- % TOAN HOC
& @@Dﬂ@éﬁ

NHA XUAT BAN GIAO DUC VIET NAM - BO GIAO DYC VA PAO TAO

P ﬁ'T Bi\N 11} 1964 TAP CHi RA HANG THANG - NAM THU 57
2 02 0 DANH CHO TRUNG HOC PHO THONG VA TRUNG HOC CO SO

- Try s6: 187B Giang Vo, Ha Noi.
S(’:‘) 51 8 DT Bién tap: (024)35121607; BT - Fax Phat hanh, Trj sy: (024) 35121606
Email: toanhoctuoitrevietnam@gmail.com Website: http://www.nxbgd.vn/toanhoctuoitre

GD Lé tuyén duong thanh tich hoc sinh Viét Nam tai IMO 1994 clia Bo Gido duc va Pao tao
s




Bé dong tap S
TAP CHI TOAN HQC VA TUOI TRE HANG NAM
' » »
fon Hoc [l TN Hoc

Nam 2011 Nam 2012 Nam 2013

P
D
0 —

Nam 2010

Kho 19x26,5

Gia bia: 99.000 déng
Nam 2011

Khé 19 x 26,5 4 WUy

Gia bia: 126.000 dong Mathematics and Youth Magazine Mathematics and Youth Magazine
Nam 2012 Nam 2015 Nam 2016

Khé 19 x 26,5 !

Gia bia: 152.000 gong
Nam 2013

Khd 19 x 26,5

Gia bia: 175.000 déng
Nam 2014

Khé 19x26,5

Gia bia: 185.000 dong
Nam 2015

Khé 19 x 26,5

Gia bia: 199.000 dong
Nam 2016

Kh619x 26,5

Gia bia: 199.000 dong
Nam 2017 :

Kho 19 x 26,5 Mathematics and Youth Magazine Mathematics and Youth Magazine

Gia bia: 199.000 déng Nam 2017 Nim 2018
Nam 2018

Khé 19 x.26,5

Gia bia; 489000 déng
Nam 2019

Khé 19 x 26,5

Gia bla; 199,000 dbéng

=

Mathematics and Youth Magazine

Nam 2019

Moi chi tiét xin lién hé:
TAP CHI TOAN HOC VA TUOI TRE
o .- Dia chi: 187B Giang Vo, H; @I'//t' | hopt
ién thoai: 024.35121606 — 024.35121607 Email: toanho tuo'itre\lfgtlrj\a%r(lﬁ.on?p



TRUNG HOC CU SO

Hién nay, trong cac dé thi hoc sinh gidi hay dé
thi vao 16p 10 chuyén toan, cd nhirng bai toan
vé udc chung 1ém nhat mang tinh chét roi rac,
hoc sinh khong biét dau 13 bai toén gbc. Chang
han hai bai toan “Chung minh rang
(3a+5b.8a+13b)=(a.b)” va bai toan “Cho

3a+5b
Ra+13b

t6i gian™. Thit ra hai bai todn nay c6é moi lién

(a,b)=1. Chimg minh rang phdn sé

hé va&i nhau va c6 chung mdt phuong phap gidi.
Trong bai viét ndy, ching tbi s& dwa ra mot 56
bai toan nhu vy vé udc chung 16n nhit va khai
thac thém mot s bai toan lién quan. Ciing trong
pham vi bai viét nay ta quy u6c khi n6i mét 56
ndo d6 ma khong néi gi thém thi ta hiéu d6 1a so
tu nhién.

1. Mt sb kién thirc v& wéc chung 16m nhit

« Mot s6 nguyén d dugc goi 1d udc chung cua
nhidu sb a,,a,...,a, khi n6 la uéc cia mdi 6
do.

e M6t udc chung d > 0 cua cac sb ay,0y,. . .0y
khong ddng thoi bang 0 duoc goi la uée chung
16n nhit néu moi udc chung khac cua
a,ay,.-a, déu 1a udc cua d. Ky hiéw
d=(ay,a3,.+ap) -

e Néu 1 14 wéc chung lém nhit cua céc sb
ay,ay,...,a, thi cac sb6 aj,a,...a, duogc goi 13

nguyén té ciing nhau.

gt TG g f B o
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TRAN VAN HANH
(GV Pai hoc Pham Vin Ding, Quang Ngar)
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» Tép hop cac udc chung cua nhiéu sb tring voi

tap hop cac udc clia udc chung lon nhét cia cac
s6 do.

» Udc chung 16m nhét ciia cac sd a;,3,...,dy, 12

s6 16n nhét trong tip hop cic udc chung cua cac

& a),ay,. .0y,

e Néu d 13 uéc chung 16n nhit cia céc sb
a),8y,...,a, thi tdn tai cic sb nguyén
XX .- X, 520 cho d=aixy+ayxy+...+a,Xx, .

o Cic sb ay,a,...,a, nguyén t6 ciing nhau khi

va chi khi tdn tai cac sb nguyén Xx,Xp,...X, Sa0

cho l=ayxy +ayx, +.. +a,x,

Néu (a,)=1 thi (ac,b)=(c,b).

* Néu [a,b] 12 b6i chung nhé nhét cua 2 sb
ab

(a.6)

2. Khai thac mjt so bii todn wée chung l6m
nhat

nguyén a,b thi [a,b] =

Bai todn 1. Cho a,b la hai s6 nguyén duong.
Chitng minh rdang

(3a+5b.8a+13b)=(a,b).
Léi gidgi. D3t dy=(3a+5b,8a+13b)va d,=(a,b).
Tacé: d,|avad,|b = d,|(3a+5b), d;|(8a+13b).
Suy ra: d,|(3a+5b,8a+13b)=d,|d; (1).
Mit khac ta c6: d)|(3a+5b) va d,|(8a+13b),

d,|8(3a+5b)
suy ra:
dy|3(8a+13b)

Séhﬁps%ieuﬁamgo.mg

=d)|(8(3a+5b)-3(8a+13b))




=d,|b. Do d6 d\|dy (2).

Tir (1) va (2) ta két luan d)=d,.

Tuong tw cdch gidi Bai toan 1 ta co cac bai

todn lién quan sau:

Bai toin 1.1. Cho a.b la hai s6 nguyén dirong
thoa (a.b)=1. Chung minh rang  phdn s6
3a+5b
8a+13h
Léi gidi. T két qua trén ta co:

(3a+5b,80+13b):(a,b)=1 .

. 3a+5b :. ..
. tdi gian.
8a+13b

toi gian.

Bai toan 1.2. Cho a.b 1d hai s6 nguyén dirong
Ching minh (a+cb.b)=(a.b).
Ladi giai. Datd, =(a+cb,b) va d, =(a,b).

, d2|a dzla d2|a+cb
Ta co: = = =d,|d) (1).

d,|b dylch  |d,|b

Mt khéc: d,|(a+cb,b)=>d)|(a+cb) va d|b
=d,|(a+cb) va dy|cb = d,|(a+cb—cb)=>d|a.
Do dé: dyldy (2). Tix (1) va (2) ta két luan
dl _—“dz.
Bai toan 1.3. Cho a.b la hai s6 nguyén diong
thoa mdan (a.b)=1. Ching minh phdn 50

2a+b Wi i
——— 10i gian.
n(a+b)

Léi gidi. Gia sit d=(2a+b,a(a+b)). Ta co:
d(2a+b)  (d4|(2a*+ab)
2 = 2
d|(a +ab) d|(a* +ab)

:>d|202+ab—a2—ab:>d|a2.

Ta lai co:
d|(2a+b) di(Zab+b2)
{d (a®+at) d|(2a% +2ab)

Mat khic: d|a? =>d|2a* =d|b* —22° +22 =>d|p?.

=d|(b*~2a°).

TOAN H
p) QC

* Clugilre SO 518(8-2020)

\ r r 2 2 i A -
Tir d6 ta cé: d|(a b )_1. Viy d=1.
Bai toan 1.4. Cho hai 50 nguvén diwong
ab(a>b) thoa man (a-b,ab+1)=1 va

(a+b, ab-1)=1. Chirng minh rang
(o 1,67 +1)=1.

Loi gidi. Dat d=(a2+l,b2+l). Gia sir d>1, goi

p 1a u6c nguyén t6 cua d, suy ra: pl(az+1) va

pl(b2+l):> pf(az—bz), do d6 pl|(a—b)hoac

pl(a+b).

Néu p=2 thi a,b phai cing tinh chin 1¢. a va b
khong thé cung 1é vi néu khéng s& miu thuin
véi (a—b,ab+1)=1. a va b khong thé clng chan
vi khi d6 ta c6 mau thufn: p——-ZI(az-i—l). Viy p
1a sé nguyén 6 1é.

- Néu pl(a—b) thi p[(a2—26b+b2), mit khac

pl(a2 +b2+2) nén p|(20b+2):>p|(ab+l), mau
thuan voi (a—b,ab+1)=1.
- Néu pl(a+b)thi pi(a®+2ab+b?), mat khac

pl(a®+67+2)nén pi(2ab-2)=> pi(ab-1), mau
thuén vai (a+b,ab-—l):1.

Nhing mau thudn d6 ching o
a'=(02 +l,b2 +1)=1.

Bai toan 2. Tim 1t ca cdc cap 6 tu nhién a,b
thoa man diéu kién [a,b]:249() va (a,b)=24.
Loi gigi. Do vai tro a,b nhu nhau nén gia s
a<b. D3t d=(a,b). Ta cé: a=a\d, b=hd trong
46 a.beN, a<b vi (a,b)=1.

Tact: [a,6]=2496 -2 2496

(a.8)
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2496

aybyd?
& Ib; =2496 > by == ==104.
a1l o
(a)=1 b=104 ~ | =13
Viy c6 4 ¢3p s6 tw nhién (a; b) cin tim 14:
(a,b)€{(24,2496),(192,312),(2496,24),(312,192)}.

Twong tw cach giai Bai todn 2 ta giai dwoc cdc

Ta co hé:

bai toan lién quan sau
Bai toan 2.1. Tim rar ca cdc ¢ap so tw nhién
a,b thoa man dicu kién ab=8300 va (a,b)=20.

trén, tur

ab=8400 <> d” a,b; =8400 <:>a]b1-8400—21.
d?

ab =21
aIZbl ﬁ{al:l v{al:3
(a.b)=1 B

Viy c6 4 cap sb tu nhién (a; b) can tim 1a:
(a.b)€{(20,420),(60,140),(420,20),(140,60)}.

Loi  gigi. Tuong tu nhu

Ta ¢o:

Bai toan 2.2. Tim tar ca cdc cap $6 tu nhién
(a; b) thoa man diéu kién a’+b>=468 va
[a.h]+(a,‘b‘):42.

Loi gidgi. Tuong ty nhu trén, tt a® +b> =468
suy ra dz(a;2 +b|2):468.

Tur [a,b]+(a,b):42:>a?b+d=42¢:>dalbl+d=42
o d(ab+1)=42=d|42.

ralb1=4l
_Véid=1tacohé {a’ +b’ =468 vb nghiém.
a <b

ralbl =20

- Véid=2tacohé {al+b7 =117 vd nghiém.
a <by

albl 13
-Véi d=3tacohé {q +b1 =52 v6 nghiém.
a<b

a1b|—6
- Véid=6tacohé a12+b12=13:>{

albl =5
-Void=17 tacd hé b]~—vonghiem

a; Sbl
ab =2
468 X
- Véid=14ta c6 hé {af +bf=——¢Z Vo
196
a<h
nghiém,
ab =1
- V6i d = 21 ta c6 hé {a? +b} 282 v
441

o <bh
nghiém.
Viy ¢6 2 cp s can tim (a,b){(12,18),(18,12)}.
Bai toan 3. Gia sur m va n la cdc s6 nguyén
dirong, a la so6 nguyén 1ém hon 1. Chirng minh

réng: (" ~1,a" -1)=a"") -1,

Léi gidi. it d,= (a L 1) dy=(m,n). Ta
chimg minh ring d,=a -1.

Ta c6: (adz ~1)|(a'"-1) va (adz —I)I(a"—l).
Suy ra (a“’z —1)|d, (1).

Do d,=(m,n) nén ton tai x,yeZ sao cho

mx—ny=d,.
Vi 4 I(am _I):> 4 l(am—l nén ta co:
dfa"-1) |4, (a-1)

tﬂdp&z#ﬂemlurﬁ%r@




dIKamx —a"y):>d1\a"y (amx i —1)

Mit khac (dy,a)=1 nén (dl,a”y )=1, suy ra:

d, \(a’"*'"y 1) hay d(a%2 - ) @
Tu (1) va (2) suy ra d =q% 1.

Ap dung két qua Bai todn 3 ta gidi duoc cdc bai
toan sau
Bai toan 3.1. Cho n la 6 tw nhien lon hon 1

7 i1 P 4 . .
S - " e 9] - Sg R . 9 el "
sao cho 27°=2 chia hér cho o ne Hav tun woe

/ N { i . '. : '\_‘ __‘
chung lon nhat cua : £ Va t

Loi gidi. Taco:

(22"“ <M —1):[2(22"'2 —1],2" —1].
Do (2,2" -1)=1 nén
(22"“1 2,27 -1]:(2(22"‘2 —1),2" —1]
n
=(22"_2 —1’2n _1]=2(2 —Z,r,') "1 .

Theo gia thiét 2"—2 chia hét cho » nén
(2"—2,n)=n. Viy (22"“—2,2"—1}2"—1.

o p la so nguyén 16 le. Chirng
I b s Bl L E: i O

Bai toan 3.2. (/

. e . A AP P
minh rang moi woc nguven oo cda < I ¢o
Y f L [ /4
dang 2pk + 1 vor kel

Loi gigi. Goigla udc nguyén th cua 27-1.
Theo dinh ly Fermat bé ta cé: 2971 =1(modq)
=ql(277-1) (1.

Theo gia thiét ta cé q4(2f’ —1) @)

T (1) va (2) suy ra:

q‘(zq"‘ ~1,27 -1) :>q1(2(‘f"’1’) -1).

TOAN HOC .
* Cludze S0 518(8-2020)
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Mat khic, vi p la s6 nguyén t6 nén ta c6
(¢-1,p)=p . Suyra g1 chia hétcho p.

Dit g-l=np =>q=np+1. Vi ¢ la s6 1é nén ta
c6 n=2k. Viy q=2kp+1.

Bai toan 3.3. Cho trirde so nguyen 0 p va SO

nguvén diwong da voi l<a<p-1. Gia su

I P ; s .
l+at.. 4+d”, chimg minh rang moi uoc

NEINVeH fo g cua A ta déu c6 g—1 chia hét cho

D.

a? -1

Léi gidi. Tix gia thiét ta cé A= —

Do g|A=a” —IEO(modq)c*»asz (modgq).
Theo dinh ly Fermat bé ta co:
eote)ad t=0(mots)=afa”-)

(a(‘p 471) —I).

Néu (p,g-1)=1=>¢|(a-1)=a=1 (modg).

=5 q‘(ap ~1,a97! —1):> q

Vi a =1(modg), suy ra:

(l+a+...+ap_l)sp(m0dq) hay A=p (modg).

Mit khac ta c6 A4=0(modg), suy ra

p=0(modg) =pig diéu ndy mau thuin véi
gia thiét p 14 sé nguyén td.
Viy (p,g-1)#1 hay g—1:p.
Bai toan 3.4. Cho p Id s6 nguvén 19, p>3va

)
250 —]

i . Tim woc chung lon nhat  cua

A1

| 3, 7
-2 va 27 -1.

Loi gidi. Ta ching minh 2" —2:pn. Ta c6:

=22P ] _1=22P _4=(2p —2)(2P +2)
3 3 3
et

n—1

).

https://tieulun.hopto.org



Vi p 140 nguyén t6 1¢ nén 277 =1(mod3).
Theo dinh ly Fermat bé ta co: 277 =1 (modpp),
tir do:

28t (mod3p) hay 277'-1:3p,
Ké hop véi (1) ta duge: n—1:2p. Suy ra

(z"—1 —1) : (221’ -1) .
Mat khic vi 222-1=3n nén 2"'-1:3n

=27 _1ip =2" 21y

Ta co: (22"“ %, —ljz[z(zz"‘z —1},2” —1]

=(22"‘2 .5 —1)=2(2"'2’") ~1=2"-1.

Bai toan 4. Cho m, n la hai s6 tr nhién thoa
man l<m<n. Chirng minh rang

LB g )

27 41,27 +1=I.

\ )

Lévi gidi. S5 F,=2%" +1 goi 13 s& Fermat thit k,

trong d6 k 14 s nguyén khong am. Ta chimg

minh bé dé sau:

Vi moi s6 nguyén diong n ta luén co:
RARFE.F_=F,-2

Ta chimg minh bang quy nap theo ».

V6i n=1 ta dugc: Fy=3=F-2.

Gia st ta c6 FyRF,..F,=F,-2.Khi d6

n n
FyRF,...F, | F,=(F,-2)F, =(22 -1)(22 +1J

2 n+l
:[22’1) —1:22 —1=Fn+l =2.
Bé d& dugc chimg minh.
Churng minh bai toan:
Gid st d 1a wéc chung cia F,=22 +1 va

F,=2""+1, m<n. Khi 46 d|(F,-F,F...F, )

=d|2. Nhu vdy d=1 hodc d=2. Vi F,.,F, 1&
nén suy ra d=1. Vay (22" +1,22m +1J:l ;

Ap dung két qua Bai todn 4 ta gidi dwoc bai

s
foan sau
\ 52019
Bai toan 4.1. Chimg minh rang so 2° -1
¢6 it nhar 2019 wée so nguyén t6 phan biét.

Léi gidgi. Khai trién
018
22" ~1=(2-1)(2+1)(22 +1).. .(222 +1).

Ta c6 2% +1,22 41,22 41 13 2019 sb
hang. Theo Bai to4n 4 thi céc s6 ndy nguyén tb
cling nhau va mdi sé hang c6 it nhat mot uéc sb
nguyén t6. Do dé, cac udc s6 nguyén td nay
khac nhau.

; 2019 7 ’
Vay sb 227 —1 c6 it nhat 2019 uée sb nguyén
t& phén biét.
3. Bai tap tuwong ty
1. Cho (a,b)=1. Chimg minh c4c phén sé sau
day 1a téi gian
ab

a’+b?
2. Tim tat ca c4c cip sd tu nhién a, b théa man
diéu kién:

a)a+b=432 va (a,b)=36.

b) 7a=11b va (a,b)=45.

a-b
a)——; b
) - )

3. Tim wéc chung 1én nhét cua hai sé p R atie
vi 27920 .,

TAI LIEU THAM KHAO
[1] Ha Huy Khoai, 2004, S5 hoc, Nha xuit bén
Gido duc.
[2] Nguyén Hitu Hoan, 2007, Ly thuyét sé, Nha
xudt ban Pai hoc Su pham,

[3]Nguyn Tién Quang, 2003, Bai tap S6 hoc,

Nha xuét ban Gido duc.
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Day hoc theo dinh hudmg phdt trién pham chat,
nang lyc hoc sinh la mét van dé khéng don gian
doi vdi thay, cé gido. Pé lam duoc diéu nay,
méi gido vién ching ta can ddu te théi gian,
Tuén tim t6i va phdt hién nhitng vén dé méi la tir
dd huéng hoc sinh kham phd nhitng diéu thii vi
con tim dn tir bai todn ban ddu. Trong bai viét
ndy ching 16i xin trao doi cing dong nghiép
viéc day mot bai toan don gian, qua dé dinh
huomg phat trién pham chat, nang luc hoc sinh.
Chiing ta hay dén bai todn bat dding thirc sau
Bai toan. Cho a, b la cdc s6 dirong. Chirng
minh rang: a +b° 2ab(a+b) (¥).

Ldi gidi. Véi hai sé duong a, b, ta cé:

(*) < (a-b)a*-b%)>0

< (a+b)(a-b)*20 ludn ding.
Ping thirc xay ra khi a=b.

Nhan xét. Day la mdt bai toan co ban nén viéc
tim nhiéu 161 gidi 1a khong kho. Néu ching ta
chi dimg lai & két qua nay thi viéc day va hoc
toan that 1a don di¢u va khé khan qua. Hon nira,
qua loi gidi trén ta thdy bat dang thirc (*) khong
chi dung véi a, b 14 hai sb duong ma con dung
véi moi a, b ¢ tong khéng 4m. Sau day 1a mot
s6 dinh hudng

DPINH HUONG 1. Khai thic két qui bai todn
ban ddu dé tim ra cdc bai todn mdi.
Chéng han:

TORN HOC
6 Clusifre

S3 518(8-2020)

- Tir (*) ta co:
3(a>+b°)23ab(a+b)

C3

4(a’+b%)

3
c
<:>4(a3+b3)2(a+b)3<:>(a+b] >

(vo1 a,b,c>0).

Tuong tu, tir d6 ta co két qua sau:

3 3 3
c a b
Su N L >
[a%—b] (b+c) (C-HJ

>I e . a " »

IS S S cva )
Két hop voi bit ding thitc Nesbitt, ta c6 bai
toan mdi sau

Bai toan 1. Cho a,b,c>0. Chirng minh rang:

3 3 3
i) () ) =2
b+c c+a a+b 8

- Cling tir

1 1

4a +b%)2(a+b) = <
4@ +6%) (a+b)’

3/
el gy
3 3+b3 a+b

két hop véi bit ding thirc trong tam giéc:

a b C R - .
+ + <2, ta lai c6 bai todn méi sau
b+c c+a a+b

Bai toan 2. Cho a.b.cld do dai ba canh cua

mot tam giac. Chimg minh rang:

https://tieulun.hopto.org

—



a C
.. LY

\/b *( \/( +a )

-Véi >0, ar (*) ta co:

a b

a3+b3+ab02ab(a+b+c)
3 1 < : :
a +b>+abc ab(a+b+c)

Tir d6 ta c6 cac bai toin mdi sau

A =1

Bai toan 3. (USA MO 1998). ¢ Tiing minh rang

Vi moi $6 dicong ab.c ta co:

1 1 | 1

3 1 + -~ _1 + :
a +b’ +abc b +c +abe

————S—.

%u “+abe  abe

Bai todn 4. Cho ba s6 dwong x,v,z thoa mén
Clurng minh rang:

1 1 1

—_—t =1,
y+z+1 z+4+x+]

xyz=l.

x+y+l

Goi y: Dat .1r=a3;y:b3 z=c.

Bai toan 5. (IMO Shortlist 1996). Cho x,y.z

la ba s6 dicong 6 tich béing 1. Chirng minh

Xy )z _ = g
427 4 22 +x° +2x

rang: =

Goi y: Ta chimg minh bit ding thirc

a® +b° >a*b*(a+b), véi moi a,b>0.

PINH HUONG 2. Quy la vé quen.
Chung ta hdy bat dau tir cac bai todn sau
Bai toan 6. Cho a. b, ¢ la cac $6 duong, thoa

man a+b+c=3. Tim gia tri nho nhat cua bicu
3 " 3
a b g
thie¢: P=——e——t—m73 frmgeies
a-+b+ab bP+cc+he ¢ +a” +ca
Nhén xét. Ta tim cach dua bai toan trén ve
dang (*). Mudn vay ta tim moi lién hé giita tir
va miu cua mdi phan thic va két hgp v

a+b+c=3. Tird6 ta co6 101 giai sau

Loi gidi. Vi hai sb duong a, b, ta c6:
@ +b>2ab(a+b) < a*>a%b+ab? —b3

&30 22a% +a’b+ab? —b> =(2a-b)(a® +b +ab)
3
a > 2a—b.
a*+b*+ab 3
Tuong tu, ta cling co :
3 3
b 5, 2b—c c
b>+ct+be 3

Do d6: P> 2a3—b+ 2b—c +2c—a=a+b+c=l.

2c—a
>

5 2
c2+a2+ca 3

3 3 3
Ping thirc xdy ra <> a=b=c=I.
Vay min P=1<a=b=c=1.

Bai toan 7. Cho a, b, ¢ la cac s6 dirong. Ching
minh rang:
3
s -a® s -3
i + ’)
bc+3c¢”

3 3
5(1 -c
<a+b+c

ab+3b> ca+3a’
Léi gidi. Véi hai sb duong a, b, ta cé:
a’+b3 >ab(a+b) <b>-a*b-ab*>-a>
66 -a’b—ab®>5b> -a°

& (ab+3b%)(2b-a)=56° -a°

I 0
C>5b_i-'_<_2b —-a.
ab+3b
Tuong ty, ta cling co:
43 3_ 3
5’ bz <2c¢-b; Sa—cé-SZa —c.
bec+3c ca+3a

563-a> 53-b° s543-C3

2t 2 2
ab+3b° bec+3c” ca+3a
L(2b-a)+(2c-b)+(2a-c)=a+b+c.

Do d6:

Bai toan 8. Cho ba s6 duong x, v, z théa mdn
xyz=1. Tim gia tri I6n nhat cua biéu thire:
l 1 1
I P
(x4 y7 )+l

=

X (y3 +2° )+1 _1-'3 (Z3 +_1'3)+]

(Xem tiép trang 11)

TOAN HOC
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HUGNG DAN GIAI bE THI CHON HOC SINH

G101 TOAN LOP 9 TINH HUNG YEN,

NAM HOC 2018 - 2019

Ciau 1.Taco A\/_z\/6+2\[5_ +1/6—-2\/§

(J_H J ) J_+1+J—l2~/_
25
:>A=——Ji—=\/ﬁ.

Ciu2.a) BK: x>2-2.
Ta cé x =-1 khong la nghiém cua PT.
Vé&i x # -1 ta cé PT da cho tuong duong vdi

(xj;)rit :) 2(x+1) = 4-x= 2Wx+2-2

6-x20=x<6
A(x+2)=(6-x)" (®
Mo —16.1‘+28=0c>(x—2)(x—14)=0
x=2 (thoaman)
= :
x=14 (loai)

Viy phuong trinh da cho ¢6 nghiém x=2.
b) bK: x = 0.

<:>2\/x+2=6—x©{

Hé da cho &

X X

, 2 Y 4
Thay (1) vao (2) taduge: | —-1| ——+1=0.

Giai phuong trinh tim dugc x =2 (thoa man).
Thay vao (1) ta dugc y=1. Vay h¢ di cho c6

nghiém (x;y) 1a (2;1).
Cau 3.
m’ —5m=-6 (1)
a) Dé d, //d, thi
2mzm+3  (2)

Giai (1) tim dugc m=2; m=3

Két hop diéu kién (2) suy ra m=2 (thoa man).
Viy m =2 thoa man dé bai

b) Goi sb lan di ctia robot 1a x (vi x 12 sé tu nhién
16n hon 1) thi s6 1an nghi lax — 1.

Thoi gian di la:
g TOANHOC
& CTusilre S6 518(8-2020)

S 0.8, 2
p

25 25 23

gidy. Theo bai ra, ta c0 phuong trinh:
x(x—1)
2

_2+4+6+ A2x= x(x+1)

=551.

x(x+1)+

Giai phuong trinh ta duoc x=19 (chon) va

x=—28 (loai). Vay thoi gian di cta robot Ia:
3

19.(19 +1) = 380 gidy. Quang duodng robot chuyén
dong tir 4 dén B 12 380.2,5 = 950m.
Cau 4.

M

a) Xét AADC va AABD co: DAC chung,
ACD = ADB[= sdE BD] = AADC ~ A4ABD (g.g).

AD _AC
AB. =4/
B AD AC = AD =+ AB.AC.

Vi4, B, C cb dinh nén 4B va AC c6 do dai khong

abi. Suy ra AD=+vAB.AC khéng dbi. Vay D
luén nim trén dudmg tron cb dinh tam A, ban kinh

VAB.AC.

b) Goi AB cit DE tai P, ta phai chimg minh NK di
qua P. Goi giao diém cua DE véi 40 1a F. Goi
giao diém cua MN v&i BC1a H.
Vi AD va AE hai tiép tuyén cét nhau nén 40 1 DE
tai F. Ta c6: AAFP ~ AAHO (g.g). Suy ra:
AF.AO = AP.AH.

Ma AF.AO = AD’ (Vi AADOvudng tai D 6
dudng cao DF), AB.AC = AD* ( cau a), Suy ra:

AHAP=A4B.AC (1).

Gia s NK cit 4B tai O, ta chimg minh P va 0
trung nhau.

= AD* =

https://tieulun.hopto.org




Tacé: AAKQ ~ AAHM (g.g)
> AKAM=AQ0AH (¥).
Lai co AABM ~ AAKC (g.g)
=AKAM=ABAC (**).
Tu (*) va (**) suyra AQ. AH= AB.AC (2).
Tu (1) va (2) suy ra: 4Q=4P = Q= P.
Viy ba dudng thing 4B, NK, DE ddng quy tai
mot diém (dpcm).

Ciu 5.

K A c
2) Goi H, K lan luot 1 hinh chiéu cua 4, B trén
BC,AC.Taco: 4 =B +C (gbc ngodi tam gic)

=sin(B, +C)=sin4 = % ().

Lai co:
AH CH BH AH
AB AC AB AC
=AH[CH+BH] AH BC
AB\ AC AC AB AC
vi AHBC=BK.AC (=2 Sus¢). Suy ra:
BK.AC BK

ABAC A8 P

sin B,.cos C +cos B.sinC =

sin B,.cosC +cos B,.sinC =

T (1) va (2) suy ra:

sin(B + C) =sin B.cos C +cos B.sin C.
b) + Xét 4, B la 2 trong 25 diém da cho ma
khoang cach AB 1a 16n nhit trong sb cac doan
thing ma 2 diu mat 1a 2 trong 25 diém da cho.
+ Néu AB < 1: Khi d6, véi moi diém C trong sd
cac diém con lai ciing c6 AC < 1. Xét dudng tron
(4, 1) s& chira toan b 25 diém da cho, ta c6 diéu
chirng minh.
+ Néu 4B > 1: Xét diém C tiy ¥ trong cac diém
con lai. Theo gia thiét ta c6: AC < 1 hodc BC < 1.
Suy ra it nhat 12 doan thang xudt phat tir 4 c¢6 do
dai nho hon 1, hodc it nhét 12 doan thing tir B c6
d6 dai nho hon 1.

+ Do d6 dudng tron (4; 1) hodc dudng tron (B; 1)
s& chira trong no it nhit 13 diém trong 25 diém da
cho.
+ Vay trong moi trudmg hop ludn tdn tai mdt hinh
tron ¢ ban kinh 1 chira khong it hon 13 diém
trong 25 diém d3 cho.
Ciu 6. Ap dung BDT Cauchy cé:

a* +be > 2a\Jbe

b L L i
a+be 2 b Je 4\b )

11 1
Tuong tu co: 2b Sl'i'-l—s_(d+_];
B +ac 2 Ja Jc 4la ¢
Lt 1 it 1)
c+ab” 2 Ja b 4[0 bj
Do d6 ta cé:
= zb e <1(1+1+1J(1)
a+bc b +ca c+ab 2\a b c
Métkhé(::l-{_l+l=m
a b c abc
a+b’ C+b ad+c
< 2 2 2
abc
a+b*+c’
abe

) i (ab4%b* 4 3
Tir gia thiét | ———— | <2019g%h%c>
& [ 2018 ave

2+b2+ 2
&5 T VL b (2010

2018
b2
o “—+b-i <2018J2019 (3).

aonc

Tur (1), (2), (3) suy ra:

2018\/
i =1009+/2019.

o , 3
Diu"="xdyra < a=b=c=— "
20182019
Véy gid tri 16n nhét cia P 1a 100942019 tai
a=b=c=—---u-
20182019
NGUYEN THANH GIANG

(GV THPT chuyén Hung Yén) Gidi thiéu

TOﬂN HOC

Soﬂ% (8-20%&) | %ﬁ‘fﬂﬁfb grg



PE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN KHTN, PHQG HA NOI
NAM HOC 2020-2021

VONG 1
(Danh cho tdt ca cdc thi sinh, thoi gian lam bai: 120 phit)

Cau L. (4 diém)
1) Giai hé phuong trinh

x4 V+xp=7

9x° =xy? +70(x~y)
2) Giai phuong trinh

11V5—x+82x~1=24+3 [(5-x)(2x-1).

Cau 1. (2 diém)

1) Tim x, y nguyén duong thda mén

X y? —16xy+99=9x2 +36y2 +13x+26 .

2) V&i a, b 1a nhimg s thuc duong thoa man

2L2a+3b<5, 8a+12b<2a®+3b% +5ab+10.

Chimg minh ring
3a” +8b% +10ab<21,
Cau III. (3 diém)
Cho tam gidc ABC c6 BAC 14 gbc nhé nhét

trong ba géc cua tam gidc va ndi tiép dudng

tron (Q). Piém D thudc canh BC sao cho

AD 13 phén gisc BAC. Liy céc diém M,N

thugc (O) sao cho cic duong thing CM va

BN cing song song v&i duong thang 4D.

1) Chimng minh ring AM = AN.

2) Goi giao diém cua dudng thang MN véi cac

duong thing AC, AB lan lugt 1a E, F. Ching

minh ring bén diém B, C, E, F clng thuéc mot

dudng tron.

3) Goi P,Q theo thir ty [a trung diém cua cac

doan thing AM,AN. Chimg minh ring cic

dudng thang £Q, FP va AD ddng quy.

Cau 1V. (1 diém)

Véi a,b,c 12 nhitng sb thyc dwong théa min

a+ b+ c=3. Chimg minh ring
a(a+bc)2 N b(b+ca)2 . c(c+ab)2
b(ab+2c2) c(bc+2a2) a(ca+2b2)

=4,

VONG 2
(Danh cho thi sinh thi vao chuyén Todn, thoi gian lam bai: 150 phait )

Ciu L (4 diém)
1) Giai hé phuong trinh
(x+y)(x+1)=4
(v +ap+xs y+5)(x3+ ¥ 412 y+13):243'
2) Gidi phuong trinh
(x-12)" +(2x-12)" +(24-3x)" =o0.
Ciau I1. (2 diém)

TOAN
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1) Tim tit ca cic sb nguyén duong a,b,c sao
cho ca ba s 4a” +5b, 4b% +5¢, 42 +54 ddu 1
binh phuong cta s nguyén dwong,

2) Tir mdt bd bon sé thuc (a,b,c,d) ta xay
dyng b s6 méi (a+b,b+c,c+d,d+a) va lién
tiép xay dyng cac bd s méi theo quy thc trén.

&
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& 3) Chung minh ring néu & hai thoi didm

khac nhau ta thu duge cing mdt bo sb (co thé
khac thir tu) thi bd s6 ban ddu phai ¢6 dang
(a-a.a,-a).

Cau 111 (3 diém)

Cho tam gidc ABC can tai A véi EZE*<90°.
Pidm E thudc canh AC sao cho AEB>90°.
Goi P 1a giao diém cua BE véi trung truc
BC. Goi K 1a hinh chiéu vudng géc cia P
1én AB. Goi O 1a hinh chiéu vudng géc ciia
E 1én AP. Goi giao diém cua EQ va PK Ia
F.

1) Chimg minh rang bén diém 4, E,P,F cing

thudc mot dudng tron.

2) Goi giao diém cia KQ va PE 1a L. Chimg
minh ring LA vuéng géc véi LE.
3) Goi giao diém cia FL va AB 1a S. Goi
giao diém cia KE va AL 13 T. Liy R 1a
diém d6i ximg cia A qua L. Ching minh ring
dudng tron ngoai tiép tam gidc AST va dudng
tron ngoai tiép tam gidc BPR tiép xic véi
nhau.
Cau IV. (1 diém)
Véi a,b,c 13 cac sb thuc duong thdéa min
a+b+c=3. Ching minh ring
111 V. .4 (a b c
3(Z+E+Z_1J +12;~5;+3[-b—£+;+;5].

NGUYEN VU LUONG - PHAM VAN HUNG
(GV THPT chuyén KHTN, DHQG Ha Ngi), Gidi thiéu

********************************************************************************

DAY HQOC PHAT TRIEN ...  (Tiép theo trang 7)

- 1 1
Huwong dan. Vi xyz=1 nén x=i,y=——,z=—.
A

1 . 1

Do d6: 0= +—
—— (P +2)H —(F+x7)+1
(yz)° 2x

Ta co: a,b,c>0 va abe=1. Khi do:
1 1 1
= + b
a’+b>+1 BP+cc+l c+a’+l

Theo két qué bai toan 3, ta d& dang suy ra O<I.
Hon nita, véi x=y=z=1, ta cd xyz=1 va Q=I.
Véay max O=1 khi x=y=z=I.

Nhur v@y, khai thdc va phdt trién bai todn ban
dau la mot viéc lam khéng thé thiéu ciia nguoi
gido vién. Trong qud trinh gicng day (ddc biét
la cong tdc boi dudng hoc sinh gioi), chung t6i
thuong quan tdm dén diéu nay. Véin biét rdng
xung quanh bai todn (*) con nhiéu van dé thi vi
chua dwoc dé cap dén, nhung trong khuén khé
cia bai viét va kién thirc gisi han & bge THCS
nén ching t6i chi néu vai Y tuéng nhu thé. Réy
mong cdc ban dong nghiép bo sung thém nhitng
Y tuong khdc, méi va xiic tich hon niza dé chung
ta ciing nhau trao doi, hoc héi. Xin trin trong

cam on!
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NHO VE THAY PHAN BUC CHINH
VA NGHI VE KY THI IMO

A. NHO VE THAY PHAN DUC CHINII
PGS.TS.NGND Phan Pizc Chinh sinh ngay
15/9/1936 va qua doi ngay 26/8/2017 tai TP.
H6 Chi Minh, huéng tho 82 tudi. Ong 14 Giang
vién Khoa Toan-Co Truong DHTH Ha Nbi
(nay 1a Khoa Toan - Co-Tin hoc BPHKHTN Ha
Noi) tr ndm 1956. Ong nhan hoc vi Tién sy tai
DHTH L6-m6-n6-x0p (Lién X6) (nam1965),
duoc nhan hoc ham PGS (nim 1980), danh hiéu
Nha gido Uu ti (ndm 1994), Nha giao Nhan dan
(ndam 2008), dugc ting thuéng Huin chuong
Lao dong hang Ba (nim 1999)va Huéan chuong
Lao ddng hang Nhi (ndm 2003). Nam 2019, tén
ong dugc dung dat cho mot giang duong 16n tai
Trudmg THPT chuyén KHTN, DPHQG Ha Ngi.
PGS.Phan Dirc Chinh cé nhiéu dong gop trong
cong tac dao tao bdi dudng hoc sinh gidi Toan.
Ong d3 nhiéu nim day & Khbi Chuyén Toan
PHTH Ha Nbi, c6 nhiéu bai viét va dé toan hay
dang trén Tap chi Todn hoc va Tuéi tré, 1a Phod
Téng bién tip cua Tap chi trong nhiéu nﬁm.C)ng
12 Phé Truong doan doi tuyén Toén Viét Nam
lap chién céng diu vé vang tai IMO1974
(CHDC Piic), nhiéu lan lam Trudng doan va
Phé Truong doan ddi tuyén Toan Viét Nam tai
IMO.

Sau khi 6ng mét, gia dinh dng d thanh lap Giai
thuong Phan Pirc Chink hing nam tri gia 100
triéu VND tang cho Thiy va Trd cia Truong
THPT chuyén Khoa hoc Ty nhién. Gidi thuong

TOAN HOC
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12

PANG HUNG THANG

(GV Truong DHKHTN, DHQG Ha Noi)
Phan Piic Chink bt dau trao tir nam 2018, mdi
ndm trao tdi da 2 giai cho 2 Thay,mdi giai trj
gia 30 trigu VND va 2 giai cho 2 Trd, mbi giai
tri gia 20 triéu VND.
D3 ba nim trdi qua ké tir khi thdy vinh biét
ching ta.Téi nghi dén cai co duyén da dua toi
dén voi thiy va héi tuong lai nhimg 14n gap go,
tiép xiic v6i thay.
1) Nam 1974, gira liic chién tranh Viét Nam
dang dién ra 4c liét, nudc chu nha CHDC Dic
moi ta du thi IMO. B Gido duc xin phép Thu
tuémg Pham Vin Péng “dem chudng di ddm x
ngudi”. Thi tuéng ddng v va néi ”Téi chi yéu
cau cdc dong chi cé gdng khéng ding cudi
bang xép hang” (ttc 1a “chi cn khong bét la
duoc™).
Thang 7/1974, Viét Nam cir mét doi tuyén gdm
5 em do thay Lé Hai Chdu lam Truéng doan,
thdy Phan Pirc Chinh 1am Phé Trudng doan
sang CHDC Dirc tranh tai véi 18 nude tai
IMO1974. D3 tuyén Viét Nam xuit séc danh 1
HCV, 1 HCB va 2 HCD.Két qua nay lam nhidu
ngudi ngac nhién.That kho tuong tuong mot doi
tuyén dén tr mot dat nudc dang c6 chién tranh
ac liét, lan ddu tham gia, ma da danh dugc
HCV.
Khoa Todn-Co DHTH Ha Néi td chirc mét
budi ndi chuyén cia thdy Chink v& IMO cho
sinh vién. Lic d6 ti vira két thic nim thi ba.
Sau budi néi chuyén, niém hing tha cua téi vai

Todn so cap, von ngu quén da lau, bdng thirc
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d4y.T6i quan tdm t&i Bai toan s6 6,mot trong
hai bai toan kho nhit cia ky thi.Téi tim dugc
mét cach giai khac ngan gon hom va tir d6 téng
quat hoa bai toan s6 6. Toi mudn khoe két qua
d6 voi thdy Chinh nhung chua biét 1am thé nao
dé gip thdy vi thdy khéng day 16p ti. Bdng 6i
nho ra ¢4 ban gai hoc cung 16p, Phan Thu
Hirong, 13 em ruét cua thiy.Toi bén nho Huong
thu xép cho t61 gip thay.

Vao mot budi tdi cudi nam 1974, Hirong nhin
toi dén nha, s510 phé D5 Hanh. Gia dinh thiy
ciing séng & d6.T6i ngdi chd & phong khach
mét lac thi thdy thay tr trén gic di xudng .T6i
trinh bay muc dich dén gap thiy va dua thiy bai
viét cua minh véi nhan dé “Mo rong bai toan sb
6”. Thay néi “dnh dé diy dé t6i xem. Néu
duoc thi t6i sé cho dang trén Bao Toan hoc va
Tuéi tré” Vai thang sau, toi rat vui khi théy bai
cua minh dugc dang trén Bao Toan hoc va Tudi
tré s6 84,1975. Day la “cbng trinh” Toan hoc
dau tién cua t6i dugc cong bd.

2) Thang 3/1976, theo lo1 moi cua GS.Tg
Quang Buu, Bo truong B Pai hoc va Trung
hoc chuyén nghiép.GS Laurent Schwartz
(1915-2002) nha Toan hoc Phéap, gidi thudng
Fields (1950), sang tham Viét Nam va giang
bai. Tai Truomg PHBK Ha Noéilién tuc trong
vong mot thang, GS.L.Schwartz da c6 bai giang
vé P do Radon va (mg dung trong Ly thuyét
X4c sudt. Vira méi tdt nghiép dai hoc, khi biét
tin t6i da hdo hic dén nghe. Giang dudng chat
kin ngwdi. Nguoi phién dich 1a thdy Chinh.
Thiy vén 1a hoc sinh Truomg Téy, Trudong
Albert Sarraut, mét truong danh gia nhat cta x{r
DPéng Duong danh cho con em nguoi Phap. Chi
¢6 ngudi vira thong thao tiéng Phap, vira nim
vimg Ly thuyét Xac suit, Ly thuyét Do do va

Giai tich ham mdi c6 thé dich trdi chay, chinh
xac bai giang cua GS L.Schwartz. Bai giang cua
GS da gép phin dinh huéng nghién ciru cho t6i.
Téi ciing nhd on thiy Chink vi nhd 6 sy phién
dich tuyét voi cua thiy, toi méi tiép thu duogc
bai giang cua GS L.Schwartz.

3) Sau IMO 1974, thdy Chdu v thiy Chinh tiép
tuc lam Truong doan va Phé Trudng doan tai
IMO 1975 (Bungari) va IMO 1976 (Ao).18 nam
sau, nim 1994, thiy Chinh 1an dau tién dugc Bd
Giao duc va Pao tao ci lam Trudng doan tai
IMO 1994 (Hong Koéng). Mbt cich nghu
nhién, tdi ciing lan diu tién dugc cir lam Pho
Trudng doan. Thé 14 t6i c6 dip & cung, lam viéc
va trd chuyén véi thiy trong subt ky thi. Thay
ké ring thiy xuit than trong mét gia dinh cong
chite, sbng & Ha N@i trong thdi tam chiém
(1946-1954). C6 mot thoi gian & nudc ta, cong
tac dao tao va st dung can b dugc quan triét
boi chu nghia 1y lich. Véi 1y lich nhu vdy, thiy
rat khé duoc xép vao danh sach cac “hat gibng
d6”. Nhung nam 1961 thiy bdng may mén “lot
luéi” sang Lién X6 1am Nghién ciru sinh.

IMO 1994 da chimg kién nhimng didu “/g lung,
co mgt khong hai” sau diy:

1. C& 5/6 thanh vién cua .;?.j% tuyén VN 13 ho

}lei\(e

o

sinh Khéi Chuyvén Toan B

2. Toan bd 6 thanh vién cua DI tuvén My déu

anh HOV von diém tuyét dbi 42/42.

3. Duy nhit mét ¢ gii. ¢d Mirzakhani cua dbi
tuyén Iran, danh duoc HCV vaoi diém sat mit
uyét doéi 41/42, Nam sau, tai IMO 1995
(Canada) ¢d danh HCV véi digm tuydt déi
42/42. Nam 2014, ¢6 12 nha toan hoc nir diu
tién trén thé gidi duge gial thudng Fields. mot
giai “Nobel Toan hoc”. Ba nam sau, nam
2017, c6 qua doi vi bénh ung thu khi vira tron
40 tudi!

TOﬁN HOC
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LE tuyén dong thanh tich dgi tuyén Viét Nam
tai IMO 1994 ctua Bé Gido duc va Dao tao.

Sau IMO 1994, thiy Chink duoc cir Jam Trudng

doan tai IMO 1996 (An Pg) va IMO 1997

(Achentina) con td1 dugc cir lam Trudng doan

tai IMO 1998 (Pai Loan), IMO 1999 (Rumani),

IMO 2000 (Han Quéc) va IMO 2004 (Hy Lap).

O bén ky IMO ma t6i 1am Truong doan c6

nhitng diéu dang nhé sau:

e Tai IMO 1998 (Pai Loan), Trung Qudc khong
tham du dé phan déi Dai Loan, trong thu moi
da xung danh la Republic of China. Ké 1an ddu
dur thj nam1985, cho dén nay Trung Quéc chi
duy nhat mot lan khong tham du va da co 20
Jan xép thir nhét trong d6 12 1an danh tron cd 6
HCV.

e Tai IMO 1999 (Rumani), Viét Nam danh 3
HCV va 3 HCB, xép thir 3/82. Cho dén nay,
xép thir ba 1a thir hang cao nhat cia doi tuyén
Viét Nam.

e Tai IMO 2000 (Han Qudc), Viét Nam danh
duge 3 HCV, 2 HCB, 1 HCD trong d6 ca 3
HCV déu thuge vé hoc sinh Khéi Chuyén
Toin DHTH Ha Ngi. Cho dén nay, day la ngi
truong duy nhét & nude ta mang vé 3 HCV taj
mot ky IMO. ‘

TOAN HOC )
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Déi tuyén Todn Viét Nam ciing Truong, Phd doan,
GS. Jozsef Pelican (Hungari), President of IMO
Board véa 4 quan sdt vién sau 1é trao Huy chiurong.
Dgi tuyén VN danh 4 HCV, 2 HCB. Xép thir
4/85.Cho dén nay day la thanh tich 16t nhdt cia
Dgi tuyénViét Nam néu xét trén s6 huy chuong.

e Tai IMO 2004 (Hy lap), Viét Nam danh duge
4 HCV, 2 HCB. Cho dén nay, day 1 thanh tich
t8t nhét cua Viét Nam xét trén s6 huy chuong.

B. NGHI VE KY THI IMO

N6i vé thiy Chinh thi khong thé khong nhic

dén IMO. Sau diy 1a mot sb y kién phan anh

quan diém c4 nhén cta toi vé ky thi IMO.

¢ IMO 14 cudc thi Toan Québc té sang gia va
lau doi nhit danh cho hoc sinh bic THPT
dudi 20 tudi, mét Thé van héi Thé thao Tri
tué cua tudi tré. IMO dugc 6 chire 14n diu
nam 1959 tai Rumani véi 7 nuée tham du.
Tir @6 MO duge 6 chite thudng nién va
hién nay s nuéc tham du d3 lép to1 trén
100. Mdi nude duge cir khong qua 6 thi
sinh. IMO bao gdm hai budj thj lién tiép,
mbi budi thi c6 3 bai ton © kho ve dau”. M3i
bai todn duoc téi da 7 diém, thoi gian lam
bai 1a 4 gio 30 phat. IMO khong gap phai
vén dé Dopping vi hién chua c6 loai thudc
nao lam ting kha nang giai toan,
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piu truomg IMO khéng phai 14 noi gip g&
cua cac nha tai tir, nghiép du. Cac dinh cao
thanh tich tai IMO da va dang duoc thiét lap
boi mot co ché chuyén nghiép,nha nghé.
Mubn ¢6 thanh tich cao tai IMO, nhét thiét
phii c6 su chuin bi k§ ludng tir khau tuyén
chon dén khau tap hudn, “luyén ga choi”.
Thanh tich tai IMO khong phan anh trinh d6
Toan hoc ciing nhu chét luong day va hoc
Toan cia mot Qudc gia. N6 chi chimg to
Quéc gia @6 co6 nhitng c4 nhan dat ddng cép
cao vé Toan & bac THPT.,
Cin théy su khac nhau gitra thi hoc sinh
gioi Todn v&i nghién ctru Toan. Thir nhit,
nghién ciu Toan khéng tién hanh trong
phong thi. Thir hai, nghién ctru Toén cin
mdt t6 chat khac vai to chét caa thi hoc sirh
gioi Toan, mt cudc thi mang tinh chit thé
thao.Thir ba, su thanh céng trong nghé lam
Toan, ngoai nang khiéu Toan hoc, con phu
thudéc vao mdi truong lam viéc,ky ndng
mém va mot s§ yéu té chu quan va khach
quan khac.
Phan tich dir liéu cho thiy c6 méi tuong
quan khéa chat ché gilra thi hoc sinh gioi
Toan v&i nghé lam Toan. Tuong quan nay
mang tinh chat théng ké. Mot sb nha toan
hoc ndi tiéng, qua khir c¢6 thanh tich ryc 1@
tai IMO nhung ciing c6 mot s6 nguoi timg
danh HCV tai IMO ma hién chi 1& mét
ngudi 1am toan hang xoang. Lai c6 mot s6
nha todn hoc cd tén tudi nhung ching cé
thanh tich gi tai cac ky thi hoc sinh gioi
Toan & bac PTTH.
C6 it thi sinh IMO chon Toan Ly thuyét
(TLT) lam nghé nghiép cua minh. C6 I& vi

IMO 1999 (Rumani): Lé trao Huy chuong tai Toa
nha Quéc hoi-Téng thong Rumani trao HCV cho
Lé Théi Hoang (chuyén Todn DHSP Ha Noi).

TLT ching gitp ai xdy nha mdy, déng tau
thuy, ché tao may bay, chita tri bénh tat,
phén tich dit liéu,..., khong d6ng gop ngay
va ludn cho su phat trién kinh té xa hoi. Vi
thé thi trudng viéc 1am chi tiép nhén dugce
mdt sb it cc nha TLT.

e VAN HOA TINH TOAN, TU DUY
LOGIC, TU DUY THONG KE la nhimg
gia tr1 tinh thy ma Giao duc Toan hoc mang
dén cho ngudi hoc. Trong thoi dai chuyén
ddi s6 va cach mang 4.0, nhimg gia tri nay
tao loi thé canh tranh va dang trd thanh yéu
td khong thé thiéu duoc trong hoc vén cua
mdi cong dan ¢ gido duc. Théng ké cho
thdy nhidu thi sinh IMO da thanh cong
trong cac linh vuc ngoai Toan nhw Tin hoc,
Khoa hoc Ty nhién, Cong nghé, Tai chinh,
Kinh té,...

Vi thé cac nude trén thé gioi déu quan tam t6i

viéc dao tao va bdi dudng hoc sinh giéi Toan.

Muc dich 14 cung clp ngudn “nguyén lidu” dé

san xudt ra cac “san phim” chit lwong cao véi

nhiéu ching loai, khéng chi 1a Toan hoc.

TOAN HOC



Hbi hoc cip hai & qué huyén Vinh Bao, Hai
Phong, t6i dugc hoc véi thiy Trdn Trong Nhdn,
qué & xa Lién Am. Thiy ra cho ca l6p bai todn
sau:

Bai todn 1. Cho ba dirong thang a. b va ¢ song
song voi nhau. Hav dimg mot tam giace dou
ABC sao cho 4. B va C lan heot nam trén a, b

va ¢ tuong tmng? (h.1).

o
N\
X
\_\
L
o

QZ
a

Hinh 1

Ca 16p khdng ai lam ra. Téi ciing chiu. Chd mét
lic, thdy méi goi ma din dan... Cudi cing
thay giang giai:

Gia sir hinh d3 dung xong, ta thiy C 14 anh cua
B trong phép quay quanh 4 mdt géc 60°, ma B
thuoc b, nén quay b di quanh 4 goc 60°, khi do
duomg thing b bién thanh dudng thing b’ thi C
chinh la glao cua b’ vac.

Ca 16p rat vui va nhé mii vi biét dugc 141 giai

hay,

Cach dung (h.2).

Buéc 1. Dung b’ bang cach ha AH vudng goc
véi b, dung tam gidc déu AHI (tic la quay AH
quanh A thanh AH’ goc 60°), roi dyng b’ vudng
goc voi AH tai . .

Bude 2. Lay Cla glao diém cua b’ vac.

Budc 3. Dung B bing cach quay C quanh 4
theo chidu nguoc lai, cit b tai B.

Moi thu tyc con lai cua bai toan dung hinh trén
thi khong con kho nira!

TOAN HOC
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PHAM PANG LONG
(GV DHKHTN, DHOG Ha Noi)

Hinh 2

Nho bii toan nay, phuong phap nay, ma t6i da
ap dung dugc nhiéu trong qué trinh lam toan.
Péy 13 phuong phép 4p dung cac phép bién hinh
dé giai cac bai toan hinh hoc.

N6i vay thi qua rong, nén téi chi néu mot vai
miu bai toan lién quan dén tam gidc déu cing
phép quay mét géc +60° ma thoi. Chang han:
Cho diém A va hai hinh F| va F,. Hay dung
tam gidc déu ABC, ma B € F, va CeF,. Véi
mau nay, ban c6 thé cu thé hoa F, va F, 1a
nhitng hinh quen biét.

Bai toan 2. Cho F, la hinh vuéng DEFG va F»
la duong tron (O R). Hay dung tam gidc déu
ABC, ma B € Fyva CeF,.

https://tieulun.hopto.org
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Phan tich. Gia sir hinh da dung xong (h.2).

Ta thiy B 1a anh cua C trong phép quay Q
quanh 4 goc ~60°. Ma CeF;, nén B phéi thugc
F,, anh cua F; trong phép quay do.

Mat khac BeF| nén B thudc giao cua F; va F”,.
Cdch dung.

- Dung O’ 1a anh cua O trong phép quay Q.

- V& F,, tirc 12 dudng tron (O; R).

- Liy giao cia F, voi F,', tirc 1a cung MN.

- Piém B thudc cung MN.

- Cla nghich anh cua B.

Bién lugn.

Néu F, khong cit F, thi bai toan vé nghiém.

Tréi lai bai todn c6 mot nghiém hoic vo sb
nghiém.

N6i chung cir cho F, va F; 14 cac hinh cb dinh,
nhu dudng thing, doan thing, dudng tron hay
mdt hinh bt ky, ...

Gén day t6i nhan dugc tir anh PS Minh Khoa,
cuu hoc sinh A, (Khéi chuyén Toan, Trudng
Pai hoc Téng hop Ha N6i) mot bai toan kha 1y
thl nhu sau:

Bai todan 3. Cho tam gidc deu ABC canh a. O
trong tam giac ¢o mot diem M ma MA = 3cm,
MB = 4cm. MC = 5cm. Tinh a? (h.4).

Tim 19i gidi. Toi &4 mét nhiéu thdi gian, tim du
cach, ké ca giai phuong trinh lugng giac lodng
ngoang, loay hoay mii méi tim ra céch giai thoa
dang.

bé 1a dung phuong y
phap bién hinh nhu &

céc thi du vén tit néu
trén. Khoéng nhimg a
thé ma con tao ra
nhitng bai toan mdi
trong tu clng coi
nhur 1a hay. Hinh 4
Phan tich.

B C

Gén gidng nhu bai toan 1: Dyng tam gic déu
ABC, nhung A, B va C khong nim trén ba
duomg thing a, b va c, mi nim trén ba duong
tron ddng tam M (h.5).

Hinh 6

Trén hinh d6, ta thdy C la anh cia B (thude
dudng tron (M; 4)) trong phép quay tdm A4 goc
+60°, ma C lai nam trén dudng tron (M: 5).

Do vdy, sau khi quay dudng tron (M; 4) di
thanh duong trdn (M’;4),vd cit dudng tron
(M, 5) & dau thi d6 chinh 14 dinh C (h.6).

Nghich anh cua C, tirc 12 quay C quanh A4 theo
chiéu nguoc lai, thi d6 chinh 13 B.

C6 2 giao diém C, nhung chi diém C trén Hinh

6 chép nhan duoc vi M phai & mién trong tam

TOAN HOC
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xac dinh.

Hinh 7

B Hinh 8
Trich tir hinh 6 ta duoc hinh 8 cho d& nhin. Ta
c6 thé ¢6 161 giai gon gang hon!
Loi gidi. (h.8)
V& tam gidc déu AMM’. Nbi M C. Xét tam gidc
ABM va tam gidc ACM c6 AB = 4C,
BAM =CAM', AM = AM’, do dé ching bing
nhau. Tir d6 suy ra M’C = MB = 4 cm. Theo
dinh ly Pythagore dao thi tam gidc M MC
vudng tai M. Thém diém H, I nhu trén hinh, Ta
¢6 ngay AC ]a canh huyén cua tam giac vuéng
HAC, ¢co

HC=Mm1=23
2
AH=AI+IH= Al + M C
2 2
AC*= AH* + HC®
18 TOANHOC
8 TcTusifpe__SSsise2020

(3)2+[§t§[§J2=25+12\/§.

Dodé a=AC= 5+12+/3 ~ 6,677432568.

Bai toAn 4. Cho tam gidc deu ABC canh a. O
ai . .
i o e A i Ml ==
bén neoai tam glac co mot diém M ma MA =3
= ’ Vo N
MB =4 cm, MC =5 cm. Tinh a? (Hinh 9).
cm, = )

C
B
A
3 4

M
Hinh 9

Phén tich. V& cac duong tron (M; 4) va (M, 5).
Piém C 1a anh cta B trong phép quay quanh 4
goc 60° (h.10). Ta quay M thanh M (tam gidc
AMM du), anh cta dudng tron (M: 4) 1
dudng tron (A; 4), n6 cat dudng tron (M: 5) tai
C. C6 hai diém C, ta ldy C & vi trf thich hop,
nghich anh cia C 1d B (h.10). Tam gidc ABC

duoe xdc dinh. Vén dé 13 tinh canh @ nia 12
xong.

Hinh 10
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Bing phuong phép toa dd ta cé ngay

9 33
nén AC* = Z+[4"TJ =55 193,

a=AC= 25-12/3 ~2,053141571.

C
A
]
3 5 4
e &[ i 1
3 o=M"
Hinh 11

Pé y 1a két qua canh ciia tam gidc ABC & trudng
hop M & trong va ngoai la hai cén thirc lién hop.
Lai gy to mo!

Khai quit hon nita ta lam viéc véi bd sb
Pythagore (m, n, p) tiy y xem sao!

Bai toan 5. Cho tam gidc déu ABC canh a va
mét diém M ma MA = m, MB = n, MC = p ma
m o+ = pJ, o day m, n va p la cac do dai
nguyén. Hay tinh canh a trong hai triong hop
M o trong tam gidac va M o ngoai tam giac?
(h.12)

Gidi vin tat.

Vi kinh nghiém giai bai toan 3 va bai toan 4, ta

di dén dép sb:
a=\/pzimn\/§ .

Déu +/— cho trudng hgp M & trong hay ngoai

tam gidc tuong tmg. Numg néu M & ngoai tam

gidc khong cin diéu kién Zi2>3 (suy i
nom

bat dang thirc Cauchy).

C (M ngoai)
A
n
m m
M m o=M
C (M trong)
Hinkh 12
BAI TAP

Bai 1. Cho tam giac déu 4BC, biét rang bén
trong né c6 mét diém M cach cic dinh khoang
cach 5 ¢cm, 12 cm va 13 cm. Tinh canh cua tam
giac déu di cho.

Hurémg ddn trén hinh 13.

Hinh 13

Bai 2. Cho tam gidc vudng cin ABC vudng tai
A. Gia sir ¢6 diém M & ngoai tam giac sao cho
MA =3 cm, MB=4 cm va MC =5 cm. Tinh
dién tich tam giac da cho.

Bai 3. Cho tam gidc cin 4BC, cén tai 4 va goc
BAC=20". Trén AB liy diém D sao cho

AD = BC. Tinh s6 do géc BDC.

; TOAN HOC
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CAC LOP THCS
Bai T1/518 (L6p 6). Tim cac s6 nguyén td x, y, z
thoa man dang thicc x* +y* —(x+ y)’ =327
HUYNH THANH TAM
(Buwu dién thi xa An Nhon, Binh Dinh)
Bai T2/518 (Lop 7). Cho tam gidc ABC, M 1a

diém trén canh 4B sao cho MB:%AB, I 1a diém

trén canh BC sao cho IC:%BC, N la diém d6i

ximg v&i diém A qua I Chimg minh rang
MN /I AC.

NGUYEN QUANG NAM

(GV THPT Quy Hop 2, Nghé An)

Bai T2 51&. Giai phuong trinh
3 +2020 +¥x+2021 +3x+2022=0.

LUONG VAN BA
(GV THCS Nghia Phwong, Tu Nghia, Quang Ngdi)

Bai T4/518. Cho tam giac ABC nhon (4B > BC)
noi tiép dudmg tron (O). V& hai dudng cao AD va
CE cua tam gidc ABC. Goi I la trung diém cua
DE. Tia Al cét (0) tai K (K # A). Chimg minh
rang tdm dudng tron ngoai tiép tam gidc /DK nim
trén BD.

THAI NHAT PHUGNG
(GV THCS Nguyén Vén Troi, Cam Ngia, Cam Ranh,
Khanh Hoa)
Bai T5/518 Tim gi4 tri nho nhét cua biéu thirc
a3 b} CJ
+ =+
1-b
trong d6 a, b, ¢ la céc sb duong thoa man diéu
kigna+b+c=1.

2

1-a* l1-c

CAO XUAN NAM
(GV THPT chuyén Ha Giang)

TOARN HOC
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CAC LOP THPT
Bai T6/518. Giai hé phuong trinh

1 .\ 1 _ 27
Jaxi +8x+5 4y —8y+5 (x+y) +1
41 .
1 1 2%
kJX—l Jy—3 5

NGUYEN VAN BAN
(GV THCS Thanh Yén, huyén Dién Bién, Dién Bién)
Bai T7/518. Cho cac sb thuc a, b, ¢ thoéa min

a+ b+ c=1. Chimg minh ring

8abc —8 < (ab + bc + ca+1)*.

NGUYEN SONG MINH
(P518TI, chung cu The Golden An Khdnh, Ha Noi)
Bai T8/518. Cho tam giac 4BC ndi tiép duong
tron (O) ¢6 truc tam H. Goi X, Y, Z lan luot 1a giao
diém tht hai cta cac dudng tron (AOH), (BOH),
(COH) véi (0). Chimg minh ring A 1a tim dudng
tron nodi tiép tam gidc XYZ. (Ki higu (UVW) chi

dudng tron ngoai tiép tam giac UVW).
HA HUY KHOI (Ha Néi)
Bai T9/518. Tim tt ca cac sb thuc x, y, z thoa

2_a., T 2 = 3
min phuong trinh 27 ™% 427 7 4 o7 =
NGUYEN VIET HUNG

(GV THPT chuyén KHTN, PHOG Ha Néi)
TYEN TOI OLYMPIC TOAN
Bai T10/518. Cac sb nguyén tu 51 dén 150 duge
xép thanh mét bang 6 vudng kich thudc 10 x 10.
Tdn tai hay khong cach xép dé voi moi cap (a; b)
dtmg ké nhau trong mot hang hodic mot cot thi co
it nhat mot trong hai phuong trinh
X' —ax+b=0 va x* —bx+a=0
co nghiém nguyén?
NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phiic)
Bai T11/518. Cho day s6 (a,)(neN") dugc xac
dinh boi:

\ +*
ai=1,32:2 va an+2=zau+1"pan’ HEN E
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trong 46 p 12 s6 nguyén 5. Tim tit ca céc gi tri
cua p sao cho ton tai s0 nguyén duong m thoa man

a =3

TRAN XUAN DANG
(3/7/136 Phan Dinh Phiing, TP. Nam Pinh)

Bai T12/518. Goi /, J lan luot 13 tam duong tron

néi tiép, bang tiép géc A clia tam gidc ABC khong

can. D la giao diém thit hai ctia dudng tron dwong

kinh AJ va dudng tron ngoai tiép tam gidc ABC. E

1 giao diém cta Al va BC. P 1a diém chinh giita

cung tron BAC. Chimg minh PJ va DE cit nhau
trén dudng trdn ngoai tiép tam giac 4BC.

TRAN VIET HUNG

(Xa Tan Phu, huyén Chdau Thanh, tinh Séc Tring)

Bai L1/518. Trén bé mit chit léng c6 hai ngudn

séng két hop 4, B cach nhau 12 cm dao dong

Probier 31§ 5" grade). Find prime
numbers x, y, z which satisfy the equality
x5+y3—(x+y)2 =323,
Probiem T2/318 (For 77 ¢ Given a
triangle ABC. Let M be the point on the side 4B

so that MB:%AB, and / the point on the side

BC so that [Cz%BC. The point N is the

reflection of 4 in the point /. Show that MN //
AC.

Problem T3/518 Solve the equation

3 x+2020+3x+2021+3/x+2022=0.

Problem T4/518. Given an acute triangle ABC
(4B > BC) inscribed in a circle (O). Let AD and
CE be two altitudes of the triangle ABC. Let [
be the midpoint of DE. The ray Al intersects

nguoc pha. Biét song do m&i ngudn phat ra c6 tan
56 f= 10 Hz, tdc d6 truyén song 12 40 cr/s. Goi M
14 mot diém ndm trén dudng vudng goc voi 4B tai
A, gin 4 nhét dao ddng voi bién do cuc tidu. Xac
dinh d6 dai doan AM.

VIET CUONG (Ha Néi)

Bai 1.2/518. Trén doan mach dién xoay chiéu cé
bbn diém theo dung thir tw 4, M, N va B. Gilra
hai diém 4 va M chi ¢6 dién tr¢ thuén, giita hai
diém M va N chi c6 cudn ddy, giita hai diém N
va B chi co tu dién. Dat vao hai ddu doan mach
mét dién ap xoay chiéu 175 V — 50 Hz thi dién
4p hiéu dung trén doan AM 1a 25 V, trén doan
MN 1a 25 V va trén doan NB 1a 175 V. Xéc dinh
hé s6 cong suét clia toan mach.

THANH LAM (Ha Ngi)

(0) at K (K # A). Show that the circumcenter of
the triangle /DK lies on BD.

Find the minimum value of
the expression

a " b + ¢
R
where a, b, c are positive numbers satisfying a
+b+c=1.

R HIGH SCHOOL
/518 Solve the system of equations
1 i 1 _ 2

\/4x2+8x+5 \/4y2—8y+5 \/(x+y)2+1

1, 1 26 '
Vx-1 y-3 5
Problem T7/318. Given real numbers a, b, ¢
satisfying @ + b + ¢ = 1. Show that

80bc—8$(ab+bc+ca+1)2.

T SN
(XNem tiép irang 31)
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Bai T1/514. Trén bang den ta viér 2019 dau
cong (+) va 2020 dau trir (-). Cho phép xoa hai
dau tiy v va thay vao dé mét deu cong neu hai
déau da xoa la nhw nhau, mét dau trie néu hai
dau da xéa la khdc nhau. Thuc hién phép toan
dé 4038 lan. Hoi trén bang con lai la ddu gi ?
Léi gigi. Sau mdi 1an x6a diu thi trén bang bét
di mot dau. Khi xoa hai ddu cong, hoic khi xéa
mot diu cong véi mot diu trir thi sé diu trir
duge gilr nguyén va b6t di mot ddu cong. Khi
x6a hai déu trir thi s& déu trir giam di 2 va thém
mot diu cOng. Nhu vay, sau mdi 14n x6a diu thi
s6 diu trir hoac khong giam, hodc c¢6 giam thi
luén giam di mot s6 chin. Ban dau s6 diu trir
bang 2020, 12 mot sb chin, nén sau khi xéa
4037 lan (vi 2019 + 2020 — 4037 = 2) thi trén
bang chi con hai diu, do d6 hodc con hai déu
trir, hodc khong con du trir ndo. Vay sau khi
x6a 4038 14n thi trén bang chi con lai mot diu
cong.

Nhan xét. 1) Mot sb ban cho xda céc dau cong
trude, hodc cho xda cac diu trir trude, nhu thé chi
néu ra mdt cach xo6a, trong khi bai toan yéu ciu
m3i 14n x6a hai ddu thy y va thém mot dau.

2) C6 thé giai bai toan bang cach thay déu cong
boi sb 1 va thay du trir boi s6 — 1, viée thay hai
ddu chuyén thanh thay bing tich cua ching do
FEDED =EFD;EDED=ED;

(+ 1) (- 1) = (- 1). Ban déu tich cua 2020 s6 — 1
béng 1, con tich cac sb 1 béng 1. Sau mdi 1an xéa
hai sb va thay bang s6 méi thi b6t di mot s§

TOAN HOC
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nhung tich cua chung khong i, cudi cing con lai
s6 1. L
3) Trong loi gidi trén ta chi chu y 50 cac da‘u tru 1a
sé chin hay sb 1é, con sb cac dau cc}n{; la thy y.
Bai toan tcfng qudt: Trén bang CI}O m dﬁu‘c@ng va
» dAu trir. Thuc hién phép xoa dau nhu dé ra. Sau
khi thuc hién m + n— 1 1an phép xda dau thi trén
bang con lai déu gi ?
4) Chc ban sau c0 loi giai ding: Vinh Phic:
Nguyén Huy Hoang Son, 6A2', THCS Yén Lac,
Yén Lac; Ha N§i: Hoang Tuan Arnh, 6T, THPT
Luong Thé Vinh; Nghé An: Nguyén Thai Hoang .
Anh, 6B, THCS Ly Nhat Quang, D6 Luong;
Quang Tri: V6 Nguyén Thadng, 6A, THCS
Truong Vuong, TP. Dong Ha.

NGUYEN VIET HAI

T2/514. Cho A=60" vg

AB+AC=2BC. Chirng minh rang cdc dwong

tam giac cO
trung tuyén AM, dwong cao BH va dwong phdn
gidc CI cuia tam giée ABC dong quy.

Loi gigi. (Dua trén y 4

giai cua nhiéu ban). Ta
ching minh tam giac
ABC thoa man gia thiét
bai toan phai 1 tam
gidc déu va két luan cia B
bai toan 1a hién nhién '
ding.

That vay, ta ha BE, CF vuéng goc véi duong

Phén gidc géc 4=60°, cic tam giac vudng
ABE, CAF 1a cac ntra tam gidc déu, cho nén ta

A : AC
co BE-—? va CF:_i___ Th AB+AC=2BC

ta co BE+CF=BC, diduy nay chi xay ra khi
E _=:F (do canh huyén trén BC cua cac tam giac
vut‘)ng 1én hon canh goc Vudng BE, CF), tic la
khi BC vudng goc vgi phéan gi4c cua géc’A- Khi

d6 tam gidc 4BC 13
a tam oi4 A A A
chitg minh), glac déu (diéu phat
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Nhgn xét. Cac ban lop sau ddy cd lo1 gial
ding: Vinh Phuc:
Nguyén Thi Phwong Linh, Nguyén Thity Duong,
7A1, THCS Yén Lac; Pha Tho : Nguyén Thi

Tra Giang, Nguyén Duy Anh, Kiéu Céng Tudn,

Nguyén Duy Gia Kiét,

Ta Minh Ding, Nguyén Pirc Tién, D6 Ngoc
Tién, 7A3, THCS Lam Thao, Lam Thao; Thai
Nguyén: Trdn Quang Khéi, 6AS5, DPéng Hodng
Minh Dai, 6A4, THCS Chu Vin An, TP. Thai
Nguyén; Ha Noi: Ngd Uyén Nhi, 7A5, THCS
Phuong Liét, Thanh Xuan, Hoang Tudn Anh,
6T, THCS Luong Thé Vinh; Hung Yén: Lé
Tudn Nghia, 7C, THCS Doan Thi Diém, Yén
My; Séc Tring: Nguyén Anh Thu, 7A1, THCS
Ké An, huyén Ké Sach; Ha Tinh: Trdn Minh
Hoang, TE, THCS Nguyén Trai, Nghi Xuan;
Nghé An: Lé Vin Quang Hiéu, 7D, THCS Ly
Nhat Quang, P6 Luong.

VU DINH HOA
Bai T3/314. Cho cdc 56 thire dirong a, b, ¢ thoa
mana + b + ¢ =abc. Chirng minh f‘c;mg

a b c

NP . (1.
a -+l b+l \/c'2+l

Loi gidi. Cdach 1. Tt a + b + ¢ = abc suy ra

c= ath vaab>1.Taco:
ab—1
a+b afb
ab-1 ab-1

C
NI AT a*b +a? +b7 +1
+1 TR
[ab—l] (ab- 1)

_ a+b

J@ ey @D

Ap dung BDT Bunyakovsky ta co:
(a® +1)(b? +1)>(ab+1)?

(@ +1)(B2 +1)=ab+l1.

Do dé:

_(a+b) (a2+1)(b2+1)_

& =(a+b)\/(a2+1)(b2+1) , (a+b)(ab+1)

Je2+l (@ +D@EP+) (@ )b+

2t‘.‘)+cu’32-l-a+b a b
(@D H])  at 4l oy

Vay BDT (1) dugc chimg minh, dang thirc xay
2a
a-1
p . 1 1 I o
Cdch 2. Dat x=—, y=—, z=— (v0ix, y, z > 0).
: a b c
Khidétacoxy+yz+zx=1. Tacé:

ra khi a=b>1,c=

1
a g X
a®+1 1+L I+x
aZ
by ¢ 1
Tuong tu: —
bz+1 1+y° \[+c \/1+22
Do d6 BDT (1) tré thanh
X Y . 1 @)
1+x% 1+y? \/14_22
Vixy+yz+zx=1nén
1+ =xy+yz+zx +x* = (x + y)(x + 2);
1+y = (x+y)y+2); 1 +2°= (x + 2)(y + 2).
Do d6 BDT (2) tr¢ thanh:
(x+y)(x+z) (x+y)(y+z) \/(x+z)(y+z

2xy+yz+xz

(x+y)(y+z)(z+x) \/(x+z)(y+z
S(x+ Y (x+z)(y+2) 22xp+(x+y)z

O (x+z)(y+2)2 Ziy
P

+z (3).
y

Ap dung BDT Cauchy, tacéx +y 22\/5 nén

\/(x+z)(y+z)=\/x;|-zz+(x+y)z
2\/xy+22+2\/52=\/x_y+22 25 +z
x+y

Vay BDT (3) dung, do d6 BDT (1) dugc ching

TOAN HOC
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minh. Pang thirc xay ra khi x = y < 1 va

2
1% B =§5 1 vie=—2
2% a*-1

z:

Nhén xét. Pa s cac ban gui bai déu tim ra két
qua va cach lam twong tu theo mét trong hai cach
trén.
Tuyén duong cac ban sau c6 101 giai tdt;
Soc Trang: Nguye:n Anh Thu, 7TA1, THCS Ké An,
K& Sach; Ha Tinh: Trdn Minh Hoang, 7E, THCS
Nguyeén Trai, Nghi Xuan; Quang Tri: Nguyén
Anh Qudn, 8D, THCS Tran Hung Pao, Cam L§;
Hung yén: Lé Tudn Nghia, 7C, THCS Poan Thi
Diém, Yén My. Ha Noi: Lé Ngoc Timg, 9A,
THCS Nguyén Truc, Thanh Oai. Hung Yén: Trdn
Quoc Thai, 9A1, THCS Vinh Yén.

PHAM THI BACH NGOC
Bai T4/514. Cho 1am gidc nhon ABC néi tiép
dirong tron tam O. Ke duong cao AD, goi E, F
lan luot Ia hinh chiéu vuong goc cua D trén cdac
canh AB va AC. Gia su hai dogn thang OA va
EF cat nhai tai L
AB AC.AI = AD’.

Chitng minh rang

Loi gigi. Ap dung hé y

thirc lugng trong tam

giac vudng ADB va

ADC ta co: E_ 0
AD* = AE. AB B\ p ¢

=AF . AC. \/

Suyra: AD'=AE.AF.ABAC (1).

Lai c6, tr giac AEDF ndi tiép, suy ra

ZE-.‘?“ =ZBF . Hon ntra

——— 180°-A0C

OAC= —90°— ABC=BAD

suy ra ADAE ~ AFAI (g.g). Do dé:

AD_AE oy AD. AI=AE. AF (2),
AF Al

Tir (1) va (2) ta cé: AD*=AD. Al. AB. AC.
Do d6 AB. AC. Al = AD’ (dpcm).

TOAN HQOC
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Nhdn xét. Cac ban sau day c0 161 giai tot.
Vinh Phic: Ta Kim Nam Tudn, 8A2, THCS Yén
Lac; Hung Yén: Neuyén Gia Khdanh, 8B, THCS
Nguyén Tat Thanh, TP. Hung Yén, Ngl.lé An: ]Yg@
Thi An Binh, 8E, THCS Dang Thai Mai, TP. mel;
HE‘-I Tinh: Trdn Minh Hoang, 7E,~ THCS Nguyén
Trai, Nghi Xuén; Quang Tri: Nguyén Anh Qudn, 8D,
THCS Trin Hung Pao, Cam L9; Ha Noi: Lé Ngoc
Timg, 9A, THCS Nguyén Truc, Thanh Oai; Thanh
Héa: Lé Thi Thiry Dung, 8C, THCS Ttr. Triéu Son;
Phi Tho: Ha Quang Timg, 9A3, THCS Lam Thao.
NGUYEN THANH HONG

Bai T5/514. Cho da thic f{x) = (x + a)(x + b)
trong do a, b la cdc sé nguvén. Chitng minh
rcfwg luén tén tai s6 ngiyén m sao cho

flm) = £(2020) /(2021).
Loi gidi. Ta co: f(2020) £(2021)=

=(2020+a)(2020+5)(2021+4a)(2021+b)
=(2020+4a)(2021+5).(2020+5)(2021+a)
=(2020.2021+20205+2021a+ab)x

x(2020.2021+2020a+20215+ab)
=(2020.2021+20206+2020a + ab+a)x

x(2020.2021+2020a+2020b+ab+b)
=f (2020.2021+2020b+2020a+ab).

bat m=2020.2021+20205+20204+ ab, ta c6 m
14 50 nguyén thoa min

b3 (”7)=f(2020)f (2021). Bai toan duoc chimng
minh.

Nhin xét. Mot sb ban da
chung minh hé thic

S(x)f(x+1) = i S(x)+x), Vx
(ban doc tyr kiém tra); véi x=2020, ta co:
/(2020) 7 (2021)= 1 ( £(2020)+2020);

dat m=£(2020)+2020 suy
minh.

£1ai bai toan bang cach

ra diéu phai chimg

Cé:C ban sau day c6 by; giai t6t: Ha Tinh: Tran
Minh Hoang, 7E, THCs Nguyén Trai, Nghi
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xuan; Phi Tho: D6 Ngoc Tién, 7A3, THCS Lam
Thao, H. Lam Thao; Vinh Phic: Tg Kim Nam
Tudn, 8A2, THCS Yén Lac, H. Yén Lac; Nghé
An: Nguyén Cong An, 8C, THCS Ly Nhat Quang,
p6 Luong; Hai Phong: Tran Trung Phiic, 8A4,
THCS Ngé Gia Ty, Hong Bang; Thai Nguyén:
Dao Hai Dang, 8Al, THCS Chu Vin An, TP.
Thai Nguyén; Quang Tri: Nguyén Anh Qudn,
8D, THCS Tran Hung Pao, Cam Lo; Thanh
Hoéa: Lé Thj Thity Dung, 8C, THCS TTr. Triéu
Son; Sé¢ Trang: Nguyén Anh Thur, TA1, THCS
Ké An, huyén Ké Sach.

NGUYEN ANH DUNG
Bai T6/514. Cho a, b, ¢, d I cac s6 thuc khong
am co (ong bang 1. Tim gid tri lom nhat va oid
tri nho nhat cua bidu rhire

a b e d

‘ - + .
o+1 c¢+1 d+1 a+1

Loi gidi (cua tac gia Nguyén Viét Hing két hop
voi 161 giai cua mot sé ban).

1) Tim gia tri nho nhit: Ap dung bt ddng thic
Schwarz ta c6:

a’ b? 2 d*

P= 4 +
a(6+1) ble+1) c(d+l) d(a+])
(_a+b+c+af)2
~ab+bc+cd+da+a+b+c+d
1
(a+c)(b+d)+]
L4
5

(a+b+c+d)2
T +1

1
mlnP:—l' <:> a:b:c:d:-—_
4 4
2) Tim gi4 tri 16n nhat: Do a,b,c,d khong am
nén gb,bc,cd, da>0 va a+1,b+l,c+l,d+121.

Suy ra:

1-p a b =" ¢ +—i']
=a+b+c+d- m+c+1 J+1 a+l

a b c d
fa—2 -2 e——|+| a-
(“ b+1)+(b c+1) [C d+1) [ a+;)
=>0.

Déu bing xay ra khi va chi khi
a=c=0 _ [b=d=0
hodc :
b+d=1 a+c=1

Nhin xét. Tuy dé ra cho bic THPT, nhung nhiéu
ban 16p 7, 8, 9 ciing tham gia giai va giai tot. Céc
ban sau day c6 10i giai chuan: Ha N@i: Nhw Ha
Xudn Anh, 8D, THPT chuyén Ha N§i-Amsterdam;
Han Dikc Minh, 8A0, THCS Nguyén Truong T,
Q. Péng Da; Thira Thién Hué: Nguyén Thi My
Lé, 10 Toan 2, chuyén Qudc hoc Hué; Thanh
Héa: Lé Thi Thity Dung, 8C, THCS thi trdn Triéu
Son.

Céc ban sau day con thiéu sét khi tra 101 cau hoi:
Khi nao gia tri 16n nhit dat duoc (mic di du bai
khong yéu ciu). Binh Pinh: Nguyén Huy Hoang,
10T, THPT chuyén L& Quy Pén; Can Tho: Trdn
Thi Kim Dung, THPT Nguyén Viét Hdng, Q.
Ninh Kiéu; Phan Trung Pirc, 11A1 chuyén Ly Tu
Trong; Pak Liak: Trinh Thi Thuy Nga, 10A11,
THPT Kréng Béng; Péng Thap: Phan Hitu
Déng, Lé Vén Anh Khoa, Nguyén Thién Ly, Lac
Xudn Thinh, 10T1, THPT chuyén Nguyén Quang
Diéu; Ha N§i: Ngé Vin Minh Théing, 12 Toan 1,
THPT chuyén Nguyén Hué, Ha Péng; Nguyén
Ditc Trong, 9E, THCS Pa Tén, Gia Lam; Nguyén
Xudn Tung, 10 Toan, THPT chuyén KHTN,
DHQG Ha N¢i; Ha Tinh: Trdn Minh Hoang, 7TE,
THCS Nguyén Trai, Nghi Xuan; Nguyén Duy Anh
Quéc, THPT chuyén Ha Tinh; Thira Thién Hué:
Nguyén Thi Bao Ngoc, 11 Toan 1, THPT chuyén
Qubc hoc Hué; Hung Yén: Cao Trung Hiéu,
11Al, THPT Duong Quang Ham; Lé Tudn
Nghta, 7C, THCS Poan Thi Diém, Yén My;
Quang Binh: Lé My Duyén, 11 Toan 1; Triwong
Thi Thu Ha, 10 Toan 1, Lé Piec Hanh, 10 Toén 2,
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THPT chuyén V6 Nguyén Giap; Quang Tri: Ngo
Hoang Thanh Dat, Nguyen Ngoc Tho, 10 Toan,
THPT chuyén Lé Quy Don, Dong Ha; Nguyén
Anh Quan, 8D, THCS Trin Hung Dao, huyén
Cam L§; Soc Tring: Ldm Khdanh Hoa, 11A2T,
THPT Chuyén Nguyén Thi Minh Khai, Nguyén
Anh Thu, TA1, THCS Ké An, huyén K& Sach;
Thanh Héa: NguyéTn Dai Duwong, 10T2, THPT
chuyén Lam Son. (Ban Nguyén Pai Duong cin
gui bai T6 va T8 trong hai t& gidy riéng biét (dé 2
thay chim).
Bai T7/514. Cho hé plieong wrinh

[a; X+ X .t x. =0

|a,x +a.x, +...+a,x, =0

Y o RO

-

1\"1‘1-‘7 +a X, +..+a,x, =0

o cac hé so thoa man:

=1

1) a, >0V

2) a, <0.¥iz Vi, j:‘l.n;

3) Zcr >0.¥i=1.n

(hung minh rang hé phuwong trinh c6 nghiém
duy nhat x, =x, =...=x, =0.
Loi gidi. (Theo da sb cac ban).
Gia st (x),%,..,%,) thoa mén (1). Khong mét
tinh tbng quat, gia thiét ring

|x] |=max{]x1 .| %2 - | (2).

Tir phuong trinh du cua hé (1) ta c6:

an X ==a12% =~ pxp-

Do d6: |ay1x; [=lap Xy +...+a1,%,|
<lajaxp |+ Flay,x,|

hay ap,|x|=—ap3 %2 |- . .= a1 %]
<—app|x|—..—a, Xl

Suy ra: ayp|x |S—(app +...+ay,)||

<:>(a11+alz+...+al,,)|x1 |$0

TOAN HOC
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Tur gia thiét 3) thi @y, +aj, +...+a;,>0, suyra
|x; €0 x; =0.
T (2) suy ra x,=x3=...=x,=0.
Két luan: Hé cé nghiém duy nhit
(x75%7,. - »X,)=(0,0....,0).

Nhgn xét. Diy la dang toan vé hé phuong trinh
tdng quat cua dai sb tuyén tinh nén c6 it ban tham
gia gidi. Cac ban sau day c6 101 giai ding.
Bi Ria - Viing Tau: Phan Trung Kién, 10T1,
THPT chuyén L& Quy Dén; Bén Tre: Ngé Quic
Bdo, 10/9, THPT Nguyén Pinh Chiéu, TP. Bén
Tre; Ha Ni: Nguyén Xudn Ting, 10T, THPT
chuyén KHTN, PHQG Ha Noi; Ngé Van Minh
Théng, 12T1, THPT chuyén Nguyén Hué.
NGUYEN VAN MAU
Bai T8/514. Cho dudng tron tam O va diém M
nam ngoai dwuong tron. Ve cdt IH_]‘(:"/’.’ MAB bién
thién dén dieong tron (4 nam giita M va B). Cc
ve CD

viong goc voi MO, DE vudng géc voi CA, DF

tiep tuyen tai A va B cat nhau o C.

viong goc voi CB. Chirmg minh rang diong
thang EF luon di qua mot dicm c6 dinh.

Loi giai.

Goi K 1a giao diém cia CO va AB. Khi d6

2

OB
suy ra OD=——
¥ oM

(khong d6i). Vi vay diém D cb dinh. Gia st
dudng thang EF cit OM tai . Cha y rang nam
diém 4, B, C, D, O cing nim trén dudng tron

OD.OM = OK.OC = OB,
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4uomg kinh OC. Tt d6 néu k& DG vudng géc
i 4B (G thude 4B) thi G thuge dwomg thing
£ ( quong thang Simson cla tam glac ABC img

i diém D) va DG // OC. Ta c6 GDIi = Cof
(do DG // OC)= CBD (do bén diém C, B,0,D

cing nim trén mdt dudmg tron) = FOD (do
pén diém G, F, B, D cing nim trén mot duong
on). Do do tam gidac HGD can tai H. Trong
tam giac vudng MGD c¢6 HG = HD nén HM =
gD hay H 12 trung diém cua MD., Suy ra H 1a
diém c6 dinh ma dudng thing EF luén di qua,
ta c6 diéu can chimg minh.
Nhin xét. Cac ban sau c6 11 giai tht:
Ha Nbi: Nguyén Dirc Minh, 8A, THPT chuyén Ha
Noi — Amsterdam, Nguyén Anh Tudn, 10 Toan,
THPT Chu Vian An, Nguyén Xudn Ting, 10 Toén,
THPT chuyén KHTN, PHQG Ha N¢i; Quing
Binh: Dgng Hoang Duy, 10 Toan 1, THPT
chuyén V& Nguyén Giap, TP. Pong Héi; Quang
Tri: Ngé Hoang Thanh Dat, 10 Toan, THPT
chuyén L& Quy Pon, TP. Pong Ha; Thira Thién
Hué: Nguyén Quang Huy, 10 Toan 1, THPT
chuyén Quéc hoc Hué; Lam Pong: Té Gia Bdo,
10 Toan, THPT chuyén Thang Long, TP. Da Lat;
Ddng Thap: Nguyén Tric Nhu Bink, 11T, THPT
chuyén Nguy&n Quang Diéu, TP. Cao Linh; Binh
Dinh: Nguyén Huy Hoang, 10T, THPT chuyén L&
Quy Dén, TP. Quy Nhon; Séc Tring: Ldm Kha
Hén, 10A2T, Ldm Khanh Hoa, 11A2T, THPT
chuyén Nguyén Thi Minh Khai, TP. Séc Trang;
Cin Tho: Phan Trung Dirc, 11A1, THPT chuyén
Ly Ty Trong, TP. Cén Tho;
Ba Ria - Viing Tau: Phan Trung Kién, IOT‘I,
THPT chuyén L& Quy Don, TP. VUng Tau; I?ten
Tre: Ng6 Quéc Bao, 10/9, THPT Nguyen Dm,h
Chiéu, TP. Bén Tre; Tién Giang: Mai V6 Phic
Thank, 10 Ton, THPT chuyén Tién Giang:

HO QUANG VINH

Bai T9/514. Cho cac so thue dwong x, v thoa mén

2 [ =2
By \( IS P
” ” \A 4

2 o T,
i

" 2

2
Loi gidi. Dit a = J 2 —% _Tir gia thiét ta suy

rag>0va

2 2
‘ b f &
=2 a2+%+x<:>x(a—1):2 c72+—-—4

2
o a>l, x? (a—l)2 =4(02 +%~}:4a2 +x°

Tim gid tri nho nhdt cua biéu thic P=Xx

<:::>)c2 (a2 —~2a)=4a2

2x?
2

x4

<:>(x2 —4)a=2x2 oSx>2,a=

Do d6

2 2 2 2
2 —4)+4
I S S _, 2) )
2 x -4 x° -4
(x2-8)%+16(x*-4) . (x*-8)*
=2 ; =2.

x"—4 x*—4

+32>32.

2x2
x> -4

o x?=8,y? =20 x=22,y=2./5.
Viy gia tri nho nhét cta P bang 32.

P=32ox=8,a=

Nhin xét. Bai toan cuc tri co6 rang budc trén ¢o
nhiéu cach khac nhau. Céach giai trén thong qua
dat 4n phu a dé biéu dién biéu thic P theo x. Cac
ban hoc sinh sau co6 161 gidi tot:

Ha Noi: Nguyén Xudn Ting, 10T, THPT chuyén
KHTN, PHQG Ha Noéi; HA Tinh: Nguyén Hong
Pang, 10T1, THPT chuyén Ha Tinh; Quing
Binh: Nguyén Khdnh Huy, 11T2, THPT chuyén
V6 Nguyén Gidp; Quang Tri: Nguyén Hiu Huy
Hocng, 11A8, THPT Cam L§, Cam L§; Lim

Pdng: T6 Gia Bdo, 10T, THPT chuyén Thing
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Long, TP. Da Lat; Ba Ria — Ving Tau: Phan
Trung Kién, 10T1, THPT chuyén~Lé Quy Don,
TP. Viing Tau; Binh Pinh: Nguyén Huy Hoang,
10T, THPT chuyén Lé Quy Don, TP. Quy Nhon;
péng Thap: Nguyén Thién Ly, 10T1, THPT
chuyén Nguyén Quang Diéu, TP. Cao Lanh; Séc
Triang: Ldm Khanh Hoa, 11A2T, THPT chuyén
Nguyén Thi Minh Khai, TP. Séc Trang; Bén Tre:
Ngé Quéc Bao, 10/9, THPT Nguyén Pinh Chiéu,
TP. Bén Tre; CAn The: Tran Thi Kim Hoang,
Tran Thi Kim Phung, 12A2, THPT Nguyén Viét
Hf‘mg, Ninh Kiéu, TP. Cin Tho.

NGUYEN MINH pUC
Bai T10/514. Cho S=112!...100\. Chimng minh
rdng ton tai so nguyven k voi 1<k <100 sao cho
thuong % la s6 chinh phiong. S6 k nhu thé ¢4

nelN va quy wdc 0'=1).

Loi gidi (Dya theo 1&1 giai cua ban Lé My

Duyén, 11 Toan 1, THPT chuyén V& Nguyén

Giap, Quing Binh va cua tac gia bai toan).

Ta ¢6 i=(293.398.496...992).250. Do dé véi
50!

k=50 th1 la s6 chinh phuong. Gia sir tén tai

k, 1<k<100 va k#50 thoa man diéu kién.

S 8§ 50

oS0 oW

Trurong hop 1: 1<k<50. Ta co

! .
ra Sk_(: 14 6 chinh phuong. Khi phan tich 50! ra
thira s6 nguyén t6 thi v,4,(50)=1. Do dé k>47.

3 yo. 4 ' 4
Thir v6i k = 47, 48, 49 ta thdy Sk_O! khong 13 s

chinh phuong.

TOA
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Truong hop 2: 50<k<100. Ta cd = k! 50'
500 S

k!

! 7
46 ' 12 6 chinh phuong (do 2~ va 5 iy
50! Y

k!

50!

1a sé chinh phuong). Véi k = 51, 52 ¢

khong 12 s§ chinh phuong,

, ' .
Véi 53<k<100 ta thay ?k& chia hét cho 53 va

| 7 |
X! \hong chia hét cho 532 do d6 - knong 1
50! 50!
s6 chinh phuong.

Két lugn: k = 50 1a sé duy nhat dé % 1a sb
chinh phuong.

Nhén xét. Cé it ban tham gia giai bai nay, Tat ca
cac ban déu co 16 giai dung véi céc cach gidi (dai
hay ngin). Céc ban sau cé 101 giai tét:

Ha Tinh: Ngé Van Théng, Lé Van Danh, 10 Toan
1, THPT chuyén Ha Tinh, TP. Ha Tinh; Quing
Binh: Truong Thi Thu Ha, 10 Toan 1, THPT
chuyén V6 Nguyén Giap, TP. Ddng Héi; Ba Ria -
Viing Tau: 10T1, THPT
Quy Doén, TP. Ving Tau; Binh
Dwong: Lé Minh Thanh, 10A2, THPT Nguyén
Khuyén, TP. Thu Diu Mot; Thira Thién Hué:

Phan Trung Kién,
chuyén Lé

. Nguyén Thi Bio Ngoc, 11 Toan 1- ; Nguyén Thi

My Lé, 10 Toan 2, THPT chuyén Quéc hoc
Hué.

DANG HUNG THANG
Bai TLL/S14. Cho ham ) fx) xdc dinh va

khong la ham hcrng tréenR. Chirng minh rcnw

luon ton tai mot sé thiee a, mét 1ap A khac rong

la tap con thuc sy cua R va hai ham sé

2(x), h(x) thoa mdn g(x)>a,Vxe d va h(x)<a,

VyeA (E:H{\A) sao cho:

J(xX)=g(x)+h(x), VxeR.

https://tieulun.hopto.org



Lo gidi- Vi fix) khong 13 ham hing nén ty, ta
x5 #X,) 530 cho f(x)> f(x,).
127

f(x1)+f(xz)
2

A={reR[f ()2 a} va ZZ{xERV(x)m}_

pithdy x €4 x, €4 AUA=R vi 4 14 tap
con thuc su cia R,

lné'uxeA.
Onfuxeg d’

1 nd _
pat L(ﬂ:{ ﬂg(x)z neuxe,i.
Onéuxe 4

Xét cac ham s6:

g(x) = f()A,(x), h(x) = f(x)A,(x),VxeR.
Tacd: g(x)=f()A,(x)=a, Vxe 4;

h(x)= f(X)A ,(x)<a,Vx e 4.
Tasé kiém tra: f(x) = g(x) + h(x),Vx e R.
That vay:
- Xét truong hop x € 4, taco:

g(x) + h(x) = F(x)2,(x)+ f()A (%)
= f(x). 1+ f(x).0= f(x).
- Xét truong hop x € A, ta co:

g(x)+ h(x) = F(X)A,() + f(0)A,(x)
= f(x).0+ f(x).1=f ().
Vay f(x)=g(x)+ h(x),vxeR. Yéu cAu cua bai
todn dugce chimg minh. ’
Nhin xét. Day 1a bai toan co su dung dén kién
thirc v& tap hop, rét tiéc 1a khdng c6 ban nao tham
gia giai bai nay.
TRAN HUU NAM
Bai T12/514. Cho tam gidc ABC nhon. Hai diem
M. N ném trén canh BC sao cho M. N khong
tring véi B, C dong thoi BM = CN; DHT}.‘H‘Q
thang qua M vuong goc vai CA, cat cfu‘O'Hrg
thang AB tai F. Pucong thang quad N vuong H”C:
Vi AB, cdit dweng thang AC 14 E. MF cat NE

. o . PEF
f9i P, Tyan dwong tron ngoart liep tam gidc

/ m Q sao cho PQ j| BC.Goi R la diem doi xirng

voi Q qua trung diem cua BC. Chimg minh

rdn g AR L BC.

Loi gidi.

Goi D, G, T theo thir ty 1a trung diém cta BC,

EF, AQ; S la diém dbi ximg cua 4 qua G; K, L

thir tur 13 hinh chiéu cua F, E trén BC. D& thay

AFSE 14 hinh binh hanh.Do do:
FS//AE=AC;ES// AF=AB.

Két hop voi
FP1FS; EPLES.

FPLAC,EP1AB, suy 12

Do d6 P, S, E, F cing thudc duomg tron duong
kinh PS. Tir @, chu y rang Q thudc dudng tron
(PEF), suyra QP L QOS.

Két hop véi QP//BC, suyra BC LOS.

Vi T, G theo thir tu 13 trung diém caa 4Q, AS
nén TG//QS. Vay BCLTG (1).

Vi FB=AB L NE;FK 1L BC=NL nén

TOAN H
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BFK=ENL .
Do d6 cac tam giac vudng FKB, NLE déng
dang. Tuong tu cac tam giac vudng ELC, MKF
déng dang. Cht ¥ ring MB=NC; DB=DC, ta
co:
KB_KB KF _LE KM KM
CL KF LC LN LE LN

:KM—KB=MB~_1_DBﬁDB+KB__DK

LN-CL NC DC DC+LC DL
Két hop v6i GF=GE, suy ra E<—:G—F
DL GE

Két hop véi FK//EL1BC, theo dinh Ii Thales
dao, suy ra GD_LBC (2).
Tu (1) va (2) suy ra TDLBC. Tir d6, cha y
rang TA=TQ;DR=DQ, suyra ARLBC.
Nhan xét. 1) Bai toan nay khéng kho nhung chi
c6 7 ban tham gia gidi. Ban Nguyén Anh Tudn,
10T, THPT Chu Vian An, Ha Ndi cho 1&i giai kha
gon bang cach sur dung tich vd huéng @ chimg
minh GD_LBC, 6 ban con lai déu cho 15i gidi qua
dai. .
2) Xin néu tén tit ca 7 ban: Ha Nji: Nguyén Anh
Tudn, 10T, THPT Chu Vin An, Nguyén Xudn
Tung, 10T, THPT chuyén KHTN, PHQG Ha Nbi;
Thira Thién Hué: Lé Thi Minh Thiy, Hoang Bdo
Minh Chdu, Nguyén Duy Phudc, 11T1, THPT
chuyén Qudc hoc Hué; Binh Dinh: Nguyén Huy
Hoang, 10T, THPT chuyén L& Quy Dén; Séc
Trang: Ldm Khanh Hoa, THPT chuyén Nguycn
Thi Minh Khai.

NGUYEN MINH HA
Bai L1/514. Tai O trén mal nudc ¢é mot ﬁgmi'n
phdt séng véi tan sé [ = 80 Hz, toc do truyen
song la 1,6 m/s. Ba diem A, B, O ném trén mt
nuge tao thanh tam gide vuong tai O. Biét
OA =9 cm; OB = 12 cm. Xdc dinh s6 diém dao

dong cting pha voi A trén dogn BA.

TOAN HOC
30 7 engige
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Loi gidi.

9cm

7,2cm 12cm

-
A P H B

5 160
Ta co kzﬁzkm. Duong cao tam giac O4B

ha tir O 1a OH =7 2cm.

Lai c6 O4=9cm=4,5) nén song tai diém 4 dao
ddng nguoc pha véi O.

Goi P 13 diém thudc canh 4B dao déng nguoc
pha vaéi O. Khi d6:

OP= k+-1—]l: k+lJ2.
2 2
+ Xét khi diém P trén doan 4H, ta thiy khong

cd gia tri nguyén nao cua k théa man.
+ Xét khi diém P trén doan HB, ta c6:

OH <OP<OB hay 7,2S[k+?12~j2£12.

C6 hai gié tri nguyén cua k (k = 4 hoiic k = 5)
thoa mén. Do vay trén 4B co 2 diém dao dong
cung pha véi 4.

Nhén xét. Cic ban co6 141 giai ding: Hung Yén:
Cao Trung Hiéu, 16p 11A1, THPT Duong Quéng
Ham; Cin Tho: Nguyén Tran Quéc Thdi, 11A1,
THPT An Khanh, TP. Cin Tho.

NGUYEN XUAN QUANG
Bai L2/514. Doan mach dién AB gom hai doan

mach AM va MB néi tiép nhau. Trén doan AM chira
bién tro va cudn cam thuan, trén doan MB chi chira

tu dién. Dat vao hai dau A, B mét dién ap xoay chiéu
T L e . -,

U4 p = U2 cos [l 00mt — —W (V) va diéu chinh bién
3

Iro sao cho cong suat tiéu thu trén doan mach AB

dat cuc dai Rpax = 45 W. Biet rang khi do dién dp

&
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.. WSS Given a triangle 4BC
msmbed in a circle (0). Let g be the
prthocenter of the triangle. et X, v, z
» Spccuvely be the second intersection between
e circles (AOH), (BOH), (COH) with (0).
show that H i1s the incenter of the triangle XYZ.
(The notation (UVW) denotes the circumcircle

of the triangle UVW).
prablem 14515 Find all real numbers X, ¥, 2
»
2 a. 2_ 2

guch that 2x 3y+z+2y 32+x+22 =3x+y :z’_

2
HEMATICAL
OHYMPIAD

TOWARI

IS MAT
problem T10/518 The integers from 51 to 150
are aranged in a chess board of the size 10 x 10.
Does there exist an arrangment so that for any
pair of numbers (a; b) which are adjacent in a
row or in a column at least one of the following
equations

X% —ax+b=0 and x* —bx+a=0

F  wén doan mach AM 6 biéu thire la

N\

o T
g = 12052 cos(lOOm + ZJ(\/).

Xdc dinh gia tri dién dung cuia tu dién.

Loi gidgi.
R L €
a) /_ii)_m' Tt —r—»—‘—l}——/
VAV g /
A
M
N
UAM -
U,
U
R
b) 4 eeint N
-
a’RC Ve
-
Ugs i
B

Khi cng sut ticu thu trén 4B cuc dai th

has an integral solution?

1/518. A sequence (a”)(neN*) is

Problem T4
determined as follows

*
q =1,0'2 =2 and p+2 :20n+1 —pay, neN ?

where p is some prime number. Find all
possible values for p so that there exists a

posivete integer m satisfying a,,=-3.

Problem

2/518. Given a non-isosceles
triangle ABC and let 1, J respectively be the
center of the incircle of ABC and the excircle
corresponding to the angle 4. Let D be the
second intersection between the circle with the
diameter A/ and the circumcircle of ABC.

Assume that E is the intersection between Al

and BC and P is the midpoint of the arc BAC.
Show that the intersect between PJ and DE lies
on the circumcircle of ABC.

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Ha Noi)

R=[Z;-Z¢|, NAB =45°.
Theo dé bai MAB = 105°. Suy ra MAN = 60°,
Ug= U 43y c0s MAN =120c0s60° = 60 V;
2
,U_R =80 Q;

max

R =

Uy = U g sinMAN = 120sin60° = 60+/3 V;
Ue =Up+ Ug = 60(\/3 + 1) V;

EQ:EC_:\@H . Suyra: Z~=218,6 Q va
R Ug

C =15 pF.

Nhin xét. Chiic ming cac ban da co 1&i giai dung
cho d& ra ki nay: Cao Trung Hiéu, 11A1, THPT
Duong Quang Ham, Bung Y&n; Nguyén Tran
Quéc Thai, 11 A3, THPT An Khanh, quan Ninh
Kiéu, Cin Tho.

PINH THI THAI QUYNH

hitpabisulun Raptrerd 1






hv€ (i3 /) = (4;4) chia nhu hinh vé
_ Hinh 10
nho ¢6 kich thude 1a 2x3 hoidc 3x2)

néy c6 thé phu dugc horl cﬁc Ltro

Bai toan dugc giai.

Nhgn xét 1. Khi st dung phuong phép quy nap ta
cAn lvu y mot sb vén dé, ky thuat sau:

e Budc co so 1a i trong (du kiém tra khong
qua kho), diy 1a nén tang dé buorc quy nap c6 thé
van hanh, b6 qua budc nay rht ¢6 thé dan dén sai
sot.

e Trong budc quy nap, déi lic ta can 4p dung gia
thiét quy nap cho cic truong hop cua
k,k—1,k—=2,..méi c6 thé chimg minh dugc cho
trudmg hopk +1.

e Budc quy nap thudng duoc két hop véi mét s6
ky thudt nhu la tach ghép, thém bét (voi cac bai
toan dai s6, s6 hoc), danh gia (v6i cic bai toan
BDT), chia hinh, t6 mau (v&i céc bai toan td hop),
va cac ky thuat khac nira.

Pé thiy ro hon vé ba nhan xét trén moi ban doc
dén voi mot s6 bai toan sau (didu nay 1a can thiét
voi ban doc méi tiép cén voi phuong phap quy

- nap).

Bai 1. Véi n 1a mot sé tu nhién. Chimg minh

ring Pioui, iy niiil)y

BAi 2. Vi {F} | 1a day sé duoc xéc din

H=F =1
Eul F +F

n-lﬂ







R

a +a-:

A T% T Tk ¢h thé thay thé bang Yaa,..a, ,

ban doc hﬁy lam thar.
Bai toan 3. Cho

2019 2018 20017
f(.)-‘f + 2x + 3

a.a,,.»a, la cdc s6 thuc dwong. Chirng minh

.+ 2019x 42020 va

rang:

[_f(ula:...an )]n < _f(al")‘}"(a':')...f( ? ) VneN'.
Loi gidi. V&i n=1 thi BDT hién nhién, v&i n =2
thi BDT ding theo BDT Bunyakovsky.

Gia st BDT ding véi n=2*
dang vGi n=2*" That vy,

'
A k 2 g
e 2" <8 hang 2" =6 hang
St e S i .« S
[f(a,az...azm)] e L2 PRC SO N e

2!.

, ta chimg minh nd

L 2 \ 2
:‘\pdu.ng\&n;! 2" <4 hang 2" =6 hang
< fl aasa, | ||| 8p, @np@ua | |7
2t 2t
2! <6 hang 2t o hang
2 2 2 2 2
=l @y Ay | f Ao, laz“ yarlye

Apdu.ng vain=2* i tey o)
2 2
< f(ai ) f(a2 )...f(azh, )
Gia s BDPT dung véi n, ta chitng minh né ding
vai n-1. That vay, voi q,,a,,....a

»“n-1
thuc dwuong. Ap

b =Ya” b—@

bn=m,taco

[/ (8t )] < £ (57) £ (7)1 (85)
)14

o[ f(aa.a, )] s f(a)f(a”) s (a)) S (aayma, )
=/ (aa.a,)]" <s(a) f(@).s(a).
Vaiy bai toan dugce chirng minh.

Nhdn xét 3. Ham s6 y = f(x) trong bai toan chi
mang hinh thirc. Khi ta chon mgt ham f khac di
c6 thé che gidu duogc ban chit quy nap cua bai
toan. Chang han, USSR - nim 1990: Véi a,b,c

la cdc 56 thuc dwong cé tong bang 1. Xét tam thirc

la cac s

dung gié thiét  cho

"1 1f va

béc hai f (x)=ax® + bx +c va cdc 56 thie duong
X, CO tich bang 1. Chimg minh rang:

£ (x)f(x)-S(x)21.

b) Quy nap trén ciu hinh dic biét

Trong budc quy nap, khong phai luc nao ciing
thuan loi, nhit 1a cac bai todn ma gia thiét quy nap
trd nén roi rac voi diéu can chimg minh. Khi do,
mot y tudng don gian 14 sir dung cdu hinh dic biét
ctia bii toan (1n nhit, nho nhét....), cdu hinh ma
ta ¢6 thé sir dung duoc gia thiét quy nap.

X, %,,.

BAi toan 4. Trong mét budi tiéc cé n 2 4 nguoi
sao cho cir méi nhom nho gom 4 ngudi thi c6 3
nguoi nao do doi mdt quen nhau hodc déi mot
khéng quen nhau. Mot nhom dioc goi la nhom
loai 1 néu moi nguoi thuge nhém dé déi mot quen
nhau. Nhém duwoc goi la loai 2 néu moi nguoi
thuéc nhom do déi mot khong quen nhau. Chimg
minh rﬁng ta cé thé chia nhom n ngudi di tiéc
bén trén thanh 2 nhom sao cho ¢é mot nhom la
nhom loai 1 va nhom con lai la nhom loai 2 (quy
wore rang mot nhém rong hodc nhém cé diing mot
nguoi thi ¢é thé xem la nhom loai 1 hodc ciing co
thé xem la nhom loai 2).

Loi gidi. Trudce tién, ta dién dat lai bai toan duéi
dang db thi. Ta xét mét d6 thi day du véi tap dinh
la tap n ngudi. Néu hai ngudi nao d6 1a quen nhau
thi canh ndi hai dinh twong ung ta s& t6 mau xanh.
Nguoc lai, ta t6 canh bing mau do6. Bai toan dugc
chuyén dbi 1 ching minh ring ta c¢é thé phén chia
tap dinh thanh hai tap (c6 thé rong) sao cho cé
mét tdp ma moi canh noéi hai dinh cua nd 1a cac
canh xanh (goi la tap loai 1) va tdp con lai thoa
min mdi canh (néu c6) ndi hai dinh thudc né dugc
t6 mau do (goi 1a tap loai 2).

Véi n=4 két luan bai toan 1a hién nhién. Gia sir
két luan duing véi n, ta chimg minh né ding voi
n+1. Xét dinh X, thy y trong n+1 dinh. Theo
gia thiét quy nap, tap » dinh con lai (goi 1a V') ¢
thé phan hoach thanh hai tdp ¥, va V,sao cho hai
dinh thy y thudc ¥, thi dugc ndi canh 13 cac canh
xanh va hai dinh thy y thudc ¥, thi duoc ndi canh
la céc canh dé.

TOAN H C







o
Jhio chia trudng hop c6 thé suy n
o mbi trrong hop gia thidt quy ng
ot cach kpéc nhau, thim chj c
hop gia thi€t quy nap khéng thé
xur ly theo mot hudng khae d.

Bai todn 6. Trong mgr phang cho
diém khong dong

ghi dén. C¢ thé
p dugc 4p dung
0 mdt sb trudng
ap dung ma phai

n(voi n>3)
‘ g d I/ro."ihafrg hang. Chitng minh
pang ta co thé vé it nhey n duong thang phan bi¢t

phau sao cho moi diong thang di qua it nhdyr hai

trong so n diém trén.

Lot gidi. V6i n=3 khang dinh bai toan 13 hién
nhién. Gid st khdng dinh ding véi n=k, ta
ching minh n6 ding véi n=+k +1. Gia sir ta cé
k+1 diém & A,4,..4,,. Theo dinh ly
Sylvester—Gallai ton tai mét duong thing nao do
di qua ding hai diém trong k+1 diém trén
Khong mét tinh t5ng quit, ta gia sit dudng thing
dola A vano di qua A5 A4, . Khi d6 ta c6 hai
truong hop sau:

« THI: Néu A,4,,..,4, ,, 4, thing hang nhau,
gia su chung thudc dudng /. Khi d6 cac duong
thing A,,,4,véi i=1,2,...k 13 phan biét nhau
doi mot va phan biét véi /. Viy ta c6 thé vé it
nhit k +1 dudng thing.

o TH2: Nguoc lai A4,4,,..., 4, , A4, khong ddng
thoi thing hang. Theo gia thiét quy nap, tir céc
diém nay ta c6 thé vé dugc it nhat k duomg thang.
Hién nhién cac dudng nay phén biét véi A (chuy
cach ta chon duomg A ), do d6 ta dugc A+1
dudmng thang.

Vay khang dinh trén ding v6i n=4k+1. Theo
nguyén ly quy nap, bai toan dugc ching minh.

d) Quy nap két hgp véi phin ching

Ciing nhur cac phuong phép chimg minh khic, dé
phuong phap quy nap hiéu qua hon ta thuong két
hop véi mét s6 phuong phéap khéc, phuong phdp
phin chimg 14 mot két hop dién hinh.

Bai toan 7. (Canada MO - 2015) Tim fat cd cdc

ham £ N 5 N sao cho

(n- If < f(”)_f(f(l?)) et +mVnelN.

Léi gidi. Ta s& chimg minh f(n)=n véi moi
n e N bing phuong phap quy nap.
Voi n=1, ta ¢6 0<f(1)f(f(1))<2. Suy ra
f(1)=1. Gia s f(n)=nvéi moi n<k. Ta
chimg minh f(k+1)=k+1. Gia sir ngugc lai, ta
¢6 hai trudng hop sau:
« THI: Néu f(k-+1)<k khi d6 theo gia thiét quy
nap ta dugc: f(f(k+1))=f(k+1)
Két hop véi diéu kién bai toan, ta duoc:
K< fk+1)£(f(k+1)=[f(k+1)] <&
Diéu trén 14 khong thé.
e« TH2: Néu f(k+1)2k+2,
S(k+1)=M>k+2 . Taduge:
(k+2)f(M)sM.f(M)=f(k+1)f(f(k+1))
<(k+1)2+(k+1)=(k+1)(k+2).
Vay nén f(M)<k+1= f(M)<k. Theo gia
thiét quy nap khi do: f(f(M))= f(M)
Két hop véi didu kién bai toan, ta duoc:
(M-1) <7 (M).s (1 (M) =[1 (M)
<k <(M-2).

gia  su

Diéu trén cling khong thé xay ra.

Viy cd hai trudng hgp didu khong thé, tirc ta dugc
f(k + 1) =k +1. Theo nguyén ly quy nap ta duoc
didu phai chimg minh.

Ngugc lai, khong khé dé cé thé bit gip mot bai
toan ma & d6 phuong phép quy nap quay tr¢ lai hd
trg dé thyc hién phan chimg. Diéu niay mot mat
nhén manh vai trd cua phuong phédp quy nap, mit
khac thé hién tinh lién két chit ché gira cac
phuong phap chirng minh véi nhau,

BAi toan 8. Tim 1df ca cdc ham /RS R thoa
man hai diéu kién sau:

i) Ton tai 6 k > 1 sao cho f (k<) = Kf(x).VxeR..
ii) Ton tai m =0 sao cho

V‘(x) - ,x{ <m™ V¥xeR.

TOAN HOC
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Léi gidi. Gia sit ton tai x, € Rsao cho f(x)# %
pat f(x,)=x, +&(e#0).
e Ta chirng minh

f(k"x) =k"f(x),VxeR,neN".
Thét vy, voi n=1 diéu nay dung theo gia thiét
bai toan. Gia sir khang dinh ding véi n, ta ching
minh n6 ding vé1 n+1. Ta cé:

f(k™'x)= £ (kk'x)=kf (k"x)=k"" £ (x).

(dang thirc cudi c6 duge nho gia thiét quy nap).
Vay f(k"x)=k"f(x),VxeR,neN’
.« Ap qua
f(k"x,)=k"f(x,)=k"(x, +€). Suy ra:
k"slz k" (x0 +e)—k"x0| =1f(k”x0)—k"xa| <m*™,

dung két trén, ta dugc

Vi m 1a s6 hiru han nén khi » di I6n ta duoc diéu
mau thudn. Viy f(x)=x,VxeR. Thy lai ta thiy
ham nay thoa man hai diéu kién bai toan.
¢) Quy nap theo nhiéu bién
Bai toan 9. Véi m,n la cdc s nguyén duwong.
Chirg minh rang:

n (m +n+ 2)

55 (0= mmlnne2)

1=l j=1
Loi gigi. Dat S(m;n)=) > (i+j). Ta chimg
i=l y=1
minh bing quy nap hai lan.
mm+1+2)
2
dang véi moi me N, Thit viy, véi m=1 ding
thirc 12 hién nhién. Gia st ddng thic dung véi m,

» Trudc tién ta chimg minh S(m,1) =

ta chirng minh n6 dung véim +1. Ta c6:

m(m+3)+

S(m+L)=S(m;)+(m+1+1)= m+2

_m+5m+4 _ (m+1)(m+4)
2 ¢) '
Tirc déng thirc ding véi m+1.Theo nguyén ly

quy nap, dang thic ding véi moim .
* Vi mbi m, cb dinh tily y. Ta ching minh ring

S(m,,n) ding véi moi .

TOAN HOC )
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Véi n =1thi dang thirc ding theo chimg minh bén
trén. Gia st déng thirc dung v6i n ta chimg minh
n6 ding véin+1. Ta co:

S(moin+1)=S(my;n)+ > (i+n+1)
i=1

_ mon(m, +n+2) N my(m, +1)
2 2
_ my(n+1)(my +n+1+2)
5 :
Tic ding thic ding véin+1. Vay ding thirc

ding v&i moi ». Qua hai lin quy nap trén ta dugc

+my(n+1)

S(m;n) =izn:(i+j) =ﬂ%ﬂ

i=l =1

,Vm,neN",

Nhdn xét 6. Y tuong quy nap cho nhiéu bién 12
quy nap theo timg bién cac bién con lai la cb dinh.
Tuy nhién, véi mdt sé bai toan ma két qua mang
tinh lién két nhau thi cach quy nap trén t6 ra
khéng hidu qua. Bai toan sau day s& thé hién diéu
d6, ddng thoi qua d6 ta ¢b mét cach quy nap khéc

cho nhiéu bién.

Bai toan 10. (Chon ddi du thi VMO - Quing
Binh nam 2019) Cho sé nguyén duongn>2, xét
2n diém phdn biét trong mat phang sao cho khéng
€6 3 diém nao thang hang. Trong sé cdc diém trén
ta néi n* +1 cdp diém lai véi nhau. Chimg minh
rang:

a) C6 it nhat | tam giac tao thanh véi ba dinh 1o
ba trong s6 cach dinh trén.

b) C6 it nhdt n tam gidc tqo thanh voi ba dinh 1a
ba trong sé cdch dinh trén.

Loi gidi. Xét mot 6 thi c6 2n dinh 13 2 didm da
cho. Hai dinh dugc ndi canh véi nhau néu hai
diém dc:) duoc ndi doan thing trong s6 n* +1doan
dwoc noi.

a) Khang dinh bai toan 14 hién nhién theo dinh ly
Mantel.

b) Bai toan c6 thé thuc hién cach quy nap thong
thudng (ban doc hay thyc hign thi). G day ta sé
dén véi 1oi giai tong quat hon va sir dung phép
quy nap cho hai bif“:n song song.

Ta chimg minh bang quy nap két qua tong quat
hon nhu sau: Véi mgr dé thi c6 |V |=2n+x véi

https://tieulun.hopto.org



p22 M8 X0} va ¢ | g
i d6 thi co it nhf?t n tam gidc.
Trudc ién 12 thiy ring trong d§ h 1 by gio
juon c6 MOt dinh ¢6 bac khong vuot qus, Thar
viy, neu moi dinh €6 bc tir 1 + 1 trg 1an thy g o,
(n+D2n+x)=(n+1)| ¥ | > deg(X)
Xey

=2|El=2n(n+x)+2.

piéu nay kéo theo:
(n+1)(2n+x) S2n(n+x)+2<:>(n—-1)(x-—2)20.

BDT trén la khdng dung vi n>2, x <1
Voimdi n>2 1asd nguyén duong va x e {0,1} ta
goi P(n,x) la ménh dé co dang:
"V moi d6 thi GV, E)¢6 |V |=2n+x v6i n> 2

nguyén, x € {0.1} va c6 |El=n(n+x)+1 thi

’

mn+x)+1

thi ¢ it nhat n tam giac’
TH1: Voix =1, ta gia st P(n,0)1a ding. Dat X
la dinh c6 bdc khéng vuot qua » (theo nhan xét
tén X 1a tdn tai). Xét dd thi G’ thu duge tr G
bfmg céch bo di X va céc canh lién thudc véi X .
Khi @6 d6 thi G’ c6 2n dinh va c6 s6 canh it nhét
[ n(n+1)+1-deg (X)2n(n+1)+1-n=n(n+0)+1.
Vi P(n,0) ding nén G' chua it nhit n tam giac.
Suyra P(n,1) ding.
TH2: V&ix =0, ta gia st P(n—1,1) ding. Dat X
la dinh c6 bac khong vurot qua » (theo nhén xét
tén X 1 ton tai). Xét @b thi G'thu dugc tr G
bing cach bo di X va cic canh lién thugc véi X.
Khi d6 45 thi G'c6 2n—1=2(n—1)+1 dinh va
¢ s canh it nhét Ia:
nxﬂ+1—degc(X)2nxn+l—n=(”'1)(”_l+1)+1:
Vi P(n-1,1)déng nén dé thi G'chira it nhat
n~1tam gijc.
Ta lai co: .
* TH2.1: Néu deg,(X)<n thi s6 canh cua G' 13
'6nbén hon (5 —1)(n—1+1)+1 canh.
Vi P(n-1,1) ding nén G’ chua it nhat 7
m gidc. Goi 4BC 13 mot tam gidc nhu VY-
8 thi méi G con ota G thu duge bing cach
2 bot g canh 4B . Khi d6 G"vén c0 2(”'1)+1,
Binh v3 g ¢ ahét (n—1(n—1+D+1 canh. ’DO do
%% it nhit -1 tam gidc. Hién nhién ca¢ @

~121

giac ndy ciing 14 tam gidc thude dd thiG'. Két
hql? thém tam gidc ABC ta dugc G’ that su c6 it
nhat 1d » tam gidc. Suy ra G ¢6 it nhdt n tam
glac.

* Truwong hep 2.2: NéudegG(X)zn, ta goi
N(X)la tap cac dinh lién k& v6i X trong G va
N(X) 1atp n—1 dinh con lai. Néu c6 hai dinh
nao d6 trong N(X) la lién k& nhau thi hai dinh d6
két hop v6i X tao thanh mdt tam gidc (duong
nhién tam gidc ndy khéng trung véi bat ky tam
gi4c ndo trong n—1tam gidc cua G'). Do d6 G
c6 it nhit » tam giac.

Nguoc lai, N(X) khong c6 hai dinh nao lién ké

nhau. Khi d6 moi dinh Y e NX) thi
deg.(Y)<n-1.
Néu c6 mot dinh ZeN(X)sao cho

deg;(Z)<n-2thideg,(Z)<n—-1. Khi d6 ta

thay thé X choZ . Ap dung truomg hop 2.1 ta

dugc G chira it nhét » tam giéc.

Nguoc lai, moi dinh ¥ € N(X) thi deg, (Y)=n-1.

Nhu viy sb canh cua db thi G'cé dinh thudc

N(X) va dinh con lai thuge N(X) chi la
n(n—=1)<n(n—-1)+1

(ta chu y thém 1a hai dinh thudc N(X) khéng néi

canh nhau trong trudng hop ndy). Khi dé ton tai

mét canh nao d6 néi hai dinh cia N(X). Canh

nay két hop tit ca céc canh n‘(‘)i tir céc dinh thudc

N(X) tadugc ntam giac (D6 thi con thu duge tir

G'bing cach bo di tht ca cac canh cé hai dinh

thuge N(X)1a dd thi hai phe K, diy du).

Tém lai P(n,0) dang.

Pé hoan tat bai ching minh, ta s& két ndi lai cac

budc chimg minh nhu sau (mét kiéu quy nap theo

hai bién):

P(2,0)ding  P(3,0)ding  P(k0)ding  P(k+1,0)ding - - -

| V1L 7] 7

P )ding PG, 1)ding Pk Dding P+, 1) ding
Budc co s ban ddu trc P(2,0)cé dung hay rét
khéng 14 quan trong. Kiém tra truc tiép mét db thi
4 dinh va c6 it nhét 5 canh, ta thdy P(2,0) dung.

Bai chirng minh hoan tét.
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V6i céc ki thuat thong dung bén trén méi bandoc  m=6n+4,6n+2,6n(véi n la sé tu nhién) dong
c6 thé thuc hanh vai cac bai toan sau:

Bai 11. Mot pht hd cé 3" (v&i n la sb nguyén
duong) ddng tién xu. Trong d6 c6 ding 1 dong
tién xu gia. Péng xu gia thi c6 khdi lugng nhe hon
so véi dong xu that nhung hinh ding cia ching

xu thi Binh 13 ngudi ¢ chién luot thing, nguoc lai
An 14 ngudi c6 chién luot thing.

Véi m=1,2,3,4,5,6 khing dinh trén 1a hién nhién.
Gid st khang dinh dung v6éi moi m<T (vdi
T 26),ta ching minh né ding véi 7+ 1. Ta cé

thi gidng nhau. Phi hd c6 mét cai can dia khong
cd qua can (cdn dia chi xac

dinh duoc hai vit dit 1én hai % 5
bén cai cén, bén ndo ning hon). . /
Chimg minh riang v&i »14n can !

/

ta c6 thé lay ra dugc ddng tién _
Xu gia tir dong tién trén. =
Bii 12. (Russia - 2000) Cho day q,,a,,...,a, la
cac sb thuc thoa man

@ +a+..+a =(a +a,+..+a))
vol moi giad tri » thoa man 1<n<200.Chimg
minh ring cac sé hang @, cua diy trén la céc sb
nguyén.
Bai 14. (Canada MO - 2018) Trén mot duong

100

thang cho diém cach déu nhau duoc danh
déu. Chimg minh ring ta c6 thé t6 d6 2'° didm
trong s6 céc diém trén sao cho khéng c6 diém do
nao co6 cung khoang cach dén hai diém do khac.

3. Quy nap trong mjt s bai to4n tré choi

Khép lai bai viét ta dén véi mot sb bai toan tro
choi vé4i 161 giai bang phuong phap quy nap.

Bai toan 11. Trén ban co 2024 LT(jilg xu. An va
Binh ciing chai mot tro choi ludn phién theo qiry
tdc sau:

o An la ngueoi thuce hién choi trirce.

o Vi méi liwot choi, nguoi choi sé l'c?}' trén ban 1,
3 hodc S dong xu.

Ai dén luot minh khéng con d’(jng xu dé /ci:v theo
quy tdc trén la ngroi thua cudc.

a) Hoi ai la nguoi chién lwot thing?

b) Néu ban dau cé 2025 dong xu thi ai la nguroi
chién lieot thing? -

¢) Tim tat ca cdc gia tri cua n sao cho ban ban
dcfzf c6 n dong xu thi An la ngirot <6 chién heot
thang.

Loi gidi. Bfmg phuong phéap quy nap, ta s& ching

’

minh  néu ban diu trén  ban cé

40
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cac truomg hop sau:
THI1: Vi T=6n,6n+2,6n+4 thi
T+1=6n+1,6n+3,6n+5Khi d6, An chi cén
chon ra déng xu & luot choi ddu, trén ban con lai
6n,6n+2,6n+4 d@)ng xu. Lugt tiép theo la cua
Binh. Theo gia thiét quy nap (Binh lic bay gid
dong vai trd nhu ngudi choi dau) An 13 ngudi cod
chién luot thing.

TH2: Vi T=6n+1,6n+3,6n+5 thi
T+1=6n+2,6n+4,6n+6. Ta xét don cu vdi
T +1=6n+2 (cac truomg hop khéc twong tu). Khi
d6, néu An ldyra 1, 3, 5 ddng xu thi sb ddng xu
con lai trén ban tuong tng lin lwot la
6n+1,6(n—1)+5,6(n—-1)+3. Luot tiép theo la
cia Bink. Theo gia thiét quy nap (Bink lic by giey
dong vai tro nhu ngudi choi dau) Bink 1a nguoi cod
chién lugt thing.

Nhu vdy khing dinh trén ding véi 7 + 1. Theo
nguyén ly quy nap khing dinh trén dugc chimg
minh. Tir d6 ta ¢6 ciu tra 161 cho ¥y (a), (b) va (c).
Bai toin 12. (Baltic Way nim 2013) Mg/ s6
nguyen dwong dugc viét lén bang. An va Binh
cung tien hanh choi mér tro choi ludn phién theo
quy tac sau.
o An la nguoi choi trige.
« V6t moiluot choi, s6 trén bang gia sir 15 n thi
ngeoi choi sé thay thé ne boi n —m vei 1<m<n
va m la woc cua n.
AJ dén heot minlf "3(} khong thé thure hign thay thé
$0 theo quy tdc trén g NgUOI thua cude. Hoi voi
$0 nguyén dirong ban deiu nhu thé ngo thi Binh I
nguoi co chién luot /l;c.’;ng_
Lf’ stat. Ta 'goi métfé nguyén duong 13 s
néu xudt phat ban dau cho trg choi boi
Bmh-co chién Altro't thang. Ngugc lai
nguyén duong néu xut phat bap diy ch

“dep),
s6 d6 thi
, cac so
o trdé choi
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i 50 46 thi An 13 ngusi ¢ chi
406 goi 1a 80 “xau”,

pang phuoDg Phap quy nap, ta <3 ching minh 5
la s6 dep Khi VA chi khi z = p2t- Vol k13 sé
nguyén duong hodc n 14 58 1é va cac o4 con lai la
cac 0 XZA%U‘ P |
Trude hét ta thiy ring n = 1,2 3 khang dinh trén
la ding. |

Gia su khang dinh ding véi » 23 ta chimg minh
p6 dung véin + 1. Té’l CO céc trudmg hop sau:

THI: V6in + 114 s nguyén t. Khi do ng chi ¢6
I va chinh n6 1a w6 nén 4n khong thé thyc hicn
budc thay s6. Do d6 n + 1 13 s dep. Tic khﬁﬁg
dinh ding trong truomg hop nay.

n luot thiing thj

TH2: V&i n+1=2"""v6i k 1 s§ nguyén duong
no dd. Ta s& chimg minh ddy 14 s6 dep. That vay,
An chi ¢6 thé chon m c§ dang m=2' véi
1< j<2k. Sb duge thay thé la:
bl =242 ],
S6 trén 1a s& chiin. Né 1a mot Iy thira cua 2 khi va
chi khi j = 2k (cac trudng hop khac 2%/ -1 I3
s0lenén n+l-m khéng la mdt liy thira cua 2).
Tuy nhién, diéu ndy xay ra thi »n+1-m=2% liy
thira v&i s6 mi chin. Luot tiép theo 1a cua Bink
(Binh dang déng vai trd ngudi choi thir nhét).
Theo gia thiét quy nap, s6 nay la s6 “xdu” véi
nguoi choi thir hai (tirc 1a An). Do d6, Binkh 1a
nguoi ¢6 chién lugt thang. Vay khang dinh dung
trong truomg hop nay. "
TH3: Vi n 1a sé 1é khong 14 nguyén t6. Khi do
An c6 thé thuc hién lugt choi cua minh (vi # la
hop s8). Gia sir m la wdc s& ma An chon, khi d6 7
¢6 thé viét lai 1a n = mk voi m, k la cac sO 1. SO
thay thé trén bang s& la: n—m = m(k~1). ‘
Diy 14 mot sé chin va khong 1a liiy thira cua 2 v
m 1 sb 1¢. Theo gia thiét quy nap, Binh 14 nguoi
€6 chién hugt théng. . y
TH4: Vi n 1 Iy thira vi s6 mi chdn cuan,l Gl
St n=2% Khi d6, An chi cén chon m=2"" thi
0 dugc thay thé 1a n—m=2"". hT’heo gid thict
quy nap, : i 6 chién luot t éng“ .
THS{\?@Z1 Z :2 Islgl::han va khong la [0y thura cU& =
Gid st p=2fvei 1>1vala s6 1é. Khi do; A;‘::
®hi cin chon m=/ thi sb duoc thay fhe: B

n-m=J(2* - 1). Theo gia thiét quy nap, A» sé la
nguoi ¢6 chién luot théng.
Tém lai, véi n + 1 khing dinh trén 12 dtng. Theo
nguyén 1y quy nap ta duoc didu phai chimg minh.
Ban doc ¢6 thé thyc hanh phuong phap quy nap
qua cdc bai toan sau:
Bai 19. Vi ban co kich thude 2021 x 2021. Ban
dau c6 mdt quén vua dugc dit & mot 6 nao do6 cua
bang khac 6 ¢ tam. An va Binh cung choi mét tro
choi ludn phién nhau theo quy tic sau:
* An la ngudi thue hién choi trude.
« Moi lugt choi, nguoi choi s& di chuyén quan vua
theo nudc di cua quén vua trong cd vua thong
thudmg va khéng di vao cac 6 ma quén vua da di
qua.
Nguoi théng cudc la ngudi dua duoc quan vua vé
0 ¢ tAm cua ban c& hodc ngudi con lai khong thé
di chuyén quan vua thoa man quy tic trén. Xac
dinh tit ca céc vi tri dit quan vua ban dau dé Bink
1a ngudi c6 chién luot théng.
Bai 20. Cho ban c& vua kich thuéc »n x n. Mot
quan vua duge dit & mot 6 nao ddé cua ban cod tnr
6 dudi cung bén trai ctia ban co. 4n va Bink cing
choi mét tro choi ludn phién theo quy tic sau:
e An 1 ngudi choi dau tién
» V&i mdi lwot choi, ngudi choi s& di chuyén quéan
vua theo mét trong ba cich di sau: di xuéng, sang
trai hoic di chéo 6 huéng xudng bén trii.
Ai trong lugt choi ctia minh ¢6 thé di chuyén quan
vua dén géc dudi clng bén trai cia ban o I3
ngudi chién thing.
a) V6i ban c& 2021 x 2021. Ban dau ¢6 mét quan
vua duge dat ¢ mot 6 ndo va quan vua dit tai 6 &
tdm cua ban cd. Hoi ai 1a ngudi c¢6 chién luot
théng?
b) Xac dinh tat ca cac 6 trén ban c& sao cho khi ta
dit quin vua ban déu tai méot trong cac 6 d6 thi An
14 nguoi c6 chién luot thing.

Tai liéu tham khio
1. Nguyén Hitu Pién, Phuong phiap quy nap Toén
hoc, Nha Xuét ban Gido duc, 2000.
2. Tap chi Epsilon, s6 16, 2019,
3. Titu Andreescu-Viad Crisan, Mathematical
Induction: A Powerful and Elegant Method of Proof
(Xyz), Xyz Pr, 2017.
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TIENG ANH QUA CAC BAI TOAN
BAI SO 59

Problem. There are 30 candies which are
exactly the same. In how many ways can we
distribute them, may be not all, among 4
childrens? We count the case some child can

receive nothing as well.

Solution. Let include one friend of these four
children to make 5 of them. To distribute 30
candies, may be not all, among the first four
children is now the same as to distribute all 30
candies among the group of 5 children.

Then the problem becomes the familiar Euler
candy problem which was introduce in a

previous issue. The answer is the number of
ways we can choose 4 positions (without order)

among 34 positions (30 for candies and 4 for
the walls). And the result is C_-ﬁ;.
TU VUNG
distribute : phdn phat
the Euler candy problem  : bai todn chia keo
cua O-le

issue : an pham, sé bao

NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

********************************************************************************

BAI DICH SO 56
Bai todn. Tim diém dirng cua ham so Wx) diwoc
cho dudi dang an nhir sau:
X =4xy—37+20=0 (y>0) (1)
Léi gidi. Ta can giai phuong trinh y'(x) =0.
L4y dao ham hai vé cua (1) theo x ta dugc
2x—4(y+xy) —2yy' =0

(hru ¥ rang & ddy ta ap dung quy tic nhan va
quy tic liy dao ham ctia ham hop).
x=2y
2x+y
Tir (1) va (2) ta thiy ham s6 y(x) c6 duy nhit
mot diém dimg 14 (x ; y) = (4; 2).

Tiu d6: y'= - V&1 y' =0thi x=2y(2).

Nhdn xét. Céac ban sau cé bai dich tét, giri bai vé
Toa soan som: Trdn Trung Phiic, 8A4, THCS
Ngd Gia Tw, Hong Bang, Hii Phong; Cao Thi
Tuong Vy, 10A9, THPT Duong Quéng Ham, Vin
Giang, Hung Yén; V6 Hoang Khéi Nguyén,
10T1, THPT chuyén Nguyén Quang Diéy, Pong
Thap.

HO HAI (Ha Ngi)

TOAN HOC ]
. CTudilre _ So 518(8-2020)
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[ .. | Hoabai: BAC HO cua tic gia
‘ 2 Il Nguye:n Duy Nam trong sb
| gors ,’ TH&TT T7.2020.

R (R
Gini tri todn hoc _)

Bai1: VUOT TRUNG DUONG
Béng bénh s6ng ca vurot tring dwong
Xa thdm bing qua moi ching dwong
Tit tap troi Au khi gid lanh
Mjt mis bién A hic dim suong
Mot long vi mee mong ddin thinh
Rét mure thuong dan wée nire cuong
Bdc viét ludn cuwong “DUONG CACH MENH "
Chiéu soi dén 18i sdang nhie gurong |
Bai2: RANG VANG DUONG
Vitng vd:?g chi lom rang vang duong
Gian kho bc?rfg qua moi néop duong
Nho mai chi«?n khu véng tran rong
Quén nao Pdc P§ téc Pha suong
Tuyén ngén dgc Igp mong ddn thinh
Di chz?c’ thiéng lieng wée nude cuong
Nam Bdc mt nha ngay théng nhdt
Tién tri 167 Bac sang nhur guong

LE BA CHUGNG
(Thén Duc T, th trdn Tén Phong, Oudng Xuong,

Thanh Hoa)
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gai toan 39. Cho tam gidac ABC néi tiép dirong
ion (0). Goi D la diem chinh giiva cung BC
khong chica A. Ve dwong tron tim O qua A, D
va dieong tron nay car AB tai E(E # A, B), cat
AC1ai G (G # A, O). Goi trung diém cua BC,
EG theo

KH L AD.

thie te la H, K. Ching minh

Cich 1. Chimg minh dwong néi tém OO’ song
song voi KH.

D thy ba diém O, H, D thing hang.
Tir BD=DC (gia thiét) suy ra:

EAD = BAD = DAC = DAG, do d6 D 1a diém
¢hinh gita EG.

Két hop véi K 1a trung diém ctia EG suy 12 0%
K, D thing hang.

Ta ¢8: BOH = BOD = 2}5}1_5

—2FAD=EO'D=EO'K
va BHO = EKO'=90" suy ra:
AOBH ~ AO'EK (g.2)
_,OH _OH _O0K_OK i;dung dinh li
OD OB OE O0OD
Thales dao ta co HK//QO’. Do OO’ L AD suy ra
HK 1 AD.

Cich 2. Tao ra duong thing MN vuéng goc

v6i AD réi chimg minh né song song véi HK.

Ta co:
DCH = DCB = DAB = DAE = DEG = DEK
= ADCH ~ ADEK (g.g)

DH DC
N N ]
DK DE

V& hai duong kinh DM cia duong tron (O) va
DN (0) ta c¢o
[ﬁ:%:ﬂ:DMC suy ra:

cia dudng tron

DM DC
ADNE ~ADMC (gg) =>——=""(2).
(e2) DN DE @
DH DM
x (1) va (2 o ——— e
Tu (1) va (2) suy DK DN:W//HK.

Mit khic ta &6 MNLAD tai 4 do dé
HK L AD.

htggg://tf@ﬂummp&org
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Cdch 3. Chung minh hai géc cua tam gidc phu

nhau.

Goi M, N lan luot 1a giao diém cua BC véi 4D
va EG; P 14 giao diém cia HK va AD. Dé thiy
cac tir gidc BDNE va DHKN ndi tiép. Dit tia Ax

tring voi tia AB, ta ¢6 : DBx = DHP (1) (cung

bing DNE ). Ap dung tinh chét goc ngoai vao
cac tam giac ABD, ACM, tacd:

DBx=BAD +BDA,CMP = MAC + MCA.
Do vé phai hai ding thic ndy biang nhau nén
DBx=CMP (2).

Tir (1) va (2)suyra DHP=CMP hay
DHP = HMP, ma DHP+PHM =DHM =9(’,

vay HMP + PHM =90°. Suy ra; HPM =90

hay KH vuéng goc vl AD.

Cdch 4. Chimg minh duong phdn gidc cua tam
gidc can ciing chinh la duong cao
Bb dé. Bai todn Simson:

Cho tam gidc ABC néi tiép trong duong tron
(0). Diém D thuéc dwong tron (0). Goi E, F,

TOAN HOC
44
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G lan lwegt la chén
duong vudng gic
ha tir D dén BC,
AC, AB. Khi do E,
F, G thing hang.

Dudng thing d6 goi la dudmg thing Simson Ung
véi diém D cia tam gidc ABC (bd d& nay ban
doc tr chimg minh).

Tro lai bai toan:

Goi F, T lan luot 1a chan dudng vudng géc ha
tr D dén 4B, AC. Vi D nam trén tia phan giac
géc BAC nén dé thiy AD vubng goc voi FT.
Bay gi¢ ta chimg minh K, H nim trén dudng
thang FT. Thit vy, vi tir giac ABDC ndi tiép
nén ba diém T, H, F thing hang, d6 1a duomg
thing Simson mg v&i diém D cia tam gidc
ABC. Tuong ty, ti gidac AEDG ndi tiép nén ba
diém F, K, T thing hang, d6 1a dudng thing
Simson (mg voi diém D cia tam giac AEG. Tur
day suy ra H, K thuc duémg thing FT hay HK
vudng goc voi AD.

https://tieulun.hopto.org



cich 5 Chung minh tich vé huomg cia hqj
yecto' ang 0.

vi céc to gidc ABDC va AEDG ng tiép nén
B/D‘C’EDG-ISOO A. Piéu nay chimg to

néu E pam trong doan 4B thi G nim ngoai doan

Su  dung

phép quay tim D mdt goc
a=180° - 4 tacé:
{QD“(B) =C
Op” ( )=

= 0,"(BE)=CG

= BE =CG.
Vi K, H lan luot la trung diém cua EG va BC
nén ta co:

. AE+AG
AK=——24—“;

e AR+ AC
AH = -‘—E“—*

= KH = AH - AK
- (B - 7E) + (4c - 46|

- }{z5c)

Tacé: AD KH = lA_D'.(EB + GC)
2
- (BB + 4D.GC).

Goi P, O lan luot 12 hinh chidu cua D lén 4B,
AC thi dugc AP = AQ va

AD.EB + AD.GC = AP.EB + AQ.GC
- 40.GC - AP.BE.
Do BE =CG va AP =AQ dan dén
AD.KH = AQ.GC — AP.BE
=-AQ.GC + AP.BE
=0.
Suyra AD L KH.

TRAN THANH HUNG
(GV THCS V& Trit, Tuy An, Phii Yén)
Nhin xét. Ngoai 5 cach giai cua ban Trdn Thanh
Hung, nguoi gidi thiéu dé toan, Toa soan Tap chi
TH&TT con nhin dugc mdt sé cach giai tr cac
ban Nguyén Vin Bdn, GV THCS Thanh Yén,
huyén Dién Bién, Dién Bién; Truwong Thi Thu Ha,
10 Toan 1, Lé Thi My Duyén, 11 Toan 1, THPT
chuyén V5 Nguyén Giép, TP. Pdng Héi, Quéng
Binh.
LE MAI (Ha Noi)
Mdi cac ban giri 101 giai BAI TOAN 41 duéi
day vé Toa soan Tap chi TH&TT trudéc ngiy
30.9.2020.
BAI TOAN 41. Giai phiong trinh
3cos2x - V’E sin2x+ 2sinx — 2\/5 cosx+1=0.

TRAN PUC PHUONG
(GVY THPT Giao Thiiy, Nam Pinh)

S§ 518(8-2020) &

tps: //tieuﬂ%ﬂ)%rg
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G e S P
Dudi day 1a 161 giai bai toan dugc dua ra trong
phan bai tap dé nghi @ TH&TT sb 516, T6.2020.

TR

BAI 47 (Olympic Poland 2009).

A N * ’
Cho ba so thiec duong a, b, ¢ va ne N . Chirng
a??+1 bn»+l lf,n+l

minh rang: + +
b+c c¢+a a+b

C]” [)” C” a” + bF? ‘i‘C”
= + + "’ ;
b+c c+a a+b 3
n n H
s sy s a+b"+c 48 ke
Loi gigi. Dat §=37—————, bai toan cin
3 ?

chimg minh twong duong véi
an+l -a's bn+1 —-b"S cn+1 —c"S
+ +
b+c c+a a+b
Bai toan dé ra va (*) déu 13 BDT d6i xtmg. Khong
mét tinh téng quat gia st:a = b > ¢ > 0. Khi dé:

n n n
}a +b" +¢
an+l_ann—20’
3
n n n
’a +b" +c¢
C”+1—C"”—3———SO,

O<b+c<c+a<a+b.

1
an+] _anS . arH- _anS

>0 (%),

Suy ra: > (1);
b+c ct+a
n+l _pn ntl _gn ntl _ n ntl _ n
b szb sz;c CS?.C cS(3).
c+a c+a a+b c+a

Cong vé véi vé cua (1), (2), (3) thi
(@™ —a"s)+ (6 —b"s)+(c"+i ~c"s)
c+a
bén day BDT(*) s&€ dugc chimg minh néy ta
chimg minh duoc:
(am—l _ans)+(bn+l _bnS)+(cn+1 '—C"S)z()
hay

VT(*) =

TOANH
46 k crumgi S3a 518(8-2020)

" n n
a +b" +c¢
nel | pntl o ontl 2(a"+b"+0")”1/—————-—.

Nhung BDT nay ding vi n6 chinh 14 BDT trung
binh ldy thura

an+l +bn+1 +Cn+l an $b 4 o
n+l Z f————————,
3 3

Diéng thirc xay ra khi va chi khi
b+c=c+a=a+b
(a" = a"S) + (b”“ - b"S) (e - ¢"5)=0

> a=b=c. Bai toan dugc chimg minh.

Nhin xét. 1) Ngoai cach giai néu trén, ban Ngé
Vin Thdi, ngudi gigi thiu bai todn ciing dua ra
nhin xét: Véi cach giai tuong tr, ta clng giai
dugc hai bai toan kho sau:

a) Cho ba 56 thue dwong a,b,cva ne€ N*, az0.

Chi o . an+l . bn-i-l : cn+1
trng minh rang:
b +c% c*+a* a®*+b%

a” b” c” a”+b" +c"
= + + n X
b*+c® % +a* a®+b°% 3

b) Cho ba 56 thuc duong a,b,c va n eN*, az>1.

n+l bn+[ cn+1

(bre)  (cta)  (ath)

2! a"a+ b" a+ " .nan+bn+cn'2)
(b+c) (c+a) (a+b)* \ 3

2) Ban Phan Trung Kién, 10T1, THPT chuyén Lé
Quy Bén, TP. Viing Tau, Ba Ria-Viing Tau st
dI%ng BDT Holder ciing cho mot 101 giai gon gang.
Ceic ban: Ddng Hoang Duyy, 10T1, THPT chuyén
Vo ‘Nguyén Gidp, Quing Binh; Nguyén Hung
c:_mng, GV THCS Nhon An, TX. An Nhon. Binh
Dinh ciing co 11 giai dung, ,

Chitng minh rdng:

NHU HOANG (Ha Néi)
Séu day 1a bai tap ¢a nghi. Ban doc hay gui 10i

gidi ve Ta soan TH&TT tryrge ngay 30.9.2020.
BAI TAP pE: N

| i GHI
BAY49. Cho m, n 14 haj o4 ' ;

£ s 12uvén dirong neuyén
1o ciung nhay, SHl rong ngu

Tim g, £

woe . A

5" LT v 5 o¢ chung lén nhar cia
Va +7r1

KHANH HOU (#a Noi)

https://tieulun.hopto.org
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GIAIPAP: DIEU KIEN DE CO CUC TIEU!
(pé ding trén TH&TT 56 514, thing 4 nim 2020)
f©=0
S(0)>0

tidu ciia ham s6 fix) nhung didu nguoc lai khong
ding. Do d0 161 giai cua ban Van b sai.

Phdn tich. Néu { thi x =x; 1a diém cyc

Lo gidi diing.
Ham sb c6 tap xac dinh R va
f’(.T) == 4(m + l)x3 + 9mx2.
-Néum = —1 thi ham s tr& thanh
f(x)
¢ f(x)=—-9x*<0, VxeR nén flx) khong c6
CiEC tri.

- Néu m = 0 thi ham s trd thanh

=-3x> +2022

F(x)=x*+2020

¢ f'(x)=4x*, V¥xe R nén d& kiém tra thiy f{x)
¢6 cye tiéu tai tai x = 0.
- Xét x20va x#—1.Khido
F'(x) = x*(4(m +1)x +9m).
—9m

4m+1)

Ll'lcné.y f'(x):o@x:o,x:

L3p bang bién thién ta thiy fx) chi cd mot diém

oot x=——"_ 20 (S dbi dau khi x
4(m +

chay qua x = nhung khong doi déu khi x
4(m+1)

chay qua x = 0).

Vay ham sb da cho dat cyc tiéu tai x = 0 khi va chi
khim=0.

Nhgn xét. Tuyén dwong hai ban da phat hién ra sai
1am trong 15i giai cha ban Vdn, d6 1a cac ban: Lé Ngo
Nhdt Huy, sb nha 111A, khu phd 1, phuong 7, TP.
Bén Tre, Bén Tre; Ngé Van Minh Thdng, 12 Toan
1, THPT chuyén Nguyén Hué, Ha Pong, Ha Nji.

KIHIVI

SAI O DAU?

Thay gido goi An lén bang lam mét bai todn 6n dp
thi vao 16p 10 nhu sau:

Tim gid tri Iom nhdt cia biéu thirc:

. voix 2 3.
x“+4
Lai gidi cua An nhu sau:
1§
Ta co: =—— (dox23).
2
x°+4 x+i
x

Theo bét ding thirc Cauchy ta co:

x+d>2a=4
X

Slhay . <_1.

4 x*+4 4

X+—
X

Diu “=” xdy ra & x=i<:> x==2 loai (do x = 3).
X

»

Vay biu thire —> 7 khdng c6 gid trj n nhét véi
X+

x23.

Cic ban thiy 16i gigi ciia An cé diing khong? Loi

gidi ciia ban thé nao?

NGUYEN KHAC TOAN
(36 Dao Nhudn, Hai Phong)

TOﬁN HOC %
org

So ﬂFB (&2020; % Iﬂ E\ﬁ
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GS. TSKH. TRAN VAN NHUNG
7S. NGUYEN VAN VONG
GS. DPOAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Cha tich Hoi déng Thanh vién
NXBGD Viét Nam

~ NGUYEN DUC THAI
Tong Gidm doc NXBGD Viét Nam
HOANG LE BACH
Phé Téng Gidm déc kiem Tdng bién tap
NXBGD Viét Nam
PHAN XUAN THANH

HOI DONG BIEN TAP

Téng bién tgp : TS. TRAN HUU NAM

Thu ki Téa soan : ThS. HO QUANG VINH

IS, TRAN BINH CHAU. ThS. NGUYEN ANH DUNG, TS. TRAN NAM DOUNG, TS. NGUYEN MINH PUC, TS. NGUYEN MINH HA,

TS. NGUYEN VIET HAL, PGS. TS LE QUOC HAN, ThS. PHAM VAN HUN

UNG, PGS. TS. VU THANH KHIET,

GS. TSKH. NGUYEN VAN MAU. Ong NGUYEN KHAC MINH, 7S, PHAM THI BACH NGOC, PGS. TS. TA DUY PHUONG,

ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM TH

DUONG THUY, GS. TSKH. NGO VIET TRUNG.

Uy, PGS.TS. VU

TRONG SO NAY

o Danh cho Trung hoc Co s
For Lower Secondary School
Trén Van Hanh — Khai thic mot sb bai todn
uéc chung 16n nhét,

@ Dpiin dan day hoc todn
D6 Quang Minh - Day hoc phét trién pham
chét niang luc hoc sinh qua day hoc mét bai
toan bét dang thirc & bac THCS.

© Huong din giai dé thi chon hoc sinh gidi toan
16p 9 tinh Hung Yén nam hoc 2018 - 2019.

0 Dé thi tuyén sinh vao 16p 10 truong THPT
chuyén KHTN, DPHQG Ha Néi nam hoc 2020-
2021.

@ Ding Hing Thing — Nhé vé thiy Phan Dirc
Chinh va nghi vé ky thi IMO.

@ Ban doc tim toi

Pham Dang Long — Tu duy vé mét bai todn
tam giic déu va phép quay.

Pé ra ky nay
T1/518, ..., T12/518, L1/518, L2/518.
Problem in This Issue

Gidi bai ki truéc
T1/514, ..., T12/514,L1/514, L2/514.
Solutions to Previous Problems

@ Phwong phap giii toin

Nguyén Tudn Anh — Phuong phép quy nap toan
hoc.

@ Tiéng Anh qua céc bai toan — Bai sé 59
Bai dich sb 56.

@ Nhidu cdch gidi cho mét bai tosn
@ Du lich thé gi6i qua cic bai toian hay

Q Sai lim & dau?

Anh bia I (tir tréi qua phai): Em T6 Dong Vi, 11CT, DHTH Ha Noi, HCB; em Nguyén Chu Gia Vieong, 12CT, DHTH
Ha N@i, HCB; em Nguyén Quy Tudn, 12CT, PHTH Ha Noi, HCB, thiy Phan Diic Chinh, B3 truong B GD&DT Trd

Héng Qudn; em Nguyén Duy Lan, 12CT, DHSP Ha Ngi, HCB, em Trdn Ngoc Nam, 12CT, DPHTH Hé. Nobi ~mn
Pao Hai Long, 11CT, DHTH Ha Noi, HCV; thiy Deng Hing Theng. ’ 6i, HCB; em

Bién tdp: LE MAL DUONG THUAN

: : Mi thudt; QUOC HIEP, THANE
Tri su, phat hinh: NGUYEN THI THU HUYEN ; 1LONG

Thiét ké, ché ban: DUONG THUAN
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huc hién chi dao cia B6 GD&DT tai Cong
(@vén 56 2058 ngay 10/6/2020 vé viée boi dudng
gi4o vién str dung SGK 16p 1 méi, NXBGDVN da
ddu tur 16n vé con nguoi, trang thiét bi va cac dicu
kién ky thuat, ... dé td chirc tip huén gido vién theo
3 phuong 4n: (1) Tap hudn truc tiép theo ké hoach
chung ciia B GD&DT va ké hoach riéng clia mot
6 dia phuong; (2) Tap huén truc tuyén v6i hé théng

NHA XUAT BAN GIAO DUC VIET NAM
' TICH CUC TAP HUAN GIAO VIEN
sU DUNG SACH GIAO KHOA LOP 1 MOI

cac studio tai Ha Noi va FP/HO Chi
Minh. Qua qua.trinh trién khai vira qua
duoc cac dia phuong danh gia cao. Hién
nay, NXBGDVN dang tiép tuc trién
khai & c4c dia phuong co nhu cau tap
hudn thém; (3) Tap huan théng qua céac
hoc liéu dién tir, duogc ding tai mién
phi trén trang Web tap huén (taphuan.
nxbgd.vn) nham dam bao 100% giéo
vién day 16p 1 s€ duoc tap huén sir dung
SGK ctia NXBGDVN theo chi dao cua
Bo GD&DT.

Tinh dén ngay 27/7/2020, d6i véi tap
huin truc tiép, NXBGDVN da hoan
thanh viéc trién khai ¢ 56/63 tinh, thanh
phd v6i hon 800 diém, phong tap hudn
va hon 122.000 luot gido vién tham gia.

Vé6i phuong an tap huin truc tuyén,
NXBGDVN da phdi hop t6 chiic ¢
58/63 tinh, thanh ph6 voi hon 26.000
diém cau, gan 300.000 luot giao vién
tham gia.

D6ivoi viee truy cap va tham gia tap hudn
tai trang Web tap huan ciia NXBGDVN,
da c6 gan 110.000 gido vién, hon 8.500
truong va 52/63 So GD&DT tinh, thanh
phd duge cap tai khoan dé truy cap va
quan li. Lugng truy cdp hang ngay trung
binh trén 30.000 luot, co gin 40.000
gido vién dén thoi diém 27/7/2020 da
hoan thanh cde bai kiém tra tép huén, '

~ Thanh Ti




NHA XUAT BAN GIAO DUC VIET NAM

KY THI TOAN HQC HOA KY-AMCS
MOT SO CHUYEN PE CHON LOC

Cua cac tac gia: PGT.TS Lé Anh Vinh (Chu bién)
Vii Vin Luan - Nguyén Viin Thé
Sach day 152 trang, gi4 bia 65000 dong

C‘T y thi hoc sinh giéi Toan Hoa Ky - AMC

(American Mathematics Competitions) la
k¥ thi ¢6 lich sir 1au doi dugce to chirc boi Hiép
ho1 Toan hoc Hoa Ky tir nam 1950. Muc tiéu
cua ky thi la tao co hoi cho céc thi sinh €6 co hoi
lam quen v6i cac dang todn ¢6 chiéu sdu trong
chuong trinh gido duc phé thong. Dé thi luén
hudng téi viée day kha nang tu duy va ky

‘ndng gial Wet %

duoc chia theo &ac khoi 16p 8, 10, 12. Hing nim
50.000 thi sinh dén tir 6000 tr Lrorng

ndu. Ky thi AMCS bit dau tir
nam 1985 danh cho ¢dc 16p 6, 7, 8 duoc t6 chirc

ing 11 hang nam. Dq‘h gom 25 ciu hoi
ghiém voi thgl gian lam bai 1a 40 phut.

Bit dau tir nam hoc 2015-2016, Trung tim Ung
dung Khoa hoc Gio duc, Truong Pai hoc Gido
duc, PHQG Ha Noi la don vi dau tién dai dién
cho Hiép hoi Toan hoc Hoa Ky t6 chirc cic ky
thi AMC tai Viét Nam. Dé cac em hoc sinh lam
quen va lam tdt cac bai toan trong ky thi AMCS,

cac tac gia da bién soan cuon: Ky thi Toan hoc

Hoa Ky - AMCS, mot s6 chuyén dé chon loc.

Cuon sach gom hai phan:

Phan 1 gi6i thiéu cac chu @& xuét hién trong dé
thi AMC. Trong phan nay céc tac gia giéi thiéu
v6i ban doc 7 chu dé vé: Tinh gia tri biéu thite;
Hinh hoc; Cdc bai todn légic; Cdc bai todn dém;
Xdc suat va thong ké; Cde bai toan cé loi van;
Cdc bai todn s6 hoc. Mi chu dé co ba phén
Tém tat kién thirc, Vi du dp dung va bai tap dé

lL

nghi. Cac vi du hay bai tap luén ¢o 1&i giai hﬁy

huéng dan giai chi tiét.

Phan 2 1a dé thi cac nan'{ gan dﬁy:«Phan nay gioi
thiéu dé thi AMCS cae nim 2015, 2016.2017 va
2018 cung véi cac 11 giai chi tiét.

Hy vong rang cudn séch 1a mot tai lidu tha
k_@ o thiét thuc g giup cde em hoc sinh hoe tot ¥
cﬁ thdy ¢6 gido day tt mén Toan.

h }f Moi chi tiét xin lién hé:
- TAP CHi TOAN HQC VA TUOI TRE
i - Diachi: 187B Giang V6, Ha Néi.
‘Dién thoai: 024.35121606 — 024.35121607 @ Email: toanhoctuoitrevietnam@gmail.com #

sN:  0866-8035
~hi sb6: 12884
5 sb: 8BT8MO

Gidy phép XB s6 510/GP-BTTTT cép n¢iy 12.4.7)12
In tai Xi nghiép Ban dé 1 - BQP
In xong va ndp lwu chiéu thang 8 ndm 2020

Gia: 15.000 dong

Mudi lam nghin déng

Mok o






