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) sach “Tai ligu chuyén Todn™ 16p 10, 11, 12 6 tAt ca 12 cubn, méi I6p c6 4 cubn gdm 2 cubn i
IyEt (Dai $6 - Gidi tich va Hinh hoc) va 2 cubn bai tap. Noi dung trong mdi cudén déu bam sat chueng
th cho hoc Sinh cac treong THPT chuyén ma B$ Giao dyc va Dao tao da ban hanh. & méi cudn li
. €ac chuyén dé bt bude cua chuong trinh chuyén duoc trinh bay kha sau va chat ché,
gy vidu, bai tap 1a nhirng bai thi cia khéi chuyén Toan, thi hoc sinh gii Toan Quéc gia, thi
2 BE18. Trong mbi cudn bai tap, ngoai huéng din gidi kha diy du cac bai tap trong cudn Ii thuyét,
e SC bai tp bd sung d& hoc sinh tham khao. Cac tac gia ctia b séach la céc thay gido c6 nhiéu
trong viéc bdi dudng hoc sinh gidi Toan, déu da hoac dang tryc tiép giang day tai cac
THPT chuyén, khéi chuyén Toan, cac trdng Dai hoc, Vién nghién ciru, . . . trén khip ca nudc,
2GS, Boan Quynh, GS.TS. Van Nhw Cuong, PGS. TS. Nguyén Déng Phét, PGS.TSKH Vi Dinh Hoa,
H Ha Huy Khoai, TS. Nguyén Minh Ha, GS.TSKH Pang Hung Thang, PGS.TS. Nguyén Vi Luong,

anh Son, TS. Tran Nam Diing, TS. Lé B4 Khanh Trinh, ThS. Nguyén Trong Tuén,...

1ang b sach sé dap (rng duoc phan Ion yéu cdu hoc tap ctia hoc sinh, viéc giang day cua giao
'gac trundng THPT chuyén; cling nhw nhu cau doc clia nhirtng ngudi yéu thich Toan.
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a MA lay diém E sao
IMC = AEMB (c.g.c)

= BPD>90° > ACB > PBD

=BD>PD=CD=>BM<BD=>}
AN AT,
+Néu ACB> 90 thi

BPD=ACH > ADC>ABC 8

= BD>PD=CD=BM <BD= MH >DH :
= AM > AD. Vay trong moi truéng hop ta déu

6 AD < AM (3).
Tir (1), (2) va (3) ta suy ra didu cin ching minh,

Nhin xét. Bt ding thirc w< AD

luén ding v6i diém D bat ki thuéc canh BC. Dé
ching minh 4D < AM phai xét haj truong hop
ACB <90 vi ACB> 90°, déng thoi duva vao
mbi quan hé giita hinh chiéu va duong xién, méi
quan hg gitra canh va géc trong tam gidc.

DANG 2. MOT SO BAI TOAN VE TAM GIAC CAN
Bai todn 4. Cho AABC cdn tai A. Trén canh AB

ldy diém E, trén canh AC ldy diém % sao cho
AE = AF . Chitng minh r&ng BC +EF < 2] i

Laoi gidgi. Trén tia d6i cua tia
cho CK = EF. Khi d6
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CN <CP=> MN < MP.

P+ PA> 4B+ BC + AC.

16n hon chu vi A4BC.
ong bai todn trén cin chimg minh chu
 chu vi AAMNIén hon chu vi
chimg minh phin b) dua vao dé baj
¢an ta vé thém hinh phu 13 ACSP can.

A 8. Cho AABC deéu va dibm M bét Ji;
? frong ba doan rhﬁ.ng MA, MB, MC
ng khéng lom hon t{fng cua hai doan
a chimg minh MA+ MB > MC
e i
i _ﬂC?ﬂtZB,ﬂdB+MC2M}.

o e

tia mit phéng khong chiza C

wa 5

trén tia Bx ldy diém N sao cho ~ //
BM=BNSR™ AT+l A8
ABMA = ABNC (c.g.c)

nén MA = CN. N
ABMN cén tai B va MBN = 60°nén ABMN déu
= BM = BN = MN. R
Véi ba diém C, M, N thi

MN + NC > MC = MA + MB > MC.
¢) Diem M thuc duong thing AB
* Vi diém M thuéc canh AB, ta c6-
AMC+BMC=180° = AMC>90° hosc BIEC>90°
Néu BMC=2 90°, xét ABMC cé: BC'> MC

:>A3>MC:>A£4+A«IB>MC.

A
A
A ; ;
[
* Véi diem M thuge tia dbi cia tia B4 (hodic tia
dbi ciia tia AB). Ta c6 :
M+A¢B>AB+BC>MC=>_M +MB>MC,
* V1 diém M tring A hode B thi M+ MB = Mc.

Két lugn: Trong moi tuonghoptacs
B 53w 3y Mok MBLMES oS sy’ ot
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SU DUNG BAT DiNG THUC VAR BY TN
GIALS IIL“‘?I:E TRINH V5 TY

| HOANG LE NHAT TONG

R (SV K61 SP Todn, BHQG Ha Ngi)

« Léi mé @u. Gidi phuong trinh (PT) la dang
todn thudng xuyén gap nim trong cac dé thi Todn
bac THCS, THPT. Cé nhidua phuang phap dé gidi
phimg dang bai ndy; trong bai viét nay ching t&i
xin khai thdc mdt phuong phép: si# dung Bt
ding thice aé gidi PT.

* Phrong phép. Nhim nghiém X, cia phuong
trinh; sau d6 st dung céc bit ding thiuc quen
thugc nhu: Cauchy (AM - GM), Bunyakovsky,
Minkowski..... dé danh gia theo vé, tr d6 tim ra
ng}xié_‘:m cua PT. Sau ddy, xin di vao cée thi du cu
thé:

Thi dy 1. Giai phicong inh:
\-”; +Vx' —x+1=x’—x+2. (N
Ldi gigi. PK: x>0. Dé thay x =1 la nghiém cta

2
PT(1). Ti 46, do xz—x+]=[x—%] +%>0,

bi_‘éu thire vé trai chira cin bac 2 nén 4p dyng bét
dang thic Cauchy cho hai sé khéng 4m, ta co:

Vr+4x —x+1=Vrl+(? —x+1).1
Sx+1+(x2—x+1)+1 =x2+3'
2 2 2

Tir (1) suy ra:

2
P—x+r2g> 33 &2 -2x+4<x2 +3

S X -2x+150 (x-1° <0

(x-1)*=0
=>sx=1 <> x =] (thda min).

x—x+1=1
Do d6 x =1 12 nghiém duy nhét cia bai toan.
Thi du 2. Giai phirong trink:

16x' +5=644x" +x
Léi gidi. Do 16x* +525>0, nén tir (2) suy ra
4’ + x>0 x.(4x* +1) >0 x> 0.

(2)

2 T i . . .
Ta thdy x=— la nghiém cba (2) va biéu thitc vé

phai chira can bac 3. Tir 46, ap dung bit ding thirc
Cauchy cho 3 s8 thyc dwong ta cé:

64%° +x =332.4x.(4x* + 1)

<2+4x+(4x* +1)=4x> +4x+3.
Do 46, tir (2) suy ra: 16x* +5<4x” +4x+3
& 16x' —4x' —4x+2<0 & 8x - 2x* - 2x +1<0
& 4 (2x -1+ 22 (2x-1) - (2x -1 <0
& (2x-1D.(4x° +2x° =1 <0
& 2x-1A2° +2x+1) <0
SQ2x-1)P2<0=>(2x-1)"=0 (do x>0 nén
2x* +x+1>0). Tir 3, déing thirc déng thoi xay
(2x-1)* =0

\ (thoa man).
2=4x=4x"+1

1
, tire la: rx=—
e :
Do d6 x =% 12 nghiém duy nhét cia phwong
trinh (2).
Thi du 3. (Bai T2/476,
2017). Giai pfurong trinh:
Vo =2 +x+233x-2x7 =2t — ¥ 43
Léi gigi. DK:
2x° - 24 +x20¢} (2% -2x+1)=0
Ix-2x' 20 x(3-2x)=0
Ta thiy x =1 12 nghiém cta phirong trinh va biéu
thire vé phai chira cin thic bic 2 va can bac 4, Tir
d6, ap dung bét ding thirc Cauchy cho 2 sb, 4 sb
thuc khéng 4m ta duoc

TH&TT sé 476 nam

<:>()Sx£§.
2

V2 -2 + x4+ 2432223

= x(2x7 = 2x + 1) +2.4x(3_20).1.1
X+2x° =2x+1 x+3-2x+1+1
= 2 * 2

2
:—-—-—2x 22x+6 =x—x+3.

Tir 6 suy ra
- +3<x -3 - - +x<0

< x(x* -x*—x+1)<0& x(x+1)(x-1* <0

TOAN HOC
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= x(x+1)(x-1)> =0 (dox>0 nén x(x+1)>0).

Tu d6, ding thirc ddng thdi xdy ra, tic 1
x(x+D(x-1)*=0
x=2xt~2x+1
x=3-2x=]

< x=1 (théa man). Do do

x =1 la nghiém duy nhét cua PT da cho.
Thi dy 4. Gidi phweong trink:
m;- ’3;—_1 = \/.1’3 +4x" +4x+1 (3)
©+2x20
Loi gidgi. DK: {3x—-120
X +4x* +4x+120
x(x*+2)20

1
x> —,

o{xzl
3 3

(x+D(x* +3x+1)20
(3) ¢:>1f.t(xz +2)++/3x -1 =\/(.vc+1)(x2 +3x+1) (4).

Ta thdy biéu thirc vé trai (4) 13 téng cia hai can
i " 2

thirc bac 2, d¢ y ring (\/J_c) +P=x+1 va

(v'xz +2]~ +(\,"3x—l)- =x’+3x+1 1a hai sé hang

c6 tich & vé phai. Tir d6 4p dung bét ding thirc
Bunyakovsky ta dugc

(,;x(f +2) :—].JBx—l)z
< [(\/})3 + 12].[(\/,:2 +2) +(3x— 1)2]
=(x+D(x*+3x+1)

= Jx( +2) +3x -1 < J(x+1)(x" +3x +1).
Két hop véi (4), dang thirc xay ra khi

1
X2 -

Jr3x—-1=1x"+2
xZ—l- l+\/ﬁ
4

< 3 =D x=

x2—
= 3

x(3x-D)=x"+2

(thoa man).

la nghiém duy nhit cua PT(3).

Thi du 5. Giai phitong trink:

TOAN HOC
8 * Cluditye S8 505(7-2019)

Vx=-2+Y4-x=x"-6x+11 (5)
x—220

S 2<8x<4,
4—-x20

Loi giai. BK:{

Ta thdy biéu thirc vé trai 13 tdng cua 2 can thic
bdc 4 va (x—2)+ (4—x)=2. Tir d6, ap dung lién
tiép bit ding thirc Bunyakovsky ta duoge

(=2 esfi=s) = [(r2 i) |
<[2(Vx-2+Vax)] =4(Vx-2+Va-x)

<4.2[(x-2)+(4-x)]=4.22=16
Yx-2+44-x<16=2.
Tir (5) suy ra

X' —6x+11<2< x*—6x+9<0
&S x-3<0=(x-3 =0
vi ddu “=" xay ra khi théa méan dong thoi
{i:j:g—xﬁx:i
Do d6 x =3 1a nghiém duy nhét cia PT(5).

Thidu 6. Giai phirong trinh:
3 <

2Vx 41 +\"x i

Loi gigi,. DK: x> +120 & x> 1. Ta thdy x=2
la nghi¢m cua PT(6), biéu thirc vé trai chira can
bac 2. Tu bat dang thitc Cauchy cho 2 s§ thuc
khong am va bit dang thirc Bunyakovsky ta c6

2 1 =2 J(x+ ). —x+1)

S(x+1)+(xz—x+1)=x2+2;

( ‘x ;16+2x] $(12+12]-[x‘216+(2x)2)

=x" +8x% +16 = (x* +4)?

=3 —6x+10  (6)

x4l 42

x4+16

W +1<x*+2
S 116

=
+2x<x* +4 <x'-2x+4
V 2

= 2Wx +1+

Do d6, tir (6) suy ra

x* +16 46

https://tieulun.hopto.org



3x? —6x+10<2x* —2x+6
ox'-4x+450s (x-2) <0 (x-2)* =0
va ding thirc dong thoi xay ra khi
x+1=x"~x+1

x(x-2)=0
x*+16 P
- =2x < <(x"—-4)=0
x=2=0 —

<> x = 2 (thoa min) .
Do d6 x =2 la nghiém duy nhét cua PT(6).
Thi du 7. Giai phuwong trink:
VE +12x+ 61+ VX —14x+113 =338 (7)

Léi gidi. PK:

(X +12x+ 6120 (x+6)*+2520

o —14x+11320c>{(x—7)2 +6420
Do d6 cén thirc ¢6 nghia véi Vx e R.
(N> J(x+6) +5 +J(T-x)? +8 =/338. (8)

Ta thay, vé trai cua (8) 13 thng cua hai can thitc

bac 2 dang Ja' + b2 +c? +d? , 201 cho ta nghi
téi bat dang thirc Minkowki ¢6 dang

Na* + b+ +d” 2 (a+c) +(b+d)
(ddu “=" xay ra khi ad = bc).
Tir 46
Jx+6) +5 +J(7-x) +8

2 (x+6+7—x) +(5+8)* =132 +13? =4/338.
Két hop vai (8), ding thire xay ra khi
(x+6).8=5.(7-x) < 8x+48=35-5x
S 13x=-13x=-1.

Do d6 x=-1 la nghiém duy nhat cia PT.

Thi du 8. Giai phurong trinh:

V8 —16x+10 +v2x* —4x+ 4 =T % + 2x (9)

(8x> —16x+1020

Léi gigi. DK:{2x" —4x+4 >0

7-x"+2x20

8(x—1Y+220
S2x-12+22041-2V2 <x<1+ 242
(x-1)* <8

PT(9) < J(4x" — dx + 1)+ (4x° —12x +9)
(O —dxd)+ 5" =B (x* —2x+1)
& J(2x=17 +(3-2x)°
+J(_2—-.r)2+x2 = 8- (x-1y (10)
V& trai cua (10) 13 téng cla hai cin thirc bic 2

dang a' +b +¢° +d*. Tir d6 theo bat dang

thirc Minkowski ta ¢
Jex—17 +(3-2x) +{J(2-x) +x°
> J2x-1+2-x)} +(3-2x+x)’
=1y +(3-x0)7 =22 - 4x+10
=2x-1) +828
Két hop véi (10) ta oé: \B—(x—1) =8

o 8—(x-1)2 28 (x—1) 0= (x—=1* =0
va dAu “=" x4y ra khi dong thoi thoa man

x—1=0 x=1
= 2 2z
(2x-Dx=G-2x).2-x) |2x"—x=2x —-Tx+6
{x =1
> ox=l,
x=6
Do dd x =1 la nghiém duy nhéit cia PT (9).
Nhu viy vide sir dung bit ding thue trong bai
toan gidi phuong trinh kha hitu hiu; né giup viée
bién dbi dai sé tré nén don gian, tranh célng kénh,
déng thoi khong lam mit cai dep ban chit ciia mdi
bai toén. Sau déy 12 mot s6 bai tip 4p dung cho
phuong phap trén:
Giai cic phuong trinh sau:
1) 857+ =2

ur

: 2
4
2y ;“’+ 2% +4) =3x+2,

3) V22 +2x+5 +426% —10x+17 =6.

4) Ui —2x +2x +3Y%2 B T L

5) 20c* +1) +33x = x> + 4.
)
6) 33x% —x+1+ 3% 2+] =2(x* - 3x +4).

7y 8x* —8x% +1= f”T"

S3 505(7-2019)
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Hutsng dén gidi DE THI CHQN HOC SINH GIOI LOP 9
TiNH BINH PHUGC, nim hoc 2018 - 2019

) — 2 2 :1
Céu 1. 1) a) DPKXD: 1< x#10. Mi x+y=1=>x"+y" +2xy
2 _

Dit a=+/x-1;0 <a # 3. Khi d6 =2(x* +y*)-(x-y)" =1

1 1
P=|2 a’+9 \[[ 3a+l _l] :;,2(x2+y2)212>x2+y225:>P22'

3+a (3—a)(3+a))' @*-3a a

1

_(aB-a)+a*+9) ( 3a+1 3 An “="xdyrakhi x=y==
[ B-a)3+a) ]'[a{a__v,) a) Dau Y 2

oSO __ Javloass Sedd | 2uwd Véjygiétrjnh()nhétcﬁaPlz‘lzl{khix=y=_1”
BG-a)3+a)’ a@a-3) (-a)3+a) a@-3) 2

__3a+3) .a(a~3) __—3 s o Ciu 2. 1) PK: xZ-:.Z- Khi @6 PT di cho tuong
(B-a)3+a) 2a+4 2a+4 253 1+4 2
b) Ta co: duong voiax +Vx+2 =3x+5+/2x-3

x=\/3+2\5—(\/§+1)\f3_2\/§ +\/§|1_\/§‘ & 5x+24+2/4x(x+2) =5x+2+2/(3x +5)(2x-3)
& J4x(x+2) = J(3x +5)(2x =3)

=y(vz+1)’ ~(V5+1)(V2-1) +3)i-v7] & 4x(x+2) = (3x+5)2x—3)

= V2 +1-(V5 + 1)1 V2 51— z=3 - (ntiin)
2’ -Tx-15=0&| _3 ey
=VZ 411 V2] -1 V3] + VB -] reg Mogh)
Vay ph trinh c6 nghiém: x =35,
~E1-(-1)-2 b phong ohc6 i <=5
2) HPT da cho twong duong véi
Viy po vk 1 {x(y-2)+y-2=4 (x+1)(y-2)=4 -
2J2-1+4 2 (x+1D*+(y-2)° =8 (x+1)’ +(y-2)" =8
2) Tacod P:Zx“+x’(2y—l)+y3(2x—1)+2;.;‘1 Dita=x+1; b=yp-2 thi HPT (*) tr¢s thanh
=2x*+2x'y -+ 20y = )P 42y ab=4 ab=4 e 4
3 @’ +b' =8 E ﬁ{ 2
=X’ (2x+2y)+ Y 2x+2y) - (x’ + y*) - (a+b)" ~2ab=8 ~ |(a+5)* =16
=Qr+2)(F +y)- (" +y) ab=4 {""’ el {: -2
ad+o= =2
=Q2x+2y-D(x* +p)=x"+ ). il e Lq
( y=D("+y’) v e s {a,b_4 R
Do x* +y° =(x+ p)(x* = xp + %) a+b=-4 b=-2
1 & y 2 x+1=2 x=1
=x'—xp+yt =—(x*+ 2)+[-——~—J -2= =
Gy R A | W-2=2 o =4
I x+1=-2 x==3
:Pzi(xz-kyz). y-2=-2 »=0

Nghiém (x ; ¥) cia HPT 1a (L 4);(=3; 0).

TOAN H
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3) Phuong trinh hoanh d9 giao diém cua (d) va
(P) 1a x*—2x-m+1=0(1). (d) va (P) cit nhau
tai hai diém phan biét khi va chi khi (1) ¢6 hai
nghiém phén biét < A'=1-(-m+1)>0< m>0.
Do A, B thugc (P) nén y, = x7;y, = xi.

Theo d& bai ta cé y,.y, —x,.x, =12

X, =4
«:::-»(;1\:1.1:2)2—xl.Jc2~-12=l)~t;|:xl . .
X%, ==3

Theo hé thite Vidte ta cé: 4 " =2 .
x.x, =-m+l

Néu x.%, =4 thi -m+1=4= m=-3(loai).
Néu x.x,=-3 thi -m+l=-3= m=4(nhin).
Viy m =4 la gia trj cén tim.
Ciu 3 a) Tt gidc BDIP
n6i tiép, suy ra
PIK =180° - PID = PBA.
Ma tr giac CPBA ndi
tiép, suy ra
PCK =180° — PCA=PBA

= PIK = PCK.
Suy ra tod giac CIPK
ndi tiép. |
b) Tt gidc CIPK ndi tiép va tir gidc PBDI ndi
tiép. Suy ra PKI =PCI va PDI=PBI
= APKD e APCB (g.8)

PK PD _PK PO

e e T ee— T ——
PC PR  PD PR

(1

Ma tit gide CPBQ néi tiép suy ra OPB = BCQ hay
MPB = MCQ. Mit khac PMB = CMQ (dbi dinh)

PB  MP
= AMPB «» AMCQ (g.g) = —=—— (2
L Q (g 0oc MC()
Chimg minh tuong ty co:
PC MP
AMCP : — = 3
mMJQB(gg):-‘fQB e (3)

Tir (2) va (3) két hop véi MB = MC suy ra:
B

PB_PC_ PC_OB
oC QB PB QC

g PK OB —OB.PD.
Tu(l)vé(4):>;b—ﬁQC:> PK.QC=0QB.P

¢) Do tir giac BDGI va ti gide CPBA 16 tiép
nén PGI = PBI va !@E’ = PAC
AD

— PGI=PAC = IG [/ CA=——=

— 5
AE Kl )

Trén BC ldy J sao cho KPI =CPJ. T giac CIPK
ngi tidp, c6 IPK =180° — KCI = BCA khdng doi

suy ra J 12 diém cé dinh = % khong déi. (6)
Lai c6 APKI « APCJ (g.g) vd APKD w APCB (g.g)

(7

Ti (5), (6) va (7) suy 1a % khéng déi.

Chu 4. Goi I, K, M theo thir tw 12 trung diém cua

EF,EG,GH. Tam
o g, B
giac AEF vudng tai 4 ; = : S
va ¢d Al 1A dudng i dip T
trung  tuyén  nén e 2
D H [ 5

Al =%EF. Tuong t

MC:%GH. Vi IK 12 dudng trung binh cia

AEFG nén /K =%FG.

Tuong tu KM =%EH. Do dé:

¢=EF +FG+GH + HE =2( Al +IK + KM + MC).
Ta ¢o Al +IK + KM + MC > AC (vi dwdmg gp
khic AIKMC > AC). Suyra ¢ >2AC = 2\Ja* + b°.

(Xem tiép trang 13)

TOAN HOC
“erusipe 11
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. . ,._..' ,_.-..::-"" "“F‘
Goi giao diém cia CE va BF la G.

1) Chémg minh ring nim diém 4, F, 0, G
cting ndm trén mot dudmg tron,

2) Goi giao diém cua FB va dudmg tron (O
M (M = F). Ching minh rang M la trung
diém cua doan thing BG.

3) Chimg minh rang true tim tam giac GAE
nam trén duong tron (0).

Cau 4. Cho x,p,z la cdc s6 thuc duong thoa
man xy+ yz+zx=1, Chitng minh ring

1
1-_!-:::2













CAC LOP THCS
Bai T1/505 (L6p 6). Tim s& nguyén duong 4 nhé
nhét sac cho 2413 sd chinh phuong va 3a la so
lap phuong.
NGUYEN DUC TAN (TP. Hé Chi Mink)
Bai T2/S05 (Lép 7). Tim céc chit sb a, b, c, d
khéc 0 vi timg d6i mét khac nhau sao cho sé tu
nhién abedal (ch¥ sb tan cing 13 1) théa min
abcdal —4n=n?, trong d6 n 13 sb nguyén duong.
NGUYEN TAN NGOC
(GV THCS phieong Binh Dinh, TX. An Nhon, Binh Dinh)
Bai T3/505. Tim tit ca cac da thire P(x) bic » véi
cac h¢ s6 nguyén khéng 4m khong Ion hon 8 va
P(9) =32078. '

TRUCONG QUANG AN

(Lop Todin — Tin 32, Pai hoc Pham Vin Pong,
Quang Ngdi)

Bai T4/505. Cho tir gidc 16i ABCD. Trung diém
bén doan théng 4B, AC, CD, DB thir ty 1a M, N,
P, Q. D§ dai bdn canh 4B, BC, CD, DA thit tur la
a, b, ¢, d. Dién tich cia t gidc MNPQ 13 §. Gia sir
hai canh ddi 4D va BC vudng gdé¢ voi nhau,
Chirmg minh (C“’)zg(b“")z ssg“’*d)zg(c'“)? .

NGUYEN HUU DU
(Xom 3, xii Quynh Lién, huyén Quynh Lién,
thi xd Hodng Mai, Nghé An)
Bai T5/505. Cho x, y, z 14 céc 56 thyc duong thoa
man x +y +z= 3. Tim gi4 tri nh6 nhét cva biéu thic
2 2
P=X+y"+7+ =g + L
Xty y+z z+x vz
LAI QUANG THOQ
(Phong GD&PT Tam Duong, Vink Phiic)
CAC LOP THPT
Bai T6/505. Tim tit ci cic nghiém thye cua
phuong trinh

i/J;L.ax{fx’ el {/f ~3x—(x -4 e
2 2 :
TRAN VAN LAM

(Xom Tién B, thon Vén Trai, x& Tan Phi, thi g
Pho Yén, Thdi Nguyén)

TOAN HOC )
1 6 & CTudilye S8 505(7-2019)

Bai T7/505. Cho phuong trinh

lx5+2x4—-5x3—7x2+12x—]=0. (1)
3 15 =3 I
a) Chimg minh (1) ludn ¢ 5 nghiém phén bigt,
b) Gia stt x, (i=1,5) 14 céc nghiém ctia (1). Tinh
. . A
tong S=§——————rxf 2 ) e
NGUYEN TIEN LAM
(GV THPT chuyén KHTN, PHQG Ha Néi)

Bai T8/505. Chimg minh ring v&i moi tam gise
ABC ta cé bit ding thirc sau

. 1A + B o2 CW 1_2.§
{1+sm‘zj[l+sm2 EJ[Hsm 5)2 i

PHAM DUY KHANH
(GV THPT Quy Chdu, Nghé An)

Bai T9/505. Cho cac sb thuc duong a, b, ¢ va
—2<k<2. Chimg minh ring
27(a + kab + b2 )&% + kbe + ¢*)(c* + kea + a*)
> (k +2) (ab+ bc + ca)’.
PHAM THANH HUNG
(Ldp Cao hoc Todn Gidi rich khéa 19,
Dai hoc CanTho)

TIEN TOT OLYMPIC TOAN

Bai T10/505. C6 mét nguoi sir dung ban dd trén
dién thoai di ddng dé di tir mot didm 4 dén mot
diém B. Anh ta d2 dén duoc diém B sau mét sé
lan cir di mot doan thing lai phai chinh lai huéng
bang cich quay mdt goc nhon theo chiéu kim
dong ho (tlr huong di ngay truoe ds). Biét ring
tong cic goc phai diéu chinh nay bing & <180°.

Chimg minh ring d¢ dai doan duong anh ta d3 di

« AB
khong vuot qua —
a
COS —
2

VU BINH HOA
(GY Khoa CNTT, DHSP Ha Ngi)
Bai T11/505. Cho diy s6 thuc (a,) xac dinh bai

a =2020,q, =1+—2-,Vn =1,
al’l
a) Chimng minh ring:
n<a +a,+..+ a,<2n+2018
Vo1 moi g 2
b) Tim sd thyc a 1on nhit thda man

2 2 2
Jx +a) +x +a? +...+1/:c2-|-¢:;fI Enm

vl moi xeR,n=1,2, ...

KIEU BiNH MINH

o

(Gllf THPT chuyén Hi, g Vwong, Phi Thg)

https://tieulun.hopto.org






Bai 1/501. Tim 6 tur nhién x sao cho

x—l+x—7=x——3+x"9
2018 503 1008 670

Ldi gidi. Ta nhan thdy 2019 = 2018+ 1=15034 + 7
=1008.2 +3 = 670.3 + 9 nén c6 thé bién ddi nhu sau

x-1 x—~7 - x-3 x=9 ’
2018 503 1008 2+6’70 =3xhayla
x=2019 x-2019  x-2019 x-2019
_______+-—___.____=———____ —
2018 503 1008 | g7 eyl
(x—-2019)[ S
2018 503
-@x- 2019)[ i IJha 1a
1008 670 )0
1 1 11
2019 e ) *
[ )[2018 503 [1008 670]] =009
Pitd= 4 L _ (—+ 1)hi
2018 503 1008 670
2521 1678

© 2018.503  1008.670

_ 2521.1008.670 —1678.2018.503

- 2018.503.1008.670
Tir s6 ctia A ¢6 chit sé tan cung khéc chir s6 khong
nén s& A khic sé khéng, do d6 tir (*) suy ra
X — 2019 = 0, hay la x = 2019, Vay x = 2019 13 s
duy nhét phai tim.
Nhin xét. Mt s6 ban khi bién d6i da viét nhim diu
bo#c nhdm sé. Nhiéu ban khéng giai thich rd biéu thic
A khéc sb khéng. Cac ban sau c6 101 gidi ding: Phi
Tho: Nguyén Ngoc Anh, Nguvén Thi Tra Giang,
Nguyén Thj Huyén Trang, Vi Minh Pirc, 6A3, THCS
Lam Thao; Nguyén Thiy Linh, 6C, THCS Cao Mai,
Lam Thao; HA N@i: Hoang Xudn Ti, 6A, THCS Té

TOAN HQC
s c‘ruatcé S§ 505(7-2019)
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Hoang, Q. B(’)ﬂg Pa; Hung Yén: Lé Tudn Ngﬁm 6C,

THCS Poan Thi Piém, Yén M¥; Nghé An:Trén Quang
Vinh, Hoang Minh Thing, Hé Ngoe Viét, 6A, Trdn
Phurong Mai, Pham Ngoc Trinh, ﬂBang Minh Dat, Tray
Minh Hoang, Dang Anh T ién, Hé Thuc Nguyén, 6B, L&
Tién Hop, 6C, Nguyén Canh Nam Khdnh, Lé Vay,
Quang Hidu, V& Anh Duong, 6D, THCS- Ly Nhit
Quang, Lé Van Manh, 6C, THCS V8 Thi Sau, bg
Luwong; Ha Tinh: Nguyén Minh Nhdt, 6B, THCS Xuin
Léc, Can Lc; Quiang Ngii: Cao Nguyén Qupmp
H;:ong, 6C, THCS Huynh Thic Khang, Nghia Hémh,
Sée Tring: Nguyen Anh Thir, 6A3, THCS Ké An,
K& Sach.

NGUYEN VIET HAI

Bai T2/501. Tim tdt cd cdc cdp sé nguyén khdng am
(x; ¥) thoa man phuong trinh
]+3.r+! +2-33x :y3 (])

L gidi. » Voi x = 0 thi d2 thiy khéng ton tai b
nguyén y théa min (1).
® Véix > 1, PT(1) dugc viét lai thanh:

3FMA+237 )= (y=(y* + y+1) (2)
Bitd=UCLN(y-1),()* + y +1) thi

d|y-1 d|y*~y d|y-1
, =3 7 = =d[3.
d‘y +y+1 dly +y+1 d|2y+1
M3t khic tr (1) suy raychia cho 3 du 1 nén g =3,

Do UCLN (y~1),(»* + y+1)=3nén tir (2) suy ra:

3* Iy—-l hodic 3*(p? +y—1.

+ THI: 3%

y-1. Bt y=k3 +1, kez*, thay vao
(D) duge: 143" +2.3% = (k3% 4 1)’
SIH2IN = 3 g2 P ge
Neu k22 thi &7 3° 42,321 4 30
283 +4.35 1 3 532 | 5 320
Suy ra k= 1. Thay vio PT trén ta dugc:

314-] 4 2.331 = 33;’ 4 32x+l

+3x+l
<:33x=32x+lc>x=1:>y=4.

+TH2: 3*|»* + y-1. Néu x22 thi

https://tieulun.hopto.org



O1p* +y+1= 9|4y" +4y+4 hay 9(2p+1+3.
Nhung do 3[|2p+1=>9|(2y+1)* ndn (2y+1)? +3
chia cho 9 c6 56 du1a 3, vo ly. Vayx=1=y=4.
Tém lai, PT(1) c6 nghiém duy nhét (x; y) 1a (1; 4).

»Nhgn xét, 86 bai giai gii v& Toa soan khong nhidu,
Cac ban sau c6 1oi gidi dung: Ha Ndi: Hodng Xudn Tu,
6A,' THCS Té Hoang, Q. Péng Da; Hung Yén: Lé
Tuan Nghia, 6C, THCS Poin Thj Piém, Yén My;
Nghé An: Nguyen Céng An, 7C, THCS Ly Nhat
Quang, D6 Luong;, Quéang Ngii: V5 Thi Hong Thu,
7B, THPT Nghia My, Tu Nghia.
HO HAIX
Bai T3/501. Cho 0£a<2,0<h<2,0<c<2 va
a+hb+c=3. Chimg minh :‘éng 3<a’ +b' +¢' <9.
Lavi gidi. Ta c6
@ —3a+2=(a’-a’)+(a* -a)-2(a-1)
=(a’+a-2)a-D=(a+2)a-1) 20 (via = 0).
Suyra ' 23a-2. Tuong tw: b*>3b-2,c° >3¢c-2.
Do d6: @’ +b° +¢*>3a-2436-2+3c-2
=3(a+b+c)-6=3.3-6=3,
Ping thirc xayrac> a=b=c=1.
Do vai trd cia a, b, ¢ trong bai toan 1a nhu nhau,
khong mit tinh tdng quat ta gia st a>h,a>c. Ta ¢
3aza+b+c=3=>a2l. T 520,cz0,22a>1suy
ra: @ +FP +<a® +b* +¢ +3be(b+c)
=d’ +(b+c) =’ +(3-a)
—a@® +27-27a+9a -a’ =%a* -3a+2)+9
=9(a-1)a—2)+9<9.
@ +B +* =9 be(b+c)=0 va (a-1)(a-2)=0
& a=2 va (b, ¢) la mot hodn vi cua (1, 0).
Nhu viy @ +b° +¢’ €9 dang thirc x3y ra < (a, b, ¢)
14 mét hodn vi ctia (0, 1, 2). Khing dinh cta bai todn

da dugc chitng minh.

»Nhin xét. Pay 1a BDT 1ép 8 dang co ban. Cdc ban
hoc sinh sau c6 1 giai dung: Hung Yén: Lé Tudn
Nghia, 6C, THCS Doan Thi Piém, Yén My; Ha Nji:
Lé Ngoc Ting, 9A, THCS Nguyén Tryc, Thanh Oai;

Thanbh Hoéa: Lé Duc Chink, 8B, Truong Ngoc Tam,
9D, THCS Nhit B 89, TTr. Bit Son, Nguyén Duy
Long, 9A, THCS Té Nhu, Hoang Loc, Holng Hoa;
Nghg An: Truong Céng Cdnh, Ddng Hitu Khanh,
Pham Var Quyén, 8A, THCS Ly Nhit Quang, Do
Luong; Quing Tri: Nguyén Hitu Hoang Long, 9G,
THCS Nguyén Tréi, TP. Pong Ha; Quang Ngai: Vo
Thi Hong Thu, 8B, THCS Nghia M#, Tu Nghia; Binh
Phudce: Dang Dink Vian, 9/11, THCS Tan Phy, Péng
Xoai; Séc Trang: Nguyén Anh Thu, 6A3, THCS Ké
An, Ké Séch.

NGUYEN MINH PUC

Bai T4/501. Tir diém M ndm ngodi ceong tron (O)
vé rié}; mye":n MA va cdt tuvén MBC voi ducng tron
(O) (B nim giita M va C). Goi D, E, K lan luot la
trung diém ciia MA, MB., ME. H & diém doi xing
véi D qua K. Ducng thang HE cat CD tai N. Chimg
minh rédng CNKH la tir gide néi tiép.

Lai gidi.

H

D2 théy tir gidc DMHE 1 hinh binh hanh, suyra
MH /! DE, ta ¢

KHE=KDM  (soletrong) (1)
Lai c6, DK 14 dudmng trung binh cua tam gidc AME
nén DK // AE, ta ¢o

KDM=EAM (so le trong) Q)
Mit khic, DE 1a duong trung binh cua tam gidce
AMB nén AB // DE, ta c6

EDM=BAM (so Ie trong) (3)
Ma BAM = ACB (cing chin cung AB)  (4)
Nén tir (3) vii (4), suy ra EDM = ACE , nén tit giac
ADEC ndi tiép, ta o6 DAE = DCE. (5)

Tix (1), (2) va (5) suy ra KHN = KCN . Do dé tir
gidc CNKH ndi tiép. O

S5 505(7-2019)
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<Nhdn xét. Cac ban ¢6 én dudi ddy c6 1&i giai tdt.
Quang Ngii: Pham Dinh Tam, 9A, THCS Pham Vin
Pong, Nghia Hanh; Phy The: Tran Cong Hung, 9A4,
THCS Gidy Phong Chiu, Phi Ninh; Quang Tri:
Nguyen Hinu Hoang Long, 9G, THCS Nguyén Trii,
Dong Ha; Nghé An: Nguyén Huy Hoang, Lé Anh Dite,
Lé Van Manh, Lé Van Quang Trung, 9B, Ddng Hiru
Thanh, Truwong Céng Canh, 8A, THCS Ly Nhat
Quang, D6 Luong; Bic Ninh: Ngz;ye‘-n Tér Dar, 9A1,
THCS Yén Phong; Thanh Héa: Nguyén Trong Tam,
Truong Ngoc Tam, 9D, THCS Nhit Ba ST, Hofmg Hoa,
Nguyén Duy Long, 9A, THCS Té Nhu, Hoing Héa; Ha
Noi: Lé Ngoc Timg. 9A, THCS Nguyén True, Thanh
Oai; TP. H6 Chi Minh: Pang Quéc Bao, 9A2, THCS
Tang Nhon Phu B.

NGUYEN THANH HONG
Bai TS/501. Giai hé phweong trink
[2xdx 43y + 7 =138
1_:-\5 + 6 r+8/x =213
Léigiai. PK:x20; y2>0.
Pit a=+vx; b=y,a20,520. Khi d6 he
phuong wrinh tr¢ thanh
[24° +3a°h+b=138 (1)
b +6ab* +8a =213

8a' +12a°h+4b =552 (2)
b’ +6ab* +8a =213 (3)

Cong theo vé cua (2), (3), ta dugc:

(84’ +12a°b+6ab’ + b* )+ (Ba+4h) = 765

< (2a+b) +4(2a+h)=765.
bit r=2a+b, ¢ 20, phuong trinh trg thanh:

t'+41-765=0

& (1-9)(F +9r+85)=0<>1=9 (vi 1* + 9 +85 > 0).
Voit=9,tacod: 2a+b=9<=b=9-2a2>0.
Thay vao (1): 2a’ +3a’(9-2a)+(9-2a) =138
& 4a’ -27a% +2a+129=0

a=3

«:::»(ar—J)(fha2 —lSa—43)=0¢>[4a2 154-43=0

TOAN HOC

20 Fensie
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Phuong trinh

15+913

8

4a> -15a-43=0&a =
Ci hai nghiém nay bi loai vi
_ 15—;@13 <

15+9213

S —

8
Véi a=3=>h=9-2a=13.
Taco a=3; b=3=x=9; y=9 thoa min diéu
Viy hé phuong trinh dd cho ¢d

a

2

kién bai toan.
nghiém duy nhét (x;y)=(9;9).
Nhén xét. Pilu then chét ctia 161 giai la sau khi
dit a=+/x; b=\[y, bién déi duoc

(2a+b) +4(2a+b) =765,

Tir d6 tinh duwgc t=2a+b=9 ; th8 b=9-2a

vao (1) tim dugc a, b suy ra x, y. Tét ca cc ban g
bai giai déu lam theo cach nay. Cac ban sau diy co
bai giai tt:

Ha N§i: Lé Ngoc Ting, 9A, THCS Nguyén Trurc,
Thanh Oai; Nghé An: Lé Anh Pirc, Lé Van Manh, Lé
Van Quang Trung, 9B, Truong Cong Canh, 8A,
THCS Ly Nhit Quang, D& Luong; Pha Tho: Trdn
Cong Hung, 9A4, THCS Gidy Phong Chau, Phii Ninh;
Thanh Héa: Truong Ngoc Tém, Nguyén Trong Tédm,
9D, Lé Diic Chinh, 8B, THCS Nhir Ba S§, TTr. But
son, Hoang Hoa: Quing Tri: Nguyén Hiru Hoang
Long, 9G, THCS Nguyén Trai, TP. béng Ha.

NGUYEN ANH DUNG
Bai T6/501. Giai phicong trinh

1235 + 4353 i 16x-12)x=1 (1)

Loi gidi. DK: 2x-3>0 x> 1
2

. i e
Cdach I, V&i x> -2- thi Ix-1=z0, Chia hai vé& cua

(1) cho ¥x~1, ta dugc

12 x'+4 ;
g N2x-3=x416x-12. @)

Ap dung BDT Cauchy cho cac sé durong, ta ¢

https://tieulun.hopto.org



2 )
123\/”E : =3.{!"‘ 4 88
x—1 x—1

3 +4+8+8=
x-1 x—1

X +16x-12

3

<

2x-3+1 _

N2x-3=\2x=-3)1< :

x—1.

Suy ra

2 2
VT(2) =123~ +14 gk Hex-12 5
x—

x—1

=x2+16x~12=VP(2).
Nghi¢m cua (1) 1a gid tri cia x dé VT(2) = VP(2),
x*+4
x—1
2x-3=1

tirc la < x =2 (thoa man DK).

Véay phuong trinh (1) c6 nghidm duy nhét x = 2.

‘Cdch 2. Pit a=Iyx"+4,h=Yx-1 (@a>0,b>0)
thi phwong trinh (1) tré thanh

12av2b* —1=(a’+165")b €))
Ap dyng BDT Cauchy véi céc sé duong, ta ¢6

26" -1+1

VT(3) = 12av/2b* 1< 12a. =12ab’ ;

VP(3)=(a'+16b" )b =(a’ +8b* +8b" )b

_ >3va’.8h' .8 b =12ab’.
Do dé, phuong trinh (3) twang duong voi

3— = =
Eas l<:> B 2. Tl d6 tim duge x = 2.
a® =8p b=1

Nhin xét. Day la bai todn giai phuong trinh v ti ma
4n nam trong diu cin bac hai va bic ba. Vi viy ta
nén sir dung bit ding thirc dé danh gia. Da sb cac
ban gui bai déu giai theo mét trong hai cach trén.
Tuyén duong cic ban sau cd 101 giai tét:

Ha Nji: Ngé Van Mink Thing, 11 Toén 1, THPT
chuyén Nguyén Hué; Hoang Ting, 12T, THPT chuyén
KHTN, BPHQG Ha N¢i; Nam Binh: Trdn Huy Lyc, 10
Toan 2, THPT chuyén L& Hong Phong; Ha Nam: Phan
Thé Anh, 10 Toan, THPT chuyén Bién Hoa; Ha Tinh;
Lé Pinh Tri Tué, 10T1, THPT chuyén Ha Tinh; Vinh
Long: Lé Mink Tam, Phan Lwong Quéc Trung Tin

10T1, THPT chuyén Nguyén Binh Khiém; Binh Pinh:
Nguyén Ngoe Nhén, 10A2, THPT s 2 Phu Ca
Tra Vinh: Pé Ngoc Anh, 10A1, THPT chuyén Nguyén
Thién Thanh; Phi Yén: D& Lai Tin Pat, 10 Toan 1,
THPT chuyén-Luong Vin Chénh; Pong Thap: Hupnh
Tén Phiic, 11T, THPT chuyén Nguyén Quang Diéu.
PHAM THI BACH NGQC

Bal T7/501. Tim hé 56 ciia x° trong khai trién thanh
da thiec cia (1+ x)(1+ 2x)(1+3x)...(1+ nx).
Loi gidi. Hgsbcia x’1a
e nz(n+])2(n—1)(n—2). '
48
Dit )=+ x1+2x)(1+3x)..(1+nx) =g, +ax+...+a,x".

(k)
Tacd g, =fkT(0),k=0,l,‘..,n véi £ (0) 1a dao

ham chp & cua da thic f7x) tai diém x = 0.

Taoé:f'(;r):_/'(x)(HI g s ]

+ +...4
x l+2x 1+ nx

Voix=0tacd g, =f'(0)=1+2+...+n va
[
+ e
1+nx}

12 22 "
o e
(1+x)* (14 2x) { +nx)2)

7 = () = f‘(x)(i .

1+x 1+2x

—f(x) (

SO =)+ 2+ +n)—(1* +2° + . +2a%)
=(1+2+..+n) — (2 + 22 + ..+ 7).

Paohambéc3séla f"(x) = (f "(x))'

n
ot -
1+nx}

" 5 2* 2
i, Tl Y ML
i (Jr)((nx)2 + oo I (1+nx)2]+

= Py
=/ (I)[1+x+l+2x

13 23 3
2 n
= f(x){(nx)f' T2y +"'+(1+m)—" ]

Thay x = 0 vio biéu thic trén, ta c6 :
S0 = £UO)1+ 2+ 4m) = 20N +27 + .+ n?) +
+2P+2 4.+ 1)
=(14+2+4.4m) =31+ 24+ m) (12 + 2% + .+ 1Y)

20 +2' + +n?)

TOAN HOC
“ cTusitre 2 1
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_mn+1)’ R m+1)2n+1) N n’(n+1)*

8 4 2
___nz(n+l)z(ﬂ—1)(n—2)
8
g, < L0 _ P01 (=Y -2)
k1 48

Nhiin xét. Co it ban gidi bai ndy, mét sé ban c6 dip s
sai va mot s6 ban chua c6 duoc con sé cudi cling. Céc
ban ¢6 dép s6 dung 1a cac ban -

Bic Ninh: Nguyvén Bang Phong, 11A, THPT Yén
Phong 2, xi Yén Trung, huyén Yén Phong; Binh
Dinh: Nguyén Ba Chinh, 12A1, THPT Ngo Lé Tan,
Phi Cdt; Ha N$i: Hoang Ting, 12T, THPT chuyén
KHTN, BPHQG Ha néi.
VU PINH HOA
Bai T8/501. Cho wm gidc ABC, BC = a, CA = b,
AB = c. Goi r,.1,.r ldn heot la ban kinh didng tron
bang tiép cde goc A, 8, C cua tam gidc ABC. Chung
minh :i+ri+£2 E+£-+-£.
L £ B W o
Lai giai. Ky higu S, 14 dién tich, p 1a nia chu vi
cua AABC. Khi 86
Supc=(p-ay, =(p-b)r,=(p-oyr.
BDT cén chimg minh tuong duong véi
p_b+p_c+p_a?_£+£+£ (1)
p-a p-b p-—c
Patx=2(p—c),y=2(p-b),z=2(p - a) thi
s x+y ,b - Z+Xx
2 2

X zZ
Eadgis

y z x

,c=?%5. BDT(1) 4 thanh:

Z+x y+z x+
g g
y+z x+y

Z+x

X zZ+x X+ z +z
@———-—+—}i——~—y+~-y

Y y+z =z

20

& Zx2)) x-3) ylz-x)

>0
y(y+z) z(z+x) x(x+y)
o1 2y 2,
ol iz x5 (2)
Vo1 Zyq Fy
& x y

TOAN HOC
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X
pit —=m,==

y-—n,£=p thi mnap = 1. BET(QQ) 4
y -x

t

m-1 n-1_p=l,,
W S pl mel
mtn n+p P, 4 (3)
n+1 p+1 m+1

Theo BDT Schwarz, ta cé:

(m+n)’ (n+p)’ (p +FHL
VIO=C onte D) (n+p)(p+D)  (p+m)(me1)
4m+n+p)
>

Tmtent+p’ Fmn+np+ pm+2(m+n+ p)
Do d6 ta chi cdn chirng minh:
dm+n+p)

23(m* +n + p’ +mn+np+ pm)+6(m+n+ p)
o (m+n+ p) +3(mn+np+ pm)—6(m+n+ p)20
& (myn+ p-3Y +30mn+np+ pm—3)20.

R6 rang BDT cubi ding vi theo BDT Cauchy thi:

mn+np+pm>3m'n’ p* =3. Viy BDT & diu bai
dugc chimg minh. Ding thitc xay ra <> m=n =p<
X=y=z< a=b=chay AABC déu.
> Nhgn xét. S6 16 giai guri v& Toa soan kha nhidu, céc
ban sau ¢6 101 giai 6t Ha Ngi: Hodng Ting, 12T,
THPT chuyén KHTN, PHQG Ha N&i, Ngb Van Minh
Thang, 11 Toan 1, THPT chuyén Nguyén Hug, Q. Ha
Dong; Ha Giang: L& Trudong Giang, 10 Toan, THPT
chuyén Ha Giang, TP. Ha Giang; Hung Yén: Podn
Phii Thanh, 11 Toan 1, THPT chuyén Hung Yén, TP.
Hung Yén; HA Tinh: L& Ding Ty Tué, 10T1, THPT
Ch'ﬂ?’én Ha Tinh, TP, Ha Tinh; Quéang Tri: Lé Chi
Cicong, 10A8, THPT Cam L§, Cam L6, Thira Thita
};“e:- Hoang Bio Minh Chau, 10 Tosn 1, THPT
Do Lan 12 g g O Nt N
i ,ng Th}. . ch'll}'en I:,c Quy Dén, TP. Pa
. ;P Nguyén Nhdt Hao, 11T, THPT

P. Tin An; Bén Tre. 14 Ngé Nhdt

Tring: pg, py, LaCALOng Quén, TP. Bén Tre; Soc

NgUYéI.l Th:‘ M-m: Qum?, {2A2 Toan, THPT chuyén

Pic, 1071 Khai, Vinh Long: 1 Ng6 Minh
s » THPT chuyap, Nguyén Binh Khicm.

HO QUANG VINH

Huy, 12A1, THpPT
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Bai T¥501. Cho cdc 50 dieong a,b,c.d thod man cdc
dicukien a>b2cz2d va abed = 1.
nho nhdt sao che hat dang thice sau diing

! 1 1 k I+k

et
d+1 2

Tim hang so k

(1.

¢c+1

Loi gidi. (Dya theo da sb cac ban)
Véia=b=c=neN thi .g*:i3 va (1) c6 dang
n

3 k
+

n+l

; 23+ch
2

—+1

n3

(2).

Chuyén qua gisi han hé thic (2) khi 7 —» +<0 ta thu

3+k
dugc k2—2——<:>k23.Tiép theo ta ching minh

(1)ding v& k=3, ticla
1 1 1 3
- + +
b+1 c¢c+1 d+1

>3 (3).

a+l
Dé y ring voi moi cip s duong x, y ma xy=1 thi
1 1 2
e (4). That vay
Yy +1 xy+l

o]
1 1 1 1
4 = - >
()‘::[Iz-i-l xy+lJ+(y2+l xy+lJ_0
x(y - x) »(x-y) )
(x*+D0y+1) (O +D(y+1)
(x- ¥y -1)
(Z+D0O2 +Dxy+1)7
Mit khac, theo gia thiét thi a>b>c>d va
(ab)cd)=1 nén Vab >1>+Jed > d.
S dung (4), ta thu duge

L, 1, 2 2 .2 2
b+l Jab+1 1 41 Ly d+l
d

Jed

a+l

IZ‘I:d.
e+l 1 d+1

va
+1
1 1 1 3
+ + +
b+1 d+1

Tir 46, suy ra:

a+l c+1

( 1 1 J 1 3
= + + +
a+l b+1) c+1 d+1
2d d 3
> + + =
d+1 d+1 d+1
Vay (3) dugc chimg minh.
Két ludn. Vay & = 3 1a hing s6 nho nhit dé BPT (1)
luén ding véi moi b sb duong a, b, ¢, d thoa min
didukién a2 b2 c>d va abed =1.
Nhén xét. Ta ciing c6 thé khéo sét truc tiép bét ding
ding thirc (1) bing phuong phap dao ham. Céc ban
sau day co 16i gidi dung:
Ha N§i: Hoang Tung, 12T, THPT chuyén KHTN,
PHQG Ha Ngi. Ha Tinh: Lé Dinh Tri Tué, 10T,
THPT chuyén Ha Tinh. Hung Yén: Doan Phii Thanh,
11T, THPT chuyén Hung Yén,
NGUYEN VAN MAU

Bai T10/501. Cho n li s6 nguyén dicong lém hon
hodc béing 6. Tim sé nguyén dwong 16m nhdt m dé
trong n s6 nguyén dwon phun biét bat ky khong
vieot qud m luén 1on tai 4 s phan biét ma mot sé
bfmg ting cua 3 56 con lai.

Loi gidgi. Ta thiy m>n. Xét n sb nguyén duong
m-n+1,m-n+2,.,m. Tong cia ba sé phin biét
nhé nhit bing:
(m=n+)+(m—n+2)+(m-n+3)=3m-3n+6.

Suy ra:

m23m—3n+6<:>m53n

Ta s& chimg minh m=[3n;6J=n—3+[£:| thda
2

mén dé bai. That vay, gia sir @, <a, <...<a_ 12 c4c sb
nguyén duong khéng vugt qua m.

n n n
bit s=[—{|+2 va r=2—[—:|+2 - i
p 2 y Ta thay

s£%+2<n (don26)

s O HERHY
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' n
Vi [ +2< +2<— véi moi 7> 8 nén [”}25-—
4 4 2 4 2

voimoin > 8. Vi n =6 holic n =7 thi

o me fi

Xét cac sb nguyén duong
a,-a,>a,,—a,>..>a,—q
VA @, +a,<a, +a,<..<a,+d <..<a_ +a,.
86 c4c sb dang xét 1a
(=D +(s=-2)+(s—t-2)=n+25—f-5
{
=n+2L[£]+2)— 2~{£]+2 2 Vesmn=34 E}Mﬁ‘
4 2 4 2
Ta co:

a,—a=(a,—a, )+(a

=l n—2)+'"+(af+l_al")2n_j'
Suyra g <a —n+i<m—n+i voi moi i=1,2,..,n-1.
Do d4

a_ta <m-n+s—t+m-n+s=2m-2n+2s—t

A 1o )
gpenffms

Hon nita a,—a <m-1. Nhu viy m sb nguyén

duong dang xét khong virgt qua m — 1 nén theo
nguyén ly Dirichlet ton tai hai s6 bing nhau. Hai sé
nay phai c¢6 dang a4,—4,va a,+a, véi 2<i<nva
2<j<k<snao d6, tic 1a a -4 =a;+a, hay
a,=a,~a,—a, Khi 4 a >a,nén i>k Bén sb

a,,4,,a,;,a, théa mén d& bai. Vay sé nguyén 1n nhit

. In—
thoa min dé bai 13 mz[ ”2 6].

»Nhin xét. Day la bai toan sé hoc kho, khang co
ban nao giai dugc bai nay.
NHU HOANG

Bai T11/501. Tim s6 nguyén duong k nhe nhét dé

tén tai hai day {a},{b} thoa man:

TOAN HOC

* Cludifré S§ 505(7-2019)

24

) a6, < {1,2018,2018°, 20181, 1 =12k
b) 4, # b, {1,2018,20187, 2018 =12,k

c) a, £ a5 b SO

K &
d) Z a = Z a,.

=1 i=1 .
Lo gidi. (Theo ban Lé Chi Cudng, 10A8, THPT
Cam L&, huyén Cam L_-f), tinh Qudng Tri).
Vi k= 2019, tdn tai hai ddy thoa man bai toan la:

{2018",2018”,...,201@,2018"*2}

2018 s6

va {20l8’”',2018"*1,...,2018"‘1}, (neN).

2018 56
Ta chimg minh & = 2019 14 s6 nguyén nhé nhét sao
cho tdn tai hai diy thoa min bai toan.
That vdy, xét hai diy s6 {a,},{b} bét ky thoa man
ba diéu ki¢n a), b), c). Ta s& chimg minh hai day sé
ndy khong théa man diéu kién d). Do didu kién b)
nén khong mat tinh tong quat ta gia sit a, <b,. Tix
diéu kién a) suy ra: o, =2018”,5, =20187*7 véi
peN, geN' Do dé tir diéu kién ¢) ta cb:

k

2.4, Ska, =k2018” <20187 <20187 =p, <ib..

i=l !
i=l

Vay diéu ki¢n d) khong x4y ra va ta co didu phai
chirmg minh,

»Nhin xét. 1) Véi k = 2019, c6 nhidu cach chon
hai diy { } {b} ching han ngoai cach chon nhu
131 gidi trén, ta g tha chon:
A=t,=..=ag,. = La,,, =20182;
h=b=.=b,, <2018

2) B¢ chimg minh vo; k<2018 khong ton tai hai
day {a,}, {5} thoa man bai toan, ta c6 thé lap luén
nhw sau: Gia sir ndy cg hai day {g . {b, } théa mén
bai toan, thi ty didu kién b) ¢6 4

#b, gia st
a, <b. Tudidy kién a) ta ¢4

https://tieulun.hopto.org



’—

0<m<n:a =2018"5H =2018"
Theo c) b <b, Vi=1,...k vimbi b 1d mjt ly thia

X k
cua2018 nén D 5 :2018". Tir d) c6 ) a :2018"
=1

i=l

k
Ma 0Sm<ne>m+1<n = qi2018™, két hop

=]
v6i céc didu kién a), ¢), d) suy ra ddy {q,} phai thoa

man: a4 =a =..=a =2018" & I<r<kva

a, =2018°véi pe2m+1,i=t+1,...k

=5 i a,i2018"" = ia} 12018™
1=t

==l
£ 2018712018 =12 2018,
Piéu nay miu thuin véi 7 < k < 2018. Suy ra dpem.
3) Céac ban tham giai giai bai nay chu yéu gidi theo
mét trong hai cach trén. Ngoai ban Cwong, céc ban
c6 1&i giai tét 1a: Phé Tho: Nguyén Pdng Khoa, 10
Toan, THPT chuyén Hung Vuong, TP. Viét Tri. Hung
Yén: Poan Phu Thanh, 11 Toan 1, THPT chuyén Hung
Yén, TP. Hung Yén. Binh Dinh: Nguyén Bd Chinh,
12A1, THPT Ngb Lé Tan, Phu Cat.
TRAN HUU NAM

Bai T12/501. Cho tam gidc ABC c6 AB+ AC =2BC
néi riép cheomg tren (O), truc tam H. Goi M, la trung
diem cria BC. Chimg minh rang cdc dirong ron dirong
kinh HM, va AQO tiép xic voi nhau.

L& gidgi. Ta cin c6 hai bé dé.

B5 d& 1. Cho tam giac ABC, (O) la dudmg tron ngoai
tiép, 7 12 tdm dudng tron ndi tiép. J 14 giao diém thi
haij cua A7 va (0). Khidé B =CJ =1/,

Bé a& 2. Néu O, H, G theo thir tir 13 tAm dudng tron
ngoai tiép, truc tim va trong tim cua tam giic ABC
thi G thudc OH va —G_.—E- =—l.

GH 2

Phép chimg minh c4c bé dé trén rt don gian, khong
trinh bay ¢ day.
Tré lgi giGi bai toan T12.
Goi 7 14 tim dudmg tron ndi tiép tam gidc ARC; J
12 giao diém thir hai cia 47 va (0); D 14 giao diém

cua A7 va BC; E 14 hinh chiéu cua / trén 48; G la
trong tim cia tam gidc ABC; F la giao diém cua
IG va OJ, P, Q theo thr tu 1a trung diém cua A0
va HM,; (P), (Q) theo thi tu 1a cac dudmg irdn
dudmg kinh 40 va HM,.

D@ thay

_ AB+AC—BC _2BC—-BC _BC 2BM, ..
2 2 3 2 #

Tir d6, chi ¥ ring AEI =90°=BM,J, suy ra
AAE] = ABM_J. Dodd Al=BJ.

Theo bd dé 1, BJ=1J.

Vay AI=1J (1). Tir(1)suyra O L Al.

Piéu d6 ¢6 nghia 1 7 thue (P) (2).

Tur (1), 4p dinh li Menelaus cho tam gidc AJM,, suy
Fi . 1

%ﬂ .%.% = F;.;“ (-D.(-2)=2.

ra: 1=

Do do FM,=M,J (3).
Tu (1) va(3) suyra AF /1 IM, (4).

Dé thay
AB_ Al _AC _AB+AC _2BC _, AG
DB DI DC DB+DC BC _M“G()"

Tir (1) va (5) suy ra G 1a trong tdm cua tam giac
GI 1 GO

AJF. Do d6, theo bd dé 2: — = —— = —.
GF 2 GH

Vay OI // HF. Tit 86, cha y ring O L Al, suy ra
Al L HF.

TOAN HOC
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Tir (5), chii ¥ ring & 1a tryc t4m ciia tam gide ABC,
suy ra FI =GI//BC L AH, Viy 7 |4 tryc tim cua
tam giac AHF. Do d6 AF 1 IH (6).
Tt (4) va (6) suy ra IM, L IH.
Piéu dé ¢6 nghia 12 J thudc @ .
Tr (1), chit y rang AH // OM,, suy ra

PI /I FJ =0M, I PQ.
N6i céch khac P, I, O thing hang (8).
Tix (2), (7) va (8) suy ra (P), (Q) tiép xitc v6i nhau
(tai J).
Nhin xét. Bai todn nay khong kho, kha nhidu ban
tham gia gidi. Xin néu tén tit ca cc ban: Pha The:
Nguyén Ding Khoa, 10T, THPT chuyén Hing Vuong,
TP. Viét Tri; Bic Ninh: Nguyén T4t Par, 9A1, THCS
Yeén Phong; Ha Noi: Ngé Van Mink Thing, 1171,
THPT chuyén Nguyén Hué; Ha Tinh: Lé Dink Tri Tué,
10T1, THPT chuyén Ha Tinh; Thira Thién Hud:
Nguyén Minh Chéu, Nguyén Duy Phusc, Nguyén
Fhuece Minh, Hoang Bdo Minh Chdu, 10T1, THPT
chuyén Quéc hoc Hué; Sée Trang: Ldm Khanh Hoa,
10A2T, THPT chuyén Nguyén Thi Minh Khai; Déng
Thép: Hupnh Tdn Phic, 11T1, THPT chuyén Nguyén
Quang Diéu, TP. Cao Linh,

NGUYEN MINH HA

Bai L1/501. Mér hoc sinh Ty 4

thuc hién thi nghiém kiem |
chirng chu ki dao dong ...
diéu hoa ciia con lic don

phu thuéc vao chiéu dai

cua con ldc. Tir két qua thi

nghiéf;-q, hof sinh nay vé dé _ 5—-—-— g
thi biéu dién sw phu thugc

cia T vao chiéu dai | cua con ldic. Hoc sinh
nay do dirgc goc hop boi giita duong thing do
thi voi truc Ol lo a=76,1. Ldy n =314, theo
két qua thi nghiém cia hoc sinh nay, hay xde
dinh gia 1éc irong truong tai noi lam thi

nghiém.

TOAN HOC
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Hirbng dén gidi. Tt 45 thi ta co:

I / 4% 4x?
g T? T T? tmna
2
= A3 g et
tan 76,1°

Nhin xét. Rét tiéc 1a khong c6 ban nao thany
giai giai bai nay.
PINH THI THAJ QU?NH

Bai L2/501. Mot cugn cam thudn L duge s,
vio nguon (1) thi cudng @é dong dién i 3 p
Néu méc L vao ngucin (2) thi cuong dp dong
dién hiéu dung qua mach la bao nhiéu ? Biés 33
thi phy thugc thoi gian ciia dién dp nguén (1)
va nguon (2) duoe mé td 6 hinh duwdi.
-Tt u (x100 ¥}
b &'.'.'.'.'.'.'.'.'.'.'.'.'.Hf.'.'_'.'.'.'f:.';.'iii.':.f
¢ -

=

=15

Temmmstas T iretanma e rana

Léi gidi. Tix d6 thi ta thiy:

T
—4L=5.10_3 :}Tl' =O’023;

L5 _25
—+—=="10 =
2t =310 =T, 20,0255,

Xet U1 1,5.100 = 3.100,7 =L =9-’3(H)-
/4

Uy =1100=1.0807 = =2,5(4).

Nhin xét. Rit tibe 13 kh

o Ong ¢6 ban nao tham
B1a1 g1di bai nay,

NGUYEN XUAN QUANG
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Bién tap NXBGD Viét Nam,
inh, TS. Déng Thanh Hai, Pho
D Viét Nam cung cic Cén

chi TH&TT 43 doc bao céo tinh

‘ciia Tap chi TH&TT 6 thang déu

rong budi hop cic Uy vién Hoi dong

TS. Phan Xuan Thanh, Tong Bién tip NXBGD
Viét Nam dé phat biéu chic mimg Tap chi, mot Lo
bdo c6 uy tin lau nam cia nhiu thé hé hoc sinh
dam mé toan hoc. Ong mong muén to Tap chi dén

tay ban doc nhiéu hon nita, gop ph%in vio viée
phat hién, boi dudng cac nhan tai toan hoe cho déat
nuoc Viét Nam. '

LE MAI (Ha Noi)
















fang zhu'c

guarz trong vd ¢o rit nhieu img dung trong ch

nhat, nho nhat cua cdc ﬁam nhiéu bién. Péc biét, trong v
ong tam gidc. Bai bdo tr inh bay mot 56 vi duy minh hoa thé
dch sdang taa ra bai todn moi ma bat dang thitc Karamata may

161). Ham s6 f(z) duoc
_[@;b]:c R néu VoI moi
moi cap sb duong o g c6

v,

=af(x1)+,8f(xz) (1 1)

i trén [a;b] c R. Tuong tu, ta
Ve ham 16i (I5m) trén cdc t3p

‘[a, o8
‘-‘1m).‘ Ham fx) c6

\ T~ -~ 7r
nén la ham lom trén [0;;].
L
it - COS St .
Thidu 1.2. Hims0 ()= 2 Jed
14+ sin—
2

]

x
COS— _
)= 2 S
S X
(2 +2sin ;)‘

f'(x):—-—_l-—
24 2sin =
=

-

trén (0,7) nén 1a ham 16i trén (0, 7).

Sin .x

Thi du 13. Ham s f(x)= 1n[1+ % ] s

|34 ,f"() 1+bll‘lI+blnlCOS X

U Pt
sin® x(1 + sin x)?

1+ sin =

nén 1a ham 15i trén (0,7) .

Thidy1ld. Hams6 f(x)=— 13 ham13i erén
51N x

(0,7).

Thidy LS. Himsé f(x)=sinx o4

. (x)zcosx 0N s
nén Ia ham 16m trén (0; 7).

2 Bﬁt dang thire Karamath




0 .
"3"&""’ }’3 -a‘::» }",z

(x1 "”yl)'*'xz 2 X,

# %‘I! I.I g Y61

n, ,tuc la n@u

theo Ghmgmm.htrong bude 1, ta c6 %
oSS (xz) Zf —(yl) +fm+xm=n)
Do d6 ta co:
S () (35)+- “'f( )+ (%)
=[r () +f(x)]+[F (=) +- + 7 )+f(;ﬁ|)]
2[f(n)+ f(x+% 0]
Pf(m) o S5+ £ ) =S 0]
[/ (5 m ) H £ )+t F () 2 () )

Do (X +X = 5 %550 Xy )= (725 V35e--Yp) nER
theo gia thiét qui nap ta cé:

l:f(lﬁ +x -y,)+f(x3)+...+f(x,,.)+f(x,,+l)]

2 f(32)+ et S(a)+ F (Do)-

Vay cudi cling ta ¢6

PEALTACATSI{LALT {E MY REERER E
> fO0+[ /(545 -0)+ £ ()t £ () +F ()]

)f(yl]+f(y«)+ +f(yn)+f(yn+l) A
Viy bt ding thic (2 2) duge ching minh. Theo
nguyén ly quy nap, bat dang thirc (2 1) duogc
chimg ;mnh 0

Diu “=” xay ra khi va cl:u kl'u x¢ 7




Nban xét 3.2, Voi tam gidc c6 ba goc nhon thi
z oz zz z) @
(E,E,O]r(a,,az,asﬁ—lg,3,3
Nhan xét 3.3. Véi tam giac tu thi
A
A 3
(n,rr,ﬂ)%(a.,a;,a,b-[z,4,4] 3)

Chitng mink. 3) Vi o >a,>a;, 1én

2%
}7: 3
al__
= r w1«
3a‘_ﬁ© } ola ta=7-a, >Z 2,0
3, &7 <= 3 33
%_3 o o, +a, =7,
\
Viy (al,cxz,a3)>—-[£,£,£). Mat  khic
333
a <x
@ +a,<r+0 nén (7,0,0) > (e, 2, a).

a+a,+a,=x+0+0
b) Theo cdu a) ta cd (a,,az,aj)k[%,g,%].
Vi tam gidc c6 ba gbc nhon nén

r
o <
2

T
4 +a2 <E+E

T
o +a,+a, =5+E+0'

Do d6 [%,g—,OJ > (e, a,,0).

¢) Vitam gidc 1a ta nén

i3
oy > —
bid 2
@ >—
2 3r & m
SO =A— 22— =—+—
4 4 2 4
o, <—
4 a+a,+a =7

F
Mat khic theo cdu a) ta ¢6 (7,0,0) > (o, a;, a,)

Do db (ccl,.crz,c::a)>-[}r Z :rr].

Tir @6 tacé (,0,0 > N T L
( ) ( 1 2&3) [2s4:4)-

TOAN H
34 2
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4. Phat hi¢n v chirng minh cdc bit ding thire
lhrgng giac trong tam giac
Thi du 4.1. Cliimg minh réng voi moi tam gidc
nhon ta ludn co
T S 3'\[3_'
l<Jcosd +~vcos A+ Jeos A < -—2—.
Léi gidi. Gia s A>B>C. Theo nhdn xét 3.2,

v&i moi tam gidc c6 ba gdc nhon ta co

% % Tz 3{)_
[E,E,Ojk(A,B,C)k(S 373

Ap dung BDT Karamata cho ham loém
f(x)=+/cosx (Thidu 1.1) tadugc:

f{%}f(g}f@zf(A)+f(B)+f(C)

. f[f’z—}f[-’;—}fm)

hay —-—3\2/52x/cosA ++Jcos B++/cosC 21.
Diu bing ¢ BDT thir nhit xay ra tai
A=B=l= % @ BOTthr hai ddu bing khong

xdy ra. Viy ta co

1< ~fcos 4 ++/cos B +~/cosC <

NG
==

Thi du 4.2. Chirng minh rdng véi moi tam giac
ABC ta c6 bér ding thire sau:

A B e
cos COS — COS
V3< 2,4 + 23 + 2 .3
l+sin— 1l+sin— 14sin—
2 7y o

Loi gigi. Gia st A>B>C. V§i moi tam gi4c

ABC tacs (7,0,0)> (4,B,C) > [35 = ﬁ).

37373
Ap dung BDT Karamata cho ham 13i
C(}S£ R
J(x)=—2_ tén (0,7) (Thidy 1.2) ta duoc:

1+sin >
2

3.f(f <A+ f(BY+ f
3 FB)+f(O)< £(m)+2£(0)
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A
COSE CC'S‘E 0059
hay +/3 < % ZB+ 2_<».
l1+sin— 1+sin—= in—
> 51112 1+s‘.1112
Diu ‘=" x4y ra & BDT the nhit khi

/3 s ;
A=B:C=§ hay tam gidc ABC deu. Dau =’

& BDT thi hai khong xay ra. Vay

cosA cosB
— y — cos—
J§s 2 + 28+ 2 - <2
l+sin— 1l+4sin— 1l+sin—
2 n2 sin

Thi du 4.3. Cho tam gidc ABC tii. Chirng minh

rang

. 1 =
L+ —— [ 14— |+ —— |2 6+42,
sindA/\ sind/)\ sind

Loi gigi. Giasd A2 B2C. Theo nhin xét 3.3

(7,0,0)> (4,B,C) > (-’5',35,5}

2°4’ 4
Ap dung bit ding thirc Karamata voi ham 16i

f(x)=ln(l+_ij, trén (0,7) (Thi du 1.3), ta
sinx

dugc: f[%)ﬁg]ﬁ[ﬂSf(A)+f(B)+f(C)

bay In| I+ +In{ 1+ 1 +In| 1+
: I Y 1
sin — sin sin —
2 4
£ln[l+ - +1n +1n1+ ]
sin 4 sinC'
A
1
Sl l+
1
sin — sm— sm —
2/
<In [1+ _l (
sin 4 J{ smB smC
=6+4J/2 <1+
I ( smAJ[ smBJ[ smC]
" i T 7
Dau’=" x4y ra khi A=E’ B=C=Z.

Thi du 4.4. Chimg minh rang vai moi tam gidc
ABC taco

h, h, h 3
-+ o 2 ——. (1
+ - 1

be. bl-IlA ac.sin B absinC
Lai gidgi. Ta co
1 abc 1 h, 1
—_-— [ —— -—_—-.: = -
§=39%="1x ibc 2R besind 2RsinA
Viy (1) dugce viét lai thanh
SRR SR R Y.
2RsindA 2RsinB 2RsinC R
1 1
= + +— 22-./5.
sind sinB sinC
T T
Taco (H,O,U)}'(A,B,C)}'(?,;,?).

Ap dung BDT Karamata cho ham I6m

FE e i f(A)+f<B)+f(C)23f(§]
S x

1 1 1
hay — +— +
sind snB

Diu’= xay ra khi A=B-—-C=-§:

Thi du 4.5. Chirng minh rdng voi moi tam gide

ABC ta {uén co sin A+sinB+sinC
[A-i—B\ ’C+B] /A+C'\
< COos + COS + COs .
J ( 4 L 4 )

Loi giagi. BDT @4 cho dugc viét lai thanh

sinAd+sinB+sinC
B] ; (7“-;4)
+ sin
4

. (7+C LT+
<sin +s1n

Gia st A2 B=C,suyra:

T+ A

b ]

A2

AzE::»
3

7+A m+B
+ 8
4

CS%—:A+B?%{[—@A+BE

DOdé(A,B,C)>h(7r+A’zr+B,x+C]'
4 > 4 4

Ap dung BDT Karamata cho ham
f(x)=sinx tén (0;7) ta duge:

sinA+sinB+sinC _
B} : (E+AJ
+ sin y
4

< s.in("r+ C)+sin[’r+
TOAN HOC
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. ; 7
Diu ‘=" xdy ra khi A=B=C=§.

Thi du 4.6. Chitng minh véi moi tam gidac ABC,

fa co

e B e B
1<sin"£+s1n“—+su1“—£—vc’ri D<ax<l,
2 2 2

Lo gidgi. V&imoitam gide ABC, taco

rT T
3030 iy P R R
(7 )>~(ABC)>—[3 - 3]

Xéthamsd f(x)= sin”% trén (0; 7).

" ca X, 5
Véi 12a>0 thi f(x)=sin 5 la ham lom.
Ap dung BDT Karamata ta c6

S+ 210 < f(A)+ F(B)+ F(C) < 3-f[~'§
hay sin® % +2.5i0° (0) < sin® §+sin“ —g+sin“ L
T

<3.8in“ —
6

hay 155in“£+sin“£+sin“£$3.[lJ s
2 2 2 2

Déu ‘=" & BDT thit nhit khong xiy ra. Diu “=" &

BDT thir hai xay ra khi A=B=C=§.

A B .G 1Y
Viy l<sin®—+sin®“—+sm“ —<3.|—| .
ay Sin 5 sin 2 51 2 [ZJ

Thi du 4.7. Cho tam gidgc ABC. Chimg minh
ring

. e e .
1+\/51'E 1+J§1§ 1++/s5inC v{f+4/§

Léi gidi. Ta cb: (4, B, C),\»g%%)

Ham s f(x)= 1a ham 15i trén (0; 7).

1
I++/smnx

Ap dung BDT Karamata voi him  sé

ta duge:

f(x)=]+-\/lsi17x

S8 505(7-2019)
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T
7(a)+ 58+ 1(€)231(5]
L 1 1, 3
Fl+vsind 1+<sinB  1+sinC 1+J5m£
3
R I 32 |
@1+\/sinA 1+vsinB  1+5inC  v2+%3 |

: , z
Dau “=" xdy ra khi A=B=C=?.

Thay 1&i két. Théng qua céc thi du trén, ta thiy
viéc st dung bét ding thirc Karamata trong chiing
minh bét ding thitc lugng gidc trong tam giac cho
10 giai ngén gon, déng thoi dé séang tac bai toan
méi, ta chi cin x4y dung c4c ham 13i (15m) va két
hop céc bd trdi (Pinh I 2.1) d& xdy dung va
chimg minh nhiéu bit déng thirc méi. Sau day 1a
mdt sb bai todn dé cic ban luyén tép.

5. Bai tip (Chimg minh bing bit ding thirc
Karramuta hodc bing cic phuong phéap khéc).

Bai 5.1. Cho nz4,05a,,s525,f=1,2,...,n. Ki

higu §:= a4, <27 Chimg minh ring

i=1

=z S
4< ZSmai <nsin—,
i=1 n

Bai 5.2. Cho tam gidc ABCc6 ba géc trong lan
luot1a @,a,,a,. Ching minh rang:

33

1) O<sing, +sing, +sina, <=
2

3
4
<ﬂ_3__ :’

= o
4)“<51f12(~‘]+sinz[a’2J+sin2 <
= =3 — <1,
i 2 2) 2 {

L o
5) O<sin—Lgin2 i & . & a
SI—= 45in—L gin =3 L ain 2 - O
2 . 2 +Sm--.51ﬂ?

1
2) [}<Jsinmc1 +ysina, +[sinq, 53( ]4.

3) 0<sing,.sin a,.sin a,

<3
=4

i
:
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Bai 5.3. Cho tam giac 4ABC nhon. Chimg minh:
33

1) 2<sine, +sing, +sing, <___

1
2) 2< fsing, +ysine, + sin ¢, 53(%]4.

3) O<sinZL sin %2 gin % 1
2 278

!
4) = <sin 2 sinZ 4sin® 6in % 4 5in % i % <

3
2 27 2 TvgttTT 2'21

Bai 5.4. Cho tam giac ABC tu, ¢6 ba goc trong

lén lugt 12 @,,e,,, . Ching minh rang:

1) O<sing, +sina, +sina, <1++/2.

[}

2) 0<ysina, +fsina, +fsina, <1+(2)+.

3) O<sing;.sine,.sine, <%.

4) 0< sin sin% 4 sin 2 sin B +5in 22 sin S
Z 2 2 2
2-42 [2-2
< + .
- 2

Bai 5.5. Cho tam gidic ABC c6 3 gbc trong lan

lugt 1a @,,,,a,. Chimg minh ring:

\/'

. COS

1) 2<cos 4 cos %2
2 2

a, .9
+cos* =2 <=

2) 2 <cos’ :
2 2

a o
— +cos’ =%
2

1
3) cose;.cosa,.cosa, < —.
8

3f

4) 0< cos cos 2 cos®e ) cpsatid
2 2

3
5) cosa,.cosq, +C0SQ,.COS &, +COS¢,.COSax, <=,
- 4

Bai 5.6. Cho tam gidc ABC nhon, cé ba gic
trong lan lugt 14 @,,@,,a,. Ching minh ring;

3
1) 0<cosa, +cosa, +cosa, =5

a a, 33
2 < —L cos—=.cos—2 < ——,
)} — < cos > > > 2

Bai 5.7. Cho tam giac 4BC tu, cé ba gdc trong
lén luot 1a ,,a,,a, . Chiing minh réng;

% 1442

.CO8—=
2 4

a,
0<cos— . cos

Bai 5.8. Cho tam giac ABC khéng nhon c6 ba
géc trong lan luot 1d @, a,,a,. CMR

tan%+tan 5 +tan—>2vl_ 1.

Bai 5.9, Cho tam giac ABC mnhon. Chimg minh
r:?mg voimol m=1 taco:

n+2

1) tan” @, + tan™ @, + tan" @, >3 2 .

m-2
2)3 2 <tan" [ﬂ]+tan'“ [&j+tan”' i B
2 2 2

L3

3) O<tan 2 tan %2 tan % <
R

Bai 5.10. (Hg qua cua Bai 5.9) Cho tam gidc
ABC nhon, ¢6 ba goc trong 1an lugt 1a [+,
Khi z’iy:

1) tang, +tana, + tan g, >343.

2) tan’ @, +tan’ @, + tan® @, > 9.

Y 3 et tan 2 4 s B
2 )
4) tan® Dt tan? %2 1 tan? & 31,
2 2
Sg T?ﬁN HOC 37
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KHONG Al BUOI DUGC CHUNG TA
RA KHOI TN BUDNG CUA LY THUVET TAP HOP

=5

NGUYEN THUY TH‘AI*JAITI
(GV Truomg PHKHTN, DHQG Ha Noi)

Cau hoi déu tién hoan toan hop 1y cdn cé céu tra 1o
la: Tap hop la gi? Tiéc thay, it nhit 12 dén nay khong
thé dua ra dinh nghia chat ché vé tip hop.

Khéi niém tap hop thugc vio sé nhing khai niém
don gian nhit cla todn hoc, khéng dinh nghia duge
qua cic khai niém khic mai chi c6 thé mé ta, giai
thich théng qua cac vi du. Cac ddi twong tao nén tap
hop duge goi 1a phan i clia tép hop d6, Mét tap hop
duge xdc dinh néu hodc ligt ké ra tit c4 cac phin
cta né hojc chi r& ddu higu dic trung dé phan biét
c4c phin 0 cua tip hop véi cic dbi tuong khong
phai 13 phin tir ciia tap hop.

Khai niém tip hop hiru han phén tir don gian dén ndi
ngdy nay ngudi ta di cho cac em hoc sinh tiéu hoc
lam quen, trai nghi¢m trong gid hoc, gicr choi. D6 1a
nhimg tp hop ma khi dém lan luot cic phin tir cia
no t&i mét lic nao dé cdc em dém duoc phén tir cudi
cing. Tép hop nay duge goi 1a tip hop hitu han.

Bén canh d6 con tdn tai nhimg tip hop ma khi dém:
mii mai vin con nhimg phin t chwa duge dém toi,
Tép hop loai ndy c6 tén goi 1a tap hop v6 han phin
tr. V3y v6 han la gi? D6 1a cdu héi ma céc nha bic
hoc v dai nhét tir xa xua dén gi¢ vn tim c4ch lugn
gidi... Trong Tiéng Viét thuat ngit v6 han co thé
xem la dong nghia véi cic tir: vb cuc, vo cling, vo
tan, v6 s, ... Nhung ¢6 12 tir sat nghia nhét 1a v s,
Ta hay xem hon hai nghin nim trude khi néi vé tip
hop céc 6 nguyén t6 Euclid di né trénh dung thuat
nglr vd han mdt céch khéo 160 thé nao khi ong phat
biéu khéng dinh: “S6 cdc 56 nguyén 16 1én 1ai nhiéy
hon bét cir mgt sé luong ndo dinh gdin cho ng” va
dieu d6 cling ¢o nghia r:ing tap hop céc sb nguyén to
la v6 han.

Tir 6 ¢6 thé hidu mot cach ném na rang tap hop vo
han 14 tip hop ¢6 v6 sé phan i phan biét nhay.

TOANHOC
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Ching han, tp hop vo han “don
gian” dAu tién ma Thugng dé da
ban cho con nguoi Ja tap hgp céc
s6 tu nhién

Me={l, 2 Boug i 0¥l
D6 1a tip hop v6 han, c6 thé dém
nhung khéng bao gi¢r &ém hét ...

Georg Cantor
(1845 - 1918)
Cong lao bt tir cia G. Cantor (1845 - 1918) 1a da

dam ca gan lao vao linh vyc “vé hgn” véi quyét tim

thudn héa né ma khdng ngai va cham khong nhi'm’g

véi nhitng cdc nghich 1y hay nhimg dinh kién xuét
phit tir cdc nha tridt hoc ma con phai va cham véi
nhimg thinh kién ma nhidu nha toan hoc vi dai thoi
bdy gitr nham vao dng. Chi véi didu ndy, G. Cantor
xing ding trd thanh ngudi sédng 14p mét khoa hoc
méi — mdt khoa hoc ma ngay nay la nén tang va
ngoén nglt cia toan b toan hoc. Theo Nicolas
Bourbaki (blt danh cia nhém cdc nha todn hoc
Phdp) thi: “Ngay nay, vé mgt logic moi nguwoi déu
thita nhdn ring todn bé nén todn hoc hign dai déu
¢ the rid ra tir mit ngudn duy nhér — Ly thuyét tap
hop (LTTH)”.

NHUNG KET QUA CO BAN NHAT CUA LY
THUYET TAP HOP CUA G, CANTOR

Trong cuén “Co s¢ cia Ly thuyét tap hop” (1883)
nha sing 1ap LTTH vidt: “Noi chung t6i hiéu tap
hop la mgt cdi gi rdt nhiéu va o thé hinh dung n6
nhw mé‘t cadi rhéng nhat, tic lg mot 1ap hop bat ky
cé? phén fL'f xdc dinh lién kés VOI nhau thanh moét thé
thong nhdt bej mot quy ludt nao ae”, :
Kh;aL nigm quy luat dwoc G. Cantor Xem 14 khai niém
Xuat phfit, khéng dinh nghia duog, Tuy nhién tro‘ng
quan diém ciia ong khaj niém d6 c6 vai tro cét );éu.

https://tieulun.hopto.org
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Nhitng khai niém méu chét cia LTTH ngiy tho
(khéng phai 1y thuyét tap hop tién d3 hoa) 1a: thp
hop, quan h¢ lién thudc, tip hop con, cic phép todn
trén t3p hop, anh xa tdp hop, phép twong img don tri
mdt — mdt, s0 lugng vi lyc lugng cia tap hop, tip
hgp dém duoc, ...

Cing véi do, dng dua vio y niém v& tap hop rong
(ky hiéu @): 1a tip hop khéng chira mot phin tir
nao. Tép hop & 14 tip hop con cuia bit ¢ tap hop A
nao. Tap hop rong @ 13 tip hop duy nhét c6 ding
mét tdp hop con la chinh né.
MOt tur tudng r4t don gian nhung hét st tai tinh v
ddc déo clia Cantor 1a su xé4c 14p phép twong tmg va
sau d6 1a trong ung don tri mdt — mdt gitta hai tip
hop.
Gia st 2« va a7 14 hai tdp hgp tiy y. Ngudi ta noi
ring gita céc phin tir clia 4 va cac phan tir clia 3
thiét 14p dwoc mdt phép tweng (mg néu xéc dinh
dugc modt quy tic ghép mdt phin tir cia tp hep nay
voi mot phan tir cia tap hop kia thanh timg cip va
hai phin tir trong cing mét cdp duoc goi la twong
mg voi nhau trong phép tuong tmg iy. Phép twong
img dugc goi la dom tri mot — mdt néu trong phép
twong (mg d6 mdi phén tir cia # déu tvong g véi
mdt va chi mdt phin tir cia ¢ va nguge lai, méi
phén tir cia ¢ tuong {ng véi mdt va chi mt phan tir
cua AL
Néu giita cac tip hop 4 va % ton tai mot phép twong
img don tri mot — mot thi Cantor goi & va @t la
nhimg tip hop tuong dwong vdi nhau va ky higu
M ~ . Khi hai tdp hop tuong duong véi nhau thi
ong goi chiing cé luc lugng bang nhau hay ciing mot
ban sb. Dbi véi céc tap hop hiru han thi lyc lugng
(ban s8) chinh 12 sb phan tir ctia né. Cac ban s6 cia
nhimg t4p hop vé han dugc goi 1a ban s6 sidu han.
Luc lugng (ban s6) cda tip hop # thuomg duge ky
hiéu 1a card 4, trong d6 card 12 phin tr déu cua tir
cardinality c6 nghia la béan s6.
Gén mot phén tw thé ky Cantor d5 danh d& nghién
ciru mdt cach hé théng cac tidp hop v6 han dya trén
quan diém xac lap phép tuong tmg dom tri mot —
mot va tiir 46 6ng so sanh lyc lugng cia ching. Ta
%6t mdt vai vidu

i) Tap hap cic ) tu nhién
N={l, 2, 3,.., n n+L..} va tip hop cdc s6 nguyén
Z c6 lue lugng bing nhau véi phép tuong (mg don
tri mt — mot 1a

2 n&un chin
f(m)= 12—rz ,neN,

— néunle
ii) Tap hop N v tap hop céc s6 chan c6 hye lugng
bing nhau v6i phép tuong tmg don tri mot — mot 1a
o(n)=2n,neN.
iii) Ciing nhu vdy, bang phwong phap rht diic trung
mang tén G. Cantor — phwong phdp duong chéo,
éng da chimg minh ring tap hop cdc sb tu nhién N
tuong duong véi tip Q céc sb hitu ty.
C4c vi dy vira trinh bay minh hoa cho mdt tinh chét
“ngugc doi” cha tap hop v han (ma truéc day
Galileo ting goi 13 nghich Iy: mét tép hop v6 han c6
thé neomg diwong véi mt frong cdc tdp hop con thuc
sw ciia nd! Didu d6 khong c6 gi la vi ddi vai tap hop
v6 han diéu khang dinh: “fodn thé 16m hon bé phan”
khéng con ding nita).
Va G. Cantor 4 bit déu vén dén cai man bi mét caa
cai vo han béi dinh nghia méi vé tap hop v6 han:
Mt tap hop duoc goi 1a v6 han néu nd chira mot tap
hop con thyue su ¢ cung luc hrong véi todn b tip
hop.
Nho phuong phép dudng chéo ndi tiéng ciia minh
Cantor da chimg minh rang: tip hop céc sb tw nhién
khéng tuong duong voi tip hop cic didm cua doan
thing.
Pén diy, véi qué trinh khao sat tinh vi, Cantor di
chimg t6 rAng: it nht 13 c6 hai loai vo han.
Logi thit nhat. D6 13 c4i v6 han ciia (3p hgp céc sb ty
nhién va ctia moi tap hop v6 han tuong duong véi
nd. Loai v6 han nay duge goi 13 v6 han “alep —
zero” x,, trong d6 yx, 1a chir cai dau cua bang chir
¢l Do Thai. Cac tap hop lyc luong alep — zero g,
duoc goi 1a tap hop dém duoc. Tén goi nay cé ngudn
gbc tir ché 1a cac phén tir cia mdi tap hop trong d6
déu ¢ thé danh sb béi mot day tang khang bi chin
céc sb tir nhién. :

TOAN HOC
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Mot trong nhimg thanh twu (néu khéng mudn néi 1a
“bét ngo ky diéw” thi khoéng thé dién ta bdi tinh
khac) ma G. Cantor mang lai la: mdc dit tap hop moi
6 tw nhién N, moi 56 nguyén Z, moi 56 hitu ty Q
va 1dp hop cdc s6 dai s6 A théa man ddy cdc bao
ham thic Nc Zc Qc A nhung ching lai ¢é ban
56 siéu han (ke Ia lec lwong) bang nhau. N6i cich
khéc, mic di ching ¢é mat 4 “déng dic” tudng rét
khac nhau nhung luc luong lai nhu nhau va cung
bing g, Thém vao d6, thanh twu ddc bigt dep da
niy ciing lam cho ngudi ta d& phai ling tang khi tiép
can vdi cai vd han ...

Déi v cc tap hop dém duge, G. Cantor con chimg
minh diroc ring:

i) Moi tdp hop vé han déu chira mot tdp hop con
dém diroc.

il) Mot b phan bat ky cia tap hop dém duoc hodc
la hitu han hodc la tdp hop dém duoc.

iii) Trong s6 moi tdp hop vé han, tip hop s6 tw
nhién ¢6 Iyc lugng bé nhat. T d6, luc luong dém
duge X0 cta tip hop dém dugc 14 bé nhit trong tht
ca cdc luc luong siéu han. Sy mo réng tiép theo cua
khii niém sb da dan dén hé théng sb thyc. Bing
phuong phap dudng chéo G. Cantor d3 chirng minh
dugc ring tap hep s6 thue R 1a khéng dém duo.
Nhur vy, con ¢6 kiéu vd han khic nita . .

Loagi thir hai. D6 1a loai v6 han cla cdc doan théng
ciia dudng thang. Ta hiéu khodng (a, 5)c R 14 tap
hop tét c& céc sb thyc x md a<x<b; con doan
[a,b]cR 1a tip hop tit ci cic s thue x ma
a<x<b. Lyc luong cua tap moi s§ thyc (va cia
mgoi tap hop twong dwong voi né) duoc goi la lic
luong continuum hay ngin gon luc lugng C, trong
d6 “C” 1a chir cai dau cia tr Latinh continuum,
nghia 14 lién tyc: card R=C. Ching han, tip hgp
céc sd thyc trong khoang (0, 1) khong dém duge va
card (0, )= C; tap hop céc s6 v6 ty c6 Iyc lugng
C:cardI=C

V& tép hop luc Iugng continuum, Cantor con chimg
minh dwoc két qua “sdu sdc nhar’ cia minh ring:
“Tap hop cac diém cia mét hink vudng hay tip hop

TOAN HOC .
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LG didm cia mdt hinh Igp phuong (thdm chi: cd mat

pha';ng hay ca khdng gian 3 — chiéu) ciing chi c6 lyc

ong C”. ‘
g;: fhﬁn G. Cantor ciing bat ngd va co phﬁfn khéng
tin vao chinh minh. Trong thu gu'l R. Dec{ekmrj’ (nét.n
1877) bao tin didu nay, ong viét: “70i nhin thay diey
36 nhung khéng thé kiém tra ng”.
Trong ly thuyét tap hop “ngci:v tho” hai thanh tiru sau
day dugc xem la tinh vi nhat. Trong th'&r}h tul'u thqir
ahét G. Cantor di ly giai mdt cach sdu séc van deé:
can hidu tap hop v6 han nay 1¢n hon tap hop vé han
kia theo nghia nao. P6 1a dinh ly Canfor — Bernstein
(1898) khiing dinh réng: Néu mdi tdp hop trong hai
tdp hop cho trudc la twong dwong voi mt bé phin
cuia tdp hop kia thi cdc tdp hop da cho trong duong
Vo1 nhau.
Trong mot thoi gian dai G. Canfor da khéng thanh
cOng trong viéc chimg minh dinh ly nay. Ong da
théng béo va trao ddi véi R. Dedekind (1831-1916)
nhimg khé khin chua vugt qua duge. R. Dedekind da
lam quen v&i bai todn ndy véi cac sinh vién cia minh

& Gottingen. Pén diu thép nién chin muoi cta thé ky

XIX dinh ly ndy duoc mot sinh vién cia R. Dedekind
con rit tré la Felix Bernstein (1878 - 1956) &
Gottingen chimg minh. Pinh 1y nay co sé dé phan
cdp d§ i vo han ma cbt 16i 14 hé qua: hai tdp hop
bat ky hodc “nhir nhau” (twong diong, luc lugng
bang nhau) hodc mdt trong hai tdp hgp lom hon tip
hop kia.
Bén canh 46 G. Cantor con luin giai mét cach rét
tao nhi cich nhin biét tip hop ndy 16n hon hay bé
hon tdp hop kia. Ong lap ludn nhur sau.
Gia sir cho hai tip hop vé han 4 va oy, Néu mdi
phin tr a e déu c6 thé dat trong img v4i phin tir
Xéc dinhl b €@ nhung khong phai moi phin tir
be @t déu tuong itng véi phin tir xac dinh a €. thi
th,eo G.Cantor, mft cich ty nhién, ngwdi ta xem —
dtng hon 1A thia nhan theo dinh nghia —
luoﬂg‘ cua tap th A beé hon lyc lugng cia tép hop
f?f Tuldé 6:1g ket Tudn: card AM<card @ néy chi
ot 1 g s
3 at 1a mét lua
glan don vira mdc mac véi hiéu qua b4t

ring lyc

n giai vira
nge ... Bac
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piét ong di mang cai khudén miu mdc mac nay dé
xét hai tdp hop v han Q céc s hiru ty va tap hop

R cdc sb thyc. Vi Q <R nén tap hop moi phan tr

cia @ va do d¢ ciing chinh tap hop moi sd tir nhién

14 khéng &0 48 “ddnh s6” cac phin tr ctia R. |

Ti d6 card = cardN<card — X, <C. Nhu vay

tip hep luc lugng continium ¢6 lye hrong 16m hon so
véi tap hop dém duge. Mot cau hoi tw nhién: ¢6 tdn
tai hay kh6ng nhitng tap hop ¢6 luc lwong 16n hon
luc tugng C 7

Va G. Cantor di cho céu tra 18i: t3n tal cd mot daiy
chuyén cac loai vo han. Hon thé nita, G. Cantor con
chi ra “thudf todn” tim tip hop lém hon tip hop da
cho. B6 chinh 1a thanh tuu thé hai cia G. Cantor
trong LTTH “agdy tho™.

Thanh tru nay dwoc rit ra tr Dinh Iy Cantor khing
dinh rang “Lirc legmg cia tdp hop moi tdp hop con
ciia tdp hop khac réng (= @) tiry y M la 16n hon luc
lugng chinh cua tdp hop A’ (nim 1878),

Chéng han, G. Canfor da chimg minh ring: Tdp hop
moi 1gp hpp con cua 1dp hop dém dwoc bdt ky la 6
lwc hwong C Iom hon lirc Tugng dém duoe. Nhu vy
tlr #dp hep vé han cho trude bit ky bao gi0 cling tim
duge tip hop 16m hon tip hop Ay nhd “thudt todn”
thanh 14p tdp hop moi tdp hop con cua nd véi luc
lrgng 16m hon. Viéc sir dung lién tiép “thudt todn”
néu trén s& sinh ra mét diy chuyén vé han cac tap hop
v6 han ngay cang 1én hon. Tuong tmg vai diéu dé 1a
t6n tai cic tap-hop vo han véi luc lugng 1on bao nhiéu
thy y. Didu d6 ciing chimg t6 ring khong c6 ban s6
040 12 1om nhit.

Cong lao ciia G. Canfor con & chd dng khéng dimg
lai & sy so sanh gian don cdc tép hep v6 han nhu &
trén ma con xdy dyng nén s6 hoc méi twong Gmg goi
ld 56 hoe cdc ban s6. Vi mdi tip hop déu tuong (mg
v6i mdt lyc Jugng — d6 1 sy md rong trye tidp khéi
niém sb tr nhién — hay ban sé xac dinh nén cac phép
todn trén cac tAp hop 6 thé chuyén thanh cic phép
tinh trén céc ban sb. Trong trudmg hop céc tap hop
hiru han ta c6 s6 hoc théng thudmg, ddi véi thp hop
V6 han ta s& c6 sb hoc cac ban s6 siéu han. 86 hoc
cdc ban sd sidu han khdc sb hoc cac sO ty nhién,
Biéu do, truéc hét lign quan dén tinh chét cla tap
hop hitu han va tap hop vé han (khac nhau vé tinh

chét: ching han, déi vdi tip hop vé han diéu khing
dinh “Toan thé lom hon b6 phan” khong con dang
nira!). Ta xét vi du don gian sau day,

Gia st xét hai tap hop 4 va ¢ trong ba truéng hop
sau ddy.

i) Néu # va ¢ 13 hai tip hop hitu han sao cho
M g =@ vam chita ba phan fir con ¢ chita ndm
phan tir thi 4 L ¢ chira tim phan tir.

ii) Gia str # 1a tap hop hitu han gom e, phin tir con
@t 1 tip hop dém duge véi Iuc lugng alep — zero
%o~ Tép hop 4t 1a ¢ém duoc nén ban s6 cia no

la z,. Nhu vy 4\ aC va d3u la dém duge nén:

Qy+ 20 = Xo-
iii) Gia sir ca # va @¢ déu 1a cac tap hop dém duge.
Khi d6 ca U ciing 1a ¢ém duoc va do d6 ta ¢o
ding thirc: W Wy =
KHONG TU BO THIEN PUONG CUA LY
THUYKET TAP HQP

Tu twdng va thanh tyu cia G. Canfor duge don nhédn
khéng nhu nhau, Mét sé nha toan hoc 16n nhu R.
Dedekind va C. Weierstrass {1815 - 1897) thira nhén
v nghia dac biét caa LTTH nén da hét long khich 1€
Cantor. Bén canh d6 G. Cantor cling bi nhiéu ngudi
phén ddi, cong kich, thim chi théa ma. Tuy nhién
LTTH ciia Cantor vin dugce thira nhén rong rii trén
H{i nghi cdc nha toan hoc Quée té ln thit nhét tai
Ziirich ndm 1897. Tai day cac nha todn hoc thira nhin
LTTH di mang lai kha nang ap dung né trong bit cir
linh vic nao ciia todn hoe va trén thyre t& toan bd nén
toén hoc da sir dung ngdn ngir cia 1y thuyét d6.

Dic biét, trong bdo cédo cua minh tai Héi nghi céc
nha toan Qudc t€ 1an thir hai ndm 1900 tai Paris, nha
todn hoc vi dai Phap H. Poincare (1854 - 1912) da
ddng dac tuyén bd r%ng nhd s sang tao cua
G. Cantor ma “Hém nay chiing ta c6 thé néi réng
chung ta da dat duoc sw chinh xdc tuyét o,

Tuy nhién cling chinh trong thoi gian nay, trong
LTTH ngudi ta da phat hién ra nhitng mau thufin
duéi dang cic nghich ly. B 1a nghich 1y Cantor
(1895) vé tdp hop moi tdp hop cé thé co; nghich Iy
Russel (1902) v& tdp hop chinh tée Ia tap hop khing
te chita né nhie mét phan ru" (chiing han: tap hop cac
s6 tw nhién khéng phai 12 s tyr nhién!). Pé giai thich
nghich 1y cua minh mét cach d& hiéu hon chinh B.

TOAN HOC
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Russel di vién din @én “nghich Iy nguwdi thy cao
rau” ... :
Sy phét hién nay di tao nén con bdo gidng xudng
toan b nén toan hoc, tao nén cudc khing hoang séu
10ng ma theo 1&i A. A. Fraenkel va Y. Bar Hillel thi
“cugc khing hoang thir ba [nay] vé can cit todn hoc
la chua vugt qua duoc cho dén nay [1966]”. Cung
v6i cdc nghich 1y 1a ndi budn nhan thé ... Ngudi ta
di cong kich G. Cantor mét cich dir doi ma co 18 ly
do cha yéu 14 mét s nhi toan hoc dwong thai chira
dung nhén ngay nhirng sang tao diy tao bao ciia ong.
Co ngudi goi “LTTH cia G. Cantor Ig mdy mu trong
suwong mi” d& “lam suy déi gioi tré”... Pic biét,
sinh thoi, thiy cii cua G. Cantor 1 nha toén hoc va
triét hoc L. Kronecker (1823 - 1891) ciing céng kich
G. Cantor mét céch niing né. Trung thanh véi gio
Iy cia minh Thuong d€ da tao ra céc sé tu nhién .. .,
nén theo L. Kronecker nhimg gi khéng dugc xay
dung trén nén tang sb tw nhién déu bi ong cho 1a san
pham khéng chinh théng ...

Réi ca H. Poincare, ngudi tng ca ngoi G. Cantor
tAm nam vé truée, gid ddy tai Hoi nghi Rima (1908)
cling da than van mdt cach ddy tuyét vong: “cde rhé
hé mai sau sé xem LTTH nhic mgt chimg bénh cin
phai giai cinu ho thodt khoi.

Lich sir da chimg t ring mét két luén nhu vay di to
ra qud v voi vang. Piang 1a LTTH &3 san sinh ra
nguyén nhin cia cic cudc tranh luin va ciing tr do
m&i ndy sinh nhimg nghi vin vé co s& cuia chinh ban
thén no. Trén c¢ s¢ d6, ngudi ta co dip nhin lai mét
cach thiu dio, kj cang va tinh t& mot ching dudng
hinh thanh vi cung cb nén toan hoc hién dai & cai
thua ban dau ...

Trong tic pham “Co s Iy thuyét tdp hop” (nim
1914) F. Hausdorff (1868 - 1942) d4 nhin xét mt
cach chinh xac ring LTTH 1a “Linh viee ma trong do
khong cé cdi gi hién nhién va trong do nhitng didu
khing dinh hap chin Iy nhiéu khi lai biéu 1§ ra mét
cdch nguge doi, con nhimg cdi gz'«fng nhw thér lai 16
ra gia tao”.

Cho di phai chju nhitg 4p lyc ning né va nhing
hing ting bdi réi Lic ddu, G. Cantor vin khing dinh
“T6i tin LTTH cda 16i chdc chin nhu tang da”.

Nam 1899, éng théng bao véi R. Dedekind quan
diém xir 1y clia minh ring: moi /dp hop ¢6 thé phan
thanh nhimg tdp hap c6 bao ham “mdu thudn” bén

TOAN HOC
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trong vé nhimg tdp hop \khéng bz‘w _{zdm‘ “mdy
thudn” bén trong. Do @6 cin ban Ch? Vl?f S d‘.lflig
qué u tu do cac khéi niém tip hcrp.: dac P1¢t cin bl_et .
loai bo nhimg khéi niém c6 bac ham mau fhuan bex:
trong, Tiéc thay, dén nay chua c6 déu hi¢u nio dé
nhin biét ddu 12 tip hop loai do! o el
D. Hilhert (1862 - 1943) va R. Dedekind rat ting h
va khich 16 G. Cantor. Dic bigt D. I{ifberz da dua
ndi dung LTTH vao Bai toan thir nhét trong “Cdc
bai todn thé ky” clia dng goi la Gia thiét continuum:
Tén tai hay khong tap hop M voi luc liegng m théa
mdn hé thirc y,<m<C? Bai toan nay dugc giai
nim 1963 boi nha toan hoc Hoa Ky P. J. Cohen.
Mic du 14 tac gia ciia mdt nghich ly, nha toan hoc va
triét hoc ngudi Anh B. Russe! (1872 - 1970) lén
tiéng bao vé G. Cantor va goi “Cantor la mét trong
nhitng nha tw twong vi dai nhat thé ky XIX”. "
B. Russel con viét: “Viéc giai quyét nhitng vin dé
ma i ldu che phu cdi vé han todn hoc mot cach
huyén bi, c6 1€ & thanh new vi dai nhit ma the ky
cua ching ta phdi tir hao”.

Con tdc gia cta “Nhimg bai todn thé ky” D. Hilbert
thi khing dinh: “Téi hink dung ring day la déa hoa
tuyét tran nhét cia te duy todn hoc va la mét trong
nhitng thanh twu vi dai nhdt cia hoat dsng con
ngudi trong linh vue tw duy thudn tuy”.

Cho di chua tim dwoc cach giai quyét mi min cude
khung hoéng 1n thit ba vé co sé todn hoc nhimg céac
nha todn hoc cling cam thiy an 1dng khi toa lau da
todn hoc ma nhan loai da day céng cham lo, hoan
thién va phat trién méy nghin nam qua vin con
nguyén ven,

Néam thang tréi di, s& c6 Iic cac nha todn hoc thude
cac the hé ngoanh nhin lai cai théi khic tuy ngén
ngui nhung tran day hanh phac cua S sang tao. Khi
toan hoc “con Song trong Thién Duong™ phu P. du
Bois Reymond (1831 -1889) &) As

V4, chic chin nhu p.

“Khéng ai dusi dwoc ching ta rg khoi Thién Puong
ma G. Cantor dg tao ra”,

i ; sang tao ra
LTTH,cua ong 1a mét trong nhirng déng g6p dot pha
cho todn hoe tir thei Cé Hy gp aé, nay,
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Problem. A function f:x 5y el
w-one i fla)= f(x)
f X = Y

d one-
implies thatx, = x,,
A function L
Yip €Y, dxge X: f(x) = Yo. Show that in the

special case when X =Y is q finite set, then a

function [ X — X is one-to-one if and only if

it Is anto.

Solution. We can assume that X ={1,2,.. n}
for some positive integer 7.

First, suppose that the function f: X - X is
one-to-one. By  definition, the set
Z={f(), f(2),...,f(n)} is a set of n different
elements. But Z is a subset of X which is also a
set of n different elements. Therefore Z =X

= ] )
; o At EY
¥ J N - P
- Li K g
L Y
i kB N o

is called onto jf

and hence we can conclude directly that the
function f: X — X is onto.

Now, suppose that the function f:X — X is
onto. Then it is easy to see that we have X' =Z
where Z={f(1),f(2),....f(n)}. But then
Z={f(1), /(2),..., f(m)} is a set of » different
elements. Thus the function f:X — X is one-
to-one.

TU VUNG

one-to-one © mot-mot (don anh)
ORlE : toan anh

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

e Bai todn. Cho hinh hip (xién) ABCD. A'B'C'D' véi ABCD, A'B'C'D'
la hinh chit nhit, AB=a. AD=aJ3. Hinh chiéu vuong goc cua A’
trén mal phc?;ng (ABCD) la diém O, giao diém cua AC va BD. Tinh
khodng cdch tic B' dén mdt phing (A'BD).

Léi gidi. Ta c6 thé tinh khoang cach tir B’ dén mat phing (4'BD)

théng qua thé tich khéi chop B'.4'BD va dién tich cba tam gidc 4'BD. Vikhodng cich ndy khong
phu thudc vao khoang céch tir diém 4" dén mat phing day (4BCD), do do ta co thé gia sir khoang

1

cach thir hai bang a. Ta c6 ¥y epp =Ep;"“"“°° =zea 3a=

5 o4 3"';*,,4‘39 — 3'93"/?.-0«2 =£1_J_§_
Tw d6: d(B';A'BD))= s 6 2
A'BD
Lurn y, Bii todn nay dugy

4

N 1
Ca 1Y 8o =EA'O.BD=-;-a.2a:a1.

e

¢ swu tAm tir mot 42 kiém tra toan cua tinh Nam Binh.

% Nhdn xét. Chc ban sau c6 bai dich tot, guri bai vé Tod soan som: Bic Ninh: Nguyén Vin Huy, 12A1 -
K12, THPT Yén Phong sb 2, Yén Phong; Ha Nam: Phan Thé Anh, 10 Toén, THPT chuyén Bién Hoa;
Thl‘;a Thién Hué: Hoang Bdo Minh Chau, 10 Toan 1, THPT chuyén Quédc hoc Hué ; Bén Tre: Lé Ngo

Nhdt Huy, 111A, khu phé 1, phuong 7, TP. Bén Tre.

HO HAI (Ha Ngi)

TOAN HOC
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BAT TOAN 26. Tim cdc 55 nguyén x, y thoa man

phuong trinh: X* + xy+ y* = x*y%.

Cach 1.

Dinh hudéng. D€ nhén ra ring, phuong trinh
(PT) dé cho twong duong véi:

(x+») = xp(y +1).
Diéu d6 cho ta xy = 0 hoic xy + 1 =0 . Tix d6
giip ¢6 dugce cc nghiém nguyén cua PT da cho .
Loi gidgi. x* +xy + y* = x*)?
<5+ 2xp+y =x7)? +xy¢>(x+y)2 =xy(xy+1).
(x+y)" 1a mét sé chinh phuong, xy va xpy +1 13
hai s6 nguyén lién tiép nén phai c6 xy = 0 holic
xp+1=0
+Véixy=0taco: x* +y' =0 x=y=0.
+Voiixy+tl=0oxy=-12x=1;y=-]
hoacx=-1;y=1.
Thir lai, ta ¢6 cdac nghiém nguyén cia PT da
cho la:

(x=0y=0);(x=1;y=-1) x=-1;y=1).
Cich 2,
Dijnh huong. DE nhan ra ring, PT da cho twong

=y’ (4x* -3).

Xét cdc truomg hop y = 0, y # 0 gitp ta tim
duoc cac nghiém nguyén cua PT d4 cho.

Loi giai.

dwong véi: (2x+y)°

X4y =x'y? & dx +4xp + 4y =4x*y?

e (2x+y) =4x’)? -3yt (2x+y) =) (4x2 ~3).

TOAN HOC
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2 i
_Néuy=0tacd (2x+0) =0 x=0.
_Néu y=0 thi cin phéi c6 4x*~3 1450 chinh
phuong. Pt 4x° ~3=z*(zeN),taco:
(23] +2)-(124-2) =

Ma f2)4+z eN nénpxl —zeNva |2x{ +z:_>|2.x1—z
do viy ‘2x’+z:3,‘2x!—z=1. Tor dé co
|2x[=2c>x=i1. Voix=1thi y=-1;x=-]
thi y = 1.Viy cdc nghiém n guyén cua PT d3 cho
aG=0,y=0);(=1Ly=-1);&=-Ly=1).
Cach 3. , ,
Pinh huéng. Trong truémg hop x vay khac 0,
néu dit UCLN(x; y)=d tucla
x=xd,y=yd voi de N°, U’C]'_I\J():l _yl):l
gitp ta tim dugc d, tr d6 tim dwoc nghiém
nguyén cua PT.
Lai giai.
-Néux=0thiy=0.
- Xét x, y khac 0, dat (x, y) = d, deN’,
x=xd,y=yd voi(x;y)=1. Tacé:
(xld)2+(x1d)(yld)+(y]d)2 =(xld)2 (yld)z

5" 43, +3° =d2x12y12_
Vi x? Exl;xlylfxl;dlezylzfxl s ylzfxl, s
(x,%)=1 nén % =2%1. Tuong ty ¢4 y, =+l
DOVﬁY' d2 {13}:>d2—-1::>d I

Thir lai, ta ¢6 nghigm nguyén cta PT di cho 12

=0 y=0);(=1;p==1): (x=—1: v =
Cach 4. i g s by=1)

Dinh huomg. Xem PT d3 cho 14 PT bic hai 4n x

dang ax’ +bx+¢=0. Luwu ¥ ring khi g # 0,

PT c6 nghiém nguyén khi  bigt thire A 1 s6
chinh phuong,

Loi gidgi,

xz-i-xy-i-y -xy ¢:>( __1)
-Xéty=1 ta cé (*) o
-Xet y=-ltaco (*)

J“z“JDC-y =0 (®
=]l =0 ahy=tf,
SX-l=0x=1.
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BAN CO BIE T

-

X Flan, D;é’

_%%H:% Lam thé nao cf?’\t banh pizza thanh 5, 7

\ ’-;E'ﬁ 2 hay 11 phan déu nhau? Hay tham khio
\ cach ciia ciic nha ton hoc sau day

I | il : /
<) ST Chia banh Pizza sao cho déu nhau vin la mét bai

todn kho, nhat 14 khi phai chia déu cho mgt nhém
VO 50 nguoi rat e nhu 5 hay 7 nguai. Nhung voi
p\huong phép chia banh ctia hai nha toan hoc dén
- U trrdmg dai hoe Liverpool, thi du la 5, 7, hay 11
i phan, cting déu s€ ed cach dé chia banh ra déu chiin chin.

.9

i

{ toan hoc _/

[heo loi cua hainha toan hoe, thi phuong phap nay xudt phat tr mét bai toan da co tir

ri lau, ve viee chia mat hinh tron ra thanh nhiéu phan bang nhau.

g 01 brw_w dc’rp dn cho br,f:f todn nay, tuy nhién, ching 16i muon dica ra mot dap
¢ liom mdt chut va dep mdt hon mot chit, thay vi chia thanh cde hinh guat nhu

‘rong phap ndy da duge xuat ban trong béo cho mang tén ‘Infinite Families Of
wolhiedral Disk Tilings'vao nam 2016,

- : TRUWONG QUANG AN
& (Xa Nghia Thang, huyén T Nghia, tinh Quang Ngdi) suu tam

5 ol
Al DAP: DO VI 15.2019:
i BAI THO GHI NG
: auyén ké rang: C6 hai ong }Jan tho tir H:’L_Néi xuéng}choi, Tii Xurong giue v lam com
i khach. Canh nha ting ban khéng c6 san mon nham, T Xwrong ra chy Rong (Nam
Dinh) chon mua eén xuong re qual va hai cai chan gid. Luc thanh todn, so i khang
¢on hao nio, dng nai ni véi co ban thit:
- Nha ¢é khdch, voi qud, 16i guén tien ¢ nha. Téi la Ti Xwong, xin khdt c6, mai (6i
dén tra du, cé duae khong!
Ca hang thit da tirng doc tho Tu Xuong, nhd nhan dap:
- Cilng dwge. Gio em xin bde mdy chir dé lam tin!
T Xwong gat gi cam bit vidt: Ti tai di chg quén tién
Xueong swon, gio lon, bon hién ehor dan.
Nor deri néing genh phong trin
Em dau né dé tan ngén khdeh tho!

Trong tho Tu Xerong kKhong hé ;
nguai thong minh, ham thich tho khéng nhirng hi

Tii Xuwemg, phue tai

] st ; b, S
Léi gidi. Dap 4n chinh 1a bon tir dau cua Eaean DR s No .
| By

50 VUi

a) Bay hinh da giac bang nhau;

xiing qua mét truc thi duoe hinh da gide kia

da dong dén chuyén khit ng tién. CO hang thit von la
¢u ngay noi dung bai tho khat no cna
tho cua ong con goi thém qua tim va doi cit lon d¢ ong thet dai

ban tho.
Theo cic ban tai sao ¢d hang it fai hiéu ngay ddy ding fa hai the khat ng cua T
Xuong? 0

Hong  NGUYEN THANH GIANG (Hung Yén)

PHAN CHIA HINH YUONG KHUYET THANH CAC PHAN BANG NHAU

Cho mat hinh vuéng ABCD véi canh AB = 6em va bi khuyét mét & vuéng don vi

nhu & hinh 1. Ban hdy phan chia vudng ABCD theo cany clia c4e & vudng don vi dé duge:
5 b) Nam hinh da gidc bang nhau.

Ta goi hai hinh da gidc 12 bang nhau néu di chuyen mat hinh da gidc nay trén mat phang hozic ldy déi

vk P o afusttfs Wy T s €3 A0 ey 1
plalipi o :

e

vamikg  ANweley | Elwes |
P s =

il i d t - + P‘ 7 4
! B ! A

5 Tikems Ty, T The
Y1 s eikes o @A it iy it ey g
vesun nden < s 0118 & e Pizea tlbmer bnbL ek b
gty b s - odo b B, 7 Doy §F ke e gy e
> = R e A Ll s

i -

D




muc dich ndng cao nhdn thitc xa hoi
hung tay ngan cha@n va loai trie sach lau
, NXB Giao duc Viét Nam va Pai
wong quoc Anh tai Viét Nam da phoi hop
¢ Ho at ban phﬁ:m lau.

SACn g ) ‘ qua

an |
i thao chong x
[rong nhirng nam
al pl

LI]L.]. ¢ \ﬁ'a Q

hoat dong in lau, in gia, in
0t chung la in 13u) tai Viét Nam
no 1on va tinh chat ngay cing phirc
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tap. Poi g in l:ju dung nhiéu thu doan dé déi
pho, t * phat hién, x@r ly ciia cac co quan chire

nan 1o thong ke cua NXB Gido duc Viét Nam,
'JIO dén nay, NXB Gido duc Viét Nam da
14t hién hom 500. 000 ban sich thanh pham hon
100.000 dia €D va gan 8 tan ban thanh ph-un sach
gido dye bi in lau, tang trir d¢ tiéu thu tai nhiéu tinh
thanh trong ca nude. Khong chi sich cua cac nha
xuit ban Viét Nam ma sach cta cac don vi xudt ban
nude ngoai (ca trong va ngoai Viét Nam) ciing bi in
lau, phat hanh lau trén thi truong Viét Nam véi sb
luong khéng nho.

Dweai day la mét so hinh anh trong Hoi thdo
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Tai Hoi thao chéng xudt ban pham lau dugc to chire
ngay 20/6/2019 vira qua, NXB Giao duc Viét Nam_
d3 trung bay hang tram ban sich gido duc bi in l3u,
théng ké va trung bay cac 161 sai ca vé noi dung vi 3
hinh 1huc trong sach l4u, sach gia. Co thé noi, nhing «'~'~I
15i sai vé kién thic, thiéu hut noi dung, 16i chinh :
t4. hinh anh nhoe, mo, mat nét, sai mau, ... da anh |
hudéng khong nho toi chat lu‘t,‘-‘ng noi dung, l}inh thire
sach, tham chi anh huong den viéc phat trién tw duy
khoa hoc cuia hoc sinh. Bén canh do, sach gia, sach
lau ciing gay ton hai khong nhd vé vat chat, tinh thin
cho c4c nha xuat ban, don vi lam sach va cac tac gia.
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Hoi thao duge td chirc khong chi gop phan ning cao
nhan thirc vé van dé chong vi pham ban quyén d6i
v&i xuat ban pham ma con kéu goi cac luc hrong xa

hd1 cung quan tam, chia s¢ cac giai phap goép suc
ngan chan, déy lui xuat ban pham lau trén thi truong
Viét Nam.
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