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SCrin trong qidi thigu citng ban doc

DB sdel TUYEN CHON THEO CHUYEN DE
CHUAN Bl CHO Kl THI VAO TRUNG HOC PHC) THONG MON TOAN
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HS THCS 6n tap va thi ¢6 hiéu qua vao I6p 10
cac truong THPT va THPT chuyén. Bo sach
cling la tai liéu tham khao hitu ich cho cac thay
cO giao va cac bac phu huynh HS.
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Hay “suy nghi va tran tré” véi mdi bai todn ma
ban gip, khi do ban sé dat duoc thanh qua lém
hom nhidu so véi vige ban chi la “thy gidi toan”.
Duéi ddy, ta s& bit dau tir mét bai toan trong dé
thi chon hoc sinh gioi lop 9 tinh Pha Tho nam hoc
2012 - 2013. .
Bai toan 1. Cho a, b, ¢ la cac so
Chung minh r'.:frng:

thire dirong.

p ab he ca

|- el .'I} = |
a+3+2c b+3c+2a c+3a+2b fy

Léi gigi. Dy doan diu bing xay ra khi a=b=c
tatichmau dé a+c=b+c= ZIF, o

Ap dung BPT Schwarz ta cé:

9ab _  ab(1+1+1)
a+3b+2c (a+c)+(b+c)+2b
" . ab  ab 2\ AN
< ab. —+—|= + +— | oy
’ (d+c+h+c+2b] [a—hﬁ' h+¢ 2] M

Obe __ be(l+l+l)  _ beSohe
b+3c+2a (a+b)+(c+a)+2c a+b c+a 2

{2}

9%a _ ca(l+1+1) o sy _.(3)
c+3a+2b (b+c)+(a+b)+2a b+c b+a 2
Tt (1), (2), (3) suy ra:

Oab " Obe N Oca
a+3b+2¢ b+3c+2a c+3a+2b
agc+be abtac ab+be a+b+e
< + +
g ikl o a+c 2
ab be ca a+b+c
5 + < .
a+3b+2c b+3c+2a c+3a+2b 6
Déu bang xay ra khi a=b=c. m
Bai toan 1.1. Cho a, b, ¢ la cdc so thuc dwong
Chirne minh f';f?ﬁr,u:
b b ol a+h
3a+4H4 3.-. ! :i,-"‘J : lr- 2l - .-"u-' a4 26 g

Goi y: Pinh huong neomg tir Bai todn | tdch mau

mAnmdvaM&BAnoAN%

NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phiic)

-~

sodé a+b+c=a+b+b=a+2b...

Bai toan 1.2. (HSG lop 12, Vinh Phuc, 2014) Cho

a, b, ¢ la cac so thye dwong. Chung minh rang:
ch % Il gLl
ot I N i J b e
Sa+bb+T7¢ d+bc+Ta Sc+ba+b | 8

Goi y: Dinh hwéng twong tw Bai toan 1 tdach khéo
2 Gl ok 7 1
i 56 %{h+¢‘]:E[a+c}=5{3a+5b}.”

Bai toan 1.3. Cho a, b, ¢ la cac

s0 thire divong.
Chitng minh rang:
ab he ca
Mz-\. e o
3 "\-'u_ 3/ {‘L+"- __‘ .“.':1._|'~; b I'.li. Load .'I.In . IXL-.- |
)
5 {~,_ =7
"Ban tach mau sd nao day
8" Bai toan 2. Cho a, b, ¢, m, n, p la cac so  th
"1 i . {} } -
duong oa man m>—, lf.l'lf.'!'.r.;'li_f' i
rang:
.'n'.'l7‘
IH-"‘.I T .,,.'1 o pa  me+nHa 1)

Léi gidi. Ap dung bat dang thirc Cauchy—Schwarz

ta co:
) P
£ = |+ p+
ab{m+n+p}1_ |:[ 2] [n 2] ° FT
o T e
AP e
£abm Elm 2+2p+2,0
i b c+a b"'c
=[ ——-]E:r+[r:--£}1'+zﬁ-h+M @)
2 2) c+a b+c

Twong tur ta co:
M {[m_£]€+[n_£]h+m+zﬂiz
& 2 2

a+bh b+c

(2)

mb+nc+ pa
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NHUNG DPIEU THU VI TU MQT BAI TOAN
HINH HQC 9

'}) &i nhiéu nim truc tiép giang day hoc sinh
" gioi va hoc sinh thi vao THPT, ching tdi
thdy rang tir 1o giai ciia mot s6 bai tap trong SGK
twong chimg nhu don gian, nhung sau moi 1oi giai
d6 chira dung nhiéu diéu tha vi, véi sy khéo léo,
sang tao nhiéu khi chiing ta s& gitip céc em hoc
sinh cing ¢b, én luyén, bdi dudng nang cao kién
thirc toan. Qua két qua cua timg bai toan HS tiép
tuc suy nghi va dwa ra duge nhiéu bai todn mdi,
hay va li thi. Phat huy kha ning sang tao, phat
trién kha nang tu hoc, hinh thanh cho hoc sinh tur
duy tich cuc, doc lap va kich thich tinh to mé ham
tim hiéu, dem lai niém vui va nhimg diéu li thu
sdu sic trong hoc toan. Ching ta hdy cing lam
diéu nay tir mdt bai toan trong SGK Todn 9.

Bai toan 1. (Bai 19 trane 75 SGK toan 9 - T 17 o
NXB Giado duc 2012) Cho dwone tron iy,
wone kinh AB va § la mot diem bat Iy .-ur hen
diecrng tron. SA va SB lan hrogd "l" firone

M N. Goi H la eiao diém

1M va A

o minh rang SH vuong goc WA B,

Loi giai. Ta ¢0 BM LS4 S

——— A Il\ . —
(i AMB 1a gbo ngi tiép |\ “1’;‘_
chin nira dudng tron). 0 ,ﬁ\ 5 '# S
Twong tv AN LSB. Nhu : ”Q_: S

: ; i oy /N g
vay BM va AN 14 hai dudng S
cao cua tam giic SAB va
H=BM~AN = Hla tryc
tdm cua tam gidc SAB. Suy ra SH 1 AB tai Q
(QeSH).

Nhén xét. Tir két qua Bai toan 1 cha y ring A4 1a
trire tim cua ASBH nén SH L BQ (QeSH), suyra
B, 4, O thing hang Tir do ta c6 bai todn sau:

Bai toan 2. Cho dwong tron tam O, dwuome kinh

=_-"-" Vil “_. .':.-l il :|'1-'|.'-'|’.‘ ."'l.".' -'!"::f.l.‘.'.l' ::ll!-ll-l. r.-‘.":-,:‘ .‘lf"-l.l::. '\ [ ViEd
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NGUYEN TH] THU HANG
(GV THCS Quang Lgc, Can Lic, Ha Tinh)

s ||Ij. fi .';.F.' ."fj"-_ ¥l

cal -:n"l.fl"l'sl".f-'f.J‘ from fai Mva N. Goi H la
cra BM va AN. B, A, Q
me (O la hink chiéu cua B trén SI f).

Ggi ¥. Q 1a hinh chiéu cua B trén SH suy ra
SH 1 BQ. Theo chirmg minh Bai todn 1 ta ¢ diéu

phai chimg minh.

eiao diem Chirng minkh

{Rang f

Nhin xét. Tir két qua Bai toan 1 va Bai toan 2 ta
¢6 cic dudmg tron ngoai tiép ASMB va AHNB cit
nhau tai Q. Két hop Bai toan 1 va Bai toan 2, ta ¢6
bai toan:

tron tam O, dwone kinh

Bai todn 3. Cho dwone

1B va A8&Mmor diém bén neoai dwone tron. 54 va

Y !'I P-;'.F: [ el ."‘_..' r.; I ._-'a;...- .'.-:I.' '|.-r i 4 "'\. -f:.{f.: .-'I.I'f
Ix, g'f "I ! vi Vi { N L LNy FiA
NPoal tiép tam giac SMB va HNB cat nhau i1ai
fiem thur hai Q. Chamg minh H, Q, § thang hang

va A, B, O thang hane.

Goi ¥. St dung két qua ““x\\
Bai toan 1 ta c6 céc duong 5/

tron ngoai tiép ASMB va ;:\ ;;;.712_:_:?\ .I'i
AHNB lin lugt nhan SBva |~/ T2
BH 1am duong kinh. P& 7 A\
chitng minh Bai todn 3 ta || /e |
chi can néi H véi 0, O véi /
S. D& thay ngay
SOB=HOB=90"

=H,50 thing hang. Vi BQ 1SH nén suy ra
BQ phai di qua 4. Vay khi d6 B, O, 4 thing hang.
Nhan xét. Sau khi di chimg minh Bai todn 3 ta
nhidn thidy dudng tron ngoai tiép A HAM ciing
phai qua di qua diém Q. Tir d6 ta c6 bai toan 4:

Bai toan 4. Cho dwong tron tam O, dwong kinh

1B. § la mot diem bén nooai duone tron. SA va

SB lan -'..""-.' cel .'Ic_r'.' .:":'.-'.':".'.!_: fron r W va N '.f.rr.J:'- o
cua BM va AN. Chung minh rang

=

P y
i glao diemn
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cae dwong tron neoqi oige SMB

J vid | J’.'u'.i |'..|I-'Irlll:-..I l.l"llI 'zilll-'"i‘ {'_')

|"l.|.J {l:n"f fam

Goi y. Sir dung két qua Bai todn 3 ta cO ASMB va

AHNB cling di qua diém Q. 0y
Mait khéc ta cé hai diém O, P
M ciing nhin doan thing AH S;,;-: b

dudi mot goéc vudng nén 4
diém O, A4, M, H cung thudc
duong tron dudng kinh AH.
Tir d6 dudmg tron ngoai tiép
AAMH di qua diém Q. Két
hop véi (1) suy ra diéu can

chitng minh.

Nhin xér. Puong tron duong kinh HA va dudng
tron dudng kinh SB ciing cit nhau tai Q goi ¥ cho
ta dé chimg minh SH va B4 di qua Q can phai
chimg minh S, O, H thing hang: B, 4, Q thing
hang. Sy thét 1a s& kho ching minh Bai toan 5
dudi day néu khong biét sir dung Bai toan 3.

Bai todan 5. Cho diém M bat i
! I CH } o 3

Jii Ty o
; 2 " i £ 'J'.‘_. 'v}

liem S, A, M thar g). H | I

T B o
; U H HE. (8
ey Term 'r} Vel ".:5 J1EF¢ -_.' i fien Bt -.."-"'1;'..' v
at nhaw tai diem thie hai O. (Qne ol

f'-'I?{.-'-.".'” ||I-I|r|'i- Vil i'l.;.!l |.|'I..'. gira ".';l. I:'r]I-: thi .".|1I:-' ;

IC Lo

sinh gioi toan cap L Quoc gra nam (Y0 7.
Goi y. Tir két qua Bai P )

SR - 5 \G
todn 3 goi cho ta di /‘"\ N

f N \
chimg minh 4, B, 0 ¢ Q’?’* ,35’}7\ |\
thang hang; H, A, N f ?:r I\I/ a\ I -
thing hang. WV, b5

Pt : H{ \i’f—-— -
» Kéo dai HA cat BS e

ta1 N. Ta co:

HAM=SAN=45" (61 dinh)= SNA=90° = HN L SB
suy ra 4 14 tryc tam ASBH = BA L HS. (3)
Miit khac ;F}‘Q_‘?TS =9(" (gbc ndi tiép chéin nira duong
tron) suy ra BQO 1 HS. (4

Tir (3) va (4) suy ra duong thang BQ, BA tring
nhau hay 3 diém B, A, 0 thﬁng hang. Do do:

BOS + HOA=180" nén 3 diém H, Q, S thing hang.

Nhin' xét. Tir két qua bai toan ta c6 HOB=90".
Néu cho doan HB cb dinh, M di chuyén trén doan
HB thi khi d6 O di chuyén trén hinh nao? Tir d6 ta
cO bai toan sau:

Bii todn 6. \f bat ky trén doan HB ¢6

dinh. Trén doan HM va MB dung vé

( .II..'I'-I -'_|':I|;I :H.'-
mét phia doi
MBGS. Cac

hinh vuong nay cdt

veri HB hai hinh 'l'."l'l'-:'.‘-'lL: HMAK v

dieong tron ngogi tiép cdc

nhau tgi diém thie hai Q)

a) Chirng minh dwong thang HO di qua mot dinh
cua hinh vuong MBGS.

b) Tim quy tich diem Q khi M di di 'n HB.

Goi ¥. a) Pé chimg minh HO di qua mgt dinh cua
hinh vuéng MBGS ta di chimg minh 3 diém H, O,
S thing hang (Bai toén 5).

b) Chimhg minh O nim trén dudmg tron dudmg
kinh //B, gi¢i han trong mira dudng tron.

Nhdn xét. Tir két qua cau a, nhan thay OB 1a tia
phan giac cua h@ NH la tia phan gidc cuia
Qf’r’;f A 14 tryc tim ASBH va 1a tAm dudng tron
ndi tiép AOMN. Do d6 ta c6 bai toan sau:

I

Bai toan 7. Cho tam giac SBH co ba gic nhon,

cec g .r"."i'li_,’ cao SM, "g'_'f} HN cat nhau "h'. |
a) f...fn'.'.:".":".: l’nif.::"”.l' Felng '::";ll'l; .'r-'..:-' .'-'.i-' Wan “ iC CUa g o

NOM.

by Chume minh A la tam dicomg tron noi tiep tam

l.n'l. fJI W 1 f
¢) Chirng minh nr giae SNMH nai .'."Li,.'l.
Goi j. a) Tir két qua Bai toan 4 chung minh duge:
@B:ﬁ (cting chin cung FB}. (5)
@:Nﬁ-ﬂ (cung chan cung ATH} (6)
Tir (5) va(6) suy ra

NOB=BOM = 0B la tia phan gidc cia NOM.
b) Chiing minh twong tu cdu a) ta cling co NH la

tia phan gidc ciia goc ONM =>4 la giao diém cia

TOAN HOC 3
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3 tia phin giac cua AONM. Viy A4 la tam dudng
tron ndi tiép AONM.

c) Ta c6 SNH =SMH =90
(gia thiét). N, M cing nhin
doan thang SH dudi goc
90° nén N, M thudc duong
tron dudmg kinh SH. Vay tr
gide SNMH ndi tiép.

Nhgn xét. Tir két qua cdu ¢) va Bai toan 1 ta co

duong tron duong kinh 4B va dudng tron duong
kinh SH cit nhau tai M, N. Néu goi K la trung
diém cia SH thi khi dé ta c6 0K L MN. Nhung s&
khé dé chimg minh OK L MN néu ta khéng biét sir
dung két qua Bai todn 1 va Bai toan 7, dé chimg
minh bai todn sau:

Bai todan 8. Cho ASBH co ba gdc nhon, cac duong
cao BQ, SM, HN cdt nhau tai A. Goi O, K lan {1ecrt
I trung diém cia AB va SH. Chirng minh rdng:

a) MN L OK.,

by MK la tiép tuvén dwong tron ngogi tiép AMAN.

Goi y. a) Tir Bai todn | va két qua ciu c) BaioAn

7 ta dé dang chimg
minh duge dudng tron
tdim @ va tam K ban
kinh KS déu di qua M,
N hay MN la day
chung cua hai dudng
tron nay. Mat khiac m
OK 1a doan ndi tam, tir d6 ta c6 diéu phai ching

i)

minh.

b) Puong tron ngoai tiép AMAN la (0). Ta co
ABOM cén & O =OBM =OMB; AKHM cén & K
nén KHM =KMH. Mit khac OBM + KHM =90°
(vi AQBH vuong tai Q) = OMB + KMH =90° suy
ra KMO=90"=OM L MK. Vay MK 14 tiép tuyén
dudng tron tim O hay MK 14 tiép tuyén dudng
tron ngoai tiép AMAN,

TOAN H
4 QC

" CTudilpe SO 489(3-2018)

Nhén xét. Tir két qua bai toan, chimg minh twong
fur ta co KNO =90, Tir d6 ta c6 bai toan sau:

Bai todn 9. Cho tam gidc SBH co ba goc nhon,
cdc dudng cao BQ, SM, HN cat nhau tai A. Goi
0, K lan et la trung diém ciia AB va SH. Chimg
minh rang tr gidgc OMKN noi tiép.

Goi . Tir két qua cdu b) Bai toan 8, chimg minh
turong tu ta co: KNO=90° = KMO = KNO=90".
Suy ra KNO+KMO=180°. Do d6 tir gibke OMKN
ndi tiép duong tron dudng kinh OK.

Nhén xét. Tir két qua Bai toan 9 va KQO=90" =
O thude dudmg tron dudmg kinh KO. Do d6 nam
diém O, N, O, M, K cting thudc dudng tron dudng
kinh KO. Tir d6 ta c6 bai toan sau:

Bai todn 10, Cho tam gidc SBH c6 ba goc nhon,
cac {_I’II*!'J'!-?H.{'{IH BO, SM, HN cdt nhau i A. Goi

OB Min heot la rung diém cua AB va SH. Chirng

SBnh rang nam diem O, M, K, O, N cung thuoc

T mot dwong tron.

Goi . Viéc giai Bai toan 10 hoan toan giéng Bai
todn 9 va két hop véi didu nhan xét trén ta co dicu
phai chimg minh.

Nhdn xét. Tir két qua Bai toan 10 ta ¢6 céc diém
O, N, O, M, K cing thudc dudmg tron dudng kinh
KO. Do d6: NKM=NOM, vi nhan thiy
NOM =2NBM, NKM =2NHM. Tir d6 ta co bai
toan sau:

Bai toan 11. Cho tam gidge SHB co ba gic nhon,
duong cao BO, SM, HN cat nhau tai A. Goi O, K

lan lweot la rrung diém cuia AB va SH.

a) Chirng minh rang NKM = .-"'.'Ej.hif - NHM =NSM.
b) Cho NOM =90".

e Tinh 56 do cdc géc cia nr gidc KNOM.

« Tinh s6 do cdc goc NBM: NHM: NSM.

https://tieulun.hopto.org



Gyi y. a) Theo Bai toan 10 ta chirng minh dugc
niam diém 0. N, O, M, K cing thu¢c duong tron

duomg kinh KO. Tir d6 NKM=NOM (2 géc ndi
tiép cling chin cung J’I'TV]

SNMH
ndi tiep dudng

T giac

tron dwong kinh
SH nén suy ra ta
co

ol !

MSN = NHM

(hai goc ndi tiép

chan cung m i

b) * Tir két qua céu a) ta co:
NKM = NOM ma NOM =90° nén NKM =90°.  (7)
Miit khic KNO=0MK =90° (theo Bai todn 7) (8)

Tir (7) va (8) suy ra NOM =90". (*)

* T (*) tasuyra NBM :%fm =45",

M=m=%;mf=45“ (gbc noi tiép va goc

———
T

& tAm cung chin cung NM).

Nhén xét. Tir két qua bai toan, tir gidc SNMH noi
tiép dudmg tron (K), NKM=90", SBM=BSM=45",
nén M§ = BM, SN = NA tir do ta co bai todn sau:
Bai toan 12. Cho nmura dirong tron dwong kinh SH,
tam K. Ke hai ban kinh KN, KM vuong goc voi
nhau. SM va HN cat nhau lai A o trong nua
dwong tron, SN va HM cat nhau ¢ B ngoai nia
duwong tron. Chieng minh rang:

a) SN =NA va SM =MB.

b) Ban kinh KN quay quanh diém K, tic KS dén vi

tri vudng goe véi SH. Tim quy tich diém A.

c) Trong nhitng {J}I'f{iu kien o cau b) hav tim guy
tich ciia diém B.

a) Ta cd SKH =180°, NKM =90, nén ta c6

SA SN + sd FIM = sd NM
i m%(saﬁﬂam; .m=%sd NM.

Vay NSM =NAS nén ANAS cin tai N, do do
AN = NS. Tt gide BNAM ni tiép suy ra B b v6i

m, f@cﬁng bl véi NAM nén B=NSM,
tirc 1a ABMS can tai M. Suyra BM = MS.

b) D& dang chimg minh dugc S4H =135° khong
dbi. Viy A4 chay trén cung chira géc 135 vé qua
SH. Goi E la diém chinh giita cia cung SH. Khi
N tién t6i S, M tién t6i E, A tién t6i S. Khi N tién
t6i E, M tién t&i H, A tién t6i H. Tir 46 quy tich
ctia A 1a cung HAS chira géc A=135", di qua S,
o

¢) Ta cb6 B=45" twong ty nhu trén, quy tich cia B
la cung chira goc 45" di qua 4, B.

Rét mong cac ban tim kiém thém nhimg bai todn
méi quanh bai toan xudt phat ban diu (Bai 19
trang 75 SGK toan 9 — Tap 2 — NXB Gido duc
2012)

TOAN HQC -
* ST bree o
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' PE THI TUYEN SINH LGP 10 TRUNG HQC PHO THONG |
| CHUYEN HUNG VUONG NAM HOQC 2017 - 2018

(Thai gian lam bai : 150 phit)

Ciu 1. (2 diém)

a) Cho ba sb a, b, ¢ d61 mot khac nhau théa mén

@' +b=b"+c=c"+aq. Tinh gia tri cua biéu thire
T=(a+b-1)b+c—1)c+a-1).

b) Tim m dé phuong trinh sau c¢6 4 nghiém phén

aext

biét: x* +3mx+2m” =

Cau 2. (2 diem)

a) Tim cac so nguyén m sao cho m’+12 la sb
chinh phuong.

b) Chirmg minh ring trong 11 sé nguyén té phéan
biét, Ién hon 2 bit ky luén chon dugc hai sé goi la
a, b sao cho a* —b* chia hét cho 60.

Ciu 3. (2 diém)

a) Giai phuong trinh 4x” +5++/3x+1 =13x.

s.l'r2_x+@=ﬁ E ¥4
V23 +5 +4[2)89=8

b) Giéi hé phuong trinh {

L T B R TR R T S R R U u R TR PO Y

TRAN TRO VOT ...

(Tiep theo trang 1)

Mg[m_ﬂ}+[n_ﬂ]ﬁ%+ﬂ 3)

me +na+ pb 2 2 a+bh b+ec
T (1), (2),(3) suy ra
3 ab be ca
(m+n+p) + +
[ma+nb+pc mb+nc+ pa  mc+na+ pf:-)

5[m—-§}{a+b+c}+[n-—§)(a+h+c}+2p(cx+.&+c}

=(m+n+ pla+b+c).
Suy ra

abh be il z a+b+c

+ + <
ma+nb+pc mb+nc+pa me+na+pb m+ntp

TOAN HOC
6 chusife

S5 489 (3-2018)

FhEARTARAETFREHRRE

Céu 4. (3 diém) Cho tam gidc ABC cin véi
BAC = 120°, ndi tiép duong tron (0). Goi D la
giao diém cua dwong thﬁng AC véi tiép tuyén cua
(O) tai B; E 14 giao diém clia duong thing BO véi
duong tron (OY(E=B), F, [ lan luot 1a giao diém
cua DO véi AB, BC; M, N lan luot 1a trung diém
cua AB, BC.
a) Chirng minh ring t&r gidc ADBN ndi tiép.
b) Chirng minh rang F, N, E thang hang.
¢) Chirng minh ring cac dwong thiang MI, BO, FN
dong quy.
Ciu 5.884¢n) Cho cac sb khong 4m x, y, z thoa
mén s+ y+z=1. Tim gi4 trj 16n nhat va gi4 trj
1iho nhét ciia biéu thirc
P=x*+y'+2° +%xyz.
LE BA VIET HUNG
(Phong GD Trung hoe, S0 GD&DT Phii Tho) gidi thi¢u

Déu bing xay ra khi va chikhi a=b=c. m}

R rang Bai toan 2 12 mt bai toan tong quét cla cac
Bai toan 1 vdi b so a, b, ¢, m, n, p 1a cac so thuc

dwong thoa man mpg,n}g. L giai bai todn that

Ja thii vi. Tir ddy ban c6 thé séng tao duge vo s bai
toan BDT dang nhur trén véi bd so thue dwong a, b,

P

c,monp VoL m>=, nb% tuy y. Mong cac ban

gbp ¥ vao bai viét nho nay dé bai viét duoc hoan

thién t6t hon. Xin cam on.

https://tieulun.hopto.org
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Husng ddn giai DE THI CHON HOC SINH GIOI
LOP 9 TINH HUNG YEN NAM HOC 2016-2017

Céu 1. Taco a+b=\E; a_b:%;gz + b2 Z% (1)

Khi do, ta co:
a +b" =@ +b’)a" +b*)-a’b*(a+b)
=[(a+b)’ —3ab(a+b)]
x [(a* +6%) —2a°b*]-a’b (a+b) (2)
1692

Thay (1) vao (2) taduge a’ +b' = =

Ciu 2. a) Vi (d) di qua diém A(1; 2) nén ta c6

phuong trinh cua dudng thﬁng (d: y=ax+2-a.

(d) cit truc Ox tai B[a—uz;l}] va cit truc Oy tai C
a

(0:2—-a). Do diém B c¢6 hoanh d¢ duong va C cé
tung d¢ duong nén a < 0. Khi dé ta co:
a-2 2

OB+0C = +2-g=1-—+2-a
o a
=3+_—2+(—a]23+2 /‘—2.(—&-) =5,
o a

Suy ra OB + OC nho nhat khi va chi khi a = =2

Viy phuong trinh (d) c6 dang: y = —/2x ¥ 2.
b) PK: 3x-16y-24>0.Ta co: :

3x-l&y—24=\/912+163r+32
< (3x—16y-24)* = 9x% +16x+32
& 9(3x—16y —24)% =9(9x” +16x +32)
< (9x-48y-172)* = (9x +8)* +224
& (9x-48y-72)° - (9x +8)* = 224
& (18x — 48y — 64)(—48y —80) = 224
& —32(9x-24y-32)(3y+5)=224
& (9x-24y-32)3y+5)=-7
Vi x, y nguyén thi (3y+5) 1 ude cua (—7) va chia
3due2 =3y+5=—1 hodc 3y+5=-7.
*THIL: 3y+5=-1=2 y=-2=>x=-1.
*TH2: 3y+5=-T= y=-A4=>x=-17.

Vay céc cip nghiém nguyén ctia phuwong trinh trén
la (-1;-2) va(-7; —4).

Cau 3.DK: xz:;u Ta ¢o:

4% +5x% +1=3x+1-3x

S 4 +57 +x+(2x+1)—=3x+1=0
(2x+1)* —(3x+1)

o4 +5x7 +x+ = =0
(Zx+1)++/3x+1
4x% +x
& (4x? +x)(x+ 1)+ =)
{ S (2x+1)++3x+1
5 1
=4 +0)| (x4 D) ———m—m——————|=0 (%)
e ) (2x+1)++/3x+1
; -1
V@i xz— thi (x+1)+ — >0,
3 s {2x+1)+~.!3x+
x=0
(Mo ddvr=0| _1 (théaman PK).
i X=—
4

.. : 1
Viy phuong trinh ¢6 nghiém x =0, x = i

Ciu4.PK: x> % . Bin dbi PT thit hai ta dugec:

2 .
4 x =— (loai)
2y (5x-2)(x—-3)=3(2-5x) = 5

20’ +3=6y*
Ta dua vé hé phuong trinh
N O W o O
{zxy“ +3=6)" '
Nhan thiy y =0khong 14 nghiém cta hé PT nén
chia ci hai vé cua PT thir nhét cho y* va PT thir

hai cho y* ta ¢6

I“hiﬁlei

2x—-1+ iq =5
¥y
Pit a=+2x-1;b= -{f— voi a20,b>0.
y
- TOAN HOC
SG 489(5-2018) ¢ mmgg




a+ab+b=5(1) 3

LS —b
Ta c6 hé PT: - T (1) co: a=—or,
Lﬂbz:s (2) (1) 1+b

; e LR
th Dtacd:| ——| +b° =5
ay vao (2) ta co (IHJ +

e bt 4287 —36% —20h+20=0
< (b-1)(b-2)(b* +5b+10)=0
[{a;m =(2;1)
— .
(a;5)=(1;2)

Vay nghiém cia hé PT trén la

(x:7)e {(— 445 )18

Au 5. 2) Do MC Ia
phan gidc cua A4 MB,
theo tinh chat dudng

phan giac
£ AM (1) y
BC BM

Xét ABHC va ABAM 4
co: BCH = BMA=90° va ABM c¢hung

ARG AR e Foy
BC BM

Tir (1) va (2) = AC = HC.

b) Goi I 1a giao diém cua AH va EC. Tt gidc
ACHE hinh vuéng = AH = EC. Xét AAMH
vudng tai M::-ﬁﬂr-—g M—i—cﬁﬂﬂﬁ 90",
Chimg minh twong tw CMF =90°.

Véy.E‘TfFE?UU +90" =180° = E, M, F thing héang.

¢) Vi ACHE la hinh vudéng nén CH = = suy ra
2
2
5 =CH?= e =28, =CE?.
TOAN HOC

S 489(3-2018)

Tuong tu ta ciing duoc 28, =CF”.

D@ thay AFCE vudng tai C, dudmg cao CM. Theo
hé thirc lugng trong tam gidc vudng ta co:

1 1 1 o i e
i e e 2 T,
CE CF CM CE°+CF

25,5, e
o —_ S ...S*. 2
ST

5 +8,
Diu “=" xdy raes S, =S, <> AM =BM (vd ly vi
MA < MB). Vay CM?* <[5, .5,.

Ciu 6.
« Ching minh bat dang thirc: Véi x, v,z =0 thi

ﬁ+ﬁ+£5m— )

(Ban doc tir chimg minh)
« Ap dung bt ding thirc (*) ta c6

|
= /1—— T g
15 ﬂz \( bl J (;1
|‘ e A W
< 3[3-[—+-7+-—] :\/9_3[“4_“,_*_;}
\' L ﬂl b° {',‘2 j| (IE b3 2
> 2
Suy ra P'EJB—(1+1+1] :
' a3 =

T gia thiét 32abc =18(a+b+c)+27.

@18[-1—+-]—+-L]+—21=32

= CM?*=

= CM?=

)

ab bc ca) abc
Ap dung BBT quen thudce:
(x+y+z)* 23(xy+yz+2zx)

va BDT Cauchy ta co:

2 3
L+L+L£l[l+l+l ,Lﬂl l+l+l]
ab be ea 3\a b ¢ abe 27\a b c

bat :=i+-1~+—]— thi tor (**) suy ra:
a b e

2 3
18] = |+27] 2 |232 = A 4612 =322 0
3 27

S (-2)(t+4)PF 20122,
Suyra P{JEJ [ ) <+J9-22 = J_
o

Déu “=" xay ra khi chikhi a=bh=c =%

Viy gié tri 16n nhit cia P bing /5.

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén) Gidi thigu

https://tieulun.hopto.org



PAP AN VA HUONG DAN GIAI DE SO 5

1A 2B 3A 4C 5C oA TA 8C 9B 10D
11A 12A 13B 14A 15D 108 17A 18D 19A 20D
21D 22A 23A 24A 25C 26C 27A 28A 29A 30C
31D 328 33B J4A 35A 36D 37A 38C 39D 40A
41C 42A 43B 44D 45A 46A 47A 488 49A 50C
Ciu 1. 2r§:4r ~1260. Chon A, P 1a tiép diém cia mat ciu d6 voi mat phing

Chul. PT o x= —%;E+R2n,k e Z. Ta thay

24215
ﬂi—s—n+k2ﬂ£4ﬂ35?t¢>—§-£k£
6 12 12

Ma keZ nén ke{l,2,3,.,2017}. Viy trén doan

~2017,9-

[ﬂ;4{}35n] phuong trinh ﬁccsx+sinx:—2 co
2017 nghi¢m. Chon B.

£ S| 5 i :
Cau 4. Vi in'a” }J{/a_j nén a=1. Véi a>1 thi

24Ja+1 }‘G+\!a+2 sa+l>Vat+2a =150

(ludn dung).
Mit khac 1agh(2\m+1]«:mgﬁ(@+ a+]) nén

0<b<l. ChonC.
Céu 5. Tong dién tich

5 . n+4 "2.
-X
5:,{i] (2 ] _TH4 2 ag\s

2a )0\ 4 16m 8 16
nhé nhét khi x =2, Chon C.Q*
n+4

Ciu 6. n(Q)=6, goi 4 1a bién cd cn tinh xac
sut thi n(4)=2= P{A}z%. Chon A.

Ciu 7. Xin dinh chinh dé bai & cau nay: D3 viét:

zg-—-1| |z-=3i

z—i

=1 mmHg, sva lai: f, =760 mmkHg

z+i

3000 I 672,71

Khi dé: P=760190 760 527,06 (mmHg).
Chon A.

Caun 8. Goi khdi chép dd cho 1a S.ABCD, goi
M,N.H lan luot 13 trung diém ctia 4D, BC, MN,
thi SH =h va SMN la tam gidc can tai §. Goi O
1a tm mit cau ndi tiép hinh chép S.4BCD va goi

h—r

(SBC). Do ASOP v»ASNH = SN = HN.
r
Lai co:
2 2 r2 2 hi? :
SN*=h"+HN*. Suyra HN® = . Taco
h=2r
4l
S nep = 4.HN? = :
ABCD e
h 4t
Viy ¥V =—2.25 =—— . ChonC.
1y 3 ABCD 3(h-2r) Q
s

M H -N
Ciu 9. Goi 4,4, la diém biéu dién cia so phirc
2.2, (z, #2,) thi tap hop nhimg diém M biéu

dién s6 phirc z thoa man el

=1 la dudng

Z—2,
trung tryc cua doan thing 4,4,. Timra z =1+1.
Cau 12. Phuong trinh hoanh d6 diém chung cuia
(C) va d 1a mx—m—3=2x"-3x*-2

o (x-D2x* -x-1-m) =0,

m=>

Véi g thi d ciit (C) tai ba diém phan biét

m#0
A(x,;mx; —m —3), B(xy;mx, —m—3),1(1;-3), trong do

TOAN HOC
' Rubilpeo
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1

£ Tiép tuyén véi (C) tai A, B vuéng
m

g6c voi nhau khi (ﬁxf ~6x,)(6x; —6x,)=-1

hay 9m(m+1)=-1< 9m® +9m+1=0.

Tap S gom hai gia tri cia m c6 tong bing 1.
Chon A.

Vosiwics 84" A8 SC
Vignz: %4 BB SC

Ciau 13. Tacd l,
8
Vsape _ 84" SD' SC' 1

Vsapc SA SD SC 8

Vs amen =Vsape Vs ope
Vs ascp =Vs ase + Vs anc
nén
Vs opep =Vs ome Vs ppre
1 1
= E( Vs apc +Vs.apc ) = 5 Vs anco

V"’ll"-ll I
=, S A'BCD 7

VS ABCH 8

Ciing c6 thé thay phép vi tw tam S ti sb é bién

hinh chép S.A4BCD  thanh  hinkl: “chép
; s Vsapep [1 .
5.4'B'C'D", nén === =| _ [%5Chon B.
VS.AHCD 2
Ciu 14. V& m<-1 thi dd thj ham sé

y=x'+(m+)x*-2m-1 c6 ba diém cyc tri

| — 2—. —
A(ﬂ;—Em—-lJ,B[ —-m I; m- =10m 5]’
2 4
[-m—1 —m* ~10m—-5
C(- i : :
e S
Ta co

2
1B = ||—m—I;—m -2m-1 ;
2 4
——— —_ — [r— 2— —
Tl m i; m-—-2m-1 :
Nl 2 4

, TOAN HOC

LU P CTugitre S8 489(-2018)

4
nén AB’ = AC? :(m;]J - m;l - Tam gidc ABC

cdn tai 4, do d6 tam gidc ndy c6 mét goc bing

120° khi

AB.AC 1

cos( 4B, 4C) = _% Y ARAC T8

59 m+1 d+m+l _m+l" [m+l :
3 oD 2
2
B

(dom < —1). Chon A.

S m=-1-

Cau 17. Ta coA NA, = M(1;0;0), &, =(1;2;-1),
va i, =(=1;-1;2) 1a ciac VTCP cia hai dudng

thang da El| =Jﬁz[ =/6, nén

cho, w2, =-5<0,

U=u —u;=(2:3;-3) la mét VICP cha duomg

phén gide & cua goc nhon tao boi A, A,. Vay

Ciu 18. Taco

- i C{lﬂCL zlﬂ-JE (_3 }IIE{I =3k !

k=0 i=0

(1—3x+2x3)'" =

Cac cip sO nguyén(i,k)théa man 0<i<k <10,
30-3k+i=7 la (i,k)=(1,8), (4,9), (7,10). Do dé
hé s6 ctia x” trong khai trién da cho 13

CioCs2* (-3)' + CpC32' (-3)*

+ClCp2°(=3)7 = —62640.

Chon D.
Céu 19, V&i mdi s6 nguyén duong » ta ki hiéu

1
I = Jlxl(l—xz}"dx. Khi dé

0

1 1
L e I.rz -2y lde=1 - jxi".xn —x?)"dk.
0 0

https://tieulun.hopto.org



l
Vi tich phan J = J'f x(1-x2)"dx ta dat
]

u=x ' =3x°
1 o
ST B A-x)" " v'=x(l-xP)"
G i (1-22)™ 1 lj 1-x%)"*dy
=J= —X o
2n+1) 0 J2n+ U
3 ]
— j :}j — ‘f ek +
T e
I
:.’::H . in+§. Vay lim “n+l _ 1. Chon A.
n+ LA

n L

Céu 20. Chon hé toa dd Oxyz sao cho A(0;0;h),
B(a;0;h), B'(a;0;0), C'(0;a;0),

-—-(a;(];—h),i’:’—(l" =(-a;a,—h),
[:4 B, EE‘} = (ah:2ah;a*), AB = (a;0;0).

|[E:B—'].,TB‘ ah
Viy d(AB',BC")= IE' B—'| = e—

Chon D.

Cau 21. Phép vi tu tim I(a;h) ti s6 k=0 bién
diém M(x:y)€(C): y= f(x) thanh diém
M'(x";y)e(C") va bién (C) thanh (C% Ta c6
IM' = kIM

_x'+ka—a
x'-a=k(x-a) b k
= = .
y'-b=k(y-5) :y‘+kf:-—b
k
Dodé M e(C) o #:,{%]

<:~:y=k.f($}-kb+b
o M(x%y)e(C):y= k.f{%’lﬁj—mm

Vay phép vi tr tim I(a;b) ti s6 k=0 bién dd thi
(C):y=f(x) thanh db thi

(C): f-kf[”;f “] b +b,

Chon D.

Cau 23. Goi s6 hang thir hai cua cip s6 cong 1a
u, thi s6 hang thir 9 va thir 44 ctia cip sb cong
nay la wy, =u, +7d,uy =u, +42d (dla cong sai

cua cap so cong, d # 0 vi u,,ugy,u,, phéan biét).

Taco {244 =%
Uy +Ug Uty =217

o 2 e =?
son [ +42d) = (u +7d) @{2

S, = %(zu, +(n=1)d)=n2n+1).

Phuong trinh n(2n+1)=820 c¢6 mdt nghiém
nguyén duong 1a » = 20. Chon A.
Céu 24,‘Dé.dai duong sinh cia hinh nén la

J36

I=SA=SB=SC=T' CthA.

€ iu 30. Ban kinh mit cdu R = OH = 3. Chon C.
Céu 31. Goi M,N,P lAn lrot 14 trung diém cua

1

BC,AC,S4 va MN=NP=MP=_=> MNP = 60",

Goce gitra AB,SC bing 60°. Chon D.
a3
2

Cau 34.Taco Sy = . Ké AH | BC,

H e BC thi SHA=60"va
BC? = AB* + AC® —2.4B.AC.c0s120° =742,

AH = M—a\/_:.m AH . tan 60" =

1 3a azxf- ¥ Jﬁ
Vay V, 54&:—5? 5 ‘F

ﬁ

Chon A.

Céu 37. Tiép tuyén véi (C) tai 4,8 la
5
d:y=-2x+4,d,:y=4x-1l,dynd, = M(E;—l].

Dién tich cén tinh

TOAN HOC
" erusitpe-4 1
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a |

5= j[(f —dx+5) = (~2x+4) |de+
1

4
_l[(:.:2 —4x+5)—(4x—1 ]]}dx = % (dvdt)
5

2
Chon A.
Cau 38. 44'+cC'=BB'+ DD'. Chon C.
Cau 39. Goi K la trung diém cia DC va H la
hinh chiéu cua @ trén SK. Ta co
1 1 1 5
3 ~dzs T
aH- 0§ OK a"
O s (SO AR =2 O ~ 2.

V5 V5

Chon D.
Céau 40. Khéi nén cé chiéu cao h= AH =4,8¢cm
va ban kinh day r = HC = 6,4cm nén ¢o thé tich

V= é nrih =~ 205,89 cm’. Chon A.

Cdu 41. Qua mdi canh cia tir dién 4BCD dung
mit phing song song véi canh ddi dién, ta duge
hinh hép AMBN.QCPD ngoai tiép tir dién
ABCD. Vi céac cap canh ddi cia ABCD bang
nhau nén mdi mit cua hinh hép néi trén lanhimg
hinh binh hanh ¢6 hai dudng chéo bang nhau. Vi
thé AMBN.QCPD la hinh hop chir. nhat véi cac
kich thuéc AM=x,AN=y,A0=z va x" +)" =d",

2 2

y? +22 =b%, 22 +x* =¢. Hinh ciu ngoai tiép tir
dién 4BCD chinh Ia hinh céu ngoai tiép hinh hop

chir nhat AMBN.QCPD va c6 ban kinh bing
r =%~.|'J¢:2 +y 42t = %\/Zl}-{az +b* +c%)
12 Ja* +b* +c2. Chon C.

242
) 1
Cau 42. u =—— SVneN*.
" Jn+2018 +/n+2017
Chon A.

Ciu 43. Ta thdy 3y-2=——-1—=1——, do d6 néu
Ix+4

x,y€Z thi 3x+4 1 uéc cua 11, tim ra hai diém

TOAN HOC
" Cludilpe

12
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6 toa d6 nguyén thudc do thi ham sé da cho la
A(-1;-3), B(-5:1). Chon B,
Ciu 44, Tap S ={-1;0} c6 4 tap con. Chon D.

Ciu 46. Dat r=sin2x, tinh ra u={},b=—% nén

e’ +log,|b| =—2. Chon A.
Céu 47. Goi [ va r lan lugt 14 tAm va ban kinh
cua mit cau (S), goi 4 1a hinh chiéu cia / trén
d. Khi dé trung diém H cua TT' thoa man
IHIA=r* va IH,IA cing huéng. Chon A.
Ciu 48. Ta cod

|w| :lﬂ::*}z].z+zg| =1

1

4=
|31|

Z)

zl.{z+z—2] =l<

=]

—

Chon B,
Céu 49. Pao ham cap n (neN") cia ham so

y=Inja+b| (a* +5* #0) 1a

LES =1 r=1 -1 a "-'.
e e al) (anh)
Chon A.

Ciin 50. Bt 1 =2 thi 1=1(x)=2""" nghich

bién trén H—;IJ va tap gia trj cua  la {{};2]_

Bai toin tr¢ thanh tim m dé ham sb

SOy =6 +(m-3)t+3m-2,1<(0;2], nghich bién

trén nira khoang (0;2]. Tacé
£i=3%+m-3<0vte(0;2]

I-m=0

i ‘3_3"' e

I-m
3
Viy voi m < -9 thi ham s da cho déng bién trén

=2

[E;TI:J. Chon C.

NGUYEN VAN XA
(GV THPT Yén Phong 56 2 — Béic Ninh)
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THU SUC TRUOC KI THI 2018
PEsO 6

(Thii gian lam bai: 90 phat)

Céu 1. Cho so phitc z=a+bi (a, beR) va xét hai
sb phic @ =22 +(2)? vd f=2zZ+i(z-Z). Trong
céc khing dinh dudi day, khing dinh nao ding?

A. ¢ lasd thue, f31asé thue.

a 14 86 do, f1a sb thuc.

=

C. a lasb thue, B4 s ao.

D. & lasb ao, fasé do.

(4w 2. Cho ham sé v = f(x) xdc dinh trong khoang
(a; b) va co d6 thi nhu hinh bén duéi. Trong cdc
khing dinh dudi day, khing dinh nao 14 sai?

[V

K R e AR,
- " L - n .—.t-
& XX e by ._.ir d

A.Ham s§ y=f(x) ¢6 dao him.trong khoing

(a; b).

B.f'(x)>0.

O ) e B

D. f'(x;)=0.

(du 3. Nguoi ta ghép 5 khdi 1ap phuong canh a dé
duoc khdi hop chir thip nhu hinh duéi. Tinh dién
tich toan phan S, cua khéi chit thip do.

A. S, = 20a2. B. 5, =127,
C. 5, =30a2. D. S, =22a>.
Ciu 4.
|
e .

bx-c

(a=0vaa, b, celR) cd do

Cho him'sd y = T
thj whtr hinh trén. Khng dinh nao dui ddy 1a ding?

W 250 <0, c—ab<0.
" B.a>0, b>0, c—ab<0.

C.a<0,b>0, c—ab<.
D. a<0, b<0, c—ab>0.

Ciu 5. Cho a, b, ¢ la cac 36 thue duong théa man
a2 —4; %84 ~16; '°B7° =49, Tinh gia tri

7 0885 blng%ﬁ . 3‘:1:;;;3‘
A. T =126. B. T=5+243.
C. T =88. D.T=3-23.
Ciu 6. Trong céc khﬁng dinh dudi day, khﬁng dinh
nao sai?
A.Véimoi a>b>1, tacod ab > b4,
B.Vaimoi a>b>1, taco log, b<log, a.
C.Véimoi a>b>1, tacé a®? >poa.

a+h
2

Céu 7. Trong khong gian véi hé toa d6 Oxyz, cho
tam gidc ABC vai A(L; 1; 1), B(=1; 1; 0),C(1; 3; 2).

it b

D.Vdimei a>b>1, taco log,

TOAN HOC
" Rusitre b3

S5 489(3-2018)




Pudng trung tuyén xuit phat tir dinh A4 cia tam gidc
ABC nhiin vecto a nao dudi day lam mét vecto chi
phuong?

A.a=(1; 1; 0). B.a=(-2 2 2).
C.a=(-1 2; 1). D. a=(-1; 1; 0).

Céu 8. Po thi ham s6 nao dudi day khéng co tiém
can ngang?

A. f(x)=3% B. g(x) = log; x.
2
h o = X +!.
C. h(x) = D. k(x) e

Ciu 9. Bat phuong trinh (3% —=1)(x2 +3x-4)>0 ¢o
bao nhiéu nghiém nguyén nho hon 6 7

A. 9. B. 5. o R D. V5 s6.
Chu 10. Trong khong gian véi hé toa do Orxyz, biét
mit phing (P):ax+by+cz=1=0 véi c<0 di qua
hai diém A(0; 1; 0), B(I; 0; 0) va tao v&i mat
phfmg (»Oz) mot goc 60°. Khido giatri a+b+c
thudc khoang nao dudi diy?

A.(0; 3. B.(3 5. (5B
Céu 11. Cho ham so y= f(x) ¢é do thi nhu duong

D. (8 11).

cong trong hinh dudi day. Tim tit ca cac gia tr] thue

clia tham s6 m dé phuong trinh |f{x} =m CcOH

nghiém phan biét. yt
A. —d<m<-3.
B. 0<m<3.

C.m>4.
D.3<m<4,

o § - 5 ' 5 A
Ciuw 12, Tinh nguyén ham cia ham 36

—X
f{:c)=e*“[2m?—%].
57

A. jf(x) 2017e¢ + 208 L ¢

X
B. [£(0)=2017e*+ 223 .

.T
C [fm=2017e-2%3 . c.

X
D. [fxy=2017er - 2284 c.

X

Cau 13. Tim gia tr] duong ctia & dé

TOAN HOC
' Clugifre
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|| 2
Jo o +i]'r Lo 9/12) vei f(x) = In(a +5).
Ak =13, B.k=2. L D. k=9,

Ciu 14. Xét f(x) 1a mot ham s6 tiy y. Trong bon
ménh dé dudi diy co bao nhiéu ménh dé ding?
(). Néu f(x) c6 dao ham tai Xp va dat cyc trj tai

xg thi f(xy)=0.

(IN). Néu f"(x,)=0 thi f(x) dat cuc tri tai diém
xn.

(I). Néu f"(xy)=0 va f"(x)>0 thi f(x) dat cuc
dai tai diém Xg-

(IV). Néu f(x) dat cuc tiéu tai diém xp thi

(2 <0.
A. 1. B. 2. | B D. 4.
Ciu 15, Cho hinh ling tru tam gidc déu

ABC.A'B'C' ¢ canh diy bing 2a, goéc giira hai
dudng thangdB’ va BC' bang 60°. Tinh thé tich ¥
cua khé King tru do.

3 A
AN 21'?1 : B. V =234
3
C.V-= E‘E‘? | D. V = 264>,

Ciu 16. Tim cac gia tri thuc cia m dé ham sb
y=2%=x"+mx+l dong bién trén [1; 2],

A.m>-8, B.m=-1. C.m= -8, D.m<-1.

Cau 17. Két qua (b, ¢) cua viéc gieo mdt con sic
sc cin dbi hai lan lién tiép, trong do b la s6 chim
xuét hién lin gieo thir nhét, c¢la sd chdm xudt hién
lan gieo thir hai dugc thay vao phuwong trinh béc hai
x% +bx+c=0. Tinh xic suit dé phuong trinh bic
hai do v6 nghiém?

7 23 17 5
A.I—~ B. 36 C. 6 D. T3

Ciu 18. Tong gia trj 16n nhit M va gid tri nho nhét

meia ham sé f(x)=(x—6Wx2+4 trén doan
[0; 3]c6 dang a—bye véi ala sb nguyén va b,c la
céc sb nguyén duong. Tinh S=a+b+ec.

A.S=4. B.S=-2.

C.5=-22. D.§=5.
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Céu 19. Cho sé phitc z=a+bi (a,bcR) thoi min

a+(b-1)i= H; Gia tri nao dudi day la modun

cuaz?

Au:5. B. 1. C. 10, D. /5.

Ciu 20. Biét Iﬂ#drul+hln (a,b>0).
(k2 +1)x+2017

Tim céc gia tri k dé Idx {tll}n:m =7 2018

A k<0 B. k=0. C. k=1 D.kek

Ciu 21. Cho hinh chép S.ABC c6 didy ABC latam
gidc vudng tai B, canh bén 54 vudng goc vai day va
S4=2a, AB=BC =a.Goi M la diém thujc AB sao

alioy A M :%‘*- Tinh khoang cich d tir diém § dén

duomg thang CM.

A_dﬁﬁ*“m. aa:"m.
5 5
C.u’:a ;]GI D.d=20§ﬁ

Cau 22. M3t tién ciia mot ngoi bigt thu c6 8 cdy cit
hinh try tron, tit ca déu co chiéu cao bing 4,2m.
Trong sb cdc ciy do 6 2 cdy cOt trude dai sauh
duomg kinh bing 40cm, 6 cdy cdt con lai phan bo
déu hai bén dai sanh va ching déu c6 duéng kinh
bing 26¢m. Chii nha thué nhin cong dé sen cac ciy
ct bang loai som gia dd, biét! gid thué la
380000/ 1m2 (ké ca vat liéu son va phén thi cong).
Hoi ngudi chu phai chi it nhat bao nhiéu tién dé son
hét cac cdy cbt nha 46 (don vi dong)? (lay
n=3,14159).

A. =11.833.000. B. =12.521.000.

C. =10.400.000. D. =15.642.000.

Ciu 23. SO givr ¢6 anh sang ctia mot thanh phd X & vi
do 40° bic trong ngay thir ¢ cia mot nam khong
nhuin duge cho bai ham s6

dt) = 3sin(%(r —3ﬂ}]+ 12,17 va 0<t <365.

Vao ngay nao trong nam thi thanh phd X c6 nhiéu
gi0 co anh sang nhat?

A. 262. B. 353. C. 80. D. I'71.
(iu 24. Trong khéng gian vai hé toa dd Oxyz, cho

hai diém A(2: 4: 1), B(=1: 1: 3) va mit phing

(P):x—-3y+2z-5=0. Mot mit phing (Q) di qua
hai diém A, B va vudng goc mit phang (P)cé dang
ld ax+by+cz—-11=0.Khing dinh ndo sau ddy la

ding?
A.a+b=c. B.a+b+c=5.
C.ae(b; c). D.a+b>c.

Cdu 25. Tim so hang khong chira x trong khai trién
i c
nhj thirc Newton cua [2;:2 - ?] (x#0), biét ring

1.C) +2.C2 +3.C3 4+ +nC" =256n (CK 125016

hop chiap kcua n phan tir).
A. 48988S.
C. 48988.

Ciu 26. Cho phuong trinh
g*+1 1+ 8(0,5)3% +3.2%+3 =125-24.(0,5)*.

B. 49888.
D. 4889888,

Khi dat 1=2% + z_lr phuong trinh da cho tré thanh

phuong trinh nao dudi day?

A 88 -3r-12=0. B. 8 +3r2 —1-10=0.
G883 -125=0. D. 83 +1-36=0.

Cau 27. Trong mat phing véi hé toa dd Oxy, cho
tam gidc ABC voi A(-3;2), B(};1),C(2;—4). Goi
A'(x; 1), B'(x3; y2), C'(x3; y3) lan lugt 1a anh

cia A, B, C qua phép vi tw tam O, ti sb 14::_%.

2 14

e D.S= =5
Ciu 28. Trong khong gian vai hé toa d6 Oxyz, cho
mit phing (P):2x—y+z-10=0, diém A(l; 3; 2)

A.5=1 B.§5=-6. C.§=

x=-24+2¢
va duimg thing d:{y=1+¢
z=]-t

- Tim phuong trinh

duong thing A cit (P) va d lan luot tai hai diém
M va Nsaocho A latrung diém ctiia canh MN.

Xefis JEIF =kY X6 3l 23
A e R Iy PO — T
bl e i o TG Tkl Ca=3
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Cu 29. Cho ham s6 y=+1+3x—22. Khing dinh
nao duoi day dang?

A () +ypy"=-1, B. ()2 +2y.y"=1.
C.yy" -(y) =1 D. () +yy"=1.

Céu 30. Cho ham s6 y = f(x) lién tuc trén R va co
@6 thi nhu hinh dudi:

Biét rﬁug truc hoanh la tiém cdn ngang cua dd thi.
Tim tit ca cdc gia tri thuc cua tham s6 m dé phuong

trinh  £(x)=4"22¥2 ¢4 hai nghiém phan biét

duong.
A.m=>1. B.0<m<].
C.m<0. D.0O<m<?2.
Ciu 31. Gid sir a, b, c1a cac s6 nguyén théa mén
3
2r2+4.r+1 " 4
= |(au* + bu? + &)du, trong do
] —dr=5 [( ) g
u=+2x+1. Tinhgiatri S=a+b+c
A.§5=13, B.5=0. 8=l D.S5=24

Ciu 32. Cho hinh phiing (H) gigi han boi dudmg
cong y:-!:?x, truc hoanh vi dudong thing x=e.
x

Khéi tron xoay tao thanh khi quay. (H) quanh truc
hoanh ¢6 thé tich 7 bing bao nhiéu?

a T b
A.Sz-i-' E'S:?J C.S=E'
Ciu 33. Cho hinh lip phwong ABCD.A'B'C'D' ¢6
canh a. Mot khéi nén ¢6 dinh 14 tdm cua hinh
vudng ABCD va dday 14 hinh tron ndi tiép hinh
vudng A'B'C'D'. Két qua tinh dién tich toan phin

D.S5=gmx.

S;p cua khdi non dé co dang bing %{Jﬁ tc)
voi b vac la hai s6 nguyén duong va b>1. Tinh
be.

A.bc=5. B.bc=8. C.bc=l5.
Ciu 34. Tap nghiém cia bét phuong trinh
2.77+2 +7.2%+2 <351 /145 ¢6 dang la doan

S =[a; b]. Gid tri b-2a thudc khoang nao dudi

16 OMAO 55 ssom20

D. be=7.

day?
A. (3; J10). B. (-4; 2).
C. (J7; 410). D. [g“—s"’l]

Céu 35, Tim tit ca cac gid tri thye ctia m dé phuong
trinh x+1=my2x% +1 ¢6 hai nghiém phan biét.
V2 J6 B V2

A, —T{IH{?' .M{T‘
C.m::-u"g-- D.%{m{”—fﬂ

Ciu 36. Tim gia tri nguyén cua tham s6 m dé ham
sd y=x*—2(m? +1)x%+2 c6 3 diém cuc tri sao
cho gia tri cye tiéu dat gid tri 16n nhat.

A.m=2, B.m=10. C.m=1. D.m=2,
Ciu 37. Choham sd f(x) xéc dinh trén R\ {1} thoa

man f(x) =ﬁ.f{m =2017, £(2)=2018. Tinh

§=1(3)-f(-D).
A B=1. B.5=In2.
C. S =ing035. D. S =4.

Ciu38. Cho A, B 14 hai diém biéu dién hinh hoc s6
phirc theo thir tw z,, z, khac 0va thoa min ding

thice z3 +27 =zyz,. Hoi ba diém O, 4, B tao thinh

tam gidc gi (O 1a gdc toa d§)? Chon phuong dn ding

va day di nhat.
A. Can ta1 0. B. Vudng can tai 0.
C.béu. D. Vuodng tai .

Ciu 39. Cho ham f(x)=—x* +2x? —11lx+sinx va

u, v 1a hai s0 thoa man u <v. Khﬁng dinh nao dudi

diy la dung?
A.f@)< f(v.loge). B.f(u)> f(3v.loge).
C.f(u)=f(v). g; Ca 3 khang dinh trén
1 sal.
Inx-

Ciu 40, Cho ham s6 y = véi mla tham so

Inx=2m

Goi § la tip hop cac gid tri nguyén duong clia m dé
ham s6 ddng bién trén khoang (I; €). Tim sb phin
tir cia §S.

AL B. 4. [ Bt D. 1.

Ciu 41. Trong khong gian vdi hé tpa 46 Oxyz, cho

ba diém A(0;1;0), B(2;2;2),C(-2;3;1) va dudng
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x—1 P V42 = z-3
2 =1 7
dé thé tich ¥ clia tir dién MABC bing3.

thang d ; - Tim diém M thude d

&Mi-l,f-; %; —];_,—I); M(—%; —%; %]
(3 -3 A (-4 3:2)
sy 3 au(5 3 4)
ol (1)

- i aJx khi0<x<x
iphegtoeh s :{ 2412 khix=>x, e
Biét rﬁng ta luén tim duge mot s0 duong Xp va mot
so thue @dé ham so f¢d dao ham lién tuc trén
khoang (0; +o0) Tinh gid trj §=x; +a.

A. S=2(3-22). B. S =2(1+442).
C.5=2(3-42). D. S =2(3+2v2).

Cau 43. Trong khong gian véi hé truc toa d§ Oxyz,
cho mat phang (P):2x+ y=2z+m=0 va mit ciu

(S):ix? +y2+22-2x+4y—62-2=0. Co

nhiéu gia tri nguyén cua m dé mat phing (P) edt

bao

mit cau (S) theo giao tuyén la duomg tron (F)co
chu vi bang 4743, h
A. 3 B. 4. L5 1.

Cau 44. Cho hinh chép S.4BCD, dRS1BCD 14 hinh
vudng canh 24. Hai mat phang (S4B)va (SAD) cung
vuong goc voi day, goc giira hai mét phﬁng{SBC )

va (ABCD)bing 30° Tinh ti sb -:%biét V 1a the
a

tich cua khéi chép S.4BCD.

3 V3

o H 2= €. 3.
12 12 v3
Ciu 45. Goi M vam lin luot la gia tri 16m nhat va

83

A, ]}_

nhé nhit cia P=

E‘l‘f #w 5 £ . i 5
— | Vi z la 86 phirc khac 0 va

théa mén |z|2 2. Tinh2M - m.

{"‘z‘iu 49. Cho day sb (u,) xdc dinh boi

Ciu 46. Cho tam giac ABC wvudng tai 4, BC=a,
AC=b, AB=c¢, b<ec.Khi quay tam gidc vudng
ABC mét vong quanh canh BC, quanh canh AC,
quanh canh AB, ta dugc cac hinh co dién tich toan
phén theo thi tw bing S, S, S.. Khing dinh ndo
dudi diy diung?
A8 >8.28,.
C.8. =8, 55,

B. 5, >8,>5,.
D. S{J }S{; }Sb'
Céu 47. Cho nim sé a, b, ¢, d, e tao thanh m{t
cip s nhén theo thir ty d6 va cac so déu khic 0,

bidt L+lilelil_10va thng cia ching bing
g e e

40 . Tinh gié tri |S| voi S = abede.
A. |s|=42.
€ [S=52

B. |S|=62.

D. |$|=52.

Céiu 48. Vi gia tri 16n nhdt cia a bing bao nhiéu
dé phwong rinh asin? x +2sin2x +3acos? x=2¢o
nghiém?

' 3

: 8
A2, . = C. 4. D. —-
B 3 3

=0 va

lyey = Uy +4n+3, ¥n2>2. Biét

J;+m |'.H41” + ot f'u4wg[g ﬂzﬂll? +h
Ju— Jian + Juza, +oo+ fupms, c

voi a, b, ¢ 1a cac so nguyén duong va b < 2019,

Tinh gidtri S=a+b—c.

A.S=-1. B. 5=0D.

C. §=2017. D.S=2018.

Cau 50. Biét luén c6 hai s6 a va b dé
a.r+b

F(x) =527 (da-b=0)

14 nguyén ham cia ham sé f(x) va thoa man:

2f2(x)=(F(x)-1)f'(x).
Khiing dinh nao dudi ddy ding va diy di nhat?

X oa=1bh=4 B.a=1b=-1.
C.a=1beR\{4}. D.acR,belR.
PHAM TRONG THU

(GV THPT chuyén Nguvén Quang Diéu, Pong Thdp)
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NHUNG CAU CHUYEN THU VI XUNG
QUANH BAITOAN CHIA BA MOT GOC

LE QUOC HAN
(GV Khoa Todn, PH Vinh, Ngh¢ A_rf:)/

Pd co khéng it tai liéu dé cdp dén van dé nay
nhung vi nhitng li do nao do ma cach trinh bay
hode chwa day du hodc thiéu hé thong. Bai viét
nay mong muon diege bé sung phan nao diéu do.
1. Cac dung cu dung hinh Euclid

Dung cu dung hinh Euclid gdm cay thudc ké va
chiéc compa. Piéu quan trong trude hét 1a phai
thiy o ching ta duoc phép 1am nhimg gi véi ciy
thude ké va chiéc compa?

Voi cay thude ké chung ta dwoc phép vé mit
dwomg thang co chiéu dai khong xde dinh di qua
hai diém phén biét cho trude. Véi chiée compa ta
diepe phép vé mot dwong tron voi bat kv mét diém
nao cho trude lam tam va di qua diém thir hai bat
ky nao.

Vi cac tién dé trong tic phiam Nguyén 4y cla
Euclid quy dinh chi duge ding thugc ke va
compa theo cic ludt trén nén hai dung cu nay
duoc goi 1a cdc dung cu Euclid. Digng hinh bing
thuoc ke va compa duge xem nhu mét "tro choi”
phai tuan theo theo hai luit do, dd té ra rﬁng do la
mét "6 choi" hip din nhét tir trude 161 nay. Thét
dang ngac nhién khi cac phép dung hinh thue sy
phirc tap lai ¢6 thé thuc hién duoc bing cach nay
va cling kho tin ring mét s6 bai toan dung hinh
twong ching nhu don gian (ma dién hinh nhét 1a
bai toan chia ba mot géc bat ky cho triedc thanh
ba pkén bci'ng nhau) lai khéng thyce hién duge nhu
vay.

Can dac biét cha v 1a thude ké khong hé ¢6 Iy tac
gi. Néu dung thudce ké co ly tic thi c6 thé chia ba
mét goc bit ky cho trude, ching han bing phuong
phap sau:

TOAN HOC
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Bai todn. Chia goc xOy cho trude thanh ba phén
bang nhau.

Loi giai. Dung dudng tron tam O, ban kinh tuy y
cit Ox tai 4, cit Oy tai B va cit tia dbi cua tia
Oy tai C. Trén Ox dung diém D sao cho
ED=0C trong &6 E la giao diém cua CD véi
duong tron (0). Ké
tia Oz Jf CD, khi do

DOz %_Fé}.

Thatviy, vi ED = OC = OE nén tam gidc OED
can tail E, suy ra

] =

EDO = EOD —éDEC _EDCD

Lai c6 EDO = DOz va zOy = DCO (viOz Jf CD).
Tir d6 565:%5’@. sy Ta ﬂ:é@.

Nhu véy, khi dung diém D & 1oi giai trén ngoai
thuoe ké va compa, ta phai dung thém mot dung
cy thir ba do 1a thwoe chia dp.

2. Ba bai todn noi tiéng vé dung hinh Euclid
Bai toan trén la mt trong ba bai toan néi tiéng vé
dung hinh Euclid sau:

1. Gdp déi mét khoi lap phwong, 1a bai toan dung
canh ciia mot khéi lip phwong c6 thé tich gip hai
lan thé tich cua mot khéi 14p phuong cho trudre.

2. Chia ba mét goc, 1a bai toan chia mét goc bat
ki thanh ba phan bang nhau.

3. Cau phwong mét vong tron, 1a bai toan dung
mdt hinh vudng ¢6 dién tich bing véi dién tich
mot hinh tron cho trude.
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Tim quan trong cla cic bai toan nay 1a & chd
ching khong giai duge (trir phép xdp xi) bang céc
dung cu Euclid. Viéc nd luc nghién ciru cach gii
cho ba bai toan nay da anh hwéng sau sic dén sy
phét trién mdn hinh hoc Hy Lap cé dai va mang
lai nhiéu kham pha hiru ich vé cac thiét dién
conic, cdc dudong bic hai va bac ba va nhiéu
dudng siéu viét. Mai dén thé ky XIX véi su phat
trién ciia Ly thuyét cac phwong trinh c6 lién quan
dén céc sb hivu ty, cac s6 dai sb va céc s6 siéu viét
ciing v&i Ly thuyét nhom, tinh bit kha thi d6i véi
phép dung hinh ba bai todn trén bing cac dung cu
Euclid méi duge xdc lap, nghia 1a trén 2000 nidm
sau khi ba bai toan do lan déu tién dwoc dat ra.

3. Tinh bat khi thi trong viéce gidi ba bai todn
noi tiéng bing cac dung cu Euclid

Truée hét ta nhic lai ring cic phwong trinh
£(x)=0, trong d6 f(x) la mot da thirc voi hé sb
nguyén, duoc goi la mot phwong trinh dai s6. Céc
s6 thuc 1a nghiém cta mdt phuong trinh dai 50

nao do dugc goi la sé dai 56, nhirng s6 thue con

lai dugc goi la s6 siéu viét. Nam 1882, nha todn

hoc nguoi Dlic Ferdinand von Lindénmann
(1852 — 1939) di chimg minh dugc ring = 1a sb
siéu viét, va do do v ciing 12 sdisign viét.

Dén thé ky XIX, nguoi ta da chimg minh duoe
hai dinh ly quan trong sau:

Pinh Iy 1. 56 do bt ki chiéu dai nao dung duge
»f}a:'ng cac dung cu Euclid tir mot chiéu dai don vi
déu la mot s6 dai s6.

Dinh 1y 2. Tir mét vi chiéu dai don vi cho trudc
khong thé dung dwoc bang cdc dung cu Euclid
ma dp do chiéu dai don vi ciia né la nghiém ctia
mt phwong trinh bdc ba voi hé sé hiru 1y nhung
khong co nghiém hiru ty.

Pinh 1y thir nhat bac bo bai toan Ciu phurong mét
vong tron. That vdy, néu ta ldy ban kinh cua
duong tron lam don vi thi canh cua hinh vudng

twong duong phai 1a r. Nhu vdy néu bai toan
cau phuong giai dwoc bang cac dung cu Euclid
thi ta c6 thé dung tir mdt doan thang don vi mot
doan thing khac ¢6 chiéu dai la /x . Nhung didu
nay la khong thé vi Lindenmann da chimg minh
ring V' khéng phai la s dai sb.

Dinh ly thir hai da loai bo hai bai toan con lai.
Thét vy, trong bii todn Gip doi mot khoi lip
phuong ta ldy canh khoi lap phuwong cho trude
lam don vi d6 dai va ky hiéu x la canh cua khéi
lap phuong cén dyng. Thé thi x*=2 hay
¥*~2=0. Néu bai toan Gip déi mét khéi lip
phuong giai duge bang céc dung cu Euclid thi ta
¢6 thé dyng tir mot doan thang don vi mot doan
thang khac c6 chiéu dai 1a x. Nhung diéu nay
khong thé duge vi ' =2=0 la mot phuong trinh
bic ba'khong c¢6 nghiém hiru ty (That vay, da
thig@ x" —2 ¢ hé sb nguyén va hé s6 cua s6 hang
¢ao nhit bang 1 nén néu phuong trinh x*-2=0
c6 nghiém hiru ty thi nghiém do phai la s0 nguyén
va 1 u6c cua 2, nhung thu tryc tiép ta thay
+1, +2 khong I nghiém phuong trinh ay).

Ching ta c6 thé chimg minh rang mot goc noi
chung 1a khong thé chia ba dugc bing cac dung
cu Euclid bang cach chi ra ring mét goc dac biét
nio d6 khong thé chia ba duge nhu vay. Tir cong
thirc nhin ba ta ¢6 cos36 =4cos’ @—3cosh. Lay
6 =20", ditx=cos# nhdn dugc 8x’ —6x-1=0.
Pit 2x=¢ tacé * —3t-1=0. Lap ludn nhu trén
ta thiy phuong trinh / -3r—1=0 khéng co
nghiém hiru ti nén phuong

trinh 8x’ —6x—1=0 ciing X

khong co nghiém hitu ty. ( C

Goi OA 14 doan thing don | 0 DA

vi cho trudec. V& mit \

duong tron tim O, bén (s
TOAN HQC
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kinh OA. V& tiép cung tron tim A, ban kinh OA
cht dudmg tron (0;04) tai B. Khi d6 AOB = 60".
Gia sir da dyng duge diém C trén cung nho 4B
sao cho CoA=20°. Goi D la chan duong vudng
géc ha tir C xudng OA. Thé thi OD =c0s20" = x.
Suy ra ring néu géc 60° chia duge thanh ba phén
bing nhau bai cac dung cu Euclid, hay néi céch
khac néu OC ¢6 thé dung duge biang cac dung cu
nay thi tir mét doan thing don vi O4 ta c6 thé
dung dugc doan thing khac c6 chiéu dai la x.
Piéu nay 13 khong thé duge vi phuong trinh bac
ba 8x-6x—1=0 trén c6 hé sé hiu ty nhung
khéng ¢6 nghiém hitu ty, trai véi dinh ly thir hai.
Cén luu y ring khong phai ching ta chimg minh
duge rang khéng cé géc nao ¢6 thé chia ba duge
duge bing cac dung cy Euclid ma chi chimg minh
ring khéng phdai tdat ca cac goc déu chia ba duge
nhu vay. Thuc té co cac goc nhu 45°, 90 va vo
s6 goc khac déu chia ba duge bang cic dung cu
Euclid. Viéc xac dinh mét géc cho trude c6 thé
chia ba dugc bing céc dung cu Euclid hay khong
céin dén nhirng 1y thuyét toan hoc hién dai'sdu sic
hom, ching han Ly thuyét Galois.

4. Phuong phap tiém can

Sau khi da bat lyc trong viéc chia ba mét goc tiy
¥ bing cac dung cu Euclid, ngudi Hy Lap cd dai
da tim nhitng phuong phap tiép cin khac dé chia
ba mdt goc bing cac dung cu "cai tién" khac.
Truée hét ho it gon né vé bai toan ma ho goi la

Bai toan tiém cgn. Mot F
géc nhon ABC ndo dé >G/
dugec xem la goc giira -

duong chéo B4 va

canh BC cua hinh chir nhiat BCAD. Xét mit
dudmng thing di qua B cit CA tai £ va ciit DA
kéo dai tai Fsao cho EF =2B4. Goi1 G la trung
diém cia EF. Thé thi EG =GF =GA= AB nén

S5 489(3-2018)
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ABC = AGB = GAF +GFA = 2GFA = 2GBC.

Nhur véyfﬁ..ﬁ??” chia ba ABC. Do d6 bai toan quy
ve dung mot doan thﬁng EF ¢6 chiéu daila 2.B4
giita AC vd DA kéo dai sao cho FE tién gan
(tiém can) téi B. Néu lam nguge lai véi nhitng
gia dinh Euclid, ching ta ty cho phép minh dédnh
diu trén thudc ké sao cho n6 di qua B va cac
diém dwgc danh diu E' ndm trén AC va F'

niim trén phan kéo dai cia DA thi goc ABC s@
duge chia thanh ba phin bang nhau. Cach dung
thude ké khong dwoc phép nhu viy cd thé dugce
xem la mot 4p dung cia "nguyén ly dua vao".
Nhitg dudng phing cao cap khic nhau di dugce
tim thdy s& gilip gidi bai todn tiém cdn ma bai
todn chia ba quy vé. Mot trong nhing dudng xua
nhét trong cac duong nay 1a dwong conchoit duge
Nicomedess, dua ra (khoang 240 truwdc cong
nguyén). |

Gia sur ¢ la mot duong rh:fng va O la mét diém
bat ky co dinh khong nam trén ¢ va k la mét
chiéu dai cho trude. V&i moi diem P chuyén
déng trén ¢, trén OP kéo dai ta lay diém Q sao
cho PO=k. Khi do quy tich Q la (mét nhanh)
dwong conchoit cua ¢ vai cyc la O va h&ng 56 la
k.

Lam ra mét dung cu dé vé dudng conchoit kha
don gian va nguoi ta da ding né dé chia ba mot
goc bat ky kha dé
ding. Gia s cén
chia ba goc nhon

m L'\‘H N
% e A

Dung duong thing

MN vudng goc voi OA4, cit O4 va OB tuong

cho trudc.

ung tai D va L.Bay gid v& dudng conchoit cua
MN véi cwe O va hiang s6 20L. Qua L dung
duong thing song song v&i OA, cit dudng

conchoit & C. Khi @6 OC sé& chia ba goc AOB.
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Cé nhimg dudng sidu viét (khong dai s6) khong
chi c6 thé chia ba mdt goe bat ki cho trude ma néi
chung c6 thé chia dugc géc d6 thanh mot so phan
bing nhau. Ngoai ra chiing con c6 thé giai duoc
bai toan Cau phuong mdt vong tron. Hai trong
ching 1a dwong bdc hai cua Hippias (khoang 425
trudc cong nguyén) va dwong xodn oOc cua
Archimedes (khoang 225 trude cong nguyén).

5. Chia ba géc bing céc conic

M@t goc nbi chung cé thé dimg mét conic dé chia
ba. Nhimg ngudi Hy Lap xa xua khong quen
thudc 1dm dé lam viéc ndy. Mii dén khoang nim
300 sau cong nguyén, Pappus mdi sir dung tiéu
chudn va tinh chét dwong chudn cua cac conic dé
giai bai toan chia ba. Sau day 1a mot s6 cach dung
thudc loai nay.

+ Cho truéc mdt goc AOB. V& nhénh cia mot
hypebol déu c6 tam la O va O4 la duong tiém
cdn cit OB & P. Dung dudng tron tim P bin
kinh 2PO cit hypebol & R . Dung dudng thing
Px song song v&iOA va duomg thing Ry vudig

goc voi OA4. Goi M 1a giao cua Px va Rec Khi
a6 m%,ﬁ_

« Liy AOB la mdt goc & thm mot vong tron va
OC 1a duong phan gidc ciia goc AOB. V& nhanh
ciia hypebol tdm sai bing 2, 4 la tiéu diém va
OC 1a dudmg chuin twrong g va gia s nhanh

nay cit cung AB tai P. Khi do ﬁ:%,ﬁ.

Pappus da dua ra cach dung nay.

« Mot cach chia ba mot goc bat ky kha thong
minh duge mé ta bai Aubry vao nim 1986. Gia
st ¢6 mot hinh nén tron xoay thing dimg (lim
bing g ching han) c¢é chiéu dai dudmg sinh bing

ba ldn ban kinh day. Trén chu vi ctia duong tron

ddy cta hinh nén danh diu cung AB cia goc O
tim AOB cho bing géc ma ta mudn chia ba. Bay
gidr 14y gidy boc quanh hinh nén va danh diu lai
trén giﬁ}r cédc vi tri cla cic diém A4, B vadinh V
cua hinh nén. Khi trai gidy ra ta co goc

m— —

AVB=§AUB_

6. Chia ba géc biing cach xép xi
Nam 1525, mot
hoa si ndi tiéng tén

la Abrecht Durer
d4d dua ra cach chia 4
ba gin ding mét
goc bing cac dung o

cu Euclidbir sau: Cho mdt goc & tim AOB cia
mot.dudmng tron. Goi C & gan B 1a diém chia ba
¢la diy 4B. Puong thang ké tir C va vudng goc
véi AB cit cung nho AB tai D. Dudng tron tim

B,ban kinh bang BD cit 4B tai E. Trén doan

thing EC ldy diém F sao cho EF:%EC.

Pudng tron tim B, ban kinh bang BF cit cung
nho AB tai G. Khi d6 OG la dudng chia ba gin
dung cna AOB. C6 thé chi ra bing bing sai so
trong viéc chia ba nay tang cung kich thude cua
goc AOB nhung chi khoang 1" cho A0B =60 va

18" cho AOB =90°.

Két luiin. Mic di d3 xudt hién trén 2500 nam,
bai todn chia ba goc noi chung va ba bai toan
dung hinh bing cac cong cu Euclid ndi tiéng trén

van hép din giéi 1am todn cho dén ngay nay.

TOAN HOC 21
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DAY ¢

13 8D m_r_im\m mcmﬁﬂmmwﬂm'ﬂﬁ
7 = pf cHNG M BT DANG THIC

 NGUYEN YAN NHO

(GV THPT Nguyén Duy Trinh, Nghi Lc, Nghé An)

Bai viét gi@i thiéu voi ban doc cach chung minh
cac bat ding thire (BPT) hodc tim gié tri 16n nhat
(GTLN) va gia tri nhé nhat (GTNN) cia cac BDT
hodic cac biéu thirc ¢6 chira cic bién sé ma ta xdc
dinh duge mién gid tri cia cdc bién sb d6. Sau day
la mét s6 tinh chat hay dung,
I. TINH CHAT

1) xe[a:b]= (x—aXx=-b) =0,

)X Ea=> ml(x—a] =0,%m;

NxLa=m (x—a)<0,Vm;

4) x,yela;b]l=|x-yicb-a

S5)asx<ys<b=a-bsx-y=\,

0£y—x<b-a;

) 0caaispe s St ael o 2.
by A
7) {0”5‘1 [ ] ( ]
mzn
Y

) x,y,ze[a;b]= (x—a)y—alz—- a}aﬁ;
(x—b)(y-b)z *B}*‘fl}
(Chitng minh cdc tinh chdt tréns c‘ffm gian, xin
danh cho ban dac]
I1. MQT SO THI DU

Thi du 1. Cho cdc so khéng dm a, b, ¢ thoa mén
a+b+e=1. Ching minh ning a® +b* +e? <1,

Léi gidgi. Vi a, b, ¢ 14 cac s6 khong 4m thoa man
at+b+c=1 nén 02a451,02b6<1,02c<] hay

.
a*<a,b’ <he'<c=at+bi+e’ <a+bte=1

do &6 BPT ding. Diu bing xay ra khi va chi khi
a®=ab’=b,c’=c va atb+c=1.

Vay a=1, b=c=0 va cic hoan vi.

Thi du 2. Cho a, b, ¢ la cdc s6 khéng am va
khong lom hon 2 thoa man a+b+c¢
minh rdng: a* +b* +¢* <5,

Loi gidi. Theo gia thiét(2 - a)(2-b)2—c) = 0 hay

3. Chitng

TOAN HOC
F =
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8+2(ab+bc+ca)-Ha+b+c)—abcz0.
Pé ap dung duge gia thiét a+b+c =3 ta cong
hai vé BPT trén véi a” +b* +¢* ta thu duge
8+(a+b+c) —d(a+b+c)—abeza® +b* + ¢
+et < 5=abe

Lai do a, b, ¢ la cac sb khong 4m nén abe = 0 tir

=a° +b°

d6 tacd a® +b° +¢* <5 nén BDT cin chimg minh
ding.

Dau bang xay ra khi va chi khi trong céc sé a, b, ¢
c6d mdt s6 nhén gia tri 13 0 va c6 mdt s6 nhén gia
tri 2 va kﬂ&hqrp voi gia thiét a+b+c=3 ta thiy
diéu n-st;,?D :rl.i'Ung duong vol trong ba s6 a, b, ¢ co
m{;II. sﬁ bang 0, c6 mot sé bang 1, c6 mot sb

.“.j'i-’\ﬂll' du 3. Vi hai so khong am a, b ma a+bh=3,

tim GTLN cuia biéu thire: P=a’ +h°.

Huwéng dan. Tir gia thiétta co: 0<a<3,0<h<3,

suyra a <9a.b’ <9 = P=a’ +b° <Ha+b).

Mit khéc, theo gié thiét thi
a+b=31=>P<L9%x3=27.

Ta ¢6 P =27 khi va chi khi hai sé a, b nhén gia

tri 0 hodc 3, két hop véi a+b=3 ta thay khi d6

trong hai s6 a va b c6 dling mét sd nhan gi trj 0

va mot sd nhan gia tri 3. Vay max P = 27.

co 4"{:1-!?:;_1*

Thi du 4. Vi n 56 khiong am x,x,,...,x

n
bang 1 (n la so nguvén duong lém hon 1), tim

1 1040 . 1My
PR AN SRR,

GTLN cua biéu thirc:
Loi giai. T diéu kién suyra0<x, =1 nén ta co:
Tuong tu ta co: xzm'} = xz,...,xn'm i i

Céng céc BDT cling chiéu & trén vé theo vé ta co:

][ID

X B S Xy Funb Xy = PE]
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Ta co: P=lx =L =%=..=x,=0 vi cic

hoan vi. Viy max P = 1.

Thi du 5. Cho cac 50 X, vithoaman: 1sxsy<4,
bx+y Tx=-y

Tim GTLN cua bieu thue P=—+ =
X4y ZE+3¥

il i ;
Loi giagi. Tir gia thiét ta co: Ei Zeg (theo tinh
y
chat 6). Ta viét P du6i dang twong duong:

il (e il 1
Praedaig v X e Siag S e,
Sl Ny y
y ¥
L e O Ly
t+1  2t+3
Xét ham sb ,f(r)=6’+1+ﬂ’—l,we{l;1] ta
t+1  2t+3 4

co: )= : T £ - :-{].re[l;l]nén
#+1)y (2r+3) 4

ham s6 A7) dong bién trén H ; 1}. Suy ra

: 47 2
max f{r]=j{1}=ﬁ- Vay maxP=%

.14 l;]]
L4

khi x=y=1¢<[L;4].
Thi du 6. Cho x, v la cac 50 .=;'.L»'u_i‘_'f’?: thoa mdan
| £ x <y <30.Tim GTNN cua hicthgiire sau:

e (2x —_f."] ‘-.I"I.I'L- ]
.].\.'I..l.
Rl T i X
Loi giai. Tu di€u kign ¢o; — < — <1, dat 1 =—,
300y ¥

khi d6: %éril VA x=ty, thay vio P ta c6:

p_ Q-

wy

Xét ham sb f(r):{:r—l)ﬁ, re[ﬁ;l} ta co

= (2t —1Wr.

e b Sl S A
S()= o f (r)—ﬂﬂr—ﬁ

Bang bién thién:

t L l |
30 [
AL - 0 +
i' o 9 i
|

Suy ra: min F=g khi y = 6x két hop véi diéu

kién cua x, y ta c6 cac truomg hop dé P dat GTNN
1a: (x;p) € {(1;6), (2:12),(3;18),(4;24),(5;30)}.

Thi du 7. Véi cdac so x, y thay doi thoa man
| < x < v Tim GTNN cua biéu thiec:
~ ]

P=2(x2+y)) +4(x -y

)+ 7.

Loi gidgi. Tir diéu kién cia x, y ¢6: 4<x-y<0

(theo tinh chét 5), dat ¢ = x—y thi r €[-4;0]. Khi

d6, tacod: P=2(x—y)* +4(x—y)+7 =21 +41+7.

Xét ham s6 f()=2:* +4r+7,te[~4;0]. Bing
phuong phap tam thirc bic hai ta thiy:

nulmf{r)=f(—l}=5.Tfr d6 ta thiy minP=35

re[ 4

dat duge khi x— y=—1 hay {I ae[l;4]

y=o+l

Thi du 8. Cho cdc so khing dm a, b va ¢ thoa

min a+b+c=1. Tim GTNN cua biéu thirc:

s 2{.:?4 +b + )+ cll_'f::hj + b 4 (_;2“2 )
4
4‘:!2 t h"! t (‘3

Léi gigi. Tu diéu kiéna+b+c=1 suy ra
a,b,c e[0:1]. Tird6 »* 2 b*,e>c* suyra:

(Xem tiép trang 42)
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CAC LOP THCS

Bai T1/489 (Lép 6). Tim tat ca cc cap sb nguyén
(x,y) théa man x* +x=3""1% 41,

NGUYEN HAM THANH

(GV THCS Ly Nhat Quang, Dé Luwong, Nghé An)

Bai T2/489 (Lép 7). Cho tam gidc ABC cb

B=45°,C=30°, BM 13 duong trung tuyén cia

tam gidc ABC. Tinh s6 do gdc AMB.
NGUYEN PUC TAN
(TP. Hé Chi Minh)
Bai T3/489. Cho x, y 1a céc sb thue théa man diéu
kién O<ux,y<1. Tim gi4 tri nho nhét cua biéu thue

Pl pod SO Xkl
: =

LA DAI CUONG
(GV THPT Cam L¢, Quang Tij)
Bai T4/489. Cho dudmg tron taim O, dudng kinh
AB. Trén dudng tron (0) lay diém C (Cikhéc véi
A va B). Ké CH vuéng goc voi dudmg kinh 45 tai
H. Liy diém M nim giita C va H, I8y diém N nim
gitra B va C sao cho MN song song v&i AB. Qua N
ké dudng thing vudng gbc voi BC, dudmg thing
ndy cit tia AM tai D. Trén duomg thing DO liy
hai diém F va K sao cho O 14 trung diém cia doan
thing FK. Cac duong thing AF va AK theo thir tu
cit duomg tron (O) tai P va Q. Chimg minh ring
ba diém D, P, O thing hang.
HUYNH THANH TAM
(Cén bg Buwu dién thi xa An Nhon, Binh Dinh)
Bai T5/489. Gia sir da thirc f(x)=x" +ax’ +bx+c
¢6 ba nghiém thye khong 4m. Tim s6 thuec « lén
nhat thda man: f(x)=a(x-a)’, ¥x=0.
PHAN MANH HA
(GV THPT Nam Yén Thanh, Yén Thanh, Nghé An )

TOAN H
24 s
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CAC LOP THPT
Bai T6/489. Giai phuong trinh
1

(l—ﬁsin x)cos2x+sin2x) =E'

NGUYEN ANH VU
(GV THPT Nguyén Binh Khiém, Hodi An, Binh Binh)
Bai T7/489. Cho hé phuong trinh:
Jyra—g.
x+y+z
Jzx(z+x—-y)

b
X+y+z

yx+y-z)
xX+y+z

voi a, b, ¢ 14 cac tham s6 duong
a) Chirng minh rﬁng hé ludn c6 nghiém duong.
b) Giai h¢ khi a=2, b=35, ¢=10.
TRAN QUANG CHUNG
(Lop PTYS 12, Hoc vién Ky thudt Quan si, Ha Noi)
Bai T8/489. Vi a, b, ¢ 1a @6 dai ba canh cua tam
gic, chimg minh ring
ab be o

a+b b +ct c+g’

wong d6 R, r ldn luot 14 ban kinh dwong tron

2_1..1_2
2R

» “hgoai tiép va noi tiép tam gidc.

NGUYEN VAN HUYEN
(SV PH Giao théng Van tai, TP. Ho Chi Minh)
Bai T9/489. Cho biéu thirc

P=SY3 120 rmf

vGi n 14 s6 ty nhién va n>4. Chimg minh ring:

(24n® +24 ;{ i
] n3ﬂ+ﬂ|2£P{§E1

VU HONG PHONG
(GV THPT Tién Du sb 1, Béic Ninh)
TIEN TOT OLYMPIC TOAN

Bai T10/489. Tim sd ty nhién »n sao cho

4" +2" +29 khong thé 1a s6 chinh phuong véi moi
s6 fir nhién m.

NGUYEN NGQC TU

(GV THPT chuyén Ha Giang)

Bai T11/489. Cho day s6 (a,) xac dinh nhu sau:
1 (a, 1)

clj =S {]'"+1 =

2

voimei n=L2,....
2—a,

a) Hay tim giéi han cta diy(a,)khi » din t6i
duong v cuc.
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& +dy+..+4a vz

b) Chirng minh ring t EI—? v

H
moi #=L2..
HOANG PUC NGUYEN
(GV THPT chuyén DHSP Ha Noi)
Bai T12/489. Cho tam gidc ABC ndi tiép dudng
tron (O). Diém P chay trén (O) va khac 4, B, C.
M, N theo thir ty nam trén PB, PC sao cho tir giac
AMPN la hinh binh hanh.
a) Chimg minh ring t6n tai mét diém c6 dinh cach
déu hai diém Mva N,
b) Chitng minh rang duong thing Euler ciia tam
gidc AMN luén di qua mot diém co dinh.
LE VIET AN
(Nha 15, xom 2, Ngoc Anh, Phu Thuong, Phu Vang,
Thira Thién Hué)
Bai 1.1/489. Trén mit nudce c6 hai ngudn séng A,
B cach nhau 28 cm dao dong dong pha véi tén sb
50 Hz. Téc d6 truyén song trén mit nudce 1a 3 m/s.

Trén mit nudc xét dudong tron tim 4, ban kinh
AB. Piém M trén duong tron dao dong véi bién do
cue dai cach dudng thing qua 4, B méot doan bang
bao nhiéu?

THANH LAM (Ha Ngi)
Bai 1.2/489. Mach dién gdm tai Z, ndi voi dién
trd R roi ndi vao ngufm dién xoay chiéu co dién
ap hiéu dung U, . Khi do, dién 4p hi¢u dung va

h¢ sd cong suat trén tai 14 U; v cosgp = 0,6
dién ap hai déu R 1a AU = {’;—3 hé sb cong suit

toan mach 1 cos@; = 0,8. Bang cach diéu chinh
tii Z, va dién 4p ngudn, ngudi ta lam cho cong
sudt tiéu thy trén R giam 100 1in con cong suit
tidu thu 7%, va hé s6 cosg, trén tai khéng doi.
Khi @6, dién ap dau ngudn phai ting bao nhidu
lan?

VIET CUONG (Ha Néi)

PROBLEMS

FOR SECONDARY SCHOOL.
Bai T1/489 (Lop 6). Find all pairs of intege
(x,y) satisfying x> +x=3"""% 4],
Bai T2/489 (Lép 7). Given a trian
B=45",C=30". Let BM be one ofihe

ABC. Find the angle AMB.
Bai T3/489. Given real numbers x, y satisfying
O<x,y<l. Find the minimum value of the

2xy—x-y+1
4xy

Bai T4/489. Given a circle (O) with a diameter
AB. On (O) pick a point C (C is different from A4
and B). Draw CH perpendicular to AB at H.
Choose M and N on the line segments CH and BC
respectively such that MN is parallel to A4B.
Through N draw a line perpendicular to BC. This
line intersects the ray AM at D. On the line DO
choose two points F and K such that O is the
midpoint of FK. The lines AF and AK respectively

. o
expression F=x"+y" +

MS'IN THIS ISSUE

‘i{‘j\% intersect (O) at P and Q. Prove that D, P, O are

colinear.
Bai T5/489.

f(x)=x>+ax’ +bx+c has 3 non-negative real

Suppose that the polynomial

- solutions. Find the maximal real number & so

that f(x)>a(x-a)’, ¥x20.
FOR HIGHSCHOOL

Bai 16/489. Solve the equation
(1-/2 sin x)(cos 2x+sin2x) = %
Bai 17/489 Given the following systenﬁ of
equations
yzytz-x)
X+y+z
e st B

b
X+y+z

| xap(x+y-2) i
X+y+z

where a, b, ¢ are positive parameters.
(Xem tiép trang 46)
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o : i e
Bai T1/485. Choa=n’ +2n va b=n"+3n" +1. Vo
moi neM, hdy tim woe chung lon nhat cua a, b.
Loi giai. Dat ude chung 16n nhat cua a va b la
d=(a,b) thi d la udc cua a=n+2n nén d la
- , 3 4 5 . x .
udc cua n(nw + 2n)=n +2n°. T d6 va do d la
; & 4 2 & g A .
udccua b=n"+3n"+1 nénd la udc cua
4 2
n? 4307 +1-(n* + 20 =1 +1 (*)
. - ' 2 3 - 5 =
suy ra d la uéc cua n(n”+1)=n"+n. T d6 va do

d 1ad udc cia a=rn +2n nén d 1a ude cha

w +2n—(n +n)=n. Tt 46 d 1a udc cua n°, két

hop voi (*) suy rad la ude cia n+ 1-n®=1, do
d6 d =1, thc la(a, b)=1. |
»Nhin xét. Mot so ban viét sai dau hode sai S0.
Céc ban c6 o giai ding: Phi Tho: Nguyén Ngoc
Diép, 6B, THCS Déng Ciu, Thanh»Son; Vinh
Phiic: Ta Kim Nam Tudn, 6A2, THCS Yén Lac, Yén
Lac; Nghé An: Tran Hf;ng Minh, Pham Dao Dan
Lé, Nguyéfn Cong An, 6A, Kiéu Pinh Nam, 6C,
THCS Ly Nhat Quang, D6 Luong, Dau Nhat Nam,
6B, THCS Cao Xuéin Huy, Dién Chiu, Pham Ngoc
Trinh, 6B, THCS Ho Xuin Huong, Quynh Luru; Ha
Tinh: Nguyén Hoang Nguyén, Tran Ngdn Ha, Tran
Thi Lé Quyén, Bui Thi Ha Trang, Dau Ba Tigp,
Nguyen Pirc Anh, Nguyén Thi Bdo Ngdn, Phan
Tram Anh, Lé Tam Thir, Nguyé‘fn Thi Huong Linh,
Ngz.-yé"n Duy Manh Cuong, 6A, THCS Xuan Digu,
Can Ldc; Gia Lai: Nguy.é:n Lé Viet Hung, 6/10,
THCS Nguyén Du, TP. Pleiku; Quang Ngii:
Mai Thanh Nguyén, 6A, THCS TTr. Séng V§, Tu
Nghia.

VIET HAI
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Bai T2/485. Cho tam giac ABC cdan tgi A co
= 100°. BC=a, AC=b.Vé phia ngoai tam gidac vé

tam giace ABD cdan tai D co ADB =140". Tinh chu

vi tam eidc ABD theo a va b.

Loi giai. Vi AABC cén tai A
el gl ) D :
A nén ABC=ACB=40" b

VaAA4BD cin tai D nén

DBA=DAB=20". Do ¢6 B g d C

DBC=60°. Liy diém E trén BC sao cho BE = BD.
Khi dé6 ABDE déu nén

BD=BE=DE = DA, EDA=BDA~ BDE =80,
Tam giac DAF cén tai D nén ta co
DAE = DEA = (180" —80°) : 2 = 50°.
Suy ra

EAC = DAB4'BAC - DAE = 20" +100° —50° =70°(1)
va &

ABC =180° — DEA— DEB =180° —50° - 60° = 70°(2)

W (1) va (2) ta dugc ACAE can tai C= AC = EC.

Do d6 AD=BD=BE=BC-EC=BC-AC=a-b,
va AB=AC=b. Viy chu vi A4BD la:

AD+BD+ AB=a-b+a—b+b=2a-b. O
»Nhan xér. Cac ban tham gia déu co 1oi gial tuong
tir nhur trén, xin duge chic mimg cac ban: Quang
Ngii: Nguyén Trung Phi, Lé Tudn Kiét, TA, Pham
Dinh Tdm, 8A, THCS Pham Vin Péng, Nghia
Hanh; V& Thi Hong Thu, 7B, THCS Nghia My, Tu
Nghia; Thanh Héa: Pé Lé Trung, TA4, THCS
Quang Trung; Vinh Phic: Neguyén Thi Thity Trang,
6A3, THCS Thanh Ling, Binh Xuyén; Ta Kim Nam
Tuan, 6A2, THCS Yén Lac, Yén Lac; Ha Ngi:
Nguyén Ngén Chi, 7C, THCS Ly Thai Té, Céu Gidy.

NGUYEN THI TRUONG

Bai T3/485. Tim cac cap nghiém nguyeén(x,y)

thoa man: X' y+xy’ +2x° vy’ —dx—4y+4=0. (1)

Loi gidgi. Ta co:
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(1) = xp(x? +2xy+y*)—4(x+ y)+4=0
= xy{x+y}2 —4x+y)+4=0
& (x+ ) (1-19)=(x+y-2) (2)
Nhén thay x + y = 0 khong thoa mén (2). Nén khi
d6 véi x + y # 0, chia hai vé cia (2) cho (x+y)’, ta

co: I—x}f=[1— = J (3)
x+y

eZ. Do do

Dox,yeZnén l1-xveZ suyra
X+ y

x+ye{£l;+2}. Két hop véi (3) xiy ra cic

trrdng hop sau:

x+y=1 Jr+y—l .x=l;_v=[]
1
l—xy =1 xy=0

{x+}— {I+y"“
=

(khdng ¢é nghi¢m nguyén).

Vay ¢o 5 cap sd nguyén (x; y) thoa man.bai toan
13(1;0),0;1),(1; 1), (1;-3),3 %" O

»Nhgn xét. C6 rat nhiéu ban thaf.gia gidi bai,
nhung mot s6 ban xét thiéu truomg hop nén lam
mét nghiém. Mt so ban da bién ddi phuong trinh

thanh (x + y)[xp(x+ y)-4]= -4 roi  suy Ta

4i(x+y) nén x+ye{tl;+2,+4} va ciing tim ra
két qua ding nhung dai hon. Tuyén duong céc
ban sau c6 101 giai tot: Ha Ni: Neuyén Ngdn Chi,
7C, THCS Ly Thai T6, Céu Gidy; Vinh Phice: Tg
Kim Nam Tuan, 6A2, Nguyén Thi Thanh Hang,
7A3, THCS Yén Lac; Phi Tho: Nguyén Cing
Hai, Vi Minh Hai, 8A3, Hoang Hikc Thudn, 9A3,
THCS Lam Thao; Thanh Héa: PG Cao Bdch
Ting, 9B, THCS Tran Mai Ninh; Nghé An: Trdn
Thi Hai Yén, Nguyén Phuong Uyén, TA, THCS
Cao Xudn Huy, Dién Chau, Pham Van Quyén,
Péng Hitu Khanh, 7A, Nguyén Huy Hoang, Lé

Thity Linh, 8B, Nguyén Pire Hong Hanh, Nguyén
Vin Hoang Minh, 8D, Nguyén Thu Hién, Lé Dinh
T, 9D, THCS Ly Nhit Quang, D6 Luong: Quang
Ngai: Nguyén Trung Phti, TA, THCS Pham Vin
Pong; Bén Tre: Ngo Quéc Bdo, 8/1, THCS My
Hoa.

PHAM THI BACH NGOQC
Bai T4/485. Cho hinh thang can ABCD co
AB | CD va DA = AB = BC.(K) la dwing tron di
gua A, B va tiép xiic véi AD, BC. P la mot diém
thucc (K) va nam trong hinh thang cdn. PA, PB
lan luot cat CD tai E, F. BE, AF theo thir tir edit
AD, BC tai M, N. Clnrng minh r._r"}u.;; PM = PN.
Laoi gidi.

M

Ta co:
« PAB=FBC (= -;—sd.@}

« PBA=PFC (so le trong).
Suy ra APAB <> ACBF. Goi G la giao diém cia
phin giac ngoai dinh P cua tam gidc PAB va
duomg thing AB. Tir d6 theo dinh li Thales va tinh
chit dudng phan gidc ta c6
NF_FC_FC_PB_GB
NA AB BC PA GA
Suy ra FB // NG. Tuong tu AE // MG.
Lai theo dinh li Thales va tinh chat dwong phan
gidc ta co
GM _GM AE BF GB PA AB £k GB
GN AE BF GN ,{BPB GA PB GA

= GM =GN.
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Ti d6, AMGP vi ANGP c¢6 GP chung,
GM = GN vi PGM=GPE=GPB=PGN, nén
AMGP = ANGP. Do d6 PM= PN. O

»Nhdn xét. Rit tiéc khong c6 ban nao giai ding bai
toan nay.

NGUYEN THANH HONG
Bai T5/485. Giai hé phuong trinh

! X +y =4y +]

X +(y-2) =7
Loi giai. Hé phuong trinh tuong duong voi

Pl =—2 =35
Cr(y-2°=T

Patt=y-2,suyra
2+r=5 |(x+0)’-2xt=5
..::;.. .
(x+1) =3xt(x+1)=7
Landit S=x+P=2f,. 1

(x+1)? —4xt=(x—1)* 20 nén S —-4P20. (1)

S?-2P=5 (2)

Ta duoc ;
S°-3PS=7 (3)

2
T e Pt

- Thay vao (3) ta_¢b:

_38(5*-5)

5% = Tes NS0 V0]

& (S-1)5° +5-14)=0
S=1

= ~1++/57

& =
2

hoac
xt=-2 ’

x=2 . . [x==1
hoac ,
=il {y=4

o x+t=1 r=2
VoL S=l=P=-2= => f

x=-1
{I—Z « Thay y=f+2=% {

A r 194457
A T T,

man (1) (loai).

Voi § khong thoa

TOAN HOC
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—1+2\/5_? M 19—J§

4

Vol S= khéng thoa

man (1) (loai).
Vay hé phuong trinh c6 hai nghiém la (2; 1) va
(—1; 4). 0

xX+12 =5

»Nhdn xét. Trong hé{ vai tro cua x, y

X+ =7
nhu nhau, Ngudi ta goi hé phuong trinh ma ¢ mdi
phuong trinh vai trd cia hai an nhu nhau la hé
phuong trinh ddi xtng loai I. Ta thudng dit tong va
tich cta hai 4n twong tng 1a S, P véi diéu kién 1a
§*—4P2D.
Cac ban sau day co lo1 gial tot: Quang Ngai: Lé
Tuan Kiét, 9C, Pham Dinh Tam, 8A, THCS Pham
Vian Dong, Nghia Hanh; Thanh Héa: D6 Cao Bdch
Timg, 9B, Neuyén Hiu Nam, 9G, THCS Tran Mai
Ninh, TP. Thanh Héa; Béc Ninh: Nguyén Hitu Tudn
Nam, 9AJ, THCS thi tran Chd, Yén Phong; Phu
Tho: Nguvén Cong Hai, Pao Nhdan Dg, 8A3, THCS
Lam Thao, Lam Thao; Nghé An: Nguyén Thién
Phiic Anh, Nguvén Thang Nguvén, Nguyen Canh
Manh, 8B, THCS Ly Nhat Quang, D6 Luong; Bén
Tre: Ngé Quéc Bao, 8/1, THCS My Hoa, TP. Bén
Tre.

NGUYEN ANH DUNG
Bai T6/485. Cho a, b, ¢ la do dai ba canh cua mot
tam gidc. Chimg minh rang:

u‘{u-l—hj b (b+e) c(c+a) BAL s i1
5 op. g + —Za +b +c.

a +b° b* +¢° c-+a

Loi gigi. BDT dau bai twong dwong véi BDT sau:

3 3 3
a(a+b) +b (b+c) +c 2(c+¢;} s e

&l R vLic $a
ab-ath be-b¢ ca-ca
= + s
a +b b+ e
ﬁ(azbz +b'c +cza2}(ajb—|—b3c+c3a—azbz e e
+d’Ha—b)+b'c(b—c)+c’alc—a)] = 0.

0

Ma a*b(a-b)+b’c(b—c)+c’a(c—a)=0(*) theo
bai 6 ky thi Toan qubc té 1983.

https://tieulun.hopto.org



BDT
a=y+z,b=z+x,c=x+y (trong do x, y, z 12 9

ndy chimg minh bing cich dat
dai cdc canh bi chia ra boi tiép diém cia dudng
tron ndi tiép trén cac canh). Khi d6 BDT (*) s& tro
thanh
(y+2)P(z+x)0y=x)+(z+x) (x+y)z-y)
+(x+ ) (y+2)(x-2)20.

Khai trién thira s6, ta thu duge BDT twong duong
xy' +yz’ +2x° = xpz(x + y+2) la BDT ding do dp

dung BDT Bunyakovsky

(0 +yz’ +z )z +x+y) 2 [JE(:{ +y+2)].
Pang thic trén xay ra khi va chi khi
xy’ yf’ 2’

=25 -2 o x=y=z nghia la khi va chi
z x ¥y

khi a =b=c. Mit khac, d& kiém tra thiy

Ad’b+bc+la-a’b* -bc’ -c'a’)
=[a’(b-c¢)(a+c-b)+b (c—a) (b+a-c)
+c*(a-bY(c+b—-a)]=0
(Vi a+c—b, b+a—ec, c+b—a la céc so duong do
b, ¢ 1a do dai 3 canh ctia mt tam gidc). 3

»Nhdn xét. Nhiéu ban giai sai bai toan nay, L:0i
thuomg gip 1a gia sir khong mat tong quita2 b > ¢
hodc 14 giai 4u (thira nhin cdc BDT khée'wai Iy do 1a
d& dang chimg minh chiing, tinh toAn.nham véi tong
eyclic, ...). Céc ban sau ddy c6 1&1 giai twong doi
chinh xéc, phén loai ding cac truong hop cé thé xay
ra: Thanh Héa: Lé Tién Pat, 11A1, THPT Nong
Cdng I; Vinh Phic: Lé Ngoc Hoa, 10A1, THPT
chuyén Vinh Phuc; Thira Thién Hué: Nguyé'n
Trung Kién, 12 Todn 2, Phan Tran Hwomg, 12 Todn 1,
THPT chuyén Quéce hoc Hué; Quing Binh: Hodang
Kim Ca, Dinh Xuan Himg, 10 Toan, THPT chuyén
Vo Nguyén Giap, Loc Ninh, Dong Hoi. Nam Dinh:
Nguyén Hiing Son, 11A2, THPT Lé Quy Dén, Truc
Ninh; Ha N§i: Hoang Timg, 12 Toan, THPT chuyén
KHTN, PHQG Ha Ngi.

vU DINH HOA
Bai T7/485. Cho ham f(x) lién tuc trén [a; b] va
co dao ham trén (a; b). Chung minh r’cing ton feri

c € (a;h) sao cho

Loi gigi. Xét ham s6

g(x)=(x—a)(x- b)efm_““' . xe[a;b].

Khi do g(x) cling lién tuc trén [a; b], c6 dao ham
trén (a; b) va g(a) = g(b) = 0.
Ta co:

f-—=

flx
g(xX)=(x-be  *P+(x—ale

+{x—n]{x—b}ef D ash [f (x

fo)-—

=¢ avb {l{x a)+(x—b)+(x—a)x- b} f(x]—— :|
Theo dinh Iy Rolle ton tai c e (a; E}) dé g'(c)=0.

Suy ra
(c—-a]+{c—_b}+[c—a](r—b}(f’{c}——l-]=EI
a+b
I 1 |
"(c) = - . a
v J i) a—c b—c+a+b

> Nhin xét. 1) Cach giai trén da sir dung dinh 1y Rolle,
noi dung dinh 1y Rolle nhu sau: Cho ham flx) lién tuc
trén [a; b), co dao ham trén (a; b). Néu fla) = fb) thi
ton tai ¢ € (a;b) sao cho f'(c)=0.

Y nghia hinh hoc cta dinh 1y Rolle la: Néu cic diéu
kién cta dinh 1y Rolle dwgc thoa man thi trén d6 thi
ham y = fix),x € (a;b), ton tai diém M(c, fic)) ma
tiép tuyén véi d6 thi tai M song song hodc tring véi
truc Ox.

Cén chi y ring ni dung ciia dinh 1y Rolle chi 1a diéu
kién di ma khong 13 diéu kién cin, nghia 1a: C6 nhimg
ham f lién tuc trén [a; b], c6 dao ham trén (a; b) va
tn tai ¢ e (a;b)sao cho f'(c)=0nhung diéu kién
fla) = fib) khong théa man Ching han: ham
f(x)=x"lién tuc trén [-1;1], c6 dao ham trén

(=1:1), ¢6 £'(0)=0 nhung fi-1)# A1)

TOAN HOC
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2) Bing cach lay I6garit hai vé ciia ham g(x) trong cach
gidi trén, ta cling c6 thé dat ham 2(x) la

X

g(x)= f(x)+In(x—a)+In(x-b)-

a+b
3) Cac ban tham gia giai bai nay déu c6 101 giai
dimg. Céc ban c6 loi giai tot 1a:
Thira Thién Hué: Duong Péng Hung, 12 Toan 2;
Mai Thanh Hc%ng, Lé Thi Thu Swong, 10 todn 2,
Nguyén Viét Phwée Thanh, 10H2, THPT chuyén
Quoc hoc Hué. Bén Tre: Lé Neé Nhat Huy, 11A1,
THPT Lac Long Quién, TP, Bén tre; Ngm';yern Van
Céanh, Thanh Théi A, Mé Cay Nam, Bén Tre. Lam
Bﬁng: Ve Minh Quan, 11 Toan, THPT chuyén
Thing Long, TP. Pa Lat. Quéng Binh: Hé Anh, 11
Toan, THPT chuyén V6 Nguyén Giap.

TRAN HUU NAM
Bai T8/485. Cho tam giac ABC ndi tiép duong
tron (0). Ke duwong caov AH. Goi M la trung diém
cua BC. AM cat OH tgi G. Chitng minh rang G
ndam trén truc dang phuwong cuia dwong tron ngogi
:;'E',n tam giac BOC va dwong tron Euler cua tam
gide ABC
Lot giai. Goi P va
Q theo thir ty 1a
giao diém tha hai
cua OM va OH voi
duong tron (BOC);
E, F la chin cac
duong cao i
AABC ke tir B, C
tuong ng; (w) la duong tron Euler cia A4BC; d

cua

la truc dang phuong cia (®)va (BOC).Xét ba
duong tron (), (BOC) va dudng tron dudmg kinh
BC (ki hiéu la (BC)) ta thiy: EF la truc ding
phuong cua hai duong tron (w)va (BC); BC la
truc ding phuong cua hai dudong tron (BC) va
(BOCY); d l1a trye diang phuong cua hai dudng tron
(BOC) va(w). Do d6 EF, BC va d ddng quy tai .

TOAN HOC
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R& rang OP la duong kinh cua dudng tron (BOC),
nén I}‘Q‘}j: 90° = H, M, P, Q cing nim trén mot
duong tron. Xét ba dudmg tron (BOC), (m)va
(HMPQ) ta thiy PO la truc ding phuong cua hai
dudmg tron (BOC) va (HMPQ); HM 1a truc ding
phuong cua hai dudng tron (o) va (HMPQ); d 1a
truc ding phuong cia hai dudng tron (o) va
(BOC), suy ra PO, HM, d dong quy (tai /). Goi K
la giao diém thir hai cia AM vdi(w), N la trung
diém cua AC. Dé thay O4 vudng goc vdi EF tai L
ONEL la o
= AO.AL = AN.AE = AM.AK = KMOL 1a tit gidc

suy ra gidc ndi tiép

ndi tiép. Mat khac L, M, Q cung nam trén duong
tron dudmg kinh OF nén tir gidc KOMO noi tiép.
T d6 GK.GM = GO.GQ, suy ra G thude truc dang
phuong cua dudmg tron (BOC) va dudmg tron (o).
O

> Nhii xét. 1) Neoai cach gidi trén, mot sd ban sur

dung tinh chit cua hang diém diéu héa hoic tinh
chat cua phép nghich dao ciing di dén két qua bai
toan.
2) Sé bai giai gui vé Toa soan khong nhiéu, Cac ban
sau co loi giai tot: Ha Noi: Hoang Ting, 12T, THPT
chuyén KHTN, PHQG Ha Noi; Thai Binh: Ddng
Minh Bire, 10 Toan 2, THPT chuyén Thai Binh;
Quing Binh: Hé Anh, 11 Toan, THPT chuyén V3
Nguyén Giap; Thira Thién Hué: Lé Thi Thu Suong,
10 Toan 2, Bui Nhai Minh, 12Toéan 1, Lé Neuyén
Hu_vén Chau, 12 Toan 2, THPT chuyén Quoc hoc
Hué; Pdng Thép: Vo Hoang Huy, 11T, THPT
chuyén Nguyén Quang Diéu; Vinh Long: Chdu
Minh Khanh, 12T1, THPT chuyén Ngu}%n Binh
Khiém.

HO QUANG VINH

Bai TY/485. Cho a, b, ¢ la ba so thuc khiong am

thoa man: ab+be+ca=1. Tim gid tri nho nhat
CI g I (a’ +b" +¢ +3abc)’
cua biéu thire: P= ————— —
ah +b¢c +ca
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Léi gid@i. Truée hét ta s& chimg minh bt ding
thire (BDT) sau:

a +b +¢ +3abc = ab(a+b)+be(b+¢) +calc+ a)
vi a, b, ¢ la cac s6 thue khong am bat ky (duge
goi la BDT Schur).

Thit vy, do vai tro cua a, b, ¢ trong BDT la nhu
nhau, khéng mat tinh tong quat ta gia st a > b > c.
Do do

a +b +¢® +3abec—-abla+b)—be(b+c)—calc+a)
=(a+b)(a +b* —ab)-ab(a+b)
+e(c® +3ab—b* —a’ —bc—ca)
=(a+b)a-b) +c(c—a)c-b)-(a-b)’]
=(a+b-c)a—b) +c(c—a)c-b)20.
Ping thire xay ra khi va chi khig=bvac=a hoac
¢ =0. Ap dung BDT trén ta c6:

(@ +b +¢ +3abe)’ z[ab(a+b)+belb+c)+calc+a)]
=[(a’b+bc+cta)+(ab® +bc +ca’ )]’
=[(@*b+bc+cta)—(ab’ +bc’ +ea®)

+da’b+b'c+ctafab’ +be” +ca’)
>4 d’b+bc+ca)ab’ +be’ +cd’). (1)

Mat khac:

(@*b+be+la)ah’ +bc +cd ) —(a'h +bc #&d)

=(a'b+bc+cafah” +b’ +ca’)—

(@B +b°¢ +E& Nab+be+ca)
=[a'k +b¢’ +Jd +abd(a +b' +¢ +3abe)]-
(@b +b'c +a +abdab{a+b)+bo(b+c)+calc+a)]}
=abdd +b +¢ +3abc—ala+b)
—belb+c)—cadc+a)] 20 (2)
(@’ +b + ¢ +3abe)

Tu(l)va(2)suyra P=-— —
(DNl Sy ab’ +b’c*+c’d’

>4,

Ding thirc x&y ra khi va chi khi hodc a=b=c=—=

V3
hoac trong a, b, ¢ cd hai s6 bfmg 1 va mét ) bﬁng
0. 0

»Nhin xét. Bai toin BDT trén 1a bai toan hay, co
nhiéu bién d6i dep. Hoan nghénh céc ban lop 9, lop
10 da tham gia va c6 loi giai ding: Hung Yén:

Poan Phu Thanh, 10T1, THPT chuyén Hung Yén;
Vinh Phic: Lé Ngoc Hoa, 10A1, THPT chuyén
Vinh Phic; Théi Binh: Trdan Lé Phuong Thao,
10T1, THPT chuyén Thii Binh; Thanh Héa: Do
Cao Bdch Ting, 9B, THCS Tran Mai Ninh; Ngh¢
An: Nguyén Bd Linh, 10A1, THPT Quynh Lwu 3;
Quéang Binh: Hoang Kim Ca, 10T, THPT chuyén
Vo Nguyén Giap; Quang Ngai: Tran Nguyén Quy,
10T2, THPT chuyén L& Khiét; Thira Thién Hué: Lé
Thi Thu Swong, 10T2, THPT chuyén Quéc hoc Hué;
Lim Bt’ing: Pham Trong Neghia, 10T, THPT chuyén
Thang Long, TP. Pa Lat; Pak Lik: Lé Ngoc Durc,
10T, THPT chuyén Nguyén Du, TP. Budén Mé
Thuat.

NGUYEN MINH bUC
Bai T10/485. Tim so nguyvén dwong n<40 va cac
s0 thue dweong a, b, ¢ thoa man

1¥a +3b +Ye =1

H -.'II'-. .. + 5
ya+n+No+hH Y+ ned

Loi giai. (Cua ban Lé Ngoc Hoa, 10A1, THPT
chuyén Vinh Phic, Vinh Phuc).

ae:*f’f;

T Ya+3b +¥e =1 0<ab.c21= b<ib

ca:%'r;

Bat A=¥ﬂ+ﬂ +';5/b+ﬂ +{l|¢+n:x+'-|_:+ z,

) ot v LR B B
Ap dung bat ding thirc LAJF';J“] fe T}j sl

ta co

A <Y(a+b+e+3n=2Tn+%a+b+e)
<27n+93a+¥b +¥e)=27n+9.

Mt khéc
AsVn+3n +¥n =3 =27n< £ <270+9. (1)
Chi y réng 4° khi chia cho 27 ¢6 56 du 13 0, 1, 8,
10, ... nén tir (1) suy ra
A*=27n+1holic A’ =2Tn+8.

TOAN HOC
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e TH1: A2=27n+1. Do n<40nén A<10. Ta co

A -1

n eN. Thaud=1,2, ..., 10 ta thiy chi co
A =10 1a thoa mén, khi d6 » = 37. Ta co6 hé PT:

{%/E—H’EH}E:]

Ya+37 +¥b+37 +Yc+37=10

Dit x=%’;,y=¥—,z=%::>x+y+z=l. Xét ham s6

741

f()=3r +37. Tacd ()=
I +37°

>0. Vay

ham #{r) 1a ham 16m. Ap dung BDT Jensen ta cé:

Ya+37 +b+37 +¥c+37 =4 +37 4317 +37 +12° +37
=f(x)+ )+ /(2)

>3 f’[‘H; HJ:?’f{é—]:lﬂ.

A £1] ] ]
Dau “=" xay ra @-x=y=z=—::>a=b=c=i*
3 27

3_ *
f SEN.

e TH2: £ =27n+8=n=

Vi n<40=> 4<10 néntr 4 = 1,2, ..., 10 ta thay

A ¥ . s A A AE-S *
khong co gia tri nao dé n= eN .
Viyn=37v3 a=b=c=—. 0
4

»Nhdn xét. Ngoai ban Hoa thi bai nay chi co thém
ban Tg Nam Khadanh, 10A1, THPT chuyén Vinh

Phiic, Vinh Phic tham gia giai va c6 loi giai ding

giri vé Tap chi.
PANG HUNG THANG
Bai T11/485. Cho ba so nguvén duwong a, b, c.
Moi lan thuee hién, ta bién doi bo (a.,b.c) thanh bo
i l_c.’ +b b+ c+a : P -_ 2
50 -| e e — | |+ CARWRS MINMA Frane Sdil
P2 20 9 ' ‘

mot so hitu han cdc phép bién doi, ta sé thu duro
mot bo gom ba so bang nhau (ki hiéu [x] la so

neuvén lon nhdat khong vieot gua x).

TOAN HOC
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Loi gidi. (Dua theo ¥ tudng cia da sé cac ban).

Ky hiéu M =max{a, b,c}eN. Ta chirng minh
rang néu ba sb a, b, ¢ khong ciung bing nhau thi M
s& giam sau khi thyre hién phép bién doi.

Gia st a=max{a, b,c}. Khong mat tinh téng quat,
coi a=bh>c va ba sb a, b, ¢ khong cing bang
nhau.

* Néu a, b, ¢ 1a ba sb phan biét hodc a>b=c thi

a+b £a+b{a} b+c¢ £b+c'¢:ﬂ, c+a £c+a{a
- 2 2 v 2 .

e a+b || b+ec||c+a
nén max ; , <a.
2 2 2
« Néu a=b>c thi sau budc bién d6i dau tién, ta
b+c}
<a.
2

Sau_dan “bién doi tiép ta thu dugc bd ba so

I
&+ X X+da 3 . )
s'{ }r{ } Vi x<a nén ta co:

L 2 2

a+x} a-+x a-+x x+a
< a =y max o <d.
{ 2 | 2 {{ 2 } { 2 }}

Két luan: Néu ba so a, b, ¢ khong cung bang nhau

thu duoc boba $0 {a, x,x} trong do ,rz{

1M

thi sau khong qué hai phép bién dbi, M s& giam di
it nhat 1 don vi. Do M 1a mot sb tu nhién nén chic
chén sau hiru han budc ta thu duoc bo ba 86 béng
nhau. O
»Nhan xét. Xin chic mung cac ban sau day co o1
giai diing: TP. Hd Chi Minh: V6 Tién Ding, 11CT,
THPT Nguyén Thuong Hién, TP. H6 Chi Minh;
Lam Péng: Neuyén Quang Long, Nguyén Tuan
Léc, 10T, THPT chuyén Thang Long, TP. Pa Lat;
Vinh Phac: Tg Nam Khanh, Lé Ngoc Hoa, 10A1,
THPT chuyén Vinh Phuc,

NGUYEN VAN MAU
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Bai T12/485. Cho (D) la dwong tron _ffci._a'-' Xtic voi
cac tia AB, AC ena tam gidc ABC va fiép xiic
trong véi diecme tron neoai ti i..'" BRI
X. J. K lan leot la tam T — ,-,.1;-;” e
.L.'n'.{.;';' XAB. XAC. P

I fi 3 st s T YITT,
fa diem CRINR gnea cua cung

tron BAC. Chung minh: P(AXJK) la chimm dieu

hoea

Léi gidi. Ta can c6 mjt bo dé.

Bé dé. Cho tam giac ABC, (0), I theo thir ty 1
dudng tron ngoai tiép va tam duong tron ndi tiép
tam gidc. Al cit lai (0) tai M. Khi d6
MB = MC = MI.

Phép chimg minh bé dé trén rat don gian, khong
trinh bay & day.
Goi R,r theo thir tr l1a ban kinh cua (O) va (D);
E, F theo thir tu 1a tiép diém cua (D) va 4B, AC;
M, N theo thir trr 14 giao diém thir hai coa XE, XF
va (0); Y 1a giao diém thir hai cua X4 va (D); [ 1
giao diém cia BN va CM.

R
Dé thiay phép vi ty ¥¢ bién (D) thanh (O) va
theo thir ty bién cac diém X, E, ¥, F, D lan luot
thanh X, M, 4, N, O. (1)

Dé théy tir gidc XEYF diéu hoa. Két hop vdi (1)
suy ra tir gide XMAN diéu hoa. (2)
Vi (1) nén EF Jj MN.Theo bd dé trén, chu y t6i

MJ] MA NA _NK
MX MX NX NX

(2), taco = MN JJ JK.

Véay EF J| MN JJ JK. (3)
Vi (1) nén OM //DE;ON /| DF. Két hgp véi
DE 1 AB;DF 1 AC, suy raOM 1 AB,ON 1 AC.
Noi cach khac BN, CM theo thir tur la phan giac
clia cac goc ABC, ACB.

Didu d6 ¢6 nghia A7 1a phan gidc cua géc BAC,
Két hop voi AE=AF suyra Al | EF, 4)

T (3) va (4), cha ¥ ring A/ L AP suy ra

AP | MN J| JK. (5)
Tir (2)va(5) suy ra XP di qua trung diém cua MN
va.do do XP di qua trung diém cua JK. (6)
dar (5) va (6) suy ra P(AXJK) =-1. 0

»Nhin xét. 1) Kha nhiéu ban tham gia giai bai todn
ndy, da sé déu sir dung dinh li Pascal dé chimg minh
rﬁng ['la trung diém cua EF.

2) Loi giai trén cho ta mdt cach chimg minh mdi két
qua: X, /, P thing hang.

3) Ban Dao Thu Huyén, 11T0, THPT chuyén Luong
Thé Vinh, Pong Nai, co mot 1oi giai kha doc ddo
dwa vao két qua sau: Néu nr gide ABCD néi tiép va
X, Y, Z, T theo thit tu la tdm dwomg tron néi tiép cdc
tam gidc BCD, CDA, DAB, ABC thi XYZT la hinh
chir nhdt.

4) Xin néu tén mét vai ban co 161 giai tuong dbi tot:
Nghé An: Vii Duwc Vinh, 10T1, THPT chuyén Phan
Boi Chau, TP. Vinh; Quang Binh: Hé Anh, 11T,
Biii Minh Nhdt, 12T, THPT chuyén V& Nguyén
Gidp, TP. Pong Héi; Thira Thién Hué: Lé Thi Thu
Swong, 10T2, Ngé Nguyén Quynh Mo, 12T2, THPT

TOAN HOC
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chuyén Quéc hoe Hué, TP. Hué; Pa Niing: Nguyén
Puc Toan, 10A1, THPT chuyén Lé Quy Don, TP.
Pa Ning; LAm Déng: V56 Minh Qudn, 11T, THPT
chuyén Thiang Long, TP. Pa Lat; TP. Hd Chi
Minh: Tran Vii Duy, 10CT1, THPT chuyén Lé
Hong Phong; Péng Thap: V6 Hodng Huy, 11T,
THPT chuyén Nguyén Quang Diéu, TP. Cao Lanh.
NGUYEN MINH HA

Bai L.1/485. Ddt dién ap u=U, cosmt (V) vao hai

dau mot dogn mach gom ty dién mac noi tiep vai

mol cuon day. Biet dien ap giira hai dau tu dién

.

lech pha — so voi dién ap hai dau doan mach va

léch pha —
6

s Al i e ot T L
so val dien ap giita hai dau cuon

dayv, dien ap hieu dung giita hai dau cun dely
héng 120V, Tinh dién ap hiéu dung giia hai ddu
tu dién va giita hai dau doan mach.

Loi gidi. Hiéu dién thé giira hai ban tu dién léch

pha 33_""50 vi hiéu dién thé hai déu mach va léch

pha %" so v&i hiéu dién thé giira hai dAuuon
day nén d& thiy hiéu dién thé hai diu@oan mach
léch pha l,;" s0 voi dong dién va hiéu dién thé giita
hai dau cuén diy ciing nhanh pha hon hidu dién

thé hai dau mach la %

V& gian d6 vecto ta dé dang suy ra U c=Uvasu
dung dinh Iy ham s6 sin ta c6:
U U
g o =>U=40\3 ). 0O
. T o E
= 6

»Nhin xét. Chuc mimg cic ban da ¢6 lod giai dang
dé ra ki ndy: Thira Thién Hué: Lé Bd Quic Minh,
12 Toén 1, Lé Cam Thanh Ha, 12 Toan 2, THPT

TOAN HOC
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chuyén Qude hoc Hué: Nam Binh: Pham Thi Negoc
Lan, Nguyén Thanh Huyén, 12 Toén 2, THPT
chuyén Lé Hong Phong; Hai Dwong: Nguyén Ding
Son, 12A, THPT Nam Séach; Hung Yén: Nguyén
Thi Diém Ly, 12A1, THPT Duong Quang Ham, Vin
CGiang.

NGUYEN XUAN QUANG
Bai L.2/485. Trén mat chat lone co hai nguin
song két hop dao dong dong pha, phdat dong thai
song c6 buce séng bang 1,2 ecm. Hai diém C va D
thuoc cung maoi elip trén mat chat long nhan A, B
le hai tiéu diém. Biét hieu 0 khoang cach fir hai
J{a_f.'fri.J;' t¢i C va D lan heot la AC - BC = 4,8cm
va AD— BD = 0,4 cm. Coi bién dé song do moi
J.-';rercju o dén moi diém trén elip noi trén déu
bang nhau. Tai thoi diém t nao do, li do cua diém
C la 1,5 mnythi li do cua diém D la bao nhiéu?
Ldi gidi.Phuong trinh song tong hop 1a:

u=2acos [f-?-{i)ms(mr - Kf‘};ﬂl}

Trén elip d» +d; = hing sd, nén:

b mdcj T [n.d.&]

L S A . L2 ¥ cos4m s
D cos HMD] cns[ﬂ ] cos =
A X 3
=>MB=E=0,?5mm 0O

#Nhin xét. Chic mirng cédc ban da cd 1oi giai diung
dé ra ki nay:Thira Thién Hué: Phan Tran Hudmg,
Lé Ba Quéc Minh, 12T1, Ngé Nguyén Quynh Mo,
12T2, THPT chuyén Qubc hoc Hué; Nam Dinh:
Nguvén Thanh Huyén, Pham Thj Ngoc Lan, 12T2,
THPT chuyén Lé Hong Phong; Hung Yén: Nguyen
Thi Diém Ly, 12A1, THPT Duong Quang Ham, Tén
Tién, Van Giang; Hai Dwong: Nguyén Pang Son,
12A, THPT Nam Séch, Hai Duong.

PINH TH] THAI QUYNH
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TIENG ANH BUA CAE BAI TOAN

BAI SO 30

Problem. Given a cylinder with the height 2 and
the radius of the bases 1. Let AB and CD are two
diameters on the bases which are perpendicular

to each other. Compute the angle between the

lines through AC and BD.
Solution. We choose the coordinates as in the
picture. Then we have A(0;—1;0), B(0;1;0), C(1; 0;2),

and D(-1;0;2).

Then AC=(1:1;2), DB=(I;1;-2). Let abe the
angle between AC, BD. Then
AC.BD [

COSA =— ——=——-

|AC|.|BD| 3
Hence a=amcus[—%}zlﬂ9.5“. Therefore the

angle between the line through AC and BD is

18p" & arcms[-%} ~70.5°,

Remark. The angle between two line is between 0
and 90 degrees. The angle between two vectors is
between 0 and 180 degrees.

TU VUNG

Cylinder o > hinh tru

Base (wMinder) : mit day (cua hinh try)
%y Translated by NGUYEN PHU HOANG LAN

:-'i.f.ff'ﬂffege of Science — Vietmam National University, Hanoi)

Bai todn. ( 'f'né'_e,fg#éf:fr!r rdng dé thi cua ham bédc ba sau:
s fxX)=a’ +b" +ex+d (F)véi a=0

luon tr?i{??ﬁ déi Xung.

Lo giai. Dau tién, ta thiy ring ham s6 g(x)=ax’ +cx 1a ham sé 1¢ nén

do'thi (C,) cta né nhan gbc toa do 1am tam dbi ximg. DS thi (C,)cua

ham s6 h(x)=ax’ +cx+d nhén duge tir (Cr) bﬁng céch tinh tién 1én trén
hoac xuéng dudi d don vi tiy thude vao déu cua d. Do dé (C,) cling co
tam d6i xing.

Bay gi ta s& thuc hién phép doi bién sd dé lam cho s6 hang hx’ trong (*) triét tiéu. Dé ¥ ring, di bién
s0 nghia la tinh tién db thi sang trai hodc sang phai. Va nhu vay, néu d6 thi ham sé A(x)=a'x’ +c'x+d'
¢6 tam d6i xtmg thi dd thi ham sd ¢6 dang (*) ciing c6 tim déi ximg.

Cu thé, ta cé a(x+r)’ +b(x+r) +...=ax’ +3arx’ +...+ bx* +... Tir d6, néu chon = —-;—J-—, thi ¢6 thé thu

[

gon ham sé f(x)=ax’ +bx’ +ex+d vé dang h(x)=a'x’ +c'x+d'. Do do, ching ta co thé khﬁng dinh

rang d6 thi ciia ham s6 f(x) =ax’ +bx* +cx+d (a#0) luén ¢6 tam dbi ximg. 0

Luu y: Bing phuong phap nay, ching ta ¢6 thé tim dugc toa d§ tim déi ximg ciia mot db thi (ban g cach nao?)

»Nhin xét. Cic ban sau co bai dich tuong dbi tot, giti bai vé Toa soan sém: Hung Yén: Poan Phii Thanh, 10Toan 1,
THPT chuyén Hung Yén; Thira Thién Hué: Lé Thi Thu Swong, 10Todn 2, Biii Nhdt Minh, Nguyen Thi Ngoc Mai, 12
Toan 1. THPT chuyén Quéc hoc Hué: Bén Tre: Lé Ngd Nhat Huy, 11A1, THPT Lac Long Quén, TP. Bén Tre.

HO HAI (Ha Noi)
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GIRT TOAR

1. DAT VAN DE

Pa thirc bat kha qui 1a mot khai niém quan trong
trong Iy thuyét phuong trinh dai sb. Céc bai toan vé
da thirc bat kha qui noi chung 1a kho, thuong xuét
hién trong cdc ky thi hoc sinh gioi trung hoc phd
théng. Trong bai viét ndy ching t6i dic két hai vin
dé:

1) Tim da thirc bat kha qui c6 béc nhé nhét nhan
mot s6 thye cho trrde 1am nghiém.

2) Phuong phap chimg minh mét da thire bat kha
qui.

2. HE THONG MOT SO KIEN THUC LIEN
QUAN

Dinh nghia: Da thiic p(x) e Z[x] dugc goi 1a da :

thirc bat kha qui trén Z[x] néu n6 khéng viét dueic
dudi dang tich ctia hai da thirc co béc khﬁﬁg. nho
hon 1 véi cac hé sb nguyen. :

Pinh Iy 2.1. Néu p(x) eZ[x] c6 bde. w > 1 bét kha
qui trén Z[x] thi né ciing bit kha qui trén Q[x].
Dinh Iy 2.2. (Tiéu chudn Eisenstein) Gia sir

plx)=
Néeu c¢o6 so

ag+ax+ax’ +...+a,x" €Z[x],n>0.
nguyén t6 ¢ sao cho
q|aﬂ,q|a|, ...»qla, ;,q khong la udc cia a, va ¢°
khong la udc cua g, thi p(x) bit kha qui trén Q[x].
Pinh Iy 2.3. Gia st p(x)la da thirc bat kha qui
Néu f(x) €Z[x]thi f(x)chia hét
cho p(x) hodc nguyén to cling nhau vai p(x).

3. DA THUC BAT KHA QUI NHAN MOT SO
THU'C CHO TRUOGC LAM NGHIEM.

D¢ gidi bii todn tim da thire bat kha qui nhin mét
s6 thyc cho trude lam nghiém, ta ap dung dinh Iy
sau.

thugc vanh Z[x].

3 6 T?g?"uggg S6 489 (3-2018)

" Bai toan 3.1.

41 | ™MOT SO BAI TOAN VE
+<~t| DA THUC BAT KHA QUI

TRAN VAN HANH
(Pai hoc Pham Vin Péng, Quing Ngai)

Dinh Iy 3.1. Néu p(x) € Z[x]1a mjt da thirc bét kha
qui nhén s6 thue  1a mot nghiém thi p(x) 1a uéc
ciia moi da thirc nhdn » 1a nghiém. Do do p(x) la
da thirc co bac thap nhit trong sb cac da thirc khac
0 thugc Z[x] nhan u lam nghi¢m.

Chirng minh. Gia s f(x) nhan  1a mot nghi¢m,
néu f(x) khong chia hét cho p(x) thi f(x) va p(x)
nguyeén t6 cing nhau. Khi d6 ton tai h(x),k(x) sao
cho: f(x)Ey+ p(x)k(x) =1. (1)
Vi u langhiémetia 7/ (x) va p(x) nén

) + p(u)k(u) = 0. Didu nay mau thudn (1).

D6 d6 £(x) chia hét cho p(x).

lim da thire theo x co bac nho nhat

vai hé se ) nauven co mot nghiém la 1— N'IE + a.ff:l
Léi gidi. Dat u=1-32 +¥4 thi u(32+1)=3. Do
do u{ﬁ =3—u.

Lap phuong hai vé va bién déi ta duoc:
u' —3u® +9u—9 =0,

Suy ra u la nghiém cua da thirc

p(x)= o —3x* +9x—9,
Ta chimg minh p(x) la da thirc bat kha qui trén
Z[x]. Ta co p{x + l] = x* + 6x—2. Theo tiéu chuén
Eisenstein v&i g =2 thi p(x+1) bat kha qui. Suy ra
p(x) bat kha qui trén Z[x].

Vay the:} Pinh 1y 31 thi da thirc
p(x)=x"-3x" +9x—9 cbé biac nhé nhit nhin u
lam nghiém.

Bai toan 3.2. (VMO 1997) Ton tai hay khong da
thire [ (x) vadi hé so nguvén thoa man

f@B+9)=3+3732
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Loi gigi. Dit u=33+39. Nhan thiy ring
(u+1)(1-33)=1-3. Suyra (u+1DA3 =u+3.
Lap phuong hai vé ta co:

w+1)Y3=u+3) o’ -9u-12=0.
Do do6 u 1a nghiém cua da thirc p(x) = X —9x-12.
Theo tiéu chuén Eisenstein véi p=3 thi p(x)la
da thirc bat kha qui. Suy ra p(x)=x"—9x—12 la da
thirc ¢6 bic nho nhit nhan 3 +39 1am nghiém.
Gia su ton tai da thirc f(x) e Z[x] théa man bai
toan. Lay f(x) chia cho p(x) ta duge

(%) = p(x)g(x) +r(x)
vol degr(x) <3 (ky hiéudegr(x)la bic cua r(x)).
Suyra f(u) = p(u)q(u) +r(u) = r(u).
Vi fl’éﬁ+{@] =3+33, néntaco

rQB+Y9)=3+13.

Do degr(x) <3, ta xét hai truong hop nhu sau:
TH1: deg r(.r)=l DPiatr(x)=ax+bvéi abe E.
Khi d6 ta cé axf3+39)+b=3+33

& (@-D3 +adf9=3-b
a-1=0

(vo 1y).

=

Do 3-beZ, nén{

TH2: degr(x)=2. Dit r(x)=ax ¥hx+c véi
a,b,c e Z. Khi dd ta co

a@B+0Y +6AB+3P)+c=3+ 3
@{a+b}¥§+(3a+b)§j§+6a+c=3+§.ﬁ

a+b=0 a=1/2
e dg+bh=l=ib=-1/2
ba+c=3 c=1

Suy ra r(x)=%xz —%IEE{I]. Vay khéng ton tai

da thirc hé s6 nguyén f(x) ma f{%ﬁ +39)=3+3f3.
Dung cich gidi cua hai bai todn trén, ta giai bai
toan sau day.
Bai toan 3.3. (VMO 2017) Ton tai hay khong da
thire f(x) voi hé $0 ngtivén thoa mdan

| ra+32)=1+32 _

AL J5)=2+35

Léi gigi, Gia st ton tai da thie [ (x) thoa man

Khi d6, ta dat

u=1+32 =u-1=32. Lip phuong hai vé ta duge
u —3u’ +3u-3=0.

Dé dang nhan thdy » la nghiém cia da thic

plx)= x> =3x% +3x-3va p(x)la da thirc bit kha

yéu cdu bai toan.

qui trén Z[x]. (theo tiéu chuin Eisenstein vdi
g = 3).
Liy /(x) chia cho p(x) ta dugc
F(x) = p(x)g(x)+r(x) vai degr(x) <2.
Vi p(u) =0 v&i u=1+32 néntacd
F0+32)=ra+32)=1+302. (1)
Ta xét hai truong hop cua #(x) nhur sau:
TH1: degr(x)=2. Ta thiy khong ton tai da thirc
béc hat r(x) thoa min (1).
TH2: deg(x)=1. Ta dé dang tim dugc da thic
r(x) =x2Do do, ta cod
()= (x* =3x% +3x-3)g(x) +x. (*)
Hoan toan twong tu nhu trén, ta dat v=1+ J5, suy
ra v la nghiém cua da thirc bat kha qui
p'(x)=x"-2x-4eZ[x].
Ly f(x) chia cho p'(x) ta dugc
f(x)=p'(x)g'(x)+r'(x) vo1 degr'(x)<1.
Vi p'(v)=0 véi v=1+5 néntaco

FA+5) =r(1+5)=2+35.
Tir d6 ta tim duge +'(x) =3x-1. Do do, ta co

fx)=(x? =2x-4)q'(x)+3x-1. (fah)

Tir phuong trinh (*) va (**) suy ra
p(x)g(x)=-p'(x)g'(x) =2x-1.

Diéu nay vé Iy vi (p(x), p'(x)) =1 do p(x) va p'(x)

la hai da thirc bat kha qui. Vay khong ton tai da

thirc £(x) thoa yéu cdu bai todn.

4. PH UONG PHAP CHUNG MINH PA THUC

BAT KHA QUI

Ngoai tiéu chudn bat kha qui cua Eisenstein ta co

thém phuong phap chimng minh phan ching duoc

minh hoa qua cac bai toan sau.

TOAN HOC
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Bai toan 4.1. Gia suw a,a,,....a,
khae nhau doi mot. Chirne minh r'i'h'_"-: da thire
p(x)=(x=m N x-a;)..(x-a )-1]

bat kha qui trén Zx|.
Lai giai. Gia st p(x)=g(x)h(x); g(x),h(x)e & x]
vadegg,deghe|l;n). Ta co p(a;)=g(a )h(a)=-1
voimoi i=1,...,n. Vi g(a;).h(a;) € Z nén ta cod
T 1. :I : =—1

gl o [EGI=—L

h(a,)=-1 h(a,) =1
T dosuyrag(a;)+h(a)=0Vi=1,...,n Diéu nay

cling ¢6 nghia 1a da thirc f(x)=g(x)+h(x) con

nghiém phan biét. Tuy nhién, vi degg,
degh e[l,n) nénsuyra f(x)=0. Do do ta co
g(x) =—h(x).

Khi d6: p(x) =g(x).h(x) =—h(x)*. Diéu nay mau
thuan vi hé s6 cao nhat cia pix) lal. Vay p(x) la
da thirc bat kha qui trén Z[x).

Bai todn 4.2. Cho so newvén dwong n. Chimg

y ! ! ‘I-\.. + b 1+ i 5 ..-' = i 1.,
minh da thue p(x)=(x+1"Nx+27)...(x+n" )+ bai

L-1. s BREL
AL GfLfl TR & X .

Lai giai. Gia s p(x) = g(x)h(x) vol g(x},h(..r)'_. .

€ Z[x] va degg,deghe[l,n). Do p(x) cb hé 50
cao nhit bang 1 nén gia sir hé sb cao- fihdt cua
g(x), h(x)ciing 1a 1. Ta c6 p(-k>y&I"véi moi
k=1...,n. Do dd suy ra g(-—kz.]lﬁ(—-kz}zl. Vi
2(~k*),h(~k*) € Z nén ta co hai truong hop:

{g{—kfbl ke {gt—fcj}=—1
h=k“)=1 h(=k“)=-1

Dat f(x) = g(x)—h(x). Nhan thdy ring f(x)la da
thirc ¢o hé s6 nguyén, ¢o bac nho hon » va co »
nghiém phian biét -1...,-n° nén suy ra
f(x)=0=> g(x) = h(x).

Xét x=0, tacd p(0)=g(0).h(0)=h0)’cZ lasd
chinh phwong. Mat khac ta lai ¢c6 p(0) = (n!)* +1.
Suy ra (n!)® +11a s6 chinh phuong. Piéu nay vé
ly. Viy p(x) la da thirc bit kha qui trén Z[x].

Bai todan 4.3. Cho nelN,n>1. Ching minh rang

-

"+5x" 7 +3 bat tha qui trén Z[x]).

TOANHOC
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Léi gidi. Véi n=2,taco p(x)=x" +5x+3 bt kha

qui trén Z[x].

Xétn=3.Gia sir p(x) = g(x)h(x) vol g(x), h(x)

e Z[x] va degg,deghe[l,n).

Do deg g + degh = n =3 nén trong hai s deg g va

degh c6 mot sd 1ém hon 1,

Gia st g(x) =x* +bx* ' +...+ b, V6i k>1. Taco
p(0)=3=g(0)h(0). Do g(0),#(0)e Z, nén suy ra
2(0)|=1 hodc |g(0)|=3. Goia,....,a, eCla cic
nghiém cua g(x). Khido g(x)=(x—a)...(x—a;).
Xét truomg hop |g(0)| =1, tasuyra |a...q; |=1.
Mit khac, do g(a,)=0vdéi moi i=1,....k, nén ta
cod pla)=a’ +5a"" +3=0hay a''(a,+5)=-3.
Suy ra |q ... i |(a| +5)...(a; +5}|=3k hay
| (@ +5)...(a, +3)|= 3.

Ta ¢6: | g(=5) |=| (@ +5)...(a; +5) |= 3* (*)
Mat khag.ta c6 p(=5) = g(=5)h(=5) = 3. Diéu nay

2(-5)|=3 hodc |g(-5)|=1. Diéu nay

c6 nghia

amau thudn voi (*).

Tuwong tu véi truong hop | g(0)|=3 ta ciling suy ra

diéu mau thudn nhr trén. Viy p(x) bat kha qui

trén Z[x].

5. KET LUAN

Bai viét 1a mot chudi liét ké cac két qua trong céc

bai toan da thire bat kha qui thong qua nhiéu bai

todn ¢o cach tiép cdn khic nhau. Mdi cach cho

ching ta mot trai nghiém va kham pha thu vi. Qua

bai viét tic gia hy vong ban doc s& phan nio thdy

duoc do kho cua cdc bai toan loai nay.

5. BAI TAP TUONG TU'

{. Tim da thiic cia xc6 bic nho nhét voi hé sd

nguyén va c6 mot nghiém la J2 +33.

2, Gia st ay,....a, la n s6 nguyén d6i mot khéc

nhau. Chimg minh ring da thirc
p(xX)=(x-a)?...(x-a,)* +1

bt kha qui trén Z[x].

3. Cho s6 nguyén dwong n. Chirmg minh ring da

thire p(x)=(" +1%)...(x +nP)+1 bat kha qui

trén Z[x].

https://tieulun.hopto.org



KY THI CHON HOC SINH GIOI QUOC GIA THPT
NAM 2018 - M {f]\' TOAN

‘*/_‘f v thi chon Hoc sinh gioi Quoc gia THPT niam

hoc 2017 - 2018 da duge t6 chirc trong cic ngay
11, 12 va 13/1/2018 cho 12 mén hoc (ngay 13/1 la ngay
thi thyc hanh cho cac mén Vit ly, Hoa hoc va Sinh hoc).
Dudi diy la dé chinh thirc ctia mén Toan.
1. Dé thi

Neay thi thir nhar (11/1/2018)

Bai 1. (5 diém) Cho day sb (x,) xac dinh bai x, =2

Vi X, = \/_1'” +8 —Vl’.‘r“ +3 vGi n21.

a) Chimg minh ring day s6 (x,) ¢6 gidi han hitu
han va tim gidi han do.

b) Véi mdi s6 nguyén dwong a, chimg minh ring
nEx;+x,++x, Sn+l.

Bai 2. (5 diém) Cho tam giac nhon khong can ABC
va D 1a mdt diém trén canh BC. Léy diém E trén
canh AB va lay diém F trén canh AC sao cho
DEB = DFC . Céc duimg thing DF,DE lin luot cit
AB,AC tai M,N. Goi (I,).(I,) tuong img 1At
dudng tron ngoai tiép cac tam giac DEM,DEN . Ki
hiéu (J;) 1a dudmg tron tiép xdc trong ¥6i (/,) tai
D va tiép xic véi AB tai K, (Ja) la dudng tron
tiép xtic trong véi (/,) tai D va tiép xtc véi AC tai
H, P la giao diém cua (£;) va(l,), Q la giao
diém cua (J,) va (J,) (P,Q khic D).

a) Chimg minh ring D,P,Q thing hang.

b) Pudng tron ngoai tiép tam gide AEF cit duimg
tron ngoai tiép tam gide AHK va AQ lan luot tai
G vi L (G,L khac A). Chimg minh ring tiép
tuyén tai D cua dudng tron ngoai tiép tam gidc
DQG cat duong thing EF tai mdt diém nidm trén
dudng tron ngoai tiép tam gidc DLG.

Bii 3. (5 diém) Moi nha ddu tr ¢6 hai manh dat hinh
chir nhét cung kich thude 120m x 100m.

a) Trén manh dﬁf thir nhét, nha déu fur mubn xay mét
ngdi nha c¢d nén hinh chir nhit ¢ kich thude
25mx35m va xdy bén ngoai 9 bon hoa hinh tron
dudmg kinh Sm. Ching minh ring di xdy truée 9

LE ANH VINH (Vién KHGD Viét Nam)
LE PHUC LU (Cong ty FPT, TP. Ho Chi Minh)
bon hoa & ddu thi trén phin dat con lai vin du chd
xdy ngodi nha do.
b) Trén manh dat thir hai, nha déu tr mudn xiy mot
hd c4 hinh da gidc 16i sao cho tir mot diém bét ki
trén phan dat con lai ¢ thé di khong qua 5m thi dén
bor hé. Chimg minh ring chu vi cia hd khong nho
hon (440—2082)m.
Bai 4. (5 diém) Trong mit phﬁng Oxy, cho (C) la

8b thi ham sé y = Yx? . Mot dudng thing (d) thay
d6i sao cho (d) cit (C) tai ba diém phan biét c6

hoanh d¢ lan luot 1a x;,x,, x;. Chirng minh rang
I I

X, X XaXa Az X

a) 3| =22 45 11_ vt 311

X3 Xy Xy

| & L 2
%, X5 \J X34, Xp X5 4
Veay thi thir hai (12/1/2018)

Bai 5. (6 diém) Cho cac sd nguyén duong n va d.
Xét tap hop S, (d) gom tit ca cic bd s6 c6 thir ty

la mot hing so.

(x;:...;x,;) thoa man diéu kién sau:

1) x; € {];E;...;rr} véi moi chisd 1<i<d;

ii) x; # x,,, voimoichisé 1<i<d-1;

iii) khong ton tai cic chisé 1<i<j<k<lI<d sao
cho x; =x;, va x; = x;.

a) Tinh s6 phan tir cia tap hop S, (5).

b) Chimg minh ring tap hop S, (d) khac rdng khi va
chikhi d <2n-1.

Bai 6. (7 diém) Cho diy sé (x,) xac dinh béi
Xp=2x%=1vax, ,=x,+x, voimoi nz0.

a) Véi n>1, chimg minh ring néu x, 1 sé nguyén
to thi n 14 s6 nguyén 5 hodc n khong co uéc
nguyén to le.

b) Tim tat ca cac cap sd nguyén khéng am (m,n)
sao cho x, chia hét cho x, .

Bai 7. (7 diém) Cho tam gidc nhon khéng cin ABC
cé trong tim G noi tiép dudng tron (0). Goi

e
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AH_,BH,,CH_ la cic dudmg cao cua tam gidc
ABC va D,E,F lan luot 1a trung diém cdc canh
BC.CA,AB.Céc tia GH,.GH,,GH, lan luot cat
(O) tai cac diém X.Y,Z.

a) Chirng minh riing dwdng tron ngoai tiép tam gide
XCE di qua trung diém doan thing BH.

b) Goi M,N,P tuong (mg la trung diém cdc doan
thing AX,BY,CZ. Chimg minh ring cdc dudng
thang DM, EN,FP d6ng quy.

2. Két qua cham thi va Giii thuéng

Diém s6 cao nhat cua ki thi 1a 32/40 dat duge boi em
Vieong Pinh An, truomg THPT Chuyén Bic Giang,
tinh Bic Giang.

Theo Quy ché thi chon HSGQG THPT hién hanh va
can cir két qua chim thi, Lanh dao Bo GD&DT da
quyét dinh muc diém cho mdi loai giai nhu sau:

. Giai Nhat: tir 27,5 diém dén 40 diém;

. Gidi Nhi: tir 21 diém dén 27 diém;

. Giai Ba: tir 16 diém dén 20,5 diém;

. Gidi Khuyén khich: tir 12 diém dén 15,5 diém.
Theo d6, c6 238 thi sinh dugc trao giai; gom 7 thi
sinh dugc trao Giai Nhat, 48 thi sinh dugc trao Giai
Nhi, 82 thi sinh duge trao Giai Ba va 101 thi sinh
duge trao Giai Khuyén khich.

Trong s6 7 thi sinh duge trao Giai Nhat nam nay, c6 x

Nguyén Nguyen 14 hoc sinh lép 11 truomg P

PHQG TP. Hé Chi Minh; 6 thi sinh con lai déu'¢ ot

giai cao tai ky thi HSGQG nam truéc. Dudi day la
danh sach cdc thi sinh duge trao gidi. =
e Gidi Nhit: Viong Dinh An (T lﬂ’lmyén Biac

Giang, Biic Giang), Phan Van ?%a: (THPT
Chuyén Ha Tinh, Ha Tinh), Tran VFigt Hoang
(THPT Chuyén Tran Phi. Hai Phong), Nguyén Diic
Bao {THPT Chuyén Phan B6i Chau, Ngh¢ An),
Nguyén Tién Bat (THP'I‘ Chuyén Lé Quy Don,
Quing Tri). Lé Tmmg If'ﬁauﬁ {T HPT Chuvén Vinh
Phuc, Vinh Pinlq), Ngum{; ,Mgu}rem (PTNK, BHQG
TP. Hd Chi Minh). .
o Gigi Nhi: Pink ¢ "‘ng {THPT Chuyén
Bic Ninh, Bic N ignﬁi"' it Q@ Thién (THPT
Tang Bat Ho, Binh ﬂinh}fﬁ% Tuan Kiét, Neuyén
Thugng Long H”m-fﬁ% I’ﬁnﬂgﬁzm (THPT Chuyén
Lé Quy Don, Pa Ning) "D Hoing Viét (THPT
Chuyén Nguyén Quang Diéu, Pong Thap); Pham
Quynh Ank (THPT Chuyén Bién Hoa, Ha Nam);
Pham Minh i, Nguyén Dang Khéi (THPT
Chuyén Ha Noi Amﬁtf:rdﬂm Ha Ngi); N, gumn Van
Diing, Tran Hiw Hién, Tran Danh Quvét, Nguyén
Thi To Uvén (THPT Chuyén Ha Tinh, Ha Tinh):

TOAN HOC
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Trinh Khanh Hiép, Trinh Van Hoan (THPT Chuyén
Tran Phi, Hai Phong); Vi Minh Hiéu (THPT
Chuyén Hung Yén, Hung Yén): Neuvén Hm'.-ng
Huy, Doén Ngoc Khanh {f[le Chuyén Lé Hl:lrnga
Phong, Nam Binh); Nguvén Van Manh, Neguyén
Trong Bang (THPT Chuyén Phan Boi Chau, Nghé
An); Ta Anh Ding (THPT Chuyén Hing Vuong,
Phi Tho), Lé Thanh Lam (THPT Chuycn Luong
Van Chanh, Pht Yén): Hoang Nhat Tudn, Lé Hoang
Long, Lé Binh Hai (THPT Chuyén Vo Nguyén
Gidp, Quang Binh); Truong Nhdt Nguyén Bao
(THPT Chuyén Nguyén Binh Khiém, Quang Nam);
Do Minh Nhdt, Hoang Huy Phan, Ngu}-en Vigr Ding
(THPT Chuyén Ha Long, Quing Ninh); Wguyen
Minh Hai, Lé Viét Thanh Long (THPT Chuyén Quic
hoc Hué, Thira Thién Hué); Vuong Ting Diong,
Nguyén Thi Hﬂug Ng;ir.., Lé Anh Diing (THPT
Chuyén Vinh Phic. Vieh Ehm}, Nguvén Quang
Bin, Ngm:eu Minh Pric, Nguyén Kha Nhat Long,
Ngwen Tr r{mg Phuc. Caa Tiéﬁe "hanh, I?:u'orzg Mgﬂh
TN, bH Hﬂ m}; Léam

‘-imh Bi(s Ninh},ﬁ&__ fm@g ﬁ:gsgf fe;guyea Hodng

7 (THP '§huycn 1.¢ Quy Don,
Bmh Bmh] HnynhB‘ ich. _bﬁ{THPT Chuyén Tran
Hung Dao, Binh Thnﬁiii‘ e Trung Dirc (THPT
Chuyén Ly Tu Trong, Ch The); H6 Nhue Haang
(THPT Chuyén L& Quy E}ﬁn, Pa Ning): Phan Quoc
Vwong (THPT Chuyén Nguyén Du, pik Lik); Lé
Thanh Ti {THF' [' Chuyén Luong Thé Vinh, Hﬁ‘ng
Nai); Newveén Tan Dat (THPT Chuyén Nguyén Tat
Thanh, Pik Néng); Neuyén Ngoc Anh Khoa (THPT
Chuyén Hung Vuong, Gia Lai); Pham Thi Duyén,
Nguyén Thanh Viét, Neuyén e Tudn (THPT
Chuyén Bién Hoa, Ha Nam); Nguyén Tudn Anh
(THPT Chuyén Nguyen Hué, Ha Néi); Hoang Ting
(THPT Chuyén Ha Noi Amsterdam, Ha Noi);
Nguyén Thi Linh Chi, Neuyén Phi Phiic. Phan Dinh
Minh Qudn, Trirong Tuan Sang (THPT Chuyén Ha
Tinh, Ha Tinh); Nouyvén Quang Dirc, Tran Xudn
Bdch, Ta Himu Binh (THPT Chuyén Nguyén Trii,
Hai Dwong): Lai Negoc Tan, Pham Quéc Viét,
:"u.-'gn_\-‘(?r: Thudn Hung (THPT Chuyén Trin Phu, Hai
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Phong); Nguyén Thanh Long, Neuvén Quang Trung
(THPT Chuyén Hoang Vian Thu, Hoa Binh); Vi Thi
Vian Anh, Nguyen Van Hién, Tran Dodn Hiép
(THPT Chuyén Himg Yén, Hung Yén); Newvén
Tudn Kigr, Dang Thién Hing (THPT Chuyén Lé
Hong Phong, Nam Dinh); Pd Huwong Giang,
Nguyé?n Mirh Hiéu (THPT Chuyén Lio Cai, Lao
Cai); Mdn Pao Som Timg (THPT Chuyén Chu Vin
An, Lang Son); Pham Tran Anh, Hoang Van Nam,
Vo Viét Anh, Lé Quang Quan, Lé Hoang Anh (THPT
Chuyén Phan B6i Chau, Nghé An); Phimg Dinh
Minh Ti (THPT Chuyén Lé Quy Dén. Ninh
Thuén); Trén Minh Hiéu, Neuyén Tién Lonmg,
Nguyén Hodang Phi, Neuyén Hr)&ng_H&i,:;_Ngﬁygn Hai

Duong, Lé Ngﬂyér Quynh Trang, Dwong Gia Huy,

Buii Ngoc Tan (THPT Chuyén llu:ng "»’m:rng, Phi
Tho); Nguyén Hung Ouang Khdi (THPT Chuyén

Luong Van Chanh, Pha Yénj; Wgu}ef: Phi Himg
{THPT Chuyén Va “Iguymt Glép, Quiing Bmh} g

Triét {TH'PT Chuyén Ie Kﬁ:

Nguyén Tién Manh (THPT i
Quéing Ninh); Bii Thanh Bin
Bodn ngc Phii [THPT Chﬁyé :

Vinh Phice); Newven Hong Son (THPT C]zuyén
KHTN, PHQG Ha Ngi); guyen ﬂen Hﬂang, Trdn
Gia Phc;rm; (PTNK PHQG TP. Hé Chi Minh);

Neuyén Minh Hiéu (THPT Chuyén, DHSP Ha Néi); :

Thai Phi Hoang (THPT Chuyén, DH Vinh);

o Gigi Khuyén khich; Vi Minh Quang, Ngé Tran
Anh Thie (THPT Chuyén Lé Quy Don, BA Rija -
Viing Tau); Ly Thi Kiéu Diém, Neuyén Danh Tién
(THPT Chuyén Bic Giang, Bic Giang); Neuyén
Hiru Hién, Lé Tuan Kiét (THPT Chuyén Bic Ninh,
Bic Ninh); Trdn Pinh Vinh Thuy (THPT Chuyén
Bén Tre, Bén Tre); Tran Minh Hoang (THPT S |
Phi Cat, Binh Dinh); Vo Himg Hiu (THPT Chuyén
Lé Quy Pén, Binh Binh), Pgng Ngoc Duong
(THPT Chuyén Hing Vwong, Binh Duwong);

Phan Boi ¢

Ngu_ve;n Lé Phi Long, Nguyé'n Dinh Thinh, Luu Tri
Cirong (THPT Chuyén Binh Long, Binh Phuwéc);
Trinh Hoang Hiép (THPT Chuyén Quang Trung,
Binh Phuwéc); Nowyén Truwomg Hai, Nguyén Phi
Quéc (THPT Chuyén Trin Hung BDao, Binh
Thuén); Lé Minh Huy, Neuyén Piec Thing (THPT
Chuyén Phan Ngoec Hién, Ca Mau); Hoang Phuic
Hieng (THPT Chuyén Cao Bing, Cao Bing], Lé Do
Thanh Binh (THPT Chuyén Nguyén Du, Dik Lﬁk},
Neguyén Neoc Kim Ngdn, Qudch Minh Tuén (THPT
Chuyén Luong Thé Vinh, Pong Nai); Pham Huy

‘Binh “{THPT Chuyén Lé Quy Pon, Pién Bién);

Nguyén Lé Minh {THP"I Chuyén Nguycn Quanw
Diéu, Déng Thap); Nguyén Thi Huyén, Neuyén Bii
Nam Truéng (THPT Chuyén Blén Hoa, Ha Nam);
Hé Trung Kién (THPT Lhuyén Ngujmn Hué, Ha
Noi); Ngwen Viin Ding {THPT Neoe Tao, Ha Ngi);
Van Dikc Manh, Pham Qum:- Vigt, Nguyan Hoang
i 'I.Azm,(THPT Chuyén Hﬁ Nﬁl - Amsterdam, Hi’t

Duy, Nguyén Lé Son (T HPT Ch;uyén Wﬁh Phuc

Cao. i’r"‘éﬁ _ b@m, Ngé Tri Ng@en (THPT Chuyén
héu, Ngh¢ An): Vi Hoang Long, Ninh
Vén Ngﬁ?‘ﬁ. Phrgm Van Dike, Neuvén Khanh Triedng,
Lé Quang Anh (THPT Chuyén Luong Vin Tuy,
Ninh Binh); Tran Cao Nhgt Minh (THPT Chuyén
L& Quy Don, Ninh Thuan); Nguyén Lé Kim (THPT
Chuyén Luwong Van Chénh, Pha Yén); Mai Quic
Tuan, Lé Xudn Ting, Trdn Trune Tudn {THPT
Chuyén Vo Nguyén Giap. Quéng Binh); Phagm Ly
Nhdt Duy, Tran Thi¢gn Thu Uyen (THPT Chuyén Lé
Thanh Tong, Quang ham], Tran Van Tinh, Pham
Tran Nha (THPT Chuyén Nguyén Binh Khiém,

Quing Nam); - &

TOF\N
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XAC PINH MIEN GIA TRI ...
(Tiep theo trang 23)
P>2(a* +b* + M) +4(a’b? + b*c? +c*a?)
4
a* +b* +¢*

4
T T o i e s O
b e

Theo Thi du 1 ta ¢6 0<a® +b* +c% <1,

+

ta dat
t=a’ 457 +c? Khid6 0<r<1 vd P227 + 2.
t
Ll G i
Xét ham sé f(1) =2 +?, t & (0;1] ta co:

ks HE D
>

S 0=0s1=1.

Bang bién thién:

‘ f i 1 l
— R B
| 1) - 0 |
1
!
Ao 4

L

Quing Ngii): Neuvén Phung  Newvén APT
Chuyén Ha Long, Quing Ninh); J-’&@ Khanh
Huveén, Lé Hong Minh (THPT Chux@é Quy Don,
Quang Tri); Huwwnh Gia Bao (THPT Chuyén
Nguyén Thi Minh Khai, Sée Trang); Uiang C‘M
Dan (THPT
Neuyén Dire Anh, Neuvén Th Kiéu Trmfg, ;"i':ﬂi
Thanh Tieoi (THPT Chuyén Théi Binh, Th i Bin
Lé Anh Tuan, Nguven Hﬂﬂﬂg Nam, Lu‘ f’
Thuong (THPT Chuyén Lé ]—lung Phﬂn& W“ )
Chi Minh); Mac Tran Thién Sun,_Ngufen ﬂxiy.

Minh); Nguvén Thi Xudn ﬂuwng (THPT Ghu}féu
Tién Giang, Tién Giang); Nguyén Duy Tién (THPT
Chuyén Tuyén Quang, Tuyén Qliangj; bé Mmh
Hiép (THPT Chuyén Vinh Phue, Vinh Phuc); Pham
Tién Trwong, Neuvén Thanh Long, Newyén Cong
Minh (THPT Chuyén Nguyen Tét Thanh, Yén B4i);

Thinh Thanh Binh, D6 Xudn Long, Trirong Tran
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N
Phan Van Phdt (THPT Chuyén Lé KN

Suy ra: Eﬁﬂ}f{f} = f()=6

Vaymin P=6 datdugc khi a=1,b=¢c=0 vi cac
hoan vi, ‘
BAI TAP

1. Cho a, b 14 cic s6 khong 4m thoa man diéu kién
& +F =1. Tim GTNN ctia biéu thirc: P =a+b.
2. Cho x, y 1a cac s6 khong 4m thoa man diéu kién
x*+y* =1. Tim GTNN cua biéu thire:

P=yx +}13 +3x+ yNxy—-1)+1.

3. Cho céc s6 thye x, y théa man diéu kién
lIsx=y=<4 Tim GTLN va GTNN cua biéu thirc

wfxt +97
!

2
1.4

4. Cho cac sb thyc x, y théa min di::iu kién
0<x<y <5 Tim GTLN va GTNN cua biéu thirc:

P=x* +y2 —2(x—y+xv)+8.

5. Cho céc _sf:u thue duong x, y thoa min diéu kién
x* +y* <4x» Tim GTNN cua biéu thirc:
r <P R 3 e

2 2
K U1l +3[£+£]_
b T b e y x

Minh Tri (THPT Chuyén KHTN, DPHQG Ha Néi);

M3 )3

Vii The Viét, Pham Anh Tudn, Tran Minh Neuyén
(PTNK, PHQG TP. Ho Chi Minh); Trwong Dinh
Nghia, Pham Xudn QOuy, _-"'ng{]-‘a?n Thi Thanh Loan
(THPT Chuyén, PHSP Ha Néi); Tran Tien Manh,
Neuyen Dinh Chien Thang, Lé Pinh Hiéu (THPT
 Chuyén, PH Vinh).

Chuyén Son La, Som ELa); Pk{:m 3

__ Tuyén chon hoc sinh tham du k¥ thi chon
hqc sinh dy thi Olympic Toan hoc Quoc té

: gﬁm 2[!18 (IMO 2018)

'tﬁn c_fr Quy ché thi chon hoc sinh gidi cép qubc gia

~ hién hanh va két qua k¥ thi chon hoc sinh gioi Quic
Khang (THPT Chuyén Tran Dai Nghia, TP. H6 Chi :

gia THPT mén Toan, B GD&DBT quyét dinh triéu

tap hoc sinh Pham Nam Khdnh (16p 12, Truong

THPT Chuyén Amsterdam Ha Ngi, thanh vién doi
tuyén hoc sinh Viét Nam du thi IMO 2017) va 48
hoc sinh dat tir 21,5 diém tr& 1én trong k¥ thi HSG
QG dé tham dir ky thi chon hoc sinh du thi IMO
2018, dugc td chirc vao cubi thang 3 nay tai Ha Noi.

https://tieulun.hopto.org
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L T T SRRt 1 A SRR B P LT
BAI TOAN 10. Cho tam gidc ABC ngi ti¢)
dwong tron (). Cdc tia phan gidc cua cdc goc
A B, C cdt (O) lan lwpr tai D, E, F
(DA E28BF+(C). ( .J'hi"J.-'_-.: minh ."ci'uq.'
iD+BE+CF > AB+BC
LOI GIAL

DINH HUONG 1. Goi 7 la tim dudmg tron ndi
tiép AABC. Sir dung BPT tam gidc gitra cic doan
I4, IB, IC,DI=DB=DC, EI=EC=EA, FI = FA
= FB v&i cac canh cua A4BC.

Cach giai 1. Goi [ la )
tim dudng tron ndi /‘

tiép AABC. Ta co két L \ /\
qua quen thude “/n
DIl =B = I =

2Dl =DB+DC > BC. H‘*:\H
Tuong tyr o <
2EI>CA, 2FI > AB.

Miit khéc:

IA+IB> AB, IB+IC>BC, IC+14>CA.

Cong theo vé cac bat dang thirc trén ta dugc
2(DI+ 14+ EI + B+ FI + IC)>2(AB + BC +CA).

= AD+ BE+CF > AB+ BC + CA. 0
DINH HUONG 2. Ta tim bét ding thic giita do
dai doan thing AD véi cic canh A4BC bing cach
tao ra hai tam gidc bing nhau va sir dung bt déing

thirc tam giac. Su dung phép twong tu cho cac
doan thang BE, CF.

Cach gidi 2. Trén tia d6i clia cac tia CA lay diém
G sao cho CG=A4B. Laico BD=CD, ABD=GCD
(tir gidc ABCD noi tiép) nén A4BD = AGCD (c.g.c)
= AD=GD, suy ra

2AD=AD+GD> AG=AC+ AB
Tuong tu 2BE > BC + BA, 2CF > CA+CB. Do do:

AD+BE+CF > AB+ BC+CA.

DINH HUONG 3. Tim bit ding thuc giita AD
vl cadc canh ciua A4ABC bﬁng cach tao ra hai tam
giac bing nhau réi chimg minh d6 dai AD 1ém hon
d6 dai doan thang trung gian c6 lién quan t&i canh
cua AABC.

Cdch giai 3. A _
* Néu AB=AC thi /ﬂ!\?\ N
doBD=DC nén AD F{
la dudng kinh suy ra

B’
AD > ABAD > AC I'h / \ Xﬂf JJ.J
B P o

s e Y4

¥ Néu AB<AC,khi
d6 ton tai diém B’ trén doan AC sao cho
AB'= AB=AAB'D=AABD(c.g.c)=>DB'=DB=DC,

Lay M 1a trung diém ciia CB’ thi DM L B'C suy
i A D = .4B‘+AC= AB+AC
2 2
Tuong tu BE > £l va C‘F}CA+CB-
= AD+BE+CF > AB+ BC+CA. O

PINH HUONG 4.
Chimg minh d¢ dai
AD 16n hon d6 dai
hai doan thing trung
gian co lién quan téi
cac canh cia AABC.

Cdch giai 4.

« Néu AB= AC, theo
l&ri giai 3 thi

2AD > AR+ AC,
«Néu 4B < AC thiké DH L AB,DK 1 AC, ma ta cb

TOAN H
S6 489(3-2018) A O‘mﬁi%épt43




DB=DC, DBH=DCK
(tir gidgc ABDC néi tiép) nén
ADBH = ADCK = BH =CK.

Ta c6: AD> AH va AD> AK nén

2AD> AH+ AK =AB+BH+ AC-CK = AB+ AC.
Twong tw 2BE > BC+ BA, 2CF >CA+CB.

= AD+BE+CF > AB+BC +CA. ]

DINH HUONG 5. Sir dung dinh 1y Ptolemy dé
tim moi quan hé gitta d6 dai cac doan thang AD
va DI (I 14 tam dudmg tron ndi tiép A4BC ) rdi si
dung bt dang thirc gilta DI=DB=DC v6i céc
canh AABC.
Cdch gidgi 5. Goi [ 1a tim duong tron ndi tiép
AABC. Ta c6 két qua quen thuée DI = DB = DC.
Theo dinh 1y Ptolemy
AD.BC=DB.AC+DC.AB E

:bAD=£(AB+AC}.
BC

Lai co:

2DI=DB+DC>BC,

i P c
suy ra
D
g}l:bz[[)} AE+AC_
BC 2 2

Twong tu BE}L;E&“CF}

CA+CB

«“Suy ra

AD+BE +CF > AB+BC +CA. 0

DINH HUONG 6. Tinh d6 dai AD theo cac canh
ctia A4BCbing cach tinh do dai duong phan gidc
AP cuaA4ABC va tinh d§ dai PD theo hé thirc
PAPD=PB.PC.
Cdch gidi 6. Ta dit: BC=a,CA=bh,AB=b.

Goi P=ADABC. Tix
tinh chat dudng phan
giac va cong thure vé
dudng phan giac ta co:

ca ab
PB= b+e’ PE::’)TL'
TOAN HQOC

4
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' Cluéilre

AP=J&C{¢I+E}+C}{E}+0—H)
b+e

(do AAPB<>ACPD) nén

ma PA.PD=PB.PC

PB.PC _ a*\be
PA  (b+c)(a+b+c)b+c—a)

PD =

Jbe[(b+c)? —a* +a]
(b+e)(a+b+c)b+c—a)
. dadbetbi+e) o
Jatbro)bre—a)

\IE{E'-F(.'} }b+c.‘
Ja+b+c)b+c—a) 2

= AD=AP+ PD=

Ta ching minh

@2@}J{a+b+ cb+ec—a)=dbe>(b+ -r:]2 -
&a —(b-c) >0 (a+b—c)a—b+c)>0 (ding)

a+h

Vay Aﬂbfj—i—-- Tuong tu BF:-— CF >

Do d6 AP+BE+CF>a+b+c. 0O
THAI NHAT PHUOQNG

(GV THCS Nguyén Van Troi, Cam Nghdi, Cam Ranh,
Khanh Hoa)

»Nhin xét. Hoan nghénh ban Bii Van Quyén, 10
Toan 1, THPT chuyén Hung Yén va m{t ban khong
ghi tén, dia chi da dong gop mét cach gai twong tr
nhu cach 1 cia tac gia Thdi Nhat Phuong.

LE MAI (Ha Néi)
Mdn cac ban thar sirc va gui 101 gian Bai toan 12 sau
diy vé Toa soan Tap chi TH&TT trudc ngiy
30.4.2018.

Bai todn 12. Cho tam gidc ABC co BC < BA,
duong phdn gide trong BE va dirong trung tuvén
BD (E, D thudc ACj Qur'J:C ké diremg vuing goc
vari BE tai F, rc:.rr Bf} Iq?ﬁ G (h.trng minh ring:
GE [f BC. T :

_ B;;U CONG NHO
(GV THCS Cao Xudn Huy, Dién Chau, Nghé An)

https://tieulun.hopto.org



Trong bai ky nay la 16i giai cac bai toan dugc duara
trong phin bai tip dé nghi & Tap chi TH&TT s6 487,
T1.2018.

Bai 17 (fran 1998). Gia sir a, b la cac 5o tir nhién

b [2a—b

—\.'-ﬁ- = f la so neuvén to. Gia tri
4\ 2a+b '

sao cho p=

lom nhdt cé thé cé ciia p la bao nhiéu?
Léi gidgi. Néu b 13 1é thi 2a — b 13 1& va vi vay
b |2a-b

4\N2a+b
chin (dé thay b # 0). C6 hai truong hop:

khéng thé 1a sb nguyén. Vay b la sb

b=4k, kcN vad b=2m, mlé.

o THI: b =4k Taco: p=k i ke
2a+4k a-+ 2k
P: a—2k B e 2 2 3
= |=| = =- +2piks=ka-2k
[k] ARtk t
2 2
ﬂa(kz—pszzk(k%p?):-a:%.
=T

+ Xét trudmg hop plk hay k= mp, me N, Ta

2mp(m*p* +p*)  2mp(m* +1)

co: a= — =
mp —p

|
Do (m,m* —1)=1 vd a €N nén ta phai cé:

2
:Ep[]+ :

m —1

4
" eN,
m —1

eN=

2mp(m” +1)

- Khi m chén ta phai ¢6

(m* =D|p=>p=m’—1=(m—1)(m+1).

T1E FQUA CAC BAT TOAN HAY

i d

i, 1
A ok e i e e

Vivay m—1 =1, ta tim dugc (p, m) = (3, 2).

m1_1| suy ra:
i :

- Khi m 1€ ta phai co

2
gl | m -1

)

= p hodc = p.

2 LE 1 . :
Truémg hop msz vo nghiém, truong hop
m -1
4
Vai (pom) = (2, 3) ta duge (a, b, p) = (15, 24, 2).

V@i(p, m) = (3, 2) ta duge (a, b, p) = (20, 24, 3).

= 1) cho ta [p, m} = (25 3]'

+ Xét trudmg hop p [ k.Do (k,k*> — p*)=1 nén

M:2+_ 4,\5 4
k- p’ k" —p

e N. Tuy

-
r

va do (p*,k*—p’)=1 nén k24

nhién céc phuong trinh k> — p* =1, & — p* =2,
k* — p* =4 khong c6 nghiém (%, p) v6i p duong.
e TH2: b =2m v&i m 1é. Ta co:

2
a—m

PZE— = :t[sz

Sl a+m a+m

=4p’a+2p°'m=am’ —m’

m(m* +n")
m —n

vai n = 2p. Do (m, 2) =1 nén ta c6 hai truong

=a(m’ —4p’)=m(4p" +m’)=>a=

hop: (m,n)=1 va p|m.

TOAN HQC
& mru@l!lm@to45
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Vo (m,n)=1taco
m* +n’ 2n’
= ] :1+ o + E N'
m- —n m —n
HI —h‘

m? —n® =1, m* —n® =2. Cac phuong trinh nay
vO nghiém.

Vai p|m. Dat m= pk. Taco:

o pk(p’k’ +4p*) _ pk(k’ +4)
Pk —4) L
Do klénén (k(4+£k7),k° —4)=1 nén kzi}ﬁlé.\\@

a) Show that the system always has a positive
solution.

b) Solve the system when a=2, b=5, c=10.
Bai T8/489. Suppose that a, b, ¢ are the lenqg‘ihz"
of 3 sides of a triangle. Prove that -%;;

ab - be [l
A+ b

+
P+ c+a
with R, r respectively are the inradius and the
circumradius of the triangle.

Jai T9/489. For any integer n» which is greater
than 3, let

“’1]{_ ll({lr_ '{” "_y_ :
Show that

{24n1+2-1n}||3“2 T 2P %E

TOWARDS MATHEMATICAL

MPIAD

S8 489(5-2018)

-:--Bé’f"": 11/489.

hay (k* —4)| p. Do p nguyén t6 nén k* —4=p.
Két lugn: Vay gia tri 16n nhét cua p 13 5,

NHU HOANG (Ha Noi)
Sau déy 1a bai tap dé nghi. Ban doc hiy thir giai
chung véi nhiéu 16 giai nhit cé thé va gui 1o

giai vé Toa soan TH&TT truéce ngay 30.4.2018.

BAI'T AP DE NGHI

Fas A ’ TR e
Ddal Sw. [T S {30 £

o .':" il

TRAN HUU NAM (Ha Ngi)

ai 110/489. Find natural numbers »n so that
4™ +2" +29 cannot be a perfect square for any

natural hitmber m.

The sequence (a,) is given as

1 & oy ~1)*

A Hna =
Py

follows: a, = A L

a) Find lima, .

b) Show that AT%2T-Td, 2

n 2
R—12
Hal 112489 Given a triangle ABC inscribed
in a cirle (0). A point P varies on (O) but is
different from A, B, and C. Choose M, N
respectively on PB, PC so that AMPN is a
parallelogram.
a) Prove that there exists a fixed point which is
equidistant from M and N.
b) Prove that the Euler line of AMN always
goes through a fixed point.

Translated i:}r NGUYEN PHU HOANG LAN

{College of Science — Vietnam National University, Hanoi)

https://tieulun.hopto.org



KHONG

GIAI DAP:

1 CO GIA TRI NHO NHAT

(Pé ding trén TH&TT sé 485, thang 11 nam 2017)

Phin tich. 1) Sai lam cua ban Diéu Linh & chd khi dat
t=x* —4x+3da khong dat diéu kién cho r. Tirc 1a
ban da sai khi chuyén Bai todn tir bién x sang bién r ma
khong tim mién xac dinh cua 1, dd mic nhién coi mién
xdc dinh cia 12 R, din dén biéu thirc 4 theo bién ¢
khéng c6 tip xdc dinh chinh xdc, nén viéc vige két lugn
A khéng co GTNN la sai.

Viy diéu cin chu ¥ trong bai todn nay la can tranh sai
lim trong viéc sir dung dinh nghia GTNN ciia him
sO trén tip (khoang) D: Néu f(x)2m, YxeD va
fix) = m cd nghiém trén D thi fix) dat GTNN la m
trén D, con néu f(x)zm VxeD va fix) =
khéng c6 nghiém trén D thi Kkhéng két luin duot
fix) khéng dat GTNN trén D.

Lai giai diing.

Tacd A=(x=D(x=3)}x*—4x+7)

=(xX* —dx+3)(x* =4x+7).

Pit t=x* —4x+3,taco 1 =(x=2)* =12 -1, Vr.
Khidé A=t{t+H=6>+4t véi 1> -1,

Xétham s6 f(1) =1 +4r.
Ta cd bang bién thién

Suyra 4>-3, Vi>—1, dang thirc xay ra khi ¢ = -1
= x—dx+3=—-1xt -dx+4=0x=2,
Viy biéu thirc A dat GTNN la — 3 khi x = 2.

Nhin xét. Tét ca cic ban gii vé déu tim dung sai lim. Hoan
nghénh cic ban sau co nhimg phan tich dung va g bai dén

Toa soan som: Thai Binh: Biii Sang Minh, 11A1, THPT
Pong Thuy Anh, Théi Thuy. Bic Ninh: Nguyén Hitu Tudn
Nam, 9A1, THCS Thi Tran Chér, Yén Phong. Ha Ngi: Hoang
Timg, 12T, THPT chuyén KHTN, PHQG Ha Ngi; Pink Bdo
Anh, 11A1, THPT Hb Xudn Huong, s6 1, Nguyén Quy Birc,
Q). Thanh Xuan. Nghé An: Ng?;ygn Thi Mai Anh, 9D, THCS
Ding Thai Mai, TP. Vinh; Tdng Van Minh Himg, 11TI,
THPT D6 Luong I, B6 Luong. Hung Yén: Bii Thi Thiy
Trang, Nguyén Tién Thanh, Nguyén Minh Khoa, Poan Phii
Thanh, Ngn_}@n Thi Hoa, Tran Thi Phieomg Linh, Chu Ngoc
Chién, Newyén Thanh Trung, 10 Toan 1, THPT chuyén
Hung Yén. Thira Thién Hué: Lé Thi Thu Swomg, 10 Toan 2;
Cao Thi Linh, Bisi Nhgt Minh, Phan Trdn Hieimg, 12 Toan 1,
Lé Cam Thanh Hé, 12 Toén 2, THPT chuyén Quéc hoc Hué,
Phii Yén: Neuyeén Kim Phuwong Trang, 11 Toan 1, THPT
chuyén Luong Vin Chanh, Phi Yén. Vinh Long: Lé Ni¢
Hodng Kim, 10T1, THPT chuyén Nguyén Binh Khiém. Cin
Tho:: Tran Danh Nhdn, 8A5, THCS Doén Thi Piém, Q. Ninh
Kiéu, TP. Cén Tho. Bén Tre: Lé Ngé Nhdt Huy, 11Al,
THPT Lae Lorig Quin, TP. Bén Tre.

KIHIVI
O P
: o P
BAT PHUONG TRINH 0 e
VO NGHIEM ! 878NN

Bai toan. Giai bat phicong trinh
T’ —1—21,|'$2.lcrg2 y+log y+1<0.

Léi gidgi. DK: z° dog,y>0&log,y>0ey>1.
BPT twrong duong véi

( ,L"EJ 4—2\{_\/10g y-l—(
(V’_—i— lﬁg,yJ
Vi y > 1nén [J; +\}log?y]u +1> 0. Do d6 BPT

da cho vi nghiém.

)+15u

Theo bgn lii giai trén dang hay sai? Cdch giai cua
ban thé naoe!

CAO NGQCTOAN
(GV THPT Tam Giang, Phong Dién, Thira Thién Hué)

TOAN HOC
" eluditpe.d, 7
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{T BAN TU 1964

S0 489 (3.2018)

Tda soai : Tang 12, Tda nha Diamond Flower,
5@ 1, Hodng Bao Thidy, Thanh Xudn, Ha Noi

i Al
f_Jx Mmhemuﬁ{s uﬂd Youl.h Mugﬂline BT Bién tap: 024.35121607, BT - Fax Phat haah, Tri su : 024.35121606

% Top chi TOAN HOC vi I TRE

A

Email: toanhoctuoltrevietnamaamail.com

= e E e e e S

BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN

: ich Héi déng Thanh vién
GS. TSKH, TRAN VAN NHUNG Cha ‘ﬁ%mn Vigt N:;h i

TS.NGUYEN VAN VONG NGUYEN DUC THAL

GS. DPOAN QUYNH Téng Gidm déc NXBGD Viét Nam
N VA HOANG LE BACH
e g Phé Téng Gidm doc kiém Téng bién tip
NXBGD Viét Nam
PHAN XUAN THANH

HOI DONG BIEN TAP

Téng bién tap : TS. TRAN HOU NAM Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN BINH CHAU. ThS. NGUYEN ANH DUNG, TS. TRAN NAM DONG, TS. NGUYEN MINH BUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAL PGS. TS. LE_QUGC HAN, Ths. PHAM VAN HUNG, PGS. Ts. VO THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, T7S. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS, TS, TA DUY PHUDNG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. VU
KIM THUY, PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Cd sd

For Lower Secondary S5chool

Nguyén Duy Lién — Tran tré vél mdi bai
toan.

tit mdt bai todan hinh hoe 9.

D& thi tuyén sinh 16p 10 tritdng THPT
chuyén Hung Vudng nam hq&:-_ﬂﬂl?— 2018.

Huéng din giai Dé thi chon hee sinh giol
ldp 9 tinh Hung Yén, ndm hoe 2016 - 2017.

Pap an va hudng din giai dé sé 5.

Thii stte trude ki thi 2018 - Dé s6 6.

0600 © © ©

Lich st toan hoe

Lé Quéc Hdan — Nhiing céu chuyén thid vi
xung quanh bai toan chia ba mot géc.

®

Dién dan toan hoc

Nguyén Vin Nho — Xac dinh mién gia tri
cia bign s§ dé ching minh bat dang
thic.

Bién tap: LE MAIL NGUYEN THI TRUONG

Tri su, phét hanh: NGUYEN KHOA DIEM, NGUYEN THI THU HUYEN

Nguyén Thi Thu Hang — Nhiing diéu thuv; Ny

{1} Péraky nay
T1/489, ..., T12/489, L1/489, L.2/489.
{.) Giai bai ky truéc
Solutions to Pret
{5} Tiéng Anh qua céic bai toan - Bai s629.
Bai dich 5626 — Tiéng Anh qua cac bai toan.
€) Phuong phap giai toan

Tran Van Hanh — Mét sé bai toan vé da
thite bat kha qui.

€5 Lé Anh Vinh, Lé Phic Liz - Ky thi chon
hoc sinh gioi Quéce gia THPT niam 2018 -
mén Toan.

() Nhiéu cach gidi cho mdt bai toan
@ Du lich thé gidi qua céac bai toan hay
() Sailim & dau?

Cao Ngoc Todn - Bit phuong trinh vé
nghiém!

M thudt: QUOC HIEP, THANH LONG
Thiét ké, ché bdn: NGUYEN THI TRUONG

ps



PHUONG TRINH N

HIEM NGUYEN VA KINH NGHIEM GIAI

N HOC VA TUOI TRE

(T4i ban [an thi nhat, cé chinh li, b6 sung) Clia tac gid NGND. VO HO'U BINH
Sach day 224 trang, khé 17 x 24 cm, gia bia 42000 déng

i
i
E -
!
|
i
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£

B e e
n H+ iy ~i—y+ =G

i
H
H
)
i

i dung cua sach trinh bay
cac phuong phap giai phuong
trinh vdi nghiém nguyén, von
ot dé tai ly thu cua SO hoc va Dai s,
tr cac hoc sinh nho véi nhing bai toan
nhu Trdm trdu trdm co dén cac chuyén
gia toan hoc véi nhimg bai toan nhu dinh
I lon Fermat,
Sach gom 5 chuong:

Chuong | gidi thieu cac phuong phap

thuong ding dé giai phuong trinh nghiém -

nguyen.

Chuong Il gidi thiéu nhing phuong trinh
nghiém nguyén dugc sap xép theo timg
ngay.

Chuong 11l gi6i thiéu nhing bai toan dua
vé giai phuong trinh nghiém nguyén,
trong do ¢6 nhimg bai toan vui, bai toan
thue té.

Chuong IV gi6i thiéu mot s6 phuong
frinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat,
Diophante, ...

Chuong V gidi thiéu nhimg phugsg trinh
nghiém nguyén chua dugc gidihauyet va
nhimg budc tién cua Toap“foc dé giai
nhimg phuong trinkeSRghiem nguyen,
trong do 6 nhimg @898 gop cua Andrew
Wiles chuing mish,dinh Iy lon Fermat va
Gido su NgéBdo Chau chimg minh BO
dé co bandrdng Chuong trinh Langlands.
Phuong trinh nghiém nguyén cé so
phiong trinh it hon s6 &n nén doi hoi
hguai giai toan phai van dung kién thic
sang tao, vi thé phuong ftrinh nghiém
nguyén thuong co mét trong cac dé thi
hoc sinh gidi tir bac tiéu hoe, trung hoc co
50 dén trung hoc phd thong. Cudn sach
danh mot phan thich dang néu nhing
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phén tich bai
“toan, cach suy luan dé tim hudng gidi,
cach phén chia bai toan thanh nhing bai
todn nho dé giai quyét hon, céch “dua

kho vé dé, dua la vé quer’, cach lién hé
tinh hudng dang giai quyét voi nhing vén
dé moéi, cach chon huéng di phu hop véi
timg bai toan dat ra .. tat ca nhing diéu
dé déu 1& nhimg ki ndng ma méi nguoi
can co trong hoc tap, trong nghién cuu va
trong cudc song.

Trong IAn tai ban nay, cudn sach bd sung
thém nhimg kinh nghiém giai toan, bd
sung thém mét s6 thi du, cap nhat thém
mét sd su kién lién quan dén tiéu st cac
nha toan hoc, bd sung thém mot 6 cach
gial.

V/éi nhing cau tho & ddu méi chuong, véi
céch trinh bay rd rang, dé hiéu, tuoi mat,
vdi nhing thdng tin cap nhat, v6i nhing
kinh nghiém thuc té trong bdi dudng hoc
sinh gioi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh sé dem dén cho ban
doc nhimg kién thuc hé thdng va nhimg
kinh nghiém giai todn gidp giai quyst mét
loai toan kho & bac phé thang.

Tin rang cudn sach khong chi hiu ich
cho hoc sinh va thay cb gido, ma con la
tai liéu tham khao t6t cho sinh vién va
giang vién cac truéng Pai hoc va Cao
dang nganh Toan, ciing cac phu huynh
¢d nguyén vong gitip con em minh hoc
Todn tét hon.

Ban doc c6 thé dat mua &n pham trén tai: Toa soan Tap chi TH&TT; Cac co s& Buu dién; Cac Cong ty Sach - Thiét bi truong
hoc o cac dia phuong; Cac Cira hang sach ciia NXB Gido duc Viét Nam; Siéu thij truc tuyén www.sachtoan24h.com (hotline:

0873472803, 0912920591).
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PHU’ONG TRINH BAC BA VOI CAC HE THUC HINH HOC NA
LUONG GIAC TRONG TAM GIAC *

cua tac gia PGS.TS. TA DUY PHUQNG va Thay gido HOANG MINH QUAN
Sach day 448 trang, khé 16x24cm, gid bia 80.000 dong.

6i dung co ban cia cudn

sach dya trén két qua: Cac

yéu td ciua tam gidc (ba

anh, ba dudng cao, ban kinh cua
ba dudmg tron bang tiép, cdc ham sb
lwgng gidc clia ba géc,...) ¢é the drge
coi la ba nghiém cua mdt phwong
trinh béc ba véi cic hé sb phu thuge
vio ba yéu t6 cor ban 14 p, R, r; trong
dod p la nira chu vi, con R va r twong
tng 1a ban kinh dwang tron ngoai tiép
va ndi tiép tam gidc. Tir d6, theo tinh
chit nghi¢m cia phuong trinh bac ba
va van dung cac bt dﬁng thirc quen
thudce, sich trinh bay khoang 600 hé
thitc ¢6 lién quan dén cac yéu t6 hinh
hoc va luwong gidc trong tam gidc.
Qua cudn sich chung ta sé thaj,r mbi
quan hé hiru co gilra Pai 6 {ph'l.l'ﬂ'ng

trinh va ham s6 bic ba) v6i Hinh hoc
va Long giac (cac hé thire trong tam
giac). Pay chinh la diém mai va khic
biét cia cudn sich nay so voi cic
sich dd ¢ vé hé thirc trong tam gidc.
Cuén sich gom nim churong.
Chuong 1 tip hop nhimg kién thirc
co ban vé tam giac va cac cong lhm:
luong gidce, cac bt dang thirc dai sb
quan trong can thiét cho cic chuong
sau. :
Chwong 2 trinh bay cdc tinh chét
ciia ham s6 va phuong trink bac ba,
trong d6 diic biét luu § dén tinh chit
nghiém cla phuong trinh béc ba.
Chuong 3 va Chwong 4 chi ra ring,
cac yéu to hinh'hoe va lugng gidc cua
tam gidc(canh, dwdmg cao, bin kinh
duong won bang tiép, sin, cosin cua
cagigoe, ...) chinh 1a nghiém cta cic
phuong trinh bic ba véi cac hé s6
chita ba yéu 6 co ban cia tam gidc
(tirc labayéu to p, R, r). Vanhu la céc
hé qud, nhor sir dung tinh chét nghiém
ciia phuong trinh bic ba va cac bat
ding thirc dai sé nhu bét ding thirc
Cauchy, bit ding thirc Bunyakovsky,
bat ding thirc Schwarz, . . . cdc tac
gia di dua ra va chimg minh khoang
600 he thire hinh hoe va lugng gidc
trong tam giéc, trong do c6 nhiéu hé
thirc 14 méi hodic chi méi gip trén cic
tap chi va con it dugc biét dén trong
cée sich hién nay.

Ngoii cic bat ding thirc méi hoic
con it dwge phd bién, nhiéu bai thi
dai hoc, thi hoe sinh gioi, thi Olympic
cia cdc e, nhiu hé thire hinh hoc
va lugng gide quen biét trong tam
giac cling duge chimg minh lai trong
Chuong 3 va Chuong 4 theo cich
mdi, dya trén tinh chit nghiém cua
phuong trinh bac ba, ma it ding dén
céch bién doi lugng giac hoac nhimng
cdch chirng minh thong thudmg,
Chuong 5 (Phy lyc) tip hop mdt s
muc dudi dang cée chuyén dé lién
quan dén phuong phap phuong trinh
bac ba chimg minh cac hé thirc trong
tam giac.

Ciing cn luu ¥ thém ring, tir cic hé
thirc néu trong cudn sich nay, ta ¢6
thé suy ra kha nhiéu hé thirc khac
nita, chua duge khai thic trong cudn
sach, Py 14 mot goi ¥ t6t dé ban doc
c6 thé tim cich chimg minh mdi cho
cac hé thirc cii hofic tim ra cdc hé thirc
ma@i. Ngoai ra, cach chimg minh méi
hodic cdi bién nhitng hé thirc dd co
con ¢6 thé gitip céc thay co gido trong
viée thiét ké cac bai tip va dé thi méi.
Cudn sach khéng chi cé ich cho cic
hoc sinh, cdc ban yéu todn, cic thiy
cd day toan pho théng, ma con la
tai liéu tham khao tét cho cac sinh
vién va giang vién dai hoc, cao dﬁng
nganh todn, cling nhur cic phu huynh
mong mubn giip con em minh hoc
tt mon todn.
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