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IRUNG BHOC OO SO
Trong chimg minh bt ding thirc (BDT),
thirimg gap trudmg hop & d6 cde bién ¢ vai trd
nhu nhau hojic BDT khéng thay déi néu ta hodn
V] vong quanh céc bién vi dﬁng thirc xay ra kha
cac bien bing nhau. Baj viet ndy gid thigu mdt
ph'.;-.r::_- phap kha hidu qua dé chimg minh céc
BDT loai d6 thdng qua mét s6 bai todn sau.

Al F o 3 . i
Ural I' . G OIS S0 g

~a=4 '-":.Im_'..: minf ring

A IR 4o 1
Phin tich. Dau “=" xdy ra & (1) khi
a=b=c=d=1. Tasdtim2 s6 m.n sao cho:

zmx+n vl x>0, (2)
x°+1

Dy dodn dau “=" xdy ra khi x=1,cho nén

m+n=-|~#n=l-m. Khi dé:
2 2

[2}#:]2{mx+%—m]{.‘r:+lj

&2md’ +[l—~2m}x2 +2mx~-2m=1<0
& (x-D2mx” +x+2m+1]20.  (3)
) Pé bit ding thire (3) ding véi x>0 thi (3) phai
c6 dang:  (x-D*(ax+B)<0, e Ia

2mx® +x+2m+1 cin cé thém 1 nghi¢m nira 14 |
Im+142m+1=0 =.5m=—r%.n=] .

F i

| Lai gigi. Ta chimg minh:
—E—I,HI Vx>0, (4)

x* +1

-:r_;ﬂl#"__ _'

LA Tt e
Phit vily Hlﬁla[—;qul-r- +1)

+::>22{-.l.'+2}|[.~.':+ |
e =25 +x20
e (x=1)? x20 (luén ding Yx>0).

Diéu “=" xiy ra khi x=1.
Ap dung bat ding thirc (4) ta c6:

1 l |
—>——a+l; 2——=h+1;
a*+l 2 i
l | | |
—2——c+l; 2——d +]
gr ] 2 A2+ 2

Cdng céc bt ding thirc trén ta dugc:

| | | 1 I

- R 2——(a+b+c+d)+d=2.
a”+l h:+l e+l d*+1 2 c4d)
Dau“=" xdy ra khi a=b=c=d=1.
Bil 2. Cho B cs=E N

5
%

a+b+c=3, Chimg

| ; | |
b+1 * L Tog iy R
Phin tich. Diu “=" xiay ra & (1) khi
a=b=c=1. Tas2tim2 s6 m,n sao cho:

: - =3 (1)
i =3a+l 3N

4 |
oL A L S )

Dy doén ddu “=" xdy ra khi x=1. Cho nén
m+n=1<>n=1-m. Khi d6:

(2)e12(mr+1-m)(3x% ~3x+1)
& 3me’ =(6m-3)x* +(4m-3)x-m<0
& (x=D{3mx’ +(3=3m)x+m]<0. (3)
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Dé bat ding thirc (3) diing voi .::.lt thi (3) phai

c6 dang (x=1P(ox+P)s0, trc A
Imx” +(3-3m)x+m cin ¢ thém 1 nghi¢m nira
il = 3m+3-3m+m=0 =m=-3,n=4.

Lini giai. Ta chimg minh:
]
3x’ —3x+1
Thit vy (4)e>12(~3x+4)(3x" -3x+1)
-9 +21x" —15x+3<0
&3 —Tx% +5x-120

o (x=1)3x% —4x+1)20

x4 d Vx> li )

o (x=1)2(3x=1)20 (luon ding w}% )

Diu “=" xay ra khi x=1.

Ap dung bét ding thire (4) ta cb:
—11—2-34‘? 3 I ==3b+4,
3a--3a+l " 3K -3b4l
B
3c2-3c+l

Céng cdc bit ding thirc trén ta dugc:
7 S A

32 —3a+] 37341 3c2-3c+l

Diu “=""xdy ra khi a=b=c=l.

>=3c+4.

=-Na+b+c)+12=3,

Bai 3. Cho a.b,c>0 va a+b+c=6.Chimg
nmﬁrﬁug'
1 . | 11 W AL
—— r — 2'3 1-
= o P P

“"'Wu&fl}i'hi
flﬂfm,fnf“ Y

e x- "}[‘hnx (1= 3m]':+l+3m]£ﬂ (3}
Pé bit ding thirc (3) ding vai x>0 Ihi{?f)phél
(x-2)" (ax+B)S0, e A

co  dang
+(1-3m)x+1+3m cin ¢o thém | nghigm
12m+2-6m+1+3m=0

I
niba a2 -

:-m:—l.ns'l.
3
L gidi. Ta chimg minh:
LB ].r-l.-l'-"ﬁ"ﬁﬂ' (4)
x*-x+l] 2 Al 3
- ey
Thit viy: (e32(-x+3Na =x+D) g S
o —4x +4x20

es(x=2)*x20 (ludn ding ¥x>0).
Diéu “=" xay ra khi x=2.
Ap dung bat dfmg thirc (4) ta co:

1
SN B
k= —h+1

a* —a+l
1
o —o+]
Cong cac bat dang thire trén ta duge:
R i
a -a+l b -b+ITc1~—r:+l
Dau =" xayra khi a=h=c=2. \ gt
Bil 4. Cho a,b,c>2 V& a+bo= is}
minh ring:
1 1
Poaars . BPeAbeS .:1 e
Phén tich, Dan “=" ‘I
‘a=b=c=3.Ta s&tim2 s& m,n sao.cho: &« 1

1
z——c+l.

a—{n+b+r:}+ =1

e _-
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o 2me +(1=14m)x* +(34m—4)x-30m+3<0

s (x=3)2me” +(1-8m)x+10m—1]<0 (3).
pé bt diing thire (3) ding véi x>2 thi (3) phai
c6  dang  (x=3)*(ax+P)<0, e la
2mx” +(1-8m)x+10m—1 cin c6 thém 1 nghi¢m

nita la 3 = 18m+3-24m+10m-1=0

1
= m=—n=2.
|

Lai giai. Ta chimg minh:
_.I = }——[ x+2, Vx=1. (4)
1:. ..|.'|'.|.F 2

That vay I4.I*I-'.-:£ﬂ4—.1'11_1."1 -4 x+3)
e —8x +21x—1820e5(x=3)x" —5x+6)20
= (x=3)% (x=2)20 (ludn ding ¥x>2).

Dau “=" xay ra khi x=3.
Ap dung bit ding thirc (4) ta cb:

p e E Y
a” —4a+3 2 I'J'I—-i-hrq 2
= : =——c+2.
c"=4c+5 _
Cong céc bit ding thirc trén ta dugc:
1 1 1
] = T2
a® —4a+5 b*—4b+5 " —dc+5
1 i
E—El:’-"lrﬁ-l-{]-"-ﬁ—nﬂ:::.
Déu = xay ra khi a=h=c=1.
Bai 5. Che a,b,e>l va a+b+c=6. Chimg

minh rang:

a f e % Ay

+_'h — E -

ac—a+l b =b+l " —-c+l

Phin tich. Diu “=" xay ra & (1) khi
a=h=¢=2. Tas&tim 2 56 m,n 520 cho:

X

—x+1
Dy doan diu “=" xdy ra khi x=2. Cho nén

Zma+n Vo x>1. (2)

2 -
Im +H=§1{:}ﬂ=—3--2m. Kh d':'!:

{2}&x2[m+§-2m}[12 —x+1)

o 3x2(3mx+2-6m)(x* —x+1)
e=3mp +(2-9m)x” +(9m—5)x—6m+2<0

= (x-2)3mx” +(2=3m)x+3m-1]<0
Dé bit ding thirc (3) ding véi x>1 thi (3) phai

¢6 dang (x=2)°(ax+P)s0, tec 13

Ima” 4 (2—-3m)x+3m-] cin c6 thém | nghigm
nira 14 2 = 12m+4=6m+3m-1=0
Jiiaad
=S —— =,

3

Xt enlinut, (4)
x*—x+l
That vay: {4]-::312{4—1]{1'1-—.t+1]
esx —5x* +8x—420
e (x=-2)*(x~1)20 (ludn ding ¥x>1).
Déu “=" xdy ra khi x=2,
Ap dyng bat dang thire (4) ta co:

1, 4
£ E—l:Hi: 2 o T i e
P ST W T N S
< E—lc+i.

ct=pal 3 3
Céong cdc bit ddng thirc trén ta dugc:
d awat : b e c
a-—a+l b*=b+l ¢ —c+l

Dau = xay ra khi a=b=c=2.

2 1 (a+brc)+d=2.

BAI TAP TUONG TV
Bai 1. Cho n.h,c}% v a+b+c=6. Chimg

- ]
minh ring: f + .,';] + f >—.
a“+1 b+l c¢“41 3
Bai 2. Cho a,b,c>0 vi a+b+c=3. Chimg
minh ring:
(S 1 4 1

2t +1 2%+ 2041

Bai 3. Cho a,b,e>0 va a+b+ec=3. Chimg

A e
‘30241 3034l 3P+l 4

2l.

minh ring

TOAN
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TRUNG HOC CO SO

EIAI PHUUHE TRiHH HEHIEI N

THONG QUA MIEN umﬂu . . |

Pé giai phuong trinh nghiém nguyén co rit
nhiéu phuong phép, tuy nhién néu biét tim mién
gid trj ciia céc bién trong phuong trinh thi ching
ta s& gidi dugc mt so phuong trinh nghiém
nguyén mit cach don gian.

Bal todn 1. Giai phieemyg trinh nghiem nguyve

=4 3 ' =0 (1).

L gidgi. Taco: A, =y —4y*=-3)",

Pé tdn tai x thi A, 20 ~3y°20e317<0 (vi
-3<0) <= y=0. Vin y=0cx=0. Viy nghi¢m
nguyén ciia phirong trinh 12 (x;y)=(0,0),

Bai todn 2. Giai plucrg trinh nghigm nguyén

C=Zxve3y =2=0 (2).
L gidgi. Ta cd:
A =y"-3y742=2-2y%=2(1-%).

DE tn tai x thi A, 20e22(1-y* )20y <1
Viy nguyén suy ra ye{-1:0:}.

- Véi y=-1 thi 2) a&‘ﬂsﬂ-ﬂ
m‘ w2 1 r (;‘;l- =0 & x=-1.
_‘E’ﬁ:*wsﬂ‘ mﬁﬁ}&:«:&-zﬂ

Béi todn 3. Griai plucomyg [rini Bgaim nEiyEn

e +(3=2 u-—-}q Iy+2=0 (3)

L gidi, Ta cb: A, =(3-2y)* -42y* ~3y+2)

= 0-12y+dy —Eyz+]lfn—ﬂ

= —4y* +1.

é ton ti x thi 2 i 1204y7 <1
Pé ton tai x thi A, 20<=—4y" +120= <

= }'15‘:— =y =0 y=0.
Vi y=0 thi (3) e>x” +3x42=0
e x=—1 holic x=-2.

Viy nghiém nguyén cua phuong trinh 13
(y)el(=L0%(-2:0)}. -

Bal toin 4. Giar phueemg trinh nghiém nguyen

-2 vt + 2xv+y=2=0 (4). 3
L gidi. Ta co: x*+2y° +2xy+y—2=0

st +E:J.-+1_].r +y— I_ﬂ- 1}

Ac=y"—(2y* +y-2)=y
=—th -y+2.
Dé tdn tai x thi A, Eﬂﬁ-—yzi’_ﬁnu

< — y +y+—[20
= ["Z ) e b
RS tsysl = yeba-1od)
1 .'l. s
% s b _____ .-"-.-'-'.'-':-:‘:
i '-.f l*v_.?it - -f:':‘:'-' T

— = 5 T
R T

2 2beprs
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Vi y=-1thi (4) o 2 —2x-1=0(x-1)" =2

(x=i=2 [x=1442 ..
=1 = "~ (khong thoa mén).
|x-1=—/2 [x=1-V2

-Véi y=0 thi (4) <x*-2=0
~:—:r=«.ﬁ hofic I=---."E (khong thoa mén).
-Vin v=I thi(4) e +2x41=0
c:qx+1r =) & x |

Viy nghiém nguyén clia phuong trinh (4) la
(x: ) el(2;-2x(-K1)

- |

Lot giagi. Taco: x™ + 2y +3xp—x—y+2=0
o x° +x( 3 —I]+2_1:—.|.-- 2=0.

A =(3y-1 12 —4(2y* - y+2)

—9y? ~6y+1-8y7 +4y—8= y* ~2y—T.

Pé tén tai x nguyén thi A, 20 vd A, la 50

chinh phuong.

Pat A, =y ~2y-T=k* e>(y-1)*=k" +8

e (y+k=1y—k-1)=8 (viri keN)

Ta thiy y+k-1zy—k-Il ncn ia ¢d cac truomg

hop sau:
[ v+k—=1=8

THI: « S =2 y=1 l::-_r;-]-]-: logu.
v=k—1=I 2
v+k—1=4 )

TH2: ! :?-E_rzﬁ::&y:m ta co:
LF —k—=1=2

(5) e 2 +11x+30=0 <> x=-=5 hofic x=-5.

r+k-1==1

I H3: {} =2y=—T=y= ; loai.
bk =1==2

TH4: ﬁnkrhqﬂ-h:-—d::-}-z—l. la co:

(5) > x2 ~Tx+12=0 ¢>x=3 hodc x=4.
Viy nghiém nguyén cua phuong trinh la

(x,y)el(=5:4):(~6:4):(3:-2)i(4-2))-

Bai tofin 6. Giai phwong frinfi ngriem nguyen

5]

L giai.
Vi x-4+x+120 vii mei x, nén phuong trinh (6)
trromng duong vol phuong trinh:
y(x® +x+)=x"—x+1
¢$[y~Hx:+Ly+Hx+y—l:U{ﬁlL
Véi y=1 thi(6.1) & x=0.
Vi y#1 thi(6.1) li phuong trinh bic 2.co:
A, =(y+1) —4(y=1)F =-3y° +10y-3.
Pé t6n tai x nguyén thi

1
g

A 2043 =)
el

:}I}'E{E;E}.

Véi y=2 thi(6.1) tro thanh:

+ log.

Vin v=3thi (6.1) trd thanh:
2 +2x+1=0ex=—1.
Viy nghiém nguyén cla phwong trinh 1a
() el (G:(-1:3)).
BAI TAP AP DUNG
Bai 1 Giai phuong trinh nghiém nguyen
s —3{v+3}'2 =3y.
Bai 2. Giai phuong trinh nghigm nguyén
X —xp 43yt =x+y.
Rai 3. Gidi phuong trinh nghi¢m nguyén
X —~:-:;r,r—3,f1 +2x—y=0.
Bii 4. Giai phwong trinh nghi§m nguyén
x*+1

xt—x+1

TOAN HOC
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HUGNG DAN GIAI PE THI TUYEN SINH VAO LOP 10, TH
HAI PHONG, NAM HQC 2019 - 2020

Bii 1. a) Ta co:

l "..-.I+3 1

P=,u:- x+'|:;:—-.|'§+l=5x i
Do d6:

| 1 1
Pz— a—wﬂsl.nmﬂ.
5 J:+3 5

Viy 0 < x <4 thoa min bai todn.
b) PT d cho c¢& hai nghiém phan bit
A =4d+m>0=m>-4.
Ap dung hé thirc Viéte ta cd:
{x.+.r,=—¢ N wial 6

XXy = =m

Tirgid thidtsuyra:
_ om=l6om=t4,
Két hop véi didu kién m>-4m#0 ta duge
m_'* ﬂ:‘fhm:%m vt { [
Bii 2.4) PK: x21 hofe x< -7

T g

<) i W

PT CHUYEN TRAN PHU,

~437 3+437
_:.'I:J ;ﬁ_ Vil I;-—z—.

b) BK: y20.

Ly phuong trinh thir nhit trr di ba lin phuong
trinh thir hai, ta c6:

::'—3:’473:-I=_3-—_12J;+Ey—yﬂ
& (x=1) =@~y
o x-1=2-\y.
Thé [y =3-x vio PT thir nhit cila h¢ ta dugc:
P+O3-x =91 -3x+2=0
i x=]
x=2
HPT c6 hai nghi¢m: (1;4), (2;1) (théa min DK).

H‘-ii 3.
a) Ta co: OM //AH (tinh chit duémg trung binh).

LT



|
i
y

kinh

uvn cia dudmg tron tim A ban

i latiept

(i = FTFS= FH? (2)

Fie (1) v (2) = FB.FC FH’

Goi E' la giao diem O FA v (0)

— FE'FA=FH® =AFE'H ~ AFHA (c.gc)

_, FE'H = FHA=9%0" = HE' L AF.
DE'L AF nén EH.D thing hang = £ = E'
&) Goi [ 1i diem ddi xumg veE HquaE

£ 14 trung tngc ciia doan thing HI ncn

.I..I Cir |‘
FH =FI va i} = AI, nghia 14 7 thudc dudmg

eron tAm A bén kinh AH
AAFT = AMFH (c0.0) = AlF = AHF =%0f
—. [ ticp xic voi duomg tron tim A bén kinh

AH w1 (2)

HE HE
AHBE ~ AHDC (g.8) === =715
2.2) =D HO

— HB.HC = HD.HE = EHH.% HI = HM HI

— AHBI ~ AHMC (c.8£)= HBI = HMC
— tir gidc IBMC ndi NeEp

Lai ¢c6 FI'=FBFC (cing bing FH )= Fl
tiep xiic van dudmg tron (IBMC ) /

Két hop vai (2) suy ra diéu phai chimg minh.

Bai 4. Ap dung bit ding thirc Cauchy 13 el

1 ] -

x Xz rxr” " 4

3 ==X =" A m-——=X—T

XN+ x +Z 2xz 2

1

) ¥ =
Tuwong X ——— 2 y-=
Lot 2

Suy ra: FE;-l-y—:-q-Liﬂ_
x+¥

©+y

Theo gid thiet = =
X+

Bai 5. a)
pa+pip +4
—q(F +9)-\Pa+PI=4 _pip %
Y "-:":“-f F-'
~(pg’ +q)-pla -pI=F 79 q P
- ¢ -p=-P +qlq +9+P —F . (0: phoong
trinh ndy vo nghiém

-_—.:rq—_.::—'l-—i_'l-:_‘*q—p-'.

Ma p.g B2 hai s0 nguyen o nén p=2.4= 3
{thoa mén b todn )
L | 1 | li
b) Exat M. S T o
xty+l X ¥ 8
Jroe | 1
ey i 1m| =L —#1 LD
- 4 )
Vin nﬁilipc.is:ﬁdm-ng I — ty ¥, Xet
biéu thire
1 1
Plxix X J= —t | ] =g
e A X,

Ti:HHuymnﬁiﬁnmadul&ébéIki X, ¥ 1o

Xy

viét 1én bang so cic sb cbn I wEn

x+y+l
bang gilr nguyén thi gia biéu thirc P cia cac
<& trén bang khéng doi.

Goi sb cudi clng la a, suy

J |-

play=P|L; 2 i
\172" 377" 201872019
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pE THI CHON HOC SINH GIOI TO.

i~ LOP 9 TINH HUNG YEN

NAM HOC 2018 - 2019 (Thai gian lam hai: 150 phif)

Cau 1 (2 diém). Tinh gia trj cia biéu thic

.4:1."3+~.E+~JE— 5

V3.

Ciiu 2 (4 diém).

a) Gidi phuong trinh:
1~."E+l;[4—.t}=1[x+l].

b) Giai hé phwong trinh

| =3

I.[—I_]-'i -1

-

Fy 4
1:' ——+1=4y(x-y)
X

Caul (4 diem).
a) Trong mit phing toa 4o Oxy, cho dudng thing

d,:‘v={m:—5m']1+2m (m la tham s0) vi

duimg thing d.:y=—6x+m+3. Tim cic gia trj
ciia m dé hai dudmg thing di cho song song voi
nhau.

b) Mijt robot chuyén déng tir 4 dén B theo céch
<au: di duge 5m dimg lai | gidy, réi di tiép 10m
dimg lai 2 gidy, roi di tiep 15m dimg lai 3
gidy. .. Cir nhu vy, robot di tir A dén B ke cd nghi
hét 551 gidy. Tinh quing dudmg robot chuyén
dimeg tir 4 dén B. Biét ring khi di, robot chuyén
dog Vi vin tbe 2,Smigidy.

Ciu 4 (4 diém). Cho ba diém cb dinh 4, B, C
thiing hing theo thir 1y 46. Mot duémg trdn (0)
ihrd&ilﬁﬂndi:gm-hiﬂiﬁﬂiﬂ'ﬂ?ﬂ.ﬂﬁh tiép

wuyén AD vi AE véi duomg won (0), D va E13

céc tiép diém.

a) Chimg minh AD = JABAC . Tir 86 suy ra D

thuse mot dudng tron ¢b dinh.

b) Goi Mwmmemgldnhcﬁadmsmlﬁ

vubng goc voi BC. Goi K Ia giao diém cua AM

véi dutmg tron (@), Chimg minh ba duimg w

4B, DE, NK dbng quy tai mot diém.

Ciiu 5 (4 diém).

a) Cho tam gidc ABC c6 goc 4 ti1, chimg minh:
sin( B+ C)=sin B.cosC +cos B.sinC

b} Trén mét phing c6 25 diém phén bict, biét ring

trong 3 diém bit ki di cho bao gio cung tim dugc

hai diém c6 khoang céch gifra ching nho hon L.

Chimg minh ring ton tai mgt hinh ton cé bén

kinh 1 chira khong it hon 13 diém trong 25 diém

Ciu 6 (2 diém). Cho a, b, ¢ 14 cde sb thyc duong

théa man [f:—ﬂ’-ﬁ Iszmga‘a* 2
2018 F
i 1 ' 2 ||_#‘
Tim gid trj 16m nhit cda biéu thirc:

har it U -
@b Btca dxab .

NGUYEN THANH GIANG

(GV THPT chuyén Himg Yén) Gidi thigu

¥
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CHUAN 8]
CHO KY THI
TRUNG HOC
pHO THONG
uoc GIA

viri chc ban hoc sinh sip thi

B viet gidi thigu
} SUNE ve thé tich

THPT mdt 50 cong thirc b

khdi chop tam gide déu, Vi y mit O (mg dung d&

(pdn v gl toan tric nghigm ve

:._"|,1I 1isin Tur
bl hios & il 1114 F1nn

¢ ¢y cOng thire bo sSung tinh the tich
khii chap diu

%ét khéi chop tam gide déu. Khi do, neu kho
chop do co:

1y Canh ddy @, canh bén b thi thé tich
" ‘-.1."' rJ':
s =

2} Canh déy a, canh bén hgp v day mit goc

(1)

a. thi thé tich

£ : lanide

17
1 &

(2)

3) Canh diy a, mit ben hop v day mit goc

thi the tich

|:.|'I"|.:I|'|'|:'i <
o ol (1)
24
4) Canh ddy a, mot mat bén co dién tich § thi
thé tich:
av 4852 -a
£ e 4
24 (&)

5y Canh déy a, chu vi ciia mjt mit bén 14 m thi

thé tich:
it g
a”~y/3(m-a)” -4a°

24

V=

(=)

6) Canh day a, khodng cdch tir tim cla day dén

mit bén la o thi thé tich:

| ,_,___._-'—

Chirmg minh.
SABC:

o ’tﬂim.l’fhﬁ'ﬁm “ﬂmm

e ——

i :f \.,' .'i

P =
|2y a” || n;f

¥ét khoi chop tam gilic dev

(€]

i<la { YH

Y|

B
Goi O, [ lin lugt 1 trong tim tam gifc ABC va
trung diem cia BC Khi d6 SO 1A dudmg cao cua

khoi chap.
1) Xét tam gide vudng SA0 co:

1) ) [ (a3
O4=222, SO=vSA° OA* .-1".': -|‘i”:..- ||

]

|

W 3bh® -
-

W3

-

e c s =rye1d ...
Dién tich tam gidc deu ABC bing " nén
4

thé tich khéi chop S.ABC hﬁng:

! Fo I}h-’ "‘I

_ : 1 a3 “—n’ a ‘lir —u
K a=h ()= e B e
3 ABC 5 F T 5
Viy (1) ding.

2) Ta cb goc gn?m canh bén SA vi mit phing

diy (ABC) 14 goc SAO=a , ta co:

TOAN HOC
|qﬁ@
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3
SO=0Atna =”—:§E
nén thé tich khoi chop S.ABC:

a}lann:

12

r'=%.a.11 o SO=
Suy ra (2) dung.
3) Ta ¢6 S vi Al déu vudng goc voi BC nén
gbe gitta mp(SBC) va mp(ABC) 1a goc SIA, viy
ta cd gbe SIA=p.

Xét tam gidic déu ABC c6 Of -%.

Xét tam gide vudng S/0 1a cd:
ay3tanfi

SO=0Itanp=

Suy ra thé tich khdi chop S.ABC la:

| a tanp
F==8 S0= :
oL 24

Viy (3) dung.
4) Ta c6: ;srmn%swc%sm ~§=>51=2.
Xét tam giac SIO co:

so=Nsr*-or #J[H]i -[“"'Jri
a ) 6

43_-#: -'.ﬂ"

ﬁa‘ﬂi-n‘
-F#l- llr e Ty "

e ot

b ﬁﬁﬂ%

o

mmﬁm ) -da®

F'”'?f“ﬁ’* T
¥ H 1 i I..,-q., B

Viy (5) ding. : !‘T ]

=7 g 'h"l- :

6) Ké OH L SI (HeSI) thi khoang ﬁupa
dén mp(SBC) bing OH nén ta cb EH-*
Xét tam gidc vudng SOI, ta ¢6: |
Y il

=850= ad el 4 BT IRY N A
ﬂ1—|1d1 ool ot 1.
Sir dung cong thirc thé tich khoi chép ta ¢6:
| 1a*f3  ad
"3 0T T
_a'd\3
12a? -12d7
Viy (6) ding.

Nhdn xét. Khoi nﬁrmﬂlﬂmqnhalikhﬁ chop
déu tam gide c6 canh ddy va canh bén déu bing

a nén theo (1), nd ¢6 thé tich la;

a2
Ve
2. Ung dyng
Thi dy 1. Chntﬁdlchﬁp:mgﬂ:d&&m
c6 canh ddy béng a, dién tich mot mdt bén ban
5“{:"", ndmudrmmcw

Wb o e 0

By a ko o fip n{;,x:-f
Mﬁs MMM%&:&
ult o ML " A2 Y

. -

I_..=. “'.
T L. o s clp om
e




__ooaankes 2

——-——-——.

o i D (oA 3 ) Il s .':.:Il
P S ABC hany
& : ;
B.o ¢ O DX
lh 1 3 1_1

T s
jnimg dam. Theo edng thire (6) ta ¢o:

H:li:.\"'i 3
W = 1
-ﬁEQ -1—4':_]-' =H.‘h.l,‘fT'| _,1||_
12 “:_I_.., ﬂ'.l: ¥
\ "4
u 3, Tinh thé tich V ctia khai nr dicn déu

tich todan phain bing ENE

%
£

ki : 'I: 2 o £y .‘
oee— B Fe—= G ¥a = D.|
2 3 12 4
Hirdmg din. Goi canh cla tir dién 14 x (x > 0),
dién tich todn p'iﬁnt:ﬁanﬁ lix:
-
S =4.If¢arz-ﬁ=4ﬁ-—:~1=1.

P

heo (7) thé tich cia khoi i dién la:

'1--1 5
V= "Ezlqc = chon B.
12 3
Fhi dy 4. Cho'khor farng fru A5 I'B'C" co
mor tam gidc deu conl vid o0
:'H:,{'{':H\E Tinh the nich khoi (dng

Hirimg dan. _
4’ ABC 14 hinh chop tam gific déu, co canh day

a. canh bén @y3 nén theo (1) ¢6 thé tich 1
& C

W&ol

B

A a3 - 3
Vaapc= 5 =

(oo fhino

Ihé tich hinh lang ty ABC.A'B'C' bing

a’\2

3 L ABC = .

4

Fe

Thi dy §. Choe khai ip ABCD A'B'C'LY ot

dav ABCD la méi hinh thoi canh a, €0 gix

BAD=120" Cie 19 i __F'

B4 BB.BI

vikl iy (ABCDY mpt

|.|r|::-r|' [

60", Tinh thé tich
L giai,
+ Vi tam gidc ABC ¢6 AB = BC = a va gocC
ABC bing 60° nén no 14 tam gide déu canh a.
Ta c0 B'.ABC 1a hinh chop tam giac déu canh
diy @, goc gitra canh bén vd mt day (A BC)
bing 60" nén co thé tich (theo (2)) li:
a’ tan60" _ﬁaxﬁ

| B ABC ™ 12 12

« Thé tich ¥ cua khoi hip bing:
3
. a
V=6V spc=— —

-

Thi dy 6. Cho khai chop déu 5.ABC co canh

ot e { .
div a. canh bén hop vai ddv mjt goc 43 . poi
W NvaP Idn leor la rung diém cia cac canh
BC. CA wi AB. Tinh thé tich cia khoi chop
S. MNP

Hurdng dan. o
Ta co:
1
4 y==Fe

Vg ani 3 SABC »

1 o tands® a £ C
=7 T a8 P M

4 12 4% -

BAI TAP

1. Tinh thé tich khdi chép tam gisc déu S.ABC
trong céc truémg hop sau: (Xem riép trang 14)
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Néu khing glan co mi chicu, moil hogt dong,
hién tugng déu xdy ra trén mit dudmg thiing vil
chi trén duomg thiing ma thoi, nghia la chi i tn,
di lui, v nhu mdt con tin trén duomg siit chay
thing.

Néu khong gian ¢6 2 chiéu, moi hogt ddng, hién
trgmge déu xay ra trén mt mét |1h'fmg, vii chi trén
mit phing ma théi. Khong thdy chim bay,
buém lwon, khing thily may bay; qua bong chi
chay trén sin, khong ¢ bong bong dé tha mén
bay 1én bit bing wvi ciu thu dji diu!
Khing gian ba chiéu 14 khong gian ta song hién
nay. Moi hoat dong déu ¢ thé dién ra trén mit
phiing (nguéi di, tdu chay, ...) va trén cao (chim
bay, phi co bay, tén lim bay, ...).

Néu khong gian c6 4 chiéu thi cdi gi xdy ra?
MGt sir roi loan trong nhin thire, hoat d(ng, ...
Ban hdy tuémg tugng: ban dang ndm trén
givdmg, say mé doc mdt cudn truyén den
héi gay cdin, bdng c6 mdt sy rung lic va ban
cam thiy chéng mit, lao dao, nhu doi khi
vita di vira ngi gt ... VA lic d6 troi ti sam
lai, mat trdi nhu bj mét ddm may to den bao
phit, khéng khi bong dyc lai nhu mén swong
mi day dic bao phi. Khong phai chi thiy
dnh séng yéu di nhu khi chiéu ti sip hoang
hon. Sau khi kiém tra, ban thiy khong co gi
thay d6i, min hinh smartphone ciing nhu
thé thoi. The thi céi gi da xdy ra ? Toan thé

PHAN THANH QUANG (TP 1 Chi Mink)
{ Theo Seiesncds of Vie Junior s 'Ilﬂlﬁ

-

vil tru bt diu vio trgng thii ™ tet kiém

dién™ hay 1a cdi gi?

Mot bién doi toan difn, “vi dai”, chua tmg

twémg tugng duge: ban bat diu bi bat ra kKho

giwdng, bt myc trén ban bay 1én limg lo trong
khong gian ! OK, dicu d6 giai thich cdi cam
giic nhu :-‘.ﬁr- bi ngd. Nguvén nhin la do trong
Iy bj hodn toin mit di. Vi con mé sing tiép
e ndng thém. Biy gio ban chic riing cic 46
viit di thay déi hinh dang mdt cach ky quiic va
xem kia, ching nhur “s6 16ng”, bay limg lo Xung
quanh ban, ...

Vi cubn sach, bat chi, cdi chiin gidy, ... bep di
lai nhir t gidy cho dén ndi khong co bé day
nira, chi con nhur mit cii bong chiéu lén va ...
thé 1d bién mit, khong con aé lai mot diu vt
ﬂ?ﬂ- Mot s0 viit khic con didn ra cdi trd “dién
8" ham,t b dang trs i b i ... T
b?n bat ddu hét 1én khi nhimg con c4 d6 trong
¢ cd cla ban vin boi 19i, nghich nggm binh
thuémg, khi ma bén ngodi c6 sy “Ion xon". Bgn

https://tieulun.hc )
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n tém médt chit cho deén khi mit
n b chigu quen thudc van tOm tal; co
4 bén phii, cH xa, cd gan o trén cao,
) 1reg?
himg gian mdn ra din: khong gan hiin
ihé gidn bf bung ra va quin 40 cua ban
r thé. Trong phit chic nhimg qud céiu
» m o by bop nat a6, khimg pha la
ra. Vi chit long mau maron (mau nau
e Qing l& sfa sb-ci-la! Trong mii
rhin thirc nhanh nhu ¢hép d6 ban hicu
¢ thirc 4n diém tdm dang muon bicu 16
iing dang dugc tigu hda trong da day cua
Aot céch 16 ligu nd 08 tim cach thoit ra
hung cia bgn khing phai bing con duomg
n thuge 13w nay,
a ban bit dilu run. Khi quan sit quan a0
ndt clia minh, ban tim ngay ra lo g1l
' chi quén cia ban dang b xé rach ndt tham
i khong thurong tiéc, gibng nhu la cii do cua
“Jpuin 1a ndi ring cdc sgi dét nen vil cua
win 4o khomg ¢6 céch ndo dé lién két vin
.. STOP! Trsbe Khi két lugn ban muon
Jm hiéu s thit, Déng ! Ban hiy lang nghe
diy; ciic diéu la khie thuimg xay ra l4 do khimng
sian ban dang 56115 khong p-h:li la khong gian bha
chieu nii, S8 chiéu thir wr dang duoe thém
. sy khing gian ban dang hi¢n hiru. Pau 6¢
e duy cla ban 14u nay 44 quen vii khong gian
ha chiby 3D chiéu ngang, chicu doc, chiéu cao
roi. By gy .;huyé:n qua khong gian bén chiéu
han mét phuomg hudmg. ling ting trong nhan
thite. tur duy, hinh dijmg.
Néy khong gian 1 hai chicu (mat phing)
Dé “cdm nhiin™ dugc diéu lp xay ra khi s chiéu
cua khong gian bj bit mot thiy gido nguii Anh
tén li Edwin Abbott nim 1884 nghi ra mit kich
ban khi ghy 8n teomg goi 1a “kich ban
Flottland” ma ndi dung tom it nhu sau: Hiy
mmqngnﬁlvﬁuuchicﬁhaichim;n&t
khong gian gibng nhu mit 1o gidy rong ménh

mémg, khimg co gidn han vé moi phia. Van vit
déu “bep di” mong tanh nhu 1 giﬁy. c6 thé vi
b tranh hoat inh, néi tém lai khdng cé chiéu
diy. Van viit trong khong gian d6 chi co thé di
chuyén bang cach di téi, di Tui, di qua tréi, di
qua phai, hojc phoi hop cic huomg di (Bomg -
Téy - Nam - Bac ), khong thé nao thoat ra khoi
i giay khing co be day do Heo khong co Hmi:
niém vé chi¢u siu, chitu cao, trén, dudn, ... The
thi chi gi s& xdy ra khi bdng nhién ho di vio
khong gian 3 chiéu (chiéu ngang, chicu doc,
chidu cao)? Diéu ma ho cdm nhan y nhir léh_diéu
mi ta cam nhin khi tir khong gan 3 chiéu di
vao khong gian 4 chiéu.

Dé bt diu, nguoi ta hiéu rd khi di dgo O bén
rén khing gian phiing binh thuong cua ‘I:n;-. Cic
“ngud phﬁng" ch thé ngﬁm nhin lan diu Iicz:n
cude somg bén trong cla mot hinh vudng, von
binh thuomg ciing khong the vao duge doi vai
ho nhir bén trong cua mot cai hop hinh 14p
phuremg déng kin A6i vioi ching ta.

B)é hiéu ro khai niém “chiéu cia khong gian” 1a
hdy twimg teong: Séng trong khong gian mot
chidu. tirc 14 dwiomg thang, ngudi ta chi biét ci
gi ding truoc dang sau ho, Ching khic nio
nguriri ngdi trén xe hira bit kin chay thang.

Séng trong khong gian hai chiéu, nhir ngdi
trong 6 16 ¢6 trin, c6 thé nhin ra xung quanh,
bén tréi bén phai, nhung khong thé nhin xudng,
nhin lén dugc.

Séng trong khong gian ba chiéu nhu ngdi trén
dinh ndi, c6 thé nhin trudc sau, bén trdi bén
phai (xung quanh) va nhin durge ¢d trén trdn
durént dit.

Ta hiy trr lai v&i “tdm trang” cac con ¢ do
trong binh nudc. Khong phai ching thay hinh
dbi dang dau (biing chimg 14 ching vin sbng
hinh thuimg), ma chinh 1a ban dd nhin chung
béng mt céch nhin khac. Va diéu do cling gidi
thich cude di choi khong hop thin cua bira diém
tim cta ban: 6 chi cin ty minh di chuyén “d0
nghiéng 1&ch™ dé di vong quanh cdc vach cia da

:3..
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Nl RN

dity et ban v nhur edeh du lich trén mit phiing
cho phép ra Khor mot hinh vudng md khing
dung dén che bl cva no,

Nhimg viit ¢6 thé di bit oir diu ma nd mudn,
Cang nhdr duge iy do di vong quanh khi di qua
chidu thir te ma tht ed cde thd vai déu phin ra
duge (khong con lién két véi nhau dé thinh tim
viil), ... Nhu cde nhd Todn hoe di chimg minh
trong nhimg nim 1940, wong khing gian 4
chidu (4D) tht ch che nit thit bj 56 ral

VE vige do sang cia dén gidm lim khong gian
thi sdm lai vt sy yéu di cda trong Iyee thi 1 gidi
thich dom gidn 14 nhimg tin xufit phit tr mot
ngudn (dnh sing cling nhi trong hye) durge hoa
véri nhau nhiéu hon trong Khong gian 3 chidu,
Chiing dén vdi ban rd ring yéu hon, C6 mdt vin
dé 16m, riit Iém. Trirde hét cie nhit Todn hoe da
chimg minh ring véi mt trong lire yéu nhu
vily, khong ¢d mit co may ndo ¢6 nhimg quy
dgo déu gir ching & khodng cdch dén mit troi
khéng ddi. Vi viiy, chi trong mgt thi gian ngin

l'i.!it"iililﬂyijitililll!lilli.Ii*"!.""“i“'**“"“i"-“*'*1*iliﬁiill"

SU DUNG CONG THUC ... (Tidp thep trang 11)

“a) Canh déy 14 1, canh bén 14 3.
'i'J'@&';? iy 14 a, conh wlm; vai diy W-

i -l-rm-*llliﬂ il

ﬁylﬂ%a&’-ﬁhnﬁm it &4

(hi, Trdi dit s@ rilt lgnh, hode riit ndng,
Hom nira ban s& khing thé ndo gitr duge thire an

trong co thé cia ban, Noi om lpi: & lgi sbng

trong khong gian 40 s¢ rlit 1a kho khan, Viy thi

phii chiim dirt cuge thi nghi¢m quii g& do va

trdr vé ngay khong gian ba chitu guen thude cua
ching ta! Dang nhu viy! Trr Khi.... ¢o thé ban

dil nghe noi rling mot 86 thuyét nio do vé Vit ly
ndi trrdie riing trong thyre té khong gian khong
phiii ba chiéu hay bon chiéu ma c6 dén....ding

9 chitu 111, Nhumg ban yén tim di, edc thuyét

d6 cing gid st ring ching ta khong thé di dao
chai nhu trong cude phiéu hru “ding s¢” ﬂ'
ching ta vira turomg trgng ra.

Ma dit ¢6 9 chiéu ... thi dén diu hay do! Con

ngudi s& biét thich nghi voi hoin canh méi,

chiic chiin nhur viy.

Nha Toén hoc Dirc Gearges Cantor noi ve mt
hoe trd xudt sic ciia minh da bo Todn hoe dé
lam tho: “Anh ta khing di sic tuong tuong dé
lam Todn, chi di siec teemg tegmg dé lam tho')

SBC, SCA va SAB. Tinh thé tich cha khéi ur
dién MNPQ.

3. Cho khbi chop tam gidc déu S.ABC l:ﬁ '
gitta cqnh bén vi mat day bing o, goc g
mat bén vi mit ddy bing B. Chimg minh
tﬂnﬂ-ztancr. ~ ,
4. Cho khéi chép tam gide déu S.ABC co canh
diy bing a, goc gitta canh bén vi it da ‘“ﬂ
60°. Goi M, N, Pmnlumthuman ;s
SB va 8C sao cho: SA=2MA,NS=NB,P J
Tinh thé tich khéi chop 5. MNP, ._.m
5. Cho khéi chop tam gide déu m




vin nhip. Trong Todn hoc va Tudi tré so 28
hang 1=1967, trang 15), co Gido sur Lai Duc
dd viét:

“SH nEHVER 7 dang 100..001
ao nhiéu chit so 0, la mgt bai todn chua
; dhegre”. Theo tim hiéu ciia chiing 161, hom 50
Jam nay chiura ¢6 phin hoi ndo trén Todn hoc va
Tuoi tré vé ciu hoi nay, co 1 cling vi khong ai
di sire (bdng tay) deé phin tich cac 50 dang
10,01 vérin (di 1ém) 56 0, ra thira s6 nguyén 10.
Rai viét ndy trinh bay cdch sir dyng GeoGebra
rhir mot cdng cu thi aghi¢m trong phin tich 50
10...01 ra thira s6 nguyén 15, vi gop phiin tré lén
ciu hoi trén, trir mot trurdmg hop cudi cing.
2. Gidi thifu vé GeoGebra. GeoGebra I it

cong cu hiru ich trong day va hgc theo chuong
wrinh v sdch gido khoa méi. Ban doc 6 thé

1im hifu cai dat va sir dung GeoGebra theo [1].

3. Sir dung GeoGebra trong phin tich sb ty
nhién ra thim sb nguvén tlh. Mot sb tr nhién
lém hom 1 chi chia hét cho 1 va chinh nd duge
goi la 50 nguyen 6. Vi nhimg 0 lém, thudt
toan Euclid (va céc thudt toan khac) & thin diém
hién nay chua thé cho ket qua trong thér gian
thye (théi gian dit ngdn). Vi viy, viée phin tich
mot s6 ra thira 6 nguyén t6 viin cbn 14 bai toan
rit kho, ngay ca vin h¢ thong mdy tinh song
song c& ldm va cdc phin mém chuyén dung.
Mat khic, voi phin mém thwong mai Maple

hofic ph.":m mém free (liy ty do trén mang)

GeoGebra, c6 thé phin tich duge so ty nhién

bt ki véi khodng 30 chir s chi trong vai giay.

Dé phiin tich mdt 56 ra thira sO nguyen th nhi

GeoGebra, ta mé GeoGebra, chon CAS
(Computer Algebra System-hé tinh toan dai 50).
Sau dé chi cin khai bao duy nhat mét 1¢nh phan
tich mét 56 nguyén ra thied so iFactor (), vai 50
ciin phin tich duge khai bio trong ngogc, thi du,
sé dang 10...01, may s& cho ra ngay két qua nhu
trong Bang 1.

Bang 1: Phan tich cdc so dgmg 107 +1 vai
n =2, .., 49 chit 56 0 ra thira sG nguyén 1o.
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O ] naY

I¢nh chaa: O nhar sau

RUES 0T (U (U e 10

1

e 10 v 1)

i1 llﬁ“ 10

viv, ciu i eta o Gido su Lai Bire Thinh

v trad ok G

¢ thily rd hom trong Phy lpe 1 dudn day

ue s
10
=107 +1 =11=9091;

#1 =1 1=909091;
10741 = 1 1 x 90909091,
GOO0000001=10"+1 = 1 1 x HS0S0909 1;

WM =10

R AL L]

MO 000001 =10" +1 = 11 % Q0909099 1;
10" +1 - 11 = 90909090909091;

11 = 909090909090509 1;
107+ 1= 11 909090909090909091,

1 = 11 9090909090909090909 1,

10°" +1 Ih'}mﬂﬂﬂmﬂumﬂwﬂwmrm_

L1 = 11%90909090909090909090%0F I;

+1=l lemummmmummL

- L 1xg-ﬂ-t}m{‘ﬂlmmuwmmnuntmmum1,
=1 'I::Wumn'iumuwmmnunm_}unm-.

1 -]ﬂ]tmmmﬁnﬂrluuum;

10

107 +1=1 |Wﬂrmnma AR
o™ +1=11%
" SRR
(0™ =11
x FOROROROO00 R
1™ #1=11=
n mmmm;rmmﬂﬂnm :

gc du voi n du lom, thi du, vin

Ap dung. M
bra khing thé phin

n= 35.40,4Ldﬁ.5ﬂ. Geolre

tich duge cdc <6 d6 ra thira s (GeoGebra cho

). Nhung ta vin khing dinh

dau 7, xem Bing

duroe nd chin hét ¢ho 1L, Ta o thé kiém tra didu

Fl=11x9: 7

Wiy chi con

Khing dinh 2. Coc S0 &

Nhin xér 2.V K=

Wi I k

nhiy GeoGebra bing phép chia (st dyng

(VAT A

A RO BB FARE TR B RS AR ]

(Ll s BERT SR
FETLHE M 40RO L L LR

TR RR LN

S C LR LA P L LD YRR ELL L L LR LY

R AERT AR

b AERA RIS E TR TR spug o e E0iEd (LT EE R

pEa e i1

AP N0 YRR YRR BN VARST290 #0090 HEh0REEOREE] 909 1

ohira biét cde 50 dang Ny O 1a

0 nguyén 1o hay khong.

Quan sit Bing | 12 di deén

e M 10,01 wn

s sio O chia el hix 101

ke )

0 thi 101 1 sb nguyén t0.

Chimg minh 1, Phép nhén trye tiep cho

100..001 = 99009900, 99009901 x 101
-II--I .

| b bin 9900 vi mt b 9901 & cudi.

Chirng minh 2. 1a co

100..001=10""" +1

m——
b el

- (10" + 10" =10
_ 101 % 99009900, 99009901.

107 +1)

L 3 1“”. 4 £

= 2k * | ¢hi cbthé lan = Ak, + |
2k, + 1}. Ta

Cicsolén
(khi k= 2k;), hoje n = ak, + 3 (k-
+ 1 thi N, chia hét cho

43 thily ring, néu n = 4k
Thinh dd

101. Viy cdu hoi cua Gidio sur Laa Pac
tra loi thém mgt phan ne (tong cong d&

dgre
:41:,. +3. Co

biing 3/4). Chi con cic 50 dang n
h thiy rd hon trong Phu lye 2 dudi diy.

S§ 517(7-2020) T% 1 7




FPhuy lyc 2:
10°+1=101%9901;

10" 41 = 101 % 99009901;

+1 = 101 = 99009900990 1;
107 +1 = 101 990099009900990 1;
107 +1 =101 % 9900990099009900990 1,
107 +1 =101 = 990099009900990099009901;
10" + 1 = 101 x 990099009900990099009900990 1;
0™ +1=101x
*GH00990099009900990099009900990 1
10 +1=101x
=*SH0099009900990099009900990099009900990 | ;
10* +1=101x

"'|I""II'“Il"'Il"‘Il"‘Il"'H"‘il"‘rl"ll"“"‘l

Ap dung. Mic di Geogebra khong phin tich
duge N,,.N,, ra thira s (xem Bang 1), nhung

n=3T=4x9+1 va n=45=4x11+1 nén ta

khang dinh N,,,N,, chiahét cho 101. Ta c6

fiEE et

= W0 0RY00¥ 008 D0RER0FN DOURO0RE 0OORG]

10 e8s Tif0E

- AUOOIROEEYE0F0 00UY IESRA0NG 009 DeAN 094 000901

Quan sét tiép Bang 1, ta thiy néu n =8k +3 thi
N, chia hét cho 10001="73x137. Ta cé

Khiing dinh 3. Cdc 56 dang N, =100..001 vii
qﬂﬂwﬁmwm 10001.

il'q .-l' A
"_.._ i’l .-ﬂllrrl Em‘i].-?gxlﬂ lﬂ

MR T 4
R T T

=t

Bhed '|=

100...001 =10

PR

= (10* +1)(10™ —10*~* +10""* —...—10" +1)

— 10001 = 9999000099990000.. 9999000099990001,
Chc sb 16 n=4k+3 chi co thé & n=8k +3,
(khi &=2k) holic n=8k +7 (ki k=2k +1)
Vily chi con truémg hop n=8k +7 la chua cé
cdu tra 1én, ndi cach khic, ciu hoi cioa Gido sir
Lai Pirc Thinh dd dge tra lii thém mgt phdan
tam (10ng cong hing 7/8.)
Cé thé thily rd hom trong Phy lyc 3 dudi diy.

Phu lyc 3:

10" 41 = 10001 = 99990001;

107 + 1 = 10001 = 9999000099990001;
107 +1 = 10001 x 999900009999000099990001;
10™ +1=10001x
x99990000999900009993000099990001;

10% +1=10001x
x999900009999000099990000999900009999000 1.
Quan sét tiép Bang 1, ta 6 thé nhin thiy néu
n=16k+7 thi N chia hét cho sb

100000001 = 17 % 5882353, Ta co

Khiing dinh 4. Cdc 6 dang N_ = 100,001 véi
n-mn'r E#ﬂ'.!li‘ﬁﬂhm hét cho mumunm

Nﬂuwi Vi k=0 thi
100000001 =17 x 5882353 14 hop 56,

Maﬁﬂﬂmmﬂhﬂnﬂwhﬁpﬂhﬁ

s



SRR T

001=10"" 4

0F +1)(10™ =107 +..=10"+1)
(WM

o 09aQaaNN000NONN R VIV TS TR T TATRTN A

e thiy rd hem trong Phy Iy 4 dum day.

(EuL" '1:
100000001 = 999999990000000 1
¢ | = 100000001 =
S9H900000000999999990000000 1,
Rk +7 chichbthéla n=16k +7 (kh
=, k) holic m=16k +15 (khi k =2k +1) nen

i con cac 50 voi m=16k +15 la chua biet.
rong quét hoa tir bon khang dinh trén, ta di dén
Dinh I 1. Cae s0 N, n=2"k+2 I, chia
ho 10...01 wai 27! =1 56 0, vwoi p=L23,
Chirng minh 1. Whin tryge tiép ta duge

100...001=10..01
et el

ol L it | r i |
%9, L}HGQQ{LEUG?I !

e i

il
Chung minh 2. Ta co
00,001 =10

|

]

+1

107 +1)
wF F L) HiF _::i“ :l _]:r'\-
(1070 =107 #1071 —10° 1)

...09...90..01,
100012800 SO
T

T Dinh 1i 1, cho p=1, 2, 3, 4 1acd céc Khing

dinh 1, 2, 3, 4. Nhu viy. ta da khiing dinh duge
ring. hiu hét cdc s dang 100..001 1d hop so.
Cir mdi Jin cho p thay d6i, p =1, 2,.. ta lai
chimg minh duge mat nira s6 con lai 1a hop s0
v chi con mot nira s6 con lgi & chua kiém tra
durgre. Nhumg

1-rli'-... lL]i-I+i+...1=L
2 4 & : 2 4

Didu niy din i dy dodn, ta d8 vét sach tit ch
che so tyr nhién. D¢ chimg minh chit ehd dicu
nily, ta phii chimg minh ménh d¢ sau

Miénh Ak 1. Mol 50 ne whién n déu ¢o dang
=2k 4+2F " =] {1

Clurng minh. Gia su n chpy trén Khodng

| =g myael
| o= g ]
h

e la 2' < n< 2%, vai g=012..

- i N A -
n=2m-1 trong h¢ dém co 50 2 ta
- | .

ol S
.-|"1

5 |
Bitu dien

é-1 o
n=24a2"" +..+a,<

durgre .
rong 46 a, =0 hofc a =1 vii @, =1 12 h¢s0

i p . i 'l'. " - Yy
cubi ciing khdc 0 rrong bidu dicn co 50 = Cud #.

Ta co:
] g1 ar o3Pt
rm t l-ull + .ot d d * 4 |
sl F-1
it L a g g 2T Y427 =1

=2 k427 -1

Vi [L+x)= U [:",2*”]. nén cho g lan lugt
g0 g .

chay trén tip céc s6 ty nhién, ¢ =0,1,2.... thi s0
e nhién 1¢ n chay trén todn b) tip e sO 1é va
6 bitu didn duéi dang (1). Nhin x€t ring néu
n =2k thi n ¢b dang trén vin p= 1.
Ménh dé 1 duge chimg minh.
Nhur viiy, chi con lgi trudmg hop: Cac s dang
10.01 v 27156 0, p=2.3... ¢0 la 50
nguyen to khong?

Sau khi phén tich, bing con duimg ngin gon
hom, B& An Khinh cling 43 di dén Dinh 1i 1
béng cdch chimg minh Ménh dé sau diy.
Ménh 08 2. Néu n22" < wii p=2,... thi moi
so damg 10..01 wii n 36 0 It hop so.

Chieng minh. Ta ¢ 100...001 = 10" +1.

Khd ndng 1. Néu n 14 chiin (n = 2k ) thi

S6 517(7-20pittps ml@m@]




]MI z]ﬂ:‘.l s

o ]

=(10+D(10* —10%" +10* 7. -10+1)

nén 100..001 chia hét cho 11, do d6 la hgp sb.

Tk
Kha ndng 2. Néun lale (n=2k+1) thi n+1
la chin va n+1=2"g= pg, trong d6 g la mjt

sb 1. Khi ay

10..01=10"" +1=107 +1=(107)" +1

= (107 +1)((107)"' = (107) 7 +(107)" . +1)
Viy néu n+1=2"g=pg vdiqlasolé thi
10..01=10"" +1=10% +1 chia hét cho 107 +1
va do d6 no6 1a hgp so.

Viy chi con chua biét ban than s 10..01 vai

=271 v6i p=23.. cb la hgp so hay

khong. Ta ¢6 (chimg minh xem Todn hoc va

Tusi tré, sb 120, théng 4-1981, Bai 2/116).

Minh dé 3. miJnﬁde.WMrn;

rﬁ“ 'ﬂu " -I-

qu.r = sl

_________

107 +1=(2° 310+ 1)x(2° 15253 +1)
«(2%-96679+1)x(2° 13037928227790 +1).

Tuy ta da biét chi c6 hai truomg hop
11=10% +1vd 101=10" +1 12 cdc s6 nguyén
té, ta vin chua thé khiing dinh tat ca cdc s6 dang
10 +1 la hop sb. GeoGebra khong thé phén
tich tiép duge cac sb dang 10% +1 ra thira s6
nguyén 1o, nhlmgnﬁt:ﬂﬂ!ékhiﬂgdiuhﬂcsé
dang nay 13 hop s6 véi p=6,7,...12. Sir dung
lénh 1sPrime (co phdi la s6 nguvén 167-
GeoGebra s& tra 1ii: false (sai, nghia la sﬁﬂﬁ
kiém tra 14 hop s5). Dé 1am diéu nay, GeoGebra
chi cin tim mot uéc s6 cia sb di cho, chir
khong cin phén tich ra thira s6 (tim hét tat ca
céic wdc 50), do do dé tra 1n hom:

—

IsPrime{ 10°246+1)

hlﬂij

'l;.l,l'l
||LII-|:-| L

lF i'l-.”"'l“
I‘Ln.fl

[ -
4 ;ﬂ..
I- - r d i) .-Iﬁl' ||' LT

§Usb g +'



gl i 1
Ba Han :‘EL" nch so Gang

ra thim sb nguyén 6 lién quan den
sau ddy: Tim 5o nguyen 10

. T S T
¥ { |.:l “.:l;l.\.l‘

clia nd la mit s nguvén 10 g md
it 50 Clea g la.l
il Vi g = 2 nén p chi €O !.h-;: Ci d.',!.ﬂ__il

Néu g 1a s6 nguyen to khac 2 ma iﬁnE

T s cua po la 2 thi nd phii co dang

Thi du: 11, 101.
1én bai toan: Cé bao nhiéu so nguyen 16

0...017- hién nay ¢ 12 chua c6 ciu tra ln
Lai Pire Thinh, Toan hpc va Tuot [re 50
ang 1-1967, trang 135).

anh 2. Dé tim cfiu trd K cho ciu ho cua

Giao su Lgi Bic Thinh, thye ra chi cin
chimg minh Ménh dé 2. Tuy nhién, rong bl
:m}. ching 16i mudn trinh bay con duomg i

den loi giai, cing kha vat vi va cOng phu, va
phai dang dén cdng cu thi nghiém 14 Ge -oGebra,
31 mén di dén duge chimg minh toan hoc. Bong
thin, qua b viet, ching o1 cung muon gei ¥
ban doc sir dyng GeoGebra trong day va hoc
toan, thim chi trong gidl quu.t cac gia thuyveét
- hoe. Mt ciu hoi tuy nhé, phat biéu don
cian, nhung ton tgi 50 nim (va biy gid ciing
van chua gil quyé'( tron ven), ¢d 12 cing ding
duge trao d6i wén Todn hoc va Tuoi mé. Tit
nhién, khong logi trr khid nang d3 cb chimg
nunhm@-:pmnﬁdulncésndang 0% +1 vai
pelp=zl vd p di 1ém ( p>12), 14 50 nguyén

1, ma ching i chua biét.

Vi thanh 3. Cuéi cung, ching toi néu thém
mdt thi du chimg to kha niing giai qu} ¢t vin de
ciia GeoGebra trong Phdn tich 56 ne nhién ra
thiea s6 nguyén 16.

Thi dy. Phan nich cac 5¢ sau ra thira 50 nguyen
l';-\._ 1 l.:"' _-i'-‘—:
8 e Ix13x]Tx19x23=2
-:."'--_-";x:'l.] x_i.l-.:f ¥
S dung {rm{nﬂrm ta duroc
T cas =
4 By 1 AT I
EEEEL T

T T TR T

= IEISeEDD

TN -
- - AT - ASTY

3 e m |

Thi du nay lién quan dén ciu hoi: Cdc 56 dang
A =ppea ? (hidu clia N h cac SO nguvén

i 16 lién tiép va 2), trong do p, la 56 nguyén to
Ié thir k, co ld 56 nguven 1o v mgi n?
Trong [2a], in lu trong [2b], ch Gido su Lai

Pirc Thmh viet: Bang cach anr 1a Ihm rm!,q'
cac 50 Ay AgyAss Ay A déu la 56 nguyén t6. Co

I thir v&i mot vai gia i nita cia n, la 5€ om
diegre mot hop s6. Tuy nhién pmudn kiém tra A,
can lam 300 phép chia va kiém tra A, can 1300
phép chia, tic la mat vai buéi lam tinh.

Dung GeoGebra, nhr tren ta thiy 4,, 4 14 50
nguyen th, nhung A4, la hop s0. Hon nira, vin
GeoGebra. chi mat vai phut su dyung l¢nh
{Factor dé kiém tra, thi: trong 21 s0 dau, céc 50

A A A A A A A Ay Ay Ay A
A céc s0 nguyén 16, cdc A, con lyi 1a hop 50.

TAI LIEU DAN
[1] Bii Viét Ha, Huwdimg dan su dung nhanh
Geogebra, School@net.
2a] Lai Birc Thinh, Noi chuygn vé SO nguyén
t6, Tap chi Todn hoc va Tudi tré, so 7-1966.

[2b] Tuvén tdgp 30 ndm Tap chi Toan hoc va

Tudi ré, Nha xuit ban Gido duc, 1997, trang
343,

TOAN HOC
 cTusitge 2 1
https://tieulun.hopto.org
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CAC LOP THP
Y Biii T6/517. Cho sir x, v, z, ¢ & cac s6 thyc sao cho

4y 42+ <2, Tim gid trj Iom nhit cia biéu

thirc:
Plx,v,z,0)=(x+3p) +(z+31)
(x4 by +(x+z410). %
i VI BUC SON (Ha Ni) :
CAC LOP THCS v Bai T7/517. Tim tit ca céc $6 thye x sao cho
“Bai T1/517 (Lép 6). Tim tht ca cic sb nguyén to [2x =5x+2] 1
pdé 27+ p° la sb nguyén 1, .[ ' —x+l } 2

PHUNG CHi TU  trong d6 |a} 1a ki higu phin 1€ cia s6 thyc a.
(G¥ THCS Phueemg Ligt, Thanh Xudn, Ha Noi) DAO XUAN LUYEN
¥ Bai T2/517 (Lép 7). Cho tam gidc ABC vudng (GV THPT chuyén Lé Quy Bién, Binh k)
cin tai A. Piém D nim bén trong tam gidc ABC ~ Bai T8/517. Cho tir gidc 16i ABCD co hai diuomg:

— — —— ; 3 ; : a1 ! 01 | {. |'V. P.,, E
sa0 cho ABD=BCD=30". Tinh s& chép AC va BD cit nhau tai O. Gov &
¢ CD=30" Tinh so do goc CAD, theo thi t 14 hinh chiéu vuong goc cia @ trén cée

chuven Chu Viin An, ;ll::, ﬂii,jh.] AC va BD vudng goc van nhau khi va chi khi

: |
v Bail T3/517. Cho cic s thue duong a, b, ¢ thoa . S
min a+ b+ ¢ = 1. Tim gid tri lém nhét cia biéy OM*, OF (ONS#00
thirc NGUYEN TIEN TIEN
i 1 (GV THPT Gia Vién B, Nink Binh)
+ i

/ . ; _
= + ; ~ Bal T9/517. Cho a, b, ¢ li cac s0 thye duong thoa
at+d b+3 c+3 Hab+bc+ca) man a + b+ ¢ = 3. Tim gi4 trj nho nhit i blﬁ
LAl QUANG THO G W Ee
Wlﬂﬁnnﬁﬂrrmm Vinh Phic) WDite P=—t—s—+

¢ a ab+bcica

. n&ﬂ;ﬁ=ﬁﬂﬂ H{JAHGWHH!E,

’ (ﬁmu&s {vaﬂmmmw
,-ﬂ{ it dutng Tmnrmm.m.m.

viao didm cia  Bil T10/517. Cho p 1A 6 nguyén t6 va k 1a sb

nguyén duong. Tim tit ¢d cic cip (p, k) sa0 cho;
ki=(p'-X(p'=pXp' - ).

LA BAI CUONG

e 1 IGPTHPI'ﬂmLﬁ.MIrﬂ'

Bai T1 'I'hnthﬂcﬁuhﬁmsﬂ,{ Z-

i _ﬂ&'f{zﬂaw@mg@@




P

). Ba duimg cao AD, BE, CF cit nhau Bk 11517, MOt vt dao ddng didu hod visi chu
C ICAWCC, ) i lugt Th che duomg ki 7 vi hién 40 A4 = 10 em. Tal thdi ﬂhﬂ-n
hnl;. B H,Ll. CA. AH ot (C)wi vt ed I @) xy = 5 cm va the A0 vy, Dén thivi
r Shik b ] - J [t a
o ke ' : L sy = Sy cowis
VoM thule dogn AH), BH cit (L Jl.mdlém diem £ =1 + 7 viit cd vin the v,
wic dogn BH), CH c (C)) diem P (P
Joan CHY. AN ct (C) diém § khie A4,
. (C,) tai diém T khic A. Dutmg thing NP
ytai diém X khac P, ¢t (C,) tai ¥ khae N
v ¥T i diém Z. Dudmg thilng qua 4 vudng
i NPt (C ) tgi J, ot (C5) wi L
wimg tron tim A bén kinh AN cit (C) Wi
' 2 V. clit () tai diém U, Chimg minh rﬁng_hu : [ - “"\]m]
. 5 i 5 1 3 n 1 ayig | i —_— #
| .m ¥, N, I thiing hiing vi ba diém U, P, L thing  §, hcu:.[u:H _JIM vt iy = OC

21

Xic dioh v,

VIET CUONG (M Nal
Bai 127517, Co ba dyng ¢y pOm dién tro thudn
R = 30 €, cudn cim thudn L vi W didn C. DRt dign
dip xoay chidu u = Ugcos(ue @) (V) lin l11.n.;|t m
hai diu dogn mach ndi tiép chir &, L v chira R, C.
Khi d6 cuimg 40 dong dign trong mach

' Chimg minh ring tim dudmg tron ndi tiep am PR dign dp trén Va0 hai dﬁu_mﬂ'm mm.:h " R'-;" t

L ac X7 14 diém cb dinh Khi A thay d6i wén (O). i ndi tiép thi cong sult ti¢u thy dign trén Gogn

CGUYEN NGOC TU (GV THPT chuyén Hi Giang)  mach lie 46 biing bao nhiéu? o, Pk
NGUYEN VAN LINH (Ha Ngi) THANH LAM (516 7%

— w

TOAN HOC
S5 517(-2020 ' CTudifye 23 |
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Bii T1/513. Tim coc so nguyén 16 p, q, r thoa man
;J*g:-r1=2[1ﬂ

Léi gigi. Tugia thiétp + ¢ + 7 =200 suy ra
¢ <200, do 86 r < 5, ma r 14 sb nguyén td nén chi
xdy ra r bing 2, hodc 3, hofic 5. Xét cic truimg
hop sau.
'\'ﬁir=ﬁlﬂﬁrp+f+ﬂ-mmmp+f
=200 - 125 = 75. Tong p + ¢ la 50 Ié nén phii
c6 mot sb hang la sb chin, sb nguyén t0 chin 12 2.
Néup =2 thi g = 73 (logi vi s0 g khong nguyén).
Néu g =2 thi p =71 (p la sb nguyén t3).
cVéir=3thitip+g +7 =200suyrap+gq
= 200 — 27 = 173. Téng p+fﬂ!&|&lﬂﬂ phdi
ﬁmﬂdmua&ma&wﬁdﬁnﬂ

mit trong cic b p. 4. r biing 2, thay vao p + r=+r
= 300, réi tim hai <0 con la
Cic ban sau cd lon giai dung. Thai Nguvén: Déng
Hodng Mink Dgo, 6A3, Trin Quang Khoi, 6AS,
THCS Chu Van An. TP. Thii Nguyén; Vinh Phuc:
Lé Thi Béo Ngoc. 6A1, Phimg Thu Thiy, Nguvén
Huy Hoang Som, 6A2, THCS Yén Lac, Yén Lac: Ha
N@i: Hoang Tudn Anh, 6T, THCS Luong Thé Vinh;
Nghé An: Lé Tién Hop, 6C, THCS Hé Xufin Huong,
Quimh Lwu; Hoamg Vin Khank, Nguyén Thi Bao
Negpe, Dao Pheomg Anh, Nguyén Vin Vigr, Nguyén
Thai Hoang Anh, Nguyén Dang Quang, Nguyén Hai
Tridu. 6B, THCS Ly Nhit Quang, DS Luong: Ha
Tinh: Dodn Thi Mink Anh, Phan Thi Chdu, Trdn
Hiru Nhan, 6A, THCS Binh Thinh, Dirc Tho: Quing
Tri: ¥ Nguyén Thang, 6A, THCS Trumg Vuong,
TP Ding Ha; Quing Ngii: V6 Hin Thanh Thao,
6B, THCS Phsm Vin Ding, Hanh Phudc, Nghia
Hinh: Sée Tring: Lé Negoc Xudn The, 6A3, THUS
Ké An, Ké Sich.

NGUYEN VIET HAI

Bai T2/513. Cho so thyre
L ¥ 2* 41 3+ R + |
3. 33,4 ¥ 433+4 98 +398+4

(tich 97 phdn 56), Chimg minh

- 6 2
S A P
10" = 83325

Lai gidi. Taco: Vi abk e N via> b > k thi
b_b-k ¢

.'_.'_';“}"1 i I
4 (" 434 4)-2 A +3ne2
B ) (L T G

N

3

--".-I':f-'"'-" =L
| N

&

1) : y
oy :':i::'. 13
g 1 ., [
| F 5 _; o .



P i T

il +3<n’ +30 +4nsn>] (dUNE

'\.-?L

ng (2) 1 co:
134 9596 97 98 2

Y576 7 798997100101 83325
wan xéh 1) Neéu tinh ey thé tich hai thira sb diu cuia
i dung (2) véin=4, 5, ..., 98 ta duge keét qud

h hom™:
2° 41 3 +1 25 - 1
= i g e
22 4+32+4 ¥ +33+4 154 0O
1 -! 95 96 97 98 4.5 |

6779899100 101 99,100,101 49995
Lhong nhiéu ban tham gia gidi bai nay. Cdc ban
-0 lin gia Lot
qung Yén: Lé Tuan Nghia, TC, THCS Poan Thi
b, Yén M Ha Nz Ngo Upén Nhi, TAS, THCS
huong Liét, Thanh Xuln; Thanh Héa: Nguyén
Vit Quang Anh, TH, THCS Trin Mai Ninh, TF.
[hanh Hoa.
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s e, T

TRAN HUU NAM

gai T3/513. Tim it ca cdc 56 neuvén duong
g

: = ﬂ+h"{'1|-‘|- 3= i
d thoa muu!l

g+b+ecvd=-3= cd

Liri gidi. Cong vé theo Ve hai diing thirc trén, ta ¢b

ab +cd =28 +h+c+d)-6. Chu}fén ve, ta co

ding thirc toromg duong

(a=2Xb-2) +(c-2Nd-2=2 (")
Néu a=minfab.cd} thitir (*) va gia thiét a, b,
c. d 13 cac so duong nguyen, ta suy ra
~1<a-251.

Chi 6 3 kha nng Xay ra :

|} Truémg hgp @=2=-1. Trong trudmg hop ndy

a=1. Thay vao hai ding thire ban dau, ta ¢6 hé
c+d=2

phuong, taal {b;ﬂd

cho ta nghiém nguyén duomg (c,d)=(L1) v

diing thirc thir Bai cho ta b=1. Nghi¢m cila hé

phiromg trinh (a,b,¢.d) 1abd (1,111).

2) Truimg hop a-2=0.Tacd a=2,va (*) la

(c—2)d-2)=2 cho nghi¢m (c,d) la cdc b

. Dang thic c+d=2

(4.3),(3,4). Thay vao phuong trinh cia hé ban
diu ta c0 2+b+7-3=2b=b=6. Nghicm
phuong trinh (a.b,c,d) 14 bh (2,634) v
(2,6.4,3).
3) Trudmg hop a-2=1, b a=3 vi (*) chota
h—3=¢-2=d-2=1hayla a=h=c=d=3.
Bem hoan vi @ vai b, ¢ voi d, ¢ip (a, b) cho cip
(. dy ciia cac nghi¢m ndy, ta thu duge tat ca 10
nghi¢ém cho h§ phwong trinh ban dau: (1,1,1,1)
(3.3,3,3),(2.6,4.3), (6.2,4.3), {2.&,3.-‘1}.{&.1.3,4]‘
(3.4.6.2), (3.4.2,6), (43.6,2), (4,3,2.6).
Nhin xét. Cic ban sau diy c6 dip sb dling:
Sée Tring: Nguvén Anh Thie, TAl THCS Ké An,
huyén Ké Sich; Thanh Héa: Nguyén Vier Quang
4wh. 7H. THCS Trin Mai Ninh, TP. Thanh Hoa;
Quing Tri: Nguyén Anh Qudn, 8D. THCS Trin
Humg Pgo, huy§n Cam Lo; Hung Yén: Lé Tuan
Nghia, 7C, THCS Doan Thi Diém, Yén M¥; Hi
Tinh: Trén Minh Hodng TE, THCS Nguyén Trii,
Nghi Xudn; Pho Tho: Neguyén Dinh Huy, Dd Vigt
Hiduw 9A, THCS Tri Trén 11, Yén Lip; Ha Ngi: Lé
Negoc Ting, 9A, THCS ngyrf-n True, Thanh Oa.

v DINH HOA
Rai T4/513, Cho nr giac {BCH co AB = AD,
CR = CD:wd ABC=90". Goi R véa rlan hegt la
bein kinh dwomg tron ngogi Hep va ni tiép i gid
ABCD. Chieng minh r:;m_g R= rn..'.“:l.
Léi gidgi. (Theo ban Than Kieu Trang, 9A3, THCS
An Khanh, Ninh Kiéu, Cin The).
Bii todn tong qudr. Cho tir gide ABCD ni tiép
diedmg tron (0, R) va ngogi Hé}: dudmg  tron
(I r). Chimg minh R2r2.
Thét vily, dit AB=a, BC=b,CD=¢, DA = d.
Vi tir gific ABCD ngogi tiép nén a+ ¢ = b +d.
D& chimg minh duge

|
8 i =-2-lﬂ +h+c+dlr=(a+ec)r (1)
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e .~ - @
28 ey S ab+od.
Tuemg ur: 25,00 < ad + be , din 16
45 < ah+od + ad + be ={a +cXb+ d)
=(a+¢) (2)
Tix (1) va (2) suy ra:
B 2 APS e = S i B WS

Mat khic, e s%

ARCD

AC.BD < 2R*, do db:

R 247 hay R2rl2.
Ping thirc xdy ra khi vi chi khi ABCD 1i hinh
vudng.
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Lii gidi, Ap dung BOT athHs Ji[u lﬂ .

“.. ‘.' Vv :
sk . i
o0: { . F & N i

. 3 1
“w I ; ‘... - .I'I — £ |:”
‘ :H ,.||r'|."l ¢2° 1 Je' 448 :,ri.'l.'j+_|.1'I
bt a- \I\: by, b \fl_ir" L :".. cuyz wy
=a, b l.lmmu vil @+ b4om 2020,
o +¥ -

I'f +f. "IJ-I ]

Ta co: il'l- -—'i——-}"

2
] . h‘l +El - ﬂ':
£ a " £
BOT(1) trdr thinh: .
> [ n’+e=-b’*u’+h‘~r .e‘.-'i-:" 5’] 2)
Eﬁ b ¢
. a -H.' u +b’*hl+p #{H*"""']J
T ” a
z‘m(zfﬂ':" ; ::“ -1{:-31:]_

Ap dung BRT Cauchy cho hai s0 hang trong mai
diuw- ta ch:
zau 2ah  2be
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I : ;
ig+b+c)] =4 L ]r‘.r, tir (2) ed the lim nhu
i e
' _ﬂl_ o A h e : e e
f i i 3
a +b+et a+b et
— 4 —_— =g i
5 = ..{H*hf.l c)
2 L hiet }' ._+1_+_I'_1Im:.u
Lrj [
-1 18 Bt G 104
la+h+e) | —+= "J-E.Eﬂlil
a. b ¢

1+b+c)=2.2020 = 2020.

Al ratir (2) oo thé st dung bit ding thire
: [u +h+ r:}

u.‘ e
X+ ¥4z

-I'.
e — e —=

-

L

x ¥ Vx>
{¢ ude lugmg,
(e ban sau diy co bai gidi 11 :
Nohié An: Pham Ngpe Trinh, 9B, THCS Ho Xuin
Huong, Quinh Luu; Pham Van Quyeén, 94, THCS
Ly Nhit Quang, B Luong: Ngd Thi Anh Binh, SE,
THCS Pang Thai Mai, TP. Vinh; Ha Ni: Le Ngpe

Timg, 9A, THCS Mguyén trye, Thanh Oai; Thanh
Héa: Lé Thi Thiyy Dung, 8C, THCS TTr. Trigu Som,
[¢ Thenh Trung, 9D, THCS Pién Bicn, "l-,i,flnrr.n Viét
Orang Anbig THy THES Triin Mai Ninh, TP. Thanh
Hos, Phi Thes Tran Mink Khoi, 9C, THCS Viin
Lang, TPS Viét Tri; Quang Tri: Nguvén Anh Qudn,
%D, THCS Trin Hung Dao, Cam Lo: Vinh Phue:
Trin Thé Théng, 8A, THCS Nghia Hung, Vinh
[ieimg; Sbe Tring: Niguyén Anh Thne, TA1, THCS
Ké An, KéSach.

NGUYEN ANH DUNG

Bai T6/513. Cha cac %6 r.‘u.!-r dieerrie @, b, € thoa
mein abe ™. Chieng minh rang

’ ab (_'3‘_ L [ca_ _arbre
..-+.m_|.+ (r_rﬁ:+td J—E .

[_.ﬁgfﬁ Trong L giai bii toan nity chiing ta sé
diing céc bt diing thirc (BDT) sau:
1) Bit diing thire Bunyakovsky: Vi cic so thic a,
b, oz

[a’+b’+¢’}(x"‘+_1 +2%) 2 (ax + by + ez)’
{ﬂ{nF+b‘+s‘)[:"+y‘+e*}— (ax + by + c2) =
(ay— bx) + (bz— cv)’ +(ex —az)” 2 0).
2) Vi cde 50 thue duong x, y ¢0:

.]...p...l..a-_L
X ¥ Xty
L xsy
b 4 ==l X -

{'.'r yooxy "n"',ﬂ 4-1]" (x '-11' =0).
y i oy
Th oo Sau I.“_“ oyl " .
#hf | fac® ﬂhi' \IIEI ‘qr_‘ 4+ il

rromg i cho ha s0 hang con lai cua bicu thire &
b i cta BOT ciin chimg minh (ki higu la P) 1a
thu durgre:
| a_ | | b I
P 4 —
Jo e +a .,.lru '\:;hh .h

Sir dung cac BT 1) vil 2) ta ¢
y |. I I.hll I'F) -h L ]I
v e W, : e
i E(t‘+H+fJJ[L"1-£I+{I+I’J‘ b+

+c a afl 1
*.2” = -r—.(—+—]
e ec+a 4b e d

e

h+c

1 | a ca a
= e e = ) e ——
c 4b dbc 4 4
1 1 ™A b ah b
— et |, < hot—+—
s [g-radrhju-lub 4 4
|r1+l-m-l- _—L—-'Eui+h—t+{-—
\c a b)) b+e 4

Suy ra: P:E%lﬂh+bﬁ'+t'ﬂ}+li|{ﬁ:+h: +r=]
:lzla+h+:'}! —%{n: +h 4 —ﬂ-‘:—b{‘—n'a}

:-}E{u-n- btc) —%[[u—h}’ +(h=c) -1-{‘1_&}:]

5!’l|r1'+.'1+f:]| |
2

a+h+e

J2
Péng thire xay rakhi vichikhia = b =c= 1.
Nhdn xét. Diy 1 b todn bit dang thirc hay, cd
nhidu bién dbi dep. Cée ban hoe sinh sau c6 i gidi
ding: Ha Ni: Neupén Xudn Ting, 10T, THPT
chuyén KHTN, PHQG Hi Noi; Thanh Héa: L& Th
Thicy Dung, 8C, THCS TTr. Trigu Som; Ha Tinh:
Tran Huy Bee, 10T1, THPT chuyén Ha Tinh;
Quing Binh: Bii Ngupén Thanh Ngdn,
Neuyén Khanh Huy, 11T2, THPT chuyén VO

Do do: P<

o6 17018 atipp B



Nguyén Himu Hodng

Nguyén Gidp, Quiang Trj:

Long, 10T, THPT chuyén Lé Quy Don; Ba Rja -
Viing Tiau: Phan Trung Kién, 10T1, THPT chuyén
Lé Quy Bon, TP. Ving Tau;, Bac Lidu: D¢ Van
Duomg, 12CA, THPT Tran Vin Bay, Phuée Long;
Chin Tha: Trink Tuyét Nhi, Do Thanh Xudn, 11A3,
THPT An Khanh, Ninh Kiéu, Trdn Thi Kim Hodng,
Tran Thi Kim Phung, 12A2, THPT Nguyén Viét
Héng, Ninh Kiéu, Nguyén Cao Tri, 11A3, THPT Bui
Hiru Nghia, Binh Thiiy, TP. Cin Tho,

NGUYEN MINH BUC
Bii T7/513. Gigi hé phiemg trinh sau trén tdp 56
thrc:
x & (—nur) (1
Sin V= sinx :M (2) (1)
x+x
V+r =5 =3agy (3)

Loi gidi. (Theo ban Ngd Qudc Bao vi tic g
Pham Hai Ddng) Ta co:

[S}ﬁ[[_}r-!- 7)' =5’ |3y + ) + 3my =0

= (y +1':-x=}|j[}++ :n:)’ +(y+m)x+ x’J
-J-ny{y+ n-x)=0

#{y+n—:ﬁ][y -H:? +:¢’ - yx mr+:g-]=ﬂ

l.'{ f—x

Do d6: (2) <> sinx——"3""~ :) =0 (2).
_r{'l: —J:'J

Bt fix)= 5|n.t———":r'_‘ Vi f(x) lﬁhﬁm

(f(~x)=—f(x) voi moi x) nén néu x=a §
nghiém cia (27 thi x=-a ciing 1 nghi¢m cla
(2). Do d6 chi xz0. Theo (1),
xe[—m:;rr} nén x<-x hofic x2n Do d6 chi

cin xét

cdn xét x2 .
Do x>7 nén u=n—-x<0. Mai sinuzu vi

moi 1 <0 néntacd: sinx=sin(r-x)2n—x

Mit khic, véi moi x = 7 ta co

n—x—%ﬂ—{n }I[ [Hx}]

Suyravoimol x 27 tach: :
.r{rc‘—x‘),

x(n’-x’}
x +x'
.w(ﬂ:‘—a:1 o

n(m —.r]

n’ﬂ"

f(x)=sinx- =sin{n—x)—

2(rn-x)-

Diu“h"xi;rraﬂ- x=n Viy v=0. Do x=n la
l&n nén x=-x (khi &y y=-2n) '-‘ﬁna E

'@mwlﬁ o6 ba nghiém

f“ﬂﬁ fn.ﬂ‘} (—-m—2r).
n Xudn Tiung, 10 Todn, THPT
.,ﬂﬂﬁﬂ Hi Noi, H Noi va ban Ngd




K
Goi M 14 trung diém cta EF, ké ON L ST (N
hude ST) va goi K 1a giao diém clia ON va EF.
vhi d6 vi P 1A tnge tAm cha tam gidge TOK nén co
OF L KT G
5 dung hé thire lugmg cho tam gidc vuong OET,
ta ¢o OFE° —OM.OT. Mit khac

OM.OT=0ON.OK va OE=0S

nén 05° =ON.OK. Suy ra tam giic SOK vuong
tai §, tir 40 K tiép xtic v dudmg tron (O) tai S va
do viy K.Snﬂnguép xiic viri dudmg tron @ . Tiép
theo goi H 1 giao diém thix hai cia K7 véi o thi
do KS ﬁép'xﬁn voi onén KS' = KT.KH. Ma
theo hé thire lirgng trong tam gidc vudng SOK cb
ks* = TN.KO = KH.KT=KN KO, din dén us
side ONHT ndi tiép, suy
OHT =ONT =90° = OH LTK (2).

Tir (1) v (2) suy ra ba diém O, P, H thang hing.
Vit gilc MPHT i tiép, nén
OP OH =OM.OT =0F" (khang i), suy ra diém
H cb dinh. Do 46 dutmg tron © ludn di qua diém
H cb dinh. Ta c6 diéu cin chimg minh.

Nhin xér. Ciing co the gidi bai todn niy bing cich
sit dyng tinh chiit cBa phép nghich ddo (xét phép
nghich déo cyc @, phuong tich & = R* , vdi R 14 bin
kinh cia duémg trn (0)) hofic tinh chiit cue va

diimg déi cure (xét eye — d6i oy dbi v dudmg trdn
(). Céc ban sau c6 1éi gidi gon hom cd:
Bic Ninh: Nguvén Tat Pat, 10Al, THPT Yén
Phong s 1, Yén Phong: Nam Binh: Pham Vige
Héa. 10 Todn 2, THPT chuyén Lé Hong Phong, TP.
Nam Binh; Quing Binh: Ddng Hodng Duy, 10
Todén 1, THPT chuyén Vi Nguyén Gidp, TP. Pong
Hai: Pong Thap: ,\"gu_w.?n Triic Nhwe Binh, 11T,
THPT chuyén MNguyén Quang Diéu, TP. Cao Linh;
Binh Dinh: Nguyén Huy Hoang, 10T, THPT chuyén
Lé Quy Pdn, TP. Quy Whon; S6c Tring: Lam
Khanh Hoa, 11A2T, THPT chuyen Nguyen Thi
Minh Khai, TP. Séc Trang: Cin Tho: Phan Trung
Pre. 11A1, THPT chuyén Ly Tu Trong, TP.Cén
Tho: Ba Rja - Viing Tau: Phan Trung Kién, 10T1,
THPT chuyén Lé Quy Bén, TP. Viing Tau.

HO QUANG VINH
Bii T9/513. Cho cdc s6 thue X, V. =
i y+z=0. Tim gidtrj nho nhat cua biéu theec:

L IR e T ‘
4> =2e" +1 4™ —2¢’ +]

Lii giai, Dt a=é. h=¢",c=¢& (vii a >0,

sao cho

47 -2 +1

b=0.c>0). Tach: abc= & = g" =1.Khi do:

1 1 1
S = - + . + - ——
da° =2a+1 4b° =2b+1 4c* = 2c+1

1 | 1
i +
3

. L&
4-1-+1_ 4—g+!5 4-—-1-+
a a b b

.ﬁ.p dung BDT Schwarz, ta ¢f:

[1 L ]’
— 4 —4 =
a b ¢

.I_-
-E'I

5z (1
II-E[-I-q--l--I--‘ )+ —l,-+—l.,-+ 1;
a"b ) a,. p ¢
Mit khie, theo BET Cauchy ta co:

(a+l]+[ﬁ+l]+[c+l]
. b C
>2, 'u.l +1Jb.l+2J.:- e )
a b .

1
“ ﬂbc-l n&n aﬁb_¢| bnl_uctlm m h'w

ac ab

Vol @) thduges —— 4= p 2 200
ab - e Eﬂ'+.ﬂ'+b+caﬁ

O, -5




¥ .I F
h—l] +(;~—I] +9 > 0).

Két hop vai (1), tacd S21, ding thirc xay ra khi
vichikhi a=b=c=1ex=y=2=0.

Viy gid trj nho nhit cia S bing 1, ding thirc xay
rakhi x=y=2z=0.

Nhin xét. Day 1 bii toan vé bit ding thire v i ¢
diéu kién, Ta cin d4t éin phy dé dua vé bit ding thirc
hiru i rdi sir dung bit dling thirc Cauchy-Schwarz.
Gﬁﬂ:&:hfm;nﬁnhszlhingﬂuhﬂdwg_hﬁn;ﬂﬁ
nhar sau:

SRR . O e O
Xéthim sd f(0)= 75— +3I0t {T’ﬂ ?ﬂhﬁ

L)

n2/0=
N
o =

i
gl s

im dé chimg minh f

& o

11 aig
—. Do

ﬂ..-=_]_"'?--| }..I |r|_ { _"4"_, .
4 2 -
pel . JNn=LZa ()
et 4 2
Ry, P
lr_‘__'_.:u' . 1-;14':"__ J:." ,
Tim cac gici han lima., imb,, ime, Hdy ting
quiit hoa bai fodin
Léi gidi. Cdch 1. St dyng bO ba hé s trong (1) 1

hodn vi vong quanh, ta xét iy (d,) vai
dlt =H:|" +bﬂ'= *C:'

ta co: d,:f +9 +2020° va

. =[[_;‘]’ (43 ].;ﬂ;_l B )

9 :
= ﬁ_(ﬂil +B; 4, y) (2).

Tir (2), sir dung phuong phip quy Dnap. ta chimg
s

9
l.'vfIII =(E

Vi lim
- i O (2) i o0
: lhm‘ =lim a}u =lime, =0.

';:“ C N

) (21 +9° +2020°), nelN (3.

(%] -0 nén nr (3), @ thu dugc

4 ;;ﬂ;-l + Em‘; 'i'w":....-:]'+

\g phip quy nap, ta chimg minh
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Y Ta c6 2" =—1 (mod p) nén 2" = 1 (mod p) (1).
-ﬁ'."-xl — LA N
L4 54 duong k 1 cip cia 2 (mod p), k= ord, 2. Theo
g, = :[-;‘J o (inh chiit cor ban cia edp, tir (1) suy ra K2k Ta ¢
- L1
|. 7Y 3 n ZIE 1 [mﬂdp}.-
i1 = —ﬁ?.ﬁ = -+ -:r o = 3 :
2 AR ? ?u[&‘] b g Néu k<h thi 2' —1<2' +l=p (logi). Viy k = h.
b oo g 3Y 3 Néu & 18 thi tr k | 2h suy ra k | h, din dén
mE 0. = 3 i ﬁTT = T R= .,:.... o
y x[ 41 3 x[d] iy Y=1(modp) =P~ 2 (loq).
Yy b iy ; i A\
=1343“{_%j q-f-?'fﬂ(i,l] ki Viukieching BRGKER & v e 1208
; 2*-—1=2:‘-1={1’—1‘r:?.‘+l]c:hiahét cho p. Do p
1o, suy ra: lima, =limb, =limc, = 0. j ; * : ;
g qudt hoa bai toan: |a 50 nguyén L0 va 9 _1<2" +1=p nén 2 +1chia

hai bo 56 a,,b,,60 va o, fy. Xeér ba ddy ¢ hétchop,suyra 2 +12p.

L (b e, duge xae dinh nhie sauw: Ma 2 +1€2" +1=p=>t=h. Tir do k = 2h,
I“' =—qd, , +Pb . + 1 = L2 Nhin xét. Chi co 6 ban tham gia gidi bii nay, rong
b, =va,, @b TR =12, ... 46 5 ban co i gidi ding véi cic cach giai khac
¢ =Pa,, +1b,—ac, . n=12, ... ahau, D6 1 céc ban (ngodi ban Binh):

Vinh Phuac: Tran Anh Diremg, 10A1. THPT chuyén
Vinh Phic; Ha Tinh: Phan Thanh Tin, 10 Toan 1,
THPT chuyén Ha Tinh, TP. Ha Tinh; Quang Binh:
Pang Hodang Duy, 10 Toén 1, THPT chuyén Vo

[im cdc gia han lil'l‘lﬂu,.li.mb". lime, .

Nhin xét. 1) Pé giai bl todn tong quit theo cdch g,
la+p+yl<]

ta can gia thiét thém {ap +py+ya=0.

afy =0 Nguyén Gidp, TP. Dong Héi, Thira Thién Hué:

, N. B hiedre, Toan 1. ; R

7\ Dé pidi bai todn tong qudt theo cich 2, 1A gy e **”"F“:"’F inge, 11-1odn 1, THPT chuyén Quoc
i hoc Hué, TP. Hué; Ba Rja — Ving Tau: Phan

them i 688 ?=Ii| T Kién, 10T1, THPT y Do

1) Mot sOIEREEEE tryc tiép phuong i T i ng -lE'ﬂ.. T chuyén L& Quy Bon, TP,

ohin bic hai cr nhdn dwge Két qua ding. Viing Tau.

Cac ban sau ddy c6 1 gidi ding: DANG HUNG THANG

Ba Ria - Ving Tau: Phan Trung Kién, 10T1,
THPT chuyén Lé Quy Bon; Ha N§i: Nguyén Xuan v ) WA :
Tung, 108 THPT chuyén KHTN. PHOG Hi Noi; viie vari nhau tgi X, Néu liép xuc trong thi (DY ndam
Quing Binh: Lé Quang Phiic, Ding Hoang Duy, "O"% (). A lé mpt diém ciia (D) khdc X sao cho
10T1, THPT chuyén VO Nguyén Gidp; Vinh Phiac:  1icp tuyén v (D) tai A car (O) tai hai diém phan
Trin Anh Duemg, 10A1, THPT chuyén Vinh Phic.

NGUYEN VAN MAU
H’f' T}MEH' Chﬁm e r:guyéf ' dm"’g_ sao cho v didmg tron (B, BA) lamd tiep tuven cua (D).
2= p la mol aﬁs nguyen 0. Tim 36 nguven

dheerng k nha nhet sao cho ot _\ chia hét cho p. Goi P 12 giao di A
Lt gidi (Theo ban Nguyén Triic Nine Binh, 11T, giao diém thir hai cua XB va (D); Q 14

Ml - < giao diém thir hai cia AP vi (B, BA), A lat
THPT ¢ ganﬂgugﬁ;nﬁuans Diéu, Dong Thap). 1\ oén vési (D) tai P. } 2

Sé 517 HMS:/XQWSTQ

Bai T12/813. (D) va (O) la hai dwong tron fiep

hiét hodc triung nhaw. B la mgl frong cac giao

diém dé, Chimg minh truc ddng pluong ciia (O)

iy




Vi () va (D) uép xic voi nhau tai X nén
OB/ DP. Vi A tiép xic vin (D) tai P nén A qua
Pvi ALDP Viy A quaPva A L OB (1)
Vi BO = BA va BA tiép xic véi (D) tai A nén

(0A,OB) = (AB, AQ) = (AB, AP) = (X4, XP)

= (XA, XB) (mod m).

Do d6 A, X, B, O ciing thude mgt dudmg tromn.
Viy ﬁ'rw=ﬁ-ﬁ=ﬁ-ﬁ=*p i (2)-

Tir (1) va (2) suy ra A 14 tryc diing phuong cua
{G}W{B BA) (dpem).

H’Hnmﬁ' 1) Bai todn ndy khang khé nhumg chi ¢ 8
ban tham gia gidi. Tuynh&n,mﬁts&h:nkh&nrghlit
s&dmggﬁcammmﬂmphwﬁuhm
phép chimg minh phy thudc hinh v&, mjt s6 ban phai
sﬁmmssﬂth:&{ﬂmm.ﬂammm
m!_.m.mﬁr hnahnm

Lai giai. Ta co:
L, =L, -Il'llE,—'- -Iulg[—) = 20.

Suy ra: 8B =1054. IImubﬂlrat‘Lnﬁmlrérndngn
AB nén SC =454. Lai c&:

I S4Y
[ =10lg~t =10lg| — | =12dB,
) “[SCJ g

do vy L.=1L, —12=38dB.
Nhgn xét, Cac ban sau ¢6 lini giai ding: Thira Thién
fluk: Hoang Bdo Mink Chdu, 11A1, THPT chuyén
Qudc hoc Hué; Bge Liéu: Dé Van Dieomg, 12CA,
THPT Trin Van Bay, Phuéc Long; Ciin The: Tran
Thi Kim Hiemg, 1242, THPT Nguyén Vit Héng.
(. Ninh Kiéu.

NGUYEN XUAN QUANG

Bai L2/513, Trong thi nghigm giao thoa anh sang
v khe Y-dng, khoang cdch gifta hai khe bang
2 mm, khodng cdeh hai khe i mdn bang 2 m
Chiéu dnh sdng rding o6 bude song nam (rong
khoang nr 0,39 pm dén 0,76 pm. Khodng cach
gﬁn HM: fr not co hai van maw dem 5 ac kh
nhau trimg nhau dén vdn sdng trung lam o ren

man la?

L gidi. Vllﬂﬂhuﬁn,ﬁnvﬁnmmaﬁmﬂlm
hﬂﬂnsﬁmtrﬁngnhuuﬂuivinsﬂngﬁn
(k + 1) cia birc xa tim (A, = 0,39 pm) tring vai
vhﬁ]al*kehtﬁn:;l

ik+1}h=ﬂu 511&5%1_& (¥ k 13 nho nhit).

TR s

iﬁ_mw:;‘ﬂé’kzhﬂﬁ:&t“ 2.
it ng tam nhét:

et D %a,aa.m*x
R 0 0T

=L17.10"m
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ohién ciru vé dly s va s hgi ty coa day 50
song MOL vai trd quan trong vit then chot trong
.- phét trién cua hiu hét céic finh vy cia todn

. Phuomg phip gioi han I phrong phip co
an ma dua trén do gidi tich todn hoc duge xiy
Jume vi mot trong nhimg phép todn co ban cua
(i tich 1a chuyén qua gidi han.
Nhu d biét, ddy truy hoi cﬁp mit

) R, Uy =aGU, + f(n) (n21)

43 dugc nhiéu nha toan hoc nghicn clru va da
dat duge mot 50 két qua nhét dinh. Trong khi do
day truy hoi duge cho b cong thirc
(1.1)
voi b v e la cac 56 thye cho tnroc thi it
duge quan tam hon vi d§ phirc tap cua no.
Bing cach thirc tuomg tyr, chiing 101 cing nghién
ciru su hoi tu cho céc day truy hoi c6 dang

e R, p HHH:"H +bll':" +CH, +d {HEI} (1.2)

Y = R"'HH'H =ﬂ“’3 +b“ﬂ +c {HE]}

v h,g,ﬁjg_‘vﬁ d la céc so thyc cho trudc.
Chiing ta ¢ thé fim duge mt 50 bii tap riéng 1¢
i [LEHBHAMEH LML) Chinh vi vy
sy nghién ciru téng quat cia n6 mang lai nhiéu
§ nghia cho sy phi trién cla todn hoc.

Dé minh hoa cho cdc ket qua dat dugc, ching
{61 xét mgt s thi du 14 cac dé thi todn Olympic
danh cho hoc sinh. sinh vién trong Vi ngodi
nue trong nhwﬁm gan day, .

-1

11 KET QUA DAT BUQC

Trude hét ching toi nghién ciru sy hdi y cla
diiy truy hbi (1.1) va dat duge kit qué sau.
IJirlh Iy 2.1, Cho 4, b e Ciki '-'Fj thue cho frietrc
vir () la ddy 0 duoc xac dinh bareong thiec
;Hi i
T strs +{1=2b)u; +0°, (nzl)

Dy s trén gl fu ki v chi khi'l “1gash,
Chiing minh. Trute hét @ cb:

H,,,|=u,,+[u,,—b]3.
Do d6 ddy s6 da cho 14 day sb tang.
Piéu kién cdn: Gia sir ddy so da cho co gidri han
hiru han 14 /, ta c6 phuong trinh:

I=I+[f—h}1 ei=b.
Vi vily ta phai c6 day so tang va bj chan tren bér
b. Khi d6 vai moi n ta co

u . <besul +(1-2b)u, +b* <b

e u? +(1-2b)u, +b* —b=0.
Gidi bt phuong trinh trén véi dn u, ta duge
bh—1<u, <b.Djc biét véi b-1<uSb ta dugc
b-1<a<h.
Didu kién du: Gia sit b—1<a<b.Khi 46 bing
quy nap ta c6 thé chimg minh
b-1<u,<b,¥n (*).
Véi n=1, ta cb6 b-1Su;<bs>b-1<a<h, vay
(*) ding véi n=1. Gia st (*) ding v
n=k (k=1),ta ¢6: b—1<uz<b. Ta chimg minh
(*) ding voi n=k+1. o

https://q%‘q to.org
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Ta gid sir dy s trén bj chiin trén, nghia I on

Xét ham sb =x? +(1-2b)x+b* Vi -
é ham f(x)=x"+(1-2b)x+b" v @i I=lim w, khi d6 /za I nghifm cia
[ o e

xe[b-1:b]. Tacé:
2h—1 | phuong trinh:

i) A el Bt 4[p(a+b)-1]x+a(Bb=1)=0
Vi b e[s-1:8] nén ta c6 bing bin thién: < Bt +B(a+b)x+a(pb)-(x+a)=0

&> Px+a)(x+b)~(x+a)=0
2 b-1 bu_
& (x+a)[plx+b)-1]=0
f1(x) l .
esxy=—a hoic x=—-b.
f(x) \__ /"n P ] J
Piéu ndy 1a mau thudn vi a:rmnx{—n;ﬁ—. } ; .

Do d6 b-1Sug,=f(u)<b. Vay (*) ding v0i 14 ké Juan day sb da cho khong c6 gidi han
n=k+1.Theo nguvén i quy nap ta c¢d (*) hiu han
ding v&i moi n. Do d6 diy s6 (w,) bj chin H§ qua 2.3. Cho didy 56 (u,) diege xdac dinh boi

trén b b. Tir d6 suy ra ddy s6 hi tu, cong thiee
Pinh Iy 2.2. Cho day 56 (u,) diege xdc dink s By :
bai cong thiee . =Py’ +Pla+bu, +a(pb-1), (n=1)

=0t ' : Néu cdc diéu kién sau thia man

uﬂ,,_|=|3us +B{ﬂ+€?}u"+ﬂ[ﬁﬁ—l}, fﬂEl} . ﬁ-—-hﬁ-vbl.'l .
Néai cdc tiukign'sai thia Mt i
OGHRROY 4 g St oo e IV LA a[ﬂ(ﬂ‘*ﬁ}"ljl”“ﬁﬂ{ﬁb ~1)<0.

200 R K ity OB | gl
*~4pa(pb-1)<0 SR s e -b}

TR B __.--.

ﬂiuhu 22 ta duge (u,

..........



2 2
. i ~(a? +3a) +2{a? +3a)+1 =(a’ +3a+l)
@ Wptd 1y +b
1 | | nén a QUQe: 1y, =tg +3u, +1 .
g +a upa+a ugth Ap dung Hé qua 2.3 cho a=a=f=lb=2 1a
o ONE theo & ta {II.I!.,TI.':'. H | 1 1
5 duoe: lim » ——=——"73"
.‘;i.: | e | ]: n 1 e ""'"",tz_luir_"l a-+ 2
:_'JU".* Ta Uy tad ) gy Mg +b I'hi dy 2.6. (4] - Dur by Cho ddy %0 Iy, dhegre
— o1 - ! s | : vae dinh boi cong thiee truy hoi
b wta gy +a (1 € R
Liv giéi han va luu ¥ theo Bjnh 1y 2.2 ring ¥
& 1 1 |”.u-|:_'=i---'”-:i
m u,=+o,lach; lim ) ——=——. , s =ty +1
e nsim oty +b atd

Tinh gici han lim 2y
I'I-I--I-'r_l |

Sau diy 14 mt s6 vi du &p dung Dinh 1y 2.2,

‘i dy 2.4, (Dé thi vien chirc Ha N§i-2014). A |
) day 50 () diegre xac dinh boi cong e Lt glar Trude hét vol mol n, 1a €O

= e
|y =3 = gy " . -0,
v hidi o 2 —u +) _1 _+3
| Wl = -i(u; —Hly, +4‘_ (n=1) g - 2

a1 Nhur vily vai moi n=2, ta ¢o u,=0. Hon nira
Iinh eiri g 1im E ;
I‘]-l""'?'“jl:=l"l ]

dé ding thiy dugc: néu =0 thi u,=0,vn
hojc néu #y=1 thi u,=1,vn.

Lii gigh, Ta dp dyng Hé qua 23 vin
Xét truimg hop w20 va 1w #1. Taco:

2;b=!:ﬂ:-!3- vi a=3. D& dang kiém tra

| ty w,—1
cic diéu kién cua HE qua 2.2 duge thoa min "ml“1=——ug _”_1_!“1 =l -l=u2-u_ i
| e - i
nén ta duge:  lim gﬂt +I=m—|- Do d6 néu uy <1 thi 1, <1,%n hofic néu u;>1thi
hi dy 2.5. ({1]}. Cho dav so (u,) diege xac i, >1,%n. Ta lai c0: ”:rl =_1LT£L Sy det
: T T
dinh beri eong thire truy hoi i ! i
i (1, ) 1a diy sO giam,
=
— | Do d6, ta chia ra hai trudmg hop:
Hn+1=\fl;-;':u"4-”{!i,. #2) e, +3)+1, nzl : : 1 £ AR A L .
a) Néu u>1thi ddy so dd cho gidm va bj chin
Tink g g’ eB* > — —. du6i nén c6 gidi han 1. Gidi phuong trinh
L | -Inli." ¥ : .‘,2 .T I:I
= 2_ - i
oA ;_F_mn.'{.' 21+1) ﬂmrL:l.
ala+1)fa+2)a+3)+1=[a(a+3)[(a+1)(@+2)]+]  Véi nhan xét bén trén thi khi w>1 thi
=(az+3u)[az +3ﬂ+1)+1 u,>1.%n nén /=1, ta duge gidi han  lim u,=1.
e

e TOAN HOC
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b) Néu <1 thi diily 86 di cho gidm vi bj chin
duréri b 0, twong ty nhu trén ta duge gion hgn

lim u,=0,
H—
Ta tiép tuc bién doi:
by~ | I
L] -!=—""L' o= I ] ¥
2y —uy+ Mgy =1 Mg

Taco: iﬁt ! ,'l S“Fﬂ
gy =1 W=

; . 1 |
I = ] ;
H—IT;'-‘:-E"* nfvlﬂ?[llﬂﬂ -1 H"l"l]
Két ludn:
a) Néu u;=0 thi i"t =0=> lim i"k"“'
k=]

H"FWH

b) Néu 1y =1 thi Y uy=n=> lim i i
o=

¢) Néu 1> thi lim iu‘, =40,
| ot

mald gl b MY LIV

Bt . ]
d}HﬁL'ﬂ!ﬁﬂrﬂ] thi iﬂlﬁ_l""ﬂ_- ety Sl

Thi dy 2.7. (2], trl:ng 21). Cho ddy 50 (uy)
iche xdic dinh bot cong thite mEEJ

-‘ #’,E{?‘up} I'- » . .
| & "-1 rh .p? ‘_ .l.
i l

" A erlirr

Ly A

Chimg minh teong  nhi Dinh Iy 2.2 ching 1H)
dat duge che kbt qui khie nhr s
Dinh 1y 2.8. Cho dedy 56 Uiy} dieere xare djnh bin

cing thia

|H‘| i
Lit, oy ot (14 aft o D), + b ()
Néu ede didu kign s tHicd mdn ‘
e P30 \
. :,ﬂ-'lllilﬁi-'rﬂ"bj :
thi  lun i o Tl - I , .

et TR Il{rﬂﬂl}
Chieng minh, Ta ci: ¢
ey =ty =ity + (a4 BB )ity + cabfp
-ﬂ(u:‘: +(a+bu, + ab} M1, +a) 14y, +b)>0 .
Diéu 46 c6 nghia la diy sb da cho la diy s6
tang, ro ring 14 day b u, khong bj chiin trén, vi
néu nguge lai thi diy sb hoi w. Gid sir
[= lim 4y, @ ¢6 == bofc I==b, ditu 46

mu tlmin véi gid thuyét @>max|~a;-b| .

w s..a @’l




5 :

{
i
|
¥
{

i i o
. B 0 @uy CanC Foy N WO G i ridl

L i i I'E "“.!:II'-I..'. -'.ill“.'{'” .-tl'

1 IR man

LI =]

g \— M +4a 1

-- iy +a I:||,-.'—-:|:!|

'..Iu:.‘ :.]LI.. L .".i'l' |.||'I|.i'|' l._qj'{" _Tf; M. CLTIE .".-\.:'l'

T ]J'“,E +(1+afiju, , (n21)

o dicw Kien sau thoa mén
_.I - |.'| g

o > max {—a;0]

r.r,' ]

= g Mg+ ﬁ[ﬂ—rz]

r 1. (Olympic 30/4-1999).
t,, drge xdc dinh bai cong e

1-.-1 .

Cho dday

H':l
"rl-H:r"'.[_"_q ||H |:|

""""‘"1-1“1'"
Loi  gidi. Ap dung H¢ qui 210 v

1 3
1R va a=0, ta duge:
a=1P=500

ue 1 4999

ni-i;TmHuH Bla+a)

Thi du 212 “ﬂi Giai Tl:f.'h;h Cho dayv ca ‘)
u,, e vae dinh bai cong thire
1H| =2ﬂl-9

_iﬂ” L
153008 " 2018

Fd

(n21)

' r : My
Tinh giod hgn  lim -
e =L M

Loi gigi.  Ap dung Hé qua 2.10 véi

! - va a=-1, ta duogc;
2018
Fi

Iim
A=ttt 1“}:4.1" E’l""’u]

a=2019: =

Hy 1

Vi cong thire truy hoi (1.2), hé qua sau duge
suy ra tir cach chimg minh Binh ly 2.8

Hé qua 2.13. Cho A>0 va day sa (1, ) dugre
veie dinh bot cong thiee

Iy @ LL

i —l T )
i =puy” +apiuy
Viu ede diew kign sau thoa mdn

- ||.,-,|'!|

(14 5p)u, +abp, (n21)

| | |
| 1 i |
s a>maxd0-aib >

a+a Plata)’
Chiing minh. Truic hét ta sé chimg minh day
s da cho khéng coé gidi han hitu han.

Tacd: wuy—u, =Ept:-‘" 4 aun +bu, +|‘.i|'!'1)

S Uy, =My, +|3(ni‘ +b)[u,, +a) (**).
Tir (**) v cdc diéu kién di cho, ta co:
l.l'z =|.!| ‘I'ﬂ(h'ih +b}[ﬂ'| +H]}U

|
va tir 46 ta cO uy > max {ﬂ';-ﬂ;HI}.

!
Gid sir ::-nm.n{ﬂ;~ﬂ; 1} vl k=1, Khi d6 tr

(**) taduge: wy,=uy +|3[ui‘ +b)[u,, +a)>uy.

Tir d6 theo nguyén 1y quy nap ta két luén day sb
(u,) 1a day s6 tang.

s ﬂqnm&%mrg




sk e iny R s aud 2.13 vai a=1p=l
Ia gid sir diy so trén bi chiin trén, nghia la won Lari gigi. Ap dung HE¢ g

j - - . 2012 |
= s khi 46 lza 14 nghigm cua g e
L .-.l.!.l1-1f‘ i I vi a=h=0, ta dugc: ‘11:I1| f—=] TR |‘il|u+r1]'
&+ ’ T
b =A™ +aPx” +(1+bp)x, +ab : e
phurong trinh: x=px=+¢ i | [hi du 2.15 (|9] - Bong Thap de nghi). S48
x=-a : ; TR R
Jer T Xl eliin 4 LT
| x* =—bh i
pita wy i mh R i 200 5018,200 4y, (r21) '|
[ 1] A - AT
u, >ty =a>max{ 0 L Ta ket lugn diy s0 i 412019
: l Tinh gicer fig in Y — TG
LTRLSd T e Al ——-”';-: i :“l:"
da cho khing co gidn han him han. |
' v gicr ta sé di tim gid 4ia tong da cho ST . Hé qua 2.13 voi a=1:p=1
[ By gicr ta s€ di fim gian han ¢ua tong da cho. Léi gigi. Ap dung He qua =
Taco: uyq =Pup’ +apug +(1+bB)uy +abp v a=2018;b=0 va A=2019, ta duge:
l A LA oL
' iy~ =Plug +b (g +a) 5,
e (g +a)~(ug +a) =Bl +a)(u +) L
| # 1. BAI TAP TUONG TU
{”t*] +ﬂ:'_[“.|.' +ﬂ'}_ {Ht-‘-a}{lr-i-drh] Bai ﬁ.ip 1. Cho dﬂ}' 1-;.1_1]- '-Hﬂ] dlf'i:.”: Xac dl!rl.h bdn
(1 +a)ug+a)  (ugey+a)(ug +a) cong thirc truy hoi
| | up +b uy =1
= - =f . ; : ’
up+a upta g, ta uﬂq:\I{"ﬂ{”",fg";%,,,q}[u#+||5.}+|I5, nzl
Léiy tong theo & hai vé ding thirc trén ta dugc: ,
3 s TR : _
e\l Mg ta ) | Mg Td ‘1 S
Bai tip 2. (Putnam-1956). Cho ddy so (u,)
A 1y
ahore: 1) (e JOUE cnpdig +b : dugce xéc dinh bai cong thire truy hoi
s ta Uy 48 g Hpn 19 {.,.:1
.u'# +h 1 u -'.—."1—" +1, iI':IE'l.
& 7 lim TR T
Ldy gidi han ta duge PH‘WEBH&H N oL
i Tinh giéi han ciia  lim )
i i ug +b 1 e
m ‘ 4
Y v g ta plata) Bai tip 3. (Obympic 30/4-2015). Cho diy sb
Thi dy 2.14. Cho day cdc 56 dwomg u, duge  (4y) duge xdc dinh bixi cong thire truy hoi
uy=l : 2016
xdc dinh bai edng thic e 12015
Uyay =t +uy, ,(n21) "
O Uy =Wy +20,, 021 4
R
Tinkh gicd han  lim :
"“"‘“‘“E{ Lo Tinh gidn han  lim i b, A

el +2

38 TOAN HOC
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gai tip 4. ([3] - OH Hing Vieemg, Phi Tho dé
sehi). Cho day s6 (u,) duge xic dinh béri cong
iy =4

thire truy hoi 4 : ;
|10y =t =3ty + 4, n21

. ' G|
lim ),
n—p+0 g g |

Bai tap 5. ([3] - CD Tuyen Quang dé nghi).
Cho day s0 (u,) duge xdc dinh boi cong thue

-
M) =% &

L —

Tinh gid han

A - -
truy hot - T :
Up ) =l ™0 i nzl
201342

i
= W
i ye—=t
1= .-_Lj.'l“-k'l

Bai tap 6. ([8] - SPKT Vinh Long dé nghj) .
Cho diy 50 (u,) duge xac dinh b cong thic

Tinh gidi han

=1

tm}' h'u-".: 3 '- =

=U, +

il " B ﬂll

. A < g
Tinh gicn han  hm :

o i T Lol 0
Bii tip 7. (Olympic 30/4 - 1 999). Cho day so
(u,) duge xdc dinh béi cong thire truy hoi

iy 5::-'-

uﬁ +1999x,,

IR
2000

nEl-

[ | =

Tioh gigihen lim > ——.

mrso0 joy sy 1
Bai tip 8. ([1]). Cho day s (u,) duge xdc dinh
béri cong thire tray hoi

u1=1
u -lﬂ—&u +-H—E— nz1
o014 " 2014

Tinh giéi han lim

™ L -1

Bai tap 9. (7] PHKT Ha Ngi). Cho day s
(u,,) dugce xic dinh boi cong thire truy hoi

HlI =T
2019u,, =201%: 4 +|u, —2{]1'}}: nzl
a) Chimg minh ring diy s0 da cho l1a day 50 dom
digu. :
b} Trong trnémg hop diy s0 da cho khong co
i)

o u,—2019
gidi han hina han, hay tinh hm ):—-E——- .
ﬂ—l*‘ﬂ:k‘___lut_l_l -—1“[9

¢) Trong truomg hop day sb 4 cho c6 gidi han
hiru han, hiy tinh lim nu, —2019).

=40
Bai tip 10. ([1]). Cho day sb (u,) duge xdc
dinh béi cong thirc truy hoi

Tinh giéi han Lim

FI‘—H'I'*‘__!"R '|.'.3 -
Bai tap 11. ([1]) . Cho day sé (u,) duge xdc
dinh b cong thirc truy hoi
by —'\.lr?:'i"\lli
unr =(V3-v2)urz H{2J6-5)u, +33-3V2, 21
ke
Tinh giéi han  lim :
rr--H-"-DEﬂk +\E

Bii tip 12. ([1]) - Cho m 14 56 thyc 1on hon |
vA a 13 sb thuc 16m hon 4. Xét day sb (u,)

duge xac dinh b cong thare
u =a

1
My +3u, 46

Hpel =
m
ly —liy+1

Titth gidh b i ol
mh‘l"?*?

TOAN HOC
6 817028l SHEHHO P org




PROBEEMS IN . o~ T
1 2 1 L 1 3 1
OM' OP ON* 0@

bl 19417 Given positive numbers a, b, ¢
nﬁhptﬁ,—ﬂz.c.-lmmﬁrﬂiﬂmw
ufﬁw F-E-J-E#c* Gabe -,

piwy ¢ a ah+bc+ca

CUTOWARDS MATHHEMATICAL

Ly OLYMPIAD
{roblem 110517, Find all the pairs (p, k), where
phlmmﬂﬂ‘ﬂﬂthl_mw.
such that
kt=(p’ <)p' = pXp’ = P)-
Problems 111517 Find -all; the functions
f: Z-Z satisfying
f2f(a)+ f(b))=2a+b-4, ‘U".r.l':,_'a'..ll:-'ﬂ.
Problem T12517. Given a trangle ABC
inscribed in a circle (Q) where B and C are fixed
and A can vary. There altitudes AD, BE, CF meet
at H. Let (C),(C;),(C,) be the circles with

Bai tip 13. ([6] DH Himg Vieong, Phii Tho dé
nghi). Cho ddy s (u,) duge xic dinh bin cong
Iil'|=5

thire truy hoi - .
3 lu_.,+|=l?(u; Hu,,+lﬁ}, nzl

1
Tinh giéi hen lim ¥ ——.

Bai tip 14. (16) DHSP Hué & nghi). Cho day
&b (u,) duge xéc dinh bai cong thire truy hdi

wy =1
{u,ﬂ-[n#’ﬂ{u,,+l}. nzl

Tinh giéi hen lim f[[la-l].

D ———

diameters AB, BC, (A respectively. The line AH
intersects (C;)at M (M belongs to the line
segment AH), BH ntersects  (G)at N (N
belongs to the line segment BH), CH intersects
(C) at P (P belongs to the line segment CH).
AN intersects () at § which is different from
A. AP intersects (G,) at T which is different
from A. The lines NP intersects (C)at X which

i« different from P, intersects (G,) at ¥ which is
different from N. XS meets FT at Z. The line
passing through A and perpendicular to NP
intersects (C,) atJ, and intersect (G) atl. 48
a) The circle with center 4 and radius AN meets
(C) at ¥, meets (C,)at U Show that ¥, N.
are collinear and U, P, L collnear.

b) Show that the incenter of the mangle X1Z is
a fixed point.

{ Transiated by NGUYEN PHU HOANG LAN)
(Callepr of Science - Vietnam Nationa! [niversay, Ha Noi)
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[2] Khuyét danh, A collection of limits, ndm 2011
[3] Hdi Todn hoc Vit Nam, Ky wiu Olympic Sink
vién 2013, nim 2013,
[5] Héi Todn hoe Vigt Nam, Ky veu Olvmpic Simh
vién 2014, nim 2014,
[6] Hoi Todn hoe Viét Nam, Ky yéu Olympic Sink
vién 2015, nhm 2015,
[7) Hoi Toin hoc Viét Nam, Ky yu Obympic Sinh
vién 2016, nkm 2016. "
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(10] Hi Todn hoe Viét Nam, K3 yéu Olympic Sink
vién 2019, nlim 2019, &
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Nhu ta biét dinh 1§ lon Fermat cho n=4 Ia
at =b* +¢* (*) khong c6 nghigm nguyén khic
0. Trong bai nay ta xét 2 dang mes njr.lg. cua (*),
mer rong & diy la nr céc dang nay thi ta suy ra
duoe (*). | o ,
Chi v: Trong bai viét nay néu cac bién ma
khong nd them g thi ta ngam hiéu d6 la cée
pIcn ¢ :;1

Trucc tién ta c6 may bo dé sau:
a.be,deN

B 1.
{ thi a=d,b=£

Chirng minh. Ta ¢b ab:c ma (a,c)=1=b:c.

Ta lai c0 cdb ma (b,dy=1=>cib. Viyb=c

nén o = d.

Vil

e 2. J-rﬂ r_l.ll'l.l E:-| i I,..';_I'Jl—i

(el 2D thi a=p" b=q" v

N (2 q) =]
Chieng minh. D31
o= pipy P =¢ = fr ol gl - gl

Xét thily p',""',!=l._k chi ¢6 theé la wde cua a
hodc b (vi (a,b)=1nén co diéu phii chimg
minh.

Dang 1. Phuong frinh a =
nghifm nguyén khdc 0.
Ching minh. Ta thiy cac sb mil & day déu chin
nén ta quy vé chimg minh phwong trinh khong
c6 nghi¢m nguyén duong la du.

h" +¢ khong co

Lua sit phuong trinh <O nghiém. Néu
(h,c)=d > = a'd®, chia 2 vé cho d* thi (b/d,
c/d) = 1. Vi viiy ta cé thé gia s (b, c) = 1, va

trong s0 céc b nghigm (a, b, c) ta chon hﬂn
aghi¢ém ma a nho nhét. Trong hai s0 b va ¢ €0
ding mdt s chan vi: (b, ¢) = 1, mit khac b, ¢
khong thé cing 1é vi lic 46 (a” —2):41a V0 ly.
Gid sir b chin, ¢ 1é. Day la phuong trinh dang
Pythagore nén ta co:
b =2pgk
E=(p'-qg )k pagke M.
a=(p" +q Ik
Vi (he)=1=k=1=(p.g), ma pg:2 (do
b*:4)nén ta co g chiin, p 1& (vi p chin, g 1é ma ¢
é thi (p°-2)=(c’+¢" —2):4 1 vo Iy). Viy
p=m',gq=2r (bd @& 2). Mat khic ur
p’=c +q° talaicé:
q=2n=2n"
c=u' =V JuveN,

p=u +v =m

Viy u=r'v=s((u,v)=(r5)=1)(bd 4 2)
Sm=p=u+v =r'+s' mam=<aivdly
v céch chon @ nho nhét) nén diéu gia sir 14 sai
diin dén vo nghiém.

Dang 2. Phuong trinh o =h khing cd
nghiém nguyvén khac 0.

Chimg minh. Ta thiy cic s6 mil & diy déu chin
nén ta quy vé chimg minh phuong trinh khong
¢6 nghiém nguyén duong la da,

https:#it 0.0r
aﬁ:mmp W‘llﬂl !%1 9




Gia sir phwong trinh cé nghiém. Néu
(a.h)=d>1 — cid®, chia 2 vé cho d*thi (a/d,
hid) = 1. Vi vay ta co the gia sit (a, &) =1, va
wrong so cic by nghiem (4, b, c) ta chon bd
nghiém mi a nho nhét, Xét cic tnrimg hop:

i) ai2,bi2=s¢i2. Khi dé:
a' =b +c =2 (mod4): voly.

i) ai2,bi2. Dy la phuong trinh dang

Pythagore nén ta ¢
b=2pg ()
c=p'-q"
.ﬂ';‘=j'.'l1 -I-.ig':l (2)

Vi (ab)=1=(p, g = 1. Ti (1) taco

, pgeN.

p=x,q=2y" holc p=2x'.q=y véi
(x»=1 (l:!é'__ﬁlﬂ 2). Vi p, g binh ding nén ta co
thé coi p=x",g=2y". Tir (2) ta co:
p:ﬁ’—ﬂ:f
L gagmamnsdy. | ()
- la=m" +n

ﬁgﬂu'q}-%mmu:&
m=1u'n=V,(,v)=1 (b0 dé 2). Viy
We=mr=ntrxi=vi+, nﬁ #ﬂﬁfﬁﬁlﬁ

vﬁﬂhﬁmﬁnﬁﬁﬂ%ﬁﬁbﬁﬁﬂm
diin .vﬁnﬁﬁm "ru -

(m—m)=(x—y =1 (mod2)
{p:m:+n:=x2—}': (6).
g =2mmn = 2xy
DAt (m, X) = u=> m = 1Ty, X = 4x
(m,y)=v=n=1 1, Yy =" voi u,veN,
(m,m) = (%, 3) = (um;,vm, ) = (105,10}
= )=, n) = (%, 3,) = (. %) = (s y)=L
Thay véo (6) ta co:
{H’m,’ VR =x =V
mm =X
Theo bé dé 1 ta co: my= Y1, M= ¥1
suyra; V(& +31) =10 (x —¥)).
+) Néu (x, - y;) =1 (mod2) thi
(o +yi.8 =) =1=(" V).
Theo b dé 1 ta cd:
e
vi=x =)
Ma u < a (vb 1§ véi cich chon a nhé nhat) nén
diéu gia sir la sai din dén vd nghiém.
+) Néu (x, = y,) =0 (mod2) = x,, ¥, cing l& vi
((x,,3,)=1). Khi 46 ta cb:

=’ =y +[2x|_|.-|




TIENG ANH QUA CAC BAI TOAN
BAI SO 58

first two seconds 15

Prohleém. | prrTt le¢ P moves In o .‘-'.I'n"-:'HIIL'IJ'n' fine,
frree frcamt & "-'“-'-r r‘r [Ir r””". Is l‘,r-rl-lnl- '|ILPJJ'I r.||":_I L \ 2
; ¢ !'{1.-*' _5;+1]Jr|+ 5l[1t’~—5r+1}¢;‘1
/ "lu'. ViETE LA ||I'| I'-':I |r.I | I].ll"':l M |'-"I- '.\.'Jll-ll.l-rlI h_lll i | 1"‘
g 11 9 19
W [T . — 2=—=1.58
Itis 24 g 12 m.
Find the total distance fravetied fyy P in thie JiTSt i R
rU VNG
particle - hat, chat diem
Solution. We have _
_ straight line - deomg thang
e ] e (21 = 1)1 - 2}
velocity s an foc
that means the particle changes 15 direction at _
total distance - tong khodng cach

r=(.5and at? 2.
Translated by NGUYEN PHU HOANG LAN

Hence the total distance travelled by P in the
(College of Science — Vietnam National University. Hanoi)

TIT LY, -|-+1-.---1---|-1.+1t-n---i1-|.-----tiu-1-l-lt:-illn-q.il-.it--t!qetrii---l-*illvl-liltﬁ

Gia Ty, Héng Bang, Hai Phong; Dé Neoc Tién,

BAI DICH SO 55

R roan. Tim phan die khi chia 3% cho 5.

7A3. THCS Lim Thao, Lam Thao, Phii The; Cao
Thi Tieomg Vv, 10A9, THPT Duong Quang Ham,

Lii giai. XEtbang sau Vin Giang, Himg Yén; Trwong Thi Thu Ha, 10
' : TS e Todn 1 : aén Gi
Phin dit [ Phin die _THPT chuyén V& Nguyen Gidp, Quang
- . T G Binh: Ddo Thi Khdnk Nhi, 10 Toan 1, Nguyén Thi
| l - =
— - | = My Lé, 10 Todn 2, Nguyen Thi Biao Negpc, Lé Thi
3 4 3 e : , ‘-
L Pl Yajiy)” TR | Minh Thiy, 11 Toan 1, Nguyén Thi Minh Phuc,
37 2 7 : . H .
1 _ 3 R Ngmr Himg, 11 Todn 2, THPT chuyén Quéc
| 3" | | 3# | | hoc Hué, Thira Thién Hué; Vo Hodang Khéi
J _ '

Nguyén, 10T1, THPT chuyén Nguyén Quang

Tir quy luiit trén ta nhin thiy rang khi chia L T
Diéu, Lé Pire Huy, 878/1 Pham Hiru Liu, Té 52,

3" 3" cho 5 ta ludn nhan duge phin dur a 1.

Do d6 phin du khi chia 3*™ cho 5 1a 1. Khém 5, Phutmg 6, TP. Cao Lanh, Dong Thip.

Trinh Thj Thiy Nga, 10A11, THPT Kring Bong,

Nhén xét. Céc ban sau 6 bi dich tot, giri bai ve
jch tot, gin bai vé Pik Lik

tba soan somy: Tran Trung Phiic, 8A4, THCS Ngb
HO HAI (Ha Noi)

S6 517(7-2020) wm&%
|Ittps.77heéiﬂ”_|’m5 org
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Cdch gidgi 1. Bién doi fuorg dieomg,

A

AC ( .{BJI
< =2
MC BC

= BC*=2MC.AC (1).

Theo dinh ly Pythagore cho tam gidc vudng
BMC taco:

BC?=BM*+CM*=AB* - AM* +CM?.
Khi do:

(1) & AB% — AM? + MC? =2MC(MA+ MC)
=2 AM MC +2MC*?
S AR =AM £2AM MC+MC=AC?

44 %

: qmﬂgg_ S6 517(7-2020)

Piang thire cudi ludn ding vi AB = AC nén ta ¢6

dicu pha chumg mnh.

Cdch gigi 2. Ké AH vubng géc v BC, H nam
gitta B, C. Ap dung ti s lugng gidc trong cée

tam grac vudng BMC va AHC ta cé:

MC  H(
CO5 0 = e i e
BC AC
E=‘_‘“ (vi BC=24H)
MC BC
A
_ BC AC_24B 4B A
~ MC BC ﬂr:“ ‘BC AR
 dc_f ABY [ LN
~MC \BC) ' AM
f= 1
AM [ AB ‘ABY = \
MC " \BCY B e G
(dpcm).
{ach giai 3. Xét hinh v& & cach 2.

Vi tir gidc AMHB ndi tiép nén
CM.CA=CHCB

= 20M.CA=BC* hlE'H—E}

Cach giai 4. (Ban doc ne vé hink) Goi N 1a
trung diém cia BC, ta co:

_, MC MC NC
BC AC

—BC?=2AB.MC (vi .n.rc=i'2-‘3;ac = AB)

= NC.BC=MC.AC

.y 43]1
i BC)

AM :
:}IE-!‘IZI[ECJ lfdpmnl

https://tieulun.hopto.or




B C
puémg thing vudng goc Vol BC tai B cit AC tai
D, ké AN vuong goc val BD.

Faco: AANB~ACMB (g.8)

_ AB_AN
BC CM
— ABCM=ANBC (1).
Vi ABDC vudng tai B c6 AB = AC nén

AD = AB = AC

— ND=NB= AN=-li-.BC (2).

[ (1) va (2) suy ra: 2AB.CM=BC”

2 2
iB (ABV _AM . (4B
Rdai . = +l=2[—] (dpcm).
~ MC [Bc} G \BC) N

POAN CAT NHON
(GV THCS P. Binh Dink, TX. An Nhom, Bink Dink)
Nhin xét. Ngoai 5 cich giai néu trén cua ban
Poén Cat Nhom, ngudi gidi thi¢u bai todn 38,
Toa soan Tap chi TH&TT con nhin duge mot
<& cich giai tot cua Poan Van Triic, GV THCS
Nguyén Bé Loan, Birc Nhuin, Mo Pire, Truong
Quang An, xa Nghia Thang, huyén Tu Nghia,
Quiing Ngii; Nguyén Quang Huy, 10 Toén 1,
Nguyén Thi My Lé, 10 Todn 2, THPT chuyén
Quéc hoc Hué, Thira Thién Hué. Xin hoan
nghénh tét ca cic ban.
LE MAI (Ha Néi)

) (2x+10)/ x+3=x"+11x+12.
NGUYEN DUY THAI
(GV THCS Bu Liéu, TX. Hong Linh, Ha Tink)

| C |
L |

A _
Giﬁi tri todn hoc _/

pO VUI!
750 CO TONG BANG 2828
Ban hdv dién 7 s6 nguyén lién tiep voi tong
béng 2828 vao hinh dwdi day sao cho moi s6
ndm trong mt hinh tron va cdc :c:ing ba s6
thing hang déu bang nhau. Biét rang 56 nho

nhdt nam bén trong tam gidc.

VAN KHANH (Ha Ngi)

6 s17cr:am > %t
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BAl TOAN 46. (m in the sky, issue 15,2011).

Tim tdr co cde da thiee P(x) vl hg 6 thire sao cho
sin P(x)= P(sinx), te R

Léi gigi. Trudc tién ta chi ¥ ring: P(x)=0 vi
P(x)=4xla cdc nghiém cia bai todn. Ta s& chimg
minh ngodi cic nghiém do6 bai toan khong con
nghi¢m ndo khic.

Néu Plx)=ax+h (a=0)12 mdt nghifm cla bai
todn thi sinfax+b)=asnx+b, xR

Héutllayx=ﬂlx=#ﬂ“uﬁ:=

ra @ =41 b=0,do d6 co 2 nghigm trong céc nghi¢m
ké trén,
Gii sir ring da thirc P(x) la da thirc ¢6 bic nho nhat

ﬁzﬂmngmnguedmnhulaphﬁfrchﬁngm
gid sir ndy la khong thé xdy ra.

Lip luin diu tién 1&: Do P(x) la da thirc nén n6 chi
wﬁﬁhlmnnshlﬁmmskhninslrl 1], gié sirco m
nghiém trong khoang ndy (khoang déng). Khi d6

trong khodng tiy ¥ [sis+1], P(sinx) cﬁfﬂﬁiuﬂﬂt

1;— thi ta suy

Tir Pisinx) v sin Pix) co 50 nghiém
trén khoang lm 5+ ]] ching khong thé bﬁr.g

Lip lufin ther hai nhr sau (vin gia su P(x) Iidh

6 bic nho nhat 12 2). Ta phdi ¢
sin{ P(x+2x)) = P(sin(x+ 27))=P(sinx)=smnF

vxeR. Viviy vai m:;-:':tam'}lhﬁttmsn g

kix) hodc M(x) sao cho:
Plx+2r)- P(x}= 2k(x)m

holic  Plx+2m)+ P(x)=(2h{x)+ 1)
Vi moi cdp so nguyén (K k) ta xic dinh cac tp hgp

ciic s0 thyc sau:
Ay = lxeR: Plx+2m)-P(x)= 2k hodc

P(x+2m)+ Plx)= (2h +1}Jr}
Te R= U A,y 18 két ludn rdng co it nhéit mot

e T Fd
U IS

(LRI F

tip hop A, . 1a vi han, vi néu trii la

4 tip dém dugc trong khi tip hop cdc s thue R 1A
khong dem duge. '
Hé‘l.l. "‘!Il ch Vi hﬂl’l Phﬂn “.T Ih.l “'ﬂhﬁ[ Tnﬁt u'ﬂ'ng |l |||.
phuemg trinh Px +27) — P(x) = 2k(x)7

hodic P(x +27) + P(x) =(2h(x)+1)xcé6 vo han
nghiém. Diéu nay 12 khong thé wi huiu da thirc
P(x+2x)- P(x)hojc da thirc P(x+1 _-+F{x} la
da thire hing. (S L uEY
Nhgn xét. C6 it ban tham gia gidi bai niy
cic ban déu tim duge P(x)=0 va P
nghi®ém ctia bdi toan. Tuy nhién dé .n..
cdc nghigm nay khing con m'ﬁ.

THPT chuyén Quic hoe Hué, Thira Th
Duyén, 11 Todn 1,

AR 2

E ' d i

A s ENER



GIAI DAP: LOT GIAT RO RANG!
(Dé ding trén TH&TT 56 514, thing 3 ndm 2020)

Phin tich sai fim. Ban Phuweng di mac sm l&m

r; IF.||.--|-:_' Jde ¥ T H
idc ABCD 14 hinh i

H‘\-
jhang thi ha vectlo f 4

. “

e va AR pha \
cing hudmg B C
fach: D =(—6:—4:8)=—24B. Suy ra vecta DC

i AB ngugc huimg nén ABCD kbing la hinh
thang. Viy ta chon dap an A.

Tir gide ABCD la hinh thang
. 48 CD. Suy ra dutmg thing CD di qua diém

[ai gidi dang.

(*(2:1,4) v nhin vecio AB =(32,-4) lam vecto
 phuong. Phuomg trinh dudmg thing CD 14:
x=2+%

y=1+2 (teR)
z=4-4

DeCD = D(2+3n1+204-41)
D E{P} = —(2+ 3r)+2(1+ 21']#{4—41'}+.,-— 0
e 1=2 = D(85-4)
— DC =(-6,-4:8) = 248,
Suy ra vecte DC vt AB ngugc huimg nén ABCD
khong l4 hinh thang. Viy ta choen dip dn A
Nhiin xét. Chi ¢6 ban Hoding Bao Minh Cha, 11 Todn
1, THPT cmm&ﬁcmmHué.nhnun Hué 14
phét hign dugc sai Lim.
KIHIVI

Trong gitr kiém tra todn cia hoc sinh lop 11 Todn,

oo chu hdl nhar saul

f}l.;" ﬁﬂ']... f_-nh‘-hl .lrfin'.l .FL: _L' i = _:_'- - 1 e v |

o thi (C). Tim trén fruc mng cde diém M, sao cho
qua M ke din do thi (C) co dhi 4 nélp fuyén phan biét

Lo gidl Gia st M(0;b) € Oy, suy ra phuong
trinh tiép tuyén cia (C) qua M cd deng
y=kx + b (d), Hodnh 8§ tiép diém cua (C) va (d)

et - —-I=k+b
théa man he: 1
—— I 2=k
i
o e P = —1l=——x' 3 - 2x" +b

ah=xt—22 42 =1 (1)
Xéthamsb f(x)=x" - 22 4 x° =1 lién tyc trén

R vi f(x)=4x 6x" + 2x.
i
Cho f{x)=0&x=0x=—x=I
Ta c6 bang bién thién
X -0 0 1 | =
2
7] - 0 + 0 - 0+
e 3 e |
f(x) 1& ;-r_ .l:\‘-.-*m . ¥
ﬁ‘l_._1 & ‘H"‘._I "

Vily 8& qua M ké dén (C) c6 4 tiép tuyén phin bigt
thi PT(1) ¢6 4 nghiém phiin bigt. Dya vio BBT &é

{
1< h< 2.0
16

Viy trén trye tung ta ¢ cic diem M(0;b) € Oy .

PT(1) co 4 nghiém phiin bigt thi

5 :
Vi —Irfh-f-—lﬁ thi qua d6 ta ké dén (C) cb 4

tiép tuyén phin bigt.
Héu hés, tdt ca hoc sink ciia lop déu giai neong
ty nhie trén, li gidi cia cdc ban cd ding khong?
NGUYEN LAI
((iV THPT chuyién Lucmg Vin Chanh, Tuy Hia, Phu Yén)

TOAN HOC
Seergies - Cla 47
ps://tieulun.hopto.org






