6 15 giai ding.
NHU HOANG (Ha Néi)

Sau day 1a bai tap 48 nghi. Ban doc hay giri 101 giai
vé Toa soan TH&TT trude ngay 31.3.2021
BAI TAP BE NGH]J

BAI TOAN S5. Cho tam gide ABC o6 AB = 3,
BC =35, AC

h =7 vd AD, CE lg cgc phdn gidc trong
cat nhau tai

P. Tinh d dai dogn thang AP.
KHANH HUU (Ha No?)

https://tieulun.hopto.org
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GIAI DAP: THEO CACH DAY CUA THAY MA!
(Dé ding trén TH&TT 56 520, thing 10 nim 2020)

Phin tich sai lim. Loi giai sai ngay tir phan xét dao
ham dé 13p bang bién thién, d6 1 viéc bo di midn

nira khoang [-2; 0) (dugc t6 dam).
Léi gidi dung. Mién xac dinh ctia ham sé: D=[-22].

Tacod: y'=1- = ,Vx e(=2;2).

4—x

Khi x<0= y'=1- >0. Khi x>0, tacé:

I

4

yV'=0VJd- =z

x

X2

,_M_\
II

>0
& x=+/2. BBT:
w3

]

y/’\

Vay: maxyzzﬁ,kbi x=+2; miny=-2, khi x=-2.

Nhin xét. Hai ban: Lé Ngd Nhdt Huy, 1~1 1A khu phf') 1,
phudng 7, TP. Bén Tre, Bén Tre; Nguyén Hing Cuo:ng,
85 Bién Cuong, phuong Ngé May, TP. Quy Nhon Binh
Dinh da phét hién dugc sai lam va dua ra 16i giai ding
KIHIVI

—
=
N
(]
|
o
— <@

MAXP=1?

Trong gi¢ Toan thiy gido ra dé ba nhu sau :
Bai todn. Cho x,y thoa man

SO S PR o
X+y +xy+2 g
GTLN ctiq biéu thirc P=% khi' x,y thay
d6i gan nhdt véi s6 ndo dudi cgfy;? Dl
Sau go%luc n]:u:l San hoc sinh cing 6 161 giai sau:
log,——X*Y ___x(x-9)+y(y-9)+%

P+ exy+2

=x(x-9)+y(y-9)+xy

& log, (x + y) ~log, (x* +y* +xp+2) +2
=X +y +xy+2-9x-9y (x+y>0)
<=>log3(9x+9y)+(9x+9y)

=log3(x2+y2+,xy+2)+x2+y2+xy+2 ().
Xéthamsé f(¢) =log; ¢+, (1> 0), taco:
f'(t)=—1—+1>0,w>0:> ham sé ddng bién
tn3
trén (0;4c0). Tt (*) suy ra:
fOx+9y)= (P + Y +p+2) & 9x+9y=x"+y" +xy+2

<::>9(.7c+y)=(Jc+y)2 —xp+2 <:::>Jt;v=(x+y)2 =9(x+y)+2 ().

. x+y+1)2_
R 2

2
:xyg[fi;_“J —x (2). Tir dé:

Taco: x=x+xy—xy=x(y+I)

1 2
xy:(x+y)2—9(x+y)+2s[x+;+ J -x

2
@xs(ﬁ—g-—tl) (x+y) +0(x+y)-2

x+2(x+y)-9 x+2t-9
x+y+10 t+10

Diatt=x+y>0 thi P=

(+1)
4

-2+ -2+2t-9
t+10
P42 +1-47 + 44— 44
- 4t + 40
-3¢ + 461 — 43
4t +40
— 2_
Ta co: f‘(t):l_ 3t 60t:—503:
4 (t+4)

30+ 2409

Sl i), ¢

<

317+ 46143
T Ar+40

Xét ham sd f(t)= trén (0;+0).

=30++/2
= ._9%@ BBT:

~30++/2409 '
B e

S = 0 ~ ]

=1.9582

Tu BBT ta tim dugc max P~ 2 . Chon A.
Theo em, Ii gidi trén da ding chira?

NGUYEN QUANG MINH
(GV THFPT Hai Ba Trung, thi xd Buén HG, Dk Lik)

ss datkpss/ tid QSR org




XUAT BAN TU 1964

Tﬂp (hi TOAN HOC Vd TU6I TRE ?J’a?ﬁ;’u‘ﬁé"széhng v, Ddng Da, Ha Noi

DY Bién tap: 024.35121607,

L ] (] 5
' BT Phil hanh: 024.35142649, 02435682701
Mathematics and Youth Magazine e sl
BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
AN VA Chi tich Hoi déng Thanh vién
GS. TSKH. TRAN VAN NHUNG D Viét Nam
TS. NGUYEN VAN VONG NGUYEN DUC THAI
GS. DOAN QUYNH Téng Gidm d6c NXBGD Viét Nam
TRAN VA HOANG LE BACH
POS.TS VARERD Vien trudng Vién nghién cttu Séch va HLGD
PHAN XUAN THANH

HQI PONG BIEN TAP

Téng bién tdp : TS. TRAN HUU NAM Pho téng bién tip : CN. TRAN THI KIM CUONG
Thu ki Toa soan : ThS. HO QUANG VINH 7S. LE HONG MAI

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DOUNG, Ts. TRAN NAM DOUNG, 75, NGUYEN MINH pUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAL PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGQC, PGS. TS. TA DUY PHUUNG,
THS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL, ThS. VU KIM THUY, PGS. TS. VO
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co s @ Gidi bai ki truée
For Lower Secondary School T1/520, ..., T12/520, L1/520, 1L.2/520.
Trinh Phong Quang — Bai toan lién quan dén Solutions to Previous Problems
phuong trinh bac hai mét 4n cé chira tham sé e Phwong phip giai todn

ma biéu thirc nghiém cé ddu gi4 tri tuyét dbi, (i 2 . &

] ‘ ) Kiéu Dinh Minh — Céach giai mét dang phuong
o Huong dan giai d€ thi chon hoc sinh gidi cép trinh ham da thirc dic biét.

tinh 16p 9 tinh Binh Dinh nim 2020, €& Lich si toin b
h oc

Nguyén Thuy Thanh — Cugc tranh i daj déing
khéng déng c6 giita I.Newton va G, Leibniz,
Q Chuin bi cho kj thi THPT Quéc gia @ Giii tri toan hoc

Nguyén Pirc Trung — Céc dang toén thi THPT
Quéc gia c6 van dung phuong trinh ham trong

€@ bé thi twyén sinh vio 10 THPT chuyén Binh
Long, Binh Phuéc, nim hoc 2020-2021.,

@ Tiéng Anh qua cic bai todn - Bai 56 65

chirong tich phan. Bai dich s6 62.
@ bt raryniy @ Nnidu cich gii cho mt b todn
T1/524, ..., T12/524, L1/524, 1.2/524. @ Dujich tné g qua cée bai toin hay
Problem in This Issue @ Sai lim & dau?
Bién tdp: LE MAL DUONG THUAN Mithudt: QUOC HIEP, THANH LONG .‘ |
7ri s phdit hink: HOANG TH KIM PHUGNG, TRAN TH] MINH HIEN Thiét ké, ché bin: DUGNG THUAN ?

https://tieulun.hbpto.rg
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Nha xu a0 ¢ Viet Nam
(NXBGD' 3 hoan thanh cong tac

boi dudng GV st dung SGK 16p 1 va

chuén bi diy da SGK, cung g t6i

cac dia phuong trong ca nudc.

- NXBGDVN da hoan thanh viéc in,
nhap kho hon 113 tri¢u ban SCX vhue
vu hoc sinh tur 16p 2 dénlop 1.7
dén ngay 15/8/2020, NXBGL"
phat hanh dugc 93% san lag; i
ké hoach vé cac dia phuong, dat &~ s
so véi cung ky (do anh hudng cua
dai dich COVID-19 nén viéc mua
sim SGK va db ding hoc tap dién ra
cham hon moi ndm).

_Péi véi SGK 16p 1, NXBGDVN da

" hoan thanh viéc in, nhap kho duoc

hon 14 triéu ban, twong duong 115%
két qua lyra chon cuia céc dia phuong.
Pén ngay 15/8/2020, NXBGDVN da
cung tmg t6i cac dia phuong hon 13
triéu ban SGK l6p 1 dat ti 1¢ 107%
50 v6i két qua lya chon SGK cta céc
diaphuong.

 2.Gidban SGK irlop2dénlp 12van

duoc giit nhie nhimg ndm hoc 1roc.
18 gif SGK duge niém yét tai i

td, ddng bo, kip thoi dén cac nha truong, hoe sinh
(HS), GV, khong dé xay ra tinh trang thiéu sach, sot sach
dic biét trong giai doan trién khai 4p dung Chuong trinh
gido duc phd thong 2018. Phat trién hé thong bén lé, tai
c4c dia phuong dé phuc vu nhu ciu cua HS va GV.

Trong thdng phat hanh phuc vu khai giang nam hoc mdi,

hé théng cira hang ban Ié thudc h¢ théng NXBGDVN

chudn bi iy 6o hang hod, mé cua ban hang tat ca cc

. niem yét ddy di bang gid, dong thoi to
~ trinh khuyén mai phong phu.

fpay trons
shre cag

- Puomg 44+ nGag (0377 333 545) gidi dap moi thic mac
v& nhu ciu mua SGK duge duy tri tir 8h00 dén 22h00
hang ngay trong khoang thoi gian tir ngay 15/6 dén ngay
15/9/2020, ké ca thit By, Chu nhat va ngay €.
NXBGDVN khing dinh s& tiép tuc chu dong tmg pho
v6i didn bién phirc tap ciia dich bénh, cdc hién tuong bat
thuémg cta thi tiét dé dam bao cung tmg day du SGK t6i
tay HS khi budc vao nam hoc moi.

TIENG VIi. TIENG VI

HOAT H OGN
CRATINGH .

i

LY AP
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VAUNG DU
Tac gia: Nguyén Thi Hong Hanh, Ngu

Ta Duy Phuong,
Sach day 303 trang, kho 16 x 24cm,

Phan nguyen [x] cia mot 56
thue x la so nguyén lon nhat
khong vieot qua x. Do tinh doc
dao khong giong ai cua ham
phi‘m nguyén, thi du, ham phén
nguyén kha don gian: 13 ham
hing timg khic, nhung cing
kha phic tap: khong lién tuc

tai cac diém nguyén voi bude

nhay bang 1, do d6 kho s dung
cong cu giai tich, vi vay cdc bai
tap vé phan nguyén thuong la
kho.

PHAN '\IGUYEN

Ngoai li thuyét duoc trinh bay
chi tiét, bit dau tir Trung hoc
Co so, sach co nhiéu bat toan
thi hoc sinh gioi cap huyen
tinh, Quoc gia va Quoc te lién
quan dén phan nguyén. _ .
Cudn sach gom nam chueng.
Chwong 1 tap hop nhirng Kién
thirc co' bdn vé phan nguyén:
Ham phan nguyén va do thi
ham ph?m nguyen.

Chutmg 2 trinh bay céc.bai
toan s6 hoc lién quan dén phin
nguyén: Toan chia hét, Gng
dung nhi thuc Newton trong
giai toan véi phan nguyén,. ..
Chuong 3 trinh bay cac dang
toan lién quan dén phin
nguyén trong dai so: Tinh gia
tri cua biéu thic chia phi‘m
nguyén, ching minh hé thic
chira phf"m nguyén va dac biét,
phan loai chi tiét va kha dé’ly du
vé cac dang phwong trinh chira
phan nguyén.

NG TRONG GIAI TOAN

yén Thi Binh"Minh,

Nguyen Thj Bich Thuy
gid bia 105.000 dong.

XTI BANIGIACIDUCAVIETINANIE

2
-

Chuo‘ng 4 1a cac bai toin vi
phan nguyen trong | toén Giai

tich: Day so, chudi s6, gidi han

ciia bieu thirc c6 phan nguyén.

Chu’o*ﬂg 5 so_luge trinh bay
mot s van dé lién quan dén
phan nguyen phan nguyén va
hé dém co s6 khac 10, phan
nguyen va phuong trinh ham,
phan nguyén trong li thuyét

~ ham thuec.

Nhing kién thirc va bai tap
trong sach la co s@ dé giai nhicu
bai toan thi hoc sinh gioi khae
chua dugc dua vao sach. Ngoai
ra, cudn sach co the guip cac
thay co giao trong viec thiét ké
cac bai tap va de thi mai.

Cudn sich khong chi co ich
cho cac hoc sinh, cac ban yéu
todn va cac thay co day toan
phd théng, ma con la tai lieu
tham khao t6t cho céc sinh vién
va giang vién dai hoc, cao dang
nganh todn, ciing nhu cac phu
huynh mong mudn giip con
em minh hoc t6t mon toan.

Moi chi tiét xin lién hé:

CC)NG'TY c;o PHAN SACH DAI HOC — DAY NGHE
Pia ghl: 73 Lo Buc, Hai Ba Trweng, Ha Noi
® Dién thoai: 024.39724715 - 0983605756

Giay phép XB sb 534/GP-BTTTT cap ngay 19.11.2020; M3 sé: 8BT2M21

In tai Xi nghiép Ban do 1 -BQP

in xong va nop lwu chiéu thang 2 nam 2021

Giz: w00 dn;
Muwoi lam nghin dong






