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lmay chuc nam qua, cdc Tap chi Todn hoc va Tudi tré, Vin hoc va Tudi tré, Todn Tudi
ﬂgm)'z ban ciia ban doc yéu Todn, yéu Vén trén toan quéc. Cé mét thue 18 la da 56 cde hoc
n doc bdo va tham g:a gidi bai trén cdc Tap chi déu doat gidi cao frong cdc ky thi hoc sinh gici
q JGm viee va Quoc té. Nhiéu ngudi da tré thanh cde nhé todn hoc, nha van, nha khoa hoc, nha

t

va cac doanh nhan thanh d‘at

€, siurc sang tao cua cdc ban tré yéu Todn, yéu Van trén toan quéc, gdp phan nang cao
) tai izang cho dat nude.

Vdi su cong tde nhiét tinh va day tinh than trdach nhiém cia Ban C6 van Khoa hoc,
ta cdc can by Toa soan ciing voi sy gan bo cua dpi ngii cong tdc vién tém huyet la
gc nha gzao duc, nha van, ... cdc an pham Tap chi ciia Todn hoc va Vén hoc trong

) ca §*d"9'0 nang cao chat lwong, tro thanh nhimg an pham uy tin, nhan duoc sir tin

ng tac wgt bc‘z‘ ua cdc thay cé gido va cdc em hoc smh tre,n‘ khc? ce A




TRUNG HOC €O SO

Ong 14 sinh vién trudng
Dai hoc Alexandria cé dai,
12 gidng vién & d6. Ngudi
ta cho ring 6ng da viét sau
tac phidm vé day cung trong
m{t duong tron nhung bi
thit lac. Ngay nay, ngudi ta
tim thiy mét by sich cua
éng tya d& 1a Sphoerics
bang tiéng A rdp, nguyén
vin bing tiéng Hy Lap
khong tim thdy. Trong bd niy, éng da tong quét
héa nhitng két qua ma Euclid di tim ra dbi voi
tam gidc phang vao tam giac ciu va chinh ong la
ngudi dau tién cua nhén loai ching minh ring hai
“tam gidc ddng cw v6i nhau khi va chi khi céc gbe
twong ‘mg bang nhau. Trong tap hai, 6ng viét v&
luong giac va tip ba viét vé thién vin hoc.
Menelaus da phat hién ra mdt dinh ly nbi tiéng sau
nay mang tén ong.

Dinh ly Menelaus. Cho tam gidc ABC. Céc diém
A’, B’, C’ lan lugt nam trén céc duomg thing BC,
CA, AB sao cho hodc ca ba diém A VB, C’ déu
nam trén phan kéo dai ciia ba canh, hodc mot

Menelaus

(70 - 130 SCN)

trong ba diém ndm trén phan kéo dai mot canh va
hai diém con lai nam trén hai canh cua tam giac.
Khido A’ B’, C' thang hang khi va chi khi
A'B B'C C'4 ]
A'C'BACE
Chikng minh.
e THI1: Trong 3
diém 4°, B, C
c6 dung 2 diém
thudc canh tam
giac ABC. Gia
sulaB’,

2 T?glr‘uggg S3 522 (12-2020)
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BUI MINH TRUNG

(GV THCS My Long Nam, Céu Ngang, Trg Vink) ;
o e i S s S _'..4'

(:>) Qua 4 ké dudng thing song song vdi BC ci
duémg thang B°C” tai M.

C'A AM B'C _A'C
Ta co: —C_'Ezﬁ’ﬂﬂAM'
A'B B'C C'A_AM A‘C'A'le
A'C'B'AC'B A'B AM A'C
(<) Goi 47" 14 giao diém cua B’C” véi BC.

Viay

Ap dung dinh 1y Menelaus (phan thusn) ta c6

A"B B'C C'A 3 A'B B'C C’A*l nén

A"C'B'AC'B A'C'B'AC'B

A—B=i{—-§-. Do B’, C’ lan luot thude canh C4,

A"C A'C

ABnén 4> ndm ngoai canh BC. Viy A3 = Lel
A"C A'C

vaA’, 4> ndm ngoai canh BC suyra A"=A".

Do d6 4°, B’, C’ thing hang.

* TH2: Trong 3 diém 4°, B, C’ khong c6 diém
nao thudc canh tam glac ABC duogc chimg minh
tuong tir,

Sau ddy tc gia xin giéi thidu mot sé dang toin
hinh hoc phing bac THCS ma 161 giai duoc khai
thac chu yéu ty Dinh Iy Menelaus.

Dang 1, Chiin
nhau

Thi du 1.1. (pé 4,

hin gig Xk ,
ijl};m giac trong. Duong thing qua trung diém M
1 E. Chitng minh BF = o

& minh hai doan thing bing

I HSG huyén Ciu Ngang-

LO‘! gidi,
AP dung dinh 1)’, F
N%?nelaus cho Agpc AV
voil ba diém F, E Mg
thang héng ta dll'(_)'c: s
B i C

https://tieulun.hopto.org



FA EC MB | _ EC_MC Ed_FA Léi gidi. Ap dung dinh 1y

FB EA MC FB MB'FA4 FA Menelaus cho A4BD ;:
Mat khéc: BAD = AFE (déng vi); DAE = 4EF véi ba diem E, O, C
— ) thang hang ta dugc: D
(so le trong) = AFE = AEF (vi AD 14 phan gic) E4 OB CD E
=> AAFE cin tai 4 hay AE = AF. —.—.—=1 (D). 0
EB OD CA
iy B Y G Tur gia thidt: B .
ay FB Fd_ ay EC=FB, :

CD_4E_1445 €D _1+45 ),

Thi du 1.2. Cho AABC, goi I Ia iém cli = = =
goi I la trung diém cua DA EB 2 CA 345

BC. Qua I ké dudng thing dy cét CA, AB ldn luwot
tai M, N va dy cdt canh CA, B ldn luot 101 P, Q. Tpay 2) o (1) ta o: 113 OB 1445
DL{’dng fhéng PN cat canh BC tgi E va auong 2 0D3+4s

thang QM cat BC tai F. Chirng minh IE = IF.

Lai gidi. Ap dung dinh

Suy ra @=1hay OB=0D.
oD

fy Menelaus ~ cho X Thi dy 1.4. Cho tam gide ABC, trén cic canh AB,

AABquc’yi ba diém M, BC, CA lan luot icf}f C’, A’, B’ sao cho AA’, BB,

N (tog hing; A CC’ dong quy tai O. Vé dwong thang d qua O
ME@ =1 M song song voi AC lan luot cit A'B’ tai K, cét B'C’
NB IC MA BW] r C tai M. Chimg minh OK = OM.

:ﬂ’fﬁ —Aéi=1 (D). N Loi gidi.

MA’NB
Ap dung dinh ly Menelaus cho AABC voi ba
diém [, P, Q thang hang:
CPAOE, OBPA_
IB PC QA Q0A PC
Tir (1) va (2) ta cé:

MC NA_QB PA_ PC NA_ QB M
MA NB QA PC PA NB Q4 MC
Tuong tr, 4p dung 4p dung dinh ly Menelaus cho
AABC véi hai bd ba diém N, E, Pva Q, M, F

thing hang:

3).

Goi D 13 giao diém cta AC va 4’ M.
Ap dung dinh 1y Menelaus cho AAOB véi cat

EB PC NA_FC 0B MA_, . tuyén C'IB c: %.%.%:1 (1).
EC PA'NB FB Q4 MC ,
k3 o Cho AAOB’ véi cét tuyén BA'C cb:
Tir (3)vi @ suyra 22 = T A4 BO CB o
Do dé: e i nén EB =£C__ Cho AABB’ véi cat tuyén COC’ ¢b:
EC+EB FB+FC’ BC BC ' -
C'd 0B CB'_, .
Su){ra EB=FC hay E]:FI (dpcm)_ C|0'0B|' CA - ( )
Thi du 1.3. Cho tam giac ABC. Trén cdc canh ‘0 10

2 ! ' ) : 4
AC, AB lan luot lay hai diém D va E sao cho T (1), (2) va (3) suy ra A'A 7

e 14
CD _AE 1+4/5 , _ .
i Hai duong thing thang BD Ma 4'0 _MO va 0 _oM .
va CE cdt nhau tai O Ch 5 p3 A'A DA I4  A4B"
at O. Chung minh rang & i _
OB = 0D. DA=AB'= OK =0OM.

TOAN HQC
&

332 uA Heplese o



Thi du 1.5. Cho tam gidc ABC c6 AB = dem; AC

= 3cm. Trén canh AB, AC Id luot lay cdc diém D

va E sao cho AD = 2 AE. Piém F chia tr ong doan
-3 FD

thang DE theo ti s6 = (nghia la —_—) Tia

ang €o 1 s6 5 (nghia IF

AF cat BC tai M. Chitng minh rang M la trung
diém cua BC.

Loi gigi. Goi
N' la giao E
di€ém cua ED D
vi BC. Ap
::I_mg dinh ly = v C
enelaus
cho ADNB véi cat tuyén AFM co:
MY A—B- F—D =1 (1)
MB AD FN
Tuong tw cho AENC véi cat tuyén AFM cé:
S0 —42 EE—?- =1 (2.
MC AE FN
Tu (1) va (2) suy ra:
MN 4B FD MN AC FE
MB AD'FN  MC AE FN’
Thay AB = 4cm; AC = 3cm; FD = 15.FE va
AD =2 AE ta duoc:
MN 4 15FE MN 3 FE

MB 2.AE° FN  MA AE FN

= MC = MB.

Dang 2. Chirng minh céc hé thire

Thi du 2.1. (Pinh Iy Van Aubel) Trén ba canh
BC, CA, AB cua tam gigc ABC lan lugt lay ba
diém D, E, F sao cho AD, BE, CF dong quy tai
AF _AH

BF HD

Loi gidi. Ap dung dinh ly Menelaus cho ANACD
v6i 3 diém B, H, E thing A

hang:

AE
diem H. Chirng minh — + = —
iém ro4 7%

= i 1).
EC BC HD M) B p C
Ap dung dinh ly Menelaus cho A4BpD vai 3 diém

F, H, C thing hang ta dugc:
AF_CDHA
BF CB HD
TOANHOC |
4 ¢ CTuditre SO 522(12-2020)

theo vé (1) va (2) ta co:
?E’lg VjF BD AH N CD AH
Zzc ' BF BC HD BC HD
_iiﬂ(BD+CD) 4H BC _dn
“HD\BC BC) HD BC pp
Thi du 2.2. Cho 44BC co trung tuyén AM Trén
doan AM Iay [ sao cho Al = 4MI. Duong fhang Bl
cit AC tai P. Chung minh rang: PA = 2PC

Loi gidi.
Ap dung dinh i A
Menelaus cho AAMC
v6i ba diém B, I, P
thang hang ta cé:
PCUHUBM | B Ty
PA IM BC
PC_IM BC _1
PA 14 BM 2
Thi du 2.3. Cho tam giac ABC khéng cén tai A c6
cac phdn giac trong BD, CE va trong tém G thea
man G, E, D thang hang. Chimg minh rang:
1 1

L3 (@ =BC;b=AC; c = AB).
a b ¢

Suy ra: = P4A=2PC.

Loi giai.

A dung Menclaus Va0 AAMC véi ba diém G, D,
I thang hang ta ¢,

MG 4D cr lwle a 1

D g =le -2, =
%4 bC M 2acCl+x
A Lt e = -._C__ o X c
Ap dung W 24T T
€nelayg Vo . D,

Ithang hang ta cg: AABC véi ba diém E,

b'a 2x+CI

https://tieulun.hopto.org



‘-1

CI+2x ¢ X p

<: =—C>-——=—.-—_

cr b [l 2

=oeed
c

SUYTa:"“1=-b——:>cb=ac+ab:>l=l+—1—.
2a 2 a b ¢

Thi du 2.4. Cho i gige ABCD . AB céit CD tai E,
BC cdt AD tai I, dwomg chéo AC ¢t BD va EI In
lwot tai M va N. Ching minh 1'5ng

M4 N4

MC ™ NC
Léi gigi. Ap dung dinh 1i Menelaus A AEC c6
B, M, D thing hang,

E
ta co:
M4 DC BE _
MC DE B4 v N
Tuong tu véi tam giac
ABC ¢ N,IE &
5 . A I
thing hang, ta co: D
N4 IC EB
NC IB EA
M4 DC BE NA IC EB
Suyra: ——. —=—+.—.—.
MC DE BA NC IB EA
F AB
Do d6: M4 _NA IC DE 4B ().

MC NC IB DC AE
Trong ABEC ¢c6 1, D, A thing hang, ta cé:

IC AB DE_
IB AE DC
MA NA
Tir (1 2) tdduget ——=—1o:.
(L) 2)aduge: — S=ro
Thi du 2.5 (Dé thi HSG tinh Tra Vinh - 2019).
Cho AABC vuéng can tai A, CM la dieong trung

mye""n. Tur A vé duong thang vuong voi CM cdat BC
. BH
o H. Tinh ti 56 B——
HC

Léi gigi. Goi I 1a giao diém cua CM va AH. Ap
dung dinh ly Menelaus cho C
ACMB véiba diém A4, I, H
thing hang ta dugc:
AM IC HB_, 4
AB IM HC
HB _ 4B IM M 4 M B
HC 4AM'IC IC

Mit khac, AAMC ~ AIAC = . A

3

AM
IM AM 1
MC ~ AIMA = —=
ad A AC 2
BH 1 1
Viy —=2.—=—.
= IC=2I4=4IM. yHC 4°3

Dang 3. Chirng minh tinh chit déng quy, thing
hang

Thi du 3.1. Cho AABC ldy E, F, M theo thir ti
trén canh AC, AB, BC sao cho EF /I BC,
MB = MC. Chitng minh CF, BE , AM déng quy.
Loi gidgi. Tir A ké dudng thang song song véi BC
cit BE tai N, goi I 1a
giao diém cia AM va
BE. Ta co:

AF _AE AN

BF EC BC’

M _SM aniipcy B

Al

BC 2

—— =2 (M]la trung diém BC).

MC (Mla trung O
AF BC Ml AN BM

Suyra —.——.—= =1

BF MC Al BC AN
Ap dung dinh ly Menelaus dio cho AABM thi F, I,
C thang hang. Tir d6 CF, BE, AM dbng quy.
Thi du 3.2. Cho AABC ¢6 cdc dwong phdan gidc
BE, CF. Dudng phdn gidc ngodi tai dinh A cua
A{IBC cdt dong thang BC tai D. Chitng minh ba
diém D, E, F thang hang.

5
Léi gidi.
Xét AABC v6i AD, BE, CF 14 céc duomg phan
DC _AC FB_BC EA 4B

DB AB’FA AC'EC BC

Xét AABC v6i De BC,F € AB,E € AC

giac ta co:

; o T?FlN HOC

Bites oR)



va DC _}13_ EA =BC'AB'AC=1.

DB FA EC AC BC AB
Do d6 theo dinh Iy Menelaus dao suy ra D, F, E
thang hang (dpcm).

Thi dy 3.3. (Dinh Iy Newton) Cho uir gidc ABCD
ngoai tiép duong tron (0). Goi M, N, P, Q lan
lugt la cdc tiép diém cua (0) voi AB. BC. (D,
DA. Chimg minh rdng: Cac dwong thang NP,
MQ, BD d(fng quy.
Loi giagi. Goi 1 1a
giao cua OM va
BD. Ap dung
dinh ly Menelaus
cho tam giac
ABD véi 3 diém
Q, M, I thiang

A

hang ta ¢é —Q-iirg—l?i=l Ma MA = QA nén
OD IB MA
suy ra 5‘4{2.!2:1. Ta c6 MB = NB, DQ = DP,
OD IB
,
PC = NC nén A—B.Ezl EEE:I
DP IB PD IB NC

Do d6 theo dinh ly Menelaus dao thi I,N, Pth

ing
hang.

Thi du 3.4. Cho dwong tron (O: R) duong kinh
AB. Qua B ke tiép nnén d cua dicong tron (0).
MN la mot dicong kinh thay doi cua dirong tron
(M khong tring vii A, B) Cac ditong thing AM
va AN car diccrng thang d lan luat tai Cva D Goi
I la giao diem cua CO va BM Duwong thang Al céy
dwong tron (O) tai diém thir hai la E. Chirng

minh
ba diém C. E, N thing hang.

Loi gidgi. Goi F 1a giao
diém cta AE véi d. Ap
dung dinh ly Menelaus
vao AACO véi ba diém
B, I, Mtaco:

BA 10 MC 4

C

Tuong tr véi ABCO va
ba diém A, I F thing

6

T?ﬁ'li'ug% S6 522 (12-2032)

10 _FB

Ko BT s 2). Tu () va g
hang ta ¢6: 7~ =5 c ) (1) 3(2) ta o4,

MA _FB 1y, 46 MF // AB (dinh Ii Thale dio)
MC FC

ma AB L BC = MF L BC :WjO".
Ta lai ¢6 EFB = EBA(cing phu v6i E4B ;
EBA=EMC (ti giac AMEB nji tiép)

— EFB=EMC = tir giac MEFC ndi tidp

= MEC = MFC =90". Do d6: ME L EC (3),
Lai c6 MEN =90°(goc néi tiép chin nira dudng
tron) = ME L EN (4). Tir (3) va (4) suy ra C,E,
N thing hang.
Thi du 3.5. Cho tam gidc khong cin noi tiép
dzrci’ng.rrc)n (0). Tiép tuvén cua (O) tai A céit BC
o M, tiép tuyén cua (O) tai B cdr AC 1gi N, tiép

tuyén cua (O) tai C cét AB tai P. Chieng minh M,
N, P thang hang.

Loi gidi. Ta c6: NBC = NAB suy ra ANBC dbng
dang v&8i ANAB. Suy
. NB_NC BC
"NA NB 41
2
= NB NC _ BC?
NA NB AB?
2
= I—V—(—:‘- = Eg_
N4  4p*°
Tuong twr ta

ch:
_@_z AB? PA AC?

ra

MC ~4c*> pg=pcr- Do ds:
—@ ..A_J_S:__ PA ABZ BC2 Acz
Ve NA'PB T 4CT ypT e =
:l\lp une dinh Menelaus da0 cho tam giac ABC
Da .
T lni : féc bii toan lién quan aén dién tich
1 4.1 1Cho A4BC M trén canh AB thod
man App -1 i | )
2MB, N trén canh BC théa mé
CN =2 . .
- di{VBa 8ot F |5 giao diém cua AN va cM
én tich c ! e
ABC bc%ng l.( Ha tam gige BEC biér dién tich

https://tieulun.hopto.org



s

Léi gigi. Ap dung dinh 1y y
Menelaus cho AABN vai M
ba diém M, E, C thing
hang ta co:
B N C

MACBEN 13EN | EN_4
MB CN EA 22 EA E4 3

4
= SABEN ESA/LBE’S ACNE = SAAEC

4 4
= SAEEC g(SAABE £ SAACE ) = E(SMBC - SABEC)

7 4 4
:ZSAHCE ='§ch = Sppec ==

Thi du 4.2. Cho AABC cé duwong trung tuyén
AM. Ldy diém N trén AM sao cho AN =3NM ,
Noi BN cdt AC tai P. Tinh S‘“HP

ABCP

Léi gigi. V& BH | AC , ta c6:
1
SAABP = EAPBH A

1 H
S Asep = ECP.BH .
Suszp _ £ N
Sasce CP B } } C

M

Ap dung dinh ly Menelaus cho AACM véi ba
diém B, N, P thing hang:

MP CP AN 1 €P AP 3

—— =l —3=l—==

BC PA NM 2 PA cP 2
Viay Saase _ 3,
SA.BC'P 2

Thi du 4.3. Cho AABC. Trén canh AB ldy diém
D sao cho BD =3DA. Trén canh BC /cfv diém E
sao cho BE =4EC. Goi F la giao diém cria AE va
CD. Chung minh fﬁr?g FD=FC va S, =28 .
Lot gidi,

A;? dung dinh ly Menelaus cho ABDC véi ba
diém A4, F, E thing

hang: A

=1

S

Il
R

RO

313313
— |
"1y

Do d6 FD=FC. Ap dung dinh 1y Menelaus cho
AABE véi ba diém C, F, D thing hang:
CE FADB . 1FA43

—— = —=l=m =
CB FE DA 5 FE 1

5
= FA =§.FE =58 ar =S e

1

'SABC = ESABC'

Ma S, =

0°1U\ 00 |

4 4
5 SABC = S g
Vay Spc =28 4r5 -

Thi du 4.4. Cho tam gidgc ABC, trén canh
AB, AC lan leot ldy cdc diem E, F sao cho

BE=LB4, AF =§AC. Goi M 16 giao diém ciia
4

BF va C. Biét S,,,,; =2, tinh dién tich tam gidc
ABC.

Loi gigi. Goi N, P A

lin hrot 14 chan dudng

vudng goc ké tr M N

xudng 4B, C xudbng E F
AB. Xét tam giac B
AEC v&6i B, M, F

: \ .. BA ME FC
thing bang ta co: —.——.—=
BE MC FA
a2 L s Me=ME = Swe MV _1
MC 4 Npe G 2

Dod6 S, ;50 =25 s =4.-
Thi du 4.5. Cho hai diém 1, J trén cdc canh AB,

AC cua AABC. Gig sir ﬂ-xm ; ﬂc—]:n. Goi K
IB JA '

la giao diém cua CI va BJ. Tinh Swe 4 .

i SK/B
Loi gigi. Ap dung 4
Menelaus cho AA4BJ
voi cat tuyén CKT ta !
g_ I4A KB -1 J
CA'IB' KJ K
B C

14 cJ CJ n KB n+l1

m——=——"_ -7 .
iB CA CJ+JA n+1 KJ mn
Tuong ty, xét AAIC véi cat tuyén BKJ ta co:
Bl JA KC

BA JC KI

TOAN HOC 7
g

%|%22 (125ﬁ020) I ﬂ-bﬁE? 0




Tace By My A, m
"BA B4 BI+IA m+l m+l
-.-]i:—l_ :}K—Czn(m+1).

JC n K

.. Syc _KJIKC _KJ KC_mn 1
" Sz KIKB KB KI n+l n(m+])
_ m
(n+1)(m+1)

Dang 5. Mt s6 dang toan chirng minh khac
Thi du 5.1. Cho tam gidc ABC vuéng tai A
(AB > AC), ke duong cao AH. Vé AD la tia phdn
gidc cua goc BAH (D thugc BH). Goi M la trung
diém cia canh AB, E Ia giao diém cua cdc duong
thang MD va AH. Chimg minh CE // AD.

Loi gigi. Ap dung 4
dinh li Menelaus vao M
tam giac AHB vdi ba
diém E; D; M thing g ! C
hang. Ta cé: H D
EH DB M4 _,
E4A DH MB .
EFH DH
—=—(1).
EA DB
, : .. DH AH
Theo tinh chat duong phan gidc: =—— =222 (9).
gphangidc: —o=—> ()
Lai c6: AHAC ~ AHBA = AH - (3)
AB CD Y7~

Xét AACD ¢6 ADC =DAC (+A’EB=900)
= AMCD can tai C = CA=CD (4). T (1), (2),

EH CH
3), (4 a —=——= CE// ]
(3), (4) suyr 4 CD AD

Thi dy 5.2. (Trich Dé thi vao 16p chuyén Tin,
Vinh Phic 2011-2012) Cho AABC €O AB = AC,
Trén cdc canh AB, AC lan luot Iy cie diép E,D
sao cho DE = DC. Gia sir duong thang di qua D
vd, trung diém cua doan théng EB cdt duong
thang BC tai F. Chimg minh réng duong thcfng
EF chia déi goc AED.

Lot gigi. Goi M 14 trung diém BE, G 1a giao diém
cua cac dudmg thang EF, AC. Ta s& chimg minh:

TOAN HOC .
8 & Cruéltge 56522(12-20_292

GA _EA

GD ED
Menelaus cho
AADM véi G, E,
F thing hang ta

o ——

Léy I € BC sao cho DI // AB.
. FM
Khi d6 AFMB ~ AFDI nén ==,

Do AABC cén, DI // AB nén ADCI cén, hay
FM BM BM
DI =DC = DE suyra: ﬁ_:E:BE'
Do M la trung diém ctia BE nén EM= MB do ¢
EA _ EA
EM MB’
.. GA_FM FEA BM EA EA4
6D FD EM  DE BM ED’
Suy ra £G la phan giac cua goc AED.
Thi du 5.3. Cho hinh vuéng ABCD, O la giao
diém hai diwong chéo. Mot diromg thing d thay déi
di qua A cét BC tai M va cét dwong rhé;ng CD tai
N, dwong thang OM cét BN tai E va cét diing
thang CD tai F. Chimg minh CE vuéng géc véi
BN.

Loi gidi.
A4 B
0] M
E

AP dung dinh 1y Menelaus cho ACAN véi b
diém O, M F:

OC M4 Fy

MAFN g Ry
04 My Fe ™' 2 el O

Ap dung dinh 1 Menelaus cho ABCN véi b2
diém M, E, F thang hang:

MC EB Fn
MB'EN Fc =1 @

https://tieulun.hopto.org



MA MC EB
) : = . 3).
Tir (1) va (2) suy ra: —— VB BT €)]

Theo dinh ly Thales ta co:

MA_MB_AB_BC

wo e o ow W

Tr (3) va (4) suy ra EE=§§-

EB_BC MB . EB_BC
EN CN'MC ~ EN CN*
Goi CH 1a dudng cao trong tam giac BCN, khi d6

tacd: BC* = BH.BN,CN* = HN.BN.
BC? EB _HB
Suy ra; — =—— hay —
HN CN EN HN'

Dod E=H nén CE L BN.

Thi du 5.4. Cho tam gidc ABC véi B=90",
BC = 3cm va AB = dem. Trén canh AC ldy diém
D sao cho AD = 1cm, goi E la trung diém cua AB.
Kéo dai DE cdt CB tai F. Tinh dé dai canh BF.
Loi  gigi. Ap dung (¢
Menelaus cho AABC
véi cat tuyén D, E, F cb:
S4B DC a1
EB FC DA
Ma AE=EB=2,DA=1
va F
FC=FB+ BC=BF +3, AC =5, thay tit ca vio
(1) ta dugc:
%. i .i=1¢BF=1 (cm).
2'BF+3'1
Thi du 5.5. Cho hinh thang ABCD (4B // CD,
AB < CD). Ldy M trén AB, N trén CD va P, Q
AM DN
NC
@ = BCD. Chitng minh f‘(ﬁng P, Q, B, C ciing

nam trén mot duong tron.

trén MN sao cho Z)?’? = A-EC va

Loi gidgi. Goi O 14 giao diém cia 4D va BC, E 1a
giao diém cia 4Q vADP, F 1a giao diém cua CP

va OB. Ta co: EPF = 4BC va EQF=EE‘—[):>

EPF + EQF = ABC + BCD =180°. Do d6 tir gidc
PFQE ndi tiép. Ap dung dinh ly Menelaus cho
ADOP vé6i cat tuyén AEQ va ACOP véi cat
tuyén BFQ ta dugc:
AD Q0 EP _

Sl iR a

AO QP ED
Suy ra:

_BC QO FP
Vi AB // CD nén
AD BC
A0 BO’
EP FP
suy ra E T
Do d6 EF // CD // AB, suy ra:
A4BC = 4BQ + OBC = EFQ + 0BC (1).
Ta lai co:

ABC =DPC=EPQ +QPC=EFQ+0QPC (2).

Tir (1) va (2) suy ra OBC =QPC nén P, Q, C, B

cling nim trén mét duong tron.
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, :N SINH VAO
PE THI TUYEN S NAM H

Danh cho thi ‘sinh. fhi C{’”J:;; C::;nrﬂt

Ciu 1. (2 diém) a) Tim diéu ki¢n xac ¢l

g » +1

X X
)c2y+2.762 +3y =15 .
x'+y?—2x' -4y =5
Cau 2. (2,5 diém) a) Cho céc sb thuc a, b, c thoa
man a+b+c=6. Chimg minh ring c6 it nhat mot
trong  ba trinh  x*+ax+1=0,
%" +bx+1=0, x* +cx+1=0 cb nghiém.
b) Cho cac s thuc duong a, b, ¢ théa man
a’ +b +c* =1. Tim gi4 trj 16n nhét ciia bidu thirc

A=(1+2a)(1+ 2bc).

Cau 3. (1,5 diém) a) Chiing minh rang véi moi sb tir
nhién » thi #(2n+7)(7n+1) ludn chia hét cho 6,
b) Tim tat ca céc cip sé nguyén duong (g, b) sao

gon biéu thire 4=

b) Gidi hé phuong trinh {

phuong

cho 4a+1 va 4p-1 nguyén td cung nhau, déng thoi
a+blaude cia 16ab+1.

va chuy

LGP 10 THPT CHUYEN BAC NINH
0C 2020-2021

én Tin - Thoi gian lam bai 150 phut
Vé tia [x vudng goc Vol AB sao cho [y cht iy

dudng tron (0) tai C. Léy diém £ trén cung g .,

(khc B, C), néi AE cat CI tai F. |
a) Chimg minh BEFI 1a tir gidc nfi tiép,

b) Goi K Ia giao diém ca hai tia BE, I, Gij g P

la trung diém cta /C. Ching minh hai fay g |

AIF, KIB dong dang. Tinh IK theo R.

2) Cho tam gidc ABC vudng tai 4 ¢6 dudng cag e
Goi 7, J, K lan lugt 14 tim duong tron ndi tidp 5,

tam gidc ABC, ABH, ACH. Ching minh rgmg

duomg tron ngoai tiép tam gide /K va duomg try -

ndi tiép tam gidc ABC c6 ban kinh bing nhay,

Céu 5. (1 diém) Cho mét bing c6 kich thus
2nx2n 6 vudng, v6i n 1a s nguyén duong, Ngusi

ta danh diu vao 37 6 bit ki cua bang d6. Chimg
minh ring c6 thé chon ra » hang va n cot ctia bang

sao cho céc 6 dugc danh diy déu nim trén » hangva

Cau 4. (3 diém) 1) Cho nia duong ton 13y " 0L PAY- R
dudng kinh 4B=2R. Goi I3 trung diém ctia doan . NGUYEN VAN XA
thing OA. (GV THPT yeén Phong 56 2, Bic Nink) Gidi thiu
********************************************************************){-*************
BF.(BE + EG . i
d @‘?(55(:7;_2=§:§+ gF‘BE tich hinh  chy ppg mé rong
. F.CE - x
BFEG Fk Henmargng = 151.42 = 6342 (cm?), Tong dién tich

=

CFCE - i & BFEG= CEFK.
Xét hai tam giac vubng FBg
F=E=90" va FAR =£CG (o,
nhé 47 cia duong tron
(0)), do dé:

AFBK ~ AECG (g g)
BF FK
CE EG
= BF.EG=CEFxK.

va ECG co
g Chén cung

=

Bai 5. Tr 2020 diém da cho

; dyn :
¢6 tim 13 2020 diém ¢4 vi béng kii020 hink )
Nhén thay c4c hinh trdn ny &y th R < lem,

~ A 2 A & :
chit nhit mg rong (dai 151 cm, r@n:glin 1Iong hinh

hinh trop ndy nim trong

Szozo hink ran = 2020, 7, 1 ~ 6346 (Crnz)_

Ta thiy tim ¢y, 2020

diém trong 4 2020 diép,

NGUYEN THT VAN AN

(Y brmn

hinh chiy nhit ¢4 kich

thude 149¢m x 40cm nén

if)ZO hinh trop nay s& nim trong hinh chir nhét o

Sch thuéc I5lem 42em ™
2020 hinh rgp, > SHCNmér@ng = tdn tai hai hinh tron o

nh D B ' '
-Goi 1, g3 hai tam pipp trdn ciing 14 B %

st s o o R A e

i e ——

T ok o0 DO At

i
£

https://tfédﬁﬁ’.*ﬁ&é%‘&ﬁ‘f’c’;rg
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] AO LOP 10
HUONG DAN GIAI DK THI TUYAEN S}NH :;AHO L
TRUONG THPT CHUYEN BACN
NAM HOC 2020 - 2021
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Ciu 1. a) PK: x>4. Vgi >8 thi A= .
) X 01 x 8 \/;;—4
V6i 4<x<8 thi 4=_%*_
x—-4

2 2 _
b) Ta bién déj; {* 72X +3y=15
x*+y? ~-2x*—4y=5

@{x’y+2x2+3y-—.15
2(x2y+2x2+3y)+x4+y2—2x2—4y=35
@{x2y+2x2+3y=15
(* + ) +2(x* + y)-35=0
xX*y+2x*+3y=15
S{[xP+y=5
l:x2+y=—7
[[y=5-x
{xZ(S—x2)+2x2+3(5—x2)=15
y=-7-x
_{xz(—7—x2)+2x2+3(—7——x2)=15
[ [y=5-%
{x2(4—x2)=0
y=-7-x
—x*-8x* =36

Vay hé phuong trinh di cho ¢ ba nghiém (x; »)
1a: (0;5), (2;1), (-2;1).

Ciu 2. a) Ba phuong trinh bic hai di cho ¢6 cic
bigt thirc lan lrot 12 A, =a*—4, A, =b?—4
Ay=c®-4. Vi a+b+c=6 nen trong ba s
a,b,c ¢6 it nhat mét sb 16n hon hosc béng 2. Suy

ra trong cic sb A, 4A,,A, c6 it nhit mét sé khéng

am. Vay trong ba phuong trinh bac hai g5 i
lu6n ¢6 it nhat mét phuong trinh ¢6 nghiém,

b) Ta co:
A=(1+2a)(1+2bc) < (14 2a)(1 +b* +c?)

98 11 2Y og
=(1+2a)(2—02)=5.7“(2‘”’?)(a‘§J 5-2—_;.

, 98 . :
Ping thirc 4=— xdy ra khi

a+b +cf =1 a=§
J = 0 = .
1”73 ¢

XE

Viy maxAzggdatduqckhi a—-%,b:c:

Ciu 3. a) Ta thiy

n(2n+7)(Tn+1) = 6n(2n” + 8n +1)
+(n=Dn(n+1)+n(n+ 1)(n +2),

ma (n=Dn(n+1):6, n(n+1)(n+2)6 (tich cita 3

sb nguyén lién tiép luon chia hét cho 6) nén

n2a+ T Tn+1)36, véi moi s tr nhién 7 (thuc

ra két qua nay ding v&i moj sé nguyén n).

b) Gia st (g b) 1a cip s nguyén duong thoa

man: (4a+1,4b-1)=1 vy 16ab +1:a+b.

I\:’éu 4+1va a1 b cing chia hét cho s6 nguyén

0 p thi 45— =Ha+b)~(4a+1):p, didu ndy

mau thudn véi (4 + 1.4 1)=1.

Do 46 (4a+1; a+b)=1. Tir day va

(4a+1)(4b+1) = (16ab +1) + 44 + b):a+b

SUy 1a db+ligyyp

Ta lai c6 4p+1 l¢ va
4b+1<4(a+b)

Nén  4bil—gip  hoic
4b+1=3(a+b)_ Dén t6i a=3b+1 hoic
b=3a-1,

Newoe lai, véi g <34, | o

A=3a-1 (httasé.{ﬁ;iﬁf}[é)ll\:ﬁ?"ngbof .0rg



l()ab+l=(4a+l)(4b+l)—4(a+b)
=(@a+1)k(a+b)-4(a+b)a+b
(k=1 hodc k=3). Néu 4a+1 va 4b-1 cing
chia hét cho s6 nguyén té p thi p I¢ va
4(a+b)=(4a+l)+(4b—l)§p:$a+b5p
=4b+1=k(a+b):p (k=1 hojc k =3).
Ta ¢ (4b+1)-(4b-1)=2:p, didu nay vo li vi
p 1as6 nguyén té 1é. Do vay (da + 1,45 - 1)=1.
Chimg t6 cdc cap sé (a;b) ma a=3b+1 (b
nguyén duong) hoic b=3g-1 (a nguyén
duong) thf'Ja man cdc yéu ciu cla d& bai.
Vay tap tat ca cac c@p sb nguyén duong (a:b)
théa man (4a+1,4b-1)=1vi 16ab+lia+b la
{(3c+l;c), (c;3c—l){ceN°}.
Cau 4. 1)a) Vi FEB+FIB=180° nén ti gide
BEFI ndi tiép dudng tron dudmg kinh BF.
b) Vi 4FI = KBI va AIF = KIB nén hai tam gidc
AIF, KIB dong dang. Suy ra %=l—;

) , 3
Ta c6 Q° =I4B=2F =>c1=l@R =IF=-R
4 2 4
IB
Viy IK="2"2 . AR
IF
K
E
C
F

B

1o

2) Goi M, N lan lugt 1a giao diém cua AJ, AK
véi BC. Lay D e BC sao cho /D L BC.

Ta c6: BAN =90°— NAC =90° - NAH = BNA
nén ABN la tam giic can tai B. Tuong tu,
ACM 1a tam gidc can tai C. Do do6
IA=IM =IN. Dan t6i D 1A trung diém cia MN.
Goi r la ban kinh dudmng tron nji tiép tam giac
ABC. Tacé:

MN =BN +CM - BC = AB+ AC - BC

= 2r.cot-§ =2r=2.1D

nén MIN la tam gidc vudng tai /. Vi CK ]a
dudmg trung tryc cua doan thing 4M nén

;z‘m:mz%fm:%m:m,

suy ra Bl //MK. Ma BI la dudng trung truc cta
doan thing AN BI L AN. Do 4o
MK 1 AN. Ta cling ching minh dugc
NJ L AM. Nhu vay ba diém I, J, K nam trén
dudng tron dudng kinh MN c6 ban kinh 13 r.
Piéu nay chimg to dudmg tron ngoai tiép tam giac
IJK va dudng tron ndi tiép tam giac ABC c6 ban
kinh bang nhau.

nén

Ciu 5. Chon ra »n hang cé chira nhidu 6 dugc
danh dau nhit. Ta s& chimg minh s 6 duoc danh
dau con lai (khong ndm trong cac hang vira chon)
nho hon hodc bang n. That vay, néu sb & dugc
danh dau con lai 16n hon hodc bing n+1, ma
nhimg 6 nay déu thudc » hang chua chon, thi
theo nguyén 1i Drichlet s& c6 it nhét 1 hang (trong
n hang chua chon) c6 chira it nhét 2 & dugc danh
ddu. T ddy va theo cach chon ra » hing & trén
thi m6i hang trong » di chon d6 déu chira it nhét
2 6 danh dau. Dén t6i s6 6 danh du s& 1én hon
hodc bing 2n+(n+1)=3n+1 (didu nay maéu
thuén véi gia thiét c6 3n 6 duoc danh dau). Vay,
sau khi chon ra n hang c¢6 chira nhidu 6 dugc
ddnh du nhit thi sé 6 danh ddu con lai (khong
ndm trong cac hang vira chon) nho hon hoic b?ing
n. Bay gid ta chi vigc chon ra » cft chira ching,
Bai todn dugc chimg minh.

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bic Nink) Gidi thigu

: TOAN HOC
S0 52 '
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PE THI TUYEN SINH VAO

Cau 1. (1 diém) Cho biéu thirc

A=|1- 2a ) 1 * 2a J
a+l )\ Ja+1 ava +va+a+1

a) Rut gon 4.

b) Tinh gi4 trj ctia 4 khi a = 2021 - 22020
Céu 2. (2 diém)

a) Giai phuong trinh:

2x* —3x\/5x—4 +5x -4 =0,
- 4x’y -y’ =5

b) Giai hé phuong trinh: { 2~

64x° — % =61
Ciu 3. (2 diém)

a) Tim tit ca cac gia tri cia m dé duong thang
(d): y = 2x — m cat parabol (P): y = x* tai hai
diém phén biét c6 hoanh d¢ duong.

b) Tim tit ca cac gia tri ciia m dé hai phurong
trinh x* +mx+8=0 va trinh

x*+x+m=0 cb it nhét mot nghi¢m chung,

phuong

¢) Chimg minh ring véi a, b, ¢ 1a cac sé thuce
khéc 0 thi ton tai it nhit mot trong ba phuong
trinh sau ¢6 nghiém:
dax? +2(b+c)x+c=0;
4bx? + Ac+a)x+a=0;
4ex® +2(a+b)x+b =0 (3).
Ciu 4. (3,5 diém) Cho tam gidc nhon 4BC v6i

(4B < AC) ndi tiép trong duong tron (0). Ba
dudng cao AD, BE, CF cit nhau tai tryc tim g

T?g?-lu:gce S5 522 (12-2020)
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MON THI: TOAN CHUYEN (

Thoi gian lim bdi 150 phidt)

a) Chimg minh cac tir giac BFHDi ABDE "
tiép va H 13 tm duong trdn ndi ticp tam g,
DEF.

b) Goi M la trung diém BC. Chimg mipny ;.
gidc DFEM ndi tiép.

¢) Tia MH cét (O) tai /. Chimg minh ring o4,
dudng thing A1, EF, BC dong quy.
Cau 5. (1 diém)

a) Gidi phuong trinh nghi€m nguyén say:

Y +2y=4x"y+7x+7.

b) Tim tt ca cac bo sb nguyén duong (g, b)
thoa mén 4% +3a chia hét cho a’b.
Ciu 6. (1 diém)
a) Cho a, b 14 hai sé dwong. Chitng minh ring:

i)l+12 t ;
a b ag+p

1i) az-—ab+3b2+l 2§(a+5b+2),

b) Cho céc 5§ thue duong a, b, ¢ théa man
1 1 1 ,
;+E+ES3‘ Tim gi4 tri 16n nhét cia bity

thirc:

P=

1
*ab+3b +1 b2___bc+3c?.+1

1

+‘—'~——-_.____-—.
Vel —ca+3a +1

https://tieulun.hopto.org



PHUONG PHAP

GIXT TOXTR &

UNG DUKG LUONG CIAC
TRONG CHUNG AENH BAT DA

Mot trong nhitng phuong phap gidi phuong trinh,
hé phuong trinh, chimg minh dang thirc, bit ding
thirc (BDT), tim gi4 tri 16n nhit, gia tri nho nhét
(GTLN-GTNN), tinh tich phén,... 1d chuyén cac
bai toan dai s6 vé& cac bai toan lugng gidc (phuong
phép luong gidc hoéa). N§i dung phuwong phap nay
13 tir cac bai toan khéng chira cac yéu t§ luong
gidc, bang phép bién ddi phu hop ta c6 thé chuyén
bai toan dai s sang bai toan lugng gidc nhim
gitip ta tim duoc 16 giai ngén gon, doc ddo va thi
vi. Trong chimg minh BDT va tim GTLN-GTNN,
c4c bai toan c6 bién rang budc boi mot hé thirc
cho trude thoat nhin ta nghi d6 13 bai toan dai sb
thudn tiy nhung néu biét bién ddi linh hoat diéu
kién dé chuyén bai todn vé dang lwong gidc thi
cach giai s& tro nén don gian hon. Bai viét nay
giup ban doc nhin lai cdc bai toan chirng minh
BDT va tim GTLN-GTNN (mét loai bai tip kho
trong chuong trinh) tr sach giao khoa (SGK),
sich bai tip (SBT) phd thong dén cac bai toan
trong ky thi tuyén sinh Pai hoc (TS PH), ky thi
hoc sinh gidi mon toan trong va ngoai nudc dudi
con mat lugng gic ciing nhu cach tao ra cac BDT
dai s6 tir nhimg BDT lugng giac.

1. Mt s6 kién thirc sir dung trong bai viét

1. S dung dau hiéu trong bai toan thich hop dé
lugng giac hoa

Neéu trong bai toan c6 cic biéu thirc thuong gip

x=acosa (0<a <)
va' -x*, dat:

x=asino, (-—ESC(.SE];
2 2

/ L a
xt-dt, it x=—21_

CosQL

va® +x*, dat: x=atanq (-2<a<£]-
2 2)

(OSCL<—TE v n$u<ﬁ)-
2 2

ﬂ*ﬂi“
LV
NGUYEN THANH GIANG"
(GV THPT chuyén Hung Yén, Humg @;
x+y x-y 2x  2x 1- ;vc2
1-xy l+xy’ 1- x21 x2 1+ x?
dit: % = [—£<a,ﬁ<£];
y=tanf 2 2

Néu x thoa mén |x‘ <m (m>0) thidat:

T T
x= msma oe|—;—
[2 2].

x=mcosa,o€[0;7]

Néu x, y théamin a’x* +5’y* =¢’ (a,b,¢>0)

x=Ssina
thi dat: a (0<a<2n).
c
=—Ccosa
a

2. Néu bai toan cho x, y, z duong thoa man

xy+yz+zx=1 hodc x+y+z=xyz hoidc
x* + 3’ +z° +2xyz=1 hoic bién dbi dwa vé rang
budc d6 thi sir dung cc két qua sau két hop voi
cac bat dang thirc co ban trong tam gidc.

Két qua 1. Vi x, v,z la cde sé thic duong thoa
man diéu kién xy + yz +zx =1 khi d6:

L.1. Ton tai tam giac ABC sao cho
A
x:tang; y=tan—; z =tan—.

1.2. Tén tai tam gidc nhon ABC sao cho

x=cotd; y=cotB; z=cotC.
Chitng minh, 1.1) Ta co: x,,z>0
=34,B,Ce(0;m) sao cho x=tan—§-; y=tan—§;

64
z= tan—z—. Khi dé:

skittpse/dtimul U % d3




c,_A_
!:anétang+t::lnﬁtaul—c-+'Jafl—""fm'£’1
2 2 2 2 2

B C
= tané tan£+tan£ =]—tan—tan—
2 2 2 2

2
A 1-—tanmtang
& tan == 32 C2
tan — + tan —
2 2
B+C
2 tan er 2

Vi A4,B,Ce (0O;n) nén A+B+C=m Suy ra
4,B,C 1a 56 do ba géc tam giac.

Chimg minh 1.2 twong tw (ban doc tuw chimg
minh).

Két qua 2. Voi X, ¥,z 1a cdc s6 thuc duong théa
man diéu kién x +y+z=xyz, khi do:

2.1. Ton tai tam gidc nhon ABC sao cho
x=tand; y=tanB; z=tanC.

. A
2.2. Ton tai tam gidc ABC sao cho x=c0t5;

—cotg' -'-—cotE
Y 2 2
Ching minh. 21) Ta co: xy,z>0=>

E‘A,B,CG(O;-;-J sao cho x=tan4; y=tanB,
z =tan C. Khi d6:
tan A+ tan B + tan C = tan A tan B tan C
< tand + tan B = —tan C(1 - tan A tan B)

tan 4 + tan B
l—tan Atan B
< tan(A+ B)=tan(n—C)

=tan(n—-C)

S A+B+C=1 Vi A,B,ce[o;-g-).

Suyra A4,B,C lasbdoba goc tam giac.

Ching minh 2.2 twong tr (ban doc tw chimg
minh).

Két qua 3. Cho x,y,z la cdc s6 thuc diong theq
man x> +y* +2° + 2xyz =1, khi ds:

3.1. Ton ftai tam gidc nhon ABC sao cho
x=cosAd; y=cosB; z=cosC.

TOAN HOC
' CTudilre
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2. Tén tai tam gide ABC sao cho x~g 4

3 3
nC
y-_-s'm—z—; z=snn2.
Chl?ngminh. 3.1) Ta cé: x,y,ze(o;l):
n = -
EIA,B,CE(O;E) sao cho x =cos 4; y=cosg,
z=cosC. Khi do:

coszA+0052B+COSZ C+2c0s Acos Beos( <
_1_‘"__‘:_"_531.4_+—-————1+COS23+COSZC

T

+2cosAcosBcosC=1
&> cos(4 + B)cos(4 - B) +cos” C
+[cos(A4+ B) +cos(4 - B)]cosC=
& cosC[cos C +cos(4 + B)]
+[cos C +cos(4 + B)|cos(4 - B) =
<> [cosC + cos(4— B)][cos C +cos(4+ B)]=0
A+B+C A+B-C B+C-4 C+A-B
.COS .COS .cOS =0

<> COS D) D) 2
A+B+C
< cos—— =0
A+B-C B+C—-A4 C+A4-B
(cos > ,COS 5 ,COS 5 >0)

Vi A,B,Ce[o;—g—] nén A+B+C=m Suynm

4,8,C 1a s6 do ba géc tam gidc.
Chimg minh 3.2 (ban doc tu chimg minh).
2. Mt s6 thi du

Thidy 1. 1) Cho x* 4 2 = chimg minh rang
e+ 2y]< 5.
2) Cho X,y thoa man 3x+4y="7. Chimg minh

ra:'ng: x2 + y2 > 49

—

28"
‘(.Baf 'p 4.23, rang 105, SBT Dai 56 10 ning 1)
ML 1) Ta co: x? 4 12 _1 do db dat

{x=cost
Y=sint (1 6[0;271;] ). Ta cé:

L

‘x+2yl=lcost+2sinrl____\/§‘ 1 __%_sinf

—J_gcosr+ \[5
https://tieulun.hopto.org




|

2

. N S 1
= ﬁ[sm(a+t)|$«/§(vén sma.—\/g,oosa Jg).

2) Taco:

1=3x+4y= 5\/x +y (

Ay
Jx +y2 S'JXT+_)?2

X

sma =— 2 2
X+
pat i va y vai
y
cosa=— cosp=——
5 }xz +yz

a,B € [0;27]. Khi do:

1=3x+4y= 5«/xz+y[ b4 J

SJx +y 5\/x +)

=5x* + y?.cos(a —B) <5x* +)°

1
=>x +y >'2—5

Thi du 2. 1) Tim GTLN va GTNN ciia biéu thirc

A=+x-1+J4-x.
(Bdi tdp 17, trang 112, SGK Dai s6 10 ndng cao)
2) Tim GTLN-GTNN cua ham so

f(x)=x+\/4—x2.

(Bai tap 27b, trang 24, SGK Gidi tich 12 ndng cao)
Léigigi. 1) PK: 1<x<4.

Tacé: ( x—1)2 +(JA._—})2 =3, do d6 dat:

Jx-1 =\3cosa (aE[O'E})
Ja—x =3sina 210

Khi d6: A4 =+/3(cosa.+sin a)=\/gsin[on+—z~].Vi

ae[O;—g-] :»%SSE(Q+§}S1:>J§SAS\/8.

3.

Vay hay x=
y %

max A=+/6 khi a=§

min A=+/3 khi o =0 hay x=4,
)TXD: D= [—2;2],

Dat x=2sina (o e[—%;g] ), ta co:

f(a)= 2sina+v4-4sin’ o

= 2sina.+2cosa = Zﬁsin[owgl.

T T yis T 3%
i —_—— | Dot —e———
V“IE[ 2’2} 4 [ 4 4}

- —2< f(o) S2V2.
Vay max f(x)=max f(c)=2v2 khi a=§ hay

x=+/2; min f(x)=min f(a)=~2 Khi “%’I‘

hay x=-2.
Thi du 3. Chirng minh ring néu |a| <1 vanlisé
nguyén duong ta cd: (1 +a) +(1-a) £2".

(TS DH Kién triic TP. H6 Chi Minh ndm 1993)
Loi gigi. Dat a=cost, te [0;7], khi dé:

(1+a) +(1-a) =(1 +cost) +(1-cost)’

. t
=2"| cos® !t sin? <27 cos? £ +sin® —) =2"
2 2 2 2

5 t t t
(vi cos?‘ESI:cosz—Scos’E;

. a2 t .o & . o 1
sin? — <1=>sin® — <sin’ —)
2 2

2

Thi du 4. Cho ham $6 y:f(x)szr\/lTx—2 —-a.
Tim a dé ham sé khéng nhén gid tri duong voi
moi x thudc tdp xac dinh.

( TS PH Y Ha Ngi nam 1996)

L&i gigi. TXD: D = [-1;1]. Pit x=cosa.
(ae [O;Tt] ), ta co:
f(a)=cosa+\/1_—E—a
= cosa+sino—g = ﬁsin(ow%)—a
f(x)<0,Vx khi f(a)<0,Vae[0;n]

hay ﬁsin[ow%]-—aso, Vae[o;n]
E 1Y a a
&smlo+— |S—= Vae|fn| ©@1<—.
[=+5) 5 Yeeltn] S5 5

Vay a>2.

TOAN HOC 15
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Thi duy 5. Trong cdc nghiém (x,y,z,1) cua he
x*+y*=9
2Z2+12=16, tim nghiém dé P=x+z lon
xXt+yz>12

nhdt?
(TS PH khéi A ndm 1987)

35 B
Léi gidi, Taco: {* 77 9, do d¢ dat:
22+ =16
:3 —
{x c?sa w {7 4c-osB (a,BE[O;Zﬂ])-
Yy =3sina t=4sinf

Laicé: xt+yz = 12sinfcosa +12sin a.cosp
=12sin(a + £) 212 < sin(a + B) =1

<‘:>B=§—-a+k2n (keZ) = cosB=sina.
Khi dé: X+z=3cosa+4cosP = 3cosa +4sina
3 4 . ;
=5 Ecosa+gsma = Ssin(y+a) £5
(véi sin —-?l“cos —i)
Y 5’ ¥ 5
max(x +z) =5« sin(y+a) =1

g
®a=5—y+n2m _
Ta tinh duoc: x =3cosa =3siny=%;
y=3sina=3c:osy=?;
. 16
z=4cosB=4sina =4cosy =?;

t=4sinf=4coso =4siny =152.

91216 12
Vay (x,y,z,t)=(—;—~;-~;—J.

Thidu 6. Cho { ’ I Chitng minh ring:

_2.<_£._+le. Ddu bcfngxdy ra khi nao?

37 1+b l+a

(TS DH Tong hop TP. Hé Chi Minh 1996

2
a=cos’a n
Loi gigi. Dat (ae [0;-—:’ ).
i {b =sin’ a 2

TOAN HOC
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2 g
b _ _cos"a _ sin’y

a
.4 A Tde cimBr T mrg
Khi do: 1+b l+a 1+sin”a  l+cos?q

z—lsinZZa
Y S——

1.,
2+ —sin” 2a
2

Déu "=" xdy ra < sin2a0=0 =>(a;b) e {(0; I); (1;0)}

2——sin“2
Coa b 2 "5 ™
Lalcol b l+a 3 2+%sin22a 3
_ 2 -2sin’ 20 20__“>L+__b__2_2_-
1., 1+b6 1+a 3
3[2+Zsm 20

: 1
Diu "=" xay ra <> sin2a =1 <:>a=b=—2-,

Thidu 7. Cho x,y >0 vdi x+ y <1. Tim GTNN

. 1 1
cua biéu thic Q= ———+—+4xy.

X +y xy
(TS BH Ngoai thuong 1995)
_ 7)
Léi gidgi. Dit {x eos (aeI:O;E}mOO)
y=msin’ o 2
= m<1. Taco: Q= 21 =+ S +4xy+—l—
X +y°  4xy dxy
1
2———+ = 2
X +y 4y
1 3
@B L +2
m* (cos* o + sin? ) 4m®sin® acos’ o
1 3

1_Esin2 Y sin? 2¢,

+2

= 6"—SiD22u ,
(2 -sin” 20) sin? 2(1"'2 >8—sin’ 20 27.

<:>x=y:'. .

Do d6 minp =7 o m=1 1
Sin2q =1 2

Thi dy 8.y,

g minh rc%ng v&i moi so thi¢
dtro'ng X,y,

Z thoa mén x(x+y+2z)=3yz () thi
3

(X+)") +(JC+?:)3 +3(x+y)(y+z)(z+x) S5(_}J+Z)3 (*)

(TS DH khdi A nam 2009)

https://tieulun.hopto.org
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a=y+z
Loi gidgi. Xét a,b,c duong théamin {b=z+x

c=x+y
= a,b,c 1asddo3 canh cia A4BC va
([ b+c-a
x=—
2
a+c-b .,
) =——£———. Khi d6 (1) tré thanh:
a+b-c
z=———
| 2
b+c-a a+b+c_3 at+c-b a+b-c
2 3 o2t 2

oa=b"+c" —be.

Lai ¢6: a’ =b"+c>—2bccosA nén cosA=-1—
:>A=1;-‘ Khi d6:

(M) e b+ +3abc <54’ < a(b+c)+3bc<5a

& sin A(sin B + sin C) + 3sin Bsin C < 5sin’ 4

& 23(sin B +sin C) +12sin Bsin C <15.
i . . . A
Ta chimg minh dugc:sin B +sinC < ZCOSE =3.

sin BsinC < (105 :sm €y < %, suy ra dpcm.

Thidu9. Chox, y.z>0thoamanx +y+z=1

Chimg minh r&ng x4 y2 +2223xyz <1.

(Poland 1999)
Loigidi. Taco:x +y +z=1

= fy—z. 2y JEE T, /ﬂ.,(l’iﬂ.
x \y y \z z Vx

St dung két qua 1.1, tén tai tam gidc ABC thoa

,‘£=tan£
X 2

&l

y

fy—:tan—c-‘
V z 2

Khi @6, BDT can chimg minh tuong duong véi

(A,B,CE(O;TE)).

A B B
t51112-—tilnz—+tamz-—tanzC+ 2 € ian? 4
—+tan" — —
2 2 2 ) 2'ta.l'l 2
+2\/§tan£tan£tan£$]
2 2 2

2
4 B B C C 4
@(tan—lan—ﬂan—tan—ﬂan—lan— +2\Etanftan£:an£
2 2 2 2 2 2 2 2 2

A B
Sl+2tan—tan—-tan~c—: tan£+ tanEHan—C—:
2 2 2 2

A
<:>tan—+tan£+tan—c-2\/§.
2 2 2

Dédy 1a BDT co ban trong tam giac, ban doc tur
chirng minh.
Thi du 10. Cho cdc s6 thiec dwong a,b,c thoa
man abc+a+c=b. Tim GTLN cua biéu thirc
2 2 3

+

P= 7 T
a+1 b +1

c+1
(Viét Nam 1998)

Loi gidgi. Ta cé:abc+a+c=b<‘;~>ac+a%+c.-1-:1.

Sir dung két qua 1.1, ton tai tam giac ABC véi

A B
g=tan—, —=tan—, c=tan—.
2 b 2 2
Khi do: P= : o 2 + 2
1A ::_B 2C
l+tan"— l+cot"— l+tan” —
2 2
= 2c053£_25m3£+3c052£
2 2 2
=—3sin2£+25'1n—qcos —— +3
2 2
1 4-BY _10
= 3+ —cos’ -3| sin———cos <—.
+=cos [sm = i ) :
A=8B 5
max P=— khi { = ¢ 1 hay a="2:b=42;
sin—=-
Z 3

Thi du 11. Cho ba s6 thyc duong X,y,z thay doi
thoa man xy=1+z(x +y). Tim gid tri lon nhat
2+ |z
A+x)A+y*) 1+2°
(Dé thi HSG tinh Hing Yén nam 2019)
Loi gidgi. Tacé:

ctia biéu thue P =

< Sitpsabietmpngd Jrg

v




1 1 1
=l+z(x+y) &—=—+—1".
xy z(x+y) oz oy X
Diat a=l;b=—1—;c=l, ta co:
X y z
1 1
c=abc+a+b<ab+b—-+a—=1.
c ¢
Theo két qua 1.1, ta c6 tam gidc ABC thoa man
a=tan£, b-—-tang, -1-=tan£ (4,B,C €(0;m)).
2 2 ¢ 2
Khids p=_ 20+ab) c_
I+a>)(1+8*) 1+c
< 2+a +p’ c
< +
I+a)1+b%) 1+
1 1 c
- .,+‘_‘—,+ .
l+a” 1+b° 1+

(ddu "=" Xayra<>a=»b)

1 1 tal'lE
= P<— 2

1+tan2§ 1+ tan?

+
LR
2 2

, A , B )
= €0S" —+cos” —+—sinC
2 2 2

= Ps1+~;—(cosA+cosB+sinC).

A+ B

Ta cé: cos A+ cos B <2cos

(déu "="xdyra <> cos =l A4=8);

i
3

. . It
smC+sm-§SZCos

A+B
cos 2 + cos

A+ B-C+E
(ddu "=" xdy ra < cos—-z——:;— =1)

TOAN HOC
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Do do: P=

343

inC<
— cosA+cosB+s )

4433 ; ddu "="xdy ra

z=+~3

4433 . [x=y=2+3
khi .
4 z=\3

Thi du 12. Cho ba s6 duong a, b, ¢ thoa man hé
thirc: a +b +c +1=4abc. Chimg minh réng:

1 ] 1
+ + <3.
Vab \/E \/;

Loi  gigi. Gia thiét tuong duong véi:
11 1 1
+ + +

4bc 4ca 4dab 4dabc
1

_ 1 1
tadat.x—zﬂ,yzch_a, 2@.
Ta dua gia thiét trd thanh x* + 32 + 22 + 2xyz = 1.
Su dung két qua 3.1, tn tai tam gidc nhon ABC
X=cos A

Viy max P =

=1. Véix,y,z duong,

ZF =

théa man: y=cosB.

z=cos(C

BDT cén chimg minh tuong duong véi
Cos 4 +cos B +cosC S%. béy 1a BDT co ban

trong tam giac, bap doc tir chirng minh.
Thi dy 13, Cho

1
-—+l+_]_

X Yo 2> 1 thoa man hé thic

= 2. Chitng minh rc%ng:

X y z
\/x\“l+\f)f\~l+\}z=1 <\ Jx+y+z.
(Iran 1997)
L . x=a+l
01 gidi, Vma, b, c> 0, ta dat y=b+l.
Z=C+1

Khi d6, gis thig trong duong ve;

https://tieulun.hopto.org



ab + bc+ca+2abc=1
v v6i BDT cén chimg minh tr& thanh:

JE-I- b+\/5$\/a+b+c+3.

Theo két qua 3.2, ton tai tam giac ABC sao cho:
C

ca =sin’>—.

2

ab =sin’ ﬁ, bc =sin® =,
2
Khi 46, BDT cin chimg minh trd thanh:

. A . B . C_3
sin— +sin—+sin— < —.
2 2 2
pay 1a BDT co ban trong tam giac, ban doc tu
chimg minh.
Thi du 14.
ab + bc +ca

Cho cdc sé a, b, ¢ diong thoa man
= abc. Chirng minh rang:

a_, 3( b g ]24\/3—3‘
a+bc b+ca c+ab 4

Dau "=" xay ra khi nao?

Léi giai. Ta c6: ab+bc+ca=abc

\/b‘c JEE ab \/BE\[:; ab
o —+ —+J——= g —.*’—.
a b c a\b c

Sir dung két qua 2.1, ton tai tam gidc ABC nhon

thoa man \/P——E=tanA, '}c_a: B, ,fg-g:tanc,
a b c

ABCe( 2) Khi do:

=—1—2—+ﬁ( ]
1+tan” 4 l+tan*B 1+tan"C

= cos? A +/3(cos’ B +cos’ C)

1
=-2-[cos2A+Ji(cosZB+cosZC)]+%+\/§.

Xét Q = cos2A +3(cos2B + cos 2C)
=2cos* A—1+2y3cos(B + C)cos(B - C)
=2cos’> A—-1-23cos Acos(B - C)

. \/-3— 2
=2[cos,4 _TCOS(B_C) —%cosz(B—C)—l

3 5
2-=—cos(B-C)-12——
2 ( )-1 5

T
§ s
443 - .
L py3 3 Déu "=" xay ra khi 6
B=c=T
12
a=7+2~f§
= 3+243
b=c=
3
Thi du 15. Cho a, b, ¢ la cac 56 dwong théa man:
1 1 1 .
~ 4+ — +—=6. Chirng minh rang:
PRAETREY: e s
a__ b ‘ c S—L. )
a+36bc b+9ca Nc+4ub 27
Li gigi. Tir gia thiét ta co:

6\]5"33 fﬂz‘ f"—b- = 6, ff’ﬁ 35 /i‘i +7 (“—b.
a b c a b c

Theo két qua 2.2, ton tai 4,B,C la ba gbc tam

giac thoa mén

2008 ot’ ﬁ’gﬁ = cot’ E,ﬂ =cot’ —C—,
a
(4, B,C € (0;m)). Khi do:
1 1 1
VT()=
() 36bc ,  9ca 4ab
1+ —— 1+ 1+ —
a b c
_ 1 1 1
1+cot’ A ltcot? B \1+cot? ¢
2 2 2
. 2 A - 2 B -
=sin’ —sin’ —sin—
2 2
1 [ - A+ )2 C
=—| cos —cos sin —
4 2 2

TOAN HOC
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IIL. Sir dyng bit ding thirc co bin trong ?T
gidc va cac két qué 1, 2, 3, ching han két qua 1,
ta0 cic bai todn bit diing thirc dai s6 méi

. C ’ p g
1) Sir dung BDT cosA+cosB < 251113 ta cd bal
toan:
Bai todn 1. Véi x,y,z 1a cac sd thuc duong thoa
mén diéu kién xy + yz + zx =1. Ching minh rang:

1—x2
1+ x?

1-y? 2z
1+ y° \f+z

3 :
2) St dung BPT cosA+cosB+cosC$—2— ta co

bai toan:
Bai todn 2. Véi x,y,z 14 céc s thyc duong thoa
man diéu kién xy+yz+zx=1.

. 42 2 3
Chimg minh ring: 1=% (120”  1-2 3
1+x? 1+y 1+y* " 2
3) Str dung BDT SinA+sinB+sinC<—\/;, ta

co bai toan:
Bai toan 3. V4i x, y,z 13 cic s thuc duong thoa
min diéu kién xy + yz + zx =1. Chitng minh réng;
2x 2y 2z 33
=+ =+ > < .
1+x° 1+y* 1+2z 2
4) St dung BDT

. A . B
cosA+cosB+cosCSsm—-+sm——+sm£,
2 2 2
ta cd bai toan:
Bai toan 4. Véi x,y,z la cac sb thuc duong thoa
man diéu kién xy+yz+zx=1. Chimg minh ring;
1-x* 1-y* 1-7° % y z
+ + < + +
14x* 1+y* 1+22 7 fl4 42 m J+22
5) St dung BPT tanA+tanB+tanC>33, tam
gidc ABC nhon, ta cé bai toan:
Bai todn 5. V&i x,p,z 1a cic sé thuc duong thea

man diéu kién Xy+yz+zx=1 Vi

xyz+x+y+z<2, chirngminhrﬁng'

2% ¢ 2y : >3 >33,
1-y
Tir cdc bat ding thirc lupng’ giac khé hom tq cg
thé xdy ding cdc BPT dai s6 kho hon:

2 0 ?gl#uggce S6 522 (12-2020)

1-x? 1-z

6) Tir BPT:

35 B

A i C'<cot2—-+—cot2£ ¢

—sin—Sm-—= + cot?
+25m251n2 5 5 T cot =
Bai toan 6. Vm x,y,z 1a cac sb thuc duong thg

man didukién xy +yz +2zx = 1. Chimg minh r; Ting:
35 92 goelil

T
7) T BDT

. B 2
y , B , C >[ . C
2 > +cos’ —=| sin— +sin—+gjp =
cos -2— + COS 2 +C > 2 5 >
ta co bai toan: ’
Bai toan 7. Vdi x,y,z la cac sO thuc duong theg

min diéu kién xy + yz + zx =1. Chimg minh réng;

1 N 1 i 1 5 x
14x7 14y 1420 [ 1+x?

8) Sir dung BDT

2
y z
+ +
\/I+y2 \/l+zl]

. A . B . C
sma*+sm—+sm—+

ta co bai toan:

Bai toan 8. V&i x,y,z 1a cac sb thuc duong thoa
man diéu kién xy + yz + zx =1. Ching minh ring:
T J—— = oL )(l+—J+\/(1+—)(1+—)+J(1+—)(1 EE

9) Stt dung BDT [1+oos£] Tpeose 1+oos£]>4,

2 2 2

ta ¢4 bai toan:

Bai toan 9. Vi X,¥,2z 1 c4c s6 thuc duong thoa
man dicukién xy + yz 4 zx =1, Chimg minh ring:

1++1+ 52 )1+ 1+ 2 )(HJE—)
e VI VI )

T+ x)(1+ y* )1 + 22 )
Viéc khaj théc tié
thac két qua 2, 3
¢ thé tao nhidy
minh céc baj tos
ban doc.

P cc bai toan twong ty trén, khai
két hop cac BDT trong tam gid
bai toan khac cling nhw ching
D trén bang dai s xin danh cho

AUDAY A MOT SO BAL TAP LUYEN TAP
Bai 1. Cho 42 + y? =1, ching minh ring
e+ 3] <43,

B
(Bai tgp 20, rang 112, SGK Pai sé 10 ndng ca)
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HD: |x+ y|=|cost +sint| =

<\2.

V2Zsin (r+ %J

Bai 2. Tim GTNN cia ham sé /(x)=—+ 1_2_
X - X

voi 0<x <.
(Bai 4.20, trang 105, SBT Dai 56 10 néng cao)

HD: Pat Vx =sina (0 e [o; g))

1 2
Fla)=— +——-2—=3+2tan2a+c0t2a23+2\[2—.
sin“a.  cos” o

Bai 3 Chimng minh ring véi moi sé a, b ta déu
c(a+h)i-ab)

2 U ayieb) 2

HD: Dit:

a,ﬁe[O;%}

Bai4. Chox,y>0 va x+y=1. Chimg minh:

(xz +i2]+(y2 +L2]2£.

by y 2
HD: Tacé: x+y= (Vx)* +(Jy) =1,
dat: J; =cosa, \/; =sinb.

Bai 5. Tim GTLN va GTNN cua ham sé
14+x*

(l+x2)2‘

4 2
HD: Viétlsi y=—1"% __y Lf 2x )
1+2x" +x 2\1+x?

co: —

a = tana , b = tanf vai

y:

Dit x =tany (—§-<r<g], tim duoc ;

maxy=1; miny=—

% 2 Vs >0 . . &
Bai 6. Cho {x o . Chimg minh rang:
x+y+z=1
ad +—i—-+ i 5—9-.
X+yz y+zx z+xy 4
ab,c>0
Bai 7. Cho 1 1 Chimg
+ + =
a+1 b +1 241

minh ring: ab + be + ca _<__32_.

(Iran 2005)

HD: Gia thiét tuong duong véi
(ab)’ +(be) +(ca)* +(2a).(2b).(2¢) =1.

Str dung két qua 3.1, tn tai tam giac nhon 4BC
théa mén bc = cosd, ca = cosB, ab

(15.ce[o2)) ooas

ab+bc+caS%<:>cosA+cosB+cosCsé

= cosC;

(BDT co ban trong tam giéc).
Bai 8. Cho cac sb duong a, b, ¢ théa min didu
kién: 1 + . + : + 2 =

(@t} (D) e+ (@+D)b+1)c+])
Chimg minh rang: abc>1.
Bii 9. Cho ab,¢>0 . Chimg minh ring:

a+b+c=1
Ve bc abc vabe 2\/— 5
3 ~ +
a+bc c+ab b+ca 4

Bai 10. Cho a, b, ¢ > 0 thoaman ab + bc + ca=1.

b+3cgm

chimg minh ring: + >
- s l+a* 1+ 1+

Bai 11. Chox, y,z>0 thtamdnx + y + z = 1.
Chimg minh réng

\jl—l.\/l—l—k\}l—l.\jl—l+\P—-—1.\/l—l 26.
X y ¥y z z X

(Ukraine 2005)
Bai 12. Choa, b,c>0thoaminabc +a+ b =rc.

. . a b e
Tim GTLN cua O = . pr + 7 + 2oy’
Bii 13. Cho a, b, ¢ > 0. Chimg minh ring;
(@® +2)(B* +2)(c? +2) 2 Y(ab + be + ca).
(APMO 2004)

Bai 14. Cho a,b,c>0 thoa min & +F +c* +ahc=4.
Chimg minh ring:

0<ab+bc+ca—-abc<?.

(USA 2001)
Bai 15. Cho a,b,c,d > 0 théa min

2(ab+ac+ad+bc+bd+cd)+abc

+ bed + cda + dab = 16.
Chimg minh ring:

3a+b+c+d)>2ab+ac+ad+be+bd +cd)
(Viét Nam 1996)

B




CAC LOP THCS
Bai T1/522 (Lép 6). Chimg t5 ring véi moi
neN, taco: 4% +2% +1 chia hét cho 7.

NGUYEN ANH THUAN
(GV quén Hong Bang, Hai Phong)

Bai T2/522 (Lép 7). Cho tam gidc ABC c6 ba goc
nhon (4B < AC), dudng cao 4D. V& céc diém M
va N sao cho 4B 13 dudng trung trgc cua MD, AC
la duo*ng trung trung trire caa ND. MN cit 4B tai
EvacitAC tai F. BF va CE ct nhau tai H. Goi £,
K, O theo thtr tu 13 trung diém cua céc doan thing
BH, CH va BC. Chimg minh

EIF =EKF =EDF = EOF.

DPAO QUOC CHUNG
(GV THCS Dién Hai, Dién Chdu, Nghé An)

Bai T3/522. Cho céc tap hop
A={xeN: x=3k+2 véi keN va k<668};
B={xeN: x=5k+1 véi keN v k<668};

C={xeN: xed va xe€B).

Hoi tap hop C ¢6 bao nhiéu phin tir ?
HUYNH QUANG LAU
(GV THCS Ngé May, Phis Cdt, Binh Dink)
Bai T4/522. Cho tam gisc ABC vudng tai 4 co
B=60", duong cao AH. Goi / 13 trung diém canh
AB. Trén tia IH lay diém K sao cho BK = BA. Tinh

s6 do géc BKC.

LUC BINH
(GV truong Trumg Vieong, TP. Déng Ha, Quang Tri)
Bai T5/522. Cho ba sé thye a, b, ¢ sao cho ab # 0
2a(a* +b*)=bc va

va thoa min

b(a” +156%)=6ac. Tinh gia tri cua bidu thic

T?g?ug% S6 522(12-2020)

22

a’ +6a’b* +15b*
T 158 +b0
TRAN VAN HANH
(GV DH Pham Vin Déng, Qudng Ngdi)
CAC LOP THPT
Bai T6/522. Giai hé phuong trinh

x4y =9
{JS—x +23+x-6y=2/5
TRIEU VAN HUNG
(GV THPT Duong Qudang Ham, Vin Giang,
Hung Yén)
Bai T7/522. Cho cic s thuc khéng 4m a, b, ¢
thoa man 25a+45b+52¢<95. Tim gia tri Iém
nhét ciia bidu thirc

a+b . b+c & c+a
a+b+1 b+c+l c+a+l
LE HOAI BAC

(GV THPT Nguyén Van Cir, Xudn Som, Chdu Dirc,
Ba Ria - Viing Tau)
Bai T8/522. Cho tam gidc ABC ¢6 duong tron noi
tiép (). BPuong tron (7) tiép xtc véi BC, CA, AB
1an luot tai D, E, F. Goi M1a diém déi xing cua F
qua B va N 13 diém déi ximg cia E qua C, Duong
cao DH cua tam giac DEF cit MN tai G. Chitng
minh DH = DG.

DAU ANH HUNG
(GV THPT chuyén Lé Quy Bon, Quang Tri)

Bai T9/522. Cho ba sé X, 9,2 khong 4m thoa man
X+y+z=3. Chimg minh ring
(' +y* +23)(x3y3 +y’z} +2°x%) <36(xy+yz+zx)

) TRAN TIEN MANH
(Khéi Quang Trung, P.Vinh Tan, TP Vinh, Ngh¢ An)

TIEN TO1 OLYMPIC TOAN
Bai T10/522. Cho day sé thue (4,) x4c dinh boi
U, =16,u, =288
{um =18u,, ~17u ,Vn>1

Tim 56 7 nhd nhét sao chg u, chia hét cho 222,

PHAN CHIEN THANG
(Treong Trimg Vieong, TP. Péng Hy Quang Tri)

https://tieulun.hopto.org.
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gai T11/522. Tim tat ¢ cic ham s £ 7+ 7 .
' én 4. Pié o
f(n) . M 4 ¢6 li 46 243 cm sau thoi gian

52 man f[———]=nml, véi moi A n AL LA fo e
o et i moi nguyén dwong ~ "8%% NhAt ké tir théi didm ¢ 13 bao nhicu?
) VIET CUONG (Ha Néi)
IR Rl o Bai N ,
UYEN VAN QUY (HaNgi) 4o 112’25;2 Mot khu tap thé tidu thu cong suét
gai T12/522. Cho tam gide ABC, 4' 1a didm dbi. iy ae por " S0 05 dung cu dién & khu

‘ s ndy déu hoat den bink: thirstie & & ;
, , - at d¢ th én ép hié
«img cua 4 qua trung d}em M cia BC. 44'cit dung 220V Diéngtré - d;r;]:agi g_?letr:} ap 'hlfu
" | ' s ogiA P 3 . . - ; : ¥ 1€
duong tron (4'BC) tai diem thir hai K. Goi 7, /14n  dién dén khu tap thé 14 7. Khi khu t;; théng;l;zg
ot 151. tAm caf' duogg tro:n (KAB) va (KAC). IJ ckt dung rfiéy ha ap, dé cac dung cu dien' ctia khu nay
5C tai S. Ching minh ring S4 14 tiép tuyén cia hoat dng binh thomg thi dign 4p hiéu dung & noi
quimg tron () ngoai tiép tam gidc ABC. cung cap dién 1a 359 V, khi d6 dién ap tic thoi &
NGUYEN NGOC TU 2 déu day cua khu tap thé sém pha = so véi dong
(GV THPT chuyén Ha Giang) ;
TRANDAILO . . N
(GV THPT chuyén Dién Bieny ~ C\8 ™4y ha dp li tutmg c6 ti 6 = =15, dé céc
. r A 3 ~ A - A 2
Bai L1/520. Sonfg- co Fruyen tw mot ngudn diém  dung cy dién cda khu ndy vin hoat dong binh
trén mt nuéc vol budc séng 12 cm va toc 40 6 thuong .gi("')n‘g nhu khi khong ding n'jéy ilagép thi
. Hai diém :,nf cgng ném trén mot phuong  dign 4p hicu dung & noi cap dién 14 bao nhicu?
truyén song cach nhau 2 cm. Tai thoi diém 7, khili  (biét hé sé cong suét & mach so cp ciia may ha ép
15 dao dong tai 4 12 u, = +2 mm thili 46 dao  béng 1)

dién tiic thoi chay trong mach. Khi khu tip thé

dong tai B 13 ug = —2 mm. Biét song truyén tir B THANH LAM (H,
(Ha Noi)

PROBLEMS IN THIS ISSUE

R SECONDARY “CHOOL How many elements are there in the set C?
probt T1/322 (For 6" g¢rzdce). Show that, for  problem T4/522. Gieven a right triangle ABC with
pvery neN, 47427 +1 is divisible by 7. the right angle 4 and B=60". Let AH be the altitude
Probiem 12222 (For 7" orade). Given an acute  from 4 of the triangle. Let  be the midpoint of 4B.

Hriangle ABC with AB < AC. Let AD be the altitude  On the ray IH choose K so that BK = BA. Find the
jgfromA of the triangle. Let M and N so that AB isthe  yalue of the angle BKC.

Perpendicular bisector of MD, and AC is the
?:Br;zn;iculaf bisector of ND. The line MN intersects
: and intersects AC at /. The lines BF and CE

mle t . .
;::f; ;ﬁ C{:’ Let /, K, O respectively be the midpoints
» ¥ end 5C. Prove that a* +6a’b’ +15b°

Problem T5/522. Given real numbers a, b, ¢

satisfying ab = 0, 2a(a* +b*)=bc, and

b(a2+15b2)=6ac. Compute the value of the

e expression P= T
Problem 1 3?:: =EK}? I F()R1 }5{1(,:) SCHOOL
A={xeN-~ __COHS]der Hppllowittg SIS Problem T6/522. Solve the system of equations
B:{xEN: X=3k+2 véi keN va k<668}; eyt =9 |
P X=5k+1 v&i keN va k<668}; {J;;er:z‘g
L and C={xeN: xed va xeB}. (Xem tiep trang 42)

=]

R 3rg

u

Sa 5@2?2%4‘;} ©




Bai T1/518. Tim cdc s6 nguyén 10 x, y, z théa man
dding thirc x° + P (x +y)’ =32
Léi gidi. Ta bién dbi nhur sau:
0=x5+y3—(x +y)2-—3z3
=x5+y3—x2— yz—ny— 3.3
=x* (- 1) +y* (- 1) - 2y - 32",
Ta thdy: x(x* — 1) 1 sb chin du x 14 sé chin hay
s6 1& (vi khi x 1¢ thi x* — 1 1a s5 chin), tich hai sb
nguyén lién tiép y(y — 1) 1a sé chin, tich 2xy 1a sb
chinma x* (X - 1) +)* (y— 1) - 2y — 322 = 0, do
d6 32’ phai 1a sb chin, suy ra 2° 14 s6 chin, do d6 z
1a s6 chin. Theo gia thiét z 1 sb nguyén t6 nén chi
xay ra z = 2. Thay véao ding thirc trén dugc:
xz(x3—2)+y2(y—2)+x2+y2—2xy—24=0
hay x*(x* = 2) +y* (y—2) + (x— )’ — 24 =0,
Céc s x, y déu la sb nguyén t6 nén x > 2,y>2va
(x-y)*>0.
« Néux=2,y>2 thi cé:
222 -2+ (y-2)+ (y-2)°-24
=24 +y (y-2)+(y-2)"-24
=(-20"+y-2)=0,
do y > 2 nén dang thirc ndy xdy ra chi khi y = 2.
Thir lai thdy
2%2® -2y +22(2-2)+ (2-2)*-24 =0,
thoa man.
«Néux>3,y>2thi doy*(y—2)+(x—y)*>0va
X2 24=x"0 -2 24> 27— 2 - 24
=25¢"-24>0
vi x > 3, do d6 déng thuc x> (X’ = 2) + ¥’ (v - 2)
+ (x—y)* — 24 = 0 khong xay ra.
Viy bai toan chi c6 m{t nghiémladx =y=2z=2,

TORN HOC
24+ Tusitge

S5 522 (12-2020)

Nhin xét. Mot sb ban chi ra ding dap s& nhung lap
lual.m khong chit ché, hodc chia nhiéu trudng hop nén
16i giai dai. Cac ban sau c6 101 giai dung: Nghé An:
Nguyén Kim Anh Qudn, 6A, Thai Minh Qudn,
Nguyén Hai Triéu, 6B, THCS Ly Nbat Quang, Do
Luong; Ha Ngi: Hoang Tudn Anh, 6T, THCS Luong
Thé Vinh.

NGUYEN VIET HAI

Bai T2/518 (Lép 7). Cho tam giac ABC, M la
: 1 %
diém trén canh AB sao cho M=ZAB, I la diem

trén canh BC sao cho IC:»E»BC, N la diém doi

ximg véi diém A qua I Chimg minh rang
MN /] AC.

Loi gidi.

Tir N ké song song v&i AC, cat BC tai Q va AB tai
M'. Tacod IQ =1IC. Do N @bi xtmg véi 4 qua
I, cho nén ACNQ la hinh binh hanh. Tu

IC=§BC, ta co QC=%BC, va

1
BQ=BC-QC=_BC. Vi OM'/[ AC, cho nén

1
cho M 'B:ZAB theo dinh ly Thales. Do

MB =%AB, cho nén M tring M'. Vay NM// AC.
Nhdn xét. Qua it ban gui 161 giai bai nay. Mot sb
ban xét trung diém cua AM hodc chon Q sao cho
QI = IC déu ¢6 151 giai ding va tuong d6i ngén gon.
Céc ban sau day c¢6 16i giai ding ;

Vinh Phic : Nguyén Huy Hoang Son, Nguyén Tién
Thanh, 7A2, THCS Yén Lac, Yén Lac, Ha Noi:
Hoadng Tudn Anh, 6T, THCS Luong Thé Vinh, TP.
Ha Noi; Quang Ngii: Bui Thi Quynh Nhu, TA,

https://tieulun.hopto.org
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THCS Nghin M9, Tu Nghia, Neuyén Thiyy Tram, Lé
Tudn Tai, 7C, Vo Thi Cdm Ly, 7D, THCS Nghia

Hanh, Ngh¢ An: Vieong Viét Lipng, TA, Tang Thé

Anh, 7D, THCS Ly Nh{t Quang, D6 Luong,
VU DINH HOA
Bai TV/SI8. Giai p!nnmg trinh

Loi giai. Tu h¢ thie quen  thudc
a' +b' e ~3abe = (a+h H‘)(ar2 +H +¢? —ab- IJC*(.'(J)
taco:néu a+b+c¢=0 thi
a' +h' +¢ -3abe =0 (1)
Dt 7 = x + 2021, phuong trinh trg thanh
Y1+ ¥+ dr+1=0.

/\p dung (1), suy ra:

od=Wr -1 =F-1te1=0.

Nghia la: x + 2021 =0 < x =-2021.
Thur lai, ta thiy x = -2021 thoa man dau bai.
Viay phuong trinh ¢ nghi¢m duy nhét x = -2021.
Nhin xét. 1) Diku then chdt trong cach giai trén 1a
sir dung nhén xét:

Néu a+b+c=0 thi & +b'+c’ -3abc=0
2) C6 thé giai bai toan bing cach khac nhu sau:
bat f(x) = Yx+2020 + Yx +2021 + Yx+ 2022, véi

moisb a, b tacd: a>bes f(a)>f(b)-

D3 théy f(-2021)=0: PT thoa min;

Néu x < -2021= f(x)<0: PT khong thoa man;
Néu x > -2021=> f(x)>0: PT khong thoa man.
Viy phuong trinh ¢6 nghiém duy nhat x = -2021.
Téng quat ; néu /(x) 1a ham sb luon dong bién
(hodic ludn nghich bién) va f(x,)=0 thi PT
S (x) =0 c6 nghiém duy nhit x = %

Céc ban sau day c6 bai giai tt: Vinh Phic: Ty Kim
Nam Tudn, 9A2, THCS Yén Lac, Yén Lac; HA Nji:

Trdn Minh Ti, 9C, THCS Luong Thé Vinh, TP, Ha
NOi, Ngé Uyén Nhi, 8AS5, THCS Phuong Liat,
Thanh Xuin; HA Tinh: Trén Minh Hoang, 8E,
THCS Nguyén Trai, Nghi Xuin; Ngh@ An: Duong
Trong Nguyén, 9C, THCS Ly Nhat Quang, Ps
Luong, Ngé Thj An Binh, 9E, THCS Ding Thai Mai,
TP. Vinh; Séc Trang: Nguyén Anh Thu, 8A1, THCS
Ké An, Ké Sach; Hai Phong: Trdn Trung Phic,
9A4, Ngb Gia Ty, Hong Bang.

NGUYEN ANH DUNG

Bai T4/518. Cho tam giac ABC nhon (AB > BC)
néi tiép ducmng tron (0). Vé hai duong cao AD va
CFE cua tam gidc ABC. Goi I la trung diém cua
DE. Tia Al cdt (O) tai K (K # A). Chiing minh
ring tam ducng tron ngodi tiép tam giac IDK

nam frén BD.

Léi gidi. Cach 1.

wv'\'

K

Goi F la chan dudng cao dinh B cia AABC va Jla
giao diém thir hai ciia BH véi dudmg tron (0). Dé
thiy cac tir giac ACDE, DHFC ndi tiép, ta c6:

HDF = HCF = EDA, DHF =180° = DCF = DEA.

= ADHF ~ ADEA (g.g) = 22 _HE ).

ED EA
Mit khac, F 1a trung diém HJ (két qua quen
thugc) va / 1a trung diém ED, két hop véi (1) ta

2HD _2HF _ HD _HJ
ED  Ed EI EA

P —. L

h




Suy ra AHDJ ~ AEIA (c.g.c), nén HJD = EAI ;

ma E:IT) =BJK (chin cung BK), do @6 J, D, K

thang hang. Tir d6:

DK = JKA=JBA = EBH = EDH = IDH .
Suy ra AD 14 tiép tuyén cia duong tron (IDK).

Véy tdm cta duong tron (IDK) ndm trén BD.

Cdch 2. (Dya theo ban Trdn Mink Hoang, 8E,

THCS Nguyén Trai, Nghi Xuan, Ha Tinh).

Ha DL 1 AB tai L,tac6IE=ID=]L. Tacé:
ILE = TEL = ACB = KB = IKB.

Suy ra tir gidc BLIK néi tiép. Str dung phuong tich

tacod: AI.AK = AL AB.

Mat khac, 4p dung hé thic trong tam gidc vudng
ADB ta ¢6 AL AB = AD?, din dén Al AK = AD>.
Suy ra 4D Ia tiép tuyén ciia duong tron (IDK), tir

d6 ta c6 diéu phai chimg minh.

Nhin xét. Ngoai ban Hodng, cic ban tham gia giai déu

cho 16i gidi dai va trinh bay chua tét.

NGUYEN THANH HONG
Bai T5/518. Tim gid tri nho nhdt cia biéu thire

trong dé a, b, ¢ la cdc s6 duong thoa man diéu

kicna+b+c=1.

Loi gigi. Trudc hét ta ching ching minh bét

ding thirc: Vi a, b, ¢, x, y, z 14 céc sb duong thi

a2 + _l.)i +_C_22M (*)

X y =z xt+y+z
2 6 T?ﬁc?uggce S8 522 (12-2020)

That vay, 4p dung BDT Bunyakovsky, ta c6:

2

X

a c
(—+——+—

J(x +y+z)2(%.\/;+ %.\/}+%,JEJ

o —+—+

” . a
Dang thirc xdy ra khi —=—=—.

Tro lai bai toan:
Ap dung BBT (*) ta cé:

3
a

=(a+b+c)2
b c_z>(a+b+c)2‘
y z x+y+z
b ¢
Xy z
I a b* c*

+ + = + +
1-a* 1-8 1-¢% a-a b-b c-¢°

(@ + b +c*)?
(a+b+c)—(a+b+%)

Lai 4p dung BDT Bunyakovsky viga+ b + ¢ =1,

ta co;

F+b+ =@+ + ) (a+b+e)

2(\/6?.\/5%/!:—3.\/5%/0‘3.\/.5)2
=(a* + b +c?)?
2(%(a+b+c)2)

1 1
=—(a+b+c) =—.
o€ V=3

Suyra: a* +b* +¢* 2%. Do d6:

1-4°

Ding thirc xay ra khi g =4 = ¢ < —,
Vay GTNN cia biéy thire

" ‘
la 3 xay ra khi va chi a=b=c=—1-.

Nhin xét. Da

3 3 2
+‘—b—2—+—‘c—22[1) :[1—-—-1— .:l_
1-5 1-¢2 - \3 9)73

1

b e
+ +
1-a* 1-p* 1-¢

3
SO cac ban giri bai ddu 1am theo cach

trong ty nhu trén. Tuyén duong cac ban sau c6 1o
giai tot: Ha Noi: Trdy Minh Ti, 9C, THCS Luong
Thé Vinh; Vinh Phye: Ta Kim Nam Tudn,
9A2,THCS Yén Lac: Haj Phong: Trdn Trung Phic,
9A4, THCS Ngb Gia Ty; Nghé An: Duwong Trong

https://tieulun.hopto.org



: N guyé”' 9C, THCS Ly Nhét Quang, Po Luong, Ngé
Thi An Binh, 9E, THCS Déang Thai Mai, TP Vinh:
ga Tinh: Tran Minh Hoang, 8E, THCS Nguyér’l
7ri, Nghi Xuan; Tay Ninh: Ngé Quéc Tai, 9Al,
THCS Train Hung DPao; Séc Tring: Nguyén Anh
Thu, 8A1. THCS K& An, K& Sach.

PHAM THI BACH NGQC
Bai T6/518. Giai hé phuong trinh
1,1 2[
x—1 y—3 5

Léi gi@i. PK: x > 1, y > 3. Phuong trinh thtr nhét
tuong duong vai

4

rx+1) +1 \/4(); )% +1 \/Zc(x+y)2+4
4

\/ \/EJ +1 \/:z-{rb) +4

trong 46 a= 2(x+ 1), 6=2(y - 1) a>4,b>4.
Ap dung BDT Cauchy cho ha: s6 thuc duong ta

- \[E_l ' \/1_7_21-1 * {[(a2+1)(b2+1).
Ta s& chimg minh
< < 4
J@+n@ +) Ja+b) +4
o ((a+b): +4) 216(a’ +1)(B* +1) (D)

That viy ta co:

((a+ b)2 + 4) — 16(a* +1)(b" +1)
=(a+b)"'+8(a+b)’ 21 16— 164" — 16a° — 16"~ 16
= '+ 4g°b + 64%% +4ab® +b° + 8a" + 16ab

4+ 8b%— 16275 — 164" 16b°

= (a* - 24°b* + b%) + 4ab(a’ — 2ab +b %)
_ g(a —2ab+b )
= (& = b2 + 4ab(a — b — 8(a—b)’
=(a-b)((a +b)* + 4ab—8) 2 0,
Vi(a+b)? + 4ab>8 doa>4,b> 4.

Nhur v4 .
u viy BDT(1) ding. Do d6 tir phuong trinh thir

=x-1=y-3=5

=>:’C=6,y =8. Viy phuong trinh c¢6 nghiém duy
nhiatx=6,y=8.
Nhin xét. Hé phuong trinh trén thudc loai hé
phuong trinh ma mét bét déng thirc ndo 46 cé déng
thitc xay ra. Cac ban hoc sinh sau cé 161 giai dung:
Vinh Phic: Ta Kim Nam Tudn, 9A2, THCS Yén
Lac, Yén Lac; Hung Yén: Cao Thj Tuong Vy, 11A9,
THPT Duong Quang Ham, Van Giang; Nam Pinh:
Pham Viét Hoa, 11Toan 2, THPT chuyén L& Héng
Phong; Quang Binh: Lé Duc Hanh, 11 Toan 2,
THPT chuyén Vo Nguyén Gidp; Quing Nam:
Hupnh Thanh Twong, 11T, THPT chuyén Nguyén
Binh Khiém; Vinh Long: DS Dirc Anh, 11Toén 2,
THPT chuyén Nguyén Binh Khiém; Péng Thip:
Lac Xudn Thinh, Nguyén Thién Ly, 11T1, Lé Huynh
Nhét Nguyét, 10T, THPT chuyén Nguyén Quang
Diéu: Binh Pinh: Nguyén Huy Hoang, 11T, THPT
chuyén Lé Quy Don; Binh Dwong: Phan Vin Khai,
16p 12.9, THPT Tan Phudc Khanh.

NGUYEN MINH PUC

Bai T7/518. Cho cdc s6 thuc a, b, ¢ thoa man
a + b + ¢ = 1. Chimg minh rang

8abc —8 <(ab+bc+ca+ D ().
Loi gidi. Cdch 1.Patab+bc+ca=gq, abc=r,ta
quy Vvé ching minh: 8r-8<(q+1)>. Bét dang
thirc niy twong duong v&i (¢ +5)?28(g+r+2).
patl+a=x1 +b=y,1 + ¢ =z, ta duoc:

x+y+z=4va

g+5= ab+bc+ca+2(a+b+c)+3=xy+yz+zx;
g+r+2= abc+ab+bc+ca+a+b+c+1=xyz.
Tir d6 ta ¢o didu cin chimg minh vi

(g+5)’ ‘8(q+!‘+2)=(xy+yz+zx) _2x+y+z)E

—xt+y L +z'x 20,
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Céch 2. « TH1: Néu cc sb a, b, c khong duong. Kbi

d6 abc < 0 nén VT < 0, ma VP > 0 nén (1) luén

ding.

* TH2: Néu céc sb a, b, ¢ khong am. Khi d6 theo

(@+b+c)’ _1
27 27

BDT Cauchy ta cé: abe < - Khi

d6 VT <O0nén (1) dang.
* TH3: Hai trong 3 s6 4, b, c 1a céc sb khong am, sb
con lai 1a s§ khong duong. Khi dé abe < 0 nén
VT <0, do 46 (1) ding.
* TH4: Haj trong 3 sb q, b, c 14 cac s6 khéng duong,
s6 con lai 1a 5§ khéng am. Khéng mat tinh téng quat,
glasit:c>0,a<0,b<0, Pita=—p, b=—g. Khidé
P,C,920,0+b+c=1<:>c=l+p+qv€1
VT =8pq(1 +p+q) - 8;
VP=((+g)’+p+q-pg-1)
batp+g=x>0o, Pq =y 20. Theo BDT Cauchy thi
x* >4y Tacin chirng minh:

B+ D) -8< (P +x—y- 1)
oxt+ad o o2 oy 10y +9+3% 6y>0
SO-D+E -4 +xt+20 2292,

—2x-10xy+8>0.
Ta cé:

x4+ 2x — 257 —2x2y-—2x—10xy+8

2 2 2
2x4+2x3-2x2—2x X oy 10xx +8
4
2 2
=():—2) (x +3x+4)20‘
2
Métkhéc(y—-1)220,x2—4y20nén(1)d1’mg_
D§u=xéyrakhi x——~2,y=lhayp=q:1 hay

a=b=-1,c=3va cac hoan vj.
Nhdn xét. Cach 1 1a 13 gigi cua t4 gid dé toan,
Céch thir 2 1a cach giai cua da s csc ban. Céch thy 2
dai hon nhung céch giai nay cho biéy nio du
=trong (1) xdy ra. Cic ban sau ¢4 161 giaj ding:
Hung Yén: Cao Thi Tuwong Vi, 11A9, THPT Duong
Quiang Ham, Van Giang; Ha Noi: Nguyén Xuén
Ting, 11 Toin, THPT chuyén KHTN, PHQG H3
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Noi; Hai Phong: Tran T”‘"”g d ’"’C 91’:4’ THeg
Ngb Gia Ty, Hong Bang; Thira T‘f‘e“ H:““ Neuye,
Thi My Lé, 11 Toén 2, THPT chuyén Quoc hge y
pbng Thip: Lé Huynh Nhdt Nguyét, 10 Toan, y;
Hitu Phiic, 11T1, THPT chuyén Nguyép Qllang
Diéu; Séc Trang: Nguyén Anh Thie, TA, THCS Ké
An, Ké Sich; Ba Ria-Ving Tau: Phan Trung kg,
10T1, THPT chuyén L& Quy Don, TP. Viing T3,
TRAN HUU Noy
Bai T8/518. Cho tam gidc ABC ngi tiép dhuimg
tron (0) 6 truc tam H. Goi X, Y, Z lan legt la
giao diém thir hai cua cdc diwong tron (AOH),
(BOH), (COH) véi (O). Chiung minh rang H |3
tam duong tron néi tiép tam gidgc XYZ, (K7 higy
(UVW) chi duong tron ngoai tiép tam giac UVW),
Léi gidi,
Bo @. Cho tam gidc ABC nsi tiép duomg tron (0)
va c6 tryec tam la H. AH cét Igi dwong tron (0)
tai D. Duong tron ngoai tiép tam gigc AOH cit
dwong tron (O) tai diém thir hai X Khi d6 OH I
duong trung triee cia doan thing XD.
Chirng minh.

Xeét truong hop 4B < AC. Cic truong hop khic ta
chirng minh trong ty.

Do bon didm 4, x H, O cing nim trén mot
duong tron, nap. OXH:E)_E}"{=55§-

e, __—-....__ 1 — ——
XOH ~X4H=57Y_55 = XOH =DOH.
K&t hop v OXx = op ta thiy A OxH =AODH
(gcg), Suy ra HX= HD T dé OH 1a duong
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trung tryc cta doan thing XD. B6 dé dugc chimg
minh.

Tro lai bai T8/518.

Gia st AH, BH, CH cit lai dudmg tron (O) theo
thir tr tai D, E, F. Tir bd dé trén suy ra OH 1a
dudng trung tryc chung cta ba doan thing DX,
EY, FZ . Péy ring H, D dbi xtng véi nhau qua
BC; H, F d6i ximg voi nhau qua AB nén
BH = BD; BH = BF din dén BD = BF . Tit day
dé thiy EH 14 phén gidc cia goc FED. Tuong tu,
DH 14 phan giac ctia goc EDF. Viy H la tam
dudng tron noi tiép tam gidc DEF.

Xét phép dbi ximg truc OH (ki hidu 14 Dop) thi
Poy: X — D;Y —E;Z—F. Viphé dbi
xung truc bao toan goc, nén
HXY = HDE = HDF = HXZ. Nghia 1a XH 1 phan
giac cua goc ZXY. Tuong tu YH la phan giac cia
goc XYZ. Do d6 H la tim dudng tron ni tiép tam
giac XYZ.

Nhin xét. Mu chét cia bai toan 12 két qua & b dé.
T4t ca céc 10 giai gui vé Toa soan déu ding véi 16
giai tuong ty nhu cich gidi trén. Sau day 1a danh
sach cac ban c6 1oi giai tét:

Bic Ninh: Nguyén Ngoc Khdnh, 12 Toén, THPT
chuyén Béc Ninh, TP. Bic Ninh; Nam Pinh: Pham
Vigt Hoa, 11 Toan 2, THPT chuyén Lé Hang Phong,

TP. Nam Dinh; Quéng Binh: Nguyén Ank Pirc, 11
Toén 2, THPT chuyén V& Nguyén Giap, TP, Pdng
Héi; Dong Thap: Nguyén Tric Nhu Binh, 12T,
THPT chuyén Nguyén Quang Diéu, TP. Cao Lanh;
Binh Pinh: Nguyén Huy Hodang, 11T, THPT chuyén
Lé Quy Don, TP. Quy Nhon; Ba Ria — Viing Tau:
Phan Trung Kién, 11T1, THPT chuyén Lé Quy Pén,
TP. Ving Tau; TP. Hd Chi Minh: Thdi Quang
Phdt, 11CT1, THPT chuyén Lé& Hong Phong.

HO QUANG VINH

Bai T9/518. Tim tét ca cdc sé thuc x, y, z thoa
2 +Z =3z+x zz— X 3

mén phwong trinh 27 A pssey = Q).

Léi gidi. (Ciia tac gia va cla tht ca cac ban)

Vi 2 >0 voi moi reR nén theo BDT Cauchy,

2_ k. 2 _ 2_
ta co: zx Iy+z +2y 3z+x+2z 3x+y
3Aax?-3y+z y2-3z4x 22 -3x+y
23V2 2 2

2 2 f )2 xpez
hay 2.\"—3y+z+2)= -3:+x+zf—3x+)’ 233 2(’8 s ) 2(x+y+z) (2).

Ma (x2 +y? +22)—2(x+y+z)

=(x=1 +(y-1)" +(z-1) =32 -3,
dodo: 2l 5 5 =% 3).

T (2) va (3) suy ra véi moi (x,y,z) ta cé:
2x2-3y+z + 2y2—32+x = 221—3x+y 22
2

Ding thirc xdy ra khi va chi khi x=y=z=1.
Vay ¢6 duy nhit mot bd ba sb (x,»,z) théa man

phuong trinh (1) 1a (1,1,1).

Nhdn xét. Bai d& nén tit ca cac ban giai ding:

Ba Ria-Viing Tau: Phan Trung Kién, 10T1, THPT
chuyén L& Quy Pén, TP. Ving Tau; Binh Dinh:
Nguyén Huy Hodng, 11T THPT chuyén Lé Quy
Don; Pdng Thép: Nguyén Mink Khoi, 10T1; Lé
Hupnh Nhét Nguyét, 10 Toan, THPT chuyén Nguyén
Quang Diéu; Ha Ndi: Nguyén Duy Hiéu, DS Viét
Viét Nhdn, 8C2, THCS Archimedes Ddéng Anh;
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Nguyén Xudn Ting, 11 Toén, THPT chuyén KHTN,
DHQG Ha Ngi; Thira Thién Hué: Lé Thi Thanh
Tam, 10 Toan 2 THPT chuyén Quéc hoc Hué: Séc
Tring: Nguyén Anh T hue, 8A1, THCS Ké An, huyén
K& Séch.

TA DUY PHUQNG
Bai T10/518. Cdc sé nguyén tir 51 dén 150 duoc
Xép thanh mét bang 6 vuéng kich thurée 10 x 10.
Tén tai hay khéng cdch xe‘;v dé voi moi cap (a; b)
dung ké nhau trong mot hang hodc mét cor thi cé
it nhat mét trong hai phuong trinh

X —ax+b=0 va x° =bx+a=0

€0 nghiém nguyén?
Lot gigi (Cla ban Ngupén Thi My Lé, 1 1T2,
THPT chuyén Québc hoc Hué, Thira Thién Hué
va ban Nguyén Thién Ly, 11T1, THPT chuyén
Nguyén Quang Diéu, Péng Thap).
bat §= {51, 52, .., 150}. Gia sta,be Svéibla
s6 nguyén td.
i) Néu phuong trinh x* — ax + b = 0 cg nghiém x;,
xnguyénthidoxi +x;=a e N', x,x, = b nén
{xi,x2} ={1,b}. Viya= x; +x,=p+ 1.
ii) Néu phuong trinh x* — bx + = 0 ¢4 nghiém x,,
x; nguyénthido x; +x;=5b € N nén
[{x5x,}={1; -1}
{ox,={2;6-2)

...........................

Suyra a=x.x,=

Laico: b—1 s2(b—2)£...£!j—§—:’(b—[-§-}).

Néu b > 77 thi a=2(b - 2) > 150.

3 0 T?glﬂugt;e Sé 522 (12-2020)

...............

Do d6 a = b — 1. Nhu vdy néu tdn tai cich xép
thoa min didu kién dé bai thi mdi s6 nguyeén t6
b > 77 chi c6 i da hai sé dimg ké véiné la b + 1
va b — 1. Vay chi c6 thé xép sé nguyén t§ b véi
b > 77 vao mdt trong bén géc cia ludi vudng,
Nhung S c6 14 s6 b > 77 nén khong thé xép hét
ching vao luéi vuéng. Tir 6 khéng tdn tai cach
xép thoa man diéu kién dé bai.
Nhin xét. Toa soan chi nhin dugc hai 1&1 giai trén
cua ban My Lé va Thién Ly.

PANG HUNG THANG
Bai T11/518. Cho day s6 (a,)(neN") dioc xdc
dinh boi:

N X
=l a,=2via,=2a,-pa, neN’,

trong do p la s6 nguyén 16. Tim tét cé cde gia tri
cua p sao cho ton tai s6 nguyén duong m thoa
méan a_ =-3.

Loi gidi. (Theo da s6 cac ban).

Tir gia thiét suy ra moi sd hang a, cua day 1a c4c
s nguyén. Pé ¥ ring khi p=2 thi moi a, véi
n=23,. d&u chia hét

cho 2 nén

a,#-3,VneN".

Giad st pla sé nguyén t§ sao cho ton tai s
nguyen duong m @€ q,=-3 thi px2 va m> 3.
Tur h¢ thire g, = 2a,, - pa ,YneN )
Suyra: a,., =2a,, (mod p),VneN".

Viy nén g, = 2"a, (modp) = 2"*'(m0dp),Vn eN'.

Ta co: e a,,=2aq

1784 ~(p-Da,VneN'
"% (MOd(p 1)), Vn e N pay
(mOd(P 1)) VrneN".

=d., —a, =,

nén an+2 = 20

an+2 ‘_-an+1 = a

Suy ra; g, ~a,

. S g =1 (erd(p_-l))’
VneN' Suy ra
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bz =0y =n+1 (mod(p 1)), v e
pay . =" (mod(p - 1)),vn>3.
Do dé: @, ==3 < -3=m (mod(p-1))
pay m+3 chia hét cho p—1. Theo dinh ly nho
\ -1 ,
Fermat thi 277 =1 (mod p) nén tir két lugn
m+3 chia hét cho p-1, suyra
2" =1 (mod p).

Mit khac thi 2™** =—48 (mod p). Suy ra 49 chia
hét cho p, tec p=7.
Nguoc lai, véi p=7 thi a,=-3. Vay p=7 1a
s6 nguyén t6 duy nhit dé tdn tai s6 nguyén duong
m & a, =-3.
Nhin xét. Diy 14 dang toan quen vé day sb nguyén
trong sb hoc, thudc loai khé nén co it 161 giai gui téi
Toéa soan. Cac ban sau diy co6 161 giai ding: Binh
Pinh: Nguyén Huy Hoang, 11T, THPT chuyén L&
Quy Don; Pong Thap: Lé Huynh Nhét Nguyét, 10T,
THPT chuyén Nguyén Quang Diéu; Lam Déng:
Hoang Duy Tién Pat, 11T, THPT chuyén Thing
Long, TP. Pa Lat; Quang Nam: Nguyén Xudn Tién,
llT, THPT chuyén Lé Quy Don.

NGUYEN VAN MAU
Bai T12/518. Goi I, J lan luwot la tam duong tron
noji riép, bang rié;o goc A cua tam giac ABC khong
can. D la giao diém thir hai cua duong tron duong
kinh AI vg duwong tron ngoai fiép tam giac ABC. E
la giao diém cua Al va BC. P la diém chinh giita
cung tron BAC. Chirng minh PJ va DE cdt nhau
trén dieomg tron ngoai tiép tam gidgc ABC.

Loi gii, (Theo ban Nguyén Huy Hoang, 11T,
THPT chuyén L& Quy Pén, Binh Dinh).

Goi Q 14 giao diém thir hai cia DE va dudng tron
ngoai tiép tam gidc ABC. D& thdy B, C, I, J cling
thugc mét dudng tron. Do d6
ElEJ = EBEC = ED.EQ.

Piéu d6 c6 nghia 12 D, I, O, J cing thuéc mot
duong tron (1).

Vi P 14 didm chinh giita cung tron BAC nén AP
la phén giac ngoai cia gdc BAC.

Tir @6, chu y ring A7 1a phan giac trong cia géc
BAC, suyra AP L Al
Viy AP tiép xic véi dudng tron dudmg kinh A7,
dé cho don gian ta ki higu AP bdi 44 (2). Tir (1)
va (2) suy ra:

(QJ,0P)=(QJ,0D)+(0D,0P)

=(1J,ID)+(AD, AP)Y(mod 1) = (1J,1ID) +(A4D, AA)
=(1J,ID)+ (ID, I4) = (1], I4) =0(mod ).

Do d6 Q, J, P thang hang.

Vay PJ va DE c&t nhau tai mot diém thudc duong
tron ngoai tiép tam giac ABC.

Nhén xét. 1) Bai toan nay khong kho, kha nhiéu ban
tham gia giai, nmmg da sb cic 151 giai gui t6i toa
soan déu trinh bay qua phitc tap.

2) Trong 16i gidi trén, khong cé van & LOI GIAI
PHU THUQC HINH VE nhung ban Hodng van st
dung goc dinh huéng véi muc dich LOI GIAI DEP.
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3) Ban Hoang con nhan xét ding ring: Néu ”"’)f gid
thiét 1, J theo thir tir la tém dudmg tron ndi tiép v
tm dudng tron bang tiép goc A cia tam gidc ABC
boi gid thiét I, J la cdc giao diém cia mét duong
tron bét ki di qua B, C v phan gidc trong ciia géc
E:IE‘ thi PJva DE vén cét nhau tai mot diém thuéc
duong tron ngogi tiép tam gide ABC.

4) Xin néu tén mot vai ban c6 16 giai twong dbi tt:
Bic Ninh: Nguyén Ngoc Khdnh, 12T, THPT chuyén
Biéc Ninh, TP Bic Ninh; Ha Ngi: Nguyén Anh Tudn,
THPT chuyén Chy Vian An;
Anh Dige,

chuyén Vg

Quéng Binh: Nguyén
1T2, Cao Huyén My, 11T1, THPT
Nguyén Giap, TP. Péng Héi; TP. Hb
Chi Minh: Théi Quang Phar, 1 ICTI, THPT chuyén
Lé Héng Phong.

NGUYEN MINH HA

Bai L1/518. Trén bé mgr chds long c6 hai nguén
séng két hop A, B cich nhan 12 cm dao dgng
ngieoc pha. Biét song do méi nguén phdtra cé tan
$6 =10 Hz, t6¢ dg truyén song la 40 c/s. Goi
M la mér diém ném trén duong vuéng g6c voi AB
tai A, gcfn A nhét dao dong voi bién do cuc tisy,
Xac dinh do dai doan AM.

Lot gidi. Vi hai nguén dao déng nguoc pha nhay
nén tai M c6 cuc tiéu giao thoa khi-

MB - MA=F); A=v/f=4cm,AB=3;\
ching t6 cyc tiéu gin A nhit g véi k=2

Theo bai ra tam gidc ABM vuong nén:

MB =AM 1 457,
Do d6 tac6: AM® + AB” - AM =22, gy
Suyra AM=5 cm.
Nhdn xét. Céc ban c6 16i gidi ding 13: Déng Thép:
V6 Hodang Khéi Nguyén, Nguyén Thién Ly 11Ty,
THPT chuyén Nguyén Quang Diéu; Bac Ligy; bé
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Vin Dwong, 12CA, THPT Tran Vag Bay,
a 2

Ph“ﬁq
Long; Thira Thién Hué: Lé Thi Miny, Th

u, |
Toan 1, THPT chuyén Qudc hoc Hué; Hung Yen,

Nguyén Nhat Tan, 12A1, THPT Duong Quang

Vian Giang.
NGUYEN XUAN QUANG

Bai L2/518. Trén doan mach dién xoay chié, i
bén diém theo ding thir tw A, M, N vg B. Gig,
hai diém A va M chi cé dién tré thudn, gigq hai
diém M va N chi ¢6 cuén day, giita hai diém §
va B chi ¢6 tu dién. DAt vao hai dau doan p, -
mét dién dp xoay chiéu 175 V — 50 Hz th dién
ap hiéu dung trén doan AM la 25 V, trén dogn
MN la 25 V va trén doan NB Ig 175 V. Xdc dini

hé 56 cong sudt cua toom mach.
Loi gidi.,

R L, r C
M N
/——:]-_._.rgmp_‘_lH
A B

Néu cudn day 1a cudn cam thuan thi:

Z} 4 = g2 (1)
Vi UAB = UNB = 7UAM nén Z = ZNB = 7ZAM
2
hay 72 = 22 SR (2,27 498 )

T (D) va 2), 1a o, radln. - 7 R
3 ) i

25 25
24
T do - coscp:-l-tl’_“__R+§gR 7

= —-‘—-—-—__,__ = S

Nhan X€t. Chy; ‘ I N
11’1:1 TI-.{p PUC mimg by V6 Hodng Khsi Nguyén

s T Chuygn Noyox a

guya iay: pong
hép g5 O 1di pia; " Quang -

DINH TH] THAL QUYNE
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A

Tom tit. Bai bdo gidi thiéu bai todn b6 vt ddn
#én tinh tong ctia cap s6 cong trong hai cuén
sdch toan Hdn Nom.
Nhip dé. Cac bai toan dang tinh téng da duoc
biét dén trong cac sach toan Trung Hoa tir thé k1
XI-XII (xem, thi du, (3], [4]). Mot trong cée
dang toan tinh tong don gian nhét trong sach
toan Trung Hoa va sich toan Han Nom (sach
todn cia Viét Nam viét bang chir Han va chix
N6m) 14 bai toan b6 vdt, tirc la xép cac vét (hop
banh, hop sira,...) thianh bé hinh vudng, hinh
trdn hodc tam gidc déu. CAc bai toan nay dan
dén bai toan tinh tdng cua cip s6 cong.
Bai viét nay trinh bay céc bai toan tinh tong cta
cp s cong va bai toan bo vét trong hai cubn
sich toan Han Ném [1]-[2], duge viét vio thé ki
XIX. Dé tién trinh bay va dé dang cho ban doc,
ching i két hop cach giai trong sich todn
Trung Hoa va sach toan Han NOm voi nhimg
gidi thich theo ngon ngir hién dai.
DANG TOAN 1. Bai toan tinh tong cic s
hang diu tién ciia cAp sO cOng
Cho chp sé cong (14 day sb c6 so hang sau bang
0 hang trudc cong voi mot s6 khong déi, dugc
goi la cong sai):

a,a, =a,+d,..
Bai todn: Tink tong S, =a, +a+ .+ a, cla

7an = a"‘l + d'

" $0 hang ddu tién cua cdp s6 cong.

C; A [ rour A
4P 80 cong co tinh chat:
ai‘ * an—i+1 =a + an, i= 1,2, covgil b (1)

Thit vay, tir dinh nghia ta c6

- BATOIN B3 viT TR2
- DEKDZN BAITORN TIX8 18NG o e 56 ¢

Dodn Thi L (Nghis
e ! hi U si ;
Pham Vi Lic (Trung 16 rf V;" Wy sinh, National Tsing Hua University, Taiwan)

Ta Duy Phugng (CTV
Cung Thj Kim Thanh, Phan

T
S i

2

A va i A R
CHNCUAN ShcR i WM

B

it 4

Iy . §
Phaml“;;: gag An (Nghién ciru sinh, DHSP Ha N6i)
: odng (Triuong THPT Kim Lién, Ha Noiy

ru Viét Nam, Vié i3 Co

& ! , Vien HLKH va Cong nghé Viét Nam
Vién Todn hoc, VI;?;H(LKH va éC(')'ng nghé Viét Num;
: i Anh Tuyet (Thac si Hdn Nom);
e - 180 Thi chah Tyl (Thae <t b Moy

A =0_1+d=a;_,+2d=

=a;+ (i — 1d;
Ap-i+1 = Ap_jp2 — d = Ap_j43 — 2d =
=a, — ({—1)d.
Vay a,+a,_, =(a +(@-1)d)+(a,-(-1)d)
=a, +a,
hay (1) dugc chimg minh.

Ta c6 cdng thic:
5 - (a,+a,)n .
2
Cong thirc nay c6 thé dé dang ching minh béng
nhidu céch, thi du, tir (1) ta co

25, =(ay +az ++ap)+(apt-+ a)
=(a;+ap) ++ag + (- 1)d)
+(a,— (- D))+ + (2 +a1)

= (a; + ay)n.
Suy ra (2) dugc ching minh.

Bai 1.1 ([2], & 88a). C6 9 ngudi kiém tién,
nguoi thir nhét kiém dige | dong, nguoi thie hai
kiém duwoc 2 dong, nguoi thir ba kiém duwoc 3
dong, nguoi thu tu kiém dwoc 4 déng, nguoi thir
nam kiém duoc S dong, nguoi thie sau kiém
duoc 6 don g, nguoi thir bay kiém dwoc 7 d(ing,
nguoi thur tam kiém dwoc 8 dong, nguoi thir
chin kiém dwoc 9 dong. Hoi tong cong 9 nguoi
kiém dwoc bao nhiéu dong?

Pdp. Tong cong Kiém duoc 45 dong.

Giai ([2], t0 88a). Diu dudi twong mg c(?ng lai
chia d6i. Dat 1va 9 thanh 10 chia dbi 13y nira

thanh 5, 4y 5 nban v6i 9 thanh 45 dong.
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Gidi thich. Ap dung cong thic (2) Vi
a=1d=1,a,=9 va n=9 ta dugc:

(1+9)

S, = x9=45.

Cac bai toan trong sach Trung Quéc va Hén
N6m thudng ¢ cdu trac: Phat biéu bai toan;
Pép s6, Loi gidi hoic So lwoc cach giai bang
161. Cong thic thudng khong duogc chimg minh.
Bai 1.2 ([2], t5 88b) C6 24 con ngua, con thir
nhat d&i 1 dam, con thir hai di 2 dam, con thir ba
di 3 dam,..., dén con thir hai mucoi tie di 24 dam.

Hoi téng di dwcoc bao nhiéu dam.

Ddp ([2], t& 88b). Téng cong di duoc 300 dam.
Séch chi c6 dap sb, khong c6 161 giai.

Gidi thich. Ap dung cong thic (2) véi
a =1,d=1, a,, =24 va n=24 dugc:

§y = Mﬂ =300.
} 2

Cha y. Dudi diy ta con ding cép sb cong
Qi1 =a;+d, i=0,1,2,... véi s hang diu
tién la a, cho trudc. Téng Sn+1:=ag +a; +
az+...+a, cuan + 1 sé hang dau tién cua cap
sb cOng duoc tinh theo cong thic

s - (a, +a,:2)(n+1) 3

DANG TOAN 2. Toan bé vit: Cic var duoc
b6 voi nhau thanh mét b6 tron, bé vuong hay bo

tam gidc. Hay tinh tong sé vdt bi bo.

Dang to4n 2.1. B6 vudng

Bai 1 ([1] to 16a; 3], trang 1082). Nay ¢6 cae
hop tron dung tén bo thanh hinh vuéng, chu vj
ngoadi 32 cdi, hoi téng chira bao nhiéu hop tén?
Ddp. 81 cai.

Giai 1 ([1] t& 16a). Dat chu vi ngoai 32 c4i g
bén trdi, lai dat 32 cai & bén phai, thém chy vj
trong 1a 8 Guoc 40. Nhan véi nhau duge 1280

34 T?Q-Puggce S6 522 (12-2020)

Liy sudt bo vuong 1a 16 chia di, dugc g

Ai. .
e g tam, dugc 81 cai.

Thém mt céi O trun
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Hinh 1: Bo vuong

Gigi thich. Chu vi trong tuc la vong trong
cuing bao hinh vudng ¢ nhén, gdm 8‘6 (Hinh 1).
Pé bao dugc mot & vuéng & nhin cin mdt hinh
vuéng canh 14 3 (6). Tong cong 1a 3x4 6, try
bdn 6 & 4 goc duoc tinh hai 1an, con lai chu vi
trong 1a 3x4-4=8 4. Vong tiép theo s& la
hinh vuéng c6 canh gém 5 6, téng sé & vudng
cua vong tiép theo 1a 5x4—-4=16 6. Vong
thir ba 13 hinh vudéng c6 canh 12 7 0, téng s6 6
vuong cua vong thtr ba 1a 7x4—4=244
Vong ngodi cung (chu vi ngoai) 1a hinh bao
ngoai cua hinh vudng canh 9 don vi (theo bai
ra) gom 9x4—4 =32 0. Day ciing chinh Ia
bai toan tinh tong cua cip sb céng v
4 =(2i+1)x4-4=3g;, i=0,1,2,3,4. Sudt b6
vuGng 13 2 1an cong sai cia cip sb cong trong
bai toan b6 vat thanh hinh vuéng d = 8,

24=16. Vi 6,20 4nd nen  po =%
d
Suy ra n+l—§.‘9;2_9+1=j19_
8 8 va
R
. 2 2x8 1 -0
ONg Vo1 mét cgj A
hép tén 7 rung tim. Téng cong 1a 81
Gig
Cﬁn; 2\,05[:3; traflg 1082). chy V1 trong 8 chiéc,
:‘_ . u Vi1 n 0‘
461, 14y 4 14 > nhﬁngv:; 2 tong 40 chiéc. Chia
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Giii thich. Ldy 8 chia khoi chy vi ngodi dirgc 4

Jip, nghia 14 18y chu vi ngoai 1a 32 chia cho g

. _4q,—aq 32-0
guge 4 107, hay === =22 o4 1ep,

, a+a, 32
KhiﬁYS,F'———-(]z )Xn= 2+8

Cong v61 mOt cai & trung tim, duoc 81 hép tén.

x4 =80,

Loi binh. Cach gidi cua [1] (sach toin Viét
Nam) va [3] (séch toan Trung Quéc) khéc nhau,
Dang toan 2.2. B6 tron

Bai 2 ([1], t0 16D [3], trang 1083). Nay c6 mor
sé éng tén xép thanh bé tron, chu vi ngodai 30
cdi, hoi téng chira bao nhiéu?

Dap. 91 céi.

Giai 1 ([1], t& 16b). Dat chu vi ngoai 30 lam
thuc, lai cong 30 véi chu vi trong 13 6 duoc 36
lam phép. Nhan v6i nhau dugce 1080. Liy sudt
bo tron 1a 12 chia &, dugc 90. Thém mét cai &
trung tdm dugc 91 cai.

Hinh 2: Bo tron
Gidi thich. Phap va thuc la tén goi hai thira s0
trong phép nhan.

MGt hinh tron dugc bao boi 6 hinh tron nén chu
Vi trong biing 6 (Hinh 2). Swudr b6 tron 14 2 1an
cdng sai cua cAp sb cong trong bai toan bo vat
ron d = 6, 2d = 12.

Bai toan tr¢ thanh tinh tdng cua cép sb cong voi
9% =0;a =6 (chu vi trong); a,=12; a,=18

9 =24 va g, =30 (chuvi ngoai theo bai ra).

Vip=%"4 _,
= né — 30-0 36
d nn"‘l-—--s——+1=———va

a
Sniq = (@9+an)(n+1) ~ 30x36 _ 1080 _ 90
2 2x6 12 T

Cong véi 1 hinh tron trong cling dugc 91 cai.
Gidi 2 ([3), trang 1083). Chu vi trong 6 chiée
C(f)n'g Vo1 chu vi ngoai 30 chiéc, tong 13 36
chi€c. Chia d6i, nhan véi 5 ting, hop voi cau
hf)i‘ (Ly 6 chia khoi chu vi ngoai 1a 30 thi dugc
5 tang).

Gidi thich. [3] da s dung cong thirc (2) dé
tinh

_4+a; 6+30

S

x5=

x5=18x5=90.

Cong véi 1 hinh tron trong ciing duge 91 céi.
Dang toin 2.3. Bé tam giac

Bai 3 ([1], to 16b). Nay c6 vdt xép thanh tam
gide, chu vi ngodi 27 cdi, tong chira bao nhiéu?
Dap: 55 cai.

Giai ([1], to 16b). Dat chu vi ngoai 1a 27, lai
ldy 27 cong chu vi trong la 9 dugc 36. Nhan vdi
nhau dugc 972 cai lam thyc. Liy sudt lang tru
tam giac 1a 18 chia @i, dugc 54 cai. Thém mot
cai ¢ trung tdm, dugc 55 cai.

Hinh 3: Bo tam giac

Gidi thich. Day la cép ) cOng v
a,=0,a,=9,a,=18,a,=27.

Téng chira (9+18+27)+1=54+1=55 vit.
Sudt ldng tru tam gidc 1a hai lin cbng sai cua
cAp sb cong trong bai toan bo vat tam gidc
d=9,2d =18. Suyra:

ss pitpsddie J@ﬁ&cﬁ&g




- +9 36
d 9 9 9
Ap dung céng thirc (3) ta dugc:
(a+a,)(n+1) 27x36
Sn = = —
2 18

Cong mét cai trong cung dugc dap s 55 vat.

n

54.

Phy lyc. Cic sich Han Nom thudng c6 ca
quyét (bai tho) néu qui tic giai dang toén cho dé
nh6, dé thude. Dudi ddy 1a bai ca quyét vé dang
toan bé trong [1], trang 16a.

DANG TOAN BO TEN ([1], trang 16a)
Tit phieong chi thiic thiém bet thang
Thap luc quy trir s6 mac fang
Vién thic ngoai chu gia lyc tau
Thang thanh thip nhi phap trir humg
Tam gidc gia curu thira chy sé
Thap bat quy chi todn dr ting
Cdc véu lém thei thiém nhdt sé
Twomg suy thiic tich ¢é lai xung.
Giai nghia tho:
Néu 12 b6 vudng thi cdng (chu vi ngoai) thém §
rdi nhan (v6i chu vi ngoai).
Sau d6 chia cho 16 1a sé khong déi.
B6 tron vong ngoai thém 6 réi nhdn véi vong
ngoai. Liy tich chia cho 12.
Néu 14 b6 tam gic thi (vong ngoai) thém 9 rdj
nhén vdi chu vi va chia cho 18.
MOi két qua déu cong thém véi 1,
Puogc tong sb tén trong bo.

Két lu@n. Nhimg dang toan trong baj viét khéng
chi ¢4 y nghia lich si, ma vin mang y nghia
thot sy. Céc dang todn trong bai viét hoan toan
c6 thé sir dung trong giang day hién nay. T4t
nhién, khi sir dung, cin va nén thay cac tir ¢4
(b6 tén, vat,...) bing cac ngdn tir hién daj hop
(hdp sita, hop banh, hop tra tron nim trong hop
vo gidy day vudng roi xép ching vao hop 16n
cho tién chuyén chg,...).

TOAN HOC
36 *clusifpe
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Bai todn xép vat dua f}""f‘g cling dan t6; v
toan tinh tong cda cap Sfi o305 (xenz [6])-:Nhi§u
dang toan tinh s0 vat xép thanh don'g dan ‘?éu
bii toén tinh tong phitc t2p hon (thi dy, 13y,
binh phuong cua cac sO tu nhién dflu tle‘n) trong
céc séch toan Han Nom da duoc trinh bay trop,
(5} :

TAI LIEU DAN
[1] SEE4 Pham Gia Ky, KIEKE 258 p,;
thanh todn hoc chi minh, khoang 1840, Thy
vién Vién nghién ciru Han N6m, A.1555.
(2] #H % TaHiu Thuong, $EREE Theng
téng todn phdp, Khoang cubi thé ki XIX, Thu
vién Quéc gia, M3 hiéu sb héa nlvnpf-0493, M3
kho R.1194
[3] 15 #& Duong Huy, #5& &% Duong Huy
todn phdp, Quach Thu Xuan (chu bién), Trung
quoc khoa hoc ky thugt dién tich théng vimg
(Toan hoc - Quyén 1), trang 1044 - 1117. Nha
xudt ban gido duc Ha Nam, Trung Quéc, 1993.

[4] Jean-Claude Marzloff, History of Chinese

Mathematics, Springer-Verlag, Berlin, 1997,
2006.

L&, Pham Vii Loc, T, Duy Phuong, Cung Thi
Kim Thanh, phay Thi Anh Tuyét, Toan go
dong Irong cdc g 1 ]

Phig, 5.6 thang 12-202¢.

Lg, Cung Thi Kim Ths

"‘h’ena Tap chi Togn Tuéi tho 2, 50
ng 11-2020), tr
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Nan 1845 Jean Bertrand phat biéu Pinh d& ndj
(iéng sau “Néu n la 56 tu nhién >3 thi gitra n va
m-2 €0 chira it nhat la mét sé nguyén 16" va
duoc P. L. Chebyshev chimg minh nam 1850 bang
phuong phap giai tlch Nam 1932 P. Erdos d3 dua
ra chimg minh s0 cap dau tién cho B3 d& Bertrand
(Bdo TH&TT s6 432 thang 6/2013 da gi6i thiéu
chimg minh ndy). N6i dung bai béo ndy gidi thiéu
mot cdi tién m&i chimg minh cua P. Erdos boi W.
Sierpinski dé nhén dugc két qua manh hon va
shidu két qua thi vi suy ra tir né. Mgt chimg minh
khé phirc tap, nhung hoan toan so cap.

Néu cho trudc sb thue x thi ddu [x] 12 ky hiéu sb
nguyén 16m nhét < x . Tir dinh nghia ta suy ra ring
d6i véi mdi sb thue x ta co x—1<[x]<x.Ding
thic [x]=x c6 khi va chi khi x la s& nguyén.
Néu & 1a s nguyén thi véi moi s thyc x ta c6
[x+k]=[x]+k . R& rang véi moi sb thuc x va
ytaco [x]+[y]<[x+y].

Binh Iy 1. Néu n la s6 nr nhién thi trong phan tich
SC? n! thanh cdc thira s6 nguyén 16 thi s6 nguyén

0pcd sémi o, rong do

n

D pr p
Chimg minh. Gia s n va k 14 céc s6 tir nhién
tho trugc, con p 1a sb nguyén t6 <n. Néu mot
% trong day sé 1,2,...,n chia hét cho p* thi nd
“0 phai ¢ dang [p*, trong d6 1 1 sb ty nhién

thoa man 44 1 . 5 B 5 ca
2 mén diéu kign Jp* <n ticla 15;}7 . So cac

$0 1 b n : . Y
bing [“T] Mit khéc 15 rang la s6 mu &
P

cia 3 p nim trong phan tich sé n! thanh cac
thira sb nguyén tb s& la tng cac sb ma sb iy bang
s6 phén tir cia day 1,2,...,n chia hét cho p, s6

phén tir chia hét cho p?, sb phin tir chia hét cho
P’... Tl d6 ta nhan dugc cong thic (1).
Bo dé 1. Déi véi cac s6 tir nhién n>1 ta cé:
2}’] 4:1
> (2).
( n J 2Jn

Chirng minh. BDT(2) luén c6 véi n=2, boi vi

22
v6i s6 tu nhién 7. Khi d6 ta c6:
(27}4—2]: 2(2n+1)(2nJ g 2(2n+1)4"
n+1 n+l \n (n+1)2\/;
2(2n+1)4" 4!

T fan(n+)n+1 Tk
do (2n+1) >4n(n+1) suy ra 2n+1>4n(n+1).

Vi vay ta da chimg minh dugc BDT(2) ding voi
cac s6 tr nhién n > 1 bing quy nap toan hoc.

4 : .
(2j=6> 4 Gia thiét ring BDT(2) 1a ding

Bb dé 2. Tich P, 16t ca cdc 6 nguyén t6 <n (o
day n la mét $6 tir nhién 1ém hon 1) nho hon 4.
Chirng minh. RS rang bd dé dang voi n=2. Gia
sir n 1 sb tw nhién > 2. Gid s b6 dé 12 ding véi
cac sb ty nhién <n. Néu n 1a mot sb chin thi
P =P, c6 nghia 1a bd @& cung dtng véi s6 7.
Néu n=2k+1, trong d6 k& 1a sb tu nhién khac 0
thi mdi songuyento p sao cho k+2<p<2k+1
s& 12 woc sb clia so:

ske)_(h) 240k (k42) )

k 1.2k

TOHN HOC 37
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o (2k+1) (2k+1) (2k+1
Bai vi: (I+1)2“>[ ; ]+(k+1]=2( g 1

nén ta ¢c6 (Zk + 1] < 4* Tich tit ca cac sb6 nguyén
k

t5 (khdc nhau) sao cho k+2<p<2k+1 1a ubc
s6 ctia 58 (3). Do d6 n6 phai nhé hon 4* . Theo gis}
thiét bd d& 1 dung déi voi cac sb twr nhién nhg
hon 7 nén tich cic sé nguyén t6 <k +1 sé& phai
nho hon 4**'. Cho nén
Pn = szﬂ < 4k‘4k+1 =42k+1 =4n’

trdo P, <4". Vi vay theo quy nap toan hoc thi bd
dé 1a duing véi moi sé ty nhién 7.

 (2nm

A A A . . £ - a . A

Bo dé 3. Néw p la woc sé nguyén to cua so [ s
n

ngodi ra p>2n thi p nam trong phdn tich cua

: [2n . ‘ : s B
SO [ thanh cdc thira sé nguyen 1o s€ co s6 mii
n

lom hon 1.
Chirng minh. Theo dinh 1y 1 56 mii cua sé nguyén
t6 p ndm trong phan tich cia sé (2n)! thanh c4c

N Az | 2nm 2n 2n
thira s6 nguyén t6 la | 22|, =4 5
P P P

con s6 mil cia p nam trong phén tich cia sé gl
thinh cic thia sb nguyén t6 Ja

) 2n 2n)!

[£J+[iz]+!:is}+ . B&i vi [ J:L’?)T
pjLp P nJ (n)

nén sé mi cua sé nguyén td p nim trong phan

: (2n . . | £ %
tich cua s6 [ J thanh cac thura s nguyén tj sg
n

wa-3 231252 )4))

Néu p>+2n thi p=+/2n chi trong trudmg hop
n=2.Cho nén d6i véi n#2 ta cé p>2n,

a6 a____[&’_’_}_.z[l}<z dovdy a<2. Vi g |3
D P

sb nguyén nén o <1. Vay bb @& duoc chimg minh

S 522 (12-2020)

TOAN HOC
38 crusifpe

oz ién n# 2, con doi vai n=j
Lo er Sotu‘nhl
doi vo1 cac

4
. ~23.
bé dé vin ding do (2]

. [ 2n ) r

Bb dé 4. Méi woc sO cua so (n] c6 dang p ,

trong do p la 56 nguyén 16 con rla sé tr nhién
2n %(2n)

khong vugt qud 2n, 1a co: ( B Jg (2n)"", trong

dé n(x) la ky hiéu $6 1t cd cdc 6 nguyén 16 < x.
: [ 7 thi sb nguyén té
r inh. Néu p” p
Chirng minh. Néu p n

2n

J thanh cic thira
n

nam trong phén tich cua so (

s6 nguyén to s& c6 50 mil 1a

2]

Néu p”" >2n thi k> r v ta s co:

545 owan21.45)
P y4 =1\ P P

Nhung do d6i véi cac sé thuc x ta ludn cé bt
dang thire [2x]-2[x]<1, nén tir d6 ta suy ra
“Sr-l whi voi a>r. Vi vay P <2n. Pé

chimg minh phan thyt haj cia b6 dé ta c6 nhan xét

3 - z (2n S
rang trong phan tich s§ ( J thanh céc thira s6
n

2
3"<P<nlgicg thé!duacsécuas“ (2 J
n
Ch ] &y 2
#Ng minh, N§, 37<ps<n thi 3. 75
P P
Do dg; | 27 v i 2n ‘
RS —qJ—z[f}O (dicu
p p
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: | 2n n
go duoc Suy Ta tr {?}2[5}52—2.1:0

.| 2m 7] B ,
nghia 18 21 A <0 mat khic d8i v ms;

sb thue x 1 1udn 6 [2x]-2[x]> 0y pg: véi

. 4
g2l taludn 66 p* > do g5 279

~— <—«<1
P o
4 véi n>4. Cho nén | 2" ‘ 5
i . |72 —|=0 &b
P p
voi k21 va n>4.Do d6 v6i n> 4 6 p nim

2n

n

trong phan tich sb [ J thanh céc thyra sé nguyén

t phai c6 s6 mi béng 0, tic 13 58 (2’?] khéng
n

chia bét cho p. Vi vay déi voi > 4 bd @ 1a

ding. Péi véi cac truong hop n=2 va » =3 ta

kiém tra d€ xac nhan bd dé cling ding. Trong ca

hai trudng hop s6 nguyén té p thoa min diéu

. & X oty sy 2 ‘

kién En<p$n can phéai bang 3. S§ 3 cung
x TR TUP Y S g o

khéng phai 13 udc sé cua s {3): 20 va cing

o ; ; . (8 .
khéng phai 1 wéc sé cua sé [4} =70. B6 dé da

dugc chimg minh.
Bb ¢ 6. ¢ nguyén t6 p thoa man diéu kién

: B 2 (2n 5
"<P<2n nam trong phdn tich sé thanh
n
cdc thirg 56 nguyén 16 cé sé mi bang 1.
Chimg minh. D& voi n<p<2n ta cb

2n -
f«—=<2, 2.1, Cho nén [gﬁ}=l, [-—}-—-0.
p P P
D0iv6i k22 tacs 21< 2 <2 Do do dbi voi
p* P n

">1 thi 3§<1 nghia 13 [31}}0, do vay ta
p p

¢l | om PRI 1a 9d
"8 c6 [-—,‘-}—-0. Vi viy s6 mii o cua sO p

nim AD tioh o4
trong phan tich sd (2") thanh cac thira sé
n

UBUYeN 0 phai bing |
ONg can phai xét, 4

théa man g3, kién

chimg minh, ‘

- Truomg hop n=1 ta
0 khéng c6 s6 nguyén t§ p
n<p<2n. B§ d& duogc

Bb 48 7. DGi v e o4
€ 7. Déi v ¢ac so ti nhién n>14 ta luén cé

bat déng thire n(n) S—l-n—l.
2

=T

Chimg mink. DE tinh duge 7 (14)= 6= 14

Do d6 bd d& 1a ding déi vei n=14. Gi sq n la
$0 tu nhién >15. Trong day s§ 1,2,....n céc sé

chin 2,4,8,...,2[%} la céc hop sb. S5 hwong cua

oo g | R _ ;
ching 1a {5]-1. Ngoai ra trong diy s6 1,2,...,n

VOl n215 ¢6 cac sd 1, 9, 15 nim trong ciing
khong phai la cac s nguyén td. cho nén

ﬁ(n)Sn—[{-g-}—l+3]=n—[-§]—2<§—1

(boi vi [—’3}2—1). Vi vay n(n)<in-1 géi
2] 2 2

véi n 215 va b & dugc chimg minh,

BO ¢ 8. Gia sir R, 1a ky hiéu tich 1t ca cic sé

nguyén 16 P sao cho n< p<2n va gia sir R =1

trong tricong hop khi khéng co 56 nguyén 16 ndo

n

3 14
nhiwe vay ca. Khi dé R, > = (4) doivoi
2\/;(2}1)\/5

tdt ca cac so tw nhién n>98.

Chirng minh. Tu dinh nghia cua R ta suy ra

; 2 )
rang R, |(2n] . Do do [ nj =0, .R,,trong do O,
n n

la s ty nhién. Tir 46 do bé d& 6 ta két luan ring
khong c6 mét sb nguyén t p nao, thoa man diéu
kién n< p<2n, 12 c6 mit trong phan tich s6 O,
thanh c4c thira s6 nguyén té ca. Vi vay sb 1r‘1guyén
o p nim trong phén tich dé cén pha:u < n
Nhung khi d6 theo bd dé 5 thi ching cin phai

htt s://tiet%%ﬂggtggrg
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2 g s A tA
.<_3~n. Nhu vay tich cua tit ca cac sé nguyén tb

khéc nhau sao cho P|Q, s& khong vuot qua tich
tit c4 cac s6 nguyén t§ < %n va do d6 theo bé dé
P

2 58 <43)<qy 1y bo d& 3 va quan hé

2?’! ’ M r 4 ~ :(
0, l( J ta ket luan ring sé mii cua sé nguyen to
n

p nim trong phan tich s Q. thanh cac thira sé
nguyén t§ s& > chi trong truéng hop khi
P<2n .88 cac sé nguyén t6 nhur vy theo bé dé
7 (duogc khi ta thay n trong d6 bang [\/ﬂ] , va
boi vi ta thay ring tr didu kién »>98 ta ¢c6

V2n 214, tir g4 [\/271]214)phéi nhé hon —-“22"
Theo bd dé 4 tich ldy thira cua céc sé nguyén tb
3 a2 2 £
ham trong phan tich sé ( HJ thanh cac thira s
n

nguyén t4, do d6 tich liy thira ctia cac sé nguyén
t0 ndm trong phan tich s O, thanh cic thira sd

5 V2n
nguyén to s& phaj bé hon (2n) 2 . Tu 46 suy ra

2o ¥2n 2n
O,<4°.(2n) 7 . Nhung do [ }:QH.R" va
n

5 4" ”
theo b0 dé 1 O,.R >—— thi ta 4a dang nhan
2n

duoc cong thirc (4). Bb dé dugc chimg minh,

B6 a2 9. DSi vii moi $6 tw nhién k28 ta ¢

2* >18(k +1).

Chirng minh. Ta c6 2°=256>189. Néu

2" >18(k+1) thi 2% = 2% 4 24
>18k+18+18k+18>18k+36=18(k+2)_

Vi viy ta nhidn duogc chimg minh bd d¢é theo

phuong phép quy nap.

B6 a8 10. D61 voi 56 thie x>8 tacs 2° > 13y

Chitng minh. D6i véi sb thuc x> 8 ta c6 [x]=8.

Do 46 theo b6 @& 9 4

2* > ol >18([x]+1)>18x tir 6 2* >18x.

TOAN HOC
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Bé dé 11. Doi voi sO tw nhién k¢ y
2 >6(k+1). o N
Chirng minh. Do b0 d€ 9 nén ta chi cin Chimg
minh bb & 11 ddi v6i k=6 va k=7 J 4
Nhung 26 =64>6.7 va 2" =128>6.8,

B d 12. P6i voi 56 thiee x 26 tacé 2 > 6x.
Chitng minh. Ching minh tuong tr nhu véi gj
dé 10.

Bé dé 13. Doi vii s6 twe nhien n>648 4y

R, >2n. ‘
Chitng minh. Do bd dé 8 ta chi cn chimg migp

2 N R
ring néu 7> 648 thi 4° > 4nn (27)"" 1a du. T,

: . . V2 y
nhan xét rang néu n > 648 thi -—6n 26 va theo
b6 dé 12ta c6 BDT 2 ¢ > /21, Tir d6 bang cich
ning ca 2 vé BPT nay Ién ldy thira mii 27 ta

nhén dugec 23 > (2n)m. Nhung do » > 648 tirc

2n

1a —9—>8 nén theo bd dé 10 ta ¢4

2n
2n 2 n
29 >18.-9f"-=4n nén 2° >4nan > anfn . Vi

Vdy, VOi 5> 648 ta ¢o 23>(2n)J»Tz \Z

2 >4ndn tr g 45 s 4nfn(2n)™ | BS &
dugc chimg minh

=6 dinh Iy hién nhién I
€0 hai 6 nguyen t4 1a 7 va
4 thi ta chi cdn chimg minh

https://tieulun.hopto.org



; iy 2 dang d6i voi cac sb tu nhién n sao cho
e 648 1a du. pé chimg t6 didu d6 ta khong
v p thlet phai kiém fra truc tlep dinh ly dbi véi
a8 sownhlen 7,8,...,a=647. Chi cén thiét 1ap

iy A0 céc sb nguyén 6 999;»---»9,, Sao cho
q{,=7 q,k<2qk2 dé1 v k=23,...m va

>a 1a do. That vay, gia su » 13 ky hiéu mot
6 gy nhién N&o d6 sao cho 7<n<a. S$6 hang diu
fién cua day 4o.91>-->9» KhOng vuot qua n, sb
hang cudicing >azn do dé > n. Vi vy ton tai
chisélénnhﬁt k ,nho hon m -1, sao cho ¢, <n.
vay ta cO k+2<m, n<g,. Do c6 quan hé

G 24, S <2n di xéc lap rang gita n va 2n co

chira it nhit 2 s6 nguyén t: Gy VA Gy -

Véi sy giup do cua bang cac so nguyén td ta de
dang kiém tra duoc ring day sb & trén 1a diy sé
7,11, 13,19, 23, 37, 43, 73, 83, 139, 163,277,317,
547, 631, 653, 1259.

Ta thiy rang tir chimg minh dinh ly 2 ta tryc tiép
suy ra

Pinh ly 3 (Chebyshev). Néu n la sé tu nhién >3
thi giita n va 2n—2 c6 chira it nhdt la mét 50
nguyén 16.

Chirng minh. péi v&i n=4 va n=5 dinh 1)’/ la
diing, bai vi gira 4 va 6 c6 chira s& nguyén t6 5,
gitra 5 va 8 c6 chua s6 nguyén t6 7. Néu n>5
theo dinh ly 2 gitra 7 va 2n c6 chua it nhit hai
s6 nguyén t6. Neu s 1om nhét trong ching la s6
g=2n—1 thi s6 kia can phai <2n- 2, boi vi

la mot hop sb. Vi vay
—1 thi do

2n-2 vol n>5
n<p<2n-2. Cing vay néu g <2n
P<g mdt lan nira ta lai c0 n<p<2n-2.

HE qui 1. Néu n la 56 e nhién >1 thi gida n vd
21 ¢6 chira it nhdt mjt s6 nguyén 16.

Chitng minh. Theo dinh 1y 3 thi hé qua la dang

Vi céic 56 ty nhién n > 3. Con Vo1 1= 2 van=3
thi h¢ qua cling dung, do gura 2 va4co s6 nguyén

3, con gita 3 va 6 c6 sd nguyén 6 5.

Eﬁm 1892 J. J. Sylvester da chimg minh (trong
D) mt tng quét hoa sau ddy cua hé qua 1:

“Néu
mun+lin+2,...

n>k thi trong  day s6
o n+k—1 tén tai it nhdt mdt s6 co
u6c 56 nguyén 16 >k, T d6 ta nhan dugc hé
qui 1 véi n=k+1. Ménh d& téng quat do da
dugc I Schur (trong [3]) ching minh vao nam
1929. Nam 1934 P. Erdos (trong [4]) d4 cho mot
chimg minh ngén gon va so cp hon (xem Erdos [5])-
Hé qua 2. Déi véi cdc s6 tyw nhién k > 1 ta o
P <2 (theo thir ty p, la 56 nguyén 16 thir k).
Chiing minh. Ta c6 p,=3<2?. Néu dbi véi sd
ty nhién & ma bit ding thic p, <2° la dung thi
theo hé qua 1 tn tai it nhat mot s nguyén td ndm
gitta 2¢ va 2!, ma r rang né 16n hon s6 p,. Vi
vay ta suy ra bt ding thic p,,, <2 la ding va
hé qua 2 dwoc chimg minh bing phép quy nap
toan hoc theo k.

Hé qua 3. Néu n>1 thi Irong phan tich s6 n!
thanh cdc thira s6 ;?guyen (6 thi tén tai it nhdt mot
thira s6 nguyén t6 c6 s6 mii la 1.

Chirng minh. RS rang dbi v6i n=2 hé qua la
dung. Néu n=2k>1, trong dé k 1a sd tu nhién
>1 thi (do hé qua 1) s& tdn tai sb nguyén tb p
sao cho k < p <2k, trdo p<n<2p dodd p la

udc sb cua chi mot thira sb trong tich 1.2...n. Mat
khac, néu n =2k +1, trong d6 k la sb tu nhién thi

tdn tai sé nguyén td p saocho k<p= 2k <n,tu
a6 2k <2p, dodo 2k+1< 2p sao cho nhu trong
truong hop diu tién ta c6 p<n<2p co nghia la
mét 4n nita ta lai thiy sy dung d4n cua hé qua.

Tir hé qua 3 ta tryc tiép suy ra két qua sau.

Hé qua 4. Déi véi cdc $6 tw nhren n>1 56 n
khong phai la mot liy thita cua so tu nhién voi 0
mii tw nhién > 1.

Bay gio tir dinh ly 2 ta suy ra khang dinh sau day.

Pinh ly 4. Déi voi cdc sé tw nhién k>3 fa co

pkﬂ < zpi\
Chirng minh. Gia sir k 1a

a6 p, > P =3 Theo dinh ly 2 gitfa 24 va 2p,
=

56 tu nhién >3. Khi

https: //thajmrm;ot‘?frg
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RO IV TS ISS 5 (ride theo trang 23)

Fcoblow 1778 'z Given non-negative numbers a, b,
¢ satisfying  250+45b+52c<95. Find the
maximum value of the expression
a+b b+c c+a
+ + .
a+b+l b+c+l c+a+l
Probicia T8/522 Given a triangle 4BC. Its incircle

(/) is tangent to BC, CA, AB respectively at D, E, F.
Let M be the reflection of F over B and N the
reflection of E over C. The altitude DH of DEF
intersects MN at G. Show that DH = DG.

Frovlem 19,322 Given non-negative numbers x, y,
z satisfying x+ y+z =3. Prove that

3 3 .
(" +y" +2°)(x y+y'z +2°x*) <36(xy + yz + zx).
Fowards Mazthematical Ol mpiad

Problem T10/522 The sequence (u,) is determined
as follows

=a

¢6 it nhit 14 hai s6 nguyén té va do hai sb nguyén
t6 bé nhét 16m hon p, lacacsd nguyén té DPiey V&
Pi.2>néntaphaicd p,,,<2p,.

Nguogc lai tir dinh 1y 4 ta c6 thé truc tiép suy ra
dinh ly 2. That vy, gié su dinh l)'r'4 la ding va gia
st n la ky hiéu s6 tr nhién bit ky >6. Vay
n>7,c6nghia la p,=7<n. Gia st p, 1a s
nguyén t5 16m nhét khong vugt qua n; RS rang
k>3 va p,,>n. Theo dinh ly 4 ta ¢6
Praa <2p, £2n. Vivay gitta n va 2n ¢6 chira it
nhét 14 hai sb nguyén tb: Pia VA py.,. Viviy ta
chi con phai kiém tra tinh ding dén cua dinh ly 2
d6i v6i n=6 thdi.

Viy ta da chimg minh dugc dinh ly 2 va dinh Iy 4
1a twong duong theo nghia tr dinh 1y nay suy ra
dinh ly kia va nguoc lai.

Hé¢ qua 1. Tacd p, , <2p, dbivoi k=12, .

Chirng minh. Dbi véi k=4,5,... hé qua 1 dugc
suy ra truc tiép tir dinh 1y 4. Ta kiém tra hé qua 1
ddi voi cic sb k=1,2,3: p,=3<4=2p,;

Py =5<6=2p,; p,=7<10=2p;.

TOAN HOC
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u1=16’u2=288 .
lln+2 =:1 82‘n+4 ——1'711" ,\112 ;:1

Find the smallest possible value for n so that U, is

2020

divisible by 277
Problem T11/522. Find all functions f: Z' —>7*

satisfying f (-:—2((-::—0)) =n*",(Vnek).

Problem T12/522. Given a triangle ABC. Let 4’ be
the reflection of A over the midpoint M of BC. The
line AA' intersects (A'BC)at the second point X,
Let I, J respectively be the centers of (K4B) and
(KAC). IJ intersects BC at S. Show that S4 is 3
tangent line of the circumcircle (O) of ABC.

Translated by NGUYEN PHU HOANG LAN
(College of Science - Vietnam National University, Hanoi)

HEé quid 2. Déi voi cdc s6 fr nhien k>1 ta c6
Pria S+ Py

Chirng minh. D6i v&i k>3 thi quan hé nay dugc
suy truc tiép tir Dinh Iy 4: p.,<2p, <p, * Pra
(do p, <p,.,). Nhung né ddng thoi cling dung
déi  véi k=2 va k=3, That  vay,
Ps=T<3+5=p,+p, va Ps=11<5+7=p, +p,.
M6t chimg minh kha phirc tap nhung hoan toan so
cép: Hy vong cac ban yé€u toan s& hoc hoi duoc
nhi€u diéu tir chimg minh nay.

TAI LIEU THAM KHAO
[1]. Erdos P. Beweis eines Satzes von Tschebyschef,

Acta Litt. Sci. Szeged, 5, 1932, p. 194—198.
[2]. Sylvester J. J - On arithmetjca]

series, Messenger
Math, 21, 1892, p. 1 —=10. 3730

0.
[3]. Schur 1. Einige Satze fiber Primzahlen mit
Anwendung auf Irreduzibilitatsfragen, S. B. Preuss.

»9,1934, p 282 9gg.

[5]'. Erdos P. Op consecutive integers, Nieuw. Arch
Wisk., C,3, 1955, P. 124-123
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TIENG ANH QUA cAc BAI TOAN
BAI SO 62

PROBLEM' Let n be the smalleg positive
teger such that the sum of its digits i equal to
2020. Find the number of digits of n.

solution. To find such smallest positive integer
n, we should have 9 as the digits as many as

possible in n.

We have 2020 = 224x 9 + 4,

T,herefon‘e the number n is 499...9 (224 number
9’s) and it has 225 digits.

TU VUNG
- chii 56
NGUYEN PHU HOANG LAN

(College of Science — Vietnam National university, Hanoi)

digit

sk ok ok ok sk b ok Sk Sk ke ok ok sk sk sk sk oeskok
Lk KSRt ookl sk o kol s ok ok ok ko o ok ok ok oo ook o s ok ok ook ok o o oKk o

BAI DICH SO 60
BAI TOAN. Hav tinh s6 cde diém nguyén nim
wén mdt hodc bén trong khéi tir dién diroe xdc
dinh boi cac mat phdng toa dé va mit phéing

x+y+z < 30.

Loi gidgi. Ta cin tim b ba s6 tu nhién (x, y, 2)
théa man bit ding thirc x + y + z < 30. Nhu
trong 56 bao trudce, ching ta c6 thé d& nhan théy
ring s6 cac diém nguyén thoa man dé bai ding
bing sé nghiém tu nhién cua phuong trinh

x+y+z+t=30.N6 bang C,.

Nhin xét. Céc ban sau co bai dich tot, gui bai
Ve Toa soan sém; Pham Van Thong, 11 Toan 1,
THPT chuyén Hung Yén, Hung Yén; Nguyén
Vin Nhgt Hup, 11 Todn 1, Ngo Hiru Quoc Bdo,
Lé Nguyén Qujnh Anh, 11 Toén 2, Lé Thi Mink
Thiy, 12 Toan 1, THPT chuyén Quéc hoc
Hué, Thira Thién Hud; Nguyén Hing Curons;
8 Bién Cuong, P. Ngo May, TP. Quy Nhom,
Binp Dinh.

HO HAI (Ha Noi)

“Two things are infinite: The universe and human

stupidity; and I'm not sure about the universe.”
Alberts Einstein

A famous statistician would never travel by airplane,

because he had studied air travel and estimated the

probability of there being a bomb any given flight

was 1 in a million, and he was not prepared to accept

these odds.

One day the colleague met him at the conference far

from home.

“How did you get here, by train?

“No, I flew.”

“What about your possibility of a bomb?”

“Well, I began thinking that if the odds of one bomb

are 1: 1000000, then the odds of two bombs are

1 1

R T
1000000 1000000
probability, which I can accept. So, now I bring my

»
bomb along!
******************************************

GIOT THIEU SACH:

PONG TAP TOAN HQC VA TUOI TRE NAM 2020
o Déng tap 12 s trong ndm 2020
¢ Péng bia cimg o Tién tra clru
« Bi dudng hoc sinh giéi ¢ Qud tang cho hoc sinh
« Gi4 bia: 210.000 dong
Ban doc c6 nhu ciu mua déng tap
lién hé theo
S dién thoai:
Email: toa

AN HOC
gﬂ@gﬁﬂﬂgﬁﬂm U@ﬂa.org

This is very, very small

2020 xin vui 1ong

024.35682701, 024.3514264.!9
nhoctuoitrevietnam@gmall.com
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\-s_,,v‘ ::HWM“;::M,@JJ/WJ
BAI TOAN 43. Cho x,y la cdc s6 thuc thay
doi thoa man diéy kien x* —xy+y* =3. Tim
gia tri Iém nhdt vo gid tri nho nhat cua biéu
thite P=5%* 4 3?2,

(Dé thi TS vao I6p 10 chuyén todn — TP. Hé Chi
Minh, ndm hoc 2018 - 207 9
Loi gidi.
Cach 1: Sv dung Phicong phdp danh gid
X —xp+ ¥ =3
< 2x* —xp+3*)=6
< x? +y? +(x—_y)2 =6
< x? +y* =6—(x«y)2 <6.
Suyra max P=6<> x =y =+./3.
P=x’+y’
- 3(x2 + yz)
3 2
3(x +57) = (x+ y)
2

2
S
3

=—§—(x2—xy+y2)=2.

Vay minP=2<x=1, y=-1.
Cach 2: Si dung phwong phdp bat dding thirc
3 X4y -
Ta co: —=%ﬂ
X +y

W .
x* + y?

=1-

TOAN HOC
44 st
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< 51+1

2 x2+y? 2
ol3 3 arcpes
2 P

Viy maxP=6< x=y=+3;
minP=2<x=1, y=-1.
Cach 3: St dung phirong phdp mién gia tri
- 3
Ta co: £=—2)Ly2-
X —xy+)y

2
P (f] +1
sE_\NYS

3 /.\2 '
y) y

2
bat =% va M=_" +1
Y 2 —r+1

M thube mién gia tri ctia ham s§ th phuong
o]
S )
phuong trinh: (M—l)tzaMt+M—1=0(*) cd

nghiém ¢
Néu M
t=0.

. V6i mdi gid tri

trinh

=M c¢6 nghiém ¢ khi va chj khi

=1 thi phuong trinp (*) co6 nghiém

NEu M #1 th (*)co nghiém < A >0

<M ~4(M -~ 1) >0<:>§SM_<_2

https://tieulun.hopto.org



4: S dung dieu kién he a1 ximg o

(heh
i Toch: e Lt
(ycbt) & hé sau ¢O nghiém: (t ~t+1)*
Bang bién thia
Pty = @{XJFP‘—” *———jnthlen
xz+y2-_=P (x+y)2 =P+2xy r—f—f(t_)_:‘i_,__;l 1 +00
s = “fF o 0 -
W:P-—a B xy=P-3 1 2
2 t
@ (x+y) =P+2(P-3) (x+y)2=3P_620' 14 \ /
#é ¢o nghiém <:>3P—6—4(P—3)20<:>Ps6 &
3

@3iP-620=P22 Suyra 2<P<e6.

2
viy max P=6 < x =y =+3; Suyra.gsf(;)gz

mnP=2<x=1, y=-1. hay%s§—32<:>23PS6.

Cich 5: Sur dung phwong phdp ham sé .
< v 5 Vay maXP=6<:>x=y:i\/§;
pitr=xy. Tu x=xy+y =3 _
mnP=2&x=1, y=-1
2
¢>3-W=—3+(I+Jf‘) 23 =vxy=—1 va TRAN VAN HANH
: g (GV PH Pham Viin Déng, Quang Ngdi)
Y-xy+y =3 xy=3-(x-y) <3=>xy<3.
Nhin xét. Ngoai 6 cich giai cua ban Tran Vin
Suyra —1<xy <3 hay —1<¢<3.Taco: ) g " ..g . : . o p
Hanh, ngudi gii thiéu bai toan 43, Toa soan cung
P=x’*+y*=3+xy=3+¢ nhin dugc mot sb cach giai tot tir: Trdn Vin Qudn,
11 Toan 1, THPT chuyén Hung Yén, Hung Yén; Lé

Xét = ~1:3], £(f) 1a him sb d .
¢ f(f) t+3,IE[ . ] f() a ham S0 Ngoc Cédm Ti, Nguyén Phuong Thao, Tir Nguyén

dong bien. Do db: —1<¢<3 Dirc Anh, 10 Toén 1, Lé Thi Thanh Tam, Lé Thiiy
e f(-)<f(n)sf(3)e=2< f(t)=e. Tién, 10 Toin 2, THPT chuyén Quéc hoc Hué,
Va A Thira Thién Hué; Nguyén Hing Cuong, 85 Bién
B e =g =2 Cuong, P. Ngo Miy, TP. Quy Nhon, tinh Binh
minP=2<x=1, y=-1. Pinh. Xin hoan nghénh céc ban.
Céch 6: Sur dung phwong phap dao ham ' LE MAI (Ha Noi)
Taeg. P % +Y Mai chc ban giri 10i gidi BAI TOAN 45 dudi day vé
0, —= .
3 xr-xy+ y2 Toa soan Tap chi TH&TT trude ngay 30. 1.2021.
X - BAI TOAN 45. Cho n $6 thire dieong X, Xy X,
p [;) + neN,n>1. Ching minh bét dang thirc:
MR 1o 1
= 3 (x,+x2+...+x”)[——+—-+...+~)2n‘.
y) ¥ X X% X,
241 NGO VAN THAI
Dat,_ X o . A . Thdi Binh)
ir=" vaxéthamsd f(f)= ,1eR (

y £ —t+1

S6 522%@_[2&2({)/1:@9 0 9



BAI TOAN 51. (2002 Romanian Team Selection
Test for JBMO) Bon chit sé cudi ciia mét s6 chinh
phuong bing nhau, Tt ca cac chiv s6 do bdug 0.
Loi gigi. Ky higu k* 1a s6 chinh phuong va a 14 chit
§0 xuat hién trong 4'ch1‘r s6 cudi cua né. Dé thiy a la
mdt trong céc chir s6: 0, 1, 4, 5, 6,9.
Tacé: k* =a.llll (mod 16) (1).
1) Néua =0 thita co ngay diéu cédn chimg minh.
2) Gia sir ring ae{l,59}. Do k*=0 (mod 8),
k* =1 (mod 8), k* =4 (mod 8) va 1111=7 (mod 8)
néntaco: 1.1111=7 (mod 8), 5.1111=3 (mod 8),
9.1111=7 (mod 8). Vay (1) khéng dung.
3)Giasx ae{4,6}. Do 1111=7 (mod 16) nén

4.1111=12 (mod 16) va 6.1111=10 (mod 16).

Nhu viy trong truong hop nay (1) ciing khdng ding,
Két Iugn: Tir cac trudmg hop trén ta ¢6 di€u ph
jc\’i;j;t:g :e’ltfthéc ban tham gia déu c6 cach giai ding
cho' bai ndy v6i nhimg ddnh gid khac nhauh. Tl,ly
nhién mot sé ban lap luan con dai. Xin néu tén céc
ban 1a: Phan Trung Kién, 11T1, THPT chuyén Lg
Q'uy Poén, TP. Viing Tau, Ba Ria - Ving Tau.
Pbng Thép; Lé Thi Thanh Tdm, 10 Toén 2, THPT
chuyén Quéc hoc Hué, Thira Thién Hué; Ddo Vin
Nam, 8C2, THCS&THPT Archimedes Pdng Anh,
Ha Néi; Nguyén Himg Cuong, 85 Bién Cuong, P.
Ngbé May, TP. Quy Nhon, Binh Dinh.

NHU HOANG (Ha Ngi)

Sau day la bai tap dé nghi. Ban doc hay guri 101 giai
vé Toa soan trude ngay 30.1.2021
BAI TAP PE NGHI

BAI TOAN 53. Tam gidac nguyén dioc dinh nghia
la tam gidc 6 56 do cdc canh la cdc sé nguvén. Hay
tim tat ca cdc tam gide nguyvén cé chu vi bcfwg dién
tich (khéng tinh dén don vi do).

KHANH HU'U (Ha Ngi)

******t*****#*##************************************************************************

Gidi dap: DO VUI T12.2019

Dé bai. Cho hinh vuong ABCD gém 16 ¢ vuéng nhir
hinh vé. Ban héay dién rié’p vao moi 6 vibng con
rr(fng cua hinh vuong dé mot sé g6m ba chir sé vei
cde chir 56 do thude tdp hop cdc chiv sé 13,4, 5,6}
sao cho cdc s6 trong cdc

0 vuéng déu khac nhau A B
16

ma fing cdc so theo moi

hang ngang, tong cac 5o 464
theo moi cét doc, tong —

cdc s6 theo moi dicong
chéo AC va BD déu bing
nhau va bang 2019.

64

D C

Ldi gidi. Téng céc sb theo dudmg chéo AC bing 346
+464 + 545 + 664 = 2019. Goi a, b, ¢, d 13 céc chir
s6 hang don vi ciia 4 s6 thupc mét cot thi phai cé 12
=34<a+b+tc+d<64=24néna+b+c+d=
19.Tr19=3+4+6+6=3+5+5+6=4+4+5
+6=4+5+5+5 tatao dugc ma phuong 4x4 sao
cho tong céc sb theo méi hang ngang, téng céc sb

4 6 T?gru:gg S3 522 (12-2020)

theo méi ot doc, tong céc sé theo mai duong chéo
AC va BD déu bing nhau va bing 19. Lam tuong tir
khi a, b, ¢, d 14 céc chir s6 hang chuc cua 4 s§ thude
mdt cdt thi p'héi coa+b+c+d= 20, khi a, b, c,.d
1a céc chit s6 hang trim cua 4 s6 thude mét cét thi
phaicéa+b+c+d =18. Té hop ba ma phuong d6
ta duoc ma‘phuorng 4x4 ma mdi 6 vubng la mét sé
€0 ba chit s6 véi cac chir
s6  thude tdp  hop | 346 | s64 | 663 | 446
{3, 4, 5, 6} thoa man
Yéu céu vé téng céc s6, | 645 | 464 | 355 | ss5
chi con xét tit ca 16 s
d6 phai khic nhau, Mot
cach dién sb thoa man &

bai nhu hinh bén, 363 | 336 | 456 | 664

Hoan nghénh ban Nguyén Ngoc Diép, 7A3, THCS
Pom Lét, huyén Dign Bién, bién Bién 43 cho mét
dép 4n ding,

—

F- ’
(=)
th

665 | 545 | 354

NGUYEN VIET HAT (Ha Ngi)

https://tieulun.hopto.org



/ T >
.w*”cr%

é‘w 02

\

LR
AL DAP: TIEP TUYEN PHAN BIET
i ding 17 TH&TT 56 517, thing 7 nim 2020)
phin fch sai lam. Céch giai nhy trén méi chi 1a didy

- cén, chua du.

i gidi dang. Cach giai ding, phdi bé sung diéu kién
i hu sau: Nguoc lai, vé&i —1<b<-—i—2— thi phuong

b (1) €6 4 nghiém phéan biét. Gia sit 4 nghiém phin
hiét 46 la p.q.r,s ¢
Gia str tai hai di€m c6 2 hoanh &§ khac nhau D.q
shmg €6 2 tiep tuyén tring nhau, nghia 13 théa man:
4
-§p3+3p2 _2p=—§q3 +3q2 —2q
p4_2p3+p2 _1=q4 —2q3 +q2~—1
(4
-(p’-¢)-3(p*-¢)+2(p-q)=0
13

p'-¢'-2p’ - )+ p’-¢q* =0

P4 pg+g)-3p+ ) +2=0

(P’ +¢+P’q+pg’)-2(p* +pg+q")+p+q=0
Dit S=p+q,P=p.q thi hé trd thanh:

r

%(SI—P)—3S+2=0
(8 -2PS)-2(5*-P)+S=0
o 4P =457 -95+6
28’ ~4PS - 45 +4P+25=0
> 28" (452 ~95 + 6)S — 452 + (457 —95 +6) +25 =0

3
®-28+48 135 +6=0 = 5=1,5=2, §=-.

Vis=1 g poley, _golvsis-22 P=1
4 2
¥ P=q=1. vgi S=3=> Pz—z—_ Do p#4q nén chi
2
mlﬁns__3 3
3 —.—.,P=_. - .
) 3 Lic nay
(p 3+43 3-3)(3-3 3+J§]}
sq)e _ ______,’______.-—
4 ’ 4 4 4

la

3:43
4

Vi x=p,x=g la nghiém cua (1) nén x=

61 "
nghiém ciia (1), tx (1) suy ra b=—"- Nhu véy theo

yéu ciu bai toan, didu kién can va du dé qua M ‘trén truc
tung c6 céc didm M (0;b) € Oy tir d6 ké den do thi (C)

15\ [ 6L
6 4 tiép tuyén phén bi¢t thi be —1,——Tg el

Nhan xét. Rét tiéc ring khong c6 ban nao phat hién dugc

sai 1am cha bai nay.

CO BAO NHIEU TIEP
TUYEN ?

D2 bai. C6 bao nhiéu tiép tuyén voi do thi
2 oy ok 7
(C):y=x*-2x*—1 ké tir diém M{;;—Z] ?
Al B.2.

C.3. D. 4.

Sau dday la loi gici cua ban Duyén lop 11A3:
Goi M, (x,;x; —2x; —1) 1a diém thudc 46 thi (C).Ta
cd: y'=4x —4x, y'(x,) =4x; —4x,. Tiép tuyén véi )

tai M, c6PT:y=(4x; —4x, )(x —x)) +x§ —2x2 —1 (d).
Tiép tuyén d di qua diém M[%;—ZJ khi va chi khi

7
2ot
<> 9x5 —28x; —6x; +28x,-3=0
& (x5 =1D(x,=3)(9x, = 1) =0

~ xﬂ =il,x0 =3,x0 =—1-_

Ta tim ra 4 gia tri cia x, nén c6 4 tiép didm M, thoa

man yéu ciu bai toan. Viy th M (l-—zj ké duoc 4
33

tiép tuyén t&i dd thi (O):y=x*-22_1.
Chon dap 4n D.

Cdc ban c6 tim ra két qud gr'é'ng két qud cia ban
Duyén khong? .

NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Béc Ninkh)

h /1 :
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GIAIPAP: SAI O PAU!
(pi ding trém TH&TT 56 518, thing 8 nim 2020)

Phiin tich. Ta can lvu y r%lng, dé su dung BDT
Cauchy ta quan tim t6i hai di€u: tht nhét 14 chon
duoe diém roi” (gid tri xay ra ddu “=") cua baj
todn nam trong tdp xac dinh cin X€t, thir hai chon
sic sb hang trong biéu thic d¢é danh gia sao cho
bidu thic can xét dat dugc GTLN (GTNN) tai
giém roi. Trong 101 giai, ban 4» da d4 méc sai 1dm

¢ hai diéu da chi ra nay, cu thé: ban An da chon
. 4

hai s0 hang la x va — 1a khong phu hop vi khi 4p
x

dung BDT Cauchy thi ddu “=" xay ra khi
x=2€[3;4+00).

Léi gigi ding. Ta c6: f(x)= =-i4- (do

x+—
x

X
X +4
x23).

St dung gia thiét x > 3 va ap dung BDT Cauchy
cho hai s& dwong, ta cé:

4 4x 4 5x x4 53 13
Xm=m p 2423 — =
x 9 x 9 9 9 3
Do do: ! <i
xt+4 x+i 13
x

z 3
Dau =" x4y ra <> x = 3. Viy maxf(x) Y

Chi j: g thé dung cong cu dao ham dé tim

2
GTLN cﬁaj(x) nhu' sau: fl(x) _sz +44 <0,Vx23:>
x+

bim g4 nghich bién trén [3; +), do do

f(x)<f(3)‘ :>maxf(x)— 2,

x23

Nhin xét. Tuyén duong ba ban d4 phat hién dugc sai
IAm vi dia ra 161 giai ding, d6 1a cac ban: L& Ngo
N’?‘-" Huy, s6 nha 111A, khu phé 1, phudng 7, TP.
Bén Tre, Bén Tre; Nuyén dnh Thi, 8A1, THCS Ké
An, K& Sach, Séc Tring; Lé Thj Thanh Tam, 10

Toan 2, THPT chuyén Quéc hoc Hué, Thira Thién
Hué.

LOI GIAI CO BUNG
KHONG?

Trong bai kiém tra mén Hinh hoc 16p 11 cé céu
hoi sau day:

Cho tir dién ABCD ¢6 AC = a, BD = 3a. Goi Mva
N lan lwot la trung diém cua AD va BC. Biét géc
giita hai diong thing AC va DB la 60°. Tinh MN.

Sau diy 13 phan lap luin va dip an cia ban
Minh Quéin:
A

D
Ta co: ‘MN“:E+TC+EN
va W=W)+E§+W nén

2.MN = MA+ MD+ AC+DB+CN+BN = AC +DB.

Do d6: 4.MN? = AC* + DB* +2.AC.DB

= +9a* +2.a.3a.cos60° =134°.

av13
=

Theo cdc ban, ban Minh Quén c6 dugc diém toi

Viy MN =

da ciia cdu hoi nay khong?
NGUYEN VAN XA
(GV THPT Yén Phong 56 2, Bdc Ninh)

https://tiegyannapto
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Tup ( I TOAN Ho( vu TUOI TRE Toa soan : 187B, Giang Vo, Dong Da, Ha Ni
. ; BT Bién tap: 024.35121607,
pT Phat hanh: 024.35142649, 024.35682701

Mﬁﬂlemmits tlﬂd YOUfh Mﬁgﬂline Email: {panhoctunitreviemam@amail.com

CHIU TRACH NHILM XUAT BAN

BAN €O VAN KHOA HOC .
Ché tich Hoi dong Thanh vién

GS. TSKH. TRAN VAN NHUNG NXBGD Viét Nam
TS.NGUYEN VAN VONG NGUYEN PUC THAI
e e HOANG LE BACH
PGS.TS. TRAN VAN HAO Vien trudng Vién nghién ctu Sich va Hoc ligu Giao duc
TS. PHAN XUAN THANH
HOI DONG BIEN TAP
Téng bién tép : TS. TRAN HUU NAM Phé Téng bién tap : CN. TRAN THI KIM CUONG
Thus ki Toa soan : ThS. HO QUANG VINH 7S. LE HONG MAI

TS. TRAN DINH CHAU, Ths. NGUYEN ANH DUNG, TS. TRAN NAM DONG, TS. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
TS. NGUYEN v_lET HAI, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. 7S. VU THANH KHIET,
GS. TSKH. waUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. 7S. TA DUY PHUONG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS. TS. VO
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Thur gifi ban doc T1/518, ..., T12/518, L1/518, L2/518.

o Danh cho Trung hoc Co 56 Solutions to Previous Problems
For Lower Secondary School Lich sir toan hoc
Bii Minh Trung — Khai thac dinh Iy Menelaus Tran Dai An, Pham Vin Hodng, Poan Thi L,
vao giai toan hinh hoc phing bic trung hoc co Pham Vii Léc, Ta Duy Phuong, Cung Thi Kim
.. Thanh, Phan Thi Anh T uyéz‘ — Bai toan bo vat

’ e trong hai cuén sich Han Ném din dén bai toa
Hudng dan giai dé thi tuyén sinh vao lép 10 i g; ia cip 5d " Nom din déo bai todn
tinh téng cla cap so cong.

Truéng THPT chuyén Bic Ninh, nim hoc 2020

- 2021, €D Ban co biét
Pé thi tuyén sinh vao 16p 10 Truong THPT Hoang Dirc Tdn — Lam manh thém bd dé
chuyén Binh Phudc, ndm hoc 2020-2021. Bertrand.

Phuong phap gidi toan

© 6 O

e Tiéng Anh qua céc bai toan — B s§ 62

Nguyén Thanh Giang ~ Ung dung luong giac ;
Bai dich s0 60.

trong chimg minh bat ding thirc.

@ Dé ra k ndy Q Nhiéu cich gidi cho mdt bai tosn
T1/522, ..., T12/522, L1/522, 1.2/522.
Problem in This Issue

€) Giii bai ki truoe O suitim o aiv

@ Du lich thé giéi qua céic bai todn hay

Bién tdp: LE MAL DUONG THUAN Mt thudr: QUOC HIEP, THANH LONG

Tri su, pht hank: HOANG THI KIM PHUONG, TRAN THIMINH HIEN Thiét ké, ché bdn: DUONG THUAN

e coacannis s - https://tieulun.hopto.org
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Knd 19 x 26,5
Gi bia- 126.000 ddng

Khd 19 x 26,5
Gia bia: 152.000 ddng
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Cran trong qiai thiéu cang ban d
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Mathematics and Youth Maganne

Nam 2012
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Nam 2018
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Mathemanics and Youth Magazine
Nam 2016
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&

Mathematics and Youth Magarine

Nam 2019
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Mo chitiét xin lién he:
TAP CHi TOAN HOC VA TUOI TRE
Dia chi: 187B Giang V&, Ha Noi.
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NXBGDVN di cb sy chuin by nmagumm&cm-pwmmumuéc
cung (my day du, dong bo, kip thin SGK 16p | mai dén HS, GV ea nute. SGK 1ép 1 duge
NXBGDVN trién khai in 31 cAc nha in ¢6 trang thiét by hién dgi, cong nghé tién tién nhim
dam bao chit fugng, tién 46, Sir dung tem ching gia cong nghé 4.0 cho SGK méi nham ho
trg HS, GV khai thac cbe hoc liéu dién tir kém theo SGK va han ché sach gia, séch in lju.

SGK 16p | bat ddu duge phit hanh tir 15/6/2020 trén toan qube, dam bao HS va GV ¢b
du sach trude ngay 15/8/2020 theo chi dao cua BO GD&DT

Trong thang phat hanh phyc vu khai giang ndm hoc mé, toan hé thong cua hang béan

Ié chuin by ddy du hang hod, mé cua ban hang tit ca cic ngay trong tuin, niém yét day du

bang gia, dong thai 16 chirc cae chuong trinh khuyén ma

- Pudmg day nong giai dap mo thac mac vé nhu cau mua SGK tiép tye dugce duy tri tr
ngay 15/6/2020 nhw sau:

S6 dien thoai: 0377 333 545

Theri gian triec: tir 8h00 dén 22000 (1ir ngay 1516 dén ngay 151972020 ké ca thir Bov,
Chu nhat va ngay 1é),

- Dé tranh mua phai sach gia, sich in lju, GV, PH va HS nén tim mua séch 1ai céc cira
hang thude hé théng phan phoi chinh thic cua NXBGDVN, céc cong ty sach - thiét bi
truémg hoc dja phuong; khong mua sach tr cic nguon trdi ndi trén thy truomg

Nham giap GV, PH va HS thudn tién trong viée tim hiéu, g0p ¥ cho SGK 16p 1 méi.
NXBGDVN a4 dang tai A& ban doc truy cap mién phi phién ban dién 1r cac bd SGK lcrp
| cung nhimg tai hgu va hoc liéu ho trg GV giang day SGK méi i dia chi nxbed v
sachdientu va nxbgd.yn/taphuan. Ngoai ra, GV, PH, HS ¢6 thé wao db; nhimg vén dé xung

quanh SGK mai cua NXBGDVN thong qua dia chi E-mail: hoidapsghianybo %

Gidy phép XB sb 534/GP-BTTTT cap ngay 19.11.2020; M& sb: SPT12M0
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