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TRUNG IIlDC COSH Nk

3 chuong trinh THCS, viéc khai thac va van
dung cac tinh chét co ban trong gidi toan 12 hét
sic quan trong. Qua d6 ning cao ning luc, tu
duy giai toan, nhét 13 ning lyc giai todn hinh
hoc. Bai viét niay t6i mudn gidi thidu véi ban
doc van dung tinh chit co ban cua tir gidc nodi
tiép dé chimg minh bai toan con budm va mot
s6 tmg dung cua bai toan con budm cho hoc
sinh THCS.

I. Khai niém va cdc tinh chit cha ti¥ gidc ndi
tiép

1. Pinh nghia. T\ giac nd1 tiép duodng tron la tor
giac ¢6 4 dinh cung thudc mdt dudng tron. T
giac ndi tiép dudmg tron goi tat 14 tir giac noi tiép.
2. Cic tinh chit va diu higu co ban cia ti
giac ndi tiép

Tinh chit 1. Tt giac ndi 4 T N\\B

tiép khi va chi khi téng hai w

goc dbi bang 180°. C
TG gidc ABCD ndi tiép /

< A+C=B+D=180° D

(h.1). Hinh 1

Tinh chit 2. T« giac ndi tiép khi va chi khi hai
dinh lién tiép cing nhin canh khdong chira hai
dinh d6 cac goc bang nhau.

Tir gidc ABCD ndi tiép < 41=D hoic B, =C,
hodc A2=B2 hoic D2=C; (h.1).
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Tinh chét 3. Tt gidc ABCD c6 I 1 giao diém
hai duomg chéo, khi dé tir gidc ABCD ndi tiép
khi va chi khi J4.IC = IB.ID (h.1).

Tinh chit 4. Néu tir giac ABCD c6 AB va CD
cit nhau tai M thi ABCD la tir gi4c ndi tiép khi
va chi khi MA.MB = MC.MD (h.2).

M

Hinh 2

II. Bai toan con budm. Cho diong tron tam O
va day cung AB khong di qua tam Q. Goi [ la
trung diém cua ddy cung AB, qua I ke hai ddy
cung tuy ¥ DE va CF cua dirong tron (0). Goi
M, N theo thir tir la giao diém cia cdc day CD
va EF voi AB. Chirng minh IM = [N.

Chirng minh.

Truwong hop 1 (h.3): C va E thudc cung nho 4B
cua dudng tron (0).

V& duong tron ngoai tiép cic tam giac FEI va
CDI lan luot cédt duong théng AB tai cac diém
thir 2 12 § va R. Goi K 1 giao diém ciia dudng
tron (O) voi EFS (K khéc F).
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Theo dinh nghia ta thdy cic tr gidc DCEF,
FIES, DICR, CDKF ni tiép nén suy ra:

—~

F{1=61=E'1=3'1=K1-

E
A M : A
R : / N\ B S
D — ) l
F
Hinh 3

Do S1=K1 nén DK // AB; DK // RS, suy ra cac
tir giac DKSR, DKBA 13 hinh thang can, tir day
ta suy ra AADR=ABKS (c.g.c) nén AR = BS.
Ap dung tinh chit 3 cua cac tir giac DICR,
ADBC nbi tiép ta co:

MDMC=RMMI (1)

AMMB=MD.MC (2).
T (1) va (2) tasuy ra: RM.MI =AM MB

<> (AR + AMY.MI = AM.(MI + IB)

AM BI
M1

<> ARMI=AM.IB= AR=

*
Chirng minh tuong tu ta cting c6:
_BN.AI .,
T **)-
Do AR = BS nén tr (*) va (**) ta suy ra:
AM.BI BN Al )
MI NI
M3t khéc do I 13 trung diém cta 4B nén AI = BI
nén fir (***) ta suy ra: L
MI NI

MiI IN Ml IN

= = — e

MA+MI NI+NB Al IB
AI=BI).

BS

=IM=IN (i
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Triwong hop 2: C va D thudc cung nho AB cua
dudmg tron (O).

Hinh 4
Xet CD va EF khong song song vd1 AB (h.4).
Ké OH LCD;OK LFE , vi I 1a trung diém cua
day AB cua dudng tron (O) nén O L AB.
Khi a6, dé thdy cac tir giac OINK, OIHM ndi
tiép suy ra: K1=01=ION (1) (cing chin cung
7\77) va H1=I0M (2) (cung phu vai M) Do
4 diém C, D, F, E thudc dudng tron (O) va DE,
CF cédt nhau tai / nén ta c6: AICD~AIEF (g.g),
ma H va K theo thi tir 1a trung diém cua CD va
EF suy ra: AICH ~AIEK (c.g.c)=H1=K,(3).

T (1), (2) va (3) suy ra: JON=IOM, ma
OI LAB = OI LMN=>OM =ON.

Nhdgn xét. Vian
dung cach chimg
minh & truong hop
2 ta cling chimg
minh dugc trudong
hop 1 (h5). Baj
toan con buém co
nhiéu cach chirng
minh, & day tic gia

: Hinh 5

cl111 néu cach phwong phap sir dung tinh chit co
bal’1 cla tfr gidc ndi tiép nhim dua ra cach
chimg minh gon 43 hiéu cho ngudi hoc.
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111. Ung dung ctia bai toan con bué¢m

Thi du 1. Cho ducng duwong tron (O), co M la
trung diém cua day PQ. Goi AB va CD la hai
déy qua M cua duong tron (O). Goi H, K lan
lwot la giao diém cua PQ véi AC va BD. Chimg
minh HC.HA = KD.KB.

Loi gidi.

C A
H___—7 < ™\ K
P M 0

D
B
Hinh 6

Theo bai toan con budém ta c6 MH = MK suy ra
HP = KQ, HQ = KP nén HP.HQ = KQ.KP, ma
HCHA =HPHQ; KQKP = KDKB, do d0
HC.HA=KD.KB.

Thi du 2. Cho tir gide ABCD néi tiép duong
tron (O), diém E di chuye"ﬁ trén cung AB. Goi M
va N theo thir ty la giao diém cua cua ED, EC
voi AB.

a) Chimg minh rang dwong trén ngoai tiép tam
giac EMC cdt dwong (hcfng AB tai mét diém co
dinh.

b) Dar AM =a; MN = b; NB = ¢; chung minh

3 ac ~ A
rang T khong doi.

Léi gidi. (0.7)

2) Goi K 14 giao diém cia dudng tron ngoai tiép
/iEMC Vd 4B. Do tir gise MEKC néi tiép nén
E1=k; (clng chéin cung MC).

Mat khéc tir giac ABCD néi tiép duomg tron
(0), E thufe cung AB (khdng chira diém C, D)

suy ra: El=% sdCD khong dbi, do d6 Ki

khong dbi hay BKC khong dbéi, ma K thudc
dudng thing 4B cb dinh, B, C ¢ dinh nén K 1a
diém cb dinh.
b) Ta c6 tir gidc MEKC ndi tiép nén suy ra:
MN.NK = EN.CN hay b(c + BK) = EN.CN (1).
Tt gisc AEBC ndi tiép nén: AN.NB = EN.CN
hay (a + b).c = EN.CN (2). Tu (1) va (2) suy ra:
b(c+BK)=cla+b) < bc+bBK=ac+ch

< b.BK = ac <:>%€=BK (khong dbi, vi B, K cb

dinh).

Thi du 3 (Bai toan Napoleon). Cho durong tron

tam (O) va ddy AB, cac diém C va E thuéc cung

AB (C thuoc cung AE). Vé cac day CD, EF di

qua diém cua I cua ddy AB. Goi M va N theo

thir tw la la giao diém cua CF, ED véi AB.
1 1 1

; wg 85|
Chitng minh rang —+—=—-+—.
Al IN Bl IM

Li gidi (h.8).

Hink 8
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. ; o, —
V& duodng tron ngoai tiep cic tam gidc /ICF va =DM =DN. Ap dung bai toan con budm
IDE cit AB theo thir tu tai R va S.Tuong ty nhy  suy ra MP = NQ. Do d6:

o . e anl)
cach chimg minh dinh ly con buom ta suy ra: 0D PQ hay OD LMN=0DM =90".
AM .BI _BN.AI Nhin xét. Dbi véi bai toan trén ngoai cach s
= (= AR:BS) ® _— - . ’ A 5 tin.h
MI NI dung bai toan con buém ta co thé su dung
&AM BI.NI=MI BN Al chét cua tr gidc ndi ti€p nhur sau:
A BN =MEAL SN Tir chimg minh trén ta thdy 41 =MEC, suy ra
& (AI-MDBI.NI=MI.AI(BI = NI) tir gide AHCE ndi tiép va HM = NK.

> AI.BI.NI—MI.BI.NI=MI.AI BI-MI.AINI  Ap dung tinh chat ciia tir gi4c ndi tiep ta suy ra:
& AIBINI+MI.AI.NI=MI.Al Bl + MI Bl NI QN.(MN+MP)=BN.NK =ME.MH =AM MC
<> AI.NI(BI + MI)=MI.BI(Al + NI) :MP.(MN+QN)
SAI+NL BIME 1 1 1 1 > ON.(MN + MP)=MP.(MN +ON)

' AlIN | MI.BI ‘ Al Afl BI Af-ﬂ’ — ON.MN =PM .MN=QON=MP.
Thi du 4. Cho tam giac ABC nhon khong cdn
noi tf'e:p diwong tron (Q) (AB>ACQC), duong cao IV. Bai tap ap dung
AD, H la triec tdm cua tam giac. Goi E la diém  Bai 1. Cho tam gi?'lc nhon ABC cé H la truc tam
doi xing voi B qua D, M la giao diem cua HE va M la trung diém cua BC. 'Ké dudng thimg
qua H va vudng goc véi MH cat cac doan thang
AB, AC theo thi tu tai P va Q. Ching minh
Loi giai. MP = MQ.

y Bai 2. Cho tam giac ABC ndi tiép dudng tron

(0), I 1a tam dudng tron ndi tiép tam giac (/
khac O). Buong thing BI, CI cat dudng tron
(0) theo thir tu tai £, F. Goi K, D lan luot la

voi AC. Chirng minh ODM =90°.

7 giao didm cua AI véi EF va BC. Biét AB+AC

/ ol uAF = 2BC. Chig minh /K = ID.
\ Bai 3. Cho tam gi4c nhon ABC ndi tiép duong
Ao B c— E tron tam O, dudong cao CD, H 1a truc tam.

Duong thang di qua D va vudng goc véi OD cit

N . . . e . e

0 Hinh 9 BF,: tai £. Chung minh DHE—AB(‘L‘.
K Bai 4. Cho tir gidc ABCD ndi tiép dudng tron
Goi K 14 giao diém cua AD véi dudmg tron (O) tam O. Cac duong chéo AC va BD cét nhau tai /
(h.9). Theo bai ra ta c6: A1=B1 (cing phy voi 4 Kh4c O). Qua I'ke duéng thang vudng goc 01
e , o cat AB va CD lan lugt tai M va N. Chimg minh

ACB), Ba=A(cung chan cung KC). Do d0 4B = CD khi va chi khi BM = CN.
tIOHg tam gléC BHK c6 BD viura la phél’l gléc Bai s. Cho hai du»(‘)-ng tron (O R) va (O, R) Cét
ciing 12 duong cao nén HD = DK, ma theo bai  nhau tai 4 va B. Goi I 13 trung diém c’ila AB.
ra BD = DE, HK L BE nén ti giac BHEK 12 Day CD cua dudng tron tam O di qua trung
hinh thoi HE||BK = B2 =MED (so le trong). Sg?imd].\GQl M la giao diém cua doan thang CD
_ . : .. udng tron ta ’ Y da :

Goi P, Q lan luot 1a giao diém cua DM voi & tron tam O, EF 14 day qua I cua

; duodng tron tim O’ v 2 L
dudng tron (O), N 1a giao diém cua DM véi BK. va doan thang EF cat duong

4 tron tim O tai N. Ch . ;
Khi d6 dé c6 ADEM =ADBN (g.c.g) EM déng auy. ung minh rang: 4B, CN va

TOAN H
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Trong qua trinh gidi toin ta gap khong it
phuong trinh, hé phuong trinh tir d& dén kho va
cdc cach giai ciing rat da dang va phong phu.
Tham sb héa 12 mét phuong phap khong con xa
la véi hoc sinh dugc sit dung vao cac bai toan
nhu chon diém roi trong chimg minh bat ding
thirc, sé hoc,.... Trong bai viét nay tic gia xin
manh dan trinh bay phuong phap tham s6 hitu
ty dé giai mot sé dang phuong trinh hé phuong
trinh dién hinh.
1. Tham sb héa hitu ty dé giai phwong trinh
bacd:x*+bx’+cex* +dx+e=0 (b,c,d, el
cac sb thire cho truéc)
Trudc hét ta bién ddi:

x*+bxX +ex’ +dx+e=0

b’ b
e 5t 1 3 —xt=| wed == ¥ —dr—e
4 4

2 2
= (xz +2xJ =[--c+b—]x2 —dx—e.
2 4

b : L
Dit _y:x2 +5x, ta coO:

bZ
pofrer ) oaime

2
=x"+—x
3 2

Nhén phucmg trinh tht hai voi s6 (2m) rdi cong
timg vé vao phuong tnnh thir nhat, sau d6 tao ra

hing dang thirc ¢ hai vé:
2

y +2my =[-—c+-{74—+ 2m]x2 +(-d+mb)x—e

vl fa..';.

—

wall OV st :1.3 {1 i; #l‘.

A ) "'F MY O A i aR a1 |

1

GUul R, GG FAWWG LRGN DIGR LA

U P'-?f'ﬂ»‘!ﬂ MF !i!" UH H'am“:. HF q-“: P'“" a5 :ul

PHAM VAN SON

(GV THCS Nguyén Quang Bich, Tum Nong, Phi Tho)
/

=

S(y+m) =[~c+§+2m]f +(—d+mb)x—e+nf (*).

Ta chon m thich hop dé vé phai (*) 1a mdt binh
phuong (Ax+ B)*, mubn vay: A, =0 (A, =0)

2

hay (-d +mb)’ — 4[—c+% + 2m)(—e+ m*)=0.

Céng viée con lai la giai phuong trinh béc ba an
m dé tim xem cé m hiru ty thich hop hay khéng?
Néu c6 ta thuong chon m 1a cac s6 hiru ty khac
0. Khi d6 phuong trinh (*) trd thanh:
(y+m)’ =(Ax+ B)* hoic (y+m)’ =—(4x+B)’
& (y+m) =(Ax+B)* hodc (y+m) +(4x+B)’ =
< y+m=1(Ax+B) hoic y+m=Ax+B=0.
Pén day bai toan giai phuong trinh bac bén
dugc quy vé giai cac phuong trinh béc hai. Viéc
Jam xuét hién hé tam thoi nhu trén két hop
phuong phap tham s6 héa hiru ty giup giai
quyét higu qua céc bai phuong trinh bac bén
néu nhu ta chon dwrgc m hiru ty. Ta clng xét thi
du sau.
Thi du 1. Giai phurong trinh:

v —4x’ - 10x* +37x-14=0.
Phan tich. Trudc hét ta bién ddi:
~-10x* +37x-14=0
-37x+14
-2x)* =14x* -37x +14.

x! —4x’
o xt—4x +4x7 =147
& (x°

2 _ 2
pat y:x2 —2x, ta cé: ¥ = 1,4x 37x+14'
y=x"—-2x
Nhén phuong trinh thir hai vi s6 (2m) i cong
tirng vé vao phuong trinh thir nhét:

ss attpss4tie TRENEREo g0




y? +2my =(14+2m)x* + (=37 - 4m)x +14
{2my =2mx* —4mx
= y? +2my = (14 + 2m)x* + (=37 ~4m)x +14
S(y+my =(14+2m)x* +(37-4m)x+14+m? (1)
Ta chon m thich hop d€ v€ phai (1) 1a mot binh
phuong, mubn vay: A, =0 hay
(-37-4m)* —4(14+2m)(14+m*) =0
< —8m® —40m® +184m +585=0.

Ta chon dugc m =_—25.

Ta co loi giai nhwr sau:
x* —4x’ —=10x* +37x-14=0
o xt —4x +4x* =14x* -37x +14
& (2 —2x) =14x* =37x+14.
Pit y=x* —2x, tacé:
{y2 =14x> —37x+14c>{y2 =14x*-37x+14
y=x’-2x —Sy=-5x" +10x
@{yz =14x> -37x+14
¥ =5y=9x*-27x+14
y* =14x" —=37x+14

= I 81
(y-—-é) =0x"-27x+—
2 4

2 2
5 9 5 9
=(>-3) -(3+-3) e y-3=+{>-3)

< x?—5x+2=0 hoic x> +x—-7=0

517

e XX -5x+2=0&x= "
4 -1+29

e X +x-T=0&x= > .

Vay phuong trinh co tap nghiém:

Sz{SiJﬁ_—li@}.

2 2
Nhdn xét. Bing cach dat 4n phu két hop tham
s6 hoa hitu ty ta c6 thé giai phuong trinh bac
bén néu nhu chon duge m hiru ty thich hop. Ta

TOAN HOC
6 “clsie
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ciing co thé sir dung phuong phap tham s6 hoa
hiru ty dé gidi hé phuong trinh.
2. Tham s6 héa hiru ty @é giai h¢ phuwong
trinh
Thi du 2. Giai hé phirong trinh:
x*=12y-6=0 (2a)
{2)»2 —x+1=0 (2b)
Phan tich. Nhin 2 vé phuong trinh (2a) v6i m
rdi cong timg vé véi phuong trinh (2b) sau do6
tao ra hang dang thirc & hai vé:
mx* =12my —6m+2y* —x+1=0
<2y —12my=—mx’ +x~1+6m
o 4y* —24my =-2mx’ +2x—-2+12m
& (2y—6m) =—2mx* +2x+36m* +12m-2 (2c).
Pé vé phai (2c) c6 dang hing dang thic
(Ax+ B)?, ta chon m thich hop dé¢ A’ =0 hay
1+2m36m*> +12m—2)=0

o 12m +24m* —4m+1=0.

Ta chon dugc m=—.
Ta co loi giai:

{x"—lZy—6=0 :-1—x2+6y+3=0
<92

2" =x41=0  pp2_ 41120

:—1x2+6y+3=0
& 21
-2—x2+6y+3+2y2 ~x+1=0

-1
==>?x2 +6y+3+2y" —x+1=0

Sx’-12y-6-4y* +2x-2=0
S2y+3) =x"+2x+1 2y +3) =(x+1)
2y +3=+(x+1)

x—2 -x—-4

y= hoac y=

The trd lai phuong trinh (2a), ta duoc:

https://tieulun.hopto.org



2 = 2 +6x+18=0
¥ -6x+6=0 x + ” N
1—2 hodcqy x4 (vo nghiém)
Y =
x=3+\/§ x—3-—\/’3:
o x=2 hoic e d

Nhin xét. Bang cach tham s hoa hitu ty ket
hop phuong phap cong ta giai quyét dugc dang
hé nay. Ta tiép tuc phuong phap tham s& hoa
hiru ty dé giai phwong trinh v ty co thé dua
dwoc vé dang hé phuong trinh,

3. Tham s héa dé giai phwong trinh vo ty
Thi du 3. Giai phirong trinh:

GBx+1V2x* =1 =5%" +~E~—3 (3).

Phan tich. DK: 2x* =120 & |x 2 2.

7
pat \2x’-1=y>0, phuong trinh (3) tr&

yr=2x" -1 (3a)
thanh: 3x .
Bx+1)y =5x* +7—3 (3b)

Nhén phuong trinh (3b) véi 2m 1di cong vio
phuong trinh (3a):

¥ +2mB3x+1)y =(10m+2)x* +3mx—6m -1
oy +2m(3x+1)y+m’ (3x +1)?
=(9m® +10m +2)x* +(Bm+6m’)x —6m—1+ m>
o (y+3mx+m) =(9m* +10m + 2)x*

+(Bm+6m*)x —6m—1+m* (3c).

Ta chon m thich hop dé vé phai (3¢) 1 mét binh
phuong (Ax + B)*, mudn viy A_=0 hay
(Bm+6m*y —4(9m® +10m + 2)(-6m—1+m*)=0
<212m° +277m* +88m+8=0

-1
=>m= rs Thay vao (3¢), ta co:

[ 3 1)2 1, 3 9
y=—x-——| =—x"—-—x+—
4~ 4) 160 8 16
&4y -3x-1)*=(x-3)

©4y-3x-1=%(x-3)

x 1
& y=—+1hodc y=x——.
Yy 5 oac y 2

X X
e y==+1] 2xt-1==+1
y : = \2x 5

2

X
2x2__1=74-+x+1 7x2_4x__8__.0
=

= x=>-2
—+1=0
@x=—-——2i27‘/1_5 (théa man DK).
1
-y:x—-l—:> 2x* —l=x——
2
Xl —1l=x*-x+— xX+x—=—=0
= =N i
x——=2>0 x=—
2
> x= 1;\/_ (thoa méan PK).

Viy phuong trinh (3) c6 tdp nghiém:

__:{—1+\/’6".2+2\/E_2—2\/B}

2. 7 .t T

Nhdn xét. O thi du ndy ta két hop dit 4n phu va
tham sb héa lam xuét hién céc hing ding thic:

(A4+B+C)’ =(D+E).

Thi du 4. Giai phwong trinh:

V2x+9 =x* +9x+21 (4).

Huéng déin gigi. DK: 2x+9>0 > x> 2.
bit V2x+9=y>0, phuong trinh (4) tr&

2 -y
thanh: {y =D, (G0)

y=x"+9x+21 (4b)

TOAN HOC
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Nhén phuong trinh (4b) véi 2m rdi cong vao
phuong trinh (4a):
y? +2my =2mx’ +(18m+2)x +42m +9

o (y+m) =2mx’ +209m+1)x+m’ +42m+9 (4c).
Ta chon m thich hop dé vé phai (4c) 1a mét binh
phuong, mudn vy A, =0 hay

(Om+1)* —2m(m* +42m+9)=0

& =2m* -3m* +1=0.

Ta chon duge m e {%;—1}.

-Véi m= —;— thay vao (4¢) ta c6:

2
(}H—l) @ +llx+ i
2 4

( 1)2 ( HT s ( 11]
S|y+-| =Slx+— | @y+—-=F|x+—

2 P 2 2
< y=x+5 hodc y=—x-6

x*+8x+16=0
o x=-4.

e y=—x—6<>2x+9=-x-6<0 véi sz;-
nén phuong trinh v6 nghiém.
- Vé&i m=-1 thay vao (4c) ta co:
(y—1)* =—2x* —16x-32
& (y-1D2+2(x+4)7 =0 (4d).
VT(4d)>0. Dau “=" xdy ra khi

{y—le Q{\/2x+9—1=0

x+4=0

S x=-4.
x=-4

Vay phuong trinh c6 tap nghiém: S ={-4}.
Nhdn xét. Bing céch tham s6 héa hitu ty ta da
c6 thé giai quyét dugc cic bai toan phuong
trinh hé phuong trinh dién hinh nhu trén. Sau
day chung ta cung tim hiéu mot kiéu tham sd
hoéa hitu ty khac dé giai quyét phuong trinh
dang déng cép.

TOAN HOC
' CTugitge
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4. Tham sb héa dé giai phwong trinh dang
ding cap
Thi du 5. Giai phuong trinh sau:

x> +2x x—i=3x+l (5).
V' x

DK -1£x<0 Ta ¢
s i, DIC Ta cb:
Lot giai o>
. 1
x2+2x, [x——=3x+1
X
)CZ'—
o -1)+2x =3x.

Gia st ton tai m khong &4m thoa mén

x* —1=mx, khi d6 phuong trinh tr¢ thanh:
mx+2x i =3x<:>mx+2x\/;=3x
V x

& x(m+2m-3)=0

om+2dm-3=0 (do x#0)
o (m-D)m+3)=0
oJm-1=0 (do Vm+3>0)

oJm=1om=1,
Véi m=1 ta dugc phuong trinh: x> —1=x
1-5

<=>x2—x—-1:0<:>_x=

1+J§
2

(théa man DK)

hOéC X=

(thoa mén DK).
Vay phuong trinh (5) c6 tap nghiém:

~{57)
o

Thi du 6. Gigi phuong trinh -

xl+m:2x+] (6)

Phén tich. Ta c4:
x2+m=2x+1
<:>x2—l+m=2x_

Gia sir tdn tal m thoa

mén: x* 1= i dé
phuong trinh trg thanh: mx khi 46

https://tieulun.hopto.org
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mx+ Y xPmx =2x < x(m+3¥m -2)=0

x=0
c>[m+3f;—2=0.
. Néu x =0, phuong trinh (6) tr& thanh: 0=1
(v ).
«Néum+3¥m-2=0

e Um-0)Em* +¥m +2)=0

im m=l

Im-1=0

QL/_z Y = (3/;+—1-)2+_7_=0<:>m=1.
m +ym+2=0 _‘ﬁ%—%

Voi m=1 ta dugc phuong trinh:

: +
X-l=xo x'—x—1=0<:>x=1 2\/3.

+
Véy PT(5) ¢6 tdp nghiém: S = {1 _2\/5}'

Nhin xét. O ca hai thi du v& giai phuong trinh
vO ty trén ta déu dua vao cac bidu thire cé sin
trong bai toan két hop tham sé hoa hitu ty dé tao
ra nhan tir chung tir d6 c6 thé dé dang chon m.
S. Tham s6 hoa dé gidi phwong trinh dang
Sx)-g(x) = h(x)

Néu tdn tai hai sb m, n sao cho mn=0va

h(x)=m[f(0)] +n[gx)]

= f(x).g(x)=m [f(x)]2 + n[g(x)]2 , ta s& dua
dugc phuong trinh d4 cho vé phuong trinh déng
cip co ban. Ta cung xét mét s phuong trinh vé
ty sau

Thi du 7. Giai phuong trinh:

\/.'Zx1 -3x"+5x-2=x>-5x+4.

Phén tich. Néu thuc hién binh phuong hai vé
ta s& khién bai toén tré nén cong kénh phirc tap
hon nén c6 thé tim cach dwa phuong trinh trén
vé dang ding cap nhw sau:
bK: 2x -3x* +5x-220

< x-D(x*~x+2)202x~120

1 ; 1Y 7
& x2— (do x -—x+2=(x———] +—>0 Vx).
2 2) 4
Khi dé: \/2x3—3x2+5x—2=x2—5x+4
SVRx-D)(x* —x+2) =x> - 5x+4.
- {f(x)=J2x—1
bat:

(f(x)20,g(x)>0),
gx)=x"-x+2 ’
taco: f(x).g(x)=x*-5x+4 (7).

Vén d& con lai c6 tdn tai m, n dé:
X =5x+4=m [f(;vc)]2 + n[g()c)]2 hay khong?
Ta tim hé sé m, n dé:

1 4

i =Sx+4=m[fO)] +n[g®)]
Sm2x—-D+n(x>—x+2)=x>-5x+4
ol +Q2m-n)x—m+2n=x>-5x+4
Sn=lm=-2,
Khi d6 phuong trinh (7) tré thanh:

f@g®==2[f®] +[g)] .

Vi g(x)>0 nén chia hai vé& phuong trinh cho
[ g(x)]2 ta dugc:

2t +t-1=0 véi t=M20
g(x)

s % (thoa mén) hogc £ =—-1<0 (loai).
1
Véi t=—2—:> g(x)=2f(x)

VXt —x+2=22x-1

oxP—x+2=8x-4

<:::>x2—9x+6=0<::>x=9i\/5

S5k

| ; .
Vi x= 5 nén x = thoa man.

Thi du 8. Giai phuong trinh:

3Jx(x+1)(x-2) =2x> —6x=2 véi x> 2.

Phan tich. V&i x > 2 thi \[x(x+1)(x-2), Vx
Nx+1, \x—21uén xac dinh.

§r<“§ gzs (1_-&121 .




Pt f(x).g(x)=yx(x+1)(x—2). Khi g6

f(x)=yx(x+1) hode f(x)=\x(x-2) hosc

S(x)=y(x+1)(x~2).

Ta tim hé sb m, n dé;
2x* —6x-2= m[f(x)]2 +n[g(x)]2 .

D& thdy: —2=m[f(O)] +n[2(O)] ;
6=m[f(-D] +n[g(-DT;
~6=m[fQ)] +n[g@)] .
-Néu f(x)=\x(x+1) = £(0)= f(~1)=0

2=n[gO]  [n<0 ‘
=5 L= : khéng ton tai ».
6 =n[g(_1)]~ n>0

- Néu  f(0)=J(x+D)x-2)= f(-1)= f(2) =0

: khéng ton tai n.

{—6=n[g(z)]2 {n<0
= =5

6=n[g(-1)] >0

Vdy ta chon dit: f(x)=x(x-2)>0,
g(x)=+/x+1>0, va xét xem liéu co tdn tai m,

ndé 2x* —6x—2=m[f(x)] +n[g(x)]’ khong?

Ta tim hé s m, n dé:
2x* —6x—2=mx(x—=2)+n(x+1)
2t —6bx-2=mx*+(2m+n)x+n
Sn=-2,m=2.
Ta cé thé gidi bai todn nhir sau: Ta co:
3yx(x+1)(x—2) =2x* —6x-2
< 3J(x* - 2x)(x+1) =2(x* = 2x) = 2(x +1).
Pat: f(x)=vx’-2x>0,g(x)=Vx+1>0,ta
, 2
cd: 3f(x).g(x)=2[ /()] -2[g)] .
Chia 2 vé phuong trinh cho [g(.vc)]2 ta dugc:

22 -3t-2=0 vdi t=M>0
g(x)

& ¢=2 (thoa mén) hodc ¢ = 221 <0 (logi).

TOANH
10 e
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Véi t=22 f(x)=2g(%)
<:>\,/x2—2x =2\/x+1 <:>x2—2x=4(x+])
x> —6x—4=0x=3%13. Do x>2 nén

phuong trinh c6 nghiém x=3++/13.

Nhin xét. Phuong trinh, hé phuong trinh Ia chu
dé rét rong duge cac em hoc sinh yéu thich, cé
rAt nhidu phuong phap giai khic nhau cho méi
bai. Viéc giai toan cling cn linh hoat trong viéc
két hop cac phuong phép. Trong bai viét ndy tac
gid chi gidi thi€u thém mot phuong phap tham
s6 hoa hiru ty dé giai quyét mét sb dang phuong
trinh, hé phwong trinh dién hinh. Sau dy 12 mot

s bai moi ban doc tham khao thém.
BAI TAP AP DUNG

I. Gidi cdc phwong trinh sau:

1. x* +4x° +3x* +2x-1=0.

2. x*+2x° -2x* +6x-15=0.

3. 32x* -48x* —10x* + 21x+5=0.

4. x* —1=2xx* - 2x.

X +ax=(x+ 2V —2x+ 4,

V3x+1=-4x +13x 5.

4\/7-!-1-—l=3x+2\/1—x +\/1~—x2.

V2¥+ 444025 = ox' 6.

(=1 1220 4 2x 41,

ho: 2‘/m=2x:’+8x+9

vdi x>0,

B +3x - =V o5

IL. Gidgi h¢ Phurong trinp.

3
{y +xy2—2y2+x+y_1=0
07 + D(x +y)P2 =1 -

& >

b

b — - -

https://tieulun.hopto.org



HUONG DAN GIAI DE THI Tl{YEN SINH VAO LOP 10
TRUONG THPT CHUYEN BINH PHUGC
NAM HOQC 2020 - 2021

Cau l.
e I_QJZ (1 2Ja J
apA= a+l)\Ja+1 ava+Ja+a+1

a)PK:a>0vaa#1l.
(Ya-1)

() s
T a+l '(a+1)(\/5+1)—f b

b) @ =2021- 22020 = (2020 - 1)2
= A= |J2020 - 1| +1=1+/2020 = 24/505.

Ciu2.2) 2x* —3x/5x—4 +5x-4=0.
bK: x> g Ta co:

2x(x—5x—4)-5x—4(x-\5x-4)=0
=(x—5x—4)(2x-5x-4)=0

o VSx—4=xv-f5x—4=2x

THI: Jsx—_4:m{”°

S5x—4=x
. *=1 thoa man PK
= = 0 ;

¥ —5x+4=0 |x=4 (Hioa maniRig)

x>0

S5x—4=4x>

TH2: V5x-4 =2x<:>{

x20 . .
<9, : vO nghiém.
4x =5x+4=0

. {4x2y—xy2=5c>{48x2y—12xy2=6O
64x’ —y* =61  |64x’ -y’ =61
= 64x’ —48x7y +12x° - y* =1
<:>(4x—y)3=l<:>y=4x~1.
Thé y = 4x - 1 vio phuong trinh thit nhét ctia hé ta
co: 4x? (4):—1)—x(4x—1)2 =5

x=-1

S -x-5=0 5.
x==
4

Vi x=-1=y=-5;véi x =§::>y = 4,

Vay hé c6 hai nghiém (x; y) 1a: (~1; -5), (%;4]-

Cf‘iu Jayy=2x-m va‘1y=x2 cit nhau tai hai
di€m phén biét c6 hoanh d6 duong khi va chi khi
PT x*=2x-m< x* —2x+m=0 c6 hai nghiém
duong phén biét
A'>0

SIP>0 &= m>0

S>0 2>0

b) Vi hai phuong trinh c¢6 nghiém chung nén hé
{x2 +mx+8=0

X+x+m=0

1-m>0
S0<m<l.

c6 nghiém :>(m—l)x+8—m=0

m-—8
m pa—
Thay x vao PT thit hai ta co:

2
(m-—SJ +m_8+m=0

S x= (do m = 1 khong thoa man).

m-—1 m—1
om =16m+64+m* —9m+8+m’ —2m* +m=0
om -24m+72=0
<:>(m+6)(m2 —6m+12)=0
@(m+6)[(m—3)2 +3]=0<:>m=—6.
Thr lai ta thdy m = -6 thi hai phuong trinh c6
nghiém chung x = 2.
c) Tacod: A\, =(b+c)’ —4dac,A', =(c+a)2 —4ab,
A, =(a+b)" -4be.
Suy ra:
A+ AL+ Ay =2a" +2b% + 26 —2ab—2bc — 2ca
=(a —b)2 +(b—c)2 +(c—a)2 >0.
Vay A', 20 hodc A',>0 hodc A',>20 nén it
nhét mot trong ba phuong trinh di cho c6 nghiém.
Ciu 4.a) Ta ¢6: BFH + BDH =180° = tit giac
BFHD ndi tiép. BDA=BEA=90" = ti gihc
ABDE 11 ticp.

) https://tieut(DﬂMHmo.irf
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Al

T gidc BFHD va tir gidc ABDE néi tidp nén ta
c6: FBH =FDH (cing chan cung FH cua
duémg tron (BFHD)) va FBH = HDE (cing chén
cung AE cua dudng tron (ABDE)), suy ra
FDH = HDE nén D4 14 tia phan glac cia goc
EDF.

Tuong tu: EB 1a tia phan gidc cua goc DEF nén
H 1a tim duong tron ndi tiép tam gidc DEF,

b) Ta gidc BFEC ndi tiép dudng tron tim M nén
EMF =2.EBF (g6c ndi tiép va goc & tam cung
chan cung EF) va EDF =2.HDF =2 EBF. Suy
ra EMF = EDF nén tit gidc DMEF noi tiép.

¢) Ké dudng kinh 44’ cua (0), ta c6 tir giac
BHCA’ 1a hinh binh hanh nén 4’, M, H thing hang
nén 4’, M, H, I thing hang, ma 4'I4 =90" suy ra

HI L AL
Goi G la giao diém EF va BC. Tu gidc AIBC ndi

tiép nén JBG =IAE va nam diém 4, I, F, H, E
cung thudc duong tron dudng kinh AH nén
IFG =IAE, suy ra IBG = IFG nén ti gidc GBFI
néi tiép = GIF = FBC,tt gidc BFEC ndi tiép
nén Iv’éc‘::ifﬁ’, suy ra aﬁ:m

Vay GIF + AIF = AEF + AIF =180° (do t& gikc
AIFE ndi tiép dudmg tron dudng kinh AH), suy ra
A, I, G thing hang hay AI, EF, BC déng quy tai G.

Ciu5.a)Taco: ¥y +2y=4x"y+7x+7
&y +20(1-2)+(1-22) =(1-22) +8x+7

& (y+a-22%) =4(x+1) (x> ~2x+2).

1 2 ng}wgg S8 523(1-2021)

Ta c6 vé trai 1a sb chinh phuong nén vé phai 1a sé
chinh phuong.

THIL: x=-1=y=-1.

TH2: x* —2x+2=k* <:>(x-1)2 Kt =_1

<:>(x—1+k)(x—1—k)=—l

x—=1+k=1
il P S

Vayx=1thi Y’ +2y=4y+15
<y’ =2y-15=0< y=5 hoic y=-3.
Phuong trinh c6 ba nghiém nguyén:
(;-1), (1;5) va(1;-3).
b) THL: 0<a< b = a’b* +34° chia hét cho &’
nén 3a chia hét cho b, ma @ < b nén 3 chia hét cho
b,suyrab bfing 1, 2 hodc 3.
+)b=1= a=1 (théa min).
+)b=2 = a=1 hoic 2 (khdng théa man)
+) b =3 = a bing 1 hoic 2 hoic 3. Chi c6 a = 1
théa mén,
TH2: @ > b. Khi d6 b* +3a chia hét cho a’b =
b’ +3a > a’h = a(ab) > ab® (do ab > b*) =
ab* -b* -3a<0=b*(a-1)-3(a—1) <3
= (a-1)(p*-3)<3 ()
= b=1(vib=2thia> 3 khéng théa man ™).
1+3a N a+3a® 1

2 € = 2 =_+3EN:>a=1
a a a

(khéng thoa min do q > b).
Vay ¢6 hai cap 56 can tim 13 (1; 1) va (1; 3).

Khi do

C G A) el 2
au 6. a) a+b_>.m<:>(a—b) 20 (doa, b>0).

1 L]
va' —ab+3b? +1 Ez(a+5b+2)>0 (doa, 5>0)

¢:>l6(a2—ab+3b2+1)2a2+2562+4+10ab+20b+4a
<154 =26ab+23b° —20b - 44 +12>
a1 +13(a-p)’ +10(b~1)* 2 0.

BDT cuéi lugn ding,

b) P~ 1 ! 1

— +—_—"
&’ —ab+3h +1 \sz—bc+3c2+l Vet —ca+3a +1

Ap dung ¥ thtt hai cia cay a) ta co;

|
@ =ab+3b’ 41 a+5p43°

https://tieulun.hopto.org
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Bai 1 (4 diém)
1) Tinh gié tri biu thuc:
M= (4a2019 _ 428 + 1)2019_

véia= \/3+£_ 13448 —y2+43 +1.

2) Cho n 14 s6 nguyén duong théa mén 12n° +1
1a s6 nguyén. Chimg minh ring 2v12n" +1+2 la
sb chinh phuong.
Bai 2 (5 diém)
1) Giai phuong trinh:

8x—(x+N(x+ 10)(x+ 11)=0.
2) Cho phuong trinh:

X% —m(m = 2)x — (m — 1)* =0, m 1a tham s.
Tim m dé phuong trinh c6 hai nghiém xy, x; thoa
man: 2\/x, +x, —2(m=2)=3J-xx, 21.

Bai 3 3 diém).
Cho cac s6 thuc duong a, b, ¢ thoa man abc = 1.
Chimg minh rang:
1 I: 1
?+—2+—£2-+322(a+b+c).
Bai 4 (7 diém)
1) Cho tam gidc ABC va diém M bt ky thude

C SINH GIOI CAP TINH LOP 9, TINH BINH DINH NAM 2020
MON THI: TOAN (Thdi gian lam bai 150 phis)

mién trong ctia tam gidc. Goi 41, B1, Cy lan lugt 1a
cac diém ddi ximg ciia M qua cac trung diém clia
cac canh BC, CA, AB. Hai duong thing BB, CC,
cét nhau tai H. Ching minh ba diém 4, H, 4
thang hang,

2) Cho tam giéc ABC c6 ba goc déu nhon va s6 do
goc A bing 45°, do dai canh BC = a. Goi O 12 tam
ciia dudng tron ngoai tiép cia tam gidc ABC, cac
diém B’, C 14 chan cac dudng cao ha tir B va C
xubng cac canh AC, AB tuong img. Goi O’ 1a
diém ddi ximg cta diém O qua B°C".

a) Chimg minh ring: bon diém 4, 8°, 0’, C’ cung
nam trén mét dudng tron.

b) Tinh d6 dai doan thing B°C’ theo a.
Bai 5 (I diém)

1 . 2: '3 2020
2020720202020 2020
Thuc hién tro choi: M3i 1an x6a di hai sb a,b bt
ky cé trén bang va viét thém sé a + b — 2ab. Tro
choi dimg lai khi trén bang con dung mét s6. Hoi

lén bang.

Viét cac so

s6 con lai cudi cung trén bang la s6 nao?

BUI VAN CHI

(21/2 Lé Héng Phong, TP. Quy Nhon, Binh Dinh)
Gidi thiéu

e sk Sk sk 3K 5K sk 3K 3K 2k 3K 31 o 3 3k ok ok e 5 3¢ ok ke ok ok sk 3K K K 3 K ok ok 3k sk ok ok ok ok ok sk ok sk ok ok sk ok ok ke ke sk sk sk sk sk sk ok kR R skok ok R sk kool skok sk koo ok skoskokok

&
: < ! ;
Ja —ab+36* +1 a+5b+2
1 4 1 4
< ; s
Vb —be+3ct+1 b+5c+2 Jcl__ca+3a3+1 c+5a+2
=P< 3 4 4

< + + :
a+5b+2 b+5¢+2 c+5a+2
Ap dung y thir nhat cau a) ta co:
4 4 1 1
= < +
a+5b+2 (a+3b)+(2b+2) a+3b 2b+2

gl[ SR SOV Sy [ L0 1C N P
4\a+b 26 26 2) 4{4la b) b 2

if 1.5 1)
= —+—+=1
4\4q 4b 2
1 (1 5 1
Tuong ty; ————— < —| —+—+ = |:
B Ses 2 4(41) 4c+2]’

N 3(1 1
Vay PS—(—+—+1+1]S-3-(3+1)=§.
8 8 2

a b ¢
; 3
Viay maxP=E<:>a=b=c=l.

LE VAN VINH
(GV THPT TX. Phuéc Long, Binh Phuoc) Gioi thigu

TOAN HOC
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PHAN THE HAI
(GV CDSP B Ria - Ving Tau) @

5 70 CRAT 6

Phuong trinh x* + y* =z* hién nhién c6 v6 sb
nghiém trong tap hop céc s6 thue R. Tuy nhién,
néu ching ta chi tim nghiém nguyén cua phuong
trinh x* + y* =z* thi ta goi n6 1 phwong trinh
Pythagore. Phuong trinh Pythagore da duoc
nghién ciru tir trude cong nguyén dudi dang bai
ton ¢ nhu sau: “Hay viét mot binh phuong dudi
dang téng cua hai binh phuong”. Khi phuong
trinh Pythagore c6 nghi€ém (x,, y,,z,)’ thi b0 ba s6
(xx,,ty,,£2,) ciing la cac nghiém cua phuong
trinh. Hon nita, néu c6 mot trong ba sb x, y hoic
z bang 0 thi phwong trinh tr& nén tam thuéng. Do
vay, khi giai phuong trinh Pythagore, ching ta chi
cin tim céc nghiém nguyén duong cia no. Mot
nghiém nguyén duong (x,,y,.2,) , trong d6 x,, 3,
vd z, nguyén td cung nhau dwoc goi la mot
nghiém nguyén thuy cua phuong trinh. Hién
nhién, khi (x,,7,,2,) 1a mdt nghiém nguyén thuy
thi b6 ba (kxy, ky,,kz,) vOi k 12 mot s6 nguyén
dwong tiy ¥ ciing 12 mot nghiém nguyén duong.
Do vy, dé tim cic nghiém nguyén duong cua
phuong trinh Pythagore, chung ta chi cén tim cac
nghiém nguyén thuy cua nd.

Trong bai viét nay, ching t6i quan tm
dén viéc tim cAc nghiém nguyén thuy cua phuong
trinh va néu lén mét s6 tinh chét cia céc nghiém
nguyén thuy nay.

TOAN HOC
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I. NGHIEM NGUYEN THUY CUA PHUONG
TRINH PYTHAGORE

Trude hét, ching ta xem xét B6 dé sau:

1.1. Bo dé

Gia sira, bva cla3 so nguyén duong, trong do a
. P S z 3 2 N
va b nguyén to cung nhau. Neu ta c6 ab=c" thi

A S - A ~ 2 N
ton tai cdc s6 nguyén x, y sao cho a=x" va

b=y,
Chirng minh.
+) Néu a=1 hodc b=1 thi B4 @ hién nhién
dung.

+) Néu a>1 va b>1 thita cling c6 ¢>1. Cho
m 13 mét sb nguyén duong, néu m  phén tich
dugc dudi dang m=p/"---pl-

i=1,2,---,n 1a céc sd nguyén tb khac nhau thi sy
phén tich ndy dwgc goi 1a sw phdn tich tiéu chudn.
Gia su a=p’--

trong d6 p, voi

g* 1a cic su
phan tich tiéu chudn cia a@ va b. Vi a va b
nguyén t§ cing nhau nén cic sé nguyén th
F2TINAEY /9 N
¢ =pi

.p:(k Vé b:qll...

»q, 1a 461 mot khac nhau. Do vy,

"Pe*.q" g™ 1a sy phan tich tiéu chudn
cua ¢, Vi su phén tich tiéu chuin 1a duy nhit nén
cic s6 a,-- 0, B,+,B, phai chia hét cho 2.
Piéu ndy c6 nghia 1 ludn tdn tai cac s nguyén
X,y saocho a=x% v3 p= .

Dinh 1y dusi day cho ching ta cach tim tat ca cac

nghiém nguyén thiy ciia phuong trinh Pythagore.
1.2. Pinh Iy

Gi
m!c; SUmva n g hai sé nguyén dzrcrng, trong o
n, khac tinh chén 1é vg nguyén té ciing nhat.

Khi d6, bg ba s nguyén duong (x,y,z) xdic dinh
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x =2mn x=m-n
boi hé thirc {y=m*—n® hodc {y=2mA la

z=m’ +n’ =m’+n
1t ca cac nghiém nguyén thuy cua phuong 1r inh

Pythagore. .
Chieng minh. Vi vai trd cia x va y 1a nbu nhau

trong phuong trinh Pythagore nén fa chi cin
chimg minh dinh 1y v6i bd (x, ¥, z) thoa mén
x=2mn
y=m’-n".
z=m' +n’
x=2mn
+) Truéc hét ta d& thiy nghiém {y = m’ —n* ludn
z=m’+n’
théa man phuong trinh x* + y* = z*. By gio ta sé
chimg minh né 14 mdt nghiém nguyén thiy. Thét
m* —n*id

vay, gid su { 5

,. .- Vi m,n khac tinh chén
m +n:d

18 nén m® —n* va m*+n* déu la nhimg s6 1&, do
do6 d 1a s6 lé. Tur

m’—n*'d 2m*:d m*id
2 o, = B . Do
m?+n*d 2n'd ntid

nguyén td cling nhau nén m?,n* ciing nguyén té

m,n

cing nhau. Piéu ndy ching t6 d=1 hay
x=2mn

y=m’-n’ la mit nghiém nguyén thuy coa
z=m’+n’

phuong trinh x* + y* = 27,

+) Nguoc lai, néu (x,y,z) 13 mdt nghiém nguyén
thuy ctia phuong trinh x* + y* = 2% thi do X,y va
z nguyén to clng nhau nén x va y khong thé
clng la s6 chin. Néu x vi y dong thoi 13 sé Ie
thi x* va )” déu chia cho 4 du 1. Do vy,

x* +y* chia cho 4 du 2 hay z* chia cho 4 dy 2,
Vi mt s6 chinh phuong thi khong thé chia cho 4
du2nén x va y s& khéc tinh chin 1&. Gig sir x
chan, y 1&. Khi d6, z s& 16, Tir gia thiét, ta c6

xX'=Z =yl = (=)= +)

[g-j (52)222) v et w

z—-
2
Z—

2

!

J 1. Theo Bb dé & Muc 1.1, ta c6

z+y

va la cac s& chinh phuong. Gia si

[N

Yo va 25 _m? voi m va n 1a chc sb

x=2mn

y=m2_n2
2

z=m*+n

(m*,n?)= f_—y;iﬂJﬂ nén (mm)=1 va
2 7 2

m,n c6 tinh chén 1é khac nhau do y va z lé.

nguyén duong. Khi do, . Hon nita, vi

1.3. M{t s6 nghiém nguyén thiy diu tién cia
phwong trinh Pythagore

+) Vi n=1 thi ta ldy m=2k véi ke N . Khi
d6, ta dugc céc nghiém nguyén thuy la

(4k,4k> 1,4k +1) hoac (4K —1, 4k, 4k” +1)
voi keN'. Ching han, ta c6 cic nghidém
(3,4,5); (4,3,5); (8,15,17);; (15,8,17) ;

+) Véi n=2 thi ta liy m=2k+1 v6i keN".
Khi d6, ta dugc cac nghiém nguyén thuy 13

(42K -+, (2k+1) -4, (2k+1)" +4) hogc

((2k+1)2 —4, 42k +1), (2k +1)° +4) voi keN.
Ching han, ta c6 céc nghiém (5,12,13);
(12,5,13);(20,21,29); (21,20,29)...

+) V&i n=p trong 6 p 1a sd nguyén t5 16n hon
2 thi ta phai chon m>p, m chin v m khéng

chia hét cho p.Do 6, m s& co p—1 dang bao

m=2pt+2
" m=2pt+4 .
gom trongd6 te N va
m=2pt+(p-1)
; TOAN HOC
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m=2pt+(p+1)
trongdé e N,

m=2pt+(2p-2)
Dicbiét, khi n=p=3 thi m>3, m chia hét cho

2 nhung khong chia hét cho 3. Do vay, ¢ 4y

m=6t+2 i d't N_ . 5
on Ofe
m=GhLE e conweN.
Na 1'% it duoc o hig
- INSU 1 k4 A
= 4 o i taduoc che nghiém nguyen

thuy dang (6(6¢+2), (6r+2)} -9, (66+2)"+9)
hode ((6r+2)" -9, 6(6+2), (61 + 2) +9) véi

feN’. Chang han, ta c6 cac nghi¢m (48, 55, 73)
(55,48,73); ...

v =3
- Néu {n

5

m=6htd thi ta duoc cac nghiém nguyén

thuy dang (6(6k+4), (64 -+ 4) 9, (64 + 4) +9)
hoge ((6k+4)* -9, 6(6h+4),(6h+ 4)’ +9) vei
heN. Chang han, ta ¢6 céc nghiém (24,7,25);
(7524, 25)5

II. MOT SO TINH CHAT CUA NGHIEM
NGUYEN THUY CUA PHUONG TRINH

PYTHAGORE
2.1. Tinh chit 1. Néu (x,y,z) la mét nghiém

nguyén thuy cua phuong trinh Pythagore thi:
a) # la 50 chinh phwong.

b) xyi(x+y+2z).

C)  Nghiém nguyén thuy duy nhdt (x,y,z)
theo thir te lip thanh mét cdp s6 cong la
(x,5,2)=(3,4,5).

d) Khéng ton tai nghiém nguyén thuy
(x,y,2) nao sao cho x, y va z theo thir ty ldp
thdnh mét cdp sé nhan.

Chirng minh.

a) Tacd

TOAN H
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(Z_x)(z_y) - (m2 +n-2 —Zmn)(mz +n2 _._..mz +n2)
2 B 2
=1 (m~n)’ = (nm—n’)’.

(z=x)z-y)
2

Do viy, 14 56 chinh phuong.

=2mn(m’ —n?
b) Ta c6: {xy ( )

X+y+z=2mn+2m’

xy =2m(m+ n)n(m — n)
=

x+y+z=2mn+m)
=>xy=(x+y+z)n(m-n). Viy, xi(x+y+z).
¢) B¢ x, y va z theo thir ty l4p thanh mét cép

x+z

so cong thi y =

x=2mn

% v xX+z .

+) Néu <{y=m?’-n* thi tr == ta co
z=m* + n*

o n? (m+n)2

m+n

=>m—-n= =m=3n.

Vim va n khac tinh chén 1é nén khong tdn tai
dang thic m =3n.

x=m’-n?

X+z

+) Néu {y=2mn thi tr y= ta céd

z=m’+n
Zmn=m*=>m=2n.Vim va n nguyén td
cung nhau nén =1 va m=2. Do viy, bd
(3,4,5) 1a nghiém nguyén thuy duy nhit lap
thanh mot cép sé cong.
dDE x, y va z theo thi tw 13p thanh mét cdp sb
nhan thi y2 =xz.

X=2mn
+) Néu

y=m’'-n’ thi u Y=xz ta ¢b

z=m’ + 52
( 2 2\2 2
m -n) =2mn(m +n2)
4 4 _ 2
=m+n' = 2mn(m +7)+2m’n Vi m va n
khic tinh chin 18 nén m*+p* 13 6 16, Mi

2 2 2 2.2 ~ Y 4 = A
ma(m” + n*) + 2m2n ludn 13 sé chin nén khong
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dntai x, y va z theo thir ty lap thanh mot ¢ap

s6 nhan trong trudng hop nay.
x=m'-n’ '
+) Néu {y=2mn  thi t¥ yr=xz ta €O
z=m*+n’
Amn® =m*—n*. Vi m va n khic tinh chén 1é
nén m' —n* 1a sb 1&. Do 4m’n® 12 56 chin nén
ciing khong ton tai x, y va z theo thir ty 1ap
thanh mét cAp sé nhén trong trudng hop nay.

2.2. Tinh chit 2. Néu (x,v,z) la mgt nghiém
nguyén thuy cua phwong trinh Pythagore thi:

a) Co diing mgt trong hai $0 x hodc v chia hét cho
3.,

b) Co dung mét trong hai s6 x hodc y chia hét cho
4.

¢) C6 ding mét trong ba s6 x hodc y hodc z chia
hét cho 5.

Chirng minh.
a) Khong mat tinh téng quét,

x=2mn
y:mz—nz

duong, m>n,

ta gia su
trong d6, m va n 1a hai s6 nguyén

khéc tinh chin 1& va nguyén tb

cung nhau.

) NE mf3h n3 " x:3
éu nf3 odc m/ y/3-

+) Ngugc lai, néu ca hai s m va n déu khéng
chia hét cho 3 thi m® va n® d&u chia cho 3 du 1.
Do do, {yzmz R

xf 3
b) Vi trong céc nghiém nguyén thiy clia phuong
trinh thi m va n la hai so nguyén duong, khac

tinh chan lé nén ta ludén co 2mn'4 .

. [x=2mn x=2mn:4
+) Néu i .
y=m?'—n2 y/4
, =2 = :
HNéy |7 T gy (YA
x=m’-n* xf4

ﬂ

¢} Khong mit tinh tong quat, ta gia s
xX=2mn

y=m

Z=mz+rg2

—n", trong 46 m va n la hai s6 nguyén

duong, m > n, khéc tinh chin 1¢ va nguyén td
cung nhau.

. |mi5 n:s x:5
+) Neu{ hoéc{ thi{

uls s 1575 Hién nhién z
ciing khong chia hét cho 5.

+) Nguoc lai, ndu ca hai sé m va n déu khong

chia hét cho 5 thi m*> va n* chi c6 2 dang 14

Sk+1 hodc 5k+4 véi keZ.Néu m* va n’

chia cho 5 clng sé du thi chi c6 y=m’—n":5.

Néu m® va n* chia cho 5 khac s6 du thi chi o

z=m’+n":5.

Nhén xét: ' )

1) Do 3 va 4 nguyén to cing nhau nén tir két qua

clia a) va b) trong tinh chét nay, ta ludn c6 xy:12.

2) Do 3, 4 va 5 nguyén t6 ciing nhau tirng d6i mot

nén tir két qua cta a), b) va ¢) trong tinh chét nay,

ta ludén co xyz:60 .

2.3. Tinh chdt 3. Néu (x,y,z) la mot nghiém

nguyén thuy cua phuong trinh Pythagore thi:

a) Trong 4 s6 x,y, x+y va x—y, luon co dung

mot 56 chia hét cho 7.

b) Trong4s6 z+x,z—x,z+y va z—y, luon co
diing mot so chia hét cho 8.
c) Trong 456 z+x,z—x,z+y va 2=y, luon co

dung mot 56 chia hét cho 9.
Chitng minh:
a) Trudc het ta c6: M6t sb chinh phuong khi chia

cho 7 thisd duchicothé1a0,1,2va4. Do x va
y nguyén to cung nhau nén:

+) Néu xi7 thi 17, do d6 x+y va x—y
khong chia hét cho 7.

+)Néu yi7 thi x/7,dod6 x+y va x—y khéng
chia hét cho 7.

+)Néu x17 va yI7 thi x* va y* khong chia hét
cho 7. Gia sir sb du cia x* va y* khi chia cho 7

khong bang nhau, Khi d6, sé du cia x* + y* khi

TOFIN HOC
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chia cho 7 chi c6 thé 1a 3, 5 hodc 6. vi
x* +y* =2’ nén 56 du ctia z* khi chia cho 7 chi
c thé 12 3, 5 hodc 6. Piéu nay 14 v6 Iy do 2? 13 s§
chinh phuong. Vay sb6 du ciia x? va »* khi chia
cho 7 la bing nhau hay x*—y»*7. Vi x va y
nguyén t§ cung nhau va khac tinh chin J& nén
x+y va x—y cing nguyén td cung nhau. Do
o . x+y:7
viy, tir ¥ —)#17 suy ra Y7 hotic x+yl7.
x—yl7 x—~yi7
Tom lai, trong 4 s6 x, y, x+y va x—y thiluén
c6 ding mét sb chia hét cho 7.
b) Khong mat tinh tong quat, ta gia s
x=2mn
y=m’~n’trong d6, m>n 1i hai sé nguyén
z=m? +n?
duong, khac tinh chén 1 va nguyén t§ cing nhau.

zxx=(mxn)

Khi do, ta c6: <z + y =2m?
z—y=2n’
Do m wva n khac tinh chdn 1& nén

zxx=(mzn)’ I8 vi (m+n)* lé.

. |m=2k +y=2m?=8k*:
- Néu { thi{" > 8 _
n=2+1 |z y=2n" =8(t* +1)+218
. Jm=2k+1 (o4 y=om® =802 +h)+218
-Néu ) _o, thi —— .
n= z—y=21n" =88
Nhu vdy, trong trudng hop nay, ta chi ¢c6 z+y
hoic z—y chia hét cho 8.
Toém lai, trong 4 s6 z+x,z—x,z+y VA z—y,
ludn c6 ding mét s6 chia hét cho 8.
¢) Theo tinh chat 2 thi trong 2 s6 x va y co ding
1 s5 chia hét cho 3. Khong mat tinh tong quat, ta

3 I
gid sir {xm, khi d6 z13. Do viy, z+x!3 va
yi

hién nhién z + x19.
x=2mn

-Néu {y=m’—n’ trong 46, m>n la hai sb
zZ= m2 + n2

nguyén duong, khac tinh chin 1& va nguyén té

TOAN H
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hoac

m

cung nhau thi do x:3=2mni3 = {
. {z+y=2m259 o
1 , con neu

ni3
, 3
mi3 N {'" th
n:3 nl3 z—y=2n"19

mi3 _|z+y=2m*19
2 ﬂll 2 - i<
n:3 z—y=2n":9

x=m'—n*

- Néu {y=2mn  trong d5, m>n la hai sb

z=m’+n’

nguyén duong, khéc tinh chin 1é va nguyén té
cing nhauthido x:3 = m? — n?:3 nén

(m—n)(m+ n):3.

n:3
(mau thuin véi gia thiét y73). Do vay, tir

5 {m+nl3
hoic L
m—n:3

. :3
Néu {"H”_
\m=n:3

3 )
thi {m . Khi d6, y=2mni3

. 3
(- 1)3 faco {"”"
m-—ni3

., [m+n3 z+y=(m+n):9 5
Néu{ thi{ YEAMARY D e

m-nl3 z—y=(m-n)*19
{m+n13 hi {z+y=(m+n)2l9
m-n:3 z—y=(m-n)*9
Toém lai, trong 4 s Z+X,Z2—X,z+Yy VA z—-y,

ludn co ding mot s§ chia hét cho 9.

Nhdn xét. 1) T két qua cua a) trong tinh chét
nay, ta luén ¢6 xy(x* — y%)7 .

2) Do 8 va 9 nguyén t6 cung nhau nén tr két qua
cua b) va ¢) trong tinh chét nay, ta ludn co
(2" -x*)22 - y?)i72 .

Két ludin. Bai viét trén day chi mi dua ra dugc
met $0 tinh chat co bin ban diu vé nghiém
nﬁgluy.fén thuy C}ia phuong trinh Pythagore. Chung
to1 tin twéng rang, véi nidm say mé toan hoc dén
ché_y bong va sy khat khao tim dén caj dep' trong
moi bai t?én, chdc chén cac ddc gia s& ti-m thém
d:rqc nhiu dugc nhidu tinh cht hay hon nira,
tong quét hon nira v& nghiém nguyén thuy cua
phwong trinh Pythagore trong cac bai viét sau.
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Trong bao THTT s6 514 co bai viét rat hay cua
thiy Nguyén Tudn Anh. Noi dung chinh cia bai
vist d6 1a khai thac DAt ding thic

2 2
a+b2\/213+,/a ;“" v6i a,b khong dm. Sau

nhiéu ngady ngdm nghia vé dep cua bét dang thirc

trén thi toi d3 tim dugc huéng mé réng kha thu vi
cho bt ding thirc do.
1. Mé rong cho 3 bién (MR3)

(a *h+b'c+c’a anc+czb+bza
| Fig
\ 3 3
voi a,b.c khong am.

Chirng minh. Thit vy, theo bt dﬁng thirc Holder
thi ta co:

2 2 2
VP=1.1% abc+l.1.3/£—b—+%m
21 a‘c+c’b+ba
) .J—?’

SYP+P +P xYP 412 41 x

a+b+c> \abc+

: ab+bc+cta ac+c*b+bla
x 3labc + 3 + :

=%/§.3J(a +b+ c)(_zb +bc +ca)

2
(a+b+c) a+b+c)

<394
3

=a+b+c=VT.
Dau dang thic xayrakhi a=b=c.

Tir day, ching ta c6 thé tao ra nhidu bai toan bit
déng thic va 161 giai ddc déo. Ching han

b . amgm g

LA PAI CUONG
(GV THPT Cam L§, Quang Tri) |

A AU — e P ‘.m_...uqn.-—l"
Bai toan. Cho a,b,c la cdc so thuc diong. Xdc
dinh gia tri nho nhat cua biéu thirc

| 1
F=a+b+c+— +t————————abc.
dh+bc+cta ac+cb+ba

Loi gigi. Theo bat ddng thirc MR3 & trén thi ta co:

a+b+c>m+#ﬁ+bzc+cza +i[azc+czb+b2a.
B 3 3

Vay nén:

FZi[azb+b2c+c2a +{[azc+c2b+b2a
3 3

1 1
2b+b20+c a a Ze+cb+bra

Pit X = } 2b+t’)2c+caf \/a c+ch+bla -

Khidotacd: F=2X+Y+

3X3 3Y3
1 1 1 1
== X +X + X b= |t=| ¥ + ¥+ b
3 X 3 Y
BDTCuuchy4 4 8

> —+-=
33 3

Déu déng thirc xay ra khi:
a=b=c a=b=c
X=1/X o
y=1/7 ac+ctb+ba=3

Véi viée ding bit déng thirc Holder nhu trén thi

chiing ta hoan toan ¢6 thé chimg minh dugc:

2z 2 2 5 ) >
a+b+c> BF_abc+ija b+a3c+b c +i/b a+c3a+c b

a’b+bc+cta=3<a=b=c=1.

abe + a*b + bc
b+cz}f— ——
hay a + c \/ 3

2 2 2 2
+i}abc+a c+c b+§/abc+b a+ca
3 3
voi a,b,c khong am.
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2. Mé rong cho n bién (MRn)

Cho @8y
a —_—
Dat X =<—=/1,)el,n; va chia X thanh n
. {a J } nA N tap hop
K’Yza“':

ﬂY. =0. Goi S(Yf) la tong tat ca cdc phan ur

7]

n 1

Y sao cho |Y|=n Voi i=1n

—_—

cua tdp hop Y. Chimg minh rang:

n

T
n 1| L n
;Q >4 ”:1 ('Z;

va

Chirng minh. Theo bat dang thire Holder ta c6:

S <(dn) 35 ),

Theo bat dang thirc hop mAu thi ta co:

\ . Z
§S(x)=2 =

n

=1

Tir day ta suy ra dugc:

> s () < () <l

| Ee(E)

=n4/n.

Do d6 theo bét dang thirc Cauchy thi:

Minh hoa 1.

Khi d6 ta ludn co:

/ abc

bre>3 2 34

N erbias 3 [\f \/b c

b) a+b+c>\/abc[\/l+ +— +\/2+C+§[a+ +-=
3 c a a

20

H =n. "’l—[(l

Cho a,b,c 1a cac sb thuc duong.

+—+—+Y—+—+—

bc\jac
c a b

TOAN HOC
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a, la cac so thuc duong véi n>?2.

)

)

Minh hea 2. Cho a,b,c,d la cac sb thuc duong,
Khi do ta ludn co:

a)

+#ﬂ+£+b+£+dﬂ+£+é+£;
c a d b \Nd

b
b) a-!-i’;v+C+af2{/&%:&,><[</1+§+§+Z

+;‘/1+2+£+£+</]+£+£+£+‘\‘/1+£+£+£ :
a d d a b a b ¢ d

Nhu viy la tir mét bat ding thirc don gian di duoc
md rong 1én thanh mot hé thdng bat dang thirc voi
tran day hi vong vé nhimg {mg dung cua su mo

rong d6. Dudi day 1a 2 bai bt ding thic khé va
101 giai gon gang (c6 dwoc nhd bit ding thirc mo
rong) dé thay cho 15 két cua tac gia.
Bai toan 1. Cho a,b,c,d la cdc s6 thuc duong.
Xdc dinh gia tri nho nhdt cua biéu thirc
1
Ja (be +cd +db) + d*be
1
\/bz (ac+cd +da)+d*ac

1
+ —abed.

\/c2 (ab+bd + da)+d*ab
Lé1 gidi. Theo bt dang thirc mé rong thi ta c6:

a+b+c+d>{/_a—_b—-—a (\/Z+\/ +a+a+i
d a
/ +b+3+% \/ TR +—J
C>a+b+c+d>m+—-—(mc+cd+db)+d “be
+m+4 b+bd+da)+d2ab)
B8t X < oerod T2} v
O P o

Khi 6 ta co-:

F=a+b+c+d+

(Xem tiép trang 36)
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CAC LOP THCS

Bai T1/523 (Lép 6). Tim céc sb nguyén t6 p, g va
s6 nguyén duong n sao cho

p(p+1)+q(g+)=n(n+1).
TRAN BA DUY LINH
(Lép 30, K34, DHKT TP. Ho Chi Minh)

Bai T2/523. Tim cac sb nguyén t6 a, b, ¢, d thoa
man;

c+d =17b

NGUYEN ANH VU
(GV THPT chuyén Chu Vin An, Hoai Nhon,

Binh Binh)
Bai T3/523. Tim nghiém nguyén t6 ciia phuong
trinh

{a'+bz =cd

X+ +(x+y+ 1P =+ +z+1.

HUYNH THANH TAM

(CB Buu dién TX. An Nhon, Binh Dinh)

Bai T4/523. Cho M 1a mét diém nim trong hinh

vudng ABCD, cac tia AM, BM, CM, DM lan luot

cat duomg tron ngoai tiép hinh vuéng tai E, F, G,

H. Gia sir c4c tiép tuyén tai £ va H cit nhau tai K.
Chimg minh ring ba diém K, G, E thing hanh.

NGUYEN KHANH NGUYEN

(3/29E- Da Ning- Hai Phong)

Bai T5/523. Cho c4c sé dwong a, b, ¢ thoa min

a+b+c=3. Ching minh ring:
@ +b +c? +b3+cl+a2 +c3 +a’+b* 9

a’ +1 b +1 ¢’ +1 HE'
’ LUU THE ANH
(GV THCS thi trén Hung Ha, Hung Ha, Thai Binh)
CAC LGP THPT

Bii T6/523. Giaj hé phuong trinh:

xz+yz'—2223—z
Vi+zr-2=x"-x
Z+x"-2=y" -y
trong d6 x, y, z 14 cac sb nguyén.
LE XUAN DAI
(GV THPT chuyén Vinh Phiic)
Bai T7/523. Giai phuong trinh trén tip hop céc s
thyc

x-le - 22x+l
NGUYEN VAN THOAN
(GV THPT Binh Luc B, Ha Nam)

Bai T8/523. Cho tam gidc ABC ndi tiép duong
tron tim 0. M la mét diém di chuyén trén cung
BC khéng chita 4 (M khac B, C). Ké BE vu6pg
gbc voi AM (E nam trén AM). Goi N 1a giao diém
cia AM va BC, H 13 tryc tim tam gidc CMN.
Chimg minh ring dudng thing HE ludn di qua
mot diém cb dinh khi M thay dbi trén cung BC
khéng chira 4.
NGUYEN TUAN ANH
(GV THPT chuyén Ha Ngi - Amsterdam)

Bai T9/523. Cho 7 s6 thuc duong x,,x,, ...,X,.

n
Tim gié tri nho nhit cia biéu thirc sau:

1+2+..4n

- [ o FaeTog)

S 2 n
xlxz i ..xn

HUYNH BAO TOAN
(GV THPT Long Kién, Chg Md&i, An Giang)

TIEN TO1 OLYMPIC TOAN
Bai T10/523. Tim tdt ca cacham sé f:R* - R*
thoa man diéu kién sau:
FOfON+FOP () =9+, Vx, y e R*,

TA HOANG THONG
(GV TT Thing Long, TP. Ho Chi Mink)

Bai T11/523. Cho day sé {a,} véi q, =1, a, =&

2

Tim lim-—_ khi
a

va na,=(n-1a,  +(n-2)a

n-2

n-l

H —> 0,
NGUYEN LE DUNG
(P402, 16 B, cir xd Thanh Pa, phudng 27,
qudn Binh Thanh, TP. H6 Chi Minh)

TOAN HOC
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Bai T12/523. M 13 m{t diém trén dudmg thing BC
cua tam giac ABC (M khac B, C). K, L l4n luot 1a
giao diém thir hai ctia dwdng tron (AMB), (AMC)
va mot duong thing qua M nhlmg khac M4 va
BC. P, Q lan luot 14 hinh chiéu vuong goc cua 4
trén BK, CL. R 1a giao di€ém cua BK va CL. N 1a
giao diém cua dudong thing PQ va MK. Chung
minh:
a) NP _MB
NQ MC’

b) Khi M 13 trung diém BC thi AKRL 13 t gidc
diéu hoa (tir giac didu hoa 1a tir gidc noi tiép ¢6
tich céc cap canh déi bang nhau),

TRAN VIET HUNG

(Soc Trang)

Bai L1/523. Trong hién tugng giao thoa song
nudc, hai nguén song két hop 4 va B cach nhau
20 cm dao ddng didu hoa theo phuong thing
dtng, cing pha, cung tén sé 50 Hz. Téc do truyén
song trén mit nude 1a 1,5 m/s. Xét cac diém trén
mat nudc thudc dudng tron tdm 4 ban kinh 4B,
diém dao dong véi bién do cuc dai cach dudng

trung truc cua A8 mét khoang ngin nhat 1a bao
nhiéu?

VIET CUONG (Hd Néi)
Bai L.2/523. Mét hoc sinh mudn do hé sb tr cim
cua mot cudn day thudn cam. Hoc sinh d6 méc nédi
tiép cudn day voi mot bién tré c6 gia trj thay ddi
dugc. Mach dién mac ndi tiép véi mot am pe ke
v mic vao ngudn dién xoay chiéu cé dién 4p
u = Uycos(100nt), trong d6 Up cd gia tri khong
d6i. Do do dugc cudng do dong dién trong mach
khi R thay d6i nén hoc sinh d6 da v& duoc db thi
su phu thugc coéng sudt tiéu thu cua mach vao dién
tr nhu hinh v&. X4c dinh hé sb tu cam ctia cudn day.

P (mW)

§88

100

-
e, TP

e 1 2 3 2 35 & A (x20°0)

THANH LAM (Ha Néi)

PROBLEMS IN THIS ISSUE

TOR SECONDARY SCHOOL
Probiem 11/32) (For 6" grade). Find all prime
numbers p, g and positive integers n so that

p(p+1)+q(g+1)=n(n+1).
Probiem T2/323 (For 7% grade). Find all prime
numbers a, b, ¢, d satisfying
a+b’=cd
{c +d*=17b
Problem Find all solutions which are
prime numbers of the following equation

T3/523.

X4y Hx+y+Y=x+y +z+l
Problem T#/523. Let M be a point inside a square
ABCD. The rays AM, BM, CM, DM respectively
intersect the circle circumscribing the square at E,
F, G, H. The tangents of the circle at F and H
meet at K. Show that three points K, G, E are

collinear.
Probtem T5/523. Given positive numbers a, b, ¢

satisfying a + b + ¢ = 3. Show that

TOAN HOC
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@’ b de®  Bictdal c3+a2+b2>9
s | el 2

FOR HIGH SCHOOL

at+1

Problem T6/523. Solve the system of equations
X +y -2=z7 -z
Yy +zt=2=x"—x
22 +x -2=y' -y
where x, y, z are integers.

Problem T7/523.

Find real solutions of the
equation x.2* = 22!

Problem T8/523. Given a triangle 4BC inscribed
in a circle (0). Let M be a point on the arc BC
which does not contain 4 (M is different from B
and C). Draw BE perpendicular to AM (E is on
AM). Let N be the intersection between AM and
BC, and H the orthocenter of the triangle CMN.

Show that the line HE always passes through 2
fixed point when M varies.

(Nemt ticp trang 42)
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KY TRUGC

Bai T1/519. Tim cac 56 nguyén dwong X, ¥ sao
cho x* +y"=23-xy.
Loi gidi. Ta viét lai diéu kién ¢ gid thiét 1a

X4y =23 ()
Nhan xér: Néux>3vay>3thix' +y'+ w>3 +
3P+9= 27+27+9 63 > 23, vi vdy it nhét phai
¢6 mét sb trong hai s6 x, y nho hon 3.
« Néu x = 1, thay vio (*) duge 1 +y +y =123, hay
la 2y 22, suy ra y = 11, thoa mén.
« Néu x = 2, thay vao (*) dugc 2 +y +2y=23
(**). Tu (**) dé thayy > 1, véiy = 2 thi vé trai
cua (**) 1a sé chin ma vé phai la sb 1é nén khong
thoa man. Voi y = 3 thay vao (**) duge
23+ 3%+ 6 =8+9 + 6 =23, thoa man. Tir d6 v6i
y> 3 thi vé trai ciaa déng thirc (**) 16n hon 23 nén
khéng thoa man.
« Néu x > 3, thi tr nhén xét trén suy ra sy <2,
Véiy = 1, thay vao (*) dugc x + 1+x=23, hay la
2x = 22, suy ra x = 11, théa mén. Voiy = 2, thay
vao (*) dugc K +2+2x=23 (***)
Véi x = 3, thay vao (*¥*¥) duge 32+ 2 +6 9+8
+6 =23, thoa man. Tir d6 véi x > 3 thi vé trai cua
(***) 16n hon 23, khong thoa man.
Viy co 4 bo sb nguyén duong (x; y) thoa man bai
toan la (1; 11), (2; 3), (3; 2), (11; 1).
Nhin xét. Cich gidi khdc: Cht y ring sb x va sb y
c6 thé déi chd cho nhau trong ding thirc (*), tir
nhén xét trén chi can xét x <3 rbi xét tuong tu voi
y < 3. Mot s6 ban khong dua ra nhin xét trén nén
phai thir nhiéu trudng hop.
Bai toan duoc giai tuong tu khi thay s& 23 bai s6
16m hom & vé phai cuia dang thirc (*).
Céic ban sau cé 161 giai ding. HA N§i: Hodng
Tudn Anh, 6T, THCS Luong Thé Vinh, Trdn Vin
Khdnh, Nguyén Pirc Gia Anh, Lé Phuong Linh,

Neuyen Ding Thai Anh, DS Thanh Ting, 6C2,
THCS Archimedes, Péng Anh; Nghé An: Ldm
Phuong Thdo, 6A, THCS Ly Nhat Quang, Do
Lwong; Quang Tri: Trwong Qudc Thanh, 6A,
THCS Trimg Vuong, TP. DPong Ha; Qudng Ngai:
Vo Hitu Thanh Thdo, 6B, THCS Pham Vian Dong,
Nghia Hanh.

NGUYEN VIET HAI

Bai T2/519. Cho tam gidc ABC vuing tai A, AH

AH 12

. ;A
la duong cao. Biét rang —=——, tinh ty 30—
BC 25 AC’

Loi gigi. (Clia nhiéu ban). Theo dinh 1y Pythagore
ta c6: AB* + AC* = BC*
va AB.AC = AH.BC =28 ., do do:

25 BC _ BC? ABZ +AC? _AB AB AC AC

- 4H  AHBC  ABAC  AC 4B’

o

AB I 25 s
Pit x =—, ta c6 phuong trinh x+—=—. Giai
g O x 12
rata cé: 12 —25x+12=0 hay (4x—3)(3x—4)=0
AB 4

4 AB
::>Jc=E hodc J|r=—.\f;ziy———=E hodc— =
4 3 AC 4 AC 3

Nhin xét : T4t ca cac ban gui bai déu c6 1oi giai
ding: Nghé An : Hodng Anh Qudn, Cao Thi Thao
Hién, Cao Thi Khdnh Chi, Lé Viét Hoang, Cao
Long, 7A, THCS Cao Xuén Huy, Dién Chau,
Nguyén Thai Gia Huy, TA, Thai Minh Qudn, Hoang
Van Quyer Nguyén Thai Hoang Anh, Nguyén Van
Vviét 1B, Lé Vin Quang Hiéu, 8D, THCS Ly Nhat
Quang, D6 Luong ; Nguyén Thi Yén Ngoc, TA, Lé
Huong Giang, Vin Thi Phwong Thuy, 8A, THCS Hb
Xuan Huong, Quynh Luwu; Séc Tring: Lé Ngoc
Xugn Tho, 7A3, THCS Ké An, huyén Ké Sach;
Vinh Phic: Nguye:n Huy Hoang Son, 7TA2, THCS
yén Lac, huyén Yén Lac; Ha N§i: Hodng Phuong
Ngoc, 7C2, PTLC Archimedes, Dong Anh, Hoadng
Tudn Anh, 6T, THCS Luong Thé Vinh; Quang Tri:
Vo Nguyen Thang, 7D, THCS Trung Vuong, TP.
Ppong Ha.

Cé mot sb ban gui bai tap thé 1a pham quy. Bai giri
céc ban phai 1 bai giai cé nhin cua riéng mdi ngudi.

vU PINH HOA

TOAN HOC
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Bai T3/519. Cho a, b la cdc s6 thye duong thoa
man 9a*+9b> +82ab+10a+10b>1. Chitrng minh

rang 41a”> +41b° +18ab>3-22.
Loi gidgi. Ap dung bét ding thirc quen thudc
4ab<(a+b)’, taco:
9a +9b” +82ab +10a + 106

=9(a” +b” +2ab) + 64ab +10(a +b)

<9(a+b) +16(a+b)’ +10(a+b).
Két hop véi gia thiét, ta dugc:

25(a+b) +10(a+b)+122
:>[5(a+b)+1:|222:>5(a+b)+12~/5

21

5

=a+b>

J2-1

Déu déng thirc xdyrakhi a=b= e Do do6:
4la* +416" +18ab = 41(a* +b* +2ab) - 64ab
>41(a+b) -16(a +bY
=25(a+b) 2(v2-1),
nghia la 41a® + 415> +18ab>3-22 .

Biét dang thirc dugc chimg minh. Déu déng thirc

xay ra khi va chi khi a:b=%.

Nhén xét. 1) Trong 1o giai, ta chi sir dung bét ding
thic 4ab S(a+b)2 , két hop v6i gia thiét, suy ra

a+bz

\/55— - . Sau d6 chimg minh
2
41a* +416* +18ab 2 25(a+b) 2 (V2 -1) .
2) C6 thé giai bai toan theo cach khac: Phan tich:
9a® +9b* +82ab +10a +10b
=(9a+b)(a+9b)+(9a+b)+(a+9b);
1
41a% + 416 +18ab =5[(9a+b)2 +(a+9b)' |.
Dit x =9a +b; y = a+9b. Bai toan tré thanh:
Cho cdc sé thuc duong x, y théa min xy+x+y 1.
Chitng minh rang —;—(x2 +y2) >3-24/2.

Ta dugc bai toan gon hon.
Cac ban sau ddy co bai giai tot:

TOAN HOC ;
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Phii Tho: PG Ngoc Tién, 8A3, THCS Lam Thao,
Lam Thao; Nghé& An: Ngé Thi An Binh, 9E, THCS
Pang Thai Mai, TP. Vinh; Ha Noi: Lai Thé Hién,
Dinh Mai Huong, Hoang Phuong Ngoc, 8C2, PTLC
Archimedes , DPong Anh , Tran Minh Ti, 9C, THCS
Luong Thé Vinh, TP. Ha Noi; Hung Yén: Lé Tudn
Nghia, 8C, THCS Poan Thi Diém, Yén M§.

NGUYEN ANH DUNG

Bai T4/519. Cho hinh thoi ABCD c¢6 ABC =60’
hai dirong chéo AC va BD cdt nhau tai O. Puong
thang d bat ky di qua diém D cat cac tia doi cua
cdc tia AB, CB lan luot tai E, F (E# A,F #C).
Goi M la giao diém cua CE va AF, H la giao diém
cua OM va EF. Ching minh rc?ng hén diém A, C,
D, H ciing nam trén mét duong tron.

Léi gidi. Vi ABCD 13 hinh thoi ¢6 ABC = 60°,
suyra AB=AC=BC=A4AD = CD,taco:

E

AC _AD BF CF CF
AE  AE BE CD AC’

Hon nita ACF = EAC = 120°, suy ra:

AEAC ~ ACF = ECA=A4FChay ACM =MAD
nén AD 12 tiép tuyén caa dudng tron (ACM) (1).
M3t khic, DAC=4CB=60° nén 4D 1 tiép
tuyén cua dudng tron (ACB) (2). T (1) va (2)
suy ra leCM la tr gide ndi tiép (dudmng tron qua
4, C, tiép xtic véi AD).

Goi H' 13 giao didm th¥ hai cia duong tron
(AME) v&i EF, ta 6 MHE = 348 = 31CF — 1
gifc MCFH' ngi tidp. Mat khée, ACM =CFM
0en AC 14 tidp tuyén ciia dudng tron (MCF);
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Nh,_ﬁn "fér. f?z"iy la béi‘toén giéi hé phuong trinh ¢4
chira can thic, ta thuong dat an phu dé chuyén va
phuong trinh khong con chua cip thic dé giai,
Nhi€u ban tham gia guri baj va déu cho két
ding, tuy nhién con bién déi daj dong. Tuyén duong
cac ban sau ¢ 101 giai tét: Ha Ngis Nguyén Xugn
Tung,11 Toan, THPT chuyén KHTN, DHQG Ha
Noi; Quang Binh: Trwong Thi Thu Ha, 11 Toén 1,
Lé Purc Hanh, 11 Toan 2, THPT chuyén V3 Nguyén
Gidp; Thira Thién Hué: Hoang Pang Tan, Nguyén
Thi' My Lé, Lé Minh Trung, 11T2, THPT chuyén
Quodc hoc Hué; Quing Nam: Nguyén Phiuge Minh
Tri, 11/1, THPT chuyén Nguyén Binh Khiém, Tam
Ki; Dong Thap: Lé Hupnh Nht Nguyét, 10 Toan,
Nguyén Thién Ly, 11T1, THPT chuyén Nguyén
Quang Diéu; Phi Yén: Thdi Vinh Dat, 11 Toan 1,
THPT chuyén Luong Vin Chanh; Binh Pinh;
Nguyén Huy Hodng, 11T, THPT chuyén Lé Quy
Dén.

qua

PHAM THI BACH NGQC

Bai T7/519. Cho ham s6 f(x)=x*—x+1. bat
LE)=f(x) vi L X)=1(f,_(x),¥Yn=22 va n la
50 nguyén dwong. Tim hé s6 cua x° trong khai
trien thanh da thirc cua f,,,(x).
Loi giai. Gia st f,(x) = a, +bx +‘::',Px2 + x3g"(x),
trong d6 g,(x) la da thic. Ta c6: a; =1, b, = -1,
¢) = 1. T gia thiét

forr@) = f7(x) - fi@) + 1

= (a, + byx + e, + X’g (X))
—a,—byx — )’ —Xg,(x) + 1,

ta suy ra an.) = a," — ay + 1; by« | = 2a,by — by;
Cys1=2a,c, + b, — Cyy Y21, Do d6 chimg minh

bfing quy nap ta thé'y ngay a, = 1; b, = —1;
Vn2l, ¢,+1=c¢, +1,Vnzl. Suyrac, =n,
Vn>1. Vay hé sb ctia x? trong khai trién thanh da
thirc cta f502; béng 2021.

Nhgn xét. Day 1a bai toan xac dinh hé s cua da thirc
dang co ban. Cac ban hoc sinh sau co 101 giai ding:
Ha Noi: Hodng Phuong Ngoc, 8C, PTLC
Archimedes DPong Anh, Nguyén Xudn Tung, 11T,
THPT chuyén KHTN, PHQG Ha Noi; Qudng Na|11:
Truong Nguyén Ngoc Minh, 11T1, THPT chuyén
Nguyén Binh Khiém; Séc Tring: Nguyén Dirc Tho,

TOAN HOC
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10AIT, Lam Khdnh Hoa, 12A2T, THPT chuyén
Nguyén Thi Minh Khai.
NGUYEN MINH PUC

Bai T8/519. Tim diém M nam trong tir dién ABCD
sao cho tich cac khoang cach tie M den bon mdt
cua tir dién ABCD lom nhat.

Loi gidi. Goi dy, dy,
ds, dy lan luot Ia
khoang cach tir diém
M dén cac mat phing
(BCD), (ACD), (4BD),
(ABC); hy. hy, hs, ha
lin luot 1a khoang
cach tir 4, B, C, D dén
céc mat phang (BCD), (ACD), (4BD), (ABC). Ki
hi¢u Vy, ¥, V3, V4, ¥ lan luot la thé tich cac khéi
tr dién MBCD, MACD, MABD, MABC va ABCD,
khi do:

d, d, d,

et N P _+£=ﬂ+£+5+.1/_4=1_

b h h ok
Ap dung bat ding thitc Cauchy cho bén sé duong
d

Piéu nay twong duong véi M 1a trong tam cua tr
dién ABCD.

Nhdn xét. Bai T8/519 13 sy m& rdng trong khong
gian cua bai toan sau trong mat phing: Cho tam gidc
ABC. Tim diém M trong tam gidc dé tich cdc khodng
cdch tie M dén cdc canh BC, CA, AB I6n nhdt. Cé it
ban tham gia giai bai toan ndy, ba ban sau c6 11 giai
tot. Ha N@i: Nguyén Xudn Ting, 11 Toan, THPT
chuyén KHTN, DPHQG Ha Nai; Binh Dinh: Nguyén
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Huy Hoang, 11T, THPT chuyén Lé Quy Bon, TP.
Quy Nhon; Pong Thap: Lé Hupnh Nhat Nguyét, 10
Toan, THPT chuyén Nguyén Quang Diéu, TP. Cao
Lanh.

HO QUANG VINH
Bai T9/519. Ton tai hay khéng mot tam gide thoa
man sin cua goc thir nhat bang cosin cua goc thir
hai va bang tang cua goc thir ba?
Léi gidi (cda tac gia va nhiéu ban) Ta phai tim
tam giac ABC hay ba goc 4,B,C thoa man cac
T

0<A,B,C<n;C¢2

didukién {4+B+C=n
sind=cosB=tanC

Do 0<A<m nén sin4>0. Suyra cosB>0 va
tanC >0, hay B va C lacéac géc nhon.

Ta co: sinA=cosB<:>cos[g~A):cosB
n . T
@E—A=B+k2n hoéc -2——A=—B+k2n.

THI: g—A=B+k2n@A+B:§. V6 1i vi khi

a6 c=L.

2

T T i
TH2: 5—A=—B+k2n<:>A=E+B. Ta co:

cosB = tanCc>cosB=tan(n—(A+B))

@cosB:tan(n—(g+B+B))

& cosB =tan(§—28)¢:>cosB =cot2B

gosa4 & cosBsin2B =cos2B

&> cosh =

sin2B

& 2sin Bcos? B=1-2sin’ B

& 2sin B(1-sin’ B)=1-2sin’ B

<> 2sin’ B—2sin* B-2sinB+1=0.

Pit t=sinB. Ham sb f(f)=20-2t"-2t+1
lién tyc trén doan [0,1] co f(0)=1 va
f()=-1 nén c6 nghiém {, € [0,1]. Suy ra ton tai
gbc B sao cho sin B =¢,. Vay thn tai tam gidc

ABC thoa min diéu kién dau bai.

ung mday tinh dé giai
phuong  trinh 227 _241=0  duoge
f = ~0.85;t, ~1.45;1, ~ 0.4030317168. Vay phuong
trinh chi co duy nhét
sin B =1, ~ 0.4030317168 < B ~ 23°46'4.24". Do
d6  A~113"46'4.24", C~42°27'51.52". Mot sb
ban bién d6i sai nén din dén dap sb sai.
Danh sach cac ban giai dung la: Binh Dinh: Nguyén
Huy Hoang, 11T, THPT chuyén Lé Quy Don; Dong
Thap: Lé Hupnh Nhat Nguyét, 10 Toan, THPT
chuyén Nguyén Quang Diéu; Ha Ndi: Nguyén Xudn
Ting, 11 Toan, THPT chuyén KHTN, DHQG Ha
Noi; Hung Yén: Trdn Véin Qudn, 11T1, THPT
chuyén Hung Yén; Quiang Binh: Truong Thi Thu
Ha, 11 Toan 1, THPT chuyén V& Nguyén Giap; Séc
Tring: Lim Khdinh Hoa, 12AT2, THPT chuyén
Nguyén Thi Minh Khai.

nghiém

TA DUY PHUQNG

3 s

Bai T10/519. Cho day so (a,)xdc dinh boi a,=

:4”+5(I”. vn>0. D&r bﬂ :Z({‘ T[Hh gféi

4n+ 6 =0

va a

ntl

b
han lim —.

== n

Loi gidi (theo da sb cac ban). Ta co:

0, =220, o 4+ 6)a,,, = (4n+5)a,
"' 4n+6
o [4(n+D)+2]a,,, =@4n+2)a, + 3a,
[4(n +1)+2]a,,, —(4n+ 2)a,
~a, = -
n 3
: 1 ¢ [4(i+1)+2]a,, —(4i+2)aq,
Suy ra: bn:Za,:é—Z 3‘
i=0

i=0

’ %[(4;: +6)a,, ~1].

s ebidt ta el 15 4n+l _ Akl
Tur gia thiét, ta cot @, == 75 =1 1575

"

ak 42, ppdkes

Xét cac daY: cn = g 4k+3' " =0 4k + 4,
n_ 4k + 4 vy
5 . Tu hé thuce
b, H 4 +5
TOAN HOC

sé Rbipengrt| f

*0rg



CAC LOP THCS
Bai T1/519 (Lép 6). Tim cic sé nguyén duong x,
ysao cho x¥ +y* =23-xy.

CAO NGOC TOAN
(GY THPT Tam Giang. Phong Dién, Thira Thién Hué)

Bai T2/519 (Lop 7). Cho tam gidc ABC vudng tai

A, AH 1 dudmg cao. Bidt ting 112 i ¢y
BC 25
. AB
S50 —.
NGUYEN PUC TAN

(TP. Hé Chi Minh)
Bai T3/519. Cho a, b 14 cac sb thuc duong thoa
min 9a° +9b* +82ab+10a+10b>1. Chimg minh
ring 412 +4152 +18ab>3-242.

NGUYEN HAM THANH
(GV THCS Ly Nhat Quang, D6 Luong, Nghé An)
Bai T4/519. Cho hinh thoi ABCD cé6 ABC=60°,
bai dudng chéo AC va BD cit nhau tai O. Pudng
théng d bt ky di qua diém D cit céc tia ddi cta
cac tia AB, CB lan lugt tai E, F (E# A,F # C).Goi
M 1a giao diém cua CE va AF, H 1a giao diém cia
OM va EF. Chimg minh ring bdn diém 4, C, D, H

cung nam trén mot dudng tron.
NGUYEN VAN NHIEM
(GV THPT chuyén Lam Son, Thanh Héa)

Bai T5/519. Giai phuong trinh

2020x* + x*Jx* +2020 + x2
2019

NGUYEN THANH HAI
(GV THCS Nam Cuong, Nam Truc, Nam Dinh)

=2020.

TOAN HOC
FeTugitpe

S3& 519(9-2020)

22

CAC LOP THPT
Bai T6/519. Giai hé phuong trinh

1 2
‘ ’x2+1+x_8y2+8J2—y__..8‘—_--x—::—;J,;——-:I—8y +8J2_y_'4

2y -22y —Vx* +1+x+2=0
TRAN HONG SON
(S6 GD&DT Thai Binh)
Bai T7/519. Cho ham sb f(x)=x"-x+1. Dat
f(x)=f(x) va £,x)=f (£ (), Vnz2 van A
s6 nguyén duong. Tim hé sé cua x*trong khai
trién thanh da thirc cia fop, ().
NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)
Bai T8/519. Tim diém M nim trong tir dién
ABCD sao cho tich cac khoang cach tr M dén bon
mat cua t& dién ABCD 1én nhat.
DUONG QUOC VIET
(Ha Noi)
Bai T9/519. Tdn tai hay khong mét tam gidc thoa
rodn sin cua géc thir nhit bang cdsin cua goc thir
hai va bang tan ctia goc thir ba?

PHAN MANH HA
(GV THPT Nam Yén Thanh, Yén Thanh, Nghé An)

TIEN TOTI OLYMPIC TOAN

Bai T10/519. Cho day sé (a,)xac dinh boi an=%

4n+5

Vi q +60,,,Vn20. Dit bﬂ=§a,.. Tinh gié

n+

l=

han lim b—"

Hao n

KIEU BINH MINH
(GV THPT chuyén Hiing Vicong, Phii Tho)
Bai TLI/519. Cho céc sé thuc a,b,ce[1;5) thay

doivathéamina+ b+ ¢ =9 Tim gia trj 16n nhét
va nhé nhat cla céc biéu thirc say -

1) P=abc.
2) F=ab+bc+ca,

A ph A 0 x A
3) ="+ 4+, V8i he{0} U [L+w) 13 hang so.

NGUYEN VAN XA
(GY THPT Yén Phong 2, Béc Ninh)

https://tieulun.hopto.org



4k+l<4k+2<4k+3<4k+4
4k+2 4k+3 4dk+4 4k +5’
suyra a, <c, <d, <h,. Dodd
1 1
<acdh = haya <
a nn"n'n 4ﬂ+5 y n m
Véy nén
1{ 4n+6
=—[(41r'z+6)an+ ]<—[———-.1 :
’ 3\ ¥4n+9

Nhan xét ring a,>0nén b > —::’—,Vn eN.

Suyra: ——<b <1[M—-—l]
"3\ Y4n+9
oL b 1 n+6 1
3n n 3\ a¥4n+9 n)
Vi ﬁm(_L]___O vi uml(_élf‘i_l)zo
nr=\ - 3p e 3\ pddn+9  n
nén theo dinh 1y kep thi limb—"z().
H-')‘H?Dn

Nhin xét. Day la dang toan giéi han cua day sb sinh
boi ham phan tuyén tinh. Cac ban hiéu v& dinh 1y
Cesaro hoac vé udc lugng cua ham logarit

x>m(1+x)>LI,VxeR*

sé cho 1o giai ding theo cach khac.
Cac ban sau day co6 101 giai dung: Ba Ria — Viing
Tau: Phan Trung Kién, 11T1, THPT chuyén L& Quy
Pon; Hung Yén: Tran Vin Qudn, Ha Vinh Quang,
11T1, THPT chuyén Hung Yén; Soc Tring: Ldm
Khinh Hoéa, 12A2T, THPT chuyén Nguyén Thi
Minh Khai;

NGUYEN VAN MAU
Bai T11/519. Cho cdc s6 thuc abcell;5) thay
doi va thoa man a + b + ¢ = 9. Tim gid tri l6n
nhdt va nho nhat cua cde biéu thire sau
1) P=abc; 2) F=ab+bc+ca.

3) S, =d"+b"+c*, vdi Lel0} U [L+m)la hdng 6.

Léi gigi. (Cau 1, 2, va mot phin ciu 3 cua ban
Nguyén Huy Hodng, 11T, THPT chuyén Lé Quy
Pon, Binh Pinh).

2) o Tim gid tri lém nhdt ciia F.

(a+b+c)2
3
xayrakhia=b=c=3 e [1;5]. Vay maxF = 27.

TOAN H
28 cruﬁigg

Ta c6: F=ab+bc+ca< =27. Déu bﬁng

S36 523(1-2021)

o Tim gid tri nho nhét ciia F. Khéng gidm téng

quét gia sir a = min{a, b, c}, suyraa € [1; 3]. Vi
ce[l;5]nén(b-5)(c-5)20=bc250b+

c)-—25.Vayab+bc+ca—a(b+c)+bc

> a(b +c) + 5(b + ¢) -25 = a(9-a) + 5(9—-a) - 25

= (a— 1)3 — @) + 23 > 23. Déu bang xdy ra khi

a=1,b=3,¢=5 € [1;5]. Viy min F' = 23.

3
a+b+c) =27. D4u bing xay

1) Ta c6: abc S[

rakhia=b=c=3 €[l ;5]. Viy maxP =27.
Doa,b,ce[l;5]nén(a—-1)b-1)c-1) 20
& abe 2 (ab+bc+ca)—(a+b+c)+1=F-8
> 23 — 8 = 15 (theo cdu 2). Diu bang xay ra khi
a=1,b=3,¢=5¢e[1;5]. Vaymin P = 15.

3) Ta chimg minh S, 23" (1). V6i A =0, A =1,
bat dang thirc (1) dung.

Xét A> 1. Xét ham s6 fix) = x*, x> 0. Ta ¢
@)=, f"(x)=AA-Dx*"?*50.Do d6 flx)
1a ham 16i trén (0;+). St dung bit ding thirc
Jensen véi a, b, ¢ thuge(0;+o0) ta cé:

a+b+c

f(a)+f(b)+f(6)>3f[ ] 3703)

&8, =d" +b" +¢*23.3 =3""". Dhu ding thic xay
rakhi a=b=c=3 ¢ [1;5]. Vdy min§, = 3"""
* Tim gig tri I6n nhdt cua S, (cua tac gig bai
todn). Gid stt b = max {a, b, ¢}, khi d6 b e [3; 5]
Vie=9-ag-p el ;5]nénd -b < g < 8-b.
Xet hdm s6  f(x)=x*+b" +(9—x—b)
xe[l;8-5]co S x)=h A (9—x— b,
Bang bién thién cua ham f{x) nhu sau:

véi

R 9-p
i . &
_L’()i__ = 0 +
A1)
fx) f8-b)

Tl bang bién thien ta théy:

https://tieulun.hopto.org



f(x) < fD=1+b" +(8-b)", Vxe[1;8-b]} Ta

co: S =a" +b" +(9-a-b)"=f(a)< 1+ +(8-b)" (2)

(doa e [1;8-b]). Déu “=" & (2) xay ra khi a =1

hoic a = 8 — b. Xét ham s0: -
h(x):x" +(8—x)* cb: B (x)=Ax"" —-A(S-x)“l,
K(x)=0<>x=4. Taco BBT ctia h(x) nhu sau:

X 3 4 5
h(x) - 0 +
h(3) (5)
") \
nh(4)

Viay h(x)<h(3)=3"+5",Vxe[3;5]. Do do
1+b* +(8-b)* =1+ h(b)<1+h(3)=1+3" +5" (3)
(dob € [3;5]). Theo (2) ta co:

S, <1+b" +(8—b)" nén tir (3) c6 S, <1+3"+5"
Ding thirc xay ra, chiang han khi @ = 1, b = 3,
¢ =5. Vay gié tri 16n nhat cua S, 1a 143" +5.
Nhian xét. Ngoai ban Hoang, khong c6 ban nao khac
tham gia giai bai toan nay.

PANG HUNG THANG
Bai T12/519. Cho tam giac ABC khéng déu véi G
la trong tam tam giac. Cac duong thang AG, BG,
CG theo thir e cat lai duong tron ngoai !ié}v cdc
tam giac GBC, GCA, GAB twong ung tai D, E, F.
Chimg minh rang dwong thang Euler cua cdc tam
gidc DBC, ECA, FAB dong quy.
Loi gidi. (Theo ban Nguyén Huy Hodng, 11T,
THPT chuyén Lé Quy Pén, Binh Dinh).
Ta cén ¢6 hai bo dé.
Bb dé 1. Cho hai dwong tron (0), (O') cdt nhau
tai A va B. Puong thang m qua B va theo thir fw
cdt (0), (O tai M, M'. Duong thing n qua B va
theo thir t cdt (0), (O") tai N, N'. Khi a6
1) Cdc tam gidgc AMM’, ANN’ dong dang ciing
huéng.
2) Cdc tam gidc AMN, AM'N’ dong dang cung
huéfng.
BO dé 2. Néu cac tam gidc ABC, A'B'C’ d511g
dt?{?g cung huong va d, d’ theo thir tr la duong
thang Euler clia chiing thi

(d.d")=(BC,B'C")=(CA4,C'A) =(AB, A'B")(mod ).

Phép chimg minh hai b d& trén rét don gian,
khong trinh bay ¢ day.
Tro lai gidi bai todn T12/519.

Goi dy, d», dy theo thir tu la dudmg thing Euler cua
cac tam giac DBC, ECA, FAB; G,, G, G theo thir
tu 1a trong tdm cua cac tam giac DBC, ECA, FAB;
(0) 1a duong tron ngoai tiép tam gidc ABC; M 1a
trung diém cua BC; K 1a giao diém cua d, va ds.

Vi B, C, D, G cung thuéc mét dudng tron nén

MB.MC = MG.MD = %m.an — MAMG,.

Do d6 G, thudc (0). Tuong tu G,, G5 thudc
(0) (1). Theo bd dé 1, cic tam giac AEC, ABF
df‘)ng dang cing huéng. Do d6 cac tam giac
AG,E, AG3B dong dang cung hudéng. Viy, theo bb
dé 2, ta co:
(KGQJKGs)E(dz’dJ)E(AEsAB)E(AGZ,AGQ(mOdTE).
Do do6 K, Gy, G2, A cung thugc mot dudng  tron (2).
Tu (1) va (2) = K thudc (0). Xét hai trudng hop:
Truwong hop 1. K =G,. Duong nhién d,, d5, d;
ddng quy (tai K).
Truong hop 2. K # G,. Theo bd dé 1, cic tam
gidc CEA, CBD dong dang cling huéng.
Do d6 cac tam giac CQ;E, CG,B dong dang cung
hudng. Vay, theo bo dé 2, ta co:

(d,,KG)) =(d,,d,) +(KG,,KG))

= (CE,CB)+(CG,,CG,)(mod m)
= (CG,,CG,)+(CG,,CG) = (CG,,CG)=0(mod ).
Tir d6, chi ¥ rang G, thude dy, suy ra d, = KG,.

ss s:3110s;/IEQEHIRD GO




pidu d6 ¢6 nghia 1a X thuoc dy. Vay d,, dy, ds

dong quy (tai K). Tom lai, trong ci haj trudmg
hop, ta déu cb dy, ds, ds ddng quy (tai K).

Nhén xét. 1) Bai toan nay khong khé, kh4 nhidy ban
tham gia gidi. Tuy nhién, vi khong biét sur dung géc
dinh hudng nén 16i giai cia nhidu ban con daj.
2) Xin néu tén mot vai ban co 10i gii twong déi tét-
Bic Ninh: Nguyen Ngoc Khanh, 12T, THPT chuyén
Béc th TP. Bic Ninh; Hung Yén: Hg Quang
Vinh, Tran Van Quan, 11T1, THPT chuyén Hung
Yén; Phi Yén: Thai Vinh Pat, 11T1, THPT chuyén
Luong Vin Chanh; Binh Phwée: Ha Trong Tai,
12T6, THPC chuyén Binh Long; TP. Hd Chi Minh:
Thdi Quang Phat, 11CT1, THPT chuyén L& Héng
Phong; Séc¢ Trang: Lam Khdanh Hoa, 12A2T, THPT
chuyén Nguyén Thi Minh Khai.

NGUYEN MINH HA
Bai L1/519. Mt vt dao déng diéu hod theo
phuong trinh x = Acos(Snt + ). Tai thoi diém t,
vdt dang di vé phia vi tri can b&ng va i sO giita

. < ga . g, g0 W
thé nang va déng nang cua vat bang 3 (—’— =3 [
{ d

. 1 oos o ye
Sau do 25"65 thi t1 so do bang bao nhiéu?

Loi gidi. Tai thoi diém ¢ thi [Z; 3J tirc 1a
d

2 2
Wi - W (W 1a co nang cia vat) hay & Sk
4 2 42

= x:i—'%/—g. Khi dé, ngon cua vecto dién ta dao

dong cua vat & M hodac N. OM va ON hgp véi truc
hoanh mét géc a xac dinh boi:
A3
2 3

T
cosu=—5—=— > a=—.
A 2 6

Sau thoi gian At = %s thi vecto dao dong quay

duoc mot goc la: Ap = wAt = Sn.—l— =

B
60 12
hic d6, vecto dao déng s& dén OM' hoidc ON' hop

7
A

Vi truc hoanh mét géc: o' = 0.+ Ap = B EE
6 12 4
(hinh v&). Lic d6: x"+ﬂ_~

TOAN HOC
30 “crusige

S& 523(1-2021)

(SRR T
| =
|
Q

Nhan xét. Chuc ming cac ban: Vo6 Hoang Khéi
Neuyén, Nguyén Thién Ly, 11T1, THPT chuyén
Nguyén Quang Diéu; tinh Pong Thap; Lé T hi Minh
Thiry, 12T1, THPT chuyén Quoc hoc Hu€, Thira
Thién Hué d3 c6 10i giai dung cho dé ra ki nay.
PINH THI THAI QUYNH
Bai L2/519. Co ba dung cu gom dién 1o thudin
R =309, cudn cam thudn L va tu dién C. Dét dién
dp xoay chicu u = Uycos(wt + @) (V) lan heot vao
hai dau doan mach néi tié}) chira R, L va chira R,
C. Khi do cwong do dong dién trong mach

. n .. 107
iy = 6cos| W +— 1| (A) va i = 6cos| of + —
7 21

(A). Bdt dién dp trén vao hai dau doan mach ¢é R,
L, C madc néi tiép thi céng sudt tiéu thu dién trén
doan mach liic d6 bang bao nhiéu?

Loi gidi. Ta thiy trong hai truémg hop cudng dd
dong dién hidu dung bang nhau nén: Z =Z, hay
Z,=Z,. Do d6 truong hop RL cudng d§ dong
dién chdm pha hon u mét géc ¢, con truomg hop
RC cudmg @ dong dién lai nhanh pha hon u mét
goc cling bang ¢ . Theo bai ra ta co:

Lai cé: tang- =

Z, 30
e —3:10\/5(9).

HiGu dién the higu dung ciia ngudn 1a:

U=1z, = :/%, (30)* +(10V3)’ = 60v5 ().

Khi cd 3 phan tt méc ndi tié
2

” P, Xdy ra c¢dng hudng
nén; P=—-2__
I e 720 (W)

Nhan xét. Rét tidc 1 khop

e g ¢6 ban nao tham gia
g1a1 bai nay, :

NGUYEN XUAN QUANG
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e

S—
CHUAN B .
owhen | GNG DUNG COA Moy phug e
TRUNG HOC TRONG Knor cudp 14 g
'H6 THOHG LE THE THONG
QUbC GIA ) (GV THPT Lé # Quing Chi, TX. K5 A, Ha o)
- R
Trong cac dé thi THPT Quéc gia va th}.ch(.’)n Vs 4 Vsapp S4' SB' SD'
hoc sinh gii ban doc thuong gap c4c bai todn Ve sp SA SB SD’
vé ti s6 thé tich. V&i khdi chop tam giac ta €0 o S
mot két qua thuong dugce sir dung nhu mdt cong scpp _SC SB' SD 0
cu dic lue ma dudi day chang toi c6 dé cap dén Vscap SC SB SD ‘
nhung két qua d6 khong con ding cho khéi Ve ygpy SA' SC
chop tir gidc. Do d6 viéce tinh ti s6 thé tich hay  Tir d6 suy ra: v = 54 SC'
tinh thé tich thong qua ti sb thé tich déi véi khdi S.CBD ’
chop fir gide 1d kho khan. Trong bai viét ndy, _ Vsupcp _S4'SC+SASC -
chung t6i trinh bay mét dang thic dep c6 ¥ Vs oy SA.SC’
nghia nhu mot chlec chia khéa d& mo canh cira Vsgac SB SA' SC
cua bai toan ti sb thé tich khdi chop tir gide. Sau  Tuong tu: ” ~ 5 A5G
day la dang thire do. S.BAC

I. MOT PANG THUC PEP
Cho khoi chop tir gide S.ABCD ¢6 day ABCD
la hinh binh hanh. Mat phang (o) cdt cdc doan
thﬁng S4, SB. SC, SD lan luot tai bon diém
A, B'. C', D' khac véi S. Khi d6

SA SC SB .SD

SA' SC "~ SB’ SD' )
Chirng minh.
Cachl. Sir dung ti s6
thé tich. D4u tién ta
nhic lai két qua
thuong dung cho
khéi chop tam giac
ma viéc chimg minh ; oy
nd xin nhudng cho L=
ban doc.
Bo @ 1. Cho khéi chop tam gide S.ABC. Trén
cac doan thcfng SA, SB, SC ldn lwot lcfy ba diém
A’ B’, C' khdc véi S, Khi d6

Vs apc SA' SB' SC'

Veasc SA SB SC-

Chitng minh déing thirc. Ap dung bd dé 1 ta co:

Vspuc _SD' SA' SC'

Vs pac SD 'S4 SC 3)-
b Vspac _SB SD
T d6 suy ra: Vs o SB SD'
_ Vsapcp _SB.SD+SB.SD' @
Vspac SB.SD’

Mt khac tir (1) va (3) ta suy ra:
Vscap _SB' S4
Vspac SB SA' -
Tu (2), (4) va (5) ta thu duoc:
SA' SC+SA.SC' SB' SA _SB’.SD+SB.SD’
SASC' 'SB'SA"  SB.SD'
SA' . SC+SA4.5C’ . SB'.SD+SB.SD'
s4'SC' SB'SD'
S4 SC _SB " SD

@ srsc sBsD

<

Céch 2. St dung diéu kién dong phing. Trudc
hét ta chimg minh bd dé sau.

Bé dé 2. Néu SA=xSB+ySC+z5D véi moi §
va 4, B, C, D ddng phing thi x+y+z=1.

S8 52hit:pa)//tleu M@O;B)]o rg



Chirng minh b dé. Ta ¢6 A, B, C, D dbng

phing khi cic vecto AB, AC, AD dong
phing. Lic do ton tai duy nhat cap sb m, n sao

cho AB—mAC+nAD. Do d6 v&i moi diém S
ta co: E~Q=m(ﬁ—5§)+n(@—ﬂ)

= (m+n—l)ﬂ=—§é+m§+n@.
Véi m+n—1=0 thi SE- mSC+nSD, Suy ra

SB SC SD dong phing hay S, B, C, D déng
phang Bleu ndy la mau thudn. Vay m+n— -120,

lac d6: (m+n—1)SA=—SB+mSC+nSD

< SA= SB+ SC+—"__3sp
m+n-—1 m+n-1 m+n-1 '
-1
Dét X= ;o y= n ;o Z= n thi
m+n—1 m+n—1 m+n—1
x+y+z=1,

Chimg minh dang thire. Vi ABCD 13 hinh binh
hanh nén 4C=AB+AD . Khi d6 v6i moi diém
S taco: SC—SA=SB—SA+SD—5A

N ﬂ—SB—SC+SD

S4A — SB

o 2 5i-8p € 5,50 o
SA’ ! AYou SD'

Ap dung bd & 2 ta ¢6 diéu phai chimg minh.
II. THi DU AP DUNG

Thi du 1. Cho hinh chép S.ABCD c6 daiy
ABCD la hinh binh hanh. Goi N la trung diém
cua SA. Trén cac canh SB, SD /d'y cdac diém M,
P sao cho 3SM =288, PD=-2PS . Mt phang
(MNP) cdt SC tai Q. Khi do, ti ¢ thé tich giita
hai khoi chép S.MNPQ va SABCD li bao
nhiéu?
1 1 1

1
A.-. B.-. EL —, D. —.
5 9 10 3
Loi gidi. Theo dang thirc (*) ta ¢6:
SC,S4_5B SD _SD_5
SQ SN SM SP SO 2°
Do dé EQ.—_E . Ta cé:
SC 5
TOAN HOC }
32 * CTuGilpe _ S85250-2021)

Vssmp _SM SN SP_1 >

,,

Vemip SB SASD 9’

Vsmpo _SM SP SQ_4
Verpc SB SD'SC 45

T d6 suy ra:
v v 1 Vsa8cp_ 1 1,
Vs mnpo=VYs svp+ SMPQ=5 oV s.4BCD-
Vs.anpg _
- Chon C.
Vs apcp 0

Thi du 2. Cho hinh chép S.ABCD cé day
ABCD la hinh chit nhit AB=2a, AD=a. SA

viong goc voi day va SA=a-J3. Piém N thuoc
canh SC sao cho SNz%SC . Goi G la trong tam

cua tam gidc SBD. Mdt phang (o) di qua GN
va song song véi BD chia khoi chop thanh hai
khoi da dién (H) va (H'), trong dé (H) la
khéi da dién chira dinh S. Tinh thé tich V cua
khoi da dién (H').

A. V:_éia?’ B V:ﬁa3
C V:4\/§a3 D. V:L*Ea?
15 15
Loi gidi.
Thé  tich  kn§; chép  SABCD 1a
1
Vs.aBcp -ESA AB.AD="2 \/— . Goi B, D',

vGi
cdc doan SB, SD, $4. Vi BD// (o) nén ()

cat (SBD) theo giao tuyén B'py song song voi

A" 1an luot 13 giao diém cua mit phing (o)
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SG 2

o ding thirc (¥)
s4 sc_s8 S0 _ 543

tacd it oy~ sp D' SA 3
SA 3
Dodé: “o4~5"
. Vowun _SN SA'SD'_ 3
Ta co: Vil TS'-ESA SD 10’
Vs.naB' _ﬂESB' 3
Vscs SC SA SB 10°
Tir d6 suy ra:

Vo noas =Vs.nap YVSNAB

B

_3Vsapcp_3 NS

S.ABCD = 5

52 10
V3 s
Viay V) =Vs.asco ~VsNDaB =5~

Chon D.
Thi du 3. Cho hinh chdp tw gidac déu S.ABCD,

day la hinh vuéng canh a. Mat phang (P) qua
A va vuéng goc voi SC cat cac doan SB, SC, SD
lan lwot tai B',C',D". Tinh thé tich V cua khoi

chop S.AB'C'D’ biét rang E)—=g
SD

3

A V=ld® B. y=22,3
2 3

3 6 3

C. V=14a D. V:EQ

Loi gidi.

Vi BD1(S4C) nén BDLSC. Do d6 BD//(P).
T d6 suy ra (P) cat (SBD) theo giao tuyén

SD' _PU_2 v6i O latam B'D' S0ng song véi BD . Do do

sE_SD' 2

SB SD 3
Theo déng thie (*) thi 34, SC _SB SO _
SC ' 1SA SC' SB' SD

KYed
canh SC. Ta co:
Vs, ap'c' _SA SD'SC' _1
Vs upc “S4°SD SC 3’

Vsapc _SA SB' SC' _1

Vs ssc SA SB SC 3

=2. Do d6 .§£__ ’
SC 2 hay C’ 14 trung diém

Tt d6 suy ra: Vs.apcp =Vs.apc tVs.asc
_2 Vsapco ] =-Vs.48cD-
32 3
Mit khéc, trong tam giac SAC c6 AC" vua la
dudng cao vira 1a trung tuyén nén SA=AC.
Kéo theo ASAC déu. Tir d6 suy ra

3_a6

h=d(S(4BCD))=AC—-=——

1 \/_ 3

Vs aBCD == —hSpcp="F7 6

V6 3

Vay Vs.apcp' =§Vs ABcD=Tg % - Chon D.

Thi du 4. Cho hinh chop S.ABCD c6 day
ABCD la hinh chit nhdt, SA vuong goc voT day
va SA = a, AB=b, AD =c.. Goi B' va D' lan
lwot la hinh chiéu cua A lén cac duong thang

SB, SD. Mat phang (AB'D’) car SC tai C'.
Tinh thé tich khdi chop S.AB'C'D',
a*be(2d’ +b?+c?)
A. V:_e(a2+b2)(a2 +Cz)(02+b_—_3+cl)'
"(za3+b2+c3)
B e )
2

abc(a +b~ +c2)(7a +b2+c )
B S e
C.V= 6(a"+b“)(a2+c2)

TOAN HOC
852 ég%ehﬂf?‘ﬁﬁp}é org




~

B Yy

asbc,‘(Zaz +b% +c2)

D. V=

3(02 +b2)(a2 +62)(az 22 +c2),

n
Loi gidi.
Thé tich khéi chép S.4BCD 14

VS.ABCD =-;—SA.A B.AD =%abc.

Trong tam giac vuéng SCD c6 SD'.SD=542
SD'S4*  g?
= = =
SD  sp? 4242

. Trong tam giac vudng

' 2 2
SAB 6 SB'SB=S4% — iﬁ—:-si-:—“—_.
SB SB* 424p?

Theo ding thirc (*) thi:

SC  a*+? P+ sC a2
+1= + i .
SC' az az SC a2+b2 +02
Ta ¢o:
Vs.apc _SA SD' SC' at

Vsapc SA SD SC _(02+02)(a2+b2+(;2) ;

4

Vs.apc _SA SB' SC'_ 2
Vsapc SA'SB'SC (2 +07)(a® 462 +c%)
Tur d6 suy ra: Vs apop =V, 5.ADC Vs apc

(1 . ].VS.ABCD
(a2+b2+(:2)ka2+b2 a+ct) 2

asbc(Za?‘ +b2% 42
6(622 +b‘2)(cz2 +cz)(a2 +b2 +cz) - Chon A.

34 TOAN HOC

‘ CTuGilpe S8 525(1-2021)

Thi du 5. Cho hinh chop S.ABCD c6 diy
JBCD la hinh binh hanh, thé tich 1a V. Goi M

1 trung diém canh SA, N la diém nim trén canh
SB sao cho SN=2NB. Mat phing (a) di dgng
qua cdc diém M, N va cat cdc canh SC, SD Idn
lieot tai hai diém phan 'bl'ét K, O. Tinh gid 1
J6m nhdt cua thé tich khoi chép S.MNKQ.

k)4
A K. B. —V— [ R D. ;K
"2 3 4 3
Loi gidi.

-
bt SO_ , o
it - (¥>0). Str dung dang thic (*) thu

dugc: —S—'-C—+2=i+l 6) = EI_(____ 2x ‘
SK 2 x SC 2—x
y Usivo _SM SN 50 x
Vsasp SA SB'SD 3’
Psavg _SK SN sg 42

T ———

Vscap SC'sB 'SD 3(2_x) .

Tir do Suy ra; VS,MNKQ =VS.MNQ +Vg KNQ
3x2 +2x V. <
_ = * Ys.4cp 5%+ 2% 4
-._x) 2 6(2“)() S
Do gs; 54034,
14 6(2-—x) )

https://tieulun.hopto.org



SC>1 nén tr (6) suy ra 0<x$-§-. Xét ham

Vi g
3Ix2+2x
2272 trén (0%] Ta cé:

SK
sb /(x)= 6(2—x)

| ‘)__—3x2+12x+4
f (l 6(2——x)2 ’
6+4/3

g Bang bién thién cua f(x) trén

’ =0 _
Flp)e0 & =ty

[ = a0 0 12— +o0
3
f'(x) +
f(x /

. 2y 1
Vay max f(x)=f (-—J:—. Chon B.
(O,g] 3) 3
3
Thi du 6. Cho hinh chop S.ABCD cé day ABCD
la hinh binh hanh. Trén cdc doan thing SA, SC
S4" 1

lan lurot Im cac diem A, C' sao cho ~—=—,
S4 3

i—(éj:é. Mat plf&ng (a) di qua A'C' va cit
cdic dogn SB, SD lan luot tai B', D'. Khi dé,
v 16 thé tich gita khéi chép S.A'B'C'D' va
S.ABCD nho nhat la bao nhiéu.

A D B.L 2 s
" 60 30 15 16
Loi gidi,

Bing bién thién cua g(x) trén

biat 22 SD’ 0 . )
5o = (0<x<1). St dung déng thirc (*) ta

Vsamp _S4' SB'SD' x?
Vsasp  SA S8 SD T3(8x-1)
Vscop _SC' SB' SD'
Vscap  SC B SD " 5(8x-1)

. Tir @6 suyra

V L s L LY ot
S48cp=Vs y5p+Vs cnp

- 8x2 VSABCD 4x2
(58x-1) 2 15(8x-1)

S ABCD-

2
. Do &5 VSABC’D 4x

. Xét ham sb
Vs aBcD 15(8" 1)

g
( ) 02 trén

=T . T '
15(8x-1) (0] v

2_
gr(x :M , g'(x):O < x:O ’_xz—;—. .

15(8x—1)*
(0:1]

x
—o0 0

g'(x) =

g(x)

\/

1) 1
Viy min g{x)=g| — |=—. Chon A.
¥ o g() g[4] 60

I11. BAI TAP TU LUYEN

1. Cho hinh chép S.ABCD c6 day ABCD 1a
hinh thoi. Ldy cac diém N, M theo thir ty
thusc SC, SD 5SN=25C,
MS=-MD . Mt phing (AMN) cit SB tai P.
Ti sb thé tich k giira hai khdi chop S.AMNP
va S.ABCD 1la bao nhiéu?

sao cho

2 4 _2 _7
A k=g Bk== C.k=2 D.k= 5
.
TOAN H
ss stpaentiol R iR



@~ 2. Cho hinh chép S.ABCD, ¢6 day ABCD
12 hinh binh hanh. Goi M , N 14 cic diém thea
—F —_— —— 1“_’ n - 2
man SM =%SA; SN =§SC . Mét mat phang di

qua M, N cit SB, SD lin luot tai P, 0.
Goi ¥, V" lan luot 1a thé tich cac khéi chep
S.ABCD va SMPNQ. Gia tri nhd nhit cga
Vl

— la
vV

.~ B2 ¢l p 5

15 48 15 24
3. Cho hinh chép S.4BCD, ¢ day ABCD la
hinh binh hanh. Goi M, N 1in luot 13 trung
diém cua SA, SC. Mat phang chita MN cit
cac canh SB, SD lan luot tai P, Q.

Ppit §£=x. Vi gi4 tri ndo cua x duoc liét ké

& bén phuong an A, B, C, D dudi day thi

1
VsapNg =g 7's.ABcD -

1 2 ol 2
s =— © A== D' xX= :

4. Cho hinh chép S.ABCD co6 day ABCD la
hinh binh hanh. Goi M 14 trung diém cua SC.
Mit phing chira AM cat SB, SD lan luot tai
E, F.Goi V, V' lan luot la thé tich cac khdi
chdép S.ABCD vi S.AEMF. Gia tri nhd nhat

’
cua — la
V

1
A- B. Co "1_ Dl et &
3 2

oo | W

1
5

****************************************************************************************

MO RONG .. (Tlep theo trang 20)

1 1 1 1
Fza—=(X+Y+Z)+—+—4+—
.\/5( ) X YZ ZZ

b
+(%+

_( X X, 1
22 22 Xx?

VA 1
5T)
>2
2
Dau dang thirc xayrakhi a=b=c=d=1.
Bai toan 2. Cho a,b,c ld cdc so thuc duong thoa

man a+b+c=3. Chumg minh rdng:

3abe +93|(abe )’ - 273abe + 27
A .
L¢i gidi. Theo béat ding thirc MR3, ta c6:
2 2 2 2 2 2
a+b+c>3abe +i/a b+b3c+c a +i]" C"“Bb"'b a

Vi a+b+c=3 nén theo bit ding thirc Holder ta
co:

2 2 2 2 2 2
3*3/&2{/“ b+bc+c a+§/a c+eb+ba

3 3

ab+bc+ca<

A
3 6 T?cpuggce S8 523(1-2021)

2.Cho ¢ 13 s6 thuc duong. Chitng minh

>%/2—2§/ab a+b)+bc(b+c)+ca(c+a)

> ) 3
={/2_2.Q/ab+bc+ca—abc.

Tu day ta suy ra duoc:

(3 -3 abc)3 >4(ab+be+ca - abc)

3 2 3
< ab+bc+ca< 3abc+9\/("76’)—27\/abc +27'

4
MOT SO BAI TAP DE NGHI

L Cho a,b,c 1a cac s6 thuc duong théa min

@+b+c=3. Ching minh rang:

9(3—%)6
64

rang;

(azb +b%c +c2a)(azc+ ’b+b’ )

3‘/;’T1<\/_( \/E+3).

=1. Chimg minh rang:

a+] \[2—
va-+ +\/b+1+\/c+15—§-—(a+b+c+6).
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PHUONG PHAP

GIXT TOX®

"

Nhing Ddm gan day, hdu nhu cac d& thi hoc
sinh gioi Toan cap THPT thuong cd bai toan
llen quan dén tinh lién tuc va dao ham cua ham
56 dudi dang toan khong miu myc nhét 1a 16p
bai todn chimg minh sy tén tai nghiém cua
phwong trinh, giai phuong trinh, giai bét
phuong trinh, chimg minh bat ding thiic va tim
giéi han cua ddy sé. Viéc tim huong giai 16p
céc bai toan trén 13 khong dé dang néu ta khong
nim vimg, khong biét st dung hodc khong biét
két hop v&i cic vén dé lién quan ching véi
nhau thi s& kho xu 1y dugc méc du ta hoc rat
nhiéu phuong phép cd dién ching han phuong
phip thé, phuong phap danh gia, phuong phap
ham s, phuong phap bién déi PT, BPT logarit
va mil vé ciing co s6, ...Van dé dang quan tam
clia da sd hoc sinh 1a ngoai cac phurong phap ¢
dién vira néu trén liéu con phuong phap nao dé
giai ching khéng. Chinh vi sy quan tam d6 ma
tic gia gidi thiéu lai dinh li Lagrange dé giai
thich su thic mic cua hoc sinh.

Trong pham vi bai bao nay chung ta chi tap
trung nghién ciru (g dung cua dinh li Lagrange
vao viéc giai mot s dang bai toan vira néu.

L KIEN THU'C CAN NHO

Ngoai cac kién thirc lién quan dén tinh lién tuc
va dao ham cua ham sb ta da biét, ching t5i gioi
thiéu thém cac ban dinh li Lagrange dé tién tmg
dung trong viéc giai toan.

Dinh 1i Lagrange. Néu ham sé y=f(x)lién tuc
'rén doan([a; b] (a<b)va c6 dao ham trén
khodng (a; b) thi ton tai ce(a; b)sao cho

fB)-f(a)=1"(c)b-a)

N TR

_____k._ e

i DUNG CUA BIHH LY LAGRANGE
VAO VIEC G141 107 $0 DAKG TOAN

PHAM TRONG THU'
(GV Tiung tdm Gia sw tountuboc.vn, Dong Th@

e e s
e s e it e e e e e e i et

hay la 1y O=1(@.
b—a
II. MOT SO UNG DUNG
1. Ung dung dinh li Lagrange vao bai toan
chitng minh sy ton tai nghiém cia phwong
trinh
Bai toan 1. Chirmg minh rang phuong trinh
2(x2 =x—2)cos? x—(1-2x)sinx.cos x=(x+1)(x—2)
luén c6 it nhdt ba nghiém phdn biét trén khoang
=1L 2).
Lot gidgi. PT di cho tuong duong voi:
(x2 —x—2)(2cos® x—1)—(1-2x)sinx.cos x=0
41)2(x2 —x-2)cos2x—(1-2x)sin2x=0 (*).
Pit f(x)=VT(*). Xét ham sé:
F(x)=(x* —x—2)sin2x.
Ham s6 F(x)xac dinh, lién tuc trén[-1; 2]va c6
dao ham bac nhit F'(x)= f(x);

F(—1)=F(0):FG):F(2)=0.
Theo dinh li Lagrange, ton tai X, €(-1; 0) sao

FO)-F(D _

cho F'(x,)= 0-1) =0 = f(x,)=0.

Tuong tu, ton tai X 6(0; %] sao cho f(x))=0,

) . b .
ton tar X E(E; 2] sao cho f(x,)=0.Ma cac
L

; E); g 2] dd6i mét khong

giao nhau nén cac nghiémx,; x;; x, cling doi

khoang (=1; 0); [0

mot khac nhau.

ss shbtsitie JRNHE0 pry




Viy PT da cho c6 it nhét ba nghiém phéan biét
trén khoang (-1; 2).
Bai toan 2. Chirng minh rc?ng phuong trinh

3x2 —4x+1

2(3x-2)log x+ 03 =0(*) luén ¢6
. . (1

nghiém trén khoang(g; 1}

Lai gidgi. Dat f(x)=VT(*). Xét ham sb:

F(x)=(3x? —4x+1)log; x.
Ham s F(x)xé4c dinh, lién tuc trén E 1} va cb

dao ham bac nhit F'(x)=f(x); F[%]zF(l)zO.

Theo dinh li Lagrange, ton tai xoe(—;:; 1) 520

F(l}—F(lj
— A0 £(x,)=0.
11
3

Viay PT da cho luén c6 nghiém trén khoang

()

2. Ung dung dinh li Lagrange vao bai toan
gidi phuong trinh, h¢ phuwong trinh, bit
phuong trinh

cho F'(x,)=

Bai toan 3. Giai phirong trinh
4)‘(3-‘r +5%)+29" =2X(8" +9")+27-‘_

Loi giai. PT da cho tuong duong voi

127 +14% -18% 27" =14" +16™ -20" -29" (*).
Gia s PT c6 nghiém x,,. Ta xét ham sb:

F@O)=t" +(t+2)" —(t+6)™ —(¢+15)°, £>0.
PT da cho chinh la f(12)=f(14).Ham sb f(¢)
lifn tyc trén [12;14]va c¢6 dao ham trén
(12; 14) nén theo dinh i Lagrange thi tén tai
ce(12; 14) thoa méan f’(c):M:M:O

14-12
TOAN HOC )
38 & GTuo‘it;é S0 523(1-202))

. -1 Xo~l |
T i e G G [e0

x,=0
o =

@Lxc'l He+2)o =(c+6)™ Li(c+15)™7 (*%)
xét PT(**). Taco:
« Néu x,>1thi x,—1>0, suy ra:

VT(**)<VP(**).
o Néu x, <1thi x,-1<0, suy ra:

VT(**)>VP(**).
«Néu x, =1 thi x,—-1=0, suy ra:

VT(**)=VP(**)=2.
Tir @6 PT(**)cod nghiémx,=1. Thi lai truc
tiép, ta théy hai gia tri x=0, x=1 thoa man PT
di cho. Vay PT d3 cho c6 hai nghiém la
x=0, x=1.
Bai toan 4. Gidi bdt phwong trinh
2% _ 227 202 1(x+1)3%.
Loi gidgi. Xét ham s6 f(£)=2" xac dinh, lién tuc
ténR, c6 f'(f)=2'In2, VieR. Theo dinh li
Lagrange , ton tai ¢ nim gitta x va2x+1 sao cho
2X __221"‘1 :f'(c)(x__(zx+1)):_(x+1)26‘]nz.
BPT da cho trd thanh:
—(x+1)2cln2<2021(x+1)3x

@(x+1)(2fm2+2021.3-‘)>0 Sx>-1

(do 2°In2+2021.3% >0, VxeR).
Vay BPT di cho cé tap nghiém 12 S=(-1; +o0).

Bai toan 5. Gijg; hé phuong trinh

/ 2
(x_)’)(xz +xy+y2 —2):6[1-1[21&

X+ x2+9 :
31:-_2)"+x
Léi gidgi. PT thir nhit oy
. U nhét cia HPT ¢6 thé vidt la;
dusi dang: co the viét lai

. 2
2x+61n| x+4x +9)=y3-—2y+6ln(y+ y2+9] .
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Xét ham s6 f(t)=t’ —-2r+61n(r+\/12 +9), teR,

2, 2 12
' f’(r)=3[t + =1
« vit49 3

Ap dung BDT Cauchy, ta ¢4:
;
Fe9, 1 1 26, 26
T+ e Gt ) ) B ata 0
T \Peo AReg 210 IR0
2l+—2-§-9=-%2-
27

4

2 2
ot t———=-720= f'(1)20, VicR
s 3

(déu dang thirc xay ra khiz=0 ).
Suy ra ham s0 dong bién trén R.Tir (1) cé
f(x)=f(»),suyra y=x
Thay y=xvao PT thir hai cia HPT ta duogc:
3 =2"+x 3% 3x=2"-2x (2).
Gia st PT(2) c6 nghiém x,. Ta xét ham sé:
g(u)=u™ —ux_, u>0.
PT(2) chinh lag(2)=g(3).Ham sé g(u)lién
tuc trén [2; 3]va c6 dao ham trén (2; 3) nén
theo dinh li Lagrange thi tén taice(2; 3) thoa
g3)-g) _,
3-2
=0

e o]

man: g'(e)=

4]
Thir lai truc tiép, ta thiy hai gia tri x=0, x=1
thoa man PT(2). Viay HPT da cho c6 hai
nghiém (x; y)1a (0; 0), (1; 1).

3. Ung dung dinh li Lagrange vdo cic bai
toan chirng minh bat dang thirc
Bai todn 6. Cho O<y<x<zlz-- Chirng minh rang:

x \(1—4_1-'2

+
Vi-4x? 4y

1-4.r2 P
1 —4)-‘2

(-)’r

Loi
t gidi, Dita=2, vab=2ythi bai toan di cho
IO thanh by; toan:

C
ho O<b<q<r Chitng minh rang:
a 1-p2

25J‘ Vi az

(a-b)+ = ()

Xét ham sé f(r)=

t
Vi-¢?
Khi d6 BDT(*) twong duong véi

f(@)-1(b), 25V15
' a-b 18
Ta thay him sb f(¢) xdc dinh, lién tuc trén
(0; 1), co:

f)=

1 1 1
(1= )1-2 N 2-2 -2

Theo dinh li Lagrange, ton taice(b; a)<(0; 1)

sao cho: f (c)—f(a) E{(b)

! _J(@)-1(b)
A-Ai-c2  ab

Pit M =c2(1-c?)V1-c2,M>0. Ap dung BDT

32

Cauchy cho 5 s6 duong g6m 2s6 Ec va 3 sb
1—02,121 co:
2_4(3.213 2) 1-c?)(1-c*)(1-c?
ui=42e 262 Ja-ea-ea-e®
4[3]5 108
< =| ==
o\s) s’
J_ 125 25J_
MS —>
= dpcm.

Bai toan 7. Chimg minh rang: vaT moi a<b<c,
ta co:
o] P
3a<a+b+c‘*\/;1' +b° +c? —ab—bc—ca

2 2 o)
<a+b+c+\[a‘ +b” +¢” —ab-bc—-ca<3c.

] TOAN HOC
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Loi gigi. Xét ham s
S)=(x-a)(x~b)(x—c)
= f(a)=f(®)=f(c)=0 (*);
f(Jc)=Jc3 —(a -I-b+c)x2 +(ab+bc+ca)x—ape.
Ta thdy ham s6 f(x) xéc dinh, lién tuc trén R,
co: f’(x)=3x2—2(a+b+c)x+(ab+bc+ca).
Theo dinh Ii Lagrange, tén tai X €(a; b)va

X, €(b; ¢) sao cho:

f,(xl)zf(b;—f(a);f,(x2)= f)-fb)
-a c—b

Do (¥) suy ra f'(x))=f"(x,)=0

5 a+b+c—\/a2 +b% 42 —ab-bc—ca
=
3

a+:‘.’7+c+\/a2 +b% +c* —ab~be—ca
Xy =
L 3
Ta lai coa<x <b<x,<c=3a<3x <3b<3x, <3¢

= dpcm.

4. Ung dung dinh li Lagrange vao bai toan
tim gidi han diy so

Bai toin 8. (Olympic 30/4 lin XIV- Nim
2008) Cho phuong trinh x+2x2+--~+nx":%,

Vi n nguyén duong.

1) Ching minh rdng véi moi n nguyén duong,
tren khoang (0; +®) phuong trinh trén cé
nghiém duy nhat, ki hiéu la /A

2) Chirng minh rdng day s (x,) co gioi han
hitu han khi n tién dan dén duong vé cing.
Tinh gici han do.

'3
~

Loi  gigi. 1)  Xét  ham  sb

3 . n .
f,,(x)=x+2x2+---+nx” 1 lién tuc trén R, cé

fi(@)=1+2% x4 tnx",
Ta c6 f;(x)>0 Vxe(0; +o0)nén ham sé £, (x)

tang trén (0; +c0) (1).

TOAN HOC
' cTugile

S 523(1-2021)

40

w (0)5,_%0, SuD>0=PT £, (1)=0
a n

ghiém trong Kkhoang (0; +0) (2).
nghi€
Tur (1) va (2) suy ra dpcm.

1 g 1+._.+,,(l)n i)
2) Ta co: 3fn(§)=l+ 3 3 4’

2 n
N1 (1, (1) 3
f"@'"?z'@ ' [3) §

Trir theo vé dugc:

N1, (1) n 3

24355 v
=21 1 n__%: 2n+3<0.

2\ 3") 3" 2 23"

1
Do d6 x>, VneZ.

3 . 1
Ap dung dinh i Lagrange, ton taiy, e(-g; x"J

1 1 1
fn (xn)-_f;f(g}“xn _5{ Xn _5{

(o £, (y,)>1v6i y, >0).

sao cho:
2n+3
43"

o s )I>

Mit khc im 2"+ 2 0= lim —0.
3" "

Bai toan 9. Cho ham sé S(x) 6 dao ham trén
[a; bl(a<b) va  theg mdn cdc diéu kién
((a): S8, f'(x)20,vxe[a; b) Chitng  minh
1on (gj day (xn)vé’ixne(a; b) sao cho
S'(x,)
(Ye=1) 1 (5,

lim

=2021.

Lot gidi. vsi mbi n=l, 2, ta xét ham sé:
2021x

Gn(x)=(e 2 ].f(x)véri x€la; b).

Hién nhign, pam <4
nhién, ham ¢4 Gy (x) lién tuc trén [a; 6]
khoang (a; 5). Theo dinh li

€(a; b) sao cho:

va c6 dag ham trén
Lagrange, tn taj 5
s n

https://tieulun.hopto.org



" 2021,
n !
Gr (x):-Tf(xn)'e " +f (xn)e %
"
;G" (b)"Gn(a) =0 =s f’(xn)_:zozl_
b-a flx) n
) g 2021

Do do: lim(ﬂ/g—l)f(xn)_ 1mn(n e—l)

2021
1

el -]
1
n
Nhdn xét. Qua cac bai toan néu trén, ta nhin
thy rang ngudi ra dé thudng bat diu tao ra bai
toan tir viéc tim nguyén ham F(x)cta ham sb
f(x)(da biét) trén doan[a; ] thoa man

F(a)=F (b) hay bat diu tir mot hing déng thirc,

=lim =2021.

tr mft PT don gian hay tr trudmg hop xay ra
diu bang cua BDT nao do,... Ho cang cét gidu
biéu thirc ban dau bao nhiéu thi mirc d6 khé cua
bdi toan ciing theo 1én va cdng viéc cua ngudi
giai toan la tim ra con dudng ma ngudi ra dé da
sir dung. Mot s bai toan co thé ta giai theo mot
huong khac cua tac gia, tuy nhién ciing c6 bai
toan duong nhu con dudng tac gia xuét phat 1a
con dudng duy nhat hay néi cach khéc ta can st
dung phuong phap dic trung mdi gidi quyét
duge bai toan d3 cho. Pé nhuan nhuyén img
dung cua dinh 1i Lagrange vao viéc gidi mét s
dang toan, ching ta hiy thuc hanh thém mét sé
bai tap sau:

BAI TAP TU LUYEN
1. Cho bén sé thuca, b, ¢, d vameN" théa man
“E“‘+-—L+L+i=0.Chimg minh rﬁng
n+3 m+2 m+l m
Phuong trinh ax +bx? +cx+d=0c6 it nhit mot
Bghiém thuge khoang (0; 1).
% Chimg minh ring PT

\/5(2x—1)sin 2x-—25in[2x+§)+1=0

Iuén ¢cg nghiém thude khoang (—;E, 1]-

3. Giai phuong trinh (a+c)* +b* =a* +(b+c)”
VOi a, b, c>0v3 a<b.

4. Gidi phuong trinh 5°°5% —4°%* =cosx.

5. Giai phuong trinh x'°86% +10'°86* =2x.

6. Giai bat phuong trinh

7. Giai hé phuong trinh

(3x+m)(y+\/1+7)=1.

x+y=4"-9"

8. Cho xe(0; 1), neN". Ching minh ring
1

N 2ne '

9. Chon va kla cac s nguyén véi n, k2.

Chimg minh réng ",fl+££1+—1—ln 1+—’E—- :
. k n k-1

10. Cho nim s thuc duongx, y, z, a, b thoa
. [x2yz2z>0
in

azb>0
i (yb —zb)+ya (zb —xb)+za (xb ——yb)20.

11. (D bi VMO 2008) Cho s6 thuc a va day sb

thuc (x,,) xac dinh bai:

x"\J1-x<

. Chitng minh ring

x| =a
{xwl =In(3+cosx, +sinx, )—2008, Vn=1, 2,...'
Chimg minh ring diy sb (x,,)co gidi han hitu
han khi n tién dan t6i duong vo cung.
12. Cho day sb thuc (x,,) xéc dinh béi:
x=2021

x -
Xnel = 3+__n__,vn=1, 2, ...
-1

B )

Chimg minh ring day sé (x,)cé giéi han hi
han khi n tién dan t&i duong v6 cing.

ss s2BilBsy/ti e[ﬂ’l@'dg@gtgﬁrg
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Frobiem 19823 Given n positive numbers

X%, -, X,. Find the minimum value of the

expression S = il S 2+ Jf:') . 3
B
TOWARDS MATHEMATICAL OLYMPIAD
Problem  T10/523. Find all
f:R" - R" satisfying
SOLON+ L™ () =xp+ 0y, Vx, y e R*,
Problem T11/523. Consider the sequence {a,}

functions

with 6, =, & = 2t
2
na, =(n—1)a,_, +(n—-2)a,_,. Find lim—
a

n-1

Problem T12/523. Given a triangle ABC and a

GIAI PAP: PO VUI T4.2020
NAM CANH TY VA 2020

Pé: Ban hdy thay méi chir cdi trong ddang thire
CANH + TY = 2020 boi mét chit 56 thdp phan khdc
0 va 2 sao cho duoc ddng thitc ding véi diéu kién
chit cdi khdc nhau thi chir sé thdp phéin khdc nhau.
Ban tim dwoc bao nhiéu dép 567
Loi gigi. D& thiy H+ Y = 10, tir d6 N + T bing 1
hoic 11. Neu N+ T=1thi A=0, C =2, trdi gia
thiét. Vaychic6 the N+ T=11,suyraA=9, C
= 1. C6 thé phan tich cac s6 11 va 10 thanh téng véi
cac sb hang khac 1, 9 nhu sau:

N+T=11=3+8=4+7=5+6
vi H+Y=10=3+7=4+6.
Két hop lai dugc:
1)N+T=3+8thi H+Y =4+6. Di chd cic chir
sé cho nhau dugc 4 nghiém.
2)N+T=4+7thi trong H + Y ¢6 so hang tring
v6i 4 hodc 7, trai gia thiét.
3)N+T=5+6thi H+ Y =3+ 7. Déi chd céc chir
s6 cho nhau dugc 4 nghiém.
Nhu viy bai toan c6 8 nghi¢m. D6 la:

1934 + 86 = 2020, 1936 + 84 = 2020,

1984 + 36 = 2020, 1986 + 34 = 2020,

1953 + 67 = 2020, 1957 + 63 = 2020,

1963 + 57 = 2020, 1967 + 53 = 2020.

TOAN HOC
42 ¥ clusitge

S6 523(1-2021)

point M on the line passes through B, C (M is
different from B, C). Let K, L respectively be the
second intersections between the circumcircles of
the triangles AMB, AMC and another line which
passes through A and different from MA and BC.
Let P, O respectively be the perpendicular
projections of 4 on BK, CL. BK and CL meet at R,

PQ and MK meet at V. Show that
NP MB

a) Wé =E,
b) If M is the midpoint of BC then AKRL is a
harmonic quadrilateral (a harmonic quadrilateral

is a cyclic quadrilateral in which the products of
the lengths of opposite sides are equal).
Translated by NGUYEN PHU HOANG LAN

(College of Science - Vietnam National University, Hanoi)

Hoan nghénh ban Nguyén Ngoc Diép, TA3, THCS
xd Pom Lét, huyén Dién Bién, tinh Pién Bién da tim
dugc 8 nghiém cua Bai toan.

PAN QUYNH (Ha Ngi)

PO VUI
TiM VI TRi SUT BONG

Trong mét tran luyén tip bong da mot tién dao dang
dan bong tir diém C muén sat bong vao khung thanh
duoge thé hign boi doan thing 4B trén mit phang sin
¢é. Do trude mat tién dao nay c¢d hau vé doi ban nén
tién dao d6 khong thé tién thing vao khung thanh ma
phai dan bong chay theo duong thing CD va dén
dic?m E thi sut bong vao khung thanh AB. Biét rang
diém D thude tia doi cia tia AB , dudmg thing CD

khéng cét dudmg tron duong kinh AB va géc ADC 1a
D 4 B goéc nhon. Piém C kha

\ / xa khung thanh 4B nhu
\ / ¢ hinh v&. Béng thudc
\\ & thang va compa, ban
E hdy xdc dinh vi tri diém
E khi sut béng sao cho

géc st @ = AEB 14 Ién

\\ nhét va giai thich cau
€

tra 19i.
VIET HAI (Ha Néi)

https://tieulun.hopto.org



TIENG ANH QUA CAC BAJ TOAN
BAI SO 63

problem. Among 4-digit numbers formed by

using ﬂ”AfOUF' dlglfS 1, 2, 3, and 4, how many of‘

them are divisible by 117

Solution: We use the following rule: a number
is divisible by 11 if the sum of the digits in the
even places and the sum of the digits in the odd
places differ by a multiple of 11.

Consider the numbers of the form 1 - - - By
the above rule, the third digit (from the left)
must be 4, and the digits 2 and 3 can be put in

the remaining spaces in any order. Hence there

aI:e two of them 1243 and 1342.
Similarly, for each of the 3 other cases, we have
tWo numbers which are divisible by 11.

Therefore, we have 8 numbers satisfying the

requirements.

TU VUNG
digit . chir 56
divisible by : chia hét cho
differ : sai khac
NGUYEN PHU HOANG LAN

(College of Science — Vietnam National university, Hanoi)

ok ottt b ok o ko ok 3ok ok sk s ok ok ok sk ok sk o sk sk 3k ok sk sk ok sk ook o o ok ol R o sk sk ot sk ok s ok o ok ok sk ok o ok ok o ok ok ok ok sk ok o ok ok ok s ok ok ok ok s ok ok ok 6k

BAI DICH SO 6
Bai todn. Ta gieo lién tiép mét con stic séc cdn
doi, 6511g chat cho dén khi xudt hién mat 3
cham. Ki hiéu X la sé lan gieo, X la mét bién

ngau nhién. Tinh P(X < 10).

Léi gidi. X c6 thé nhan cac giatri 1,2, 3,4, ...
Ta co:
P(X<10)=P(X=1)+P(X=2)+..+ P(X=9).

. 1
Dé thy P(X=1)=p = =

. 5
P(X=2)=gqp véi g=1-p= E;

P(X=3)=¢p;
PX= 9)=q8p.
Viviy P(X=1)+P(X=2)+ ...+ P(X=9)
=p+qp+q2p+...+qsp
=p(1 +q+q2+...+q8)
1-q° 9
=p—=1-q".
P 1-q

9
5
Do dé P(X<10)= 1—-&) :

Nhdn xét. Cac ban sau co bai dich tbt, gui bai
vé Toa soan som: Trwong Thi Thu Ha, 11 Toan
1, THPT chuyén V5 Nguyén Giap, TP. Pong
Hoi; Quang Binh; Vin Ngoc Binh, Nguyén
Hodng Ngoc, Tir Nguyén Pitc Anh, Tricong Ho
Bdo Nhi, 10 Toan 1, Tréan Nit Minh Thu, 10
Toan 2, THPT chuyén Quéc hoc Hué, Thira
Thién Hué; Nguyén Hing Cuong, 85 Bién
Cuong, P. Ngé Mdy, TP. Quy Nhon, Binh

Pinh.

HO HAI (Ha Ngi)
******************************************
GIO1 THIEU SACH:

PONG TAP TOAN HQC VA TUOI TRE NAM 2020
e Dong tip 12 s6 trong nam 2020
e« Dong bia cung ¢ Tién tra ciru
o Bdi dudng hoc sinh giéi e Qua ting cho hoc sinh
« Gié bia: 210.000 déng
Ban doc ¢6 nhu cdu mua déng tap 2020 xin vui long
lién hé theo
g4 dién thoai:  024.35682701, 024.35142649

Email: toanhoctuoitrevietnam@gmail.com

TOAN HOC
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BAI TOAN 44. Cho tam gidc déu ABC ngi tiép
dueong tron (O, R), M la diém bdt ki trén cung
nho BC. Chirng minh rang: MA= MB + MC.

Huéng 1: Tiép cin theo kién thirc THCS
Cach 1.

BWC
M

Trén canh MA lay diém 7 sao cho MI = MB (1)
Vi BMA = BCA =60° = AMBI déu.
Xét AABI va ACBM cé:
ABI =CBM =60°—IBC, AB=BC,BI=BM
= AABI = ACBM (c.g.c)=> Al = MC (2).
Tir (1) va (2) suy ra MA =M + IA=MB + MC.
Cdch 2. Trén tia d6i cua tia BM ldy diém D
sao cho BD = MC. Xét hai tam gidac AACM va
A4BD co: AC=AB ,MC=BD,
36171 =60° + BEJT/I :
ABD = BAM + AMB
= BCM + ACB = BCM + 60°

= ACM = ABD => AACM =AABD = AM = AD.

TOAN HOC :
* CTugilre _ S6523(1-2021)

44

Tam gidc AADM can tai A va co AMD = 60°
— AADM déu=> MA =MD.

Vay MA=MD=MB+BD=MB+MC.

Cdch 3. 4

D

Trén tia ddi cua tia MB lay didm Dsao cho
MD = MC. Khi 46 AMCD 13 tam gidc déu, suy

raMC=CD. Xét haj tam giac AACM ,ABCD
¢6: AC=BC, MC=(p,

https://tieulun.hopto.org



M

MB MC
ong tw: 2MO.— = MB (2); 2MO.~— =
Tuong B (2); 2MO.— == MB (3)

T (1), (2) va (3) suy ra:

_MA+MB + MC = 21(46.{—”“ +MB MC]

+ .
MA MB MC

Ta s& chimg minh: _MA MB A MC_S.
MA MB MC
B

That véy, vi —MA ,M ,MC la cac vecto don

MA MB MC
vi va d6i mot tao voi nhau goc 120° nén

M4 MB MC -

— + + =0.
MA MB MC

Viy ~MA+ MB + MC =0 < MA=MB + MC.
Cich 5. Ap dung dinh li cdsin cho tam giac
AMAB va AMAC ta co:
AB? = MA® + MB* — 2MA.MB.cos 60°
= MA® + MB* — MAMB.
Tuong tu : AC? = MA* + MC? —MAMC.
Vi AB = AC nén
M4 + MB? — MAMB = MA® + MC* = MAMC
< (MB - MCYMB + MC - MA)=0 (1).
THI: Néu MB=MC, khi d6 M,0,4 thang
hing va cic tam gidc AMBO, AMCO déu
= MB = MC = MO = MA=2M0O=MB + MC.
TH2: Néu MB = MC, khi @6
()< MB+MC-MA=0< MA=MB+MC.
Vay M4 =MB+MC.
NGUYEN QUANG NAM
(GV THPT Quy Hop 2, Ngh¢ An)

nNoizat':exet C6 thé dung djnh ly Ptolemy cho tir giac

P ABMC @é chimg minh M4 = MB + MC.
Ngoai 5 c4cp giai cua ban Nguyén Quang Nam,
Dguoi g101 thigu bai toan, Toa soan ciing nhan dugc
mét s§ cach giai twong tu cua ban Ngé Thi An Binh,
9E, THCS Ding Thai Mai, TP. Vinh, Ngh¢ An;
Tran Vin Qudn, 11 Toan 1, THPT chuyén Hung
Yén, Hung Yén; Nguyén Hung Cuong, 85 Bién
Cuong, P. Ng6 May, TP. Quy Nhon, tinh Binh
Dinh. Xin hoan nghénh cac ban.

LE MAI (Ha N6i)
MJi cac ban giri 101 giai BAI TOAN 46 dudi day vé
Toa soan Tap chi TH&TT trudc ngay 28.2.2021.
BAI TOAN 46. Cho tam gidc ABC, duong trung
tuyén BM va diong phan gidc trong CN cua tam
giac ABC cdt nhau tai D. Chirng minh rang
DC AC

DN BC
NGUYEN PUC TAN
(TP. Ho Chi Minh)

sk ok o sk e 38 o sk Sk s sk e ok ok ok ok ok oK ok sk sk ok sk ok ok ok ok sk ok ok ok ok R ok sk sk

e M!’j\'r‘. XUAN TAN SUU
NIO CANH DONG QUE
(Bai tho xudng)

S(S'ng khoe, vui cuoi twa nghé con
Birc tranh dong rudng cir nguyén hon
Cha cay thang luéng con twoi diu
Me cdy gidng hang nét vin son
Ung xir nguedi - trdu vin héa dep
Nhén tdm xém - xd dnh trding tron
Mirng Tén Sieu dén hwrong xudn méi
Nhé canh trau hién ngam lia non.
PAO TAM
(Giang vién Dai hoc Vinh)

so Mip5itcutomhom g
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BAI TOAN 532, (Moscow  Mathematica]
Olympiad) Chimg minh ra"'ng VOT cdc s6 thire
a4,,a,,....a, iy y, bat dang thitc sau luén diing

Vai +(1-ad) +Jal +(1-a) +..
G+ (l=a;) +a; + (1-a?) >’i\/—_

Diu d&ng thire xay ra khi nao?
Loi gigi, Xé&t hai trrong
hop:

* n la s& chin. Dlmg
du'ong gép khiic néi céc
diém A5y vy A, A,
A2 sao  cho A4,
AxAs,...,  Apmdne b do
dai bang don vi va lién
tiép vudng goéc véi nhau
(nhu hinh vé véi n = 4). Trén méi doan AA:q hoiic
trén A4;.; kéo dai (i = 1, L ntl) ta lay B; sao cho
Bidi = a; (ta gia st a,., = a,, nghia la chon B,., sao
cho B,,+,A,,+2 = a); B, phia trai (hodc phia dudi) cua
diém A,., néu a;> 0 va B, phia phai (hodc phia trén)
cia diém A, néu a; < 0. Trong hinh v& thi

0<agq <l0<aq, <la >1, a, <0. Néi cac diém B,
1p nén dudng gép khiic B,B;...B,,;. Theo dinh Iy

Pythagore ta c6: BB, = BA. + B4,

ViBAi =a;va B A =,1 a,

1451 i+] nen

B B,_,,] \] a + (1 aﬁ—l)

Do dé tong fa? +(1-a2) + &2 + (1-a?) +..

+yai, +(-a 2)+yJa?+(1-a?)
bang dd dai cua dudng gép khuc B\B;...B,.,. Hién
nhién ring d6 dai cua duong gip khic B,3,.. B
khong nhé hon d6 dai cua doan B, B,.,. Ta tim d¢ dai
cia doan B)8,.; nay.

46

TOAN HQC
* Clugilpe__ S3523a-2021)

D de

Ta dyng tam gidc vudng B,C B, (nhu hinh v&), K
n
do: B[C=A2A3 +A4A5 + "'+AnAn+l = E

n
va CBm-l =.A1A2 +A3A4 R o A,,_]A,, = E

(v6i A,B1 = Apt1Bn = ]l —-a ]). Suy ra:
2
nY _mf2
88, =(BOP +(CB,.) = (J +(§J -

Piéng thirc x4y ra khi cac qiém By, Bs, ..., B, nim
trén doan thing B,B,.;, diéu ndy nglqli'a 1a B; phai
tring véi giao diém cia cic doan thing 44,.; véi
B\B,+1. Vi doan BB,., lip mét goc 45° véi B C
(B,C= CB,4) nén

BiA; =48, =B34, = ..
nghiala a, =1-a, =a, =1-a,

el Bn—IAn = Aan

=..=a, =l-aq.

n

Vay voi n chin thi g =a,=..=a,, =a;

&h=a=.=a,=1-a, 6doalasotuyy.

enlisd I& Pit g, = Q,0,,5 = Ayy.nnly, =a, va

xét tong \Ja? +(1-a2) + vai+(l-a?) +..

+\/azn—z +(1- az,.) +Va2n +(1-af).

Téng nay bang 2 l4n tdng
Ja? +(1~az)+‘/‘a2 +(~a))+..
+./af_l+(l—af)+<\/‘af+(l—-af)_
2n\2

2

Tuy nhién thng thir nhit khéng nhé hon
Suy ra V&' +(1-gq )+\/a2+(1 -a}
+.+/a ,,,+(l a: )+,/a +(1- a)>

Bing thye Xay ra khi a=a,=_

NHU HOANG (Ha Ngi)

ap dé nghj, Ban doc hay g 161 giai
v& Toa §0an trudge ngay 28.2.2021

‘ BAI TAP DE NGHI
BAI TOAN 54

dang thy.. 1+x L1ty 1+z<2x 2y 2z
I‘X .l—y l—z _‘y— Z+;_.

KHANH Hi'U (44 Ngi)

https://tieulun.hopto.org



GIAIDAP: SAI O bAU?
(Dé ding trén TH&TT 56 519, thing 9 nim 2020)

Phén tich sai lim. Loi giai cia ban Diém Quynh
chua dang. Diém Quynh d3 mac hai chd sai sau: Thi
nhét, dat # = 4x — 2y, ma khong tim mién gi4 tri cia

t. Thir hai, khi xac dinh dugc % <P=f(t)<3,khdng

kiém tra ¢6 ton tai x, y dé ding thirc xay ra khéng,
s 1 .

ma & két luin luén M =3,m=§.Tir hai chd sai trén

din dén két luin sai.
Loi giai dung. Ta cé:
x=2 +(y+1)} =5 x> +y" =4x-2y.
12x* =16xy+20x—10y +1
(*+y?)Y —4x+2y+1

Khido, P =

16x% —16xy+4y” —4x> —4y” +20x—10y +1
) (4x—2y)° —(4x—2y)+1
(4x-2y)’ +4x-2y+1
" (4x—2yy —(4x—2y)+1
2 4+t+]

it t=4x—-2v.khiddé P = . Taco:

biat r=4x-2y,khido P T2l
t=4x—2y=4(x—2)-2(y+1)+10
St-10=4(x-2)-2(y+1). Ap dung BDT

Bunyakovsky, ta co:

=101 [47 + (=2 1(x—2) +(»+1)’] =10
thic xdy ra <«

©0<t<20. Ding

x;2 =Xi21-<:>x=—-2y. Véi x = -2y, ta co:

(x=2) +(y+1)’ =5C{

y=-2

Suy ra tuong ung x =0 vax = 4.
Véy t:Oc}x:y:O;f=20<:>x=4,y=—2.

2
Xét ham s f(t)=t2+; +; trén [0; 20]. Ta c6:
£—t+

; -2t +2 =1
f(t) = (x) =0 < BBT:
(tz__t+])2:f( ) fra .
r_‘_——— —_—
A 0 1 20 +wo
f(@) -0 + i+ 0 - .E _
1 H 3 ;
/() | al
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Suyra: M= max fO=fN)=3,m= {r&igf (t)=1(0)=1.

Vay M +m=4.Chon A.
Nhin xét. Cic ban tham gia déu phat hién dugc sai
1am, tuy nhién 1oi giai ciia mot sb ban van khong dua ra
chinh xédc didu kién cta ¢ (midc do két qua vén diing).
KIHIVI tuyén duong cac ban sau: Thira Thién Hué:
Lé Thi Minh Thity, 12 Toén 1, THPT chuyén Quédc hoc
Hué; Bén Tre: Lé Ngé Nhat Huy, 111A, khu phd 1,
phuong 7, TP. Bén Tre; Hung Yén: Trdn Son Tung,
Pham Van Théng, 11 Toan 1, THPT chuyén Hung Yén.
KIHIVI

1.O1 GIAI PA CHINH

XAC CHUA?

Bai toan: Tim gid tri cia m dé ham sé
fxX)==x*+(m - +(m+2)x-3m+5

dat cuc tféljl tai xo=0.

Sau day la loi gidgi ciia mot ban hoc sinh:

TXD: D=R; f'(x)=—4x"+2(m* - 4)x+m+2;

fr(x)y=—-12x% +2(m* - 4).

f(0)=0

f"(0)<0

Ham sb dat cuc daitai xp=0 < {

m+2=0 m=-=2
<~

5 = S med.
m- —4<0 —2<m<?2

Viy khong c6 gia tri ciia m dé ham sé dat cuc dai
tai xo = 0. Theo cdc ban, bai gidi ciia ban hoc
sinh do6 co dungkhéng? Vi sao?
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o Danh cho Trung hoc Co s§
For Lower Secondary School
Lé Ba Hoang — Tir giac néi tiép va bai toén con
budm.

Dién dan day hoc todn
Pham Vin Som - Sir dung phuong phap tham
s6 hoa hiru ty dé giai mot sé phuong trinh, hé
phuong trinh dién hinh.
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Huéng dan giai @& thi vao I6p 10 Trudng

THPT chuyén Binh Phudc, nim hoc 2020-
2021.

@ Dé thi chon hoc sinh gioi cap tinh IGp 9 tinh
Binh Dinh nim 2020.

0 Ban c6 biét

Phan Thé Hai - Céc nghiém nguyén thuy cia
phuong trinh Pythagore c6 nhimg tinh chat gi?

0 Ban dgc tim toi

La Dai Cwomg - Mé rong cho mét bit ding
thirc.
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Tri sut, phdt hank: HOANG THI KIM PHUONG, TRAN TH] MINH HIEN
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T1/519, ..., T12/519, L1/519,L2/519.
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@ Chuin bi cho ky thi THPT Quéc gia
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Pham Trong Thie -

Ung dung ciia dinp ly
Lagrange vao viée giai

mot sé dang toan,
D6 vui — Tim vi tri sgt bong.
.k
® Tiéng Ann qua cic bai todn ~ Baj s 63
Bai dich s6 61.

D Nhidu cien gi4i cho mot bai togy
O Dutich thé gi6i qua e

bai todn hay
Q Sai lim ¢ dau?
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