1

t hitps://www.facebook.com/letrungkienmath https://sites.google.com/site/letrungkienmath = = %

F L
= o

TOAN

" ? - .
XUAT BAN TU 1964 TAP CHi RA HANG THANG - NAM THU 56
201 9 DANH CHO TRUNG HOC PHO THONG VA TRUNG HOC CO sO g
Tru s&: TAng 12, tda nha Diamond Flower, s6 1 Hoang Bao Thay, Thanh Xuan, Ha NOI

86 503 DT Bién tap: (024)35121607; BT - Fax Phat hanh, Trj sy: (024) 35121606 |
Email: toanhoctuoitrevietham@gmail.com Website: http://www.nxbgd.vn/toanhoctuoitre

Nha toan hoc Emile Lemoine ey e g -
(1840-1912)
A
N
v
i

--'m“n, : " AR DL PS8y




o e
R
b =Z

S : ) o

PR e iy Fy Yy E /

_-,';1.-'3 ';n:ff-_kj_{_ . .?:‘;.1 ‘,.'. -i -.;‘L_ P‘? F | .@ _ r
AL i i -u-l_-. > ___..j".'l o B X

HUON

Y/ ¥ J / .

: s g iU T A
g

L SR
i

-

e

i "I'.I__;I-l- B -

GITRINHINGHIEMINGUYENIVA KINHINGHIEMIGIAI

(Tai ban [an thir nhat, c6 chinh Ii, b6 sung) Cla tac gia NGND. VU HTYU BINH
Sach day 224 trang, khé 17 x 24 cm, gia bia 42000 déng

3
%
:
%
§ J
:
i
2
3
g

FAFE N I

0i dung cua sach trinh bay
cac phuong phap giai phuong
trinh véi nghiém nguyén, von
ot dé tai ly tha cta S6 hoc va Pai so,
tUr cac hoc sinh nho véi nhimg bai toan
nhu Trdm trau tram co dén cac chuyén
gia toan hoc voi nhimg bai toan nhu dinh
li lon Fermat.
Sach gom 5 chuong:
Chuong | gi6i thiéu cac phuong phap
thuong ding dé giai phuong trinh nghiém
nguyen.
Chuong Il gi6i thiéu nhimg phuong trinh
nghiém nguyén duoc sap xép theo ting
ngay.

Chuong |1l gi6i thiéu nhimg bai toan dua
Ve gidi phuong trinh nghiém nguyén,
trong do6 co nhing bai toan vui, bai toan
thuc té.

Chuong IV giéi thiéu mét s6 phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat
Diophante, ...

Chuong V gi6i thiéu nhimg phuong trinh
nghiém nguyén chua duoc giai quyét va
nhing budc tién cla Toan hoc dé giai
nhing phuong trinh nghiém nguyén,
trong do co nhimg déng goép cla Andrew
Wiles chtimg minh dinh ly lon Fermat va
Giao su Ngo Bao Chau ching minh B
dé co ban trong Chuong trinh Langlands

Phuong trinh nghiém nguyén cé sé
phuong trinh it hon s6 &n nén doi hoi
sang tao, vi thé phuong trinh nghiém
nguyén thuong c6 mat trong cac dé thi
hoc sinh gioi tr bac tiéu hoc, trung hoc co
so dén trung hoc phé théng. Cuén sach
danh mét phan thich dang néu nhimg
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phan tich bai
toan, cach suy luan dé tim huéng giai,
cach phan chia bai toan thanh nhimg bai
toan nho dé giai quyét hon, cach “dua

kho vé dé, dua la vé quert, cach lién hé
tinh huéng dang giai quyét véi nhimg van
dé mdi, cach chon huéng di phu hop véi
tung bai toan dat ra ...tat ca nhimg diéu
do déu la nhimg ki nang ma moi nguoi
can co trong hoc tap, trong nghién ctu va
trong cudc séng.

Trong lan tai ban nay, cudn sach bé sung
thém nhimg kinh nghiém giai toan, bé
sung thém mét sé thi du, cap nhat thém
moét s6 su kién lién quan dén tiéu str cac
nha todn hoc, b6 sung thém mat sé cach
giai.

Vai nhimg cau tho & dau méi chuong, véi
cach trinh bay r6 rang, dé hiéu, tuoi mat,
voi nhing thong tin cap nhat, voi nhing
kinh nghiém thuc té trong boi dudng hoc
sinh gioi va viét sach, tac gia cudn séch,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhimg kién thic hé théng va nhing
kinh nghiém giai toan gitip giai quyét mot
loai toan khé & bac phé thong.

Tin rang cudn sach khong chi hiu ich
cho hoc sinh va thay c6 giao, ma con Ia
tai liéu tham khao t6t cho sinh vién va
giang vién cac truong Pai hoc va Cao
dang nganh Toan, cung c4c phu huynh
CO nguyén vong giup con em minh hoc
Toan t6t hon.

Ban doc co thé dat mua an pham trén tai: Toa soan Tap chi TH&TT: Céc co sé Buy dién; Cac Cong ty Sach - Thiét bi truong

hoc 6 cac dia phuong; Céc Cura hang sach clia NXB Gido duc Viét Nam; Siéu th
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am giac, ﬁéng khu@ﬁ khwlpéa wetﬁnay chung

A 5€ khai thac mot trong nhimg tinh chat do thong
1 bai toan co ban sau day.

1, Cho tam gidc ABC nhon, cdc duong

’!’ﬂ" bl ,GF cat nhau tai H. Goi I, K lan lwot

cde dwong vuong géc ké e D den cdc

AB va AC. Chitng minh rang IK song song

r:
H r

6131‘&1‘ Taco HE 1 AC,DK | AC= HE /| DK.
:ﬁaodmhli'l'hales cd
T AE T
AK AD

.@IﬂHFﬁ AF _AH | %
ib _ - Al AD B D (3,
&éﬁ suy ra jEK = i}; = EF J/ IK (theo dinh li

es dao).

.- ml NGUEOIMN 4
' 1an luot 12 giao diém cta IK
E
& &H! ¥, o7 3
by J EF nén theo dinh li /%
BI _BM ;

6: o= (1)

- BD BM
-FE_--B? MD J| CE
El’{lfrlng mmh duqc
.- ' *--'.t Sau. n &
dcABC n pr;, f:ac ﬂ‘udn
H. "?k k‘ M
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J'Vhanxetz Goi
P= MKnDFQ EF‘mAD

hinh cht nhat, nén
PF = PD. Xét ADQF co:

PF=PD va PL /| QF nén *
LD = L0, tir d6 ta c6 bai toan sau:
Bai toan 3. Cho tam giac ABC nhon, cdc duong
cao AD. BE. CF cét nhau tai H. Goi I, K lan lieot
la chdn cdc dwong vuéng goc ke fir D dén cac
dirong thang AB, AC va Q la giao diem cua EF va
AD. Chimg minh rang IK di qua trung diém cua
DO.

Nhén xét 3. Goi G, U lan luot 1a giao diém cua

EF véi DI va DK. Xét y
APOY “co: PLO=TD Na
LK/ OU "nen. ta " ¢cO

KU =KD. Xét AEDU c6
EK wira 1a duong cao vira la
dudng trung tuyén nén AEDU cén tai E suy ra
ED=EU. Tuong tw FD = FG, ti d6 ta co bai
toan sau:

Bai toan 4. Cho tam gidc ABC nhon, cdc dwong
cao AD, BE, CF cdt nhau tai H. Goi I, K lan lirot
la chdn cac dwong vuong géc ké tir D dén cdc
duong thang AB, AC: goi G, U lan leot Ia giao
diém cua EF véi DI va DK. Chieng minh rang chu
vi tam giac DEF béang dé dai doan thang GU.

Nhén xét 4. Qua D ké duong thing song song Vol
EF cit cac dubng thing 4B,

AC va HC lan luot tai LG
va S. Xét tir gléc DINS c¢é:
D.Sjl/IN va DI//NS nén :G
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uy ra GF=DV. Xét AFGD c6: FJ vira I3
4548 3 cao vira la dudng trung tuyén nén F7 ciing

Gsuy ra ti gidc DFGV 13 hinh thoi.

=

Tuong ty DEUT ciing 1a hinh thoi, tir d6 ta c6 bai

6. Cho tam gidc ABC nhon, cdc duong
: '_ , BE, CF cdt nhau tai H. Goi I, K lan luot
la ch €de dwong vuong géc ké tir D dén cdc
oy ﬂﬁng 4B, AC. Goi G, U lan luot Ia giao
' diém ciia EF v6i DI va DK. Oua diém D ke duong
 thang d song song voi EF, d cdt AB va AC lén
i tai V va T. Chitng minh rc"i'ng cac tir gidc
" DFGV va DEUT I hinh thoi.
13n xét 6. Qua C lan luot ké cac duong thang
o . song vO1 EF va DF,
Gét duong thing AB
wot tai Z va O. Goi X

1€ qu a cua dinh i

A hinh chi¥ nhat nén Pf = PN,
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khdc tir tinh chat nay,

A ’. ﬁtfq' it i 4 I_ ; 7 d"_.‘__‘- —':1- g ol e % ;-‘ .I A
- - 8 1 : A o ' =T . FESAFT 5%
- Bai toan 8. Cho tam gidc ABC( wong

cao AD, BE, CF cdit nhau tai H. Qua C Iﬁnﬁm! i .‘ :

cdc duong thing song song v6i EF va DF, ching
cat duong thang AB lan luot tai Z va O. Chimg
minh rang F la trung diém ctia OZ.

Nhan xet 7. Vi tr giac DIFN la hinh chir nhat,
PFN =PNF. Mz
EF [/ IK nén EFN=PNF,

nén

do d6 PFN = EFN, suy ra

?

FH la tia phan giac cua goc

DFE. Tuong tu ta ¢c6 DH
va EH lan luot 1a tia phan

V4
giac cua goc EDF va gbc

DEF, tir do ta c6 bai toan quen thudc sau:

Bai toan 9. Cho tam gidc ABC nhon, cdc duong
cao AD, BE, CF cat nhau tai H. C himg minh f':;‘;rlf?g
diém H cdch déu ba canh cua tam gidgc DEF
Nhdn xét 8. Theo nhan xét 2 thi ta cé NK di qua
trung diém cua DF. Tuong 4
tw, néu goi J, ¥ lin luot 1a .
hinh chiéu cta F trén AD va
AC thi JY ciing di qua trung
difm cua DF. Nhu vay ba

duong thing JY, NK va DF dong q
bai toan sau:

D c
uy. T d6 ta co

Bai toan 10. Cko lam giac ABC nhon véi hai
duong cao AD va CF ¢yt nhau tai H. Goi N va K %
theo thie tw la hinh chiéy Vitong goc cua D trén
CEvaAC: Jva Y thir tie la hinh chiéy cua F trén
AD va AC. Ching minh cge duong thang NK, JY |

va DF dong quy.

(Bai T4/473, Tap chi TH&TT, thang 11/2016).
Trén day 1a mot s6 két qua duoe khaj thac tir mot
tinh chat lién quan dén ba duong cao cua tam
gide, rat mong céc ban tim thém duge céc két qua
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4 DT trén 6ﬁng Déu -y khong xay ra via # b.
R e B 50
- bat n=2k (ke N). Tacé: 20=3 (mod 17)
o 31 < 20* —3* =0 (mod17)
AR
16==1 (mod 17) < 16> =1 (mod 17).

' gl.—-zﬂ’* _ 3% 416% —1=0 (mod17) & 417 (1)
1 ¢6: 20=1 (mod19)< 20* —1=0 (mod19)

. 16=-3 (mod 19) &16™ =(-3)" (mod19)
& 16% — 3 =0 (mod19).

hﬁ = 29“ 3% 116 —1=0 (mod19) < 4:19 (2)
| (17.19)= 1 nén tir (1), (2)suyra 4 : 17.19. Vay
Y 24 ﬂ&ﬁﬂhét cho 323.

&L 1. bK: x>—7§- Xét hai trwong hop sau:
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RW 3x+2<0 @x{*?z thi BDT da cho ding.

ng w13 T -8 __2
et ho ﬁKtaco S X S (*)
--",.'. -. 2k Lt . ‘ 7 3

 Né 35}&&@ x> —%— thi BDT da cho tuong

f et Y 4

7\2 = i
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phuong trinh v6 nghiém.
_Véi t=-3=x+ y=-3. PT(1) trg thanh:

i =2 <:>--—3+12—=3 SPi=2)
Xy Xy .

Theo dinh 1y Viéte, x va y 1a cdc nghiém cua phuong
rinh  bac hai: X2 +3X+2=0=X+D(X+2)=0
e X =—1 hoic X =-2. Khidé x=-1, y==2
hoic x=-2, y=-—1. Vay hé phuong trinh c6 hai
nghiém (x;y) = (=1;—2) hodc (x; ) =(=2=D.
Ciu 3. (m-Dx* -22m—-3)x—5m+ 2.9, =MYT)
» Néu m =1 thi (1) tré thanh:

2x+20=0< x=-10Q (thda man).
. Néu m #1, thi (1) 12 phuong trinh bac hai theo 4n
x. Tacd A'=(2m—3)* = (m—1)(— 5m +25)
—Om* —2m+34=0Bm-17)*-15 (meZ).
Phuong trinh (1) ¢6 nghiém hiru ti néu A’ 1a so
chinh phuong, tic la

A=k (keZ)< @Bm-1)-15=k

< 0Bm=7) =k’ =15 0Bm-1-k)3m-T+k)=15

Khi do6 ta co bang sau:

x+y-

4‘ ~
IMBJ’?’I'I')Y{—’7=].S m=>3 k= Nhan
f3m—k—-7=15 1
13m+k—7=1 m=5 k=—7 Nhﬁn
3m-k-7=3 <]

Im+k-7=35 3 k=1 Loai
r3m—kl7=5 . m—]'l

3m k—'];_,,-l . :r i L %




au 4. 1) K¢ ’ba g cao i
-*;;m, gﬁg fim gidc _}r
#; ’tn f @'f?*ﬂ?*f?iﬁnthmut :

...............

BC2CA<c2a=b. Ta co:
.AB - AI.BC=BK.CA (=28

ABC )

F B> gg> CA nén CH< AI<BK. Vi diém M
. ,f “a ﬂ’?j > mién tam gidc ABC nén:
Ankn SMC+SMC +SMS'IE " ABC

fE.AC + MDBC + MF.AB = CH.AB

ME.!H- MD.a+ MF.c=CH c.

mb nén

C WBA-JMF.C} MEb+ MD.a+ MFc=CHc

+llﬂ)+ﬁﬂ7')c}CHc

}@+ MF > CH.

D4 ’*’fwf“r tm@va chi khi M trung C. Vay khi M

s V6i C thi tong cac khoang cach
D + ME+MF) tir M dén céc canh tam gidc

{BC ¢ .:';.-.IE':; tri L nhat va bang chiéu cao CH cua

:9o°+90°=130° nén

OD.DK = OD.(OK ~OD)=0D.OK -OD*  (5)
Thay (3) vao (5) ta cé:
OD.DK = OE* --OD’ =O0B’-0D*. (6)

.....

Ta c6 DI 1a phan giac trong goc FDE cua tam giac

DE ¢ 1B
FDE nén — = (1)
DE IE
DK 1 DI nén DK la phan giac ngoai goc FDE nén
KF *SDF
oL 2)
KE _.DE
KF MF
Vi MF [| AE = —= (3)
KE AE
véFN,//AE:[F—FN- (4)
Il AEb
MF  NF
Tu (1), (2), (3), (4) suy ra & MF = NE
(1), (2), (3), ( ’) YA
Vay F la trung di€m cua MN.
c) Ta cé: DA 1a phan giac goc EDF nén
EDF =2EDH =2D,. (1)
T gidc HDCE ndi tiép nén D, = C,. )

T (1), (2) suy ra EDF =2C,. Mit khac, tir gidc
EFBC ndi ti€p duong tron c¢é6 tam O nén
EOF =2C,. Do 46 EDF = EOF => t&t gidc EFDO
ndi tiép. Vi OF = OF nén

OEF = EDO(= %sdb?' " -;-sdc’fi'}

Mit khac, EOD 1a goc chung nén AODE ~AOEK

OE OD
. —=—— & 0D, 2
(g8 = AT OK = OE>. (3)

Ta co;
BD.DC = (OB ~0D).(OC +0D) = cm"—cmr.:)2 (4)

;'* oy 3 H}’Hi r.
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Cau 2 (2 diém). a) Cho parabol (P):y= %xz va

]
ﬂuﬁng thﬁng (d):y =—81x-——3— GOI A, B 1a cac giao

:' g;gem cuia (P) va (d). Tim toa do diém C trén truc
g sao cho CA+CB c¢6 gié tri nho nhat.
- b) Giai hé phuong trinh

2x* +xy—y° —5x+y+2=0

x+y +x+y—-4=0

3%1.5 drem) a) Xac dinh cac gia tr1 cua m de
@}ilmﬂgmnh X2 —2mx—6m-9=0 (x la an s6) c6

aa nghiém phan biét x,, x, thoa mén diéu kién

155 ad Y
—t—=—.
w2 3

gﬁl) (6) suyra BD.DC =0OD.DK. Vay

4 m».op OK = OE?*; BD.DC = OD.DK.

5. Ar dyng BPT Bunyakovsky, ta co:

- ' Ii‘ﬁ'l)z (12 +12) (ﬂ’ +— Sl e 1 T .
3 b) a b
(AR Y

{ va b __,_L. vao vé phai, ta co:
muq Ht.a Sl

i —— — ) — —————— =

Lo =, .-"'..-' *- i - .-" ':" L4 e L l-" 3. ., 4 l-:.i.' ] 'i'l ik
Cho tam ‘agi 0l @:ﬁ.-}*‘ifﬂffwh,_-
| Ba G A o i w.m#_ (e,

(AB < AC) ndi tlep duong ron tam O, c6 ba duong
cao 1a AD, BE, CF va truc tam 1a H. Goi M la giao
diém cua A0 véi BC va P, O lan luot 1a chan céac
duong vuong goc ve tu M dén 4B, AC.

a) Chung minh /A 1a tam duong tron noi tiép tam

giac DEF.
b) Chimng minh HE.MQ = HF . MP.

MB DB (AB
MC DC \AC
Cau 5 (2 diém). a) Cho x, y, z 14 céc s0 thuc duong
c6 tong bang 1. Ching minh rang
—1-—+ : -+ 1 49 Bang thirc xay ra khi nao?
16x 4y z 16
b) Cho so fu nhién z va cac s6 nguyén X,y thoa
mian diéu kién x+ y+xy=1. Tim gia tri cua x, y, Z
sao cho (27" +42)(x* + y* +1+x’y*) 1a so chinh
phuong 16n nhat.

¢) Chirng minh

NGUYEN TAN TUONG
(Phé Phong phé théng, So¢ GD&DT Thira Thién
Hué) gidi thiéu

[
e m e e m e R e e e e e mme e m S e mmm e o mm  mm mm e S e i SR e e e e S B S S S S S RS S NN D W e S S e S =

Dau “=" xdy ra khi a+-}-=b+l@

a B alab—i

« Néu a=2> thi ﬂ+l=1¢$ﬂ2 —a+1=0: PT vo
a

nghiém (A = -3 < 0).

« Néu ab=1¢:’%=a‘ Khi d6

1

a+a=1<:>a=5:>b=2.

Dayis xay ra khi a =-%, bh=2.

=l e R T

<




Ej( thi toan hoc Ha Noi mo rong nam nay thu hut
gan 700 hoc sinh tham du, trong d6 c¢6 122 thi sinh
Quéc té. Céc thi sinh dugc chia lam hai bang: Bang
A danh cho thi sinh Quéc té va mot s6 thi sinh Ha

No1i; bang B danh cho thi sinh Haj NOi va 24 tinh,
thanh pho.

Bang A cua ky thi HOMC 2019 ¢6 tong s6 146 hoc

sinh dén tr 14 Quoc gia va ving lanh thé gom:
Indonesia, Malaysia, Nepal, Trung Qudc,
Philippines, Hungary, Iran, Myanmar, Ba Lan, Tay
Ban Nha, Pai Loan, Thai Lan. Cic Tiéu vuong
Qubc A Rap thong nhat (UAE) va nuéc chu nha

Viét Nam. Céc thi sinh du thi ¢ hai noi dung: ca
nhéan va dong doi

Két qua, Ban t§ chirc da trao 101 huy chuong c4
nhan, trong dé ¢6 17 Huy chuong Vang. O néi dung

ﬁng doi, doi Junior cua Trung Quéc va doi Senior
cua Indonesia gianh giai v6 dich. Poi Junior cua
P Wfiét Nam va Senior cua Trung Quéc gianh giai
Nhét_ Ngoai thanh tich dong doi, hoc sinh Viét Nam
@&g gianh 6 Huy chuong Vang cé nhan.
Kj thi tﬂén hoc Ha Néi mo rong nam 2019 do S¢
J14C dub va Pio tao Ha Noi phoi hop véi Hoi toan
OIS, TH& Noi t6 chirc dién ra tir ngay 3 dén ngay
5 19 tai Ha Noi. Ngoai phén tranh tai ¢ ni dung
ar yé deng do1, cac thi sinh trong nudc va nude
I fhm gta nhiéu hoat dong tip thé bo ich
t sﬁ lang nghé truyén thong va diém du
3 "f'; T igr«'-.ue:v luu van hod, nghé thuat; trao
inh nghiém vé viéc hoc tdp va nghién ciru toan

!I"_: "'- _|'-r-
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C'TION (GROUP A)
QU JES TIDN

= T T .._ ‘. L & '?.J- I_!_ a 1-‘ ‘:
4= LIrr '- F i
b e A !
|': '.-- - " s IE
= '
j Al . a ax - gl s
- |} L]
E - -|" O : "-' + I'l-.i i -

Assume that there exists a positive integer n such

that pg—1=n’. Express p+g in terms of n.

Problem 1. Let x and y be positive real numbers.

Which of the following expressions is larger than
bothxand y?

A. xy+1. B. (x+y)°. C.x° +y.

D. x(x+ y). E. (x+y+1)°. .
Problem 2. What is the last digit of 4350 ¢ |
A. 0. B. 2. C. 4. D. 6. E. 8. |

Problem 3. Let a and » be real numbers and
P(x)=ax+b such that P(2)- P(1)=3. Compute
the value of P(5)— P(0).

A.11. B. 13. g.215. D. 17. E. 19.

Problem 4. How many connected subsequences
(i.e, conmsisting of one element or consecutive
elements) of the following sequence are there?

1,3,3,...£99.100.

A.1010. B.2020. C.3030. D.4040 E. 5050.

Problem 5. Let 4ABC be a triangle and 4D be the
bisector of the

Assume that

triangle. 4
AB =14 cm, 14 35

12 'fl
AC =350m; V4D =126m.; . - |

Which of the following is the area of the AABC, in
cm’ ?

e 1176. B. 1167_

5 5

Ci234. D, L_:ﬁ- E. 236.

‘roblem 6. What is the largest positive integer 7
such that 10x11x12x...x50 is divisible by 10"?

ANSWers ol xR et
Problem 7. Let p and ¢ be odd prime numbers.




N‘V{{ w ¥k _bogd
| : DSIEE T iioiaossbansesns
' i é’ and b*‘ be posﬁwe real numbexs

S=2a+3+- 22
nuila = b)(2b+3)

Answerlllil"llli aE s BB RARS

Problem 10. For any positive integer », let 7,

eﬂ?mete the greatest odd divisor of n. Compute

T—-—r L TS R

TP L T
g " Answer:..

,ﬁnbkm 11. Find all integers x and y satisfying
R M following equation

.'. -:-H

L- X2 —2xp+5y° +2x—-6y-3=0.

TE: R R R R R R NN EL.

i’
o £
-
jr'

12. Given an expression x> +ax+b where
BN <

,1, a,b are integer coefficients. At any step one can
;m’the expression by adding either 1 or -1 to

- only ons of the two coefficients a, b.
a > that the mmal expresswn has a=-7

¢ from the initial expression as above, one

m cx?resslﬁn x*=17x+9 after m
:‘ ion Steps. Prove that at a certain step &
W ohﬁhﬁﬂ exprcsswn has zero value

mef o
- - mnts msld.e a gwen eProblem

____
- v -

How many ways are there to write the lattﬁmsﬁa m.
N, O, I into all of the unit squares such that two
neighbor squares (the squares with a common side)

do not contain the same letters?

Note: Each unit square is filled by only one letter.
Each letter may be used several times o1 not used as
well. For example, the following 1s satisfied

H | A NjOj§ i

A N|A| H| A

» JUNIOR SECTION’S ANSWERS AND
SOLUTION

Problem 1. We have (Jt:+y—i-l)2 >x+y+1

(because x+y+1>1, Vx,y>0)

:.7'(.:H-y+1)2 >x+y+1>x+y
:>(x+y+1)2 > x and (x+y+1)2 =

For the other answers

« xy+1<x if x=4 and y=%
e (x+y) <x if le and y=i
2 10
*'*Jc:2+y-=rixif}::=l and y:L
2 10
* x(x+y)<y lfx—Land y——l—
10 2

The answer is E.
"Problem 2. Clearly,

3=-1(mod4) = 3*°" = (_l)zmg
=3 =4k +1(k e Z")

l(mod 4)

S S

; uQJJ?}_E‘AI(Imle)

The last chgnt af 432019 ;;s 4 The angw@r{_f‘f
A%

432019 _44.’(1-1 _‘4x162k _4x6k( |



o = ti. edlede ok o B g .
+hors aro
LNCIC dl E:'_'.{E E S

n

] r.”l i i .
| 2 i i i | = ."... .J 1 i ’ _____-._ H L
] et kN s T TI1E r = T A L 4 - g P el
{ 1 .__":._I i I;. ; ].'-1-_- .lh :l ; ';., | 'l. : -..I | ‘L'-. ILI Iq:h:.... jl J] |.|| : .--‘l__:.-._."J o '.-'I‘ ke :$ .| R % i

..--+;: PRI ST

sidered “‘ﬂ“&“}dlﬂ'lhtjm N

al=) --l-h O . el
| I‘:‘ I'-. 'ir:-l 11 || Il"'l_':-L!ﬁI:f._l'l{ I"'J_-:I it
E (= ety ae oyl

e
5§

' ST

- +

2=
-
1
-
i B
it J"-

‘We can

o -
N

10 49 1176
B 1 10 5

N L
* i
! III _I
= i i = s ol
LR W = | .
o FALE., L
- b e
L ¥
WY L T & -
i -
F ]
i e
Bk o T ]
Bt
1

oblem 6. The power of 5 in the prime

.............
T TR {1/ /1)

On the other hand, AN =3NM = il LR

AM 4

Sive _ AN 'Y w9

=Z =9cm”.
AM 16

SANP

NP || MQ =
SAMQ

The answer is 9cm’
Note. We can use Menelaus’s Theorem. Using
Menelaus’s Theorem for AAMC :
PA.BC_NM_Ij RAY 8
PC BM NA SR
Then we have:

Shupn AN AP 330 O S sl

AM - AC 24 5. 20 &S = ad

= 2
=518 = JORE

SMMC

Problem 9
32
(a—b)(2b+3)*

32 i
(a—b)(2b +3)?

S=2(a—b)+%(26+3)+—;-(2b+3)+

24#2(a—b)x-;-(25+3)><11}-(2b+3)>=:

The “= " happens when a = —;— b= -;—
The answer is 8.

Problem 10. Since r, is the greatest odd divisor of
n

huSin
=%
n=2"y (reZ >0)
n HE ﬂ'rﬂ_ )

fm>nandr, =r =>m>2n.
200<2x101

100 distinct odd numbers and they do not exceed
200 . We note that from 1 to 200, there are exactly
100 odd numbers : 153555854994 :So;
L,3,5,..,199 . Therefore

rimwwz;bq% ﬁ+ir@mﬁl+31—15+:m;gl99 100°

Because = NotsMozs Hgas+-+sTagp AT

B L g™ - == T - e
S ———

B R e s
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o M-7<0 < (3-2c)ab+3c(3- c)—-?ﬂIG
If 3-2¢<0 = (3-2¢c)ab<0
M=T<3c(3-c)~7=-3| c—= s d o
o W ity
= M <17. (1)
b) If 3-2¢ 20 |
a+bY 3o
:>(3—20)ab£(3—-2c:).[ 7 ) =(3-—2¢)( > )
H ;
I}‘@SSIOII P(x)=x*-7x+19. By adding -1 to b :>M_7£(3_20){3"C] +3¢(3-c)-7
f" times, we obtain the new expression
| | M) x° —7x which has zero value at x =7. _—(e-1)’(2c+l) O M=% 2)

~:ﬂf' The initial expression is P(x)=x"—7x+19, and £
From (1) and (2) we have M =7, and the * =

new expression after m modification steps is

h wh =b=c=1.
P (x)= x> —17x+9. W Lae !

Problem 15. Let G(i, j) be the letter in the common

t P(x)=x —a,x+b, be the expression obtained unit square of i - row and j - column. We have 5

_. n modlﬁcatmn steps from the initial expression 4 . oo for G (1,1) which are H.4 il S

P(x)=x"~7x+19. each choice of G(1,1), we have 4 choices for

mé*step n+1, if we change the coefficient b, G(2,1) and for each choice of G(2,1), we also 4
i ) — L (x)"“ by —b,|=1. And 1if We 4 oies for G(2,2). Then, there are 13 choices for
- the coefficient a, then G(1,2) and G(2,2).

X Indeed, for example, if G(1,1)=H, and
@s lgﬂﬂ) P(1)|=1. Hence, we get G(2,1)= 4, then G(2,2) e{N,0,1,H}.

2 fﬁ})ﬂ or B,(M)=F0D)-1 But . 1f G©2,2)e{N,0,I}, then there are 3 choices for
0 and (1) =-7<0 We conclude that G(I,Z)

Uil il T e B el oK .
. s § = ) — e
PSSR CES——— L S T SR e e—————— S S e R

e
£

m 2y

S e er 4’. m satisfying P, (1) = 0.  If G(2,2) = H, we have 4 choices for G(1,2).
e 1 be the given eqmlateral So there are 3x3+4=13 choices for the pair of

the ei}stances ﬁ:om T ) 22 Weates bt

ABC then for the first column, and 13 ways for each of the

remain colum

s. Therefore, there are
20x13* = 571220 ways.



= Cﬂu 8. Mﬁi giai aéu bﬁng g quéc gia @é 1 ko
| ) diém. Hal doi bat |

thi ddu vong tron 2 luot tin .
deu d4u voi nhau dung 2 tran. Sau mo:t tran dau doi

thing dugc 3 diém, doi thua 0 dlem, néu hoa moi doi
duge 1 diém. Sau giai dau, Ban t6 chirc thong ké
duoc 80 tran hoa. Hoi tong s6 diém cua tit ca cic

doi1 sau giai dau bﬁng bao nhi€u?
A. 720. B. 560. C. 280. D. 640.

_____ Eﬁﬁﬂ.l ﬁ
" ‘a-fg"

Cau 9. Biét F(x) [a mot nguyén ham cua ham SO

f(x)=

va F(0)=1.Tinh F(1).

A= n2-e1 B. F(l)z—;-ln2+l.

€. H(1) =0. D..F(l)=In2+2

.wasophucw 2- \/_1 la
/29. B.|w|=1. C.|w|=+7. D.|w|=

rﬁng cﬁc ham s6 sau, ham s6 nao dong bién

-l o ] f? 5 :
J.'Z;i -'l-aﬁ'+2 B. y=x'. Céu 10. Cho ham s6 y = f(x) lién tuc trén R va
e | % STPAEE e S e : 1 g
o L_}: y ol 2::: e D x=2019 co bang xét dau cua dao ham nhu hinh dudi.
bl x+2019 TG DR S 0 5 i AT

) |

5. Cho khoi lang tru ¢6 thé tich ¥, dién tich day 1(x) + .0, = ot 0 =0 g
@hléumh Tim khing dinh dung.

| e Ham s6 d3 cho ¢6 bao nhiéu diém cuc tr1?
Bh. B. V =+Bh. AL3, B.2 il D. 4.

D.V =3Bk Ciu 11. Tim tdp x4c dinh D cua ham sd

e y=(3x-1)3
u 6. Cho ham s f(x) c6 dao ham trén R sao cho

f! T':-:"IL-':";_; :’rlﬂ. Biét e ~ 2,718, hoi ménh dé nao A.| =40 B.R. C-RVl . Ds l;.'1"5"53' :

Fa % L1

_ Cau 12. Trong khong gian véi hé truc toa dd Oxyz,
LAY e S cho mit phang (P) qua diém M (2;3;5) va cit cac
< (3)+f (4). tia Ox, Oy, Oz lan luot tai 4, B, C sao cho 04, OB,
N A OC theo thur tu 18p thanh mot cap so nhan c6 cong
bo1 bﬁng 3. Khodng cach tir O dén mit phang (P)la
A — B. —. C. — D. —.
‘rong tat iﬂals hinh da dlén déu sau, Jo1 J91 \fﬁ J91
hiéu nhat? | Cau 13. Tu phuong trinh
(1+Jg)(sinx—cosx)+sin2x——1—-\/§ =0

ta tim dwoc sin| x.-—-—} cO gia tri b&ng

F - . ;
‘v = '.‘|I sl AR
.%1": ""'31'-1- 'i_ﬁiﬁ' ":' :-'::".EE-'_'..':--’_.- .:‘,*_'. '.-'

-I- . _'_ r. I":.f - ‘ N

I-I'
o N N - I-!
e O s ‘"‘1 et
gt .:, bt -45

""L & J ...F ._'j_'r_,"‘.'_"', ..i.ll it L
fert st k .

- 4 '.: :r 5 % £y 1. -rl'-- o Ly ||'|r
- = ] R



- B.m<-5 hoicm>1.

2 <=5 . s 8. 2

. Cho tir dién OABC ¢6 O4,0B,0C doi
wgﬁcmnhauva 0A=a,0B=b,0C=c.

h tir dién OABC la

t'r. w"m
. -5 B.P'....EEE C V Eic_ D V ﬂbc
) 12 4 3 6

Sar: &

C u 16. Cho hinh hop chir nhat ABCD.A'B'C'D'c6
) '."-,_ = 3a, ,ﬂ_)-—aJ_ AA'=2a. Goc gita duong
ii" ing AC' véi mit phang (A4'B'C’) bing
¢ 50° B. 45°. G. 120"

'-E Cév 17.Cho céc so phirc z, w thoa man

-f"-,

D. 30°.

-

|z—5+3i|=3, |iw+4+2i|=2
I Elﬁlnlonnhatcua biéu thuc 7 = |3:z+2w|

l
¥ i
"'n.

l""
. = e
LS

||| -

4 W
P ‘:dll '
I._’l'

"ll

JSS4+5 B 578413
Jm+5 D. V554 +13.

Bﬁﬂuhamso y=ax'+bx" +c (a=0) co
1 cuc tri bang s& diém cuc tri cua do thi ham
ﬁamr’ +nx’ +p. Khang dinh nao sau day

B. mn<0.

D m:O;H¢0
“1ab=0 '

Mmsé y = f(x) xéc dinh va lién tuc

"l

::::

C. .r20'l9"’" '
In2019 mzow |
Ciu 22. Cho hai didm 4,B thuéc do thi ham %

y =sin x trén doan [0;7] , cdc diém C, D thudc truc

Oxthoa man ABCD 1a hinh Y
chi nhat va CD = 2% D6 dai JP
’ 3 R IR
cua canh BC bang ’
3
08, v i d s SOV CAmERN
2 » 2 . 2 ’ . i,
Cau 23. Tim m dé duomg thang y = mx+1 cat do thi
ham s6 y—E% tai 2 diém phan biét thugc hai
2 Flecm
nhanh cua do thi .
]
A. m e(—on;()). B. me[—z;m]\{()},
C. m € (0;+). D. m=0.

Ciu 24.Cho [(x+2)’dx =ae+b(a,bem).

0
Tinh S =a° +b°.

A. S=-1. B. $i=10 CIS=S
Ciau 25. Mot hinh ling tru ding tam giac cO cac
canh 13 9, 3,4, 3,4, 5,9, 5,9. Thé tich ctia khoi ling
tru ¢6 gia tri bang bao nhiéu?

A.46. B.50. C.Khong tinh dugc. D. 54.
Ciu 26. Cho ménh dé “C6 mdt hoc sinh trong 16p
12A khéng chip hanh luat giao thong”. Ménh de
phu dinh cua m¢nh dé nay la

A. Khong ¢6 hoc sinh nao trong lop 12A chap hanh

luat giao thong.
B. Moi hoc sinh trong l6p 12A déu chap hanh luat

giao thong.
C. C6 mot hoc sinh trong 16p 12A chap hanh luat

giao thong.
D. Moi hoc sinh trong l6p 12A khong chép hanh

luat giao thong.

D. $=0.

Ciu 27. Pit a=log,45. Ménh dé nao du 6i day
diing? 0
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U- L A _:"'1_;‘5- ,‘.- _,1.-:'- :.-: u 4}
- 1 o
LRI '.‘ -“: IF -.",‘ o "

C. 4. D. 5.

B. S =4na*.
D. S—-l—gﬂ:a
3

U 31. Cho hai ham s§ £ (x)=ax’ +bx? + cx—2
va g(x)=d’ +ex+2 (a,b,c,d eR). YA

% ié't rang d6 thi cia ham sé
-—f(x) va y= g(x) cat nhau

3* diém c6 hoanh do lan luot 1a
**-” -1; 1 (xem hinh vg). Trong

, fi‘" -“":?ﬁ ménh dé sau, ménh d& nao
| IF g'?

A.a+b+c=d+e+4. B.b-d-_4

cng 0. D.at+b+tc=d+e.
32 Goi S la tong tat ca cac g1a tri cua tham sé

L_“-t"'

,.,fﬂm., im s e +(m +1) X=m+1 ¢cé g14 tri lom

L.

ﬂ do@n [0 l] bang 9. Gia tri cia § bﬁng
BBaS =1 €. 8=-5 D, 5=_;

A 33 hi E chop tr gidc déu § ABCD ¢4 canh
day bing a, "f’ii:én 1191;) vm 1 ddy mot gée 60°. Go;

Cau 35x1'21111 mot qua bong duoc da 1€n, né s& dat do
cao nao dé roi roi xubng dat. Biét rang quy dao cig
qua bong la mot cung parabol trong mat phang véi
hé toa do Oth, trong d6 ¢ 1 thoi gian (tinh bang gidy)
ké tir khi qua bong dugc da lén; 4 la do Cao (tinh
bang mét) cua qua bong. Gia thiét rang qus béng
duoc d4 1én tir d6 cao 1,2m va sau mot gidy thj ng
dat d6 cao 8,5m; sau hal gldy no ¢ do cao 6m. Hay
tim cong thirc ham s6 bac hai biéu thi quy dao cua
qué bong theo thoi gian ¢ trong tinh hudng trén,

A. h=49C+12,2¢+1,2.  B. h=—4,9 +12,2t+12 .
C. h=—49"+12,2t-1,2. D. h=—4,97-12.2t+12.

Cau 36. Pé dam bao an toan khi hwu thong trén
dw:mg, cac xe 0 t6 khi dimg dén do phai cach nhau
toi thiéu 1m. Mot 6 to A dang chay védi van tdc
16m/s bong gip 6 t6 B dang dung dén d6 nén 6 to 4
ham phanh va chuyén dong chiam dan déu véi van
toc dugc biéu didn bei cong thirc v(r) =16 — 4¢ (dUn
vi tinh bang m/s), thoi gian tinh bang gidy. Hoi rang
d€ c62 6 t6 4 va B dat khoang céch an toan thi 6 to

4 phai him phanh c4ch ¢ t5 B mot khoang it nhat la
bao nhiéu?

A. 33, B. 12,

G831 D. 32.
Cau 37. Biét

phuong trinh 2log, x+3log, 2=7co

hai nghiém thue x, < x, .Tinh gia tri cua biéu thic
I = (xl )x; )

A. T=64. B. T"—:32_ C_ T:8 D. T=16'
Cau 3§. Cat mot hinh tru bdng mot mit phing qua
fruc cia ng, ta duge thiét dign 14 mot hinh vuong
canh 2a. Dign tich XUng quanh ctia hinh tru bang

A. 2ng*. B L1 LSS o8 drna®. D. 16ma’.

B. yr — 4x+2 ]]] 4 <
D. yr = 2214‘31112 3




:’{I. thi i 6 y=x*-2m*x* +m* +3 c6 ba
diem ¢ Il %ng thoi ba diém cuc tri d6 cung vl
£0c toa dd O tao thanh mot tir gidc ndi tiép.
. 1 1 1 1
e b—-—-;o;-—-}. B.S ={.---;o;—-}.
B BB TR
ey i
By =— —— e ) D. S=<~— : :
{ Jiﬁ} ;. JEJE}
Cau 42. Nguoi ta phong van 100 nguoi ve ba bo
shim 4, B, C dang chiéu thi thu duogc két qua nhu

Qo1

By, | i R

;-‘r__.a ?_pﬁim A: ¢6 28 nguoi da xem.

43
.

Fade

'Bo phim B: ¢6 26 ngudi di xem.

-_ phzlm C: ¢6 14 nguoi da xem.

Co ngu(’n da xem hai b phim 4 va B.

4 ngudi da xem hai bo phim B va C.

3 ngudi da xem hai bd phim 4 va C.

0 anuindﬁ xem cababp phim 4, B va C.

'S¢ ¥i khong xem bat ct phim nao trong cé ba
T»WABCM
A, b 5. B.45. C. 32. D. 51.
}tg mng khong gian voi hé toa do Oxyz, cho
s (P):3x+2y-z-6=0 va hai diem

5’(-1,-2 0). Goi M la giao diém cua

j-
:l.-.l“' 6 —

C.4.

"‘r-
q
u
h-'-l'
"'|.
u

o Y ‘-T'.

!_I

D.1

| g ,._l_;*“ Q@ttﬁm theé ghi chir BAI mot
hi chit HC OC va muoi tm the dénh 56 tir 0

L .."';‘_lI Il'.:.._ "1.1

....
|
............. T g

1 lli ilrlli'._L
i :j'. I_:“_. F

l|l|:F|"" ﬁ}""""lll'l ]

_}if,ﬂm ﬁ,. ﬂ i“’a)f f."h}l ll

E(ﬂ 11’ i-‘;'- u uh Hjlﬁ?h H 5(‘”"*“ 1‘!.' "“"uf""'_ = -' ,4'1.,

1 e !
e i =
R r' LY.L

:" 25

7% _{.Tr_u- i R <R s . i"'li_:'--.ﬂ h
it bon 150% s ik g I

A. Snﬁm 'B. 10 nam Cf 9n ﬁ 1“11 e
CAu 46. Cho x,y 1a céc Sé thue duarng thba_: t

1nx+1n-y2]n(x +y) Tim gia tri nho nhﬁt cua E
Psx4+y.

A. P=6. B. P=2+3\2.

C. P=3+22. D. P =417 +:3.

Cau 47 Mot doan tinh nguyén dén mot truong tiéu
hoc mién nui dé trao tang 20 suat qua cho 10 em hoc
sinh nghéo hoc giéi. Trong 20 suat qua dé gom 7
chiéc 40 mua dong, 9 thung stra tuoil va 4 chiéc cap
sach. TAt ca c4c suat qua déu co gia tri tuong duong
nhau. Biét ring mo6i em dugc nhan 2 suat qua khac
loai (vi du: 1chiéc 4o va 1 thung sira tuoi). Trong so
cac em duoc nhin qua cé hai em Hai va Vii. Tinh
x4c suat dé hai em Hai va Vii 6 nhan duge suat qua

giong nhau?
1 2 1 3
AI S Bl ey C i) Dl Ly 15 S
3 5 15 S

Cau 48. Cho tir dién OABC ¢6 OA4,0B,0C d61 mot
vudng goc véi nhau, O4 = a,0B = 0C =2a. Go1 M
la trung diém cua BC . Khoang cich giita hai dudng
thaing OM va AB bing
AS2 2"5‘5 .

a6
z |

Céu 49. Cho hai tam gidc ACD va BCD nim trén
hai mit phing wvudng goéc véi nhau. Biét
AC = AD = BC = BD = a,CD = 2x, tim gia tri cua

x theo a ¢ hai mit phiang (4BC) va (4BD) vuéng
gdc vai nhau. |

C. a. D.

I a3 eave
2 3 3 3
Céu 50. Tinh tong
S = Cluy + Cloy +3 Clg 1+ == Clt.
4 218 _1 oot 22019 _q et H2018 __1:. 22019 1
2018 2019 2017 iarsi2018
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N it bt mat phang (p) GOI A(l; 2 -3) 1a diém thuéc dugﬂg

thang d. Ta co:

#2423+ b %
a; tl'ang d6 a:beR = M(a;b) d(d:(P)) = d(4; (P))-— i 3. Chon B,

1 dién - z C6 Z =a-bi = N(a;-b)

-
-?* 1 ] =1
m'ﬁ%auquatmc Ox Chon A. Cau 15. Ta co y'=3x2+6x—9;y =0& e i
_.": r.h- -__j"l 33 & B i — —

: YA i‘"":‘_{ o A . -,
- | .E g -"r:._: aﬁf“t. %{t X %'Lﬁ : egnh Gﬁa hinh A, D‘

| ~.::f ABCDA’B'C‘D’ do x e[—1;3] nén chinhdn x=1. y(-1) =14;

y(1) ==2; y(3)=30. Vay {HII:H y =-2.Chon B.
Cau 16. Ta cé
2 2
f@)-fM) = [ f'(x)dx = (2x+1)dx = 4. Chon A,
1 I

. Mot vecto chi phuong cta dudng thing 4 1a  Ciu 17. Tacé SA L (ABCD) = géc giita SC Vol
! -—l,—I) Chqn A.

‘-1r

v ‘f ﬁ --2\1— Chon D.

-I‘
,‘Tr*

mit phing (ABCD) la goc Se 1 60",
Viday ABCD la hinh vudng

canha = AC=a\/5.

Ta cé
tanﬁ‘ 3
AC
= S4 = a+/2. tan 60° = a/6.
A 1 :
thﬂ Vay V=-§SA.SABCH RALY Chon D.
(x+1 -4<:>.r+l 16 & x=15. Chon B. g

i WO L Cau 18. T d6 thj ta

x=0 thay Dlrorng thang y=m cit
x=4] | o thi (C) tai ba diém phén biét khi 0 <m <4. Dom
x=1 figuyen duong, nén m=1; 2. 3 Téng cac gia tri cua
m la 6. Chgn A.
Céu 19, Ta co: o

BC | SH

{BC L84 = BCL(s4H)

i1 = BC L AH. Chon B,
{ ~ Cau 20. Tacs

_ﬂ logzlocﬁ* IOgZ 5::,3-.1.
Do do




Ny \‘1-."":_*-. Y
"'r

B . RLowe g —
-I?.I"L R I.."'_ ,_L.-'i .'. _._._

— J I _J-t..:- -
.ty "-‘t“w
i

ﬁ"'fh mmmu afpw

P A L
- ' — i- - !-.- _'l_ 1; FQ
.- r: i ‘.-J -ﬂu,- _": r .p "" f_"':
oy la '~." J _____ @ﬁnﬁ1 g .

f("’)*3]ﬂv=if(v)dv-'[3dv =7-6=1

-au 25. Goi z=x+yi trongd6 x, yeR. Taco
k 2 2

dfi-e—7|510<:>|6x+8yf|£10<:> 2 stpe Hd rp

s 5 2 5 e
;3'-: : (5] (E)

if)lahmhehp::}S “nE.E—EEChonB
S . 12
= ]~ 6x+3y+22-6=0.
52 §552°53
_ v |-6| 6
# d(O;(ABC)) = =—- Chon D.

J6P+32 %22 7

bang "‘ en thiér mag(x) trén [0; 2], suy ra

" .l

-- g(x)=m+2 va r:[lgp g(x)=m-2.

' clia -__-j-;_; sé iﬁ'thay dd th1 cua
ﬁémaﬁnla x=kx=-] va

. Xét g(x)= x -3x+m trén [0;2]. Lap

:, *2) <0 thi a= n 2] ‘g(x)‘ 0 nén
[M}Z
=
m< -2

&S 0<m<4. VimeZ=me{l;2;3}.

e Cdch 2.

f —61%9
2t —1

Q) t?-6t+9=m(2t-1) ©&m=

t’ —61+9
2t -1
)T P ) =
(1) = =0&>
S O==a | 1 =-2 <1 (loai)
Bang bién thién :
t 1 3 +00 I

r(@) -0 + |

4 40
o \ / |
0

Phuong trinh (1) c6 hai nghiém duong phan biét <
Phuong trinh (2) ¢6 hai nghiém phan biét 16n hon 1
< 0<m< 4. Chon A.

Cau 29.

(2 -3z+6)(z° +3z+3)-2(9+22*)+z° =0
& 22 —[(z22 =32+ 6)+(2° +32+3))z
+(z2* =3z+6)(z +32z+3)=0

2=2"-3z+6 |z2-4z+6=0 -z=2ifﬁ
- : |, <& .
1z2=2"+3z+3 |2°+22+3=0 _z=-—1if\/5

Chon A. :

Cau 30. Go1 R, A, [ 1an luot 1a do dai cua ban kinh
day, duong cao va duong sinh cua hinh non.

Pit R=x, h=x+d,l=x+2d. PK: x> 0.

Do />h, néntacoé d >0.Taco:
P=h+R* o (x+2d)’ =(x+d)* +x°

2 T r
@x’—z.xd—3d2=0@[§) -—2(—‘3)-—3=0

[ =
x

Xétham s6 f (1) = trén (1;+00);

=3d (théa man PK)

_l"-
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w i|l A I'! " J - g
. I;i""' ""#,:ﬁi;t
&, o=t

¥ o el R WS
B o E S S
- e

gx)= | )& P-l , trong d6 x=1 va x=-2 la Suy ra d(SC, MN) =

. et
. ' | --11:1- "'::_"E-b: A . .

s 0 1 40

f.._jj sé ﬂéng blen trén khoang (0;1). Chon A.
.. 32 Vi d tiép xic cua d thi him sé y = 7
tai ’? émA nén f'(x,)1a hé s6 goc cua d va f’ (xA)
f 1 1a hé sO géc cat tuyén cua dd thi ham s6
h‘ --;a; =3 Dodotaco
L 3‘3 =X "2

A

Cj $au bﬁu nam kinh doanh, gia tri xe con lai
9,@ 1)* =328,05 triéu ddng. S6 tidn thy

d@ﬂﬁh 1a 10x48 = 480 tri¢u dong.
. On N nim Mdeanh tong so tién & ong. Tuan

1 1 ] a

Vsvove = —Veong = = SAS pyp = —

A S i SWP SDNB

e 4 4 12 24
Vsur _ ay21 - Chon D.
Stew s 21

Cau 36. Goi ¥, V,, V, lan luot 1a thé tich cia khé;
tru (H,), (H,), (H,). Thé tich cua khoi try (H,) Ia
V. =nr’h =V,. Thé tich ctia khéi tru (H,) 1a

2
1
VS=lnrch, =i —31—;1 h, =§nrfh2.

Theo bai ra ta co
V1=V3

N+V,+V, =60t < 2V, +V, = 60

& 2. h +é-.m'i2hz =607 (*).

Mat khac: 24 +h, =9 h, =9-2h,.
Luc do:
16

601I<:>—9-r h,+r =60

; 1
(*) = 2m; hl+9m* (9-24) =

540
\ 164 +9
=:>r2=1, 40, - fey
3\V16h +9 1\ 16A +9
Va}’ KHI) - ﬂrzzhz = TT. 60(9_2}‘1)

16
@nz(gmlj.:ao:m:

164, +9 A
((l‘;)u ;7 Tacé: 4B = =(2;-3;9), phuong trinh
X=3y+4z+4+4 = =0. Mat phang (P) cit cac

truc Ox, 0y. 0 lan lugt taj




doiximg AR
iy 4 } e o iaS t 1 < dy
) thi. wiﬁu o f"' ‘E" dx =||f(x)|dx = —2- Suy ra thé tich chiéc ly: V = TI:I( 0g,¥) dy.
£ " Thé tich bi: v --g-nbi3 Thé tich nudc:
Jdx=-| >
T Wy if@ixa _"?_. v =V, -V, =29,66 cm’. Chon A.
o )@:E,j S (x)dx = -—i—- Cau41.Tacé
o'
X 2
el f2-Vx +1)
?@gﬁhamso y= f(x)+1 va g (x) \/x2+1 7 Jx?+1
f(x)-1 d6i xtimg v6i nhau qua truc hoanh nén b

S ,I:f'(2—\/x2+1)+1].

Ay L& -
*-4—.213 | f(x)+ l| dx = 2] 1. (x) + 1] Vx? +1
) :

bl Ham s6 dong bién khi g'(x) >0 = x <0. Chon A.
oy & Céau 42. (Dinh chinh. Trong dé bai cau 42 nay, da viét:
B 17 < ) 2]+2(x3—-x1) 4J_ Shon L. th giac MNPQ c¢6 chu vi biang 14, xin stra la: tir gidc
- lg’-—.2iz|-2 MNPQ c6 chu vi bing 9++/265. Thanh that xin 16i
T ban dgc).
> |~(iz)? - '-}-'_...f"-1+1|=2 o |z +1)? -1|=2. Ta ¢6 MN /| PQ // Ox nén
*-_-_— iz + é}‘tw’ —1| 2 = tdp cac gisaEbiey 1. = =2 ST
u c cﬁq s6 phic w’ la duong tron tam Xy = Xy Go1 M(-a;2%)
;0) ban kinh R .—.:f,. Lai co: vo1 a > 0= N(a;2°).
_ i, 1]»‘__: p2 _le _‘w ‘ MN =2a va PQ =a.
3?' L2 MN-PQO a
; "'ﬁb‘ OF - @R 3::';maxP \/— Chon Ké OH 1 MN. Suyra MH = 2 _=_2_.
i Xét tam giac AMQH vuong tai H, ta co:

% n‘w ﬂﬂ“ét dién di qua truc cua

n hé truc. ,,,pm; hinh Ve Ta c6 . : R

_ ’ :ﬁ:ﬁm ﬁc) ai Ta c6 chu vi ciia hinh thang MNPQ béng 94265,
) nén: MN + QP +2MQ = 9-+V265

e ,'l'r'
P R L L o e e, g

| H--...- .‘r y 'q.- .- ﬁ ey i _|+

Phuong tr l-fe,rl.; ._-_F_-.'."—l

Bl 1 (. "' 'L "I

PR

e e

.-'. 1II---. " #}'r )
o ;]E.-'HII-
g gbéc voi. Fgf

r-
N
- » E !
| g ¥
" - -
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K ] T ¥
4. g 4 A 4
= i Frl o B

ﬂ.. _-F t m
" - et g I
o - B B L
v 2
] 1Tt 140"
I L lh. i 1 L}
e = "'-- 5
- - ' &
[ A g

fﬁfl la: »'>0 véi moi x>-m-2. Dit

]im y' =+ cho nén diéu kién

X—>+0

S | x 1 ! A e X
0 <min| —+ ] volr D la mién
e 2xime2)

inh r-uahmso Lai co:
’[x+m+2 |
' 4 4NX+m+2

m+ 2

- 1
._I..
4x/x+m+2] 4

y '-'
lllll

=

éi’ e AB C theo mot dudng tron qgéai“

I.-.'-Ii-
.

--------------------

l Loyt L opr -
=__AD.SCNPD::-3—AD 7 chb (CN+PD)

1 a 3aJ_ﬁ 4a°

VA.CNPD

==.2a:2a:| ==+
P i O,

? 5a3 4::?3
Vay V wescp = g

3 3 ¥
Cau 45. Pit z=x+ yi (x,y € R), khi do:

z-4+3i =3 (x=4)7 +(y+3)" =9 (C);
‘zz +3‘ =2‘z+;‘ < 2|2x[ = \/(IZ -2 +3)" +2xp)’

—34’. Chon B.

& 16x7 =x* +y* +9-2x7y? + 6x* —6y° +4x°y”
(x-1)’ +y% =4 (C)
(x+1)*+y* =4 (C)
(C,) la dudmg tron c6 tdm 7(4;—3) ban kinh R =3;
(C,)1a duong tron c6 tam J(1;0) ban kinh R, =2.
Vi R+R,=5>3V2=1/>1=|R -R,| nén (C)
cat (C,)tai hai diém. (C,) 1a duong tron co tam
K(-1;0) bankinh R, = 2.

Vi R+R =5<2\7=1IK nén (C)va (C,)khong

¢ diém chung. Chon B.
Cau 46. Goi H 1a hinh chiéy

vuong goc cua S trén (4BC),
ta co:

& (2 + 3 =3) =4x* &

36,
2

bl M L s // AB nén ti gidc A'B'BA
PR e phﬁng (SAB) cht mit cAu ngoai

B'BA.. Do d6, hinh thang 4'B'B. L
Jn[a- s 3 . ,ﬁlﬁ' I'_: ',Ilj ]i. ":‘Téd‘ {w
,;.!l" NP I...-l- ,.i ;{]¥ A

h 3‘!\5 m “}i"ﬁ Qﬂﬁu 4 qjmih{




P R

||||||

# -

;|. et | g

v r'-'h-
¢ i jl.

5 d1 qua M va nhan

hung k 3 i khi d tlep xic véi (C) tai 1 diém va
dng t t (C) tai 2 diém phan biét tiép theo. Vi
gi;w oan 'ﬁo tiép diém 13 x, = a khi d6 ta c6

-
B & v i B i Wi
1 1 L i ¥ = L.‘
1 i IRAY. = |
b } ar it 1"': gl

en =f(4a —4qg)(x—a)+a" -2a’.
| h do glao alem
| %’4—23:{ (4@’ —4a)(x—a)+a’ -2a°
-'_' .;_..;;. -f-a‘) (.’r +2ax+3a" -2) =0. (1)
Pié ’}* I) ¢O 3 nghiém phan biét l1a phuong trinh
+3a2 —2=0 co6 2 nghiém phan bi€t khac
.’ .
s - 2a’ >0
: gg,‘ #: 2 a# i-.—3—-
Khi d6 theo dinh 1y Viete:
T :{:3 S0 x, =3a ~2.

2 =3, x,(x, +x,)

J165

o ]l a=lva=-- g i
0 i ) 22

icu k a thdy chi c6 duy nhat gia tri

]
A R%JL

Chu 49‘
D& thay tlr dlen ABCO

nol tlep ‘mat cau tAm
[(1;2;3), ban kinh
R =14=+/14, dong
thoi / cling 1a trong tam
cia ti@ dién ABCO. Ta
co

Tuong tu:
MB}-——MIB+J— MC?’——MICJF\/_

Ji4 Ji4

M0>—MIO+\/—

=

Cong vé ta duoc

MA + MB + MC + MO>—M-(H+E+Ié+Ié)

N

4

N

) 4
J14
Dang thirc xdy ra khi va chikhi M = 1.
TR SRR
O
Ciu 50. (BO sung dé cau 50: thém DK: a # b). Dat
log,b=2z thi @ =b. Ma a=2",

(2°): =27 =2”, viviy y = zx.

Vay A:

. Chon D.

b=2" nén ta co

Do y£25= x<12 = n(d) = Z é—l =62.

Lk
Hogc ta ¢6 the liét ké cac phuong 4n 6 thé cia x, y
nhu sau: Véi moi cach chon y thi sé cach chon x
chinh 1.& s6 uée s6 cua y va khong trung véi y. Do d6
ta co tat ca 62 cg@p (x; ) twong ng.

Ta c6 n(@)= 4 =600 = P, = ;‘} ChonB.

SR




op 6). Cho ba s0 nguyén a, b, ¢
tr -.-;.; :%bﬂaﬂ—-— Chummmhrﬁng a+b+c
“L7 T
L R T g cﬁamﬁt 36 ngu yén
- NGUYEN BUC TAN (TP. Ho Chi Minh)
‘ (Lé'p 7). Cho tam gidc ABC cén tai 4
o6¢c A n on. Ha BH vudng goc voi AC (H
C') Blﬁlng thing qua H, song song véi BC
ﬁng qua C, song song v&i BH cat nhau
Mhmg diém cua HE. Tinh sé do goc

NGUYEN XUAN BINH (Ha Noi)
T3!503 Glﬁl phuong trinh

. dﬂx’ 3x+ =--—‘§\/x +x° +1.

-, *.'r
1

LUONG VAN BA
m Phuong, Tur Nghia, Quang Ngai)
1‘3& nua duong tron tam O duong

R, M 1a mét diém trén tia d6i cua tia

at tuyén MCD dén dudng tron (C nim
ﬁl"'m éBCtalI Xéc dinh vi tri cua
| : _- = “1 10 nﬁl tiép.
 NGUY '- NGUYﬁN (Hai Phong)

Nh 56 thuc thoa min

w‘as 100. Chimg

Bai T7/503. Cho tam giac ABC, hay chu:ng min] Y

(GVTHPTGM V'EMB Nﬂﬂt i ;,j_

&
i
%
1-+

A B e tan s
tan—z+tan—z+tan 4 +tan 4 4

2, -G Gt proRe.
+tan74-tan-z-+tan4tan4 <309 SJ‘:',T)

Ping thirc xay ra khi nao?

PHAM HUNG
(46 Hang Chuoi, Ha Ngi) k
Bai 18/503. Cho tam gidac ABC noi ti€p duong s

tron tdm O, c4c duong trung tuyén A4, BB,,CC,
lan luot cit (O) tai 4,,B,,C,. Dit 4B =
BC = a, CA = b. Ching minh rang
44 BB, GG 2_\/2
a b c 2
PHAM DUY KHANH
(GV THPT Quy Chdu, Nghé An)
9/503. Cho a, b, ¢ 1a cic s6 thuc khong 4m

thoa man a+b+c=§. Chimg minh rang

3|:a(a ~1)2 +b(b-1)2 +¢(c —-1)2] 2 ab+bc+ca.
Piéng thirc xay ra khi nao?
| VU THANH TU
(SV K54CC, Khoa CNTT, PH Céng nghé Ha Néi)

TIEN TOI OLYMPIC TOAN
Bai T10/503. Tim tit ca cac cap so nguyén duong

(n; k) sao cho: (n+1)(n+2)...(n+k)—k 1a sé chinh
phuong,

NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phic)

<3im 1/ Bai T11/503. Tim tit ca céc ham sé f(x) lién tuc
.' LE XUAN PA1  'rén doan [g; b], ¢6 dao ham trén khoang (a; byva
, ’ E’Pb"@)‘ th&a man f (Jﬁn) < f ce(ab),




Bai T12/503. Cho duong tron tdim O va diém X
nam ngoai duong tron. T K ké céc tiép tuyén KT,
KJ v61 duong tron (7, J 1a cac tiép diém). Trén tia
d6i cua tia IO lay diém O’ bat ky, v& duong tron
tim O’ ban kinh O’J cat duong tron (O) tai diém
thit hai 4. AI cit duong tron (O°) tai D khac 4.
Mot duong thang qua K vudng gbéc voi O’D cit
duomg tron (O’) tai B va C. Chimg minh ring 7 1a
tam duong tron nd1 tiép tam giac ABC.
NGUYEN XUAN HUNG
(GV THPT chuyén Ha Noi - Amsterdam)
Bai L1/503. Cho hai dao dong didu hoa cung
phuong v61 cac phuong trinh lan luot 1A
T T

X; = A4 cos [cot +E] (cm) va x, = 4, cos [mt - —é—)

(cm). Phuong trinh ctia dao dong tong hop tir hai
dao dong nay la x =4cos(wr+ @) (cm). Khi
(4, + 4,) co gia tr1 cuc dai thi gia tr1 cua o 1a bao
nhié€u?

VIET CUONG (Ha Néi)

Problen: . Given integers

a, b, ¢ satisfying a=b—c=—. Prove that a+b+c
c

is a cube of some integer.

Problem T2/50 Given an
isosceles ABC with the acute vertex angle A.
Draw the altitude BH (H is on AC). The line
through H and parallel to BC and the line through

C and parallel to BH intersect at E. Let M be the
midpoint of HE. Find the value of the angle

AMC.
Problem T3/503. Solve the equation

i ——3.x+1=—,-;-?-’§-xfx4 +x° +1.
Problem T4/503 Given a half circle with the
center O and the diameter 4B = 2R. Let M be a
F‘Bmt on the opposite ray of the ray AB. Draw a
secant MCD of the circle (C is between M and D).

Bai 1.2/503. Dat dién ap xoay chiéu cé gia tri
hiéu dung khong doi nhung tdn sb goc o thay
do6i duoc vao hai dau doan mach AB mic ndi
tiép gébm cudn diy thuan cdm c6 dd tu cam L,
dién tr¢ R va tu dién c6 dién dung C. Hinh vé
dudi 12 dd thi biéu dién su phu thudc cta dién
ap hi€u dung trén cudn cam thuan L theo gia tri
tan sO goc ®. Cong suat cuc dai ma mach tiéu
thu la 100 W. Lan lugt chow =xvaw =y va
® = z thi mach 4B tiéu thu cong suat lan luot 1a
Pva Bva K. Néu (R+ B=195 W) thi
P c6 gia tri bing bao nhiéu?

. '
/
P
I i

PINH THI THAI QUYNH (Ha N¢i)

Assume that 4D intersects BC at I. Determine the
position of M given that MCIO i1s a cyclic
quadnlateral,

Given real numbers a, b, and ¢

satisfying  (1+a*)(4+b*)(9+¢*)<100. Show
that 4 <3ab+2ac+bc £16.

Solve the system of equations
r\[f +xy + y° +\/y2 +yz+2z° N
9 =J§(x+y+z).
L@—(ﬁ+ﬁ+«/¥)+2=0

Problem T7/503. For any triangle ABC, show
that

B
tan—+tan—-+tan-—c—+tanitan£

4 4 4 ERy

B aiG G. wed
— —— pe——— —h—{ —
+tan4tan4+tan4tan4 <3(9-543).

When does the equality happen?

(Xem tiep trang 29)

, TOAN HOC
S3 503(5-2019) « CTudilre 21
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- g L - ; :I'" B *l'. I _‘|-|.- i - ..'.'-' 'J:' [ 1 i o !
o il " = E =4 i ] i ¥
LI ) 1 R i 7 ’,} 'L TN 1r
{ - s e ﬁ e T A
i 2L .«-‘_. LN |
4 f Li L ] I I A P
b [ T -

s M .-E "--"’-‘ a3 201]+20DA+ZOBA+20JB

‘ ":_,; g =0 w % S ABD + BDA + BDJ |
T o -'-T_’-; o RE g fia ka ¢
S * *1 . qm im‘i’ E‘ s DJB -4 DBJ — 3600

iii
- e i
- 3

- & JOB +90° +90° + 20JA + 2 AJB = 360"
B ij&iﬁg; QOEO Q! | e, - W, S 0
- gigi. Ta thiy g;ﬁ tri qua bleu thic x* +y* '© JOB +20JA%42AJB=180". +
O ._r _ ¥ ._ J .a- — e — e 0 3 ~
.':f. doi khi d6i vi tri cua x va y cho nhau, do @6 Ma JOB+20J4+ AOB =180" (Vi AJOA can

"le'fy Néu x>4 thi tai 0) = 24JB = AOB =90° = AJB = 45" (1)
ﬁ%wzf—zswloo do d6 x <3. Ta lai c6

_.__.A_,_-_"-_ﬂ--

b ﬁ”“’iﬁhﬁ €0 1+y=100 nén y=99, thoa QAE + AEQ+ QCK + QKC + OKA+ QAK = 360"
% BAIIng hing < 24EQ + 2CKA =360° < AKC + AEQ =180
Em,cé 2"+ % =100. Néu y<5 thi

c i ::»EEE‘—BS“ﬁE—‘fiSD (2)
y =2 S =57<100. Néu o i Ph(ryva (2) suy ra A4JK vubdng can tai 4. (J
;_.262 éithwo théa man. Néu y=>7 thi »Nhdn xét. Cic ban sau day co o1 giai dung va gui

: r ‘5 %d?z 177> 100 vé Toa soan sém: Nghé An: Thdi Khac Hoang, 7D,

Nguyeén Vin Chung, 8A, Chu Thé Phong, Pham

iﬁé thi c6 3’ +3° =100. Néu y=3 thi Cong Toan, Tran Ping Qudn, 8D, THCS Ly Nhat

'if='”. s B e : Quang, Do Luang,Quang Ngii: Nguyén Tran
. 33‘*3 >4<100. Neu y >4 thi Phitong Mai, Vo Thi Hong Thu, 7B, THCS Nghia
: P30 442 =145 > 100. My, Tu Nghia; Phi Tho: Chy Lé Phuong Linh, Pé

1(x; ) 14 (1; 99), (99; 1), ¥&9c Hai, 7A3, THCS Lam Thao; V‘i’nh Phic: 7a
T a Kim Nam Tuan. 1A2, THCSVén Lac, Yén Lac;: Ha
c dng didu gi 4 st x <y chi gigp g{?l' Hoang Xuan Tu, 6A. THCS T6 Hoang, Pong
mg néu ket luan chi néu ra g

th;l van chua ké hét cac

e | NGUYEN TH] TRUONG
P‘;‘; OB B 13409 G hio
et Dhon Minh Chau, Ha prvong trinh
S Lim Thao, L4m Thao; Ha | e - \/ X 3
-::_-THCS T6 Hoang, Q. : ' ==.
k& Tudn Nehia, 6C, THCS Ly gii Vaxt+xt Y 3%+ kg 2

lar, PK:

e siilrd, UL, THCS 3x +o =0 2 !
Wyt ;. ¥ 0!




N
i sl

9 (1—-x)(11x+4) 3
Ve ¢

4(3x° +x) b3
H E,W-;déubﬁngxayrakhlx—-l
lﬂnx > x nén 3x* + x> >3x" +x va

4 P T40x o [4x +4x+]
J3x+1 \/33: B 3 sk

B i _[o, =0aix+4) 3

\4 4(3x” +x) 2
VT < VP. Vay phuong trinh dd cho co
Em duy nhatx=1. O

_' .mt. Pay la bai tuan giai phuong trinh co
- chira an trong cén va ¢ mau thirc hoi phic tap, ta

hm theo tung truong hop cua an két hop
;huc dé so sanh hai vé cua phuong

o 5 ¢ .:ﬁ n ghiém cua n6. Co it ban tham gia
giai bz ?n duong ban Lé Ngoc Tung, 9A,
En Truc, Thanh Oai, Ha N@i co 10 gidi

" © PHAMTHIBACHNGOC

499. Cho tam gidc ABC vuong tai A,
-4k gidc

ﬁ‘. TMAH cua tam gide ABC.

léy dxem K sao cho

Tu d6 suy ra ABDA <> AKDB (c.g.c), nén

AKB = ABD.
Vay AKB + HAB = ABD +DAB = BDH .

Dodé AKB + HAB = 45"
Cach 2. Goi M la trung diém cua doan AC Ta co

HM =%AC= AB va MHA = HAC. Ta co

BAK =180° — HAB = 90° + HAC
_90° + MHA = MHB .
Lai c6, AAHB > ACAB nén AH = 2BH, suy ra
AK = HB. Viy AAKB = AHBM (c.g.c), dan dén

AKB = HBM . Mit khac, HAB = ACB ta co

AKB + HAB = HBM + ACB
— CBM + MCB = AMB.
Ma A4BM vudng can tai A nén AMB =45".

Do d6 AKB + HAB = 45" 0
»Nhan xét. Cac ban sau co 101 giai tot: Nghé An:
Ngwén Quc':fc Nguyén Chueong, Lé Van Quang Trung,
Lé Van Manh, 9B, Hoang Ngzg,fén Mai Suong, 7B,
THCS Ly Nhat Quang, D6 Luong; Cin Tho: Tran
Danh Nhdn, 9A5, THCS Poan Thi Piém, Ninh Kiéu;
Vinh Phiic: Ta Kim Nam Tuan, 7A2, THCS Yén Lac;
Quang Ngai: Vo Thi Hé“ng Thu, Neguyéen T van Phuong
Mai, 8B, THCS Nghia My.

NGUYEN THANH HONG

Bai T5/499. Cho cdc sé thwe x, y thoa man
y=2x+4<0. Tim gid tri nho nhdt cua biéu thirc

-l-ﬁ "J"
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(x=4
y=2

O

i xét. Diéu {BE  chot cia 161 giai 1a ching

inh x —&y’>4(2x y—4)>0 va 4p dung bat
- dang tk quen thuoc a+—>4 (a>0) dé suy ra
2 an sau day c6 bai giai tot: Ha Noi: Lé
Ngoc Ting. , THCS Nguyén Truc, Thanh Oai;
Than [ ;-.-. 3 *.#__-'- ong Ngoc Tam, 9D, THCS Nhir Ba
Sy, T ”'ff f_['kf S ﬁn, Haang Hoa Nghe An: Le Van

" NGUYEN ANH DUNG
zéﬁ‘fhuc dieong X, y, z thoa

- Gia s (x, y, 2) | *9 @ghiém thuc

Al Ty EEY, (PN E Lo .
. o ir.ll- Fa I|I"r. '-,1'“ e 'I". R T X - S
; =Y 4 ’II * [ |_'-.,.l“.' ! F—! 1] LH lr":}':* L J y t"_,
- _—_L - T i i &
= Ll o B 1 = =

- - i hn ] | | N
-----------------------
........

I Ry &N %
L IRl

bit ddng thirc & trén déu o dau déng thu'c xay ra.

2 et oyl ray=z=l |

Suy ra x

Vay hé phuong trinh c6 mét nghiém thuc duong :

duynhétx=y=z=l. 0 ‘i

»Nhin xét. Bai toan giai hé phuong trinh trén la bai
toan co ban, don gian (sé phuong trinh it hon sb 4n so,
do d6 di c6 mot bat dang thirc nao d6 tré thanh ding
thirc). C6 rat nhiéu cac ban hoc sinh THPT tham gia va
c6 101 gidi ding va chi c6 duy nhat mot ban hoc sinh
THCS ciing Jam duoc nhu vay: Truong Ngoc Tam, 9D,
THCS Nhit B4 S§, TTr. But Son, Hoing Héa, Thanh
Hoa.

NGUYEN MINH PUC

Bai T7/499. Cho a, b, ¢ la cdc so thuc duwong thoa

méan a’ +b° +c =3, Tim gid tri nho nhat cua
biéu thire M = ﬁ; - £ + L -

b C a
Lot giai. (Cua ban Nguyen Quang Minh, 10 Toan
1, THPT chuyén Lé Hong Phong, Nam Dinh, P56
Cao Bach Tung, 10T1, THPT chuyén Lam Son,
Thanh Héa va cia mot s6 ban khac).
Ta co

M(ab+bc+ca)=a3‘+b3+ 3 Ca bc

e e

b a

ab3 2 2
+-;—-+ab +bc” +cq?




: ; .:q_-,i:h:?_-:- oAl § E B
& z st L _"- s e &"t':'-'l-.‘_ = o i am
- - T T la o 'f:-_ f N t_ '—""'-'-'-'175"'5;'_-“—-:'-"} A1 11T
> VAN Xi Er' -‘.t- | t_-'f';l 1. 'Lu‘-jh'-'l-_{!vl_'-l‘.f{"k'_m b Lt}"h e\ g
I YF ) et s .'-_-..-;::.'" J—-1'rja11'-; - il e

. . G TR S f
- CMT1* ] <IN - ; \ r g ".\ L A VETYD
han ::H rl-.. v .-__,H_ll |_'| ; E-:‘--'-'Ir"[-'!:a!:.rml-;"" LY ycri
5 T R i

hese :
i T i Sy e el i = Jo
£ ¥ ot Sy TR o AP o b T o
i ey Il.".‘l:'l i F 7 @ aTtT i 1 . -

| B iy ¥ wry i R ] | ¥

'I_ _.I"'" - 5 l.JI gkt - ” - - P M T <t b U - -
T T YN : :
s : i =, s

<113 Fil y e i 1 n | | a .

= i &

i |
. B o S -l 1 E r T T - 1 e Ay T . I ] . ]
| : - L{ N LR e e 1} PR [ . AR ' RN
e | V4 , w111 4 i — ol TRk - AvE i B y s T TOES I i
1 : R ol i - 1 - — 7 I_'" = gl g W ] = - _.1_ e SR '. e ;l- T 13 a_. ] o 1 1 ¥ -
; RIS SRS SRR § A T N Y e e P |
T = 'y O - TR B T AL ¢ . ] £ o R k ]
a0 h v i'..r L g b s g ; - . ; ] , : ]
5 e t - > 2 J' " L ¥ 3 ‘ﬂ I'I - i -
. i .I 3 & u i": 11. ol ) . f 1_,‘.. o i . J 2
- --| | ri — . a4 1 L E ’ - 5 ¥ ¥ ! i e
I Ly = ol ol . = i on . i - - i : : r
“ ; '
= =
H .

‘bai nay, d¢ la cdc
Hoang Ting, 12T,

&
f

Nam Binh: Nguyén Quang Vinh, 10 Toan, THPT
chuyén Lé Hong Phong; Quang Binh: Dinh Doan
Xudn Phwong, Hoang Kim Ca, 11 Toén, THPT
\ V& Nguyén Gidp, Trdn Thanh Dat, 10Al,

'T-‘*@ Phong, TX. Ba Pon; Quang Tri:
Lé Chi Cuong, 10A8 THPT Cam Lo; Séc Tring:
Ddu Pic Quan, Lam Khdnh Hoa, 10A2, THPT
Ef“ Thi Minh Khai; Thanh Hoéa: Do
1 Tung, 10T1, THPT chuyén Lam Son,
" Truomg Neoc Tam, 9D THCS Nhir B4 Sy, TTr. Bit

e

 Son, Hoing Hoéa; Thira Thién Hué: Hodng Bio

il - Minh Chdu, 10 Toén 1, THPT chuyén Quoc hoc
" Hué TP. HY Chi Minh: Nguyén Phic Thinh,
OCT1, THPT chuyén Lé Hong Phong; Tra Vinh:
" Ding Thanh Pat, 10A1 THPT chuyén Nguyén

" Thién Thanh; Vinh Long: Truong Gia Bdo, Lé
" Minh Tam, 10T1, THPT chuyén Nguyén Binh

vU PINH HOA
}"’ ‘ va ¢o tam duwong tron noi i éep lal. M la
\trung diém ciia Al. K thugc BC sao cho IK L 10.
0 thuée (0) sao cho AQ || IK. OM cdt BC tai H.

G thuge AK sao cho HG || Q1. OK cat (O) tai L

khac Q. Chirng min h rang GIK = IAL.

gidi. (Theo ban Nguyé"n Dire Toan, 11A1,

» de. (Pinh ly Reim) Cho A, B, C, D cung
thuoc 1 duong tron. Lay E, F lan lwot nam
iren AD vc D m icho A, B, E, F cung nam

- 4 .. L] I_.. » s & s - : ' v '. . - ﬁ . -
e e gy =1 L 7 & :E'_‘ = n .; : ¥
Lr EF F| 'r' NT 7~ 11,7V 0 Hr.' -'_'_'F;-"':.' 1 RN ?l“' ¥ 1 5 1
e FEECSE A o N i ' ] i il ol 'l."' i | J AR Ao
S a4 i b b | ﬁ.. L f:{__l'd:j‘ {{?E!.::E!E .. r}____ .__: . s - : R L]
E £ ¥ - . - h — . |

i 4 g i £

# s - K 4 a8 -1 : *.! § i |; 4 » '" { :. r b

4 A ) A oF NS ﬂﬁ P i :.gc;_-ln""J ¢ b B Tl

L Codpit  WES T C A PR TR R, SRR T o0 e : d ld [T o e i T ) :

AE o oo [ A Ty ST " : nh dm

L 1 a :n.-I . \.:'..I F] e B il:ll ]'!JLL-.E |_I-'I.. : I-"iﬁ : g 3 Mg R phshoN . :

i it ot L".'_'.F e el _:,ih e It i by e o
§-, | R - .
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D ST
R s

(mod )
nén tam giac DBQ vatam giac DEB dong dang
nguoc hudng. Suy ra
(EK,EQ) = (EB,ED) = (BD,BQ) = (4D, AQ)
=(04,0I) = (IK,1Q) (modm).
Suy ra E, O, K, I cung thudéc dudng tron (w).
Ciing tt ADBQ «» ADEB = DB’ = DE.DQ.
Tir tinh chat quen thudc
DI = DB = DC = DI* = DE.DQ.
Do d6 DI tiép xtc véi (w). T day
(OI,0K)=(ID,IK)=(AD, AQ) = (EK, EQ)
= (IK,IQ) (modm).

Suy ra K 1a diém chinh giira cung é} cua (w).
Vi M7 tiép xuc v6i (w) nén tam gidc MUl va
tam gidc MTQ dong dang nguoc hudng. Suy ra
(IJ,14)=(1lJ,IM") = (QJ,0I) = (KJ,KI)
= (KA4,KI) = (AJ, AQ) (mod ).
[aico
(JA, JQ) = (JO, JK) = (JK, JI) = (Jd, JI) (mod ),

nén tam giac JOA va tam giac JAI dong dang
ngugc huong. Tu do

(A4J, AM") = (4J, AI) = (QJ, QA) (mod ),
suy ra tam gidc M4J va tam gidc M'QA ddng
dang nguoc hudng.

Vay c6 M4 =MJ.MQ=MT, hay M '1a trung

AT 17 B RO-SUR MR- = 1 L et s o -= &
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ol it # TP HO Chi Minh: Nguyén
CTl TI-IPT chuyén Lé Hong Phong.

HO QUANG VINH
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99% I’m m: sa fe nhlen n, ta dat
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B 1
""" cae so tir nhién n sao cho sé 5 la
| ZE; 35 ﬁWIh phuong. Trong do ki hiéu [x] la sO

km nhat khéng vieot qua x.

Cua ban Phan Phudc Minh, 11 Toan,
yén Quéc hoc Hué, Thira Thién Hug).

,_,vm m=4k n=4k+1n=4k+2,n=4k+3

nt £
n+1

) ?'ri'“-n-i-l Vay ta can tim n dé

A y u
1 %] . | Iy s
=1 ] 1 & 1 ]
.I'IJ:' I : | ! N _
sl _1. o o il ,?' maf v
W ¥ r
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'fThu' 1a1 thay n=1 théa man Vﬁ? n 1 la gla tri

6

duy nhat de R= el la SO chmh phu'(mg D
»Nhan xét. Diy 13 mot bai toén d& nhung it c6 ban
tham gia giai bai toan nay. Cac ban sau day c6 101 giai
tot: Phi Tho: Nguygn Dang Khoa, 10 Toan, THPT
chuyén Hung Vuong; Ha NOi: Hoang Tung, 12T,
THPT chuyén KHTN, DPHGQ Ha Noi; Quﬁ_ug Binh:
Pinh Poan Xudn Phuong, 11 Toan, THPT chuyén V6
Nguyén Giép; Nam Pinh: Nguyén Quoc Hiéu, 10
Toan 2, THPT chuyén Lé Hong Phong; Thanh Héa:
Dé Cao Bdch Ting, 10 T1, THPT chuyén Lam Son;
TP. Ho Chi Minh: Nguyén Phiic Thinh, 10T1, THPT
chuyén Lé Hong Phong,

DANG HUNG THANG

Bai T10/499. Ta goi “vét” cua mot tam gidc la ti
s6 giita dé dai canh ngan nhdt va do dai canh dai
nhat cua tam gidc do. Véi mot hinh vuéng cé canh
bang 2019 don vi dai, ton tai hay khong sé
nguyén dwong n va cach phan hoach hinh vuong
nay thanh n hinh tam gidc théa méan dong thoi cde
diéu kién:

1) Khong co tam gidc nao co canh dai hon canh
hinh vuong.

1) Tong tat ca cac "vét" cua n tam gidc thu duoc
n +6n-9

-

i

Khong vuot qua
1

Lot giai. Gia su ta da phan hoach hinh vuong
thanh » tam giac A; (i=1, 2, . . ., n). Ki hiéu dﬁ
dai cac canh cua A, 13 a;,b,,c; (v6i a, > b EC:)

thi “vét” clia tam giac nay la V. =L

a;

Nhan xét: “Vet” cia mdi tam giac khm;g mﬁmﬁél
qua phép dong ;iang, theo do ta c@ the m; ca;nh
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TRAN HUU NAM
W <1+l 1 : <§,‘v‘n22. Tu do:
2 2n—-3) 2

~; 9, Cho day s6 {u”} xac dinh boi

Nnel

#’iﬁ“ \/"(HH) N =12, V2 < (P +1P +.4 1) 14+14 :...+—-§— +2n-1

v ;ﬂT oY VagyaiVs Vi
‘;il-

ihﬂ T
f; J20]8

! U, a 3
e Vay ta duoc: 2n—1<v’ <2 ; =
L higl “*Tf*?* phc:m nguyén cia s6 thue x). ay ta dugc: 2n-1<v, <2n-1 2(” 1)

IA

—

< J%(H—l) +2n—1, V22,

=
e T f%'.-.'.':- ¥z

T e se r _ o
Loi gigi. a) Tix gia thiet ta co:

u’ o 2n-1<vy, {\2n—1+ %(n—l)

+1).——— < = : — |
Jn & \2n-1< <\2n—-1+ E(H—l)

Uu

n+l

l ;%_ 12,...taduqrc day so: L yn+l Jn+1 ’

N 2 T e v2n-1 & Qoo b i
' | o | 2?‘1-1+\’§(n 1)
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1 giai dung bai nay, 1a cac ban: Nguyén
§2A2 THPT chuyén Lé Quy Dén, Da
- Nang; Duon Hai Dang, 11 Toan, THPT chuyén
b f mfwih, TP. Bién Hoa, Pong Nai. Cé hai
ban # dungdlnh ly Stolz — Cesaro dé tim lim u,

n=—»+x0
i

. NHU HOANG

TlZM” Cho tam giac nhon ABC. Cac diém
moe doan BC va cdc diem P, O theo thir 1
Mn CA, AB Sao cho M\PO la f?mh

78 ﬂ M; A N theo thir tu nep xXuc voi F‘O
ng 4 Ching minh rang AX 1 Y7,

(Cy

o I.- """'". L

.... Bl

__ -AC-—TB'—TC
rét don glén khong
i tiép tam giac ABC va *ﬁ’ 5C. Vi WP Q 1a hinh

— _u-' '|I|'_III . -'"-I _.l' — i |.I -r .
L "_"_.;-";:-.';;*_5::', r*-.iréﬁi“ -""'"xl
5 B TR 3 1_:.::.I_- I--._'_'- | s ‘

F ol e
= & J l.-: |

dav (101
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E B # B

Hl1l1i1L8

=(XQ" - XP) (0 - 101)
Sl e (ol 7p2ya. (TP = TM”)
=QP(XQ—-XP)+QM(YQ—H4)
+ NP(ZN — ZP) + NM(TN —TM)

= x((XQ0 - XP)+ (YO -YM)

+(ZN —ZP) + (IN —TM))
=x((AQ - 4P) +(BQ - BM)

+(CN - CP) +(IN —TM))
= x((AQ + BQ) — (AP + CP)

—(TM + BM) + (TN + CN))
= x((4B - AC) — (TB - TC)) = 0.
Do d6, theo dinh ! bon diém, AX = X7 1 YZ. (J

»Nhén xét. Bai toan ndy la nhung khong khé. Tuy
nhién, ngoai ban Huy, chi c6 hai ban tham gia giai
vol 101 giai twong ty: Phd Tho: Newyén Dang
Khoa, 10T, THPT chuyén Hung Vuong, TP. Viét

Tri; Pa Nang: Nguyén Dirc Toan, 11A1, THPT
chuyén Lé Quy Don, TP. Pa Ning.

NGUYEN MINH HA

/ f.?(_}*_i;

Bﬂl i_.l *‘9@ f){i‘ ff?f "' f_.-() ff é}':‘;fﬁf ff.fllﬂf (:/?(i:{

diem | ufmmfr 1) va
chdt diém lwong 2 T

en (c wong 2) 6.% YA RO
nhie hinh vé, toc dp cue Ofct it ok
dai cua chat diém 2 la 5|'L Sl g\ f*-(l)rm
4 (envs). Khong keé

thoi diém 1 - =0, thoi diém hai chiy diém c6 ¢ ung li

do lan thir S la bao nhiéy®

: 4 =4,=6 cm
Loi gidi. Tir 46 thi, ta cg - J %




.‘..-' H—"t—ﬁ

* e L% Khi C=0 =U,, =U =100V. Tir d5 thi ta thay

.- | ;"0 N g e ST -4
/8y lan t didiéme=35s. O khi Cc=2— th U, cuc tiéu, khi d6

e

;_“wﬂ?? f Q&uﬁ m\‘rng cac ban ¢ tén dudi day da L
_L;% 2 mg cho d¢ ra ki nay: Thua Thién Hué:  Z, = Z. =100Q. Tir (1) suy ra:

ji;g? Bao Minh Chdu, 10 Toén , THPT chuyén

@;::‘ir_ oc oc Hué; Ha Phuong Haang Mai, Lé Nhu Uyp =U =252 R=23r (2)
Minh, ?.ﬂ;’eén 2, THPT chuyen Qudc hoc Hué; Ha : R ki e
Noi: Ngé Van Minh Thing, 11 Toin 1, THPT Khi Crt16n (Z. ~0) thi U,z =50V nén lai tu

100+/7* +100°
DINH THI THAI QUYNH (1) tac: 50= : 2 (3)
Jo+R)? +100

499 Cho mach dién xoay chiéu AB gom
Jﬂ@" mach AM va MB mac noi tiep. Doan T (2) va (3) ta tim dugc: r = 50€2 O
' "ii, @AM chi co dien (ro th . doan mach ME - »Nhgn xét. Chiic ming ban sau c6 161 glal dung: Leé
h Cﬂ@ﬂ day ¢o do tw cam L va dien 110 r mac  Nhy Minh, 12 Toan 2, THPT chuyén Qudc hoc Hué,
iép VO’I f dien co dien aung C thay doi duQ: Thira Thién Hué.

& .a_ﬁ a0 ha di o WR\SROF dieh dp X0y NGUYEN XUAN QUANG
¢o g:a tri hiéu dung khong doi. tan 5o

W#a

oo Ui 00 Find all pairs of positive integers
(n k) SO that (n+1)(n+2).. (n+k)—k is a complete
square.

Croblem 11500 Find all functions fx) which are
continuous on [a; b] are differentiable on (a; b), and

. #_.-..' S e _ b g 4 ny. i." _ FHrﬁ 'fl‘ £ }‘Ihﬂk‘
s o are glven real numbers mth a< b s

satisfy , Vx e (a;b), where a, b

D non-negative nUmbers 4, 9 3 outmde the clrcla Draw the '
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co cuta ca'lc bidu
( (f(x)).c..)) ta cin lyu  PT da cho tro thanh: m = 1 0
06 tﬁé g:up giai dugc PT. : :

|:|'.i-- ki

L -r-qL -.

=

q.
_,.-:
'I P‘
i
i
.r:

net ta ki hiéu x20 x>0
s _ ™~ &> 2 2 P W
Ak (x); f;(x) f (_fn_i (x)) (n22). o JZ s & 12x*— 27" +6 =0
B e o, 1) bﬁng alirong phép b .-+ | il 17,
glac.hém "f 2
# 2 A 1
= . Biet phuong trinh e @ ~X= \/5 hodc x=—.
x*+1 2 ook s
Ees

)= cé hié -
ﬁuh._ £
o Tine *ﬁ# o &
% . Thidu 2. Cho f(x) =

"tf gidi. Ta 6 f,(x) = //(x) = ———
- A _.-, x + 1
Z/,‘(r):o. (1)

. Giai phwong trinh:

+1 V232 +1 Loi gidi. Taco f(x)= f(x)=—
x+1
T,
x Jo(x) = ;"+l > < I
e X 4
\/31'2-1*1 ,;|:+1+I

Bﬁng quy nap ta duoc f;: (X)) =

| PT(1) tré |

B ot grf"'-""‘““g U gl o

T | B oy ot dos oo i |
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PT(1) c6 5 nghiém la
O
By, 15+/145
Lo 10
. Cho f(x)=2x" —1. Tim 56 nghiém ciia
: =33
b /. () =~ E 1)
-
0 BRI 33y’ >0 -1<x<l..  Dat

= ¢ t“vé‘l t€[0;n]. Suyra
r‘ fi(x)=2cos*t—1=cos2t
f* £, (x) =2cos’ 2t —1=cos 2°t.
h 1y nap ta duoc £, (x) =cos2’t.

oy COSI—+/3—3cos’t _ cost - J3sin® 7

.

- (1’ : i I% T
. =¢co0sl.cos——SsInt.sin—= COS(I’ it -—J
™ ' 3 3

e

32t=t+§+k27[

i
cos t+—)<=> |
3 |_32; = —f —-g-+ m2m
L =2
93 3l
g 2t

‘thuan vél f (x{,) xu

Do VI(2)i3 va VP)]3 nén PT(2) khor
nghiém nguyén. Vay PT(1) cO dung 32 ngl:uem,
I1. Hueémg 2. St dung mot sO két qua sau de g1a1
phuong trinh.
Két qua 1. Cho ham sé6 y = f(x) xac dinh trén
mién D va cé tap gia tri 12 tap con cua D.
a) Néu ham s6 y = f(x) ddng bién trén trén mién
Dthitacéd: £.(x)=x < f(x)=x (v6i neN"),
b) Néu ham sé y= f(x) nghich bién trén trén
mién D thi ta cé:

fu(@)=x f,(x)=x(v6i KeN).

frn (1) = x & f(x)=x(v6i k eN).
Chirng minh. a)
» Gia sit x, la nghiém cua phuong trinh f(x) = x

suy ra

S (x) =1 (x) =%y = f(f(%)) =1 (%) =%
= £ (%) =X, = £,05) = f(£(x%)) = (%) =X
Bang quy nap ta co f (x,) = x,.

Suy ra x, la nghiém PT: f (x) = x.
Vay f(x)=
« Giasu x, la nghiém cua phuong trinh £ (x) = x

x S fi(x)=x

nén ¢o f,(x,) =x,.Gia st f(x,)>x, thi do ham
s6 y = f(x) dong bién nén

S > f (%) >x, = £,(x) > x,

= [,06)=F(f,(x))> F(%)> %
Bang quy nap ta ¢6 £, (x,) > x, mau thuan véi gia
st f, (%) = %o ' e
Tuong tu neuf(xu)-sx fa’*cé ﬁiﬁ%x nau

.i"r -f" | j..i,. -.J'
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Do f(x) = %x” +§- dong bién trén R nén
2 Xy ) = Jh' { %QB? 2 f(,fl(xﬁ)) f(xﬁ) Xo - PT(Z) & ./G(x) — x & §x3 + E —5 3
= E“T f 2 (X) = X e (hotic k=2

(%) ': > Jaka(X) = x. Vay PT(2) ¢6 2 nghiém x =1; x =—2.

Ta chimg n ? " f;;m (x)=x= f(x)=x nhu sau: ; 1

nén co: PT(1)  g2.(x)=x
Ijiz O L5 = S () M ;gB( : |
S_X +mMm=x SxX——X =m.

3 3

; l
) Xetyzx-—-gx?‘;y'zl—xz=0<::>x:il. Taco

R . : bang bién thién

._f(J"u-l) | x |0 -1 1 +00 |
!

y! 5 S A0t ()

+00 2

2 o
y \_E / 3 \_m
T bang bién thién suy ra PT(1) c¢6 dung 3
nghiém phan biét < m e [—%,%—)

zs;ya,....
:f(yzk) /i ()
3’@1-"}*3’1*

Vay m can tim 12 me( :;,i)

NEH=u=y,. Thi du 2. Giai p!urcrng trinh:
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Eillfa. (vé trdi c6 100 dau can). ;

I'-

“’ - Léigiai. Do VT(1)20 nén x>0, S‘ﬂy ta B T goC
 dinh uen doan [0 1] Do f(x) ’) 1-x ngt




=:,>(x2 +x) 4(x +x)+1<:>((x +x) )
&) =2 1N(do’x = 0)
P e 0 o 420 + 21 =2+ 10 = 2xl
Ta thay A(x) =+ dng bié el =0t 1)?

€ el TR Sxi+x+l= \/5 (x+1) (do x2 0)

& +(l—x/§)x+1——\[2_=0
1442442421

2

4+ e Vay PT di cho c6 dung 1 nghiém

4+ e

SR P )
¥ J1+3x e V2 2\/ :
Thi du S. (“ iai hé phwong trinh:

- 1 .
Ta ch ‘r me - minh duge f(x)=1+ nghich = log, y (1)
- -':____' \/1 '+" 3.:«\:

N A o *
&hﬁang(l +00). (\/5) = r3 2 iy

\

1 =% R

Loi. ?""H Dn VT(1)>1 nén x>1.

_ 5

L ’ ':, .. 2.1' +X

23_1_2+x
3

3 —x.(1)

= —“12 2% +x sy
1+ 3x ) duoc: ({/5) =8x32 &

. = N ;. i .;_! 2:: + X A : A
e S Do f(x) = dong bi€n trén R nén
B S+ /13 >

e f,(x)=x <=>2 ;x=x &9 = 2.

Xét h(x)=2" —
Alx)=21n2 =2 = (F S x=111(—2—).
. SR 1]12
+4{/§ dafli2% (1) Do h'(x)=0 c6 ding 1 nghiém suy ra A(x) co
Bl s khong qua 2 khoéng don dlgu Vi v@y HCx) cé télf_

e e

=y
.......



Tmng k1 th1 nay co bai hmh hoc
- _g-f___,__‘ai_._"f;_'f-{zﬂfvomir Chiriac ngudi Moldova dé
dar ﬁfm vi. Bai hinh hoc nay 12 mot két qua

"-m n‘in.m 1 khai théc va ting dung. Trong bai viét

::::::

: _“. ; & ,lj

l {Balkall MO 2009) Cho diem M nam
en canh AB va diém N nam trén canh AC cia
gmc ABC sao cho MN song song voi BC.
~'- h dirong thang BN va CM cat nhau tai P.
i ..-.. Tﬂﬁ' duawg fron ngoaf rzep tam giac BMP va

¥
= ""..3_ m -'F

fl‘- Alry.

T -.g.*' DO cac ta glaC -

: 41 ;' *vé CMDQ noi1 uep

d(Q MB) BM 4B

— — T

Gpr (S ) Ié d‘wm,g fron qm C nép Xuc vé': AB

la diém nam trén 4 duong tron ngoai tiep céc
tam gidac BMP, CNP, ANB va AMC. :
3) Bay gid, ching ta dac biét héa bai toan bang
cach cho duong thing MN song song véi BC
suy bién vé trung voi diém 4. Lic nay cac
duong tron ngoai tiép tam giac BMP Vé, CNP
lan luot trd thanh duong tron qua B, tiép x1;'ic
v6i AC tai diém 4 va duong tron qua C, tiép
xuc véi AB tai diém 4. Khi d6, ching ta dé
chiing minh 40 van la duong d6i trung va diém
O tré thanh diém Dumpty ung vo1 dinh 4 trong
tam gidc ABC. Pé ban doc tién theo doi bai i
viét, ching t6i xin nhic lai mo hinh didm 1
Dumpty trong tam giéc.

4) Dinh nghia c?‘:em Dumpty. Cho tam gi4c
ABC. Piém O nam trong tam giac ABC thoa

min QBA = 0AC va OAB = 0CA duoc goi la
diém 4 —Dumpty. Dinh
nghia tuong tu cho cac
diém B —Dumpty va C —
Dumpty. Piém Dumpty c6
nhiéu tinh chat dep va cac
tinh chat nay s€ duoc
chung t6i khai thac thong qua hé thong céc bai
toan dudi day.

Bai 2. Cho tam gidc ABC (AB< AC) cé ba
goc nhon néi tiép duong tron (0). Goi M la .
trung diém ciia BC. Duong thang AM cét (O)
tai hai diém A va D. Gia sir duong thang BD

cat dm:rng thang AC tai F. dweong thing CD ca!

duong thang AB tai E, c‘i’::ong tron ngoai tiép
cdc tam gidac ABF va ACE cat nhau tai A va P.

. g L L -
L . Sl LIt il b B -
l---u..'\lt-.'l‘l-i - 1 LI
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Nhu vay dlem Q co the ducrc xay dl,rng dua véo
mot trong cac cach sau:

a) O 1a giao diém tht hai cua cac dudng tron
(5)), (S,)-

b) O la giao diém thir hai cua duong tron duong
kinh OP va duong d6i trung AP cia AABC.

. ¢) O la hinh chiéu vudng géc cua diém O trén
ma t aﬂ:_;;gphuong cua hai duong tron trén 1a S Aot AP ot NIBC
P, %n3dlemE P. Fthang hang. wmg‘ 01_ runi c1:}a : ._.' , : .
F;  [a ban kinh ctia duong tron (0), xét d) O la giao diém th@ hai cua cac duong tron
=(OF* - R*) - (OE* - R?) du@g kinh OP va duong tron duong kinh AO.
B e | Tiép tuc khai thac cach xay dung di€m Dumpty,
/S — YFI(0) g)EH(O) 2 e |
o Sy ta dén v&i1 bai toan sau day.
-FA-F C~ECED=FPFE-EPEF gy 3, (USAMO 2008) Cho tam gidc ABC
=FE(FP+ EP)=(PF—-PE).(PF+PE) nhon va khong cdén noi tiép duong tron (O),
1 — PF’ — PE?. duong trung truc cua AB va AC cat dwong
OP_LEF (2) Tu (1) va (2) suy ra 3 frung IL{VEIH AM tai D va E twong ung. Goi F la
3 3 M va P thing hang. Mit khac, OM 13 giao diém ciia BD va CE: N, P lan lwot la trung
- duong trung truc cua canh BC nen Oﬂff J- BC,  diém cua AB va AC. Chime minh rang 4 diém
N, F, O, P cung thuéc mot dwong tron.
Loi gidi. Goi Q 1a giao diém thi hai cia dudong
tron qua hai diém 4, B
e ung cia tam gide ABC.  (3)  déng thii tiép xic v6
- Matkha AC va duong tron qua
£orl -T- e AB) AB i dié A
;&; F@{{ MC'Q @:®) nén a(@yAB) - h31‘ dlerm A, C doéng
el d(Q, AC) AC thoi tiép xtGc voi 4B.
Theo bai todn 2, ta suy
ra AQ 1a dudng doi trung ung voi goc 4 cua
A4BC. Goi D', E' lan luot 1a giao didm cua

EAEB ECED—

E/(ABF) — %f(DCF) 5

-------
- el

BQ, CQ v6i AM. Ta c6 ABQO=QAC =BAD'
Tu d6 dan dén ABD'A can tai D!, suy ra
D =D'. Chimg minh twong tu, ta dugc E = £,
Vi va.y Q F hay B la dlemA --Dumpty tmng
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- Bai 4. (USA TST NBS) oo gidc ABC ¢

m G Goi P la diém thay doi trén doan
* *Q va R lan lwot nam trén cdc canh
@w AB sao cho PQ /| AB va PR/ AC.

J"'i'. i

'«t' !'1“

[

& #ﬁ, by g mmh rang khi dzem P thay déi trén doan

.-l:""'

<X B

& lh. ;
1 -.4 "J’" 22

gm:. Goi X 1a giao diém tha hai cua duong
:; n qua hai diém 4, B dong thoi tiép xtc véi
b 4 C va dudng tron qua hai diém 4, C dong thoi

tiép xtc voi AB. Dé thdy AAXB «> ACXA, suy

a XB _AB
X4 “AC

- Mit khéc, do PQ// 4B
3 ga PR /| AC nén

D
AQXIK flgP hay duémg tron ngoai tiep
;'?*' ﬁlX c6 dinh va X 13 diém A —

'Tlep tuc ¢ khai théc c4ch xdy dung diém Dump
ta dén voi bai toan sau day.

5. (2013 All-Russian Olympiad) Cac
hinh vuéng CAKL va CBMN duoc vé trén cac
canh cua AABC nhon va nam phia ngoai tam
gidc do. Duong rhang CN cat doan AK tai X,
dzrm?g thang CL cdt doan BM tai Y. Diém P
nam trong AMBC' la giao diém cua duong tron
ngoai tiép cdc tam gide KXN va LYM Diém S
la trung diém ciia AB. Chiing minh rang

ACS = BCP.
Loi gidgi. Goi D la
g1a0 diém cua hai

duong thing KL va
MN. Ta thdy D nim
trén duong tron ngoai
tiép tam gidc KXN, D
nam trén duong tron ngoai tiép ALYM. Suy ra
DP 13 truc dang phuong cua duong tron ngoai
tip cac tam gidc KXN va LYM Lai co, do
AACX «» ABCY nén

g/;:%g—@CXCN CY.CL.

Suy 1a %, ooy = Poimy» hay ba diém P, C, D .
thang hang. ?
Mat khac, g, T4 AC, hay DP la

d(D,BC) BM -9
duong doi trung Umg véi gée C trong tam gidc }‘
ABC, hay ACS = BCP. j
Nh@n xét 5. Diém P trong bai toan trén chinh la %

diém C-Dumpty trong A4BC. Pé ching minh
cho nhan xét nay ta dén véi bai toan sau.

Bai 6. (P¢ thi HSG 16p 10 Truong THPT
chuyén PHSP Ha No§i nam hoc 2013- 2014)
Cho tam gigc ABC khong can tai A voi

.BAC > 45° va O la tam dw&ﬁg tron ngoai tiép _
gxac. Dung ra ngoai tam gidc ABC cdc 4

f?ﬂ




b -tﬁng quét hom,
! ﬁi HSG Ninh Binh ngay 1, nim
1 F*m 19) Cho tam gidc ABC noi tiép
C ‘?dm O. Dung phia ngodi tam giac

1 binh hanh ABMN va ACPQ sao
¢ ABN dong dang voi tam gidc

.|.I

J’— o -

0] ’G' la giao diém ciua AQ va BM: H I
cua AN va CP. BHO??U fron ngoai
tmng:ac GMQ va HNP cdt nhau tai E
n trong drrong tron (0)).

mmh rang ba diem A, E, F

-

tha Fg

' ﬁ'F -Fﬂ
- :}.

o minh rang bon diem B, C, E, O cing

&ra'ng tron.
ﬁ@l (0), (0,) lan luot 1a duong

grac OBC rar A, va A‘z sao gka 5,@ '_

b) Goi F'la giao diém cta hai dlmngthémg M
va PQ. Ta co
F'OG =180° — GOP =180° — F'MG,

suy ra F' thudc duong tron (O,). Chimg minh
twong tu, F’thudc duong tron (O,). Suy ra
F = F'. Theo cau a, tir giac ABDC no1 tiép nén
tir gidc DMFP noi tiép. Tir d6 suy ra

AEG + AEH =180° — BMF +180° — CPF =180,
hay ba diém G, H, E thang hang. Dé thﬁry cac tu
giac AEBG va AEHC n61 tiep nen
BAE = BGE = AHG = ACE. Suy ra AB 14 tiép
tuyén ctia dudng tron ngoai tiép AAEC. Chung
minh tuong tu, AC ciing 1a tiép tuyén cua
duodng tron ngoai tiép tam gidc ABE . Do d6 E
la diém 4 —Dumpty trong tam giac ABC.
Theo bai 2, ta suy ra bon diém B, C, E , O cling
thudéc mot dudng tron.

Nhan xet 7 Thong qua bai toan trén, ta co

thém mot s6 cach xay dung diém Dumpty nita.
Cu thé la:

a) E la giao diém cua hai duong tron (O,) va
(0,) (E nim trong dudng tron (0)).

b) E 1a giao diém cua dudng doi trung rng voi
dinh 4 va dudng thiang GH.

Tlep tuc khai théc cach xay dung diém Dumpty,
ta den voi bai toan sau day.

1 8. (USA TST 2017) Cho tam giagc ABC

nhon khong cdn noi trep duong tron (O), tiép

tuyen cua (O) tai A cit BC tai T. Puong tron
duong kinh AT cat duong tron ng

oai fiéﬁ tam




.mén ph&a ZBCYXT Ta ¢c6 ABDC la tbr
S ic dié “?*u hoa nén 7D la tiép tuyén cua (0O). Do
b '*a diém O, M, T thang hang va diém M nim
- trén dudng tron dudmg kinh AT (1). Mit khéc
d I TB.T C=TD=TA’ —ﬁ??ﬁ hay diém M nam
E: Em duang tron ngoai tiép AOBC. (2)
¢ K 1a diém Miquel cua t gidc toan phan
ZBCYXT, suy ra AZBK «> AYCK (g.g) nén

ZK _YK _ ZK _YK
e , B T 74 YA
Suy ra KA 1a phan gidc cia YKZ. Tir d6 dé y ta
T g iac TKBZ ndi tiep ta co:

. TKA =TKZ + ZKA = XBC + BXO =90°,

y K nam trén dudng tron dudng kinh AT (3).
% x (1), (2) va(3)suyra M, K12 hai giao diém

ue m &m)ng tron dmmg kinh AT va ducmg tron
twp AOBC, hay K=A4,, M =4,. Suy ra

A duémg do6i trung (ng véi goc A cla
Chnngmmhtlmngm BB,,CC, ciing la
omg ddi trung img voi goc B va goc C
BC nén ching dong quy tai diém
(ﬂwm hm hop dang gidc voi trong

t*'v:. im ﬁm giéc ABC Tu day

Nhu vy, Viéc xet bal hmh hoc trong ky thi
Balkan MO 2009 trong truong hop suy bién,
khi d6 diém Miquel cua tir giac toan phan suy

bién thanh diém Dumpty trong tam giac, chung
ta da khai thac duoc rat nhidu tinh chat tha vi veé

diém Dumpty Sau cung, xin moi ban doc dén
vGi mot so bai toan rén luyén.

BAI TAP
1. (China TST 2010) Cho tu giéc 161 ABCD.

Gia stt duong thang 4B va CD cat nhau tai £ va
B nam gitta A va E. Puong thang AD va BC cat
nhau tai F va D nam giita 4 va F. Gia st duong
tron ngoai tiép cac tam giac BEC va CFD cat

nhau tai C va P. Chimg minh rang BAP = CAD
khi va chi khi BD // EF.

2. Cho tam gidc ABC nodi tiép duong tron (O).
Hai tiép tuyén cua (O) tai B va C cat nhau tai S.
Goi U la giao diém ctia SC véi dudng thang qua
A va song song v6i BC, V 1a giao diém cua BC

véi duong thang qua 4 va song song vdi SC, D

[a giao diém cua AS vdi UV. Chung minh rang
cac diém O, D, B, C, S cung nam trén mot

duong tron.

3. Cho tam giac ABC. Goi B', C' lan luot la
trung, diém cac canh AC va AB. H-la chan
dudng cao ha tir 4 xudng canh BC. Chting minh
rang dudng tron ngoai tiép cac tam gidc AB'C/,

BHC' va CHB' c6 mot diém chung 1a 7 va
duong thang HI di qua trung diém cta canh
ey

4. (Iran TST 2017) Cho diém P nam trong tir
giac ABCD sao cho BPC =2BAC, PCA=PAD,

PDA = PAC. Chimg minh ring

____
........
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KIRY mH a m-'m

doc H ;—_ _"I' ‘ai‘ day 36 cling rat tha Vi khéc, do la dﬁy

$O “ ,,.ru wng tmh" -
‘. . e gl

f. i

=x tx, Vm, ;=028

Ey 0 (x ),»; théa min bat ding thic

m %, VOimoi m,n=1,273,.. thi (x)

A<D .1',
[ — 5 1_

C gOi faday so siéu cong tinh.
(X)) ne thoa

'--:'r B 4

néu ddy sO man

iy
- =
: 47 = =

H-"-..

<X, +x,+¢,Vm,n=1,2,3,.. véi c 1a mot hing

.t
- *-'. -J'..' E S ) -~ e
50 th Lj;; (x,+¢),,,, ciing 1a mot diy duéi cong
.i::-. : ‘I,J J:!l
- © cd the tu lay thi du vé cac day sé dudi cong

A "

tin d sa siéu cong tinh, chang han:

(1)

R 7 o "'r'
I.Ei|r"| I.'u-'.-f

, i n
nghia la (1) cling dung dén £ +1, vo1 k+1< ;

Theo nguyén ly quy nap ta co diéu phai chirng minh.
O day ta chi quy nap theo k dén ching nao bat dang
thitc k <— van ding!

m

Tinh chat 2. Vi moi diy dudi cong tinh (x,) ., ta

) "
COk. | SEnX
m

IJxm,Vn >m (mneN). (2)

Chitng minh. Tt gia thiét ta c6

Xm = Xpymory S % T X,

m

SaSn
Viét n=mk+r, v&i k>1, re{O;l;...;m—l}.l Ta cé
x,, <mx, va x, <rx,. Ta can chira rang

km+r IJ

m

X

m

Ximsr S MX, +[

hay mx,,. <m’x +((k—-1)m+ i ()
Ta s& chung minh (*) bang quy nap theo %.

V&1 k=1, ta phai chimg minh mx,, Sm’x, +rx .

Ta c6 dugc diéu ndy biang cach cong hai bat déng

: 2
thire K, SE X iy

(m—r)x,,, <(m—r)(m+ r)x, = (m* —r*)x,.
Gia st (*) diing dén . tie 13
MY < mPx 4 (K - Dm+r)x .
COng ca hai vé cta bAt dang thirc nay voi mx , ta
duge mx,,,, +mx, <m’x + (km+ r)ic

Lai cO mx

(k+1)lﬂ+r -{' m(kalq-r 21 X ) = mhﬂ'l'r i 5 m s ti-‘I

do suy ra (*) dung cho k+1. Theo nguyeén ly quy
nap ta co diéu can chu'ng minh.

el AR L :
- 'r'lﬂ"'_-lﬂ_ hy . L : h
e I:: l. 'l; {- H :: il PR 5 .l‘
Iﬁlr A _- 'r -
11d 1« l"fl‘t .J..'FI;n 3

a sl -."R.F L ...
|- | L




Tinh chit 5 (Bé dé Fekete). Cho day dudi cong tink

e
(x,),., khong am, khi d6 ton tai giGi han nl—l}IPm = va
giéi han d6 bang inf 22
nzl n
* ) : < Salgher, ; 2 £ :
i %& J’J 2 Y. Tudo, khi m2n, tacs chon 7 sao cho 2 < L + ¢ hay x, <n(L+¢&) (s6n
Bl o L
& R, > X nhu vy la ton tc’il theo dinh nghia cua infimum). Pat
| m ¢ = max x;. Néeu mz2n, dit m=qgn+r véi
4. Cho day duéi co 3 SO
g g tnh (x,)..,, khidé (<, <, Titinh chit dusi cong tinh cua diy , ta c6
xl +%+%+'"+i 2 xnl VH (= .N'III (4) xm T xfi'”'”’ P xﬂ+ﬂ+ +n+r { xn +I” T ... +xn +xr S qxn +C.
H qsﬁn
lmnb Ta chimg minh bang quy nap theo ». Vi viy Sm <P € _gn(L+¢)
2N Ki 'dmhdungvm n-ln 2.Gia su % m m m m +-};-—>L+g khi |

dung v6i n=1,2,...k-1(keN,k > 2).

7 .
| m —> 400, do 4 >1 khi m — +c0.
.,._; m

% =x I1. Mt so thi du

Thi ) 7
oL (Cho | a8 E R lER man

d.;Sa ta, voimoi i,j>1,i+j<np Chitng minh
Fauss réing:

o (4 C?
aq+—5+24. +2 [l+l+l+ Bl By
. 2F 48 n’ 2:.8 n) n
.;.#:q.i_:_., Sy Loi giai. Diat
PRIl ,_=..My-ta.dlr¢a 1'=Inln{r:1'1,,—l Zn = 2t (15!5:1).
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¢ s = 1 :=l j

4 chung mink &ay 56 u, =-—Z-—- la gidm. That vay

s ¥« TE Tt l--l I

ﬁ 1 n-1

Z—— dieu nay

,,. n(n—1) 55 j

._ <5 | . 1

:::i "'-'.'_-_-" e b b}! ""'a ]. r Y i

F. ) = > — ) — ta'cod diéu phai

3 TN e i=1 1

2. Gra su day cdc 5O nguyén khong am

’

997 thoa man a +a <a_ <a R

i

H—_; <1997. Chirng minh rang ton tai

C X & 0 ¢ho a =|[nx]|voi moi 1<n<1997

ar e ‘

] la 56 nguyén Iom nhat khong vicot qud

Ko 4] »
= , VOI1
N N

997 phan tir ciia day thi cac doan la giao
a, +1 a,

. Ta chung

au, tre 1a véi mg ""ii?'*m, n thi
i _._-;:'*._.. -‘ L, pet n >
ing quy nap theo m+n.
o < f ff ) = -ﬂﬁ"l thi bat dﬁng thlfﬁ lé, hlen

. '_."':'.i’: i -

s .-‘l:-'-.'-u:
1
1

L el LF S
i o o -
...f_ln o [}
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J it d mm thitc men nh1én dung
1>m=n= mﬁ;ﬂ , ﬂ 5 r{m

Rkt ia # I@P SﬁY 1'3
i it quy ap

e "'l- : '_ ;
A |J1 E q th

Tro lﬂlbél tOﬁn TII (l) suyra LY

: : | a* e v
<nga, +nq+nr.—

it il EI-+I L0
<nga, +nq+nr. 2= =nqa, +ng+ra, +r
H
\ @ +1 a,
= m(a + )= 2—>-7
7 m

Thi du 3. Cho day (u,) cdc 5o nguyén dwong thoa

man 0 <u -y, SO AR 2T

hi+n

—U., Chung minh
rang ton tai hai so thue dwong a ,a, sao cho
[an)+[a,n]-1<u <[an]+|a,n]+]l, Vo= 2017
Loi gidgi. Trude hét ta chimg minh bang quy nap voi
moi m, n nguyén duong thi mu <n(u, +2) (1)

(hay Y U il nhu thi du 2).
7 m

Voi m+n=2=>m=n=1,(1) tré thanh u, <u, +2,
ta thay (1) ding. Gia st (1) dang véi Vm+n ma
2<m+n<k. Ta ching minh (1) ding véi
m+n=k. That viy
-Néu m =n thi (1) tré thanh mu, < m(u +2), bét
dang thic nay dang.

- Neu m>n, xét cip s6 (m-n,n), ta cb

m—n+n=m<m+n=k. Do d6 theo gia thiét quy
nap thi (m-nu, <n(u, +2). Mat khic tr diéu
kién ciade bai u, +u,  <u_ suyra

n(u, +u, ) <nu, = (m—n)u_ + n(u, +u__ )<

<n(u,_,+2)+nu, = mu < n(u, +2).
- Néu m<n, xét cdp s6 (m, B=m); ;. tafco
mIn—m=n<m+n=k. Do dé theo gia thiét quy
nap c6 mu, < (n- m)(u,+2). Mit khac, tr diéu
kien  dé béi s Tl 2
mu, Sm(u, . +u, +2). Thanh thi
-t <(n—m)(u_ +2)

tmu,_, +u, +2):>mu -cn(u +2).
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-l}l"'n+l+[a2n]>n+l+u -n=u +1>u,.

ﬂﬁ@' edc 56 thuc x,x,,...
xﬁ-&ﬂ'i; Ym,n=1,2,.

thoa man

.. Chieng minh réing

Eynrn=172....
';: n
'ﬁmquynaptasé ching minh
B < n

ta ¢6 |x,—x,|=0<1, khing dinh (1)
ng. ( m&ﬁng cho », khi d6
| F m%n l)x I{Ixm xm—xm‘

'l'. n+m
4 s-‘ E-' b g 2o

g R
'l'.‘. .' E

4 .

.4
- ..r- .'| -
- B . & L - 4=
_.-_:-__-: ,
w i 1'*! _.-E"

o

+‘x,,,,,—mm[<:l+n,
du ﬁ n‘+1 Tu do ta ¢
| . , {[xw"—m |+ ‘x
A :.. e

TR
o N
o,

nx, | <m+n

+#‘5 T RSR“thoa man

If vi’ ,y € R. Chitng minh
tin *3*‘ R’—-} R thoa man

§. Cho

-
|||||||||||||||

e N N

- W rJ nﬂfr Ay
= :-.'___@taliu@ertg(x-i-)ﬁ) g(x)’*'g@*)i*'

Mé@khac, theo nhan xét trén thi
-H+1<f(nx) nf(x):'é'n-l

_1+__ f (nx) f(;;)«:.’l—l vneN’.
n n n
Cho n — 400, ta duoc
1< g() - (@) <1=]f(0)-g@)|<LVxER.
Trén day, chiing o1 da gi¢i thiéu mot cach co ban Ve
khai niém diy s Dudi cong tinh ciing nhu mot SO
thi du ¢6 lién quan. RAt hy vong ban doc s& khai thac
thém nhiéu tinh chat cho day so thu vi nay. Sau cung
ching t6i gi¢i thiéu thém mot sb bai tap dé ban doc
tu luyén tap.
1. Cho sb thue C >1 va day s6 thuc duong (a,) .,

thoa man cac diéu kién sau
<C(g +a,)), mn=E2=
Ching minhrang a =n, Vn=1,2,..

2. Choc>2,a.a,,

co g=1a,=2

d =a.d va

mn m n m+n

la day cac s6 thuc khong am

$ao cho Qi S2a_+2a . Nm n21 va

sV 2000t Chiimg iinh: b Al

(k +1) 7

(a,),., bichan.

3. Xét day so thuc X,5X5,X,,....thoa man ,
a
Wi ™ N, MN4HS e VmneN'. Ching minh
day s6 da cho 1a mot cap s6 cong. .
4. Cho day so thuc (a,),», thoa man g
Qs +a. vl Quin <4, +a_ +1, Vm,n>1. Chﬁ'ng

:4'!.
J f‘

minh rang ton tai gigi han hitu han 1jm & — =w va

nN—»<+00 n

u.,ar-’iﬂ

on—1<a <on+1, Vn>1.
dﬁy sé
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Mode - g6 xuét Iuen ﬂhiﬁll lﬁﬂ m&t

Median : trung Vi

Outlier : phﬁn tir ngoai lai

Up to . chinh xéc dén, tinh dén
Decimal place . chit s6 thap phan

;'."*'-?” *f-* ﬁfhwh 1S 200 and that will give the wrong (d.p.)

Translated by NGUYEN PHU HOANG LAN

'Q:‘:‘fﬂy appears one more comparing to the
(College of Science — Vietnam National University, Hanoi)

la and also, it is at the low extreme.

Bai todn. C6 9 tam r!w mot the dwoc ddanh s6 1, mét the dwge danh 562, .
mot thé duoc danh s6 9. Chon ngau nhién hai tam the, lay lan lwot ttrng tam
the mot va khéng dat tro lai vi tri ban dau, sau do tinh tong cua fmf 56 ghi
N trén hai tdm thé dé. Tinh xdc suat dé tong hai s6 la s6 c6 mét chit so.

Loi gigi. Xét bang sau:

o ||| &N
o -
NO

o |G| 1| | N

Ol lx ||laan|n| &

el x |nls|w

Wl Alen|Un|x | W |

e l<A| S |n|]|| | =

iR s
9x8= 72 c4ch chon hai tim thé. Tlr bang trén ta thay xdc sudt dé tong hai s6 trén hai tim thé 1

SR 37 4 _

3@@ bﬁl dich tot, gui bai vé Toa soan sém hon ca: Bac Ninh: Nguyén Van Huy, Nguyen
 THPT Yén Ehang sb 2, Yén Phong; Hung Yén: Doan Phi Thanh, 11 'ﬁ@%ﬂ b THEPT

fE *~r ’ g6 NI Gt Huy, lllA khu phﬁ 1 Phuémg % TP Bén Tre
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(1)

=  [— - > (0 ta cO6 phuong trinh:
N f—x+1 g ?

=2
2" —5t+2=0 < &

x+1
“*f::“ =72 taco: \/ > 1—2<::>4x2—5x+3=0
- -‘* N5 | . ¥ X —XxX-+

LR ifﬁakﬁ z s =
R el 2
2 5+ /37
g x=2 7 (th6a man DK).
o=

........

-----

Tur d6 ta c6 2 nghiém x =

Cdch 3. Ddt én phu (hai an).
(1) & 2(x +1) + 25> —x +1) = 5/(x+ D(x* —x+1)

Pit a=VZHi1>0; bEJx*=x+1>0 ta 'cé PT:

2a=2>b

2a* +2b* =5ab < (2a—b)(a—2b) =0 oy

o V&i 2a=>b taco;
24/ x + =\/x2 —x+1 e x°
5::@

~5x-3=0

A (théa man DK).
¢« V&1 a=2b taco:

NEET = X —x il e 4P 53— OF

PT v6 nghiém.
5++/37
S

Vay PT da cho ¢6 2 nghiém x =

Cach 4. Dt dn phy (hai én)
(1) © 25 +2) =5 (x+ D[ +2) — (x +1)]
Pat a=x*+2>0; b=x+1>0 tacé PT:
2a=5\/b(a-b) < 4a* —25ab +25b% =
4a =5p
a=5b

< (4a-5b)(a—5b) =0 <

* Vo1 4a =5b ta co: 4(x2+2):5(x+1)

& 4x* -5x+3=0: PT vo nghiém.

*VOi a=4b tact: X’ +2=5(x+1) &> x2 —5r_3_0

X =

5+/37
2

(thoa man PK).

Vay PT da cho ¢6 2 nghiém x = 54437 _

| -Cach 5. Dt an phu (hai an)
- Vi x=0 khong 13 nghiém
S cﬁa PT(],) cho x #0 ta duoc:

cua PT nén chia haL ﬁfﬂ

L= . "y
i A - - s SR - .-l..
hE ik oL g b J"‘
g Lo Tag W 1-u A
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tr n, rda chogcﬁr 2 nghié %
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& L
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Il VO nghiem. & (4x* =5x+3)|1- «/—_-
o R R T 1 1 2 —x+1+vJx+1

-Voéi a= 5 taco: x+—=4—+5=x"—5x-3=0 Pt By

e v U 4x> —5x+3=0
s . (2 = 54 x+1 &7 '
-;_?5:‘;:' m.._ 1 — X er 5 5, S 3 — 0

2WWxP —x+1+/x+1

Giai nhu trén, PT da cho c6 2 nghiém x =

TR R T T e A

R

T DOAN CAT NHON
i Py J:ﬁ (GV THCS P. Binh Pinh, TX. An Nhon, Binh Dinh)
,ﬁaﬂ;@ é da cho ¢6 2 nghiém x = ———. Nhan xét. Ngoai 8 cach giai néu trén cua ban Doan Cat
e {P Nhon — tac gia bai toan, Toa soan Tap chi TH&TT con
}— -f{«'h Q : A cac cach giai trén, nhan thay PT da cho c6 nhan dugc mot sb cach giai twong tw nhu nhimg cach giai
;g— 5x—3) va (4x* —5x+3) néntacothém  (rong bai trén tir céc ban: Hoang Tang, 12T, THPT chuyén
cac ; f@;ﬁﬁ: . ‘ ; KHTN, DHQG Ha NO61, Vi Han Tin, 10Al, THPT
J: 6. f_ﬁi ) ;.é‘; phuong trinh ¢6 chita hai thira s6  Nguyén Tt Thanh, Q. Cu Gidy, Ha Noi; Tran Céng
: 4x® —5x+3) Hung, 9A4, THCS Gidy Phong Chiu, Phu Ninh, Pha
2§ (1) = m A a:: A) 25(x” +1) Tho; Nguyén Van Luan, GV THCS Hop Tién, Nam Séch,
B 3o "; &b ; 1 6% —9=0 Hai Dwong; Nguyén Van Ban, GV THCS Thanh Yén,
. | ;J e
Y 1 N e s skl ity huyén Dién Bién, Dién Bién; Lé Van Quang Trung, 9B,
¥ L_ 3)=0 e _ THCS Ly Nhat Quang, D6 Luong, Nghé An; Tran Manh
4 . 4x* —5x+3=0 Hung, GV THCS Ea Yong, huyén Krong Pik, Pik Lik;
Truong Quang An, xa Nghia Thing, huyén Tu Nghia,
. rgc 2 nghiém x | Quang Ngii; Lé Ngﬂ Nhat Huy, 111A khu phﬁ 1, Phuong
Céch 7. Nh f B irle 7, TP. Bén Tre, Bén Tre. Xin hoan nghenh tat ca cac bam

R i i e LI - = 4 ;
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(*) voi modulo 13. Ta

Bay gio ta xét phuong trinh
¢6: 2m =1817 +3 = 242 =(-1)"+3 (mod 13)

& 4.16¢ =(=1)" +3 (mod 13)
& 4.3k =(-1)" +3 (mod 13).
La Tacod: (1" +3=2,4 (mod 13);

4.3k =4,12,10 (mod 13).

Do d6: (—1)" +3=4 (mod 13) = » phai chin hay

= lam dleu do ta c]:u can ching to 4 n=2a geN*. Tt 46

ST :"'r'-?i .. }h P oA r s * a2 n
~ Khong tt & nhan céc gid trj 1a 1,3 va 5.

q}-‘ ‘ Lif ta xgt df.)ng d]I mOdUIO 15 Cua 2m Va

.‘ o
g
v "'-_" [

A =|2’” —181~ :‘241—4-2 — 18124

[éﬁ- 127=1,2,4,8 (mod 15) =|(22++1 —1819)(22%+ +1817)| > 183,

1" =1 (mod 15) Vay min 2" -181"|=7 khim =15, n=2.

m,neN*
":, 3 7 (mod 15
- 19 ( ) Nhén xét. Mot s6 ban khi giai bai nay da khong chu

0 1 3 g8, 12,14 (mod 15) y dén diéu kién nguyen dlIGIlg clia m. n nén deidon
dén két luan sai. 3
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(Dé dang trén | ) '.&TT 50 499 thang 1 nam 2019)
"“ g*iaf cua ca Hanh va Phiic déu sai.

I 2 cﬁa ban Hanh méi chi trao thuong cho
Hix jj Hau ma chua trao thuong cho 10 ban con
. Lo gcﬁa Phic da phan biét phan thudng cua
H w VOl phan thudng cung loai cua cdc ban

:"‘f-e ong s6 10 ban con lai, trong khi nhitg phan
rong d‘sﬁng loai 1a giong hét nhau.
k

Eung SO phén thuéng 13 12, mdi phin
thur gﬁm 2 quyen sach thuoc 2 mon khac nhau.
x 1a s phan thuong gom 1 quyén sach mon
04n w 1 quyén sich mon Vat li, y 1a sd phan

-:‘..T"'“ . gﬁm 1 quyén sich mon Toan va 1 quyén

; 5; mﬁn Hoéa hoc, z 1a so phﬁn thuéng gom 1

Hs 'sach moén Vat 1i va 1 quyén sich mon Hoa

Gﬁx tyYy+z=12,x+y=7,x+z2=8,y+z=9.
;_5,

A, 'l'r_

~'“‘ Q=3 9/ —4, z=5. Néu coi 12 phan

11_“3 _éﬁl mot khac nhau thi so cach trao
¢ho Himg va Hau phan thuong giong nhau 12

e B A3 + Ay + AZ. S6 cach trao 10 phan thudng con lai
oo .._; .- b . 2 5 ," - fﬂ s

" Eng Ngac Hren du’crc chia thanh

cho n cor la 10!. Tuy nhién, 12 phan

L - S oy w2
y 2 I'_I.T' i._.' ‘-IIF f"l

- Trong gi0

Y @ & ?Eﬁ’-lﬂ-{ ) i EF

ﬁéﬂ-ﬁﬁl%@ﬁﬁ -i-:m 56 fhm ab _,_@% man di
d): y = ax+blu@ntq!9 lic Va

.

r _,., _,..r‘:-l.'ﬁ_r-

~
UL

(€)Y p=v -—(2m+3)x+m —I-Zm
thuee m. Khang dinh nao sau day c?mg;--'
A.a+b=0 B.a—b*_-g :
C. ab<0 D. khong ton tai a, b.
Sau vai phut suy ngh’i' ban Hoai xung phong lén bang
giai, sau day la lo1 giai cua ban Hoai:

Diéu kién tiép xuc cta duong thang (d) v6i do thi (C)
1a hé phuong trinh

a=2x—2m+3) (1)
ax+b = x* —(2m+3)x+m2+2m (2)

Bay gio ta tim a, b dé hé (1), (2) c6 nghiém x vdi moi
tham s6 m. Thay (1) vao (2) ta duoc

[2x—(2m+3)]x+b =x" —(2m+3)x+m” +2m

co nghiém x.

o xP =m? +2m—b (3
PT(3) c¢6 nghiém vdi m khi va chi
mz+2m—b320‘v’m<::>(m+l)22b+lVm@bﬂ—l.

mol

i xz\/m2+2m—b
Voib<-1,tacé 3) S

_x=—~\/m2 +2m—>5b

THI: x=m*+2m—b , ta cé:

a=2\/m2+2m—-b —(2m+3), ta thiy a con phu
thuéc vao tham sd m. That vay, voi m = 0 ta ¢é
a=2-b -3, v6im=-2tacé a=2.1-b +1, ma
2./—b —3#2\-b +1,Vb<—-1. Vay trudng hop nay
khong ton tai @ théa man yéu cau.

LHR: x=-\/m2+2m—b , ta co:

X 2 S
a——Z\fm +2m—b —(2m+3), ta thiy a con phu
thuoc vao tham s6 m. That vay, vdi m = 0 ta cé

a——-ZF 3 , VO1 m = =2 ta ¢é a--—Zr+1

ma -2,/-b 3#&—21/—:5 +L,Vb<—1. Viy truong

hop nay khong ton tai a thc’)a man yeu cau
Ta chon dap an D. v b

Cdc ban thay thé nao vé 1yi o g'&i tren? |

A
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G B R Chi tich Hoi dong Thanh vien
SRS IRANWVANNHUNG: = © = ¢ NXBGD Vlét N1
Téng Gidm doc NXBGD Viet Nam

HOANG LE BACH
< TE A Phé Téng Giam doc kiém Téng bién tap
BT | NXBGD Viét Nam
PHAN XUAN THANH

HOI DONG BIEN TAP

Thu ki’ Toa soan : ThS HO QUANG VINH

NGUYEN VIET HAI PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. rs. VO THANH KI-IIET
SKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
EGS TS TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU
KIM THUY, PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

° Danh cho Trung hoc Co s¢ ¥4 Giai bai ky truée
For Lower Secondary School Solutions to P :
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Nguyén Anh Tuan — Khai thiac mot tinh chat lié 3 L;,_} Phuong phap gidi to4n
- quan dén ba dudng cao trong tam giac.

. Vii Hong Phong, Trdan Vén Lam — Phuong trinh
eﬁuoag dan gidi dé thi tuyén sinh 16p 10 THPT ¢6 chita ham hop.

~ chuyen tinh Binh Dinh, nam hoc 2018 - 2019.

ﬁ Qh ¥ - 4 D19 @ Ban doc tim toi

EIB thl tuyén sinh vao 16p 10 chuyén Toin THPT
Hﬁyén Qué’c hoc Hué, nam hoc 2018 - 2019.

Nguyén Van Thanh. I'ruong Thi Thuy Vin -
Dac biét héa bai hinh hoc Balkan Mo 2009.

5 ﬁQMC @ Tim hiéu sau thém tosn hoc so cap

g Van Mau, Nguyén Minh Tudn — 16" Kiéu Dinh Minh
‘“ an e .'enﬁ_ gdathematlcs Competition, Vietnam Ddng Khoa — D3
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| Bﬂﬂ hay cho rhem mgt &3 w‘ nm:i &ﬁﬂ'
hai bai todn nay va thi chirng minh nhé!

KHANH HOPU suu tam

tai hﬁﬂ 350 ﬁﬁm nay. € 5ng cAn thém m@t-
nam dé sira chita mot vai 16i trong ching
minh va cubi cung da két thic mot bai
todn da lam ban tam rat nhi¢u nha Todn
hoc trong nhiéu thé ky. Bai toan nay dugc
Pierre de Fermat viét (khoang nam 1630)
o 1é cudn séch toan S6 hoc (Arithmetica)
cua Diophantus ma 6ng dang doc va no
duoc con trai 6ng phat hién khi 6ng qua
doi. Trong 161 chi thich bén canh phat biéu
dinh 1i, Fermat tuyén bo rang chiing minh
ctia ong qua dai dé c6 thé viét du vao Ié,
vi thé t6t hon 1a 6ng dé cho ngudi khac
chltng minh phat biéu cua 6ng.

GIAI DAP: D0 VUi 13.2019
VE MOT NET QUA 16 PIEM

Ban hdy vé bang mot nét (khong durt

BAN CO BIETY
NHUNG BAI TOAN CHUA
GIAI DUCC

Piéu nay co gay soc cho ban Khong!
nhung ai c6 thé ndi rang moi bai toan déu
giai dugce? Nhung bai toan chua giai dugc
c6 mot vai tI'G rat quan trong trong toan
hoc. Nhimng co gang dé giai chiing nhiéu
khi dan dén nhimg phat hién quan trong
khac. Tuy vay co nhimg bai toan ma cho
dén nay nhimg b 6c 15i lac nhat van chua

— o P T ——

Dinh li Fermat. Voi n > 2 phuwong trinh

"n" s anh cac
dinh c AC C

cac 0 vuong cua hinh vuong kich
thude 4x4. Puomg gap khic duoc vé co
thé di qua mot diém nhiéu lan.

X" +yn — "
khac 0.

khong co nghiém nguyén

|
|
|
|
|

giai dugc — cling hap dan ching ta boi mot
cau hoi rang liéu ching ta c6 thé giai duoc
khong, nhat la khi bai toan trong cuc ky dé
hiéu. Ta s€ xét mgesd bai toan nhu vay dé

hiéu rd hon véfich E& toan hoc.

Bai toan 4 mau ¢6 tr nam 1852, khi
Francis Guthrie vé ban do céc quan cua
nudc Anh da nhan xét rang chi can 4 mau
la du. Ong hoi nguoi anh Frederic li¢u c6
ding rang c6 thé dung 4 mau dé t6 bét ky
mot ban d6 nio sao cho hai ving ké nhau
(nghia la hai viing ¢6 chung mot doan
bién gigi, chi khong phai chi chung mot
diém) duoc t6 bang hai mau khac nhau
hay khong. Frederic Guthrie thong béo
gia dinh nay ¢ho mot nha Toan hoc noi
tiéng Augustus De Morgan. Nam 1977,
hai nha todn hoc K. Appel va W, Haken da
giai dugc bai toan 4 mau. Ho sur dung may
tinh dé xem xét tat ca moi ban do co thé
va chimg minh rang chi can nhiéu nhat 1a
4 mau dé t6 mot ban d6 sao cho khong co

Gan day, ngudi ta nghién ctru nhimg bai
toan chua giai duoc van con lai kha nhiéu.
Hai trong s6 d6 rat dé hiéu nhung c6 vé
cuc ky khé giai va cho dén nay van chua
gial dugc. Christian Goldbach (1690-
1764), mot nha toan hoc nguoi Pho, vao
nam 1742 trong buc thu gui cho nha toan
hoc Thuy si noi tiéng Leonhard Euler di
dat ra bai toan sau ma cho dén nay van
chua giai duoc.

Gia thuyét Goldbach. Moi so chan lon
hon 2 déu co thé biéu dién thanh tong cua
hai sO nguyén [0.

Ta xét mot vai truong hop: 4 =2 + 2;
6=3+3; 8=3+85;10=5+35;
12=5+7;14=T7+7;, 16=5+11;
W=7+13; . . Fa=19+2%; ..o
1008 + 97.

Gia thuyét thi hai cia Goldbach. Moi
sé le low hows deu la (ong eud ba 50
nguyen 10, )

DAN QUYNH (Ha Noéi)

Loi gidi. Ta c6 thé vé nhu cac hinh dudi

Nhan xét. C6 hai ban ti
nﬁy, dé la: Hlmg Y é

’”\

‘ 20 VUi §
BAITHC GHI NG

Chuyén ké rang: C6 hai ong
ban tho tir Ha Noi xuong
Choi, T2 Xuong giuc vo 1am
“Om dai khach. Canh nha
t““g ban khéng ¢6 san mon

ﬂham Tt Xwong ra chg Rong

(Nam Binh) chon mua cin

xuong ré quat va hai cai chan
gio. Luc thanh toan, sO tui
khong con hao nao, 6ng nai
ni véi ¢o ban thit:

- Nha ¢é khdch, voi qua, t0i
quén tién ¢ nha. Toi la Ti
Xuong, xin khat ¢é, mai t0i
dén tra du, co duoc khong?

C6 hang thit da tung doc tho
Ta Xuong, nha nhan dap:

- Ciing duoc. Gio em xin bdc
mdy chir dé lam tin!

T4 Xwong gat gu cam but
VIEt:
Thi tai di cho quén tién
Xnmigwm'n gio lon, ban
hién cho dn.

No doi nang ganh phong
tran

Em ddu nd dé tan ngan
khach tho!

Tmng tho 74 Xiwong khong
hé da dong dén chuyén khat
ng tién. Co hang thit von 1a
nguoi thong minh, ham thich

tho khéng nhimg hiéu ngay
ndi dung bai tho khat no cua
T'u Xuong, phuc tai tho cua
ong con gbi thém qua tim va
doi cat lon dé ong thét daj

ban tho.

Theo cdc ban tai sao ¢ hang
thit lai hiéu ngay day ding
la bai tho khat ng cua Ti
Xwong?

NGUYEN THANH GIANG

(Hung Yén) o



GIAI BAI TOAN TRO CHOI BOC CAC VAT, PHUONG TRINH
DONG DU VA HE PHUONG TRINH DONG DU.BANG DO TH

cla tac gia GS. TS. NGND PDANG HUY RUAN
Sach day 112 trang, khé 17x24cm, gia bia: 30.000 dong.

01 dung cua sach trinh
bay phuong phap giai
bai toan tro choi boc cac
at, phuong trinh dong du tuyén
tmh hé phuong trinh dong du
tuyén tinh va phuong trinh dong
du bac cao bing do thi. No1 cu
thé hon: Noi dung chu yéu cua
cudn sach la trinh bay thuét toan
xay dung d6 thi c6 hudng véi cac
cung dugc gan nhan trén bang
chir cai thap phan ma nhan cua
do thi nhan dugc chinh la tap
nghiém cua phuong trinh hay hé
phuong trinh dong du.

Sach gdm hai phan chinh:

Phan tro choi béc cdc vdt trinh
bay thudt toan dé nguol di dau
chién thang bang cach boc dugc
vat cudi cung (hodac khong phai
bdc vat cudi cung).

Phan phwong trinh va heé phuong
trinh dong dw dugc trinh bay
trong bon chwong cudi cua cudn
sach.

Chuong IV ftrinh bay thuat
toan xay dung d6 thi xac dinh
tap nghiém cua phuong trinh
ax = b (mod m) v6i a, m la céc
s0 nguyén duong nguyén to cung
nhau, conb € {0, 1, ..., m—1}.

Chuong VI trinh bay thuét toan
xay dung do6 thi xac dinh_ tap
nghiém cua hé phuong trinh
dong du tuyén tinh.

Chuong VII trinh bay thuat
toan xday dung do6 thi xdc dinh
tap nghiém cua h¢ phuong trinh
dong du bac cao.

Chuong V trinh bay vé thudt toén
gial phuong trinh dong du tuyen
tinh dang dac biét x=b (mod m).
Tap nghiém cua phuong trinh
nay chinh la tap s6 dong du voi

b theo module m. Boi vay do th
xac dinh tap nghlem cua phuong

trinh nay dugc goi la nguon dong
dur.

Cudén sach khéng nhimg trinh
bay thuét toan xay dung nguon
dong du theo mot module, ma
con trinh bay thuat toan xay
dung ngué‘}n dong du theo nhiéu
module va mot 56 cau truc khac,
chang han, nguon sinh tat ca cac
s0 nguyén duong chia hét cho 7,
ma moli s6 nay déu co chir sb 1é
va chir s6 chan dan xen nhau.

Trong khi Quy déc gia giang day,
hudng dan hoac lam viéc ve dong
du ma ¢6 nguon déng du theo
module m bén canh thi co thé chi
ra hang chuyc sO gom nhiéu chir
s0 chia hét cho m trong chéc lat.

Tin tuong rﬁng cubn sach khong
chi hiru ich cho hoc sinh va
thay ¢6 gido yéu todn pho thong
ma con la tai liéu tham khao
tot cho sinh vién va glang vien
cac truong dai hoc va cao ding
nganh toan cung cac phu huynh

O nguyén vong gup con em
minh hoc t6t mén s6 hoc.

Moi chi tiét xin lién hé:

TAP CHi TOAN HOC VA TUOI TRE

Tang 12, toa nha Diamond Flower, s6 1 Hoang Pao Thay, Thanh Xuan, Ha Noi
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