- S e i S G

% TOAN HOC

® Cdige

NHA XUAT BAN GIAO DYC VIET NAM - BO GIAO DYC VA PAO TAO

XUATBAN TU 1964  TAP CHi RA HANG THANG - NAM THU 57
2020 DANH CHO TRUNG HOC PHO THONG VA TRUNG HOC CO SO
1 - Try s8: 187B Gidng Vo, Ha Noi
SO 520 T Bién tip: (024)35121607; BT - Fax Phat hanh, Trj sy: (024) 35121606
Email: toanhoctuoitrevietnam@gmail.com Website: http://www.nxbgd.vn/toanhoctuoitre

T THE T TP rrwm—

Nha toan hoc Phap René Descartes (3¢55« 165(i




TAPICH T ANIHOGAV/A #ﬂéﬁi
i F - Y N FEASR LY t -
LWt \=AN 1O 2\ 1N (V‘V" V/AAT LU IRERE

——

/ = Ouan trang giat thiéw ciang ban doc

Bé dong tap
TAP CHI TOAN HOC \ A TUOI TRE HANG NAM

—

TOAN HOC
* Clucifye

Nam 2010
Kho 19 x 26.5

Ném 2011

Gia bia: 126 000 don
Nam 2012

Gia bia 1 N AOno

Nam 2013

Nam 2017

i thux“is

® Gia bia: 199 000'dng
Nam 2018
Khé 19 x26.5

Gia bia; 480 000'gong

Nam 2019
IKh& 18 x 26,5

Gam 199.000 dong, .
Moi chi tiét xin IGRHE:
TAP CHi TOAN HOC VA TuUOI TRE

Dia chi: 187B Giang V&, Ha Nai.
® Dién thoai: 024.35121606 - 024.35121607 @ Emshitpssiitieulnhopto.org

it : 2o R R,




L

TRU \(. ll(l COSO

um DINH R

jym o me sy U T MR AP e
EM ?“aul iiiﬁg !:: w i Iig l E‘ Th“ﬂi' i L'“ §t" gﬁ

wmw H“ ??? fim ﬂ"""‘ IER A ﬁ EY M [
LilVwig Wi 14 ﬁua LV, gﬂ.;f,l‘ it

ot

TRAN MINH VU (G¥ THPT Trin Cao Vin, Gia Lai)
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Trong nhimg ky thi Tuyén sinh vao 16p 10 trén
toan quéc trong nhitng ndm gan day, dic biét la ky
thi chon hoc sinh vao chuyén Toan, nhimg cdu hoi
vé chimg minh B4t ding thic hodc tim gi tri 1on
nhét( gi4 tri nho nhit) cua bidu thic 1a nhing céu
hoi hoc bua.

Nhirng bai toan vé bét ding thirc luén da dang va
phong phi, rit kho dinh hinh cach giai cho cac
em. Chinh vi 18 d9, chung t6i lya chon viét chuyén
dé ndy nhim muc dich gitp cac em khi 6n thi vao
10 s& phin pao tu tin khi 1am céc bai toan vé bt
déng thic.

1. MOT SO KIEN THUC CO SO

1.1 Bét ding thirc Cauchy va hé qua

Pinh ly 1.1. Ta cong nhan cac két qua sau

a) Cho a va b la hai sb thuc khong am, khi d6 ta
c6 bét ding thirc Cauchy cho 2 s6:

a;bz\/ﬁ.

DAu“="xdyra<> a=h.
b) Cho a,b va ¢ 1 ba sb thyc khong 4m, khi d6
ta c6 bat dang thirc Cauchy cho 3 sé:

%ﬁ >3fabe.

Diu“="xdyra<> a=bh=c.

c) Téng quat, néu a,a,,...,a, 20 thi

ata+..+a,
- X7 B

n

Diu“="xayra< g =a,=..=qa

n

Hé qua 1.2. Céc két qua sau dugc chimg minh
dua trén Bit déng thirc Cauchy, ta goi né 1a Bit
ding thirc cong méu,

a) Cho a,b 14 hai sb thyc dwong, khi dé:

l+1> i :
a b a+b
Diu“="xdyra<> a=b.
b) Cho a,b va c laba s6 thuc duwong, khi d6:
1_|_1_{_l> 9 '
a b ¢ a+b+c
Diu“="xdyra<> a=b=c.

a, 1a n 14 s6 thuc duong, khi dé:

C) Cho a;0y5.-0;
2

1 1 1 n

—t— et —2 ;

a a a, a+a,++a,
Diu“="xdyra< a,=a,=...=4a,.
Chirng minh.

a) Ap dung bt ding thic Cauchy cho hai s
duong, ta co:

1 1. 4
+b >2Jab2, —— &> —+=2 .
(a )[a J V b a b a+h

Diu “="xayra<> a=b.
b) Ap dung bét ding thac Cauchy cho ba sb
duong, ta co:

(a+b+c)( +;+ 1]>3m.3.311—1-
c

abc
<:>-1—+l+12—~-—9 ;
a b ¢ a+b+c
Dau*“="xdyra <> a=b=c.

) Ap dung bt ding thtc Cauchy cho n sb
duong, ta cé:

(al +a, +---+a")(-l_+_1_+...+_l_]

a, a, a,
11 1
2n.{‘/alaz...an.n.n/———-.._
aa a,
1 1 1 2
B el n _
q a a, a+a,+--+a,
Daucn=»xé1yl'a<:> 01 =a, _—___‘=a"_
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1.2. Bit ding thirc Bunyakovsky va hé qui
Pinh 1y 1.3. Ta c6ng nhan bit ding thic
Bunyakovsky sau: ,
a) Cho a,b,c,d 1a cac sb thuc tuy y, ta co bat
dang thiac sau

(@® +B)(c* +d?) 2 (ac + bd)’.
Déu“=" xay ra khi ad = be.
b) Cho 2n sb a;;ay;...a, va b;b,;..;b,
bat dang thirc sau

2 2 2 2 2 2
(@ +a,+...+a))b +b +...+b)

ta cO

>(ab +ab,+...+ab).

Déu “=" xay ra < teR:a,=1b (i=1,n)

BB =D (vsi b #0).

b b, b

HE qua 1.4. Cic bt dang thic sau dugc suy ra tir
Bat dang thic Bunhiacopxki, ta goi né la Bét
ding thirc cdng mdu tong quit (BDT Schwarz).
a) Cho a,b,x,y la cac sb thuc vdi x, y duong, ta
c6 bat dang thuc sau:

n

sO a;a,..;a, va n sO duong

X,;X;5...3X, ta co bat dang thirc sau:

2 2 2 2
£L+&_+m+a_nz(a,+al+...+a") .
X, X, X, x|+x2+...+xn
s . a a a
Dau“="xayrac> L=—2= =2,
xl XI xn
Chirng minh.
a) Ta co:

(a+b)2=[~/§—%+\/§%]zS(x+y)(i+£].

oy
; a_ b
Dau“="xayrac> —=—.
x y
b) Chimg minh tuong ty.
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2. HAI PINH HUONG CHINH ‘BE GIAI CA:\C
BAT DANG THUC TRONG KY THI TUYEN
SINH VAO 10

Céc két qua trong cac hé qua 1.2 va 1.4 ma ta goi
1a cac Bét ding thirc cong miu s& dugce ap dung
dé giai cac bai toan c6 xu hudng cong cac mau l‘a_li
v&i nhau. Trong mét s6 trudng hop nguoc lai, can
tich mau ra ta tam goi d6 la Bar ding thirc rd
méu. Ching han mot sé bit déng thirc bit ding
thirc ra mau la

1
® ._l—_sl _}_+_1.+.1_+_);
x+y+z+t 16\x y z
va nhimg bat dang thirc ra miu t(xmg quat
(a+b)2$a_2+b_2_;
X+y x
2 2 2 2
(a+b+c) <i+b‘ c

x+y+z x y z

2.1. Sur dung bit ding thirc chng miu
Khi mau s6 cua phén s khong ddy du cac bién sb,

ta lién tuong dén chng miu. Ching ta cung theo
ddi cac Thi du sau.

Thi du 2.1.1 (Chuyén Hda Binh-2019-2020)
Cho a>0,b>0 va a+b=4uh Chirng minh
§ a b 1
FOME s i mmeerne B,
1+4h 1444 2
Nhdn xét. Quan sit cic miu khong c6 ddy du cac
bién cling l1a mdt dinh huéng dé ta cdng miu.
Loi gidgi. T gia thiét ta co-

4ab=a+b22\/5‘:->ab2-!—.

; . 42 4
Ap dung bét dang thirc cOng miu ta cg:

a b az 2
ok T Toag=——— -0
-+ 1+ 4a a+4qp? b+ 4bg?

> (a+b)?
a+b+4ab(a+b)

https://tieulun.hopto.org



_a+b _1- 1
" 1+4ab 1+4ab
S
1+4.~ 2
4

. . 1
Dau “="xayrakhi a=b it
Thi du 2.1.2 (Chuyén Kién Giang 2018-2019)
Cho x,y,z la cac s6 thuc dwong thoa man
X+ y+z=2. Chimg minh rang

¥ Vo z?
+ — + >1.

y+z Z+Xx Xx+YV
Loi gidi. Ap dung bit dang thirc cong mau ta co:
4 z? + Ytz 3
2 +-2 4 z(x pinz) s b
y+z z+x x+y 2x+y+z) 2
’: (13 ” o 2
Dédu “=" xay ra < x=y=z=§.
Thi du 2.1.3 (Chuyén Toan tinh Binh Phudc
2011-2012)
Cho a.b.c ld ba s6 dwong thoa man diéu kién

a~b+c<3. Chung minh rang

] 1 1 3
+ + > —.
l+ub l+bc l+ca 2

L4 gidgi. Ap dung bét dang thic cong mau, ta co:
NS NV BV 2 :
l+ab 1+bc l+ca 3+ab+bc+ca
Mt khac dé thiy:

2
ab+bc+ca$(—€-t~b3+—c).
Ma a+b+c<3 nén ab+bc+ca<l.
Do do
9 5 9 >3‘

23+ab+bc-+-ca“3+3__2

Déu “=" xdy ra khi
l+ab=1+bc=1+ca
a=b=c Sa=b=c=1

a+b+c=3

Thidy 2.1.4 (Chuyén Phi Tho 2009 - 2010)
Cho cdc s6 thuc dwong a.b,c thoa man

ab +bc +ca=3 . Chimg minh rang

- <
Ca+2 B +2 2

2 2 2 )
] il ~1l<-1
Q(az+2 J+(b2+2 ) [c2+2

2
az i b2 + c
a+2 b +2 t+2 at+b+ct+6

1 ] 1

- £ R + — <l.
a +2 b +2 ¢ +2

Loi gidi. Tix gid thiét ta co:

1 1 1
S
ad+2 b +2 " +2
s 2 2 2 £

2 bZ CZ
d + >1.

— >
S22 B +2 F+2

Ap dung bét dang thiic cong mau ta co:

(a+b+c)2

(c;r+b+c)2

=c12+b‘°'+c:2+2(.ab+bc+ca)

__(ar+b+c)2

SVEUET

(af+b+c)2

Diu“="xayrakhi a=b=c=1.
Thi du 2.1.5 (Chuyén Thai Nguyén 2018-2019)
Cho x, v, z la cic so thuc dwong thoa man

) b 2 . . -
X +y +z° =8. Chung minh ring

2
X ¥y

A Al + ) - ]
\f&r‘ +3y” +14xy \/b’,\" +3z" +14yz

-

z- X+yv+2z
> = .

V8z 43¢ +14zx S

+

L¢i gidgi. Ap dung bét ding thuc Cauchy ta cé
x*+y*>2xy.Suyra

VBx? +3y% +14xy = 8x% +3y? +12xy + 2xp

<\Bx2 43y + 12xy+ 1% + 7.

Do d6:

V8x® +3y +14xy < \[0x? +12xy + 437

— (3x+2y)2 =3x+ Zy.

Chimg minh teong t ta cé:

V8y  +322 +14yz <3y + 27,

V822 +3x? +14zx <3z 4 2x.

. TOAN HOC
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Ap dung bt ding thirc cong miu
a b Jla+b+e)

X Yy z x+y+z
2 2 2
ta dugc: VT > X s £
3x+2y 3y+2z 3z+2x
5 (x+y+2)° _xty+z

C3x+2y+3y+2z+3z42x S

Diy “=" Xay ra < x=y=z=2\3/g.
Thi du 2.1.6 (Chuyén Binh Thuin 2019-2020)

Cho x, y, z la cdc so thiee dieong thoa man

xyz =1.. Chung minh rang

yz 2%
e _\'——\Zl(,\j'+ vz +2x).
x+y) 2 ’

2(y+7) ¥ ()

Ld&i gidi. Chia hai vé cho xyz, ta dugc:

yz zX xy 1
g L1
x’ (y+z)+ y? (z+x)+ z? (x+y) - 2(xy+yz+zx)

— 2
o X T 2 +1221 2-1-(l+—1-+l}
+1 3 2\x y =z
z
1 "y 2o g ;
=b; —=c vaap dung bat dang thirc

cong miu tong quat ta dugc:

2 2 2 2

a . b c >(4::+b+c) =a+b+c
b+c

c+a a+b_2(a+b+c) 2

Ta suy ra diéu phai chimg minh. Ddu “=" xay ra
Sx=y=z=1.

Thi du 2.1.7 (Chuyén Dak Lak 2019 - 2020)
Cho ‘

cac so thiee dieong  a b thoa man

a +b* +¢ =3 Chimg minh rang
a +bh b i o Ha . 5
+ — e,

+
a+2b b+2¢ c¢+2a

Lai gidi. Lin lugt ap dung céc bat déng thic cong
mau ta co:
3 3 4 b4 4
a = b L - ’a s % zc
a+2b b+2c c+2a a +2ab b +2bc & +2qc¢
(az+l:02+(:2)2

>
_az+b2+cz+2(ab+bc+ca)

S3 520(10-2020)
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(az + b2 +C2)2

> -
a+b+c’ +2(a2 +b +C')
32
= S
9
Tuong tr vay, ta co:
¥ ¢ 4 b g a'

+ + = + +
a+2b b+2c c+2a ab+2b® bc+2c’ ca+2c’
2, 22, .2\
(a +b +c)
2d” + b +c?)+(ab+be +ca)
(a2 +5° +.f:2)2
T2Ad+ B+ )+ (@ + b+ )
2
=2 e,
9
Ta suy ra diéu phai chimg minh. Dau “=" xay ra
khi a=b=c=1.

2.2. Sir dung bat dang thirc ri miu

Gia thiét cua bai toan 1a diéu cuc ky quan trong dé
ching ta dinh hinh sir dung dén bét déng thuc
cong mau hay rd mdu. Ta hiy cing theo ddi cac
thi du sau.

Thi du 2.2.1 (Chuyén Tin Ha N§i 2019-2020)
Cho cdc sé6 thirc duong a b.c thoa man

ab + bc+ca+ abc =4,

1
=1.

1) Chirng minh rdng: =
g2

+

+

b+2
2) Tim gia tri lon nhdt cua biéu thire
| 1 1

P:'—““;‘__‘-F—-:—:_—_*___*_‘_—__":
J?(u'-#h')+4 \/2(/’:+(':)+4 \/2(5':+az)+4-

Loi gidi. 1) Ta bién ddi didu cin chirng minh
twong dwong véi gia thiét nhyr say:

a+2

1 1 1
S SR |
a+2 b+2 c¢+2

<:>(b+2)(c+2)+(c+2)(a+2)

+(a+2)(6+2)=(b+2)(c +2)(a+2)
<:>ab+bc+ca+4(a+b+c)+12

=abC+2(ab+bC+ca)+4

(a+b+c)+8
< ab+bc+ca+abe=4

2), (13511 CUf vao cau 1, sau khi giaj xong c6 thé xem
06 1a gia thiét, nhr vay cac bidg duoc ri ra nim ¢

https://tieulun.hopto.org
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céc phin s riéng biét, diéu d6 giup ching ta dinh
huéng 1&i gidi. Theo bat dang thirc Cauchy, véi
moi ) duong x,y taco:

2, .2 2 o1 <ll lJ
2(x +y )2(x+y) va x+y_4[x+y )

1 .

do d¢6: <
0o J2(02+b2)+4 a+b+4

~ 1 <l( 1,1 ]
“(a+2)+(b+2) 4la+2 b+2)
Twong ti vay, ta duge:

1 <1[ 1 1 ]
S + "
’2(b2+cl)+4 4\b+2 c+2

1 1[ 1 1 )

<— + .

Cong vé theo vé ba bit ding thirc, ta dugc:
1 1

J2(e +b2)+4+\/2(b2 +ct)+4

1 1( 1 1 1 ) 1

+ <= + + =iy

\/2(C2+a2)+4 2\a+2 b+2 c+2) 2

Nhu vdy gia tri nho nhit cia P 1a % dat duoge
khi a=b=c=1.

Thi dy 2.2.2 (Chuyén Ninh Binh 2016-2017)
Cho cac so thuc dwong a.b,c thoa man abc=1.
Chirng minh rang
] 1 1 3
+ + £-—.
ab+a+2 bc+bh+2 ca+c+2 4
Nh@n xét. Vi miu s6 khong ddy du cac bién nén
ta lién tuong dén bat dng thirc cong mAu holic rd
mau, song trong trudng hop nay, rd miu 13 hop ly
vi bt dang thirc c6 ddu <.

Lo gidi. Ta c6:

1 _ ¢ 0 1
ab+a+2 abc+ac+2¢ (1
~+1|+(a+1)
c
51[_6__4,_1_ .
4\c+1 a+1

Tuong tr vay, ta duoc:

A

1 l[ a_, 1 ]
be+b+2 4\a+l b+1)

1 1 b 1 J
<-— + ;
catc+2 4\b+1 c+1
Ccong vé theo vé ba bit dang thie, ta duge didu
phai chimg minh. Diu “=" xiy ra khi

a=b=c=1-

Thi du 2.2.3 (Chuyén Pha Yén 2010-2011)
Cho ba 56 dwong  x,y,z thoa mdn
l+l+l =2010. Tim gid tri Ién nhdt cua biéu
X Yy z
1 1 1
+
2x¥ y+2

thirc P =

+ :
2y+z+x 2z+x+y

Lei gidi. Ta co:

1 B 1 <l 1 1
2x+y+z_x+y+x+z_4 x+y x+z)
Tuong tu ta co:

1 1{ 1 1
<— + ;
2y+z+x 4\ y+z y+x

1 1 1 1
<-— + :
2z+x+y 4\z+x z+y
Cong theo vé cac bt ding thirc trén ta dugc:
1 1 1
+ +
2x+y+z 2y+z+x 2z+x+y
1(1 1 1] 2010 1005
S——+—+= ===,

P=

4 x y z 4 2
I £y . 1005 .
Véy gia tri 16n nhit caa P 13 dat duoc khi
x‘_—_y——z—._.l__
670

Thidy 2.2.4 (Chuyén Hung Yén 2017-2018)

Cho ba S0 a,b,c duong va

4.4 4 4 4 4 .
a’b’ +b'ct + 'at =3a'bct Chimg minh

I WS BTN 3
ab+2 41 be+24 +1 Ca+2h +1 SZ.
Lai gigi. Taco: a*b* +bc* + c'a® =34 p4

ol 11
a A D.

TOAN HOC
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Sir dung bét déng thirc Cauchy cho 4 s duong 12 & 1 [+2)a]
duge: L4l L 1o, 1 1 _ 4 5a* +(b+c) 9(a2+b2+c2)+2(2a2+bc)
at a o pTNd? 'y b 1 E 44
La 4 Co & . | ————————
s g e ”;‘e""e]‘ad“;-’c' “9(a2+bz+c2 2(2a2+bc)]
| 2 _ “9la?+ b+t 2a7 +be
Mt khac — +1>—-. Lam twong tir va cong lai ta
a a’ : ' Tuong tir:
duqc:iz+iz+—1?gl[_lz_+_lz_+l{]+i 3). b? <l b N 26° '
. a 'b, ¢ 2\a b ¢ 2 56 +(c+a)P 9\ a+b +c 20 +ac
Ap dung bat dang thirc ra mau ta dugc: 5 . 2 92
c
1 1 s-[ + J
a3b+2c2+l=a3b+c2+c2+l S ety 3 g RBiSE | el
< 1( 1 1 1 i 11 2 1] Cong ba bit ding thic trén, vé theo vé ta dugc:
<— —+—=+l|=—| —+=+1|
16\a’ds ¢* ¢ ) 16(a3b c? a2 b2 c’
+ N T
Tuong s L < LT 2.) S+ (b+op B +(c+a)y 5¢ +(a+by
T bc+2d’ #1716\ e o ] 1 242 2b* o3
<=1+ et |
1 a +bc +ac 2c¢ +a
3_1_:_<_(3i %”J 9l 2a*+bc  2b 2¢% +ab
cat2bi+l 16\ca b Ta s& chimg minh |
Cong theo vé ta dugc: 5
1 1 1 1 202 sz 2c <1
1 > 17 9 1+2 2+b +2152+ar(:+2c2-l—ab =3
ab+2* +1 be+2a’+1 la+2b’ +1 a +oc
1( 1 1 1 11 1 l] 3 2 2 2
€<l —|—+—+—F—|[+-| 5+=+=5 |t —=- 2a 2b 2¢
16[a3b bc cSaJ 8(0‘ b ) 16 c>202+bc+2b2+ac+202+ab$2
Tur (1),(2),(3) suy ra: 52 22 502
1 1 1 o — ~] s B e -1<-1
§ % 2a° + be 2b° +ac 2¢” +ab
ab+2+1 be+2d+1 la+2b' +1
—bc —ac —-ab
1( 1 1 1 11 1 1 3 & +— + £
€—|— 0t || +z+T |+ 2a* +bc 20" +ac 2" +ab
16\a’s bc cla) 8\a B ') 16
= bc g . ab -
1(1 L+_I_. I(_1_+_1_+L+3)+_3’_ 2a° +bc 20* +ac 2t +ab
“16\a* b 16 b ¢ 16 v . o oad P x
s 3 Ticp tuc ap dung bét ding thirc cong mau, ta co:
6
=%+Tg EZZ bc . ac + ab
2a° +bc  2b° +ac  2¢* +ab

Déu “="xayrakhi a=b=c=1.

ho ba s6 a.b.c diong bat k e ac s

hi 2.5 Cho ba so ab.c duong bat ky. = ¥ R Pr R TY]

Thi du 2 ‘ i : - 2a°bc+b’c®  2b*ac+a*cc  2¢tab +a'b’
a i ¢ ]

s o : —p— el

Chieng minh ——— TR YSH +(ctay 5 +a+by 3 S (ab+bc+ ca)2

L gidi Ap dung bt dang thirc rd mdu thng quat @%b’ + b’ +c7a’ + 2abc(a+b+c) =1
2

@+b) @ ¥ s Déu“="xiy <> a=b=c.

x+y x Yy

6 ' clusige Sos20u0-2020 https://tieulun.hopto.org
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Thi du 2.2.6 (Chuyén Toan tinh Phua The 2011-
2012)
Cho a,b,c la cdc so thic duong. Chirng minh

2ab . 3bc N 3ca
3a+8b+6c 3b+6c+a 9c+4a+4b

< +2b+3c .
9
Loi gigi. Dit x = a,y =2b,z =3¢, khi d6 bit ding
thire trén duge viét thanh
Xy yz zx

rang

+ +
3x+4y+2z 3y+4z+2x 3z+4x+2y
Xrrytz
9
Ta co 24 X

. 3x+4y+2:z _x+2y+x+y+z+x+y+z

1 " 1 4 1
X+2y x+y+z x+y+z

1 2+ 2 _2x+y+ 2xy
9 9% 9y x+y+z 81  9x+y+z)

) yz <2y+z+ 2yz
T 3y+4z+2x 81 Ox+y+z)
zx 2z +x 2zx
< + .
3z+4x+2y 81 x+y+2)
Cong theo vé cac bét ding thirc trén ta duoc:
xy N yz N zx
3x+4y+2z 3y+4z+2x 3z+4x+2y
<x+y+z_'_2()g;+yz+zx)
C 27 Ix+y+z)

2
Laicod xy+ yz+zx S(X-*‘—y;-Z)_ (3). Do dé:

x+y+z+2(xy+yz+zx)<x+y+z+2(x+y+z)
27 x+y+z) ~— 27 27
_X+y+z
g
Vay Xy 3 yz 2 zZX
3x+4y+2z 3y+4z+2x 3z+4x+2y
gXTIHE
9

Diu“="xayrakhi a=2b=3¢ .
3. BAI TAP REN LUYEN
Bai 1 (Chuyén Thira Thién Hué, 2018-2019)

Cho ab,c 1 ba sé duong thoa man
Jab +~/bc +~ca=1. Tim GTNN cia biéu thirc

2 bZ cZ
= + + .
a+b b+c c+a

Bai 2 (Chuyén Ninh Thudn, 2016-2017)

a

Cho a,b,c 1a ba ) duong thoéa min
1 e Lt o g
a-i-b b+ec c+1

1 1 1

+ + <3.
2a+3b+3¢c 2b+3c+3a 2c+3a+3b
Bai 3 (Chuyén Lam Son, 2016-2017)
Cho a,b,c 1a ba s6 duong théa man

a+b+c£%. Tim GTNN cua biéu thirc
~ c;r(bc-f-l)2 . b(ca+1)2 . c(ab+1)2
_cz(ca+l) az(ab+1) bz(bc+l).

Bai 4 (Chuyén Nam Dinh, 2015-2016)
Cho a,b,c 1a ba sé duong. Chirng minh ring

4a* +(b—c)® 4 +(c—a)* 4c* +(a-b) >3
287+ +¢* @ +207+ dP b +280
Bai 5 (Chuyén Can Tho, 2015-2016)

Cho a,b,c 1d ba s6 duong théoa min

ab +bc + ca=2abc . Tim GTNN cua biéu thire
a b c
+ + ;
c(c+a) a(a+b) b(a+c)
Bai 6 (Chuyén Viing Tau, 2011-2012).
Cho a,b,c 13 ba s6 duong théa man
3a+4b+5¢=12. Tim GTLN cua biéu thic
ab be ca
+ + )
ab+a+b bc+b+c ac+c+a
Bai 7 (Chuyén KHTN Ha Ngivong 2, 2017-201 8).
Voi a,b,c 1a cic sb thuc duong thoa man
ab+bc+ca+abc=2 . Tim GTLN cua bidy thirc
a+l & b+1 c+1
@ +2a+2 b 42642 P +2c42
Bai 8 (Chuyén Todn Tinh Phiy Tho 2011 -2012).
Cho a,b,c 1a cée 56 thye duong. Chimg minh
2ab N 3bc 3ca a+2b+3c
+ ==

3a+8b+6¢c 3b+6c+a 9c+4da+4b 9

E=

(Xem tiép trang 11)

. TOAN HOC
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HUGNG DAN GIAI PE THI TUYEN SINH VAO LOP 10
TRUONG THPT CHUYEN HA TINH, NAM HOC 2020 - 2021

Caul. Cdch 1. Tu
ax+by=c

bx+cy=a:>(a+b+c)(x+y)=a+b+c
cx+ay=»>

< a+b+c=0 hoic x+y=1.

« Néu a-!-b+c=0:>a+b=—c:>(a+b)3 :(*0)3

Sa+ b +3abla+b)=-¢’

3
D@ +b0 -3abc=-c < ad+b + 0 =3abc

2 b2 CZ
>—+—+—=3
bc ac a
ax+by=c (1)
*Néu x+y=1,trhé bx+cy=a (2)
ex+ay=b (3)

ldy PT(1) cong véi PT(2) vé theo vé ta co:

ax+bx+y)+cy=a+c=>ax+b+cy=a+c
:>ax+b+c(1—x)=a+c:>x(a—c)=a—b(*).

. -c=0
+Néua-b:0<:>a=bu‘r(*)suyra[a ¢ .

-Xéta-c=0<a=c,doddb a=b=c=0

- Xétx =0 suy ray= I nén thay vao hé ta suy ra:
2 2 2
b ¢
a=b=cz0=>"+2 4+ =3,
bc ac ab

a-c#0

+Néu a-b=0 tir(*)tasuyra[ , do d6:
x#0

-b N - b-c
. Tuong tu ta cling co: x = :
a-c b-a

X =

Do d6 x=

a-b b-c _a-c

a-c¢ b-a b-c

A a-b b—cJ(a—ch__l
= a-c)\b-a/\b-c

ﬁx:—]ja:b:C(VﬁHVi a—b;tO).

8 T?@?'uggg S3& 520(10-2020)

Vai y=0:>x2=1<:>|:

2 32 2
Vay Ez—+£—-4~c— 3

bc ac ab
Cach 2. Ta co:

@ +b +¢ =a (bx+cy)+8* (ex+ay)+c* (ax+by)

= ab(ax+by) +be(bx +cy)+ac(cx +ay) =3abe,

2 2 2
c
suyra —+—+—=3,
c ca ab

Ciu 2. a) Cong theo vé cia hé ta suy ra:

xt =23 (y-1)+y' -2y=3

S xt =2 (y-1)+(y-1)? =4<:>[x2 --(y—l)]2 =4

2 Gp=Ty=12 Z=y+1
Q[x (=1 @{x y

2 —(y-1)=-2 x2=y—3.

e Véi x* =y+1 (= y>-1) thay vao PT thir 2 ta

duge: 2(y+1)+)° -2y=2<y* =0 y=0.

x=1

x=-1

e V6i X’ =y-3(=y2>3), trong tu thay vao PT
thir 2 suy ra:

20-3+Y' -2y=25 ) =8 y=22 (doy23)
:>x=i\/2\fi—3.
Véy nghiém (x, y) ciia hé da cho 1a:

(=1,0), (1;0), (-\/2\/5—3;2\/5),(\/2\/5—3;2\/5).

b) PK: x>

-2.Khi d6 PT g3 cho tuong duong véi
X’ —3x+ 2x-2x+2 =3

<::>(x—2)2+2(x—2)\/x+2+x+2=9

<‘—>[x—2+\/x+2]2=9¢>[x'-2+\/x+2=3

x“2+\fx+ =—3‘

https://tieulun.hopto.org
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e V& x—2+Vx+2=3(x+2)+Vx+2-7=0

Nery Mt £
2

<~ —X

\/x+2=%@< 0 (loai)

:11—@
o

e VO x—2+Vx+2=-3(x+2)+Vx+2-1=0

x/x+2=_1+\/g
- 2
\/x+2=“1_2\/§ < 0 (loai)
@x=_1—\/§.
2

Viy phuong trinh d3 cho ¢6 tip nghiém:

Sz{u—\/ﬁ_—l—ﬁ}_

2 2

Céu 3. a) Gia sir t6n tai s nguyén duong » sao
cho cac sb 2n + 2021 va 3n + 2020 1a céc s6 chinh
phuong. Khi d6, ton tai cc s6 nguyén duong a, b
2n+2021=a> (1)

thoa man: .
{3;1 +2020 =5 (2)

Tir (1) ta suy ra a”la s§ chinh phwong 1é nén a 1a
sb nguyén duong l¢, dit a = 2a, +1 (a, e N), thay
vao (1) rit gon, ta co:

2n+2020 = 4a] +4a, =4a,(a, +1):8 (¥)
=2n:4=>n:2.
Do n:2=3n+2020:2 tir (2) ta suy ra:

b*i2=> b2 = b4,
ma 2020:4, do d6: 3n:4 = ni4 (vi(3,4)=1), suy
ra 27:8, ma 4a,(a, +1):8 nén tir
2n+2020 =44} +4a, = 4q,(a, +1):8

suy ra2020:8,v5 li.

Viy khong ton tai s6 nguyén » théa man dé bai.

b) Tir bai ra ta suy ra:

x -25xy+2:>y(x2 —2)5xy+2
:;x(xy+2)—y(x2 ——2)Exy+2
L 2(x+ )i+ 22 2x+y) = k(xy+2) (1),
Do x, y la cac s6 nguyén duong nén ta s& chimg
minh k£ =1, 2, 3. That vét, néu

k24=k(xy+2)24(xy +2)=2xy+2xy+8

>2x+2y+8>2x+2y,

vo li.
« Néu k=1, tir (1) ta suy ra:

2x+2y=xy+2xy—-2x-2y+4=2
= (x-2)(y-2)=2=(x,») €{(43),(3:9)}.
Thr lai ta duoc (x, y) = (4; 3).
e Néu k =2, tir (1) ta suy ra:

x+y=xy+2&xy—-x-y+1=-1
< -Dy-D=-1,
vo li vi x, y nguyén duong.
eNéu k=3tr(l)tasuyra:
2(x+y)=3xy+6=3xy—2x-2y+6=0
& (Bx-2)(3y-2)+14=0,

vo li vi x, y 1a cac sb nguyén duong.
Vay (x,y)=(4; 3).
Ciud. a)

Ké OH LCD, 01 LCD,0'K 1 OH.
Déthdy: CD=2HI=2.0'K<2.0'0.
Vay CD 16n nhit bang 2.00’ khi d //00".

ss bhbipsabdie uﬁ&%@&a 09



b)

Ké dudng kinh AE cua duong tron (O) va duong
kinh AF ctia duong tron (O°) thi E, F 1a cac diém
¢ dinh.
Goi 7 1a trung diém cua EF suy ra / ¢ dinh va tr
gia thiét ta suy ra tr giac AOIO’ 13 hinh binh hanh
nén

O'l1=A0=0M,0O’'N=0’A=0I (1).
AO //O’1, AO’// OI nén Os = O's(cung bing goc
EAF). Theo gia thiét:

AOM = 40'N hay O =0'=0;= 5‘2.

T dé: 02+ 03 =04 + O hay MOI = NO'I (2).
Tur (1) va (2) suy ra: AMOI =AIO'N (c.g.c), do
d6 IM = IN hay duodng trung tryc cia MN di qua
diém I ¢6 dinh.
Do M la diém di chuyén trén tir diém 4, nguoc
chidu kim ddng hé trén dudng tron (0), N 14 diém
di chuyén trén tir diém A4, ciing chiéu kim dong hd
trén dudng tron (O°) nén khi M trung £, N tring F
thi MN tring EF nén trung tryc cua MN di qua /
cb dinh.
Cau 5. Trudc hét ta chimg minh BDT

(voi A, B lacac s6 thue duong)

A* +B? 8
<:>_""_2 3
AB*  (4+B)
Q(AZ +BZ)(A+B)2 >8A4° 8.
BDT nay ludn ding vi

1 0 T?@?-luggec S8 520(10-2020)

A+ B2 2248 > 0;
(4+B) 2448 >0.
1

Tir gia thiét z >0, dat x;a,y=b,zzz,

Tx x’z° +y*z" +1<3zsuyra
=a’ +b’ <6c-4c’
& at+b + <6c-3ct =3[1-(c- 1) |<3.
Ap dung BDT Bunyakovsky ta cé:
(a+b+c) <3a* +b* +c*)<9
Sa+b+c<3=0<a+b+c+5=<8
szé (*).
Taco: P= L = o B 2+—-——4zz 7
(x+1)" (y+3) (1+2z2)
1 1 8

= + +

) (14 1) (r+3)

2z

1 1 8
= - +

(a+1)’ (c+1)2 (b+3)

2

=[ P }r 8
(a+1)" (c+1) | (b+3)

8 8
> 4 . do (*
(@rcr2) ey 00D
=8 : e A
(av+c+2)1 (b+3)2
64
> *
(a+c+2+b+3)2 (do ()
Bt (do (**))
Diu“="xayrakhia=b=c=1, tic 13
x=y=1
1
zZ=—
2

Viy gia tri nho nhét caa P =].
‘ LE BA HOANG
(Phong GD&PT Tx. Hong Linh, HaTinh).
Gidi thién

https://tieulun.hopto.org
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DE THI TUYEN SINH VAO 10 THPT CHUYEN PHAN BOI CHAU
THPT CHUYEN PAI HQOC VINH, N{\M HOC 20202021
MON TOAN CHUYEN (Thoi gian ldm bai 150 phiit)

Cau 1. (6 diém).

2

a) Giai phuong trinh: ZI(xz +
¥

1 ]—3=3x2+x.
b) Giai hé phuong trinh:
X +x? +y2 —xzy—xy—yIO
\/;+\/y—1=\/2y—3x—4

Ciu 2. (3 diém).
a) Tim tat ca c4c s6 nguyén duong x, y va p la

s nguyén té thoa min: p -yt=4

b) Chitng minh r:?mg néu m, n 1a cac sé tu
nhién théoa man: 2mZ+m=3n2+n thi
2m+2n+1 lasb chinh phuong. .

Cau 3. (2 diém). Cho a, b, ¢ 1a cic sb thuc
duong théa min a+b+c=3. Tim gi4 tri nho
nhét ciia biéu thirc:

\/ a+b \/ b+c \/ c+a

P= + + .

c+ab Na+bc \b+ca

Ciu 4. (7 diém). Cho tam gidc nhon 4BC
(4B < AC) ndi tiép duong tron (0). Cac dudng
cao AD, BE, CF cia tam gidc ABC cat nhau
tai diém H.

a) Chimg minh BC 1a duong phan giac ngoai
cua tam gidc DEF v 1
b) Goi M la giao diém cilg dudng thang EF
voi dudng tron (O) (M nam trén cung nho
AB); Oy, O, lan lugt 1a tim dudng tron ngoai
tip céc tam gidc BMF va CME. Chimg minh:
AM LO0;. ,
¢) Liy K trén doan thang HC (K khac H va C),
duong thing BK cit dudng tron (O)’tai diém
thir hai 13 7 va duong thang CI cat duong
thing BE tai G. Chitng minh h¢ thrc:
_(FK BF.BE] P
SAGFB —(ﬁ’f@ ACEF -
Ciu 5. (2 diém) Trong hinh chir nhat c6 chiéu
dai 149cm, chidu rong 40cm cho 2020 diém
phan biét. Chimg minh ring tdn tai it nhit hai
diém trong sé 2020 diém di cho ma khoang
cach gitta chung nho hon 2cm.
NGUYEN THI VAN ANH
(SV K59 Su pham todn CLC,
Vién nghién ciru Su pham Ty nhién, Pai hoc Vinh)
Gidi thiéu

KA AT Ao KRR R KRR S Ko R o o K OK s R K o ok ok oK R sk o o o o ok sk ok ok ok o o 3k ok ok o ks sk o ok 3K ok oK K oK o ok o o o K

HAI DINH HUONG ... (Tiép theo trang 7)
Bai 9 (Chuyén Todn Vinh Phic 2012-2013)
Cho a,b,c la cac sé thuc duong thoa mén
a+b+c=1.Tim GTNN cua biéu thirc
1 1

+ .
abe  1-2(ub+ bc + ca)
Bai 10 (Chuyén Thai Binh 2014-2015)
Cho cac sb duong x,y,z thoa min
x(x+D)+y(y+1)+z(z+1)<18. Tim GTNN cua
bidu thire B=— 41 1

X+y+1l y+z+1 z+x+1

Bai 11 (Chuyén Thanh Héa 2014-2015)
Cho x,y,z 1d cic sb thyc duong théa mian

N+ +y2 + 2 427+ 2 = 2014, Tim
e xz 2 22
GTNN ciia bidu thirc p = +2 4 .
y+z z+4+x x+y

Bai 12 (Chuyén Todn Binh Thudn 2015-2016)
Cho x,y,z 1a cac sb duvong thoa man

x+y+z=32. Ching minh rfing
1 1 1
+ + >
VX(3y +5z) \/y(3z +5x) Jz(3x +5y)
Bai 13 (Chuyén todn Binh Phuée 2015-20]1 6)
Cho a,b 13 cac s thuc duong théa man
a+b=ab . Tim gi4 tri nho nhit cia bidu thirc

pa_1 , 1 +y(+a’)(1+b%)
a+2a b +2b '
Bai 14 (Chuyén Todn Bic Giang 2015-2016)
Cho a,b,c 1a cac sb duong thoa man didu kién
a+b+c23. Chimg minh ring
d. -, B - g ]
@+2)(b+2)  (b+2)(c+2) (c+2)a+2) 3

S3 fastpsedtiie uﬁﬁ%@ﬁ) Plo
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1. Déc trung cia hinh hoc giai tich

Nét ddc trung cia Hinh hoc giai tich khéng chi
trinh bay céc két qua cua céc hinh hinh hoc ma
quan trong hon né dugc trinh bay bing mot
phuwong phdp khac so véi hinh hoc so cdp Euclid.
Y tudng co ban cua né 1a sy x4c lip tuong tmg
gifra céc cip sb thyc duge sip thi ty voi cac diém
trong mat phing tir d6 tao ra mot su tuong Ung
gilta cac dudng trong mat phing va cic phuong
trinh hai bién sao cho mdi dudng trong mit phing
d6 c6 mdt phuong trinh x4c dinh f(x,»)=0, va
v6i mdi phuong trinh nhu vay ¢6 mét duong hodc
mét tap hop diém xac dinh trong mat phing. Mot
su trong ung tuong tu nhu vy ciing dugc xac lap
giita tinh chéit dai sé va giai tich caa phuong trinh
f(x,»)=0 véi céc tinh chét hinh hoc ciia céc
dudng lién két. Nhiém vu chimg minh mét dinh Iy
trong hinh hoc dugc chuyén qua mdt cach tai tinh
sang viéc ching minh mét dinh ly trong dai s6 va
giai tich. RS rang viéc chimg minh mét dinh ly
trong dai sé va giai tich thudn lgi hon vi c6 nhiéu
cOng cu hon.

Hién nhién, dbi véi hinh hoc trong khéng gian thi
mét didm twong tmg véi mot ba sé thue duge sip
thir ty va cdc mit twong Ung voi phuong trinh ba
an f(x,y,z)=0. Khi d6 céc dudng tuong lng

f(x,,2)=0

v6i he hai phuong trinh ba an {g(x,y,Z) =0

TOAN HOC
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LE QUOC HAN
(GV Vién Su pham Ty nhién, Dai hoc Vinh)
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2. Lich st phat sinh Hinh hoc giéii Fich,

Hinh hoc gidi tich c6 mdt ngudn goc rat lau doi.
Ngudi Hy Lap ¢ dai di quan tam dén dai sb hoa
hinh hoc; dién hinh 13 Apollonius di thau luom
duoc mot khéi lwong 16n hinh hoc cac thiét dién
conic cua minh tir nhimg twong dwong hinh hoc
ctia mét s6 phuong trinh
cua cac duong d6, mét tu
tung duomg nhu bt
ngudn tr Menaechmus.
Hon nfra tu tudng toa do
da dugc nguoi Ai Cép va
La M sir dung trong tric

dia cling nhu ngudi Hy

Apollonius

Lap ding trong viéc v&
ban do.

G thé ky X1V, Nicole Oresme (1323 - 1382) ngudi
Normady d thé hién truéc mét khia canh khac
cua hinh hoc gidi tich khi dng biéu thi mét s quy
ludt bang cich v& biéu dd cho biép phu thugc
(latitudo) so véi bién doc lap (longitudo) khi bién
sau dugc phép Iy trén sb gia nhe.
Tuy nhién, truéc khi hinh hoc giai tich c6 duwoc
dang thyc tién cao nhu ngay nay né di phai cho
doi su phét trién cua ky hiéu dai 56 va do vdy co
thé chinh xac hon khi nhat trf vgi dai b phén céac
sir gia khi ho cho ring nhimg dong gép quyét dinh

ma hai nha toan hoc nguoj Phap 1a Réné

https://tieulun.hopto.org
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Descartes va Pierre de Fermat da thuc hién trong
thé ky XVII 1a cét 16i va it ra 1 tu tuong hién dai
vé& Hinh hoc giai tich ¢ dang ma ta thiy nhu ngay
nay.

3. Réné Descartes (1596 - 1650) - cha dé cua
Hinh hoc giai tich hién dai

Réné Descartes sinh & gan Tours nam 1596. Khi
16n 1én 6ng duge gii toi truong Dong Tén & La
Fléche. Ong c6 mot théi quen sudt doi (do sitc
khoe qua yéu &t) 1a nam lai trén givong kha mugn
vao budi sdng. Nhirng gi¢r phit iy ong trim tw suy
nghi ma vé sau 6ng cho 1a nhitng khoang thoi gian
niang suit nhit trong nghién ciru cta minh (!).
Nam 1612, Descartes thdi hoc va it 1au sau dén
Paris, & d6 cung v&i Mersenne va Mydorge 6ng da
danh it nhiéu théi gian vao viéc nghién clru todn
hoc. Nam 1617 dng bét diu gia nhap trong nhidu
nam vao quan ddi cua Hoang tir Maurice ving
Orange. Vo lic r&i quin ngi 6ng dd cé dip trong
bdn hodc nim nim qua cac nudc Dirc, Pan Mach,
Ha Lan, Thuy ST va Italia. Sau khi vé lai Paris,
ong tiép tuc cac nghién ciru toan hoc, suy ngim vé
triét hoc va c6 thoi ki ché tao cac dung cu quang
hoc. Lic d6 Ha Lan phat trién rat manh nén ong
quyét dinh chuyén sang Ha Lan sdng va nghién
ciru toan hoc, triét hoc va khoa hoc khéc trong
sudt 20 nam. Nim 1649, theo 1oi moi ciia Hoang
hau Thuy Pién Christina, 6ng sang d6 dugc mét
nam thi qua doi vi b viém phéi.

Trong 20 ndm & Ha Lan, Descartes da hoan thanh
tac phadm chinh "Vé phuong phdp huéng ddn t6i 1€
phdi va tim kiém chdn Iy ciia minh" véi ba phu luc
La dicptrigue (Khic xa hoc), Les méteres (Cac
hién tugng khi twong) va La géometrie (Hinh
hoc). Ngodi ra dng con céng bd cac cong trinh
triét hoc khac nhu Le monde (Thé gidi),
Meditationes (Nhimg suy twdng), Princippia
philcfphiae (Nguyén ly triét hoc)...

Pirre de Fermal

Réné Descartes

La géometrie 1a nhimg déng gbép chinh cua
Descartes cho Hinh hoc giai tich. No chiém
Khoang 100 trang va dugc chia thanh ba phén.

Phan du giai thich mot sb nguyén ly cua hinh hoc
dai s6 va cho thay mdt budce tién thue sy hon han
ngudi Hy Lap c¢b dai. P4i voi nguodi Hy Lap cd
dai, mot bién tuong duong voi do dai mdt doan
thing, tich cua hai bién twong duong voi dién tich
mot hinh chit nhat va tich cua ba bién tuong
duong v6i thé tich mdt hop hinh chit nhét nao do.
Nguoi Hy Lap cb dai khong thé vuot qua gidi han
d6. Péi voi Descartes thi khac, x* khong chi goi
ra hinh anh dién tich ma con goi ra s6 hang thir
thtr tu trong ti 18 thitc 1:x=x:x*. Va do d6 khi
dd chon dugc mdt doan théng nao do lam don vi
do, c6 thé dimg duoc cac doan thing x* (va do d6
x",neZ" ) khi biét x theo céc dung cu dung hinh
Euclid quy dinh. Bing cach sb hoc héa hinh hoc
nhu vy, trong phin dau La géometrie, Descartes
da chon x trén mot truc cho trude va chidu dai y
tao thanh mot géc c6 dinh véi truc d6. Khi d6 c6
thé dyng dugc y khibiét x va y dugc biéu dién

y=f(x).

Descartes da giai quyét dwoc bai toan: Gig sir

qua x: Bing phuong phip d6é
Piseees Poys Puersoes Py 10 Cdc chiéu déi ctia m+n
dogn thing vé tir mot diém P dén m+n diém
cho trudc va tao thanh céc goc cho trude véi
nhitng duong thing dé théa man didu kién
P\PyPpy =kPpp Dy oD, rong dé k la mét
hang sé. Hay tim quy tich P . Trong khi d6 nguoi

TOAN HOC

S3 520(10-2020) &

https://tieulun. hopE) org




Hy Lap ¢4 dai chi giai quyét dugc cho céc truong
hop m<2,n<2. Py 1a mot qua tang dep thé
hién sirc manh ma phirong phép hinh hoc giai tich
méi nhan dugc va ciing 14 ngudn cam himg vo tin
gilip Descartes tiép tuc sang tao.

Phén thit hai cta La géometrie d& cép cach phan

loai cac dudng va mét phwong phéap d& dung tiép
tuyén cho cac duomg kha thu vi nhu sau: Cho

duong cong (T) ¢6 phuong trinh f(xy)=0,dé
dung tiép tuyén cﬁa‘(I‘) di qua diém P(x,y)
cho trudc ta goi Q(xz,(}) 12 mot diém trén truc x.
Khi d6 duong tron tim Q di qua P cé phuong
trinh (x-x,)" +)? =(x-x,) +y’. Kht y ti
phuong trinh nay va phuong trinh f (x,y)=0 ta
dugc phuong trinh theo x cho hoinh do cua cac
diém tai d6 duomg tron nay cit (T'). Bay gid ta
xdc dinh x, sao cho phuong trinh theo x nay 6
mét cdp nghiém bing x, . Diéu kién nay cé dinh
Q 1a giao cua truc x v&i phap tuyén cua dudng
cong (T') tai P vi dudng tron bay gior da tiép xuc
voi () tai P. Mot khi di dung durgc dudng tron
thi ciing dung dugc tiép tuyén cén dung. Chang
han cén viét phuong trinh cua tiép tuyén di qua
diém P(1;2) véi parabol cho béi phwong trinh

y* =4x. Phuong trinh dudng tron s& 13

(,r—x2)2+y2=(1—xz)2+4- Khu y ta duoc

(x—x2)2+4x=(1—x2)2+4 hay

x*+2(2-x)x+(2x,-5)=0.
phuong trinh nay c6 hai nghiém béang nhau 1a bi¢t
thirc bing khong, nghia [a
(2 - X, )2
c6 tam Q(3;0) va di qua P(1;2) dung duoc va
do @6 dung duoc tiép tuyén cua parabol. Phuong
phap nay dugc Descartes 4p dung cho mdt s6
dudmg cong khéac nhau trong d6 c6 mét dudng trai
xoan bic bén ma sau nady mang tén éng.

14 T?g}quggce S48 520(10-2020)

Diéu kién dé

phai
—(2x,-5)=0 hay x, =3. Dudng tron

Phan thir ba cta La géometrie ndi vé cach giai cac
phuong trinh bac 16n hon hai. O day trinh bay luat
xac dinh gidi han sb cac nghiém duong va sb cac
nghiém 4m ctia mot phuong trinh da thirc ma ngay
nay goi 1a "Ludt ddu Descartes". Ong ciing da dua
ra hé théng cac chi sé hién nay (nhu @’, a*,...),
d6 1a mot cai tién 16m so vai Viete.

La géometrie duge trinh bay véi mét van phong
m& 40 ¢6 chu dich nén rat khé phéd bién. Mai dén
ndm 1649 da xuit hién mot ban dich Latin kém
theo nhig chil giai cta F. de Beane va dugc xuit
ban cung véi 161 binh cua Frans van Schooten tac
phdm mdi duoc luu hanh réng rai. Phai mét 100
nam sau, voi nhitng thanh tyu cla céac tac gia
khéc, va cung voi cac tir tpa do, hoanh dé, tung do
do Leibniz dua vao nim 1682, Hinh hoc giai tich
mé1 duge trinh bay hoan chinh dudi dang quen
thudc nhur ta thudng thiy trong céc gido trinh ngay
nay.

Dé ghi nhé nhitng céng hién cua Decartes trong
viéc phat minh va phét trién phuong phéap toa do,
nguoi ta da dung tén ong dé dit cho Hé toa do
vudng goc, va do thi ham sé x* + ° —3axy =0
(trong d6 a 14 hiang sb dwong) trong mit phing
voi h¢ toa d6 vudng géc 1a Ld Decartes. Db thi
nay nhin dudng thing x+y+a=0 lam duong
tiém cfn va nhin diem O(0;0)lam diém kép
(diem ty cif). Phuong trinh tham s§ cta L
3at 3ar?

1+I'3 ,J’=-1'+—{3—(Z'ER)

Decartes la x =

Y
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4. H¢ toa d§ Descartes vudng goc trong khong
gian va mét sé mit bic hai

Ta trinh bay chi tiét hé toa 46 Decartes vudng goc
trong khong gian. N6 gdm géc O va ba truc sé
Ox,0y,0z cat nhau vudng goc tai O. Ky hiéu
vecto don vi trén cac truc sb Ox,0y,0z1a Z;, k.
Né6i rang diém M cua khong gian c6 toa dd
(x,y,z) néu OM =xi+ y.}+ zk (x dugc goi la
hoanh d§, y 1a tung d6 va z 13 cao d6 cua diém
M). Céc truc Ox,0y,0z tuong img dugce goi la
truc hoanh, truc tung va truc cao. Nguoi ta thudng
ky hiéu hé toa d§ trén la Oxyz . Ching han trong
khong gian véi hé toa do 4y, mat cau
(I(a,b,¢);R) ¢6 phuong trinh :

(x—-a): +(y—b)2 +(z-c)' =R

Trong khéng gian véi Hé toa do Decartes vudng
gbc Oxyz, tap hop nhimg diém M (x,y,z) théa
min phuong winh F(xy,z)=0 (trong dé
F(x,y,z) 1a mét da thirc bac hai déi voi x,y,z)
dugc goi la mot mat bdc hai. Ngudi ta thudmg
quan tdm dén mdt s6 mat bac hai sau: Mat bac hai

co phuong trinh chinh tic
2 2 2

x ¥y oz §3E e
— + ‘}, +— =1 (a.,b,c>0) duoc goi la mdr bdc
It E T

hai eplipsoid. Mat bac hai c6 phuong trinh chinh

i 2 VZ _.72 = & 5
tic —,+‘b—, - =-1(a,b,c>0) dugc goi 1a mdt
JERY.

bdc hai hyperboloid hai tang va mit bac hai c6

phuong trinh chinh tic
R
5+~ =1 (ab,c>0) duge goi I mdt bic

hai hyperboloid mét tang. Khi a = b, hai mit sau
twong (mg dugc goi 1a mdr bdc hai hyperboloid
hai téng tron xoay va mdt bdc hai hyperboloid
mot t&ng truc Oz . Tht ca cac mat trén déu nhin
O lam tdm d4i ximg, nhan Ok, Oy,0z lam céc
truc ddi ximg vi nhdn ba mit phing toa do
Oxy,0yz,0zx 1am cic mat ph'fmg ddi Xung.

TN

NG

’ o T' =
| \\)
\\,"_ o8 L
Elipsoid
i P '
. 3 £
0 G Y “ 3
Hyperboloid mét ting Hyperboloid hai tang
2 2
T . X \
Céac mat bac hai cé phuong trinh — + = 2z va
P 9

% ¥ . . £
~——=—=2z, trong 46 p,q la cic tham sO
P 4

duong, dugc goi twong Ung la mdr bdc hai
paraboloid eliptic va mdt bdc hai paraboloid
hyperboloid. Khi p=gq, mit bic hai paraboloid

2 2

eliptic 2 +2 —2; bién thanh mét tron xoay
P q
paraloid tryc Oz, n6 duoc sinh ra khi ta cho quay

x*=2py

quanh tryc dbi
z=0

parabol tham sb p:{

Ximg Oz ciano. Vi hinh déng truc quan, mat bac
hai paraboloid hyperboloid con duge goi 1a mdt
Yén ngya (xem hinh dudi).

Paraboloid eliptic
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Paraboloid hyperboloid

S. Fierre de Fermat (1601 - 1665) véi nhing
cong hién vé hinh hoc giai tich.
Nha toan hoc Pirre de Fermat sinh nim 1601 O
gan thanh phé Toulouse trong mét gia dinh kinh
doanh da thudc. Nam 30 tudi ong gir chirc uy
vién Hoi ddng dja phuong & Toulouse va hoan
thanh nhiém vy véi mét tinh thin khiém tén va
nghiém tic. Ong vén 13 mot ludt su tan tuy va kin
ddo nhung lai rit dam mé nghién ctru toan hoc.
Mic du khi con song 6ng cong bd rit it cac cong
trinh song lai thuong xuyén trao ddi vé khoa hoc
v0i cac nhiéu nha toan hoc hang dAu thoi d6 nén
éng da giy dugc anh hudng dang ké v&i nhimg
ngudi cung thol. Trong nhitng déng gbp da dang
ciia Fermat cho toan hoc thi ndi bat nhét 13 viéc
dat nén moéng cho ly thuyét hién dai vé sb. Ong
dugc xem 1a nha toan hoc Phap vi dai nhét cua thé
ky XVII. O day chi xin d& cap dén nhimg céng
hién cua 6ng trong linh vuc Hinh hoc giai tich.
Trong khi Descartes hinh thanh co s& cua Hinh
hoc giai tich hién dai thi dong thdi Pirre de
Fermat cling quan tdm dén van dé nay. Ong cong
bé rang minh da thy trudc van @& thé hién trong
mdt buc thu 6ng gui cho Roberval vao thang 9
nam 1636 trong d6 noi ré’mg tr tudng cua nguodi
viét ¢4 dugc hinh thanh 7 ndm réi. Nhimg chi tiét
cua cong trinh d6 dugc xuat hién trong mot bai
bao sau khi 6ng qua doi co tén la Isogo ad locus
planos et solidos. O diy ta tim thiy phuong trinh
ciia mot dudng thang ndi chung va clia mt dudng
tron tdng quat, mot bai ludn giai vé céc hypebol,
elip va parabol. Trong mot cong trinh vé cac tiép
tuyén va phép cAu phuong hoan tit truge 1636,

16
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Fermat da dinh nghia nhiéu dudng theo cach giai
tich. O nhitng chd ma Descartes dua ra mdt vai
dudng méi, c6 duge theo chuyén dong co hoc thi
Fermat lai gi6i thiéu dugc nhiéu dudng mdi, duge
dinh nghia bing céc phuong trinh dai sb. Cac
dudng cho boi cac phwong trinh x"y" =a,

V' '=ax" va r"=af sau ndy dugc goi la cac
hypebol, parabol va duwong xodn oéc Fermat.
Fermat d3 dua ra cac cing véi cac nhimg duong
khéc, mot dudng bac ba ma vé sau dugc goi 1a
ducng phii thiy Agnesi dat theo tén cua Maria
Gaetana Agnesi (1718 - 1799), mét phu nit uyén
bac, mot nha toan hoc, mot nha ngdn ngir hoc va
1a mot triét gia. Nhu vay nhiéu chd khi Descartes
bét ddu bing mot quy tich va tiép d6 tim ra mdt
phuong trinh cia n6 thi Fermat bit dau tr mot
phuong trinh rdi tiép d6 nghién ciru quy tich. Do
1a hai sic thai nguge nhau cua nguyén ly co bin
cua hinh hoc gidi tich. Ngoai ra Fermat con dung
cac vo cling bé trong hinh hoc va 4p dung ching
vao céc van d& cuc dai va cuc tiéu. Pidu nay cho
thdy 6ng 13 ngudi co tu tudng tién phong trong
gidi tich va hinh hoc vi phén.

6. Sy phat trién Hinh hoc giai tich hién dai sau
Descartes. Hé toa do cuc

a. C6 nhitng hé toa d6 phing khac véi hé toa do
vudng goc va chéo goc. Céac hé toa dé Descartes
la cac hé toa do thong dung nhit va dugc phét
trién nhiéu nhét, dic bigt hé toa dd Descartes
vudng géc. Nhiéu thudt ngt, vi du nhu viéc phan
loai cac duomg thinh tuyén tinh, bac hai, bac ba..
bt ngudn tir viéc dung hé théng toa o nay Tuy
nhién, mdt sb dudng nhur cac dudng xoan bc thi
phuong trinh cua ching trong h¢ toa @0 Descartes
rét phuc tap trong khi & nhitmg hga toa d9 khic
dugc thiét ké khéo 1é0 mot chit thi chiing lai nhan
dugc nhing phuong trinh khs don gian. Pac biét
hitu ich trong truong hop céc dudng xoin ¢ 1a #é
toa do cyc trong d6 ha quy chiéy 13 mot tia v han
trong d6 mdi diém duoc dinh vi bang mét cip sb
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thuc, mét bidu thi khoang cach va mot bidu thi
goéc. Tu tudng vé toa 40 cuc do Jakob Bernulli
(1654 - 1705) dua ra vao nam 1691. Cac hé toa d6
khéc dugc nghién ciru it tinh dén cubi thé ky
XVIII, khi céc nha hinh hoc budc phai né tranh
cac hé toa d§ Descartes trong nhimg nhu ciu dic
biét cua bai todn to ra cin phai c6 mét cdng cu dai
s6 khac thich hop hon. Xét dén cung thi cac hé toa
d6 duoc tao ra cho hinh hoc chi khong phai hinh
hoc tao ra vi toa dd.

b. Xin néi 6 hon vé hé toa do cuc trong mdt
phang. Cho tia Ox trong mit phing dinh huéng.
Khi d6 su twong g mdt ~ mét giita céc tap diém
M khic O trong mit phing véi tap cic cip sb
thue (r,¢) trong 46 r=0M 1a khoang cach tir
O d&n M va ¢ =(0x,0M) 1a géc quay tir tia
Ox dén tia OM, r>0,0<0<2n goi la foa dp
cuc cta didm M trong (déi voi) hé toa dd cuc xdc
dinh bédi tia Ox; O goi 1 cuwc; Ox goi 1a truc cuc;
v goi 1a ban kinh cuc; ¢ goi 1a goc cuc. Che“ing
han Ld Decartes trong muc 3 trong hé toa do cuc
¢ phuong trinh » = —————'a fm (PCOS;P :
sin” ¢+ cos” @

Trong h¢ truc toa d6 Decartes Oxy, xét elip (E)

2

2
c6 phuong trinh chinh tic %+z—2=1(a>b>0)

. Khi d6 F (c;0),F,
ds ¢’=a’-b*(c>0). Gia st

( i 0) 1a cac tiéu diém trong

e=Z%, p =a(1—e2). Thé thi trong hé toa d¢ cuc
a

F, vatia cuc FF ,

R — Bay gid ta xét hyperbol (H) co
I1-ecos¢

elip (E) c6 phuong trinh

2

2
phuong trinh chinh thc i‘-z--z—z=1 (a,b>0). Khi
a
do F;(c;O),FZ(-c;O) 1a c4c tiéu diém trong dd
¢*=a’ +b’(c>0). Gia sir ezﬁ,pza(l—ez).
a

Thé thi trong h¢ toa d cuc £, va tia cuc 14 tia

dbi clia tia FF,, hai nhanh ciia hyperbol (H) c6

3 — p LY _p r-
on trinh r=—= va r=————— vyQ1
phuong l-ecoso l1+ecoso

+>0. Cudi cing xét parabol (P) c6 phuong
trinh chinh tic y =2px (p>0). Khi dé F(—‘;;O]

[a tiéu diém va trong hé toa do cuc x4ac dinh boi
tia cwc Ox , parabol (P) c6 phuong trinh

R 4
1—-cos@
1
2
—H—
IS
Parabol

Puong bc sén Pascal c6 phuong trinh trong hé toa
dd vudng goc 1a (x2 +y° —arx)2 -b? (x2 +y2) =0

con trong hé toa dé cuc la
r=acos@+b(a,b#0). Duomg hoa héng cb
phuong trinh trong hé toa d9 cuc la r =asinko
trong 46 a,k 1a cac hang sb khic khéng. Véi
k=2 ta dwoc duong hoa héng bén cdnh véi
phuong trinh trong hé toa d9 vudng géc Decartes
1a (x2 +y2)3 —4a’x*y* =0. V&i k=3 ta duge
dudng hoa hong ba cank voi phuong trinh trong
hé toa d6 wvudbng goc Decartes i

(xz +y2)2 _a(3x2y_y3):0.
|
— —
@\
DPuong dc sén Duong hoa héng

Pascal bén canh va ba canh

Duong xodn Achiméde 6 phuong trinh trong toa
d6 cuc la r=ap (a 13 hing sb khic khong). N6
1a quy dao vach bdi diém M véi van téc khong
d6i doc tia Ot,tia ndy quay quanh diém O cb
dinh véi van tbc khéng déi (trong mat phang).
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Xét duomg thing vach bsi mot diém M CU2
dudmg tron ban kinh R lan khéng trugt trén mot
dudmg tron tAm 4 c6 cing ban kinh R bén ngod!
dudng tron d6. D6 14 duong epicyloid voi mo!
diém lii. Duwong hinh tim (con goi 1a dudmg
cardioit) 1a anh cia mét parabol qua mot phep
bién ddi nghich ddo ciia mit phang véi tim nghich
dao 14 tiéu diém cta parabol d6 (do d6 né ciing 1
dudmg bc sén Pascal). Liy didm Ibi cua dudng
hinh tim 1am géc toa do cyc trong mat phang thi
c6 thé viét phuong trinh dé trong hé toa d¢ cyc 1a
r=2R(1-cos o).

Puong xodn Achiméde ?;0:513:::?;:{
Chu ¥ rang diém lii cua duong cong dugc dinh
nghia nhir sau: Cho dudng cong (C). Piém M
duoc goi 1a diém liii clia dudng cong d6 néu tai dé
(C) co tiép tuyén (d) va duong thing (A) khac
(d) sao cho trong lan can cia M thi (C) nim vé
mot phia dbi véi (A). Néu trong lan can d6 (C)
nim ca hai phia d6i véi (d)thi M 1a diém lii logi
1, néu trong lan can d6 (C) nam v& mét phia ddi
véi (d)thi M 1a diém lii logi 2.

Ta chuyén sang vé hé tpa dj cau trong khong
gian. Xét hé toa d Decartes vudng gic Oxyz
Khi d6 sy twong (mg mét — mot gitra céc tap diém
M khéng nam trén truc Oz trong khéng gian vgj
tap cac bd ba sb thuc (r,9,0) trong d6 r=Qp
Ia khoang cach tir O dén M va ¢=(0x,0M) 13
goc quay tr tia Ox dén tia OPvéi P 13 hinh
chiéu cia M xuéng mit phfmg Oxy,
6=(OP,0M) 1a (s6 do) goc quay tr tia op
sang tia OM (xem (OP,0z) 14 co s& dinh huéng

TOAN HOC
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T<c0<Z goila
thuén),r>0,0£(p<2n, '5’< 5 g01 1a 194

d6 cdu cua diém M d6i voi bé toa dd Decarteg
vﬁéng goc; ¢ con duoc goi la goc la kinh dg; g
duogc goi 1a vi do cua M . Cong thuf doi (,j(m vi
toa do ciu sang toa o Decartes vuong goc che
: 'x=rcosq>cose,y=rsin(pcose,z=rsin9‘

boi )

Dinh thic Jacobi cuia phep do1 toa dé d6 I
M=r2 cosO.

D(r,,0)

¢. Mot phat trién dang chi y v& céc toa dé da dugc
Julius Pluker (1801 - 1868) m¢ dau vao nam 1829
khi 6ng nhan xét ring phan tir co ban khéng nhét
thiét 12 diém ma c6 thé 1a bét ki mot thue thé hinh
hoc ndo khac. Ching han néu ching ta chon
dudng théng 1am phén ti co ban thi ta c6 thé dinh
vi duge bét ky dudng thing nao khong di qua géc
cﬁ? hé quy chiéu Descartes bing cach ghi lai
chang han céc doan thing bi chin cua dudng
thing do trén tryc x va tryc ¥ . Pluker thyc té da
Ch‘?“ f’éc nghich dao 4m cyg cdc doan thang bi
Cl“lﬁn ay le'.lm Cac con b dinh Vi cia d-uc‘mg thing
va da khai thic trigt ¢4 hinp, hoc cua caj goi 1a toa

phuong trinh cua mgy g;3 ,
- . . 1Im |3 ¢ % ciia phé
chitng minh gidi tich ¢ 0 s& cua phep

Phiker v nguyén ly doi
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ngiu cia hinh hoc xa dnh. Mot dudmg c6 thé xem
1a quy tich cac diém cia nd hogc la hinh bao boi
c4c tiép tuyén cta nd.

d. Néu thay vi cac diém hodc dudng thing ta lai
chon cac duong tron lam phfm tlr co ban, thi ta cin
c6 mdt bd ba cac sb thuc duogc sap thir tw dé xac
dinh tron ven mdi mot phan tir duge xét. Ching
han trong hé quy chiéu Descartes vudng géc ta c6
thé 14y hai toa d¢ Descartes clia tim dudng tron
cung d9 dai ban kinh dudng tron d6. Nhimg tu
twong nhu vay da din dén mét sy khai quat héa
dang ké va phat trién mét Ly thuyét thir nguyén.
Thir nguyén trong hinh hoc duoc xem la 56 cdc
toa dé cén co dé dinh vi mot pha‘;n tr co ban cua
hinh hoc. Theo quan diém nay thi mit phﬁng la
hai thir nguyén (hai chiéu) déi véi cac diém cling
nhu cac dudng thang, nhung 1a ba thir nguyén (ba
chidu) dbi voi duong tron. C6 thé thiy mat phang
14 ndm thir nguyén (ndm chiéu) néu tdng cua tit ca
céc céc thiét dién conic duoc chon lam da tap cua
cac phan tr co ban. V& sau Ly thuyét thir nguyén
da duoc phat trién xa hon nhidu va ngdy nay noé 1a
mdt ddi frgng dugc mé rong va di vao chiéu sau
dang ké.

e. Mic diu Descartes c6 néi dén hinh hoc giai tich
cac khéi song lai khong thiy dé lai két qua gi vé
no. Nhimg ngudi khac nhu Frans van Schooten
em, La Hire va Jonhann Bernoulli 33 dua ra hinh
hoc giai tich khéi cac hinh khdi quen thudc ngay
nay, nhung phai téi nam 1700 vin d& nay moi
dugc phat trién c6 hé théng ldn ddu tién boi
Antoine Parent (1666 - 1716) trong mdt béo co &
Vién Han lam Khoa hoc Phap. V& sau Euler da
day manh chu dé nay kha xa cac giai doan ban
diu. Nhimg nguoi dau tién quan tdm nghién clru
van d@é nay di chon diém lam phén tir co ban. Mac
ddu mat phang la ba chidu déi véi cac diém song
c6 the chi ra ring né 1a bbn chidu dbi voi céc
duong thing ciing nhu cac hinh ciu. Tuy nhién
déi véi miit phing no lai 1a ba chidu.

f. Nhimg khai niém mo hd du tién vé mét siéu
khong gian # chiéu (n>3) déi véi céc diém da

bién mét cing véi mot qua khir ciing mo hé nhu

vay. Mii dén gitra thé ky XIX, méi ¢6 nhimg
nguoi diing cam nghién ciru cac khong gian nhu
vay: Arthur Caley (1821 - 1895) vao nam 1843,
Hermann Grassman (1809 - 1877) vao nam 1844
vi Berhard Riemann (1826 - 1866) vao nam 1854.

Hermann
Grassman

Arthur Caley Berhard Riemann

Ngay nay, mot khong gian thuc (hodc da tap) »
chidu duoc dinh nghia 1a tp hop tit ca cac n—bd
s6 (x,%,,..,X,) cla 7 sé thue x,,x,,...,x, ma
m3i s& duge phép c6 mién xac dinh trén modt 16p
s6 thwc. Bat ky mot » —bd nhu vdy déu duge goi
14 mdt diém cua khong gian dy. Cac mbi lién hé
gitra cac diém d6 duogc xéc dinh boi cac cong thirc
tuwong tu nhu nhitng cdng thic ddi v&i mbi lien hé
twong tmg gitra cac diém trong cic khong gian
diém Descartes hai hodc ba chidu. Ching han

khoing cich gitta hai diem (x,,X,,..,x,) va

(¥, %252y, ) trong hé théng Descartes vudng goc
n chiéu dugce cho boi cong thirc

VE=3) +(5 =3, ot (5, -, ).
MOt hinh hoc » thi nguyén loai nay 1a mot
nghién clru gidi tich thuin tdy va ding cac thust
ngt hinh hoc. N6i cach khac, mot s cac phat trién

quan trong nhit cua toan hoc hién dai 13 bat ngudn
tr nhimg nghién ciru cia Hinh hoc giai tich.

6. Két luan. Mac du da ¢6 ngudn géc tir thoi ¢b
dai, nhung phéi qua hai nghin nim, dén thoi ky
Vén héa Phuc hung, Hinh hoc giai tich hién dai
m&i duge xdy dung cb hé thong, dat dugc nhiéu
thanh tyu myc r& trong ca hai phuong dién ly

thuyét va (g dung. Nho thé n6 duoc trudng tdn
va phat trién dén ngay nay.

S6 520(10-2020) ?PN HOC
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CAC LOP THCS
Bai T1/520 (Lép 6). Tim tit ca cac s nguyén 10
P @& 27+ p? 1a 56 nguyén té.

PHUNG CHI TU
(GV THCS Phuong Liét, Thanh Xudn, Ha Néi)
Bai T2/520 (L6p 7). Cho tam gidc 4BC nhon. D
14 diém cach déu ba dinh cua tam gidc. Goi E, F
lan luot 1 trung diém BC, AC. Goi G la hinh
chiéu ciia £ trén 4B, goi J Ia trung diém cta DE.
Ching minh tam gidc BG.J can.

NGUYEN VAN BAN
(GV THCS X& Thanh Yén, huyén Dién Bién,
tinh Di¢n Bién)

Bai T3/520. Giaj hé phuong trinh

X +y=2

HOANG NGOC TUAN
(K27E Todn, PHSP Ha Néi 2, Vinh Phiic)

Bai  T4/520. Cho tr gide ABCD o4
ABD=ACD=90°. K& BHLAD tai A, Trén
duong chéo AC 18y Al = AB. Goi O 13 trung diém
cia 4D. Pudng thing vudng goc véi Of tai 7 cit
BH va CD lan lugt tai £ vi F. Chimg minh ring
IF =2IE,

THAI NHAT PHUGNG
(GV THCS Nguyén Véin Tr6i, Cam Ranh, Khdnh Hoq)

Bai T5/520. Giai phwong trinh: x+—%x?@=1_
X +1

HUYNH THANH TAM
(Buu dién TX. An Nhon, Binh ﬂ;‘nh)

TOAN HOC )
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CAC LOP THPT
Bai T6/520. Giai hé phuong trinh
JE+J}+JE+1=4J’W’Z

1 1 I o 2
———t =
il 2yl 2z+l xty+z
DOAN CAT NHQN

(GV THCS P. Binh Dinh, TX. An Nhon, Binh Dinh)

Bai T7/520. Cho céc sb thuc a, b, ¢, d khéc 0 thoa
man a, b, ¢, d 16n hon hodc bang —2 va ¢6 tong
bing 4. Chimg minh rang
1 1,1 1 1 1 1.1
2T
NGUYEN VAN QUY (Ha Ngi)
Bai T8/520. Cho tam giac ‘ABC c6 BC = g,
CA = b, AB = ¢. Chitng minh rang

b

a’ct

[az(b+c)+b2(c+a)+c2(a+b):{
6sin’ B

A B C
COS—COS—CoS—
2 2 2
Déu déng thire xay ra khi nao ?
HO QUANG VINH (Ha Ngi)
Bai T9/520. Tim tit ¢a cic nghiém cta phwong
trinh
Z”:(_l)r_lx(x—-l)...(x—r+1) 1
s i )
= (x+1)...(x+r) 2
v6i 1 1a sé nguyén duong cho truge.

NGUYEN MANH THANG
(GV THCS Khenp Duwong, Yen Ms, Nink Binh)

TIEN TO] OLYMPIC TOAN
Bai T10/520. Cho day g4

=3
sau: “
H, =4y

(4,) dwgc xac dinh nhue

L +3n° ~127° 41204 g B=23

Chimg minh rang vgi moi sé nguyén té p 1¢ thi

-1
2019) u, ludn chia hét chq p
i=] .

NGUYEN VAN BAN
Trung, huyén Kién Xuong,
Thai Binh)

(Thén Trg Bodi, x4 Quang

https://tieulun.hopto.org



Bai T11/520. Tim tit ca cc ham s f: R—R
théa mén f(f(x)—-2y)=6x+f(f(¥)+x), Vx,yeR.

HO THANH LAI
(GV THPT chuyén Lé Quy Dén, Binh Dinh)

Bai T12/520. Cho tam giac 4BC, (O) l1a duomg
tron ngoai tiép. Ao, Bo, Co theo thit tir 13 trung
diém cia BC, CA, AB. Ay, By, C) theo thtr tu 3
hinh chiéu cta 4, B, C trén BC, C4, 4B. (0,) 1a
dudmg tron di qua By, Cp va tiép xiic trong véi (®)
tai A, khac 4, (Op) 1a dudng tron di qua Cp, 4, va
tip xiic trong véi (O) tai B; khac B, (O,) 1a dudng
tron di qua Ay, By va tlep Xuc trong véi (0) tai C,
khéc C. 4, 1a giao diém cua B,C; va B,C,. B;, G,
dugc x4c dinh tuong tw. Chimg minh ring A, Bs,
C; ciing thudc mdt dudng thing vudng goc vdi
dudng thing Euler ctia tam giac 4BC.

DUCNG THI XUAN AN

Bai L.1/520. Trong th1 nghiém giao thoa song trén
mat nroc v0i hai ngudn két hop, cing pha S, v Sz
v&i 5152 = 4,2 cm. Khoang céch giira hai diém gin
nhét dao doéng cuc dai trén 815, 12 0,5 cm. Diém C
di dong trén mat nudc sao cho CS; lu()n,vuc‘mg
goc voi . }‘(éc dinh khoang cach 1én nhat tir Sy
dén C khi C nam trén mét vén giao thoa cyc tiéu.
VIET CUGNG (Ha Néi)

Bai L.2/520. Poan mach dién 4B gbm hai doan
mach AM vi MB mic nbi tlep Trén doan mach
AM c6 dién trd R = 112 Q ndi t1ep vdi cudn
cam thudn c6 d0 tu cam thay d6i dwoc. Poan
mach MB chi chira béng dén soi d6t loai 120 V -
66 W. biat vao hai didu 4, B mot dién 4p xoay
chidu 220 V - 50 Hz. Pé bong dén sang binh
thuong thi do ty cdm cua cufn day la bao nhiéu?

3 : THANH LAM (Ha Ngi)
(GV THPT chuyén Bén Tre, Bén Tre)
PROBLEMS IN THIS ISSUE
FOR SECONDARY SCHOO!, Problem 15520, Solve the  equation

Problem T1/520 (For 6" grade). Find all prime

numbers p so that 22 + p* is a prime.

Problem T2/520 (For 7" grade). Given an acute
triangle ABC. Let D be the point which is
equidistant to 3 vertices of the triangle. Suppose
that £, F respectively are the midpoints of BC,
AC. Let G be the perpendicular projection of £ on
AB, then call J the midpoint of DE. Show that the
triangle BGJ is isosceles.

Problem T3/520. Solve the following system of
X+y=2

Yy +z=2

P +=2"

P+x=2

equations

Problem T4/520. Given a quadrilateral ABCD

with ABD=ACD=90". Draw BH L AD at H.
On the diangonal 4C we choose the point / so that
Al = AB. Let O be the midpoint of AD. The line
perpendicular to O at ] intersects BH and CD at E
and F respectively. Show that IF = 2JE.

2x\[5
x+
Vxt+1

=1.

OR HIGH SCHOOL

D A ) A, * Y- ]

Solve the following system of
J;+J;+\/;+1=4 xyz

equations 1 1 1 3oz -
2(-{»1 2\{_+1 ZJ_+1 X+y+z

Problein T7/520 Given non-zero numbers g, b, c,
d whose sum is 4 and each of them is greater or
equal to —2. Show that

iz+§:?+l‘+—1“>1 1 11
a
Problem T8/520. Given a triangle 4BC with
BC=a,CA=b, AB = c. Prove that

6sin’ B

C
COS—COS—COS—
2 2 2

— az(b+c)+b2(c+a)+c2(a+b):|2

When does the equality happen ?
Problem T9/520. Solve the equation

Z( 1y x(x=1)..(x—r+1) _1

(x+1).(x+7) 2
where 7 is a given positive integer.

(Xem tiép trang 43)

TOAN HOC
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Bai T1/516. Cho A=——+ 1 + 1 4+
13" 211" 315

trong do n! =1.2.3..n véine N van>3. Clung

¢ % 1
torang A < 5

<

Lot gidi. Voi moi s6 nguyén m > 3 ta thiy:

1 __ m-—1
(m=2)tm  (m—2)Y(m—1)ym
_m-1_ 1 1
Com! (m——l)!_;!'

Cho m lén luot céc gid i 3,4, 5,.., n— 1, n ta co:

1 1 1 1
'3 214 35 (n=2)'n
I 1 1 1 1 1 1 1
= ——— b ——— 4+ -—
2! 3 3t 41 41 3 (n=-1D! n!
1. 1.1
2 n! 2

Nhdn xét. Cic ban da giai ding bai nay la: Vinh Phic:
Nguyén Huy Hoang Som, Hoang Minh Hiéu, 6A2,
THCS Yén Lac, Yén Lac; Ha Noi: Pham Minh Dire,
6Al, THCS Nam Tu Liém; Lé Manh Himng, 6C2,
THCS Archimedes, Pong Anh; Nghé An: Théi Mink
Qudn, Nguyén Hai Triéu, 6B, THCS Ly Nhit Quang,
b6 Luong; Quang Tri: V5 Nguyén Thang, 6A, THCS
Trung Vuong, TP. boéng Ha; Quing Ngai: Pham Quéc
Hoang Anh, 6C, THCS Pham Van Déng, Nghia Hanh,

NGUYEN VIET HAJ
Bai  T2.216. minh njng 56
a=27.7"+2021 khong thé Ig tich cua m sé fy
nhién lién tiép (meN,m> 2 vgi moi 56 tur nhién
n chia hét cho 4.

Chirng

Loi gidgi. Ta c6: a=27.7"+ 2021 Gia s g I3

tich cia m sb tu nhién lien tiép (meN,m> 2)

TOAN HOC )
22 ' CTusitre 86520(10-2@_92

(vi trong tich ¢é chy,
n tiép thi tich d6 chig
1/3 do 27.7":3

Khi d6 néu m>3 thi a:3
3 thira sb [a 3 sé tu nhién 1i¢
hét cho 3). Ma a=27.7"+202
nhung 20217 3(vo ly). Suy ram= 2;

Vi n chia hét cho 4 nén n =4k (keN), dodo 7

co tan cung la 1, suyra a= 27.7" + 2021 ¢6 tan

ciing 12 8. Ma tich cua 2 §é tur nhi:én I’i_én tié{) lai
khéng c6 tan cung la 8, dicu nay dflrl to1 sy vo ly.
Viy sé a=27.7"+2021khong thé la 'tich .cu? in
s6 tu nhién lién tiép (m e N,m>2) v6i moi so ty

nhién » chia hét cho 4.
Nhin xét. 1) Mét sb ban dua ra nhan xé‘t: Tich ctia m
56 ti nhién lién tiép (m=2)khong thé co tan cimg
béng 8, ma a cb tan cing 1 8 nén dan t6i diéu phai
chimg minh. Tuy nhién mét s& ban lai khdng chimg
minh nhin xét nay. Nhian xét nay co thf% chimg minh
don gian nhu sau: V&i m = 2 thi tich 2 s6 tir nhién lién
tiép c6 chir s ¢6 tan cung 1a 0, 2, 4, 6; V&i m = 3 thi
tich cua 3 s6 tu lién tiép c6 chir sb tan cung 12 0, 4, 6:
Véi m = 4 thi tich cia 4 sb tu lién tiép c6 chit s6 tin
cing 1a 0, 4; V&i m > 5 thi tich cua 5 sé tu nhién lién
tiép (c6 chira hai thira s 13 b6i cua S va cua 2) nén ¢b
chir s6 c6 tan cung la 0.
2) Céc ban tham gia giai bai nay déu c6 161 giai ding.
Sau ddy la sanh sach cdc ban: Phd The: DG Ngoc Tién,
143, THCS Lam Thao, Lam Thao; Vinh Phiic: Hoang
Minh Hiéu, THCS Yén Lac, Yén Lac; Ha Noi: Lé
Manh  Hing, DPinh Mai Phiwong, 7C2, THCS
A:chimede§ Doéng Anh, Hoang Tudn Anh, 6T, THCS
Luong Thé Viny, TP. Ha Noi, Ngs Uyén Nhi, TAS,
Thai A:!fnh’Qudn Ngl:)l’z:n 1_; D;? r‘ri, Yeo M?; l\jghé An:
Hiéu, 7D, THCS, Ly Nhat Qw ”eu,~6B’ ey
Trin Minh Hodng, 7é T“:;gg, Do Lu‘im = H? Tinh?
Xuén; Quing Ngﬁi,: Va’H % ; Nguyer’l i, Nel
Quéc Hodng Anh, 6C TH(L;; ah ?:hao,‘6B, Phg??
Hanh; Quéing Tyj. ,Vé N, P‘ham van Pong, Nt
Ly guyen Thang, 6A, THCS

Trung Vuong, TP, Pane 13,
H . g Ha, SO - . ~
Thir, TA1, THCS Ké An, K& Séclf Trang: Nguyén Anh

TRAN H{'U NAM

Bai T3/5
i 16. Cho g, p, ¢ dla che g thiee dirong

een 4 T T 9
thoaman —4+—4 1 1 ) .
a b o y =4, Chitng minh rang

https://tieulun.hopto.org



2(a+b+c'+d)—

al +h r+c \[Cl +d’ {jd“ +a’
>3 + 5 %
- 2 \J 2 2

Léi gigi. Truéc hétta chu‘ng minh BDT sau:
Véix,y lacde 56 thuc dwong thi

3,x3 +y° sz +y? *).
2 x+y
That vay, ap dung BDT Cauchy cho ba s, ta co:
iF +y’ =§/(x+y)(x2 —xy+y*)
2 2

_, Xty 2(x* —xy+ ) x+y
2 xX+y 2

2 DL a2
Sl. x+y+2(x —Xy+y )+x+y
3L 2 X+y g

=1§.(x+y+2(x+y)h - 6xy]

xX+y xX+y

x +y?

=l.[3(x+y)——6x—y—~]=x+y— 2 =
3 xX+y

X+ y X+ y '
Tu d6 suy ra BDT(*), ding thirc xay ra khi x = y.

Tro lai bai toan T3/516.
Ap dung (*)taco:
Ja’+b3 \/b3+c3 \/c’+d3 Jd3+a3
+3 +3 +3
2 2 2 2
<az+b2+b2+c2 c+d* d*+a*
T a+b b+c c+d d+a
=a+b- 24 +b+c- 2b¢ +c+d
a+b b+c
2cd 2da
- +d+a-
c+d d+a
=2(a+b+c+d)— z[ % . be . wd )(1)
+b b+c c+d d+a
Mat khac, 4p dung BDT 1+ l2 (voix, yla
X y Xx+y

cac s6 duong) va két hop véi l+i+l+l= 4 ta

a b c
ab be cd da

co: + + +
a+b b+c c+d d+a

1 + 1 " 1 N 1
Tl 1101 1 1
e e e
a b ¢ d b ¢ a
8

2 r
1 1 1 Do do
==
a b ¢ d

ab be cd da
2a+b+etd)- 2(a+b ey d+a]
<2a+b+c+d)-4 &)‘
Tu (1) va (2) suy ra BDT can chimg minh.
Piang thirc xay ra khi

Nhin xét. Da sé cac ban giri bai déu tim ra két qua va
cach 1am tuong tu nhu cach trén.
Tuyén duong céc ban sau 6 15i gii tét:
Hung Yén: Lé Tudn Nghia, 7C, THCS Poan Thij Diém,
Yén M§; Sée Tring: Nguyén Anh Thu, TA1, THCS Ké
An, Ké Sach; Ha Noi: Trdan Anh Tu, 8C, THCS Luong
Thé Vinh, TP. Ha Noi; Bic Ninh: Nguyén Tudn Anh,
9A1, THCS Tién An, TP. Bic Ninh; Tdy Ninh:
Nguyén Quéc Tai, 8A1, THCS Trin Hung Dao, TP.
Tay Ninh.

PHAM THI BACH NGQC

Bai T4/516. Cho AA4BC
gigc do ve

nhon. Bén ngoai tam
AMCE déu va AABD cdn 6
ABD =120". Chimg minh rang 4 diém B, C, frung
diém I cua DE va giao diém F (F # E) cua DE va

duong tron ngoai ncp AACE cing thudc mot
dieong tron

Loi gidi.

T
S3520(10- -2020) :{6 &é



Goi M, N 1an luot I3 trung diém cua CD va BC. T2
1 1
c6: MN /| BD, MN == BD =EAB,

1
vi Ml /| BE,MI =%CE =EAC.
Suy ra: (MN, MI) = (DB, CE)
=(DB,AB) + (4B, AC) + (AC, CE) = (4B, AC).

1
T d6 AABC~ AMNI (c.g.c), suy ra IN =EBC’

dan t6i BIC =90° (1).

AECF  ndi
AFC =180° - AEC =120° va
AFE = ACE = 60°.

Suy ra AFD=120°=ABD => tir gidc AFBD ndi
tiép. Ta co: AFB =180°— ADB =150°.

Viy BFC =360°— AFB — AFC =90° (2).

Tur (1) va (2) suy ra bén diém B, C, I, F thudc
dudng tron dudng kinh BC.

Nhiin xét. Cac ban sau déy c6 10i giai tht:

TP. Ho Chi Minh: Nguyén Minh Tri, 7/5, THCS Nguyén
Van Té, Q.10; HA N@i: Nguyén Purc Minh, 8A, THPT
chuyén Ha Noi — Amsterdam; Ha Tinh: Trdn Minh Hocng,
7E, THCS Nguyén Tréi, Nghi Xuan; Nghé An: Neé Thi An
Binh, 9E, THCS Ding Thai Mai, TP. Vinh; Hung Yén:
Nguyén Gia Knhdnh, 8B, THCS Nguyén Tét Thanh; Quéng
Tri: Nguyén Anh Qudn, 8D, THCS Trin Hung Pao, Cam

A

e Tu giac ti€p  nen

NGUYEN THANH HONG

Bai TS/516. Cho da thirc f(x)=x"+bx+c. Chiing
minh rang néu phuong trinh [(X)=x ¢ hai
nghiém phan biét va b —-2b-3>4¢ thi phuong
trinh f[ J)l=x cd hon nghiém phdn biet,
Loi gidi, Tacé: f[ f(x)]-x=f (%) +8f (x)+c—x
=f(x)[f(x)—x:[+x|:f(x)—x]

+b[f(x)—x:|+x2 +hx+c—x
=[f(x)—x][f(x)+x+b+1].
f(x) =x

Do d6: f[f(x)]=x®{f(x)+x+b+1=o

TOAN H
24 ' %qumgg S3 520(10-2020)

X +(b-D)x+c=0 (D
LZ +(b+1)x+b+c+1=0 (2)
Theo gia thiét, PT(1) c6 hai nghiém phén biét.
PT(2) co: A=(b+1)' —4(b+c+1)
= b’ —2b—4c—3>0 (theo gié thiét).
PT(2) cling c6 hai nghiém phéan biét. Ta s& ching

minh cdc PT(1) va (2) khong c6 nghiém chung.
That vay, gia sit hai phwong trinh nay c6 nghiém

3)
X +(b+1)x, +b+c+1=0 (4)
Trir theo vé ciia (4) cho (3), ta dugc:

x+(b-1)x,+c=0
chung x, thi { o +(6-1)%

b+1
2x0+b+1=0<:>x0=———2 ;

p+1) B —1
Thayvéo(?a)cc'):( ) _b +c=0

4 2
< b +2b+3+4c=0.
Diéu nay trai voi gia thiét b* —2b—3>4c. Do d6
cac PT(1) va (2) khéng cé nghiém chung. Vay
phuong trinh f| f(x)]=x c¢6 bén nghiém phan
bigt. Bai toan dugc chimg minh.
Nhdn xét. 1) Viéc giai bai toan ¢6 hai budc rét ré rang
I ching minh phuong trinh f[ f(x)] =x
X +(b-1)x+c=0 1
va cac PT (1),
X +(b+)x+b+c+1=0 (2) Afag (1), ()
khdng ¢4 nghiém chung,
2) Trong dau bai dd in nhdm 5% — 2535 4¢ thanh
b*-2b-324c. Xin 18i ban dgc. Ban Nguyén Anh
Thi, TAl, THCS K& An, K& Sich, Séc Tring da
chimg minh ring néu 5 -2b -3 = 4, thi phuong trinh
f[f(x)] =X ¢6 2 nghiém phan bigt, Ban doc tr kiém
tra lai. Céc ban sau day 6 bai giai tét -
S6c Trang: Nguyen Anh Thu, 7A1, THCS Ké An K&

Séch; Quing Tri: Nguyén Anh Quen, 8D, THCS Trin
Hung Dao huyén Cam L3,

o .. NGUYEN ANH DUNG
Bai T6/516. Cho da thi S()=3x +8x+4. Tim
hé 56 cua x* trong khai trién 4, Sl

biéu thirc g(x) rf(_/'(‘/‘(_/‘(.r)))).
Léi gigi. Dé cho gon ta ki higy

da thire cua
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V

fo ()= ([ (x)..)),

Tacd: f)=3x" +8x+4= -;7(3x+4)2 —%,

Suyra: 3f(x) +4=(3x+4)* (1). Do do:

3g() + 4 =3fux) + 4 = Bfi(x) + 4’ = (3f5(x) + 4)°
= (3flx) + 4)¢ = (3x +4)1¢

suy ra: g(x) = 5(3x+4)16 —E.

Boi vay hé sb cia x* trong khai tridn thanh da thire

cua g(x) ba"mg:

16.15.14.13
432.1

Nhin xét. Két qua cua bai toan trén dugc suy ra chu
yéu tir cdng thirc 1ui (1). C4c ban hoc sinh sau ¢ 18i
gidi tot. Ha NOi: Nguyén Xudn Ting, 10T, THPT
chuyén KHTN, PHQG Ha Noi; Quang Binh: Lé Dirc
Hanh, Tran Phuong Linh, 10T2, Pham Long Khdnh,
12T2, THPT chuyén V3 Nguyén Giap; Quéang Tri: Lé
Xudn Timg, 11T, THPT chuyén Lé Quy Don; Péng
Thap: Lé Huynh Nhdt Nguyér, 10T, THPT chuyén
Nguyén Quang Diéu.

%.c,t,,‘s“.ﬂ.12 = 347 =34"5713,

NGUYEN MINH PUC
Bai T7/516. Cho a,b,c l& ba sé thuc dirong.

Sa+¢ 6b Sc+a

S ——
a+b

(Cla ban Nguyén Minh Khéi 10T1,
THPT chuyén Nguyén Quang Diéu, Péng Thap
va mdt s6 ban khac).
Ditx=g+b,y=b+c,z=c+a. Tudétasuyra
duge: Sa+c=2x—-2y+3z,6b=3x+3y-3z
a+5¢c=2y+3z-2x.
Thay vao bét déng thire ban dau, va ap dung bt
ding thirc Cauchy cho cac s trong ngoéc, ta co:
2x+3z-2y 4 3x+3y-3z 2 2y+3z-2x

y z *

3
=_7+(2_x+£)i) [3z+i{+3_y+_zJ
y z z X
— . == +4.4 3_22{312’5_ =9.
x Vy z z x

Nhin xét. Cic ban sau day c6 1oi giai ding :Dong
Thap: Dink Thai Duy, 11T, Nguyén Tric Nhu Binh,

Chieng minh rang

b+c¢ c¢+a

Loi gidi.

12T, Bui Hitu Phiic, Lé Vin Anh Khoa, Nguyén Thién
Ly, Nguyen Thién Tri, Nguyén Minh Khéi, 10 TI,
THPT chuyén Nguyén Quang Diéu; Thira Thién Hué:
Nguyeﬂ Thi My Lé, 10 Toan 2, Lé Nguyén Quynh Anh,
Hoang Ngoc Bdo, 11 Toan 2, Truong Phan Minh
Qudn, 11 Toan 1, Nguyén Duy Phuéc, 12 Toan 1,
THPT chuyén Quéc hoc Hué; HA Tinh: Tran Minh
Hoang, 7E, THCS Nguyén Trdi, Nghi Xuén, Nguyén
Thi Thity Linh, 11A2, THPT Cu Huy Cén, Vi Quang,
Lé Phan Viét Cuong, 10 T1, THPT chuyén Ha Tinh;
Quang Tri: Lé Van Thoai, 10B1, THPT Dakrong,
Nguyén Xudn Tién, 11T, Nguyén Anh Qudn, 8d THCS
Trin Hung Pao, Cam L9, Trdn Nguyén Hiru Phiic, Ngoé
Hoang Thanh Dat, Nguyén Ngoc Tho, 10 Toan, THPT
chuyén Lé Quy Pon, Déng Ha; Quéng Binh: Bii Thi
Thu Ha, 12 Toan 2, Lé My Duyén, 11 Toan 1, Bii
Nguyén Thanh Ngdn, Lé Dirc Hanh, Lé Hong Anh va
Truong Thi Thu Ha, Lé Dirc Hanh, 10 Toan, THPT
chuyén V& Nguyén Gidp; Hung Yén: Ddng Duy Hdu,
11A1, THPT Duong Quang Ham, Vin Giang; Séc
Trang: Nguyén Anh Thw, TA1, THCS Ké An, Ké Séch;
Ha Nbi: Nguyén Duy Hiéu, Dinh Mai Phuong, 7C2,
THCS Achimedes Dong Anh, Ngé Vin Minh Thang,
12 Toan 1, THPT chuyén Nguyén Hué Ha Déng,
Nguyén Xudn Timg 10 Toan, THPT chuyén KHTN
PHQG Ha Nai; Tay Ninh: Ngé Quéc Tai, 8A1, THCS
Trin Hung Dao, TP Tay Ninh; Bac Ninh: Nguyén
Tudn Anh, 9A1, THCS Tién An; Cin Tho: Phan"
Trung Dirc, 11A1, THPT chuyén Ly Tu Trong; Tién
Giang: Mai V6 Phiic Thanh, Nguyén Thanh Truong,
Nguyén Trung Hiéu, 10 Toan, THPT chuyén Tidn
Giang; Pa Lat: 76 Gia Bdo, 10 Toan, THPT chuyén
Thang Long; Binh Pinh: Nguyén Huy Hoang, 11 T,
THPT chuyén Lé Quy Dén; Ba Ria- Viing Tau: Phan
Trung Kién, 10T1, THPT chuyén Lé Quy Don, TP.
Viing Tau; USA: Nguyén Phiic Thinh, 16p 12 Cambrian
Academy, San Jose, CA 95127.
VU PINH HOA
Bai T8/516. Cho AABC néi 1idp ducme trom tim

BB R
0O ¢c6 G la trong tdm, cac d‘u(mﬂr mrung mwn

AA BB, ,CC, lan hrot ¢dt (O) 1ai 4,.B,.C.. Chirng
minh rc?ng: ii i +£&23_

iA, (:B G,
Loi gidi. Dat BC = a; CA = b; AB = ¢. Sir dung

cong thirc dudng trung tuyén ta co:

S8 S?Qttpsq#tiea?%czg‘g




Mat khac
A4 A4 4,=BA4,.C4,, tir 6
ad

6: = T tu:
Y v e

b ¢
Ble =__'—;C1CZ= g
2J2(c* +a*)-b? 2J2a*+b")-c

Theo tinh chét trong tam thi

1
G4, ~_—_6. /2(b2 +Cz)_az; GBlzé 2(62 +a2)_b2;
GC1=-2—\/2(a2+b2)—C2.

Ap dung BDT Cauchy cho hai sé duong ta dugc:

A4, _ 3a* _ 9a*
G4 20 +c)-d’ 3a*[ 207 +c))-a |
9a’
2——-—T :
@+h vy el
BB, > 9%* e > 9¢*
GB, (a’*+b*+c)?*’ GC,  (a’+b"+c?)?
Tt d6 theo BDT Schwarz:
A4, +B!Bz . G,
G4, GB GC
94* 95* 9c*

2 2 2 242 + 2 2 F
(@+b°+c") (& +b°+c*Y (a2+bl+cz)2
2 2 242
29(a +b°+c%) -3
3@+ b +c?)?
Déng thitc xay ra <> tam gidc 4BC déu.

Nhdn xét. C6 nhiéu ban tham gia giai baj ton ndy.
Sau déy 13 danh sach cac ban c6 1&i giai tét:

Ha Noi: Nguyén Dicc Minh, 8A, THPT chuyén Ha Noi
~ Amsterdam, Nguyén Xudn Ting, 10 Ton, THPT
chuyén KHTN, PHQG Hi Noi; Hung Yén: Trdy Sop
Ting, 10 Todn 1, THPT chuyén Hung Yén, Tp, Hung
Yén; Quing Binh: Ddng Hoang Duy, Truong Thi Thy
Ha, 10T1, Tran Phwong Linh, 10 Toin 2, Lé My
Duyén, 11 Toan 1, Nguyén Anh Pire, 11 Toan 2, THPT

TOAN HOC ,
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chuyén V& Nguyén Giép, TP Déng Héi; Quiéng Tri;
Trdn Neuyén Hitu Phic, Ngé Hoang Thanh Dat, 10
Toan, THPT chuyén L€ Quy Pén, TP. Béng Ha; Thira
Thién Hué: Nguyén Minh Ngoc, 10 Toan 1, Nguyéy
Quang Huy, 11 Ton 1, H6 Ngoc Hing, 11 Toan 2,
Neuyén Duy Phudc, Pham Bd Hodng, 12 Ton |,
THPT chuyén Québc hoc Hué; TP. Hué; Lam Déng: 75
Gia Bao, 10 Toan, THPT chuyén Thang Long, TP, Pj
Lat; Ddng Thap: Lé Hupnh Nhdt Nguyét, Lé Vin Anh
Khoa, 10T1, Nguyén Truc Nhw Binh, 12T, THPT
chuyén Nguyén Quang Diéu, TP. Cao Lanh; RBinh
Pinh: Nguyén Huy Hoang, 10T, THPT chuyén Lé Quy
Dén, TP. Quy Nhon; Ba Ria — Viing Tau: Phan Trung
Kién, 10T1, THPT chuyén Lé Quy Bon, TP. Viing Tay;
Cin Tho: Phan Trung Dirc, 11A1, THPT chuyén Ly
Tu Trong, TP. Cin Tho; USA: Nguyén Phic Thinh,
Lép 12, Truong Cambrian Academy, dia chi: 1167
Formosa Ridge Dr, San Jose, CA 95127.

HO QUANG VINH

Bai T9/516. Giai hé phuong trinh

f 2 2 1
[+ =2

\

bl ™3 7 7 / 9
2P i =it 1% 2x y 4y +1 (2)

\/x2+x+1—\/_v" =p+l=

Loi gigi. DK: x* + ? —% >0 ().
THI: x=0. Thay x=0 vao (1) ta duoc:

1=y =y+1= yz—% 3)
.—.,~1—-2\ly2—y+1+yz—y+1=y2 |
2
3
@§—y=2\1y2—y+1

25
:>T—5y+y2 =4y’ -4y +4

~1£27

9
3y2+y—z=0<:>y1‘2= z

Thir lai chi c6 cdp (x; y)=[0;_1—+2£] thoa
6
méin hé (I).

TH2: x# 0. Chia hai vé ctia (2) cho x* ta duoc:

1 f 4+ 2
(2)e2y-—= xxsx =2yy4y" +1

X
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c>2y+2y\/4y +1=— +_h\/—\+l

Ham $0 FO=t+1* +1
2

!
>0 véimoi e \
VP +1 ‘ R. Tw

diy va tr (4) suyra f(2y)= f(—l_]
x

co

(=144 +1+

X

l R S .
hay xy—g V61 diéu kién xy__l. thi
(e Vx +x+ —m+m
St +x+1=

=vx' +x+1.

hay

x+1)

u+v \/ (A—l

Viy (5)<:>‘u+v‘ H

A= =xox-2y=x(2y-l)x-y=xy=—.

ta dugc (x;y):[l;

1
(x§J’)=[—%;—1J. Thu lai chi co (X;y):(];i]
la nghigm. Vay (r,y):(o 1+2‘/_J hoic (1 2}'

Nhin xét. Diy 1a dang toan giai hé phiong trinh hén
hap thudng gip trén Tap chi Todn hoc va Tuéi tré hodc
thi Olympic 30-4. Sir dung vecto va dao ham (suy ra
tinh don diéu cua ham sb) dwoc coi nhu cac p/ﬂro?fg
Phdp giai hé phuong trinh nay. Da sb céc ban dung bién
doi twong duong ciing ding, nhung dai hon. Mot sb ban
16p 10 khong st dung dao ham nhung béng bién doi

twong duong van di dén 2xy =1. Mot s6 ban bién ddi

nhim hodc khéng thir lai nén chon ca dép sé sai:
1
(0;0) hodc [—5;—1). Sau ddy la danh séch cac ban

tham gia giai ding bai nay: Ba Ria - Viing Tau: Phan
Trung Kién, 10T1, chuyén L& Quy Dén, TP. Ving Tau;
Binh Pinh: Nguyén Huy Hoang, 10T, THPT chuyén
Lé Quy Pén; Pong Thap: Nguyén Thién Ly, 10T1, Lé
Huynh Nhdt Nguyét, 10 Toan, THPT chuyén Nguyén
Quang Diéu; Ha Ni: Nguyén Xudn Ting, 10 Toén,
THPT chuyén Khoa hoc Tu nhién, PHQG Ha N&i, Ngé
Van Minh Thing, 12 Toan 1, THPT chuyén Nguyén
Hué, Ha bong; Hung Yén: Trdn Son Ting, 10 Toan 1,
THPT chuyén Hung Yén; Ddng Duy Hdu, 11A1, THPT
Duong Quang Ham; Lam Pong: 76 Gia Bdo, 10
Toan, THPT chuyén Thiang Long, TP. Pa Lat; Quing
Binh: Lé My Duyén, 11 toan 1, Lé Dirc Hanh, 10 toan 2
chuyén V& Nguyén Gidp; Quang Tri: Ngé Hoang
Thanh Pat, Tran Nguyén Hiu Phic, 10 Toan, THPT
chuyén Lé Quy Doén; Séc Trang: Ldm Khdnh Hoa,
11A2T, THPT chuyén Nguyén Thi Minh Khai; Thira
Thién Hué: Pham Bd Hoang, 12 toan 1, Hé Ngoc
Himng, 11 toan 2, Ng’uyén Thi Bao Ngoc, 11 toan 1,
THPT chuyén Quéc hoc Hué, TP, Hué; USA: Nguyén
Phiic Thinh, 12 truong Cambrian Academy, San Jose.
Cé 1 ban khéng ghi tén.

TA DUY PHUQNG
Bai T10/516. Tim tdt ca cdc s6 nguyén 16 p, q sao
cho p*+ 113" +1,4° +1[37

Loi gidgi (Cua ban Lac Xudn Thinh, 10T1, THPT
chuyén Nguyén Quang Diéu, Pdng Thap).
Khong mét tinh téng quat ta giasup < gq.

1) Xétp=2 Khids 5

3 +1 va ¢* +1]10.

T ¢* +1|10 suyra ¢ =2 hodc g = 3.

T&5‘3”+I suyrag=2.Vay (p;q)=(2;2).

if) Xét p > 2. Gia s r 1a w6c nguyén t5 I¢ bit ky
cuap2+ 1. Ta cé: r’p2+l‘3q+1, suy ra:

= ~1(mod r), dan ¢én (-3)7 = 1(mod #).

G(_)l h = ordy(-3), khi d6 4 \ g nén h =
h=gq.

1 hoac
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bay, ta théy khong cin dung dér{ gid thié‘t vé tinh ligy
tuc cia f(x). Su dung gia thict ham cén tim 14 ligy
tuc, nhidu ban da st dung gidi han cua ham lién tuc
cﬁng tim duoc nghiém. Mot ;6 bgm khéng c\ié y dén
viéc cin thiét phai thu lai dé khang dinh ring ham
f(f)=c—2¢ thoa man cac diéu kién bai ra.

Cac ban sau day co 101 giai ding:

Ba Ria - Viing Tau: Phan Trung Kién: 10T1, THPT
chuyén Lé Quy Dén; Binh Dinh: Nguy‘én Huy Hoang,
11T, THPT Chuyén Lé Quy DPoén; Cin Tho: Phan
Trung Dirc, 11A1, THPT chuyén Ly Tu Trong; DPéng

Néu k=1 thi (-3) = I(mod r) suy ra ”]4’ at
dén r =2 (loai). Vay 4 = . Mt khéc theo dinh 1Y
Fermat nhé: (-3) =" = 1 (mod 7). Do d6 ¢ |7~}
suyrar = 1 (mod g) (1).

Vip 1é nén p° + 1 = 2m véi m 1é. Do (1) nén
m = 1 (mod q). Viy p’ + 1 = 2 (mod g).

Tir d6 p* ~ 1 chia hét cho g, suyra (p - D + 1)
chia hét cho g. Vi q 12 s6 nguyén tb g>p>p-1

nén g|p-1suyrags< p+1.

: <g<p+l s
Lai co: {£=957 , nén g =p + 1. Ma p I¢é suy
g\p+1

ra g chin. V6 1i. Do d6 (p ; q) = (2 ; 2) 12 nghiém
duy nhét cua bai toan.
Nhdn xét. Ngoai ban Thinh ra chi c6 nhém céc ban
Lé Birc Hanh, Lé Hong Anh, Nguyén Anh Dirc, Pham
Long Khdnh, Tran Phuong Linh, THPT Chuyén V&
Nguyén Gidp, Quang Binh c6 16 giai tét. Hai ban &
THPT chuyén Lé Quy Dén, Binh Pinh va
THPTchuyén Québc hoc Hué, Thira Thién Hué& c6 lon
giai khoéng dung.

PANG HUNG THANG
Bai T11/516. Tim tat ca cdc ham sé lien tuc

SRR thoa médn

F(Ax) = f(2x7 +2)% )+ 4(x— ), Vx,veR.
Léi gidi. (theo da sb céc ban). Theo M véiy=o,
S(0)=f(2x*) +4x* Vxe R

& f(2x) = f(0)-4x*,Yxe R

S()=c-2t,¥120(2), trong @34

¢ = f(0),t=2x". Tiép theo, cho y=—x ta duge:
Sf(=4x*) = f(4x*) +16x*,¥x e R
S f(=)=f(t)+41,v120 (3),

trong d6 ¢ =4x. Két hop (2) va (3), ta thy duoc:
J()=c-2t+4t=c-2(-1),Vt>0

hay  f(t)=c-21,Vt<0 (4).

Tr(2)va@)suyrafiry=c —21, teR. Thy lai ta
thay ham nay théa min céc diéu kién bai ra,

ta dugc:

hay

Nhin xét. Py la dang toan co ban vé phuong trinh
ham véi cap bién ty do trén R Qua &1 giai d3 trinh

TOAN HOC
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Thap: Bii Hiru Phic, Lac Xudn Thinh, 10T1, Dinh
Thai Duy, 11T, Nguyén Tric Nhw Binh, 12T, THPT
chuyén Nguyén Quang Diéu; Ha N§i: Ngé Vin Minh
Théng, 12T1, THPT chuyén Nguyén Hué; Thira Thién
Hué: Nguyén Duy Phuoc, Nguye:n Thi Bdcf Ngoc, Phgf’n
Ba  Hoang, 12T1, THPT chuyén Qudc hoc Hué;
Quiéng Binh: Lé My Duyén, 11T1, Trdn Phuong Linh,
Lé Diic Hanh, 10T2, THPT chuyén V& Nguyén Giap;
Séc Tring: Ldm Khdinh Hoa, 11A2T, THPT chuyén
Nguyén Thi Minh Khai.

NGUYEN VAN MAU
Bai T12/516. Cho hinh binh hanh ABCD c6 gadc
BAD nhon. Mgt duong thang d thay déi luén di
qua B, car doan thang CD tai M. Duong théing
AM cdt wong thing BC tai N. BM. DN lan ot
cat duong tron ngoai IIL]) tam gidc CMN tai K, L
khic M, N. Ldy cdc diem P va Q sao cho
PN = PK, PN LAD, OM = QL vg OM 1 AB.
Chirng minh /ang dwong r.’mnv PQ luon di qua
mét diém cé dinh khi diong thang d thay doi
guanh B
Ldi gidi. (Theo ban Vi Trung Bon, Ha Noi).
Ta cin c6 mdt b dé.
Bo de. Néu cdc tam gide A4,B,C,, 4,B,C,, 4,B,C,

dong dang cing hudng va A4 =kA4,A,;

BB, =kB,B, thi C,C, =kC,C,.

Chimg minh. Dung diém C; sao cho

C,C, =kC,C;. Vi céc tam gidc 4B,Cy, 4,B,C,
déng dang cing huéng nén tdn tai (duy nhit)
diém S sao cho cac tam giac S4,4,, 8B, By, 8C.C.

dong dang cliing huéng,
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Tt d6, chl ¥ ring AyA =k A4, B,B =kB B,;
E‘;E‘: =kC,C,, suy ra cic tam giac SA0A2,830 B,
SC,C, ddng dang cung hudng,

Do d6 céc tam gidc S4,B,, 54,8, déng dang cing
hudng va cdc tam gidc S4,C,,SA,C; ddng dang
cung hudng. Viy

(4 B> 4Co) = (ABy, 4,S)+ (4,5, 4,C,)
‘_—'(Asz’Z.S:)"“(AzS’Azczr)E(Asz,AQCZ')(mOdZTE);
4B, _AB, AS _AB, A4S _AB,

ADCO AQS AOCO A.?.S . AZCZ' AZC' -

Do d6 cac tam gidc 4,B,C,,4,B,C, dong dang
cing huong. Tir d6, chi y ring cic tam gic
4,B,Cy, 4,B,C, ddng dang cing huéng, suy ra
C,C, =kC,C,, ta c6

C;=C,. Két hop véi
C,C, =kC,C,.
Tro lai gigi bai todn T12.
Goi (R) 1a dudng tron ngoai tiép tam giac ABD;
(Q) 1a duong tron tdim Q va di qua M; (P) la
dudng tron tdm P va di qua N; E, F theo thu tu l1a
giao diém thir hai cia BM va (R), (Q); G la giao
diém thir hai cua DN va (Q); MM la tiép tuyén véi
dudng tron (Q) tai M; NN la tiép tuyén véi (P) tai
N. Vi céc b6 bén diém (G, M, L, M), (L, N, C, M)
cung thudc mdt dudng tron nén
(GM,CN)=(GM,GL)+(LN,CN)
= (MM, ML)+(LM,CM)
=(MM,CM)=0(mod ).
Tir d6, chia y rang ABCD 1a hinh binh hanh, suy
ra: GM //CN =CB// AD (1).
Vi cic bd bdn diém (K, N, M, C), (E, B, D, A)
cling thudc mot duomg tron va CM = AD nén

(KN,ED)=(KN,KM)+(EB,ED)
=(CN,CM)+(AB, AD)
=(CN, AD)=0(mod 7).

Do d6 KN//ED (2). Tur (1), chu y rang cac bod
bén diém (G, M, L, M), (L, N, C, M) ciung thudc
mdt duong tron va AB//CD = MM, suy ra:
(ED,FG)=(ED,EB)+(FM,FG)

=(AD, AB)+ (MM, MG)

= (4D, MG)=0(mod ).
Do d6 ED// FG (3).
Tu (1), (2) va (3), theo dinh li Thales, suy ra:

NA ND KE

=—=== (4).
NM NG KF

Vi CM, CN theo tht tu tiép xtic véi (Q), (P), bén
diém (M, C, K, N) cung thude mdt dudmg tron va
NC =BC// DA;NK // DE nén

(OM,QF) = (MM, MF) = 2(MC, MF)
=2(MC, MK) = 2(NC, NK) = (PN, PK ) (mod 21):
(PN,PK)=2(NN,NK) = 2(NC, NK)

= 2(DA4, DE) = (R4, RE) (mod 2 1),
Kéthopvei X _PN _R4 _

OF PK RE

Suy ra cac tam giac QMF, PNK, RAE dong dang cling
hudng (5). Ttr (4) va (5), theo bd dd trén, suy ra P,
Q,qR th'fmg hang. Néi cach khac, PQ luén qua mot
diém co dinh (diém R).

TOAN HOC
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—
Nhin xét. 1) Bii toan nay thia hai gia thiét: BAD
nhon; M thudc doan CD.
2) Chi c6 bdn ban tham gia giai, ngoai ban Vil Tring
Bdn con ¢b cac ban sau: Ha Noi: Nguyén Tién Cieong,
10T2, THPT chuyén DHSP Ha Noi va Nguyén Anh
Tudn, THPT chuyén Chu Van An; Thira Thién Hué:
Nguyén Duy Phudc, 12T1, THPT chuyén Qubc Hoc
Hué. Dic biét c6 ban Nguyén Phiic Thinh, 12 traong
Cambrian Academy, San Jose dang song tai My cing
guri bai vé tham du.
2) Céc ban Tién Cuong va Anh Tudn da c6 ¥ thic trong
viéc khic phuc tinh trang phép chirng minh phu thudc
hinh v&, mic du chua hoan chinh.
3) Ban Duy Phuée cho mot 1oi giai khé hay bing cach
sir dung b d& ERIQ.

NGUYEN MINH HA
Bai L1/516. Mét con ldc 1o xo dao déng dong
diéu hoa theo phiromg thang dimg véi tan sé géc
10 rad/s. Lay méc thé ndang & vi tri can bang cia
vdt. Biét rang khi dong ndng va thé nang bang

nhau thi dé lon cua luc dan héi va téc do cua vt

lan heot 1a 1,5 N va 25\5 cm. Biét do cung cua lo
xo k <20 N'mva g = 10 m/s’. Xdc dinh do lén

cue dai cua lue dan héoi,
syt e ; fA]

Loi gidi. Taco: o= |—=A/=0,1m.
g

Khi Wy= W, ta co: W=2W,
A2

_+__

ol =2t = x
2 2

Suy ra lrc dan hoi

Af- =1,5 (1),

F=klxtAl|=k

vi  v=ov4®-x? =0,252 ().

4> 104

T (2) = 0,25v2v =, [ 4* - —

@ V57
=A = 0,05 m, thay 4 vao (1) ta co:

0,05 1,5

Y k=|————__

2 —’\/—5—i0,1|

=L5=
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30

1,5 |
ke B2 1108 N/m; k=——2——<0 (loai),
005 ¢ 0,05 J
" V2
Vay F. = =1,66 N,

Nhiin xét. Chlic mimg céc ban da co6 101 giai dung cho
d& ra ki nay: D& Vin Duong, 12CA, THPT Trén Van
Bay, Phudc Long, Bac Liéu; Pham Bd Hoang, 12 Toan
1, THPT chuyén Quéc hoc Hué, Thira Thién Hué;
Nguyén Thién Ly, 10T1, THPT chuyén Nguyén Quang
Diéu, Pdng Thép; Ngé Vin Minh Thang, 12 Todn 1,
THPT chuyén Nguyén Hug, Ha N@i; Trdn Kim Phung,
16p 12A2, THPT Nguyén Viét Hong, Q. Ninh Kiéu,
Cin Tho. ] ‘
PINH THI THAI QUYNH

Bai L2/516. Mot mdy bién dp cé sé vong ddy
cudn thir cap gap 3 lan cuon so cap. Khi ddt véo
hai dau cudn so cdp mét dién dp xoay chiéu ¢6
gid tri hiéu dung U thi dién ap hié¢u dung o diu
cudn thir cdp dé ho la 2,5U. Khi kiém tra thi phat
hién 6 mét 56 vong ddy cudn thir cdp bi quan
nguroc chiéu so véi da sé cde vong ddy cua no.
Biét $6 vong day cudn so cdp I 500 vong. Tinh sé
vong ddy qucfn ngiroc cua cudn thir Cdp.

Loi gidgi. Goi N,,N, lan luot 1a sé vong day du
dinh ban du cia cudén so cdp va tha cép:
N,=3N,.nla s6 vong day quin nguoc cua cudn

thir cip; » vong day quén nguoc s€ co tac dung
nhu 27 vong day bi quin thiéu. Do d6 khi kiém tra

,~2n 2,5 500
wes: M= 25U ) o\ 3500 2 s
N, U 500

Suy ra n =125 vong

Nhdn xét. Cac ban c6 16i gidi dung: Thira Thién Hud:
Pham Ba Hoang, 12 Toédn 1, THPT chuyén Québc hoc
Hué; Hung Yén: Ding Duy Hgu, Cao Trung Hiéu,
I1Al, THPT Duwong Quang Ham, Vin Giang; Cin
Tho: Tran Thi Kim Phung, 12A2, THPT Nguyén Viét
Hung, Ninh Kiéu; Ddng Thap: Nguyén Thién Ly,
10T1, THPT chuyén Nguyén Quang Diéu; Ha Nai:

Ngé Vian Minh Théang, 12 Toan 1, THPT chuyén
Nguyén Hug, Ha Déng.

NGUYEN XUAN QUANG
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1. MOT SO KHAINIEM VA TiNH CHAT
Nhin xét. Moi §6 nguyén duong déu ¢6 ude sé
Jé. Trong bai viét nay khai thac mot sé tinh chét
cia udc soO 1€ cua s6 nguyén duong.
Khii niém. Moi s6 nguyén duong n déu c6 uée
sb 1¢, trong cac udc 1é d6 ludn tdn tai wée sé 1¢ 16n
phét taky hiéula L(n).
Ta c6 thé biéu dién mot sb nguyén duong n bit ky
duoi dang sau: n = 2.0 v&i ke N va £ 1a udc
s6 1¢ 1én nhat. Khidé L(n) =¢.
Nhin xét.
« Moi s6 nguyén duong » luén ton tai L(n), va
1<L(n)<n

L(n)|n, VneN".
Mt sé tinh chét ciia woc 1é:
s L(2n) = L(n), Vn eN’
e L(2n +1) = 2n + 1
« Moi udc s6 lé cua n déu 1a udc cia L(n).
* L(n) 1a mdt ham trén tap N°, ham L(#)c6 tinh
chit nhan tinh: L(a.b)=L(a).L(b), Va;beN .
Ta c6 mjt sé hé qud sau:
*Néuco L(n)
* Khi p 1 sé nguyén té 16m hon 2 thi L(p)=p.
Bicbigt L(p)=1<=p=2.
* V6i moi sé tu nhién # thi n.L(n) 1a s chinh
Phuong hodc bing 2 14n cua s6 chinh phuong.
(Vin = 2*¢, néu k chin thi n.L(n)= 2 =d,
WUkl thi L (n)=2.(25"€*)=2a").

n thinlasolé

* L(Z")zl, VneN

= J - PR ™~
‘/.‘f?\ | KHAl i U{IE 3 L m s +c 50 LE
oy R ”? - A 11T
S A3 | Liwmgr ofa 56 7y Rt
i - -~ NGUYEN VAN THOT
__._(_:‘_JZJKJ TORR e (GV THPT chuyén Lé Thinh Tong‘guangNam)

M S

1. MOT SO THI DU
Thi du 1. Trong tdp cac 56 tr nhién tir 2 den 2018
ta chon 1010 s6 bat ky va ldgp nén tdp con
M={a; a; i@y ). Chimg minh trong M
luén tim diege 2 56 sao cho s6 nay chia hét cho s6
kia. . ;
Lai gidi. Vi cac so cua tdp M ta ludn bidu dién
duge a, =2%b, (i=51010), b; 1a uéc sb 1& lon
nhit cta s6 g; va 1<b, <2017 (k; e N). Do d6 co
1010 udc s6 1é 16n nhét cua cic phén tir tip M. Ma
tir 1 dén 2017 c6 1009 sb 1¢, nén theo nguyén ly
Dirichlet luén ton tai it nhdt 2 s§ bang nhau,
chang han b, = b; . Gid st @ > a; . khi d6 g, chia
hét cho a;.
Thi du 2. M6t 56 i nhién n ¢é s6 cdc wée s6 gap
3 ldn $6 hiong woc $6 le cua né. Chirng minh tich
n.L(n) lir 56 chinh phiromg, véi L(n) Ia wée s6 le
Ién nhat cua n.
Loi gigi, Ta c¢6 phan tich chudn cua sb tu nhién
n= 2nl-p1“l -P;z---Pf* ,me N,(x‘. eN,i :ﬁ vai D;
1a cac s nguyén t 1é. Nhu vay udc sb 1€ 1én nhit
Cﬁa n lé L(n) = plal _pzuz p:'* .
86 lugng cac udc sé 1é cia n 13

t(L(n))= (o, +1).(at, +1)....(ct, +1).
Ta ¢6 sb cac wéc sb cla n la

'l:(n) = 1(2'" )‘T(L(n)) = (m 4 l)t(L(n))

(hdm t(n)nhan tinh).

Mi theo gia thidt
1(n)= 3.t(L(n)) nén suy ram =2,
Do d6

2 i ﬂﬂ
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2

nL(n)=2pl* pi*%. pl* = (2.pf‘ o )
12 56 chinh phuong.
Thi du 3. Tim 1ét ca céc 56 nguven 6 p cd dang
p =n"+1(neN"), biét p cé khong nhiéu hom
19 chit so.
Loi gidgi. Pt n =24 ( k eN{ 1&) =
p=n"' +1=(n2k )[ +1i(n* +1).
Do pePnén £=1.Suyra n=2"
Néuk=0thin=1,p =2 thoa man.
Néuk>1laitiéptuc dat k = 2'a (re N, alé),

khi dé p=(23‘°)"+1=(21’")“+12 27" +1. Do

pePnéna=1,khido k=2, n=2>teN
-Véit=0=>n=2p=5.

- V6i t=1=>n=4,p=4"+1=2571a sb nguyén

0.
-Véit 2 2=>n216

= pz16"+ 1=2"+1=16.1024°+1 > 16.10'%,
suy ra p c6 nhiéu hon
p=2;5;257.

Nhdn xét. Bai nay khai thac tinh phan tich thanh
tich cua nhi thic 4" +b"khi n

19 chr sb. Vay

lé va
a"+b"(a+b) nén p=a"+d" :(az* )I +(b2‘ )’ ’
dé p 1a sb nguyén t5 thi £=1. Thi du sau day
cling c6 tinh chét nhu vay.

Thi du 4. Cho n la 50 nguyven duons sao cho

3" —1 chia hét cho 27", Chirng minh n > gk

Loi gidi. Ta bieudién n = 2" (ke N, ¢c N,
¢ la sb nguyén 1€). Khi a6

37! _l =32t.f _ll
___(32‘ _1)(32*(r—1) +33(2) +..4+37 +1) .
Ta ¢c6 3 1a sb

I€ v&i moi xeN'

TOAN HOC
32

* CTuGitye S5 520(10-2020)

32 326D 4 137 41 06 mot sb 1¢ 56 hang
nén 376V 437D 4 437 41 1asdle.

Tir (1) suy ra ( 3" — 1) chia hét cho 2*™ khi va
chikhi (3 —1):2%% (2).

Ta ciing ¢6 hing dang thic:

7 -1=(3" )2 ~1=(3"" + (3" -1
= (3 +1)(37 1) (3 +1)(3 1),
Chu y mdi thira s6 (3% +1) chia hét cho 2
nhung khong chia hét cho 4 (véii=1Lk-1).
Ngoai ra 3%-1 =8 =2’ Do viy:
(32‘ —1) Pk (3,

Tir (2) va (3) suy ra: (32‘ - 1) j geted

<k + 222020 <k > 2018 (4).
Do n =2 ,¢ 1&nén n > 2 Vithé tx (4)
suy ra:
(3" —1) chia hét cho 2** <« n = 2°* ( dpcm)
Chii y: Bai nay ding cdp hodc dimg b6 dé LTE
ciing cho loi giai gon. (Do khuén khé bai viét nén

khéng bé sung cach ding ccfp hodc ding wéc
dung).

Thi du 5. (Czech - Slovak 2013) Goi L(n) la oy’
hiéu woc so le lom nhat ciia n. Hav tinh 16ng sau:
§=L(1) +L(2) +1(3) + .A..:.+u2““-"‘).
Loi gigi. V& mi k€N ta c6 L(2k)= L(k) va
L(2k—-1)= 2k -1. Ta goi:
S(n) =L(1)+L(2)+L(3)+...+L(2").
Theo tinh chat néu trén, ta co:

S(n) =[L(2)+ L(4)+..+ L(2"):|
+[L(1)+L(3)+...+ L(2" —1)]

:[L(1)+L(z)+...+L(2"")]+[1+3+...+(2" -1)]
(1+27-1)2m

=S(n—1)+——-—______=S

2 (n“'l)+ 4"—1.

https://tieulun.hopto.org



Ta duoc cong thirc truy héi:
‘S'(”)=-S'(i'?—l)+4”-l
4ing Vo1 Mol s6 nguyén duong ».

Ap dung cong thic truy héi trén ta co;
S(n)=8(n-1)+4™
S(n—l)=S(n-2)+4n—2
S(H—Z)‘-:S(n_3)+4n-3
5(2)=5(1)+4
S(1)=2.

Cong n déng thirc trén ta duoc:
S(n)=2+4+42 +43 +"‘+4n—i

4"-4 4"+2

3 3
Do d6 theo dé bai ta tinh dugc:

420]3 + 2

=2+

5(2013)=

Thi du 6. (IMNMO Shorlist 2014). Cho trudc sé
nguven dicong n >\ . Chirng minh rang ton tai voé
han cdc s6 hang cua day (a,)

Ly lale, trong do

k
Nogr e z ¥ L n . A
Léi gigi . Néu n 1é, ta can chon k sao cho -k—laso

nguyén lé, do d6 dat k=n" voi m=12,.. th
a,=n"" la sé 1& v&i moi m (théa man yéu cau
dé bai).

Ta xét n chin, dat n=2¢ véi t=1. Ta ¢o

i Loqs
Fk_}=a€N.mélu6ncé k=2"¢(¢ laudcsolé

16n nht ctia k) nén ta phai chon s6 a du nho de
' ~a ‘
g —ac N". Nhu viy ta can chon

¢ la udc

Sé 3 A 12 o1z % . k_o va chon
nguyén t6 lé lom nhat cua »

0.:2""

Khi d6 voi mbi m > 2,

nk __2m =(2t)k _2m =™ (zk—m.tk _1)
Do k-m=2"t-m>1, nén 2km _1 ¢6 udc sb
nguyén td, goi p 1 udc nguyén té 16m nhét. Ta dat
k=p2. Taco rnk —2™ ¢6 wdc nguyén td p nén
n*t =2™ (mod p).
Mat khac tr n* -2" <n* <n* +2"(p-1), suy

k m
n +2 -1

(o)

p2"

k m k
n-2 n
<__

p2" k

k 2( p2" ) . . # \ i .
Vi f—zg—)——lé s6 chan nén — -1 la mot s6
2r 2% 2

nguyén 1é nén g, 1é, bai todn duoc chimg minh
hoan toan.

Bai 7. (Trich mdt phin dé thi Serbia- 2012) Goi
f(n) lé s6 céc s6 m<n ma tong tar ca cdc wdc
s6 cua m la s6 1é (tre la c(m) le). Xdc dinh
S(n).

Loi gigi. Gia st m=2"1 v&i k 1a sb tu nhién, 7 13
uée sb 1€ 16n nhét cia m.

Ta c6: o(m)= 6(2"1) = 0(2" ).G(t) (do ham tbng
tit ca cac ude o (m) nhén tinh) nén

o(m)=(1+2+2°+...+2)c(1)

oty

‘ k+1 N A 3a 5 2 A A .
Tacé 2" ~1 1256 1¢, ma o(m)1é nén cin chimg

minh o(¢) ¢ tic 1a chimg minh ¢ 13 sé chinh
phuong.
Goi tat ca cac wéc khdng 16m hon+? 1a cac sb lé:

I=d, <d, <..<d,. Khi d6 tit ca cic uéc khong

nho hon 7 14 cac s lé: 1=L>—t—>...> a

1 4 d,

. TOAN
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Néu d_= Et_ thi s6 ¢ khéng chinh phuong ¢6 2%

X

uée sb nén o(r):2, suyra o(m) chiin, khong thoa

—~

man.

Nén d, =—;—khi d6 ¢ 1a 6 chinh phuong suy ra

c(1) 1é do do6 a(m)1e.

Béy gios sb m=2"r ¢6 2 dang: m=2"s=a* néu
k chan, hodc m =21 =24? néu k &,

Nhu vay cac s m ma o(m)1é c6 dang @’ hoac

2 A s 4 2 = 2 ~ A
2a°. S6 cac s6 dang a” hoic 2a° khong vuot qua n

1a f(n)=[\/;]+[\/ﬂ

Bai 8. (Czech - Slovak- 25/3/2014) Cho 6 nr

nhién n, ky hiéu tat ca cdc woée sé cua n la

d,d,; ..;d, gia su d<d < ..<d (i

dy= 1 dy = n). Hav xdc dinh 14t ca cdc gid i

cua n thoa man hai diéu kién sau: di-d, = 50

va 11d, + 84. = 3n.

Loi giai. Ta xét hai trudmg hop:

e N€u # l¢: thi n 1a udc s6 1é 16n nhit cua n, khi d6

tit cd cic udcd,(i=Lk) diu 16 Ty

11d; + 84, = 3n suy ra d,|11d, va ds| 8d, va

do céc d, 1énén d|d,. Tugiathiét d,>d, vy

quan hé d| d,| 11d; suyra d, = 11d,.

T 1ld;+ 84, = 3n ta dugc 99d, = 3n hay

33d; = n, suy ra 1;3;11;33 déu 1a wéc cua n va

cac udc nay nho hon 50.

Tir woc thir 5 1a 45 thoa man d, =d, +50> 50

Nhu viy ta xac dinh:
d=1Ld,=3d=11d,= 33

va d;= d; + 50 = 61 vitaco:

n = 33d; = 33.61 = 2013. S5 2013 thoa map

diéu kién: d, = 11d, = 11.61

3 4 T?ﬂc?-'uggc& S5 520 10-2020)

e Néu »n chin: tr ding  thy
11d, + 84, = 3n => 2|d; va 2|d;— 50 suyra
2\d,.

Tu d,= 1;d,= 2 va dy# 3 nén d; = 4 hozc
d,= 2t (t>2). Néu d, = 2t suy ra 1a uéc cua
n,voi d, < t < d, ,khong phu hop.

Do dé d,= 4;d,= d,+ 50 = 54 chia hét cho
3nén 3 |d.ma djn=> 3|n > d, <3 <d,
khong xac -dinh, nén n chin loai. Két luan
n =2013. '

Bai 9. (Putnam 1969) Cho so nguyen dicong n
sao cho n + 1 chia hét cho 24. Chirng minh rang
16ng cua tat ca cac ude cua n cing chia hét cho
24,

Loi gidi. T gia thiét 24|n+1, suy ra n 1a sb 1é
va n ciing 1a uéc s6 1é 16m nhét cua » . Goi d 1a
ude s cuia 7 suy ra d 1€. Do # khong chia hét cho
3 va khong chia hét cho 8 nén suy ra

d=1;2 (mod3) va d=1,3,5,7 (mod8).

Ta c6 n khong the 1a sé chinh phuong, vi néu

khéng thi n+1=(a® +1):24 => (4 +1):3, vo Iy!

Ta thy (g véi wée sb 1¢ d cua n thi cling ¢6 uéc
A1, 90 R A - h ~ A .

sO 1é 1a - va ta co d.;=n nen dé c¢6 24| (n+1)

thi ta phai ¢ tich d.

% = 2(rnod3) va

n . X . _ 2
d_; = 7(m0d8) » di€u d6 chi co thé xdy ra khi:

n
e d=1 (m0d3),—‘}— =2(mod3) hojc nguoc lai.
== n =
d =1 (mod 8); =7(mod8) hosc nguoc lai.
» d=3(mod8),” = S(modg) 1o i
5 ) hosic nguoc lai.

Trong tat ca cac truong hop ta luén co

n
d+—= : tur
> 0 (mod3) v d+-}130(mod8), r 4o

n
24|d+— véi g . .
d * e khong wéc nao duoc su

https://tieulun.hopto.org



dl}ﬂg hal lan trong Cac cﬁp_ Sl.ly
’ ra

24| ;d o) Chitng 8 tong cua tit ca cac ude

cua 1 ciing chia hét cho 24.

gai 10. Tim tat ca cdc cdp sé n £ v
g

n|2™"
(m,n) thoa man | +1_
m|2"" +1
Loi gidi.
¢ n|2°+1 _
Neum=1= =2 n=1
m|2 +1 n=2
. n|2"" +1 ”
Néo n=1=51"" STl
m|2° +1 m=2

Néum>1Ln>1 taco:

n|2"" +1
{m|2”" +1suy ram,nlé.
Gia sia m—1=2°x(@eN") va n-1=2"y
(beN") vdi x; y 13 cic udc s 1é 16n nhét cua
m-1va n—1.

Goipla udc nguyén td 1& bat ky cua n
= p|2" +1= p|(2°) +1 (1)

Suy ra pl(2y T 1= (297 : =1(mod p).

o a+l
Goi h=ord (2) _ 127
h=2’(r$a+1). Néu t<a thi

212° =>(2) =1(mod p).

Suyra pl@)y -1 Q).

Tir (1) va (2) ta c6 P 2 hau thuln véi p 1¢. Do
o !=a+1 o h=2"o(p)=>2"1(p-1

= p=l(mod2°')=> p=2"k+1.

Nhr vdy moi udc lé cua 7 déu co dang
2 k+1. Do tich cua céc sb co dang 27k +1

cing 13 sb c6 dang 2°7-k+l nén
h= 1(m0d 2a+l)
b

(yle):bzan 3).

Goi ¢ 1a uéc nguyén t6 bat ky cia m. Ta c6:
g12"" +1=q| () +1.

Tuong tu trén ta ciing cd: g =1(mod 20+

=g=2"1+1= m=2""x +1(x, eN")

m—1=2""x (xeN), ma m-1=2%x

(xl¢) =>azb+l (4).

Tir (3) va (4) suy ra diéu vo ly. Vay khong co

m>1,n>1 thoa man dé bai.

Két luan: m=Ln=1, m=1,n=2; m=2,n=1.

[1L. BAI TAP TU LUYEN.

Bai 1. Tim sd nguyén duong » nho nhét sao cho
17" —1 chia hét cho 2**".

Bai 2. (De de nghi cia tinh Hoa binh - 201 4) Tim
tht ca cac sb tu nhién a sao cho ton tai sb tu nhién

n>1maa" +1 chia hét cho n*.
Bai 3. Ton tai hay khong cdc sb nguyén duong
phan biét 4,,4,,...,d, thoa man:

a,12% -1 |2 1.5, | 2% ~la, |2 ~12
Bai 4. Chung minh rang néu p 1a udc nguyén t6
& ciaa” +1(aeZ,neN") thi p=1(mod2"),
hay p codang p=2"".k+1, keN".

Bai 5. Cho n chin, n>2 va goi p 1a mot udce
nguyén t6 cia n—1. Chiing minh p'™' 13 wéc cia
n? =1 v&imoi i=0,1,...

Bai 6. Chimng minh néu # 1a s6 nguyén dwong c6 k
udc nguyén tb 1é phan biét thi (n):2".

Bai 7. a) Chimg minh rang véi moi n 1&, n > 1 thi
(2” + 2)1 n.

b) Chimg minh ring c¢6 vd s6 sb n chin dé
(2" + 2)5 n.

Bai 8. Cho k 1a sb nguyén dwong, p 13 s§ nguyén
t6 thoa man p|2* +1. Chimg minh ring
(p-1)i2",

Bai 9. (Bungari MO 2006). Cho p 13 s6 nguyén tb
véi p*|2”" 1. Ching minh ring véi moi sb
nguyén duong n thi s6 (p—1)(p+2") c6 it nhit
ba ude sb nguyén td phén biét.

MMM
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Phép nghich dao dsi ximg la hop thanh ciia phép
nghich dao va phép doi ximg. Né la mét cong cu
manh dé giai quyét cac bai todn vé dwong tron,
ddc biét c6 yéu 16 phan gide hodc doi ximg qua
Phdn gidc. Thong thuong ta xét phép nghich dao
dsi ximg o sau: thue hién phép nghich dao tdm 4,
phuong tich A4B.AC 16i sau d6 dbi xtimg qua
dudmg thing d 1 phan gide trong goc 4. Ta dé
dang c6 cac két qua sau:

Qua phép nghich dao déi A

xung @ tam A phuong tich
AB.AC:

i) Anh cua B la C, anh ciia B " C
ClaB;

ii) Anh cua BC la dwong tron ngoai tiép tam gidc
ABC.

Do tinh chat cua cdc
diwong thang chira duong
cao dinh A va dwong kinh
AF doi ximg nhau qua 0
duwong phdn giac dinh A
nén: 7
iii) Anh cia F la F'.
iv) Anh ciia O la O' doi o
xung voi A qua BC.

Goi I I, Iy, Ic ldn lugt la tam duomg tron pgi
tiép, bang tiép géc A, B, C cua tam gidc ABC. Dy
hai tam gigc AIB,ACI, dong dang; hai tam gide
AI B va ACI, dong dang nén

ALAI, = ABAC; Al,.Al, = AB.AC. Vgy.

TOAN HOC ,
& cfudlt;e S0 520(10-2020)
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LE‘:ANHDI'JNG.

(GV THPT chuyén Hujnh Man Dat, Kién Giang} :

V)Anhcualla I, .

vi) Anh cia 1, la 1.

Ta phan tich cac bai todn sau

Bai toan 1. (IMO 2010) Cho tam gidc ABC véi
li tém dong tron néi tiép va (O) la dirong tron
ngoai tiep. Al cét (Q) tai diém thi hai D. Goi E la

diém trén cung BDC , I la diém trén doan BC,
— ——— 1 e
sao cho BAF = CAE <EB;'1C. Goi G la trung

diém cua IF, chiing minh rang giao diém cua 2
duong

thang E1va DG ném trén (0),

Loi gidi.

Iy

https://tieulun.hopto.org



xé1 phép bien hinh ©: thyc hign phep nghich dao
sm A, phuong tich 4B.AC, sau d6 déi xﬁ:ng ua
guomg phan gidc trong goc 4. !
Goi [, 12 thm dudng trén bang tiép goc 4 1a
giso diém cda EI va DG. Ta da biét D 13 trung
giémcua I, suyra GD//FI,. I, 1a anh cpa J -
E la anh cua F qua phép bién hinh . Suy ra
ﬁ; = AIAF = E )

Tir 86 4, E, D, L cing thudc mét dudng tron.

Bai toan 2. (Dwe TST 2015) Cho ram giie nhon
ABC, AB> AC. Goi D, E lan heot 1§ rung diem
cua AB, AC. Duong tron ngoai ticp tam gide ADE
cdt dwong tron ngoai tiép tam giac BCE tai diém
thie hai P. Picong 1ron ngoai f-"ﬂfﬁ fam giac ADE
cdt dieong tron ngoai 1iép tam gidac BCE tai diém

thit hai Q. Ching minh rang AP = A4Q.

.....

Xét phép bién hinh o : thyc hign phép nghich dao
tm 4, phuong tich AE.AD, 10 sau o 1ay doi
ximg qua dudng phan gic trong goc A. Kihigu X’
14 anh cuia X qua phép nay.

Qua phép nay ta duoc: anh clia £ {a D; anh cua D
4 E; anh cita B 1a diém B’ 1 trung diém cua 4E
(d(,) AB=24D va E la anh cia D); anb cua C lﬁ‘
diém C" 14 trung diém cia 4D (do AC=24E V2
D13 anh cua E).

Anh cua (4ED) 1a ED ; anh ctia (BCD) la(B'C E),
anh cua (BCE) 1a (B’C'D) . Do do, P’la giap diém
thr hai cua (B'C’D) va ED; Q' la giao diém thir
hai cua (B’C’E) va ED. Ta chi can chimg minh
AP'=AQ".
Do B'C'DP';B'C'Q'E 14 céc hinh thang noi tiép
duong tron nén chiing 13 cac hinh thang cdn. Do
do, B'E=C'Q,P'Q'=C'D va

P'B'E= Q"——E'B (do tinh dbi ximg qua tryc).
Suyra AP'B'A= AAC'Q',do d6 AP'= AQ'.
Bai toan 3. (IMO Shortlist 2013 G4) Cho tam
gidqc ABC ¢6 AC > AB.Goi P, Q la hai diém khac
nhau — trén  duong thang AC sao  cho
PBA = QI?A — ACB va A nam gitia P va C. Gia
s ton tai mot diem D nam trén doan OB sao cho
PD = PB. Tia AD cdt duong tron ngogi tiep tam
gidc ABC tai diém thir hai R. Ching minh rang
OB =OR.
Loi gidgi. Xét phép bién hinh © sau: thuc hién
phép nghich ddo tim B, phuong tich B4.BC, sau
d6 dbi xtrng qua duong phan gidc trong géc B. Ki
hiéu X' néi chung l1a anh cia X qua phép bién hinh
nay.




Qua © thi 4 bién thanh C, C thanh A va AC bi€n
thanh (4BC) nén P’ thudc (4BC); R’ thudc AC; D
thudc BQ'. .
Bai toan tuong duong véi bai toan: R 1a giao diém
clia dudng tron tdm Q ban kinh OB va dudng tron
(4BC). Ching minh, 4, D, R thing hang.

Ta c6 P'BC=PBA=ACB nén BPV/AC. Suy 12,
ABP'C 14 hinh thang can.

Q'BC=0BA=4CB nén ABCQ' 13 hinh thang
cén.

+ D nam trén dudng tron tim P ban kinh PB nén
D’ ndm trén trung truc cua BP, Suy ra, OD' la
trung truc cia 4B.

+ R ndm trén dudng tron tim O bén kinh OB nén
R' nam trén trung tryc cua BQ' Suy ra, OR' 1a
trung trirc cua BQ".

Do AQ'CB nhan trung tryc cta BC lam truc dbi
xung nén D', R’ dbi Ximg nhau qua trung truc nay.
Suy ra, BCD'R’ la hinh thang can. Suy ra, BCD'R’
ndi tiép duge. Do d6, 4, D, R thang hang.

Bai todn 4. (TSTST 2015) Cho tam gidc khéng
déu ABC. Goi K,,L,,M, lan luot la chdn diong

—

phdn gidc trong, phdn gidc ngodi cua BAC va
trung diém cua BC. Duong tron ngoai tiép tam
gigc AK L, cat AM, tai diém thir hai X,. Dinh
nghia X,,X, mot cach tuong tw. Chiung minh
rdng tdm duong tron ngogi 1iép tam giac
X, X, X, nam trén dwong thang Euler cua tam
giac ABC.

Phan tich. Goi H, G lan luot la tryc tam, trong
tam tam gidgc ABC, ta nhdn thdy m =90° hay
I?Z@z%”. Tuong tur cho X,, X .. Nhir vdy, néu
chirng minh duoc m =90° thi tém duong
tron ngoai rié'p tam gidc X, X, X_ la trung diém
ctia GH. Ta chimg minh X, thujc ducng tron
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duong kinh AH. Tirc la duong tron (AEF) v6i E,
la chdn duong cao dinh C, B cua tam gidc ABC.

Loi gidi.

qua nghich dao

Ta thyc hién phép bién hinh 7 13 hop cua phép
nghich dao N{*"“| sau d¢ déj ximg qua duong
thing 4K, . Ki hiéu X’ 1 anh cua X qua phép bién
hinh nay.

Khi d6, qua T thi anh cua B 13 C; anh cua C 1a B;
anh cia K, e BC 1a giao diém cua AK_ va dudng
tron (ABC); dnh cua L e BC 13 diém L', la giao
cua L A va ducmg tron (4BC) ciing 13 didm chinh
gira cung BAC

Anh cia AM, 13 dudng d4i trung d cua AM,,
nén X, =d NK, L -

F thudc AC vi AFB = 90° nen F- 13 diém thudc

ACma F'BA=9(°: > twong tw, £ 13 didm thude
AB ma E'CA=90". D3 ching minh X’ thudc

https://tieulun.hopto.org



FF'va X 1 trung diém cta E'F’ nén ta o6 didy
pai toan 5. (VMO 2016 bai 6, y a) Cho ram gidac
4BC ndi tiép duwong rrf)'n (O) (voi tam 0) ¢6 cdc
gdc g dinh B va C deu nhon. Lé’y diem M trén
cung BC khong chira A sao cho AM khéng vuong
goc voi BC. AM cat trung truc cua BC tai T.
Puomg tron ngoai tiép tam giac AOT car (0) tai N

(N khdc A). Chimg minh rang BAM = CAN.

A

Chimg minh BAM = CAN tic Ia ta di chimg minh
AM bién thanh AN qua phép bién hinh o sau: thuc
hién phép nghich dao tim 4, phuong tich AB.AC
sau d6 déi ximg qua AD. Ki hiéu K’ néi chung la
anh cua K qua phép nay.

@ thay déi B, C va bién BC thanh (4BC). O’ la
diém di xirng véi 4 qua BC.

AM cit BC tai S. Theo tinh chét vé goc qua phép
nghich dao, ta co:

(0'4,0'T") = ~(AT,0T) = ~(AT, 40") .
Suyra O'T'di qua S. Vay N la giao cua (AOT) va
(4BC) nén N'la giao cua O'T" va BC.

N =5 m —m

Bai todn 6. (ELMO 2016) Cho tam gidc ABC 0T
AB# AC. Puong tron néi tiép tam gidc ABC tiép
Xiic véi BC, CA, AB lan heot tai D, E, F. Duong

Suy ra- N'=s

Phén gidc trong goc BAC cét DE, DF lan lugt tai
X.Y. Goi S, T la cdc diém khde nhau trén BC sa0

cho ﬁ—*ﬁ)’ =90". Goi o la dwong tron
ngoai 1ié p tam g:ac AST.
a) (Inmv minh rang o tiép xuc voi duong tron
ngodi ncp tam gtac ABC.
b) Ching minh rang o tiép xiic voi dwong tron

noi tiep tam gidc ABC.

Loi gidi.

a) Quan sdt, ta thayCY,BX L Al . Day la co 50
cho phép dung dnh qua phép nghich dao. Ta
chirng minh diéu nay.

Do F’B}?:%ﬁi:@ nén 4 diém F, I X, D

nim trén dudmg tron. T d6 5 diém F, I, X, D, B
nim trén duong tron duong kinh BJ. Suy ra
BX L Al ,tuong tu CY L Al

Ta thuc hién phép bién hinh f 13 hop cua phép
nghich ddo N7*“C sau d6 d6i ximg qua dudng
thang A7 . Ki hiéu K’ 1a anh cua K qua phép bién
hinh nay.

Khi d6, qua f thi anh

A

cua Bla C; anh caa C

la B.

X thud A A

g udc I wva O
AXB=90" nén X'

thude Al va

)7'674 =90". Tuong

tu thi Y’ thudc A7l va
Y'BA=90"
S’, T’ 1a giao diém cla dudng tron dwomg kinh
XY’ va (4BC). Dé chimg minh o tiép xic véi
(ABC) ta chi can chimg minh BC // S'T".

S& 520(10-2020)
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Dé chimg mink didu ndy, ta chimg mink HWME
diém ciia X'Y" 1& diém chinh gista cung BC (v kP
ds ST 1 0Q). ,

Goi M =BY'"CX', 0 la giao diém thir hai cu2
AT va (ABC). D& théy AM 1a duomg kinh cua
) AQM =90°,

o o ] ]
BMX'=BAC;Y'MQ:BAQ=%BAC=EYM.

duong tron nén

Suy ra tam gidc MX'Y' cén tai M va Q la trung
diém XY’

b) Theo céu a thi §°T’/ BC do d6 41 1a phan gidc
cia S'AT' , cling 12 phan gidc cia goc SAT . Suy
ra dudng tron (SAT) di qua trung diém J cua XY.

Xét phép nghich ddo N7, anh ctia (SAT) 1a ST.
Ma ST tiép xtic v6i (/) nén ta chi cin chimg minh
qua phép nghich déo nay thi (/) gilr nguyén. Piéu
nay tuong duong véi viéc ching minh (/) truc
giao véi XY hay chimg minh IX.JY =r* = ID* Ta
chi can chi ra hai tam giac IXD, IDY ddng dang.
Diéu niy 1a 16 rang vi 5 diém B, F, I, X, D cing
thudc duodng tron duong kinh B

Bai toan 7. (ELMO 2014) C'hq tam giac nhon
ABC ¢6 tam dwong tron ngoai tiép la O, tryc tim
la H. Goi 0,0, lgn heot la duwong tron ngoai Iiép
tam giac BOC, BHC. Gid su duong tron duong
kinh AO cit o, tai diém thir hai M, duong thang
AM cdt o, tai diém thi hai X. Tuong ty, diwong
tron duong kinh AH cdt W, lai diém thir hai N,
dwong thing AN cat ®, tai diém thir hai Y. Chimg

TOAN HOC
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minh MN // XY. o
Phin tich. Ching minh MN // XY, ta c6 thé ding

hop ciia hai phép nghich dao tdm A va phép déi
ximg qua dwong phdn gidc goc A (bién M thanh ¥

v N thanh X). Ta fim hiéu cdu truc cia M, X; cdc
duong tron qua M dé tim anh cua M.

Lai gidi.
Do AMO=90° nén MX la dudng kinh cua
(OBC). Suy ra (’)‘C}'=‘O—§;_Y=9OO, do d6 X la
giao diém cua hai tiép tuyén véi (O) tai B, C. Vay
AX 1a dudmg d6i trung dinh 4 ciia tam giac ABC.
Theo gia thiét HNY =90° nén HY 1a duong kinh
cua (BHC). Do d6 HC 1 CY , suy ra AB//CY.
Tuong tw, BY//AC. Viy ABYC 1 hinh binh hanh
va do d6 AY 1a duong trung tuyén cua tam giac
ABC. Ma do AX 13 duong ddi trung nén AX va AY
dbi ximg nhau qua dudng phan gidc goc BAC.
Dang can chimg minh M bién thanh Y, ma Y I
giao cia hai duong thing CY // AB va BY // AC
nén M 1a giao diém cia hai diong tron tidp
(4MB) tiép xiic AC; (ACM) tidp xiic AB va C bidn
thanh B. Diéu nay cho tq biés phép bién hinh va
phai ching minh (ABM) tiép xic AC; (4 CM) tiép
”::’;hA(‘z' ;C-‘Y’)pt_i”g” ttro’ng W, ta ciing phdi chimg

1€p XUcC voi BC vy (ANB) tiép xiic véi
BC.
Ta cé: @=m~mc‘=ﬁ_m

= 4BC - (180° - 33z _ g0 -5CA)

=MAC + 4BC + OCH - g0

Vay (4BM) tiép xuc véi 4C. = MAC
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Tuong ty dudng tron (AMC) tidp xiic véi 4B

Ta c6 NAC = NHE = NCB (do AHNE, BHNC ns;
(iép)- vg}y (ANC) tiép xic véi BC Tuong tr
(ANB) tiép xtc véi BC. :

A

d

Xét phép bién hinh ¢:thuc hié¢n phép nghich dao

tim 4, phuong tich 4B.AC sau do dbi xtmg qua

dudong phin giac 4. Qua @:B bién thanh C,

(4BM) tiép xic voi AC bién thanh dudng thang

qua C va song song vdi AB; (ACM) tiép xuc voi

AB bién thanh dudong thang qua B va song song

v&i AC. Do &6 M bién thanh Y.

Qua ¢:BC bién thanh (4BC); (ANC) tiép xic véi

BC bién thanh duéng thing qua B va tiép xuc voi

(4BC); (ANB) tidp xic voi BC bién thanh duong

thing qua C va tiép xtic véi (4BC). Suy ra N bién

thinh X

Viy qua @, thi M bién thanh X, N bién thanh ¥
AM AN

nén AM.AY = AN.AX hay Ezﬁ

Suy ra NM // XY.

Biai toan 8. (Iran TST 2015 ngay 1) Cho r(u.n
gide ABC néi tiép duong tron (). Goi 1, M @1
lwot la tam duong tron bang tiep goc B, diem
chinh giita cung BC cua (O) (khong chura A).

Buong thing MI,, cét () tai diém thit hai T khdc M.

Chimg minh rang TBTC = 1,T°.

Phén tich. TM la phdn gidc goc BTC ,do dé
chimg minh  TBTC =1,T* trong duong ching
minh Iy bién thanh chinh né qua phép bién hinh
o: thiec hién phép nghich dao tam T, phirong tich
TB.TC sau dé doi ximg qua phan gidc géc BTC.
Tirc la chimg minh duong tron (BCI,) c6 dinh

qua phép bién hinh .

Loi giai. Ta xét cau tric cua duomg tron (BCI,).
Nhu d3 biét thi B,C,I,,I. nim trén duong tron
duong kinh 1./, tm N la diém chinh giita cung
BC chira 4. )
Qua o thi B, C thay d6i cho nhau, dudng thang
TN bién thanh chinh nd; dudmg tron tim N di qua
B, C bién thanh dudng tron tdm thudc TN va di
qua B, C. Budng tron nay cling cé tam N. Vay
duong tron (BCI,)c6 dinh qua ®. Suy ra
TBTC =1,T".

Bai toan 9. (IMO Shortlist 2012 G4) Cho tam

giac ABC co AB # AC va tam dwong tron ngoai

tiop tam giac la O. Duong phdn gidc goc BAC
cat BC tai D. Goi E la diém déi xung cua D qua
trung diem M cua BC. Puong thing qua D VUong
goc BC cat AO tai X: dwong thang qua E va
vuong géc BC cat AD tai Y. C himg minh rc%ng tir
giac BXCY ndi tiép.

Phén tich. Puong tron (BCX) cdt doan AD tgi N,
ta cdn chimg minh Y thuéc (BNXC) hay chirng
mi}nh DN.DY =DB.DC=DA.DG (G la giao
diém cua AD v6i (0), G # A).

. TOAN
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Ma DG = %DY(do MG // EY) nén ta chung minh

AN = —;-AD. Vay ta sé chimg minh: trung diém N

ctia AD, B, C, X ciing thuéc ducomg tron. Xét phép
bién hinhw: thuc hién phép nghich ddo tam 4,
phuong tich AB.AC sau dé déi ximg qua AD la
Phit hop. Ki hiéu K’ la énh ciia K qua phép ndy.
Loi gidgi. Qua ®, anh
cua Bla C;anhcua D l1a
G, do d6 anh cua trung
diém N cua 4D 1a N’
d6i xtmg véi 4 qua G.
Anh cia 40 la duimg
cao dinh 4. Anh cia X
la diém nao? Ta khong
thé sir dung XD vudng
géc BC @ dung anh,
nén ta ding goc véi tim va mét diém biét anh roi.
Quan sat thi 6 rang tam giac AXD cin tai X
XDA=HAD (so le trong) = DAX (do AO, AH
d6i ximg nhau qua phan giac goc A). Do do
M=90°, suy ra AX'N'=90°.

Céu tric cua BX'N'C
bdy gic la hinh thang,

dé chung minh no néi
tiep ta chi can ching

minh no can.

Do tam giac GX'N’
cin tai G (do G la
trung diém AN’) nén
MG la trung truc cua
X'N’ va BC. Vay
BX'N’C 1a hinh thang
cin nén né ndi tiép

duoc.

Sau diy la mét so bai tap tr luyén

Bai 1. (US4 TST 2016) Cho tam giac ABC khéng
déu, ndi tiép duong tron (0). Dudng tron néi tiép
tam gidc ABC, tiép xiic voi BC tai D. Pudng phan
giéc trong goc 4 cit BC va (O) lan luot tai E, F.
Pudng tron ngoai tiép tam gidc DEF cit dudng tron

TOA
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bang tiép goc A lan luot tai .5, vacat (O) @i T

khéc F, Chimg minh ring AT di qua .S, hodc S,.

Bai 2 (IMO Shortlist 2014 G7) gho tam gléf: A:?C
néi tiép dudmg tron (7) va ngoai tiép duong tron tam
I. Mot dudmg thing qua / va vudng goc véi C7 cat
doan BC va cung BC (khong chira A) cua ( T)’l_an lugt
tai U, V. Dudmg thing qua U va song song vol A{ cit
AV tai X, va duong thing qua V' va song song vi A7
cht AB tai Y. Goi W, Z lin luot 14 trung diém ciia AX,
BC. Chimg minh ring néu /, X, Y thang hang thi £, W
va Z ciing thang hang.

Bai 3. (fran 2014 vong 2) Piém D di dong trén canh
BC cua tam gidc ABC. Goi 1,1,,1, lan luot 1a tam
dudmg tron néi tiép cac tam gidc ABC, ABD, ACD.
Goi M, N (khac A) lan luot 1a giao diém cua duong
tron ngoai tiép tam giac (4BC) va cac duong }rc‘m
ngoai tiép tam giac [A[,IAl,. Chimg minh rang,
khi D thay ddi thi MN ludn di qua mdt diém cb dinh.
Bai 4. (ST Viét Nam 2016) Cho tam giac nhon ABC

———

— — —— BAC _; R
cd6 ACB<ABC < ACB + . Lay D thudc canh

— —= ] = A e
BC sao cho ADC = ACB +EBAC. Trén phan giac
ngoai cua BAC va trén tia AC lan lugt iy cac diém
K va M sao cho KB =KD =KM, trén phan giac

—

ngodi cia BAC va trén tia AB 1an lugt 13y céc diém
L va Nsao cho LC=LD=LN . Pudng tron di qua
M, N va trung diém / ctia BC cit BC tai P(P#1).
Chimng minh ring BM, CN, AP déng quy.

Bai 5. (7ST Viét Nam 2016 bai 3, y a) Cho tam giac
ABC ni tiep dudng tron (0) ¢6 B, C cé dinh, A
chuyén dong trén cung BC cua (0). Cac phan giac
AD, BE, CF giao nhau tai /. Pudng tron qua D tiép
xilic v&i OA tai 4 cit (0) tai G. GE, GF giao (0) lan
thir hai tai M, V. BfM cz'}t CN tai H. Chirng minh 4H
ludn di qua mét diém cé dinh,

Bai 6. (USA MO 2016) Cho tam g1ac nhon ABC. Goi
I5,1¢,0 lan luot 14 t4m duong tron bang tiép géc
B, C va tam dudng trén ngoai tiép tam gidc ABC.
Goi E,. Y lan luot 1a chan duong cao, chan duomg
p‘hﬁn gidc trong dinh B cia tam gidc 4ABC. Goi F X
lan lugt 14 chan duong cao, chap duong phz"{n g‘iéc
trong dinh C cia tam giac 43¢ Dudng thing IF

cat dudmg thing I.E tai p, Chimg minh OP | xy
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TIENG ANH QUA CAC BAI TOAN
BAI SO 61

problem. We toss a fair die repeatedly until we
gel number 3. The number of throws taken s
denoted by X which is a random variable.
Compute P(X <10).
Solution. X can receive the values 1,2, 3, 4, ..
We have
pX<10)=PX=1)+PX=2)+
And it is easy to see that:
PX=1)=p=1/6;
PX=2)=qp, withg=1-p=5/6;
PX=3)=¢'p;

.. +PX=9).

PX=9)=4"p.

Hence P(X— N+PX=2)+.. +P(X 9) S
—prgpTaPt - +p=pl+g+q+.. q)
9
=p. -9 __ 7
1-¢q
5 9
Therefore P(X < 10)= 1—[-6] )
TU VUNG
die  suc sac
random variable - bien ngau nhién
NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)

*****************************************************)ﬂ**************************

~ x
BAI DICH SO 58
Bai todn. Mor chat diém P chuyén dong trén mot
diong thang, xuar phat tie motr diem Q. Tai thoi
diém t(s) sau khi roi khoi diém O, van téc v cua P,

dm vi ms  dwoc cho boi cong  thiic
v=2r — 5t + 2. Tim téng khoang cdach ma chit
diem P di chinvén trong 2 (s) dau tien.

Léi gigi. Ta co v =27 — 5t + 2= (2t - 1)(t = 2),

diéu nay co nghia 1a chit diém dbi huong tai thot
diém = 0,5 (s) va t = 2(s). T d6 téng khoang
cach ma chét diém P di dugc trong 2 (s) dau tién

1a: 150 (212—51+2)d1{+'[0,5(21‘ ~5t+2)d+

. 11 9
N6 bing —+—=1,58 (m).
248 )

PROBLEMS ... (7iép theo trang 21)
Problem T10/526.  The sequence (u,)1s

determined as follows

=3
{“ =4y _, +3n*-12n" +12n—4 v6i n= 23
Show that for any odd prime number D»

2019Zu is always divisble by p-

Prublem T11/520 Find all functions f: R—R

satisfying f(f(x)-2y)=6x+ f(f()+2), V%Y ER
_Pmbl&:m T12/520 Given a triangle ABC and let (O) be
W circumcircle. Let 4o, Bos Co respectively be the

Nhin xét. Cac ban sau ¢6 bai dich tdt, giri bai vé
Toa soan sOm: bé Ngoc Tién, 7A3, THCS Lam
Thao, Lam Thao, Phi The; Phan Thé Anh, 11
Toan, THPT chuyén Bién Hoa, Ha Nam; Cao Thi
Twuong Vy, 10A9, THPT Ducmg Quéang Ham, Vin
Giang, Hung Yén; Nguyén Hang Nga, 7D, THCS
Ly Nhat Quang, D6 Luong, Nghé An; Nguyen Truc
Quynh, 11A2, THPT chuyén Ha Tinh, Ha Tinh;
Trwong Thi Thu Ha, 10 Toan 1, Trdn Phurong Linh,
10 Toan 2, THPT chuyén V& Nguyén Giap, TP.
Pdng Héi, Quang Binh; Truwong Phan Minh Qudn,
Pao Thi Khdnh Nhi, 11 Toan 1, Hoang Bdo Ngoc,
11 Toan 2, THPT chuyén Quéc hoc Hué, Thira
Thién Hué; Nguyén Hing Cuong, 85 Bién Cuong.
P. Ngb May, TP. Quy Nhon, Binh Pinh.

HO HAI (Ha Néi)

midpoints of BC, CA, AB. Assume that A4,, B,, C,
respectively are the perpendicular projections of 4, B, C
on BC, CA, AB. Let (O,) be the circle passing through B,,
Cp and is internally tangent to (O) at 4, which is different
from A4 ; (O,) the circle passing through Cp, 4, and is
internally tangent to (O) at B, which is different from B;
and (0,) the circle passing through 4,, B, and is internally
tangent to (O) at C; which is different from C. Let 4, be
the intersection between B,C; and B,C,, and similarly we
get the points B;, C;. Show that 45, B, C, belong to a line

which is perpendicular to the Euler line of the triangle
ABC.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hano)
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BAI TOAN 41. Giai phurong trinh

3cos2x—ﬁsin 2x+2sinxy — 2\;’5cos_\'+ 1=0 (1).
Cach 1. Sir thire

cos2x=c0s” X —sin’ x dwa vé phicong trinh ¢6

Loi  gidi, dung cong

dang béc hai an lasin v. .

(1)< 3sin’ x + 2(\/§cosx = l)sinx
~3cos’ x+ 23 cosx—1=0.

Tacé: A'=4(V3cosx-1)". Kni dé:

sinx =—-v3cosx+1 .
\/_ sinx++3cosx=1
) 3 -1 <. .
smx:—&(——l 3smx—\/§cosx=—1
M
x=-Zikon
6
T) 1 T
in| x+— |=— x=—+k2n
wedt s
= =S ;
[ | 1 x=£+a:csin(——l—]+k2n
S ] —
6) 2v3 6 2‘@
X iz arcsin( 1J+k2
=—- -— T
6 23
Cich 2 Sur cung cong thire

COs2x =Ccos” X —sin" x dia vé phuang trinh co
dang bdc hai an la cos x.
(I) & 3cos® x - 2v/3(sinx + 1) cos x
] P
—3sin“x+2sinx+1=0

Taco: A'=12sin” x. Khi dé:

oS = —sinx +1
ﬁ - sinx++v3cosx =1
cosx 3smx+1 3sinx—\/§cosx=—1

V3

TOAN H
44 cl'um% S3 520(10-2020)

-

1
x=_—6-+k2n

T
:-—+k27[
172

1

T .

_r n| ——= |+&2n
x_6+a.rc5 [ 2&]

7n ‘ 1
e in| —= |+k2n
xe arcs [ 2\5)

cong

Lf{”’lg ﬂ?L{C

diea vé phirong trinh cé

Cach 3. Sur
cos2x =cos” x —S§in~ x
dang 4" = B".

(1) & sin® x— 23/3sinxcos x + 3cos® x

+2(Sinx—\/§cosx)+l=4sin2x

2
.2
@(sinx— 3cosx+l) =4sin” x
sinx—+v3cosx+1=2sinx sinx++y3cosx=1
< ‘ _ A
sinx—v3cosx+1=-2sinx 3sinx—+y3cosx=-1

x=-Z4k2n
6
x=£+k2n

x=g+ arcsin[———l-—J+k2n

23

x= % —arcsin [-—L] +k2x

23

Cach 4. Sir dung:

acosx—hbsinx=va +p° cos(x+a).

(1)@ﬁ(@cost—sian)—Z(\Bcosx—sinx)+1=0
= 2\/§cos(2x+%)—4cos[x+ E)+1= 0
6
s T
= 4cos€cos(2x+-€]—4cos(x+ n)+1 =0
&> 2c082x + 2cos[2x+ J 4cos[x+
3

¢:>2cos2x+4cos2[x+—g—]—-4cos( ]

1=0

2

< |2cos| x+ 2
i 6 =1 =2-2cos2x

=4sin? x

- ( TIJ _2
< | 2cos x+—6- -1

https://tieulun.hopto.org



2cos(x+§] ~1=2sinx
i T
2cos(x+g)—l =-2sinx

[sinx— 3cosx+1=2sinx [sinx+ Jcosx=1
o =1

sinx—v3cosx+1=—2sinx

x=—z6c-+k2n

3sinx—V3cosx=—]

n
x==+k2n
Z

n _ 1 .
x =-6-+arcsm[—-—-]+k2n

23
x L arcsi ( : J k2
=——arcsin| —— |+
| 6 243 "
Cach 5. Duwa vé phirong trinh béc bén dn
b
f=tan—.
2

THI1. Xeét cos% =0 khong thoa man PT.

TH2. Xét cosfzc-;ao, dst 1= tang-. PT da cho tré

thanh

(4+2J§):“+(4J§+4):’-16:2+(4-4J§)t+4-2£:0
t=1

o t=—2+\/§

(2+J§)z2+(3+3J§):-1=0

x=£+k21r
2

=1
< t=—2+J§ = x=—%+k21r
t|z=_3—3£ +J44+223
I 4+2\3 i
Cich 6. Sir dung cong thirc CO
va phirong trinh hé qua.

&3~ 6sin® x+2sinx +1=21/35
<=>(1—sinx)(3sinx+2)=\/§cosx(sinx+l) (*)

x=2arctant,, +k2n

. L)
g2y =1-2sin"x

, )(sinx + 1)2

-‘-3‘(1—sin)c)2 (35ir1x~1-2)2 =3(1-—sin2x
l-sinx=0

12sin® x +12sin? x + sinx—1=0

inxcosx+ 2\/5 cos

[sinx =1

. 1

sinx=1 1 smx=—-§
inx=-— = B33
=|sinx=—7 i 12\/_

in? x+3sinx—-1=0

pEID . . —3+\/3_3—
SX=T

Thur lai:
« Véi sinx=1 thay vao (*) ta dugc cosx=0.

Vﬁy x:-—zﬂ-:+k21't.

o Vai sinx=—?12— thay vao (*) ta dugc

3 i
== Vay x=——+k2m.
Ccosx 2 ay 6

« Véi sinxzj—:i@ thay vao (*) ta dugc
cosxzéi—ﬁ;—\/i. Viy x=a+k2n VOi
1
. —3+33 3J11+43
sinag=———— Vi cosoL =——.
12 12
e Vi sinx:—%@ thay vao (*) ta duoc
cosx=%\§. Vay x=B+k2n voi
o -3-33 3VI1+43
sinf=—"" va cosp=———
12 12
TRAN PUC PHUONG

(GV THPT Giao Thuy, Nam Dinh)
Nhdn xét. Ngoai 6 céch giai cua ban Trdn Dirc
Phuong, ngudi gidi thidu bai toan, Toa soan Tap chi
khéng nhan dugc 161 giai nao cua cac ban giri vé.
LE MAI (Ha Noi)
Moi céc ban giri 16 giai BAI TOAN 43 dudi day vé
Toa soan Tap chi TH&TT trudce ngay 30.11.2020.
BAI TOAN 43. Cho x, v la cde s6 thire thoa man
X —xv+ ¥y =3. Tim gid tri lém nhét va gid tri
nho nhdt cua biéu thire P= x> + _1"2.
(Dé thi vio I6p 10 chuyén Todn TP. H3 Chi Minh).

TRAN VAN HANH
(GV DH Pham Vin Dong, Quang Ngai)

ss ditasiieTREHR0 g




g DU LICH THE GIO

a4\ @Mcunmm mv
E\ 5 \‘MM M/ S

BAL 49. Cho m, n la hai s6 nguvén dwong

nguyén 16 cting nhau.Tim wéc chung lon nhdt
cua 5" +7" va 5" +7".
Loi gidi. (Theo ban Ngé Van Minh Thing, 12
Toén 1, THPT chuyén Nguyén Hué, Ha Noi va
ban Hoang Ngoc Bdo, 11 Toan 2, THPT chuyén
Quéc hoc Hué, Thira Thién Hué)
Khéng mét tinh tong quat, gia st m > n, ta cé:
ST+ T =(5"+ 7)™+ T
_grgmen _ gmengn
TH1: m < 2n. Ta c6:
ST = (5" + N5+ T
A Y )}
Theo thuit toan Euclid, ta co:
(57 +77,5" +7")=(5""T"" (5™ + 7*""™), 5" 47"
= (57" T 5 )
(i (5" .57 +7") =1).
TH2: m > 2n. Ta co:
ST+ =(5"+T7)(E"T+T™")
=PI ey,
Tuong ty nhur trén, theo thuét todn Euclid, ta co:

5m+7m,5n+7H)=(52H-m+72n—m’5n+7n :
)

bit (5" +7",5" +7")=a, . Khi dé:
—Neum<2nthla a,onm
TOAN HOC
46 ' CTugitre S 520(10-2020)

- Néu m > 2n thi Gpyp = Apm-2n
Giasitm=12,n=5=>m+n=171évataco

[# P
G5 = G5, > G2y =>4

Téng quét, néu m + n 1é thi
a =a, =" +7.5+7)=2.

Gidstm=13.n=5= m+n=18chan, ta cé:
3
a5 > ds; 23 —>a,,.

Téng quat, néu m + »n chan thi

a :al,l=(51+71’5]+7l)=12'

mn

2 néu m+nchin

Kétlugm: ¢"+7",5"+7 )={12 néu m+n 1é

Nhin xét. Ngoai 15i giai cua ban Thing va ban Bdo
¢ trén, ban Phan Trung Kién, 10 Toan 1, THPT
chuyén L& Quy Dén, TP. Viing Tau, Ba Ria - Viing
Tau ciing dua ra mét 101 giai ding nhung 14p luin cé
khéc véi cach giai trén.

NHU HOANG (Ha Ngi)
Sau day la bai tdp dé nghi. Ban doc hay giri 10
giai vé Tda soan trudc ngay 30.11.2020

BAI TAP BE NGH]

BAI TOAN 51. Bén chit s6 cudi ciia mot sé
chinh phuwong b&ng nhau. Chimg minh 16t cg

cdc chit 6 dé bang 0.

KHANH HUU (Ha Nsi)

You go to the corner,
ecause i1's always
degrees,

How do you keep
warm in a cold room
r
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GIAL DAP: THE TICH KHOI TRON X0AY!
(Dé ding trén TH&TT $6 516, thing 6 nim 2020)
Phiin tich sai lim. Ta c6 cOng thic tinh thé tich
kh6i tron xoay dugc sinh ra khi quay hinh phing
gioi han béi cac dudng: x = g(y), truc Ox, hai

duc‘mgthéngy=c,y=d(c<d)quanhtrucOylé
d

v=r[g()d.

c

Ban Nhu Ha di quén mit ring
¥=y—y*=y*(y-1)=0. Nén khi tinh tich
phén ta chi ldy cAn dudilay=1vacantrénlay=2

chir khong phai 14y tich phan tir 0 dén 2 vi khong
1

tn tai tich phan j(y3 — %) dy.
0

y3—-x2—y2=0<:>x2=y3—y2.
Giai phwong trinh tung d9 giao diém gitra (C) véi
truc tung: y® — y* =0 dé dang tim duoc hai giao
diém 14 y =0 va y = 1. Nhung vi
X =y _ )P =y2(y_1)_>_0 @[;};?
16n thé tich khéi tron xoay dugc tinh theo cong

17
=—17.

12

2
2 4 3
; y_ _J.
thire; V=ch-(y3—y2)dy=fr(—i" 3 }
¢ 1

Nhin xét. Chi c6 ban Ngd Van Minh Tharg, 1’2
Toén 1, THPT chuyén Nguyén Hué, Ha Noi phat

hién duge sai 1dm va cho 1o giai dung-
KIHIVI

THEO CACH DAY
CUA THAY MA'!

Kidm tra 1 tiét & 16p Toédn, vé phén (mg dung dao
ham dé tim gid tri 16n nhét va gid tri nho nhét cia
ham sb c6 cau hoi sau:

Dé: Tim gid tri lon nhét va gid tri nho nhét ctia
ham s6 y=x+\J4—x2.

Gidi. Mién x4c dinh cia ham sé: D=[-2; 2].

y=0Vd—x" =x
x20
=
e x=4/2.
Béng bién thién:
12 2 Jo V2 2

y + 0 -

, 22
N

Tir bang bién thién ta cé:
Gid tri 16n nhét ctia y 13 24/2 khix= /2,
gi4 tri nho nhéat cha y 13 2 khix = 0, x = 2.

Hon nira 16p d3 giai nhu vay, Thdy néi khong
dung. Céc em phan g lai: Gidi nhur Thdy day ma
Thay?
Vdy cdc ban cho biét 161 gidgi trén sai ding & ché
nao nhé!

NGUYEN LAl

(GV THPT chuyén Luong Vin Chdnh, Tuy Hoa,
Phu Yén)

TOAN HOC
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BAN CO VAN KHOA HOC

GS.TSKH. TRAN VAN NHUNG
TS.NGUYEN VAN VONG
GS. POAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chu tich Hoi dong Thanh vién
NXBGD Viét Narr!

NGUYEN PUC THAI
Téng Gidm déc NXBGD Viét Nam

HOANG LEBACH
Phé6 Téng Gidm déc kiem Téng bién tap
NXBGD Viét Nam
PHAN XUAN THANH

HOI PONG BIEN TAP

Téng bién tdp : TS. TRAN HOU NAM

Thue ki Toa soan : ThS. HO QUANG VINH

75. TRAN DINH CHAU, ThS. NGUYEN ANH DOUNG, TS. TRAN NAM DONG, 75. NGUYEN MINH BUC, TS. NGUYEN MINH HA,
7TS. NGUYEN VIET HAIL, PGS. 7S. LE QUGC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGQC, PGS. TS. TA DUY PHUUNG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS. TS. VU

DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

e Danh cho Trung hoc Co s¢

For Lower Secondary School

Tran Minh Vi - Nguyén Nhu Thiong — Hai
dinh huéng thudng gip trong gidi toan bét ding
thire trong ky thi tuyén sinh vao 10.

Huéng din giai dé thi tuyén sinh vao 16p 10
Trudong THPT chuyén Ha Tinh, ndm hoc 2020
-2021.

P& thi tuyén sinh vao 16p 10 Truong THPT

chuyén Phan Béi Chéau, Truémg THPT chuyén
Pai hoc Vinh, ndm hoc 2020-2021,

© © O

Lich sir toan hoc

Lé Quéc Han — Lich sir phat sinh va phat trién
phuong phap toa dé trong hinh hoc giai tich.

O

Pé ra ky nay
T1/520, ..., T12/520, L1/520, L2/520.

Problem in This lssue

Bién tdp: LE MAL DUONG THUAN
Tri sus, phdt hanh: NGUYEN THI THU HUYEN

€D Giai bai ki truée
T1/516, ..., T12/516, L1/516, L2/516.

Solutions to Previous Problems

Phwong phap giii toan
Nguyén Véan Thoi — Khai thac uéc s 1& va ude
sb 1 16n nhét cta sé tw nhién.

Ban doc tim toi
Lé Anh Ding — Phép nghich dao déi xtmg.
Tiéng Anh qua cac bai toan — Bai s6 61
Bai dich s6 58.
Nhidu céch gidi cho mét bai todn
Du lich thé giéi qua cic bai toan hay

a3 A - "
Sai lam & dau?

M thugt: QUOC HIEP, THANH LONG

Thiét ké, ché bdn: DUONG THUAN
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== nhiéu nam nay, viéc thuc hién cong tac xa hoi, tu
mmién, chung tay ho tro cac truong hoe khong chi
fa nghia vu, trach nhiém xa hoi, ma con la nguyén vong
cla toan thé can b cdng nhan vién Nha xuat ban Gido
due Viet Nam (NXBGDVN) va da tro thanh hoat dong
truyén thong cua don vi. Nam 2019, NXBGDVN da thyc
hign chuang trinh '25.000 bo sach giao khoa tiép bude
hoe sinh €0 hoan canh kho khan dén truong’ véi myc
dich trao tang nhtng bo SGK dén tay hoc sinh 1a con
gia dinh thuong binh - liét si, hoc sinh c6 hoan canh dic
biét kho khan.

Nam 2020, dé gop phan dam bao cho cac em hoc sinh
¢d hoan canh kho khan co du SGK khi budc vao nam
hoc mel, NXBGDVN da trién khai chuong trinh tang
SGK voi tiu dé Cung don em vao 16p 1. Chuong
trinh trién khai 0 cac dia ban co diéu kién kinh té kho
khan thuéc cac ving mién trén ca nudc nhu: Mién Béc,
Trung, Nam va Baéng bang song Clu Long. Tong so
gan 20.000 cudn SGK va dd dung hoc tap, tri gia trén
500 triéu dang. Bong hanh voi chuong trinh Cung don
em vao lop 1 cua NXB Giao duc Viét Nam ¢6 su ho
tro tich cue, chung tay cua cac S GD&BT dia phuong,
cung rat nhiéu cac thay cd giao dé tinh than nhan van
liép tuc duoc lan toa trong cong déng.

T cudi thang 8, nhiéu doan cong téc do lanh dao
NXBGDVN lam truéng doan da dén cac vung 0 mién nui
xa x6i, nhing noi diéu kién kinh t& con kho khan dé trao
tang SGK, do dung hoc tap cho cdc em hoc sinh. Ch
> Thai trao tang

qua cho hoc sinh tai Lao ziam doc Heéng Lé
dén trao tang SGK, 6 du C tap eho'hoc sinh

h Nghé An va Ha Giang; Pho Tong Giam doc

g Hai eling doan eong tac cua NXB Giao duc

0 Chi Minh dén trao qua cho hoc sinh 0 vUng

Jyén Lam Dong, Dak Lak; Pho Tong Giam doc
Chi Binh cuing doan cong tac cua NXB Giai\o

81Can Tho dén trao tang qua cho hoc sinh tai Hau
Tho...

nho 1am nhing anh mat nhit nhat cua em
0, nhé nhing con dudng quanh co Nhng

;3.,‘:" < - . | b ." P g
YONEVISVAQ LOPIES

.'-“—“.-‘5;"; [
\7\@)] |

. e

Ong Nguyén Puc Thai, Chu tich Hoi dong thanh vién NXB
Giao duc Viét Nam tang qua cho hoc sinh tai, ¥1y-Lao Cai
trong 1é khai giang ndm hoc 2020 - 2021. ARl. Bach Kim

Tong Gidm déc Hoang Lé Bach trao tang 223 b SGK Iop 1
cho hoc sinh huyég Meo Vac, tinh Ha Giang. Anh: Céng Duy

day nang & Méo Vac hay Xin Man (Ha Giang), sé nha
cam gidc duoe di xe trén dinh déo may tran vao busi
sang 0 Ky Son (Nghe An), Y Ty (Lao Cai), nhé bau troi
xanh ngat va nang gio 6 Dak Lak... Trén méi cung dung
chung t0i di qua dy con vuong lai biét bao tinh cam dm
ap, nu cuoi hanh phic cua cac em nho tai nhing ngoi
truong ma ching toi da dén. Néu nhu cudn sach gido
khoa hay cudn vé trang tinh c6 thé mang dén cho cac
em hoc sinh thém hy vong va tu tin vao cuoc song, thi
can b, cong nhan vién NXBGDVN nguyén dong hanh
clng cac em trén nhiing con duong mau xanh ay.

Tac gia: Hién Thuong
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Tdc gia: Nguyén Thi m‘mg Hanh, Nguyén Thi Binh Minh,

Ta Duy Phugng, Nguyén Thi Bich Thiiy

Sich day 303 trang. kho 16 x 24cm, gid bia 105.000 déng.

Phan nguyén [x] cua mot so
thue x la s6 nguvén lon nhat
khong vuegt gqua x. Do tinh doc
ddo khéng giéng ai cta ham
phan nguyén, thi du, ham phin
nguyén kha don gian: 1la ham
hang timg khuc, nhung cling
kha phuc tap: khong lién tue
tai cac diém nguyén vai bude
nhay bing 1, do d6 kho sir dung
cOng cu giai tich, vi vy cac bai
tip vé phin nguyén thuomg la
kho.

Ngoai li thuyét duge trinh bay
chi tiét, bat diu tr Trung hoc
Co s6, sich ¢ nhiéu bai toan
thi hoe sinh gioi cftp huyén,
tinh, Quoc gia va Quéc té lién
quan dén phan nguyeén.

Cu6n sdch gébm nam chuong.

Chuwong 1 tap hop nhirng Kién
thirc co bin vé phan nguyén:
Ham phan nguyén va do thi
ham phan nguyén.

Chwong 2 trinh bay cac bai
toan sd hoc lién quan dén phan
nguyén: Toan chia hét, {mg
dung nhi thirc Newton trong
giai todn v&i phin nguyén,. .

Chuong 3 trinh bay cic dang
toan phin
nguyén trong dai s6: Tinh 214
tri cua biéu thirc chira phan

litn quan d¢én

nguyén, ching minh h¢ thire
chira phin nguyén va dic biét,
phén loai chi tiét va kha diy du
vé cac dang phuong trinh chira

phan nguyén.

Moi chi tiét xin lién hé

Chuo‘ng 4 1a cac bai toan vé
phin nguyen trong toin Giai
tich: Day so, chudi s, gidi han
cua biéu thitc ¢6 phan nguyén.

Chwong 5 so lugc trinh bay
mot s6 van dé lién quan dén
phan nguyen phan nguyén va
hé dém co sé6 khac 10, phan
nguyén va phuong trinh ham.
phan nguyén trong li thuyét
ham thye,

Nhimg kién thirc va bai tap
trong sich la co so dé giai nhiéu
bai toan thi hoc sinh gioi khac
chua dquc dwa vao sach. Ngoai
ra, cudn sich cd thé gip cac
thay ¢6 gido trong vige thiét ké
cic bai tdp va dé thi moi.

Cudn sich Khong chi ¢6 ich
cho cac hoe sinh. cace ban yéu
todn va cac lhd\ cO day todn
pho thong, ma con la @i Léu
tham khao t6t cho céc sinh 1en
va giang vién dai hoe, cao ddl\"
nganh toan, ciing nhu cdc phu
hll)llh mong lnllnn LlllP con
em minh hoc t6t mon toan.

CONG TY CO PHAN SACH DAI HOC - DAY NGHE
Dia chi: 73 L6 Duc, Hai Ba Trung, Ha Néi
® Dién thoai: 02439724715 - 0983605756

ISSN: 0866-8035
Chi s6: 12884
Ma sé: 8BT10MO

Gidy phép XB s6 510/GP-BTTTT cdp ngAv 13.4.2019
In tai Xi nghiép Ban db 1 - BQP
In xong va ndp lwu chiéu thang 10 ndm 2020

Gid: V5.000 adny
Mudi 1m nghin déng






