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Khai thac, tim toi va phét trién mot bai toan 1a
phuong phap ma céc thay co gido gioi thudong
su dung trong qué trinh giang day toan cua
minh, giup cho hoc sinh rén luyén tu duy sang
tao, taing himg thi, say mé hoc tap. Bai viét nay
giéi thiéu mot s6 bai toan dai sb duoc khai thac
tr mét bai toan quen thudc:
Bai toan: Phan tich da thirc A thanh nhén ti:
A=a’ +b’ +c* —3abc
Loi gidi. Ta cé:
A=a +b +3a’b+3ab* + ¢’ —3a’h—3ab® —3abc
=(a+b) +c’ —3ab(a+b+c)
=(a+b+o)(a+b) —(a+b)c+c*]
—3ab(a+b+c)
=(a+b+c)(a +2ab+b* —ac—bc+c?)
—3ab(a+b+c)
=(a+b+c)a’ +2ab+b° —ac—bc+c —3ab)
=(a+b+c)a’ +b*+c* —ab—ac—be).

P
B
2
.
g |
- K

I. Bing cich thay thé vai tro cia a, b, ¢ trong
_ da thirc ta duoc cic bai toidn phan tich da
if. thirc thanh nhan tir (phwong phip phan tich
. nhiwr bai trén) va két qua nhu sau

1) Thay vai trd clia b bang — b, ta co:

ks =g —b +’ +3abc

o il g (@b +e)(q*2 +b% +c* +ab-ac + be).
~ 2) Thay vai trd clia b bing — b va ¢ bang — ¢, ta
. A= -B = =3abe

3 £ ,. _- e, & : T E .

e

A, =d’ +8b +27¢* —18abc

=(a+2b+3c)a’ +4b* +9c* —2ab—3ac — 6bc).

5) Thay vai trd ctia ¢ bang 2, ta c6:

A =a’+b +8—6ab

=(a+b+2)(a*+b*>+4—ab—2a—2b).
6) Thay vai tro cua a, b, ¢ bﬁng nghich dao cua
chung, ta co:
e gl ] 3

abc

(1 I 1](1 1 THR R
=l=t=t— || s+F+5————= .
a b c/)\a b Ter adhRideamte

IL. Sir dung bién doi truc tiép ciia da thirc A
deé rit gon cac phan thic
Rut gon cac phan thic sau vdi a, b, ¢ khac 0 va
dd1 mot khac nhau:
3 3 3
a +b +c —3abc
a) A_’ — .
a+b+c
a—>b)’ +(b-c)’ +(c-a)’
by 4~ A=+ - +(e-a)'
: a +b +c¢’ —3abc
Tu két qua phan tich da thirc 4 ta thay ngay
2
a+b+c

A, =a’ +b*+c* —ab—ac—be; Ar=

I11. Phat trién bai toin
1. Bai toan PT1. Cho a+ b+ ¢ = 0. Chung

minh a’ +b° + ¢’ =3abe.
Loi giai. Ta co
a’ +b’+c’ —=3abe |

=(a+b+c)a’ +b’ +c* —ab-ac—be)=0.
Viatb+c=0,suyra a’+b’ +c* =3abe.
(Co thé chiung minh cach khéc: T a+b+c¢=0
Sg+h=—¢= (a+th)i=tc=
=a’ +b’ +3ab(a+b)= -

L v

R E o
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;’g‘* SR, T b3 6'3 > 3abc

B fﬁil tich thanh nhan ti:

B o)) 0 2) (%)

By Phan tich thanh nhén tu:

B )+ (2y—x—2) +(2z—x-)).

~ Bs Choyx, y, zd6i mot khic nhau, Chig minh:
e g _3xy(y —x)+3yz(z—y)+3zx(x—2) i

3(x—y)(y—2)(z - x) ‘
B¢. Cho a+ b+ c=2. Chimg minh:
a +b +c —3abc=(a-b)’ +(b-c) +(c—a)’.

B7oCho (x+y+z)=x"+y*+2z* vd xyz#0.

: . 3
Ching minh rang: 1 + 1 + )

3 3 3

X ey
Bs. Cho a+b+c=0 va abc#0. Rt gon céac
biéu thirc:

a) NN :
By bct aci rab
2 2 2
a b G
b) N=az—b2—cz+b2—cz—az+
B o+~ + 0 v gbc=0. Tinh gid tri
Hé.-l | b

. bc ac ab
léu thuc P L

. P oL
azb £

c
' b S b]
| —+—+ 5. B .
a DR gbiwb=c "c—a

2 o
e —a —b

c ﬂ3ab@,ﬂ9ﬂ ta co
) -"-‘_,_,f‘j‘f.‘f?ﬁh ot

e LS

8 4, Ching ok ar

Tur bai toan PT2 nay ta khai thac phat trién
thanh nhiéu bai toan (viét tit 1a T) sau:

Ty. Cho a*+b’+c’=3abc V& a+b+c#0;
a’+b*+c’
(a+b+c)

T,. Cho &* +b° +¢* =3abe va abc#0. Tinh sb |

tri biéu thitc: E = (1 +E][1 +2][1 +E-J-
b C a

T;. Cho a+b+c=4038 va a, b, c d61 mot khac :
nhau. Tinh s6 tri biéu thuc:
gl bhkolt 3abat i ¢
(a=bl + (b= t(c—a) :
T, Cho 'y £yt +z xS 38X vz Na xpz =0
] =y

Chimg minh rang: —+—+—=0 hodc x=y=z.
Xty Z

Tinh sb tri biéu thic D =

Ts. Giai phuong trinh vo1 an x:

X +3ax? +3(a® —be)x+a’ +b° + ¢’ —3abc =0.
Ts. Tim nghiém nguyén duong cua hé phuong
X Fy 3k =2
e T LR
Céc bai toan trén ban doc str dung két qua bai
toan néu trén va cac bai toan PT cé thé dé dang
giai dugec. ’ ,
IV. Mot s6 bai tap tong hop va niang cao
Bai 1. Chimg minh ring

(@’ +b° +c’ —3abc)’ <(a* +b* +c? )R

v6i moi sb thuc a, biel
Bai 2. Cho x, y, z 1a cac s6 nguyén khac 0.
Chimg minh rang, néu: x* — yz=a; ¥ —zx=b;

trinh:

z’ —xy=c thi tdng ax+by+cz chia hét cho

a+b+c. (Dé thi hoc sinh gioi Quéc gia nam
hoc 1992 — 1993).
Bai 3. Ching minh rang, néu a+b+c 0 thi

2(a +b5+c) Sabc(g +b2+c )

e
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Loi gidi. a) Tim gia tri nho
nhat ciua S gp - a2

Theo bat dang thic

Viéc khai thac cac bai toan 1a théi quen can
thiét giip hoc sinh sang tao, kham pha va phat
hién thém nhiing kién thirc méi. Sau day la mot

t  (q+b)’ >4ab, dang thuc
vi du. - xayrakhivachikhia=bta N
Bai toan. Cho tam giac ABC co trung tuyén ¢é: B My 9
AM. Puong thang d bat ky di qua trong tam G AB | -AGN-+ s3I ABLAG S0 |
i R T % dop Br13 ~ + >4 <924
cat cac canh AB va AC theo thu tu tai E va F. AE. Ak AE " AF S
) S L™ Al 4
Chung minh rang: 3B + il 3. oS 2'534.9{:-
Loi giai. Ké BI /| EF, y o b AB™TAC
ang thuc xay ra < =
CK /| EF (I, K thudc 3 *

<d /| BC.
AM). Khi d6:

ABr ~AER AC © 4AK
AEy AG AF PUE
Cong vé theo vé ta duge: B % C Tu két qua Bai toan 1, dat: gl =x (1<x<2)
AB AC AT K 1)
AE AF  AG

AF
Vay min S, =%SM &d || BC.

Tim gid tri Ion nhat ciua S g -

thi .. V% Bmx..La.co:
Mat khac: ABIM = ACKM (g.c.g) = MI = MK (2) AF
AB_AC_, AM S e ABACLY o & e
. A - =x(3 — x) = (=12 =0)2=2
L (1),y2(2) suy ra: AE AF AN AG Sir AEAF
; Vay: E+F-3(dpcm)- = O g5 S 5P a5 i
2 T . A8
1 Khai thdc Bai toan 1 E=B o
| Bai tap. Cho tam giac ABC co trung tuyén AM. Viy maxs g = 2S*’BC' b F=C u % i
- Dt BV YN
Riie mt‘iﬂg A;ét k‘:); Cd!t}?ez:)at }:’fff t;?’g z ?6’1 b) Tim gia tri nho nhat ctia SBCFE. Ta c:@"’1 ST
TR T ) C va C
B L var gjd tri !d'n nhat ciia S s SR = " ok

.f

* . tia-
tri lon nhat cua

T

AG i %;i&l- =y e 5

T Lk



...........
» _': ¥ ey -

---------

el + N 2 MI (tlnh chat

i duémg trung binh cua hinh E
~ thang).
-~ Tu AAHG » AMIG (g.8)
' =:>£=—4—(i-2:>AH 2MI (1)
Ml GM
Ta co:
O B, = %EF(BP+ CN) =-—%~EF.2M
1
= EF.MI = EEF.AH = (2)
i, 4
Laico: S EES . (3)
4

Tur (1), 2), B)suyra: S, +S... > ; ==

Ny S .+ S, = ;SAEC < d J/ BC.

d) Taco: S,pp+S,+ 4
: =280 =28

3R . (SBEF F SCEF) P
= — I P E
> B M &
2 z A ﬂ{_3'§SABC =§SABC:
.5212 ;;¢£€'3 -_‘i;}ﬂ . i}i{ Jf. 1 l
ey e e
HAT TRIEN. ¥
(Tiép theo trang 2)

eu q+b+c—0th1

S _nr “

g?l 0. Phan tich thénh nhén tu:

2
Vay max (S, +Spzcr) ='3"SABC <d || BC

. E=B
min (Spcz + Sper) :ES”EC < F=C
E{) ]f???i II]iI]'(:SiiﬂUr ‘F':S:4Cj?:)'
s A
Ta co:
Sapr TS 4ck
=8 7 +Sper +Scer F
=210 s E
Dén day tro lai cau a.
B M ¢

f) Ké AH, MK cung vudng goc vo1 EF.
Khi d6 hai tam giac AGH, MGK dong dang véi

, AH
nhau theo ti sO =2, Sy 13 S o =28, -
A 3
Tudo: S;z +Scpr =9 45¢ _ESAEF
34} |
2 4pe 5 ' ) SABC :ZSABC;
3
Spve tOar = S 45c _ESAEF
3 4 |
<3S 8c 9 ‘ 9 S e =§'S,wc-
] LB=B

Vay: min(S,,, + Sopr ) == o &

=
Max (Sy. + Sy )— S ipo = dIBe

Mo1 cac ban khai thac them cac bai toan mai tu
bai toan xuat phat ban dau.

O — —— — — i — ————— —
i — e  —— i ———
i —— i — — ——— —

Pé thi vao THPT chuyén TP. H6 Chi Minh nim
hoc 2014 — 2015).

Bai 7. Phan tich thanh nhan ta:
(a+b+c) —a3—b3 -
ai 8. Phén tich thanh nhan
8(x+y+ z)g—(x+y) (y+z) (rg-i-.m::)3

-_-1'1-.'-

4—;74—3)5 (x+y ::r)3 ;l“’ff'



Ciu 1. BK: {a}o- Khi do
a#l
p_|Va+2018  Ja-2018 |Ja+1

 (Ja+l} (a-DHa+D)] 2Ja
= (Va +2018)(Va~1) - (Ja -2018)a +1) Va+1

Na+1)(a-1) 2Ja
22017a  Ja+1_ 2017
b+ Ne ) Slas
Cau 2. Ta co:

x+(Wx—vz)! _(x+y -z —y+(fx—z)

y+([y=vz)  (x+fy =z} —x+([y—z)?

_ (x+2Jy —z)x —Vz) + (Vx —z)?
Vx+y —V2)[y —z) + (Jy —Vz)’

_x=V2)Vx+2y -2Jz) Jx-+z _
Wy =Vz)eVx+2\fy -2z) Jy-+z

Cau 3. Ta ¢6: abcd + abc +ab + a = 4321
< l1llla+111b+11c+d =4321 (1)
Vi a,b,c,deN va1<a<9,0<b,c,d <9 nén
3214<1111a<4321 = a=3.
Thay vao (1) tadugc: 1116 +11c+d =988 (2)
Lap ludn tuong tu ta co: 880<1115 <988
— b =8. Thay vao (2) ta dugc: 11c +d =100.
Ma 91<11c<100=c¢=9 va d=1. Vay

ailid i abcd =3891.

Wgﬁ- -Tll phuong trinh thtr hai ta cé;
x=2- Zm thé vAe phuang trinh thir nhét duqc.
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& m T ! 4 r- ! . B Y .
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Vay c6 2 gia tri m*thoamﬁnfag 2

1-x20 sl
—4
Ciu 5. DPKXD: ﬁ4+x}0<5} %g

Vi DK (*), phuong trinh da cho twor '_ e
VOl 5+2\/l——x-\/4+_;_9' , .-
flr_ = :f;ﬁ":‘
s \[(l_x)(4+x) 2 (1= x)(4+x)

X =0 .
& X +3x=0¢>[ 3- | , 1

X=-
D6i chiéu véi diéu kién (*) ta duge
x=0:%s=3
Cau 6. Ta co

BC =~ AB* + AC>
=20cm-

Goi E la giao diém .

cia BI véi AC. Theo e ol

tinh chét dudmg phan gidc ta ¢o: 8

AE_EC_AE+EC 1_ .. BC_

AB BC AB+BC 2
AICM (c.g.c) do:

EC=MC=10; fEE‘—JCM ICchun L

Ta co AICE =




‘ b) Ta ¢6: AOHB «>AA0D Pang thirc xdy ra khi x=y =z
s BIT™ OB aco:
. > — = OB = BH.. 2
B MRS RHAD B ) s ok 00 BY + (a-B) > (Ga+ B
Tir (1) va (2) ta c6: l [ V%) [ s 1]
| | * | = < S —[ =
B b0 _ 5 V5a®+2ab+26> 2a+b 9\a a b
& DO DN Dang thirc xay ra khi a = b.
Ta lai co: Tuong tur:
MBO =180° — CBD =180° — CDB = ODN 1 <ot R
R 2 2. 9b4c 9\B Hh T e
nén AMBO «» AODN = OMB = NOD. Tu d6 :\/ Sb i 25(3 20
suy ra: Dang thirc xay ra khi b =c.
MON =180° — (MOB + NOD) < < -
=180" — (MOB + OMB) =180° — OBC =115". : L e |
3 , Dang thuc xay ra khi ¢ =a.
Cau 8. Goi D 1a trung diém cua doan BC, vi Vay
tam giac BOC, AOC 1a cac 1 1
tam giac cén tai O nén J5a? +2ab+26°  J5b? +2bc+ 202
OD 1 BC,OM 1 AC. ]
) -
Ta co: . \/ 5¢* +2ca +2a’
ODC = OMC =90°, {1[3+3|3J<1[1+1 | 1] 2~
suy ra bon di€ém O, D, C, M cung nam trén TO9\a b c) 3Na R

duong tron (7) c6 tdm 7 c6 dinh, duong kinh
OC ¢6 dinh. Goi E 1a diém déi xung vo1 D qua : : _
tam 1, khi d6 E c6 dinh va DE 13 duong kinh 9308 thie dugc ching minh.

o . 2 ; Cau 10. Gid su hinh vuéng ABCD c¢6 canh 13 a
cua duong tron (/). Néeu H # E,H # B thi (a > 0). Goi M, N, P, O it 3

Ping thirc xay ra khi a=5 czg- Vay bat

B
_ *Véi M=E= BHE=90". luot 12 trung diém cua 4B, [ d
e — BC, CD, DA. Goi d 1a mot $——1
B 8 ami)T) duong thang bat ky trong H F
Khi 46 DMI ang 2018 duong thing di cho | _IG
- DI A ., thoa man yéu cau bai toan. ,
h: Suy ra BHE = 90°. Vay ta ludén co: Y D P C

g = Khong mat tinh tong quat, gia st d cat cc doan
S BHE =90} | 10dc H=E hodc H=B do d6 H thiang AD, MP, BC lan luot tai S, E, K sao cho

dugc: DS+ CK =3(4S + BK)

SRR BN/ FEf - T = —a SN E =% IR

LSS U LS O S W Y
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e -:" IIIIIII
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Cau 1 (1 dzem) Cho aAnbic la ba s6 thuc thoa
kién
a* =2(a+c+1)(a+b~1). Tinh gi4 tri cla biéu

man diéu

a+b+ec=0 va

thirct d =aie-bied
Cau 2 (2 diém). a) Giai phuong trinh:
2

4Nx+3=1+4x+=.
X

b) Giai hé phuong trinh:
rxz - y3 =T

kxz_*_ys =.x3+y2
Ciu 3 (2 diém). Cho tam gidc ABC (4B < AC)

vudng tai 4 c¢6 duong cao AH. Goi E, F lan luot
la hinh chiéu cua H trén AB, AC.
a) Chirng minh rang:

BE~/CH + CF~/BH = AH~BC.

b) Goi D la diém doi xung cua B qua H va goi
O 1a trung diém cua BC. Puong thang di qua D
va vuong goéc véi BC cit AC tai K. Chimg minh
rang BK vudng goc voi AO.
Cau 4 (1,5 diém). a) Ching minh ring:

; 1

X —x+—£‘:—>0 vO1 mo1 sO thuc x.

wHUONG DAN GIAI PE ...

% %’ H‘ tr én doan NQ va G trén doan MP sao

Lap lua f‘;,. i}i:’fff" I t_Ieﬁ ”1'@’ 05‘ céc dubng

I.-.-. - -..
- 9 J. b
'a 5 3

st R ;
] ? .1' :‘_I_' d ‘Ei'l
1 l

b) Ch() X, y la cac S@ 4'"‘ .h

. [l l
\ "“"'f! e 75

1. o~
H’*Hf uﬂr,l’:} k| :]J.f‘ I _': |

r'v" -l' ?-

diéu kién x° —xy+y-'-*3 Tma

dubng tron ngoai tiép tam gidc AMB. Bir'o‘fﬁg
thang AC cat (O) tai diém thi hai K. Puong
thing BK cat duong tron ngoai tiép tam giac
ABC tai L. Céc duomg thiang CL va KM cat nhau
tai £. Chimg minh rang E nam trén dudng tron

ngoai tiép tam gidc ACM.

Cau 6 (2 diém). Cac s6 nguyén duong tir 1 dén
2018 duogc t6 mau theo quy tac sau: Cac s6 ma
khi chia cho 24 du 17 duoc td6 mau xanh: Cac s6
ma khi chia cho 40 du 7 duoc t6 mau do; Cac
s6 con lai duoce t6 mau vang.

a) Chimg minh rang khong c6 s6 nao duoc to ca
hai mau xanh va dé. Hoi ¢é bao nhiéu so6 duoc
td mau vang?

b) C6 bao nhiéu cip sb (a, b) sao cho a duoc t6

mau xanh, b duoc t60 mau do va Ia—-bl =22

NGUYEN PUC TAN - NGUYEN ANH HOANG
(TP. H6 Chi Minh) gidi thiéu

nguyén ly Dirichlet tr 2018 duug tfha.ng;@@a
min diéu kién cua de bai phal <o ?E ‘nhat
_2018
i
bon dfh B K Gt H eo dinh n '-‘a

#+r# ke

romg _'-"’“ﬁngtﬂé.hﬁwgﬁ‘*’"fﬁ vl s
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b Lty 100 T AR ANVAHUONGDAN GIAI BE SO 3 _

E__A 5D 6A s | 8C 9DA g ;gg

| 13B 15A | 16B | 17B 18D DA L4008

23D z4c 25A 26B 27C 28A 29C | 30D

33D | 348 |35C 36D [37a [38A (39D OO
| 41C 43C_ [ 44C 45B 46D 47A 48A 94 | S0A |
~ Chu 1. Dudng tron (K) ngoai tiép tam gidc 4BC  « Cjch 2. Ciing c6 thé goi M(x:y) la diém biéu
F '4z+3i‘= ]4z-—4+5f| nén

,;A ‘@%‘phuﬁng trinh: (x— ) +(y+1) =5. Duong

ﬂ M Al ¢6 phuong trinh: x+y-2=0. Piém

: ,D(4-'.—2) la giao diém tha hai cia 47 va (K). Ta
aghung minh duoc DBC = DCB = DB = DC,
" DIC=DCI = DI=DC, do 4 DB=DC=DI.
Duodng tron (D) ngoai tiep tam giac BCT  co
_phuong trinh: (x—4)° +(y+2)° =2. Hai diém B,C 1a
giao diém cua (K) va (D) nén

| "”5(3 —3) C(Zl 3) hoac B[ﬂ;—EJ,C(&—S).

| , S LS Sk S

| »Yﬁﬁy X t+x, = %6— Chon C.

:-:" " CAu 2. » Cich 1. Dat z=x+iy, v6i x,y € R, thi tir

‘42-*-3!' |4z 4+51| ta dugc y =2x—2. Lic nay

h#"iz-i-l‘-l-lz 311-\/1: +(y+1) +\/x +(y— 3)?

--'f'_5x2-4.x+1+\/5x —20x+25 = f(x).

5x—2 5x—10
f(x)"
JS.x —4x+1 x/Sx -20x+25

=3 (5x—2)(5x-10) <0
x)=0<> {(5x—2)*(5x° —20x+25) < x = T

3

'T

.......

iy i e o - f' - 4 " r‘l
hE e e iy .'1"|l".-l'-‘_'.'----i.r."1-1:'_.I 1 ‘- o SR 'ﬁ‘#
| ' - L +']I -
i [ = ' &
¥ = L i

dién cua s6 phic z. Do
suy ra M chay trén duong thang d:2x—y—-2=0.
Luc P=[z+il+lz—3f'=m+m,
A(0:~1), B(0;3) 1 hai diém nam cung phia so véi

7
5

P—MA+MB=MA'+ MB> A'B=2+/5, ding thitc

ZJ ;
cua
3

doan A'B va d. Vay min P = 2+/5. Chon B.
Cau 4.

nay VOl

d. Piém A'(ﬁ;; J doi ximg voi 4 qua d. Taco

, 2
xay ra khi M trung vdi giao diém M, (3 ;

1+x=36y° +6y+2
Vi (x;y) 1 nghiém cia hé - Y6y +6y

1+y= V6x2 +6x+2
thi

) :»x,ye(——;-mo :
i 1 1 2
y=36[x+—-) +-——13>#-;_.]}.__

\

Ta viet lai hé & dang {f (x)=8(y)’
J(¥)=&(x)

f@O=@+1)’°, g)=6’+6:+2 13 nhtmg him

vOl1

2

"t .*L

v i 1 _ >
dong bién trén [-—-—; +an Ham f(7)+ g(¢) ciung

. ;‘ X il Ty - 0,
.y X & Yl ” ﬂ - I
e B "

1
x,y >——

VAT s 1
dﬁng blﬁn tl?éﬂ [—"2- >t ) N'huf },’&Y; 5

=-.r 1 ':_ 'iit"
g(y) o

thi h¢ phuong trinh CI a chg g
ﬂx) . "
(:b 3 Li J bﬁ i Ve ald

}3( x) -gﬁy)
) p Lﬁ j *ﬂ

J
I' I S i ! ” . -. - i N i 1 =a) |
b 0 ! =y . 1 == iy (A Pt = y
| e ¥ Ay per - Y X ; :...I"r. A .
r T bk I‘:.'LI"'F'I. .

. SRS e et
.......




e » '_- e by
i 17:'1‘ .

- khi A'=(m+2)°
| '(1) va (3) ta dugc —4<m<0. Viy c6 5 gid tri

Ta co

T MY
(x+1)° = 6x° +6x+2 = 943 = (e + ) il

| 2 -—-1
Hé phuong trinh da cho ¢6 nghiém x=y= 1

ot

1% =
+y+2 23/2. Chon A.

Ciu 10. S6 x = 5x92018 ;& trong hé thap phan cé
n chit s6 khi va chi khi 10" < x < 10"

<n—1<2018log9+log5 <n=n=1927. Chon A.
Cau 11. Tong S, + S, nho nhit khi AMAB o6 dién
tich 16n nhat, khi ¢6 M 1a tiép didm cua (P) voi
ti€p tuyén d ma d P AB. Tim ra M(2;5). Vay
xg i yg =29. Chon A.

Suy ra

2
N2 Tathhyl |00 x4 2nxt120
In” x — (m+1)Inx+4
nghiém dung VOl moi x>0 khi
32 +21+12

> 2 nghiém dung vdi moi feR.

_(m+1)t+4

Truéc hét phuong trinh 7> —(m+1)r+4=0 phai vo
nghiém, tirc la

A=m+1)°-16<0=—-5<m<3. (1)
Véi —5<m<3 thi £>—(m+1)t+4>0,VteR. Ta
¢6 3t* +2¢+12>0,V7 € R. Liic nay

32 +2t+12

>2 &3t + 2t +12 > 2012 —(m+1)t + 4]
t* —(m+1)t +4

12 +2m+2)t+420. 2)
Bit phuong trinh (2) nghiém ding vo1 mo1 7e R
—4<0< —4<m<0 (3). Két hop

3In® x+2Inx+12
In® x—(m+1)Inx+4

220N e (),

én cua m dé

va cét B

dang thue xay ra k]:n A', .&“ C’" 3 n uot 14 trun 5

diém cla 54,5B,SC,SD! Vayh~ & 1 SR
of () () [ e T
| ) RSB L SCT -
\ /4 iy
Chon B.
Cau 17. Ta co:
x=my+4m—-2=0 o (x=2=m(y-4)
< 9
mx+y-3m-1=0 y—1=m(3-x)

= (x=-2)B-x)=0-90-1)
& x* + y* —5x—5y+10=0. Chon B.

Cau 19. Véi cic so thuc duong a,b thi
lim \/a—|-bx—\/§ =0 nén d6 thi ham sb
X—+00 x—2
) PR,
- \/a+bx2 V2 coO tiém can ngang y = 0.

X

*Néu a+2b#2 thi lim y =+o0, lim y =—o0 hodc
x=27 x—2

lim y =—00, lim y = +o0 nén do6 thi
x—2" x—2

o N2 L e
Pr= Va x2 V2 co tiém can dung x =2, do d6 nd

x-_.

coO hai duong ti€ém can.

Ja+bx —+2 :

* V6i a+2b=2 thi d6 thi y= - ¢6
x—2

mot duong tiém can. Khi d6
[

3=.::‘-+1 a+l+2b>33 a+1Y 2
9 drtih W ¥ab

:>(a+l)’251:>2+lugm£’-g 0= P=log 2{*2
2 2 a+l 2 SV
dat dugc max P=-2 khi a=15 = % Ciing c6 thé

b e (0;1). Chon A
S = I'llli e R
. B | . — B T -|..- N ¥ thy. =i,
Cﬁu 21 4—}@1’1& N k% 1 Ulally ”- M/
T m b e e L |l !
B B gl A g |
R R ¢ 7 it
1 P 3 Y i 4t Ll ; - ..-_. : = - = ..I'|‘I an
a1 _L ..l:‘.-l'..--nl : d-l‘ i ‘.. o 1 : £ A = li.. T g -
_. i ..- o ] l..I'l:" |'- Fr N 2k - "W
I- 1 v g i - . ¥ e Y ' P o §
’ I o b T . i - =
iy 5 B 3 %o .
i ¥ L ok Wi .
i I 1 ' 5 § S L T y
~ kS s VAINTY 1
L sy T e

o
= e
it El

il
= R



R Bk Dé giai bai toan, ta phai tim gi4 tri nho nhét cta biéy
. -' g ChQHD- e F ((J +2)(b2 +2)(C +2), trong dO a, b "5 [ﬁ

| ﬁi.diénd“éuABC'Dthl cdc s6 khong 4m thoa man %% AN

R 1 B2_1 ¢*—1 lubn c6 it nhat hai sO ¢6 tich
£=3 ChQﬂA a 1 b 1 C :
B, khong am. Gia su (a’ =1)(b —1)20, suyra
L @ -1)(b* -1 20
\ hay a’b’c’ +c° 2 c’b’ +c’a’. (1)
Sl JE | Mait khac, ta co
B a9 ChonB. (a=b) +(be—1)’ +(ca=1)’ 20 |
; Lsuyra 2 =(2)" 2 =2 Ta (@1 +(be=1)" +(ca=1)* 20,
+z4H1=0 nén ' — & +1? +8+2a°b" +3b°c* +3c’a’ 2 6(ab+bc+ca) (2).
22 Y14z 2") = (1= 2+ )1 +2-2°)  Tu(l)va(2)tacs
. ..:_,.-:-._:5: e --Li 4"‘&?‘!‘*3""3 ) 4 Chon C aZbZCZ +a2 +b2 +€2 +8
u28. /61 'ﬁ;ﬁ@.r{a co +2(a’b* +b*c* +c’a’) 2 6(ab + bc + ca)
X Hi x‘+x +“ 4 2018 -1 < a’bie’ —f-fil(.-::;IE +b° +Cz)—i—8

x—1 27.2 PGB > 2
L ':iﬁ +2(a’b”+b°c"+ca’)=3(a+b+c)
1,

7 & (@ +2)(B +2)(* +2) > 3(a+b+c).
e 2018x*"" —2019x™"8
-2x+3x +._,+2018x2°'7 < e H. Ma a+b+c =3 nén ta thu duoc

Tk (x_l)z > 2 2
@ﬂ!*& +...+2018/" F=(a’+2)(b* +2)(c’ +2) 2 27,

E }3-2019 _201912018 o déﬂg thire Xéy rakhi a=b=c=1.

-tl ".-l'_

L
--rh-t“

O (,_1) — =1009+1010:. Do do S > 27.1og,,,, 2.108,0,5 3.108,0,0 5, da:'.ng thirc
TR R minS = 27.log. ... 2.1o 3.108. 455 ;i
Pat x=cos2t véi 0<r<’” thi . [ ey LS R

| A Cau 33, Diat =t +1=1=dx= 3¢ +1)d?, khi

, néu x=1 thi

N

x=-3 thi t=-1, khi x=1 thij =1, do dé
!

!
s f T f [ +1—1)@EA+1)dr.
=3 %)
(~2sin 21d7)
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Céiu 36. Nhan thay d,Nd, = M(1;0;3), cac vecto
u, = (L,-1;2),4, =(-1;-2;1) 1an luwot 1d vecto chi
phuong cua d,,d,, ‘El| = ]Ez‘ = /6, Ui, i=3 20 dedo
do dudng phan gidc d cla cic gdc ti tao boi dyyal
la duomg thang di qua M (1;0;3), c6 mot vecto chi
phuong 1a w =u, —u, =(2;1;1). Vay d c6 phuong
x—1
2

Cau 37. Ham s0 y = |x3 —mx+1| ¢6 S diém cuc tri

trinh chinh tic

—Jl, 2_3- Chon D.

khi va chi khi phuong trinh x’ —=mx+1=0 cé 3
nghi€ém phan biét. Vi x=0 khong la nghiém cua
phuong trinh nay nén phuong trinh twong duwong véi

= xR
X

Lap bang bién thién cta ham

1

f(x)=x"+— vasuy ra cic gia tri cua m dé phuong

X

tinh m =x" -!——1—

X

cO 3 nghiém phan biét la

| 3
e
&
2019 can tim cua m 13 2017. Chon A.
Cau 38. D6 thi ludn co tiém can ngang y=1. Pbé

S6 gia tri nguyén nhé hon

d6 thi c6 3 duong tiém can thi phuong trinh
x* —2x—m =0 phai c6 2 nghiém phan biét khac 1
va—2. Tim dugc m > —1,m # 8. Chon A.
Cau 39. Ta thay

-PT4=> (512 _ 5 )(52,1:I —x+2m 5x3+x+m+2) =0
Phuong trinh di cho c6 4 nghiém phan biét khi
phuong trinh x> —x+m-2=0 c6 2 nghiém phan
biét khac 0 va 1. Tim dugc m < 3, m # 2. Chon D.
Cau 40. Tim gia tri nho nhat cua ham so

- g STl = o ARt
| re[l:]i r+1

ﬂ"ﬁm e

£10)=- e 1<0w== LWreR
$ Wi *-—- @1{9 _‘*}1_
ndi xR ham g(¢) nghich b: n tréta i

V& do thi cac ham y=|°

trén cling mot hé truc toa do,
d6 thi ham y= f(x) Ila
duong nét dam nhu hinh vé.

Do thi ham .= fi(x) colZNEE N
-y b —/ 5+ -
di€ém cuc tiéu la 4 2 10165;; , B +10165;; > Tax
] : 5+4/165
do min f(x)=—  dat dugc khi x= .
xeR 5 10
Chon B.
Cach khac. Dat
e — ¢ L% e
)= o= <0, Vt#-1, Vxe
g(?) - g'(?) (11 R,

S VB

nén véi mdi xR ham g(7) nghich bién trén doan
[1; 2], suyra

AZ Sy

x'=—x-2 X" —x—t
g(2)= <g(t)=
3 f+1
2
x —x-1
<g()=
Do do
X' —x—t r':rc:z—.:'a:—Z
S = i
Mat khac
C ) o o8
f(x)zrrﬂx{xz ; ,xz 2.1‘ I}
-3 xi—=2 +_2_ ¥ eopt ]
S 3 5 2

2

,Vte[1;2], VxeR.

},IER

Eélxz —x—2-x +x+]l =%

Tir d6 ta co mmf(x) - datduackhl x—Si.a 165;

Chon B.

Cau 42.

ggh 1. Goi I lﬁ,
trung diém cta A B' t?hi

M*ﬂé

IC'J'(A‘TB*A') géc Eiﬁa ; b

10




_ J
- S R R

}f NB)(p—BC)(p-NC) =a

, V111
o

L2 2
Via SMBN =7 Ta co
M. (BCN —ﬂ'(d' (BC'N))=d(4,(BC'N))
) .2?_” "_"'i:'
B - B 0. IC. 24474
e T R e = — — ;
.-'.,.f;'._.i’-- Snncw S.wr: 'N 37

. Goi / la trung diém cua A'B' thi
1 (4B 'A'l gbc gitta BC' va (ABB'A") la

av2,

a._’TanoI.B JB B*+B'I* =
Y .15 | =2a+\2,
b 00560" f

: - IC'=BC'5in60° = a\/6.
' . to 'éétOngz sao cho

1 '{‘l.‘ 2 ¥

B(a: N(a:0: 3)C©aV6;0), M(a;0:2)

£z+3m/_ 0.

y=ax +3bx’ -2cx+d

f.. khoéng (1;2).
“_ én | ang(l :2) la

w ! ] R

.t +(a+b)x3 +~(3b._¢)x2 +(d—2c)x+d-2019

nghich bién trén khoang (1;2)- Cht;:n C.
Cau 44. Chon hé truc toa d6 Oxyz sao cho

A(0:0:0), B(1;0;0), C(110), D(0;2;0),5(0;0;1). Hai

mit phing (SAD), (SCD) lugt nhan
= (1;0;0),7, = (1,1,2) Jam vecto phap tuyén. Goi

¢ la gc gitra hai mat phang nay thi

lan

— 1
,nl i 1 — = —, (Choni®:
- = — => (p = arccos :
PRl Ve J6
Cau 47. Taco
AB  BC AB+BC  AC
(UBel Bi@a  AWBY BlIC! AC!
— 4'B'=10,B'C'=8. Chon A.

Cau 48. C6 C3 céch chon 5 doi tuyén tir 10 doi

vao bang A va co C; cach chon 5 doi tuyén con lai
vao bang B. Do d6 n({2) = Cfﬂ.Cf =232 Go1 Mila

bién ¢6 can tinh xac suat.
e TH1: hai d6i tuyén Viét Nam va Malaysia & bang

A. Co C’; cach chon 3 doi tuyén tor 8 doi tuyén vao
bang A, vacé C; céach chon 5 doi tuyén con lai vao
bang B.

» TH2: hai d6i tuyén Viét Nam va Malaysia & bang
B. Cé C; cach chon 3 dbi tuyén tir 8 d6i tuyén vao

- L) r 5 4 ~ - .:.. ] .
bang B, va c6 C. cach chon 5 ddi tuyén con lai vao

bang A. Suyra n(M) = C;{.C; +C3.C? =112.
) M) 112 4
Vay P(M) = =
B(0) 405252 090 1o oA

Ciu 49. Piéu kién cin vi du: Phuong trinh

2
at” +bt+c=0 c6 hai nghiém duong phan biét va

nghiém nay bing 9 lan nghiém kia. Chon A.
Cau 50.
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DPE SO 4
(Thoi gian lam bai: 90 phi) BT ERE '_ i _
4 ,. NGUYEN THANH GIANG (GVT Sl
Cau 1. Cho ham s6 0] 60 | :.
J(x)=ax’ +bx* +cx+d AT ST e
c6 do thi la duong cong nhu 2 ¢ e
hinh v&. Tinh téng Cau 8. C6 hai gia tri m, m, dé duong thiang By o
S=a+b+c+d mx +.+3 =0, AR Y AHOTE thang x+3§ T ﬂ?’ m@t
A S=0. BiS=¢ CSt4 D S=9 gbc 60°. Tong m, +m, bang -
o : : . :‘3 .:;'.3 :
Cau 2. Goi 7 1a giao diém cua hai duong tiém can A -3 B. 3 C.4 PrLgrsia
: A A . . L TR S
cua d6 thi ham sé y = Ik d6, diém 7 nidm CE‘:" Sl kh(fng Bran OBz S .caﬁ-_' w
: x+1 diém A(l;—2;3) dén mp(P):x+3y—-4z+9=0 la
trén duong thang c6 phuong trinh: |
Ax+y+4=0. B.2x-y+4=0. A,J2_6- B‘\@_ C__ll_. D. 4\/276
Cx—y+4=0. D.2x—-y+2=0. 13 V26 13
Cau 3. Trong khong gian Oxy, cho diém  ~a Pt 1 2 Lo
: & hen Cau 10. Cho biéu thac T = L3NS w258
M(3;2;~1). Hinh chiéu vuong goc cia diém M len o - o0 plew fave B=mg Vs
pic Oz ladiom Khi 5* =+/7 thi gi4 tri cua biéu thirc T la:

A.M;(3;0;0). B. M,(0;2;0).

C. M,(0;0;-1). D. M, (3;2;0).

Cau 4. Phuong trinh tiép tuyén cua dd thi ham sé
y=x —3x>+1 tai diém A(3;1) la:

A.y=—9x—26. B. y=9x-26.

C. y=-9x-3. D.y=9x+2.

Cau 5. Cho hai biéu thirc

M =log, (2 Sin E—) +log, (cos E—j

12 12
N =log, (log, 4.log, 3).
2
Tinh T=£
N

e . T3 DT =]
WEE

Cau 6. Cho hinh chép S.4BCD c6 diy ABCD la
hinh chit nhiat, AB=a, AD =2a, SA vudng goc
v6i mat phang (ABCD), SA=a+3. Thé tich cua
kh@} chag S.ABCD 1la:

T T 3J7 3947
"o B.—- L — D. :
5 5 S

Céu 11. Tim diém M c6 hoanh d6 4m trén d6 thi
(@):m =%x:3 —x+§ sao cho tiép tuyén tai M vudng

SR 2 & &2
goc vo1 duong thang y = —§x+§-

4
A.M(-2;-4). B. M [—1;—5].
4

CM [2;-5]. D. M(-2;0).
Cau 12: :Cho ;cip+)so (x;3); =thoa mman:
(2x-y)i+y(1-2i)=3+7i. Khi d6 biéu thic
P = x* — xy nhan gid tri ndo sau day'? e »
A. 30. B. 40. C. 10, B 20{. Hy

ﬂ"u

(S): (x- 2) +(y+1) +(z+ﬁl .rét f: ,_ @;‘i l~

(P):4x—3y—m=0. Tim tit ca céc gia i thy _.
tham 56 m dé mat phing () va mit chu (5) ¢6

H-'I.h.--



| B.a+b=28.

a-,i.: D asph=8. |
' G'@i F(x) l1a mot nguyén ham cia ham so
1

In2

-=:;tm;a: man F(0)=—— Tinh gia tri biéu

+ F(2017) + F(2018) + F(2019).

S 12019
2 +1
- B. T = 220192020

n2

- 2020
1_..__1‘ , D T—- 2 1-
_____ In2

m gach trong hinh v& bén 1a hinh biéu
K | cia tap cac so phirc thoa min diéu kién nao sau

A e

'|.r #
_"‘r
.’ 3

&

é,,,‘”*?}'a nhleu gi tri nguyén m dé ham sd
B0 — () #3Df+(m Dx*=x+4

i I-I'_-.‘_.‘_
Sl "I
s = Al i .t':'l,_ ",‘
g T S Bt e S S
' ~ | en tren

- L -'-.
1én tren I X, -y
= ".-'I- B oo 1.:l'i -_Eﬂ' e e . L .

e co D. 3.
(Ju T ng tri dang con 5 béng dén

YT O .
: e “w AL, \V d ] | . 'y
- B = . .-:.. . b 5
’ |
18] }EI||EIIH’L J.:. -‘_: - AdyY ‘
o - i s |# L oy -
.-r' . - B I‘ J_“:l 'ilr:" . - 1
. 4 S W MRV N R 1o ) i = i LR
1 | I T ‘-.l.'-ll:, 2T . 1 :_I__'__.

':-i..::_'r"':r :._,I ! I._ -_ b r-. i '|-'-_ A ] -I . - SR Rl kL

P e _.._ ;2. g P

IICL "%j ' E l :"'Jf! "” "'l t ft ﬂ E’ﬁéf ALV =
F J-l -|...- "|- :'T—; "|. I
.":‘T aq l & _'1"_|‘"I"-_' il -7 ..1'- g3 ~ .. -i- an \l-
LN TR J.’ﬁ"f g )i

X
.:___..

.j—l . .
.q-

An .I = 6.

g chit s6
-?@hanmgau nhién mot s6 tr S. Tinh x4c

trong mau cua bénh nhan sau khi tiém vao co thé

(mg/L). Sau khi tiém thudc bao lﬁu thi néng do thuode

t?
trong méu cia bénh nhan cao nha ? S
A. 4 gio B. lglor C. 3 gio D. 2 g10

Cau 22. Cho 3 s6 phic z,;2,;2, thoa man

z, +2, + Z, =0

4 v

h’zl’-:lzzl:lz_q'— 3

Tinh A= |7 +2, [+ + 5 |z + 2]

8 3
i B_ 2\/5 C. 5 D- -é“ ?

Cau 23. Cac kich thudc cua

A 2 : A e e
mot bé boi dugc cho trén ”“;jﬁ,_f‘ - 7
= ,3':'_"'“"‘ x “'_'-',gr'

hinh vé (mit nudc co dang
hinh chitr nhdt). Hay tinh
xem bé chira dugc bao
nhiéu mét khoi nude khi no day ap nudc?
A. 1000m°. B.640m’. C.570m’.

G424, (i1 han Iimx—i—l—-wf5x+l
3 x—+J4x—3
sO t01 gian). Gid tricua a—»b 1a
1
B.—. C.-1. D. ?-
9 8
Cau 25. Cho s6 phirc z thoéa man lz[ =m°+2m+5

D. 500m°.

bang -g (phan
AN

vGi m 1a s6 thuc. Biét rang tap hop diém biéu dién

cua s6 phic w=(3+ 4i)z—-2i 1a duomg tron. Tim
ban kinh R nhé nhét cua duong tron d6.

Qults e (BUR =10+ @€ R-Sl5 Di: R =i20!
Cau 26. Cho ham sé J(x) lién tuc trén khoang

(=2;3). Goi F(x) 1a mdt nguyén him cia f(x)
~ - 2 :
trén khodng (-2;3). Tinh 7 = I [f(x)+2x]dr, biét
- % S

B0 F(2)= 47 . s0as .

GolSlé tap hqp tat ca céc sb tu'nhlen co 4
lapduactﬂrtaphc;ip X= {12§45 6 ‘*? 89}

Cﬁu '27

-.,.! S
g’ *‘. i £ ' Jeoh A - oo f i i g, CLEH. ) N 1= " A 4
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Ciu 28. Cho F(x) la mét nguyén ham cta ham sb

f(x)=e¥ va F(0)=2. Hiy tinh F(-1).
T L g
& c c &
Ciu 29. Biét rang ham sd f(x)=ax’ +bx+c thoa
1 7 2 3 13
man [ f()dx=——, j FO)dx=-2 va j f)dx ==
0 2 0 0 2
(voi a,b,ceR). Tinh gid tri cia biéu thic
P=a+b+c.
S N rt . CRR R pLC
4 3 3 4
Cau 30. Cho f, g 1a hai ham so lién tuc trén [1;3]

théa man didu kién j [/(x)+3g(x)]dx =10 dbdng
|

thoi {[2/(x)—g(x)]dx=6. Tinh [[£ () +g(x)]dx

A.9. B. 6. C.4.
Cau 31. Biét m 1a s6 thuc thoa man

D. 8.

x(cos x+2m)dx = 2n° +—g-—1.

Ménh dé nao dudi day dung?

A m<0. B.0<m<3.
C.3<m<6. D. m>6-

Cau 32. Cho ham s6 y= f(x). Him s6 y= f'(x)
c6 d6 thi nhu hinh v& bén. W

Biét rang dién tich hinh |y_r(y
phang giéi han bai truc Ox

va do thi ham s6 y = f'(x) 22 y X
trén doan [-2;1] va [l;4]

1an luot bang 9 va 12. Cho f(1)=3. Gia tri biéu
thic f(-2)+ f(4) bing

:fl:‘:,n; B.9. C. 3. D.2.
i ”@3’ “’Cho hﬁm sO y= 2 +«/;-lx- ¢6 do thi
|1 AR A oty —6x+2m

N i Ll a5 .-l.-.u ) i .
av ,' ;_.:-m-t ca c4c gié tri cua tham sb thuc m
"' ha _ @m@ﬁﬂ dlmg%ﬁﬂ . 'h:' 2 %

2 By =2 A% +(y+2)? >»4 o) v
(H,) quay quanh truc Oy J _ 3
ta dugc cac vat the co the Tt 28
tich 1an luot 1a V,V,. Pang
thirc nao sau day dang?
1

B.V, ==V,
2

Ciu 35. Cho lang tru ABC.A'B'C’, trén cac canh

AA', BB' 14y cac diém M, N sao cho A4'=34' M,

BB'=3B'N. Mit phing (C'MN) chia khoi ling tru

da cho thanh hai phan. Goi ¥, 1a thé tich cua khoi

chép C'.4'B'MN, V, la thé tich cua khéi da dién
4

AV, =V, C.%;=2,

ABCMNC'". Ti so Fi' bang:
2
A_ﬁ:i BtI/I -—2 C.K—l. D.Ifl=3.
Y, Viatan Vot v, ad

Cau 36. Cho hinh chop S.ABCD c6 day ABCD la
hinh vuéng canh a, tam giac S4B can tai S va nam
trong mat phang vudng goc vo1 day. Biét thé tich

215

cho hinh chop S.ABCD la

. Goc gitra duong

6
thang SC va mit phang day (4BCD) la
A. 30° B. 45°. C. 60°. D. 120°.

Cau 37. Cho ham s6

y=f(x)=x"=3mx* +32m—1)x+1.
Vo1 gia tri nao cua m thi f'(x)—6x>0 véi moi
X220

A.m}%- B.mf::-—-é—- C.om >t D.miﬁ‘- ‘
Cau 38. Goi m, M lan lugt 1a gia tri nho nhat vangla
4 8

tri 16n nhét cta ham §6 f(x)=5-x- 4



Ty “'** ng dong mot cai coc v il e

C. __:_%_ D 2‘/5 bo AC 1a 8m, 61 dung mot
D56 A cay sao ngan mot g6c nho

Rl 12 hiéu dai ngin
""'L " bt s beo nhu hlﬂh Ve) Tlnh C g
ho hint hpp ABCD A B o o» Sl da'es y $a0 €O thé cham vao 2 by

1 bing 1 va cac goc Phang dinh 4 déu bdng  nhit cua cdy sao dé ca Leinli otia S35
60" ,L.U,: cch giita hai dudng thing 4B' 4B, AC vacay coc K (bo qua duong Ki
U ' 4\} 7
. 942 -

5‘\/_6? B 5,\/_5-. D-

X, '; '“-'. i"_': | 2 ‘\[5 D —3— 2 4 | : | 4

e e SPEEE ST x+1
Iang khéng gian Oxyz, cho hai diém Chu 47. Cho ham S0y = el
(0 '.'f: MRl vA .. dudng thang 06 db thi (C). Gia sit 4, B 1a hai
R el n iEm M(abie) thupo  diém thude (C) vé doi ximg vl
g l- 1 nhau qua giao diém cua hai
- A ‘L f"f.i tha g d sao cho tam gidc MAB c6 dién tich  guong tiém can. Dung hinh B[\

h"'*_ﬁl.“"# . Khi do, gid tri T = a+2b+3c bang vudng AEBF. Dién tich nho nhat
i B.3. C. 4. D. 10. cua hinh vudng AEBF la:

R s <5 5~ /() o P S W

- lién tuc trén doan [-2;2], va co ¥ ‘
Céu 48. Cho phuong trinh

- do thi %,Eduo‘ng cong nhu trong | |

~ hinh ¢ 2sin? x ++/3 sin 2x — 2(\/5 sin x+cos x)—m =0.

Hoi phuong trinh
c6 bao nhiéu Pé phuong trinh chi c6 hai nghiém x,x, thudc

SR My R | khoang _E;E thi m € (a;b). Giatri b—a la

K2 g,;gﬁi.- " D3,
ﬁ[ Tmng khong gian véi hé truc toa do Oxyz, A.3V3. B.4-2V3. C. 4. D. 4\5_2-
phm (Q) song song vo1 mat phang Cau 49. Cho hinh chop S.ABCD c6 day 1a hinh binh

.. - (—2y+2z—17=0. Biét mit phang (Q) cat  hanh va co thé tich 1a V. Goi M 14 trung diém cua SB.

mat cau x +(y+2) +(z=1)* =25 theo mot P la diém thudc canh SD sao cho SP = 2DP. Mat

a-fﬂ[ or % c‘l;tu vi bing 6m. Khi d6 mat phing pha’allg (AMP) cit canh SC tai N. Tinh thé tich cua
trinh 13: khoi da dién ABCDMNP theo V.

0. B.2x-2y+z+17=0. A T 23 10

_ . ="y

2z-7=0., D. 2x-2y+z-17=0. ge- Ml 80 B. ¥ ipcommp —EV

. . ' glan vgl he toa dl;] Oxyz Cho C_ 74 = E'_V 7 _,
01 jmgéng thang (d) c¢6 phuong e s D Vancone _'%V'

of i Ciu 50. Cho x, y 1a nhimg s§ thyc thoa min
X' =xy+y" =1.Goi M va m 1in luot 1a gia tri lon :;“

-i-r. 3
e

nhat va gid trj nho nhat cua P = +y +1  Gia m %

-

] i =
" i g N =1
A -
N i ".'-"Ial .."'.
- s e ™
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CAC LOP THCS
Bai T1/501 (Lép 6). Tim s6 tu nhién x sao cho:

x—1 N p X nSe XD

1008 670
LE MINH HOA
(GV THCS Péng Cuu, Thanh Son, Phu Tho)
Bai T2/501 (Lép 7). Tim tit ca cic cip sé
nguyen khong am (x, y) thoa man phuong trinh:
fFo - 23 =7
PHAM HAI DPANG
(Kim Duong, Ung Hoa, Ha Noi)
Bai T3/501. Cho 0<a<2 0<bh<2 0<c<2 va

2018 503

a+b+c=3. Chimg minh r.%ing:
8= b tc <9

NGUYEN HUNG CUGNG
(85 Bien Cuong, Ngo May, Quy Nhon, Binh Dinh)
Bai T4/501. T diém M nim ngoai dudng tron
(O) vé tiép tuyén MA va cat tuyén MBC voi
duong tron (O) (B nam gitta M va C). Goi D, E,
K lan luot la trung diém cua MA, MB, ME. H 1a
diém doi ximg véi D qua K. Puong thang HE
cit CD tai N. Chirng minh ring CNKH 1a tu
giac ndi tiép.
i LE XUAN DUONG
V THCS Ly Th:rong Kiét, Yén Mﬂ, Hung Yeén)

- ’LE'."-- -|.|._..

thanh da thic cua
1+ x)(1+2x)(1+ 3x). .(1 ] nx)
(GV THPT chuyén KHTN, BHQG Ha Nvf)
Bai T8/501. Cho tam gidc ABC,

BC = a, CA = by BA=¢: Sgotarir 1y 1at it
la ban kinh duong tron bang tiép cac goc A, B,
C cua tam gidc ABC. Ching minh rang
s T g Lo
S Al
NGUYEN NGOC TU
(GV THPT chuyén Ha Giang)
Bai T9/501. Cho céac s6 duong a, b, c, d thoa
min a>b>c>d va abed =1.Tim hing sd k

nho nhat sao cho bat dang thirc sau dung

] ] 1 k 3+k

a+1 b-l—l c+1 d+l 2
VO QUOC BA CAN
(GV Archimedes Academy, Ha Néi)
TIEN TOI OLYMPIC TOAN
Bai T10/501. Cho » la s6 nguyén duong 16n
hon hodc bang 6. Tim sé nguyén duong lén
nhat m dé trong n o nguyén duo‘ng phan biét

bat ki khong vuot qua m ludn ton tai 4 s phén
biét ma mot s6 bang tong cia ba sa G@m Iﬁl
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 giita duong thang d6 th

il st vai truc O7 12 5176, Lay m=3,14, theo ket

quéa thi nghicm cua hoc sinh ndy, hay xac dinh
£ iono tUSDE tai noi lam thi nghiém.
PALONIES THANH LAM (Ha Ngj

B .' 3( "-%m:i twp ducmg tron (0), true

i Bai L2. Mot ¢© 1 3A
35 1a g diém cua BC. Churng nguon (1) thi cum‘lg do dong dien la Neu
I _,;_.: &

$p xtc v6i hiéu dung qua mach 1a bao nhiéu ? Biét do th;
phu thuoc thoi gian cua dién 4p nguon (1) va
) duoc md ta ¢ hinh duoi.

udn cam huan L dugc méc vao

nguon (2

L 1 c. TII két qua thi

g ' Q& Slnh nay vé do SR iE P

- b &len su phu thudc ¢ [ (m)
~ cua va _@hwu dai / cua con lac Hoc sinh nay

iy II I J m m m

a OL intersects CD at N. Prove that CNKH 1s a cyclic

Flﬂd natural qliadﬁlateral,
Problem T5/501. Solve the system of equations

r.2._1c\/;+3x\/;+\/)7= 138
Iy +6/x.y +8x =213
FOR HIGH SHOOL

VIET CUONG (Ha Néi)

Tl 12)3x - 1. g
Fmd the coaﬁment @f x '




7T ‘?
GIARI 1
DBAJ /| =

)

=

Bai T1/497. Tim tat ca cdc s6 nguvén diong n
thoa man:
14+ 2434 . +nl= p: +qj + S895,

trong do p. q la hai s6 nguyén to. Quy woéc rang
ni=1.23...n.
Loi giai. Tu gia thiét ta ¢c6 ngay »n>3. Khi d6
tong 142434+ .. +n!'=3+34...+n! chia hét
cho 3 vi véi bat ki s6 nguyén m=>3 thi

—=1.2.3...m chia hét cho 3. Mat khac, 5895
chia hét cho 3 nén tur gia thiét

142434 .. .+ n!l=p° +g° +5895

suyra p° +¢g° phai chia hét cho 3.
Nhén xét. Moi s6 chinh phuong chia cho 3 c6
du 1a 0 hodc 1. Thuc vay, v&i sé nguyén k néu
a=3k thi @ =9k, néu a=3k+r voir bang
] hoic 2 thi »° bang 1 hoic 4 nén

=9k’ + 6kr +r* chia cho 3 du 1.
Theo nhan xét trén thi p® +¢° chia hét cho 3
chi khi p* va ¢° déu chia hét cho 3, suyrapva g
déu chia hét cho 3, nhung theo gia thiét p va ¢
déu 1a s6 nguyén to nén p =g =3. Tu do

1424 3. +n!=3 +3* +5895=5913,
ma ta co 14214 314+ 414+ 51+ 61+ 7!=5913 nén
Al 0

dn xét. Mot ﬁé ban khong néu ra nhan xét
én nén lap lu: n hang chat ché. Cac ban c6 10i
i ding la: Pha ho: i)o Ngg»:; Tten 6A3

L

Lz;gwg * LB Khac H;mg > @%‘Fﬁ on e
Vin Quang Hiéu, 6D, THCS Ly Nhat Quang, P6
Luong, Hoang Minh Théng, Hé Ngoc Viét, 6N, A
PEES Hﬁ Xuan Huo'ng, TTE Cﬁu .,
Luu. | TS

Bai T2/497. Cho tam gidac nhon ABC ¢o duon;
cao AH, trung tuyén BM, phan gide CK thoa
man diéu kien HMK la tam gide deu. C’hzi?-ig
minh rang ABC la tam gidc déu.

Loi gidi. Ta co 2 két qua sau:

(1) Trong tam giac vuong, A

trung tuyén twong Ung voOi
canh huyén bang mot nira v 9%

canh huyén.

(2) Trong tam giac co trung

tuyén tuong ung véi mot o *

canh dai bang nira canh d6 thi tam giac d6 la tam
g1ac vuong.

Tro lai bai toan.

Gia st HMK la tam giac déu. Xét AAHC ta c6

HM:—-%AC (theo. (1)), ama. KMV AC
KM =%-AC', khi do theo (2) ta c6 AAKC vuodng

tai K. Trong AABC c6 CK vira 1a duong cao vira
la duong phan giac nén A4BC can tai C, suy ra
AC = BC va CK cung la duong trung tuyen tuc
K 1a trung diém cua 4B. Khi d6 trong tam giac
vuong AHB c¢6 HK la trung tuyén nén
HK =—;-AB. Lal ¢c6 HK =HM = %AC, suy ra
AC = AB. Vay ABC latam gléc deu
PNhgn xét. Céc ban sau c6 101 '%lé;ldﬁ
Th9 Lﬂl Tmang Giang, 8A, THCS .

S P
i T



inh, Nguyén Danh Tién Nam, Thai Huyén

:ﬁmzﬁa@, Tran Duy Thanh Dat,
Nou ' &Am Kiéu Dinh Nam, Bui Nhat
Duong Trong Nguyén, Nguyén Cong Phiic,
/ f“ Van Chung, 8A, Hoang Thi Kim
anh, | 1iam Van Quyén, Nguyén Vii Van Anh,
8A, I Cong Toan, Pao Danh Hao, T ran
" , Neuyén Xudn Khodi, 8D, THCS Ly
lang D6 Luong; Qugng Ngii: Pham
'-':' ; 7A Dang Cao Gia Nguyén, 7C, THCS
' Bong, Nghia Hanh.

¢ e NGUYEN THI TRUONG
Ba 3/497. 1. Gia sir n la mot s6 nguyén diong

?’-@F?" chia hét cho 11. Tim s6 du cuia

2 i gidi clia mot s6 ban) Ta dat
’ﬁﬁlk,reN O<r<4

.,.-_=..._--'::_H.,,,J q;*?ﬂ (35)& 3r +(75) 7r
¥ ....3*‘+7" (—1) (mod 11).

5i 7 = ( 1 3va4 b
B hi klﬁsolé

-:-. _-:-_.}-E;- g e -
. . -lh;-r
g - N
: e S
o . T, -...- r

L]
"N i
-

I N 1
A < g

i i -
- Td-;rl=l..| _--I.'*.I..f .1 o

Vay s6 du cua sy 20187 che L 000
ay s0 d

n
i 22 Tie |
khi s(») chia hét cho
PNhf?n) xet. Tat ca cac ban gUI loi gial déu cé dap

s6 dung, do 1a cac ban sau (co mot bf_ﬂj kl;);g Sghl
tén va dia chi): Ha NOx: Nguyén Nga;A ;H (fs
THCS Ly Thai 16, Lé Ngoc Tung, )

Nguyen Truc, Thanh Oai; Phu Tho: guyen

Minh Dukc, Nguyeﬂ Tien Diing, D6 Ngoc Tién,
6A3, Péng Thai T ién. Vi Minh Khat, 9A3, THCS

Lsm Thao; Nghé An: Nguyér e o N
Piing Hitu Khanh, Pham Van Quyen, 8A, Nguyén
Céng An, Bui Nhdt Dang, Duong 1rong Ng uyen,
Pham Viét Thinh, Nguyen Danh Tién Nam,
Nguyén Céng Phiic, 7C, Lé Van Quang Trung,
Neuyén Huy Hoang 9B, THCS Ly Nhat Quang;
Quéng Ngii: Pham Dinh Tam, 8A., THCS Pham
Van Dong, Vo Thi Héng Thu, 8B THCS Nghia
M$: Vinh Phiic: Kim Ngoc Yén Nhi, 9A3, THCS
Yén Lac, Yén Lac; Binh Phwéc: Dang Dinh Van,
9/11, THCS Tan Pht, Pong Xoai; Thanh Héa:
Nguyéen Trong Tam, 9D, THCS Nhir Ba Sy, But
Son, Hoang Héa; Hung Yén: Lé Tuan Nghia, 6C,
THCS Poan Thi Piém, Yén M.
vU PINH HOA
Bai T4/497. Cho (O) va mét déy BC cé dinh. A
di dong trén cung lén BC, M, N lan luot la
trung diém ciia AB va AC. Chitng minh rang hai
duong cao MM' va NN’ cua AAMN, moi
dwong di qua mot diém co dinh.
01 gidi. K& duomg kinh BK va CQ. Goi E 1a giao
diém ctia MM’ véi BOvaJ

la giao diém cua NN' Vé-i

| -r.}-% I‘
. = 1 ‘. B
k=

il




do d6 7 1a trung diém cia CK. Vi cac diém C. K cb [Esl6aay
dinh nén diém I'co dinh. ;“ 0,70
Tuong ty, E 13 trung diém ctia BO nén E 14 diém cb

Vay MM' va NN' lan luot di qua cic diém E va 1
c6 dinh khi 4 thay ddi trén cung lon BC. m oIHlges IS
»Nhan xét. Bai toan khéng kho, ¢6 kha dong cac ban

tham gia giai. Nhiing ban ¢6 tén sau day cho Ioi giai Vo1 x>1: " i
dung va gon: Nghé An: Chu Thé Phong, 8D, Lé Vin (1) < 25(2x* —=3) =(x-1)’ | | :

| Quang Trung, Nguyén Piic Bdo Hoang, Nguyén : —1+ 54149
Cdnh Manh, Nguyén Thanh Nguyén, Lé Vin Manh, SRR PTG,
Lé Duic Anh, 9B, THCS Ly Nhat Quang, D6 Luong; « TH2: ‘
Thanh Hoéa: Neuyén Viét Anh, 9D, THCS Nhit Ba "' e
\ .‘ X2 —
SV, Ttr. Bat Son, Hoang Hoa; Can Tho: Tran Danh t=3x-220&+ 3
Nhan, 9AS, THCS Doan Thi Piém, Ninh Kiéu; 2x* ~3=(3x-2)
Quang Ngai: Pham Dinh Tam, 9A, Pang Cao Gia £ %0
Nguyén, 9C, THCS Pham Vian Dt:jng, Nghia Hanbh; ) = g ;
Phii The: Vi Mirt Kndi, Diing Thi Tu::i'{n, 9A3, Ix —12x+7=0 (2)
THCS Lam Thao; Bac Ninh: Lé Danh th: 90A1, Phuong trinh (2) vo nghiém vi
THCS Yén Phong; Vinh Phic: Kim Ngoc Yén Nhi, A'=36-49<0).
9A3, THCS Yen Lac. : : Vay phuong trinh trong dau bai ¢6 nghiém duy
NGUYEN THANH HONG pts
Bai T5/497. Giai phwong trinh: nhat x = E +:9 i O
2 i 2 ; :
sl Sk 1)\/ & >Nhin xét. Sau khi dat dicu kién, c6 thé giai bai
J6 toan bang cich binh phuong hai vé, bién ddi vé
X< —— .
& trinh tich (7x* — ~76) =
Léi gidi. PK: 257 320 2% phuong ,IC (7x" —12x+T7)(49x" +2x 76) 0
e ﬁ tir d6 suy ra k€t qua. Cac ban sau day cé bai giai
) tot: Binh Phwéc: Déing Pinh Vin, 9/11, THCS
Phuong trinh d3 cho tuong duong voi Téan Pht, DPong Xoai; Phit Tho: Dang Thdi Tuan,

9A3, THCS Lam Thao, Lam Thao; Ha N@i: Lé

5Dt 3) - i G = |
S(2x° ~3)-(16x 1DV2x* =343 ~5x+2=0. o\ 04 THCS Nguyén Tre, Thanh Oai.

S A Nalll

‘“ - Bat t= 2.:~r:2 -3, 120, ta dugc - NGUYEN ANH DUNG
_.:T'-{f:i.’._ ;. (1 6x--11)t +3x e _|_2 0. Bm T6/497 Gzaz h¢ phu’aﬂg m;;:li irciites Bt v‘ﬁ‘r’

1a phu _-1_,..,.,gitrmh bac hai cua ¢, ta ¢6 o) (i Sl
i ey g = | 2 . .e_.*f-_ :;._I.:_ .
AT £3.1‘»'2 -"-'-"5_._?C+2) Vg F'i'-*r. 'Wﬂ—ab; oz sl 3‘53. RRRTLS e

. _”_._ﬁ*}%{ﬁ ﬁ%ﬁ‘%ﬂﬁ



e (AT o

— Phoﬁg, Ha Noi: Haang Ting, 12T, THPT chuyén
ek iitdd Ngwen Quynh Trang; IOAI THPT Cu Huy rC@D,
Long An: Vo Hoang Phic Khang, 10 Toan 1,
| £ THPT chuyén Long An; Lam Pong: 76 Dirc Anh,
— a>0,b>0), HPT (*) 11 Toan, THPT chuyén Bao Loc.
e PHAM THI BACH NGOC
Bai T7/497. Chuwg minh bat ddng thirc sau
. ﬁ?m 2 "+Jﬂb+5ab SO diing véi moi s6 thuc duong a, b, ¢,
s (2
| $4r ] ,ﬁ.__, j .- * uchy Vé, 0 (2) ta . 6 g * 4
ﬁ;i 3!—%@ g 2b4+202 > 2J2a +b4+2(a +!:r2 5 2(a 4 b + c)(ahb -+ b C +C a )
g (a+b)(b+c)c+a)

s % ol 71 Léi gidi. (Theo da s6 cac ban). St dung cac dong
Theo ] “fta myakovsky ta co: Aa' ) Y. g

- --ll-
EE
-_r-l"
H

Akak DAk 2—%(ﬂb+b{:+ca)+

S ﬁ
o Y ' 620" +b'+2(a’ +b7).

Tk i . e '_.
w Ty »
L Tl

B @+ b
"h (“*;”f 2(0 Sr bz) (x Y _]/‘)CD i (y b Z)u § (Z . x)v

VRICNY t‘E-?- =z =(x+y+z)u+v+o)-(u+yvtzo),
(@ + b —2)(a> +b” + 6) <0,

fF‘

. . (x+y+z) ="+ +2°)+2(xp + yz + zx),
“’ﬁ b* <2 ‘Tu day suy ra

5 U+v+w) =W’ +v' + @)+ 2wy + v + ou)
-i-n!':2 >2ab=>ab<l

ta thu duoc (x+ y)o+ (y +z)u + (z + x)v

= a+b<2. =\/[(x2 +y* +2°)+ 200+ yz + zx)] x

Ap dung 3DT Bunyakovsky vao (1) voi \/ (" +V + &) + 2w +var+ au)] —(au+ yw+zw).

Tiep theo, 4p dung bét déng thirc Bunyakovsky,
ta .thu duoc

-.--:4b+5ab)
N 4 5 2 PR S
<o _f:vln.;g 1 b;{2(4 2 +10) = =62 \/(x ® Y =z )k eyt ﬂ)z) > XU + YW+ zZw;

; tirc1a a=, ﬂa@amﬁnHPT(l) @)Y J+vs e 2(w+vw+m)] - (-
-1 @x +1 y'_+1

e ) e & N ) |
1€ phuong tri F:i"f; ; !F} G ’. nghi¢m (x; y 2\/_\
. Q g ’ + (xy+}z+zx)(uv+vw+au) — (XU + y+ 20).

Lo Jx { 5‘ |’ .,_. :

| R Suy ra X+
ét. Pa s c_-.ﬂld_y' *;ﬂ g :_f de ehe liét y ( , y)co t0+2 )“ +(z+x)y

eén nhu



e
b+c

C3+a3+a3+63

a+b

C=piq

22\](9353 +b°c’ +c'a’) x
1 » 1 i 1
\ (@+b)b+c) (b+c)c+a) (c+a)a+b)

X

hay

2(a’ +b° +c*)—(ab +bc +ca)

2(a+b
\ (a+b)(b+c)(c+a)

=)

Do do

a +b°+c’ 2—%(ab+bc+ca)+

2a+b+c)ab’ +bc +ca’)
\ (a+b)(b+c)c+a)

+

»Nhan xét. Day 1a dang toan quen thudc vé chimg
minh bat dang thirc dang ddi xtmg mé rong. Da s6
cac ban guri dén Toa soan déu cho 101 gidi dung
theo cach da néu ¢ trén. Mot s6 ban st dung cac
phép bién doi tuong duong va dit 4n phu cling cho
cac két qua dang. Cac ban sau day c6 101 giai ding:
DPong Thap: Nguyén Triic Nhw Binh, 10T, Nguyén
Nhdt Hao, 11T, THPT chuyén Nguyén Quang
Diéu; Ha Noi: Hoang Tung, 12T, THPT chuyén
KHTN, PHQG Ha Noéi; Ha Tinh: Bui Tién Diing,
10T1, THPT chuyén Ha Tinh; TP. Ho Chi Minh:
Nguyén Phiic Thinh, 10CT1, THPT chuyén Lé
‘Héng Phong; Hung Yén: Poan Phii Thanh, 11T1,
THPT chuyén Hung Yén; Long An: Phan Qui
Léc, 12T1, Vo Hoang Thiuc Khang, 10T1, THPT
“chuyén Long An; Nam Binh: Nguyén Quang Vinh,
10T1, THPT chuyén Lé Hfing- Phong; Quéing
nh: Hodng Kim Ca, 11T, THPT chuyén V&
Ngt yén Gia y: Juang Tri: Lé Tri Cuong, 10A8,
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c)a'b’ +b'c + c3a3)

gidc ABC tai 4,,B,,C,. Chimg min "”

GA, +GB, + GC, 2 14+ IB+IC.
Loi gidi. Dt i ' '
BG= a, AGi= b,AB =C.
Tur két qua quen thudc

ald+bIB +cIC = 6,,
ta co
(alA+bIB +cIC)* =0
& a’IA* + b*IB* +c*IC?
+ 2abIAIB + 2acIAIC + 2bcIBIC =0
oI +PIB +ICT +ab(I4” + 1B —¢°)
+ac(IA° 10k —b2)+bc(le +]C“~a )=0

& (a+b+c)(ald +bIB® +cIC*)=abc(a+b+c)

2 IBZ 2
<:>aL42+bIBE+cIC2=abC<:>M + +IC =
bc ca ab

Str dung bat déng thirc Schwarz ta thay
/ol /> abe o (IA+ IB + IC)*

_l;r_l ca ab  bc+ca+ab

= bc+ca+ab>(IA+IB + IC)’ (1)
Goi M 1a trung diém cua BC, khi d6

2 2

da a
1\4/41% = MB.MC =—= MA = .
4 4 MA

MAd ' a Sa

Tu d6 G4, =GM + M4, =—+——>—
u do G4, 3 AMAS 3
(theo BDT Cauchy).

b B
Tuong tifita.co:. GB o ze = GEN=——

: 118 b4 A Witigeay ':1 ..'. y
G4, + GB, Jfgqg_ -
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an sau c6 101 giai ding (tuy con hoi dai):
: \ ..j.:ri'.... e 'ﬁt-ﬁ T TR
NOi; Ha Tinh: Biii Tudn Diing, Tran

L N - g
l_: IJ.IT.; - B 3 i
d J [+ ]
W A VKL
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N e 2. AT Y
| PUR | 1 1 !1-}-7-_* -' 1'.-':':.' fF
e AV LU

Triic Nhwe Binh, 10T, THPT

guyén Quang Diéu; Long An: Phan Qui Lo,
~T T T T “', K- ' A r
211, THPT chuyén Long An; TP. Ho Chi
Minh: Nguyén Phiic Thinh, 10CT1, THPT chuyén
| | %ﬁ ¢ l:‘-\-& HO QUANG VINH
2497. Cho cdc ham so6 lién tuc
1!- _ h:.- ‘fn_ '

TN
- B ¥ 3 B |
- R
o

J.&g:|ab|— {a,b] thoa man f(g(x))=g(/(x));

£ [ i
ey e B

_L ‘ “* thuc hitu han. Chirng minh Fan J%
ohtrong b ._ xz = g(x) co nghiém.
Loi gigi. Xét ham s0 /(x)=f(x)-g(x). Vi

£ e
-

J(x) va g(x) 1a cic ham lién tuc nén h(x)

e . ""* R .r.l
Pl (P S
3 el o 1 y

ciing 13 ham lién tuc. Gia sit PT /(x)=0 vo

h i & e
- K = T -
L ww

hiem. Vi A(x)la ham lién tuc nén cé hai
L [h(x)>0 Vxe[ab)

: 5 AR,
Lk MR %
RN = s P
- .!- - c 2y L .. :;I 2 ..
J A
PP

Xa S
"Gl J _ 5@@)(0 ‘v’xe[a;b]

i i
'y

= ! S '-..'u_ N
- - :

L s
iy =

€= f(x)2 g(x)+¢& Vxe[ab].

L b~ 1
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Bai T10/497. Tim tdt ca cq
- (;n,g)thoamén nm’n+2019

SOz gk () ke = A2 (())+ke
& I (x)2 g 1 (f(g(x)) +ke
=gh2(f(g(g(x))+ke=. ..
= f(g*(x)) 2 g"' (x)+ e +he =g (x)+(k

Tur d6 theo nguyén ly quy nap (*) dung voi
Vxe[a;b],‘v’neN Suy ra

e

b= it (x) 2 gt(x)kne 2a +1e.

Cho n— o thi ga+ne—>o, do dé b—>x. Diéu
nay la vo ly vi b hitu han, do dé loai truong hop
nay.

« TH2: h(x)<0 ‘v’xe[a;b]. Khi do
de=0ih(x)<e= f(x)Sgx)+ e ‘V’xe[a;b].

Ching minh tuong tu nhu truong hop trén ta
cung suy ra duoc:

()< g% (x)4ne

Do do a< f7(x)< g"(x)+ne <b+ne.

(i)

Cho n—sow thi b+ne——-w(do £<0), do d6

a——oo . Piéu nay 13 vo ly vi a hiru han, do d@o
loai truong hop nay.

Két luan: Vay phuong trinh A(x)=0 ¢é nghiém
hay phuong trinh f(x) = g(x)co nghiém. 0O

»>Nhdn xét. Céc gia thiét cua bai todn da duoc van
dung khéo 1éo dé chimg minh két qua (*) Vé. (*"“).
Bay chinh 1 diém méu chét trong 101 giai bai todn.
Chi ¢6 it ban tham gia giai bai nay nhung 1o giai déu
khong dung.

TRAN Hg"J‘U NAM
C cdp 5O ngayé‘n
va mn’ +2019 la




(

; a’ =0(mod 9) hoac @’ =+ 1(mod 9)

@’ =0 (mod 9)hodc a® = 1(mod 9)

That vay: néu a=3k =g’ = 0(mod9);
néu a=3k+1 thi ¢’ =1 (mod9);
néu a=3k+2 thi @’ =—1(mod9);
do d6 a’ =(a’)* =0 (mod 9) hodc a°® =1 (mod 9).

ran.!szf'z+2019 =qa

Quay tro lai bai toan: Gia su <
mn” +2019=p’

- Néu a:3 va vi

' m:3
n:3

3 !
2019:3=> m’n:3 = m‘3.3 =
n:

-Néu m:3=m'n2]. Ma ai3=d’127=>2019:27
(vo 1y).

* Néu ni3=>mn’i27. Vi 2019:3=5’ 3513
b>:27. Ma mn’ 127 = 2019:27 (vo 1y).

Vay al3. Tuong tu bl3.

Vi al3=a’=+1(mod9)= m’n=a’-2019
+1-2019=35 hoac 7 (mod 9).

Tuong tu do b /3 nén mn’ =5 hoic 7 (mod 9).
Do d6 (mn)® =(m’n)(mn’) =25, 35,49=7,8,4

(mod 9). Piéu nay trdi véi nhian xét. Do d6

khong ton tai cip so nguyén (m, n) nao thoa man
diéu kién dé bai. 0
»Nhan xét. Cac ban sau day co o1 giai dung:
“TP. Hﬁ Chi Minh: Nguyén Phiic Thinh, 10CT1,

; s __":l PT _ ct en Lé Hong Phong; Nghé An: Neuyén

i _ WAI THPT chuyén Phan Bo6i Chau;

- v .

FB iF ﬂzeo thwﬂﬁt?

vOi moi phan twies, tan t@r&ung 40 ap o
chira i. Chung minh mng tﬂn tai cdc c}gi z

j.k,1e€{l,2,.., 410} doi mofphan biét sa@ c:ha

S, NS N8|,

Loi gidai. Phan chung: vo1 mol cac chi s0

1< j<k<I<410:[S, NS, 08|22

Ky higu a= S, NS, NS| T gia si
1< j<k<I<410

phan ching ta c6 a=>2.C,,. Miat khac tir gia

thiét: mdi phan tir cia S thude dung 40 tap hop

S,1<i<410, suyra a=2019.C,,. Do d6
a.=2019.C =20 -

Diéu nay mau thuan véi
2019.C;, =19947720 < 2.C;., = 22805840.
Vay ton tai cac chisbé 1< j <k </<410 sao cho
‘SjﬁSkﬁS,}iil. O
»Nhan xét. Pay 1a bai toan tinh s6 phan tir cua
tap hop, 1a phan “yéu” cua hoc sinh Viét Nam
trong cac ky thi Olympic Toan Qudc té. Trong sO
cac ban gur 101 gia1 té1 Toa soan ¢6 hai ban cho 101
giai gon gang nhu trén: Ha Noi: Ngé Quynh Anh,
10A1, THPT chuyén KHTN, PHQG Ha Noi; TP.
Ho Chi Minh: Nguyén Phic Thinh, 10CTlI,
THPT chuyén Lé Hong Phong. ‘

NGUYEN MINH mirc
Bai T12/497. Cho ti gidc néi tiép ABCD voi E

la giao diéem cua AC va BD. Hai éﬂ'm Vﬁ‘
(EAD) va (EBC) cat Hhaq fﬂl IE _‘_1_'- u&wﬂ" ,.»
truc &u@ cac doan th@n&__; _1 . .- R e,

'hr
..l.:
1:

o Er LT
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"’ﬁamh chiéu cua F

_I-'

A‘*‘E‘ AF) (DE,DF)
e | = (DB, DF’)(mod r);
g (C4,C F) = (CE,CF) = (BE, BF)
| 11 ,‘. = (BD, BF')(mod rt).

) Sac tar "_.-gi'éc FAC, FDB dfing dang (cung
7 2)

co dinh li Menelaus, M, K, L thang hang. [
A '::'-ﬁ-.ﬂ " r-.:'.- = = % r'-;

gt Sk 1) A1 1073 An né‘y dﬁ co the ﬂ.’lﬂy gl a

w giac ABCD néi t; thlet bon diém

W W ' : .."—:LJ LR . : a r

*’H"’Jf
B |

“'" 'I.' .
~r

) e
. £ -h
- A e - " -,: i
[ an ¥ TN Gmch o - -
o e - 3 4

Le Hong Phong Thira Thig

10A1, THPT chuyén Nguyén Thién Thanh, TP,
Tra Vinh; Pong Thap: Nguyén Thi My Ngoc,
10T, Hupnh Tén Phic, 11T, THPT chuyén
Nguyén Quang Diéu, TP. Dong Thap.

NGUYEN MINH HA
Bai L1/497. Tai O trén mdt nudc c6 mot nguon
phat song véi tan s6 f =80Hz, toc do truyén
séng la 1,6m/s. Ba diém A, B, O nam trén mdt
nudc tao thanh tam gidc vuong tai O. Biét
OA=9cm: OB =12cm. Xac dinh s6 diém dao

dong cung pha voi A trén doan BA.
Loi giai. Goi OH la duong cao cua tam giac
OAB. Do tam giac vuong tai O nén ta tinh dugc

OH =7,2cm. Budc séng:

/1=1=2cm;
i

OA=9cm =4,51 nén dao dong tai 4 nguoc
pha véi tai O.

Xét diém P bat ky trén canh 4B. Pé P dao dong
cung pha v6i 4 (tirc 1a ngugce pha véi O) thi:

O
QR — (k + -;_] A OvGink
14 s6 nguyeén. e =

* Khi P thuéc AH: OH < OP < OA

1
@7,2{0P=[k+5)/1<9, khong c¢6 gia tri

nao cua k& thoa man.
* Khi P thudc BH: OH < Op < OB

<=>7,2<OP=(k+%- A<12

suy ra 3,1<k<5,5 do d6 c¢ 2 diém trén doan
BH dao dong ciing pha véi 4. 0O
»Nhdn xét. Cac ban c6 19 giai ding: TP. Hd Chi
Minh: Nguyén Phijc Thinh, 10CT1, THPT chuyén

n Hué: Minh
Nhdt, Tmn Hup Quy Phan Nhat Twie Ngoc_: hh__
”?”ﬁ rm.r Izl 5-*-*1 ‘?_ﬂL O
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Bai L.2/497. Poan mach dién AB gom hai doan

mach AM va MB néi rfep nhau. Trén doan AM NAB = 45°
| chira bién tro va cuon canrthuan, trén doan MB  Theo dé bai o
| chi chwea tu dién. Ddt vao hai doy A, B mot dién A m _105°
| dp xoay chiéu Up = U2 cos| 1005z — & () Suyra MAN = 60°.
3 —
-y .. ) U, = U, cosMaN
va diéu chinh bién tro sao cho cong suat tiéy : IZOAM 60°
thu trén doan mach AB dat cwc  dai b o0
P .=45W. Biét rf:':"ng khi do dién ap trén 2 WY 2
doan mach AM cé biéu thire 14 0= ;R =80 (£2)
u = 12082 cos| 10077 + = 0
e ek Jglk ) U, = U,,.sinMAN = 120sin60° =60:/3 (V)
Xac dinh dién dung cua tu dién? U, =U, tU = 60(\/5"‘ 1) 6Y)
Loi gidi. So d6 mach dién dugc mo ta nhu hinh Zg 1 Vats 3+1.
a. Ta c6 gian do vecto nhu hinh b. R Uy
nid: L o Suy ra Z-=218,6 () va C = 15 (uF). O
# W —m\ *—i—¢ »Nhdn xét. Chuc mung céc ban c6 tén sau day da
; e ho B ¢ 10i giai ding cho dé ra ky nay: Thira Thién

Hué: Ha Phuong Hodang Mai, Lé Nhw Minh, Tran
Huy Quy, 12 Ly 2, Phan Nhat Tién, 12 Toan 2,
THPT chuyén Qudc hoc Hué.

DINH THI THAI QUYNH

e LT : ' .1 i3

{15 SO ,,ix”;,_;
Problem T11/501 Find the sm 'j__;__.estg

Khi cong suét tiéu thu trén 4B cuc dai thi:
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Notice that the order of 2 T°s here 1s not

important since they are identical.
But we have 3 such above models (CCC) can
be left, center, or right. Therefore the number of

le the nber arrangements if the 3 2
" i HExt 10 EQCh other and the 2 required aﬂangements 1S 3 % C 4 = 1 8
1 tec m‘e m?t Hexr to each other. TU VUNG

[dentical . dong nhat, giong hét nhau
where C 1s for mﬂ!a,1 T 18 for green tea and 0 1S
for orange juice. We have 4 spaces to place 2 Arrangement . sur sAp Xep
Sy Ty ‘I "H e = _ 5
/”s. Hence t lenumber of arrangements 1s C,.
T Translated by NGUYEN PHU HOANG LAN

(College of Science — Vietnam National University, Hanoi)

Bai todn. Mot thu vién c6 4 ban sao giong hét nhau cia cuon sdach
A, 2 ban sao gfffng hét nhau cua cuén sach B va 5 ban sao giéf?g hét
nhau cua cuon sach C. 11 cudn sdach nay dioc xép trén mot ké sdach
o thue vién. Tinh s6 cdch sdp xép khdc nhau sao cho tét ca cubn sach
A dat canh nhau va khéng cé cuén sdéch B nao dat canh nhau.
o Loigigi. C6 nhieu cach dé giai bai toan nay. Ching ta sé& trinh bay
i gidi bang phuong phap chén. Khi dit 5 cuén séch C canh nhau, ta con 6 vi tri dé dit (44A4A):
C_C_C_C_. Khi dit (4444) ching han _C_C _(4444) C_C_C_ chingta cé 7 vi tr

éﬁ B. Chon mot vi tri dé dit cuén sich B diu tién vao, vi du

";._ BEC cudn sach B thir hai c6 6 vi tri dé dat. Vay s6 céach sap xép thoa man

-.'

- ean phai chia cho 2 boi vi khi hoan vi cac cuén sach B, ta khong tao ra

O

cet. Cac ‘r 1 sa ,{“ dichtét, gui bai vé T(}ﬁ soan sém: Bac Ninh: Nguygn Thi Nhat, 12A1-

'.141 —
: Dl
TR

Phong s s6 2, Yén ‘Eﬁgmg, Ha Tinh: Nguyén Minh Chéu, 10T, Nguyén Triic Quynh,

w_

nt ;5 ":ti ;3 am Thlén Hué: Lé T?z; Minh T?my, 10 Toan 1, Lé Th: Thuy Nga,,
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PHUUNG PHAP

GIXXT TOXR

1. Pit van de
Ngan nglt Phap c6 cau: ““Todn hoc la vua ciia cde
khoa hoc nhung So hoc la Nir hoang”, diéu nay
no1 lén tdm quan trong cua So hoc trong doi séng
hang ngay va trong khoa hoc. Sé hoc gitp con
nguoi cé cai nhin téng quat, sau rong hon, suy
luan chat ch€ va tu duy sang tao. Trong cac ki thi
chon hoc sinh gioi céc cap, cic bai toan vé Sé hoc
thuong dong vai tro quan trong. Chung ta cé thé
lam quen nhiéu dang bai todn S6 hoc, biét nhidu
phuong phap giai, nhung cling cé bai toan chi cé
mot cach giai duy nhat. Mdi khi gap mot bai toan
mo1 chung ta lai phai suy nghi tim c4ch giai mdi.
Su phong phu va da dang cua cic bai toan Sb hoc
luén 1a su hap dan ddi v6i mdi g1a0 vién, hoc sinh
gioi yéu toan. Xuat phat tir nhitng y nghi dé t6i da
bién tdp va hé thong lai mot s6 bai toan hay dé
- viet thanh bai viét **Hé thang duw ddy dii va mét s6
-bai foan ap dung”. Trong bai viét nay, do khuon
 khd c6 han nén ching t6i chi trinh bay véi ban
| '.-'f'-"=a doc lam quen cdc dinh li (khong chiing minh) va
me ap dung dé giai mot sd bai toan S6 hoc vé
tinh h chia hét thudc mot s6 dang khac nhau.
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¥ $6 li thuyét
Haun a 2.1. Cho a 12 mét s6 nguyén, m 1a s6
| n . g. Tﬁp = {x e Z|x=a (mod m)}

yen déﬁg du modulo

£ Rl

W

v6i a duoc goi 1a mét 16p thang du, hodc 16p dong
du, modulo m.

Pinh 1i 2.2. V61 meZ" va a, beZ, taco

(1) a=b néu va chi néu a =b (mod m),
(2) anb=2 hoic a=b,
(3) Wx=2Z,
xeZ
(4) hai s nguyén x va y thudc cung lop thang
du khi va chi khi x = y (mod m) va

(5) m 16p thang du 0,1,...,m —1 1a roi nhau va hop
ctia chiing 14 tap tat ca cac sO nguyén.
Dinh nghia 2.3. Chon mét s6 x. tir mdi 16p thing

du modulo 7. Khi dé tip cac s6 x,x,,...,x

m

dugc goi 1a mot hé thing du day du modulo m.

N6i mot cach khac, tdp cac sb nguyen
{xl,xz,...,xm} la mot hé thing du déy du modulo
m néu

(1) x, Z x, (mod m) véibatki i j:
(2) v6i moi sO nguyén x, cd mot i el 2. .o
sao cho x =x. (mod m)

Chang han, tap {0,1,2,..,m~1} 1a mét vi du cia
mot hé thing du day di modulo m. Hojc
{4,—- 7,14, 7} [a mot hé thang du cﬁ-y dua modulo
Nhﬁn xét. Cho m la mgt§0 nguyén duong

q,‘f: Ll'

<1




lllll

@(m)=m—1 néu va chi néu m la so nguyén td.

, i Tl g ,
Dinh li 2.8. Néeu 7= Diip2.py , OhgAs
p.(i=1r) 1ac4c s6 nguyén to phén biét thi

; -
¢(n)=(p, ~Dpi™ (o, =Dpy (P, ~ Dy
e Pinh Ii 29. Néu UCLN(am)=1 vy

=R A mot hé thane du rut gon mody]
L2.45) " m { rl,r_.,_,...,rﬂm)} la mot hé thang g 0
D "”2

m, thi {ar,,ar,,...,ar,, | cling 1a mot hé thing dy

-.:--1

23 aa ;., Néu & thli @c cling 16p thing du rut gon modulo m.
IMOC “n :.u *ﬁﬂ& i' C 'N(x!M) UCLN (y, ?H) 3. Cac thi dl_l

..I“Lill

ghia 2 w ﬂiﬂﬁt Iop thang du a modulo m

‘rr]I!

Thi du 3.1 (MEMO 2015). Cho n>2 la mét s6
nguyén. Tim s6 cdc s6 nguyén duwong m sao cho

m<n va m>+1 chia /’zéz‘ cho n.
C‘hu ‘m 1a mét s6 nguyén duong.

Loi gigi. Ki hiéu D(n)1a s6 cac s6 nguyén duong
'maé he thang du day du modulo

m sao cho m<n va m®+1 chia hét cho ». Ta
nhan thay khong c6 sb dang m” +1 chia hét cho
4 , vi vy néu » chia hét cho 4,ta c6 D(n)=0..Ta
cling biét rang D(n) =0 néu n chia hét cho sé nao
do c6 dang 4k + 3. Hon nita, BD@2)=ip
1. Trudc hét gia sir n = p la mot sb nguyén td 1é
c6 dang 4k +1. Ta chimg minh ring D(p) = 2.
Bo de. Néu p=4k+1, trong d6 k 1a mot s6
nguyen duong va p la s nguyén to, va néu
S = {xl, [ xp} la h¢ thang du day dt modulo D,
thi ton tai ding hai phan tr ‘xeS§ dé
*=-1(mod p).
That vy, ta s& chimg minh phuong trinh dong du
x'=-] (mod p) cO it nhat mot ng éma néu

LS

mot s6 nguyén t6 thi ¢(p)=p—1. Mat khac,




ot d
e i =—1(mod p)

o it (ol Ll 88
nhu vy, x ( > J! 1a mot nghi€m.

Hon nita, néu x. €8

la mot nghiém thi
X;=p—X, €S cling 13 mot nghiém. Néy
p=2g+1, thi ¢6 ding mot trong cac sb X5 X;
nh6 hon hodc bang g . Ta ¢§ thé gla su x, <gq .
Néu phuong trinh ddng dur da cho o6 nghiém khac
x €95, bﬁng cach li luan tuong ftu, ta gia su

<g. Do do,

Il

x; =-1 (mod p) suy ra p
chia het (x, —x)(x, +x), didu nay khong thé
xay ra vi x;, x, <g. B6 dé duoc chimg minh.

2. Tiép theo gia sit n = p* 1a Iy thira sb nguyen
to véi p=1 (mod 4). Ta s€ chimg minh bang quy
nap rang D(p*)=2.

Trudng hop k =1 1a hién nhién. Gia st D(p*)=2
v6i s6 nguyén duong k nao d6. Goi i va 7 1a hai 6
nguyén nhoé hon p* sao cho i* +1 va j*+1 chia

hét cho p*.

o r .:.. 7 r .i: 5 k 1 3z ¥ i~
Khi d6 tat ca cac sé6 nho hon p*" ma thoa man

phuong trinh dong du x* =—1 (mod p*) 1a céc s6

sau day: mp*+i, voi m=0,..,p-1 va
‘f k | g 7 » . 0 _1
mp +j, vor m=0,.., p—1L

~ Ta chimg minh c6 ding mét trong cdc so

chia hét cho p hay c6 dung mét

(mp -i-f) +1 (VO‘I m=0,... 0 1)

(mzp +I) A F T&cﬁ
o e A

(m, p* +i)? +l (mzp +I) +T"

: *"'ff By
pk pk_
(mlp +:—m2p —-r.)(m]p +1+mzp +z) e
P

= (m, —m,)| p*(m, +m,)+2i |

chia hét cho p, diéu nay khéng thé xay ra béi vi
m, —m, 1an i khong chia hét cho p.

Bang cach i ludn nhu trén, ta két luan rang c6
dung mot trong s6 cac sd (mp* + j)? +1 (voi
Do do,

m=0,.., p—1)chia hét cho p*"

D(p*")=2.
3. Tiép theo gia st n= p°q®, trong d6 pvagqla
hai s6 nguyén t6 phan biét c6 dang 4k +1 véi sb
nguyén duong k ndo d6, thi D(p°g®)=4 véi
moi sO nguyén duong a va b. Theo trén ta cé
D(p“)=2. Goi i va j 1a hai s6 nguyén duong nho
hon p“ sao cho ca hai s > +1 va j>+1 déu
chia hét cho p°. Tat ca céc sé nho hon p°q° ma
trinh

2 A ’ 4 » ros
=—1(mod p“)1a céc s0 sau: mp®+i véi

thba man  phuong df‘)ng du

m=0,..,q -1 va mp® + j V01
m=0,..,q"=1. Vi {0,1,2,...,¢" -1} 12 mot he;

thing du day dt modulo ¢°, diéu nay cung duug

dﬁl Vél {ng :2}9 :-“.3(@ "“'1)}? } (bﬂ'.l Vl E Va‘

g" 1a nguyén to cung nhau)x, d@wﬁa

B TR S —




—

'?4* nap ¢ trén, ta két luan duoc
ﬁ‘“‘}= 2" véi cac sb6 nguyén to 1é

biet *‘1=1,2§ A
; cing, ta ching t6 ring
' “')“D(QP S neu  p,
| ,_ Jﬁ 'c-ﬁe so nguyén to 1é phan biét va tat
 dbn ﬂu‘; modulo 4 .
4):" Néu i,i,,i,... i, la cac SO

_;aho hon g ma thoa man phuong

ﬁn’
n. ; :: _ fﬂlm hon 2a dé théa man phuong

——1 (mod a), thi tat ca cac s6

*
o T T B
. TEmEe s U
y =h I I.I.: ' 5"* I-I.p‘-"ri'kt -""
) i I.:‘._ .__. < -,; . E 3 | -i-
B S

3&‘4—: volj .2 va

e, e T

| WAL | L
°n, C di f‘* mét trong so6 z +1 va

diéu nay din dén

p' -+ p,"). Nhu vy, ta két
}J\ fm*ﬁz lﬁ{

g G2 CEPEY R0, trong 46 it

{p.+ili<i<n) va {p—illsi<n} tao thank
cdc tdp theng du day dii modulo n.
Loi giai. Gia su t6n tai mot hoan vi nhu vay. Vi

{p,+i|1<i<n} la mot h¢ thing du day du

modulo 7, ta co
Sk=3(p,+i)= Zp+§:z—22k (mod n),
k=1 i=1 i=1 k=1

n

khi do Zk— (n+1)—0(modn) suy ra 2
k=l

2

khong chia hét ». Hon nifa, ta lai c6

221&’ Z((p +i) +(p, —i)’)

= (2p? +2i*)=4)_k* (mod n),
i=l k=1

n(n+1)(2n+1)
3

vi vay 221’(2 = = 0(mod n), suy
k=1

ra 3 khong chia hét n. Do d6, ta phai cé
UCLN (n,6)=1. Mat khac, néu UCLN (n,6) =1
E{LQ,...,??}, thi
(P15 Pys--» P,) 12 hoan vi cua {1,2,...,

va p. =2i (mod n),
n} va thoa
man diéu kién, boi vi

{p,+i|1<i<n] E'{3f|1£f£n}

va {P; —f]lﬂiin}z{i‘lﬂfin} (mod n)
la cac hé thang du day di modulo 7.
Thi du 3.3 (SMO 2010). Cho A la mét tap voé han

cdc s6 nguyén dwong. Tim tdt ca cde sé fu nhién n

sao cho véi moi ac A thi a" +a"" +...+ 4" +1

¢hig et a + @ oerag! 21

& 7w

Loi giai. Xét cac da thitc P(x) = x" + x"!

va Q) =t

B S5 dsd]

Al S wrsh
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tgl mot s6 nguyén a dé a® +a—k chi

al ui
AR R 3
.
: o
" E

Q(a) va do do cling chia hét R(a) v6i vo han s

a, nhung voi a du 16n ta 6 | R(a) <| P(a)|, suy
ra R(a)=0, nhu vdy R(x)cé vo sb nghiém, nén
R(x)=0 va P(x) chiahét Q(x).

B6 de. Gia st ,q,,...,a eN. Pa thire P(x)
chia hét O(x) =x* +x%1 4...4] néu va chi néu
{0,0{1,&2,...,@”} la mét hé thang du diy du
modulo » +1.

Chirng minh. Go1i 7, 1a thang du cua @ modulo
n+1. Gia su rang P(x) chia hét O(x). Vi P(x)

chia hét x"" —1 nén chia hét x

—x', do do no

cing chia hét Q(x)=x"+---+x"+1. Do
degQ <degP, suyra Q =c-P véi hang s6 c
ndo do, va diéu nay chi c6 thé xay ranéu c=1 va

{r‘l,...,rﬂ} =11

s6 n can tim 1 cic so dé {0,1!,...,n

n}. Ta két luan tir bo dé rang cac
!} la mOt hé
thang du day du modulo n+1.

Néu n>3 va n+1 12 hop so, thi n+1 chia hét
n!, nén trong truong hop nay khong thé xay ra.
Néu n+1=p>3 la mot s6 nguyén to, thi theo
dinh 1i Wilson (p—1)!=-1(mod p),
(p—-2)!'=1=1(mod p) cung khong thé xay ra.

vi vay

Nhu vay cac kha nang con lai la n=1, 7 =2 va
cac gi tri nay thoa man diéu kién da cho.

Thi du 3.4 (APMO 2014). Tim tdt ca cdc )
Ilguyen ducong n sao cho voi moi s6 nguyén k (on
ia hét cho n.

Ly
I

: j-'u ’ﬁ*ﬁiﬂ?ﬁ g!'ﬁ Bai toan dua vé viéc tim cac s nguyén

e { + a\ ae¢} 1amothé thing

i saochotip 4=
thm dul& n Ta 801 tmh Chat nay b

1‘ ..-l...-rr- -

@ +a=b +b(mod n). Vi viy g thoa man (*)
néu va chi neu khong ¢6 ﬂ;“{b‘ﬁ{ﬁ,ﬁy , -*1-.'."'. v :'I'.‘I.‘ i

a+b va a + = b3 +b (‘mod n). LE&FI" ]
Trudc hét, ta chimg minh ring 3’ thoéa man (° B

véi moi j>1. Gia st @’ +a=b"+b (mod 3')
vi a # b . Khi do . il

(a-b)(@ +ab+B +1)=0 (mod 3').
Ta d3 dang kiém tra theo modulo 3 ring

£ i

a* +ab+ b* +1 khong chia hét cho 3. Pé y rang
néu A khong 1a mét hé thang du diy di modulo so
nguyén 7, thi n6 cling khong la mot hé thang du
diy di modulo bat ki boi cua r. Khi d6 viéc con
lai can ching minh 1a voi bt ki sd nguyén to
p >3 khong thoa man (*).

Néu p=1(mod 4), tai b cho

ton sao

2 =_1 (mod p). Khi d6 ta ldy a=0 d& nhén
duoc dong du @’ +a=b’ +b (mod p).
Bay gio gia st p =3 (mod 4). Ta s& chung minh
c6 cac sd nguyén a, b#0 (mod p) sao cho
&’ +ab+b>=—1(mod p). Pé y rang ta c6 thé

gia st a#b(mod p), vi nguoc lai néu
a=b (mod p) thoa man

+1=0 (mod p), thi

(2a)’ +(2a)(—a)+a* +1=0 (mod p)

—a (mod p).

a +ab+0b’

va 2a =
Goi ¢ 1a nghich dao cia b modulo p (nghia la
be=1(mod p)), quan hé 1a twong dwong véi

(ac)’ +ac A
thé lay cac gia tri cua tht ca cac thing du kh@ng

l

binh phmmg madulo p Néu ta co thz“ f m mdt sO

l=—c" (mod p). BEy Hing —¢* cb




' .:j_'_ff'ac nhau*thuqc B modulo

5! ‘gia tri @& x* 4 x+1 phai

= " t_'.

-
=

0¢ zj” oac théiag du binh phuong,
uh_ ﬁf“: cati thﬁng du binh phwong modulo p

, va Teim yEC Gia. Sy = z° (modp) va

 ta blet rang 4w’ +w+1)eC.
8cC. T
quan hg dan dén tat ca cac phﬁn tu cua

nay ¢ n a yEC suy ra y

4 ..1:_.:!:_ b E' L
B déu 1 C mau thuan Két luan nay duoc
g N Viy céc sb nguyén duong » can tim
Frdl 4 : *' 3 ‘_.L-n .-._tﬁ HQ‘
c0 dang n {mng d6 b 1a s6 nguyén khong

.5 (USAMO 2006). Cho p la mgt 5
ﬁpt SO nguyen sao cho

rang ton tai cdac so

0<Zm<n<p va

(a) s 1a mot uée cua p —1;

(b) néu cac sd nguyén m va n sao cho 0 <m < p,

¢
(sl sy ;
O<n<p va{i—<i—t<—, thi 0<n<m<p.
P ! 240 ) 4

That vay, vi p la s6 nguyén t6 va 0<s < p,
nguyén t6 cung nhau véi p va

= {3,25,. L(p —I)S,pS}
la mot tap cac 16p thang du day du modulo p. Pac
biét
(1) c6 duy nhat mot s6 nguyén d véi 0 < d < p
sao cho sd =—1 (mod p); va
(2) v6i moi k ma 0<%k < p, ton tai duy nhat mot
cap cac sO nguyén (m a) vor 0<m < p sao
chotnseta p.—
Bay gi0 ta x€t cac phuong trinh sau:

msSt+ap=1ms+ap=2,..,ms+ap=s.

Rhitdo |28k = & vai 1<k <s.
P
Ménh dé (b) ding néu va chi néu

Oftrie= nie '~ - <im = pEVor s <o ceol

ta c0o ms—m,s=(a, —a)p—1 hay
(m, —m_)s=—1 (mod p). Vi O0<m_ <m <p,
theo (1), tacé m, —m,_ . =d. Takét luan rang (b)
ding néu va chi néu m.,m_,...,m, lap thanh mot
cap s6 cong vo1 cong sai —d. R{ rang 1=l Al
vay my =1+ (s —1)d = jp—d véi j nio d6. Khi
do j=1 boi vi m va d ca hai s6 déu duong va
nho hon p, nén sd = p—1. Diéu nay ching minh
?ﬂ?.—- Ng“‘?c lal, néu (2) ding, thi sd = p .1 ?ﬁ i

m, Ee_dsmﬁ --qk (mod ) .




Loi gidi. Bai toan dua v vi€c chi can chimg minh
rang 2k + 2001k +3, i = 0 9oy taoRbTT

mét 16p thang du day du modulo 2" Gis St ¢6
cac sO nguyeén phén biét k ,k,,0< k% =9
sao cho

2ky + 2001k, +3 =2k 42001k, + 3 (mod k)
hay (k, — k,)(2k, + 2k, +2001) =0 (mod 2").
Vi 2k, +2k, +2001 1a 1é, nén ta phai c6 2" chia
hét k —k,. Vi vay, k =k, (mod 2"). Mit khac
0<k,k,<2"—1, nén ta c6 & =k,. Do dé
2k* 42001k +3, k=0,1,...

16p thang du day du modulo 2.
Thi du 3.7. Chimg minh rang 1*,2°,...

,2" —1 tao thanh mot

(p—1)
tao thanh mot hé thang diwr rut gon modulo P néu
va chi néu UCLN (k, pi=1)=1.

" o.

Loi gigi. Ta nhan thdy c6 p—1 cac phan tir cho
trong bai toan, nén chi can ching minh céc phan
tr d6 l1a khac nhau modulo p néu va chi néu
UCLN (k, p—1) =1. Gia sir r 1a cin nguyén thuy

modulo p va gia su a,bE{l,Z,...,p—l} VOl
a=bh. Ta chimg to0 4 va b° la khac nhau

modulo p néu va chi néu UCLN (k, p —1) = 1. Dit

a=r',b=r’ (mod p) véi i,j€{l,..,p—1}. Ta

B g6, _.:;‘" =p*(mod p) néu va chi néu

»;1- 5#’* (mod p), diéu nay tuong duong vdi
% {k(mad b — 1) Bong du nay chi théa man

._,wt 7
néu »—1 chia hét (i— j)k. Néu
.Iﬁt K 11 Tl 8§

ﬁﬂl dg{l den p—1 chia het
U’: (Egﬁ*’r’ Dﬁ'd >i1$
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‘-' '] 1 ]
et ,-'__L i Tl L
e T AR e TR Bk
r '..: ._ 4 Yid all g £ .'

's S R

I vay, ; ﬁ_u,,.u‘l*_*t,“ mf’

.
Ll o
.:- i

e — . P
¥ L A =
T

'1.'- '."h ‘:5. :
.1‘”.. iﬁ\s | !'
T 1y - _ R
._'- ].

p=1(mod4). Tinh bféu z‘hzij{,:;; .

(trong do {x} x —[x], [x] la so nguyen lo’n nhat

khong vuot quda x).
Loi  gigi. Truéc hét ta de y
(—k)* =(p—k)* =k’ (mod p). Ciing viy, néu

rang

* (mod p), trong do lgx,ygp;_l, thi
(x—y)(x+y)=0(mod p). Tk day suy ra
x=y(mod p) va din dén x= y. = Do

p=I1(mod 4) nén theo ti€u chuan Euler c¢é

( )
X p-1 _
—|=(-1)? =1, khi @6 —1 13 mot thing du
L.p.ﬂ
r——b‘ r'_l‘ﬂf'b
binh phuong modulo p. Boi vi | —|=[—|[| —
kpi \ P2\ P

nén b la mét thang du binh phuong modulo p néu
va chinéu -b=p—» Ia thang du binh phuong
modulo p. Do dé d6i véi modulo p, tap

r-'

2\

2 2
'11 ,2 ,lli,

la mdt tdp c6 dang




t gem modulo p, ta chi
hi 1 tu cua S la nguyén to cung
v6i p gcéphan tir nao cua S 1a dong

bat ki phan ti khic modulo p. Vi

B B T Sy
- g _“_*. Ry =

S|=p—1, tit 46 s& suy ra c6 mot hé thang du

“L

i
iy
o e

UCLN (2a, p) =1, thi p chia hét
Jifrf
ye:n td, nén suy ra p chia hét 2

' —1, viy UCLN (24, p) =1.
iép t @isﬁ 2a=2b (mod p). Khi d6 p chia
2(& b). Vi p khong chia hét 2,

_'_.& hét a —b. Nhung ca a va b déu

. -::__fﬂ._..,p—l}, nén |a—b| < p. Nhu

*t a—b kéo theo a—b=0, nén

o = 2b. DPiéu nay ching to rang
i - ) ..,p—l} "
1ang du rat gon modulo p, nén theo dinh

Vi dinh 1i Fermat ta cé:

8. o ﬁ;-. D=12:3.4(p— 1) (mod p)

' =£p 1)! (mod p)=—1(mod p).

i iy *---
" .-.;, - P -'.'.!' 1"'“.:.-'.._ #'l' I.Tlh;
"_" _._! I.."'--.._. A __E' ||,-I"' - L * 3 3 o
2:4-0--(p- ?19 %
e ’ - 'l'l..‘-_-r, :"'u:.- 4 F ..I::.-n
: -. _":--:!. _. " n ..I

((p+1)-(p+3)--2(p—1)) (mod p),

g B s il
e
N TR -
. S 2
il el |

~(ﬁ@p- 6)
(p—1(2p—( p- ﬁ))) (mod p)

Nhan ca hai vé dong du ¢ trén VOl (—1) 2
nhan duoc

(p=1D'= (D l)yT (mod p)

Eﬂ
=(=1)7 “mod p).

D A b

4. Cac bai toan danh cho ban doc

Bai 1. Cho m,neN sao cho UCLN(m,n)=1.
Gid sit R={r: 1<i<m} lamothé thing du day
da modulo m va S-———{sj: lgjgn} la mot hé
thing du day du modulo n. Chung minh ring
T:nR+mS={nr; +ms, : l<i<m,l§j§ﬁ}

14 mot hé thang du day du modulo mn.
Bai 2. Cho n 1a mot s6 nguyén 1é 16n hon 1 va

k .,k

Lk, ...,k 1a cac sO nguyén. V61 mo1 mot »! cac

hoapsSvileea = (aa . ay) s icua sl 25 ton. dal

Sil@) = Zkfaf. Ching minh rang c¢6 hai hoan vi
=1

biva ¢, b=c $Sa0 cho p! la met woc icua

S(b)— S(c).
Bai 3. Cho .8, ={cC:,Cr,...C,} woi neN.

Chimg minh ring;

a) Ton tai v6 han hop s0 céc s6 tu nhién » sao cho
S, khong 1a mot tap céc thing du ddy dt modulo
n.

b) Ton tai vo han hop s6 cac s tur nhién » sao cho

S, 1a mot tap cac thing du day du modulo 7.
Bai 4. Cho p>2 1a s6 nguyén td. Chung minh

; A
rang néu 7,...

1, va m,...,m_la hai hé thang du

day di bat ki modulo p, thi tap {1’”1, S

L .;' 4 f;’i'

khong la mot hé thang du: day du modulo gz
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1. Pit van dé
Trong hoc tap va glang day mén toan cung nhy
nhimg moén hoc khic, viée tim toi nhitng két qua
moi, tong quat hoa cac dang toan ludn 13 didu can

thiét. Trong mot s tai li€u todn & bac trung hoc pho
thong, chung ta da gap bai bai toan sau:

Bai toan goc. Cho hinh chop S.ABCD ¢4 day
ABCD la hinh binh hanh tam O. Mdt phang ()

cit  cdc eanh SA. . SB SC . SD lan luot tai

A B, C'.D'. Khido ta cé pA SC SB SD.

SA’ SC’ SB' SD’

Bai toan trén 1a mot két qua dep, tuy nhién no chi ap
dung cho truong hop day 1a hinh binh hanh vi cac
diém A',B",C',D" thudc canh bén. Liéu rﬁng chung
ta c6 thé mo rong két qua trén cho trwong hop day
ABCD la mét tir gidc 16i tiy v va cac giao diém
A, B',C',D' thudc dudng thing chira cic canh bén
(4',B',C’", D’ khong nhat thiét phai thudc canh bén).
2. Bai todn mo rong

Bai toan mo rong. Cho hinh chop S.ABCD. O la

AO BO

giao diem cua AC va BD va — =t, — =s5. Mt
AC BD

phang (o) cdt duong thang SA, SB, SC,SD lan

A RN D' (khac''S). Pat — =aq,
: ( S) -

B < 2%k NN T

r R B h
‘I.-.‘ I-; o }
. . 4

A . vy
I
= e, i L-I-.-“q- i h—.#.uﬂhh_i PP S -

O'e A'C’ & (SAC)
{O' ceBD-e (SB))
= 0' € (SAC) N (SBD)
= 0' e SO.
Ap dung dinh 1i Menelaus trong ASAC, ta c6
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N _qua M, N cat AB CD lan . F
luot tai £, F . Theo bo dé 1, , o

ta co

— BM —
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0 | h& .Jéng kg tam gza Mit khic,

BM —= 7m0 BM —5
EF = EM+MN +NF =—— AD+ MN + - AD.
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1A —_— e = - AD + MN - 4D
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dong thoi M, N, P, Q déng = MN=——-BC+——-DA

e e | 2.2. Bai toan mé rong
Vwpcourg _ 1AM +BN+ CP+DQ] Bai todn mé rong. Cho hinh ling try
et -:' v ABCD.A'B'C'D" ¢6 day ABCD la tir giac loi. Goi
(,,AM + CP) 1 ( BN + DQJ O, O' lan luot la giao diém cia AC va BD, A'C’ v
1eu rang, chu ng ta co thé thiét lap mot két qua tong A g BD
quat ct _t_ -.:"": bﬂi toan trén. Hon nua, trong tTll'O'Ilg
s oo ol e
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Bai toan 2.3.4. Hinh ling tru ABCD.A'B'C'D' ¢6
O, O' lan luot la giao diém cua AC va BD.A'C'

va BD' . M.P 5
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AA'=-3A4AM, 2CC’ = 3CP. Goi Q la giao diém cua
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Bai toan 2.3.5 Cho hinh lang try ABCD.A'B'C'D'
c6 O la giao diém cua AC va BD théa man
A0=20C, BO=0D. M, P, K la cdc diém thia
AM = MA', CP=2PC'\9BK =2BB". N 1§ diém di
dgng trén doan KB'. Goi Q la giao diém cia (MNP)
voi dwong thang DD’ Chitng minh rang ti s6
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bat d = DQ .M, N, P, O 1abdn diém ddng phang
DD’

thudc cac duong thang 44', BB', CC', DD’ nén
(1-t)a+tc=(1-s)b+sd. Suyra
2b+di=l=> ds k28

Vi Oibig nén iﬂdil. Do d6 Q thudc canh

DD M N B O] bon diém dong phﬁng thu{:ic
cac canh AA4', BB', CC', DD' nén

VABCD.WFQ
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‘r A, B, C, D, E theo thir tir do, sao
CD va AE. Hay xdc dinh gia tr
- 16n nhat c6 thé €6 cua chu vi tam gicc BMN.
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N i

ﬁ ;I%%ng khé khan lam nhin ra tam
1"::?1 Xy

MN deu. Nhu vay mau chot cua bai toan
IC dinh gia tri 16n nhat cua mdt canh cua

";;aﬁifﬁﬂ“?.:-w- | - S o
inh wwong 1. Dat goc AON =a, 0 < a <90°.
M .;'lﬁ.: k] ?
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 BON = AON + AOB = a + 60"
"ON =0A.cosa = R.cosq.

'acé BN” = +——sin2a |. Tir d6 c6 duoc

Ta co

Véay tam gidc MBN déu. Ap dung dinh 1y cdsin
cho tam gidc OBN ¢0
BN? = OB + ON* — 20B.ON.cos BON,
nen
BN? = R? + R? cos® @ — 2R* cos a.cos(a + 60°)
= R*[1+ cos’ a — 2 cos (COS &.COS 60"

_sinsin 60°)]

/ \ 4 \/g\\
1+—\/—3-—sin2a = R< A 9= |
)

R Tl
Ping thitc xay ra khi va chi khi

= PZ

sin2a =1 a =45°.

R(1++/3)
2

dat duoc khi o =45° Chu vi 16n nhat ¢6 thé ¢

3R(1++/3)

Ly
Chu thich. Bai toan nay 12 bai toan so 4 trong
ky thi OLYMPIC 30 thing 4 nim 2001, toan
lop 10 va 161 giai trén 1a ddp 4n cua ky thi.
Dinh hwéng 2. Dit EON = a, tam gidc OMN

R 3
Vay BN lon nhat bang R\/l : \:/2_ =

cua tam giac BMN 1a p =

cO MON =150°, ON =Rcosa,OM = Rsinc.

Thx MN? = R? (1+ \E SIn & COS 7), suy ra 101 giai
cua bai toan.

Cdch 2. Ta c6 tam giac
MBN déu (xem cach 1).
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OK = ON cos NOK — 5_\./__3:22.{6};
e
AON + COM =90° = ¢os COM =sin AON

Tado KM =O0K + O)M - \/Echsa
2
Tam giac KMN vuéng taj g nén

MN?* = NK? + KM> (dinh Ii Pythagore)
Do do

» [ Reosar 2 \/ERCOS :
MN “( + a+RsinaJ

+ Rsin¢.

2 2

_p2f cos’a 3cos” & | %
= 4 v " +V3sinacosa +sin? o

=R2(I+\/§sinacoscx)
g 2
£R2(1+\/§3m a;cos a]=R2(1+—J—§-].
2

Suy ra mm\/{iﬂ-‘?(l;‘ﬁ).

Vay MN I6n nhat bﬁng & ;ﬁ) dat duoc khi

sin@ =cosa < tana =1 < a =45°,
Chu vi 16m nhat c6 thé c6 cua tam giac BMN la
3R(1++/3)
2
- Dinh huong 3. Dé thay raing AC = RV3. Tu

- gidc ACDE c6 M, N lan luot 1a trung diém cua
ED+ AC

P:

CD,AE nén MN <——— ticla

2

T N ¥ " i Il.tt ~. E.jﬁ-mﬂ wr‘,,jl } el R
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o

tam giac ACE nén Nl—ﬁ—q:i{- va

2 2

NI JJ AC. Tuong tu MI la dudng trung binh
cua tam gidac CED nén
M_iDz—g- va Ml /| ED.

Xét ba diém 7, M, N ta ¢6 MN < NI + MI.

R(1++/3) iy p£3R(I+J§)
2 2
Pang thic xay ra khi va chi khi 7 ndm giira M.

N = MN /| AC /| ED.
Vay chu vi 16n nhat ¢6 thé c6 cua tam gidc
BMN1a p= 3R(l;ﬁ)-

NGUYEN DUC TAN (TP. Hé Chi Minh)
Nhén xét. Ngoai ba cach giai cua ban Neuyén
Dirc Tan, Toa soan Tap chi TH&TT con nhan
duoc mét s6 cach giai nlta twong tu Cach 1 va
Céch 2 ¢ trén cua ban Truong Quang An, X
Nghia Thang, huyén Tu Nghla tinh Quang Ngii‘

LE MAI (Hf‘f‘mz)

Do d6 MN <

ET"’H o wh’l P
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[rong bai ky nay 1 101 gidi bai toan dwoc dua ra
hin bai tip d& nghi & TH&TT sb 497,

Bai 30 (Thi vé6 dich Moscow 1974). Cho luc
‘déu ABCDEF c¢6 canh bang 1. Tir mot

~ diém M nam trong luc gidc vé cdc doan thang

ﬁFj:J

- 1ol edc dinh luc gidc tao ra 6 tam giac. Chirng

s
= L i =

S i - [ b L
8 o _F't.i ot b
MRS Y &4
el *. X -l

oy
X

unh rang voi moi diém M thi 6 tam gidc dy

Xt
4 .':_. )
LA ]

- luon co 2 tam giac co chu vi lén hon hodc bang

y ~. -I;*.Lft

. ¢0 luc giac déu canh bang 1 ndi tiép trong

T
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. .. _ -3 né.i — o, ” ,:l, . A .
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- SRRt e _SNT I TN ' .-F /4 : A A \ \

duong tron nay la O, xét diém M bat ky thude

rong cia lyc gide ABCDEF.

Truong hop 1: M tring v6i tim O,

' A OﬁC Ia hai tam giac c6
Ral 18 LR
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You know ten ways to prove the Pythagorean Theorem.

Xét AMFC c6: MF + MC > FC =2 = trong hai
g MF va MC s& cO mot doan lon hon

doan than _ :
MC>1= chuvi AMBCla

hoic bang 1, gia su
MC+MB+BC =1 AB+1=3 —=> AMAB va
AMBC ¢6 chu vi 16n hon hogic bang 3. Bai toan
duogc chimg minh.

Nhan xét. Bai toan khong kho, 101 giai chi su
dulig kién thitc co ban & THCS va bat dﬁng thac
tam gidc. R4t tiéc 1a khong c6 ban nao tham gia
gial bai nay.

NHU HOANG (Ha Néi)

Sau day 1a bai tap dé nghi. Ban doc hay gui 101 giai
vé Toa soan TH&TT trude ngay 31.4.2019.

~ BAITAP PE NGHI

Bai 32. Xdc dinh gid tri nhé nhdt cé thé cua

bieu thirc A=|2’" —181"| voi m va n la cac so

nguyén duong.
KHANH HU'U (Ha Néi)
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You might be a mathematician ) g

You are fascinated by equations.

You know by heart the first fifty digits of .

You have tried to prove Fermat’s Last Theorem.
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GIAI PAP: DUQC PIEM 10!
(Pé dang trén TH&TT 5o 497, thang 11 ndm 2019)
Phan tich. Ban My Linh d3 pham hai sai lam 1a; Thir nhat,

khi dat r=£, teR 1a chua ding ma diéu kién cua 7 13
Y

t <—«3 hodac > \E Thit hai, chua kiém tra c6 x, b dé
P = -6, P =3 hay khong ma di két luan.

Léi gidi dimg. Véi x° —3y* =1, ta c6

p_ 3y2+12xy+x2+1 _3_);2-l-l2xy+.:ln:2+x2 —3y2
23y +2x% -1 2xpy +2x% — (x* =3y?)
2x% +12

- = = Véiy=0,tac6 P=2.
Xs +2xp+3y
2
Y 2(i] 8
+ y
Véi y#0thi P=—— > = > |
x“+2xy+3y - x
— | +2—+3
y ¥
Pat =2, do x*-3y’=lex?=3)y?+1>3)
y

t{—ﬁ. (Ta c6 thé thé x = #y vao PT

EEE

=3 y2 —1, ta tim diéu kién cua ¢ dé PT ton tai nghiém

y#0,ddla diéu kién cua /).

:12}3@

2
2% +12t b B e ¢ 2t% +12¢
Khi d¢ = . Xét ham so' f(1) =
S 2 4+2t43 % ATy
_8¢% +121+36

aen R\[~33). Tact £'0)=

(223
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A e < —3
(D=0 -8+12+36=0&1=—71=3,
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MaP=ff) = maxP=3 khi x= :f:-J—G—g /=1 N ’%

khong c6 gié tri nho nhdt. ChondépénC. .
Nhin xét. Mot sb ban vin x4c dinh sai diéu kién ctia bien ¢

nén din dén dép sé khong ding. Sau déy la cdc ban phét hién
ding sai 1Am va c6 161 giai dung: Humg Yén: Doan Phu
Thanh, 11 Toan 1, THPT chuyén Hung Yén. Thira Thién
Hué: Nguyén Anh Tudn, 11 Toén 2, Pham Bd Hoang, 10
Toén 1, THPT chuyén Quéc hoc Hué. Binh Pinh: Vo Thi
Anh Thu, 12A1, THPT s6 1 Phu My, huyén Phu My.

KIHIVI

KHI NAO DIEN TiCH
LON NHAT ?

Trong gi¢ hoc Toan, Thay gido cho hoc sinh lam bai toan
Bai toan. Trong mat phang toa do Oxy cho cac diém
1(1; 3), M(2; 5), A(2; 2). Goi (C) la ﬁ,‘udng tron tam Ibd{:
kinh IM. Viét phuong trinh duong thang A di qua A va cat
(C) tai P, O sao cho AIPQ co dién tich Iom nhat.
Sau mét luc suy nghi, ban Phong xung phong lén bang
lam, 101 giai cua ban Phong nhu sau:
Tacé: R=IM= /5 > I4=+/2. Dién tich AIPQ 13
-t U
S = lIP.IQSiIl RIO= -I—R.R.sin PIO =—sin PIQO < —-

2 2 2 2
2
2
vuong can tai /. Go1 A l1a trung diém cua PQ thi

S=>khi sinPIQ=1 hay khi IP L IO, khi 46 APIQ

IH =d(I,A) = Rsin 45° =\]§ Viy dudong thing A can

tim di qua 4 va cach diém 7 mot khoang bing J—;T Goi

phuong trinh clia A 1 a(x=2)+b(y =2)=0 (@ +5*=0).

" _\a(1-2)+b(3-z)\_J§
Taco: d(1,A)= \/32 e 5

& 2a-b)? =5(a® +b%) < 3a® +4ab+3b2 =0
& at+ b+ 2(a+ b)z =0: PT nay vo nghiém. V%ﬁ;,
khéng c6 dudng thing nao A ndo théa man bai toan. ”

Theo ban, ban Phong lam coé ding khon _"_;. khong 167
gidi cia ban thé nao? ol plav o g
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HOANG LE BACH
Phé Téng Giam doc kiém Tong bién tap
NXBGD Viét Nam

stk 08 A ; PHAN XUAN THANH
HQI DPONG BIEN TAP

ong bién tap : TS. TRAN HUU NAM Thu ki Toa soan : ThS. HO QUANG VINH

AN DINH CHAU, ThS. NGUYEN ANH DUNG, 75. TRAN NAM DUNG, 7. NGUYEN MINH BUC, 7S. NGUYEN MINH HA,

YEN .V HAI, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH K_I-IIET

. NGUYEN VAN MAU, Ong NGUY“EN KHAC MINH, 7S. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,

W PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU
TF *'i gms IS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

e TRONG SO NAY

‘Danh cho Trung hoc Co s¢ @ Giai bai ky truéc
e, For Lower Secondary School Solutions to Previous Problems
, e
w, il _..." } 3 3 A ) - b 9 o N oAt # % . e 5 & AT
Neuyén Tam Son — Khai thic va phdt trién bai ‘%*t ,yi}’z Tiéng Anh qua cac bai toan - Bai s6'41.

. ‘:‘:-i '-' ,_' '. _. ﬁ.-'f % :Thmw mCS- R . i o sl 2 - b
e o L Bai dich s6 39 - Tiéng Anh qua cac bai toan.

i 3 Hm Dinh Anh — Khai thic mot bai toan hinh hoc.

P €5 Phuong phip gisi toan
'!;g" -:".'_ _ 1 “

r“ ) dh glﬁl dé thi chon hoc sinh gioi 16p 9 Nguyén Cuu Huy — Hé thang du day du va mot
Wﬁ@.nﬂm hoc 2017 - 2018. s bai todn ing dung.

thi tuyén sinh vao 16p 10 THPT chuyen TP. € Ban doc im0

F nam hoc 2018 - 2019. Lé Xudn Vinh — Tong quat hod bai todn giao

i vae O ‘ diém cia mat phang v6i cic dudng théng chia
An va hudng din giai dé 56 3. canh bén cta hinh chép t gidc.

€D Nhiéu cach gidi cho mot bai todn

@ Du lich thé giéi qua cac bai toan hay

@) saitim ¢ aau?

Nguyén Van Xa - Khi nao dién tich 16n nhat!



GIAI DAP: &0 vUI {i1.2019
\O NAM MOI 2019

Chao don nam
mat 2019, ban
Ky d6 ban Hgi
diecn 6 sO
nhién phin bi¢t
nho hon 340 vao
sau vong tron
ja ngoai va 3 <6 tur nhién vao ba
phan cua hinh vanh khan cua mot
hinh hoa 1hmh v&) sao cho chung ¢o

cac tinh chat sau day's

ph

sng tron ke
2) tong hai <& trong hai vong P’

h
nhau bang sﬂ sm trong hinh van

yjnll khin cO cung
khan ncu B ong o 88 vi

t{on tlep :‘ ing 1ONg hai s0 trong

Viy 6 so can dién vao tro
tronchinh la 6 Sﬁ (i desc.

Goi cac s6 ¢an dién 1a a, b.
hi. k nhu ¢ hinh 1. T tinh ¢

gia thiét ¢é
a=d+

[ ai theo tinh chit 2 cua gia thiét cé

b+ c = +E+h+|+kags[;fi;=

res h*'(l} c+g=:+k(3),,gq-

+1+k=2019 vé
(1), (2), (3) suy
ra:
h+i+gthte
+ g =2019 hay

7‘(g+h)+1+e 2019 (6)

hoac la d+e+g+h+e+g-—2019
hay ’?(e+g)+d+h 2019 (7).

. Trude hét ta xét truong hop khi 5O
6n nhat trong 6 <6 trong vong tron 1a
k (néu quay 120° quanh tam cua hinh
tron trung tam cung chiéu hodc ngugc
chicu klm dong ho thi k chl}_ yén den%;,:,.
h hoac dén e nén xet k la du hay ,i
cho viéc Xét 0 lon nhat la\ {,} ic

du&mé tran al r

duge s k cfén




| THI VAO LOP. 10 THEO BINH HU’ONG TICH HO!
PHAT TRIEN NANG LUC™ St

cUa cac tac gia: TRAN DUC HUYEN va NGUYI?N )ANG -*r
Sach day 236 trang, kho 17 x 24 cm, gia bia: 69‘ oood“n

—  theo dinh huéng tich hop cac Chu

e MON hoc, VA phét trién nang luc
cua hoc sinh cua Bo Gido duc va
AN THI VAO LOP 10 Pio tao.
H—IEU pINH HUONG TICH HOP

vAeHATTRENESEESS Séch gom 4 chuong:

anTAN CHUEO'NG ] NHGING CHiJ
DE CO BAN

Bao gf‘}m 12 chu dé can ban cua ma tran d
chuong trinh toan lo6p 9 hi€n dyuc vaE (ﬁ*
hanh: M01 chu dé déu c6 phan trong d6 mot s ,@ >
. tém tat ly thuyet dé toan co glal va ,,t,,_- dé ';'f"";, 1;
I huong dan va dé toan tu giai rat -

& g tién cho cacemhoc sinhtw 6ntdp k.
va reén luyén. De su di :

2 A | hoc sinh ¢6 thé ty on PETOAN UNG DUNG 2
luyen va ho tro quy Cha de 13: Nhiing bai toan tich q
?hay CO co thém tai liéu 6n hop lién mén Ly - Héa - Sinh. i3

t(f}u va;) 10\? tl(l)\I Nha );uat bban Chu s 14 Nhiing bai taantllé'
140 U.C le aim tO CAucC bien phan tl'am tl'ong tal chlnh

soan cuon “ON THI VAO LOP m ;
10 THEO DINH HUONG Chide15: Nhing bai toéathyg:‘ ﬁ ‘"‘f t o1 hi von
TiCH HQP VA PHAT TRIEN (€ dodachinh hoc=Cég baua n 8up

NANG LUC”. vé dia i. .S s tro ng
‘ - luye “‘. 1-_-;".-_ _:'_-'1' 'h1 vao 14t

Ngoai viéc luyén thi vao lp 10, CHUONG 3. NHUNG Cﬁ ;;n ric d8 méi s ok

Cuon sach nay cung dap ung ycu DE NANG CAO g, _,J.G.H ' '?"_-'-‘-;-'-fi-,{! , .I

cau cho viéc doi méi day - hoe, Chu dé 16: Van dung m@ - .JJI A8 nhd

dap tng yéu cau duoc cac tiéu toan hoc dé giai quyét cég; wu a 3 18y o

chi cua bg sach gido khoa méi, thuyc té. ‘,_. o

Dia chi phét hanh: G £
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