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Thi du 2. Cho dwon, thang (d (m Dx+2.
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2 cua dub'ng thé'mg g

dwang thang (d) lalon. nhat.
(Trich dé thi tuyen sinh vao lép 10 TP. Ha Noi

g nam hoc 2007-2008)
L ‘-"12 12 Loi gidi.
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ﬁﬁﬂg&(d) cit cac truc Ox va Oy lan e _ Sy ] y : 5 ‘
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1

i 1 {ivt v Vi (d) L(d') nén a(m—1)=—1:>a=I
-m

%ﬂg théang (d) cé phuong trinh ¥ 3 ’ 1
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Ma ?+b—2'_-RE (**)nén
5
151_2_ =£_%§’_ — a*b> = R*(a* +b*) 2 2R*ab
: |
S = "3”- > R? (khong dbi) (dAu biing xay ra_

khlvachlkhl a=>b),
Két hop voi (*) va (**) ta thiy du bang xay ra khi
va chi khi a=b= RV2 Do tinh di ximg ta dugc 4

cap diém: (£R~/2;0),(0;+R+/2) can tim.

IIL. BAI TAP AP DUNG ,
1. Trén mat phing toa dd Oxy cho dudmg thing
(d)'y—(m—3)x—m+5,(m¢3) Tim m dé

khoang cach tur goc toa d6 O dén duong thang
(d) c6 g1atn lon nhat.
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xy+z+yz+x+zx+ .

(x+y)(y+z)(z+x)

fm+(w+f

(x+ ¥)(y+2)(z+x)
Ap dung bit dang thirc Bunyakovsky ta c6:

v (\/;xy+xz +\_/;yz+yx +\E')zx -sz)z
(x+y)(y+2z)(z+x)
i (x+y+z)(xy+xz+yz+ yx + zx + z)
o (x+y)(y+z)(z+x)
2(x+y+z)
(x+y)(y+z)(z+x)
Tu.(l) va (2) suyra
o ey BB Bh<
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| DE THI TpYﬁ:N SINH
' VAO LOP 10 TRUONG THPT CHUYEN DHSP HA NQI NAM HOQC 2019 -2020

UONG 1
(Dang cho moi thi sinh; Thoi gian lam bai: 120 phut)

Céu 1. (2 diém) 1) Rut gon biéu thirc:

a+lY'
P= a-—1 _a3+1_ 2a

_[a—-l)z =1 a1
—1 +3
a+l

vola#l,a#-1

2) Cac s0 thyc x, y, a thoa man:

\/xz +3x*y* + \/yz +3y'xt =a

Chimg minh dang thirc:

Cau 2. (2 diém) Trén quing dudng 4B dai 20
km, tai cing mdt thoi diém, ban 4n di bd tir 4
dén B va ban Binh di b tir B dén 4. Sau 2 gio
ké tir lic xudt phét, An va Binh gap nhau tai C
va cuing nghi tai C 15 phit (vén tbc clia An trén
quing dudng AC khong thay d6i, van téc cua

Binh trén quang dudng BC khong thay dbi).
Sau khi nghi, An di tiép dén B véi van tdc nho
hon vén tbc cia An trén quing duong AC la
1km/h, Bink di tiép dén A véi vén téc 1én hon
vin tbc cua Binh trén quiang duomg BC la
1km/h. Biét ring An dén B sém hon so véi Bink
dén A la 48 phut. Hoi vén tbc clia 4n trén quang
duomg AC 14 bao nhiéu?
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Ciu 3. (2 diém) Cho c4c da thic:
P(x)=x*+ax+b; Q(x)=x"+cx+d

véi a, b, ¢, d 1acéc sb thuc.

1) Tim a va b & 1 va a 13 nghiém cua phuong

trinh P(x)=0.

2) Gia sit phuong trinh P(x)=0 c6 hai nghi¢m

phan biét x,,x, va phuong trinh O(x)=0c6 hai

nghiém bist

P(x;)+P(x,)=0(x)+0(x,). Ching minh:

phéan sao  cho

B 05

Ixz —x1|=|x4 _xal-

Cau 4. (3 diém) Cho dudng tron (O) ban kinh R
ngoai tiép tam giac ABC c¢6 ba gdc nhon. Goi
AA,, BB,, CC, 1a céc dudng cao cua tam giac
ABC. Pudng thang 4,C) cit duong tron (O) tai
A’ va C' (4, ndm giita 4’ va C)). Céc tiép tuyén
ctia dudmg tron (O) tai 4’ va C' ¢4t nhau tai B'.
1) Goi H 1a triyc tAm cua tam giac ABC. Ching
minh: HC\.4,C=A,C,.HB,.

2) Chitng minh ba diém B, B’, O thang hang.

3) Khi tam giac 4BC 1a tam gisc déu. Hay tinh
A'C’ theo R.

Cau 5. (1 diém) Cho cac sb thuc x, y thay dbi,
hdy tim gia tri nhé nhit cia biéu thic:
P=xy(x=2)(y+6)+13x% + 4% _ 26x + 24y +46.
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VONG 2

(Danh cho thi sinh thi vac chuyén Toan va chuvén Tin: Thoi gian lam bai: 150 phiir)

Ciu 1. (1,5 diém) Cho hai sb thuc phan biét q,
b thoa mina’® +b° = a*b*(ab—-3). Tinh gid tri
cua biéu thic T=a+b-ab.

Cau 2.(1.5 iiiém) Cho céac da thue:
P(x)=mx* +nx+k,
O(x) = myx* + nyx +k,,
R(x)=myx* + nyx +k,
voi m;,n k; 1a céc s thue va m, >0, i=1,2,3.
Gia sir phuong trinh P(x)=0 c6 hai nghiém
phén biéta),a,, phuong trinh Q(x)=0 c6 hai
nghiém phan biét 4,b,, phuong trinh R(x) =
c6 hai nghiém phén biét ¢, ¢, thoa man:
P(e)+Q(c)=P(c,) + Q(c,),
P(b)+R(b)=P(b,)+ R(5,),
Q(a)+R(a)=0(a) +R(a,).
Chimg minh: g, +a, =b +b, = ¢ +c,.
Cau 3. (2 diem) 1) Tim céc gia tri nguyén cla
x, y thoa man:
xzy2 —4Jr2y+y3 +4x? —3y2 +1=0.
2) Cho ba sb nguyén duong a, b, c thod min

@+’ +¢* chia hét cho 14. Chimg minh abc
cling chia hét cho 14 .

1 TP R e T R S ety
e SR R '

é“

Ciu 4. (3 diém) Cho tam gidc ABC c6 ba goc
nhon nd1 tiép dudng tron (O) va AB > AC. Goi
D, E lan luot 13 chan dudng cao cua tam giac
ABC ha tir 4, B. Goi F la chan duong vudng
géc ha tir B 1én dwomg thing AO.

1) Chimng minh B, D, E, F 12 bbn dinh cia mot
hinh thang can.

2) Chirng minh EF di qua trung diém ctia BC.

3) Goi P la giao diém thr hai ciia dudmg thing
A0 va dudng tron (0), M va N lan luot 13 trung
diém ctia EF va CP. Tinh g6c BMN .

Ciu 5. (1 diém) Cho tap hop X thoa man tinh
chat sau: Ton tai 2019 tip con A, 4,,...., Ay,

sokadssgig GO
ding 3 phin tir va hai tip 4,4, déu c6 ding

clia X sao cho mdi tap con 4,4,

mdt phén tir chung véi moi 1<i< j<2019.

1) Chimg minh ring ton tai 4 tap hop trong céc
tap hop 4, 4,,....,4,,, sao cho giao cia 4 tap
hop nay c6 dting mét phin tir.

2) Chirmng minh ring s6 phan tir ciia X phai 16n
hon hoic bang 4039.

NGUYEN THANH HONG
(GV THPT chuyén PHSP Ha N§i) gidi thiéu

THONG BAO CHUYEN TRU SG LAM VIEC
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PHUONG PHAP

GIXT TOXR

Bit ding thirc hinh hoc thé hién mbi quan hé mang tinh
ban chit cia cdc yéu té hinh hoc, 12 mét chuyén dé tha
vi trong toan so cip va thudng xuét hién trong cac ki
thi hoc sinh gidi cdc cap. Nghién ciru, tim tdi va phat
hién nhimg diéu mé&i tir cdc bat ding thic hinh hoc
luén mang lai niém vui cho gido vién va hoc sinh trong
quaé trinh day va hoc, dic biét la ¢ cac truomg chuyén.
Bai béo gi¢i thidu bat dang thirc Klamkin cing mét sé
ng dung cua nod, qua 46 ¢6 thé thiy ring, nhiéu diéu
thl vi van con an nau trong cac ddi tuong cb dién nhu
tam giac, da giac, hinh tron,... can duoc di sau nghién
ciry, tim hiéu va phat trién.

Trong bai bao nay, cac ki hiéu sau didy dugc s
dung:

1) A, B,C 1a cac goc cua tam giac 4BC.

2) a,b,c 1a 43 dai cac canh cua tam gidc ABC.

a+b+c

Hp 14 nira chu vi tam giac ABC.

4) S hay S, la dién tichtam 4BC.

5) R,r,r, tuong img la ban kinh dudng tron ndi tiép,
ngoai tiép va dudng tron bang tiép canh gciia tam
ABC.

6) R,R,,R lan lugt 1a khoang cich tir diém P bét
ki trong tam giac ABC dén céc dinh 4,B,C.

7) 7,7, 1an lugt 1a khoang céch tir diém P bét ki
trong tam giac ABC dén cac canh AB, BC,CA.
8)h,,m, tuong Ung la do dai duong cao, duong
trung tuyén ha tir dinh 4 cua tam giac 4BC.

Pinh li 1.1 (BPT Klamkin, 1975, [4]). Cho fam
gidc ABC tiiy y voi BC=a,CA=b,AB=c; P la
diém bat ki thuéc mién trong tam giac ABC, khodng
cdch tie diem P dén cdc dinh A, B, C lan luot la
R\.R,, R,. Khi dé véi moi sé thue x,y,z ta cé

(x+y+2) (xR’ + YR +2R])> yza® + zxh? +xpc’. (1)

TOANHOC
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BAT PANG THUC KLAMKIN

VA AP DUNG

TA DUY PHUGQNG (Vién Todn hoc)

HOANG MINH QUAN (GV THPT Ngoc Tdo, Ha Noi)
NGUY PHAN TIEN (GV THPT Yén Diing 3, Bac Giang)

Chirng minh. Ta cé: (xPA+ yPB+zPC) 20
& X PA? + Y2 PB? +2* PC* + 2(xy PAPB +
+yzPB.PC+ zxPC.PA)= 0. (%)

Ta lai c6: AB* = (PA— PB)* = PA®> + PB* —2PAPB.

Suy ra: 2PA.PB = PA* + PB? - ¢*.

Tuong tw: 2PB.PC = PB* + PC* - d’;
2PC.PA=PC* + PA* —b*.

Thay cac dang thirc nay vao (*) va thu gon, ta dugc

BDT Klamkin:

(x+y+z)(xPA* + yPB* + zPC*) = yza® + zxb* + xyc’

& (x+y+z)(XR? + YR +zR2) > yza® + zxb* + xyc’.

Ding thitc xay ra <> xPA+yPB+zPC=0 <> x=y

=z=0hoic P latdm ti cy cua hé diém (4, 58,C)

@i v&i bo sb (x; y; 2).

UNG DUNG CUA BAT PANG THU'C KLAMKIN

BDT Klamkin cé rit nhidu ung dung, dudi day l1a
mdt s6 vi du dién hinh.

Bit ding thic 1. Cho P la diém bét ki thuéc mién
trong tam gidc ABC. Khi dy

PA’ + PB’ + PC? 2%(5;2 +b'+c?).
Chieng minh. Ap dung BDT(1) véi x =y=z=l,
ta dugc: 3(PA? + PB? + PC*)> a* +b* +c*
< PA* + PB* + PC? 2%(02 +5 +c?).
Ding thirc xdyra <> P 13 trong tim tam gidc 4ABC.

Bit ding thirc 2 (BDT Weitzenbock). Cho tam
gidc ABC néi tiép duong tron (O.R), S la dién tich

cua tam gidc ABC. Khidy a® +b* +¢2 > 453,

https://tieulun.hopto.org



Chieng minh. Ap dung BDT(1) véi x=a®, y =07,
z=c*,va P=0 tacé:
(@ +b> +c*) (@R + bR’ +C°R?)

> bicta® +cta*h? + a*bi et

SR (@ +b +¢) >3 o d +b +c 2—‘5;&.
b
Mk Kiific tacls § =200 s 2% 48,
4R~ R

Suyra: a*+b*+c’ > 4543,
BAt ding thirc 3 (BDT Euler). Cho tam gidc ABC

va R, r lan lugt la ban kinh dwuong tron ngoai tiép va
néi tiép tam giac ABC. Ta c6: R>2r.

Chirng minh. Ap dung (1) v6i x=a,y=b,z=c
va P=0 taco:

(a+b+c)aR? + bR +cR*) > bea® +cab® + abc?

- abc
a+b+c

& R(a+b+c) 2abc(a+b+c) = R >

Ta lai c6: S=%=prc>abc=4pRr=2(a+b+c)Rr.

abc
a+b+c
< R=22r.
Ding thirc xay ra <> AABC déu.

~ 2a+b+c)Rr _
a+b+c

Tu d6 suy ra: R* > 2Rr

Bit ding thirc 4. Cho tam gidc ABC ¢6 G la trong
tém. Khi dy

2 2 2\ 2 2 2
(’",, +m’+m’)(m, +m,+m)>= (m,a* +mb* +mc )

& o

: 1
Chimg minh. Ap dung BDT(1) véix=—;y=—;
m

a mb

z=L va P=G taco:

mt‘
1 1 1)YG4 GB* GC?
s e + +
m, m, mc m, m, mc
2 2 2
ST ANI S
mbmc mcma mamb

Do GA=§ma,GB=§mb,GC=§mc nén BDT

trén twong duong voi

41 1 1 a B c
—| —4—t—|(m,+m,+m_ )2 + +
HNm, m m mm, mm,

[+

ma mb

=3 E(mﬂmh +mym_+mm,)(m, +m,+m.)

2
2m,a* +mb* +mc?

& (m,my, +mym, +m.m,)(m,+m, +m,)

9 2 2 2

2—\ma +mb +mc").

4( a b c )
St dung BPT m’ +m; +m’ 2 m,m, +m,m_+mnm,
ta suy ra: (mj +my +m})(m, +m,+m,)

Zg(maa2 +mb’ + mccz).

4
BDT Klamkin khong chi duge sir dung trong chimg
minh cac BDT hinh hoc, ma con c6 thé dugc sir
dung trong chimg minh c4c BDT luong gidc. BDT 5
duéi day cho thiy kha ning 4p dung rong réi cua
BDT Klamkin. Trudc tién ta chirng minh
B6 dé 1. Trong moi tam gidc ABC vdi truc tam H, ta
c6 HA=2Rcos A, HB=2Rcos B, HC =2RcosC. (**)
Chirng minh. Goi O la tim
dudng tron ngoai tiép tam giac
ABC, I la trung diém cula
BC, tia CO cit dudng tron
(O) tai K.Taco: BK =20/
(tinh chét dudmg trung binh),

——

ol = OC.cosfaa = R.cos BOG = R.cos 4.

Lai ¢c6 AK J/ BH (vi cung vudng goc véi AC) va
AH [/ BK (vi cung vuéng goc voi BC ) nén i gidc
AHBK 14 hinh binh hanh, suy ra

HA = BK =20I =2R cosA.
Chimg minh tuong tu cho HB, HC.

Bit dang thirc 5. V6i moi tam gidc ABC ta cé

sin Acos’ A+sin Bcos” B+sinCcos® C = sin Asin BsinC.
Chitng minh. Ap dung BDT (1) véi x=a, y = b,
z=c va P=tryctim H, ta dugc:

(a+b+c)(aHA* +bHB® +cHC*) > bea® +cab® +abc?.
Ap dung (**) ta cé:

(a+b+c)(4aR’ cos® A+ 4bR* cos® B+ 4cR? cos® C)

> bea® +cab® + abc?

TOAN H
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& 4R*(a+b+c)(acos® A+bcos’ B+ccos’ C)
> bea® +cab® + abc?

& 4R (acos® A+bcos” B+ccos’ C) 2 abc.

Ap dung dinh li ham s6 sin trong A4BC, ta cé:

sin Acos® A+sin Bcos® B +sinCcos® C 2 sin Asin BsinC.

MOT SO HE QUA QUAN TRONG CUA BAT
DANG THUC KLAMKIN

BDT Klamkin c6 nhidu hé qua tha vi va quan trong.
Truéc tién ta nhic lai
Pjnh nghia 1 (xem [2], trang 102). Phép nghich
dio N tim O, hé sd bién mbi diém 4 trén mit
phing thanh diém 4’ (anh cia 4) trén dudng thing

OA sao cho ta c6 OA.0A' =k.

A A - v g A Lip . s N A
Bo de 2 Cho ABC la mot tam giac tiyy y va P la mot
diem bat kv trong mdr phang chia tam giac ABC
R, R,.R, lan liwot la khoang cach tir P den cdc dinh

A4, B, C,
R R.R,. Néu bar ding thire f(a,b.c,R.R, R )20

con N la phép nghich dao tam P hé s6

ding, thi bar diang thire sau ciing diing:

fLaR bR, .cR R, R, ,R.R, . R, R:) > ().
Chieng minh. Xét phép nghich ddo N tdm P hé sé
RR,R,, tac6: N:A—> A B> B,C->C"

Theo dinh nghia phép nghich
dao, ta c6 (xem, [5], trang 293-

,_k _RRR, _
294): PA'=— : =R,R;

PB'=R,R; PC'=RR,.

Mit khéc (xem [7]), néu a, b, ¢
1 46 dai cic canh cua A4ABC *

thi a'=B'C',b'=
cua tam gidc AA'B'C’. Ta co:

A'C',c'=A'B" ciing 1a cic canh

a* = PB® + PC? —2PB.PC.cos BPC

=R + R} —2R,R, cos BPC;

2 _ B'C"? = PR + PC" —2PB' PC'.cos B PC"

=R’ +R?-2R, R,.cosB'PC’

TOAN HOC
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—RR® + R2R} ~2R'R,R, cos BPC =Ria’ =a’PA’
— B'C'=d'=aPA=aR,.
Tuong tu: C%’:b’=bPB=bR2,A’B’=c' =cPC=cR,.
Vi f(a,b,c,R,R,,R)20 ding v6i moi A4ABC
va moi didm P nén 4p dung BDT nay cho A4'B'C’
va diém P ta dugc:
f(B'C',C'A',A'B",PA',PB',PC"} 20

& f(aR,,bR,,cRy, Ry Ry, RyR, R R, ) 2 0.

B& d& 2 dugce chimg minh.

Heé qua 1 (Jian Liu, 2008, [5)) Cho P la diém trong

mat phang chira AABC; x, v, z la cac s6 thire diromg
iy v, Khi do ta co

¥ R /e; al, + bR, + cR,
‘-—+——+ .

X \/'I.;_;T’KTH
Chitng minh. « TH1: Néu P la mét trong cic dinh
cua tam giaic ABC, ching han P=C thi
CA=R,CB=R,,PC=0. BPT cén chimg minh
trd thanh

(2)

c4 CB2 o aCda+ bCB 2ba
X Jyz+zx+xy \/yz+zx+xy
b’ a"" 2ba

O
X Yy JJyz+zx+xy

Vi x,y,z 1a céc sb thuc duong nén theo BDT

LA 2ba __ 2ba

x y \/— J yz+zx+xy

Viy v6i P tring véi mdt trong cic dinh cua
AABC thi dinh li dugc chimg minh. Diu “=>
khdng xay ra.

«TH2: P khong 12 mdt trong céc dinh cia tam giéc
ABC. Khi 4y bt ding thirc Klamkin

(x+y+2)XxR + yR; +2RY) > yza® + zxb® + xyc?
duge viét lai thanh

Cauchy, ta cé:

2 2 2
(xR? + yR? +sz)(—+-1—+—1-—+ A
Yz zx xy x y z
Theo BDT Schwarz, ta c6:
2 2
a_+£’_+£2_2(a+b+c)2.
X y z X+y+z

Do d6
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(a+b+¢:)2
x+y+z

- (3)
yz o oxy

Ding thirc xdy ra <> x:y:z=a:b:c va P la tim
ty cu clia hé ba diém (4, B, C) ddi véi bd s (x, y, z)
& aPA+bPB +cPC =0 < P 1 tim dudng tron ndi
tiép A4BC.
Thyc hién phép nghich ddo tim P hé sé RR,R;,

Rl —-)RIR'S’ R1 - RSRP RJ - RIRZ’

a—aR,b—-bR,,c >R,

(le + YR +zR; )( 4 +iJ

Vi (3) dung nén theo B dé 2, BDT sau ciing diing:

[x(RR) +y(RR)* +z(RR,) ]( +_l._+_1_]

z zx Xy
, (@R +bR, +cR,)*
B X+y+z
2 2
o RR)  (RR) (RR) 2(aR, +bR, -f-cRgJ @
yz zx xy Xt+y+z
Do (4) dung véi moi bd sé dwong x, y, z nén thay x
. R? . R} . R
% : 2, zbdi — trong (4) ta duoc:
x y z

2

aR, +bR, +cR,

yz+ox+yx 2
LA
x y z
¢>£+R§ )_‘Zi aR, + bR, + cR,
xr oy 2 \/yz+zx+xy
Vay (2) dugc chimg minh,

Su dung cac BDT (2) - (4), ta c6 thé chimg minh
nhiéu BDT dep khiac.
R? R: R"- 45

] i S A > sy P
X oy z

Bit ding thirc 6.

yZ+zXx+xy

Chirng minh. Qua céc dinh 4, B, C ké lan luot cac

duéng thing /,l,,/, song song v6i c4c canh

BC,CA4,AB. Ki hiéu
A=L,nlL,B=Lnl,C'=]nl,

Do ABA'C, BCB'A, CAC'B 1a céc hinh binh hanh nén

AABC = A4'BC = ACB'A=ABAC'. Suyra

45 150 = Susc + Spac + Sycs + Scaa

= Spap +Sppe Secw

=c.d(P,A'B")+b.d(P, 4'C’) + a.d(P,C'B")
< aPA+bPB+cPC.

Viy aR, +bR, +cR, 2 4. /:ﬁ%
Ding thic xdy ra < P 1a ‘\ £ >\
tryc tdm gidc ABC. '\\.\
Theo BDT(2) ta c6: 4
R +R2 R o AR +BR, + R,
x y z Nyz+zx+ xy
R® R} R 45
Suyra; ——+2422 —no0-—.
J x y oz \yz+z+xy
Bat ding thire 7 (Bat dang thire Hayashi).
RR, RR, RR
i Ak ik >1.

ab be cad

Chirng minh. Tu  (4),
z =cR,;,ta dugc:

RR RR RR, (aR +b&+c&)2=
be ca ab aR +bR, +cR

Ping thirc xdy ra <> P la truc tim gi4c nhon ABC.

thay x=aR,y=5bR,,

£, o2 . aR? +bR; +cR?
Bat dang thic 8. = — 2>
aR, +bR, +cR,

Chirng minh. Thay x:l;y=l;z=lvz‘ao (2) ta
a c

2R,

b
be
dugc: aR* +bR2 +cR? > |2 aR +b
| +OR; +cR, a+b+c(  t R2+c1i'3).

Lai co: S=pr:a_bC:J abc abc 2Rr.

4R a+btc 2p

2 2 2
Tir d6 ta cé: ak +bR, +ck; >\2Rr.

aR +bR, +cR,
Bit ding thirc 9 (Bat deing tre Hayashi tong quat).
RR RR KR ( aR +bR, +ck, ]

yebe zxea  xyab xaR, + ybR, + zcR,
Chirng minh. Thay thay x boi B‘—, y bai & z boi
xa yb’
R,

— vao (2) ta dugc:
zc

xaRl+be2+ch32 aR +bR, +CR,
RR, [ RR RR,
yzbc zxca Jg;ab

Chuyén vé va binh phuong, ta duoc dpcm.

TOAN HOC
“ cTusire 15
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Bit ding thirc 10.

(RRi+RR +RR,)(R+R, +R) 2 (aR, +bR, +cR,)".

Chitng minh. Thayx=—;y="1.7-1 \a0 BDTO,
a b c
ta duoc dpcm.
) 2 2
Bit ding thirc 11, 7L R (B, aR +5R, +cR,
K ’;) r; p

Chirng minh. Thay x=r,; y =r;z=r, vao (2) va
4p dung ddng nhit thic vy, +nr +rr, = p? (xem,
thi du, [1], Bai 3.4.4, trang 188), ta c6 dpcm.

R R: 2
LY +—+ & >4,
h, h, h

h,;z=h_ vio BDT

Bat ding thirc 12.

Chirng minh. Thay x=h; y=
6 va ap dung BDT hh, +hh +hh < p?(xem, thi
dy, [1], Bai 3.3.3, trang 172), ta dugc:

R} +R' R2 aR, +bR, +cR, 48

s 2—=4r.
h, b th +hh +hh —p

H&é qua 2 (Jian Liu, 2011, [6])

R +R , R+R ., R'+R , 2
X Ay e P 2 S (s ey,
a b ¢ 3

Bit ding thirc 13.

bc ca
+

JR R (R +R:) (R +R)(R+R;)

ab

JR+R)(R+R?)

Chieng minh. Trong Hé qua 2, thay
a b c

ek TR R JRR

ta duoc dpcm.

N_i Ne]

+

Tir BDT 13 (xem [6]) suy ra bét ding thirc 14 va
bét déng thirc 15 nhu sau.

Bit ding thic 14.
()R 4R .

Chieng minh. Theo BDT 13 va BDT Cauchy, ta cé:

TOAN HOC
' Cludifpe
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2} bc K ca
2 (R+R) BB (R +R)(E +R)
ab [ 2b2 2

R O D RE)

Suy ra: -?12\/ a’be’ :

2 (Rf+Rj)(R;+R§)(R§+R,2)
Lap phuong hai vé ta dugc:

2_7_> a’b’c®

s R R R R )

2 2 2 2 2 2 8a’b’c’
= (R +R) (R + R ) (R +RY) = 5

Bit ding thirc 15,

JR+R . \[Rf; R JR +R: .-
.

Chirng minh. Ta dit
a _ b c

xz\/Rjﬂfi'g2 ’y—\/RjJer ,Z=—\/R;"-|-R§'

: 1
BDT cin chimg minh tr thanh: ~+2+1> /g

X y z
c>xj;+yz+zx2ngyz. (D)
Mit khac, theo BDT 13
be 2 ca
\/(Rf +R?)(R? +R?) .\/(Rf +R)(R: + R?)
B 9
2

V(R + B )RS+ R?)

BDT nay duorc viét lai thanh:
9
xy+yz+zx£5. (2)

Tir (1) va (2), suy ra ta cin chimg minh
27

9
ngﬁzsiﬁwzszﬁc(nfz)zs

o (Z’bc)z 27
(R +R)(R +R)(R+R) 8
< (& +R32)(R32 +R12)(Rf +Ry )2 %(abc)z

(day chinh 1a BBT 14 g3 duoc chirng minh)
Vay BDT 15 duoc chimg minh hoan toan.

https://tieulun.hopto.org



Bt ding thirc 16 (xem [6], Tong qudt ciia Bét dding

thite 15).
2
JRi+R , JRI+R' , R'+R,
~ —X"+ 5 y+ " z
a

2
> J;(yz+zx+xy).

Chirng minh. Theo [6] ta c6 B& d& saw: Cho
P Py» Dy 415Gy, 45 V@& mid cdc s6 thuc dwong |
Khi dé véi moi s6 thuc x,,z néu cé bat déng thir

m

m_2 2 2 m m
PIX +pry Pz 2q) yz+ gy zx+ gy xy
thivéi 0 <k <m, ta ciing c6 bat ding thirc
X+ Py +piat 2 gfyz+ qh e+ gy,

Tr H qud 2 va 4p dung BS d&  véi

R:+R? RI+R? >+ R
P=—rp, = yE ';p3=R‘czR2;m:1;k=

1
2

b1 2 I
vad g, =q,=¢, =—3—taco:

[R§+R§T x2+[R;+R3]”y2+(Rf+R:J%ZZ

3
a b’ c?

2(%]% (yz+ = +xy).

JNEAR , JRR . JRAE
a b Y ¢ z

2 \/g(yz+zx+xy).
Bat ding thirc 17.

2 2 2 2 2 2
\/Rz +R3 +.\/R3 +R1 +\/Rl +R2

2 2 (Vhe + e Vi),
3

Chirng minh. Thay x = \/c_l,y = \/E,z =+fc
vao BDT 16, ta dugc dpcm.

Trong [6] da dua ra mot sé gia thuyét sau.

Gia thuyét 1.

TR T o)

Gia thuyét 2.
(R, +R,) R? (RARYV R JRAR)R
at b ot
Gia thuyét 3.
rEer: riert rrerl 2 )
szin2 ji sainzf} slin2 é‘ z §(R1 FRubA Y o
Cac gia thuyét nay da dugc Jian Liu kiém tra trén
méy tinh, tuy nhién, ching vin chua dugc chimg
minh,
Thay 16i két. BDT Klamkin 12 mét BDT méi va
hay, ngoai cdc hé qua néu trong bai, BDT Klamkin
con c6 nhiéu mé rong va hé qua khac. Thi dy, mé
rong BDT Klamkin cho hai diém trong tam gidc
(xem, thi du, [3]. Hi vong ban doc co thé tiép tuc
khai thac va sang tac ra thém nhiéu BDT khac nita
tr BDT Klamkin.

Sl
3
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CAC LOP THCS
Bai T1/506 (Lép 6). Tim tit ca cic sb nguyén x,
y, z théa man 3x* + 6y* +2z° +3y*’z* —18x=6.
TRUONG QUANG AN (Xa Nghia Thing,
huyén Tu Nghia, Quang Ngai)

Bai T2/506 (Lép 7). Cho tam gidc ABC cén tai A.
Goi H 13 diém thudc mién trong cua goc 4 sao
cho HB L BA, HC L CA. Trén doan BC lay diém

M sao cho BM = %BC. Goi N 12 trung diém AC.

Tinh s6 do gbc HMN.
NGUYEN VAN BAN
(GV THCS Thanh Yén, huyén Dién Bién, Dién Bién)
Bai T3/506. Tim cac cip sé nguyén (x; y) thoa
man diéu kién
Y =2(x-4)y* +(x* -9x 1)y +3x* +x=0.
TRAN VAN HANH
(GV Truong Pai hoc Pham Viin Pong, Quéng Ngai)
Bai T4/506. Cho tam gidic nhon ABC cé hai
duong cao BE va CF. Ké FH va EK cung vudng
goéc voi BC (H,K € BC). Ké HM song song v6i
AC va KN song song v6i AB (M € AB, N € AC).
Chung minh EF// MN.
LUC BINH
(GV Truong Trung Vuong, TP. Déng Ha, Quing Tri)
Bai T5/506. Giai phuong trinh

X=] " 2x+6 B
e (x/x—l+\lx+3)2
'~ LAIQUANG THO

(Phong GD&DT Tam Duong, Vinh Phuc)

TOAN HOC .
1 8 s CTusilre S6 506(8-2019)

CAC LOP THPT
Bai T6/506. Cho a < b 14 hai s6 thuc duong thoéa
man a® = b®. Chimg minh ton tai sb thuc dwong ¢

1 c 1 c+l
sao cho a=[1+-—) , b=(1+~) .
C [

TRAN MINH HIEN
(GV THPT chuyén Quang Trung, Binh Phueoc)
Bai T7/506. Giai hé phuong trinh

tanx—tany = (1+/x+y) —(l+x+ )
3= L 5 o1 +,/0-10x+ )

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bac Ninh)
Bai T8/506. Ching minh ring véi moi tam gidc
ABC ta ludn co
(b+c)a (c+a)h  (a+b)
2 + 2 + 2
m m, m,

a

238,

trong d6 a, b, c, m_ ,m,,m, thu tr 1a 4§ dai cac

canh BC, CA, AB va 85 dai céc dwdng trung tuyén
ung vdi cac canh a, b, c.

NGUYEN VIET HUNG

(GV THPT chuyén KHTN, PHQG Ha N6i)

Bii T9/506. Cho a, b, ¢ 1a cac s thuc duong théa

min a + b + ¢ = 3. Tim gia tri nhod nhét cua biéu

, /as b c
thirc M=3b—4+3c—4+3;:"-.

HOANG NGOC MINH
(GV THPT chuyén KHTN, DPHQG Ha Ngi)

TIEN TOT OLYMPIC TOAN
Bai T10/506. Tim tat ca cac s6 tw nhién » sao cho
2" +n" +1 13 56 chinh phuong.
NGUYEN TUAN NGQC
(GV'THPT chuyén Tién Giang, Tién Giang)
T11/506. Cho day sé nguyén duong
(a,)(n=1,2,..) ting nghiém ngit. Pt

Sn = —...\/.i*l_, + \/Z +..+ a
[alsa2] [a21a3] - [a",a

(\]/101 hai §6 DgUYen x, y ta ki higu [x, y] 1a bi
chung nho nhat cia x vj ¥). Chitng minh ring day

O (5., m=1,2,.. c6 gisi han hitu han khi
n — 400, -

Bai

,Vn=12,..

n+1

. NGUYEN TAI CHUNG
(GV THPT chuyén Hing Virong, Gia Lai)
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(b + éja (c + a)b (a + 2;)6
mb mc’

y diem trdng d6 a, b, ¢, m,,m,,m, tha tr la d6 dai cac

canh BC, CA, AB va d¢ dai cac duong trung tuyén
ung voi cac canh a, b, c.

NGUYEN VIET HUNG

(GV THPT chuyén KH’IN DHQG Ha Noz)

Bai T9/506. Cho a, b, ¢ 12 c4c sb thuc duong thoa
mén a + b + ¢ = 3. Tim gi4 tri nh6 nhét cia biéu

HOANG NGOC MINH
(GV THPT chuyén KHTN, DPHQG Ha Noi)

. TIEN T(')”I’ OLYMPIC TOAN
Bii T10/506. Tim tat ca cAc sb ty nhién » sao cho
2" +n* +1 la 6 chinh phuong.
NGUYEN TUAN NGOC

(GV THPT chuyén Tzen Giang, Tién Giang)
Bhi ‘T11/506. Cho day sb nguyén duong

=12,..) ting nghlem ngit. Pit













Xét ham sb f(1)=t/1+7> xac dinh va lién tuc
2
trén (0; +0 ). Tacé fi()=\1+ 72 +———>0

NI

voi Vte(0; +), nén f{7) ludn dong bién trén
(0; + 0 ). Nhan thiy PT(3) c6 dang
2x Wil p 2% Py
f(;‘}—f(g) ©7=§=>y =4x
(vix>0,y>0). Thay y = 4x vao PT(1) ta duoc
IOgl L = (_}'_)y +le log —(l)y
e RN

4

. 37
Xét ham s g(y)=logly—[%) v6iy >0, ta cé:
0 3

. 1 d6 tim

e — ¥ =

= \1 P S~ & \ 1 y
€ DIOTONne trinlk J

¥ PAUULE 1TInh cO

i" [k \"!







A(a+b)—c(d +b3)
a +b° :
o (b+c) a(53+c’) b3(c+a) - b(c’ +a)
¢ +a’ cYlal
. | (a+b) c(a +b3)
soan khong nhidu. cta
mis‘ B cah __a3(b+c)+b3(c+a)+c3(a+b)
[PT chuyén KHTN B c+a
n Dang Khoa, 10 Lad’+c )+b(c +a’)+c(d’ +b3)
c+d
Suy ra
a b’* c*
2 2+ b 2+
DE=bat c N —da L g™ & o
2 a e (D)
Cht y as(b+c)—a(b3+c3), suy ra




da clia k dong Ta c a, + a2 a5 +ak = 100 G1a
tri k& 16n nhat 13 13. Thét vay, dé thay a2, cho
nén

km.._s
i 2%

a1+a2+ +a,,-—100>1+2+ A=

:k<13 Con s6 k = 13 dat duoc, v1 de kiém
tra thay 13" dong da [ 2 S 22 1a mof
céch xép 100 hon da dic b1et :

Gid tri k nho nhdt 1la 10. That vay,' néu

l<a <a,<--<a, la mot cach xép k dbng da
ddc biét thi véi mdi 7, néu chia g, thanh 2 déng

e - 88in 11 ‘_'
Db :
g ¢O a,~t va ¢t hon da tuy y cho moi t<[—'_—:|,
g +2m-1) 2

6 day [ 3 } 1a s6 nguyén lén nhét khong‘

vugt qué 2 , thi cé trong mot c;ach chla u
- LS (JJ 4 &

véy phai ¢c6 mot déng da c6 s6 da. bﬁngfdﬁngifaj

nao d6 véij < i. Do tht ca sb da trong [a_zz_l_}

cdch chia trén d6i mot khéc nhau sﬂ.ly\ra co it

5] s




yiap; Thanh Héa: Dd

chu 1 S0N;

(0) la dwong tron ngoai tiép. S la
H - A 4 r. - 2
cdc t%é'p tuyén voi (O) tai B va C.

o e o diém cia XY va ZT. Khi d6
hang.

1) Goi L 1a giao diém cua 4K va

). D& thiy

KB) _ S(AXB) _ABXB _AB'
BSCA70). ACZC. AC:
&51 trung ctia tam giac ABC.

g"‘ﬁang

Bl )

R
HeX (1983

14 daimn giido s
——tan 4.

’ L .J':;L‘.:,_)‘\r 'I,'E_ -
—Slgi—.sin(l 80° — EZS’) (e BAS
sin ASB

—
X —_—

sin ASB
_BSs TNEE
2RsinC 2 BO

B0 = L tan (R0 e e
2 2 2

— sinC.?E =sinC.
BA

Tro lai giai bai toan T12 (h.3, h.4).
Goi W la giao diém cua BD va B’D’. C6 ba
truong hop xay ra.

I

(h.3)

Truonghgp 1. B=D=90° (h3).




7 1a trung diém chung cua BD va B’B’.
dlem cua B’D’ thudc BD.

» 3. §s<90°; D>90°. Tuong tu

nii#; Noi; Phi Tho: Nguyén Ding
PT chuyén Hung Vuong, TP. Viét

© NGUYEN MINH HA

{ W Qb 5

(bmlmpid X0 gom vat ning co

0g dao @Rg d'iéu héa. Chon

faion o5

Loowet

4 CEIre

G aieer o ik
=oa=—. Tur=0d4ént=
o 5 Tu én =

T T
o= — =At=q. —= —. -
3 2% 3 2T RO

=>T=0,5s = o =4n (rad/s)
=k=mw’=0,2(4n)>=32N

= A= ,’0328 =0,05m=5cm.

Nhgn xét. Chuc mimg ba ban da co6 loi giai ding
cho dé ra ki nay: P Ngoc Anh, 16p 11 Toén 1,
THPT chuyén Luong Van Tuy, Ninh Binh; Hoang
Béo Minh Chdu, 16p 10 Toan 1, THPT chuyén Quéc
hoc Hué, Thira Thién Hué; Ngé Van Minh Thang,
THPT chuyén Nguyén Hué, Ha N@i.

PINH THI THAI QUYNH

Bai L2/502. Dat dién dp xoay chiéu én dinh
vao hai dau doan mach mdce néi rié'p theo thie tie
gom cuon cam thuan L cé cam khang Z; thay
doi duwoc, dién tro R va i dién C. Hinh bén la
do thj biéu dién sw phu thuéc cua dién dp hiéu
dung trén L, trén C, trén doan chira RL va trén
doan chira RC theo Z;.
Duong bieu dién sw
phu thuge dién ap hiéu

UnULUeUine(V)

dung trén doan chita
RL theo Z, la duong
nao?

Loi giai. Khi Z, =0 chicd U, =0 va Um lén
nhét nén dudng s6 (3) 1a biéu dlen u, Qﬁn.; .
duﬁngsé{Q)bléudlenURc

i h(’h:tfrng U_% ¢6 cuc dim néﬁ’&ﬁ*&h"""

Eh!i D ROy At el T ‘iﬁ'\
aﬁsmm% Sl i

éu d1e
m L




i & 901 NET TONG QUAN
n\m 1in thi 60 nam 2019 (IMO 2019) duge 10
~ chie tir ngay 11/7 dén ngay 22/7/2018, tai thanh
phé Bath, Vuong quéc Anh. Du thi IMO 2019 ¢6
621 hoc sinh, trong d6 c6 65 hoc sinh nit, thudc
112 Quéc gia va Vung lanh thé trén toan thé gidi.

Poan Viét Nam gom 6 hoc sinh: Vuong Ting
E .: Du'amg (HS 16p 12, Truong THPT chuyén Vinh
E;fzi-;_ Phic, Vinh Phiic), Nguyén Kha Nhat Long (HS

16p 12, Truomg THPT chuyén Khoa hoc Tu nhién,
Trudng Pai hoc Khoa hoc Tu nhién, Pai hoc
Quoéc gia Ha Noi), Nguyen Nguyén (HS lorp 12,
Tmt‘mg THPT Ning khiéu, Pai hoc Quéc gia
Thanh phdé HO Chi Minh), Nguyén Thudn Hung
(HS 16p 12, Truong THPT chuyén Tran Phu, Hai
Phéng), Vit Pirc Vinh (HS 16p 11, truomg THPT
chuyén Phan Boi Chéu, Nghé An) va Phan Minh
Dire (HS 16p 12, Truomg THPT chuyén Ha N§i —

Amsterdam, Ha Ngi). Poan do thdy Lé Anh Vinh,
Vién Khoa hoc Gido duc Viét Nam, Bo GD&DT
Jam Truéng doan va thady Lé Bd Khanh Trinh,
 Khoa Toan-Tin, Truong PHKHTN, PHQG TP.
e Hé Ci).LMmh lam Ph6 truémg doan; thay Nguyen

doan). Tham gia Poan véi tu cich
1 C (Quan sat vién di cung hoc sinh)
1 }"n‘mm Gfang, tmemg THPT Ha Nc}i

Pham Van Quéc, Phé

Hiéu truong trudng THPT chuyén Khoa hoc Tu
nhién, Truong DHKHTN, Pai hoc Quéc gia Ha
Noi, thdy Tran Nam Dung, Ph6 Hiéu truo-ng
Truomg Phod thong Nang khiéu, Pai hoc Qudc gia
Thanh phé H6 Chi Minh, thay Lé Xudn Dai,
truong THPT chuyén Vinh Phtc. Lé Khai mac
IMO 2019 di duoc o chic vio héi 15h30 ngay
15/07/2019, va 13 Bé mac IMO 2019 da dugc 16
chitc vao hdi 15h00 ngay 21/7/2019 tai truomg dai
hoc Bath.

11. PE THI
D& thi cia IMO 2019 tiép tuc dugc xdy dung theo
nguyén tic va phuong thirc nhu cdc ki IMO gan
day (IMO 2013 — IMO 2018). Cu thé, tir cac bai
toan thudc danh sich cac bai toan duge dé xuit sir
dung lam dé thi (do Ban t6 chirc IMO xay dung
trén co s& cac bai toan dé xuat cia cac nude tham
du IMO), Hoi ddng céc Truong doan tién hanh bau
chon cho mdi phan mén Dai s6, Té hop, Hinh hoc
va S6 hoc 1 bai dé va 1 bai trung binh; tir 46, Hoi
dong xay dung cac t6 hop 4 bai todn gom 2 bai &
mitc d6 dé, 2 bai & mirc d9 trung binh va cé day du
ca 4 phan mon, roi biéu quyét chon mét td hop
trong s6 d; tiép theo, can cif 4 bai toén da duge
chon, dé x}xét va biéu quyét chon ra mot cap bai
khé cho de thi. Theo su sap xép phan mon trong
Danh sich bai dé xuat va két qua binh chon cua
Hoi dong cde Trudng dodn, trong 6 bai toan clia De
thi, Bai 1 14 bai d& thudc phan mon Dai s6, Bai 2
bai trung binh thuge phan mén Hinh hoc, Bai 3 I3

bai kh6 thude phan mon Té hop, Bai 4 1a bai d&
thuge phan mon S6 hoc, Bai 5 14 bai trung binh
thude phan mon T6 hop va Bai 6 12 bai kho thude
phan mén Hinh hoc. Dé thi nim nay kh4 ddc biét
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i g cua doi tuyen Viét
u da duge diém tuyét d01,

ﬁéng Viét ciia D& thi

it ' (16/7/2019)
ai tmh toz da ¥ d‘zem)

Ban dau, c¢6 1010 ngudi dung ma moi nguou co
dting 1009 ngudi ban va 1009 nguoi dung ma mm’
ngudi ¢6 ding 1010 ngum ban. Chémg minh ring
c6 thé xay ra mét chudi céc su kién nhu trén ma
sau dé mdi nguoi dung 13 ban véi khong qua mot
ngudi dung khac.

Ngay thir hai (17/7/2019)

(Thoi gian: 4h30°, méi bai tinh t6i da 7 diém)
Bai 4. Tim tat ca cac cap s6 nguyén (k, n) i hiéu
7 1 tap hop cac sb nguyén. Tim tit ca cac ham
f: Z—>Z thoa man:

kl=(2"=1)(2" —2)(2" —4)...(2" -2,

Bai 5. Ngan hang thanh phd Bath phat hanh cac
dong tién xu véi mot mit duge in chit H va mot
mit duoc in chir 7. Thay Tuy ¢6 n ddng xu duoc
xép thanh mot hang fir trai qua phai. Thay Tuy
thue hién lién tiép cic budc bién dbi sau: né
dung k>0 dong Xu v&i mat ngua 1a H, thay s&
dong xu thir & ké tir bén trai; néu khong tat ca
déng Xu 06 mat ngua la Tva tha,y U




Han Qudc (226 dlem) Tridu Tlen ( -
Thai Lan (185 diém), Nga (179 c’hem) Vi
(177 diém), Singapore (174 &
diém), Ba Lan (168 diém). '




céc dudng tron bang tiép trong cic géc ’A 'B
C p varla cac ban kinh cua cac duong troq
va duong tron an tlep tam g1ac (h 1)

1) Xét duong tron cé tam 1a J.

la) Trudmg hop B> C . Goi D va D' 13 céc tiép
' Iﬁirﬂg‘&nm vé cach tiép diém cua cac duong tron (/) va (J) voi BC, ta
“Qv 177 et ¢6 BD = CD' = p— bnén MD = MD'. Ké dudng
phan gidc trong AK cua EZE’, khi d6
&P e fmb ool duong phan
KC .- AC: b
giac) nén KB < KC < 2KB < KB + KC

< 2KB < BC <> 2KB < 2MB <> KB < MB titc

la K thudc doan MB.

Lai c6 A4’ song song véi ID (do cung vuong
KA" A4

oc voi B —_— =2 0o
g C)KD = = KAL)

= MA'> KA'> KD = D thuoe doan MA' tic 1a
D thuje mién trong cua 9E. Ma M 1a trung diém
cua DD, dud’ng tron 9E di qua M va 4’ nén D’

thudce mién ngodi ctia 9E. Va A', Mva D' duo'c
hoan toan x4c dinh. TR
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TOAN HOC SO CAP

UGC SO CHUNG LON NHAT, BQI SO CHUNG
NHO NHAT VA LIEN HE GIUA CHUNG

PHAM THI THU HIEN
(GV THPT chuyén Hiing Viong, Phui Tho)

Cdc khdi niém uéc 58 chung 1om nhdt (ged) va bji s6 chung nhé nhdt (Iem) I1a nhitmg khdi niém co ban
ciia s6 hoc. Céch day khoang 2000 ndim, con ngudi da biét dén thudt todn Euclid ndi tiéng va cd 1€ Ia
thudt todn c6 nhdt ctia todn hoc dé tim wée sé chung Ién nhdt cia hai $6 nguyén a va b voi b= 0. Vi
muc dich tim hiéu séu hon su vdn dung cua hai khdi niém nay, bai viét tdp trung trinh bay mét s6 tinh
chdt ciia ubc s6 chung Iom nhdt, béi s6 chung nho nhdt va méi lién hé giita chiing cing cdc vi du dién
hinh diwegc chon loc tir cdc cugc thi chon hoc sinh gici cia cdc nudc.

1. UGC SO CHUNG LON NHAT

Pinh nghia 1.1. Cho hai s6 nguyén a va b trong
d6 it nhit mdt s6 kbac 0. S8 nguyén dwong 4 duoc
goi la u6c sb chung 16n nhit ciia @ va b néu:

(i) d|a va d|b (d 1adubc sé chungciua a va b)
(ii) Néu c|a va c|b thi c|d.

Ki hiéu udc sb chung l6m nhit cia a va b la
gcd(a,b) hoic (a,b). Néu gcd(a,b)=l thi ta
néi a va b 14 hai sb nguyén t6 cing nhau.

Tinh chit 1.2. Sau ddy 14 mét sé tinh chit cua
wdc sb chung 16n nhét

(i) ged(ab)=d <= gcd(%;%} =1.

(ii) Cho ¢ 12 mdt s6 nguyén dwong. Khi d6 ta cé
ged(ca,ch) = c.ged(a,b).

(iii) ged(a,b)=1 va b|ac thi b|c.

(iv) Néu ged(a,b)=1 v& ged(a,c)=1 thi
ged(a,be)=1.

(v) Néu a=bg+r thi ged(a,b)=ged(b,r).

(vi) Néu a=pfip;2..pex va b=pl pl*. ph
voi o, eNa+p 21, i=12..,k thi
ged(a,b)= pl“‘"‘(“z!ﬂl}_p;‘j“{“z’ﬁz} __‘p:‘i“[“k B _

Khai ni¢m wéc sé chung 16n nhét dugc mé rong

tu nhién cho truémg hop c¢6 hon hai s theo cich
nhur sau:

TOANH
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ged(ay,a,,....a, .4, ) =gcd(gcd(al,az,...,an_,),a,,).
Pinh li 1.3 (Bachet - Bezout). Vi hai s6 nguyén
dwong a va b, luén 16n tai cdc s6 nguyén x va 'y

sao cho ax+by = ged(a,b).

Pinh li 1.4. Vi cdc s6 nguyén a, b ta cé
(az,bz) = (a,b)2 .

Chimg minh. Trudc hét ta chimg minh b dé:

Cho cdc s6 nguyén a,b,c khac 0. Khi d6 ta cé

(a,bc)=(a,(a,b)c).
Ta cé: (a,(a,b)c)l((a,b)c) |bc . Do @6 (a,(a,b)c)
13 wéc cia a va be, suyra (a,(a,b)c)l(a,bc).
Mit khéc, (a,bc) 1& w6c cia a va be nén né 1A

wdc  cla ac va be . Vi vay
(a,bc)l(ac,bc)=c(a,b). Ta co (a,bc) 1a wée

cua a va c(a,b) nén (a,bc)[(a,(a,b)c).

Viy (a,bc) = (a,(a,b)c).

Gia st m,n 1a hai s6 nguyén 16 ciing nhau, tirc Ia
(m,n)=1. Ap dung bd d& vira ching minh ta c6

('?12’"2)=(m2’(m2=”)n)=(m2,(n,(m,n)m)n).
Vi (m,n)=1 nén (mz,(n,(m,n)m)n)=(m2,n)-

Lai 4p dyung b d2 ta c4: (mz,n) =2 (n,(m,n)m) =L
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Suy ra (mz,nz) =1. Ta c6 theo tinh chit 1.2.(i)

.....EI-_— _.L. =1 suy ra az bz —1
(@5)@o)) " (@) (b))
Tir d6 theo tinh chét 1.2.(ii) ta ¢6 (',5) =(ab)’.
Thi duy 1.5 Cho hai 6 nguyen a, b nguvén 1o ciing
nhau. Chwrng minh rcing:’ .
(a+b.a’ —ab+b)=1 hodc (a+ b.a’ —ab+b)=3.
Léi gidi. Gia st d =(a+b,a* —ab+b?). Taco
d](cH—b)2 —a’ +ab—b* =3ab.
Do d6 d|3b(a+b)—3ab=3b". Tuong tw d|3a’.
Do d6 d|(3a*,3b%)=3(a",b) =3(a,b)" =3.
T 46 ta c6 diéu phai chimg minh.
Thi du 1.6 (1997 Russian Mathematical

Ohmpiad). Tim tar ca cdac bo ba so i nhién

m.onl thoa man dong thoi cac dicu kién sau

- - 5

m+n=(mn) m+l=(mi) n+i=(nl)
Léi gigi. Pat d=ged(m,nl). Khi do ta c6

m=dm,, n=dn,, | =di, véi ged(m,,n,i)=1.
bit d,, =gcd(m,n). Theo gia thiét ta ¢
d(m +n)=dd,,.
Tuong tx nhu vay véi d,, va d,, vataco:
2(m +n+1)=d(d%, +d’ +d},).

Suy ra m+n=dd.,.

Tacéd 1a wdc cia m, +n, +1, vacing la

2 _
ged(d,2)

d
5C cua +n nén ———— la udc cua /.
udc cua m, +n, == (d,z) :

Tuong tu ta ¢é n6 ciing 1a uéc cua m, va n,. Vi

gcd(ml,nl,fl)=l nén W=l, va do do

d<2.Mitkhic d_, d,, d, 86i mjt nguyén td
cung nhau, suy ra:
h=1hd,dy,, m,
va ta c6: myd,, +nd,
quat gia st d,,, =min{d,,.d,,.d, },taco:
2d  >dd, =md,+nd,2d,+d,2 24,

=m,d,d, . ,n=nd,d,

m ™" mn ?

= dd . Khong miét tong

Tu bét ding thicc trén suy ra d =2, m, =n, =1
vi d_ =d,, =d, ma céc sb ndy nguyén to cing
nhau nén ching bing 1. Tirdé suyra m, =n, =1
Vatlr [ +m =dd} c6l,=1. Viym=n=I1=2.
Thi du 1.7 Cho day s6 Fibonacci F,=F, =1,
F,,=F, +F, voin>1. Ching minh rang

() ged(F,...F,)=1,

(il) Néeu s. t la cac so nguyén s22,12=1 thi
F.5E F4F R

(iti) Néu n|m thi F,|F,,

(V) god(Fo L ) = F ot

Léi gidi. (i) Dit d=(F,,F,, ). Taco d|F, va
d|F,, d|F,,-F,=F_. Do @8
d|F,-F, =F,,.Tiép tuc qua trinh nhu vay ta
suyra d|F, =1.Vivaytaco d=1.

(i) Ta c6 dinh ¢ va chimg minh quy nap theo s.
Véi s=2 tach F,, = FF, + F,F,., 13 hién nhién.

nén

Gia st s>1 va F_, =F_, \F+F_F, vo

moi k thbamadn 2<k<s-1,

Khi d6 ta co
F;u = F.'F-H-l + s+1-2 = F;'-l‘i-! +E\-—2+:
=F P4 F . Fy v F L+ F ok

=& (Fs-z + F.;-—J) +F, (F;—l s )
=Fi, v Fuh
Pén day ta két thuc chimg minh.
(iii) C6 dinh n. Ta chirng minh quy nap theo &
vdim=kn. Néu k=1 thirdrang F, | F,.
Gia sir F, | F,,. Ta di chimg minh F, | Fioupn That
vy, 83t s=n, t=kn va thay vao ding thic (ii)
taco: Fy, = Frow = F0F + FLF,,,
Tirdosuyra F, | Fy,,-
(iv) Dat d =(F,,F,) va a=(m,n). Ta di chimg
minh d | F, va F,|d. Théit vy, vi a|m va a|n
nén F,|F,, F,|F, suyra F, |d.
Néu d=1 thi hién nhién d | F,. Trong truong
hop d>1. Theo dinh 1li Bezout, ton tai hai sb
nguyén x,y sao cho xm+yn=a. Hién nhién

S5 506(8-2019)
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khong thé xay ra treong hop ca x va y la nguyén
a&m. Vi a|m, a|n nén a<m, a<n. x,y clng
kbong thé cung 1a cic s nguyén duong vi néu
nhu vdy thi a=xm+ yn>m+n, mau thuin. Do
d6, x va y trai ddu nhau, khong mét téng quat ta
giasau x<0, y>0.Tacod:

B = SH P ¥ EF

Taco n|ny, m|(~xm),dodé F,|F,, F,|F

Ti 46 suy ra d|F, va d|F_. Vi thé
d|F,F.,,. Déthdy d|F,|F., .

Néu (d,F_  )=k>1 thi k|F

=xm+l

Vi k|F. .

Ma hai s Fibonacci lién tiép nguyén td cung

nhau. Ta c6 méu thuan. Tu d6 (d,F . )=1, suy

ra d | F,. Dén day ta hoan thanh chimg minh.

Thi du 1.8 Chimg minh rang khéng ton tai s
Fibonacci le nao chia hét cho 17.

Léi gigi. Dat d =(17,F,), hién nhién 4 1a sé
nguyén duong 1é. Ta cod
(17’Fn) = (34’Fn) = (F;,F;)z FE‘},n) =F,F, hoac
F,. Diéu d6 c6 nghia d =1,2 hodc 34. Vi d 1
nén ta ¢6 d=1. Tir d6 ta c6 didu phai chung
minh.

Thidu 1.9. Cho f(x) la mét da thiecc voi cdc hé

56 nguyén. Ki hiéu a,=0, a, = f(a, ) voi moi

n>1. Ching minh rang (a,.a,)=| Aoy |- Khi
9 .

f(x)= Zxa +2, hay tim (a,,,,,a,,,) .
1=2

Léi gidgi. Dang thic (a,,,a,)=| Ay | (L1)

hién nhién dung khi m=0 hosic n=0. Bay gi¢
ta xét m,n>0. Dé chimg minh ding thic (1.1)
truée hét ta chimg minh tinh chit a, ia, (1.2)
ding v6i moi n,qgeN°. Chimg minh tinh chét
(1.2) bing quy nap theo ¢. Hién nhién (1.2) dung
khi g =1. Gia sir (1.2) dtng v6i g-1 tic 14 ta 6
a,,'a,- Ta can chimg minh aia,,

Véi mbi s6 nguyén duong £ ta dit

;;(x)=f(f(...(f(x)),..)), k lén f.
Tacé: a, —a, = f, (a,.(.,_;))’f;. (0):a,,y-
Két hop véi gia thiét quy nap, ta c6 (1.2) ding vai
g. By gio dé chimg minh (1.1), ,tuong tr nhu
thuat toan Euclid, ta chi ra ring, néu m=nq +r
thi (a,,a,)=(a,,a,)(1.3). Thitvéyta cod

a,—a, =f (am])—fr (0):a,,.
Két hop véi tinh chét (1.2) ta ¢6: a, —a,‘a,. Tir
d6 ta co dang thire (1.3) ding.

9
Khi f(x)=2x"+2 ta c6: (aye,ams ) = a, =1022,
i=2

2. BOI SO CHUNG NHO NHAT

Pinh nghia 2.1. Cho hai sé nguyén a va b khac
0. S nguyén duong & duogc goi la boi s6 chung
nhé nhit clia a va b néu:
(i) alk, b|k (k 1a bdisd chung ciia a va b),
(i) Néu a|t va b|s thi k|z.
Ki hiéu bdi s6 chung nhd nhit cia a va b 1a
lem(a,b) hodc [a,b].
Tinh chit 2.2. Sau ddy 13 mot s6 tinh chit cua
bd1 s6 chung nho nhat
(i) Néu lem(a,8)=k thi gcd[ﬁ,%)=1,

a

(11) t.lcm(a,b) = lcm(ta,tb) .
(i) Néu d|a, d|b v d> 0 thi
lcm(£,£J=_lcm(a,b)
d’ d d

(iv) Néu a=pf‘.p;2...p:’f BB B

v va b=p'.p..p,
Vol a,f, € N,a, +8,>1, i=1,2,...k, thi

lem ( a, b) - plm‘“{”l A} ‘ p:’a" {ay.5,)
Khai niém boi
tu nhién cho
nhu say:

maxsa, 5
prlah)

S0 chung nho nhit dugc mé rong
truong hop c6 hon hai sé theo cich

Iem(a,aq,,..., a,,.a,)= lcm(lcm(al,az,---,arwl)’a")'

Thidy 2.3. Chimg min, ring
tem (1,2,...,200) = lem (101, 102,..., 200).
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Lo7 gidi. Ta di chimg minh bai toan tdng quat:

Véi moi s6 nguyén duong n ta cé
lem{1,2,..,2n)=lem(n +1,n+2,..,2n).

bat

A=lem(1,2,..,2n),B =lem(n+1,n+2,..,2n).

Hién nhién ta c6 4:B. By gid ta s& chimg minh

B:4. Ta s& ching minh Bk v& moi

k=1,2,..,2n. Néu ke{n+1,n+2,.,2n} thi

hién nhién Bik. Néu ke{1,2,..,n} thitrong k

) nguyén duong lién tiép n+1,n+2,..n+k cb

mot sb chia hét cho k. Gid st d6 1a a. Ta c6:

n+l<as<n+k<2n,

do @6 B:k. Tém lai, véi moi k e {1,2,..,2n} ta

c6 B:k.Viviy Bid. Viy A=B.

Thi du 2.4. Ho6i ¢6 bao nhiéu bé ba sé nguyén

dwong (a,b,c) lem(a,6)=1000,

lem(b,c)= 2000, lem (¢,a)=2000.

Ldi gidi. Ta thdy ca hai s§ 1000 va 2000 déu c6

thoa mdn

dang 275" nén cic sé a,b,c déu phai c6 dang
nay. Dit a=2"5", p=2"25" ¢=2"5" trong
d6 m,n, 12 cac s6 nguyén khong im véi
i=1,2,3. Tir gia thiét ta c6:

max {m,,m, } =3,max{m,,m,} = 4,max {m,,m} =4 (2.1)
va max{m,n,}=3,max{n,n}=3,max{n,n}=3 (2.2).
T (2.1) ta ¢6 my =4, hai s m,,m, c6 mot sb
bing 3 va mdt sé nhin mot trong cac gid tri
0,1,2,3. C6 7 bs (m,m,,m,) thoa man dé la
(0,3,4), (1,3,4), (2,3,4), (3,0,4), (3,1,4),
(3,2,4) va (3,3,4). Tir (2.2) ta c6 hai trong ba
56 B Hy, 1y bﬁng 3 va sb con lai nhan mot trong
cac gid tri 0,1,2,3. Ta cé 10 bd (n,,n,,n,) thoa
min d6 1a (3,3,0), (3,3,1), (3,3,2), (3,0,3),
(3,1,3), (3,2,3), (0,3,3), (1,3,3), (2,3,3) va
(3,3,3). Nhu vy ta 6 tit ca 7.10=70 bd sb
théa man dé bai. :
Thi du 2.5 (AMM E2686) Cho s6 nguyén dirong
n. Ching minh rang

(n-f-l)lcm(C,?, C, .., C:)-= lem(1,2,..,n+1).

Loi gidi. Truéc hét ta nhic lai dinh li: Gid si n Ia
50 nguyén dwong. Khi d6 liiy thira ctia sé nguyén
16 p xudt hién trong phdn tich ra thira s6 nguyén
16 ciia n! la

sHzH5L
P p p

Gia st p 1a modt s6 nguyén td, p<n+1 va «a
(twong ¥mg A ) 12 s6 mii 1én nhit cia p & vé tréi
(twong tmg vé phai) ciia ding thirc cin chimg
minh. Chon s6 » théa man p’ <n+1<p™ . RS
rang f=r.

Ta cin chimg minh ring, néu p" <m< p™* thi
ptCt s 0<k<m (%)

That vay, lily thira cia p xuét hién trong su phan
tich ra thira s6 nguyén t6 cia C* 13

(| m k m—
¥= Tl e | s *
M3i hang tir trong tdng trén bing 0 hoic 1, ta ¢6
y <r,do d6 (*) dung.

Voi 0<k<n,dst
a =(n+1)C; =(n-k+1)Ck, =(k+1)Ck}

n+l*

T (*) tacd p™' khdng 1a wdc clia cac s6 nguyén

k k 3 A r b I3 £} . \
C,.ChsColl. Vivay p™ 1a wée cia a, khi va
chi khi p l& wéc cia ca ba sb

n+l,n—k+1,k+1. T 6 suyra
p[[(n+1)—(n—k+1)—(k+l)]=-—l,

mau thudn. Vi vay p! fa,. Miat khac véi

k=p'-1tacd k<n nén a, =(k+1)C*} chia

hét cho p". Vay B=r=a. T d6 suy ra diéu

phat chimg minh,
Thi du 2.6 (1951 Russian Mathematics
Olympiad). Cho cdc s6 nguyén duong

a,,,...., nh6 hon 1000 va lem(a,a,)>1000

vaimoi i, j, i# j. Ching minh rc%ng i—l— e,

i=1 a[.
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Loi gidgi. Néu 1000 <as 1000
m+1 m
cua a 1a a,2a,..,ma khéng vuegt qua 1000. Gia

nim trong khoang

thi 6 m bbdi sb

stk 1a sb cic a

1 r 2
[_QQQ 1000:! k, 1a s6 cac a, nam trong khoang
2

( 1000 1000
AN
céc sé nguyén, khong Ién hon 1000, 14 béi cua it
nhit mot sé a, nao dé. Vi cc bdi nay 14 phan bit

},...Nhu vay tacod k +2k, + 3k, +--

(vi lem(a,,a,)>1000) nén ta cé
Ry + 2k + 3k + - <1000 => 2k, + 3k, + 4k, +---
<(ly + 2k, + 3k, +-) + (K, + &, +hey +e)

<1000 + n < 2000.
2 3 4
Do do: _< +k +k
,z:‘ a,~ '1000 21000 1000 *
_ 2k +3k, + 4k, +--- e
1000

3. LIEN HE GIUA UOC CHUNG LON NHAT

VA BO! CHUNG NHO NHAT

Pinh li 3.1 Cho m,n la hai s6 nguyén dwong. Khi

do ta cé: mn=ged(m,n)lem(m,n).

Chimg minh. Gid st m=p.p2.p* va
B B

n=plpl.pk Vi  a,BeNa+p21,
i=1,2,...,k.Khidotacod
min|a, ; min{a,, min{a, ,
ged(m,n)=p; 'ﬂ‘}.pz fez ﬁZ}...p,, (o),
max &, , max[a 3 maxia, ,
lem(m,n)= p, { ‘ﬁ”‘.p2 ! zﬂz}...pk (e ﬁ"}.
Ta c6: ged(m,n).lem(m,n)
pm’{”l A+ max{a f"l} "”"{"k By Jrmax(ay f;}
=pi.p M = mn.
Nhan xét 3.2. Cho céc s6 nguyén duong
a,,a,,...,a,, n>3 thi ding thirc
a,a,..a, = ged(ay,a,,...,a,)lem(a,, a,,...,a,)

néi chung 14 khong ding. Chang han
ged(3,3,3)em (3,3,3)=3.3=9<333=27,
Thi dy 3.3. Cho m, n la cdc s6 nguyén dicong

thoa man lem(m,n)+ ged (m,n) =m+n. Ching
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3 . - oi 36 chia hét cho sé ¢o
minh ring mot trong hai s6 do ¢ hia hét cho sé con

lai. L ’
Loi gigi. Cach 1. Dt d = ged(m,n). Khi d6 ta co
m=ad,n=bd voi gcd(a,b)=1 va

= abd.

mn
gcd(m,n)
Theo bai ra ta c6 phuong trinh abd +d = ad + bd
hay ab-a-b+1=0. Ti& d6 ta cb
(a-1)(6-1)=0, suy ra a=1 hodc b=1. Nhu
viytaco m=d, n=bd=bmhodac n=d, m=an.
Cdch 2. Ta ¢6 lem(m,n).ged(m,n)=mn, suy ra

lem(m,n) vi ged(m,n) 1a céc nghiém cua

lem(m,n) =

phuong trinh x* —(m+ n)x+mn=0. D& thdy hai
nghiém ctia phuong trinh 14 m va . Do d6
{lcm(m,n),gcd(m,n)} ={m,n}.
Tir d6 ta c6 diéu phai chimg minh.
Thi du 3.4 (St. Petersburg 2001). Cho m, n la
cac 50 nguyén dieong, m > n. Chirng minh ring
lem(m,n)+lem(m+1,n+1)> ——L-’—”.I_i_.—
n—n
L¢i gigi. Dit m=n+ k. Khi d6 ta cé
lem(m,n)+lem(m+1,n+1)
mn (m+1)(n+1)
ged(m,n) gcd(m+1,n+ 1)

mn mn

> +
ged(n+k,n)  ged(m+1,n+ 1)

mn mn

= +
ged(k,n)  ged(n+k+ L,n+1)
_ mn mn
= + .
ged(k,n) ged(k,n+ 1)
D@ thay gcd(k n) va ng(k+1 n) khéng thé co
chung uéc sb nguyen t6 ndo vi néu P 1a mot udc
) nguyén té chung cua chung thi p|rn va

pln+1, diéu nay 1a vé Ii. Mat khac gcd(k,n)lk
va ged(k,n+1)|k nén ta c6

ged(k.n).ged(k+1,n) <k
Theo BDT Cauchy ta c4:
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i 1’ s mn mn
lem(m,n)+lcm(m+1,n+1) ng(k,n)+gcd(k,n+1)
] 1 S JT 2mn
>2mn, |~ =
sznvgcd(k,n)-ng(k’""'l) "N =

Thi du 3.5. Cho a, b, ¢ la cdc s6 nguyén khdc
khong. Chirng minh ring

(1) [a bc} ([ab][ ])

(i) ( [(u b),(a,c ]
Loi gidi. (1) Ta co

(a,b c)( oy (acc } ( (abb)\a byc), = - )(a,b,c)J
[ @ b)((a ,b),(b a,c) (b c))j

155 ”“i:?JJ [)e23)
(e o) e
(oot g oo s oo

) =[(al,)b)’(a',:c)}

Tir @6 suy ra:

(a,b,c)
Ta co: (a,b,c) = (a,(b,c)) = [:,g:z;:’
2 A .| nén ta dwoc

Y@ a (a0 a

Viy [a,(b,c)] = ([a,b],[a,c]).

e a.(b,c) N [a,b].[a,c]
(i) Tr (1) ta suy ra (a, b,c) = [a,b,c]
- abc _ a’be

(a,b,¢)[b,c] (a.b)(a.c)[a,b,c]
1 _ a
= (a,,c)[b,c] (a,b)(a,c)[a,b,c]

< alb,c](a,b,¢)=(a.b)(a,c)[a,b,c]

= a[b,c] _ (a,b)(a,c)

okl (abe) = @be)=l@b)(ae)]
Thi dy 3.6. Cho ba $6 nguyén duong m, n va p-
Chiing minh réng
mnp(m,n, p)
m,n)(n,p)(p.m)’
] (m,n,p)[m,f;][n, p][p,f_;ﬂ
map i
Loi gidi. (i) Cdach 1. Suy ra tir thi du 3.5 va dinh li
3.1
Cach 2. Pit d=(mn,p). Khi 46 m=dx,
n=dy, p=dz voi (x,y,z)=1. Ta co:

[, n, p]=[dx,dy,dz] = d[x,y,z],

(i) [m,n, p] = (

(1) [m, n,p

mnp(m,n, p) r dr.dy.dz.d
(m.n)(n, p)(p.m)  d(x,)d(y,z)d(z,x)
— dxyz
(%.2)-(3.2)(z.x)
Do viy. diu phdi chiimg minh twong duong véi

xyz

%y)(1,2)-(2.%)

trong d6 (x,y,z)=1.

[=rz] =7

Taco: [xy.2]=([%].z] = ([[;j]]i)
d Z
__ (=) DE

A @t P
Tir @6 dang thire (3.1) twong duong véi

([x,y],z)=(x,z).(y,z), (3.2)
v6i didu kién (x,»,2)=1. Pat g=(x,y). Ta cé
X=gqx,,y = qy,, trong d6 (x,,y )=1. Hon nita do
(%,7,z)=1 nén ta c6 (¢.2)=1. Do vay ding
thirc (3.2) twong duong

(xly,,z)=(x1,z).(yl,z). (3.3)
That vay, gid st k=(x,,z). Khi d6 k|(x,)
va k|z ma (x,)=1 nén k|x hoic k|y,. Suy
ra  k|(x,z) kl(»,z). Do dé
k|(x,2z).(»,2z). Negwge lai néu /= (%,2z) thi

Ilx, va Iz, suy ra I|xy nén Il(xlyl,z),

hoic

TOAN HOC
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Tuong tr (3,,2)((x%,,2). Do d6 (3.3) dugc

chimg minh. T 46 (i) dugc chimg minh hoan
toan.

(i) Suy ra tir (i) bing cach sir dung dinh 1i 3.1.
Thi dy 3.7 (USAMO 1972). Cho cdc s6 nguvén
a, b va c. Chimg minh rdang
[a,b,c]: B (a,b,c);‘
[a,b][b,c][c.a] - (a,b)(b.c)(c,a)'

Ldi gidi. Cdch 1. Ap dung thi du 3.6 ta co:

a.b.c]= abc(a,b,c) _(a.b.c)[a.b][b,c][c.q]
tar] (a,6)(b,c)(c,a) abe ‘
Do d6

[a,b,c] =—2bcl@bc)  (abie)ab][bc]le,d]

@B b.Yea)
_ (a,b,c’ [a.b][b,¢][c,a]
(a@.b)(b,c)(c,a)

Tir d6 ta c6 diéu phai chimg minh.

abc

A B

Cdch 2. Gia sx a=pt---pin, b=ph...pMn

- ¥ Y - -
= PP, 80 Py Byaress
t6 phan biét, va a,...

p, lacac so nguyén

san! ﬂl""’ﬂn’ }’l""’}’n la
cac s0 nguyén khéng am. Khi d6 ta c6

n

[abe HP'I B
[a,b][b,c][c,a] 11[ max{a; ﬁ;H max{ 4, 7, H mex{y, .2,

=l =l

= szm[ai #; 'rj}"m{ar ,q}-m{ﬂ! -".l‘“‘”‘[?’: ‘ﬂi‘l

=1

2 2minfa, By,
l_[p‘ [a.8,7)
I—[ mn u fl,.l—[ mln\ﬂ "IH min ri l]

va (a.b, c
(a b)(b.c)

- I—I mert ﬁ' ’f mn’,uj ﬂj} -l'mn{ﬂ‘.rj} 'lT\lﬂ‘r,-ﬂ‘}

Ta cin chimg minh voi cac s6 nguyén khong am

a, B,y btk thi

2 max {a,ﬂ,y}—max{a,ﬂ} —max { 8,7} - max{y,a}

=2min{a, 3,7} —min{e, 5} —min{B,y}-min{y,a}.
(3.4)

That vy, do tinh dbi xtng, khong mét tong quat

ta gia st a<f<y. Khi do ta c6 (3.4) tuong

T?ngu:gce S35 506(8-2019)
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duong vai 2y-f-y-r=2a-a-f-a
(3.5).

Ping thuc (3.5) hién nhién dang. Tir d6 ta c6 diéu
phai chimg minh.

Chii y. Ta thiy phuong phap ndy co thé dung dé
chimg minh duoc céc thi du 3.5, thi du 3.6 theo
cach tuong ty.

Nhian xét 38. T vi du trén ta ¢o
[ab][bcllea] . (@8)(bc)(c.0)
[a,b,c]z (a,b,c)2

nguyén bing nhau.

la cac s6

4. BAI TAP DE NGHI

4.1. Chimg minh ring (a,b)" =(a”,b”) voi moi

sO tu nhién #.

4.2. Cho cic sb nguyén a,b,c khic khong.

Chitng minh ring
([a,b],[b,c],{c,a])=[(a,b),(b,c),(c,a)].

3 (1997 Canadian Mathematical Olympiad).
C6 bao nhiéu ciip s6 nguyén duong (x,y) véi
thoa
lem(x,y)=50!.
4.4 (1995 Russian Mathematical Olympiad).

x<y man gcd(x,y) =5! va

Dy cé4c s6 tu nhién 4,,4, ... théa man diéu kién
gcd( i ;) gcd(i,j) vol moi i#j. Ching
minh ring @, =i v&i moi i.

4.5 (AIME 1985). Cho ddy sé (a,) dugc xac
dinh boi a, =100+n*, n=1,2,...

d,=(a,a,,). Tim maxd, .

nz|

4.6. Cho a, <a1 <a2 <.

Véi mbi n, dat

--<a, la cic sb nguyén
duong. Chimg minh ring
1 1 1 1

b <],
lem(ay,a)  lem(a,,a,) lcm( @) 2

4.7 (Putnam 1980). Héi c6 bao nhiéu bd 4 sb
(a,b,c,d) thoa man

37 =[a,b,c]=[b,c,d]=[c,d,a]=[d,a.b].
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gxanh giiia céc bén I chénh lec . d

vao va gid ban ra. Gia mua vao thu:cmg duoc

ngudi mua dit ¢ mic thap nhét cé the con gla

bén ra thuong do nguoi ban dit ra ¢ mitc cao

nhat c6 thé. Khoang loi ich dé hai ben‘co tl'Ie

mic cd, co kéo nhim thu loi ich nam tr ng

khoang gifta mic gi4 mua v bén. Gia "six

khoang chénh Iéch c6 gia tri 1a 1 va d6 1a tdng

B o bercton i Day la loi ich clia ca hai bén cdn dugc phan chia. Néu

éﬂgh{i?a; 13 chi c6é hai bén &i4 tri ndy roi vao bén nao hoan toan thi bén d6

i duoc huong toan bd (1) va bén con lai khong cé

loi ich nao (0).

Pé bén nay c6 thé thuyét phuc bén kia cung

nhu thé hién thai d6 hop tc, nguoi ban co thé

58 G0, giam gid timg bude va nguoi mua c6 the nang

s B30 g2t A, g1a phai tra dé hai diém nay tlep can gan nhau

* s gt nhim dat dugc su thong nhit. Khi c4 hai bén

khong dat dugc su nhét tri thi glao kéo that bai.

Vian dé 1a khong bén nio chiu thét bai va ca hai

bén déu mudn c6 loi hay cing thing cho nén
phai can nhic, lya chon.

Gia dinh 1a bén ban gidam dan phan loi ich va
bén mua cling lam tu'ong tu dé su hop tac c6 két
qua. Dé don gian, phan loi ich cta ca hai bén
cung glam tuong {mg véi nhau hay c6 tinh chét
50 14 SI,i’ A bé twong hd. Bén ban gidm tir 1 xudng con 0,75 va

@ ap dén bén mua cling tra thém cho ngudi ban 0,25

- 61:: B dua i phan chénh 1gch. Cac con sé 0,75 va 0,25 c6 thé

‘ duoc hiéu 1a gid tri ky vong cua ‘mbi bén phan
énh lm 1ch thuc S“J cua mm ben "Dhe ouyer

S

{ ;'mxa trong cd gang to1
chi ¢6 kha ning thang mot
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e

phén giam loi ich cua minh thi kha nang dat

dugce su théng nhit ngay cang cao (bang 1).
Bang 1: Loi ich, gia tri ky vong

v xdic suiit giao kéo thanh cong

Loi | Loi | E(S) | EB) | P(S) | P(B) | P(S.B)

ich | ich

ban | mua

S | B

0 1 0 100% | 0% 0%

0,75 1 025 10,75 ] 0,25 | 75% | 25% | 1 8,75%

05 | 05 {050 0,5 50% | 50% 25%
0,25 1 0,75 | 0,25 | 0.75 | 25% T5% 18,75%

0 1 0 100 0% 100% 0%

Nguon: Tac gia (2019).
Piém Iwu y ¢ day 1a: Gi4 tri ky vong = Gia tri x
Xac suat xay ra su kién. Gié tri & ddy 1a 1. Cac
gia tri ky vong 1a cac mic dugc cac bén dua ra
de bén kia xem xét, Néu ve mé phong bang do
thi thi c6 thé thdy phan bé xac suit cic kha
nang dat dugc su nhat tri dé ca hai bén cung
thang (hinh 1a) ¢6 dang giéng phan phéi chuin
(hinh 1b).
Hinh 1: M6 phéng phin phéi xdc suét
dé ¢a hai bén dat dugc nhat tri

0.6
0.4
0.2
v 1 2 8.i:4 5
e n(8.B)|. 0 |0.25]05 |o25] o
Hinh la
Hinh 1b

Néu theo quy luat phin bd xac suat, kha
nang xay ra sy kién (ca hai bén dat duge su
nhat trf) cao nhit trong céc giao kéo 2 bén khi
gia tri ky vong dat dugc mot nra, xac xuat
thanh cong cua mdi bén déu 1a 50% hay 50/50
hodc cach néi dan gian 1a “5 an, 5 thua”. Thue
chat day 1a truong hop dat duge mot nira loi ich
va mat di mot nira loi ich so v6i tong thé loi ich

- * Clugilgée S8 506(8-2019)

¢6 thé dat dugc chir khong phai bi mat hoan
toan. Cac bén vin c6 lgi ich tir giao kio. Xac
sudt dé ca hai bén dat dugc sy thong nhat trong
diéu kién phan phéi cong bang kha ning xay ra
sy thoéa thuan 1a 25% (dong sO thi 3, cot
P (S, B), bang 1). 3
(Nhlz vay,gcéc):h néi dan gian 50/50 hay “S an,
5 thua” phan anh gi4 trj ky vong bang nhau (c
thé giai thich ban chat cua cau néi nay tir bai
toan s6 hoc co ban la néu tong cua hai s6 khong
doi thi tich ciua ching lém nhat khi hai s6 dé
bang nhaw) khi phan chia lgi ich trong céc giao
keo hay thoa thuén hai bén ma khong bén nao
vuot qua loi ich c6 the dat duoc téi da nhim thu
dugc nhiéu hon bén con lai. Nguyén tic 25 1a
nguyén tic phan anh x4c xuit cao nhit dé mot
giao keo thanh céng véi phan bé lgi ich 50/50
la 25%. Ngoai muc lgi ich giao kéo ngang nhag
nay, cac giao kéo con lai ¢6 loi ich phan b6
khong ngang nhau va xéac suét thap hon cho dén
kha ning xdy ra giao kéo bang 0. C6 5 trudmg
hop xdy ra twong img véi xéac suit 0%, 18,25%
va 25% va cac truong hop d6i ximg nhau qua ty
I¢ 25%. N6i cach khac, nguyén tic 25 1a xac
suat dé ca hai bén cung dat dugc giao kéo thanh
cong dao dong trong khoang 0 dén 25%. Con s6
25 dugc su dung dé chi ngudng cao nhit cua
mot giao keo hay tro choi dé ca hai bén déu thu
loi ich t6i da.
Danh muc tai lidu tham khao
Cach néi cira mi€ng trong cac giao kéo hai bén

phd bién cua ngudi dan Bic B& Vigt Nam 14 5
an, 5 thua”,

2, Cao Hao Thi,
lan cudi cung

1.

Phan phéi XAcC Suat roi rac, truy cap
ngay 28 théng 2 nim 2019, tir;
mm%
L03V—20l2—02-09—09225658.gdf.
3, Chuong trinh daj truyén hinh Viét Nam “Ai 1a
tri€u phi?” hay s dyng cum tir 50/50 dé bo di
moOt nua cic ciu tra 1y khéng ding trong 4
phuong 4n lya chon nhu 14 cach thic dong vién
nguoi choi huy dong hét kha nang va sy thuén
loi dé dat ¢én muc tiéu, -
Investopedia, Expected Value,

cing ngay 28 thang 4 t:
h

gps://www.investogedia.conﬁtenns/e/ expected

-value.asp.

truy cdp lan cubi
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TIENG ANH QUA CAC BAI TOAN
BAI SO 47
Problem. When organizing and representing  case the range is 156 — 88 = 63,

data we can use stem-and-leaf model. For .. oo oo items is 45 (we can count line

exampie by line, e.g. the first line has 2 items, the second
Stem Leaf has 7 ones,...). Therefore the median is the
89 23rd item and 1t is 118.
3445667 TU'VUNG
10 334678
11 122337789 organize : sap xép
12 00455577 represent : : biéu dién
i 2456899 stem : than (cay)
14 238
leaf sla
15 556 |
the table shows the data 88; 89; 93; 94, 94, ...; heigE : khoang thay doéi
155, 155, 156. Find the range and the median — median : trung vi
of the data.

Solution. The range is the difference between

. o Translated by NGUYEN PHU HOANG LAN
the maximum and the minimum. Thus in this

(College of Science — Viemam National University, Hanoi)

Bal toan. Mirc luong ciia 9 ngudi trong mot cong ty con dwge chon
ngau nhién la: 9, 12, 14, 15, 200, 9, 17, 16, 119 (triéu dong)

Hay chon mot s6 do theo xu hlrowg trung tam thich hop (sé trung
binh, s6 xudt hién nhiéu lan nhar trung vi) dé 16m tat céc mirc hrong
nay. Néu ly do vi sao nhirng s6 do con lai la khong phit hop.

Loi gidi. Ta sép xép day dix lidu lai nhu sau:

: 9,9,11,12, 14, 15, 16, 17, 200.

86 lan xudt hién nhiéu lan nhdt 1a 9. Trung vi la 14. S6 trung binh 1a:
9+9+11+12+14+15+16+17 +200) 9 = 33,7 (1am tron dén mot chir sé thdp phan).

chung ta nén chon #rung vi dé tém tit muc luong cla 9 ngudi trén. Ta khéng nén chon gid tri trung
binh vi co phan tir ngoai lai la 200, gia tri nay 1én hon nhleu SO V41 cac gla tri con lai va diéu d6 s&
lam cho thong tin bi sai 1éch. Ta ciing khong nén chon s6 xudt hién nhiéu ldn nhdt 14 9 vi n6 chi
xuit hién thém mot 14n, hon nira so sanh vé&i cdc gia tri con lai cua day dir liéu thi né c6 gia tri thap
nhit.

Nhin xét. Céc ban sau c6 bai dich tét, giri bai vé toa soan sém: Nguyén Xudn Thanh Dat, 10 Toan 2,
THPT chuyén Quéc hoc Hué, Thira Thién Hué; Lé Ngé Nhgt Huy, 111A, khu phé 1, phuong 7, TP.
Bén Tre, Bén Tre.

HO HAI (Ha Néi)
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du ong trung truc cua EF.

KN EM
Vay NF=NE = — . —=1
B NE MK

Tir 6 NM 1a dudng phan giac ciia KNVE.
cia KN va DC. I1a PINH HUONG 3. Chimg minh NM la dwong
i A= IN. cao dong thoi la duong trung tuyén cua mot
| tam gidc.

Cach 3. (h.2) Goi I 1a giao
diém cta EN va 4D, H 1a
giao diém cua NK va AD,
F la giao diém cta EM vi
€8,

Do 4D // BC, nén:
IM NF HM NE

—_——

ID. NC' HA_ NC




Céch 4. (0.3) 4
Goi I 1a giao diém BN
cia EN va AD, H 1a

My, N

giao diém ctia NK va
AD. !
Ap dung dinh i

Menelaus viao tam % D ¢
gidac NHI véi cét Hinh 3
tuyén KME, ta c6:

ELKN MH _ |\

EN KH Ml

EI DI KN CN
EN CN’ KH AH
El KN DI CN_ DI
EN'KH CN AH AH

Do DI// CN nén

] HM HM AH
T (*) suy ra: —_.——:1 = —=—
AH M MI DI
HM Ml _ HM M
AH DI ~ AM MD

= HM= MI (vi AM = MD).
Taco: MN// AB

= MN 1 AD (do AB 1 AD), hay MN 1 HI.
Tam giac NHI c6 NM wira 1a dudng cao, vira 1a
duong trung tuyén, nén NM ciing 14 dudng phan
gidc. Vay NM 14 tia phan gidc ciia KNE.
DINH HUONG 4. Chimg minh hai géc KNM
va MNE ciing bang mét goc thir ba.

Cach 5. (h.4)
Ta c6 M, N thtr ty 13 trung diém cua 4D, BC,
nén MN // AB.

Goi /14 giao diém AC véi MN thi MI // CE, suy ra
KM _KI
(1)
ME IC

Tir / ké dudng thang song song v&i CN cét KN

tai H thi ¢ i N 2
HN IC

Tu (1) va(2)suyra 4 B

KM KH ot

E - ﬁ M) j N
= MH // EN (Dinh li
Thales dao) r 1 ,
= HMN — MNE (so le Hinh 4
trong).
Lai ¢c6 AHMN cén tai H,

nén HMN = HNM

= HNM = MNE.
Véy NM 14 tia phén gidc cia KNE.
PAU CONG NHO
(GV. THCS Cao Xudn Huy, Dién Chdu, Nghé An)
Nhén xét. Ngoai 5 cach giai cua ban Pdu Cong Nho,

.....

va Tuéi tré con nhan duc_rc mot s6 cach giai tuong tu'
cua cac ban: Nguyén Vin Bén, GV THCS Thanh
Yén, huyén Dién Bién, tinh Pién Bién; Truong
Quang An, xi Nghia Thing, huyén Tu Nghia,
Quéng Ngii; Phan Trung Kién, 9A3, THCS L&
Quang Cuong, TP. Ba Ria, Ba Ria - Viing Tau.
LE MAI (Ha Noi)

Mi cdc ban giri 151 giai bai todn 29 dudi day vé
Toa soan TH&TT trude ngay 30.9.2019.
BAI TOAN 29. Cho khdi chép S.ABCD, ddy
ABCD la hinh binh hanh. Mt mét phing cét
cdc doan thing SA4, SB, SC, SD ciia khéi chop
lan luot tai A', B', C', D' khdc véi S Chung
SC _SB . SD
SC’ SB'  SD'

LE THE THONG
(GV THPT Lé Quang Chi, Ky Anh, Ha Tinh)

minh rdn
Esa ™
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Dudi diy la 161 giai bai toan dugc dua ra trong phin
bai tip dé nghi & TH&TT s6 504, T6.2019.
Bai 35 (IMO 2012). Cho a,.a,,..

thue dwong thoa man a,a,..a, =1.

a la n—1 s6

Chung minh
rang: (1+a,)’ (1+a,) ..(1+a,)" > n".

Loi gidi. Tu bét ding thirc Cauchy cho 2 58, 3 s6, 4
$0 ,..., n sb thuc duong ta co:

1+a,22(la, =2z, = (1+a,)' (2|, ) =24,

1 1 11 3 1
1+a3 =-£+5+a3 >33 5.5.33 25(14-0‘3) 233.—27.0'3

...................................

1
n-1
(n-1)
Nhin theo vé cac bét ding thirc cling chiéu:

=(1+a,) (1+a) (1+4,) ..(1+a,)

212 a, 4 — : 4__",,".*;3

3 (M—l)"—1 "
@(1+a2)2(1+a3)3...(1+an)"
2 73 44 n
> 23 4%..n _
22.33....(n—1)"

(do a,a,...a,=1)

a,=(1+a,) 2n". a,

n-1

2n. :
vln—l n—1

AR

> a3

a,a,.a, =n".1=n

=(1+a,) (1+a) ..
Diau '=' x4y ra khi

(1+a,) 2n" (1)

1L
a,a,0,.-a, =153
a,a;..a, =1
1
=
2.3...(n—
Do d6 ddu “=" cua bét ding thic (1) khong xay ra.
3 1 no.x
Tir (1) suy ra: (1+a,)’ (1+a,) -(1+4,) >n" véta
c6 diéu phai ching minh.

Nhin xét. 1) Ding phuong phap ham sb ta c6 thé
ching minh bai todn nay nhu sau:

=1 (vO 1y).

trén

Véi mdi k=2, xét ham sé6 f,(x)=

(x + 1)
X

k-1 _ _
khoang (0; +o0). Ta c6: f/(x)= @+ [gc s 1].

r 4 . 1
Do d6 ham so dat gi tri nho nhat tai x =;c—1-. Suy ra:

(x+1) k*
=502 (25 e
Do viy: (1+a2) (1+a) .(1+a,)
22 3 4 n"

>a,.—.a
2 a,.—.4,.
1

(n . l)n—l

(1+a,)" 2n".

—27.a4.?...a"

e (1+a) (1+a) .
Déu “=" khéng x4y ra nén ta cé dpem.
2) C6 hai ban lam dung bai nay, dé l1a cic ban: Phan
Trung Kién, 9A3, THCS Lé Quang Cuong, TP. Ba Ria,
Bé,Ria - Viing Taw; Trwong Quang An, xa Nghia
Thang, Tu Nghia, Quiang Ngii.

NHU HOANG (Ha Néi)

Dinh chinh: Trong sb 505 (T7. 2019), muc Du lich thé
gidi qua cdc bai todn hay, c6 dang 161 giai thir hai cho

bai 34 cua ban 7.0Q.4n, tuy nhién l&i gidi nay khong
that chinh xdc. Thanh that xin 18i ban doc.

TH&TT
Sau ddy 12 bai tip dé nghi. Ban doc hay giri 161 giai vé
Toa soan TH&TT trude ngay 30.9.2019.

BAI TAP DE NGH])

a,>0,b,>0,Vi=1n
Bai37.Cho { »
24 =3,
=]

n 2
Chimg minh rang w/ > l :
ga +b, ;a,..

. NGO VAN THAI
(GV THPT Pham Quang Thdm, Vii Thu, Thai Binh)

https://tieulun.hopto.org



GIAL PAP: LOTGIAI NAO DUNG ?
(Pé ding trén TH&TT s 502, thang 4 nim 2019)

Phan tich sai lim. Viéc suyra z= (z|-D+ilz| 1a
phurong trinh hé qua cua ca hai phuong trinh & aé
bai. Do d6 néu tim duoc ra z thi phai thir lai cac
diéu kién ciia bai toan cé thoa man hay khong Ca
hai 161 giai da quén khoéng thw lai (va néu thir lai
s& thiy hé phuong trinh trén vo nghiém nén |

khéng tdn tai).
Loi gidi ding. Dit z=a+ib(a,beR). T didu
2a=4
kién ctia bai todn suy ra {3a=va> + 5.
b=va® +b?
Tir phuong trinh tht nhit suy ra a = 2. Tir hai
phuong trinh cudi suy ra & = 3a = 6. Tuy nhién
véi cip sb (a, b) = (2, 6) khong thoa mén phuong
trinh b=va® +5°. Vay hé v nghiém, do d6 khong
t6n tai z thoa man bai toan.
Nhin xét. Rit tiéc la khdng c6 ban nao phét hién duogc

sai lam.
KIHIVI

GOC NHO NHAT!

Trong gi 6n thi THPTQG tai 16p 12 Anh, thiy

gido c6 néu bai toan sau: 1

Trong khong gian Oxyz cho dudng thing 4
x=1+¢
y=-3-2t va mp(P):-2x+y+2z+2=0.

z=1-t¢

(Q) 12 m3t phing chira d va tao véi mp(P) mét gbc

nho nhét. Goi n, = (a;b;—
tuyén cta (Q). Khéng dmh ndo sau day dung:
A.a-b=1 B. ab=2
C.a+b=2 D. Khéng tdn tai a, b.
Sau vai phtt suy nghi, ban 7ra My xung phong 1én
bang giai, sau day la 161 gidi cua ban Tra My:
Ta ¢6 VIPT cua (P) la rz =(-2;1;2) va VTCP
2;—1).Taco dc(Q)=

1) 13 mdt vecto phap

cladla u=(l;—
wln, un,=0a-2b+1=0ca=2b-1.
Goi ¢ 1a goc gilra (P) va (Q), ta co:
__[2at+b-2] Bl
3 +B +(=1) 5B —4b+2

—

cos¢9=lcos(np,n

Ta cé OSqosgz gi4 tri nho nhit cia @ 14 0

6]

56 —4b+2
PT nay v nghiém nén khéng ton tai @, b. Chon D.
Tra My giai xong, ca 1op dang x6n xao, Bdn Bdn
gio tay: Thwa thdy em gidi ciing ra dap an D,
nhung cdch lom khac voi ban. Thy gido cho phép
Bdn Bdn 1én bang trinh bay 161 giai cia minh. Sau
day la 141 giai cua Bdn Bdn:

Ta c6 VIPT ctia (P) Id n, =(-2;1;2) vi VICP

=cosp=1< =1 4b* -4b+2=0,

cia d1a u=(;-2-1). Goi ¢ I goc gitta (P) va
(0 tacd 0" <p<90° = gi4 trj nho nhét cia ¢
Q) =(P)
© /1Py
Xay ra, vi , ;1: khéng vudng géc voi nhau nén d
cit (P) tai mot diém, ta lai c6 d < (Q) nén (Q)
khong song song va khong trung voi (P). Viy

khéng tdn tai mp(Q), nén khéng tbn tai a, . Chon
dap an D.

Luc du chi ¢6 Tra My giai va chon D, bay gidr ¢
thém Bdn Bdn giai va ciing chon D, ca 16p 12 Anh
tin dap an 1a D. Con I6i gidi ciia ban thi thé nao?
NGUYEN ANH VU
(GV THPT chuyén Chu Véin An, Hodi Nhon, Binh Dinh)

la 0°. Ma ¢=0° [ ,diéu nay khéng
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L QUE)C HAN THS. PHAM VAN HUNG, PGS. TS VO T »
_ NG&YEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. NGUYEN BANG PHAT,
J THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU
Y, GS. TSKH. NGO VIET TRUNG. K%

TRONG SO NAY

@ Lich sir toan hoc
Hodng Ngur Hudn — cong thirc L'Hopital hay cong
thirc Johann Bernulli?

@ Ban doc trao ddi
Lé Quang Chiéu — Mot cach chimg minh dinh 1i
Feuerbach.

@ Tim hiéu sau thém toén hoc so cAp ;
_ 1 v p 10 Pham Thi Thu Hién — Uéc s6 chung 16n nhat, le
huyén DPHSP Ha Néi, ni , - / s6 chung nho nhét va lién h¢ gitta chung.

ng phip gidi todn | o iy @ Ban c6 biét?

i Quén, Ngt . ‘ Nguyén Thudng Lang— Giai ma cachnmdanglan
ng thic K } ip i ghi YE 50/50 hay “5 #n, 5 thua” va nguyén tic 25. o

@ Tiéng Anh qua cac bai toan - Bai s6'47.




] HANG.

PHAT HANH SACH GIAO DUC PHUC VU

KIWAT GIANG NAM HOC MOI

(T ngay 20/7/2019

mrunp thang phat hanh sach pido dyc
phuc vy ndm hoe 2019 - 2020, NXB
Gido due Vigt Nam di chi dao cie don v
' A I R ¢ A ' A | A
thanh vién, cac doi tie chuin by day du, dong
bo sdch gido khoa (SGK) va cae san phim
pido duce dap (mg nhu cau cua khach hing.

e Danh sach cac cura hang trong he¢ Ilulmp, ci
NXB Gido dyc Vigt Nam dang ky dam bao
cung tng diy du SGK duge dang tai trén
website NXBGDVN tai dja chi wwwonxbgd vn
: llg thdng cura hang ban 1¢ mo cira ban h.mp
tal ca cic ngay lrong llmn niem ycl di 1y du

bang gid, dong thoi trién khai cae chuong
trinh wu dai, Khuyén mai.

5 NHA XUAT BAN ﬁvhofﬂ'd&mh NEW
UA HANG SACHGIRO O

ok Mg O TH PG hegl Teias G4 IRTAMS Mﬂlﬂlm bt il iy oty b

ﬂ,7/ /f//g

. ///

__ //,;/*f
4 ,;A .ﬁmm i

05/9/2019)

o Duomg diy nong giai dap moi thic mac
vé nhu chu mua SGK tiép tue dugce duy tri
qua s0 di¢n thogi: 0377 333 545. Thoi gian
tryee: tor 8h00 dén 22h00 (tr ngay 22/4 dén
ngdy 15/9/2019, ké ca thir Bay, Chu nhat va
ngdy 1¢),

DéE tranh mua phai sach gia, sach in lau, giao
vién, phy huynh va hoc sinh hdy tim mua
sdch tai cac cia hang thuge hé thong phén
phoi chinh thirc cia NXBGDVN, céc cong
ty Sach - Thiét bj trudmg hoc dia phuong,
khong mua sach tur cac nguon tréi noi trén

thy truong.

0w 7Y O MU LALY GAD DAL TAJ THANS! Pl A sty

CUA HANG SACH GIAD [lllB @t

1P 5 Ve gt

|
gp Fith HUAT BAN GIAD DUC VIET NAM k

IU |||l L1 I

ool 80 1 116 0 Dl g

Q‘W hdng srich cua NXB Gido duc Vu’t Nam

https://tieulun.hopto.org



@) NHAXUATBANIGIAQIR UGNVIETINAM

PHUﬂ\G TRINH BAC BA

VoI A THU
HINH H[IC A LUONG GIAC

TRONG TAM GIAC

0i dung co ban cua cuén
sach dya trén két qua: Cac
yéu t6 cua tam giac (ba
anh, ba dudng cao, ban kinh cua
ba duong tron bang tiép, cic ham sé
lugng giac cua ba goc,...) ¢é thé dige
coi la ba nghiém cua mot phuong
trinh bdc ba véi cac hé sé phu thude
vao ba yéu t6 co ban 1a p, R, r. trong
do p la nira chu vi, con R va r tuong
{mg 12 ban kinh duéng tron ngoai tiép
va ndi tiép tam gidc. Tir d6, theo tinh
chat nghiém cua phuong trmh béc ba
va van dung ¢dc bit di
thudc, sach trinh. .’. '.. che

thirc co llcn quan

Qua cuén sach chiing ta s& théy m6|

quan hé hiru co gitta DW ‘

cla tac gia PGSTS. TA DUY PHU’ONG va Thay gido HoANG |
Sach day 448 trang, kh6 16x24cm, gia bia 80.000

trinh va ham s6 bac ba) véi Hinh hoc
va Luong gidc (cac h¢ thirc trong tam
giac). Pay chinh 1a diém mdi va khac
biét cla cudn sich ndy so véi cac
sach da c6 vé hé thire trong tam giac. ©
Cudn sach gém nam chuong.
Chuwong 1 tap hop nhimg kién thirc
co ban vé tam gidc va cac cong thic
lugng giic, cac bét dang thic dai s6
quan trong can thiét cho cic chuong
sau.

Chwong 2 trinh bay cic tinh chat
cua ham sé va phuong trinh bac ba,
trong d6 dic biét luu y dén tinh chét
nghiém cua phuong trinh bac ba.

G huon;_, 3 va Chuong 4 chira riing,
cdc yéu tb hinh hoc va lugng gidc cua
tam giac (canh, duong cao, bén kinh
dudmg tron bang tiép, sin, cdsin cua
cac goc, ...) chinh la nghiém cua cac
phuong trinh bic ba véi cic hé s6
chira ba yéu t6 co ban cua tam gidc
(tirc 1a ba yéu td p, R, r). Va nhu la céc
h¢ qua, nho su dung tinh chét nghi¢m
cua phuong trmh bic ba va cic bit
ding thirc dai s6 nhu bt ding thire
Cauchy, bit ding thite Buuyakovsky.
bt ding thirc Schwarz, . + che tie
gid da dua ra va chimg minh khodng
600 h¢ thire hinh hoe va lwgng gidc
trong tam giac, trong dé cd nhiéu h¢
1a n‘fﬂihﬂﬂc chi md@ren cie

it duge b n trong

jong. |

Ngoai céc bat dang thir
cbn it duqc pho ién, 1

1uqng glac quen biét trong tam
g;ﬁé ciing dugc chimg minh lai trong
Chuong 3 va Chuong 4 theo cach
méi, dva trén tinh chat nghiém cua
phuong trinh bac ba, ma it dang dén
céch bién doi lrong gidc hodc nhimg
cach chirng minh théng thuong.
Chuwong 5 (Phu luc) tap hop mét 56
muc duéi dang cic chuyén dé lién
quan dén phuong phap phuong trinh
bac ba chirng minh cac hé thirc trong
tam gidc.
Ciing can luu y thém rang, tir cic hé
thirc néu trong cudn sach niy, ta co
thé suy ra kha nhiéu hé thire khac
nira, chua duge khai thic trong cudn
sich. Py 1a mét goi v t6t dé ban doc
¢é thé tim cach chimg minh méi cho
cac h¢ thire ¢t hojic tim ra cac hé thice
mdi. Ngodi ra, cdch chimg minh mai
hojic cii bién nhﬂ'ng h¢ thire da co
con ¢6 thé giip cde thy ¢0 gido trong
vige thidt ké cae bai tip va dé thi mon.

Cudn sich khong chi ¢ ich cho cic
hoe sinh, cde ban yéu todn, cie thay
¢6 day todn phd thong, ma con 1
i 1igu tham khido tdt cho cic sinh
vién vii gidng vién dai hoc, cao ding
nganh todn, ciing nhw cie phy huynh

mong mudn ghip con em minh hoc
(0t mon toan.
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