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giai ra mot bai tap nao dé (ddac biét la
thi HSG) ma it ch;u tzm 101, ngh:en cu'u

?toan ban déau. Vi 1 vay khi day cho hoc
: biét la day boi duimg HSG), ching toi
mg diwa ra nhieu Y tuong khdc nhau xung
quanh tir bai todn ban dau dé cdc em thdy dwoc
nhimg két qua thi vi khdc. Ching ta hay bét ddu
fir bai toan sau
Bai toan (Trich de thi chon HSG Tinh Phi Yén,
nam hoc 2017 — 2018) Cho tam giac ABC vudng
can tai A. Diém M chuyén dong tvén canh BC (M
khae B, C). Goi H, K lan lwat la hink chiéu Vuong
goc cua M len AB, AC. Vé cac duong tron
(H:HM) va (K:KM).
a) Chimg minh rdang hai duong tron (H) va (K)
: Iuén cat nhau. .
e b) Goi N la giao diem thi: hai cua hai duong tron
(H) va (K). Chimg minh C .
r&ng MN luon di qua mot
diém co dinh.
Loi ‘gnix. a) Khong mit
tinh téng quat, gia su
MK <MH (truong hop
MK >MH thi chimg
minh tuong tw).
i MH — MK < HK < MH + MK.

& ra (H) va (K) cét nhau.

b) « Cich 1. Qua B ké duomg thing vudng goc voi
ABg&tKMtalD citNMtalE

DA =90": KH. M—Efﬂ)(:ﬂfrﬂ{)
= AEDM (g.c.®) = MK = DE

i IO v

=>BE=BD+DE = HB +AH=AB (khong dox)
Do d6 BE khong d6i, hay MN luén di qua diém c6

 dinh E.

Nhin xét: Xung quanh bai toan nay, ching 10i
nhan thay cé nhiéu dieu thi vi sau.

1. Tim nhiéu 191 gidi khic nhau

« Cdu a) tuy don gian nhung d@é lam duwoc thi hoc
sinh phai nhé dwoc bat ddang thire lién hé giita
doan néi tam va gia tri tuyét doi ctia hiéu hai bdn
kinh, tong do dai hai ban kinh (c6 thé cdc em sé
quén bat ding thirc hiéu hai ban kinh).

« Tir cdu a), ta c6 HK 1. MN. Dén day thi ching
ta ¢6 rat nhiéu sw lwa chon loi gidi cho cdu b). Cu
thé ta cé cdc cach giai khdc nhau sau:

o Cdch 2. Dung hinh
vuéng ABEC thi diém E
cb dinh. Ta s& chimg minh
MN di qua E. Thét viy,
goi D 1a giao diém cua
KM va BE. Tu cac hinh
vudéng ABEC, MHBD va
cac hinh chir nhit AHMK,
ABDK. Ta co

MH = MD; MK = DE; KMH =90° = EDM

= AKMH = AEDM (c.g.c)

= KIW:EHD, két hop vai m=m
(cung phu véi MTII) — KMN = DME. Suy ra ba
diém N, M, E thing hang (do ba diém K, M, D
thing hang). Piéu nay ching t6 duomg thing MN
luén di qua diém c6 dinh E.
e Cich 3. Dung duong tron
(0) ngoai tiép AABC thi
dudng tron (0) cb dinh va ¥
¢6 dudmg kinh la canh BC.
Goi E la giao diém cia MN
v6i (O) (E nam trén mra mat
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:\’Ei ‘ déi v6i duong tron (K)
et hop véi tir gidac AHMK 1a

c6 toa do 1a nghiém cua hé PT
x+y-2=0 o]
ekt oy
Chﬁ > Khi van dung phiong phdp nay, chung ta
can biét rang:
« Phuong trinh ho dwong thing (A,) co dang
m.f(x,y)+h(x,y)=0. Khi do ho duong thing
(A,) Iuon di qua diém cé dinh cé toa do la

f(x,»)=0

hiém cua hé PT g
o {h(x,y)=0

* Hai duong thc‘r:ng d):y=ax+b, (d):y=ax+¥

vuéng goc vdi nhau < a.a' =—1.

2. Khai thac bai toan ban diu

Moi cdch giai €0 mot c6 mét hudng phat trién bai
todn. Béi lé dang sau nhu’ng cach giai khdc nhau
thi chung ta sé tim thdy nhiéu két qua thi vi dang
tiém an ti bai todn ban déu, Chang han, tir :
toan da cho ta con o cdc baz todn sau.,«




e) Cac dudng thing HN, KN lin luot 14 tiép tuyén
cua cac dudng tron (K;KM),(H; HM).

2. Tim vi tri cia diém M trén canh BC &é 49 dai
cac doan thiang MN 16n nhit, HK nhé nhét?

3. Tinh s6 do gécm ?

4. Goi (0) 1a dudng tron ngoai tiép tam giac ABC.
Chimg minh ring cac dwdng tron (0), (K; KM),
(H; HM) cing di qua mot diém.

5. Goi I 1a giao diém ctia HK va MN. Tim quy tich
cua diém 7 khi M chuyén dong trén canh BC.

Goi y.

* Tr céch 3, ta c6 161 giai cho cic ciu: 1a, 1b, le,
2,3,4.

* Tu cach 1, ta ¢6 161 gidi cho cac céu: 1c, 1d.

» Tir cach 4, ta co 161 giai cho céu 5.

3. Xay dung cac bai toidn khic nhau tir bai toan
ban dau
Ta nhén thdy ring chu vi hinh chit nhat AHMK
bang 24B (khong déi) vi MN L HK. Tir d6 ta c6
cac bai toan sau:

Bai 1. Cho goc vuong xAy. Mot hinh chir nhdt
AHMK ¢6 chu vi khong doi, con cde canh AH, AK
thay déi mhimg luén nam trén cac tia Ax, Ay.
Clurng minh rang dong thang di gua M va vudng
goc voi HK ludn di qua mét diém c6 dinh.

Goi y. Dat AH + AK = a (khéng d6i). Dung hinh
vudng ABEC c6 canh bang a va hai dinh B, C lan
luot thude hai tia Ax, Ay. Suy ra cac dinh 4, B, C
¢b dinh. Tir 46 suy ra diém E cb dinh. Tuong ty
nhu bai toan ban dau, ta dé dang chimg minh
duodng thing di qua M va vudng goc voi HK luén
di qua mot diém cb dinh E.

Bai 2. Cho goc vuing xAy. Cac diém H, K theo
thit tw chuvén dong trén cdc tia Ax, Ay sao cho
AH + AK =a (a la hang s6 dwong cho trudc).
Ding cdc dwong tron (H; AK)va (K; AH).

a) Chirng minh hai dwong tron (H) va (K) luén

cdit nhau.

b) Goi M, N la cac giao diém cua hai dirong tron
(H) va (K). Chimg minh rang dwong thing MN
[uén di qua mét diém co dinh.

Huéng dén. a) Chimg minh twong ty nhu ciu a)
cua bii toan ban dau.

b) Goi B 14 giao diém coa
duong tron (H) va tia Ax. ¢ E
Ta c6AB=AH+HB=a (ki3 1Ip
(khong d6i). Suy ra diém B ¥ \
cé dinh. Dyng dudng \4 #
thing vudng goc voi 4B tai

B, cit MN, KM lan luot tai E, D. Chimg minh
twong tr nhu bai toan ban ddu, ta duoc
BE = AB=a (khong déi). Do d6 BE khong déi,
suy ra diém E c dinh. Vay MN luén di qua diém
¢ dinh E.

Bai 3. Cho goc vudng xOy va hai diém A, B lan
ot chuyén dong trén hai tia Ox, Oy sao cho
OA+OB=a (a la hing sé dwong cho truéc).
Chimg minh rang dwong trung truc cua doan
thang AB luén di qua mét diém cé dinh.

Huwong dan. Trén céc tia Ox, Oy 1an luot 1y céc
diém M, N sao cho

=]
Ry

¥y
OM=0ON=2. Kni a5 I
2 B

cac diém M, N c¢b dinh. ¥
Dung hinh vuéng OMEN,
ta ¢6 diém E cb dinh. Hon
nita, t* O4+0OB=a va
két hop véi hinh vudng OMEN ta c6 AM = BN.
Tir do

AAME = ABNE (c.g.c)= EA=EB.
Viy duong trung trirc cia doan thfmg AR luén &
qua diém c6 dinh E.
4. Pua ra bai to4n dé khai thac
Cac ban hay giai bai toan sau v6i nhimg y tudng:
gidi bing nhiéu cach, khai thac bai toan, xdy dung
cac bai toan khac nhau tir bai toan ban dau.
Bai toan. Cho tam giac ABC vudng can tai B, M
lei trung diém AC. Qua C ke duong thang d vuéng
goc voi BC. Goi Cx la tia doi cua tia CB, N la
diém bét ky thuée Cx. Goi E la giao diém ciia d va
AN, F la giao diém ciia BE va MN. Chimg minh
rang khi N chuyén dong trén Cx thi F luén thuic

A4 M x

mot diong co dinh.
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Nghi¢m (x,y) cua héla (3,-1); (—1,3)’7 ‘ _
Cau 3. a) PT (1) ¢6 A'=m’ +2m+1=(m+1)’ 20
v&i moi m. Suy ra (1) ludn c6 2 nghi€ém véi
m. Khi do6

{xl +x, =—2m

xx, ==1=2m

o hb 1

= 2xx, +1=—4m—1.
‘)a‘@ 2x-1=vx+2 (1) 5
> S _fit2. (2) Taco x; —2mx, +1-2m
= (x] +2mx, =1-2m) = 2m(x, + x,) +2
==2m(x, + X,) +2 ==2m(=2m) + 2 =4m*> + 2.
Suy ra
__Zxtl 2(-1-2m)+l  Am-l

e 5T R i
X =2mx,+1-2m  4m*+2 4m* +2

> 2N 2m-1)°

poim-1_dm 24m+1_1=( molly ol
A4m*+2 4Am’ +2 4m’ +2

Diang thirc xay ra khi m=—;—- Khi d6 GTNN

clia P bang —1.

b) Ta co:

x+y+z=1:>z=1—x—y:>xy+z=(1—x)(1—y)













NAM HOC 2017 - 2018

[ ' PE THI CHON HQC SINH GIOI LOP 9 TINH BAC NINH ]

Ciu 1 (4 diém). 1) Rat gon biéu thirc
\/x+2\/ -1 +\[x 2\/x
\/x+\/2x 1~Jx N2x— 1

2) Cho x la sb thuc duong thoa mén diéu kién

vai x=2.

X+ iz =7. Tinh gié tri cac biéu thirc:
X

Bx+i

x

Cau 2 (4 diém). 1) Cho phuong trinh
X +(m*+Dx+m-2=0 (I),m 1a tham sb.
Tim m &€ phwong trinh (1) c6 hai nghiém phan
biét x,x, thoa man

A= x+1
x

2x,-1 2x,-1 55
+ =xx, +
X, X X, X,
2) Giai h¢ phuong trinh

{(x+l) +y=xy+4

4x’ ~24x+35=5(3y-11+/y)

Cau 3 (3.5 diém). 1) Tim tht ci céc sd nguyén
duong m,n sao cho m+n® chia hét cho
m® —n va n+m* chia hét cho n® —m.

2) Cho tap A goém 16 s6 nguyén dwong déu
tién. Hay tim sé duong & nho nhét c6 tinh chét:
Trong méi tip con gdm k phén tir cia 4 déu
ton tai hai sb phan biét a,b sao cho a®>+5* la
56 nguyén td.

Céu 4 (6 diém). Cho tam gidc ABC can tai
4 (BT4?:>90°) ndi tiép dudng trdn (O) ban
kibh R M 13 diém ndm trén canh
BC (BM >CM). Goi D 1 giao diém cta AM
va duong tron (O) (D khac A), diém H 1a trung
diém doan thang BC. Goi E 14 diém chinh gifra
cung lon BC, ED cit BCtai N.
1) Chimg minh ring MAMD=MBMC vi
BN.CM = BM.CN. )
2) Goi / 1a tdm dudng tron ngpai ti€p tam gjéc
BMD. Chimg minh ring ba diém B,I,E thing
hang, ]
3) Khi 24B=R, x4c dinh vi tri cia M dé
2MA+ AD dat gia tri nho nhit. ,
Cau 5 (2,5 diém). 1) Cho x,y,z la cac sb thuc
khéng 4m théa min x+y+z=3 va
xy+ yz + zx # 0. Chimg minh réng:
x+1 y+1 z+ 1 25
+ +
y+1 z+1 x+1 3\/4 xy+yz+zx)
2) Cho tam giac ABC vudng tai C c6 CDﬂlé
dudng cao, X la diém thudc doan CD, K 13 diém
thugc doan AX sao cho BK = BC,T thubc doan
BX sao cho AT =AC, AT cit BK tai M.
Chimg minh ring MK = MT..
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bdc Ninh)

HUONG DAN GIAI ...
(7'1'(3}) theo trang 7)
b) Ta cé:
1
S e ==x.(a—x).
, 2 B
Ap dung BDT Cauchy
cho hai s6 khéng 4m ta |
co: B
*(a-x)< [x+a xJ e
X
2 A E C

a
< x(a-x)<—
(a—x) P

TOAN HOC
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1 a
<:>-2—x(a—x)g_§_.

Ping thirc xay ra khi: x=a—x<:>x=%- Khi
y 1 1, 3 . _ .
Ao Spppc = 2a ~5% —g%- ®. Vay khi D, E 1a

trung diém cta 4B, AC thi Sepec €0 gia tri nho
nhét va bing %az.

BUI VAN CHI
(GV THCS Lé Loi, TP. Quy Nhomn, Binh Dinh)

8ioi thiéu

https://tieulun.hopto.org




cunglém BC ED citf
1) Chimg minh riang MA.
BN.CM =BM.CN.
2) Goi I 1a tdm duong tron ngoal tiép ta
BMD. Chimg minh rang ba diéem B,1,E
hang.
3) Khi 24B=R, xac dinh vi tri cua M
2MA+ AD dat gié tri nhé nht. ;
Cau 5 (2,5 diém). 1) Cho x,y,z 13 cdc s6 thlgc
khong 4m théa min x+y+z=3 W
xy+yz+zx#0. Chﬁngminhréng:

BeER 0oy ok s o] 25

+ L =

y+1 z+1 x+1—334(W+yz+zx)

: 2) Cho tam gidc ABC vuéng tai C c6 CD la
1ia hét cho n* —m. dudng cao, X 1a diém thuéc doan CD, K 14 didm
16 s6 nguyén duong ddu thudc doan 4X sao cho BK — BC,T thudc doan
/ nhé nhat cé tinh chdt:  BX sao cho AT =AC, AT ot BK tai M.

1 K phan it cia 4 d&u  Cpine minh rang MK = MT.
a,b sao cho &’ +5° la NGUYEN VAN XA
R~z (GV THPT Yén Phong s6 2, Béc th)

e

il a’
<:>-2—x(a—x) S-? A

Ding thirc xay ra khi: x=a—x<‘:'>x=§- Khi




-Eaﬁgﬂquy tai M.

h .Olléjt‘!"\l_‘lc dang phuong

1 ¢6: OAOB=0C.OD nén
2 hai duong tron (PCD),

 Cho tam gide nhon ABC
i AB < AC. Goi I la diém

Ma AKI =
Hésce=gincid
AB "
nén ABI=AKI. Tir d6 d&
théy AABI = AAKI (c.g.c)
= AB=AK. Do d6 Al ‘ !
la trung truc cia BK. o ROOUY
DCK = ABD (cung chin AD) =AKB (do AI Ia
trung truc cua BK)= DKC. Suy ra ID la trung truc
cia KC. Vay EF 1a duong trung binh cua tam gidc
KBC nén EF =%BC’.
b) Ta nhan thiy (BPNK)
tiép xtc véi AC. That
vay, ta co: MKC = MCK
(ID 1a trung truc cua
KC) = CAD (so le
trong) =DBC (cung
chén cung DC).
Vay (BPNK) tiép xic p e
véi AC. Xét phép nghich dao tim K, phuong
Pudng tron (BKP) bién than




ong tron ngoai tiép tam gidc
17 cat (4BC) tai S. Khi d6

huong tich /B*. Qua
diém F, E, C, B git

S. Suy ra, anh ciia P qua
0 diém cua (IEF) va

hang. Viy H 1a

e & A s

IV : X d

IMC = ICG =45° = GNJ

= GMC = GNC =135".

Viy bbn diém G, N, M,

C cung thuéc mot duomg tron. .
Bai todn 4. (TST Viét Nam 2012) Trén mdt phang,
cho dirong tron (O) va hai diém c¢é dinh B, C trén
duong tron nay sao cho BC khong la dwong kink

cua (0). Goi A la mét diém di dong trén duong =

tron (O) va A khong trimg voi hai diém B, C. Go

D, Kol ]ci"‘n luot la trung d’iéfn cua BC, CA, AB va

E, M, N lan luot la hinh chiéu vuéng géc cua A, 1?,

C trén BC, DJ, DK. Chimg minh rang cdc tiép

tuyen tai M, N cia duong Iron ngoai tiép tam gidc

EMN luon cat nhau tai diém T c6 dinh khi diéem A

thay doi trén (O).

Phén tich va léi gigi. Goi H 13 truc tim AA4BC.

Buong tron (EMN) chinh 1a duong tron dudng

kinh #D. M6 hinh bai toan, goi y cho ta ta xét

phép nghich dao w, 7

tim D, phuong tich

DB*. Goi H'la giao

diém cua tia DH va

(ABC); M 1a giao

diém cua DM va

AH"; S 1a giao diém

cua DO va AC. Ta

da biét, qua
- H"




Ta s& chimg minh dudng tron (%) di qua mot
diém cb dinh T". Du doén, T' nam trén DO. Quan
sét hinh v& ta du dodn O 13 trung diém DT’ hay
AHDT' 14 hinh binh hanh.

M'T'D=H'M'D (do H' 14 tiép tuyén ciia (%))
= M'AC (do DM' J AC).

Suy ra tr gidc AT'SM' ndi tiép, nhu vay dé chimg
minh A7"'// HD ta chitng minh M'ST"=90° (va
do d6 T AM'=90"). Do B giit nguyén va M’ la
anh cia M qua phép nghich dio « nén
M BD = DMB =90".

Xét hai tam giac vuéng M'BD va SDC ¢6
BD =DCvi M'DB=SCD (do DM' /| SC) nén
ching bang nhau. Suy ra M'B=SD hay
M'ST'=90°. Tuong tu, anh cua tiép tuyén véi
dudng tron dudng kinh HD tai N ciing di qua T
Viy cac tiép tuyén tai M, N ctia dudng tron ngoai
tiép tam gisc EMN ludn cét nhau tai diém 7T cb
dinh l1a anh cua T" qua phép nghich ddo w.

Bai toan 5. (TST Viét Nam 2015) Cho dirong
tron (O) co dav cung BC co dinh va khong phai
dicomg kinh. Xét diém A di chuyén trén cung lon
BC sao cho tam gidc ABC nhon va AB< AC. Goi
1. H lan luot la trung diém cua canh BC, truc tam
tam gidgc ABC. Tia [H cat duwong tron (O) tai K,
duong thang AH cat dwong thang BC tai D va
dicong thang KD cat lai dwong tron (O) tai M. Tir
diéem M, ke dwong thang vudng goc voi duong
thing BC cat Al tai diém N.

a) Chimg minh rang diém N luén thugc dwong
tron ¢é dinh khi A thay doi.

b) Purcng tron tiép xiic vii AK o A va di gua N cdt
AB, AC lan leot tai P, Q. Goi J la trung diém cia
PQ. Chimg minh rang dwong thang AJ luon di
qua mot diém c6 dinh.

Phdn tich va loi gidi. a) Ta chi ra N thugc dudng
tron (HBC) 1a duong tron dbi ximg véi (0) qua
BC. Nhu viy ta cin chitng minh N, M déi ximg
qua BC. IH cit (0) & Q. Khi d6 I 1a trung diém
HQ. 4K cit BC tai J Suy ra
IHIK=IKIQ=IBIC=IB’=]E’ do d6 K

thugc dudng tron dudng kinh AH. Suy ra

AKH =90,
4 tryc tAm tam gidc
AJI. Xét phép nghich
daoN ,“’z tam /, phuong

tich IB* = IHIK = ID.AJ.
Qua phe'p nghich dao
nay, H bién thanh K; D
thanh J. Suy ra KD bién
thanh (HL); (4BC)=(KBC) thanh (HBC); M
thanh giao hai duong tron (JHI) va (HBC). Ta da
biét (HBC), (HLJ)) déu di qua A’ dbi xtmg voi 4
qua BC (tinh chét truc tim) nén I, M, A’ thing
hang. Suy ra M, N @i xtmg qua BC (dpcm)

b) M, N dbi ximg qua : -
BC nén

INIA=IM.IA'

do d6 4 1a anh cha N
qua phép nghich ddo.
Bu‘o*ng tron (APNQ)
nep xuc vii AK cho ta

AQN = 541 (cing chén 4N) = NDI (tinh chét
phép nghich dao). Vay tir gisc DNQC ndi tiép.
Quan sat ta thiy QD 14 tiép tuyén ctia (4APNQ).
Thét vay ]T@J’3=J’\I‘TE':‘r (cing chén ND) = IAC
(tinh chat phép nghich dao).

Tuong tu DP 13 tiép tuyén cua (4PNQ). Suy ra
AD 1 duong dbi trung dinh A cta tam gidc APQ.
Suy ra, JAQ = DAP = HAC (tinh chit dudng d6i

suy ra H

trung) = OAC (tinh chit tryc tAm, tAm dudmg tron
ndi tiép). Suy ra AJ qua didm cb dinh O.

Phép nghich dao ddi ximg 12 mot cdng cu hiru
higu trong c4c bai toan lién quan dén dwdmg phan
giac. Ta xét cac bai toan sau:

Bai toan 6. (VMO 2016) Cho tam gidc ABC néi
tiép cuong tron (O) (v6i tdm O) ¢6 cde goc o dinh
B va C déu nhon. Ldy diém M trén cung BC khong
chira A sao cho AM khong vudng géc véi BC. AM
cdt trung tree ctia BC 1ai T. Dueomg tron ngogi tiép
tam gidge AOT cdt (O) tai N (N khac A).

a) Chimg minh rang BAM = CAN.

b) Goi I la tam dwong tron néi tiép va G 1a chdn
dieone phan eiac trone e6c A cua tam eide ABC.
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y ddi B, C cho nhau va bién
)" g ﬁiém~,rdéi xung voi A qua
Theo tinh chat vé géc qua

(AT,0T) = ~(4T, A",
_&.VQX.N la giao diém cua

\ . Thep- ‘, T 7
sao cho LC=LD=LN. Dudng tron di qua M, N
va trung diém I cua BC cdit BC tai P(P# 15 1
Chieng minh rang BM, CN, AP cajzs‘ng quy.
Loi gigi. 1) Truéc hét ta tich ciu tric hinh ra. R6

rang, néu MB, CN, AP ddng quy thi 6 tir gidc toan ‘

phén. Nhu vy, (C,B,P,X)=-1 ma I la trung
diém BC nén theo hé thic Maclaurin thi
XPXI=XBXC ma XPXI=XMXN do d6
XM XN = XB.XC hay ti gidc BCMN néi tiép.

2) D kién KM = KB=KD rét khé sir dung, ta
thay doi gia thiét nay?

AK 1a phan giac ngoai,

nén déi ximg B qua AK

dugc B': B’ thudc AC

va

KB'=KB=KD=KM
hay tr gidc MDBB' néi




3L
vong vi moi ngudi deu

] bqn be Caz gz co haz

e"n ra mét mach khong c6
-"h'o-n tat cd? - Ca’ri tdt

Pinh ly. ' ok

vi) Néu trén mot ﬁ‘ong hai duo’ng thng ‘}
lién tzep mot s6 doan thing bang nhau va ‘
cde dau mit cua ching ta ke nhimng du ?
thiing song song véi nhau cdt diong thang thi
hai thi chung xdc dinh trén duong thing thu'
hai nhiing doan thang béang nhau.

Theo nha todn hoc Proclus thi dinh ly nay duoc
chimg minh vao thé ky VI tr. CN. That déng
tiéc 1a chiing ta khong biét gi vé& céch chung
minh céc két qua trén ddy cua Thales. Nhung
cling theo 101 Proclus thi ngudi ta cling du doan
1a: “Khi thi Thales nghién ciru van dé mét cdch
tong qudt, khi thi ong xem xét van dé mot cdach
truc giac”. Tam quan trong cﬁa dinh ly nay that
la 16n lao: ngay trong d(‘n song hang ngay, khi
xdy dung céc toa cao 6c, dudmg s4 hay kénh
muong ngudi ta khong thé niao né tranh viéc ap
dung dinh ly Thales ma con ngudi da tim ra né
hon hai nghin nam truée .

Véi tu duy doc ddo ciia mot nha todn hoc,
Thales con nghi ra cach do chiéu cao ctia Kim
tu thap va nhimg vat thé dung noi chung th' 0
bOng cua chung tren mat dat Hoan to ;




Nha toan hoc Hy Lap
Thales

> v Thién van hoc & Ai Cdp va
5 dai. Ong chu du qua nhiéu nuée va
dung céc chuyén di nay dé mo rong
hoi thém tri thire khoa hoc.
 bac hoc da tai va mc‘)t nha tu
, da sang tao ra mét s6 dung cu
> bar g!é amthlét ké cia 6ng, tai

lich st khoa hoe Thales da tién doan duoc nh_‘t
thuc toan phan xay ra vao ngay 23 thang 5 nam
585 tr. CN & xt Ionian, Pong thdi ong da ghi
nhin d6 dai mot nam nho su dich chuyén ctia
cac vi sao trén troi va do dai do la 365 ngay
demi.:

THALES LA NHA TRIET HQC
Theo Aristoteles (384 — 322 tr. CN) — nguoi
khong 10 clia moi théi dai — thi “Thales la
nguoi nghién civu triét hoc dau tién”, 13 ngudi
sang lap nén truong phai Miletos.
La mot triét gia, Thales dl t1m khoi nguyen cua
thé gi¢i: Theo ong, nguon goc cua the g 51 1a
nude! Nguoi ta nhic lai 11 6ng n6i rang m:o’c
la khoi nguyén va la két thic ciia moi cdi .
T hales phan biét lmh hon v01 co the Oxfg
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L+ + =4

_1_+—1—+—19“)(1+2IJ’Z)=9
X’ )’9 z
CAO MINH QUANG

(GV THPT chuyén Nguyén Bt'nlz Khiém, Vinh Long)
Bai T7/499. Cho a, b, ¢ 13 cac s6 thuc duong thoa

min a +b>+c>=3. Tim gid tri nhé nhat cia

CAC LGP THCS
Bai T1/499 (Lép 6). Tim cac s nguyén duong x,

¥ sao cho: x” +y* =100.
CAO NGOC TOAN
(GV THPT Tam Giang, Phong Dién, Thira Thién Hué)
Bai T2/499 (Lép 7). Cho tam giac ABC c6 ba géc
nhon. V& phia ngoadi tam giac v& cac tam giac
vudng cén tai 4 13 4BD va ACE. Goi J va X lin
luot 1a hinh chiéu vudng géc cia D va E trén
duéng thang BC. Chimg minh tam gidc AJK
vudng céan.
PAO QUOC CHUNG
(GV THCS Dién Hai, Dién Chau, Nghé An)
Bai T3/499. Giai phuong trinh:

1 X 3

—_ 12 w k.

V3x?+ 53 3x+1 2
TRAN XUAN HOA

(GV THPT Triéu Thdi, Lap Thach, Vinkh Phuc)
Bai T4/499. Cho tam giic ABC vudng tai A4,
AC =2AB. V& dudng cao AH cua tam giac ABC.
Trén tia ddi cta tia AH liy diém K sao cho
AH =2AK. Tinh téng AKB + HAB.
TO MINH THUGNG
(GV THCS Ky Som, Ky Anh, Ha Tink)
Bai T5/499. Cho cic sé thyc x, y théa man
y—2x+4<0. Tim gié tri nh6 nhét ctia biéu thie
4(x% - 4y) _
(r-2x +4)?

) NGUYEN ANH v{J
(GV THPT Nguyén Binh Khiém, Hogi An, Binh Dinh)

CAC LOP THPT

Bai T6/499. Tim céc sé thuc duong x, y, z thoa
man hé phuong trinh

P=x2-4y+

TOAN H
1 6 . ‘*Tuolch S3 499(1-2019)

- a %
biéu thirc M='"b—+‘c_+'a_
HOANG NGOC MINH

(GV THPT chuyén KHTN, DHQE? Ha }Yéi)
Bai T8/499. Cho tam giac ABC n61A tIEP duong
tron (O) va c6 tdm duong tron ndi ti€p 1a 1. M 1a
trung diém ctia 4/. K thuéc BC sao cho IK _L'IO.
0 thudc (O) sao cho AQ J/ IK. QM cé’t BC tai H.
G thudc 4K sao cho HG J/ QI. OK cit (O) tai L
khéc Q. Chimg minh rang GIK = JAL. ‘
TRAN QUANG HUNG
(GV THPT chuyén KHTN, DHQG Ha Néi)
Bai T9/499. Vi mbi sé ty nhién », ta dit

S

Tim tat ca cac sé tu nhién » sao cho so

6
n - LY
1a

mét sé chinh phuong. Trong d6 ki hi¢u [x] 1a sb
nguyén lén nhit khéng vuot qu4 x.
TRAN VAN THUGNG
(GV THPT Phii My, Ba Ria Viing Tou)
TIEN TOI OLYMPIC TOAN
B’éi T10/499. Ta goi “vér” cuia mét tam gi4c 1a ty
s6 gita 49 dai canh ngin nhit va d6 dai canh dai
n}‘u“at cua tam giac dé. Vi mat hinh vuéng cé canh
bang 2019 don vi dai, ton tai hay khong s
nguyén dwong n va cich phin hoach hijnp vudéng
ndy thanh n hinh tam gidc théa man déng théi cac
diéu kién:
i) Khéng c6 tam gidc ndo c6 canh daj hon canh
cua hinh vuéng,
ii) Tong tit ca cac “vép cda z tam gidc thu duge
2
khong vuot qua -n—+—62-t2
n

. PHAM BAC PHU
(GV THPT chuyén Lé Hong Phong, Nam Dinh)

https://tieulun.hopto.org



Bai T11/499. Cho day sb {u,,} _y Xéc dinh bdi

u=1u,, =\fn(n+1)

a) Tinh lim u,.

n—+x

b) Tim [“2018
U018
$0 thyc x).

:Vn=12..

u+n

} (ki hiéu [x] 1a phén nguyén cua

NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phiic, Vinh Phiic)
Bai T12/499. Cho tam gidc nhon ABC. Cac
diém M, N thujc doan BC va cic diém P, Q
theo thir tw thudc cic doan CA, AB sao cho
MNPQ )a hinh vudng. Cic duong tron ndi t1ep
céc tam giac APQ, BOM, CPN theo thir tu tlep
xtic v4i PQ, OM, PN tai X, Y, Z. Chitng minh
rang AX 1 YZ.
NGUYEN MINH HA
(GV THPT chuyén DHSP Ha N6i)
Bai L1/499. D thi li o theo thoi gian ciia chat
didm 1 (duong 1) va chét diém 2 (dudng 2) nhu
hinh v&, tbc d6 cuc dai cla chit diém 2 12 4n

$ T /AN -5~.<—; TRNVIR
“ LY 10k inl Save i)

Pioblem T1/499 (Fo Find positive

integers x, y such that x” + y* =100.
Probiem T2/499 (For 7 Given an acute
triangle ABC. Out31de the triangle, we construct
two isosceles right triangles with the right angles
A ABD and ACE. Let J and K respectively be the
perpendicular projections of D and E on BC.
Prove that AJK is an isosceles right triangle.
Problem T3/499 Solve the equation

1 X 3

42

Problem T4/499. Given a right triangle ABC with
the right angle 4 and AC =2AB. Let AH be an
altitude of ABC. On the opposite ray of AH
choose the point X such that AH =2AK. Find the

sum AKB + HAB.
Problem T5/499. Given real numbers x, y
satisfying y-2x+4<0. Find the minimum

value of the expression

(cn/s). Khong ké thoi xem)
diém ¢ =0, thoi diém hai A

.'v “, \ ;'. X‘
0 f:
chit diém co cung li d§ ) /o g\ er(s)

1in thir 5 14 bao nhiéu?

€ (2)

THANH LAM (Ha Néi)
Bai L2/499. Cho mach dién xoay chleu AB gbm
hai doan mach AM va MB miéc nbi tiép. Poan
mach AM chi c6 dién tr& thuin R; doan mach MB
gom cudn diy c6 4o tr cam L va dién tré » mic
nbi tiép véi tu dién co dién dung C thay dbi dugc.
Pit vao hai dau doan mach 4B mot dién ap xoay
chidu c6 gia tri hiéu dung khong déi, tin 50
f = 50Hz. Khi ting din dién dung C tir 0 dén oo,
nguoi ta thu duge db thi lién hé giira dién 4p hiéu
dung Uyg va dién dung C nhu hinh bén. Dién trd
r ciia cudn day c6 gia tri bing bao nhiéu?

Usa V2

C(F)
VIET CUONG (Ha Ngi)
! =y
J THIS ISSUR
peox?_ays )
(y—2x+4)2

FOR HIGH SCHOOL

¢m 16/492 Find all positive numbers x, y, z
satisfying

2+y +22 4+ xyz=4

L+L+
x9 y9

Problem T7/499. Given positive numbers a, b, ¢

1 .
;é_](l + 2.\’_)?2) =9

such that @’ +b’+c®=3. Find the minimum
2 b2 C2
value of the expression M = —+—+—.

c a
Problem T8/499. Let ABC be inscribed in a circle
(O) and assume that [ is the incenter of ABC.
Assume that M is the midpoint of AI. Choose K
on BC such that IK 1 0. Choose Q on (O) such

that AQ // IK. Suppose that QM intersects BC at
H. Choose G on AK such that HG /| QI. QK
(Xem tiép trang 26)

TOAN HOC
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vuong tai A4,
_m gidc ABC.
K sao cho

H THUONG

thoa

9 ‘Cho tam g ac

¥
,g'!‘.

" tam duorng tron noi t

G thuoc AK sao cho HG // QI QK cét (0)

“khdc 0. Ching minh ring GIK: IAL.

(GV THPT chuyén KHTN, PHQOG Ha N
Bai T9/499. Véi mdi s tu nhién », ta dat

R

3 A 2 s A cm i 1 :
Tim tat ca cac s6 tir nhién » sao cho s 5 la

mot s6 chinh phuong. Trong d6 ki higu [x] 1a s6
nguyén 16n nhét khong varot qua x.

TRAN VAN THUONG

(GV THPT Phii My, Ba Ria Ving Tiu)

TIEN TOI OLYMPIC TOAN

B:h T10/499. Ta goi “vér’ cua moét tam gidc 1a ty
s6 gilta d6 dai canh ngin nhit va dd dai canh dal

_nh,at cua tam gidc do. Véi mot

bing 2019 don vi dal__ to_q' tal
nguyén du'ong n va cach phan h
nay thanh n hinh tam giac tg
-dieu qu:n.

khong vugt qua =— >




50




,.((“&E : - ekl ot
D §'= ’= Ang ‘tﬁngéﬁansﬁ
1ep V& @nﬁénhat 1aa+l,
t+(@+n-1+(@+n) (1)

l)+ A(@+2)+(a+1) (2)
(1) va (2) theo ting vé

o .:sn 5‘4’(5“”“ 1)=

___5!6(5512‘+ 1)(5512 1) ke - ‘ s fﬁ &
2 54 512(5%2 4 1y(5%8 + 1)(5‘28 + 1)(5“ hDEe (g |

x (52 +1)(5" +1)(5° + (5* +1)(5° + 1)(52- =) @
V6i n 1a s6 tir nhién thi 5" 1 s6 tu nhién 1é. Do
d6 5" +1 1a sé tw nhién chin hay (5" +1):2.
Suy ra
G +DEE DG + D +Dx

x(S2+D(EC+ 1) + DG DG +D2° ()

Ta thdy (5% —1):2° 3)
T (2) va (3) suy ra:

(5™ + D5 +1)(5= +1)(5% + 1) x

(57 +1)(5' +1)(5" +D)(5* +1)(5* + 1)(5* —1):2"2
Do do
S2(5%2 +1)(5% + 15 +1)(5% +1)x
XE* DG+ +(* + 1 +1)(52 ~1):102 (4).
Tir (1) va (4) suy ra (5'% —5'%)110'2 pay 5100 3
5" ¢6 12 chit s6 tan cing giéng nhau. Béng eaéﬁ
tinh tryre tiép ta duge 5“=6103515625.
Viy 5 =152 587 890 625. -8

Vay s6 tu nhién 5'% céniu(hhm chi
87890 625,
xét. Cc ban ¢6 1oi glal dung la: Ha |







91 )0 ~£~£=45°.
)

K vuong cin tai .

a

thuc xayrakhi x=1.
* Néu 2x-1<0 thi VT(1)<0, phuong

khong théa man.

*Néu 2x—1>0 ap dung bt dang thtc Cauchy'

cho bdn sé duong, ta duoc

2
VT(l) = 3% Ao leied
2x-1 2% =1

S ==l )

+ 3 B ol + 2y —1) > 40 = 22

24 =VP(l).
Do d6 phuong trinh dugc théa man khj

X 0o
‘/ o =D S S Sl

Thir lai x=1 théa man baj toan. Vay phuong
trinh ¢6 nghiém duy nhit x =1 a

-‘>Nhan xét. C6 thé giai baj toan bang cach blen
_601 phuong tnnh nhu sau: U

éu ban giai theo~cach tren. Cac é.ﬁ

4l glal tot: Phi ',l‘hq-







_ Nguyen Quéc
IOTI THPT

ACSD=(17a" %' )JCS"(—'—H—Z')_'T

Péng thirc xdy ra khi va chi khi 17a® —x*
P Do dé tich AC.SD dat gié tri 16n
2

o 17612 + a\/gz 0
A = : g

7
>Nhan xét. C6 it ban tham gia giai bai toan nay.
Mot s6 ban con tinh todn nhdm gia tri 16n nhét cua

tich AC.SD. Hai ban sau c6 1oi giai ding: Ha : |

Noi: Hoang Tung, 12T, THPT chuyén KHTN,
DHQG Ha Néi; Bén Tre: Lé Ngo Nhat Huy, 12A1,
THPT Lac Long Quan, TP. Bén Tre.

HO QUANG VINH
Bai T9/495. Cho x, y, z la cdc 56 thiee khong am
théa man x+y+z=1. Tim gia tri lém nhdt

cua P=xy+yz+zx+E(M -m)’ trong d.

M =max{x, y, z} va m=min{x, y, 2.

Loi gidgi. Do va1 tro cua x, y,
nhu nhau, ' ;







, ,chuyén Hung
Cé, 11 Toan,

D& thdy XB.XC = XM XN = XH XD. Do d6
%/{0) %/(AHD)’@I(KBC) = JXI(KHD)" ey
Theo bo dé 1,
(4D, 40)= (AO AC)=—(4H, 4B) (mod ).
Do d, theo bd dé 2, cdc dudng tron (0), ( @
tlep xu o1 nhau tai 4.

J
™A~ A +1 L. A ¥ - S L T I T "D s
Do do theo bo dé 2. cac duong tron (,‘-(\,’f'ﬁ; ).
( | ,\(} 4 )




ndy dé nhung ésé ‘ban
mot vai ban giai qué dai.
t ca céc ban: Phi Tho: Nguyén
Ddng g&hpﬁ, 10T, THPT chuyén Hung Vuong,
Tri; Vinh Phic: Ta Nam Khanh, 11A1,
_ ’I‘ chyen Vinh Phic, TP. Vinh Yén; Bic
Ninh: Nguyén Ngoc Khanh, 11T, THPT chuyén
Bic Ninh, TP. Bic Ninh; Ha Noi: Nguyén Bdo
An, 9A0, THCS Nguyén Truomg To; Lé Xudn
Hoang, 10T2, THPT chuyén KHTN, PHQG Ha
Nglﬂ, Thanh Héa: P6 Cao Bdch Ting, 10TI,
“THPT chuyen Lam Son, TP. Thanh Héa; Thira
‘Thién - Hué: Nguyén Nhdt Minh, Phan Phudc
Minh, 11T, THPT chuyén Qudc hoc Hué, TP.
Hué; TP. Ho Chi Minh: Nguyén Phic Thinh,
10CT1, THPT chuyén Lé Hdng Phong; Lam
Dong: V6 Minh Qudn, 12 Toan, THPT chuyén
Thang Long, TP. Pa Lat.
NGUYEN MINH HA

Bai L1/495. Mot con lic 1o xo li twong Io xo
nhe ¢6 hé s6 dan !1(3\;" 10N/m, (f('fu trén gan gid
€0 dinh, dau dicéi gdn vat nm hoi hwong 100g.
o vi tri can bcmcr truy én cho vat van téc
20cm/s huong xuong duci. Coi rang vit dao
dong dien hoa. Pat mét thau kinh mong c6 do

tw D = +10dp sao cho truc chinh cua thau kinh
nam ngang va di qua vi tri can bang ciia vt
dao dong. Quang tam cua thau kinh cach vi tri
can bang 15cm. Chon truc Ox thing dimg
huong lén, gc';c' toa do la vi tri can bang ciia
vat, moc thai gian la liic o xo dan 9cm lan dau
tién, ké tir khi vat bt dau dao dong. Lay
o= 10ny/s”.
cua anh cua vat frén Ox.
%gm’: Tén s6 géc cua dao dong:,

o= \/z = 10rad/s.
m

Biéndo: A =

Xde dinh phuong trinh dao dpng

g

=2om.

e |=

f_cﬁalbxokhivétévitricﬁnbéng:

Méc thoi gian xo “-1cm v&u <g

o | o

=7
Théu kinh ¢6 = 10 cm cho anh that:
. Anh that dao dong diéu hoa véi bién do

’ !
B
b sl Ko
Vi anh that chuyen dong nguoc chiéu vdi vat,
suy ra pha ctia anh nguoc v6i pha cua vat:

=4cm.

) e
Hohs 3 3
Vay phuong trinh dao dong cua vat la:
x = 4cos (1 Or — EJ (cm). )

»Nhin xét. Chic mimg hai ban: Thira Thién
Hué: Lé Nhw Minh, 12 Toan 2, THPT chuyén
Quéc hoc Hué; Hung Yén: Bui Vin Quyén, 11
Toan 1, THPT chuyén Hung Yén, di c6 101 giai
dung bai ra ki nay.

PINH THI THAI QUYNH
Bai L.2/495. Poan mac h dién AB U{)m hai doan
mach AM va MB néi tiép nhau. Trén doan AM

chira bién tro va cuon cam thudn, trén doan MB
chi chita tu dién co dién dung thay déi duoe. Pat
vao hai dau A, B mét dién dp xoay chiéu

o T
U =UAD COS[lOOm’ —— IV
12
va diéu chinh dién dung cua tu dién sao cho dién

ap trén doan mach AM khong phu thuée véo bién
tro. Biét rang khi do dién dp trén doan mach AM

6 biéu thiee la u ,,, = 170\/5008[100nr+ J(V)

va cong sudt tiéu thu dién trén doan mach AB la
P=90W. Xdc dinh do tw cam cua cudn day.
Léi gidi. Dién 4p hiéu dung giira 2 diém 4, M:

UR + 22

Uy =1Z, =
R +(2,-2.)
S35 499(1-2019) T?@I\'lug%g 2
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: at dinh dua vao du doan diu

hop véi viéc tach nhén tir, bang

ién doi tuong duong, dua v& bét ding

ang binh phuong); O day, tic gia

 Hoone dé tich nhan tix duoc tién loi.

a tim hé s bét dinh trong viéc 4p dung

wre théng dung nhu BDT trung binh

- trung binh nhan (BBT Cauchy), BDT
6ng qua viéc phan tich, xi li ddu "=

do ¢o sy thém bét, tich ghép cic s6

) qp dé di dén 1o gla1 diing.
it dinh dé tim bat déng thire

: 56 bt dinh, két hop vé6i bién dbi

a vé binh phuorng dung), théng qua
tim mét bat ding thirc dung dung

u thire dai dién va gia thiét cta bai

thu'c a,bcd tkba man a +b2+c +d? <12, Xde
dmh GTLN cta biéu thire b0 o AT ANY
=Hd®+b+ +d’) - (a +b4+c +d“)

Loi gigi. Ta c6 x*(x—2)>20 véi mgl s6 thu:cx
Bit ding thic nay duge viét lai 4x’ —x* <4x?. Suy
at)+ (@b’ -+ (4’ —c) + (4’ -d*)

<4@®+b2 +c? +d?)=48.

ra: (4a° -

Ding thirc xay ra khi
(a,b,c,d) €{(2,2,2,0),(2,2,0,2),(2,0,2,2),(0,2,2, 2)}
Do d6 max M = 48.

Binh lugn. Trong bai to4n trén, ta thay mau chét cua
1o giai 14 xuit phat tu bét ding thic ding

x*(x—2)> 20, véi moi s6 thyc x. Tai sao lai tim ra
bit ding thic d6? Ta thiy M cé dang
F@+fB)+f()+f(d) v6i f(x)=4x
Trong khi gia thiét lai cho a®+5%+c +d2 <12
Nhu vy néu ta mudn tim max M thi ta cin d4nh
gid f(x) theo ko’ » VO k 12 hé s6 phu hop can tim.
Néu dé ¥ ta ¢ thé viét lai

() = dichio ot =—(x —4x3) _

=—(x* -4x° +4x )+4x ‘ S

i

tire Ia = 4 la gia tri cla he s6 bat dmh k

-’y




'maus Cho a, b, ctassédim‘

@ +b* + ¢ =3. Chimg minh ring

: +——-1--+ : ik
2-a 2-b6 2-c¢

Phan tich. Bit ding thirc can chimg minh c6 dang
: 1 X
f(a)+f(b)+f(c)23s voi f(X)=E Ta can

danh gid f(x) v6i mx” +n. Cu thé 1a tim hai hing
s6 m,n sao cho f(x)>mx* +n. Hay
1
2-x
(via® +b* +c* =3=a,b,c<2)
<12 2mx? +2n—mx® —nx
) §:>mx3—2m'x2-!-'nx-—2n+l‘2 0.
Ta thay, dau "=" & bét dang thirc can chimg minh
xay ra khi a=b=c=1, nén ta du doan diu bing &
bt ding thirc cubi xayrakhi x=1. Va @é tim 2 sb

> mx® +n &> 12 (2= x)(mx® +n)

m,n sao cho bat ding thic cudi dung, ta cin bién
d6i  bit dAng  thae  do tuong  dwong
(x=1)*(px+4g)>0. Dung so d6 Hoocne dé phan
tich thanh nhan tir nhur sau:













Lt
[1d e

= % Khi d6, ddng thiic xay ra tai

1 1 4

m'~-1.n+1 5
Ta c6 161 giai cho bai todn nhu sau:
Loi gidgi. Ap dung BDT Cauchy ta cé:

9xv1+x? +13x1—x> =6.32J£.1~|~;1'c2 +26.-;C—.'1—x2

gert- il 2

chovephalcuabat s3(§x2+1+x2)+13 —+1-x* |=16
g i

Déu "=" xdy ra khi

Thi du'9. Cho cde 56 thyc X'y, 20 Bsa

L3l
o ;_f P L. Tim GTLN cia biéy thicc

: ‘}{61 %,z lé. cac so thye thy y Vi a,b,'& la céc sb




. 0 SO
(5 iy | :
! pae : 1 \
1) 1 3=
\Via da: - = e
(X
ax F K1 — =
L LT $ L\ =




-Vﬁ-0=-3,5=3:Cﬁ'l_}_,',rg_ﬁﬁ;.,,.,;“,-;_ b idenil

log, 7-b log,7-3 _3log, 2+log, 7 k.

a+.,3 —=3+-= : = ' Do ]
log,2+c¢ log, 2+1 log,

_ log, 56

= log, 6

A

= log, 56.

Cau 9. Chon B.

Ciu 10. Chon D. )

S6 gach céc hang lan luot tir trén xuéng dudi tao thanh

mot cdp s6 cong co u; =1, cong sai d=1, Uso =500.

S6 gach can diing dé hoan thanh birc tuong trén 1a
Ss00 =250t + usgq) = 125250.

Cau 11. Chon B. y
Tacéd x=2va x=3 lacéc tiém cén dimg cua d6 thi
ham s6 da cho vi PT x2 —5x+6=0 ¢4 haj nghiém
Xx=2va x=3 va hai nghiém nay khong la nghiém
cua tir thic. Ngoai ra bic tir nhé hon bac miu nén
fo.didin »=0 la tiém can ngang ctia d6 thj ham sé d3 cho.
—x2 & x4 =3x2 -4 M. Viy d6 thi ham sé da cho €6 3 tiém cén.
PT £2-3t-4=0 (2) Cau 12. Chon .
phan bigt tréi dau nén (1) c6 T2 o0
Vay s0 giao diém cia hai 46 4B - ©:2-1), AC=(-1;5;2), D = (=3;m+ 2;n).
4, B, C, D dong phing khi va chi khj
[E,ZE‘].E =0 5(=3)+1.(m+2)+2.n=0
S m+2n=13,
Ciu 13. Chon A,
Taco z =3+20, 2, =l=dj

a2l LB E2D (L Ay aris
2 12 442

Vay phin 4o ciia s6 phic -21- ndg
2

Goi x (dong), y (ddng), -
tién ciia déng hd, doj giay




noa
| ca ha ’
nal iru |

Cho |




it

Gornid o
=0$ZN=—4"[ '5_‘

—”J Do z
Laicé N la trung diém cia MP nén

%}3
N("M -2)”"3-"’—”} Do {yN:O Sa Lo

2 F 4 ,2 ZN=_4 ZP=_'8

A

0 PEFES

- B 9+xy
2 @{ - Khi d6 NG;0; —4).

xp—9=2(3-9)
2 ch trong d6 ¢o thé.y Mat khac 4B =2A4N < yp+3=2(0+3)
Ha; C 14 bién ¢ chon zp —4=2(-4-4)
= B(-3;3;-12) = ab + bc + ca = -9.
Cau 30. ChonD.
SR x2 2
Gia st M) (B)es = += =4
a2 b2
Pat L= MF, MF, + oM?

=(a+£x)(a——c—xJ+x2 + y?
a a

2 2
e 2 N e

2 2
=2 2 X g
a*+b (az +F]=az+b2'

Cau 31. Chon B, o

St dung cong thirc sin2 g = 1200824
O o g ; A i 2 ”"’-! Ll s yh :fb e

e T T
DOk | SR R ——qa l=
gl 998(2 aJ Sin a,cos(z a) :sina.-




M (5: , LV (
X > VN O,

- A S \ =
[ V3
L& ‘ :
b —)! .
0y < 14







l?tgéngc‘:—a’ ~2+4= 5J y

._.\‘.}‘c-} { 1T)

B KUI.P‘:: Gy niE 10b misth
Tddcho try thanh

QQ -Su+m-1=0. (*)
' [% 6] SMPT(E)ch nghl@m

4 2

v +5u+1 -

] & m=""""_ c6 nghiém trén [1; 1].
u +u+l

. 2

_.f(-.-,)_“;”"“ trén doan [-1; 1],

r | A 1'ﬁj i

= \[9+4(cosff-smt)i=‘j9+4ﬁcos(t+ ] —‘o M

ciLc 4 oD
\/9+4\/— __ 3
Do d6 z, cémoaunwnnhétkm o digd ol & “:‘
' n 7 ‘HJ s :
- cos| t+ —-l¢>t———602n TR 1
[. 4] 4 [ ] - !L s
zz=2+£— 2+£ 7
y £ 2
Vdy phan 4o cta s6 phirc can tim 1a -[2+%].
PHAM TRONG THU

(GV THPT chuyén Nguyén Quang Diéu, DPong Thap)

mmwm BAT DINH...

(Tiép theo trang 33)
so BAI LUYEN TAP

a b c
€ =t +

>3‘j§-

ac+bryy 2

96). ( ﬁﬁg minh ring néu Jr,y,z't‘-—-i va
gea Vetnh 19 300 4
ta c6 bat ding thire

"%‘-'- i 4 rigl ot J
l+ab 10

c l+ca

6. Cho a,b ¢ la do dai ba canh cia mdt tam giac. Chimg
i L | 1 1 1
minh ring — < + + -
S +b+-c b+c—a c+a-b

7. (Hong Kéng 1997). Cho 3 s6 thuc duong x,y,z.

w2+ y+z+yxi+)? +2°) 3+J_

*+y +zz)(1y+)a:+zx) 9
8. Cho a,b,c,d >0 co ab+ be + cd + da =1. Chirng minh

a+b-c

Chimg minh ring

3 3 3 3
S a S b P C % d 2_1_"
b+c+d c+d+a d+a+b a+b+c 3

9. Tim dién tich 1én nhét cua tam gidc ABC ndi tiép trong
dudng tron ban kinh R. |
10. a) Tim tat ca cdc gid tri cua p sao cho bat ding thirc
sau diing véi moi a, b, ¢ > 0

IRy & O U i a 1 1 ‘ap 7 TRt i
i (N ;
J,ﬁ...sw‘ aP+bP+cl‘ E
b) (IMO 2001) Chimg minh ring véi a, b, ¢ 14 cac s6 thuc
dwong ta c6 bét aang thire - v (80H ¢
Sih urda 'l‘a » WEHe LT 11 gt Tt )
=21

+ v
N +8bc b248ca P +8ab



sO lién tuc trén R thoa

T
VX E IN. \__,\fu

NE-I; L

{BC, ddy ABC 1a tam gidc
¢ va1 ddy va S4 =a. Goi

i a
_ G = e
__13.7 17 3

ffx)= 3+ x+V5—x—3x2+6x
: Ele,lilixbing

a, OB=b,0C=c. Goi G la
ién. Thé tich cua khoi t dién

i gia {ia 5 nha Todn
6 nha Vit ly trong d6

c trong d6 ¢6 4 nam
‘lhyt ki gém 4 nha

""'61-64;'-. X
Ciu 8. Trong khéng gian voi hqe toa do Des

N o
Oxyz cho diém M(a,b,c). GQlA B, C theo thir tur
diém déi ximg véi M qua mit phing (yoz), (zdx)‘
(xOy). Trong tdm ctia tam gidc ABC la ;
-a+b+c a-b+c a+b—c]

A df 3

at+b+c a+b+c at+b+c
e’ b S Wola 3

Cau 9. Cho ham s y:|x3—x|+m véi m 1la moét

tham s6 thuc. S6 diém cuc tri ciia ham s6 da cho bang
A5 B. 4 @3 D.2

Cau 10, M6t nhém hoc sinh gdm 6 ban nam va 4 nit
dimg ngiu nhién thanh mot hang. Xac suat dé co
ding 2 trong 4 ban nir ding canh nhau la

1 1 2 1
A- = B.— C.= —
3 3 B 2
Cau 11. Cho tir dién déu ABCD c6 canh bang a. M 1a
mot diém bat ki bén trong t dién. Tong khoang cach

tir M t6i céc mit ciia khéi tir dién 1a

A. Mot dai luong phy thuge vi tri cila M B. a\g

' L00g D“'?‘ﬁ“’ L3
a
C— <

Céu 12. Cho tanx = m. Gxé.tq cua

POREI




A1

m? -1 S m? +1
_ 2m.2:m+1 ' " 2m? +m+1
CAu 13. S6 mit phiing céch déu tat ca cac dinh cia mét
hinh chép tir gidc 13
B. 4 (e £5 D. 6
Cﬁ}l 14. Cho tu dién SABC ¢6 trong tdm G. Mot mit
phing qua G cit céc tia S4, SB va SC theo thu tu tai
BN v sp YHse
dWeB ' va C. Dit —=m,—=n—=
A e a5GT oy
thirc nao dudi day la dung
ey 1,

2
m: m? . p

B. -L+L+L=4
mn np pm

-

m n p

C.

D. m+n+p=4
Céu 15. Gié tri cua tong
N 22C2 +2°Clo +..+27°Coo

bang
399 399 399 i

e = B. C. 3> *D.
g

Cau 16. Cho hinh chép tir giac déu S.ABCD c6 dy la
hinh vuéng ABCD canh a, do dai canh bén cling
b.’mg a. Goi M, N lan luot 12 trung diém cac canh S4
va BC. Goc giita MN va SC bang

A. 30° B. 45° C. 60° D. 90°
C4u 17. Bat phuong trinh
log, (logy x) + log,(log, x) <2
¢6 tap nghiém la
A. (1,16] B. [16,4) C. (0,16] D. (2,16]

Ciu 18. Cho day s6 (u,) thoa min u =1 va

. g o e
Uy = U, T véi moi n = 2. Khidd ’l‘l_r’r;;z— bang

¥

A.0 B. 1 C.2 D. %
Ciu 19. Cho z 1a mot sb phirc khdc 0. Mién gié tri
[ +3]+J—

I

A. [2,+)

L3

cua la

D. [2,24/2]

B [V22) €24

Céu 20. Ham sb
()= (-1 +(x=2)* -+ (x=n)’
dat gié tri nho nhdt khi x béng
ity Senisll SREIUESR, el
2 2 2 2
Cau 21. Phuong trinh mat phéng cich déu hai duong
x+l=y—1=z—2 B
90 Thagh B v 5% 82

thang d, :

la
A. -1lx+5y+7z-1=0
C. -1lx+5y+7z+1=0

B. 1lx-5y-7z+1=0
D.-1lx+5y+7z+11=0

Ciu | 22. Cho  logyla|+logsb®=5 = va

log2,|b| +log,a” =7. Gia tri cua |a|—|b] bang
A.0 B. 1 €. 27 D. 702
Cau 23. Piéu kién cin va du dé
P +y+z +llx+f5fy—6z+im2 —9m+4=0
]a phuong trinh cia mot mat cau la
A. m>0 B. m<—1 hoic m>10
C. -1<m<10 D. -1<m<10
u 24. Trén gia sach c6 20 cuén séch. S cach lay

ra 3 cudn sach sao cho giira hai cuén lay dugc bat ki
luon c6 it nhat hai cuén khong duge lay la

AT G B. 4 C. G, |0t

Cau 25. M6t hinh lang tru co tong sé dinh va s6
canh bang 200 thi ¢6 so dinh la

A. 100 B. 80 C. 60 D. 40

" pine S i Pk 1
Cau 26. Gia tri cua tng 1+—+—+...+—55 (0 do
¥ Eli 4

i =—1) bing

A.0 B. i €=l D.i

Céu 27. Cho ham sb6 f(x)= 21 - Gia tri cua
X

£™(0) bang

AT R ) p, —Ha+ED")

2
Chu 28. Cho tam giac ABC. Tap hop cac diém M
trong mat phang thoa man

m+ﬁ+ml=lm+2ﬁ—m

¢, na+ED)
& 2

1a
A. mjt doan thang
B. mot dudng thiing

TOANH
: um% 41
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¥ ts’h
i ,;ﬁmn

&

4 .Q’,‘.x i\ o
.

: ?ﬁi\*"--

; :'P(B) P(AUB)

e n] lim[—%—-—n+2}=2.
4 8 2° or . (2

_ban sau c6 bai dich tét, gui bai vé Toa soan sém: Thira
. THPT chuyén Quéc hoc Hué; Bén Tre: Lé Ngé Nhat Huy,

Complement % J\‘ ,
Translated by NGUYEN PHU HOANG

’Q"; 3 -1 o
_ Bmtmin Tinh lim ]+2+3+...+i ¥ : e i
L P .t 2! e '
: +1 n+2 | & AN
. n n -~

Lai giagi. Ta co ?=-2"—_1——2—"—' Vi vay Vs

g vz oudranf@ O[3 a8 . ned n2Y 2. gk

4 et on 20 21 21 22 31 2;1-1 n 20 2h -

a

Thién Hué: Hupnh Lé Phuong Hang, Nguyén Nhat
12A1, THPT Lac Long Quan, TP. Bén Tre.
HO HAI (Ha Noi)

‘B. .l (Chg?) D. 4
hig toa dd Descartes Oxy cho hai

3

, 2). Dién tich tam gidc OAB c6 thé

e ekt
C' ¢2 3 Dl

7 9#3 sé ma cac chﬁ s6 cua

Ciu 47. Didu kién cia tham s m dé phuong trinh
glogsx _ 300832 _ ) ¢6 phieu hon mot nghiém 13
A. m<-2 B. m>2
C. 2<m<0 D. 2<m<2
Ciu 48. Dién tich hinh phéng gidi han boi hai duong cong
y=x’vay ='2-—lx] bing

5 7
A. 5 B.2 (&5 ‘; D. E
Ciu 49. S& céc gia tri nguyén duong cda k théa man 2*
¢6 100 chir s6 khi viét trong hé thap phan la

A. 10 B. 6 G.4 D.5
2" -1)(3* -1 £

Ciu 50. Gléu:;cﬁa gi6i han llm( D@3 xH)....(n 1)

A. I"(’Q B In2mn3. T

C. n! '. s Bl is Do 2&‘3"‘".-.?""" }Jﬁ?ﬂ o
NGUYEN VIET HUNG

~ (GVTHPT chuyén KHTN, pﬂfe@ Ha Noi)

T O T RN N



(Olympic Canada
‘a.b,c. Chitng minh

B aib+c (*)

h 1. Ap dung bit ding thicc
0 3 56 duong, ta cé:

™ (4 2
C?—Sa (l), -é—+c+0‘23b (2):
2 . ca

x
—+a+b>23c (3).

=4a.

Zbi c3
- 3 '
g
+—24b;
ab

¥ .‘.'12‘?‘ et

3 ‘.'” -5k i*”f‘;a.hr-'g

—++ca+ a>3b ——+\/—+ﬂ>3c.

ca
Cong c4c bat dang thic laitacé:

3 3 3

a—+b—+c—>3(a+b+c) T T )

bc ca ab
>3(a+b+c)—(a+b+b+c+c+a)
=a+b+c.
Ping thirc xay ra khi a=b=c.
Cich 4. Ap dung bt ding thirc Cauchy cho 2
s6 duong ta c6:

a3 aZ b3 bz c3 CZ
—+az2 —+b22 —+c=22 .
be Jbe ca Jea’ ab \ab
Cong céac BDT lai ta c6

C>a3+b3+c3 [az b )(a+b+c)
be T ottt

(253 W 2P

+
b+c c+a a+b

J —(a+b+c)

L, 2atbs oy
2(a+b+c)
=a+b+c.
Pang thirc xay rakhi a=b=c. ‘ ‘
Cich 5. Ap dung bat ding thic Cauchy cho 2
56 duong lién tiép 2 14n ta c6: .-

& is ’ a’b’ ab
—t+—22

be ca abc b '2‘
b h

=(a+b+c)










i 1a twong duong néu

, 10 gidi cia ban Huong
mg trinh (1), (2) cing vo
dc hé s6 twong (mg cia

HY

day.
s0 twong tmg cua hai phuong trinh ti 18

ong trinh cung v6 nghiém

2)<0 {17+4a<0 17
<~

g

4
0 —2<a<2

iém). Vay a=— 3 1a gia trj can tim.
ban tham gia giai bai nay déu phit hién ding sai
jidi chinh xac. Danh sich cac ban la: Hung
Bui Vin Quyén, 11 Toan 1, THPT
a Thién H &: Ho Ngoc Himg, 10
11 Toan 2, Ton Niz Cdt Vy, Do
h Théng, Lé Nhu Minh, 12 Toan 2,
Hué; Bén Tre: Lé ngo Nhat Huy,
uin, TP. Bén Tre; Séc Tring: Tran

iéu, TP. Soc Tring.

a’—-4<0

mén Toén va | quyén sich mon Héa hoc; o
cho Hing va Hau phan thuéng gom 1 quyén sich mén
i va 1 quyén sich mon Hoa ho Vas
C2+C? +C2 =19 céch trao thuémg sao cho Hing
nhan duge phén thuéng giong nhau. [

. 3 Jut R
Loi gidi cua ban Phiic: S0 phan thuong la 12, mo6
thuéng gom 2 quyen sach thudc 2 mon khac nhau. G

s6 phan thuong gom 1 quyép sich mon Toan va 1 quyén
sach mén Vat li, y 1a s6 phan thuéng gom 1 quyén sach
mén Todn va 1 quyén sach mén Héa hoc, z 1a sé phan
thuéng gom 1 quyén sach mon Vatliva 1 quyén sich mén
Héa hoc. Ta co x+y+z=12,x+y=7,x+z=8,y+z-—-'-9.

Tinh dugc x = 3, y = 4, z= 5. Ta xét 3 truong hop sau day.
-C6 C? céch trao cho Himg va Hau phén thudng gom 1
quyén sach mon Todn va 1 quyén sach mén Vat Ii. Co
10! | :
415!
-C6 C? céch trao cho Himg va Hau phan thuéng gom 1
quyén sach mén Toan va 1 quyén sich mén Héa hoc. C
10! '
L2 U5
lai. i ! oda §
- C6 C? chch trao cho Hing va Hau phan thu
quyén sich mon Vat li va 1 quyén sach
3' 1"3|‘c',<’i_ﬁhfilﬁad-‘10‘p1iaﬂ thudng co

2t 0 ®

i 100

cach trao 10 phén thuéng con lai cho 10 ban ¢

c4ch trao 10 phan thudng con lai cho 10 ban con




NXBGD Viét Nam' :
PHAN XUAN THANH .
& MA

Thu ki Toa soan : ThS. HO QUANG VINH
ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
tehs LB QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VO THANH KHIET,
ng 1 KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHA

: THﬁTHACH GS. TSKH. DANG HUNG THANG, PGS, TS. PHAN DOAN THOAL ThS. VO

TRONG s() NAY
€ Gisi bai ky truce
Solutions to Previous Problems
@ Phuong phap giai toan

Trinh Ba — Phuong phap hé s6 bat dinh giai bai

toan bét ding thirc, gia tri 16n nhét — gia tri nho
nhit ciia ham sé.

@ Dép dn va huéng din gidi dé 6 1.

@ s truse i i 2019 - Dé,

Sai lam ¢ dau?

guyén Vin Xi - Phuong t




G@_
iai trﬁoon hoc _J

e

prN NO1
DOl_DAP THO
A, HOM HINH

Mé( 1an H6 Nwcin Hirong
Hoé 5 quan tién. Chiéu Ho
n g sau d6 chi guri Ho Xudn

1800 d'&ng(.“, quan tién). Ho Xudn

ph ngaedi quan ne hen sai ra !
Bao gicr thong tha lén choi nguyét
Nlld‘hn cho xin nam ld da !

n Hwomg “... xin nam la da” 1a y
': Chiéu H5 nbi sai, Khi 160 nha Xudn
w ¢ ldy 1 16t tay dit ra, Khong tiép.
2 vi c6 chii ¥ tir trude dé nhim vao
ca “Ba chiia tho nom™ (Nha tho
dn Diéu dat). da khong cu thé khi hoi
nén Chiéu Ho6 hém hinh co bai tho

3
Hitong: .,
1y No)
. e w “Jl"h
i
Ban A: Theo dy bao than wict thi
mua da bit diu suy yeu nén nbigt do

ngdy mai s€ tang gap doi ngay hom
nay.

Ban ' 7 nev nhi

C (de

la may ¢

Ban A: Dé ot, |

o ol

Ban B: Thé t6i hom nay nhiét do la
0°C (do Celsius) thi toi ngay mai sé
la may d¢ ?

BanA: ...

Hay gitp ban A tra 10i va phén tich
cdu tra loi.

Loi giai. Cau tra loi la: Téi ngay

mai nhiét do chic chin sé 1a trén 0°
C (d¢g Celsius).

Phan tich:

* Do gio ml‘za d3 bét dau suy yéu
nén nhiét do t6i mai sé tang Ién so
véi toi nay nén nhiét do t6i mai 1a
trén 0°C. Ta khong thé iy két qua
cuia phép nhan 2.0 = 0°(d6 C), do l1a
do da dat nhiét do o mirc d6 0 do C.

Néu dat nhiét dd khi nudc bét dau
déng bang la a do vdi a > 0 vao t6i
nay thi tinh dugc nhiét d§ tdi mai la
2.a d¢. Ching han, néu ta ap thang

~ nhiét dd mé‘i bhng cich dat nhiét do
‘khi nude bit ddu dong bang la 2°

(hodc 1,5") thi theo thang nhiét do
nay, nhiét do t6i mai la 4° (hodc 3°).

Néu vao tbi nay nhiét do 1a 32°F
(do Fahrenheit vdi 0°C = 32°F) thi
nhiét do t6i mai la 64°F, tirc 1a hon

' mﬁt ehﬁt, Ghi chii: Cﬁng thire

e ) Aty !

whict 46 ngay mai s& tang gdp dois .
vi viéc “tang gép
iv dé tinh todn ma

om navy

r {Ang, giam

' .IILH. L
i ban Vewven Van Ban,
THCS Thanh Yegs

huyén D :n, Pién Bién da 66

ciu tra o .
VAi. “HANH (Ha Noi) 1

Chao don nam mc'r Y

ban Hoi dién 6 s6 m nhlen g

nho hon 340 vao
ngoai va 3 s6 tu
cua hmh vanh khin

tinh chat sau day :

1) tong sau s0
trong cac vong
tron bang tong
ba s6 & hinh
vanh khan va
bang 2019,

2) tong hai s6 trong hai vong tron
ké nhau bing sé nim trong hinh
vanh khan néu hinh vanh khin c6
cung tron tiép xtic v6i hai vong tron
dé, va tong hai sé ndy bang tong hai

56 trong hai vong tron ké nhau khéc
nhung khéng ké véi hai vong tron.

ban dau.
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THU SUC TRUOC KI THI 2019
PEsO2
(Thoi gian lam bai: 90 phar)

Ciu 1. Cho f 12 ham s6 lién tyc trén R thoa mén
f(x)+ f(—x)=+/1+cos2x, Vx e R. Gia tri cua tich

3n

phan |4 f(x)dx bing

o
A 2 B. 22
C. 242 +1 D. 242 -1

Cau 2. Cho hinh chép SABC, diy ABC la tam giac
déu canh a, SA vudng goc voi day va S4 = a. Goi
M, N lan lugt 13 trung diém cua cac canh BC va CA.
Khoéng céch gitra hai dudng thing AM va SN bing

B cl

V17 17
Ciu 3. Ham s8 f(x)=B+x+V5—x -3x% +6x
dat gié tri 16m nhét khi x bing
A -1 B.0 C.1

A D 2
3

&0

D. Mot gié tri khdc

9 9 :
Ciau 4. Gia tri cua g!c’n han lim +99+..499...9

n—w 10"

bﬁng

clt  pL

9 81
Céu 5. Cho tir dién OABC c6 cac goc tai dinh O déu
bing 90° va Od=a,0B=b,0C=c. Goi G la
trong tim cua t¥ dién. Thé tich cua khéi to dién

" GABC bing

A0 B.1

adbe  pabe g oabe

6 8 4 " 24
Cau 6. Mgt cudc hop co sy tham gia cua 5 nhi Toan
hoc trong d6 c6 3 nam va 2 nit, 6 nha Vit ly trong d6
€0 3 nam va 3 nit va 7 nha Héa hoc trong d6 ¢6 4 nam
va 3 nit. Ngudi ta mudn 1ap mét ban thu ki gbm 4 nha
khoa hoc véi yéu ciu phai c6 di ca ba linh virc (Toan,
Ly, Hoa) va ¢ ca nam l4n nir. Néu moi ngudi déu binh
ding nhu nhau thi sb cach 1ap mét ban thu ki nhir thé 1a

A. 1575 B. 1440 C. 1404 D.171
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Cau 7. S6 hang khong chita x trong khai trién
2. 1V s
l+x+x°+—| bang
x
B. 13050

Cau 8. Trong khong gian v&i hé toa d Descartes
Oxyz cho diém M(a,b,c). Goi 4, B, C theo thir tir 1
diém d6i ximg véi M qua mit phing (y0z), (zOx),
(xQOy). Trong tam cua tam giac ABC1a

C.13049 D.13048

A. 13051

-a+b+c a-b+c a+b-c
3 t @ E L3

5.6($.5:5)
C. G(z" 2 ZC)
S

a+b+c a+b+c a+b+c)
g 3

A. G(

D.G

Cau 9. Cho ham s§ y= Ix —x|+m vol m 1a mot

tham sb thyc. S8 diém cuc tri cia ham s6 d4 cho b:“mg
A5 B. 4 C.3 D.2

Ciu 10. M6t nhém hoc sinh gdbm 6 ban nam va 4 nix
dimg ngiu nhién thinh mt hang, Xac suit dé c6
ding 2 trong 4 ban nir dimg canh nhau la

1 1 2 1
A — B. - C.— —
4 3 3 P2
Cau 11. Cho tir dién déu 4BCD cb canh bang a Mla
mét diém bat ki bén trong tr dién. Téng khoang cich

tir M téi cac mat cua khéi tr dién la

A. M{t dai lugng phy thudc vitricia M B. a‘/g

e a
C.—= D4
2 X
Ciu 12. Cho tanx = m. Gid trj cda ——g— %

bang
Aal) B. —
m-+1
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m? +1
2m27m+l ' 2m* +m+1

Céu 13. 86 mat phang cach déu tit c4 céc dinh clia mot
hinh chép tir gi4c la
Al B. 4 C. 5 D. 6
Cﬁwu 14. Cho tu dién SABC c6 trong tam G. Mot miit
phing qua G cat céc tia S4, SB va SC theo thir tu tai

Font < i g, OA SB' sC' .
A, B vaC Dt —=m—=p "2 - 3

sa " sE sc TP P

thirc nao dudi diy 13 ding

m* -1

1 i 1

A —+—+—=4
- 2

B. _1..._+-1_+L=4
mn np pm

C. i+i+—1--=
m n p

D. m+n+p=4
Ciu 15. Gia trj cua tdng

14276 298G, .22 0

399 399

99 _
A — B. il
2

2
Ciu 16. Cho hinh chép tir gidc déu SABCD c6 day 13
hinh vuéng ABCD canh a, 4§ dai canh bén ciing
bing a. Goi M, N lan luot la trung diém cac canh S4
va BC. Goc giita MN va SC bang
A. 30° B. 45° C. 60°
Ciu 17. Bét phuong trinh

log, (log, x) +log, (log, x)<2
c6 tip nghiém la
A. (1,16] B.[16+0) C. (0,16]
Cau 18. Cho diy s6 (u,) théa min u =1 va

1 ¢ b

D. 90°

D. (2,16]

. L
u, =u,_,+n véimoi n>2. Khidé lim— bang

n—o n

1

A.0 B.1 C.2 D. 3

Ciu 19. Cho z 12 mot sé phirc khéc 0. Mién gié trj
o+
|

A. [2,+w)

cua Ia

B.[v2,2] C.[24] D.[2242]

Céu 20. Ham sé
SO =@ =1 +(x=2)* 4+ (x - n)?
dat gié tri nho nhét khi x biéng
N O A U N |
2 2 2 2
Céu 21. Phuong trinh mit phing cach déu hai dudng

x+l_y-1 z-2 v
2 3 1 A 5 =2

thing d,:

la
A. -llx+5y+7z-1=0
C. -1lx+5y+7z+1=0

Cho

B. llx-5y-7z+1=0
D.-1lx+5y+72+11=0
Cau  22. log,,|a| +log, 6> =5 va
log,, |b| +logs a” = 7. Gié trj clia |a| *‘b! béng
A0 B.1 C.27 D. 702
Cau 23. Diéu kién cin va du dé

X4y 42+ 2x+4y—6z+m* —Im+4=0
13 phuong trinh ciia m6t mat ciu 1a
A.m>0 B. m<-1 hodc m>10
C. -1£m<10 D. -1<m<10
Ciu 24. Trén gia sach c6 20 cubn sach. S6 cach lay
ra 3 cudn sach sao cho giita hai cudn liy dugc bit ki
ludn c6 it nhét hai cudn khong duge lay 13
AC, B AL CC DAL

Ciu 25. M6t binh ling tru ¢ tong s dinh va s
canh béng 200 thi c6 so dinh 1a

A. 100 B. 80 C. 60 D. 40

Céu 26. Gié trj ciia tong 1+1_+%+...+—_£-1T (6 6
1 1

i* = -1) bing

A.0 B.1 C.-1 D.i

Ciu 27. Cho ham s f(x)=—-21—1- Gié tri cia
x _—
/*(0) bing

—nl1+(-1)")

2
Cau 28. Cho tam gidc 4BC. Tip hop cac diém M
trong mit phing thoa mén

m+ﬁ+ﬂf‘\=lm+zﬁ-z\_ff

A0 B.1 cﬂ'(ﬂ—*é@ D.

1A
A. mot doan thing
B. mot dudmg thing

S48 499(1-2019)
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C. mjt dudng tron

D. mét elip
T
Ciu29.88 a>0 théamin [——dr=In2 I
ax +Xx
Al B L C.2 p. 1
2 4

Cau 30. Pudng thing nbi hai diém cuc trj cua dd
mx® + (4~ 2m)x—6

thi ham s6 y = cach gbc toa do
2(x+9)
mot khoang 16n nhit khi m bing
1 1
A, — B. —— .2 D. 1
2 2

Cau 31. Thé tich khéi try ndi tiép mét mit chu c6
ban kinh R khong doi c6 thé dat gi4 trj 16n nhit bing

41 T
A —PR B. —R°
93 N3
c. Zp D. 43n R
93 9
Cau 32. Cho ham s§ f(x) = - Gia tri ctia
4" +2
1 2 99
— [+ —+.+f] ==
f(lOO) f[mo) f(lOO]
bing
A. 49 B L c 2 D. 50
2 2

Cau 33. Gieo mot con siic sic nim I4n lién tiép. Xac
sudt dé tich cac sb chim xuét hién ¢ nim lén gico d6
1a mdt s6 tw nhién c6 tin cling bing 5 1

AL B.2L 2 p

2 7776 3 486
Cau 34. Trong khong gian véi hé toa d9 Descartes
Oxyz, cho hai diém A4(3, 2, 1) va B(—1, 4, =3). Diém
M thuge mat phing (xOy) sao cho |MA—MB| 1én
nhit 13

A. M(-5,1,0) B. M(5,1,0)

C. M(5,-1,0) D. M(-5, -1, 0)

Ciu 35. Hinh vuéng ndi tiép elip (E) cé6 phuong
2 2

trioh =+ =1 thi 6 dién tich bing

a*h?

4a°h?
B. ———
a’ + b

a* +b*

42 TOAN HOC
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C.a*+b D. Iabl
Chu 36. Cho tanx—tany =10 va cotx—coty =5,
Gié trj cua tan(x—y) 1a

A. 10 B.-10 C. -1 D, =
10 10

Ciu 37. Gid trj cua téng C; +Clp +...+ C, bing

A.Cyp B.CY C. Y, D. 2%

Cau 38. Trong khong gian véi hé toa do Descartes
Oxyz cho mit cau (S) cé phuong trinh
x*+y* +2* =9 va diém 4(0, -1, 2). Goi (P) 14 mit
phing qua 4 va cht mit ciu (S) theo mot dudng tron
¢6 chu vi nhé nhét. Phuong trinh cia (P) 1a
A.y-2z+45=0 B. —y+2z+5=0
C.y-2z-5=0 D.x-y+2z-5=0

Chu 39. S8 m3t déi xtmg cia mot hinh chép tir gidc
déu la

A.0 B. 1. c.2 D. 4

Ciu 40. Mot tii dung 20 tdm thé duoc danh sb tir 1
t6i 20. Rat ngiu nhién ra hai tAm thé. Xac suit dé
tich ciia hai s ghi trén hai tim thé rit duoc la mot
sb chia hét cho 4 bing

Al B. 1 cl p. 2
3 2 4 3
Céu 41. Cho hinh chép tam gidc SABC c6 S4 = a,
SB=b,5C=c va BSC=120", CU=, ASB=60.
Goi G 12 trong tdm tam gidc ABC. P dai doan SG
b%mg

A. -;-\/a2+b2 +c* +ab+bc+ca

B. V& +b* +c* +ab—be

C. -;Tx/az +b+c’ +ab-ca

D. %\/az +b% +¢* +ab—bc
Ciu 42. Ki hiéu M va m 1an lugt 13 gia tri 16n nhét
va nho nhit ciia ham sé y=x? +4—x*. Khi d6

M +m bing
A2 B. L C. 4 p. 15
4 4 4
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TIENG ANH BUA EAE BAI TBAN

BAI SO 40

Problem. [n an probability experiment, we have two

events A and B with P(A):%,P(B)z—l-, and
4

3
P(A'nB) 23' Find P(ANB).

Solution. We have
P(AUB)=1-P[(AVBY]

—1-P(A'nB)=1-2=2.
5 5

Since P(AUB)=P(A)+P(B)-P(ANB),
P(AnB)=P(A)+ P(B)- P(AUB).

Therefore P(AnB)=l+l_g_l_z_£

34 5 12 5 60
Remark. A' is the complement of the event 4.

TU VUNG
Probability : x4c suét
Experiment : phép thwr
Event : bién cb
Complement - phén bu, déi

Translated by NGUYEN PHU HOANG LAN
(College of Science — Vietnam National University, Hanoi)

£ acilite - 3 n
r y Bai todn. Tinh lim [— +—+ E +...+ ?)
n n+l n+2

g Loigidi. Tacd6 —=—————" Viv§

?Eg g 2n 2n-1 2,, .Y
1 2 n 2 3 3 4 n+l n+2 2 n+2
Sttt o=l i [T o T [T T T
2 4 2 2 2 22 2! 2 2 2

ot otim{ 22221
T o

a

»Nhgn xét. Cac ban sau c6 bai dich tbt, giri bai vé Toa soan sém: Thira Thién Hué: Hipnh Lé Phuong Hing, Nguyén Nhdt
Minh, 11 Toén 1, THPT chuyén Quéc hoc Hué; Bén Tre: Lé Ngé Nhdt Huy, 12A1, THPT Lac Long Quén, TP. Bén Tre.

HO HAI (Ha Néi)

&

Ciu 43. Ki hidu M vi m theo thit ty 12 gi4 tri 16n nhét va
phé nhit cia ham sé y=sin’x+cos’x. Khi d6 M-m
bing

A0 B.1 C. 2 D. 4

Ciu 44, Trong mit phing toa d6 Descartes Oxy cho hai

didm A(1, a) va B(~a, 2). Dién tich tam gidc O4B c6 thé
dat gi4 tri nho nhit bing
A.0 B.1 C. 2 D.3

Ciau 45. Sb céc sb tu nhién c6 5 chir s6 ma cdc chix s6 cla
né ting dan hodc giam dén 1a
A 4 B.C, C 2G+C

1+ 2i

=1

D. 2C;

Ciu 46. Gia s 12 mot nghiém (phirc) cla phuong

trinh ax* +bx+c=0 trong d6 a, b, c 14 céc sé nguyén
duong. Thé thi a+5+c nho nhét bing
A.8 B.9 C.10 D. 11

Ciu 47. Didu kién cia tham s m dé phuong trinh
gloges* _ 3582 = c6 nhidu hon mét nghiém la
A . m<-2 B. m>2
C. 2<m<0 D. 2<m<2
Ciu 48. Dién tich hinh phing giéi han bdi hai dudmg cong
y=x’va y =‘Z—IJCI bing
e 2 B.2 ¢l p. L
2 3 6

Ciu 49. S céc gia tri nguyén dwong cia & thoa man 2
¢6 100 chir s5 khi viét trong hé thép phén 14

A. 10 B. 6 C.4 D.5
Ciu 50. Gi4 trj ciia gi6i han Lim @D -D..." -1
x—0 f'_l
bing
A. In(n!) B. In2ln3...lnn
C. n! D. 243+...+n
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHGQ Ha Noi)
S5 499(1-2019) & CTumEe 43

https://tieulun.hopto.org

e e T AT




GIAI PAP: PHUONG TRINH TUONG DUONG !

(Pé ding trén TH&TT sé 495, thdang 9 nim 2018)
Phén tich, Hai phuong trinh dugc goi 13 twong duong néu
chiing c:é cung tap nghiém. Do d6, 1&i giai cia ban Huong
con thiéu trudmg hop ¢ hai phuong trinh (1), (2) ciing vd
nghiém (khi d6 khong nhét thiét cc hé sé twong (mg cia
ching ti 18).

Loi giai dung. Hai phuong trinh
x*=3x-a-2=0 (1), x*+ax+1=0(2)
tuong duong khi va chi khi hai bd sé (L;-3;-a-2) va

(1; @; 1) ti 18 hoiic cd hai phuong trinh ciing v6 nghiém. Ta
. Xét cac tnrong hop sau day.

e TH1: Cac hé s twong \ing cia hai phuong trinh ti 1&

e TH2: C4 hai phuong trinh cting v6 nghiém

17

_3Y? _4(—a— 17 -
{(23) 4(~a—-2)<0 {2+4a<0 a<—=
a*~4<0 @-4<0 | g<a<2

(hé nay vb n,hlem) Vay a=-31 gia tri c:an tim

Jim va dua ra 105 gidi chinh xdc. Danh sach cac ban 1a: Hung
Yén: Docn Phi Thanh, Biui Vin Quyen 11 Toén 1, THPT
chuyén Hung Yén; Thira Thién Hué: Hé Ngoc Himg, 10
Toan 2, Lé Thi Thu Suong, 11 Toén 2, Tén Nit Cdt Vy, bé
Trung Thdi, Nguyen Dinh Thong, Lé Nhu Minh, 12 Toén 2,
THPT chuyén Quéc hoc Hué; Bén Tre: Lé ngd Nhdt Huy,
12A1, THPT Lac Long Quan, TP. Bén Tre; So¢ Tring: Tran
Vinh Phi, 11A8, THPT Hoang Digu, TP. Séc Trang.
KIHIVI

AI PUNG!

Trong phan 6n tap vé Tb hop -
Xac suit ¢ bai toan:

“Thdy Hoang Ngoc Hién trao
thuomg cho cdc ban hoc sinh lop 11A15 dat két qua cao
trong ki thi Kiém tra chdt lup’ng ln 1, phan thueong gom 7
quyen sdch mén T oan giong nhau, 8 quyén sach mon Vat
If gidng nhau, 9 quyén sdch mén Hoa hoc gidng nhau. S6
hoc sinh dwgc nhdn thuong la 12 ban, trong dé co ban
Hisng va ban Hiu, mébi ban dugc nhén ngdu nhién ding 2

quyén sdch thugc 2 mén khdc nhau. Hoi cé bao nhiéu cich
trao thuong cho cdc ban hoc sinh sao cho Hing va Hdu
nhén dwoc phan thuong ging nhau?”
Ban Hank va Phiic c6 161 giai déu tién cho bai toén nay.
Loi gidi ciia ban Hanh: S6 phan thuong 13 12, mbi phin
thuéng gébm 2 quyén sich thugec 2 mdn khac nhau. Goi x
14 s6 phan thuéng gdbm 1 quyén sich mén Toan va 1
quyén sach mon Vit li, y 1a s6 phan thuong gom 1 quyén
sich mén Toan va 1 quyén sach mon Hoéa hoc, z la sb
phén thuéng gébm 1 quyén sich mén Vat li va 1 quyén
saich mén Hoéa hoc. Ta c¢6 x+y+:z=12,x+y=7,
x+z=8,y+z=9. Tinh dugcx=3,y=4,2z=5.Cé C;
chch trao cho Himg va Hdu phén thuong gdm 1 quyén
séch mon Toan va 1 quyén sach mén Vit Ii; c6 C; céch
trao cho Himg va Hau phin thuémg gdm 1 quyén sich
mén Todn va 1 quyén sach mén Héa hoc; ¢6 C: céch trao
cho Hing va Hgu phén thuéng gbm 1 quyén sach mdn Vit
If va 1 quyén sich mdén Hoéa hoc. Viy co
C2+C:+CI=19 céch trao thudng sao cho Hing va Héu
nhan duge phin thuéng giéng nhau.
Léi gidi ciia ban Phiic: S6 phin thuéng 13 12, mdi phan
thuorng gbm 2 quyen sach thugc 2 mén khac nhau. Goixla
sb phau thudng gém 1 quyen sach mén Toan va 1 quyeu
sach moén Vit li, y 1a s6 phin thuéng gbm 1 quyen sach
mdn Toan val quyen sach mén Héa hoc, z 1a so phan
thuéng gdém 1 quyén sach mon Vat li va 1 quyén sach mén
Hoéa hoc. Ta ¢6 x+y+z=12,x+y=7,x+z=8,y+z=9.
Tinh duge x =3, y =4, z= 5. Ta xét 3 truong hop sau diy.
-Cé C? cach trao cho Hing vi Hdu phin thuéng gom 1
quyén sich mén Toén va 1 quyén sach mén Vit li. C6
10!
4150
- C6 C? céch trao cho Hing va Héu phén thudng gom 1

——_ céch trao 10 phin thudng con lai cho 10 ban con lai.

quyén sach mon Toén va 1 quyén sich mén Héa hoc. Co

100 L
33151 cach trao 10 phan thuéng con lai cho 10 ban con
lai.

- C6 C? céch trao cho Hing va Hdu phin thuong gém 1

quyén sach mén Vat li va 1 quyén sach mén Héa hoc. Co

10! )
314131 céch trao 10 phéan thudng con lai cho 10 ban con
2 3 10! 3 10!
lai. Vay cé C;. 4|5' +C,. 32150 +C5. 34130 =60900

cich trao thuéng sao cho Himg vid Hdu nhén dwoc phin
thudmg giéng nhau.

Theo ban, Ioi gidi cia ban ndo ding? Léi giai ciia ban
thé nao!

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Béc Ninh)

TOAN HOC
: C'l'ué'i(t?;é 47
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PHUONG PHAP

GIAT TOAFL

Phwong phap hé s6 bét dinh ding dé gidi céc bai
toé.'n chimg minh bit d?mg thirc va tim gid tri lon
nhat, gid tri nho nhét kha higu qua. Dac biét 1a danh
cho cdc hoc sinh chua hoc dao ham, chua ¢6 cong cu
mi_}nh dé khao sat sy bién thién cia ham sd, chua
biét cac phuong phap tiép tuyén, ham 154, ... dé danh
gid ham dai dién thi hé s bat dinh la phuong phap
kha don gian dé tiép can bai toan, ngay ca véi cac
em hoc sinh trung hoc co so. Bai viét trinh bay 2
cach tiép can:
« Thir nhét 14 tim hé sb bat dinh dua vao du doan diu
ding thirc xay ra két hop v6i viéc tach nhan tur, bang
phuong phéap bién @i twong duong, dua vé bit ddng
thitc ding (cac dang binh phuong); O diy, tac gia
van dung so 36 Hoone dé tach nhan tir dugc tién lgi.
« Thir hai 12 tim hé s& bit dinh trong viéc dp dung
céc bit dang thirc thong dung nhu BDT trung binh
cong - trung binh nhdn (BDT Cauchy), BDT
Schwarz, ... théng qua viéc phan tich, xit 1i déu "
xay ra ... Tir 46 co sy thém bét, tach ghép cac sb
hang mdt cach phu hqp dé di &én 15 glal dung
1. Sir dung h¢ sd bét dinh dé tim bt ding thic
dung
Y tuwéng. Ding hé so bat dinh, két hop voi bién dbi
twong duong (dua v& binh phuorng dlng), thong qua
so dd Hoocne d& tim modt bat déng thirc dung ding
dé danh gia biéu thirc dai dién va gid thiét cia bai
toan.
Nhéc lai so @ Hoocne (Horner 1786 — 1837) dé tinh
cac hé sé ciia da thirc thwong va du cia phép chia
fO)=a,x" +a, X" +...+qx+a, cho (x—a)
nhir sau:

| == a, a, . | G2 | 4 )
4 b, B, bya | - b by
trong do: b,=a,
bn—l = a.bn +a -1

bn_z = a.bn_l + an_z

bo = a.bl +ao.

soup it soaapm el st roladrolig mie
ctfmyLdhitatr, o my e e ol o

TRINH BA
(GV THPT chuyén Hoang Lé Kha, Tdy Ninh)
Khi d6: f(x)=(x-a).g(x)+r, voi thuong la
g(x)= b,,x"’1 +z‘),,_1,xr"'2 +..+b, vadula r=b.
Néu x=a 1a mot nghiém cha f(x) thi r=4, =0.
Thi du 1. (Trich d& thi HOMC 2015). Cho cdc 56
thue a,b,c,d thda madn at +b% +c* +d* <12, Xdc
dinh GTLN ciia biéu thirc
M=4a+b ++d°)—(a* +b* +c* +d%).
Léi gigi. Ta co x*(x—2)" 20 véi moi sb thyc x.
Bit ding thirc nay duge viét lai 4x° —x* <4x®. Suy
ra: (4 —a*)+ (46 —b*)+ (43 —c*) + (4d° —d*)
<Ma® +b* +c* +d*)=48.
Ping thic xay ra khi
(a,b,c,d) €{(2,2,2,0),(2,2,0,2),(2,0,2,2),(0,2,2, 2)}.
Do d6 max M = 48.

Binh lugn. Trong bai toan trén, ta thay méu chét ciia
16 giai 1a xudt phat tr bat déng thic ding

X (x—2) >0, v&i moi sb thuc x. Tai sao lai tim ra
bit ding thic d6? Ta thdy M c6 dang
f@+fB)+fe)+f(d) voi  fx)=4x —x".
Trong khi gia thié't'lai cho a*+b +c* +d* <12.
Nhu vdy néu ta mudn tim max M thi ta cdn daoh
gia f(x) theo kx*, véi k 1a hé sb phi hop cén tim.
Néu dé y ta c6 thé viét lai
Fx)=4x —x* = —(x* —4x%)
=—(x* —4x® +4x%) + 4x? < 4x?,
tic 1a k=4 1a gia tri ciia hé sb bt dinh & ma ta
mudn tim, O trén, nhd cong thirc f(x) gin véi khai
trién c,>1'1a mdt L:ninh phuong tong nén ta dé dang thém
b6t s6 hang cin thiét. Mot cach cu thé hon, ta cdn
tim sb thyc k sao cho 44’ —a* <ka*,VaeR
o at (@ -4a+k)20VaeR= k=4,

Thyc ra bt ding thirc ndy ding v&i moi sb thyc

k>4 nhung ta chon k=4 @& dam bao déu "="
Xay ra.
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Thi du 2. (Trich d& thi HOMC 2014). Cho
ay,dy,0, 0y 2 =1 va af—l-a; +...+a§ =0. Xdc dinh
GTLN ciia biéu thic M =a, +ay +...+ a.

2
Léi gidi. Vi a> -1, tacd (a+1)(a-%) >0. Suy

ra a3—%a+%20c>3as4a3 +1L,Va>-1.

Do do
Mo +a,+..+a) 4@ +a& +..+a))+9=09.
Vay M <3. Ding thirc xdy ra khi

a,a dg € ”—1 '—l
12925549 E) &
1

Vi duy, ta chon g =—1,a2=a3=...=a9=5, thi

3 3 5
al +az+...+a:93=0 va M=al+a2 +-..+a9=3.
Do d6 max M =3.
Binh lu@n. Loi giai trén xult phat tir mot bit déng

2 W
thirc dung 1a (a+1)(a——%} >0, tir 6 suy ra danh

gia 3a<4a’ +1,Va>~1. Vay lam sao tim duroc bit
dang thirc nay? Dé tim gia trj 16n nhét ciia biéu thirc
M=a +a,+...+ay, v6i dicu kién cua gia thiét 1a
a;,ay,....,d9g > ~1 va a +a +..+d =0 thi ta phai
ti‘m mQt danh gia cé d,ang‘ a<ma +n, vﬁi m, n la}
hang s6 phu hop, sau do 1an lugt thay a bang céc s6
g;,i =1,9 va cong cac bét ding thirc d6 lai véi nhau.
Vén dé 13 tim hé s m, n nhu thé nio? Ta cin tim sb
m,n sao cho
a<ma®+neomad —a+n20Vaz-1. (1)
Ta du doan ding thirc x4y ra tai a=-1, c6 nghia
a=—1 13 mdt nghiém cua vé trai, hay f(-1)=0,
véi f(a) =ma’ —a+n. Ta ding so dd Hoocne dé
tinh f(a) va dé phan tich vé trai thanh nhén tir nhu
sau:

m 0 =1 n
—1 m_| —m m—1 -m+n+l
Tur d0, ta co:
(1) & (a+1)(ma* —ma+m-1)20,Va> -1
ﬁm(a+1)(az—a+f?———-l-)20,\/a2—l. 2
m

4 ;1AL 4l 5 o , A A
Muon c6 bat dang thirc cubi ludén ding ta can tim so
m duong sao cho

TOAN HOC
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m Z ~

-m+n+1=0 n=

Khi d6 ta c6 bét ding thirc cin tim 1

as-;-‘-a3 -Fé—<::.‘>3:tzs4a3 +1,Va = -1,
Bit dang thic ndy ding vi né twong duong vgi
(a+ 1)(51 —EIWJZ >0 (nho ta phén tich ¢ (2)).

Thi du 3. Cho a, b, ¢ ld 3 56 duong thoa man
a* +b* +c* =3, Chimg minh rang
1 ] ]
+ +
2-a 2-b 2-¢
Phin tich. Bit ding thirc cAn chitng minh cé dang

f@+f(B)+ f(c) 23, véi f(x)=5—_l_—;- Ta cén

danh gia f(x) v&i mx?+n. Cu thé 12 tim hai hing

3.

s& m,n saocho f(x)> mx? +n. Hay

> 2mx2+n®12(2—x)(mx2+n)
-X

Mid*+b?+c? =3=a,b,c<2)

3—nx

’ §:>n1x3—2n1,)c24:nx~2n+120.

Ta thay, ddu "=" & bat ding thirc cAn chimg minh
xdy ra khi a=b=c =1, nén ta dy doan ddu bing &
bt ding thirc cubi xay ra khi x=1. Va dé tim 2 sé
m,n sao cho bt déng thic cudi ding, ta c4n bién
ddi bAt ding thtc d6 twong duong
(x=1)*(px+¢)=0. Ding so d5 Hoocne dé phan
tich thanh nhan tir nhu sau:

<12 2mx? +2n—mx

m —2m n —2n +1
1 m —m n—m -m—-n+1
1 ™ 0 n—m -2m + 1
Ta cin c6:

1-2m=0 ) 1

n=—

1
{—m-n+l=0 m=-2—

L8]

Khi d6 bét ding thirc cAn chimg minh twong duong

1 .
(x-1y’ %20, diing v6i moi x> 0.
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Loi  gidi.
1

1
_.2__.;>2x +E voi moi x théa min 0<x<2.(*)

That

Ta chimg minh bit dang thic

vay, bét dz'ing thitc trén  tuong
duong (x—1)* x>0, ding v&éi moi x thoa min
0<x<2 Do a, b, c 1a 3 s6 duong théa man
a+b*+c* =3 nén O<a,b,c<+3<2.

Ap dung (*) cho a,b,c¢ ta co:

1 1, 1
e e
2-a 2973 )
1 1., 1
—2—b+= 2
2 5°27 %3 @)
11,1
LN 3
7 2213 3)

Cong (1), (2), (3) va thay a*> +b* +c* =3 ta duge
bét dang thirc cin chimg minh.

Thi du 4. Cho ab,c la 3 s6 thuc théa mdn
x+y+z=3. Tim GTNN ciia biéu thirc

P=l2x® £d24 ) 42425

Phan tich. Ta cin tim hai hé s6 m,n sao cho

N2+x' 2mx+n,VxeR

Néu mx +n <0 thi BDT (1) hién nhién ding.
Néu mx+n>0 thi

(D

(1) & 2+x" 2 (mx+n)
o xt —mPxt = 2mnx+2-n* 20.

Ta cén phan tich

xt —m*x? —2mnx+2-n’ =(Jc—1)2 (m‘:2 +bx+cJ.

20

Dung so d Hoocne dé phéan tich nhan tir ta dugc:

1{0| —m? —2mn 2-n*

Vil d=-m | 1-m

—2mn | 3-m*—n* -2mn

3-—m? | 4-2m" —2mn

Ta can ¢cd

3—-m*-n*-2mn=0 m+n) =3
=
4-2m* -2mn=0 m+mn=2

~1
i == +‘/— Fl——3 n--:/.'g_'
f—g v :
(m+n) 2 2 -2
m=— |m=—4

NG

(¥S)

Chon (m; n) = [%,%J Khi d6 ta dugc bat ding

2
thie V2+x* 2 —x+—
B I

<:>(x—1)2 [xz +2x+§}2 0,vxeR.

,VxeR

Ldi gidi. Ta chimg minh bét déng thirc

2+ x* ZTX+\/_

That vay, néu —=x <0 thi bat dang thirc (2)
T
hién nhién dung.

VxeR. )

1
éu —=x+—=20 thi
V3

7
JH_IHT

Viy (2) dugce chimg minh.

(x —1)2(;8 +2x+§]20,Vxe]R

Ap dung (2) vé6i x,y,z taco:

V2+x? sz+\/1_ vxeR. 3)
\/2+y4 2%y+—\/1?,VyeR @)
V2+z* z-j_—z+71_3—,VzeR (5)

Cong ba bét ding thirc cing chidu (3), (4), (5) ta
duoc

P=\/2-|-Jc4 +\[2+y4 +\/2+z

:>P>T 3+3=33.

Vay minP=33 khi x=y=z=1.

Sau ddy ta xét 2 thi du vé bai toan khong c6 didu
ki¢n rang bude cho cic bién nhir cc thi dy trén.
Nhung néu biéu thirc cho trong dé bai ¢6 tinh thuin
nhit thi ta c6 thé &3t ra didu kién rang budc nhu cac
bai toan trén.

Cho biéu thic f(a,b,c) théoa min tinh chét
f(ta,tb,1c) =1 f (a,b,c),¥t € R thi ta néi fc6 tinh
thudn nhét. Khi d6, khong mét tdng quét ta chi cin
xét bai todn thoa min didu kién a+b+c=k hay
abc =k.

Thi du 5. Chig minh rang véi moi sé thue a. b, ¢
khéng dm ta co bat dang thire

3
J_(x+y+z)+\/§

TOAN HOC
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(b+c+2a)P  (c+a+2b) (a+b+2c) <
(b+c)* +2a° (c+a) +2b6* (a+b) +2c°
Phén tich. Day 13 bt dang thic thuin nhit theo 3
bién sb a, b, ¢ nén khong mit téng quat ta gia su
a+b+c=3.Khid6 bt déng thirc da cho tré thanh
(3+a)? (3+5)2 (3+c)?

3¢ -6a+9 362-6b+9 3 —6c+9
Vé tréi cia bit ding thirc ¢6 dang;

2
f(@)+ )+ 1), v6i fx)=—CFD_
Ix*—~6x+9
Nhu vdy ta cin dénh gia

3+ x)?
Fn=-E+2
3x°-6x+9
Vi m,n 1a 2 hé s0 thich hop. Chu ¥ ring ta chi cin
chimg minh bét nay ding véi moi s§ thyc x thoa

<nmx+n,

méin 0 < x <3 vadudoan diuy "=" Xdyratai x=1.
s (3+x)?
Khidé f(x)= Smx+n
7 3x* —6x+9

< (3+x)” S (mx+m)(3x* —6x+9)

S xt+6x+9< Inoe —6mx? +9mx+3nx? —6nx+9n

& 3md’ +(—6m+3n—-1)x’ +(Om—6n-6)x+91—-9>0.
Ta cén phén tich vé tréi & dang (x—1)%(px+¢)>0
va chimg minh bat ding thirc nay luén ding vi moi
xthoamin 0<x <3, Dung so d6 Hoocne phén tich
vé tréi ta co:

3m —6m+3n-1 I9m—-6n-6 97 -9
11 3m -3m+3n-1 6m—-3n-17 6m+6n-16
1 Im In-1 6m -8
_ 4
Tachn o {67 67=16=0 =3
a can co
6m—-8=0 4
n=—
3

Nhu vy ta c6 bat ding thirc sau ding véi moi x thoa
_G+x) _4 4

3x?—6x+9 3 3

Léi gidi. Vi bt ding thirc da cho c6 tinh thuin nhét
nén khéng mét tinh tdng quat ta xem a+b+c=3.
Khi d6, bét déng thirc da cho tr& thanh

min 0<x<3:

(3+a) (3+5b)y (3+c) <8 (1)
30" ~6a+9 36 -6b+9 3c’—6c+9
Ta chitng minh bét déng thirc

TOAN HOC
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2
—M—Six+i, voimoi 0<x<3 (2)
3x2-6x+9 3 3

2
3x°—6x+9 3 3

< (x-1)*(4x+3)>0,Vx: 0< x < 3.

Vay (2) dang. Ap dung (2) cho cac sé khong 4m
a,b,c voi a+b+c=3 ta dugc

That vay

2
3a—6a+9 3 3
2
Gty 4, 4 ”
3b°-66+9 3 3
2
3¢"=6¢c+9 3 3

Cong (3), (4), (5) vé theo vé ta duoc
(3+a)* (3+5)° B+e)
3a’—6a+9 3b*-6b+9 3¢ —6c+9

s~:-(a+b+c)+4=8.

Déu ding thirc xay ra khi a=b=c=1. Vay (1)
duoc chimg minh.
Thi du 6. (Japan 1997 — Olympic 30/4 16p 11 nim
2006). Chung minh rc?ng V6i cdc s6 thurc dwong a, b,
c ta cé bat dang thirc
a(b+c¢) b(c+a)
2 2 2 2 2 7<7- (D)
a +(b+c)y b +(c+a) ¢ +{(a+b)” 5
Phén tich. Vi vé trdi ctia bat déng thirc (1) c6 tinh
thuan nhét theo 3 bién a, b, ¢ nén ta chi cin chitng
minh (1) trong diéu kién a+b+c=3. Khi d6 ¢}
tré thanh
a(3—a) b(3-b) c(3-¢)
@ +@B-a) B +@B-p)? &2 +(3-c)?

cla+b) 6

6
< O

Ta thiy (2) ¢6 dang F@+ £+ f(c) sg véi

3-x)

(1) =

7@ x4+ (3-x)?

Ta chn tim 2 sb m,n sao cho
X3-x)

< e
G nx+n <= x(3-x)

S (mx+n)(2x* —6x+9)
& 3x—x* <2mc —6me® +9mx + 2 — 61mx+- 91
< 2mx’ +(—6m+2n+1)x" +(Om—6n—-3)x+9n >0, 3
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Ta thdy déu ding thic trong (2) xay ra khi
a=b=c=1 néz} dau ding thirc trong (3) xay ra khi
x=1. Do d6, d¢ ching minh (3) ding, ta cAn phan
tich (3) dudi dang (x—1)*(px+¢)>0 va ching
minh bét déng thirc ndy ding véi moi x théa min

0 < x < 3. Dung so &5 Hoocne dé phén tich nhén tir
ta co
11 2m | -6m+2n+l | 9m—-6n-3 9
1| 2m | -4m+2n+1 | Sm—4n-=-2 Sm+5n-2
11 2m | -2m+2n+1 | 3m-2n-1
e 9
s Sm+5n—2= " 25
Ta cén tim m,n sao cho PR 0<:> =
Im-2n-1=0 1
25
A L A ) P J=
Viy ta ¢ bat dang thic Tx(_x)_z £ -9— =
x*+@B-x° 25 25
¥x:0<x<3.
Loi gidi. Vi vé trai cia bét ding thirc (1) ¢6 tinh

thuin nhét theo 3 bién a, b, ¢ nén ta chi cén chimg

minh (1) v&i diéu kién a+b+c=3. Khi 46 (1) tr¢
thanh

a(3-a) b(3-b) c(3-¢) 6
2 2 32 2 2 7<% @)
a*+(3-a)Y b +(3-b)° c+(G-0 5
Trudce hét ta chimg minh bét déng thirc
_x¥3-x) 9 ) vri0<x<3 @)

¥ +(B-x 25 25
Thét vy, ta co
_xB-n ® 1
2+03-x 25 25
& 25x(3-x) < (2x* —6x+9)(Ox +1)
o (x— 1) (2x+1)=0.
Bét déng thirc cudi dung voi moi x duong. Do @6 (4)
duge chimg minh. Ap dung (4) v6i a,b,cla 3 sb
duomg ta cd:
a(3—a) < 2_0 1
a+@3-a) 25 25
_esh 9, 1
¥ +(3-b" 25 25
———26(3ﬂc) =5 ic+-1—
¢ +(B-¢c) 25 25
Cong (5), (6), (7) vé theo vé ta durgc:
a(3-a) b(3-b) c(3-¢) < 6
a+G-a)l B +(3-bF F+@-c¢)f 5
Viy (2) ding, nén (1) dugc chimg minh.

&)
(6)

™

Ngoai ra phuong phap hé s bat dinh con dugc ding

két hop véi nhitng bat dang thirc thong dung khac

nhu BDT Cauchy hay BDT Schwarz dé giai cac bai

toan chémg minh bit ding thicc im gia tri 16 nhét,

gia tri nho nhit. Ta xem céc thi du sau

2. Sir dung hé s6 bét dinh trong viéc ap dung céc

bat d:?mg thirc thong dung.

¥ tieong. Thém hé sb phi hgp dé dam bao ddu "=

trong céac bat dang thirc dugc dp dung xay ra.

Thi du 7. Tim gid tri nho nhat cua biéu thirc
A=2x+ —-——1

xy(x—y)
Ta xem loi gidi sau:
Ap dung BDT Cauchy ta c6:

voix>y>0

A=2x+ =x+(x-y)+y+

(x-y) xy(x—y)

>44x(x-Y)yp———=
- o(x—y)

Diu ciia ddng thirc xay ra khi va chi khi

-

xy(x=y)

Hé phuong trinh trén v nghjém nén khdng co ding
thitc xay ra. Loi giai trén da sa1

. Bay gitr ta ta thém hing sé k,0<k<2,vao aé
khéc phuc tinh hubng trén nhu sau

X=x—y=y=

A=2x+

=loc+(2~kXx—y)+Q2-k)y+

1
Ax—Y)
va tim k bing cach xét dén du ding thic xay ra khi
ap dung BDT Cauchy la

x—y)

1
be=(2-k)x-y)=Q-k)y=—""—
xy(x-y)
2 Y6
=k==,x=%6, y=—"—-
3 \/—y 2
Tir ddy ta c6 161 giai dung nhur sau:
Ap dung BDT Cauchy ta cc'r
1 2
A=2x+—m—=— (x y)+4y S
p(x—y) (x—y)

3773
244 8

24/—__=
3°373 3‘[—

’ v 4
Dau ding thirc xay ra khi x=§‘/€;y=£. Viy
> :

min 4 =§Q/€

Bai toan 8. (Trich ad thi Olympic 30/4, 1996, lép
10) Chirng minh mng vor 0 € x

thirc _\’(9\/1+.\‘ +l3\/1 —x ) <16,

<1 ta ¢é bdt dang

TOAN HOC
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Phén tich. Vi & 16p 10, hoc sinh chua dt’rqc hoc dao
ham nén khong thé khao sat dugc sy bién thién cua
ham sé & vé trdi cia bit ding thirc duge. Do d9, ta
4p dung céc bit ding thic dé dénh gid vé trai. Bt
ding thitc d4 cho twong dwong véi

9xv1+x2 +13xv1-x* <16.

Lic ndy ta thiy c6 thé dung BDT Cauchy dé danh
gia tr tich sang tdng. Mot van d& kho khin dit ra 13
ta chua biét khi ndo diu "=" xéy ra; Viéc tim déu
ding thirc x4y ra cling gip khé khin khi phai di giai
phuong trinh v6 ti 9xy1+x* +13xy1—-x? =16.

Béy gi0 ta thém vio 2 s6 duong m va »n nhu sau

9x\/1+x2 +l3x\/1—x2 =2.mx. 1+x* +E.nx. 1-x%.
m n

Khi 6, 4p dung BDT Cauchy ta c6:

9
—mxA1+x* < i(mzx2 +1+x%)
m 2m
13
—nxall1-x% < —li(nzx2 +1-x%)
n 2n

Cdng hai bat dang thirc trén ta dugc

9

— mxAl+x? +—1-§.n.x. 1-x?
m n

Si(mzx2 +I+Jc2)+1—3—(1112x2 +1-x7).
2m 2n :

Ta cin tim 2 sé duong m,n sao cho vé phai cua bit
ding thic cubi khong phu thuée vio x, ddng thoi
ton tai x dé ddu "=" xay ra va tdng céc sé hang tur
do & vé phai bing 16. Vay ta c6 hé sau:

(9 9 13 13
—m+—+—n——=0

2 2m 2 2n

m*x* =1+ x*

{ n*x* =1-x*

9 +—1—3—=16

L?n; 2n
(
9[m+—1—)+13(n—lJ =0
m n

-1)x2 =1

it
(n2 +1)Jc2 =1
9—;—:32n—13

Vitdn tai x néntir (m* —Dx* =1 va (7 +1)x* =1

suyra m*—1=n*+1 hay m* +1=n*+3 va

5~ TOAN HOC

r d
o at.w - -—ea - . -

241 1—n?
9[m+iJ+13[n—l]=0®9m LT Lk
m n m n

n _ _ 2
c:»9;(m2+1)—13 1342

Thay m?+1=r?+3 vd 92 =32n-13 vio ding
m

thirc cubi ta duoc
(32n-13)(n* +3)=13-134"
& 81 +24n-13=0
& (2n=1)dn* +2n+13)=0

I
Sn=—-
2
Véi n=%, thay vio m’+1=r’+3 ta dugc
3 ar g2 . s -
m =—:>m=5- Khi d6, dang thirc xay ra tai
B il 1 4 25
= = =—x=—

m -1 n*+l 5 5
Ta c6 161 gidi cho bai toan nhir sau:

Ldi gidgi. Ap dung BDT Cauchy ta co:
9xv1+32 +13x1- 22 =6.%.\Il+xZ +26.§. 1-x*

<3 2x2+1+x2 +13 "—2+1—x2 =16
4 4

9x?

Déu "=" xay ra khi ?

=1+x?

Thi du 9. Cho céc sé thue x, v, z > 0 thoa mdn

1 1 1 .

—+—+—<1. Tim GTLN cuia biéu thic

x y z

- 1 1 1

= + + "
V2x+y+z x+\V2y+z X+y+2z

Phan tich. Ta 4p dung BPT Schwarz nhur sau dé

giai bai todn trén;

Véi x,y,z 1a céc s0 thuc thy y v a,b,c 14 cic sb

P

2 2 2 2
thuc duong, ta co: £_+y_+z_2_(f+y_+z_)_
a b ¢ a+b+c
Cht y d4u bang Xy ra khiva chikhi =2 - 2.
a b ¢

Ta xem Idi gidi sau. Ap dung BDT Schwarz ta co:
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L.}_l.kl) 9 .
\Ex Yy 2 \ﬁx+y+z’
1 1 1 9

-+t .
X 2y z x+2y+z
LIGLINE -
x y 2z x+y+\/§z

Cong ba bit ding thirc trén ta dugc
11 1 1
| —+—=+—|+2 l+l+l 29pP
V2 ix y z xX y z
1
:>9P<——1+21 24—
7z )
2 1
D> PL—+——-
9 92
, 2 1 P Tt
Do d6 max P=—+——="- L&i giai trén mic sai lam
9 52

vi ta khong thé tim dugc gid tri cia x,y,z thoa dé

ddu "=" xay ra. Chu y ta cin thém hé s k vio sb
1 k2 (k+1+1)

hang —— nhw sau: +—+— ——

i J2x $2x v z V2x+y+z

Va dy dodn diu bang xdy ra khi x=y=2z=3 (v
biéu thitc P ¢6 tinh ddi ximg d6i véi x,y,z). Ma diu
bing trong bét ding thirc cudi xay ra khi

k1.1
J2x y z = k=42
x=y=z=3

Tir d6 ta c6 15i giai cho bai toan trén nhu sau:
Ap dung BDT Schwarz ta co:
27 WZ+1+1? (2420
+——+—>
\/Ex y z s/—x+y+z \/ix+y+z
,_(f2+2y
x+J_y+z
+J_ (2 +2)

1
y 2z x+y++2z
Cong ba bt d{m re trén ta dugc

2+2(x " z] \/—+2)

= P<

lJ'
x\/_

1
—+
X

2+2

Viy max P =

1
- khi x=y=z=3.
V2+2
Thi du 10. Cho x, y, z la 3 sO dwong théa man
x+y+1=2z Tim GTLN cua biéu thirc

P= Xy

(x+yz)(y+zx)z + xy)

Léi gidi. Ap dung gia thiét dé bién dbi bidu thic P
nhusau: x+yz=z-y-1+yz=(z-1)(1+y)

Y+zx=z—x-1+xz=(z-1)(1+x)
z+xy=x+y+l+xy=(x+1)(y+1).
Do d6: (x+y2)y +zx)z+xy)* =(x+ 1P (y+1(z=1)%
Ciing tir gia thiét x+y+1=z suyra z=1=x+y.
Khi 6 (x+yzXy+ 2}z +xp) =(x+1) (y+1)’ (z-1)°

=(x+1D)(y+1)’ (x+ ).
Nhu vy
x3y3 x3y3
T+ DD () T (41 (y+1) 4xy
x2y2
TG+ (y+1)’4
Ap dung BDT Cauchy ta c6:

. 3
(x+1)’ = 2241 2|3 }—.i.l =2-x2;
2 2 2 2 4

2 27
Y Yy 2
1) = =+=+1 33=.=.1
v+’ (2 2 J [ 272 J 37
x* y X y _ 4
Suyra: P< .
4 (x+1)’(y+1)4 2‘: 2 247 2 4 729

4
Véy maxP=—— khi x=y=2z=5.
%) 7

x2y2

Binh lugn. Khi bién ddi dén P < '
m uan 1€Nn dol (x+l)3(y+l)34

2

ta cin danh gid

<k, v6i k 14 hing s nio
(x+1)

d6. Hay ta cin tim s§ k sao cho (x+1)* > k?, dén
day thi don gian i ta chn c6 ddu "=" xdy ra tai
x=2 (do ddu bing xdy ra & bit ding thic trudc

d6). Nhu vy, ta cé (2+1)° = k22 = k = 277.
Do @6, ta cin chimg minh bét ding thirc:

X
27 x+1) 2
xt 2= ol —— | 2| 22
()2 ( 3 ] 2
BDT cubi ding do BDT Cauchy.

(Xem ficfp trang 39)

hop3w3rg

OﬂN HOC

https [t

S§ 499(1-2019)




NHA XUAT BAN GIAO DUC VIET NAM
NHA XUAT BAN GIAO DUC TAI TP. DA NANG

Pia chi: 771 Nguyé&n Hiru Tho, P. Khué Trung, Q. Cam Lé, TP, Da Nang
Dién thoai: (0236).3787877 - Fax: (0236).3787368

, S

5
0 N V";‘ﬂ"’:" *-\‘i
T O T ey
b 7/'

0.4‘/2*.

¥ o e

JHANK ENOC
ANIKHANG
ITHINH,VUONG

ISSN: 0866-8035 Giay phép XB s6 510/GP-BTTTT cép ngay 13.4.2010
Chi sb: 12884 In tai Xi nghiép Ban dé 1 - BQP Gia: 15,000 adng
M3 so: 8BT1MI In xong va nép lwu chiéu thang 1 ndm 2010 Muor fara nghin ddrg





