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B0 sach “Tai liéu chuyén Toan” 16p 10, 11, 12 ¢c6 tt ca 12 cudn, moi lop c6 4 cubén gom 2 cudn li
thuyét (Pai s6 - Giai tich va Hinh hoc) va 2 cudn bai tap. Néi dung trong moi cudn déu bam sat chuong
trinh cho hoc sinh céac trwong THPT chuyen ma B Gido duc va Pao tao da ban hanh. & méi cuon li
thuyét gidi thiéu cac chuyén dé bat budc cia chu’o’ng trinh chuyén dworc trinh bay kha sau va chat che,

c6 kha nhiéu cac vi du, ba| tap la nhirng bai thi ctuia khoi chuyen Toén, thi hoc sinh gidi Toan Quoc gia, thi 1
Toan Quéc te Trong méi cudn bai tap, ngoai huwéng dan gidi kha day du cac baitap trong cudn I thuyet
con 6 mot so bai tap bd sung dé hoc sinh tham khao. Cac tac giacuabd sachlacac thay gido co nhiéu
kinh nghiém trong viéc boi dwdng hoc sinh giéi Toan, déu da hodc dang truc tiép giang day tai cac
trong THPT chuyén, khéi chuyén Toan, cac trwdng Pai hoc, Vién nghién clry, . . . trén khap ca nuworc,

nhw : GS. Boan Quynh, GS.TS. Van Nhw Cuong, PGS. TS. Nguyén Bang Phét, PGS TSKH Vi Pinh Hoa,

GS.TSKH Ha Huy Khoai, TS. Nguyén Minh Ha, GS.TSKH Béng Huing Thang, PGS.TS. Nguyén Vi Luong,
ThS. B6 Thanh Son, TS. Tran Nam Diing, TS. Lé Ba Khanh Trinh, ThS. Nguyén Trong Tuan,..

Hivong rang bo sach sé dap rng dwoc phan Ién yeu cau hoc tap cta hoc sinh, viéc giang day cua giao
vién & cac trieong THPT chuyén; cling nhw nhu cau doc clia nhivng nguwéi yéu thich Toan.
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Mét s6 phuong trinh c6 bac 16n hon hai dua duge Vé
dang phu'o'ng trinh béc hai. Dua vao tinh . chat
nghiém cua phwong trinh béc hai chung ta c6 the gijaj
dugc mot sb bai toan vé nghiém cua phuong trinh ¢o
bac 16n hon hai.

DANG 1. PHUONG TRINH BAC BON
Bai 1.1. Ching minh s6

b= 2442443 633243

la mot nghiém cua phirong trinh
x'—l6x* +32=0.

Loi giai. Dat a=\/2+ 2+x/§,b=\/6—3xf2+~/§.

Tacd: a® +b° =8-2y2++/3;ab=+6-3/3.
Vi x, =a—bnén

X =a+b = 2ab=8-22+3 ~2/6-33
&8-x2=22+3+2/6-33 (DK: 8<x?)
2 2 2
=(8-2) =(202+5] +{206-3\3) +853-3)

< xy —16x; +32=0. Viy x, la nghiém cua
PT: x* -16x* +32=0.
Nhan xét. Thay gid tri x, truc tiép vao vé trai PT da
cho @é gidi bai toan thi phuc tap, cho nén ta bién ddi
gid tri x, mot cach hop ly dé giai bai toan.
Bai 1.2. Cho phuong trinh: x'—6x*+4=0,
Chitng minh phitong trinh da cho ¢6 4 nghiém
phdan  biét.  Tinh gia tri cua biéu  thic
P=xt+x5+x] tx, (véi x,x,,x,,x, la cdc
nghiém cua phuong trinh).
Léi gidgi, D3t x* =t (¢>0), PT da cho tr& thanh:
t?—6t+4=0 (1),

A'=(-3)-4>0
PT(1) co: {2, +£,=6>0

tht, =4>0

‘BAI TOAN LIEN QUAN DEN NGHIEM CUA
PHUONG TRINH CO BAC LON HON 2 .«

VU HO'U CHIN |
(GV THCS Hong Bang, Hai Phong)
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Do d6 PT(1) c¢6 2 nghiém duong phan biét.
Suy ra PT d4 cho c6 4 nghiém phan biét:

Hig = i\/}lv; X, 4 =+/t,. Suyra:

A 3
P=xP+x5 + x5 +x =2(f13 "“tz)

=2(t,+1,) 611, (f,+1,) =288,

Nhén xét. Dat an phu dua PT di cho vé PT béc hai
va sir dung tinh chét nghiém cua PT béc hai dé tinh
gia tri ctia biéu thirc P.
Bai 1.3. Cho phuong trinh: x* +2mx* +4=0.
Tim gia tri cua tham s6 m dé phong trinh c6 4
nghiém x,,x,,x,,x, thoa man

X+ +x) +x) =32.
Loi gigi. Ky hiéu PT: x* +2mx”> +4=0 (1).
Pit x> =¢2>0, PT(1) trd thanh:

t+2mt+4=0 (2).
PT(1) c6 4 nghiém phén biét < PT(2) c6 2
nghiém duong phan biét 7,,¢,

A'=m*—-4>0
S +L="2m>0 m< 2.
tt,=4>0

Khi 46 PT(1) c6 4 nghiém: x, =+/1; x,, =+,/7,.
Taco: x' +x5 +x + x! =2(t12+t§')

=2(t, +1,)* —4tt, =8m” —16.
T gida thiét x'+x)+x'+x'=32 suy ra
8m’ ~16=32=>m=-6 (vi m<-2).

Nhén xét. Dang bai toan tim gia tri cia tham sé biét
h¢ thirc chira nghiém cta PT bac bén.
Bai 1.4. Cho phuong trinh dn x:

x' —18x7 + kx” +200x —1984 =0,
Biét ring trong cdac nghiém cua phirong trinh
¢o hai nghiém tich la =32, Hay xac dinh k.

Loi gidi. Goi x,,x,,x,,x, 1a 4 nghiém cia PT
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* &4 cho va gid st x,.x, =-32.

xxnxs _—198% o T do
X, X, ~32

tdn tai 2 s6 p, g sao cho:

x* —18x° + kx* +200x —1984

=(x=x)(x=x)(x-x)(x-x.)
=(x2 - px— 32)(x2 —gx+ 62)
=x' —(p+q)* +(62+ pg-32)x* +(~62p+329) x—1984.

Suy 1a: Xx;.X, =

p+q=18
Ddng nhét hé s hai vé, ta c6:4—62p+32q=200.
k=62+pg-32

Hai PT d4u cia hé trén cho ta p=4, g =14.Suy
ra k=62+4.14-32=286.

Nhin xét. Ta da dung két qua: Néu phuong trinh bac
bén x*+a’+bx’+cx+d=0 ¢b bon nghiém
X,,%,,%;,%, thi x x, x;x, =d.

Bai 1.5. Chumg minh rang néu phuong trinh
X' 4ac’ +b +ax+1=0 (x la dn s6) 6
nghiém thi a’ +(b— 2)2 %3,

Loi gigi. Gia st x, 1a nghiém cua PT d@ cho, ta
co: xg +axg +bxy +ax, +1=0 (1),

D& thiy x, # 0, chia ca hai vé cta (1) cho x; ta

g 1
dugc: x2 +ax, +b+—+—=0
Xo Ko

2
@(xo+iJ +a[x0+L]+b—2=0 (2).
Xo %o

1
Dit y, =X, +— =¥, 24 (3).
Xo

Khi d6 (2) tré thanh: y; +ay, +5-2=0.
Suy ra: —y? =ay, +(b—2)

=yt =[an+(6-2)] <[@+(6-2)"|(%}+1)
:>yg —1<[a2 +(b—2)1(y§ +1)

o y-1<d +(b-2)".

Két hop vdi (3) suy ra:

4-1<y? -1<a’ +(b—2)2 =q° +(b-2);1 >3,
Nhin xét. Dang phuong trinh d8i ximg. Ap dung
BDT Bunyakovsky ta chimg minh dugc bai toan,

TOAN HOC :
2 & crué‘:lmé S6 509(11-2019)

Bai 1.6. Cho phuong trinh dn x:

(x+1)4 —(m—l)(x+l)2 —m*+m=1=0 (*).
a) Chitng minh phuong trinh (*) luon co 2
nghiém phdn biét x,, x, vor moi m.

b) Tim m dé cho |x|+|x,|=2.
Loi gigi. 2) it (x+1)* =y20.TacoPT:
y —(m=1)y-m’ +m~—1=0.

Tacohésb a=1,b=—(m-1),

Y 5
c=—m2+m—-1=— m"'i +Z <.

Vi ac<0 nén PT c6 2 nghiém phén biét trai
dhu: y, <0<y, Vi y >0, (x+1)*=y>0
= x,=-1%y. Viy PT da cho c6 hai

nghiém phén biét voi moi m.
b) Xét x, =—-1+\/y_1>x2 = ~1-+/y, - Tacé:

|x1\+|x2l:2 <:>\——1+\/3):l+'-—1-—\/y—1|:2 (1).

Ta c6 BDT: | 4|2 4, dAu bang xay ra khi va chi

khi 4>0.

Do dé: ‘—1+ 3 +|—1—\/;1]=\1—\/;1l+\1+\/;1l
21—\/y',+1+\/y_1=2 (2).

Tir (1) va (2) suy ra: 1-./y, 20 y, <1 3).

Giai PT béc hai 4n y ta cé:

_1+5m* —6m+5
p== D) el ot 520

2

3-m20 <
o 2 . m<3

S5m* —6m+5<9—6m+m? -1<m<l
& -1<m<l.
Nhin xét. Két hgp quan hé pitta ngin'ém cua PT béc

2 va PT béc 4, van dung tinh chét gis tri tuyét dbi dé
giai bai toan. :

Bai 1.7. Cho phuong trinh én x-

2 2
(1] ( 1V
LA o |
% x+1) =m ()
;)) GTr‘al phuong trinh véim = 15,
biéf_’m m dé phuong trinh 5 4 nghiém phdn
Ldi gidi. a) Ta cg: (_1_)24.( 1 T M:

x) \aq1) T A |
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1 x(x+) 1 2
= it 27 2 (x+1) x(x+1)’
B(x+l) F(x+]) x (x+1)

< 1 .
PK: x#0, x#-1. Dit tzx(x+1)' PT di cho

cb &ang: 2 +2t-m=0 (1)
Khi m = 15 thi (1) <>1*+2-15=0. PT ¢§
nghiém ¢ =-5; 1, =3.

-Véi t=-5ta co: ! =—5<::>5x2+5x+1:0.

x(x+1)
545
10

PT c6 nghiém x=

-Véi t=3 taco: =3 3x* +3x-1=0.

x(x+1)

3142
PT c6 nghiém x=3—6*/——1.

b) PT(*) c6 4 nghiém phin biét thi PT:
" +2t-m=0 (1) c6 2 nghiém phan biét
SA'=l+m>0m>-1.
Goi 1, t, 1a nghiém ctua PT(1), khi dé:
1 1
—=t, (2); ———=1¢, (3).
x(x+1) @ x(x+1) 2 3
Ta c6: (2) <> tx* +4x-1=0,PT ¢6 2 nghiém
>0
t<—4
Tuong tr: (3) o 4,x* +£4,x-1=0,PT ¢6 2
5, >0
f,<—4
Vay PT *+2t-m=0 phai c6 2 nghiém phan
bigt thoa man: f <z, <-4 hodc 0<¢ <t,hodc
L <-4<0<t,.
Theo hé thiac Viéte: ¢ +1, = -2, khong thoa
min f, <t, <—4 hoic 0<¢, <1,.
Do dé: £, <-4<0<¢,. Taco:
—l-vm+1<-1+ym+1, suyra:
—1—\/1+m<—4®{m>8:> S8
m>8.
~1+Vm+1>0 m>0

Nhdn xét. Ta d3 dit én phy dé dwa PT d4 cho v& PT
béc hai va tir tinh chat nghiém cua PT bac hai, suy ra
diéu kién dé PT d4 cho ¢ 4 nghigm,

phan bigt <> A=¢ +4¢ >0®[

nghiém phén biét @[

Bai 1.8. Cho phuong trinh én x:
% +3(m~3xz)2 =m.
a) Giai phuong trinh voi m=2.
b) Tim m dé phicong trinh cé nghiém.
Loi gidi. Ky higu: x+3(m=32) =m (1),
Dit m—3x* =y, ta ¢d hé: {m—3x2 =y @ *).
x+3y'=m (3)
Cong (2) v6i (3) suy ra: x—y+3y*-3x*=0
= (x—y)[l —3(x+y):| =4
Xétx-y=0x=1y.
1

1
» X6t 1—3(x+y)=0<:>x+y=§<:>y=§—x.

a) V6i m =2, thay vao (2) tacé: 2—-3x* = y.
-V6i x=y, suyra: 2-3x* =x

2
3P +x-2=0x=-1;x, =

1
- Véi yz%—x, suy ra: 2——3x2=§—x

+
< 9x" ~3x~5=0. PT c6 nghiém x, , =-1—¥.
Vay véi m=2,PT c6 nghiém:
x=—1x —z'x _li\/Z_l
1 32 3’ 3,4 6 *

b) - Véi y = x , thay vao PT(2) ta c6:

m-3x'=x=3x> +x-m=0 (4).
PT(4) c6 nghiém khi A >0

c>1+12m20<:>m2;—21 (5).
. 1
- Voi y=-§—x, thay vao PT(2) ta cé:

1
m—3x* =-3-—Jcc>9x2 —3x+1-3m=0 (6).

PT(6) c6 nghiém khi A >0

< (-3) ~49.(1-3m)20 <m zi— (7).

Két hop (5) véi (7), PT(1) c6 nghiém khi
m2 ;1

12

Nhgn xét. Dua PT da cho vé HPT dang déi ximg. Tir
d6 tim diéu kién d& PT bac bén c6 nghiém.

S8 509(11-2019)
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DANG 2. PHUONG TRINH BAC BA
Bai 2.1. Cho a,b>0. Biét rang phuong trinh

dnx: X —x*+3ax—b=0 co ba nghiém (khéng

nhat  thiét phdan  bigl), chimg  minh
3
§3—+27b228.

Loi gidi. Goi x,, X,, X, 1a nghiém cia PT. Theo
h¢ thirc Viéte cho PT béc 3 ta co:
X+x,+x,=1>0
XX, + X%, +x,x, =3a >0,
Xx,%, =b>0
Gia st x, <0, tr x,x,x, >0 suy ra x,x, < 0.
T x (%, +x,)+x,%>0=x, (x,+x,)>0, ma
x <0, X, +x,<0. Do @b
* X +x;<0,v6 li. Vay x, >0.
Ching minh trong tr c6: x, >0, x;>0.Ta ¢é:
I=x+x, +2, 233020, = 12348 o 1> 275,

2
3a=xx,+xx; +x,x, > 33 xixix?

3
:>a2§/b_2<:>a32b2:>2—32%(1).

suy ra:

Ta chitmg minh: %228—27b<:>27b2—-28b+120
& (7b-1)(b-1)20 (tuén ding, vi 1>275),

Do dé % 228-27b (2). T (1) va (2), suy ra:

3

3 3
9—21228—271;:93-228—27b:“—3+27b228.
B b b b
Ding thirc x4y ra khi

bzi;a3=b2<:>a=-1—;b=—l—.
27 9’ 27

Nhgn xét. Moi phuong trinh bac ba déu dua duogc vé
dang x’+ax’ +bx+c=0. Néu phuong trinh cé 3
nghiém x;,x,,x; (khong nhat thiét phan biét), ta c6:

X, +x,+x, =—a

XX, H XX+ XX, =B,

XXXy =—¢
day chinh 14 hé thirc Viéte clia phwong trinh bac 3.
Bai 2.2. Cho biét phuong  trinh dn
ax’ +bx’ +cx+d=0 (@a#0) 6
duwong x,, x,, x, . Chirng minh

3 nghiém

TOAN HOC )
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2
-b’c

81.a’

7 7 7>
X +x] +x] 2

b c_d
Loi gidi. Ta c6 PT: x* +—x* +—x+—=0. Suy
a a a _

b _c
Tal X +X, + X, =——; XX, + X, X + X0 =—.
a

a
32 3 2
Do do: —2¢ =i.[_2) [5) -
8la® 81\ a) \a

= 8—11.(x1 +3x,+x,) (5%, + X0+ x5, )

Khi d6 BDT cén chimg minh twong dwong véi

x +x] +x Zgli.(x, +x, +x3)3 (x1x2 +X,X, +x3xl)2 (1).

X A ]. 2
De thdy: xx, +xx, +xx, < —3—(x1 +x,+ %) .
Vi x,, x,, x, > 0Onén:

gll-.(x1 +3,+x,) (3%, + X%, + 2, )’

1
5723(1?1 +x2 +x3 )7 (2)

Ta s& chirng minh:
1 7
X +3x) +x] 2%(:? +x,+x,) (3).
Thét véy, ap dung lién tiép BDT Bunyakovsky
ta co:

(x +x, +x3)(xf+x27+x;’)2(xf+x§+x§)z
=é_[(12 +1? "‘12)(3‘14 +x) +x;)T 2—;-(?512 +x; ‘”%2)4
=7%§[(12 PP )(o + 2 +x§)]4

1 8
Ak ek L T Y

Tir (1), (2) va (3) suy ra diéu cin chirng minh.
vidn xét. Dya vio h¢ thirc Viste oy phuong trinh
bic ba, ta dua BDT cip chimg minh v& BT chi con
theo cac nghiém X Xy, X, Ap dung BDT
Bunyakovsky ¢4 hoan thanh chitng minh.

Bai 2.3, Timy tGt ca cde sé nguyén duong p>1
8ao cho phuong triny, dan x saqu cé nghiém duy

nhat: x* + px? +(p—-]+‘_l___ x+1=0.
h V) L) p-—l
Loi gigi. PT d3 cho turong duong voi
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X

2+ (p-xt +x* +(p-Dx+——+1=0

1
<:>(x+p—1)[x2+x+;_—'l‘J=0

x+p_1=0 x=—-p+1 (2)

= 1 .
Sl 2t 20T P rxe =0 (3)
p-1 21
Dé PT(1) c6 nghiém duy nhét ta c6 cac truong
hop sau: .-
« Trudmg hop PT(3) vO nghiém
<:»A=1_.4__1-I<0c>p<5. Ma p>1, p 1a
p-
s6 nguyén duong nén p €{2;3;4}.
V&L p=2; p=3; p=4 thi (2) cé cic nghiém
lan luot la; x=-1;—2;—3.
» Truong hop PT(3) c6 nghiém kép x=1—p, p>1
A=0 1—-4.——1—=0
= 1 =2 ik
(1-p) +1-—p+—pTl=0 (I_P)z+l_p+p_1__l=0

p=3

Les 2 1 .
s l-p+——=0 (*
(1-p) +1-p P (*)

Véi p=35, thay vao PT(*) khong thoa man.
Khi d6 khéng tim dugc p.
Viy céc gid tri im 13 p € {2;3;4} .
Nhgn xét. Ta dua PT bic 3 da cho v& tich ctia mot
PT béc nhat va mét PT béc hai. Tir d6 tim duoc gia
tri ctia tham s6 dé PT ¢c6 nghiém duy nhit.
Bai 2.4. Cho phuong trinh én x:
6 2

xx3—1 —(2a+1),x -1
1) Giai phwong trinh (*) khi a =1. )
2) Tim a dé phuong trinh (*) c¢6 nhiéu hon 2
nghiém duong phdn bigt,
Loi gidgi. 1) PK: x#0. Pjt

xt -1 1 xf-1

+2a-3=0 ().

=

X x X X
Khi d6 PT(*) c6 dang;
£ +3t—(2a+1)t+2a-3=0

P +(2-2a)t+2a-3=0

& (t-1)(F+1+3-24)=0 (2).
1) Khi a= 1, PT(2) c6 dang:
(t-)(F+1+1)=0o1=1 (vi £+1+1>0).
Vi t=1, ta cé:

x' -1

X

1+/5

=leoxt-x-1=0x= 7

t=1 3)
P +t+3-2a=0 (4)

2) PT(2) @[

e Vo1 =1, (*) ¢6 nghiém durong x =

1++45
et

« Gid sir ¢, 1a mot nghiém cta (4), khi d6 PT

s |

=f, < x’—tx—1=0 ludn c¢6 2 nghiém
X

phén bigt tréi ddu.

Vi vay dé PT(*) c6 nhiéu hon 2 nghiém dwong

phén biét thi PT(4) phdi co6 hai nghiém phan

11

A=8a-11>0 @z

bigt t#1 < =3 :
' {12+1+3—2a¢0 o

Véy PT(*) c6 nhiéu hon 2 nghiém dwong phan
biét khi: a>1—1;a¢—5-.
8 2

Nhdn xét. Ta da dat an pho hop dé dva PT da cho vé
PT béc ba, sau d6 dua vé tich cua PT bac nhét va PT
béc hai. Xét quan hé nghiém cua hai PT, tir d6 tim
dugc gid tri tham s6 dé PT ¢6 nhidu hon 2 nghiém
duong phén biét.
DANG 3. PHUONG TRINH BAC LON HON 4
Bai 3.1. Tim gid tri cua tham sé a dé phirong
trinh sau c6 ding 3 nghiém phdn biét
(2,\*2 —4x+a+5)()c2 —2x+a)({x—1‘ ma—l):O (D).
Loi gigi. PT(1) twong duong véi

2
[2(x-1) +a+3:|.[(x~1)2+a——1}(lx~l|—a—1)=0.

Dat t=|x-1

,120,tacoPT:

(27 +a+3)(2 +a-1)(t-a-1)=0 ().
Goi ¢, 12 nghiém cia (2).
Néu ¢, >0 thi PT: |x—1/=1, ¢6 2 nghiém phan
bigt x=1+7,. Do d6 PT(2) c6 k nghiém duong
thi PT(1) ¢6 2k nghiém. Viy dé PT(1) ¢6 3

] TOAN HOC
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nghiém thi m{t trong céc nghigm cua PT(2)
phai bang 0. Suyra t=0 & x=1.

Thay x =1 vao PT(1) cé:
(a+3)(a-1)(-a-1)=0 o ae{-3L-1}.
V6i a=-1, thay vao PT(1) ta dugc ba nghiém
xe{i1£V2}). Vi a=l,thay vio PT(1) ta
dugc ba nghiém xe{+1;3}.Véi a=-3thay

vao PT(1) ta duoc ba nghiém x e { £1;3}.

Vay ae{+ 1,—3} 1a cac gid tri can tim.

Nhén xét. PT @i cho c6 bic 1on hon 4 1a tich cua céc
PT bac hai va béc nhit. Ta da dya vao tinh chit sb
chan, s0 1€ nghiém cua PT @é giai bai toén.

Bai 3.2. Cho khae 0

ac+bc+3ab<0. Chimg minh rang phirong
trinh an x sau luon co nghiém

(ax: 5 bx+.:)(b.\': +c:\'+a)(cx: +ax+b) =8 )

ab.c thoa man:

ax’ +bx+c=0 (1)
Loi gidgi. Taco: ()< | bx* +cx+a=0 (2).

' e +ax+b=0 (3)
Taco: A +A, +A, =b" —dac+c* —4ab+a’ —dbc
=(02 +b +c —2¢zc—2bc+2ab)—2ac—2bc—6ab
=(a+b—(:)2 —2(ac+bc+ 3ab).

Do ac+bc+3ab<0 nén—2(ac+ bc+ 3ab) >0.
Suyra A, +A, + A, 20, vi thé it nhat mét trong
basb A,,A,,A, phéi co mét s6 khong 4m.
Nghia 13 it nhdt mot trong ba PT (1), (2), (3) c6
nghiém. Do d6 PT da cho c6 nghiém.

Nhign xét. PT di cho co6 bac 16n hon 4 la tich cua cac
PT bac hai. PT d3 cho c6 nghiém khi m{t trong cac
PT bic hai c6 nghiém. Dé lam diéu nay, thong
thudmg ta xét tong hodc tich céc gid trj A,.

Bai3.3. 7im a,be(Q, hiét x = 1+ \/5 la ngh,iém

cua phuong trinh: X +ax’ +bx’ +5x+2=0.
Khi do hay tim cac nghiém con lai.

Lo gidi. Taco: (1442 =3+2J2;
(1+JE)3=7+5J5; (1+J5)5=41+29J5,

TOAN HOC
6 ° CTudilye S8 509(11-2019)

Do x=1+~2 langhiém cta PT da cho nén
41+29J5.+a(7+sﬁ)+b(3+2ﬁ)+5(l+J§)+2=0
& (34 +5a+2b)N2 = —(48 +7a+3b).
—(48+7a+3b)
34+5a+2b

Néu 34+45a+2b20=>+2=

voly vi a,be Q.

Suy ra {34+5a+2b:0®{a=—6.
48 +7a+3b=0 b=-2

Tacé PT: x°—6x>—2x*+5x+2=0

@(x2 —1)(x+ 2)(x2 —2x-—1)=0.

Vay PT ¢6 cac nghiém x e{il;—Q;li\/E}.
Nhin xét. Dya vao PT c6 nghi¢m vo tivaa, blacac
56 hitu ti dé tim duoc cac gia tri g, b.

Biai 3.4. Cho phuong trinh ans = 6
x*=209x +a =0, cé hai nghiém duong khdc 1
ma hai nghiém do cé tich bang 1. Tim hai
nghi¢m do va a.

1
Léi gidgi. Goi hai nghiém d6 13 & va % (k>0),

thay vao PT ta duoc:

=209 +a=0 1 11
= k—= || &+ +—+——=208 |=0.
I G

1 4 1 1
Do k¢1:>k—;¢0:>k +k2+k—2+F—208:0.

bit y=k2+7:7>2, ta co PT:

¥y =14 (chon)

YV +y-210=0 :>[ i
Y, ==15 (loai)

y 1
VO y=14 =k + o5 =14 & * 1482 +1=0

:>k2=7iJ41—8=(2iJ§)2c;k—2+J—(k>0)

Suy ra PT ¢6 nghiém: x=24+3. Thay
x=2+3 vio PT d cho, ta ¢g:

(2+\f) ~209(2+J§)+a=o:>a=56-
Nhgn xét. Tix PT béc 5 ¢o tich hai nghlem duong
bang 1 nén PT ¢g hai nghiém 13 % va — (k >0). Tur

a4
O ta tim dugc gig tri & va tim duge gid tr1 tham 6 a.
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Bai 3.5. Cho phwong frinh dn x: x* ~3x 11
c6 nghigm x=a. Hay tim mot gia trj cyq
beZ dé phuong trinh: x°=bx*+1=0 ¢4
nghiém x=q.
Loi gigi. Goi x,x, la 2 nghiém caa pT
x* —3x+1=0. Theo hé thirc Viéte ta c6:

X +x, =3 xx,=1

2
:>xl2+x22=(xl+x2) -2xx,=3"-21=7.
1 2" b
Gia su xl=a¢0:>x2=Z.Tacant1mm@tgié

tri be Z sao cho: a° —bd’ +1=0<:>b=a8+_1?
a

Do d6: b=x"+x; =(x14 +x_§_‘)2 ~2(xx,)’

2 2
=[(x12 +x22) —2x12x§‘:' -2
=(49-2)" -2=2207.
Thir lai: &'°-2207"+1=0 nén x=aq Ia
nghiém cua PT: x'* -2207x* +1=0.
Vaymot gid tri be Z cintimla b=2207.
Nhdn xét. PT bic 2 ¢6 tich hai nghiém bing 1, nén
ta gid sir hai nghiém d6 13 g va L (a #0). Dua vao
a
hé thirc Viete ta tim duge gid tri ctia tham sé b.
BAI TAP DE NGHI
1. Tim gié tri tham s m dé phuong trinh sau c6
nghiém: x* +mx* + x* + mx+1=0. '
z. Giai phuong trinh an 2
4x* —11x* +9x+m=0,biét ring ton tai 2
nghiém x,x, cta phuong trinh théa mén
x+x=-1x>x,,
3. Cho biét a” +5? =§, hay giai phuong trinh
dnx: x*+ax® +bx* +2ax+ 4 =0, 1
4, Cho  phwong  trinh  4n X:
x* =2(m+1)x" +2m+1=0 (1). Tim céc gi4 tri
cia m dé phuong trinh (1) ¢6 4 nghiém
X5 X5 Xy Xy, (X <x, <Xx;<x,) thoa min di€u
kin x, —x; =X ~x, =x, —x,.
5. Cho phuong trinh 4n  x:
ac’ —x* +bx=1=0(a=0)c6 ba nghiém thuc

duong. Tim gid tri nhé nhit cna biéu thirc
b
=—(1-2ab).
2 (1-2a0)

6. Tim m e Z & phuong trinh an x:

x +(m+1)x? —(2m~-1)x—(2m2 +m+4)=0
c6 nghiém nguyén.

7. Cho vn 1 nghiém cua phuong trinh 4n x;
X' +ax’ +bx+c=0 v6i ab,ceQ, n la s tu
nhién khéng chinh phwong. Tim cdc nghiém

con lai ciia phuong trinh. ]
8. Tim m d& moi nghiém cta phuong trinh 4n x:

X’ =2mx” +(m* +1)x —m=0 déu thudc khoang

(-1 1).

9. Chimg minh néu phuong trinh 4n x:

a’ +bx* +ex+d =0 (as 0) c6 hai nghiém
dac-b*

3 .

X, X, thi xx, >
4a

10. Giai phuong trinh sau v6i » 1a sé nguyén
duong d3 cho:
(1 6x*" + 1)(y4" + l)(z4" + 1) =32x*"
11. Cho phuong trinh 4n x:
x'+2x° +2ax+(a+1)*=0 (1).
Tim gi4 tri cia g dé nghiém cua phuong trinh
do:
a) Dat gid trj nho nhét; b) Dat gia tri 16n nhét
12. Cho phuong trinh 4n x:
X +axt +bx+1=0, a,beQ.
a) Tim a, b biét phuong trinh da cho c6 nghiém
x=2+ \/3 .
b) Véi a, b tim duge & cau a), goi x,,x,,x, laba
nghiém cia phuong trinh, véi moi neN,dit
S, =X +x; +x. Tinh §,, 5,5, va chéng minh
S eZ.
c) Tim s6 du trong phép chia S,,,, cho 4.
13. Cho phuong trinh 4n x:
ax" +ax" +a,x"t 4.+ a_x+a =0 (1),
trong 46 h¢ sé a,,a,,a,,..,a, chi nhin mét
trong ba gia tri: 0, hodc 1, hodic — 1 va a, #0.
Ching minh ring néu x, 1a nghiém cta phwong
trinh (1) thi |x0|<2.

TOAN HOC
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MOT BO PE SO HC

Bai viét ndy dé cap dén mot tinh chét hay va
dep d& cia sé hoc cing v6i tmg dung cia no
trong viéc gidi céc bai toan chia hét cap trung
hoc co s&. Ngi dung ciia né dugc phat biéu dudi
dang bd @& sau:
Bb dé. Cho a la sé nguyén, p la 56 nguyén
dwong va h la s6 nguyén duong nho nhat thoa
man a" =1 (mod p). Khi dé néu n ld s6 nguyén
duong thoa man a" =1 (mod p) thi n chia hét
cho h.
Chirng minh. Ta biéu dién

n=kh+r, 0<r<h.
Khid6 a" =a™" = (a"’ )k 4 =d (mod p)
=a =1 (modp) (*).
Néu 7> 0 thi tir (*) din ¢én mau thudn véi tinh
nhé nhit ciia 4. Vay r=0, titc 14 # chia hét cho
h.
Nhgn xét. RS rang chidu nguge lai 13 hién
nhién, tirc 1a néu #% thitacé " =1 (mod p).
Sau diy 1a mét sb vi du 4p dung bd dé trén.
Thi du 1. Cho n la s6 nguyén duong l6n hon 1
théa mdn 3" —1:n. Chirng minh ring n chén,
Phiin tich. D€ chiing minh mot s n 13 chin ta
chi can chimg minh u6e nguyén t6 p nho npjs
cua 14 2. Khi dua thém sé nguyén té P Vao day
coi nhur ta c6 thém mdt quan hé déng diy
3" =1 (mod p) , cung véi viée 4p dung b ¢3 i

két hop thém dinh ly Fermat nhg ta S& ¢6 thep

TOAN HOC
8 O
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: 3 u thé 18i giz: 1.
phidu suy ludn cho P va . Ct O 8l by

toan nhu sau:
Goi p 12 udc nguye ,
3”;1(m0d}9):>p¢3' Go1 h la 80 Nguyéy

n t6 nho nhat cla 5 Ta o

duong nho nhét sao cho 3" =1 (mod ) (D).

Theo diah 1§ Format nhé ta w0 3 =1 (o

Do d6 theo bb d& ta dugc nih va p-Lh.

Néu h>1 thi goi ¢ 1 w6c nguyén t ciah , sy
ra h>q v nig. Ma p—12h=psh>g
méu thulin véi p 14 wéc nguyén td nhé nhét cia
n. Viy k=1, tir d6 theo (1) ta dugc p=2.Do
d6 n chan (dpcm).

Chi y. Khi &p dung bd dé, dé cé sw t0n tai cia b
nhé nhét théa man o" =1 (mod p) thi trudc do
ta phai chi ra tdn tai » sao cho 4" =1(modp).
Ngoii ra khi 4p dung bd d2 trén ta ciing thwdng
ST dung them dinh 1y Fermat nho dé tao thém

mot quan h¢ ddng dy.

Thi d‘.l 2. Cho pla SOA’ nguyén gé,’_ Goi q la woc

noyve sS4 5y ; i 2
8UYen 16 bat ki ciiq v ~1. Chimg minh rans

9=1 chia hét chy p.

9% gl Goi h 13 55 nguyén dyong 0 14
thoa man »4 _ .
T2 (modq), theg bé dé thi pik

DE th4 1
Y=L sy e, heo it Y
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Nhdn xét. Tix két qua bai todn ta suy ra mdi wge
nguyén tb cua 27 —1 déu lén hon p.
Bai toan tiép theo 14 mQt tong quat clia Thi dy 2.

Thi du 3. Cho p ld 56 nguyén 16, a la s6 nguyen
| -

voi 1<a<p-1. Dat A=) da*. Goi q la mor
k=0

wic nguyén 16 bat ki cua A. Chirng minh rang
q — 1 chia hét cho p.
p-l v aP—]

Loi gidgi. Ta c6 A=Za =L W

k=0 a—

a” =1 (modq) va ¢ =1 (modgq).
Goi # 14 sb nguyén duong nho nhit théa man
"=1(modq),theo bd dé thi pih va g—1ih.

Néu h=1 thi a=1(modg), khi dé

=

'y

A=) da" =p (modg),suyra pig=p=g.
k=0

Khi d6 a-1:p, mau thudn véi 1<a<p-1.

Véy h=p vatacé dpem.

Thi du 4. Cho a la 56 tw nhién, n la s6 nguyén
lom hon | thoa mdn a" +1:n* .
a) Chimg minh rang n Ié.
b) Chimg minh rang a+1 khéng la Iiy thira
cua 2.
Loi gigi. a) Néu n chin thi " 1a sé chinh
phuong, suy ra:

a"=0,1 (mod4)= g" +1=1,2 (mod4).
Mat khéc n” =0 (mod4), tir d6 din dén didu
miu thuin.
b) Goi p la uwéc nguyén td nho nhat cua », vi #
1¢ nén p 1&. Ta co

a"=-1(modp)=(-a)" =1 (mod p).

Goi 4 13 s6 nguyén dwong nhé nhét sao cho

(—a)" =1 (mod p). Ta c6 ngay n'h va p—Lih.

Tuong tu nhu trén ta dwgec 4 = 1. Suy ra
a+1lip. Vay a+1 c6 udc nguyén td 18, tirc 1a
a+1 khéng thé 14 liy thira ctia 2 (dpcm).

Thi du 5. Cho a,b I hai s6 tw nhién sao cho
a+b khong cé wéc nguyén té lé. Chimg minh
rang voi moi s6 n lé Ion hom 1 thi a’ +b"

khéng chia hét cho n .

Loi gidi. Gia sir ton tai # 16, n>1 thoa man
a"+b":n.

Goi p 14 wéc nguyén té nhé nhit cia #. Khi d6 p

16 va a"=-b" (mod p),

a"=(-b)" (mod p) (1).
Néu aip thi bip, suy ra a+bip, trai gia
thiét, do d6 (a, p)=(b,p)=1.
Theo dinh ly Fermat nhé ta duoc:
Y E(—b)p_1 =1 (mod p) .
Goi 4 1& s6 nguyén duong nhé nhit sao cho

suy ra

a"=(-b)" (modp). Khi d6 d& thdy nih va
p—Lh. Tt d6 suy ra h<p, két hop véi p 1a
udc nguyén t§ nho nhit coa » ta dugc A=1. Do
d6 a+b:p, mau thuin.
Thi du 6. (AIME 2001). C6 bao nhiéu sé
nguyen duong n la béi cua 1001 c6 thé biéu
dién dudi dang 104 ~10"; 0<i <j<99.
Loi gidgi. Ta ¢6 n=10/ —10' =10/ (104~ —1)
va 1001=7.11.13 1a s nguyén té cing nhau véi
10°. Vay (i,) thoa man

107731001 ¢ 10/~ =1 (mod1001).
Ta co:

10> =-1(mod1001) =106 =1 (mod1001).

TOAN HOC
* clusitre 9

https://tieulun.hopto.org

S6 509(11-2019)




Ciing dé thdy A=6 1a s6 nguyén duong nho
phit théa méin 10" =1 (mod1001), tir dé
j—i6.

Viy s6 cac sb n cin tim thuc bing sb cic bd

(4,/) thoa man phuong trinh j—i=6m (1) V6

0$i<j$99;meN*. Ta théy ngay 1<m<16
va voi mbi m=1,2,3,...,16 s& co 100—6m gia
tri cua i (va j). Vay sb nghiém cua phwong trinh
(1)1394 +88+82 +.. +4="784.

Do d6 c6 784 sd n thoa mén dé bai.

Thi du 7. Cho p la sé nguyen 16 le va q,r la
nhitng sé6 nguyén 16 sao cho q" +1:p. Chimg
minh rang ﬁoéc p—1:2r hodc q° -1:p.

Loi  giai. Tu q" +1:p suy ra
g =-1%£1 (modp) va ¢* =1 (modp). Goi A
I2 s nguyén duong nho nhit théa midn
g" =1 (mod p) . Khi @6 2r:4 nhung r/h.

Do » nguyén t nén chi c6 thé xay ra khi A=2
hodc h=2r.

Néu h=2r thi tr ¢*'=1(modp) suy ra
p-1:2r.

Néu A=2 thi ¢°=1(modp) nén ¢’ -1lip
(dpcm).

Thi du 8. Cho a,n la cdc s6 nguyén duong,
a>1 va p la mét udc nguyén 16 le cuqg

a® +1. Chimg minh rang (p-1):2".

Loi gidi. Tu a” =-1 (mod p), ta co

TOAN HOC .
* CTudilye S8 509a1-2019)
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2 =1 (mod p). Goi # 13 s0 nguyén duoyg
1hé nhit thoa man a" =1 (mod p) thi 2"z

Nhung 4 =-1 (mod p) nénsuyra h=m

RO fﬁﬂg (a p) =1 nén ap_l =1 (mOdP) » SUy ra
(p-l)zz"+l (dpcm).

Nhin xét, Trong trudng hop dac biét a=2 ty
F=2"+11a s& Fermat thir ». Nhu vy néy P

ld mot uéc nguyén t6 ciia sO Fermat F thi

(p- 1) 2,
Bai todn trén cé thé tong quat nhw sau: Cho
hai 56 a.b nguyén , nguyén 16 ciing nhau. Goi
p la mot wbc nguyén 6 le cia a* +b”
(n lo 50 nguyén duwong ncao dd). Chirmg minh
rang (p-1):12""

BAI TAP
1. Cho n nguyén véi n>2. Chimg minh ring
2" —1 khéng chia hét cho ».
2. Cho n nguyén, n>1 thoa min 3" -1r’.

Ching minh ring # chin va » khong chia hét
cho 4.

3 (China 2009). Tim tht ca cac sb nguyén t0
P-4 saocho 57 4 59: pg

4. Tim tit ¢4 cac s§ nguyén t$ p.q sao oho
(s =27)(s* ~27)ipg.
> (USATST 2003). Tim t4t c4 g bo sb ngwy%r

to (p’q:r) Sao cho qr +IEP; r? +1.q va

P+
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Huudng difn gidi DE THIVAO LOP 10 THPT CHUYEN HA NOI
Nam hoc 2019 - 2020

Danh cho thi sinh thi vao lop chuyén Todn

Biai 1. 1) Pat r=+x’ +x+2. Phuong trinh tr&

r=2
aoh:* —(x+5)r+2x+6=0 < _
i ( ) L:x+3

Giai PT vx* +x+2=2 tim dugc x=Ix=-2.

Giai PT m x+3 tim duoc x_—-;-
2 o N 7
Vay PT co tdp nghiém la S = {l; —2;_3}.

v -2xy= 8x? —6x+1 (D

2) Ki hiéu lai HPT
yV=x+8x—x+1 Q)
(e (y—.\'): =(3x—1)

y=x=3x-1 y=4x-1
= (—4

x—y=3x-1 y==2x+1
y=4x-1, thé vao PT(2):

(4:&’—1)2 =x +8x —x+1

THI:

& 16x" —8x+1=x’ +8x* —x +1
x=0
& X -8x+7x=0& | x=1
x=7
Giai ra dugc ba nghiém: (0;—1);(1;3);(7;27).
TH2: y = -2x +1, thé vao PT(2):
(—2x+1)" =x" +8x* - x +1

o 4t —dx+1=x"+8x" —x+1
x=0

o P +axl+3x=0 | x=-1

x=-3
Gidi ra duoc ba nghiém: (0;1);(-13);(-37)-
Véy HPT c6 tap nghiém la:
= {(03-1); (051): (1:3)s(-1:3):(7:27):(=37):
Bai II. 1) p* +2019¢* = p’ —g* +20204¢";
P-g'=(p+q )P ~7)
=(p+a’)(p-a)(P+4)-

Vi p,q lahaisd nguyén t6 16n hon 5 nén p,q la
cicsélé = (p-q)(p+q)i4 (1)

Vi p,q la hai s6 nguyén t6 16n hon 5 nén p,q la
cac s6 khong chia hét cho 5.

Tirdé p*=1; 4 (mod5) va g°> =1; 4 (mod5)

= p*=1(mod5) va ¢* =1 (mod5)

= p*-4*i5 ().

Vi 4 va 5 nguyén té ciing nhau nén tir (1) va (2)
suyra p* +2019¢*:20.

1
2) a) Tacéd: be =i(c+b)2 -—Z(c—b)z

1

Z(a+d)2—l(d—a)2.

Mt khac: —(c b) o (d a) va ad =bc

va ad =

suy ra: %(a+d)2 >%(b+c)2 =a+d>b+c

b) Tacé: 0<d —Ja <l
=d+a<l+2Jad =1+2Jbc <1+b+c.

Cé a+d>b+csuy ra b+c<a+d<b+c+l,
md a,b,c,d 13 cac sb nguyén nén a+d=b+c+1,
dodé b=c va Jd —Ja=1.

Co Jd-Va=1=>d=a+1+2Ja mi a,d 1acic
s6 nguyén nén a la sd chinh phuong.

Bai l11. 1) Ta ¢6:

S TR
yz+y+l 1+y+1 xy+x+1
1 _ xyz Xy
zx+z+1 zx+z4xyz xy+x+1
1 1 1
= + +
xy+x+1 yz+y+1 zx+z+1
= ! + ¥ +—2 =,
xy+x+1 xy+x+1 xy+x+1
TOAN HOC
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2) Ta cé:

PZ 1 l 1 .
e AT e e S e
3 22X +y°+3 2)° 4722 +3 228 +x7+3

2x2+y2+3=x2+y2+x2+1+2_>_2xy+2x+2
=>2x2+y2+322(xy+x+1).
Tuong tw: 2y% + 22 +3>2(yz+ y +1);

22" +x* +322(2x + z+1). Suyra:
'l 1 1 1
e RPN oty o
3 27 +y"+3 2% +22 43 222 +x°+3

1
<o, 1 — *)
2\ +x+1 yz+y+1 zx+z+1

—1—+l+1233L:> xyz 2 1.

X y z xyz
¥ by A~ 1
Vi xz>1 va x>0 nén yz2—i =
X

| & 1 - 1 < x

yz+y+1 l+y+l yz+y+1l xp+x+1
X

Ta co: -

<
x+z+l z+z+xyz

< (z-1)(xz +2) > 0 (ludn ding).

Suy ra: . (2
zx+z+1 xy+x+1

Tir (1) va (2) ta cé:

1 1 1
+ +

xy+x+1 yz+y+1 zx+z+1

< 1 +—r =1 (*%)
xy+x+l xp+x+1 xp+x+1

Tir (*) va (**) suy ra: P S—;— = P< %
Bai IV. 1) Do tir gidc ABCD ndi tiép nén
AFAD «» AFCB, AEAD > AERC,

DK _EA_AD _FD
EB EB BC FB’
Do DK [/ E4 nén KDF = ACF = DBA = f5F
suy ra AFKD <> AFEB (c.g.c).

TOAN HOC
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2) Goi [ la trung didm EF. ‘G(,)i L 12 didm g5
ximg voi E qua N. Chmimmimg 1) g
c6: AFLC «» AFEA= CFL=CFK1(=J§]3~E)
— F.K,L thang hang = I, M, N thing hang
= MN di qua trung diém cua doan EF.

3) Do AFKD «» AFEB nén
FK KD AE

= = (0.
FE EB EB
Ching minh twong ty:
AFLC > AFEA nén £E _AE_ AE (2).
FL CL EB
T (1) va(2) suy ra: ﬂ<— = E
. FE FL

Tird6 AFKE <> AFEL v din 151
FEK = FLE < J{VE .
Suyra EF tiép xuc vai dudng tron (MEN)-
Bai V. 1) C6 thé c6 nhidy tip A théa man diey
kién d2 baj. '
Xét tap 4 gém 40 phén tir con lai cla S sau i

‘oai di 10 phin t: 5, 10, 15 59, 25, 30, 35 40
453 50 Cl:la S , ’

Ta sSé chﬁ-ng mlnh tép A & trén thoa man dé bat.
Gia sir ¢4 bd sé nguyén ( X y; z) voi X Vs zed

thé& mﬁn xz + y2 = zz

https://tieulun.hopto.org



Vixy,zed nén x; 5, zdéu khéng chia hét cho
5va x; ¥ 22 =1; 4(mod S) (¥).
Mat khac x* + y* =z* nén
z* =1+11+44+4,4+1(mod5),

méu thuin vai (*) nén didu gia su 13 sai,

Do d6 tip A v6i 40 phan tir vira tim 13 thoa man
dé bai.

2) C6 it nhat mét tip A4 c6 41 phf‘m tir théa man.
Thét vdy, kbi b6 sung 5 phan tr 10, 15, 25, 40 va
45 vao tap A, ta thay c6 tAt ca 9 bé sb tao thanh
bd dd dai 3 canh cua mot tam gidc vudng la;
(6; 8; 10), (10; 24; 26), (9:12;15), (815,17),
(15,36;39), (7:24:25), (24;32;40), (9; 40; 41)
va (27;36,45) .

Nhu vy ta chi can loai di 4 phin tir 8, 9, 24, 36
thi tip A ¢6 41 phan t con lai thoa man dé bai.

Chii . Cac bd s Pythagoras (x,y,Z) voi

x,y,2<50:

+Ung vé&i s6 5: (3:4;5),(5:12;13).

+ Ung véi s6 10: (6;8;10),(10;24;26).

+ U’ng véi sb 15:

(9:12;15),(8;15;17),(15;36;39),(15; 20;25).

+ Ung véi s6 20:
(l5;20;25),(12;16;20);(20;21;29).

+ Ung véi sb 25: (15;20;25),(7;24;25).

+ Ung véi sb 30:
(18;24;30),(30;40;50),(16;30;34).

+ Ung véi sb 35: (21;28;35),(12;35;37).

+ Ung voi s6 40:
(30;40;50),(24;32;40),(9;40;41).

+ Ung véi 56 45: (27;36;45).

+ Ung véi sb 50: (30;40;50),(14;48;50).

Danh cho thi sinh thi vao lop chuyén Tin

Bai I 1) Dat r =vx* +5. PT tré thanh:
. =2
t‘—(x+3)1+2x+2=0<:>{ .

r=x+1

PTVx’ +5=2 v6nghiém.

GiaiPT: vx'+5=x+1 & x=2.

Véy PT co tap nghiém 1a S={2}.

(x-y)(x*-»*)=1 (1)

(x+))(x*+»)=1 @

Tir (2) taco x # —y. Chia (1) cho (2) dugc:

2) Ki hiéu lai HPT {

o)y
x2+y?
= xy=0= x=0 hodc y=0.
Véi x=0=> y=1. Véi y=0= =1,
Vay HPT c6 tap nghiém 1a S ={(0;1);(1;0)}.
Baill 1) Ta co: 4x*> +8xy+3y" +2x+y+2=0
©4x? 42y +6xp+3y  +2x+y=-2
¢»2x(2x+y)+3y(2x+y)+(2x+y)=—2

o (2x+y)(2x+3y+1)=-2.

3
2xty=l {x"i (loai).
X

g

THI:
2x+3y+1==-2

Th2: | ZHr=-1
2x+3y+1=2

2 =‘—2 = ——
TH3: | 7Y 7Y Ll
2x+3y+1=1

TH4:{ 2x+y=2 <___}{:rc=2-
2x+3y+1=-1 y=-2
Viy céc cap sb nguyén (x;») cén tim la:
(—1;1) va (2;—2). '
2)3a’+a=4b" b > 3a* 36 v a+ b= b
< (a+b)(3a-3b+1)=57,
Goi UCLN(a+b;3a—3b+1)=d, suy ra:
a+b:d
{3a—3b+15d
Maa+bid > aid = 1lid=>d=1= a+b va

3a-3b+1 nguyén t cing nhau = a+5 Ia sé
chinh phuong.

= b id* =>bid.

S3 509(11-2019) T?@,Nuggg 1 3
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Bai I11. 1) Taco: 2)

1 1 X

yz+y+1 l+y+
x

1=xy+x+1’

L xyz xy

zx+z+1—zx+z+xyz=.xy+x+1
1 ! 1
+ +
Xy+x+1 yz4+y+1 zx+z+1

=

1 x Xy
= <+ + = =l
xy+x+1 xy+x+1 xy+x+l AH cit CM tai G. Ké dudng kinh AF. Goj g
1 1 1
+

¥ ™ 1a trung diém cia BC=> AC* = AK.AF =
xy+x+1 yz+y+l m+z+1

AM.AC = AGAN = AAMN <> AAGC (c.g.c)

2) Ta cé: ES

; : x 1 e e A
Vi xyz2>1 va x>0 nén )::2; = ANM = ACG = tir gidc AMNC néi tiép.
- oo "o il S 1). )

yz+y+l 1 yz+y+l xy+x+1

+y+1
x
Ta chimg minh:
1 )z
S——— & (xpz-1)(xz+2)>0
zx+z+1 zx+z+x)z (yz-1)(xz +2)

1 i)
>———< 9 (3
x+z+1 x+1+xy

Tur (1), (2) ta cé:

1 1 1

+ -
xy+x+1 yz+y+1 zx+z+1 )
B 1 . ¥ L . Goi Q 1a hinh chiéu vudng goc cua / trén BC
Cxy+x+l oxy+x+l xy+x+l ' = 1Q//40 (1). TG giac ABQI noi tiép
Tir (*) va (**) suy ra: P’<3> PS\/g. ﬁ@:@ = [ﬂéz_,@ = AA4BQ cin

e r;_khl e tal Q= Q0 // Al (cing vudng goc 4B) (2).
HEYIME =LY gt e k. =y <ges, Tir (1) va (2) suy ra ttr gisc 40QI 1a hinh binh
Bai IV. 1) Ta cé: K .

Py hanh, '

AHI = ACB (cung / / D ‘ |
— /an ~ Goi P 13 trung did “ 3 OL Ta
phu vén CAH ). f / | / \ >t g dim chung cua 4Q va OL

Mit khic: I aT °0: AKP=KAP (vi 4P = kP) (3);
ADO = ACB = AKE = ACH (vi tir giac CEHK noi tiép)
= AHI! = ADO o =ABH = K4p (vi BE-—Q:A?Q; EA?Z):EEE) 4)
BH \
(g8) = T ;u (3) va (4) suy ra AKE = 4KP, do d6 K,E,P
= BH.BI = BO.BD = 2R". '8 haNng. Vay dusmg thing KE di qua trang
diém cua doan thj ng Of &
TOAN HOC
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PE THI TUYEN SINH VAO LGP 10 THPT CHUYEN LUONG VAN TUY,
TINH NINH BINH, NAM HOC 2019 - 2020

Danh cho thi Sinh thi vaio 16p chuyén Todn.
Thoi gian lim bai: 150 phut.

Cau 1 (2 diém). 1) V&i x>0, xét hai bidy thie
2+Vx - Vx -3 2Jx +9
va B= + .
Vx Vx  x+3x

Lo e ., : A
Tim tit ca cac g1atm_cuaxde-§>§_

A=

2) Rut gon bidu thirc

c=5‘/6‘/7_‘\ V33+4/128 -1
3-2 '

Ciu 2 (2 diém). 1) Giai phwong trinh
¥ +7x+14=3y(2x +5)(F* +3x + 4) |

2) Giai hé phuong trinh
¥ 37 8
¥ +2y+1+x2+2x+1 —5.
Sxy—4x—-4y=4

Ciau 3 (2 diém)
duong (x;y) théamén x* —xy+y* =x+ y+3.

. 1) Tim tat cé cac cip sO nguyén

2) Cho ba sb thuc dwong x, y, z. Chimg minh

l+l+123 : + : + L )
x y z x+2y y+2z z+2x
Ding thirc xay ra khi nao?
Céu 4 (3 diém). Cho duong tron tm O ban kinh

R. Diy cung BC cb dinh, khong &i qua tdm O.
Diém 4 di chuyén trén cung 1én BC sao cho tam
gidc ABC nhon. Céac duong cao BM, CN cua tam
gidc ABC cit nhau tai H, goi / 1a trung diém cua
BC.

1) Chimg minh 4H =2.01.

2) Chimg minh khi 4 di chuyén trén cung lén BC
sao cho tam gidc ABC nhon thi H di chuyén trén
mdt cung tron ¢b dinh, hdy chi ra tim va ban kinh
cua cung tron do.

3) Khi BC=R+/3, chimg minh

AM.NH + HM NA=OI BC.
Céu 5 (1 diém). 1) Cho P(x) la mot da thirc béc
n v6i hé sb nguyén, n=>2. Biét

P(1).P(2)=2019, chimg minh ring phuong

trinh P(x)=0 khéng c6 nghiém nguyén.
2) Trong hinh trdn c6 dién tich bing 1009cm? 1iy
2019 diém phan biét bat ki sao cho khéng c6 ba
diém nao thing hang. Chimg minh ring trong
2019 diém d6 luén tim dugc ba diém tao thanh
mot tam giac cd dién tich nhoé hon lcm? .

NGUYEN TRUONG SON
(GV THPT chuyén Luong Van Tuy, Ninh Binh) Gidi thiéu

ok ok ok e ok o ek ek ok e e Sk ek ok e R T koS b ok ko ks ok ok ok ko ok ek ok o o ok e ok

@& Bai V. An di trudc ludn B, M4

thz"mg véi chién thuat nhu
sau

An &i truge, nbi ddy cung
MN sao cho day cung MN
chia 2018 ¢iém trén dudng
trdn thanh hai phén (phén I, phan IT) m&i phan c6
1008 didm, 45 quy wdc dat tén va dénh thir ty céc
diém cop lai nhu hinh v&.

Dén lwgt Bink nbi diy cung bit ki & mot trong hai

phan trén (vi ddy cung khéng duoc cit day cung
MN), gia st Binh ndi diy cung B,B, (hoic 4.4,).
Dén lugt 4n s& néi day 44; (hoic B B,). Khi dé
Binh ndi duge mot day théa man thi An s& ndj
duoc diy twong ‘mg nén An khéng v& dugc khi va
chi khi Binh khéng v& duoc,

Diéu ndy chimg t6 An khéng thua. Vi sé didm 1a
hitu han nén thut toan dimg, tirc 14 sau hiru han

14n choi thi Bink khéng v& dugc day nao thoa man
diéu kién dé bai nén Bink 1 ngudi thua cude.

DUONG TU (Ha Ngi) Giéi thigu

TOAN HOC
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 VEXUATXUVACACPHIENBAN CUABAITOAN
TRAM TRAU TRAM CO

POAN THI LE (National Toing-Hua Universigy Taiwa!lj»;
TA DUY PBUQNG (Vin Toin hye)

CUNG THI KIM THANH, PHAN ANH TUYET (Thee s i Ny

Ciich gidi 1 (Dia vé hé hai phw:mg trinh hai gy
e e " 3 e a ae o phu thudc én thir ba). Dudl ngon ngir hign dai,
Bai toan ° Tram trdu tram cd, trdu dung an ddy 1a dang toan giai hé phuong trinh nghigm
ndm, trdu nam dn ba, Lu khy trdu gia, Bf’ con nguyén. Goi x,y,z tuong Ung la s6 ga tréng, 2
m¢t bo. Hoi bao nhiéu tréu ding, trdu nam va il 5 600 [, T {s cic o el
trdu gia?” 1a bai toan kha quen thudc va thuong

|

1. Din nhip

4m). Theo bai ra ta c6 hé

dugc ghi chi trong cac sach 1a Bai z"ocinlcc‘; hzﬂty x+y+z=100
Toan ddn gian. Cing con c6 mdt s6 phién ban z _
khéc, thi du: “..., Tung tdng nghé hoa, ba con 5x+3y+=—=100

2 4 " (17 AY ) r Pl 3
mot bo, ..”, “..., Con lai nghé hoa, ba con mét il o 3 7 th -
b6, ..”, hay (xem [1], trang 89): “Mgf triim con o0 dien ¥ va z Hheo X iy
tréu, Mot tram b6 co, Trau ding dn nim, Trdu y+z=100-x y+2=100—x
nam dn ba, Ba con tfdu gia, ’Chi an mét bo. D)< 3y+£=100—5x 9y +z=300-15x
Tinh xem trong do, Moi logi may trau?”

J A %] r ‘ < 7

Su da d::l-ng .trong ?l}at b1,eu bai todn nay goi y yp=25-Lr=25_5% —ix
cac tac gia di tim hiéu xuat xir va cc phién ban 25 4 4

cua bai todn Trdm trdu trdm co. =75+ 3 5
2. Bai toan Tram triu trdm cé trén thé gisi Vi x,7,z 14 céc s nguyén nén
G6c cua bai toan Trdm trdu tram cé dugc cic ’

nha nghién ctru lich si todn goi 1a bai todn Mar . * oY =25-T1,2=T5+3t,tcL.
tram con ga, duge tim thiy trong A T4 Vi0<x,y,2<100 nén dap s6 duoc cho trong
(Truweong Khdu Kién todn kink - Zhang Qiujian bang dudi day.

suanjing - Mathematical Treatise of Zhang Gid | Téng | Tong
Qiujian) ciia nha todn hoc Trung Québc 3 &k g gia
- 5o B 26 100 | 100

(Trwong Khéu Kién - Zhang Qiujian) duoc viét 27 100 T 100
vao khoang cudi the ki V, xem [4]. 28 100 | 100
25 100 | 100

Bai 1 (Trwong Khau quen Toan kinh, cudi thé ¥ nghis . .en a tim rgi tit ca cac nghiém,
ki V, Bai todn 38, Quyén 3, xem [8], trang 397 hai g’1¢rr3 Cuo1 cing, vi Ong quan niém ga
vA [4], trang 308). C6 100 quan mua duge 100 < %" (aghiém phai 1a s§ nguyén duong).

con ga. Géi iréng gid S quan, ga mdi giG 3 quay 9" 8181 2 (Phuong phap thé).

va ba con ga con gi4 | quan. Rit z=100- _ Y tr phuong trinh d4u va thay

Hoi mua dugc bao nhiéu ga cdc logi? vao phuong trinh Sau, ta duge 7x+4y =100.

16 TOAN HOC
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Do do y=25—%x- Vi y va x nguyén nén x
phailabdiciad va x=41,y=25-7,
7=100-(25-70)—4t=T75+3¢t v&i ¢= 0,1,2,3.
Pép sd duoc cho trong bang trén.
Bai toan 100 con ga din dén giai hé phuong
trinh v6 dinh (tin:x nghiém nguyén cua phuong
trinh vd1 cac hé s6 nguyén) dang:

X+y+z=N

ax+by + Z-N

c
voi a,b,c va N la cac sb nguyén duong. Bai
toan 100 con ga c6 rét nhidu phién ban trong
cac sach toan khac trén thé gigi (Trung Quéc,
An D9, Ai Cap. chau Au,..., xem [3][8]), voi
ga trong, ga mdi, ga con duoc thay bing cdc
logi chim, cac loai dong vdr hoic nguoi. Bai
viét liét ké mdt sé bai toan dang 100 con ga
trong cac sach toan c4. Vi hé phuong trinh v
dinh da c6 quy tac giai (xem Bai 1, hay [1], [2]),
nén dudn day khong trinh bay 161 giai, ma chi c6
dap 5.
Bai 2 (Chdn Loan-Zhen Luan, BEEE, 535 — 566,
Trung Quéc‘ 8]} o'=35,b=4,c=4 N=10D
x+y+z=100
Giai. Taco =z .
Sx+4y+ ) =100
Ddp s6: (x,y,2)=(0,20,80); (15,1,84).
Zhen Luan chi cho mot dap sb: (15,1,84).
Bai 3 (Zhen Luan, [8]).
a=4.hb=3,c=3.N=100.
x+y+z=100

Gidi. Tacéo 4x+3y+-§-= 100
Ddp sa: (0,25,75); (8,14,78); (16,3,81).
Zhen Luan thiéu dap sb: x=0, y=25,z=75.
dlcuin (khoang 735-804), ngudi Phap goc Anh,
dugc cac pha viét lich st todn coi la nha todn
hoc chau Au diu tién viét vé bai toan 100 con
g4 (trong cuén sach Propositiones Alcuini

Doctoris Caroli Magni Imeratoris Ad Acuendos
Juvenes - Propositions for Sharpening Youths).
Bai 4 (Alcuin, [3], Bai s6 5). Mot nguoi mua
néi: Téi muén mua 100 con lon véi 100
denarius (tién c6 La Ma) sao cho lon diec voi
gia 10 denarius, lon cdi gia 5 denarius va hai
con lon con gia | denarius. Hoi mua dwoc bao
nhiéu lon duc, lon cdi va lon con sao cho khong
thita khéng thiéu ca lon lan tién?

Gidi. Goi x,y,z 14 s6 lon duc, lon cai va lon

con. Theo bai ra ta cé hé phuong trinh:
x+y+z=100

10x+5y+§=100'

Da"psc‘;: x=1Ly= 9,z=90.

Bai Sa (Alcuin, [3], Bai sb 33). Mor ong chi
chia 30 ddu ngii céc cho 30 day t6 nhu sau:
BDan éng duoc 3 déu, phu nir duoc 2 dau va tre
em duoc nia dau. Hoi ¢6 bao nhiéu dan éng,
phu nir va tre em?

Bii 5b (Fibonacci, khoang 1170-1250, nha toan
hoc Italia, Liber Abaci (in nim 1202)-Book of
Calculations-Sich vé tinh toan, Chuwong 11 [7],
trang 256). Mot ngiroi mua 30 con chim, gém
ga g6, bé cdu va chim sé. Ong ta mua ga gé véi
gida 3 denarius, b6 cau véi gia 2 dinarius va 2
1

chim se gid | dinarius, tirc la | chim sé gia —

dinarius. Tinh xem éng ta mua bao nhiéu chim
maoi loai?
Giai. Goi x,y,z 13 s6 dan ong, phu ni, va tré

con (tuong img, sé ga g6, bd cau va chim sé).
Theo bai ra ta c6 hé phuong trinh
X+y+z=30

3x+2y+§=30'

bdp s0: (0,10,20); (3,5,22); (6,0,24).
Alcuin chi cho mét dap s x = 3 p=8,2=722,

TOAN HOC
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Bai 7 (Alcuin, [3], Bai 8 38). Mt ngusi myg,
mua 100 con vét khdc nhau bang 100 dgng tidn
vang. Ong dy trd 3 dong vang cho m B¢ e
ngua, 1 dong vang cho mét con bo vg | déng
vang cho 24 con ciru. Hoi ¢6 bao nhiéy ngua,

Bai 5S¢ (Alcuin, [3], Bai sb 34). Ddu bai nhwr

Bai Sa véi mot sai khdc 1a N =100,

Gidi. Theo bai ra ta ¢6 hé phuong trinh
xX+y+z=100

3v+2y+> =100 b vat cird? ; .
Ddp sé- (2, 30, 68);(5, 25, 70);(8, 20, 72); Gidgi. Goi x,y,z 13 sO ngua, bd va ciru. Theg
(11, 15, 74);(14, 10, 76);(17, 5, 78);(20, 0, 80).

Alcuin chi cho mét dap sé: 2 .
x:ll,y=15,2274. 3x+y+2—4=100

bai ra ta ¢6 hé phuong trinh:
x+y+z=100

Bai 5d (Alcuin, [3), Bai sé 32). Ddu bai nhu . _
3 ’ . : 0, 100’ 0 - 23, 29, 48)
Bdi 5a véi mét sai khéc lg N =20, Bpist | )i
Gidi. Theo bai ra ta ¢6 hé phwong trinh
xX+y+z=20

Alcuin chi cho mét  dap s
x=23,y=29,z=48.

Bai 8a (Alcuin, [3], Bai s6 39). Mgt ngupi
mudén mua 100 con vdt bc%ng 100 d&ng tién, Ong
Pdp s6: x =1, y=5z=14. c‘g; lénh cho nguai phuc vu tra 5 déng cho mét
con lac da, 1 déng cho mét con lira va 1 dong

cho 20 con ciru. Hoi ¢6 bao nhiéu lac da, lira va

3x+2y+§=20'

Bai 6a (Alcuin, (3], Bai so 47). Mot giam muc

chia 12 6 banh mi cho 12 ting lir. Ong ta quy
cuu?

~ ) ) N { . Bai8b (Aba Kamil, khodng 850-930, nha toin
moi trg 1€ mot mra 6, con méi giam sinh Z(‘). hoc Ai Cap, [5]; [6], trang 199). C5 100 d'é‘ng

dinh rang moi linh muc dirge nhdn 2 6 banh,

. B % #e e BE e ién dé . . s g S Vit i
Hay cho biét 56 linh muc, s6 tror 1€ va 56 gid tién dé mua 100 con vit, ga va chim se. Vit gid 5

sink dong, mét con ga gid | dong va 20 chim sé gid
| dong. Hoi ban mua diroc bao nhiéu con méi
Bai 6b (Fibonacci, [7], trang 257). Mot nguoi loai?

dinh ding 12 denarius mua 12 con chim, g(frn Gidi. Goi x,y,z 1a lac @3, lra va ciru (vit, ga,
ga go, bo cdu va chim sé. Ga gé gid 2 denarius,  chim sé). Theo bai ra ta ¢6 hé phuong trinh:
2 b6 cdu gia 1 dinarius va 4 chim sé gid | X+y+z=100

dinarius. Tinh xem 6ng ta mua bao nhiéy chim 5x+y+ 210 =100

méi loai.

Gidi. Goi x,y,z 14 linh muc, tro té va gidm sigh D% %0 (4bi Kamil): (0,100, 0); (19,1,80).

(g g6, bd céu va chim s€). Theo bai ra ta c6: Aleuin chi cho mét dép sé x =19, y=1,z=80.
Xty+z=12 Cdc bai todn trén déu dén dén gidi (tim nghiém
2+ 2+ Zony zi;’:‘;) hfﬁha; }’hUO“l;lg trinh ’ba an voi :;éc he so

2 4 ay, bang phép dwa vé hé hai

Bdp 56: (4,8,0); (5,1,6). dlcuin va Fibongee;  * -8 tritth bac nhjt hogc bang phuong phap
! the (xem 104 giaj py; 1), ta dwa vé giai phuong

chi cho motdépso x=5,y=1,2=6. Yith bic nhit hei 4 (phuong trinh

TOANHOC
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Diophantus). Nghiém phy thudc vio mét tham
s6 nguyén. Nghiém cia phuong trinh
Dlophantus bic nhit » 4n s& chia n—1 tham
s6 tu do (xem [2], trang 72). Céac vi du va bai
tip dum day 1a hé hai phvong trinh vé;i bén
(nim) 4n din dén phuong trinh bac nhit ba
(bon) 4n, nghiém phu thudc vao haij (ba) tham
sb, 1a nhimg bai trong c4c sich toin cd trén thé
gidi, nhung con it gap trong sich toan Viét
Nam.
Bai 9 (Sridharacfirya, Khodng 850-950, nha
toan hoc An D9). Co 100 dong rién dé mua 100
con bo cdu, séu, thién nga va cong. Chim bé
cdu gid 3 rupi cho S con, 7 con séu gia 5 rupi, 9
thién nga gia 7 rupi va 3 con céng gid 9 rupi.
Hoi mua dicoc bao nhiéu con méi loai?
Gigi. Goi x,y,z,u 1a sb bd cau, séu, thién nga
va cOng. Theo bai ra ta c6 hé phuong trinh:
x+y+z+u=100

3x+5 +7 +3u=100
Tt gt _
st Y TETH
Thé x=100—y—-z—u (1) vao phuong trinh
thir hai ta dugc:
3 5 7
—(100—-y—z—u)+=—y+—z+3u=100
S\0=y=z—u)toy s+
<:>iy+—8—z+2u 40
35 45 5

< 9y +18% +14z=3150
=N y=—21u-z—§-z+350.
Vi y,u,z nguyén nén z =9%, k nguyén.
Suyra y=350—14k —2lu. Tir phuong trinh (1)
tacd: x=100-u—y—z
=100—(350-14k —21u) 9% —u
=5k + 20u — 250.
ViO<x,y, z,u <100 nén
0<u<100; 0<z=9k<100;
0< x=>5k+20u—-250<100;
0< y=350—-14k-21u <100

Tir day ta i dén 26 dap s6:

u 13714715716 1TJ: 14 | 15 ] 16 JMIZJ‘
x |10 [30 150 {70 15135 55 [75 0 |
"y 177 (56 |35 | 14 | 63 %42 21 10 {70
2070 | 0019 9 19 (9 18
w |13 (14 [15 |12 |13 (14 [ 12| 1L13 14"
X 120 |40 60 5 25T 45 116 130 150 |
Y (49 (287 56 35 14 42712110 |
[z |18 {18 [187[27 (27 (27 36 136 136
w |12 [ 13 |11 (12 11 (12 (11 [10 | |
x |15 1350 [20 |5 |25 ;Q_}_o
Y 12817 |35 |14 2170 [7 |0 |
z |45 |45 |54 |54 63 63,72 90 | |

Bai 10 (Fibonacci, [7], trang 257). Mot con ga
g6 gia 3 denarius, mét con chim bo cau gia 2

.o ] : . s
denarius, chim cu dat gia 5 denarius va chim

1 . s i g ; :
se gia — denarius. Téi sé ditng 30 denarius dé

mua 30 con chim. Hoi bao nhiéu chim méi loai?
Gidgi. Goi x,y,z,u la sb ga go, bd cau, chim cu
dit va chim sé. Theo bai ra ta c6 hé phuong
x+y+z+u=30;

trinh: 1 1

3x+2y+—z+—u=30.

2 4

x+y+z+u=30 1)
{12x+8y+22+u =120 (2)
Trir (2) cho (1) ta duoc:
Hx+7y+z=90<2z=90-11x-7y. (3)
Tir dicu kién 0<x,y,z,u <30 va cac phuong
trinh (3), (1) ta dugc 26 nghiém cho trong bang
sau:

| x 10 10 10 TT 7T 11 12 12 (2 ]
Y10 11279 10 (11 |7 8 9
Lz |20 [ 13 r_é 169 2 912 (5]
10 (6 (1214 (1071672 T8 114
R 2 |4 10 /16 12 |8 114]
p _13 MERCNENENENYR
Y15 (6 17 18 14 [5 16 3 T4
2 258 |1 [ {4 T
4 0 6 (1211814 110 16 |8 14|
x15 16 [6 16 16 7 17 g T 1
s o e T e —
L—-— —_——— ]'_*ﬁ_z____ _? 0 | 1 | 0 |
2 [0 12411711013 113 16 |3 |
| ¥ 1200 |6 12 |18 10 |16 20 | |
Fibonacci chi tim ra hai nghiém:
X =75 N =1, Z) =6, U =16;
x2=4=y2=6322=4,u2=16.

TOAN HOC
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Bai 11 (Abt Kamil, [S]; [6], trang 201). Dimg
100 dong tién d& mua 100 con chim gom b‘é”
logi: ngéng gid 4 dong mét con, ga gid 1 déng
mét con, bé cdu gid 1 dong hai con va 1 dong
mua duoc 10 con chim sdo da. Hoi mua duoc
bao nhiéu con méi logi?

Gidi. Goi x,y,z,u twong img la sb ngdng, g,
bd cau va chim s4o da. Theo bai ra ta co hé

x+y+z+u=100 1)

Z I’} .
dx+y+—+—=100 (2
s 5 (2)

Trir (2) cho (1) ta duge x =g_+.13.g_,

TH1: Néu z =6k thi x=k+%.

Viy u=10n. Khi 4y x =k +3n.
Do 0<z,u<100 nén 0<k<16 va 0<n<10.

5
THE: 76kl th g i b Y
6 10 30
khéng nguyén véi moi .
TH3: z=6k+2 thi
PR P L
10 30

khoéng nguyén vdi moi u.
TH4: Néu z=6k +3 thikhi u=10n+5
1 3u 5+ 3u

thi x=k+—+—=Fk+ nguyeén.
TR0 £
THS: z=6k +4 thi
x=k+£+3—u=k+20+9u
3 10 30
khong nguyén véi moi u.
TH6: z=6k+5 thi
x=k+§+ili=k+25+9u
6 10 30

khéng nguyén véi moi w.
Véy x nguyén chi khi z=6k,u=10n hojc
z=6k+3,u=10n+5.
Cho k,n la cac sb nguyén duong thay déj doc
lap, thoa mén dicu kién 0<x, Y,z,u<100 ta
duoc tit ca 98 nghiém.

BAI TAP
Tim nghiém nguyén duong coa cac phuong
trinh sau (xem [6], trang 201-203):

TOANHOC
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| 1
1) x+y+z=100=3x+§y+%z.

1 1
2) x+y+z=100=—3-x+‘2'y+2z-
Pdp s6: 6 nghiém.

1 1

% 1 2 g o . ‘
Pdp sé: x=§y+3-2, y la b?1 cia 2 va z |3
boi ciia 3. Bai toan c6 304 nghiém.

1 1 1
4)x+y+z+t+r)=100=2x+"2—y+52+zl‘+u.

, 1 2 3 A .
insé: x=—y+—z——t, ylabdicua2, z I3
Ddp 56: x 2y+3z 2
boi caa 3, ¢ 13 boi cia 4. Bai todn cé 2676
nghiém.
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CAC LOP THCS
Bai T1/509 (Lép 6). So sanh hai sé sau
3 2018

_2018
2019°

DAO CHI THANH
(GV THPT chuyén Vinh Phiic, Vinh Phuc)

Bai T2/509 (Lép 7). Cho P 13 mét didm nim
trong tam gidc ABC sao cho PBC =30°, PBA = §°

1 2
A==+ —=+—++

5 52 5 52018’ B

va PAB=PAC =22°. Tinh sé do APC.
TA MINH HIEU
(GV THCS Yén Lac, Yén Lac, Vinh Phiic)
Bai T3/509. Giai phuong trinh
1 1 1 1
2 - 2 E 2 E 2
5x" —x+3 Sx +x+7 Sx*+3x+13 Sx*+5x+21

=— voix > 0.
x +6x+5

BUI HAI QUANG

(GV THCS Viéin Lang, TP. Viét Tri, Phii Tho)

Bai T4/509. Cho hinh vudng ABCD c6 canh bing

a. Trén cic canh AD va CD lan luot 1y hai diem

M, N sao cho MD + DN = a. Goi E 14 giao diém

cla hai duomg thang BN va 4D. Goi F la giao

diém cta hai dudng thing BM va CD. Ching
minh: ME? — NE* + NF? - MF* =2d".

HUYNH QUANG LAU

(GV THCS Ngé May, Phi Cdt, Binh Dinh)

Bai T5/509 Cho céac sb thuc duong a, b, ¢. Tim

gid tri nho nhét cua biéu thic

po_a b c +92/(a+l)(b+1)(c+1) _
Voo Jordea Jerdab  Matbro)
CAO VAN DONG (Ha Néi)

CAC LOP THPT

Bai T6/509. Cho a, b, ¢, d 13 cac sé thuc duong
I N WL I SR IS Chimg minh rang
ab bc cd ad

abed 1 1 1 1
+22 [(a+c)| —+= |+, [(b+d)| —+—|.
8 \/(a C)[a c] \F )[b d]
TRAN MANH CUGNG
(GV THCS Kim Xd, Vinh Tucng, Vinh Phiic)
Bai T7/509. Giai hé phuong trinh ba 4n sb thuc x,
¥, Z:

x+2y° =2x* + 27
2x +3x2 =3y’ +22° +7
XA+ +2xy=2xz+2yz+2
THO PANG
(Phong GD-DT Ninh Phudc, Ninh Thudn)
Bai T8/509. Cho tam giac ABC ndi tiép dudong
tron (0) ; BO, CO cit dudmg cao AD cia tam giac
lan lwot tai £, F. Goi I, J lan luot 1a tim cua
duodng tron (ACF), (ABE). K, H lan lwgt thude 4B,
AC sao cho JK // AO [/ IH. Gia st IJ cit AB, AC
lin Iuot tai M, N. Ching minh ring giao diém cia
MH, NK thudc dudng trung binh ddi dién goc 4
cia tam giac ABC.

LUU CONG BONG
(GV THPT chuyén DHSP Ha Néi)
Bai T9/509. Giai phuong trinh

x+1 2x+1

1
8% +27* +2° 3 +2°3 *r =125.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, DHQG Ha Noi)
TIEN TOI OLYMPIC TOAN
Bai T10/509. Ta ki hiéu [x] 1 sb nguyén 16n nhit
khong vuot qua x, {x} =x — [x]. Cho day sé (u,)
2n+l 2
véi 7 = 2"+ nf+n+2
21 49

}' C6 bao nhiéu sb hang

n-99
2526.2 <y <28,
2% ] "7 65
VU HONG PHONG
(GV THPT Tién Du 56 1, Béc Ninh)

clia day sé (u,) thoa man

Bai TI11/509. Tim tit ca cac ham sb
f: N 5> R\{0} thoa man
. TOAN HOC
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S+ F@Q) 4+ f(n):ﬂf%iﬂ,w N

NGUYEN TAI CHUNG
(GV THPT chuyén Hing Vieong, Gia Lai)
Bai T12/509. Cho tam gidc 4BC ¢6 4B + AC = 2BC.
Goi I, 1a tim dudng tron bang tiép géc 4. Puong
tron (A4, AI,) cat BC tai E, F sao cho E thudc tia CB,
F thudc tia BC. Pudmg tron (EBI,) cit AB tai M,
dudng tron (FCI, ) cét AC tai N. Chimg minh ring
BCNM 1a tir giac ndi tiép, ddng thoi 13 tr gidc ngoai
tiép.
NGUYEN VAN LINH (Ha Néi)
Bai L1 (Co). Cho mét ngudn am diém phat 4m
dang huong V0i cong suit khong d6i ra moi
trwong khéng hap thy 4m. Mot ngudi cAm mot
may do mirc curdong d6 4m dung tai 4 cdch nguodn
a4m mot khoang d thi do dugc mirc cudng 9 4m l1a
50 dB. Ngudi d6 1an hegt di chuyén theo hai
huéng khac nhau 4x va Ay. Khi di theo hudng

Y TR ORI O
! ¢oiwaw

: Compare the
following numbers

A=t 2 3, 2018 o, 2018

5 5 5 5217 72019
Probiem T20389 (For 77 ¢ .. Suppose that P
is a point inside a triangle ABC so that

PBC=30°, PBA=8" and PAB=PAC=22".
Find the value of the angle APC.

Proticm 13/209 Find positive solutions of the
equation _
1 1 1 1
2 i 2 * 2 & 2
S5x"—x+3 S5x"+x+7 5x"+3x+13 5x*4+5x+21
. 4
X +6x+5

Probiens T4/509. Given a square ABCD with the
length of a side a. On the sides 4D and CD
respectively choose two points M, N so that MD +
DN = a. Let E be the intersection of two lines BN
and AD. Let F be the intersection of two lines BAf
and CD. Show that

TOBEN WO

m 16n nhét ngudi d6 do duge
12 57 dB. Khi di theo hudng 4, {m’rc cudng ’ﬁ@ Am
1én nhét ma ngudi 4y do dugc 12 62 dB. Géc x4y
Aol g
5 oi4 tri I6m nbét 14 bao nhicu: ‘
OBt VIET CUONG (Ha Ngi)
Bai L2 (Dién). Tai mot diém M c6 mot may phat
dién xoay chiéu mdt pha c6 cong suét phat dién vi
dién 4p hiéu dung 0 haj cuc cua may phat “jéu
kﬁéng d6i. Coi hé sb ma sat cia mach luén bang

Ax, mirc cuong 30 &

1
Py

1. Hiéu suit cia qué trinh truyén tai nay 1a A,
Muén ting hiéu suét cia qud frinh truyén tai 1é}1
dén 97,5% nén trude khi truyén tai ngudi ta néi
hai cuc ctia may phat dién vdi cudn so ’Cﬁp cla
mot méy bién 4p li tuéng va cudn thir cap duge
néi voi ddy tai. Nhung trong qua trinh ndi, do bj
nhim gifra cudn so cp va cudn thir cap nén higu
suit clia qua trinh truyén tdi chi 1a 60%. Gid tri
ctia H va ti s6 vong diy cua cudn so cip va thi
cAp ciia may bién 4p bang bao nhiéu?

THANH LAM (Ha Ngi)

ME® - NE* + NF* — MF* =24°.
Probiem 15/509 Given positive numbers a, b, c.
Find the minimum value of the expression

a b ¢
L Ra+DE+D(e+D
4(a+b+c)
FOR HIGH SCHOOL
Froblem To/S09. Let a, b, ¢, d be positive
1.1 1 1

numbers such that Show

that

b
a 80d+22 (a+c)(-l_+l]+J(b+d)(l+i}
a c b d

;)mb;gm T7/509. Find real solutions of the
ollowing system of €quations

X’ +2y° =2y 4 2
2x3+3x2=3y3+222+7

3 2

i +y2+2xji=2xz+2yz+2

(Xem ticp trang 37)
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Bai T1/505. Tlm 56 nguyén dirong a nho nhdy sao
cho 2a la 56 chinh pkirong va 3q lg o4 lap
phuong.

Lai gidi. Theo gla thiét 24 = p> Dvazg=¢ (2)
véi b, ¢ 1a céc s6 nguyén duong,

Tir (1) suy ra b* chia hét cho 2, ma 2 14 56 nguyén
6 nén b chia hét cho 2. Pat p = 2d, thay vao (1)
dugc 2a=4d" , hay la a = 24 (3). Tu (2) suy ra
¢ chia hét cho 3, mi3lash nguyén t nén ¢ chia
hét cho 3. Pt ¢ = 3¢, thay vao (2) dugc 3a = 276,
hay la a = 9¢° (4). T 3) va (4) cba = 24 = 9¢° (5)
vdi d, e 1a cac s nguyén duong. Do 2 va 9 1a hai
s6 nguyén té cung nhau nén tir (5) thi &> chia hét
cho 2, suy ra e chia hét cho 2. Dit e = 2k, thay vao
(5) duoc a = 24% = 72k véi k 1a sb nguyén duong.
T d6 & = 36k’ = 6%4°. Didu nay xay ra véi sé k
nho nhét 1A k = 1, d = 6 vi @ = 72. Lic d6
2a=144 = 12° va 3a = 216 = 6>. Viy sb nguyén
dwong 2 nhé nhit thoa man dé bai laa = 72. O
»Nhin xét, Mot s6 ban rat ra két luan a = 72 ma
khéng chi ra 24 = 122 va 3a = 6°. Cac ban sau ¢6 161
8idi ding: Ha Ni: Hoang Xudn Td, 6A, THCS To
Hodng, Q. DPéng Pa; Nghé An: Lé Vin Quang Hiéu,
Nguyén Hc%ng Nga, 6D, THCS Ly Nhit Quang, bo
Luong; Quing Ngii: Nguyén Tran Phuwong Mai,
6B, THCS Nghia My, Tu Nghia; 'Séc Tring:
Nguyén anh Thur, 6A3, THCS K& An, Ké Sach,

NGUYEN VIET HAI

Baj T2/505. Tim cdc chir sé a, b, ¢, d khdc 0 va
fimg doi m¢t khac nhau sao cho sé tuw nhién
5535’31 (chiv s6 tdgn cimg la 1) thoa man

abedq] - dn=n*, trong dénla 6 nguyén dwong.

Loi gidi. (Dya theo 15i gidi cua ban Lé Tuan
Nghia, 7C, THCS Poan Thi Piém, Yén MY,
Hung Yén va ban Nguyén Anh Thi, 6A3, THCS
K& An, K& Sich, Séc Tring). Ta co:
abedal - 4n =n* < abedal +4=n +4n+4

& abcdas = (n+2)". Do d6abcdas1a sé chinh

phuong c6 chir s tin cing 13 5 nén W co
hai chit s6 tan cung 1a 25 va n + 2 c6 chir s tan
ciing 13 5. Suy ra: a = 2 = 2bcd25 = (n+2)*

= 213425 < (n+2)* <298725

=465<n+2<545

= n+2e{465;475;...;545).
Thir lai ta thdy chi ¢6 » + 2 = 525 thoa man yéu
chu bai toan. Khi d6 abedas = 525° = 275625.
Viya=2,b=7,c=5,d=6. O

»Nhin xét. Hiu hét cic ban déu biét cich dua

abeda5=(n+2)*dé suyraa =2 van+ 2 ¢6 chir
s tan cing 1a 5 T d6 gi6i han
n+2vatimraa, b, ¢, d. Ban Ha Lé Quynh Anh,
7D, THCS Ly Nhit Quang, P6 Luong, Nghé An
khong dé y gia thiét a, b, ¢, d khac 0 nén ngoai két
qua dung, con cho két qua sai. Cac ban sau day co
bai giai tdt: Phit The : D6 Ngoc Tidn, TA3, THCS
L4m Thao, Lam Thao; Hung Yén: Lé Tudn Nghia,
7C, THCS Doan Thi Diém, Yén M§; Nghé An:
Duong Trong Nguyén, Nguyén Céng An, 7C, THCS
Ly Nhéit Quang, D6 Luong; Quing Ngii: Nguyén
Trdn Phieong Mai, 9B, THCS Nghia M¥, Tu Nghia;
Séc Tring: Nguyén Anh Thu, 6A3, THCS K& An,
LEHG T rong Tin, TA8, THCS K& Sach, K& Sach.

NGUYEN HIEP
Bai T3/505. Tim tdt ca cdc da thire P(x) béc n véi

cdc hé s6 nguyén khéng am khéng lom hom 8 va
P(9) =32078.

Léi gidi. Xét da thire

P(x)=ax"+a _x"'+. .+ ax+a,
v&i a, eN,k=0,n, a, <8,a, #0.
Cadch 1. Tacd

OHN HOC
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P(9)=a,9"+a,,9" +..+a.9+a,29";
ma P(9)=32078<9° ,nén 9" <9 = n<5 man la
s tr nhién nén » < 4, Viy P(x) 1a da thic c6 bac
khéng qua 4 va co dang

P(x)=a,x* + ax’ + ax’ +ax+ a,

(@, eN,a <8k =0,1, 2, 3,4).
Tacéd: P9)=a,9" +4,9° 44,9 +a.9+aq,

=9a,.9’ +a,.9" +3,9+4a) + a, =32078

nén ao 1a sé du trong phép chia 32078 cho 9, tic
la ay= 2. Suy ra:

,9°+a,.9’ + 4,9+ a = 3564
< 9a,.9" +a,.9+a,)+ a, = 3564

nén a 1 s6 du trong phép chia 3564 cho 9, tic 13
a=0. Suy ra:

a,.9° +a,9 +a,=396 <9a,.9+a,)+a,=39
nén a, la sé du trong phép chia 396 cho 9, tirc 13

a;=0. Suy ra a,9+a,=44nén a;=8 va a;= 4.

Viy da thitc P(x) = 4x* +8x> +2.
Cdch 2. Vi P(9) =32078 nén
a,9"+a,_ 9" +. . +a.9+a, =32078
v0i a,, ay 1,..., ay, ap 14 cac sb tu nhién khéng 16n
hon 8. Do d6 a,, a,-y,..., a1, a chinh 1a céc chit sé
cta s6 32078 duogc viét trong hé co 56 9. Ta c6
32078 : 9=13564 du 2; 3564 :9=396du 0;
396:9=44 du 0; 44:9=4du 8

nén 32098 =48002, .

Viay ay=2, a;= a,=0, a3= 8, a;= 4, a;, =0 v&i k > 5.
Tir @6 ta tim dugc da thirc P(x)=4x* +8x° +2.03

»Nhin xét. Da s6 céc ban giri bai ddu cho két qua
dung va theo mét trong hai cach trén. Nhiéu ban lap
luin con dai dong. Tuyén duong céc ban sau cé 1oi
giai tot: Phl Tho: Trdn Thi Yén Khanh, 9A3, THCS
Lam Thao, Ldm Thao; Quang Ngii: Nguyén Trdn
Phurong Mai, 8B, THCS Nghia My, Tu Nghia; Séc
Tring: Nguyén Anh Thir, 6A3, THCS K& An, L& H3
Trong Tin, TA8, THCS Ké Séch, H. Ké Sach; Nghg
An: Ddng Hiru Khanh, 8A, Nguyén Hoang Huy,

TOAN HQC :
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Nguyé}: Quéc Hiéu, Nguyé-n Phuwong Uyén, 9A,

THCS Ly Nhat Quang, P6 Luong.
¢ PHAM THI BACH NGQC

Bai T4/505. Cho tir gidc 161 ABCD. Trung diém
bén doan thing AB, AC, CD, DB thir tw la M, N,
P, Q. DG dai bon canh AB, BC, CD, DA thir ty I
a, b, ¢, d. Dién tich cua tir gidc MNPQ la S. Gig
s hai canh déi AD va BC vudng goc voi nhay,

Chirng minh )
2 2 I
(c-ay-@-dy o (b+d) —(c—a)

8
8

Léi gidi. (Theo ban Lé Ho Trong Tin, TA8, THCS
Ké Sach, Séc Tring).

Theo tinh chét dudng trung binh, ta cé:
MN // = PQ[// = %BC] :

Suy ra MNPQ 14 hinh binh hanh. Hon nita, tir
MN// BC, MO /! AD VaBC 1 AD, suyra MN | MQ.
Do d6 MNPQ 14 hinh chiy nhit, nén

S=MN.MQ =%BC.AD =:11-bd .

Diéu phai chimg minh twrong dwong véi
(a=c)' ~(6-d) <2bd < (b+ dY - (c =gy
& (a=cf ~( + ) <0< (17 +.d*) = (g — o)
S @-cf<b+4
Mat khéc, theo tinh chét hinh chit nhit ta cé:
b+ = 42 + MQY) =4aMmP* (1),
Gid stt AD cét BC i 1, theo gig thiét 7 = 90°, suy
ra2IM=A4B =g, 27p = CD = ¢, do do6:
la~c|=2/IMm- 1p| ().
Tl (1) va (2), didu pha; chimg minh twong dwong
Vo1 |IM ~ IP| < Mp (dting theo BT tam giéc).
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ing thirc X8y 18 I Va chi khi a1 thyg, doan /p
i 46 ABCD la hinh thaIlg va AD L BC. D s

 Nhin xét. Ngoai ban~ﬂn, C4c ban say cling ¢6 1o dii
tf)fi Quéng Tri: Nguyén Hiru Hoc}ng Long, 9G, THCS
Ngo yén Trai, Dong Ha; Ha Noi: Ls Ngoc Timg, THCS
Nguyén Tryc, Thanh Oai; Ba Ria — Viing Tau: Phan
qrung Kiém, 9A3, THCS L& Quang Cung; Nghg Ap:
ping Hiu Khanh, 8A, Neuyén Phiong Uyé‘n: 9A,
THCS LY Nhét Quang, D6 Luong; Hung Yén;

: Lo Lé Tudn
Nl 7C, THCS Poan Thi Piém, Yen My,

NGUYEN THANH HONG
Bai T5/505. Cho x, y, z la cdc 56 thyc duong thoa
man x+ Y +2=3. Tim gid tri nho nhds cta biéy
2 2 2

+——+
X+y y+z

10
—

xyz
Léi gidi. Ap dung BPT Cauchy cho § 6 duong,

tach: X +1+1+1+125Yx°.1.1.1.1

=x’ >5x—4,

5 3 5
e P=Xx +y +z° +

Z+x

Tuongtt_r‘: ¥y 25y-4; 2°>5:-4,
Cong theo vé ba BDT trén, ta c6

X+ +2 25(x+y+2)-12.
Vix+y+z=3 nénx’+y’+z°>3 (1)
Déu ding thitc xdyra <> x=y=z=1.
Ap dung BDT Cauchy cho 2 s6 duong, ta cé:

il Y 2 >2; 2 is Y = 22
2 x+y 2 y+z
z+x+ 2 >

2 zZ+x

Cong theo vé ba bat ddng thirc trén va lwu y
X+y+z=3 taco:

2 2 2
+ + 26;
x+y+z+x+y Ytz z+x
2
suy ra 2 ¥ 2 + 23 (2.
x+y ),‘+Z zZ+Xx

Dé thiy diu dang thic xdy ra khi va chi khl
X=y=,—1. Ap dung BDT Cauchy cho 3 so

duong, ta co: 3=x+y+z23Yxyz = xyz <1

10
>—>10 (3).
xyz

Déu ding thirc xdyra<> x=y=z=1.
Céng theo vé cac BPT (1), (2), (3), ta duoc:
P=x’+y +7
2 2 2 10

@ fe— 216,
x+y y+tz z+x Xz

=+

Déu déng thirc xdyra <> x=y=z=1.
Viy minP=16, gi4 ti dé dat dugc khi
wees ez, )
»Nhén xét. St dung phén tich: x*=5x+4
= (x—1) (¥ +20" +3x+4) 20 Vx>0,

ta cling suyra x° >5x—4, dAu ding thirc xdy ra khi
x = 1. C6 th chimg minh dugc ring néu x, y, z 1a
cac s6 thuc duong théa man x+y+z=3 va
n>2neZ thi x"+y" +z"23.Cac ban thr dé
xuét va chimg minh bit dang thirc trong truong hop
téng quat néu x, y, z 14 cac s6 thyc duong thoa min
x+y+z=a (alasb duong bit ky cho trudc).

Céc ban sau diy co bai giai t6t: Quing Negii:
Nguyén Tran Phuong Mai, 9B, THCS Nghia MY,
Tu Nghia; Thanh Hoa: Lé Minh Huy, 8E, THCS
Trin Mai Ninh, TP. Thanh Héa, Trwong Ngoc Tam,
9D, THCS Nhir Ba Sy, Hoang Héa; Phit Tho: Trdn
Thi Yén Khanh, 9A3, THCS Lam Thao, Lam Thao;
Nghé An: Nguyén Vin Thanh Nam, Ddng Hiru
Khanh, 8A, Hoang Thi Kim Oanh, 9A, THCS Ly
Nhat Quang, D6 Lwong; Séc Tring: Nguyén Anh
Thir, 6A3, THCS K& An, Lé HG Trong Tin, 7AS,
THCS K& Sach, K& Sach, H. K& Sach; Ba Ria -
Viing Taw: Phan Trung Kién, 9A3, THCS Lé
Quang Cuong, TP. Ba Ria; Hung Yén: Lé Tudn
Nghia, 7C, THCS Doan Thi Piém, Yén My; Ha
Noi: Lé Ngoc Tung, 9A, THCS Nguyén Tryc, Thanh
Qai.

NGUYEN ANH DUNG
Bai T6/505. Tim tit ca cdc nghiém thuc cua
phrong trinh

i/f =3x+(xF —1)Wx? -4

2
+i/x3 =3x—(x"-1Wx* -4 o o2
> =x" =2 (1)
S8 509(11-2019) T?g}“uggg 25
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Léi gidi. DK “e 5
o1 Zid4l. : "
g —_— ™

Dit: azi/f —3x +(x* — WP —4;
2

szf —3x—(x*-DVx* -4

2
a+b=x"-2
Khi d6: {a® +b® = x> —3x. Talaicé
ab=1

(a+b) —3ab(a+b)=d’ +b°

nén  (x*-2)-3(x*-2)=x"-3x
< x'—6x* —x +9x* +3x-2=0
< (x+1) (x-2)(x* -3x+1) =0, (2)
THI: x+1=0< x =-1: khong théa mian DK(*).
TH2: x—2=0<> x=2: thoa man DK(*).
TH3: x*-3x+1=0 (3).
Xéthamsb f(r)=+¢ —3¢t+1. Tacé:
f{@®=3-3=01=1l.

Lap bang bién thién ta thiy: f()<-1,Vr<—-2;
f(@#)=3,vt<2. Do @5 (3) khéng c6 nghiém
x € (—o0;—-2]U[2;+w).
Vay PT(1) c6 nghiém duy nhitx=2. O
»Nhgn xét. 1) Khong 13p bang bién thién, dé chimg
minh PT(3) khong c6 nghiém thoa man DK(*), ta c6
thé 1ap luan nhu sau:
Xét x>2,suyra: x° —3x+124x-3x+123;
Xét x<-2,suyra: x’ —3x+1<4x-3x+1<-1,
Do d6 (3) khéng c6 nghiém x e (—0;-2]\U[2;+00).
2) Pa sb cac ban lam nhu cach gidi trén. Mét sé ban
dua ra nhing cach dit 4n phy khic nhung bién ddi
con dai. Cac ban sau c6 161 giai tot: Vinh Phuc: Lé
Ngoc Hoa, 11A1, THPT chuyén Vinh Phic; Hung
Yén: Trdn Son Ting, 10 Toan 1, THPT chuyén
Hung Yén; Thanh Héa: Nguyén Duy Long, 10T2,

THPT chuyén Lam Son, Nguyén Tién Dat, 11A4,
THPT Lwong Dic Bing, Hoang Hoa, Truong Ngoc

TOAN HOC
& Crumm S8 509(11-2019)
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Tam, 9D, THCS Nhir B4 S, Hoing Héa; Thira
Thién Hué: Trdn Thi Kim Anh, 12 Toan 1, THPT
chuyén Quéc hoc Hué, TP. Hué; Cin Tho: Trdp
Danh Nhdn, 10A1, THPT chuyén Ly Tu Trong,
TP. Cin Tho; Vinh Long: Lé Minh Tam, Nguyén
Huynh Nhw Anh, Truong Gia Bdo, 11T1, THPT
chuyén Nguyén Binh Khiém. Séc Tring: Ldm
Khanh Hoa, 10A2, THPT chuyén Nguyén Thi Minh
Khai, TP. Soc Trang; Nguyén Anh Thir, 6A3, THCS
K& An, H K& Séch. Quéng Ngii: Pham Céng
Thanh, 11 Toén 1, THPT chuyén Lé Khiét; Ba Ria -
Viing Thu: Phan Trung Kién, 9A3, THCS Leg
Quang Cudng, TP. Ba Ria — Viing Tau. Péng Thép:
Nguyén Nhgt Hao, 12T, THPT chuyén Nguyén
Quang Diéu.

TRAN HUU NAM
Bai T7/505. Cho phuong trinh

%x5+2x4 —5x° = 7x +12x-1=0. (1)

a) Chimg minh (1) ludn cé 5 nghiém phan biét.
b) Gid str x, (i =1,5) la cdc nghiém cua (1).

S
Tinh téng S = ;—xf o3 ;
Loi gidgi. (Cha ban Lé Ngé Nhdt Huy, 12A1
THPT Lac Long Quan, TP. Bén Tre, Bén Tre).
a) Xét ham s

X =]

2

1
f(x) =§x5 +2x" =5 —7x +12x 1.

Tacéd: f(=8)f(-7)<0, f(-2) f(-1)<0, £(0) £ (1) <O,
JWf(2)<0, f)f(3)<0.

Do f(x) 14 ham lién tuc va 13 da thirc bic S nén
(1) ¢6 ding 5 nghiém phén biét thude vao 5
khoang (=8; -7), (-2; -1), (0; 1), (1; 2), (2; 3).

b) Goi 5 nghiém d6 1a X0, Xy, X;, X,,%;. Khi d6:

1
Flx) = 3 =X = 2,)(x — x,)(x - x,)(6 = %s):

, 1
F'(x) =§[(x—x2)(x = X3 )(x — x, )(x — X;) + -

Hr =0, )(x = 3,)(x = 3, )(x = x,)]-

Fx) ¢
(;c) Zﬁ_l__. 2)

i=| x"'x,-

Suy ra
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po x; la nghiém cua (1) nén

xf +6xf -—3=3x,.(5x,.2 + 7x. -12)
& x +6x =3=15x(x, —-1)[;;_ +2)
I 5 i

x"]_ _ 5 l

(0
Tir (2) va (3) suy ra Sz._l.. [ 5) AL

36 12)
d (‘?J

o 5
voi f(x)=§x4 +8x* —15x* —14x+12. Tirdé

-12012
_ L) 125 12| 96266

T 36| 121291 1| 363873
3125

»Nhdn xét. 1) Két qua 2) c6 thé phat biéu tong quat

nhu sau: Néu da thirc f(x) c6 n nghiém x,,%,,...,X,

wy - L@
= X, —d f(a)

2) Mot sé ban giai cau b) bang céch dung dinh 1y
Viéte cling cho ra két qua trén. Ngoai ban Huy, cac
ban sau day ciing co6 bai gidi tbt: Vinh Long:
Truong Gia Béo, 11T1, THPT chuyén Nguyén Binh
Khiém, TP. Vinh Long; Vinh Phic: L& Ngoc Hoa,
12A], THPT chuyén Vinh Phic, TP. Vinh Yén;
Thanh Héa: Nguyén Tién Pat, 11A4, THPT Luong
Piic Bﬁng, Hodng Hoa.

PANG HUNG THANG

Bai T8/505, Chumg minh rang voi moi tam gidc
ABC 1q ¢¢ bat dding thirc sau

CcY_125
A . 2 B o Sl o Wil
l+sin? __J[1+sm #)[Prsm J—

[ 2 P 2 64

Lot gigy, Laru y ring

c

A . .
cosA+cosB+cosC=1+4sm-é-sm-2—sm 5

., B : o on
:>1—25in2£+1—2sm2—+1—2sm2—
2 2 2

. A . B .C
=1+ 4sin—sin—Sm—
2 2 2

2 A 1 sin? B 1 sin? €+ 2sin L sin S sin = =1-
=>sin” — +sin 2+sm 2+ sm2 5 5
. B . C ..
biat x=25in-§,y=2sm-2—,z=25m5 thi

X,y,z>0va X’ +y +2° +xyz=4.

BDT cin chimg minh tr& thanh

(4+x2)(4+y2)(4+22)2125
<:::>16(Jc2 +37 +z2)-{r4(xzy2 +y'z +z'2xZ)+xzyz:x:2 >61
<::>16(4—xyz)+4(x2y2 +y*2 +22x2)+x2y222 >61
= 3+4(Jc2y2 +y*z? +zch:")+Jvc2yZz2 >16xyz
& _3_+4[_xz+£+z]+xy2216. *

xyz z x Yy

D@ thdy: xyz + s > 2. Ta chirng minh

xyz
L+4[Q+E+ix_}zl4 (1).
xyz z x y
That vay, do
Sin2£+smz_B_+Sin2£:3—(cosA+cosB+cosC)23
2 2 2 2 4

nén xX*+y*+2°23. Ta xX*+y*+2 +xyz=4

suyra xyz <1 :>—2—22 (2).
vz

2
Mit khac | 2 + 22+ &
zZ X y

{2 (5] (5] vty

2(x2 +y +22)+2(x2 +yz+zz)=3(x2 +y* +zz)29

suyra X4+ Z 53 (3),
z x y

Tir (2) va (3) ta thdy (1) dugc chimg minh va do
dé BDT(*) duoc chimg minh. Ding thirc x4y ra
khi va chi khi tam gidc ABC ddu. O

TOAN HOC
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»Nhin xét. S6 bai gui v& Toa soan khén% phiéu.
Céc ban sau c6 1di giai t6t: Ha Noi: Nguyén Xudn
Timg, 10 Toén, THPT chuyén KHTN, PHQG Ha
Noi; Pha Tho: Nguyén Dang Khoa, 11 Toén, THPT
chuyén Hing Vuong, TP. Viét Tri; Hung Yén: Cao
Trung Hiéu, 11A1, THPT Duong Quang Ham, Van
Giang; Nghé¢ An: Nguyén Trung Kién, 11Al,
THPT Huynh Thic Khéng, TP. Vinh.

HO QUANG VINH
Bai TY9/505. Cho cic sé thuc diong a, b, ¢ va
=2 <k <2. Chung minh f‘éiig
27(a” + kab + b*)(b* + kbe + ¢ (¢ + kea + a”)

> (k+ 2)"‘(01) + b+ Cﬂ’)3.

Loi gidi. Ta c6: 4(a” + kab + b*)
=(k+2)(a’ +2ab+b*) + (2 —k)(a* — 2ab + b*)
=(k+2)(a+b)’ +(2-k)(a—b)
2 (k+2)(a+5)* (do [k] <2).

k+2
4

Do d6: a* + kab + b* >

(a+b).

Tuong tu: b* + kbe + ¢* zic:—z(b +c)?,

k+2

 +kca+a® > (c+a).

Suy ra: (a® + kab +b*)(b* + kbc + ) +kea+a?)

(k+2)y

64
Mit khéc, tir hing ding thirc
(@a+b)b+c)c+a)+abc=(a+b+ c)ab + bc + ca)
va cac h¢ qud ciia BDT Cauchy:

(a+b)b+c)c+a)2 2vablbe ea = 8abe:

(a+b+C)2 =a* + b +c2+2(ab+bc+ca)

=

[(a+5)B+c)c+a)] . (1)

a+b B+ g
= + +
2 2 2
2 3(ab + bc + ca), ta cé:

+2(ab+be + ca)

g(a +b)b+c)c+a)2 (a+b)b+ c)c+a)+ abe

=(a+b+c)(ab+bc+ca)

> .J3(ab +bc+ca)(ab + be + ca).

TOAN HOC

28 T eTusitpd s sooun-zom,

Suy ra )
[(a +b)(b+ c)c+ a)] > _;_1 .3(ab + bc + ca)’®
Jatonirel e

64
= J—(ab +bc +ca)’. )
27
: an dugc:
Tir (1) va (2) ta nhdn dug
27(a* + kab + p2)(b* + kbc + c*)c* +kea+a?)

> (k+2)’ (ab+bc+ca)y.

Diéng thirc xay ra khi va chi khia= b = c a

» Nhin xét. BDT(2) la quen thude vdi @1éu ban hoc
sinh. -Céc ban hoc sinh sau cd 101 giai dung: Phi
The: Nguyén Ding Khoa, 11T, THPT chuyén Hing
Vuong, TP. Viét Tri; Hung Yén: Pham Vin Thong,
10T1, THPT chuyén Hung Yén, TP. Hung Yén;
Vinh Phic: Lé Ngoc Hoa, 12A1, THPT chuyén
Vinh Phic, TP. Vinh Yén; Ha Ni: D6 Xudn Trang,
10A2 Toén, Nguyén Xudn Ting, 10 Toan, THPT
chuyén KHTN, PHQG Ha Nbi; Quang Tri: Nguyén
Hiu Hoang Long, 10 Toan, THPT chuyén L& Quy
Don, TP. Déng Ha; Vinh Long: Nguyén Hupnh Nhur
Anh, Trieong Gia Bdo, Lé Minh Tam, 11T1, THPT
chuyén Nguyén Binh Khiém, TP. Vinh Long; Séc
Trang: Lam Khdnh Hoa, 10A2 Toan, THPT chuyén
Nguyén Thj Minh Khai, TP. Séc Tring, Nghé An:
Nguyén T; rung Kién, 11A1, THPT Huynh Thic
Khing, TP. Vinh; Ba Rija - Ving Tau: Phan Trung
Kién, 9A3, THCS La Quang Cuong, TP. Ba Ria.

NGUYEN MINH pUC
T10/505. C5 mer ngUoT st dung ban dé trén dién
thogi dj déng dé di iy mot diém A4 dén mot diém B.
Anh ta da dén dicge diém B sqy mét s6 lan cir di
mot dogn thd'ng lai phai chinh lai huéng bc%ng
ca’rcih c{uay mot gé¢ nhon theo chidy kim dong hé.
Biét rdng rdng cde gée phdi diéu chinh nay béﬂg
a <180°, Chitng minh, rc?ng do dai doan diromg

AB

anh ta dg gi khong VUOT qud

Loi gigi. Gia gy o

B,...p
b B 5 cho ot . ez
s B Vo c4e 80c¢ tuong Umg tai diém P

Wt ca & 1an quay tai cac diém
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k
oy vol ) o =a. Vi g 0,
fa @,V ,=Zl i a; <90 vaa <18(° obis

gén da gidc AR...F..BB 13 da gis 16i. Téng

chc goc trong cua da gidc nay 13 k.180°, cho néy:
A+(180 =)+ + (180 — )+ B=1 1507

= A+ B=a<180"
suyra AR va BF, cét nhau tai C v& phia B va
p, phu hinh v&.

Ky hiéu M; va N, tuong umg 13 giao didm cua
dudng thing vudng goc voi doan thing PP, tai

P va P

, a4 VoI dudng  gip  khic ACB

(i=1,2, .., k),thi ta c6 PP, <MN,< d6 dai
M, té1 N, doc theo hai canh AC va CB. Trén tia
AC ldy doan CD = CB. Do &6, néu goi tong do
dai dudmg dila ¢ thi /< AC+CB =A4D.

o~ - 0 —_—
i p=C-180 -2 g0 2 Ty 46, ta <6
2 2 2
duomg kinh cua duong tron ngoai tiép tam gidc
apBla2p =28 - 45 > 4p21. 0
sin D cos%

Nhin xét. Chi c6 mot ban gii bai nay, cich giai
Wong ty nhwr trén: Pha The: Nguyén Ding Khoa,
11 Todn, THPT chuyén Hing Vuong, TP. Viét Tri

vU PINH HOA
Bai T11/505. Cho day 56 thuc (a,) xdc dinh boi

2
“=2020 va a,,, =1+a~,n=1»2,---

n

a)Ch‘i"?g minh rang
2"‘<a] +a,+...+4, <2n+2018,n=23,...

RIS 56 thiee a l6n nhdt thoa man diéu kién

2 2
Jxt+ad +4x +a; +...+\/;_""—‘;
>l +a?,VxeR,vneN". (1)

Léi gigi. (Theo da sb cac ban). a) Tir gia thict

2 b ra - *
a, =1+—,n=12,. thi g, >1 voimol neN.

aﬂ

Ta chimg minh
Ay, >2 VA a,,,, <2 Ung volrmol keN.

<2,

Thit vay, a, >2 va a, =1+ 2020

Ta gia thiét quy nap, d,,., >2 V& ay,, <2. Khi

2 >1+E=2

do: a,,,, =1+
Drps2

p 3 .
va ay,, =1+ <1+5=2, diéu phai ching

Drkr3
minh. Mit khéc, ta cé:

>4

(Ays; — Dy, =2 >0 ay,,, + 1+
2y

Sy, tay,, >4

Tuong tu: (a,;., —1ay,, —2) <0

= <4< a,,,+ay,,, <4

Dyrv2
Suy ra:
- Voinlé tacod: g, +a, +...+a,
=(a +a)+(a,+a)+...+(a,_,+a, )+a,

>44+4+...+4+2=2n
(n-1)/2

va g +a,+...+a,
=a +(a,+a))+(a, +a)+...+(a,, +a,)

<2020+4+4+...+4=2n+2018.

(n-1y/2
- Véin chan, ta cé: a+a,+...+a,
=(a, +a,)+(qa, +a4)+"‘+(an—l +a,)

>4d+44+...+4=2n
n/2

vaag +a,+...+a,

=a,+(a,+a,)+(aq, illy Jobeoor ¥ (@ s +a,,)+a,
<2020+4+4+...+4+2=2n+2018.

(n=2)/2

Viy bat ding thirc dwoc chimg minh.

TOAN HOC
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b) Tir dinh ly k¢p, suy ra:
lig &t %t ta,

=2,
n—>-+w . n
Véi x=0 thi (1) c6 dang

a+a,+..+a,>nlal,

—. a +a, +...+an-

n
Chuyén qua giéi han, ta thu dugc a < 2.
Ta chitng minh BDT(1) ding vdi a=2.

Thit vay, theo BDT Mincovsky thi
X +d + P +aE . A+

2\/()«:+Jc+...+x)2 +(a +a,+...+a,)’
—_— —— 2

n

> \/r.!zx2 +4n* = n\/x2 +22,
Vay a=2 la sb thuc 16n nhit dé (1) dung. O
»Nhin xét. Cac ban sau day c6 1&i giai dung: Ha
Noi: Nguyén Xudn T ung, 10T, PS Xudn Trong,
10A2, THPT chuyén KHTN, DPHQG Ha Nbi;
Quéang Tri: Lé Chi Cuwong, 10A8, THPT Cam L§;
Vinh Phic: Lé Ngoc Hoa, 12A1, THPT chuyén
Vinh Phic.

NGUYEN VAN MAU

Bai T12/505. Cho tam gidc ABC khéng cin tai A.
Biém M thuéc doan BC. 1 1»1, theo thir tir la tam
dwong tron ngi tiép cdc tam gidc ABM, ACM. N,
P, Q theo thit tu la giao diém thir hai ciia AM, AB,
AC va dwong tron ngoai tiép tam giac Al l,.
J,, J, theo thi tu la tam diong tron ni tiép cdc
tam gidc APN, AQN. Chimg minh rang tam ding
phurong ctia dwong tron ngoai tiép cdc tam giac
AlLL,,AJ J,,MI\I, thuéc BC.
Léi gidi. Ta cin c6 hai bd dé.
Bb d& 1. Cho tam gidc ABC, (O) la duong tron
ngoai tiép, I I tdm dweong tron nii tiép. M 14 giao
diém thir hai cia Al va (0). Khi dé

TOAN HOC .
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MB=MC =M.
B3 d& 2. Cho hai duomg tron (01), (O2) ¢dt nhay
tai A, B va cdc duong thing m, n cing di qua B,
M,, M, theo thit ty 1 giao diém thit hai ciia (0y),
(O,) va m. Ny, N theo thir t la giao diem thik hai
cita n va (Oy), (Oy). Khi @6 cdc tam giac AM\M,,
AN,N, déng dang (ciing hudng).

Phép chimg minh céc bd dé trén rét don gian,
khong trinh bay & ddy. Tro lai gidi bai toan trén.

C

Goi X 1a giao diém tha hai cta dudng tron ngoai
tiép cac tam gidc A5, AJ1J; Vi, Vs theo thir tr 12
giao diém cua /,], va cac duong thing AX, AM.
Ap dung b6 d 1 cho cac tam giac APN, AON va
duong tron (41,1,), ta cé: Jd, =Nl J,I, = NI,.
Theo bd d& 2, cac tam gidc X1\J, va XI,J, déng
dang (cing huodng). Vay

X, _ I _ NI,

X I, NI,
Diéu d6 c6 nghia 1 tir gisc XT,NI, didu hoa.
Do 46 (V\Vol1 1) = A(XNLL) = 1.
Tir d6, chu y ring ¥, 14 tam vi tr trong cia (Zy),

(1), suy ra ¥, 1a tam vi tw ngoai cua (I;), ().

Két hop véi BC 1 tiép tuyén chung ngodi caa (),
(1), suy ra BC di qua V.

Tir d6, chi § rang ¥, chinh 13 tam ding phuong
cua ba dudng tron (M1, L), (A1), (4J1/y), suy ta
diéu phai chimg minh, O
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»Nhgn xét. Bai toan ndy khong qus kh6 nhung cp;
4 bai ban tham gia gidi: Tréu Hoadng Minp,
THPT chuyén T;héi Nguyén, TP. Ths; Nguyén
Nguyén; Nguyén Ding Khoa, 11T, Tipr
Hing Vuong, TP. Viét Tri, Phy Tho.

» 10T,
» Thai
chuyén

NGUYEN MINg A
Bai L1/505. Ba diem O, 4, B cing nim wan mét
i dudng thang xudt phat tir O, Tai O dat mér
ngu on diém phdt song ém d‘cfng huéng ra kho‘r;g
gian, mdi truong khong hap thy dm. Mipc cuong
do dm tai A la 60 dB, tai B I3 40 4B Xac dinh
murc cuong do éam tai diém M frong doan AB cé
MB=2MA.
Loi gidi. Ta c6:

P
@RA=P1 a

T
P P 1 o
R Rk &\/};i@
PR =\/_?__1_ _a
anry, " Naz 1, I,
MB = 2MA <R, -R,, = 2(R, -R,)
©3R, = 2R, + R,
3 2 1

\/ZJr\/Z();
I

L = 101g1—‘ = 60

0

IM

&1, = 107210° = 10° (W/m®);

I
L, = 101g-2 = 40

]0
®1, = 107210° = 10° (Wm’).
T (*) suy ra:
3 2 2, !

+

1 _
‘ﬁ:‘d‘:\/ﬂ'\ﬁ:ﬁ«/l—oj

®1, = 6,25.10" (W)

-8
I 6,25.10 z48 dB-D
L, = IOIg}M— = 10lg 1072 o
0

»Nhgn xét. Chiic mimg mét ban duy nhét c6 1o gidi
ding cho bai nay: Nguyén Thi Bich Lién, 12Al,
THPT s6 3 An Nhon, Binh Pinh.

PINH THI THAI QUYNH
Bai L2/505. Poan mach dién AB mdc noi tié:p
theo thir tir Idn heot gom cudn ddy thudn cam, bién
tro va ty dién. Dt vao hai dau doan mach dién dap
xoay chiéu cé gia tri hiéu dung khong déi va tan
56 goc w (v6i 50*LC = 3). Khi R=R, thi céng
sudt tiéu thu trén doan mach dat cwc dai. Goi M
va N lan luot 1 diém néi giira cugn cam thuan véi
bién tro va bién tro véi tu dién. Biét dién dp ¢ hai

MB <6 thic  la

dau biéu

Upp = 2902 cos [a)t—%} (V), viét biéu thirc

dién dp o hai dau doan mach AN.
Loi gidi. Theo bai ra:

3

S0'LC=3=27,=2Z; ().

Khi cong suét mach 4B cuc dai thi
R=R,=Z.-Z, (2).
Tt (1) va (2) suy ra: Z, =2,5R;Z, =1,5R,.
D¢ 1¢ch pha giita u,, va u,:
Zz
tang,, =?L=1,5 =Sp . =563
D¢ 1¢ch pha gitta u,,, va 7

~Z
tang,, = —R—C =-2,5=¢,, =—68,2°

Do dé: ¢ =@, +124,5° ~ wr + 0,447,

JR + 22

~—=———L ~274,6 (V).

VR +2Z2

Biéu thirc higu dién thé tirc thoi giira 2 didm 4 va

Nla: u,y =274,6cos(wr +0,447) (V). O

Laico: Uy,y =Uy,,

»Nhdn xét. Rit tiéc vi khéng ban nio c6 1di giai
dung cho bai nay!

NGUYEN XUAN QUANG

TOAN HOC
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BAN VE MOT PHUCNG PI ?}P ;
S{ DUNG BINH LY CEVA

TRAN TRUNG DUNG
PHUONG PHAP (B]2D48 Bé Cong an)
GIXS TORFL | | PR TT L A e T R i

e AT A

PR - 3 S T
Dinh 1y Ceva 1 mét dinh 1y v6 cing quan trong  Bé dé. Cho tam giagc ABC. J?Jem M rgn? rén
trong hinh hoc, dac biét la trong chimg minh ba dirong thang BC. Xét vecto u [| AM  thoa man
dudng thing déng quy. N6 thuong dugc sir dung dé '

, MB —b
chimg minh ba duong thing ddng quy trong trudng ” _ aAB 5 bAC Khido =—==—.
hop ba dudng thing d6 di qua 3 dinh cia mot tam MC  a

giac. Thong thuéng ching ta thuong tim giao diém Chirng minh. Dé thay vai
cia cdc duong thing dé véi cac canh d6i dién, va M nim trén BC thi
tinh todn cdc ti 16 ma cac diém d6 chia céc canh roi

. " — MC— MB—
chimg minh tich cua ching bang 1 (di véi dinh ly AM ——CAB—-EAC
Ceva dang hinh hoc), hay bang —1 (déi v&i dinh ly j e
Ceva dang dai s6). Tuy nhién vic tim cac giaodiém Do AB va AC 1a hai B M C

d6 ciing nhu tinh toan cac ti sb khong phai lic ndo  vecto khong cling phirong nén tir d6 va tr gia

cling dé chiu, khi ma hinh v& qua phuc tap, hay kho thiét ;// M ’ ;zaﬁ-#bza ta suy ra
nhin thi viéc t1m cac giao diém dé ra rdi cb gang tinh

todn cac ti s6 khong phai 1 mét cach hay. Bai viét MC

nay trinh bay mot phuorng phap xir Iy céc tinh hubng a__BC iy 220 MB :I.’_
nhu vay, va trong nhiéu vi dy thi cach st dung dinh b MB MC a
ly Ceva theo phuong phap nay thuc su 14 téi wu nhét, _—B;_CT

I.LY THUYET CO SO Nhén xét sau déy rat quan trong;

Trudc hét xin phét biéu lai dinh 1y Ceva (dang Nhén xét. B6 dé trén cho ta mot céch tinh ti I¢
dai sb) dé cac ban tién theo d01 Ly do bai viét diém M chza canh BC ma khéng cin vé diém
chon dinh ly Ceva dang dai sb 1a dé bao dam M. Viéc can lam 1o 1im mét vecto cung phuwong
tinh téng quat, déng thoi né lién quan dén mot
b6 d& phia sau ma chiing ta can sir dung phuong
phap nay.

Dinh ly Ceva. Cho tam gidc ABC. Cac diém M,
N, P (khac A, B, C) lan luot nam trén céce
dwong thang BC, CA, AB. Khi d¢ AM, BN, CP
dong quy hode doi mot song song khi v chi khi 8190 diém ciia AQ va BC. Tinh 1i 56 i/[;i

VGi AM va bidu dién no theo AB va AC
Mdi céc ban theo dodi thi du sau:

Thi du. Cho tam giac ABC. Diém P nam trén
canh AB sao cho PR = 9f A, diém Q nam trén

doan thing CP sao cho CP = = 3C0. Goi M I

Hdotmol song MC
M:B_i_q_g:*l. ngmt Tasetmhtl N
MC NA PB sé dé bal yéu cau ma
Pinh 1y nay xin phép khéng cerng minh lai vi khéng cin ve diém g
né da rat quen thudc. Céi ching ta cin quan tim )y (vi didy nay 1a
13 B6 d8 sau:
B &
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ghong can thict khi ta da biét B a3 pay, trén)

5975 P
z miy: AQ=—=4p+ 2=
DcthaY 0 cp +PCAC

11— 22—,
=——dAB+Z4c=-17%.2—
3390 T3 AC=g4B+S4C

Do AQ/I/AM (Vi M thude AQ) nén theo bd

_ 2
: o2 MB 3
A t e
de fren ta suy ra —M—C—-—-—:is—-:—6 tirc la
9
MB_s.
MC

Y nghia cta thi du trén 13: Trong nhidy bai
todn, viéc V€ cdc giao diéem M sé gay réi hinh

dong thoi viéc tinh cdc ti s6 ———@ khi vé diém

MC
M ra ciing chuwa chac da don gian hon Ia viée
st dung B6 dé néu trén. Do ds, tdt hon hét la
khéng can vé diém M ra ma hdy ding Bo dé
(tdt nhién v&i diéu kién la phdi biéu dién duoc
vecto cung phuwong voi AM da chon theo AB
va AC).

IL. NOI DUNG PHUGONG PHAP

Sau khi ¢ nim duoc cac kién thic co s& néu
trén, ching ta s& cung nhau xem xét ndi dung
phuong phap ma chung ta da dé cap dén tr diu.
Bai toan tdng quat. Chimg minh cdc duong
thing AM, BN, CP dong quy.

Dinh hiwong gidi t6ng qudt. Ta chon ra trong 6
diém A4, M, B, N,C, P 3 diém lam ba dinh cua

tam gisc géc, gia sir 1a 4,8, C (cac diém dugc

chon thugmg chinh 12 ba dinh cta tam giac trong
8 bai cho, hoac 1a ba diém khéc ¢ dinh nao d6
hop 1i, trong nhiéu trudng hop phai tur tao thém
ra cic diém dé chon chir khong chi lay trong 6
diem kia), |

Goi x,y,z lan luot 2 giao diém cua
AM, BN, cP véi BC,C4, 4B (1 chi goi chur

khong cin phai vé r2)-

Tién hanh céc biéu dién sau:
AM = aZE +bAC ,
BN =cBC+dBA4,
CP=eCA+ fCB.
Tt d6 theo BS dé suy ra:

B _b XC_d I T
XC a'YA c¢ ZB e
; b —d - ‘
Cudi cung chimg minh —é.——.—f—=—~1 la ta
a ¢ e

c6 diéu phai chimg minh.

I1I. MOT SO BAI TOAN MINH HOA

Bai 1. Cho tam gidc ABC c¢6 cdc diém
M, N, P lan luot thuéc cdac canh BC,CA, AB
sao cho MC=2MB, NC=3NA, PA=2PB.
Goi D, E lan luot la trung diém cua NP, PM;
F la diém trén doan thang MN sao cho
FN =3FM. Chitng minh rang AD,BE,CF
dé;ng quy.

Loi  gidgi.  Goi
X,Y,Z lan lugt 12
giao  diém
AD, BE,CF
BC,CA4, AB.

Ta co:

cua
vOl

TOAN HOC
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- — 33—
szﬂCN+£1Y_CM _iCN+ cM
MN MN 4

4
_l3Gi3 2l o
4 4 43 16
- 1 L
Db @8 e L Sy JE LA g
zZB 3 3 XC YA ZB

Lai c6 AD,BE,CF khong thé d6i mdt song
song nén suy ra chiing ddng quy.
Bai 2. Cho ram giac ABC va diem M. Goi D, E,
F lan leot la cde diem doi xume voi M qua
trung diém cua cac doan thang BC, CA, AB.
Chimg minh rang AD. BE.CF dong quy.
Loi gigi. Véi diém M va tam gidc 4BC, dé
thiy ton tai a, B, ¥ sao cho

aMA+ MB +yMC =0,
Suy ra: @AM = ,BE + ﬂ%’f
zamzﬁ(m+ﬁ)+y(m+ﬁ)
:>(a+ﬁ+7)ﬁ=ﬂj4§+yA_C.
Goi I,J.K lin
lugt 1a trung diém
cua BC,CA, AB;
X,Y,Z lan luot la
giao diém cua
AD,BE,CF  vai
BC, CA, AB.

Tacéd: AD =241 - AM =E+Z"—W

_AB+AC-—P_qB__ 7 5
a+pf+y a+f+y
Sl WLy T}
a+ﬁ+y a+pf+y
C XB  a+
Tu B6 d€ suy rai: —=-— T
4 C a+y WOl et
Yc B+y __ Yt

cO; —=— Va____ )
YA ﬂ+0.’ ZB y+ﬁ

TOAN HOC
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XB YC ZA __ 2 v 2

AD, BE, CF khong d6i mot song song nén theo

dinh ly Ceva, chung dbng quy (dpcm).

Bai 3. Cho tam gidc - ABC va diéem T néam ong
tam gidac. Goi M, NP lan heot la cac giao diém
(T BT.CT voi cac doan thang BC, CA,

cua A

AB Goi D.E.F,1,J,K twong ung la trung

diém cua BC,CA, AB, NP, PM,MN . Chung
minh rang DI, EJ, FK dong quy.

Loi giai.

5 C

Ky hiéu ChdA(l_f.) 12 phép chiéu vecto » theo
phuong cﬁa‘ duong thang d 1én duong thing A.
Do 7 nim trong tam gidc nén tdn tai
a, B,y >0 sao cho ;zaﬁ+ﬂf§+yﬁ=6.
ChENAC(;) cho ta aNA+ y}V_C" =0 , Suy ra

— a — S it |
NC=—"—4C va NA=—72_24C
aty a+y

Chep AB(u) cho ta aPA+ ﬂﬁﬂ_j, suy ra

—_ o - S 8
PB = AB va P4=— AB.

Tirdo ta c6: ND =L NG + L VB
2 2

- == 11— 1

=———AC+—NA+—AB
2a+y) T FNAT 4B

_a — —s I
Aa+y)"" T 2arp) T2

oAy
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| e
=—PB+=-PC=—2% —3 1—.
PP=37" 72 2(a+ﬁ)AB+~PA+lg—5
a =B _ B s e
2(a+pB) 2(a+ﬁ)AB+—2—AC
g = ] ey
=—-—‘"_‘———AB+__
2(a+ﬁ) 2AC‘
Dodé:ﬁ=—i—3}3+%ﬁ
f-a — 1— -
= AB-—4C+- V=% —= 1
4(a+ﬂ) 4 4(a+}/)AC—ZAB
=___'_____2§+ —-a —
20a+B)"  2a+p)C
- e
=——(-2DE\+——% __( »pF
2(a+ﬁ)( ) 2(a+y)( ZDF)
= DE+-2%_DF.
a+pf a+y

Goi X,Y.Z lan luot la giao diém cua
DI, EJ,FK v&i EF, FD, DE . Ta cé:

}E__a+ﬂ
XF  a+y

Tuong tu: Ez_ﬁ+}’ £=—7+a_
YD f+a ZE y+P

Nhin theo vé ba dang thirc nay lai, két hop véi
dinh ly Ceva va nhdn xét rang DI, EJ, FK
khong thé d6i mot song song ta thu dugc dpem.
Bai 4. Cho hinh binh hanh ABCD. Ldy hai diém
H. K bat kv lan leot thuge cac canh BC,CD.
Goi M _N.P lan lwor la trung diém cuia

AH HK KA. Chirmng miinh /'ﬁng BM,CN,DP

B
."7-\.“__ M/’/
AN/
|l
o C

K

dfj”,{,' quy.

Loi  gigi. Chon
B,C,D 1a ba dinh
cia tam giac. GOl
X,Y,Z lin luot & °
giao diém cua BM,CN,

pP véi CD, DB, BC.

B P Py PR LT,
Ta cé: "fo[:-;-BA-FEBH =5(BD+DA)+2 BC

l— 1— — 1GH 5=
- p-lpc 1B g _lgp —=—BC
2 2 2 BC 2 BC
XC BC

Tir @6 theo B dé suy ra:

CH'
Tace: C=lch+\er1CH 5, 1K o5,
2 2 2 CB 2CD
Suyr 1“2—*%-@-.%100
YB CB CK
Bﬁz‘l‘m+lﬁf=1(b§'+ﬁ)+19£55
2 2 2 2 DC
_1p5_lpe. LPK e
2 2 2 DC
_lpp 1K 5e.
2 2.D¢
Suyra £=£I'{‘.Dodé
ZC CD
XC YD EE_BC(_CH CDJ CK __
XD YB ZC CH\ CB CK)CD

Theo dinh 1y Ceva véi nhan xét raing BM, CN,
DP khéng thé d6i mot song song ta thu duge
dpcm.

Bii 5. Cho tam gidc ABC va diem M nim trong
tam giac. AM,BM,CM
BC,CA, AB tai D.E,F. Goi 1,J,K lan luot

theo thir tr it

la diém doi xirng voi M qua trung diéem cua
EF,FD,DE. Cining minh rang Al,BJ,CK
dong quy.

Loi gidi.

B C

Véi diém M nim trong tam gidc ABC, dé thiy
tdn tai @, B, 7 >0 sao cho

a=aM+ﬂm+yW=6.
ChBEAC(;) cho ta @A+ yE_C. — 6, suy ra:

TOAN HOC
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ChCFAB(;) chota aFA+ ﬂﬁ =0, suy ra:

AF =

a+pf
Clng tur am+ﬂm+yFC=6 suy ra:
am+ﬂ(m+§§)+y(m+ﬁ)=6
=(a+p+y)MA=-f4B-yAC.
Goi X,Y,Z lian lugt 1a giao diém cua
Al,BJ,CK vé&i BC,CA, AB.
Goi G 1a trung diém cua EF. Ta c6:
Al =24G - AM = AE + AF — AM
iy B
a+pf a+pf+y
= L2 AC+ Pr AB .
(@+r)(a+p+7) (a+pB)a+B+y)
XB _a+p

a+y’

L__4c
a+pf+y

—_—

=2 _4C+
a+y

Theo Bd dé suy ra —_X_E =
XC
. YC 7
Tuong tu ta co: —_£=—£t-;: va ZL__rfa
Y4 [f+a ZB y+p
Nhin theo vé ba dz‘ing thic trén lai, st dung
dinh ly Ceva va nhan xét ring Al, BJ,CK
khéng thé d6i mdt song song, ta thu duoc dpem.
Bai 6. Cho tam giiac ABC. Goi M,N,P lain

lvot la trung diém cua BC,CA, AB:; 1,J.K

lan luot la trung diém cua cdc dicong phdn gidc
xuat phat tic cic dinh A.B.C cua tam gidc.
Chimg minh rang MI, NJ, PK dong quy.

Loi gigi. Goi D,E,F theo tht ty 1a chan
dudng phan giic vé
dinh
theo

A

tir cac
ABCXY,Z
thr ty 13 giao diém
cua MiI, NJ, PK véi
NP, PM,MN. Dat
BC=a,CA=b,

TOANHOC
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g g B €
AB=c, dé thay: BC b+c

Véi M 14 trung diém cua BC, 1 1 trung diém

cua AD taco:

I pan

Mi-1BD+1iCd
2 2

__ ¢ Bc+lca
2(b+c)

— 1——.

¢ = c
= BA+———AC+_-C4
2(b+c) 2(b+c) 2

CA

c  —
=———BA+———__
2(b+c)  2(b+c)
c b

:m(zm) +2—(—b—+—2)-(2_1\ﬁ5)

cC —_—

MN + MP .

T b+c

b+c

. o XN b
TrBo6désuyra —=—.
XP ¢

—da

Tuongtutacé:£=_—caz——ﬁ~{= :

YM a ZN b
Tir day ta d¢ dang suy ra diéu phai chirng minh.
Nhu vy, qua 6 bai toan dién hinh, baj viét da
gitp ban doc hiéu va 4p dung duoc phuong
phép sir dung dinh 1y Ceva rét hay nay vao viéc
gidi cdc bai todn chimg minh ddng quy hay va
kho. C6 nhiéu bai toan trong cac bai trén néu
gidi bang cic cach khac s& kha phtrc tap. Dé sir
dung tt phuong phap nay, céc ban can nim tét
céc cong thirc bién déi vecto, phép chiéu vectoy
cling nhur mot $5 kién thic khac vé& méi lian he
gilta vecto véi vi tri va su ton tai cua mot diérr;
$0 Vi mét tam giac hay doan thing, ...
IV. BAI TAP TU GIAI
1. Ch? tam giac ABC va didm M nim trong
tam gidc. Dudng thing qua M song song véi
BF‘ cat AB, AC theo thi ty taj C”, B'. Duédng
thang qua M song song véi CA cét BC, B4
theo thir ty tai 4", Puong thing qua A/ &
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g songsong Voi 4B cit C4, cp theo thit o
ir

i Brr,A’_ Dung caic hinh binh hanh
MA,A!HA", MBIBH!BM’ MC’C'”

. " C". Ch&ng
pishring A4", BB", CC"

déng quy.

3. Cho tam giac ABC ngoai tiép dudmg tron
(1). Che doan thing A7, BI, CI theo thi ty cht
(1) tai M,N,P. Goi D,E,F theo tht ty 1a

rung diém cia BC, C4, AB . Chimg minh rang
MD, NE, PF ddng quy.

3. Cho tam giac ABC ngoai tiép dudng tron
(1)- (1) tiép xiic véi BC, C4, AB theo thi ty

tai X,Y,Z.Dat M =BYXZ, N=CZXY.

Goi E, F theo thir tur 13 trung diém cua MY, NZ.
PROBLEMS ... (Tiép theo trang 22)

,,,,,,

}!ﬂblﬁm 17209, Given a triangle ABC inscribed
iin a circle (O). Assume that BO and CO intersect
g;the altitude AD of the triangle respectively at £
;a'nd F. Let [ and J respectively be the centers of
the circles (ACF) and (ABE). Two points K, H are
on AB, AC respectively so that JK // AO I/ IH.
Suppose that I/ intersects AB and AC at M and N.
Show that the intersection between MH and NK is
‘on the midsegment, which is opposite to the

'Vertex A, of the triangle ABC.

Problem T‘}/sﬁ‘) Solve the equation

x+ 2v+l
8 +27, 42713 +2°3 7 =125.
TOWARDS MATHLE EMATICAL
- OLYMPIAD
Pmbl@m T10/509. Let [x] be the maximal integer
and let {x} =x — [x]:

Which does not exceed X
(u,) with

Consider  the  sequence

e

Ching minh ring AI, YF, ZE dong quy-

4. Cho tam giac ABC va diém T nim trong
tam gidc. AT,BT,CT cat BC,CA, AB theo
th ty tai D,E,F. M,N,P lin luot 14 trung
diém cua EF,FD,DE. MT,NT,PT lan luot
cit BC,CA, AB tai 1,J, K . Chimg minh rang
Al, BJ, CK dbng quy.

5. Chimg minh ring cac dudng d6i trung clia mot
tam gidc dong quy tai mot diém goi 1a diém
Lemoine cia tam giac d6. (Puong 61 trung xult
phat tir mét dinh cua tam giac la dwong thang ddi
ximg véi dudng phén giac tai dinh d6 qua duong
trung tuyén qua dinh d6 cua tam glac).

2n+l 2
u, :{3__;%‘“?_2} Find the number of terms

of the sequence (u,)satisfying

2526.2"% 23
st <u, <=
2" +1 65
Problem 11/509. Find all functions

f: N > R\{0} so that

JO+f@++f(m)=
Problem T12/509. Given a triangle ABC with
AB + AC = 2BC. Let I, be the center of the

excircle corresponding to the angle 4. The circle

(4,A41,)ntersects BC at E and F with E is on the

UG

ray CB and F is on the ray BC. The circle (EB/,)

meets AB at M and the circle (FCI, ) meets AC at
N. Show that BCNM is both a cyclic and

tangential quadrilateral.

Translate by NGUYEN PHU HOANG LAN
(College of Science Vietnam National University, Hanoi)

TOAN HOC
* cTusitre 37

S8 509(11-2019)

https://tieulun.hopto.org



Rt qud cwse i GIAI TOAN va VAT LI
TREN TAP CHi TOAN HOC VA TUB! TRE nam hoc 2018-2019

LTS. Cudc thi giai Toan va Vat i nam hoc 2018-2019 trén Tap chi TH&TT duge Khoi
nam 2018 dén thang 8 nim 2019. Cude thi nay dugc nhiéu ban ¢ yéu Toa
THPT trén ca nudce tham gia giai bai séi ndi. Giai Xuit sdc vé mon Toan thug
9A, THCS Nguyén Truc, Thanh Oai, Ha N§i. \gmm Danhi Lin, 12A2, THPT chuyén L¢
Ning, Pang Dinh Van, 9/11, THCS Tan Phu, Dnnﬂ Xoai, Binh Phudc. Giai Nhit mon Vit li
ban: Lé Nhw Minh, 12 Toan 2, THPT chuyén Qnm hoe Hué. TP. Hué, Thira Thién Hué. Chu

ca cac ban doat gial cudc thi. Hen gdp cde ban o cudc thi ticp theo trong nam ho

dong tr thang 9
an va var i cap THCS va
oc v& 3 ban: Lé Ngoc Tung,
Quy Pon, Da
i thudce vé
¢ mung tat
¢ 2019-2020. Sau déy la

danh séch 90 ban doat giai Toan va 7 ban doat giai Vat i nam hoc 201 8-2019.

MON TOAN

7 Giai Xudt sic (3 giai)

1. Lé Ngoc Ting, 9A, THCS Nguyén Truc, Thanh
Oai, Ha Néi.

2. Nguvén Danh Lan, 12A2, THPT chuyén Lé
Quy Don, ba Nang.

3. Pdng Pinh Van, 9/11, THCS Tan Phu, Dong
Xoai, Binh Phwéec.

% Giai Nhat (6 giai)

1. Ta Nam Khanh, 11A1, THPT chuyén Vinh
Phuc, Vinh Phic.

2. Poan Phii Thanh, 11T1, THPT chuyén Hung
Yén, TP. Hung Yén, Hung Yén.

3. Pé Cao Bdch Tung, 10T1, THPT chuyén
Lam Son, TP. Thanh Hoa, Thanh Héa.

4, Nguyén Phuc Thinh, 10CT1, THPT chuyén
Lé Hong Phong, TP. H6 Chi Minh.

5. Ta Kim Nam Tudn, 7A2, THCS Yén Lac, Yén
Lac, Vinh Phic.

6. Nguyén Van Canh, 12A8, THPT An Théi,
Mo Cay Nam, Bén Tre,

% Gigi Nhi (12 giai)

1. Hoang Xudn Ti, 6A, THCS T6 Hoang, Péng
Pa, Ha Nji.

2. Pdng Hiru Khanh, 8A, THCS Ly Nhiat
Quang, D Luong, Nghé An.

TOAN HOC
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3. Nguyén Ngoc Nhdn, 10A2, THPT s6 2 Phu
Cat, Phu Cat, Binh Dinh.

4. Lé Ngé Nhdt Huy, 12A1, THPT Lac Long
Quén, TP. Bén Tre, Bén Tre.

5. Lé Tudn Nghia, 6C, THCS Poan Thi Diém,
Yén My, Hung Yén.

6. Ho Anh, 11 Toan, THPT chuyén V3 Nguyén
Giép, TP. Dong Héi, Quang Binh.

7. Nguyén Anh Thu, 6A3, THCS K& An, Ké
Sach, Séc Tring.

8. Nguyén DPang Khoa, 10T, THPT chuyén
Hung Vuong, TP. Viét Tri, Pha The.

9. Truwong Ngoc Tam, 9D, THCS Nhir B4 Sy,
TT. Bt Son, Hoang Héa, Thanh Héa.

10. Trwong Céng Cdnh, 8A, THCS Ly Nhat
Quang, D6 Luong, Nghé An.

11. Dinh Doan Xudn Phuong, 11 Toén, THPT
chuyén V& Nguyén Giap, TP. Béng Hoéi,
Quiéng Binh,

12. Phan Qui Ljc, 12 T1, THPT chuyén Long
An, Long An.

7 Giai Ba (21 oidi)

1. Lé Van Quang Trung, 9B, THCS Ly Nhat
Quang, B Luong, Nghé An.

2. Nguyén Céng An, 7C, THCS Ly Nhat Quang,
b6 Luong, Nghé An.
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s Hoang Bdf? Minh Chay, 11T]

quéc hoo Hué, Thira Thién Hug,

4 Biii Vin Quyén, 11T1, THPT ch

7p. Hung Yén, Hung Yén,

5, Pham Dinh Tam, 9A, THCS Ph
Nghia Hanh, Quéng Ngai.

6. Vo Thi H(f;ng Thu, &B, THCS Nghia
Haoh, Quing Ngii.,

7. L& Anh Diing, 12A1, THPT chuyén Vigy prg,
Vinh Phuc.

8. Nﬂgé Vdn: Minhn Ti{dng, 11 Toan 1, THpT
chuyén Nguyen Hué, Ha Pong, Ha N,

9. Nguyén Van Chung, 8A, THCS Ly Nhat Quang,
po6 Luong, Nghé An.

10.Lé Dinh Tri Tué, 10T1, THPT chuyén Ha Tiuh,
Ha Tinh.

11. Nguyén Tran Phurong Mai, 8B, THCS Nghia M,
Nghia Hanh, Quang Ngii.

12. V6 Minh Quan, 12 Toan, THPT chuyén Thiang
Long, TP. Da Lat, LAm Péng.

13. Lé Ngoc Hoa, 11A1, THPT chuyén Vinh Phuc,
TP. Vinh Yén, Vinh Phiic.

14. Chu Thi Thanh, 11A1, THPT chuyén Vinh
Phic, TP. Vinh Yén, Vinh Phic.

15. Nguyén Thanh Lém, 11T1, THPT chuyén Hung
Yén, TP. Hung Yén, Hung Yén.

16. Nguyén Quéc Hiéu, 10 Toan 2, THPT chuyén
Lé Hong Phong, Nam Dinh.

17. Nguyén Vin Thanh Nam, 8A, THCS Ly Nhit
Quang, P Luong, Nghé An.
18. Hoang Kim Ca, 11 Toén, THPT chuyén V&
Nguyén Gidp, TP. Dong H6i, Quang Binh.
19. Trwong Céng Pire, 11T2, THPT chuyén Quoc
hoc Hué, TP. Hué, Thira Thién Hué. A
2. Nguyéy Triic Nhuw Binh, 10T, THPT chuyén
Neuyén Quang Diéu. TP. Cao Lanh, Dong Thép.
2. Ngyyéy Nnge Hao, 11T, THPT chuyén Nguyen
Quang Digy, TP. Cao Lanh, Pong Thp.
* Gidi K uyén khich (48 gidi)
L Chy Ngoc Chién, 11T1, THPT chuyén Humg

*0, TP. Hung Yén, Hung Yén.

H T}{PT Chuyén
uyén Hung vy

am Vén Dén g,

MS}: Nghja

2. Nguyén Quang Vinh, 10 Toan 1, THPT chuyén
Lé Hong Phong, Nam Pinh.

3. Lé Dirc Chinh, 8B, THCS Nhit B4 S, TT. Bit
Son, Hoang Héa, Thanh Hoéa.

4. Lé Vén Manh, 9B, THCS Ly Nhit Quang, D6
Luong, Nghé An.

5. Pham Van Quyén, 8A, THCS Ly Nhét Quang,
bd Luong, Nghé An.

6. Pham Ngoc Trinh, 8B, THCS H6 Xuin Huong,
Quynh Luru, Nghé An.

7. Phan Phuéc Minh, 11T1, THPT chuyén Qudc
hoc Hué, Thira Thién Hué. ’

8. Lé Thi Thu Suong, 11T2, THPT chuyén Qudc
hoc Hué, TP. Hué, Thira Thién Hué.

9. Nguyén Nhdt Minh, 12 Toan 2, THPT chuyén
Quéc hoc Hué, Thira Thién Hué.

10. Hupnh Tdn Phiic, 11T, THPT chuyén Nguyén
Quang Diéu. Cao Lanh, Pdng Thap.

11. Duong Hai Dang, 11 Toan, THPT chuyén
Luong Thé Vinh, TP. Bién Hoa, Péng Nai.

12. V&6 Hoang Phiic Khang, 10T1, THPT chuyén
Long An, Long An.

13. Nguyén Lé Hocmg Duy, 10CT1, THPT chuyén
Lé Héng Phong, TP. HS Chi Minh.

14. Kim Ngoc Yén Nhi, 9A3, THCS Yén Lac, Yén
Lac, Vinh Phae.

15’. Nguyé:n ]'Vg_oc Khanh, 11 Toan, THPT chuyén
Bic Ninh, Bic Ninh.

16. Nguyén Céng Hai, 9A3, THCS Lim Thao,
Lam Thao, Phid Tho.

7. Nguyén Trong Tam, 9D, THCS Nhit B4 Sy,
Hoang Héa, Thanh Héa.,

18. Ngzg»én Tién Pat, 10A4, THPT Luong Piéc
Béng, Hoang Héa, Thanh Hoéa.

19. Théi Huyén Trang, 7C, THCS Ly Nhit Quang,
D6 Luong, Nghé An.

20. Duong Trong Nguyén, 7C, THCS Ly Nhat
Quang, D6 Luong, Nghé An.

21. Nguyén Cong Phiic, 7C, THCS Ly Nhit Quang,
b6 Luong, Nghé An.

22. Lé Vian Quang Hiéu, 6D, THCS Ly Nhat
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Quang, D6 Luong, Nghé An.
23. Nguyén Phuong Uyén, 8A, THCS Ly Nhiat
Quang, B4 Luong, Nghé An.
24. Nguyén Hitu Hoang Long, 9G, THCS Nguyén
Trai, TP. Péng Ha, Quéng Tri.
25. Nguyén Dirc Toan, 11A1, THPT chuyén Lé
Quy Dén, Pa Ning.
26. Hoang Minh Quyét, 11A1, THPT Nguyén Chi
Thanh, Pleiku, Gia Lai.
27. Lé Minh Tam, 10T1, THPT chuyén Nguyén
Binh Khiém, Vinh Long.
28. Truong Gia Bao, 10T1, THPT chuyén N guyén
Binh Khiém, Vinh Long.
29. Tran Poan Minh Tué, 10CT1, THPT chuyén
Lé Hong Phong, TP. Hd Chi Minh.
30. D6 Ngoc Tién, 6A3, THCS Lam Thao, Lam
Thao, Phi Tho.
31. Nguyén Tién Thanh, 11T1, THPT chuyén Hung
Yén, TP. Hung Yén, Hung Yén.
32. Nguvén Tér Par, 9A1, THCS Yén Phong, Yén
Phong, Bac Ninh.
33. Nglq:én Hitu Tudn Nam, 10A1, THPT Yén
Phong s6 1, Yén Phong, Bic Ninh.
34. Ng6 Bao Anm, 10A1, THPT chuyén KHTN,
PHQG Ha Noi, Ha Néi.
35. Nguyén Dirc Minh, 7B, THPT chuyén Ha Noi —
Amsterdam, Ha Ni.

35. Nguyén Dizc Minh, 7B, THPT chuyén Ha Ngi —
Amsterdam, Ha N§i.

36. Vii Minh Puc, 11 Toan 1, THPT chuyén Lg
Hong Phong, Nam Pinh.

37. Lé Thi Minh Thiry, 10T1, THPT chuyén Quéc
hoc Hué, Thira Thién Hué.
38. Nguyén Dirc Phdt, 10 Toan 2, THPT chuyén
Qudc hoc Hué, Thira Thién Hué,
39. Pham Bd Hoang, 11T1, THPT chuyén Qudc
hoc Hué, Thira Thién Hué.
40. Doan Thi Kim Anh, 11T1, THPT chuyén Quédc
hoc Hué, Thira Thién Hué.
41. V6 Thi Hai Yén, 11T1, THPT chuyén Quéc hoc
Hué, Thira Thién Hué.
42. Trinh Phuong Thao, 11T2, THPT chuyén Quéc
hoc Hué, Thira Thién Hué.
43. Nguyén Nhat Trung, 12 Toan 1, THPT chuyén
Quéc hoc Hué, Thira Thién Hué.
44. Pham Hiéu, 10A1, THPT chuyén Lé Quy Dén,
Pa Ning.
45. Nguyén Hoang Hung, 7A, THCS Pham Vin
Pdng, Nghia Hanh, Quang Ngai.
46. Nguyén Bd Chinh, 12A1, THPT Ngb Lé Tn,
Cat Khanh, Phu Cét, Binh Pinh.
47. Nguyén Thi My Ngoc, 10T, THPT chuyén
Nguyén Quang Diéu, TP. Cao Lanh, Pdng Thap.
48. DG Ngoc Anh, 10A1, THPT chuyén Nguyén
Thién Thanh, Tra Vinh.

MON VAT LI

% Giai Nhit (1 giai)

Lé N Minh, 12 Toan 2, THPT chuyén Quéc hoc
Hué, Thira Thién Hué.

% Giai Nhi (2 giai)

1. Phan Nhdt Tién, 12 Ly 2, THPT chuyén Quéc
hoc Hué, Thira Thién Hué,

2. Ha Phuwong Hoang Mai, 12 Toan 2, THPT
chuyén Quéc hoc Hué, Thira Thién Hué,

¥ Giai Ba (4 giai)

TOAN HOC
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1. Lé Ngoc Minh Nhdt, 12 Ly 2, THPT chuyén
Québce hoc Hué, Thua Thién Hué.

2. Ngé Van Minh Thdng, 11 Toin 1, THPT
chuyén Nguyén Hug, Ha Déng, Ha N§i.

3. Hoang Bdo Minh Chdu, 10 Toan 1, THPT
chuyén Quéc hoc Hué, Thira Thién Hué.

4. T:rc?n Huy Quy, 12 Ly 2, THPT chuyén Quéc hoc
Hué, Thira Thién Hué, '
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NHA XUAT BAN GIA0 bycy
VIETNAM EDUCATION PUBL i

),

IE
ul TNAM

NG HOUSE

HOI THA®

NHA XUAT BAN GIAO DYC VIET NAM VOI NHIEM VU POI MOI

CHUONG TRINH VA SACH GIAO

. Tepega

Chu tich HDTV NXBGD Viét Nam Nguyén Dire Thdi
phdt bicu tai Hoi thao. (Anh: Bd Hai)

Héi thao Nha xudt ban Gido duc Viét Nam véi nhiém
vu déi mGi chuong trinh va sdach gido khoa gido duc
phé thong duge td chirc tai TP.Ha Noi, TP.HO Chi
Minh va tinh Kién Giang véi su tham gia cua cac
chuyén gia trong nudc va quée té vé chuong trinh,
sich gido khoa (SGK); mdt sé Tong Chu bién, Chi
bién dai dién cho cdc bd SGK cua Nha Xuat bin
Gidgo duc Viét Nam (NXBGDVN). Hoi thao co6 su
tham dy cua dai dién cic thdy cb gido, cac nha quan
Iy gido duc, co quan quan ly nha nudc tai cac tinh,
thanh trén toan qudc.

Tai Hoi thao, cac chuyén gia da trinh bay c4c tham
ludn: “Sgch gido khoa theo dinh hufi’ng phdt trién
Wing luc: nhin tir kinh nghiém quoc (&7, “Tir chwong
inh gido dyc phé thong 2018 dén sch gido khoa
méi ciia NYBGDVN”; cung mot s6 tham ludn v:e
dinh hudmg, muc tiéu va phuong phap bitjan so’an mot
3 cuén SGK 16p 1 duge NXBGDVN 10 chite thl_}’c
hién theo chuong trinh giao duc phd thong mm; Cac’:
cudn SGK do NXBGDVN bién soan dicu t’he hoa
mye tidgy giso duc trong tAm la chuyéen n‘:\chu tr‘ong
truyén thu kién thirc sang giup hoc sinh hinh thanh,
Phit tridp toan dién phém chit va ning luc.

KHOA GIAO DUC PHO THONG

Cdc dgi biéu tham quan gian hang sach cua
NXBGD Viét Nam (Anh: Hién Thirong)

Phét biéu tai Hoi thao, TS. Pham Vin Cuong - Gidm
dbc S& GD&DT Phit Yén cho biét: “Qua phan trinh
bidy cia cic chuyén gia vé 4 bd SGK cua
NXBGDVN cho thdy, sach cia NXBGDVN dép img
t6t vé kién thirc, cdu tric, ndi dung va dic biét dinh
hudng duge phuong phap day hoc sao cho phat trién
dugc ning luc phém chét cua hoc sinh”.

Bén canh SGK, NXBGDVN s& cung cép ddng bod
sach gido vién, sich bd trg nhiam hd tro gido vién va
hoc sinh trong qua trinh gidng day va hoc tdp. Sach
gido khoa dién tr, céc thiét ké day hoc dién tir, tai
liéu hd tro giang day, tai nguyén sb ciing s& duoc
NXBGDVN tip trung san xuit ddng b nhim hd trg
tét nhat hoat dong day va hoc phit hop véi chwong
trinh va sach giao khoa méi.

Péng thei, NXBGDVN s& tb chirc tap huin, ddo tao
aoi ng§ gia'}o vién thugc cic S¢ GD&DT sir dung
SGK de trién khai chuong trinh gi4o duc phd thong
méi mot cach sit hop va hidu qua, dudi hinh thic
hoi thao chuyén dé va dao tao truc tuyén. iy ciing

1a mong muédn dugc dai dién cac S& GD&DT bay t6
tai Hdi thao.

TOAN HOC
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TIENG ANH QUA CAC BAI TOAN

BAI SO 50
Problem. Given M(1; 2) on the coordinates plane. Then zw=(1+2i) [_l g ﬁzJ
Find the coordinates of two points P and Q on the 2 2
(0. OM) (O is the origin) such that POM is an 1 i+l -1+ 3 ;
equilateral triangle. B 9

Solution. We will use the following facts of 4pq iz(l.,.z;)[_l_ﬁi]
w 2

: . . 2

complex numbers operations to solve this exercise.
For two complex numbers z and w we have: __1 + B+ [ 1— £ ]

291 = el w, 2

arg(zw) = arg(z) + arg(w), Therefore

arg(z/w) = arg(z) - arg(w) (w # 0). P[__lﬂ@, _HEJ and Q[__l N _1__‘5}
Let z be the complex number which 2 2 2 2
corresponding to M: z =1 + 2i, TU VUNG
To use the above facts, we need to find a czomplex equilateral triangle tam gidc déu

. T )

number w with modulus 1 and argument 3 and sompletnumbers s6 phire
then the points corresponding to zw and = will 7odulus wagain

w

y : dcgiimen
satisfy the requirement. It is not difficult to gument : &t
compute w=——+ \/_3-1' NGUYEN PHU HOANG LAN
P - 2 2. (College of Science — Vietnam National University, Hanof)

Bai todn. Khi biéu dién va sip xép dir [ :
RY momer A‘a{ T . . ) Ay B . Than Lad
Bm “Wﬁ ou /  lieu ta thuong sir dung mé hinh than va
=~ ld. Vi dy bang bén chi ra day dii liéu 88; 8 89
89; 93:94; 94, ...; 155; 155; 156. Tim khodng thay déi va trung 9 3445667

vi cua day dir liéu. 10 (334678

Loéi gidi. Khoang thay ddi cua day dit lidu 13 hiéu sb gitra gi tri 11 122337789
16n nhat va gi4 tri nho nhét. Vi vay trong truémg hop nay khoang | 12 |00455577
thay déi 13 156 — 88 = 68. S8 c4c muc trong bang nay 12 45 (ta co 13 12456899

thé dém theo timg hang, ching han hang thi nhit ¢6 2 muyc, hang 14 1238

thir hai ¢6 7 myc,...). Do d6 trung vj cia ddy dit liéu chinh Ia 15 "1 556

muc thir 23 vand 1a 118.

Nhgn xét. Ky nay Toa soan Tap chi TH&TT chi nhan dwoc mot bai dich 6t ciia ban Pham Ngé
Triéu Hoang, 10 Toéan 2, THPT chuyén Quéc hoc Hué, TP. Hué, Thira Thién Hué.

HO HAI (Ha Néi)

TOAN HOC
4 2 . CTusitre_ S5 509(11-2019)
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BAI TOAN 30. Giai hé phicong vrin
( [ 3
‘ \/ ‘. -+ \ \“\-; e ".?

=3 (1)

‘ TR —_— =

{V."“r_l -1-\‘-,\ — V= \() (:)
X+yz2
cich 1. K: {*¥¥20 o
x—y20

(2)<:>x+y+2\fx+y,/x*y +x—-y=6
Sx+yx’ -y =3 -y =3-x
AL

3—-x20
=X o 2,
x* =y =(3-x) =9+6y

Pitr=y’ tr x<3=0<¢r<9, khidd

ma\f(g*”z +r_JQ+’_)2-f=3
36 36

oV +54+81 - —18t+81=18

oV +54t+81 =18 ++/t* —18¢+81
V1581481 =18+9—1<> 12 + 541481 =17 —541+729
y=6
y=-6

nghiém (x; y): (%,Jéj va (g,—\/g)

>0 xz-y
Cach . 4 c>{ = x20.
ch 2. PK: {x y20 x2y

Ta thiy x = 0 khong thoa min HPT nén ta co
*>0.Khi 46

@I:ﬁ:}]: :>x=-§. Véy HPT c¢o 2

Drnr_lz;» _1<t<1.Tix HPT trén ta c6:

m_JI—-_( T edT) =147

1+ =1+241-£
S+ =1+41-F +4(1-1) o W1 =5t" -4
sl ,_24 26
e Sl =SSy ietg
25¢* 24 =0
5
véi 2= =+-2£  thay vio (3) ta 6 x ="
X
Vay HPT ¢6 2 nghle;m.
=Jx+
Cich 3. pat {° V" 450,620.Taco
b=\x-y
_czz—i-l.")2
a=\x+y x+y=a2 i 3
=N = e
b=\x—y |(x—y=b _a-b
2

, a'+b' 1
=>x+yt= > =5[(a+b)4—4ab(a+b)2+2(ab)2],

Jx* —y* =ab. Khi d6, ta c6 HPT:

‘/“442“1’4— {J(ab) ~12ab+18-ab=3 (3)

a+b=J6 a+b \/_
Ta cé: (3) & +/(ab)* —12ab+18 = ab +3
< (ab)’ —12ab +18 = (ab)* + 6ab +9

<:>18ab=9<:>ab=%.

3\ o 1
Td a+b=+6 va ab=5, suy ra a, b 13 cac
nghiém cia PT:

12—\/61+%=0<:>t=
2+6 .

Véia—_—’ ,D=
2

_2+.6
"B

2+\/E ;
2 H

.
—=

2

I*T

—

h
i Il
r | LN N Ln
S

Vi a=

=

~2+/6 b_2+\/6 x
2 777 o

Vay HPT ¢6 2 nghiém.

TOAN HOC
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Cich 4. DX: { . Ta co:

x—y20

Q)@ x+yx’ -y =3(3),
M2 +)7 =~y +362)7 =9+6{¢ - (4).

2
Tr(3)va(4)suyra x= %-ZL . Thay vao (2) ta

duoc:\/~~——27_?‘y2 + +\/?7—2y2 -y =6

6 6
& \27+6y—-2y* +/27-6y-2y" =6
S\27+6y-2y" =6-4/27—6y—2)?
@{6- 27—6y—2y >0

27+6y~2y* =36-12,{27—6y—2y* +27—6y -2y
@{36227—6;}—-2}3 {2y2+6y+920

=

V27-6y-2y" =3-y | |27-6y-2)* =3-y
3—-y20 y<3

= , < S y=1y6.

{27—6y—2y'=(3-y)2 {y2=6 =il

Véi y=¢J€:x=%.

Véy HPT c6 2 nghiém nhur trén.

x+ypy20 >—
y ‘b{x y

Cdch 5. BK:
x—y=>0

x2y

Ta thdy x = 0 khong théa mén (2), y = 0 khéng
théa mén (1), suy ra HPT khéng c6 nghiém x, y
théa man x.y = 0. Do d9, ta xét:

x#0
{yiO:\/xﬂ)—\/‘ -y #0.

Khi d6: (2)<>fx+y—y/x— =—2-)i, dén day
J6
et o = BV
r + - = =-—F
két hop vdi (2) ta cé: Y J6
\fx+y+\/x-—y=\fg
Je+22
,/x+y= 2\/6
9__ 2
3 = alX -y ::—L
LY Pl ©)
\/x— = \/E
[ 2
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A

Taco: (1)< x* +)° =3+yx" =y’

2y* -9
Sxt -y = y6 (4).
Tir (3) va (4) ta co:
2 2
6

Thay y* =6 vao (3) ta dugc:
2 1 s 25 5
—6=— =X =— dO 20.
vx© =6 2<:>x : x 2( x20)

5 s
x :E va g —5
yod§  |ymi
kiém tra, ta thiy déu théa man. Vay HPT c6 2
nghiém.

Nhin xét. Cach 5 giai dén

6+

\/;;z__\,@ 5

Thé vao HPT d3 cho

2 :>2/x2_y2=9—y ]
2y 3
— Vi=p
x_y=--2——

\/Jc2+y2 —\/xz—yz =3

2y? ,
= 2/x* — 3?2 =%_3 . Tl 2 két qua trén, ta c6

9-y? 2y?
——— L e 2._
3 3 3<:>y =6.

rdi tir (1) =

X+y>0
Y=Y Taco:

Cach 6. DK:
xX—y20

2
Dy +? =3+m<:> xt -y =29 3

6
(2)®x+\/x2 —-y2 =3 /X2 —y2 =3-x(4).
Ta lai ¢cé: (2)<:>\/x+y =\/g—\/ﬁ
@{J@—JxTyzo s
THY=6-26x~yrx-y  |y=3—645—y (5

4 . 2
Tir (3) va (4), Suyra x = ﬂ%’“ , thay vao (5) ta

https://tieulun.hopto.org



2

Y <27 -6y -
6)’ 2}12:3__y
-y20
@{3 y6 2y? Q{yﬁ
= — =(3—+)2 y=
27-6y=2)"=(@3-yp 7 |2 L S V=116,
5
Véi y= +\/—::>x-.—_
2 The x-—,y V6 va

5
=y Y= 6 3 X 2 .
X 5 y vao HPT d3 cho ta thay déu thoa

mén. Vay HPT ¢6 2 nghiém.
X+y=>0

Cich 7. PX: ..
{x-—y>0' Ta co:

Qe x+yx* -y =3 Xy =3 x ().

Thay vao (1) ta duoc:
\/x +y =6—x:>y2=36_.12x (4).

Te B)=x" -y =(B-x" )" =6x-9 (5).
Tir (4) va (5) ta c6:

36—12x=6x—9<:>x=%::>y2 =6 y=1/6.

; 5 5
Thé x=-2—,y=~/6 va x:-i,yzmx/g vao HPT
dd cho ta thiy déu théa mian. Vay HPT c6 2
nghiém.
x+y=20
x—yz0

Jmhfx-y =\[6
L -afR ey 6o0=0 O

x?'—yz —3—x

2 _ -
Ta lai cé: (1) < }x2+y2=3+ /xz_y wr
Khi d¢:
()25 _2(6-x)3-1)=9 & 1Br=4527=7

Cich 8. PK: { . Ta co:

A —y2 =3-x

Véi ng,tacéz

J’r e 25 yz

4
Vay h¢ phong trinh ¢6 2 ngiem

_3-2ey =6 y=2l
pi

Cich 9. PK: {x”zoo{xz"y:xzo.
-y=0 x2y
Pt t=[x’—y?,t20=> x> = y* + 7, khi do
W) 257+ =3+1 22 +£2 = (3+1)°
2=6t+9:M72 =2r2+6t+9. Ta co:

} 2+6149
D 2x+2(x*—y* =62 ﬁi—6—+21’=6
: 3-120
217 +61+9 "
< ——'—5-—=3—f<:> 20 +61+9
2

£<3 {r<3 o]
= <~ =—.
208 +6t+9=2(-6¢+9) |18=9 2

B-1)

o 1 .
Véi t=—, tacd:
2

y2:6t+9=6 enifE
22 femed 5 :
x2:2z +6t+9=£ x== (dox=20Q)
2 4
Viy hé phuong trinh ¢6 2 nghiém.
NGUYEN ANH VU

(GV THPT chuyén Chu Vén An, Hoai Nhon, Binh Dinh)

»Nhdn xét. Ngoai 9 cach giai ciia Nguyén Anh Vi,
ngudi gidi thiéu dé toan, Toa soan Tap chi TH&TT
con nhian duoc mét sb 16 giai ding cua cic ban:
Hoang Minh Diing, Té 5A, T dan phd 2, phuong
Péng Son, TP. Dong Héi, Quing Binh; Nguyén
Hitu Hoang Long, 10 Toan, THPT chuyén L& Quy
bon, TP. Dong Ha, Quing Tri; Nguyén Thi Bao
Ngoc, Lé My Duyén, 11 Toén 1, THPT chuyén Quéc
hoc Hué, Thira Thién Hué; Truong Quang An, xa
Nghia Thing, H. Tu Nghia, Quang Ngai; Lé Ngoc
Tung, 9A, THCS Nguyén Tryc, Thanh Oai, Tran
Qudc Hpi, GV THCS Tu Lap, H. Mé Linh, Ha Néi.
LE MAI (Ha N¢i)

Mm céc ban guri 16 giai BAI TOAN 30 dudi day
vé Tda soan TH&TT trudc ngay 31.12.2019.
BAI TOAN 32. Gigi phuong trinh

X’ —4x-8+4V2x+5=
PHAM DUY KHANH
(GV THPT Quy Chéu, Nghé An)
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Trong bai ky ndy 13 101 giai bai toan dugc dua ra
trong phin bai tip @& nghi & TH&TT sb 507,
T9.2019.

BAI 38 (7 in sky, issue 20, 2017).

chit 56 tgn ciing cua s6

220]6 + 23()17.

Tim hai

Léi gidi. Cdch 1. Ta viét sb d3 cho duéi dang:

22016 4 2017 — D2016(] 4.2) = 322016 =3 716 Y2000
=3.216 (22010

Hai chir s6 cudi ciia s 216 =28.28 13 36;

Hai chit s6 cudi cia sé 2% =(1024)? 1a 76. Néu
mot s6 c6 hai chir sb tan cing 1a 76 thi liy thira
v6i s6 mii nguyén duong thy y cua sb do ciing c6
hai chir sb tan cting 14 76. Vay hai chit sé tan cung
cia sb

(220)100 13 76.

Tir hai chir sé tin cung cia sé 3.2!6 13 08 va hai
chir sb tin cing cta s6 (22)!% 13 76 suy ra hai
chir s6 tan cling ciia s6 22016 +22017 |3 08,

Cdch 2. Taco: 2'° =1024 =(-1) (mod 25)

= (219)! = (-1 (mod 25)=-1 (mod25) (1).

=16=-9 (mod 25) (2).

Tir (1) va (2) suy ra: 22 =9 (mod 25)

= 22016 =22 22014 =22 (25k+9) =100k +36 (k e N)
= 22016 =36 (mod 100) (3)

= 22017 = 2,226 =72 (mod 100) (4),

Tir (3) va (4) suy ra:

Laicé6: 24

TOAN HQC
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i

QUA CAC BAI TOAN HAY v

22016 4 22017 = 36472 = 08 (mod 100).

V4y hai chit sb tin cung clia s6 22016 + 22017 |3 0g,
Nhin xét. C6 nhidu ban tham gia gidi bai nay.
Nhitng c4ch giai cua cac ban duara t1’r0‘ng tu nhu hai
cach trén. Céc ban sau c6 1oi giai tot: Vinh Phic:
Nguyé‘n Thi L&, 7A1, THCS Yén Lac, Yén Lac; Ha
Npi: Lé Neoc Timg, 9A, THCS Nguyén Truc, Thanh
Oai, Nghé An: Nguyén Phiong Linh, Viong Viét
Liwrgng, 7A, THCS Ly Nhat Quang, Pd Luong; Ha
Tinh: Luu Ngdn Ha, 10T1, THPT chuyén Ha Tinh;
Quéng Binh: Hodng Minh Ding, Té 5A, Té dan
phé 2, phuong Pdng Son, TP. Déng H6i; Quing
Tri: Nguyén Phuong Linh, 10 Toan, THPT chuyén
Lé Quy Don; Thira Thién Hué: Nguyén Thi My Lé,
10T2, THPT chuyén Quéc hoc Hué. ‘

NHU HOANG (Ha N¢i)

Sau ddy 14 bai tap dé nghi. Ban doc hay giri 101 giai
vé Toa soan TH&TT trude ngay 31.12.2019.

BAI TAP PE NGHI
Bii 40. Cho lyc gidc 16i ABCDEF sao cho AB = BC,
CD = DE, EF = FA. Chitng minh rdng

BC+DE+FA 3
BE DA FC~2

Khi nao ding thirc xay ra.

HOANG CHI (Ha Ngi)

A math professor, a native Texan, was asked by
one a his student:

“What is mathematics good for?”.

He replied: “This question make me sick. If you
show someone the Grand Canyon for the first
time, and he asks you: ‘What’s it good Jor 7
what would you do? Well, you'd kick that guy
off the clift”

https://tieulun.hopto.org
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(Dé ding trén TH&TT s 505, thing 7 ndm 2019)

Xy yz zx
T+ — 2+
z X

in tich. Tt
Phan f Y+2z, suyra:

W = VI =
‘z_\/?;H x JE+_;‘/EEX\/E+Y\/E+Z\/}TZ

lasai,vidu: 1 +4+6>5+3+2nhmg
1.7+48+63<57+38+223.
Loi gidi ding. Ta c6:
X4y =+ )+ - ) 2 p(x+y)

3
X 2 2
D—+y 22X +xy.

y
,’3
Tuong ty: 2y 22>y 4y
s
Z3
LN Ty
x
3 3 3
z
Do do: XL Y i sxy+yz+ax (1)

y z X
Theo bt d4ng thirc Bunyakovsky, ta c6:

(o + pfxy + 24y2) =

2
r4

=[x Ex_ yz+y —XZ'.‘\/Z_x'-*'z 'Z_\/—x_y.J
\’yz sz xy

3 3 3
< f_+2}.+_z—J(yz+zx+xy)
y z X

2
do (1) 3 3 ZJ
S x—+2}——+—J .

Tl day suy ra bit dang thic cén chimg mioh-
1 4 ‘A a.l

Nhin xé; R4t tiéc 1a khong co ban nao phét hién duoc S
b wong 1o giai bai todn-
g loi gian .

PUONG TIEM CAN!

‘Trong gi¢ hoc & 1op 12A v& dudng tiém can, Thay

gido dua bai toan.

Bai toan. Tim tdt cd cdc gid tri cua tham 56 m
mx’ =2

X =3x+2

dé dé thi ham sé6 y = ¢é hai duong

tiém cdn dung.
Sau mét hdi suy nghi, ban Ngoc Anh gio tay lén
bang lam.

Piy 12 1o gidi clia ban Ngoc Anh:
Ta thiy s dudng tiém can dimg ctia d0 thi ham s6

mx3 -2 5 & 4 s ia ,
y=——-— la s6 cac 50 x, la nghiém cua
x —3x+2

phuong trinh x*—3x+2=0 nhung khéng la
nghiém cta phuong trinh mx’ —2=0. Ta co:
3 x=1
¥-3x+2=0& ‘
x=-2

Db thi ham sb c6 hai dudng tiém cén ding khi va
chi khi 1 va -2 khéng la nghiém cia phuong
trinh mx’ —2=0

m1l'—2#0 {m—Q;tO
& ; =
m(-2) =2#0 —8m—-2#%0
m#z2
& ¥
m#——

: s |
Viy voi m#2 va m# ~a do thi ham so da cho
¢ hai duong tiém cén ding.

Ban cé nhin xét gi vé loi gidi ciia ban Ngoc
Anh? Loi gidi ciia ban thé nao ?

THAN VAN DU

(GV THPT Lang Giang s6 1, Yén My,

Lang Giang, Bdc Giang)

TOAN HOC
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BAN CO VAN KHOA HOC

GS.TSKH. TRAN VAN NHUNG
TS. NGUYEN VAN VONG
GS. POAN QUYNH
PGS.TS. TRAN VAN HAO

'CHIU TRACH NHIEM XUAT BAN
Chi tich Héi déng Thanh vién
NXBGD Vi¢t Nam
NGUYEN DUC THAI
Téng Gidm doc NXBGD Viét Nam
HOANG LE BACH
Phé Téng Gidm ddc kiem Tong bién tap
NXBGD Viét Nam
PHAN XUAN THANH

HOIDONG BIEN TAP

Téng bién tdp : TS. TRAN HUU NAM

Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH DUC 7S. NGUYEN MINH HA,
TS.NGUYEN VIET HAL PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET, GS. TSKH. NGUYEN VAN

MAU, Ong NGUYEN KHAC MINH, T5. PHAM THI BACH NGQC, PGS.

TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH.

DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, TAS. VU KIM THUY, PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET

TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co sé
For Lower Secondary School

Vii Hiru Chin — Bai toan lién quan dén nghiém
cua phwrong trinh ¢é béc 16n hon 2.

Ha No6i, nam hoc 2019 — 2020,

Luong Vin Tuyy, tinh Ninh Binh, nim hoc
2019 - 2020.

© 6 06 0

Lich sir Toan hoc

Doan Thi Lg, Ta Duy Phuong, Cung Thi Kim
Thénh, Phan Anh Tuyét — V& xuht xit va céc
phién ban cla bai toan trim trau trim co.

@ Pé ra ky nay
T1/509, ..., T12/509, L1/509, L2/509.

Problems in This Issue

Bién tap: LE MAI, NGUYEN HIEP
Tri s, phdt hanh: LE NGUYEN NGOC, NGUYEN THI THU HUYEN

Dé thi tuyén sinh vao 16p 10 THPT chuyén @

™ Giai bai ky trudc
T1/505, ..., T12/505, L1/505, L2/505.

Solutions to Previous Problems

Phuong phap giii toan

Lé Xudn Pai — Mot bd @& sb hoc hay va tmg Tran Trung Diing — Ban vé mot phuong phép str
dung. dung dinh ly Ceva.
Hudng dan giai dé thi vao 16p 10 THPT chuyén @ K&t qua cudc thi Gidi Toan va Vat li trén Tap

chi Toén hoc va Tudi tré ndm hoc 2018 — 2019.

Tin héi thdo: Nha Xuat ban Gi4o duc Viét Nam
v6i nhigm vu d6i méi chuong trinh va sach gido
khoa gido duc phd théng.

D Tiéog Anh qua cic bai toan
O Nniéu cach gigi cho mot bai todin
@ puich the gici qua cac bai tosn hay

@ sai1am & aau?

Mithugs: QUOC HIEP, THANH LONG
Thiét ke, ché ban: LE NGUYEN NGOC

https://tieulun.hopto.org




KET NOI TRITHUC
vaicugc SONG

BO SACH GIAOKHOA
KET NOI TRI THUC VG1 CUOC SONG

DANH MUC BO SACH LGP MOT

SACH HOC SINH

Tiéng Viét 1, tdp mot
Tiéng Viét 1, tap hai
Toan 1, tap mot
Toan 1, tap hai

Tu nhién va Xa hoi 1
Pao dic 1

Am nhac 1

Mi thuat 1

Hoat dong trai nghlem 1
10 Gido duc thé chat 1
11. Tiéng Anh 1

CORCCRIF ORCI B ENCo RO =

SACH GIAQ VIEN

. Tiéng Viét 1, tap mét - SGV
. Tiéng Viét 1, tap hai - SGV
. Toan 1 - SGV
. Tu nhién va Xa héi 1 - SGV
5. Pao dic 1 - SGV
Am nhac 1-SGV




' AT B/ ; UC VIET NAM
NHA XUAT BAN GIAO DL }
Gan twr@gmmcw &cm/d‘aocowwsdcﬁ/

KY THI TOAN HOC HOA KY-'AMCS
MOT SO CHUYEN PE CHON LOC

Cua cac tac gia: PGT.TS Lé Anh Vinh (Chu blen)
Vii Vin Luén - Nguyén Viin Thé
Sach day 152 trang, gia bia 65000 dong

Bét dau tir nam hoc 2015-2016, Trung tim Ung
dung Khoa hoc Giao duc, ant‘mg Pai hoc Giao
duc, PHQG Ha Nai la don vi dau tién dai dién
cho Hig¢p hoi Toan hoc Hoa Ky té chire cac ky
thi AMC tai Vlct Nam. Dé cic em hoc sinh lam

quen va lam tét cac bai toan trong ky thi AMCS,
cac tac gia da bién soan cuon
Hoa Ky - AMC8 mét sé6 ch

Cubn sach gdém hai phin:

Ky thi Todn hoe
uyén & chpn loc.

Phin I gidi thiéu cac chiy
thi AMC. Trong phin n
vGi ban doc 7 chy dé v
Hinh hpc Cac ba: toa
Xdc sudt va rhong ké;
Cac bai toan sé hpc
Tém tat kién thuc
bé thl luon nghi. Cac vi dy }
y kha néng tur duy Vi hudng dan giai ch ' 4

Bk -~

c:l' y thi hoc sinh giéi Toan Hoa Ky - AMC

(American Mathematics Competitions) 1a
k¥ thi ¢6 lich sir lau doi dugc t6 chire bi Higp
h$i Toan hoc Hoa Ky tir nam 1950. Muc tiéu

cua ky thi la tao co hdi cho cac thi smh €06 co hoi
lam quen véi cac dang toan ¢6 i

chuong trinh gido duc phd
huong t6i viée thiic

= . o0 ;t ’
s g"”’“‘ 2 1a dé thi oz

350,000 thi sinh dén tir 6000 truomg ;13?: :éunthl Aér:acﬂ'l o
trén thé gidi thafl dur. Ky thi AMCS bit ddu tir £ VOi cac loi glm ch‘ 1
ndm 1985 danh cho cac lop 6. 7, 8 dugc td ehirc

vao thang 11 hang Deﬁi" om 25 cdu hoi
hiém voi thdt gian 1am bai 1a 40 phit. ¢

dé xuit hién Uﬂng as
Ay cac tac gia
C Tmh gza "'A bl
n logic; Cac

-5 g
(IC 1 I'e "

4 ong réng cudn sach 13 m ETY
) thiét thyc gitp cée em hoe s; J
thy cd gido day 16t mén Todn.
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