XUAT BAN TU 1964

2020
S6 519

TOAN HOC

&‘Do )

NHA XUAT BAN GIAO D?uc VIET NAM - BO GIAO DUC VA PAO TAO

TAP CHi RA HANG THANG - NAM THU 57

DANH CHO TRUNG HOC PHO THONG VA TRUNG HOC CO so

Tru sé: 187B Giang Vo, Ha Noi.

DT Biéen tap: (024)35121607; BT - Fax Phat hanh, Tri su: (024) 35121606

Email: toanhoctuoitrevietnam@gmail.com Website: http://www.nxbgd.vn/toanhoctuoitre

Nha toan hoc Hungary
Paul Erdés (1913 - 1996)




op 2 dén 16p 12. Tinh

0, NXBGDVN da
¢ 93% san luong theo
‘-‘_‘ > dia phuong, dat 92%

y (do anh hudéng cua
[D-19 nén viéc mua

nhap kho duoc
g duong 115%

- dic 1_‘t' trong g1a1 doan trién khai dp dung Chuo-ng

gigo duc phd thong 2018. Phat trién hé thong bén 1¢, tai
cac dia phuong dé phuc vu nhu cau ciia HS va GV,

Trong thang phat hanh phuc vu khai giélllg ndam hoc mdj,
hé théng cira hang ban I¢ thuéc hé thong NXBGDVN
chudn bi diy du hang hod, m& clra ban hang tat ¢ cc
ngdy trong tuan, niém yét day du bang gia, df"mg thoi to
chitc céc ¢ wong trinh khuyén w2 phong phu.

« Dudng ¢ © néng (0377 2° ~ 4i dap moi thic mic
vé nhu ct.1 mua SGK T4 R ar 8h00 dén 22h00
hang nga; trong khoang tho ¢ ngay 15/6 dén ngiy
15/9/2020, ké ca thir Bay, Chu 3¢ va ngay 13.

NXBGDVN khang dinh s& tiép tuc chy dong umg phd

v6i dién bién phic tap ciia dich bénh, cac hién twgng bit

thuong cia thoi tiét dé dam bao cung tng day du SGK t6i
tay HS khi buéc vao nim hoc méi.
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I. Pinh nghia. Cho a, b, ¢ 14 nhimg s thuc, ta
xéttong §=a+ b+ c. Néu ta ddi chd a cho b,
b cho ¢, ¢ cho a, thi tong S ludn ludn chi 13 mét
(khong ddi). Téng nay khong thay ddi dbi véi
thir tu phép cong. Du a, b, ¢ c¢6 thay d6i thir tu
nhu thé ndo ching nira S vin khong thay ddi,
nghia 1a S bdr bién ddi voi viée thay ddi cac
bién khac. Trong thuc té cing nhu trong to4n
hoc, rat nhiéu van d& lién quan dén mér sé doi
twgng nghién ciru lai bat bién doi vdi sw thay
doi ciia nhiéu doi twong khdc.
Dinh nghia: Bdt bién la nhimg dai lwong (hay
tinh chat) khéng thay déi trong qua trinh ching
ta thuc hién cdc phép bién doi.
I1. Giai toan bing dai lwong bat bién
Dé giai toan dugc bang dai lugng bit bién ta
thuc hién theo cac budc sau:
+ Buwoc I: Ta phai phét hién ra nhimg dai lugng
bat bién trong bai toan. Budc nay twong d6i kho
néu ta khong luyén tap thudng xuyén.
+ Bude 2: X ly tiép dai lugng bét bién dé tim
ra cac quy luat, nhimg diém mau thuln, ... dé
giai quyét bai toan.
I11. M{t s6 thi du minh hoa
Thi du 1. (Dé thi HSG Toan 9 tinh Vinh Phic
nam hoc 2014 —2015)
Cho day gom 2015 so:
IR TR U DR B
1'2°'374772014 2015
Nguwoi ta bién doi day ndi trén bang cach xéa di
hai s6 u, v bat ki trong ddy va viét thém vao day
mot $6 6 gid tri b&ng u + v+ uvvao vi tri cua
u hodc v. Cir lam nhu thé dsi véi day moi thu
dweoc va sau 2014 lan bién déi, day cudi cing

chi con lai mét s6. Chieng minh rang gid tri ciia
6 cuoi cling khéng phu thuéc vao viéc chon cdc
$6 u, v dé xoa trong maéi lan thuc hién viéc bién
doi day, hay tim $6 cudi cimg do.
Léi gidgi. Thuc hién cdng méi s6 trén bang véi 1
ta dugc day s6: 1+1;i+1;1+1;....;‘—1——+1.
' 1 2 3 2015
Patu + v + uv = m, khi do ta dugc:
m+1=(w+1)(v+1).

Nhu vay sau mdi 14n xéa di hai sbu + 1 vav + 1
cua day thi lai thay boi s (u + 1)(v + 1).
Do d6 lac dau ta c6 day sé u, v, a, b, c,... va sau
khi x6a di hai s6 » va v ta dugc day sé m, a, b,
¢,... nén ta co:

@+ D+ D@+ 1)b+1)..

=(m+)a+1)b+1)..

Nhu vay sau mdi 1an xéa va viét thém thi tich
trén khong thay d6i. Goi k 1a sé cubi cing trén
bang sau khi xda thi ta duoc:

15

Rthe g ) P
123 2015
Do d6 ta dugc k=2015 hay sb cudi cing con
lai trén bang 14 2015.
Nhgn xét. Ta phat hién ra tinh chdt bét bién
nho dang thirc: w + v+ uv + 1 = (u + 1)(v + I).
Nén sau mdi 1an x6a thi tich:
(u+ D+ D(a+1)b+1)..
=(m+1)a+1)B+1)..
khong thay dbi. Va day chinh 1a dai lugng bat
bién cua bai toan nay. Nhu vay néu gii nguyén
ddng thirc ndy v thay déi day sé trén thi ta tim
duoc bai toan méi hodc thay doi dang thirc trén
ta cling duoc bai toan mai.
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Thi du 2. Nguéi ta viét lén bang day s6 1; 2;
3;....2019. M6i lan xéa di hai s6 bat ki x, y trén
bang thi lai viét thém sé x + y + xy vdo Vi Ir i
cua x hodc y trén bang. Sau mot 56 lan thuc
hién nhu vy thi trén bang con lai mét s6. Tim
s6 con lai do.
HD: Theo thi du 1 thi ta cé:

xX+y+xy+1=(x+1Dy+1).
Nén sau mdi lan x6a va viét thém thi tich

G+DE+ D@+ DB +1)..
khong thay dbi. Goi & 1a sb cuéi clng trén bang
sau khi x6a thi ta dugc:
E+1=(1+1)2+1)3+1)..2019+1)

=2.3.4...2020 = 2020! = k=2020!-1.
Vay s6 con lai cudi ciing trén bang 13 sé:
2020! - 1.
Thi du 3. Nguwoi ta viét lén bang day 56:
1010 1010 1010 1010 1010 1010
17 2 3 77720177 20187 2019

Méi lan xéa di hai sé bét ki x, y trén bang thi
lai viét thém s6 2y —x —y + 1. Sau mét s6 lan

3 yeow

thuc hién nhie vay thi trén bang con lai mot 56,
Tim 56 con lai do.

HD: Datm=2xy—-x—-y+ 1. Khi d6 ta co:
2m—1=4xy—2x—2y + 1= (2x— 1)2y~ 1).
Nhu vay d6i véi day sé 2x— 1,2y — 1, 2a — 1,
2b — 1,... thi mbi lan x6a di hai sb 2x — 1 va
2y — 1 ctia day va viét thém vao s6 (2x — 1)(2y -

1) tich: (2x — )2y — D(2a— 1)(2b—-1) ...
=(2m-1)Q2a-1)2b-1)...

khong thay ddi sau mdi lan x6a va thay sé.

Goi k 12 sé cudi cung trén bang sau khi x6a thi

ta dugc:

2k—1=(z.ﬂ9-1](2.1959—1)..(2.1ﬂ9—1
1 3 1010

...(2.1—01—0—1] 2000 o
2018 \“2019

20192018 2 1 _

1 2 2018 2019

Viy 2k —1=1nén k= 1. Vay sé con lai cu
ciing trén bang 14 s 1.

1.
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Thi du 4. Trén bang c¢o ghi 2019

111 ! _Méilc?nxéadihaiséx,ybd’,
23772019

, , ing 0 z= ;
ki trén bang thi ta thay bang X+y+l va

con lai. Sau 2018 Idn thy,

.~ = 'C Sé
giir nguyen cd L TR S
lai mét s6. Tim 56 con Ig;

hién thi trén bang con

dd. 1 1
1 1+x+y:J_+_+_, Khi d6 ta
HD: Ta GO xy xy XY
a -l+1——1—+l+l+1=[l+lj(l+l}
uogc: . —ng x ¥ X Yy

~ 1 g 1 5 .
Nhu vy sau mdi lan x6a di —+1 va ;+1 Vi
' %

1 by 4 I3 x
thay bing s6 -l—+l:(—l—+ij(—+lJ thi tich cac s
z X y
sau mai 14n xo6a va thay s6 mai la khong doi.
Do d6 néu & 12 sb cudi cuing thi ta dugc:

l+1= l+1 —-1—+1 . +1[=2020!
ko1t R
1 2 2019
Tir @6 ta duge: k=—-~—1 y
2020!-1

Thi du 5. Nguwoi ta viét trén bang day cdc s6 ti
nhién lién tiép tir 1 dén 100. Thuec hién tro choi
nhu sau: Tién hanh xéa hai sé a, b bat ki trong
day sé trén va viét lai mét 56 la @® +b°. Thuc
hién tr6 choi nhir trén cho dén khi trén bang
con lai mét s6. Hoi sé con lai trén bdng co thé
la 9876543212019 khong?
Loi giai. V&i day s8 ty nhien tir 1 dén 100 ta o6
tong 14243+ 4109 = (1+100)100
2
N it ki trong day s
trf:n vaﬂv1ét Alai MmOt $6 13 a® +4°. Khi d6 tbng
1oy
: Ta thay

1+2+3+4 ., +100 =50 . )
A ’ - 5 4 ~ b ;
Lai thay: Ochia 3 c6 sb dur Ja !

= 5050.

Tién hanh x6a hai s§ 4 bb
3

https://tieulun.hopto.org



(@ +b)~(a+b)=(a-Da(a+1)+(b-1b(b+1)
chia hét cho 3. Do d¢6 dai lugng ting lén ludn
chia hét cho 3. Nhu vay sau méi lan tién hanh
tro choi thi téng day s trén bang ludn chia cho
3 ¢6 56 du 1a 1. Ma ta lai c6 9876543212019
chia hét cho 3. Do d6 sau mot sb I4n tién hanh
trd choi thi trén bang khong thé con lai sb
9876543212019.

Thi du 6. (D¢ thi hoc sinh gioi Toan 6 huyén
Yén Lac, nam hoc 2017 - 2018)

Cho maot hinh tron dicoe chia thanh 10 6 hinh
quat. Trén moi 6 hinh quat ta dat mét hon bi.
Thuc hién tré choi nhie sau: Méi lan !a"fv o hai 6
bt ki méi 6 mét hon bi va chuyén sang 6 lién ke
theo chiéu ngueoc nhau. Hoi sau mot 56 lan thuce
hién tré choi c6 thé chuyén tat ca cdc vién bi vé
cung mot 6 duoc khong?

Loi giai. Truéc hét ta t6 mau xen ke céc 6 hinh
quat va ta ¢6 S 0 dugc t6 mau va 5 6 khong
duoc td mau. Néu di chuyén mdt vién bi & &
mau va mét vién bi & 6 khéng mau sang 6 lién
ké thi tdng sb vién bi & cic 6 mau cling nhu 6
khong mau la khong thay dbi. Néu di chuyén
hai vién bi & mdi 6 mau sang 6 khéng mau thi
téng sé vién bi & 6 mau bi giam di 2. Con néu di
chuyén hai vién & hai 6 khong mau sang 6 lién
ké thi tdng s6 vién bi & 6 mau dugc ting lén 2.
Nhir vy sau mdi lan thyuc hién tro choi thi fong
sé vién bi & cdc 6 mau khong thay doi tinh
chén Ié so véi liic d4u. Ma ban diu tong sé vién
bi trong cac 6 mau la 5, nhu vdy sau hiru han
lan thyc hién tro choi thi tong s6 vién bi trong
céc 6 mau ludn la sé 1é. Do d6 tong sb vién bi
trong cic 6 mau Juén khac 0 va khac 10. Nhu
vay sau mot s 1an thuc hién trd choi ta khong
thé duoc tit cd cac vién bi vé cing mjt 6 dugc.

Thi du 7. Mo6i lan cho phép thay thé cap 50
(a b) thuéc tdap hop M cho dirii ddy bing cap
5o (@ + ¢, b + d) trong do cdp s6 (c, d) umg
thuée M. Hoi sau mot 56 hivu han lan rhay thé
ta cé thé nhdn dwoc tap hop cac cap 56 nhir
trong 1ap hop M, hay khong?

M= {(l 6,2).(4,32), (6,62),(78,8)}
={(2018,702),(844,2104),(1056,2176),(2240,912)}
Laoi gidgi. Ta thiy hai s trong cing mét cap sb
ctia tap hop M déu c6 cung sé du khi chia cho 7.
Do d6 véi hai cap sb (a, b), (c, d) thude tap hop
Mtacd: a=Tm+r, b=Tn+r; c=Ti+g;
d=Tk+qvéi mn,ikr,qeN vaO<r,g<7.
Khidotaduge: atc=Tm+i)+r+gq;
b+d=Tn+k+r+gq.
Suyra a+c; b+ dcé cling sb du khi chia cho
7. Nhu vay sau mdt s hiru han lan thay déi, tap
hop gdm céc cap sé nhu vy van giit nguyén
tinh chét hai sb trong ciing mét cap sé c6 clng
s du khi chia cho 7.
Trong khi d6 & tip hgp M, cé chia cap sd
(2240, 912) c6 2240:7 va 912 chia 7 du 2.
Nhu vdy sau mot s§ hiru han lin thay thé ta
khong thé nhan dugc tip hop céc cip sé nhu
trong tap hop M,.

Thi du 8. Trén bang den viét ba sé 2,2,

!

"
Moéi lan

choi ta xod hai s6 nao do trong ba sé trén

_}[H

o

Ta bat dau thue hién tro choi nhie sau:

bang, gia swr la a va b roi viét vao hai vi tri vira
xod hai s6 méi 92 5 |a = bl
<2 2

nguyén so con lai. Nlue vday sau moi lan choi

déng thoi giir

trén bang luon ¢o ba sé6. Chimg minh rang di ta
¢6 choi bao nhiéu lan di chang nita thi trén
bang thoi ¢6 ba s6

khéng  dong

—1,:.\5.I+J5..
2J2

Loi gidgi. Gia sir ba s6 trén bang 1a a, b, ¢, khi

a+b _la-4| ;
thay a, b bin — va , taco:
2 2
bY ,(la=l
7 okl 2
_a 24 2ab+b* +d° —2ab+b2 y
a +b’.

2
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Nhu vdy sau khi xo4 hai s6 a, b thay bai hai s6

a+b , |a-b4
va

/2

WL

s0 moi khong déi. Do d6 tong binh phuong cua
ba s0 twén bang khong d6i va bing

moi

thi téng binh phuong hai

2+4+-;—=%. Mit khéic tong binh phuong ba

z 1 1 13
6 L L1+ d3 1 _+2+3+2@]¢_.
22 (8 2

Viy khong thé co déng thdi trén bing ba sb

—!=,\5,1+\5..
232

Thi du 9. Trén bang cho 2020 s6 nr nhién tir 1
dén 2020. Thiec hién lién tiép phép bién déi sau:
Méi ldn xoa di hai 56 bat kv a. b ¢6 trén bang

= o - - l . - 7. -
Yol vi€t thém séa+ b - —ab vao bang. Khi trén

bang chi con lai ding mér sé thi dimg lai. Tim
S ¢6n lai do.

Loi giai. Trong qua trinh bién déi, gia sir trén
bang c6 diy sé a,,a,,...,a,.Ta xét bidu thic
saw: P =|(a —2)a,-2)..(a, -2)|. Ta chimg
minh sau moi lin x6a thi gia trj biéu thirc P
giam di hai lan.

Gia sir ta x0a di hai s6 a va b khi d6 tich P mit
di thira 56 (a—2)(b—2)nhung khi thay bing

a+b—%ab thi tich P c6 thém thira sb

a+b-lab-2’ 8 Chi. k) R mot
2 2

nua nén P giam di mdt nira. Khi x6a di hai sé
va thay bang mét sé nén sau mdi lan xoa trén
bang giam di mét sb.

Ma trén bang ¢ 2020 s6 nén sau 2019 Idn x6a
thi P giam di 2" lan. Khi d6 ta c6 gia tri
P=|(1-2)(1-2)..(2020-2)|=0.

Gia sir s6 con lai trén bang 1 x khi d6 ta cg

P:Ix—2]=0=>x=2. Vay sd cubi cung trén
bang la 2.

TOAN HOC
4
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Thi du 10. Trén bang viét cdic 6

1 2 2018 2019
202072020 72020 2020
X6a di hai s6 a, b bat kv va thay bang so
a+b-5ab. Hoi sau 2018 lan thuc hién phép

bien doi trén bang con lai sé nao?

. Moi lan bién doi,

404 1
2020 5
Néu x6a hai sb a va b bét ki va thay bﬁng sb
moi la ¢=a+b-5ab, nhu viy sau mdi 1in x6a
day trén giam di mot s6. Nhu vay sau 2018 14n
X0a trén bang con lai mot sb.

Loi gigi. Trong diy sb trén c6 sb

Z T PRI S .
bén mdt lac nao do ta s xda - va mot sO b thi
ta thay bang c:é+b—5.-;—b= . Nhu vdy cir

. Vay so cudi

x6a 6 % thi lai xuét hién s
g e wg
cung con lai la <

Thi du 11. Cho tam thire béc hai fix). M6i lan

thay tam thice nav boi mét trong hai tam thirc

5 ofs ' 5 I -

x fI1+-— | hodc (x - 1)'_[‘(———]. Nhirvay neu
. X/ WX -1

cho tam tinee f(x)=x"+4x+3 thi sau mot s6

lan thay doi c¢6 thé

cho ta tam thic
Fix)=x"+10%43-9 khong?
Loi gidi.
Gia s tam thic d3 cho c¢6 dang

f(x)=ax’ +bx+cvéi a, b, ¢ 13 cic hé sé va g
khac 0. Khi d6 ta cé:

esfied)orffi 2] ol )]

=(@a+b+c)x’ +(b+2a)x +a.
Tir d6 ta dugc: A=(b+ 2a)’ -4a+b+c)a=h —~4qc.
Lai c6:

(x-l)zf(—l—]=(x—l)2 af L 2+b 1
x-1 x—1 a1 E

=cx’ +(b-2c)x+a-b+c.
Tur 46 ta duogc:

https://tieulun.hopto.org



A=(b-2c) -4(a=-b+c)c=b
Nhu vay sau mdi 1an thay déi thi tam thirc mai
c6 bigt thiue A khéng ddi.
Néu cho tam thirc J(x)=x>+4x+3 thi ta cé

—4ac.

A =4 —43 =4, nhu viy sau mét s6 Ian thay dbi
thi ta khong thu dugc thirc
FX)=x+10x+9vi A=10"-4.9=6424.

Thi du 12. Chio bon 56 2; 3; 4: 5 trén bang. Moi

lan x6a di hai s6 a, b n ong bon sé trén thi ta

tam

thay a’+b* va

bang  hai so  a+b+

a+b-+a’+ b .dong thoi gitt nguyén hai sé
con lai. Hoi sau mét s6 lan thay déi thi cé khi
nao ta thu dicoc bon s6 méi trén bang déu nho
hon 1 hay khéng?

Loi gidi. Néu bdn sb duge ghi trén bang 13 a; b;
c; d thi téng cac nghich dao la i+l+l+l_

a b ¢ d

Sau mbi lan thay ddi ta c6 bdn sb do 1a

a+b+Ja’+b*,a+b-Ja’ +b*,c,d.

Ta cé: . + 1
a+b-&-\/c:2+b2 |:J+b—\/az+b2

_a+b—va'+b’ +a+b+a’+b’ _11
B (a+b) —(a* +b%) a b
] 1
Khi d6: 1 " TIY. ¥
a+b+JP +b a+b-Ja+b ¢ d
1 1 1 1
==t —+—.
a b ¢ d

Nhu vdy sau mdi lin thay déi thi tong nghich

dao cua bdn sb da cho khong doi.

Mit khic véi bdn s6 2; 3; 4: 5 trén bang thi

1.1, 1. 14 Gia siv sau mdt sb lan thay

2 3 3 4

dbi ta thu dugc bon sbd x; y; z; ¢ déu bé hon 1.

Khi d6 ta co l+~l-+l+l>4. Piéu nay dén
x y z

méu thudn. Do d6 sau modt qué trinh thay doi ta

khéng thé thu dugc bbn s6 déu bé hon 1.

Nhin xét.
Z 1 1 .
Ta ¢c6 —+—+—+—<2nén sau mot sO lan
* 2 3 3 4 '

thay d6i ta ciing khong thé thu dugc hai trong
bdn sb nho hon 1.

. Ta ciing co thé giai bai toan trén theo cach
khac nhu sau:

Goi bdn sb trén bang 1d a; b; c; d, khi d6 sau
médi 14n thay ddi ta c6 bén sb c6 dang nhu sau;

a+b+Na* +b*,a+b-a +B-2-,c,d.
a+b+Va*+b* >a,a+b+Ja* +b* >b

Ta co:

a+b-Ja' +b* >0
Khi d6 ta dugc:

a+b+Jat +b* +a+b-Ja* +b* +c+d

>a+b+c+d.
Nhu vdy sau méi lan thay déi ta thu dugc bén
s6 c6 téng 1on hon bdn b cii. Do d6:

a+b+Vat+b* +a+b-Ja*+b* +c+d

>2+3+4+5=14.

Do d6 khong thé tén tai bén sé mdi déu nho
hon 1.

Thi du 13. 7rén mot hon dao o ba gi(i’ng tdc ke
sinh song gom 133 con mau xam, 155 con mau
nau va 177 con mau do. Néu hai con tic ké
khac mau nhau khi gap nhau ching sé cung
chuyén sang mau loai tic ké thir ba, con néu hai
con tdc ké ciing mau khi gap nhau thi chung giir
nguvén mau. Hoi trén dao co khi nao xay ra
tinh trang tdt ca cdc con tic ké cé cimg mau
hay khéng?

Lai gidi. Dic diém cia bai toan ndm & bo ba sb
133; 155; 177 va khi chia chang cho 3 thi dugc
céc s6 du 1an luot 12 1; 2; 0. Ta xét mot con tic
ké x4m gip mot con tic k& nau khi d6 chung
chuyén thanh mau dé va lic ndy sd tac ké trén
dao 1a 132 con mau xam, 154 con mau niu va
179 con mau d6. Ta nhan thiy néu chia cac s6
132; 154; 179 cho 3 thi ta dugc céc s6 du lén
lugt 1a 0; 1; 2. Ta xét mot con tic ké xam gap

TOAN HOC
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mdt con tic ké d6 khi d6 chung chuyén thanh
mau ndu va lac ndy sb tic ke trén dao 1a 132
con mau xam, 157 con mau niu va 176 con mau
do. Ta nhan thiy néu chia cac sé 132; 157; 176
cho 3 thi ta duge cac sé du 1an lwot 12 0; 1; 2.
Ta xét mét con tic ke ndu gip mot con tic ké
do khi d6 ching chuyén thanh mau xam va lac
ndy sé tic ke trén do 13 135 con mau x4m, 154
con mau ndu va 176 con mau d0. Ta nhan thiy
néu chia cac sé 135; 154; 176 cho 3 thi ta dugc
cac sb du lan luot 1a 0; 1; 2. Nhu vay du thay
ddi mau nhur thé ndo thi khi chia s6 con tic ke
mdi mau cho 3 thi ta thdy xut hién ddy du cac
s6 du lao;1;2.

Téng s6 tic ke trén dao la
133+ 155+ 177 =465

ludn chia hét cho 3. Néu nhu Xay ra tinh trang
trén dao tt ca cac con tic ké chi ¢6 mdt mau thi
s du chi chia céc con tic k& mdi mau cho 3 1
0; 0; 0. Diéu nay vé li. Do vay khong thé xay ra
tinh trang tat ca cic con tic ké trén dio c6 cung
mau.

Thi du 14. Co 2021 dong xu, moi dong xu cé
hai mat gcjm mot mar mau xanh va mot mdt mau
do. X é}) cdc déi?g xu sao cho cdc mdt mau xanh
ngua 1én. Thuc hién tro choi nhu sau: Méi lan
cho phép thuc hién doi bon mdt cua bén dong
xu twong ung. Hoi sau mét 56 lan thiee hién tro
choi ta co thé thu dugc tar ca cdc dong xu déu
cO mat mau do ngua (én hay khing?

Loi gigi. Thay mdi dong xu ¢6 mit mau xanh
ngira 1én bang sé —1 va thay mdi dong xu c6
mit mau d6 ngira 1én biang s +1. Khi dé cach
thuc hién trd choi theo bai ra dugc mé ta nhu
sau: Mai lan x6a bén s6 bét ki va thay bang bén
s6 1a dbi cua né. Ban diu ta co 2021 s —1
tuong ing véi 2021 déng Xu c6 mat mau xanh
ngira 1én. Nhu vy khi thuc hién tro choi thay
d6i bon sb a, b, c, d bang bon sb —a, —b, —c, —d
thi tich ta c6 tich (—a)}(-b)(—c)(~d) = abcd.
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Dleu d6 co nghia 1 khi thuc hién tro choi mot
sd 14n thi tich cia 2017 s khong thay ddi va
bang 1.

Néu nhu tht ca 2021 ddng xu déu c6 mat mau
do ngira 1én thi tich cac sb thay thé ludn bing
+1. Nhu viy sau mét s6 14n thyc hién trd choi
thi ta khong thé c6 2021 ddng xu cé mit mau do
ngua lén.

Thi du 15. Xdc dinh cdc s6 duong m,
n sao cho bang chit nhdt m x n cé thé
lat dweoc bang cdc quan hinh chir L :]
nhir hinh bén.

Léi gigi. Khong mét tinh tong quat ta c6 thé gia
st m < n. Dé lat dugc bang quin hinh chir L
nhu trén thi bang m x n phai cO m > 2, n > 3.
Gia st bang dugc l4t bang a quén hinh chir L.
Khi d6 do mdi quan hinh chir L ¢6 4 6 vudng
nén ta c6 m.n = 4a. Mat khictem > 2, n > 3
nén ta dugc m.n > 6, do d6 a > 2.

o XEt trudng hop a = 2, khi
2 X
do ta c¢6 bang 2 x 4 ¢6 thé
1at bang hai quéan hinh chir | X | X | X

L nhu hinh bén.

o Xet trudng hop a = 3, khi d6 ta c6 hai bang
2 x 6 va 3 x 4. D€ dang kiém tra duoc ring hai
bang nay khong lat duoc bdi cac quén hinh chir
L.

Nhu vy tir hai két qua trén ta dy doan bang c6

lat dugc bang cac quén hinh chir L khi g 13 s
chén.

Dé chimg minh dy doan nay di t6 mau cac 6
trong bang nhu sau:

Gia st m 13 sb chén, khi dé cac 6 & hang 1¢é ta to
mau den va cac sd & hang chan ta t6 mau trang
Ta ¢6 s6 6 mau den va b 6 mau tring bing
nhau va bing 2a. M&; qQuén hinh chir L duoc lat
vao bang chiém 3 4 mau den va moit & mau
trdng hodc 3 6 mau tring va mét 6 mau den. Gia
sir trong bang dwoc lat bing x quén hinh chir L
chiém ba 6 mau den va mot & mauy trang y quan
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hinh chir L chiém 3 6 mau tring va mot & mau
den. Khi d6 ta c6 hé phuong trinh:

{x+y:—.a x:y
= K
Ix+y=3y+x=2a a=2x

Nhur vy ta dugc a 13 sb chin. Bay gio ta chimg
minh v&i a 12 s6 chan thi bang m x n ¢6 thé lat
dugc bang quan hinh chir L. Didu ndy c6 nghia
|3 ta cin chimg minh tich m.# chia hét cho 8 thi
bang m x n 1at dugc bing quan hinh chir L.

That vy, néu m chia hét cho 2 va m chia hét
cho 4 thi bang ¢4 thé tr& thanh bang 2 x 4 va c6
thé 14t duge bing cic quan hinh chit L. Néu m
13 56 1& va n chia hét cho 8 thi ta viét m = 2k +
3, khi d6 bang c6 thé thia thanh cic bang hinh
chir nhat 2 x 4 va 3 x 8. Tir d6 bang c6 thé lat
dugc bang cac quan hinh chir L.

Vay diéu kién can va du dé bang m x n c6 thé
lat dugc bang cic quan hinh chir L 1a tich mn
chiahétcho 8 véim>2,n>2.

Thi du 16. C6 rat cd 2n ngai dai sir dwoc moi
dén mot bira tiéc. Moi ngai dai suw co nhiéu nhat
n—1 ké thie. Chimg minh rang cé thé xép cdc
ngai dai sir ngéi quanh mét ban tron dé khong
ai phai ngéi canh ké thit cia minh.

Léi gidi. Diu tién ta xép chd ngdi cho cac ngai
dai sir theo moi cach co thé. Goi m 1a sb cap ké
thi ngdi canh nhau. Goi (4; B) la mot cap ke
thi véi B ngdi bén phai cta 4 (hinh thir nhat), ta
s& can phai tach ho ra. Xét mét cdp (4';B’) voi
A' 1a mdt ngudi ban cua 4. Ta s€ dat duge muc
dich bing cich dao 2 ddu mat cua cung BA’
(hinh thir 2). Khi d6 m s& bi giam néu (4; 4') va
(B;B’) trong hinh hai 12 m{t c@p than thi¢n. Ta
cin chi ra rang luén ton tai B ndm bén phai
cua 4' va B la ban cua B’.Ta bat ddu tir 4 va di
khip xung quanh ban theo chiéu kim ddng ho.
Ta c6 it nhit #» ngudi ban cla 4 va bén phai ho
s& c6 n chd ngdi. Ho khong thé bi chiém gii bai
tit ca ke thi cia B’ vi B'chi ¢6 n — 1 ké thi.
Nhu vay ludn ton tai mét dai sit 4'dé cho bén

phii cuia né c6B'lamét 5, g B
ngudl ban cua B. Keét

hop véi nguyén ly bat

bién ma ta da tim ra &

trén thi vi¢c 1am giam m

1a luén thuc hién duge. Vay sau mot sé 1in nhét
dinh thyrc hién thuét toédn nhu véi cap (4; B) thi
ta sé c6 mot cach xép thoa man yéu cau cla bai
toan.

Thi du 17. Trong bdang 6 vuéng 4 x 4 gom 16 6
vuong, nguoi ta viét méi 6 vuéng mét dau cong
hodc mét dau trir. Cho phép thay déi déu cia
cdc 6 vubng trén cung mot hang hodc mot cot
bang cdch thay dau cong thanh dau trr va
nguoc lai. Tién hanh thudt toan mot s6 lan nhue
vdy cho dén khi sé dau trir trong bang khong
thé giam diegc nita. Khi dé sé déu tric nho nhat
co trong bang ma sau khi thuc hién thudt toan
dua vé dirge goi la sé ddc trimg cua bang. Hoi
56 ddc trung cua bang ¢o thé nhan cac gia tri
nao?

Léi gidi. Gia sit bang T, sau cac phép bién dbi
dau trén mai hang hodc mdi cot ta dugc bang
T, ma sé diu tnr trong bang 1 bé nhét, diéu d6
c6 nghia la néu bién ddi tiép bang 7, thi ta
khong thé thu dugc s dau trir bé hon dugc nira.
Ta s& goi bang nhu vay la bang cuc tiéu. Ta sé&
chimg minh s6 ddu trir trong bang cuc tiéu
khéng 16m hon 4.

Thét vdy, trong méi hang hoiic mbi cdt cia
bang cyc tiéu c¢6 khong qua hai déu trir (vi néu
mdt hang hodc mot cét ndo d6 ¢6 nhiéu hon hai
diu trir thi ta thuc hién tiép thuat toan trén sb
hang hoidc cft do s6 dau trir s& giam). Gia sir tén
tai mot bang cuc tiéu cé nhiéu hon 4 diu trr.
Khi d6 trong m§t hang (cdt) 4 nao cd cia bang
c6 it nhét hai dau trir. Ta ki hiéu P va Q 1a cac
cot (hang) chira cac déu trir 46, hai déu trir con
lai c6 thé & cot P va O hoac cac cot khac. Khi
bién d6i hang A (néu can thiét) ta s& c6 bang ma
ma mot cot P va Q c6 dung hai dau tnr. Ta xét
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déu tnir thir nam, du trir nay & hang B, khi ddi
diu mot trong hai cdt P va Q thi s6 diu trir trén
hang B 13 3, diéu nay méu thuin véi bang T, 1
bang cuc tiéu.

Cac bang ¢6 1, 2, 3, 4 diu trir trén dudng chéo
va cdc 6 vudng con lai cé diu cong 12 mdt bang
cuc ticu. Dé chimg minh didu nay ta chd y dén
két qua cua phép bién dbi T, thanh T, khéng
phu thudc vao sb 14n bién dbi mot hang hay mdt
cOt cua bang ma phu thude vao tinh chin 1é cua
s6 d6. That vay, gia sir hang thir nhat thay déi a
lan va céc cot twong tmg thay di b;b,:b,;b, 1in
thi ddu dimg & goc trén bén trai thay déi a + b,
lf:?\n, con céac 6 con lai thay d6i 1an luotla a+b,;
a+b,; a+b, lan. Néu a 1a sé chin thi thay a
bang 0 va néu a a sb 1¢ thi thay @ bang 1 thi két
qué van gilr nguyén. Vi vy ta chi cin xét su
bién ddi khong quad mdt lan. Sir dung céc két
qué ndy ta thiy cac bang trén chinh la céc bang
cuc tiéu. 7

Vay sb dac trung cua bang ¢ thé nhan 1a 1, 2,
3,4.

Thi du 18. Trong mét bang 6 vuéng n x n véin
lé ¢6 n.n 6 vuong dom vi. Trong méi 6 vudng
dom vi ta viet mét s6 +1 hodc 1. Goi a, la tich
tat ca cdc s6 trong hang thir i va b, la tich tat
ca cdc s6 trong cotf thie jvoi i, j = 1.2, ..., n.
Chirng minh rang

a+a,+..+a,+b +b+..+b £0.

Léi gigi. Néu ta thay doi dau céc sb ndm ¢ hang
thir p va & cot thir g, nhimg s a, va b, ciing
ddi diu con cac sb khac thi giir nguyén. Ta di
khao sat su thay déi cua a , +b, trudc va sau

khi dbi dau

Trudc Sau Trudc Sau Trudc Sau Trude ﬁT
a, | -1 [+ | -1 |+ |+l |
b‘, -1 +1 | +1 -1 -1 {+1 | +1 -1
a+b, | 2 |20 oo o] 2 [5]
HOC !
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T bang trén ta théy téng a,+0b, bicn ddi béﬂg
céch thay déi bing mot bi cua 4.

Ta xét bang chi co cac so6 +1, khi gg
a +a,+..+a,+b+b +...+b,=2n, donlash
¢ nén 2n khong chia hét cho 4. BO1 Vi céc bang
khac s& nhan dugc tir bang gom toan so 1 say
mét sé phép bién doi. Do d6 tong
G +ay+ .t a,+ b+ byt b =20 khong th
chia hét cho 4. Tir d6 suy ra ting
a, +a,+..+a,+b +b +..+5,#0..

Thi du 19. Co ba déng SOI gd‘m 51, 49, 5 vien,
Ta !ln_;'c hién mot trong hai budc di nhu sau:
Bue thir nhét la don hai dong bat ki thanh mgt
dong va bude hai thir hai la chon d(f{?g Cé\SOA'
vién soi la chan dé chia thanh hai dong bang
nhau. Hoi sau khi thyc hién mot day budc di
nhur thé ¢é thé chia ba dong soi thanh 105 déng
ma méi dong chi cé6 mét vién khong?

Loi gidgi. Ban du c6 ba déng soi gbém 51, 49, 5
vién déu 12 s 1é nén budc di dau tién phai la
ddn hai déng s6i thanh mot déng soi. Ta xét cac
truong hop sau:

o Trudmg hop 1: Ddn hai dbng s6i 5 vién va 49
vién ta dugc mot déng s01 54 vién. Luc nay ta
c6 hai dbng s0i 54 vién va 51 vién. S5 soi & mdi
dng déu 1a bdi cia 3. Budc thir hai 13 ta chia
déng soi 54 vién thanh hai déng bing nhau ma
moi déng o 27 vién. Nhu vay ta lai c6 ba ddng
s0i 27 vién, 27 vién, 51 vién. Biy gia céac ba
déng s6i déu ¢6 s6 s6i 1a 6 16 nén ta s& thuc
hién bude di don hai ddng 27 vién va 51 vién dé
duoc mot dong 78 vién. Dén ltc nay ta lai dugc
hai dong s6i 1a 27 vién va 78 vien, sé soi méi
dong déu chia hét cho 3. Tiép tyc thyc hién
bude di chia déng s6i 78 vien thanh hai déng
S(_T)i 39 vién thi’ta lai dugc ba déng soi ma 50
V1’én 501 chia hét cho 3. Nhu vy thirc hién mot
sﬁ‘ btf(')c. di ludn phién ta thy duoc cac sdng soi
ma S0 Vién $6i ludn chia hét cho 3. Pay chinh
bAt bién clia truémg hop thir nhit. That vay, ki
g0p hai dong s6i ¢6 s6 vin s6i chia hét cho 3 12
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duoc mot déng sdi c6 s vién soi chia hét cho 3,
con chia chia mdt ddng soi ¢ sé vién soi chin
va chia hét cho 3 thi ta lai dugc hai déng si 6
sb vién soi bang nhau va chia hét cho 3. Nhu
vay khi thyc hién cc buée di thi sb vién séi &
mdi dbng s6i lubn chia hét cho 3 va sé déng soi
duoc chia ra nhiéu nhit 13 35 déng véi médi
dbng soi ¢6 3 vién.
« Trudng hop 2: Don hai déng s6i 5 vién va 51
vién ta dugc mot ddng sdi 56 vién. Luc nay ta
c6 hai ddng séi 49 vién va 56 vién. Sé séi & mdi
déng du 13 boi ctia 7. Budce thir hai 1 ta chia
déng s6i 56 vién thanh hai déng bang nhau ma
mdi déng c6 28 vién. Nhu vy ta lai c6 ba dbng
soi 28 vién, 28 vién, 49 vién. Ta thiy s vién
s01 mdi dong déu chia 7. Dén hay ta c6 thé thuc
hién bude di chia déng 28 vién thanh hai déng
s0i bang nhau hoic dén hai dbng s6i 28 vién va
49 vién, khi @6 ta ciing duoc cac déng 361 €O s
vién soi chia hét cho 7. Nhu vy thirc hién mot
s6 budc di luan phién ta thu duge cac ddng soi
ma s6 vién soi ludn chia hét cho 7. D4y chinh la
bat bién cua truong hop thi hai. Nhu vay khi
thyc hién cac bude di thi s vién s6i & mdi ddng
soi ludn chia hét cho 7 va sb déng s6i dwoc chia
ra nhiéu nhat 1a 15 dng v&i mbi dbng s6i ¢6 7
vién.
o Truomg hop 3: Dén hai déng séi 51 vién va 49
vién ta dugc mot déng soi 100 vién. Lic nay ta
c6 hai déng sdi 100 vién va 5 vién. Sé soi & mdi
dbng déu 12 b6i cua 5. Bude thir hai 14 ta chia
ddng so6i 100 vién thanh hai dbng bing nhau ma
mdi ddng 6 50 vién. Nhu vay ta lai c6 ba déng
01 50 vién, 50 vién, Svién. Ta théy s6 vién soi
mdi déng déu chia hét cho 5. Dén hay ta c6 thé
thuc hién buéc di chia déng 50 vién thanh hai
ddng soi bing nhau hoic ddn hai déng soi 50
vién va 5 vién, khi d6 ta ciing duoc cac déng s01
c6 s6 vién soi chia hét cho 5. Nhu vay thuc hién
mdt s6 bude di luan phién ta thu duge cac séng
s0i ma sd vién s6i ludn chia hét cho 5. bay
chinh 13 bat bién cta trudmg hop thir ba. Nhu

vay khi thyc hién cdc budc di thi sb vien soi &
mdi déng s61 ludn chia hét cho 5 va sb déng sO1
dugc chia ra nhiu nhét 13 21 déng véi mébi
dbng s6i c6 5 vién.
Nhu vay tir cac trudng hop trén ta thiy khong
thé chia ba dong séi thanh 105 déng ma médi
déng chi c6 mot vién.
Thi du 20. Trén ban co 6 vuong 8 x 8 co 32
quan mau tring va 32 qudn mau den, méi qudn
chiém mét 6 vudng. Thuc hién tro choi nhur sau:
Tai moi bude di ta thay toan bo qudn den thanh
quan trang va nguoc lai trén mét hang hodc
mot cot nao do. Hoi sau mdt so hitu han buce
thi trén ban co co thé con lai ding mét quan
den khong?
Loi gigi. Néu truée khi bién ddi c6 & quan den
trén mét hang (c6t) thi trén hang (cdt) d6 cod
8 — k quén trang. Khi thuc hién bién ddi hing
(cot) @6 thi k& quan den chuyén thanh % quan
tring va 8 — k quan tring chuyén thanh 8 — &
quén den. Nhu vay sau buéc bién déi trén hang
(cot) @ thi sb quan den trén bang ting thém
8 — k va ddng thoi giam di k quan, didu nay cé
nghia 13 s6 quan den trén bang thay d4i mot
lugng 14 (8 — k) — k=8 — 2k quéan. S& quan den
thay d6i nay s& 1a sb dwong néu k < 4, 12 s6 am
néu k>4 va bang 0 néu k = 4. Chu y ring (8 —
k) — k= 8 — 2k 14 sb chin nén sau mdi budc
thay ddi thi sb quan den bi thay d6i ludn 1a s
chin, ma lic dau ta ¢6 32 quan den nén téng sb
qudn den trén ban co sau mdi budc thay déi
luén 13 sé chdn. Nhu véy sau hiru han bude di
trén bang ludn ton tai trang thai s6 quan den va
quén tring 1a céc s6 chin. Do d6 khéng thé bién
d6i ban cd vé trang thai con lai ding mét quan
den dugc.

BAI TAP TU LUYEN
Bai 1. Trén bang ghi mét s6 nguyén duong cé hai
chit s6 tré 16n. Nguoi ta thiét lap s6 méi bang cach
X0a di chir s6 hang don vi cua sb di cho, sau d6 cong
vao sb con lai 7 14n sé vira bi x6a. Ban dau trén bang
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ghi s6 6'®. Hoi sau mot sb buéc thuc hién nhu trén
ta c6 thé thu dugc 100° hay khéng ? Tai sao ?
Bai 2. Gia sit ring » 1a mot sb 16. Piu tién ta viét
céc s6 tir 1 ti 2 trén mdt bang den. Sau d6 ta chon
ra hai s6 bt ki a, b va x6a ching, rdi thay thé ching
bdi Ia—bl. Chimg minh rang s con lai cudi cung la
mot sb 1é.
Bai 3. C6 2010 vién soi. Hai ngudi choi thay phién
nhau béc s6i, mdi luot di ngui choi duoc quyén béc
mdt s6 luong vién séi 14 luy thira véi sé mi tu nhién
bt ki cia 2 (1, 2, 4, .....). Ai béc dugc vién soi cudi
cung Ia thing cudc. Gia sir ca hai ngudi choi déu la
ngudi thong minh. Hoi ai 1a ngudi thang cude?
Bai 4. Trong mét hop cé 2010 vién soi. C6 hai nguoi
tham gia trd choi, méi ngudi 1an luot phai bée it nhét
1a 11 vién séi va nhidu nhét 13 20 vién soi. Ngudi
nao boc vién soi cudi cling s& thua cude. Hiy tim
thudt choi dé dam bao ngudi bée diu tién luon 14
ngudi thing cude.
Bai 5. Cho mét bang 6 vudng chira sé nhur hinh a. Ta
thuc hién mdt thuat toan 7 nhu sau: Chon ra 2 sb bt
ki ndm & hai 8 vuéng canh nhau va cong 2 sé d6 véi
mét s6 nguyén nao d6. Hoi ring sau mot sb lin thuc
hién thuit toan T thi bang hinh vuéng chita cac sé
nhu hinh a c6 thé thanh bang hinh vuéng nhu hinh b

hay khong?
17213 71819
41516 62 1|4
71819 31511
Hinh a Hinh b

Bai 6. Cho mét ban co qudc té 8 x 8 . Hoi ring quan
mi c6 thé di nudc dau tién tir 6 dudi cing bén trai va
két thiic & 6 trén cung bén phai hay khéng. Véi didy
kién n6 phai di qua tat ca cac 6 trén ban c& va méi 6
chi di qua ding mét lan

Bai 7. Mdi s6 trong cic sé a,,a,,...,a, nhin mot
trong bhai gid tri 1la -1 hoic 1. Biét réng
S =aa,a,a, + a,a,a,a; +...+ a,aa,a, = 0, chimg
minh ring # chia hét cho 4

Bai 8. Trén mit phing cho 2011 diém sao cho khéng
c6 3 diém nao thing hang. Xét tit ca céc doan thing
néi cac cap diém trong 2011 diém nay. V& duomg

TOAN HOC
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thang o khong di qua diém nao trong so 2011 diém
néi trén. Chimg minh rang néu du(:mg thﬁngwd cat
mot sé doan thing xét ¢ trén thi s6 doan thang b
dudng thing d cit 1a mét s6 chan. )
Bai 9. Cho trudc sé nguyén duong # €. Tai méi &
vudng cta ban co kich thude n x 1 ng}féfi ta viét mot
sb +1 hodc —1. Goi @, la tich cla tat ca nhimg sb
ghi trén hang th k (tinh tir trén xudng) va b, 1 tich
ctia tht ca nhimg sb ghi trén cot thir & (tinh tir trai
sang). Chimg minh ring véi moi cach dién s0 nhu
trén, ddu c6:a, + a, +...+a, +b + b, +..+ b, #0.
Bai 10. Ta dinh nghia vién gach hioh moc céu la
hinh gdm 6 & vudng don vi nhu hinh vé& duéi day
hoic hinh nhin duoc do 14t hinh d6 (sang trai, sang
phai,...) hoic hinh nhidn duoc do xoay E
hinh d6 di mét géc. Xac dinh cac hinh
chir nhat kich thudc m x n véi m, n la cac
sb nguyén duong sao cho cé thé lat duoc
bang cac vién ganh hinh méc cau.

Bai 11. Trén bang ngudi ta viét 100 chir sé 1 va 10
chit s6 2 sau d6 thuc hién trd choi nhu sau: mai ln
x0a hai s6 bat ky va viét mot s méi bang tich 2 s
dd xoa. Viéc lam ndy thuc hién lién tuc cho dén khi
con mot sb trén bang. Hoi sé cudi cung trén bang
con lai la bao nhiéu? Tai sao? ’

Bai 12. Trén bang ngudi ta viét cac sb tu nhién lién
tiép tir 1 dén 100 sau d6 thuc hién trd choi nhu sau:
m&i lan x6a hai sé bt ky va viét mot s6 mdi bing
tong 1ap phuong cua hai s§ dz cho. Viéc lam nay
thuc h'ién li’én tuc cho dén khi con mdt s6 trén bang.
Hoi sb ct;g)lib cing con lai trén bang ¢6 thé Ia sb:
9875432_1 hay khéng? Tai sag?

Bai 3. 0 ngoai bién, trén mot hon dao sinh séng ba
giong than lan c6 ba loai
mau niu cé 155 con vé-
con thin lin khac mau
doi sang mau thir by (
gdp than lan mau pay,

mau: mau xam cé 133 con,
mau d6 ¢6 177 con. Néu hai
£3p nhau thi ching dong thoi
Vi du: néu thin I3n mau xam
thi ci haj cop déu ddi sang
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HUONG DAN GIAI DE THI TUYEN SINH VAO LOP 10, THPT CHUYEN KHTN,
PHQG HA NOI, NAM HQC 2020 - 2021
VONG 1

Cau L. 1) PT thi hai ctia hé twong dwong véi
9x? =xy* 4—10(.7&:—)1)(3:2 +xy+y2)
& 92 =xy* +10(_7c3 —y3)
S X +x)*-10y* =0 (%),
x*=7

3 _ ’hé
9x” =70x

Néu y=0 thi hé da cho tr& thanh {

nay v0 nghiém.

Xét y =0 chia hai vé (*) cho ¥y taco:

3
(E) +(-{]—10=0@ﬁ+r—10=0 [::1]
y Yy y

& (1-2)(F +20+5)=01=2cx=2y.

x=2y
Thu duoc hé: .
7y2=7
5 X {x=2 {x:_z
DPap s6: , :
y=1" |y=-1
5-x20
2) bK: < —<x<5.
2x-120 2
Pat u=v5-x, v=+2x-1 (4,v20) thu dugc:
237+ =9 2u* +v* =9
<
11u+8v=24+3uv 1w +8v=15+2u* +v* +3uv
- 20 +v* =9
3(2u+v)+5(u+v)==15+(2u+v)(u+v)
2u’ +v* =9
~ 5
(2u+v—5)(u+v-—3)=0
2u+v=>5 v=5-2u
» Gidi hé: s = R
Ut +v* =9 3w -10u+8=0
_4
u=2 ”*5
< i > x=1, x=— (thoa min DK).
v=] 7
y=—
3
+ :“3 —— —
«Gigihe: " " =3
2u +v2 = W — 2y =0

=2 =0
o717 o x=1, x = 5(théa man DK).
v=1 (v=3

. 29
Vay PT ¢6 3 nghiém: x=1, x=5, x=—§~,

Cau Il
1) ¥’y —16xy +99=9x" +36y” +13x + 26y
< X2yt +20xy +100
=9x* +36xy+36y° +13(x+2y)+1

& (xy+10)" =9(x+2y) +13(x+2y) +1.
Piat m=x+2y, suy ra 9m’ +13m+1 la binh
phuong cua sb nguyén duong, Ta co:
(3m+1) =9m* +6m+1

<9m* +13m+1< (3m+3)" =9m® +18m +9.
Suy ra: 9m2+13m+1=(3m+2)2c>m=3.Ta
x+2y=3 x+2y=3 ([x=1
(xy+10)° =112 C>{xy=l {y=1.
Dapsb: x=y=1.
2) Tir dieu kién (a+5)(2a+35)+102 4(2a + 35)

a;b+2a-5k3b22-

3a*+8b* +10ab< 21> (a+b)’ +5* 2 2% +(2a+3b)’.

thu dugc:{

¢:1r+b)2 52
2 + 2 +
2 (2a+3b)
52
(2a+ 3[‘))2

Ta co: (a+b)2 +5° =22[(

+((Za+ 31!:)2 —22)

a+th 5 Y

22_22 2 2a+3b

2

52

+((2a+ 3b)° “22)(2?55_)2

22.2° +(2a+3b) ~2* =2* +(2a+3b)".

Cau I 1) Do NBA=DAB=DAC = ACM nén
hai cung AM va AN bing nhau, do d6
AM = AN.

TOAN HOC
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2) Tac6: AFM = %(sdm +sdBN)

1 —~ — —~ ——
= E(sc1AN+ sd BN) =%sd AB = ACB.
Do d6 tir gidc BCEF néi tiép.
3) Goi AD cat PO, MN tai S,T. Ta thiy
AQP = ANM = ACM = CAD va

— — — 1 ~—~ N ——
SAQ =5AB + BAN = - (504N +5dBN) = 4CB.

Ta suy ra AAQS ~ACAD (g.g) vi tuong tu
AAPS ~ ABAD (g.g). Vay ta cé:
SP _AP DA _ AC

DA BA SO AQ

(a* +0" + g 3abc)2
(ab+bc+ 60)2

Gia st ¢ =min(a,b,c) ta co:

(-

2 2 2
2 g2t L, a+b+c
b HCHE (i

“ab+bc+ea+c
=c¢=1.Suyra:

a+b+c
ab+bc+ca
Ding thirc xay rakhi a=5
at+b*+c*  8abc
ab+bc+ca+(a+b)(b+c)(6+a)
S a* + b +2c +_______8_‘_’EC___=
—(c+a)(c+b) (a+b)(b+c)(c+a)
Ta chimg minh: P22
oo (a + 87 4262 ) (a+ ) + Babe
>2(a+b)(b+c)(c+a)

—_—2>1
ab+bc+ca )

& (a+b +2c2)(a+b)+8abc
>24% (b+c)+2b* (c+a)+2¢" (a+b)+4abe
& @ +b* +4abe > ab(a+b) +2¢(a* + )
& (a+b)(a-b) 22c(a-b)
& (a-b) (a+b-2c)20 (ding Vi c<a;c<b).

Theo 1), AM=AN nén AP=AQ, suy ra
P 2 2 2
£—=£ Vi BCEF ngi tlep, ﬂ—-A—F Suy ra a +b +2 + il >2.
SO AB’ AB AE ab+bc+ca (a+b)(b+c)(c+a)
Hon nira, theo tinh chét phén giac % = % ay Tacod: 8(a+b+c)(ab+be+ca)<9(a+b)(b+c)(c+a)
. a +b +c 8abc
S4B .Tir day theo dinh ly Thales dao, suy ra hen 2= ab+bc+ca 8
SQ TE §(a+b+c)(ab+bc+ca)
ST, QF, PF ddng quy. g
Cau IV.Tacé: _a+b+c 3abc
a’ (c;|'+t’)c)2 . b’ (b+cczr)2 c? (c+ab)2 ab+be+ca  ab+be+ca
- ab(ab+ 2¢) be(be+2a")  ca(ca+2b7) & 2(ab+betca)<a’ +5 +c + 3abe 2).
(02 +bh+ct + 3arbc)2 Tu(l)va@)suyra M24. Dau béng xdy ra khi

M> vachikhi g=bp=¢=

= a’b? +b*ct +cfa’ + 2abc(a +b +c) e =k
VONG 2

Ciau 1. 1) Td¢ PT thir nhat cua hé suy ra

X +xy+x+y=4 Dodd
y2+xy+x+y+5=y2+x}’+x+)’+(xz+JO’+X+J’)+1

=x+y" +12+2xp+2x+ 2y=(x+y+1)2.

TOAN HOC
 cTugitze
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Tacd: X +y +12y+13=y3 4 +1+12(y+1)
=x + +1+3-4(y+1)

= +y3+1+3(x+y)(x+1)(y+])
=(x+y+1)3.
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Vay PT thir hai ctia hé trong duong véi
(x+y+1) =F < x+y+1=3,

x+y=2

TathUdUQC{ C}x:y"_—l_

x+1=2
Dap sé x =y=1.
2) Pat w=x-12,v=2x-12,t=24-3x, thu
dugc u+v+1=0.Chuy ring u’ +v* +£ = 3uwr.
Ta co:
u' +v' +1 =(u3+v3 +i'3)(u4 +v* +t4)
=u’V (u+v)=v'F (v+1)-r'u’ (t+u)
=3uvt(u" +v* +t‘)—u3v“ (=1)+v’0 (~u)=1u’ (-v)
= urvt‘[?»(u4 +v* +r")+ulv2 +vir +13u:].
Vi u,v, t khong ddng thai bang 0 nén ta co:
3(u4 +v* +!‘) +u' vV +V 4 Pu? > 0.
Suyra: u’ +v +1" =0 uvt =0
& x=12, x=6, x=8.
Dap sb: x e {6;8;12}.
Cau IL
1) Pat 4 =44 +5b, B=4b" +5¢, C=4c" +5a,
gia s ¢ = max{a,b,c}.
Khi d6: (26‘)2 <4c’ +5a<4c’ +5¢< (2c+2)2
= 4¢? +5a=(2c+1)2 =5a=4c+]1.

5a-1
Suyra A=4a>+5b,B=4b" +5- "4 .

THI1: Néu a <b. Taco:

(2b)2<Bs4b2+5-5b4_1<(2b+2)2

=>B=4bz+5.5""l=(2b+1)2:>25a=16b+9.
-9 2

Khi 86 (2a)} <A=4a’+5 222 <(2a+2)

= A=(2a+1)’ = a=1= b=c=1(théa man).
TH2: Néu a > b, tuong tu ta c6

(2a)° < A< 4d’ +5a<(2a+2)2

= A=4a> +5b=(2a+1) =>5b=4a+1.

Khi d6

2 25 Sb-1 5
(Zb) <B=4b2+7'—4——-‘-z<(2b+2)2
=B=(2b+1) =b=1=a=c=1(loaivi a>b).

Vidy a=b=c=1.

2) Goi bd s6 nhan dugc sau n phép bién déi 1a

(a,,,b,,,c",dn). bat 4 =a,+b,+c,+d,, trong

d6 a,=a,b,=b,c,=c,d,=d. Tir quy tic xdy

dung trén suy ra

A =24, =44, ,=--=2"4,. Néu thu dugc

hai bd sb giéng nhau & hai thoi diém khac nhau

i#j=>24,=2'4 =>4 =0=>4,=0. (1)

Dit B =a’ +b’ +c’ +d

=B, =(a,+b,) +(b +c,) +(c,+d,) +(d, +a,)’
=2B,+2(ab, +b,c, +c,d, +d,a,)
=2B,+2(a, +c,)(b, +d,).

Vi a,+c,=(a,, +b,)+(c,, +d,_)=4,,=0(n2])

=B, =2B =4B, =---=2"B, Lap luin tuong

tu nhu trén B, =0

= (a+b) +(b+c) +(c+d) +(d+a)’ =0

=a+b=b+c=c+d=d+a=0
=>b=-a,c=-b=a,d =-c=-a (dpcm).

Cau III.
1) D& thidy AP la phan
gisc BAC vi AQKF noi
tiép nén

KFQ = KAQ = PAE
do d6 AEPF ni tiép.
2) Do AQKF va AEPF B

ndi tiép nén OKP = QAF = QEP, do d6 FKEL
ndi tiép. Ta suy ra @=é§f{=@=@',
Tir d6 ALEQ néi tiép, suyra L4 | LE.

3) Goi giao diém ciia KP va BC la H, khi d6
H 13 tryc tim tam gidc P4B. Viy R nam trén
dudng tron (BPH), ta cin chimg minh duong
tron (PBH) tiép xtic véi dudng tron (AST).

Theo 2), tir gidc FKEL ndi tiép nén

ss mitpsostiic uﬁﬁ)%]@g




SKE = FKE —90° = 90° — ELF = SLA,
do d6

SLTK ndi tiép. Ta thu duoc
AS AL 4B
=—=""_ tird6 ST // BH (1).
AT Ak am Toe SLjBH (D

Cing tr tr giac

SLTK ndi
AFSK ~ AETL. Tu dé: K _FK_4K_HK

LT EL AL BL
Vay hai tam gidc vuéng KSH va LTB déng
dang, ta suy ra LBT = SHK. Tu &6 BT cit HS
tai X thi t& gidc BHXP ndi tiep hay X thude
(BPH) (2).
T (2), SXT = BXH =180° — BAH, nén X nim
trén duong tron (AST)(3). Tir (1) va (3), suy ra
dudng tron (4ST) va dudng tron (BPH) tidp xtc
v&1 nhau.
Cau IV. +) Ta ching minh

[(a+b+c)[%+%+%)—3}z
4(a+b+c)(a* +b* +c?)

abe

N B—(b +c) +%(c+ a) +%(a+ b)]z

>

o 4(a+b+c)(c12 + b +c2)

abc
<:>(bc(b+c)+ca(c+a)+ab(a+b))z
> ﬁlabc(a+b+c)(a2 +b’ +c2)
& a’b?(a+b) +bc? (b+c) +ca (c+a)’

+2abc? (b+c)(a+c)+2bca’ (c+a)(a+b)

TOAN HOC
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+2cab®(a+b)(c+ b)= 4g*bc +4b'ca+4c'ab
+4a’be(b+c)+ 4b*ca(c+a)+ 4c’ab(a+ b).
Taco
VT =a't? (" + 8 +2ab) + b’ (8" +¢" +2bc)
+’d (02 +d +2ca) +2abc’ (02 +(a+b)c+ab)
+2bca’ (ar2 +(b+c)a+bc)+2€ab2(b2 +(c+a)b+ca)
VP =4a"bc + 4b*ca+ 4c'ab + 4a3bc(b + c)
+4b’ac(a+c)+4c’ab(a+b).
Gian udc hai vé thu duoc:
@b (o + 67 +2ab) + bc* (b +¢* +2bc)
+c’a’ (cz +a + ZCa) +6a°b°c?
>2a’bc + 2b*ca+ 2c*ab + 2a3bc(b + c)
+2b'ac(a+c)+ 2c’ab(a+b)
o a (b—c)2 +b"(c-—a)2 +c* (a—-b)2
+2(ar3b3 +b +3d ) +6a°0%c > 2a3bc(b+c)
+ 2b3ca(c + a) + ZCJab(a+b)
1 2 1 1
‘35"4(5—‘3) “Lzl’)"(c—a)2 +504 (a-b)’
+a’b’ (c~a)(c-b)+ b (a—b)(a-c)
+c’a’(b-c)(b-a)20.
Vay ta chi cin chimg minh rgng
M =p?c? (b—a)(c_a)+cza2 (C—b)(a—b)
] +azbz(a—-c)(b—c)20.
Do tinh d6i ximg, ta gia sir g >b2c,

ta co:
a’b’ (a- ¢)

(b—C)=azbz(a—b+b—c)(b—c)

= @b (a=b)(b~c)+a%? (b-c).
Suy ra:

M =b*c? (b—a)(c_a)+azbz (b—c)

+(a“b)(b—(.‘)(azb2 -c’a*)20
(dung vi b’¢? (b —-a)(c —a)20, g2p2 (b _c)z >0,
(a=b)(b~c)(a? ~c’a?)> (),
Cho a+b+c=3 ta thu dugc:

3abc(-1—+l+_l__l
a b ¢

J 24(a +52+c) (1),
F
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DE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN HA TiNH
NAM HQC 2020-2021
MON TOAN CHUYEN (Thdi gian lam bai 150 phuf)
Cau 1. (1,5 diém) Gia s\t a, b, ¢ 1a cac sb thyc  Pudng thang d thay ddi qua B cét duong tron

ax+by=c (O) tai C va cat dudmg tron (0”) tai D (d khong
khdc 0 sao cho h¢ {bx+cy=a c6 nghiém (x, y).  triing v6i dudng thing 4B).
cx+ay=b a) Xac dinh vi tri dudng thing d sao cho doan
. 2 2 2 z, . . R Ve A
Chimg minh ring; E__+E_+C__:3_ thang CD c6 d6 ('lal 16m nhat., '
bc ac ab b) Goi M la diém di chuyén trén tir diém 4,

Cau 2. (2,5 diém) a) Giai hé phuong trinh: nguoc chiéu kim ddng hd trén dudmg tron (0),

X4—2‘x2 =] 2 ; 2 s i e \
= N 1a diém di chuyén trén tir diém 4, cing chiéu
2 2 ’ < 5
2x“+y"-2y=2 kim déng hd trén dudong tron (O°) sao cho
b) Giai phuong trinh:

AOM=40'N . Chirng minh dudng trung truc

2(x=2)Vx+2=—x%+3x+3. : £
(e=2) * ciia MN ludn di qua mét diém cé dinh.

Cau 3. (2,5 diém) a) Ton tai hay khong s6 By . . 2 .
nguyén duong » sao cho cac s6 2n + 2021 va Cau 5. (1 diém) Cho x, y, z 1a cac so thuc khong

3n + 2020 la cac sb chinh phuong? 4m thoa min x2z>+y*z?+1<3z. Tim gia tri
T. 4 - - A ~ ; »
b) m; tat cac c@p sO, nguyén duong (x, y) sao nhé nhét cua biéu thitc
cho =—= ¢6 gi4 tri la sb nguyén. 1 8 4z*
xy+2 P= Gk o 5
Cau 4. (2,5 diém) Cho hai duong tron (0) va (1) (+3)° (1+22)

(C;) ) c?t nl;mau 'tE_H l":l.f:ll fi_lem‘A va 18 sao O va O LE BA HOANG
ndm vé hai phia ddi voi duong thang 4B. (Phong GD&DT TX. Hong Linh, Ha Tinh) Gidi thi¢u

% 3 3 % 3 3 ok 3k 3 ok ok ok 3 ok 3k 5k 5k 5K 5k sk 3K 3k 3K sk 3k 3k 3k 3 ok e 2 3k ok ok ok 3k ok o sk ok sk sk ok ok e oF ke ok o ok s sk sk e okl skok ok ok sk ok ok sk skl sk ok ok ke sk e ook ok ok

2
b c
b(3b
# ’3b+ca1/ ( +ca)+,’3c+ab,/c(3c+ab)]

&= +) Tiép theo ta chimg minh

a’ +b* +c* + abe > 4. That vay, ta co:

__a b ¢ sQ(3(a2+b2+c2)+3abc)s2(a?+b2+c2+abc)
3a+bc 3b+ca -3c+ab 4
_ a 5 b & ¢ =a+b+ct+abc=4 (2).
; . . b ;
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b) Ap dung (1), (2) suy ra:
e 2(ab+bc+ca) . i
(a+b)(b+c)(c+a) 3abc[;+3+2_l) +abc24+3(a2+b2+cl)
2(ab +bc +ca) 3
-8 4 @3[l+l+lml)2+1>—4—+3(i+£+ij
§(a+b+c)(ab,+bc+ca) et 2 e e caab
Suy ra: (dpcm).

9=(a+b+c) =( {3aj-bc a(Ga+b0) + NGUYEN VU LUONG - PHAM VAN HUNG

(GV THPT chuyén KHTN, PHQG Ha Noi) Gidi thi¢u

TOAN HOC
1.
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Ching ta da biét dinh 1y co ban cua dai sb:
“Phuong trinh ax"+a, x""+..+ax+a,=0
voi a, € R khéng c6 qua n nghiém thirc. Tt d6
suy ra: “Néu phuong trinh
J)=ax"+a_x"+. +ax+a,=0, a R

co tir n+1 nghiém phdn biét tro lén thi

S(x)=0".

Ung dung két luan nay ta c¢6 thém cach chimg

minh céc dang thic.

Thi duy 1. Chimg minh ring

(a=b6X1+bc)1+ac)+(b-c)1+ab)1+ac)+
+(c—a)l+ab)l+bc)=(a-b)b-c)c—a).

Loi gidi. D& thiy néu b=c hoic bc=0 thi
ding thic da cho ding.

Xét da thuc
fla)=(a-b)1+bc)1+ac)+(b—c)l+ab)(l+ac)
+(c—a)1+ab)(1+bc)—(a—-b)b-c)c—a)

la da thic vdi lhy thira bac cao nhét cua a la

a’. Voi b#c,bc#0 taco:

F(O)==b(1+bc)+b—-c+c(1+bc)+be(b-c)=0;

F(b)=(b—c)(1+b>)1+bc)+(c—b)1+b )1 +bc)
=

f(&)=(c=b)(1+eb)1+c*)+(b—c)(1+chb)(1+c%)
=),

Nhu vdy f(a)=0 cb6 3 nghiém phin bigt

= f(a)=0. Pang thirc dugc chimg minh.

TOAN HOC
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. T ;)
| mir cAcH CHUNG MINH BANG THUC
TU DINH LY CO BAN CUA

I RT

DUONG VANDUY '
HPT Nguyén Hong. Béc Giang) 5
(GV . 81 -L}—/

e e B . e e,
e o o e

Thi du 2. Cho a+b+¢— abc=1—ab-be—qc,
Chiing minh rang: ,
4he(1-a*)+4ac(l— b*)+4ab(l-c7)
—(1-a’ )1 =" )1~¢Y),
Loi gidi. Xét da thirc
f(a)=4bc(l—a*) +4ac(1-b%) + 4ab(l~c?)
~(1-a®)(1-b")(A~c).
Véi a=0, tir gia thiét co:
b+c+bc=1<(b+1)(c+1)=2. Suyra:
£(0)=4be—(1-5")(1-c")
=4bc—-2(1-b)(1—c)=2(b+c+bc)-2=0.
Véi a=1 taco:
l+b+c=bc=1-b—bc—c<=b+c=0. Suyra:
FO)=4c(1-b*)+4b(1-c?)
=4(b+c)—4bc(b+c)=0.
Vo1 a=-1 tacling co:
—l+b+c+bc=1+b-bc+c <> bec=1.Suyra:
S=D=—4c(1-b*) - 4b(1 - ¢?)
=—4c —4b + 4b*c + 4bc?
=—4c—-4b+4c+4b=0.
Vdy f(a)=0 c6 3 nghiém phan biét
= f(a)=0. Pang thirc duge chimg minh.
Thi du 3. Cho ab+ b+ ac=1.

\ Chimg minh
rang: a+b+c-3abe

=a(b® + )+ b(a® + ) +c(a* +b%).
Loi gidi. Xét da thic
j'(a)=a+b+c—-3abc—a(b2 +¢?)

~b(a® +¢*) = c(a® +b).
Véi a=0 taco: poq Suy ra:
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f(0)=b+c—bcz-bzc=b+c—c-—b=0.
Véi a=1 ta c6:b+bc+c=1<:>b+c=l—bc

Suy ra:
f(1)=1+b+c—3bc-(b2+cz)—b—bcz-—c-bzc
=1-3bc—[(b+c)? ~2bc |~ be(b +c)
=1-3bc—[(1-bc)* - 2bc |~ be(1 - be)

=1-3bc—1+4bc —b*c? —pc + b2
=0.
Vé&i a=-1 tacé:
—b-c+bc=1b+c=pc-1. Suy ra:
fD==143bc+b+c+b +c* —be? —h-c—be
=—143bc+(b+c) - 2bc—be(b+c)
==1+bc+(bc-1) ~be(be-1)
=—l+bc+b’c’ =2bc+1-bc? +be
=0.
Vay f(a)=0

= f(a)=0. Ding thirc duoc chimg minh.

c0 3 nghiém phin biét

Thidu 4. Cho ba so a.b,c #0 thoa man

l’u_\ z+bxz+cexy=0
|

Xy oz
=+ =1

La b ¢

l

Chung minh rc%ng: —; + 1— + ~:— =1.
a b
Léi gigi. Trudng hgp b=c viéc chimg minh
dang thirc khong khé (danh cho ban doc). Xét
2 2 2
z s
da thic f(x)=x—,+y—2+—2—1 vl b#c
a b c

- Véi x =0, tir gia thiét ta co:

ayz=0 yz=0
y E_1<::> y i—ll Suy ra:
b ¢ b ¢

2 2
0= 2 X Ey 2
/O b2+c2 (b c) be

=1>-1=0.
-V x=a tacéhd:

ayz +abz+acy =0
—"—’+£=0
b ¢

< y=2z=0. Suyra:

o cy+bz=0
yz=0

2
ZZ

NV L Z
j(a)-bz+c2 0.

-Vé1 x=b taco:

Nhu vdy f(x)=0 cé 3 nghiém phian biét
= f(x)=0. Pang thic dugc chirmg minh.

BAI TAP TUONG TU'
Bai 1. Cho ab + bc + ac =1. Chimg minh ring
dabc =a(l-b*Y(1-c*) + b(1-c*)(1-a?)
+e(l-a’)(1-b%).
Bai 2. Cho a+ b+ ¢ = abc. Chimg minh rang;
abc(ab + be + ac—1)
=a(b® +c*)+b(c? +a*)+c(a® + b*).
Bai 3. Cho a,b,c # 0 thdéa man

% 2
a+b+c=x+y+z:—+l+-=0.

a b ¢

Chimg minh ring xa? + yb* + z¢* =0.

TOAN HOC
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NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)
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Bai viét nay khong dé cap hét cac ing dung cua
Hinh hoc trong giai toan Pai s6 ma chi xin trinh
bay vé viéc sir dung vi tri twong ddi cua dudng
thing va dudng tron; mit phing va mit ciu dé
giai mdt s6 bai toan Pai sb.
A. KIEN THUC CAN BIET
1) Trong mit phang Oxy , cho diém A(xy;¥o)>
dudng thing A:ax+by+c=0(a’+b*>#0) va
duong tron (C): (x—m)2 +(y—n)2 =R?. Puong
tron (C) co tdm I(m;n), ban kinh R.
a) Khoang cach tir 4 dén dudng thing A dugc
=|ax0 +byy+d

Ja® +b°

b) Piéu kién cin va du d& A va (C) c6 diém

tinh theo cong thirc: d(4,A)

chung 13 d(/,A)<R.
¢) Gia st Ae(C). Tiép tuyén cua dudng tron
(C) tai A4 c6 phuong trinh 12

(xo—m)(x—m)+(yo =)y =m)=R".
2) Trong khong gian Oxyz, cho diém
A(xg5¥0320) » Mt phing (o):ax+by+cz+d=0
va mit chu (S)(x—m)*+(y—n) +(z-p)’ =R*.
Mit cau (S) cé tim I(m;n;p) va ban kinh R.
a) Khoang céch tir 4 dén mat phang (o) dugc
tinh theo cong thirc:

J (A, (a))— |axo +byy +czg +d] '

B Ja? +b+¢?
1 8 T?g-?uggg S5 519(9-2020)

b) Didu kién cn va da dé (o) va (S) c6 diem
chung 13 d([,(a))SR.

c) Gia st 4¢(S). Tiép dién cua mat cau (S) tai
A c6 phuong trinh la:
(vg=m)(x-m)+(yo=n)(y=)+(z0 =P )(z=P)=R’-
B. THI DU MINH HOA

Thi du 1. Cho cde 56 thire a va b thoa man dieu

=+ b +16=8aH 6bh.

a) Chirng minh rang 10<4a+3h<40
b) Chirng minh rang Th<24a<
Loi gidi. Ta co:

a? +b2 +16=8a+6b<>(a—4)" +(b-3)" =9.
Trong mét phing Oxy, xét dudng tron
(C): (x——4)2 +(y—3)2=9 va cac dudng thang

dy:4x+3y-m=0 va d,: 24x—-Ty-n=0.
Pudng tron (C) c6 tim I(4;3) va ban kinh
R=3.

a) Vi ton tai @ vi b nén dudng tron (C) va
duong thing d| c6 diém chung

@d(],dl)SR@P—S;-’—nlq

©R5-m<1510sm=<40.

Lai do 4x+3y=m nén 10£4x+3y<40 hay
10<4a+3b<40.

b) Vi ton tai a va b nén duomg tron (C) va

dudng thang dy c6 diém chung

https://tieulun.hopto.org



s
L <3¢30<n<150.
\/242+(-7)2

Do n=24x-7y nén 0<24x-7y<150 hay
0<24a-7b<150=7b<24a<7b+150 .

od(l,dy))SRe

Thi du 2. Xét cdc sé6 thuc x va y thoa man diéy
kien x*+y*—2x—4y+4=0. Tim gid tri lom
nhat va gid tri nho nhat cua bicy thiee
S:x2 +y2 +4x+2y.
Lai gidi. Tir gia thiét, ta c6 x> +y? =2x+4y—4
nén S=6x+6y—4 hay 6x+6y—S—4=0.
Trong mit phang Oxy, xét dudng tron
2
(C): x +y2—2x—4y+4:0 c6 tim I(1;2), ban
kinh R=1 va dudng thang A: 6x+6y—S—-4=0.
Viténtai x vd y nén (C) va A ¢6 diém chung
14—
<:>d(I,A)5R<:>1——S|-—51
V62 +6*
©14-6\2<85<14+612 .

Viy S dat gia tri 16n nhét bing 14+6v2 va gia
tri nho nhat bing 14-642 .
Thi du 3. (Trich dé thi HSG lop 12 tinh Dr”;ng

Thdap ndm hoc 2019 — 2020)
Cho x, y la hai s6 thic thay déi sao cho

X*+412 41=2x+8y. Tim gid tri lom nhdt va gid
10y—2x—-14
2y+x+l

tri nho nhat cua bicu thire A=

Loi gidgi. Ta c6:
2 +4y? +1=2x+8y e (x-1)2 +(2y-2)* =4.
Pat X=x,Y=2y. Khi dé ta cé:
(X-1)7+(r—-2)*=4(*) va A=§l;qz—j((ﬂ%i.
Vi (X-1)*+(7-2)*=4 nén
(X+Y-3=(X-1+Y-2)
<2 (x -1 +(r-2)°|-8.

Suy ra: “2J2<X+Y-3<2{2
S4-22 <X +Y +1<4+24/2.
Do d6 biéu thirc 4 xéc dinh véi moi X,Y théa
min diéu kién (¥) va
SY-2X-14
Y+X+1
Trong mit phing (OXY), xét dudng tron (C)
c6 tam I(1;2), ban kinh R=2 va duong thing
A c¢6 phuong trinh:
(4+2) X +(4-5)Y + A+14=0.

Vitdn tai x va y néntdn tai X va Y. Do d6

(4+2) X +(4-5)Y + A+14=0.

(C) va A ¢6 diém chung

4 A4+
)J<Re | 61 <2
J(4+2) +(4-5)
A2 +94-10<0-10< 4<1.
Viy biéu thirc 4 dat gia tri nhé nhét bang —10
va gia tri 1én nbét bing 1.

<d(l,A

Chii y. Néu cdn chi ra gid tri Ién nhdt hodc gid
tri nho nhdt dat dwoc khi néo thi ching ta ¢
thé sir dung phwong trinh tiép tuyén néi trén dé
tim. Cu thé nhu sau:

Moi tiép tuyén cua

duong  tron

(C): (X-1)*+(r-2)*=4 c6 dang
(Xo-)(X-1)(Yp-2)(Y-2)=4.

- Khi A=1 thi A 13 tiép tuyén cia (C) va A ¢6

phuong trinh: 3.X —-4Y+15=0

<:>3(X—l)-4(Y—2)=—10<:>——§—(X—1)+§(Y—2)=4

Q(_;_ ](X—-l){%— )(Y—2)=4.

Suy ra tiép diém cé toa d6 [—%,-138-] hay biéu
thtc A4 dat gia tri 16n nhit bing 1 khi
1 18

1 9
X=——.',Y=— ha =—y=—
5 T 5 Y XETHYES

shitnssisieul PONEHIS- 41O




-Khi 4=-10 thi A 1a tip tuyén cua (C) va A
¢6 phuong trinh: 8 X +15Y =4
S8(X -1)+15(Y-2)=-34

@—%(X—I)-—%—;)—(Y—2)=4
@G?-—g(x_1){%_2](;’_2):4.

Suy ra tiép diém co toa do i—4—] hay biéu
17°17
thic A4 dat gid tri nho nhit bing —10 khi
1 4 1 2

X=—;Y=— hay x=—: y=—"__
17 17 17 17

Thi du 4. Cho cdc s6 thie x, y thay doi va thoa

- 2 - -
man 2x° +2xv+1v == Goi S la tap gia tri cua
2
2 , Tx—=2y-3 . . :
biéu thic T=— """ Tgp hop S ¢ chira
‘4.\"‘_}"“3

bao nhiéu s6 nginén?
—— . 2 4
Loi gidi. Ta co: 2x“ +2xy+y =§

=

5
bat X=2x+y va Y=y thi 2x=X-Y,y=Y va

<4x? +4ch+2y2 =§<:>(2x+y)2 +y2

2
x2ep22N0) . 7X-1r—6
5 4X-2Y+6
7X-11Y-6
4X-2Y+6
<(4T-7)X +(11-2T)Y +6T +6=0.

Trong mit phing OXY, xét dudng tron

Tacd: T=

2
(C): X2+Y2=&[-2—5@] c6 tim O(0;0), bén

2410

kinh R=—5——- va duong théng

A(4T-7) X +(11-2T)Y +6T +6=0.
Vitontai x, y nénténtai X, Y. Do dé (C) va

A c6 diém chung

TOAN H
20 OAN HOC

* CTuditre. S6 519(9-2020)

6|T+1[ <2\]ﬁ
Jar-7?+u-2r)* 3
T2 +58T-59<0<>—-59<T<I.
Suy ra tap gi4 tri cua biéu thuc 7' 1a S=[-591].

Vay S chira tit ca 61 sb nguyén. |
Thi du 5. Cho cdc so thuc X, ¥, z thoa man

<d(0,A)<R<

x> +y2 422 =4, Tim gia tri 1om nhat va gia trj

" . o x—=3y—z-1
nho nhat cua biéu thuc f (.r,y,z):m_—s.
x=3y-z—-1 . .
Loi gidi. Dat m:-——L——— thi ta co

x+y+2z-5

(m=1)x+(m+3)y+(2m+1)z+1-5m=0.
Trong khdong gian Oxyz, xét mit cau
(S): x*+p*+2*=4 c6 tim 0(0;0;0), ban kinh
R=2 va mit phing

(a): (m=1)x+(m+3)y+(2m+1)z+1-5m=0.

Viton tai x, y, z nén (S) va (a) co diém
chung <:>d(0,(a))£R

=z |1—5m| <5

J(m—1)2+(m+3)2+(zm+1)2 B
Sm’ —42m-43<0—1<m<a3.
Viy maxf(x,y,z)=43 va rninf(x,y,z):—l.
Chi y. Néu can chi ra gid tri 16m nhés hodc gid
tri nhd nhat dat dwoe khi nao thi chimg ta cé

the st dung phieong trinp tiép dién néi tren dé
tim. Cu thé nhu say:-

Moi tiép dién cua mit ciy (S):x2 +y2+22 =4

c6 dang XoX+Yoy+2z9z=4

- Khi m=-1 thi () ¢g Phuong trinh:
2x-2y+2z=6 ha Tt 2
Y =X el e
3 3y 32 4.
Suy ra tiép didm CO toa d4 (4 4.2
%2 d |~ 2.2 &
3 3,3] hay gia
tri nho nhat dat duge khi x:i- -4 2
WTETTZ=—,
3 33

https://tieulun.hopto.org



- Khi m=43 thi (&) ¢6 phuong trinh:
42x+46y+87z=214

84 92 174
ha; x+ + =
T RN TANTY R
Suy ra tiép diém c6 toa do (_8i_9£l7_4 ay
107°107°107
gia tri 16n nbit dat dugc  khi
84 92 174

xX= ¥ T Ty ATy
10777107 107
C. BAI TAP TU LUYEN
Bai 1. Cho cac sé thuc a, b thoa min
2 2
9
(a-2) +(2b+3) L
9 4

a) Chimg minh ring —6<44q+5h<7.
b) Chimg minh ring 4b—1<a<4b+9.

Bai 2. Cho cac sb thuc x, y thoéa min

2 sz o gy T4 £ W i
x° +(y—2)' =9. Tim gia tri 1én nhat va gia tn
kbt olialbity thife Fatatl
2x+y+5

Bai 3. Cho cic sb thuc a, b thoa mén
4a%> +9b* -125—5=0. Tim gia tri 16n nhit va
2a-6b+3
4a+3b+5
Bai 4. Cho cac sb thuc x, y, z thoa man

gia tri nho nhit cua biéu thic M=

x2+y*+z*=4 . Tim gia trj 16n nhat va gia tri
: : x+3y+z+1
nho nhat cua biéu thitc f(x,y,z)=—""—
j( “ ) 2x+y—z-5

Bai 5. Cho cac sb thuc x, y, z thoa man

5x+10y% +22 +10xy—4=0. Goi S Ia tap gid
x—6y+z+1

. Taphop §
Ix+2y+2z-35

tri cua biéu thirc F=

c6 chira bao nhiéu s6 nguyén?

Bai 6. Cho céc sé thuc x, y thay doi va thoa
man

322743011 20,2 4 20xy+10)2 _psoiLg,
Tim gi4 tri 1on nhét va gi4 tri nho nhat cua biéu

thire T=1%=2y-3
4x+y+3
B mx—y+1=0
Bai 7. Biét rang hé phuong trinh ¢ )
x“+4y°=1
c6 nghiém duy nhét (x;). Gié trj cta m® bang
Al Bl ¢? p2
4 2 5 3

Bai 8. Cho cic sb thuc x, y thoa mén

(x=3)*+(y—3)?=6. Gié tri 1on nhét cia <
X
bang
A.3+2V2 B.6+2Y3 C.3/3 D.6.
Bai 9. Cho céc sb thuc a, b thoa man cac didu
s 2,2 . .
kién a“+b°>1 va loga2+b2 (a+b)21. Gid tri
16n nhét cia biéu thitc P=2a+4b-3 12
1 J10
A0 B.2J10 C.——= D.X—
J1o 2
Bai 10. (Trich dé thi thir nam 2019, THPT
chuyén Ha Tinh)
Cho cac sb thuc x, y thay dbi thoa min
x?—xy+y*=1 va ham sb f(f)=2£>-3*+1.
Goi M, m tuong tmg la gia tri 16m nhit va gia
tri nho nhit cua bidu thic Q= f(w}
x+y+4
Téng M +m bing
A. —4-3\2 B. 4-5{2
C. -4-42 D. 4-2.2.

Bai 11. (Trich dé thi thir nam 2020, S6¢ GDPT
Thai Nguyén)
Cho céc s6 thuc x, y,z thoa man

}:x(x—4)+y(y—4)+z(z-4).

x+2y
xX+y+z

Gia tri 16n nhat cua biéu thic K =

thudc khoang nao duéi day?
A. (3;4) B. (-2;-1) C. (45) D. (1,2)

(Xem !icfp trang 24)

. TOAN HOC
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CAC LOP THCS
Bai T1/519 (Lép 6). Tim cac sé nguyén duong x,
ysao cho x” +y*=23-xy.

CAO NGOC TOAN
(GV THPT Tam Giang, Phong Dién, Thita Thién Hué)

Bai T2/519 (Lop 7). Cho tam giac ABC vudng tai

A, AH 13 duong cao. Biét ting XL -12 tinh ¢y
BC 25’
. AB
S0 —.
NGUYEN DUC TAN

(TP. Hé Chi Minh)
Bai T3/519. Cho a, b 1a cac sb thuc duong thoa
min 9a’ +9b* +82ab+10a+10b>1. Chimg minh
ring 41a® +4156° +18ab>3-242.
NGUYEN HAM THANH
(GV THCS Ly Nhat Quang, D6 Luong, Nghé An)
Bai T4/519. Cho hinh thoi ABCD cé6 ABC =60,
hai duong chéo AC va BD cit nhau tai O. Pudng
thing d bat ky di qua diém D cét cac tia dbi cia
cac tia AB, CB lan luot tai E, F (E # A,F #C).Goi
M 1a giao diém cua CE va AF, H a giao diém cua
OM vi EF. Chimg minh rang bén diém 4, C, D, H
cung nam trén mét dudng tron.

NGUYEN VAN NHIEM
(GV THPT chuyén Lam Son, Thanh Héa)

Bai T5/519. Giai phuong trinh

2020x" +x* Vx? +2020 + x*

2019

=2020.

NGUYEN THANH HAI
(GV THCS Nam Cuong, Nam Truc, Nam Dinh)

TOAN HOC
22 Fcusige

S 519(9-2020)

CAC LOP THPT
Bai T6/519. Giai hé phuong trinh

‘Jx2+l+x—8y2+8ﬁ)—’-"8{ J;:_—"Sy +82y-4
2y =22y —x* +1+x+2=0

TRAN HONG SON

(S6 GD&PT Thai Binh)

Bii T7/519. Cho ham sb f(x)=x’-x+1. Dit

fix)=f(x) va j",(x)zf(j;_](x)), vn22 vanla

s6 nguyén duong. Tim hé sé cua x’trong khai
trién thanh da thirc cta fo,, (X)-

NGUYEN TIEN TIEN

(GV THPT Gia Vién B, Ninh Binh)

Bai T8/519. Tim diém M nim trong tr dién

ABCD sao cho tich cac khoang cach tir M dén bon
mit cua ti dién ABCD 16n nhat.

DUGNG QUOC VIET

(Ha N&i)

Bai T9/519. Ton tai hay khéng mdt tam giéc thoa

man sin cua géc thir nhat bang cdsin cua goc thir
hai va bang tan ctia goc thir ba?

PHAN MANH HA

(GV THPT Nam Yén Thanh, Yén Thanh, Nghé An)

TIEN TOI OLYMPIC TOAN

Bai T10/519. Cho ddy sé (a,)xac dinh b&i g,=—

\ _4n+5
va a

= g e 7120. Dit b, Za Tinh giéi

han lim b—"
n—p+o0 n

KIEU DINH MINH
(GV THPT chuyén Hiing Vieong, Phui Tho)

Bai T11/519. Cho cic sé thyc a,b,ce[l;5] thay

doivathoamana+ b+ ¢ =9 Tim gia tri 16n nhat
va nho nhét cua cac biéy thirc sau

1) P=abc.
2) F=ab+bc+ca.

S ST Y 0 > A
3) S, =a"+b"+c*, véi Ae{0} U [1;4+0) 12 héng so.

NGUYEN VAN XA
(GV'THPT Yén Phong 2, Béc Nink)

https://tieulun.hopto.org



Bai T12/319. Cho tam giidc ABC khong déu véi G
a trong tAm tam gidc. Cac dudmg thing 4G, BG,
CG theo thir tu cit lai dudng tron ngoai tiép cac
tam gidc GBC, GCA, GAB tuong g tai D, E, F.
Chimg minh ring dudng thing Euler cla céc tam
gidac DBC, ECA, FAB ddng quy.
LE VIET AN
(TP. Ho Chi Minh)
Bai L1/519. Mot vat dao dong didu hoa theo
phuong trinh x = Acos(5nt + ¢). Tai thdi diém #,
vt dang di v& phia vi tri cén bang va ti s6 giita thé
ndng va dong nang cua vit bﬁng 3 [& = J )
Wy

s w

Probicm T 310 Find positive

integers x, y such that x* + y* =23 -xy.

Problem 1205 .. Given a
triangle ABC with right angle at 4. Let AH be

the altitude. If 2L =12 fing 48
BC 25 AC

Probiem 13 5. ¢ Suppose that a, b are positive

and 9a® +9b6% +82ab +10a+10b>1. Show that

41a* + 41b* +18ab >3- 24/2.

Given a rhombus ABCD with

P!’l """"" 1 ) lq \"‘.

4BC = 60°. The diagonals AC and BD intersect
at O. A line d through D intersects the opposite
rays of the rays AB, CB respectively at E, F
(E+£A,F#C). Let M be the
between CE and AF, and then H the
intersection between OM and EF. Show that 4,

intersection

C, D, H lie on some circle.

Sau do 3165 thi ti sb d6 bang bao nhiéu?

VIET CUONG (Ha Ngi)
B3i L2/519. C6 ba dung cu gbm dién trd thuin
R =30 Q, cudn cam thuan L va tu dién C. Dt dién
4p xoay chiéu u = Uycos(wt + @) (V) lan luot vao
hai d4u doan mach ndi tiép chira R, L va chia R, C.
Khi d6 cuong d6 dong dién trong mach

L .. 10n
i) = 6cos (a)t + 7) (A) va ip = 6cos [mt + —21—]

(A). Dat dién 4p trén vao hai diu doan mach ¢6 R,
L, C mic nbi tiép thi cong suét tiéu thu dién trén
doan mach lic d6 bing bao nhiéu?

THANH LAM (Ha Néi)

9 Solve the equation

2020x* + x*Vx? +2020 + x*

2019

=2020.

IGH SCHOOL

7. Solve the system of equations

lmu 8)* +8,/2y — 8[ \/;——
x—vx +1
2)«'2—2\/;—sz_+1+):+2=0

T7/519.  Given the function
f(xX)=x*—x+1. Let  f(x)=f(x)
L@ =f(f,_(x), n=23,4,... Find
coefficient of x’in the polynomial expansion of
Jao (%)

lemi 1T8/519. Find the point M inside a
given tetrahedron ABCD such that the product

-8)* +82y—4
Problem
and

the

Prob

of the distances from M to the faces of ABCD 18

maximal.

Problem T9/519. Does there exist a triangle
ABC with sind = cosB = tanC ?

TOAN HOC
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= PROBLEMS IN THIS ISSUE
¥ TOWARDS MATHEMATICAL

i OLYMPIAD
;ﬁ?robiem T10/519. The sequence (a,)
determined  as  follows g, =% and
4n+5
a,, ,Vn> =
.‘14n6,,VnOLetb %aneN
Find lim g‘—
A=+ n

Problem T11/519. Given real numbers
a,b,ce[l;5] sothat a + b + ¢ = 9. Find the

minimum and maximum values of the
expressions

UNG DUNG ... (Tiép theo trang 21)

Bai 12. (Trich dé kiém dinh chit licong lop 12
tinh Ninh Binh nam hoc 2019 — 2020)
Cac sb thuc x, y thay dbi va ludn thoa man

log, (3+x2+y2)+log1 (xy+4):0. Goi M va
2
m 1an luot 12 gia tri 16n nhat va gid tri nho nhit

ot Bidn thire F=—"7_  Gis tri.cia, M4
x+y+4
bang
58
A pay .o . p2t
9 9 9"

Bai 13. (Trich dé thi HSG lép 12 tinh Bic
Giang ndm hoc 2019 — 2020)

Cho a, b s6 thuc thoa man

sy
2

la cac

log 2 4.2, (2a—8h)=1. Goi M= (véi
x, y la cac s6 nguyén) 13 gia tri 16n nhét cta

4h+2

P=——""2"_ Khidd x+y co gi4 tri bin
a+25+5 L =
A. 26 B. 30 C.18 D. 28.
TOAN H .
24 & crumgg S6 519(9-2020)

1 p=

abc.

2) F=ab+be+ca.

3) S,=d"+b" +c*, where A is a constant,

A e {0} U [1;+00) .

Problem T12/519. Given a triangle ABC which
iS not equilateral and G is its centroid. The
lines AG, BG, CG respectively intersect the
circumcircles of GBC, GCA, GAB at D, E, F.
So that the Euler lines of the triangles DBC,
ECA, FAB are concurrent. _

Translated by NGUYEN PHU HOANG LAN

(College of Science Vietnam national university, Hanoi)

Bai 14. (Trich d¢ thi HSG lép 12 tinh Ninh
Binh nim hoc 2019 — 2020)

Cho sb phtic z=x+yi,(x,yeR) thoa min

l-3+4i=2/2 .
Goi M va m 14n lugt 14 gi4 tri 16n nhit va gia
tri nhé nhét cta bidu thie f(x,y)=>—2 "~ 2y=1
2x+y+6
Gia tri cta biéu thic M?+m® bing
A. £ B. o C. 8—2 D. é
9 9 9 3

Bai 15. (Trich dé cuong én tap hoc ky II Iop
12 trwong THPT Chu Vin An — Hg Noi)

Cho cic s0 thuc x, Y, z thoa min

logy
[sz +2y* +22% +1

=x(x=2)+y(y- =2)+2z(z-2).
Téng gia tri 16n nhit va gia tri nho nhét cua

X+y+tz ]

biéu thie F=>T2"Z bang
X+y+z
ALl g L c 2 2
"3 "3 "7 D -3
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Bai T1/515. Hai Hhc}_ ga A va B cach nhau 999
km. Nhimg cét cdy so doc theo duong st néi lién
A 'v{w B c/n"nln?ng khoang cdach tir cdc cét cdy s6
dén A va den B. Chiing ghi nhue sau:

Hoi frfmg cac cot trén, cé bao nhiéu cét chi ¢é hai
chit so khac nhau ?
Léi gigi. Gia sur hai s6 ghi trén mot cot 1a a/b,
trong d6 a, b 1a cic sé tu nhién tir 0 dén 999 véi
chi y rang a + b = 999.
» Xét a, b 1a cac s6 tu nhién c6 mét hodc hai chix
s6 thi voi a < b c6 4 truong hop thoa man la
0/999; 9/990; 90/909; 99/900. Vo1 a> b cling c6 4
trudng hop khi dbi vi tri hai s6 cho nhau.
* Xét a, b 1a cac sé tu nhién déu c6 ba chir s ma
chi ¢6 hai chir sé khac nhau 1én hon 0 1a x va y thi
xay ra hai truomg hop sau.
) Néua= xxx vab = yyy thix +y =9 nénkhi
x liy gia trj tir 1 dén 8 s& ¢4 8 trudmg hop.
2) Néu a c6 ca hai chit s6 x, y thi s6 a ¢6 céc dang
X, xpx, xyy Voix +y =9 nén khix ldy gid tri
tir 1 dén 8 s& c6 3.8 = 24 truomg hop.
Nhu viy c6 tat ca 4 + 4 + 8 + 24 = 40 truong hop
thda man dé bai toan.
Nhin xét. Khi giai bai nay cin xét riéng truong hop
a, b c6 mdt hodc hai chir sd vi theo quy udc thi
khong viét chit s6 0 & bén trai chir sb khic 0, sau d
méi xét @, b ¢6 ba chir s6. Chi c6 mot ban giai dung
bai nay 1a Nguyén Thdi Hoang Anh, 6B, THCS LY
Nhit Quang, P Luong, Nghé An.

NGUYEN VIET HAI
Bai T2/515. Cho fam gide ABC canh BC ¢d dinh,
dinh A di déng. Ké phan gidc AD cua tam gidc.

Qua C ké duong thang vuéng géc vdi phdn gidc
AD tai N. Goi M la trung diém cua AC. Ching
minh ring khi dinh A di dgng thi MN [uén di qua
mét diém ¢é dinh.

Léi gidi. D& dang chimg minh hai két qua sau:

1) Puong thang di qua trung diém hai canh cia
tam gidc thi song song véi canh thir ba.

2) Trong tam gidc vudng, duong trung :‘uyén umg
Vvéi canh huyén bang nira canh huyén.

Goi O 13 trung diém cua BC. Do BC cb dinh nén
diém O cb dinh.

« Xét truong hop AB = AC thi tam giac ABC can,
khi dé ba diém N, D va O trung nhau. MN di qua
trung diém O cb dinh cta BC.

« Xét truomg hop AB < AC (trudng hop AB > AC
dugce chirg minh tuong tu).
Cdch 1. Goi K la giao
diém ciua CN va 4B.
Tam gidc ACK c6 AN la M
phan giac dong thoi 1a
dudng cao nén la tam
gidc can tai 4, suy ra
AN ciing 14 dudng trung
tuyén, nén NC = NK.
Xét tam giac CAK c6 MC = MA (gia thiét),

NC = NK (chimg minh trén) nén theo (1) ta cé

MN /I AK (*).

Xét tam gidc ABC c6 MC = MA (gia thiét), OB =
OC nén theo (1) ta cd6 MO // AB hay

MO 1/ AK (**)

Tir (*), (**) va ap dung tién dé Euclid suy ra ba
diém M, O, N thing hang, Vay MN di qua diém O
¢b dinh khi 4 di chuyén.
Cach 2. Tam giac ANC
vuong tai N ¢6 NM la
dudng trung tuyén nén M
theo (2) ta c60 MN = MA
= MC. Khi d¢6, tam giac
AMN cin tai M nén

B N

MAN = MNA, ma

A

BAN = MAN (gia thiét) nén BAN = MNA. Vi hai
gbc nay & vi tri so le trong suy ra AB // MN (*).
Xét tam gide ABC c6 MC = MA (gia thiét),
OB = OC nén theo (1) ta cb AB // MO (*¥).

TOAN HOC
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Tit (*), (**) va ap dung tién dé Euclid suy ra ba
diém M, O, N thing hang. Viy MN di qua diém O
cb dinh khi 4 di chuyén.
Nhén xét. Pa s6 cac ban giri bai déu tim ra ket qui
va cach lam tuong ty theo mot trong hai cach trén.
Tuyén duong céc ban sau c6 101 giai tét:
Ha Ni: Hoang Tudn Anh, 6T, THCS Luong Thé
Vinh; Vinh Phiic: Nguyén Huy Hoang, 6A2, THCS
Yén Lac; Séc Trang: Nguye:n Anh Thu, TA1, THCS
Ké An, K& Sach; Phi The: PS Ngoc Tién, TA3,
THCS Lam Thao; Ha Tinh:Tran Minh Hodng, TE,
THCS Nguyén Trai, Nghi Xuén; Quing Tri:
Nguyén V& Quéc Humg, 7A, THCS Trung Vuong,
Dong Ha; Hung Yén: Lé Tudn Nghia, 7C, THCS
Dboan Thi Piém, Yén My; Nghé An: Viwong Viét
Lugng, 7A, THCS Ly Nhit Quang, D6 Luong.
PHAM THI BACH NGOQC
Bai T3/515. Cho a, b la cdc s6 nguyén duong sao
cho(a,6)=1vaa+b:3.Gia s p, q la cdc s6
nguyén 16 sao cho Pq—+a va bp+q ciing la cdc
56 nguyén 1o. Chirmg minh ring a+6 Il sé
nguyén 16.
Léi gidgi. Vi pg + a l1a sb nguyén t6 16m hon 2 nén
n6 12 mot s6 1¢. Mat khéc vi (a,6) =1 nén a 1a s
1&, khéng chia hét cho 3, suy ra pq 1a mot sb
chén.
Via khong chia het cho 3 va a+b 3 nén trong
hai s8 a, b c6 mét sb chia 3 du 1, s6 con lai chia 3
dur2, suyra ab=2(mod3)=>ab+1:3.
Néu pg khéng chia hét cho 3 thi P va g cling
khong chia hét cho 3, nén p*> —1:3 va q° —1:3.
suy ra: (pq +a)(bp+q)=bp’q + pq* +apb +ag

=1'an(p2 ——1)—!—,0((]2 —1)+(a+b)q+p(ab+l)§3,
diéu nay vé Iy vi gia thiét pg+ava bp+q la
céc s6 nguyén t6 16n hon 3. Do dé pq:3.

Vip, ¢ 1 cac s0 nguyén t v pg 1a mot sé chin,
Pq:3 nén trong hai s6 p, g c6 mot sb bang 2, s
con lai bé‘tng 3,suyra pg=6.Vay at+b6=a+pg
14 s6 nguyén t6. Bai toan dugc chitng minh.

TOAN HOC
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Nhin xeét. Ppiéu then chét cua bai toan la chimg
minh pg la mot sb chinva pgi3 tir d6 suy ra

pqg="6 (p, glacac s6 nguyén to?.

Khicé pq 1a mot s6 chén co thé xét hai trL’rdng hop
p=2 hoic g=2 tx dd chimg minh’ $0 con lai
bang 3. Néup 1a s6 nguyén khong chia hét cho 3 thj
p=3k 1= p?—1=(3k£1) —1=9%" 6k i

s6 chia hét cho 3. )
Céc ban sau ddy c6 bai gial tot :
Thanh Héa: L& Pic Chinh, 9B, THCS Nhﬁ‘~Bé Sy,
TTr. Bt Son, Hoang Hoa; Ha N@i: Nguyén Dic
Mink, 8A, THPT chuyén Ha Noi Amsterdam ; Trdn
Minh Ti, 8C, THCS Luong Thé Vinh, TP. Ha Ngi;
Lé Manh Hiing, 7C2, PTLC Archimedes, Dong Anh;
Quing Tri: Nguyén Anh Qudn, 8D, THCS Trin
Hung Pao, Cam L§; Pha Tho: Lirong Minh Hiéu,
9C, THCS Vin Lang, Viét Tri; PG Ngoc Tién, TA3,
THCS Lam Thao, Lam Thao; Hung Yén: Lé Tudn
Nghia, 7C, THCS Doan Thi Piém, Yén My; Séc
Tring: Nguyén Anh Thu, 7Al1, THCS Ké An, Ké
Sach; Vinh Phiic: Tg Kim Nam Tudn, 8A2, THCS
Yén Lac, Yén Lac. .

NGUYEN ANH DUNG
Bai T4/515. Cho diwong tron (O,R).Tir mét diéem
A G ngoai duong tron ke 2 tiép tuyén AB, AC (B,
Cla trep d.'em) va cat tuyén ADE (D nam gitta A
va E). BC cat OA tai H. Tir H ke duong thing
song song v6i BE cat AB tai K. C hirng minh BD di
qua trung diém cua HK.

;
Q_{{A
C

Léi gidi. Cach ].
Goi /1a giao diém cia HK va BD. Ta c6:
BHI = HBE (so le trong)
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HBE = CDE (cung chin cung EE‘)

— BHI = EDC.
Lai cd, HBI = C"Eﬁ (cing chin cung @), suy ra
ABHI ~ AEDC (g.g), dan toi

AL _BI ., HI_CD

cp EC VBl CE
Tuong tu, ABKI ~ AEDB (g.g), dan téi

IK Bl . KI_BD

22y S22 ().
BD BE ) BI BE @

Mit khéc, DBA = DEB (tinh chat géc tao béi tia
tiép tuyén va diy cung), suy ra:

AB

» . BD
AABD ~ AAEB (g.g), dan to1: — =—= (3).
(g2 BE - AR (3)

Tuong tu, ﬁ=5§5,t&dé suy ra:
w. s CD AC
AADC ~ AACE (g.g), dan téi — == (4).
(2:2) T 4
Tir 4B = AC (tinh chét hai tiép tuyén cét nhau),
BD CD

két hop v6i (3), (4), suyra; —— =——  (5).
op vo1 (3), (4), suy B (%)

, H KI .
Tir (1), (2), (5), suy raE = ok dan téi HI = KI.
Viy I 1a trung diém cia HK.

Cach 2 (Theo ban PJ Ngoc Tién, 7A3, THCS

Lam Thao, Phia Thg).

Goi I = HK  BD, J 1a trung diém clia DE. Pudng
thing qua D, song song véi 4B cit BC, BE thir ty
tai F, Q. Puong thing JF cit BD, AB thit tu tai M,
N. DN cit EB tai P.

* D& chimg minh cac diém 4, B, J, O, C cung
thugc dudmg tron dudng kinh OA. Suy ra:

JAB = .76‘1—3‘, ma JAB =:15@ (ddng vi), nén
JDF = JCF , do d6 tir gidc JEDC ndi tiép.
Suy ra .ﬁé;ﬁ, ma JDC = EBC (cing chin
cung Ea‘), nén JFC = EBC = JF I/ BE.
Vi J 1a trung diém cua DE nén F, N lan luot 1
trung diém cia DQ, PD = PQ = 2NF.
Lai c6, BN // DO nén B 14 trung diém cua PQ.
Ap dung hé qua cua dinh If Thales cho ADPQ, vdi
FN // PQ, suy ra M 13 trung diém ctia FN.
Ap dung hé qua dinh li Thales cho ABHK, v&i
FN // HK, suy ra I 14 trung diém ciia HK.
Nhin xét. Ngoai ban Tién, cic ban sau ddy ciing c6 10
gidi tot: Phit Tho: Trdn Minh Khéi, 9C, THCS Vin
Lang, Vit Tri; Séc Trang: Nguyén Anh Thu, TAl,
THCS K& An, H. Ké Sach; Ha Ngi: Tran Minh T4, 8C,
THCS Luong Thé Vinh; Thanh Héa: Lé Pirc Chinh,
9B, THCS Nhir B4 Sy, Ttr. But Son, Hoing Hoa; Nghé
An: Ng6 Thi An Bink, 9E, THCS Dang Thai Mai, TP.
Vinh,
NGUYEN THANH HONG
Bai TS/515. Giai hé phuong trinh sau:
x4+ x(y+z) =26
Y +y(z+x)7 =40 .
' +z(x+y) ==54
Loi gigi. Gia st (x, y, z) 14 mot nghiém cia hé
phuong trinh. Ta théy ngay (x, y, z) = (0, 0, 0).
Ta viét HPT dudi dang:
x(x*+y* +2°)+202=26 (1)
Y& +y’ +2%) +2xp2=40 (2).
zZ(x* +y* +2°) + 2xyz=54 (3)
Tinh theo vé (1) + (3) - (2) x 2 ta suy ra:
(x+z-2)).(x"+y*+2%) =0,
Nhu da nhén xét, tir x> +y* +2°> 0 ta co:

xtz-2y=0= y:x+z-

Thay vao PT thir hai cua hé ta duoc:

40 =1* 2_ X =z ’ X z .
Y +y(z +x) 3 2 (x 2)
S3 519(9-2020) T?Q—Puggg 2 7
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=§(J€+Z’)3 =(x+z)=64=>x+2=4

vay=2.Dod6 z=4 —x, tir PT thir nhit cuia hé ta
c6: 0=x° + x(y +z)2 -26=x +x(2 + 4—x)2 -26
=x" +x(x - 6)° — 26 = 2(° — 6x* +18x — 13)
=2(x-1)(xX*-5x+13) =>x-1=0

=x=1,z=3. Vay HPT c6 nghiém duy nhit
(x;y52) 12(1;2;3).
Nhin xét. Day 1a bai toan giai HPT co ban, khong
qué khé. Céc ban hoc sinh sau c6 1i giai tét:
Phii Tho: D6 Ngoc Tién, TA3, Phan Chi Céng, 9A3,
THCS Lam Thao, Lam Thao, Trdn Minh Khéi, Hein
Vi Long, Luong Minh Hiéu, 9C,THCS Vin Lang,
TP. Viét Tri; Vinh Phiic: Ta Kim Nam Tudn, 8A3,
THCS Yén Lac, Yén Lac; Ha Néi: Trdn Minh Ti.
8C, THCS Luong Thé Vinh, Pham Hoang Gia Bdo,
Lé Hanh Humg, Hoang Phwong Nga, Dinh Mai
Phuong, Nguyén Minh Quang, Tran Hong Linh,
7C2, PTLC Archimedes, Dong Anh; Thanh Héa: Lé
Ditc Chinh, 9B. THCS Nhir Ba Sy, TTr. But Son,
HoZng Héa; Nghé An: Ngé Thi An Bink, 9E, THCS
Déing Thai Mai, TP. Vinh; HA Tinh: Trdn Minh
Hoang, 7E, THCS Nguyén Trii, Nghi Xuan; Quing
Tri: Nguyén Anh Qudn, 8D, THCS Trén Hung Pao,
Cam L§; Sé¢ Tring: Nguyén Anh Thir, TA1, THCS
Ké An, Ké Sach.

NGUYEN MINH bUC

Bai T6/515. Giai phuong trinh :

m=x4—x3—7x:—x+10.
Loi gigi. PK: X’ +x+2>0

S+ -x+2)20x2-1 ().
Véi DK(*), PT tuong duong vai:
XHx+2+I +x+2=03-x)Y+3B-x})

SB-x)P - +x+2)+CB-x)—yx'+x+2=0
SB—x =y +x+2)B-x +x’ +x+2)

+@-x")—yx’ +x+2=0
SB-xX -y +x+2)d-X+y +x+2)=0
THIL: 3—x* —yx’ +x+2=0

e’ +x+2=3-x

TOAN HOC
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—ISXSJB_
- 2
X +x42=(3-xY

£ 4 3 g2 mina
Xét ham sé f(x)=x'—x" —6x" —x—7trén doan

—1<x<\3 (**)
) — 2~ —x—T=0 a

[~1:v/3] ta thdy f(x) c6 nghiém duy nhat x = 1.
That véy,

x=1

43 2 — .
XX b x =09 s 6x-7=0

Xét ham s6 g(x)=x" —6x—7 cO:
g(x)=3x'—6=0x=12 .
Taco: g(V3)=-3v3-7<0;
g(—v2)=4J2 -7<0; g(2) =42 -7 <0.

Béng bién thién:

% —0 -2 V2 +oo
g'(x) + 0 - 0 +
4\/5 -7 +00
g(x) \
—00 / 4,2 -7 / J

Tir bang bién thién ta thdy PT(2) c6 nghiém duy
nhét x, >+/3 nén bi loai. Déi chiéu véi DK(**),
PT(1) ¢6 nghiém duy nhétx = 1.

TH2: 4—x*+{x*+x+2=0

3 2 XEZ
SN+ x+2=x" -4 ,
x4+ x+2=(x* -4y

x>2 (**)

1 3 2 .
x'—x —8x —x+14=0(3)

Giai phuong trinh (3) ta dugc 2 nghiém:

x, =1,2911 (khdng thoa man (**), x, ~3,1795
(thoa man (**)). vay phuong trinh d3 cho ¢6 2
nghiém: x=1va x 31795

Nhin xét. C6 it ban tham gia giai bai ndy. Ngoai
nghiém x = 1, chi c6 ban Lé Purc Hanh, 10 Toan 2,
THPT chuyén V6 Nguyén Gidp, Quing Binh tim
dugc cong thirc nghiém x, dung (mét cong thirc kha
cdng kénh), mét sb ban chi tim nghiém gén ding (nhu
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. ’ TRAN HU'U NAM
Bai T7/515. Cho cdc 56 thiee duong x, y thoa man
x+y <6 (1).Tim gia tri nho nhdy cua biéu thire:

P=x"(6-x)+y(6 - y)+ (x+3) L .\'_\'].

Xy
Loi gidi. (Cla tac gia dé toan va nhidy ban)
Ta co: ‘

F’=6(x2 +y2)— (x‘ +y +x7y+ }-‘.1‘:)+[i+l]
X V

&

=6(x: +_1':)-—(A.r+_1"k_rz +y1)+ 1

Ll
LA

Dox+v<6 nén 6-x—y>0.

g 11 .
Vay P > — + —. Theo (1) va BDT Cauchy ta co:
>

Diu bfmg Xayra< x=y=3.

Nhdn xét. Bai nay dé, nén c6 dén 54 ban tham gia
giai, trong d6 c6 mot sé ban THCS. Tét ca cac ban
déu giai dang, mac di trinh bay c6 thé hoi khac dip
an trén. Dudi day la danh sach cdc ban tham gia gial
bai,

Ba Ria-Viing Tau: Phan Trung Kién, 10T1, THPT
L& Quy Pon, TP. Ving Tau: Bén Tre: Ng(i’ Quoc
Bdo, 10/9, THPT Nguyén Dinh Chiéu, TP. Bén Tfe;
Déng Thap: Pham Hiu Dang. Huynh Hi Hat,
Nguyén Mink Khoi, Nguyén Thién Ly, Dang Con8

Thin, Lac Xudn Thinh, 10T1, THPT chuyén Nguyén

Quang Diéu: Ha Ngi: Pham Hoang Gia Ba;;l Lé
in Gi = yigr Viét Nhan,
Manh Hyng, Nguyén Gia Nam, Dé Viér Viét e

Hoang Phirong Ngoc, Dinh Mai Phuong,

THCS Archimedes, Dong Anh; Nguyén Duc Minh,
8A, THPT chuyén Ha N¢@i-Amsterdam, Nguyén
Xudn Timg, 10 toan, THPT chuyén KHTN, PHQG
Ha Noi; Ha Tinh: Lé Van Danh, Tran Huy Dirc, Lé
Bdo Ngdn, Nguyén Phan Thiy Ngdn, Nguyén Duy
Anh Quéc, Ngé Vin Thong, Phan Thanh Tin, 10T1,
THPT chuyén Ha Tinh; Thira Thién Hué: H6 Ngoc
Hing, 11T2, Nguyén Quang Huy, 10T1; Pham Bd
Hoéng, 12T1, Nguyén Thi My Lé, 10 T2, Nguyén Thi
Bdo Ngoc, 11 Toan 1, THPT chuyén Qudc hoc Hué;
Hung Yén: Pham Vin Thong, 10 Toan 1, THPT
chuyén Hung Yén, Cao Trung Hiéu, 11A1, Cao Thi
Twong Vy, 10A9, THPT Duong Quang Ham; Kon
Tum: Nguyén Minh Khoa, 11 Toan, THPT Nguyén
Tét Thanh; Lam Ddng: 76 Gia Bao, 10 Toan, THPT
chuyén Thing Long; Nam Pinh: Pham Viét Hoa, 10
Toan 2, THPT chuyén Lé Hong Phong; Pha The:
Luong Minh Hiéu, Han Vi Long, 9C, THCS Vin
Lang, Viét Tri; Pha Yén: Phan Vinh Tién, 10IE3,
THPT Duy Tén; Quéng Binh: Ddng Hoang Duy,
Trwong Thi Thu Ha, 10 T1, Lé Hong Anh, Lé Pikc
Hanh, 10 Toan 2, THPT chuyén V& Nguyén Giap;
Quing Nam: Trwong Nguyén Ngoc Minh, Tran
Hoang Qudn, Nguyén Phuéc Minh Tri, Huynh
Thanh Tuwong, Nguyén Lam Bao Uyén, 10/1, THPT
chuyén Nguyén Binh Khiém, Quang Tri: Nguyén
Anh Qudn, 8D, THCS Trén Hung Pao, huyén Cam
Lo, Lé Van Thoai, 10B1, THPT Pakrong; Nguyén
Ngoc Tho, Nguyén Xudn Tién, 10 Toan, THPT
chuyén Lé Quy Pon; Séc Trang: Lam Khanh Hoa,
11A2T, chuyén Nguyén Thi Minh Khai, Nguyén Anh
Thur, 7A1, THCS K& An, huyén Ké Sach; Thanh
Héa: Lé Duc Chinh, 9B, THCS Nhir B4 Sy, TTr.
Bit Son, Hoang Hoa; Vinh Long: Dwong Nguyén
Gia Huy, 10T2, THPT chuyén Nguyén Binh Khiém.

TA DUY PHUQNG

Bai T8/515. Cho tam giac ABC, O la tém diong
trén ngoai tiép, 1 la tam dicong tron néi tiép. D la
giao diém thir hai cua (0) va Al P la giao diém
ctia BC va duong thang qua I vuéng géc véi AL Q
la diém doi ximg cua I qua O. Chirng minh rang
PAQ = PDQ = 90°".

Loi giai.,

“ TOAN HOC
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Goi M, N Ian lugt 1a giao didm thir hai ciia PA, PD
véi duong tron (O); H, K 1an luot 13 hinh chiéu
vuéng géc cia O trén P4, PD. Ta co
PIB=AIB~90" = PCT = APIB~APC] (2.2).

T d6 P’ = PB.PC = PAPM = APMI ~APIA
(c.g.c), dan dén IM L PA. Két hop véi OH L MA

v e, F O i Iy Thales do, suy
HA 00

raQd4 | P4 (1).
Mat khic P =PA.PM=PDPN, suy ra
APNI~APID (c.g.c), din dén INL PD. Két

hop voi OK L ND va 28 = 12 OL o0 gink
KD 00

ly Thales dao, suyra QD | PD (2).

Tir (1) va (2) suy ra PAQ = PDY —9¢".

Nhdn xét. Nhiéu ban tham gia giai bai toan nay. Say
day 14 danh sich cic ban sau c6 10 giai tét:

Ha Noi: Nguyén Dirc Minh, 8A, THPT chuyén Ha
Noi — Amsterdam, Nguyén Xudn Ting, 10 Toan,
THPT chuyén KHTN, PHQG Ha Noi; Hung Yén:
Ha Vinh Quang, 10 Toan 1, THPT chuyén Hung
Yén, TP. Hung Yén; Thanh Héa: Lé Dize Chinh,
9B, THCS Nhir Ba S§, TTr. Bit Son, Hoang Héa;
Ha Tinh: Nguyén Thi Ha Chi, Ngé Vin Théong, 1é
Van Danh, 10 Toan 1, THPT chuyén Ha Tinh, TP,
Ha Tinh; Quéng Binh: 7rdn Phuong Linh, 10 Toay
2, Nguyén Khdnh Huy, 11 Toan 2, THPT chuyén v
Nguyén Giap, TP. Dong Héi; Quing Tri: Nguyé,
Xudn Tién, 10 Toan, THPT chuyén L& Quy Pén, Tp.
Déng Ha; Thira Thién Hué: Nguyén Quang Hyy, 1

TOAN HQC )
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Toén 1, Nguyén Duy Phudoc, Lé Thi Minh Thiy, 11
Toéan 1, Pham Bd Hoang, 12 Toan 1, THPT chuyén
Quéc hoc Hué; TP. Hué; Quing Nam: V5 Hoang
Diic, Vé Vin Linh, Tran Thi Cdt Tuong, 10/1, THPT
chuyén Nguyén Binh Khiém, TP. Tam Ky; Kon
Tum: Nguyén Minh Khoa, 11 Toan, THPT chuyén
Nguyén Tit Thanh,TP. Kon Tum; Lam Dong: 75
Gia Bdo, 10 Toan, THPT chuyén Thing Long, TP.
Da Lat; Pong Thap: Lé Vin Anh Khoa, Nguyén
Thién Ly, 10T1, Nguyén Tric Nhur Binh, 11T, THPT
chuyén Nguyén Quang Diéu, TP. Cao Linh; Binh
Dinh: Nguyén Huy Hoang, 10T, THPT chuyén Lé
Quy Pon, TP. Quy Nhon; Séc Triang: Ldm Kha
Han, 10A2T, Ldm Khdnh Héa, 11A2T, THPT
chuyén Nguyén Thi Minh Khai, TP. Séc Tring; Ba
Ria - Viing Tau: Phan Trung Kién, 10T1, THPT
chuyén Lé Quy Pén, TP. Ving Tau; TP. H3 Chi
Minh: Thdi Quang Phdr, 10CT1, THPT chuyén Lé
Héng Phong.

HO QUANG VINH
Bai T9/515. Tim giéi han

) ]+ [¥2]+.. +[\-‘fn‘ +3n’ 4 311J
i e

n
trong do n la sé nguyeén dwong va ki hiéu [x] la sé
nguyen lom nhat khong viroy qua x.

Ldi gidi, (Theo da s céc ban)

Tacd: k&’ <k’ 4352 +3k < (k+1).
Suy ra [k +3k% 4 3k1=k vasé cac sb nguyén

m théa man didu kign & <, <k+1’-113

Xét S, =[iﬁ]+[i/§]+...+[\3/n3 +3n® 4 3]
=[¥ﬁ]+[i/5]+...+[e/(n+1)3=1].

Khi d6:

S”:[i/l_]+[i/5]+...+[{/_23\_1]
R T S
LT e,

Suyra: § zf‘:k(3k2+3k+l)
=]
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=3" k3 £
; +3;k’+

Sir dung cac hé thie

k=|

Sok="0D S ntrtpen 41y
=1 k=1 ’
ik:i ] (n + 1)2
k=1 4
ta thu duoc:
_ 3n*(n+1)? N 3n(n+1)(2n + D | n(n+1)
n 4 5 + T

Suy ra: lim [iﬁ] +[{E] [\/Tmﬂ

n—~+3n—___—-——___~—“——

i S
_n—l*IPmn“
2 2
34D 3+ D@+ | )

= lim —32 6

n—+oc n“

_3

-
Két luan:

. RM+32)+. .+ +30> +3n] 3
im . =
n—+ 3 n

Nhgn xét. Da s6 cac ban giai theo cach giai trén.
MGt s6 ban thiéu nhin xét rang sd cac sd nguyén m
B <m<(k+1)y -1 la
(k+1’ —k’ =3k + 3k +1 nén da suy ra gioi han
bing 0. Cac ban sau day c6 15i giai dung:

B Ria - Viing Tau: Phan Trung Kién, 10T1, THPT
chuyén L& Quy Pon; Bén Tre: Ngé Quéc Bdo, 1009,
THPT Nguyén Pinh Chiéu; Binh Dinh: Nguyén Huy
Hoang, 10T1, THPT chuyén Lé Quy Pon; Dong
Thap: Huynh Hiu Hdu, Lac Xudn Thinh, 10Tl
THPT chuyén Nguyén Quang Diéu; Ha Noi:
Nguyén Xugn Ting, 10T, THPT chuyén KHTN,
PHQG Ha Noi; Ha Tinh: Lé Vin Danh, Ngo Van
Théng, 10T1, THPT chuyén Ha Tinh; Hung Yén:
Cao Trung Hiéu, 11A1, THPT Duong Quang Ham,
Vin Giang; Lam Déng: T6 Gia Bdo, 10T, THPT
chuyén Thing Long; Séc Tring: Ldm Khanh Hoa,
11A2T, THPT chuyén Nguyén Thi Minh Khai;

thda min diéu kién

Quing Binh: Lé Duwc Hanh, Truong Thi Thu Ha,
10T1, Lé Hong Anh, Biri Nguyén Thanh Ngan, Tran
Phuong Linh, 10T2, THPT chuyén V& Nguyén
Giap.

NGUYEN VAN MAU
Bai T10/515. Cho s6 nguyén dwong n sao cho
6n+1 va 20n+1 déu la cdc s6 chinh phuong.
Chirng minh rang 58n+11 la hop $0.
Loi gigi (Cia ban Nguyén Huy Hoang, 11T,
THPT chuyén Lé Quy Dén, Binh Dinh).
Ta giai bai toan tébng quat hom: Cho $6 nguyén
dwong m sao cho 3m + 1 va 10m + 1 déu la sé
chinh phuong, Chimg minh 29m + 11 1a hop s6
(véi m = 2n ta co bai toan trén).
Tacd:3m+1=da% 10m+1= b*. Suy ra:

a*b* = Bm + 1)(10m + 1) = 30m* + 13m +1 (1)
=29m* + 11m + (m + 1)?

hay m(29m + 11)=(ab—m - 1)(ab + m + 1).
T d6 (@b — m — 1)(ab + m + 1) chia hét cho
29m + 1.
Gia sir trai lai 29m + 1 1a sb nguyén t6. Khi d6
29m+1\ab—m—1

hoic  29m+1|ab+m+1.

Trong moi trudng hop ta déu co:
ab+m+1229m+ 11
= ab >28m+ 10 = a’b* > (28m + 10)* (2).
Tir (1) va (2) suy ra:
30m* + 13m+ 1 > (28m + 10)?
= 754m" + 54Tm + 99 < 0. Vo ly.

Nhdn xét. Cé nhiéu ban 16p 10, THPT chuyén Ha
Tinh tham gia giai ding bai toan nay. Ngoai ban
Hoang, cac ban sau c6 15i giai tét:
Ha Tinh: Nguyén Thdi Duong, 10 Toan 1, THPT
chuyén Ha Tinh, TP. Ha Tinh; Quing Binh: Bii
Nguyén Thanh Ngdn, 10 Toan 2, Lé Héng Anh, 11
Toén 2, THPT chuyén V& Nguyén Giép, TP. Péng
Hoi; Pong Thap: Nguyén Thién Ly, 10T1, THPT
chuyén Nguyén Quang Diéu, TP. Cao Lanh.

DANG HUNG THANG
Bai T11/515. Cho ham g: [a,b] — R la ham s6
lién tuc voi gla)y< g(b) va
S ila,b]—[g(a), g(b)) la ham tang. Chimg minh
rang phuong trinh f(x) = g(x) c6 nghiém.

TOAN HOC
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Lai gigi. Lyi giai dua trén chién thuat chia d6i
lién ti€p quen thudc.
Tir gia thiét cua bai todn, ta co:

g(a) < f(a)< f(b) < g(B).

Néu f(a;bJSg(a;b

a+b

] thi dat

a =ab =

(Truong hop nguoc lai f[a;b)>g(a;b) thi

a+b

dat a, = b, = b va giai tuong tr).

Nhir vdy ta thu duge khoang /, =[a,;6,] vai tinh
chdt f(a)2g(a)va f(b)<g(h). Bing quy
nap, va xdy dyng tuong ty nhu trén ta duogc diy
doan 7, =[a,;b,] voi tinh chit f(a)>g(a,) vi
Jf(b,)<g(b,). Do (a,) la diy ting va bi chin
trén boi b, con (b,)1a ddy giam va bi chin dudi

bdi a, cho nén ching déu ¢ gidi han. Luu ¥y do
b -a = b—;"ﬁ — 0 cho nén gidi han cua hai day
ndy bang nhau, gia s 1a ¢ =lima, =limb,.
Dog(a,)< f(a,)< f(b,)<g(b,) (*) vado g la
ham ) lién tuc, cho
g(c)=limg(a,)=limg(,).
c0 a ,<c<b,va do f la ham ting, cho nén
f@a)<f)<f(b) vi do (¥ ta ¢6
g(e)< flc)<g(c),suy ra g(e)=f(c)hay PT
f(x)=g(x) c6nghiémx=c.

nén

Hon nira, do luén

Nhan xét. Bai nay chi co ban Nguyén Huy Hodng,
11T, THPT chuyén Lé Quy Don, Binh Dinh gui 1&i
giai. Loi giai cua ban con cé ché so suat vi ban quén
mét 1a ham s6 f{x) khong bét budc phai lién tuc nén
khong két ludn dugc f(x) = g(x) c6 nghiém.

VU DINH HOA
Bai T12/515. Cho tam giac ABC, O, H theo thir ty
la 1dm dwong tron ngoai tiép va triec tém tam
gidc. S la tam dwong tron ngogi tié}) tam gidc
OBC. K, L theo ty la diém doi xung cua § qua AB,

TOAN HOC
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AC. Chimg minh rang KL di qua trung diém cia
OH.

Loi giai. (theo ban Nguyén Duy Phudc, 11T,
THPT chuyén Quéc hoc Hué, Thira Thién Hué).
A

Goi N 1a trung diém cta OH; X, Y theo thu tw 13
giao diém thir hai cia 4B, AC va dudmg tron ngoai
tiép tam giac OBC; Z, T theo thi tur 1a giao diém
clia SK, SL va AB, AC; M 14 trung diém clia BC.
D@ thiy

(X0, AC) = (XO, XB)+(AB, AC)

=(CO,CB) +-;-(@,%) (mod )
= (CO,CM)+(OM,0C)
= (OM,CM) = g(mod ).

Do d6 XO L AC.
Két hop véi BH L AC, suyra XO// BH.
Tir d6, chd y ring Z, N theo thw t 1 trung diém
cua XB, OH,suyra ZN// BH.
Két hop véi ST // BH, suyra ZN // ST = SL (1).
Tuong tw TN // SZ (2).
Tir (1) va (2) suy ra SZNT 14 hinh binh hanh (3).
T (1), (2) va (3), cha y ring Z, T theo tht ty 1
trung diém cua SK, SL, suy ra:

ZIN _IZN 1 KZ

SL 25T 2 KS

KN

Viy N thuge KL v =—= -1~ Néi cach khac N 1a
KL 2

trung diém cua KL (dpem).

https://tieulun.hopto.org
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Nhin xét. 1) Bai toan nay khéng kh¢ nh i c6
10 ban tham gia giai va c6 nhidy cscp, S
giiii trén.

2 Tru ban Ngé Vén T, héng, 10T]
Tinh, 9 ban con lai déu mic 13j ¢
thugc hinh ve.

3) Xin néu t€n 8 ban con lai: Ha Noi: Nguyén py;
Mink, 8A, THCS chuyén Ha Néi'— Amzterd mj
Hung Yén: Ha Quang Vinh, 10T, THPT chuar‘n,
Hung Yén; Ha Tinh: Nguyén Hong Dang 10)"/1"61n
TI—{PT chuyén Ha Tinh; Quing Trij: Nguyé:n Xudr;
Tién, 10T, TH'PT chuyén L& Quy Dén: Phy Yén:
Phan Vinh Tién, 10IE3, THPT Duy Tan; TP. H(’;
Chi Minh: Thai Quang Phdt, 10CT1, THPT chuyén
Lé Hong Phong; Séc Tring: Lim Khdnh Hoa
THPTfhuyén Nguyén Thi Minh Khai: Pong Thép:
Nguyén Triic Nhwr Binh, 11T, THPT chuyén NguyZn
Quang Diéu.

giai khéc cach

» THPT chuyén Ha

NGUYEN MINH HA
Bai ]:.1/515. Mor song ngang truyén trén soi ddy
Vi toc do va bién do khong doi, bude séng 60 cm.
Hai p/ra";n tie song tai M. N c6 vi tri cdn bang cdch
nhau 10 cm. Tai mor thoi diém i d6 cua M, N doi
nhau va chiung cach nhau 12.5cm. Xdc dinh bién
do cua song.
Léi gidgi. Su truyén séng dugc mé ta nhu trén hinh
VE.
u j}
+4

Y A S ey 1 Uy
d ] Afp . X
u V

—

A

Tr hinh vé ta co:
4 = A + (2a) 12,5 +2a)
Suy ra: x = y), = 3,75 cm.
B§ 1ch pha gitra hai phan tir song tai M, N:
and  2m10_ T

A= T60 3

Két hop véi hinh vé ta xac dinh duoc:

Bién d6 song : A = 2um= 23,75= 7,5 cm.

Nhdn xét. Chic mimg céac ban da c6 161 gidi dung
cho dé ra ki nay: Bac Liéu: D6 Viin Duong, 12CA,
THPT Trin Vian Bay, Phuéc Long; Hung Yén: Cao
Trung Hiéu, 11A1, THPT Duong Quang Ham;
Péng Thap: Nguyén Thién Ly, 10T1, THPT chuyén
Nguyén Quang Diéu; Ha N@i: Ngé Van Minh
Théng, 12 Toan 1, THPT chuyén Nguyén Hug; Cin
Tho: Tran Kim Phung, 12A2, THPT Nguyén Viét
Héng, quan Ninh Kiéu.

PINH THI THAI QUYNH
Bai L2/515. Dién ncng t mét tram dién dugc
truvén di dudi dién dp 20KV, hiéu sudt trong qud
trinh truyén tai la H, = 80%. Biét rang cong sudt
truyén tai dén noi tiéu thyu la khong déi, muon
hiéu sudt truyén tai tang lén Hy = 95% thi phai
tang di¢n ap Irmfcfn di dén gia tri bcing bao nhiéu?

Loi gidi. Theo cong thirc hidu suit ta c6:

P 2
H =1--2 =1—P2R=1-P—R-2~
P U;P U
R

suyra: 1—H, :PUZ— (1).

1
Tuong tr khi ting dién ap cua tram dién truyén di
trong khi cong suét truyén di duge gir khong doi,
ta co:

R
1-H,=P— (2).
:=P5 (2)

2

Tir (1) va (2) ta thay:

1-H, U]

1-H, U}
Dién ap can tim:

m:ul_m.
1-H,
Thay sb ta dugc:
1-0
Uy =20 .8 =40KkV.

>

Nhin xét. Ban Pham Hitu Dadng, 10T1, THPT
chuyén Nguyén Quang Diéu, Pong Thap cé 1oi
giai dung.

NGUYEN XUAN QUANG

é.%rg
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R

Pbi véi cac ban hoc sinh gidi toan va dam mé
bt ding thirc (BDT), chic hén nhimg bai toan
BBT d6i ximg ba bién véi cic gia thiét nhu
a+b+c+abc=4hay a’+b* +c* +abc=4,..
14 kha quen thudc va hdp din. Tuy nhién ching
cling 1 nhitng thir thach khong hé nho, dic biét
14 d6i voi cac ban hoc sinh con “non tay nghé”.
Ly do thir nhét 1a vi cac gia thiét trén twong dbi
it phé bién nén géy ra ling ting cho nhiéu hoc
sinh trong viéc khai thac va sir dung. Ngoai ra,
viéc céc bién rang budc véi nhau qua chit nhu
vy lam cho viéc sir dung cic BDT cb dién dé
chimg minh truc tiép hay dung phuong phap
tiép tuyén, dao ham theo tirng bién doc lap gép
nhiéu khé khin ciing la mdt nguyén nhén.
Trong bai viét nay, t6i mudn trinh bay véi ban
doc mot phuong phap rét hiru hiéu cho céc dang
toan BDT nhu viy, d6 la phwong phap dén bién
trong d6 hai bién nao d6 trong ba bién da sép
xép thir tu duoc don vé mot bién phy t ma t cé
thé biéu dién qua bién con lai. Xin mdi céc ban
theo ddi cac thi du sau: :
Thi du 1 (Viét Nam 1996). Choa,b,c >0 thoa
man ab + bc +ca + abc = 4. Chimg minh rang:
atb+c2ab+bc+ca.

Phén tich. Bai toin nay c6 nhidu cich giai
ching han nh ding phan ching hay thé bién
rdi st dung BDT Cauchy (BDT AM - GM).
Tuy nhién cac cach giai d6 khong phai 13 cach

TOAN HOC
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ddn bién & day la ta s€ ddn a,b vé cung mot
bién ¢ va bién ¢ nay biéu dién dugc theo ¢ dé
dwa BDT cén chimg minh vé mot BDT chi ¢6 ¢
vd ¢ va sau d6 do ¢ biéu din dugc qua ¢ nén
ta chi cin chimg minh mot BDT don bién. Viée
ndy 14 don gian, thong thudmg ta c6 thé dung
bién dbi twong duong dé chimg minh, trong mét
s trirdng hop cin thiét, c6 thé sir dung phuong
phap xét sy bién thién cua mot bién. Dé tim 7 ta
chi viéc thay a va b trong dang thirc dé bai
cho bang ¢ va giai phuong trinh béc hai 4n ¢
tham s§ ¢ . Cu thé héa y tudng trén, ta cd 161
giai sau:

Loi gidi. Khong mét tinh tdng quat gia sir
c= min(a,b,c)thé thi ta ¢6 O0O<e<l.
Xét t 1a mdt sd duong théa man:

(c+1)r* +2c1-4=0(1)

Coi day 1a phuong trinh bac hai 4n ¢ tham s ¢,
tacd: A'=¢? +4(c+1)=(c+2)2.

—c+(c+2) 2

Do @6 t= = .
c+1 c+1

Tir gia thiét va tr (1) suy ra:

(ab—t2)(c+l)+c(a+b—2t)=0

ha P—ab=-X_ =
y c+1(a+b 2t) (2).
Tirday suyra a+b22¢ vindu a+b<2s thi
2t>2Jab = —ah 0.

https://tieulun.hopto.org



Két hqp~ VOi (2) suy ra a+b>2¢, ta o didy
mAu thuan,

Bay gi¢ ta chimg minh:
a+b+c-—(ab+bc+ca)22t+c-—(t2 +2ct)(3)

¢:>(a+b—2t)(1-—c)—(ab—-t2)20
+h-20)1-c+ -

& (a )[1 c+c+1)zo (theo (2))

Piéu nay 14 hién nhién do 0<c<1.Bay giv ta

ching minh: 2r+c~—(t2+2cr)20 (4).

2
Thay ¢t = ——vao ta dugc:
c+l )

@’ -2 +c20sc(c-1)" 20.

Piéu nay 13 hién nhién vic>0. Tir (3) va (4) ta
c6 diéu phai ching minh.

mdn

Thi du 2. Cho thoa

ab + bc +ca+ abe = 4. Chirng minh rang:

a,b,c>0

a +b +c-3+abc+824(a+b+c-).

Léi gigi. Tuong tu thi du 1, gia sirc1a sb nho
nhét trong ba sé a,b,c thi 0<c<1.Ta van xét
s ¢ nhu & thi du 1, BDT cén chimg minh truéc
hét la:
@ +b* +c? +abc+8—4(a+b+c)

>+ +ert +8-4(2t+¢) D)
&at+ b -21 +c(ab-t’-)—4(a+b—zz)zo
& (a+b) -4 +(2-c)(12—-ab)—4(a+b—21)20

c
<3(a+b—2{)(a+b+21-4)+(2—c)—£1—l(a+ba2!)20

c
<:3(6?-|—b—2r)[.ar+b+2{—4+(2—c)c—.;¥)20 (2).

>1, lai co a+ b= 2tsuy

Doc<inén t=

c+1
5 i € >0
Ta a+b+2t-420. bong thm(z—c)—c-;ﬁl :
Do ¢ (2) dimg va vi thé (1) &

Béy gi¢r ta ching minh:

20+t e’ +8-4(2t+¢)20 (3).
2 b
Thay ¢t = —— vao ta dugc:
c+1

(3) © c*(c—1)° 20 (hién nhién).
Tir (1) va (3) ta thu dugc diéu phai chimg minh.
Thi du 3 (USA MO 2001). Gid su a,b,c la cdc
sé6 thuc khéng am thoa mdn dang  thirc
&’ + b+ +abe = 4. Chimg minh rang:

abe + 2> ab+bc+ca=abe.

Léi gidi. D& thiy a,b,c déu nho hon hodc bang
2. Khéng mét tinh téng quat, gia strc la s6 nho
nhit trong ba séa,b,c thi 0<c<1.Hién nhién:

ab+bc+ca—abc=ab(l—c)+bc+ca20

= ab +bc +ca= abc.
Xétr=v2—cta c62> +c? +r’c=4. Két hop
vai gia thiet suy ra:

a*+b* —21* +c(ab—-1)=0
:>(a+b)2—4tz+(c—2)(ab—tz)=0
& (a+b-2t)(a+b+2)=(c-2)(¢* —ab) ().
Pbng thoi ta c6: a’+b* -2 =c(r* —ab).
T day a*+b*-22>0vi néu

2t* > a’ +b*thi * >ab :c(tz—ab)>0, mau

suy ra

thuan. Xét

(ar+b)2 -4 =a* + b* - 21* +2(ab—1‘2)

=(a’ +b* —2:2)(1_2)

c
hay
(a+b—21)(a+b+2£)=(a2+b2—-2t2)(l—2-]S0
(doc<2).Dodéa+b-2t<0. Ta ching fninh:
abc+2-(ab+bc+ca)2’c+2- (1 +2ct)(2)
o c(ab-1*)-(ab-r*)-c(a+b-21)20
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<:>(t2 —ab)(l—-c)——c(a+b—-2t)20

c>(a+b-2:)[(a+b+2t)(l_c) —cho

(c=2)
(theo (1)).
BDT trén ding doa+b -2 <0va

(a+b+2t)(l—c)

(c=2)
Ta chimg minh: 2 + 2 — (¢ + 2ct)20 (3).
Thay ¢ = E vao ta dugc:

(B)ee(V2=c-1) 20,

Diéu nay 12 hién nhién do c khong am. Tir (2)
va (3) ta suy ra dpcm.

—c<0,Vee[0;1].

Thi du 4. Gia swa,b,c la cdc sé dwong thoa
man ding thic a*+b* +c* + abc =4. Ching
minh rang: a+b+c<3.

Loi gidi. Theo thi dy 3, ta da chimg minh duoc
a+b<2t Biy gidta ching minh 27 + ¢ <3 hay
2V2-c+c-3<0.

Tuy nhién BDT nay lai tuong duong véi
(Jz —c~1] 20, hién nhién ding.
Vay BDT da cho duge chimg minh.

Thi du S. Choab,c>0 théa man

a’ +b* + ¢ +2abc =1. Chiing minh réng:

a +b+ct 2 4(5:2!52 +b%et + czaz).

Loi gidgi. DE thiy a,b,c déu nho hon hogc bing
1. Khéng mat tinh tong quat, gia st ¢ 1a sb nho

< % o A ]
nhéat trong ba s6 a,b,c thi khi d60<c< =

1-c

Xét t= 5 ta co: 20 +c?+2%c=1.

Két hop véi gia thiét suy ra:
a*+b*~21 +2c(ab-1") =0

36 T?g?uggc& S3 519(9-2020)

& —ab=2(a* +52-2F) ().
2c

T  day rad+b'=2r7>0 vi néu
2t* >a* +b’thi suy rar® >ab hayt* —ab>0,
két hop véi (1) thu dugc mau thudn.

Ta chimg minh:

suy

@ +b +c* -4(a’b + b +a’)
22+ - 41t + 2¢17) (2)
@ (a+b -2 (1-4c2 )+ 4(r' - a’b?) 20
C"(U2+bz—2?2)(1—4c2)+4(rz+ab)i(az+b2—2{2)20

(theo (1))

2 2 2 2 4(t2+ab) >0
(@ +b6°-2%) 1-4¢* + ——— | 20.

2¢

1 4(!2 +ab)
Do0<c¢<—nén 1-4¢* >0,lai c6 ———2>0
2 2
vaa'+b* -2 >0, suy ra (2) ding.
Béy gio ta chimg minh:

27 +¢* —4(t" + 20’ )20 (3).

Thayt = ‘fl—;—c vao ta duo’c:(3)<:>c(2€—1)2 >0.

Didu nay 13 hién nhién do c khong am. Tir (2)
va (3) ta suy ra dpcm.

Thi du 6. Choa,b,c Id cdc sé dwong thoa man

a’+b +c* +abc=4. Tim gia tri Iém nhét cua
biéu thirc:

P:a(l+c\/£)+b(l+a\/5)+c(l+b\/c_7).
Loi gidi, Ta co:
P=a+b+c+acﬁ+ba«/g+cb\/5.
Theo thi du 4 ta dd céa+b+c<3 (1). Bay gio

ta chimg minh: avb +bJa < 21/ , trong d¢ sb
t dugce dinh nghia nhir ¢ thi du 3.
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> a co: O<exi,
Tu do ta co:

22(a+b)2(\/;+\/3)2
va IZJE
:>2!\/;2(\/;+\/3)\/;E=a B+ bs
= 2ct[t > ac\b +cb /a.

D0 05 aelB b b <o
(chuy > > ab). Thayr=.2_,

=>2\/;2\/;+\/g

¢ ta dugc:

2t +0e =262 )i+ (2

Xé£(€)=2¢(2=€)s + (2 ez e (031
Ta co:
Fe)=2(2=e)i ~3e(2-e)i -z, 22¢
2 2Je
Doc<1;2—-c>1 nén
2 3 1
2(2-c¢)s 22;—2~C(2—C) i 2\/_ 7

Tir d6 dé thay f(c) 2 0,Vce( 0;1] .Tacla f(c)
dong bién trén (0; 1].Suyra

f(c)< f(1)=3Ve©l)

Vi thé: acb +bae +cbda < £(c)<3 @).
Te (1), 2)suy ra P<6 Mit khic khi
a=b=c=1 thi P=6.Vay gia tri 16n nhat cua
Plae.

Nhin xét. Khong gidng céc bai toan trudc, dé
chimg minh BPT don bién trong bai toén nay,
ta 43 phai sir dung cong cu xét ham ma khong
ding bién ddi twong duong Vi viéc bién ddi
trong duong s& gy ra rat nhiéu kho khan trong

A v . s . nén linh hoat
Viée xir ly céac can thirc. Ban doc

trong bude chimg minh nay mic du trong hiu
hét cac truomg hop, viéc chimg minh chi mang
tinh thu tuc ma théi. Thuc chit viéc chimg (2)
co thé suy ra tir (1) bing cach dung BT
Cauchy, tuy nhién tac gia mudn trinh bay véi
ban.doc cach sir dung don bién két hop dao ham
dé chimg minh (2) nhim ning cao k¥ nang sir
dung cac phuong phap nay cho céc ban khi gap
cac bai toan BDT chit hon.

+ Thi du 7. Cho ba 56 Ihu'cabce[:lz 3\/_}

thoa man Z(az +5% + ¢t ) +3abc =9. Chimg
minh rang: a+b+c>abc+2.

Loi gigi. Khong mat tinh tdng quat, gia st c la
sb nho nhét trong ba sda,b,c. Thé thi %< c<l1.

2

Xétt = . ta co 2(2t2 +c2)+3c1‘2 =9.
3c+

Két hop vai gia thiét suy ra:

2(1512 +b —2t2)+3c(ab*t2)'—- 0
<2 (a+bY ~47° |= (3¢~ 4) (¢ - ab)
©2(a+b-2t)(a+b+21)=(3c-4)(r* - ab)

2(a+b+2t)
3c-4

Ta ciing co: 2(a“+b' —2:‘3)=3c(r2 —ab), tr

&tP—ab= (a+b6-21) (.

ddy suy ra: @®+b6°-2220 va £ —ab>0.

Két hop véi (1) véi chi ¥ 3c-4<0 ta thu duoc

a+b-2t<0.

Ta chirng minh:
atbt+c—abc-222t+c-t'c-2 (2)

<:>a+b—2!+c(tz—ab)20

@(a+b_2t)3c—4+23czc+42bc+4t‘c >0 (3)
o

TOAN HOC
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b+2 |
(d0t2 _abz-%-(—‘;L-:——’)-(a-lwb—‘zt) )
C-—

. , X 1
Dé thay tir dinh nghia cua ¢ va do 3 <c<1suy
ra ¢t >1; dong thoi trong hai s6 a,bphai c6 mét
s6 21 vi néu khong thi ca ba sé a,b,c déu nhd
hon 1, din dén 2(a® + 5> +¢*)+3abc <9, mu
thudn véi gia thiét.
Gid sir a>1(truong hop b>1 lam tuong tu) ta
céd:
2ac+4tc+3c—-4>2c+4c+3c-4=9c-4>0

1
do ¢c>=).
(do ¢ 2)

Lai ¢6 2bc>0,3¢—4<0 va a+b—-2/<0nén
suy ra (3) ding. Tic la (2) ding. Tiép theo ta
chimg minh: 2t+c-rPc-2>0 (4).

Coi 2t+c~1"c—2 1a tham thirc bac hai 4n s
tham s§ c.

Dé giai ra hai nghiém cua tam thirc bac hai nay

2-c¢

b (cht ¥
C (&

la1va >1).

Néu c=1 thi £=1, khi d6 hién nhién (4) ding.

2—-c
C

>1.

Xét %<c<1thi

2 ) P . . 2=e . .
Luc nay chi can chimg minh r<Z"C thj s& ¢4
c

tnim gitta khoang hai nghiém ciia tam thre va
theo tinh chét cua tam thic bic hai suy ra (4)
dung. That vay:

2
ISZ—CC‘.» /9—26 S2—(:
c 3c+4 c

9-2¢2 <c2—4c+4

3c+4 c?
2 +3¢* 17 -4c+16 >0
& (e-1)(2¢’ +5¢* ~12¢~16) 2 0

TOAN HOC )
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(dung doc<1).

Nhu vdy (4) dugc chimg minh. Tir (2) va (4) ta
co dpcm.

Nhidn xét. Day 14 mét bai toan rat hay va khé.
Viéc chitng minh BDT thirc (2) d4 kha khé va
doi hoi phai sir dung, khai thac linh hoat céc gia
thiét dé bai cho. Viéc chimg minh BDT (4) con
khé hon nhiéu, ndu di theo 16i mon 1a thay t
bang mét cin thirc chira ¢ vao thi s& cho s6 mil
va hé s6 rat to sau khi khai trién, lam cho viéc
chimg minh v6 cing phirc tap. G ddy tic gia
dung tinh chit ctia tam thirc bac hai va dua bai
toan vé viéc chimg minh mét BDT kha don gian
ma khai trién clia né 12 mét da thirc bac 4, dén
day vi¢c chimg minh tré nén dé dang. Ban doc
nén chu y céch tiép can nay trong qué trinh
ching minh BPT.,
Thi du 8. Cho
a+b+c+abc=4. Ching minh rang:

a,b,c>0 thoa man

a’+b'+¢? +l225(ab+bc+ca).
Loi gidi. Khong mét tinh téng quat, gia sir ¢ la
s6 nho nhét trong ba séa,b,c. Thé thi 0<c <],
Néu c=0 thi bai ton tr& thanh:
Choa,b>0 théa man a+b=4 Chimg minh
rdng: a® + b +122>5qab.
Tacé: a* +b* +122 2ab + 12,
laico: 4=a+b>2Jab = ap<yq,

do d6: a2+b2+1222ab+1222ab+3ab=5ab.
Bai todn dugc chimg minh trong truong hop
nay. |
Néu ¢ #0 thi xét t=—_ii-_________ Vi-c® +4c

. i

Dé chitng minh 7>1v3 2+c+c=4 (1).
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Két hop vOi gia thiét suy ra:
a+b—2t=c(12 —ab)

Tir ddy lai suy ra: a+b-2120,2 - gh>

va ¥ —ab= i‘_"_g_:__Z_t
- .
Ta chimg minh:

a4 +b2+cz+12—5(ab+bc+ca)
2208+ +12 =50 +2¢t) (2)
e a +b' =20 +5(s -ab)-5Sc(a+b-21)3
¢__>(a+b)2—4t2+7(f2——ab)—Sc(a-f-b—Zt)zO

¢>(a+b—2r)(a+b+21+z—5c]20 (3).
C

N
Do ¢<1 nén —-5¢>0, lai cé: a+b-2t>0
C 2

suy ra (3) dung. Tac 13 (2) duoc chimg minh.
Tiép theo ta chimg minh:

21 + ¢ +12—5(z2 4 2ct) >0 (4)

Tr (1) suyrac= z:_—_rz; , thay vdo va quy dong,

n
khai trién ta dugc (4) tuong dwong véi:

~31° + 261" — 40> +45¢> =561+ 28>0

& (1-1)(2-1)(3r +12¢* + 71 +14)20.

Doc>0nén £<2, lai c6 t>1 suy ra BDT trén
hién nhién dtng.
T (2) va (4) ta thu duoc BDT can chimg minh.
Nhin xét. Dé chimg minh BDT (4), do biétf
dién cta 1 qua c rét phuc tap nén ta da khong the
! bing mot biéu thirc cua ¢ ma da thé ¢ bang
mdt biéu thirc cua ¢ don gidn hon rht nhiéu.
Nhu vay, thong qua 8 thi du cu thé, bai viét da

frinh an tf vé
bay, gidi thiéu va phan tich cho ban doc

mdt cach don bién rit hay va hiéu qua trong
chimg minh BDT. Nhiéu thi du d4 trinh bay nhw
thi du 1 va 4 c6 thé chimg minh bing phan
chitng hodc dao ham theo tirng bién nhung 15
rang cac cach ndy khoéng mang tinh chit phd
quat va kho hodc tham chi 1a khong thé 4p dung
duge v6i céc thi du con lai. Chic han néi dén
day ban doc da thay 6 dugc sitc manh cia cong
cu don bién duge trinh bay & trén. Mong ring
bai viét ndy sé gitip cac ban gidi quyét thanh
cbng cac bai toan BDT tuong tyr v&i céc thi du
d3 dugc phan tich. Dé két thic bai viét, téi dua

ra mot vai bai tip dé cac ban van dung.
BAI TAP

Bai 1. Cho cic sd thuca,b,c>1thda main

a+b+c+2=abc . Chimg minh ring;

beva® —1+cavb® =1 +abc* -1 52;/__3050

Bai 2. Cho

a+b+c+abc =4. Chimg minh ring:

a,b,c>0 thda min
3a® + b +c*)+13(ab+bc +ca) = 48.
Bai 3. Cho

ab+bc+ca+abc=4. Tim gia tri nho nhit cia

a,b,c>0 théa man

biu thitc P=a+b+c + abe.
Bai 4. Cho thoa

ab+ bc +ca+abe =4 . Chimg minh ring:

1 1
—+—+12a+b+a
a b ¢

a,b,c>0 man

Bai S. Gia sir a,b,c 12 cac s6 duong théa man

a’ +b* +c* + abc = 4. Chimg minh ring;

ilr-f-)-+z+£‘12az+b2 +c’.
c a b
. TOAN H
Sb6 519¢ i ¥
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Nam 1983, P. Erdos da dat vin d&: Véi nhitmg
gid tri n nao thi ton tai mét tap hop n diém
trong mdt phing c6 cdc thuéc tinh sau:

a) Khéng cé ba diém nim trén mot duwong
thang.

b) Khéng co bén diém ném trén mor vong tron.
¢) Xdc dinh ding n—1 khoang cdch khdc
nhau.

d) n-1 khoang cdch khdc nhau dy cé thé duoc
denh 56 theo chi s6 i sao cho 1<i<n — 1
khoang cach thir i xay ra i lan.

Ching ta s& goi 46 1a mot “H¢ n diém dwoc sdp
hoan chinh”.

Ta xem xét bai toan voi mot b gia tri cua n. Rd
rang véi n = 1 va n = 2 bai toan 1a tim thuong.
Vo1 n = 3 10 rang cac dinh mét tam giac can
(khéng phai tam gidc déu) 4BC ma AB = AC =
BC tao nén mét hé 3 diém duoc Sép hoan chinh.
Hinh 1 bén s& chi ra sur ton tai p P
cla hé 4 diém duoc sip hoan v :
chinh (tam gid&c PPP, bén

trong la tam giac déu

RE =PPF =FF, tam giac bén 5

ngoai ARAP 13 tam gidc cin ’
Hinh |

nhung khong phai 13 tam giac
déu BR=BP, #FB).

Véi n =5 thi hinh 2 chi ra sy ton tai coa hé 5
diém duoc s&p hoan chinh.

Trong hinh 2, 4BC 1a mét tam gidc déu, 4D
vudng goc voi BC va CE vudng goc véi AB, &
déy AD = AB vi CE = CD. Ta d& dang kidm tra
duoc réng diy 1a mot hé 5 diém dugc sép hoan
chinh,

TOAN HOC .
* CTuditré S8 5199-2020)
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ACDARERDS:

HOANG PUC TAN
 (HaNGi)

! A’

Hinh 2

V6i n = 6 thi hinh 3 du6i diy chi ra sy tdn tai
A

C

Hinh 3
cta hé 6 diém duoc sép hoan chinh.
Trong hinh 3, ABD va BCD 1a céc tam gidc déu.
DE va BF vuéng géc véi 4D, & diy AE = CF =
AC. Mot lan rtfra, ta d& dang x4c minh rang day
1a mot h¢ 6 diém duge sip hoan chinh,
P. Erdos néi ring 6ng khong rp liéu mét he 7
diém dugc sép hoan chinh c6 ton tai hay khéﬂg?
Nérr} 1985 Andy Liu (nguoi Hungary) d3 chi ra
Sy tOn tai cia h¢ 7 diém duge sép hoan chinh.
Xét hinh 4 & dudi,
Trong hinh 4, AFG va EFG 13 c4c tam giac déu.
BG vudng géc vé6i AG va DE vudng géc véi
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EG, v61 AB = DG = 2BG. Cuéi cung, CpG
ciing 12 mOt tam giac déy.

Khong kho khi kiém tra tap hop 7 diém ndy c
cf{c t}.]uc}c tinh Ei) va b). Tir d6 sau nay cac goc
goi dién cua moi tir gide 161 duoc xac dinh be;
nhﬁn'g diéFn nay khong phai 14 cc goc bl nhay
(c6 tong bang 180°%).

Qhﬁng ta s€ minh hoa bzing viéc chimg minh
rang ACDF khong phai 13 tr gise néi tip. Luu
AFD=120" - DFE
ACD =60+ ACG.

y rang trong  khi

Néu DFE =ACG thi tam gidgc DFE va ACG 14
ddng dang Vi DEF =150° = AGC. Tuy nhién,

: DE 1
—=—-1trong kil — == )
Ge 2 o XM gp=y Do &
AFD+ ACD #180".
A
F
B
E
Cl D

Hinh 4

Bay gio chung ta chimg minh rang thi du cua
ching ta ciing c6 cac thude tinh ¢) va d).

Diu tién chung ta liét ké cic 16p khoang céch:
(1) AF;

(2) BG = DE;

(3)AC=AD = CF;

(4) 4B=CD = CG = DG;

(5) BD = BE = BF = CE = DF;

(6) AF = AG = BC= EF=EG=FG.

DS 1a BG = DE dugc suy ra tir phép xay dumg.
Chiing ta ¢4 AC = AD va AC = CF vi AG chia

46i CGD va CG chia doi goc AGF. Nen 4B =

CD = CG = DG dugc suy ra tr phép xay dung.
Vi ABG=60" =C!’E?7o°, nén AB va GC la song
song v6i nhau va ABCG la mdt hinh binh hanh.
Do d6 BC = AG. Nén AG = AF = EF = EG =
FG dugc suy ra tr phép xay dung.

Chiing ta phai thiét 1ap céc dang thirc trong (5).
Vi FGB=150° = FED, cic tam gidc FGB va
FED 14 bang nhau (c.g.c). Do d6 FB = FD va
BEG = DFE. Tir d6 suy ra BFD=GFE =60".
Vi vy BDF 1a mdt tam giac déu. Ching ta co6
BF = BE vi BG chia d6i EGF, va BF = CE Vi
BCEF ciing 1a mdt hinh binh hanh. ‘

Chiing ta s& hoan thanh chimg minh béng cach
chi ra ring sau khoang céch d6 la khac nhau.
That vay, DE < EG < DG <DF < AE <AD.DE
< EG < DG c6 thé thiy trong tam gidc DEG va
AE < AD trong tam gidc ADE. Do d6 thi du cua
Andy Liu 1a mot hé 7 diém dugc sap hoan chinh.
Niam 1989 1. Paldsti (ngudt Hungary) da chi ra
su ton tai cta hé 8 diém duoc sép hoan chinh.
Gia st P; 1a mot diém cia ludi tam gidc déu
(céc canh cua tam gidc 1a 1, 1, 1). Tam diém
dugc chon trong cic diém dd véi toa dd

Descartes:

Yy
> A
> Np
> 8 L %‘ | i

P > | >
4 . .
- 7 | ' |
NE AN AN Ny

Hinh 5

SRRV

3(0;1),13(6;1),&(26;0),P‘.[g; }

1’5[3—{3‘;%}&[-‘5' 7}& [9-@—-7]@(&;2).

2°2 2’2

(Xem tiép trang 44)
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( (mra1Eu cACH SpAT )
- \CHO MOT BAI TOAN /'
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. e
B -
i e

BAI TOAN 40. Gidi phuong trinh
Qx+10)Vx+3=x>+11x+12 (*).

Loi gidgi. Cdch I: Diing phuong phdp bién dbi
twong dwong

Phin tich: PT c6 dang vJa=b, nén ta c6 thé
nang 1én lily thira. Ding céc phép bién ddi, dong
nhét két hop véi viéc tach, nhém, ghép thich hop,
dé dua PT vé dang PT tich da biét cach giai.

Néu sau khi liy thira tim dugc nghiém hitu ti thi ta
s& ding lwgc @6 Horner dé phan tich ra thira sb.
(x>-3

=11—s/78
G
2

PpK:{|*=
x> i*z;-@ ~—1,227998127

~—9,772001873

.

< x>-1,227998127 (1). Khi dé:
()& @x+1002(x+3)=(x* +11x +12)’
& x* +18x° +93x% + 44x - 156 =0
& (x-1)(x+2)(¥* +17x+78)=0
x=1=0 x =1 thda man (1)
= <=
x+2=0 x =2 khong thoa man (1)
(ViPT x* +17x + 78 = 0 vd nghiém).
Két lugn: D6i chiéu véi DK ta thy phuong trinh
c6 nghiém duy nhétx = 1.
Cdch 2: Ding phwong phdp bién @i dwa vé
dang A"= B" (neZ’)
Phin tich. Hé sb truéc can thudng 1a nhimg sé

chin. Dung cac phep bién d6i hoic tich ghép
(chit yéu 1 dva vé cac hing ding thire).

Ta thly —2(x+5)vx+3 ¢o dang —2ab sau khj
chuyén vé, nén phin tich thanh hang déng thurc,

4?2 T?QPUQOE; S§ 519(9-2020)

PK: x> -3. Khi do:
(*)@2(x+5)\[;:§=x2+11x+12

<:>I:(x+5)2 _2(x+5) \/x_+_§+(x+3)] -
& [(X+5)-\/}?§]2=4Z

[x+5 Jx+3=4 (1)

x+5-Jx+3=-4 (2)
e Gigi (1), taco: (1) x+1- Vvx+3=0

x=-1
SVx+3=x+le P t+x—2=0

“ {xz +x:—21=0 Sha=
e Giai (2), ta co:
Q) Vx+3=x+9 S x+9°=x+3
& x* +17x+78 =0: PT nay v nghiém.
Cdch 3: Ding phwong phdp dat mjt in phu
hoan todn
Phan tich: PT c6 dang v/a =b,nén ta c6 thé dat
mdt an phu.
PK: x>-3. Dit Vx+3=a(a20) (1)
= x=a’ -3. Ta thu dugc:
2Aa* -3+5)a=(a*-3)* +11(a®> -3) +12
<:>2a3+4a=a4—602+9+11a2—33+12
Sa' -2a +5a* ~4a-12=0
<:>(a+1)(a3—3a2+8a—~12)=0
& (a+1)(a-2)(a* ~a+6)=0
Q{aﬂzoc{a:_l (loai)

a=2=0 " |a=2 (thdaman)(2)
Tu (1) va (2) ta co:

VX +3 2C>x+3 4 x= 1.

Cdch 4: Dang PP dit hai dn hu h
HFE o5 P oan togn

bit x+5—-a:a_x+10x+25
VX+3 =b (b20) = p2= =x+3,

Suyra: x*+11x+12 =2 +5 - 16
Tir (*) ta thu dugc: '

2
2ab=a +b2—16<:>(a__b)2=42
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& a-b=4
G'—b-—_ :

eVdia-b=4taco: x+5-x+3 =4
m=x+l®{ , =l
X +x-2=0
< x=1 (théa man PK).
eVéia-b=—4,tacé: x+5-/x13 =4
& x+9- \/F 0=Jx+3=

& (x"'9) =x+3
ox*+17x+78=0: PT nay vo nghiém.

x+9

Cich 5: Ding phurong phdp dit an phy khéng
hoan toan

Phin tich: PT c6 dang

2
ax” +bx +c = (dx+e)Wmx +n.

Do d6 ta c6 thé dit 4n phu khong hoan toan. Khi
dit an phu tthl bién x van ton tai va khi d6 ta xem
x la tham s0. Thong thudng thi d6 1a PT béc hai
theo 4n ¢ va luc nay ta sé giai bang cdng thirc

nghiém cua PT béc hai.

Ta cé 1 giai sau:

PK: x2>-3. Tu (*) ta co:

(Wx+3) —2(x+5)Vx+3+x2+10x+9=0 ()

Pit Vx+3 =1 (+20). Tir (1) ta co:
F=2(x+S)+x>+10x+9=0 (2).

Coi PT(2) 14 PT 4n 7 con x la tham sé ta cé:

Al =(x+5)" = (x* +10x+9) =16

L=x+5+4=x+9;
L=x+5-4=x+1.

*Vai t=x+1, taco:

Jx+3=x+1 (DK: x>-1)

>
=N o & x =1 (thoa man DK)
x+x-2=0

* V6ir=x+9, taco:

Jx+3=x+9 & (x+9)7=x+3
& x* +17x+ 78 =0: PT nay vd nghiém.
Cich 6: Ding phwong phdp dira vé phwong
frinh tich
Phin tich: Biéu thirc ngoai diu can thic 1a bac
hai, bidu thire trong dau can thirc 1a bac nhit va

c6 dang ax’ +hx+c=(dx+e)Nmx+n, n’én ta
nghi dén viéc phan tich biéu thirc ngoai dau cén
theo biéu thirc trong can.

Cu thé: x*+1lx+12=(x+5) +Vx+3)*-16,
roi nhém nhan tr chung phu hgp s€ xuat hién PT
tich. Ta co 101 giai sau:

bK: x>-3.

2+ S)Vx+3 =x* +11x+12
o2+ 5)Vx+3 =(x+5) +(Vx+3)* - 16
<:>]:(x+5)2 —(x+5) \/x_+_§]+
+(x+3) - (x+5)Jx+3]-16=0

o (x+5) (x+5-Vx+3)-

—Jx+3(x+5-vVx+3)-16=0
© (x+5-Vx+3) (x+5-Jx+3)-16=0
& (x+5-x+3)2 -4*=0
& (x+5-Vx+3-4) (x+5-Jx+3+4)=0
ox+5-Jx+3-4=0 (1)
hoic x+5-+Vx+3+4=0 (2).
e Gidi(1): x+1-vVx+3=0

xz-1
S Vx+3=x+1 <:>{ . & x=1.
X +x-2=0

Vx+3=

Cach7: Dung phuong phép lién hop
Phén tich: St dung MTBT Casio dé& du doan
nghiém cua PT b.%l.ng cach nhip

QX +100WX +3 —X?> 11X -12 va bim shift
solve 1 = (1 sb nguyén trong khoang diéu kién)
thi cho ta nghiém X = 1. D& kiém tra PT con
nghiém nita hay khong ta sira lai ciu tric

(2X +10)VX +3 ~X*-11X-12): (X -1) va
bim shift solve 1 = thi cho ta két qua Can’t solve,

Chimg t6 PT da hét nghiém. T do khing dinh PT

c6 mét nghiém, nén ghép hang sO v&i cin @8 co
lién hop. Cu thé:

2+ S) Vx+3=m]~ (2 +11x+12) 4 2(545)m=0
Véim 12 gia tri cla cin thirc tai x = 1, nghia la:

m=\x+3 =.1+3 =2,
Khi d6 PT tro thanh:

e Gidi (2): x+9- 0: PT nay vo nghiém.
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2(x+5)[\/JT3—2]-(x2+7x—8)=0.
Ta c6 101 giai sau: PK: x> -3,
() 2060+5)Vx+3 =X +11x+12
@2(x+5)[Jm-2:l—(x2+7x—8):0

“_02—&—D&+&=0

VX+3+
(M Vx+3+2 >0 véimoi x2-3)

< 2(x +5)

2(x+5)

Vx+3+2

*x—1=0 < x =1, thoa man DK_

2(x+5) .
¢ | —7—=—————(x+8) |= 0: PT khéng c6 nchié
[m+z ( )} & SOmghicln

N (x—l)[ » (x+8)]=0

voix >-3.
NGUYEN DUY THAI
(GV THCS Dau Liéu, TX. Hong Link, Ha Tinh)
Nhin xét. Ngoai 7 cach giai cua ban Nguyén Duy
Thdi, Toa soan con nhan duge mét sb cach giai diing
tr cac ban: Nguyén Van Ban, GV THCS Thanh Yén,

huyén Dién Bién, Dién Bién; Ngé Thi An Binh, 9E,

THCS Ping Thai Mai, TP. Vinh, Nghé An: Lé
Nguyén Quynh Anh, 11 Toan 2, THPT chuyén Quéc
hoc Hué, Thira Thién Hué; Trivong Quang An, Xa
Nghia Théng, huyén Tu Nghia, Quing Ngii;
Nguyén Hing Cuong, 85 Bién Cuong, P. Ngé May,
TP. Quy Nhon, Binh Pinh; Nguyén Minh Khéi,
10T1, THPT chuyén Nguyén Quang Diéu, Pdng
Thap.
LE MAI (Ha Néi)
Mo céc ban gui 1o giai BAI TOAN 42 dué6i day
vé Toa soan Tap chi TH&TT trudc ngiy
31.10.2020.
BAL TOAN 42. Cho hinh chip S.ABCD c6 ddy
ABCD la hinh vuéng tém O, SA vubng géc véi day
hinh chép. Cho AB = a, SA=aN2. Goi H, K lén
heot 1o hink chiéu cuia A trén SB, SD. Tinh khodng
cdch tie diem O dén mdt phang (AHK).
LE VAN NAM
(GV THPT Ninh Hoa, Yén Ldp, Phii Tho)

********************************************************************************

VE BAI TOAN ...
Bdy gi¢ hay xem xét tdp hop cac diém
R,P,..., B, duoc dua ra trong hinh 5.

Cach dé nhét d&é chimg minh ring day 1a loai
céu hinh mong muén 14 ta sé tinh toan khoang
cach timg cai mot, va danh sb thir tu cac khoang
cach do6, chung ta cé (tinh toan theo dinh ly
Pythagore):

(Tiép theo trang 41)

T?g',‘-'uggce S3& 519(9-2020)
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R rang h¢ 8 diém B, B,..., B, duoc chira & trén
1a hé 8 diém duoc sp hoan chinh,

Nam 2016 Amir Jafari va Amin Najafi Amin
(ngudi Iran) da cong bé tat ca céc 161 giai c6 thé
c6 ddi véi2<n<8.

Véin > 9 bai toan vé sy ton tai cuia hé » diém
dugc sap hoan chinh vin con 1a bai toan me. Va
bai toan tuong ty trong khong gian s& c két
quéa nhu thé nao cling dwoc nhiéu nguoi quan
tam.

Rét mong c6 sy tiép sirc cua cac ban tré yéu

todn nudc ta ve bai toan thii vi ciia Pay/ Erdos.

Chic cac ban thanh cong!

https://tieulun.hopto.org



TIENG ANH QUA CAC BAI TOAN
BAI SO 60

Problem. Calculate the yympey of integral
points lies on or inside the tetrahedron

determined by the coordingte planes and the
plane X+ y+z<30.

Solution. We need to find the number of natural
(x,3.2) satisfying
x+y+z<30.

triples the inequality

Like in the previous issue, we can casily see

that this number is exactly the number of

natural solutions of the corresponding equation

x+ y+z+t=30 which is G,

TU VUNG
integral points . diém nguyén
tetrahedron : tur dién
triple . bo ba

NGUYEN PHU HOANG LAN

(College of Science — Vietnam National university, Hanoi)

ke 3k ok ok ok %k ok %
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BAI DICH SO 57
Bai todn. Tim quv tich nhimg diémbiéu dién sé
phurc = thoa man: %: + 1+l >}:—2i].

Loi giai.

Ta biét rang [z+1+i| = \z—(—l-i)l 1a khoang
cich tir diém biéu dién sé phirc z dén diém biéu
dién sé phic -1 — i, diém nay co toa do la
(=1; -1). Tuong ty |z—2i| la khoang cach tu
diém biéu didn sb phirc z dén diém biéu dién sb
phirc 2i, diém nay co toa do 1a (0 2). Vi vay
Quy tich nhing diém biéu dién sb phirc z thoa
Man: |7 +144] >|z~2i] 14 nira m3t phang MO e
dinh bdi duomg trung truc cua doan thfimg n‘01
hai diém (_1; —1) va (0; 2), nira mat phang B2
¢hita diém (0; 2).

Nhin xét. Céc ban sau co bai dich tot, giri bai
vé Toa soan som: bé Ngoc Tién, 7A3, THCS
Lam Thao, Ldm Thao, Phu Tho; Nguyén Héng
Nga, 7D, THCS Ly Nhdt Quang, D6 Luong,
Nghé An; Lé My Duyén, 11 Toan 1, THPT
chuyén V& Nguyén Giap, TP. Ddng Hdi,
Quang Binh; Dao Thi Khanh Nhi, 10 Toan 1,
Nguyén Thi My Lé, 10 Toan 2, Nguyén Thi Bdo
Ngoc, 11Toan 1, THPT chuyén Quéc hoc Hué,
Thira Thién Hué; Trinh Thi Thity Nga, 10A11,
THPT Krong Bong, Pak Lak.

HO HAI (Ha Noi)

K;C-;;;%l\/lath Jokes

Why was the student confused when he went

Sfrom English class to math class?

Because he was taught that a double negative in

English is the bad, but in math, it’s a positive.




BAI 48. (Moscow Mathematical Olympiad)

Chimg minh rang véi moi sé nguyén  n> 6 thi

(g) >nr>[§]" (1).

Loi gidi. Trude tién ta chimg minh két qua:
25(1-4-1) <3 ().
n

Dé chimg minh (¥), truéc hét ta ching minh
bang quy nap ring véi sb tu nhién bit kyk<n

k 2
thi 1+£5(1+l] <1+k+k— (*%).
n n n n
Hién nhién (**) ding véi k = 1. Gid sit (*¥)
ding véi k nao dod, ta chimg minh (**) diing véi

k+1.Taco:
k+1 k
(1+1) =(I+l [1+ljz(l+£][l+lj
n n n n n
k+1

k+1 &k
Str dung & < n, ta ciing cé:

+—=>1+
k+1 k 2
(1+1) =(1+1J [1+1} (1+k+-j—c—J(l+—1~]
h n n n n n

:l+———~ =
n n n

k+1 E+2k+1 k+1 kP
=1+ + 5 O
n n n n
2 2
=1+k+1+(k+21) _nk+) -k
n n n3
2
<1+k+1+(k+21) _
n n

Vay (**) dugc chimg minh. Cho & = 7 ta c6 (*).

TOAN HOC
4 ClTusilré _ S8 519(9-2020)
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Bay gi¢ ta chiung minh BPT(1). Gia st BDT(1)

ding véi sb ty nhién n nao d6, tic 1a
[ﬁ] >n!>(ﬁj (véi nz6). D& chimg minh
3

(1) dung véi n + 1, du d@é ta chimg minh BDT:

[n+1)" (n+1j"
Ty 3
LR RIS N

O
ORE N

Nhung BDT cudi luén ding do BDT(*). Vay

BBT(1) duoc chimg minh néu ta chi ra rang véi
n =6 thi (1) ding.

hay

[
Viin =6 thi: (gj ~ 3¢ =729;

6!="720;

6
[E) =2°=64.
3

Ré rang 729 > 720 > 64. Vay (1) dugc chung
minh.
Nhin xét. Rét tifc 13 khong c6 ban nao giai
dugc bai nay.

NHU HOANG (Ha Néi)
Sau day 1a bai tap dé nghi. Ban doc hay guri 16
giai vé Toa soan trudc ngay 31.10.2020

BAITAP BE NGHI
BAI TOAN 50. Tim cdc sé nguyén a, b, ¢ phan
biét khdc 0 sao cho da thirc bdc 4 dis; day (vdi
hé s6 nguyen) co thé viét thanh tich cua hai da
thire vdi hé s6 nguyén
x(x—-a)(x—b)(x-c)+1.
KHANH HOU (14 Noi)

https://tieulun.hopto.org
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ELa?

GIAIPAP: SAI O PAU?
(Dé ding trén TH&TT sé 515, thang 5 ndm 2020)

Phén tich sai lam. Ban Nhat Khanh da sit dung

tinh chat: j.f(\)dx -I f(u)du

dé tr J-f(”\)d("\) —4:>Jf(x)dr 4 13

2 2
. b b
khong dung, vi tinh chét J’ FOx)dx = J' fu)du Ap

dung duoc khi bién x va u trong hai tich phan
phai cing doan [a; b]. Con ban Khdnh ap dung
cho bién 2x va x trén hai tich phan khong clng

1
mét doan. Déi véi tich phan j £(2x)d(2x) trén

2
1 1
doan {El} con j f(x)dx =—4 khong phai trén
I
2
doan [%;1}, ma trén doan [1;2].
Loi giagi ding: Lam nhu ban Khdnh ta co:
1 1
j Jxydx=1,vatr [ f(2x)d(2x) =4
0 1
2

2
suyra: [ f(x)de=—4. Khi d6:
1

j.f(x)dxzj‘f(x)dx-i»j‘f(x)dx:l+—4=—3.
0 0 1

Chon D.

- LO1 GIAI DA DUNG
CHUA? |

Trong gio 6n tép thi THPT & lop 12T, thay gido
dua ra bai tip tric nghiém sau: Cho cdc $6 thuc x, y
thoa (x-2*+(y+1)’ =5 va
12x* —16xy +20x—10y +1
T4 —dx+2y+]
lugt 1a GTLN, GTNN cua P. Tinh M+ m.
B. 10 C. o] D. 28
3 39 39
Sau mdt lic suy nghi, ban Diém Quynh lién xung
phong Ién bang. Sau day la 161 giai cua ban Diém
Quynh:
Taco: (x—2F +(y+1) =5x" +y* =4x-2y.
12x* —16xy +20x—10y +1
(X +y*)Y —dx+2y+1
_16x° —16xy +4y* —4x* —4y” +20x—10y +1
B (4x-2y) —(4x—2y) +1
_ (4x-2y) +4x-2y+1
T (4x—=2y) —(4x-2y)+1

mdn

. Goi M, m lan

A.4

Khi dé: P=

Pt t=4x—2y, khidé P_’ tetl s him
2 —t+1
£ +t+1
s& f(t)— i trén R. Ta co:

-2t +2 =1
f()~———, f 0= .BBT:
@ t11) (x)= -1
! —0 ~1 1 +0

J'@) - 0 + 0 -

1 3
1) \ /' \
1
‘3- 1

Suy ra M=max f(1)=f(1)=3, m=ngnf(z)=f(_1)=%_

" 1
Viy M+m=?O.ChQnB.

Theo cdc ban thi 15i gidi ciia ban Diém Quynh
ding chua?

NGUYEN ANH VU
(GV THPT chuyén Chu Vin An, Binh Dinh)

TOﬁN HOC
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TRONG SO NAY

o Danh cho Trung hoc Co s¢ @ Giii bai ki trudce

For Lower S‘i“’”"‘"’—” School o T1/515, ..., T12/515,L1/515, L2/515.
Ta Minh Hiéu — Dai lugng bat bién va {mg

dung.

Solutions to Previous Problems

Huéng din gidi @ thi taydn sinh vio lép 10 &) Phuong phip gidi tosn

Truémg THPT chuyén KHTN, PHQG Ha Néi.
P& thi tuyén sinh vao 16p 10 Truong THPT
chuyén Ha Tinh, nim hoc 2020-2021.

Ban doc tim toi

Duwong Vin Duy — Mgt cach chimg minh ding
thirc tir dinh 1y co ban cua dai sb.

©O 6 0 06

Dién dan day hoc todn

Nguyén Tién Tién — Ung dung hinh hoc trong
giai toan dai sb.

@ Pé ra ky nay

T1/519, ..., T12/519, L1/519, L2/519,

Problem in This [ssue

Bién tdp: LE MAL DUONG THUAN
 Tri st phdt hank:; NGUYEN THI THU HUYEN

e

Trdn Trung Diing — Ban vé mét phuong phéap
don bien hay trong chimg minh bét ding thuc.

Ban cé biét
Hodng Dirc Tdn — V& bai toan n didm ciia
P. Erdos.

@ Nnidu cich giai cho mét bai toin

Tiéng Anh qua cic bi todn — Bj s 60
Bai dich s6 57.

O puiich thé gisi qua cic bai tosn hay

O s:ivimoaan

Mi thugt: QUOC}
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g i SGK) va phan
ao. Phan déu trong m01

na"{m viing, tiép theo gidi
a va sau do la céc bai tap
Nhiing chuyén dé nang
| sau va rong ho‘n nhu’ng noi

trong sa< i
, trong Hr\ G




" D¢ sdacl TUYEN CHON THEO CHUYEN PE
CHUAN BJ CHO Kl THI VAO TRUNG HQC PHO THONG MON TOAN

f"i' 0 sach goém hai tap tuyén chon theo
chuyén dé nhitng bai viét hay trén Tap
chi TH&TT va mot s6 bai viét thém cla cac

™

~ TUYEN CHON THED CHUYEN DE
CHUAN BI CHO Ki THI VAO

TRUNG HOC PHO THONG
nha gido c6 kinh nghiém nham gitp cac ban Hon Uﬂ e mﬂ"]'ﬂﬂ"
HS THCS 6n tap va thi c6 hiéu qua vao I6p 10 }ﬁ; 9 ““/_j; y
cac trudng THPT va THPT chuyén. Bé séch SN K

cling la tai lieu tham khao hitu ich cho cac thay
¢0 giao va cac bac phu huynh HS.

Do sacl TUYEN cHO (Y EN DR
CHUAN Bl CHO KI THI TOT NGi 'IE* VA THI VAO DAI HOC,
CAO DANG MON TOAN o et ]

f‘"’ o0 sach CO hai tap gom 10 chm-mg vai TUYEN CHON mﬁﬁ-mmlumni TUYEN CHON THEO CHOYE®) BE
|= PR 2 A 2 y o ! CHUAN BICHE HITHI
' nhiéu chuyén de duoc tuyén chon tu RN uc O 107 RSHIEP TAUNG HOC PHO THONG |
. = 2 ri ~ ~ s 7 ~ A THIV 5 CHODANG U“]HlUﬂﬂﬂHlHﬂC c"uﬂn"ﬂ ]
: bai viét ctia cac thay co gido gioi chuyén ON TOf »_
x - = -a 2 2 AN

n va c6 kinh nghiém giang day trong ca MON T i MON TOAN

TAP HAI |
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