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k Quyén 1. 300 trang, khé 1926,5 cm. Gia bia: 58.000 dong
% Quyén 2. 252 trang, khd 1926,5 cm. Gié bia: 48.900 déng

Quyén 3. 252 trang, khd 1926,5 cm. Gid bia: 48,900 déng
% Quyén 4. 200 trang, khé 19%26,5 cm. Gid bia: 39.500 déng
© % Quyén 5 240 trang, khé 19%26,5 cm. Gid bia: 42.500 dong
- % Quyén 6.224 trang, Kkhé 19%26,5 cm. Gia bia: 45.000 déng

TUYEN CH

: N THEO CHUYEN DE
CHUAN B CHO K1 T T0T NGHIEP THPT VA THI VAO BAI HOC, €AO pANG MON

‘[ 6 sach c6 hai tapzom 10 chuong véi nhiéu
chuyén dé dudc tuyén chon tir cac bai viét
Clia cac thay cb giao gidl chuyén mon va c6 kinh
nghiém gidng day trong €& nutc, dugc sap x€p
theo dung th( tu trong Cau trac dé thi tuyén sinh
Dai hoc, Cao dang clia Bo ido dyc va Dao tao.

N THEOD CHUYEN DE

e 1P SN S0 A

Phan cusi méi cudn gidi thidu mét s6 dé tytluyén va

c6 hudng dan giai. e e e
260 trang, khd 1724 cm. 240 trang, khé 17x24 cm. .
Gié bia: 46.000 dong. Gia bia; 44.000 déng.

Moi chi tiét xin lién hé:
TAP CHIi TOAN HOC V7 TUOI TRE
Tang 12, téa nha Diamond Flower, sé 1 Hoang Pao Thuy, Thanh Xuan, Ha N0|

PT-Fax Phat hanh, Tri su: (024)35121606
Email: toanhoctuonrewetnam@gmalI com
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DPinh Iy Pythagore la dinh ly dugc dp dung cho
céc tam gidc vudng hét stc quan trong caa hinh
hoc Euclid. Vi tir d6 ngudi ta cd thé tinh todn
dugc khoang cach cua hai diém bat ky trén mit
phing toa dg. Cho 16i gir ¢ rat nhiéu céch chimg
minh dinh 1y Pythagore khac nhau. Trong do co
moét cdch chimg minh dinh ly Pythagore kha dep
cia mot nguoi My d6 la James A .Garfield
(1831 - 1881). Céch chitng minh dé nhu sau:

Bai toan 1. Cho hinh thang vuong ABCD

(AB Jf CD, AD la canh bén vudng goc voi day)
va AB+CD = AD. Trén canh AD ldy diém M sao
cho AM=CD. Dd BM=aqa, AM=b; AB=c.

]

Chirng minh: a b-
Chirng minh. Ta c6 AABM = ADMC (c.g.c).

Suyra MB=MC va BMC=90" 4_c BN

nén AMBCla tam giac vudng
can. Do do
S =28 amm + Same

(b+c) _2%c, a
=
2 2
Nguoi viet bai nay da tim ra lop lop bd ba
Pythagore tir bii toan sau day:
Bai todn 2. Cho tam giac ABC vuong tgi A. Dat
AB=c: AC=6:BC=ag (a>b>c>0).

o+l =d c

Chirng
(ck)* (k>0, keR).
Chirng minh. Ap dung dinh ly Pythagore, ta c6
k* (k>0.keR),

.ri ib
(ak)? = (bk)? +(ck)? & E

Tir bai todn 2 ta cd lép cdc bd ba Pythagore nhur
sau: Cir ldy mot bo ba Pythagore ching han
(3:4;5) ta nhan véi mdt s k (k > 0; k thude tap
hop s6 thwe R), ta s& duge bd ba Pythagore khéc:
2 (3:4:5): (6;8; 100, {91 2:15): (15:20525) ..o coonis

minh rang (ak)™ = (bk)™ 4

a® =b* +¢*. Nhan hai vé voi

ta co:

AP DRNG BJNH Ly PW#AGGRGE’

NGUYEN VAN
 (GV THCS Vinh Hung, Phii Lic, Thira I?!fén Hué)i.

. (5 12 13); (10;24;26); (15;36:39); (20;48;52); .

« (7;24:25); (14;48;50); (21;72:75); (28,96,]00)...
Sau day la mot sé bai toan ap dung dinh ly
Pythagore;

Bai todn 3. Cho tam giac

ABC. Tir mot diem M
bét ky, goi My; My, Ms lan lwot la hinh chiéu cia
diem M trén canh AB, BC, CA. Chirng minh dang
thire AM® + BM,> + CM5> = AM;> + CM,2 + BM%.
Chirng minh. .

a) Truong hop M nam o bén

My
trong hinh tam gidc: s h
Ap dutig dinh 1y Pythagore ta 3

- # P 2 2 Ml e
cOiAM," + BM," + CM,

SUM? - MM? + BM? — MM,? + CM? — MM,?
b = AM? — MM,? + BM? — MM}? + CM? - MM}

= AM? + CM,* + BM,”.
b) Truong hop diém M tring
vai mot dinh cia tam gidc:
Gia st M tring voi dinh A,
(khi do6 M, 4, M), M, tring
nhau). Ta co:

AM? + BM,? + CM;?
=0? + BM,” + AM,* + CM,’
= AM3? + CM,* + BM%.
¢) Truong hop diém M ndm trén mét canh cia
tam gidc: Gia st M thuge AC khi do M = M;.Ta

A(M: M M)

M, C

co AM? + BM," + CM,? s
=AM - MM M)
+MB? — MyM? + CM3
M, C

=AM +CM,? + BM,
d) Truong hop diém M nam
ngoai tam gidc:
Ap dung dinh 1y Pythagore ta
co:

AM? + BMy? + CM;}
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= MA® - MM? + BM? — MM, + MC? - MM?

= MA® — MM® + MC* — MM,® + BM® — MM?
=AM+ OM, + BME

Bai toan 4. Trong khing gian cho bu tia chung
goe Ox, Oy, Oz sao cho \?31 =90°, _b:-52 =120°,
xOr = 60", z’.zfr:!-‘ ba diém A, B, C thuic ba tia Ox,
Oy, Oz sao cho OA=0B =0C =a. Chimg minh
AABC la tam giac vuong.
Chirng minh. D& thiy AOAC
la tam gidc déu nén AC =a.
Suy ra A =a® H)
AOAB la tam gidc vudng cdn

nén 48° =247 (2)
Vi AOBCcan tai O, ¢

BOC=120"ta ciing tinh duoc 5y
BC? = 3d°, (]
T (1), (2), (3) suy ra:

BC? = AB® + AC* = 24" +a* = 34",
Vay A4B8C vudng tat A. (Dinh li Pythagore dao).
Bai toan 5. Cho AABCvuong tai A, AH L BC
(H thuge BC). Ldy mér diém D nam gitta A vér H.
Trén tia doi cia tia HA ldy diém E sao cho
AD = HE. Pucmg thing vudng goc voi AH tai D
cit AC tai F. Chieng minh BE | FE.
Bai toan nay co nhiéu cach giai. Nguoi viét bai
nay co mot cach that ngin gon sau day:
Chieng  minh.  la  co i
AD=HE nén AH =DE.
Ap dung dinh Ii Pythagore
tacd: EB® + EF?
= BH? + HE? + DE? + DF?
= AB? — AH® & AD? + AH® + 4F" — AD" = BF®
Suy ra AEBF vuong tai £. (dinh ly dao dinh ly
Pythagore) hay BE | FE.
Bai todn 6. Cho hinh vudng ABCD (AB =a), M la

mét diém bdt ki trén canh BC. Tia Ax vuéng goc
vii AM edit dieong thang CD tai K. Goi I I brung
diém cta doan thang MK, tia Al cdt duong thing
CD tai E. Chitng minh rdng khi M di chuyén trén
BC thi tam gidc CME luén ¢6 chu vi khéng doi.

TOAN HQC
* Cludilre
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Chirng minh. Ta co 2, = 2;

BN X; = cos ;IT
A8 AD a a
:> SRR S
AM  AK
= AM = AK = AAKM can
tat 4 = AE la duomg trung truc cua KM
(/K =IM) = EK = EM. Chuvicoa AEMC la:
EM + EC3+ MC = EK + £C + MC = KC + MC.
Pit MC=bh=BM=a-b Ap dung dinh li
Pythagore trong tam gidc vudng BAM, 1a co:
AM? = AB* + BM® = @ +(a - b)Y =2a° - 2ab +
KM? =4a® —dab + 27
KC? = KM? — MC* = 44° — 4ab + 20* —p*
= KC=2a-b
Viy chuvi AEMC 1a: KC+ MC =2a-b+b=2a.
Sau diy la mét s6 bai toan ap dung dinh li

Pythagore khac.
A
sl
B
"_

khi sgi ddy cham mat dat o
B (AB vudng goe voi mdt
dat) va con thira 2m. Kéo

Bai toan 7. Nguwoi ta treo
m
D 3

mot soi ddy o noc nha A,
——

thang mut dav cham mdt 6m

dat o C, biét C cdach B mot

khoang 6m. Tinh chiéu cao ciia néc nha so véi
midit ddr.

Bai toan 8. Cho hink chit nhéit ABCD (AB =AD).
Tir A ké AH viong gbe voi BD, AH kéo déi cdt
CD tai K. Trén tia AH ldy diém L sao cho AL
HK. Ké duong thing
viong goc vai AK tgi L g
dwong thang nay cit AB 5
tai §. Chung minh tir gidc
ASKD la hink chit nhgt. 4
Bai toan 9. Tink dién tich va chu vi hinh tam bia

i
43

nhu hinh vé
Bii todn 10: Cho tam giac ABC, co A =90" chu

A . AB AC i P
vi bang 36 va 5 = - Tinh do dai moi canh.

Bai viét nay da tdng hop duge mét s6 kién thire, mot
s6 dang bai tip dp dung dinh Iy Pythagore va da dua
ra céch tim céc 16p bd ba Pythagore. Rat mong ban
doc tiép tuc nghién ciru, mé réng vé vin dé nay.
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Hanoi Open MaY

ANSWER KEY

(Time limit: 120 minutes)

SENIOR SECTION
1. QUESTION

Instructions.
* Write down your name, your ID number and your
team’s name on the first page.
+ Answer all 15 questions. In Section A, each
question is worth 5 points. In Section B, each
question is worth 10 points. In Section C, each
question is worth 15 points. The total is 150 points.
There is no penalty for a wrong answer.
» For Section A (questions 1-5), circle the correct

answer A, B, C, D or E. For Section B [question_“'..‘_:
6-10), fill your answer in the space provided at-the

end of each question. For Section C (questions
11-15), write your detailed solution in ‘the space
provided at the end of each question. <"

+ Diagrams shown may not be drawn to-scale.

+ No calculators, protractors or electronic devices are
allowed to use.

+ Answers must be in pencil, blue or black ball-point
pen.

+ All papers shall be collected at the end of the test.

SENIOR SECTION
1. QUESTION
Section A. Circle the corret answer A, B, C,D
or E.

Q1. How many rectangles can be formed by the
vertices of a cube? (Note: square is also a special
rectangle).

A. 6. B. 8. C. 12 D. 18. E. 16.
Q2. What is the largest area of a regular hexagon
that can be drawn inside the equilateral triangle of

side 37
A 347 3.1-2‘{-3-- C. 245. D.%- h%

Q3. How many integers n are there those satisfy the
following inequality n* —n® —3n% =3n-17 <07
A4 B. 6. C. & D. 10. E. 12.
Q4. Let

a= 2+ +6)2+3-/6)

% (V3 +46 =V2)f6 +42 = /3).
b=(2 +\3 +5)2 +43 -+5)

x (V3 +5 =2)(/5 + V2 -3).

The d]t}ermuc a—b belongs to the set:
A. (—£324). B.[-4,0). C.{0}. D.(04]. E. (40).
Q5. The center of a circle and nine randomly

“selected points on this circle are colored in red.

Every pair of those points is connected by a line
segment, and every point of intersection of two line
segments inside the circle is colored in red. What is
the largest possible number of red points?
A.235. B.245. C.250. D.220.
Section B. Fill your answer in
provided at the end of the question.

Q6. Write down all real number (x, y) satisfying two
2018 2018 _ 5

E. 265.
the space

conditions: x2® + 2 =2 and x*+ y
Q7. Let {u,},., be given sequence satisfying the
conditions: 4y =0, u, =1,va u,,, =u, ; +2n-1 for
nz2.

1) Calculate wus.

2) Calculate g + 1y, 4 B
Q8. Let P be a point inside
the squarc ABCD such that b
PAC=PCD=17". Calculate

APB. )
Q9% How many ways of e
choosing four edges in a KeRsak,
cube such that any two 2

among those four choosen edges have no common
point.

S6 492 {6-2019?"31/’.58@%&%%9 3




Q10. There are 100 school students from two clubs
A and B standing in circle. Among them 62 students
stand next to at least one student from club A, and 54
students stand next to at least one student from club
B.

1) How many students stand side-by-side with one
friend from club A and one friend from club B?

2) What is the number of students from club 4?7
Section C. Write your detailed solution in the
space provided at the end of the question.

Q11. Find all positive integers & such that there
exists a positive integer n, for which 2" +11 is
divisible by 2% —1.

Q12. Let ABC be an acute
triangle with AB < AC,
and let BE and CF be the
altitudes. Let the median
AM intersect BE at point
P, and let line CP intersect
AB at point D. Prove that DE J/ BC, and AC is
tangent to the circumeircle of ADEF.

Q13. For a positive integer », let S(n), P(n) denote

the sum and product of allthe digits of n respectively _<qu
~uthe intersection of its two diagonals. Consider 9

1) Fill all value of » such that »n = P(n).

2) Determine all value of » such that n=S(n) +P.(?.t)..'. .

QI14. Let a, b, ¢ denote the real numbers st_t'é_h that
1< a,b,c <2, Consider o

T =(a—B)" 4 (b—c)™'8 f.(é"_—’.a‘r’“”“.
Determine the large possible value of .
Q15. There are n distinct straight lines on a plane

such that every line intersects exactly 12 others.
Determine all the possible values of n.

2. SENIOR SECTION’S ANSWERS AND
SOLUTION
Q1. Correct Answer C. There are 6 squares on 6
faces of the cube. There are 4 diagonals of the cube
that have the same length and pass through the
center of the cube. Every two diagonals intersect at
their midpoint, hence they form a rectangle. So,

4
there are 6+[2]=12 rectangles.

Q2. Correct Answer B. Suppose that the regular
hexagon H with side @ is inside the triangle
equilateral triangle with side 3. Then, the inscribed
circle of H is also inside the triangle, and its radius is

equal to 52—\6- On the other hand, the largest circle

4 Tcl)g?uggcc S8 492(6-2018)

in the given equilateral triangle is its inscribed circle

whose radius is % It follows that a <1 and the

answer is @_ = E-\@

4 2
Q3. Correct Answer A. We have (n +1)3 +16>n* 20,
Which implies n=-3. For nz 4 we have
nt —(n+1° 2387 =317 —3n—-1

212¢% =31* =3n—1=n(n—3)+8&" -1>16.
Hence, —-3<n<3. By directly calculation, we
obtain n=-1,0,1,2.
Q4. Correct Answer B. Note that

(x+y+z)x+y-zdx-y+z-x+y+2z)

2 =
=2(x*y? +y* 2 4 22 - xt -yt - A

We get a—b=2(2+3)(6-5)—6"+5" =-1.

In fact, we can also calculate a, b as follows: for
(I,J-‘,Z)=(\}'3,v'§,\"rg) we get a=23, and for
(6,3, 2)=2,43,45) we get b=24. Tt follows
that a'f%__b:‘=' -1.

Q& Correct Answer D. Remark that a convex
quadrilateral has exactly one intersection which is

z 42 9
points on the circle, which give at most [4] =126
intersections. Considering the center and three points

on the circle, there are at most [g]=84

intersections. So there are at most 126+8+10=220
red points.
Q6. If x* > 1 then X% > >1= )% <1=)7 > )™,

Thus ¥ + 17 > x* + ¥ (contradition).

2018 2018

Analogically, if Pl 08y _v2 <’ +y

(contradiction). Therefore X = }-‘3 =i}

Q7.

1) It is easy to see that 4, =1, 1; =3, uy, =6, us =10.
2) We can prove by induction that

u =£(—n-2—_-—p~ for every nz 1.

"

Therefore,

n(n-1) : n(n+1)
2 2

Thus, w59+t = 10000.

Q8. Let O(B, BA) denote the circle with its center B

and radius B4. Let O denote the point of intersection

=n’ forevery n=1.

U, U,y =

https://tieulun.hopto.org



of ray CP with O(B, BA).

We have EQ-— 17°, which §
implics
CAQ =CAP=17"
Hence, 0 = P. We have 7
ABP =24CP P
D o

=2(45% 17"y = 56";
APB =180° — (56° + 45" +17°) = 62.
Q9. There are 9 choices, Consider 2 cases: all edges
are parallel (3 choices) or two pair of paralled edges
(6 choices).
Q10. Let x denote the number of students standing
between 2 student from club 4, i.e (4 — * — 4); »
denote the number of student standing between 2
student from club B, i.e. (B — * — 8); and z denote
the number of student standing between 1 student
form 4 and | student from B, ie. (4 - * - B} or
{B —*— 4). Thus we have

X+ ¥+z=100; x+z=62;3+z=>54
From those equation we have z =62+54-100=16,
x=62-16=46 and y=54-16=38. Moreover
cach student from club A has exactly 2 neighbours.
Therefore 2x+z=2 |A| where |A| is the number of
(2x46+16)
2 S

Q11. Suppose neZ” is a positive integer sueh that

students from club 4. Thus |A| =

27 411 is divisible by 2¥ —1. Let n =qk.'_4;_r,' where
g, r are nonnegative integers and 0 <% <k We have
24 =2 =22 e (2T 112 -]

= 2i b

Thus we have 2" +1122* -1 and r < k. Thereforc
k <4. By checking for k = I, 2, 3, 4, we obtain
k=1,2.4.

QI2. 1) Let ED'j BC
(with D'e AB). We see

that P is the common point
of BE, CI', AM in the
trapezoid ~ BCED'. Tt
follows D'= D, DE jf BC.
2) Let H be the point of intersection of BE and CF
and let K denote the point of intersection of AH and
DE. We sce that the quadrilateral HKDF is inscribed
in a circle, hence AD.AF = AK.4AH . In other hand,

544 NS

we have AE” = AK AH. By the above equalities,
we deduce AE> = AD.AF, as desired.
Q13, Let
n=a;la*_],..';1;:;0_=ak,l{)"" +a, 105+ 410G, +a,.
Iy If k=1, then
n—Pn)=a 10" +a,_ 1057+ +10q

+ay (g .a)) 2 a (10° -9y >0,
Thus n=Pn)=> k=0=n=1,2,3,4,56,7,8,9.
2) Notice that in this case » has at least 2 digits.
Morecover, we have n— S(#n)— P(n)

=a 10" +a, 1057 4 +10g
+ay =l +..tdg)— @y ..tqdg
=a (10° — ey ety —D+a (10°7 D+t .9
2a(10F -9 20
The equality occurs if £ = 1. We find
n=10a +a, =a) + a, + aq,
e 1= l+ﬁn and a; =9. All numbers 19; 29; 39;

49: _5_9;56.9; 79: 89; 99 are satisfying the condition.
Asiswer: 19; 29; 39; 49; 59; 69; 79; 89; 99.

0. Without loss of generality, one can assume that

I<c<bhgas2
Hence, 0<a-h<l, and (a-bh)*"""<a-b, and
the equality hold if @ = b or (a,b) =(2,1). Similarly.
0<bh-c<] then (b—c"* <b-¢, D<a-c<1
then (¢ — a)zms <¢—ga. Hence,

T =(a-by"8 4 (h— )" 4 (- q)208
Lg=b+h-c+a-c=2(a-c)=<2

The cquality holds if

(a,b,¢)=(2.2.1) or (a.h,e) =(2,1,1).
S0, maxT=2.
15, Suppose that we have & seperate groups of
parallel straight lines. Every straight line of each
group will intersects all other straight lines of other
(k — 1) groups. Hence, 12 is the number of straight
lines in every (k— 1) groups. It follows all k groups
consist the same number, that called ¢. We then have
12 = glk — 1) and n = ky. This follows 12+ g = kg.
We deduce 12 is divisible by ¢, i.e. ¢ = 1; 2; 3; 4; 6;
12. As above, the identity » = 12 + g gives
nefl3; 14; 15; 16; 18, 24},
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Hudng din gicfi DE THI TUYEN SINH LOP 10
THPT CHUYEN THAI BINH NAM HOC 2017-2018
UONG 1

Ciu l,a) Véix>0,x#1 thi:

A= L_}. 3Wx+5 (x +1)% —4x
=1 (x=D(x-1) i
Jx-1+3Jx +5 X+2v{;+1—4v(_
I il
= 4V{;+4 .x_z\)r;""]
(x-Dx -1 4x
_ AGx+nGx-p 1
Wx +Dx =12 avx
b) Ta cé:
1 1
B:{X_VIT+1)A:(J:_J;+1)‘$_J;_1+“ﬁ
2
B—l:JE—nL_l:x“?»’TH_(J}—l) o

Jx N
¥x>0,x=1. ViyB>1vx>0,x# L.
Ciu 2. PT hoanh dé giao diém cua (P) va (d) la:

2 =2mx+2m+ 8 x* —2mx —2m—8=0. (¥)o %"

a) Khi m =—4 thi (*) trd thanh:

x +8x=0 x(x+8) =
Toa do giao diém cia (d) va (P) Ia 0(0 0) va
A(—8; 64).
b) Xét (*) co: A'=
¥m nén (*) co hai nghiém phan biét x;,x, Vm.

m* +2m+8-—-'(m+]) +7=0,

x+x,=2m (1)

xx; =-2m-8 (2)

Theo gia thiét: x, +2x, =2 (3)

Tir (1) va (3) ta co hé:
X+ Xy =2m X, =2-2m
{x, +2x,=2 & {

Theo dinh li Viéte, ta co: {

X =4m-2
Thay x, =4m -2, x, =2-2m vao (2) ta dugc:
(4m—-2)(2-2m)=-2m-8
< 4mt - Tm-2=0,

Ta théy me {2; —%} la cac gid tri can tim.
20 g 2

-2=x"+3x (1

Ciu 3. {xy sieci D TR

x+y-4Jy-1=0 (2)

6 ngyuggce S3 492(6-2018)

Taco: ()= y2(x+1)—(x+1)(x+2)=0
S (x+D) -x-2)=0.
+Néu x=-1 thi(2) trér thanh:
y-1-4fy-1=0e Jy-1([y-1-9=0
Viy (=1:1); (=1;17) la nghiém cuta hé da cho.
«Néu x=y? -2 thi (2) tr¢ thanh:
Y =24y-4fy-1=0

o (-Dy+2)-4fy-1=0

@NW[J-J:(_V+2)—4:|=

+Néu y=1thi x=12-2=-1=(xy)=(-LD
nghiém cua hé da cho.

+Voi [y =l(y+2)-4=0 Jy-1(y-1+3)-4=0
Dt f_=‘f\;/:{;iT20:>f2 =y -1, ta duge:
(P +3)-4=0r+31-4=0
(-1 +t+4)=0=>1=1
Véi r=1=y=2 (thoa min) =(xy)=(22) la

nghiém cua hé d3 cho. Viay hé PT da cho co ba
nghiém (x; y) la: (—1: 1); (=12 17): (2; 2).

Cau 4. Pdi 2 gi¢r 30 phit = % gio.

Goi vin toc cua xe thir nhét, xe thir hai lan luot 1a x
(km/h) vay (km/h). PK: y>x>0 ()
Sau 3 gidr, xe thir nhat di dugc ?x{km} va xe thir nhét
di duge 3y(km). Vi sau khi xuat phat duge 3 gio thi
hai xe gap nhau nén ta ¢6 phuong trinh:
Ix+3y=300&= x+y=100 (N

Thoi gian xe thir nhit di hét quang duomg 4B 1a

£(h) con thdi gian xe thir hai di hét quing

duimg AB la — (]1). Vi thii gian di ca quang
X

dudng AB cua xe thir nhit nhidu hon xe thir hai 14 2
gior 30 phut nén ta co:

300 300 5@29_‘132]‘:] @
x y 2 X ¥y

Tix (1) ¢6 v =100 — x, thay vio (2), ta dugc:
120 120
x 100-x
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x =40 (nhan)

X = 300 (loai,do (1))
Vin toe ciia xe thir nhit vi xe thir hai lan luot 13 40
km/h va 60 km/h.

Ciu 5.a)

Tir OP la duong trung true cua AC = OP L AC 1ai
M = OMC=9"00 1a dwmg trung truc cua

BC = 00 1 BC tai N = ONC =90".

e 340x+12000=0@[

IEB la goc ngi tiép chin nira duong tron nén

ACB =90° hay MCN =90".

Do d6 tir gide CMON 13 hinh chir nhit. Vi PO 1a tiép

tuyén cia {0), C la tiép

diémnén OC L PQ.

Xét APOQ vudng tai O ¢o

= PCOC =0C*. Do dé;
AP.BQ = MN*.

b) Goi / 1a trung diém ciia

PO thi [ 13 tim dwomg tron

ngoai tiép coa AOPQ. D&

K 13 trung diém cua day MN = DI L PQ va
DK 1 MN. Theo chitg minh trén ta ¢o
oc 1L PQ DI KO
{D! LPQ DK 10
Do dé tir giac {OKD 1a hinh binh hanh.

= Di = OK_OC=R
22

AOPQ vuéng tai O c6 Of la duong trung ruyén g
v6i canh huyén PQ = OI = IP = IQ = _"129..

= DI jfCO hay{

Ma PO> AB=2R=0/ =IP=10 >R = 1P’ = R*.

sR?
4

2
Dodé DP? = DI* + IP* z[iﬂ R =

AR5 RS

Suy ra DPZT::'alnlnDP:Tv

PO = 4B
Ol =R
C la diém chinh gifra cla nira duémg tron dudmg
kinh AB.
Ciu 6. Vi x>0, ¥y>0, z>0 nén ta cd:

1 1 1

Déng thirc xay ra khi va chi k]li{ hay

thiy OF la duémg trung binh cua hinh thang vusng  © = 77 7N (1T 1Y 71 1
BAPQ, nén 1O L AB (dpem). -"[;:‘* T y[';" N sz "[x—ﬁy—zJ
¢) Tacd OC? = OM.OP; OC* = ON.OQ 1 | 1
OM ()Q Pit —=a;, —=b; ——c(0<abc<v'r_)th|
= OMOP=0NOQ = — =< =
ON OP o b ¢ o ook s 2
i P==F 3 e VG +h° +o° =3,
= AOMN 9 AOQP (c.g.c) = OMN = OQP. Do do e a vt g+
PMNQ la 1t gidc ndi tiép. Suyra: P= £ it L o - Dé thiy
» Goi D la tam dudng tron ngoai tiép tr gide PMNQ N i—b ik
thi DP 1a ban kinh ciia dudmg tron (D). S s @xm?)(x Iy >0
Ta thhy MN la duong trung binh cia AACB  3-X 2 2(3-x) 2(3-x%)
= MN ff AB; ma [0 | AB = 10 1 MN. dimg, ¥x, 0<x<+3. Ding thirc xay ra khi x=1.
Goi K 1a giao diém cia MN va OC thi K 13 trung 1 e
s . . S Pz— e 3
diém cia MW va OC {vi CMON 12 hinh chir nhat). -~ '® * =3 o +3b' e’ =2 Ding thire xiy
Xét duemg tron (D) ¢6 1 I trung diém cua diy PO, racsa=b=c=lex=y=z=1
uonG 2 e
Céu 1. 1) Xét (1) v (2) co =_(“_5] Eape e
Apy=a’ =2a +8° -1, Alyy =b* ~3b +ab A0
:a'(,,+a‘m=a2 ~2a b 1487 ~36 4 ab Alpy <0
R 7 S Véay mot trong hai PT déd cho vé nghiém.

2)Tacd: x+y+z=0=>x+y=-2z

S8 492(6-M1§}tP31/m9@p“u§%9 7




Z>X2 +2xy+_y2 :2'2 =>X2+ y2 _ZZ ="2.‘<}',
Tuong tir

2 2
y2+22—x —=yal +.>c2—}'2

2 2 L D
+ e Ty S M
=2xy 2xyz

—2zx
Laicd: x+y=—z=>(x+p) =~

==2zx.

X
Suyra: P=
: -2vz

o

=24 3+ y) = -

= 2 = 3(x+ y) = 3z

=3xyz _ =3

2xyz 2

1) DK: x2-1. Pat ¢ =vx+1 (£ = 0)
— 1. Phuong trinh dé cho trd thanh:
) +A( -1 12 = 2(.' —1—4+7

Viy P=

Cau 2.

=N .|f

F(z
29 =2r111-6 (1)
DK: 22 4¢-620 :w‘Z%(vi.’ZO).

Khi do (1) twong duong vai phuong trinh sau:

P e a0 =at 8 136+ 40 - 241 1y
a3t 4 - 2507 —1204+27=0
12 27

o 44 -25-—=4 =
Lo

(vi = 0 khdng phai la nghiém cua (1))
@3[: +i]+4[r——] 25=0
1 t
z
@3[;—-3-] +4[t—i]—7=0
! i
@[:—E~}][3r—2+?)=0.
t !

* Vi r—%—l=0:>r2 -1-3=0 ta dugc 1=

2
Y_[I+Jﬁ] _1__5+Jﬁ_
2

2

l+\,'6
i

« Vi 3!—%+7=0=>3(2+7f—9=0:>phl.r0‘[1g

trinh 6 nghiém khong thoa man diéu kign, ’
Viy phuong trinh dd cho c6 nghiém duy nhat:

_5+413
2

2) BK: x > p. Khi do PT(1) twong duong voi

Sy e S
x-y

8 T?g?u:gg 56 492(6-2018)

= (x— y) +2xp(x — ) —8xy = 16(x— )
& (x—p) +2xy - B)(x - y)-8xy =0
S x—y-Nx-y) +4(x-y)+20]=0

o {x—y-A* + P +4x— =0 x-y=4.
Khi dé (2) twong duong vai phuong trinh sau:

Jrmy 32t —y+1=2y" —prl—(x—1)+2
2432y —yrl =2t —yil-4+2
2t prl-3f2—p+1-4=0

(272 -y 1+ D22 -y +1 -4 =0

o2t -r+l=4e2y2 —y-15=0
= 2p+5(y-3=0.
, S 3
* Ng =—— thi x =— (thod min}.
éu ¥ 2 ix 2( 0 )

« Néu y =3 thi x = 7 (thod man)
Wiy hé phuong trinh da cho co hai nghiém (x, y) la:

02) @3]

Ciud¥Pit a=x-», h=xv(a,beZ), PT di cho

Srgthanh: @+ 3ah=6b+3 < a’ —3=-3b(a-2)

o (d - 8)+5==3ha-2) ()
Via® - 8=(a-2)a" +2a+4)(a-néntir (1)
suyra Sia-2=>a-2eU(5)={tl; 15}

=ael{-%k Lk ?},

Ma ot = 3= s g)es pndima
=3(a=12)
Ta ¢ bang:
a | -3 1 3 7 [
I
p | 2 | -2 doad| —g | - doa
3 3 ,

«Néu a=-3,b=-2tadugeix—y=-3, xy=-2
suy rax,—» la hai nghiém caa PT:

t=-2
Taduge (x ;1) e{(=1:2), (-2:1)}.
*Néu a=3, h=-8 tasuyra x,—y la nghiém cua

a =
:>f‘+31+2=0<:>[

phuong trinh: 12 + 37 +8 = 0 (PT ndy vo nghiém).
Viy c6 hai cap sb nguyén (x; y) thoa man la:

(-1;2),(-2:1).
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1) = Ta co: ADE = DEF + DFE {goc ngoai cua
ADEF). Suy ra: DEF + DFE = ABC.
« Vi BCD la goc ngodi cia ACDF
= CFD = BCD - CDF = BCD— ABC
Vi BAD 1a gac ngodi clia A4DE
= AED = BAD - ADE = BAD - ABC

— KFC+ KEA = AED;CFD . BCD+BA2D-2ABC

180" - 24BC

90" — ABC.

KEF + KFE = DEF + KEC - DFE + KFA
= (DEF + DFE)+{KEC + KF1)

= ABC +90° - 4BC =90°.
2) Ta cé AEDB & ABAC (g.8) = % =i_"’)
Ma BD = 2BN (gt); AC = 2CM (gl):;»—-?é: ;%
= AEBN @OAECM (c,g.c)=>-E =£V-— (2)

EC EM
Tir (1) va (2):>ﬁ= N ENEDENAC
AC  EM

Goi giao diém cua cic duomg phin gidc trong cla
BEC, BFA voi BC. AB 1a G vi H tuong img; K’ 1a
giao diém cua £G va MN: K77 la giao diém cua FH
va MN. Vi AEBN o> AECM=> NEB=MEC ma
@:(ﬁ'ﬁ@—@=&%—@ hay
GEN =GEM =EG la tia phan gidc cia MEN

K'N _EN _BD

_——=— (3)
K'M EM AC
n
Chirng minh trong tu nhu trén, ta co: £ = FB v
FM  AC
FH la tia phin gide clia
= Y FN  BD
MAN = BN = @

K'M FM AC

K'N _K'N
KM K'M
giao diém cua £G va FH. Ma K 1a giao diém cia EG
va FH =K = K> = K. Viy ba diém M, K, N thing
hang.

Tir (3) va (4) = SK =K"=kl

& 1 1 1
Ciu 5. 1) Pat a=—b=—,¢== (x, y, 2 > 0).
x &

BDT cin chimg minh tr thanh:

.rJE ey 2z >3 0z

Sr+2x J3z+2y fxe2z 5
x 12 e >£ *
—— + + 2= )
J5:¢{3y+2x 5\(32+2_v 5J3x+22 5
Ap dung bat dang thirc Cauchy ta co:
x Dy . )
@J3y+2x T 2x+3y+5z°
¥ . 2y . 5
\.’g\;’32+2y T2y 43z +5x7 )
2z
3)

d =
--.JET;JML. 2o Do doy iy

il 3 z
AR 4 +
X 5- B eare Sx3ze2y JS_)TJS): +2z

&uie vé voi vé cua (1), (2) va (3) ta co?

2x 2y " 2z
T 2x+3v+5z 2y+3z+5x 2z+3x+35y
i ¥ e z
2x+3y+5z 2y+3z45x 2z+3x+5y
Ap dung bit ding thirc Cauchy—Schwarz, 1a co:
P ¥
27 +3xv 45z 238 43z + Sy
. z - (x+y+z)2 )
22243z + Syz Tt +y2 +zz)+8():y+yz +2x)

(4)

bat 8=

Lai ¢6: (x— ) +(v—2) +(z—x)* 20 véi x,y, 2>0.
<‘.‘:>er+yz+zx£%(.~r+y+z)2

(x+y+z): - (.‘4:+y+z)2 _i'

TSy ) e Byyzrz) 100 10
3

Suy ra 232%- (5)

Tir (4) va (5) suy ra BDT (*) duge chimg minh.

2) Goi 5 sb tw nhién phan biét da cho Tan luot 1a:

X, X5, Xy, Xy, X5 Khong giam tong quét co thé gia
) TR S TR T v

+ Néu x4 5sx,<x<x;<x  th @

S6 492 (6-2014P” &Q@u‘ﬂ%& 0




Ciu 1 (2 diém). a) Cho hai s6 thue duong a va b
thoa man (a+1)(b+1)=64. Tim gid tri nho nhat
clia biéu thirc T=a + b

b) Tinh tong

Il 1 1
S=Jl+]—2+—'2-2“ +J1+2—2+3? +oen

1 I
o 1"'—.)"'—2
ne o (m+1)

theo n (S gbm n sb hang, » 14 sé nguyén
duong).

¢} Cho p vi g la hai so nguyén to khac nhau.
Tim hai s6 nguyén dwong x; v thoa min

i)
X ¥
Céu 2 (2 diém). 1) Giai hé phuong trinh
=y
2 .
=
v

2) Gidi cac phuong trinh:

a) x(4+vx) -3~ (x+x)WAx -3 = 0.

> £

b +x2-2x+l o

3)Goi @ va b la hai nghiém cua phuong trinh
¥+ 23x-4J5 =0. BaL

s =atb s, =g +b s, =at+ b,

véi n la s nguyén dirong.

a) Tim a va h.

b) Gia sir 50,5 = ot} 5397 =B. Tinh 55,5 theo «

va f.

Cau 3 (2 diém). Trong mit phing Oxv. cho ham

s6 v =x" ¢ do thi (P) va dudmg thing
d:y=2m-1)x—4.
1) Tim toa d¢ giao diém cua (P) va duomg thing d
khi d qua diém A(1;6).
2) Tim tit ca cac gia tri clia m dé duong thing d
ciit d6 thi (P) tai hai diém phan biét ¢6 hoanh do
X1 x, thoa mén

J":xﬁj +xg +|,1r1 —x3|2 +Jxx; =966.
Ciu 4 (3.5 diém). 1) Cho tam giac ABC vudng
¢in tai 4 va BC=av2. Goi D 1a diém di dong
trén doan thing BC (D khac B vi ). Goi P va O
1an Iugt 13 hinh chiéu cia D 1én AB va AC,
a) Dat AP = x. Tinh dién tich tr giac 4PDQ theo
a va x. Tim gia trj cia x dé dién tich nr giac
APDQ dat gié tri 16m nhat.
b) Goi F la diém déi ximg cua D qua PQ. Chimg
minh BFC =90".
2) Cho lyc gidc déu
ABCDEF canh bing 2a.
Ta v& 6 dudmg tron, mai
dudng tron ¢o tim 1a dinh
cua luc giac va ban kinh
bing « (nhu hinh bén).
Tinh dién tich phan 6 den
theo a.
Ciu 5 (0.5 diém). Cho 3 sb thuc a,b.c¢ thoa min
12ax3;125<3,1<c<3 vd g+b+c=6. Tim

gia trj 16n nhit cua bidu thire P=a® +5° + 2.
MAI HOAN HAO (Hdu Giang) gidi thigu

S e e
X+ X+ Xy S44+xy =2+ x5 —2 = x, + X {Lrai gt).
*Néu x <X, €45 55 x; <x, <x; thi

e Sl < )
Sx N+ E3+H4+ g =5+ 2+ <+ 24 x -2
=y + Xy + Xy <Xy + o (trdi gt
«Néu x, <x, << 5 < <l ithi

D82, 5523 5y

=+ X+ S243+0 =5+, <x, +x, ({1 gu.

10 ng}duggcé S6 492(6-2018)

e Néu x; <xy <y <x, S4; 5% x; thi
oy =l e e 3]
X +xy+xy <l+2+3=1+5 <, +xg (trdi gb).
s Néw & <x; <43 <Xy x5 <4 thi
3=0,x=Lx=2x=3 =4
DX 4x+x =14243=6<7=x, +x; (trdigt).
Vay tét ca 5 sé da cho déu khong nho hon 5.

TRAN NGOQC DAl
(GV THCS Thuy Thanh, Thai Thuy, Théi Binh) gidi thigu
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le‘N nAN

Nhiém vy cia ngudi day hoc 1a Judn trin trg lam
sao 4 “Dua van dé phive tap tro nén don gian,
vin dé khé tro nén Jdé hiéu. dé 1iép thu”. Khi giai
todn vé bit ding thire (BET) va cuc irj vdi cée
bién binh dang thi ta thiromg dy doan diém roi khi
cie bién bing nhau. Nhung véi nhimg bai todn ma
céc hién khong binh ding thi 1o giai s¢ kho hon
vi vide xde dinh diém roi va tch sé dé widt tidu
bién la khong hé d&. Bai viét nay chung 1di xin
il thiéu phuong phap tham s héa két hop voi
mét so ki nang phan tich va suy luan hop i dé tim
loi gidi cho cac bai toan cuc tr vol cic bién khac
nhau.

Thi du 1. Cho cdc $6 thee diong a,b théa man
diéu kién \ff—(;’;(ar —by=a+b. Tim gia i nho nhar
cua biéy thic P=
chuvén DHSP Ha Noi, nam hoc 2012-2013).

Loi gidgi. Cach | (Ddp an ctia dé thi). Tir gia thiét
suy ta @ >b>0. Ap dung bit ding thie Cauchy

tacd: (a+h)” = abla—h) =l.4ab[(a +bY —4ab]

l dab+ (u+h) - 4ab hay
4 2

(a+b) Sg[u-i—b)“ Sa+bz4,
Ding thirc xay ra khi
dab=(a+hy —dab -
=242
Jabla—by=a+b @{a +:{_-
a+h=4 e
Viav min P = 4 dat duge khi a:2+\1'3; b=2-42
Nhén xét. Day 14 bai toan cuc tri & dé cac bién
khéng bing nhau nén dé tach va bién ddi nhu trén
la khong hé dé déi vai nhiéu hoc sinh. Cach nay

a+h. (Pé TS lop 10 THET

PHUONG PHAP THAM SO HOA TRONG
CHUNG Mt BAT DANG THUC

MAI VAN NAM
(GV THCS Khdnh Héng, Yén Khdnh, Ninh Binh)
chi dimg khi ta biét trude diém roi nhung viéc
nhim diroc diém roi & day rit kho.
Cdch 2 (tham 56 hoa). Vi a>h>0,
(t > 0) khi dé ta c6 Nbb(rhb-b) =th+b

dat a=1th

=J;(:_1[)-D0a,b>0:>f>l.
Taco P=a+b=5h{r+1)
(un“ Ny L e R
Jio—n Jie-n o Jieen
s—-l 4r 2ﬂ. 4¢ _
Sy TV Ve
=l 41
Driing thire xdy ra khi T i I)

S -1 =dt o brrl=0=5r=3+22
(dor>1), Khido b=2-v2 = a=2+2.

Vy min £ =4 dat duoe khi a=2+42; 5=2-2.
Nhén xét. Viéc rham sé héa dd 1lam bai toan we
nén dé dang hon vi chuyén thanh bai toan tim cuc
trf cuia bidu thite mét bién,

Thi du 2. Vi abla nhitng so thue dwong thou

mén da+ b+ \,"luh =1. Tim gia tri nho nhat cua

FP=—
ab

DHSP Hé Noi, ném hoe 2015 — 2016).
Lovi gidi. Cdch | (Pdp an dé thi) Ap dung bét ding
thirc Cauchy ta co: | =da+ b+ Jab 2 5Jab

2

1 I Ar
— = —| =225
5(7=)
Vay min £ =25 dat dugc khi « :%;b =%-
Nhén xér. Loi giai that ngin gon nhung dé chon
duge diém roi nhu trén Ja khong don gian vi diém
roi khéng phai 1a sb nguyén,

S8 492 6-2018P/ J@ﬁ%ﬁ@'] 1

hiéu thire: - (Pé TS Iop 10 THPT chuvén

Eanc 8 A




Cach 2 (tham $6 héa). Do a>0,h>0 nén dat
a=hr vin 1>0. Khido ta co:
b+ b+ btk =1 bldt+1 +1)=1.

1 s E
Suy ra b= ———— Thay vao bicu thirc cua P
g 41+J;+I i
ta duge:
L1 i Y
P=——=im= afps =
bth bt ! [ N/ J

Ap dung bét ding thirc Cauchy ta c6:

24 et 2
P=[4JE+% +1J zfz\j—w’i% +1J =(22+17 =25,
1 .

: : 1 S
Bang thie xay ra khi: 4v”-=—l-—c:>r=—- Khi do
Jr 4
e ]
h=4 T
[ERIN “ = 10,
25ah =1 2
h==
5
5 : : i 2
Viy min P = 25 dat dugc khi a=ﬁ;b=§-
Nhgn xér. Khi c6 duge diém roi tai a =%; :%
5

ta li giai loi giai ¢ cach 1 nhu sau: TLr
e

10 0 s
dung bét dang thirc Cauchy ta co:

[ =4a+b+Jab = 2/4ab + Jab

:125&“@—5225.

sf

Thi dy 3. Ciro a.bla nling 0 thiee dheomg thoa

ndan a+h= % Tim gia (i nho nhat cva hicn

, 4 1 g 3 2

e Pe—+—- (B¢ TS lop 10 THPT Bac
a 4h

Giang. ndm hoc 2008 - 2009). )
Lai gigi. Cach | (Ddp an dé thi). Tir gia thict

5
a+h==

ta co:
1'"—4 ~l~~=i+-l——+4(a+b)—5
a 4 a 4b

= i+4a + L+4£;| =5
a 4h

Ap dung bat ding thirc Cauchy ta co:

i+4|:12 2\}&.4:1 =8 »—1-+4h221'-—]-,4b I
a a 4h 4b

1 2 quPug% S5 492(6-2018)

T 5 i
& Nhan xér. Khi co diem roi a:l;b:z,

. vay ta ¢d da=h Ap

Do d6:P28+2-5< Pz35. Dang thic xay ra

i:-‘-ia =1

khi{? = e
e "’:Z
4h

Viy min 7= 5 dat dugc khi a=1; b:i,

Cdch 2 (Tham s6 hoa)
Do a=>0, 50 néntadit a=phtvai 1>0, Tigia

L 5 5
thiGtcocbr+h== < b= -Dodo
iGtcorbr + b i T
:1—6-—U+1}+ﬂ=l[17+m+r)
5t 5 5 ¥ 1

= FP= IT+E+X >l |7+2JEJ =3
B t 5 f

Suyra Pz 5. Dang thic xay ra khi -1-:—)=::>r=4.

Dodo6 b= =1. Vay min P =5 dat duge khi

=] -

=J_-:'-5'=

ta ¢6 thé

giai thich cich giai trén nhur sau:

Veitn=Lh= @ co o VRSO R ap
L4 a 4h

dung duge bat dang thie Cauchy thi

fl-=4=!m' = k=4, 4—Ib=l=x’b =/=4 Dodbora

o
tach s0 nhu sau:

P——+L——+4a+L+4b 5

22'—4a+2||---4b 5

Cdch 3. Ap dung bat ding thirc Bunyakovsky ta

- [JE'%+JE‘2\1»”] {(‘”b)[a 41h]

=R S

Ja _ b
2 a=|
Piang thie xdyra <4 f;  2/p < . 1
a+b=-5- &
4
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Thi du 4. Choa b la whitng so thue duomg thia

2017 Z01R G ; ol
+—— =1\ Tim gid tvi nho nhar cia
a

nun

hiéi thire P = - b, (D6 TS lip 10 THPT chuvén
Binh Pinh. ndm hoe 2007201 8).

Loi gigi. Cach |(Tham s6 héa). Dat a=bt voi
7> 0. Tir gia thiét co: 2017h+ 20180 = ah

< 2017h+ 2018b¢ = M

hth=b=

= a=2017+2018¢. Do dd6 ta co:

2017

P=a+b=2017+2018+ +2018.

Ap dung BDT Cauchy ta cé:

P>2017+ 2018+ 2,201,227 =(+/2017 ++/2018)%.
i

_Jo17
~ J2018

Ping thire xay ra khi: 2018¢ = 2017

= b=2018(+2017 +2018),
a=+2017(v2017 ++2018).
Viy min P = (42017 ++/2018)" khi
a=2017(2017 +2018);
b=2018(2017 +/2018).

Cdch2(Tdck sé) Ap dung BDT Bunyakovsky ta ¢6'

(m+m)~—[rm J-J?i‘-ﬁ]

S{Mb)[zmuzclls),
PR

Suy ra P=a+h=(J2017 + J2018)%.
a+h=(/2017 + J2018)

xay ra khi a b
V2018

Ping thirc

J2017
- {a =+/2017(+/2017 +/2018)

b =+2018(x/2017 ++/2018)
Cach 3. Ap dung BT Cauchy la co:

P=a+b= el
(2017 +42018)2 +‘!201 82 @
b 2018

7t
(2017 + 2018 b

(a+h)-1

1
e B s
+{ (~2017 ++/2018)*

2017

P2
= \j(\fzonwzm 8 a

ZGIS

\](\J'Z(]]? +4/2018)? b

1
Ee— e P
+[ (+2017 + J2018) ]

Pz2+P- -1 P2 (2017 ++2018.

P
/2017 + 20187
Dang thire xdy ra khi
a=2017(J2017 + V2018).
h=+2018 {ﬁ(TI_? + m }

Thi du 5. Vi w.b la nhitng 86 thire duong thoa
men a+h = 6. Tim gic tri nho nhat ciia hicu thire:
B s Eh----(l i .

w b
Léi gidi. Nhdn xér 1. O bai nay do gia thiét & dang
bit ding thire nén ta suy lugn tim diém roi theo
cach thanysé hda. Ta xét dau bang xay ra tirc la
a~b=6. Gia st a=0br vdi > 0. Khidé

bt+b=06<b=—-

+1
Dodo: po 0l 26 i+] BivD)
r+1 1+1 ! 6

212(:+I)+6.'+1+l+4(r+1)

t+1 t 3
134 6f 1+4(I+I)

G 3

>134 33|' 14(r+1) =19
r+1°¢ 3

3 L 60 1 A(r+1) |
b th khi —=-=——=—-
e B - 5

Khi dé ta ¢co a=2;h=4 Viy minP =19 dat
dugc khi a=2: b=4.

Nhdn xét 2. Khi da 6 diém roi a=2; b=4thi ta
c6 thé trinh bay 1&i giai nhanh nhu sau:

3.6¢

Tasl & W ap dung duge bat ding thirc
a

Cauchy thi E=3=kar::n’c=-3i
a 2

8 8 1
T h=4=—==2: —=2=h=/=—=. Do
i _—>b suy ra b 3

d6 ta co thé tach sé nhu sau: '
(Xem tiép trang 16)

s e mir T3




U CA

TRAN XUAN DANG
(GV THPT chuyén Lé Hong Phong, Nam Dinh)

Trong ky thi Qlvmpic Todan hoc OQuoc té (IMO)
nam 2013 rai Colombia ¢é bai toan sau day:
Bai toan 1. Cho tam gidc nhon ABC voi tryc tdm
H. Cho W la mot diém tiy y trén canh BC, khac
voi edc diem B va C. Cde diém M va N twong ing
lit chén cae dicdong cao ké tir B va C. Ki hidu (o))
la duong tron ngoai tiép tam giagc BWN va goi X
la diém trén (w)) sao cho WX la dudng kinh cuia
(). Twong tw, ki hiéu (v,) la ddng trén ngogi
tiép tam gidc CWM va goi Y la diém trén (w,) sao
cho WY la duomg kinh cua (o,). Chimg minh
rang cdc diém X, Y va H thang hang.
(Bai todn 4 ctia dé thi IMO nam 2013).
Sau ddy 14 mét s6 161 giai cua Bai toan | mé trong
cic 165 gidi do chi st dung kién thirc cua bic trung
hoc co s0.
Loi giai 1. Goi D la
giao diém cua AH vi
BC. Vi I la trye tém
cua AABC nén
AD 1 BC.
Vi WX la duong kinh
clia  dudmg  won(w;)
nén XBW =9 suy ra
XBN+NBW=X). (1)
Vi CN' L AB nén CNB =90

= NCB+NBC=90". 3}
Tir (1) va (2) suy ra XBN = NCW 3)

Vi WX la duong kinh cua dudng tron () nén
XNW =90°. Suyra XNB+BNW =90".
Mit khic CNW 4 BNW =90°, nén

XNB=CNW @)
Tir (3) va (4) suy ra ABNX enACNW (g.g).
BX BN _BXCN
Suy ra TW-CN =S (EE BN

TOAN HOC
* Cludilre

S& 492(6-2018)

14

CY.BM

M
. gy CN oy BM
Suyra BC=BW +CW =BX. BN+CY M
Dé dang chimg minh duge ABNC e ABDA, suy
o CN_AD BV _AD
BN BD CM (CD’
B D ADBX DS CIED)
T
Goi E = XD CY. Vi BX va CY cling vudng goc

v&i BC nén BX ff CY. Theo hé qua cia dinh 1i

Tuong ty BW =

- Tuong tur suy ra

SCE L CD =0 LReleiD)
Thales ta co BY ~ED = CE__——BD
e _ o BEXED BXCDACOYBD
= VE=— CYEE =Y+ —
_BCCD _ YE _ BCCD
- 4D HD  HD.AD
Ao BD _ HD
Dé thiy ADBH «»ADAC. Suyra “D-CD
= YE _BC
BE O XE  YE L XE

Mickhie =0 =5p = 0D XD

Mat khic YDH = XEY (vi HD J/ CY).
Suyra AXEY en AXDH . Suyra EXH = EXY.
Tir d6 suy ra cac diém X, ¥ va A thang hang.
Loi gidi 2. Goi E 1a giao diém cia BX va CN. Goi
Fla giao diém ciia CY va BM. Ta co
XNE + XNB =90", WNB + XNB = 90"

Suyra XNE =WNB. Ta cé

NBW + BCN =90" BEN + BCE =90"

= NBW = XEN.

EX _NE _BE

Suy ra ANEX e ANBW > 2W-NE-BC
__ BW.BE o ede
=EX= BC Tuongtl,rFY———-—BC

https://tieulun.hopto.org



= CY=CF-Fy=crSHLE _BRLR

EXi . BB o 5 .
= Miit khac, vi BE }/ CF nén theo
EH

" E
hé qua cua dinh 1i Thale ) = =——,
1é qua cha dinh 1i Thales ta ¢o CF-HC H

EX _EH < YEH = YCH. AEHX »

uy

EE N e
ACHY, suyra XHE = YHC. Lai o

YHC + YHE =180° nén XTE + EHY =180°.
T d6 suy ra cae diém X, ¥ va / thang hang.

L

v

A (m7)

oy}
Lai giai 3. Goi D i giao diém cia AH va BC. Vi
H 14 truc tdm cuaAABC nén AD L BC. Ké
HK | AW(K € AW). Ta thay

AK  AH

= AK AW = AH.4D.
AANH en A4DB. Suyra AH. AD = AN . AB

AK _ AN
AKAW=ANAB = —=——
- TTAB T AW
Tir d6 cac tam gide AKN va ABW dong dang véi
nhau, suy ra AKN = ABW.
Viy tir gide BNKW ni tiép duge trong mot duimg
tron. Suyra XKW =90° = XK | KW
= X,H, K thing hang.

Dé dang chitng minh duge AM . AC = AH AD.
Suy raAM AC=AK AW, Suy ra wr giac
CWKM néi tiép duge trong mdt dwdmg tron. Do
46 Ke(w,) =WKY=90° =KYLKW.

Suy ra cac diém X,Y,H thing hang.

(an)

L gidi 4. Goi D la giao diém cta A/ va BC. Vi
H la tryc tim cua tam gide ABCnén AD L e
Goi K 12 giao diém khac B cia dudng thang AW
va dudmg tron (o). D& dang chimg minh duge

AH.AD= AN.AB vi AK AW = AB.AN,
suy ra AH.AD = AK.AW. Din dén wr gidc
HKWD ndi tiep duge trong mot dudng tron, suy
ra HKW =90 = HK | KW. Mat khic
XKW =90" =5 KX | KW =5 X,H K thing hang.
Dé ding chimg minh duvge AM.AC = AN.AB,
suy ra AM.AC = AK AW, Do d6 tr giac
KMCW ndi tiép duge trong mdt dudmg tron, suy
ra K e(w,) =>WKY =90"= KY L KW. M
khac XK L KW, suyra X, ¥, H thing hang.

Lai gidgi 5. Goi K 1a chan dudng vudng goc ha tir
A xubng BC. Gia st didm ¥ thube dogn thing
KC. Ké dudmg kinh KD coa dwdmg tron dudmg
kinh BH, khi d6 B, X, D thang hang. D& dang
chimg minh duge ANDX o> ANKW nén suy ra
DX _ND

—— I m— ;?‘-’
KW NK

S5 492(6-20187°" tTE@ﬁc‘l’!ougI%e% 1 5




.= Dé dang chimg 4

. (m
minh duge 2)

ANDK o« AKBA
ND  BK e
NK 4K x
o Bk pH o\
KW 4K 4K i
e T
= DHX = KAW.
Mit khac DH 1 AK suyra HX | AW. Tuong
tw HY L AW, suy ra cac diém X, ¥ va H thing
hang.
Trong ki thi hoc sinh gioi 16p 9 cua tinh Vinh
Phic ndm hoc 2010 - 2011 ¢6 bai todn sau:
Bai todn 2. Cho tam gide nhon ABC vai irie tan
[ Dieing thang vudng goc vl BC tai C ot

ducrng thang BH o D duemg thang vucng goéc voi
BC i B cé dirdng theng CH tai £ Goi M. N
theo thir i fa trung dicm cia BE, CD.

1) Chimg minh rang M. H, N thing heng.

2) Goi K la rung diem ctia canlt BC. Dudng

thang MN et (?urrm,f H'rfmg AK tai P. U'?:mg mirifi

PHUOUNG PHAP THAM SO HOA..

(Tiép fher) 1rang 13 )

6 8 3 S 8

P=3a+2 +—+—=—- + = =

a+2h . 2(a b)+2a+ +2+b

= a8 3" o ’3§—9+-2,_§+2.2=19.
2 2% '

Ding thirc xay ra khi a =2;6 =4,
Két Iugn. Nhu vy néu suy ludn hop li ta tim duge
161 giai mot cach ty nhién dé hiéu khong mang
tinh guong ép dong thoi tir d6 c6 thé tim ra nhidu
céch giail. Cudi cing xin mdi cac ban hay luyén
tip phuong phap trén qua mot sé bai tip sau:
BAI TAP TU LUYEN
Bai 1. V&i a,b 1a nhimg sé thue duong thoa méan
a+2b>5 tim gid tri nho nhét cua biéu thie:
P=2a+3b+l+i‘

a b

Bii 2. V@i a.b 13 nhitng sé thue duong thoa méan

a +% <1. Tim gid tri nho nhit cua bidu thirc:

S5 492(6-2018)

TOAN H
16 - cl'uéito_r;g

ring dieong tron ngoai tiep tam gidge ABP tiép xtic
veri BC

Ching ta thay ring Bai toan 1 la mét bai toan
tong quat cua Bai toan 2. Bai toan sau la mot bai
toan tong quat ciia bai toan 1:

Bai toan 3. Cho tam gidc nhon ABC. Mdt duong
won di gua B, C cat cae canh AB. AC ldn heot 1ai
N, M. Clo 1) I mpr didm néan 1rén canlt BC. khace
voi cac diém B va C. Coi 11 la mdt giao dicm khace
1 cua cde dwong fron ngogl Hép cde tam gide
BND va CMD. Cho W la mot diem tin v trén canh
BC, khde vei cde didm B va C. Ki hidu {(U]} fai
checmy tron ngogi tiep tam gide BWN va (q) /el
cheimg tron ngogi 1ép tam gige CWM. Goi X i
dicm (rén ((0|} sao cho BX song song voi AD.
Goi Y It diém trén () 50 cho CV song song
vii AD. Chiag minh rdng cde diém X, ¥ va H
thang hdngy

Mo cA¢ ban hay tim 1oi giai cho bai toan 3. Chuc

cde ban thanh cong!

P=£+£,
b a

(Dé TS I6p 10 THPT chuvén Phan Béi Chéy — Nehé
An, ndm hoc 2007-2008)
Bii 3. Vo a,b la nhitng s6 thue duong théa man
a+b=1.Tim gié tri nho nhét cua biéu thic:
it
a b
Bii 4. Vi a,b 14 nhimg sé thue duong thoa man
a = 2b. Tim gi tri nhé nhét cia biéu thirc:
a +b
) ab
(Pé TS Ip 10 THPT Ha Noi, ndm hoc 2012-2013)
Bai 5. Vai a.b 1a nhitng so thuc duong théa mén
a+b=3. Tim gid trf nho nhat cua biéu thirc:
P=a+b+ i3 + 2
2a b
Bai 6. Vi a,b la nhimg sé thue duong thoa man
2a+3b < 4. Tim gia tri nho nhit cua biéu thire:

i 21—”+2996a 55014

P=

i

a

(Pé TS lép 10 THPT Béc Giang, nam hoc 2017-2018)

https://tieulun.hopto.org



BAP AN VA HUONG DAN GIAI DE SO 8

1C 2B D 4C B1)) 0B TC 8A YA 10D
1A i2Dh 13D 14C 15B 16B 17B 188 19C 20A
21A 22B 23D 24D 25D 26A 2TA 28A 29B 30C
ilB 3B 33B 34C KR1L) RIS 378 38D 39C 404
4iC 42D 43C 44B 45C 460 47C 484 497 S0C
Caul. y'= a 5 b Ciu 13. Vi vé trai déng bién trong hai khodng, nén
2018 +ax 2018+ hx két luan phuong trinh ¢6 mot nghiém duy nhét la
DO ) Khong diing. Nén sai & budc 4.
abx” + 220 Lsx(;()::)() i 2;‘;1 E Cau 14, Taco:
” ab + a+ 1 I
Viy y(=1< =1 |
) ab+2018(a + b) + 2018 J;-fx—zdx=1c:o|iiln|a+x2|} =l Infa+1|=In|d+2
i)
= ab=2018 = i 1
Cau5. y=4cos’ x—3cos’ x =cosx.cosdx : . B
’ | = Inja+1|=In(e’ |o)) < |a+ 1| =€ |a| <> I
=—(cc~s4x+c052x), a=——
e +1

1+: (1+i)(l+;‘)_£_}_ 1=
1«-1 2 2 1+i
2018 | (2018 _ 5

Céu 6.

Suyra z=i
Ciu R Tacd

5.8 .“(2+\,Ir3-)(23—|33+t41—3:}+f6:—53]+...+12018:—20]?’]
192 =

:(2+vf§}3—.7+n-.._+4ms =(,+\/‘)2[mm

Do dolog ., ¢ 1, (51:5:) =

|
15431 31080, 00)(5152) = 6?9057

Ciu 9. Gia s thiét dién cua hinh nén+

1d trung diém AB. Ta cé:
2 S0P _sa? oA
54° $4°

8042 8
2 = :>  —
904 9 3

a
Camlls L=

la fﬂm gidc
cin SAB va O la tim cua duong trnn d’ﬂyhmh non va

=
3
dx B I dx
(sinx+cosx)’  Jcos” x(tanx +1)°

o)

0

‘] d(tan x) _l.
U(Ianr+l]'

i = Z 2.
Ciu 12, Paty = 22 = |22
4 |

=|x|, Ta co:

i
4 Z
2 -277,+22) =0 2 -2-242=0
B 2

X —2x+2=0(v 2.5, #0]<::>x=li.":>|x|=u'r5,

Ciu 15, Goi a, S 1an luot 1a canh bén va dién tich
cua hinh ling tru dimg. Ta c6
Vp=S.a,Vy=S8AH =Sasina.

VXQ S.a=28asino = a=30°
16. Ta nhin théy cdc diém M(1;2;3), P(-1;4;3),

3% Q(D; 0;6), R(0;2;4) cling ndm trén mit ph.’;ng

(a):x+y+z-6=0 va N(-1;2;0) & ().
Ciul7. y=cosx+sinx= ZCGS[X—E]
:}*':—strn(x—z]:» v ——\Ecos[x-—%];
y'=0:>—\5$in(x-£]=0:>x:£+km
4 4
—2<0viik=2
}s'[£+kn]=—v5ms(kn)= /2 <0 i "
4 V250 véik=2m+1)n
Tit D<g+kn<3‘kez:ke{0,l,2}.
Ciu 18. V& so luge dang hai d6 thi y =log; ||, va

y=-x2+2017 trén cimg mot hé truc toa do ta
nhén thiy ching cit nhau tai 2 diém.
Caun 19. Tacd
B x+1
Jax® +2018x+2019 +vax? +2017x +2018
suy ra dd thi c6 hai tiém cén ngang khi a = 0.

https //‘tT@ﬁN(ﬂQggl 7




Ciu 20, Phuong trinh duomg thing AB:
x=3+2t,y=4+2,z=1+¢

Puong thing 4B cit mit phing (xOv):z=0, tai

giao diém M (1:2:0). Diém M chia doan 4B theo ty

MA=(221) va

k néu MA=kMB ma

MB = (—4;—4;,—2)nén k = —%‘

Céu 21. Pua PT da cho vé PT theo tanx. Giai PT
i tanx = -2

na were: .
7 OICE | x = 3 (hogi)

Khitanx = -2 suy ra

=l+tan’ x=5= cosx=— vixtu
cos” x v"_( )

Céu 22. Taco:
b
DY 1[50] S
2 S0 2\ R 2\ 81 S0 2

Ciu 23. Pat x =—¢, vi f(x) 1a him chin nén suy ra

‘]f(.\')dv =:jf(f_)d; =2018

= If(r)dx If(r)dw J.,v(\de:;,z =

Ciu 24. BPT < |03a x+log, a. log‘, x> lowipgu x
<> log, x(1+log, a
Theo gia thiét ta 6
1+logba log,a<0= logax‘cﬁ’:()‘(qu
|

dx = - xd(tan ax)
a

Ciu 25.

COS ax

tana

= -:: [x tan ax]; - é Itan axdy = + ;-IE— [ln |cos wc]]l)
0

tana 1
= +-—,-ln|cosa|_
a a’

Fachich e L afO db T aisetsiin,
4 T 7{2

Chu 26. S6 cic sé tw nhién abed c6 khong gian
mau: 9.45 =9.9.8.7=4536. Ma abcd <2018, nén
Xay ra cdc truong hop:

ca=1= 45 =9.8.7=3504 sb.

« abed {2013, 2014, 2015, 2016, 2017, 2018}

TOAN H
18 - cl'uﬁi%

S8 492(6-2018)

= ¢6 6 sd.
A +6 510 85
9.4} T4536 756

Gia st hai canh bén cia tim bia la

Viy xdc sudt cin tim p =

Ciu 27.
x, v (x,y>0). Theo gia thiét x*>+y* =a°. Do d6
thé tich hinh nén tao thanh la

2 _ .

¥ =lTI:J.’1X=l‘.It(a2 - )x= V‘:lm
3 3 3
2'\(’3‘]’( 5]
4 e
27
Ciu 28. Dya vao dd thi ta c6 dd thi cit truc hoanh
tai hai diém x=-2 va x=2 nén ham sb c6 dang

Lap bang bién thién ta co ¥, =

v =ax’(x* —4). Tim dugc hai duong cong cb PT:
y=x"—4x vay=—x*+4x Vay dién tich giéi han

.
1 2 2

bai hai duong nay 13 § = 4 _[(—x“ +4x7)dx = %

(1]

abx+a+b r_l.“[ - b }lt
(1 + ax)(1+ bx) - I+ax 1+bx

(101 + ax|+ In[t + bx]], = Inf1+a)(1+8|=

Céu 29.

ab+a+h=0

Sl+ab+a+b=1= .
ab+a+b=-2

Ciu 30. Cho a,be(0;1):

Sla)+ f(b) =

o
logag7 Tog +logag17 T

£ [LLJ_IO __ab
W g 1-b) | [_(a+b)+ab

Néu a+b=1= f(a)+ f(b)=0.Do dé

2018 2 2017
[f("z“@] f[mﬂﬂ{f[m)”"[mﬂ
2018 1
=04+0+0..40=0=5=0
1 1 1

Cau3ll. x,,,-x, = S T
nn+l) n n+l
=% +L—x +l— =X +1—2
TS " S R
. 1 4035
Viy x, =2-—= =—:
Yy X = Y2018 2018

Ciu 32. Goi (x;y;z) la toa 4 diém 7 sao cho:

https://tieulun.hopto.org



Ti+21B+31C = 0:;»1[53_1]‘
5

Ta co:

MA? +2MB? +3MC =6Mi% + 147 + 218 + 34C°.
Dé MA® +2MB? +3MC? ¢6 gia tri nho nht khi v
chi khi MI dat gia tri nho nhét, lac dé M 1a hinh
o 13]

318 9/

chiéu cia / xuong mp{(P). suy ra M[

Cau 33. Giao diém cia (C) va d la:
Y odv=mex=0,x=ttm+3, m>-3

V& so luge dang d6 thi (C): y = x° ~3x, taco dd thi

ddi ximg qua gde O nén:

Jme3 B Jmid
e -[ e —x" +3x)de = 2——x—+—x—
2 4 2
_m" +6m+9 (.n'*.|'+3]l2 3
2 2
s=8@(’”+23) 8= m=1,m=—7 (loai).
Céu 34. cos® x—cos2x +2018.sin’ % =0
sinxy =0
o (cost v -1 +2018sin’ L =0 | o
sm;:()

e
=sin==0o x=3kn
2

Taeoni=s3rn<ls, e & =0k =1
Cau 35.PT

@mgg[cos(x—ﬂ]—log,[ms[r—z}j—l—k 0.

bat t=log; [cos[r—:{n:rﬂ} PT di cho tra
thanh > —r—1=k. o
PT da cho co nghiém thi PT(1) ¢o it nhat mét
nghidm 7 <0. Lap bang bién thignsuyra k> —1.
Ciu 36. Xét s6 phic z = x+ yi. Tir gia thiét suy ra
(x=1% +(y+2)* = 5. Suy ra tap hop diém M(x;y)
biéu dién 56 phirc z 1a duomg trom tam 7(1;-2), ban
kinh R = /3. D& dang c6 duge

M5 cosa+ 1 \5sina—2) véi ae[0;2x].

Matkhic w = z+1+i=(x+1)+(p+1)i

=u? =+ 1)+ (y+1)2
=(J§cnsa+2}2+(£sina—])3
=10+2V5(2¢cos 0~ sina) < 20.
=2:f5.

Ciu 37. Goi F, F lin lugt trung didm AB va CD
suy ra EF L (S4B). Goi O la tim cua tam gidc déu

Do do |w|m"!

S4B, trong mat phz"mg
(.S'EF) tir @ dung du‘(mg,
thing song song EF cit
SF tai {, suy ra [ la dinh
hinh non. Ta ¢o:
ol _s0_2
EF SE 3

= 0= 3E'F=-%.a'_
3 z

Ban kinh duong tron day:

Vv (hé tich cia hinh nén 1a
T 2
l= lrtR“h = lni gt Za
3 BEEdee il 21
Cau 38. PK:cosx, sinx clng déu. Do do PT duore

sin x. 2018 * = cos x.2018°%% *)
Vi ham sd tanx ¢é chu ki 1A nén trudc tién ta xét
sinx >0, cos x > 0. Khi dé ham s6

viét lai:

F(1)=1.2018" e e (0;1)
ddng bién trong (0;1) nén tir phwong trinh (*)

: id
S (T o e Z+k,2n:.
Tuong ty xét sinx <0, cosx <0 ta duoc nghiém

x=%+k.2m Viav PT d3 cho co nghiém

x= ;+k,n (k € Z). Do do trong khoang (0; 2018)
phuong trinh ¢ 643 nghié¢m.

Ciu 39. Gia st M(l:b)la diém thy ¥ ndm trén
duomg lhéng x =1, suy ra phuong trinh tiép tuyén

cua (C) qua M 1a y=k{x—-1)+5 nén thoa man hé
phurong trinh

s ez TOENADS 19




£ - +2=k+h 4

o N :>x3—x‘+2=(3x2—1r)[x—l)+b
3 -2x=k
=bh=-2x +4x* —2x+2. (*)

Pé qua M ¢6 hai tiép tuyén thi phuong trinh (¥) ¢
dung hai nghiém, suy ra duong thing y=5 phai
cit dudmg cong y= SO Ay T tai hai

diém. Ta co

Vi=brl 48y -2 ' =0 x=1x=

ul—‘

Lép bang bién thién thi ta ¢6 hai gid tri b dé phuong
trinh ¢o hai nghiém.

Cau 40. Ban Lam lam bai chic chan ¢6 8 diém. Bé
cd ding 9 diém ban Lam phai lam ding 5 cdu trong
10 céiu danh ngdu nhién, ma ta biét mét cau dung co

. " 1 o 3 . i 2 I - B
Xac suat 0 va o chon sal, Do dé xac suat dé co 9

dicmibep | S = SCS
‘p'{4j'[4]"m
Cihu 41, Mit cdu (S} co tim [(-2;
R=1/5. Goi rla ban kinh hinh tron thiét dién, theo

—1;1) va ban kinh

gid thidt ta cd: S=nerm=n=r=1 Goldla

khoang cach tir / dén mat phang . Ta cé:
F=R-2=5-1=d=2 o
Mat phing o qua N(0;—-1:0) ¢ dang O :
Ax+ By +1)+Cz =0 <> dx+ ByCz+ B=0
Mat khic o qua M(I;-1;1) nén th(')ai:
A+C=0=a:4Ax+8By—-A4z+B=0.

Vi
|3AI 2 x4
dedifa)—— e 2 ap =21
V24t + B B

Do d6 c6 hai mat phang o cén tim la:
2x+y—2z+1=0, 2x—y-2z-1=0,
Ciu 42, Chimg minh qui nap ta co u, = n(n+1).
Suy ra
1 |

A !

1

I+E+m+“ o ...+n(n+l)
L Lo 1
i3 3y i A
Viy
TOANHOC
20 & cl'u&it;é S6 492(6-2018)

MavSEI do dé —L—Eﬁlc:)mz—ﬁ-
L D [ 6

Cau 43. Tir gia thiét suy ra (P) ¢6 VTPT n=[a:h]
=(l;-2:1). Ta co A(l;2:3)e(d,), B(0;1;0) =(d; ). Goi
E 1a giao diém ciia AB va mp(P).

Vi d[d),(P)]=2d[d,,(P)] nén co hai truémg hop
Xay ra:

TH1: EA=2EB
= E-L0,-3) =2 (Pix-2y+z+4=0.

TH2: EA=-2EB
:>E[~l-'i'
3

Caudd. Tacoy'=3x" —dx—m+1.
Ham s6 dong bién trén tap s6 thuc R khi

]:{P}:x——2y+z+§:0,

v'ZU_VxeR@mé-—%-

Db thi luon qua diém ¢d dinh (1; 0)

DS:HI ~2x —(m—l)v+m’dx_ —————
AXY G

So sanh

véi didu kignta oo — 2 gms L.
Ciu 45. Gia s M{x; v) 1a diém biéu dién so phirc
T=x+ v (x e M), i
|:—1; = -1+t =34
= M thude dudmg tron (C): (x— 1% + 3% =34 . Vi
|2+ 1+ mi| =|z + m+2i

=+ +(v+m) =(x+m)? +(,1'+2)2

= 2l—mx+2(m—-2)y-3=0
= M nim tén duong thing (d) :

2(l=m)x+2(m=2)v-3=0.

Dé ton tai hai s6 phirc z,, z, dong thoi thoa méan hai
diéu kién di cho nghia 13 tn tai hai diém M,, M,
bidu dién hai sd phirc lin lugt ndm trén hai giao
diém cia (C) va (d), va dé Iz] —22| Iém nhit thi
M, M 1a dudng kinh eoa (C) hay (d) qua tam 7(1;0)
cia (C)

=20-m)1+2m-0-3=0=m=——

https://tieulun.hopto.org



Suy ra M (6;3), M,(~4;-3).

Ciu 46,
x - -2 0 | 3 o
Sxy -0 + 0 - 8 + 0 =
L R

Dit x* =t, 120, theo bang bién thién trén thi

phuong trinh f(¢) =m c6 nhiéu nhit 2 nghidm vi
¢ = 0. Do d6 phuong trinh f(x*} = m ¢6 nhidu nhét 4

nghié¢m.

Ciau 47,

420 C =0 e R e

]
G re, =E o Lo B
Klin+2—k)!
k-1 =+ 3!

Mat khic: 2018Caat __ 2018re )t o

k k.(k—l)!(n+2--k)!

= 2016. S6 hang thir m la:
1 2016-m
oo (2)" [;] =Gy 2" (""" =>m = 1008,

Ciu 48. Goi A 1a bién ¢b dé dng Pai Gia li xi anh

Cd 100000 ddng, anh Hai 100000 déng va Téi duqc :

200000 déng
_5_ i 4 80 10

9°8°7 504 63

Goi B la bién cb dé éng Pai Gia i xi anh Ca 100000
déng. anh Hai 200000 déng va Tﬁl duge 200000
ddng

= P(A)=

60 5
T9'87 sS04 42
Goi C 1a bién ¢b dé éng Dai Gia li xi anh Ca 200000
déng, anh Hai 100000 déng va Toi duge 200000
déng
9°8°7 504 42
Goi D la bién c6 dé éng Dai Gia li xi anh Ca 200000
déng, anh Hai 200000 ddng vaTéi duge 200000
ddng
432 24 1
987 504 21
Viy xdc sudt dé T6i duge li xi mdt t& ménh gia cao

200000 déng la:

= P(D)=

4
p=p(A)+p(B)+p(C)+p{D)=;

Céu 49. bit x =
laila: x(l—y)= pvd—x>. DK:-2<y<2.

Ina, y =Inh, diéu kién duge viét

vi Iogba=ln—a=£ nén dé ton tai gia tri lon nhét
Inb ¥

va nho nhit cda = thi v # 0. Bién déi:
¥

x{l-yi=y 4-5 <:::>i=(_\‘+\|'4—.rz).
It

Pt =h (h#0). Taco: h=x+d—x* lién tuc
a7

trong doan [-2 ;2]
22 mink =2 =5 M =2\ m=—

Cau 50. Phuong trinh ham sd duge viét lai l4:
i =3+ =y e

—maxh =

Dé dudmg cong qua diém ¢d dinh (x, v) ¥m thi

{x3—3x2+3=0

HEp)
y=x"+x —x

D) = x° —3x" +3=0
B (x) =357 - 6x = foq S = F(0).£(2) =3 <0.
Dq d6 duomg cong qua ba diém ¢ dinh, gia su ba
diecm do la (x50 ) (s 0) (x5005), trong do
XX, Xy la nghiém phuong trinh x* -3x* +3=0
va
ViR RN N2 TR AR Xy, =G A -
Taco: )
Xy F X+ X3 =3, 520+ XX+ X0 =0, xxx = -3,
=W trat Ry =x,3 +x§ +.vr33 +
(_rlz +x§ +Jr§]—(.'rl ot )
=18+9-3=24.

AlrRsiasii o }'1+}’2+}’3_8
» 3 il

Viy duimg cong qua ba diém ¢b dinh tao thanh mét
tam gide nhén G(];S] lam trong tam. Tl hé

{x3—3x1+3:0 |:y'—-2x3—2x2—x+3
=

y=xtixtox

y=dxl —x-3
tir 6 suy ra chi ¢é hai khang dinh 11 va IV ding.
NGUYEN LAI
(GV THPT chuyén Lirong Vin Chanh, Tuy Hoa, Phu Yén)
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NHONG DIEU K LA XUNG QUANH CAU
CHUYEN PHAT MINH RA PHEP TOAN LOGARIT

LE QUOC HAN (Trudng Bai Hoc Vinh
LE THI NGOC THUY (Truong CDSP Nghé An

C6 nhiéu van dé lién quan
dén toan hoc rat quen
thuée ngd nhw khéng con
dé tim hiéu nita. Thdt ra, cé
biét bao bi dn gidu sau

nhitng van dé day ma héu

thé can kham pha. Si ra

doi cua phép todn légarit Nii todes oo Soot
I mét trong nhitng van dé -
- g (1550 - 1617)

nhie vay.

1. Cuje ddi k¥ la cia John Napier, cha dé cia
phép tinh logarit

John Napier (1550 —1617) sinh ra khi cha éng

méi 16 tudi. Phin I6n cudc doi, ong séng bing !
mt gia san 16n & Lau dai Merchston ghfy

Edinburgh, Scotland, va da hao ton nhiéu tamdirc
vio nhitng d4o 16n vé& chinh tri va tonegido thoi
d6. Ong 1a nguasi chéng ddi manh médao Co doc
va bao vé chinh nghia ciua John Khiox va James 1.
Nam 1593, ong di cong bd mt an pham tan cong
mot cach manh mé vao Gido hoi La Mi duge
nhiéu ngudi doc ¢b tén 1a 4 Plaine Discovery of
the whole Reuelation of Saint John (Mgt kham
ph4 & rang va toan bo thién khai cua Thdnh
John), trong d6 ong da c¢b ging chimg minh Giao
hoang 14 mot ké phan Chia va ring Chua sang thé
da dinh ngay tan thé vao gitra nhimg nim 1699 va
1700, Cubn séch duge téi ban 21 lan, it nhét la 10
lin khi 6ng con song, va ong that sy tin ring néu
¢6 tiéng tam cho hau thé thi chinh nhé cudn sach
nay. Ong ciing da viét phong dodn vé cac dung cu
chién tranh that ddc 4c khic nhau va vé "nhiing so
db tau thuyén chay ngdm duéi nudc" 6 kém cac
ban v& va cic so db. Mot vai chién xa cia dng

22TOFIN HOC
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that giéng v mit chiée xe tang hién dai va mét
trong céc chién xa d6 c¢6 mot cai miéng mo ra
d6ng vao dugc va co thé pha huy bat ky céi gi
trén duong né dang chay. Chéc chin ring tinh
tinh chan that dang ngac nhién cua ong cling nhu
su tuéng tuong nhur vy da khién nhiéu ngudi cho
ring éng bi mdt va nhiéu nguai cho ring ong lam
véi cic ma thuat. Nhiu chuyén ké, c6 1& khong
con tim thdy, nhdm hd trg cho quan diém nay.
Truée hét c6 mot thai gian dng cong bd ring con
ga trong den nhu than cia ong ¢6 thé ginp éng
nhan d:&n Xem ai trong s ngudi hau ha da dn cip
cug_ﬁng Bon ho di timg ngudi mot vao mot

phémg t6i den nhu mue va duge yéu cdu vo nhe
‘lén con gi. Napier gidu bon ho da ngdm béi 1én

lung con ga mét it mudi den, va ké co t6i da
khéng dam sé vio con ga va di ra voi hai ban tay
sach s&. Ciing co ldn Napier bi dan bd céu nha
hang x6m sang mé thoc nha minh, Ong doa s& bit
nhét dan chim néu ngudi hang x6m ct dé cho
chung bay lung tung. Nguoi hang xom nghi ring
khé 6 thé bit ching va néi voi Napier ring néu
bét duge ching thi chic chan dan chim s& rat vui
mirng dén 6ng. Ngay hom sau nguoi hang xom
voi vé mit ngd ngang khi thay cac chi bb cau clia
minh ¢t loang choang trén sn co nha Napier va
Napier lang 1& ra nhit ching cho vao mot cai tai
16n. V& sau méi biét Napier da lam cho dan bd
céu bi say khi di tim rugu vao cac hat ddu va ric
[én san nha cho chung.

2. Napier did phat minh ra phép tinh légarit
nhu thé nao?

Pé thur gidin sau céc cude but chién vé chinh trj va
ton gido, Napier ldy viéc nghién ctru todn hoc va
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khoa hoc lam tht vui va cudi cling bén san phim
thién tai cua 6ng da duge ghi nhén trong lich s
toan hoc. Po la: (1) phat minh ra 16garit; (2) mdt
quy tic théng minh va dé nhé goi 1a guy tdc cde
phén vong trén nhim tii tao cac cong thirc dé giai
cée tam gide cdu vudng goc; (3) it nhét hai cong
thire lugng gidc nhom bén thir goi 1a cac neong ne
Napier rat hitu dyung trong vigc gidi cdc tam gidc
ciiu xién; (4) phat minh ra mot dung cu goi la
thanh Napier hodc xwong Napier dung trong vige
lam may moc cac phép nhan, chia va cin béc hai
clia chc sd. Trong do thanh tyu dac sic va quan
trong nhit ctia éng 1a phat minh ra phép tinh
16garit. Nhur ta biét hién nay, sitc manh cia logarit
voi tinh cach mét dung cu dé tinh toan 1a nho
chiing mé céc phép nhéan va phép chia quy vé céc
phép tinh céng va phép trir don gian hon. Ngay
nay ta dinh nghia ldgarit don gian nhu sau:

Gia str a 1a s6 thie duong khac 1 cho trude. Khi
d6 voi moi sé duong N, ta goi légarit co 56 a cia

N 14 s6 thuc (duy nhdt) x théa man a* =N (va

ky hiéu boi x=log, N). Nhung Napier khoug

dua ra dugc dinh nghia bing cong cu dai sé.{_i‘lch
gian nhu vdy, ma da dua ra mdt dinh nghia kha
phirc tap dua vao hinh hoc nhu sau: W

cos(A —'B.)'.— cos(A+ B)

2
kha thong dung thoi Napier, va hoan toan tu
nhién khi tuyén tu duy cta Napier bit dau tir cong
thite nay (bién déi tich thanh téng) va diéu nay
giai thich vi sao thoi dai Napier 16garit lai bit dau
vé céc 16ga cua sin. Napier di lam viéc rong ri it
nhét 12 ndm cho 1y thuyét cia minh. Ong dinh
nghia 16garit bang phwong phdp kién thiét dua
vao cong cu hinh hoc nhu sau: Xét mot doan
thﬁng AB va mét tia vé han DE. Cho C va F
cling bit ddu chuyén dong tr 4 via D trén cac
dudmg thing d6 véi cing mot van tée ban diu.
Gia stt C chuyén dong v&i mt viin toe ludn b‘ﬁng
vé sb voi khoang cach CB va F chuyén dong
Vi van tde déu. Va Napier di dinh nghia DF 1a
l6garit cua CB .

Cong thirc sin Asin B =

Dit DF=x,CB=y thi 4_€ v &8

x=Naplogy. 4 3 -
Dé tranh phién phire vé cic phan s, Napier lay
dd dai AB =10, boi vi theo dng céc bang sin tot
nhét phai ¢6 7 chir s 1é. Tir dinh nghia Napier,

nhan duge Naplogy =107 log, [ﬁf} That véy,

taco AC=10" =y nén vin the cia

W L
dt y

Léy tich phan hai vé, ta ¢6 Iny =-r+C (trong d6
Iny=log,y dugc goi la logarit v&i co sb ty
nhién). Tinh hing sé tich phdn bing cdch 1y
t=0 C=In10". Do do

nhin  dugc

Iny=-+In10". Ta lai c6 vin tdéc cla
F =29 nén x=10". Dods

_dhy
S Naplog y = x =107 =107(In107 —In y)

7 i
= (m 10’ (—”—]
y :

Phén phat trién hon nita 13, qua mot sw ké tuc cdc
khoang thori gian bing nhau, v giam theo cdp s6
nhén trong khi dé x tang theo cdp s6 cng. Nhu
vy ¢6 mét nguyén Iy co ban ciia mét hé thong
1ogarit 1a sy lién két gitta cAp s6 nhan va cp sb

cong. Chang han suy ra ring néu E:—E; thi

Naploga— Naplogh = Naplogc— Naplogd. Day
]2 mot trong nhimg két qua ma Napier thiét 1ap
duge. Napier cong b phin luan giai cia ong vé
1ogarit vao ndm 1614 trong mdt cudn séch cé tén
la Mirifici logarithmorum canonis deseriptio (mo
ta luat 16garit ky diéu). Cong trinh nay c6 mot
bang loga ciia sin cac goc véi cac phit ké tiép
nhau cua cung. Ngay tir khi ra mit, cudn séch
dugc gidi toan hoc don nhéin nhiét tinh rong rdi va

(Xem tiép trang 34)
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CAC LOP THCS

Bai 11/492 (Lép 6). Cho tong
e T
= e e R e e T
10 20 35 56 84 120

a) Phan s& cé la mot sé hang cia M

1
15400
khong? Vi sao?

b) Tinh téng & s6 hang dau tién ciia M.
PHAM TUAN KHAI

(S0 nhét 29, ngd 67, dwcing Gidp Bet. qudn loang Mai, Ha Ngi)
Bai 12/492 {Lép 7). Cho tam gidc ABC co
AB < AC. Tia phin gidc cia BAC cét duimg
trung truc cua canh BC tai diém M. Goi H, K. d
lin luot 1a hinh chiéu vudng gée cia M trénieac
duémg thing AB, AC va BC. Chimg minh b Gdiém
H, I, K thing hang.

DAO, QQOC CHUNG
(GV THCS Dién Hai, Dién Chdu, Nghé An)
Bai 13/492. Giai phuong trinh nghiém nguyén
P = 4_1,?3 +x2y +y+13.

CAO MINH QUANG
(GV THPT chuyén Newyén Binh Khiém, Vinh Long)
Bai T4/492. Cho ur giac ABCD ni tiép duong
won dudng kinh AC, diém M trén AB sao cho
AM = 4D. Céc dudng thing DM va BC cit nhau
tai N, AN cit duong tron tai K. Goi H 1 hinh
chiéu vuéng goc cia D trén AC. AB cit NH va CK

ldn lut tai P va Q. Chitng minh:

I 1 1
+

MP MA MO
DOAN CAT NHON
(GV THCS P. Binh Dinh, An Nhon, Binh Dinh)

TOAN HOC

* Cluditye S& 492(6-2018)

24

Bai 1'5/492. Giai hé phuong trinh
3P 4 6x+2=2y°
3 +6y+2=27"
32 46z +2=2x

VU HONG PHONG
(GV THPT Tién Du 1, Bdc Ninh)

CAC LOP THPT
Bat 1'6/492. Giai bt phuong trinh sau:
S +6xd +9rsJx+4-2.
NGUYEN MINH TAN
(GV THPT Duwang Quang Ham, Van Giang, Himg Yén)
Bai T7/492. Véi a, b, ¢ la cac so thue duong ¢6
tich bing 1. fim gia tri nho nhét cia bigu thie:

1 1 1
f + z
azm?+ A5 | AT s T 200

C?OIS +1

NGUYEN TUAN ANH

(GV THPT chm én Newyén Quang Diéu. Ding Thip)
Rt THM‘JE. Cho tam giac ABC ndi nep duong
won tam O, Céc tiép tuyén vai dudng tron (O) tai

» B. C cit nhau tai P. Puong thang qua A song song

voi BP cit BC tai M. Duong thing qua 4 song
song voi BC cit BP tai V. Goi [ 1a giao diém cia
AP v&i MN. Chimg minh ring bén diém B, I, 0. C
cling nam trén mat duomg tron.

HO QUANG VINH (Ha Nii)
Bai T9/492. Cho phwong trinh: x* + ny® +n=0(*)
Tim m, n dé phuong trinh (*) c6 ba nghiém thue
u, v, £ thoa min céc didu kién sau:
i) u, v, t d61 mot khac nhau va khac 0.

1{4 V‘i f4

s +
1) w -2n =2
TRAN VU HOANG DAO
(GV THPT Lé Quy Don, Long An)

-~
W - 2n

TIEN TOT OLYMPIC TOAN

Bai T10/492. Cho p 1a sb nguyén té le va
G120y.....a, theo thir tur d6 1dp thanh mot cdp 56

cong co cong sai d khong chia hét cho p. Chimg
minh ring:
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i

H(a,- +a.ag...ap)5p2.

i=1
NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang, My Tho, Tién Giang)
Bai T11/492. Tim tit cd cdc ham sé /' R> R
thoa man:
S+ ) =f 3"+ f6P" - (), Vxy R
NGUYEN VAN QUY (Ha Néi)
Bai T12/492. Cho tam gidc 4BC nhon véi cic
dudng cao BE, CF. ST 1a mot ddy cung ctia dwomg
tron ngoai tiép tam gidc AEF. Hai dudng tron qua
S, T tiép xtic véi dudng thing BC lin lugt tai P,
Q. Chimg minh ring PE, QF cit nhau trén dudng
tron ngoai tiép tam gidc AEF.
TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHQOG Héa Noi)
Bai 1.1/492. Mot con ldc 16 xo gdm vit nhé ¢
khéi lugng m = 0,03kg va 16 xo0 co do cling

 FOR SECONDARY SCHOOL
Problem T1/492 (For 6" grade} Let ,ﬁa
W

+—+—+—+ 4@

A
10 20 35 56 84

a term omyﬂ‘

b) Compute the sum of the 8 first terms of M.
Problem T2/492 (For i grade). Given a
triangle ABC with 4B < AC. The angle bisector

of BAC intersects the perpendicular bisector of
BC at M. Let H, K, and 7 respectively be the
perpendicular projections of M on 4B, AC, and
BC. Prove that H, I, K is collinear.

Problem T3/492. Find integer solutions of the
equation

a)ls the fraction

x =4y3 +x2y+y+13.
Problem T4/492. Given a quadrilateral ABCD
inscribed in the circle with the diameter AC. Let
M be the point on 4B such that AM = 4D. The
lines DM and BC intersects at N, and the AN

k= 1,5N/m. Vit nho dugc dit trén gia d& c6 dinh
nam ngang doc theo truc cia 16 xo. Hé s6 ma sat
trugt giita gid dF va vit nho 1a p = 0,2. Ban ddu
gilr vt ¢ vi tri 10 xo bi dan mot doan Aly = 15cm
roi budng nhe dé con lic dao déng tit din. Liy
g = 10m/s”. Xac dinh toc dd 16n nhit vat nho dat
dugc trong qua trinh dao dong.

THANH LAM (Ha Néi)
Bai L.2/492. Dién ning tr mdt tram phat dién
duge dua dén mét khu dan cu bang duong diy
truyén tai mot pha. Néu dién ap tai noi truyén tai
ting tir U 1én 20 thi sd ho dan dwoc tram cung
cip du cong sudt dién tang tir 93 ho lén 120 hé.
Coi rang cong sudt dién truyén di tir tram phat
khong dbi, cong suat tiéu thy dién ctia méi ho dan
nhu nhau va khéng déi. Hé sb cong suit trén
dudng truyén tai khéng déi. Khi ting dién 4p tai
noi truyén tai 1én 3U thi s6 hé dan duge tram phat
cung capdicong sudt dién 1a bao nhiéu?

VIET CUGNG (Ha Néi)

% intersects the circle at K Let H be the

perpendicular projection of D on AC. Assume
that 4B intersects NH and CK at P and Q. Show

el s
that — = — 4 —.
MP MA MO

Problem T5/492. Solve the system of equations
3P +6x+2=2)°
3)° +6y+2 =27

322 +6242=2%

FOR HIGHSCHOOL

Problem T6/492. Solve the inequality
X +6x° +9x£\fm-2.
Problem T7/492. For a, b, ¢ are positive
numbers with the product is equal to 1, find the
minimum value of the expression
1 . L 1
T 5 T s 0 ons )

(Xem fiép trang 41)
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Bai T1/488. Cho ngii giazc ABCDE c6 canh BC
song song voi dwong chéo AD, canh CD song
song voi dwong chéo BE, canh DE song song voi
duong chéo AC, canh AE song song voi duong
chéo BD. Chitng minh rang canh AB song song
voi dwing chéo CE.

Loi gigi, Ki hiéu dign
tich cua tam gidc ABC 14

Saipe- A
Nhdn xér. Cho tr gidc
ABCD, ké BH vudng goc
vai AD va CK vudng goc
vii AD. Néu BC song song vai AD thi BCKH 1a
hinh chit nhit nén BH = CK, do do

S =%BH,AD =%CK.AD =5

\/
E

Str dung nhan xét wén, xét Wr giac ABCO khi BC
song song voi AD thi S = Scan . X8 0 gide
DCBE khi CD song song vai BE thi Sepe = Spir,
%€l tr giac DEAC khi DE song song vai AC thi
SDAC = Sa‘.'AC % X6t g]%‘]C EABD khi AFE song song
v&i BD thi Sypp = Sgap . Tl cac ding thire vé dién
tich trén suy ra

Scar =Spre = Sapn = Scap = Spac = Sgec = Supe-
Ke AM vudng gée vai EC thi AM la dudng cao
cua tam gidac AEC. Ké BN vudng gbéc voi EC thi
BN la dudng cao cla tam gidc BEC. Hai tam giac
AEC va BEC c6 chung day £EC ma Sygc = Saee
nén hai duéng cao clia ching bang nhau, tirc la
AM = BN, lic do tir giac ABNM 14 hinh chir nhat,
suy ra AB song song voi MV, hay 1a AB song song
vai CE. 0
= Nhin xét C,é,c ban ¢o Iéi giai ding la: Vinh Phae: Tg
Kim Nam Tudn, 6A2. THCS Yén Lac, Yén Lac: Qudng

26 T9ﬁc'|!ug',g§ S8 492(6-2018)

Ngai: Mai Thanh Ngwyén, 6A, THCS TTr. Séng Ve, Vo Thi
Héng Tha, 613, THCS Nghia My, Tu Nghia; Nguvén Hodng
Himg, 6A, THCS Pham Van Déng, Nghia Hanh.
VIET HAI
Bai T2/488. Chimg minh rang:
1 1

I+l+-—+...
ﬁ

It

35 74035 2019
N 4036
2018

b, il !

1 L

20 3
Léi gigi. Ta chimg minh v&i v nguyén va n>2

L ! Bl e
J)(n+l)[l+2+3+,..+n]{ )

2n(l+—+—+..,+
2f 2n—
biing quy nap theo .
. o ol )
* (*) dung v&i n=2 vi ?)‘5
» Gid su (*) ding voi n=4k 22
* Xét n=k+1 taco

2(_k+1)(1+l+i+.,,+L+ ! ]
45 2k—-1 2k+1
=2k(l+l+l+.,.+L
S 2k-1
+2[1+-1~+-]—+...+—-—]—-— +M
405 2k -1 2k +1
>(k+1)(]+l+l+...+l]
203 k
+2[l+l+l+,.,+;]+l+2(k+l)
203 2k-1 2k+1
>(k+1)[1+l+i+.__+-l-]
2 k
[l Lol 1] 1
e e S e e +
4 6 2k 2k +1
=+ 14—+ + +l
3 k
{ k1 LY k+2
e et e e
2 3 A'J k+1
(W 2 L ki
2k+1 k+1
=(k+2)[l+l+-1~+,,.+-l—+_]—}
203 kook+1

Viy (*) ding véi n=k+1=(*) dang vdi moi
n>2 Thay n=2018 tacé diéu phai chimg minh,
L Niin xét. Cic ban ¢6 1 giai dang giti vé Toa soan: Nghe
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An: Newén Phuemg Uvén, Newén Thi Thanh Héng, A,
THCS Ly Nhit Quang, DO Luong: Pham Negoe Trinh, 7B,
THCS Hé Xuan Huong, Khéi 1, TT. Cau Gigr, Quynh Luu;
Vinh Phitc: Ta Kim Nam Tudn, 6A2, THCS Yén Lac, Yén
Lac; Quéng Ngai: Pham Dinh Tam. 7A, THCS Pham Vin
Béng. Nghia Hanh: Thanh Hoa: Vi Tuan Nghia, Lé Dric
Chinh, Lé Minh Long, TB, THCS Nhir Ba Sy, TT. Bat Son.
Hodng Héa.

NGUYEN THI TRUONG
Bai T3/488. Cho bo hai 56 thue (a, b, ©); (x, Yoiz)
théa mén khong ¢6 b nao dong théi bang 0 va
a+b+e=x+y+z=ax+by+cz=0. Chitng minh
réng gid tri ctia biéu thitc sau li hing sé

(b+ (.'): - _ _+z)l_

PoatEE
ab+ be + ca

Xy + yz+zx

Loi gidgi. Ta xét cac kha ning sau:

* Néu ar =0, thi a =0 hogc v = 0.

+Néua=0thi b+c=0va by+cz=0, suyra

h=—cvibv+cez=by-bz=bly—-2)=0 (1)

thnthé.yb"O(wneub—Othlc—O khi do

{a, b, €)= (0, 0, 0) trai véi gia thiét), l'U{I)bLly ra

¥ = e Edo sy =St o) = =2y Néu p = 0 thi

x =y =z=0trd véi gia thiét. viy y # 0. Ta cb
(b+ey )

2 . {rezy —04 40 :_it
ah+he+ca

e

—2y3 +}’2 —2}‘2 =

aibiz k2

: 4
+ Néu v = 0, tinh tuong ur ta ciing co P = -

e LR
i - a a x X
cO thé dua gia thiét
a+b+e=x+v+z=ax+by+ez =0 vché
Trof=0 a+p=-1 a=—1-f
[+a+v=0 <>iti+v=-1 <u=—1-v
T+owr+fr=0  Jom+Pr=—1 |[{(-1-Pru+Ppr=-1(2)
Tacd 2y 1—u=Ru-v) {(3)
Néu - v =0 thi tr (3) suy ra z = 1, Mat khac tir
yu—v=0viu tv=-lsuyrauw=v= —%. Hai
didu nay miu thudn nhau, Viy » - v £ 0, tir (3)
suy ra B—— Dodd u=-1- |3— .
ap= (I=w)v—1) uw+v—1l-w —(2+1rv]
(i —v)? (v —dy  1-duv
Tir day ta tinh
il 2
a x
= +
gh+hbc+rea  xp+yz+2x

_ 1 . 1 _ ! F
_b_+c+b§ _Jf+_2_+£§ o+frof  w+v+m
a a a g

| 1 I 1

=] + =

—l+up —l+uv 24uv -y
-4

e 41-wy 4

“30 -y l—uy =3l-wv) 3

L Nhdn xér DYy 1a bai toan tinh gid tm cua bidu thire voi
nh1éu hlén thoa min mot he didu k:¢n cho lrucm, ta c;m phm
chia hai kha nang y =z vay £z vil Lung cho dap sb nhu trén.
Bai nay ¢ it ban giri bai. tuyén dwong cde ban sau ¢o i
gidi 16 Thanh Héa: DS Cao Beich Timg, 9B, THCS Tran
htai Minh, TP Thanh Héa; Thii Binh: 84 Thi H?.-}-‘é'n. 9AZ,
THCS I.& Danh Phuong, Hung Ha,

PHAM THI BACH NGOQC
Bai T4/488. Vé phia ngoai ciia tam gidc ABC vé
gide ABD., BCE, CAF thoa mdn

ADB = BEC = CFA =90", ABD = CBE =

cac  tam

lf_u

Chitng minh rang DF = AE.
Loi gigi. Ha EH L BC tai
i1 DE thiy:

A4BD en ACAF.

Dat £=C—-k ta co
DB F4

AD=k.DB, CF=kL.FA
Ap dung dinh Iy
Pythagore ta co

ey L

Tuong tu, ta co gi s

CA Jr2al

Mat khac, ABDA o> ABHE, taco
BD  BA B4_ BD BD _BH BH
‘BH BE BA BE

Suy ra ABDH e ABAE (c.g.c) (1)
DH DB 1 AE

Do do (2)
AE B Jen e

Tuong tr, ta cd ACFH e ACAE (3)

Suy ra SR G k k.AE 4)

AES G e =i
Tir (1) va (3), ta lai cé:

DHB+ FHC = AEB+ AEC=90° = D{IF =909,
Tir (2), (4), ap dung dinh Ii Pythagore ta ¢6

S8 492(6-2018) ”mm%z 74

k2 4]




AE? ki AE?
DF2=DH?+4 FH* =——+———=4E?,

K+l k241
Do d6 DF = AE. 0
<Nhgn xét. Chi co ban D6 Cao Bech Ting, 98, THCS Trin
Mai Ninh, TP, Thanh Hoa, Thanh Héa tham gia giai bai todn
nay. Tuy nhién 104 giai cua ban Timg phy thude vio hinh v& nén
chura chiit ché,

NGUYEN THANH HONG

Bai TSARE, (v aniniy tnyg soie dey la o se
VO dirong:

Léi gidi. Dat

. L 1 1o it
e e e S e
23 n 203 n

2 2
1 1 1 i
R o T S S e
Bl
Bing phuong phép quy nap, ta chimg minh rang,
vGi moi 86 tu nhién #>2, S, la mot s6 nguyén
duong. That vay, ta co

2 2
S, =I+l+[]+1] +[l) =
2 2 2

1a mjt sd nguyén duong,
Gia thiét S, (nz2)]a s6 nguyén duong, Ta co:

2 n=58 +2

n+l n+l

Suyra §,,=5,+2 lasd nguyén duong. Theo
nguyén |i quy nap, ta duge S, 1a s6 nguyén
dwong v&i moi #22. Dic biét trong bai todn
S, 1a sb nguyén duong. Bai toan dugc chimg

minh. []

S3§ 492(6-2018)

TOAN H
28 crudigg

#Nhgn xér. Day (S )vei S, =4 §,.,=5,+2
(n=2)la day cdc sb chin 4,6,8... D& thiy
§,=2mn=234,. Didu then chit cia bai todn la
chirng minh hé thire 5, , =§, +2 vanhinra

11 e db ! 1.1 1 1
4=+t ==t A+t t—=
2 noo2 A n 3 n n

" . il =l o
{trong vé triai o6 1 86 1, hat s6 — , basd —,...,ns0 — ).
2 3 "

Cie ban sau diy c6 160 gai tot: Thai Binh: Bii Thi
Hu)-‘éﬂ. 9A3, THCS L& Danh Phueng, Hung Ha: Thanh
Héa: Pham Anh Dic, D6 Cao Bdch Timg, 9B, THCS
Tran Mai Ninh, TP Thanh Héa; Binh Phirdc: Ding Dinh
Ven, 8/11. THCS Tan Pha, Déng Xodl.
NGUYEN ANH DUNG
Bai V648K, (rivi B¢ phurom trindi:
e S s e T
$ I ) .
R N T A e ek
Loi gidgi, DK y=5. Khido
N =x'+5
M) < (Y +5)(26 - p)=0e " 7T 7.
e Y y=2x

e Vdi v=x" +5, thay vao (2) ta ¢c6:

(x+D]sj=-2x" +x+3 e x=21= y=6
e Vdi y=2x = x>0, thay vio (2) 1a co:
{x+1]\/2_\"‘——= Pl o L
c:>(x+l)(Jﬁ—x—4)=2xJ—4x2—4x—6

(x+1)[(2x’ S)—(x+4y |

2"(3—412 ~4x-6
sz —5+x+4
—3y2t 2
¢>(x+1}(x ‘3)(_,1 +5x+7) =(x=3)2x" +2x+2)
\.JQ'\-’—S +x+4
x=3=0

Sl (x+12x +5x+7)

e =230+ 2K+ 2. 3)
VI =5+x+4

-Voix=-3=0cx=3=yp=54

- Giai (3), ta co:
(x+1)(2x° +5x+?) (x+l)(2x3+5x+?)
V2K =S+ x+4 x+4
i _1n?
<(_t+l)(2x +5x4+ T+ 2% +{x-1) p A Ly
x+4

= (3) v0 nghiém. Viy hé da cho c6 3 nghiém:
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(x.v) € {(1,6):(~1,6);(3,54)]. O

»Nhin xét. Nhiéu ban tham di gia giai bi nay vii cach giai
wong 1y nhi wén. Tuy nhién mot s ban  chimg minh (3)
(hofic PT tuong ty) v& nghiém con dai. Cic ban sau cb 1o
giai ding: Lao Cai: Newyén Hoang Anh, 11 Todn, THPT
chuyén Lao Cai. Nam Binh: Vi Thi Diém Qupnh, 10A1,
THPT Tong Van Trin, Y Yén, Ha Ngis Hoang Timg, 12T,
THPT chuyén KHTN, PHQG Ha Noi. Vinh Phiic: Trdn
Heng Ouy, Pham Thanh Ding, Ta Nam Khdnh, Lé Ngoc
Hoa, Chue Thi Thanh, Hea Ngoc Khdnh, 0A1, P Minh Higp,
11AL, THPT chuyén Vinh Phic. Hung Yén: Newyén Tien
Thanh, Chu Neoc Chién, Dodan Phii Thimh, Bii Van Quyé}r
10 Toan 1, THPT chuyén Hung Yén, Thanh Héa: Lé Thi
Ngoe Anh, 10A1, THPT Hoéng Hoa IV, H. Hoang Héa ; Di
Cao Bdch Timng, 9B, THCS Trin Mai Ninh, TP. Thanh Haa.
Neghé An: Tang Fan Minh /o 11T1, THPT B8 Luong I,
H. B0 Luong Quiang Bich: Sinh Dodn Xudn Pheomg,
Hoang Kim Ca, 10 Todn, H6 .o 11 Toan, THPT chuvén
Vo Neuyén Gidgp. Quang Trj: 16 Thanh Lowe. 11 Todn.
THPT chuyén Lé Quy Dén. Thira Thién Hué: Pham Tién
Dy, Lé Thi Thu Sweomg, 10 Todn 2, THPT chuyvén Quic hoe
Hué. Bén Tre: Neuyén Van Canh, 12A8. THPT An Thoi,
Mo Cay Nam; Lé Ngd Midt Hwe, 10AL, THPT Lac Long
Quén, TP, Bén Tre. Ddng Thap: Huynh Tan Phiic. Newvén
Nhdt Héo, 10T, THPT chuyén Nguyén Quang Diéu. Vinh
Long: f.¢ Nir Hoang Kim, Lé Vin Nhan, 10T1 ,

Hai Eang, 10A6, THPT Negd Gia Ty, Tuy Hoa.

TRAN Hﬁ‘U .'\'AM
B V78K, Ol niinly v,
e N ]ﬂr
A0S — —Cos — — Cgh
i 21 2

{a nrat nghiem cia piiony rinke:
Che e )
Loi gidi. (Cia ban Vo Minh Qudn, Lam Déng).
Trude tién ta chimg minh mét bo dé:
Vi moi s6 nguyén dwong n ta luén co:
2nam 1

+--+cO8 ==
n+l 2

08 +cos
2n+1 2n+l

Zin  22n+l-Dm

2n+1 2n+1

Do cos cho nén ta cod

2n 13 2nn
+ CcOs + -+ COS
2n+1 2n+1 2n+1

l( 2n 4n dnn J
=—| cos +cos 4o tCOS——

cos

2 2n+1 2n+l Zn+l

4nm J
cos
2a+1

4n
+cos +o

om [ 2n
2sin COs
2n+ll 2n+l 2+l

2n
vécua Xy =COS=— +COS— + COS ——
: 21

Trdn L ity '
11T, THPT chuyén Nguyén Binh Khiém. Phi Yén: Bdng"

47
cos +
2n+1

+ 2sin

.o
2sin- -——-cos
2 2n+l

- n+l  2n+l

4sin— "
2n+1
. b8 4mt
2s8in-_ ---cos--
2n+1 2n+1

4sin "
2n+1

. 3m .ooom . 5m . 3m
5in ————sin —— |+{ sin -sin +
B 2n+1 2+l 2n+1 2n+1

+

ooom
4sin
2n+1

[sin {4n+m x

2n+1

n(4ﬂ-1}n]

2n+1

4sin—n—

2n+l

+sinME —-25in
2n+1 Zpibte 2 AT

—sin

4sin 4sin

T

&N 241

Ap dig bo @& cho » = 21,2 =7, binh phuong hai
871 107

2n+1

. taco
2] 217

- 2 Bx 107
X~ =| 05—+ cOs — + cOs——
[ 21 21 21 )

( 2 2m 2 87 ‘lei‘fJ
cos” == + co8® —— + C0S° ——
i 24 21 21

2n _ 8n &7 10% 0% Zl't]
05 cos
] 21 21 21 21

4m 167
COs — + 008 —- +LOS
21 21

2 +3+[ 27 6on

COS— +Cos—
2 21 21
8 107 12n 181
+00S— + COS—— + COS —— + COS ——
21 21 21 21
2n kS 20m
CO5 +COS - +..+CO8
- 21 21 21
2
in B 10m
COS8 - +C0S-— +COS
4 ZI 2I 21
2
21 4n 6 14n
COsS—+Cos— +cos—  3—cos
o 7 a B, 21
2 2
=—l+i—l e = dxf -2x,-5=0. 0
42 4 4 2 4

ht
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% Nhdn xét. Rat it ban gidi béi toan nay. Cac ban sau ddy co
o giai ding (cé mt ban quén khong ghi tén vi dia chi).
Léam Ddng: Vo Mink Qudn, 11 Toan, THPT chuyén Thing
Long; Bén Tre: Lé Ngd Nhdr Huv, 11A1. THPT Lac Long
Quén, TP. Bén Tre : Nguyén Van Canh, 12A8, THPT An
Théi, Mo Cay Nam: Vinh Phite: Trin Hong Ony, Ta Nam
Khénh, Pham Thanh Dimg, Lé Ngoc Hoa, 10A1, THPT
chuyén Vinh Phic. Ha Ngi: Bam Newyér Ank, 10 Toin 2,
THPT chuyén PHSP Ha Noi; Quing Binh: Ho Anir, 11
“Toan, THPT chuyén V& Nguyén Gidp; Phi Yén: Hing Heii
Bing, 10A6, THPT Ngb Gia Ty, Tuy Hoa.

v DINH HOA
Bai T8/488. Cho tam gidc ABC vii a=BC, b= CA,
¢ = AB. Chitng minh rang:
cos(A— B)+cos(B—C)+cos(C—A)
e+ \'l

4 a b )

Lo gidi. (Theo loi giai ¢ia da 56 cde ban).
Tir costd —R)<lcos(B-Cy<lcos(C = Ay=1,suy
ra cos{A —B)+cos(B - C)+cos(C—A) =3 (1)
Mt khéc, ta co

1[a+h b+c ¢-+a1
= + + )

2 s a h
l[a b] [b & r]
el e e B (e R e o e
2iLh a ¢ b) le a
z%(2+2+2)=3 (2)
Tor (1) va (2) suy ra
cos(A— B)+cos(B - C)+cos(C — A4)
5_1_(a+h+b+c‘+c+(ql
2L e a h )
Ping thirc xay ra khi va chi khi
cos(A — By =cos(B-C)=cos(C ~-A)=1
a=b=v
hay AABC déu. a

> Niin xét, Tat ca cic 101 giai cua cac ban g vé déu duing.
Xin néu én nhimg ban c6 1&1 gial gon hon ca: Ha Nii:
Hoéng Ting, 12T, THPT chuyén KHTN, DHQG Ha Ngi,
Dém Neuyér Anh, 10 Toan 2, THPT chuyén DHSP Ha Noi:
Biic Ninh: .-\"gﬂy@: Neoe Khdanh, 10 Toan, THPT chuyén
Béc Ninh; Vinh Phie: Tg Nam Khdh, Pham Thanh Ding,
Chu Thi Thanh, Tran Hong Quy, 10A1, THPT chuyén Vinh
Phic; Humg Yén: Bii Vin Quvén, Pocn Phi Thant.
Nouvén Thi Hieomg Giang, 10 Todn 1, THPT chuyén Hung
Yén; Ninh Binh: Trdn Tri Thire, 10 Todn 1, THPT chuyén

TOAN HOC )
30 * CTudilge 53 492(6-2018)

Lweng Van Tuy: Thanh Héa: Pham Anh P, i Cao
Beich Timg, 9B, THCS Tran Mai Ninh: Ngh¢ An: Tang Vin
Minh Himg, 11T1, THPT D6 Luemg I, D6 Luong: Quéng
Binh: 176 Anh, 11 Toan, THPT chuyén V& Nguyén Gidp:
Da Niing: Nguyén fire Toan, 10A1, THPT chuyén Lé Quy
Dén, TP. Da Ning; Khanh Hoa: H5 Long Nhit, 10 Toan,
THPT chuyén Lé Quy Pén, TP. Nha Trang: Lam Ding: 15
Minh (wdn, 11 Toan, THPT chuyén Thang Long, TP. Da
Lat: Pik Lak: Bii Huinh Ha Poan, Lé Ngoc Dire, 10CT,
THPT chuyén Nguyén Du. TP. Budn Ma Thugt; Vinh
Long: Trdn Limh. 11T1, THPT chuyén Nguyén Binh
Khiém, TP. Vinh Long; Bén Tre: Lé Ngé Nhdt Huy, 11A1,
THPT Lac Long Quén, TP, Bén Tre, Nguyén Van Canh,
12A8, THPT An Thai, Mo Cay Nam; Binh Dwong: Trdn
Ding Khoa, 10TI, THPT chuyén Hung Vuong: TP. Hb
Chi Minh: Trinh Thiny Ank Tuyét, Newyén Thdi Bink.
10CTL, THPT chuyén L& Héng Phong; Phii Yén: Bgng
Hai Pang. 10A6, THPT Ngb Gia T, Tuy Hoa,

HO QUANG VINH
Bai T9/488. Cho 6 s6 thuc duong a, b, ¢, x, v,z
sao cho x+y+z =1, Chimg minh ring:

ax+by+eczza* b’ .
Léi gidgi. Xétham sb f(x)=Inx, x> 0.
; o
Ta ¢o: fix)=—. f"(x)= ——-l-z- <0, x>0. Suy ra
X a5

f(x) 1a ham sb 16m thyc sy. Bai vay theo bit
dang thic Jensen cho ham s& lom ta co
xlna+yvinb+zine < Iniax+ by +ez)

=hna' b Cremla+tby+a)=a' B Sactby+a

Dang thirc xay ra khi va chikhi a=b=c. =]
»Nihdn xét. Dy 1d bai toan coa bit ding thirc Jensen cho
cdc ham sb 1am dang qud don gidan. Hoan nghénh cac ban
hoc sinh 16p 9, 16p 10 sau da tham gia giai bai todn nay va
co Joi gigi ot Vinh Phic: Ha Neoe Khamh, Tu Nam
Khanh, Chu Thi Thanh, Lé Ngoc Hoa, 10AL THPT chuyén
Vinh Phic; Humg Yén: Ch Nape Chién, Doan Phii Thantt,
10T1, THPT chuyén Hung Yén, Thanh Hoa: Pham Anh
D, 9B, THCS Trdn Mai Ninh; Lam Déng: Nguvén Trong
e Huy, 10T, THPT chuyén Thang Long, TP. Ba Lat: Phi
Yén: Ddng Heii Pang, 10A6, THPT Ngb Gia Ty, Tuy Hoa.
NGUYEN MINH BUC
Bai T10/488. Xét day s6 v6 han edc s6 nguyén
diwong ay <ay <..<a,<.. thoa man diéu kién
a, —a; 28 voimoi i=12,.. Véi maoi 56 tw nhién

n, dit s, =a, +ay +..+a,. Ching minh rang voi
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moi 56 tie nhién n, trong nira khoang [s,,s,.,,) co it
nht hai 56 chinh phirong.

Loi gigi. Caeh 1 (Theo v tuémg ciia ban Nguyén
Van Canh. 12A8, THPT An Thoi, Mo Cay Nany,
Bén Tre va ban Ha Ngoc Khanh, 10A1, THPT
chuyén Vinh Phic, Vinh Phic).

Trong nira khodng [s,.s,.,) ¢ it nhdt hai sé chinh
phuong khi va chi khi trong nua khoang [\.".\E,\;a)
¢o it nhat hai s& nguyén duong tic 14 khi va chi
khi s, -5, 2205, 205, +2)°

iy 2 4\."'5: +4e L 4z 4\"’; <::’(dfﬁ—] _4)2 2 |ﬁ§”
(doa, ,zd4)=al, - +16216s, ()

Tacd g, -a,28=uq,
A, za+8m-d 0 (F=12,..m) (2)

el

Tir (2) ta cé

- +8z..2a +8 hay

S,=a totd, Sla,, -8 +[a,, —(Br-1)]+..
e 82)+ (e = 8)
=na, 81 +2+._ +ny=na,  ~an(n+l)
Thanh thir (1) diing néu ta cé
16z 160na, ., —4n(n+1)]

S al, + 64" +16-8a,., —16na,,, +64n3 0

giey

n+1 "+

e (a,,, -8n-4) =0.
BT cudi luén ding do dé (1) duge chimg minh.
Cach 2. Goi m*1a s6 chinh phuong lom nhét thoa
mén m” <s,. Suyra s, s (m+1)°. Ta ching minh
(m+2)" <s,.,. Gia sit phan chimg (m+2) =5,

Thé thi, vi m LSS St 27

nén a,, =8, -y, <(m+2)" —m’ =4m+4. Vi
a, - 28 Vol moi Bl nén
a, <, —8<dm-d, a,_ <dm-12, 4 <dm-42n-).
Do do:

S,=a tutota,
<Amm— 40 +3+ . +2n—1) = dim ~ 4n°,

Ma s, >m® nén tr BDT trén suy ra: #f <4mum—dr"
hay (m—2n)" <0, vo Iy. Viy gid sir phan chimg 1
sai, nghia 1a ta phai co (m+2)* <s,,,. Nhu vay,

n+l-

§, (m =17 <(m+2)" <s,,,, din t&i trong nia

khodng [s,.s,.;)phai ¢d it nhit hai so chinh
phuong 13 (m+1)7 va (m+ 2. a

#Nirgn xér, CO it ban tham gia giai bai todn nay. Ngoai
hai ban Canhr va Khdeh chi cd thém 4 ban sau ddy gir 1o
gial va gidi ding: Vinh Phie: Chu Thi Thanh, DS Mink
Hidp, Ta Nom Khdnh, 10A1, THPT chuyén Vinh Phic;

Thanh Héa: Hd Cao Bdeh Ting, 9B, THCS Tran Mai
Ninh, TP, Thanh Hoa,

DANG HUNG THANG
Bai T11/488. Cho hai ddy s6 dirong (a,),>, va
(b, ), Xdic dinh boi: ay =~3, by =2 va
a,+b, = I+ay,, M
. Lo l-ay
a2 +1=82 (2)

vei moi n=0,1,2,... Chiing minh ring hai dav sé
trén hgi tu va tim gici han ciia chung.

Lot gidgi. (Dira theo ¥ fwromg cua da $6 cde ban).
Nhiin xét rng, tr gia thiét hai day so (a, ) (B,) 12

1""a'm]

duong nén tir (1) suyra 0< hay O<a,,, <l,

Uy

tela D<o, <L ¥reM. Tu(l)va(2), tacd

1+a,
= —2 g nelN
1"'{]”_,_]
b,=\Jal+1, neN
L, 2a5,
suy ra a§+}=[—l 2 _g, | &a,=—"1L.(3)
— I'=asy
a. +a
S a,—a,, =—2t—tl 50 YreN,
= 2
LN

Viay (a,) 1a day duong don diéu giam nén ¢ gidi

han: lim @, =a voi 0<a<1. Chuyén qua gidi

b

han ding thire (3), ta thu dwoe o= =a=0

o

(do 0= a=1). T (2)suyraday (b,) hii twva

lim &, = lim ‘,Jas Tl=

R—+0 H—»+0
Két lugn: Hai day dd cho hdi uva lim @, =« va
"=z
lim b, =1. 0
H—¥ i
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P Nhin xét. M 6 ban con sit dung phuong phip lugng

giac bang cich dit g = tan = by = sau do
co8
) 3
chimg minh béng quy nap hé thire:
.S 1
a, = sy D =
32 e
302

dé tinh truc tiép gigi han. Cac ban sau day co loi giai
ding: Bén Tre: L& Ngo Nhdt Huy, 11A1, THPT Lac Long
Quin: Nguvén Fan Canh, 12A8, THPT An Thdi, Mo Cay
Nam; Lao Caiz Bii Thanh Tra, D6 Hai Dang, 11T, THPT
chuyén Lao Cai; Ha Ngi: [odng Ting, 12T, THPT
chuyén KHTN. DHQG Ha Ngi: Khanh Hoa: Neuyén
Quang Pat, 12T, THPT L¢ Quy Bin; Quang Binh: Hé
Anh, 11T, THPT chuyén V& Nguyén Gidp; Vinh Phuc:
Ta Nam Khanh, 10A1, THPT chuyén Vinh Phue; Lam
Pbng: V6 Minh Qudn, 11T, THPT chuyén Théang Long.
NGUYEN VAN MAU
Cher e e AR S

13ai 1 127488,

e e .
TN e :
fhdne el AN e (00 R fe resi

1w VLN Y gien ofiE

elicm

1 e
o n’] e aicie
crited ot dicm 5 elinidh,
L gidgi 1. Goi (Q) la dutng tron tam @ d1 qua B,
C; X, Y theo th ty la giao diém tht_r_ _hal wla BK, CK
va (0): Z, T theo thir tr 1a giao 3i8m thir hai cua
XO. YO va (0); 1, 1a tim duong tron bang tiép dbi
dién véi dinh A ctia AABC. Vi QX =08 = 0C:
NBX = PBX = CBX nén X la tim duomg tron ni
tiép ANBC. Tlrdo, chi § XCZ =90", suy ra CZ
2 phan gide ngoai ctia ACB.
Tuong tr BT la phin gidc ngodi cua goc ABC.
Chu y rang

K- B mCr @ =V T, I — B X7,
; . : BYZ
Ap dung dinh li Pascal cho sdu diém ( ], suy

CXT

ra K, Q, 1, thiang hang. Noi cach khac KQ luon
di qua mot diém cb dinh (diém 1,).

TOAN HOC
* Cluditre

32
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e il m_r.: ORI

Lavi gidi 2. Goi [, la 1Am dudmg tron bang tiép
goc A cudRMBC; X va Y theo thir ty la tim dueng
tron m)x nép cac tam gidgc CBM va BCN; Z, T theo
thi tl.t la tam dudng tron bang tiép goc C va goc B

¢ cic tam gide CBM va BCN.

“Dé thiy cdc bo ba diém (X, N, 0), (Y. M, O),

(Y. B. 7). (Y, C. 7) thing hang va cac tir gidc BYMZ
va CXNT ndi tiép. Viy voi MO va NQ theo thir t
Ia phan gidc cua cic goec BMC, BNC, tacéd
(ZB,ZCY=(ZB.2ZY) = (MB, MY)
= (MB, MO) = (MQ. MC) (mod )
= (VO NC) = (NX, NC) = (X, TC}y=(7B,TC) (mod 7).
Pidu d6 c6 nghia 1a tr gidc BCTZ ngiticp. (1)
DE thiy
(BQ, BC) = (NO, NC) = (NX,NC)
=(TX,TC)=(TB,TC)  (modn).
Do dé BQ tiép xic véi duong ron (BCTZ).  (2)
Tuong tir CO tiép xtic véi dudmg tron (BCTZ) (3)
Tir (1), (2) va (3), chit y ring
K=TBnZC; 0=CCrBB; I, =BZNCT,

. TCB
ap d dinh li Pascal cho sau dién 2
ap dung dinh i Pascal cho sau di l[ZBCJ suy

ra K, Q. I, thing hang. Néi cich khéc KQ luon di
qua mét diém cb dinh (diem /). ]
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»Nhdn xér. 1) Bai toan niy kha kho, chi ¢6 6 ban tham
gia giai.

12T, THPT chuyén Lao Cai, TP, Lao Cai. Lii gidi 2
phong theo 167 giai coa ban Vg Mink Qudn, 11T, THPT
chuyén Thang Long. TP. Da Lat, sau khi ¢in chinh cic
phép bién doi goe dinh hudng,

3) Xin nén tén cdc ban cdn lai; Vinh Phde: Fa Nam
Khdnh, 10A1, THPT chuyén Vinh Phic. TP. Vinh Yén;
Quang Binh: Ho Anh, 11T, THPT chuyén V& Nguyén

Gidp, TP. Déng Hoi: Da Niing: Nguyvén Hire Toan. 10A1,
THPT chuyén Lé Quy Pén, TP. Da Ning; TP. Hb Chi
Minh: Trdn Vi Duy, 10TI, THPT chuyén L& Heng

Phong. a7
NGUYENMINH HA
Bai L1/488, Frin mar thodny cric wip? chat fimigr ¢
diromg on ducmg kinh AB = 3&%¢m. M & mot
diem trén chromg tron va cach A mir khoang
AM = 10cem. Tai 4, B ngudi ta dat hai ngm::rn seing
két hap, dao dong dong pha, phat song o6 huce
song A=3em. Tink 6 diem 6 ewe dai gioo tho
trén cung tron o MB.
Loi gidi. Tam gidc MAB vudng tai M nén:
MB = AB*—MA* = 24 cm. Vi diém 7 bét ky trén
cung nho MB ta co:

_AB _IB-I4 _MB-MA

1
A h i3 &b
Tai [ 1a cyc dai giao thoa thi:
B-IA=k\. (keD) (2)

T (l}va(2)suyra -52<k <28
Vay co & gia tri cua k img voi 8 diém dao dong
cue dai trén cung nho MB. 0

#Nhin xét. Cac ban ¢ 1 giai dang: Thira Thién Hué:
Chéu Thi Tuvét Chi, Phan Nhéat Tién, Nguvén Dy Thio
Nhung, Huinh Hing Thao, 11 Ly 2. THPT chuyén Quée
hoc Hué.

NGUYEN XUAN QUANG
Bai  L2/488. Dt chici

=1, cos 2 V), (trong J6 U, khdng ci. [ thav

dien  dp xoar
it diverey vew fer deie doan meed didn mdc noi Fin-.'";}
grim dicn tieh thucin R vt dicn co dica g O
Khi rdn 5o f:;in}_{ 20Hz i cong suedt 1w thy dicn
ctia doan mach (o 200 KB tan s bing 4081z thi
cong suat ficu tha disn i docnr mach I 32W . Khi
tin 5o bcf'n,{: 6OHz thi cong sudt tién iy dien cig
o ek b 1 b whicn’?

Léi giai. Goi dung khing cna tu dign khi
= zt) Hz 1a 7., nhu vy dung khing cua tu dién

“khi £ =40Hz 1a Z—zc va dung khing cua tu dién

7
Khif= 60Hz la 2. 9= RP = f—U2~
3 R +Z

: RU?
Khi f=20Hz : Z =20 1

I R+ 22 (1)

2

T e @)

Tu(lyva(2)tasuyra: Zc=R; U%=40R
Khi /= 60Hz
RU? RAOR

R+ % R2+[R]
3 3

»Nhin xét. Rat tiée khong co ban nao cé 1oi giai ding
cho dé ra ki nay.

PINH THI THAI QUYNH
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NHUNG DIEU KY LA...
khong ngimg bd sung cai tién cho Iy thuyét moi
nay ngay mét hoan thién hom.

(Tiép theo trang 23)

3. Nhiing cé géng cii tién tiép theo

Ngay trong nam 1614, khi cubn sach Descriptio
xuit hién, Henry Briggs (1661-1631), gido su
hinh hoc ctia trrdng Cao diang Gresham ¢ London
ma vé sau la gido su ¢ Oxford da dén Edinburgh
dé 16 long ngudng md trude phat minh vi dai ra
l6garit. Chinh trong cudc viéng thim nay ma
Napier va Briggs da nhét tri ring céc bing s& hitu
hidu hon néu chiing dugc thay déi sao cho loga
cia 1 s& bang 0 va 1oga cua 10 s& bang mét liy
thira thich hop cta cua 10. Thé la ra dai cdc
Jogarit ma ngay nay goi la 16ga Briggs hay loga
thdp phdn. Cac 16ga loai nay chu yéu la cac loga
¢o sé 10, hiru ich hon ca trong viée tinh todn la do
hé théng sb cia ching ta ciing cé co 56 10. Ddi
véi mot hé théng c6 co sb b khac thi tit nhién
thudn tién nhit cho cac muyc dich tinh toén la phai
¢6 cac bang logarit cling ¢o co s6 b.

Briggs i danh nhiéu sirc lyc ciia minh vio vige

soan mét bang theo ké hoach mdi, va nim 1624"

dii cho céng bb Arthimetica logar r.rhm:r:a (86 hoc
Jogarit) bao gdm mn;:t bang 14 sb choGhc loga
thap phén cta céc sb tir 1 dén 20.000 w’a ir 90.000
dén 100.000. Phén con lai tir 205000 dén 90.000
dé tréng sau nay dugc thyc hién tiép véi sy tro
gitp cua Adriaen Viacg (1600 - 1666), mdt nha
xuat ban va phat hanh sich ngudi Ha Lan. Nam
1620, Edmund Gunter (1581 - 1626), mot dong
nghiép cua Briggs di cong bo mot bang 16ga thap
phan bay chir s Ié clia sin va tang cic goc cia
céc cung cach nhau mét phit mét. Chinh Gunter
1a ngudi dua ra cdc tr cosin va cotang, cac ky su
biét dng qua "xich Gunter". Briggs va Vlacg da
cong bé bon bang 1oga co ban ma nhimg két qua
chi bi thé ché méi day khi giita nam 1924 va 1949
cac bang m& rong 20 sb da duge tinh todn & Anh
dé ky niém 400 nam ngay tim ra logarit.

Tir l6garit ¢ nghia 1a "s$ ty 18" da duge Napier
chp nhan sau khi ding lic dau mét nhom tir 1a 56
nhdn tao. Briggs dua ra tt mantissa - phfln dinh

34 T?g?ug% S3 492 (6-2018)

tri 14 mot tir Latin vé sau, va co nguf“m géc
Etruscan, lic déu cé nghia 1a "cong",
va dén thé ky XVI c6 nghia 1a "phu lyc". Tur

hodc "can"

Characteristic - phin dic tinh ciing dugc Briggs
goi ¥ va Viaeg st dung. Co diéu ky la la trong céc
bang logarit thap phén thoi truéc thi in ca phin
dic tinh Tin phin dinh trj va mai dén thé ky XVIII
mai cd théi quen hién nay 14 chi in phén dinh tri
ma thoi.

Phat minh ky diéu ctia Napier da dugc don nhén
nhiét tinh khip chau Au. Néi riéng trong thién
vin hoc, mot kham pha nhu vay qua thét Xuét
hién ding lic. Laplace - mdt nha thién van hoe vi
dai - di xac nhan ring viéc phat minh ra 16garit da
"giam lac dong cho nha thién van diege mot nira
cuge doi cua minh". Bonaventura Cavarlireld
(1598-1647) da lam rit nhiéu dé 16garit tr& thanh
mot cdi -, mot & Ttalia. Tuwong ty mhu vdy co
Johanp. Kep!er & Dlc va Edmund Wingate o
Phép:” J. Kepler (1571-1630) 1 cha dé ba Dinh

Jult ndi tiéng vé chuyén dong cta hanh tinh trong
*thién vin hoc. Con Wingate (1596 - 1656) da

séng nhidu nim & Phap va da trd thanh mot tac
gia viét sach gido khoa vé sb hoe so cip ndi tiéng
nhét ciia Anh & thé ky XVIL

4. Mt hwéng tiép cdn khac

Mot ngudi Thuy ST lam nhac cu tén la Jobst Burgi
(1552-1632) doc lap v6i Napier dd xdy dung
duge mot bang céc loga rdi cho cong bd vao nim
1620, nghia 1a 6 ndm sau khi Napier da cong bd
kham pha cia minh véi thé gidi. Tuy nhién diéu
thit vi 14 hai ngudi tiép can theo hai hudng khic
nhau. Trong khi cach tiép can ctia Napier 13 theo
hinh hoc thi cach tiép can cta Burgi theo hudng
dai s6. Mac du sau nay giéi toan hoc xem Napier
1a cha dé cua ldgarit, nhung cong trinh cta Burgi
ciing rat dang tran trong vi céch tiép cén cua ong
ohn v6i cach tiép can hién dai sau ndy. Céu
chuyén nay 1am ta lién tuéng dén cdc cdu chuyén
Newton va Leibniz cling phat minh ra phép toan vi
tich phdn, hay Lobachevsky, Bolyai va Gauss déu
doc 1ap vai nhau tim ra hinh hoc phi Euclid vay.
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P UONG PHAP

GIAIT TOAR

Chiing ta da bidt dén phuong trinh ham Jensen va
phuong trinh ham Cauchy trén tap s6 thue. Bai viét
niy, ching 16i trinh bay mdt sd vin dé vé phrong
trinh ham Jensen va phuong trinh ham Cauchy trén
mét doan.

. PHUONG TRINH HAM JENSEN TREN
MOT DOAN

1.Pinh nghia

Phirong trinh ham Jensen trén mot doan la phuong
trinh ham ¢o dang

_ ;-{ ) Lk /)
oddy f:
2.Tinh chét
DPinh li 1. Nghiém cua PT (1) la f(x)=ax+b (a, b

Y, vela: f] (1),

[a:8) > B la ham so lién tuc.

la cac J‘.’:.ing $6).

Chirng minh. Xét ham s6 ¢ :[0:1] = [a:p] xéc dinh

boi o) = (1o + B 71 e[0;1].

Ta co @(r) lién tuc rén doan [0;1] va o < () £ B,

wre[0;1). Khi do néu £ 1a nghiém phuong trinh (I}

thi ham g(r) = f{p(t)).

phuong trinh him
g(&) L8 +g)

3 2
Thit vay, ta co

(AL Al 5)

+v
2

[((I—:t}u+uﬁ} (=)o + ]
)

Yre[0;1] la nghigm cua

, Yu,vel[0]].

=
" f((l u)a+u[5)+f((1—v)(x+vﬁ
2
_ flol) + flo(v)) _ gl +g0n)
2 2

PHUONG TRINH HAM JENSEN VA
PHUONG TRINH HAM CAUCHY TREN MOT DOAN

LE QUANG KHANH

(GV THPT chuyén Trén Quang Diéu, Hodi An, Bink Dinh)

_glw)+ gv)

, Yu,vel0:1]
) w,ve[0:1]

Suy ra g[u;—v]

Vi f lién e wén doan [e:f]va @ lign we én
doan [0:1] nén gy = f(p(t)) lién tuc wén doan
{0 1], Dé tim ham f. ta can tim ham g lién tue trén

doan [0:1] va thoa man

g[%l] = M, Yavelol] (1)

Pat g(y=c. gil)=d vae=d—c. Tacod
(1Y (041 2 +g(l)
(3ofe) 2
=f.f_‘?iu;c):c+l(d_c)’
2 2
!
e [l g(0)+g(—J
s
g’[z%‘ - s 2

c+c+;(d—c)

2,
o S
+27[ —c),lekeN.Khldo,

1 1
g[ l ]'g i _8(0)“(?’]
2k+l 2 2

1
_c+c+?-(d—c}_ | "
et
Vinule = e e
ay g > —c+§( —c)—c+-2—n—e nelN (2)

Vi méi ne N, ta chimg minh;
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2m \_ 2m 2m+1Y)  2Im+l
& 7t —‘-’F’H’ g ST AT
WmelN, 2m<2m+1<2""! (3}

Vi n=0 thi (3 ding vi g(M=c, g [%) =

QS

1
—e+c

2
(theo (2)) va g[%}=g(l):d=e+c=e%+c,
Gia sir (3) ding véi n=4k =20, ticla
g(z—m] i e i g(2m+1]=ﬁ-2’n—+1+{.‘
2&'—I 2.#+| 2k+1 2&4—! 2
WmeN, 2m < 2m+1<25'1. Ta chimg minh
2m' 2m’ 2m'+1 2m'+1
g[w]=ezk+2 e, g['zk—d} e——=+c
Vm'eN, 2m'<2m+1<2¢%? ()

Vi I’ < 2+ 1< 207 nén <25 va m 122
Do dé, theo gié thiét quy nap ta co

Ml m+ly) o om'+l
£ = ""2“1"'0’ g P L She s

Khi do, ta cd

2m'y_ [ m' m' 2m' 5
g F =5 Eﬁ 2k+l+c 2+2+cva

2k+2 2
A mel 1 R
—E LF*—L*—QW-‘—C ——2- _e.\-.gk-r+..ﬁ‘
_ 2m+!
=6~ +C.

Suy ra (4) ding. Viy (3) ding hay voi méi ne N, ta
- k k + .
cod g[F]=eW+c, vkeN, k<2 (3)

Vi re[0:1], nel, taco

[2"*‘ 1

]
[2’”'!]<Zn+lf<[2ﬂ+lf]+1=> 2 [2 I] + 1

2n+] g+ 1
[2“ +1 ',-!
2n-|-1

e

[2n+|£] = 1

<
n+l mtl * 0=
2 2

=0<r- <]

e+l
=0, Suyra t= lim [
CEEE

e 2»+|

+cl=er+c,

S8 492(6-2018)

Hon nita, lim -—l—-]-
noee 207

Ma g lién tuc nén
rr+l sl

t . A

g(f)- hm g[[z ]]] lim {9[2“.]

Ll ies

TOAN H
36" Rusige

m+lm m'tl m S =
g(2m'+}]= FL'*’?L{ L g[ okl ]+g[2k+i) A E \
2 ¥

[2n+1 f]
2n+1

2n l
o diy g[ ]_e[z +¢ (theo (37)). Suy ra
glt)y=et+e, Wi e[0:1]
Thit lai ta théy g théa man (1).

Viy gy =et+c, vie[01]. Pat

A 0
z=0p(t)=1t= .
o)1=t
Vi a<z<p nén 0g:=;_°‘~31. Khi do, tir
L0

()= f(o(1), tacd

R
=g Z22 |- izt semar st
e
vz e[o:f], a_ﬁ—u . b B--a+c'

Suyra f(z}=az+b, Vzela:f] véiabla héing 0.
Thir Tai ta thiy / thoa min (I). Vay f(x)=ax+b,
Wx e [a:plowei a,bla hiing so.

Thi du . Tim taf ca cde hamr s f1x) Hion e nen

doaﬂ? [L.2] va thoa mern dicu kicu

e R R B <1l e

Li giai, Gia sir ham s6 f(x) thoa min digu kién
clia bai toan. Ta viét phrong trinh (1) dudi dang
x4y Max+v) o xfisr+ ¥
lagn A NS PR S M By e 12
AN 2 se il
Pat g(x)=xf(x), ¥x.ye[l,2]. Khidé g lién tuc
trén doan [1,2] va thoa man diéu kién
g[ﬁﬁ%Mf ve.pell,2)
2 2
Theo dinh Iy 1, tacd g(x)=ax+b, ¥xe [1.2], vai
. : b
a,b 1a hing s6 tay y. Do do flx)=a+—,
X
vxe(l,2], V6i a,b 14 cic hing sb tiy y.
Thi du 2. Tim tdf ca ceic ham so fx) dong, liéa
the drén dogn | =3, 4| va thda mdn didu kign

I"\H

1

|—- "f(\}f[l} Ty, 1&[ 34- i

Loi gidi. Ta viét phuong (1) dudi dang
i f(x -+ }’) M_;_M’ vx, y e[-3.4].
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Bitgix) = f(x) vxe[-3,4]. Khi d6glén tuc
trén doan [-3,4] va thoa man diéu kién

’ [ X+ .};] _g@+g(y)
2 2
Do do theo dinh 1y 1 ta ¢d
g(x)=ax+h,Vxe[-3,4], a,b 14 cac hing sb.

. Px, pef-3.4]

Viy nghiém cua bai toan la
flx)=

II. PHUONG TRINH HAM CAUCHY TREN

MOT DOAN

1. Pinh nghia

Phiveng frind b Ceneedie tein wit doan L plieoig

m:-vb

, ¥xe[-3,4], a,b 14 cic hing sb.

trindt e ca dane
cle:ff] (I

I fademr s fidm foe,

Erv b= e i Mtan s

releiv £ | = 2
Pé tim ham [ . ta xét céc truomg hop sau:

THI: [o:B]~[20:2B] = @. Khidé vx, y e [ ). ta
o Jusx+y22B = x+vel2a:2B]

Suyra x+ ye[o;p] vi [opln 2028l =@ .

Do do ¥x.yela:f] thi  x+ yel[o;B]. Nhoe viy,

moi ham s& lién tue /[Pl >R déu la nghlcm

phuong trinh (I0).
TH2: [a;f] N [20: 28] =[o; By ] = D

VxE[%B.]ﬂ{ii{;ﬂﬁﬁ% &la:p).
Khi ds, '

sones(58)e(5)e () 215)
= f@: 1),

Do d6 ¥x,y e[uy:B,], taco

vx efa;p )

TESS A T A N I T - T CO A0
"[ 2 }_f[2+2] "[J”[zJ 5 =
W, y & o By

Suy ra f[“)'] LOTO) s,y etansh,)

Nhu véy, / la nghiém phuong trinh ham Jensen trén
doan [o;B,]. Theo két qua phuong trinh ham
Jensen trén mat doan, ta cod

fix)=ax+b, Vxelo;B] (a bla hﬁng s6) (1)
Trong tridmg hop 2, ta xét cde trudmg hop sau:

* TH2.1: o> 0. Khid62a <p hay ui%ﬁ (2)vi

(o B [2065 28] = (o3 By ] # &

Tacd a<2a<f<2B. Suyra o) =2a,B=p. Vi
o, € [a,:B,] néntheo (1) ta co
fla)=fQRa)=al2a)+ b= fo+a)
= S(@+ () =2/(@) = f(o) = au+

Vo xe[wp-al= x+ae[2a:p]=[o;B]. Khi
do, theo (1) ta co

a(x+a)+b=f(x+(x)=f(x)+f(a)=f(x)+au+g
';“*‘ﬂ(-"+a]‘-‘b=_f'u)+aa+g
:>_f{x)=ax+%, wx e [o;f - ol (3)
Tiép theo, ta xét aS%B hodc %ﬁ{ai%ﬁ.

Vi as';:-_[i, 1acd a<2a=usP-a<pf=h

= [aftsal o [2a:p] = (a:Bl,
W, EIu:B—a]ﬁ[u.;ﬁ1]:>{

o) €[oa:f-a]
o & [o:f]
= f(ay) = f(20) = a(20)+ b (theo (1)).

@) = f(20) = a(20:) +§ (theo (3))

:>a2cx+b=a2a+g:>b=0,

Suy ra f(x)=ax, ¥xe[a;p]. Thr lai ta th:iy r

thoa man (IT).

Viy f(x)=ax, ¥xe[a;p] l1a nghiém cia phuong

trinh (I1), véi o > 0va aé%B.

Vi %B(as—;[},tacé a<P-a<2asp. Taxét

ham sé £ :[a:p] > B duge xac dinh boi cong thire
ax+§,xe[rx;[3-a]

flx)=1glx)xe[B-a;2a] (4)
ax+b,xe [211;|3] =[o: ]

trong do, g 1a ham lién tuc trén doan [ - o;2u] sao

cho g(B—a):a(B-aHf;— ; g(2a)=2a0+b.
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Khi do6 f(x) lién tyc trén doan [o;f]. Ta ching
minh /14 nghiém cia phuong trinh (11). Tic 14, ta
can chimg minh

Wx oy x+ v elasf] thi flx+y)=F(x)+ f(y).
Néu x g [o:f - a) hodcy e [o;p~a] thi

x»B-u v>pB-o
{th‘. s {;’ZE )
Suyra x+yp>»fp.Dodd x+ye[w;Bl
Néu ref[w:p—a] vayefa;f—o] thi
x+ye[2u2(f-al].
Ma 2(p—w)=p (theo (2)).
x+ve[20;B). Khido

ﬂx)“'f(}‘)=[ax+%]+[a)’+2]

Nhu viy, ta chi xét

2
=a(x+y)+b=fx+y)

Suy ra f(x) duge xac dinh boi cong thire (4) vin
=0 va %Bmxé%ﬁ,
= TH2.2: p<0.Khido a<2p (5)w

{ou Pl [2052B] =[ay: B 12 2.
Tacd 2a <o <2B<P.Suyra o, =a, B =2 Vi
B, &la,;: B, ] nén theo (1) ta cb

a2y +h=f(2B)= 1 (By)= 7B+ f(B) =2/ (B)

~_—>j'([5)=aﬁ+%,
Voi xefa—P:pl= x+p el 2B]={u,: B 1. Khi
do, theo (1) ta ¢o

alr+By+h= [0+ = F(+ S) = /() +ap+2

:>f(x)=a.r+g, W eo - fl (6)
Tiép theo, ta xét o, < 33 hodc o > 3f.
Vil a3, taco o=o, <a-p=<f =2p=<p

= [o: B ] o -P:Bl=[e;p]. B, €
By elog:py]
B, ela—B:B]
Dodé, F(B)=F(2R)=a2B+h (theo (1)),

fwn:fwm=am+§(mw(m)

[uﬁﬁdﬂiu—ﬁ:ﬁ]n{

:>a2[5+b=a2|3+%:>b=0.
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Suy ra f(x)=ax, ¥xe[a:p]. Thi lai ta thiy f
thoa min (II. Viy f(x)=ax, “xe[wp] la
nghiém phuong trinh (1) voi p< 0 va o < 3p.

V6i a>3B. khi dé, két hop véi (5) ta duoe
a<2p<a-p=p. Taxétham f{x) duge xic dinh
bai cong thirc

ax+b,x e[o;2B] =oy: By ]
Sx)=4h(x).xe2pa-f] (7

m+§xem—&m

trong d6, A(x)1a ham lién tuc trén [2B;0 —B] sao
cho

h(2B)=2af + b, h(a—ﬁ):a(a-ﬁ)+%v

Khi dé, f(x) 1a ham s6 lién e wén doan [ef]. Ta
chimg minh /° 1a nghiém cua phwong trinh (11). Tire
la, ta can ching minh Wx, y.x+ pefop] thi
Flx+y)= 0+ fy).
Néu xefuw -] hodc y&[o~B:p] thi

ch.ot—B hoiic {yf.cx—B.

v <p y<p
Suyra x+v<o.Dodd x+ye[wp]
Néu v e[o —P:p] vay e[o-pB;B). thi

x+ye[2{a—F)2p). Ma 2(a—PB) < a (theo (5)).

Nhu viy, ta chi xét x + v e [o;2B]. Khi do

_,‘"(.‘C) =+ f(}’) = (HX+%] + [ay + 52).]

=a(x+y)+b= flx+y)
Suy ra f(x) duge xac dinh boi cong thire (7) vai
B va 3Pz <20,
TH3: ¢ 50,p20.Khidé 2a<a<p<2p . Suyma
(e B (20 28] = [0 Bl =[ey: By ] # @ . Do d6, theo
(Dtacd f(x)=ax+b, Wxelo;B] hay
fix)=ax+b, vxelo;B].
Vi 0€[a;p] nén
S0 =7(0+0)= f(0)+ f(0) = f(0)=0=h
Suy ra f(x)=ax, ¥Yxe[w;B]. Thir lai ta thily 1
théa man (II). Véy nghiém tng quat cua (II) la
S(xy=ax, vxelo;pl, a la hing 56,
Tir cc tnrong hop trén, ta cé két qua sau:
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2. Tinh chét
Binh 1y 2. Cho phuong trinh ham Cauchy

Slx+p)= L+ f(p), Yevx+yela:f) ()
trong do f: [a:B]1— R 1o ham 56 lién tuc.
1) Néu [a; 8] N [2a:28]1=@ thi moi ham s6 lién
twe [0 [ fl— R la nghiém cuaa (11).
2) Néu [a; B8] r [2a;2 Bl# @ taco cac truong hop
sau:
D) Néu e <0< f hode D<a< %ﬂ hodc a <3 <0
thi nghiém :ring quat clia p)'m'r.w;g trinh (1) la

J(x)=ax, ¥xela; ], alahdng so.

i) Néu 0< —d]{]i T i %B thi nghiém tong qudt ciia
phuong I}'mf:.r (1IN dirp‘c'_.\'(i(‘ dinh boi cong thire

,[a.\r + i—) xelw;f-a]

S(x)=4g(x), xe[p-o;2a]
ax+b, xe[2a;B]=[c,;B ]

trong do, g la ham lién e trén doan [p—a;2u] sao

#
cho: g([j—a}:a{l}—uH—;— i g(20) =2a0 + 5.

iii) Néu 3p<a<2B<0 thi nghiém ting Guat ciia
phacong trinh (11) dieore xic dinh boi cong thire

[
ax+bh, xe[a;2p]=[a,;B,]

£ =1 hix), xe[2P;0-P]
» Xxefa-pBip]
trong do, h(x) la ham lién tuc trén [2B;0—P] sao
cho: h(2B)=2aB+b, hlo-B) = a(o - li)+g.
Sau déy 1a mot s thi du ap dyng tir dinh 1y irén,
Thi du 1. Tim 11 ¢a cdc ham s6 Sx)lién tuc trén
doan [1,3] va thoa man diéu kién

Sx+y)= f(x)+ F(»), Vx. v, x+ve[l,3]
Lot gigi. Voi o=1, B=3,1a cd 0<a£%ﬁ, nén
theo dinh Iy 2, ham sé f(x) duoc xdc dinh b
Fx)=ax. ¥xe[L3]. e 14 hing s6.

Thi du 2. Tim tit ca cic him sé J(x) dicomg, lién
tue trén doan [2,5)] va théa mdn diéu kién
Sx+y)= f(x)f(¥), Vx.y,x+ve [2, 5] (1
Léi giai. Phuong trinh (1) trong duong véi
In flx+yi=In f{x}+In f{3), ¥y, px+ve [2,5].
Dat g(x)=In f(x), ¥re[2,5]. Khidd g la ham
s6 xac dinh, lién tuc trén [2,5] va thoa min diéu
kitn g(x+y)=g(x)+g(y), Vx.y.x+ ye[2.5].
Vi =2, =35 tach n<%ﬁ<a<%ﬁ,néntheo
dinh Iy 2, haim s6 g(x) duoc xdc dinh bai
a\'+§,x {2,3]

gleb=<hichref3. 4] (2)
'\ ax + b v [4,5)

trong doa, i 14 cac héng s6 va hix)1a ham s& xdc
dinb v 1ién tue trén doan [3,4] sao cho

3 =3a 1'—{‘—: via A4y =4da + b

Viy fivi=e*" wre[2,5] wong dé g(x) duve
xdc dinh béd hé thire (2).
Thi dy 3. Tim tdt cd cée ham 56 [(x) xac dinh. lién
tie trén doan [1,4] va thoa man diéu kign

flxy) = F{x)+ f(), ¥x, v, x50 e [!.4] (0
Loi gigi. Dit r=log, x[0,2), wxe[l4] va
glr= (2"}, wee[0,2]. Khi dégla ham sb xac
dinh, lién e rén [0,2] va thoa man diéu kién

gl +u)= g()+gu), Ve t+ucf0 2]
Vi 0e[0,2] nén theo dinh v 2, ta cd g(n =ar,
Vee[0,2] vii ¢ la héng s6. Suy ra f{x)=alog, x.
xe[l,4], v6i o 1a hing s6 tiy y. Thi lai ta thiy
S thoa man (1), Vay fix)=alog, v, Vxe[l, 4],
voi a 1a himg so thy v.
Thi du 4. Tim tdt ca cde ham sé S(x) xde dinh, lién
tuc trén doan [-5,-2] va thoa man diéu kién
Slx+y)=f(x)+ 1)+ 20, V.\',_1',.\'+_ve[—5,—2] 1)
Lot gidgi. Pat g(x)= f(x)-x", Wre[-5,-2)
Phuong trinh (1) trong duong véi
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glxe )+ ) =g +g0)+x +y7 + 2w,

Wx,y,x+ ye[-5.-2]. Khi dég(x)lién tuc trén
doan [-5,-2] va thoa min diéu kién

glx+ p)=g(x) + gy Vr.y,x +y [-5,-2]

Véi u=-5 Pp=-2, ta co 3P<a=2f<0, nén

theo dinh 1§ 2, ham s6 g(x) duge xéc dinh boi

ax+ b, xg[-5,-4]
glx) =3 hlx)x e[-4.-3] (2
h
ax+—,xe[-3,-2
5 [ 1
trong do e« b 1 cac hang s6 va A(x) 1a ham 50 xic
dinh va lién tuc trén doan [—4, -3] sao cho
h(—4)=-da+bh va h(-3) = —3a+%.
Vay flx)=g(x)+x’, ¥xe[-5,-2] trong d6 g(x)
durge xac dinh bai hé thie (2).
Thi dy 5. Tim tit e coe him o Fixylién e ron
dign [=3. 1, flay ==l Yxe[=3-1] va thog

wicint i hicn

Flo ) = i FLeh S 1'..\'—'_1'F[-3.—i] (11 Qe¥
Lo Tadat @(x)=In P
) a

Lai gidi, Phuong trinh (1) twong duong voi :

FOra M+ =S +DUm D NS
Naoraait e=80= 1k 1
Dit g(x) = f(x)+1>0, vxe[- 3,—1},\ fa 23]
glx+ )= glx)g(y) . vx. y. x e [-3.-1].

Suyra Ing{x+y)=hg(x)+In g(yi

W, x+yel-3-1)

Pit h(x)=Ing(x}. Khi d6 & lién tuc rén doan

[=3,~1] va thoa man diéu kién A(x+ y}=h(x)+A(y)

Wxpx+yel=-3,-1]. Voi a=-3, f=-1,ta co

@ €3 <0, nén theo dinh Iy 2, fa ¢6 hix)=ax,

¥xe[-3,-1] voi a la hing sd. Viy f(x)=e¢" -1,

vxe[-3,-1].

Thi dy 6. T fait e cde e st ()i nee drén

Aognr | = L1 vt thou e dici kign

Slrd ettt Pl=aislo o i e 1)

Lévi gidii, DAt f(x) = g(x)+1 —%, vxe[-11]. Khi

46 f(x) lién tyc trén doan [1.1] va thoa man diéu

kién

TOAN HOC
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S+ f()=fx+y), vx.p.x+yel-L1]
Vi 0e[-1,1] nén theo dinh ly 2, ta c6 f(x)=ax,
wre[-1,1]. @ la hing sb. Vay

g(x)z%—li»ax, vre[-1,1], a 1 hing sb.
Thi da 7. Tim 1t et cde hénn so Lexl givy Al
ez, ficn me wén dogn | =107 va thoa mdn dlics
Fan pac i st e | [
Léi gidi. Trong phuong trinh (1), ta lin lugt thay
x=0, y=fva y=0, x=¢,tadugc

S
_ B == —
{f{r} =gOh() 4 vref-Li.
f(n)=g(nHh(0) _ S
glt)= 5
véi a=g(0)>0, h=h(0)>0.
Khi dé (1) trés thanh
2L e )
8 b a ab ab ab

Vx,y?x_'f.y é[—l,l], Hay
RGN -1 SO 10 L) o s e yel-LLL
QNN 2> ab ab

S(x)

wx e[-1,1]. Khi do d(x)
lign tyc trén doan [—1, 17 va thoa man dicu kign
@(x + y) = O+ D(y), ¥x, v, x+ y€[-L1].
Vi 0e[-1,1] nén theo dinh 1y 2, ta co Dix) =cx.
wxel-11], vdi ¢ Ja hing sb. Suy ra f{x)=bhae"",
hix) =be™ . g(x)=ae™, ¥xe[-11]. a. b ¢ lacic
hing s6 (a>0,b>0). Thi lai ta thay /. g. h thoa
man {1}.
Viy f(x)=bae™  h{x) = be®, g(x) = ae”, Wre[-L1],
a. b, ¢ 1 cac hing s6 (a > 0,5 0).
Thi du 8. Tinr fat ca e han s fTx) glek At
lién tye wén doan |- 1] va thoa man dicu kién
flo=pi=w{x) ey e LI
Léi gidi. Trong phuong trinh (1), lan lugt thay
x=0, y=t va y=0, x=1,1adugc
{f(r) =gO) + k() {h(r) =/(0-a
SO =gO+h0) " g =f()-b
véi a = g(0), b=Hh(0). Khi 6 (1) tré thanh

vie[-11].
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fx+p)=f(x)+ f(y)—a-b,
Vx,v.x+ye[-11].

Ta dat F(x)=f(x)—-a-b, Vxe[-11]. Khi dé
F(x) lién tuc trén doan [—1,1] va thoa min diéu
kién F(x+ y)=F(x)+ F(y), ¥x,y,x+ye[-11].
Vi 0e[-1,1] nén theo dinh 1y 2, ta co0 F(x)=cx,
¥x e[-1,1], ¢ 1a hing sé. Suy ra

f(x)=cx+a+b, g(x)=cx+a, h(x)=cx+b,
vxe[-L1], a, b, ¢ la cic hing sb. Thir lai ta thdy
f g h thoa man (1). Viy f(x)=cx+a+b,
glx)=cx+a, h(x)=cx+b, ¥xe[-L1], a, b, c la
céc hang so.
Thi duy 9. Tim tat ca cde ham so

doan [—1,1] va théa mdr

flx+y)— f(x ;
X, v,z 5+ v, v+ z€[-1L1]. (1
Loi gigi. Ta bién d6i phuong trinh (1) twong duong
voi f(x+ )+ f(z)=f(x)+ f(y+2)
¥x,y,z.x+ y,y+ze[-11]. 2)
Thé z=0 vao (2), ta duoc
flx+y¥)+a=f(x)+ f(y), Vx,y,x+ye[-11],
vai f(0)=a.Diat f(x)—a=g(x). Yxe[-L1].

PROBLEMS...
(Tiép theo trapP2:
Problem T8/492. Given a triangle ABC inscribed
£(0) at B and
s through 4

and is parallel to BP intersects BC at M. The line
which goes through 4 and is parallel to BC
intersects BP at N. Suppose that [ is the
intersections between AP and MN. Prove that four
points B, I, O, C lie on a circle.
Problem T9/492. Given the equation

X +m +n=0 *)
Find m, n so the the equation (*) has three distinct
non-zero real roots u, v, f satisfying

4 4 4

u v t
= e e =
w —=2n v —-2n  —2n

‘@\%“
)

Khi dé g 1a ham s6 xéac dinh, lién tuc trén [—1,1]va
thoa man diéu kién

glx+y)=g(x)+g(y), Vx,y,x+ye[-L1].
Vi 0e[-1,1]nén theo dinh ly 2, ta co g(x)=cx,
Wxe[-1,1], ¢ 1a hing sé. Suy ra f(x)=cx+a,
Wxe[-1,1],voi a, ¢ 14 haing sb. Thir lai ta llléy 1
thoa min (1). Viy f(x)=cx+a, ¥xe[-1,1], vdi

a, ¢la hing sb.

1 tat ca cdc ham s6 f(x) lién tuc trén

Thi du 10. Tin

dogn [1,2018) va thoa mdn diéu kién
f(x+y) )+ 2018" f(x),

v e[l,2018]. (1)

Léi gigi, it g(x)=2018" f(x), Vvxe[L2018].

Khi dé g(x) lién tuc trén doan [1,2018] va thoa diéu

kién g(x+y)=g(x)+g(y),vx,y.x+y[l,2018].

Vai a=1, p=2018, ta co OéaééB nén theo
dinh ly 2, @ co g(x)=ax, Vxe[l,2018]. Suy ra
f(xp="ax2018", ¥xe[1,2018]. Thir lai ta théy £
{héa man (1). Vay f(x) =ax2018%, Vx [1,2018].

TOWARDS MATHEMMATICAL
OLYMPIAD

Problem T10/492. Let p be an odd prime and

a,@,,...a, i an arithmetic progression with the

P
common difference ¢ which is not divisible by p.

P
Prove that H (a; +aay..a,): P2
i=1
Problem T11/492. Find all functions /:R > R
such that

FE+fO)=F&+ )+ 1070 /), vy <R
Problem T12/492. Given an acute triangle ABC
with the altitudes BE, CF. Let ST be a chord of the
circumcircle of AEF. Two circles which go
through S, T is tangent to BC respectively at P and
Q. Prove that the infersection between PE, OF lies
on the circumcircle of AEF.
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TIENG ANH BUA CAC BAI TBAN
BAISO 33
Problem. Find the vertical asymptotes of the T,
) ) I e AL
graph (C) of the function y = — sequence y, = —— & — —on,
Sl sin(—g +2MJ
Saim:;m Al the solutions —oftthe | CqUAROR 4 ence the limit does not exist when x tends to
xsin—=0 are x=0 or xy= k_ keZ.  ontheright. Similarly for the left. Now we prove

22 TR that all the remain lines are actually the vertical
Therefore we can see that the possible vertical

asymptotes of (C). Let consider the case x= =

1
asymplotes are x =0 or x=k—,keZ, n
n . ) T
The line x =0 cannot be a vertical asymptote of We  have llmr s 11m e
(C).  Consider  the  following  sequence ..-_»[ig “'l | sm[ ]
[ . : - ‘
ST This sequence tends to 07, and  Notjce that the denominator tends to 0 but is
§+2mr always positive and therefore the limit is positive

infinity. Similarly for the others vertical lines.

the corresponding sequence In conclusion, all the vertical asympyotes of (€)

L !
+2nm are x=—-,keZ
= —> . k
sm[2-+2mz] TU VUNG
I Asvmpiote : tiém cdn
On the other hand, if we choose x, = Vertical asvmptote : tiém cdn dung
B Tend to : tien toi (gidi han)
. . Translated by NGUYEN PHU HOANG LAN
which also tends to 07, the corresponding (College of Science — Vietnam National University, Hanoi)

Bai todn. Cho mét hinh tru ¢o ds dai duong cao bang 2, bdn kinh ddy
r’)fing 1. AB va CD la cac diwong kinh cua hai day sao cho chiing vuong
goc voi nhau. Tink sé do goc giva hai dwéng thing AC vé BD.

Lii gidi. Chon hé toa dé Oxyz nhur hinh vé thi
A -L0), B 10), G2y v D(-1;,0:2). Khi do
AC =(1;1;2), DB = (1.1;-2). Goi o 13 goc tao boi

E, BD thi cosa =% e Tirdéo =a.rv:cos[—l] =109, 5% Do d6 sb do
‘ACI.‘DB 3 3
g gilia hai duong thang AC va BD 1a 1800 — arccos(—-%] = 70,5, o

Liew 3. Goc giita hai duomg thing cb gi trj tir 09 dén 90Y. Goc pilra hai vecto co gid trj
tir 0% dén 1807,
#Nhin xét. Cac ban sau c6 bai dich twong dbi tét, gui bai vé Toa soan som: Hung

Yén: Bii Van Quvén, Neuyén Thi Hicong Giang, 10 Toan 1, TIIPT chuyén Hung Yén: Bén Tre: Lé Ngo
Nhért Huv, 1TA1, THPT Lac Long Quén, TP. Bén Tre.

HO HAI (Ha Noi)

TOAN HOC
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BAL TOAN 13. Chimg minh rdng tap hop cdc
$6 nguyén dong chira vé han 56 nguyén 16.

Tir dinh nghia s6 nguyén t6 ta thay ring mdi sb
2, 3, 5 khong ¢6 udc s6 nao khic 1 va chinh né
nén p,=2,p,=3,p,=5 la cic s6 nguyén t4.
Ta biét it nhat 3 s6 nguyén t6 phan biét. Ki hiéu
tich cua m s nguyén lién tiép tir 1 dénmla m!
va goi la m giai thira. Dé giai bai toan nay ta
can B6 dé 1 vé sy ton tai s nguyén t6.

Bé dé 1.

duong q nhé nhat khdc | cia a la s6 ngupdw

fo.

Chitrng minh. Do tdp hop céc udc 50 dLr(mg
khéc 1 cia a 13 hiru han nén ton’ t{n woe s nho
nhit g khac 1 cua a. Néu ala s6 nguyén t6 thi
g = a la udc sb duong nho nhit khac 1 cta a.
Néu a 14 hop s6 thi @ = g¢ v6i ¢ 1a s6 nguyén
dwong. Khi ¢ 1a hop s6 thi ¢ = rs vi s 1a s6
nguyén duong va sé r thoa min 1 < r < g, lic
d6 a=rst véi rlaudcsdcia @ mal<r<g,
tréi voi gia thiét. Vay ¢ phai la s6 nguyén to.
Tré vé giai bai toan 13.

PINH HUONG 1. Phuong phap phan chung.
Gia sir ¢hi ¢6 hitu han sb nguyén td phan biét
ma ta tim duoc thém sé nguyén té khéc nira,
dwa vao viéc xét tich cac sé nguyén t6 da cho

Cho sé ty nhién a=z4 thi woc s

cong hodc trir vai 1 va Bo dé 1, thi didu gia sir
a sai, tirc 1a phai c6 vé han s6 nguyén tb.

Cich gidi 1. Chitng minh phan chiing, dya theo
¥ tuong cia nha toan hoc Euclid, thé ky III
trre Cong nguyén. Euclid xét cac s6 duge bidu
thi bing doan thing.

Gia st chi ¢ n 56 nguyén t6 phan bidt 1a p, = 2,
=3, p=5,...
la day sé nguyén t6 lién tiép). Xét séa=p

. Pn VGi n>2 (khong nhit thiét

Pa... pnt 1, trong d6 py pa...p, la tich clia n s6
nguyén t da biét tir 2 dén p, . Goi ¢ 13 udc sb
nho nhét khac 1 cia sé a=p
Pr..ps+ 1 thi @a=gt va glasdnguyén t6 theo
B dé 1. Néu sé ¢ bing mot trong cic s6
nguyén th Pis P2sees Pn thi ¢ 1d ude cia hiéu sb
GBI P2 Pa=a—D1 P2 Pu= 1,
khéng xdy ra. Do do tbn tai s6 nguyén t6 g khac
n 80 nguyén 16 trén, ta ¢ n + 1 sb nguyén to
phan biét, trdi véi diéu gia sir. Vay phai c6 vo
han s6 nguyén t6.
Cdch giai 2. Tuwong tw nhu Cdch giai 1, khi xét
s6 nguyén a=p; pa... p,— 1 voi n>2.
PINH HUONG 2. Phuong phdp kién thiét. Gia
sit ¢O 1 (n = 2) s6 nguyén & phin biét, sir dung
B dé 1 ta xdy dung ddy sé chira s6 nguyén th
khéc véi n sb nguyén 6 da biét thi co n+ 1 s6
nguyén to phan biét, va cir am nhu thé s& 6 vo
han s nguyén td. Viée tim duoc cac day 80
khac nhau din dén céc cach giai khac nhau.
3. Ta xdy dung day s6 sau: S6 thir
=2, ldysb thirhai laa, =21 +1=3,
lﬁy sdthirbala a3 =3!+1=7, caba sépl =2,

Cich giai
nhét 1d a,

p2=23, ps= 7 déu la s nguyén t, lay s6 thir tu

i as=7!+1=25041="71%v6i p, = 7114 uéc
s6 nho nhat cia 5041 nén 1a sé nguyén t6. Gia
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sir da biét n sb nguyén t6 1a py, p2,..., Pu » trong
d6 p, 12 sb nguyén t5 16n nhét, ta xét tich cua p,
s6 nguyén lién tiép tir 1 dén p, va cong véi 1
dugc sb

a={pEN+tl=pipr.p,+1
Goi g la woc sb nho nhit khdc 1 cua sb
a=p)N+1thi a=qt vagla sb nguyén to
theo Bé dé 1. Néu ¢ bing mot trong cic 6
nguyeén to Pis P2seees P thi g <p, nén gl
ude cua sb (p.)! , suy ra g 1a udc cta hi¢u $6
gt—(pu)! =a—(p,)! =1, khéng xay ra. Viy ta
tim duoc s6 nguyén ) G=Pn+1 = Pn- Tiép tye
xét s& b = (p,-1)! + 1 thi ton tai sé nguyén t6
DPn+2 = Pusy Va clt nhu thé ta xay dyng dugc day
v6 han s6 nguyén t4.
Cich gigi 4. Tuwong tr nhu Cdceh giai 3, khi xét
day sé nguyén a=(p,) — 1 véi n>2vap,la
s6 nguyén t6 lén nhit. C6 thé chuyén viéc
chimg minh tit Phwong phdp kién thiét sang
Phuwong phap phan chirng, chi khac 1a trong
Phiong phdp kién thiét thi sé méi tim dwoo
phai 16n hon moi s6 da biét, con trong Rhirong
phdp phan chimg thi diéu d6 khong nhét thiét
Xay ra. o
PINH HUONG 3. Phurong ;J!'n.:?p. ;ufnm chirng.
Gid st chi ¢6 hitu han s nguyén té phan biét,
ta tach tich céc s nguyén tb da biét thanh nhiéu
thira s6 va xét tong cla cic thira sO nguyén t6
cling nhau dé tim dugce thém s6 nguyén td khac
nita theo B6 dé 1, suy ra diéu gia su la sai, tirc
14 ¢6 vo han s6 nguyén td.
Cdich giai 5. Chimg minh cua nha todan hoc
Stieltjes vao nam 1890,
Gia sir chi ¢6 n sb nguyén té phan biét 1a
pi1=2, pa=3,..., p, vOi n = 3. Ta tach tich cac
s nguyén t da biét thanh hai thira s p, p, ...
Pn=be sao cho méi thira sb b, c 16m hon 2 va
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UCLN (b, ¢) = 1, rdi xét tong a = b + c. Goi ¢
12 wéc sb nho nhit khac 1 ciasé @ = b + ¢ thi
a =gt va q lasbnguyén t6 theo B6 dé 1.

« Néu sb ¢ bang mot trong céc sb nguyén t6 pi,
Pase-s Po thi g la ude s6 ctia mot trong hai 56
b, e

« Néu g lawée ciasd b thi sb g 12 wéce cua sb
a — b = ¢, nhung do (b, ¢) = 1 nén diéu nay
khong xay ra, tirc 1a ¢ khong 12 uéc clia s b.
Lap luan tuong ty, s6 ¢ khong 13 uée cua 6 c.
Nhu vay, s nguyén t& ¢ khéc voi tat ca céc sb
NEUYen to py, pay...r pu Véy didu gia sir chi c6 n
sé nguyén t 1a sai, tirc 1a phai ¢6 vo han 56
nguyén t6.

Cdch gidi 6. Chimg minh cia nha todn hoc
Meétrol vao nam 1917.

Gia sit-¢hi*cé n s6 nguyén té phan biét 1a
P =22 =3,.... p,. Xéttong a gbm n sb
hang (n=3)laa =pps... pat prpse..puto
P\ Pa... pu 1, trong d6 mdi s6 hang 14 tich cua
n — 1 s nguyén té trong n sb nguyén o trén
v hai s hang bt ki 13 khac nhau. Goi ¢ 1a udc
$6 nho nhit khéc 1 clasd athi a =gt va gla
s6 nguyén té theo Bb dé 1. Lap ludn tuong tw
nhu & Cach giai 5 thi s6 nguyén t& ¢ khic voi
tAt ca céc s6 nguyén t& py, pa...., pa. Viy diéu
gia st chi c6 n s6 nguyén t6 14 sai, tirc 1a phai
¢6 vo han s6 nguyén t6.

Trong dinh huéng giai bai toan nay duoi day ta
can ding dén B6 dé 2.

Bé dé 2. Néu hai s6 a va b nguyén 16 cimg nhau
thi wée s6 cua ching ciing nguyén t6 ciing
nhau, do dé wéc s6 nguyén t6 p cia a phai
khdc wéc s6 nguyén 16 g cua b.

Chiing minh. Gia st (a, b) = 1 vd p 1a udc sb
cia a, con g 1a ubc s6 cia b. Néup va ¢ co
wée sb chung d thi d la wde sé cua p nén d
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la wée s6 cha . Tuong tu, vi d 12 uéc sb cua g
nén d 1a wée sb cita b, tirdé o 1a ude sé cia a
vah, ma(a, by=1nén d=1.
DINH HUONG 4. Plirong iy plian chimg,
Gl st chi <6 e han 96m n sh nguyen 1é
phan biét, Theo B6 d& 2 néu 1 xdv dung duo
mot diy sé gbm o ¢ 1 s nauvén 19 cung rhau
i L i 4 1 56 nguyen th phan bidt wan voi
i UHCL VAY phal e vd han <6 nguvén 16,
Cielr giai 7. Chimg minh dwa theo nha todn
hoc Hurwitz vao nam 1891,
Gia sir chi c6 7 s6 ngavcs t6 phén biét. Ta xay
dung mét day n + 1 86 nhur sau:
=2, o= t+t1=3, m=aqa;+1=23+1=
Tay=aqawm+ 1 =237+1=43,.., téng
quat la

Ty =

s =123

ét hai s6 bit ki o, va a; trong ddy sé nay, gia
t2 1Lnt
a = ab + 1 véi s6 nguyén duong «b4 nén
(a.a)=(ab+1a,)=1

st k= jtrcla k=j+1¢ véi

Diy sb virafduoc xav
dung c6 n + 1 s& nguyén t6 vobphau timg doi
mdt nén chira » + 1 ude sb nguyén td phan biét
(theo Bé dé 2), trai véi gia thiét. Vay phai o vo
han s6 nguyén t6.

Ciel giai 8. Chirng minh ciia nha todn hoc
Goldbach vao nam 1730.

Gia s chi ¢6 n s6 nguyén t6 phan bict. Xét
day s6 Fermat

F,=2" 41 v6i m=0,1, 2,....n

thi F,, laséle. Fo=3, F, =5 F = 17,
F3=257,... Bing quy nap ta ¢6
F=2= R

Thét vay, F-2=5-2=3=F, h¢ thic ding véi

m = 1. Gia s hé thirc ding vai

E-2=-2 =271

5, Xét

=27 -1)2% +1)=(F,-2)F, =F,F,..F._F.,

hé thie dung voi s + 1. Vay hé thirc dang véni
bat ki s6 tu nhién m. Vi 1 <k < m <n, xét
UCLN (Fy, F, )= (Fi, Fy..F..Fu 1 +2)=d

thi d l1auéc sbcia 2 macac sb F, lasé lé
nén d = 1. Hai sé phan bigt bat ki trong day sé
trén la nguyén té cung nhau, do dé cé it nhét
n + 1 udce s0 nguyén té phan biét theo B4 dé 2,
trai v&i gigthiét. Vay phai c6 vo han sé nguyén
t6. Cathe chimg minh ring tdn tai vé han sé
ngliyen t6 dang 4n — | hofic 61— 1, suy ra c6 vo

¢han s6 nguyén t8. Con mot sb chimg minh khic

phure tap hon nén khéng trinh bay tai day.
#Nhin xét. Ngoai 8 cach giai ma tac gia Nguyén
Vier Hai gidi thiéu & trén, Toa soan con nhin
duge mot cach giai twong tu cach gidi | trong bai
cua ban Nguyén Thdi Binh, 11CT1, THPT chuyén
L& Hong Phong, TP. Hé Chi Minh.

LE MAI (Ha N3i)
Mai cic ban gui o giai Bai todn 15 sau day vé
Toa soan Tap chi TH&TT trude ngay 31.7.2018.
BALTOAN L8, Fim e s i asdvilne v, v e s

Loy =3

THAI NHAT PHUQNG
(GV THCS Nguyén Van Tréi, Cam Nghia, Cam
Ranh, Khanh Hoa)

S8 492(6-2018)
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g bai ky nay la 1&i gidi cac bai todn duoc dwa ra
trong phan bai tip dé nghi & TH&TT sd 490,
T4.2018.

Bai 20 (/MO 1989). Chirng minh rang vdi moi
s6 nguyén duong n, ta c6 thé tim dwoe mot tdp
gbm n 56 nguvén lién tiép sao cho khong 56 nao
trong chung la liy thira ciia mét 6 nguyén 1.
Léi gidi. Ta chimg minh ring tap hop
{en+2M2 Cn+ 24 8 @n+ M0 + 1}
thoa man yéu cAu cua bai toan. Ta thiy ring

(@n +2)!]

@n+2)+2=2.01+

(2n +2)!
7

=0 (mod2), suyra %
%%

1+(2”—;“2)is1(n§3),

Vi vy (2n +2)+2 khong thé 1a lily thura cia
mét s6 nguyén té vi né ¢ mét ude chin va mot

udc 1é. Bay gio ta xét

|
@n+2k=F 1+(izi‘+—2)']
v6i 2 <k <n+ 1. Khidotacod
Bnro) = 0 fmod ) = 2 = (wod k).
|
=>]+ME 1 (mod k).

46 T?g?-‘ug% S3 492(6-2018)

Néu (2n+2)M4+k la liy thira cia mot sd
nguyén té thi do (2n +2)M4+k chia hét cho k
nén né 1a mot liy thira cua k. Nhung diéu nay

|
khong xay ra vi 1+——(2n;2)'

khong la liy
thira ciia k. Vay ta ¢6 diéu phai chimg minh.
« Ta ¢6 thé giai bai nay theo céch sau:

bat N =1+ [(n + 1)!]2 . Ta s& chirng minh:

Khong c6 sb nao trong n s6 nguyén lién tiép:
N BN
nguyén té.

, N+ n 1a liy thira ciia mét s6

Gia st nguge lai dkmeZk>11<m<n

vasongu éntbpdé N +m = p'.

Tacoﬁ%—{—l(n—l—l

&m—i—l' (R+D!f +(m+1)=N+m=p"
2 } Q} Dol<m+1<N+mnéntacd: m+1=p

voi0<r<k=p™|pf=N+m

Mgt khac p"* |[(n +1) [ =N-1,dodo

p | (N+m)—(N-1)=p'. Didu nay la

khéng thé. Viy ta c6 diéu phai chimg minh.

Sau déy la bai tip d& nghi. Ban doc hay gui 16i
giai vé Toa soan TH&TT trude ngay 31.7.2018.

1 ctia phutong

NHU HOANG (Ha Noi)
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GIAI DAP: T4 SODEMCLULTRI CUA HAM SO !

(Dé diing trén TH&TT sé 488, thing 2 nam 2018)
Phén tich. Ham sb y=z- 3{[1: ch dao ham tai
nhimg diém x # 0 va khéng c6 dao ham tai x = 0.
Nhung tai nhirng diém ma b2m s6 khong c6 dao ham
thi ham sd vin ¢ thé d i o,
xét tai x = 0 ham s6 c¢ dat e tri hay khong! Ban

tri. do d6 ta can phai

Tiing chi tim cyc tri tai nhitng diém ham s6 c6 dao
ham nén da tim thiéu sb diém cuce tri.

Ngoai ra ban Tiung di lap luin khong chat ché ¢ chd
chi xét y'(x) =0 x =8, rbi két luan luén ham sb
dat cyc trj tai x = 8 ma khéng ldp bang bién thién
cta ham s6 dé xét xem p' c6 d6i déu khi qua x = &

hay khéng !
Léi gigi ding. Tip xéc dinh: R
e

i
y'=0=>z=38
y' khong xac dinh tai xz = 0
Ta co bang bién thién

Suy ra ham s6 ¢6 hai diém cye tri.
Vay ta chon dap an C.
Nhgn xét. Céc ban sau da phat hién va phan tich dang sai
lim: Bén Tre: Nguyén Vin Cénh, 12A8, THPT An Théi,
Mo Cay Nam; Lé Nz Nhdr Huy, 11A1, THPT Lac Long
Quin, TP. Bén Tre.

KIHIVI

Trong tiét hoc vé s6 phitc, Thay gido ra dé toan
DPE TOAN: Gidi phwong trinh sau trén 1dp hop sé
phirc C:2* — (3414)2" + (5 4+ 3i)z —5i = 0.
Mot hoc sinh di giai nhu sau:
Lei giai. Bien doi phuong trinh:
2 —(3+0)2 +(5+3i)z-5i=10
0+ 0i.
Ap dung dinh nghfa hai s phirc bing nhau ta ¢6:

2 =38 +52—i(2 —32+5) =

=32 45:=0 .
& z°=3z+4+5=0

2 —-3245=0
mzszﬂ_

Viy phuong trinh di cho ¢6 hai nghiém:
3, V11

Z, ==
b 2 2

ciia ban thé nao !
CAO NGQC TOAN
(GV THPT Tam Giang, Phong Dién, Thita Thién Hué)

i umethe contrary. Then there is the lowest
non- -interesting posmve integer. But, hey, that’s
pretty interesting! A contradiction.
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@ Danh cho Trung hoe Co siv

Fow Lower Seeontdary Sefrand

@' Lich sit toan hoc
Lé Quoc Han, Lé Thi Ngoc Thiy - Nhimg diéu
k¥ la xung quanh ciu chuyén phit minh ra phép
todn logaril.
@ Pé ra ky nay
‘.ﬁ‘ 7 ~ 15" Proehfea s i Thiv fyvme
ion, Vietnam T1/492. ..., T12/492, L1/492, L.2/492.
@ Giai bai ki trude
Nofniteas to Previots Profiens
@ Phuong phap giai todn
Lé Quang Khanh — Phuong trinh ham Jensen vi
phuong trinh ham Cauchy trén mot doun.

Nguvén Vian Hiéw - Mot s6 bai todn 1y thd 4
dung dinh 1y Pythagore.

HOMC

o

Nguyén Minh Tudn, Nguyén H
Hanoi Open Mathematics Compe
2018, 2 I@Eﬂ
Hudng din giai dé thi tuyén sinh 16p 10 truong
THPT chuyén Théi Binh nam hoc 2017-2018.

Pé thi viio 16p 10 THPT chuyén Vi Thanh, Hau
Giang, nam hoc 2017 - 2018.

@ 6 0

Dién dan day - hoc toan @ Tiéng Anh qua céc bai toan - Bai s6'33.

Mai Van Nam — Phuong phip tham 56 héa Rai dich 630 - Tigng Anh qua ciic bai todn,
trong chig minh bat ding thic.

@ Ban doc tim toi
Trdan Xudn Pdng — Mot bai todn ¢6 nhiéu cich

@) Nhiéu cich gidi cho mot bai todn

@ Du lich thé giéi qua cdc bai todn hay

g @) saitam o dau?
@ Dép dn hudng din gidi dé 56 8. Cao Ngoc Todn — Gidi ding chua nhi?
Bién tdp: LE MAL NGUYEN THI TRUONG Mi thudt: QUOC HIEP, THANH LONG

Tri su, phdt hank: NGUYEN KHOA DIEM, NGUYEN TH THU HUYEN Thiét ké, chii s NEUGRhSBIT BHYNG
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GIAI BAI TOAN TRO CHOI BOC CAC VAT PHUONG TRINH
DONG DU VA HE PHUONG TRINH DONG DU BANG DO THI

cla tdc gia GS. TS. NGND BANG HUY RUAN
Sach day 112 trang, khd 17x24cm, gid bia: 30.000 déng.

Gidl ba todn
bic caC ¥,
Tro ol i

01 dung cua sich trinh
bay phuong phap giai
bai toan tro choi bbe cac
it, phuomg trinh ddng du tuyén
tinh, hé phwong trinh ddng du
tuyén tinh va phuong trinh déng
du béc cao bang dé thi. N6i cu
thé hon: Néi dung chi yéu cia
cuén sach 13 trinh bay thuat toan
xay dung dd thi cé hudng voi cc
cung dugc gan nhdn trén bang
chir cai thap phan ma nhan cua
dd thi nhan duge chinh 13 tap
nghi¢m cua phuong trinh hay hé
phuong trinh déng dur.

Sach gom hai phan chinh:

Phan tré choi hac cdc vt trinh
bay thuit toan dé ngudi di déu
chién thang bang cich béc duoc
viit cudi cung (hodc khong phai
boc vat cudi cung)

Phén phicong trinh vale phicong
trinh dong duw duge trinh bay
trong bén chwosg cudi cia cudn
séch.

Chuong ¢ J¥" trinh bay thuat
toan x&y dyng db thi xdc dinh
tap‘mghiém cua phuong trinh
a@x.= b (mod m) voi a, m la cac
s0 nguyén duong nguyén t6 ciing
nhau,conb € {0, 1, ..., m—1}.

Chuong VI trinh bf‘ay thudt toan
xdy dung do thi xac dinh tip
nghiém cua hé phuong trinh
dong du tuyén tinh.

Chucmg VII trinh bay thudt
toan xdy dung db thj xdc dinh
tdp nghiém cua h¢ phuong trinh
dong du bdc cao.

Chuong V trinh bay vé thuit toan
gidi phuong trinh déng du tuyén
tinh dang dac biét x=b (mod m).
Tap nghiém cta phuong trinh
nay chinh la tép s6 dong du vai

b theo module m. Bai vay do thi
xéc dinh tip nghi¢m cua phuong
trinh nay dugce goi la nguon dong
du.

Cudn sach khéng nhiing trinh
bay thudt toan xdy dung ngudn
dong du theo mét module, ma
con trinh bay thuat toan xdy
dyng ngudn don;: du theo nhiéu
module va mdt s6 cau triic khac,
chana han, nguédn sinh tit ca cic
sb nguyén duong chia hét cho 7,
ma moi 0 nay déu c6 chir s6 1é
va chit s6 chiin dan xen nhau.

Trong khi Quy déc gia giang day,
huéng din hofic lam viée vé dong
du ma c6 ngudn déng du theo
module m bén canh thi co thé chi
ra hang chyc s6 gom nhiéu chir
s6 chia hét cho m trong chéc lat.

Tin twong ring cudn sach khéng
chi hitu ich cho hoc sinh va
thiy c6 gido yéu toan pho théng
ma con la tai liéu tham khao
tot cho sinh vién va gidng vién
cac truong dai hoc va cao dang
nganh todn cing cac phu huynh
co nguyén vong gilip con em
minh hoc tot mén s6 hoc.

Moi chi tiét xin lién hé:

TAP CHIi TOAN HOC VA TUOI TRE

Téng 12, tda nha Diamond Flower, sé 1 Hoang Pao Thiy, Thanh Xuan, Ha Nbi

@ Dién thoai bién tap: 024.35121607

® Email: toanhoctuoitrevietnam@gmail.com

® Dién thoai Fax- phat haitips0/Zie gBr2hepso.org



NHA quT BAN GIAO DUC VIET NAME
ON THI VAO LOP 10 THEO PINH HUONG T|CH HO'P VA
PHAT TRlEN NANG LUC

clia céc téc gid: TRAN BUC HUYEN va NGUYEN PANG TRI TiN
Sach day 236 trang, kh6 17 x 24 cm, gid bia: 69.000d6ng

=Y~

e

- o

jp 10

ON THLV A0 LL
ANH HUGNG TICH HOP
'Hmfpuar TRIEN NANG LUC

mNTOAN

him gilip cho cdc em
hoc sinh co thé tr on
luyén va hd trg quy
iy C6 co thém tai liéu én

Giao duc Viét Nam to Lhuc bién
soan cudn “ON THI V A0 LOP
10 THEO DINH HUONG
TiCH HQP VA PHAT TRIEN
NANG LUC”.

Ngoai viéc luyén thi vao 16p 10,
cudn sach nay ciing ddp (mg yéu
¢iu cho viée doi mdi day - hoc,
dap img yéu cau duge cic ticu
chi cia b sach gido khoa mai,

theo dinh hudng tich hgp cac
mén hoc, va phét trién ning luc
ciia hoe sinh cua Bd Gido duc va
Dao tao.

Sach gbm 4 chwong:

CHUONG 1. NHUNG
DE CO BAN

CHU

Bao gdm 12 chu dé can ban cla
chuong trinh todn lop 94 hién
hanh Mm chu dL deu cﬁ\ﬁhan

hudng din va dé tof
tién cho cac em hg

CIN? e'll3 Nhitng bai toan tich

! ‘m;p lién mon Ly - Hoa - Sinh.
thi vao I6p 10, Nha Xuat ban *

Ck‘u dé 14: Nhitng bai todn ti 18
phan tram trong tai chinh.

Chui dé 15: Nhimng bai toan thye
t¢ do dac hinh hoc — Céc bai toan
ve dia li.

CHUONG 3. NHUNG
DE NANG CAO

CHU

Chii dé 16: Vin duna mo hmh
toan hoc dé giai quyét cac vin dé
thue té.

Chii dé 17: Ton dai s6 tong hop.
Chii dé 18: Toan hinh h
hop.

CHUONG 4. BPE M
TUYEN SINH VAO L

Gom 6 dé thi mau duge bién soan
theo ding hudng dan edu tric va
ma trin d¢ minh hoa cta So Gido
duc va Do tao TP. Ho Chi Minh,
trong dé mét s6 dé c6 hudng din
giai va cde dé con lai cde em hoe
sinh s& tu lam.

Dé sir dyng tai ligu mot cach ¢
hiéu qua cdc em hoc sinh can hoe
day du cc kién thire co ban trong
sach gido khoa, tich cuye rén luyén
céch suy nghi, tu duy. phén tich,
phan bién, done théi tim moi lién
hé vai thue té doi vai kién thire
da hoc.

Chung t6i hi vong tai licu nay sé
giup ich cho quy thdy c6 va cdc
em hoc sinh trong viéce on tap,
luyén thi vao Iép 10 theo cdu
tric dé moi va rat mong nhén
duoc nhidu ¥ kién dong gép xay
dung dé nhimg lan tdi ban sau
tai liéu s& duge ngay cang hoan
thién hon.
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