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Trong qua trinh bién déi mot biéu thic ra la sb
nguyén, thudng cho ta mot két qua dep trong toan
hoc. Tuy nhién, viéc chirtng minh mét biéu thic 1a sb
nguyén, hay tim gia tri cla bién dé& mot biéu thirc 1a
50 nguyén 13 nhimg dang toan khé nhung céch giai
lai rét phong phi. Dé giai cac bai toan biéu thirc vé
sb nguyén phai két hop giita viéc bién d6i dai s6 véi
chc kién thirc vé sb hoc. Bai viét nay gi6i thigu véi
ban doc mot sb bai todn xung quanh bai toan vé biéu
thirc c6 gia tri 1a s6 nguyén.

I. CHUNG MINH PHAN THUC PAI SO LA
SO NGUYEN.

Bai 1.1. Chirng minh véi moi x € 7 thi biéu thirc
sau nhdn gia tri nguyén

3 2
P(x)=1985.2-+1979.2 +5.%.
3 276

Loi gidgi. Ta co:

3 3 7
P(x)=(1983'x_+989x2+xJ+2x +x__£
= 3 2 6
3 2
=(661x" +989x" +x)+£r—2u
= (661 +989x" +x) + 3 (x+1) x(x-1)(x+1)

6

Vidx? (x+1): 6 x(x=1)(x+1):6 véi moi xeZ
nén gid tri cia P(x) luén la s nguyén,

Nhin xét. Téch biéu thirc P(x) thanh bidu thirc
nguyén va phan thirc, dya vao ddu hidu chia hét
chimg minh phan thirc ¢6 gia trj 1a sé nguyén.

(3 +4)(7* +4)(11°+4).. (103" +4)
(1“+4)(5‘+4)(9“+4)....(501“+4) '
Chimg minh rang P la sé nguyén.

Léi gidi. Ta co:

o +4=(n2 +2)2 —(2n)2=(n2 —23*1-1-2)(112 +2n+2);

Bai 1.2. Cho P=

(n+2)" —2(n+2)+2=n"+2n+2.
Cho n=13,5,... taco:

(3*- 23+2)(3* +2.3+ 2)

(12-2.1+2)(12+2.1+2)

(103 —~2.103+2)(103* +2.103+2)

" (1017 —2.101+ 2)(10T° +2.101+2)

1032 +2.103+2
T 1P-21+2
Vay P la sé nguyeén.

P =

e

=10817.

Nhin xét. Rat gon bié? thirc dya vii({ hing ding
thl:rc dang nhé. Ta c6 thé giai bai todn tong quat véi
biéu thirc:
o (3" +4)(7" +4)(11* +4)..[ (4n-1)" +4] -
(1 +4)(5 +4)(o" +4)...] (4n-3)’ +4] SN
Bai 1.3. Cho biéu thirc
_ x“(y~z)+y4 (z—x)+z4(x—y)
(x+y) +(y+z) +(z+x)
trongdo x,y,z€Z va x>y>z. Chirng minh A
la 56 nguyén dwong.

Loi gidi, Xét tir s6 cua bidu thire 4
x“(y—z)+y4(zfx)+z4(x—y)
=x"(y—x+x—z)+y4(z—x)+z4(x—y)
=(.7c—y)(z4 —x“')+(z—x)(y4 —-x“)
(x—y)(z—x)[(z+x)(z2 +x2)-—(x+y)(x2 +y2):|
x—y)(x—z)(y—z)[x2 +y* +2? +xy+xz+yz]
=%-(x—y)(x—z)(y~z)[(x+y)2 +(y+2) +(z +x)2]

A 1
Do x>y >z nén A=5.(x—y)(x—z)(y-—z)>0.

Il
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Ma trong ba s nguyén x,y,z c6 it nhit hai s6
cling tinh chin 1é. Do d6 c6 it nhit mét trong cac
hiéu x—y,x—z,y—z la sb chin. Suy ra 4 1a s0
nguyén duong.
Bai 1.4. V5i a,b,c 1a cdc s6 thuc thoa man diéu
kién:ab+bc+ca=abc+a+b+c,3+ab#2a+b,
3+bc#2b+c,3+ca+2c+a. Chimg minh ring
biéu thirc sau la 56 nguyén
1 1 1
= + + .
3+ab-(2a+b) 3+bc—(2b+c) 3+ac—(2€+a)

Loi gigi. Tk ab+bc+ca=abc+a+b+c
< (1-a)(1-b)(1-¢)=1, taco:
1

T+(1-a)+(1-a)(1=6)  1+(1=b)+(1-b)(1—c)
1
T+ 0= +(1-0)(1-a)

1 l-a
“1+(—a)+(1-a)(1-6)  (1—a)+(1-a)(1-
. (-a)i-b)
(l a)(l b)+1+(1 a)
1+(1—a)+(1—a)(1—b)_
T1+(1—a)+(1-a)(1-5)
Viy biéu thiuc P 14 s6 nguyén.
Bai 1.5. Cho
abc® =1. Chirng minh biéu thirc
1 1

+ 2
1+b+bc+bc

1 1
+ +

2 2
l+c+c¢" +c¢’a

b)+1

a,b,c thoa miain dd}?g thirc

1+ a+ab+abc

l+c+ca+cab
la 56 nguyén.
Loi gidi. Ta co:
1 + a
“l+a+ab+abc  a(l+b+bc+bc?)
ab abc
+ +
ab(l +c+c? +c2a) abc(1+ ¢ +ca+cab)

1 a
a+ab+abc+1
ab abe
+ +
ab+abc+l1+a abc+l+a+ab
_l+a+ab+abc=1
“l+a+ab+abc

NH
2 T?Q-rumgce S48 521 (11- 2020)

1+ atab+abe

Viy bidu thirc P 12 s6 nguyén.

Nhin xét. Gibng nhu bai 1.4, trong bai nay ta 3 dya
vao gid thit bién adi bbn phan thirc da cho cé Cung
mau. Tir d6 chimg to dugc biéu thirc d3 cho 1a sé

nguyén.

Bai 1.6. Chimg minh rdng voi moi neN, n>]

e e # 3n’ ]
thi gid tri cua biéu thire A= e + —
khéng thé la mét s6 ty nhién.

3n’ 1
Loi gidgi. Taco: A= - + e
3n? 1 3n* +2n~1

= + =

(n+l)(2n—1) n+1 (n+1)(2n—1)

_(n+1)(3n-1) _3n-1

(n+1)(2n 1) 2n—-1
Cdch 1. Gia st A c6 gia tri 1a mot s6 tw nhién thi
(3n-1)}(2n—1} (v6i neN, n>1). Suy ra:

(6n-2)i(2n-1) < [3(2n-1)+1]{(2n-1).

& 1i(2n-1): volivi 2n-1>1 (do n>1).
Viy gia tri biéu thirc 4 khong thé 14 s6 tu nhién.

Cich 2. A=""Lo14— " V6i neN n>1 thi
2n—1 2n-1
0<n<2n-1=0< <1l. Do 46 "
2n-1 2n—-1

khong 1a s nguyén, suy ra 4 khong thé 1a sb tu
nhién.

Nhin xét. Céch giai thir nhit si dung phwong phap
phén chirng, cich giai thit hai sir dung phuong phap
tach biéu thirc di cho thanh mét biéu thie nguyén va
mét bidu thirc khong 1a sb nguyén,

(x+y)
x4t —xly- )
V6i x,y la hai s6 nguyén dwong phan biét. Chirng
minh rang M khéng thé nhdn gia tri nguyén.

(x+y)’ .
(=) ey "
(x+y)
(x=»)(x* +5?)

Bai 1.7. Cho biéu thire M =

Léi gigi. Tacd M =

Gié.S]:IM: EZ

https://tieulun.hopto.org |



B e

A T T S e

2

+ 2 .

ﬂg)-z——"y)TEZ“:)l'F—fﬂ{EZ
x*+y X +y

= 22xy2 eZt = 2y2xt+y = x=y (VO 1y).
+y

Vay M khong thé nhén gia tri 14 sé nguyén.

I. TIM GIA TRI CAC BIEN PE CHO BIEU
THUC NHAN GIA TRI LA SO NGUYEN

Bai 2.1. Cho biéu thirc

P=F—(x“ o +1]'x3 —x(4x—1)—4]_ x> +29x+78

X +1) X +6x° —x—6 | 3x* +12x-36

Tim tat ca cdc gid tri nguyén cua x sao cho P ¢
gia tri la s6 nguyén.
Loi gigi, DK: x#-3; x#-26; x#2; x#—6; x 1.

PzF_xux*_x«-l xz(x—4)+(x—4):| 3(x-2)(x+6)

2 X+l (x+6)(x*-1) [(x+3)(x+26)

3 x0 o1 (P +1)(x=4)] 3(x-2)(x+6)
2 X401 (x+6)(x° 1) | (x+3)(x+26)
_ 'i_x—4:| 3(x—2)(x+6)
12 x+6] (x+3)(x+26)
_ x+26 3(x-2)(x+6) 3(x-2)
2x+6) (x+3)(x+26) 2(x+3)
B 3(x—2)
2(x+3)
3(x-2):2(x+3)=3(x—2): (x+3)
< 3(x+3)-15:(x+3)
<15 (x+3) > x+3e{l; £3;+5 15}
<> xe{-2-4,0;,-6;2;-812;,-18}.
Két hop didu kién va thir lai dé gia tri biéu thic
P nguyén khi x e {-2;,-4;0; -8,12; 18} .
Nhdn xét. Khi tim gié tri cua bién dé biéu thirc c6
gia tri 1’31 s0 nguyén cin chu ¥ diéu kién tén tai bidu
thirc, két hop véi viéce thir lai.
Bai 2.2. Cho biéu thirc

pé cho la sb nguyén khi

P:[ : X3 3 J:[‘l__ 6x ]
X430 +9x+27 X +9)\x-3 X -3 49x-27/
Tim cdc gid tri nguyén cuia x dé P ¢6 gid tri la sé
nguyén to.

Loi giai. PK : x =13, Ta c6:

o _e+d 3 |[ 1 e }
T ra)(49) [ 23 (x-3)(x" +9)
x+3  xX*+9-6x  x+3 (x-3)(x2+9)

TY 49 (x-3)(@+9) ¥+ (x-3)
x+3 6

= =1+ .

x-3 x=3

Véi xeZ dé P la sb nguyén thi x-3€U(6),

x#1+3 & x-3e{-6;-3-2;,-L1; 2;3;6}, x # 13

< xe{0;1;2;4;5;6;9}.

Ma P la sb nguyén td nén chi c6 cic gia tri sau

thoa min x € {4;6;9}.

Nhin xét. Khi tim gia tri cua bién dé biéu thic

ngu.yén td, cin ddi chiéu véi diéu kién xac dinh cua

biéu thirc va thir lai.

Bai 2.3. Tim 14t cd cdc sé hiru ti a sao cho

-1

b e s : 4a . 4
[4a—-2|<1,dong thoi gia tri P=——F la s0
27a

nguyén.

Loi gigi. Tix l4a—2‘£l<:>%£a£%.
Cich 1. Ta cé P 1a sb nguyén khong am.
-Xét P=0,suyra a=%.

Id 4 -
-Xét P= a 4121<:>27a4—4a+1_<_0

Ta

& (3a-1)' (34" +2a+1) <0.

2
Vi 3a2+2a+1=3(a+%] +§>0 nén 3a—-1=0

Cidch 2. Néu az% thi P>0.
P=0 khivéchikhia:i—.
R 1 .
Xét truomg hop a>z. Tir gia thiet, dat P=k (%

nguyén duong). Pit k = ;11- » 0<h<1. Taco:

4a-1 1 .
74 =-];<327a ~4ah+h=0,

E?ﬁ-zt : TOAN H%. 033




< 81a* —18a% +1+18a% —12ah+3h—1=0
& (94 —1)2 +2(9a% -6a+1)+12a—12ah+3h—3=0

& (9 -1) +2(3a-1) +3(4a-1)(1-k)=0 (1).
Véi 0<h<l,a >i thi cac hang tir ctia vé trdi cua

(1) khong 4m. Viy déng thic (1) xdy ra khi :

902“1=0 h=1
3a-1=0 o1 1,
3(4a-1)(1-n)=0 (“73

thoa man l<asi. Viy ae -l—,l .
4 4 43

Nhin xét. Trong hai cich giai, cach giai thi nhét dé
hon nhung khé khin trong céch thir nhét 13 viéc
phén tich da thitc bic 4 thanh nhan tir.

Bai 2.4. Tim cdc s6 nguyén x,y khéng nho hon 2
xy—

s
(x=1)(y-1)

sao cho biéu thirc P= la s6 nguyén.

Loi gidi. Ta co:

xy—1 _(x—l)(y—1)+x-l+y—l
"o (x-1)(»-1)
1 1
=l+—+—-:
x-1 y-1
Tac():x22,y22:>0<—1—51,0<LS1.
X - y—1
P<3
Suy ra: {1 < e{23}.
Pe
Véi P=2,taco:
_1_+_l__1<:>(x 1)( 1)—(x—1)—(y—1)=0
x-1 y-1
x-2=1 x=3
©(X—2)(y—2)=1©{y_2=1@{yﬁ.

Véi P=3, taco:

L Lcae2(x-1)(y-1)~(x-1)-(y-1)=0

x-1 y-I
2x-3=1 x=2
= :
2y-3=1 {y=2
Viay c4c cap (x,») can tim 1a: (3;3),(2;2).

@(2x—3)(2y—3)=1<:>{

TOAN HOC
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Nhdn xét. TU dé bai gidi han gia tri nguyén cua biéu
thire. Tir d6 tim cac gid tri cua bién dé bidu thire c4

gid tri la s nguyeén.
2x+1 +
— va 2y+1

Bai 2.5. Tim x,y € L' sao cho . .

déu la s6 nguyén.
Loi gigi. Vi x,y ¢6 vai trd nhu nhau nén gia st
x> y>1. Theo d& bai ta cd (2y +1)ix,(2x+1)iy
= 2y+1=hx (keZ). MA x2y=2y+1=kx>ky
:>ky_<_2y+ls3y:>ké3.Suyra ke{1;2;3}.
- Vi
2(2y+1)+13y<:>35y<:>ye{1;3}.

Néu y=1=x=3; néu y=3=>x=7.
V& k=2=>2y+1=2x (loai).
-Véi k=3=2y+1=3x23y=>12y=>1=y.

k=132y+1=x, ma 2x+1y:>

Dodo x=y=1.
Bai todn c6 céc cap (x,y) can tim la:
(31),(13),(3;7),(7:3),(1:1) .
1

Bai 2.6. Cho x,y la cdc sé thuc sao cho x+—
y

\ I A - - A ,‘ ) +
va y+— déu la cdc s6 nguyén. Tim neZ* sao
x

cho x"y" +

1 .
— la s6 nguyén.
Xy
N : 1 1 1
Loi gidi. Ta ¢6 |x+— | y+= =xy+—+2€Z,
y x Xy
% 1
nén xy +—eZ. Suyra:
xy

2
1 1
[xy““‘—] =Xy’ + 55 +2eZ.
Y Xy

Do a6 L i 1
6 x*y? +xy €Z. Ta chimg minh

n_n 1 <

x"y +x”y" €Z béng quy nap theo ne N".

Véi n=1;,2 m¢nh d& dung. Gia st ménh dé ding
VOl n<k, véi k>2 . Xét n=k+1, tacod:

https://tieulun.hopto.org ;



k+1 _ k+l 1
ol 4 + k+1 _ k+l

LY

1 1 1
=| x*v* + =] gkt
( Y xky.k Xy xy Xy +xk_|yk_| .

eZ

-1 k-] >
xk lykl

Vi xy+LeZ;x"y"+—kl—k-eZ;x""y"'l+
Xy 2y

suy ra: x*'y*t 4 b eZ. Viy ménh d¢ ding

k
X +1yk+l

voi n=k+1. Do &6 x"y" +

eZ vbi moi
n n

xy
neN'.

Bai 2.7. Tim cdc s6 nguyén dirong a,b,c sao cho
(ab-1)(bc—1)(ca—-1)
abc
Loi  gigi. Dé biéu thic 13

== (ab -1)(bc— 1)(ca —1):abe
= (ab-1)(bc—1)(ca-1):ac
= (ab-1)(bc—1)iac (i (ac—Lac)=1)

la mét s6 nguyén.

s0 nguyén

:>(abzc-—ab—bc+1)§ac <:>(ab+bc—1)5ac
(ab+bc—1)5a bc—1ia
= I i’
(ab+bc—l):c ab-1:c

tw tacod: ab—1ic,bc—1ia,ca—1:b (1).
eNéu b=c tir (1) > ac-1lic =>lic=>b=c=1.
(1) >ab-lib=>1b=>b=c=1.
Lap luan twong tir ta c6 trong 3 s6 a,b,c co hai sb

Lap ludn tuong

béng nhau va bing 1.
« Xét 3 56 a, b, ¢ khac nhau, Do vai trd a,b,c nhu

nhau nén ta c6 thé gia sit a>b>c>2. Tacd:
(ab-1)(be—1)(ca—1):abc

<> abe(abc—a-b—c)+(ab+bc+ca-1)iabe

<:>(ab+bc+ca—1)fabc='(ab+bc+ca—1)2abc.

Tacé: a—c22=>b(a-c)=2b>4

=ab—bc>4=>bc<ab-4.

Ta co: b-c21=a(b-c)2a>2=ac<ab-12.

Vay abc<ab+bc+ca—1<ab+ab—4+ab—2-1<3ab

—=agbe<3ab=2<c<3I=c=2.
T (ab+bc+ca—1)5abc:>(ab+2b+2a—l)52ab

= ab+(2b+2a-1)ab=>2b+2a-1:ab
= 2b+2a+1>ab.

To a>b=a>b+1=2a22b+2=2a>2b+1.

Do d6: ab<2b+2a+1<2a+2a=>2<b<4=b=3.
Te b=3,c=2 va bc—lia=32-l:a=>a=3.
Suy ra bd (a,b,c) 1a (5;3;2). Vay cic bd sb
nguyén (a,b,c) cén tim Ia:

+ Trong 3 sé a,b,c c62sb bing nhau va bang 1
s6 con lai 14 s6 nguyén duong.

+ (a,b,c)= (5;3;2) va cac hoén vi cuia no.

Nhin xét. Trong 151 gidi ta dé sir dung phép chia hét
va vai trd cia cac bién nhw nhau dé giéi han cac gia
tri cia bién.

Bai 2.8. Tim it ca cdc cdp s6 nguyén duong
2 G yl
xX=y

la sé

(x,y) sao cho gid tri biéu thirc
nguyén va la udc cua 1995.
Léi gigi. Ta chi cin tim cac cap s6 nguyén duong
(x,») sao cho x>y=>1. Khi 46 ¥ +y"=k(x-y),
k 1a woc cua 1995, 1995=3.5.7. 19.
Xét cac trudng hop sau:
a) Véi k=1, ta ¢c6 x*+)’ =x—y, khong tim
duge cap (x,y) nguyén duong thoa mén dé bai.
b) Véi k=5 tacd: x* +y* =5(x—y)

& (2x-5)" +(2y +35)" = 50.
Phuong trinh cé nghiém (x,») 1a: (3;1), (21).
) Vé&i k=5"m, te{0;1},

me {3; 7,19, 3.7; 3.19; 7.19; 3.7.19} .

Tacd: x; +y =5.(x,—y,) véi

x=mx,,y=myl,xl‘> y =1.
Néu ¢=0, ta tr&d vé truong hop a), phuong trinh
vb nghi¢m.
Néu t=1, ta trd vé trudng hop b), phuong trinh
cé nghiém (x,,y,) 1a: (3;1), (2;1).
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Viy céc clip sd nguyén duong (x,y) thoa man bai
(3m;m),(m;3m),(2m;m),(m;2m) voi
me{1,3,7;19;3.7;3.19;7.19;3.7.19} .

Nhin xét. Loi gidi xét céc truong hop gid tri nguyén

toan la:

cta biéu thirc dua vio cic udc cua 1995. Khi két

ludn bai todn ta hodn vi gid tri x va y.

Bai 2.9. Tim tdt ca cdc bg s6 hitu ti duong sdp thie
. 1 1 1

tw (x,y,z) sao cho cdc s6 x+—,y+—,z2+—

y X x

déu la cac s6 nguyén duong.

Loi  gigi. Diat

Vi x+l=3+£ez+:>Me
y b ¢

ac:b c:b
= {bdic = {bfc ,(do (a,b)=(c,d)=1).

Suyra b=c.Tuongtycé d=e vd f =a.

; a c e
Do d6 x=—,y=—,z=—. Suyra:
c e a

x+l=2+£eZ+:>(a+e)fc:>(a+c+e)5c
y ¢ ¢

Tuong tr (a+c+e)5a,(a+c+e)fe. Do a,c vie
d6i moét nguyén t6 cing nhau. Suy ra
(a+c+e)3ace:>a+c+e:ace.k,(keZ*).

Ta gia su Khi dé
acek =a+c+e<3e ()= ack <3=ke{1;2;3}
o Vé6i k=3 thi tr (1) suy ra
a=c=13e=e+4+2=e=1. T do
(x,y,z) = (I;l;l) :

e Vi k=2 thitt (1)suyra 2ac<3=a=c=1.
e=e+2=e=12. T a6

e=max{a,c,e}.

Suy ra
(x,y,z)=[1;~;—;2) va cac hoan vi theo thi tu

1 1
=225 ZL= .
(2 J ( 2)

e V&i k=1 thi tir (1) suyra ac<3,khidé a=1
hodc c=1.

+Néu a=1,tacé ce=c+e+1. Véi c=1 thi

e=e+2 vo ly) V& =2 thi
TOANHOC |
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;——;3] va

b | =

2e—e+3=>e=3. Tirdo (x,y,z):[

3
o [2.2.1] (512

céc hoén vi theo thir tw [5,3,-2—,] , [3’_2,5]

Véi c=3 thi 3e=e+4=e=2 (méu thuin véi

c<e).
+Néu c=1, twong ty tim duoc a=2 va e=3.

va cac hoan vi theo thir

13
Tir d6 (x,y,2)=[2;-3-,5

13 3 1]
=252 | 7357
m[s’z’ ] [2 3

Vay cac bd (x,y,z) la:
1 SNTERNCIINNE
2 1= ——';3 s —939_’ s [T
s){43) (53] B b

2;1;3 , -1—;2;2 ; é;2;1]-
32)132 23

Nhin xét. Tt cach dit x,y,z theo theo cac bién
a,b,c,d,e, f, ta chimg minh dugc b=c,d=e,
f =a. Khi d6 ba bién x,y,z biéu dién theo a,c,e.
Tir d6 chimg minh duoc (a+c+e¢)iace va dua bai

todn vé viéc giai phuong trinh nghiém nguyén duong
vai cac bien a,c,e. Tir d6 tim duge cac gia tri cua
x! y’ Z.

III. BIEU THUC CHUA CAN
NGUYEN.

Bai 3.1. Cho cdc s6 thue x, y khong am thoa man
(x+1)(y+1)=2. Chimg minh biéu thirc sau I

LA SO

56 nguyén: P=Jx2 +y? —\/Z(x2 +1)(y2 +1) +24x).
Lot gidi. Dit S=x+y,T=xy(S,T20)= 2 +)* =5* 2T,
T (x+1)(y+1)=2 >S5+T+1=25+T=1.
Ta cé: (x2 +1)(y2 +1)=x2 +3 +x* +1
=8 -2T+T? +1= 57 4+ (T -1)".
thiét S+T=1=T-1=-§
=@ +1)( 1) =8 + (T -1) 2252, Doas:
P=m+7‘=m+T:S+T=L
Vay biéu thirc P 13 5§ nguyén,

Nhin xét. Dya theo d2 baj 1a ¢
rit gon biu thirc, ti 46 khing

Tu gia

it cac bin phi hop dé
inh biéu thirc nguyén.

https://tieulun.hopto.org
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Bai 3.2. Chumg minh biéu thirc sau nhdn gid tri
nguyen dwong

=(P+(n+l)2 +‘kn—l)2+n2)\[4n!+2—2wfm

voi moi gid tri nguyén duong n.

Loi gidi. Ta cé:

2
4n2+2-2\/4n4+1=(\/2n2+2n+1-—\/2n2~2n+1) .

Véi neZ’, taco: V2nt +2n+1>2n* —2n+1.
Suy ra:

£ =(J"2+(n+1)’ +J(n-1)z+n2)J(J2n2+2n+l—v/2n1—2n+1}2

=(1/2n2+2n+1+\/2n2 —2n+1)(Jzn2 +2n+1-\2r -2n+1)
= (an +2n+l)—(2n2 —2n+1) =4dn
Vay biéu thitc P nhén gié tri nguyén dwong.
Nhin xét. St dung céc phép bién ddi can thire dé rit
gon biéu thirc, tir d6 khing dijnh bidu thirc 13 sb
nguyén,
1 [2a-b6

Bai 33. Cho x=-
a

(voi a>b>0).

Chimmg 16 biéu thirc sau la s6 nguyén
1+ bx
1-bx

A=1~ax

l+ax

b>1

Loi gigi. Doa>b>0=>2a>2b=2a- b>b>0:>2ab

Zinl WL PRESNIN . b

Suyra: 1-ax=1-

1-ax 1+bx=_\/(l—ax)2(l+bx)

1+axV1-bx  \(1+ax)"(1-bx)
2a-b b }Za—
. 1+—.
b b a b
1_'_24:1*413_‘_2. 2a-b l—é. ’2a——b
b b a b

f 2a-22ab- bz)(a+ 2ab- bz)
V(2a+2wf2ab—b2)( hab-1)

Vay biéu thirc 4 nhén gi4 tri nguyén.

Nhin xét. Sit dung cac phép bién d6i dua thira sb
vao trong can thirc dé rit gon biéu thirc, Tir d6
khing dinh biéu thic 14 s6 nguyén.

Dodé A=

o

=—1=-1.

Bai 3.4. Cho biéu thirc

3(revx-3) Jxe3 Jx-2
x+dx—2 Jx+2 Jx-1’

Tim x dé cho P nhdn gid tri la $6 nguyén,

Loi gigi. PK: x20,x#1.

3(x+JJ-c—3)+(\/;+3)(J;-—1)—(J;C-—2)(J;+2)

] (e+2)(x-1)

_ 3x+5Vx-8  Wx+8 . 2

T (Vr+2)(Vx-1) Vx+2 Jx+2

Tach: Vx+222=3<P<s4 (vi x20,x=1).
pé P 14 sé nguyén, P=4
& Jx +2=2 x =0 (théa min DK).

Nhén xét. Trong bai tap trén nhiéu hoc sinh mic sai

pP=

suy ra

1im hi coi vx +2 13 s& nguyén. Cach giai da gioi
han gi4 tri nguyén ca biéu thirc, tir 46 tim duge x.

Bai 3.5. Cho biéu thirc

Jxo o 6dx-4 3
P= - G 2 %
\/;-] x—1 \/;+1

Tim x dé cho P nhdn gid tri la ) nguyén.

Loi gigi. DK: x>0,x#1.

\/J_C(\/;+1) _6\/;—4_’_3'(\/;_1)'

P=
x-1 x-1 x—1

_xonxl x-1 o 2
x-1  Jx+1 Jx+1

2

«EH
Do d -1<P<1. Pé¢ P 1
:>Pe{0;—1}.

Te x>0, x#1=>Vx+121=0< <2.

sO nguyén

Véi P=0= =l x=1 (khong thoa min DK).

g
2
Jx+1

Viy x=0 thi gia tri biéu thitc P 14 s6 nguyén.

Véi P=-1=> =2 x=0 (thda min DK).

Nhén xét. Trong cich giai trén d3 gidi han gia trl
nguyén cla biéu thirc, tir 6 tim dwoc cic gia tri cla

bién, can cha y diéu kién cha bién.

TOAN HOC
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BAi 3.6. Cho biéu thirc
P= £ -x
xX++vx+1

2x+\/;+2(x—l)
Vo dx-1

P ; 2Vx % AP P
Tim x dé biéu thirc =—;{_— nhdn gia tri la s6

nguyén.
Loi gidi. PK: x>0,x=#1.

P=J;(\/;_c—l)—(z\/;+l)+2(\/;+l)=x—~/;+1-
Tacé:P=x-\/)_c+l=[\/_—-;—T+%>0
_2x_ 2Jx 2

= = >0 véi
P x—\/;-i-l \/‘ 1
bk e
Jx
moi x > 0. Ta ¢o: \/3_c+—1—22, suy ra:
Jx
1
Vx+-=-121=0<2. Viy 0<Q0<2, mi Q
Jx
12 s6 nguyén. Suy ra Oe{L;2}.
2Jx
x=x +1

2
+ +
©J2=3‘2‘/§@x=[3“2\/§J =7i23\6_

=0

-Néu Q=1 thi =1 x-3x+1=0

2Jx
x—\/J_c—i-l
<> x =1 (khoéng théa man PK).
7435

-Néu Q=2 thi =2&x—2/x+1=0

Viyx thoa man bai toan.

Nhin xét. Bai toan trén c6 gia tri cia bién x 1a sb
thuc nhung hoc sinh hay mic sai 1am coi bién x 1a
s6 nguyén. Trong cich giai trén sir dung bét ding
thirc dé gidi han gia tri nguyén ciia bidu thirc.

Bai 3.7. Cho biéu thirc

SN I PN

16 8

]

2
X X

. Tim cdc gid

tri nguyén cua x dé P c6 gid tri la s6 nguyén.

|«/ﬁ+z|+’\/ﬁ-2[.

4 ' -; P xac

Loi gidi. P =
=
X

TOAN HOC
8 Tcusie
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x=0

dinh khi i_1¢0<::>x>4.
’ X
x—420
f Jx-4-2
P_jﬂjJ:_f—.(Jx—4+2+'4x—4~_QD_
- x—4 x—4
X
-Khi 4<x<8 thi
p- 4x =4.x-'16+16:4+ 16 '
x—4 x—4 x—4

Pé P 1a sé nguyén thi x—4eU(16) (v xe 7).
Do 4<x<8=0<x—-4<4.
Suy ra x—4e{1;2}<:>xe{5;6}.

2x\x—4 _ 2x

- Khi i P= ‘
Khi x> 8 thi e 0
pé P 1a s nguyén thi x—4=m*,(meN").
. Z(Hf-+4) 8
Suyra x=4+m".Khidé P=——=2m+—.
m m

Suyra me{1;2;4;8} = x € {5;8,20; 68}.

Viy biéu thitc P nguyén khi x € {5;6;8;20;68}.

Nhin xét. Trong bai toan trén gi4 tri caa bién x la

sb nguyén, ta xét cac treong hop cua bién x va st

dung phép chia hét dé giai bai toan.

Bai 3.8. Tim tat ca cdc s6 thuc x sao cho trong 4
s 2 l 1 I

50 x—2; x° +2\E; X——;x+— co dung mét 56

x x
khéng phai la 56 nguyén.

Loi gidgi. Dt a=x—\/§; b=x~1; c=x+l;d=)c2 +2\/§.
x x

Ta c6 b va c khong thé cing nguyén vi néu trii lai
thi b+c=2xeZ=xeqQ. Suy ra a,deZ (trai
vOi gid thiét c6 ding mot s§ khong 14 nguyén).
Viy trong hai $6 b va ¢ ¢6 nhidu nhét 1 s nguyén,
nen a,d € Z.Ta ¢6: x=a+y2 suy ra:

d:(a+~.5)2+2\/§=a2+2+(2a+2)\/EeZ:>(20+2)~EEZ~
Ma aeZ nén 2a+2=0a=-1. Véi a=_1 ta
co: x=\/5—l;b=—2
de bai).

Nhin xét. Trong baj toan tr

6 x—+/2; x2 +242 ddu g
dinh duge 56 thyc x.

; c=2V2;d =3 (thoa min

€n khéng dinh dugc hai

a 50 nguyén. Tir d6 xac

https://tieulun.hopto.org
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Bai 3.9. Cho A=——— va
VAx® +4x +1
2x-2 .. R
B=—————. Tim cdc gid tri x nguyén sao
vx*—2x+1
2A+ B :
cho C = la mot 56 nguvén.

Lii gidi. PK: x #1,x # —-% :

1 5 2x-Y 1 x-l
|2x+1|’B ]x 1 Gl [[2\+1| |x— 1|J

-Néu x=0 hodc x=-1 thi C=0 1asd nguyén.

-Néu x>1 thi C:Z[ 1 +1)= 4x+1)
3\ 2x+1 3(2x+1)
Mit khic C-1=—— 2 0=0<C<l. Suy
3(2x+1)

ra C khong thé 1a sé nguyén.
-Néu x< -1 thi ng(— ] —1]<o.
30 2x+1
2x-1
3(2x+1)
ra C khong la sb nguyén.
Viy xe{0;—1} thi C 1a sé nguyén.

Mat khac C+1= >0=>-1<C<0. Suy

Nhén xét. Trong biéu thirc rit gon chira gia tri tuyét
d6i nén xét cac truomg hop dé bo cic diu gia trj tuyét
doi

Bai 3.10. Tim cdc s6 thuc x sao cho x+ 2009

va . J2009 déu la sé nguyén.
%

b=Eﬁ\/2009.

X
(véi a,beZ). Thay x =a—+/2009 vao bidu thirc

Léi gigi. Dat a=x+2009,

b,tacé:b:—16——~\12009
a—+/2009
< ab-2025=(b-a)J2009.
Néu a=b thi Jzow:%, vo 1y vi
abelk.

Néu a=b thi ab-2025=0. Tir d6 suy ra
a=b=145 = x = +45 - /2009.
Thir lai véi x =+45- 2009 thitacé a,beZ.

MOT SO BAI TOAN TUONG TU
1. Chimg minh biéu thirc

1 o 1 , 13 5 19 5, 32
—x ——Xx +—x -l=x +—=x
630" 210 30 63 35
nhan gia tri nguyén v&i moi x 1a s6 nguyén.

P=

2. Tim cdc gid trj nguyén cuia biéu thirc
2
+ ’ R 4
= clhironiC. vdi x,y la cac s6 nguyén duong.
xy—1
3. Tim tt ca cac sé x,y nguyén duong 16n hon 1

sao cho biéu thirc P = 1a sé nguyén.

2xy
(x-1)(»-1)

4 4
+yV .. L s A 5
vGi x,y,A la cac s6 nguyén

4.Cho 4=2

duong. Tim gi tri nho nhét cia 4.
5. Tim cac gia tri x nguyén
¥ —5x+6+3/x* —6x+8

3x—12+(x—3)Vx? —6x +8
s6 nguyén duong. , )
6.Tim x, y,z 1a cac s nguyén duong biét

dé bidu thic

B

c6 gia tri 1a mot

2000  x y . 2009 _2
x+y y+2009 4019 2010+x z
% Cho Bidinihiic Pes Dot . bikk
1+\/-l;
x+V1-x7 \/I—-
e —— (m—<x<1)

—JI=-x ’
Chimg minh biéu thirc P 1a sb nguyén.
8. Cho biéu thirc
x+1 xvf;—l x> —x\/;+x/;—l

Y PRI I = o

(v&i x>0,x#1). Tim x dé cho biéu thic O =769-

P=

nhén gia tri nguyén.

9. Tim tat ca cac s6 nguyén x sao cho biéu thirc

P_\/§+ 65 [25_ feas t
> 1 5 3 x c¢o gia tri

nguyén.

10. Cho x,y la hai s6 nguyén khac — 1 sao cho
4 4

X —1+y -1
y+1  x+1

2020

1a sé nguyén. Ching minh ring

—1 chiahétcho y+1.

TOAN HOC
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HUONG DAN GIAI PE THI }“UYEN
TRUONG THPT CHUYEN PHAN BOT CHAU- TRU

N ! P 10
i;;li(; HPT CHUYEN PH VINg

NAM HOQC 2020 - 2021

Cau 1. 2) PK: x=0.Khido

2x(x2 +—1--J—3=3Jc2 +xe 2% +—2-—3=3x2 +Xx

2
X X

e 2x 423 —3x-»* =0<::»2(x2 +LZJ_3[X+_1.)_1=O
x X

1Y 1
S22 x+—| -3 x+-|-5=0>
X X

-Vai x+l=£<:>2x2—5x+2=0<:>x=2,x=l.
x 2 2

5
Xx+—==
2

L

x

x+l=—-1
¥

. 1 i
-Vbi x+—=-1< x> + x+1=0 vb nghiém.
x

Viy tdp nghiém cua PT ddcho 1a S = {2;—3—}.

b) PK: x20,y>1,2y >23x+4 (*). Taco:
+x’+y —xly—-xy—y=0
<:>y2-(x2+x+1)y+x3+x2=0 (1).
Ta xem PT(1) co in y, x 13 tham sb, ta duogc:
y=x+1 hodc y=x". (Lwuy: C6 thé ding phan
tich da thirc thanh nhin tr ta duoc:
x3+x2+y2—xzy—xy—y=O<:>(y-x—1)(y—x2)=0).
- Néu y=x+1=2y=2x+2<3x+4 Kkhong
thoa man DK (*)
- Néu y=x?, két hop vdi DK suy ra: x>1, khi
d6: Vx+.y—1=2y —3x—4 tr& thanh:
Vx4Vt —1=v2x? -3x -4

& 2xr-3x-4=x+x" —1+2,f)c(x2 —1)
ox --4x—3=2,/)c(x2 —1)

o x(x-1)-3(x+1)= 2\/x(x—1)(x+l)

bit a=x(x-1);b=x+1=a20,b>0

:a—3b=2\/£(a>3b)<:(\/5+\[l;)(\/;—3\/];)=0
@{x/;+\/l;=0(10@i)___>x(x_l)zg(xﬂ)

a=9b
S x*-10x-9=0x=5+34 (vix>1)
TOAN HQC
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m . Vay hé dd cho ¢6 nghiém duy
=y= '

5+J§Z;m)‘

X 4—__:
Ciu 2. 2) Taco: p — Y 4
2
¢:>p"=y“+4=(y2‘2y+2)(y +2y+2)
Do p 1 s6 nguyén  t0  nép
m. 2 2=p" vOé1m, nla cs
g —2y+2=p"3Y +2y+i=Pp ac

& tu nhién thoa man m+n=X1>Mm, Suy ra

nhét (x;)’);(

4y=p"-p"

TH1: m = 0 thi y2—2y+2=Pm=1:>J’=1
= p* =5 ,dopla s6 nguyén t, x 1a sb nguyén
duong, bing phép th ta suy ra p=35,x=1.

TH2: m>0,t 4y=p"—p" =>4yip.

Néu p>2=>(P§2):1 (do p nguyén t6) suy ra
yip két hop voi y2+2y+2:P"EP
=2ip=>p=2: v0 li, nén p=2. Thay p=2
vao dératasuyra y chdnnén y =2k (keN').
T p'=y'+4=>2 =16k* +4=4(4k" +1)14
=2"4=>x=2=k=0 (loa)) (vi ndu x>2
=>2"i8 ma 4(4k* +1) khéng chia hét cho 8).
Viay x=y=1va p=5.

) Tx  2mP+m=3n+n suy  ra
(2m+ 2n+1)(m-n)=n® 13 s6 chinh phwong.
Do m n 13 cic s tr nhién nén
mZn::m—nzo_

GQid:(m_n;2m+2n+l):>{ m—nfd

2m+2n+1:d
:{ 4n+lid (1)
(m )2+ 2n 4 1)

Mat khéc tir: (2m+ 2n+1)(m—n) =n’id =>nd

= 4p! : 51 :
n d,‘ ket hop v (1) ta suy ra 1:d do dd
(m —n) va (2m + 2, + 1) 13 hai sé

i tur nhién nguyén
0 Cung nhay, mit khic (

2m+2n+1)(m—n)=n2

https://tieulun.hopto.org



1 s6 chinh phuong nén mdi s6 (m—n) va
(2m+2n+1) la cic s6 chinh phuong. Vay

2m+ 2n +1 1a sb chinh phuong.
Cau 3. f\p dung BDT Cauchy ta cé:

F:b_ mc_+ ’—;a—z%r(a+b)(b+c)(c+a)

Vc+ab+Va+bc Vb+ca JV(C+ab)(a+bc)(b+ca)

Ta chirng minh: (a+b)(b+c)(c+a) 21.
(c+ab)(a+bc)(b+ca)

That vay:

(a+b)(b+c)(c+a)z(c+ab)(a+bc)(b+ca)
= [b(a+b +c)+ ac](c +a) = abc +a’b’
+b%c* + +arbc(a'2 + b +c2)+azbzc2
< (3b+ac)(c+a)zabec+a’b® +bc* +c*a’
+ abc[(a +b+ c)2 —2(ab+bc+ ac)] +a’b’c’
<> 3bc +3ab+ac(c+a) = abc + a’b’ + b’
+c'a’ + abc[9 —2(ab+bc+ ac)] +a’b’c?
< 3(be+ab)+ac(a+b+c)22abc+a’h’ +b’c’
+c*a’® +9abc —2abc(ab + be + ca) + a*b’c’
< 3(ab+bc+ac)2a’b’ +b'c’ +c*a’ +6abe
—2abc(ab+ bc +ca) + a*b’c® + 5abc
o 3(ab+be+ac)za’t? +b° ¢+ d
+ZZabc(a+l:r+c)—2¢1bc(ab-i—bc+ca)-+—azbzc2 +5abc
< 3(ab+bc+ac)=(ab+bc + ac)’
—2abc(ab + be +ca) + a’b’c® + Sabe
& (ab+be+ac)’ —3(ab+be+ac)-3abe(ab+be+ca)
+9abc+a*b’c’ +abc(ab +bc +ca) —4abc<0

<'-'>(ab+bc+ac—3)(ab+bc+ac—3abc)

+abc(abc+ab+bc+ca—4)£0 *
Tathiy: a+b+c>3Yabc = abc<1 (1).

¢ 3abc
Ma ab+bc+ca>3a’b’e’ = >3abc (2
Jabe )

(vi abc <1). Mat khac:

(@+b+c)

ab+bc+ac< =3 (3).

Tir (2) va (3) suy ra:
3abc<ab+bc+ac<3 (4).

Tir (1) va (4) suy ra abc+ab+bc+ac—-4<0.
Do d6 (*) ding. minP =1, dau “=" xay ra khi va
chikhi a=b=c=1.

Ciu 4. a) Tu bairata
suy ra cac tr giac
BFEC, BFHD, CDHE
ndi tiép nén

E; = a ’ El =D,

D, =C, do 6D, =D,
ma HD 1 BC nén BC
1a phan gi4c ngoai cua tam gidc DEF.
b)

Ké tiép tuyén Ax cta duong tron (O) suy ra
ACB = xAB. Mt khac, do t&r gidgc BFEC ndi tiép
nén ACB=AFE (cung bu véi BFE ), tu day ta
suy ra EB=ZFE:>AJ{//EF, ma OALl Ax
=OA L EF, khi d6 goi S la giao diém th¥ 2 cua
dudmg thang EF véi (O) thi AM = AS
=sdAM =sd 4S = AMF = MBA nén AM la
tiép tuyén cia dudmg tron ngoai tidp tam gidc
BMF hay AM 1 MO, (1).

Chimg minh tuong ty, ta ciing c6 4M 14 tiép tuyén
cua dudng tron ngoai tiép tam gisc CME suy ra
AM L MO, (2). Tx (1) va (2) ta suy ra:
AM 1 0,0,.

¢) Vi FBG = ECF nén Ssces _ BFBG 1 oo

Syczr CF.CE’
FK BF.BE
Sacrs = (_* & _‘_]SACEF A S0 PR o D AE
FC CFCE CFCE FC CFCE

&

; TOANH
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PE THI TUYEN SINH VAO LOP 10 THPT CHUYEN B
NAM HOC 2020-2021
Danh cho thi sinh thi chuyén Todn va chuyén Tin - Thoi gi

Cau 1. (2 diém) a) Tim didu kién x4c dinh va nit
\/x+4s}x—4 +\/x-—4\jx—4
16 8 '

20 8.9
X x

gon bidu thirc 4=

b) Giéi hé phuong trinh {xzy H2E 4715
x*+y?-2x"—4y=5
Cau 2. (2,5 diém) a) Cho cac sb thuc a, b, c théa
min a+b+c=6. Chimg minh ring c6 it nhit mot
trong ba trinh

x*+bx+1=0, x*+cx+1=0 c6 nghiém.

phuong X +ax+1=0,

b) Cho cic sb thuc duong a, b, ¢ théoa min

a* +b* +¢* =1. Tim gia tri 16n nhét cua biéu thirc
A=(1+2a)1+2bc).

Cau 3. (1,5 diém) a) Chimg minh ring véi moi s6 tur

nhién n thi 7(2n+7)(7n+1) ludn chia hét cho 6.

b) Tim tit ca cac cap sb nguyén duong (a, b) sao

cho 4a+1 va 4b—1 nguyén td cing nhau, ddng thoi

a+blaudec cua 16ab+1.

Cau 4. (3 diém) 1) Cho mra dudmg trdn tim O

dudng kinh AB =2R. Goi [ 14 trung diém cia doan

thang OA4.

AC NINH

an lam bai 150 phiit :
Vé tia Ix vudng goc véi AB sao cho Ix cat nira
duomg tron (0) tai C. Lay diém E trén cung nhé BC
(khéc B, C), nbi AE cat CI tal F y
a) Chimg minh BEFI 14 tir giac nd1 tiep. o
b) Goi K la giao diém cua hai tia BE, Ix. Giasit F
la trung diém cua I/C. Chimng minh hai tam gisc
AIF, KIB dbng dang. Tinh /K theo R.
2) Cho tam giac ABC vudng tai 4 c6 duodng cao AH.
Goi 1, J, K lan luot 12 tam dudng tron ndi tiép cac
tam gidc ABC, ABH, ACH. Chimg minh ring
dudng tron ngoai tiép tam gidc UK ‘vé dudng tron
noi tiép tam gisc ABC c6 ban kinh bang nhau.
Ciu 5. (1 diém) Cho mdt bang c6 kich thudc
2nx2n & vudng, voi n 1a sb nguyén duong. Ngudi
ta danh déu vao 3n 6 bat ki cia bang d6. Chimg
minh ring c6 thé chon ra » hang va » cdt cua bang
sao cho céc 6 dugc danh ddu déu nim trén » hang vi
n cot nay.
~ NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bac Ninh) Gigi thi¢u

**********************************************************************************

BF (BE+EG) FK . BF.BE

E <
CF.CE FC CFCE
BF.EG = E < BF.EG=CE.FK.
CFCE FC

Xét hai tam giac vuéng FBK va ECG cé
F=E=90° va FBK=ECG (cung chin cung
nho 4/ cua dudng tron
(0)), do do:
AFBK ~ AECG(g.g)
BF _FK
CE EG
= BF.EG =CE.FK.

Bai 5. Tir 2020 diém &4 cho dung 2020 hinh tron
c6 tam 13 2020 diém d6 va ban kinh R = lcm.
Nhan thy cac hinh tron ndy déu nim trong hinh
chir nhat mo rong (dai 151 cm, rong 42 cm). Dién

TOAN HOC
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tich hinh chit nhdt m& rong la
Skcnmsrong =151.42 = 6342 (cm?). Téng dién tich
cia 2020 hinh trén c6 ban kinh 1 la:
S0 wsn = 2020.1.1° % 6346 (cm?).

Ta thdy tdm cua 2020 ~N
hinh tron nay nim trong e
hinh chit nhat cé kich
thude 149cm x 40cm nag
2020 hinh tron nay s& nim tro
kich
S

. > A . N ¥ =
2020 hinh trdn SHCNmélrong = 10n tai hai hinh trdn cat

nhflu. Goi I, J 14 haj
diém trong s8 2020 ¢;a

ng hinh chir nhét cé

thuée 151cm X

42cm ma

tdm hinh tron ciing 13 hai
M = IJ <2R =2 (dpcm).
NGUYEN TH] VAN ANH

m fodn CLC, Vién nghién cird
hién, Dai hoc Vink) Gigi thién

SV K59 Sut phg
S"Pham Tun

https://tieulun.hopto.org
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CHO MOT BAI TOAN XAC SUAT -

VU HONG SON "
(GY THPT chuyén Himg Vieong, Phi Tho),,

Ching ta xét bai toan quen thudc sau:

Bai toan 1. Xép ngdu nhién 12 hoc sinh, trong do
c6 dung mot ban tén la Tan va diing mot ban tén
la Duwong, vao hai ban tron, méi ban 6 hoc sinh.
Tinh xdc sudt dé hai ban Tan va Duong ngdi canh
nhau.

Thong thudng, bai toan dugc giai nhr sau:

Ldi gidi.

- S6 phén tir cia khong gian mau:

Chon 6 ban vao ban thit nhit, c6 C° céch. M&i
ban 14 xép 6 ban ngdi quanh mét ban trom, c6 5!
cach xép, khi d6 sé cach xép 12 ban vao 6 ban
tron (khong gian mau) 1a CY,.5!.5! cach xép.

- Tinh s6 cach xép 12 ban sao cho Tdn va Duong
ng?)i canh nhau:

Xép Tdn vao 1 ban, ¢ 2 cach. C§ dinh vi tri cia
Tan, xép Duong ngff)i canh c6 2 cach. Chon 4 ban
ngdi cing ban véi Tdn va Duong c6 CY cach, xép
4 ban ngdi vao ban c6 4! cich. 6 ban con lai & ban
thir hai c6 5! cach.

nr Cl.41.51
Viy x4c suat can tim la i6(:”34—5=—2-
Ch.5150 11

Ngoai 101 gidi trén, trong qua trinh gidng day, toi
phét hién ra néu nhin bai toan duéi mdt “con mét”
khac, ta c6 101 giai don gian hon rét nhidy,

Trude hét ching ta nén hiéu r3, "xép ngu nhién
12 ban hoc sinh vao 2 ban tron (mdi ban 6 ban)”
14 nhwr thé nao?

Chiing ta c6 thé hiéu nhu thé ndy: C6 2 c4i ban
tron, mbi ban xép 6 ghé, xép ngdu nhién “timg
ban hoc sinh” vao 12 chiéc ghé nay, nghia 13 ban
déu tién xép nelu nhién 12 ghé, ban thr haj xép

vio nghu nhién 11 ghé con lai, ..., ban cudi cing
xép vao chiéc ghé con lai duy nhat.
C6 thé d& dang chimg minh duogc, viéc xép ngau

phién nhu trén moi ban hoc sinh déu co x4c suat
, , 1
ngdi vao mdi chiéc ghé [a nhu nhau [E] Hay

néi cach khac, néu ching ta thyc hién viéc xép
ngAu nhién nhu trén, thir tr xép ciia 12 ban hoc
sinh 1a khéng anh huéng (khoéng phu thudc ban
thir nhét 13 ai, ban thi hai 14 ai ...). Ciing gibng
nhu trd choi bc thim tring thudng, cé » chiéc
phiéu ma trong d6 c¢6 m chiéc phidu c6 qua duge
cho ngiu nhién timg ngudi bde, khi &6 xac sult
tring thudng cia ngudi bée diu tién hay ngudi
béc thir i déu la giéng nhau.
Khi d4 hiéu ban chit vén d8, bai todn c6 thd giai
quyét dé dang nhwr sau:
Xép ban Tan déu tién vao 1 chiéc ghé bat k. Xép
ban Dicong thir hai, bén canh ban Tan cé 2 chide
ghé (trong s6 11 chiée ghé con lai), nhwr vdy xdc
suat dé Duong ngéi vao 2 trong 11 chiéc ghé nay
w2

11
Ap dyng phuong phép nay, ta c6 gidi nhidu ba;
todn twong tu nhu sau:

Bai todn 2. Xép ngau nhién 12 hoc sinh, trong do
co dung mét ban tén I Tén va diing mét ban tén
la Dwong, vao hai ban tron, méi ban 6 hoc sinh.

Tinh xdc sudt dé hqi ban Tan va Dirong ngoi cung
ban.

) TOAN HO
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Léi gidgi. Xép ban Tdn ddu tién vao 1 chiéc ghé
bat ki. Xép ban Duwong thtt hai, ciing ban ban Tdn
¢6 5 chiéc ghé (trong s6 11 chiée ghé con lai), nhu
viy x4c suit dé Duong ngdi vao 5 trong 11 chiéc

. 5
hé nay la —.
g y 1
Phic tap hon, ta ¢6 bai toan sau

Bai toan 3. Xép ngdu nhién 20 hoc sinh, trong do
c6 dung mot ban tén la Tén va ding mét ban tén
la Divomg, vao ba ban tron, ban thir nhdt 6 hoc
sinh, hai ban con lai méi ban 7 hoc sinh. Tinh xdc
sudt dé hai ban Tén va Duong ngéi canh nhau.
Hudng dén gigi. Néu dém theo cdch thong
thuong, rit nhiéu ban hoc sinh sg nhﬁm, nhung
v6i cach 1am nhu trén lai rét don gian:
X&p ban Tdn ddu tién vao 1 chibc ghé bt ki, Xép
ban Duong thir hai, bén canh ban Tdn ¢6 2 chiée
ghé (trong s& 19 chiée ghé con lai), nhu vay xac
suat & Dirong ngdi vao 2 trong 19 chic ghé niy
la i

19
Nhiéu ban c6 thé dit ra cau héi, bai toan niy thi s&
gidi nhwr thé nao?
Bai todu 4. Xép ngdu nhién 20 hoc sinh, trong do
€6 dung mot ban tén la Tdan va dung mét ban tén
la Duong, vao ba ban 1ron, ban thir nhat 6 hoc
sinh, hai ban con lai méi ban 7 hoc sinh. Tinh xdc
sudt dé hai ban Tén va Duong ngoi ciing ban.
Huéng din gigi. Vin phuong phap tuong tu, ta
c6 thé giai nhu sau:
Xép ban Tdn dau tién vao 1 chiéc ghé bét ki, xdc
suft Tdn ngdi vio ban 6 1a -6—,bz'm 7 1a -Ii Xép

20 ; 20

ban Duong thi hai, néu 7dn ngdi ban 6 thi xac
sudt Duong ngdi cing ban Tan Ia % Néu Tan
ngdi ban 7 thi xéc sudt Dwong ngdi clng ban Tan
la 1—65 Ap dung quy tic cong va nhin xac sudt,

xac suat & Duwong ngdi cling ban véi Tan 1a

TOANH
1 4 ' crumotr;; S4 521 (11- 2020)

g8 B0 -
2019 2019 10
ne A laig S ong tu

]I:I;;t::é];als.to(‘;lst‘é Tginh Phu Tho 2018 - 2019),
Xép ngdu nhién 12 hoc sinh, trong dé c6 mét hoc
sink 16p 12A, 5 hoc sinh 16p 12B, 6 hoc sinh Iop
12C vao hai ban tron, méi ban 6 hoc ‘Sinh. Tinh
xdc sudt dé ban hoc sinh 10p 12A ngoi giita hai
ban Iop 12B.
Huréng dén gidi. Xép ban & 16p 12A dau tién vio
1 chiéc ghé bét ki, chiéc ghé bén trai chon ngfu
nhién 1 ban trong 11 ban con lai, xac suat ban d6

& 16p 12B 1a % Chiéc ghé bén phai chon ngfu
nhién 1 ban trong 10 ban con lai, xac suét ban d6
& 16p 12B la %. Viy xac suat dé ban 16p 12A

ngdi gitra hai ban 1ép 12B 14 %.% =2

Bii toan 6 (Khao sat Chuyén Hing Vuong nim
hoc 2018 — 2019). Xép ngdu nhién 12 hoc sin',
trong do co dung mér ban tén la Tan va dung mot
ban té» la Dwong, vao mét bén tron. mot ban dai
méi ban 6 hoc sinh. Tink xdc sudt dé hai ban Tan
va Dicong ngo: canh nhau.

Hudng din gidi. Ta thy su khédc cua bai todn
nay }f‘i sw xudt hién 2 v trj Ngoai cling cua ban dai,
O mdi vi tri nay chi ¢4 duy nhdt 1 vj trf ngdi canh,
trong khi céac vj tri khic con sb nay 1a 2.

XCp ban Tdn diu tiay vao 1 chiéc ghé bét ki, xac
suat Tén ngdi vae dau ban daj 13 i, cac vj tri con
l !

: 10

lai 1a —, 8 . ; : :
3 Xép ban Duong thiy hai, néu Tdn ngoi

diu ban daj th; Xac suat chrng ngdi canh Tdn 12

—. Néu 75 Ao L
1 an ngdi vi 1 khic thi x4c suit Duong

https://tieulun.hopto.org
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va nhdn x4c suft, xdc sudt 8 Duong ngdi cung
ban voi Tanla =L +10 21
1211 1211 6
Bai toan 7. (Thi thir chuyén PH Vinh lin 1,
nim hoc 2018 2019). Gidi bong chuyén quic té
VTV Cup c6 8 doi tham gia, trong do co hai dgi
Viét Nam. Ban t6 chire béc tham ngdu nhién dé
chia thanh hai bang dau, méi bang 4 doi. Tinh xdc
sudt dé hai déi ctia Viét Nam nam ¢ hai bang khdc
nhau.
Huwdng din gidi. C6 8 vi tri & 2 bang. Xép ngiu
nhién d$i Viét Nam 1 d4u tién vao 1 bang, xép doi
Viét Nam 2 thir hai, khi d6 & bang con lai (khac
bang ctia Viét Nam 1) ¢6 4 vj tri trong tong s6 7 vi
tri. Nhu viy xédc suit dé d6i Viét Nam 2 & khac

bang Viét Nam 1 la g. Vay xé4c suét hai d6i VN &

hai bang khac nhau la %

Bai toin 8. Giai bong chuyén quéc 1é VTV Cup
c6 9 doi tham gia, trong dé co 3 dgi Viét Nam.
Ban 16 chirc béc tham ngau nhién dé ci..: thanh 3
bang ddu, méi bang 3 dgi. Tinh xdc sudt dé khong
co hai doi Viét Nam nao ciing bang.

Huréng dén gidi. C6 9 vi tri & 3 bang. Xép nghu
nhién d6i Viét Nam 1 d4u tién vao 1 bang, xép doi
Viét Nam 2 thir hai, khi d6 & 2 bang cén lai (khéc
bang cua Viét Nam 1) c6 6 vi tri trong tong sb 8 vi
tri. Nhur vdy xac suit dé doi Viét Nam 2 & khac

bang Viét Nam 1 Ia g Xép ddi Viét Nam 3 thir

ba, khi d6 & bang d4u duy nhit khong c6 hai doi
Viét Nam, c6 3 trong téng sb 7 vj tri con lai. Nhur
vy x4c sudt dé d¢i Viét Nam 3 & khac bang véi

dé1 Viét Nam 2 va d6i Viét Nam 1 1a ;-

Vay xc sudt 3 d6i Viét Nam & 3 bang khéc nhau
, 63 9
a

la — =
87 28

Bai toan 9. Gidi AFF cup c¢6 11 doi bong tham
du, trong dé ¢ dgi Viét Nam va Thai Lan. Ban 16
chirc chia ngdu nhién 11 déi vao hai bang (mot
bang 5 dpi, mét bang 6 dji). Tinh xdc sudt Viét
Nam va Thdi Lan ¢ hai bang khdc nhau.

6 6 5 6

o

I3 . 5
Ddp 56: 110 11

11'10
Bai toan 10. (D¢ minh hoa toan 2019). C6 hai

ddy ghé déi dién nhau, méi day co ba ghé. Xé’,g;

ngdu nhién 6 hoc sinh, gom 3 nam va 3 nit, ngoi

vao hai day ghé dé sao cho méi ghé cé ding mét

hoc sinh ngcf;i. Tinh xdc sudt dé méi hoc sinh nam

déu ng(i‘i déi dién voi mét hoc sinh nir.

Huwéng dan gigi. Xép ngiu nhién 3 ban nam
trude. Mbi ban nam ngdi ddi dién véi mot ban nix
khi va chi khi khong ¢6 2 ban nam nio ngdi ddi
dién nhau.

X&p ban nam dAu tién vao 1 ghé.

Xép ban nam thir hai vao 5 chiéc gbé con lai, xac
suit dé ban nam thir hai khong ngdi dbi dién véi
nam thir nhét 13 % Xép ban nam thir ba va thir tu

vao 4 chiéc ghé con lai. X4c suit dé ban nam tha
ba khéng ngdi d6i dién véi nam thir nhat va ban

nam thir hai 1& %

Véy x4c suét cin tim 13 —4—3 = z
54 5

Két luin. Ta c6 thé nhin thiy cich giai trén to ra

vugt trbi voi mdt sb bai toan, nhung khong phai

van ning. Do d6 ta nén tim huéng giai phu hop

Vi timg bai todn cu thé, khdng nén qua phu thudc

vao 1 phwong phap. Tuy nhién qua cach giai nay,

hi vong cac ban hoc sinh ¢6 thém mot phuong an
tiép can bai todn x4c suit, cling nhw hidu thém
phén nio hai chit "nghu nhién”.

Véi phwong phap twong ty, cc ban hoc sinh ciing
nhu cic thiy cd c6 thé ty sang tao cdc bai toin

twong ty voi 161 gidi ngén gon va don glan.

TOAN HOC
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NGUYEN THUY THANH |
(Truwong PHKHTN, PHQG Ha Ngi)
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Thong thuong Phép tinh céc vo cung bé (PTVCB)
duoc xay dung theo trinh tw: du tiér ngudi ta xay
dung phép tinh vi phén (PTVP) va tiép theo - x4y
dung Phép tinh tich phan (PTTP). Su phat trién lich
sir lai dién ra theo chiéu ngugc lai...

I. PUONG PEN PHEP TiNH TiCH PHAN

Phép tinh tich phan 14 mdt phan cia PTVCB. N6
dugc hinh thanh do nhu ciu xiy dung mdt phwong
phap tong quat dé tinh dién tich, thé tich va trong
tdm. Phép tinh nay da cd su phat trién ngay tir thoi
cb dai trong cac tac pham "Vé hinh cdu va hinh try"
va "Vé cdc dwomg xodn éc" cua Archimedes va nd da
phét trién mot cach c6 hé théng vao thé ky XVIL.
Luc biy gid, sy quan tdm cha yéu 13 tim phuwong
phap tinh tich phdn. Trong nhimg cdng trinh cua
T. Kepler (1571-1630), B. Cavalieri (1598-1647), E.
Toricelli (1608-1647), P. Fermat (1601-1665). B,
Pascal (1623-1662) va I. Barrow (1630-1677),... da
bit ddu c6 mam méng cua chinh khai niém tich phan
xac dinh.

Nam 1615, nha Thién van hgoc va Toan hoc ngudi
Puc 14 I. Kepler cho xuét ban cudn sich véi tén goi
"Hinh hoc khéng gian mdoi vé nhitng thimg ruou
vang". Mac du tac pham dugc viét hdu nhu vé dé tai
thuc hanh nhung ngudi ta xem d6 1a gido trinh vé
tich phan ddu tién. Gan nhu ddng thoi, B. Caviieri
cling dua ra cach tinh tich phan xdc dinh bang
"phicong phdp bat kha phan".

Pic biét 1a y niém tinh vi vé cdc VCB, téng tich
phan, phép qua gi6i han (¢ dang mdc mac!) ciing bit
dau x&m nhdp va phét trién mic du chua ¢6 dinh
nghia gid1 han 14 gi. Tuy nhién sy tim t0i cla cac
nha toan hoc lc 46 14 c6 tinh chét rdi rac va chi giai
quyét cac bai toan riéng 1é ma thoi.

+ ~ TOAN HOC

Pén nhitng nam 70 cua thé ky XVII, vigc tinh di¢n
tich, thé tich va trong tm da khong con dugc xem Ia
phét trién nhu dAu thé ky do lic d6 da xuat hl;fl ph(?p
tinh thé tich mét s6 vat tron xoay dau’tlen clia
Kepler. Ching han, 6ng da “tinh dwoc thé tich cia
87 vat thé tron xoay moi". ) )
Thé nhung PTTP vAn chua hinh thanh vi d6i v6i moi
loai bai todn méi lai phai 14p mot dang tong tich
phén méi va phai tim mot kiéu gioi han méi...

Déi v6i PTTP ci I Newton (1643-1727) lan
G. Leibniz (1646-1716) déu c6 cach tiép can hoan
toan khac nhau va déc lap voi nhau.

Dbi v&i Newton, tich phan (fluent) trudce hét 13 tich
phan bit dinh, tirc 1a nguyén ham. Vi véy, Newton
14y khai niém nguyén ham lam co so.

Doc 1ap véi Newton, khai niém tich phan déi véi
Leibniz thi nguoce lai. Leibniz xem tich phén nhu 13
tong vo han céc hinh chit nhat bé v6 han ydx (sau dé
anh em nha Benoulli goi 13 “tich phan") va ong ki
higu 12 Iydx‘ Cudi héi ky "Vé hinh hoc séu sac"

(1686), dng con dan 1a "durdi ddy [ khong dwoc bo

qua thira sé dx"

: - Nam 1693, Leibniz con chirng minh
ring

"Ny A ur : A " 3

‘ Dé tinh tich phan cia ham Ax) dé cho can tim
ham F(x) sao cho dé déc F ) la fix)

:ha.l‘ 'hcn T(T)t Erém nam sau Newton va Leibniz,
ngFGI fa mmﬂnhan duoc rang réng chung quy khdi
l fen:z tzch' phdn Ia kha'{ niém giGi han chi khéng phdi
c? gl khdc. Do vy, dé PTTP dat :
cén tim con dudng "yopen .
tim giéi han tong tich phin

e 1 16 65 gy g
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xodn 6c" ciua Archimedes. Y niém co ban cua
Archimedes trong phwrong phap giai bai toan nay 13
dua vao mét fam gidc du bé goi 1a "tam gide vi
phdn" ma vé sau Leibniz goi 14 "tam gidc dic trng".
Ppob l1a tam giac vuong ma ds? = dx® + dy duogc tao
thanh boi cac sb gia VCB cuia céc doan thing toa d%
va cung cua dudng cong,
Tu twémg co ban ctia PTVP la nghién ctru tink chdt
dia phuong cia cac ham. Pidu d6 cho phép khio sét
cdc bam ma ddng di¢u cia ching trong 14n can du bé
ctia méi diém 13 xdp xi véi déng diéu cua ham tuyén
tinh hay ham da thirc.
Péi v6i thoi ky tidn sit cia PTVP thi P. Fermat duge
xem Ja ngudi khéi xudng voi cong trinh "Phuong
phdp khdo sdt cdc sé lén nhdt va bé nhat" (1629).
Ching han 6ng dura ra phuong phép tim dao ham
béng cch tim 2iGi han cia tang cua géc nghiéng cua
cat tuyén. Ca Descartes vi G. Roberval (1608-1675)
va Torricelli ciing d3 dugce st dung cdi khai niém
dong hoc vao nghién ciru bai todn tiép tuyén: xem
dudng cong nhu 13 quy dao chuyén dong va hudng
cia vin téc la huéng cia tiép tuyén. Tiép theo
Fermat, Ch. Huygens (1629-1695) d3 c6 déng gép
16n vé khao sat cuc tri ciia ham sé khi cho sb gia 14
dai lugng v6 cung bé va éng ciling da tién doan dugc
mdt s6 phuong phip ma sau nay Leibniz 1iy 1am quy
tic vi phan.
Ca B. Pascal va 1. Barrow da st dung mot cach tich
cuc "tam gidc dic tnmg". Pascal &3 noi vé "téng cdc
vo cung bé", con Barrow thi ap dung "tam gidc ddc
trung" dé dung céc tiép tuyén va nghién ctru tinh
nguoc nhau cua céc bai toan ciu phwong va tiép
tuyén...
Nam 1669 ngay & thdi ky sung suc, I Barrow da
nhudng chirc chu nhiém by moén Toan cia BH
Cambridge cho hoc trd minh [a /. Newton dé danh
tron thdi gian cho Thin hoc. Pong thoi, Barrow da
chuyén cho Newfon moi két qua nghién ctru cia
minh, trong d6 quan trong nhit 1a tip "Cdc bai giang
vé quang hoc va hinh hoc" (1669) cuia 6ng,
Ngudi ta cho rang sw dong gop 16m nhét trong qua
trinh hoan thién PTVCB 14 thudc vé /. Newfon va G.
Leibniz.
Newton da séng tao ra phuong phép ma éng goi la
"Phwong phdp fluxio" (= "Phuong phdp thong
lwong") (1736). Ong goi cac dai luong bién thién
lién tyc 14 fluent (tr chir Latinh fluo: ¢6 nghia la

thdng vdn, phén t& luu dong) va thucmg duge ky
hiéu y, z,... Moi thong van déu co dbi sb 1a thoi gian.
Newton goi téc 6 bién thién cua fluent 1a fluxio (dao
ham: dya theo dinh nghia Fermat) va thudng ky higu
1a 5, 2,.. Nhitng thay déi vo cung bé "o" cua thong
vén cin dé tinh fluxio dugc ong goi 1a moment (theo
Leibniz thi @6 1a vi phén) va dugc ky hiéu la

yo, 20,...

D&i v6i PTVP, Leibniz da dua ra cach tiép cén khéc
hin Newton. Dbi voi 6ng, khai niém co ban cua
PTVP 12 céc vi phdn dugc ky higu boi chir "d" 1a chi
c4i d4u cta tu differentia, nghia 1a hiéu. Ong ky hiéu

dao ham la ﬁ;’ trong d6 dx 13 hiéu cac hoanh d9, dy

1 hidu céc tung dd cua hai diém ghn nhau vd han
> = . 2 d
ciia dudng cong. Ong ciing d4 chimg minh ring ay

I3 tang ciia géc nghiéng ciia tiép tuyén.

Nim 1684, 6ng da cho cong bb bai bao dau tién dai
sau trang trinh bay PTVP moi trén tap chi Acta
Eruditorum (AE) 13 tap chi cua cac nha bac hoc.
Mic du bai bao ngin gon nhung nd chira dung mot
sy tom tit gin nhu toan bd PTVP ké ca céc thujt
ngit cia nd. Pic biét, cac ky hiéu da dugc 6ng soan
thao hoan thién dén murc gin nhu khéng thay ddi gi
dén tan nay.

IIL. MOI LIEN HE GIUA HAI PHEP TiNH VA
SU XUAT HIEN PHEP TINH VO CUNG BE

Pén nhimg nam 80 cta thé ky XVIL, PTVCB vin
chwa ¢6 thanh tyu that 16n ndo dé né cé thé thoai
khoi giai doan hinh thanh. Hai PTTP va PTVP vin
duodng nhu khéng lién hé gi véi nhau.

Thanh tiru hét sitc sdu séc va tinh vi clia Barrow
(1659) 12 & chd 1an dau tién trong "Cdc bai gidng..."
Ong dd kham pha ra tinh nguoc nhau cta bai todn
tinh dién tich va bai todn dyng tiép tuyén. Didu d6
cling c6 nghia 14 14n du tién Barrow kham pha ra su
d6i nguoc nhau cia PTTP va PTVP duéi dang hinh
hoc. V& thanh twu ndy, GS toan hoc Lién X6 1a G.M
Fichtengén viét ring: "Trong s6 nhiéu dinh ly lién
quan [ca Barrow) ¢ ddy ta sé tich ra Dinh Iy X1
trong bai giang X va Dinh Iy XIX trong bai giang XI,
trong dé lan ddu tién trong tién st cia PTVCB hai
bai todn co ban ciia PTTP v& PTVP dudi dang hinh
hoc truc tié;v déi nguwoc nhau: cy thé la dung l‘ié;v
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tuyén véi duomg cong va tinh dién tich mién trong
dwong cong. Néu chuyén sang ngén ngit giai tich thi
cdc Dinh Iy ndy 6 thé phat biéu dudi dang:

L Néu F(o)=[ f(r thi Fx)=£(x).

1. Néu - -_-% thi [zdt=1(x) (hiéu ngdm I 0) = 0)
0

(Co so GTTH, DH&THCN, Ha Néi 1972).
Nhir vay, I Barrow da bic cdu duge hai nhom bai
toan khac nhau. Pdy chinh 13 cai méc quan trong
nhdt dénh ddu thoi tién sit cia PTVCB da din khép
lai bdi vi ndi dung gidi tich cua Pinh ly Barrow (con
goi 1a Pinh 1y Torricelli-Barrow) cling chinh la néi
dung cia Dinh Iy co ban cua gidi tich. Dinh ly a6 da
Két néi hai Phép tinh vi phén va tich phin véi nhau
dé tao thanh mot thé tron ven. Tir dé ngudi ta suy ra
cdng thirc v6 cung tién lgi

[7(0dx=F(. = F(8)- F(a)

(mang tén cong thic Newton-Leibniz) cho phép thay
thé dugc nhimg thu thuit ca biét roi rac bz“mg
phuong phap tong quat c6 tinh chit "algorit" hon.
Sau phat kién thuc su sdu sic ciua Barrow va cac
dang "gidi tich hod" ctia Newton va cua Leibniz dbi
vl Dinh ly @6 PTVCB thodt khoi giai doan hinh
thanh, né chao i va két ndi céc két qua cua ting
phép tinh va xdy dumg nén thudt todn théng nhdt cho
ca mét linh vuc rong 16n ndy cua toan hoc. Viéc dé
duoc tién hanh nhanh chéng do céc ky hiéu cua
PTVCB ma Leibniz dua ra la rit don gian va thuin
loi.
Phép tinh cac VCB xuit hién hdu nhu ddng théi dudi
hai dang: & thuyét "thong leong” cua Newton va
Phép tinh vi phin ciua Leibniz. Ngudi ta 3 so sanh
phuong phép clia Newton va cua Leibniz, va nhan ra
réng vé ban chét ching nhu nhau nhimg hai 6ng da
thuc hién bing hai cach khac nhau va doc lap véi
nhau.
D6i véi Newton cai cbt 18i la: cho trudc fluent
(thdng vén) can tim fluxio (théng lugng) bing phép
fodn dao ham (theo phuong phap Fermat) va ngugce
lai 12 tim fluent theo fluxio nhd phép tich phan.
Nhung tht dang tiéc, phn 16n cac két qua chi duoc
cong bd trong tac pham "Phwong phdp fluxio va
chuéi v6 han" nam 1736 sau khi ong qua dé&i gin
mudi nim!

TOAN H
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Trong khi d6, nam 1684 va 16'86 trénqtap f;hj AE
r(')b . trinh ;)éy diy du cac ket qua cua minh vé:;
pi in tan nay. Chang han, vé

dang nhu dugc duy tri d¢ E

u th 5 i rang: do d| = |=ydy nén
biéu thic [ydy, ong not rang d ( ZJ sy

I J:dy=l’ivi ring "0 ddy ta [nhu] Rl 2l e g
2

hay "|" va "d" cing déi nguwoc nhau nhuw luy thira va
can cir trong phép tinh thong thiong” )
Nam 1696 nha toan hoc Phap L'Hospital (1661-
1704) da cho ra doi cudn séch gido khoa ddu tién voi
tén goi "Gidi tich cdc vo cung be" (1696). Cﬂong’ mr?l’*;
dac bit nay 1a két qua "hoc 1gp" cuc luc cla tic gia
trong bén thang mua hé 1692 kl}i ong moi I
Bernoulli giang riéng cho minh vé' PTVCB. Trong
cubn sach nay c6 trinh bay "quy tac L'Hospital" (¢
§163) khr dang v6 dinh. "Quy téc ds do I Bef'nou/f
phat hién ra roi théng bdo cho L'Hospital dé cong
bé nim 1696" (Tix dién Bach khoa Toén hoc, Vién st
S.M. Nikolski chu bién, 1988).
Nhin lai lich sir toan hoc (LSTH) méy nghin ndm ké
tir thosi Arcimedes cho dén hét thé ky XVII khi cubn
sach giao khoa "Gidi tich cdc VCB" (1696) cua
L'Hospital ra d&i, khé c6 thé dua ra cau tra 11 xdc
ding cho céu hoi: Ai 12 ngudi d3 phat minh ra
PTVCB?
Trong cudn "Todn hoc la gi?" hai nha toan hoc ndi
tiéng Hoa Ky R. Courant (1888-1 972) va H. Robbins
(1915-2001) da rat c6 ly khi cho rﬁmg:
"Trong thyc 1€ PTVCB I két qué cia mor qud trinh
tién hod ldu déi, khéng bét dau ciing khéng két thiic
boi Newton hodc Leibniz nhung hai éng dé cé vai
1ro khd quan trong",
Mat khdc, khi ban vé dai luong bién thisn (DLBT)
::ga DesccTrteS, Ph. Anghen cling nhin manh réng;
DLBT cia Descartes da danh dgy mot budc ngodt

(C. Méc, Ph. Anghen, T20, tr.576).
IV.MOT THi py PANG BUON
Trong mot s ta¢ phim I
nhi€u trang dé pap ludn

" STH, ngusi ta ¢3 danh khé
ra PTVCB giira Ilhﬁ'ng

V€ quyén wu tién phat minh
O8UO1 ting ho Newron & Anh
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va phimg ngudi ting hd Leibniz & chiu Au. Ngay khi
hai 6ng con séng cung da xdy ra diéu d6. Cudc tranh
cdi cang thang va d3 diy dén mirc d6 thi hin dan
toc. R. Courant va H. Robbins cho rang: Sy tranh
chdp quyén phat minh gidi tich la mét thi du ddang
pudn... dau déc bau khi quyén cia sw théng nhdt
khoa hoc".

pé hiéu thi du dang budn ma hai tic gia cia "Todn
hoc la gi?" néi dén, xin dugc néu ra mdt sb trich
doan y kién cia mét s6 nha toan hoc va nha LSTH.
Trong cubn "Khdo lugn vén tit vé LSTH" (1963),
nha toan hoc va LSTH J. Struik (1925-2019) dé cép
dén vAn d& ndy mot cach ngin gon nhung diy du.
Theo 6ng thi gid day ngudi ta da xdc Idp duwoc rang
Newton va Leibniz da kham phd ra cdac phuong phdp
cua minh mgt cach dgc Idp voi nhau. Newton thu
dugc cac két qua dau tién vao nhimg nim 1665-1666
bing tiép can dong hoc, con Leibniz thi vao khoang
1673-1676 bing tiép can hinh hoc. Nhung Leibniz da
cdng bd cac két qua cia minh trén tap chi AE vao
nam 1684-1686, con cac két qua cua Newton dugc
cong bd vao khoang 1704-1736 sau khi 6ng qua doi.
Thém vao dd, trudng phap cua Leibniz toa sing hon
nhiéu so vdi trudmg phai Newton.

S. Hawking (1942-2018) 13 gido su toan hoc ctia Dai
hoc Cambridge. Ong d4 & cwong vi ma trude day .
Barrow, sau d6 1a I. Newfon t6i P.A.M. Dirac (1902-
1984) timg dam nhiém. Trong tic pham "Luoc sir
thoi gian” (Hanoi-1995), 6ng da viét kha tuong tin
va khach quan vé cudc tranh cai ndy:

"Ca Leibniz IGn Newton da phdt trién déc ldp véi
nhau nganh todn hoc goi la Calculus (giai tich)...”
Mic déu hién nay chung ta déu biét Newton da phat
hién Calculus nhiéu nam trudc Leibniz, song 6ng da
codng b cac cong trinh cia minh mudn hon Leibniz.
Nay sinh cudc tranh cdi om som xung quanh viéc ai
14 ngudi ddu tién tim ra Calculus gilta cac nha khoa
hoc ung ho hai phia. M6t diéu dang cha y 1 s6 16n
cac bai bao ung hd I. Newton lai dugc chinh dng viét
ra va cong bd duéi tén cac ban éng. Khi cude cii v
c6 quy mé lon, G. Leibniz mic sai 1am 16 1a kéu goi
Hoang gia giai quyét. I. Newton vén 1a Chi tich Hoi
Hoang gia, d4 chi dinh mot Hoi dong “khong thién
vi" dé tra xét vin dé. H6i ddng nay "fink co" lai gdm
toan nhitng ngudi ban cia Newton! Song chua hét, 1.
Newton d3 dé 1én Hoi ddng mdt ban bao céo va Hai
Hoang gia d cong bd ban béo céo nay, trong d6 /.
Newton di cong khai budc tdi G. Leibniz danh cfip

cong trinh. Chua thoa man, /. Newfon con viét mot
bai niic danh diém lai ban béo cdo néi trén va déng
vao tap chi riéng ctia Ho1 Hoang gia Sau khi G.
Leibniz chét, ngudi ta con ké lai rang 1. Newton da
tuyén bd 6ng v cing thoa da khi "lam v& qua tim
cua Leibniz".
Tiép theo, trong gido trinh "Gidi tich nhiéu bién 56"
(2007, PH Thuy lgi - Ha Ndi) tac gia nha todn hoc
(Hoa Ky) G.F. Simmons (1925-2019) cung viét:
"Ngay ca cai chét ciia G. Leibniz ciing khong lam
diu di con thinh ng cua Newton, ong van tzep tuc
theo duor ké thii ngay ca khi ké dé da thanh ngu'a’t
thién co... Tuy nhién, mét di san dé lai cho tat ca
nhrmg nha todn hoc vi dai nhét trong thoi dai duogc
bt dau véi 6ng {Le:bmz] chu khong phaz Newton -
va mo' réng pham vi ké tuc néi lién dén thé ky XX".
I Newton qua doi nam 1727. Ong dugc mai tang tai
nghia trang nha tho Wesminster noi an nghi cua cac
vi nhan nuéc Anh. Ong dugc Nit hoang Anh Anne
Stuart (1665-1714) tang danh hiéu Hiép st (1705).
Pho tuong ddng /. Newton & truong Trinity cua DH
Cambridge c6 khac dong chir & bé: "Tri tué cua ong
hon hdn moi nguoi”.
G. Leibniz qua d&i ndm 1716. Nha tho da bac bo cac
quan diém triét hoc cia nha toan hoc. Thi thé cua
dng duoc dat dudi tAing hdm gin mot thang sau d6
mdi chon cit. Tién dua 6ng dén noi an nghi cudi
cung chi ¢6 ngudi phu mé va nguoi thu ky... Ngudi
lam chitng cho dam tang cua ong viét ring: "Pdy la
nguoi mang dén vinh quang cho meéc Pirc nhung
nguoi ta da chén 6ng nhir chén mét tén ké cuop".
Vién Han 1dm khoa hoc (VHLKH) Berlin khong biét
phai {mg x1r thé nao dbi véi cai chét cua Chu tich
Vién minh. Cac nha bac hoc ¢ Vién (tha d6 nudc
Ao) ciing lang thinh. Chi ¢c6 VHLKH Paris té chic
long trong L& tuéng niém nha tw twong vi dai. Trong
Bach khoa todn thu ndi tiéng cia Phap, nha bac hoc
D. Diderot (1713-1784) da viét ring: "Leibniz ddi
voi nwde Diie ciing ngang nhur ca b ba Platon (429-
348 TCN), Aristoteles (384-322 TCN) va Archimedes
(287-212 TCN) gép lai dsi véi Hy Lap cé dai...
Qua that PTVCB la thing loi huy hodng ciia "thudn
tuy va hoan toan riéng cua tri ndo con nguoi". N6
dda bién todn hoc thanh todn hoc cia dai heong bién
thién. Day ciing 1a ngon ngudn va tién d& dé A.
Cauchy (1789-1857), C. Weierstrass (1815-1897),
R. Dedekin (1831-1916) va G. Cantor (1845-1918)
thanh cong trong hoan thién va luan chimg co s tiép
theo ciia PTVCB vao thé ky XIX.
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CAC LOP THCS

Bai T1/521 (Lép 6). Xét 100 s6 nguyén dwong 1;
2; 3; ...; 100. Hay tim sé nguyén duong » nhd
nhét sao cho véi mdi cach ldy n s6 phan biét tir
100 $6 trén déu tn tai hai sé a,bsaochoag+bla
mét sb nguyén té,
NGUYEN PUC TAN
(TP. H6 Chi Mink)
Bai T2/521 (Lép 7). Cho p 1a sé nguyén t6 e,
Tim tit ca cac cip sb nguyén duong (x; y) sao cho
x+yvaxy+1déula liy thira cta p.
PAO HUY TRUONG
(GV'THCS Lép Thach, Lip Thach, Vinh Phi)
Bai T3/521. Tim tit ca cic s nguyén x, y théa
man phuong trinh
X’ By+1)+y*(Bx+1)
+(x+y)(x* —xp+ p* +1)+ 2xp =343,
NGUYEN HAM THANH
(GV THCS Ly Nhdt Quang, D6 Luong, Nghé An)
Bai T4/521. Cho dudng tron (0) va dudng tron
(O’) cit nhau tai 4 va B. Ké mét tiép tuyén chung
ngodi lan lugt tip xic véi duomg tron (0) va
dudng trén (O°) tai C va D. Chimg minh ring
AC BD

4252,
AD " BC

NGUYEN TAN NGOC
(GV THCS P. Binh Dinh, An Nhon, Binh Binh)

Bai T5/521. Giai hé phuong trinh:
{3x2y—xy—y=1
~x = y+y’=3

LAI QUANG THO
(Phong GD&PT Tam Durong, Vinh Phic)
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CAC LOP THPT

Bai T6/521. Cho cac sb thye duong x,ye(0;1),
1én nhét cia biéu thire

Tim gia tri =
P=Ax+{y +ﬁ\[x”— yi-y il

TU HOU SON

(So GD&DT Ha Tinh)

Bai T7/521. Giai phuong trinh sau trén tip sf
3
thue: (x+D(* +1)(° +1)=30x" o
. TRAN VAN LAM
(Xom Tién Bé, thon Vin Trai, xd Tén Phi,
TX. Pho Yén, Thdi Nguyén)
Bai T8/521. Cho tam gidc ABC c6 trong tdm G, E
1a tim duong tron Euler va R 12 ban kinh duéng
tron ngoai tiép. Chimg minh rang
a) EA+EB+EC<3R;
b) EA*+EB*+EC*>GA> + GB* + GC*.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, DHQG Ha Ngi)

Bai T9/521. Gidi phuong trinh Iugng gidc
V4" cos™ x+3 + V4" sin* x+3 = 4,

trong d6 » 14 sb tu nhién bt ky.
DANG THANH HAI - TRAN TUYET THANH
(GV Khoa Co ban — Hoc vién Phong khéng
Khéng quén, Son T dy, Ha Ngi)
TIEN TOT OLYMPIC TOAN
Bai T10/521. ‘Cho a, b, ¢ 1a cac sb nguyén duong.
Chimg minh ring tdn tai s nguyén k sao cho ba
s6 nguyén a + e, pt +ca, c* +ab c6 it nhit mot wée
nguyén to chung,

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)
Bai T11/521. Tim t4t o4 c4e ham s 7: 727

thoa man (£ (x)+ yr(x2 N=x+x"£(y) véi moi
x,yeZ.
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tai X, ¥, Z. H 14 giao diém cua DF va XZ. Chimg
minh cic dudng AH, DE, XY dong quy.
DAO ANH TIEN
(SV K66 khoa Todn-Tin DHSP Ha Ngi)
Bai L1/521. Hai ¢iém 4, B nim trén cing mot
dudng thing di qua nguén 4m S va & cing mét
phia so v&i ngudn 4m. Coi nguén am I3 ding
huwéng va méi trudmg khéng hép thu 4m. Biét mirc
cuong d6 &mtai 4 1a L, = 50 dB, tai B 1a Lz= 30
dB. Cho C 12 mdt diém trén doan AB ma
CB =2C4. Xéc dinh mirc cudng d6 4m tai diém C.

Bai L2/521. Cho doan mach ¢6 R, L, C méc nbi
tiép. Dit vao hai diu doan mach dién ap xoay
chidu c6 gi4 trj hiéu dung khong doi. Ding ampe
ké mic ndi tiép vao doan mach dé do cudng do
dong dién, khi d6 sb chi ampe ké 1a 2 A. Dung
mot ddy din c6 dién trd 7 rét nhé noi tht ty dién C
thi sé chi ampe ké ciing 14 2 A, van ding day d6
néi tht doan mach chira L, C thi sb chi ampe Ké 1a
2,5 A. Khi diing day nay nbi tit bai dau cudn cim
thuén L thi ampe ké chi bao nhiéu ?

: AM (Ha Ngi

VIET CUONG (Ha Néi) THANH LAM (Ha Ngi)
PROBLEM IN THIS ISSUE

FOR SECONDARY SCHOOL Problem T8/521. Given a triangle ABC with the

Problem T1/521 (For 6" grade). Find the smallest
positive integer n so that for each set of » numbers
chosen from 1; 2; 3; ...; 100, there always exist
two numbers a, b so that g + b is a prime number.

Problem T2/521 (For 7" grade). Given an odd
prime number p. Find all pairs of positive integers
(x; y) so that both x +y and xy + 1 are powers of p.

Problem T3/521. Find all integers x, y satisfying
LBy+1)+y*(3x+1)
+(x+ y)(x* —xp+y  +1)+2xy =343

Problem T4/521. Two circles (0) and (O)
intersect at 4 and B. An exterior common tangent
touchs (0) and (O’) at C and D. Show that

Problem T5/521. Solve the system of equations
3x’y—xy-y=I
—xyt—y+y =3
FOR HIGH SCHOOL
Problem T6/521. Given real numbers x,ye(0;1).

Find the maximum value of the expression
P:J;+J;+§/l—2\}x\(l—y1 +yl-x%,

Problem T7/521. Find the real roots of the

equation

(x+1)(F +1)(X +1)=30x.

centroid G, the nine-point center E and the
circumradius R. Show that
a) EA+EB+EC<3R;

b) EA*+EB*+EC*2GA*+GB*+GC™.

Problem T9/521. Solve the
trigonometric equation

J47 cos* x +3 +v4" sin*" x+3 =4,

where # is an arbitrary natural number.

TOWARDS MATHEMATICAL OLYMPIAD

following

Problem T10/521. Let a, b, ¢ be positive integers.
Show that there exists an natural number & so that

the three integers da* +bc,b" +ca,c* +abhave at
least one common prime divisor.
Problem T11/521. Find all functions f: Z—Z

satisfying  f(f(x)+yf(x*))=x+x"f(y) for all
x,yeZ.
Problem T12/521. Given a triangle ABC and M is
an arbitrary point on the side BC. The incircle (1)
of the triangle ABM is tangent to the sides BM,
MA, AB respectively at D, E, F. The incirrcle (J)
of the triangle ACM is tangent to the sides CM,
MA, AC respectively at X, Y, Z. Let H be the
intersection between DF and XZ. Show that the
lines AH, DE, XY are concurrent.

Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)
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Bai T1/517. Tim tat ca céc sé nguyén 16 p dé

27+ p* la 56 nguyén 16.

Loi gidi. « Khip =2 thi 2*+ 2% = 8 1a hop sé.
*Khip=3thi2’+32=171a s nguyén td.
*Khip>3thiplasd 1€ va p ¢6 dang 3k + 1 hodc
3k+2v6iklasd nguyén duong.
Tabién ddi 2° + p? =27 + 1+ p?— |

=27+ 1+ (p-1)p+1).

Néup =3k+1thip-1 =3k, néup =3k+2thi
PH1=3(k+1),dodép’~1=(p-1)(p+1)luén
chia hét cho 3. Do p > 3 va l1a sb I¢ nén dat
P =2t+1vé&itlasénguyén duong.

Lacdo 2P +1=2"""+1=42+]

=(3+1)2+1.
Khi cho 7 lan luot liy cac gid tri 13 s nguyén
duong ta thay (3 + 1)' ludn la tich cta hai sé dang
3u+1va3v+1 nén ludn cé dang
BGu+DBv+1)=9uv+3u+v)+1=3y+1

véi y 1a s6 nguyén duong. Khi d6 2” + 1 ¢6 dang
By+1)2+1=6y+3=3Q2y+1)véiylasb
nguyén duong, do d6 2° + 1 ludn chia hét cho 3
voip>3vaplaséle.
Khi p >3 va p 1a s6 1¢, tir cac két qua trén suy ra
rang 22 +p° =2+ 1+ (p—1)(p + 1) luon chia
hét cho 3 va 16m hon 3, do d6 2° + p? 1a hop sé.
Viy 27 + p’ 1a 56 nguyén t5 chi khi p = 3 va ltc d6
2+ p*=17.
Nhin xét. C6 thé xét khi p > 3 va p 1a sb 1é ma
khong chia hét cho 3 thi p c6 dang 6k + 1 hoic
6k + 5 v6i k 14 s6 nguyén duong. Céc ban sau c6 16i
giai dung: Phi Tho: Nguyén Doan Anh Ti, 6, THCS
Nguyén Quang Bich, Tam Néng; Ha Ngi: Hoang
Tudn Anh, 6T, THCS Luong Thé Vinh; Nghé An:
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Hé Hoang Vi, 6B, THCS Cao Xuén :Huy: Di.gfn
Chéau; Nguyén Kim Anh Quan, 6A, Nguyén V‘an V“it’
Déio Phuong Anh, Nguyén Dang %uangj 'HOC‘TZJ‘g Véin
Quyét, Thai Thi My Hanh, Nguyen Hai Tr::eu, 6B,
THCS Ly Nhat Quang, DO Lucmg; Ha mh:
Nguyén Thi Thanh Thdo, Dang Th.r' ng:'c Mm:h,
Nguyén Quynh Anh, Ddng Ngoc Mai, :Tr_mf; Th;?,
Link, Nguyén Thi Tric Quynh, Nguyén Tan Tai,
Trdn Tudn Dat, Nguyén Minh Qudn, Phan Thanh
Huyén, Nguyén Duy Khdnh Huyén, 6A, TH(ES Xuan
Diéu, Can Loc; Quang Tri: Vo Nguyén Thing, 6A,
THCS Trung Vuong, TP. Dong Ha; Binh Dinh;
Nguyén Nguyén Thinh, 6A4, THCS Ph. B?nh Dinh,
Tx. An Nhon; Quang Ngai: Pham Qudc Hodng
Anh, 6C, THCS Pham Van Ddng, Nghia Hanh,
NGUYEN VIET HAI

Bai T2/517. Cho tam gidc ABC vuong cdn tai A.
Piém D nam bén trong tam gidc ABC sao cho

ABD=BCD=30". Tinh 56 do goc CAD.

Lot gidi, (Cua mdt sb ban) E
Dung tam gidc déu BCE c6
dinh E cung phia véi 4 so
v6i nira mit phing bd BC A
(hinh v&). Khi d6 do tinh A D
dbi ximg, cho nén 4 C
BEA=30" = BCD . Mat khéc theo gia thit bai
todn, ta dé dang cé EBA= 15" -—-C"Ef). Hai tam
gidc BEA va BCA bing nhau (g.c.g), suy ra
BA = BD. Tir 46, trong tam gidc cdn BAD, ta co
BAD=75". Suy ra CAD = 90° — BAD — 15"

Nhdn xét. Cac ban sau déy co 101 giai ding :
Vinh Phic: Nguyén Thi Dinh, Nguyén Thi Phuong
Linh, TA1, THCS Yén Lac; Quing Tri:

Vé Nguyén
Thang,

?A, THCS Trung Vuong, Dong Ha; Phi
Theo: Do"’Ngoc Tién, TA3, THCS Lim Thao; Nghé
An: Vé Anh Duong, Neuyén Héng Nga, 7D, Nguyén
Céng An, 8C THCS Ly Nhat Quang, B Luong; Séc
Trang: Nguyén 4n Thie, TA1 THCS K& An, Ké
Sich; Thanh Méa: Chy Thgny, Ngoc, 7D, THCS
Nhir Ba Sy, But Son, Hodng Héa; Ha Noi: Hodng
Tuan Anh, 6T, THCS Luong Thé Vinh, TI;. Ha Noi;
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Huog Yén: 15 1,4
5 : " Nghia, 7C, THCS Boan T
Diém, Yén My, e T

VU PINH HOA
Cho cdc sé thyec duong a, b, ¢ théa
¢ =1 Tim gig i I6n nhat cug bidy
thirc P:—-l_.+—1_._+—.l___ 1

o S
a+3 b+3 o413 3ab+bc +ca)’
Loigidi. Cich 1. T, o4

3p=3_, 3

+— 1

943 B+3 c¥3 gbiborea

=3—( g b 1
a+3 b+3+c+3+—___—J

Bai T3/517.
mana + p +

ab+bc +ca

@3—3}3: _,a.- ¢ b2 i C,'2
@ +3a b +3b 243

1 2
+——_(_5J____ 49

+ ;
2Aab+bc+ca)  50(ab+ be + ca)

Ap dung BDT

(a+b+c)?

Schwarz, BDT

ab+bc+ca< va dung gia thiét
a+b+c=1,tacé:

(a+b+c+—;]2

3-3P2— N s o =3
(@+bcy +3a+b+c) o (a+b+cf 10

@PS_—I; P:_—1 khi:
10 10
a+b+c=la=b=c

1

a b __ ¢ _ 5
a+3a b +3b F+3c 2ab+be +ca)

|
=b=c=—.
S a=b=c=3

; -1 .. 1
Viy gi4 tri 16n nhat cua P:T(S khi a=b=€=§-

Cich 2. Ta c6 BDT quen thudc:
3(0b+bc+ca)£(a+b+c)z= 1
1 1 !

+ - 2
:P£a+3+b+3 e+3 (atb+o)
1
a+3 b+3 c¢+3

1 33-9x

Ta chirng minh BDT: —— <
x+3 100

x&(0;1). Ta c6: (1) < (33 - 9x)(x +3) <100
< =95 +6x-1<0 < -(3x~1)* <0 (2).

(1) v&i moi

BDT(2) Iuén ding, ding thire xay ra khi x=§.

BDT(1) dugc chimg minh. Ap dung (1) ta c6:
1 33-9a 1 _33-9 1 339

a+3 100 'b+3” 100 c+3° 100
Do dd P= + L + ! -1
a+b b+c c+a
<99—9(a+b+c)__ _ 1
N 100 10

-1 . . .
Viy maxP:B. Dau bang xay ra khi

Nhin xét. Da sb cic ban gii bai ddu 1am theo cach
tuong tu nhu trén. Tuyén dwong céc ban sau cé 1o
giai tot: Hung Yén: Lé Tudn Nghia, 7C, THCS
Doan Thi Piém, Yén My; Ha Ngi: Trdn Minh T,
8C, THCS Luong Thé Vinh, Vi Minh Nghia, 8A1,
THCS Cau Gidy, TP. Ha Noi; Quang Tri: Nguyén
Anh Qudn, 8D, THCS Tran Himg Pao, Cam L3; Ha
Tinh: Trdn Minh Hodng, 8E, THCS Nguyén Trdi,
Nghi Xuan; Tdy Ninh: Ngé Quéc Tai, 9A1, THCS
Trén Hung Pao.

PHAM THI BACH NGOQC
Bai T4/517. Cho hinh thoi ABCD cé BAC =60,
Goi M la diém nim trén canh BC (M khong tring
voi cdc dinh B, C), duong thang AM cét duomg
thang CD tai diém N va goi E 1a giao diém cuia
duong thang DM va dwong thing BN. Chimg
minh rang dicong thing BC tiép xiic véi duong
tron ngoai tiép tam giac CEN.
Loi gidi,

Do AD // BC nén DAM = AMB .

) TOAN HOC 73
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Do ABCD 14 hinh thoi nén ADN = ABM .
r 46 IN ~ AMBA (g.g),tachd; —=—-.
Tir d6 AAD. (g.g) i

Vi A4BD déu nén AD = AB = BD, suy ra:
BD DN
BM DB’
Lai ¢6 ABCD déu nén BDN = DBM , Suy ra:
ADBM ~ ANDB (g.g) = BDM = DNB.
Suy ra ABDE ~ ABND (g.g), ta cé:
BC BE
BN BC
Tir 46 suy ra ABCE ~ ABNC (c.g.c), din téi
BCE = CNB. Do d6 BC 14 tidp tuyén ciia duong
tron ngoai tiép tam gidc NCE,
Nhdn xét. Chi c6 hai ban cho 15 giai diing 13 ban Ngé
Thi An Binh, 9, THCS Ding Thai Mai, TP. Vinh, Nghé
An; va ban Nguyén Anh Thir, 7A1, THCS Ké An, Ké
Sach, Séc Tring.
NGUYEN THANH HONG
Bai T5/517. Giai phuong trinh

8x’ —1lx+1=(1-x)]Y4x* —6x+5 (1.
Léi gidi. Cdch 1. Binh phuong hai vé PT(1) ta
co: (8x% —1lx+1)" = (1-x)*(4x* — 6x+5)

< 60x* —162x* +116x* —=6x—4=0
< 2(5x% —6x —1)(6x* -9x+2)=0

_3+\14
5x'—6x-1=0 |*T 73
Lo ] A
6x*-9x+2=0 9133
xo=
12

Thur lai ta c6 tap nghiém cua PT la

S={3—J§,9+\/§}.

5 12
Cach 2. Ta cé:
(D) —(4x* =6x+5) + (x = 1)V4x® —6x+5
+12x* ~17x+6=0 (2).
Xem (2) laPT bac hai dn1a 7=v4x* —6x+5, ta
co: A:(x~1)2+4(12x2—17x+6)=(7x~5)2.

TOANHOC
* CTuGilpe__ S8 52111-2020)

24

5 nghiém:
Do @6 PT(2) c6 gt _
’ }_j__{f(j__f_—a =-3x+2 (3)

JiF—6x+5= 3 |
ﬂl:_{‘;gf:-él=4x—3 (4)
Jar—6x+5=—2;

3 (4) ta tim duoc nghigm
41 phrong trinh (3) Va €
Giai phuong 3._@_21'_‘/._?’3,

—_—

cia PT da cho la: 5 12

Nhin xét. Cach gidi thir nbat 1am mét can béng binh
édn xel. ‘ A ‘
phuong hai vé 4é dua vé phuong trinh béc 4 vi say

46 14 dua vé phuong trinh tich s0 Vi hai thita s 1
c4c tam thirc bac hai da biét céch giai. Cach gidi thy
hai sir dung cach dat 4n phu khong hoan toan. Haj
cach giai déu khong kho va ¢d a0 dﬁ‘i nhu nhau. Cc
ban tham gia déu giai dung bai ndy déu gidi theo mot
trong hai cach trén. Sau ddy 1a danh sach cua céc
ban: Hai Phong: Trdn Trung Phiic, 8A4, THCS Ngb
dia Ty, Q. Hong Bang; Ha Noi: T ran Minh T, 8C,
THCS Luong Thé Vinh, Nguyén Dirc Minh, 8A,
THPT chuyén Ha N§i - Amsterdam, TP. Ha Nai;
Nghé An: Nguyén Céng An, 8C, THCS Ly Nhit
Quang, H. D6 Luong; Ha Tinh: Trdn Minh Hodng,
8E, THCS Nguyén Trai, H. Nghi Xuén; Quéng Tri:
Nguyén Anh Qudn, 8D, THCS Trin Hung Dao, H.
Cam L§; Sé¢ Trang: Nguyén Anh Thu, 7A1, THCS
Ké An, Ké Sach.

NHU HOANG
Bai T6/517. Cho sir x, Yz, t la cdc $6 thuce sao
Ch(,) ¥ +y 12+ <2, Tim gid tri Iom nhdt cua
biéu thire:
P(x’y’z”)=(x+3y)2+(2+3r)2

| Hx+y+z)’ +(x+z+1)
Lai gidi. Bé dé: v gi cac s6 thyuc duong a,a,,...,a
3 E n

ta co:
6: (q, +a, tetaYax? +a,x? +o,+a,x’)

2 (ax, + GXy +etax )

Théy vay, 4p dung BBT Bunyakovsky cho hai bd

s6: \Ja,,\Ja y [ f
l “re
’ > 2: A4, va a x, Ay Xy 5.y fa, X,
ta ¢6 ngay diéu cip chitng minh

Véi hai s dwong a, b tiry Y, ta cé:
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¥ Bai T7/517. Tim tét ca cdc $6 thyc x sao cho
x> —x+1 2
trong do {a} I ki hiéu phan Ié ciia s6 thyc a.

+-Jé—+—]; Léi gidgi. (Cua nhiéu ban) Theo dinh nghia
a

2 a =a—[a] va a—lS[a]<a nén
(x+z+1)’ = a_£+a_i+bi) 5(20+b)[f-+£2_+fi} {a}
a a b a a

b 2 —5x+2]_2¢-5x+2 1 3x* —9x+3
oo e xt—x+1 x*-x+1 2 2(x —x+1)
Sa+5b
P(x,y,z,1) < . (*+2°)+ 50+10b( +1%). 3x* -9x+3 eZ
Ta chon a, b sao cho Z(x2 —x+l)
PN
5a+5b _5a+10b S atab_b®=0. 3’ —9x+3 _2x’ —5x+2<3x —9x+3 *
4 a Z(x —x+l) x—x+1 2(x -x+1)
Chonb=1thi a’ +a-1=0=a= Jg_l, Giai BPT(*) voi nhan xét x* —x+1>0 voi moi
2 .

3x? —9x+3<4x* -10x+4
4x2 —10x+4 <5x* —=11x+5

2_x+120
5(3"’\/_) =N ity < xeR.
5 2 5(3-+5). 2 ox+1>0

-(*
Khi d6 P(x,y,z,[)<M(x2+y2+zz+tz) x, ta dugc:( )@{

) x_y_z_1t Do vay, bai toan tr¢ thanh: Tim tht ca cac sb thuc
Dau‘“="xayrakhi i@ b a b = 4 3x* —9x+3 7
xdé y=—"—"——=€Z.
Xyttt =2 Y 2(x* —x+1)
- - , 3x* —9x+3
xX=z 5 \/g X=z=- §_£ TaCOZ y=——2————
10 . 10 2(x* - x+1)
hoic ;
5+5 5+5 S B-2y) —(9-2y)x+3-2y =0.

PT nay cé nghi¢m khi va chi khi

I\thﬁn xét. Cé khong nhiéu cac ban g’iéi‘béi ndy. Mot A=(9-2 y)2 —4(3-2 y)z _ _3( 4y —4y—1 5) >0
s6 ban sir dung phuong phap ham sb dé giai bai nay , 3 5
nhung céch giai nay con dai. C4c ban sau 6 10i giai 4y -dy-15<0e ) sys 2
&ling: Ha Npi: Ngé Van Minh Thing, 12 Toén 1,

THPT chuyén Nguyén Hué, Ha DPéng; Nguyén Xudn
Timg, 11 Toan, THPT chuyén KHTN, PHQG Ha ° Thay y =
Noi; Léam Pdng: Té Gia Bdo, 10 Toan, THPT .

chuyén Thang Long, Pa Lat; Déng Thap: Lé Huynh gz—;g—x% =-1 5 -11x+5=0 X,= 114421 .
Nhat Nguyét, 10 Toan, THPT chuyén Nguyén Quang o ) \ ' 0
Diéu; Séc Tring: Nguyén Anh Thir, TA1, THCS K& e Thay y = 3"_—91”_3 =0 ta duoc:
An, K& Séch. 2(x* - x+1) .

Do yeZ nén y={-1,0,1,2}.

32 -9x+3 {125 08
bl N, P i
2(x2 ~x+1) oc:

TRAN HU'U NAM

x2—3x+l=0c>x“=3i\/§_

S8 shitpsothii eﬂ?ﬂﬂ&@ &9




2_

e Thay y=_3_x_2_9)_c+_3=1 ta dugc:

Z(x —x+1)
3x° —9x+3 o
—x;-x—t—=1¢:>x2—7x+1=0<:>x56=7—3‘/§_
2(x —x+1) ! 9

3x* -9x+3
e Thay y=x—2~i=2 ta dugc:

Z(x —x+1)
3x*-9x+3 -
—JLZ—“{'—=2<:>x2+5x+1=0<:>x7s=____5i‘/51__
Z(x —x+1) ; 9

Két lugn: Phuong trinh c6 8 nghiém.
Nhdn xét. 1) Bai nay dua vé dang co ban
/] =g() < {g e,
g(x)< f(x)<g(x)+1.

C6 thé tham khao: Nguyén Thi Héng Hanh, Nguyén
Thi Binh Minh, Ta Duy Phugng, Nguyén Thi Bich
Thity, Phan nguyén va ung dung trong gidi todn,
NXB Gido duc Viét Nam, 2020, trang 167.
2) Hau hét cac ban déu ra dap sb dung, tuy 10i giai
c6 hoi khiac. Thi du, sir dung dao ham dé tim
Ymin £ ¥ = Yo - Danh sdch cic ban giai dung la:
Ba Ria - Ving Tau: Phan Trung Kién, 10Tl,
THPT chuyén Lé Quy Dén, TP. Viing Tau; Binh
Pinh: Nguyén Huy Hodang, 11T, THPT chuyén Lé
Quy Dén; Cén Tho: Phan Trung Pirc, 11A1, THPT
chuyén Ly Tu Trong, TP. Can Tho; Ha Néi: Nguyén
Xudn Tung, 11 Toan, THPT chuyén KHTN, PHQG
Ha Nbi, Ngé Van Minh Thing, 12 Toan 1, THPT
chuyén Nguyén Hué, Ha Dong; Quang Binh: Lé My
Duyén, 11 Toan 1, Truong Thi Thu Ha, 10 Toan 1,
Lé Pirc Hanh, 10 Toan 2, Tran Phuong Linh, 10
Toan, THPT chuyén V3 Nguyén Giap; Séc Tring:
Nguyén Anh Thir, 7A1, THCS Ké An, huyén Ké
Sach.

TA DUY PHUQNG
Bai T8/517. Cho tw gidc 16i ABCD c6 hai duing
chép AC va BD cdt nhau tai O. Goi M, N, P, Q
theo thir tw 1a hinh chiéu vuéng géc cia O trén
cdc duong thang AB, BC, CD, DA. Chirng minh
rang AC va BD vudng goc véi nhau khi va chi khi

1 1 1 1
+ = + :
OM? OP* ON® 0@’

Loi gigi. Dat OA = a,

TOAN H
26 i
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0B — b, OC=c, 0D =dvi AOB=a. St dung

dinh 1y ham sb cosin cho
tam gidc OAB ta co:
AR =d + b — 2ab.cos o

Dién tich cua tam giac

OAB la

= —I-OM.AB:lab.sina
2 2

Soa

suy ra:
)I AB? 1 _a’+b’—2abcosa

_ s ==
OM? a*b’sin’a oM?
1 1 1 2cosaj
— — |
" sin’ r:)t(a2 b ab

Mt khac do Cﬁ_)za;ﬁ':mﬂ%o—a nén

2 .
a*b*sin’ a

twong tu ta cling €O

1 _ 1 "l_+_1_+2cosaj;
p bc

ON? sin‘a
1 1 [1+L_2cosaj'
OP? sinfal\c d° cd )

1 1 1 1 2cosa
—-—? I—H’—— '_2+_T+ .
0Q* sin“a\d® a da
Tu do
1 1 1 (1 1 1 1 [1 1)
—t——=——| —+ —+—+— —2c0s0| —+— | |;
oM* OP® sin‘ala® b ¢ d° ab cd
1 1 1 1 1 1 1 1 1
i bt D 0050 —+— | |
ON° 0OQ° sin“oa\a” b ¢ d° ad be

1
2 + 5 — 1 3 + 1 5
OM® OP° ON* 0Q°

Suy ra

= —2cosa(L+—1—J = 2cosa L+L
ab cd ad bc

ab” be cd  da )50

<cosa=0a=90"< AC | BD.

Nhin xét. Tht ca cac 1di giai giii vé& Toa soan déu
dﬁ‘ng. Sau day 1a danh séch cac ban c6 161 giai tot:
H:ﬁa. Noi: Nguyén Ditc Minh, 8A, THPT chuyén Ha
NGi ~ Amsterdam, Nguyén Xudn Tin g, 11 Toin,
THPT c.huyén KHTN, PHQG Ha Noi; Hung Yén:
g;c; ;%D l:'uz‘rng V9, 10A9, Deing Duy Hau, 11AL,
Binh: Trcfnm}li Quang Ham, Vin Giang; Quéng
Lé My Dyvé "’0~71g Linh, Lé Dy Hanh, 10 Toan g
Y Duyén, Ding Hoang Duy, 11 Toén 1, Nauyén
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Anh Diee, 11 Toén 2, Pham Long Khanh, 12 Toéan 2,
THPT chuyén V5 Nguyén Gisp, TP. Pbng Héi;
Quing Tri: Ngé Hoang Thanh Dat, 10 Toin, THPT
chu‘j‘!én Lé Quy Pon, TP. Péng Ha; Thira Thién
Hué: Nguyen Quang Huy, 11 Toén 1, THPT chuyén
Quéc hoc Hué; TP. Huyé; Quing Nam: Hupnh
Thanh Tudng, Nguyén Lam Bao Uyén, 10 CT, THPT
ch:nyén Nguyén Binh Khiém, TP. Tam Ky; Lam
Pong: 76 Gig Bao, 10 Toan, THPT chuyén Thang
Long, TP. Da Lat; Binh Dinh: Nguyén Huy Hoang,
11T, THPT chuyén La& Quy Dén, TP. Quy Nhon.

HO QUANG VINH

Bﬁ‘i T9/517. Cho a, b, ¢ la cdc 56 thuc duong
thbamana + b+ ¢ = 3. Tim gid tri nho nhat cua
biéu thic p=2,2,c,_  6abc

' ¢ a ab+bc+ca
Loi gidi. Tat ca cac bit ding thirc trong bai niy
dugc suy ra tir bat ding thirc Cauchy cho hai sé
thuc duong. Ta ¢6:
3(ab+bc+ca)=(a+b+ c)ab + bc + ca)
=(@+b)(b+c)c+a)+abe

= (a+b)(b+c)(c+ a)+Jab.\be.Jca
a+b b+c ¢c+a

< (@a+b)b+c)c+a)+

2 - 2 2
=§(a+b)(b+c)(c+a).
A (a+b)b+c)c+a) 22
ab+bec+ca 3

Nhdn xét: Néu x, y, z, t 14 cac sé thuc duong thoa
man xyzt > 16 thi

x+y+z+!22\/5+2\/;
>2.2Vxy 2t =4fxyzt > 4416 =8.

Do d6 P+3=[E +1] +[é+ 1] +[5+ 1] i G
b c a ab+bc+ca
6abc
ab+bc+ca
-6 (a+b)(b+c)c+a)
ab+bc+ca

_a+b+b+c c+a
b c a

; a+b b+c c+a 6abc
b ¢ a ab+bctca

26.§=16.
3

TedésuyraP > 5;P=5<a=b=c=1.
Viy gi4 tri nho nhit cla P bang 5.

Nhin xét. Bai toan bt déng thirc trén thudc dang co
ban, quen thudc véi cac ban hoc sinh. Céc ban sau
c6 loi giai ding: Ha Noi: Nguyén Dirc Minh, 8A,
THPT chuyén Ha Noi — Amsterdam, Nguyén Xudn
Ting, 10T, THPT chuyén KHTN, PHQG Ha N9,
Ngé Vin Minh Thdng, 12T1, THPT chuyén Nguyén
Hué, Ha Dong; Hung Yén: Pdng Duy Hdu, 11A1,
THPT Duong Quing Ham, Vin Giang; Lim Ddng:
T6 Gia Bao, 10T, THPT chuyén Thing Long, TP.
Pa Lat; Pong Thap: Lé Vin Anh Khoa, Nguyén
Thién Ly, Bui Hiu Phiic, Lé Huynh Nhdt Nguyét,
10T, THPT chuyén Nguyén Quang Diéu; Binh
Pinh: Nguyén Huy Hoang, 11T, THPT chuyén L&
Quy Dén; Tay Ninh: Ngé Quéc Tan, 8A1, THCS
Trén Hung Pao, TP. Tay Ninh.

NGUYEN MINH PUC
Bai T10/517. Cho p la s6 nguyén 16 va k la s6
nguyén dwong. Tim tdt ca cdc cdp (p, k) sao cho:

kl=(p’ -1)(p’ - pXP’ - P*).

Léi gidi (Dya theo y ciia ban Nguyén Anh Purc,
11T2 va ban Lé My Duyén, 11T1, THPT chuyén
V6 Nguyén Giap, Quang Binh).

Xét p=2. Tacé k! = 2°.3.7 = 168 khong chia hét
cho 5. Khéng c6 & théa man vi 5! = 120 suy ra
k> 5, dan dén k! chia hét cho 5.

Xétp >3. Ta chimg minh £ > 3p.

Taco: k! =p’(p—1P@+ D +p+1).
Do 6 v, (k!)=3. Mt khic 7, (k1)= Z{i}
P

i=1
n+l

6 dénthoamin p"<k<p

Néun >2thi k>p>>3p. Néun=1 thi

|i-’£}=3 = k=3p.
P

Khi d6 k23p>p+1L4k23p>2(p+1).
Do d6 k! chia hét cho (p + 1)* hay

P -1+ 1)(p* +p+ 1) chia hét chop + 1.
Vi @*+p+1,p+1)=1nénp’(p - 1)’ chia hét
chop+1,suyra p*(p—1y =0 (mod p+1).
Tacod: p=—1(mod p+1); p—1=2(mod p+1).
Do dé p’(p—1y’=-8(mod p+1) = 8=0(mod p+1)
=> 8 chiahétchop+1,suyra p 6{3,7}.

TOAN HOC 27
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Véip =3 ta céd k! =11232 khéng chia hét cho 5.
Do d6 khéng tdn tai k.
Véip =7 tacé k! =2° 3* 7. 19 khong chia hét
cho 5. Do d6 khéng tdn tai k. Viy khéng ton tai
(p, k) thoa man diéu kién dé bai.,
Nhdn xét. Chi c6 8 ban tham gia gidi bai nay, trong
d6 c6 7 ban c6 1&i gidi dung, tuy c6 dai hon cach giai
néu trén,
PANG HUNG THANG

Bai T11/517. Tim tat ca cic ham sé f: Z—1Z
thoa man: f(2f(a)+ f(b))=2a+b-4 (1),Ya,beZ.
Ldi gidi. (Theo da s6 cac ban)

Theo (1), véi b = 4 thi

JS@Qf(a)+ f(4)=2a,VacZ (2).
Giastt f(a)=f (a,) v6i a,a, € Z. Theo (2) thi
26, =fQ2f(a)+f(4)=f2f(a)+ f(4)=2a,.
Suy ra a, =a,, tiic f la don anh trén Z. Déy
ring 2a+b—-4=2a—1)+(b+2)—4 nén tr
(1) suyra: £(2f(a)+ £ (b))
=f2f(a-1)+ f(b+2)),Va,beZ (3).

Vi f don anh nén tir (3) suy ra:
2f(a)+f(b)=2f(a—1)+ f(b+2),Va,beZ (4).
T (4) voi b=a -2, ta thu dugc:

2f(a)+ fa—2)=2f(a=-1)+ f(a),VacZ

& f(a)— f(a—1)=f(a—1)—f(a—2),YaeZ (4).
Suy ra diay {f(a)} la mot cép sb cdng va
flay=pa+q,Va€Z, v6i p,geZ.

Thay f(a)= pa+ g vao (1), ta thu dugc:
Q(pa+q)+(pb+q)p+qg=2a+b-4,Ya,beZ
hay 2(p* —Da+(p*-1)g+3pg+g+4=0,Va,beZ (5).
Tir (5) suy ra p, g phai thoa man hé thirc:

2-1=0 p=Lg=-1
{5pq+q+4=0©[p=-—1,q=2'

Két lugn: C6 hai ham sb thoa man didu kién bai ra
la fix)=x—-1va f(x)=—x+2 vdi x€Z.
Nhgn xét. Pay la dang todn co ban vé phuong trinh
ham véi cip bién ty do trén Z. Pa sb 161 giai gui
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s theo cich 42 trich bay. Mot 50 ‘b'@n.dua vé
) trinh ham Cauchy cfn.lg cho loi giai nghn
PUOD® @ an sau ddy od 10i gidi dng:
gon. ?ac 2.1_ Tau: Phan Trung Kién, 10T1, THPY
Ba R}" 'LY“':;Y pon; Binh Dinh: Nguyén Huy
;;u::; lleT, THPT chuyén Lé Quy Bénj Ha N‘:{i‘
Ngé Van Minh Thing, 12T1, T:HPT chuyén Newyéy
Hué; Thua Thién Hué: Ngu{zen {)uy meac, 1271,
THPT chuyén Quéc hoc Hué; Lam Dong: Hodng
T, THPT chuyén Thiang Long,

ing Tién Dat, 11 -
Tang Nguyén Anh Dirc, 1172,

5 inh:
Lam Pbng; Quang Bin
Phuong Linh, Lé Dirc Hanh, 1072, THPT

Tran .
Séc Trang: Ldam Khanh

chuyén V& Nguyén Giap; : T
Hoa. 11A2T, THPT chuyén Nguyen Thi Minh Khai.

NGUYEN VAN MAU
Bai T12/517. Cho tam gidc ABC ¢ B, C la hai
diém cd dinh thugc duong tron (O), diém A thay
dsi trén (0). Ba duong cao AD, BE, CF cat nhau
tai H. Goi (C’l),(Cz),(C3)/c§n lwot la cdc duong
tron duong kinh AB, BC, CA. AH cat (C,)tai
diém M (M thuéc doan AH), BH cat (C,) tai diém
N (N thuéc doan BH), CH cdit (C) tai diém P (P
thugc doan CH). AN cdt (C)) tai diém S khdc A,
AP cat (C,) tai diém T khdc A. Duong thang NP
cat (C) tai diém X khdc P, cdit (C,) tai Y khdc N;
XS cat YT tai diém Z. Duong thing qua A vudng
g0 vSi NP cdt (C)) tai J, cdt (C,) tai L
a) Duong tron 1dm A ban kinh AN cdr (C) tai
diém V, cdt (C,) tai diém U. Chimg minh réng ba

diem V. N, J thng hing va ba diém U, P, L thing
hang.

b)- ’Chdwg minf{ rc%ng tam duong tron noi tiép tam
giac XYZ la diém cé djnh ppi 4 thay déi trén (O).
L&i gidi. Ta cin c6 mot bd ¢a,

B d2. Cho tam gidc nhon ABC, CF Ig duwong cao,
Mla trung diém cua BC. R I3 giao diém ciia doan
CF va duong tron duong kinh AB. S Ia giao diém
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thir hai cua AR vg dueong tron duong kinh AC. Khi
do MR =MS.

chfm{g minh. Goi H 1a hinh chidu cia M trén RS,
Dé thdy: BR L RS;CS 1 PS. Vay MH//CS/IBR.
Tir 46, chu ¥ ring M 13
trung diém cia BC,
theo dinh li Thales, suy
ra H 1a trung diém cia
RS. Viay MR = MS.
Tré lai giai bai toan
T12.517.

A

1) D& théy ANC = 4PB =90°NE L AC:PF 1 AB
va B, C, E, F cing thudc mét dudng tron.

Do d6 AN? = AC.AE = AB.AF = AP?. Didu 46 c6
nghia 13 tam gidc ANP can tai 4. Két hop véi
AJ L NP, suy ra J 13 diém chinh giita cung Ps
khéng chira 4 cua dudng tron dudng kinh 4B.Vay

(VN,VP)= %(ATV, AP) =(AJ, AP) = (NJ,VP) (mod 7).

Do d6 ¥, N, J thing hang. Tuong ty U, P, L thing
hang.
2) Goi I 1a trung diém cua BC. D& thiy cac tam

gitc XNS, ANP ddng dang. Theo phan 1, tam gidc
ANP cin tai 4. Vay tam gidc XNS cin tai X. Theo

phin 1, /13 diém chinh gitta cung PS khong chua
A clia duong tron duomg kinh 4B8. Vay XJ vira la
phén gidc cua goc YXZ virala trung trire cua doan
NS. Mt khac, theo bd dé trén, IN =IS. Viy phéan
giac cua goc YXZ di qua /. Tuong ty phan giac
cua goc XYZ &i qua 1. Tém lai khi 4 thay d6i trén
(0), tim dudng tron ndi tiép tam gidc ZXY 1a mot
diém cb dinh (diém 1).
Nhdn xét. 1) Bai toan ndy khong khé nhung da sb
céc 101 giai giri t6i Toa soan déu trinh bay qua phirc
tap.
2) Chi ¢6 bay ban tham gia giai: Bic Ninh: Nguyén
Ngoc Khdanh, 12T, THPT chuyén Bac Ninh, TP. Bic
Ninh; Ha N@i: Nguyén Anh Tuén, THPT chuyén
Chu Vin An; Quing Binh: Nguyén Anh Birc, 11T2,
Cao Huyén My, 11T1, THPT chuyén V& Nguyén
Giép, TP. Ddng H6i; Thira Thién Hué: Nguyén Duy
Phuoe, 12T1, THPT chuyén Qudc hoc Hué; Binh
Pinh: Nguyén Huy Hoang, 11T, THPT chuyén L&
Quy Pén, TP. Quy Nhon; Sé¢ Tring: Ldm Khdnh
Hoa, 11A2T, THPT chuyén Nguyén Thi Minh Khai,
TP Soc Tring.
3) Téc gia ctia bd dé trén 12 ban Nguyén Anh Diic.
NGUYEN MINH HA
Bai L1/517. M6t vt dao dong diéu hoa véi chu
i T va bién do A = 10 cm. Tai thoi diém t = 1,
vdt ¢é li d¢ x, = 5 cm va téc dé vy. Dén thoi

T . . . =
d.remtz=n+Ivatcovgnrocv2=5\/§ cm/s.

Xdc dinh v,.
Léi gigi. Ap dung cong thirc dc 1ap thoi gian :

2
F24 [-‘i) = A2 (1). Tirgian d hinh vé:
@

Tai thoi diém #,: x; = 5 cm = o

TOAN HOC
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T AV3
Tai thoi diém ¢, =4 +—4— Xy = +————+5~/§cm
Thay céc gia tri cia x;, v vao (1), ta cé:
v2
25+ —12 =100 (2).
o

Thay cac gia tri cua x,,

V2 vdo (1), ta co:

75 —I-E— 100 (3).

rad )’
Tir (3) suyra @> = 3 [——)
s

Thay vao (2) ta tim dugc v, = 15 cs.

Nhdn xét. Chic mimg cdc ban di cé 16i giai ding
cho & ra ki nay: Hung Yén: Ddng Duy Hdu,
Nguyén Nhat Tdn, 11A1, THPT Duong Quang Ham,
Vin Giang; Thira Thién Hué: Trdn Dai Bao Khanh,
12A7, THPT Hai Ba Trung, TP. Hué, Nguyén Thi
My Lé, 11 Toan 2, THPT Quéc hoc Hué, TP. Hué;
Péng Thap: Nguyén Thién Ly, 10T1, THPT chuyén
Ha Noi: Ngé Vian Minh
Théng, 12 Toén 1, THPT chuyén Nguyén Hué, Ha
Dong.

Nguyén Quang Diéuy;

DINH THI THAI QUYNH
Bai L2/517. C6 ba dung cu gé‘m dién tre thudan
R =30Q, cugn cam thuan L va tu dién C. Dgt dién
dp xoay chiéu u = Ugcos(wt + @) (V) lan leot vao
hai dau doan mach néi tié:p chira R, L va chira R,

C. Khi do cuwong dg dong dién trong mach

i —6cos(mt+ J(A)

1
va I =6cos [mt+—§-lzt—) (A).

Dadt dién dp trén vao hai dau doan machco R L, C
mdc noi tiép thi cong suat tiéu thu dién trén doan

mach lic dé bing bao nhiéu?

TOAN HOC
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iy trong hai truomg hop cuong d6

Loi gidi. Ta tha : e
dong dién hiéu dung bing nhau nen: Z, =Z, hay

7 =Z.. Do d6 trudmg hop RL cudng 46 dong
L= <cC ‘ ‘

dién chim pha hon u mdt goc ¢, con truong hop

RC cudmg @6 dong dién lai nhanh pha hon % mét

géc ciing bang @. Theo bai ra co:

1 10r:_ﬂr)=£_
?=3\721 7) 6

Ziz =¥ _1055@.

3
Hiéu dién thé hiéu dung cua nguon la:
U=1Z,

=%\/(3o)2 +(1053)
=606 (Q).

Khi ca 3 phan tir méc néi tiép, xay ra cong hudng

., ™
Lai co: tan—6— =

2

nén: P = % =720 (W).

Nhdn xét. Chi c6 ban Dang Duy Hiu 11A1, THPT
Duong Quang Ham, Vin Giang, Hung Yén co loi
giai dung bai nay.

NGUYEN XUAN QUANG

****************************************

DINH CHINH.

1) Trén Tap chi TH&TT $6 520 (T10.2020) trong

muc Dé ra kp ndy baj T1/520 dang tring véi bai

T1/517. Xin gi6i thidu baj T1/520 méi véi noi

dung nhu sau;
Bai T1/520. Tim 16+ €a cde sé tw nhién n sao cho
22 +2" 42" 1y sé chinh phuong.
PHUNG CHf TU
(GV THCS Phron
gL:et Thanh
2) Bai T10/520 d3 vi4; anh Xudn, Ha Néi)
=+ 3 ~12n" +12n-4
Xinshald: o, ~qy | 43, ~12n* +12n—4
Thanh thit xin 13; t4

C 814 v ban doc.
TH&TT
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YA DITRE RN PIAA
- hf"il Emfas B Mille

:
NGUYEN MINH HA - LUU CONG PONG |
(GV THPT chuyén DHSP Ha NoiY)

Bai viét nay muén gisi thigu véi ban doc TH&TT
khii niém hai dwong ding gidc va khai niém hai
diém dang gicic, nhitng khai niém quan trong cia
hj‘nh lzoc pl:e“mg ma b'ét cr mot hoc sinh chuyén toan
nao ciling cén phai biét.
1. Hai dwong ding gidc
Pinh nghia 1. Cho bén duong thing a,b,c,d ddng
quy tai O. Khi dé hai duong thangc,d dugc goi la
ddng gidc ddi voi hai dudng thing a,b néu mot
trong céc diéu kién tuwong duong sau xay ra (h.1)

(a) (a,c)=—-(b,d)(mod x).

(b) (a,c)=(d,b)(mod r).

() (¢c,a)=—(d,b)(mod 7).

(d) (c,a)=(b,d)(mod 7).
Thay cho céch viét hai duong thing OM,ON dang
gidc dbi voi hai duong thing a,b (cat nhau tai O),
ta ¢6 thé viét hai diém M, N ding gidc d6i voi hai

dudmg thing a,b (h.2).

(h.1) (b.2)

Thay cho céch viét hai dwong thang ¢,d dding gidc
dsi véi  hai duwong thc'fng a,b,ta co thé viét cdp
dwong thang (c,d) ddng gidc déi véi cip duong
thing (a,b).

Thay cho cach viét hai diém M, N déing gide doi véi
hai duong thing a,b, ta c6 thé viét hai diém M,N
dding gidc déi véi cdp duong thing (a,b).

Puong nhién hai duong thing c,d ding giac a6i voi
hai dudng thing @,b khi va chi khi hai dudng thang
a,b dang giac voi hai dudng thing c,d.
Pé cho don gian, trong bai viét ndy a,b,c,d ludn
dugc coi 1a d6i mét khac nhau.
Néu khong c6 gi nhim Iin, ta khong viét hai duong
thing a,b ma viéta,b, ta khong viét cip duong
thing (a,b) ma viét (a,b), ta khong viét hai diém
M, N ma viét M, N.
bé cho don gian, dudng
tron ngoai tiép A4ABC dugc
viét 12 dudng tron (4BC).
2. Céc thi du co ban vé

hai duong ding gidc B " c
Thi du 1. Cho AA4BC, O E
la tdm duong tron ngoai (h.3)
tiéep, D la hinh chiéu cua A trén BC. Khi do O,D
ddng gide déi véi AB, AC.
Chirng minh.
Goi E giao diém thr hai cia A0 va dudng tron
(ABC) (h.3). Chi y ring 4B L BE, AD L BC,ta

co:

A

(4B, AD)=(BE, BC)

=(AE,AC)

= (40, AC)(mod 7).
Vay O, D ding giac dbi voi AB, AC.
Thi dy 2. Cho tr gidc diéu hoa ABCD, M la trung
diém ctia BD. Khi dé C, M ddng gidc doi voi AB,
AD.
Chirng minh. (h.4) D& thiy:

(BA, BM) = (BA, BD) = (CA, CD) (mod 277).

Theo dinh Ii Ptolemy va chi y rang ABCD 14 tix gic
diéu hoa, ta co:

Sdsf- 2978 1L TRGTS:



1 4
ACBM = ACBD
- L ucp+4DcB)

2 o

1
Do d6 B4 _ ﬂ C

BM  CD
(b4)

Viy cél‘c tam giac ABM,
ACD dong dang cung huéng. Piéu d6 cd nghia la
(4B, AM) = (AC, AD)(mod ). Noéi cich khéc
C, M ding giac dbi véi AB, AD.

Thi du 3. Cho tam giac ABC, O,N theo thu ti la
tam duong tron ngoai tiép va tdam duong tron Euler.
K la tdm cua dwonmg tron (OBC). Khi dé N,K dding
gidc doivéi AB, AC.

Chirng minh. Goi(0) la dudng tron ngoai tiép; H
12 tryc tim cia tam gidc 4BC; L 1a diém d6i ximg
cia O qua BC; S 1a giao diém cua céc tiép tuyén
véi (O)tai Bva C; M latrung diém cia BC; P,Q
1d cac giao diém cia SO vi (O) (h.5). D& thiy
AH =20M = OL. Do @6 AOLH 14 hinh binh hanh.
T @6 va chi y ring N 1a trung di€ém cua OH, suy
ra AN=AL (1). D& thdy S, O, P, O, K, L, M cing
thudc mot dudng thing. Vi O, P, O thing hang nén
AP 1 AQ (2). Dé thay

OP* = OB* = OM.OS = 2'511_4.-12-& - OLOK.

Tir d6, cht ¥ réng O 14 trung diém cta PQ, theo hé
thirc Newton, suy ra A(KLPQ)=(KLPQ)=-1 (3).
Tir, (1), (2) va (3) suy ra

)
S
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(AN, AP) = (AL, AP)= (4P, AK)(mod ).
Két hop v&i (AP, AB)=(AC,AP)(mod ), suy ra
(AN, AB) =(AC, AK)(mod ). Néi cach khac N,K
ding giac dbi véi 4B, AC.
3. Cic két qua co ban vé hai dudng ding gidc
Pinh Ii 1. Cho hai tam gidc ABC, AB'C" déng dang
nguge hudng va cdc diém D,D' theo thir tu thuoc
BC,B'C'. Khi déD,D' ding gidc déi voi AB, AB'
DE _ D%

DC D'C"

Chiing minh. (h.6) Vi hai tam gidc ABC,4B'C'
dbng dang nguge huéng nén tdn tai dudng thing A
di qua A sao cho phép vi ty dbi xtmg HY o R, theo

thit ty bién B,C thanh B',C' (1).

khi va chi khi

(h.6)
Piéu kién cén. Gia st D,D' ding giac dbi véi
AB, AB'. D& thiy
(AD,A) =(AD, AB)+(AB,A)
=—(A4D", AB")—(A4B',A)=—(A4D", A) (mod ).

Do &6 H*oR, bién dudng thing 4D thanh dudng
thang AD'.
Tir (1) suy ra H oR, bién dudng thing BC thanh
dudmg thing B'C'. Vay
HjoR,(D)=H!oR,(AD N BC)

=H}oR,(AD)nH" oR (BC)= AD'"B'C'=D".
DB DB
DC DC"
DB D'B' _, .
D=C =_J;'_-—C—" Két hop véi (1),
suy ra HyoR, bién D thanh D'. Lai két hop véi
(1), suy ra hai tam gidc ABD, AB'D'déng dang
nguoc hudng, Do d6

(4B, AD)=—(4B", 4D " (mod 7).

Vay D,D" ding gidc d6i v6i AB, 4B

Két hop véi (1), suy ra:

Diéu kién du. Gia six
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pinh i 2. Cho AABCva cdc diém D, E trén duong

thang BC. K’hi do cdac ménh dé sau la twong duong
(a) D, E dang gidgc doi véi 4B, AC.

(c) Puong tron (ADE) tiép xiic véi ducng tron
(ABC).
Chirng minh. Qua diém B dyng duong thing song
song voi AC va theo thir ty cit 4D, AE tai P,Q.
Goi K la giao diém cua BC va tiép tuyén tai 4
ctia duong tron (4BC) (h.7).
Cac ménh dé sau tuong duong

(1) D,E 1a dang giac dbi v6i 4B, AC.

(2) (AB,AD) = (AE, AC)(mod r).

(3) (4B, AD) = (AQ, BQ) (mod ).

(4) BA tiép xic véi dudng tron (4PQ).

(5) BA* = BP.BQO.

AB* BP BQ
62258
AC AC AC
AB* DB EB
(7) ——2'-==..—_-.
AC DC EC

Viy (a) va (b) twong duong.

(h.7)

Céac ménh dé sau tuong dumg.
(1) Pudng tron (ADE) tiép xuc véi duong tron
(ABC).
(2) AK tiép xiic voi dudng tron (ADE).
(3) (4K, AD)=(£4, ED)(mod 7).
(4) (4K, AB) + (4B, AD)=(EA, ED)(mod 7).
(5)(CA,CB)+(4B, AD)=(EA, ED)(mod 7).
(6) (AB,AD)=(E4, ED)+(CB,C4)(mod ).
(7)(AB,AD) = (AE, AC) (mod 7).

Viy (c¢) va (a) tuong duong.
Tém lai (a), (b), (c) d6i mdt twong duong véi nhau.
Pinb i 3. Cho hai duong thang a,b cat nhau tai
diém O va hai diém A,B khacO.M la trung diém
cia AB.E.F theo thir tw 1 hinh chiéu ciia A trén
a,b.Khi do cac ménh dé sau twomg dwong

(a) 4,B dang gidc déi véia,b.

(b) EF L OB.

(c) ME = MF.
Chirng minh. Goi N la trung diém cua 04 (h.8).
Vi E,F theo th& tw 12 hinh chiéu cia A tréna,b
nén O, 4,E,F cung thugc mot duong tron (1).
Vi E,F theo thi tu 1a hinh chiéu cia 4 trén a,b

nén NE=—:120A=NF (2). Vi M,N theo thi tu la

trung diém cua 4B,04nén MN// OB (3).

(h.8)
(2) = (b). Tir (1), chi ¥ ring 4, B déng giac i véi
a,b, suyra: (EF,0OB)=(EF,OF)+(OF,0B)

=(EA,04)+(04,0E) = (E4,0E) = %(mod ).

vay EF 1 OB.
() = (a). Tix (1), chu y réng EF L OB, suy ra

(a,04)= (OE, AE)+(EA,04) = % +(EF,OF )(mod )

=(0B, EF)+(EF, OF) =(OB, OF) =(0B, b)(mod 7).
Viy A,B diang giac abivéi a,b.

(b)=(c). T (3), chi ¥ ring EF 1 OB, suy ra
MN L EF. Xét hop véi (2), suyra ME = MF.
(c)=(b). Tir (2), chu y rang ME = MF,suy ra
MN L EF. Kéthop voi (3),suyra OB L EF.

Téom lai ba ménh d& (a), (b), (c) dd6i mot tuong
duwong nhau.

Pinh li 4. Cho hai duong thang a,b cét nhau tai
diém O va hai diém A,B khdcO. M,N theo thir tu
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la hinh chiéu ctia A trén a,b. P,Q theo thu ty la
hinh chiéu cua B trén a,b. Khi dé A, B ding gidc
doi via,b khi va chi khi M N,P,Q ciing thujc
mét dwong tron.
Chirng minh. Diéu kién cin. D& thiy O,4,M,N
cung thudc mdt dwong tron va O,B,P,Q cung
thugc mdt duong tron (h.9).
Vi 4,B dang gisc d6i v6i a,b nén

(04,0M) =—(0OB,0P)(mod x).

Tir d6, chi ¥ rang OMA = @ = zzr—, suy ra cac tam

gidc OAM,0BQ dbng dang nguoc hudng.

Vay (NQ, NM) = (NO, NM) = (A0, AM)
=—(BO, BO)(mod x) =(BQ, BO)
= (PO, PO) =(PQ, PM)(mod 7).

Do d6 M, N, P,Q cung thudc mét dudng tron.

(h.9)

Piéu kién di. Goi S,U,V theo thir tu 13 trung diém
cia AB, MP,NQ (h.9). Dé thay AM // BP; AN /! BQ.

Tir d6, theo dinh li Thales ddo, suy ra
SU 1AM I BP;,SV Il AN I/ BQ.

Két hop voi AM//BP L MP;AN//BQ L NQ, suy
raSU,SV tht tr 1a trung truc cua MP,NQ. Vay S
14 tim dudng tron di qua bdn diém M,N,P,Q. Do
d6 SM = SN. Theo dinh li 3, 4, B dang gi4c dbi voi
a,b.

4. Hai diém ding gidc

Pinh nghia 2. Hai diém M,N duoc goi la ding
giac déi véi AABCnéu M,N ding giac ddi véi ba
cap dudmg thing (4B, AC),(BC, BA),(CA4,CB).
Thay cho céch viét M, N ding giac d6i vdi tam gidc
ABC, ta c6 thé viét M 1a diém ding gidc cua N déij

TOAN HOC )
' CTugilpe_SA 521 (11- 2020)

34

v6i AABChay N1a diém déng gidc cia M ddi veoi
AABC.

5. Ciic thi du co ban vé hai diém ding gidc
Thi du 4. Tdm duong tron ngogi tr'ép’ O va tryec tém
H czia.AABC la hai diém dang gidc doi voi tam gige,
Chirng minh. HE qué truc tiép cﬁa} thi du 1.

Thi du 5. Trong tam G va c’fiém Lemoine L ciqy
AABC la hai diém ding gidc doi voi tam gidc.
Chiing minh. H& qud truc tiép ciia thi du 2.

Thi du 6. Cho AABC. (O),N theo thir tir la dwdng
tron ngogi tféla va tém duong tron Euler. X Y,z
theo thir twr la tam ctid
(OBC),(OCA),(OAB). Khi do
a) Néu N khéng thude (O) thi AX, BY,CZ déng
quy tai mot diém, ddng gidc voi N déi véi tam gidgc
ABC.

b) Néu N thugc (O) thi AX,BY,CZ dsi mt song

cac dudng  pon

song.
Chitng minh. (h.10) Goi U,V,W thir tu la hinh

chidu cia N trén BC,CA,AB; U'. V', W' theo thi

tw 13 didm d6i xtmg cia N qua BC,CA, AB.

Dé thdy U'V' W 'theo thir ty 1a 4nh cta U,V,W

qua phép vi ty H2 (1). Theo thi du 3, N, X ding

gidc d6i voi AB,AC; N,Y ding giac ddi voi

BA,BC; N,Z ding giac d6i v6i CB,CA. Theo dinh

i3, AX Lvw,BY LWU,CZ LUV.

Tir 46, cht y ring VW, WU,UV theo tha tr 13

duong trung binh cua

NV'W',NW'U' NU'V", suyra
AX LV'W'BY LW'U',CZ LU'V".

Dé thay

AV'=AN =AW'.BW'=BN =BU'.CU'=CN=CV".

Vay AX,BY,CZ theo thir ty 13 dudng trung truc

cua cac doan VIW.\w'u,uw ().

cic tam  gidc,

(2) Néw N khong thude (0) thi theo Két qua vé
duong t%]fmg Simson, suy ra U,V,W khong thing
hang. Két hop véi (1), suy ra U,y "W 'khong thing
hang.

T 6, chi y 5 (2),
AX,BY,CZ déng quy tai ¢
d6i véi tam giac 4ABC.

theo vi dy 3, suy ra
iém K, dang giac cua N
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(h.10)

X

(b) Néu N thudc (0) thi, theo két qui vé duong
thing Simson, U,V ,W thing hang. K&t hop véi (1),
suy ra U',V', W 'thing hang,

T d6, chu y toi (2), suy ra AX,BY,CZ d6i mot
song song.

6. Cac két qua co ban vé hai diém ding giac
Pinh i 5. Cho AABCva hai diém M,N. Néu
M,N dang gidc déi véi hai trong ba cdp dwong
thing (AB,AC),(BC,BA),(CA,CB)thi M,N ding
gidc doi véi tam giac ABC.

Chirng minh.

M N\
B % C

(h.11)
Gia st M,N dang gidc di vdi hai cip duong thang
(AB, AC),(BC,BA) . '
Goi X,Y,Z theo thi tu 13 hinh chiéu cia M trén
BC,CA, AB; O 1a trung diém cia MN. Theo dinh lf
3. OY =0Z,0Z=0X. Do d6 OX=0Y. Vay, lai

theo dinh li 3, M,N ding giac dbi v6i (C4,CB).
Noi cich khac M, N ding giac d6i véi A4BC.

Pinh li 6. Cho tam gigc ABC.Hai diém M,M’
déing gidc déi véi tam gide ABC. X, X 'theo thir
la hinh chiéu cia M, M 'trén BC.Y,Y' theo thir tw
la hink chiéu ciia M, M 'trén CA. Z,Z" theo thir tir
la hinh chiéu cua M, M ‘trén AB.Khidé X, XY,
Y',Z,Z' ciing thuéc mét duomg tron cé tam la trung
diém cia MM".

Chirng minh. Goi O 4 trung diém cia MM (b.12).
Vi M,M'ding gidc dbi voi A4BC nén, theo dinh i
3, 0X=0Y=0Z.

Tuong ty OX'=0Y'=0Z'. D& thiy O thudc
dudng trung truc cia XX'. Do d6 OX =0X".

Viy OX=0X'=0Y=0Y'=0Z=0Z".

Téom lai X, X'Y,Y'Z,Z'cing thudc mdt dudng

tron cé tdm 1a O.

(h.12)

Dinh li 7. Cho AABC va hai diem M,N dang gidc
déi voi tam gidc A',B', C'theo thir tw la diém doi
xtng cua M qua BC,CA,AB.Khi do N tam duong
tron (A'B'C").

Chirng minh. Goi X,Y,Z theo th{ ty 1a hinh chiéu
cia M trén BC,CA, AB; O i trung diém cia MN
Vi M,M' dang giac ddi véi AABC nén, theo dinh
i3, OX=0Y=0Z.

Vi O,X,Y,Ztheo thir ty la trung diém cua
MN,MA',MB',MC" nén OX,0Y,0Z theo thi tu 12
duong trung binh cda cic tam  giac
MNA',MNB',MNC'. Viay NA'=NB'=NC'. Néi
cach khac N tdm duong tron (A'B'CY).

gg;gs;{_/g@wum%@bg;s




(h.13)

7. Mt vai bai toan dién hinh

Bai toan 1. Cho i gidc 16i ABCD. Puirong chéo BD
khéng la phdn gidc cua cdc géc ABC,ADC. P la
diém ;

nam  trong  tr  gidc  sao  cho
ABD = C/'E’YD,IEB = CDP. Chimg minh  rang

ABCD néi tiép khi va chi khi PA= PC.

Loi gidi. Ta cin c6 modt bé dé.

B dé. Cho AABC, AD la dwomg phdn gide. M la
diém bét ki. X,Y,Z theo thir tw 1a diém doi xumg
cia M qua AB,AC,AD.Khido X,Y déi ximg voi
nhau qua AZ.

Chirng minh (h.14).

(h.14)
D& thdy AX = AM = AY (1). DE théy

(AZ, AX) = (AZ, AC) +(AC, AB)+(4B, AX)(mod 27)
E(A"TB,er(E,TBH(ZM",TB)E(E,TB)(modzx).
Tuog tu: (ZZ,Z?) = (E, Z_C.) (mod 27).

Vay (4Z, AX)=—(4Z,AY)(mod 27) (2).

Tir (1) va (2) suy ra X,Y dbi ximg véi nhau qua
AZ.

Tro lai gidibaitoan 1.

Goi X,Y,Z,T thi ty 12 di€ém d6i xrng cua P qua
BA,BC,DA,DC (h.15).

Theo bb @& trén, ¥,T theo thir tu 1a diém doi ximg
cia X,Z qua BD. Dodé XZ=1T.

D thdy AX=AP=AZ,CY=CP=CT. Néi cach
khic A,C theo thir tu 13 tim dudmg tron ngoai tiép
cic tam gibc PXZ,PYT. Tir do, chi y ring
PX ,PY,PZ,PT theo tha ty wvulng goc voi
BA,BC,DA,DC suyra
(4X,4Z) =2(PX,PZ) = 2(4B, AD)(mod 27),
(CY,CT) =2(PY, PT) = 2(CB,CD)(mod 27).

(h.15)

Viéy céc diéu kién sau twong duong

(1) PA=PC.

(2. AX =CY,AZ=CT

(3) Céc tam gidc AXZ, CYT bing nhau.

(4) Cac tam gidc AXZ, CYT bang nhau cing budng.

(5) (AX, 4Z) = (CY,CT)(mod 277).

(6) (4B, AD)=(CB,CD)(mod ).

(7) ABCD nbi tiép.
Chii y. » (3)= (4) dugc giai thich nhu sau: Gia su
tam gidc AXZ,CYT bang nhau ngugce hudéng. Chu y
ring X,Z theo thtt tr 1a diém d6i ximg cua Y,T
qua BD, suy ra 4 la diém d6i ximg cua C qua
BD.Do d6 BDIla phin gidc cia cac goc
ABC,ADC,mau thuin. Viy céc tam giac
AXZ,CYT bang nhau cung huéng
« Bai to4n 1 14 bai toan 5, IMO 2004.
Bai toan 2. Cho AABCva hai diém XY déng gidc
doi v6i AB,AC. Z=BX NCY, T =BY ~CX. Khi
dé Z,T ddng gidc déi véi AB, AC.
Lc:ri gl:tii. Goi AD 1a phan giac cia AABC (h.16).
Dé thay:

A(BCXZ)=C(BAXZ) (vi B,X,Z thing hang)

= C(BATY) (vi cic bg ba didm C,X.T va C,Y,Z
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(hfing hang).
= A(BCTY) (Vi B,Y,T thing hang) = 4(CBYT).
A

(h.16)

X
B

D C

Tix 46, chil ¥ ring AC, 4B, AY theo thi ty 13 anh

cia AB,AC, AX qua phép déi ximg truc R p> SUY
ra AT ciing 12 anh cia 4Z qua phép d6i ximg tryc
R, Vay Z,T dang gidc ddi véi AB,AC.

Bai toan 3. Cho AABC, O.H theo thir tr la tém
duong ngoai tiép va truc  tam.
X=BOr\CH,Y=BHmCO,Z=AXmBH,T=AYmCH.
Chumg minh rr?ng X, Y.z T cung thugc mét duong
tron.

Loi gidi. Theo thi du 4, O,H 14 hai diém déng giac
dbi v6i tam gidc ABC (h.17).

Tit 46, chi ¥ ring X = BONCH,Y = BH (O,

suy ra X,Y 1a hai diém déng giac déi véi (B4, BC)

tron

va X,Y la hai diém dang giac dbi véi (C4,CB).

Do d6, theo dinh li 5, X,Y 14 hai diém déng giac dbi

vai (AB, AC). Vi O la tim dudng tron (ABC) nén

OB=0C. Do d6 (BO,BC)+(CO,CB)=0(mod ).
A

B Z C

(h.17)
Vay (XZ, XT) = (AZ,CT) = (AZ, AC)+(CA,CT)
= (AB,AY)+(CY,CB)(mod r)
= (AB,YB)+(YZ,YT)+(CY,CB)
=(XB,CB)+(YZ,YT)+(CY,CB) (mod 7)

= (B0, BC)+(YZ,YT)+(CO,CB) =(YZ,¥T)(mod r).
Didu d6 c6 nghia 1& X,Y,Z,T cung thugc mot

duomg tron.

Bai toan 4. Cho AABC, O la tdm duong tron ngodi
tiép, AD la dwong cao. M,N thir te la trung diém
ctia cdc canh AB,AC. P,Q theo thir tw la giao diém
ciia OM,ON va AD.T la tam cua duong tron
(OPQ). Chimg minh rang AT la duong déi trung
cua tam gidc ABC.

Loi gidi.

(h.18)
Goi § la giao didm ctia BC va tiép tuyén tai 4 cla
dudmng tron (4BC); E 14 giao diém thir hai ciia AT

va duong tron (ABC) (h.18).

D& thly PQ,0Q,0P theo tha ty vudng gbéc vdi
BC,AC, AB. Do d6 cac tam gidc OPQ,ABC ddng
dang cing huong (1). Viy 40 L OT. Suy ra OA4
tiép xuic véi dudomg tron (OPQ) (2).

Tir (1) va (2) va do AS tiép xic véi dudng tron
(ABC), suy ra cac tam giac AOT,SAO dbng dang
cung huéng.

Két hop vé1 AO L S4, suyra AE= AT 1 SO.

Do 86 SE tiép xuc voi dudmg tron (4BC). Didu dé
c6 nghia 1a tir gidc ABEC didu hoa.

Viy, theo thi du 2, AT = 4E 1a dudng di trung cua
tam giac ABC.

Bai toan 5. Cho AABC, I la tam duong tron bang
tiép déi dién véi dinh A. A la duong thang qua I,
vuéng goc voi Al,. M la giao diém cua A va
dw(}ng thang qua B vuong goc voi AB.N la giao
diém cua A vc,‘: dwong thang qua C vuéng goc voi
AC. Cac diém P,Q BC
MPIINQII Al,. Chimg minh rang duong tron
(APQ) tiép xiic voi dwong tron (ABC).

thuoc sao cho

s, 7



Léi gidi. Goi 1,,I. theo thi ty 13 tdm dudng tron
bang tiép dbi dién v&i cac dinh B;C cla tam gidc
ABC; D,S theo thir ty I3 giao diém caa 4I,,1,1.
va BC (h.19). D& thdy I, 4I,=1,BI,=90° va
ABM = Al M =90°. Do d6 céc diém 4,B,1,,1,va
A,B,I,,M cing thugc dudng tron dudng kinh
1,1,.Diéudé conghiala 4,B,1,,1,,M cing thudc
dubdng trdn duong kinh 1,1,. Vay I,MI, =90°.
Két hop véi T,MP=90°, suy ra M,P,I,thing
hang. Tuong tw N,Q,I. thing hang,
Tl 46, chu y rdng PI, // QI // DA, suy ra

A(PQDS)=(PQDS)=(1,1.AS) =1, (1,1.AS)

=1,(CBDS)=(CBDS)=-1.

Két hop véi AD L AS, suy ra AD,AS la cac
dudng phin gidc cua géc (AP, AQ). Két hop véi
AD, AS 1a cac dudng phan gidc ciia géc (4B, AC),
suy ra: (AB, AP)=(AB,AD)+(AD, AP)

= (AD. AC)+(AQ, AD)=(AQ, AC) (mod 7).
Néi cach khac P,Q diang giac ddi véi 4B, AC.
Vay, theo dinh ly 2, dudmg tron (4PQ) tiép xtc véi
dudmg tron (ABC).

Ip

S O\ B C P

Iy
N
(h.18)

Bai toan 6. Cho tam gidc khéng cdin ABC.
A", B',C'theo thir tw la diém doi xung cua A, B, C
qua BC, CA, AB. O, O’ theo thir tir la tém cua céc
azeang tron (ABC), (A’B'C’). Chimg minh rdng cdc
duong iron (OAA")(OBB')OCC") cing di qua mét
diém khdc O va thuéc 00’

Loi giai. Goi R la ban kinh cia dudmg tron (4BC),
X 14 tdm clia dudong tron (OBC); N 1a tam dudng
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tron Euler cia tam giac ABC; K 1a diém dépg giac
cia N dbi véi tam gidc 4BC; S la giao diém cia
céc tiép tuyén voi dudmg tron (4BC) tai B va C;‘L
I3 diém déi ximg cia O qua BC; M la trung diém
cia BC; T 1a giao diém thi hai cua cac dudng tron
(ABC), (O44"); D,E,Ftheo tht ty 1a diém doi
xing cua N qua BC,CA, AB (h.20).

Puong nhién O,S,M,L, X thing hang.

Dé thdy N 1a trung diém cia AL (xem phép chitng
minh vi du 3). D& thdy 4,4'0,L 1a bén dinh cua
mot hinh thang can (44'// OL). Tir d6, chd y ring
A'.D,0 theo thu tu I3 diém ddi xtng cia A,N,L

qua BC, suyra D latrung diém ctia O4’. N6i cach
1
khéc, qua phép vity H3, A' bién thanh D.
1
Tuong tu, qua phép vi tw H2, B',C' theo thu tu
bién thanh E,F. Ti d6, theo thi du 6 va dinh 1i 7, K

la tdm cua duong tron (DEF). Vay, qua phép vi tu

Hé , O' bién thanh K. Néi cach khac K la trung
diém cua 00" (1).

Vi OS 14 dudmg kinh cua duong tron (OBC) nén
X 1a trung diém cta OS.

Theo thi du 3, 4,K, X thing hang (2).

(h.20)

Vay P roany = XL.XO = (3(6+?)Z).3(5

=X0’-0LOX = x0r _ 1 5 . —
; =X0"-_

oo > L20X

= X0 -0OM.0s =X0*-0p? - XO*-p* = p

Xi(4BC)"
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Do d6 4, T, X thing hang (3).

Tir (2) vd (3) suy ra A, K,T thang hang. Noi cach
khac £ qoaan =5 1 anc)-

TuO'ﬂg tLI PK!(OBB') =PK/(A.BC');PKHOCC’) =‘PKI(ABC)'

Vay Pxioann = Fxiossy = Fxiocey-

Do d6OK 13 truc dang phuong chung cia céc
duomg tron (0A44"),(0OBB"),(0OCC") (4).

Ti (1) va (4) suy ra 1lai 00’ 1a truc dz'ing phuong
chung cua cac duong tron (OA44"), (OBB"),(0CC)).
pidu d6 c6 nghia 13 cic dudng tron (0A44°), (OBB’),
(OCC’) c6 diém chung W, W =0 va W € O0".

Chii y. Vi tam gidc A'B'C' ton tai nén 4'B',C'
khéng thdng hang. Tir d6, chi y ring D, E,F theo

1

thir tyr 14 anh cua A4',B',C'qua phép vi tu H2, suy
ra D,E,F thing hang. Do d6 hinh chiéu cua
D,E,F trén BC,CA, ABkhéng thang hang (xét phép

vl tu H% ). Vay, theo két qua két qua vé duong
thing Simson, N khong thudc duomg tron (4BC).
Do d6, theo thi du 6, K ton tai.

Bai toan 7. Cho AABC, I,J la hai diém dang gidc
déi véi tam gidgc. M, N theo thir tw la trung diém
cia BC,AJ. D,E,F theo thir iy la hinh chiéu cua [
trén BC.CA, AB. P=IENDF, Q=IF NDE.
Chimg minh rang MN L PQ.

Léi gidgi. Goi X,Y theo thi ty 14 giao diém cua
JB,JC va AC,AB; Z,T theo thir ty 1a trung diém
cia XY va CY: H,K theo thir ty 13 hinh chiéu cia
Jtrén AB,AC (h.21).

Theo két qua vé duong thangGauss, M,N,Z thing
hang (1). D& thiy B,D,I,F cung thugc mdt dudng
ttonva C,D,1,E cing thudc mot dudmg tron. Vay
(DP,DI) = (DF,DI)= (BF,B)=(BX, BC)(mod rr);
(IP,ID) = (IE,ID) =(CE,CD) = (CX,CB)(mod ).
Do d6 cic tam gisc DPI, BXC dong dang cling
huéng. Tuong tu cac tam gidc DL, CYB dong dang
cling huéng. Viy, chi y rang TZ,TM theo thir tw la
dudng trung binh clia c4c tam giac CYX,CYB, taco:

jp IPID_CX BC_CX_TZ.
0 g CBBY BY TM

(1P, 10) = (1P, ID) + (D, 1Q)
_(CX,CB)+(BC,BY)(mod27)
= (CX,CB)+(CB,1B)= (CX,YB)=(TZ,TM) (mod 27).
Do db cac tam giac IPQ, TZM dong dang cung
huéng. Két hop voi AC//TZ, JE L AC, suy ra:
T
= == 2).
(PO, ZM) =(IP,TZ) = (IE, AC) = z(modfr) 2)

Tir (1) va (2) suyra PQ L MN.

h.21)

Bai toan 8. Cho AABC, (C) la duong tron ngoai
tiép. biém P khong thuéc (O). U,V W theo thir tir
la hink chiéu cua P trén BC,CA,AB.Cdc duong
trung triec cia PA,PB,PC déi mét cét nhau dinh ra
tam gigc XYZ.E,F la cdc giao diém cua cdc
duong tron (O)va (XYZ). S la hinh chiéu cua P
trén EF.Chimg minh rang S la tém cua dirong tron
(UVW).

Loi gidi. Goi R la ban kinh cha (0); P'la diém
dang gidc cua P dbi véi tam gidc ABC: X'Y'Z'1a
tam gidc dugc dinh ra bai cac dudng trung truc cua
P'AP'BP'C,K=XYNX'Y" L=XZnX'Z' (h.22).
Déthdy XB=XP=XC;X'B=X'P'=X'C (1.
I:, ;1'), chi ¥ ring OB = OC, suy ra O0,X,X"' thing
T (1), chd ¥ ting P,P' 13 hai diém ding giac cua
tam gidc ABC, suy ra
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(BX, BO) = (XB, X0)+(OX, 0B)
= .;_(E', XC) %(c")"c‘,o_g‘) (mod )

=(PB,PC)+(AC, AB) =(PB, AB)+(AC, PC)
=(CB,P'B)+(P'C, BC)(mod )

E(P'C,P'B)E%(X'C,F('TB)E(X'O,X'B)

=(X'X,X'B)(mod ).

(h22)
Do d6 OB tiép xticvéi dudmg tron (BXX ).
Viy OX.0X '=0OB* = R*.
Tuong ty OX.0X'=0Y.0Y'=0Z.0Z' = R? (2).
Tr(2)suyra E,F,X".Y' Z'theo th ty 1a anh cua

E,F,X,Y,Z qua phép nghich dao N¥'. Pidu d6 co
nghia 14 cac dudng tron (0),(XYZ),(X'Y'Z') nhin

EF 14 tryc ding phuong chung (3).
T (2) suy ra X, X', Y,Y'cing thuéc modt dudng

tron va X, X', Z,Z" cung thugc mdt dudng tron.
Do d6 Fenxrzy =KXKY =KX'KY'= er(x'r'z';’ﬂfmm
_IXIZ=IXIZ = y0yyp,
Két hop véi (3), suy ra K,L thuéc EF. Tir dé, chi
y ring KP=KC=KP'LP=LB=LP', suy ra
P, P' @i xtimg véi nhau qua EF. NOi cach khac S
13 trung diém cua PP'.
Viy, theo dinh li 3, SU =SV = SW.
Piéu 46 c6 nghia 123 S1a tim cua duong tron
uvw).
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8. Mt vai bai toan dé nghi

9. Cho tam giac ABC, O',H ‘
ngoai tiép Va truc  tam,

P=BONCH Q=BHmC0,S=OHr\BC. Chirng
minh ring tam cta duong tron (APQ) thudc AS.

Bai 10. Cho tam gidc nhon ABC, AD, BE’VCF 1A
theo tht tu 12 trung diém cua

theo thir tu 13 tam
Bai

cac dudmg cao. M, N
DE, DF. P=BNACM;0=DPnEF. Ching minh
ding P,Q ding gidc dbi voi AB, AC.
Bai 11. Cho tam gidc ABC. biem M chay trén
trung truc caa BC. 1,,1,theo thir tu 1a tim duong
tron néi tiép céc tam gidc ABM, ACM. Ching minh
ring duong tron (A/,1,)ludén di qua mot diém cb
dinh.
Bai 12. Cho tam gidc ABC, (O) la dudng tron
ngoai tiép. Cac diém X,Y,Z,T thubc (O). E la
giao diém ciia AB va XY. F la giao diém cua AC
va ZT. M,N,P,Qtheo tht ty la giao diém cua
XZ,YT,XT, YZva EF. Gia si EF//BC. Ching
minh rang cic cap dudng thing (AM, AN) va
(4P, AQ)ding gidc d6i véi cap dudmg thang
(4B, AC).
Bai 13. Cho tam gidc ABC, (0) 1a dudng tron ngoai
tiép. O' 1a giao diém cua cac tiép tuyén véi (O) tai
B va C.(O) 1a dudng tron tim O' va di qua
b;’,C. Phan gidc cia géc B4C cit (O") tai M. OM
cat BC tai P. X, theo thu tw 1a hinh chiéu cia M
tr?\:n 4B, AC. Chiing minh ring 5(—5-}-’=90°_
e i .t s
&4, 4B. L 14 diém Lemoine cua

tam pij 3 did 2
Biac ABC. K 1a didm ding gise cun 7 déi voi

anh g4
B'C.C' 4, 4
song.

XU \
hll'ng clia AQ, BO,CQ qua
©4¢ dong quy hosic d6i mét song
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Rt 40 cube i GIAITOAN va VATLY
TREN TAP CHi TOAN HOC VA TUGI TRE nim hoc 2019 - 2020

LTS. Cude thi giai Toan va V4t Ly nam hoc 2019-2020 trén Tap chi TH&TT duoc khdi dong tir thang 9 nim
2019 dén thang 8 ndm 2020. Cugc thi nay dugc nhidu ban tré }-/éu Toan va Vit Iy cp THCS va THPT trén ca
puée tham gia gidi bai s6i ndi. Giai XuAt she vé mon Toan thudc vé ban: Nguyén Anh Thu, 6A3, THCS K&
An, Ké Sach, Séc Triing. Gidi NhAt mon Vét Ly thudc vé ban: Cao Trung Hiéu, 11 Al, THPT Duong Quang
Ham,Van Giang, Humg Yén. Chuc mirng tht ca céc ban dO;_lt giai cudc thi. Hen gdp cac ban ¢ cudc thi tiep
theo trong nim hoc 2020-2021. Sau day 1a danh sich 75 ban doat giai Toan va 8 ban doat giai V4t Ly nam
hoc 2019-2020.

MON TOAN

# Giai Xuit sic (1 giai)
Nguyén Anh Thu, 6A3, THCS K& An, Ké Sach, Sée
Tring.
% Giai Nhat (7 giai)

1. Lé Tuan Nghia. 6C, THCS Doan Thi Diém, Yén
My, Hung Yén.

2. Nguyén Anh Qudn, 8D , THCS Trin Hung Pao, Cam
Lo, Quang Tri.

3. Lé Ngoc Timg, 9A, THCS Nguyén Tnrc, Thanh
Oai, Ha Ngji.

4. Phan Trung Kién, 9A3, THCS L& Quang Cudng,
TP. Ba Ria, Ba Ria - Viing Tau.

5. Ldm Khanh Hoa, 10A2, THPT chuyén Nguyén
Thi Minh Khai, TP. Soc Trang, S6¢ Trang.

6. Phan Trung Pirc, 10Al, THPT chuyén Ly Ty
Trong, Cin Tho.

7. Nguyén Huy Hoang, 10T1, THPT Pd Luong,
Nghé An.

% Giai Nhi (12 giai) ,

1. Hoang Xuan Tu, 6A, THCS Té Hoang, Dong Da,
HaNbi.

2. B4 Ngoc Tién, 6A3, THCS Lam Thao, Lam Thao,
Phii Tho.

3. Ta Kim Nam Tudn, 7A2, THCS Yén Lac, Yén
Lac, Vinh Phic.

4. Nguyén Hiru Hodng Lo;g_,
Trii, TP. Pong Ha, Quang 1rl
5. D6 Xudn %‘rpng?lOAZ, THPT chuyén KHTN,
DHQG Ha Noi, Ha N§i. ol

6. Lé Minh Tam, 10T1, THPT chuyén Nguyén Binh
Khiém, Vinh Long. o

7. Nguyén Pdang Khoa, 10T, THPT chuyén Hung
Vur _Viét Tri, Phi Tho. A
8, ?\’ngg;ygi \I{":ic Nhie Binh, 10T, )THPT ’chuyen
Nguyén Quang Diéu. TP. Cao Lanh, Dong Thi:.p. .
9 Nguyé'n Viét Quang Anh, TH, THCS Trin Mai
Ni i anh Hoéa.

1&5 ﬁz,lfh}};r; 11Al1, THPT chuyén Vinh Phic,

Vinh Phic. o
1. Lé My Duyén, 11 Toan, THPT chuyén V3

Nguyén Giap, TP. Déng Héi,Quéng Binh.

9G, THCS Nguyén

12. Pdu Dirc Qudn, 12A2 Toan, THPT chuyén
Nguyén Thi Minh Khai, TP. Séc Tréng, Séc Trang.
% Giai Ba (20 gidi) )
1. Nguyén Nhdt Hao, 12T, THPT chuyén Nguyen
Quang Diéu, TP. Cao Lanb, Pong Thap.

2. Nguyén Tét Dar, 9A1, THCS Yén Phong, Yén
Phong, Bic Ninh. )
3. Nguyén Thi Bdo Ngoc, 11T1, THPT chuyén Quoc
hoc Hué, Thira Thién Hué. '
4. Nguyén Duy Phuoc, 11T1, THPT chuyén Quoc
hoc Hué, Thira Thién Hué.

5. Trdn Minh Hoang, 7E, THCS Nguyén Trai, Nghi
Xuén, Ha Tinh.

6. Truong Gia Bdo, 10T1, THPT chuyén Nguyén
Binh Khiém, Vinh Long.

7. Bui Phucng Théo, 8A3, THCS Lam Thao, Lam
Thao, Phii Tho.

8. Nguyén Huy Hoang Son, 6A2, THCS Yén Lac,
Yén Lac, Vinh Phic.

9. Nguyén Xudn Tién, 10T, THPT chuyén Lé Quy
bén, TP. DPong Ha, Quang Tri

10. Lé Birc Hanh, 10T2, THPT chuyén V& Nguyén
Giap, Quéing Binh.

11. Trdn Anh Duong, 10A1, THPT chuyén Vinh
Phiic, Vinh Phic.

12. Ngé Quéc Bdo, 10/9, THPT Nguyén Binh
Chiéu, Bén Tre,

13. Lé Vin Quang Hiéu, 6D, THCS Ly Nhat Quang,
b6 Luong, Nghé An.

14. V6 Hiu Thanh Thao, 6A, THCS Pham Vin
Dong, Nghia Hanh, Quéng Ngii.

15. Truong Céng Cadnh, 8A, THCS Ly Nhét Quang,
b6 Luong, Nghé An .

16. D6 Cao Bdch Ting, 10T1, THPT chuyén Lam
Son, Thanh Ho4.

17. L& Chi Cuong, 10A8, THPT Cam L§, Quéang
Tri. .

18. ¥ Nguyén Thiing, 6A, THCS Trung Virong, TP.
Boéng Ha, Quang Tri

19. Pham Hodng Hiép, 10A1, THPT chuyén Vinh
Phtic, Vinh Phic ’ .

: TOAN HOC
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20. Pgng Hoang Duy, 10T1, THPT chuyen Vo
Nguyén Giap, Quing Binh.

¥ Giai Khuyén khich (35 giai)

1. Nguyén Hing Nga, 6D, THCS Ly Nhét Quang,
D6 Luong, Nghé An.
2. Nguyén Céng An. 7C, THCS Ly Nhit Quang, D6
Lwong, Nghé An.

3. Pham Ngoc Trink, 8B, THCS H6 Xuan Huong,
TTr. Cau Giat, Quynh Luru, Nghé An.
4. Pham Minh Anh, 10T1, THPT chuyén Long An.
Long An.

5. Dang Hiru Khanh, 8A, THCS Ly Nhit Quang, D6
Luong, Nghé An.

6. Lé H6 Trong Tin, TA8, THCS Ké Sach, Ké Sach,
Séc Tring

7. Trdn Thi Yén Khanh, 9A3, THCS Lam Thao, LAm
Thao, Phii Tho.

8. Cao Trung Hiéu, 11A1, THPT Duong Quang
Ham, Van Giang, Hung Yén.

9. Biii Thi Hong Hué, 8A3, THCS Lam Thao, Lim
Thao, Phu The.

10. Pao Quang Huy. 8A3, THCS Lam Thao, Lim
Thao, Phu The.

11. Pham Ba Hoang, 11T1, THPT chuyén Québc hoc
Hué, TP. Hué, Thira Thién Hué.

12. Nguyén Thi Thiy Linh, 10A1, THPT Cu Huy
Cén, Vi Quang, Ha Tinh.

13. Lé Ngoc Xudn Tho, 6A3, THCS Ké An, K&
Sach, Séc Trang.

14. Tran Minh Khéi, 9C, THCS Van Lang, Viét Tri,
Phii Tho. _

15. Nguyén Thi Ha Chi, 10A1, THPT Ci Huy Cén,
Vil Quang, Ha Tinh.

16. Vii Puc Huy, 10Al, THPT chuyén Vinh Phic
Vinh Phic.

17. Lé Ba Ludt, 11A1,
Chau, TP. Vinh, Nghé An.

THPT chuyén Phan Béi

18. Trdn Quang Khoi, 6A5, THCS Chu Van An,

Thai Nguyén.

19. Nguyén Cong Phuc,

b6 Luong, Nghé An.

20. Nguyén Tran Phuong

Tu Nghia, Quang Ngai.

21. Ngo Vin Minh Tha

Nguyén Hu¢, Ha Noi

22. Lé Ngé Nhat I;uy
e, Bén Tre '

g Bgtln};r Doan Xudn Phwong, 12 Toan, THPT

5 Nguyén Giap, Quéng Binh. )

;ﬂuy;':u‘;ng i’;)c 7ém, 9D, THCS Nhir Ba S,

Héa, Thanh Hoa. )
12'1503?/5 Ding Dirc Minh, TAQ, THCS Ng6i Sao Ha
Noi, Thanh Xuén, Ha N§i
26. Nguyén Hodi Phuong, 8A3, THCS Lam Thao,
Lam Thao, Pha Tho.
27. Nguyéﬂn Quynh Chi,8A3, THCS Lam Thao, Lam
Thao, Phu Tho.
28. Nguyén Van Viét, 6B, THCS Ly Nhit Quang, D6
Luong, Nghé An.
29. Lé Van Danh, 10T1, THPT chuyén Ha Tinh, Ha
Tinh.
30. Nguyén Pdng Quang, 6B, THCS Ly Nhat
Quang, B6 Luong, Nghé An.
31. Pong Hoang Minh Dao, 654, THCS Nguyén
Du, TP. Thai Nguyén, Thai Nguyén.
32. Ng6 Hoang Thanh Pat, 10 Toan, THPT chuyén
Lé Quy Dén, TP. Péng Ha, Quéng Tri
33. Dang Duy Hau, 11A1, THPT Duong Quang
Ham, Vin Glang, Huwng Yén.

34. Hodng Tudn Anh, 6T, THPT Luong Thé Vinh,
Ha Nji.

35. Lé Thi Thity Dung, 8C, THCS TTr. Triéu Son,
Thanh Héa.

7C,THCS Ly Nhéat Quang,
Mai, 7B, THCS Nghia My,
dng, 11 Toan 1, THPT chuyén

12A1, THPT Lac Long Quén,

MON VAT LY

Y Giai Nhit (1 giai)

Cao Trung Hiéu, 11A1, THPT Duong Quang Ham,
Vin Giang, Hung Yén.

# Giai Nhi (1 giai)

Dé Van Duong, 12CA, THPT Trin Vin Bay, Phudc
Long, Bac Liéu.

Y Giai Ba (6 giii)

1. Hoang Bao Minh Chéu, 11 Toan 1, THPT chuyén
Quéc hoc Hué, ThiraThién Hué.

Cic ban doat gidi Todn va Vit Ly nho givi gdp dia chi méi cia minh v
$6 di¢n thoai (024) 35121607 dé nhin Gidy Chirng nhin va ting

TOAN HOC
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2. Tran Trung Phiic, 8A4, THCS Ngé Gia T,
Bang, Hai Phong

3. Tran Thi Kim Phung, 12A2,
Héng, Q. Ninh Kiéu, TP. Cip Tho, Cin The

4. Ngé Vin Minh Théng, 11 Toéan 1, THPT chuyén
Nguyén Hué, Ha Pong, Ha Ni.

5. Tran Thz Kim Hoa

Hong

THPT Nguyén Viét

e T(‘HI Sog"l }20

dc lién hé truc tiép qua
Pham ciq Tap chi, ¢ truc tiép g
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TIENG ANH QUA CAC BAI TOAN

BAI SO 62

Problem. Given the tabje

x 1 2 3 "

Probability | q | gp | ¢’p | .. q"'p

where 0 <p <land g =1 —p, Compute the
sum of infinitely many terms
S=q+qp+gp+. +q p+..
Solution. We have
S=p+qp+q2p+ s F GP F
=p(l+q+g+ ... +q"+..)

1
:p*_._.. = £=1

lI-¢ p
Remark. The above table is actually the

distribution table for a random wvariable x with

geometric distribution with parameter p. The
sum of all numbers in the second row is always
equal to 1 because it is the probability of all the

possible outcomes.

TU VUNG
distribution table . bang phdn phéi xdc suat
random variable . bién ngdu nhién
geomelric distribution: phdn phéi hinh hoc
parameter - tham s
possible outcomes  : cdc kha nang o thé xay

ra

NGUYEN PHU HOANG LAN

(College of Science — Vietnam National university, Hanoi)

ok e 3K 3 o ok ok ok e K ok ok ok ok ok ok e ok ok o ok s ok sk s sk ok ok ok sk ok sk sk ok sk ok ok o sk e o sk ok o ok ok sk sk e skl sk ok sk ok ke sk e sk ke sk ok sk sk e sk sk sk skokoR sk ok

BAI DICH SO 59

BAI TOAN. C6 30 chiéc keo giong hét nhau.
Hoi c6 bao nhiéu cdch phdn phat keo, co thé
khong phai 1dt ca cho 4 dira tré? Ta tinh cd kha
ndng mét vai dira tre co thé khéng nhdn duoc
chiéc keo nao.

Léi gigi. Thém mot ngudi ban cua bbn dia tré
dé duoc 5 dira tré. Viéc phan phat 30 chiéc keo,
¢6 thé khong phai 1a tit ca, cho 4 dia tre ban
d4u gidng nhu viéc phén phat tht ca 30 chiéc
keo cho nhom 5 dua tré. Tur d6 bai toan trd
thanh bai toan chia keo cua O —Le a3 duogc gidi
thidu & sb bao trudc. Céu tra 101 s& cach phén
phat keo thda méan dé bai chinh la sb cach chon
4 vi tri (khong theo thu tu) trong s6 34 vi tri
(30 vi tri cho keo va 4 vi tri cho vach ngin). Két

qua 1a C3y.

Nhin xét. Céc ban sau c6 bai dich tot, giri bai
vé Toa soan som: bé Ngoc Tién, 8A3, THCS
Lam Thao, Lim Thao, Phi Tho; Trdn Trung
Phiic, 9A4, THCS Ngbo Gia Tu, Hdng Bang,
Hai Phong; Cao Thi Tuong Vy, 10A9, THPT
Duong Quang Ham, Vin Giang, Hung Yén;
Truong Thi Thu Ha, 10 Toan 1, THPT chuyén
V& Nguyén Giap, TP. Pdng Héi, Quing Binh;
Trinh Thi Thiy Nga, 11Al11, THPT Kréng
Bong, Quang Tri; Trwong Phan Minh Qudn,
11 To4n 1, Nguyén Thi My Lé, Hoang Bdo
Ngoc, 11 Toan 2, THPT chuyén Quéc hoc Hué,
Thira Thién Hué; Phan Trung Kién, 11T1,
THPT chuyén Lé Quy Bon, TP. Viing Tau. Ba
Ria — Viing Tau.

HO HAI (Ha Néi)




TIENG ANH QUA CAC BAI TOAN

Problem. Given the 14p),

Probability

where 0 < p < | gnd 9 =1 —p. Compute the
sum of infinitely many terms
S=q+qp+q2p+ i " &
Solution. We have
S=p+ap+q’p+ .. +q'p+ ...
=p(l+tg+g'+. . +q"+.)

lI-g p
Remark. The above table is actually the

1
=pr— =2

distribution table for a random variable x with

BAI SO 62

geometric distribution with parameter p. The
sum of all numbers in the second row is always
equal to 1 because it is the probability of all the

possible outcomes.

TU VUNG
distribution table  : bdng phdn phéi xdc sudt
random variable - bién ngdu nhién
geometric distribution: phdn phéi hinh hoc
parameter : tham s6
possible outcomes  : cdc kha ndng co thé xay

ra
NGUYEN PHU HOANG LAN

(College of Science — Vietnam National university, Hanoi)
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BAI DICH SO 59

BAI TOAN. C6 30 chiéc keo gidng hét nhau.
Hoi ¢6 bao nhiéu cdch phdn phdt keo, ¢6 thé
khéng phai tat ca cho 4 dira tré? Ta tinh ca kha
ndng mot vai dira tré co thé khéng nhdn duwoc
chiéc keo nao.

Loi gigi. Thém mot ngudi ban cua bén dira tré
& dugc 5 dira tré. Viéc phan phat 30 chiée keo,
cé thé khong phai 14 tét cd, cho 4 da tré ban
dhu gidng nhu viéc phan phat tét ca 30 chiéc
keo cho nhém 5 dia tré. Tir d6 bai todn tro
thanh bai toan chia keo cua O — Le da dugc gidi
thiéu & s bao trudc. Cau tra 1oi: sé cach phan
phat keo thoa man 42 bai chinh 12 sb cach chon
4 vi tri (khong theo thi tu) trong s6 34 vi tfi
(30 vj tri cho keo va 4 vi tri cho vach ngan). Két

qua la Cyy.

Nhdn xét. Cac ban sau c6 bai dich tbt, giri bai
vé Toa soan sém: PG Ngoc Tién, 8A3, THCS
Lam Thao, Lam Thao, Pha The; Trdn T rung
Phiic, 9A4, THCS Ngb Gia Tu, Héng Bang,
Hai Phong; Cao Thi Tuong Vy, 10A9, THPT
Duong Quang Ham, Vin Giang, Hung Yén;
Truong Thi Thu Ha, 10 Toan 1, THPT chuyén
V5 Nguyén Giap, TP. Déng Héi, Quéng Binh;
Trinh Thi Thiy Nga, 11A11, THPT Kréng
Bong, Quing Tri; Trircong Phan Minh Qudn,
11 Toén 1, Nguyén Thi My Lé, Hodang Bdo
Ngoc, 11 Toan 2, THPT chuyén Quéc hoc Hué,
Thira Thién Hué; Phan Trung Kién, 11T1,
THPT chuyén Lé Quy P6n, TP. Viing Tau. Ba
Ria - Viing Tau.

HO HAI (Ha Néi)

sBRS:/ digy TP pCores




BAI TOAN 42. Cho hinh chop S ABCD cé day
ABCD la hinh vuéng tdm O, SA vuéng géc véi ddy
hinh chép. Cho AB = a, SA = a\J2 . Goi H, K ldn
liegt I hinh chiéu ciia A trén SB, SD. Tinh khodng
cdch tir diém O dén mdt ph(jng (AHK).

Phén tich. Kh6i chép 4.OHK va A.SBD c6 chung
dinh, day ciing nim trén mét mit phing nén ta c6
thé tinh dugc thé tich khéi chép O.4HK, hon nita
tam giac AHK cin nén ta tinh duge dién tich cia

no.
S

Léi gigi. Cach 1, 2, 3 sir dung cOng thire
3V
d(0;(4HK)) ==

AHK
1
Cich 1. Vyw =Viom =§d(A;(OHK)).SOHK

11 1_3:>A=a\/3;
3
a6

i + —
AH? AB* AS* 24
ASAD = ASAB = AK:AH=__3_

Ta co:

Ta c6 HK va BD ddng phing va cing vudng goc
véi SC nén HK // BD. Goi I 1a giao diém cua SC
va (4HK). D& thiy SC L (4HK) nén Al LSC=1
1 trung diém cta SC. A] cit SO tai G 14 trong tAm
cta tam gidc SAC, G thugc HK nén

HK_SG_2_ g 2pp W2
BD SO 3 3 3
TOAN HOC

4 4 * CTugilre S 521 (11- 2020)

Tam giac AHK cin ta

i A, G la trung diém chia HK

1r1é11AGJ.HKV51 2a
zﬂ_glgc=—2a--§—
AG=”3' "-32
. 1 2a J—a 2\/§a
SAHK ———AGHK =‘2_“3—-. 3 9

Vouse = Vaorx =

1
'Ed(A (SBD))Ssomm =3 P-donx-
Ti dién ASBD vudng tai A nén:
1 1 5 _ a10
1 +———+-———=——2:>h_ Y
W As'  AB' 4AD* 24 5
Tam giac OHK can tai O nén cd dién tich S bang
1 1 a\/'_ 2\/' 2a _5d"
S = —OG HK = 5
7
1 = x/—a
= Vounx :’55- =57
3 V2a
3V0AHK 27 _ @
a > AHK —_ e = —— =
Vay d(0;( 4HK)) RN P
9

{ 2 ‘z r
Cidch 2. Sir dung két qua Vi, =§VSABD dé tinh

Wosisie

Dén day tiép tuc tinh d(0;(4HK )) = —_24%

nhu cach 1 & trén.

Cich 3. Su dung phuong phdp tpa dp dé tinh

VOAHK'
Chon h¢ toa 46 Oxyz sao cho O = 4, B(a; 0; 0),
D(0; a; 0), S(0; 0; axfi ).

Tinh SH, SK nhw cich 1 suy ra toa do cia

d

2a a\/—

%3 ‘_J ( ;;O;a\f} O[E X 0]

https://tieulun.hopto.or
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Ta co: [AH,R]:(EIE.@_ 4a2]
9 H] 9 ,———-_
9

2243

T 79 -Ap dung cong thirc

v, I AR, 4K . ,
OAHK = 6 [ ]AOl --—. bén day tiép

ﬂr.[E,AK]

e tinh d(O; (AHK)) Voun nhu céch 1 hodc
. AHK i
chung ta c6 thé tinh S, theo phuong phép toa do

da xiy dung trén.

Cach 4,5, 6,7 la cdach tinh khodng cach tryc tiép.

Cdch 4. Trugt dinh vé chan ducmg cao.

Ta co: d(0;(4HK))=d(4 ;(OHK)). Som
SAHK

OHK

=d(4; (SBD))

Theo nhu cach 1 ching ta co:

d(A;(SBD))-_-@; Sanx = Riog s Sonk =[5§i
= d(0;(4HK)) = "‘2_ 0 V50’ 2\% : 2525_

Cdch 5. Su dung phuong phap toa do
Chon hé toa dd Oxyz sao cho O = 4, B(a; 0; 0),

D(0; a; 0), S(0; 0; av/2).
Tinh SH, SK nhu cach 1 suy ra toa d§ cua H

0. }g a2 a\[_ ( 0)
373 ) 3 3 )22
2 2 2
9
vecto phap tuyén cua mp(4HK) 1a

Ta co: [AH,AK = s 9
;;(AHK)"—‘(I;I;—\/E).Khi d¢6 phuong trinh mat

phing (4HK) 14: x+y=22=0
a a
—_ - —
272

F +(~2)

I

R

d(0;(4HK))=

Cdch 6. Xac dinh chan dudng cao ha tic O xuéng

(4HK).

Vi SC L (4HK) nén chan dudng vudng goc ha tir

O xudng (AHK) c6 thé xac dinh dugc theo phuong
SC:

AH 1 SB, AH 1 BC (do BC L (SAB)) => AH L SC
Tuong tw AK L SC. Vay SC 1 (4HK)

Gia sit (4HK) cht SC tai 1, goi J 1 trung diém cta
Al khi 86 OJ // SC = OJ L (AHK).

SA = AC = a2 = ASAC can tai A = I 14 trung
didm ctia SC. Vay OJ =-1£1c =%SC =%.2a =%.
Cdch 7. Tinh khoang cach t diém dén mt phang
dwa vé tinh khodng cach tie duong thdng dén mat
phang.

Theo nhu cach 4 & trén di ching minh dugc

BD 1 AO

OJ L (AHK). Mit khéc { suy ra:

BD 1 SA
BD 1 (S40)=BD 1 0OJ.
Vay d(0;(AHK))=d(BD;(4HK))=0J.
Viéc tinh OJ da lam & cach 4.
LE VAN NAM
(GV THPT Minh Hoa, Yén Ldp, Phu Tho)
Nhin xét. Ngoai 7 cach giai cua ban Lé Van Nam,
ngudi gidi thidu bai toan 42, Toa soan ciing nhin
dugc mot sd cach giai twong ty nhu nhimg céch giai
trén tr hai ban: Trwvong Quang An, xa Nghia Théng,
huyén Tu Nghia, tinh Quang Ngai; Nguyén Hing
Cuong, 85 Bién Cuong, P. Ngé Maiy, TP. Quy
Nhon, tinh Binh Dinh. Xin hoan nghénh céc ban.
LE MAI (Ha N6i)
Mi cac ban giri 161 giai BAI TOAN 44 dudi ddy vé
Toa soan Tap chi TH&TT trude ngay 31.12.2020.

BAI TOAN 44. Cho tam gidc déu ABC ni tiép
duong tron (0). M la diém bat ky trén cung nho
BC. Chimg minh MA = MB + MC.

NGUYEN QUANG NAM
(GV THPT Quy Hop 2, Nghé An)

TOAN HOC
Biftsaptenlun hepeitpert D



BAI TOAN 50. (Moscow Mathematical Olympiad
1941) Tim cdc 56 nguyén a, b, c phdn biét khdc 0 sao
ch? da thirc bdc 4 dudi day (voi hé sé nguyén) cé thé
viét thanh tich ctia hai da thirc voi hé s6 nguyén
x(x=a)x—-b)x-c)+1.
Loi gigi. Mt da thic bic 4 c6 thé biéu thi thanh tich
cua hai da thic theo hai cach: mot 1a tich cia mot da
thirc bac nhét va mét da thirc bac ba, hai 12 tich cua
hai da thirc bic hai.
TH1: x(x—a)x—bXx—c)+1=(x+p}x’ + g’ +rx+s) (1)
Trong (1) chox=0,x =a, x=b, x = ¢ va chii ¥ ring
1 = 1.1 = (-1).(-1), ta suy ra trong ba thira sb
a+p, b+p, c+ pco it nhit 2 thira sé bang nhau
(cing bang 1 hodc —1), do d6 trong ba sb a, b, ¢ c6 it
nhét hai sé bang nhau. Diéu nay mau thuin v&i gia
thiét a, b, ¢ phan biét.
TH2: x(x—aXx—bYx—c)+1=(¢ + px+q)x* +rx+s) (2).
Trong (2) cho x =0, x =a, x = b, x = c, ta théy hai
tam thirc x* + px+g va x* +rx+scung co gia trj la
1 hodc —1.
Tam thirc bac hai x* + px +q khong thé cé cung gia
tri o v6i 3 gia tri phan biét cia x (vi néu tréi lai thi
phuong trinh bic hai x*+px+g-a=0 c6 3
nghiém phén biét: v6 ly). Vi vay véi 2 trong 4 gid tri
phanbiétx=0,x=a,x=b,x=c thi tam thirc ¢ gia
tri 1a 1, 2 gia trj con lai tam thirc c6 gid tri la —1.
Gid s r?mg x=0, x =g la2 gia tri lam tam thirc c6
giatri 1 vax=»b,x=cla2giatrllam tam thie co
gid tri —1. Ta c6 cac phuong trinh:

0*+p0+g=1 g=1

a +pa+q=1 a’+pa=0 (2)
b +pbtg=-1 |bP+pb=-2 (3)
E+perg=-1 |+pc=-2 (4

Tir (2) suy ra: a(a+p)=0& p=-a(doa=0). Tu
(3) va (4) suy ra:
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(-0t 0)-alb=c)

p? —ab—c’ +A€= y=0&>a=b+c (5)

=(b_c)(b+0"a
» (3) ta c6:
(dOb-?‘:C).T;(C?)bZ’ab=_2@b(b—'0):_2 (6)
2 e
b+ pb w -
Tir (5) va (6) suy 1@ e s

x(x—a)(x-b)E =0+
= x(x=3)x-DE- -

x(x —a)x-b)x—¢) +1

— x(x+ 3+ D2
x=ala2gid tri 1am tam thic
= ¢ la 2 gia tri ]am tam thirc

y+1 :(x2—3x+l)2;

y+1= (" +3x+17%,

Tuong tu, néu x = 0,
c6 gid tri —1 vax = b, ¥

gl

' i +pa-1=-1 ()
cogid i ThIACE 1,2 pp1=1 (&)
c2+pc—1=l (9)

Suyra: a=1,b=2,c= ~1 hodc a=-1Lb=lc=-2
vitaco: x(x—a)x—b)x-c)+1

= x(x=Dx-2)(x+D+1 = —x+1)%;
x(x—a)(x—b)(x—c)+1= x(x+1)(x—D(x+2)+1

=" +x-1)>%.
Nhin xét. Cac ban tham gia gidi bai nay déu co
huéng giai nhu 151 giai trén. Mot s ban tinh toan
khong chinh x4c din dén két qua sai. Cac ban c6 161
giai dung 1a: Nguyén Thién Ly, 11T1, THPT chuyén
Nguyén Quang Diéu, Pong Thap; Pdo Quang Anh,
8C2, THCS Archimedes Déng Anh, Ha Noi;
Nguyén Thi My Lé, 11 Toén 2, THPT chuyén Quéc
hoc Hué, Thira Thién Hué,
NHU HOANG (Ha Néi)

Sau day 12 bai tap d¢ nghi. Ban doc hay giri 161 gidi
vé Toa soan trude ngay 30.11.2020
BAI TAP BE NGHI

BAI TOAN 52. Ching mink rang véi cde s6 thc

%38y @, 1Y P, bét ding thire sau luén ding
Jat +(-ad) 4 T ahy .
Déu dd'ng thirc xday ra khi nao?

KHANH HO'U (Ha Néi)

https://tieulun.hopto.org



A

B 202

GIAI DAP: TIEP TUYEN PHAN BIET
(De didng trén TH& TT sb 517, thing 7 nim 2020)

Phén tich sai lam, Cach
glal nhu trén m
kién cin, chua du. 6i chi 13 didu

Léi gidi diing. Cich gidi ding, phaj pg sung didu kién
du nhu saw: Ngwoc lai, véi —I<b<—L thi phuong
trinh (1) c6 4 nghiém phan biét, Gis "
biétdola p,q,r,s .

Gia st tai hai diém c6 2 hoanh d6 khiac nhau P.q

nhung c6 2 tiép tuyén tring nhau, nghia la théa man:

13 s 4 nghiém phén

4 4
—p+3p -2p=-_ =
3P P P 34 +3q 2q
p4_2p3+p2_1:q4_zq3+q2_1

- (p’—qj)—3(p2—q2)+2(p—q)=0

P-4 -2p’ -+ p*—g*=0

2

(p +pg+q°)=3(p+q)+2=0

[t

( ‘+q’+ g+ pg’)-2p* + pg+q')+ p+q=0
Pt S=p+gq, P=pg thi hé ré thanh:

(S2 P)-35+2=0

3_2PS)-2S*-P)+S5=0

4P 45*-95+6

2S3 4PS — 45> +4P+25=0
= 285° — (452 95 +6)S — 45" +(457 -95+6)+25 =0

3

25 +48*-135+6=0 =>5=1,8=2, S=E.
1 _
Véi §=1= P=%:.> p=q=-2-.V0‘1S=2:> P=1

. 3 3 o f
= p=g=1. Vi S=5=> P=§. Do p#gq nén chi

nhin S = ;’- ,P= §- Lic nay
’ g 8
+

e S REr iR

(98]

+
Vi x=p,x=¢q 12 nghiém cda (1) nén g=220 @

4

nghiém cta (1), tir (1) suy ra b=——g~:—i. Nhu véy theo

yéu clu bai toan, didu kién cln va di ¢é qua M trén truc
tung c6 cac diém M(0;b) € Oy tir 46 ké dén & thi (C)

1;—~E \{——ﬂ}.
16 64

Nhin xét. Rét tiéc ring khong cé ban nao phat hién duge

c6 4 tiép tuyén phan biét thi be [—
sai 1dm cia bai ndy.
KIHIVI

CO BAO NHIEU TIEP
TUYEN?

Dé bai. C6 bao nhiéu tiép tuyén véi de thi
(Cy:y=x*-2x" -1 ké tir diém M[%;—Z] ?

Al B. 2. C.3. D. 4.
Sau ddy la loi gidi cua ban Duyén lop 11A3:
Goi My (xy;xy —2x; —1) 1a diém thudc 6 thi (C).Ta
co: y'=dx’ —4x, y\(x,)=4x3 —dx,. Tiép tuyén véi (C)

tai M, c6 PT:y =(4x; —4x,)(x = x,) + x5 — 2x; —1(d).
Tiép tuyén d di qua diém MG;—?.} khi va chi khi

—2=(4x3 —4x0)[%—x0)+x3 -2x2 -1
28x3 - 3=
—1)(x% —3)(9%, -1 =0

1
S xy=tlx,=3,x, ==

& 9x) — 6x; +28x,

< (%

Ta tim ra 4 gia tri cia x, nén c6 4 tiép diém M, thoa
man yéu ciu bai todn. Vay tr M(%;—Z) ké duoc 4
tiép tuyén toi d6 thi (C): y=x*-2¢-1.
Chon dap an D.
Cdc ban cé fim ra két qua gidng két qua ciia ban
Duyén khiong?
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bdc Ninh)

TOAN HOC
FcTusitpe 47
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én ngay 24/10/2020,
VN da ho tro (dot 1)
gom tién mat va sach
ung ho cac tinh Ha Tinh,
hh, Quang Tri, Thira ThiénHué.

‘nay, tai nhiéu trudng hoc thube
, Quang Binh, Quang Tri, nutc
Iém hu hong hau hét sach vo, dé
fhoc tap cua hoc sinh. NXBGDVN
;"-' hop voi chinh quyén cac dia
ng khao sat thiét hai va tiép tuc
10 nguoi dan, dac biét 1a hoc sinh
/ing 10.

EBGDVN cing dang gdp rut chuén
B0 sung SGK phuc vu hoc sinh
Jay tro lai truong hoc tap. Pong thoi
Bling Ung SGK voi muc ho tro dac
§25% cho cac t6 chuc, nhom thién
yén co nhu cdu mua SGK dé tang
8sinh khu vuc bi anh huong bai Id
ac 10 chuc, ca nhan co thé lién hé
iduong day nong (0377 333545) cua
EBGDVN dé duoc ho tro théng tin.

ngay 23/10/2020, dai dién
GDVN da trao tang qua ho
igido vien va hoc sinh tinh Quang
énh hudng bdi I lut thong qua So
6 va Dao tao tinh Quang Tri.
14/10/2020, NXBGDVN da tham
| cong tac cua Bo GD&DT tang
3 Tinh va Quang Binh,... Bén
mét s6 hinh anh NXBGD Viét
;a0 tang qua ho tro dong bao
'_ q khdc phuc hau qué thién

{U NGHIA VIET NAMLM
,

——

SO GlAO DUC VA PAO TAO QUANG TR]

TIEP NHAN

TAI TINH QUANG TR]
DO NHA XUAT BAN GIAO DUC VIET '\J\I\l

..rxﬁ"‘

Ho TRQ GIAO VIEN VA HOQC SINH B] THIEN TAI

VA CONG TY CPDAU TU & PI TR Gl/ )
{ ANC i
" “ ' 1 ¥
.! ! 1 \ bl B
J

e

NXBGDVN da tham gia doan cdng tac cua B¢ GD&PT tang qué tai Ha

Tinh va Quang Binh

_ //tleulun hopto.o
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ON THI VAO LGP 10 THEO DINE lf HUG
PHAT TRIEN'N NANGLE

clia céc tac gid: TRAN DUC HUYE
Sach day 236 trang, kho 17 X g
dai Sé téng hoy

yn hinh hoc o
'VAO LOP |

theo dinh huéng
mon hoc, va phé
cua hoc sinh cua Bi
Dao tao.

ON THI VAO LGP 10
THEO DINH HUONG TICH HOP

C
VAT TREN NA"GW Séch gom 4 chu‘o'ng.

MONToAN CEUONQ L. > iu dugc bién soa
. DE CO BANGE. y huéng dén cdu tric

Bao gom 12 chu dt n ¢ a cua So Gid

chuong trinh toén 9 hiér Pao ta Ho Chi M inh

hanh: M01 chu de de harn mgé huong dar
tom tat ly thuyet an 3l va cae de con lai cac em ho
huéng dan va dé toan S {ur lar

tién cho cac em hoc
va rén luyén.

ham giip cho cic em CHUONG 2. NHU
hoc sinh ¢6 thé tw 6n PE TOAN UNG D

luyén va hd tro quy Chi dé 13: Nhing
dy Co c6 thém tai liéu 6n hop lién mén Ly - H

thi vao 16p 10, Nha );uat bban Chii dé 14: Nhiing b
Gido duc Viet Nam t6 chirc bién phin tram trong tai ¢
soan cubn “ON THI VAO LOP . b .
10 THEO DPINH HUONG Chi dé 15: Nhung baitoan thuGRss "Sasus vong tai ligu nay st

TiCH HOP VA PHAT TRIEN t€ do dac hinh hoc—( thay c6 va cic
NANG LUC”. ve dja Ii. ng viéc on tap.

" 5 e CHUONG 3. NH op 10 theo cau
N%oal hgp: l‘lly(,.’,l} fu \fao’lcrp lf) ’ PENANG CAO ﬁt mong nhan
cudn sach nay cling dap tmg yéu g , B oo <
cau cho viéc doi moi day - hoc, Chu dé 16: Vian dun . B ban sau
dap ung yéu cau dugc céc ti€u toan hoc dé giai quyet .
chi cua bo sach gido khoa méi, thuc té. ngay £dng 1oz

C mét cach c
oc sinh can hoc
hiic co ban trong
ch cuc reén luy¢
ls' duy, phan tich
thoi tim moi lién
i voi kién thuc

Pia chi phat hanh:
® Cong ty CP Sach va Thiét bi gido duc Mién Nam,

231 Nguyén Van Cir, Quan 5, TP. H6 Chi Minh, BT: (028) 38
@ Cac Cong ty CP Sach va Thiét bj Truong hoc Tinh (Tha
® Mua sach truc tuyén tai: www.sobee.vn
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