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PHAN NGUYEN

VA UNG DUNG TRONG GIAI TOAN

. .2 . A = s T .
Tic gia: Nguyén Thi Hong Hanh, Nguyén Thi Binh Minh,

Ta Duy Phuong, Nguyén Thi Bich Thiy

Sach ddy 303 trang, khé 16 x 24cm, gid bia 105.000 déng.
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Phan nguyén [x] cua mét sé
thiee x la sé nguyén lom nhat
khong vieot qua x. Do tinh ddc
ddo khong gidng ai ctia ham
phan nguyen, thi dy, him phan
nguyén khd don gian: 13 ham
hing timg khc, nhung ciing
kha phue tap: khéng lién tyuc
tai cdc diém nguyén véi budge
nhay béng 1, do d6 kh sir dung
cong Cu giai tich, vi vay céc baj
tap vé phin nguyén thuéng 13
kho.

_

CONG TY co
bia chi: 73
® Dién tho

Ngoai li thuyét duoc trinh bay
chi tiét, bat dau tir Trung hoc
Co s0, sach c6 nhiéu bai toin
thi hoc sinh giéi cip huyén,
tinh, Quéc gia va Quéc té lién
quan dén phan nguyeén.

Cudn sach gdm nam chuong.
Chuong 1 tép hop nhimg kién
thirc co ban vé phin nguyén:
Ham phan nguyén va d6 thi
ham phan nguyén.

Chuong 2 trinh bay cac bai
to4n s6 hoc lién quan dén phin
nguyén: Toan chia hét, ung
dung nhj thirc Newton trong
gial todn v6i phin nguyén,...
Chwong 3 trinh bay cic dang
toan lién quan dép phin
nguyén trong dai sé: Tinh gia
trl cua bicu thirc chira phin
nguyén, chimg minh hé thue
chira phan nguyén va dic biét,
Phan loai chi tiét v3 kh4 day du
V€ céc dang phwong trinh chira
phin nguyén.

Chwong 4 13 cic bai toan vé
phin nguyén trong toan Giai
tich: Day sb, chudi 50, gioi han
cua biéu thirc ¢6 phan nguyén.
Chwong 5 so lugce trinh bé’ly
mét s6 vin dé lién quan dén
phan nguyén: phan nguyén va
hé¢ dém co sé khac 10, phéan
nguyén va phuong trinh ham,
phan nguyén trong li thuyét
ham thyec.

Nhimg kién thirc va bai tap
trong séch 14 co s¢ dé giai nhiéu
bai toan thi hoc sinh g16i khac
chua dugc dwa vao sich, Ngoai
ra, cudn sich c6 thé giip cac
thay ¢6 gio trong viéc thiét ké
cac bai tip va dé thi moi.

Cuén sach khéng chi cé ich
cho cac hoc sinh, cac ban yéu
toan va cic thdy co day toan
phé théng, ma con 1 tai liéu
tham khao tét cho c4c sinh vién
va gidng vién dai hoc, cao dang
nganh toan, ciing nhu céc phy
huynh mong muoén gitp con
em minh hoc t6t mon toan.
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Moi chi tiét xin lien he:

PHAN SACH DAI HOC - DAY NG
Lo Buc, Hai Ba Trwng, Ha N¢
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1. MOT SO KIEN THUC CO BAN
1) (A+BY = £ +24B + B,
2)(A+B+C) =4 + B +C* +24B+24C+25C.

3)A2=B2<:>[A=B .
A=-B
4 =0
HA+ B+ =00 R0
4,=0
5) AL+ AF+. + A2 20.
' 4,=0
Diu “=" xay ra < { 4% =0,
4,=0

II.CAC UNG DUNG
1. Chirng minh ding thirc
Phwong phap. Dé chimg minh  4=B, ta xét
hiéu 4 — B va ching minh 4-B=0hoic
A-B=C*=0. :
Thi du 1. a) Cho @ + b* = 2ab. Chimg minh
ring: a=b.
b) Chirng minh rang néu o+ b*+c* = ab + bc
+cathia=b=c.
Loi gidi. a) Taco:
a+b -2ab=(a-b'=0=a=5
b) Ta cé: a+ b+t =ab+bc+ca
& 24 +2b° + 26" = 2ab + 2bc + 2ca

o @=-bP+b-c)l +(c-a)’=0
3 a-b=0
. oSb-c=0&a=b=c

c—a=0

Thi du 2. Tam gidc cé ba canh a, b, ¢ thoa
man; a+ b + ¢ = 3abc. Hoi tam giée ds 1a tam
gide gi?

Loi gigi. Ta cé:

e e A it St .

&P+ +¢ =3abc = a® +b° +c —3abc=0
& (a+b+c)a® +b* +c* —ab—ac—bc)=0
Theo gia thiét, ta cé: a+b+c>0 nén
a?+b*+ct—ab—ac—-bc=0=a=b=c.

Viy tam giac d6 1a tam gidc déu.
Bai tap van dung
Bai 1. Chirng minh rang:
a) Néu (x + y)* =2(x* +y?) thix=y.
b) Néu (a®+8%)(x*+ y*)=(ax+by)* véi

oy 20 2 =2
X y _
¢) Néu (@ +82+¢7)(x +y* +2°) =(ax+ by +cz)’
it %, y,520 B, 2=l =B
A x y z

d) Néu (a—-b)* +(b-c)* +(c—a)?

=3(a’ +b* +c* —ab—bc—ca) thia=b =c;

) Neu (y=2) +(z=x) +(x—y) =(y+z-2x)
Hz+x=2y) 2+ (y+x-2z)*

thi x=y=z

Bai 2. a) Tam giac c6 ba canh a, b, ¢ théa min

(b+c)* =2(b* +¢*) thi tam gidc d6 1a tam gidc

can.

b) Tam gidc c6 ba canh a, b, ¢ thoa man

(@+b+cf =3+ +) hodic (a+b+c)? =X(ab+he-+ca)

thi tam gidc d6 13 tam gidc déu.

Bai 3. Cho x, y, z 13 cac s duong thoa mén

Xy +yz +zx =2020. Tinh gi4 trj cta biéu thirc

P J(y? +2020)(z% +2000) +y (2 + 20202 +2020)
x* +2020 V24200

N (2 +2020)3% +2020)

Z, .
2 +2020
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Bii 4. Chimg minh ring:;
x4+y4+(x+y)4=2(x2+xy+y2).
2. Chirng minh bat ding thirc
Phuong phip. Pé chimg minh 4> B, ta xét
hi¢u 4 — B va ching minh 4-B2>0 hoidc
A-B=C*20.
Thi du 1. Chirmg minh rang:
a)a’ +b* 2 2ab;
b) a® +b* +c* > ab + be + ca;
¢)a® +b° +c*>3abe, véia+b+c>0;
d) (@+b+c) <3(a® +b* +%);
e) (a+b+c) 2 3(ab + bc + ca).
Ldi gidi. a) Ta co:
a® + b 22absa® + b® -2ab20
< (a—-b)* 20 (lubn dang).
DAu “=" xay ra <> a=>b.
b) Tacod: a’ +b*+c? = ab+bc+ca
at+b+c —ab-be—ca>0
& 24 + 26 +2¢* —2ab—-2bc-2ca 20
& (@a-b)Y +(b-c)* +(c—a)’ 20 (ludn dung).
a-b=0
Diu “="xiyra &{b-c=0ca=b=c.
c—a=0
¢) Ta co:

@+ +P 23abc o a® +b0 + ¢ -3abc 20
S (@+b+e)a* +b* +c* —ab—ac-be) 2 0.
Theo gi thiét, tacé: a+b+c>0 nén
a® +b* + c* —ab—ac —bc > 0 ( ludn ding).
Diu“="xayrac>a=b=c
d)Tacod: (a+b+c)* <3(a +b% +¢?)

o a? +b% +¢ +2ab+2ac+2be <3a” +3b% +3¢2

& 2a* +2b% +2¢* ~2ab-2ac - 2bc 2 0

& (a-b)* +(b-c)’ +(c—a)* 20 (ludn dung).
Diu “="xiyrac>a=b=c.

e) Tacé: (a+b+c)* 23(ab+bc+ca)

& (a+b+c)*—3(ab+bc+ca)>0
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od + b +ct-ab-bc-ca>0

& (@-b) +(b-c)’ +(c—a)’ 20 (ludn ding).
a-b=0

Diu“="xXayra e {p—c=0>a=b=c-
c-a=0

Thi du 2. Ching minh rang:

a)a+b22\/gl; ,voi a,b20;

b) (a2+b2)(x2+y2)2(ax+by)2 vai xy #0;

C)a+ >2 khiab > 0;
b a

§)2+2< 2 kniab<0;
b a

e) (a+b)(b+c)c+a)28abe, véia, b,c>0.
Loi gidi, a) Ta c6:
a+b>2ab < a-2Jab+520
& (Va-b) 20 (luon ding)
Déu “=" xay ra khi a = b.
b) Ta c6: (a2 +1.772)(x2 +y2)2 (azx+by)2
©(az +b2)(x2 +y2)—(¢:1x+by)2 20
& (ay-bx)’ 20 (luén ding).

Diu “="xay ra <:>ay—bx=0c>£=£.
x y

c) Taco: g+—b—22

b a
2
o4 +b* —2ab (a b)2
ab ab

(luon dung vi ab > 0 theo gia thiét).

Déu “=" xay ra khi a = b.

a’ +b*+2ab

ab

20

d)Tacé:—+—b—S—-2<:> <0
b a

- (a+b)®

<0 (ludn ding vi ab < 0 theo gia
thiét). Déu =" xay ra khi g =-b.
e) Taco: a+b>2Jab (I);

b+c22Vbe (2); c+a>2Jea (3).
Nhan vé voi vé (1), (2), (3), ta duoc:
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(@+b)(b+c)(c+a)28abe.
Dy “=” xayrakhi a=b=c
Bai tp van dyng
Bai 1. Chog, b, c 12 56 dwong. Chimg minh ring;

a) (a+b+c)(l+—ll;+l}29;
c

a
b) L. b L€
b+c c+a a+b

ol,1, 4

a b a+b’
d) 1 N 1 % 1 >l l+l;
a+b—c b+c-a c+a-b a b c
e)ﬁé+b—+c—a>a+b+c
c a b
Bai 2. Cho a, b, c 1a @) dai 3 canh cua tam gi4c.

Chirng minh rang:

sty
2

@ +b* +¢* +2abc <a* (b+c)+ b (c+a) +c2(a+b).
Bai 3. Chimg minh ring;

(a2 +b? +c2)(x2 +y? +zz)2(wc+l))h+-cz)2
vOo1 moi a,b,c,x,y,z.
Bai 4. Cho a, b, ¢ 12 c4c s6 khic 0. Chimg

2
mnhrang [x &g _3(xy 2y zxj
a b c ab bc ca
Bai 5. Cho a, b, ¢ 12 céc sb khéng 4m. Chimg

minh ring: chaden TN ey

Bai 6. Cho a, b 14 cac sb thuc dwong. Chimg
minh ring: (a+ b)z +aT+b > 2a/b +2b+/a.

Bai 7. Chimg minh ring:

a)d? +b 2+’ +d* +* 2a(b+c+d+e);
b) &’ + b’ 2ab(a+b), véia>0,b>0;
¢)a® +b* +c* 2abc(a+b+c);

d)a* +b*2a’b+ab’.

Bai 8. Cho tam giidc nhon 4BC, ba duing cao
AD, BE, CF cit nhau tai .

1) Ching minh rang:

2) AD BE CF
HD HE HF
HA HB HC
+

HD HE HF

b} —=—

HD HE HF _3
c) + + p
AH BH CH 2

HA  HB  HC
+ 23,
BC ' CA 4B

e) cos A+cosB+cosC < -;—

d)

f) cos A.cosB.cosC < %

g) cos’A+cos’B+cos’C > %

(4B+BC+CA)
AD? + BE? +CF2
i AB.BC+BC.CA+CA4B _,

AH .AD + BH BE + CH.CF :
2) Goi O la tdm dudng tron ngoai ti€p A ABC,
M 13 giao diém ciia 40 va BC. Chimg minh:

HB ZMB_, 4B
HC  MC-“ac

3. Tim gi4 tri nhé nhit, gia tri 16m nhit cia
biéu thirc
Phwong phip. Ap dung hing ding thirc:
A> +2A4B + B* = (A + B)” dé bién d6i bidu thirc
vé dang:
o P=a+[fx)’>a = min P=a khif{x)=0.
o 0=b-[fx)]*<b=max Q=>bkhifix)=0.
Thi du 1. Tim gid tri nhé nhat cia cde biéu
thirc sau:

a) A=x*+2x+2020;

b) B=x*+35)" - 2xp+ 4y +2021;
x* +x+1
24241
Loi gidgi, a) Tacé: A=x*+2x+2020

=x7+2x+1+2019 = (x+1)* +2019> 2019.
Diu“="xdyra <> x+1=0< x=—I.
Vaymin 4 =2019 < x=-1.
b) Tacd: B=x*+5y —2xy + 4y +2021
=(F - 29+)%) + (& +4y+1)+2020
=(x—y)> + 2y +1)* + 2020 > 2020.

h)

¢c) C=

x—y=0 1
CH R P,
2y+1=0 2
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1
Vaymin B=2020 & x=y=--.

1
x2+x+1_3+2x P 4

¢) Taco: C=—;
x“+2x+1 4 (x+1)°
1 1Y 1. N\T
3 \2772) 3 12" 3
=24 =24|A2 2/ 52
4 (x+1)* 4 x+1 4

Diy “=” Xayra <<2° 2
x+1#£0

Thi du 2. Tim gia tri lom nhat cua cdc biéu thire
Sau.

a) D=2020- 4x — 4x%

b) E=2018 %%+ 2x — 4y — 4y;
4x? —6x+1

(2x-1)?
Loi gidi. a) Ta co:

D=2020-4x—-4x* =—4x? —4x—1+2021
=—(4x* +4x+1)+2021=—(2x+1)* +2021< 2021,

©x=1:>minC=Z.

c) F=

Déu“=”xéyra <:>2x+1=0©x=——;-

Vay min D = 2021 <:>x=~%.

b) Tacé: E=2018-x" +2x-4y* -4y
=—(x*—2x+1)— (45 +4y +1)+ 2020
=—(x—-1)" =2y +1)* + 2020 < 2020.

x=1
D"\ €693 2 X"1=0 o
— a .
au Xay ra < 2y +1=0 yz_l
2
x=1
Vay min E = 2020 < 1-
Y=
2
x’ —x L
4x* —6x+1 5 ~*F 7Ty
¢)Taco: F=—m———-—==
) 2x-1* 4 (2x-1)?
(3]
x+_]
4 (2x-1P% "4

“ 2 x+l=0 ]-
Dau “= Xay ra & 2 <:>x=—5.
2x-1#0
Vay max F = —5—<:>x=-1.
4 2

Thi du 3. Cho a, b, ¢ la cdc s6 duong thoa man
a+b+c=2019. Tim gid tri nhé nhat cia cdc
biéu thirc sau:
a) E=a + b +c* - 3abc + 2020,
ab bc ca,
3¢ 3a 3b
- b+
2bc

b) F=

a +b°
2ab
Lai gigi. a) Ta c6:
—3abc + 2020
—ab—bc—ca)+ 2020

=2019(a* +b° +¢* — ab—be—ca) +2020
_2019 [
( =

c+a
+ .

QG= 2ca
E=a+b+c°

=(a+b+c)a* +b* +c?

B +(b—c)* +(c—a) ]+2020>2020.

2019

Dau”—”xayra Sa=b=c ——3———673

Véiy min £=2020 < a=b=c=673.
b) Ta co: F__ﬁ+ﬁ+£‘.’.:l(“b+k+£€]
¢c a b

3c 3a 3 3

Ap dung BDT Cauchy, ta cé:

b b b b

LWL P YL L -2 (via b c> 0.
c a c a
Tuong tr ta ciing c¢é: i)—C—+Cb—a>2c

a

C—a+£ll>2a Suy ra —b+é-c—+ﬁ>a+b+c
b ¢ c a b

nén: F > %(a+b+c)=%.2019=673.
2019

Déu P="xdyra < a=b=c= =673.

Vaymin F=673 & a=b=c=673.
a+b b+
2ab 2bc

3, 3
i ¢ +a
c)Taco: G=

2ca
2 2 2
b b ¢ 2 4

Httpis //Iqe@tlupphc;pto org




Ap dung BDT Cauchy, ta dugc:

2 2 2 2
a c ac
__.+__

22, [———
2b  2b 4p?

2 2 2
Tuong t: é—+__>£€-a_ b” ab

= (vi abc>0)

i 2
2a 2a 2c 2¢ ¢
Suy ra:
G___c13+b3+b3+c3+'c3+a 5 ¢ E ab
2ab 2bc 2ca b a ¢
2a+b+¢=2019.
Déu =" xdy ra <> a=b=c=21 _¢73. Vay

min G=2019 < a=b=c=673.
Bii tip vin dung
Bai 1. Tim gi4 tri nhé nhit cla cdc bidu thirc
sau.:
a) A= 5x2 + 10x + 1930;
b) B=x’ +5y ny+4y+ 1945,
c) C=x —4xy+5y +10x —22y + 1975;

d) D=(@x*- — 2x)(x? — 2x++ 2):
— 2_
e E=32 8x+6; _x 4x+1;
x°=2x+1 _ o
2 2
x°=2x+2020 x —x+1
t) G:_-‘_z*————, H= B o
x x“=2x+1

Bai 2. Tim gi4 tri 16n nbét cia cac bidu thirc
sau:
a) A =-9x"+ 6x — 20;
b)B=-x"+2x—y*—dy -4 + 4z + L=
¢) C=—x"-26)" + 10xy — 14x + 76y + 1982;
d) D =2020 — (x=1)(x+2)(x+3)(x+6):
_ 2x+1
= ¥ +2
Bai 3. Tim gi4 tri nho nhat va gi4 tri 16n nhit
cua cac biéu thirc sau;

)A_4x+3 b)B*3 4x; c)C=272~12x;
x* +1 x* +1 x +9
2__._
d)D= 8x+3,e)E_ 2x+1 f)F—3 22x+3;
4x* +1 X242 x +1
2010x + 2680 X +2x—1
G=—7———; hH==" " _
2 x*+1 ) %2 =2x+3

Bai 4. Tim gia tri 16n nhét caa cac biéu thirc:
H= & +b+ ¢~ 3abc + 1941,
vai a+b+c——1911.

Bai 5. Cho g, b, ¢ 1d cic 56 dwong thda man
a+b+c=+6057. Tim gi4 tri 16n nhit clia cic
biéu thirc sau;

2020a 2020h 2020¢
a) P= ¥ + 3
V@ +2019 B2 +2019  c? +2019
2bc 2ca 2ab
b) 0=

- + .
Ja* +2019 B2 +2019 2 +2019
Bai 6. Cho a, b, ¢ 14 cic sb duong thoa man:
a+b+c=1941. Tim gia tri nhdé nhat cia biéu
i % 3
thirc X —f-+b—+c—
bc ca ab )
Bai 7. Cho a, b, ¢ 1a cic s6 am thoa m@n
a+b+c=-1941. Tim gia tri 16n nhat cua biéu
1 3 .3
thirc L~i+b—+i
bc ca ab )
Bai 8. Cho a, b, ¢ 1a cac s6 duong thdéa min
a+b+c=2022. Tim gia tri nh6é nhat cia cia
2 2 2
bidu thire: M=+ 2, ¢
b+c c+a a+b
4. Chimg minh biéu thic luén dwong (im)

7 sy s A - A ,
véi moi bien cia biéu thire

Phwong phiap. Ap dyng hing ding thic:
A* £24B+B*=(A+ B)’ dé bién dbi biéu thirc
vé cac dang sau:
« P=a+[fx)]*>0(a> 0)suyra P>0 vai
moi x.
* 0=b-[fIN)]<0(b<0)suyra Q<0 vi
mol x,
Thi dy 1. Chimg minh réng:
a) A=2xz~4x+3>0vd7‘moix;
b) B=x —xy +* + 1941 > 0 v moi x, y;
¢) C=x+4y* + 22_ 2y + 8y —6z+155>0
voimoix,y,z.
Loi gidgi. a)Taco: 4=2x"—4x+3
=2 -2+ 1)+ 1 =2(x— 1)+ 1> 0.
Vay 4> 0 véi moi x.
b) Tacé: B=x"—xy+y* + 1941

2 2

il Y (Y Yy 2

=x"-2x=+|=| | X 1941
2 [2) [zj Ll

S8 511(111;%)-/ / tl’@ﬂﬂg&@)[ﬁo.org



2
=(x—lj +3y2 +1941> 0.
2 4

Vay B> 0 véi moi x, y.
c)Tacd: C=x"+4y* +22 - 2x+ 8y —62+15,5
=0 -2+ +40 + 2+ D)+ (P -6z +9) + 1,5
=(x-1P +4y+1)P>+(@Ez-3F+1,5>0.
Viy C> 0 véimoix, y, z.
Thi du 2. Chirng minh rang:
a) A=—x2—27+2x<0vo"imoix;
b) B =4xy —4x* — y* — 1947 < 0 v&i moi x, y;
c) C=xy+3y+22—5—x2—y2——zl<0vé’i

moi x, y, z.
Loi gidi.
a)Tach: A=—x"—27+2%x=—(*-2x+1)-26
=—(x-1)-26<0.

Viay 4 <0 vdi moi x.
b) Ta c6: B = 4xy — 4x* — 2020y — 1947
=— (4x* — 4xy + %) - 2019y* - 1947
=_— (2x—y)* —2019)* —1947 < 0.
Vay B <0 v6i moi x, y.
¢)Tacd: C=xy+3y+2z-5-x" —y* -7

2
_ 2 Y i 2 (.2 _
_—[x —xy+—4—‘—] (4)/ 3y+3] (z 22+1) 1
y N 1 > 2
=—|x-=| =3|=y-1| —(z-1) -1<0.
(" 2J [23' ) (z-3)

Vay C<0voimoiyx,y, z.
Bai tap vin dung

Bai 1. Ching minh ring:

a) A=x*—6x+2019 >0 v&i moi x;

b) B=x*+ 5% + 2x — dxy — 10y + 2020 > 0 v6i
moi x, y;

c) C=5x*+ 10y — 6xy — 4x — 2y + 2021 > 0
vai moi x, y;

d) D=x"+26)* + 10xy + 14x — T6y + 2022 > 0
v&i moi x, y;

e) E=x*+ 47 +22—2x— 6z + 8y +3>0véi
moi x, y, Z.

Bai 2. Chimg minh ring:

a) A =-16x*+ 8x — 2019 < 0 v&i moi x;

b) B=-x"+2x—y* + 8y + 5 <0 v6i moi x, y,

6 qupug% S 514(4-2020)

¢) C=-5x"—26y* + 10xy — 14x + 76y ~ 19 < g
véi moi x, y;
d) D=—y4 —(x+Y)x+2pXx+3Y)(x+4y) -2 1<

5. Giai phuong trinh
Phwong phap. Bién d6i dua phuong trinh vé
4 =0
A, =0
dang A2+ A2 +.+ 4 =07

.........

A=B

A=-B

Thi du 1. Gigi cdc phwong trinh sau:

a) x2+9x+20=23x+10 (1);

b) 4V2x—1=4x* -12x+4 (2);

¢) x*—2x+y*+4y+4z°—4z+6=0 (3).

hodc A2=Bzc>{

Léi gidi. 2) PK: leig. Khi d6:

() x? +6x+9+3x+10-23x+10 +1=0
& (+37 +(VBx+10-1)" =0
Q{M—lzoﬁ{x=—i

x+3=0
(thoa man DK). Vay §={-3}.
1

b) BK: xZE. Khi d6:
()= 42x-1)+42x—1+1=4x* —4x +1
& (242x-1 +1)2 =(2x-1)2
- 2N2x-1+1=2x-1 ()

22x—1+1=1-2x (*%)
(**) vd nghiém, giai (*) ta dugc x=2+2
(théa man PK). Vay §={2++2).
¢) B) o (o -2x+1)+(* +4y+4)+(422 —4z+1)=0

& x-1)+(y+2*+(2z-1*=0
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[
x-1=0 p=]
<1y+2=0{y=-2. Viy nghiém
2z-1=0 1
"72

cta phuong trinh 1a (x; y;z) = [1;—2;%]-

Thi dy 2. Giai phuwong trinh nghiém nguyén:
a) x*—2xy+2y% +8yz +1627 =2019 (I);

b) Vx-2+y-3+yz- =~;~(x+y+z~7) (2).

Léi gidgi. a) (1) < (x—y) +(y+4z)? =2019.
Tac6 (x—y) va (y+4z)* 14 s chinh phuong
nén (x— y)2 va (y+4z)* chia cho 4 du 0 hoic

1. Suy ra (x—y)*+(y+4z)* chia cho 4 du 0, 1

hodc 2. Ma 2019 chia cho 4 du 3. Do dé

phuong trinh d4 cho khéng c6 nghiém nguyén.
x22

b) BK: y23, Khi dé:

z=25

(2)®x+y+z—7—2x/x—2—2\/y—3—2\/2-—5 =0
c:>(x—2—2ﬁ+l)+(y—3—2\/ﬁ+l)
+(z-5-2z=5+1)=0

<:>( x—2—1)2+( y—3—1)2+( z—5—1)2=0

Jx=2-1=0
& {fy-3-1=0¢{y=4 (thoa man DK).
Jz-5-1=0 (z=6
Viy nghiém nguyén cla phuong trinh la
(x;3:2)=(3;4;6).
Bai tip van dung
Bai 1. Giai cac phuong trinh sau:
) x*+x+12x+1=36;
b) 2x%+2x+1=+4x+1;
¢) V3x—2=—4x?+21x-22;

x=3

d x*+x*+3-3=0;
e) x2-1=2xvx*-2x;
) (x+3)y(@4-x)(x+12) =28-x;

g) (x+3Wx*+1=x?+3x+1;
h) (x+DVx? =3x+3=x"-2x+3;

i) Axvx+3+2v2x—1=4x* +3x+3;

j) VA =1 —-2x+1=1+x-2x°;

. Gidi c4dc phuong trinh nghiém nguyén

a) x+2xy+2y* —10yz +25z° = 2023;
b) x*+y’+22-2x+4y-62+6=0;
c) x2+y2+zz=xy+3y+2z—4;

d) (x+y+1)? =307 +y>+1);

e) «,/;+\/yTl+\/z— =-;—(x+y+z);

Bai 3. Néu phuong trinh x* + ax + by = 0 va
phwong trinh x* + ayx + b, = 0 ¢6 nghiém chung
thi phuong trinh x* + (ay+ ax)x + b; + b, = 0
luén c6 nghiém.
Bii 4. Cho cac phuong trinh a+2bx+c=0;
bx? + 2cx +a=0; cx* + 2ax + b= 0, trong d6 q,
b, ¢ khac 0. Chimg minh ring c6 it nhit mot
trong cic phuong trinh trén c6 nghiém.
Bai 5. Cho phuong trinh x* — 2mx + 2m —3 =0 ().
1) Chimg minh réng phuwong trinh (1) luén c6
hai nghiém phan biét vi moi m.
2) Véi xy, x; 14 nghiém ctia phuong trinh (1).
a) Tim gid tri nhé nhét cla A=x"+x2.
b) Tim gia tri 16m nhét cta
B=2020-x] —x} - x,x,.
Bai 6. Cho phuong trinh:
X +(m-Dx+2m-6=0 (2)
1) Chimg minh ring phwong trinh (2) ludn c6
nghiém v&i moi m.
2) Goi x;, x; 12 nghiém cta phuong trinh (2).
a) Tim gia tri nho nhét cia: C=x2 +x¢ —xx,;
b) Tim gia tri 1én nhit cia:
D=2021-x} - %2 +xx,.
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Trong thuc t& day - hoc toan cé rat nhiéu bai
todn ma 16 giai that ngin gon, don gian nhung
néu tiép tuc suy nghi, tim tdi va kham phé co
thé tim duoc nhiu ¥ twéng hay, doc dao dé tir
d6 c6 thé sang tao nén mét chudi bai todn hay
tir d€ dén khé. Bai viét nay ching ti gidi thidu
mot s6 bai ton khai thac tir mot bai toan Hinh
hoc 16p 9 don gian.

Bai toan (Bai 67 trang 138, sach Bai tip toin
9 - Tap 1) Cho hai dwong tron (O) va (O") cat
nhau tai A va B. Ke duwong kinh AOC, AO’D
cua (O) va (O') neong ung. Chung minh ba
diéem C, B, D thang hang va AB L CD.

Xét tam gidc ABC ¢6 OA = OC = OB nén tam giac
ABC yubng tai B=> ABC =90".

Tuong tw c6: ABD=90°= ABC+ ABD =180°
do d6 ba diém C, B, D thing hang v 4B L CD.
Loi giai bai toan that don gian, ngan gon. Vay,
bai todn trén con 4n chira didu thi vi gi nita?
Chiing ta hdy tim nhimg diéu méi la bing c4ch
khai théc bai toan theo mot sb hudng cu thé sau:
* Huéng khai thic thir nhat: Xdy dung bai
toan dio.

o sk et

KHAITHACBAITORN
RAL DUGHG TRON CAT Ny ¢

PAU CONG NHo !
(GV THCS Cao Xudn Huy, Dién Chay, Ng 4 An) ‘

Bai toan 1. Cho hai dirong tron (O) va (0) ¢t
nhau tai A va B. Qua B ke duong thang vidng
goc voi AB lan lwot cat (O) va (O’) tai Cvg D
khdc B. Chirng minh ba diém A, O, Cva 4, O,
D thing hang.
Loi gidgi. (h.1) Ta c6 tam gidc AOB can tai O nén
AOB =180° — 20BA4.
Ta c6 tam gidc COB cén tai O nén
COB =180° - 20BC.

Suy ra; A0B +COB =360° —2(@+5§Zﬁ’)

=180°(do OBA+OBC =90°).
Viy ba diém 4, O, C thing hang. Tuong tir ba
diém 4, 0, D thing hang.

* Huwéng Khai thac thi hai: Ké thém hinh phu
12 cic giao diém.

Huémg 2.1. Kéo ddi cdc tia CA va DA cét (O) vd
(0), ta c6 bai todn sau:

Bai todn 2. Cho hai dwong tron (O) va (O) cét
nhau tai A va B. Ké cdc dwong kinh AOC,
AQ’D cua (0) va (0’). Goi M la giao diém cua
CA v6i ('), N la giao diém cia DA véi (O).
Chitng minh tir gidc CDMN néi tidp duoc
duong tron.

Loi gidi,
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Ta c6: CND=CMD=90". Suy ra ti gidc
CDMN ndi tiép duong tron duomg kinh CD.

Nhin xét. Tiép tuc suy nghi bai todn 2, ta o
thém céc két qua thi vi sau:

* 4 13 tAm cla dudng trdn ndi tiép tam gidc
BMN.

* Ba duong thing CN, 4B, DM ddng quy.

Loi giai. (h.3)

Hinh 3

* 4 13 tim cua dudng tron ndi tiép tam gidc
BMN.

Vi tir gidc CDMN nbi tiép dudng tron dudng kinh
CD = NMC = NDC (cung chan cung @).

Lai cé CMB = NDC (cing chin cung;l_ﬁ clua
dwong tron (0)) = NMC =CMB = MA 14 tia
phén giac cla goc NMB. Chimg minh tuong ty,
ta c6 NA 1a tia phan gidc cla goc MNB. Suy ra
A 13 giao diém cua ba dudng phan giac cia tam
gidc BMN. Viy A la tam clia dudng tron ndi ticp
tam giac BMN.

* Chimg minh ba dudng thing CN, 4B, DM
ddng quy.

Goi H 14 giao diém ctia CN va DM. Tam gidc
HCD ¢6 céc dudng cao CM va DN cit nhau tai A

= A 14 tryc tAm clia tam giac HCD

= HA 14 dudng cao = HA 1 CD.

Lai ¢6 AB L CD = ba diém H, 4, B thing hang.
Vay ba dudmg thing CN, 4B, DM dong quy.

« Huéng khai thic thi ba: Ké thém hinh phu
13 cat tuyén ciia hai duong tron.

Huwéng 3.1. Thém mot chit gia thiét cho béi
todn goc. (O va O’ & hai nua mdt phing doi
nhau bo AB) va qua A ké duong thing d, ta co
bai todn kha hay sau.

Bai toan 3. Cho hai duong tron (0) va (O’) cdt
nhau tai A va B (O va O’ ¢ hai nira mat phéng
doi nhau bo AB). Ké duwong thing d qua A lan
lugt cét (O) va (0°) tai M va N (4 nam gika M
va N). Xdc dinh vi tri cua d dé d dai doagn

théing MN Iém nhat.
Loi gidi.
d_m
S
C A\ B\—/D
Hinh 4

Cadch 1. (h.4) Ta c6: AMC =90° (gbc ndi tiép
chan nira dudng tron) => CM L MN.

AND =90° (gbe ndi tiép chén nira dudng tron)
= DN 1 MN

=> CM// DN (cing vuéng goc vdi MN)

= tir gidc MNDC l1a hinh thang vudng c6 hai
day la CM va DN = MN < CD (khong d6i)

=> MN 1én nhit bang CD khi d // CD.

Vay d// CD thi MN 1én nhét bang CD.

Hinh 5
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Cich 2. (h.5)

Ké OH 1 AM, O’KJ.AN:>AH=I?TM,
AK = KN. Suy ra MN 16n nhit <> HK 16n nhat.
Lai c6 OH // O’K (cing vudng géc véi MN) nén
tr gidc OHKO’ 13 hinh thang vudng c6 hai day
1d OH va O’K = HK < 00’ (khong d6i)

= HK 1ém nhit bang 00’ khi d // 00.’

Véy d // OO thi MN 16n nhét bang 2.00" (hay
bing CD).

Nhén xét. Tix két qua ciza bai todn 3, ta c6 thém
két qua tuong ty sau:

Xac dinh vi tri cia d dé chu vi tam gidc BMN
16m nhit.

Hwéng 3.2. Tur cdch gidi thi 2 ciia bai todn 3,
t6i lai tran tro rc%ng c6 Vi tri nao cua duong
thing d dé AM = AN hay khéng? Va that bt
ngo, co bai todn sau:

Bai todn 4. Cho hai dwong tron (O;R) va
(O’;R") cat nhau tai A va B (O va O thuée hai
nita mdt phang doi nhau bo AB). Qua A ké cat
tuyén d bat ky cét (0) va (0") ldn heot tai M va
N (A nam giita M va N, M €(0),N (0"). Xdc
dinh vi tri cua d dé AM = AN.

Hinh 6

Léi gidi. (h.6)
Ké OH L AM, O'K L AN thi AH = HM,
AK = KN. Do 86 AM = AN < AH = AK.

Goi I 1a trung diém cia OO’thi /4 13 duomg
thing cé dinh. Hinh thang HKO’O ¢6 AH = AK,
OI = IO’ nén I4 la dudng trung binh cia hinh
thang HKO'O = IA // OH [/ KO'= 4 1 d.

Vay khi d vudng goc véi dudng thing A7 (7 1
trung diém cia 00’) thi AM = 4N,

1 0 Tonguggcé S3 514 4-2020)

Hwéng 3.3. Co AM = AN hay %*—1 thay
gid tri ti 56 bang 1 b6i ti 56 k >0 thi sgo? Tir
huong phat trién trén, ta co két qua tong qudt
sau day:

Bai toan 5. Cho hai duong tron (OR) vq
(OR) cét nhau tai A va B (O va O’ thuéc haj
nira mdt phf?ng déi nhau bo AB‘). Qua A ké cat
tuyén d bat ky cdr () va (O°) ldn liwot tai M va
N (A nam giita M va N). Xdc dinh vi tri cia

. . AM
dwong thang d dé N = k(k > 0).

Huréng din: Trén doan OO’ 14y diém 7 sao cho
O _ k(1 >0) . Tuong tu bai todn 4.

10

Huéng 3.4. Khai thdc két qua ciia bai todn 4 v
két hop voi bai toan 2, ta c6 thém bai todn sau:

Bai toan 6. Cho hai dicong tron (O) va (O) cdt
nhau tai A va B (O va O’ thudc hai mea mdt
phéng déi nhau bo AB). Ké diong kinh AOC,
AO°D cua (0) va (O°) twong img. Goi M la
giao diém ciia CA véi (0, N la giao diém cua
DA v6i (0), I la trung diém cua 00", Qua A ke
dzrang théng vuéng &6c véi dieong thang Al lén
luot cit CN, DM tai E, F Chirng minh AE = AF.
Nhdn xét. Tam gisc ACD ¢6 0O la duong
trung binh, 7 13 trung diém cia OO’ nén dudng
thang A7 di qua trung diém cua CD.

Loi gidgi. (h.7)

H
N
E 4 M
F
o I [9)
C K /B D
Hinh 7

https://tieulun.hopto.org



Goi H 14 giao diém ctia CN v DM thi H, 4, B
thing hang (Bai toan 2). Goi X la trung diém
cia CD. Ta c¢6: AAKC ~ AFAH (gg) =

AK _KC
=—= (1). Lai c6: AAKD ~ AEAH (g.g)

FA AH
4K _ KD |

= —=— Z-T‘ . X .
EA AH (2). T (1) va (2) ket hop voi

KD =KCtadugc AE=AF.

* Huéng khai thic thir tw: Ké thém hinh phu
12 tiép tuyén ciia hai dwdng tron

Huwéng 4.1. Khai thdc bai todn 2 bang cdch ké tiép
tuyén ciia duong tron ngogi tidp tir gide CDMN tai
Mva N ta cé bai toén sau:

Bai toan 7. Cho hai dwong tron (0) va (0O) cat
nhau tai A va B (O va O’ thudc hai nita mdt
phang déi nhau bo AB). Ké duong kinh AOC,
AO'D cua (O) va (O’) tuong ung. Goi M la
giao diém cua CA véi (0), N la giao diém ctia
DA véi (0), Chimg minh cdc tiép tuyén cua
duweong tron ngoai tiép tir gigc CDMN tai M va
N cat nhau tai mét diém thuéc duong thang AB.
Loi gidi. (h.8)

Goi H 1a giao diém cia CN va DM thi H, 4, B
thing hing (Bai ton 2). Gei K, I lan luot 13
trung diém ciia CD va HA. Vi tam gidc CDN
vudng tai N ¢6 KC =KD nén KN=KC

= AKCNcintaiK = KCN=KNC (1)

Ching minh tuong tu ta c6 INH =JHN (2)
Lai 6 KCN+IHN=90° (3). Tix (1), (2), (3)

suy ra INK=90° = IN L NK = IN 14 tiép
tuyén ctia dudng tron qua bbn diém C, D, M, N.

Tuwong tr IM 14 tiép tuyén ciia dudng tron di
qua bén diém C, D, M, N. Vay cac tiép tuyén
cua dudmg tron ngoai tiép tir gidc CDMN tai M
v N cit nhau tai mot diém thudc dudng thing
AB.

Huéng 4.2. Thay gid thiét cdc dwong kinh AOC,
AO’D trong bai todn géc bing cdch ldy diém C
trén tia dbi ciia tia AB réi ké hai tiép tuyén véi
duong tron (O) ta co bai todn sau:

Bai toan 8. (Dé thi HSG Todn 9 tinh Nghé An
ndam 2010) Cho hai duong tron (O; R) va (O
R’) cdt nhau tai hai diém phan biét A va B. Tir
mét diém C thay doi trén tia déi cua tia AB, vé
cdc tidp tuyén CD, CE véi ducng tron tam O
(D, E la céc tiép diém va E nam trong ducng
tron tém OY). Hai duomg thang AD va AE cat
duong tron tam O' lan luot tai Mva N (Mva N
khdc véi diém A). Puong thang DE cdat MN tai
1. Chirng minh ring:

a) MI.BE = BILAE.

b) Khi diém C thay déi thi dwong thing DE
luén di qua mét diém cé dinh.

Léi gidi.




a) (h.9) Ta c6: BAN=BMN = BDI =BMI
= tit gidc BDMI ni tiép=> IBM =IDM = EBA

= AABE ~ AMBI (gg) = - £4
B EB
= MIBE = BLAE.
b) Cdch 1. (h.9) Ta cé:
ACAD ~ ACDB (g.g) = A -4D.
CD DB
ACAE ~ ACEB (g.g) = <4 - 4E
CE  EB
Laic6 CD=CE = A5 _4D_, AE_BE
BE BD  AD BD

Gia sir ti€p tuyén tai 4, B cia dudng tron (O)
cat tia DE 1an lugt tai K, K khi d6 ta cé:

AKAE ~ AKDA (g.9)= 2L _ K4 _KE
AD KD KA
2
AE .
:[ )=KAKE=KE W
AD) KDKA KD

AKCBE neACDE (g g)=s o K8 _K'E

BD K'D K'B
(BEJZ_K'B.K'E_K'E )
BD) K'DK'B K'D

Tir (1) va (2) két hop voi %:% ta suy ra
KE_KE __KE _ KE
KD K'D ~ KD-KE K'D-K'E
_KE_KE
DE DE
Suy ra cac tiép tuyén ké tir 4, B cua dudng tron
(O) va DE dbng quy. Hay 12 D, E, K thing hang
suy ra K cb dinh (vi 4, B cb dinh)
Viay khi diém C thay déi thi duong thing DE
ludn di qua mot diém K c6 dinh.
Cdch 2. (h.10)
Goi O la giao diém cua CO va DE thi OC L DE
tai Q.
Suy ra AOCD vudng tai D ¢é DQ la duong cao
= 00.0C=0D*=R*(1)

= KE=KE= K =K.

T
12 ?g'r‘uggce S3 514(4-2020)

Goi K giao diém cta hai dudng théng 00 v3
DE: H 1a giao diém ctia AB va OO' thi 00' | 4p
tai H.
Xét AKQO va ACHO ¢6 0 =H =90",0 chung
= AKQO ~ ACHO (g.8)
_, K0_00 _, bc.00=k0.0H (2).
CO OH
2
Twr (1) va (2) suy ra KO.OH = R* = oxzb{%_
Vi OH va R khéng ddi nén OK khéong ddi nén
K ¢b dinh.
Vay khi diém C thay dbi thi dudng thing DE
ludn di qua mét diém K cb dinh.
a

Hinh 10
Huéng 4.3. Ngodi nhimg két qua trén, tir bai
fodn 8, sau nhimg tim toi, phat hién, ta chung
minh dwgc mét s6 két qua khd dep sau:
* Duong thding DE luén di qua trung diém MN.
* Puong thang MN luén di qua mét diém cé
dinh.
Tir d6 ta c6 bai toan sau:
Bai toan 9. Cho hai duong tron (O; R) va (0"
R") cat nhau tai hai diém phan biét A va B. Tir
mét diém C thay doi trén tia déi cia tia AB. Vé
cdc tiép tuyén CD; CE véi dirong tron tdm O
(D; E la cdc tiép diém va E nam trong diong
tron tém O"). Hai ducng thing AD va AE cét
duong tron tam O' lan luot tai M va N (M va N
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khdc véi diém A). Puong thang DE cat MN tai
1. Ching minh rang:

a) I la trung diém cua MN.

b) Khi diém C thay déi thi dwong thang MN
luén di qua mét diém cé dinh.

Léi gidgi. (h.11)

Hinh 11
a) Cdch 1. Theo bai toan 8, ta cé: A5 =£.
AD BD
ADBM ~ AEBN (g.8) = —2 = EN.
BD DM

AE EN : . .

:I_D— = = (1). Ap dung dinh Iy Menelaus
cho tam giac AMN va cat tuyén DEI, ta cb:
IN DM E4 | yg hop voi (1) = IN=IM.
IM DA EN
Cdch 2. Theo két qua céu (a) bai toan 8 ta co:
IM EA

22 22 (2). Mit khac AINB ~ ADAB(g.
B2 (2). M3 (g-g)

(vi NIB = NEB = ADB, BNI = BAD ) nén ta c6:

IN DA
IN_DA oy o BE_AE_ DA_EA
IB DB BD AD DB EB
IM IN
Tu (2), (3), @) suyra;: —=— = IM=IN.
(2), (3), (4) suy 5 m

b) Goi K la giao diém 2 tiép tuyén ké tir 4, B
v6i (0). Theo bai toan 8 thi D, E, K thing hang,
va K 13 diém cb dinh. Goi X 13 giao diém cua

AK va (O) thi X c6 dinh. Goi Y 12 giao diém 2
tiép tuyén ké tir B, X voi (0°) = Y cd dinh. ta
chimg minh MN di qua Y. Thét vay ta co:

EDB = EAB = NMB va BNM = BAD = BED
BN BE
= ABNM ~ ABED (g.g) = T (5).
Chimg minh tuong tu duoc: ANXM ~ AEAD
L2 =—A—§ B _ A5 nén
XM AD
BM _ XM
o
ndi tiép nén theo bai toan 8, ta cé M, N, Y thing
hang hay 12 MN di qua Y.
Nhdn xét. That bit ngd phai khong? bai toan 8
va bai toan 9 tuéng ching nhr hoan toan xa la
nhung bén trong chung lai tiém 4n nhimg mdi
quan hé v6 cung khang khit vdi nhitng bai toan
don gian, tht ca chiing d4 tao nén cai dep huyén
bi ctia hinh hoc.

= BD AD

(6). Do

(7). Tix (7) va do BMXN la tir gidc

Huéng 4.4. Ngodi hai két qua néi trén, bang
cdch giiF nguyén cdi goc cuia bai todn 9 thém
vao mot chut gia vi nira "Qua D vé duong thing
song song voi AB cdt (O) tai F thi EF di qua
trung diém AB” tir @6 ta phdt trién dwoc két qua
thu vi sau day:

Bai toan 10. Cho hai dirong tron (O; R) va (O’
R") cdt nhau tai hai diém phan biét A va B. Tir
mét diém C thay déi trén tia ddi cua tia AB. Vé
cdc tiép tuyén CD; CE véi duong tron tam O
(D; E la cdc tiép diém va E nam trong duong
tron tim Q). Qua D vé ducng thdng song song
véi AB cq’z lai (O) tai F. Chimg minh EF di qua
trung diém cua AB.

Loi gidgi. (h.12)

Goi H 1a giao diém cia EF va AB, ta c6:

— —

1 S — —_——
CHE = E(sdAE +sdFB)= %(sdAE +sdAD)

1 o e
=~ s4DAE = DFE = CDE.
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Suy ra tir gidc CDHE ndi tiép. Mat khac ta c6 tir
gidc CDOE néi tiép dudmg tron dudng kinh OC
nén C, D, O, H, E thudc dudng tron dudng kinh
OC = OHC=90° = OH 1A4B = H I
trung diém cta 4B.

Hinh 12

Hudmg 4.5. Qua B vé duong thing song song
v6i DE cdt (O) tai G thi GA cit DE tai trung
diém DE. Tir dé ta cé bai todn sau:
Bii toan 11. Cho hai diomg tron (O; R) va (O
R') cdt nhau tai hai diém phdn biét A va B. Tir
mét diém C thay doi trén tia ddi ciia tia AB. Vé
cdc tiép tuyén CD; CE véi duong tron tim O
(D; E la cdc tiép diém va E ndm trong duwong
tron tdm O'). Qua B vé duong thing song song
voi DE cdt (O) tai G. Chimg minh AG di qua
trung diém cuia DE.
Loi gigi. (h.13)
Goi K 13 giao diém cia AG va DE. T gihe
ADBE ndi tiép va 3 diém C, 4, B thing hang
nén theo bai 8, ta cé: =t o (D).

EB DB
Do EB =DG va DB = EG nén tir (1) suy ra:
E4 D4

2). Cht ¥ ring: ~ -

e TG 2) yrang: AEAK ~ AGDK:

AEGK ~MDK = 4 - AK DA _AK
DG DK’EG EK

TOAN HOC
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AK AK

== R

= DK =EK
DK EK =

Tir (2) va (3)

AG di qua trung diém cta DE.

Cc

=~

\

F

Hinh 13

Huéng 4.6. Bang cdch thay déi yéu t6 chuyén
dong, chéng han néu ta cé dinh ba diém A, B, C
cho dwong tron (O) thay doi luén di qua A, B,
tir C vé cdc tiép tuyén CD, CE véi (O) thi DE
luén di qua diém cé dinh. Véi y twong do ta ¢é
bai todn sau day:

Bai todn 12. Cho duong non tim I tir diém C
nam ngodi () vé cdt tuyén CAB véi (D). Mot
dieong tron tam O thay déi lucn qua A, B. Tir C
vé cdc tiép tuyén CD, CE vé; (0). Chimg minh
rang duong thing DE luén di qua diém cé dinh
khi (O) thay déi.

Loi gidgi. (h.14)

Goi K, J lan Iuot 14 giao didm cia DE v6i AB
va CO. V& OH vuéng géc véi 4B tai H thi H 1a
trung diém 4B. Ta c6: CK.CH = CJ.cO (do
ACJK ~ ACHO). Mit khac:

CJ.CO=CD*=cC4.cp

suy ra: CK.CH= CA.CB = cg = £4CB
CH
Do C, 4, B, H ¢6 dinh nén K ¢4 dinh,

https://tieulun.hopto.org



Hinh 14

Huémg 4.7. Néu tir C ké thém cdc tiép tuyén
CM , CN v6i (O’) ta sé c6 by ba duong thing
AB, DE, MN déng quy. Tir dé cé bai todn sau:

Bai toan 13. Cho hai dwong tron (O; R) va
(O'; R") car nhau tai hai diém phan biét A va B.
Tir mot diém C thay déi trén tia doi cua tia AB,
Vé cdc tiép tuyén CD; CE véi dwong tron (O) va
cdc tiép tuyén CM, CN véi (O’) (D, E thugc
duong tron (0), M, N thuéc duong tron (O).
Chimg minh: 3 duong thing AB, DE, MN dong
quy.

Hinh 15

Loi gidi. (b.15)
Goi I 1a giao diém cua DE va 4B, I’ 1a giao
diém ciia MN va AB. Chumg minh twong tw bai
toan 12, ta co:
CIL.CH=CA.CB; CI .CH=CA.CB
= CICH=CI.CH=1=T.
Tir 46 suy ra AB, DE, MN dbng quy tai 1 diém.

e Hwéng khai thac thi nim: Ké thém hinh
phu la tiép tuyén chung ciia hai dudmg tron
Huéng 5.1. Tir bai todn gbc, ké tiép tupén chung
ctia hai dwong tron, ta o bai todn

Bai toan 14. Cho hai dwong tron (O; R) va
(0% R, céit nhau tai hai diém A va B. Ke tiép
tuyén chung CD véi hai duong tron (Ce (0),
D e (0"). Goi I la giao diém cua AB va CD.
Ching minh rang 1 1 trung diém cia CD.

Ldi gidi. (h.16)

Ta co: @zﬁT:%sdﬁ'

= AACI ~ ACBI (g.g)
= CP=AIBI
Tuong ty: DI*= ALBI.

Do d6 IC = ID hay I 14 trung diém cta CD.

Hinh 16

Céc ban hay tiép tuc khai thc c4c bai toan néu trén
@& c6 thém nhidu két qua thi vi nhé! Chiic cac ban
thanh cong.

TOAN HOC
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Grigory Yakovlevich Perelman 1a Nha toian hoc
Nga da chimg minh dugc gia thuyét Poincaré.

vl <

Grigory Yakovlevich Perelman

Nam 2006 tap chi Science d4 goi cong trinh chimg
minh gia thuyét Poincaré do Grigory Yakovievich
Perelman thuc hién la budce d6t pha todn hoc cia
nam. Nam 2007, to bao Anh The Daily Telegraph
cong bd danh sach “100 thién tai dang song”,
trong d6 G. Ya. Perelman & vi tri thit 9,

Cing vao ndm 2006 c6ng trinh cia G. Yag.
Perelman duge Hoi Ton hoe Thé gi6i xét ting
giai thuéng Fields. Thong bdo chinh thic vé viée
tang thuong giai 1a: “Do dong gép vao hinh hoc
va nhitng y twéng A6t pha trong nghién ciru iy
trdc hinh hoc va gidi tich dong Ricei (Ricci
flow)”.

Vao thang 3/2010 Vién Toén hoc Clay ting G. ¥,
Perelman gial thudng tri gia mot triéu USD cho
cong trinh chimg minh gia thuyét Poincarg, 13 mjt
trong 7 bai todn “thién nién ky”.

Nhung G. Ya. ~Pere!man tir chéi nhin c3 Huy
chuong Fields lan giai thuéng mét trieu USp cla
Vién Toan hoc Clay véi Iy do nhy sau: “THi ty

TOAN HOC .
16 " cTusitge__ s s1aa-200

(GV Khoa Céng ng

N e o S

oyt TA1 TOAN HOC LAP DI PERELIZN,

:
HOANG XUAN THU(')NQ

hé dién ti truyén thong, DHSP Ky thudt Vinh, Ngh¢ 4n)

DR ke P

chéi chimg. Céc ban biét day, do nhieu nguyen
nhan, ca chi quan va khac? qu\anﬂ,. ANeu A11':3i
i son ity i i 4 6 K ding
§ v6i cong déng to chire todn hoc. T1 khang ung
quyét dinh cia ho, t6i cho rang déng gbp cia nhy
toan hoc My R. Hamilion vao vi€c gial bai toin
ndy gin nhu khong kém t61”.
G. Ya. Perelman sinh ngay 13/6/1966 tai
Leningrad. Cha cta 6ng 1a mot k¥ sur dién, me [a
gido vién toan. G. Ya. Perelman di hoc trung hoc
phé thong chuyén toan. Nam 1982 1a thanh vién
doan hoc sinh Lién X6 dy Ky thi Olympic Todn
Qubc té & Budapes, Hung-ga-ri, G. Ya. Perelman
gianh Huy chwong Vang véi s diém dat t6i da.
Trong cing ndm d6, ong dugc tuyén thing vio
Khoa To4n - Co cua Trudéng Pai hoc Téng hop
Québc gia Leningrad. Sinh vién G. Ya . Perelman
da gianh chién thing tit ca cac ky thi Olympic
Toan hoc cép Khoa, cip Thanh phé va cip Lién
bang, dugc trao hoc béng Lénin v tt nghiép dai
hoc loai gisi.
Ong da theo chwong trinh nghién ciru sinh tai
Vién Toén hoc Steklov, Vién Han lam Khoa hoc
S o (82 14 Vién Han lim Khoa hoe Neo)
i am Nehien o e
Steklov, Pergly: o Vién tai Vién Todn hyc
hay vé b& mat b;m hicong e g loat. cong trmh
¢6 tiéng vang tron e tr?ng Kbéing plan El_lc.hd’
8 €Ong ddng toan hoc thé gidi.

" O Ya. Perelman g 15 751
Yy g.?y (& !‘-’amﬁton) diéu gi do. Ong &
1en nhéan nghe t6i nei. Ong dy tham
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chi con thé 15 v6i 16i mdt vai van dé ma vai nam
sau 6ng méi cong bo. Ong khong ngan ngai ma da
chia sé véi t6i. Téi rat
thich tinh coi mo va
hao phong cua éng. Téi
c6 thé néi ring vé mdt
néy Hamilton khéng hé
giong nhw phan lém cac
nha toan hoc khadc”.
Gido su R. Hamilton 1a
nguol di nghién ciru
vin d& dong Ricci, la
co s& & chimg minh
gia thuyét Poincaré.
Perelman duoc moi
cdng tac voi nhimg
trudmg dai hoc hang déu ciia My va dng da chon
Pai hoc Havard. Khi Uy ban tiép nhén vién chic
clia trudmg yéu cAu 6ng trinh 1y lich tw khai va thu
gidi thidu cua cac nha todn hoc, Perelman phan
tmg kich liét voi viéc nay: “Néu nguoi ta biét cdc
céng trinh nghién ciru cia t6i thi ho khong cdn Iy
lich cua 16i. Néu ho can Iy lich cia t6i thi ho
khong biét cdc cong trinh cua 161
Perelman tir chbi moi d& nghi va tro vé nudc Nga
vao mua hé nam 1995. Ong tiép tuc nghién ctru ¥
twong ma R. Hamilton d3 thé 10 véi éng. Nam
1996 Hsi Toan hoc Chiau Au dé nghi ting gidi
thuéng nha toan hoc tré cho dng nhung Perelman
da tir chdi.
Khi d3 dat dugc mot s6 thanh cong, Perelman viét
thr cho R. Hamilton voi dé nghi hop tac nghién
ciru nhung Gido su nay khong tra 101,
Vio nam 2000, Vién Toan hoc Clay céng bd
“danh muc cac bai toan thién nién ky’ gbm 7 bai
toan va phin thudng cho 1&i giai mdi bai toan 1a
mdt triéu USD. Vao ngay 11/11/2002, Perelman
ding cdng trinh chimg minh mét trong 7 bai toan
néu trén voi dung lugng 39 trang trén website
khoa hoc, d6 14 céng trinh chimg minh gia thuyét
Poincaré.
Vao thang 4/2003, Perelman sang My theo 101
moi & thuyét gidng cong trinh nghién clru cua
minh tai mdt sb truong dai hoc. Cong dong toan
hoc coi cic bii gidng cia Perelman rit quan
trong. Ba nhém cac nha toan hoc da cin trong

R. Hamilton
(Sinh ndm 1943)

kiém tra lai tinh dang dén clia cong trinh va dén
nim 2006 di dén két luan 1a coéng trinh cua
Perelman hoan toan dung.

Xung quanh c¢bng trinh cia Perelman dién ra su
canh tranh uy tin (nguyén van: niém dam mé
quyet liét). Hai nha todn hoc tré gbc Trung Quoc
sau khi doc cong trinh cua Perelman, da cong bb
mot bai viét chitmg minh gia thuyét Poincaré dd so
vi chi tiét hon nhiéu — vdi dung luong hon ba
trim trang. Trong bai viét nay ho da khing dinh
cong trinh Perelman c6 nhiéu thiéu sét ma ho da
xtr ly thanh cong. Theo quy dinh cta cdng ddng
toan hoc, thanh cong thudc vé tac gia cong trinh &
dang tron ven nhét. Theo y kién nhiéu nha toan
hoc, cong trinh cuia Perelman 14 tron ven hon ca
miac du trinh bay ngén gon. Céng trinh clia hai
nha todn hoc gde Trung Quéc néu trén khong
mang dén didu gi méi mé. Nguoi xwa co cauw
“Van hay bat ngir 12 dai”, nay trong Toan hoc
cling vay.

Nim 2006 Hoi Toan hoc Thé gidi quyét dinh ting
thuong Huy chwong Fields cho Perelman. Chu
tich Ho6i d4 bay dén Peterburg va ban bac véi
Perelman vé 18 trao giai du kién vio ngay
22/8/2006 tai Madrit, Tdy Ban Nha, Perelman voi
thdi d6 lich sy nhung cuong quyét tr chdi Huy
chuong Fields. Ong cho biét: “Piéu dé khdng cé y
nghia gi ca. Moi ngudi déu hiéu rang khi cong
trinh cua t0i la dung thi khong can sw cong nhan
nao nita”.

Nam 2010 Vién Nghién ctru Todn hoc Clay quyét
dinh trao tang Perelman mét triéu USD cho cong
trinh chimg minh gia thuyét Poincaré nhung rdi
Perelman ciing khéng dén Paris dé nhdn giai

thudng.

Tai sao Perelman khong nhin cac giai thuéng

danh gid danh cho cong trinh nghién ctu cia

minh? Perelman cho biét 6ng khong thich cach cu

xu (nguyén van: khong khi dao dic) trong cong

dong toan hoc. Ngoai ra, 6ng cho ring déng gop

cua nha toan hoc My Richard Hamilton trong viéc

ching minh gia thuyét Poincaré hiu nhu khong

thua kém 6ng.

&=
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PE THI TUYEN SINH VAO LOP 10 THPT C

HUYEN LE HONG PHONG, NAM DINH

NAM HOC 2019 - 2020

(Thoi gian lam bai: 150 phiit)

Chu 1. (2 diém)

2) Cho x =43+ 5+ 2y3 +/3—y5+2/3.Tinh
gia tri biéu thirc P =x(2—x).

b) Cho ba s6 a,b,c¢ thoa man ab + bc + ca =2019.

a-bc bB-ca -ab _

2 + 2 + 2 -
a® +2019 B +2019 2 +2019
Céu 2. (2 diém)

a) Gidi phuong trinh x* ++/(x+1)’ =9x +8.

Chiing minh

1

x_2+ 7 =3+x%y
b) Giai h¢ phwong trinh 11

?+—3+3=)«:3y3

Cau 3. (3 diém) Cho tam giéc nhon AA4BC (véi
AB< AC)nji tiép duong tron tdm (O). Pudng
phén gidc trong va dudng phén gidc ngoai cua goc
BAC cét dudng tron (O)1in luot tai D,E (cing
khac 4). Goi G 1 hinh chiéu vudng géc cua E trén
canh AC, goi M, N tuong g la trung diém cua
cdc doan thang BC va BA. Goi K 13 trung diém
cua doan thang GM, H la giao diém cua dudng
thang AB va duong thing MG, F 14 giao diém cua

ok 3 e ke 35 ok ok o 2 s ek ok 3k o ok ok SR K ke K oK ok ok ok sk sk ok ok ok ok ok 3k oK ok ok 3k ke ok ok ok K

@&  THIENTAI ...

Vo thang 12/2005, 6ng da tir bé cdng viéc nghién
ciru tai Vién Toan hoc va gin nhu cét dit hoan
toan cac lién hé véi cac déng nghiép.

Thang 9/2011, Perelman dugc 3% cir vao chic
danh Vién si Vién Han 14m Khoa hoc Nga nhumng
ong da tir chdi vinh dir nay.

Vio thing 4 ndm 2011, Perelman, sau mét thei
gian dai im ling, 44 tra 161 phéng vén diu tién véi
nha béo va nha san xudt didu hanh cia Céng ty
Pién anh Mo’skva, Alexander Zabrovsky. Trong
cugc phong van nay, nha todn hoc khi tra 1&i cay
hoi tai sao khong nhédn giai thuéng mot

TOAN H
1 8 . crum% S48 514(4-2020)

duong thing MN va duong thing AE.

a) Chimg minh ring AD||GM.

b) Chimg minh ring FH = MC.

¢) Chimg minh ring KE +KN < J2.EN.

Ciu 4. (1,5 diém) ’
a) Chimg minh ring néu n 1A sO nguyén thi

n +29n

30
b) Tim tit ca cac so tw nhién (x;¥)sao0 cho

20 -+-y2—3x+2y)—1 va 5(¢ +y2 +4x+2y+3)

ddu 14 cac sb chinh phwong.

ciing 1 s6 nguyén.

Cau 5. (1,5 diém) ‘
a) Cho cac sb thuyc a,b,cthoa man diéu kién

(a* +5)(B* +c*)(c" +a*) =8. Chimg minh ring:
(@ —ab+b* Y B —bc+ )t —ca+a*)>1.

b) Truéc ngay thi vao 16p 10 chuyén, thiy gido

dung khong qui 49 cdy but dem tang cho tit ca 32

ban hoc sinh 16p 9A sao cho ai cling nhin dugc

bit cia thay. Chimg minh ring c6 mét sb ban 16p

9A nhdn dugc 56 lugng but tong cong 1a 25.

LUONG XUAN VINH, NGUYEN THAI HA
(GVDH Kinh té - Tai chinh TP. HG Chi Mink) Gidi thiéu

****************************************

tri¢u USD, 6ng cho biét s6 tidn nay khong Ia gi
asi véi "ngudi diéu khién Vi try". Ngodi ra,
Pe.re!man dong ¥ déng vai chinh trong mot bd
p'hlm Cﬁzll Zb‘arovsky, trong d6 trinh bay vé s hop
¢ va doi dau gitta ba trudmg phai toan hoc chink
trerT the gidi: Nga, Trung Quéc va My la céc
fruong phéi tién tién nhét trg
quan 1y Vi try,

Il\ldh‘;tgunh doc léi'p nghién cira, Perelman try thinh
Poincez'znt:;);hsg'mét ,thé fgiéi’ a2 bien gl thUYét
thuéng, danh hig, b 1y Poincare, tr chéi moi gil
hoc Lién b 0 Vién st Vign Han 1am Khoa
i g Nga. D& vinh danh 6ng, ngudi ta d

aLtn Perelmay cho hanh tinh nhé 50033.

ng nghién ciru va

https://tieulun.hopto.org



HUONG DAN GIAI PE THI TUYEN SINH VAO LOP 10 THPT CHUYEN BAC NINH
NAM HOC 2019-2020

Ciaul.2)Pdpso: A= —%.

b) Phuong trinh hoanh d6 diém chung cua d va (P)
I x* —(m—1)x+1=0(1). Parabol (P) va dudng
thing d it ohau tai hai diém phén biét
A(x;33,),B(x,;p,) khi va chi khi PT(1) c6 hai
nghiém biét
A=(m—1"—4>0(2). Ap dung dinh li Viéte

d6i voi PT(1) ta cé: x, +x, =m—1, xx, =L.

phén Kis s hay

Tacd: x, =x, va y,=x{,y, =x; nén
%=y =18(x —x) e xf —x =18(x - x)
ex +x=18¢(x +x2)3—3x,x2(x1 +x,)—18=0
& (m—1) =3(m-1)-18=0m-1=3cm=4.
Viy m=4 (thoa man (2)) la gia tri can tim.
Ciu 2. a) Tacd: y2 +2xy+4=2x+5y
&y +(2x—5)y+(4-2x)=0 (3).
Coi (3) 12 PT bac hai 4n y, c6 cc hé s6 thoa man

a+b+c=0 nén 3) | .
y=4-—2x

«Néu y =1 thi PT thir hai trong hé tr& thanh
11

2
5x2 —11=+x*+4 é{x Z_5—

24x* —110x* +117=0

O
24

« Néu y=4—2x thi PT thir hai trong hé tr thanh
5x* —14x+10=\x' +4 & (a—2b)(a+3b)=0

(voi a=+xX*+2x+2>0 va b=+x*=2x+2>0)

Sa=2b=x+2x+2=4(x —2x+2) S x= 3

HPT c6 bbn nghiém (x;y) la:

/55+\/217 -1] [_ }55+\/2 7 ,1]
24 24 Y
[5—\/7.2+2ﬁ 5+ﬁ_2—2ﬁ]
3 ’ '

3 7 3 3

L

5447

b) Tir gia thibt ta ¢6 x,y,z €[0;3]. Vi

2 2
02—6a+25=[15_a] —§a(3—a)5[1—5—1‘1] Vaelo3),
3 9 3
nén \/az—6a+25§15—a,\/a€[0;3], déng

thirc xdy ra khi a€{0;3}. Ap dung BDT trén, ta

153—(x+y+2) _
3

co: M < 14.

Diing thirc xay ra khi trong ba s x,y,z ¢6 mdt sb
bang 3 va hai s§ bing 0. Vay max M =14.

Tiép theo, ta 4p dung BPT quen thudc sau véi
moi a,,a,,b,b, ER:

J@ +8 +Ja + 82 > (@ +a,) + B +5),
aa, +bb, >0

ab, = a,b,

déng thic xay ra khi { . Taco:

M=\J(x—37 +16 +{(y—3)’ +16 +(z—3)* +16
> Jc+y—6) +64+4(z—3) +16
>+ y+2z-9) +144 =65,
Déngthl’rc M =65 xayrakhi x=y=z=1.
Vay min M = 6/5.
Cau 3. a) Tir d& bai ta thdy x> +)y>+1 va
x+xy+y la cdc uéc nguyén duong cua 30. Vi
x,y nguyén duong vd x =y =1 khdng thoa méan
baitoannén x> +)y* +1>x+xy+y>3. Suyra
x+xy+y=5
[Jc2 +y +1= Gﬁ

x=lLy=2

x=2,y=1

C6 hai cgp s6 (x;y) thoa man bai toan la
(1;2),(2;1).
b) Ta c¢6 127" +1=2m+1)*,meN, nén
m(14+ m)=3n*. Honnita (m,1+ m) =1, do viy

m=3a2,1+m=b2
)2 (@b,

1+ m=3a*,m=
-Néu 1+m=3a"m=5* thi b =3(a" -1 +2,

diéu ndy vd Ii vi mt sb chinh phuong chia cho 3
khong thé du 2.

s§ sxkﬁt{aﬁ,;//ti&%@é qt9.org




-Néu m=3a’,1+m=>5" thi

24 2120% +1 = 4m + 4= (2b)°

va 1a mét sb chinh phuong.
Ciu 4. a) Chimg minh dugc ANEI ~ ANDC
(8.g), suy ra: %=@— hay NI.ND = NE.NC.
A
M
E !
F
0]
B D T C
G

b) Tir gidc BFEC nbi tiép nén AFE = ACB va
MEC =4BC. Tt gisc ABDE ndi tiép nén
DEC=A4BC. T& gidc ICDE ndi tiép nén
DEC=DIC. Vi MEC=ABC=DEC=DIC
nén tr gise MENI ndi tiép. Suy ra EMN = DIE.
Tir gidc DEIC nditiép nén ACB = DIE. Din t6i
AFE = ACB=DIE =EMN .

Tir diy ta c6 MN//AB. Ma ABLCH nén
MN L CH.

¢) Ta 6 EMN=EIN=NCT (do cic tir gidc
MENI,ICDE i tiép) va ENM =TNC (goc dbi
dinh) nén hai tam gidc ENM,TNC d6ng dang. Suy ra
NC.NE = NM.NT (4). Ta ¢6 KEN =CGN (gbc
nji tip cing chin cmg CK cia (0)),
ENK=GNC (goc déi dinh) nén hai tam gide
ENK,GNC déng dang, Suy ra
NCNE=NGNK(). Td (4) va (5) ta o6
NM.NT = NG.NK hay

AKMN,ATGN dong dang. Do do

TOANH
20 & crumg-cé S3 514(4-2020)

XN = TGN (6). Mat knic, do MN LCH oy

KMV =90° _KHC. Ta thdy HC la dudng kinh
w (0) vi Ke(0) nen HCK=90"—KHC

TN = HCK Ta lai co HGN = HCK

Din t&i
(gdc ndi tiép cing chan cung HR cia (0)). Suy ra
N = HGN(T). Tx (6) vai (7) ta ¢

7GN — HGN. Vay H,T,G thang bang,
Ciu 5. Goi g 1 s6 keo trong hop thir 7, véi

a, €{1,2, 1010}:e{12 ,1010}.

o Néu tht ca cac hop o sb keo bang nhau thi

4 ==y =2 V212 théy tdng s6 keo trong 505

hdp batky déu bang 1010.
o Xét trudng horp tOn tai it nhét hai hop c6 s keo khac

nhau. Khong miét tinh tong quaét, ta gid sir hai hp d6
lahop1vahop2(a =a,).
bit S, a, voii=1,2,..,1010.

k1
+ Néu ton tai hai sb trong céc s6 S,,5,,...,5,p,, €6
cling 6 du khi chia cho 1010, ch?mg ban §,,,S,

(m<n), thi §,—S, = a, chiahét cho 1010.

k=m+1

Mil S, S 2019 nén

S-S, =3 a =1010.

k=m+1
+ Néu trong céc sb 8158;54s8,5,, khOng co hai sb
nao cd cling s6 du khi chia cho 1010 thi ta xét 1011 s
335815835, 8,010. Theo nguyén I Dirichlet, cd it
nhét hai trong s céc sb Ay,8158; 50,8,y €O CUDG 0
du khi chia cho 1010. Hon nita, S, =q =a, V&
al,aze{l 2,..,1010} nén a,,S, khong thé ¢6 clng
s6 du khi chia cho 1010. Nhwr v4y, tn tai chi 6
je{2,3,. 1010} & 4, »S; 6 cing sb du khi chia
cho 1010. T 1a S,
va l< S;—a,

—a, chia hét cho 1010. Tir diy
=ata+a,+ .44 <2019 W
B mm=atata, 4. 44 ~1010.

NGUYEN VANXA

(GV THPT yen Phong 36 2, Béc Nink) Gidi thiés

https://tieulun.hopto.org



CAC LOP THCS

Bai T1/514 (Lép 6). Trén bang den ta viét 2019 déu
cong (+) va 2020 dAu trir (-). Cho phép x6a hai ddu
tly ¥ va thay vao d6 mot ddu cong néu hai ddu da
x6a 14 nhu nhau, mét déu trir néu hai ddu d3 xoa 1a
khac nhau. Thyc hién phép toan d6 4038 lan. Hoi
trén bang con lai 13 dau gi?
LE MINH HOA
(GV THCS Kha Citu, Thanh Som, Phii Tho)
Bai T2/514 (Lép 7). Cho tam gidc c6 A=60"va
AB + AC = 2BC. Chimg minh ring dudng trung
tuyén AM, dudmg cao BH va dudng phan gisc CI cua
tam giac ABC ddng quy.
NGUYEN BUC TAN (TP. H6 Chi Minh)
Bai T3/514. Cho céc s6 thuc duong a, b, ¢ thoa mén
a+ b+ ¢ = abc. Chimng minh ring
a_., b < c_
a+1 b+l Jet 4l
TU HOU SON (S¢ Gido duc va Déo tao Ha Tinh)
Bai T4/514. Cho tam giac nhon 4BC ndi tiép dudng
trdn tam O. Ké duong cao 4D, goi E, F lan luot 1a
hinh chiéu vudng goc cuia D trén cic canh 4B va AC.
Gia st hai doan théng OA4 va EF cét nhau tai /.
Chimg minh ring AB.AC.AI=AD’.

NGUYEN SON HA (GV THPT chuyén DHSP Ha Noi)
Bai T5/514. Cho da thirc f{x) = (x + a)(x + b) trong
dé a, b 1a cac sb nguyén, Chirng minh rang luén ton
tai s6 nguyén m sao ch f{m) = f(2020)./{2021).

BUI DUY CHUAN
(GV THCS Lai Vu, Kim Thanh, Hai Duong)
CAC LGP THPT
Bai T6/514. Cho a, b, ¢, d 14 c4c s6 thyc khong 4m
¢6 tong bing 1, Tim gi4 tri 16n nhét va gid tri nhé
a + 5 + e + 4 :
b+l c+1 d+1 a+l
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Nji)

nhét cua bidu thirc P =

Bai T7/514. Cho hé phuong trinh
a,x +anx, ..+ a,x, =0
Ay X, + X, +.iH 0y, X, =0
:7;,13‘1 +a,x,+..+a,x, =0
¢6 céc hé sb thoa man:
1) ag; >O,\7’i=fr;;
2) gy <0,Vi= j,Vi,j=ln

3) ) a >0,Vi=Ln.
k=1
Chirmg minh ring hé phuong trinh cé nghiém duy
nhétx =x, =...=x, =0.
NGO THI HOAI NHUNG
(K25D Todn Tin, DHSP Ha Noi 2)
Bai T8/514. Cho dudng tron tdm O va diém M nim
ngodi dudmg tron. V& c4t tuyén MAB bién thién dén
dudng tron (4 nam giita M va B). Céc tiép tuyén tai
A va B cit nhau & C. V& CD vudng gbc véi MO, DE
vudng goc véi C4, DF vudng géc véi CB. Ching
minh ring dudng thing EF ludn di qua mét diém cd
dinh.
NGUYEN KHANH NGUYEN (Hdi Phong)
Bai T9/514. Cho céc sb thure dwong x, y théa mén

2 2
2 2
x<2y, x.Jy2 —7=2Jy2 —x? +x. Tim gié tri nho

2
nhét ctia bidu thirc P=ch1‘y2 -%—.

NGUYEN ANH VU
(GV THPT chuyén Chu Vén An, Hoai Nhon, Binh Dink)

TIEN TOT OLYMPIC TOAN
Bai T10/514. Cho S$=1!2!...100!. Chimg minh ring

ton tai s& nguyén k véi 1<k <100 sao cho thuong
S s ’ . .
= 1a 56 chinh phwong. S6 k nhur thé ¢6 1a duy nhét

hay khong? (ki higu n!=1.2.3..n véi neN'va quy
ude 01=1).

NGUYEN DUY LIEN

(GV THPT chuyén Vinh Phiic, Vinh Phiic)

Bai T11/514. Cho ham sé f{x) xéc dinh va khong 1

ham hing trén R, Chimg minh ring lu6n tbn tai mdt

s6 thuc a, mot tip 4 khac rOng 13 tap con thyc sy cia

Rva hai ham s8§ g(x),h(x)théa man

ss shitpsy/tidl QQM@IO rg




g(x)>a,Vxed vd h(x)<a,Vxed (A=R\A) sao
cho: f(x})=g(x)+h(x), VxeR

LE QUANG KHANH
(GV THPT Trin Quang Diéu, Hodi An, Binh Dink)
Bai T12/514. Cho tam giac ABC nhon. Hai diém M,
N ndm trén canh BC sao cho M, N khéng tring voi
B, C dbng théi BM = CN. Puong thing qua M vuéng
g6c voi CA, cét dudng thing 4B tai F. Dudng thing
qua N vudng géc véi AB, cit dudng thing AC tai E.
MF cit NE tai P. Trén dudng tron ngoai tiép tam
gidc PEF liy O sao cho PQ // BC.Goi R 1a diém dbi
ximg voi O qua trung diém cua BC. Ching minh
ring AR LBC.

TRAN QUANG HUNG

(GV THPT chuyén KHTN, PHQG Ha Ngi)

Bai L1/514. Tai O wén mit nudc ¢6 mdt ngudn phat

séng véi tin sé = 80 Hz, tée 40 truyén séng 1a 1,6

m/s. Ba diém 4, B, O nidm trén mit nudc tao thinh

tam gidc vudng tai O. Biét 04 =9 cm; OB = 12 cm.
Xac dinh s6 diém dao ddng cing pha véi 4 trén doan BA.

VIET CUGNG (Ha Néi)

Bai L.2/514. DPoan mach dién 4B g(")m hai doan mach

[
PROBLEMS IN
_ FOR SECONDARY SCHOOL
Froblea 127514 (For 67 grade). Draw on a board

2019 plus signs (+) and 2020 minus signs (-). We
perform a procedure as follows. We delete two
arbitrary signs. If they are both plus or both minus,
we will add back a plus sign. If not, we add back a
minus sign. We do it for 4038 times. What is the
remain sign on the board?

Problem T2/514 (For 7" srade). Given a triangle

ABC with 4=60° and AB + AC = 2BC. Show that
the median AM, the altitude BH and the angle
bisector CI of the triangle are concurrent.

Problem 13/514. Suppose that a, b, ¢ are positive
numbers and a + b + ¢ = abc. Prove that

a_ ., b & 0
a+1 B +17 o

Problem T4/514. Given an acute triangle ABC
inscribed in a circle O. Draw the altitude 4D, Let £oi
E and F respectively be the perpendicular

TOAN H
22 e

S3 514 4-2020)

M va MB ndi tiép nhau. Trén doan AM chita bigy
tré va cudn cam thudn, trén doan MB chi chira t,
sicn. it vio hai ddu 4, B mdt dién 4p xoay chidy

T v oA . .1
Uy = U~2 cos [l 00mt — EJ (V) va diCu chinh biéy
tr&r sao cho cong suét tiéu thu trén doan mach 4B dat
— 45 W. Biét rang khi d6 dién 4p trén
doan AM thirc
i A 2 5 ¥ .
Uar = 120~/2 cos [IOOM + ZJ (V). Xéc dinh gia tr]

cuc dai Fnax

srigeht c6  biéu Ix

dién dung cua tu dién. .

THANH LAM (Ha Ngi)
********************************************
PINH CHINH: Trong muc Pé ra ky nay, sb 513,
thang 3.2020, trong bai T2/513 d viét:

2* +1 32 +1 98% +1
= + tot—
224+32+1 3*43.3+1 98° +3.98 +1
xin dugc sira 1a:
2741 37 +1 98% +1
T 22432+1 3% +33+1 77982 +3.98+1
Thanh that xin 13i tic gia va ban doc,
TH&TT

THIS ISSUE

projections of D on the sides AB and AC. Suppose
that two line segments O4 and EF meet at /. Show
that AB.AC. Al =AD",

Problem T5/514, Consider  the polynomial

f&) = (x + a)(x + ) where g and b are integers.
Show that there always exists at least an i

nteger m s0
that Sm) = j(2020)J(2021).

FOR HIGH SCHOOL
Problem T6/514. Let a

’ ] .

) ot equal to 1. Find the
faximum and minimum vayeg of the expression
P = i_ + C d
—
b+l ¢+ d+1+a+1'

Problem T7/514. Given the system of equation

A+ apx, +.+ 4%, =0

it anx, +ota,x =

a
m¥ + QX+ + a,x =0

(Xem tiép trang 41)
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Bai T1/510 (Lép 6). Tim cdc s tr nhién x, y, z
sao cho 3* +5 —2° = (224 3y,

Loi gidi. Ta thiy 3, 5 va 2z + 3 déu la sé nguyén
I¢ v61 bat ki gia tri nao cia méi s6 tw nhién x, y, z,
do d6 tong 3" + 5 s6 chiin va (22 +3)° 14 56 1& véi
bat ki gid tri ndo ciia méi sé ty nhién x, y, z, ma 2°
=3+ 5 — (22 + 3)° nén 2° phai 12 s6 1&. Tir &6 chi
c6 thé xdy ra 2° = 1, do d6 z=0. Thay vio déng
thitc trén duoc 3" +5” =28, suy ra 5 < 28 nén
y=<2.

Xét ba trudng hop sau:

«Néuy=0thi 5=1va3" =27, suyrax =3.
*Néuy=1thi ¥ =5 va3 =23, khong co sb tur
nhién x nao thoa man.
+Néuy=2thi?=25va3*=3,suyrax=1.

Vay c6 hai bd sé tr nhién (x; y; z) thoa man bai
todn la: (3; 0; 0) va (1; 2; 0).

Nhin xét. Mot sb ban chi néu ra mot nghiém. Cac
ban sau c6 1&i giai ding. Thai Nguyén: Trdn
Quang Khoi, 6AS, THCS Chu Vin An, Péng
Hoang Minh Pao, 6A4, THCS Nguyén Du, TP.
Thai Nguyén; Vinh Phic: Nguyén Quang Khdi,
Nguyén Huy Hoang Som, 6A2, THCS Yén Lac,
Yén Lac; Ha Noi: Hoang Xudn T, 6A, THCS T6
Hoang, Q. Déng Pa; Nguyén Ha Linh, 6A3,
Nguyén Duong Ung Phdp, 6A5, THCS Gidng V3,
Q. Ba Dinh; Pink Chi Bdch, 6A12, THCS Nghia
Tén, Q. Céu Gidy; Pdng Gia Khoa, 6M1, PTLC
L& Quy Pén, Q. Nam Tir Liém; Nghé An: Phan
Quéc Bdo, 6A, Thdi Minh Quadn, Nguyén Vin
Viét, Nguyén Dang Quang, Nguyén Sy Bdo Lam,
6B, THCS Ly Nhat Quang, D6 Luong; Hodng
Anh Quén, 6A, THCS Cao Xuan Huy, Dién Chéu;
Quing Tri: V6 Nguyén Thang, 6A, THCS Trung
Vuong, TP. Déng Ha; Quang Ngii: Bui Thi

Quynh Nhu, 6A, THCS Nghia My, Tu Nghia,
Pham Quéc Hoang Anh, 6C, THCS Pham Vin
Pong, Nghia Hanh; Séc Tring: Lé Ngoc Xudn
Tho, 6A3, THCS Ké An, K& Sach.

NGUYEN VIET HAI

Bai T2/510 (Lép 7). Cho tam gidc ABC vuéng tai
A B=75". Trén tia doi cia tia AB ldy diém H
sao cho BH = 2AC. Tinh s6 do BHC.
Loi gidi. Goi M 1a trung ,
diém cua BH. Khi 4y
giac déu BCO, ticla

BO = BC = CO.
Tam gidc ABC vudng tai 4
va géc B=75" nén

BCA=90°— ABC =15".
MBO = 4BC — OBC =75 — 60° =15".
Hai tam gidc BMO va CAB bing nhau vi:
BM =C4, MBO=ACB=15", BO=CB.

Suyra BMO = CAB = 90" hay OM L BH.
Tam giac BOH ¢6 OM wvira la dudmg cao, vira 1a
dudng trung tuyén nén 1a tam giac can tai O. Do
d6 BO=OH vi BHO = HBO =15".
Viy BOH =180° —2.15" =150°. Suy ra:
HOC =360 — BOH — COB

=360" —150° — 60° =150°.
Do d6 ABOH =ACOH vi BO=CO, gbc
BOH =COH =150°, OH chung.
Suy ra: BHO = CHO =15".
Vay BHC =15° 4+15° =30°.
Nhin xét: Céc ban déu giai ding theo céch trén. Ban
I\ng_zyén Hong Hai Lé giai chua tron ven. Ngoai cach
giai trén (cach ty nhjén nhét), ban Nguyén Anh Thu
(Soc Tring) phét trién thém ba cach nita. Dudi day
la danh sach cic ban giai dung:
Ha Noi: Ha Minh Dire, 8A01; Hoang Nhdt Minh,
4A0, THCS Ngbi sao Ha Noi; Nguyén Héong Hai Lé,
71, THCS Marie Curie, Q.Nam Tir Liém; Ddng Minh

Phuong, TA8, THCS Dich Vong, Ciu Gidy; Hoang
Xudn Ti, 6A, THCS T6 Hoang, Déng Pa; Han Purc

H
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Minh, Lép 8A0, THCS Nguyén Trudng Td; Thanh
Héa: Nguyén Viét Quang Anh, TH, THCS Trin Mai
Ninh, Ba Dinh; Thai Nguyén: Pdng Hodng Minh
Pao, 6A4, THCS Nguyén Du; Tran Quang Khéi,
6A5, THCS Chu Vin An; Quing Ngii: Vo Thj Cam
Ly, 71D; Cao Phuong Nga, Nguyén Thiry Tram, 7C,
THCS Pham Vin Ddng, Nghia Hanh; Nghé An:
Nguyén Héng Nga, 7D, THCS Ly Nhit Quang, D6
Luong; Hung Yén: Lé Tudn Nghia, 7C, THCS
Doan Thi Piém, Yén My; Sée Trang: Neuyén Anh
Thu, TAl, THCS Ké An, K& Sich; Phi The: DS
Ngoc Tién, 7A3, THCS Lim Thao, H. Lam Thao.
TA DUY PHUQNG
Bai T3/510. Cho
Xp(x+ )+ yz(y+z)+zx(z + X))+ 2xyz =0.

2019 2019 2019

+y 4z 2019

Chitng minh x =(x+y+2)*".
Loi gidi. Ta co:
XY+ y)+yz(y +2) +z2x(z +x) + 20z =0

< [olx +p)+xpz] + 2y +2) + xyz]
+zx(z+x)=0

S xyxty+)tyzx+y+)+zxz +x)=0

S Yx+y+)x+)+zx(z+x)=0

S x+H)Dx+y)+z(+x0)]=0

S ) +a2)z+x)=0

x+y=0 x=-y
S|y+z=0 y=—2z.
z+x=0 Z=—X
Néux = —ythixzmg=~y2mgvéx +ty+z =g,
=y 20104 2019 2018 019 1 019 | 2019
=2 = (x +y + 2P

Tuong tu cac truong hop y = —z hodc z = —x, déu
thu duge x22'° + 20 4+ 2019 = 4 4 e

Viy dang thirc ¢4 dugc chimg minh.

Nhgn xét. Diy la bai toan co ban vé chimg minh
dang thirc c¢6 diéu kién cho trudc. Pa sé cac ban guri
bai déu c6 161 giai ding. Tuyén duong céac ban sau
c6 10 giai tot: Hung Yén: Lé Tudn Nghia, e,
THCS Poan Thi Diém, Yén My; Hai Phong: Trdn
Trung Phiic, 8A4, THCS Ngé Gia Ty, Hong Bang;
Phi The: D6 Ngoc Tién, TA3, Tran Thi Thanh Hdo,
Nguyén Dic Quang Vinh, 8A3, THCS Lam Thao,
Lai Truong Giang, 9A, THCS Nguyén Quang Bich,
Tam Néng; Thai Nguyén: Dao Hai Paing, 8A1l,
THCS Chu Vén An, TP. Thii Nguyén; Séc Tring:
Nguyén Anh Thu, TAl, THCS Ké An, Ké Sach;

24
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Thanh Hoéa: Nguyén Viét Quang Anh, TH, THcg
Trin Mai Ninh; Nghé An: AVO Doa.nh Nht:_n, gA,’
THCS Neuyén Thai Nhy, DO Lu'?rng, Né:;_,yen~ Nhés
Huy, 9C, THCS Ha Huy Tap; Quang N;gal: Vs H;,u
Thanh Thdo, 6B, THCS Pham Vin Pong; Quing
Trj: Nguyén Anh Quan, 8D, THCS Tréin Hung Dao,

PHAM THI BACH NGQ(C

Bai T4/510. Cho tam gidc ABC c6 ABC=3(",
Bén ngoai tam gidc ABC, dt,t'{?g tam gidc ACD
vuéng cdn tai D. Ching minh rang

2BD* = BA* + BC” + BA.BC.

L& gigi. Dung D
tam giac BDK A E
vudng cén tai D
sao cho K va 4 C
khéc phia so véi
BD.Ha KE L B
BC tai E. Ta ¢6 KDC = BDA=90°—CDB, suy
ra AdBD = ACKD (c.gc), nén AB = CK vi
7B = KCD.
Vay BCK =360°— BCD— DCK

=360" — BCD — BAD =120".

Suy ra KCE = 60°, din dén KC = 2CE. Ta cé-

2BD" = BK* = BE* + EK* = (BC + CE)* + EK?
=BC + CK* + BC.CK = BC? + AB* + BC AB.

Viy 2BD = AB* + BC* + 4B. BC.

Nhin xét. 1) Ngoai céch giai trén, mot s ban ké BE L AD,

BK 1 CD, CM 1 4B va dung dinh 1i Pythagoras va

cong thic dién tich tam gidc ciing din t6i két qué.

2) Céc ban sau cho 154 gidi tt.

Phi Tho: D5 Khanh Link, 8A3, THCS Lam Thao;

Quing Tri: Neuyén Anh Quan, 8D, THCS Tran Himg

B, Cam L&; Ngh¢ An: Nguyd, Céng An, 8C, THCS
Ly Nhat Quang, P Luong,

K

. NGUYEN THANH HONG
ATS/510. Tim gig tri ppg nhat cua bidu thirc
T- 5-3x 3-3y 5.3z

to—_—+
M-y Iz o
-1<x<1;-—1<y<1;1<z<1.
trén suy ra
d5"3x>0,5—3y>0,5—32>0.
ung BDT Cauchy cho b g4 duong, ta co:

L giai, bK:
Véi didu kign

Ap
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L —

53x L 5-3y  5-3;

SN TN v e

23.{]5—3;:_5—:@ 5-3z
W13 V1-22 Ji— 2
Déu déng thirc dat dwoc khi
5-3x  5-3y 5-3z
=y iz Jie

Lai ap dung BDT Cauchy cho hai s duong, ta co:

5—3x=(1+x)+4(1~x)22,/(1+x).4(1—x)
hay 5-3x24J1-x* & o >4,
1-x?

Diu dang thirc dat duoc khi

1+x=4(1-—x)<::>x=%,

Tuong tir, c6: _3y >4 523 5y,
J1-y Ji-2

Do ds T3, )| ——ox 373 5732 o4 o5 1o
V1-x* \/l—y2 N

Déu ding thirc dat duge <> x=y=2z =%.

Viy minT =12, dat dugc & x=y=z=%.
Nhén xét. Day 12 bai toan khong khé, cac ban déu
giai theo cach trén. Diéu then chét cua 151 giai 1a
5-3a
NI
sit dung BDT Cauchy cho ba sé duong dé uéc
lugng vé phai ciia 7. Cac ban sau day c6 bai giai
tot: Quang Tri: Nguyén Anh Qudn, 8D, THCS
Trin Himg Pao, Cam LO; Nghé An: Nguyén
Nhét Huy, 9C, THCS Ha Huy Tap, TP. Vinh,
Pham Vén Quyén, 9A, THCS Ly Nhét Quang, bd
Luong; Thanh Héa: Nguyén Viét Quang Anh,
7H, THCS Trin Mai Ninh, TP. Thanh Héa; Séc
Tring: Nguyén Anh Thu, TA1, THCS Ké An, Ké
Sach; Hung Yén: Lé Tudn Nghia, 7C, THCS
Doan Thi Didm, Yén My; Ha Ni: Lé Ngoc Tung,
9A, THCS Nguyén Tryc, Thanh Oai.

NGUYEN ANH DUNG

Bai T6/510. Tim tham sé m dé phuong trinh
+2=m.2*(1-x)x c6 nghiém duy nhat.

chimg minh BDT >4 voi -1<a<l va

L&i gigi. (Cua ban Nguyén Anh Thu, TA1, THCS

K& An, huyén K& Séach, tinh Sé¢ Tring)

Trudc hét, bién dbi twong duong, ta co:

F +2=m2"(1-x)x 2" +27 =mx(l-x). (*)
Nhén xét: Néu x 13 nghiém cia phuong trinh da
cho thi 1 — x ciing 1a nghiém cia phuong trinh
nay, vi ta c6 & d6 vai trd cia x va cia 1 — x hoan
i duoc cho nhau. Vay khi x 1a nghiém duy nhat

ctia phuong trinh thi phai c6x = 1 —x, hayx = —

Thay gié tri ndy vao phuong trinh, ta c6 m = 82
Thay m= 8J2 viao phuong trinh (*), ta c6
phuong trinh 27 +2'~* = 8/2(1 - x)x.
Ap dung BDT Cauchy ta c6 vé trai la:

2427 222720 =22,
Trong khi cling 4p dung BDT ndy, ta cé v¢ phai
1a: 8¥2.(1-x)x < 242.(1- x + x)* = 24/2.
Nhu viy, ddng thirc x4y ra khi chi khi trong ca hai
BDT ta c6 ddu bang, tirc 1a chi khi x = 1 — x, hay

la chi khix = % 1a nghiém duy nhit. Vay phuong

trinh c6 nghiém duy nhét khi va chi khi m =82 .
Nhin xét. Khong nhiéu ban giai dugc bai toan
ndy. Ngoai ban Thir, cic ban sau diy cé 101 giai
ding: Ha Noi: Neuyén Xudn Timg, 10 Toén,
THPT chuyén KHTN, PHQG Ha Ni; Quang
Tri: Nguyén Ngoc Tho, Ngzg)én Xudn T ién, Ngé
Hoang Thanh Dat, 10 Toan, THPT chuyén Lé
Quy Dén, TP. Bong Ha; Vinh Phic: Nguyén Vii
Ngoc Linh, 10A1, THPT chuyén Vinh Phuc.

VU PINH HOA
Bai T7/510. Cho a, b, ¢ la cdc s6 thuc khéng ém

thoa man (a +b)(b + c)(c +a) > 0. Tim gid tri nho
nhét cua biéu thire

P [ a +] b +J c +4Jab+bc+ca.
Vb+c Vc+a a+b a+b+c
Léi gidi. (Theo da s6 cac ban) Tir gia thiét suy
raab+bc+ca>0va

2
a a _ abc

= >
b+c ab+bc+ca (b+c)ab+be+ca)

a a
suy ra = .
Vb +c Jab+bc +ca
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Tuong tu, ta cé: 8 > b
c+a ab+bc+ca

\ } c c
va > .
a+b ~Jab+bc+ca

Tir d6 va theo BDT Cau chy, suy ra:

'\/ a \/ b \/ c 4-Jab + bc +ca
= + + +
b+c c+a a+b a+b+c

AAGB co:
G2 +GB? —c*  4AM* +4BN? _g.2

—_—— e el
A e 125 .

Ap dung cong thirc dudng trung tuyén cho A4 BC,

cota=

W42 - 0 20423 g
wos: w BT pyp 22205
a® + b — 5¢2

Thay vao (1) ta dugce: cota = W(Z)-

a+b+c +4\/ab+bc+ca
~ Jab+bc+ca a+b+c St dung dinh ly ham cdsin cho A4BC, ta cé:
2 2 2 3 2+3b2_3 2
>2 a+b+c 4Jab+bc+ca _4 cotC=a :; € -= 125 < 3.
Jab+bctca a+b+c 45C 2"822 "
a +b"+c
Ping thirc xay ra < abe =0 T (2) va 3) :)COtC—COta_T—_ e
(a+b+c)* =4(ab+bc+ca) 5 A‘zc )
hay a=b+#0,c=0 hoic b=c#0,a=0 hoic Chﬁyrfmg: <:otA+ootB-f—cotCzE—:rgbl ).
ABC

c=a#0,a=0.
Két lugn: minP=4 khi a=b=0,c=0, hoic
b=c#0,a=0 hoic c=a#0,a=0.
Nhdn xét. Diy la dang toan co ban vé BDPT Cauchy
v&i bd 3 s6 khong am. Pa sb cac ban déu giai bing
cach trén. Cac ban sau day c6 10i giai ding. Can
Tho: Phan Trung Puc, 11A1, THPT chuyén Ly Tu
Trong; D(’ing Thap: Lac Xudn Thinh, 10T1, THPT
chuyén Nguyén Quang Diéu; HA Noi: D6 Xudn
Trong, 11T, THPT chuyén KHTN, PHQG Ha Noi;
Hung Yén: Ddng Duy Hdu, 11A1, THPT Duong
Quang Ham; Quang Binh: Lé Puc Hanh, 10T2,
Dang Hoang Duy, 10T1, THPT chuyén V6 Nguyén
Gidp; Quang Tri: Ngé Hoang Thanh Pat, Trdn
Nguyén Phuong Linh, 10T, THPT chuyén Lé Quy
Pon; Vinh Long: Lé Minh Tdm, 11T1, Duong
Thanh Triéu, 10T1, THPT chuyén Nguyén Binh
Khiém; Thira Thién Hué: Nguyén Quang Huy,
10T1, THPT chuyén Quéc hoc Hué,

NGUYEN VAN MAU

Bai T8/510. Cho tam giac ABC co C =45, Goi

Tur (4) va (5) :>ootC—oota=§(ootA+ootB+ootC)

2sinC V2

sindsinB sinAsinB’
Tir &6 suy ra hé thirc cin chimg minh.

Nhan xét. Tit ca céc bai giai gui vé Toa soan déu
ding va trinh bay tuwong tu nhu 1& giai trén. Nhitng
ban sau ¢6 15 giai t6t: Ha Ni: Nguyén Xudn Ting,
10 Toan, THPT chuyén KHTN, PHQG Ha Nai;
Vinh Phic: Tran Vii Birc Huy, 10A1, THPT chuyén
Vinh Phic; Hung Yén: Cao Trung Hiéu, 11Al,
THPT Duong Quing Ham, Vin Giang; Nghé An:
Lé Ba Lugr, 11A1, THPT chuyén Phan Boi Chau,
TP. Vinh; Ha Tinh: Ngé Vin Théng, Luu Ngdn Ha,
10T1, THPT chuyén Ha Tinh; Quing Binh: Trdn
Phuong Linh, Lé Dirc Hanh, 10 Toan 2, THPT
chuyén V5 Nguyén Giap; Quang Tri: Trdn Nguyén
Phuong Linh, Nguyén Xudn Tién, 10 Toan, THPT
chuyén Lé Quy Pon, TP. bong Ha; Thira Thién
Hué: Nguyén Quang Huy, 10 Toan 1, Nguyen Ai
Huyén Trang, 11 Toan 2, THPT chuyén Quéc hoc
Hué, TP. Hué; Binh Dinh: Nguyén Huy Hoang, 10
T, THPT chuyén L& Quy Pén; Séc Tring: Ddu Duc

Vi €’=450 nén: 1-3cota =

G la trong tam cua tam gidc ABC,@za.

Ching minh hé thirc —————+3cota=1.

sin Asin B Qudn, 11A2T, THPT chuyén Nguydn Thi Minh
Léi gidi. A Khai; Long An: Pham Minh Anh, 10T1, THPT
PiatBC =a; AC=b; chuyén Long An.
AB=c. S dung dinh ly HO QUANG VINH
ham sé cosin cho tam gide ' Bai T9/510. Cho a, b, ¢ Ia ba s6 thirc dirong thoa

4 e man " + b + ¢ =3, Ching minh rang
2 6 T(?FIN HOC . .
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BN P

a+b b+c

c+a

1
2 2 2 2 ) 9 2
—2J§(Va +b +\/b +c“+\/c"+a‘).
Léi gidl. Theo BDT Bunyakovsky ta cé:
(a+b+c)

3
Theo BDT Schwarz ta c6:

1 + 1 + 1 _ 12 - 12 N 12
atb b+c c+a a+b b+c c+a

2 2 2
3=a +b +c" 2 Sa+b+c<3 ().

o (+l+1y 9
a+b+b+c+c+a 2a+b+c) &
Tir (1) va (2) suy ra:
1
- P 9 2.2 3).

> >
a+b b+c c+a 2a+b+c) 23 2
Mit khac cling theo BDT Bunyakovsky ta cé:

(\/a2 + b +Vb + +t + & )2

3@+ + b +cP+cP +a’)=3.6=18

@ﬁ.z_-(\/az + B 4B+ +\/c2+az)
V18 3
E=; @

Tir (3) va (4) ta c6 BDT cén chimg minh.

Diu “="xayra<>a=b=c=1.

Nhgn xét. Day 14 bai toan chimg minh BDT co ban.
Rit nhidu ban tham gia giai bai nay, cac 1i giai deu
dtng va tuong ty nhu cach giai trén. Céc ban sau c6 1oi
giai tvong d6i ngén gon:

Vinh Phiic: Pham Hoang Hiép, Nguyén Vii Ngoc Linh,
10A1, THPT chuyén Vinh Phiic, Lae Cai: Nguyén Hitu
Huy, 10 Toén, THPT chuyén Lao Cai; Ha Ndi: Do
Xudn Trong, 11 Toan, THPT chuyén KHTN, DHQG
Ha Néi: Va Han Tin, 11A1, THCS-THPT Nguyén Tat
Thinh, DHSP Ha Noi. Humg Yén: Ddng Duy Héu,
Nguyén Phiic Vinh, 11A1, THPT Duong Quang Ham,
Vin Giang: Nghé An: Lé Bd Ludt, 11Al, THPT
chuyén Phan Boi Chau, Nguyén Quéc Bdo Long, 9C,
THCS Ping Thai Mai, TP. Vinh; Ha Tinh: Lé Thj Hai
Anh, L& Phan Viét Cuomg, Nguyén Anh Bao, 10TI,
THPT chuyén Ha Tinh, TP. Ha Tinh, Nguyén Thi Hodi
Mén, Lé Van Dat, 10A1, THPT Cu Huy Cén, Vi
Quang; Quang Trj: Trdn Nguyén Hitu Phiic, Neuyén
Xudn Tién, Nguyén Ngoc Tho, Trdn Nguyén Phuong,
10 Toan, THPT chuyén L& Quy Don, Nguyén Anh
Quén, 8d, THCS Trin Hung Pao, H. Cam Lo; Quing

Binh: Trdn Phuong Linh, 10 Toan 2, THPT chuyén V&
Nguyén Giap; Thira Thién Hué: Hodng Bdo Minh
Chdu, 11 Toan 1, Nguyén Ai Huyén Trang, 11 Toén 2,
THPT chuyén Quéc hoc Hué; Bén Tre: Dodn Quang
Diing, 10 Toan, THPT chuyén Bén Tre, Ngé Qudc Bdo,
16p 10/9, THPT Nguyén Dinh Chiéu Cin The: Trdn
Danh Nhan, 10A1, THPT chuyén Ly Tu Trong, TP.
Cin Tho; Lim Ddng: Pham Khdnh Vinh, 10 Toan,
THPT chuyén Thang Long, TP. Pa Lat; Dong Thap:
Lac Xudn Thinh, Pham Hiu Ddng, 10T1, THPT
chuyén Nguyén Quang Diéu; Bd Ria — Ving Tau:
Phan Trung Kién, 10T1, THPT chuyén Lé Quy D6én,
TP. Viing Tau; Séc Tring: Ddu Dic Quadn, 11A2T,
THPT chuyén Nguyén Thi Minh Khai, Nguyén Anh
Thir, 7A1, THCS Ké An, H. Ké sach; Vinh Long: Lé
Minh Tém, 11T1, THPT chuyén Nguyén Binh Khiém.

TRAN HUU NAM

Bai T10/510. V6i ba sé thuc a, b, ¢, ta ki hiéu

T(a, b, ¢) = |a—b| + |b—c| + |c — a|. Xét day (*)

gom cdc 6 nguyén X,,X,,..., X, a0 cho t6n tai da

thitc f(x) voi cdc hé s6 nguyén ma cdc gid tri
FO (X )y f(x,2) dGi mt phin biét va
> T(/06).f(x,), f(x,)) £3300-

<< p<h<i2
i) kel

Chirng minh ring trong (¥) luén chira mot cc?;o 56
edng vdi it nhdt ba sé hang.

Léi gigi. (Cia tac gia bai toan) e Trudc hét ta
chimg minh két qua: Trong mét day gom 12 sé
nguyén déi mot phdn biét f,, f,,..., f, théa man
diéu kién Z T(ff,fj,fk)§3300, cé it nhat

1<i< j<k<l2
i,j keN

ba s6 nguyén lién tiép (1).

That vy, gid sir khong c6 ba s6 nguyén lién tiép
nao xudt hién trong diy 12 s nguyén fi, £, fra-
Tacol f, < f, < f, <..<f,.

+ Nhdnxét I: V6i f, < f, < £, thi
T(fufudo) =1y =i+ f— 1,4 f = fi=2(f, - £)
14 mt s6 chan. Hon nita f,, f,, f, khong 14 ba sb
lién tiép nén T(f,, £,, £, ) =2(, - ) 2 23=6.
tNhdnxét 2:V6i f, < f, < f, va f, Sy LS
thi (£, £, /i) <T (. f2 o) do 46 phai co

T(fodySon) 2T(F S 1) 42

M@&[Lﬂf&?ﬁgﬁg%%ﬂfﬁ.or




Ta xét gia wi cua T(f,f,./,) voi 1< <k,
theo cdc nhin xét trén thi T fos )26,
T(fi.f;2/s)2 6 +2=8 va ta c6 ding hai b s5
dang (f,,,.1,) (bmg véi j=2,3),
T(f.f;./;)28+2=10 va ta 6 diing ba bd s
dang (£,,£,.1;) (g véi j=2,3,4)

T(f1. £, /)2 24 va ta c6 ding 10 bd s dang
(115 £) Gimgvei j=211),

Tong quit, v6i mdi ie{l2..;10} va mdi
k€{3;..;12} (théa man k>i+2) cb dinh trude
thi T(f. /. /) 26+ (k—i=2)2=2+2k—2i
vatacod ding k—i—1 bo sb co dang (f,.,fj.,fk)
(img véi j=i+1;k—1). Theo dé

> T(f,,fj,j;)zfj i(Z—E—Zk—Zi)(k—i—l)]

1<i<j<k<12 =1
i,jkeN

=zf:[fj(kl—zki+i2—1)]

i=1 \k=i+2

10 [12.13.25 ([ +1)(+2)(2i+3)

=2; . :

(11-1)(i+14)

-2i, +(-1)(11 -—z‘)] =3300.

Khi xay ra dﬁng thire E T(ﬁ,fj,fk)=3300
ISi< j<k<12
i,jkeN
T(ffos5)=6  [f—f=3
thi phai cO{T(f,£,.7)=8 <{fi—fi=4= £, 1.,
T(f, £, f;)=10 |fs—fi=5
la ba sé nguyén lién tiép, mau thudn. Vay néu
khong cé ba s6 nguyén lién tiép nao xuét hién
trong diy 12 sb nguyén f, f,,..., f;, thi phai cé
Z T(ﬂ,fj,fk)>3300.Do dé (1) dugce ching

1<i<j<k<12
i fheN

minh.

« Quay tr& lai bai todn, f(x) 14 da thirc véi hé sé
nguyén nén f (x,)e ZNi= LTZ . bat ki hiéu
f( x:) = f, va dung két qua (1) din dén viéc ton

TOAN HOC
28 T clusitpe
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tai ba chi s6 i,k ma £ (%), (x,)./ (%) 1aba
s6 nguyén lién tiep.

Khong mét téng quat, gia s& f(x)=a,
f(xj)=a+1, f(x)=a+2 voi acZ.Khi ds
da thirc f(x)—a—1 c6 nghiém nguyén x=x,
nén c6 bidu dién f(x)—a—1=(x—x).H(x)
véi H (x) 1a da thitc v6i h¢ s6 nguyén.
1=f(xk)—a—1=(xk—xj).H(xk)
~1=f(x)—a-1=(x—x,).H(x)

suy ra: jxi —xjrzlxk —xj) S X, —X, =:t(x,‘ —xj)

Do do6

>

%=
x +x,=2x,
Lai ¢6 P(x)=P(x,) nén x =x. Viy co
X, +x, =2x,. Piéu nay chimg to trong day (*) &3
cho chira mét cép sb cong (v6i it nhét ba sb hang
la x,x;,%, ).

Nhin xét. Dé bai toan nay da duogc stra so véi dé gbe
dé bai toan dugc chinh xic. Rét tiéc 1a Toa soan

.....

PANG HUNG THANG

Bai T11/510. Tim tat ca cdc ham séh(x): R — R
théa man dong thoi cdc diéy kién:
i) h(2019)=0;
i) h(x+1)=h(x), VxeR;
iii) 3 [h(A(y) +hx+ y)] =
=3 (y+Dh(x)+3" (x+Dh(y)+3> h(xy),Vx,yeR.
Lot gidi. Gid st h(x),xeR 13 ham sé thoa man
cc diéu kign cia bai toan. Tir didy kién ii) ta suy
13 A(x+n)=h(x), Vxe R v VnelZ.
Do dé tr i) tacé h(n)=0,Vneyz, Liyy=2, tir
iif), ta ¢6: 372 h(x) = 3% () + 3% h(2x)

= 6h(x)=3"h(2x), VxR (1).
Liy y=4,ta c6: 3 h(x) = 53" h(x) +3* h(4x)

= 76h(x) =3 h(4x), VxR ().

Nhung theo két luan (1) thi 6h(x) =3* h(4x). Do

; 38 38 19
d6: T6h(x) =—.6h(x) =22 3~ 27
() =3 6hn) = 3 h2x)= 5 36h(22)

https://tieulun.hopto.org



= 23 hdx) = 2 h(42). Két hop v6i @)

ta nhén duoc: %h@x) =h(4x) = h(4x) =0, vxeR.

Suy 1a A(x) = 0, VxeR.Ta thiy ngay ham s0
trén thoa man bai toan. Vay c6 duy nhit mot ham
s thoa man bai todn 12 A(x)=0, VxeR.
Nhian xét. Bai toin phuong trinh ham trén ding
phwong phép: Xét tai cAc gia tri dac biét cua x, y. Cac
ban hoc sinh sau ¢6 13 giai dung: Ha Noi: D6 Xudn
Trong, 11T, THPT chuyén KHTN, DPHQG Ha Noi;
Nghé An: Lé Bd Ludt, 11A1, THPT chuyén Phan Boi
Chéu; Ba Ria - Viing Taw: Phan Trung Kién, 10T1,
THPT chuyén L& Quy Pon, TP. Viing Tau.
NGUYEN MINH PUC
Bai T12/510. Cho tam gidc ABC rhon néi tiép
trong duong tron (). Cdc diém E, F lan luot
nam trén canh CA, AB sao cho tir gidc BCEF néi
tiép. Trung truc cua doan thing CE lan ot cdt
BC, EF tai cdc diém N, R. Trung tryc cua dogn
thang BF ldn hegt cit BC, EF tai cdc diém M, O.
K la diém doi ximg voi E qua RM. L I diém déi
xumg voi F qua ON. Goi giao diém ciia RK va QB
la S; giao diém cua QL va RC la T.
1) Chimg minh rang bon diém Q, R, S, T cing ndm
trén mdt duong tron, ky hiéu duong tron nay la (w).
2) Chimg minh rang hai dwong tron (w) va () tiép

xuc nhau.
Lot gidi.

1) D& thdy: (MN, MQ) =(BC, BF)+(BF, MQ)
= (EC,EF)+ g(mod m) = (EC,RQ)+ (RN, EC)

= (RN, NQ)(mod r).

Do d6 M, N, Q, R cling thudéc mdt dudng tron.

Viy (OT,08)=(0T,0F)+(OF,0S)

=2(ON,0F)+2(QF,OM)(mod ) =2(ON,OM)

=2(RN,RM)=2(RN,RE)+2(RE,RM)(mod )

=(RC,RE)+(RE,RK)=(RC,RK)=(RT,RS)(modr).

Do d6 Q, R, S, T cuing thudc mot dudng tron.

2) Goi W la giao diém thir hai clia cac dudng tron

(4BC), (AEF). Khi d6:
(NE,NB)=(NE,NC)=2(NE,NR)

= 2((NR,CA)+(CA4,CB)) (mod )
= 2[§+(CA, CB)] = 1+2(C4, CB)

=(C4, CB)+(CA4, CB)(mod )
=(AC, AB)+(AB,CB)+(CA4, CB)
=(AE, AF)+(FB,CB)+(CA, CB) (modm)
=(WE, WF)+(FE,CE)+ (WA, WB)
=(WE, WF)+(FE,AE)+ (WA, WB)(mod )
=(WE, WF)+(FW ,AW)+ (WA, WB)
=(WE,WB)(mod n).
Do dé N, E, B, W cung thudc mdt dudng tron (1).
Dé thdy: (OB, QE) = (QB,QF)=2(OM,QF)
=2(QM,0R) =2(NM, NR)(mod 1)
=2((NM,NE)+(NE,NR))
=2(NM,NE)+ 2(NE, NR)(mod )
=(NM,NE)+ (NM,NE)+ 2(NE,NC)
= (NM, NE)+(NM, NC) = (NB, NE) (mod 1).
Do d6 B, E, N, O cling thuéc mét duong tron (2).

T (1) va (2) suy ra B, E, N, O, W ciing thudc mot
dudng tron (3).

Tuong ty g, F’, M, R, W cing thudc mot dudng
tr(:)n 4). Dé thay M, N theo thir tir 13 tim dudmg
tron ni ti€p cac tam giac SOR, TOR (5). Tix (3),
(4) va (5), cha ¥ rang MO 1 AB;NR L AC va
STRQ 14 tix gi4c 13i, suy ra:
(WO.WR)=(WQ,WB)+(WB, WCY+(WC,WR)(mod )
=(NQ, NB)+(MQ, NR)+(MC, MR)

=(NQ, MR)+(MQ, NR)(mod ) =(NQ, NR) +(MQ, MR)

S5 sttt/ DS ﬂﬁ.org{




=220, TR+ 4250, 5K (mod)

= L7, ﬁ)+E(FQ, TR)=(TQ,TR) = (TQ,TR) (mod ).

Két hgp voi phén 1, suy ra W thujc dudng tron
(STRQ). Goi A 12 tiép tuyén véi duong tron (4BC)
tai W. D& thdy: (A, WQ) = (A, WB) +(WB,W Q)

= (CW,CB) +(NB,NQ)(mod )
= (CW,CM)+(NM,NQ)
= (RW,RM) +(RM,RQ) = (RW,RQ)(mod ).

Do d6 A tiép xiic véi dudng tron (STRQ).
Tém lai cac dudng trdn (4BC), (STRQ) tiép xtc
véi nhau (dpem).
Nhdn xét. 1) Bai toan nay kho, chi c6 ba ban tham
gia giai va l&i giai cua cac ban déu twong ty nhu 16
gidi trén: Bic Ninh: Nguyén Ngoc Khdnh, 12T,
THPT chuyén Bic Ninh, TP. Bic Ninh; Ha Noi:
Phan Vin Thanh, 10 T2, THPT chuyén DHSP Ha
Nbi; Thira Thién Hué: Nguye~n Duy Phude, 11T,
THPT chuyén Quéc hoc Hué, TP. Hué.
2) Phan 2 ciia bai toan trén 12 hé qua trre tiép clia bd
dé ndi tiéng sau
Bb a&. Cho tir gide ABCD ndi tiép duong tron (O). E
la giao diém ciia AC va BD. Dudng tron (K) tiép
xtic trong vdi (O) va theo thir ty tiép xiic véi cdc
doan EC, ED tai M, N. Khi d6 MN di qua tdm duong
tron ndi tiép céc tam gide ACD, BCD.

NGUYEN MINH HA

Bai L1/510. Trong mdéi truong déng tinh, khong
hép thu Gm c6 mét nguon éam dding hieomg, dat o
O. Mjt may thu am ddt o A thu duoc am c6 mirc
cuong dé ém la 50 dB. Néu dich chuyén may thu
ra xa nguon dam thém mot khoang d thi mirc
cuong dé am thu dwgc 1a 30 dB. Néu tiép tuc dich
chuyén mdy thu ra xa thém mot khoang nita ciing
I d theo phuwomg truyén ém thi mirc cwong am thu
duoc la bao nhiéu?

Léi gidi, Ban dau may thu c4ch ngudn 4m O mét
khoing n=r, saula r=r+d va vi tri cudi cung

18 ry=r+2d. Ta cé: LI—L2=10.1gil+=
I
¥
=10.1g—r2—=20.lg[1+i)=20 = d=9r.
i r

I
By 0 =204lg(1+y— ~25.6
13 r o

3 0 TOHN HOC
cfumn;e S48 514(4-2020)

Do 86 Ly=1,-50= =24,4 dB.
Nhdn xét. Cic ban c6 10i giai ding: Hai Phong:
Trdn Trung Phic, 8A4, THCS Ngo Gia Ty, Hdng
Bang; Ha Ngi: Ngé Van Minh Thdng, 12 Toén 1,
THPT chuyén Nguyén Hug, Ha Dong.

NGUYEN XUAN QUANG

Bai L2/510. Cho doan mach nhit hinh ve. Trong
d6 Ry =30, cugn cam thudn. Ddt vao hai ddu

doan mach AB mot dién ap xoay chiéu co gid tri
hiéu dung U =150V va tén s6 f= 50 Hz thi cong
sudt tiéu thu trong mach bang 500 W. Néi hai déu
cuén cam thuéan bang mot dady dan cé dién tro
khong ddng ké. Khi dé dién dp hiéu dung trén cdc
doan AM va MO bang nhau va bang 5043 V. D6
ty cam L cua cudn ddy bing bao nhiéu?

R1 M (& N R2 0 L
A B
Loi gidgi. Sau khi ndi tit cuén cam thuén, ta c6
gian dd vecto nhu hinh v&. Tir gian d0 ta ¢é:

. B U V3 4 ERl o S—
sin—= = Ko
2 2U, 2
2n <
= — va
3
T
a=—.
3

TX U, =Upp = Zyp= JRE+Z2 =R =30Q
va R2=ZMOcosE=1SQ =Z. =153 Q.

Khi chua néi tit cudn cam thuin thi;

T =J500*E
R +R, 45 3

Tir d6 Z—%~45 Q. Mat khac;

Z=\(R+R) +(2,~2Z,)
= 45% = 457 +(Z, —ZC)2 =z, =Z, =153 Q.

33

Suyra: L =5—- (H).

Nhn xét. Rit tiéc 1a khong c6 ban nao c6 10 gidi
dtng cho d2 ra ki nay!

PINH TH] THAI QUYNH
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PHUONG PHAP

L/—EJKI[ TOXER

T

SUY NGHI SAU HON VE MOT BAT TOAN !

NGUYEN TUAN ANH'
(GV THPT chuyén Nguyén Quang Di¢u, Dong Thdp)

Trong hoc fodn noi chung va gidi todn néi riéng,
Jide d»‘mg‘ lai vf‘: suy nghi sdu hon cho mot bai
jodn 10 diéu thiét yéu, né cho nguoi giai nhiéu géc
nkin cho bai todn ciing nhu moi twong quan voi
cdc bai toan khac. Qua do nguoi gidi sé thdy duoc
cdi dep, cdi hay dit do la bai todn don gian nhdt.
Bai viét nay, nguoi viét xin trinh bay mét bai todn
BDT dom gian cling voi nhitng vmg dung thii vi ma
16 mang dén.

1. Bai toan mé diu (19th Hong Kong MO -
2016) Voi

i a,b la cdc s6 thue dwong. Tim s6

A>0 nho nhdt sao cho BDT sau luén diing:

a+b
2
Léi gidi. Ta bién d6i BDT nhu sau:

A{ 2(a2+b2)— b|> 2(a2+b2)—a—b
2\ (a—b) (a—b)
\/20 +5%) +2ab \/7 +5?) +a+b

Viy nén dé BDT ludn dang thi A phai thoa man:
2
2(a® +b2)+2f— (Va- Jb)
J2a +5)+a+b ,} 4 b +ath

1
Cho a tién v& b ta duge: 2421 A2~- Cudi

a® B

>Mab +(1-)) ;

Cing, tir bai giai trén ta kiém tra duoc rang vdi
1
A= thi BT luon ding.

Nhin xét, Vi A—_L ta co mot phép chimg minh
2

don gian nhue sau: Theo BDTBunyakovsky, ta co:

= w2 g { A
2
2 2
Jab + )2 ;b <

az+b2]
~(a+8).

2
BDT thu duoc tir bai todn trén la mét cach lam
chdt cho BDT Cauchy hai bién:

2 b2
B Ty g ;

vdy nén chic hén né sé c6 mét s6 g dung nao
do, it nhdt la trong viéc chimg minh cho cdc bai
todn BDT khac.

2. Mt s6 g dung

Thi du 1. (HSG lép 9 — Déng Thép, nim hoc
2018 — 2019) Véi a,b la cdc sé thuc dwong co

(1 +1)[ab +

tong bdng 1. Chimg minh rang
2 3
E T a+b

Lo gidi. Bai toan khong khé va ¢6 nhiéu cach tiép

cn. Trude tién ta dén voi hai huéng thong thuong

khi gap bai toan.

Cich 1. (Thudn nhdt héa) BDT tuong duong voi

2 3
—t g2

> 14,

(a+b)2 & Quy dénga thu gon ta

d3 dang 6 dugc diéu phéi chimg minh.
Cich 2. (St dung BPT c6 dién) Ta s& 4p dung
BDT Cauchy dang phan thirc, tuy nhién can diéu
chinh céc hé s6 mot cach hop 1y d& tan dung duoc
gia thiét a+b=1. Cu thé:
1 + 1 - 4
n.ab m(a2 +b2) N m:nb-+—1f1/1(a2 +b2).

Dé tim duoc hé s6 m,n ta cin dam bao vira du dé

c6 hing dAng thirc (a+b)° va ddng thoi dim bao

déu bing xay ra (dy dodn a=b= _;. ). Nhwr vay ta
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ot Lo 1
dugec n=2m. Ta d€ y thém E trdi hon a_zjl-_l)T
do d6 suy nghi tu nhién la ta nén s dung hét

3

1
~——, thira lai mdt lwong nao d6 — s€ duoc
a+b ‘ ab

danh gid sau.

Két hop hai suy luan trén, ta duoc m —% n= %
Loi giai hoan chinh xin danh cho ban doc.

Cuobi cimg, ta dén véi cach giai dp dung két qua
bai todn m¢ dau. Cach giai khéng dugc ty nhién
va tinh todn kha nhiéu. Tuy nhién cdch gidi cho ta
nhiéu huéng khai thac, mo réong hon.

thch 3. Ta sir dung két qua bai toan md dau. Cu
thé:

2
a+b <1- S S > 3 ‘
2 '+b (1 2J55+ab)

>14

2
Do d6 ta can: — + 3

ab 2(1—2J_+ab)
4—8Jab + Tab

<~
2ab(1—2ab +ab)
& 4—8\ab +7ab >28ab—56abyab +28(ab)’ >0

—28(ab)’ + S6ab/ab — 21ab—8ab +4> 0
s (1—2J¢E)(14ab\/5—21ab+4)20.

>14

va

BDT cubi la hién nhién vi ab <[ +b]

1
4
14abJab —210b+4>[120b\/a—b +%]—21ab+13ab

>9ab—21ab+13ab > 0.
Bai toan dugc chimg minh.
Nhén xét. Mot y tuong dé khai thdac bai todn I

i s a A ” 1 . 1 2 ’ "
diéu chinh hé 56 cua —b,m dé c6 mét BDT

chdt hon hay ndi cdch khdc la chon x,y >0 sao

choi_'__y_.

ab
cach 3 sé mang nhiéu ¥ nghia hom.

>4x+2y. Khi dé cich 1 va
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Thi du 2. (HSG 16p 9 - Binh Dinh, nim hgc
2017 - 2018) V6i a,b la cdc s6 thyc dwong cé
tich béng 1. Tim GTNN cia biéu thic:
4
2
P=(a+b+1)(a*+b )+—+—b
Loi gidi. Theo két qua cua bai todn md d4u ta co:

2 2 ,
a+b21+1fa ;b , két hop véi két qua quen

thuéc: a+b < 2(a2 —i—bz), ta dugc:

2 2
P>2(2+1)F +7=2t’ + 41 +

at -4
2
Theo BPT Cauchy, ta c6:

. 10 N )
P>27 +4t2+%28,§/————t L t‘i Tr g >8.

Piéng thirc xay ra khi va chi khi a=5b=1 tic
GTNN cta P 1a 8.
Thi du 3. Véi a,b la cde s6 thuc duong. Chimg

minh ring:
2 b2
emnEE

chimg minh:

2 2z
a—+b—+\/523(a+b—\/$)
a

>1.

voi t =

.....

b
5}%{—4@23(«/2—\/3)2
(\/aT—x/be '

@——HIJ—EB(JZ—«/E) :

Ma theo BDT Cauchy, ta cé:

(\/a—’h\/bT)2 (\/E~\/E)Z(a+b+\/a_b)z
ab - ab
9(va o) ab
- ab
nén bai toan duge chimg minh.

Nhin xét. Véi cdch gidi trén ta c6 thé lam manh
bai todn hon:

=9(JE—J5)2
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2 2

b
N NP -
b a - 2 ‘

Hon nita, bang cdch thay dgi mer leong nao do
a+b 2 2
~Nab, [L TP

2

JGi két qua bai todn mé déu, ta cg thé lam chat
hom BDT trén. Moi ban doc dén véi thi dy tidy
theo.

Thi du 4. (HSG 1ép 9 - Ba Ria - Viing Tau,
nim hoc 2017 — 2018) V6i a,b 4 cdc 56 thire
diwong. Ching minh rang: .

a b o 2 2
—b—+—;~+7(a+b)28 2(a’+h')..

Léi gidi. Tuong tu nhu thi du 3, ta cin cé:

fron,

két hop

2 b2
.%_+?+7(a+b)28(2a+2b—2x/5)

)

2
@%+%29(a+b)-—16«/a_b

@(J—a—s;b—\/ﬁ)zﬁﬁ—ﬁ)z.

BDT cudi 14 hién nhién theo BDT Cauchy (xem
chimg minh trong thi du 3). Ding thic xay ra khi
vachikhi a=5b.

Néu ta thay doi theo hudmg trén, hodc chon mot
BDT sén cé va tién hanh thay thé mét trong 3 dai
lugng trén dya trén két qua cia bai todn mo ddu,
ban doc sé dugc cdc bai toan BDT hai bién vdi
nhimg dai hrong thudn - nghich. Phan nay moi
ban doc tiép tuc khdm phd. Mot vén dé ddt ra la
néu BPT véi cdc dai lugng bién dbi khdc di, két
qud trén duge van dung nhuw thé nao?

Thi du 5. (HSG — Quing Ninh, nim hoc 2017 -
2018) Véi x,y la hai 56 thuc khdc O va thoa man

2(x* +y*) = x'y*. Tim GTNN cia bidu thic:
2 2 1
x y
+ ;
Jxt+yt 41

3 ¥ S
Y +1 x*+1
Léi gigi, Ta @3t t = x"y”, theo gia thiét ta co:

P=

t2=x4y4 :2(x4 +y4)_>_4 x4y4 ==
Cich 1. Tryge tién ta dén voi 16 gidi bang céch
%p dung cac BDT cb dién.

nyZ 2 4.

Ap dung BDT Schwarz va BDT Cauchy, ta ¢6:
2 2
1

X ¥
+ 4
b BT S SN 4+y“—|—1

4 4
\/7+y+l

X
scf;m (xz + yz) 1

+
222 2 2 4 4
Xy +x"+y xy-i-l
2
p (x +y
T2y 4 2(xt + ) /xy 41

_(x2+y2) 1

+ A
\[y +1
2
t 2 2

N e
6 ViA+2 3
Ciing theo BDT Cauchy, ta co:

= +
2y +xP 0 Py +y

Cauchy

3x2y2

256(:2 . 2)
9.36* (ﬁ +2) ]
Ding thitc xay ra khi va chi khi x*> = y? =2, hay
n6i cach khac GTNN caa P 13 -g

Trén la cdch ta dp dung BPT c¢é dién di tim loi
gidi cho bai todn. Néu ta vdn dung két qua cua bai
todn mo dau, ta sé c6 duoc nhiéu 16i gidi khdc
nhau (khéng {u'in S€ ngdn hon) cho bai todn, qua
do cho ta nhiéu goc nhin hon.
Cdch 2. Tuong tu nhu cich 1, ta cé:
2
( 52 + yz) y 1
— 2.2 2
2y x4y x*y?
2
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Ta dé thy ring ham sb
2

Qa
f(“)—°2x—2y2—+—a, (a>0)

13 ham s6 ting va

4, 3 2.2
¥+ >y + ’x ';y _ /xzyz_'_%}:__

Vay nén:

2
(x2+y2) 1
- 22+2+ 2+ 4 4
LN L R P \/xy 41
2
[+
t+_] 2t +1)
S 2 + 1 _( ) 2

> = + -
utfiel | 10r+4vr V£ +2
2 ¥2

v6i chi ¥ >4 ban doc c6 thé st dung BDT
Cauchy (tach ghép khéo léo nhu cach 1) hoic
dung céng cu dao ham dé tim GTNN cua P.
Cdch 3. Ta ¢6:

1, 1 ]L 1

P+2=(x+) +1)

Y +1 x+1 I\/x4+y4+1
Sd:;arz 4(Iz+y2+1) 1
x2+y2+2 \/x4+y4+1
_ 4 " 1
x2 +y2 +2 x4y4
5 +1

Theo két qua bai toan m& diu, ta c6:

x2+y2> x2y2+ x4+y4 e xzy:z_f_xzy2
- 2 2
Véy nén ta dugc:
P+2>4— g e ]
4_4
/xzy2+x_2av__+2 xzy +1
=4 4 1

_—

VR
2 F]

Dén day, ngoadi tdch ghép dé si dung Cauchy

hoac fh‘mg céng cu dao ham dé tim GTNN, ta con

cé thé’ St dung phép bién déi tuong duong khi ma

€6 thé dy doan dwoc GTNN.

Theo BDT Cauchy, ta cé:

TOANHOC
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+1

1 6 5_ 6 12
£ e ‘t2+10=t2+2o'
4 12

Nhu viy, ta duge: P>2— . .
\/;+1+2 £ +20
2

12 5
Talaico: 2— 4 + e

z £4+20 3
L
Jt % ki
(JE —2)(\/:5 4P 87 +128—12V7F —24z)

3[\5 +é +2](r2 +20)

BDT cubi hién nhién vi 7> 4. Ping thirc xdy ra

>0.

: 5
khi va chi khi x* = y* =2, tirc mmP=§.

Nhue vy, viéc két hop mét BPT phu nao dé khong
nhdt thiét la chia khéa cho 107 gici ma cé thé né
g0p phan lam cho da dang, ddc sdc hon & méi y
tuong gidi.

Tiép theo, ta dén véi cdc BPT nhiéu hon 2 bién.
Thi dy 6. (HSG 16p 10 — KHTN) Véi a.b,c g
cdc s6 thue dwong théa man a+b+c=abe.
Chiing minh rc%ng:

V& + 8 +4b* + % +4c +a? +3J6 < JBabe.

Loi gidi. Ta thay gia thiét bai toan vio BDT, ta
can chimg minh:
N& +8 +67 +* +E +a +346
<2V2(a+b+c).
Ap dung két qua bai toan mo dau, ta c6:
a’ + b?
2
©\a® +b +2ab <V2(a+b)

Tuong tyr cho hai s§ hang con lai, cong theo ve ta
dugc:

Na* + 8 £ 42 4 J+d +
+V2(Vab +be +ea) S 22 (a+b+e)

Bai toan s& duwgc chimg minh néu ta chi ra dugc

ting: 3§ <z (Vab +be +Vea)

+\/c_13$a+b
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Y

e ~ab ++bc ++ea > 343,

Thit VY, theo BDT Cauchy ta ¢c¢:
abc=a+b+c>33abe

(«/E+JE+JEE)2 >(3Yabe)
=>(\/E+~/E+\/E)2 >27.

Bai toan dugc giai quyét,
Thi du 7. (Toan Tudi the) Véi x,y,z> 0 thoa
manxyz = 1, chumg minh r&ng:

1+ H 142 11 < (xt y42),

Loi gidi. Ta cé:

2+1
E+J;gx+1:>\/x2+l+xfgiﬁ(x+l).

Lam tuong tw cho hai sé hang con lai, cong theo
vé ta dugc:

P+ 1+ +1+
+V2(Vx +y +4z) SN2 (x4 y+243).

Hon nita, theo gia thiét ta c6:
3=3¢gz <Jx +y +z.
Nhy vy bai toan dugc chimg minh. Déng thic
xay ra khi va chi khi a=b=c=1.
Thi dy 8. (Crux Mathematicorum) Vo7 a,b,c la

cdc 56 thue duong. Chimg minh rdng:

Ja' +ac +\,/bT+ba +Jc? +cb Sﬁ(aﬂ—b-{-c)

Léi gigi. Ap dung bai toan két qua mo dau ta co:

a+c

2
] <a+

Lam tuong ty cho hai can thirc con lai rdi cong
theo vé ta dugrc:

2‘/7 +E a +[a+c] <2f(a+b+c)
ta chirng minh

Béx todn s& duorc chimg minh néu
duge Ting:

oy {““] >2(a+b-+e).

BDT trén dé dang dugc chimg minh dya trén dénh
gia (twong ty cho hai cin thirc con lai):

N LR i >£[a+a+c]'

2 -2 2

Bai toan dugc giai quyét.

Nhdn xét. Bai todn trén cé thé giai don gidn bang
BDT Cauchy hogc BPT Schwarz. Loi giai trén
mdt mdt cho thdy img dung ciia bai todn mo dau,
mdt khdc ta thu dwoc mot két qua khdc chat hon:

Zaz+ + \/5a2+ +c <2\/— a+b+c).

Thl du 9. (Chon doi du thi VMO — Bic Glang
nim hoc 2017 - 2018) V&i a,b,c la cdc s6 thuc

duong théa man ab+bc+ca=3abc. Chimg

minh r&ng'
2 2 2
+
\[ +b \[ Ic a 3
a+b b+c c+a

<2(Ja+b +btc+Je+a).

Léi gidi. Ap dung két qua bai toan mé ddu, ta co:
2 2
a +b +\/ 2ab <
\J at+b a+b
Tucmg ty cho hai 56 hang con lai, ta can chimg
2ab 2
e
cta
& +f2abc +J : + L >3
Vac+ ba+ca chb+ab

Theo BDT Cauchy, ta co:

Vac+bc \/ba-i—ca \/cb+ab

- 3\](06 + bc) (ba + ca) (cb + ab)

1 1
238l——5— =3 )
\/8031936‘3 \/2abc

Tir d6 bai toan dugc ching minh,
Két lai bai viet, moi ban doc dén véi 2 161 gidi cho
bai todn sau dé thdy dupc viéc dp dung bé dé dé

2(a+b).

TOAN HOC
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c6 loi giai cho mgt bai todn, né phu thuéc hoan
toan vao cdch tw duy, khéo léo cua nguoi lam.

Thi du 10. (Revista Matematica Timisoara) Voi
a,b,c la cdc s6 thuc khong am. Chimg minh
rang:
3(a2 —u-{—l)(b2 ~b+l)(c2 —c+l)
> 1+ abc +a*b’c’.

Léi gigi. Cdch 1. Ap dung két qua bai todn md

dau, ta co:
a2+12\/a2.1+*’a42+1
ﬁﬁ(az-a+l)2\/a4+1.

Tuong tr cho b va nhén theo Vé, ta dugc:
2(a* —a+1)(5* —b+1)> \Kl+a4)(1+b4)

>1+4ab.

Nhu vy, ta cin co:
31+ azbz)(l—c+c2)22(1+abc+a2bzcz)
@(3—{-021)2)02 -(3«1va2 +Zab+3)C+1+302b2 >0
&43+a8) ¢ —4[3+2F)(35 +2ab+3)c

+4(1+3a2b2)(3+a2b2) >0

2
<:>[2(alb2 +3)c— (30 +2ab +3)] +
2
+4(143a%)(3+a%") = (3’0" + 2ab+3) 20
2
@[2(.:12172 +3)c— (3¢5 +2ab +3)] +3(a-1)" 20.
Bai to4n dugc chimg minh. Dang thic xay ra khi
vaichikhi a=b=c=1.
Cich 2. Ap dung két qua bai todn m¢ dau nhu
cach 1, ta duoc
2( —a+1)2 a* +1.

Véi cach 1, ta chi 4p dung cho a, b didu nay lam
cho cac biéu thirc trong vé trai khdéng con hinh
dang twong tu nhau. Diéu nay it nhiéu 13m cho
doan chimg minh con lai trd nén khé hon vé& mit

tinh toan. Mgt suy nghi kha tr nhién lic ndy 12 ta
nén ap dung két qua ban d4u cho ca a, b, c, va hy

vong dénh gia ndy vin con du manh dé chimg
minh bai toan. Ta c6:
8[(.:12 —a+ 1)(1)2 —-b+ 1)(02 —c+ 1)]2
> (14 a“)(1+b“)(1 +c).
Viy nén, ta chi can chirng minh:
o(1+a*)(1+5*)(1+¢") 28(1+abe + abc) .
Ta sir dung danh gia:
9(4:14 +I)3 Z8(a6 +a +1)2
& (a—1)"(a* +4a" +10a" +4a’ —24" +
+4d’ +108° +4a+1)>0.

Ta duoc: [9(1 +a')(1+ b*)(1+¢* )r
>8 (" +a’ +1)(6° +6" + 1)(c +¢ + 1)]2.
Theo BDT Holder, ta dugc:

(a* +& +1)(b* +5° +1)(cf +¢ +1)

> (a2b2c2 + abec + 1)3 )

Tir do6 bai toan duge chimg minh.
Nhén xét. Véi cach lam nhu trén, ta cé loi giGi
cho bai todn sau: Véi a,b,c la cdc s6 thuc khong
dm. Chitng minh rang:

(@ —a+1)(8* b +1)(c* —c+1)(d* —d +1)

[1 + abed )
2 ] '
Gazeta Matematica
3. Két luin. Trén day 12 mot sb bai toan 4p dung
tr mdt bai todn nhd. Chic hin s& con rit nhiéu
tmg dung khac, phén ndy ngudi viét rét mong
nhén trao d6i tr ban doc. Qua cac bai toan trén,
ngudi viét mong muén (v6i ban doc 1a hoc sinh)
hdy nghién ngim thét lau, k§ cho mbi bai ton
minh lam. Qua d6 thiy dwoc nhimg y tudng 4n
chl’r‘a sau lung né (s& ¢6 nhidu didu hay dé hoc va
nhicu dieu chua hay dé rit kinh nghiém) va hon
thé 12 bien kin thirc bai toan mang dén tré thanh
kién thic cla ban thin c¢6 thé 4p dung. C6 nhu
vay con dudng hoc toan méi mang nhidu niém vui
hon.

>

https://tieulun.hopto.org



CHUAN | ]

PHO THONG
Qudc GIA
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ez
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cioxinw | TINH CHAT TIEP TUVEN cOA DO THI -
mkcnoc | HAM BAC BA, HAM TRUNG PHUCKE |

]
LE XUAN VINH,
(Thi trén Dién Khanh, Khdnh Hoa)

2 2l

Trong chuong trinh Toan THPT hién hanh chiing
ta d bict den tiep tuyen cua dd thi ham sé. Tuy
phién trong khung chwong trinh, céc tinh chét cia
tiép tuyen chua dugc de cap sau. Trong bai vidt
ndy ching t5i néu céc tinh chit dic biét cua tip
tuyen cua d6 thi ham bic ba va ham tring
phuong.

1. Tinh chit 1

Cho ham s y=ax' +bx* +cex+d (a::O) co
dd thi (C) M(xo;yo) 13 diém thudc (C) Khi d6:
Trwong hop 1: V&i b° —3ac <0 thi khéng co hai
tiép tuyén nao cua (C) vudng goc véi nhau.

Truomg hop 2: Véi b* —3ac > 0. Dat

—b—,|b _3w+b29—az3ac . B sz_3ac-
A= = ’BZT’
C=—b+\/b2—3ac;

3a
) 97
D=~b+\/:—3ac+bz ~3ac
3a

- Néu x, E(—oo;A)U(B;C)U(D;+OO) thi (fc’)
dlng hai tiép tuyén cua (C) vuong goc véi tiep
tuyén ciia (C) tai M (x5 ¥o)- L

- Néu X, € {A; D} thi c6 diing mot tiép tuycn cua

(C) vusng goc voi tiép tuyén cua (C) tai

M(x,;5,). o 32 5
-Néu x, € (4;B]U[C; D) thi khong c6 tiép tuy .
n4o cia (C) vudng goc Vo tiép tuyén cua (C) tai
M (xo;yo). ’
Chitmg mink, Xét ham sb

r

y=f(x)=a’’ +bx* +cx+d (a=0). Ta xét
trong truong hop a >0, trudng hop a <0 dugc
thuc hién tuong tu va két qua cling nhu truong
hop a> 0, chi c6 diéu khi d6 4 va D; B va C do1

gié trj cho nhau. Ta ¢d f'(x)=3ax’ + 2bx+c.
Trweong hop 1: Véi b —3ac <0, khi d6

a.f'(x) > 0voi moi sb thuc x.
Suyra: f'(x).f'(x,)>0,Vx,x,
= f'(x).f"(x,) = —1,¥x,x,. Do 6, khéng c6
hai tiép tuyén nao cua (C) vudng géc nhau.
Truong hop 2: Véi b* —3ac > 0. Khong mit tinh
tdng quét, ta chi cin xét M, (x;y,), M, (x;;¥;)
thugc (C). Tiép tuyén cua (C) tai M, M,
vuong géc nhau khi  f'(x).f"(x,)=-1
o (Baxf + 2bx, + c)(3ax22 + 2bx, + c) =—1 (1).
Pit a =3ax; + 2bx, + c. Khi d6,

(1) & 3aax; + 2bax, + ca+1=0 (2).

» Xét a=0. Taco:

X, =

B
3ax; +2bx, +c=0& - Khi d6, phuong

% =
trinh (2) v6 nghiém. Do d6, khéng c6 tiép tuyén
ndo ciia (C) vudng géc véi tiép tuyén caa (C) tai
diém c6 hoanh 46 Bva C,

> Xéta=0. Tu (2), ta co:

A= (b" - 3ac)cx2 —3aaq.
e Néu A’=0 thi phuong trinh (2) chi c6
nghiém kép x, = ——b—.

3a

3a
b* —3ac
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& 3axd +2bx, +0——o—
—3ac

Nhu véy, mg véi x, = 4 hoic x, =D, phuong

trinh (2) chi c6 nghiém kép x, =—3i. Do &9,
a

trén (C) c6 duy nhét mét tiép tuyén vudng géc voi

tiép tuyén coa (C) tai diém c6 hoanh 46 Ava D

(&6 chinh 14 tiép tuyén tai diém udn).
« Néu A’ < 0thi phuong trinh (2) v6 nghiém.

Ta co: (b2 —Sac)a2—3aa<0©0<a< - -
b* —3ac
3ax2 +2bx, +¢>0
3a
3ax + 2bx, +c— <0
g 2 b* —3ac
x,<B
A<x,<B
&ilx, >C ;
: 85
A<x,<D
Nhe vdy, tng véi x, théoa maén

x, €(4B)U(C;D) thi phuong trinh (2) o

nghiém. Do d6, khong c6 tiép tuyén nio cua (C)

vudng goc voi tiép tuyén cia (C) tai diém co

hoanh 46 x, théa mén x, € (A;B) U (C;D).

« Néu A’ > 0thi phuong trinh (2) c6 hai nghiém
phén biét.

a<0
Ta co: (b2 — 3ac)a2 —3aa>0& 3a
B F o=
b* —3ac
3ax} 4 2bx, +¢c <0 B<x, <C
& 3a ax, <4
2 e —
3ax; +2bx, +c¢ 7 30 5D
Nhu viy, tng voi x, théoa mén
x, €(—00;4)U(B;C)U(D;+00)  thi  phuong

trinh (2) c6 hai nghiém phén biét. Do d6, trén
(C) c6 hai tiép tuyén vudng goc voi tiép tuyén cia
(C) tai diém co6 hoanh do x, thoa
X, € (—00; 4)U(B;C)U(D;+00).

Nhin xét. Ngodi ra, ta cdn cb cAc tinh chit sau:

- Véi x, €(—00;4)U(D;+00) thi 6 hai tiép
tuyén (C) tai
M, (x; ), M, (x,;,) vuéng géc véi tiép tuyén
cia (C) tai M(x,;y,). Hon nira x, x, €(B;C)

vai M, M, @& xung nhau qua diém udn

U[ c f—-?—,b;]].

cua cac tiep diém

3a’
- V6i x, €(B;C) thi c6 hai tiép tuyén cta (C) tai
cic tiép diém M, (x;3). M, (x,57,) vudng géc
véi tiép tuyén cha (C) tai M(x;;¥,). Hon nita
%, X, € (—00; A)U(D;+00) va M,, M, d6i ximg
nhau qua diém uén U [——b— s [——b—]]

3a 3a

- x=B, x=C la cac diém cyc tri cia ham sb
y=ar’ +bx* +cx+d. Céc két qua trén khong
khé dé ban doc ching minh.
Thi du 1. Cho ham sé

3
y=£3——x2+4 co

b thi (C) nhu hinh
vé. Ta c6: 2
A=1-+/2, B=0,
C=2 D=1++2.

Ap dung tinh chét 1, o123
ta co cac ket qua sau:

« Tiép tuyén ca (C) tai nhimg diém c6 hoanh
dd x thoa méin:
xE(—oo;l—ﬁ)U(O;Z)U(l+\/5;+oo)
vubng goc voi ding hai tiép tuyén cia (C) va tiép
didm cua hai tiép tuyén nay déi xung nhau qua

didmubn U [1;139].

ludén

« Tiép tuyén cia (C) tai nhimg diém c6 hoanh 4o
x thoa min xE(l—\E;O]U[Z;l-l—\/E) khong
vudng goc véi bét ki tiép tuyén nao cua (C).

10++2

3

va

« Tiép tuyén cia (C) tai M, [lﬂﬁ;
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] vudng géc véi ding mét

iép taybn cia (C), 46 12 tiép tuyén i 0[1-19]

? 3 -
2. Tinh chit 2
Cho bam 56 y=ax* +bx* +¢ (a=0) 6 db thi
(C). M(x:,)1a diém thuge (C). Khi do:
Trieomg hop 1: V&i ab >0 thi khéng c6 tidp tuyén
nao ciia (C) song song véi tiép tuyén cta (C) tai
M(xo;yﬂ)'
Truomg hop 2: V& ab < 0. Dit:

- Néu x, € (—00;—24)U(24;400) thi khong c6

tiép tuyén nao cua (C) song song véi tiép tuyen
cia (C) tai M (x,5,)-

-Néu x, € {—24;—B;—4;0;4;B;24} thi c6 ding
mot tiép tuyén cia (C) song song véi tiép tuyén
ia (C) tai M (x,3%,)-

- Néu x, €(—24;24)\{-B;—4;0;4,B} thi co
ding hai tiép tuyén cia (C) song song vdi tiép
tuyén cia (C) tai M (xy3,)-

Chirng minh. Xét ham sd:

y=f(x)=ax* +bx*+¢ (azO) Ta xét trong

truong hop a >0, truong hop a<0 duge thuc
hign tuong tu va Kkét qua ciing nhu truong hop
a>0.

Tacé: f'(x)=4ax’ + 2bx.
M, (x;3,), M, (x,;y,) 1a hai diém phan biét
thue (C). Tiép tuyén cua (C) tai M,, M, song
song vdi nhau khi 3
F'(x)= f'(x,) & 4ax +2bx = 4ax; + 2bx,
& (5 —x,)(2ax +2ax%; + 2ax} +b)=0

& 2ax? + 2ax, x, +2ax, +0=0 )2
Tu (1) tacé A/ =—3a’x; —2ab

op . '

*Neu b=0 thi (1) v6 nghiém khi x, #0 . Do do,

khing c6 tidp tuyén nao cua (C) song song V!

nhau. Néu x, =0 thi x =0, do d6 M, =M,,
khong xay rado M, = M,.

-Néu b<0 thi A’<0 nén (1)vo nghiém. Do ds,
khong c6 tiép tuyén nao cia (C) song song véi
nhau. ] ) ,
Do d6, véi ab > 0 thi khdng c6 tiép tuyen nao cua
(C) song song véi tiép tuyén cia (C) tai
M (XOQ.VO)-

Trucng hop 2: V6i ab < 0.

« Néu A’ < 0 thi phuong trinh (1) vo nghi¢m.
Tacé A' <0 —3a’x; —2ab<0& v >24
Nhu viy, tng voi x, € (—00;—24)U(24;+00)
thi phuong trinh (1) v6 nghiém. Do d6, khong co
tiép tuyén nao cla (C) song song voi tiép tuyén
cia (C) tai didm c6 hoanh d0 x, thda
X, € (—oo;——ZA) U (2A;+oo).

« Néu A’ =0 thi phuong trinh (1) ¢6 nghiém kép

X.
xl=—--52—.
A
Tacé: A'=0e —3a°8 —2ab=0| 2
x, =2A4.

Véix,=—24=>x=4;x,=24=x,=—A.
Nhu vay, img véi x, € {—24;24} thi phuong
trinh (1) c6 nghiémx, € {4;—A4}. Do d6, c6 ding
mét tiép tuyén cia (C) song song véi tiép tuyén
cia (C) tai diém c6 hoanh d6 x, thoa
X, € {—2A;—A;A;2A}‘
« Néu A’>0thi phuong trinh (1) ¢6 hai nghiém
phén biét.
Tacéd: A'>0& —3a°x2 —2ab>0

e —24<x, <24
Nhu vay, ing véi x, €(—24;24) thi phuong
trinh (1) c6 hai nghiém phan biét.
- Xét x, =—B. Khi 46 (1) c6 hai nghiém x, =0
hodc x, = B.
Vi x=—B vad x=B 1a cic diém cuc tiéu cua
ham sb y=ax'+bx’ +¢ (¢>0) nén hai tiép

<6 stas-z0m .. TOAN HOC
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tuyén clia (C) tai x, =—B va x, = B tring nhau.
Do 6, c6 dung mt tiép tuyén cia (C) song
song véi tiép tuyén cia (C) tai diém c6 hoanh do
X, =—B.

- ?(ét tuong tr véi x, =—B hodc x, =0 ta duge
két qua trong tu.

Nhr viy, c6 dang hai tiép tuyén cia (C) song
song véi tiép tuyén cua (C) tai diém c6 hoanh &6
X, thoa x, € (—24;24)\{-B;0;B}.

Nhgn xét. Ba tiép tuyén cla (C) tai cac diém c6
hoinh 4% x, x,, x, nhau thi
X +x, +x=0.

Thi du 2. Cho ham s§ y = x* — 6x> +1 c6 db thi
(C) nhu hinh vé.
Tacé: 4=1, B=13.
Ap dung tinh chét2,ta 3T
co cac ket qua sau:

« Tiép tuyén cua (C)

song song

tai nhimg diém co
hoanh d¢ x thoa
xe(—OO'—2) (2'+oo)
khong song song voi
bat ki tiép tuyén nio

khéc cua (C).
« Tiép tuyén cua (C) tai nhimg diém c6 hoanh

36 x théa xE(—Z;Z)\{:i:\/g;:i:I;O} song song

P U A
-
o 4 & &b b bW oH LIS
s
)
w

véi dung hai tiép tuyén cua(C).

« Tiép tuyén cia (C) tai ohimg diém c6 hoanh
dd x thoa x€ {:t2; :}:\/g;il;O} song song vd&i
ding mot tiép tuyén cua (C).

3. M{t s6 bai todn

Pé van dung céc tinh chat trén, trong muc nay
chiing toi dua vao mot sO bai toan kém hudng

giai.
Bai toan 1. Cho ham 56:

y=f(x)==xX+xX +x+2 c6 do thi (C).
P(o; /(). Q(8: (B)) (vi @< 3) I hai diém
thudc (C) ma véi moi diém M thuéce (C) thoa

TOAN H
40 - cruaigcé

S3 514(4-2020)

mdn a<x, <3 thi tiép tuyén ciia (C) tai M
khéng vuéng géc véi bdt kp tiép tupén nao cua
(C). Tim gid tri lon nhat cia 8 — e

; 1 1 i
Loi gidgi. Ta co: A=—2, B—-—g, C=l ng.
Vi tiép tuyén cta (C) tai M khong vudng goc
véi bt ky tiép tuyén nao cia (C) nén theo tinh

chit 1, ta c6: A<a<x,<fB<B hoic

1 1
C<a<x, <B<D. Do dd, -—5_<_a<ﬂ_<_—§

1.
hoidc 1§a<,8§%. Suy ra, (ﬁ—a)ng khi

(o ﬂ):[—%,—g] hodic (a3) = [ z]

Bai toan 2. Cho ham 56 y = f( )
Plaif (), Q(5; f(ﬁ)) (véi

a <) la hai diém thuée (C) ma tiép tuyén cia

—2x* +3
¢6 do thi (C)

(C) tai P, Q song song voi diing mot 1iép tuyén

cua (C) Tim gid tri nho nhét ciia B — c.

3

Loi giai. Tacd: A= = B =1.Vi tiép tuyén ctia

(C) tai P, O song song véi déng mot tiép tuyén

cia (C) nén theo tinh chit 2, ta cé:

o, B €{£24;+4;£8;0}. Do do,

ﬁe{:ti :t\/— j:l;O}. Suy 13,
243-3 . 243

(p-0)e =252 Wi (wi0)=|-25-

hoiic (a;ﬁ) == [l;ﬁ].

3
Sau day 12 mdt s6 bai tosn dé ban doc luyén tap
4
Bai toan 3. Cho ham s6 y= —XT +8x> +1 ¢b

dd thi (C). Tim toa dd hai diém M, N thudc
(C) thoa man tiép tuyén ciia (C) tai M, N song
song véi ding mot tiép tuyén cia (C) ddng thoi
khoang céach gitta hai difm M, N ngan nhat.

=
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& Bai todn 4. Cho ham g4

1
yzf(x)=—§x3 —2x* 41 ¢6 a4 thi (C). P, O

13 hai diém trén (C) (véi *p <X, ) thda min moi
d‘iém M :huoc (€) ma x, <x, <x, thi khéng
ton t2i diém N nao thude db thi (¢ ¢ tiép tuyén
tai N vuOng goc véi tiép tuyén tai M. Tim gis tri
I6n nhat cla f(x,)~ f(x,).
Bai todn 3. Cho ham 56 y= f(x)= x* — 3, 42
¢é do thi (C). x,, x,, x, 13 hoanh d9 ba diém trén

s o 1 e ;
(C) théa man x,x,x, :g Va ti€p tuyen cia (C)

tai ba diém d6 song song véi nhau. Tim f/(x,).
Bai toan 6. Cho ham s6 y=x"=3x% c6 db thi
(C). %, x,, x; la hoanh d6 ba diém trén (C) ma
tiép tuyen cta (C) tai ba diém d6 cing song song
v61 dudmg thang 2x + y+1=0. Tinh gi4 tri bidu
thirc £ = x,x,x, (x,x, + x,x; + x,x,).

PrROBUFAS (Tidp thin trang 22
g
with the coefficients satisfying:

L) a,>0,Vi=1,n;

12) a4, <0,Vi= Vi, j=Ln
fa -

'3 D a, >0.Vi=1n.

Y kA .
Prove the system of equation has unique solution
§x1=x2=...=xn=0. '
fi’mhlem T8/514. Given a circle O and a pOlt‘lt M
;butside the circle. Draw a secant MAB (4 is in
between M and B). The tangents at 4 andOB.‘
intersect at C. Draw CD perpendicular to M t,
DE perpendicular to CA ; and DF perpendicular E
CB. Show that the line EF always passes throug
2 fixed point when the secant WB varies. :
? roblem T9/514. Given positive numbers x, ¥

% . 5 xz ._-2 2_52—+x.
Satisfying x<~/5y, X4y —-2_' Y 4

Find the minimum value of the expression

2
X

— 2 2—-—.
P=x"|y 7

PIAD
. TOWARDS MATHEMATICAL OLYM

Bai toan 7. x, x, 12 hoanh d8 hai diém trén dd
‘ x’ : i

thi ham s6 y=—2x* +3-+1 va nam vé cung
mét phia d5i véi truc tung ma tiép tuyén cia @b
thi ham s6 tai hai diém d6 vudng goéc nhau. Tim
tri nho nhit cta |x, — x,|.

Bai toin 8. x, x, 1a hoanh d6 hai diém trén d6
thi ham s6 y=2x* ma tiép tuyén cia dd thj ham
s6 tai hai diém d6 vudéng goc nhau. Tim tri nho

nhét ciia [x, —x,-
: 1 5 gk
Bai todan 9. Cho ham sd y =§x3 —x* +4 co do

thi (C). P, Q la hai diém trén (C) (v6i x, <x,)
sao moi diém M thudc (C) ma x, <x,, <x, thi
khéng c6 tiép tuyén nao cia (C) vudng goc vdi
tiép tuyén ciia (C) tai M. Tim gi4 tri 16n nhit

cia x, — x,,.

Problem T10/514 Let §=112!...100!. Show that
there exists an interger k , 1<k <100, so that —5—!

is a perfect square. Is such & unique?

(Notice that n!=1.2.3..n with neN"and 0!:=1),
Problem T11/514. Given a non-constant function
flx) which is determined on R. Show that there
always exist a real number a, a non-empty proper
subset A and two functions g(x), A(x) satisfying

g(x)za,Vxed and h(x)<a,Vxed (4=R\A)
so that f(x)=g(x)+h(x), VxeR.

Problem T12/514. Given an acute triangle ABC.
Two points M, N are inside the side BC such that
BM = CN. The line which passes through M and is
perpendicular to CA intersects 4B at F. The line
which passes through N and is perpendicular to
AB intersects AC at E. Two lines MF and NE
intersect at P. On the circumcircle of PEF choose
0 so that PQ // BC. Let R be the reflection point

of Q in the midpoint of BC, Show that AR 1 BC.

Translated by NGUYEN PHU HOANG LAN
(College of Science Vietnam National University, Hanoi)
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N

BAI TOAN 35, Chimg minh rang véi moi tam
gidc nhon ABC taco:

(cos A+cosB+cosC)” <sin® A+sin’ B +sin>C.
Loi gigi. Cdch 1. (Phuong phdp tam dién vuéng)
Xét tam dién vudng
OABC c6 04,08,

o

OC 4d5i mdt vudng

goc va  OA=a, 4/{.
OB=b,0C=c.

B
Ta cé:

AB=Va®+b*; BC=Nb*+c*; CA=NCZ+d>.
Ap dung dinh 1y césin cho A4BC ta cé:
AB? + AC*—BC? _d L S RW

cosA=
24B.AC 2\/a +b2 a +c )
a2
= . Tuong tu, ta co:
\/(az +b2)(a2 +c2)
2 2
cosB g ; cosC= =

J(cz+a2)(c2+b2).

4

J(bz +c2)(b2 +a2)’
sin A= 1—coszA=\'/1 (az+b;5(a2+cz)

2,2 b2 2+c2a2
=\/‘Eb+ ° , tuong ty:

a* +b‘2)(c;r2 +c2)

il ’a2b2+bzc +c az'sin
\{ 6%+ )(b2+c ) ’

_ [P+ e

—\] (+a)24?)

42 Tog{-w,gc& S8 514(4-2020)

BDT tuong duong véi:

P ¢
Je ) i) Joda
1 . 1
)&Abz)(azﬁ) ( +c2)(b2+a2) (czmz)(c?wz)
@(az\/b—zj-? 152 cP+a? +¢ 2Ja?+b? )2
<ol +b” +c?) e+’
@(a\f 202+ 2P B 6P+ Pa +Ph '
2(a2+b2+c )(a2b2 +b2* +¢ az)
Ap dung BDT Bunyakovsky ta co:
V<[P +82 + AP+ PR PP b d + P +c262)
=+ +c )(a2b2 b2c2+c2a2)
DAu bing xéy ra khi tam gidc ABC déu.

Cich 2. (Phuong phdp dwa vé ba canh cia tam
gidc) V6i BC=a, CA=b, AB = ¢, ta co:

2 .42 2
a“ +b°—
cosB=———_— cosC=—"—2 €
2ca 2ab

BDT < 2cosA4cosB+2cos BcosC+2cosCcos 4
<l+4cos AcosBcosC
(a2 +b2 —cz)(b2 +c* —az)
eye 2b%ca
- (a2 +b2 —cz)(b2 +c? ~a2)(c2 +a? —bz)
2a%b%c2

co @ +b2 -\ +c?—
<:>qu ( +b )(b+ a2)

=

<10 -S4t (b2 +c2)+b4 (02 +a2) +c* (az +b2).
Ap dung BDT Cauchy ta c6:
afc? 5| * 417 s(az il iy

2
¥ Pk +cf’Z c4 +b2ct b2 at Y .
2 3
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bf("z*bz )(a +e?— bz) (bzwz)(“4—b4~c4+2b2c2)

2
b2a4 +B2A 12t 2 53 _p6_c6

> :
TS ol ki
2
= c*a* +c2b* 4% +atct b -gb

2
Cong vé theo vé céc BT trén ta c6 dpem.
Cich 3. (Phuong phdp ching minh truc tidp)
BDT <> cos AcosB+cosBcosC+cosCeos A

1
SE+ 2cos AcosBcosC.

£ 1 1 ;
Trong ba so cosA—E;cosBﬁE;cosC—% ludn ton
tai hai s& c6 tich khong am, khong mét tinh tong

quat gia sur: (cosA—%j[cosB —%]20

@cosAcosB—lcosA—lcosB +120
2 2 4

&cosAcosB +%2—i—(cosA+cosB)
< 2c0sAcos B+%ZcosA+cosB

©2c0s Acos Beos C-%cosCZoosAcos C+cosBeosC (1)
Mit khac:
1=2cos AcosBcosC+cos2 A+cos® B+cos2C

.>_2cosAcosBcosC+ZCosAcosB+cos2 C

& (1+c0sC)(2c0s Acos B+cosC—1)<0
©2cos Acos B+cosC —1<0<¢>1—cosC >2cos AcosB

c”“;-——;-cosczcosAcosB ).
Cong theo vé c4c BPT (1) va(2) ta c6 dpem.
Cich 4. (Phuong phdp dai s6) Ta cé:

cos? A+ cos? B+cos” C+2cos Acos BcosC=1

va ding thirc

be  ca  ab 2k
(a+bfatc) (b+c)b+a) (c+a)(c+b) ' (a+b)(b+c)(c+a)

Do dé
s ca
at B= [——<
Hgt oo a+b atc)’ (b+c)(b+a)
cosC= ’ (a b,c>0).
c+

a
DT <:>b+cV a+b c c+a\/ b+c b+a

4abc
(a+b)(b+c)(c+a)

=l

a+b (c+a)(c+b) <l+

= 2a\ﬁ:c(a+b)(a+c) + Zb\fca(b+c)(b+a)

+2¢.jab(c+ a)(c+b) <(a +b)(b+c)(c+a)+4abc

Ta cé: VT=2a\/bc a+b a+c) +2b ca(b+c)(b+a)

+2¢.jab(c+a)(c+b)

Sa(ab+ba+2bc)+b(ab+bc+2ca)+c(2ab+bc+ca)

=ab(a+b)+bc(b+c)+ca(c+a)+6abc
=(a+b)(b+c)(c+a)+4abc (dpcm).
Cich 5. ( Phuong phdp don bién)
Ta chirng minh BDT:

oosAoosB+cosB.oosC+oosCoosAsé +2008 AcosB.oosC,

Khéng mét tinh tdng quat, gia st

4 2

AszC:>AZ£:>0<c:osAsl va —<su1—<—.
3 2 2 2
Xét: f(A,B,C)=2cos Acos B+

+2cosBcosC+2cosCcos A —1—4cos.AcosBcosC.

B+C B+C
f(A’ﬁ_ ) 4COSASH:\A+2Sinz£‘1~4<:t)sAsil‘1:Z i
22 2 2 2

B+C B+C
f(4.BC)-f (A 5 —Z—J 2cosA[cosB+cosC—2sin§j

Yy
+2005A[23m2—2——200sBcosC]+ZCosBcosC—Zsinz—g

ss suultips ://tTQ%ﬁﬁqpp.org



=4cosAsin£(cos 5 - ]

2 2
+2cosA|:1—cosA+cosA—cos(B—C)]
+[—cosA+cos(B—C)—l+ cosA]

;| B-C
=4cosAsm—2—1:cos —1]+2cosA[1—cos(B —C)]

—[1-cos(B-C)]

. A[ B-C
=4cosAsm~2u[oos—z-—x}[l—oos(s-c)](2cosA—1)so,
Béy gi¢ ta ching minh

B+C B+C

. A A
d= —4c0s Asin=+2sinZ = —
f( 3 5 ) cos sm2+2sm 5

—1—4cos Asin* ESO.
Thét vay: BDT <34[1—25in2§)sin§+25in2§

—1—4[1—28in2£)sin2—4S0.
9 2

V2

bat tzsinﬁzlsm—— va ta co:
2 2 2
4(1—2:2)t+2r2 4-4(1-2:2)1%0

—2t244¢-1<0
—41242¢421-1<0

< 8rt-8r°
o8t -4 -4 4277
@(2:‘—1)2(2:2 -I)go (ding i £ < g).

PHAM DUY KHANH

(GV THPT Quy Chdu, Nghé An)

Nhdn xét. Ngoai 5 cach giai cua ban Pham Duy

Khdnh, GV THPT Quy Chéau, Nghé An, ngudi dé

xudt bai toan, Toa soan Tap chi TH&TT khong
nhin duoc thém 1&i giai nao cho bai todn nay.

LE MAI

Mo céc ban gir 161 gidi BAI TOAN 37 duoi day

vé Toa soan Tap chi TH&TT trudc ngay

31 5.2020.
BAI TOAN 37. Gidi phwong trinh

\F+x+1 +\/x -x+1=2

BUI TRUNG HIEU
(G V THPT Trdn Hung Pao, Tir Ky, Hai Duong)

44 ng}“uggce S6 5144-2020)

g

&

GIAI PAP PO VUI T7.2019.
Phan chia hinh vudng khuyét thanh cic phin
bing nhau

Pé bai. Cho mét hinh vudng ABCD véi canh
AB = 6¢m va bi khuyét mét 6 vudng don vi nhu
& hinh v&. Ban hay phén chia hinh vudéng ABCD
theo canh cta cac & vudng don v dé dugc:

1) Bay hinh da gi4c bing nhau;

2) Nam hinh da gidc bang nhau.
Ta goi hai hinh da giac c
14 bing nhau néu di
chuyén mét hinh da giéc
ndy trén mit phing hodc
liy d6i ximg qua mot
truc thi duge hinh da B
giac kia.
Léi gidi. Ta c6 thé phan chia hinh vudng khuyét
ABCD thanh 7 va 5 hinh da giic bang nhau nhu

sau:
D L P R - B ST 3.

1 1 [ 1 1
B LT P P . g
' v ' ' '
-
-

--------

A s P —'3

NAM CANH TY VA 2020

Ban hiy thay mdi chit cai trong déng thrc:
CANH + TY = 2020

bdi mét chir sé thap phan khic 0 va 2 sao cho
dwoc ding thire ding véi diéu kién chir cai khac
nhau thi chir s thép phén khac nhau. Ban tim
duoc bao nhiéu dap sb ?

DAN QUYNH (Ha Ngi)

https://tieulun.hopto.org



TIENG ANH QUA CAC BAI TOAN
BAI SO 55

Problem. Find the remainder when we divide we divide 3%, 38, 3'... by 5 we always get

32020 by 5
Solution. Consider the following table
Remainders Remainders
3 3 ¥ 3
KA 4 5 4
Eid 2 3’ 2
I 1 3° 1

From the above pattern we see that when

the remainder 1. Therefore the remainder

when we divide 3** by 5 is 1.

TU VUNG
remainder : phan du
divide : chia
pattern quy ludt

(Translated by NGUYEN PHU HOANG LAN)
(College of Science — Vietnam National University, Hanoi)
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 BAIDICHSO 52
= s s e

Bai toan. 7im tdt ca cdc s6 nguyén diong n sao
cho n'+2019 la mét s6 chinh phuong (trong d6
n! la ki hiéu tich tat ca céc 56 nguyén dwong tir

1 dén n).

Léi gigi. V&i n = 1, 2 tuong Umg c6 nl+ 2019
bing 2020, 2021, ching déu khong phai 12 sb
chinh phuong. '

Véi n=3, ta cé: nl+2019 = 2025 = 45,

Véi n>4 thi ro rang n! chia hét cho 4. Piéu
ndy chitg té n'+2019 chia cho 4 du 3 va do d6
n42019 khong thé 1a mét s chinh phuong.
Két lugn, nghiém duy nhét cia bai toan 12 =3.
Chii thich. Bai toan va 1i giai dugc suu tam tr
Ky thi IMSO 2019, td chirc tai Ha Noi.

Nhin xéz, Cac ban sau c6 bai dich tot, gifi bai

& Toa soan som: Hai Phong: Tran Trung

Phiic, 8A4, THCS Ngé Gia Tu, Héng Bang;
Thira Thién Hué: Pao Thi Khdnh Nhi, 10
Toén 1, Nguyén Thi My Lé, Lé Nguyén Quynh
Anh, 10 Toan 2, Hoang Bdo Minh Chdu, Lé Thi
Minh Thity, 11 Toan 1, Nguyén Ai Huyén
Trang, 11 Toan 2, THPT chuyén Quéc hoc
Hué, TP. Hué; Binh Dinh: Nguyén Huy Hoang,
10T, THPT chuyén Lé Quy Don.

HO HAI (Ha Néi)

Math Jokes

******************************************

Theorem: A cat has nine tails.
Proof: No cat has eight tails. Since one cat has

one more tail than no cat, it must have nine tails.
****************************************
Q: What is non- orientable and live in the ocean?
A: Mobius Dick ...

****************************************

6 1400 /{1 CRUGROND .OT G




Duéi day 1a 101 gidi bai toan duge dua ra trong
phan bai tip d& nghi & TH&TT sé 5010,
T12.2019.

BAI 43 (2000 Beijing Math Contest). Goi R, r
lan leot la bén kinh dwong tron ngoai tiép va
néi rié;p tam giac ABC. Chimg minh rang

cosB  cosC % 5

sin"B  sin"C  r

Loi gigi. Kihidua=BC,b=C4,c=AB1a &
dai cic canh cia tam gidc 4BC. Khong mét
tinh tdng quat ta gia sit a>b>c. Theo dinh li

cos 4

A D
sin~ A

a b c
2sind 2sinB 2sinC’
Goi S 13 dién tich cua tam giac ABC thi ta co:

sintaco: R=

S=lbcsinA=ﬂb£=pr
2 4R

a+b

vl p= —2:—c~ Suy ra: abc=4Rrp.

Nhdn xét: Vi moi x, y duong, ta ludn co:

(x? —yz)(l*lJSO.
x ¥
2 2

Dodé: - +Z->x+y ().
y X

Theo d&inh li c6sin va sin ta cé:
cos 4 _b2+c2—a2_ a’ 2R B+t -at
sind  2bc 4R* abe  a

R B+-a® R (b
2rp a 2rp '

TOAN H
46 - crudigg

S3 514 (4-2020)

Tuong tir ta co:
2
cosB _ R i+.a__b}
simn*B 2\ b b

2
cosC =__I.{_ fi+é——c}
sinC  2rip\ ¢ ¢

Cong theo vé cac BDT trén ta duoc:

cosd cosB cosC
sind sin*B sin’C
2 2 2 2 P2

>_If_ b—+”—+£—+£—+£’—+——a—b—c]
“2pla b b ¢ ¢ a
theo (1)

> -E—(b+a+c+b+a+c—a—b—c)

2rp

R

= (a+b+c)=—R—.2p=—}i.
2rp 2rp r

Nhan xét. BDT(1) chinh 1a hé qua truc tiép ctia
BDT Schwarz. Cac ban tham gia giai bai nay co
cach giai ddu twong tr véi 16i gidi trén. Danh sach
céc ban lam dang 13: Nguyén Vin Ban, GV THCS
Thanh Yén, huyén Dién Bién, Dién Bién; Nguyén
Quang Huy, 10 Toan 1, THPT chuyén Qudc hoc
Hué, Thira Thién Hué; Lé Ngé Nhdt Huy, 111A
khu phé 1, phudng 7, TP. Bén Tre, Bén Tre; Ngé
Vian Minh Thdng, 12 Toan 1, THPT chuyén
Nguyén Hué, Ha Péng, Ha N§i. Ddng Duy Hgu,
11A1, THPT Duwong Quang Ham, Vin Giang,
Hwng Yén; Ddng Hoang Dung, 10T1, THPT
chuyén V& Nguyén Gidp, Quang Binh; 7rdn
Nguyén Hizu Phiic, 10 Toan, THPT chuyén Lé
Quy Pon, TP. Béng Ha, Quiang Tri.

NHU HOANG

Sau day 1a bai tap 48 nghi. Ban doc hay giri 1i

gidi vé& Toa soan TH&TT trudec ngay 31.5.2020.
BAITAP DE NGHI

BAI 45. Cho x, y, z la cdc sé thuec théa mén

3Ix+y+2223 va -x+2y+4z>5.
Tim gid tri nho nhét cia Tx+5y+10z. |

KHANH HU'U (Ha Noi)

https://tieulun.hopto.org
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GIAIDAP: LOI GIAI NAO BUNG »

(Dé ding trén THETT s 510, thang 12 nam 2019)
Phan tich sai lim.

Sai lam clia ban Thu 13 ngd nhin goc MSN
trong tam giac SMN 14 géc gifra hai dudng
thfmg SM,MN . Trén thyc té, goc gitra hai
dudmg thing SM,MN c6 thé 13 géc nay,
cling c6 thé 1a g6c bu véi goc ndy.

Loi giai dung.

Goi O=ACnBD
vi M,N lin luot
la trung diém cua 4
AB,CD. Goi
d=(SAB) (SCD)
thi Sed Ta c¢6 (SAB)N(SCD)=d,
(SAB) N (ABCD) = AB, (SCD)(ABCD)=CD,
vi AB//CD (do ABCD la hinh vuéng) nén
d//AB//CD. Viy giao tuyén cta hai mit
phing (S4B),(SCD) 12 dudng thing d di
qua dinh S va song song Vol AB,CQ. Tam
gidc S4B cén tai § va M la trung diém cua
AB nén SM L 4B, suyra SM Ld. Tuongty
ta chimg minh dugc SN Ld. Do d6, goc
gifta hai mit phing (S4B),(SCD) 1a goc gitta
hai dudng thing SM,SN va chinh la goc
MSN trong tam gidc SMN, hofic 1a goc bi
véi goc d6. Suy ra MSN =60° hoidc
VBN =120°. Vi S.4BCD la hinh chép tir gidc
d3u nén SMN 1a tam gidc cén, lai c6 O la

D N

—— 1 —— 2
trung diém MN nén 0SM=EMS'N. Ta ¢6

(SAB) ~(ABCD)= AB, SM 1 AB, MN L 4B,
nén goéc giita (S4B),(4BCD) 1a goc gilra
SM,MN va la gbc SMO trong tam giac
tai O Vi

vudng SMO  vudng

SMO=%0° —OSM =90 —%EN nén SMO = 60°
hodc SMO=30". Do S.4BCD la hinh chép
ddu nén gbc gita hai miat phang
(SAD),(ABCD) bing géc giita hai mjt phang
(SAB),(ABCD) va bang 60° hoac 30°.

Nhan xét. Rét tic 12 khong cé ban ndo phit hi¢n duoc

sai lam.
KIHIVI

DIEU KIEN DE CO
Cy'C TILU!

Trong giv day toan & 16p 12A, Thay gido dua ra
bai toan: Tim m dé ham sé
F(x)=(m+Dx* +3mx’ —2m+2020
dat cuc tiéu tai x = 0.
Sau day la loi gidi cia ban Vin:
Ham sb ¢6 tip x4c dinh R va
S (X)=4(m+1D)x* +9mx?,
S(x)=12(m+1)x* +18mx.
Ham sd dat cyue tidu tai x = 0 néu
{f’(O) =0 e 4(m+1).0+9m.0=0
ff0)>0  |12(m+1).0+18m.0>0
Hg¢ trén v nghi¢ém nén khéng c6 gia tri ndo cia m
dé ham sd dat cuc tidu taix=0.
Cdc bgn trong I6p nhin nhau phén vén. Hday cho
biét y kién ciia ban vé I5i gidi ciia ban Van. Léi
gidi ciia bgn thé nao?

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bdc Ninh)

sé suties:// {& M@W .0rg
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BAN CO VAN KHOA HOC

GS. TSKH. TRAN VAN NHUNG
TS.NGUYEN VAN VONG
GS. DOAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

. Chi tich Hoi déng Thanh vién

NXBGD Viét Nam
NGUYEN BUC THAI

Téng Gidm déc NXBGD Viét Nam

HOANG LEBACH
Phé Téng Gidm d6c kiem Tong bién tap
NXBGD Viét Nam
PHAN XUAN THANH

HOI DONG BIEN TAP

Tong bién tdp : TS. TRAN HUU NAM

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGU
7S. NGUYEN VIET HAL PGS. TS. LE QUOC HAN, ThS. PHAM VAN
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH

Thu ki Toa soan : ThS. HO QUANG VINH
yEN MINH BUC, TS. NGUYEN MINH HA,
HUNG, PGS. TS. VU THANH KHIET,
NGOC, PGS. TS. NGUYEN PANG PHAT,

PGS. TS. TA DUY PHUGNG, TAS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL T4S. v
KIM THUY, PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co s¢
For Lower Secondary School
Tran Ngoc Duy — Ung dung cua phuong phéap
tong binh phuong.

Danh cho Trung hoc Co sd

For Lower Secondary School

Déu Céng Nho — Khai thac bai toan hai duong
tron cat nhau.

o

Lich sir toan hoc

Hoang Xudn Thuong — Thién ti toan hoc l4p
di Perelman.

@ o thi tuyén sinh vao 16p 10 Trung hoc phd thong
chuyén Lé Hong Phong, Nam Pinh, nim hoc
2019 —2020.

Q) Huong din gisi 4 thi tuyén sinh vao 16p 10
THPT chuyén Bic Ninh, nim hoc 2019 — 2020.

@ Pé ra ki ndy
T1/514, ..., T12/514,L1/514,1.2/514.

Problem in This Issue

TR IR e T

Bién tdp: LE MAI THUY LINH
Tri su, phdt hanh: THUY LINH, NGUYEN THI THU HUYEN

| T S

Giai bi ki truc
T1/510, ..., T12/510,L1/510, L2/510.

Solutions to Previous Problems

") Phuong phap gidi to4n

Nguyén Anh Tudn — Suy nghi siu hon v& mét
bai ton.

€D Chuiin bi cho ki thi THPT Quée gia

Lé Xudn Vinh — Tinh chét tiép tuyén cua dd thi
ham bac ba, ham trung phuong.

O nnidu cich giai cho mét bai todn

© Tiéng Anh qua che bai tosn Bai s6 55
Bai dich s6 52.

@ Duich thé i qua cic bai to4n hay

O saitim s aawe

Mi thugt: QUOC HIEP, THANH LONG

¥t rewtun.hopto.org
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