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PHUONG TRINH NGHIEM NGUYEN VA KINH NGHIEM GIAI

(Tai ban [3n th nhat, ¢é chinh Ii, bé sung) Clia tac gid NGND. VU HO'U BINH
Sach day 224 trang, khé 17 x 24 cm, gid bia 42000 dong
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di dung cua sach trinh bay

cac phuong phap giai phuong

trinh véi nghiém nguyén, vén

6t dé tai Iy thi cua S8 hoc va Pai s6,

tir cac hoc sinh nhd véi nhing bai toan

nhu Trdm trdu trdm co dén cac chuyén

gia toan hoc véi nhing bai toan nhu dinh
Ii lén Fermat.

Sach gom 5 chuong:

Chuong | gi6i thiéu cac phuong phap
thutmg ding Gé giai phuong trinh nghiém
nguyén.

Chuong Il gidi thiéu nhing phuong trinh
nghiém nguyén dugc sap xép theo ting
ngay.

Chuong Il gici thiéu nhing bai toan dua
vé giai phuong trinh nghiém nguyén,
trong do cd nhing bai toan vui, ba todan
thuc te.

Chuong IV gioi thiéu mot s& phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell Pythagore, Fermal,
Diophante, ...

Chuong V gidi thiéu nhimg phrog trinh
nghiém nguyén chua duoc giakalvet va
nhimg butc tién cia Toan¥gs’de giai
nhing phuong trinh sghilém nguyén,
trong do co nhimg deRggop cua Andrew
Wiles ching migh @R Iy lon Fermat va
Giao st Ngd«Bde*Chdu chuing minh Bé
dé co ban Ly’ Chuong trinh Langlands.
Phuon@-drinh nghiém nguyén c6 sb
phuofig trinh it hon s& dn nén doi hoi
nguéi giai toan phai van dung kién thuc
sang tao, vi thé phuong trinh nghiém
nguyén thudng c6 mat trong cac dé thi
hoe sinh gioi tur bac tiéu hoc, trung hoc co
50 dén trung hoc phé thong. Cudn séch
danh mét phan thich dang néu nhing
kinh nghiém gidi toan vé phuong trinh
nghiém nguyén nhu cach phan tich bai
todn, cach suy luén @€ tim huong giai,
cach phan chia bai toan thanh nhimg bai
toan nho dé giai quyét hon, cach “dua

kho vé dé, dua la vé quen’, cach lién hé
tinh hudng dang giai quyét véi nhiing van
dé méi, cach chon hudng di phi hop voi
tung bai toan dat ra .14t ca nhing diéu
d6 déu la nhing Ki ndng ma moi nguoi
cén 06 trong hoc tap, trong nghién cuu va
trong cudc song.

Trong I4n tai ban nay, cudn sach bo sung
thém nhang kinh nghiém giai toan, bd
sung thém mét s6 thi du, cap nhat them
mdt sb su kién lién quan dén tiéu st cc
nha toan hoe, bd sung thém mét s6 cach
giai.

Vi nhing cau tho & ddu méi chuong, voi
céch trinh bay 16 rang, dé hiéu, tuoi mat,
véi nhimg thong tin cap nhat, voi nhing
kinh nghiém thuc & trong béi duting hoc
sinh gioi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhiing kién thic hé théng va nhing
kinh nghiém giai toan giup giai quyét mot
loai todn khé & béc phd théng.

Tin rang cudn sach khong chi hi ich
cho hoe sinh va théy co gido, ma con la
tai liu tham khao tét cho sinh vién va
giang vién cac truong Bai hoc va Cao
déng nganh Toan, cung cac phy huynh
¢O nguyén vong gilip con em minh hoc
Toan t6t hon.

Ban doc co thé dat mua &n pham trén tai: Toa soan Tap chi TH&TT; Céc co 50 Buu dign; Cac Cong ty Sach - Thiét bitruong
hoc & cac dia phuong; Céc Cira hang sach cua NXB Gido duc Viét Nam; Sidu thi truc tuyén www.sachtoan24h.com (hotline:

0973472803, 0912920591).

Moi chi tiét xin lién hé:

TAP CHi TOAN HOC VA TUOI TRE

Ting 12, tda nha Diamond Flower, s6 1 Hoang Bao Thay, Thanh Xuan, Ha Noi

® Dién thoai bién tap: 024.35121607

® Dién thoai Fax- phat hanh: 024. 35121606

® Sé tai khoan: 111000002173, tai Ngan hang Thuong mai Cé phan Cong thuong Viét Nam -
chi nhanh Hoan Kiém, Ha Noi.
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TRUNG HOC

Trong chuong trinh mén Toan 16p 9, kién thie vé

dudmg tron duoc nhiic dén nhiéu trong céc dé thi.
Bai viét nay, xin chia sé cing ban doc Diéu thii vi
tir giao diém ba ducmg phdn gide ctia tam gidc,
dp dung trong mot s6 bai tdp vé duong tron. Ta
xét bai todn goc: Cho tam gide nhon ABC npi tiép
dwong tron (0); tia phan giac cua goc BAC cdt
canh BC tai E, cdt dwéng tron (O) tai D (D= A),
diém I trén dogn AE. Chimg minh rang I la tdm
dwang tron nol tiep tam gide ABC khi va chi khi
DB =DC = DlI.
Hudng dan giai
Ta c6 AD 14 tia phin gidc cua
a6¢ BAC < DB =DC
BAD = CAD = CBD (géc ndi
tiép ciing chén DC);

BID =%+ ABI
(zée ngoal cua A4ABI);

IBD = IBC + CBD = [BG&%-

DB = DI < ADBI cin tai D a%ﬁ:ﬁ(‘:%

& ABI = IBC < BI 1a phan gidc cua ABC <1 la
tam dudng tron ndi tiép A4BC.

Nhdn xét. Diéu thi vi tir tinh chit trén 12 T la tdm
duwong fron ngi ﬁé}? tam giac ABC khi va chi khi
DB = DC = DI d&uge vin dung trong mit 50 bai
tip vé dudmg tron, néu khong dé v dén sé khé khan
cho viéc phén tich, tim toi 1& gidi cua bai toan. Sau
day, ta s& vin dung tinh chat nay dé giai mot so bai
tdp sau:

Bai tip 1. Goi I, O lan ot la tam dicomg tron ngi
tiép va tam duomg trom ngogi tiép tam gide nhon
ABC. Tia Al cdt dwong tron (O) tai K (K # A),
goi J la diém doi ximg ciia I qua K. Chimg minh
rang: tam gidc 1JB vuéng tai B.

(Trich cdu 4-Dé thi tuyén sinh vao lép 10 chuyén
KHTN, DHQG TP. Hé Chi Minh nédm hoc 2004-
2005).

Huwdng din giai Y
Vi [ 1a tam dudng tron noi tiép
AABC = KB =Kl =KC

(theo bai todn gée),

Xét AIBJ co

KB =KI=KJ =—;-U.

A
i \‘.
suy ra AIBJ vudng tai B. J
Nhin xét. Trong loi gial trén ta da nhé vao tinh
chat * Vi I la tam dwong tron noi tiep tam gide ABC
KC = KI ™ (theo bai todn goc).

ap 2. Cho BC la day cung cé dinh ciia dwing

ton (0 R) (BC khong di qua tam O), A la diém
" chuyén dgng trén cung lom BC; D, E lan heot la

diem chinh giita cdc cung nhé BA, CA; 1 la giao
diém ctia BE va CD. Chimg minh rang:

a) I ném trén mot diramg tron co dinh. :
b) Xac fffnir vi tri cua A dé Al cé dé dai lom nhat.
Huwong dan giai, a) Ta co y
ABE = CBE (hai goc ndi tiép

¢hin 2 cung bdng nhau), P

= BE la tia phan gidc ABC.

Tuong ty CD 14 tia phin giac 5
ACB. Gol giao diém cua Al

vol duong tron (0) la K |
(K+.4), vi I ]a tdim duong tron ngi tiep A4BC suy
ra AK la tia phan gidc cta BAC suy ra K cb dinh.
T'v'[ﬁt khac .‘i’ﬁ: = KI = KC (theo bai toan goc) mﬁqK
co dinh, B co dinh nén dj dai doan KB khéng dﬁi:
Vay [ chuyén dong trén duomg tron (K; KB) co
dinh.

b) Ta c6 Al = AK - KI = AK — KB ma KB khong
d6i nén dé A/ max < AK max < AK 1a duimg

K

kinh<> 4 la diém déi ximg véi K qua O.
Nhén xét. Dén day bude diu ta da thiy duge “diéu

TOAN HOC
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thii vi” tir tinh chit cia giao diém ba duéng phin
gidc cua tam gidc, 4p dung trong mot so bai tip vé
dudmg tron. Sau ddy, ching ta sé tim hiéu sy thi vi
cia tinh chit trén & mot s6 bai tip ¢ mire d6 khd
hon:

Bai tiip 3. Cho tam giac ABC co ba goe nhon noi
m";J deone tron (). Goi M, N, P theo thir ne la
{B,BC,CA; E

F la giao diem cua

cac diem chinh giira cia cde cung
la giao diém cua MN voi AB,
NP vai AC

gidge ABC.

va | la tam dwong tron npi tiep tam

Chitng minh ba diém E, I, F thang

hang.

Huwdng din gidi. Vil la

tim dudng tron ndi tiép

AABC, Al cit dudng tron  u

(N tai N (N # A)

=» NB = NI (theo bai todan

gﬁc].

Chimg minh tuong tyr:
MB = MI N

Suy ra MN la duong trung tryc cua Bl/= EB = EI

— EIB = ABP = CBP = IE i BC. Chfmg minh

twong tyr ¢o IF J BC. Suy ra ba diém F, I, F

thing hang. \.

Bai tap 4. Cho 1am giac ABC co ba goc uh:m mn
tiep :.n’.lrr:.lm trom (0), goi P, O, "{ lan Deog {’h iém
chinh gitra cdc cung nho BC, AG 1‘ Yo eiao
diem cua hr_} vaa CR. Chirng urmh rqﬂgg_‘
AP + BQ+ CR > AB + RAWCA
Huwdng din gigi. Vi [ 1a tim
dudmg tron ndi tiép A4BC, tia
Al cit duémg tron tai P nén R
PB=Pl=PC
= 2PI=PB+ PC > BC.
Chimg minh tuong tu:
201 =04 +0C > AC F
2RI=RA+RB > AB

AB
:an+gf+Rf>BC+Azc+ :

Ta ca:
AP+ BO+CR=Al+IP+BI+10+CI +IR
AI+IC+AI+."B+IB+IC

=(PI+ QI+ RN+ 5 5
BC+AC+AB AC AB BC
+ - + :
2 2 2 2
Viy AP+BQ+CR> AB+ BC+CA. (dpcm)
TOAN HOC p
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“dudng tron (0) ngogi tiép tam

8. Goi [ va O lan lupt Ia tam dwong ron
ABC khaong déu

Bai tap
noi tiep va ngogi tiep tam gidc

Chung minh rang: A10 €90° <= 2BC< AR+ CA.
Hudng din gidi.

Kéo dai Al cat duong tron (O) A
tai D. Ta chimg minh duoc: /’Iﬁ‘?\ N
DB = DI = DC (theo bai todn / LI
g0c). [
Ap dung Dinh ly Ptolemy cho
1 gidc ABDC ndi tiép ta dugc:

AB.DC + AC.BD = AD.BC

= DI(AB + AC) = AD.BC

Ta co AIO <90° < Al > ID &> (AD - ID) 2 ID

ey AB;CAC & 2BC s AB + AC.(dpcm)

DI

Bai tip 5. (/MO 2006). Cho ta
tiép dheong tron tim I, Goi P
tam eiac nhon ABC thoa mdn:

PBA v{" {=PBC
Chiing wﬁg’, rang. AP
neto! ;Q‘
Hu:éﬁg din giai
.Gei D la giao diém cua Al véi A

m gide ABC ngogi

la mot diem trong

+ PCB (7).

dang thire xay ra khi

- gidc ABC (D # A). Ta co:

PBA+ PCA+PBC+PCB=B+C, | |
hay E{H}TE+I;EIHB}=§+E'. L
Taco

BPC =180° - (PBC + PCB)
B+C

\‘:Er%fi::’f

A
A L e
Vs

=180" —

Y

Mat kh&icﬂ?=9{]"+% nén BPC = BIC, suy ra

B, P. I, C cing nim trén mot duomg tron, (1)
Ma 7 la tim dudng tron ni tiép A4BC, tia AJ cit
dudmg tron (O) tai D= DB = DC = DI. (2)
(theo bai toan gic).

Tir (1) va (2) suy ra D 1a tim dudng tron ngoai
tiép tir giac BIPC= DI = DP. Tacé:

AP+ PDz AD = Al +ID
= AP > AI, ding thirc xiy rakhi P= /.
Méi céc ban tiép tuc khai thic “Piéu thi vi tiz giao
diém ba dwomg phdn gide cuia tam gide, dp dyng
trong mét s6 bai tdp vé dwdng tron” dé thiy duoc
cdi hay, cai dep trong toan hoc.
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Huudng ddn giai DE THITUYEN SINH LGP 10
THPT CHUYEN BINH LONG, BINH PHUGC NAM HOC 2017-2018
UONG 1

Ciul.1.A=+16-/9=4-3=1.

| |
- 5 = B e o
B L Dy

2% V{ II+2+J"I_ }JE+2
Jr-2+x+2 Jx+2 2
e INE=g WE e

b) I*’=%¢.-:- f2_2=%¢:rx=64 (thoa mén).
( m 1. 1. a} E:a_tlgglatn _
55 -2 I -1 0 1 2 I
y=2x"| 8 ‘ 2 0 : 2 8
= U
X ¢ -1 ]
p=x+1| 1 ‘ 0 | I
EET MR kRl [EEERE e

b) Vi d, // d nén phuong trinh dudng th&ng died

dang: y=x+b (b#1). Ma 4, di qua A{-L?,) nén ta
ch =l+b=2=b=3=d,: y—.r+3 ~

3x-2y=5 3x-2y=5 Q¥x=21
2 (] =
2x+y=8 4x+2y=16 2x+y=8

x=3 x=13
= = .
2x+y=8 y=2

Viay hé dé cho c6 nghiém la (3; 2).
Ciu3.1.2) Véi m=2, tacod 2¢ —4x+2=0<>x=1.
b) Phuong trinh (1) ¢6 hai nghigm x;,x, khi va
chikhi A'>0< -2<m<2. Theo Viet, ta co:

X tXx;=m (1)

m—2

(2)

Ay =

Theo @ bai ta cé: 4=|2x,x, —x, —x, —4|
.—_|m‘1 -2=m -4|=|[H’-' —3]("?+2]|~

Do -2sm<2nén m+220, m-3<0. Suyra

A=(m+2)(-m+)=—m" +m+6

2
=_[m_l] 2 o 2
=

2 " T -
Viy l!"ffli;.x.4=E khi m=~1—-
- 2

2. Goi x(m) Ia chiéu rong cta vuon hoa, x> 0.
Chiéu dai ciia virdn hoa 1a x + 6 (m). Theo dé bai
tacod: x(x+6)=91<x°+6x-91=0

(x=7)x+13)= 0 x=7 (nhén)
e (x-THx+13)=0
-l x==13 (loai)
Viy chu vi vudm hoa hinh chir nhat la 40m.
Cau 4. a) Xét AABC cé: A
A=90°, AH 1 BC ,"Jﬁx\"'&
_eolS = ,.-'r b "'\
= AH =BH CH y ol
=49 =6cm. Elt i C
&ABY : H =90" =mn5=%=éﬁ- B ~56,3"

57b) Xét AABC cb:

1 1

A=9%" MB=MC = AM=§BC =5'13 =6,5cm.

1 1

VAY 5, g = = MH .AH = 5.2,5.6 =7,5 cm®.

Ciu 5.a) Ta co: C#&:ﬁf], Cp;\
OHC=%" =CAB+OHC=180". |
Viy tir giac AOHC ndi tiép.
b)CAD = AEC va ACE chung
= AACD o> AECA (g.g)
:%=%§3AC‘.AE=:{D.CE_

¢) Tir E v& dudng thing song
song v&i MN cit canh AB tai ]
va cit canh BD tai F = HEI = HCO.

Vi tir gide AOHC néi tiép

— HAO = HCO = HEI => tit gidc AHIE néi tiép
= [HE = [AE = BDE = HI [/ BD.

Ma H 14 trung diém cta DE suy ra [ 1a trung diém
cia EF. Lai c6 EF jf MN va IE = IF

TOAN HOC
F cTusitre 3
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= O li trung diém cua doan thang MN. Tir do tr  gidc AMBN Ia hinh binh hanh. Vay AM J/ BN.
VONG 2

Céu 1. a) Ta co:
P \E +*x+,w'{;+6_v'?+l
Jx =1

x+2 x+v";—2
xWx - -x+xdx +6-(Jx +)/x +2)
i Gx =D(x +2)
_-x+xJ"£—4J}+4 (Vx =1)(x—-4)
Gy i 52) Tl k)
b]"'uf'{':fi.xl_‘—*[},.ntl,x # 4, tacod
(x+27).P x+27

rJ"H}w’?—n s
—f 3+

x=9436

Jr;+3

0=

J_+3
36

=6+ (Vx +3)+
S Jr+3

2-0+12=6.

Déu “<" xay ra khi £+3= Sx=9.

36
J;+-3
Céu 2. Phuong trinh da cho co hai nghiém khi va
chikhi1 A'2 02 -2m+4z20om<2. (1)

X +x =2(m-1)

Theo hé thirc Vi-ét ta cé: 5 ‘
Xy =m =3
Ma X7 +4x; +2x, = 2mx; =1

& XX + 206 +x5) =1 -:b—m\/ﬁm-]]-l
omt —dm+2=0s oty
m=2- \fr_

Tir (1) va(2) suyra m=2—-+/2.
Ciau3d. a)PK: 1<x<7 Tacod

T m Gl - 2R =TT 4]
& 2WT—x ~Jx-D+(x =)= Jx—17-%) =0
& 2T =x ~x=D+x=1(x=1=/7T-x)=0
& (W7-x=x-1)2-vx-1)=0

x-1=2 X=
Q[J:«-_—Twﬁ L_ (théa man).
Viy phuong trinh c6 hai nghiém x =4;x=5.
b) DK: {x,z ]

X" —xy

: .két hop voi PT (1), ta co
+120

4 T?ﬁf-mgcé S4 491 (5-2018)

& S x=2.

y>0. Tir(1),tacod 4Jx+1-xpJy? +4 =0

e dfx+1=xpy? +4 & 16(x+1) = x2)2 (1 + 4)
< (O +4y I ~16x-16=0,
Giai phuong trinh theo -511 x ta duge

<0 (loai1).

4
X == hodic x =
¥ ¥ +4

V6i x =5 ¢ 1* =4 thé vio phuong trinh (2) ta
"

duge; vxl-3+3Jx-1=4. (*)

Giai (*) véi PK: x>/3, ta co:

P E I W e

x° -4 il Ix—-2) il
Ve =341 Vx-l+1
o ( x+2 x 3 -0
” Vx2 =341 vr=1+

x+2 3

&xrzﬂl vi + >0

Jx2—3+1 Vx-1+1

1*1 =3 £ pe arh
Vi x=2= o y=+2. Két hop véi dicu
yv>0
ki¢n trén, hé¢ phuong trinh c6 nghiém (2; \E}.
Ciéu 4. a) Ta co: I F
AIE=AJE=90" = AIE] 4
la tr gide ndi ticp. J
EMC = EJC=90" = CMJE
la tir gidc néi tiép. g
Xét AMEC, va AIEM co: /N
e i o8 M
* ACE = EMI (cing chin
F

cung .}TF:' cua duwomg tron
ngoat tiép fir gia’u: CMJE ).
« BiC= Ef’r." (cung chin cung JE cua dudmg
tron ngogi tlep ur gidc A/EJ ). Do do6:

RCAEC = EAEM = EC Kl

EM
b) Ta ¢6 [EM = AEC = AE[ = CEM. Mat khic
AEI = AJI (cung chén cung Al ), CEM = CIM
(Xem f:'ﬁ:n trang 6)

AAEC D AIEM =

https://tieulun.hopto.org
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NAM HOC 2017 - 2018

UVONG 1

(Danh cho tar ca thi sinh; Thai gian lam bai: 120 phuit)

Caul (2 ci":'cfm]l. Cho

Az[]ﬁ 3Wr+5 I[JEH)-
=

ox—x—x+1)] dx
a) Rut gon biéu thirc 4.
b) Pit B=(x—+x+1)4. Ching minh B>1 véi
x>0, x=1.
Cau 2 (2 diem).
Trong mit phﬁng tpa d¢ Oxy, cho parabol (P):

—]:|vfri x>0 x#0.

via duémg thing (d):
(v m 1a tham sd)

a) Khi m=-4, tim toa d6 giao diém cua (d) va
(P). : d

b) Chimg minh ring dl.rf:fng thing (d) va parabol
(P) ludn cat nhau tai hai diém phén biét cé hoanh
do xy,x5. Timm dé x; + 2x, = 2.

Céu 3 (1 diém). Gidi hé phuong trinh:

f
y=x y=2mx+2m-+8

[ry2+v:—2=r2+3_‘r e,
‘lx+ y—4Jy-1=0 “*“‘\

Ciu 4 (1 diém). Cho quing du:{:rng AR dai Elllﬁf-;m
Cung mot lic xe 6 16 thir nhat xust phat (¥ 4 dén
B, xe 0 1 thir hai di tir B vé A. Sau khit%udt phét

Y

e n

dwoc 3 gidr hai xe gap nhau. Tinh vén tc ciia mbi
xe, hié} th gian di ca quing du-:b‘ng AB cua xe
thir nhat nhidu hon xe thir hai 1a 2 gior 30 phat.
Cau 5 (3.5 diém). Cho dm:mg tmn (O R) co
dudmg kinh 4AB. Biém C la diém bat ky trén (O)
(C khong tring vo1 4, B). TIE[J tuyen tai C cua
(O; R) cit tiép tuyén tai 4, B cia (O; R) lan lugt
tai P, 0. Goi M la giao diém cua OP véi AC, N la
giao di¢m cua OQ vai BC.
a) Chirmg minh ring tr giac CMON la hinh chir
nhét va AP.BQ = MN”.
b) Chimg minh AB la tiép tuyén cua dwomg tron
dudmg kinh PO.
c) Lh!.mg minh PMNQ la tr giac m;:l tlE:p Xac
dinh vi Lriiil;é’m C dé duong tron ngoai ticp tlr giac
PMNQ'¢o ban kinh nho nhat.
Ciﬂﬁ (0.5 diém). Cho ba sb thye duong x, v, =
1

stﬁéa man: L+——:-—I—- =3. Tim gia tri nho nhat

.rz }f' z
clia biéu thire:
i) g 5 ;)

Yoz i xty
P=—— :

5 y
x0r+2Y) w2t +xh) 2P+

UONG 2

(Danh cho thi sinh thi chuyén Todn; Thai gian lam bai: 150 phiir)

Cau 1 (2 diem).
1) Cho a, b 1a hai s6 thue bit ky, chu‘ng minh co it
nhat mét trong hai phuong trinh 4n x sau vo

24 2ac+2a -2 +1=0 (1)

x* +2bx+3a® —ab=0 (2)
2) Cho 3 sb thyc x, y, z thoa man diéu kién:
x+y+z=0 va xyz#0. Tinh gia tri cua biéu

© 2 52
thire: P= + L + =
y2+22_12 ;’2+x2 vyz t’z +y2—z

Céu 2 (2.5 diém).

Y
1) Giai phwong trinh: Vx? +4x+12 =2x~4+x +1.
2) Giai hé phuong trinh

nghiém:

"

e —41}-[%— 1] =4(4+ xy)

JX—y +3+.|||2_}'2 —p+l .:2;92 —-x+3

Céu 3 (1 diém). Tim tit ca cdc cip sO nguyén
(x; ) thoa méan phuong trinh: R 3 S = 6xy + 3.
Ciu 4 (3 diém). Cho tir gidc ABCD ni tiép
duong tron tim O va ¢6 hai tia B4 va CD cit nhau
tai £, hai tia AD va BC cét nhau tai F. Goi M, N
lan hrot 1a trung diém cia AC va BD. Céc duong
phin gidc trong cua cic goc BEC va BFA cit
nhau tai K. Chirng minh rang;
1) DEF + DFE = ABC va AEKF 1a tam gidic vudng.
2) EM.BD = EN AC.

F

oﬁorg
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3) Badiém K, M, N thing hing.
1) Cho @, b, ¢ 1a ba so thuc
duong. Chimg minh bat ding thire sau:

| 1 3
bJ b +2c  cV3c+2a Jsabc

TEETT I L LT

Cau > (1.2 diem).

a 3a+2

CEEEE FREE SRS

HUONG DAN GIAI ...

(Tiép theo trang 4)
(cing chin cung CM). Suy ra CJM = AJI.
Mi 7, M nim hai phia cia dwong thing AC nén
CJM = AJI déidinhsuyra [,J,M thing hang,
Tuong tu, ta chimg minh duwoc H,M.K thing
hang.
Do tir gidc CFMK néi tiép nén CFK = CMK.
Do tir gidc CMJE noi tiép nén .Eﬁ:? = .:’ETE
Mit khic ECF =90° = CFK = JCE (vi cing phu
véi ACF). Do dé:
CMK = JME = JMK = EMC =90° hay IJ L HK.
¢) Ké BN L AC (Ne AC). Vi BAC=60" = ABN =30",

S AN=AB _C _ pnt am? Nt 2 3
3 4

= BC? = BN? 4+ CN? = 35 [b— ~]2
i 2y~
=b* +c* —bec= BC =" +c* - be.
Goi O 1a tim dwdmg tron ngoai tiép A4BC, R la
ban kinh dudmg tron ngoai tiép AABC. Xét ABCE
déu ta co:

R=DE=E-EM= 2BCV3
3 -

Ciu 5. Taco:

S=n(n'+5n" +5n° —5n—-6)
L n[(nz ~1)(n? + 6) + 5n(n? - 1]}

=n(n* —1)(n* +5n+6) = n(n—)(n+1)(n+2)(n+3)
=(n=1n(n+1)n+2)(n+3).

Ta ¢6 § la tich ctia 5 s6 nguyén ty nhién lién tiép
chia hét cho 5! nén chia hét cho 120.

(Ciu 6. a) Tir gia thiét [a| < L|p|<L|d <1, taco

- -;-,Js{af +¢? —be).

i
a<a <P 2L

TOAN HOC
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2) Cho 5 s0 ty nhién phan biét sao cho tong ctia

ba sé bat ki trong ching 16m hon téng cua hai so

con lai. Chimg minh ring tét ca 5 s6 do déu khong
nho hon 5.

TRAN NGQC bAI

{GV THCS Thw Thanh Tha: T.Im}+ Thdi Binh) gu?r, r}:rgu

EEF P E L FE SR

Tirdé a* +b° +c* <a? +b% +¢%. Laicod
(a=Db=-ec-1)=0 va (a+1)b+1c+1)=0.

nén(a+)b+)c+)=(a=DE-1)ec-1=20

< 2ab+2bc+2ca+220< -2(ab+bc+ca)< 2.

Hon nita

a+b+c=0&a’> +b* +¢° =-2(ab+be +ca) < 2.

Viy a° +f +ct <2

& +) -2 +%)

(x=1}p-1)
=D+ y -0 Xy
T x-Dy-n

b)yTaco: T =

Do x>Ly>1 nén x-1>0,y-1>0. Ap dung
BDT Cauchy cho 2 sé du::mg;— 4 -].
p oy

(x—t}+1asz-1-:=-(Jx- -1 20
ox-2Jx-120 J—T

(y-D+122y lw[,,J —1-1 20
ﬁy—?J}r_—_

ta co:

2 2
Dodo 7=+ 2 e i
y— X Jx-]Jy—l

'_Ji-_f_

y=1 x-1 5
Déu “= x&yc:be—l:l @{ 2!,[thinarrﬂnj

y
pei=l

Viy gid tri nho nhit coa biéu thac 7 =8 khi
x=y=2

MAI VINH PHU

(GV THCS-THPT Tan Tién, Bis Dop, Binh Phuéc) gibi thigu
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Hanoi Open

ANSWER KEY

( Time fimit: 120 minutes)

JUNIOR SECTION
1. QUESTION

Instructions:
« Write down your name, your contestant number
and your team's name on the first page.
+ Answer all 15 questions. In Section A, each
question is worth 5 points. In Section B, each
question is worth 10 points. In Section C, each
question is worth 15 points. The total is 150 points.
There is no penalty for a wrong answer.
* For questions 1-5, circle the correct answer A, B,
C, D or E. For questions 6-10, fill your answer in the
space provided at the end of each question. For
questions 11-15, write your detailed solution in,_the
space provided at the end of each question.
+ Diagrams shown may not be drawn to sgale.
* No calculators, protractors or electroni¢ devices are
allowed to use.
» Answers must be in pencil, blue or black ball-point
pen.
« All papers shall be collected at the end of the test.

JUNIOR SECTION
1. QUESTION
Section A. There are 5 questions. Select and
circle the right solution.
1. Let x and y be real numbers satisfying the
conditions x+ y=4and xy=3.Compute the value

of (x —y}z.
Al =P L BN, B E. None of above.
2. Let f(x) be a polynomial such that

2f(x)+ f(2-x)=5+x
for any real number x. Find the value of f(0)+ f{(2).
A4 B. 0. i D. 3. E:.1.

N e e

A P AT OO, A2
INDIVIDUAL CONTEST - JUNIOR SECTION

NGUYEN MINH TgAN-
NGUYEN HUU DIEN

(Hii Todn hoc Ha NGi) gidi thiéu

eyl .

()3. There are 3 unit squares in a row as shown in
the figure below. Each side of this figure is painted
by one of three colors: Blue, Green or Red. It is
known that for any square, all the three colors are
used and no two adjacent sides have the same color.
Find the number of possible colorings.

Lo oo |

A. 48, B. 96. C. 108, D. 192, E. 216.
()4. Find the number of distinct real roots of the
2
following equation 3t i 5 = 40.
(x+3)
A0, B. 1. = D. 3. E. 4.
(5. Let ABC be an acute A

triangle: 4B=3and AC =4, ,

Suppose that 4H, AO and | \\\
AM are the altitude, the J—;
bisector and the median
derived from A, respectively. If HO=3xOM, then
the length of BC is

s | Gt 3008
y 2

0 M o

A. 3. E. 5.

Section B. There are 5 questions. Find in your
answer in the space provided at the end of each
question.
Q6. Nam spent 20 dollars for 20 stationery items
consisting of books, pens and pencils. Each book,
pen, and pencil costs 3 dollars, 1.5 dollars and 0.5
dollar, respectively. How many dollars did Nam
spend for books?

ANBWEY:....cuvrearsrsssisn
Q7. Suppose that ABCDE 1is a C
convex pentagon with

4=90°, B=105%,C =90°, and
AB=2,BC=CD=DE=+2.If /

the length of AE is+Ja — b where |
a. b are integers, what is the 5

TOAN HOC
" CTugitye
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valueof a+57?
Answer:.....
(8. Let m be a positive integer such that
Eonid L et
l+—+—+.. +—=—
2 RN b
Find the remainder when m is divided by 7.
Answer:.
(9. There are three polygons and the area Gf each
one is 3. They are drawn inside a square of area 6.
Find the greatest value of a such that among those
three polygons, we can always find two polygons so
that the area of their overlap is not less than a.

Answer:..
1
Q10. Let Ir'":lx2 —lyz +=z%, where X, y, z are
4 5 6
real numbers such that 1<xy,z<4 and
x—y+z=4

Find the smallest value of 10T
L0 111, 1) g SR

Section C. Answer the following 5 questions.
Present your detailed solution in the space
provided.

Q11. Find all pairs of nonnegative integers (x; y) for

which (xy + 2]2 =x’ 4 }12.

Q12. Let ABCD be a rectangle aAwir

45" < ADB < 60°. The i

diagonals AC and BD

intersect at O. A line

passing through O and : B

perpendicular to BD meets K

AD and CD at M, N g

respectively. Let K be a )
N L

point on side BC such that D

MN /i AC. Show that MKN =90".

Q13. A competition room of HOMC hasmxn
students where m, n are integers larger than 2. Their
seats are arranged in m rows and n columns. Before
starting the test, every students take a handshake
with each of his’/her adjacent students (in the same
row or in the same column). It is known that, there
arc totally 27 handshakes. Find the number of
students in the room.

Q14. Let P(x) be a polynomial with degree 2017

such that P(k) =%,W¢ =(.1,2,...,2017. Calculate
+
P(2018).

8 T?'g{-qug(ég S& 491 (5-2018)

Q15. Find all pairs of prime numbers (p; q) there is a

2
positive integer m satisfying L e
p+g m+l
2. JUNIOR SECTION’S ANSWERS AND
SOLUTION

Q1. We have (x—y)? =(x+y)° —dxy=16-12=4.

The answer is C.

Q2. Wehave » x=0=2f(0)+ f(2)=5 (1)
«x=2=21(2)+ f(0)=7 (2)

Then (1) + (2) gives: f(0)+ f(2) =¥: 4.

The answer is A.

(3. There are 2 ways to choose the 2 sides which
have the same color in the first square. So the first
square has 2.3!= For the second
square: the color of the left side is fixed, if the left
side and the right side have the same color then there
are 2!=2 .colorings for the remaining sides; if the
upper $l.ﬂ£! .and the lower side have the same color,
one alsd’ has 2!=2colorings for the remaining

12 colorings.

sidles” So the second square has 4 colorings. The
argument is similar for the next square. Answer:
12x4x4 =192, The answer is D.

x+3
2
2 2
VR s +ﬁx——4ﬂ=[}
x+3 x+3
2
£ +60—40=0 | 1= = (t—4)t+10)=0
x+3
{xzﬁ
=4 &
=5 x=-2

—10 = no real root

So, the equation has 2 real root. The answer is C.
05 Lt CH=x) BC=g

A
By Pythagoras’theorem,
2+ AH? =16 .
[H—X}E-FAHEZQ B H 0 M C
2
7
=2ax—a*=T=x= g TE
2a

https://tieulun.hopto.org



So HM =CH - CM =

a 2 2a
By a property of the bisector 40, one has E:f,
80 3
then CO = 4',.’_61’ hence
S W L
T 214
T d4a 2a
Since HM =4x OM, has — = — = he
nce b one has a 2 ence

a=%' The answer 1s B.

Q6. Let a, b, ¢ the number of books, pens and
pencils respectively. Then a+b+c=20 and
3a+1.5b+0.5¢c = 20.

=5a+2b=20=5:50<bhb=10=a=2:b=5c=13.
The answer is2 x 3 = 6.

Q7.Draw DH | AB,EK | DH (H € AB, K € DH).
Since BCD is a right-angled isosceles triangle, one

has BD =2. Also ABD =105" - 45" =60°, so 4BD
is equilateral triangle with the side length is 2, hence

DH =3, Now AHKE is a ¢
rectangle, then EK =HA=1. p
In triangle DKE, DKE =%, \ &
= HE N
DE=42, EK =], these implies ' K"’,- '
that KD =1. So
P, d o

AE = HD- KD =43 -1.
The answeris 3 +1 =4, e
13! 1317 13!

8. Wehave m=131+—+.. +—+-—
o 2 A E]
13! ;

=m==-=123..68.13=(1.23..6)" (mod7)

= 720% (mod 7)

= (-1’ =1 (mod 7)

The answer is 1.
(9. Denote by §; the area of the polygon i with

=3 A E B
Sj; the area of the overlap of B kg y
polygons i and j with

1Zici=h J I K
8133 the area of the overlap . ¥

of these 3 polygons; S the covering area of these 3
polygons. Then
6285=58+5+85-8-853-5:3+83
=9+ 8123 ~ (512 + 513 +523)
29— (82 + 813 + 533)
= Sj2 + 823 + 83 23.
There exists Sy 21 Otherwise, we have the

following example, where
S apexis = Sixerep = Seper =3 and 83 =83 =8 =1.
The greatest value of a is 1.

Q10. We have {x-—i}z >0=x*>4x—4
(y-1E-»20=-y>=-5y+4

(z-3P20=2262-9

b Loa k] 1
—x"——y +—z 2—(dx-D+-(-5y+4
AR gHATLS 4( x—4) 5[ v +4)

iy

l 17 23
—(6z-9N=x—-yp+z——=—
+6{ z=9)=x-y+ TR

:lﬂxféjﬂ'ignin{lﬂxﬂzﬂ. when x=2 y=1z=3.
Q@ +27 =5 +5* @ (+3)’ -5=(x+)’
o (y+3)? =(x+p)? =3

< (xy+ax+y+3)xy-x-y+3)=35.

Since x and y are nonnegative integers then
A}‘+x+_}*+3=53 xp=0

e e e | x+y=2

= (x,¥) €{(0,2); (2,0)].

(012, Selution 1

Let ABNMK ={X}. By S}Tmnttr}f,m=m=900.

xy+.x+y+323::-{

So MBA=NBC then "
ABAM < ABCN. \
Therefore . =y
CN _BC KC »

AM ~ BA XA N
(since XK Jf AC). Hence
AKCN en AYdAM < AXBK. This implies that

XKB = KNC. But KNC +CKN =90° then
XKB + CKN =90° thus XKN =907,

S6 491 (5-2018)
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Solution 2 M
Let MKCD={L}, _.;Nx B
Iy

MK mAB ={X}, \
MNABC={P}. One has D - 2
AMKC, AMCP, AXLC arc AN /
parallelograms, hence P
R =AM =0F AX =L,

By Thales 'theorem,

CL AX AB _CD

R TRE
Therefore LP // BD, but MV LBD then NPL=90".
Since CK = CP, the points K and P are symmetric

NKL=NAL=9 or

L

about NL. This
MKN =90".
Solution 3. Let MK n AB={X}, 0K " AD={H},

MO~ AB={Y}. One has HYKN, DHBK are
parallelograms, hence

HY jf NK, BK = DH. ¥
Since MK j/ AC and \
A ¥ X B

imples that

XB BK DH
AB BC AD - 5
Thc:n HX /i BD, but #
1L BD then MN LHX. © ' 3

ln trmngle MHX, XA 1L HM, MO L HX,so Y i§ the
orthocenter. This implies that HY L MX, NKL MK,

Solution 4. Let DBNMK ={I}. M
Let T, S be the midpoint of \
MD, BK, respectively. Since A o

gy — r ;
MK Jf AC, one has IKB=0CB M
n N C

= [BK = IDM = IMD.

So MBKD is an isosceles

trapezoid. Therefore S, I, T are collinear, 5T is the

axes of symmetry of MBKD and TS Jf CD. Let
TS ~n MN ={J} then IJ is the mid-line of triangle
MDN, hence J is the midpoint of MN. Note that TS

and MN are the perpendicular bisectors of BK and

BD, respectively. Therefore JK =JB=JD. Since

mi"
2

M lam

MDN = ‘FJD“ one has JD=%, then KJ =

and it follows that MKN = 90",
Solution 5. (Use inscribed quadrilateral) 1t 1s

similar to solution 1, one has MBN = MDN =90".
Hence the quadrilateral MBND is cyclic. It similar to
solution 4, MBKD is an isosceles trapezoid, so the

IOTOFINH :

S5 491 (5-2018)

quadrilateral MBKD is cyclic. Therefore M, B, K, N,
D are concyclic. Then MKN = MBN =90".
Q13. |

Consider a mxn grid of mn points, each point is a

student. Each handshake of two students can be
treated as a segment joining two corresponding

points. Hence the number of segments 1s
27=(m-Dxn+(n=Dxm or 2mn-m—n=27.
Therefore 4mn —2m—2n+1=>55then
(2m—-1D(2Zn-1)=55=5x11.
This implies that (m. ») is a permutation of (3.6). So
the number of studentis 3 x 6 =18.
Q14. Let @(x)=(x+1)P(x)—x= degQ=2018 and

910y = 0(1) = 0(2) = ... = 0(2017) = 0.
::i@:x] =(x+ 1 P(x) - x =ke(x =1)x-2) x...x (x—2017).
t=—1=>1=kx2018!=> k=—
2018!
. x=2018= 2019P(2018)— 2018

llg'xlﬂlﬁxzm?x_..xl =1=> P(2018) =1.

Pq_ _ (m+1)m-1)+7 et ]
p+q mi+1 m+1

4
Case 1. If p =g, we have pzi(m—l}+_l._.
m+1

QI5.

So, we find a positive integer m such that p is an
integer and from that to obtain p as prime number

g="1.
Case 2.If p# q = ged (pg; p+q) = 1. Let

=% m="1"and p—

d = gde(m* +6;m+1)=>d e {1;7T}

ed=1= d=gde(m’ +6:m+1)=gde(pg; prq) = |

kb
LIPg=mA6 2 > AmE +6) > meD.
prg=m+l

pqg Tk —2k+1
ptq

S k2> 4Tk -2k +) = ke
The answer is (p; g) = (7;7).

v g=T = JkeZ'

https://tieulun.hopto.org



THU SUC TRUOC KI THI 2018

DESO 8
(Thii gian lam bai: N pht)
Céu 1. Do thi bén 1a do thi N _sindx  sin2x
cua ham so nao dudi diy? . : D= " A e
| |
A y=x%-2x%+2, |I il I| ek e [ 420 ] & Tms Dﬂ
| : }. = | =—

B.y=2(x% ~1)?. bt i} 4 i L+
C. y=|x3|-3|x+2. \/\/ , |lketquala

2 ‘ ! || ']”rzl % A.z=2. B.z=-2 C.z=2i Dz=1+i
D. v=x2 _2|I|E iy Cdu 7. Cho ba mit phing phin biét cit nhau tirng
(iu 2. Cho 2 mit phing phan biét o va p va d6i mot thi ba giao tuyén cua chung sé& c6 may vi tri

dwong thing a. Xét cic ménh dé sau day:

) {“ /a

BJa
ffﬁ

W}{ |l

Hoi trong 4 ménh dé trén cd bao nhiéu ménh dé
diang?

Al B.2 .3 D.4
Cau 3. Cho hai so thuyc @, b khac 0 va ham sd

]}{BL — =3 Al

alfp _
[11) {EJ—B:;»W'}’&,

vy=In(2018 + ax) +In (2018 + bx). Tinh p=ab,
biét y'(1)=1.
A.p=1. B. p=2018.
S D. p=2018%
2018

Ciau 4. Trong khong gian voi hé toa do Oxyz, cho

mat chu (8): (x—1)* +(y—2)* +(z—3)° =25. Mt
phing (xOy) cit mat cau (S) mét thiét dién 13 duong
tron co phuong trinh nao sau day?
Bt
A. (x-1)2 +(y-2)2 =16. B. {(“ {;} n g
F=

- —

=

- {Iz.gyz ~2x~-4y=11 D.{xz +y2—2x—4y=16‘
=

Ciau 5. Goi Fi(x) la nguyén ham cua ham s6
y = 4cos® x —3cos® x. F(x) la ham sb nao dudi day?
A K= cos dx + cos 2x +C.

8 4
B. Fix)= sin’ xcosx + C.

L. M) = —sinxcos® x+C.

trong doi xay ra?

A. L i 8 9, D. 4.
Ciu 8 Cho Sl A [2+J§]22+43+¢:+,_.+2M$2;
S ﬁ}iz PR AT
Két qua 10g 5, 5 5,(51-5,) bing:
A. 6790570B. 579067. C. 679047  D. 470071.

Ciu 94Cho hinh nén ¢ duong sinh gép 3 lin ban
kinh dirong tron day thi ty sd k giira dudng cao va
dugmg sinh cia no la:

g Zf B kY2,
3
C. k= 1. p. k=23
3 2
Cau 10.Xét cac két qua gioi han sau:
2 2
= . v 2
B ket e FEVI O C e L RGT
r—l |.:'['— 1| Xl |.1' = 1|
‘x2—3x+ 2‘ ‘x2-31+2‘
M. lim ==1; IV. lim
=t X— x—1* =1
Két qua nao sau day dung?
A, I valll B. I vaIIl.
C.IIvalv. D.IvalV.
L.
4 i 1
Ciu 11. Cho [= [——=.. Khing dinh
y (sinx +cos x)
dung la:
A. Te(-13). B. [ €(=2;0).
C. I e(-7,-5). D. I e[3;8].

Ciu 12. Cho hai s6 phic z;, z, théoa min

2,25 2 0% 25 —2zz, +22° = 0.

TOAN HOC
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I bing bao nhiéu?

E A. a=60°. B. o =30".
= | % _ 450 _ an?
T | B“:g_:zﬂ_ C.u—_45, D. a=40"
z | E Ciu 16. Trong khong gian vai hé truc toa d6 Oxyz,
Y = b cho 5 diém
e PN L e M(1:2:3), N(-1:2,0), P(~154;3), Q(0:0:6), R(0;2:4).

Hoi diém nao sau day khong thuge mat phing cia tir
] gic tao bai 4 diém con lai?

ban Fiér tién hanh giai 4 budc sau: Al M. B. N C.P D. R
Budc 1. Ta nhan thay phuong trinh khong ¢6 4y 17. Hoi trong khoang (0:3n) c6 bao nhiéu
nghiém x=0 nén phuong trinh twong duong

Céu 13. pé giai phuong trinh: 2'{3:{2 -2)=2x

diém dé ham sb y = cos x +sin x dat cuc dai?

3 -2 ,[__‘ ] At B.2. o) D. 4.
Zx 2 Ciu 18. S& nghiém cia phuong trinh

Buge 2. Ta nhian thay phuong trinh co nghigm

: logagis ¥ + X7 =2017 1a:
x=1, wvi th& x = | vao phuong trinh ta co ] |

: A, 1, B. 2. B D. 4.
31 -2 _ [l} diing. Céu 19. Cho s6 thyuc a vi ham sb

. » = V@@ 2018x + 2019 —ax® +2017x+2018.
S6 tigiwean nhi¢u nhat (néu co) cua do thi ham s

Burée 3. Ta c6 vé phai _;.-=[ J la ham sd nghich

&
2

1 e B A D. 3.

bien trén R (vicoso —<1); vé trdl y = $ au 20. Trong khong gian véi hé toa do Oxyz, cho

= 3 +L >0, ¥x =0, nén vé trai 1a ham uﬂgﬁnn ’?{3;4"”‘ IB[-:":F?‘_ 2). Buang SRSE MM s
i ﬁ cit mat phing (xOy) tat M. Piém M chia doan AB

bién trén (—o0;0) v (0;40). S theo ty s& k bing:

Biuoe 4. Do do phuong trinh ¢o dkm duy nhét 1 1

x=1.
Khing dinh nao sau diy ding? Cha 2 - Cho

A k=——., BEk=2  Ck=2 "D k=—
p. 2

ghc M x  thoa  miAn:
A. Ban Viér gidi hoan toan dang. ; E X
i b i 14 cos” x +sin 2x = 2. Khi d6 cosx bing;
B. Ban Vi¢t giai sai tir bude 2.

1 |
C. Ban Viét giai sai tir buoce 3. A, cnsxz--:{_g- B. cg“:_ﬁ.
D. Ban Fiét giai sai tir budc 4.

: jlt C. cosx i—L~ [}.mg_rz_-..l .

Céu 14. C6 bao nhidu sb thyc a dé [——dv = J5 Jio
i +x0 Ciéu 22. Cho cdi phéu dung nude hinh nén cé truc
A. 0. B.1. C 2 D. 3. SO nhu hinh v&. Cho tryc SO thing dimg, tir nip

Céu I5. Cho mét ling try dimg c6 ddy la tam gidc  dinh S ta d6 mét lvong nuéc vao phéu dé nuée ding
déu. Ngudri ta in {déy} ling tru d6 tré thanh mot  1€n vi tri J thude truc SO
ling try xién (vdn gifr nguvén day nhw hinh vé) d¢ Vi gia sur riing khi ta 13t
thé tich ctia né giam di mét nguge phéu lai nhung

) S T d e ,
nira lic ban dau. Hoi canh o 28 lubn van giit nguyén tryc
bén cua ling tru xién lic Fo / SO thang dimg thi muc

- i 3 x >, = & d}-_
nay tao véi day mot goc a nwdc van ¢ vi tri ban dau

TOAN HOC :
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I ctia no. Tinh ti s A =£-
SO
A.k=—, B.k=—. C.hk=— D.k=—-
V2 53 3 2

Ciu 23. Cho fix) la mdt ham sé chin lién e trén

va I F(x)dx = 2018, I F(x)dx=2017. Gi# trj

0
cia [ = j 7(x)dx bing:

=1
Xk B.i=1. e =1 D. I =-1.
Céu 24. Cho 3 sb thuc a, b, ¢ déu 1ém hon 1 thoa

man: log, b.log, ¢ < Iogn{é)- Tép nghi¢ém cua bat
c

phuong trinh: log, x + log, x > log, x la:

x=10

A, x=zl. B, x>0, C.[ ! D. D<x<l.
¥>1

Cdu 25. Tép hop nao dudi day chira sb thye a dé
1
FE J.—h-j——-—ﬂ’r—i——%lnﬂ T
cos” (ax) AR

A [E.7).
".‘_ 4 2 J

Céu 26. Lay ngau nhién mdt s6 ¢o 4 chir sd du;«ﬁ%t

phan bi¢ét. Tinh xdc sudt 2 dé sd duoc ﬁ}f W‘}g ldm

hon 2018. & '

85 510 : ?“-e - &4

A g Bt oy WY, Lot
ESme " g P=25%

Ciéu 27. Goi T 14 tép hop cac tam bia co hinh dang

B. [gnj C.(-1;0). D.(0;1,

tam gidc vudng co canh huyén khong déi bang a.
Lﬁy mét tdm bia tuy y trong
T chon m@t canh bén lam
truc réi quay chung quanh
tim bia d6 véi true da chon
tao thanh mét hinh nén (nhw 14
hinh v& bén). Thé tich Iém

nhét Viax theo a ctia hinh non tao thanh bing:
23n 2\3n

i, = > a. By - a.

. e ”r“ a. D. ¥V, Eg“f

Ciu 28. Dng Rich mudn gin nhimg vién kim cuong
nhé vao mdt mé hinh nhr canh budm theo hinh vé

bén dudi. Dé tinh dién tich mé hinh do 6ng ap né
vao modt hé truc toa do nhur hinh vé thi nhan thﬁ}-’
ri"-lng dién tich mo hinh d6 la phan giao (16 bdng)
f(x), y=g(x) déi
xing nhau qua truc Ox. Hol dng Rich da gin bao
nhiéu vién kim cuong trén mé hinh do biét ring moi
don vi vuéng trén mo hinh d6 mat 15 vién kim
cuong ?

gitra hai ham s6 tring phuong y =

C. 64,
Ciu 29:CHo a, b 13 cic s6 thye thoa man

A.256. . QB. 128. D. 265.

2abx+a+b
> I+ ax)(1+bx)

™ Gi4 tri ctia S = gb + a + b bang;

A. §=0,S=1. B. S=-2,5=0.
C.S=18=-2. D 5-95-1.
Cau 30. Cho ham sé f(x) = 1ogzﬂ|7[] 2 ] Téng
_-x..
2018
— e ey e & bi
’f[zm@] fizma] f[:mm} s

A, S=1008, B.S=l.. C.5=0; D §=1008

Ciu 31. Cho day sb (x,) théa min diéu kién
1

:]--r - e T el :].,2.,3,...
X1 Xptl = Xy A1} f
S& hang Xa018 bang:
4036 4035
i LT
4037 4034
C! J e —— D_ a —_—— .
f2018 = 5018 2018 T 5018

Céu 32. Trong khong gian vai hé truc toa d Oxyz,
cho ba diém A(1;2:3), B(0;1;0), C(1;0;-2). Tim trén
mit phing (P): x+y+z+2=0diém M sao cho

tong MA® +2MB? + 3MC? ¢6 gid tri nho nhat?

TOAN HOC
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1 o * o

§
M[E,i_4]nﬂ%irkiq

9 Rl S
33

. Tép nao dwdi day co chia so thue m dé

AM %—E--m] B.M[——Su-f’—-—ﬁ]

P!

Ciau
dién tich gioi han bl dudng cong (C): y = 2By
va duong thi‘mg (d): y=mx cbd dién tich bing 8

(dvdt)?
A. (-8:0). B. (-§3). C. ;7). Do (=30
(4w 34. Sé nghidm phuong trinh:
cos? x —cos 2x +2018.sin" -:— =)
trong doan [0;16]1a
A, 0. . i (B I 3.

Ciu 35, Vi moi tham sb thue k thude tap ndo dudi
déy dé phuong trinh

log? [msz [x - ED —4log,(cosx+sinx)—2—-4k =0

co nghiém ?

A. l—i;ﬁ). B. (~o0;-1].
4

C. (-2;0). D. (0;2018).

Ciu 36. Cho cac sb phirc z thoa min didw kién:

|z—1+2£|=\('§. Khi d6 sb phitc wes@+14+i co

méddun 16m nhat |wimx bang:

A. W, =20

B. |W|Mar W
C. [, =5 D. [w],, =5V2.

Ciu 37. Cho hinh chép tir gidc S.ABCD, day ABCD
la hinh vudng canh a, mit bén SAB la tam gidc déu
va vudng goe véi diy ABCD. Tinh thé tich khoi nén
co duomg tron day ngoai tiép tam gide SAB va dinh
ctia khdi nén nim trén mit phﬁng (SDC).

3 3

& Far B, et
21 27

3 3

Cr=2. b= £y,
21 9

(Au 38. Hoéi trong khoang (0; 2018) phuong trinh:

tanx = 2018°°°%% ¢6 bao nhiéu nghiém?
Ay B. 642. C.323, D. 643,
TOAN HOC )
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Cau 39. Cho him sé y=x" — x> +2 c6 &0 thi (C).
Hoi trén duéng thing x =1 tOn tai may diém dé tai
d6 ké dén (C) co ding hai tiép tuyén phan biét?

A. 0. B. 1. i
Ciu 40. Mot dé thi tric nghiém mén todn ¢é 50 cau

D. v s0.

hoi, mdi céu hoi c6 4 phuong dn chon, trong dé co 1
phuong an ding, chon phuong dn ding thi cau do
dugc 0,2 diém. Trong théi gian cho phép 90 phit
ban Ldn da lam bai chic chin ding 40 céu, 10 cdu
con lai ban Lén chon ngau nhién. Tinh xic sut p dé
ban Ldn c6 ding 9 diém.

3 3 I pand
| 3 5 (1 3
A p=|—]| | =] Cip- B. p=|—| . —]|.
W [J [4) 3 p=\z)13)
L] 1
Cope—2C : —
P e a
CAun 41. Trong khéng gian vdi hé truc toa dg Oxyz,
lap phuong trinh mit phing (c)qua hai diém

M (1 =031 N (0;—1;0) va cét hinh ciu

{S]:(I+2)2+{y+1]1+{z—1]|j =3

theo thiét dién 12 mét hinh trdn c6 dién tich § =
A 2x+y-2z41=0,3x+y-3z+1=0.
B. 3x—y—-3z-1=0, 2x-y-2z-1=0.
C. 2x 4 p=2z41=0,2x—yp—2z~]=W,
D.3x+y-3z+1=0, 3x—y-3z-1=0.
Chu 41. Cho diy sb (u,) thoa man:

) 2
Upy = Uy +2(n+1) v6in=1,2,3,.

Ehi 44 Him [i+'—+,.,+i} i

R | Uy

A. 0. R D. 1.
(4u 43. Trong khong gian vai hé truc toa d§ Oxyz,

B. 4+

cho hai du&mg thang chéo nhau

e BTy @paad R ad,
. 3 o Sy 2 1
Lip phlmrng trinh mit phing (P) sao cho khoing
cach tir (d,) dén (P) gip hai lan khoang céch tir

(d,) dén(P).

(dy): =

A, x-2y+z+4=0, x+2y+z+%={}.
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B. x+2y+z+4=0, _x+2_1r'+:+%=ﬂ.
4
C.x=2y+z+4=0, x—Z_}f+z+§:ﬂ,

D. x+2y+z+4=0, x—2y+z+%=ﬂ.

Ciu 44. Cho ham sb P= =2y —(m—=1x+m.
Cé bao nhiéu gia tri nguyén cua m &é ham s6 dong
bién trén R va dién tich hinh phéng gi¢i han bai dé
thi cua ham sé va hai truc Ox, Oy c6 dién tich khong
Iom hon | (dvdt).

A, 3. B. 2. 2 P

Ciu 45. Cho hai s6 phirc z,, z, ddng thoi thoa méan

D. 0.

hai diéu kién
|:—]| — ’-JFSE, |z+ 1+ mf|=iz + it +2:’|
(trong d6 me R)va sao cho |zl —zz| la 1ém nhat.

Khi d6 gid tri cta |z, + z,| bang:

PRI B. /130. ) D. 10.
Ciu 46. Cho hiam sb
v = f(x)xdc dinh trén R v 4

¢o dao ham lién tuc trén
R va y=f'(x) cb dd
thi nhu vé. Sé nghiém

nhidu nhét cia phuong

trinh
f(xHy=m
(v m 14 s6 thue) 1a
A. 2. B.3. 0 D. 5.

Céu 47. Cho sb thye x > 0. Tim hé s6 ciia sb hang
khong chira x trong khai trien nhj thirc Newton ciia

biéu thire (Ex - l] biét rang
X

2018¢C*!

w41

k

véi k, m 1a céc s6 nguyén duong thoa man 2 <k <n.

k-2 k-1, ok _
s T RE TR =

1008 1009 ~1009

A- Czl]lfl' Bl szﬁ.z "

1008 A 1008 1007 ~1007
C- CEU.".'I'E s D- C2ﬂ14'2 .

Ciu 48, Mbng 3 tét Mau Tudt vira r6i dng Dai Gia
dén chic tét va li xi cho 3 anh em 76i. Trong vi cla
ong Pai Gia chi con co 4 to ménh gia 200000 dénng
va 5 tor ménh gia 100000 déng dwoc sip xép mot
céch 16n xon trong vi. Ong goi ba anh em t6i dimg
xép hang co thir ty, anh Ca dimg trude 1i xi trude,
anh Hai dimg sau li xi sau va 76i la thing Ur dimg
sau ciing nén li xi sau ciing. Hoi xac suit p bing bao
nhi¢u dé T6i nhin tién 1i xi c6 ménh gid lon nhat,
biét ring dng Pai Gia li xi bang cach rit ngau nhién
cho anh em T6i mdi ngudi chi mot té gidy tién trong
tii clia 6ng?
4 25

A, F_E‘ B. pma-
Céu 49. Cho hai sé thue duong a, b thay doi va

1
o 0 Ly -
L5 o1

thoa min diéu kién: Ina.(l—-Inb)=Inb/4—-In"a .
Goi M,m lan luot 1a gid tri 1om nhit, gia trj nho

nhat clia logy a . Gi tri cua M +m bang:
B. 2(+2 + 1.
D. V2 -1.

A 27 -1).

132 (1-+/2).

Céu 50. Cho ho duimg cong
(C,):y=(m+1)x =(3m-1)x* —x+3m,

v&i moi tham sb thuc m thy ¥, xét cée khing dinh
sau diy:

I. (C,) ludn khong di qua diém c6 dinh nao.
IL(C,,)luén di qua 1 diém cé dinh nim trén
parabol: y= 4x* - x-3,

1L (C,) luén di qua 2 diém c6 dinh nim trén
dudmg cong: y = oyt oyt igpd,

IV. (C,,) luén di qua 3 diém cd dinh la ba dinh cua
tam giac nhin G(1;8) lam trong tam.

Hoi trong bon khing dinh trén cd bao nhiéu khing
dinh dung ?
A. 4.

B. 3. gl | B i A

NGUYEN LAI
(GV THPT chuyén Lwong Van Chdnh, Tuy Hoa, Phii Yén)

TOAN HOC
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DAP AN VA HUONG DAN GIAI DE SO 7

1C 2D 3B 4A SA 6C TA 8D 9B 10D
11B 12A 13B 14A 15C 16C 17C 18C 19A 20C
21D 22A 23A 24D 25A 26B gy 28A 294 30D
31D 32C 33C 34D 35C 36l I7A 38D JuB 40B
41B 42C 438 44B 45D 46D 47D 45D 498 s0C
Ciu 1. Ky hiéu § 1a téng di cho, thé thi Vay (a):x+y-z=0.
0 _10-i e 2

o X (1—.1’] I 10— o . G U e el :

S—Z{m‘”,' M ll]T mI =) Céu 5. biéu kién can dé m}rﬂT=3 la

] 2 . £ o " »

10 _ X" +ax+b chia het cho x-3, ha =3 la mot

m'[xﬂ] x)] ST e x Yy ¥ :

Ciu2. Tacoy'=2xe ¥ —xle > =(2x—x")e™*

Xét diu ', suy ra ham sé dat cuc tiéu taix =0 va dat
cucdaitai x = 2.

Ciiu 3. T PT 44 cho suy ram = 0, binh phuong hai

vi ta duoc

2 +3in x+cﬂ$x+2\|’1+5inx+cnsx+sinxco5x = m?.

2
Pt sinx+cosx=1 (—\Eﬁfiuﬁ} thi Sinxm5x=%-

PT d cho tr thanh 2+7+v212 +41+2 = m>.

Xét ham

f‘:f}=2+t+m=2+1+ﬁ];+1|

{(1—&}:+(2—ﬁ} ngu -2 <t <ALV

“la+v2y+@+72) néu —1< 152,

Do cic nhanh cua ham f (1) chi la nhl}ng him tuyén
tinh bac nhat nén

s VGi —2 <2< -1thi f(=1) < F(OE/(—2) hay
1< f(H)<4-242.
* Voi =1 <t <42 thi f(-1) < F(r) < F(N2) hay
1< F(1) <4+242.
T do suy ra 15f{£}£4+2~.ﬁ, vt e [2;42].
Viy PT di cho c6 nghiém <> 1< m <4+ 242.

Ciu 4. Goi H 14 hinh chiéu vuéng géc cua A trén
d. Mit phing (o) thoa man yéu ciu dé bai s& nhén
AH lam vecto phap tuyén.

Hed= HQ2-t,~1+t1+1)=> AH = (-1-t, 2,1+1)

d c6 mét vecto chi phuong 1aw = (-1:2:1). Do

AH 1 d nén ﬁ.ﬁ=n¢:=—%~ Khi do

R
TOAN HOC
16 Cluditre S8 481(5-2018)

nghiém ciia f(x)=x> +ax+b. Tirdé 9+3a+b=0

= f(x)=x*+ax—3a—-9=(x—=3)(x+a+3).

Khi do ta co
2
=-3
3=]imw=1im(x+a+3}=ﬂ+65 3 -
>3 x=3 x—3 h=0

Céu 6. Tir gia thiét bai toan ta co:
X =TTt i Tt )
dm(n+3) 3m-1rn+2)
N -
Tusdé Suy ra x,_; =3n va x,

=3(n+1).

—x,_; =3. Diéu nay
¢himg to (x,,) 1a mét cdp s6 chng véi cong sai bang 3.
Céu 7. Tir gia thiét ta cé:

w—2i |@0-2i| _|o-2i|

=— 3 Z
iy - &2

k|

o —| @—2i |= 24/2.
=

Picu nay chimg to tap hop diém biéu dién s6 phirc

@ la tim dudng tron tém 27 ban kinh 242,

Ciu 8. Thé tich khoi tr dién c6 diy 1A AMNP va

dinh 1a mot diém bat ki thudc mp(4BC) bing
Vouwe _SM SN SP_1_ v

Vorp. Ma Tl N =
SMNP VS&BC S4 5B SC 8 SMNP = 3

Cau 9. Ta cé ['(x) = mx® —2(m—2)x +1. Diéu kién

cdn va du dé f'(x) bing binh phwong cia mdt nhi
thire bac nhat 1a

m#0 m# 0 m=1
2 Lo 7 — i
A'=(m=-2)"-m=0 |m -5m+4=0 |m=4

Ciu 10, Goi G la trong tim A4BCthi G(1; 3;-1)
Khi 86 MA? + MB? + MC?

= (MG + GAY* + (MG + GB)* +(MG + GC)?

= 3MG* + 2MG(GA + GB + GC) + GA> + GB? + GC2
= 3MG? + GA%+ GB? + GC2.

Tir day suy ra MA4® + MB® + MC? nho nhét khi va
chi khi MG nho nhét. Ma M thude mp(Oxy) nén M

https://tieulun.hopto.org



chinh 14 hinh chiéu vuéng goc clia G trén (Oxy). Viy
M(1:3:0).

Céu 1. Ki hiéu céc la thu a, b, ¢ tuong img vl cac
phong bi 4, B, C. $6 céch bo ngiu nhién ba 4 thu
vao ba chiéc phong bi 1a 3!=6. Dé xay ra tinh
huong khong ¢6 14 thu nao dwge bo ding phong bi
thi @ 6 hai lya chon (vao B hodc C) va hai la thu
con lai chi cé mdt cach bd tri. Do vy xéc suat dé
khong c6 14 thu nao dwge bo ding phong bi la

Z | i a seil S e e R
—=-§- Tir @6 suy ra xdc suat dé co it nhit mét 1a

e DR 1.

thu dwge bo dung phong bi la 1- s

Ciu 12. Goi ¥ 1a thé tich vét thé can tinh. Tir hinh
vEé 1a co:

G s N i
J0 ] P

o b1

=<

Céu 13. Truéc hét ta co nhan xét nhu sau: ba sé
nguyén co tm]g chia hét cho 3 khi va chi khi ba 56
d6 co cing so du hodc co s6 du doi mot khic
nhau khi chia cho 3. Ta chia tp {1, 2, ..., 10}

thanh 3 tip con rdi nhau 4, ={3,6,9}, 4, = {1,4,7,1(1},
4, ={2,5,8}. S6 cach chon ba s6 thude clingem
tap 4,(i=0,1,2)1aC3 +C3 +C3. S cichellion ba
s6 ma mdi s6 & mbi tip khéc nhau 13 (%C:!;C‘J;. Do
d6 xdc sudt dé rat duoc ba thé codbng sbé chia hét
b N Bl 5l
Cio 1
Cau 14, Ap dung cong thire Leibniz: néu
go= [ f)d thi g () = £ (GO~ £ ()

2x 1 =]
In x2 “nx lnx
Céu 15. Chi ¥ 12 hai nhénh cua 46 thi ham so da
cho ndm o bén trdi va bén phai dudng tiém can dimng
x =2 nén ta co thé gia su

cho 3 bing

ta dugc g'(x) =

A[l—a,l—g],ﬂ[z +bj1+%) voi a>0 va b>0.
o

s ; 8
+E] EJ(a+f:) +4[a+b]

Khi do

= \R(a +b) + 4[1
a

- Jlr? e e ol s

{a+b)

Ping thirc xay ra khi va chikhi a=5b = 7
Cau 16. Theo mot két qua co ban cua cyc trj ham

phén thire, ching ta da biét ring duong thing néi hai
2
o R . : g £ S g +1 ..
diém cyc tri (néu co) ctia ham sd v = % la
X—

r (—xz +mx+1)'
(x-1)'
Puong thing nay di qua hai diém A(-1,1)khi va chi

=—=2x+m.

khi 2+m=1¢> m=-1. Thir lai voi gia tri m=—1
thi ham s da cho c6 hai diém cuc tri.
Cau 17. Lé}a diem A(l+a,-2—-a.,3+2a)ed, va
diém B(—1+ 2b,4—b,~2 +2b) € d5. Khi do
AB=(-2-a+2b,6+a—b,—5-2a+3b),
AM =(-1-a,1+a,~1-2a).
Ba diém 4, M, B thang hang khi va chi khi
AB = kAM. Diéu nay twong duong voi

2= a+2b=k(-1-a) s

6+a-b=Fk(l+a) &A=
—S5-2a+3b=k(-1-2a)

.3
i
2
b=-4

Vi E{ 327" 2;' _34]__%(9‘—@,145; va PT

- ] -_-_2
PR R Ly e
0L iR

- b . 5 - ""2-
Cau 18. P06 thi ham 50 y= — ok
2x+1

cin dimg va xién (hodc ngang) khi va chi khi

cO tiém

—2x+1 khong chia hét cho 2x+1. Noi cach

khac f(x) = mx? —2x+1 khong ¢6 nghiém x = —Lz,

\
tirc 1a f[—ljiﬂ+2iﬂ<:>m;¢—3.
2 4

Ciu 19. Xép hai hoc sinh 4 va B vao hai vj tri lién
tiép trong 10 vi tri thi cd 9x2 =18 cdch. 8 ban con
lai thi c6 8! cach xép. Viay xdc sudt dé hai ban 4 va

B dimg canh nhau la L2 — 2

10! 5
Nhin xét. Co thé lam theo cach khac nhu sau: Trudc
tién ta xép vi tri cho 8 hoc sinh kia (khong gom A,
B) thi co 8! cich. Gilra ho co 7 vij tri xen k& va 2 vj
tri dAu cudi. Tiép theo xép 4, B vao 2 trong 9 vi tri

d6 thi o A3 cich. Viy xac sudt dé 4 va B khong

TOAN H
* cruaoc 17

https: //tleulun hopto.org

S& 491 (5-2018)




- Tir d6 suy ra xdc suat

dimng canh nhau la

814 4
TTiE

dé A va B dimg canh nhau 13 1—% —é

Ciu 20. Bit PT da cho tuong duong vi

2 —
ve(ViTa g e 0

100 50 10000

\2
9 Fa
= ggg }«::> >]+[5 ﬁj e 2500,5.
JDDDH 50 10000
Céu 21. Ham sb d4 cho ¢c6 tip xac dinh la [-2,2].
Tacod p'=1+— i . =X+1J4_'TH
v4-x* \fﬂl—xz
) (x<0
Xét y'=0ev4-x" =x 2<:>.r=-ﬁ.
4—x* =(x)

f(-D=-2,f(~2)=-22, f(2)=2.
Viy min f(x)= ~242, max Jix) =3,
[-2,2] [-2.2]

Do d6 M —m=2(x/2 +1).

Ciu 22. Ki hi¢u / 1a tich phin can tinh, Ta thue hién
phép déi bien x =100 —u thi dr=—-duvakhi x=0
thi # =100, khi x =100 thi # =0. Do d6

1= = [ 1, (100 =1)(99 —u)...(~u)du

——_L (u — 100}z —99).. udu-—!::-

3"‘ W

Céu 24. Chu y ring ham 56 da thirc bag st.:-:: gid tri
cre dai va gia trj cuc tiéu trai diu klg h1 cla no
cit truc hoanh tai ba diém phén blefmeu nay tuong

duong vai do thi y:f{x]:x —%x ~2x+1 cit

dwimg thang y = tai ba diém phén biét. Ta ¢6

Fix)=3x%-5x-2= (Gx+1{x-2).
Tir bang bién thién ciia ham y = f(x)ta suy ra
1 73
<m<f|l——=|=-S<m<—
f(2) f[ 3) e
Vay co 6 gia tri nguyén cua m (me{4-3-2-1011)
thoa min yéu cdu bai toan.
: | 1 :
Ciu 25. lim y=——, lim y=-— nén do thi
YTV x| 2

X— 4t b e ]
ham sb6 c¢d hai duong tiém cdn ngang.
lim yp=+m, lim y=+w nén do6 thi ham s

i ="
X=p| =—
3

c0 hai dudmg tiém cén dimg.
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vuﬁng tal B. Goi H la
f}.
W+ trung diém cua AC thé thi

g,
Py

Ciu 26. Theo dinh 1i khai trién nhi thitc Newton, ta

4 _ 8
—I— 15 =|[2:4'+!‘_lh [r+v1-]
4) 24

co (2x+ 1}6[.1:2 +x+

ﬁf l]l-i bi ; J,.--i [d—i !
=2 -.-1'+”'“ =3 C]4 —] .r".
l‘ 2 i=0 Lz

Viéy hé sb cua +f {tmgvini==6)la &Cﬂ.

Chu 27. Theo tinh chit clia 4

céc dudmg thing song song
ta co J E
ED CD FD BD
48 oB'AC B 8 5 2
> A AR 1. Dods2aEDF _ 254EF
AB  AC Sapc Susc
Spmdn i )
AB AC 2\ AB AC 2
Dang thire xay ra khi va chi khi AT =l_. tre
AB  AC 2

cua BC. Viy digén tich hinh binh
iliat bang mot nira dién tich tam gidac ABC.

{:‘wu gia thiét ta tinh duge BC = a,CA =a\3,
g&r a2, Nhan thay AB® + BC* =CA*nén A4ABC

HA=HB = HC. Theo gia
thiét lai c6 54 = SB = SC,
suy ra SH la truc duong
tron tiép A4BC.
Dung trung truc cua SA4
cit SH tai I thi J chinh 14
tAm mit ciu ngoai tiép chép SABC, mat ciu nay co
bén kinh bang IS. Ta c6 ASIK e ASAH (K 1a trung
diém cia S4). Do dé:

ngoai

SI _ 5K & _SASK

S4 SH e
Viy dién tich mat cdu ngoai tiép hinh chép S4BC
bing 4na”.

Ciu 29. Ki hiéu (C) 1a hinh
trdn tim O ban kinh 1 va § 13
dién tich cin tinh. Thé thi

|

S = ES{C‘} —Saq08
- T -2
4 2

https://tieulun.hopto.org



Ciu 30. Ki hidu a, va b, lan lugt 12 gi4 tién mét

khoan thir # ctia co s& A vi B. Theo dé bai ta co:
a; =8000,4,,, = a, +500;
by = 6000, b, = b, +0,07b, =1,075,.
Diéu nay cho thiy (a,)la cip s6 cong vai cong sai
bang 500 con (b, ) 1a cAp sé nhin véi cong bdi bang
1,07. Do d6
[ 2a; +500(n —1)]

ap+a +.+a, = > =(250n +7750)n,
(L07"-1)] 600000 .
4 .4 D =bl = L07" <1
ik = 0,07 T ( '
Tur do

yt+dy+otdyg = 155{}{]{], & +a .. + s = 350000,
by +by + ...+ by = 24597295, by + by +... +byg = 379494, 23,
Vay giéng 20 mét thi nén chon co s¢ B con giéng 25
meét thi nén chon co s& A.

Ciu 31. Goi O 1a giao diém cua AC va BD. Ké
AC' LSC, AC’ ciit 50
tai G. Qua G ké mit
diromg thﬁng song song
voi BD cat SB, SD tuong
img tai B, D’". Do

BD 1 (SAC) nén ol
B'D' L(S40)=B'D' LSC. TV
Nhur vay

SC L(4B'C'D"). D
Chi v ring ASAC

vudng cédn tai A nén C’ la trung diém cua S\f va G
chinh la trong tAm. Ta co e
SB' SC'

156 ~._'
58 SC 259

Vs.ap'c' _ 1
3

'S ABC

Suyra
I

Vs AB'C' = EVS.AEC i Vs.aBCD-

1 |
Twong tu Vs 4pc = EV 5.ADC = ¢ Vs aBcD-
T do

1 a?"«ﬁ :

Vsap oo =Vsapc +VsapC =§V5.A3::u =
Ciau 32.Tacd

Fix)=/f(x)

Tir d6 _f*(ﬂ]:f{m[1+1+...+1]=n,

i

Ciu 33. Phuong trinh logyx(x+2)=1 tuong

Z==3
dwong v&i x(x+2)=3 < x" +2x-3=0 @[r (o

xX=
Tap nghiém cua phuong trinh nay 1a 4 ={-3,1}.
Phuong trinh log; x +log, (x+2)=1 c6 DKXD la
x>0, do do tip nghiém la B={l}. Viy Bc A
Céu 34.BPT da cho twong duong vai

Ix-1 3x X 3}

. <1
!ngx 13-]::::: s x+1_ﬂ<::»[*m :

x23

x+1

Viy tip nghiém cna BPT la (—o, 1) w3, +x).
Chu 35. Bon ban thudc ca ba lép trong cac trudmg
hop sau
» hai ban lép A, mét ban 1ép B, mot ban lop €
» hai ban lép B, mét ban I16p C, mét ban 1dp A:
« hai ban lép C:, mdt ban 1ép 4, mét ban lop B,
Do dé xéc sudt dé chon dugc 4 ban thudce cé ba 16p
clclcl veicig s Gacs

4

C at+b+c

Cau 36. Goi N la diém dbi xtng véi C qua O. Khi
do BN ff__@f::- OM [/ (ABN). Do do

d(OM, AB) = d(0,(ABN)).
Ke‘ OK L BN va OH 1 AK. Dé dang chimg minh
d’;:tdc OH 1 (ABN). Viviy d(0,(4BN))=0H. Dé

la

thaj,r tr gidc OMBK la hinh chir nhit nén
OK = BM—B;. Ap dung hé thire lugng trong

AAOK vudng tai O ta co
1 1 1
e e
O 04° OK

Suyra OH =—-

Chu 38.D6 thi ham sb y=2x+m—

¢o tiém
2x+1

can diang 14 x = _]E vitiémcin xiénla y=2x+m.
Giao cia tiém cin ding va tiém cdn xién la diém
[—%, m— l) va diém nay chinh 1a tim ddi ximg cta
do thi. : '

Céu 39.Chu y rang véi moi sO phirc z), z; ching

ta c6 dong nhit thire .
(Xem tiép trang 35)

TOAN HOC
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CHOC KRURNG HoARG
€O SO TOAR [OC CO KY LAP

NGUYEN THUY THANH
(Trwomg Pai hoc KHTN, BPHGO Hé Noi) %)

Tlhimg tur liéu it 6i vé cude doi va hoe thuyét caa
Pythagoras (nira cudi thé ky VI tr.CN) kho ma tach
khoi cac huyén thoai vé 'filng — mot nha toan hoc va
nha triét hoc cua Hy Lap c6 dai. St gia Hy Lap
Herodotus (485 — 425 tr. CN) danh gia 6ng nhu
mot triét gia gioi nhdt cua nguoi Hy Lap. Trong
todn hoc ngudi ta cho ring Pvthagoras 1a nguoi
dAu tién dua phuong phép ludn gidi hing ching
minh vao toan hoc va do d6 Toan hoc (dic biét 1a
hinh hoc) da tro thanh khoa hoc suy dién,

La mot nha triét gia, Ong dic biét quan tdm dén
ban chdt va khoi nguyén cia thé giéi. La mot nha
toan hoc, Pythagoras di tim ban chat va khoi
nguvén do o cac con s — 56 fir nhién va sédifeu 1,
xem chiing la khoi nguyén va ban chét chit yEu cla
moi vat. Doi vai phéi Pythagoras moi thir trén thé
gian ndy déu chi la hién than cia ¢de con sb. Linh
hon ctia con ngudi ciing 1d con sb, no bat tir va lang
thang tir ngudi nay dén nguoi khac. Vi try 1a mét
hé thong can doi cia nhimg con sb cling nhitng méi
quan h¢ gifra cac con so d6, va ho coi nhimg con sé
la con cung cia Thuong dé. Piéu d6 da thim siu
vio 1o cdu nguyén cia cac hoc tro cia Pythagoras
truoe luc nghe gidng: “Hay ban on cho chiing con
nhitng con s6 than linh da sdng tao ra loai ngeoi’
Truong phai Pythagoras di ton tai sudt hon hai thé
ky voi dong dao cac mon sinh. Binh luin gia
Proclus (410-485) cua Hy Lap viét ring:
“Pythagoras da cai tgo nén todn hoc sau khi mang
lai cho no ddng vé mgt nén hoc vin phing khodng.
Ong nghién ciru khoa hoc néy xudt phat tir nhitng

TOAN HOC
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co so dau tién cia né va né lue thu dwge nhitng
dinh Iy bang te duy logic thuan iy ..."

Trong hinh hoc, hai doan thang 14 théng véc hodc
v uéc voi nhau tiy thuge & chd chimg co hay
khong cd phdn wée chung duge chira trong méi
doan thing d6 ding s6 nguyén lin. Thong thudng
ngudi ta ldy mot trong hai doan thing 1a doan
thang dom vi.

Thoat diu'¢éc mén sinh cua Pythagoras déu cho
ran g hai doan thing bat ky déu thdng wdéc véi nhau.
Viddly ty s6 cua ching biéu thi dugce bai ty s6 cia
cde s6 tr nhién, tire 14 sb hitu ty. Bing phép dung
hinh, mdi s6 hitu ty déu twong {mg vai mot diéu
kién xdc dinh goi 12 diém hitu ty va cac diém hiru ty
tri mit khip noi trén dwong thang so, nghia la
trong bt cit khoang (a, ») nao dii bé bao nhiéu di
nita ciing ¢6 vo s6 diém hiru ty.

Tl cai “vé s6” va “tinh trit mat khip noi” phai
Pythagoras ot ngd ring tip hop céc diém hiru tv 14
choan hét toan by duong thing sé va do viy moi
doan thang déu théng wdc voi doan thang don vi.
Nhung ciing ¢6 mén sinh Pythagoras lai cho ring
khong phai moi diém cua duémg thing s6 déu
twong (mg voi mét s6 hiru ty. Diéu d6 ciing ¢o
nghia la ton tai doan thﬁng vO udc véi doan théng
don vi va tir d6 trén duomg thang s6 con c6 nhimg
diém khéng hiru ty (goi la diém vo 1), Chang han,
mot diém cach goc toa dd mot doan bing dudng
chéo mot hinh vuéng vai canh bang do dai doan ty
xich (tirc 1a doan thang don vi) la diém nhu véy.
D¢ dai doan thang nay khong biéu thj duoc bing
bat cir s6 hitu ty nao vi né khong thong uée voi
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doan ﬂﬁng don vi. Vé sau nguol ta xem no dugce
biéu thi béi mot s6 méi goi 14 50 v 1.

Trong lich str van minh cia nhan loai, sy phat hién
ra tinh huf::tng ton tai doan .fhc:?;ng VO wdie vai dogn
thang dom vi cé di dai biéu thi boi s6 vé 17 la mot
trong nhitng phat minh tinh vi nhat, chéi loi nhat
cua truomg phal Pythagoras trong nén toan hoc Hy
Lap ngay tir thi Co dai. N6i phat minh dé 14 tinh
vi nhat va chéi loi nhét vi mii dén cudi thé ky XI1X
ngudi ta moi kham pha duoge rng tip hop cac s6
hitu ty khéng co tinh chit lién tuc!

Lich sir toan hoc khing dé lai tur Liéu chinh xac 1a
khi nao va ai da chimg minh Pinh Iy vé tinh vo
uoc cua duong chéo hinh vudng vo1 canh cua no.
Nhung, dya vio cac tac pham cua triét gia Hy Lap
Aristoteles (384-322 tr.CN) co6 thé noi madt cach
kha chic chin 1 diéu d6 xdy ra vao hai thip ky
cudi thé ky V tr.CN,

V& v nghia cia phat minh ndy, cic nha nghién cim
lich str khoa hoc cho ring chi ¢6 phat minh ra Hinh
hoc phi Euclide & thé ky XIX hay Ly} thuyét tirong
doi ddu thé ky XX méi cé thé so sanh duge o
phat mmh sang choi nay.

Theo triét gia Aristoteles, sau phat minh ra tinh vo
ty cac nha toan hoc Pythagoras da mrtrang thai ngd
ngang, bdi réi roi roi vao tinh trang kinh hodng: f6m
tai nhitg con so khéng thé nao dwa vé sé nguyén
hodc phdn 56 dugc. Ngudi Hy Lap di xem nhimg
con sO nay 1a phi Iy vi ho khong thé twong twgng
duorc lai c6 nhitng con s6 chiang phai s6 nguyén va
cling chéng hitu ty. Ngay M. Stifel (1487-1567),
ngudi di dat tén cho cic s6 nay 1a sé vé 17 (1544)
cling di khuyén doc gia cia “Sé hoc dday du”
(1544) cua ong 1a “dimg nén xem do la nhitng sé
chan chinh™(1)

Aristoteles cling viét ring “néu dwong chéo va
canh ciia hinh vuéng la thong woc véi nhau thi so
lé sé bang s6 chan”. Suy tir cdu néi nay, ngudi ta
cho ring cdc mon dé cua phai Pythagoras da chimg
minh tinh v6 udc bang phuong phéap phan chimg;

phép chimg minh nay chi dua vao tinh chin 1é cua
céc s6. C6 ddy di co so dé phong doan ring do 1a
chimg minh c6 xua cia Pythagoras. Sau diy la
chimg minh do:

Gia sir dudmg chéo AC cia hinh vuong ABCD la
thong uGe voi canh AB cia no, tic la ty s6 cia
ching bang ty s hai s6 nguyén AC:AB=m:n.
Gia sir cdc s6 m va n khong ddng thoi chdn vi néu
khong thé thi phéin s c6 thé gian uéce cho 2. Tir hé
thire trén suy riang AC?: AB* =m* :n*. Theo dinh
Iy Pythagoras AC? =24B% nén m® =2n* va m*
la s& chin. Tir d6 m la sb chin (vi binh phuong
ciia s6 18 bt ky 12 88 16: (2k +1)° = 4k* + 4k +1
=2(2k + 2k)+1 1a 56 1&). Nhung khi d6 n 1 s6 1¢.
Vi m 14 s6 ehiin nén m = 2/ va khi d6 4/° = 2n* hay
n® =218 e 1a n” 1a s6 chin va n cling 12 s6 chén.
Nhi vay # vira chan vira lé. Mau thuan.

Khi cac nha toan hoc phéi Pythagoras d tin chic
ring phép chimg minh sy ton tai cic doan thing vo
ude chinh xdc va hoan hao thi ho méi v I8 ring
gido diéu ma ho tén thé mdt cach thiéng liéng “con
s6 tao nén ca vii try”’ da hoan toan tidu tan sup do.
Bén canh cai vo 50 cac s6 hitu ty ma ho tén thd con
¢6 cai vo sb khac nhidu hon gdm cdc s6 vo ty ton
tai mot cach khach quan khong thé tranh khéi phai
dira vio. V4, tat ca hai cai vo s6 nay hop lai thanh
dudng thang sb.

Truyén thuyét ké ring viéc kham pha ra tinh vo
udc 1a thude vé& mén sinh Hippasus cla phdi
Pythagoras (thé ky V tr.CN). Vao thai diém khi
phét hién ra Hippasus di dén véi kham pha nay,
cac nha toan hoc phai Pythagoras dang lénh dénh &
ngoai bién khoi. Ho da ném Hippasus xudng bién
bai ho cho nha todn hoc nay 1a phan do, da gieo
vao vil tru phan tir a6i nghich voi gidao diéu cia ho.
FJE'mg théri vai sur kham pha ra cac dai lugng vo wdc
trong nén toan hoc Hy Lap, mét khai niém khac
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la khdai niém vé han cling thim nhép vao. Trong cic
tim toi phdn wée chung d6i véi moi dai luong, cic
nha hinh hoc Hy Lap da c6 thé xét cac dai lugng
chia duoc v6 han dinh nhung v niém v han cling
dd dua ho chim sau vao ling ting. Viée phat mén
ra nhimg khé khan thue su trong cac khai niém hén
tuc vA v6 han dugce doi sau cho 1a thude vé nha triét
hoc Zenon (490-430 tr,CN) cua Hy Lap c6 dai.
Zenon da mang lai cho cac 1ap ludn cua minh thém
phin khéo 1éo va sic sio bai cic aporia (tiéng Hy
Lap c6 nghia 1a nghich Iy, kho 1y gidi, khong c6 16i
thoat) ma dd hon 25 thé ky rdi, chung van khong
ngimg 161 cudn cic nha todn hoc va triét hoc. Cée
aporia nay dén dwoc véi ching ta 1a nho triét gia
Aristoteles. Noi tiéng hon ca 13 cic aporia: phép
lwomg phdan (chia d6i doan thing), Asin va Riia,
Miii tén bay. Ngudi ta cho rang cic aporia cua
Zenon cO ham chira khuynh huong -::'hﬁng lai hoc
thuyét Pythagoras.

Bing cac nghich 1y, Zenon va cdc nha triét hoc
khic cb chimg minh ring cic dai lvgng hiru han
khéng cau thanh duge tir cic phan tir vé cungbeé:
Va, nhu Nicolas Bourbaki nhan xét: “Cac nhdfoan
hoc va triét hoc khéng di sirc giai givél dwgc
nghich Iy la lam thé néao ma mét dai lirgng hitu han
co thé duwac tao nén tir mot 56 Vo han diém khdng
co kich thuoc”.

Chéng han, cin Iy giai thé nao vé tuyén bé cia phéi
Pythagoras ring duong thang duge “cdu thanh” tix
cac diém ? hay khong gian la tong céc diém “diém
la dom vi cua vi tv7?

Cho dén tan ngay nay cic nha toan hoc va triét hoc
van con binh luin nhiéu vé cic aporia cia Zenon
va c6 ngudni cho rang do “van la mét dé tai bo ngo
day cuon hud” ma mbi thoi dai déu co cach 1y giai
ctia minh d6i véi cai nghich 1y do.

Chang han ta xét aporia “luémg phdn”. Qua aporia
ndy Zenon mudn chimg to ring vét thé chuyén
dong khong bao gio cin dich vi dau tién nd phai
dén trung diém M ciia quing dudng, sau dd né phai
dén trung diém phén duong con lai ...

TOAN HOC
22 eusitre

S5 491 (5-2018)

Gia sir AB 1a doan thing co chiéu dai 1 va diém M
chuyén dong tir 4 dén B. Trude khi dén dugc diem
B n6 phai “dém xong” tap hop “cdc tung diém”
Ay, As..... A,,... nghia la khong bao gio can dich B.

No6i chung, aporia nay khéng giai quyét duoc boi

=

ly 18 Zzinzl.

n=1
hoc Hoa Ky — da chi 1o chd khé khin khi 1y giai
aporia “ludmg phan” boi ly 1& sau day. Ta hay

G. Weyl (1885-1955) — nha toan

fwémg tuong cd mdt may tinh hoan thanh phép tinh

thir nhét trong % phut, phép tinh thir hai trong %

=1 nén den

| o 1
hat, thir ba trong —, ... Do

cubi phit thit nhit may tinh d6 da “dém hét” day
cac sb tu nhién ... Va, G. Weyl cho ring viéc sing

n=1

tao nén_eAu fric cua mot may nhwr viy 13 cong viée
vO vong,

Nhung kho khan tiém an trong cac khai ni¢gm vo
han va lién tuc d3 dua dén mét cude khing hoang
sdu sic co sO toan hoc ¢6 dai — con bio o ning né
du tién lam rung chuyén toa 1au dai khoa hoc con
chua duge vimg chic. Tinh canh da timg hinh
thanh vio thé ky V tr.CN & Hy Lap ciing giong nhu
tinh canh d@ xay ra trong toan hoc hién dai cudi
thé ky XIX diu thé ky XX. Va, & ddy ciing nhu &
day cude khung hoang co s& di duge kich thich boi
van dé nan giai vé 56 thue (d6 14 tén goi méi cua
vin dé vo wde kho khan xwa kia) cling nhu d6 do,
va bdi viée van dung thiéu cin nhac ly thuyét cac
tap hop vo han. Tai Hy Lap co dai cufc khing
hoang nay di nhanh chéng wirgt ra khoi gidi han
mot nhém nho cac nha toan hoc. Bén canh cac nha
toan hoc vi dai con cod nhimg bd oc fuyét vol cua
céc nha triét hoc di moi trudmg phdi va xu hudng
... clia xtr sO thin thoai cling tham gia tim 161 thoat.
C6 18, ngudni déu tién 1én tiéng sau con bio t6 yén
dng 1 triét gia Platon (429-348 r.CN) — thay hoc
cua Aristoteles. Trong bd “Ludt phap™ cua minh
ong kéu goi, trude hét cin co mot sy nhan thite dbi
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voi dai lugng vé ude. Con cac nha toan hoc
Pvthagoras thi sao? Ho di hinh dung ra mot s6 kha
kha nang thodt khoi cude khung hoang. Do la:

1) mé rong khai niém s6 bang cch dua vio nhimg
S0 mon;

2) xdy dimng toan hoe khong phai trén co s6 56 hoc
ma 14 trén co s& hinh hoc;

3) tir bo viée xdy dung ly thuyét logic chat ché vé
cac dai lugng vo uoc.

Con dwong thir ba 12 khong thé chip nhén dbi vai
ngudi Hy Lap vi no chinh la tir bo tu tudng co ban
vé xdy dung todn hoc bang phuong phip suy dién.
Khac véi cu dan Babylon cd dai biét sir dung so v6
ty dang luc thap phén gén ding, nguéi Hy Lap co
dai dd hoan toan khéng hai long voi nhiing dai
luong gan ding: d6i véi ho toan hoc 1a khoa hoc
chinh xac! Do d6 khi viéc mé rdng tip hop sb 1
mi mit thi trén thue t& con dudng thir nhit xem
nhur dd dong cira. Va, ho da di theo con dudng tha
hai la xdy dung toan hoc trén co so hinh hoc. Cac
nha toan hoc Pythagoras va tiép sau ho la phan lén
cic nha toan hoc c¢d Hy Lap cho dén tin
Archimedes (287-212 tr.CN) va Apollonius (260-
170 tr.CN) da xdy dung dai s6 trén ¢ s& hinh hoe
goi 1a Pai s6 — Hinh hoe.

Nén toan hoc ¢6 Hy Lap thoat khoi cude khing
hoang co s& ludn ly chu yéu nho cée thanh tou
khoa hoc tuyét v&i cua cdc nha teanshoc 16m thoi
béy gid nhu Architas (428-365 tr.CN), Theaetetus
(4107-369 tr.CN) va Eudoxus (408-355 tr.CN).
Khac véi truomg phai Pythagoras, ba nha toian hoc
lén nay da nhin thire ding can nguyén cua vin de:
sw 1on tai cde s6 vo 1y la mét khdach guan. Do do
Architas vi Theaetetes da co cong trong lon trong
viéc sdng tao ra Ly thuyét vo ty va phan loai chiing.
Tén tudi ciia Eudoxus gin lién voi 1y thuyét tong
quét vé ty s6 do 6ng sang tao ra. Do 1a Iy thuyét ma
toan bd chiéu sdu cua cach xay dung né chi cé the
hiéu duoce sau gan 15 thé ky nhér céc cong trinh cia
R. Dedekind (1831-1916) nira sau cua thé ky XIX.
Gitra 1y thuyét coa Eudoxus (thoi ¢ dai') va 1y
thuyét sb thuc cia Dedekind (cudi thé ky XIX) cd
mot sy gidng nhau dén nurc ma trong mot bire thu
R. Lipschitz (1832-1903) da timg ho1 Dedekind

rang: “cdi ong thu duoc co gi méi la so vdi két qua
thi c6 dai”. Nhov sir dung phuong phap toan hoc
hién dai K. Weierstrass (1815-1897), R. Dedekind
va G. Cantor (1845- 1918) da tiép bude Eudoxus
hoan thién Iy thuyét vo ty. Chang han, nhé céc
cong trinh cia ho ma, cudi cing, nguwdi ta da chimg
minh duge ring V2.3 = /6.

DPong thoi voi do, Ewdoxus con phat minh ra
“phuwong phap vét kiéf” dua trén co sa hinh hoc cho
phép tinh chudn xéc dién tich va thé tich, trong do
thuat ngit “phuong phdp vér kiéf® 1a do nha todn
hoc Bi Gregorius (1584-1667) dat ra tir nim 1647.
Céc thuyét ma ba nha todn hoc Hy Lap cd dai xdy
dung dé tao nén b khung vimg chic cho toa lau
dai toan hoc Hy Lap c6 dai ma nén mong cua no 1
hinh hoe. Nhur vy nhig kho khin do sy xuat hién
dai lugng vé wde da duge vugt qua.

Pé khic phuc va thodt ra khoi cac kho khan trong
trong ludn'chitng co s& toan hoc lién quan dén cic
nghichef§.Zenon, phin 16n cac nha toan hoc cé Hy
Lapdéu cho rang don gidn hon ca la phai tir bo
vige sir dung nhirng khéi niém co bao ham y niém
vé vé han va chuyén dong trong toan hoc hodc quy
viée sir dung dén mirc toi thiéu. Ho déu cho ring
mire t6i thidu 6 thé chap nhén 1a tinh chia duge vo
han dinh cac dai lugng hinh hoc.

Khi néi vé myc tiéu ma Euclide dat ra khi viét
“Cde nguyén 17", nha viét lich st khoa hoc Ha Lan
D. Struik cho rang: “Ong (Euclide) viét bj sdch
“Cde nguyén Iy nham trinh bay chung trong mot
tac pham ba khdm pha vi dai cua qua khir chwa
léu: I thuyét 1y s6 ciia Eudoxus, I thuyét vé ty ciia
Theaetetus va Iy thuyét nam cé thé déu chiém vi tri
dic sdc trong vii tru hoc ciia Platon. Dé la ba
thanh twu dién hinh ciia Hy Lap ™.

Trong tac pham tuyét voi nay Euclide 43 thng két
nhimg thanh tyu trude, trong va sau cudc khing
hodng co s& toan hoc & Hy Lap cd dai.

Khong dé gi tra 10i ciu hoi ring cdi gi da dua
ngudi Hy Lap dén véi nhimg phat minh séang choi
clia minh? Va, lam sao ma ngay tir thé ky VI -V
tr.CN & xit Hy Lap huyén thoai lai c6 thé dién ra su
phét trién nhay vot vé tr duy va tri tué cia nhan
loai dén vay?
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CAC LOP THCS

Bai T1/491 (Lép 6). Cho x, y I3 cic sb tu nhién

I6n hon 1 thoa man x°*'7 = 32 Hay tim s6 tw
nhién x, biét  1a s& tir nhién nho nhét.

NGUYEN HAM THANH

(GV THCS Ly Nhdat Quang, Do Liwomg, Nghé An)

Bai T2/491 (Lop 7). Cho tam giac ABC can ta1 4

c6 A=108",BC =a, AC=b. V& phia ngoai tam

gidc ABC vé tam gidc ABD can tai A c6 BAD=36".
Tinh chu vi tam giac ABD theo a va b.

NGUYEN BUC TAN

(TP. Ho Chi Minh)

Bai T3/491. Tim céc sb nguyén duong n théa mén
diéu kién véi moi s6 nguyén duong a ladrée cia n
thi a+ 214 wdc cia n+2. '
NGUYEN TIEN LAM
(GV THPT chuyén KHTN, PHOG Hé Noi)
Bai T4/491. Cho tam gidc ABC ndi tiép duong
tron (0) duong kinh AC. V& dudng thang vuéng
g6c vdi AC tai 4 va cat duong thang BC tai K.
Liy diém T trén cung nho AB (T khac 4 va B).
Duong thang KT cit dudmg tron (O) tai diém thi
hai P. Trén tiép tuyén tai T cia dudmg tron (0) liy
hai diém 7, J sao cho K14, KAJ 1a cic tam gidc cin
tai K. Chimg minh ring:

a) TIP = TKJ.
b) Pudng tron (0) va dudng tron ngoai tiép tam
gigc KPJ tiép xiic vdi nhau.
TRAN ANH TUAN
(GV THCS Nhéin Hdu, Ly Nhdn, Ha Nam)

TOAN HOC .
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Bai T5/491. Tim cac cap nghiém nguyén (x, y)
thoa man: },2 +2y= 4x* v+8x+7.

TRAN VAN HANH
(GV Pai hoc Pham Vin Péng, Quang Ngéi)

CAC LOP THPT
Bai T6/491. Giai h¢ phuong trinh
log, x+log, y+log,z=3
\/'x2 +4 +er2 +4 +\fz2 +4 =«f§{x+y+z}

NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phuc)

Bai T7/491. Ching minh ring:

lim JI+ZJ1+3J]+“.+JI +(n=1Wl+n =3.

T

TRAN VAN CUONG
(SV K52 A1T, DHKHTN, PHOG Ha Néi)

Bai T8M9Y. Chom,,m,, m. la d6 dai cidc dudmg
trung fuyén cliia mot tam gidc co chu vi bing 2 va

ban kinh dwong tron ndi tiép bing r. Chimg minh

2 3
rang: max{l; 33r} <m, +ny +m, {ﬁ-

NGUYEN VAN XA

(GV THPT Yén Phong sé 2, Bic Ninh)

Bai T9/491. Cho a, b, ¢ 14 ba sd khéng 4m thoa
man: a+b+ec =3, Tim gia trj 16n nhét cia

P= a\{bE +1 +£nfc3 +1 +CJ::23 +1.
LE XUAN DAI
(GV THPT chuyeén Vinh Phuc)

TIEN TOI OLYMPIC TOAN
Bai T10/491. Cho day 50 (F,) x4c dinh bé cong
thirc: £, =2% +1, VneN.
a) Vdi mdin e N, goi g 1a mét udc nguyén td cua
F,, chimg minh ring: (g —1):2""",
b) V&i mdineN,n =2, goi ¢ la mdt wde nguyén
td ctia F,, chimg minh ring: (g —1):2"%
HO SY HUNG
(GV THPT chuvén Phan Bgi Chau, TP. Vinh, Nghé An)
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Bai T11/491. Tim tit cd cac ham s6 /R >R
thoa mén:
SO+ )+ f()+ ()= flx+y)+2xy
voimoi x,ye R.
TRAN VAN THUONG
(GV THPT Phii M7, Tin Thénh, Ba Ria - Viing Téw)
Bai T12/491. Cho lyc gic 16i ABCDEF ngoai
tiép dudmg tron (0). Biét ring tdm O 1a tdm
dwomg tron ngoai tiép cua tam giac ACE. Chimg
minh ring duong tron ngoai tiép cla cac tam gidc
OAD, OBE va OCF cén c6 mdt diém chung khéc
diém O.
LE VIET AN
(Nha 15, xom 2, thén Ngoc Anh, Phti Thiromg,
Phii Vang, Thira Thién Hué)

Bai L1/491. Mot vat dao déng didu hoa theo
phuong trinh x = Acos(5nf +¢). Tai tho1 diem ¢,

vit dang di vé phia vi tri cdn bang va ti s giira thé

\ W,
ndng va dong ndng cua vat bang 3 [?l = 3}, Sau

d

1 e e ey

do —s thi ti s0 do bang bao nhiéu?
THANH LAM (Ha Néi)
Bai 1.2/491. Pat dién dp u=U,cos2afi (Up
khong dbi, f thay déi dugc) vao hai dau doan
mach nhur hinh v&. Khi /= fi va f= £, =2/ thi
cong sudt tiéu thu 12 2”va dién ap tirc thoi uay
vudng pha v&i uyp. Khi /= f; thi dién ap hiu
dung gilra hai diu cudn cam thuin dat gia tri cuc
dai va cong suat tiéu thy cua doan mach la 140W.

Gid tri cong sudt 14 bao nhiéu?

L
A An s i R
| 'm ﬂ:}wl—ﬂ-—L_}—!——!

VIET CUONG (Ha Noi)

PROBLEMS mﬁm ISSUE

FOR SECONDARY SCHOOL

Problem T1/491 (For 6" grade).
pairs of integers x, v which are greater than 1 and

satisfy x°*'7 = 1?13 Find the pair é the
smallest possible value for y. %
th

Problem T2/491 (For 7" gr Given an
isosceles triangle 4BC with the apex 4. Suppose

that A4=108°,BC=a, AC=b. Outside ABC,
construct the isosceles triangle ABD with the apex

A and B4D=36". Find the perimeter of the triangle
ABD in terms of a and b.

Problem T3/491. Find positive integers n such
that if the positive integer a is a divisor of n then
a+ 2 is also a divisor of n+2.

Problem T4/491. Given a triangle ABC inscribed
the circle (O) with diameter AC. Draw a line
which is perpendicular to AC at A4 and intersects
BC at K. Choose a point T on the minor 4B (T is
different from A and B). The line KT intersects
(O) at the second point P. On the tangent line to
the circle (O) at the point T choose two points /

o

such that KI4 and KAJ are isosceles
angles with the apex K. Show that

a) TIP = TKJ.

b) The circle (O) and the circumcircle of the
triangle KPJ are tangent to each other.

Problem T5/491. Find integral solutions of the
equation yz +2y= 4x2y +8x+7.

FOR HIGHSCHOOL
Problem T6/491. Sove the system of equations
log, x +log, y+log,z=3
{sz +4 +\(y2 +4 +~J’z"‘ +4 = \E(x+y+z}.
Problem T7/491. Show that

1im\J1+2J1+3J1+...+JE—(H—1)~J1+n =3,

R =i
Problem T8/491. Letm,,m;,,m. be the lengths of
the medians of the triangle with the perimeter 2.

Show that max{l;i%’;}ima+mb+mcq%,

where r is the inradius of the triangle.
(Xem tiep trang 44)
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Bai T1/487. Tim tat ca cde cdp s0 nguyén o (p; q)
thoa mén phuong trinh: p? —q" =79.

Loi gﬁn Vi 79 14 sb 1é nén trong hai s6 p, ¢ c6
mot s6 18 va mét s6 chin, Xét hai tru-::mg hep.
« THI: pleva q chdn. Vi ¢ la s6 nguyén t6 nén

g=2,lue d(}p -27=79. Dit p=2k+123 thi
p? =(2k +1)* =4k(k+1)+1, con 27 chia hét cho

4, suy ra p* —27 chia cho 4 du 1, nhung 79 chia
cho 4 du 3, do d6 khong ton tai cap s6 p, g thoa
min dé bai. ﬁ ' _
« TH2: g l¢é va p chin. Vi p 14 s6 nguyén t6 nén p
=2 lic d629-4*=79. Do 2> 79thi g=7%
Véi g =7 thi 2" —7° =79, thoa min.
V& g=11didt g=2n+ 1211 thi nz 5. X_ét

A >P - =2 ¢ =2+ TS
> +g)2" -2m-2) =22 +q) 2" -1 Y
> AP LI a1y =8602" -1y (®
Ta s& chimg minh bing quy nap rang 2" > m+2
voi sd nguyén m = 3. Thuc vy, véi m = 3 thi
2* =8> 3+2=5, khéng dinh ding. Gia sir khing
dinh ding véi sé r (r=3), tic laco 2" >r+2,
xétso r+1taco
12" 4 S+ )+ + D =r+4+r > (P 1) +2,
khing dinh ding véi r + 1. Viy 2" >m+2 vai
sb nguyén m > 3 bit ki. Pat m=n—12 3 ¢6
2" S p42 hay 1a 21 —n—1>1. Lic d6 tir (*) c6
29 - q2 >86(2" ' —n—1)>86 >79, nén khong co
s6 g > 11 thoa man dé bai. Vay chi co mdt cip sb
nguyén to (p: @) = (2; 7) thoa man phuong trinh
pl—gP =79. m

TOAN HQC
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»Nhdn xét. Trong THI) co thé giai bing cich xét
phép chia cho 3. Bai nay ciing co thé giai ngén gon
bing cach dung dinh li nho Fermat. Cac ban sau c6
1o giai ding, tuyén duong ci cdc ban 1op 7 vi bai
hoi khé. Vinh Phic: Ta Kim Nam Tudn, 6A2,
THCS Yén Lac, Yén Lac; Ha Ngi: Lé Ngoc Ting,
6A2, THCS Nguyén Trie, Thanh Oai; Nghé An:
Hoang Bao Nguyén, 6C, Trdan Thién Ngdn, TA,
THCS Cao Xuin Huy, Didn Chiu; Nguyén Dinh
Thuy, 7A, THCS Ly Nhit Quang, D6 Luong; Gia
Lai: Nguyén Lé Viét Humg, 6/10, THCS Nguyén Du,
TP. Pleiku; Quing Ngii: Newuvén Hodng Himg, 6A,
Dé Thi Nhwe Neuyét, 7D, THCS Pham Van Dang.
Nghia Hanh; Mai Thanh Nguvén, 6A, THCS TTr.
Song V§, Vo Thi Hong Thu, 7B, THCS Nghia M7,
Tu Nghia.

VIET HAI

Bai T2/487. Tim cdc so nguyén a, b, ¢, d thoa man

=Ja+b+c=d.

[ - - ~

Q-'u‘ +H +o”
Loi gidisifa co a+b+c, d 1a cic sb tu nhién,
&L =, avb+e=d>. T
(a-b)* +(b—c) +(c—a)* 20
= Ha® +b% +c?) 2 (a+bh+c)*.
Dod6 3d° >d* > d<3=de(0;1;2;3).
o Xét =0 tacd: P+ et =0=a=b=¢=0
(thoa mdn).
« Xét d =1 taco: o +bz+c2=l, a+b+ec=1
a=0;b=0;c=1 (thoa man)
=|a=0;b=1;c=0 (thdoaman)-
a=1lb=0; ¢c=0 (thoamain)
+Xétd=2tacdh: a* +b* +c> =8, a+bh+c=4
a=0 b=2; c=2 (thdéaman)
=|a=2;b=0;c=2 (thoéaman)-
a=2b=2;¢c=0 (théaman)
«Xét d=3 taced: @ +b>+ct =27, a+b+c=9
= a=b=c=3 (thoa man). Vay cic bd SO nguyén
(a; b; ¢; d) can tim 1a: (0;0;0;0), (0;0:1:1), (0;1;0:1),
(1;05051), (0;2;2;2), (2;0;2;2), (2:2:0;2), (3;3;3:3).
EI

11111

Céc ban sau c6 loi gidi tot: Ha Npi: Huang Lé B:c:h
Ngoe, 7A, THCS Thai Thinh, Bong Pa, Lé Ngoc
Ting, 6A2, THCS Nguyen Truc, Thanh Oai; Vinh
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Phiic: Ta Kim Nam Tudn, 6A2, THCS Yén Lac, Yén
Lac; Thanh Héa: Trinh Duc Tuan, THCS Nguyén
Chich, Béng Son.

NGUYEN THI TRUONG
Bai T3/487. Cho a, b, ¢ la cac 50 thire divong
thoa man a + b + ¢ =1. Chung minh f'.:'}rrg:
O TR A 21
T et Sm—
a b ¢ 1+36abc
Loi giai. BDT da cho twong duong vai
1 1
{l+3ﬁabc](—-+-—+—] 221
a ¢
Bt
& —f—+—+36(ab+bc+ca)= 21
e

<::»{.::.r+b+c)[i+—+~l+}+36(ab+bc+ca] =21
'« M RS

@(E+Ew+(é+£]+[E+EJ+36[ab+f)c+ca}218
b a) \e b a ¢

i (a+b)y i (b+c)y +{4:'+ ay
ab be ca
Ap dung BDT Cauchy ta co:

Laiih +36abzz\/{“+b}'
ab ab

2 o
6] ke /(‘F’“}
be \  be

. 3
+ 36ca = ZJ(L e
ca ca

Cong cac BDT trén ta thu dugc:
(a+by +{b+c}‘ +{c+ a)’
ab bc ca

+36(ab+be+ca) =24,

36ab =12(a+b)

36be =12(b'+ ¢)

(1:'—1*4[1]12

36ca =12(c +a).

+36(ab+ bc+ca)

224 a+b+c)=24.
BDT da cho dugc chimg minh. O
»Nhdn xét. Bai toan khong kho nhung khéng nhiéu
ban tham gia giai bai nay. Cac ban sau cd 1o giai tot:
Ha Nji: Lé Tudn Tii, 9T, THPT dan ldp Luong Thé
Vinh. Thanh Hoa: Nguyén Anh Qudn, Nguyén Hitu
Ouvén, 9C, THCS Nhit Ba Sy, Hoéing Anh, TP. Thanh
Hoa.

TRAN HUU NAM
Bai T4/487. Cho tam giac ABC ngoai rr'é:u
dwong tron (O). Cac canh AB, BC, CA lan et
.’:'.:7;.0 xtic voi diwong tron (O) tai D, E, F sao cho

EC =2EB.
(). Qua D ke dwong thang song song voi BC,

Ke dwong kinh EI cua dwong tron

dwong thang nay cdt doan ﬂ’zﬁ;ng EF tgi K. Chung
minh rang A, I, K thang hang.

Loi gigi. Qua I ké tiép 4 s

tuyen cta duong tron (0), & 0

cit AB va AC thir ty tai P INYF

va O, déthay PQ f BC. DK

Theo tinh chat hai tiép \

tuyén cit nhau, ta cd B \5 M =C

Q’&'=Qf}?+ﬁ:%(:ﬁ+ﬁ5ﬁ)=9ﬂ°.

Suyra QI.CE = OF CF = OF”,
Tuong tr, PL.BE = PD.DB=0D" = OF".
Do d6 PI.BE = QI.CE , (1)
Goi M la trung diém EC, tir gia thiét suy ra
BM=CE vﬁ BE=CM (2)
Tir (1) va (2 (e SO . Theo hé cua
r (1) va (2) suy ra S i eo hé qua
dinh li Thales suy ra ba diém A, I, M thﬁng hang. (3)
Qua A.ke duong thang song song voi BC cat duomg
thang lF tai S. Goi N Ia ghm diém cia DK vi AE.

Ta¢6 ASF = FEC = EFC = AFS.
Suy ra A4AFS cin tai 4, nén AS = AF = AD. Ap
dyng dinh li Thales cho cac tam giac AES va ABE

. NK\ NE BD BE DN
ta co = = = = .

AS  AE AB AB DA
ND EB
N ND. Vi
Suy ra NK = iy — e
Theo hé qua cua dinh li Thales suy ra 4, K, M
thang hang. (4)

Tir (3) va (4) suy ra ba diém 4, /, K thing hang. O
< Nhdn xét. Chi c6 ba ban sau ¢6 1oi giai tot: Thanh
Hoa: Do Cao Bach Time, Pham Anh thec, 9B, THCS
Trin Mai Ninh, TP. Thanh Héa; Phi Tho: Nguyén
Béng Khoa, 9A3, THCS Lam Thao.

NGUYEN THANH HONG
Bai T5/487. Tim 56 M lon nhat sao cho ta cé bat
ding thire x® 2 M [x].1x} théa man véi moi s6
thuc x (trong do [x], {x} twong ung kv hiéu pf’}rfﬁ
HENHVER Vd I;lfi'{::ﬂ phdn cua x).
Loi gigi. Do BDT ding véi moi x nén ta xet
x=1+a(0<a<l) Khido [x]=1, {x}=a.
Thay vao BDT ta co:

(l1+a)y 2 M.la
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Sa+{(2-Mla+1z0, Vo<a<l
SA=2-M)-4<0= M -4M <0
s M<q,
Viy sd M lén nhit 1a 4. Nguoce lai, khi M =4 ta
xét: x° 2 M.[x].{x} = ([Jn:]+Jr:}]3 > 4.[x].{x}
& ([x]-x})" 2 0: ludn ding.
Viy M= 4 théa min yéu cdu cua bai toan. O
% Nhin xét. Co hai ban giai ding bai nay 1a: Ha Ngi:
Lé Tudn Ti, 9T, THPT dan 1p Lwong Thé Vinh.
Thanh Héa: Pé Cao Bdch Ting, 9B, THCS Trin Mai
Ninh, TP. Thanh Hoa.
NHU HOANG
Bai T6/487. Giai phwong trink:

E4x+6=2x+1VI+2x-x". (1)

L gidgi, PK: 3+2x—x* 20 -1<x<3.

Cdch 1.

(1) (2 —3x+2)+ (@dx+4)— 2x+ D3+ 2x— 2 ) =0
o =12 (x+2)+2Ax+1)2-v3+2x—x")=0
(x=1)°

p A i PR

2x +1) ]:{) o
T LA

2(xq 1Y
2143V x— 2
do dé (2)e (x—1)’ =0« x =1(théa min PK).
Viy phuong trinh c6 nghiém duy nhét x = 1.

Cich 2. Ap dung BDT Cauchy ta c6
It - =0k Il - =2+ 13— —A4,
Két hop véi (1) va (x + 1) >0, suy ra

X +x+6<4x+1) (3)

< (x =12 (x+2) + 2x +1). =0

= (x-1) [;r +2+

Voi—1< x<3,tacod x+2+ >0,

Mit khac
L x+6—4x+D=x -3x+2=(x-D*(x+2)20
(dox>-1nénx+2>0; (x=1)"=0). Dodé6

X +x+624(x+1). (4)
T (3) va () suyra(x-D*(x+2)=0,dox+2>0
nén suy ra (x — 1)*=0 < x =1. (thoéa man PK) O

TOAN HOC
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»Nhin xét. Piy 1a bai toan gidi phwong trinh ¢d
chira cin thire, ta ¢6 thé bién ddi nhan biéu thire cin
lién hop dé xudt hién nhin tir chung roi dua vé dang
phirong trinh tich (cdch 1) hodc vin dung bat dang
thire dé dénh gia (cach 2). Ngoai cich 2, ta ¢6 thé
bién déi phuong trinh vé dang

{I+|—1g'3+l¥'—x?]2 +{x+2)(x-1)° =0,

roi ddnh gia vé phai luén khong 4m Rat nhiéu ban
tham gia giri bai va déu lam theo mét trong hai céch
trén. Tuyén duong cac ban sau cé 1&i giai tot: Ha
Noi: Hoang Ting, 12T, THPT chuyén KHTN,
PHQG Ha Noi; Vinh Phac: Biid Anh Vi, 11A1,
THPT chuyén Vinh Phiic, Nam Dinh: Pham Ngoc
Anh, 11A1, THPT chuyén L& Hong Phong; Hung
Yén: Poan Phi Thanh, Lwong Thi Phirong Hoa, 10
Toan 1, THPT chuyén Hung Yén; Thanh Hoa: Lé
Thi Ngoe Anh,10A1, THPT Holing Hoa IV, Lé Tién
Dat, 11A1, THPT Noéng Céng 1; Quing Binh:
Hodane Xudn Lge, 10 Toan, THPT chuyén Vo
Nguyén Giap; Lao Cai: Bii Phieong Anh, 10 Todn,
THPT chuyén Lio Cai; Thira Thién Hué: Thai
Bang Trdn Cong, 10 Toan 1, THPT chuyén Quéc
hoc Hué; Pa Niing: Pham Hiéu, 10A1, THPT
¢huyén Lé Quy Pén, TP. Pa Nang; Vinh Long:
Tran Linh, 11T, Chdu Minh Khdnh, 12T1,THPT
chuyén Nguyén Binh Khiém, TP. Vinh Long; Déng
Nai: Qudch Minh Tudn, 11 Toan, THPT chuyén
Luong Thé Vinh; Bén Tre: Lé Ngé Nhdt Huy,
10A1, THPT Lac Long Quin, TP. Bén Tre; Quing
Nam: Lé Déo Van Trung, Nguvén Lé Thanh Hang,
11/1, THPT chuyén Nguyén Binh Khiém; Lim
DPong: Nguyén Trong Puc Huy, 10 Toan, THPT
chuyén Thing Long, TP. Ba Lat; Ba Ria - Viing
Tau: Lé Tudn Anh, 10 Toan 1, THPT chuyén Lé
Quy bon; bak Lak: Lé Ngoc fwre, 10CT, THPT
chuyén Nguyén Du, TP. Buén Ma Thudt.

PHAM THI BACH NGOC
Bai T7/487. Giai hé phuong trinkh:

o g rol Agaep

ST pals TR i e
VE ¥ Wz
e 7 W v T sV 0 1Y g L4, A '
1t - = .

y +2
Vv z x "l.l pis 1'4': 3._+i' 2
Lai gi@i. DPK: x >0,y >0,z >0. Taco:

2 &
il AR 2 BT

&, ¥
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£—x+2y—21..|'x2—a}=+_p;

3 ; e
St L S SRt a1
-}J
2y e
Suyrai—jx+3_1;:32w12—1}~+}-~_
-}P

2
Tuong tr 1L--E!ju+32 2 2«,;'_1}2 SPY I

2z —3z4+3x2 2\.22 —zx+xt,
X
Cong theo vé ba bit dang thire trén ta nhin duoc

2 2

X 7 Z = 3 7]
—+'TI +—E\l.r —Xy+ ¥y +\|;,1-" —~jf“z+:2

D
.
+zf —z+x?. (1)

- Xy + }'2}: - U:4 + __1-'4}

Ta lai c6 2(x*
— 2{14 +_'(3_]_J2 -+ }'4 - 23‘]'_1; o 25\::1-’3 + ZIE}.IE] _{I4 +J__,4}
=x* —4_11’3;;\’+'6~x‘1 }:2 -—4,1}13 + _},-4 =(x— }J}d >,

3
X +7
Suyra x* —xy+3° > ;"ll — . Tuong tu

V' -zt 2 vz —zx+r'3*1|‘“ - (2)

Tir (1) va (2) tasuyra

- R 4, .4 [ 4 4 4 N4
L“*}_‘*'E_Eiijx + ¥ +#y + 2z +§/b_+x ;
¥ E B 2 2 2

Ding thire xay ra khi va chi khi x = pg

Nhu vﬁy tir PT thir hai thay vio PE¢hr nhit ta c6
la nghiém duy nhat cua hé
phlmrng t:nnh. a

#Nhign xér. HE PT trén thudc dang co ban. Cac ban
sau co |ovi giai tot: Hung Yén: Bii Van Quyén, 10T1,
THPT chuyén Hung Yén; Vinh Phie: Tag Nam
Khanh, 10A1, THPT chuyén Vinh Phic; Thdi Binh:
Dang Minh £huc, 10 Toan 2, THPT chuyén Thai
Binh; Quing Binh: Hodang Kim Ca, 10T, THPT
chuyén V& Nguyén Giap; Vinh Long: Lé Hoang
Huy, 10T1, THPT chuyén Nguyén Binh Khiém;
Pong Théap: Newyén Phic Tang, 10T, THPT
chuyén Nguyén Quang Diéu.

NGUYEN MINH bUC
Bai T8/487. Cho tam giac ABC cé bdan kinh cdc
duwemg tron bang a'fé:n R o

do dai cac

dwong trung tuyén la m_, m,, m_va co dién tich la

S, Chung minh ;.:.rmg

-

":,-_ o 4'1’;' >33 .S +(m_ —m, =
+(my, —m, J' Hm,. —m_ P
Lot giai. Dat A
BC:H,AC‘:.E], AB:C; .
P N
RS, -
ik o\
B M c

x=p-ay=p-bz=p-c
Bé dé. (Bt uﬁng thite Finsler-Hadwiger) Cho tam
giac ABC(BC =a, AC = b, AB = c)co dién tich la S
thi ta co:
in': e +e* 2> —H.-?';: {7 J"H:

+(b=c¢) +(c-a)’ (1)
Chirng minh. Ta c6 (1) trong duong vai
[@® = (b—c)*]+[b* —(c—al)+[c? —(a-b)2]2 43.5
S (p-bXp-c)+(p—cNp—a)+(p—alp—b)=3.5
&> Xy PJEF zx = JExyz{x +y+2z)

exldh — y2)* + (12— 2x)° + (- xz)* 2 0, biit dang
thirc nay dung, suy ra BDT (1) ding.

Tro lai bai toan, goi M, N, P theo thir tr 14 trung
diém cia BC, AC, AB; con G 1a trong tim AABC,
O 1a trung diém cia GC. Khi dé AGMOQ c6 do dai

—m,_ Vi

ba canh la lmu, lmﬁ,
3 3 3

1 1
Scrug B S{;m 4 —Spc = ES-

Str dung b6 dé trén cho AGMO ta cé;

(i) e
q () 3'“1': 3”@" = ekl 9 y 1M,

v e taw Ma ol
+9fmr, m.) +g(m¢ m,)

> Eﬁ.5+(ma -m, ]I2

i 2
+(my, —m.)" +(m.—m,)".

2 2
<>m, +m +m

BT & dé bai duge chimg minh néu ta chimg minh

duge: r2+n  +rtzm?+m? +mr. (2)

Thét viy, st dung céc cong thire:
S=(p-ajy,=(p-bn, =(p-oy;

g 2 R g 2 2a°+2¢° -5
Ma = 4 el 4 ’

TOAN HOC
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- 2
s 2a°+2b -
L =

c

2 2 2
[2}@{ 3 ]J{ = ]+[i} E~3—(a1+b2+c:}
p-a p=b p—-c 4

o p{(p—b)(p -0), (p=c)p-a)
p—a p—b

ta thay

+(P—ﬂ]{P—5}]2%{az+bz I

=
I 3 ]
HEEY +z‘j[ e ] —[{x+}=]“
g oox gl 4

+(y+z)3+(z+x]2] (3)
VT(3) bing
I[V ] [I :] ;[x y]
x +y | —+—|+2°| —+= |+ Xy + )=+ 2x
5 - ¥y x/
> 2x> 42y 422 4y + 2+ zx

2

2%{13 + 3 2 ap 4y zx]:%[{x+y}2 +{y+z]n1

+(z+ _::)2}
Ding thitc xay ra khi va chi khi A4BC déu. O
» Nhin xét. SO bai giai gii vé Toa Soan khong nhiéu.
Céc ban sau c6 loi giai t6t: HA N@i: Hoang Ting;
12T, THPT chuyén KHTN, DPHQG Ha Nji; Vinh
Phic: Tg Nam Kharnh, Lé Negoc Hoa, 10A1, FHPT
chuyén Vinh Phic; Thira Thién Hué: Ngwyén Trung
Kién, 12 Toan, THPT chuyén Qué{: hge Hué; Bén
Tre: Nguyén Van Canh, 12A8, THRTSAN Thai, Mo
Cay Nam.
HO QUANG VINH
Bai T9/487. Cho so nguvén dwong n va cdc $0

thuc dwong ay,a,....a,. Tim s6 thue A sao cho:

L 2 n+dx, VxelR

a +dy +..+a
Loi gigi. Ap dung bt dang thiic quen thude
¢ = x+1 cho moi sb thue x va ding thirc chi xay
ra khi x = 0. Ban nio chua biét bt ding thirc nay
thi chi cin khao st ham sé qua dao ham bic nhat
14 thiy ngay ham s flx)=e"—x—1 co cuc tiéu
bang 0 tai x = 0. Nhu vy, ta cé

1.l =™+ +&"%
>(l+na)+.. +(1+Ina))=n+xInig.a,--a,), xR

Nhur vay gia tri A =In(a,.a,.---a,) thoa min yéu

cdu bai toin. Ta c6 thé thiy gia tr
TOAN HOC :
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h=In(a,.a.--a,) 12 gia tri duy nhat 1am bét ding
thire cua diu bai thoa man bing cich xét giol han
m{t phia khi x — +0 va x — -0 cua ham 50
x LI
f'[1}=a1+"‘+a" n1 I
X
»Nhgn xét. Rit it ban giai bai toan nay, ¢6 hai ban
quén khong ghi tén va dia chi. Cic ban sau déy co lo
gidi ding: Thira Thién Hué: Lé Cam Thanh Ha, 12
Toan 2, THPT chuyén Quéc hoc Hué; Quing Binh:
Hé Anh, 11 Todn, THPT chuyén V& Nguyén Giap.
VU PINH HOA

Ve¥i H}rH L]

Bai T10/487. a) Chuing minh rdng

a2 g
nguvén diwong n thi phwong trinh 20124(x” —n7) =1
ca mot nghiém duy nhat. Ky hiéu nghiém do la x,,.

b) Tim lim (x,, 1 —X,)-

T —w O

Loi giai. (Theo y tuong cua da s6 cac ban).
a) Viét phwong trinh d3 cho dudi dang

2(}12'_{.r_—n“]=]c:t~ _—.r"+r.= =8 {1]
2012"
Xéthdm sb £, (x) = st +n°, ta thay
2012°
fo () =— In2012 2x <0 v x (0, +20),
2012° '
nén f,(x) la ham nghich bién trong (0,+cc). Mit
khac, f,(n)= >0 va
012"
fi(nt])= -2n-1<0
2012+

nén phuong trinh (1) cé6 mét nghiém duong duy
nhét x, e (mn+1).

b) Ung véi mdi neN" ta thdy x,>n va

xf, - n’

N 20127 by
| ! | :
(x, +n)2012" 2n2012"

O<x, —n=

Vi lim ————
n—0 24.2012"

lim (X, = x,) = 1m{[(x, 4
=0 P30

=1 0
> Nhdn xét. Cac ban sau diy co 151 giai dang, Bén
Tre: Nguyén Van Canh, 12A8, THPT An Thai, Mo
Ciy Nam; Dbng Nai: Qudch Minh Tudn, 11T,

=0 nén lim (x, —n)=0. Dodo

H—»a

—(n+1)]—(x, —n)+1}
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THPT chuyén Luwong Thé Vinh; Thira Thién Hué:
Nguven Trung Kién, 12T2, THPT chuyén Québe hoc
Hué; Vinh Phiac: Vi Ngoc Duv, Vieomg Ting
Dieomg, Pé Minh Hiép, Biri Anh Vi, 11A1, Ta Nam
Khanh, 10A1, THPT chuyén Vinh Phuc,

NGUYEN VAN MAU
Bai T11/487. Goi T I tdp hop tdt ca cdc wée s6
nguVen duong cua n = 2004 Gig s S la mt
tip con khdc rong bat ki cua T thoa médn diéu kién:
vai moi a, b thugc S méa a > b thi a khong chia hét
cho b. Tim 56 phan t lén nhét ciia fdp S.
Laoi gigi. (Dya trén v cia ban Newvén Van Canh,
Thanh Théi A, Mo Cay Nam, Bén Tre).

Vi 2004 =2%3.167 nén tip hop tit ca cac wde sd
nguyén duong cua 2054 = Y g 8lIE § el
T={2°3"167°, 0< a <4020,0 < b,c <2010}
Gia s § 14 mét tap con cua 7 thoa mén diéu kién
dé bai. Xét anh xa f:S — S nhu sau véi médi

x=2%3%167° thi f(x)=2"20"b—<3t167° Ta

chirg minh f1a mét don anh. That véy gi sir ton .
tai X, xy €8, #x; md f(x))= f(x;) Gid si N

x =2%3%.167% va xp =2%.3%.167%Z

Vi x; # x; nén (a,by,01) = (a3,b5,05). g
(4020~ ~¢; = 4020 B o

f)=fn) e h=h ﬁ{q:c;
q=0c

Suy ra hofic x;|x; hodc x; |x (trai gia thiét). Viy

fla mét don anh tir S vao S, trong do

By = {x: x= 2 0ol B0 e o 20100
Thanh thir [S|<|So|=2011% Viy max|s|= 20112

()

»Nhdn xét. Bai ndy khong c6 nhiéu ban tham gia
gial. Cac ban sau diy co loi giai ding: Vinh Phiic:
Virong Ting Duong, 11A1, Chu Thi Thanh, 10A1,
THPT chuyén Vinh Phic. Quang Binh: Hé Anh, 11
Toan, THPT chuyén V6 Nguyén Gidp.

PANG HUNG THANG

Bai T12/487. Cho tam gidgc ABC co duomg tron
ngi tiep (1) tiep xiic voi BC tai D. H I hinh chiéu
cua A trén BC. N la trung diém cia AH, Puong
théng qua D, N cit CA, AB lan hegt tgi J, S: BJ ct
CS tai P. DA, DP lan heot cét (I) tai G, L. C himg
minh rang bon diém B, C, G, L cimg nam trén mot
diramg trom.

Loi gigi. Trong 1o giai nay ki hidu ZZ chi tiép
tuyen v&i (1) tai diém Z thude (/). Goi X, X7, O
theo thir tir 13 giao diém cua BC véi EF, AP, GL
va K, T theo thir tu 14 giao diém thir hai cua DI,
DN va (I). Dé thay AD, BE, CF dbng quy nén
(BCDX)=-1.ViJD, B4, CP dbng quy (tai ) nén
(BCDX")=-1. Viy (BCDX)=(BCDX"). Piéu do6
conghiala X = X'. Vi DG, EE, FF dong quy (tai
A) nén ti gidc DEGF diéu hoa. Do dé EF, DD,
GG dong quy (tai X). N6i cach khic GX tiép xtic
voi (D). . & (1)
Vi N latenng diém cia AH vi DK jf AH nén
DEGDTK)= D(AHNK)=—1. Do d6 DTGK la tir

coidc dicu hoa. (2)

Tir (1) va (2) suy ra KT di qua X, D& théy
D(GLTD) = D(APJB) = A(DPJB)
= A(DXCB) = (DXCB)=-1.

Do d6 DGTL 1a tir gidc diéu hoa. DPidu dé c6
nghia la 7Q tiép xuc véi (/). Viy 0D = 0T. Két
hop véi XTD =180°— KTD =180° —90° = 90°, suy
ra QD= QX. Tir d6, theo h¢ thirc Newton, suy ra
OBOC=0D =0LOG. Tém lai bén diém B, C,
G, L cing thuge mdt dudmg tron. O

TOAN H
 chugilze. 3.1
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» Nhdn xét. 1) Bai toan nay khong kho nhung chi 50
ban tham gia giai khong nhiéu.
2) Lévi giai trén twong ty 1o gidi cia ban Vé Minh
Qudn, 11T, THPT chuyén Thing Long, TP. Pa Lat,
Lim Pong,
3) Xin nén tén cédc ban con lai: Vinh Phidc: Ta Nam
Khanh, 10A1, Vwong Ting Duong, Bii Anh Vi, Vi
Ngoe Duy, 11A1, THPT chuyén Vinh Phic, TP
Vinh Yén; Béc Ninh: Newyén Ngoe Khanh, 10T,
THPT chuyén Béc Ninh; TP. Ho Chi Minh: Tran
Vi Duy, THPT chuyén Lé Héng Phong; Pong
Thap: V6 Huy Hodng, 11T, THPT chuyén N guyén
Quang Diéu.

NGUYEN MINH HA
Bai L1/487. Doan mach dién AB midic noi "L:f theo
thir tie lan hrot Urmr CHOR ddy

va fu dién. Dat vao hai dd :-”m_m mach dién ap

xoay chiéu co gid tri hiéu dung khiong doi va tan s6

goc @ (vai Sw°LC=3). Khi R R;, thi cong st
ticu thu trén doan mach dat cuc dai. Goi M va N
ldn heot la diém néi gitta cugn cam thuan vai bién
trer va bién tro voi tu dién. Biét dién ap o hai deiu

wt —— | (Y
4 ] g

MB c6 biéu thire Ia g, = 29042 cos

Viet biéu thure dién ap o hai dau dogn maclh 5

Loi gigi. Theo baira: 5o’ LC =3 suyra.

3 .
Z -7 oS 1
i (1)
Khi cong suét tiéu thu trén doan mach A8 cuc dai
thi: R=2.-2, (2)

Tr()va(@)tacd: Z-=2,5R va Z; =1,5R (3)
D6 léch pha gilta u,,, va uy 1a @ -
tan @ 4 = Z—RL~ =1,5= 0, =~56,3"
Do 1éch pha gilta uyg va ug 1& @y
tan @ =?= ~2,5= Ppm = —68,2°
Do dé u , nhanh pha hon 5, mot goc

©="56,3"+68,2" =124,5° = 2,17 (rad).

AN ‘||,||R +zL \133
3

ME R? +Z2 2

Ta lai co:

TOFIN HOC
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huan cam, bién tro

Suy 18 Ugp = Ui i;T ~259,6 (V). Do d6:

u{f,,\r=259,5m[w—~z +2,l?)=259,6ms{¢r+1,38} (V)

a

»Nhin xét. Rit tiéc khong c6 ban nao giai diing bai
Vit li nay.

NGUYEN XUAN QUANG

ai O trén mdt nuwoc co mot F-',’,_"-'.'h;.'."

R0 Hz. tic

Bai 1.2/487. T.

phat song voi tan so f do trirvén song

i 1.6 m/s. Ba diém A, B. O nam trén mdi nroc tao

thanh tam gide vudng tai O. Biét 04 =9cm;

OB =12 cm. Xdc dinh so diém dao ding cimg pha

viri A trén doan BA.
Lof giif. A= =2em
80
Pudng cao_ciua tam giac
ha tir O:OH = 7,2 cm.
Co O4\s 4,5M
néf A"dao ddng nguge pha voi 0. Goi P 1a diém
thiuoe 4B thoa min P dao dong cing pha véi A thi

9 ¢m =

P dao ddng nguge pha voi O = OP = [k + %] A.
Xét trén AH: OH < OP < 0OA
= ?,2~:[Ir+ 2]2 <9,
—> khong co gia trj ndo cta k thoa man.
Xeét trén HE: OH < OP =08
< T7,2 -:(k +%J2 <12

=3 k235,
= ¢0 2 gia tri cia k& thoa man. a
»Nhin xéi. Chic mimg cac ban di ¢6 101 gia1 dung
dé ra ki nay: Thira Thién Hué: Cao Thi Linh, 12
Toén 1, Ngé Nguyén Quynh Mo, 12 Toan 2, THPT
Quéc hoc Hué; Nam Binh: Lé Phwong Thanh, 1172,
THPT chuyén Lé Hong Phong.

PINH THI THAI QUYNH
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TiRG POT XURNG TRONG CAY TRUC |
CUA THO PUORNG LUAT

VU HOANG LAM (Hdi Phong)
\\ Sweu tam va bién soan

Gén day nhiéu ban mudn lam tho theo thé tho Puong Luat, va mudn tim hiéu ciu troc cua thé tho do. Téi xin
tom tat cdu trac do nhu sau qua thé tho Thar ngdn nr tuyér, tr do ta s& chuyén sang cac the tho Pudmg luat
khéc. Bai din chimg:

NGUYEN TIEU

Kim da nguyén tiéu nguyét chinh vién

Xudn giang xudn thiy tiép xudn thién

¥én ba giang thuomg dam qudn suw

Da bén gui lai nguvét man thuyén.

HO CHI MINH
Nguyén tic 1. N6i vé chit thir bay trong cdu, goi 5‘1 Vin. Chir thir bay ctia cdc cdu 1, 2, 4 cing mot am vin
(vién, thlen, thuyén). Cac nguyen tic sau chi néi vé 6 chit con la,l Cua tirng cau.
Nguyén tic 2. Am biing, triic & 6 chir con lai goi 14 ludt: Nhéi tam ngii bat lugn, nhi tir luc phdan minh,
Nghia la:
- khéng xét dén chir thir nhat, thit ba, thir nam;
- ¢dc chir thir hai, thir tw, thir sdu phai ding qui dinh iﬁu&ﬂ
Nguyén tic 3. Nguyén tic doi zurng cde chir trofg mot cau: Chir thir hai va chit thir sdu déi ximg qua chii
thi tw. Néu chit thir fir 1a 4m grde thi chir thir hai ‘L{ﬁ chit thir sdu thude am biing va nguorc lai.
1 2 3 4 3 6 7

B S 00 N e

hodc: :
™ 2 3 4 3 6 T

| T B e el -

Nguyén tic 4. Nguyén tic doi ximg gilta cic cdu trong mét bai goi la niém. Hay hinh dung giira cdu 2 va cu

3 ¢6 mot truc ddi ximg thi

- Céu 1 va cdu 4 déi ximg nhau qua trye d6;

- Ciu 2 va ciu 3 ddi ximg nhau ciing qua truc do.

1 2 3 4 3 6 %
Ciu 1 Kim da nguyen ticu nguyét chinh vién
Céu 2
Céau 3
4 Céu 4 Da béan qui lai nguyét mén thuyen
| ik 3 4 5 [¥] 7
Céu 1
Céu 2 Xuén giang Xuin thuy tiep xuén thién
Cau 3 Yén ba giang thugng dam quén S
Cau 4

llll.
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Chung ta thiy trong déi séng, nhan dén ta rit thich tinh ddi ximg, va tinh doi ximg d6 duge bay to trong niém
va ludt ctia thé tho duong ludt.
« D6i vai thé That ngon bat cu (tam cdu bay chir), ta hinh dung cO mot tryc déi xirng gma cdu thir tir va thar
niam {cau 1 va cdu 8 doi ximg qua truc cung nhu ¢ip cau 2-3 ddi xtmg véi cip cau 7-6). D6 véi tho ngil ngdn
ta chi cin bo di hai chir diu cua ciu thit ngon hofic tir bai tho ngii ngdn, ta thém hai chir vao mdi cdu theo
ding mem va ludt ta dugce bai tho thit ngén. Trong thé tho Dudng luit, ngoai Van, Ludt va Niém con qui
dinh vé EI{}I & ciu 3 va 4, ciu 5 va 6, va ndi dung PHA THUA THUC LUAN KET cua toan bai. Bai nay chi
xin noi vé Van, Luat va Niém. Mai cde ban doc Giai thogai “Thira va Thiéu” minh hoa cho y 5.
Criai thoai TH |_ AV .-"h. T ””l_ &

Ong Nghe di giita dutmg, chi muc ddng khong biét ong 14 ai nén
khong tranh.
Ong Nghé: Sao thdy ta, nha ngwoi khong trinh?
Muc ddng: Chéu chura biét cu 1a ai nén chua tranh a.
Ong Nghe: Ta la ong Nghe.
Mue dong: Thé 'f.'lng Nghe co biét 1am tho khéng a?
Ong Nghé: Tho ta hang bo...
Muc ddng: Cy cho chau nghe mdt bai tho di.
Khong do dur, f}ng Nghe doc:

Thanh minh thoi tiét vii phén phan.

Thirgng 1 hanh nhan duc doan hon.

Té vn tiru gia ha xir thi

Muc d"{ing dao chi hanh hoa than.
Poc xong dng Nghe hoi: Nha nguo thay thé nao?
Muc ddng cudi: Thura cy, mdi cau déu thira hai chit g
Céu thir nhét: Troi mua phin nhe nhe, d6 12 thanhaninh roi.
Cau thir hai cin gi hai chit thugng 16 “ ngudi di-bién dirt rudt.”
Cau thir ba “ Quan ruou & chén nao?”, cin g 4 van.
Con céu thir tw, ai tra 1o ching duoc!
Thura cy, chiu noi thé c6 phai khong. a2
Ong Ngh 16 vé kho chiu: Duge ta doc bai thit hai cho nha nguoi nghe.
Bach nhdt mac nhan qua

Thanh xudn bat tai lai
Song tién cdn kho hoc
Ma thiegmg ky nhén hoi.
Muc dfing lai cudn i .
Ong Nghé: Sao nha nguoi lai cuoi?
Muc déng: Bai nﬁy thira cu mdi cu lai thiéu hai chita .
Ong Nghé: Thiéu la thiéu nhu thé nao chir?
Muc dong: Thua cu, loi khu}ren ndy, nguoi nao ndi va ai la ngudi nghe déu khong rd. Chau xin phép cu

thém nhur thé nay: Khuyvén quan  bach nhdt mac nhan qud.
Thitomg thiép thanh xudn bdt tdi lai
Tue co song tién cdn kho hoe
Céam bao md thiegng ky nhédn hoi.

Thua cu day la loi ngudi vo khuyén chéng: Khuyén ching du‘ng dé ngay xanh trdi nhat nh&o, hiy thuong
dén th1ep vi ngay xuin khong trér lai. Tir xua, bén song cira cén khé hoc (bai) d3 méy ai co 4o bio cudi nga
trér vé. Muc df‘mg noi tjep. Cuy lam tho nhar thé ma do nghé, chau ma di thi, chau dd vua.

Sir dung tir that qua la diéu qua cdng phul

TOAN HOC
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HUONG DAN GIAI DE SO 1...

( Tiep theo trang 19)

a + |2-'E Il),

Tir ddy va gia thiét ta tinh duoc |zl = zzl= 1.

F ol
|I| +22| -I-‘Z-'l —zzl =2(21
Ciu 40. D& thiy V 1a thé tich ctia khdi nén cé ban

kinh day la AC=a va chiéu cao 1a &
AB =2a. Do db r\

‘\
3

V:-l—nal.}la: S . l
G 3 |

J"'1a thé tich cia hinh tru ¢6 ban kinh
day la AK va chiéu cao la AH nén wl 5 _\_\_
,4"

V'=mndK* AH. Taco it
BM BH HM
BC BA AC

T ddy suy ra BH =2ta, HM =ta = AH =2(1-1)a.

Do 46 V' = n(ta)* 2(1 - a = 2n(l - )t*a’

Ap dung bt diing thirc Cauchy ta dugc

' = 3
Ezgﬂ_z}ﬁ =§.[_2_2r}n<_:§[MJ *
V 2 2 3 )

st By

Pang thirc xay rakhi vichikhi 2-2r=t &t = %

Ciu 41. Liy hai diém thujc & 1a A4(-3,1,-1) va
B(—1,2,-4). Hinh chiéu vudng goc ciia A va B trén
mit phing (vOz) lan hrot 13 A'(0,1,-1) va B'(0, 2:54).
Tacé A'B'=(0,1,-3).

Ciiu 42.

n T -
E max {sin x, cos x}elx = L‘fmsmfx - L‘E sin xefx
4

T
1 o
s = g | il
= (gin ¥ +(—cosx = oE =42,
( }|3 : =7 J2
4

Ciéu 43. Rorang Vg, 10m nhét khi va chi khi S,
16n nhét. Ma
2

So4r = %Uﬂ.ﬂﬁ.sin A0B < %QAIJB = %

Ding thirc xdy ra <> sin AOB = 1< AOB = 90°.

33
Litc ndy max Vo =%SEISM . %S(}.OA,OB N3,

Cdu 44. Tam gidc OAB vudng tai O nén tip hop tit ca
céc diém cach déu ba diém O, 4, B 1a dudmg thing di
qua trung diém [ cua AB va vuong goc voi mpl(OAB).
Pudng thing nay nhén k =(0,0, 1) lam VTCP.

Cau 45. Goi x 1a 56 cu trd 16i ding thi 10 - x 1a sb
cau tra o1 sal. D¢ s0 diem khoéng nho hon 7 thi

x—%{lﬂ—x}&?{z}xéﬁ.

Nghia la thi sinh d6 phii lam ding khéng dudi 8
cdu. Xdc suat dé diéu nay xay ra la:

] 7. 9 9
V(g P 1 109
o Al R AT [— —+U1“(—] - ;
014) |4 el 7 R M 0 el

ta dua

Ciu 46. Sir dung cong thirc 8¢ = ¢'°&:7
PT da cho vé dang twong duong nhur sau
xlﬂg“{:ix} _'_I]ng“[dx} 24{:’*‘_11.15{411 oy

<> logg(4x).log, x =1<>(logg 4+ logg x)log, x =1
r

= —§~+—;Iﬂg2 leﬂgz_r:l r::-(logzx}2+ilug2 x=-3=0

- 1
log, x=-3 x=- Lo
= B2 = 8 - Viy tip nghiém la {-,2}.
| logy x=1 ot 8

Céu 47. Xét hinh ling try tam gidc ABC.A’B’C".
Goi D, E.F lin luot 14 trung diém cia che canh ddy
BC, CAWNE. Cic trung diém D°, E°, F© duge xdc
dinhndt cach twong ty. M, N, P lan luot 13 trung
diémy ciia cac canh bén AA°, BE', CC". Dé thﬁy cac
mit phing (EE'F’F), (FF’D'D), (DD’E'E) va
(MNP) cach déu tit ca cac dinh ctia ling try.

Ciu 48. Tacod f{x)=€"¢ . T do f{) =ee® =&,
Ciu 49. Pudng thing x+ y=2m la tiép tuyén clia

duomg cong y = —x° +2x+4 khi va chi khi hé PT
sau c6 nghiém
X +2x+d=—x+ Emﬁ{—f +3x+4=2m
Ix?+2=-1 x? =1
Yol x=1'1h m=3 %n ¥==11hi m=1].
Ciéu 50. Nhan thiy c‘liém M nim bén trong khéi ciu
(5) va tdm cua (S) 1a goc toa 46 O. Goi(a)la mot
mit phﬁng di qua M va H 14 hinh chiéu vudng goc
cua O trén(a). Pé (u)cat (S) theo mot dudng tron
c6 ban kinh nho nhét thi OH phai lém nhat. Ma
OH < OM, dang thiac xay ra khi va chi kh1 A trung
v&i M. Nhur vy mit phing thoa min yéu ciu dé bai
di qua M va nhin OM = (1,—-1,2) lam VTPT, do d6

c6 PT 1a
(x—D—-(y+1])+2z-2)=0Lx-y+2z-6=0.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, DHOGHN)
i T?F‘lN HOQC
491 (5-2018 i T 5 5
! CTuAile .



PHU(JNG PHAP

GIRIT TOAR

Téap hop gdm mn sb thye xép thanh m hang va n
cot duge goi 1a mét ma trén c& mxn. Phén tir cta
ma trin ¢& mxn nim & hang i va cdt j ki hiéu 1a
a;. Khi d6 ma trin duge ki hiéu 1a (a;),,,. Ma
trdn ¢& nxn con goi la ma trin vuéng cap n. Gia sir
X9 X250 X s ¥ =000, 025000 V)
trong &6 mdi phin tir cia X c¢o quan hé co thé
lugng hoa duge vai cic phan tir trong ¥, Véi mbi i,
J(lsism, 1<j<n) taki higu a;la mot s6 dac

co hai tdp hop X =

trung cho mdi quan hé gira x, va y;. Khi do ta

duoge ma trdn 4 = (a ) c¢@ mxn goila ma trén lién

két trong mdi quan hé giita cdc phén tir trong X va :

trong ¥. Bing cich xem xét mdi lién hé cua gdc
phén tir trong ma trin A4 ta ¢ thé di dén 1o mﬁi‘ma
bai todn to hop.

[. Dua vio moi quan hé cia cic sid h.%:ﬂ}., trong ma
tran dé gidi todn

Bai todn 1 (/MO 2016). Tim cde so twe nhién n sao
cho trong moi 6 viiong cua bang mxn 6 vuong co
thé viér diing mot chit cdi trong s ba chiv cai ILM,0O
thoa miin {?'fjﬁg thei hai diéu kién sau.

I

1) Trén moi hang, maoi cot co dung — o viét chir [,

L

g il ;
— & viét chir M va — & viét chiv O
3 3
2) Trén moi dicomg chéo ma co 56 6 chia hét cho 3
o - |
a viet chir [, —

. v R -
cung co dung o viet chir M va )

Lad

6 viét chit O,
Chii y: N
hang i va cot j. Khi do co 4n =2 dieong chéo chia
thanh hai loai: logi | gom cde 6 (i; j) ¢6 i+j khéng

dii va logi hai gém cac o (i, J) o j—i khdng doi.

3 6 T?gl;'l Hcég S48 491 (5-2018)

‘éu ki hiéu (i; j) la é vudng cua bang nam o

SU’ DURG A TRAR LIER KET
TRONG GIAT CAC BAT TOAR

TO KHOP

LE KIM CHUNG

(GV THPT chuyén Lé Quy Don, Ba Rja - Viing Tau)

Léi gigi. Tir gia thiét cia bai todn ta suy ra duoc 1
chia hét cho 3. Ta s& chimg minh » chia hét cho 9.

= Ok Xépk®bang sau thanh bang nxn
théa man diéu kién bai todn

-Néun

I M 0 I M 0 I M O
I M O I M 0 I M O
AR T el
MG T Saich i 3 ke
MO M 0 I M 0 I
MMD I M 0 1 M O I
N I M 0 I MO I M
S e I T A R
@ L M 0. I 8 0 .1 ¥

+ Gia sit ¢6 mét cach viét thoa man diéu kién cua bai

todn. Véi mdi 1<, j<n, dit a

r_'.r':] néu & (i )

viét chir 1, a =-1 néu 6 i) viét chir M va

a; = 0 néud (i; 7 viét chir O. Khi d6 ta cé ma trin
¢ nxn cod tong cic phin tir trén mdi hang, mdi cot
déu bﬁng 0. Do n=23m nén viét ma trin 4 dudi
dang

A Ay A
A =| 4, 1 AE?. AEE
A:i 1 "431 Al]

trong d6 4,1 <4, <3 la cdc ma trin vudng cip m.

Tir tinh chit cia ma trin 4 ta dé dang chirng minh
duge ma trgn 4,, co tOng cac phan tr bang 0, hay
s6 chir [ va chit M trong ma trin A4,, bing nhau.
Lap lun twong ty (dat a; =1 néu 6 (i; /) viét chir
1, a; =-1 néu 6 (i; ) viét chir O va a; =0 néu 6

(4 7) viét chit M) ta chimg minh dugce sé chir I, M,

https://tieulun.hopto.org



( trong bang Ung vdéi ma trdn A4, bﬁng nhau. Piéu
d6 chimg to m chia hét cho 3. Viy n chia hét cho 9.

Bai todn 2 (Chon doi tuvén PTNK - DHOG TP.HCM).
Trong mgt hé thong mdy tinh, moi mdy dwge két noi
Vi it mhét 30% s6 mey khde ctia hé H'Jrjng. He .’f}.rjn.q
nay co mot chicomg trinh ngdn chan va canh bdao khe
tot, do do khi mot mey tinh b virus, no chi du thoi
gian ldy lan cho cdec may tinh khac co kér noi e
] tinh do. ké tan

fiep vai may Chirng minh du vay,

cong luén co thé chon ra hai may tinh trong hé
thong ma new tha virus vao hai may tinh do thi co it
nhat 50% may tinh cua hé thong bi nhiém virus.

Lai gigi, Khong mit tinh tong qudt ta gid st hé
thong ¢6 100 mdy tinh. V&i mbi 1<i, j <100, dat
a; =1 néu i= j va may tinh i co két ndi trye tiép
voi miy tinh j, a; =0 trong cac trudmg hop con
lai. Bat A =(a;). Ta cd A la ma trdn vudng cap 100

ma moi hang, moi cot cua no it nhat 30 sé 1 va
ay =ay, V1<i, j <100.

Goi m 1a hang nhidu s6 1 nhit cta 4 va s6 s6 1 coa
hang m la k.

« Néu k =50 thi két ludn cna bai todn la hién nhién.
« Néu 30 < k < 50 thi bing cach danh sb lai cac may
tinh ta cf:r thé coi may tinh m la mé.},f tinh thir k+1, @
cé két ndi vai cac may tinh tir 1 dén k. Khi dé ma
trin 4 co dang

trong &6 B, C, D, E 1a cic ma trdn cd cd lan luot 1a
kxk, kx(99-k), (99-k)»x(99-k), (99-k)x k.
~ Néu trong ma trin D c6 mét cit j co khéng it hon
50—k 6 1 thi tha virus vao céc may f va k+1.

— Néu tit ca cac cot trong D déu c6 s6 s 1 it hon
50—k, khi d6 56 s0 1 trong C lon hom
(99 — k)(k — 20) va nhr viy phai co it nhét mat hang
fcha 0 ebomsd oal o 1

khéng it hon

[(99 ~ k)(k = 20)
k

(99— k)(k - 20)
k

tha hai con virus vao may k+1 vi i ta sé duge két
luéin ctia bai toan.

]+1. Dé dang chimg minh duoce

+1250-4k.¥30<k <50. Khi do

Bai toan 3 (chon doi tuyen Ba Ria-Viing Tau). Cho

n la 5o nguyvén dwong. Tim 30 cac hoan vi | cua tdp

(1:2:3;....;n} sa0 cha T Z f(iy=i| lon

hop
nhat.
Léi gidgi. Véimdi 1<i,j<n,dat a; =|f()~i véi
F(i)y=j. Xét ma trin

g 1 Z AN e a]
1 0 1 n-3 n-
2 1 0 n—-4 p-
" =3 m-d g—d N 1
"Ln l n-2 n-3 .. 1 0

Bay Eﬁan tré thanh: Tim sb cach chon n phan tir ciia

ﬂila trin 4 sao cho trén mdi hang, moi ot cia 4 co

dung mét sd duge chon va tong cic sé duge chon
lém nhét.
TH1: n 14 s6 chin. Dats =2m . Viét ma tran 4 dudi

demgzi:[g CJ trong do
D E
0 1 m—1 m m+l .. n-1)
T 1 0 H— P m—-1 m . n-2
lkmml m=2 .. 0 1 2 . om
m m-1 .. 1 0 1 m-1)
e m+l m 2 . E- 0 . m—2
n=1l n-2 .. m m—=1 m-2 . O |

Nhgn xét: Chon tuy y m ph;in tr cua C (ho@ic D) sao

cho trén mdi hang, mdi cdt clia C (hodc D) co ding

mot phﬁn tir thi hf":rng cua cac phén tor dugc chon

khong dbi va bang m’ . Trén cdc cot ciia A, chon lin

luot céc so byibyi..;b, thy ¥ sao cho trén moi hang
"

clia A c6 diing mot phan tir. Ta chimg minh ij
j=]

TOAN HOC
C CTMikE S/
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l6n nhat khi T B
b .:b

m41r~pi+2 Fees

b, duge chon trén D va
;b duge chon trén C. Thét vy, gia su
6 b; = j;—i .0k, jy<m dugc chon trong B.
Khi d6 ¢6 mft cft j, =m ma 36 duge chon trén do

nam trong E hay b, = j, i |\m<iy, j <n.

Khi d6 tong cua céc s6 dwge chon 12
T'=2m" —(j, —i)— (= jp)*+ | h =il +| -

m
D& dang kiém tra duge T'<2m®. Viy Y b; lén

nhit khi B;by;..:b,dugec chon trén D va
Bya1iBpy2s--i b, duge chon trén C hay T lon nhat

khi va chi khi f(1), f(2),...., f(m) 12 hoén vi cua
m+1lm+2,.,nt va f(m+1),f(m+2),..f(n)

. N |

la hoén vi ctia {1,2,..,m}. Viy co [%g hodn vi

thoa min bai toan
TH2: » lé. Dat n=2m+1. Lap luan tuong twr nhu
truong hop 1 ta c6 T 16n nhat khi va chi khi
f(D, f(2),...., f(m) 1a hodn vi clia {m+2,m+3,....n|
va f(m+1), f(m+2),....,f(n) cua
i,2,...,m+1} hoic f(1),f(2),...f(m+]) la hoan vj
cia fm+Lm+2,..0 va f(m+2), f(m+3),.., f(nrla
m}. S6 hoan vi thoa minmot
trong hai diéu kién trén la 2 (m+1)!m! 6. hoan vi
co f(m)=m 1a (m)>.

bai toin 14

la hoan vi

hoan vj cua {1;2;...;

Viy s0 hodthyi thoa man

2

2[::?:4.~1].f.=*;va—!—-[:rn!]|2 =(m)’(2m+1) = HHEJ!T .

Bai todan 4 (/MO 2005). Trone

= S)va 6 bai toan dwoc dat ra.

Ml CUck thi toan oo

n thi sinhi{ne M, n

Biet rangz, vai moi hai bai todn thi co nhicu hon —

3
tong so thi sinh cung giai dwoe va khang co thi sirth
nao gidi dge ca 6 bai toan. Chitng minh rang co il

iwhdt hai thi sinh sao cho mai ngudi giai dwpe ding
5 hai toan.

Léi gidi. Voimdi 1<i<6,1< j<n, dit a; =1 néu
ngudi j giai duge bai i va ay =0néu ngudi j khong
giai duoc bai i, Khi dé ta c6 ma trin A =(ay) 0
6xn ma trén mdi cdt ciia nd co nhidu nhét 5 s6 1,
hai hang bit ki c6 nhiéu hon %n ¢ot chung (cot

38
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chung la c6t ma cac phin tir ciia hai héng trén mm
cot d6 déu 1a so 1). Ta chimg minh bai toan bing
phan chimg bing cach ﬁém s6 cép s6 1 trén céc oft
cua 4. Goi T' la s6 cip s6 1 nhu viy. Gia sir chi co
nhiéu nhéit mét thi sinh giai dwoc 5 bai toan, con lai
giai duge khong qud 4 bai. Khi d6 4 co nhiéu nhﬁt 1
cdt co nam so 1 va céc et con lai co nhiéu nhit bén

s6 1. Viy TE(H—I)Q +C5=ﬁn+4. (1)
Gia sit n=5p+k,k=0,1,2,3,4. Do mdi hai hang

cta 4 ¢é nhicu hon %n céip s6 1 chung nén:

— Véi k=0 thi véi mdi hai bai cé khong it hon
2p +1 thi sinh cing giai dwoc hay T z15(2Zp +1).
Piéu nay mau thuan véi (1).
— Bang céch lam twong tu ta cling ¢é két qua tuong
ircho E=134 k=154
~Voik=2 Khidotaco 30p+15<T <30p+16.
Néu T <6n+4 thico it nhit mot cot cia 4 co 3 50
1. Khido
T<(n-2)Cht C2 +CF =6n+1=30p+13<30p+15.
Vo li. VayF =30p +16. Khido co 2 baicod 2p+2
thi.sink cling giai dugc, con véi moi hai bai con lai
ch 2p +1 thi sinh cliing giai dwoc. Nhur vy, cé dung
mot ngudi giai dwge 5 bai van—1nguoi gial duge
dang 4 bai. Khong mat tinh tong quat ta coi hai bai
¢ cing 2p+2 thi sinh giai dugc la bai 1 va 2 va
thi sinh giai dwgre 5 bai 1a thi sinh n. Goi B la ma
trin c6 duge tir 4 khi bo di cot n. Ta cd mdi cdt cua
B co dung 4 sb 1. Ta s@ tinh s6 s6 1 trén mdi hang
cua B.
TH1: Thi sinh » lam dwoc ca hai bai 1 va 2. Gia sur
thi sinh n khong lam dugce bai 6. So cip s0 1 chung
ciia méi hai hang (1:2),(1:6),(2;6), (3:6):(4:6):(5:6)
la 2p+1, sb cap s6 1 chung ctia mdi hai hang con
lai bing 2p. Do mdi sb 1 cua hang 1 trong B thi c6
3 clp s6 1 nam & 3 trong so 5 cip hang: (1;2), (1:3),
(1:4), (1;5), (1:6) nén sb s6 1 cua hang 1 bang
10p+2
3

4.5, 6 lan leot 1a

10p+2 10p+1 10p+1 10p+1 10p+5

] e 30 B0 Bno DB B
Tir két qua trén suy ra cdc s010p+1;,10p+2;10p+5
cung chia hét cho 3. Vé li.
TH2: Thi sinh n khong lam duge mdt trong hai bai 1
hodc 2. Gia sur thi sinh n khéng lam duge bai 1.

- Tuong tu ta co s6 s 1 cua cac hang 2, 3,

https://tieulun.hopto.org



Tuong tir trirong hop 1 ta tinh duge s6 s6 1 trong

m&i hing ciia ma tran B lan luot la:

10p+6 10p+2 10p+1 10p+1 10p+1 10p+1
Tl 3 i 3 I o

Suy ra cdc s0 10p+1;10p+2;10p+6 cung chia

hét cho 3. Vo Ii.

L L

1. Sir dung ma trin dé giai bai todn bing quy nap
Bai todn 5. (Harvard-MIT Mathematics Tournament
2017). Trong mot phong co 2017 con éch va 2017
Con lrjm 1.:’.5;.- con éch .-"u ban cua dung hai con coc.
Gei N la so cach ghép cap mru can éch véi mot con
coc la ban cua no sao [.l'm moi con coc dwge gheép
vai khing qua mot con éch. Goi [ la tgp hop cac
.,“, tri co thé cua N.Tim so phan tir cua D va long

na 1,

Lai giai. Ta giai bai toan cho trwdng hop tong quat
vali # con éch va n con coc (n =1). V& mbi
1<i,j<mn, dat ay =1 néu con éch i va con coc j la

1t ca cedc rﬁhu- i

ban va a; = 0trong trromg hop con lai. Khi do ta co

ma tran 4 = (@) vudng cﬁp n ma trén moi ot cia nd
¢6 ding hai s6 1. Mot cach ghép cip thoa min diéu
kién bai toan la mét cach chonra » s6 1 trong 4 sao
cho mdi hang, mdi cot cua 4 co dimg mdt s6 1. Nhur
vay néu ma trin A c6 mjt hang toan s Othi N=0.
Ticp theo ta chi xét trrong hgp A 1a ma trin ma méi
hing cia no ¢ it nhit mot s6 1.

Vi méi n>1, diat D la tip hop cac gia trj cﬂ ﬂIE

cua N. Ta s€ clng minh :
I = {lﬁl; el %,k € E} (1) .b;ﬁig’.qu}r nap.

R rang (1) ding véi n=2

Gia s (1) ding véi moi k <n. Ta chimg minh (1)
diang voi k = n.

Xét ma trin 4 vudng cip » thoa min difu kién bai
to4n ma mdi hang cua nd ¢d it nhat mot s6 1. Goi
S, la s6 céch chon ra 1 s6 | trong ma trdn A sao cho
mdi hang, mdi ¢t cua 4 ¢é ding mot s6 1. Khong
mét tinh tong quat ta coi hang n cua A co it 5o 1
nhét, khi d6 hang » hodic c6 mét s 1 hofic c6 2 86 1.
THI1: Hang » c¢6 mjt s0 1 nim & ot j. Chonsd 1 &
hang 7 14 a,; (¢6 1 cich chon) rdi bé hang n, ¢jt j ra
khoi ma trin A ta s& duge ma trdn B cép n—1 thoa
man diéu kién bai toan véi n—1 con éch va n-1
concoec. Viviy S, =8, _

TH2: Hang » ¢6 hai s6 1. Khi d6 mdi hang cia 4 ¢6
dting hai s6 1. Gid str hai s6 1 ¢ hing n la a,; va

it inh

d,;, va hai s6 1 ciia ¢bt j, ndm & hang i va n. Chon

sH 1 & hang » ¢6 hai cach chon. Mbi cach chon &
hang n chang han @6 1a a,. . Bang cach bo di hang »

va cot j; khdi ma trin A ta dugc ma trén A cap
n—1 co 2n—3 s6 1 ma modi cft cia nd co ding 2
s0 1, hang i ¢c6 m6t so 1, cac hang con lai ¢6 hai 5o
1. Lap lai cich lam nhir & truong hop 1 ta dugce s0
cich chon n—1 s6 1 con lai 1& §,,. Vay
§,=28, ,. Véay (1) dimg vé6i moi n>1. Vai
n=2017tacoé D=Dyyy={0:2;4;...;2"}.

Bai toan 6 (VMO 2015). Cam hoc sinh nir va n hoc

sinh nam (m,n = 2) tham gia mot lién hoan song ca.

Tai lién hoan song ca, moi budi dién la mor chrong
trinh van H_f_:f';'_é.
mot mot sa bai hdat song ca nam
moi doi nam nit chi hat voi nhau thong qua .f.l.lrJ.' hai
var moi hoc sinh déu dwoc hat it nhdt ot hai. Hai
chuong trinh dieoe coi la khac nhau néu ¢é mot cap
nam — nir hat voi nhaw o chuong winh nav nhng
khing hat hj-f nhaw o :J'i'mm;_{ trinh kia. Lién hoan
SONE ¢ r&tﬁfﬁ’: thiic khi tdt cd cac chuong trinh khac
nhau &8 H}(* co dew deore biéu dien, moi elhweong trinh
el bicu dién diing mgt lan.

AapMor Lfn'mr.'“ frinfh fn'n'n'Uc goi la 1é thude vao hoc
X néu nhur hey bai song ca ma X
tham gia thi co i nhat mot hoc sinh khdc khong
dwge hdt bai nao trong chuong trinh do. Chitng
minh rang trong lal ca cac :f'Hn'rH" trinh lé thuic
vao X thi s6 chwong 1r inh co xa le bai hai h.;.uh S
chieong trinh ¢d 50 ¢ han bai hdt.

b) Chimg minh rang ban t6 chire ."rc n hoan co the
sdp xép cdc buoi bien dién sao cho sé cde bai hdt iai

Mai chirong trinh van nghe bao gom
nir ma trong do

-u’f ca cde

hai budi biéu dién lién tiép bat kv
chén lé.

hong cung tinh

Léi gidgi. V&i mdi hai sb nguyén i, j, 1< i < m,
1= j<n, dit a; =1 néu ban nir i song ca vii ban
nam j va a; =0trong truomg hep con lai. Khi do
moi chuong trinh vﬁn nghé tuong ong vdi m-li;it ma
trin cd mxn ma moi hang va cgt cua no déu co it
nhit mot sé 1. Hai chuong trinh khac nhau néu hai
ma trin khéc nhau. S tiét myc song ca cia modi
chuong trinh chinh bang s6 s6 1 ¢o trong ma trin
tromg Umg.

a) Goi S 1a tdp hop cac chuong trinh phu thuge vio
ngudi X, Khong mit tinh tdng quat ta coi nguwéi X 14
ngudi nam 1. Goi £ 13 tip hgp cac ma trin tuong
mg v&i moi chwong trinh trong S va F 1a tip hop
cdc ma trin ¢ mx(n—1)cod cdc phin tir bing 0

hodc 1 sao cho trén méi cdt co it nhat mét s6 1 va co

TOAN HOC
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it nhit mot hang toan s6 0. Khi d6, néu ta bo cft 1
cua ma trin A trong E ta s& duge mdt ma tran thude
F va bing cach thém vao mdi ma trén trong F mdt
¢t 1am cdt 1 sao cho mdi hang cia ma trin mdi co it
nhét mét s 1 ta duge mdt ma trin thue E. Lé}' ma
trén B trong F ¢6 k hang toan s 0. Hién nhién ta c6
k < m. Goiala sb s6 1 co trong B. Khi dé mdi cach
thém vao B mot ¢dt 1am cdt 1 sao cho ¢t do co it
nhit k s8 1 va c6 ding k s6 1 & k hang toan s6 0 cua
B ta s& duoe mit ma trin thude E. Bing cach lam
nhu vy ta c6 thé taora C._, ma trin cé a+ksd 1,

e _; ma trdn ¢6 at+k+1 0

L]

C"’ ¢ ma trin co
a+m—ksd1.Do
S s SR | el peol
nén trong s0 cdc ma trén tao ra tir ma trin B nhur trén
¢6 80 ma tran co chin s6 1 bing vi s6 ma trin co 1é
s6 1. Tir dé suy ra két ludn cia bai toan.
b) Ta chia tip hgp cac chuong trinh thoa min didu
kién bai toan thanh hai loai 1a §, nhimg chuong
trinh phy thudc vao hoc sinh nam 1 va S, la nhimg
churong trinh khéng phu thudc vao hoc sinh nam 1.
+ Theo a) ta co trong S, so chuong trinh cd s6 tét
muyc song ca chin bing sé chwong trinh c6 sb tiét
muc song ca lé.
+ Ta s& chimg minh s6 chwong trinh co sO tiét muje
song ca chin va s0 chwong trinh c6 tiét muc songta
l& trong S, hon kém nhau 1, bing quy nap thed ».
Ro rang khing dinh d6 ding véi nz2w Gia su
khang dinh do6 ding védi »—1. Khéngunit tinh tong
quét ta coi » 1a so chin. Goi D, 1 tap hop tat ca
cdc churong trinh thdéa min bai toan voi m nir va n
nam. M, . 14 tip hop cdc ma trin twong (ng voi
moi chwong trinh trong D,,..,
Nhén xér: Néu 1y B 1a ma tran trong M, ;, va
thém vao B mét cot c6 it nhit mdt s6 1 va con lai
bang 0 ta dugc ma trdn thude M, ung voi mot
chuong trinh trong §,. Liy mot ma trin B ty v
trong M, -1 - Bing cach lam tuong ty nhu a) ta
co: 3 | ; Yk
- Neu B ¢6 chin so 1, thi s6 chuong trinh co s0 tict
muc song ca chin nhiéu hon chwong trinh ¢6 so tict
muc song ca l¢ | chucmg trinh.
_Néu B ¢6 1é s6 1 thi s0 chuong trinh co so ur:t muyc

song ca 1¢ nhiéu hon s chuong trinh ¢6 so tiét myc
song ca chin | chuong trinh. Mat khic trong

M (nyy 50 ma tréin co chiln s6 1 hon kém s6 ma
trin co 1¢ s 1 dang 1 ma trin. Vay so chuong trinh

TOAN HOC
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c6 s6 tiét muc song ca chin va sb chuong trinh c6 so
tiét myc song ca 1é trong S, hon kém nhau 1.
Bai toan 7 (VMO 2018). V6i mdi s6 nauvén diromg
n vad, goi S, (d)la tdp hop tat ca cde bg 56 co thi
fw (xy,%5,....X;) thoa mdn H"r.:*ff_;_f' thoi edc diéu kién
N

iy %, 62 a1 S
i) x = x,VISi<d-1.
iii) Khong ton tai cde 6 1€i<j<k<lsd sac
cho x; =x; va x; =X;.
a) Tin 80 If?frf.in frir cua 5.(3)
khi va chi khi d <2n—|

Loi gidgi. V6imdi 1<i<d,1<j<n dit a; =1 ncu

I.'P:I |'_' '-Jr_-‘l';".l'i'l';f ”-rl'-'.l'lilf -';'ZIII___II |'.|'I 'I =y .{-_,..:

x;=j va ay; =0 trong nhitng truong hop con lai.
Khi d6 mdi phéan tir cia S, (d) 14 ma trin 4 = (a;)
cir d x n thoa man: ;

— Trén mdi cdt cia 4 co khéng qua ba so 1 va
khéng ¢6 haiso 1 nim trén hai hang canh nhau, moi
hang cla s o ding mot s6 1.

~ Khong ton tai 1<i<m<k<p<d sao cho

apsty, =1 va g,y =a, =LVI< jlsn

if
Ta ddng nhit mdi phén tir ciia S, (d) véi mot phan
nr cua tdp hgp M, cac ma trdn 4 nhu trén. Liy
A tuy ythuge M, ,. Taco

THI1: 4 c6 mdt cot gom ba 6 1. Bang cach bo di hai
hang co s6 1 ndm trén cot ¢6 ba 0 1 ta duge mdt ma
trén thudc M ; 7., -

TH 2: A ¢6 mdt cot ¢6 hai sé 1. Bing céch bo di cot
do va hai hang c6 86 1 trén ¢t do ta duge mot ma
trdn cua M, sy n-1)-

a) D& dém duge S;(5) co 12 phan tir (14 cdc hodn v

gilra cac cOt cua hai ma trin

1 ¢ 0) 1 0 0)
R | o
1 0 0 vi 00 1]
00 1 01 0
L1 00 1 0 0)

b) D& dang kiém tra duoc S, (d) =, Vd <2n—1va
néu S (d)=@ thi §,(k)=3,Vk >d . Viviy ta chi
cin chimg minh S, (2n) = &. (1)
Ro rang (1) ding véi n=1, n=2. Gia sir (1) dung

véi n>1 ta s& chimg minh (1) dang véi n+1. Gia

https://tieulun.hopto.org



st S,,,(2n+2)=@. Khi d6 tén tai ma trin

Ae M(Era+2}><[n+]]'

- Néu A c6 mot ¢t ¢o hai s6 1thi bo ct v hai hang
c6 s6 1 trén ¢ot do ta duge ma tran thuge M, ,
suyra S, (2n)= . Vo li.

— Néu A co mot cot toan 50 khong thi bo di cgt toan
s0 0 ta duge mdt ma trin thude M2y 12)xn » SUY T2
S, (Cn+2)2 & V6 .

— Néu A khong co cft ndo co hai s0 1 va khong co
cdt ndo toan so 0, khi d6 cac cot cia 4 hodc co ba
s0 1 hodc mot s6 1. Gia sir 4 c6 k cot co ba 86 1.
Bing cich lam nhr trwéng hop 1 ta chimg minh
duoc: n =2k —1. Mit khac bang quy nap ta chimg

minh duoc véi k cot ma mdi cét ¢d ba so 1 thi phai

c6 nhifu hon k cot c6 mdt s6 1. Nhuo vay
2k=n+122k+1,v6 li. Viy S,(2n)=@ hay
S (d)=3,¥d >2n-1.

BAI TAP

1. (JMC 2002) Trong mdt ki thi todn ¢é 2000 thi sinh
tham gia. P& thi ¢6 6 bai toan. Biét ring moi b
toan dugce giai baoi it nhét 120 thi sinh. Chimg mnth,
¢6 it nhat hai thi sinh sao cho mdi bai toansduoc giai
béi it nhit mot trong hai thi sinh.
2. (Olympic toan Nga 1996) Cé L0, uy vién tham
gia vao 16000 ty ban. Biét ring moi uy ban co ding
80 Gy vién. Chimg minh ring ton tai hai iy ban ma
s uy vién chung cua hai uy ban do khong it hon 4.
3. Goi A4;4,;..:4; la cac tdp con cua tip hop
A={1;2;3;..;7}, thoa man |4|>3, Vi=12,..7 va
vii moi m,ne 4 thi co duy nhit i sao cho
m,n € A;. Ching minh rfmg

| A4 |=L,Vi,j=12,.,7 vhi=].
4. (Switzerland 2010) Trong mdt ngdi lang c6 it nhat
mat ngudi va mdt s6 hiép hoi. Mdi ngudi trong lang
la thanh vién ciia it nhat k hiép hoi va vdi hai hiép
hoi bt ki thi co dung mot thanh vién chung. Chimg
minh ring c6 it nhit k hiép hoi c6 sd thanh vién nhur

nhau.

5. (fran 2011) MOt truomg hoc co m sinh vién va
mit so lop hoc dé sinh vién co thé tham gia. Méi
sinh vién co thé tham gia mdt hodc mét s 1dp hoc.
Biét rfmg., moi l&p hoe co it nhét 2 sinh vién va néu
hai l6p hoc co it nhat mét sinh vién chung thi so
sinh vién ctia mdi lép 1a khdc nhau. Chimg minh
ring s6 16p hoe khéng nhiéu hon (n — 13

6. Goi 4,4,,...,4, 14 cc tip con cua {1;2;3;...;:1}

sao cho A; khong 1a tip con ctia A, voimoi i= j.

=
2

Chirng minh & < CL J :
7. (VMO 2003) V&i mdi sd nguyén duong n>2
goi s, 14 sb cdc hodn vi (ay. @, ..., a,) cla tip
hopE, ={l, 2, ..., n}, ma mdi hodan vl ¢o tinh chat
1£|a,- - :'|<_i 2 voimoi i=1, 2, ..., n. Chimg minh
rAng véi n > 6 tacd 1,755, ,< 5, < 25, .

8. (FM@ 21]].6} Ngudi ta trong hai loai ciy trén mot
miéng dat hinh chir nhat kich thuéc mxn O vudng
(mbi & mot ciy). Mot cach trfﬁng duoe goi la in
trong néu nhur:

i) Sb lugng ciy duge trong cia hai loai ciy bing
nhau.

i) S6 lrong chénh léch cia hai loai ciy trén méi
hang khong nho hon mét nira s6 6 cia hang d6 va so
lugng chénh léch cua hai loai cdy trén moi cot khing
nho hon mét nira s6 6 cia cot d6.

a) Hiy chi ra mét cach trérng cay 4n trong khi
m=n=2016.

b) Chirng minh néu cé mdt cach trong an tuong thi
ca m va n déu la boi cia 4.

9. (Ha Tinh 2017) Mot 1op chuyén todn co 35 hoe
sinh. Thiy gido chi nhiém mudn & chirc mét cude
trii nghiém gdm 4 chuyén di thoa min dong thii cdc
diéu kién sau:

a) Mdi nguoi trong 16p tham gia it nhat mét chuyén di.
b) Vi moi k € {1;2;3}, chuyén di thit k+1 phai co
it nhat mot hoe sinh tham chuyén di thir & cung tham
gia. Tim s6 cach dé thay gido thuc hién cudc trai
nghi¢m do.

S6 491 (5-2018)
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BAI SO 32

il '-!i/" Iﬁ."”’. L .': VER a i '.':_: .III.'|'l CORE ¥ vith ! fe n'l."{"-'.!_: it : ane h

fr= I_E or h =% (using Cauchy’s equality).

fte radius of the base 1. A right clrcuidr ) linder

\) |'.‘|'. { ."'."..I:': '-:'.I |'.."|' |r.l."-'.' e, “.-.i' £ | WS .".'II:' - .'|'I- ..'Il:l:' er - -
il : o & ERiin Remark. We can use derivative test to find the
enve Ml VOoIrnme ., . : 4
‘ ;:‘ A) (local) maximal point of the funtion
|I.l'l I'll| |I",I h 2
|\ V(h)=hrx I_E _
= U L.
I  ry
| . \ v vy L NG
/| | i R -
l o | o Rizhit circular cone khoi non dimg, day
LI B \ C Hy : "
— : la hinh tron
Solution. Let the height of the cyllnn{ler be h,_"fhen Richt circular eviinder-  khdi tru dimg, day 13
the radius of the base of the cylinder will be ' : hinh tron
I;I - " g 1 -\. ‘.::
r =1—— (using Thales’s theorem, see picture). Inscribe: 1 “ -
2 Volume: the tich
Hence the volume of the cylinder is - dao ham
k 2 Local maximal point: cue dai dia phuong
Vih)=hS,,. =hx 1—5 ! '

: h h
Since h+[l—— + 1—5 = 2 = const, we see
2 Translated by NGUYEN PHU HOANG LAN

that F(k) obtains its maximal value when (College of Science — Vietnam National University, Hanoi)

-

e ol 5 Y : S o i ' =ax+by+e ..z

Bai todn. TinNa&®u thirc toa do cua phep bien hinh ly'=d _ bien
v'=dv+ey+ f

tam plcWABC thanh tam giac A'B°C° voi A(1;2), B(2;2), C(l.4).

:I Ilib:: -{l}\. _I'.fll'.rf-: EI:I__ 1‘: "| | T |

Léi gigi. Ching ta nhin thiy ring co thé sir dung phép vi ty tim M, ty
s vi ti bing 2, trong do M 1a giao diém cuiia A4’ va BB’ bién tam giac

ABC thanh tam giac A’B’C’. Nlumg do M khac gbc toa d6 nén khéng
dé dé tim bicu thirc toa do twong {mg. Dé tim duge bicu thirc toa d & dé bai dé dang hon, ta két hop
phép vi tu vai tam tai g-f'rc tpa d§ va phép tinh tién nhu sau: Phép vi tir tdm tai g{’f‘nc toa do, ti sO vi tu
bing 2 bién AABC thanh A4"B"C" véi 4"(2;4), B"(4;4), C"(2;8). Biéu thirc toa do ctiia phép vi ty nay la

'=2 ; 0 Lt T 7
{x_ ;- Sau d6 ching ta tinh tien A4"B"C" thinh A'B'C' vdéi phép tinh tien theo vecto
Yiwe)

x'=x42

- Do d6 biéu thire toa dd cia phép
Yl

B"B'=(2;-1). Biéu thirc toa dd cia phép tinh tién nay lﬁ{

x'=2x+2
y'=2y-1

#Nhgn xét. Cac ban sau ¢6 bai dich tuong doi tot, guri bai véé Toa soan sém: Hung Yén: Doan Phu Thanh, 10 Toan 1,
THPT chuyén Hung Yén; Nghé An: Tang Vin Mink Hing, 11T1, THPT D6 Lurong I, Do Luong; Bén Tre: Lé Ngd Nhdr
Huy, 11A1, THPT Lac Long Quén, TP. Bén Tre.

bién hinh bién A4BCthanhA4'B'C' 14 { m)

HO HAI (Ha Néi)

42 T?gl;‘uggg S 491 (5-2018)
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Wi e T P

BAI TOAN 12. Cho tam giac ABC co BC < BA,
ror han .-'=| I bf |U| Lo 14 iy B | .'r-_‘
(C). Qua C ke duomg thang vuéng goc

voi BE tai F, cat BD tgi G. Chimg minh rén;

IFng Ve

Phin tich. Mt trong nhitng phuong phép chimg
minh hai duémng thang song song 1a sir dung dinh
li Thales dao.
Trong tam giac BCD:
BG CE

GE Jf BC < Eb "D
Dinh hwong 1. Sir dung tinh chat dueng phan
gidc trong tam giac va hé qua cua dinh li Thales

dé ddnh gid cdc 1 50 EE va E‘_{f_

(7D ED
Cdach 1. Goi K la giao s
diém cua CG va AB. Ta /?i“\\
c6 AKBC c6 BF vira la TN
duomg phan gidc vira la K i N
dwdmg cao nén AKBC can _'_ HE—"c
tai B suy ra gl

BK = BC va FC = FK.
Lai ¢6 D la trung diém AC nén DF 1a dudmng trung
binh cia A4KC= DF:%AK, DF [l AK. Ta co

BG _BK (doDF 4 BK) >22 =28 28R ()
GD DF GD DF AKX

Vi BE la tia phan gidc ciia ABC nén ta c6:
CB BG-GB el BE
AE BA  AE-CE BA-BC
_CE _BC_BK _ CE_2BK
“IDE AK AK DE 4K

(2)

BG CE
Tax(lyva(2)suyra —=—=—
u (1) va (2) suy OF

GE j/ BC (th
%D /f BC (theo

dinh 1y Thales ddo).

Dinh hiweéng 2. Sir dung dink Iy Ceva.

Cdach 2. Go1 K la giao B
diém clia CG va 4B. Ta
c6 AKBCcé BF vira la i R
dudong phin gidc vira la
duong cao nén BF clng
la trung tuyén suy ra o
FC=FK. Lai c6 D l1a trung diém AC, nén DF la
dudng trung binh cia AAKC = DF [f AK. Goi M
a giao diém ciia DF va BC. AABCc6 DM |f AB
(doDF }f AK) va4 AD =DC = MB = MC (1)
ABCD c¢6 BE, CG, DM ddng quy tai F, theo dinh

ly Cevaytaco: Lo A (2)
GD EC MB
TieflYva (2) suyra
BG DE _ s BG _CE — GE Jj BC
5D GE, GD DE
(theo dinh ly Thales dao).
Dinh huwong 3. Su dung hé qua cua dinh li Thales
dé ddanh gid cdc ti 56 AR va iy
ED
Cdch 3. Ta co B
AE = AD + DE ,,{f\\
=CD+DE=CE +2DE / |
hay CE=AE-2.DE, suy ra ¥ _d |p
/ 3, C——
CE_AE-2DE_4E_, [/ _F5 ¢
Bk - R B

Goi K 1a giao diém cua
CG va AB. Ta ¢6 AKBC c6 BF vira la duong phin
gic vira 14 duong cao nén BF ciing 13 trung tuyén
suy ra FC = FK. Lai c6 D la trung diém AC nén
DF 14 duong trung binh ctia AAKC, nén

DF . AK, AK =2 DF

_ BG _BK _2BK _2(AB-AK)
TG0 DF K AK
SO AH T AE G DGR
AK DF DE DE
) TOAN HOC ,;
S& 491 (5-2018) * Gh |_mn;gpm4@



BG CE GB FD CM GB 2FM

& Vay TR suy ra GE j/ BC (theo dinh @‘E‘E‘I:‘E'F (1)
ly Thales dao). Tuong ty 4p dung dinh ly Menelaus cho ACDM
Cich 4. Qua D ké dudmg thing song song v&i  vai cat tuyén EFB co:
BC cat BF va CF theo thir tir tai P va Q. Ta co: EC FD BM EC _2FM
pP DO DF DM BC "B D )
- [: ]:}DP:DQ (do MC =MB)(1)
S R Tie (1) va 2) suy ra 22 -EC_ cryne
DP _DE DQ DG GD ED
BC EC' BC GB (theo dinh ly Thales dao).
T (1) va (2) suy ra B
SO
GB EC
(theo dinh 1y Thales dao). i
A D E =
DAU CONG NHO LE MAI (Ha Néi)

(GV THCS Cao Xudn Huy, Dién Chau, Nghé An) Mg c4c ban giri 16 gidi Bai toan 14 sau day vé
»Nhgn xét. Ngoai 4 céch giai trén cua tic gia ~ Toa soan T e chi TH&TT trude ngay 30.6.2018.
Dau Cong Nho, Toa soan nhin duge mdt cach PR 'Cflﬂkﬁiﬂi& ckﬁp S.ABCD, ddiy
giai tuong ty cach 1 trén cua ban Chu Ngoc .Intlwng (:19!?3'-’3'} v AD:&BC‘
Chién, 10 Todn 1, THPT chuyén Hung Yén, ;

hai cach giai s dung dinh ly Menelaus, sur
dung dinh ly Ceva tuong tu ciach 2 cua ban
Quoc Buu, 9B, THCS Mac Pinh Chl._. '@N
Ninh. Cach giai theo huong sur dung
Menelaus cia ban Burw nhir sau: %

Ap dung dinh ly Menelaus ch@&t voi cat
tuyén GFC ¢é

e b A d el R s 2l e R e S e e e e e e e e T e P o

44 & crlﬂimé 56 491 {5'5013] https://tieulun.hopto.org
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; f.,i
DU LICH THE GIGI

QUACACBAITOANHAY

Trong bai ky nay la l&i giai bai toan duoc dwa ra
trong phan bai tdp dé nghi & Tap chi TH&TT sd
489, T3.2018.

Bai 20 (USA TST 2003). Tim tdt ca cde b ba 56
nguvén to ( P, q. 1) sao cho

A

& p_— : &
;" ':-‘:_ L : t . g Q‘Fr
-"""-.-_,__ 2 — e

LR

plg +L g|r" +1, | p* +1.
Léi gigi. Xét hai trueomg hop
THI: p,q.rkhac2. Khido pfq" —1.q [ r" —1,
r | p* —1. Vi viy ta co:

pla —1  [ord,(q)€{1,2,2r}| p—1

g|r* —1 =ord, AME{L23p) g1

rlp* =1 |ord,(p) €{1,2,2} | r o
vi ord,(g)|2r,o0rd () = r;ord, (r) | 2peord, (r) = p:
ord, (p)|2q.0rd (p) = q.

Gia sir ord  (g),ord, (r),0rd, (p) € {1,2}.
Néu ord,(¢) =1=g =1 (mod p);
Néu ord,(g) =2=¢" =1 (mod p) = ¢=—1 (mod p).

Lép ludn twong tu cho ord_(r),ord, (p), ta duoc:

g=xl(modp) |gx1>2p
r= Llimodyg) = {rLl>2g
p==x](modr) Pl

dogxl=p,rtl=gq, p+l=r vichinglalé.
Nhung hé céc BDT trén khong thé xay ra. Vi vy
khong mat tinh tong quat, ta dat ord ,(¢) = 2r.
Theo (**) ta c6 2r| p—1, nhung do p, » 1& nén
r| p—1. Tuynhién »| p* +1, nhung

PP +1=2=0 (modr): méu thuin.
TH2: Khéng mét tinh tong quat gia sir p = 2. Tir
plgd +1=g=1(mod2).Do r|27 +1 = rlasé
1é. Suyra r f2p*—1 va q)r®—1.Taco:

glr -1 5 ord, (r) € {l,4}|g -1
lr|22‘"—1 [urdj.{Z]E{l,E,Equ—l
Néu ord (2)=1 thi 2=1(modr): vé ly. Néu
ord,(2)=2 thi 2° =1(modr) hay r = 3. Do dé
g|3' —1=80. Do g # 2 nén thir lai ta thiy g = 5
thoa man (*). Véi (p, g, ) = (2, 5, 3) ta co:
2|15 +1=126, 5|3 +1=10, 3]2* +1=33.
Tir dé ta ¢6 cac nghiém (p, ¢, #) 1a (2, 5, 3),
(3,2.5).(5.3.2).
Xét ordNEP=2q, theo (**) ta cé 2g|r—1. Vi
vay ti'n;.z 2 ta ¢d r=1(modg).
Q> +1,
thuan.
Viy cac bd ba so nguyén t6 (p, g. #) cin tim la:
(3.5, 35052, 5105, 4. 2%
Nhan xét. 1) Nhac lai rang val a, m 14 cac so
nguyen duong nguyén t6 cung nhau thi bic cua a
theo modulo m 1a s6 nguyén duong nho nhét x sao
cho a* =1 (modm) va ky hiéu ord, (q).

(*)

Tuy nhién

nhung »" +1= 2= 0(modg), miu

Vidy: ord,5=2, ord,2=6,..

2) Trong lév giai trén ta da sir dl._mg dinh li sau:

Vi cdc s6 nguyén dwong a, m nguyén 16 cing

R

Sau déy la bai tip dé nghi. Ban doc hay gui loi

gidi vé Toa soan TH&TT trude ngay 30.6.2018.
BAITAP ﬂﬁ; NGH

nhau thi a" =1 (modm) < ord a|n.

cdc 6 ngnyen dé’ui‘éﬂ han «

HHU’ HDANG (Ha Néi)

TOﬁN HO’C 4 5

S8 491 (5-2018) &




Trong tap chi TH&TT Sb 490, thang 04 nim
2018, tai chuyén muc “Ban co biér” cb bai viét
vé mot mbi lién hé giira cac da thirc. Theo cém
nhén cua téi thi bai viét rat c6 y nghia doi voi
nhitng ngudl yéu thich mon todn. Té1 khong
phai 1a nguoi nghién ciu nhidu vé da thirc
nhung dinh 1y Davenport dic biét giy an tuong
manh ddi véi t6i vi nd cho ta mot moi quan hé
dep vé bic ciia 2 da thirc nguyén t6 ciing nhau.

Theo t6i dugc biét thi trong rit nhiéu tai liéu
viét vé dinh 1y nay, khi chi ra ddu bang, co thé
do lich sur dé lai (Davenport dua ra vi du nay?),

héu hét cac bai viét déu trich dan ciip da thirc
F(t) =1 +4¢ +10¢% +6
9 | 4T 5 3 g
gt)y=t"+06t" +21t" +35¢ +—2-r
dé lam vi du khi bat ding thirc tré thanh dang
thirc.
Tuy nhién, vi du nay la kha cong kénh va ching
ta co thé thay thé bing mét vi du don gian hon,
Nhic lai Dinh 1y Davenport;

TOANHOC
46 T clusitre  S8491(5-208)

f@O=t*+2

Néu chiing ta chon cap da thirc
g(t)=1 +3t

thi khi do .
f3—g?=(:"+6r“+12r2+8]—(r"’+6r4+9r2)

=31" +8

dcg[fl—gg)=%degf+l=2,

Vi du nay la v kién chi quan cua riéng t6i nén
t6i xin dua ra dé ban doc biét va trao dbi.

PHAN THE HAI

(GV Cao Ddng Sw Pham Ba Ria — Viing Tau)

https://tieulun.hopto.org



GIAI PAP:
(Dé ding trén TH&TTS& 487, thang 1 nam 2018)
Phin tich. Téng cua n sb hang déu trong cap 56 cong

KET QUA NAO

o sb hang déu tién u, vacongsai d la

mn d 2u —d
=—(2u +(n—-1d}=—=n" +—
gies] R

vit 14 da thire bac khong qua 2 cua bién n, c6 sb hang

tu do bing 0. Trong khi dé bai cho S =2n* —n +1

T

¢t so hang tr do bang 1. Chimg to khéng co cip so
cong nao thoa min gia thiét cia bai todn. Viy lot giai
cua ca ba ban déu sai.

Lai gidi dieng, Gia sir ton tai cap s6 cong (u ) co tong
n sohangdiula § =2n" —n+1L¥ne N Tacod
e

1 --5‘—‘?1—1+1—iu.] U, =&,

2
u=7—u="7 —D=F =u, —u =

Dén 61 5, = %I:?ul +(n —1)d)

T P A 3 . 1 . *
= — {224 (n—1)3)=—n"4+=n¥nec .
2[ o ) JI 2 &

S LvneN.

Diéu nay mau thufin véi § = 2n
Vay khéng co cip s6 cong nao thoa man gia thiét bai

todn, do do tong U, + U, + ...+t khing ton tai.

L
Nhdn xét. Trong cic bai giri vé chi ¢o hai ban phét hién ding
sai lam. Tuyén duong hai ban nay la: Thira Thién Hué: Lé
Thi Thu Swemg, 10 Todn 2, THPT chuyén Quéc hoc Hué.
Bén Tre: Nguyén Van Canh, 12A8, THPT An Théi, Mo cay
Mam, Bén Tre.

KIHIVI

PHAN THUONG
Puwgc hay khong?

Sau khi hoc xong bai vecto trong khang gian, thiy gido
cho mét bai tip nang cao cho lép 11A1 va yéu cau em
ndo gidi ding s& nhan dwoc mot phan thudng rit dac biét
tir thiy.

Bai toan: Cho hinh chép S.ABCD cé day ABCD la
hinh binh hanh va M la trung diém SC. Mt phang (P)
chira AM ldn lwot cdt cée canh SB, SD tai B', D’ khdc
S. Khang dinh sau ding hay sai?

4. 88' 8D .3

37 85 SmTe
Tiét hinh hoc hém sau tai lép 11A1, ban Phuwong Thao
di xung phong giai bai toan trén dé dugc nhén thudéng .
Durdvi diy la 1o gidi cua ban Phwong Thao.

Léi gigi. Dat SB'=18B, SD' = ySD (0<z,y<1).
Ta ¢b: E:ﬂ+?ﬂ=ﬁ+ﬁ=ﬂ+ﬁw5§,

ﬁ:%(—-ﬂ+ﬁ}=—ﬂ+%ﬁ,

A - 55 -SA--Si+s8B,
AD'= 5D’ - Tﬂ_z. _?i+ yS__D: E ”D
il e y(SA+ S5C — SB) 4 ;:;4 she ks
e A T j s A
= (y — 1)54 — ySB + ySC. C

Do M & (P)nén ton tai hai s6 m, n sao cho

AM=mAB'+nAD'#—§+%E

=({-m+nly— 1}}5_..»"-1 + {mx — r;y]ﬁ Sy nyﬁ

1

-] == =5 Tk ==
l=—m+n{y—1) 7

l—ﬂ-T %"Ii-"‘i
e %
0 = mz — ny —l=—m+nfy-1)

-

:;—1:—i+—{J—1}ﬁ . +l=3.
2z A

DGﬂ{I,yi]Vﬁl+l=3,su}rm
I ¥
T
3r—1
g8 B!
Dodd: —+—=z+yv=z+
SB ' SD 5

- l[ﬂm -1+ ; ) + = > e (theo BDT Cauchy).
3 d&—1 3 3

= vﬁi%{m,ygl.

3z-1

5B s 3
K.hﬂ dﬂ]‘l—-l——
T R T

g

s‘.ﬂlM

il —

lasai, vikhi z==>

SB'

+ =5,
S8 &D 5 2
Theo bgn, ban Phuwong Thioe cé dwge nhin thwing
tiv thiy gido khing?

Ltaco

3 NGU"IZEN ANH VU
(GV THPT Nguyén Binh Khiém, Hoai An, Binh Dinh)

TOAN HOC
- CTudilré 47

https://tieulun.hopto.org

SG 491 (5-2018)




XUAT BAN TU 1964

' w 9
Tap chi TOAN HOC va TUOI TRE A R

8i 1, Hoang Dao Thiy, Thanh Xudn, Ha Nii

" ' " 3 .
L#  Mathematics and Youth Maguzing o er i cosssrzreer,brexPaathans. s - 24 121606

BAN €O VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
Cha tich Hoi dfng Thanh vién
NXBGD Viét Nam

L g vt

.;

GS. TSKH. TRAN VAN NHUNG

TS. NGUYEN VAN VONG NGUYEN DOC THAI
GS. POAN QUYNH Tong Giam doc NXBGD Viét Nam
PGS TS. TRAN VAN HAO HOANG LE BACH

Phi Téng Gidm ddc kiem Tdng bién tap
NXBGD Viét Nam
L Ml PHAN XUAN THANH
HOI DONG BIEN TAP

Téng bién tap : TS. TRAN HUU NAM Thue ki Toa soan : ThS. HO QUANG VINH

TS, TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH PUC, 75. NGUYEN MINH HA,
7S. NGUYEN VIET HAL PGS. 75. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VO THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. T5. PHAN DOAN THOAL, T4S. VU
KIM THUY, PGS. TS. VU DUDONG THUY, GS. TSKH. NGO VIET TRUNG.

ar
TRONG SO NAY

o Danh cho Trung hoc Co so @ Pé ra ky nay

For Lower Secondary School Problems in This Issue

Ned Vin Diém — Diéu thi vi tr “giao diém ba N T1/491, ..., T12/491, L1/491, L2/491,

durdng phin gidc cla tam gidc, dp dung trong t_nil:nt @ Gii bai kv trudc

st bai t4p vé dwimg tron”. ;

e A Solutions to Previous Problems
o Hudng din giai Dé thi tuyén sinh 1dp X0 THPT @H ; bict
an co nie
chuyén Binh Long, Binh Phudc, afwm hoc 2017 -
2[_||::_, £ £ Vit Hoang Lam — Tinh doi ximg trong cdu tric

cua tha Pudmg luat.
o Pé thi tuyén sinh lép 10 truomg THPT chuyén

@' Phuong phap giii todn
Thai Binh nidm hoc 2017-2018.
Lé Kim Chung — S0t dung ma trin lién két trong
o HOMC cic b todn to hop.
Neuyén Minh Tudn, Nguyén Hitu Dién — 15" @ Tiéng Anh qua céc bai todn - Bii 5632,
ZHET]“;: B MRS KR BN T Bai dich 5629 - Tiéng Anh gua cdc bai todn.

: v s SR @ Nhiéu cich giai cho mot bai toan
@ Thar sire trude ki thi 2018 - PE s0 8.

@ Du tich thé giGi qua cic bai toén hay

@ Pdp dn va hudng din giai dé s6 7.

€D Lich sit thé gici

Nguyén Thity Thanh — Cudc khing hoang co s
Todn hoc ¢é Hy Lap. Nguvén Anh Vi — Phin thudmg duge hay khong?

@ Ban doc trao doi

@ Sai lim ¢ dan?
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Khé 19 % 26,5 Khd 19 x 26,5
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Gia bia: 99.000 déng
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PHUGNG'TRINH_BAC BA VOI CAC HE T @u@c,.HINH 'Hoc WA
LUONG GIAC TRONG TAM GIAC

clia tic gia PGS.TS. TA DUY PHUOQNG va Thay gido HOANG MINH QUAN
Sach da\,r 448 trang, khd 16x24cm, giad bia 80.000 dong.

['H['ﬂ‘-'ﬂ THi‘JH IML BA

TgAL HE Tlil
:1:{[}'[!% ot A LLGNG GIAc

TROVG AN (A

A

01 dung co ban cua cudn

sach dya trén két qua: Céc

veu to cua tam giac (ba

h, ba dudng cao, ban kinh cia

ba dwémg tron bing tiép, cdc him 56
lwgng giac cua ba goc,...) cé thé dwoc
coi ld ba nghiém cia mét phrong
trinh béc ba voi cac hé s6 phy thude
vio ba :,-éu t6 co ban la p. R, r, trong
do p la nira chu vi, con R va r tuong
{rng 14 bén kinh dudmg tron ngogi tiép
va ndi tiép tam gidc. Tir d6, theo tinh
chit nghiém cua phuong trinh bic ba
va vin dung cic bit ding thirc quen
thude, sich trinh bay khoang 600 hé
thirc ¢6 lién quan dén cic yéu t6 hinh
hpe va legng gide trong tam gide.
Qua cudn sich chiing ta sé thiy mbi
quan hé hitu co giira Pai $6 (phuong

trinh va ham so béc ba) vai Hinh hoe
va Lugng gidc (cac hé thire trong tam
gidc). Diy chinh 12 diém mdi va khac
biét ciia cudn sich nay so vdi cdc
sach di co vé h¢ thire trong tam gidc.
Cubn sach gbm nam chuong.
Chwong 1 tap hop nhing kién thire
co ban vé tam gide va cdc cong thirc
lwgng gide, cac bat ding thirc dai s6
quan trong can thiét cho cdc chuong
sau.

Chwomg 2 trinh bay cic @hﬁ[
ciia ham sb va phuung it Bac ba,
trong d6 dic biét luu tinh chat
nghiém cia phtrcm bic ba. -
o 4 chira rﬁng,
va luong gide cia
. dudmg cao, ban kinh
bang tiép, sin, cosin ciia
."...) chinh la nghiém cua céac

C hu'u'n;., 3 va
cac ].n..u t6 hi
tam giac
duon

a ba yéu to co ban cua tam gidc
tirc 1a ba yéutd p, R, #). Vanhur la cac
hé qua, nhd sir dung tinh chit nghiém
ctia phuong trinh bic ba va cic bit
dang thirc dai s6 nhur bét dang thirc
Cauchy, bit ding thirc Bunyakovsky,
bat dang thirc Schwarz, . . . cac tic
gia di dwa ra va chimg minh khoang
600 hé thire hinh hoc va lueng giac
trong tam giac, trong do co nhiéu hé
thire i méi hodc chi méi gip trén cie
tap chi va con it dwoc biét dén trong
cdae sach hién nay.

ca
;ﬁ trinh bic ba vdi cic hé s6

Ngodi cic bat d‘ﬁng thu:: mdi hodc
con it duge pho bién, nhieu bai thi
dai hoc, thi hoc sinh gioi, thi Olympic
cuia cac mrde, nhiéu hé thirc hinh hoc
va luong gidc quen biét trong tam
gidc ciing dwge chimg minh lai trong
Chuong 3 va Chwong 4 theo cich
mdi, dya trén tinh chat nghiém cua
phurong trinh bic ba, ma it dung dén
cach bién doi lugng giac hodc nhimg
¢ich chimg minh thong thuong.
Chwong 5 (Phu luc) tip hgp mot so
muc dudi dang cic chuyén dé lién
quan dén phuong phap phuong trinh
bic ba chimg minh cdc hé thic trong
tam giac.

Ciing ¢an huu v thém rang, tir cac hé
thirc néu trong cubn sich nay, ta cé
(hé suy ra kha nhidu hé thirc khéc
nita, chuwa duge khai thdc trong cudn
sach. Diy 14 mét goi v tot dé ban doc
c6 thé tim cich chimg minh méi cho
cde hé thire ¢ hodc tim ra cdc hé thire
mdi, Ngoai ra, cach chimg minh méi
hodc cai bién nhimg hé thire 43 co
con cé thé giip cac thay co gido trong
viée thiét ké cdc bai tap va dé thi méi.

Cudn sich khong chi ¢6 ich cho cdc
hoe sinh, cdc ban yéu todn, cdc thay
cb day todn phod théng, ma con la
tai liéu tham khio 6t cho cdc sinh
vién va giang vién dai hoc, cao diang
nganh todn, cling nhwr cdc phu huynh
mong muon gitp con em minh hoc
t6t mon todn.

Moi chi tiét xin lién hé:

TAP CHi TOAN HOC VA TUOI TRE
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