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' cosa
, cota =——

swhacota=1,
0s 90' =-—-a)_; sin 60° = cos 30" _£

¥ 1
60° -—E sin45° = cos45° =

2
V2
2

sin“a+cos’a 1

2 2 2
%t 0 '1‘ SO BAI TOAN | ;
i to an 1. Cho 0< x, y <1. Chimg minh rdng:

sr-_n

ggzl‘t-qf
W, :_,-‘ kh’ mq

G 0 x, y<1 nén c6 thé dat

...,:: e I

+sin b.(\[?; .COSa)

+sin’ b |+ E(SIHZ a+3cos’ b)-

e ) ; +&-(sm2 b+ 3cos’ a)

ok g, [ ™ P T
SN s mas -

{‘I’ ¥+ il —x’ ‘C—%—-\/—_—. Dang  thirc

Déng thitc xay ra
r : . ‘Jg

sing =sinb=—

3icosht S a=b=60"x=y=

sinb-—-\/gcosa

&<sinag =

l\J.l =

L

Baitoan 2. Cho 0<x<2 va 0< y <3 thoa man

J3.x + \/y(?) —y) =x (*). Tim gia tri lon nhit

ctia biéu thitc A=6x4—x* +3x> +4y - i—yz.

Loi gidgi. Tk 0<x<2,ta c6 thé dit x =2sina
(véi 0<a<90°%). Tu dé

A= 6\/4(1—sin2 a) +12sin” a+4J"§J’2

=12008(J+12(1—0052 a)-—%(y—-f&)z +6

=—12[COSZ a—cosa+é)——§—(y—3)2 + 21

16)%i412 2
=—12 cosa——z- —S-(y—3) 2] =< e

Ping thirc xay ra

|
COSad =—
e )

=D
rxz‘\/i
fif=a
Vdy gid trj [on nhat cia 4 13 21 tai x=+/3, y =3,
Bai toan 3. Cho x,y>0thoa man .x+y }.

| ..__,>f

x = 2sin 60°
y=3

a=60°
&
»=9

= thoa man diéu kién cua x, y va (¥).

Chiing minh rang —

.....
......
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,"*- r%ﬂg thuc xay ra <& sing=c08a < x= y .

Bai toan 5. Cho 0<x, y<1 va

x\/l——-_y'z+y |- x* = 1. Chimg minh rang:
xﬁ-i—yﬂﬁl.

z-h_= 22. Do dé: Loi gidi. Ta co: 2

| =(xﬂ W ) <(o+y%)(1- Y +1-1)

1 =2(x +)7)~(* + yZ)Z =[x+ —1)2 <0=>x +yil

Dit x =sina, y =cosa (v6i 0 < a<90°). Khi do:

xV1—=x" + y+J]1- y* =sina.cosa+ cosa.sina

. . 2 J
=2sina.cosa <sin’ a+cos” a=1.

.'-:::_ -- . . 2 2
hat cua A= + + . : S : 2
o ek xy(ﬁ+ﬂ) ¢ \/1‘_ Dang thirc xay ra <:::>sma:cosa<:>x=y=§.

e 3 Bai toan 6. Cho tam giac ABC vudng tai A,
-=-y . J; T x) <(x+y)(1-y+1-x) duong cao AH. Tim gia tri nho nhat cua biéu thite

L3G° od - BC "

+9) —2(x+ ) +1<0 (x+y-1) <0 B O H
v Loi gidi. Ta co:
: ;,cos’a=y (v6i 0<a<90°).Khi x = EC g AC G, BC |
b BA Gt 47 4G co
I a(snarcosa)+cos'a 1 1 1 1 cosC+sinCil
| *ﬁm, a) i) a-( T a) sinC  cosC  sinC cosC  sinC.cosC |

SR If 2sinC.cos C =(sinC +cos C)* — (sin2 C + cos”’ C)

" -. 2 T a) \[5; = (sin C+cosC )2 — 1

T =(sinC+cosC+1)(sinC+00-sC—1)_.,
. )__‘_% A e sinC +cosC +1 2 :
o TR sin C.cos C smC‘+cosC 1

(sinC +cosC)” <2(sin® C + cos® C) =2
:>0<smC+cosC<x/-
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1= sin oL+ COS° o

i) 1 2 2
=Sin a+Ecos O+—COoS O

& >33 isin2 a.cos” o

=.1_ _.E.i_ _E_B_ > LAEB = sina.cos” o < 2—9\/—';1, tr do BH < 8—}29\/—5- Diang

4 2 cosa sino  sin® o+ cos? a
EB. ;ing thuc xay ra

thuc  ¥xaysh éra THikhi sinazgcosa hay

=cosa e =45 & AM = AE va

: 1?3? gia tri nho nhat cua S 1. DANg e BAC A ) |
i AM = AE va BN = BE. 2 2
n 8: Cho hinh vuong ABCD canh a, diém BAI TAP TU LUYEN

?E?'H @én tia BC (M # B). Hai tia AM va 1.Cho x>0, y>0 va x+y=1. Chung minh
" nhm: tai N Xac dinh vi tri cua diéem M d¢ rﬁng 8(}:4 o y4) 2 _1_ Saf
Xy

2 Cho tam gidc 4BC vudng tai A. Ching minh
rang:
34B +44 : :
) +4 CSS; b) AB" + AC > 1.
BC AB.AC.BC?

AB> o ¢ 2 2)?
i 2 g AC +BC X 25
BC AB BCE =2 Pl

AB® + AC* 16 & 58
d) AC s BC AB" . AC }65567‘

=AND=a. (4B// DC). Khi do:

2 — oy -2 1
-2 B =2a’. BC.S; _1,438'146,8 G 256
.. . a -—;-,(sinz & dioo a) 3.Cho biét, kién thc dugc m& rong vo

0°<<90°  thi O<sina<1,0<cosa <],
eeall 0 L ki anied Qi3 ~
nhé nhat bﬁng 5 g 0sin0” =c0s90° =0, sin90° = cos0° =1 Hay
o tim gid tri lon nhat cla 4 =4x+ 3?2 +2.,./4- Vi
' ?ﬁﬂ ‘?’W-’? v6i 0<x<1,0<y<2 va 2|l x+J 2+x=y.
Be nic. . glac ABC’ c6

BAG 12,9”
e B % 23
i ' *;. lﬁuhEE F

Wil e



"

/ o lai (vin ) mot 56 (0)) ndm gitia hai tia AC va AD. (1) dirge théa &
ximg truc trong mit phang.  man néu AK la dudng kinh (O). That vay, b

BAH = CAK = BAH + ABH = CAK + AKC = 90“
(vi ABH:AKC) suy ra ACK =90° = AK la
duong kinh cua duong tron (O) (dpcm).
b) Xét goc B tu: Ta lam tuong tu.

Ak : : Bai todn sau xin duogc viét lai theo ngon ngir
%gﬁM“M i
| thong thuong.

Bai toan 2 (IMO 1979). Cho hai duwong tron (O)
va (O") cat nhau tai A la mot trong cdc giao diém
cua chung. Hai diéem M. N chuyén dong lan lwot
trén (O) va (O°), xudt phdt tir A cung mot hic theo

ciing mot chiéu va méi diém cd van toc khéng doi.

l. Cho tam gidac ABC néi rzep duong

oo Sau mét vong M va N tro vé A cung mot lhic.
on (0), duwor g cao AH, duong phdn gidgc AD. ~ : ;

e 5 : & TN Chung minh rang cé mét diém P duy nhat sao
| vinh rang AD la tia phdan giac cia géc L g . o 2
iy g e cho dit o thoi diém nao rong qua trinh chuyén

dong thi M va N luén céch déu P.
Loi giai.

________

Hinh 2
Goi A la duong trung tryc cua doan thﬁng_ 00’
(h.2)- Qua phép df")i .xfmg tr-uc A, diém 0,4, M




_'_' ..... ﬁiﬁm M hlén thanh diém
b ﬂ:lénh tam giac M'CB

B

M Tl

D | Hinh 3
"M=M'C=M'B. Do BM'C=150" =BM'M
'"MB = A M’CB i)l = BM = BC. Lai
Q *' (c.g.c) nén AM = BM.
V "'AM suy ra AMAB déu.

"-. {
: :r:-i-.; el oot
4 ] N B ) - -'.‘,‘.r_
_'u —" Ly

-n

-..____ "‘-il'l ﬂ"F—h

@dﬁcﬁcwnhza AB=a, BC=b,
- gmnh rang

TN T ....d) g-i(ac+bd) (1)

2t

‘.Hgﬁt‘ giac ABCD noi tiep duwong

B

Hinh 4 .
Goi A la duong trung truc cua duong chéo AC
(h.4). Xét phép dbi xing truc A, diém 4, D lan
luot bién thanh cac diém C va E, suy ra:

AE = CD,
AD = CE,
SApC = S4EC

= D — Siner DE (o

ac + bd = AB.CD + BC.AD

= AB.AE + BC.CE = 2(S 438 + Scare) = 28.48cD.
Dau bang xay ra khi va chi khi:

BAE = BCE =90° <> BE 14 duong kinh ciia (O)

khi 4 BDE=90°= BD L AC (Vi AC / DE)
(h.4). Nhu vay (1) tré thanh dang thic khi va chi
khi tor gidc ABCD ndi tiép va c6 hai dudng chéo
vudng goc voi nhau.

Bai toan S. Cho tam giac ABC can tai A

(3 =20"). Trén canh AC lay diém M sao cho
AM = BC. Tinh s6 do géc ABM.

& oW

Loi giai.
Goi A la dudng trung truc cua canh 4B (h.5). Xét
phép ddi ximg truc A, diém 4 bién thanh diém B,
diém M bién thanh diém N. Khi d6:

MBA NAB MA=NB= Bg,;a



T4 ning vun s6i tinh them trong

av hoi tu e R Tri tué gieo trong nghia vit cao
dc lac v Phin trang: dao ham soi anh nguyét | |
ra hoc Bang den: ma trn sang ngol ngoi

Vuon tam thé gidi nganh Su pham

Dang rong vong tay don ban vao.
B - NGUYEN DUY NAM
thien, T.X Hoang Mai, Nghé An) (75 1, khdi 12, P. Quynh Xudn, Hocng Mai, Ngh¢ An)
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tam gidc cat nhau tai cic diém A, N, I. Chiung
minh:

a) Cac diém M, N, I cing thugc mét duong thing
£ gol la A.

>\ b) Chitng minh rang A luén di qua mot diém cb
]\ dinh.

e Bai 2. Goi a, b, c 1a @6 dai cac canh va S 13 dién
gl tich cua tam gidc 4BC. Ching minh:

@+ b +*>4V3 8.
Bai 3. a, b, ¢ 1a d dai cac canh va S I3 dién tich
cua tam giac ABC. Chung minh rﬁng:
ab+bc+ca}4\/_S
Bai 4. Chlrng minh rang néu mot ngu giac co hai

truc doi xung thi ngli gidc d6 1a ngi gidc déu.
Tong quét da gidc 2n+1 canh c6 hai truc d6i ximg

el hqn gap lai ¢ bai viét  thida gidc d6 1a da gidc déu.
§5‘ bal tap dé cac ban luyén  Bai 5. Cho tam glac ABC can tai 4 (:i = 200).

_,-r ¥

DPiém D trén canh AC, diém E trén canh 4B sao
cho CBD =50"va BCE =60".Tinh s§ do géc

11111
| A%
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% ..' ‘nr 1 -.

‘1:: B '_.-i- ;I .-'._ R :-_1 ':-:' o, "".'I-ul'—." 1 5 R L
2 2 o~ _ '.'_- T, ST PR z [ oA
‘:1 a c a = gt c 6 A .._ "- gt . 5 I L L L - -;. -; A
T .-I b 1 o [ ¥ f

'r i '.-

<:>'(a+b)(b+c)(c+a).sﬁ<:> Picel:

_? ;:3-5:1 -2)( f‘_=x+3)+3(\/3-c—1)—2(x+2\/3_6 —3) ;

(‘ﬁ-xﬂ--l)(xf—+3) Néu a+b=0 thi b=-a, c-2019. Do do

2019
A=a2019+(—-a)20]9+( 1 ] . Ly
2019 20192019

 Eol 1 1 V61 truong hop b+c¢=0,c+a=0 ta cing tinh

Zgat' C= 1+"5+§ 20 17 i 2018 ] 1
A S dugc A= . Vay A= .
1 1 20192019 20192019
1009“'1010] Cau 5. +) V61 y = 0, hé phuong trinh da cho tré
/ x“+2x=0 =0
=2019( e b thanh  {" o7 . He ¢
2018 22017 ~ 1009.1010 (x4 2%) x—3) =Ohhime ==
Khi d6: 4=1.2.3..2017.2018.C nghiém (x; y) la (0;0),(=2;0).
1 { 1 J +) Vo1 y#0, hé phuong trinh twrong duong voi
+.. ;
2018 22017 " 1009.1010)  (42,2y R
Vi e _xP42x

123...2017 2018 : .. x“+2x
(x+y—3)=-3 v=x+y-3

=2019,1.2.3....2017.2018(

2018 22017 ~ 1009.1010

. | Ll X
: limﬁt so nguyén nén A4:2019. P
| | 7 =

| j-' r*@ﬁu 3 PK dé duong thang d cat Ox, Oy tao thanh : <

tam glac la m#0 va m=l. GOI hé <H+v=2<_—:, “‘v.:—l

|

Hv="‘3 H:—]_

;.;;f %‘A::A[‘_E;OJJ NOy=B= B(0;m-1) =3

o =

.

3; AQAB bang 2 nén ta co: B x=l
sl T2X
1 m—1 e [BTS - = =
=265(m-1)"=dp] Vi W ke Apid
gt 5 X+y=3=-1
R PN 7 8 =

" o|m=3-22. x? +2x
- u:—]_ ='-1

e W fin=s Vi ] taduoc { y (hé nay

x+y—-3=3
vO nghiém). Vay hé phuong trinh da c
nghlém (x : y) la' (@ 0) (_zm@) -6;8). ¢




4 e A _r' i Sy, -
&l 3 3 - Pl } [
] F
1] Fi18&  LYJE]

'..1':"':: ;Y ra AM AE va CN C A
1+ DAM =90" CB CF

- hay EAM =90°. Theo d&  batdédng thirc Cauchy ta co:
o NF=CN+CF>2JCN.CF =2R\/3 khéng déi.
D—2a nén MN=MB+ND Do d6 NF c6 d6 dai ngian nhat khi va chi khi
MD—EN T do CN=CF hay C la trung diém cua NF. Do

—CN.CF=BC. AC‘-—3R2 Ap dung

] ..-1'1

.,.-'~: 'j‘

—_— 2

Pie £ 5

O A

3

= W ¢6 50 do khong doi. Ciu 9. Ta s& ching minh T . _4b —a . That
o Vi BAC :>‘9-00, nén H nam giita B va C. ab+5b :
' : 1957 =g
vay, ta co: g <4b—-a :

ab+5b }

195 —a® <4ab? +208° —a2b—5ab>

b’ —ab’—a’b+a’ >0 (a-b) (a+5)>0
(lubn dung véi Va,b>0 ). Tuong tu, ta co:

R e e I e . sl

19¢° - 19¢° —¢*
4y diém D sao cho DAH =BAH. R aieh, c; <4qg—c.Tx d6 ta co:
gmc can dinh 4, H la trung diém  bc+5c ca+da
%H 6cm . T CAH=3BAH va 190°-a’ 19¢3—p3 1943 _.3 i
~'-=.*=='f; i 7 e 5 53(0’ +b+(.') '
' y ra AD ld du'Ung phan gidc cua ~ 90+5b6"  bc +5¢°  ca+5a
, - pC 6 9 : Dﬁng thic xay ra khi ga=bp=c. Vay, ta du()‘c diéu 1.
B s Dat  can chitng minh.
T Cau 10. Trén dudng tron (C) ta ké duong kinh .
AC=—""(cm B '
R i ) S15, tuy y. Khi dé 5185 =2 .Ta c6: -
P o 5P 81 My +8, M, 28,8, =2. '
P aRtiD & 4 ' S1M2+52M22S]S2 =2 .

L I I .il‘l

&Mﬁﬂﬁ +‘$2an5152#2 w4 m J.

:r** B p -ci-‘,ew }mw aﬁ"-w",_ & 3




Cho tam glac nhon ABC co AB@E’AC *%ﬁc-
o D el ki oty RN | duong cao AD,BE,CF dong quy ;tgl;.dlﬁm ok
A tham 55) co dﬁ thi lan IIIQT la (P ),d.  tron ngoai tiép tr giac DHEC. Trén cung nho EC
~ Tim m dé d cit (P) tai hai diém phan biét cua (O) lay diém [ khac E sao cho IC > IE.
-”{;;EH@ = = : 1 2 z : :
Sty t) B(xz y,) sao cho: 7 -3 =13(-31713 ——xg). Ha} dung Lt FE &/ rfhau iy P
B 5 i duong thang [C, EF cat nhau tai M.

e 'ﬂ il a) Chimg minh NI.ND = NE.NC.
i he Ph‘mg trinh b) Chimg minh hai duong thing MN,CH
¥ +2xp+4=2x+5y vudng géc v6i nhau.
e 5x2 +7y—18 = Jidiud: c? Puong thing MH cat dm::*ng tron (0)
i B ¢ 3+ A , A S At
b) Cho cac s6 thuc khong am x, ),z thoa man TGier khac- H Dmmgr Hang [?N ‘ca

f’ﬂ L s i dudng tron (O) tai diém G khac K. Hai duong
| gt im gia tri lon nhat va gia tri nho ; ,.
aty e 2 & thing MN,BC cat nhau tai 7. Ching minh ba
"? cua biéu thuc diém H,T,G thing hang.

M =x* —6x+25 +Jy —6p+25+22~62+25. Chus. (1 diém)

Cﬁu 3. (1,5 diém) Cho 2020 cai keo vao 1010 chiéc hdp sao cho

khong cé hop nao chira nhiéu hon 1010 cai keo va

moi hop chira it nhat 1 cai keo. Chirng minh rang

;mﬁn (x. +y +1)(I +xy+y)=30. c6 thé tim thay mot so hop ma tong s6 keo trong
o cac hop d6 bang 1010 cai.

a) Tim tat ca cac cap s6 nguyén duong (x;y) thoa

) 0 n la s6 nguyén duong thoa man \/ R’ +1 , 5 ;
e . NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bac Ninh) Gidi thiéu

| li';**********************i:-}:**':':“J:".ir*k*':‘:-J:-:F:‘Jn!::’c:!c':'r-a'nl:7‘:**7‘:1‘:':'nh‘r:k*************ﬁ*******
(S; M) +S My +..4+81 My 00)

+(Sy M) +Sy My +...+85 My 900)=2000 (*)
T (*) va theo nguyén ly Dirichlet ching t6 trong
hai  tong SIM+S1 My +..+8 Mygpo V2
SoyM+Sy My +.. 4S5 Miggo & ¢6 it nhit mot
tong 16n hon hodic biang 1000. Gia su
SIM+S1 My +..+8; M990 21000. Khi d6 ta
chon S=S;. Ta dugc diéu phal @hu:lg mmh




. sff . dang todn kho trong

""" ’ ﬁi%m chung 14 déu quy ARG Y
X

u&~b1éﬂ thirc mot bién. Vay e e

| Su u*c mﬁt bién duqrc thuc hién duoc P=—L =

B A A 5i tho 21t 67
. o Ml SO thuec x, y thay doi thoa Di tzf, e 5 t2(+ : +;
IR 2 = 1. Tim gic 1ri Ion nhds .
L s & (P-2)° +2(P-6)t+3P=0 (1).
2(x” + 6xy) :
ot add 1+2xy+2y"' — V01 P =2, phuong trinh (1) ¢6 nghiém I=Z-.
chikhi A'=-2P*—6P+36>0 = -6<p<3

P=3 khix= g S

Jio” " 1o

cua P bang 6.

Bai todn 2. Cho x Y la hai s6 thue duong
man diéu kién yEP—1.001),

) i nhat cia biéu thire P = s A
T \/'2-'—er+3y2 6(x+y)

e
=Tt i :1?.._.- I..
Bi e S 2 = ;.”{} .Il,f"'i,.] L-'?Ffi
s ' .F.. _|I _1:'
Mgied o -ﬁw

o T el el
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T

2N’ “:6,;; “ H l.-" :ﬁ;hﬁlﬂ ru)ﬁrm}f‘f’ ﬂi grat LLJPW 1€ *"‘f ‘“tJr * o
- S ol !.1?!1' l_ .‘I__:_-_r:I X 1':. N |
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= : : +b)(a+b+4c
4 Khi d6 xuat hién biéu thuc & : )(az c)_j
B Uy e O<t< g £hL do - o i (a+bXa+b+4c) d +b° +2ab+4ac+4be
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| el 1
—— - v§i O0<t<—. Xét 2 4 p2 42 L idnt et (OLDE R

Khi d6 P tré thanh mét biéu thitc mot bién 7. Ta

am *'Ty'(;) ol Sin t—2 o
. i \/t e 6741 VOl 4p dung cong cu dao ham dé giai bai toan.

a+b+4c

s e L Loi gidi. Ta c6: yJ(a+2c)(b+2c) <
-w " 2\/02 —t+3)3 2({ -+ 1)2 2

(a+b)(a+b+4c)
tS—l- ta co: ¢ —t+3=¢t(t-1)+3<3: j(a+b)\/(a+2c)(b+2c)£ 2

w!ﬂ.4_ 2 2
5193“_1}1 N6 a6 ~a +b"+2ab+4ac+ 4bc

e, | 3

-. fr:" (t‘z —1 +3) 6\/_ J3 P< 4 92 —.
! _i;ﬁi- ? 1 ; f ( ) I 1 b Tu d6 \X as =+ b2 s C + 4 2({1 bii-+é )
= Suyn f'()>———>

12 5 2 Dﬁtr=Ja2+b2+c2+4, Vol t> 2.

-. 4 9

rer - Suyiiig A P s A i A

t 202_4) et¥ ham'¥ §6
7

ey Vay gia tri 1on nhat 4 9 4
3, 30 f(f)=t -4 voi ¢ > 2. Ta co:

<2(a’ +b° £c%)

IIIIIIII
-

ks f,{ ; 4 Ot S 3 o

B o TR R (), G
t© (" —4) 1 (t° —4)

Vi t>2 tacéh:

I
,.-'.,'__-1
- S
|

47 +71% — 4t - 16=4( - 4f)+¥(’»7t -4> 0. Do
. gt e




a b la cac s6 thuce dicong thoa

+ab= =(a+b)ab+2) (1)
wa biéu thire

Tim

b3 h aZ bz \
153 i el

sinh vao Pai hoc khéi B nam 2011)
Ta dé dang dua P vé mot biéu thirc ma

__ ﬂﬁ :hl}' thua cua E-]-_é Neu dﬂt

da

l:

[ # o -t-.'.l_ $

§ _.f-.”= S uyen dugc P vé da thirc bién

% :1"

' ”‘}15 pﬁal tim dugc mién xac dinh cua
- ta %hat ca hai vé cua (1) cho ab

. Ta ép dung bat ding

[ = . d! ;J
| i. "ﬁ

phél xuﬁt hién

1| :; ‘4“1‘““1*“”** ng@-

((.I rg\*-

a P

— 4 — fasuy ra:

Xz

2 $1 202 Nore

Dit ¢

5 3]
:>4f“"*4f—'1520:>f25. Suyra

P=4( =31)-9(t* - 2)
=47 <9¢5 — 12t +18 = £(?)

FlO=122-18t-12, (1) =0 < 1 :—é- hodc

23
i) :>mlnf(r)—~—? khi r——% Vay min P

23
=——£— khia=1vab=2hoica=2vab=I.

Bai toan 5. Cho x, y, z la ba sé thue thuoc doan

[1;4] va x> y; x>z . Tim gida tri nhé nhat cua

A ; X
bieu thirc P = | Lyt

2x+3y y+z

z+x

(Thi tuyén sinh vao Dai hoc khéi A ném 201 1)
Phan tich. Ta thay tor va miu cac phan thuc cua
P la cac da thirc dong bac nén ta chia ca tr va mau

cua mo1 phéan thire cho bién trén tir cua phan thuc
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." Li,_ ¥ r!:-‘ % =

Rt +3y+5 Yy +3.x;+5 4(x+y 1)_ P,

* .» ohtab (Thi ruyén sinh vao Dai hoc khéi D néam 2014)
> S0 *-.-;”*f 1g o ab> 14 Tliay vay:

: Phan tich. Pat t =x+ y. Ta ddnh gid mau tha
RN— b) > 2(1+ a)(1 + b)

N nhat va mau tht hai nho hon hodc bing cac biéu

+2§/_ b>2a+b+2ab thic cua x+ y. Muén vay ta su dung diéu kién
’ a—-\/_ b) >0.

I 611 ding véi a, b 1a cic s duong va

o bﬁng xay ra khi a =5 hoic ab =1.

l".
§

..;_._.w VOi x va y thudc doan [1;4] va x>y Tuongtucdy’ +2<3y.Suyra

,.

*.

o

ban dau cua x va y thudc doan I'E2]. "De

‘!f"f..._k 5

1<x<2;nén(x-1)(x—2)<0= x> +2<3x.

P> X+2y % y+2x 1 1

3x+3y+3 3x+3y+3 4(x+y-1)

x+y ]
x+y+1 | 4(x+y-1)

Loigiai. Do 1<x<2, nén (x—1)(x—2)<0
= S 93 Tu(mgtl_rcéy2+2£3y. Suy ra

P> x+2y & y+2x ]

+
8x+3y43 3x+3p+4-3 4x+y-1)

SR, i 1
x+y+1 4(x+y-1)

" +—2— Fell:2]: ¢6 ; ,
.f 2r2+3 B Dat 1=x+y=2<t<4. Xétham sé

,f +3r(2t l)+9] i [ ¥ 1 ”
J za,,_,)z . 1 (@) r+1 1 4D Tei2sr<a

i (t) = :
3 AY, (r+1) A-1)?
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n sinh vao D hge khé‘: B nam 2012)

‘Ta phai don V' -mtt blen X< Vil y o2
o e o

ﬁ ‘ ng vﬁ;hmbleny,znen ¥ 2’

S L

- p+2z; yz do do ta phai tinh

then x. Tu diéu kién

e £
Lk o T T 2

e

6
Do d¢ <—_=P<—,VXxe :
o der i(5) 5 26 3

J6 J6

Khi x=—, 2
3 6

56
36

la cac so thuc khong am

Vay gia tri 1on nhat ciia Pla

Bai toan 8. Cho x, y, z

thoa man diéu kién x* + y2 +2z° =2. Tim gia tri

lon nhat cua biéu thirc

!

X S

A | 4
Xk pztor o

1+ yz

x+y+z+1 O,
(Thi tuyén sinh vao Pai hoc khéi A nam 2014)

Phan tich. Dit

t=x+y+z. Néu thay

X byl o®

= - thi tr phan thic th ba la da

thirc bac hai nén ta ddnh gia né 16n hon hoic bang
mot biéu thire cla (x + y + z)*. Ta di chimg minh

s | —
X S y+z__{ S

i +yz+x+1 Xyl x+y+z+1

: |
_ 25
a2 .

¥ +yz+x+1 .x+y+z+1

thi ddu bang xay ra.
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y+z (x+y+2)

#z+1) x+y+z+1 36

Yz (x+y+2)
‘y+z+l 36

fi—y-!-z:)t)'o i U Z)

<3(x*+y*+2*)=6

~ W e r ) ~ t t , .
> 0 <1< \,g Xét ham so f(¢7) = VOl
i t+1 36

£ (-2)(° +4+9)

P F 1P 18 187 +1)7°

A g S ' ’ *
Y =2 Taco f(0)=0;/(2)= s
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thite thtr nilét va phan thirc thut ha1 cho ¢*va chia 5

ca tir va mau cua biéu thirc thir ba cho ¢. Néu dét

a b 32x° 32
i Sl ALY H T SRS [P
Vi hlL (y+3) (x+3) ‘/ 5,

4B a
P 1a biéu thic dbi xtmg v6i hai bién x, y nén ta
dén P thanh biéu thitc mot bién. Do d6 bién
d61i P

x3 | y3
(y+3)° | (,lv:+3)3
bien doi (2) dua vao hing dang

A’ +B’ =(A+ B)’ —34B(A+ B)hoic danh gia

lam xuat hién x+y va xpy. Vi

(2) c6 dang A4° + B’ nén ta

thire

(A + B)’
4
thi phai tinh duoc xy theo x + y . Mubn vay chia

a b
—,y=— thi
b % a

dugc (I+x)(1+y)=4=xp+x+y=3

4Bl

. Khi d6 néu dit t=x+y

7 » A ? 2 A -
ca hai vé cua (1) cho ¢” ro1 dat x=

=>xy=3—-x—y.

Lot giai. Dat x=£;y=—§~ Khi do

c
Vx + )2

32 x°
(y+3)°

P_

(x+3)

- Voimo1 u>0;v>0 taco:

W+ = (u+v)° —3uv(u +v)
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ton g cua ba bleu thu'c blén a,

Iy r*ﬁ he; o
Muon vay ta danh g

: hodc bﬁng bieu thac <cua a+b+e

<:>a+b+czk\/a2 +b% +c°

& (a+b+c) 2k (a® +b° +c%) |
<:>ab+bc+ca2m(a2 +b° +c%) 19
& ab+ac>na® < b+c>na.

Diéu nay luon ding voi n = 1.

Loigigi. T x+y+z=0= (x+y+z)’ =

e [ T =4y 22 =20+ yz+ 2x). Dodb

.1'J.

' 25
40 ‘ +=T *,:;a- é DO do > 2 XEt ham SO

-

62" 597 —I—,zz)ruZ(‘Jc—yl2 —f—|y——z[2 + z—x'z).

oA '-i.ﬂ-:‘.r:':;- 3 :‘ o S : 31 :
| ,4, "*J; + 2t “"6, Nar =2, Cla €6
_.E ‘;-I’._' 4w

F
b
ie
(R
e
.
]
i
L

_"‘g, %
) ——— Vo1 mo1 122, a,b,c20va a+b2c;b+c>a;c+a>b. Tacé:
B 06

1 ©
£ i 1
)
b |

Vay néu dat a:|x——yl,b=,y—z],c=

e y 1+1_ 32 nén a(b+c)>a’. Tuong tu cé b(c +a)> b2
2%-6 N @+D)°-7 V' 2 2 cla+b)2c’. Cong ba bit ding thic trén ta

duoc: 2(ab+bc+ca)> a* + b2 + 2

=(a+b+c)’ 22(a® +5% +c?),

Suy ra a~l—£:v+c2\/2(c:12 +b? +1c_23, do do:

e
! r i . W T AL T

. ‘ 2 Do d6 gia tri nho
B b
TR AR P23"+3"+3 ~(a+b+c)

T‘*‘ 1 ﬁﬁ, Y, z thoa man =(3“-a)+(3’ -b)+(3° —c).
Tim gid #‘{ Hho nhét cia

Xéthims6 f(x)=3"—-x véi x>0

) Ta co: f1(x) =3"In3-1>0 nén ham s6 fix) déng
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---'--..n.”trmg 350 nam - dinh Iy cuoi
o - i r (Fermar S Iast theorem) — da

d@ cua céc con so. Pé hiéu thém vé Fermat,
Ban hay hoi “cu” Google, danh tir khoéa Fermat,

. “eu’ cho ngay hon mot triéu két qua.

ﬁﬁ l?lét long y€u cac con 50, chac Fermat ctuing kho

hinh dung duoc su ki diéu nay, tuy ban than ong
Ea ca mot su ki diéu dén kho tin.

. Trong lich st todn hoc ctia nhan loai, khong tim
d_'y dinh li nao co nhiéu diéu ki la va doc ddo
~ nhudinh li nay.

éiaae gia dinh ly 1a nha toan hoc nghiép du
e 31! Pierre de Fermat (1601 — 1665), sinh ra
g mr,;t gla dmh

van  Pierre de Fermat
i ek :';ﬁ:._ﬂﬁémh 1665)

phitc tap vira quan trong. Nha toan hoc Degby,
trong mot buc thu co ké vé Fermat: “Ong ta bén
biu sudt ngay voi cdc vy trong an. Gan day, ong
ta da tuyén mot ban an gay nhiéu chan dong: dé
la ban dn két toi mét muc sw lam dung quyén lwe,
phai thiéu trén dan lua”.

La mot nha toan hoc nghiép du, Fermat rat say mé
c4c cong trinh toan hoc cua nguoi Hy Lap 6. Ong
d3 dé lai dau an quan trong trong nhiéu linh vuc
toan hoc: Giai tich, Xac suét, Ly thuyét so,... Ong
duoc goi 1a “Hoang tr cia nhiing ngud1 nghi€p
du”.
3. Dinl
Trong toan hoc, dé hiéu duoc mot dinh 1y nao do,

li c6 noi dung r At dé hiéu

ngudi doc can phai ¢6 mot trinh dd toan hoc
twong Gmg. Cac hoc sinh 16p 7 hiéu dugc vé dinh
ly Pythagore. Pé hiéu dugc dinh 1y Kronecker-
Capelli vé nghiém cia mot hé phuong trinh tuyén
tinh, nguo1 hoc phai la nhiing sinh vién dang hoc
chuong trinh todn cao cap & cac trudong dai hoc,. ..
D¢ 1a chua néi dén viéc ching minh dinh ly.
Trong cac gido trinh todn & bac dai hoc van thinh
thoang bat gap mot dinh 1y ma phan ching minh
chi ghi van tat: chung ta thira nhan dinh ly nay.
Vay ma mot trong nhiing dinh ly vi dai nhat trong
lich sir todn lai c¢6 ndi dung dé hiéu ngay ca véi
mot hoe sinh 16p 6. C6 thé phat biéu cho hoc sinh
l6p 6 dinh 1i 16n Fermat nhu sau: Khéng tim duoc
bo ba 56 nguyén x, y, z nao thoa man déng thire:
X"+ )" = 2" voi bat ky sé tw nhién n nao véi n>2.
Noi dung cua dinh ly dé hiéu nhu vay nhung dé
hiéu dwoc céch chimg minh né, ban phai nim
trong s6 mot phan mot nghin cac nha toan hoc!

i 4




a4 IO rang va@ m@t doan van noi
Day ci’ - ngoi mﬂ chén cat thi hai ciia
f ;_;fﬁ.',g d-r:eu sau day sé cho moi nguoi
 biet ve cude doi cua éng. Mot phan sdu cudc doi
' . %?! tho hanh phiic. Sau mét phén muoi hai
- tiép ﬁé% cua cudc doi, trén cam ong bat dau moc
b lo tho nhitng soi ria. Trai qua mot phan bay cudc
- doi niga thi 6ng lay vo. Sau d6 I nam nam ddy
 hanh phiic va ang co mot dvea con trai. Cau lom
o bang mira tuéi cua cha minh thi dinh ménh
lanh ling da cuép céu di. On g da quén dan noéi
dau trong suét bén nam con lai cua cuoc doi
minh”. Mot hoc sinh l6p 8 cling cé thé gial duoc
bai toan nay, Diophantus tho 84 tudi.
Nam 1621 cuédn S6 hoc duoc dich ra tiéng La tinh,
trong d6 c6 hon 100 bai toan c6 161 giai chi tiét.
Fermat thich thu doc cudn sich nay. Viéc nghién
cliu cac bai toan goi y cho Fermat suy nghi va
cac bai toan khac c6 lién quan nhu'ng sdu sac
h.m Vao khoang nam 1630, Fermat viét bén 1&
mon sach may dong chit La tinh: “Khéng thé
. p hén tich mot lap phuong thanh tong cia hai lap
_‘_'..'7_,5_.0?:3, mot trimg phwong thanh tong cua hai
phnn'o‘ng hay tong quat, bat ki mot lily thiua
48 "7!’*2”tkanh tong cua hai liiy thita cimg béc. Téi
L “f‘"’“*‘ fhay duoc mot chwg minh that tuyét diéu
xet nay, nhung rat tiéc 1é sdch khong du

Jﬁﬁmm nam sau, khi Fermat di qua doi.
f~,-".__:f,f" “cudn fﬂ‘ ﬁHt:'ft: cua Draphanrus cung vo1 nhimg ghi
¢ ar duoc xuat ban. Chi dén luic do,
“erma lél dugc biét dén.

' on hiit mét s6 lirong déng dio céc

hoe chuyén va khong chuyén tham gia

Egear: nhur mot Hﬁﬂg ftén
Shis t Im ta:n tanh niém hy
'Ii—w L .'r“h? h@@ ﬂ&ﬁ) 16 “dinh

‘i‘F

-'-,-:'F- ' _,Eﬁ-_-ﬁ
e '1_; S *.'_.'-.;'
i b =3 1

. nmtim klem nhlmg mién dat chu'a 06 da‘u chan

ngudi, cac bai toan chua giai duoc ludn luén moj
goi cac nha toan hoc. Cho dén dau thé ki XX,

nhimg budc tién trong viéc tim kiém 101 gidi cho

dinh Iy lon Fermat van hét suc it oi.

Nha Toan hoc vi dai nguoi Thuy ST Leonhard
Euler (1707 — 1783) da
chimg minh dinh ly lon
Fermat cho truong hop
n=3van=4,

Nam 1828, Nha Toan
ot &% Dire £ 6 Dirichler
(1805-1859) chung minh
dinh ly cho truong hop
n=>.

Vao nam 1840, Nha
Toan hoc Phap Gabriel

Leonhard Euler
(1707 - 1783)

Lame chung minh dinh
ly cho truong hop » = 7. Vay, 200 nim sau
Fermat, dinh 1i méi duoc chimmg minh vé1 n = 3, 4,
dva’.

Dinh ly qua khé va nha nghién ctru lich st toan
hoc E.T. Bell trong cudn sach “Bai todn Cuoi
cung” da phai thot 1én rﬁng: “C6 1€ nén van mink
cua chung ta cdo chung truée khi cée nhe toan
hoc tim ra loi giai cho bai todn.”

Tuy vay, nam 1908, dink ly lon Fermat dot ngot
gay dugc su chu y trg lai nho cong ctia mot nha
cong nghiép va tién si toin nguol Duc tén /g Paul
Wolfshehl. Do gip phai mot chuyén bat hanh
trong doi song riéng, ong quyét dinh sé tu sat vao
lic nura dém. Trong khi che doi, ong tinh co doc
moOt chirng minh cua Kummer lién quan dén dink
li lon Fermat. Chim dim trong su suy tu, Ong
vuot qua gio phut dinh ménh luc nao khong biét.
Su dam mé toan hoc da hoi sinh cudc doi ong.
Ong quyét dinh danh gan hét gia san cuia minh lap
nén giai thuong Wolfshehl danh tang cho nguoi
nao tim ra loi giai cua dink ly Fermat. Tri gia giai

thuong 1a 100000 Mac twong duong 1,75 triéu
USD, 16n hon giai Nobel.
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q,:t ﬁﬁng nhleu ]mh vue: Ly thuyét sé, Hmh
A w phan Giai tich, X4c suat,.
1 ?iau.s's dd viét thu cho
4 .._ot ngudi ban ndi 1o
uan diém cua ong vé
cﬁnh Iy Fermat: “Toi
phai thii nhdn rang dinh
f.j) nay la mét ménh dé
biét lap gay rat it himg
thu cho t6i boi Vi t6i ¢d

k.

thé dwa ra vo van ménh

Friedrich Gauss
(1777-1855)

dé nhu thé, nhimg ménh
de ma nguoi ta khong
thé chimg minh hodc béc bo”
Vay chi duy nhat 6ng Vua Toan hoc Gauss than
nhién ding ngoai cudc trong dam dong cac nha
toan hoc ham ho dan than vao mot con dudng day
g cam do. Phai ching Gauss tién doan duoc rang,
vm trinh do toan hoc cua thoi dai ong, viéc chung
“minh dinh ly nay 1a khong thé!
é Con ga dé trirg vang ciia toan hoc hién dai
thu'c su la diéu ki diéu. Loi giai bai toan
b 10ng dat duoc nhung lai xuat hién nhitng nganh
' @c méi. Neguoi doi da ca tung: dinh Ii lon
l'a “con ga de tring vang cua lodan hoc
” Nhimg li thuyét todn hoc mdi ra doi
nh @ac nha toan hoc “giai khong ra” bai toan

ay can dién ra 90 phut, van c6
t 8 -’ @huc nam trong chiang duong
é coi la hut 89 dugc chang?

mén hﬁe ke ngué‘.l Nhit
Bin da dua ra mot gia '
thuyét, sau nay mang
téen ho: gia
Taniyama-Shimura. Gia

thuyét

thuy€t no1 vé moi quan

hé gitta mo1 duong cong
elliptic va cac dang

modular. Cac duong
cong elliptic c6 phuong Goro Shimura
trinh dang: (1930 - 2019)

y2=x3+ax2+ bx + ¢ vO1

a, b, ¢ 1a nhitng s6 nguyén. Cac dudng cong
elliptic cubén hut cac nha ly thuyét so vi chung ¢6
thé tra 15i nhiéu cau hoi vé phuong trinh va
nghi€ém cua phuong trinh.

Cac dang modular thudc nhém nhitng d6i tuwong la
[ung va tuyét voi nhat cta toan hoc. “C)ng t6” cua
cac dang modular 12 nha toan hoc kiét xuat nguoi
Phap Henri Poincaré (1854 -1912). Cac dang
modular ton tai trong mot khong gian ky la, noi
hinh hoc phi Euclid ngu tri. Rat khé hinh dung Ve
cac dang modular, ngay
ca Poincaré thol gian
dau ciing khong dam tin
chic ching ton tai.

Vé vai trd cua gia thuyét
Taniyama-Shimura,
Giao su Mazur, Truong
Dai
“Lan dau tién dwoc dé

hoc Havard noi:

gia thuyét nay
khong duoc cdc nha

xuat,

Taniyama
(1927 - 1958)

toan hoc chu y vi né qua
la lung. Mot mdt, ban cé thé gioi cua elliptic, mat
khdc ban cé thé gidi ciia modular, Cé hai linh Ve
ctia todn hoc déu da duoc nghién citu rat manh
me, nhung tach roi nhau. Cdc nha todn hoc
nghién cuu cac phuong trinh elliptic khéng may
am hiéu vé cdc dang modular va nguoc lai. Thé




Gerhard Frey
(Sinh nam 1944)

ghe ﬁémg l:hwc todn hoc
mﬁ ong phén phat khap

b? r | hﬁl . nghi hinh nhu ¢6 ham y ring: Néu gia thuyét
o, ‘gélmwa-Tamyma qua that la dung thi dinh Iy
J - Fermat sé duwogc chung minh.

% # 3.3 Pinh 1y ciia Ken Ribet

:‘; | Khi Ken Ribet, Gido su
| ;tﬂal'l thugc Truong Dai
| lh@c Tong hop
California, 1an dau nghe
‘mwe nhan xét cua Frey

ﬁh@ 4‘16 la mot 101 noi

Ken Ribet
(Sinh nam 1948)

ﬁ%ﬂ lai cua dinh Iy Fermat 1a ching
- munh dug 0 g.lé thuyét Shimura-Taniyma!

' }_: c mo’ Ién ciia mot ciu bé 10 tuoi
m tén Andrew Wiles, trong thu vién thanh
Itc f"éﬁu ﬁnh co dqc dlmc mot cuon sach
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Luﬁn an Tien s voi
cac cong trinh nghién
cru vé cac duong
cong elliptic.

Sau d6, anh chuyén
sang My, lam Giao su
toan tai Truong Dai
hoc Tong hop
Princeton, ¢ d6, gidc mo thoi tho au van ruc chdy
trong anh.

8.5. Nhitng nim an cu trén gac xép

Sau phat minh cta Ken Ribet, Andrew Wiles quyét
dinh tu giam minh trén cdn géc xép ap mai, tim
cach chimg minh dinh ly Fermat. Sau nay Ong ké

lai kinh nghiém lam toan cuia minh:

Andrew Wiles
(Sinh nam 1953)

“Giéng nhw viéc di vao mét lau dai t6i om. Ban
buwde vao phong thir nhat, trong do téi den nhu
muyc. ban buoc di loang choang, va dap vao do
dac trong phong. Dan dan, ban ciing biét dioc vi
tri cua tung thir mét. Va cudi cung, sau khoang
sau thang ban lan ra cong tac dén roi bat lén.
Ngay lap tuc, moi thu duoc sang to va ban ﬂ?ffy rO
minh dang ¢ dau. Thé roi ban buéc vao mot
phong tiép theo, ¢ dé lai t6i den nhu muc...”
Thang 6 nam 1993, tai Trudng Dai hoc Tong hop
Cambridge, Gido su Andrew Wiles da c6 3 buoi
thuyét trinh trong mot hoi thao vé i thuyét sé.
Cudi budi thuyét trinh thr ba, sau khi viét xong
nhiing dong ching minh cudi cing cua mot gia
thuyét toan hoc phue tap va kho hiéu, gia thuyét
Shimura- Taniama. Giao su Wiles néi mot cAu
gian di: “Toi nghi rang minh vita chimg minh
xong dinh li Fermat.”

Chung minh do 1a mdt cong trinh dai 200 trang.
Viéc chirng minh dé ngén mat 7 nam troi bén bi
[am viéc. Chimg minh cta Wiles 1a mot chudi dai
nhitng suy dién khong 16 dugc xay dung hét sic
phiic tap tir hang trdm nhimg tinh toan toan hoc
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la mot cau chuyén vixa lich sir vira thoi
toan hoc. C6 han mot trang web thee d@i
chuyén” nay.
C6 thuc su Fermat da tim dugc cach chimg minh
cho dinh 1y ctia minh khong, chi duy nhat mot
ngudi biét duge, dé la ban than Fermat!

10. Ung dung ciia dinh ly 16n Fermat

Bai todn. Chitng minh rang N2 la mét s6 vo ty.

""&a hoc Cao cap i phat

T _.' duoc khe ho nay, moi viéec lai
phét.

m lam viéc cat luc lam viée, cudi

2s da hoan thanh hoan hao chirng minh

>ia minh bang hai bai bao dai 130 trang

@' chi Annals of Mathematics cong b Loi gidgi. Gia st s6 da cho 12 hiru ty, khi d6 n6 c6
S nam 1995. biéu dién nhu sau

can hon 350 nam, ca nhan Andrew V2 = P—

& mot cudc “luu day” 8 nam trén gac x¢p , o do, 1 v R
Trong do: p, g 1a cac s6 tu nhién, nguyen t0 cung

10 mot chimg minh ma Fermat vi 1é sich qua JoaRe e L b
-_:’ ,, S nhau. Bién doi dang thuc trén thanh
13 khéng ghi ra duoc. Trong chimg minh cua

- minh, Wiles da thuc su thu thap tat ca nhimg dot SRETASIIR e g S
‘-, I.ij m-?.l ‘ a ;
:15‘:"?' rong li thuyet so cua the ky XX va tao ra €0, et qua;Cua - A, o o iR i

"“* k?ﬂll.lat hoan toan moi mé. Nha Toan hoc
' ~_=: ef danh gia chirng minh cua Wiles 1a mot

% '-:t%;-t hoan hao cua toan hoc hién dai va mot TAI LIEU THAM KHAO
:. cho tuong lai.” [1] Simon Sigh, Pinh Iy cuéi cing cia Fermat,
| thure su chirng minh dwoc dinh 1y (Pham Van Thiéu, Pham Viét Hung dich), NXB

"‘ Tré, 2005.
déngghl chii ciia Fermat rang: 16i da [2] Amir D.Aczel, Cau chuyén hap dan vé bai
ﬁkh chimg minh thuc sw tuyét voi .. ermat, (Tran Van Nhung, D3 Trung Hau,

C6 thé thay rd rang rang cac cong cu Nguyn Kim Chi dich), NXB Gido duc, 2001.
m loai cho dén thoi dai cua

phép ong thyc hién ching

trinh cudi khong c¢6 nghiém nguyén. Vay di€u gia

¥ } F b " F b 3 b .:.. o~ ?
su cua chung ta la sai. Tuc la /2 12 56 vo ty.

[3] http://wwwhistory.mcs.stand.ac.uk/HistTopics
/Fermat’s last theorem.html

[4] Nguyén Duy Thuan, Pai s6 tuyén tinh, NXB
Pai hoc Su pham, 2004.

(5] Nguyén Hiu Hoan, Ly thuyét s6, NXB Dai
hoc Su pham, 2003.

R [6] Kenneth H. Rosen, Elementary Number
g 1 duwoc Them'y and its apphcanms AT&T 1993.




LoD 6). Tim cic sé Bt £ Py qs 7

N D %ﬁ tﬂiﬁﬂ.

oLt

L TRAN VAN LAM
..... bﬁ thon Van Trai, xa Tan Phu,
e o TX Phé Yén, Thai Neuyén)
: ’7} Cho s6 thuc
+1 B 41 987 +1
- +oot—
32+4 3*+33+4 08> +3.98+4
. e i e
e 10 83325
VU HONG PHONG

(GV THPT Tién Du I, Bic Ninh)
Tim tat ca cac s6 nguyén duong a, b,

a+b+c+d—3=ab

= Na+b+c+d-3=cd’
) TRAN MANH CUONG
(GV THCS Kim Xa, Vinh Tuong, Vinh Phic)
Cho tit gidc ABCD c6 AB = AD,
ABC =90". Goi R va r lan luot 1 ban
h dudng tron n ’_ tlep va noi tiep tir gidc
CD. Chir dng R2r\2.

CAO HAI VAN

" PE 1 a‘iam
(GV THPT chuyén Lé Hong Phong N 7,
Bai T7/513. Giai hé phuong trinh sau trén tap
(x & (—m;m)

3 . 2xy('n‘+Jf)
1SIN Yy —SIN X =

. :n: +x
hy3 +7’ =x’ —3mxy

thuec:

PHAM HAI PANG

(Kim Puong, Ung Hoa, Ha Noi)

Bai T8/513. Cho dudng tron (O) va diém P qﬁm

trong duong tron khong trung vo1 O. Duong thang
A di dong ludn di qua P va khong di qua O cit (O)
tai £, F. Tiép tuyén tai £, F cua (O) cat nhau tai 7.
Goi S 1a giao diém cua doan thing 7P véi (O).
Goi o la duong tron qua S, 7 dong thoi tiép xuc
v6i (O). Chimg minh rang dudng tron @ luén di

qua mét diém c6 dinh khi A di dong.

LE VIET AN
(Nha 15, xom 2, thén Ngoc Anh, Phi Thuong,

Phii Vang, Thira Thién Hué)
Bai T9/513. Cho cic s6 thuc x, ¥, z sao cho

Xx+y+z=0. Tim gia tri nho nhat cia biéu thic:
|

TRAN PINH QUE
(GV THPT Céam Xuyen Ha Tinh)
TIEN TOI OLYMPIC TOAN

Bai T10/513. Cho ba diy sé (a,), (b,), (c,) duoc

xac dinh nhu sau: aq, =2, by =9, ¢, =2020 va
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Gﬁ@‘* 2" *‘*—1 chia hét cho p.

. LE QUANG KHANH
T T ran Quang Diéu, Hoai An, Bink Dinh)

iiii
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™ sao cho

tuyen VoI (D) tai 4 cat (O) tai hai diém phan
& b‘iét hoac trung nhau. B 1a mot trong cac giao diém
- do. Ching minh truc dang phuong ciia (0) v

duong tron (B, BA) 1a mot tiép tuyén cua (D).

TRAN VIET HUNG
(Xa Tan Phui, huyén Chau Thanh, Soc T, rang)
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ﬁrG grade). Find prime
:' p+q 4y’ = 200,

= 55
.‘ﬁ-_' AR J’J
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Fo 7th grade). Consider the

98* +1
s
08° +3.98+4

Shaw that ir<l'3’-=:: :

10° 83325

Siver aﬁquadnlateral ABCD

"; ;ﬂ,‘mﬁi :' ﬂBC ,Oﬂ Let R
:ﬁl{, ‘.’F "‘ﬂ i
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hudong va moi tnrong khong hap thu am. lxet mirc
cuong do am tai 4 la L, = 50 dB, tai B 1a Lz = 30
dB. Cho C 1a mot diém trén doan 4B ma
CB =2C4. Tinh mirc cuong dd am tai C.

VIET CUONG (Ha Ngi)
Bai L.2/513. Trong thi nghiém giao thoa 4nh séng
voi khe Y-ang, khoang cach gifta hai khe bang 2
mm, khoang cach hai khe téi man bang 2 m.
Chiéu 4nh sing tring ¢6 budc séng nim trong
khoang tr 0,39 pm dén 0,76 pm. Khoang cach
gan nhat tir noi c6 hai van mau don sic khac nhau
trung nhau dén van sang trung tam ¢ trén man 1a?
THANH LAM (Ha Ngi)

» PROBLEMS IN THIS ISSUE

FOR HIGH SCHOOL

Problem T6/513. Suppose that a, b, ¢ are positive
numbers and abc = 1. Show that
\/ ab \/ bc \/ ca a+b+c
- + . | . < 3
bc™ +1 ca” +1 ab” +1 J2
Problem 17/513. Find the real solutions of the
system of equations

(x & (—m;m)

2xy(m + .x)

nt° + x?

ky3+n:3 = x> - 3mxy

Problem T8/513. Given a circle (O) and a point P
inside the circle and is different from . A
moving line A passing through P but not O
intersects (O) at E and F. The tangents at E, F to
the circle (O) meet at 7. Let S be the intersection
between the line segment 7P and (0). Let @ be

—SInx =

<8In y

-th@ fmcle whmh passes thmugh S 7§ and 1s t&ngant
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A< B.
Nhén xét. Vi s6 nguyén duong 7, ¢ thé xét bai

toan trén véi viec so sanh 34 va B. Cac ban sau co
¥ 1a l6i giai ding: Vinh Phuc: Lé Thi Bao Ngoc, 6Al,
3 (2) khi cho 7 lan lugt lay 2018 Neuyén Minh Huy, Nguyén Huy Hoang Scm 6A2,
3 -+ dén 2018 ta duoc THCS Yén Lac, Yén Lac; Nghé An: Lé Tie ién Hop,

'. h.

by 2 3 2017 2018 6C. THCS Hd Xuan Huong, TTr. Cau Giat, Quynh
4| - *"i""_:f*' -t T o018 Ve 2 on Va 1z
ﬂ? S 5 5 Lwu, Thdi Minh Qudn, Nguyén Van Viét, 6B, THCS
’1@2 42017 42018 Ly Nhat Quang, Do LlIi?‘Ilg; S{’}vf. Trang: Lé Ngoc
= 52 e 53 A 017 2018 Xudn Tho, 6A3, THCS Ké An, K€ Sach.
B 5 5 NGUYEN VIET HAI
g 52J+(5—2-—;—)+... Bai T2/509 (L6ép 7). Cho P la mot diém nam

trong tam giac ABC sao cho PBC =308
PBA=8" va PAB=PAC =22". Tinh sé do cia

";-:"?.2917 2017)+[2018 2018]

S 1 52017 5201? 52{]18 i
B (3 2) (4 3 e A
,:‘: ; -.1_- ?—-5-{ + 5 5 +.. Loi giar. s
e e (Cua ban Nguyén
2011?8 220 ”)_ Qs Quynh  Chi, 8A3,
5mﬂ 5 > 1HGES . Lam: Thao.
] I 72018 Lam Thao, Phu Tho).
'.+-5-3-+...+ 52017 "52013 V& AABQ can tai A, &
o ;.-;-,__;_,- | dudng cao AH va goi :
'3--";1"*#@ (3) D la giao diém cua S
R 2y e | AH va BC. Vi BPH °
'ﬁ”_'""“'"' 52017 la géc ngoai cua tam giac A4PB nén

K __f. cho lan BPH =22"+8"=30". Xét ABPD ta cé '
dér BPD=PBD=3() =>BDP=180° 230" = |
_;__.&ABQ can talA va, 3 A_Q =440 nen




han “ g@al ban Chi, mot s6 ban nim duoc
' "".'-ff- n c cua bai tuy nhién tinh géc con nham lan.
T’“ 1 ¢6 101 giai tot: Phu Tho: Nguyén Ha
_ ang, TA3. Tran Piic Duy, Triéu Tudn Anh,
201 huong Thao, Nguyén Hoai Phuong, Dio
v, Bii Thi Hong Hué, Tran Thi Thanh
3A3 THCS Lam Thao, Lam Thao; Séc
Wn Anh Thue, 7A1, THCS Ké An, Ké
- Nghé An: Nguyén Dirc Thanh, 8D, THCS Ly
m P6 Luong; Quing Tri: Pinh Ngoc
ao Lam, Nguvén Hiru Tri, Dang Quoc Anh Kiét,
"*lh. Trung Vuong, TP. Dong Ha.
| NGUYEN THI THUY LINH
. Giai phuong trinh

s
. 3 '

l|.'-—.-iT

- l l I
ﬁ H512+x+7 S5x° +3x+13 5_1 +5x+21
- ;'-‘;rgf.‘:.-f . voi x > 0.

- m&. x°+6x+5

: ‘ :‘,rf_“; # .. Vé‘l x > 0 thl

= **;‘F :
% ¥ —4x+1)+ (x" +3x +2)

12 -ﬁf.j.l)(xﬂ) e 1x 12) >0
Eodx+ 1)+ (X" +5x+6)

*“ﬁ-ﬂu (. +3)>(x+2)(x+3)>0
| f‘* ai’j'+ (xz * /x+12)

3 '*21 t ;?ix + 3)(37 + 4) b8 0
!;;l' fx’ + 9x +20)

Vit Minh Dirc, D6 Ngoc Tién, Nguyen Thi

vuong DNE v& DMF talc

- -1_

3'-1!1 ..1';‘*!-3’ I’% e
:ﬁ 1 *”1 h- N5, ﬂhﬂ “ﬁdﬁifm
JL‘+1 -ﬁ"“"s (ﬂi*l-l)(ﬁfﬁ'ﬁ- f!;le%ﬁﬁg? . A }f

Do d6 VT(1) < VP(1), dang thirc xay ra khi

@x=1)°=0 <:>x=% (thod man x > 0). Véy

At : 1
nghiém cua phuong trinh (1) véix>0la x=—.
Nhén xét. Da s6 cac ban guri bai déu tim ra két qua
va c4ch lam tuong tu nhu trén. Tuy nhién, nhiéu ban
khong quan tam gi dén diéu kién x > 0, ma cho luén
\ ]
fang az=b'=—> —=—"1'),
a
khi ab> 0. Tuyén duong cac ban sau c6 101 giai tot:
Hung Yén: Lé Tuan Nghia, 7C, THCS Poan Thi
Piém, Yén My: Ha Noi: Lé Ngoc Tung, 9A, THCS
Nguyén Truc, Thanh Qai; Phi Tho: Trdn Thi Yén
Thanh, 9A3, THCS Lam Thao; Quang Tri: Nguyén
Anh Qudn, 8D, THCS Tran Hung DPao, TTr. Cam
Lo.

thuc ra chi suy ra duogc

PHAM THI BACH NGOC
Bai T4/509. Cho hinh vuéng ABCD co canh bang

1. Trén cac canh AD va CD lan luot lay hai diém
M, N sao cho MD + DN = a. Goi E la giao diém
cua hai dwong thang BN va AD. Goi F la 2iao
diém cua hai dwong thang BM va CD. Chung

minh: ME* — NE* + NF* — MF? = 24°.
Loigiai
B G
- E
F
Su dung dinh 1i Pythagoras cho cac tam ggéa

0




f
B Ea i
gt iy el W

bm sau day c6 101 giai tot:

MH@, Triéu Quang Chién, Nguyén
* Diing, Ha Quang Tung, Triéu Tuan Anh, Biii

1 b@uy&n Owpnh Chi, Nguyén Hoadi

Wﬁﬁng Hué, 8A3; Vi Minh Pure, TA3,
"hao; Hung Yén: Nguyén Gia Khdnh, 8B,
yer Tﬁt'l'!:lanh Nghé An: Neuyén Thi Thanh
Vm Thanh Nam, Hoang Thi Kim Oanh,
wat Quang; Ngo Thi An Binh, 8E, THCS
‘1? Vinh: Vinh Phiic: Newyén Hai Yén
ﬁh % Lac; Ha Nt}l. Le Ngoc Tung, 9A

B * NGUYEN THANH HONG
Eéc 3'5 thue duong a, b, ¢. Tim
b thure

2 Ra+1)b+1)(c+1)
4a+b+c)

i f;-i-'-*ffﬁ c) +(ab+ca+1)
gt ” ' che ba sO duo*ng

= —_—

=i
-----

\/-+\/c_a‘ \/a+1 )(c+l)

e @ 4
e +3ab ; {/(a+1)(b+1)(c+l) o

Cong theo vé cua ba bat dang thirc (2), (3), (4) ta

duoc:
9Y(a+1)(b+1)(c+1)
| 4(a+b+c) |

a+b+c

>

Y(a+1)(b+1)(c+1)

Lai 4p dung bit ding thic Cauchy cho hai s6
duong, ta duoc

h 93/(a+1)(b+1)(c+1)

P> a+b+c
4(a+b+c)

~ Y(a+1)(b+1)(c+1) g

3 a+b+e 9%/(a+l)(b+l)(c+1) ok
V(a+1)(b+1)(c+1)  4(a+b+c) '
Diu ding thic xdy ra khi va chi Kkhi

a=b=c=1.Vay min P =3, gia tri d dat duoc
kKhita=h—-c=1.
Nhén xét. Diéu then chét cua 10i giai la chung

minh bat dang thirc (1), tr d6 suy ra cic BPT

(2)2 G (4) Bat dang thuc tong quat cua (1) la:
V6i cac s thuc duong a, b, ¢, x, y, z ta ¢

Jabe + 3 xyz S{’/(a+x)(b+y)(c+z).
Ching minh bat dang thic nay nhu sau:Ta c¢o:
(a+x)(b+y)(c+z)=abc+m+(abz+bcx+cqy)

e
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'3 -~
— ’+dﬂ+ab+b0 (@a+c)b+d). Bién

- an dung bat ding thicc Cauchy cho hai
huc duc gtanhanducrc

y 1 1_ a+c b+d
b e
c)""\](_”)[fd] Vi od

(@+c)Wbd +(b+dWac
g JM

-

e) (b+d)+(b+d) (a+c) _(a+o)b+d)
Vabed

-.'_IT

T w—
[

I~ ',:] - B4
-

|"'r 3_

abed i abed

—-\/abc 2 S Teh s

ar huc dﬁ duogc chung minh. Pang thirc xay ra
= md abcd =(a+c)b+d)=16 < c=a,

+2. Bat

=— fa la s6 thuc duong tuy y).

ﬁﬂy la bai toan bat dang thuc dang co
;:.i hjil khong hoi khi nao thi ¢6 dang
ﬁfi 1 ¢o the khong tra loi van dé do,

du tra 1o i bi trir diém (vdi cac bai toan
"‘ phai chx ra c6 dang thirc). Céc ban

. aTe-—
- _-g,».
P ..:'".'-""
g . - r
-E. [ =_;
_."_ .

 ¢6 1oi giai ding va dung trong ca van dé
ia % n N ¥§n Nguyén Viét An,
wic Vinh, Ngi on Phuong Ha, 1A,

- - . -
1 AR uyeén Ha
N AT I:'l?ﬁ:- -:-r'-.'.' ."
eEtEs iR Tﬁﬁtﬁﬁ | Jﬁ #L&H’?
; ol - - o g = _ 2 R
- . — ] : i
L - . & F - L
wi] 4 '. .i".;"';:-;h:l -:‘_\_'li.' 2

W = ' by

.lc:”+2y3=,'2.Jvc2+z'2 oo (1)
2x° +3x* =3y’ +22° +7 (2)
X +x*+y  +2xy=2xz+2yz+2 (3)

Loi giai. Lay (2) — 2x(1), ta dugc:

x: =y =1 ().
Thay (4) vao (1) ta duogc: x* —z° =2 (5).
Tacéd: 3) < X’ -2 +(x+y—2)° =2, nén'tir (5)
suyra: x+y—z=0 (6).

Nhu vay hé da cho duoc viét gon lai duéi dang
4), (5), (6). Tx (5) suy ra: x*=z*+222 nén

x>3/2, ddng thoi z = +/x* —2. Mit khac tir (4)

suyra y° =x" —1>0 (do xz%/i) nén ta cling co

y>0 va yzifxz —

U (6).c6t.e=xp 50=> z =+/x* —2.Khi d6:

(6) = x+3Yx* ~1-VJx*=2=0 (6’)
¢:>(3/x"'—1—2)——[\/x3—2—(x+2)i|=

%ol X 22 lrt 2
—11.
J(x ~1)? + 23 <14 47 a3 220 x40
X3 x'—x*—4x—6
2 3 =0
({/(x2n1+1) b \/x —2+x+2
<
& loe—3) WD 2 X +2x+2 by
(%](xz—]-}-]) 43 \/x3—2+x+2

el %

— xX+3 b ey

(J(?——l-;-l) e \/——2+x+2 %

Ta s¢ chung minh PT(*) vo6 nghiém bang 1;,
chimg t6 VT(*) < 1 < VP(¥) vmmmma;&@ o




tm ﬁimﬁ 4), (5), (6), co thé
1€ ban ﬁﬁﬁh dua vé PT vo ty nhu giai
nLs ynhfén ta co thé giai hé bang cach
: ¢ nhu sau: Tu (4) (5) (6) suy ra x,
@ +2ch+ yi=z'=x-2
Sy +2=x(x*-2y)
50ty 'ﬁ) =0 +D0" -2y +1)’
. ,% it +2y +2y +6y +3y +3y +4y+4)=0
do y=>0). Suyrax =3, z=5. Thi lai thay
-,3 2: 5) 1a nghiém cua hé di cho.
2) Pa s0 cac ban giai bai nay nhu cich da trinh bay
._ én. C: han sau 6 101 giai ngan gon, chit ché:
""""" .. Pham Hoang Hiép, 10A1, THPT
ch 'V Tu Phuc Hﬁ Nam: Phan The Anh 11
ouy m Tung, 10 Toan THPT chuyén KHTN
N@i Nghé An: Lé Ba Ludt, 11A1, THPT
. _ n Bm Chau, TP. Vinh; Ha Tinh: Tran
fuy ., M : Thai Duong, Phan Thanh Tin, 10
IR M THT chuyén Ha Tinh, TP. Ha Tinh;
'nvén Phiong Linh, 10 Toin 2, THPT

WT chuyen Lé Quy Do6n, TP.
hién Hué: Pham Bd Hodang, 10
THPT chuyén Quic hoc Hué; Binh Dinh:

{uy Hoang, 10 Toan, THPT chuyén L¢é Quy
; Can Tho: F ""ﬂ Tmr@ wiuc 11AT, THPT
én Ly m TP. Céan Tho; Séc Triing:
Sinh Hoo. 11 *THPT chuyén Nguyen Thi
1 C =;._q.‘.. g: Nguyén Trung Hiéu, 10
'agg# Ba Ria — Viing
1g Kién, ];chuyén Lé Quy

MH "NK thugc dwong trung binh doi dién goc A

, N Chtmg mmiz rang gzaﬂ ﬁfﬁm @g 2

cua tam gidc ABC.

Loi giai. Goi S la glao diém cua MH va INKG P (O
lan luot 14 trung diém cia AB va AC. Khi d6 ba
diém 7, O, Q thang hang; ba diém J, P, O thang

hang. Ta c6: BAF =0AC =0CA = ACF, suy ra
BA 1a tiép tuyén cia duong tron (Z), dan dén
ABEL ATR 7 V1 7 OP 148 ™ Tent @7 Al
= OJ /| AI. Tuong tu ta c6: OI //AJ , suy ra tu
giac AIOJ la hinh binh hanh.

Goi R 1a giao diém ctia OA4 va IJ thi R4 = RO. Tu
g6  dé y rtang AOQ//IH ta
(IH,IN,IQ,IA)=-1 = (HNQA)=—1
tu ta co: (KMPA)=-1. Do d6
(AMPK) = (AHQN) = -1, dan t6i MH, PQ, KN
dong quy (tai S) hay § thudc PQO. Ta ¢6 diéu can
chung minh.

Nhin xét. Day la mot bai toan van dung tinh chét
ctiia hang diém diéu hoa, chum diéu hoa co ban. Cac

ban sau c6 10i giai tét: Vinh Phue: Tran Ank 4
Duang, 10AL, THPT chuyen V'nh Phiic: Bac Ninh: E

thay
Tuong

n h :ﬂ |'|"|'ih :r'h{:h - o




TEY 3

. A B

3 N LN, s
il '

- l

> +(3%)% +15.2%.3% -125=0.

- i %
A
¥

\_

i J-* f I k
AR q*;-»ﬂ 3¥=b>0, ta thu dugc

-;a3-+b3+15ab—125=0
;5_33—3ab(a+b)+15ab-125=0
a-+ --5)(a —ab+b’ +5a+5b+25)=0

_;I:-;.”“"Ir a+b—5)[(a b) +(a+5) +(b+5) =0

=5
b &a+b=5(do a,h>0). Taco:

a=b=-5

ll"
’33
F"'

A " ‘1'

‘=5 . Dé dang thay x;=1,x,=log,3 1a hai

hié m phuong trinh nay. Bay o010 ta ching

14 hai nghiém duy nhat cua no. That
|

f(x)=2"+3* -5 trén mién

D L, !
i x<0 thi 2" +3" SN +3 =2<5).

'm

i 2"’*‘+n #n+2 e p AL,
Vol .uﬂ= +- Co b g
{ aSN] ehrprhgie £ 08 N

: 95262
cua day so (u,) thoa man 3T —<u, <3—§

Loi giai. (Theo ban Pham Hoang Hiép, 10A1,
THPT chuyén Vinh Phtc, Vinh Phiic va D6 Xudn
Trong, 11 Toan, THPT chuyén KHTN DHQG Ha

No6i1, Ha Noi). Ta co

e R S A Py
”ﬁr:“1 2;;+] 2 _42 _-1+ 2n+1+2 3
4
_<n2+n+4>
k 2n+1+2 |

Vo1 n=1, u
dé bai). Véri n>3 dé ching minh bang quy nap

=0; n=2,u, =0 (khong thoa man

rang: 2" > n® + n+4, thanh thu
0 < n +ln + 4 n
2"+ 2
Do dé u, =——1— 2 Cn) Taea
2N
289620 % 23
B U = et
2" +1 65
o 46(2" +1)
<1263.2"7" <n"+n+4< 2 G M1

dé rang chimg minh bang quy nap khang dinh 1)
va 2) sau:

46.2"

1) V61 n>7 thi = Do A

2) Voi n 2101 thi 1263. 2"—9? >n ihned:

Lalc 0O: | = Wy (T JO A
1“5l ;.r‘ o JJQ

By ;.' '"46 L
3) Bing cich thir mésmm Ras f.._*.:

T # t* f' # h J ‘t' = ‘ L
s Hoil 533 = g  SAREE
R = ‘“ ‘.1‘: L VRS 10 e '-'!'.*q! ] ¥

J
T |

;
i I . ‘:_—; -':
f-*.rl - ¥ r':' | L I",. l K, 3

..
"
J T
A, AP gy
y .-'-_ n B r :' ! 4 ." r.
.—f ke mf- . ’I :



NS phan gw,,g Kién, 10T1 TH:PT chuyen L _' _; i-. n;
'Can Tho: Phan Trung Dirc, 11T, THPT Ch‘-l}’m;ﬂ Ly
Tu Trong; Ha NOI: D6 Xuan Trong 11T, Jﬂd'
R chuyén KHTN, PHQG Ha No1; Quang Bmh Leh |
e Trong chi ¢ thém My Duyén, 11T1, Lé DPuc Hanh, 1019 THPT
_- HPT chuyén Phan Boi  chuyén VO Neuyén Gidp; Vinh Phiic: Tran Anh
N _g .f.f M \.ﬁ ban Newyén Hitu Duong, 10A1, THPT chuyén Vinh Pl‘iuc §
g kone, | ; Er" 'THPT chuyén Lé Quy Pon, NGUYEN VANMAU
| Qu '“ ;i‘r; gui bai va c6 101 giai  Bai T12/509. Cho A ABC c¢é AB + AC = 2BC :

A Goi I la tam duong tron bang tiep goc A. Durong
. DANG HUNG THANG , ,.

T O tit ca cic ham s¢ tron (A,Al,)cat BC lan luot tai L, £ sao cho E
. 37 ; ’0} e i thuoc tia CB, F thugc tia BC. Dwong tron (EBIQ)

)+ /) ".’*f(")-f (n)f(n+1) VneN ()

'1~- g_ . : > . ’ . ¥ PR A
o Chung minh rang BCNM la tir gidc néi tiép, dong
_' i _ﬁasocac ban). Glﬁ su f(¢) thoa thoi la tir gidc ngoai tiép.

an ﬁ_ i’ . B ,r f(l) a#0. Khi do tr (1) suy ra Lot giai.

)=+~ m’ nén f(2)=2 va I
y S [
]f(n)+f(n+l)——f ) E 5/ D}\\c\xﬁv
;
VneN (2 \ "
neN’ (2) N/

n+2} _Jf(n)f(n+1) N
- i

@ '. {ﬁ)-n, VneN (2)

cat AB tai M, duong tron(F C[ﬁ?)c&:t AC tai N.

Goi /1a tam duomg trop ndi tiep AABC; D la giao
diém cua Al va BC. D& thay

Be O By < BAREA
BD 1D CD BD+Cp ¢

e
T
R . 40, cht y réng Bl, Bl, theo th{r tyr 1 phan
Vay cac ham s6 can tim °n8 va phan gjac Do ahe o2




8 Ty s N :
T N _.-\._.' = B N 'I
ao nhiéu

a rFrae

Loi giai.

g7 suy 9 ra eé gid tri l@wnnhat !ﬂ

1 T

=D4" = DB.DE Do d6 4I,=DI, tiép
i dudng tron ngoai tiép AEBI, Tuong tu
W vo1 dudng tron ngoai tlep AFCI,.

Ta co mirc cuong do am:

= Al = AC.AN.Pidu dé c6 nghia 7 o i
L=101g—=101 = S IRe

BCNM ndi tiep (1). & I Py y Roin

eh'u y rang tr gidc BICI, ndi tiép va CI 1a

____i. 4 Goi H va K lan luot 1a chan dudng vudng goc ha
f_-.-& :_. > cua goc AB ABC , Suy ra ttr O xubng Ax, Ay. Do d6:

f R _>iCB=> H""“B‘ s m Mic cuong d6 am lém nhat ngudi d6 do duoc khi
. di theo hudng Ax 1a tai H. Mirc cuong d6 am 1én

\ _. b khac MI, 1a phan gidc ca goc BMN. 4 1ousi d6 do duoe hi di theo huéng Ay 14 tai
r do, cha v rang BI,. CI, theo thur tu l1a phan giac K Ta c6:
'_ MBC NCB suy ra to giac BCNM [ P
"" (2) Tir (1) va (2) suy ra dpcm. L,=10lg 4n(04) 1, =50
B&l toan nay tuong doi dé, kha nhiéu ban P

i: Béc Ninh: Nguyén Ngoc Khanh, 12T, i TH
ér Bic Ninh, TP. Bac Ninh; Nguyén Tat 4TE((3H ) 1
THPT Yén Phong s6 1, Yén Phong; Ha L1010 e =62

i Neuyén Thai Duong, Lé Vin Danh, Ngo Van [~ 4n(0K '],
r ﬂ*‘ H Quang Minh, 10T1, THPT chuyén OA>

' Y Binh Lé My Duyén, 11T1, THPT Lp=L,=10]lg S =7=04=2,2387.0H.
/én f@@’ T]],ll'a Thléll Hue' Ho 0 O AZ
}_ T2, THPT chuyén Qubc hoc Hué; L= L w=101g P =12=0A4=3,981.0K.
: Juy Hoang, 10T, THPT chuyén
h: Nguyén ﬁuy Hﬂn g . OH |

SiﬂA— — A = Oz 10
LT00 9387 Wil <0 3

u il |.";‘-|=| -y



.......
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SO that the taugent to (D) at A intersects (O) Let B
be any point of that intersection. Show that the
radical line of (O) and the circle (B, BA) is a
tangent line to (D).

(Translated by NGUYEN PHU HOANG LAN)

(College of Science — Vietnam National University, Ha Noi)
BE )
”;}r#! ‘ 1, ********‘:‘::‘r***:‘::’:7‘:';‘-:':’-:-.’:'1’::‘:':#:*f%".r*-:f::l:f:*ﬁ:*.l: e o g e e o o R o R R R R R R

n xer: Chuc mung mot ban duy nhat cd 101 o sl Zis %p
Hi€u suat truyén tai: H = e

(2)

gﬁl dung cho dé ra ki nay: Thira Thién Hué:
i Mmh Chau, 11 Toén 1, THPT chuyén T, (Dva@)suyra: (1-H)~— (3)
e -.’i_—ij;: : ) I Hué. -
J’* B DINH THI THAI QUYNH Tur gia thiét ta c6:
| Khi noi dang: (_1 =) 975) o S

cua qua trinh rruyen tai nay !a Hi Rhig sk (1_6 6)m 1 s
h.letl Suat cua qua rrmh rruye;? lai /er; ’ ( kU)z .Lu(4) va

£C Cl phar dien voi cuon so cap cua (5) ta dé¢ dang tim dugc: £* =_'1_'= hay k =0,5.
'-3"‘“ ér ¢ fj? tuong va cuon thir cap diroc | 5
- tmg trong qud trinh noi do hi  Lai c6: be_}% =k* nén ta tim duoc H =90%.
* '*#» p va cuon thir cdp nén hiéu
*ém i chi 1 60%. Gid try
V cua cugn so cdp va thir

- -
.
_________
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ﬂ"‘fﬁ *-1) C' poie = 3(21016 4 1)(1110(1 20172) |

=g

o —

= i ;qll |_
'.-'-i ¥

my vao viéc tim t01 161 giai, chung t61 nhan
i&mﬁt dang toan s6 hoc-t6 hop thu vi va bat
c dinh li va bai toan lién quan dén hé so t6
Yﬁ cung phong phu va da dang, trong pham
13

)t bai bao ngan chung t61 chi co dong lai trong
10t SC ié.nde dic sic, mGi mé nhat. Hon nira, ching
0 ' ¢cO mong muon gid1 thieu dén ban doc cac
I dlen hinh trong cac Ki thi Olympic Quoc

SO LY THUYET
nghla. S6 to hop chdp k cua # phan tu,
~ hoidc ( ) la s& cach chon k phén tir

1.‘
-n.'F'

a:b n phan tir. NO1 cach khac, C bang

= '-‘-_T'-
'_ ﬁ"!'r‘_i"&;- o
-’

& ._\-" d L

l - i T '1--'“
Y a1 e e

g Ty ; = N !

3 ‘o

2.2. Tinh chat tam giac Pascal (Pascai"fs- triangle

property): C* +C*' =Cxyy .
2.3. Quy tic hit (absorption): Vo1 n,keN thoa

e k=1

man 0 <k <n taco: C:f =}{—C,,_1.

Chirng minh. Ta co
3 . n! n (n—1)! B ]

Cr = . =k
" Rm-k) k (k=D'(n-k)! k &
2.4. Cong thirc lui co s6: Vi n,k e N thoa man

0<k<n tacéd: Cy = ¢ Calle
n—=Kk
Chirng minh. Ta co:
ck = s SR . (n—1)! n ck .
" kN n=k)! n-k k(n-1-k)\ n—k 5h

2.5. Tinh don diéu (monotonicity):

G =G e CLH IJH = CLEJ S iR

2.6. Cong thire tinh tong cua cac hé s0 nhi thirc
(sum of binomial coefficients):

Co4+C 4+ C2 k4G5 2"
2.7. Cong thirc tinh tong xen ké (alternating
sum): Cr =C, +..+(=D)"C =0.
2.7. Ping thitc Vandermonde (Vandermonde’s

equality): Vn,m,r € N ta co: ZC':C,:" =G'T

Chirng minh. Ta co:
Qa2 0 e e )

n+m

QZC"‘ "ZC#’ J-ZC"

j=0 k=0

n+m

iiiii
.........
T L e Ly



ST
aven t6 vi g=1.2....p—1 nén
nnén k!|(p-1D)(p-2)..(p—k+1)

"';_"_E‘i-l)eZ.Vﬁy P oY

", 1 i B, S . s PR
" I i T o l™E d s ¥
i e X B k LS
] - !I jren .: . n - :' i oy "':" "} e . |. Sl
’ s 54 - B I L | - E | -
Sl A= - 3 | s (e AL T % - }
Y 1L ) e MY o -
-l N 5 e B -
. _" "'.. . TR . = & » ] i e i 'lr
o :- e ,..-_ ol . ,-'.’..-: .o i oSO R I T ot LR
I'-_i g o :."". " e .':g.{ . L= dllr .':‘
L K g AL e . st 9 L. §
'\' i E e ; o 1 B4 Er .

ﬁ'g nh ﬁ? (Bmh li Lucas) Cho p la mét s6
f"f:w i‘é gm n Ia mot s6 nguyén sao cho

mP VO’I OEID,II,..., m_p_l

= ﬁ : 'f«(imd PG T C=1 v
i iy 81 ;

1A ThNinr

“ﬁé sé nguyén Ta ndi f (x)

'-'l-n

| ;-3? cac hé s6 cua da
¢ ' qéc tinh chat

F ALl

“’:n thea medp va viét P saocho p”|n va S, (n) 1a tong céc chit s cua

.-.l i - :_. _— L - ..I‘.'
B T T i ol ' ! -
TEe i iy Y S e i Y it ' 3 ailel i . S
PR LACEL T - Jr . AU e Hl 3 & f
X . ) y + 3
3 RIS = . r-' -J.‘;.t-

\ ﬁjﬁ 1 )

(1+ x)P =1 +xp (modp)

va (1+x)? =(1+x)?)? =(1+x")? =1+x” (mod p).

Vi vay, bang quy nap ta duoc:

(1+ _x)*"’:’r =1+ x? (mod p)

vO1 moi s0 nguyén duong .

A CO(lek x)” = (15 w)forks~2lnk

(1 + Jn:)‘!"’ﬂr )
(1+x?" )™ (mod p).

=@+ 2)"° (L Hx)< )L

=(1+x)°0+x?)"..
Hé s0 cua x' trong khai trién ciia (1+x)” 1a C' .
Mat khéc, vi i=i, +ip+..+i p” nén hé s6 cia
x' 1a hé sb coa xP(xP)h b 57 St
CaC,.Cr . Dodé C, =CPCh..Cr (mod p).
3.3. Dinh li 3 (Dinh li Kummer)

Cho n va i la cdc s6 mii nguyén dwong véi i < n

r

va bang

va p la mét s6 nguyén té. Khi dé p'la wéc cua
C, néu va chi néu t nho hon hodc bang s6 lan
nho khi cong (n—1i) va i trong hé co s6 N
Chirng minh. Ta s€ st dung cong thirc
RS e(n)
(1) 3
il "

0 day v, (n) 1a ki higu s6 mil tu nhién m 16n nhit cua

v, (n!) =

n trong hé co sb i)

Chung ta s& chimg minh rang sé nguyén du:tmg
khong am lo‘n nhit ¢ sao cho .p I._-.";:_fﬁ la b '

2

o k ]
.....
S "

| e



Vay 7, -Z(medpz)" RS

Chirng minh 2. _
« Xét p=2 tacé C2 =6=2(mod4) (luon dung).

e Xét cac sO nguyén to p >2 . Ta co:

i=.-

e ****ﬁo)ﬂb teth) (G ttq) o Déyring 2p-k)p+k)=k(p—k)modp?),

5 p—1 :

Vol 'f:; . i p—l itk s

s;, _15 Enﬁu cong n—i va i trong hé co sb p Vk=12,., D) (p—1 lasd chan).

% ,+E:a-.- Khido 2p-DR2p-2)...(p+1)

E‘" I 1‘, S bk bk—l res bl bU

4 . =[@p-D(p+D][2p-2)(p+2)]x

T. -:,'__;-_ C‘F CI'—I See Ck Ck-l T C]. Cﬂ = 1 1 -
T G .Gy a . a, ap_;-.. 4 d 0% [2p p2 ](p } pz ]

Khi d6 ta c6 hoic b, +c,=a, (khong cé nhd) Tt
M A p+lp i 2
30a¢ b, +¢c, =a, + p (nhé 1). Noi chung, ta co =[1.(p-D][2(P~ 2)}- [ 9 ) (prDlEodps):

= I
- To pr

,ﬁ-i-c, oy =a +a,p,
hz+cz+az =a, +a,D,

.1: 'F1 1 r

Cuoi cung ta dugc: Cy, = ZCZP;II = 2 (mod p?).

3.5. Dinh li 5 (Bmnh li RUF) (Root of Unity Filter)
Cho s6 nguyén dwong n. Goi & la nghiém phitc

-----------

Jy N ta,.=4a,,
12 qj ]as 1&[11]110‘ tl'OIlg Chu 50 thII i —1 tlI d’athﬁc F(I):-Z:afxf.

_’

q 'IT.:I' 'l'.'

“_" luwu ¥ rang b, =0 voi j>k va ¢; =0

khdc 1 bat ki cia phwong trinh x" =1. Xét ham

| g i ) Cong vé theo vé cac phuong trinh trén Khi do
- ]
o b )ta{:uac ) 2D % —"-;(f(l)+f(6‘)+f(82)+....+f(g”")).
g + ... e +(cp +.--+ ¢ il

E v (ao +..+a,)+(p-D(@+..+&,)  Luuy rang dinh li RUF khong phan 4nh truc tiép
.: inh (2) tré thanh 7' =a; +...+ &, tinh chat s6 hoc cta hé s nhi thirc C% nhung rat
c6 y nghia trong viéc két hop véi ly thuyét ham
sinh dé giai quyét cac bai toan sé hoc.

I. MOT SO DANG TOAN THI OLYMPIC
e Vandermonde, DANG 1. Tinh chia hét ciia biéu thirc t§ hop




1 to 52. [Chmese MO 1998]. Xdc dinh tat
" '*f'-‘.:, on duwong n >3 sao cho 2*°° chia
q} +C2+C

2 13
1+ 3: +-.'3 o SRR B tiens 1va

SO nguyén t0 nén

(n+1)(??2 —n+6)

Loanc gAY g 6
'“?lj ; ) —n+6)=3.2".
- *H m = 4 va

# 3 2%+ Xét cac truong hop sau:

- ng | o g F< k1. Néu s> 4 thi
y ra Sﬁ:m —3m+8=24=
ﬂ f *ﬂ': ifhe xéy ra)
= r 4 n—’? hoﬁc
j | ... DL bihe £

e o e

.....
......

mmh rang p

Lm gidi. Dé giai quyet tot bai toan nay ching ta
can st dung nhiing kién thirc ho tro sau: &

Pinh li Lagrange (vé da thic dpng du)
Cho P(x) la mot da thirc hé s6 nguyén bdc n va

cdc hé 56 ciia P(x) khong dong thoi chia hét cho
DESR O
P(x)=0(mod p) ¢cé min{n, p} nghiém.

phuwong  trinh  dong  du

Bo dé. Néu phuwong trinh P(x)=0(mod p) ¢d

nhiéu nghiém hon bdc ciia P(x) thi tat ca cde hé
so ctia P(x) déu chia hét cho p.
Quay tro lai bai toan: Xét da thuc
P(x)=(x=D)(x=2)..[x—(p-1)]-[ x*~ (p-l)!].
Pa thiic P(x) cé thé duoc viét lai nhu sau:

P(x) = SxXee B SireX
Tap nghiém cua da thirc P(x) gém p —1 phan tir:
2;.5p-1 ma degP= p—2

cho nén

= ; q 'Il'_'_:_??'h.l"i‘L":” ol b

(B D

ged((p-1)!,p)=1 nén baj todn quy vé viéc




Két qua (*) hoan toan ding do p? | S va
p-2

plSi,Vi‘—-l,p"3l

Loi giai. Diat s6 phic a)=e§’“i Khi @6
3 ConBn-1)f =
k=0

1+337=1)"" +(1+ @Ba=1y" + (1 + &3 =17 ().
Vé phai cua (1) 1a tdng cua cac [y thwra 3m cua
cac nghiém x;,x,,x; trong da thirc

PX)=(X-1-Gn-1D)=X3-3X2+3Xx -3
Dt 5, =x; + X3 +x3 . Khi d6 So=5=5,=3 va
Sks3 = 3Sk.p — 38, +3ns, (2). Bang quy nap ta

suy ra moi s, 1a mot sé6 nguyén chia hét cho
k! |

33 Tiép tuc ap dung (2) ta thu duoc:

Sge7 =63n8, 5, —9(n” =3n—=23)s,,, +27n(2n +1)s,.

Do s; =9n nén theo quy nap ta duogc s, ., chia

hét cho 3%*% vk e N va tir (1) ta di dén diéu can

chirng minh.

DANG 2. QUAN HE PONG DU GIUA CAC

HE SO TO HQP

Bai toan 2.1 ([Putnam 1996]). Cho sO nguyen 16

L
3

- ——

k
Zc; =1 (mod p°).
1 =()

. Churng minh rang

p25Svak=

Loi gigi. Ta co:

k k
f P i-1 _ 2
ZCP =1 (mOdPZ) {.:}Zl_f_cp__l =0 (H‘lOdP )
i=0 £=
hay
k

L. & (1)
Y ~Ci = 0(mod p) < ; ;

L

f=} !

il

= (0(mod p).

Do p>5 lasbnguyéntonén p cédang 6m=*1.
e Xét p=6m—-1,k=4m—-1 tacd

4m—1 2m— 4m-1

k i-1  4m-1 2m-1 1
(1) 1 1 ] ] 1
=) -2 e Y =) ==
; ] ;1 ;2; ;’ jey ' j=om”
Lai c6:
4m-] 2m
1 1 1
2y = +
f;j ;(Zm—l-i-f 4m-—i]
B zz’" 6m — 1
— (2m —1+i)(4m —1i)
2m
— P =() (mod p) .

— (2m — 1+ i)(4m - i)

Vi ged(p,2m—1+)(4m—1i))=1,Vi=1,2m nén

4dm—1 1

Z — =0 (mod p).
i=2m ’

o Xét p=6m+1,k=4m taco

i(*l)f“l_4z"’1 ZZZ’” 1 _42”’1 22’"1_ “Z’” 1
e Pl j=1 2] I j=1j i—2mt1?
‘ imomi! o \2m+i 4dm+1-1
=2Zm 6m +1
o Zm+i)(4m+1-1i)
2m D
= =() d p).
§(2m+f)(4m+1-f) (mod p)

Vi ged(p, Zm+i)(4m+1-i))=1,Vi=12m nén

4m

> iEO(modp)_.

i=2m+1
Bai toan 2.2 [Putnam 1991). Cho p la 56 nguyén
10 le. Chitng minh rang

fl'
D CIC), =27 +1(mod p?).
j=0
Loi gidi. Str dung dang thirc Vandermonde ta cO

p
2G5y =2 03 Clep
=0

20 B20

_ Cp_;, p' (p_h)!
; 4 h!(p—-h)!j;(ﬁ-j)!(j"h)!

séssomm 'PGUEOC3T



Mat  khac,

(p-1)2p-1)=2p° +1-3p=2.1+1=0 (mod3)
Suy ra: (p—-1)(2p—1):6. Cudi cung ta di dén

=1

Vay ta hoan tat viéc chung minh

D=1
Zka; = ((mod p°) .

Bai 2.4. [VMO 2017]. Chitng minh rang:
" f .. . 1008
i a) Z"ATC;’;‘{:,I7 = 0(mod 20172);
“.*—- ¥7 +1)C . Ta s& chirng minh k=1

'ﬁ | 504
f{"‘_ +i)Z(c*) = 0(mod p°) b) Z Caorr =3(2%"° ~1)(mod 2017%)..

S w e
) = Loi giai. a) Ta co:

k'(2017 k)l




.
-

" ; b
4 r. I
i v& meZ.,m>1 néu dang t6i gian cua

;. 4

S '; — D chia hét cho m .

Vm moi sO nguyén t6 p thi
G =0 L)

taco

. P‘ _P (p-k+D)(p-k+2)..(p-1)

| -—k)! E (k —1)!
iﬁ?%iﬂ
r"' ’_ P
1) p
~t+1)(p-k+2) (p-D-(D"k-D!
B (k—1)!

'

g 3
o H o

i i N ..

** thira s6 thir hai trong tich nay chia hét
khing dinh trén dugc ching

2016 (U yk-1 - 1008 (_l)ki

=S2016"Z _k Z

k=1

1008
1 1
Do 82016 = [— + ] = 0(mod 2017)
; Kk 2017k

nén ta can chung minh

'%5( l)kl mzﬂs( 1)3(1 3(22016 .
2017

St dung nhan xét trén mot lan nua, ta dua quan hé

) (mod2017).

dong du trén vé

(2016 1008 2016
] X 3(2 -1)
Y TN E
2017 U.:Z 2017 Z 201? 2017 (mod2017).
Picu nay la ding bai vi
2016 1008 2016 2016
; 1
Z Coor7 + Z Coors = Z Cao17 += Z Cfmv
k=] k=1 2 k=1
(2017 )
3 ! 3(22017 _ 5
=5 ZCZ{H?_z = 2 )
\ k=0 y -

=3(2°"° - 1) (mod 2017).
DANG 3. VAN DUNG CAC PINH Li SO HQC
VE HE SO TO HOP
Bai toan 3.1. [Vietnam TST 2010]. Dgr S, la .

tong binh phwong cdc hé sé trong khai tr:en cua

1+ x)". Chimg minh rang Sz,, +1 khéng chza het



o 8

trong biéu dién nhi phan cia a=n—k Qtaﬁ nhién,
khong ké chir s6 0 ding dau). Bat cir khi nao c@ i
mot chit s6 0 trong biéu dién nhi phan cua n—fk ,

c6 mot chir so 1 twong Ung cua b=k thi Cf_:

n J 11}3 v&; moi 0<i<m, khi bang 0. Do d, theo dinh li Lucas thi C* . chin,

..J-

- _‘ s Q = 32 . s . £
2 ne E_i _ Lvab Oneua = (. Dat chi Véynzf—l vé’nmglsonguyen /s

1,_
_ﬁ,“- .

-- —-} la 2k (do 2n 13 s6 chdn  Bai toan 3.3. [Hungarian-Israel Mathematical

'."l.‘
.--;_d-' - IT".-.'

=S i ._-c:: e a7 G 3 .ﬂ ~ &y 8 r' : . . (- : P .
SO chi 50 théa man a; =1 phai la s6 chin). Competition 1999). Chung minh hodc bac bo
it L EE

; khang dinh sau: Voi bat ki s6 nguyén k> 2 , tén

X ;ﬁ-il' (1

m = tai mot s6 nguyén n =2 sao cho hé sé t6 hop c
l=' C,":"E +1=2"" +1=2 (mod3).

& "-- g 40
J -.. ji:a,=2. Xét j nho nhit thaa Loi giai. Khang dinh trén 1a sai. Dé chirng minh

diu nay, lay k=4 va gia su nguoc lai rang ton

chia hét cho kvoimoi i=1,2....n—1.

kmdob—lvaC’-C—Oco  Fengln 1 ) _
tal mot s6 nguyén duong »>1 sao cho C -chig

;.-' .' _9+1 1 (mod3). hét cho 4 véi mo1 i=1,2,...n—-1.Khi d6:

3.2. [Belarussian MO 1999]. Xdc dinh Z:‘ P mit

s u’ .dkmg n22 sao cho Cf, DANG 4. VAN DUNG DPINH Li RUF VA
= HAM SINH

Bai todn 4.1. [VMF 2013), Chieng minh rang véi

2n+l

moi s6 tw nhién n>2 taco Z C2(n-

k=
Loi giai. Ta cé

2(n—k e
C 2n+] }C] -k —-Z




2k+1 23k

2n+1 "n+] (mOdS)

VOl

2"2

P n

BN 2k i A 4 L ~

"'ﬂ' C2ﬂ+12 . Call U_Dh S2H+l —ZC ”+12
k= k=0

2n+1

'i’ ;;;; f(x)= fhtx2)"! = ZCEHHT

J'

o
1:...

Cf(l)+ f(-—l))___((l 3 1 (1=42)2),

S,Ml la cong thirc tong quét cua day so

=2xn+l+xn.

cong thuce x,,

__ =f=1 nén x, /5.
Mongolia TST 2011. Cho p /d 6

r TR

Bz’u toan -3 1 [VMF 2013] C’ho"*&ac 6 nguyen

khong am 1, j, k thoa mén i+ j<n. Chitng minh

Loi giai. Khong mat tinh tong quat, gia su i > j.

7, i~ _ ongpon—p ]
Tacé: CIC,Cl=C/CiC.

n
Pit 4; =) C,Ch-PCJ. Xét biéu thirc

F(x)= ZA x/ = ZZC ChiCx

j=0 p=0

ZC" PZG’ J = ZC P (14 x)”

p=0

—aH i )”ZC” P

(1+ x)” g

i n ] e . : ger
=C,(1+Xx) [H—) =C,(1+x) (2+x)"".
1+ x

Vay F(x)=C,(1+x)'(2+x)"" va 4, chinh 12 h¢
s cia x’ trong khai trién cia F(x). Dé y ring hé
s0 cua cac don thiic cia x ¢6 bac bé hon j trong
khai trién (2+x)"" déu chia hét cho 2"/, Vay
ta suy ra diéu phai chirng minh,

Bai toan 5.2. [IMO Shortlist 2011]. Cho p la mot
s6 nguyén 16 lé. Véi sé nguyén a bdt ki ta dat
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- | F i :.' - e
-"a "n..l--,- u :
Y o "
. R gt SRS o
& . " j I ol .
- = S f e i . - . ul g oy
. i J?' ey L S e g by = i g = L
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'l_l" '-ur:-.."\-zﬁ..ll'ﬁr.rn' I JL i 111" 1 B Fim | | . S G 2 W Vet A
'L i I N | _-f' FJ" | . L B - ' . - L : - o
I ._r.:."lqr. B U T 'rr L ‘I,..._.-.. '." ! ot -
ST TR |
e R g
o (]
-

g Vé‘l
21 < lem(1,2,51).
6. [South Africa 1998]. Chirg minh rang

BgCn C OO
bang mot s nguyén t6 néu » 1a liy thira cua sb
nguyén to d6 va bang 1 trong cac truong hop con
lai.

7. [USA MO]. Cho p la s6 nguyén to. Ching

mc;:al so nguyén duug n > 3

Chung minh ta duoc
7

. . 8. [Australia MO]. Tim gia tri & tu nhién nhd
= (modp). X
: D p nhat sao cho Vn > m: 5 e N
B m+n+1

” ﬁmh ermat nho, do p|2? -2 cho : ,
i 9. [HSG tinh Dik Lik 2011-2012]. Cho m 1a sb
.Suy ra didu phai chim Fminh nguyen duong thdéa man 0 <m <2011 . Chung

A T : 3 +2010)!
Ty it minh ran i
. BENGH.[ g 120111 2 mot s6 nguyeén.

[
B . an®
: -

2008]. Cho 7 1a s6 nguyen 10 [Tp chi Toan hoc va Tudi tré T7/245]. Cho
. . m,n,p € N thoa man
B . A CO,, ,Cl,, g C2: I_.l
ERRARE Y20 o oF Tl PSm+n va a=max{0; p—m):b =

¥ *@,1,5,...,2" ~1}(mod2") . Chimg minh rang
lg: F -f 2011]. Hoi co ton tai hay b

s (m+n-b)1p1 N i cr-i
cac SO Enkn,ISksn 2 sao cho pz Com

o
¥ Rl Ll LR -
B , ."d "'u.,i.'* ]
r L B "
e L S

v CPC;H: 2% (mod pz),

hoc va 'Ium tré 'I‘~8/4“191 Tin
56 mm on duong n, k thoa man i




C@ a 1. g mnda ﬂ—[}"‘ #13 =1
is the pelyen icular lsecfer
connecting (1;—1) and (2; 0).

AY ' - (Can you write the equation of that line ?).
& 13
12 TU VUNG
: locus : ity tich
-1 1 2 3 ; o e
O 3 1 . ; represenf > biéu dién
B 1 . :
R&y g perpendicular bisector - dwong trung truc
D4 ,,
line segment - doan thang
.34
E (Translated by NGUYEN PHU HOANG LAN)
'“‘ |Z = 2| 1s the distance from the point (College of Science — Vietnam National University, Ha Noi)

S Py
-!.:I . . ; .
-Jﬁgiﬁﬁiﬁﬁﬂﬁ*******ﬁ**ﬁ******ﬁﬁ**wﬁ***ﬁ*ﬁﬁﬁﬁ&ﬁﬁ*******w**w*w************

) Hay wéc lwong do léch chuan cua khoang thoi

S..; 5 1 gian két thiic cuéc chay thi do?

Loi giai. Chung ta su dung diém chinh giira dé
biéu dién khoang thoi gian két thuc cudc chay thi
Sﬂ ﬂgLfO’I va khoang thoi gmn két thic thue: @ = 7?5;02 =16 = o= 2.0 S dung cﬁng
?J) cua tumg nguoi duoc thong ké trong e aibadita o0

=BG L nes VO S LS e
X~ =

Tan so no+...+ns 50

Tu d6 do léch chuan cua khoang thoi gian két
thic cudc chay thi la:

=15, 86.

E & ol 1 {
g .
o LS .
T .
B N i
e . £
T » o
o G [ -
A B I:. [ - o
N I'I_ i’ l.I
¥ Srassel (e 8
P e
- Ay 2 ’
h -
i

12
s m(c, —15,68)" +...+ng(c; —15,68)>

D \ it il
e | Nhan xét. Khong c6 ban nao guri ban dich cho bai
e |  s651nay.

~4,45.




+

| '~ c” 2= 2ab+bec+ca;, Va,b,c.

ﬁ}’l‘akhla b =c.

.' b
"'n};

b C

.',u-z ng h& dang thirc Cauchy cho hai sb

' l1‘-' = -:-ll'l

. L e 3 g P
7 1A I
=i _." o b

e a
. :..W'?“* iﬁm—}z b =3.
b+ +c)’

l‘h!f'ﬁ:‘ e )

i cor h_hm vgtadimc

Bﬁngthﬁcxﬁyrakhivéchikhia=b ¢ 1

;a _" I-I=:‘|Il"ﬂ_.l J.: ﬂ."l_l_

; : o 1
Pang thic xay ra khi va chi khi a=b=c ™

Cdch 3. Ap dung bat dang thirc Bunyakovsky cho 3' 

fa Vb Ve )y (o)

b+c c+a a+b/

hai bo so

ta duoc: | —— - : e
b+c c+a a+b 4
( i B
= ¢ | | €
< — N a+b+c |
\(b—!-c) (c+a) (a—l—b)zj( )
B e :
=i & =:1—. Dang thirc xay ra khi va chi
khi a=5= c——l—
3
CachdBicndsi .= __ 2 2
2
(b+c) (1-(1)2 2a(1—a)(1——a) i
- 2a° 2_7_@2 dl*
26+ - il nindin I

3

Tuong tu roi cong theo vé ta duoge:

PT«*%}(a +b2+c) 27 (a+b+c)2 0

A g A




mkhlvachlkhl Q= b= c—-—l—»
3
6. : 661
a _alatb+c) g a
*;:T'z. = i -
(b+c) (b+c) b+c
ong tu tsl cong theo vé ta duoc:
b c a b C
et B+ =+ + +
((:-1-3)_ (a_}_b)' b+c c+a a+b
- b o
)+¢ c+a a+b a b s
= + | +
3 b+¢c c+a a+b
| 9
*'-,.F.—%.:-——'
ey - 4

:5.3'.. + %(3& -1)

<%
Lo
3 i

9

! :r:u‘i.‘,:; .y i
. I Ehe
a0 TS et N
L . e e
e T - I ) ¥ = R
S Lt N )
= Y
] ’R.D;. DD e A O (LA
L 5 3 Tl |y g S
" et A i i i L T -
= l-. I._._.r :
Yy w s
i
F -F..__ o=
i i
7 S

3(3a+3b+3c 3)

5 e
4.2
. O 1
Pang thirc xay ra khi va chi khi a = b —-c-—g.
POAN CAT NHON

(GV THCS P. Binh Dinh, TX. An Nhon, Binh Dinh)

Nhén xét. Dé chimg minh bat ding thirc & de bai
chung ta ciing c6 thé su dung phuong phap tiép
tuyén hodc st dung bat dang thirc hoan vi. Ngoai
7 cach giai cia ban Poan Cat Nhon, nguoi gioi
thiéu dé toan, Toa soan Tap chi TH&TT con nhan
dugc mot s6 cach giai tir cic ban: La Pai Cuong,
GV THPT Cam Lo, Cam L0, Tran Nguyén Hitu
Phuc, 10 Toan, THPT chuyén Lé Quy DPoén, TP.
Pong Ha, Quang Tri; Neuyén Minh Ngoc, 10
Toan 1, Hoang Bao Minh Chdu, 11 Toan 1, THPT
chuyén Quéc hoc Hué, Thwa Thiéen Hué; Nguyé}@
Huy Hoang, 10T, THPT chuyén L€ Quy Pon,
Binh Pinh: Lé Ngé Nhdt Huy, 111A khu phé 1
phuong 7, TP. Bén Tre, Bén Tre.

2

LE MAI (Ha Néi)
MO‘I cac ban gui 161 giai BAI TOAN 36 dudi day

vé Toa soan Tap chi TH&TT truéec ngay
30.4.2020.

BAI TOAN 36. Cho hinh chép S.ABCD. ddy
ABCD la hinh thang vuong ta; A va B. Bzet




e 10, 2007). Goi A lo
ﬂguyen dwong sao cho

’JE]'EA (0 day [a] la ki

n nhat nho hon hodc bang Q).
J@ hop tat ca cdc sé nguyén

n dau ngoic

BT sau la ding:

Do d6: 27 xm? <27% <282 <(m+1)* = (¥).
Bay gio xét £ la s6 nguyén duong thoa man (*).

\ 2 1)+1 £
Tar 220 o 4 ta ¢

W =[2{p"+1}\/§:'614

1/2
Vivay: |... [2“’**”\5]”2 ... |e A. Mit khac, tu

(k+1)dau ngoac

(%) tacd: m®> <27 < [2“’””\[2—] < (m+ 1)21E ]
1/2

Sk sl i ) 1/2
Vavivay: m<|... [2{”’ \EJ 1S m+l.

(k+1) ddu ngoic
Di€u nay chung to
[zfml_} \E]” 2

k'_'__'—~-,.v--—-———_-l'

(k+1) ddu ngoic

4 - . - i &
_’l_dT!LtE,f...rf:._'_u-_.___,.:_ el |




L L '::j r"'||" 1] .-" A h aly i,
| Wl -::".:-'l.r"_ J-J' Ny '
f .I. -' ';II.1_-_-. ""J Ir ‘I. l. #J r g ..I Sk=a: X

Eﬁﬂ Ngﬂc Anh da sal khi khing
 iém cﬁn ding (TCP) cua db thi ham s6

la s0 cic s0 x, la nghiém cua

53;9 nhung khong 1a

L
il '- B __.._i_
b 4 /

nghiém cua

- f_-_f.,:_.;_:;._,_j;}:-,-?-' 7. Tacd: X’ —3x+2=0x=1; x=-2.

vi **2 khong la nghiém cua PT mx’-2=0

“:s

ﬂf-z-'#ﬂ m—2+#0 m# 2
= & |-
_ L A
,m;&Z va m# —i— d6 thi ham s6 c6 hai dudng
3 : r.J:E'=1 va x=—2.
5 i 2x” —2
e Vor m=2 ta — .
; T 3x+2
3 (i % £ x +1
.': 1 o — 2 4 r ]j.m ( )(2 : )
I 3—3x+2 x—1" (x"'l) hx+2)
2
+x+1) , : ka +x+l) D
— - limy= lim =
- ol x--rl'y x5 (}:—-1)(1’+2)

0.

[l NEE i _ N
e e - E s et = = s [
.k ! -— " PR & 8 i)
- E L1 F . L
1) e WL 1 ol S .
e e S g Y i B, R o 1

=ik
- “-
P - i g
"‘I‘W' r

‘ 4 thi ham sb co hai duong TCD 13

B e T

Ehhﬂ_ﬂ 4 I'”:l

-I‘-i ﬁ- ﬂE:

g -
o gy T

Uém can ding x ='1 :

Vay b thi ham s6 c6 hai dudng TCD < m # ==

Nhan xét. RAt tiéc 12 khong c6 ban nao phat hién dugc
sai lam trong 1o giai bai toan.

LOT GIAI RO RANG !

Trong gid 6n tip mon toan tai 16p 12 Al, thay gido dua
ra bai toan sau:

Bai to4an. Trong khong gian voi hé toa do Oxyz cho ba
didm A(1,-2,3), B(4,0;-1), C(2,1,4) va mit phang
(P) c6 phuong trinh —x+2y+2z+2=0. Tim s6 diém
D thudc mit phang (P) sao cho tr gidc ABCD la
hinh thang day CD .

A. 0. B. 1. g2 D. V5 s6
Sau mot lic suy nghi, ban Phwrong xung phong lén
bang lam. Sau day la bai lam cua ban Phuwong:

ABCD 1a hinh thang = AB//CD = duodng thang
CD di qua C(2;1;4) va nhan AB = (3; 2;—4) lam
x=2+3t
iy=1+2t (teR). Do D e CD nén:
z=4-4
D(2+3t;1+2t;4—4t); ViD e(P) nén:

—(2+3t)+2(1+2t)+(4-41)+2=0 &t =2
= D(8;5;—4). Vay c6 mot diém D thoa mén yéu cau
bai toan. Chon dap an B.
O dudi 16p, cac ban deu v tay dong y trudce 161 giai 16
rang va dé hiéu ctia ban Phuong.

MICGR nén'eo PT:

Con theo ban 101 gidi trén di diing chwa? Néu sai thi
ban sé gidi bai todn trén nhw thé nao?



Chﬂ tach H’ﬁvdﬁng h viér
B Fye Téng Gi ém déc NXBGD Viét Nam i ..
GO 00 222 ol ) AL HOANG LE BACH | R

Ll Phé Téng Gidm doc kiém Tong bién tap
NXBGD Viét Nam

el REAUR T
HOI DONG BIEN TAP

Thue ki Toa soan : ThS. HO QUANG VINH

' _ CHAU, ThS. NGUYﬁN ANH DUNG, TS. TRAN NAM DUNG, 7. NGUYEN MINH PUC, T, NGUYEN MINH HA,
NGUYEN | Eil. PGS. TS. LE_QUOC HAN, TiS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
V&N MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
FH!HNG ThS. NGUYEN THE THACH., GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. vU
§.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.
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. , * l. L l.- oy
N LI e, SR e =t *

R e

TRONG SO NAY :

clm Trung hoc Co so @ P& ra ki nay
MSecandary School

: ' Phucong — St dung ti s6 luong gidc dé
mﬂh]ﬁt dang thuc va tim cuc tri. Problem in This Issue

%‘ e
o _: . e .. 2 r
i @ Gial bai ki truére

T1/509, ..., T12/509,1.1/509, 1.2/509.

o il . - &
'I'.-';ﬁ#.‘-'-:.ﬁ-.::-

[
e -

TS 13, o, E12/51 3. BT TS TS

s

e

Trung hoc Co so

Solutions to Previous Problems

@ Phwong phap giii to4n

Van Phu Quac ~ H¢ s0 t6 hop trong cac dinh Iy
va bai toan s6 hoc Olympic.

@ Titng Anh qua cic bai todn - B o 54
Bai dich s6 51

@ Nnidu cich gisi cho mot ba tozn

.......
S
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D¢ giap gido vién, can bg quan ly tai cac CO' SO g1a0
duc ¢6 thé trién khai kip thoi Théng tu s6 01/2020/
1 1-BGDDT ngay 30/01/2020 cua B Giao duc va Pao
(20, Nha xuat ban Giao duc Viet Nam (NXBGDVN) da
¢wra phién ban dién tu cac bd sach giao khoa 16p 1 theo
chuong trinh gido duc phd thong 2018 do NXBGDVN
10 chire.

\ Ban doc ¢o thé truy cap sach dién tur cua 4 bg sach Ket
. noi tri thirc véi cuée song, Chan troi sang tao, Cing
\ h;)f.' dé phat trién nang luc va Vi su binh dang va dan

\ u trong gidao duc theo 2 cachmhu sau:

- 1LIY
4 b0 sae

- Truy\cap website nxbgd.yn, mo menu SACH DIEN
TU va chon 1 trong 4 by-sach dé doc sach dién tir cua

bo sach tirong ung.

T. 1)
~in

ap dia chi nxbgd.vn/sachdientu va chon 1 trong
dé doc sach dién ti! etia bo sach tuong rng;

ea

';ar ay, giag vién, hoc sinh co thé nghién ctru phién
ban dién tr cua tat ca cd SGK dong thdi duoc
cung cap thém nhimg hiru ich. cdc cau hoi

.~ va tra 10i cac van de Xung quanh ni dung cua ting

-;'gcuén sach Ngoari ra dé 2140 vién ¢o diéu kién tim

§is ﬁ tiép can sau hcrn di cac b SGK, NXBGDVN da

~ déng tai cac tai | ang.power point) gioi thi¢u

2ua cac mon hoc taldla chi: hup://nxbgd. vn/
/Gi cac q&nhm can gTaL dap va g{)p y lién

PRl ke vin hoa doc, phak vy oing

Chuong vt phie g cOng BC Wong vl
g cwong DRt BN abn hoe S0 phwie 1y
St e s don oo mgus Sde Pl e

BN e

Phai hop cing Lic phat ride rén hoa doc. e
vy NhAn ddn hoe Lhp st 8n

ol 1) o che dia phasong o cbn SGK mal

-

Cikc trutng Bl hoe thip cin s6ch ghdo khoa kop
o 1 theo dhwrang trinh mél

4

to1 cac co so gido duc tai 63 tinh thanh trong ca nudc
phuc vu nhiém vu lya chon SGK 16p 1 trién khai tir
nam hoc 2020-2021.

Thong tin them vé nén tang Hanh trang so va Tap huan

Nén tang sach dién to cia NXBGDVN véi tén g0l
Hanh trang so duoc xay dung vo1 nhirng tinh nang sau:
(1) Cung cap phién ban sach dién tir véi nhing cong cu
trai nghiém sach online va ho tro tich cuc viéc day va
hoc, qua d6 phat huy toan dién tiém nang cua cac bo
SGK; (2) Cung céap kho hoc liéu va bai tap bo tro phuc
vu vigc tur hoc cua hoc sinh va soan gido an, bai giang
clia gido vién; (3) Cung cap mé hinh l6p hoc truc tuyén
phuc vy vige quan tri 16p hoc, khai thac toi wu nhimg
thé manh cua viée ap dung cong ngh¢ thong tin trong

d6i méi phuong phap day hoc, quan tri 16p hoc va danh
gid niang luc hoc sinh.

Song hanh cting nén tang sach dién tr Hanh ang so.
nén tang 7dp huan caa NXBGDVN duoc xay dung voi
muc tiéu tdp huan gido vién day hoc theo SGK mai theo
Chw:mg, trinh GDPT 2018. Nén tang 7dp huan cung
cap nhitng tai lidu ho trg bo SGK mai nhu: tai lidy 2101
thiéu bo sach, tai liéu gidi thiéu chi tiét mon hoc, bai
;,ieing tham khao,... nham giGp nha tr urong va gido vién
tiép can tu liéu, kién thic hd tro viéce xay dung gido an
va bai giang. Nén tang Iap huan cling dugc \..-1\ dung
nhlrnf, chire ning nhu kiém tra tap hudn, nham hd tro
cic cap quan ly trién khai viée kiém tra mace do hoan

1én khoa tap huan cua gido vién trong dja phuong
""3 eﬁch thirc h¢ tlmng va tap trung qua cong cu [lan

https: /ltieulun.] hopto.org



NHA XUAT BAN GIAO DUC VIET NAM

PHAN N(:UYEN ‘_ ,
VAALWUING DUNG FTRONG!GIATNEOANN
Tdc gia: Nguyén Thi Hong Hanh, Nguyén Thi Binh Minh,

Ta Duy Phugng, Nguyen Thi Bich Thuy
Sach day 303 trang, khd 16 x 24cm, gia bia 105.000 dong.

Ngoai li thuyét duge trinh bay Chuo’ng 4 la cac bai toan v¢
chi tiét. bit dau tir Trung hoc phan nguyén trong toan Giai
Co so. sach co nhidu bai toan tich: Day so, chudi s0, gidi han
thi hoc sinh gioi cap huyén, ctia biéu thirc ¢6 phan nguyén.

tinh, Qudc gia va Qudc te lién Chuong S SO luge trinh bay
quan dén phan nguyén. mot sO van dé lién quan dén
phan nguyen phan nguyen va
hé dém co so khac 10, phan
Chuong 1 tap hop nhimg kién nguyén va phuong trinh ham.
thire co ban ve phan “g“}’é“i phdn nguyén trong li thuyé!
Ham phan nguyén va do thi ham thuc.

ham phan nguyén.

Cuodn sach gdm nam chuong.

Nhitng kién thuc va bai ta
Chuong 2 trinh bay cic bai trongséach la co so dé giainhic
toan so hoc lién quan dén phan  bai toan thi hoc sinh gioi kh
nguyén: Toan chia hét, (tng chua dLlO’L dua vao sach. Ngo
dung nhi thirc Newton trong !@; cuon sach co thé giup ¢
giai toan véi phan nguyén,... thy ¢6 gido trong viéc thict |
cac bai tap va dé thi méi.

Phan nguyén [x] cua mof 50
thue x la s6 nguyén lom nhat
khong vieot qua x. Do tinh dQc
dao khong gi(:mg al cua ham
phan nguyén, thi du, ham phan Chuwong 3 trinh bay cac dang gt ’ |
Cudn sach khong chi co i
cho cac hoc sinh, cic ban v«
toan va cac thay co day to
pho thong, ma con la tai li
tham khao tot cho cac sinh vi
va giang vién dai hoc, cao di
nganh toéan, ciing nhu cac |
huynh mong muodn gitp «
em minh hoc t6t mén toan.

nguyén kha don gian: 1a ham toan lién quan dén phan
hang timg khic, nhung cling nguyén trong dai s0: Tinh gia
kha phac tap: khong lién tuc trl cua bicu thirc chtra phan
tai cac diém nguyén vai buée nguyen, chimg minh hé thirc
nhay bang 1, do d6 kho sirdung  chura phan nguyén va dic biét,
cong cu giai tich, vi vay cac bai  phan loai chi tiét va khé day du
tap vé phan nguyén thuong la vé cac dang phuong trinh chira
kho. phan nguyén.
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