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Chweng trinh trao tang 25.000 bo sach giao
khoa cho hoe sinh c6 hoan cianh kho khin
da va dang duwoe NXB Giao duc Viét Nam t6
chire thuc hién tai nhiéu tinh thanh trén ca
nwoce.

Trong nam hoc 2019 — 2020, NXB Gido duc
Vit Nam trién khai to chuc chuwong trinh thién

~ nguyen trao tang 25.000 bd sich gido khoa dén

~ tay hoe sinh la con gia dinh thuwong binh, liét si
va hoe sinh ¢6 hoan canh kho khén trén ca nuoc.
Tinh den cudi thang 8 - 2019, NXB Gido duc
Viet Nam da trao trén 22.000 bo sach gido khoa
taing hoc sinh c6 hoan canh khé khan o nhiéu
{inh thanh nhu: Lang Son, Son La, Ha Nam, Phu

| LA

Tho, Théi Binh, Cao Bang, Thanh Hod, Tuyén
Quang, Quang Nam, Quang Ngai, Khanh Hoa,
Can Tho, Kién Giang, Soc Tring, Vinh Long,
Bén Tre, TP. H6 Chi Minh ... A

Mang nhiing cudn sach gido khoa dén voi hoc
sinh nghéo vuot kho, hoc sinh con gia dinh chinh
sach, hoc sinh ¢ nhirng viing sdu, vung xa gap
nhiéu khé khan 13 trich nhiém xa héi ma NXB
Gido duc Viét Nam da thyc hién trong nhiéu
nim qua. Hanh trinh trao sach gido khoa dén tay
c4c em cho du doi lac gip khé khan boi nhitng
cung o duong kho di hay anh huong cua thoi tiét
x4u, thién tai, 1{i lut... Nhung chi can nhin limv
niém vui trong 4nh mit cac em hoc sinh, digu d6
cling tré thanh niém vui chung cua cac can bg,
cong nhéin vién NXB Gido duc Viét Nam.

NXB Giao duc Viét Nam mong mudn nhitng
hoat dong thién nguyén nay s& duoc phat trién
sau rong, thiét thyc, gop phin hd trg cho nhirng
em hoc sinh ¢o hoan canh h kho khan, dé cic em
¢6 thém niém tin va nd lyc vuon 1én trong cudc
song.



Nam 2010
Khé 19x 26,5
Gia bia: 99.000 dong

Nam 2011
Khd 19 x 26,5
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Nam 2012
Khé 19 x 26,5
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NHA XUAT BAN G|A0 DUC V|ET NAM

s, ¥y

PHAT TRIEN NANG LU’C

clia cac tac gid: TRAN DUC HUYEN va NGUYEN BANG TRI TN
Sach day 236 trang, khé 17 x 24 c¢m, gid bia:

= — = —

e ——

LGP 10

ON THL V AO -
0 DINH HUGNG TiCH HOH
THE\m PHAT TRIEN NMIG LUC

him gitp cho cic em
hoc sinh ¢6 thé tu 6n
luyén va hd trg quy
dy C6 c¢6 thém tai lidu 6n
thi vao 16p 10, Nha Xuét ban
Gido duc Viét Nam t6 chirc bién
soan cuén “ON THI VAO LOP
10 THEO BDINH HUONG
TiCH HQP VA PHAT TRIEN
NANG LUC”.

Ngoai viée luyén thi vio l6p 10,
cubn sach nay ciing dap ung yéu
cau cho viée dm mai day - hoc,
dap tmg yéu cau duoc cic tidu
chi cta b sach gido khoa mdai,

theo dinh hwéng tich hop cac
mon hoc, va phat trién nang luc
cua hoc sinh cua B6 Gido duc va
Pao tao.

Séch gom 4 chwong:

CHUONG 1. NHUNG CHU
PE CO BAN

Bao gom 12 chu dé cin ban cua
chuong trinh todn 16p 9 hién
hanh: M01 chu dé déu co phan
tom tit ly thuyel dé todn co
huéng dan va dé toan tw giai rét
tién cho cac em hoc sinh ty 6n tap
va ren luyén.

CHUONG 2. NHUNG CHU
PE TOAN UNG DUNG

Chii dé 13: Nhimg bai toan tich
hop lién mén Ly - Hoéa - Sinh.
Chu dé 14: Nhimg bai todn ti 1&
phan tram trong tai chinh.

Chii dé 15: Nhing bi todn thue
t¢ do dac hinh hoc — Céc bai toan
ve dia li.

CHUONG 3. NHUNG CHU
PE NANG CAO

Chii @¢ 16: Van dyng md hinh
todn hoc dé giai quyét cac van dé
thue té.

69.000d6ng

Chii @ 17: Toén dai s6 tong hop
Chii dé 18: Toan hinh h
hop.

C-HUgNG 4. m}:
TUYEN SINH VAO L

ma trin dé minh hoa cﬁa S¢ Gido
duc va Do tao TP. H Chi Minh,
trong d6 mot s6 dé c6 hudng din
gidi va cde dé con lai cac em hoc
sinh sé tur lam.

Dé sir dung tai liéu mot cach ¢o
hiéu qua céc em hoc sinh cén hoc
day di céc kién thirc co ban trong
sach gido khoa, tich cuc rén luyén
cach suy nghi, tu duy, phan tich,
phén bién, dong thoi tim méi lién
hé véi thue t& ddi véi kién thire
da hoc.

Ching t6i hi vong tai liéu nay s&
gitp ich cho quy thay ¢6 va cac
em hoc sinh trong viéc 6n tap,
luyén thi vao 1op 10 theo cau
tric dé mai va rit mong nhan
duge nhiéu y kién dong gbép xay
dung dé nhirng 1an téi ban sau
tai liéu sé duge ngay cang hoan
thién hon.

Dia chi phat hanh:

® Cong ty CP Sach va Thiét bi gido duc Mién Nam,

231 Nguyén Van Ctr, Quén 5, TP. H& Chi Minh, DT: (028) 38358423
® Cac Cong ty CP Séach va Thiét bj Treerng hoc Tinh (Thanh phé).
® Mua sach truc tuyén tai: www.sobee.vn
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C6 bén cach chimg minh mot dang thirc dai s6 1a:

Chig minh vé nay bang vé kia; Chirng minh hai

vé bing nhau; Pit lai két luan ciia bai toan, chimg

minh VT -VP=0;Suy tryc tiép tr mot hing

dang thirc hoic tir gia thiét ctia bai toan.

Ta thudong gip hai dang toan co ban vé chimng

minh ding thirc dai s6 1a

A. CHUNG MINH PANG THUC VOI CAC

BIEN TU DO

Céc dang thirc nay thuc chat 1a cac hé qua cta cac

hing ding thirc dang nhé né coi nhu cong cglrét

hiru ich khi bién dbi dai s6, chimg minh cac dang

thirc ¢6 diéu kién.

HQ 1. a® +b* =(a—-b)’ +2ab

HQ 2. o> + b =(a+b)* - 2ab

HQ 3. (a+b+c)’ =a® +b* +c* +2(ab+bc + ca)

HQ 4. ab(a—b)+ be(b—c) + ca(c —a)

=(a-b)(b-c)(a-c).

Béng thirc trén con duoc viét & cac dang sau

at(b-c)+b*(c—-a)+c*(a-b)
=(a-b)(b-c)la-c) (1)

a(b® =)+ b(c? —a*)+c(a® - b?)
=(a-b)(b-c)(a-c) (@

(a—b)a+b)’ +(b—c)b+c) +(c—a)c+a)’
=(a=b)(b-c)a=c) (3)

Chikng minh. Bién d6i VT bing cich bo ngoic,

chon bién chinh a rdi nhém theo bdc cua a, ta

dugec:

VT =da*(b-c)- a(b2 —cz) +be(b-c)

:(b—c)(az +bc—ab-ac)

=(b-c)[a(a-b)-c(a-b)]
=(a-b)(b—c)(a—c)=VP.
HQ 5. (a+b+c)(ab+ be + ca) - abc
=(a+b)(b+c)(c+a).
HQ 6. a® +b* = (a+b)’ —3ab(a +b)
HQ7. (a+b+c)
=a’+b +c* +3(a+b)(b+c)(c+a)
HQS. (a+b+c)
=a’ +b*+c* +3(a+b+c)(ab+bc+ca)-3abe
HQOY. &’ +b* + ¢ —3abe
=(a+b+c)(a* +b* +c* —ab—bc—ca)
HQ 10. (x—a)(x-b)(x—¢)
=x* —(a+b+c)x* +(ab+bc+ca)x - abc
Bai toan 1. Ching minh rang
1) x* +"1'4 +[_\'+_\‘]'l = 2{_.\"\ + xy 4 __1-'3:):;
40° +51° +91° _40* +51° +91°
79 19"
Loi giai. 1) Bién d6i vé trdi bang cach ap dung
HQI, ta dugc
VT=(Jc2 +y2)2 =2ty +(,vc2 +2xy+y2)2
= [[f +y2]2 —xzyz}d-[(xz —i~2Jny+y2]2 —fyﬂ
= (Jc2 +xy+y2)(x2 —xy+y2)
+(x2 +xy+ 7 )(x* +3xy + ?)
=(x2 +.1ey+yz)(2.v£2 +2xy+2y2)
= Z(Jn:2 +:J«cy+y2)2 =VP.
2) Pat lai két ludn ciha bai toan, ta can chimg minh
40: + Slz + 91: -
40" +51° +91
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Ap dung két qua cau 1) véi x=40,y=51, ta
duge VT =407 +40.51+51° =79°.
Bai todn 2. Ap dung HQO2, chimg minh rang

ey 1 1.0 1
]) —2+—_,+ 5 =
- Sl o

1 1 | 1 1
Z)Jq 3+ 2+\/_4+_4+ﬁ
x+y (x+y) x ¥ (4+y)

C ol

Lai gidi. 1) Ap dung HQ2, ta co:
r i fr 17 2
o i e ey Mo
X y x ¥ Xy

2
VI= [1+l_ : ) e
X y x+» X ¥y xty

2) Ap dung két qua cau 1), ta c6

2
B+ 2 4 a6

x2y2 xy

1 1 I=VP.

[SRE T D .

Jx4 y4 (xz i yz )2 xZ y2 xZ + yZ :
Ap dung két qua cau 1) mét 1dn nita ta c6 dpem.
Bai toan 3. Ap dung HQ4, chimg minh rang
Xy + yz + zx = -1, trong cdc truong hop sau:

a b c
1) x= s y= fig= :
b-c¢ c—a a-b
a+b b+c¢ c+a
) x= 5 Y= B :
) a—>b ¥ b-¢ c—a
a+m b+m c+m
3) x= » y= ;z= ;
b—c c—a a-b
o 1—ab l—bc;z:]—ca.
a-b’ b-c¢ c—a

Lai gidgi. 1) Ap dung HQ4:
ab(a—b)+ be(b—c)+calc—a)
~(a-b)(b-c)(a-c) (1)
Chia hai vé ctia (1) cho (a—b)(b~-c)(c—a)=0,
ta duoc:
ab bc ca
+ + =-
(b-c)(c-a) (a-b)(c—a) (a-b)(b-c)
hay xy + yz+ zx = -1.
Céc céu 2, 3, 4 chimg minh tuong ty.

2 TOMHOC s

B. CHUNG MINH PANG THUC CO PIEU KIEN
I. Tong bac nhit bing 0 va cic ki thuit ha bic,
thay gié tri, nhém doi ximg

Bai toan 4. Cho cdc 56 thuc a,b,c thoa man diéu
kién a+b+c=0. Ching minh

Da® +b% +c = -2(ab+ be + ca);

2)a’ + b + ¢ =3abc;

3) a* +b* +¢* =2(ab+be+ca)’;

) 5 b | 2
4) a’+b+c° = —abc(a' +b° +c“);
2

5) @’ (B2 + )+ b3 (2 +a? )+’ (a® + b?)
= %[a3 +b +c3)(.f;*4 +b' 4+ c'd).
Léi gidi. 1) Cdch 1. Bién ddi vé tréi bing cach ha
béc roi thay gia tri ta dugc:
VT =a(-b-¢)+b(—c—a)+c(—a—>b)

=—ab—ca—-bc—ab—ca-bc

= -2(ab+ bc + ca) = VP.
Cdch 2. Binh phuong hai vé gia thiét
a+b+c=0taduge: (a+b+c)* =0
hay a® + b* + ¢* = —2(ab + be + ca).
Cdch 3. Ap dung HQ3, thay gid tri a+b+c=0,
ta co: (a+b+c)2 =a’ +b* +c* +2(ab + bc + ca)
hay a* +b* +¢* =—2(ab+bc+ca)

2) Cach 1. Bién d6i vé trai bing cach ha bac, thay
gia tri rdi nhém doi xirng, ta co:

VT =ad*(-b-c)+b*(~c—a)+c*(-a—-b)
= (—a’b—ab*) + (-b*c — bc?) + (—a*c - ac*)
=ab(—a—b)+bc(-b—-c)+ca(—c - a)

=3abc = VP.
Cdch 2. Dit lai két luan ciia bai toan, chimg minh
a +b*+c —3abe =0.

Ap dung HQ9 ,tac6 o’ +b° + ¢’ —3abe
:(a+b+c)[a2+b2+(:2—ab—bc—ca)zo.

Cdach 3. Ap dung HQS8

a+b+c=0,taco:

roi thay gia tri

(a+b+c)
=a’ +b* + +3(a+b+c)(ab+be +ca) - 3abe

hay a® +b° + ¢* = 3abc.

https://tieulun.hopto.org



3) Cdch 1. Bién ddi vé tréi bang cach ha béc, thay

gia tri 101 nhom doi ximg, ta co

VT =a’(-b-c)+ b’ (—c—a)+c(-a—-b)
=(=a’b—ab®) + (=b’c - bc*) + (—-a’c — ac®)
= —ab(af2 + bz] - :f:l(:(b2 + cz) - 1::(.1((;2 + az)
=—ab(-2ab - bc — ca) —bc(-2bc — ca—ab)

—ca(—2ca—ab-bc)
= 2(.{12!:'2 +b2c* +c*d’ ) + 4(a2bc +ab’c + abc? )
—2abc(a+b+c)

=2(ab + bc + ca)’ = VP.

Cdch 2. Ap dung HQ3 hai lan rdi thay gi4 trj

a+b+c=0,taduoc VT = VP.

4) Cdch 1. Bién dbi vé trai bing cach ha bac, thay

gid tri 101 nhém déi ximg, ta co:

VT =a*(-b—c)+b*(-c —a)+c*(-a—b)
= (-a*b-ab*) + (=b*c - bc*) + (-a*c - ac*)
= —ab(a3 + ba) —bc(b3 +c3) ~ ca(cj + a3)
=—ab(a+ b)(a2 +b% - ab)

—be(b+ .'.')(b2 +c*— bc]— calc +a~‘)(.‘:2 +a’ - ca]
= abc[Z(az +b* + cz] —(ab+bc +ca)]
= Eabc[az +b% +¢*)=VP.

2

5) Bién dbi vé trai bang cach nhém déi ximg,

thém bét hang tir thi€u ta co:

VT = (a552 +a’b’ ) + (bscz + bzcs) + (a‘sc2 + azcs)
=a’h? (a3 +bs) +b*c? (bz' +c )+ a’c® (a3 + ca)
=a2b2(a3 +b +c3)+ b*c? (a3 +b +c3)

+a*c® (03 +b +¢° ) —a*b’P(a+b+c)
= %(a3 +b+c )[(.:12{12 +b’c? ) + (bzc2 + czaz)
+(*a® +a®b?)]

Mat khac a’b” + bc* = b (a* +¢°)

=b? [(a +e)ff - Zac:} =b* - 2ab’c,
twong tw: b2c? +c’a’ = ¢* - 2abc?,
c2a* + a*b* = a* - 2a%be.

Do d6 ngodc méc vudng ciia (*) bang

a* +b* +c* —2abc(a+b+c)=a* +b* +*.

Tur d6 suy ra dpcm.

II. Tong bac nhat khong ddi va Ki thuit nhin
thém bién s6, mé ta két ludn theo gia thiét

Bai todn 5. Néu cdc s6 hitu ti a,b,c,m thoa man
a+b+c=m thi P=(am+ bc)(bm+ ca)(cm+ ab)
la binh phuong mét sé hiru ti.

Léi gigi, Nhan thém bién s6 vao gia thiét ta dugc:
am=a’ +ab + ac, khi dé

am + be = (a* + ab) + (ac + be) = (a+ b)(a+¢).
Tuong tw ta cling c6: bm+ca=(b+c)(b+a),

em+ab=(c+b)(c+a). Tudé tacéddpcm.

Bai tip 5. Cho cdc s6 a,b,c dwong thoa mdn

a+b+c=1. Chimg minh
(a+ be)(b + ca) . J(b +ca)(c+ab)
c+ab a+bc

(2]

& ’(c +ab)(a+bc) _
b+ca

Lai gidi. Ap dung két qua bai todn 5, ta dugc:

(a+bc)(b+ca)
c+ab
_ (a+b](a+c)(b+c)(b+a)=a+b;
(c+a)(c+b)
Tuong tu ta cling co: QiM:b+c;
a+be

‘(c+ab)(a+bc)=c+a’
b+ca

Tudotacd VT =2(a+b+c)=2(dpcm).

II1. Téng bic 2 khong dbi va ki thuit thay gia
tri, mé ti két luén theo gia thiét

Bai toan 6. Néu cdc sé hiru ti a,b,c,m thoa man
ab+bc+ca=m thi

(m + az)(m . bz](m+ (_2) =(a+b)’(b+c)(c+a).
Léi gidi. Bién dbi

m+a® = (a* + ab) + (bc + ca) = (a +b)(a+c) (1).
m+b’=(b+a)(b+c) (2);
m+ct=(c+b)(c+a) ().
Nhan theo vé (1), (2), (3) ta c6 dpem.

Tuong ty:

TOAN HOC
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IV. Téng bic hai bing khong va ki thuit mé ti
két ludn theo gia thiét
Bai todn 7. Cho cdc 56 hitu ti a,b,c khdc 0 thoa
man diéu kién ab + be + ca =0 . Chimg minh:
1) M =(a® +2bc)(b* + 2ca)(c* +2ab) la  binh
phurong mét s6 hiru ti.

1
2) 1 - ] ~ =3k

~ Py 3
a  +2bc b"+2ca ¢ +2ab

be ca : ab

3) =

@ +2bc b +2ca ¢ +2ab
Léi gidgi. 1) Taco: a® +2bc=a* +bec—ab—ca
=a(a-b)-c(a-b)=(a-b)(a-c).
Tuong ty ta cling c6: b? +2ca=(b-a)(b-c),
¢* +2ab=(c—-a)(c-b). Do dé ta cé:
2
M=[(a=b)(b-c)(c-a)] .
2) Theo két qua ciia cdu 1) ta co:
1 1 1
+ +
(@a=b)(a-c) (b-c)(b-a) (c—a)(c-b)
__a=btb-c+c—a _
T e

VT =

V. Tong nghich dao khéng dbi va ki thuat
nhom cac hang tir
] 1

===y
xR X W Z

Bai toan 8. Néu thi ton

tai mot trong ba 56 X, »Z bcing m.
Lai gidi. Cach 1. Tir gia thiét suy ra

| 1 1
—_—tt—_—_—_—_— ==
X ¥y x+ytz z

x+y

2(x+y+2)

hay (x+y)(zx+yz+2°)+(x+y)xy=0

= (x+y)y+2)(z+x)=0.

Diéu nay chimg tox+ y =0 hodc y+z=0 hoic

z+x=0.

Tirdératra x=m hodc y=m , hodic z=m.

Cadch 2. Tir gia thiét va 4p dung HQ7, HQS ta c6:

(x+y+2) (0 + ¥z +2) 2
=(x+y)(y+z)(z+x)=0.

Suy ra x = m hodc y = m hodc z=m.

S& 507(9-2019)
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Bai tip 8. Cho cdc so thuc x,y,z thoa man

R R 1 S . g
I = . Chirmg minh rang
X Yy 2 x+)y+i2

1) Trong ba s6 x,y,z co it nhat hai s6 doi nhau.

bty F L _EiF
X y x+y+z z zZ(x+y+2z)
¥R x+y

xy '—zx-l-yz+zz

hay(x+y)(zx+yz+zz)+(x+y)xy=0
=(x+y)(y+z)(z+x)=0.

Né“x+y=0:>x= _y:,x2"+1 =_y2n+1
1 1
5 y2ntl 2n+1 _ _
dod6 x*"" + y=" = O,chz,Hl y_-_-_2n+l =i

Tuong tu, ta suy ra cc déng thirc cin chimg minh.
VI. Tich khong d6i va cic ki thudt: thay hing
bing bién, thay bién bﬁng hing, dbi bién sé,
thay bing nghich dio

Bai toan 9. Cho xyz = 1. Chirng minh

I 1 1

14+ x+xy

Léi gigi. Cdach 1. Bién d6i VT bing cach, thay

hing s6 1=xyzvao tir vA mau cia phén thirc
thir hai:

1 _ xyz _ B )

1+y+yz_xyz+y+yz_y(l+z+zx)'1+z+zx’

Thay 1= xyz hai 1an, 1in thir nhat vao tir va miu

=1,
l+z+4 zx

1+ y+ yz

y.zx 2

cta phén thirc thir nhét, 1an thir hai vao mau cuia
phén thire vira thu dugc, ta co:

1 B xyz 3 x.yz
I+x+xy xpz+x+xy x(1+y+yz)
2 __ yz ___ =z

=x}a+y+yz_y(l+z+zx)_1+z+zx'

https://tieulun.hopto.org



_xeay
T l4x+ xy
phan thirc & VT bang cach nhdn thém bién sb.
Nhén tir vi miu cia phéan thirc thir hai véi x,
phén thirc thir ba véi xy , ta dugc:

Cach 2. Vi VP = 1 nén biéu thi cac

1 a X B z .
l+y+yz x+xp+xz l+x+xy
T _ Xy __ Y
l+z4+2zx xy+xyz+xxyz l+x+xy
Dods V=22 _j_wp.
1+ x+xy
$i . b
Cdch 3. Dbi bién sb, dat x=2, p=2 2=5,
b c a
abe # 0 thi xyz=1. Khi d6
VT = bc 5 ca ab
ab+bc+ca ab+bc+ca ab+bc+ca
:ab+bc+ca=1:vpl
ab+bc+ca
; . : 1 1
Cach 4. Thay bang nghich dao yz=-, z=—
x Xy
vao VT, ta co:
1
VT = 1 + 1 l+ 1
Sicia S TR TE. W
X xyy
=l+x+xy=1=VP.
1+x+xy

VII. Ti s6 khong ddi voi tinh chit cia day ti sb
bing nhau va ki thuft tham s6 héa, Ki thuit
nhin thém bién s6

Bai toan 10. 1) Cho A E. Chitng minh
b ¢ ad

[a +b+ C'] e a+b+e
b+c+d/ b ++d’
23 a 2
i X =P WeEE E XY s i

2) Cho e =, Chung minh

a b i

g ~-be ¥V—ca c—ab

% % s

Léi gidgi. 1) Ap dung tinh chit coa day ti s6 bing

ofb i BB RS BEE
b ¢ d b+c+d

abc [a+b+c]3
suyra: —.—.—= .
becd \b+c+d
D0d0:£=[a+b+c) (1)
d \b+c+d
_.abec & b & d+b 4+
Lied = peep s ey g
bed b d b +c +d
35 g8 5
a a+b+c¢
hay —= 2)
d P+l+d® (
Tir (1) va (2) suy ra dpem.
- g _ 2 _
2)Bé.tx DI e I s P
a b c

@ P (x* - yz)? _ - Z-")(Z2 _-"3’) .
a’ be
Ap dung tinh chit cia ddy ti so bang nhau, ta c6:
2 _x4 —23c2yz+y2z2 —yzz2 +xy3 +xz° —xzyz
- a* —be
x(x3 +y + 2 = 3xyz]

t

a* - be ’
2
14
(1.

al—bc_x3+y3+za—3xyz

suy ra

Tuong tu nhu trén, ta cling ¢o:
o 42
Ee ‘ @
b:—ca x° +y3+23 - 3xyz
2

z /5
-ab x° +y*+2° =30z
Tix (1), (2), (3) ta c6 dpem.

3)-

s R b ; ; i o
Bai toan 11. Cho —=—. Chung minh cac dang

b d

thire sau:
”{a-b)f:_@: 5 ﬂzf_f-“:

(c—d) cd bd b -d°

& 'd b 3 . —b:

3) ,,Jb ‘:_’cn’ e 4) (a+ }‘:u .

a —-b° ¢ -d° (e+d)” c +d°
5) (a+h)i1_a‘3 i b':.
Loi giai.

a=c
b=dt
dbi hai vé bang cich thay a = ct,b = df ta cb:

1) Tir gia thiét E: 5 suy ra { (t#0). Bién

, TOANH
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- (c- d]2 e cd .
Tir d6 ta c6 dpem.
2) Cac cau con lai lam twong ty.

2 2
t (C—d) _’2_ VP =

VIIL Téng c4c lily thira ddng bic khong ddi va
Ki thuét bién ddi twong dwong

Bai toan 12. 1) Cho cdc sé thuc a,b,x,y thoa

man hé dieu kién: x+y=a+b 1
va x° -r'\‘: =a’ +b* (2).
Chimg minhx" + y" =a" +b" (3), Vne N*,

2) Chimg minh ring néu déng thirc

n

x" + r” +z"=da"+b" +"

dung voi n=1, 2, 3 thi ciing diingWVne N*.

3) Cho cdc sé .'kt,r( a,b,x,y thoa madn hé diéu
4 4

kign: 22 +y*=1 (1) va “+L=—— (2).
> a b a+b
an 2n 2
Chirng minh — + Y - g
a’” b (a+bd)

Loi gigi. 1) Bién dbi gia thiét, tir (1) ta co:
x—a=b-y (i), x=b=a-y (i'); tir (2) ta co:

x2~—a2:b2—y2

hay  (x-a)(x+a)=(b-y)(b+y) (i)
va X -b*=a*-y*

hay (r—b)(x+b)=(a~y)(a+y) (if).
Tu(i'),(ii")suyra: x—g=y—b=0¢ x=a; y=b.

Tu(i ),(f:) suyra: x—b=y-a=0<x=b y=a.
Véy ta lubn c6 (3) Vn eN*,
x+y+z=a+b+c

2

2)Véi n=1, 2 taco:
) {x +y’+2=a’ + b+

=(x+y+z) =(a+b+c) hay
2+ Y +2° + 20 + yz + zx)

=a* +b* +c* +2(ab+bc +ca)
= xy+yz+zx=ab+bec+ca.
Véin=3tact: ¥ +y  +2=a’ +b’ +¢
=>(Jc+y+z)(.:rc2+y2 +zz—xy-—yz—zx)+3xyz

=(a+b+c)(az+bz +cz—ab—bc—ca)+3abc

6 Tca)g-quugg S8 507(9-2019)

= xyz = abe. Do d6x,y,z 1a nghiém cua PT:

X’ —(a+b+c)X*+(ab+bc+ca)X —abc=0
(X -a)(X-b)(X-c)=0=X=a,X=bX=c.
Do d6 (x,y,z) 1a hoan vi cua(a,b,c). Vay

X"+y"+z"=a"+b" +c".

3) Bién dbi gia thiét:
2 2
1 _i Xi_(bxz—ayz] +(x2+y2)
a+b a b ab(a+b) a+b
Két hop véi x* +y” =1, thu dugc:
bt —a’ & 2 2 .3
( ay) =0 by’ =a_ry2<:>x—=y——x s gl
ab(a+b) a b a+b a+b
Tir d6 rat ra:
SN L 2n 2n
[5_] =[y_] T
a b (a+b) a b (a+b)
BAI TAP AP DUNG

1 Ap dung HQ1, HQ2. Chimg minh cac ding

+y—

\/x +y +(x+y) =X

J 1 ‘ 1 X
—2 X+——
y (xy+1) y W+1

x+y|’

3

) 2
\/a b) (b c) (cva)

2
2013 ~2013 1

122 2012’
5) /0,6 +0,8* +0,6*.0,8* =0,7696;

4) ,/1+2013% +

6) J2006% + 2007% + 4026042 = 2006% + 2006 + 1.
2. Ap dung HQ3, chitng minh céc ding thirc

1) b-e¢ & c—a i a—b
(a-b)(a—c) (b-c)(b—a) (c—a)(c—b)
2 2 2
il e ion
a-b b—-c c—a

https://tieulun.hopto.org



a’ —be & b* —ca . c? —ba
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)

3) M=N,véi

a’ b? c? .
“(a+b)(a+c) (b+c)b+a) (c+a)c+b)
N= be g ca N ba .
(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)

4) (b+c)’ (c+a) (a+b)

T L e e

5) (a+b)(a+C)+(b+c)(b+a}+{c+a)(c+b}=_

G=bila~3) tlb (o=alb=a)

) mbc + n mca+n mab+n

(a-b)(a-c) (b-c)(b-a) (c-a)c—b)

3. Cho cac sb thuc a,b,c thoa man diéu kién

a+ b+ c=0.Chimg minh ring

1)a’ +b° +¢ = —5abe(ab + be + ca) ;

2)a’ +b +¢° zé(az +b2+.c2)(al"'+¢‘:'3 +c3);
6

3)a’ +b" +c’ =Tabe(a*b* + b’c? + c2a’);

Ha +b" +¢’ =l%(a2 +b+ )@ +b +¢);;

S)a’ +b" +¢’ :%(03 +8 + ) at + b +ch);

6) Témg 0= B +*)+b° (¢ +a*)+ (@ +b%)
bing cac biéu thirc sau:

a)3abc(a’h® + b’c* +c2a);

b)3abc(ab+be + ca)2 :

3abc; 5, L, ay?
c a‘+b°+c) .
== )
2
TENP =T, Wb =2 2
bc+2a
_4ca-b’  ,_4ab-c’
ca+2b*’ ab+2c*’
3 a+p b +ct cz+az_a_3+£+i
a+b  b+c c+a bc ca ab

% (ab + 262)[bc + 2a1)(ca + sz) e

(2ab? + 2% + 2ca® + 3ab.:)2

4. Chimg minh ring, néu
1) Ya+¥b+¥c=Ya+b+c thi
g+ 45+ g = YT b e véine N,

2) -

1 1 1

—+=t==
Ja b Y 3
vi Ya+¥p+¥o=6+2v5-V29-12¥5 thi

trong ba $6 a,b,c it nhét c6 mot ) bfmg 27.

3);@+%+%=% va Ya+db+Yc=2 thi
trong ba 6 a,b,c it nhét c6 mot sb bﬁng 8.

8 Ya+p+¥e=ti 2L v Yabo-s mi
trong ba s6 a,b,c¢ it nhit c6 mot sb bang 8.

5. Néu cic sb thuca,b,c khac 0 thoa man ding
thitc a®(b-c)+b*(c—a)+c*(a—b)=0thi tén
tai hai s6 bang nhau.

6. Chimg minh réng néua,b,c la cac sd hiru ti
thod mén abc =1 thi mét trong ba s6 a,b,c béng:

1) Binh phuong mot sb hiru ti khi

a b c_bz+a2+c2_
B ¢* & a ¢ b

2) Lap phuong mot s6 hiru ti khi

33
a b ¢ b a c

—t =t =—t—t—
P & @ a ¢ b

3) Lily thira bac 4 mét s6 hiru ti khi

a+b+c b4+a4+c4_
e i e
b* ¢* & a ¢ b

4) Lity thira bic 5 mot s6 hiru ti khi

a b ¢ ¥ &

—t = — 4+ —,
¥ & ad a ¢ b

TOAN HOC
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Hudng dén gidi PE THI TUYEN SINH VAO LOP 10
TRUONG THPT CHUYEN PHSP HA NOI, nim hoc 2019 - 2020

VONG 1

(Dung cho moi thi sinh thi vao truong chuyén)

Ciu 1.
(a+1)* +3(a-1)
) p= (a=1) la3—1_ 2a
(a-17+3(a+1)’ @ +1 a-1
(a+1)2

({14—])2(4{12 —4a+4) (a—I)(az+a+1) 2a
) a-1

(a—1)*(4a* +4a+4) (a+1)(a* —a+1)

_a+l 2a _a—l_

=

a—l_a—~1: a-1

2) Pat u=Yx*>0,v=3,?>0. Ping thic &
gia thiét tr¢ thanh:

\/ﬂa +H2V+\/V3 +V21J =a

<:>\/u2(u+v]+\/v2(u+v)=a

SSuNut+v+vwWut+v=a
oSVu+v(u+v)=au+v) =a

sutv=Va =2+ =V .

Ciu 2. Goi v; (km/h) 1a van tdc cia An trén
quing duomg AC (v, > 0); v, (knvh) 14 van téc
cua Binh trén quang duong BC (v, > 0).Tur gia
thiét ta c6:2v, +2v, =20 v, +v, =10 (1)
S B A W :§ (do (1))

va = —
v+l y=1 5 1ll-v y-1

&1 +38y, —264 =0y, = 6 (km/h).
Ciu 3. 1) Tir gia thiét ta co:
b=-a-1

a+b+1=0 {
2 et 3
2a“+b=0 2a°—a-1=0

TOAN HOC
8
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1

=l hodc a:_i
=3
b=-2 : 1

b=—-
2

2) Theo dinh li Vieéte ta co:

x1+x2:“a- X3 +x4=—£.‘
xx,=b Xyx, =d

Tacod P(x;)+P(x,)=0(x)+0(x,)
lez +Jc22 +c:(J|:l +x2)+2d

& 17 +x = (% +25)(x +x,) + 2xx,
= x12 +x22 —(%3+ %) (% +x,) + 2x,,

= xf + xf =20x, = xlz + xzz —2xx,

3 2

(% -x) =(q-x)

@|x1—x2|:|x3—x4|.

Cau 4.

1) Tir c4c tir gide ndi tiép AB,HC,; CA,C A ta c6:
HB,C, = HAC, = ACC;HC,B, = HAB, = CC 4, .

Suy ra AB HC, ~ ACA,C,
HB, HC,
=
4C 4G

2) Ta c6 BAC'=180° - C,4,C = BAC

= HB]'AICI = HC}.A}C .

https://tieulun.hopto.org



& 25a(BC+ ) =2sa(B4'+ 7C) P=xy(xy+6x -2y -12)+12(x ~2x+3)
e +3y?+ 18y +x* - 2x+1+y* +6y+9

Suyra BC'=BA' = BC'=BA'.

Ma B'C'= B'A'va OC' =OA', nén 3 diém B; B, = X'+ 6x’y—2x" —12xy + 12(x* —2x+3)

O thudc trung truc cia 4'C’ (dpcm). k'S 3y2+ 18y+(x—1]2 +(y+ 3]3

3) Ta c¢6 H trung voi O. Goi D la giao cua BH

ey 2
véi dudmg trdm (0), [ giso cla BDvéi A'¢". =) (¥ =2x+3)+6y(x* —2343)

Khi d6 4’ = IC' va tam gidc BC'D vubngtai C". i 12(x2 _2x+3)+(x_1)2 +(y+3)
Tuddé C'I=1IBID=IB(2R-IB)=

13 13 5 =(xﬁ—2)6%-3)(}:2+6y+12)+(.vc—1)2+(y+3]2

=-=R(2R--ZR)= —R? i "
22 2277 16 =[(x=1)* +2][(y+3) +3]
J15 V15
:>C'1="4—R :>A'C'=TR- +(x—1)2+(y+3)226 voi Vx;y €R,
Cau 5. Tacod Ping thirc xay ra khi x = 1; y =-3. Viy minP = 6.
UONG 2
(Dung cho thi sinh thi vao chuyén Todn va chuyén Tin)

Cau 1. Tacé @ +b° = a*b*(ab-3) o m(cl2 -622)+n(c] —¢,)=0
od+b —dh +3d% =0 & (6 =¢)[m(q+c,)+n]=0

& (a+b) =3ab(a+b)-d’b’ +3a°b* =0

o (a+ b—ab)[(a +b)’ +(a+b)ab+ (ab]zj
~3ab(a+b-ab)=0

& (a+b-ab)[a® +b* —ab+(a+b)ab+(ab)’* | =0,

n
:>c,+cz=—;(d0 C #C; ).

Tuong tu a, +a, =b, +b, =-Z Suy ra diéu
m

can chimg minh.
Ciu 3. 1) Bién ddi
Mat khac, do a va b phén biét, nén:
a* +b* —ab+(a+b)ab+(ab)’

~[(a-b) +(a+aby +(b+ab)’ |>0.

x*y? —4Jc2y+y3 +4x* =3y* +1=0
o (P +y+1)(y-2)7=3.
Suyra (y—2)°* = LX+y+1=3

2
Vay a+b-ab=0 hay T=0. Trucng hop 1.y =3 = x* + 4 =3 (loai).
Cau 2. Dat S(x)= P(x)+ Q(x)+ R(x) Truonghop2.y=1=x*+2=3 = x==l.

=(m +m, +m,3)x2+(n1+n2+r¢3)x+k1+k2+k3 Vay (x ;) € {(1;1), (-1;1)}. |
S(a)=S(c,) () 2) Do a’+h'+¢> chia hét cho 14 nén
al= ¢y

- 3 3 + 3 » A s . A

Tir gia thiét suy ra {S(b)=S(b,)  (2) a3+}; : la. s0 chan; D? do trong ba so
S(a)=S(a,) (3) ag b e ph’a‘l c? mot so’ chafa. Vi vay t:rong.ba

; 4 sO0 a,b,c phai c6 mot so chan. Suy ra abc:2.

Ta c6 (1) < me” +ne, = me,” +nc,

Mat khiac v6i mdi s6 nguyén x thi x°

TOAN HOC 09
4rg
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=0,%1(mod7). Pac biét, néu ca ba sb a,b.c
khéng chia hét cho 7 thi

@ +b’ + ¢’ =+1,43(mod7), mau thuin.
Vay abc:7, suy ra abc:l4.
Caun 4.

1) Tir gia thiét ta c6 4, B, D, E, F thudc duong
tron duong kinh AB. Do ABFD la tir gidc ndi tiép
nén:

s ey e n_.—-—-"‘-—-—.
BDF:};AF=BAQ=M
=90° - C = EBC.

Do d6 DF // BE hay BEDF 12 hinh thang.

Lai c6 BEDF 1a it giac néi tiép duomg tron duong
kinh AB nén BEDF 14 hinh thang cén.

2) Goi I 1a trung diém ctia BC. Do ABCE vudng
dinh E nén ta c6 BIE =2C. (1)
Mt khéac 7 13 trung diém caa BC nén OI vudng
géc v6i BC hay tir giac BOIF ndi tiép duong
tron duong kinh BO. Do d6:

BIF = BOF =180° - 40B=180" -2C. (2)
Két hop (1) va (2) ta dugc BIE + FIB =180
Suy ra ba diém E, F, I thang hang hay EF di
qua trung diém / ctia BC.

3) Do hai tit gidc ABPC va ABFE ni tiép nén

[ BEF=BAF =BCP
taco: ¢ ___ ST

BFE =180° — 4= BPC
Do d6 ABFE ~ ABPC (g.2),

TOAN HOC .
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BEM = BCN
suyra\BE EF EM:

BC CP CN
Hay ABEM ~ ABCN (c.g.c).
EBM=CBN (EBC=MBN
Twdosuyray BE BM =3 BE BC -
BC BN BM BN

Hay AEBC ~ AMBN (c.g.c).
Do d6 ta c6 BMN = BEC =90".
Cau5.1)Goi 4, ={a,b,c},

a;, =4
dﬁt A| ﬁ"{i:{ai}si=293!”'!8 ai:b'
&, =¢

Suy ra 3 phén tir g, b, ¢ roi vao 7 tap hop 4s,...,
Ag. Do d6 ton tai it nhat mot phan tir thude vio
3 tap trong 7 tdp A,,.., Az. Gia st dugce
acd,ae Aj,ac Ay, a €A N A, N A N A4,
Suyra 4, N4, N4, N4, ={a}.
2) Taching minh 4 "4, N...N Ay ={a}.
That viy: Gid st 4 N4, N..NAy, =D va
ZIA ST a £ Ay,
Xeét 4 O Aygyo ={my}, 4y O Ay ={m, },

Ay O Aygrg = {my} Ay O Aygyo = {my ).
Suy ra trong cdc phan tir m,,m,.m;,m, c6 2
phan tir tring nhau. Gia sit m, =m, =u, suy ra
ued,uci
Sued nd,={alu=aec 4y, VOly.
Vay 4, N4, ... Ay 2D
Ma 4 N4, "N 4N A, ={a},
suyra 4 N Ay N...n Ay ={a} (1).
Tir (1) suyra 4, ={a, a,,}, 4 ={a, a3,a,},...,
Ao =1{a, Cagzy, Cagss } > trong d6 @ @sse s Aoy
14 c4c phin tir phan biét. Suy ra s6 phan tir clia
X 16m hon hay bing 4039.

NGUYEN THANH HONG
(GV THPT chuyén PHSP Ha Noi) Gidi thigu
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UONG 1 >
(Dang cho moi thi sinh; Thoi gian lam bai: 120 phut)

Céu 1 (2 diém). Cho biéu thirc

p_(2x 1 )3
Wo=x"3:v%) Va2 -
a) Rut gon biéu thirc P.

b) Tim tat ci céc sb thuc x dé p= —%.

Cau 2 (2 diém). Cho phuong trinh
X =2(m+1)x+m-4=0 (1)

(x 12 4n, m 1a tham sb).
a) Giai phuong trinh (1) khi m=-2 .
b) Tim m dé phwong trinh (1) ¢6 hai nghiém
phén biét x,,x, théa man diéu kién

Jcl2 + xzz -3x,x, =25.
Cau 3 (2 diém).
a) Giai phuong trinh

4x* +3x+3=4xVx+3+2V2x -1,

o 2x° +3x*y=5
b) Giai h¢ phuong trinh ;
y3 + 6xy2 =7

Cau 4 (3 diém). Cho nira dudong tron tim O
duong kinh 4B = 2R. Goi K 1a diém chinh giira
cung AB, M 1a diém di dong trén cung AK (M
khong tring véi 4 va K). Liy diém N thudc
doan thing BM sao cho AM = BN. Goi D la
giao diém cua hai duong thdng AM va OK.
a) Chung minh MK la dudng phan giac cua goc
DMB.
b) Chimg minh AMK = BNK .
¢) Chimg minh ring khi diém M di dong trén
cung AK thi duong thing vudng goc véi BM tai
N luén di qua mot diém E cb dinh. Xac dinh vi
tri cia M dé duong thing DE song song véi
duong thing AB.
Ciu 5 (1 diém). Cho a,b,cla cac sb thuc
duong théa man (a+b)(b+c)(c+a)=8. Tim
gia tri nho nhét cia biéu thic

1 1 1 1

P: + + = 2
Jabe a+2b b+2c c+2a

UONG 2 »

(Danh cho thi sinh thi vao Iop chuyén Toan va chuyén Tin; Thoi gian lam bai: 150 phuit)

Céu 1 (4 diém)
a) Giai phuong trinh

¥ —2x-20x*-2x+2-1=0.

b) Giai phuong trinh

1 3 10
2 =3 T ;
2x°—x+1 2x " —x+3 2x" ' —-x+7

S& 507(9-2019)
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¢) Giai hé phuong trinh

{21/x+3y+2—3\f;: Nx+2

YV 4+xp+x=4y+1

Céu 2 (1.5 diém).

a) Tim tit ca cac sd nguyén x,v thoa man
0x* —3xy—24x—-2y" + y+28=0.

b) Tim tit ca cac sé nguyén duong p,m,n thoa

mén 2" p> +1=n", trong d6 p 1asd nguyén td.

Cau 3 (1 diém). Cho cac sé nguyén duong
a,b,c théa man abc > 1. Ching minh ri"ing:

a b c 3
+— - 2—.
Jb+vac Ve+vab Va+be V2

Cau 4
AB < AC. Pudng tron tam 7 noi tiép tam gidc
ABC tiép xuic véi cac canh BC, CA, AB lan luot
tai cac diém D, E, F. Goi M la trung diém cia

" a8
(3 diem).

Cho tam giac nhon ABC co

doan thing BC, goi N la giao diém cua hai
dudng thing ID va EF. Qua N ké dudng thing
song song véi BC cit hai dudmg thang 4B, AC

lan luot tai cac diém O, P. Qua diém 4 ke
dudng thing song song voi BC cit dudng thing
EF tai diém K.

a) Chimng minh céc tir gidc INOF, INEP ndi tiép
duong tron va tam giac /PQ can.

b) Chimg minh IAM = FKI.

¢) Chimg minh hai duong thiang /M, DK vudng
gbe voi nhau.

Cau 5 (0.5 diem). Ban Binh ¢6 19 vién bi mau
xanh, 21 vién bi mau d6 va 23 vién bi mau
vang. Binh thuc hién mot tro choi theo quy tic
sau: Mdi 1an Binh chon 2 vién bi ¢c6 mau khac
nhau, r6i son chiing bdi mau thir ba (Vi dy: Néu
Binh chon 2 vién bi gom 1 vién bi mau xanh va
1 vién bi mau do thi Bink son 2 vién bi nay
thanh mau vang). Hoi sau mot sé hiru han lan
thuc hién tro choi theo quy téc trén, ban Binh co
thé thu duoc tat ca cac vién bi cung mot mau
hay khong ? Tai sao ?
TRAN MANH CUONG
(GV THCS Kim Xa, Vinh Tuong, Vinh Phuc) Giéi thigu

Tgﬁclﬁ To4n iwc vﬁ Tudi tré, 187 B Giang V6, Quan Déng Pa, Thanh phd Ha Nji.
':f Bgn ﬁoc Iien hé, gl bai vé Toa soan theo dia chi trén.
sé dlén thoai va Email ctia Tap chi van giir nguyén:

SPT:

024.35121606 - 024.35121607

Email: toanhoctuoitrevietnam@gmail.com.

TOAN HOC
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GIXT TOXR

Trong nhitng nam gin day, dé thi chon hoc sinh
gioi todan THPT ciing nhu d& thi tuyén sinh PH,
CD thuomg ¢6 cau khé ndm trong nhirng dang co
lién quan dén ki ning gidi todn c6 vén dung
phuong phdp ham s6; ching han nhu: Giai
phuong trinh (PT), bat phuong trinh (BPT), hé
phuong trinh (HPT), chimg minh bt ding thirc
(BDT), tim gié tri 16n nhit (GTLN) va gia tri nho
nhat (GTNN) ciia biéu thirc (*). Khéng it ban hoc
sinh con nhiéu ling ting khi giai c4c bai toan (*)
bang phuong phap ham sb. Nhim gitip cac ban
hoc sinh lam tdt phan nay, bai viét xin gi¢i thigu
mot s6 thi du minh hoa cac dang todn trén.

A. KIEN THUC CAN NHO

Dé giai quyét tét mot bai toan thi ngoai viée cac
ban biét dugc phuong phap giai cho bai toan la
cbt 161, bén canh d6 cac ban cling cAn ki nang giai
toan tht tot.

Trong phuong phap ham sb diéu quan trong la
dya vao tinh don diéu ciia ham sé dé thiét lap mbi
quan hé giira cac 4n. Ménh dé va tinh chét thuomg
hay str dung nhit trong phwong phép nay 1a

e Cho ham s6 y = f(x)xac dinh trén tip D (véi
D 1a mot khoang hodc mét doan hodc nira khodng)
Ham sb d6 duoc goi la:

~ dong bién (tang) trén D néu véi moi
u,veD, u<v= f(u)< f(v).

— nghich bién (giam) trén D néu véi moi
uveD, u<v = flu)> f(v).

Ham sb dong bién hay nghich bién trén D duoc
goi chung 14 don diéu trén D.

e Chohamsé y = f(x) don diéu trén tip D = R.

e Cho ham s6 y = f(x)xdc dinh trén tip Dc R
va don diéu trén tip D. Gia sir ton tai x, €D sao
cho f(x,)=mthi PT f(x)=mcéd nghiém duy
nhat x = x,.

e Cho y= f(x)vd y=g(x) 1a hai ham sb xac
dinh trén tip Dc Rva bién thién ngugce nhau trén
do. Gia sir ton tai x, €D sao cho f(x;) = g(x,) thi
PT f(x) = g(x) c6 nghiém duy nhét x = x,.

B. MOT SO THi DU MINH HQA

Dang 1. Gidi phwong trinh, bat phwong trinh
va hé phwong trinh

a4 =
Thi du 1. Giai phuong H"fﬁhivdi_.w = 3
3x+1-2 x+1

Lévi gidi. DX: x> —%vﬁx;‘t%(*).
Ta bién ddi PT da cho vé dang:
(x+1)(2V2x+1-3)=Bx+1-2

o 2x+DV2x +1+2x +1=3x+ 1+ J3x +1 (**).

Xét ham sb f()=f +t trén thp R. Ta cb

F(H=3>+1>0v6i moi teR, nén ham sb

f(¢) ddng bién trén R.

Khi @6 (**) dugc viét dudi dang:
f(J2x+lJ=f(3'/3x+1) o V2x+1=x+1

xZ—l xz—l
= 3 = 3
2x+1)° = Bx+1)? x*(8x+3)=0
&%=,

TOAN HOC
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D6i chiéu véi DK (*) ta dugc nghiém cua PT da
cholax=0.
Thi du 2. Giai phuong trinh

%Iogz(x +2)+2(x+1)

2x+1 —
i X5 IVx+ 2+

x X

Loi gidi. Diéu kién dé PT da cho c6 nghia la

’u +2
£= ng3 5 .

x+2>0,x=0 1
—2<x<—=
2x+1 2 (™.
>0
x x>0
Ta bién d6i PT da cho vé dang:
log, Vx+2+2(x+1)
= log, [2+1] +3vVx + 2+§+£2
x X X

& logy Vx+2+2(x+2)-3Vx+2

=1og2(2+3 +2[2+52 —3[2+9 (**).

Xét ham sb 7(1) = log, ¢ +2¢* =3¢ trén (0; +o0).

1 1
Taco: f'()=—+4t-322 -4t -3
0=t \Vrin2

4
=—=-3>0,V?>0,
vIn2

bién trén (0; +0). Khi d6 (**) dugc viét dudi

dang: f(ﬁ)=f[2 +3

nén ham sb f(f) dong

S Ax+2

2x+l]2

2+<:>x2(
X

X
ox-2x-4x-1=0 & (x+1)(x*-3x-D=0

3+413

< x=-1 hodc x=

Péi chibu voi DK (*) ta dugc nghiém cla PT da
3+4/13

—
Thi du 3. Gidi bat phwong trinh

chola x=-1, x=

2 —6x2 +12x—7> Y= +96 —19x+11
Loi giai. BPT da cho twrong duong vai

x> +9x% —19x+11

-1
T (k- :
12 +9x3 —19x+11 (%)
TOAN HOC )
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Xét ham sb f(t):%ﬂ trén tipR. Ta cb

2
1) = %+ 150 v6i ol #eR, en ham sb
f(r) dbng bién trén R.
Khi d6 (*) duge viét dudi dang:

f(x-1)>f(%/-x3 +9x2 —l9x+11)

3y —~TmY® + 0% = 10%411

o (x-17>-x+9x* —19x +11

x>3
c»(x—l)(x—2)(x—3)>O@L<x<2-

Thi du 4. Giai hé phuong trinh
"r3x + \'IIIQI?' # |](] oY m) =1
x+2y—1+¥9-x=2x* -y -1

Loi gidgi. PK: 11x+2y —120.
PT thir nhét cia hé twong duong véi:

3+ 41+ (3x)% = (=) +/1+ (=)? (1)
Xét ham sb f()=t+1+7 trén tip R.Ta co:
\/_+t lt| +1
\/l+t \/]+t

nén ham sb f(r) dong bién trén R. Tir (1) c6

f(3x)= f(~y),suyra 3x=—y.
Thay —y =3xvao PT th{ hai ciia hé ta duoc:

V5x—-1+39—x=2x* +3x-1 (2).
Giai (2), DK: xzé-
(2) & (Vsx—1-2)+(¥0-x—2)=2x" +3x -5
5(x-1) .

T x-1+2 Yoy +2¥0-x+4
=(x-D2x+93)

fl@)= 20 voi moi telR,

K==l
= 5 a 1
V5x-1+2 Y9-x2+2¥9 _x+4

+2x+5(3)

PT(3) v6 nghiém vi VT(3) < % VP@3)> 5.

https://tieulun.hopto.org



Do do PT(2) c6 nghiém x=1,suyra y=-3.
Thir lai ta thiy nghiém ciia HPT d cho 1a:
()= -3).

Thi du 5. Gidgi hé phirong trinh

5 2
!'2—.1" - I

€

y+l

2V2x+4+ 42— x =49y +16

Léi gidi. PT thir nhét cia hé trong duong voi:
2.2 _ 29
e (x"+D)=e" "+ (1)
Xét ham s6 f(f)=€'(¢+1) trén [0; +o0). Ta cb
f1(H)=€({+2)>0 v6i moi >0, nén ham sé
f(#) dong bién trén [0; + o). Tir (1) cb:
fix' = Fliryesat =5t
Thay y* = x* vao PT thit hai cita hé ta duoc:
W2x+4+42-x=V92 +16  (2)
Giai (2), PK: 2<x<2 (%)

Binh phuong hai vé ctia PT(2), sau d6 khai trién
va rat gon lai ta dugc:

4(8—-2x") +16V8 - 2x* — x> —8x=0.
Dit £ =+8—2x*(r > 0) thi PT trén tr& thanh:
4% +16t—x* —8x=0
«:>r=§ hodc r=—§—4<0(loai do (*)).
. ﬁ{xZO
2 48-2xH)=x’
42

= 4v2 suy ra g &
X=—, =+t—:
T

Véi t=2 thi:
2

Thir lai ta thdy tap nghiém cia HPT da cho la:
( 4\f W2) (42 42
(7)€ LY

3 !

»Nhin xét.

e Diém méu cht cach giai trong thi du 1 va thi
du 2 la bién d6i PT da cho vé dang f(v)= /' (v)
voi ham sé y = f(x) don diéu trén tap D = R. Tir

désuyra w=v.

e Cach giai trong thi du 3 sé& tro nén phuc tap khi
ta 1ap phuong hai vé ciia BPT da cho. Nén diém
mau chét cach giai trong thi du 3 1a bién d6i BPT
dd cho vé dang f(u)> f(v), rdi van dung tinh
don diéu cia ham s6 f trén D nao d6. Tir d6 suy
ra tdp nghiém ctia BPT d4 cho.

e Diém miu chét cach gii trong thi du 4 va thi
du 5 1d bién d6i mét PT cua hé vé dang
f)=f(v) véi ham s6 y = f(x) don diéu trén
tdp D < R. Tu d6 suy ra u =v, sau d6 van dung
mot phuong phap hoic nhidu phuong phap phdi
hop nhu phuong phap thé, dit an phy,... dé tim
nghiém cta HPT.

Dang 2. Chimg minh bét déng thirc
Thi du 6. Cho cdc s6 thuc khéng ém X, y. z thoa
méan x* +y* + 2% =3, Churng minh:

16 30y +yz+2zx+1)

X+y+z

>4,

\/x?“_yz - _1:2:2 +22x7 +1
Loi giai. Goi Pla vé trai cua BDT céan chimg
minh. Strdung x* + y? + 2% = 3, tabién di P vé dang

_ 32 +3[l—(x+y+z}2].
J2[9-0t v va Astyd)

Ap dung BPT Cauchy ta c6:

4

e xrxz3x? A rzez2322

Y ey ry 23y,
Suy ra: x4+y + >29-2(x+y+2)

Bl 75 32 (l—(x+y+z)2].
_\/4(x+y+z)+4 2x+y+2)

batt=x+y+z, te[\g;ﬂ

(do)r:2 +y2 +2? é(,\r+y+z)2 <3(x? +y2 +22)]_

o
16 30-1)

Khi ddé P>
VE+1 2t

16, 30-7) véir €[ 3;3].

i+
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Ta co:

8 3( 1 & 3/ 10
rom s d( W) <o
véi moi ¢ €[3;3], nén ham sé f(r) nghich bién
trén [\6;3]. Suyra f(n)= f(3)=
Tir d6 suy ra BPT dugc chimg minh. Déu dang
thirc xay ra khi vachikhi x=y=z=1.

»Nhén xét. Mau chét cach giai trong thi du 6 1a
twong tmg v6i mdi BDT can chimg minh, ta cin
xdy dung mot ham sé, 1o nghién ciru tinh don
diéu cua no trén cac doan thich hop.

Dang 3. Tim gia tri 16n nhét, gia tri nho nhat
cua biéu thire

Thi du 7. Cho a, b, ¢ la cdc s6 dwong va thoa

e 1
man abc=-—-

Tim gia tri nho nhat cua biéu thic
6 )

(.;'2 4h* 36¢°
P< = = -
(I+a)y (1+2b) (143c)
. 1 1 1
Loigial. Pt x=—,y=—,z=— v0ix, y,z>0
a 2b 3c
thi xyz =1.
Biéu thirc P trd thanh:
i .1 . 4
1+x)? (1+y)? 31+2)°
Ta chimg minh: L 5+ ! R 1 (1).
(+x)° (1+yp) l+xy
That viy, BPT(1) < o(x—p)* +(1-x)> 20
luén ding.

Bﬁng thirc trong (1) xdy ra khi va chi khi
x=y=1.

Ap dung (1) va st dung xyz =1 ta cé:

1 4  z 4

Pz + 5 + 5"
I+xy 3(0+z)y 1+z 3(1+z)

trén (0; + o),

Xét ham sb f(2)=

T 3314+ z)°

1 4
+2)? (1+2)°

z+22 3

taco: f'(z)= 1s2)

TOAN H C
16 N
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Tacod f'(z)=0=z=1L

Bang bién thién ciia ham s6 /(z) trén (0;+00):

|I z | 0 1
(@) | = 0 +

f(2)

Tirdésuyraf(z)zg, Vz>0,dodo Pz%-

Viay mian%,dat dugec khi x=y==z=1 hay

Thi du 8. Cho a, b, ¢ la cdc 56 dwong va thoa
man15a® +26% +2015¢ =1 - 23/30ab. Tim gid tr
nho nhat ciia biéu thirc:

P =5(30a> +4b* + 2015¢* ) - V30a + 2b + \4030¢)

[(30a + 2bY + 4030¢
|

\ 2
Loi gigi. Pat x=+/30a, y=2b, z=2015cvéi

x, ¥, z>01thi x* +y* +22° > 2(1-x) (*).
Biéu thirc P tré thanh:
P=5(x*+y* +2%) - (x+ y ++/2z)?

a (x+ y)? +27°
1'———2 :

Ap dung BPT Bunyakovsky ta co:
(x+y+v22)% <4(x? +y* +2%) (V).

2 2 2
i JFITE [T

=x* +y* + 22 Q).
Tir (1) va (2) suy ra:
P>x? +y2 +i5* —w/Jr2 +y2 +2%

Lai dit ¢z = pe g y2 + 22 thi

2 (x+y) +22%

t=x?+y?+2%2 >1 (do(*))

https://tieulun.hopto.org



Ta duge: P>+t —f.

Xéthamsé f(f)=1—/t véi t>1.Ta co:
F'(6)=1-—_ > 0v6i moi #21, nén ham s £(r)
2Vt

dong bién trén [1; + ). Suy ra min_ ()= f()=0.

Do d6 min P =0, dat duoc khi

1
x2+y2+zz=1 x=y=~2~
z <
x:y:—)O -JE
Z=—
V2 2
1 1 1
hay a=——=, b=-, c =—-
N T R RN T

»Nhdn xét. Trong thi dy 7 va thi du 8 do khong
thé xdy dung truc tiép ham sé f(r), t €D thoa
man P = f(r),nén ta di tim ham s§ f(¢) thoa man
P2 f(f)(d6i v6i bai toan tim GTNN) hodc
P < f(#)(d6i voi bai toan tim GTLN).

BAI TAP TU LUYEN

1. Giai phuong trinh
2x(2+ Y1637 +11)+ (2x +1 1)(1+ N 1x+33J 0.
2. Giai phuong trinh

- 2%
(-1 +log2ﬁ:2(\/2x—~l+i)-

3. Giai phuong trinh

4 T i
\/ESIH )C+Z + SN XCosXx

6+2\/§cos(§—x)
8+sin2x

= (sinx + cos x)* + log

4. Giai phuong trinh

#5125 4 42 1102165 + 57 4 7x,
5. Giai bat phuong trinh
Vx? - 4x+2015-Vx? —8x+2027 > Va-x - Vx-2.

6. Giai hé phuong trinh

{3x+\|'x2 —2x+6=2y++)y* +5

Xt -y —5x+2y+1=0

7. Giai hé phuong trinh
X =3x% —24x+52=y> +3y* - 24y
{2x2+2y2—2x+2y—1=0 :
8. Cho a, b, cla ba canh cia mdt tam giac co
chu vi bang 3. Chimng minh:
3(a® +b* +c*) + dabc > 13.

9. Cho ba sb thuc a,b,cthoa mdn a+b+c=0
va a® +b* +¢* =1.Chimg minh a?b*c? SEIZ'
(Dé thi Olympic Todn ciia Ailen nam 2009)

10. Cho a,b,c la cac s6 thuc duong théoa man
ab +a+ b =3. Chimg minh ring;

W o sazbz—Sab+g-
b+1 a+l a+b 2

11. Cho a,b,c 1a céc sb thuc khoéng 4m thoa mén

@ +b* +¢* =5. Tim gia tri nho nhit cua bidu thirc

P:E(a2b2+b2c2+c2a2)+ i .
2 J5+2(ab+ be +ca) +1

12. Cho x,y,z la céc sb thuc khong 4m thoa man

2x+ y <2, xyz=6.Tim gid tri 16n nhat cia biéu

; 1 1 V3z+9
thuc P= T e .
1+4x° 1+y 3

TOAN HOC
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CAC LOP THCS

Bai T1/507 (Lép 6). Ton tai hay khong sb tu
nhién 7 sao cho tong 1 +2 + 3 + ... + n ¢6 chir s&
tan cung 14 2, 4, 7 hodc 9?
NGUYEN XUAN BINH
(NXBGD Viét Nam)
Bai T2/507 (Lép 7). Cho tam gidc ABC vudng tai
A (AB < AC). Trén canh AC lay diém E, trén canh
BC lay diém F sao cho EF L BC va EF = FB.
Goi D la diém thudc canh AC sao cho AD = AB.
Chimg minh ring tam giac EFD cén.
NGUYEN PUC TINH
(GV THCS Xudn Diéu, huyén Can Léc, Ha Tinh)
Bai T3/507. Tim nghiém nguyén dwuong cila
phuong trinh 1+ 5% =2% +5.2°
HOANG VIET DUNG
(GV THCS Pdng Thai Mai, TP. Vinh, Nghé An)
Bai T4/507. Cho tam gidc 4BC nhon. Vé phia
ngoai tam giac ABC, v& hai tam gidc déu 4BD va
ACE. Trén céc canh AD, CE, CB 1an huot lay céc
diém M, N, F sao cho iﬂl{:g:g:l. So
AD CE CB 3
sanh d6 dai hai doan thing MN va EF.
BUI VAN CHI
(GV THCS Lé Lgi, TP. Quy Nhom, Binh Dinh)
Bai T5/507. Cho cic sb thyc x>0, y>0,z20

théa man max {x; y;z} >1. Chimg minh ring
X+y+2 +(x+y+z-1 21435z
TRAN VAN CUONG
(GV THPT Dakrong, Quang Tri)
CAC LOP THPT
Bai T6/507. Giai hé phuong trinh
X +x+2=8y —6xy+2y
X -2y +2+24x’(5-4y) =2y —x+2

HOANG LE NHAT TUNG
(SV K61 nganh SP todn, PHQG Ha Ngi)

TOAN H
18 cruaigcé
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Bai T7/507. Cho da thirc
P(x)=x"+x"+a,_x"*+..+ax+a,
¢é n nghi¢m thyc x,, x,,..., x, d6i mét phén bi¢t.
Chimg minh ring
i 4 +..+ . =
P'(x) P'(xy) Pix)
trong d6 P'(x) 1a dao ham cia P(x).
TRAN VAN HANH
(GV Dai hoc Pham Van Dong, Quang Ngai)
Bai T8/507. Gia sir mat cau ndi tiep to dién
A A, A, A, tiép xic vi cac mat ddi dién véi dinh
A twong {mg taiB, (i=1,2,3,4). Chimg minh
ring tir dién B,B,B,B, la ti dién gén déu (tr dién
¢6 céc canh dbi dién bing nhau) khi va chi khi tr
dién A4,4,4,4, 1a gin déu.
VU BUC SON (Ha Ngi)
Bai T9/507. Véi x 1a s6 thue, tim gid tri 16n nhat
va gié tri nhé nhét cua biéu thirc
B (2x* +5x+5)°
(x+D*+1
VU HONG PHONG
(GV THPT Tién Du sé 1, Bic Ninh)
TIEN TGI OLYMPIC TOAN
Bai T10/507. Tim tit ca cac sé nguyén t6 p va hai

s6 nguyén duong a, b sao cho p* + p® 1a s6 chinh
phuong.

NGUYEN TUAN NGOC

(GV THPT chuyén Tién Giang, Tién Giang)

Bai T11/507. Tim tit ca cc ham S R —> R théa

min: f((x+2)(y+2))=(/)+ /@) (/) + f(2),
Vx,y,zeR.
NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phuc)
Bai T12/507. Cho tam gidc ABC va diém M thudc
canh BC. Cac dudomg dbi trung qua M cua céc tam
gidc MAB, MAC cit cac duomg tron (MAB),
(MAC) 14n luot tai O, R khic M. P thudc dudng
thdng BC sao cho AP L AM. Goi tiép tuyén chung
ngodi gin 4 hon cia cic dudong tron (MAB),
(MAC) 1a I. Gia st / song song voi BC, chimg minh
rang / tiép xic voi dudng tron (POR). (Ki hi¢u
(XYZ) chi dudng tron ngoai tiép tam giac XYZ).
TRAN QUANG HUNG
(GV THPT chuyén KHTN, DHQG Ha Néi)

https://tieulun.hopto.org



Bai L1/507 (Co). Séng co truyén tir mot ngudn
diém trén mat mrég voi bude song !2 cm va toc
dé 6 m/s. Hai diém A4, B cung nam trén mot
phuong truyén séng cich nhau 2 cm. Tai thoi
diém ¢, khi li d6 dao dong tai 4 1 u, = +2 mm
thi li d6 dao dong tai B la uj = -2 mm. Biét song
truyén tir B dén 4. Diém 4 ¢6 1i d6 2+/3cm sau
thoi gian ngén nhat ké tir thoi diém ¢ 1a bao nhiéu?
VIET CUONG (Ha Nji)
Bai L2/507 (Di¢n). Dit di¢n ap xoay chiéu
u = Upcoswt (voi Up va o khong doi) vao hai dau
doan mach AB ndi tiép gom : Bién tro R, cudn day
c6 do6 tu cam L va dién tr¢ r, tu dién co di¢n dung
C. Biét LCo® = 2. Goi P 1a cong sudt tiéu thy
ctia doan mach 4B. Pd thi trong hé toa 4o RO P

biéu dién su phu thugc & vao R trong truomg
hop lic déu (mg voi duong (1) va trong trudng
hop néi tit cudn day tmg véi dudng (2) nhur hinh
sau. Gia tri cua dién tré r 1a bao nhiéu?

N Pw)

::;{;}.t&"\::i:::::::a

[ cssemsniriai eI e ()

,;: ______________ ‘_“'_“:--:-:(1)

F Rl = - - e e e e e e - - - == = l

| g r ks Bt DN

0 30 r Al 4
DINH THI THAI QUYNH (Ha Ngi)
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Bai T1/503. Cho ba so nguvén a, b, ¢ thoa man:

7 . r & 2
—. Chiung minh ran a+b+c bang
e

a=b-c

lap phwong ciia mot 56 nguyven.

Loi gidi.

Tir diéu kién & gia thiét c6 b = a + ¢ = ac véi ¢
khac 0. Do d6 ac = a—- ¢+ 1 =1, hay la
a(c— 1)—(c— 1)=1hayla(c— I)}a- 1)=1.
Do a, ¢ 1a cdc so nguyénnénc — 1 viag - 1 déu
la wéc sb cua 1, ma ¢ khac 0, suy ra ¢ = 2 va
a=2,trdé b =a+ c=ac = 4. Lac do
a+b+c=2+4+2=8=2%

»Nhidn xét. Mot s6 ban ghi ca dép sd la a = b

= ¢ = 0, nhung lic d6 phan sb i vo6 nghia. Cac ban
e

sau ¢6 1oi giai ding va gon: Phi The: D6 Ngoc
Tién, 6A3, THCS Lam Thao, Lam Thao; Ha Npi:
Hoang Xudn Tu, 6A, THCS T6 Hoang, Q. Déng Pa;
Hung Yén: Lé Tudn Nghia, 6C, THCS Poan Thi
Piém, Yén My; Nghé An: Nguyén Canh Nam
Khanh, Lé Van Quang Hféu, Nguygn Héﬂg Nga, 6D,
THCS Ly Nhit Quang, D6 Luong; Ha Tinh: Ho
Tudn Diing, 6A, H6 Tudn Himng, 6D, THCS Xuén
Diéu, Can Lic; Quing Ngii: Théi Lé Tram Anh,
Nguyén Nhdt Tram, Vo Hitu Thanh Thao, 6A, THCS
Pham Vin Ddng, Nghia Hanh; Séc Tring: Nguyén
Anh Thu, 6A3, THCS Ké& An, Ké Sach.

NGUYEN VIET HAI
Bai T2/503. Cho tam gidc ABC can tai A voi goc
A nhon. Ha BH vuéng goc véi AC (H thuge AC).
Puong thiang qua H, song song véi BC va dwong
thang qua C, song song véi BH cat nhau tai E.
Goi M la trung diéem cua HE. Tinh s6 do goc

AMC.

TOAN HOC
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Loi giai. Cach 1. (Dua trén o1 giai cua ban Vo
Thi Hong Thu, 7B,

THCS Nghia My, 4

Quang Ngii). Goi N
la trung diém cua BC.
N&i AN. Ta c6 AABC
cén tai 4, AN 1a dudng
trung tuyén nén AN 1a E
duong cao, do d6 B N C

ANC =90°. Vi BH L AC, CE//BH (gia thiét) nén

CE L AC. Trong ACHE vVvAAHCB c6:
HCE=CHB(= 90°, canh chung HC,

CHE=HCB (so le trong, HE//BC). Do d6
ACHE = AHCB (g.c.g), suy ra HE = CB. ACHE
vudng tai C, CM la dudng trung tuyén nén

CM = HM =%HE. Vi CM = HM nén AMCH

can tai M. Do 46 MCA=CHE ma CHE = HCB
nén MCA=NCA. Vi HE = CB, CM:%HE,

CN:%CB nén CM=CN. AAMC va AANC co:

canh chung AC, MCA=NCA, CM = CN. Do d6
AAMC = AANC (c.g.c), suy ra AMC = ANC =90°.
Cach 2; Goi N la A

trung diém cua BC.

Néi AN, NH, NM.

Tacoé NA L BC,

HM /I BC
B N c
nén NA L HM. (1)

Vi HE = CB, HM=%HE, NB=%CB nén

HM = NB. Trong AHMN va ANBH co:
chung HN, NHM = Im(so le trong, HE // BC),
HM = NB. Do d6 AHMN = ANBH (c.g.c), suy ra
HNM = NHB. Hai dudng thing MN va BH tao

vol NH hai géc so le trong HNM = NHB nén
MN |/ BH. Tuong tu, MC // NH. Vi MN /! BH,
HA 1 BH nén HA L MN. (2)

canh
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Tu (1) va (2): 4 1a tryc tim cua AHMN. Do do
MA1 NH ma MC // NH nén MA 1L MC. Vay

AMC =90°.
»Nhdn xét. Truomg hop AABC can c6 géc A ti
hodc vudng, ta vin c6 AMC =90°. Dé chimg to

AMC =90°, ta c¢6 thé sir dung phuong phap chimg
minh hai géc bang nhau (cach 1) hodc sir dung tinh
chit ba dwong cao cua tam gidc (cach 2). Cac ban
tham gia giai bai déu lam theo cach 1. Céc ban c6 10i
giai ding: Ha N§i: Hoang Xudn Tu, 6A, THCS To
Hoang, Déng Da; Vinh Phic: Ta Kim Nam Tudn,
7A2, THCS Yén Lac, Yén Lac; Pha The: Chur Lé
Phwong Linh, 7TA3, THCS Lam Thao, Ldm Thao;
Nghé An: Duong Trong Nguyén, Nguyen Cong An,
Nguyén Cong Phiic, Hoang Nguyén Mai Suong, 7C,
Thdi Khdc Hoang, Phan Dang Xudn, Nguyen Vin
Quang Huy, Tran Dinh Phwong, Nguyén Dirc
Thanh, Nguyén Vin Thdng, Ha Lé Quynh Anh, D,
Nguyén Van Chung, 8A, THCS Ly Nhit Quang, D6
Luong, V6 Thanh Nam, 7C, THCS Cao Xuin Huy,
Dién Chau; Quing Ngii: V5 Thi Hong Thu, Nguyén
Trdn Phuong Mai, 7B, THCS Nghia My, Tu Nghia,
Diép Diéu Chdu, TB, P6 Thi Nh Nguyét, 9C,
THCS Pham Vin Pong, Nghia Hanh; Séc Tring:
Nguyén Anh Thi, 6A3, THCS Ké An, Ké Sach.

NGUYEN HIEP

Bai T3/503. Giai phwrong trinh

\..l'f:.‘ 3
X =3x+1=—vx
3

+x"+1

Loi gigi. PK: x* —3x+1<0.

Vi xt 422 +1=(x + 202 +1) -2 = (52 +1) -
z(xz —x+1)[x2 +x+l)

nén phuong trinh trong dau bai c6 thé viét thanh

3% = 9x+3+(3x* - 3x+3) (P +x+1)=0 (1)

Dit a=v3x* -3x+3>0; b=Vx*+x+1>0.Ta

c6 3x% —9x+3=2(3x* -3x+3)-3(x? +x+1)
=24 -3’

Phuong trinh (1) tré thanh

2a* —3b* +ab=0<(a—b)(2a+3b)=0

&a=b (vi 2a+3b>0).

Tacd: a=b=3x" -3x+3=x*+x+1

&2(x-1 =0 x=1.

Thir lai thiy x =1 thoa man diéu kién va phuong
trinh. Vay phuong c6 nghiém duy nhét x=1.
Nhdn xét. Diéu then chét cua 101 giai 1a cac phan
tich :
xt+x*+1= (x —Jc+])(x2 +x+1)
x*=3x+1= 2():2 —x+1) -(x2 +x+1).
Sau ddy la cach trinh bay khéac cua loi gidi dya
trén cac phén tich trén:
Presifs —x+1)—(x2 +x+1)

\/ x+1 x +x+l)

Chia hai vé cho x> + x+1> 0, ta dugc

PT<=>2.x —x+1 \/5 ’x ~x+1
x* +x+l x* +x+1
2 -x+1

bt t=\|5—, 1 dugc mét phuong trinh
x +x+1

béc 2, tir d6 tim ra ¢, suy ra x.

C6 thé giai bai toan bing cach khac nhu sau :
Nhin thiy x =0 khéng thoa méan PT, chia ca hai
vé cua PT trong ddu bai cho x#0, ta dugc

x+£——3——£ +—+1
% 3 x°

dat tzx-l-1 (|t|22):>x2+%:ﬁ‘2, duoc
X

PT t-3=——+/f’ =1 ; viéc giai tiép khong con

gi kho khin.

Ngoai ra, ¢6 thé 4p dung bat ding thirc Cauchy
cho ba sb duong x4,x2,1 dé ude lugng vé phai,
di dén bat dang thic (x—1)° <0
Céc ban c6 thé tim thém nhimg cach giai thi vi khéc.
» Nhdn xét. Cac ban sau day c6 bai giai t6t : Quing
Ngii: V& Thi Hong Thu, 8B, THCS Nghia My, Tu
Nghia; Nghé An: Pham Ngoc Trinh, 8B, THCS H
Xuan Huong, TTr. Ciu Giat, Quynh Luu; Ha Ni:
Lé Ngoc Ting, 9A, THCS Nguyén Truc, Thanh Oai;
Pha Tho: Thach P Ting, 9A, THCS Cao Mai,
Lam Thao; Séc¢ Tring: Nguyén Anh Thuw, 6A3,
THCS Ké An, Ké Sach; Bén Tre: Ngé Quéc Bao,
9/1, THCS M§ Hoa, TP. Bén Tre.

;suyra x=1.

NGUYEN ANH DUNG
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Bai T4/503. Cho nira dwong tron tam O duong
kinh AB = 2R, M la mét diém trén tia déi cuia tia
AB. Vé cat tuyén MCD dén dwonmg tron (C nam
gitta M va D). AD cdt BC tai I. Xdc dinh vi tri ciia
diém M biét tir gide MCIO néi tiép.

Loi gigi. HalE | ABtai E.

Vi tir giac MCIO ni tiép nén BLBC = BO.BM.

Vi tir gidc ACIE n6i tiép nén BLBC = BE.BA.

Suy ra BO.BM= BE.BA

& RQ2R + MA)= (2R — AE)2R

& 2R+ MA=4R - 24E < MA +24E =2R.

Lai c6, ttr gide MCIO ndi tiép nén TOM =1CD. Ma
ICD =40 = IOM =IAO, hay AIAO can tai I.
Suy ra AE = EO. Tir d6 suy ra: MA + R = 2R
& MA = R. Viy néu tr gidc MCIO noi tiép thi
MA = R. Nguoc lai, v6i MA = R ta ciing dé chimg
minh dugc tir gide MCIO ndi tip.

»Nhdn xét. Khong c6 ban ndo tham gia giai bai toan

tren.
NGUYEN THANH HONG
Bai T5/503. Cho a, b, ¢ la ba s6 thuc thoa man
diéu kien: (1+a*)4+b>)9+¢*)<100. Chimg
minh rdng: —4 < 3ab + 2ac + be <16.
Lai gidi. (Ciia céc ban giri bai)
Bt ding thirc cAn chimg minh twong duong véi
~10<3ab+2ac+bc—6<10, tic 1a can chimng
minh |3ab + 2ac+be|<10 . Dé chimg minh diéu
ndy, hdu hét cic ban s dung bit ding thirc
Bunyakovsky:
|3ab + 2ac + bc — 6 =| 3(ab - 2) + c(2a + b) |
<JO+c)(ab-2)* +(2a+b))
=JO+c2)(a*B? +4a* + b2 +4)
=JO+H)1+a*)4+b?) <10.

22 T?ﬁcpug% S8 507(9-2019)

Ciing c6 ban chirng minh
(3ab+2ac+bc—6)* <9+ ) 1+a )4 +b)
béng céch khai trién va dua vé
0 < (abc —6a—3b-2c)’.

C6 thé dat cau hoi sdu hon 1a khi nao bit ding
thirc tr¢ thanh déng thirc. MOt sd ban nhan xét la
bit ding thirc —4 < 3ab + 2ac + be <16 ¢6 thé dat
déu bing bén trdi (khi @ = -1, b= c = 1 ching han)
nhung khong bao gior dat duge dau bing bén phai.
»Nhdn xét. Co it ban giai bai ndy, mét ban cé dap
s6 sai. Cac ban c6 dép sé ding 1: Ngh¢ An: Truong
Céng Canh, 8A, THCS Ly Nhat Quang, D6 Luong;
Séc Tring : Nguyén Anh Thu, 6A3, THCS Ké An,
Ké Sach; Ha Noi: Lé Ngoc Ting, 9A, THCS
Nguyén Tryc, Thanh Oai; Hung Yén: Lé Tudn
Nghia, 6C, THCS Poan Thi Diém, Yén My.

VU DINH HOA
Bai T6/503. Giai hé phuong trinh:

( \.fl.\': +xy+ i+ \/_\;2 +yz+2 +NZ v zx +-x'j'

_ =\(x+y+z) (1)
[Voz—(x+Jy+Vz)+2=0 )
Loi giai. PK: x>0,y > 0.

Ta cé x2+xy+yz=Z(x+y)2+%f(x—y)2 ZZ(XH’)Z

(do ‘l‘(x ~y)*20 véimoi x eR). Suyra

xfx2+w+y22?(x+y) A3),

dang thirc xay ra khi x = y.
Tuong tu, ta co :

Ny +yz+2t Z%S(yn) (4),

déng thirc xay ra khi y = z;
Nz? + zx+ 2§(z+x) (5),

dang thirc xay ra khi z = x.
Cong theo vé ciia cac bat dang thirc (3), (4), (5) ta
duoc BDT:

2t xp+y +y +yz+ 22 42 4 zx 4 22
2J§(x+y+z) (6)
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Theo (1), ddu bang & BDT (6) phai xay ra nén dau
bang & cac BDT (3), (4), (5) cung xdy ra, tirc la
r=yp=Z

Thay x = y =z vao (2) ta dugc :

Vr -3V +2=0 o (Va+2)(Vx-1) =0
o (Vx-1) =0

(do Vx+222 véix>0) < x=1.Tir d6 suy ra
x =y =z=1 (thoa mdn BK).
Vay hé phuong trinh da cho c6 nghiém duy nhat
(s y;2)=(1; 15 1).
»Nhin xét. Diy la bai todn giai hé hai phuong
trinh ba 4n va chira an trong déu cin thirc. Vi vay ta
nén sir dung bat déng thirc dé dénh gia. Pa s cac
ban giri bai déu giai theo cach trén. Tuy nhién, mot
s6 ban quén dat diéu kién cho 4n va bién db6i con dai
dong. Tuyén duong cac ban sau cé 10i giai tot: Ha
Noi: Ngé Van Minh Thing, 11 Toan 1, THPT
chuyén Nguyén Hué; Hoang Ting, 12T, THPT
chuyén KHTN, PHQG Ha N¢i; Vinh Phic: Tg Kim
Nam Tudn, TA2, THCS Yén Lac, Yén Lac; Bic
Ninh: Nguyén Truong An, 10A7, THPT Yén Phong
s6 1; Quang Binh: Tran Thanh Pat, 10A1, THPT
Lé Hong Phong, TX. Ba Don; Thanh Ho4: H6 Cao
Bach Tung, 10T1, THPT chuyén Lam Son; Ha
Tinh: Hé6 Giang Chdu,10T1, THPT chuyén Ha
Tinh; Vinh Long: Lé Ngé Minh Dic, Lé Minh
Tam,10T1, THPT chuyén Nguyén Binh Khiém;
Long An: Pham Minh Anh, 10T1, THPT chuyén
Long An; Cin Tho: Phan Trung Pirc, 10A1, THPT
chuyén Ly Tu Trong; Quang Tri: Lé Chi Cuong,
10A8, THPT Cam Lo; Bén Tre: Lé Ngo Nhat Huy,
12A1, THPT Lac Long Quén, TP Bén Tre; Gia Lai:
Hoang Minh Quyét, 11A1, THPT Nguyén Chi
Thanh, Pleiku; Pong Thap: Vo Thanh Phic, 10T,
THPT chuyén Nguyén Quang Diéu, TP. Cao Lanh.
PHAM THI BACH NGQC

Bai T7/503. Cho tam gidac ABC, hdy chitng minh

A B c A B
tan—+ tan —+ian—+tan—tan—
4 4 4 4 4

+ lanﬁlan (- + tan (' tan (j <3(9- S\/g).
4 4 4 4

Dang thirc xay ra khi nao?
Leéi gidi. V&i moi tam giac ABC ta ludn co:

A B i C

tanA“‘B_tmlJT_Ca taﬂz‘i—taﬂz _ tanz—tﬂ.nz
4 4 l—tanétang l+tan£tan£
4 4 4 4
tangﬂang 1—tan§
=g 8, .
l—tan—tan— 1+tan—
4 4 4
A B A £ B C
<> tan—+ tan—+ tan—tan —+ tan—tan—
4 4 4 4 4 4
C A B A B C
=]-tan——tan—tan —+tan—tan—tan—
4 4 4 4

A B C A B B C
<> tan—+tan—+ tan — + tan — tan — + tan—tan—
4 4 4 4 4 4 4

+lan£tan£=l+tan£tan£tan£ (D
4 4 4 4

4
Vi 0<A4,B,C<znén 0<—, R £<£ , suy ra:
4’4’4 4
0<tan£,tan£,tan£<l.
4 4 4
Theo BDT Cauchy ta co:

‘ B '
tanA+tan£+tan£>33tanitan ,tan— (2)
4 4 4 d 3

A B B (& & A
tan—tan— + tan—tan— +tan—tan—
4 4 4 -

ZS#tanz L
5 4

3 3)

Cong timg vé (2) va (3) ta dugc:
B. €

St s bt i
4 4 4 4

+tan£tan£ >3x+3x? (4)
4 4

(& dhy x= ?,tangtangtan%). Thay vé tréi cua (4)

bang vé phai cua (1) ta dugc:

142 23x+3x% & (x+1)(* —4x+1)20  (5)
Do 0<tan§tan§tan£<l =0<x<l=>x+1>0.

Viy: (5)<x* —4x+120<x<2—3 hay

3’tan£tan§tan££2—\/§
4 4 4

=1 tan%tan%tan%ﬂ (2 —\6)3 =26-15\3

TOAN HOC
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N 1+tan§tan§tan%£ 27-15{3=3(9-5\3).

Déu “=" xay ra <> déu “=" ¢ (2), (3) va (5) cung

Xdy ra < tan%:tangz tan%@ AABC déu.

»Nhén xét. Lii giai cia da s6 cac ban nhu cach giai
trén. Mot s6 ban dua cach giai khac nhung 1o giai
kha dai. Céc ban sau c6 10i giai t6t: Béc Ninh: Dink
Hoai Anh, 11A, THPT Yén Phong s6 2. Hung Yén:
Doan Phu Thanh, 11 Toan 1, THPT chuyén Hung
Yén. Ha N¢i: Hoang Ting, 12T, THPT chuyén KHTN,
PHQG Ha N¢i. Ha Tinh: Hé Giang Chdu, Truong
Van Linh, 10T1, THPT chuyén Ha Tinh. Qudng Tri:
Lé Chi Cuong, 10A8, THPT Cam L§, H. Cam L§; Séc
Tring: Pdu Pirc Qudn, 10A2T, THPT chuyén Nguyén
Thi Minh Khai.

TRAN HUU NAM
Bai T8/503. Cho tam gidc ABC ngi tiép diong
tron tém O, cdc dwong trung tuyén AA,,BB,,CC,
lan lugt cdt (O) tai 4,B,,C,. Pdt AB = c,
BC = a, CA = b. Ching minh ring

Ad, BB, CC,.
i ) )

a b s 2

Loi gidi.
T cong thic duong
trung tuyén;

[re 2 12y 2
Ak = 2a”+b)—a

2
va
aZ
AAI'AIAZ = BAI.A]C = ?,
2
a
suyra 44, = &
W26? +F)-d
bz
Tuong tu c6 BB, = ;
2J2(a +c2) - b
2
%
C1C2 = =
W2d? +B2) -
2 2

, ta théy

Sir dung bét ding thirc xp < b

TOAN HOC
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A4, a’

a  2a200* + ) -

B ﬁ & " ﬁ R
2 GBS - 2 a b+

BB, V3 b

B 2 ad+bh e’
GG V3 &

g 2 @b e
A4 Bh S5 V3 (dpcm).

a b 2
Ding thirc x4y ra khi va chi khi A4BC déu.
»Nhdn xét. Cic ban sau c6 1oi giai tot: Ha Ni:
Hoang Tung, 12T, THPT chuyén KHTN, PHQG Ha
Noi, Ngé Vian Minh T hci'ng, 11 Toan 1, THPT
chuyén Nguyén Hué, Ha Péng; Pha Tho: Nguyén
Dang Khoa, 10 Toan, THPT chuyén Hing Vuong,
TP. Viét Tri; Hung Yén: Poan Phi Thanh, 11 Toan
1, THPT chuyén Hung Yén; Thanh Héa: D6 Cao
Bach Timg, 10T1, THPT chuyén Lam Son, TP.
Thanh Hoéa; Quéang Tri: Lé Chi Cuong, 10AS,
THPT Cam L§, Cam Lo; Dﬁng Thap: Nguyén Nhat
Hao, Hupnh Tdn Phic, 12T, THPT chuyén Nguyén
Quang Diéu, TP. Cao Lanh; Vinh Long: Truong
Gia Bao, Lé Ngé Minh Puc, Lé Minh Tdm, 10T1,
THPT chuyén Nguyén Binh Khiém; Long An:
Pham Minh Arh, 10T1, THPT chuyén Long An; Séc
Tring: Ddu Dirc Qudn, 10A2 Toan, THPT chuyén
Nguyén Thi Minh Khai, TP. Séc Trang; Bén Tre:
Lé Ngé Nhat Huy, 12A1, THPT Lac Long Quén, TP.
Bén Tre.

Tuong tu:

Do do

HO QUANG VINH

Bai T9/503. Cho a, b, ¢ la cdc 56 thuc khéng dm
theaman a+b+c = ;—1 Chieng minh rang
[a(a—1)" +bb-1)* +c(c~1)* | 2 ab+bc +ca
Dang thiec xay ra khi nao?

Loi gidi.

Ta co: 3[a(a ~1)?*+b(b-1)* +c(c- 1)2]

=3[(@ +b +’)-2(@* + b +*)+(a+b+0)
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=3[(.:1+b+r:)(a2 +b% +¢* —ab - bc - ca)

+3abc—2(a2+b2+c2)+ﬂ
_o]2 S LA, A 32
=3 3[3(.:: +b2 +c?)—(a+b+c) |
2 2 3 4
+ 3abc—2(a” +b" +c¢ )+g]

4
=9abc +— 1

5 (1)
Do vai tro cla a, b, ¢ trong bai toan la nhu nhau,

khong mét tinh tdng quét ta gia sir a 1a s 16n nhat
trong ba s6 do.

Tacd:3aza+b+e=— = a2

WA
IR

Va 9abc+g—(ab+ bc + ca)
4
= (9a—1)bc+§—a(b+(;)

=(9a-—1)bc+i—a[‘—‘—a]
9 3

72

= (9a—l)bc+[a—§j 20 )
(dob,c20,9a-124-1>0).
T (1) va (2) ta suy ra

3[ata-1)* +b(b~1)* + c(c~1)* | > ab + be + ca.

Ding thic xay ra khi va chi khi a—%z(};

be =0 a:% va (b,c) E{(%O}(O%}]

Do d6 bét ding thirc cua bai toan xay ra dau dang
thire khi va chi khi (a, b, ¢) 1a mit hoan vi cua

)
< g

»Nhan xét. Bat dang thirc trén thude dang co ban,
don gian, chirng minh chi dya vao phén tich thanh
nhén tir. Mot s6 ban hoi lam dung bit ding thirc
Schur (néu ding phai chimg minh lai!). Cac ban hoc
sinh sau c6 1oi giai tét: Phi Tho: Nguyén Dding
Khoa, 10T, THPT chuyén Hung Vuong, TP.Viét
Tri; Hung Yén: Lé Tudn Nghia, 6C, THCS Doan
Thi Biém, Yén My, Poan Phii Thanh, 11T1, THPT
chuyén Hung Yeén; Vinh Phic: Lé Ngoc Hoa, 11A1,
THPT chuyén Vinh Phiic; Nghé An: Truong Cong
Canh, 8A, THCS Ly Nhat Quang, P6 Luong;
Quiéng Tri: Lé Chi Cuong, 10A8; THCS Cam Lo;
Vinh Long: Lé Ngé Minh Puc, 10T1, THPT chuyén

Nguyén Binh Khiém; Séc Tring: Nguyén Anh Thu,
6A3, THCS K& An, Ké Séch.
NGUYEN MINH DUC

Bai T10/503. Tim tat ca cde cap s6 nguyén dzrr_mg
(n; k) sao cho: (n+1)(n+2)...n+k)—k la so

chinh phuong.

Loi gigi. (Cua ban Lé Ngoc Hoa, 11A, THPT
chuyén Vinh Phuc, Vinh Phic).

Xét cac truong hop sau:

1) k25. Pat k=a+4 (aeN,azl)

Giasit (n+1)(n+2)..(n+k)—k=b* (beZ)
o n+l)(n+a)n+a+l). (n+a+d)—a=b"+4(1)
Vi (n+1)...(n + a) la tich a s lién tiép,
(n+a+1)..(n+a+4)latich cua 4 so lién tiep
nén a|(n+l)..(n+a)
4|(n+a+l)..(n+a+4).

Suyra 4al(n+1)..(n+a+4) (2)

Tur (1) va (2) suyra 4ac —a =b"+4 (ceN¥®
Sa(de —1)=b +4.

Vi 4c—1=3 (mod4) nén 4c—1 co6 udc nguyeén
to p codang p=4t+3 (teN* p=3).

Do dé p|p? +4 =5 +27.

Vi p=3 (mod4)suyra p|2 (vély).

2) k =4.Khi d6: (n+1)(n+2)(n+3)(n+4)-4
= (1" +5n+4)(n* +5n+6)—4
=(d+4)Nd+6)—4 =d* +10d + 20

(6 day d =n® +5n).

Vi (d+4)* <d* +10d +20 < (d +5)* nén

d”* +10d + 20 khéng phai 1a sb chinh phuong.
3) k=3. Xét n>2. Giasir
(n+1)(n+2)n+3)-3=m>. Do VT 1& nén m 1&.
bat m=2b+1.

Suy ra: (n+1)(n+2)(n+3) = 4 +b+ D).

VT 1a tich cua 3 s6 lién tlep nén ton tai sd nguyén
togcodang g =3u+2 (ueN*) va

gl(n+1)(n+2)n+3)
=q4b* +b+1)>q

b +b+1=glb* -1

=b=1(modg) = b* =1 (modq)
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=47 = b(modg).Lai ¢6 (p,q) =1 nén theo
dinh Iy Fermat nho thi 497! =5 (modg)
=b=1(modq) = q|p* +b+1=3(modg) =g =3.
Volyvi g=3u+225.

V61 n=2 thi (n+1)(n+2)(n+3)—-3=21 khong
12 s0 chinh phuong.

4) k=2. Giasir (n+1)(n+2)n+3)-2=s".

Suyra (n+1)(n+2)=5>+2 = (2n+3)’ =4s* +9
= 2n+3-25)2n+3+25)=9
ma 2n+3+s>3 nénsuyra
2n+3-25=1 n=1
3
2n+3+25s=9 §=2.
Vay k=2, n=1 thoa man.
5) k=1. Khiddé (n+1)—1=n. Lic nay » phaila
50 chinh phuong.
Dap s6: (n, k) = (1, 2) hodc (n, k)= (az, 1).
)Nhén xét. Ngoai ban Lé Ngoc Hoa chi co ban
Nguyéen Dang Khoa, 10 Toan, THPT chuyén Hung
Vuong, TP. Viét Tri, Phi The tham gia giai c6 101
giai dung vai cach giai khéc. . i
DPANG HUNG THANG

Bai T11/503. Tim tat ca cdc ham sé fx) lién tuc
trén doan [a; b], co dao ham trén khoang (a; b)
va thoa man _f"('x)éf(bzﬂ, Vx e(a;b),

—a
trong do a, b la cdce 56 thurc cho triede va a < b.

Léi gidgi. Gia st f{x) 1a ham c&n tim. Dat

ko LO-1@
b-a
Xét ham s6:  g(x)= f(x)-K(x—a) thi g(x)

ciing xac dinh trén [a; b] va c6 dao ham trén (a; b).
Taco:g'(x)=f'(x)-K <0, Vx e(a;b) (do*)
Do d6 g(x) khong tang trén [a; b).

Tir (*) suy ra g(a) = g(b) (= fla)). Do dé g(x) phai
1a ham héng, tirc 1a:

gx)=f(x)-K(x-a)=G, Vx €[a;b]

= f(x)=Kx+C, Vx €[a;b] (C=C,—Ka) (**)
Thir lai ta thdy ham f{x) x4c dinh béi (**) thoéa
min céc diéu kién clia dé bai.

> Nhén xét. Rit tiéc 1a khéng c6 ban nao giai duge
bai nay.

NHU HOANG
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Bai T12/503. Cho dwong tron tam O va diém K
nam ngodi dwong tron. Tir K ké cdc tiép tuyén K1,
KJ voi dwong tron (I, J la cdc tiép diém). Trén tia
doi cia tia IO ldy diém O' bat ky, vé dwong tron
tdm Q' ban kinh O'J cat dwong tron (O) tai diém
thir hai A. Al cdt duong tron (O') tai D khdc A.
Mpt duong thang qua K vuéng goc véi O'D cit
duomg tron (O') tai B va C. Chirng minh rang I la
tam dwong tron néi tiép tam gidc ABC.

Léi gidi. (Theo ban Nguyén Ddang Khoa, 10T,
THPT chuyén Hung Vuwong, TP Viét Tri, Phi
Tho). Trude hét xin phat biéu khong chimg minh
hai bd d¢ quen thudc.

Bo dé 1. Cho tir gidc ABCD ndi tiép duong tron
(0). I 1a giao diém cia AC va BD. Pudng thing
qua / vuéng géc véi OI theo thir tw cit AB, CD tai
K,L.Khidé IK = IL.

B6 dé 1 duogc goi 14 dinh 1i con budm.

B6 d& 2. Cho tam
giac ABC, (0) la
duong tron ngoai
tiép. D 1a giao
diém thir hai cia
(O) va phin giac
cia goc BAC.
Piém [/ thudc
doan AD sao cho
DI =DB=DC. Khi doé [ la tam duong tron noi
tiép tam gidc ABC.

Tro lai giai bai toan T12/503.

Goi (D) la dudng tron tim D ban kinh DI; B, C’
theo thir tw 13 cac giao diém cua (D) va céc cung
ABD,ACD ciia (O); E, F theo thit ty 1a giao
diém thir hai cua IB’, IC’ va (0"); L la giao diém
ciia IK va EF; K’ 14 giao diém ctia IK va B'C".

D& thiy AIDB'enAIEA; AIDC' < AIFA.

Tir d6, cha y ring DI = DB';DI = DC", suy ra
EI = EA;FI = FA.

Do d6 EF 1a trung tryc cia /4.

Tir d6, cha y rang LI = KI tiép xtc véi (O), suy
ra LA tiép xuc véi (O).
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Viy, chil y rang /0 = 0'0 14 trung truc clia AJ va
KI, KJ tiép xtc véi (0), ta c6 IO 1a trung truc cia
LK.
Do d6 714 trung diém cua LK.
Ap dung bd dé 1 cho ti gidc B'C’EF, ta c6 I 1a
trung diém cua LK. Vay K'= K.
Két hop véi B'C'LO'D;BC LO'D,
B'C'sBC.
Do do B'=B;C'=C. Vay DI = DB = DC.
Do d6, theo bd dé 2, 7 1a tim dwong tron ndi tiép
tam giac ABC(dpcm).
»Nhin xét. Bai toan nay twong doi kho, ngoai ban
Khoa chi ¢6 Nguyén Tat Pat, 9A1, THCS Yén
Phong, Yén Phong, Bic Ninh tham gia giai, tuy
nhién 161 giai cia ban Par khé dai.

NGUYEN MINH HA

suy ra

Bai L1/503. Cho hai dao dong diéu hoa cing
phuong véi cdc phwong trinh lan lwot la
X =4 cos(wr & 3 (cm) va x, = 4, cos[mx —g]
(cm). Phuweong trinh ctia dao dong tong hop tir hai
dao dong nay la x=4cos(wt+@)(cm). Khi
(4 +4,) co gid tri cuc dai thi gia tri cua ¢ la
bao nhiéu?
Lai gigi. Ap dung dinh ly ham s6 sin ta c6:
A4 = A, _ 4
sin(30° + ) sin(45° - ) sin105°

Suyra: 4 +4, = ﬁ[sin(mo + fp] + sin(45° - (a]]
=— 1050sin(3'?,50)cos(¢9-—7,50)
sin
Do d6 (4 + 4,) cuc dai khi p=7,5" =

24
»Nhin xét. Ban Lé Nhe Minh, 12 Toan 2, THPT
chuyén Quédc hoc Hué c6 10i gidi dung.
NGUYEN XUAN QUANG

Bai L2/503. Ddar dién dp xoay {,hééu co gia tri
hiéu dung khong doi nhumg tan 56 géc w thay doi
drm( vao hai ddu doan mach AB mdc néi tiép
gom cugn ddy thudn cam cé do tw cam L, dién tro
R va tu dién co dién dung C. Hinh vé dudi la do
thi biéu dién su phu thudc cua dién ap h:eu dung
trén cudn cam thuan L theo gid tri tan s6 goc w.

Cring sudt cuc dai ma mach tiéu thu la 100 W.
Lan lwot cho w =xvaw =y va w =z thimach

AB tiéu thu cong sudt lan leot la R vadh va £.

Néu (% +# =195 W) thi % c6 gid tri bang bao

N

nhiéu?

Loi gidi. Tix d0 thi, ta thy x va z 14 hai gié trj cta
tan s0 goc cho cung U; = kU, pa, vGi k= 0,75.

Mt khéc ta cé : U, = Sl 2
JR%[&;L—L]
wC
_ UwlL
J 21 2+[R2-£]+m2,£2
w C (&
B U
1 T
\jw4C2L2+[R C) o,
szatx=—2,tac6:
w
U, = Y

.5 W |
C_ﬁlgfxz +(R2 —‘—C—] F)C+1

Nhén thdy biéu thirc trong cin & miu s 6 dang

ax® +bx+c. Nén U, khi:

b b
Xdinh = —E;xﬁfxz:—;
1 1
Xdinh = 5(*‘1 +x,) = :‘2'(‘":2 ® “’32)
o2 .
=20 = I} kzj +I§ﬁ=>!,2 +I2 = 212
2 2
= (1 +B)R=2%"R= %+ %=2kR
o TR 195w
*TT 20,75

»Nhdn xét. Rit tiéc vi khong ban nao co 161 giai
dung cho dé ra ki nay!
PINH THI THAI QUYNH
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Hé phuong trinh d6i xtmg dugc khai thac nhiéu trong cac d& thi dai hoc, cao ding va dé thi hoc
sinh gidi cac cap. Phuong phép giai hé phuong trinh d6i ximg loai 2 dugc trinh bay nhur 12 thuat
toan quen thudc. Thudt toan dugc trinh bay nhu sau: Trir theo vé céc phuong trinh, quy vé phuong
trinh tich rdi xét hai hé déc 1ap; truong hop x = y dugc giai twong déi dé dang, tuy nhién trudng
hop con lai 12 kha phirc tap, hau hét cac dé thi ra dudi dang truémg hop 2 v6 nghiém.

Trong qué trinh giang day va nghién ciru vé hé phuong trinh dang nay chung t6i thay diéu tha vi 1a
cac hé phuong trinh dbi xtmg loai 2 déu quy vé dugc hé phwong trinh dbi ximg loai 1, qua diy
chiing ta c6 thé giai quyét duge truomg hop 2 ciia hé mot cach dé dang va hiéu qua, xin trao doi
cung quy doc gia. Noi dung bai viét dugc trinh bay thong qua céc thi du va bai tap tu luyén.

I. KIEN THU'C CO BAN
f(xy)=0 *)
g(xy)=0

H¢ phuong trinh (*) duoc goi 1a hé phuong
f(xy)=f(yx)
g(xy)=g(y.x)
Hé phuong trinh (*) duoc goi la hé phuong

1) Cho hé phuong trinh {

trinh d6i xtng loai 1 néu {

trinh d6i x{mg loai 2 néu f(x,y)=g(y,x).
2) Cho hai s6 thuc x,y €D c6 tdng bing S va
tich bing P. Khi d6 S*>4P va xy 1a hai

nghiém thu¢c D cua phuong trinh
X*-SX+P=0.
I1. NQI DUNG
Bai todn xuit phat. Gidi hé phuong trinh
7 +2
Iy= 2 — (1)
X
ss=Z 12 (9]
3

(Trich dé thi Dai hoc khéi B nam 2003)
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Loi gigi. PX: x#0,y#0.

Khi do hé da cho twrong duong véi
Iy=y*+2 [(x-»)(Bxp+x+y)=0
= 2. 32

31);2:_'{21—2 Iy =x"+2
x= :]_
Truong hop 1. 2y " @{x
3xy =x"+2 yv=1

3xy+x+y=0

Truong hop 2: { vO nghié¢m,

3xp? =x*+2
vitir (1) va(2)suyra x>0,y > 0.

Day la dap an cua B§ Gido duc va DPao tao, 1a
101 gidi hay, d6c ddo va c6 tinh nhay cam trong
nhan xét x > 0, y > 0 va chi giai duoc khi
truomg hop 2 ciia hé v6 nghiém.

Tir 16 giai bai toan va qua trinh suy nghi ching t6i
dura ra cach giai khac va mé rong bai toan nhu sau.

Thi du 1. Gidi hé phurong trinh

2

=232 )
X
12 +

3x= 2 2 : (2]
=
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Nhdn xét. Ta thiy dbi voi hé nay phuong phap

trén khong con giai duoc nira va bai toan cé thé

giai nhu sau.

Loi gidi. DX: x>0,y > 0.

Quy ddng miu sb, cong va trir theo vé cic
x—=y)(B3xy-x-y)=0

phuong trinh, ta co ( ) -
3xy(x+y)=x*+y* +4

khi @6 hé trong duong voi

x—y=0
3xy(x+y)=x*+y* +4

Ixy—x—-y=0
hoac 5 5 i
3xp(x+y)=x"+y" +4

I x—y=0
H¢ B 8
3xp(x+y)=x"+y +4

x=y
—

Sx=y=1.
3 -x*-2=0 “

Ixy-x—-y=0
* Xéthe o
3xy(x+y)=x"+y +4

Pit S=x+y,P=xy,5* 24P, hé PT tr& thanh

T TT1
5=6

§=3P
3PS =5*-2P+4
hai nghiém phuong trinh X* —6X +2=0
2 x=3-7 - x=3+7
0dac .
y=3+7 y=3-+7

»Nhin xét. Qua diy ta thiy cac hé phuong
trinh d6i ximg loai 2 c6 thé dua vé hé ddi ximg

phuong trinh d6i xtng loai 2. Céc thi du sau
ddy minh hoa cu thé hon.
Thi du 2. Giai hé phuong trinh:

=2y +4xy+x

¥ =2x" +4xy+y.

Loi gidi. Cong va trir theo vé cac phuong trinh,

.

(x—y)(xz+y2+xy+2x+2y—1)=0
L -

X' +y =2(x +y )+8xy+x+y
Khi do6 hé twong duong vai

=y

X+ =2(+ ) )+8xy+x+y

2+ y +xy+2x+2y-1=0
hodc ;ST B :

x+y =2(x +y ]+8xy+x+y
x=p

*Hé PT
¥ {x3+y3=2(x2+y2)+81y+x+y

=) ; y
=t nén hé c6 cac nghiém la
{x3—6x2—x=0 e
(0;0), (3-+10;3+VT0), (3103~ VI0).
2 2 =
¥ Xét he x +y1+xy~t2x+22y—1—0 !
X+ =2(x“+y )+81y+x+y
Pit S=x+y,P=xy,5° 24P, hé nay trd thanh
§?+25-P-1=0
§*—28*-3SP-S-4P=0

—-5+4/33
§=r
; |&d==1 . o 2
Giairataco { hodc
P=-2 P_n—.%/ﬁ
B
—5—+/33
S=—5—2"-/~3_—
hoic :
17 +3+/33
P

+ V6i S=-1,P=-2, hé ¢6 nghiém (1;-2),
(-2:1).

S_—5+\/§
+ Véi 2 héconghiém
P_l7—3\/ﬁ

2
(54433 [1V33-39 -5+33  [1433-39)
L 7 + YR 3 J’
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(5+V33_ [133-39 —5+433  [1433-39)
L 4 8 4 8 J

S=—5—«/3_3
* He 2 vonghiém, vi S?<4P.
P_1?+3x/ﬁ
2

Thi du 3. Tim m dé hé phuong trinh

{2_1:'1'}9 =y +m

A co nghiém duy nhat.

2y’ x=x*+m
Léi gidgi. Trir va cong theo vé cac phuong trinh,
[x=y)(2y+x+y)=0
ta co: i " ;
2xy(x+y)=x"+y° +2m
Khi d6 hé da cho twong duong vai

{x:y (1)

2xy(x+y)=x*+y* +2m

2xy+x+y=0
hoac{ ol e (11).

2xy(x+y)=x*+y* +2m

Truong hop 1: Hé (I)@{x:y ———
m=2x’—x

Khio sat ham s§ f(x) =2x’ —x* ta thdy
+ m>0 holic m< _% thi hé (I) c6 nghiém
duy nhit.
b =1 oo o= _21_7 thi hé (T) ¢6 2 nghiém
(1 nghiém kép va 1 nghiém don).

+: —%< m < 0 thi hé (1) ¢6 3 nghi¢ém phan biét.

Truong hop 2: Pit S=x+y,P=xy,5> 24P,

§S=-2P,§<-2,5§20
tir hé (II) = 5
25P=8°-2P+2m
§=-2P, §<-2,520
i m=—S2—§
2
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Hé c6 nghiém duy nhét khi va chi khi phuong
trinh m = -S* —-g v6 nghiém hojc cé tit ca

cac nghiém S €(-2;0). Lap bang bién thién
tim dugc m>0.
Két hop hai triromg hop trén suy ra m> 0 thoéa
maén bai toan.
Thi du 4. Bién ludn sé nghiém cia HPT
2x* =y +5x+ =
Vv .
) (D
2y =x+5y+ i
X

Loi gidgi. PK: x#0,y+#0. Khi d6 h¢ da cho

s {2):2}’:}:2 +5xy+m
teong duong véi
2y°x=x>+5xy+m
Trir theo vé cac phuong trinh ciia hé ta duge
2xp(x = y)=(y-x)(y+x)
< (x-y)2xy+x+y)=0.
Triong hop 1: x=y=>2x" —6x* =m.
Lap bang bién thién f(x)=2x* - 6x%, suyra:
m > 0 hodc m < —8 hé c6 mot nghiém; m = 0 hé
¢0 mét nghiém (vi xy#0); m = -8 hé co hai
nghiém (1 nghiém don, 1 nghiém kép);
—8 < m < 0 h¢ cd ba nghiém. '
Truong hop 2: 2xy =—-x—y, cong theo vé cac
phuong trinh ciia hé suy ra hé phuong trinh
2xy=—x—Yy

{2xy(x+ y)=x*+y* +10xy + 2m -

Pat S=x+y,P=xy,5° 24P, hé (I1l) tr& thanh
2P=-§ 2P=-5;5§<-2;820

{23}):52 +8P+2mc>{—5‘2 +28=m (*
Lap bang bién thién g(S) = —S? + 2 suy ra:
m > 1: (III) v nghiém.
m=1: (*) ¢ nghiém kép S§=1 = (III) co 2
nghiém kép.
—8<m<0:(*)cod 1 nghiém S>2 = (III) c6 2
nghiém.
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m=0:(*) c6 2 nghiém: §=0=>F=0(loaivi m<-8: (¥) c6 2 nghiém:S,<-2,5,>4 =

xy#0), S, =2 = (IlI) c6 2 nghiém don; (ITT) ¢6 4 nghiém.
m=-8:(*) c62nghiém S, =-2,5, =4 = (III) 0<m<1:(*) co 2 nghim 0<S,,<2 = (Il
¢6 3 nghiém (1 nghiém kép, 2 nghiém don). c6 4 nghiém.
f;i:: $6 nghiém hé (I)
m>1 Mot nghiém
- Ba nghiém

(1 nghiém don, 2 nghiém kép)

O<m<l Nam nghiém
—_ Ba nghiém (2 nghiém don (a; b),
1 nghiém don (a; a))
-8<m<0 Niam nghiém
_— Bon nghiém (2 nghiém don, 2
nghié¢m kép)
m< -8 Nam nghiém
II1. BAI TAP TU LUYEN 2. 1) Tim m dé hé phuong trinh
2 3 2
=x" —4x" +mx
S 638 Ko g ot {y i o8 c6 2 nghiém phan biét.
| —3y +8x x'=y -4y +my
) =3x* +8y 2) Tim m dé hé phuong trinh
3 2
X =3xy+my=(m+1)x
2 X =3y +4x—6 { ’ J: e ) ¢6 2 nghiém phéan
¥ =3’ +4y-6 y' =3xp’ +mx=(m+1)y
e biét.
3){)9’ “¥ =1y 3. Giai va bién luan hé phuong trinh
dy—p'=l=x X*y=3)y" +8x+m
¢ =3x* +8y+m

; Tt
S6 507(9-2019) 'hﬂuﬁi@ép



CONG THUC L'HOPITAL

HAY CONG THUC JOHANN BERNULLI?

(Lich su ra doi cong thirc L Hdpital)

HOANG NGU HUAN
(GV PH Mo - Dia chat Ha Néiu

NOI DUNG

Bit ky sinh vién truong dai hoc nao néu da hoc
toan cao cAp déu biét téi cai tén L Hoépital va
quy tic ndi tiéng clia ong dung dé tinh giéi han
dang % Cu thé, quy tic L 'Hopital phat biéu

nhu sau: Véi hai ham s6 cho truée f(x) va
g(x) lién tyc va kha vi tai diéem x=c, théa
man f(c)=g(c)=0,khi d6 gi6i han cua ty sd
J(x)

22" khi x tién t6i ¢, bang gioi1 han cua ty sb
g(x)
/')
g'(x)
cuodi ton tai.
Phét biéu trén c6 thé 1a phirc tap voi nhimg
ngudi khong 1am quen véi toan cao cp, nhung
viét dudi dang cong thirc toan thi rat don gian
lim £ _ jim L™
o g(x) *egi(x)
véi cac diéu kién dd noi O trén.
Quy tic nay mang tén nha toan hoc ngudi Phap
song & thé ky XVII Gruillaume Francois

khi x tién t6i ¢, v6i didu kién 1a giGi han

Antoine Marquis de L 'Hopital, chinh la ngudi
vao nam 1692 viét quyén sach déu tién vé phép
tinh vi phan Analyse des infiniment petits pour
Uintelligence des lignes courbes (1696). Cudn
sach gdbm mudi chuong, trong d6 quy tic ma
hién gio dugc goi 1a quy thc L Hépital nim &
chuong thr chin.

Céng trinh cua L'Hépital dat duge thanh cong
vang d6i va nhiéu 1in dugc in tai ban trong thé
ky muoi tdm. Trong ldi mé dau, tac gia to long

TOAN HOC
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biét on déi voi
Gottfried Leibniz va
Johann Bernoulli vi
“Téi duge tu do su
dung cac cong trinh
cua ho”. L'Hopital
cho ring vai trd cua
Leibniz trong giai tich
la ngang véi Newton,
nhung L'Hépital thich Leibniz hon “vi cach
trinh bay ciia 6ng iy don gian va truc tiép hon”.
Con vé Bernoulli thi L'Hépital khong néi thém
gi ngoai mot dan chimg 1a Bernoulli 1a gido su
o Groninghen.

Vay thi Johann Bernoulli 1a ai va tal sao
Marquis de L’Hépital phai to long biét on
Johann Bernoulli.

Trai voi y cua cha, ngudi con thir mudi trong
gia dinh Bernoulli 1a Johann nghién ciru y hoc
¢ Truong Dai hoc Basel. Ciing trong khoang
thoi gian d6 o6ng dugc nguoi anh ca 1a Jacob
ngam day toan cho va ching may chéc ong da
ngang tai véi anh trai minh. Nam 1691 lan dau
tién ong tham gia va
cudc dau toan tay doi:

L'Hépital
(1661 — 1704)

giai phuong trinh vé
duong day xich do
Jacob dua ra. Johann
tré tuéi dd nhanh
chong gidi duge bai

ua

Johann Bernoulli
(1667 — 1748)

toan va lam ngac
nhién nhimg nguoi
duong thoi vai minh.
Mot trong nhitng lan
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toi Paris, Johann Bernoulli lam quen véi
Marquis de L’Hopital - mot trong nhitng nha
toan hoc Phép xuat chung dwong thoi. L'Hépital
to ra rat ngac nhién boi tai nang cua Bernoulli
tré tudi va ci nghé thuat sir dung phép tinh vi
phan va tich phan ma Leibniz 1ap ra. Biét minh
yéu kém, L'Hopital thué Johann véi thi lao hau
hinh dé Johann day minh nhiing bi mét cua
phép tinh méi. Khi phai quay tro vé Basel,
Johann hira 1a s& khong noi diéu d6 véi ai va
nhimg bai giang van dugc tiép tuc thur tir qua
lai.

Johann sao chép lai cac birc thu vi mubn viét
bai giang vé giai tich. Thé nhung hoc tro thi da
nhanh chan hon thdy. Sir dung céc bai giang
ctia Johann, nim 1696 L'Hépital cong bd cong
trinh déu tién vé phép tinh vi phan “Analyse des
infiniment petits, puor ['intelligence des lignes
courbes” (“Giai tich cdc dai luong vé ciung bé
dé khao sat cac dwong cong”).

-

INFINIMENT PETITS.

Frymigne Panvip
DU CALCUL DES DIFFERENCES.

Secrior Premizan
O Tom domme doy segles de ve sabenl,
Drramrrian L
pg N <ppeils quasist somishie coler gal

A

Cuon sdach gady bat hoa
Johann im lang gidng nhu da htra v&i Marquis
va khong yéu cau cong nhin quyén tic gia.
Nhung bing cich riéng ong than phién ring cac
phat minh cta L'Hépital 1a an cp ban quyén
mot cach tro trdo. Trong buc thu gui Leibniz

nam 1698, Bernoulli n6i rang: “ngoai trir mot
s trang thi tit ca phan con lai 13 6ng ta nhin
dugce tir t6i qua thu [...]. Uu diém cua 6ng ta
nam & chd 6ng ta da sip xép theo trat ty va
trinh bdy mdt cich cén thin bang tiéng Phip
nhitng thir 16n xon ma toi da viét cho ong 4y
bang tiéng Phap hodc tiéng Latinh”. Mai sau
khi Marquis mat vao nam 1704, Bernoulli méi
doi lai dugc mot chit nhimg gi ¢ mét bang
cach cong bd nhiéu két qua cua minh, trong d6
¢6 quy tic L'Hopital.

Thé nhung, tinh cach ndi loan da lam hai thanh
danh cua Johann. Ong ganh dua quyét liét véi
nguoi anh trai va cling la nguoi thdy cua minh
1a Jacob, 1di ca v&i Daniel — ngudi con trai va
ciing 1a ngudi ma ong da hét muc day bao. Ong
cling tham gia vao cudc ludn chién giita Newton
va Leibniz: ai la nguoi nghi ra phép tinh vi phéan
dau tién; 6ng dimg vé phia Lebniz. Khic véi
Johann, danh tiéng cia Marquis lai khong hé bi
sut mé chut nao.

TU LIEU BI THAT LAC

Nhimg diu hiéu diu tién cho thay Johann c6
thé da ding xuat hién vao nim 1922, khi ngudi
ta tim thdy trong thu vién cua Basel gido trinh
cua Johann: Cdculo diferential (“Phép tinh vi
phan”); n6 chua timg dugc cong bd. Néu so
sanh v&i quyén sach cta L'Hépital thi s& thiy ro
vé ban chét ching 1a mot.

Két luan ro rang xuit hién vao nim 1955 khi
burc thu dau tién giira Johann va L' Hopital duge
tim thdy. Nguoi ta phat hién ra 101 dé nghi la
lung ma Marquis De L'Hépital giri cho Johann
Bernoulli trong buc thu gui vao ngay 17 thang
3 nam 1694.

“T6i rat sin long giri cho ngai khoang 300 Livre
bit dau tir ngay 1 thang 1 ndm nay; t6i s& giri
ngay 200 Livre trong nira dau nam cho phan
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khai quat ma ngai da guri cho t6i; con 100 Livre
nira t6i s& giri trong nira cudi ciia ndm va moi
thir s& tiép tuc nhur thé. T6i hira ring sb tién nay
trong thoi gian sdp t&i s& tang 1én vi t6i biét n6
1a rat it; va toi s& lam n6 ngay khi cong viéc cua
toi t6t dep...Toi qua 1a gan do khi doi hoi thoi
gian cta ngai, nhung t6i yéu cau ngai thinh
thoang hiy danh cho t6i mot vai tiéng dé tra
161 cdc cau hoi cua tdi va hay gui cho toi
nhimg phat minh ctia minh, véi diéu kién 1a
khong dugc cong bd chung voi ai. Téi ciing s&
hira la khong giri ban copy nhirng tai li¢u nay
cho Varignon hay bat ky ngudi nao khac, boi
vi t6i khong thich diéu d6. Hay tra 1di t6i vé
van dé nay”.

Mic du thr hdi am cua Bernoulli khong dwoc
tim thay, nhung dé hiéu 1a ong da dong y thoa
thuan (khéng c6 gi ngac nhién néu dé y ring
khi @6 Johann méi 24 tudi va dang khong cé
viéc lam). Trong nhimg buc thu tiép theo
Bernoulli ¢6 tra 101 thu va nhirng cau héi cua
Marquis. Mot trong nhimg birc thu 4y chia
cong thuc L'Hopital. Ngoai ra nhimg vi du ma

Bernoulli dua ra gan nhu tring khép véi nhimg

vi du ma Marquis vé sau in trong quyén sich
cua minh. Nhung ching t6i ciling phai thira
nhén 1a L'Hépital da sira vai 16i ctia Bernoulli,
vi du nhw Bernoulli cho ring tich phan clia ham

¥ it ban
X

Johann Bernoulli mit khi 81 tudi, rat nhiéu
ngudi liét ké cong thirc ma ngay nay ching ta
goi 1a cong thirc L'Hépital vao di san d sb toan
hoc cua ong.

TAI LIEU THAM KHAO
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Bernoulli, geometras y viajeros. Editorial
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Bai viét s& xoay quanh vigc khai thac hai bai
hinh hoc trong ky thi IMO ndm 2015.

Ky thi IMO ndm 2015 c6 hai bai toan hinh hoc
phing v6i ndi dung nhur sau:

Bai todn 1 (Ngay thi thir nhat). Cho tam gidc
nhon ABC,AB> AC c6 dwong tron ngogi tiép
(I'), truc tam H va chan duong cao F ha tir
A. M la trung diém cia BC. Q la diém trén

(T') théa man HOA=90°, va K la diém trén
(T) théa man HKQ =90°. Gid sir 4,B.C.K

va Q la cdc diém phdn biét, va chiing nam trén
(T') theo ding thir tw do. Chirmg minh rang
duomg tron ngogi tiép ciia cdc tam gidgc KHQ
va FKM tiép xiic véi nhau.

Bai toan 2 (Ngay thi thur hai). Tam gidc ABC
néi tiép dwong tron (Q) cé tam O. Mét dwong
tron (T) vdi tdm A cdt cdic canh BC tai D
va E sao cho B,D,E,C phan biét va ndm
trén dwong thing BC theo ding thir tie nay.
F,G la giao diém cia (Q) va (I') sao cho
A,F,B,C va G ndm trén (Q) theo ding thir
tw nay. Goi K la giao diém thit hai ciia duong
tron ngogi tiép tam gidc BDF va canh AB.
Goi L la giao diém thir hai cia dwong tron
ngogi tiép tam gidc CGE va canh CA.

Gid sir hai dwong thang FK va GL phdn biét
va cdt nhau tai X. Chimg minh rang X ndm
trén dwong thang AO.

Trong bai viét nay, ching t6i xin chia thanh hai
phan, mdi phan khai thac mot bai toan.

uﬁemﬁmﬁhm
TROG K 75 B0 2018

LE VIET AN (P. Hé Chi Mink)

PHAN 1
Bai toan 1 1a mét bai toan tuong d6i kho va trén
dién dan aops.com c6 kha nhiéu 16i giai. C6 rat
nhiéu huéng tong quat cho bai toan nay. Chu y
ring gia thiét tryc tAm cua tam giac thuong
dugc mo rong boi gia thiét diém H nam trong
tam gidc sao cho BHC =180°—BAC hoic
HBA=HCA. Trong bai viét nay, ching toi
xin gioi thiéu mot hudng tong quat cho bai
todn nay.
Bai todn 3. Cho tam giac ABC,AB> AC co
duong tron ngogi tiép (). Diém H ndm trong
tam gidc sao cho HBA=HCA. Q la diém trén
(") thoa man @Az%n, K 1a diém trén
() théa man HKQ =90°. Giasie A,B,C,K
va Q la cde diém phdn biét, va chiing ndm trén
(T') theo diing thir tie @6. Trén dwong thang BC
lay diém M sao cho giao diém cua hai dwong
thang KM va QH nam trén trung truc cua
BC. Goi F la giao diém cia AH va BC. Chimg
minh rdng dwong tron ngogi tiép cia cdc tam
gide KHQ va FKM tiép xiic véi nhau.
Loi gidgi. (h.1)
Goi D=CAn BH,E = AB~ CH thi ta c6 bon
diém B,C,D,E clng nam trén mot dudong
goi (0). Goi
L=DENBC. Theo mit két qua vé diém
Miquel cua tir giac toan phan va dinh li Brocard
cho tr gidc noi tiép, ta c6 OH L AL tai O v

tron, duong tron do la

Q la diém Miquel cia tor giac toan phin
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ABCEDL . Theo gia thiét thi giao diém cia hai
duong thing KM va QH nam trén trung tryc

cia BC nénbadiém 0,K,M thing hang.

Hinh 1

Néu goi X 1a diém Miguel cua tir gidc toan
phin ABDCHE thi ta ¢6 HX L A0 tai X.
Cht y ring OB=0OE nén AO 1i mét phan
giac cua BOE nén ta c6 OAOX = ﬁz = ﬁz.
Tt AQH=AXH=90° ta thdy bén diém
A, O, H, X cung nim trén dudng tron dudng
kinh AH nén OH.OQ = OAOX.

Dudng thing OK cét dudng tron (KQH) lan
nifa tai N thi &ﬁ=5§5@

Goi f la phép nghich ddo tdam O véi phuong
tich OB®>. Khi d6 qua phép nghich ddo nay
f:A— X,0— H,K— N,B— B,C+— C nén
duong tron (ABCKQ) bién thanh duong tron
(XBCHN), do & N e(HBC).

Gia st KQ cit BC tai G va cit dudng tron
(FKM) 1in nita tai P. Theo dinh 1y vé tam
déng phuong thi ba dudng thing KQ,BC,HN
ddng quy, suy ra G e HN . Ké HH'L PM tai

TOAN HOC
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H' thi khi d6 HH' 1a truc ding phuong clia
hai duong tron (HKPH') va (HFMH'"), FM
la tryc ding phuong cia hai dudng tron
(HFMH") va (FKMP), KP=KQ 1a truc
ding phuong cua hai dudng tron (FKMP) va
(HKPH") nén HH' KQ, BC dbng quy, suy ra
HN L PM tai H'. Mt khac N e(KQH) nén
ON 1L HN, do d6 ON//PM. Tu day suy ra
dudng tron (KMP) va duong tron (KON) tiép
xic véi nhau tai K va ta c6 diéu phai chimg
minh.

»Nhdn xét. Trong 10i giai trén, ta thiy phép
nghich dao f tdm O phuong tich OB* bién
dudng tron (') thanh duong tron (HBC) nén
O la tim vi tir cla hai dudng tron nay. Hon
nita 4B con 1a truc dang phuong cia hai
dudng tron nay. Chinh nhitng diéu ndy goi y
cho chiing ta d& xuét bai toan sau:

Bai toan 4. Cho hai duong tron (I') tam O va
(Q) tam O’ c6 truc df?ng phuong d va vV la
tam vi ty trong ctia hai dwong tron. Diém A
nam trén (0) va diém B nam trén (Q) sao cho
ba diém A,B,V thang hang va OA, O'B khong
song song voi nhau. Ldy diém C trén (I') sao
cho ACB=90°. CV cdt d tai K. Ké BH L d
tai H. Chimg minh rang duwong tron ngodi tiép
cde tam gide ABC va CKH tiép xiic véi nhau.
Loi giai bai toan ndy cé thé 1am hoan toan
tuong tu nhu ddi véi bai todn 3, ban doc tu giai
coi nhur mét bai tap.

PHAN 2
Bai toan 2 1a mot bai toan d& va ciing c6 nhiéu
101 giai. O bai viét nay chling t5i trinh bay mét
mo rong va mot s6 huéng khai thac cho bai
todn nay.
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Bai toan 5. Tam gidgc ABC ndi tiép duwong tron
(Q)co tam O. Mot duong tron (I') voi tam
nam trén doan AO cdt cdc canh BC tai D va
E sao cho B,D,E,C phan biét va nam trén
dwong thang BC theo ding thir tw nay. Gia sir
F.G la giao diém cua (Q) va (I sao cho
A,F,B.C va G nam trén (Q) theo ding thir tu
nay. Goi K la giao diém thir hai cua dwong
tron ngoai tiép tam giac BDF va canh AB.
Goi L la giao diém thir hai cia dwong tron
ngoai Ifép tam gidc CGE va canh CA.

Gia sir hai duong thang FK va GL phan biét
va cdt nhau tai X. Chimg minh rang X nam

trén dwong thang AO.
Loi gidi. (h. 2)

Hinh 2
D& thiy AO la dudng trung truc ciia FG nén
chi cén chimg minh XF = XG . Thét vdy, ta ¢6 :
(FB,FD)=(FB,FG)+(FG,FD)

=(CB,CG)+(EG,ED)(vi (B,C,F,G) va
(D,E,F,G) 1a bd cac diém cung nim trén mét
dudng tron)

=(CB,CG)+(EG,CB) (vi B,C,D,E thang
hang) =(GE,GC) (mod ) (*),
Tu d6: XF = XG < F,G dbi xing nhau qua
AX (vi AF = AG)

< (FX,FA)=(GA,GX )(mod )

< (FK,FA)=(GA,GL)(modm) (vi K €FX,
LeGX)

< (FK,FD)+(FD,FB)+(FB,FA)
=(GA,GC)+(GC,GE) + (GE,GL)(mod n)

< (FK,FD)+ (FB,FA)

=(GA,GC)+ (GE,GL)(mod ) (vi (*))

< (BK,BD)+(CA,CB) .

= (BA,BC)+ (CE,CL)(modm) (vi cac bd di€ém
(B,D,F,K), (C,E,G,L) va (4,B,C,F,G)
cung ndm trén mot duong tron). Ping thire cubi
cung nay dung vi (BK,BD)=(BA,BC)(mod )
va (CE,CL) = (CA,CB)(mod ) nén ta cé dpcm.
»Nhdn xét. Day 1a mét mo rong don gian, tuy
nhién c4u hinh cua né ¢6 tinh goi mé rit nhiéu.
Chang han ching ta c6 thé thay thé céc diém
D,E nim trén BC béng céc diém D,E nim
trén dudng tron (Q) sao cho cac diém
B,C,D,E cung ndm trén mot duong tron. Tirc
1a ta c6 bai toan sau day.

Bai todn 6. Tam gidc ABC néi tiép dwomg tron
(Q) co tam O va mot duong tron () di qua
B.C. Mot dwong tron (') voi tdm ndam trén
dogn AO cat (w) tai D va E sao cho
B.D,E,C phdn biét va nam trén (o)theo
diing thir tw nay. Gia sie F.G 1a giao diém cua
(Q)va () sao cho A,F,B,C va G nam
trén (Q) theo dung thir tw nay. Goi K la giao
diém thir hai cua dwong tron ngoai tiép tam
gidc BDF va canh AB. Goi L la giao diém thir
hai cua duong tron ngoai Ii(fp tam giac CGE va
canh CA.

Gia sir hai duong thang FK va GL phan biét
va cat nhau tai X. Chimg minh rang X nam

trén duong thang AO.

Loi gidi. (h. 3)
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Hinh 3

Gia st (BDF)nBC ={B,Y},

(CGEYnBC={C,Z}. Ta s& ching minh
F,G,Y,Z cung nam trén mot duong tron co
tam nam trén OA thi khi d6 theo bai toan 5, ta
s& suy ra diéu can chimg minh. That vdy, trudc
hét cac duong thing BC,DE,FG la ba truc
dang phuong ciia cac cap duong tron trong ba
dwong tron (T), (Q), (@) nén ching dong quy
hodc d6i mot song song. O day ta xét truong
hop ching dong quy tai P va bo qua truong
hop don gian con lai.

Tacé: (DE,DY)=(DE,DF)+(DF,DY)
=(GE,GF)+ (BF,BY)

= (GE,GC)+(GC,GF)+(BF,BC)
=(ZE,ZC)+(GC,GF)+(GF,GC)

= (ZE,ZY)(modn) , suy ra bén diém F,G,Z,Y
cing nam trén mot dwong tron. Tir d6:
PY.PZ = PD.PE = ﬁ%, suy ra bbén diém
F,G,Y,Z cung nam trén mot duong tron cé
tdm nam trén dudng trung truc cia FG, tirc 1a
tdim nim trén A0 . Tu day ta c6 diéu phai
chirng minh.

Tir bai toan nay, chung t6i d& xuat mot bai toan
tuong tu nhu sau :

Bai toan 7. Tam gidc ABC ndi tiép dwong tron
(Q) cé tam O va mdt duong tron (@) di qua

B,C. Mot duong ron (T') voi tam ndam trén
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dogn AO cdt (@) tai P va Q sao cho
B,P,0,C phdn biét va nam trén (@) theo
ding thie ty nay. Ldy cdc diém D,E trén canh
BC sao cho BPD = @ Giasu F,G lagiao
diém cua (Q) va (') sao cho A4,F,B.C va G
nam trén (Q) theo ding thir t nay. Goi K la
giao diém thir hai cia dwong tron ngoai !icfp
tam gidc BDF va canh AB. Goi L la giao
diém thir hai cia duong tron ngoai tiép tam
gidc CGE va canh CA.

Gia sir hai dwong thang FK va GL phdn biét
va cdt nhau tai X. Chimg minh rang X ndm
trén duong thang AO.

Cac ban hay giai bai toan nay va hdy tdp sang
tao ra nhiéu bai toan hay khéc.

Két lugn. Hai bai toan hinh IMO nay tuy khong
qué khé nhung con nhiéu y dé khai thac va mo
rong. Vi khuén khd bai viét, xin tam dung tai
ddy va xin danh lai cho ban doc khai thac tiép.
Chuc céc ban thanh cong.

Cudi ciing, tic gia xin chan thanh cdm on thay
Nguyén Minh Ha da cho tac gia nhi€u nhitng
nhan xét quan trong rat hay cho bai viét nay.

TAI LIEU THAM KHAO
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Bit ding thirc Bonse va su khai quat hoa

Pra<pprp, (1)

Trong d6 p; 1a s nguyén td thir i .
H. Bonse, khi con 1a sinh vién, 3 phat hién ra
mét chirmg minh khéo léo cho (1). N6 khong chi
tranh tit ca cac phuong phap giai tich va cic
qua trinh v0 han da dugc Tschebyscheff sir
dung, ma no6 chi sir dung cdc y tuong toan hoc
rt don gian.
§1. Y tudng co ban cua chimg minh twong tu
nhu cach ching minh cia Euclid. Thay vi tao
thanh biéu thirc
N=pp,...p,+1hodc M=pp,...p,—1
trong sd 7 s6 nguyén t6 dau tién, chung ta chi
sir dung i s nguyén té ddu tién p,..,p, va
tao thanh p, biéu thirc

M, =pp,...pi *1-1,

M, =pp;..-p*2-1,

M;=pp,...pi,*3-],

M,=pp,...pi1 *4-],

M, =pp,..pi *p; -1,
Nhu trong truong hop biéu thic cia Euclid,
chung ta ciing c6 thé khing dinh:
(a) Khong cé biéu thiec M,, ..M p, hao chia

hét cho bat ky s6 nguyén té Dis D3y -y Py NAO.

(b) C6 nhiéu nhat la mot trong cdc biéu thirc
nay chia hét cho p,. Vinéu c6 hai trong s6 cac
biéu thic nay chia hét cho p,, ching han
ppy---PiaX=1 va pp,...p_y-1, thi hi¢u

cia ching p,p,...p,,(x—y) cling phai chia
hét cho p.. Vi p, khong chia hét cho (i—1) s6
nguyén t6 dau tién nao, nén n6 phai 1a ude s6

cia (x—y). Nhung x v y nim trong s6 cic
s61,2,3,4,5, .., p, do d6, hiéu cua ching
16n nhatla p, —1,nhé hon p,. Do d6 p, khong
thé 1a udc sb cia hiéu nay, vi mdt s6 16n hon
khong thé 1 ude ciua mot sb nho hon. Chimg
minh tuong ty nhu vay cho thay ching ta cling
¢0 theé khang dinh:

(¢) Nhiéu nhdt la mét biéu thirc chia hét cho
D.v1» nhiéu nhat la mét biéu thirc chia hét cho
Divas - nhiéu nhdt la mot biéu thirc chia hét
cho p,.

Bay gio néu sb luong cic sb p;, Py s P, it
hon so véi sb cc biéu thic M,, ..M, , néi
cach khac, néu chiing ta c6

(2)

thi ¢6 it nhat mét trong cac biéu thirc M khéng
chia hét cho bét ky sb p., p.,, ... p, nao.

n—i+l<p,

Budc quan trong nay dugc suy ra tryc tiép tir
(b) va (c¢). Néu ching ta goi biéu thic cu thé
nay 1a M, , thi M, khong chia hét cho bat ky
sé nguyén té p, ...,p, nao, vi (a) cho thiy né
khong thé chia hét cho p,, ..., p, ;.

Budc tiép theo sau ching minh cta Euclid. M,
la sb nguyén td hodc né co thé duge xem 1a tich
céc thira s6 nguyén t6. Ton tai mot s6 nguyén td
p bing M, hoic p la u6c sd coa M, . Vi
M, khoéng chia hét cho Py - D, DEN )
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nguyén t p nay phai lén hon D, Sb nguyén
to tiép theo sau p, 1a p,., do d6 ta co6
P, < p. Ngodira, vi p 1a uéc sb hodc bing
M,, nén ta c6 p<M,. Biéu thuc 16n nhit
trong tat ca cic biéu thic M 1a M > Vi vy
ching ta c6 thé xép dit cac bt ding thirc nay
lai voi nhau dé thu dugc

Poa My =py...pp=1<p..p;
Chung ta c¢6 thé tom tit két qua cua ching ta
trong phat biéu: Néu (2) la dtng, thi chiing ta c6

P <pi---pi (3)

§2. Tur cach chirng minh cua Euclid ta suy ra
Pnit <Py Py
S6 i nho hon n, vi vay vé bén phai da bi giam.
Chung ta da thyc su dat dugc bao nhiéu? Piéu
kién (2) khong cho phép chung ta chon mot gia
tri nho tuy v dbi voi 7. Chung ta phai chon i du
16n dé s6 luong s6 p,, ...,p,, nghia la n—i+1,
nho hon s6 p, 1a s6 dau tién trong cac s6 nay.
Yéu cau nay phirc tap boi sy twong tac cia i
vai chinh nd. Mot vi du don gian s€ gilip chung
ta théy nd hoat ddng nhu thé nao.
Hay liy n=5, dé ching ta xem xét 5 s6
nguyén t6 2,3,5,7,11. Néu ching ta chon
p,=3, ching ta ¢c6 i=2 va nhém cac sd
Dis - P, bao gdm 3,5,7,11. Nhom nay bao
gdm n—i+1=5-2+1=4 sb. S6 lugng céc sb
nay khong nho hon s dau tién (4 khong nho
hon p, =3), vi viiy ching ta da chon dugc gia
tri qua nho cho 7. Néu ching ta tang i 1én 1,
dén i=3, ching ta c6 p,=5 va chi c6 3 sb
5,7,11. Vi 3 nhd hon 5, nén day la mdt lya
chon phu hgp cho i. R rang bat ky su lya
chon 1én hon cia i ciing s€ théa mén (2).
Két qua ma ching ta s& chimg minh trong phan
nay la néu i dugc chon cang nho cang tot, thoa
man diéu kién (2), thi ching ta s& ¢6

TOAN HOQC
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PP <Py (4)
Piéu nay ding v6i n=35, n6 c6 thé dugc kiém
tra bing phép nhan, 2+3¢5<7+11. Dé thdy
rang né ciing ding cho cic » khac nira, chiing
ta phai xem i t6i uu s& thay d6i nhu thé nao khi
ting n.
Vé&i n=5 chingtacé i=3, p, =5. Nhom cac
0 p,,....,p, bao gdbm 3 sb 5,7,11. Néu chung
ta thay d6i tir n=5 thanh n=6, ching ta sé
mang dén mot s nguyén té khac 1a 13. Tuy
nhién, chung ta khong can phai thay dbi i, vi
nhém sb Pii vinkt, €0 thé chia 4 sb. Néu
chung ta d6i thanh » = 7, ching ta s& mang dén
s6 nguyén to 17 . Bay gio ching ta phai ting i,
vi néu khong thi nhém D;s P, S€ chira 5 )
va 5 s€ khong nho hon p, =5. Do do, chung ta
phai chon i=4 néu n=7. Biy gi0 i=4 tic
la p,=7 va diéu nay s& cho phép mét nhém
gom 6 sb 7,11,13,17,19,23. Nghia 13, i =4 s&
la & cho n=7,8,9. V6i n=10, gia tri cia i
phai dugc ting 1én i=5. Khi d6 p, s€ la 11.
Vi gia tri nay dai dién cho budc nhay 4 so vdi
p; =7 trude d6, gia tri ndy s&€ la di cho 5 gid
tri cua n, véi n=10,11,12,13,14. Gia tri cua
p, dugc hién thi trong bang sau thong qua kiéu
chir dam co6 gach chan:
n=5: 2,3,5,7,11
n=6: 2,3,5,7,11,13
n=7s 239, 711,13 17
n=8: 2,3,5,7,11,13,17,19
n=9: 2,3,5, 711,13, 17, 19,23
n=10:2,3,5,7,11, 13,17, 19, 23,29
n=11:2.3,5,7,11, 13, 17, 19,23, 29,31
n=12:2,3,5,7,11, 13, 17, 19, 23, 29, 31, 37
n=13:2,3,5,7,11, 13,17, 19, 23, 29, 31, 37, 41
n=14:2 3,5,7,11, 13,17, 19, 23, 29,31, 37,41, 43
n=15:2,3,5,7,11,13,17, 19, 23, 29, 31,37, 41, 43,47

Moi lan i tang thém 1, s6 nguyén té p, ting it

nhit 2 va diéu nay cho phép i giit nguyén cho
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3 gi4 tri tiép theo cua n. Néu diéu d6 xay ra
khi p, ting hon 2, gia tri cia i khong di dbi
vi nhiéu gié tri ca »n.
Gi¢ ddy ching ta da thay i t6i wu thay d6i nhw
thé nao khi ting n, chiing ta c6 thé thao luan vé
tinh hop 1¢ ciia (4). Ching ta da biét ring (4)
ding véi n=5,
203:5<7¢11.  (5)

Chuyén dén n=6, i khong thay ddi va (4)
khing dinh ring

203s5<7+11+13, (6)
va diéu nay 1o rang la ding, vi vé bén phai cua
(5) da dugc tang lén.
Viée di tr n=6 dén n=7 khong hoan toan
don gian vi i thay d6i gia tri ctia n6 & day. S6
7 di chuyén tir bén phai sang bén trai va sé
nguyén t6 méi 17 xuit hién & vé bén phai.
Diéu chiing t6i muén chimg minh la

203+5+7<1113+17.  (7)

Néu khéng thyc hién phép tinh toan, ching ta
khong thé c6 (7) truc tiép tir (6). Ching ta c6
thé nhin vé trai cua (6) v6i thira s6 7 va vé
phai ciia né véi mot thira s 16n hon 1a 17,
nhung diéu nay s& mang lai

2030507 < 71121317,
trong d6 thira s6 7 khéng mong mudn xut
hién & vé phai.
Tuy nhién, néu ching ta bit diu bing (5),
chung ta c¢6 thé kiém tra (7) ma khong can tinh
toan. Nhan vé trai cua (5) véi 7+7, vé phai cua
no voi 13«17, ching ta thu dugce

203050707 <7+11+13¢17.

Gian u6c di mot thira s6 7 & ca 2 vé, ching ta
c6 bét ding thic (7).
Lap luan nay dem lai cho ching ta tir n =6 dén
n =7 ma khong can phai c6 bét ky su tinh toan
nao. N6 phu thudc vao mét thue té 1a chiing ta
c6 thé quay lai hai budc véi n=5. Lap ludn
nhur vay ciing ¢6 thé dugc thuc hién cho moi
budc twong tu tir mot gia tri » dén gid tr

(n+1) tiép theo. N6 chi phu thudc vao thyc &
1a bét cir khi nao gia tri clia i ting thi n6 van
giit nguyén cho it nhét hai gia tri lién tiép ciia
n (ching ta da thay ring né van gilt nguyén cho
it nhit 12 ba va thuong 1a mhiéu gia tri cua n).
Do d6, bat dang thirc (4) ludn ding véi moi
n=>5,6,...

§3. Néu chung ta nhén ca hai vé cta (4) véi
Dy - D;» chiing ta thu duoc (p,...p,) < p, ..p,

Py P <Py Py (8)

Diéu nay, két hop véi (3), cho ta két qua mong
mudn (1) voi n=5,6,... Diéu (1) ciing ding

hay la

véi n=4 dugc kiém tra d& dang bang cach
nhén no ra.

§4. Bonse da kéo dai suy ludn cua minh thém
mot chat. Bit ding thir

pn+1<3\l'p1"'pn’ (9)

voi n>5, c6 thé chimg minh dugc bz“mg
phwong phép twong ty. Diém quyét dinh trong
chirng minh thure té 1a cac gia tri cua I, dugc
thao luin & cudi phan §2, thuc té van giir
nguyén cho 3 gia tri cua », va khong chi trong
2 budc, nhu trong chirng minh vira hoan thanh.
§5. Vay 1a v6i p, 1a sb nguyén tb tht n thi
Bonse di chirng minh duge:

Dinh ly 1 (Bonse): Voi n>4thi p,...p, 3};:},:.__:.

Dinh Iy 2 (Bonse): Voi n>9 thi p,...p, > p;‘,_!_
Puong nhién nhitng bat ding thirc nay da nhin
duogc su quan tim cua nhiéu nha ly thuyét sb, vi
vady trong tuong lai ching s& dugce khai quat
hoa va lam manh thém. Va nhu mot su tiép ndi
do, L. Posa (nha toan hoc Hunggari) da chi ra
rfing:

Pinh 1y 3 (L. Posa): Ddi vdi méi s6 nguyén k ,

luon ton tai hang so nguvén c(k) sao cho

Py Py > pfj,: VGi tt ca n> c(k).

Sau d6 dinh ly 3 di dugc tong quat hoa thém
badi Laurentiu Panaitopol (Rumani).
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Pinh ly 4: Poi voi luén c6
n=m{n)

PPy > D
lwong s6 nguyén t6 nho hon hodc bing n.

22,

trong dé n(n) biéu thi s6

Chitng minh. Ta s& chimg minh mot s6 B6 dé
cén thiét.
B6 @& 5: Poivéi n>4,p, >2n.
Chitng minh: B6i véi n =5, p =11>2n. Do
6, ching ta c6 thé quy nap theo n. Gia sir n6
la ding cho » va bay gi¢ chung ta chiung minh
no ciling ding cho »n+1. Ching ta c6 p, >2n
vavi n>5, p,lalé vadodo p,+1 la chin,
do d6 n6 khong phai 1a sé nguyén té. Ching ta
6, Py 2 P, +2>2n+2=2(n+1) (dpcm).
Bb dé 6: Doi voi n>1,p, ...p, >2""'nl.
Chirng minh:
Truée hét p,p,psp, =2.3.5.7=210. Va tir BS
dé s, p; >2i voi i > 5. Nhu vy,
- . anan!
I;[p;. >1;[21 =2 45.

Bay gi¢ chung ta co:
n—4 n!
Pi---Py = P\P2P3P4-Ps---Py > 210.2 24
=35.2"%n1>2""n! dpcm.
& - L s e = 3
Bode7: Day u, = {/; la tang nghiém ngdt.

Chimg minh: Ta s& hoan thanh néu ching ta c6

4 ! !
thé chimg minh \/E < nﬂ/(’";l)-
4 4
[n_!]n-fl <[(n+l)!]n
4 4

()" nl<4(n)' (n+1)" ©nl<d(n+1)"

d6 1a diéu hién nhién! (dpem).

Bay gid ta cin téi dinh ly sau, duge Erdss
chimg minh khéo 1éo (da dwoc gidi thiéu trén
Tap chi TH&TT).

hay
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Dinh ly 8 (Erdos, Bertrand): Doi véi n>1,
luén luén tén tai mot s6 nguyén t6 néim gitta n
va 2n.

Béy gio 1a B6 d cudi cung.

Bo dé 9: Péi véi moi n, p, <2". Ddc biét diing
thirc xdy ra khi va chi khi n=1, néu khéng
p,<2".

Chitng minh. Néu n=1, p,=2=2'. Ching ta

biét ring p, =3<2°. Do dé, ching ta quy nap
theo » nho st dung Pinh ly 8. Gia sir ring

p,<2". Vi p 1a sb 1¢ ching ta c6

Pt <2p, <2"" (dpem).

Chung minh dinh Iy chinh. Truong hop k<0
1a tdm thudng. Vi vdy, ching ta tip trung vao
k> 0. Luu y ring khi sir dung Bb @& 9, chung

n+1)k

ta tim thdy p~,, <2 . Mit khéc, sir dung

Bé dé 6, chung ta ¢6 p,...p, >2"" n! Két hop
chiing lai, ta can chimg minh rang
s, 2 DR
Va tir B6 dé 6, chiing ta s& c6 dpem néu chiing
ta ¢ thé chitng minh ring ton tai mot "y dé
2??—1 n! > 2(n+])k

1a diing cho tit ca n>n,. Ching ta c6 thé viét

1 [H+l)k ! E
0618 M52 _grn gk o ookt g

2 or 2
Bay gi, vi 257 1a hang sb va 2" giam khi »
! .

ting trong khi {j% tang néu » ting, 10 rang la

c6 7, nho nhét sao cho tit ca n>n,.
b6 1a dpem.
Ban doc thin mén!
Ta da biét mot chirng minh doc ddo cua Bonse,
va sy mo rong kem mot chimg minh dep cho
két qua cua Bonse. Liéu két qua trén con co thé
mo rong theo hudng nao khic nira khong. Rét
mong nhan duge nhimg két qua méi tir cac ban
tré yéu toan Viét Nam!

Sweu tam va tong hop tie Internet.
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TIENG ANH QUA CAC BAI TOAN

BAI SO 48

Problem. A particle is in equilibrium on a
smooth horizontal table when acted on by the

three horizontal forces shown in the diagram.

Find the value of F.
4N

-
=

FN

Solution. The particle is in equilibrium position
so the resultant force is zero, that means it is 0
in both x-direction and y-direction.

Therefore we get Fcosf = 7 and Fsinf = 4.

Hence F’cos’0 + F’sin’0 = 49 + 16 = 65. Thus

F =J65.
TU VUNG
particle : hat

equilibrium . cdn bang (vi tri cdn bang)

diagram : lwoe do, so do
force : luc
resultant force  : hop lyc

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

Bii todn. S ngudi hoan thanh cugc thi chay dwoc thong ké nhu sau:

T?i; fr ;‘;” Tan suat Tan sudt céng don
(0; 15] 10 1
(15; 17] 12 -
(17; 19] 20 >
(19; 21] 5 s
(21; 23] m s

Tim cdc s6 m, n.
Lai gidi. Tir cot Tan sudt céng don ta thiy cé
42 ngudi hoan thanh cugc thi chay trong
khodang thoi gian (0; 19] va » ngudi hoan thanh
cudc thi chay trong khoang thoi gian (0; 21].
Két hop voi cot Tan
n—42 =5 Tudoé suyran=47.

suat ta co:

Tuong tu, m =50 —n=50—-47=3.
»Nhgn xét. Ban Nguyén Thi Quynh Nhi,

10 Toan 2, THPT chuyén Qudc hoc Hué, Thira

Thién Hué, c6 bai dich tdt, giri bai dén Toa soan
TH& TT sém.

HO HAI (Ha Néi)

TOAN HOC
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BAI TOAN 28. (Trich dé tuyén sinh vao lop 10
THPT Bac Giang, nam hoc 2008-2009)

Cho a, b la cac s6 dwong thoa man a+ b=~

Tim gia tri nho nhdt cua biéu thuc P = —+ —,
a 4b

Loi giai.

Cach 1. Thém bot ciing mot hang tur roi su dung

hat dang thiec Cauchy.
5 ...
Doa+b= 3 nen:

P:i+L=i+l—+4(a+b)
a 4b a 4b

:(ﬂ+4a]+(i+4bj =
a 4b

Ap dung bit ding thirc Cauchy cho hai 50
duong ta duoc:

i+4az 2,,14.9 =7 L+/-h!>2 21'—1-.433 =i
a a 4b 4b

=P=8+2-5=3.
Ping thirc xay ra khi va chi khi

A—1=4a
al a=1
—=4bh & i
4b b=-
4
a+b=-
4

Viy minP=5<a=1, b:%.

Cdch 2. Nhdn hai ve cimg mot so khdc 0 roi s

dung bat dang thire Cauchy

TOAN HOC
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lJ'l

Do g+ bh=>2 nén nhan hai vé cho % ta duoc:

E.P=[4 L](ar+b) 4+1+[i+4b]
4 a 4b 4 \4b a

Ap dung bat ding thuc Cauchy cho hai sb

duong ta dugce ‘34—@) 21;3 ﬁzz
4b a 4b a

.

Suyra—P>'E gg:>I325.
4 4
Ding thirc xay ra khi va chi khi
a _4b |
4 a
= 1
.f:+b—§ b:Z
4

Vay minP =5 < a=1,b=%.
Cédch 3. Sir dung bat ding thicc Bunyakovsky.
Ap dung bt dfmg thfIC Bunyakovsky cho hai bo

(ff)va

ta co:

3
[J&%@.ﬁ) s(a+t)3+5)

0?5
| 24— Sz.P@PZS.

Ping thirc xay ra khi va chi khi

Z-2b

2 =

=]
a+b—§ b_l

A : 1
Viy m1nP=5¢:>a=1,b=Z.

Cach 4. Sir dung bat dang thirc Schwarz.

Véi a, b, x, y la cde s6 dwong ta luén cé
2 42 2
a +b_ 2(a+a_‘;')

O

. Pdng thirc xay ra khi va chi

x+y

w22
X

g

Thay b= i— — g vao biéu thirc P ta dugc:
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R (I .
a 4b a 4(5 ]

==

4
Ap dung bét dang thirc Schwarz ta dugc:

2 2 2
gt 1w ¥ Wl .
a 4(§ ] 4a 5-4a 4a+5-4a
4—a

4 1

Hifing thikoxhyralli 4 70 2 “‘54“ -

a+b=-
4

Cdch 5. Tham sé héa.

Doa>0,b>0néndata=bt, voit=>0.
i5 s 5

Tu giathiét a+b = 3 suy ra

Bl b i e
4 4(r+1) 4(t+1)

5.
4(r+1)" 7 4(r+1)

it e [l—f+:+1?].

vao biéu thac P

Thay a=

ta dugc P=

+
5¢ 5 3
Ap dung bat ding thic Cauchy cho hai sb

duong ta dugc $+t2 21|¥.t: 8

:PZ%(SH?):S.
Ping thic xay ra khi va chi khi r=4
@a=lb=7. Viy minP =5 a=1, b=,

Cach 6. Sur dung diéu kién c6 nghiém cua tam
thirc bdc hai.

Do a >0, b> 0 nén quy ddng rdi khir miu sé ta

duoc: P=E+L:> 4abP =16b+ a.
a 4b

Thay b= % —a tadugce

4a[§—ajP=l6[-5-— ]+a
4 4

<4Pa’ -5(3+P)a+20=0 (¥
Xem (*) 1a phuong trinh bac hai v&i 4n 12 g, khi
d6 ta c6: A=S(5P* —34P +45).

DPé phuong trinh (*) ¢6 nghiém thi A>0
& 5P -34P+ 4520 (5P-9)(P-5)20 (1)
Mat khac, vi b > 0 nén

5 4 1 416

5
=-b<==zP=—t—>-—> 2
as bR b b ey B

T (l)va(2)suyra P-520= P2=5.
P =5 khi phuong trinh (*) c6 nghiém kép:

§_@+_}’):1:>b=£‘
8P 4

1
Vay minP=5<:>a=1,b=Z.

POAN CAT NHON
(GV THCS P. Binh Dinh, TX. An Nhom, Binh Dinh)
»Nhén xét. Ngoai 6 cach giai ciia Doan Cadt Nhon,
ngudi gioi thiéu BAI TOAN 28, Toa soan Tap chi
TH&TT con nhan dwgc mét sb cich giai cho bai
todn nay tir ban Lé Ngoc Ting, 9A, THCS Nguyén
Truc, Thanh Oai, Tran Quéc Hpi, GV THCS Ty
Lap, Mé Linh, Ha Ngi; Nguyén Hiru Huy Hoang,
10A8, THPT Cam L§, Quang Tri; Nguyén Duy
Thdi, GV THCS Nam Hong, TX. Hong Linh, Ha
Tinh; Lé Thi Minh Thiry, 11 Toén 1, THPT chuyén
Quéc hoc Hué, Thira Thién Hué; Truong Quang
An, xd Nghia Thing, huyén Nghia Tu, Quang Ngii;
Nhom HTS (Happy to succeed) 12 toan, THPT
chuyén Chu Van An, Hoai Nhon, Binh Pinh. Xin
hoan nghénh tit ca cac ban.

LE MAI (Ha N¢i)
i BAI TOAN 30 dusi day
ngay 31.10.2019.

GUYEN ANH VO
odi An, Binh Dinh)

TOAN HOC
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= H, D, E thing hang (Puong thing Simson).
Do céc tir gide MHBD va MDEC ni tiép nén

:_b it

B ‘ MH:m:AMH AMCB (g.g)
p e o e o _—
QUA CAC BAI TOAN HAY MEHE = MBC
" K& W LR e
Trong bai ky nay la 1oi giai bai toan duogc dua M
ra trong phan bai tap dé nghi & TH&TT s6 505, . [ MHD = MBC = MaC
Lai co: o
T7.2019. MDH = MBH = MCA

Bai 36 (Vo dich My, 1979). Cho tam giac ABC AC HD
néi tiép trong dwomg tron (0). M la mét diém = AMHD ~ AMAC (g.g) = ME M
thuéc cung BC ciia duong tron (O) khong chira
A. Goi D, E, H lan luot la hinh chiéu ciia M

trén cac canh BC, CA, AB. Chimg minh ring = MDE = MBA. Ma MED = MCB = MAB

Ta c6: MDE + MCA = MCA + MBA =180

BC CA AB AB  ED
MD ME MH' S AMED = ANAB R B) == ey
Lai gidl. AC 4B HD DE HE BC
LAC AB _HD DE_HE_BC . .

ME MH Ml M M MD

»Nhdn xét. Hoan nghénh cac ban: Nguyén Minh
Thdo, GV THCS Nguyén Chanh, Son Tinh,
Truwong Quang An, xi Nghia Théang, huyén Tu
Nghia, Quang Ngii; Lé Ngoc Tung, 9A, THCS
Nguyén Truc, Thanh Oai, Ngé Van Minh Théng,
11 Toan 1, THPT chuyén Nguyén Hu¢, Ha Ni
da som giri 101 giai cua bai toan vé Toa soan. Pic
biét ban Pgu Céng Nho, GV THCS Cao Xuén
Huy, Dién Chau, Nghé An da dua ra 4 cach giai
cho bai toan trén. Cac cach giai déu dung.

Ta cé: VHELae = tir gidc MDEC ndi tié
a co: ME L AC glac no1 tiép

= EMC =EDC. NHU HOANG (Ha Nji)

MH 1 AB .
Ta co: { = tlr gidc MHBD n{i tiep

MD 1 BC
= HMB = HDB. Lai co tir gidc ABMC noi tiép,
do d6: MBH = MCA.

Ta c6: HMB+ MBH = MCA+ EMC =90°

= EMC = HMB = HDB = EDC

TOAN H ;
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GIAI DAP: Al DPUNG !

(Pé diing trén TH&TT s6 503, thang 5 nam 2019)
Phin tich va ddp dn:

Ban Hoai da sai & nhimg 1ap luéin sau:

- Trét tu 1ogic: yéu ciu bai toan tim a, b dé HPT
(1),(2) c6 nghiém x v&i moi m, ban Hodi di lam tim x
dé a 12 hing sb.

- Hé phuong trinh (1),(2) ¢6 t&i da 1a mot nghigm,
HPT (1),(2) c6 nghi¢ém thi diéu kién cén la phuong
trinh (1) c6 nghiém va phuong trinh (2) ciing co
nghiém. PT(1) 1a phuong trinh bic nhit c6 t6i da la
mdt nghi¢ém, PT(2) 1a phuong trinh (quy vé) bac 2
néu c6 nghiém thi chi c6 thé c6 2 nghiém. Do d6 theo
trat tw thi ta di tim a, b dé nghiém cta PT(1) la
nghiém cta PT(2) voi moi m. O day, ban Hoai 1ap
luin ngugc lai din dén hing ting trong lap lugn va di
dén két luan sai. Sau ddy la 101 gidi diing:

Ta c6 didu kién tiép xuc cua duong thing d voi db thi
(C) 1a h¢ phuong trinh

{a =2x—(2m+3) )

" 3 ¢o nghiém x.

ax+b=x"-C2m+3)x+m" +2m (2)
Bay gid ta tim a, b dé HPT (1),(2) c6 nghiém x véi
moi tham s6 m.

a+2m+3

Tir (1), suy ra x= , thay vao (2) ta dugc

a+2m+3 [ar+2mr1+3]2
a +b=
2 2
_(2m+3)w+m2+2m (*)

By gio, tim a, b d& PT(*) diing véi moi m. Ta c6

(*)< 2a.(a+2m+3)+4b=(a+2m+3)
-2(2m+3)a+2m+3)+4(m* +2m)

< 4dm(a+1)+a’ +6a+4b+9 =0 ding véi moi m

S, = .

a +6a+4b+9=0 |b=-1
Kiém tra lai céc gid tri a, b tim dugc théa min yéu
cau bai toan. Chon dap an B.

» Nhdn xét. D khong c6 ban nao phat hién duoc sai lam.
KIHIVI

Bai todn. Cho a,b,c,d la cac s6 thuc phdn biét va
khac 0. Chung minh PT
a b c d

+ + + =0
a-x b-x c—-x d-x

6 it nhat 1 nghiém thuec.
Hoc sinh 1 1am bai nhwr sau:

bat f(x)= b ot 4

c-x d-x
Truong hop 1. V&i a <0 thita co:

a-x b-x

e lim f(x)=—o,diéu nay cé nghia 1a ton tai sb

x—a

thuc m < a saocho f(m)<0.

o lim f(x)=+o, diéu nay c6 nghia 14 ton tai s6

x—at

thuc > a sao cho f(n)>0.
Vi f(m).f(n)<0 nén phuong trinh f(x)=0 ¢o
it nhat 1 nghiém thudc (m;n).
Truong hop 2. Voi a>0 thi twong tu nhu trén ta
cling chi ra dugc m<a dé f(m)>0 va n>a dé

f(n)<0.
Tir d6 suy ra PT f(x)=0 c6 it nhat | nghiém thyc.
Hoc sinh 2 1am bai nhur sau:

Tacé:a+b+c+d=0

a-x b-x e¢-x d-x
~(a+b+c+d)x’ +2(ab+ac+ad+bc+bd+cd)x’
(a—x)(b-x)(c—x)(d—x)

-3(abc+bed +cda+dab) x+4abed
e e ey
o —(a+b+c+d)x’ +2(ab+ac+ad+bc+bd+cd)x’
—3(abc+bed +cda +dab) x+4abed =0 (*).

Vi(*)1a PT béc 3 ludn c6 nghiém nén PT da cho cé
it nhit 1 nghiém (dpcm).

Ban ddnh gid thé nao vé loi gidi ciia 2 hoc sinh trén?
LA DAI CUONG
(GV THPT Cam Lg, Quang Tri)

TOAN HOC
" huditpe 4/

S6 507(9-2019)




ek

i

Ly

/;J Mathematics and Youth Magazine

 Top chi TOAN HOCvi TUOI TRE

XUAT BAN TU 1964
S8 507 (9.2019)
Toa soan : 1878, Giang Vd, Bong Ba, Ha Nai

BT Bién tap: 024.35121607, BT - Fax Phai hanh, Tri su : 024.35121606

Email: toanhoctuoifrevietmnam@amail.com

BAN CO VAN KHOA HOC
GS. TSKH. TRAN VAN NHUNG
TS.NGUYEN VAN VONG
GS. DPOAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chi: tich Hoi déng Thanh vién
NXBGD Viét Nam
NGUYEN BUC THAI
Téng Giam déc NXBGD Viét Nam
HOANG LE BACH
Phé Tong Gidm d6c kiem Téng bién tap
NXBGD Viét Nam

PHAN XUAN THANH

HOI PONG BIEN TAP

Tédng bién tap : TS. TRAN HUU NAM

Thu ki Téa soan : ThS. HO QUANG VINH

7S. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAIL PGS. 75. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUUNG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. V(I
KIM THUY, PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co sd
For Lower Secondary School
Chu Tudn — Phuong phap ching minh cic
ding thtre dai 6.

Huréng din giai dé& thi tuyén sinh vao 16p 10
trudng THPT chuyén PHSP Ha N§i, nim hoc
2019 - 2020.

Pé thi tuyén sinh vao 16p 10 truong THPT
chuyén Vinh Phiic, ndim hoc 2019 - 2020.
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Phwong phap giai todn

Pham Trong Thiw — Reén luyén ki niing gidi mot sb
dang toén thudng gip c6 van dung phwong phap
ham sé.
Dé ra ky nay
T1/307, ..., T12/507, L1/507, L2/507.
Problems in This Issue
€D Giai bai ky truee
T1/503, ..., T12/503, L1/503, L2/503.
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Dién dan toan hoc

Vé Hiru Ha — Mot cach giai hé phuong trinh d6i
xumng loai 2.

Lich sir Todn hge

Hodng Ngir Hudn — Cong thire L'H6pital hay
cbng thirc Johann Bernulli?

Solutions to Previous Problems

Ban doc tim toi

Lé Viét An — Khai thic hai bai todn hinh hoc
trong ky thi IMO 2015.

Ban c6 biét?

Hodng Prte Tdn — Bit ding thirc Bonse va su
khai quat hoa.

Tiéng Anh qua céc bai todn - Bai s6'48.

Bai dich s6'45.

Nhiéu céch giai cho mot bai toan

Du lich thé gi6i qua cac bai toan hay

Sai ldm & dau?

https://tieulun.hopto.org
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