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AR G TOAN Ko VA TUGI T
%Wv f/wng/w z‘/uew cing &cm/ d‘a&
G|A| BAI TOAN TRO CHOI BOC CAC VAT, PHUONG TRlNH

DONG DU VA HE PHUONG TRINH DONG DU BANG PO THI

clia tic gid GS. TS. NGND DANG HUY RUAN
Sach day 112 trang, khé 17x24cm, gia bia: 30.000 déng.

Sach gom hai phén chinh:

Phan tro choi boc cdc vt trinh
bay thudt toan dé ngudi di dau
chién thing bang cach boc dugc
vat cudi cing (hodc khﬁn%}hai
bdc vt cudi cliing). i\
©phicong
rinh bay
01 cua cuon

Phan phicong trinh X Z
trinh dong du
trong bon chug

sach. %

Chuong tnnh bay thuat
toan Zdung dd thi xdc dinh
tap ém ctia phuong trinh

(mod m) voi @, m la cic

0i dung cua sach trinh é‘nguyen duong nguyén 6 cing

bay phuong phap giai
bai toan trd choi boc cée
at, phuong trinh dong du tuyén
tinh, hé phwong trinh dong du
tuyén tinh va phuong trinh dong
du bac cao bing dé thi. Noi cu
thé hon: Noi dung chu yéu ciia
cudn sach 12 trinh bay thudt todn
xdy dyng d6 thi ¢ hudng véi cac
cung duge gan nhan trén bang
chir cai thip phin ma nhén cua
dd thi nhan dwoc chinh 13 tip
nghiém cia phuong trinh hay hé
phuong trinh déng du.

nhau,con b € {0, 1, ..., m—1}.

Chuong VI trinh bay thuat toan
xiy dung do thi xac dinh tap
nghi¢ém cua hé¢ phuong trinh
dong du tuyén tinh.

(,hm:nu:, VII trinh bay thuét
todn xdy dung dd thi xdc dinh
tap nghiém cua h¢ phuong trinh
dong du béc cao.

Chuong V trinh bay _vé thudt toan
gial phuong trinh déng du tuyén
tinh dang dac biét x = b (mod m).
Tap nghiém cua phm’mg trinh
nay chinh 12 tip s ddng dw voi

b theo module m. Boi viy do thi
xac dinh tap nghiém cua perfmg
trinh nay dugc goi la nguon déng
dur.

Cuén sach khéng nhimg trinh
bay thuat toan xay dung ngudn
dong du theo mot module, ma
con trinh bay thuit toan xdy
dung nguén dong du theo nhiéu
module va mot 56 ciu trac khac,
chanU han, ngudn sinh tit ca cac
sO nguyén duong chia hét cho 7,
ma moi s6 nay déu co chir so ]c
va chit s6 chin dan xen nhau.

Trong khi Quy doc g 511 giang day,
hucrng dan hodc lam vige vé dong
du ma c6 nguon dong du theo
module m bén canh thi c6 thé chi
ra hang chuc s6 gom nhiéu chit
s6 chia hét cho m trong chéc lat.

Tin twréng ring cudn sich khéng
chi hitu ich cho hoc sinh va
thiy cé gido yéu toan pho thong
ma con la tai liéu tham khao
t6t cho sinh vién va giang vién
cac truomg dai hoc va cao ding
nginh todn cung cac phu huynh
cO nguyén vong giup con em
minh hoc tét mén s6 hoc.

Moi chi tiét xin lién hé:

TAP CHi TOAN HOC VA TUOI TRE

Téng 12, tda nha Diamond Flower, sé 1 Hoang Dao Thiy, Thanh Xuén, Ha Ngi

® Dién thoai bién tap: 024.35121607

® Email: toanhoctuoitrevietnam@gmail.com

® Pién thoai Fax- phat hanh: 024. 35121606

https://tieulun.hopto.org
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TRUNG HOC €O Sé o8

TY sO DIfN TiCH
CUA HAI TAM GIAC

o,

NGUYEN ANH TUAN

(GV THCS Hoa Hiéu 2, TX. Thdi Hod, Nghé AW

giéc van dung ti 50 dién tich ciia hai tam gidc ¢od

hai goc bing nhau hodic bu nhau, giup ching ta

co dugce 161 giai twong doi tu nhién cho mot $6

bai toan lién quan dén ti s6 cua hai doan thang.

Bii mdll 1. Cho tam gidc ABC va tam giage DEF
- 3 hogc A+D=180".

AB.AC

DE.DF

o F i iE AR
Chimeg minh rang: —22= =

Sn‘.'.".'s'

Chitng minh. Trizong hop 1: A=D (h.1).
Trén céac tia 4B, 4

ACUnlwgtily [ ;
, "
cicdiémMva [ S ¥ e
J e N J‘JL —Sp
N sao cho B fo ol

AM=DE , AN =DF .
Khi d0 AAMN = ADEF (c.g.c). Tacod: 4

S.5c . Sne AC AB‘ AC
Sper S @ DE.DF’

Triegng hop 2: A+D=180° (h.2).
Trén tia AC va
tia ddi ciia tia AB

Hinh 1

= S-LE( ; S.J].B."."

S San

lan lugt lay cic

diém Nva M sao
cho AM =DE ,
AN =DF .
Khi do AAMN = ADEF (c.g.c). Taco:

_Suc _Susc Sugy _ AC AB _ AB.AC
S Sy S AN AM DEDE

§ s

BL._

f J'I':r'.'u'l.' i |

S.inc

Sper
Biy gio chung ta s& van dung bai toan 1 dé
chimg minh mot s6 hé thirc hinh hoc sau day.

Bii todn 2, Cho tam gide nhon ABC, cac diong
cao AD, BE, CF cat nhau tgi H. Cliing minh rang:

oA HT

'u HC.HA _ HA.HB
Sl W T

ABBC ACBC
AC 4B

)W 0B Fi

Loi gidgi (h.3)

a) Xeét tir giac CEHD c¢6
CEH =CDH =90"

— ACB+ EHD =180" = ACB + AHB = 180",
Tuong tw: BAC+BHC=180" va ABC+ AHC=180",

Do do @aai todn 1, ta c6:
HEASVHCHA | HAHB Sy

" ABBC ' ACBC sﬂc

Hinh 3

Shac +SH.43 o

SA!BF ) ABC

:&) Phdn tich: Nhin vao h¢ thire cén chimg minh ta

S

chura biét van dung ti sd dién tich dm voi cac tam

gidc nao, vi vy ta s& dua h¢ thirc can chimg minh

vé dang gidng hé thitc & cdu a) bang cach nhin
HA.HB.HF

AB.BC.AC
BC BC _AC AC 4B AR HBHF HAHF HAHB
AH HB FH 4BAC ABBC ACBC’

di:n déy viéc chimg minh hé thirc méi tuong doi
dé dang, ta co 161 giai nhur sau:

Theo tinh chét cua hai goc k& b ta co:
BHF + EHF =180" va AHF + FHD =180".

hai vé cua hé thire d6 vai ta duoc

Két hop véi BAC + BHC =180°

vid ABC + AHC =180° (da chimg minh & ciu a)
suy ra: BAC = BHF va ABC = AHF.

Vi ACB+AHB=180° va BAC=BHF;
ABC = AHF nén theo bai todn 1, ta co:

B 8 8
Bl s et i SRR SR PN
HEBF HAF HAB S‘,Igc SBAC SCAH
, TOAN HOC
S6486(12-2017)  * Cudilre 1
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ABAC ABBC ACBC AH HB FH

HB.HF HA.HF' HAHB:},BC AC 4B

Bai toan 3. Che tam gide ABC néi tiép dwon g
tron (O). Diém M .w‘.'s--.'ir cung BC khong e.".#rm
diem A, eoi MH, Ml MK theo thir ti la cd
diramg vicong goc ke ti M dén BC, AB, AC.

dn S BC. .. AB AC
L mina vang., ————=—— }

MH MI MK’
Lai gidi (h.4). Ta ¢6 ba diém

5 A
I H, K thing hang (dwong A

thing /HK chinh ladwomg  / /N O\
thing Simson {mg véi T \ \'
diém M ciia tam giac ! o ’f*\K I_.'l
ABC). Vi cac tir giac :

MHKC, MHBI, MKAI b AN

ndi tiép nén ta suy ra Hinl

HMI = ABC: HMK = BCA; IMK + BAC =180".
Theo bai todan 1, ta co:

a S.WHI
Sanc S s8¢

_ MLMK _MKMH MHM _ BC 4B AC
T ABAC  BCAC ' ABBC  MH

B MK S.WK

Sk = Svpx + Supn = S
ABC

M
Bai toan 4. Cho tam giac ABC ndi tiep «¥ong
von (). M, N lan luet la trung dié %—a cel
canh AC, BC. Goi I la giao diém c1. 8% NM voi
dircrie (), Chune minh ran
BC €A . AB

THE L
Lai gidi (h.5). Vi M, N lin
lugt 14 trung diém ciia AC
vda BC nén MN 1a duong

trung binh cia A4BC

= MN/IAB = Sy =Sy 5 = %S_{ ! )

Taco: Sipe =Spipe =Sup =Sme + Spc —Sus
=% e T Suc +(%SAB€ —Sm]- (2)

T (1) va(2)suyra

Sipc =Sup +Spc + (SL»;B o SMB) =S +Suc

TOAN HOC
2
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Tacs: BIC = BAC (=1 s4BC |

AIB=BCA [=%sd:€l—1§] vi AIC + ABC =180°

(vi tir gidc AICB ndi tiép). Theo bi toan 1, ta co:

Siarwly b
Sipc =Syp + Spc = =2 =—HE 42
Sipc  Sapc  Sasc
IBIC I4IC I4IB BC _ AC AR
= - + O o PPt
ABAC BCAB BCAC™ WK B I
Bai todn 5. Cho iam gidge ABC c¢o
BC=a,CA=b,AB=c. Goi (I) la duong tron

noi tiep tam gidge, Chumg minh rang:

LA £

e i - —=|. r|

he ca i p/ "|I;/_: E
Lai gidi (n.6). Ke IDLAB, /"~ |
IE L AC,IF 1 BC LN N

B I &
(De AB,E € AC,F € BC) Hinh 6
i

=5k (7).

Uy t nhau va dinh li Pythagore ta co
& AE va A’ = AD* + ID* = AD.AE + ID.IE .

Theo tinh chat cua hai liép

%x‘:t tir gide ADIE c6 ADI = AET = 90"

= BAC + DIE =180°. Vi BAC + DIE =180°
vi DAE = BAC nén theo bai toan 1 ta co:

S _Save , S _ADAE  IDIE _I4*
Sii Bigs BandincARAC, ABAT e
Chirng minh fwrong tyr, ta co:
Sporr s E ;S(“.E!F = E . Suyra
Sipc ca S ab
Iz £+ oy _ Sapie | Seowr Scer -1
be ca ab  Spe  Sue Sasc

Bai toan 6. Tir diem M nam bén ngodi deomg tron
() ké hai tiép tuyén MA, MC va cdt nven MBD
(4, C Ig cac .f.-"{_-;lu diem va MB < MD). Goi I la
trung diém cua AC; F la tiar tia Bl vei
tron (). Cling minh ;'_ DF fAC.

Lai gigi (h.7). Xét AMAB va AMDA co:

giao diém ¢

duwong

AMB chung; MAB = MDA [: %sd:@)

https://tieulun.hopto.org
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AB  MA
= AMAB en AMDA = —=— 1
(g8) y D = (1)
A - = -
/l‘ Ty SO
: 7 -':I 0 'II 1
A L | |
ME e 43
N v i i
U = /
i
Hinh 7
BC MC

Tuong tr AMBC en AMCD (g.g) :E’j:— (2)

Tir (1), (2) vdi MA= MC (theo tinh chét cia hai

tiép tuyén cit nhau) ::»E:Ez;'E:£ (3)
AD CD BC CD

Ké AH 1 BF;CK 1 BF(H K € BF)

= AAIH = ACIK (canh huyén — goc nhon)

= AH =CK = 5 jpr = Sper-

Vi tr gide ABCF noi tiép duomg tron (O)

Goi N la giao diém cua tia MI v&i duong tron (O)
(O nam gitta [ va N), ap dung hé thirc luong vao
tam gide vuéng AMO ta cé6 MA* = MI.MO  (6)
Tir (5) va (6) suy ra MD.MB = MI.MO

MD _ MI
o

MO  MB

— BIM =ODM nén tir gidc BIOD ngi tiép
duemg tron = FBD = DON.

= ADMO en AIMB (c.g.c)

Mat khac §D=%@, tr do suy ra ﬁh’:—;ﬁﬁ}
= (N la tia phan giac cua goc DOF.

Xét tam gidec DOF cén tai O ¢6 ON la duong phian
giac nén ON ciing 14 dudmg cao = ON L DF
= AC//DF (cung vudng goc vai ON).

Bai toan 7. Qua diém A o
() vé cat tuyén ABC.

ciea cung BC, DE Ia dwone kinh cua duong tron

(N, AD & dwang tron () tai 1, IE cai BC tqi
hie tinh rang AC.BK = AB.KC
— W E

K.
ai (h.9). Vi BE=EC S

bén ngoai dwong tron

Goi E la diém chinh giita

By ; e W
= BAF + BCF =180", theo bai toan 1 ta cé: ,&:, BIE = CIE , ma ! > ANl 7 )/,.--7\\..
. - ; ‘\.“'\‘\ .I.IIL_I:_../""' 0 I:
§ el o AN AT N D90’ (g6¢ ndi tiép R /
ABF =9 pcF = S BCCF P ; s Y -
o : N3 chin nira duong tron), do dé L
Tir (3) va (4) = ‘;g'é; =1= S—D - AIB = CID. Theo bai toan 1, ta c6 Hinh 9
,ﬁ‘ o BK _ Sy IBIK _IB
= AADC en ACFA (c.g.c)=> ACD = CAF o S” e (1)
CIK 1

Mai CAF = CDF f: %sd&]. do do:

ACD = CDF = AC//DF.
Chit y. V&i bai toan nay ching ta co the giai don
gian hon nhu sau (h.8): Ta ¢é A
AMABenAMDA(gg) /1.~ —F
M o M ¢ N h
MD ™ MA y& | W
= MA* = MBMD (5) ~\
Vi MA = MC (theo tinh c——"
chit cua hai tiép tuyén Hinh 8

cat nhau) vi O4=0C nén MO la dudng trung
tnrc cia AC =1 e MO .

Vi AIC +CID=180" va AIB=CID

— AIC + AIB =180° nén theo bai todn 1, ta cb:
AB _S,, IAIB_IB @
AL T S5s) 1641

; ! KB AB
Tu(l)va(2)suyra —=—= ACKB=ABKC.
KC AC
Bai toan 8. Cho dicdmg tron (), vé hai day cung
I (I nam hén trong :.".fn}'.u;_?
MI ¢t AE

A8, EF cat nhau tai

tron). Goi M la wrung diém cua BF.

P8 WA U} = & AN F ALY
fai N, ( ;'l.-‘.'."'.J.""._’ minn rang —— --i i
EN El
{Xem -’-"_:,” trang 11)

TOAN HOC
' CTusitre 3
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Huudng din gidiBE THI TUYEN SINH VAO LOP 10 TRUUNG
THPT CHUYEN PHAN BOI CHAU, NGHE AN NAM HOC 2017-2018

Ciaul.a)DK: x24.
Ix+7Vx—4 =14x+4 - 20
<:>3x+20—'?(2\fx+4-\f -4]:0

=0

= (3x+20}[1—m]

x=-2 (loai _

Wx+d+Vx-4=7(%

e 2(Vr+d-3)+(Jx-4-1)=0
2 1

ﬁ(x_s]{\fx+4+3+\fx—4+l}=l}

& x=5 (thoa man).

L=

b) Tix hé suy ra ‘\Q,x
6x+4y+2—(6y+4x— 2)=(x+1] {yﬁ
< (x- _y+2](x+y -2)=0& i&% M
=g 2]
£ i i x=-1=y=1
The (1) vao PT thtr nhit suy ra :
x=9 = y=11
£ : g x=3 = y=-1

Theé (2) vio PT thir nhit suy ra

x=-3= y=5.

Vay (-1;1), (9 11),(3,-1),(-3; 5) langhigm.
Ciu 2. Ap dung bd dé: Véi moi sb ty nhién » ta
co OES(n)‘Sn

- Néu n = 0 thi khong thoa mén bai ton.

-Néu 1<n <2016 thi
(n—=1)(n-2016)<0=n* —2017n+2016 <0

= n* —2017n +10 < n* =2017n+2016 <0
= 5(n)<0 (vo1i).

TOAN HOC
4

* CTudilye S6 486(12-2017)

-Néu n=2017 thi thoa man.
-Néu n>2017=n-201721=n* -2017n 2n
Do dé: n° =2017n+10>n= 8§(n)>n (v l1i).

Viy n=2017 la gia trj can tim.
Cau 3. Ap dung BPT Cauchy

A
] et
a+b 4 a+b
h "{__1_2 b ;
b+c¢ 4 b+c

2
!¢.> [ } i
c+a c+a
(1), (2) va (3) ta dugc:
2 2 2
o) ak
a+b b+e c+a
a b
= +
a+bh b+c

(1

(2)

-

= 13)

c+a

" 4e 3 *)

c+a 2

Ap dung bé d&: Véi x,y>0va xp =1 thi

e ol F- B (1

+
l+x l+y
1 2
Iﬂ+b=]+ 2
e+ AEpe <5 )

Do do

Tir (*), ta cin chimg minh

BN D e e

b b 2
. a
a+ +¢ c+da L
a c

E}‘atr=JE:;~
cC
2
Ho——Ft—a—2 t=1)(t" +4t+1)=0.
( }@l+t+l+r 2 Zé( )( ]
Déu dang thirc xay rakhi a=b=c.

O<r<l néntacd

. i e

https://tieulun.hopto.org



Ciu 4. Ta cé;

AMDA e AMBD (gg}zﬂ—m
BD MD

AC M4
BC MC

Tir (1), (2) va két hop véi MD = MC, ta co:

(1)

vi AMCA e AMBC (g.g) = (2)

AD AC
a9
Bl 8¢

AC.BD = AD.BC.

&
b) Goi /=CDEF. Ta c6 ABFE 1@@:1;:

ndi tiép = BFE = BAC = BD€§
gidc ndi tiép = FIB = FDB = A
=> AFIB e AACB (g. ]:}E_Q (4)
BI CB
. EI DA
Mt khic: ABDA enABIE (g. —===(5
. w (g8) = T (5)

IF IE

T3 (B vadltacd) —=—=IF =[E.
(3), @) va(3) o e

Vay CD di qua trung diém cua EF.

¢) Goi P,H lan lugt la giao diém cia OO' véi

CD va AB; K la giao diém cua CD véi O'M.

00" L AB,O'M | CD=AO'HM ¢ AO'KP (g.g)
O'H

oK OP

oO'M

=0'HO'P=0'KO'M=0'B

<

H
—_ ————
O'B

Q

'B

= AHO'BenABO'P (c.g.c).
o'pP

—O'BP=0'HB =90" = BP latiép tuyén cia (O).
Tuong tr AP ciing 14 tiép tuyén ctia (0.

Tir d6 suy ra P 1a diém cb dinh.

Qua B ké tiép tuyén véi (0), tiép’ tuyén nay cét
EF tai O suy ra dudmg thang BO ¢6 dinh (6).

Ta cé Qﬂﬁ”zgﬁ:}?ﬁ:%; E@:EEP
= ABDPwn ABFQ (g.g) = BPD = E’@T‘?

= BPIQa tir gidc ndi tiép

= BPQ = BIQ = BDF = BCA=BO'0.

Mat khac: O'BO = QBP [= 90° + 5_3}?’),

dodo APBQ e» AO'BO (g.g)

Vo s A0 BPBO
O'B

&r} va(7T)suyra (la diém cb dinh.

(khéng ddi) (7).

\Q'Vay EF ludn di qua diém c6 dinh O khi M thay dbi.

Ciu 5. V& dudng tron (C) tdm O, ban kinh bing
21 don vi. Khi d6 dién tich hinh tron nay la

S=441n.

V& cac duong tron (C, ),(C; ),...s(Ciog) €6 tAm
Ayy Ay .y Asgy , ban kinh bing 1 don vi. Khi @6
tong dién tich ciia 399 hinh tron nay 1a

&'=300n< 8.
Do d6 399 hinh tron nay khéng phii hét hinh tron
(C). Suy ra c6 v sé diém B,,B,,....B,,.
trong (C) nhung khéng thudc bét ki hinh tron
ndo trong 399 hinh tron (C, ),(C; ),....(Cig ).
Cac hinh tron tim B,B,,...,B,,... bin kinh 1
don vi luén nam trong (O) nhung khéng chira
Asgy .

MAI XUAN VINH
(S GD-DT Nghé An) gidi thiéu

. ndm

diém nao trong 399 diém A, A,,...,

TOAN HOC
' CTuditre
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(Thot giar lam

Ciau 1 (2.0 diém). Cho biéu thirc:

it 1 i 2—x
P_(Jx+2—~.fx+1 xfx+l—\.r6]
x[ 2 = ¥ (o T 1
ﬁ—m x+2-3x+6 :

a) Tim diéu kién cia x dé biéu thirc P xéc dinh.

b) Rit gon va tim gid tri lon nhit cua biéu
thic P

Cau 2 (2.0 diém).

a) Cho phuong trinh e l+3}+m=0, vai m

la tham sb. Tim didu kién cua tham sb m dé
phuong trinh d4 cho cé nghiém x £3.
b) Cho bén sb nguyén khong am a,b,c,d
s oo |@®+26% 36 +4dP = (yﬁ‘
min diéu kién :
26% + 5 —2d* =6 ‘;ﬁ
&
Tim gié trj nhé nhit ciia 0 = QYY" +¢* +

Ciu 3 (1.0 diém) Cho téng 2017 sé hang

S=2+J§+¥E+{E+..,+2Ui?fzmg‘ Tim [S].
2 3 4 2017

(Trong d6 ki hiéu [x] la phan nguyén cua x, 1a

sb nguyén 16m nhat nho hon hodc bing x ).

Ciu 4 (3.0 diém). Cho hinh vuéng ABCD canh
a.Goi E la diém di dong trén canh BC(E
khong tring v&i B,C ). Puong thing AE cat
DC tai G.Puong thang qua E song song vdi
AB cit BG tai F .

a) Chimg minh rang CF vudng goc voi AC.

b) Pudng thing DE cit duong thing BG tai
K , duomg thang CK cit cac dudng thing AE

TOAN HOC
6

¢ CTudi t!':é S5 486(12-2017)

NAM HOC 2017 -2018

ple] b

vid AB lan lugt tai H va I. Chimg minh ring
tir gidgc BEHI noi tiép duomg tron.
¢) Goi giao diém ciia hai dudng thing [E va AC
la J. Tinh dé dai hai doan thang DJ, DH theo a.
Chu 5 (1.0 diem). Cho ba ) duong a,b,c thoa
man ab + b + ca = abe . Chimg minh ring
(a+b—c=Db+ec—a-1)c+a—-b-1)<8
Cau 6 (1.0 didm). Nén clia mét can phong hinh
vuéng canh 5 (m) duge chia déu thanh 25 &
vuéng canh bing 1 (m) va dugc danh sé nhu
hinh 1. Lat can phong bing 8 thm g& giong

nhau, inh dang va cac kich thuwdce nhu hinh
2,8 o cac tim gb khéng chom Ién nhau va

oS . : 3 .
g duge ¢t nhd cac tam go. Cudi cung chi
LN$On lai mot 6 vuong khéng duge lat. Hoi do co

thé 13 6 vuéng nao?

11 |12 (13114 |15
i21 lz_{is ;24 '. 25 |
31|32 (33|34 |35
4 42 43 j44 45

51|52 153 5455

rr g
rinn |

[1m

TIm
Hinh 2

TRAN MANH CUCNG
(GV THCS Kim Xa, Vinh Tuomg, Vinh Phic) gidi thi¢u
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THU SUC TRUOC Ki THI 2018
PESO3
(Thaoi gian lam bai: Y0 phir)

Céu 1. Cho day s6 (x,) théa min x, =40 va Ciu 9. Trong khéng gian véi hé truc toa d¢ Oxyz,
x,=Llx,, véi moi n=234,. Tinh gia tj tinh khoang cach tir diém Af(1;3;2) dén duong thing
§S=x+X,+..+x, (lam tron dén chir s thip phan x=14+¢
thir nhét). yp=1+t.
A 8554, B.8553. C. 741,2. D. 741.3. z=—¢
Ciu 2. Xée dinh fim %], A2, B.2 gl - Bs
K Cau 10. Trong khong gian véi hé truc toa d§ Oxyz,

A0 B. o0, = : ; : ; ; :
C. khong i tei gl viét phuong trinh d;mng vudng gc: chung cua hai
Ciu 3. Cho f(x)= vm—m,g(x) = sin x. Ausing, Rouey = Jf3 - = Z_+5
Tinh gia tr] cua —— ZA) T e

g AT
A. % B. —%. C. 0. BT PR ks s Ao

4 o, N ST A Sk

Ciu 4. Cho hinh ¢hop SABCD c6 diy ABCD 1 hinh @ S g% bt 0 T
thang ddy lém 1a CD. Goi M la trung diém cia canh i =  Bpasr— s .
SA, N 1a giao diém cua canh SB va mit phing (MCD). Q’Q\ 2 = 5 s 4
Ménh dé nao sau day 1a ménh dé ding? (& Ciu 1. Tim sb nghitm thude [ﬂ ;_n] o
A. MNva SD citnhau. B. MN//CD. %\ .
C. MN va SC cit nhau, D. MN va CD c}% au phrong trinh SIsinx = cgs(-‘z—-[- —21}
Ciu S.Bé\thicéc ham sb y= il -—x -1 A 0. B. 1. C.2 D.3

e
cat nhau tai bao nhiéu diém? é
A0 Bl 2 D. 3.

I

Ciu 6. Tim gid tri nho nhét cua ham sé y = '1

. <
khi x = 0.
a2 pl Cdo " on2B

Céu 7. Cho log, x =2, log, x=3 véi g, b 12 cic sb

thyc 1én hon 1. Tinh P =log , x.
‘,‘2

A. 6 B. 6. oL o
6 6

Cdu 8. Tinh médun s6 phie nghich ddo cua sb phire

z=(1-2i)>
1 1 1
iy o R~ S el 1 i
J5 25 5

Céu 12. Tim tit ca cdc gid trj cta tham so thye m sao cho

ham s f(x}={2"§_’” VOILXZ0 fion tac tén R
mx+2 wvdix<0
A.m=2. B.m=12. C.m=-2. D. m=0.
Cau 13. 86 tiép tuyén cua dd thi ham sd
3
y= . 2—27 song song vai truc hoanh 1a
5
A, (. B. 1. .92, D. 3.

Céu 14. Trong mit phing véi hé toa d6 Oxy, cho
AABC c6 A(2:4),B(5;1),C(-1;-2). Phép tinh tién
T.. bién A4BC thanh AA'B'C’. Tim toa do trong

tim cia AL'B'C’,
A. (4;2). B. (4;2).
C. (4,-2). D. (—4;-2).
S& 486(12-2017) ng?lu:gg i 4
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Céu 15. Tim s6 tiém céin cia d6 thi ham so6
. Vx+1
-1
AL 0. B.1. i D.3.
Ciu 16. Mot trong s6 cac do thi dudi day 14 do thi cua
ham sé g(x) lién tyc trén R thoa mén g'(0)=0,
2"(x) < 0,%x e (~1,2). Hoi do la db thi nao?

|I l}.ll '1;
\ \_/’\ / \ 1
-1 €} 2 _fll X -G 2 X
A, | \J B.
¥ ¥
k_l_-\\‘ ff ¥ P
X f \\. \'\ /
-1 0 x -0 i =
i \{/ D. 4

Ciu 17. Tim tip nghiém S cta bt phuong trinh

log, 2 log, x° 1
log,x log,x-1
4 A. duomg thing.
A. (n,i U(1LV2 ] ). @
2] $§y
1] \
B. [U,E_ u(1.2]. $
C. [D,%: u[ﬁ,ﬁo)_
D. (ll%_ L.J[l,+uo).

Ciu 18, Tim nguyén ham ciia ham s6
Fix)= Jrinx.

J
2

A, [f(x)dx==x(3Inx-2)+C.

B. jf(x)dx=§x5(3mx~2)+c.

-

2

C. [f(x)dx==x* (3Inx-1)+C.

o |

3
D. f_f(x;dx =§x5 (3lnx—2)+C.

8 T?g?uggg S& 486(12-2017)

Ciu 19. Tim céng thic tinh thé tich cia khéi tron
xoay khi cho hinh phing gi¢i han boi parabol
(P):y=x* va dudmg thing d:y=2x quay xung
quanh truc Ok,

2 2 & 2

i1 {xl —2.r) dx. B. :rcj4.r2dr~:rtjx4c:‘3c.

0 0 0

I 4x dx + ].r‘d_r j{2r % ]

0 0

]
Cau 20. Cho ham sb Six) lién tue trén B thoa man

f(tan x) = cos* x,¥x e R. Tinh [ = }‘f(x)dx_

1]

&, TR gt SR
8 4 4
Ciu 21. C6 bao nhiéu sé phirc z théa man
|z|=|:+§'|=1?
A. 0. Q‘,&S {8 .4 D. 3.

y Tap hop céc diém bigu dién 56 phirc z thoa
2|z—1|=|z+Z +2| trén mit phéng toa d6 la mét
B. dudng tron.

C. parabol. D. hypebol.

Céu 23. Cho hinh tru c6 ban kinh diy bang a va
chiéu cao bang /& . Tinh the tich V' cua khoi lang try
tam giac déu noi tiép hinh try da cho.

NEvS B.V:a‘jsah.

A V= :
4 4

2 2 2 2
SRt R RN o
33 a3 4

Ciu 24. Trong khong gian vaoi hé truc toa dd Oxyz,
cho ba diém A(0;—2;—1), B(-2;—4;3),C(1;3;—
(P):x+y-2z-3=0.

1) va

mit phing Tim diém

M e (P) sao cho |Md+MB+2MC| dat gia tri nho

nhat.

A. M[i L. —1] B. M —l;—l;t}
22 p el

C. M(2;2,-4). D. M(=2;-2;4).

https://tieulun.hopto.org



Ciu 25. Trong khong gian véi hé tpa d§ Oxyz, cho
mit phﬁug (P):x+2y+z-4=0 va duomg thing
d: f;r—l = -111 - —z%rz Viét phuong trinh dirémg thing
A ndm trong mjt phing (P), dong thoi cit va vudng
goc vl duomg thing 4.

% r—lz_v—1=*—l. B.x_i=J_]=z_l

3 el —3 5 1 —3
C i (e R | x+1  p+3 z-1
TS e lE S T

Ciu 26. C6 bao nhiéu s6 tir nhién ¢6 6 chir sb d6i mét
khac nhau trong do chira cac chir 50 3, 4, 5 va chiy s6
4 dimg canh chir s6 3 va chir s 5?

A. 1470.  B. 750. C. 2940, D. 1500.

Ciu 27. Cho hinh chép SABCD cé day ABCD la
hinh binh hinh. Goi & 4 trong tim tam gidc 4BC va
M la trung diém SC. Goi K 1a oiao diém cua SD véi

mit phi AGAM). Tinh ty 86 —.
it phing (AGM ). Tinh ty s0 -

A, B. —; [ B D. 3.

Ciu 28. Cho tir dién déu ABCD canh bing a. Goi

b | =

M 1a trung diém CD. Tinh khoang cich giita h\‘

duomg thing AC va BM.
e G’\jﬁ‘ B. G_@ C. f."J,;_ D*$
11 3 3
Cfiu 29. Tim tat ca cdc gid tri thrc @n so m dé
ham sé v = x* - 3mx® —9m*x nghich trén (0,1).
|
A.m>—. B. m<-1.
3
1 5 |
C. J':'z:sE hoagc m<-1. D. -l<m=<—.

Ciiu 30. Phuong trinh|*  2x|(|x|~1)=m (véi m 1a

tham s thuce) 6 toi da bao nhidu nghiém thue?
A3, B. 4. C.5. D. 6.

Ciu 31. Tim cac gia tri thuc cia tham 56 m dé
phuong trinh log; x—3log, x+2m—7=0 c¢6 hai

nghi¢m thye x,,x, thoa man (x, +3)(x, +3) =

A.m=ﬂ. B.m=3
7

SRR e T 9

C. khong ton tai. D. m =-2—

Ciu 32. Cho ham sd f(x) lién tuc trén R’ thoa man
f'{x)‘-ix+l,'v’xe E" va f(l)=1. Tim gid tri nho
X

nhat ciia f(2).

A. 3. B. 2. C. %-i-]n 2. D4

Ciu 33. Cho hinh phing D gi¢i han béi dudng cong
y=e"", cic truc toa dd va phz“m dudng théng
y=2-x v&i x=1. Tinh thé tich khéi tron xoay tao

thanh khi quay ) quanh tryc hoanh.

Aas et B
3 2 be

€ et B e
2 & o

Ciu 34. Cho khéi ling tru dimg ABC.A'B'C' c¢6

diy ABS

5’;1%&3!0", mit phing (A'BC’) tao vd&i day mot
0° . Tinh thé tich ¥ ciia khi lang try di cho.

tam gidc cin véi AB=AC=a,

A =32 B =29
8
c.v=2Y3 D. V—q“ﬁ"a.
8 g

Cau 35. Trong khong gian véi hé toa d§ Oxyz, xét
dudmg thang A di qua diém A(0,0,1) va vudng goc
voi mit phang Ozx. Tinh khoang cach nho nhét giita
diém B(0,4,0) t&i diém C trong d6 C la diém cach
déu duéng thing A va truc Ox.

B.3v2. C. /6. D. @

A.

b | =

Ciu 36. Mdi luot, ta gieo mot con x0c siic (loai 6
mit, can déi) va mot dong xu (can déi). Tinh xéc sudt
dé trong 3 hrot gico nhar vy, co it nhét mot luot gieo
duoc két qua con xuc sic xudt hién mat 1 ché:un, déng
thoi dong xu Xuéit hién mat sép.

397 g 1385 1331 1603
17128 1728 T 1728 " 1728’
) TOAN HOC
S 486(12-2017)  * CTuditre 9
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17, Mot ngudi gir tiét kiém ngan hang theo hinh
thire giri gop hang thang. Lai sudt tiét kiém giri gop cb
dinh 0,55%/thing. Lan dau tién nguoi do gin
2.000.000 dong. Cir sau mdi thang ngudi do giri nhiéu
hom s6 tién da giri thang trude do 13 200.000 dong.
Hoi sau 5 nam (ké tir lin gii déu tién) ngudi d6 nhin
duge tong s tién ca von 1in 13i 1 bao nhiéu?

A. 618051620 déng,  B. 484692514 dong.
C. 597618514 dong.  D. 539447312 ding.
Ciau 38. Cho tam gidc A4ABC vudng cén tai 4 va
diém M trong tam gidc sao cho MA =1 MB=2,

MC =+/2. Tinh géc AMC.
A, 135 B, 120 . 160% D. 150",

Cho hai tam gidc ACD va BCD nam trén
hai mit phing vuéng géc véi nhau va
AC=AD =BC =BD = q,CD =2x. Tinh gia tri cia
x sao cho hai mat phéng (ABC) va (ABD) vudng
Z6c voi nhau.

p, &2
3
u 400, Cé bao nhiéu diém M thude do thi (C) cu

C. ﬁ.
3

oy niE
2 g

; : ; g 3
ham s6 y = x(x* —3) sao cho tiép tuyén tai M, @ A. x=40.

(C) cit (C) va truc hodnh 1an lwot tai hai dgﬁaﬂ.
biét A (khac M) va B sao cho M1 trung diggy Wia AB ?
A.0. k1 82 “%. 3.

Ham s6 y=f(x) cé dihg 3 cuc trj la
~2,-1va 0. Hoi ham sb y= f(x*—2x) cb bao

nhiéu cure tri?

A3 B. 4. G5 D. 6.
Xét cic sb thuc duong x,y thoa min
=+
log ; ——=— 2 —— = x(x-3)+ ¥ (y—3)+xp.
TxTty tay+2
Tim gid trj n nhlt P, cla p= XX+
x4+ y+6
A3 B.2. ] D. 4.
Goi § Ia tip hop tit ca cdc gia tri cia m sao
cho 10me 7 il phrong trinh

2log,, s(2x" —5x+4) =log — (x* +2x-6)  cb
nghiém duy nhat. Tim sé phan tir cia S.

kIR ORIE ¢ i D. 16.
 aTOANHOC
U 5§ 486(12-2017)

E CTiidnl
“Tudifre

Ciu 44, Xét ham sb v=f(x) lién tuc trén mién
D =[a,b] c6 do thi la mot dudmg cong C. Goi § la
phin gi¢i han béi C va cic duimg thing
x=a,x=h Ngudita chimg minh duge ring do dai
dwong cong S bﬁng f\,ll - {.f"{x)]"dr. Theo két qui

trén, do dai dwong cong S 1a phan do thi ciia ham s6
J(x)=1Inx bi giti han cdc dudng thﬁng

-
x:l,x==~f§ la m—‘JEHnva
Jn

thi gid tri cia m” —mn+n" la bao nhiéu?

voi mpe

A. 6. B. 7. € 3. D.1.

Cdu 45. Tim gid tri 16n nhit cia P=|2* 2|+

z* +z+1|

véi z 12 sb phirc thoa man |z|=1.

R v, £ %. D. 5.

i

Céu \&n khéi tir dién ABCD ¢6 canh AB =23

\v: canh con lai déu bing x. Tim x dé thé tich
S dién ABCD bing 242.

B. X= 21.1'2.

Coa=33 D. x=23.

C4u 47. Cho tir dién déu 4ABCD ¢6 canh bing a. Goi
M, N lan hrot 1a trong tim cua céc tam gide ABD,
ABC v E 1a diém dbi ximg v6i diém B qua diém D.
Mt phing (MNE) chia khéi tir dién ABCD thanh hai
khéi da dién, trong d6 khéi da dién chira dinh A c6 thé
tich V. Tinh V.

alﬁ 3a1'w5

RS B
96 80

¢, Jax? B
120 320

Céu 48. Trong tit ca cac khdi chop tir gide déu ngoai
tiép mit cau c6 ban kinh bing a, tinh thé tich ¥ cua
khdi chdp c6 thé tich nho nhat.

i 3
PR h oL
3 3
C. 24", el
3 &
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TY SO DIEN TICH...

= Srir = Sany ,\;Jf;-x
4T E ;
Taco: MIEwnAFIB(gg) [\ | .
F | .-

e { ) x f -.\ /
Bf i ——Lf\' /

Mat khac, theo tinh chét cia s

hai goc doi dinh ta co: Hinh 10

AIN = BIM va EIN = FIM nén theo bii ton
1, ta co:
AN _Syw  Suy Smy IV IFIM HIF @
BN Sy’ S S - MBEEEINT BB
2

T

Tir (1) va (2) :‘ﬂz[ﬂ) ;
EN \ EI
BAI TAP

1. Cho tam giac ABC nhon, ¢6 tryc tim H V3
ndi tiép trong dwdng tron tim O. Goi D,
twomg tmg la chan cac dudng cao cia 1ac
ABC ké tir 4, B, C; goi M la giao dig a tia
AO va canh BC; goi N, P tuon "&g la hinh
chiéu vuéng goc cta M trén cacN¥anh CA, AB.

Chirng minh rang:

Céu 49, Cho tir dién ABCD ¢6 tam giac ABC 1a tam
gidc cin vdi BAC =120°, 4B = AC = a. Hinh chiéu
cia D trén mdt phing 4BC la trung diém cua BC.
Tinh ban kinh R ctia mét cau ngoai tiép tir dién ABCD

3

biét thé tich cia tir dién ABCD 1a I = %

A.R:Jg_la. B.R:‘NE.
8 4

o =%ﬂ D. R=6a

é‘ khi va chi khi

a) HE.MN = HF .MP;

b) Tir gide EFPN 14 tir gidc néi tiép;

7 BD.CM (ABT

CDCM \ AC
(Dé thi véo I6p 10 THPT chuyén Vinh Phiic -
nam hoc 2015-2016, vong 2).
2. Cho hinh binh hanh ABCD, mét dwong thing
d bt ki cit cc canh 4B, AD va doan thing AC
lan lwot tai M, N va P. Chimg minh ring
AB 4D _AC
AM AN AP

3. Cho tam gidc ABC cé trong tdm G, mot
duémg thing d quay quanh G va cit cac canh
AB, AC lan lugt tai Eva F. Ching minh rfmg

: 4B AC _
Q}sb AR

«b tam glac nhon ABC véi tryc tim H.
g minh ring tam gidc ABC la tam giac déu
AH BH CH
BC CA 4B
(Bai T5/418, tap chi TH&TT thdng 4/2012).
5. Cho tir gidac ABCD néi tiép dudomg tron (0),
chimg minh ring AB.CD+ AD.BC = AC.BD
(Dinh li Piolemy).

Ciu 50. Trong khong gian véi hé toa 46 Oxvz, cho
céc diém A4(0,0,2), B(3,4,1). Tim gia tri nho nhét cua
AX +BY v&i XY la cic diém thugc mat phing
Oxy saocho XY =1,

A3 B. 5.

C.2+417. D125
TRAN QUOC LUAT
(GV THPT chuyén Lé Hing Phong, TP. Ho Chi Minh)

S& 486(12-2017)

TOAN HOC
11

A
CTudifre
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’ . s - ] L ol
DAP AN YA HUONG DAN GIAI BE SO 2
D |2c |3c |4B |5C |eD [7A |8B [9Cc |1oD | 11C | 12B | 13D | 14A | 15C | 16D | I7A
188 | 19A | 20C | 21B | 22B | 23C | 24A | 25C | 26D | 27A | 28C | 29A | 30A | 31C | 32B | 33B | 34C
35B | 36C | 37C | 38A | 39D | 40A | 41B | 42D | 43D | 44B | 45B | 46C | 47A | 48C | 49A | 50B
Ciu 4. Dua theo dd thi, ham sé la k=0
yza(x+2)(x—1)2, vi(C) qua (0; 2) suyra < 4[_4k3+4){0@k>]-{:h9“5-
a = 1. Do d6 phuong trinh ham sé la i 1 ‘
y=x'—3x+2, suy ra phuong trinh tiép tuyén <40 9. Tir 40 thi ta suy ra f'(x)=ax” —bx voI
sogra A -
tai diémuon 1a y=-3x+2. Chon B. a, b duong nén f{xj:%x“ -%xz +¢ 1a ham
Céu 5. V& nhanh do thj y = = . Tachon C. trung phuong vai a, b duong. Tir d6 chon C.
ek Ciiu 10. Ham s fx) lién tuc trén R, Ta cé:
ol
e:[ l ‘ x[l+—] i
| || | limj(x)=lim7x:> lim f(x)=+—, a>0.
1] X—00 x—han 1 ok V{E
4 | | M a"'_a
Y
Al Vay 0 d6 thi (C) ¢6 hai dudng tiém cin
__F_,f [ g vo Ox.
L e = ;,T lg:m cin va llep ruyen cd khoang cach thi
. 5 \2 5 tuyén @6 phai song song voi tiém cén hay
E : , : %\% cung phuong Ox, nghia la tiép tuyén co tiép
1—cos2x % diém la cyc trj. Ta co

Chiu 6. Tacod y=sin’x=

= y'=sin2x, y"=2cos2x, y" _—451@3}1(;:1][)

Céu 7. Goi s xang cua hai n ay mot ngay
laxvay tacd x+y=10; 0<x,y<10.

Tdng s6 ngay hai nguoi chay 1a

P-E+ - hayP=8(i+ z }

x 10- x 10-x
Xétham s6 y = +—— = y'= et .
x 10-x  (10-x)

Khi »'=0=>x=4 hoic x=-20. Lap bang bién
thién ta thay y dat gia trj nhé nhét khi x = 4.

Vay sb ngay it nhét 14 20 ngay. Chon A.

Ciu 8. Tacd y'=3x> —6kx khiy' =0

< x=0 hoic x=2%.

D6 thj ham s6 cdt tryc hoanh tai ba diém phan
biét khi va chi khi ham s6 ¢o hai cuc tri thoa man

£ o €0 {a ) {k;ﬁﬂ
<<=

= S <0 |f(0).1(2k) <0
TOANHOC .

1 2 ' CTudi e S5 486(12-2017)

(x)= :>f'(x)=0¢>x:é.

1—ax
(ax® + DV ax® +1

Lap bang bién thién ta nhin thay (C) c6 diém

P [i J

o
Vay dé tiém cén cach tiép tuyén bing 2 1 thi

A 1 1
xayra: J—+1-—=
Ve a

1

—+I+—

i
Vay nhin a = 1. Chon D.

Cau 12. Cach giai cua An du nghiém, Son thiéu
nghiém, nén chon Lc, ciu B.

Céu 13, Phuong trinh tirong duong

: l+1
a

2 -1=a=1 hoic

=2-1: vb nghiém.

cos2x+5cos5x+3 =5(cos§x+cos;r)

< 2cos’ x—5cosx+2=0

https://tieulun.hopto.org



1 :
<:>c05x=-2- hodic cosx=2>1 (loai).

Khi cos.r:%—cosn@x e +k2~: Chon D.

Can 14. Phuong trinh cos® x+2cos3x.sinx—2=0
< sin’ x—2cos3x.sinx+1=0. (1)
Ta xem (1) 1a phuwong trinh béc hai 4n sinx co
A'=cos’3x-1<0; A'=0 <> cos3x ==, thay
vao (1) duge sinx = =1, suy ra cosx = 0, méu
thuan vai cos3x = +1. Tir d6 chon A.

Céu 15. D& ton tai gia trj 16n nhét thi phuong

_ cosx +a. sinx+1
trinh v

phai co nghiém
cosx+2
<> PT (y—1)cosx—asinx=1-2y c6 nghiém
[v—-I)2 +a >(I—2y)2 &3y -2y-a*<0

1 vl+3a & {1+\’l+302
<y< 3 .
1+1+3a°

Suy ra gid tri 16m nhit y=

<> a=z=I. Vay chon C.

2016

+x—2
Cau 18.Tacd Iim
11 2018x +1 - ~Jx+2|}1 /ﬁ’

x-1 lcl'5+:¢"“"L"+.+ar+]+|
Ijrr( )x Vzmar&%‘ﬂzms

el 2017(x~1)
=242019, Viéy chon B.
Ciu 19. Khéng gian miu Q| =Cjj) =120.
S céich chon ra 3 cdu dai sé p(4) = C? =20.

Viy xdc suit chon ra ba ciu trong do c6 it nhét
20 5
m@t cdu hinh hoc la: p=1- p(A4)=1-—==
ocla: p=1- p(4) 190 &
Chon A.
Chin 20.S6 hang thir k+ 1 1a
[0+
CL 52 [_j i C|*2 A1 Clkz-xm
X
Theo gia thiét dé C, =495 = k=4 va sb dbi

xtmg k = 8. Viy s6 hang 6 sb mi
m=3—-12=34-12=0 hodcm=12. Chon C.

Céu 21. Goi A 1a bién ¢6 bin tring tim, theo gia

e 3 — y
thiet p(A)= o2 suy ra xac suat ban khéng tring

p=p(4)p(4)p(4)+ p(4) r)p(4)
+2(4)p(4)p(4)

Ciu 25. Goi x 1a canh tam giac déu, ta co thé

V3 B,

tichV=n—x =n—a =>x=2a. Chon C.
24 3

Ciu 26. Pé dién tich xung quanh hinh tru 1ém
nhat dong nghia di¢n tich MNPQ lém nhat.
bit BO=x=>MQ=x,PQ=a-2x

e S.-w\mg = MO.PQ =x(a-2x), xe(0;a).
Khao @ bién thién cua ham sé S = ax—2x*

=] » 2

— L b

3 @sm =2 ChonD.
P 8

x A . \ - - LS - ¥
‘\Q, Cdu 27. Goi x 1 canh bén cua hinh chép, ta ¢d

1 X 3
V_s'_,qj](? — ESASBSC = F =

Suyra x=a= 8§, =8,pc +385¢ =

3V
: "“4"—

Cdu 28, Cd dinh V. Dé k 16n nhit thi ¥, Ién
nhat, nghia 1 mit tron day cta khdi tru ndi tiép
trén mét hinh vuéng cua hinh 1dp phwong. Goi a
la canh hinh ldp phwong, suy ra ban kinh hinh

— Chon A.

tron déy hinh try 1 %

a
go sl oo g
Viy k=—==—=—_ChonC
h o
3 3
Cledms e L4104 28
:rc 2n
: TOAN HOC
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Vs = 3W3a', Via =

Céu 30. Taco S =log, 2016 =log, (32.9.7)

. So sanh, chon A.

3«.@03
2

=5+210g23+10g2?=5+a+2l'3873
log, 2
Liiannl SN s
b b
Cau 31, PK: 0<x#1. Bt phuong trinh tuong
duong log,, s x £ logg ;g x -1 <0
log g5 % log,gg X
1
1 xr=-1 1 e e
@{:gzlmul’ . T SOTE . Chioai .
T 1<x<2018

Ciiu 32. V& hinh déng hai 45 thi y=2018" va

y=-2" +y2016+ 32017+ 32018 trén cing

mét hé truc toa do thi ta thiy hai db thj cit nhau
tai hai diém phén biét nén phuong trinh cé hai
nghiém. Chon B.
| |
+ —r
log,a log b 4

Cau 33. §=

GG
¥

log, b, vi a,b>1=log, b:-O

Ta cd S:E+x+—:>.5":l— *%i
4 4x

Bat. x=

& 1

Ldp bang bién thiéntaco S, = S(%J — % .
Chon B.
Céu 34. Diéu kién x>-3,x=0, phuong trinh

duoc viét lai log, (_r3 Ty ] =kox +3x7 =25

Lép bang bién thién cia ham s6 y = x" +3x”.

Dé phuong trinh ¢6 mét nghiém duy nhét x thoa
min x>-3,x#0 thitacé 2* >4 k>2, nén
chon ciu C.

Cau 37. Dat u=-¢’;:>du=—££x—-,x=l

2x

Su=lLx=4=u=2.Dodo

TOAN HOC
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]'fg‘{;)dx = zzj-f{b‘}du =4 . Chon cdu C.

Cau 38. Pt t=—x=dt =—dx, x =1
=>t=-lix=-1=t=1. Viy
J(x)

f(—f) TS A
LA
l+e J‘EI I+e’ _‘][ 1+¢*

i j’f(«‘f)

]+e

1
=2= jf(x)dx=2:>f=1. Chon A.
|
=SB fdu= i
Ciu 39. Dt y cy ::>{ suy ra

V=

v=In|x|

Inx].f(x)] - If{t] In xdx

j':

1

_1—jf@1nm:jf{x) In xdx = 0.

C &Phucmg trinh ¢6 dang y=ax’,a>0

[?

@ (2;4)=a=1. Duong thing qua (1;0),

(2;4) nén c¢o phuong trinh y=4x—4. Do do

V=n J"‘dx—iﬁjx 1) d |= [E—E]=En.
| 5 .3 15

Chon A.

Ciu 42.Taco (1+i) =2i

=(1+i) =2i(1+i)=2i-2=(1+)" =(2i-2)(1+i) =4

=(1+i) =—4(1+i)=—4-4i

= (1+i)° = (~4—4i)(1+i)=-8i. Chon D,

Ciud3d.Tacd A'=m.

Néu m >0 thi phuong trinh c6 hai nghiém

z =144m, z, =1=Jm =|z|=1++m, |zg|=‘l—'.f;‘.

Dé |z|=2 thi 1++/m =2 < m=1 hodc

22| =[1-vm| =2 m-2ym-3=0cm=9.

Néu m < 0 thi phuong trinh ¢6 hai nghiém

https://tieulun.hopto.org



z[:l+.r'm 22=I—£\4’$

=z |—|zz| V-m=2om=-3. Chon D.
Ciu 44. Gid st z=x+yi (x,yeR), ta co
|z+m|=|z—l+m|<:>.r=%—m.

Vay trén mat phang phic, sb phitc z chay trén
dudng thing (d): .rzé—m va sb phirc z'=1+i
duge biéu dién 1a diém A(L1)., Ta ¢o
|:-:—3'f2 0. Vay |z—-z'| nho nhét khi 4 thude

Chon B.

b | —

duémg thang d =» lzé—m:m:

Chu 45. Ta ¢ }1§=[1;—i;l),.ﬁ'=(~1;l;—|}

= AB =—AC . Chi c6 khéing dinh I va TV ding
nén chon B.

Ciu 46. d| c6 VICP v=(21;4)
M(1;7:3). d, ¢6 VTCP u=(3;-2;1) va qua

vd qua

N(6,-1;-2). Ta c6 [;,u]Mﬂf 0 nén h%

&

duéng thing cit nhau, Chon C. &
Cau 47. Goi I(f;1+12+1) la tamﬁ. miit

cau, tac6 d(1,P)=d(!,Q)

<:>|21—2—r—4\=]r~2—21—2|<:>::l

=L =0 V5.
Do d6 phuong trinh mit cu 1a

(8):(x=1)" +(y-2)
Cau 48. Dit f(x,1,2)=2x+y+z-4 ta cé
fAf(B)=2.(
so v&i mit phang (P). Vay dé MA+ MB nho
nhét khi va chi khi M, 4, B thing hang, nghia 1
M 1a giao diém cua duong thing AB véi mat
phang (P). Gidi hé

+(z-3)"=5. Chon A.

~2) <0 nén 4, B nim khic phia

x=f+2
=—t+1
¥ i M (1;2;0), nén chon C,
z=t+1
2x+ydz—4=10
Cau 49 VTPT ciia (P) va (Q) lAn lugt 1a:
n = (1;2;-2), n, =(Lm;m—1).

Goi o 1a goc gitra hai mit phﬁng, ta cd

St 2

m —m+l J_ (m—— +__

: i : 1
Dang thire xay khi m = >

Lic dé (Q):2x+y—z+2.2017 =0. Chon A.

Ciu 50. Theo yéu cu dé toan tdm / mit cdu
chinh 13 diém cua duong vuong gée chung
MN ¢ i dudmg thing d; va d» va ban kinh
[
MN

Duémg thing dy: x=4-21, y=1,z=3

=VTCP a=(2-L0) va M(4 -21,;3) d,.
Duong thing d»:
= VTCP b=(0;1;-1) va M(1; 1; ) ed, .

Suy ra MN = (2t =3;t"—t;—1'-3).

Dé MN la duong vuéng géc chung cia hai
duong thang d vad, thi MN L a, MN L b

[6-4t—t+t+0=0 (5t—1—6=0
—
3-t'=0 t=2t'-3=0

10+r~rf—
t=1
<
i'=-1
MN 3

Suy ra tim I[E;G;ZJ. R=——==.Chon B.
2 2 JEts

< M(2;1;3), N(L-L1).

NGUYEN LAI
(GV THPT chuyén Luong Van Chdanh,

Tuy Hod, Phi Yén)
TOAN HOC , .
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NGUO] DI TIM VO HAN

™
RAMANWAN

DANG THI KIEM HONG
(GV Pai hoc Tai chinh - Ké todn, Qudng Ngii)

han dip ki mém ngay thanh ldp Quéan ddi nhéin

dan Viét Nam (22-12-1944 — 22-12-2017), tbi
Xin gidi thiéu vai ban doc vé mét nha todn hoc noi
tiéng thé gidi ciing cd ngay sinh 1a ngay 22-12. Do
12 nha todn hoc huyén thoai ngwdi An D Srinivasa
Ramanujan (22-12-1887 — 26-4-1920).
Ong duge biét dén 1a mot
trong nhitng nha toan hoc
khong duge dao tao bai
ban vé toan nhung lai ¢6
nhimg dong gép quan
trong trong nhiéu linh
vige toan hoc nhu giai
tich, 1y thuyét sb, chudi
vo han va lién phan so.
The man who knew infinity
(Negwai di tim vo han) 1a
bé phim tiéu sir xic dong (1887-1 ‘)E«
cua nude Anh duge san "$
xudt nim 2015 néi vé Ramanujan Q?rerj cudn
sdch clng tén cha tdc gia Robert W$hugel. Ca cude
ddi Ramanujan cé thé néi 1a séng trong co cuc va
bénh tit nhung 6ng da danh tron tinh yéu cua minh
cho Toén hoc. Nhimg kham pha cua éng da tao
ngudn cam himg cho nhiéu nha toan hoc sau nay
nghién ciu chimg minh nhiing cong thirc cia éng
va mo ra nhiéu hudng nghién ciru méi trong Toan
hoc va Vit 1y.
Ramanujan ¢o tén ddy du Ia Srinivasa Ramanujan
Lyengar, sinh ngay 22 thang 12 nam 1887 trong gia
dinh Tamil Brahmin Lycngar ta1 vang Erole thuge
dia phdn Tamil Nadu ¢ mién nam An P¢. Cha ong,
K. Srinivasa Lyengar, |d8 mét nhan vién trong mat
cira hang bédn sari. Me dng, Komalatammal, lam ndi
tror va déng gop vao thu nhap cta gia dinh bing viéc
hét Bhajans (loai nhac danh cho cdc nghi 18) tai mét
ngdi chita gén nha. Ho sdng trong mét ngdi nha nho
theo kiéu truyén théng trén dwong Sarangapani

TOAN H
16 < oneine

* Cluditre S6 486(12-2017)

Srintvasa Ramu rnr@

Sannidhi trong thi trin Kumbakonam, ngdi nha nay
hién 14 nha bao tang.

Khi éng duge mot tudi rudi thi me ong sinh duge
mét em trai nhung bj chét sau d6 ba thang, Thang
12 nam 1889, éng bi bénh ddu mia nhung may
min qua khoi trong mét dich bénh dédu mua mé co
hon 4000 ngwdri chét trong khu vre.

Ong theo m¢ dén & nhia ong ba ngoai tai
Kanchipuram, gan Madras (bdy gi¢r 12 Chennai). O
do, me dng sinh thém hal ngudl con nita, vao nim
1891 va 1894, ca hai déu khong song diroc dén mét
tudi. Neaa®l-10-1892 ong duge cho vio hoc tai
mdit t@i& phurong. Sau khi 6ng ngoai cia dng

1éc & vin phong toa dn tai Kanchipuram,

bi
[# A
" a4 mg Ong vé lai Kumbakonam va éng duge
vio hoc trong trudmg tiéu hoc Kangayan. Khi

ong ndi cua 6ng mat, ong lai duge g tro lai cho
ong ba ngoai dang song & Madras. Ong khéng
thich truomg hoc & Madras nén khéng muén di hge.
Gia dinh 6ng phai nhér dén canh sat dia phuong dé
dua 6ng dén truomg. Pugc khoang 6 thing,
Ramanujan quay tra lai Kumbakonam. Tai trudmg
tiéu hoc Kangayan, ong da hoc rit tot. M6i muoi
tum thang 11-1897, ong da vuot qua ky thi cudi
cap voi cac mon tleng Anh, tiéng Tamil, Dia Iy va
86 hoc v diém s6 cao nhit trong khu vye. Cing
nam d6, dng vao hoe trudmg trung hoc thi tran, noi
ma éng da cham tran v&i todn hoc hinh thirc 13n
déu tién.

Nim 11 tudi, ong muwen dugc quyén sich
Advanced trigonometry (Luong gidc cao cip) cua
S.L. Loney tir hai sinh vién tro hoc tai nha dng va
da niam vimg dugc noi dung cudn sach. Pén nim
13 tudi, 6ng da tir minh khdm phé ra cac dinh li
phirc tap. Nam 14 tudi, 6ng di hoan thanh bai kiém
tra toan hoc vai mra théi gian cho phép va da cho
thdy su hiéu ro vé hinh hoc va chudi v6 han.
Ramanujan ciing da chi ra cach giai phuong trinh
béc ba vao nim 1902 va éng da phat trién phuong
phap ciia minh cho vige giai phuong trinh bic bén.

https://tieulun.hopto.org



Vao ndm 1903, khi méi 16 tudi, Ramanujan cé
duoc tir mét ngudi ban ban sao cia cuon A
Synopsis of Elementary Results in Pure and
Applied Mathematics (Ban tom tat cac két qua co
ban trong todn Iy thuyét va img dung) cua GS. Carr
gbm 5000 dinh li. Cudn sach duge xem 1 nguén
cam himg cho nhiing nghién ciu toan hoc cua
Ramanujan. Vio nam tiép theo, 6ng da doc lap
nghién ciru va kham pha ra sé Bernoulli va tinh
toan hing s6 Euler — Mascheroni dén 15 chit sb
thap phan.

Nzm 1904, éng tot nghiép truomg trung hoc thi trdn
va nhin duge gidl thwong K. Ranganatha Rao vé
toan hoc. Vi thanh tich diém so cao nhat, éng
nhin duge hoc bdng vao trrong Dai hoc
Government Arts & Kumbakonam, nhung vi qua
mai mé vdi toan hoc nén ong di khong chu tdm
viio cac mon hoc khae va thi trnegt ching, danh mét
suat hoc bong dang c6. Sau d6, dng dang ky hoc tai
tnromg Pai hoe Pachaivappa & Madras. O d6, dng
ciing chi dam mé vdi toan hoc, to ra kém coi trong
cAc mon nhu tiéng Anh, Sinh ly hoe va tiéng Phan.
Khéng lay duge bang FA (Fellow of Arts), ong roi
truomg dai hoc va tifp tuc theo dudi nghién ciru
toan hoc mot cach doc ldp, song trong hoan canh
nghéo khé va ludn bén by vue clia sir thieu dn

Ngay 14-7-1909 ong két hén
(21-3-1899 — 13-4-1994) — nglgé'i con gai me
ong chon va chi mai co 10 toi, diy k hai la

didu la & An Bé lue nay. Tuy nhié =r% ng vin o
nha me c6 dy cho dén 13 tuoi. vao& 1912, Janaki
va me cia ong dén & cing 6ng & Madras.

Sau hai lan bi bénh nang vao ndm 1909 va 1910,
Ramanujan vin tiép tuc theo dudi con duong
nghién ciru todn hoc. Vao ndm 1910, sau cudc gip
g gitra ong va nguoi sang lap Hoi toan hoc An
D¢, gido su V. Ramaswany Aiyer, Ramanujan bt
dau doc sy thira nhén cia giéi toan hoc & Madras.
Ho da gidi thiéu ong cho dng R.Ramachandra Rao,
thu ky cua Hoi Toan hoe An bo, ong Rao da cho
ong co hoi dé giai thich vé nhimg gi 6ng viét nhu
tich phén elliptic, chudi siéu hinh hoc va chudi
phin ky trong Iy thuyét cua éng. Cudi cing, 6ng
Rao cing thira nhéin sy tai gioi cua Ramanujan va
chép thudn trg cip tai chinh cho éng. Vi sy gilp
do cua Adyer, nghién ciu cia Ramanujan dé duoce
xuit ban trong tap chi cia Hai toan hoc An Bo.
Nhung theo danh gid cia cde nha todn hoc An D

Vi J$

thi cac bai viét cua 6ng qua ngin gon, khong c6 lap
ludn chat ché chimg minh nhimg két qua cta 6ng.
Pdu nam 1912, 6ng tim duge cong viée tam thii &
viin phong ké toan téng hop Madras voi mire luong
20 rupi/thang. Sau d6 vai tuan, dng xin duge vio
lam thur ky cho ké toan truémg véi mic luong 30
rupi/thang. Ong thuéng nhanh chéng hoan thanh
xong cong vige duge giao. C6 mot doan trong phim
Ngweai di tim vé han, vi sép ciia ong bao “Sao anh
khéng ding mdy tinh dé tinh?”, dng bao rang “T6i
thdy t6i tinh nhiam nhanh hom.” Ngoai thoi gian
lam viéc, ong danh hét thoi gian cho nghién ciu
toan hoc va co 18 do anh huéng tir cuén sich ciia
GS. Carr nén 6ng chi ghi nhimg két qua va cong
thire 6ng tim ra ma khong ghi rd rang vi sao co
duoc ching, ciing ¢6 thé hoan canh kho khin, gidy
viét e dé qua dit, ong ghi cac bude giai 1én bang
di den (mq}t loai bang thmmg dung cua hoc sinh
luc do) 1ol ghi Kkét qua vao gidy.

Vio nim 1913, Ramanujan da giri ban tom tit két
qué nghiég el cia minh dén nhiéu nha toén hoe
nuoc ung chi cé G.H. Hardy - gido su todn
o dai@mq, Cambrige - la nhan thiy dugc sy
y vil tuyét voi trong cong trinh cua ong. Hardy
o vGi cfng sy cua minh la Littlewood da doc
¢t 9 trang gidy viét tay tir thu ciia Ramanujan va
ho rét ngac nhién véi nhiimg gi Ramanujan dé viét.
Ho cho ring Ramanujan 13 mét nha toan hoc véi
trinh d§ cao nhat, mét nguai hoi du tai ning va kha
ning sang tao hiém c6. Vao thing 2 nam 1913,
Hardy di giri thu bay to su thich thi cia minh dbi
voi nghién ciru cia Ramanujan va lién hé véi vin
phong & An Do sip xép mot chuyén di cho
Ramanujan dén Cambridge. Hon mét nam sau,
ngay 17-3-1914, Ramanujan Ién thuyén S.S.
Nevasa va di dén London vao 14-4. Sau d6 khéng
ldu, Ramanujan duge lam viéc véi Littlewood va
Hardy, éng da dwa nhig quyén sach viét tay dong
thanh tdp cua minh cho Littlewood va Hardy.
Hardy di nhdn duge 120 dinh Ii tir hai I3 thr diu
tién cua Ong, nhung trong cic quyén sach nay con
chira nhiéu két qua va dinh Ii khac nita. Hardy nhin
thiy mét s6 sai, mot s6 da dugc kham pha va phén
con lai 1 méi hoan toan. Ramanujan da gy 4n
twong manh mé voi Hardy va Littlewood.
Littlewood cho ring “Téi cd thé tin anh ta it nhdt
la mét Jacobi.” Hardy cho ring “Anh ta cé thé so
sanh voi Euler hode Jacobi.” Tuy nhién, cic cudn
sdch ctia 6ng hau hét néu cic ket qua va dinh li ma
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khéng ¢6 chimg minh cy the chi tiét cho chiing.
Trong khi Hardy 13 mot nguoi lam todn nghiém
khit, ong doi héi phai chimg minh chit ché cac két
qui dé. Ong di yéu chu Ramanujan nghiém tic
tham gia cdc gid giding cia cic gido su todn ¢ dai
hoc Trinity dé co nén ting co ban vé todn hoc.
Ramanujan di trii qua gn 5 nam & Cambridge dé
hop tic véi Hardy va Littlewood va cong b nhimg
gi 6ng da tim ra. Diéu ddng néi la éng di vugt qua
tét nhiéu kho khan vé khéc biét van héa, nhit 1
ché do an chay truong ciia ngudi theo dao Hindu
nhu dng va van dé vé sirc khoe, dé tiép tuc nghién
cimu toan hoe. Trong nhimg nim thang kho khin
cua chién tranh trong thé chién thir nhit (1914 -
1918), strc khoe 6ng yéu din va duoc chuin doan
la b1 lao phéi (sau nay ngudi ta nghién ciru bénh an
va cho rang éng bj bénh gan do mm loai amtp gdy
ra). Nlel trén giwdng bénh, 6ng van nghi df:n cdc
con sO va cong thire. C6 mdt giai thoai vé sb
Ramanujan - Hardy lic Hardy dén thim éng &
bénh \'len biing chiéc xe taxi mang s6 1729, Hardy
cho ring d6 1A mot con s6 vo tri vo giac, song
Ramanujan néi rang: “Khéng, dé Ia mot sé thii vi,
né la s6 nguyén dwomg nhé nhat cé thé biéu dién
thénh tong cua hai s6 1gp phuwong theo hai cdch
khdc nhau: 1729 =17 +12° =9° +10° .

Tir y trong nay da khai quat Ihanh dinh n
nhiing sc: taxwdb Littewood cho ring:

nhi moi 56 nguyén déu la mot nguoi b con
o c?:v.“

Viao nam 1918, éng duge bau lam viiﬁ;’ Vién han
lam Hoang gia Anh véi nghién ciru vé ham elliptic
trong ly thuyét s6 va Ia vién si tré tudi nht trong lich
sir Hoang gia. Sau d6, ong dugc bau lam Vién si
trrémg Pai hoe Trinity, Cambrige vao 13-10-1918.
Vao niam 1919, éng quay vé Kumbakonam va
khong liu sau dé éng chét vao nam 1920 khi méi 32
tudi. Theo phong tye An P, vo éng khong tai gid
va bi viin & viy cho dén Nic chét vao nam 1994,
Trong suét cuge doi, dng da doc 1ap cong bd hon
3900 két qua (nhidu nhét 1a vé cdc déng nhit thie
va cdc phu'o‘ng trinh). Chung tap hop trong 4 cudn
sach: cuon dau tién gom 351 (trang, cuon thir hai
2dm 256 trang, cudn thir ba gom 33 trang va cuén
thi tr gdm 87 trang, duge goi 1 “Lost notebook”,
duoc tim thiy boi George Andrews ndm 1976.
Nhiéu két qua 12 hoan toan méi la, déc ddo, nhu sé
nguyén t6 Ramanujan, ham theta Ramanujan, cong
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thire phan hoach va ham gia theta (duge viét vao
nam cudi cube doi khi dng & An bg), di mo ra
nhiéu hudémg nghién ciru mdi cho mét s6 lwong lén
cac nha nghién ciru sau nay. Tap chi Ramanujan ra
di nham xuit ban nhimg cong trinh todn hoc chiu
anh hwdng béi cac nghién ciru cia Ramanujan. Ly
thuyét vé ham phén hoach ma Ramanujan va
Hardy dua ra d& duoc véin dung vao nguyén 1y hoat
dong cua miay ATM. Nhimg cong thirc ma mai
nhin thi ¢6 vé 1a sai vé mat Toan hoc nhu cong
thitc néi tiéng vai tén Tong Ramanujan:

1+24+3+..+n+...=

12

nhmg né lai lién quan dén lyc Casimir va dugc

(g dung nhicu trong Iy thuyét diy cua Vit ly (ban

doc 6 thé xem mét cach chimg minh so cap cho

cong thire nay tai

hitps:/wvww youtube.com/watch?time _continue=:

&v=w-16XTVZXww).

| ta da vin dung nhitng két qua trong

tebook™ dé giai thich s rdi loan cua

rong vii try. Co thé néi Ramanujan da di
¢ giti gan ca thé ky, nén ong con duge xem

l&,t nha Toén hoc huyén thoai. Hardy d3 timg

~

Mdi diy, n
cuon "L
céc

%01 ong: “Lam thé nao éng cé duge nhimg cong

%

thite d6?"". Ong hao ring: “Ci dc cong thikc thiong
xudt hién sau mai lan 16i cdu ngmf»'ﬁ Moi cing
thite khéng phai la vé nghia, no déu an chira mot
théng diép ctia than linh”,

Vao dip ki niém 100 nim ngay sinh cia 6ng, 22
thang 12 hang nam duoc t6 chire 1a ngay Ramanujan
tai truomg Dai hoe Government Arts, Kumbakonam.
Mét giai thudng vai tén Ramanujan dugce trao bai
Trung tim Vit Iy Iy thuyét quéc té (ICTP) danh cho
nhimg nha Todn hoc tré khéng qua 32 tudi voi
nhimg nghién ctru chiu dnh hudmg béi Ramanujan,
trj gid 10000 USD. Vao nam 2012, nhin dip 125
ngdy sinh clia 6ng, chinh phu An Do tuyén bd ngay
22 thang 12 s& duge t6 chirc hang nim nhu ngay
Todn hoc quoc gia nhim ghi nhé nha Toan hoc
thong thai véi ban nang tw hoc bam sinh Ramanujan.
Vi cudi clng toi xin dugc trich mot y trong bai néi
chuyén cua GS. Ngé Bao Chau voi sinh vién Viét
Nam: ... khi da viegt qua bién gici cua nhimg gida
biét dé thut' sw dudi theo cdi chua biét, ban rdt cdn
tinh guea cam vi vao thoi diém do, ban thiomg phi
chay mgt minh, ma trong mot 56 trieomg hop ban sé
phdi chay mot minh rét ldw”.
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TCOAMN HOOC SO C AP

( F oz g - 5
/ dy s6 loi da timg xuat hién trong nhitng nam

70 cua thé ky tneée nhng chiea duge quan tam
diing mikc, méc dit day sé nay, ciing cé nhitng
img dung nhat dinh. Ngay nay, ngum ta citng da
nghién cieu kha nhiéu vé ddy sé 16i va cdc mo
rong ctia nd. Trong bai bdo nay ching t6i muon
trink bay mét cich eo ban, c6 hé thong va neong
doi day i cde kién thie co 5o vé day sé 161 cling
nhu nhimg dp dung ciia no trong viée giai cdc
bai toan thi Olvmpic.

1. PINH NGHIA

Djnh nghia 1. Diy cic s6 thyc (a, )™ duoe goi la
l6i néu a, | +a,,, >2a, voimoi k=2 va goj
Ibmnéuthdamdn a, | +a,., <2a, véi moié
Dinh nghia 2. Diy s6 duong (a, ), @& goi la

16i Iogarit néu Ay Gy Za; VO =2 vagoi

1a lom logaritnéu a,, a, , <a> véimoi k= 2.
2. TINH CHAT

Dinh Iy 1. Cho day s6 l6i (a,) . khi do voi

moinzlzkzlthia  +a.,2a ,+a

Chirng minh. Dat Aa, =a,,
Ag,,, 2 Aa, Yizl. Tacd

-a,izl, suy ra

nl =] n-1-k
FH-J' PHR = Z z ila
i=n+k i=n-1

Vi Aag, | 2 Aa,, Viz1 nén suy ra

t+~1 n—l-k
D> A2 Y Aa.

i=n+k i=n—{

Dodé a, ,+a,,2a,  +a,,.

N

-
DAY sO LOI

KIEU PINH MINH - NGUYEN TIEN LONG
(GV THPT chuyén Himg Vuong, Phii T?roz/

&hactacé & za,z..

Dinh Iy 2. Vai moi dav s6 161 (a,)” thi

max {a,,ds,....d, } =max{a.a_!.

Chueng minh

« Néu véimoi k=1 tacé a, = a,,,, khido

max {a,,d,,...,a,} = a = max{a,,a,}.

« Néu ton tai k& nho nhit, k>1 thod min
A < RO A tay ., 22a,,

= i gy = O <y <Opyp <. X4,

= a,. Nhu viy ta suy
ra max{a,a,,...,d,} =max{a,a,}.

Tir hai truémg hop trén, ta ¢6 diéu phai chimg minh,
Dinh Iy 3. Cho (a, } " 1oi va bi chéan. Khi do

i) a za,;

i 3+ ai 4 - i i
b) (a,), hoity dén mit gici han hiru han a.

Chirng minh
a) Dit @, —a, =t. Giasir ¢ > 0. Tir gia thiét ta c6

Qo —a@, 28— (Za, o —a  Z =g a =1,

suyra a,,, >2a,+t2g,  +2t2..2q +nt.

Do ¢ >0 nén cho n— +o0 thi a,_, — 400, min

m+l
thudn voi tinh bj chan cia (a, )™
Viy t <0 hay g, 2 a,.
b) Theo trén d& suy ra

(a,)”

(a, ){m bi chin nén né c6 gidi han hitu han,

giam. Lai vi

S6 486(12-2017)
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3, MOT SO THi DU MINH HOA

Thi du 1. Cho (q, );T la mét day sé 1oi. Chimg

gttt

ni Gty tota,

minh rang <
n n+l

Loi gii. Ta chimg minh bang quy nap. Voi
n =1, két luan ding.
Gia sir khing dinh dang véi n, ta ching minh
khéng dinh ciing dung v&i n+1, hay
(r+2)(a +ay +tay, ) S(n+1){gy + i +. 4 a3y, ).
Do (n+1)(a +a+..+ay, ) Sn(ay+a,+..+ay,)
nén ta chi cin chimg minh
a +a; +..+ay,  +(n+2)ay,,

Say+ay +..+ay, +(n+1)a,,,,.
Piéu nay diing vi theo Dinh 1y 1 va dinh nghia ta c6
a +ay,, Sdytay,,

a+ay,,2a,+a,,,,

Ay v aypi 5 tyy 3 + ypia

Oyps1 t Oapsy S0y, 000

Cong theo vé cac bit dang thirc cung @ u ta
duge diéu phai chimg minh.

Thi du 2. Cho |aq; )I la m@ loi, dat

4, —%Zuf. Chimng minh rang (4, ‘}T ciing la
i=1
mgt day loi.
Lai gidgi, Cach 1. Dinh nghia
F (k) =k(k+1)(k=1)(24;, - A, — 4 ,),
k=23,..,n-1.
Tir gia thiét suy ra £ (k)— f(k—1)
=k(k+1)(k=1)(24, - 4y — 4y)
—(k-1)k(k-2)(24;, — A, — 4;5)

=2(k-1 (fc+l)za —k(k-1) Za —k(k+1) Z.:.-,

k-l k=2

~2k(k-2) a,+(k —1)(k—2}2a,. +k(k=1)>a,

i=l il i=1

TOAN HOC

* CTudilpe  S6 486(12-2017)
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&
&

=k(k-1)(2a, —ay,, —a,,) < 0.
Tacla f(k)< f(k-1).k=34,...n-1.

Vivay f()<f(k-1)<..<(2) =6(2a-a -a) <0

Suyra 24, <A, +4, ,k=23,..,n-1 (dpcm).

Cdch 2. Chimg minh bang quy nap
A, < 4+ A4 W E=12,3, ..,n—1.

Voi k=2 thi ta dé dang c6 didu phai chimg

minh do day a, 161.

Gia sir khing dinh ding véi /, ta c6:

A+ 4,224 Vi<l

m(k2 —-k]ak_.! +2(a +ay +...+a,,)
2(k* +k-2)a, Vk<I.

Ta chimg minh 4, + 4,,, =224,,,

@(j%‘@g +2(a+ay+..+a) 2 (F +3I}a”‘1'

ay, do gia thiét quy nap:
-f)a',_] +2(a,+ay +..ta )z (12 +f—2)a]

:}[F +f)alw_= "zlrﬂj tay tota +a'r)+(f2 —r’]ﬂ;“

> (f} +1)(ay,+a)2 (232 +21}a,.+,
= +f)a_,+2 +2(a +ay+..+ a!)z(fz +31]a,r+1,
Viy ¢6 diéu phai chimg minh.
Thi du 3 (Baltic Way, 2014). Cho day so
(g, }’: (n=3) voi a, =a, =0 thoa man

-2 —a’.i=12 a
=28 @ =a F =1, Baai =1,

Chirng minh nﬁng a;20,i=12,..,n-1.

.....

DPinh ly 2 ta co ngay a, <0 ‘v‘f—{},l,E,..”

Thi du 4 (IMO SL, 1988). Cho (a, )

| la day

cac s6 thuc, loi va khéng dm sao cho

’Zlal,- <. YE=12....

j=1

Chumg minh rang

-
0<(a; —a,,, }<:k;2,‘ﬂc ) A I

https://tieulun.hopto.org



Loi gidi. Tir gia thiét suy ra diy (a,{) bi chén,

tir do 4p dung Pinh ly 3, ta suy ra a; = ax .+ voi
moi k. Vivdy a, —a,,, 20 Vk.

2

Gié sir ton tai k sao cho g, —a,. ,EF Thé thi
Vi<k, tacd
L 2 2(k+1-i)
a; =dpy +Z(aj'—aj+]);lZF=Tt
J=i j=i
i=12,..k.
Suyra a+a,+.+a, 2
2 4 2k k(k+1)
—+—2+ + = =41_‘}1‘
Kok k= k*
4 A e = 2
méu thuan voi gia thiét. Vivdy a, —a,, <:k—: vk.

Thi du 5§ (IMO LL, 1978). Tim mot 56 ¢ >0

re . -~ -~ " * ’
sao cho véi moi day 1om duong (a, }U ta déu co

{ n ‘\: n

|Zﬁ..l | =¢(n I}Za;.

\ k=0 J k={)
Loi giai. Bat dang thirc trong dé ba

il

r 2 a

duong véi D a; +2 D aa,2c(ngN¥ af.

k=0 0<i< f<n ,F$ k=0
Trong 2 Z a;a; chira cac soﬁang

D=i<jsn

(@*au) 1, 1,
2 A

Vi mai i, ta xét xem cd bao nhiéu cip dang trén.

aj{a[._j+q.u.]> V.':’_,i}]

4 1£1£1:;i| CDC&CCﬁp( (BT H—l)[ 3 5.4 H“)

(ag,ay ). Suyra a}z +ar'{ar'—i +"a‘—t]+"'+£‘f (ﬂﬂ +'3:a'} >

a,IZ _'_%[ai] +a:;_| +...+a02 +g§r_] =%q2 —J——;{aﬁ —|-g“2 +...+a§f}.

. [g:|+1£i£n—1. Coé cac cap (“nﬂzf'—n)’
). Suyra

(a.u—l’azr'—nﬂ}* (am’

2
a; +a,(a_ +a.,

)+..+a(a, +ay_,)

1 1
Rt +—(a§r._n 4.+ aj].

Néu » chan thitaco VP =

n

EZG,( lg +a +. +-‘-‘m] Z( Bt +a2]

—+L

2_]_11_ ﬁ'+2 i
zm* 22% i

Néu n & thitacé VP2

: 1
Do d0, ta co thé chon ¢ = T

Vai moi so tw

Thi du 6 (China MO, 2009).

nhién n cho trude, n 2 3, xét day so Ioi (ay )

n
thoa mdn Zc{::'ﬂ. Tim biéu thiec [(n) bé

nhét sao cho véi moi k e {1,2,..., | tacd

||:.'A |< 2 n)max “r:1|.|cf_,,|.'[.

Loi gidi. Truée hét, dinh nghia ddy (a;); nhu

n+l ..

saw: a, =lLa, = - e
n_

n+l  2n(k-2)

k=3,4,..,n

& =—

n=1 (n-1)(n-2)

Tacd g +a,+..+a,=0 va 2q, La;_+a;,
vai k=2,3,..n-1.
. TOAN HOC
506 486(12-2017) - Cruﬁt;e 2 ]
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N , 1
Trong trudng hop ndy, dé kiém traring f(n }::»"_4'1
H—

Tiép theo, gia sir (a, ); 14 ddly thoa man bai toan.

Ta sé chimg minh bat ding thirc sau thoa min

n+1
a, £—max{
n-1

|ay, },‘v’ke {1, Z.P..,n}L

‘?ﬁ}
[{“n a,,)+(a,.—a,,)+. +(“3_“|)]
[( —a )+ (ak_l—ak_2)+...+{a2 _‘:"1)]

=_1__1{(k-1)a,,+(n-mal]. (1)
Twong tw, véi k cb dinh, ke{ln} va véi
jefl2.. k), taco aj-iﬁ (i-D)a+(k=j)a ]

Vivdy, voi jelkk+1,..,n} tacingco

Hé qua, ta co a-%%
Za _—z[ a, +(k-j @—{al +a,),
—_;_\;[(f—k)a,,+{n—nak]

TR
2
Léy tong cia hai bit dang thirc trén, ta dugc

& [ k
a=3a+3askara):
J=1 i=k

n+l—k
ﬂn.
2

j=k

(a +a,).

n+l-k

(a, +a,)

k n+l
a + a, +

2 2
Vi viy, taco

1
a, z—ﬁ[kat +(n+1-k)a, |. (2)

Tir (1) va (2), voi k =2,3,....1

29 TOAN HOC

* Cluditye S8 486(12-2017)

—1, tadugc

T | »
a}.ém[{;—k)aﬂ+[n—j)ak:|, //@

‘akli

cﬂ —|ka1+ (n+1-k)a,

nm{r[k la, +(n }

+1
E%max{ a,r}.

+1

Tom lai: f(n)

Thi du 7 (USA MO, 1993). Cho a,.q,.q,.... la
day lom logarit. Chumg minh rang
ay, +ay+..+4a, a+a,r..vd,
Y L
+if., ¢ & Tils Ta.TE,

= — ¥n=1.
i 1

oy T8 T
> . -

k4l
- a
Loi gidi. Bo dé 1. —— 2 a5, Yk e N.

k+1
Chikng minj. Ta ching minh b6 dé nay bang quy
nap. V$l thi hién nhién ding a = a,a,.
Gia geeWht dang thirc dimg véi k =/, ta chimg
@ét Qg il il i 968 K= 1.
L] j+1

Thit vy ——2 g,
3;'4

3 j+1) )s’*‘ j+
j42 5 G }{a;'am - dy : >
=i e = o e T
@ a’ f,rJ
! I} It
. . n-
B6dé2. a a,a;..a, > (aya ) ,Vn22.

Chuimg minh. Ta chimg minh b d& ny bing quy nap.

1
Véi n=2 thi af 2aya, = a, 2 (a,a,)2. Gid st
khing dinh ding v6i n=m. Ta chimg minh
khing dinh ding v&i n=m +1. Thit vay

m=1

A @y ..y 2 () 2

m-l m+l
= aa,a,..4, 3, Za° ak . (1)
Theo Bo dé 1 taco
o L
m+1 a.2 1 l}g al :
m m+
s Zaﬂ:> 2(10 1}—'-;;1— (2]
m-+1 2 7
am+1 1a!:lu
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Nhin vé theo vé cia (1) va (2), ta duge
mom {(m+11-1
3,850, 2 a5 Ay = (auaml} .

Quay tro lai bai todn. Ta viét két qua B dé 2

nhu sau (@,a,a...a,_; -1 2 aqa,

2n n

o [alazar..aﬁ_L ]nf o (aoan )n+1

I
< (aya, ) (ayay...a,_ |)rr'—-l = aga,

-1 _2a _2n 3In

al ﬂ'j a-!l 1 an la 223 u,,a

<‘:.:=~Via

Theo bit dang thirc Cauchy, suy ra

Gty +.+a, qta,+..+a,
z qa,
n+1 n—1
(ag+a +..+a, )a+a,+..+a, )
nz(ﬂz—l)

aa, @ (a+..+a,,)
¥ 4 13 =
n n [n“ —I)

(ay+a +..+a, )(a+a,+..+a, )
(o’ —‘J

a{ian aﬂ (al Fot an— }
g 2
n 1

— {aﬂ +ﬂ'|_ T +aw- 1 }(al +a2 +...+ﬁ"_| } @"—'"-’—an-l }
n -1 w -1

= {uu'l tota }(al tat an-l) & ﬂ'”{ﬂ“ ..+ | }
e 2 2

A "

@aﬂ+al+..‘+a".al ta, +..+4a,
n+1

n—1

SGteta,, a+t..+a,

n H
Trén day la mot s6 thi du co ban vé day sb 16i.
Dé hiéu thém vé van dé nay xin mdi ban doc
luyén tip qua mdt s6 bai tip sau
4. BAI TAP VAN DUNG

1 (IMO SL, 1975). Cho (a,)’” 1a day sé 15i va
n /i

0<a, <1. Chimng minh ting

<(n+1)(a

n _an+| )52,.?1 =]!293s--

2 (IMO LL, 1978). Gia sir (b,)," 1a mot day

cic sb dwong sao cho (a’b, ); 16 v6i moi
a > 0. Chimg minh ring day (logh, )" 1 16i.

; o 1
3 (IMO LL, 1978). Chimng minh ring c=1 la

hing s6 tt nhét thoa man

(S 218

n=() n=0

vo1 mei day duong 16m (an )IN ;

4 (IMO SL, 1976). Cho a,,a,,...,a,,4q,,, 13 diy
cdc 6 thyc thoa man diéu kién dy=a,,=0 va
lay_y —2a, + a,.,, ‘ <lLk=12,...n

+1-k)
Chitng minh ring |ﬁk|“’=—?" Wk =0,1,...,n+1.

i
5 (B: Qa}'. 1994). Cho a,,a,,...,a, 1 cc sb
t ong 4m thod man a, =a, =0 va it nhat
bt trong cac s6 nay khac 0. Chimg minh ring

% c6 chisd i,2<i<8 saocho a, , +a,,, <2a,

Phat ‘bleu con dang khong khi thay sé 2 trong
bét ddng thire boi 1 hodc 97

6 (China TST, 2008). Tim hing s6 M 16n nhét
sa0 cho voi sd nguyén » >3, ton tai hai diy cac
0 thwe duwong a.a,....a, va b.b,,...b, thoa
man dong thoi

a) ibﬁ =1;2b, 2 b, +b,, k=23, .n—;

k=1

b) a§g1+2ab k=12,..,na,=M.

[t rr
7 (China TST, 2009). Cho sb nguyén n>2.
Tim hang s6 A(n) lén nhit ¢o tinh chdt sau:
néu ddy céc s thue 16m a,.4,,...,a, thoa man
O=a,<a <a,<..<qa, thi

(éia‘.]z zl(”)gﬂf-

TOAN HOC
' cTusitge 2.3

https://tieulun.hopto.org

S 486(12-2017)




J \ F
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%

e e I
=k "-“i_f‘w

CAC LOP THCS
Bai T1/486 (Lép 6). Tim cdc sd ty nhién c6
dang abba thoa man: abba = ab +ba +a—b.

PO THI HUONG
(GV THCS Thanh Tam, Thanh Liém, Ha Nam)

Bai T2/486 (Lop 7). Cho tam gidc ABC vudng
cin tai 4, tmng tam giac lay diém D sao cho
ABD=15", BAD =30°. Chimg minh ring:
a) BD=£(?—.

2

b) BCD > ACD.
NGUYEN KHANH NGUYEN

(3/29E, Da Ndng, Hai Phon
Bai T3/486. Tim nghiém nguyén cua ph

trinh: +/3x+4 =\/y +5y* +7y+4. ,.

HOAN TUAN
(GV TT gido duc thieong xuvén Ve n, Lao Cai)
Bai T4/486. Trén nira dudng tron tim O dudng
kinh 4B liy hai diém E, F (£ thudc cung BF).
Piém P di dong trén tia d6i cua tia EB, duong
tron ngoai tiép tam giac ABP cit duomg thang
BF tai Q. Goi R la trung diém cua PQ. Chimg
minh ring duong tron duong kinh AR luon di
qua mot diém ¢b dinh.

NGUYEN NHU HIEN
(GV THCS Nguyén Binh Khiém, Vinh Béo, Héi Phong)

Bai T5/486. Giai hé phuong trinh:
r=Txt 22 =3¥4

y‘"—?y+v"y——5=z+4.

2 =Tz+VJz-2=x+4

8 _THAINHAT PHUGNG
(GV THCS Ngwvén Van Troi, Cam Ranh, Khanh Hoa)

TOﬁN H
24 Chane

S5 486(12-2017)

CAC LOP THPT
Bii T6/486. Cho ba s6 thuc khéng 4m a,b,c
thoamin: a+b+c=3, a* +b* +c* =5.

Chimg minh rang: a’b+b’c+c’a <8,
NGUYEN VAN HUYEN
(SV DH Giao thong Vén tci, TP.Hé Chi Mink)
Bai T7/486. Giai phuong trinh

|sm \" +|c(:-s x[

(|51n x| +|cosx| ]
lsin 2x| +4i::052x|
(m,n,k eMnzmkz= 2).
~ DOCAOTRI
(GV huvén Long Dién, Ba Ria, Viing Tau)
Biai T8/486. Cho tam gisc OBC cé goc
AOB=120", OA=a, OB=b. Goi H 1 hinh
chiéu vudng goc cia O trén canh 4B. Chimg
minh rang\gx’zi +bHB <[3ab.

NGUYEN QUANG NAM
¥ Glf’ THPT Quy Hop 2, Quy Hop, Nghé An)

/486. Chimg minh rfmg ton tai vo sb so

gycn duong n sao cho s6 2018" %"
l1e1 cho n.

—1 chia

TRAN NGOC THANG
(GV THFT chuyén Vinh Phic, Vinh Phiic)

TIEN TOI OLYMPIC TOAN
Bai T10/486. Tim tit ca céc sb tu nhién n dé s6
4" +15°"1 119*" chia hét cho 187 —1.
POAN CAT NHON
(GV THCS Nhon Lic, 4n Nhon, Binh Dinkh)
Bai T11/486. Tim tat ci cac ham s6 /R >R

sao cho £(0) 14 s8 hiru ty va théa méan
f(x+f2(y)):f2(x+y], vx,yeR.

LE XUAN DAI
(GV THPT chuyén Vinh Phiic, Vinh Phiic)
Bai T12/486. Cho tam gidc ABC. Chimg minh ring:

A B i
COS—+COS— +COS— =
2 2 2

\F \/ A \! B \/ C
= Sin— + , [Si— 4+, [SIn— |.
2[ 2 2 2

NGUYEN VAN QUY
(DH Gido dyc, DHQG Ha Ngi)

https://tieulun.hopto.org



Bai 1.1/486. Mot con lic 10 xo ndm ngang gém
vat nang c6 khéi lugng m = 100g, 10 xo c¢6 do
cimg la k£ = 160N/m. Lay g = 10m/s°. Khi vat
dang ¢ vi tri cin bang, ngudi ta truyén cho vat
van toc v = 2m/s theo phuong ngang dé vit dao
dong. Do giira vat va mat phiang ngang ¢ luc ma
st véi hé sb ma st p = 0,01 nén dao déng cia
vét s& tit din. Tim toc do trung binh cia vat
trong sudt qua trinh chuyén déng.
VIET CUONG
(Ha Noi)

Bai 1.2/486. Mot doan mach gdm ba phin tir R,
L, C mac noi tiep. Biét cuomg d¢ dong dién qua

mach ¢6 biéu thirc i =/, cos[l 00nr + g} (A).
Tinh tir thoi diém cuong d6 dong dién qua
mach bi triét tiéu, sau khoang théi gian i chu

ki thi dién lurong chuyén qua tiét dién thing
cua mach 1a bao nhiéu?

THANH LAM

(Ha Nai)

Dinh chink. Dé bai T4/485, s6 T11-2017 (trang 24) da viét: ... BE, BF theo thir tu ct ...
xin duoc sta la: ... BE, AF theo thir fur cit ...

Chién thanh xin 15i téc gia va ban doc.

TH&TT

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/486 (For 6™ grade). Find all
natural numbers of the form abba such that

abba=§f;2+52 +a-—b.
Problem T2/486 (For 7" grade).

right isosceles triangle ABC with the
A. Inside the triangle, choose a peil®

ABD =15", BAD = 30", Prove

a) BD =E.
2

b) BCD > ACD. i
Problem T3/486. Find all integral solutions of
the equation +3x +4 ={/y3 +5y° +Ty+4.

Problem T4/486. On a semicircle O with the
diameter A8 choose two points E, F (E is on the
arc BF). A point P varies on the opposite ray of
the ray EB. The circumcircle of 4BP intersects
the line through BF at the second point Q. Let R
be the midpoint of PQ. Prove that the circle with
the diameter AR always goes through a fixed
point.

&
&
>

Prnhlﬂw,’dﬁh. Solve the system of equations
§ x3—7x+m=y+4

v —Ty+\(';:§=z+4.

2 -Tz+z-2=x+4

FOR HIGHSCHOOL

Problem T6/486. Given three non-negative
numbers a,b,c so that a+b+c=3,
;"az‘ +'I:._'.2;'.+-cz. =5. Prove that a’b + b’c + *a <8.

Problem T7/486. Solve the equation

e 5 |sinx|" +|cos x|"
sma:[ ,+|cusx[ )=

kL

(m.nk elN;'n Zmk>2).

|sin Zx‘k 2 4|c052xE*

Problem T8/486. Given a triangle OBC with
AOB=120°, 0A=a, and OB =b. Let H be the
perpendicular projection of O on A4B. Prove that
aHA+bHB <[3ab.

Problem T9/486. Prove that
infinitely many positive integers n so that
2018 "7 —1 is divisible by 7.

(Xem 1 a:d.:;.f) frang 36)

TOAN HOC
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Bai T1/482. Tiy theo gid tri cua $6 tr nhién n,

hédy fim « hir 5o tan ciing cua
E=1"4

Léi gidi. Dit n = 4k + r vi s6 tw nhién k >0 va

rbéng 0, 1, 2, 3.

V&in=0 thi

=130+ 305 4" =1+ 1T =4

Véin>0thi S, =1+ 162 + 8153 +256°4",

X k=0r=123=8=1+2"+3 + 4" co

tin cung la 0.

2" +3"+4"

Xét k = 1, ta ¢ mhdn xét: Lity thira cia s @3

ciing 1 thi luén cé tin ciing la 1 va luy thir

sé mil nguyén duong cla so tén cling 6 gaiton

¢o tan cung la 6. Tir nhin xét trén sy, @

tan cung cua S, bang chir s6 tén c&&a
=162+ 13"

e Véir=0thiT,=1+6+1+6=14nén chit

sd tan clng cua S, la 4.

«eViir=1thiT,=1+62+3+64=40nén
chit s6 tin cung cua S, 12 0.

fe

s V§ir =2 thi
T,=1+62>+3*+64=10+6(2"+4)=130
nén chit s tén ciing cua S, 14 0.

e Véir=3thi

T,=1+62°+3 +64° =28 +6(2° +4°) =460
nén chit s6 tan cung cta S, 14 0.

Vay chit sb tan cing cita S, la 4 khi n chia hét
cho 4 va Chl?l‘ sO tan cing cuia S, 1a 0 khi
khéong chia hét cho 4. O

» Nhin xét. 1) Nhiéu ban quén xét truomg hop
k = 0. Mot sb ban lam cach khic: DE thiy S, ludn 14

TOAN HOC
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sé chin vi 14 tong cia hai s6 1¢ va hai s6 chin, sau
46 xét sé du cua S, khi chia cho 5. Cach nay dé
phiim 1&n vi phai két hop hai s6 duw, nht la khi cho
bigu thirc S, phirc tap hon.

2) Céc ban sau co 1o giai ding: Thanh Hoa: Trirth
Piic Tudn, 6A, Hoang Quéc Duy, 6C, THCS
Nguyén Chich, Déng Son, Hoang Ting Duwong.
6A, THCS An Hoach, TP. Thanh Hoa; Nghé An:
Nguvén Quéc Hiéu, Truong Céng Canh, 6A, THCS
Ly Nhit Quang, D Luong; Quang Ngi: Vo Thi
Héng Thu, 6B, THCS Nghia My, Tu Nghia;
hguyen Tu}f! Minh, 6B, THCS Pham Vin Bong
Nghia Hanh.

VIET HAI
Bai T2/482. Cho tam gidc
B ¢6 O la trung diém cua AC. Lay diém J trén
doan OC sao cho 34J =5JC.
diém cua OB. Chimg minh AN

&
&

ABC vudng can tai

Goi N la trung
1 .\I-)lru

Léi gidi. Cdch 1. (Ciia ban Nguyén Céng Hai,
7A3, THCS Lam Thao, Phi Thg).

Xét AABC can tai B c6 BO la duong trung
tuyén nén BO L AC v OB=OC=OA:%AC.
Vi N la trung diém cia OB nén OB=20N (1)
Tit gia thit: 347 =5JC

=3(04 +0J)=5(0C-0J)

= 3(OB+0J)=5(0B-0J)=0B=40J (2)
Tir (1) va (2) ta suy ra ON =20J.

Ap dung dinh 1y Pythagore cho AAON, AJON
déu vuéng tai O va theo (1), (2) ta cd:

AN? +JN? =(O4° +0N2)+(0N2 +ar?)=2505°

=(50J) =(40J +0J )’ =(04+0J ) = AT?
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Viy theo dinh ly Pythagore ddo thi A4NJ  Léi gidi DK: xy=0.
vudng tai N hay AN L NJ.
Cdch 2. (Cia ban Van Quang Tué, TA, THCS
Pham Van Bong, Nghia Hanh, Quing Ngii). 2(y2 —xz)+ 4(xz + y") %—-]f 1: +%
Theo gia thiét 34/ =5JC nén 4 13 14 1'3
JE AT ATH I 2" -2 )-4(«+ )= T ey
3 5 345 8

Lén lugt cong, trir (1) va (2) theo vé, ta duge

3 5 1 . X +30° =14 (3)
Suyra ; JC=§AC, AJ:—B—A‘C, OJ=§AC. ¥y +3x°y=13 (4)
Ap dung dinh 1y Pythagore cho AONJ, AONA Céch 1. Lan lugt cong, trir (3) va (4) theo '«'é, ta

va chd ¥ téi ON = %as - %OA = 11{ AC tmoh 9uCe

: : ¥ 4307 + )7 +3x7y =14+13
MGOJE-TONH[AT:] +[£] -2

X +307 -y -3x’y=14-13

4 64
. (x+y) =3 x+y=3 =2
NA® = NO* + 40° = [ACJ +[£J2:5"IC‘ Q{'x ¥) @{r : @{I
4 2 16

(x—a& =1° x=y=1 F=l
: ’&ﬁo (x; %)= (2; 1) vao HPT ban diu thiy

Suy ra .

2 _5AC : ;@nin. Viy HPT da cho c6 nghiém duy nhit

A2 4 N2 < 34C +5AC 253(: AP @nan iy a cho ¢6 nghiém duy n
16 64 ~ 80y,

(x;¥)
Do do theo dinh ly Pythagore dao thi AN, @ Céch 2. Tix (3) vi (4) suy ra
vudng tai N hay NJ L N4.O

#Nhin xét. Ngoai hai ban trén thi cac h*%:- lori 13(153 +3xﬂf’2J - 14(."‘3 A 3-"2}')

gidi 16t 1a: Quing Ngai: Lé Tudn KQ&*Cao Thi )

Ngoc Tram, Va Quynh Anh, Pharr@ hu Nhung, < 13x> —42x* y+39x° — 14_3;3 =0 (5
Ve Dam Huong Giang, Van Quang Mié, TA, Vo Thi

Hong Thu, 7B, Nguyén Thi Yén Nhi, 7D, Pham Dink  Chia hai vé ciia (5) cho y* (v20) va dat 1==
Tdm, 8A, THCS Pham Van Péng, Nghia Hanh. ¥
Nghé An: Ngd Minh Qudn, TA, Lé Vin Manh, Lé (t#0) taco PT: 13 =42/ +39¢ 14 =0

Van Quang Trung, TB, THCS Ly Nhit Quang, P

Luong. Thanh Héa: Trink Dric Tudn, 6A, Hoang & (1-2)(1382 —166+7) =0

Qudc Duy, 6C, THCS Nguyén Chich, Déng Som.

Hodang Tung Dwomg, 6A, THCS An Hoach, An T " g ¥ o9
Hoach, TP. Thanh Hdéa. Vinh Phiie: Ta Kim Nam Nhdn thay 131" ~167+7 = 13(1 _E) +E >0
Tudan, 6A2, THCS Yén Lac, Yén Lac.

voimoit, Dodd: r-2=0=1=2,

NGUYEN THI TRUONG
Bai T3/482. Giai hé phuong trinh Suy rax =2y, thay vio (4) taco y* +12)’ =13
|1[n 1}% lf () <:>}’3=l¢:>y=I.D0déx=2.
1 i, Bk ]' 5 Tx8 Vay HPT da cho ¢6 nghiém duy nhat
R @»N=1).0

S 486(12-2017) qul;-'uggg 27
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% Nhin xét. Co rit nhidu ban tham gia giai bai, va
thuémg lam theo mdt trong hai céch trén. Tuy nhién
mét sb ban quén khong dat didu kién xy# 0. Tuyén
dwong cdc ban sau co 1oi giai tot: Ha Nji: Lé Tuan
Ti, 9T, THPT Dan Lip Luong Thé Vinh; Vinh
Phiic: Nguyén Céng Hai, 8A3, THCS Lam Thao,
Nguvén Thi Khanh Ly, 9A4, THCS Yén Lac; Nghé
An: Thdi Thi Cam Chi, 9C, THCS Ly Nhit Quang,
Cao Khdnh Linh, 8A, THCS Cao Xuin Huy; Quéng
Ngai: Phgm Thi Thu Nhung, Pham Trung Phu,Vo
Pam Hwomg Giang, TA, Ngutrgn Thi Yén Nhi, 7D,
Lé Tudn Ki¢t, 8C, THCS Pham Van Dong; Binh
Phwde: Ddng Dinkh Van, 8/11, THCS Tin Phy,
Dong Xoai; Bén Tre: Ngé Quéc Bdo, 8/1, THCS
M7 Héa.

PHAM THI BACH NGQC
Bai T4/482. Cho tam giac ABC c¢o
BAC =120, Gia s trén canh BC ¢6 diem D

seic o BAD = i AB=DC=1.

Tinh do dai doan thang BD.

Luong Thé Vinh; Thanh Hoé: Pham Anh Dire, D6
Cao Bdch Ting, 9B, THCS Trin Mai Ninh; Thiéu
Dinh Minh Himng, 9C, THCS Nhir Ba Sy, Hoang
Hoa; Cin Tho: Trdan Phwong Trdn, 8A7, THCS
Thét Nét.

NGUYEN THANH HONG
Bai T5/482. Cho ba 56 duong a, b, ¢ thoa man
a+b+c=6051.
Tim gid tri lém nht clia biéu thirc
2a 2b 2c

P_T_,_' — B — v - "
Ja +2017 BT +2017 e +2017

Léi gigi. Voi a, b, ¢ duong va thoa man
a+b+c=+6051 tacéd

(a+b+c) —3(ab+bc+ca)

‘:,é[(a—b}ﬁ +(b-c)? +{c—a)2]zﬂ
j(a§)3>3(ab+bc+ca:l

Loi giai. Pat BD = x (x> 0). Goi E 1a diém trén @b+ha+ca< (a+b+c)2=§6051-2{}17

canh AC sao cho DE // AB, suy ra DE 1 AD.
Ap dung dinh 1i Thales ©
cho tam giac ABC ta co
DE _DC =
= hay DE =
AB  BC 3+l @.A B

Mat khac, A4DE vudng tai D co

DAE =120° —90° =30°,
suy ra AD=DEJ_=£.
x+1

Ap dung dinh li Pythagore cho tam gidc 4ABD ta
cb AR’ + AD? = BD? & 1 4+ —> = =x
(x+1)

S+ - -4=0 (x+2)x -2)=

& x=32 (vix>0). Vay BD=32.0

»Nhgn xét. Cic ban sau cho 1o giai t6t: Quang
Ngii: Lé Tudn Kiér, 8C, THCS Pham Vin Ding,
Nghia Hanh; Ha N@i: Lé Tudn Tu, 9T, THPT DL

2 8 T?g'quug% S& 486(12-2017)

§DO do

2a 2a 2a
= = = A1)
Ja@ +2017 Ja' +ab+betca (a+b)a+c)

Ap dung BPT Cauchy cho hai sé duong
1

3 ta co:
a+b a+c

2a a a
= + 1
J(a+b)(a+c) at+b a+c

2

Tir(l)va(2)suyra
2a a a

< + : (3
Ja2+2017 e+b a+c

2b <b+b

Tuon P e——x ; 4
g bt +2017 b+c b+a “)
2c SLipeE. 5)

Vel 42017 c+a c+b

Cong theo vé cac BDT (3), (4), (5) ta dugc
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PELG+GJ+{5+I’]+ C+C}=3.
a+bh a+c b+c b+a) \c+a c+b

V6051

P=3&g=bh=c= .
3

V6051
3

»Nhgn xét. Da s6 cic ban 1am nhir céch trén, mét
sO 10 gidi con dai. Cée ban sau co 1o giai ding: Ha
Ni: Lé Tuan T, 9T, THPT dan lap Luong Thé
Vinh; Hoang Vigt Bdch, 8C5, THCS Giang Va.
Vinh Phiic: Tran Viér Khoa, Nguyén Duy Quyér,
9A1; Nguyén Thi Khenh Ly, Nguyén Thi Neoc Mai,
Nguyvén Mai Linh, 9A4, THCS Yén Lac, Yén Lac.
Thanh Héa: Nguyén Tién Pat, 9C, THCS Nhir Ba
5%, TTr. But Son, Hoé‘mg Héa; Pd Cao Béch Ting,
Pham Anh #ic, 9B, THCS Trin Mai Ninh,
TP. Thanh Hoa. Binh Phwée: Pdng Dinh Van, 8/11,
THCS Téan Phi, Dong Xoai. Quang Negii: L& Tudn
Kiét, 8C, THCS Pham Van Péng, Nghia Hanh.
TRAN HU'U NAM
Bai T6/482. Giai phwong irinh ‘

PR T s g

B = — e Vo .ﬁ?—,
1 A 1/ 3 3~
¥x 3x+1 Y2x-1 2x+2 ,.% 2

Véy max P=3 khi g=b=c= .3

Lai giai. Phuong trinh tuong duw

B e S S

Y3 W1 02 Al
<::..Efo—l—E.‘rj—c:_\3,f3x+ -32x+2

Hx(?.x—l} {/(2x+2)(3x+|]
Pit a=Y2x-Lb=Yx;c=Pr+1:d=Y2x+2.

Tacéd: a,bc,d>0vaad® -0 =c* -d* =x—1.

(1)

Phuong trinh (1) tré thanh: 22 - =9
ab cd
a -b ¢ -d
. 2 Ay 2 B
ab(a +ab+b ) cd(c'+cd+a‘ )
x-1 x—1
o =

ab{az+ab+b2] cd(c2+cd+d2)

>

1 1

Q(x_l]Lb(az +ab +b2) _c.a’[c2 +m’+d2] slat

Vi .x:s% nén: a=3Y2x-1<e=3x+1;

bzgﬂcd:m&uym:
ab[a2+ab+sz<cd(cz+ca‘+dz)
1 o 1
ab(az +ah+bz) cd(c2+ca'+d2)
1 1
G ab(az+ab+bl)—cd(c2+cd+d2)

=

=1

Do 6 (2) < x—-1=0<« x=1, théa min bai
todn. Vay phuong trinh ¢é nghiém duy nhit la
x=1, 0

i
»Nhd
trj e dang tich, trong d6 cé thira sé (x=1); sau

' 1) Héu hét cic ban déu bién déi phuong

@chtmg minh thita s thir hai khac khéng, Tuy

nhién mot s ban trinh bay dai, lam bai toan thém
phire tap.

2) Céc ban sau ddy c6 bai giai t6t: Vinh Phitc: Kim
Thi Hong Linh, 11A1, THPT chuyén Vinh Phic;
Vinh Long: Tran Linh, 11T1, THPT chuyén
Nguyén Binh Khiém, TP. Vinh Long; Quing Nam:
Lé Dao Van Trung, 11/1, THPT chuyén Nguyén
Binh Khiém; Lam Déng: Nguyén Hupnh Tuyén,
Nguyén Quée Tudn, 11 Toan, THPT chuyén Thing
Long, TP. Pa Lat; Nam Dinh: Newyén Himg Son,
11A2, THPT Lé Quy Dén, Tryc Ninh; Nghé An:
Trdn Tién Manh, 11A1, THPT chuyén Dai hoc
Vinh, Nguyén Nam Khanh, 10A1, THPT chuyén
Phan Bgi Chau; TP. H6 Chi Minh: Trdn Thi My
Duyén, 10CT1, THPT chuyén Lé Hong Phong: Thai
Binh: Nguyén Thi Thiy Link, 10 Toan 2, Trdn Lé
Phwong Thao, 10T1, THPT chuyén Thai Binh; Bic
Giang: Hoang Mai Pluecong, 11 Toén, THPT chuyén
Bic Giang; Quang Ngii: Lé Tudn Kiét, 8C, THCS
Pham Vin Déng, Nghia Hanh.

NGUYEN ANH DUNG

TOAN H
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Bai T7/482. Cho p, q, v la ba nghiém nguyvén

phdin biét cua da thic vaoi hé 50 nguyeén:

X +ax +hx+e, trong do 16a+c=0.
. d 5 n+4 ¢ 4 r+4

Chirng minh rang - Ackn ki ciung la
P -1 g - ." £

mat 50 AgUVER.

Léi gidi. Ta co X' +ad +he+e=(x—p)(x—g)(x—r)

~(p+qg+r)x’ +(pg+qr+rp)x—pgr.
prg+r=—a
Suyraspg+gr+ip=>h (1)
pgr =—c

Theo gid thiét 0=16a+c=—{16(p+q+r)+ pgr].

p+4 g+4 r+d

Do dé ; ;
p—4g-4r-4

ul pgr+4{pg+qr+rp)+16(p+q+r)+64
e par—4{pg+qr+rp)+16(p+q+r)-64

o 4(pq+gr+rp}+64
_—4(pq+gr+rp)—64 %

la sb nguycn @1} a

=Nhign xét. 1) (1) duoce goi la dinh

2) Pay la bai todn da thirc co ban, don gidn. Hoan
nghénh cic ban THCS sau d& tham gia va co l&1 gidi
ding: Thanh Héa: Thiéu Dinh Minh Hing, 8C,
THCS Nhir Ba S¥, Bit Son, Hoang Hoa, Pham Anh
Prie, 9B, THCS Trin Mai Ninh, TP. Thanh Héa;
Quang Ngdi: Lé Tudn Kigr, 8C, THCS Pham Vin
Pdng, Nghia Hanh.

NGUYEN MINH BUC
Bai T8/482. Cho dirong tron (O) ngoai tiép tam
Trén cung BC khang
chira diém A ."'LEI diém P bdt ky (P# B,P#C).

giace dén ABC canh a.

Cuac doan AP va BC cat nhau tai Q.

ol o
Chiing minh PO £ ——

243

TOAN HOC
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Loi giai. Ké AH | BC (H € BC). Goi R la ban
kinh cua dudmg tron (). Khi do

o

R=OA=EA‘H=£.
3 3

Taco PQ=AP—-AQ

2a\3 a3

2 o

e
e

S2R-AH =

Ding thire xay ra khi 0 = H, lic d6 P 1a diém
chinh giira cua cung BC khéng chira 4. 0

% Nhin xét. 1) Mot sb ban sit dung dinh I Ptolemy
cho tir gidc néi tiép ABPC suy ra PA = PB + PC, két
hop véi két qua APBQO ¢ APAC din dén hé thirc
bl 4

. Ap dung BET —+—2
PR PCPBRPC

i diéu can chimg minh.

4t nhicu ban giai dung bai todn nay. Xin néu

\Q,fen nhimg ban cé 1&i gidi gon hon ca: Ha Ngi: Vi

Thanh Thdo, 11 Toan, THPT Son Tay, Nguyén
Minh Nghia, 11A1, THPT Ung Hoa A, Ung Hoa;
Vinh Phic: Lé Ngoc Hoa, Phan Trung Diing,
10A1, THPT chuyén Vinh Phic, Nguvén Anh
Minh, 9A, THCS Tuan Chinh, Vinh Tudng; Hung
Yén: Poan Phi Thanh, 10 Toan 1, THPT chuyén
Hung Yeén; Nam Binh: Diwcong Quynh Anh, 10
Toén 1, THPT chuyén Lé Hong Phong; Thai Binh:
Tran Lé Phuong Thdo, 10T1, THPT chuyén Théi
Binh; Thanh Hod: Pham Anh Dite, D6 Cao Bdch
Tung, 9B, THCS Trin Mai Ninh, TP. Thanh Hoa,
Thiéu Dinh Minh Himg, 9C, THCS Nhir Ba Sy,
Hofing Hoa; Ngh@ An: Hoang Viét Phicong, 11A1,
THPT chuyén BH Vinh, TP. Vinh; Qudng Binh:
Hé Anh, 11 Toan, THPT chuyén V3 Nguyén Gidp;
Thira Thién Hué: Nguyén Trung Kién, 12 Toén 2,
THPT chuyén Quéc hoc Hué; Quang Nam:
Nguyén Thanh Himg, 11.1, THPT chuyén Nguyén
Binh Khiém, Lé Ha Khiém, 11T, THPT chuyén Lé
Thénh Téng; Quang Ngii: Lé Tudn Kiét, 8C,
THCS Pham Vin Dong, Nghia Hanh; Lim Déng:
Phimg Trong Nghia, Nguyén Tuan Lée, 10 Toan,
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Chu Van Phieang, V& Minh Qudn, Nguyén Nguyén
Phuoc, 11 Toan, THPT chuyén Thing Long, TP.
Da Lat: Dong Thap: Hupnh Tén Phic, Nguyén
Phic Tang, 10 Todn, THPT chuyén Nguyén Quang
Diéu: Binh Phwée: Nguyén Tan Tai, 12A; THPT
chuyén Quang Trung; Long An: Lé Tri Phi, Bii
Khdnh Phong, 11T1, THPT chuyén Long An: Tién
Giang: Lé Hodang Bdo, 12 Toan, THPT chuyén
Tién Giang; Cin Tho: Tang Trung Lic, 10A1,
THPT chuyén Ly Ty Trong; Vinh Long: Thdi
Ngoc Vinh Hién, 10T1, THPT chuyén Nguyén Binh
Khiém; TP. H6 Chi Minh: Truong Ho Hoai Nam,
Nguyén Thdi Binh, Biti Khdnh Vinh, Pham Thi
Quynh Nhw, 10CT1, THPT chuyén L& Héng
Phong; Bén Tre: Lé Ngé Nhdt Huy, 10A1, THPT
Lac Long Quan, TP. Bén Tre.

HO QUANG VINH
Bai TY9/482. Cho a, b, ¢ la cde s

o thire diwong

9/ abc

“ o — )

s o x { b {
Ching minh rang - -
0 o il a+o+c

Loi gidi. (Theo da s6 cdc ban) Ap dung bét
ding thirc Cauchy cho ba sé duong

:') ‘ *.f abc

@}
i @.%V (2)
E4E p e b

3
a a b Jabe )

Cong cac vé tuong (g cua (1)-(3), ta thu duoc

3(&] b (.’]23(a+b+c}

4 a

—+—+

b b
b

Tuong tur, 2+—+£23
Flp

3
Jabe

e el s 3

\b ¢ a) abc

g b e¢_a+b+c
C:*E+—+—>

B Jabe

. Suyra

E+E e 93/ abe }a+b+c 9 abe
b ¢ a a+b+c  Habe a+b+c

>2Ja+b+c 0¥ abe

=6 (dpcm).
Jabe a+b+c (dpem)

Déu dang thirc xay ra khi va chi khia=b=¢. 0

# Nhin xét. 1) Day la dang todn co ban vé dp dung
bét ding thire Cauchy nén ¢6 rat nhiéu ban tham gia
gidi bai nay. Ngoai cach di trinh bay & trén, con ¢é rét
nhiéu cach giai khac bing cdch ghép hodc chuin hoa
bd ba sb duong da cho. Tat ca déu cho 1i giai ding.

2) Cdc ban sau day co 101 giai ding: Biic Giang:
Hoang Mai Phxmng 11T, THPT chuyén Bic Giang;
Bic Ninh: V. ‘quyén Ngoc Khdnh, 10T, THPT chuyén
Bic Ninh; Ba Ria-Viing Tau: Mai Thanh Huy,
11T1, THPT chuyén Lé Quy Pon; Bén Tre: Trdn
Tdn Phdt, Pham Nhdt Minh, Lé Ngé Nhdt Huy,
10A1, THPT chuyén Bén Tre; Binh Phwée: Phan
Minh Hiéu, 11T4, Luu Chi Cwong, Trinh Hodng
Hiép, Nguyén Hoan Pirc, Nguyén Tan Tai, 12A,
THPT chuyén Quang Trung; Ddng Nai: Quach
Minh Tuan, 11T, THPT chuyén Lwong Thé Vinh:
Ddng Thép: Nguyén Phic Ting, 10T, THPT chuyén
Nguyén Quang Diéu; Ha Néi: Hoang Ting, 11T,

THPT chyygp KHTN, PHQG Ha Nai; TP.HCM:
.-‘.-'gr,«_vefwﬂn, 10L1, Ding Prre Tricomg, Tricong
Lé Nam, Nguyén Thdi Binh, Trdn Héng
QWi 10CT1, THPT chuyén Lé Héng Phong;

wa Thién Hué: Hoang Vi Nam Tan, 11T1, Lé

\%Th: Thu Swong, Lé Neuyén Huyén Chéu, 12T2, Vii

Hoang Minh Tudn, Nguyén Minh Tudn, 10T1, Quée
hoc Hué; Hung Yén: Doan Phi Thanh, 10T1,
THPT chuyén Hung Yén, Ngwvén Huy Hodng,
Nguyén Lé Huy, 10A1, THPT Duong Quang Ham;
Khénh Hoa: H6 Long Nhdt, 10T, THPT chuyén Lé
Quy Dén; Lim Déng: Trdn Tudn Lic, 10T, Chu
Van Phuong, V6 Minh Qudn, Nguvén Hupnh Tuyén,
Nguyén Nguyén Phuoc, 11T, THPT chuyén Thing
Long: Long An: Lé Tri Phiu, Bui Khdnh Phong,
I1T1, THPT chuyén Long An; Nam Binh: Lé Dinh
Nam, 10T2, Dang Dirc Trucng, Vil Thiiy An, Diueong
Qupnh Anh, 10T1, THPT chuyén Lé Héng Phong;
Ngh§ An: Trdn Tién Manh, 11A1, THPT chuyén
Dai hoc Vinh, Ngwé'n Nam Khenh, 10A1, Bii BDinh
Hung, 10A6, Vi Trucong Giang, 10A1, THPT
chuyén Phan Boi Chau; Quing Nam: Hiupnh Dink
Ngoc Trde, Nguyén Thanh Himg, 11/1, THPT
chuyén Nguyén Binh Khiém, Lé Ha Khiém, THPT
chuyén L& Thanh Tong; Quing Ngai: Tran Nguyén
Quy, 10T1, THPT chuyén Lé Khict; Quang Tri: V5
Thanh Long, 11T, THPT chuyén L& Quy Pén; Séc
Triang: Vwong Gia Huy, 10A1, THPT chuyén
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Nguyén Binh Khiém; Tién Giang: Lé Hoang Bao,
11T, THPT chuyén Tién Giang; Thanh Hoéa: Lé
Minh Diing, 11T, THPT chuyén Lam Son; Thai
Binh: Newpén Thi Thiy Linh, 10T2, Trdn Lé
Phutong Thao, 10T1, THPT chuyén Théi Binh; Vinh
Long: Lé Nit Hoang Kim, Tran Nguyén Yén Dan,
Thai Ngoc Vinh Hién, D6 Thién An, 10T1, THPT
chuyén Nguyén Binh Khiém; Vinh Phue: Thu Thi
Thanh, Phan Trung Diing, Lé Ngoc Hoa, 10Al,
THPT chuyén Vinh Phiic.

NGUYEN VAN MAU

T10W482. Vi moi so nguvén n > 2, goi u,

) cac chit so 0 dimg tdn cung cua n! viet
1g hé co s6 n. Tim gid tri lon nhat cua biéu
U
P=—

n—1

Léi gigi. Ta cin st dung céc két qua sau vé
cong thirc Polignac (Xem chimg minh trén tap
chi TH&TT sb 474 thang 12.2016).

Cho s6 nguyén duong x. Ki hiéu v, (x) 1a s

d0 ta ¢6 cac tinh chat sau:

=| n
vy o)=3] 2}
» o $§~
-1
Tré Igi bai todn. Gia st u, =seN. Khi dé
biéu dién cia n! trong hé co sé n 12
m=anr +a_n" +. . +an (1
voi kzs, 02a,, ;.40 , <1, 12a,,a, <n.
Gia st n=p'm voi (m, p) = 1 va p la udc
nguyén t6 bt ky cua n. Thay vao (1) ta dugc
n'=ant p” +ar,,{_]m""ip{H}r +..+am' p"
=p".M (M eN). Vay v, (n!)2st.

Tir tinh chét 2 suy ra
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sré——n_l = u =557H_I : (2)

p-1
Vin>2nénn=2"(r22) hodic n c6 mdt udc
nguyén t6 1¢ n 2 3. Ca hai truong hop ndy déu

din dén 1(p — 1) = 2. Viy u, ﬂHT_lﬁ Pi%.

Déu bing xay ra chang han tai n = 3.

Khi d6 3! = 6 nén trong hé co s6 3 1a 20.
Delicpe s :l. 0
3-1 2

% Nhdn xét. Diy 1a mdt bai toan kho vi phdi sir dung
mét sd tinh chat cta vp(n!}. Chi ¢o6 4 ban tham gia
giai trong d6 co 2 ban dua ra két qua ding mic di
chimg minh con nhiéu cho chua chinh xac.

DANG HUNG THANG
Bai T11 @ Cho thap giac I6i A s ... A4y . Ta
'uuf ikgﬁ phép todn 16 mau cac canh va ducng

G am trong thdp gide bai 5 mau khdc nhau

:& 0 quy tdc sau:

mil cua p trong phén tich tiéu chuén cua x. Kb@

i canh hodc dwong chéo duoc (6 nhieu
nhat 1 mau.
r.-":';"r'i'i' to .'J.'L'.fs'.f

b) Cdc canh va cac -.f=."r}'!.-'.q cheo

khong ¢o dinh chune va khang cat nhau

Hoi co

mau khdac nhau?

thé thue hién dwoc bao nhiéu cdach to
Lai gidgi. Ta giai bai toan cho truéng hop tong
quat la t6 mau céc canh va duong chéo mét
(2n)—gidc 16i A A,...4,, bdi n mau thoa
min cac diéu kién dau bai. Ky hiéu K, la so
cach t6 mau thoa man diéu kién dau bai ma
chua ké dén hoan vi cac mau, thi s6 cich to
3 o - = . X A i Y
mau thoa min diéu kién dau bai sé la »n!K,.
bit K, =K, =1,

mau cac canh va duong chéo cua 4 4,...4,,

véi 22 xét mot cach tod

b&i n mau. Khi d6 2n dinh cua da giac dugce
chia thanh n cap, mdi doan thing nbi mdt ciip
dinh nay dugc to bdi mot mau nao do.
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Gia st 44, (2<k<2n) la doan thiang dugc
t6 mau. Khi d6 doan thing nay chia da giac
A4 4,...4,, thanh 2 da gidc 16i A,4,...4, | va
A, A, ...4,, ma mdi doan thing khac, duoc
t6 mau va khéc v6i doan thing A A, , chi ndi
cdc dinh ciing thude mot trong hai da gidc 16i
nay. Tir d6 suy ra s6 dinh cia méi da gic 16i
nhé nay 12 sé chin (bang 2 lin s6 doan thing
duge t6 mau trong nd) va tir dé suy ra cong
thire truy hoi:

‘K—n = K{IK.IJ 1

+KK, ,+-+K

:J—]KU‘

Tinh true tiép ta co:

K,=K,K, +KK,=2,

K,=K K, +KK, +K,K, =5,

K, =K,K, + KK, + K,K, + KK, =14,

K =B 1 EK A+ EK, + Xk E =40

va do do sd cach t6 mau cén tim 1a
51K, =5040. O

i

»Nhdn xét. Bai todn nay khong c6 %@ﬂm gul
loi giai. #

@L DINH HOA
Bai T12/482. Cho tam gidgc ABC vuong fai A
ngoai tiép dwomg tron (I, r). Duong tron (I, r)
tiep xic véi AB, BC, CA lan heot tai P, 0. R
Goi K la trung diéem AC, duong thang IK cdt
AB tai M. Doan thing PO cat diromg cao AH
cua ftam giac ABC tai N. Chiing minh N la truec
tam tam gide MOR.

Loi gidi. (Theo ban V& Minh Qudn, THPT
chuyén Thing Long, Pa Lat, LAm Dong).

Goi D, T, L theo thir ty 1a giao diém cna CI va
AB, MR, RO.

Dé thay AR = AP;BP =BQ;CQO=CR nén
e R
QC RA ' PB
Do do, theo dinh 1i Ceva, AQ, BR, CP déng quy.
Véay T(ALRQ)=T(ACRP)=-1 (1).

Két hop véi LR = LO, suyra AT// OR.

Két hop véi OR LTC, suy ra ATI =90°.

Két hop voi ZH*:%";IE& =90°, suy ra nam
diém 4, P, T, I, R ciing thuc mot duomg tron (2).
Viy RAP=90". 3)
W‘En AB;IP | AB nén AC//IP.

N

x@u d6, chii y ring KA =KC, suyma
Q}*’ T(ACMP)=T(AIMP) = [(ATMP) =I(ATKP) =1 (4).

Tir (1) va (4) suy ra T(ACRP)=T(ACMP),
Diéu d6 c6 nghia la 7, R, M thang hang  (5).
Tu(l)va(S)suyra QN=QT L MR=TR (6).
Tir (2), chil ¥ ting AC//IP,AB | AC:AH 1 BC,
suy ra TAM =TAP = TIP = TCA

=lﬂa=l§;ﬁ=lﬁm
2 2 2

Do d6 TAM =TAN.

Tir (1) va (6) suy ra ATM = ATN.

Vay AATM = AATN, diéu d6 cé nghia 1a

AM = AN;TM =TN. Do d6 AT 1 MN.

Két hop voi AT//QR, suyta MN LOR (7).

Ttr (6) va (7) suy ra NV la tryc tdm cua tam giac
MQOR. O

TOAN HOC
ey

S6 486(12-2017) ¢ usitre

https://tieulun.hopto.org




» Nhgn xét. 1) Kha nhiéu ban tham gia giai bai toan
niy. Nhiéu ban sir dung két qua quen thuoe MBIR 14
hinh binh hanh. Mot s6 ban tinh toan qué dai.

2) Xin néu tén mot s6 ban co 101 giai trong déi tot:
Bic Giang: Hoang Mai Phwomg, 11T, THPT
chuyén Bic Giang, TP. Bic Giang; Bic Ninh: Vi
Pang Linh, 11A1, THPT Thuin Thanh I, Thudn
Thinh; Thai Binh: Tran Lé Phwong Thao, THPT
chuyén Thai Binh, TP. Thai Binh; Thira Thién-
Hué: Hugnh Hiru Nhdt, Neuyén Trung Kién, 12T1,
THPT chuyén Qubc hoc Hué, TP. Hué; TP. Ho Chi
Minh: Tran Vi Duy, 10T1, THPT chuyén Lé H?mg
Phong; Lim Ddng: Nguyén Tudn Léc, 10 Toan,
THPT chuyén Thing Long, Da Lat.

NGUYEN MINH HA

Bai L1/482. ant mach co R, L mde néi

\rh' |"’

L dién tror R = 100Q), cugn cam thuan co do

3
fir cam | (H). Gia suw H{h ..u' g1 ia hai

Do do cuémg dé dong dién hiéu dung qua mach

bing: [ =4I + I —i(A) 0

»Nhin xér. Cac ban c6 1o giai ding: Thira Thién
Hué: Lé Bd Quéc Minh, Va Xudn Pirc T héing, Péng
Minh Nhdt, 12T1, THPT chuyén Qubc hoc Hué.

NGUYEN XUAN QUANG

Bai i:-i-ﬁj Hai diem M. N nam ire

0 met

PRLONS .".=':'.-’.1';'.’ s 16, el phar mol khoang

i e
A
Lii gi@é N cich nhau < 52 dao dong léch

e Shal @hau
daw doan mach la u = ”'IL““ Il“l.:IJ.' T ||I\ J

Xde dinh cuone do dong di

doan mach.,

Léi gidi. u=400cos’ (50mt + ) %Q’

=200+ 200cos(1 0{}1‘:!;.

Dién dp 2 diu mach gdm 2 thanh phin: mot

chiéu va xoay chiéu.

Cudmg d6 dong dién do dién dp mét chiéu gay

200
ra: [, =——=2(A).
=g (A)
Cudmg d6 dong dién higu dung do dién ap xoay
200
chiéu gay ra: / V2 e (A).

Tacé: P=I"R=IR+1I;R

S 486(12-2017)
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Neu U, =acosmi =3 (1)

thi u, =acos [mr * 2—;] =2 (2)

Tir (1) va (2): asinot = L

V3

== \/(.c.'t:'n:)s-:u;u‘)2 +(asinwr)’

= f?—; =50cm. 0

# Nhdn xét. Chac mimg ba ban da co loi giai ding:
Thira Thién Hué: Pdng Minh Nhdt, Lé Bd Quoc
Minh, 12T1, THPT chuyén Quéc hoc Hué; Hai
Dwong: Nguyén Dang Son, 12A, THPT Nam Séch,
Nam Sach.

PINH THI THAI QUYNH

https://tieulun.hopto.org



Giﬁi tri toan hoc

B0l BIEU VE THO DUONG LUAT

Trude khi hiéu thém vé ludt tho Pudong ta doc lai
hai bai tho d3 dang trén TH&TT sau déy:
Bai 1. F'OAN VA HOA
Em ¢dm hoa tiwoi dét canh bén
Mong rdng todn hoc bét khé khan
Em oi! Trong toan nhiéu cong thice
Van dep nhur hoa lai chang tan.

(Vin Nhw Cieong)
MUNG XUAN DINH DAU
Tap chi mimg xudn don Tét Ga

Bai 2.

Vui cling déc gia ¢ gan, xa %\%
Khai nién, giai todn — tinh véu

Diém tét, binh the — so thic

Moi tap théng tin rén c@df

Qua nhiéu thé hé hyRQe¥i ba

Mong sao Tap chi thém co hgi

Dé todn khai tém dén moi nha.

(Pao Tam)
Bai | 1a bai dang tir tuyét {chj 4 ciu), bai 2 1a bai
dang that ngdn bét cl, goi tat la bat cu (8 cau).
Dac diém chung cua hai loai nay la mdi cdu c6 7
tiéng. Ta danh s thir tr tir trai sang phai:
1.2 3. 4.8 6.7,

Yéu t6 (YT) 1: LUAT. Luit la quy tic ta phai
tuan theo. Tiéng 2 va 6 cung thanh di¢u: hodc
bang (B); hoéc tric (T). Ticng 4 khac thanh v
hai tiéng trén, tirc la phai xay ra mét trong hai so
46 sau:

2 4 6
B T B
T B T

Céc tiéng 1, 3, 5, 7 bét luat.

Céu dau (ké tir trén xudng) tiéng thir 2 ma (B) ta
n6i bai tho & thé bang; con néu ma (T), ta ndi bai
tho & thé tric.

YT 2: NIEM. Niém c6 nghia la dinh. O bai tr
tuyét cdu 1 niém véi cdu 4, ta viét (1, 4). Tuong
tw (2, 3). O bai that ngon bat ca thi: (1, 8);
(2, 3); (4, 5); (6, 7). Trong mdi cap, hai ciu phai
mang clng mét so d6 trong hai so db néu &
phén luat (YT1).

YT 3: VAN. Vin la cdc tiéng cung mot gbc
nguyén am. O bai tir tuyét c6 3 van 1a 3 tiéng
cudi 3 cau 1, 2, 4. O bai bat ¢t c6 5 vén 14 5
tiéng cubi 5 cau 1, 2, 4, 6, 8.

YT 4: POL Thanh bing dbi véi thanh tric va
ngugec lai, ta viét B <> T. Tuong ty:

Danh tir DT & DT
trchung DTC <> DTC
g%anh trriéng  DTR «» DTR
% Bong tir DT < BT
Tinh tir TT< TT
Tur lay TL <> TL
Tir s6 lugng TSL & TSL

Cum nhiéu tir dbi v&i cum nhiéu tir,
Trong bai bat ci ¢6 2 ciip phai d6i nhau trong
méi cdp, d6 1a (3, 4); (5, 6). Cac cip con lai
khéng nhit thiét phai doi.

YT 5: B6 cue. Trong bai bat cu ta chia thanh 4
cdp: DE, Thuc, Ludn, Két. M&i ciip duge goi 12
mét lién, gém: lién (1, 2), lién (3, 4), lién (5, 6),
lién (7, 8). Lién (1, 2) la cap cdu d&, cau 1 1a pha
dé (m& d8) tire 14 mé ¥ bai tho, cau 2 1a thira dé,
n6i thém va chuyén y vao cip (3, 4). Lién (3. 4) 1a
cép ciu thuc (hodc trang): Ta phong canh, con
nguoi, su vit,... lién quan dén dé. Lién (5, 6) la
cdp luén: Ban ludn rong thém dua trén co so cip
thyc. Lién (7, 8) la cip két: Két thuc bai tho, tic
gid néu tim tw, nguyén vong, cam tuong, dé xudt,
trién vong,... Vay bd cuc cta bt ¢t 1a 2, 2, 2, 2.
Bai tr tuyét ciing c6 bd cuc 4 phin: Bé, thyc,
luan, két, nhumg mdi phan chi ¢6 1 cau.

o
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PROBLEM...

(Tiép theo trang 25)
TOWARDS MATHEMATICAL OLYMPIAD
Problem 110/486. Find all natural numbers n
satisfying 4" +15" £19°" is divilsi'blléz by
Bl i
Problem  T11/48. Find all functions
f:R >R such that f(0) is rational and

Fx+£2(3)=1(x+y). ¥x,yeR.

5 tong hop
T-".
= PR el 51 4 151 % (15r
Migm va doi
Ding | [ B T | vin ||
— | +Pé
: Ding 2 B T B | Vin
= B ik B
: o Dong 3 i
:'E- E Diéng 4 T B T | Van
= | Dongs T B T
B = T_uén
§ Dong 6 B T B | Vin N
G Dong 7 B T B %t'
L
Dong 8 T B T | YK
CAC TRUONG HOP RIEN?.
-
8

TH1: Cau dau khong van voi ciu @0 , 8.
TH2: Sai niém, sai ludt vi dé cho mém mai.
TH3: Nhimg céu tho ¢ khoang dﬁ_u hodic cudi,
hodc ca hai dau khoéng du 7 tiéng lam cho
khoang gitra bai tho phinh to nhu dau gbi chan
con hac, ta goi bai tho dang "hge 1dr".
TH4: Nhimg cdu tho & khoang gilra khong da 7
tiéng 1am cho bai tho "that lung ong", ta goi bai
tha dang "phong yéu",...

XUONG - HOA
Trong tho Puong ludt ¢6 xudng — hoa rét 1i thi.
Mot ngudi lam bai tho goi 1a bai xudng rdi moi
ngudi khac hoa.
Nguyén tic choi a gitt lai du céc van cia bai
xudmg. Tir lién ké trude vén khong duge ding
lai, phai thay tir khac kém theo tir vdn cho cé
(hop) nghia.

36 TQQ%Q% S6 486(12-2017)

Problem TI12/486. Given a triangle ABC..
Prove that

A B ¢
€08—+COS—+COS—
g 2 2

‘3 J A J B \/ C
= =1 fsm—+ . (sm—+  /sin— |.
2 2 2 2

Translated by NGUYEN PHU HOANG LAN
(College of Science - Vietnam National University,
Hanot)

Hoa theo thir tyr van ciia bai xurémg ta goi 1a hoa
nguyén van bang. Thi tw nguge lai ta goi 14 hoa
dao vin. Hoa xép van khac hai truomg hop trén
ta goi 14 hoa loan van.

Bai hoa 4n ndi dung bai xudng, xa qua ta
goilas C MuQn van.

. i bai dd néu trén. Ca hai bai, xét theo 5
0 cua luat Puong la khong sai pham, hoan

hinh. Riéng bai toan va hoa, cac ban nén ghi

vao dau sach toan cua cac ban ma nhd, nhua mot

diéu "chi din".

Sau ddy la hai bai hoa cho hai bai tho trén:

Bai 1. TOAN VA HOA

Toan hoc cung khd khong phdi ban

Hoa twoi em tdng todn khéng khan

Todn nhiéu cong thire, nhiéu hoa lam

Dep mdi cimg anh, chang thé tan.

MUNG XUAN DINH DAU

~

Bai 2
Mimg xudn Tap chi, Tét con g
Déc gid ciing vui, gan vdi xa
Tét dén bdo ta hay gdp bon
Xudn vé ban doc mén hon ba
Say swa giai toan xudn — khi tré
Séi néi binh tho tét — lic gié
Tap chi gop xdy nhiéu thé hé
Mong sao Toan hoc toi mudn nha.
NGUYEN HUU DU
(Xom 3 Quynh Lién, TX. Hoang Mai, Nghé An)
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\ A DUING TRON CHilN DIfM TRUC
" ‘aﬁsMcuouorsdwroANmnome

VO XUAN LAM |
(GV THPT Lé Viét Thugt, TP. Vinh, Nghé An) )

ai toan toa do trong mat phing 1a mét néi

dung quan trong ding dé phan loai doi
tugng hoe sinh kha, gioi trong céc ky thi. Céc bai
toan trong toa 5 phfmg la twong déi khé va da
dang. Dé giai quyét duoc ching, hoc sinh cin
phai nim duge mot sb tinh chét hinh hoc phing
va két hop voi kién thire vé toa do. Vl vy trong
bai viét nay chung i xin trao déi van dé thiét
lap bai toan déo lién quan dén mét sé tinh chit
cua tam gidc ndi tiép dwdng tron va truc tim tam
gidc dé sang tao mét s bai ton toa dé phang.

Bai todn. Trong mdt phang toa dp cho AAB
co foa do cdc fm}* 1, B, C. Goi H la triec tam
AABC . Goi H,, H-. H, lan lirot Ia diém :-’r L7
vai H qua cac canh BC, AB,; vkl

cde diém doi xung vai H qua ede an'J'r.l'L‘ diem ¢

* canh BC, . AB. Tim toa do cde a e@\
'Jﬂ.(]..‘f,Jf_-. H;. P

Neu dat van nguoe lai, xét bai toan dao: cho mot
s6 yéu b lién quan dén 6 diém trén, tim toa do
cac dinh .{\ABC thi ddy lai 1a mét vin dé kho.
Dé gidi quyét dugc cdc bai todn dao nay, trong
mot so triromg hop ta can sir dung dén tinh chat
dudng tron di qua 9 diém (ta tam goi la duwong
tron 9 diém trwe tim) va mot sé tinh chét lién
quan, cu thé:
Cho AABC néi tiép
duwong tron (C) tam 1,
H la trie tam AABC .
1, Hy, I lan heot
la diém doi ximg vdi
H qim cac ."L.r.F"’ BC,
AB; 4y, By, C; Ia
cdc diém Jm xung vdi

Goi |

dc frung diém
anh BC, CA,
AB. K} .'-' Jr.l

H qua ¢

CHA COc

m,&ﬁ( hli‘f mét so diém trong 9 diém tri

1) 9 diéem A, B, C, A, B\, C,, H,, H,, H; cing
thudc chwomg tron (1);
2) A, 4y, I thang hang,

{,B,: BH H\B,;

.-!' | I'l.'lI I |

4} BA la tia phdn gidce ciia géc H,BH.,

5) 14 | HoH;
0) H.H; song song m,rm; tuven cua (C) tai A.
Viée chimg minh céc tinh chat trén khong kho
ta van 51 g tinh chit truc tim va g6c ndi ticp dé
dua r udn, Sau diy la mdt s6 bai toan dio
cua oan trén.

iét phunnn trinh duds

mat s \cu té khic.

Bai toian dao 1.1. (

Goi H, la diém doi x
BC; goi By, Cy la cdc diém doi ximg

cdc trung diém cua cde canh

H(1: -1), By(5; 3), Ci(—1: 3)
auong ron ngogi fi 'l" AABC
A

HMg din giai (h.2). e S
Ap dung tinh chét trén : 1\ L e
ta ¢6 dudmg trdn (O) BA b | D)
ngogi tip A4BC di | / Aprd N\ |
qua cic dicm H,, B, \// | =N/
Ci.Gidsit(QesPT: 81 |
x2+y2+ax+by+c=0. '_,'}:
Do (C') di qua HI,B], C[ Hinkh
nén ta ¢o hé:

l+l+a=b+c=0 a=—4

2549+5a+3b+ec=0=b=—4
1+9—a+3b+c=0 c=-2
Vay (C)cOPT: x* +)* —4x—4y—2=0.
Tuong tur trén, ta c6 thé dua ra mot sb bai todn sau:
) TOF
26__486 (12 —201‘_?} 4
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Viét phuong trinh duong tron ngoai tiép AABC
khi biét:

+ Toa d¢ dinh 4 va cac diém H,, Hy.

+ Toa dd dinh 4 va cac diém B, C\.

+ Toa do dinh A va cdc diém B,, H;.

+ Toa 6 dinh 4, B va diém (...
Bai toan dio 1.2, MBC
Goi 4,. B, thir tw la cdc diem doi xime cia H
hiér A(0; —3),
co phtong (rini;

Cho ca trwe tam H.
qua cac trung diem cua BC, AC,
Hikds 2 thang BC
y+1=0. Viét
tiép AABC

dtomne

Wncong trinh dudmg tron ngoai

Hudng din gidi (h.3). Ta c6 /;:;:.:.— iy

B\(C L BC= B.Ccophuong /| 5

trinh: x —2 =0 - «”»Q \""“
= ((2; -1). Khi d6 dudong g*‘—#‘(‘
tron (C) ngoai tiép AABC i el >)-4/

sédiqua 4, ByvaC.
Giai tuong tur bai toan trén ta co PT cua (C) la:
12=10.

Bai toan dao 1.3. Cho AABC r} truce tam H(2:
cdac trung diem cua BC, AC lan I ot la M(2; 1;
‘x"{-}: 2Y; dwong thing AB di qua dic ,“ M

Viét phuwong trinh duong tran ngogi tiép |

‘b
f’

Finh 3

X¥+y +3x—y-

Hudng dan giai (h.4). Goi
Ay, B, lan luot la cée diém
d6i ximg cua H qua M, N
thi 4,(2; =2), By(6; 2).

Ta c6 AB // MN nén ABc6 3 ;\ 4 '-._F_,»“C
PT:x—y+1=0. ;j_..-—f
Goi Hy 1a diém dbi ximg véi Hinh 4

H qua duéng thang 4B thi HH; ¢6 phuong trinh:
x +y—4=0, giao diém E cia HH; va AB la

trung diém ctia HH;, E[%—Z—J = Hy(1: 3).
Khi d6 dudmg tron (C) ngoai tiép AABC s& di

quaA,, B|., H].
Giai twong tir bai toan trén ta ¢d PT cua () la:

1 4
i Boad afag
R G LT g

2, Tim toa di cic dinh cua tam gidc khi biét
mit s6 diém doi xing cia tryge tim va mit so
véu to khic

TOAN HOC
38 e
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@k hmmg giai (h. 6] Goi
% A, B lan Iwot 1a cac diém

Bai toan dao 2.1. Cho AABC co
Goi H la AABC , B, C
Efrj:L;n'-.i'-; ilej.". .-‘I-I!.;I':-;It-_r {'!'.."t" |'l'
['-_.'.l'.'."l.' 1C, AB. Biel toa
toa do cac dinh B, C
Dinh hwong giai (h.5). A =
Buong tron (€) ngoat ./ /| -
tiép AABC di qua A, "‘} | N ’\ '
By, C, nén co6 PT: / fy‘* ‘f A

3
O B P W / S

2 depes e

&SE-D+y=1r=10 \“m%__./’
= tdm cua (C) la /(1; 1). Hinh 5
Vi B dbi ximg v&i B, qua I nén B(-2;2), C doi
xtmg v&i Cp qua I nén C(2;-2).
Bai toan dao 2.2. Cho A4BC

Goi M. N lan hot

! |'-';' .”:: —l'_|.

e tom
r i = [
gua cac rung diem cdc

(0; 4). Tim

do Bi(4; 0); C

n'

cor traee tam H(1: 1)
la trung diém cdac canh BC,
£ \ .
- ! N
SR ’tf : N

i

@‘
() ng f1ey

va dirong tron

v .

4"

AABC di qua K(-1;2).
ia AMABC

Tim toa

d6i ximg ctia H qua M, N thi
A, (4;-3); B,(6;2). Khi do
(C)diqua kK, A,, By nén (C)
OPT: X+ —5x—y—-8=0

(-galrs) Amisy
e e B e e e e
2 2 4 Pk

Khi dé: B dbi ximg vdi By qua [/ nén B(-1;-1),
A d6i xtmg véi 4, qua I nén A(1; 4).

r g &
i o

Puomg thiang BC vudng goc vai AH nén BC ¢o
PT: y+ 1=0. Toa dé C la nghiém cua hé:
X+ —5x-y-8=0
y+1=0
= C(6;-1) (loai diém C'(~1; -1) trung vai B).
Bai toan diao 2.3. feim
H(2:—1) co duione
H, la

Cho AABC co truc
tron ngogi tiep (C). Goi H,
cdc giao diém cua cdc duong thang AH,
' Ehes PG )
BH voi (C). Biet H(2;—5); H, —; ;

' Y. 29" 09

Tim foa do cac dinh cua AABC .

https://tieulun.hopto.org



Dinh huéng gigi (h.7). Taco /[ '
BC 14 duong trung trye caa [/ /) T
doan HH, = BC ¢6 PT: L 2L 5 \
y+3=0,ACladudng trung B\ E )¢
truc cia doan HH> = AC ¢o \"‘--H;_ E
PT:5x+2y—-14=0. Hinh 7

Do C la giao diém ctia AC, BC nén C(4;-3) .

Duong tron (C) di qua C, H,, H> nén ¢6 PT:
P +y —x+3y-12=0.

Do do toa d6 A 1a nghiém ciia hé:

Toa d¢ H,, H; 1a nghiém cua hé:

34

2 Y el T
Ix=-Ty-4=0

= Hy(6; 2); Hy(-1;-1) (do AABC nhon nén B

v H; nam khac phia déi véi A7),

3) Ta ¢6 duong phan giic trong H,CH, chinh

1a dutmg thing AC; ma AC L BH, nén AC ¢6

PT x+y-5=0.

2 2 i ; . - . oo B
X +y —x+3y-12=0 543 2) Bai toan dio 3.2, Cho AABC ndi tiép dirong
Sx + 2_],? — 14 =) & ’ Fon (C). t.!‘l_'Jll. H la frirc fam AABC = N . M lan
ot s lugt la cae diéem doi ximg cia H qua duor 12
Toa d6 B la nghiém cia hé; i S e sl e )
: thang AB, BC; biet M ithude duong f-l'll'tf."i'a
X+ ¥y —x+3y-12=0 d:5x+5y—-16=0, N(;-1). Cho tiep tuvén Bi
¥ ¥ =>BI:—3;-—3). -_| ) . . ho tiéy en
}’. + 3 = 0 CHd ':'( | .'{4'," {'}I () I,'—'."If.".""'J'.r'."l[_: Fn’ i ..'.', _':.1-\' Zae i ..3 “ .
3. Mt s6 bai todn dio sir dung tinh chat phan ""*:*'ﬁ”r*‘if" gig frinh dicong trén (C).
giac va tiep tuyén Dink g gidi (h.9)
Bai todn ddo 3.1. Cho AABC nhon 6 dinh + g minh M, N _,;if——-..___
I(1: 4); B(1; -3) va ngi tiép diweng tron (C). Goi c (O s\j,,// 4 \\.
e 11 ; 1 * I~ lan N
f,f. la tryec tdm A, IBC ; H>, Hy lan hvot la cdc Q’r Chitng minh / ,‘H/‘g \ \
diem doi xung cua H qua cde duomg thang 4 . | /X '
(B bidt FLH. & MN /Bt = MN c6 | JAXk]—T O\ |
1B: hiet H-H- phteeorne s trind: 3x Vsl [
e : ; g PT: 3x+y-2=0. S S Eaam—
fam I cua (L) :'.";'.-'.'-.';' e 1Y than o o i X1 /S
o n b $ Do M la giao diém cua WS >
1) Fier phteang trinh tiép tinven ci @ L - i
| pr
i o i, : 319 :
2) Tim toa do ce ."Lm H. H. $ dva MN = M[_—.__J’ Hinh 9
3) Viér phuweng trinh dwong phan' gide trong e 5 3

H,CH

Dinh hwrdng giai (h.8)
1) Do tiép tuyén
At i/ HoHy nén At co
PT: 3x—Ty+25=0.
2) Puimg thing AT | A
nén A7 co PT:
Tx+3y-19=0.

Khi d6 toa d6 tam /14 nghi¢m cuia hé

Tx4+3y—19=0 [5 1]
=TI ——.
x+y=3=0 i

Khi d6 dudmg tron (C) ¢ PT:

-y

H,.,. b

BI'1a duimg trung trye cua MN = BI di qua X 1a
trung diém MN; K{é%] LA A,

Do B la giao diém cua Bl va Bt = B(-1;1).

Do I thuée Bl = I/(3a—4;a), do IB = IN
=1(2;2). Vay PT (C): (x—-2)> +(y-2)* =10.

. 'rJ

H la triec tam

AABC  noi |"."'L;;|'J duwomg
AABC ; H;,
m _doi ximg cria H gqua duong
H,CH, la
dirong thang coé phwemg frinh: x+y+2=0,
Biét Ha(1; 3); tie ' tuvén ciia (C) fai A ¢o phirong
3v+10=10. Tim toa dé cdc dinkh AABC.
(Xem .";"r'r'l o d8)

TOAN H C
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tron [_L.l Crai H; lan
:'.:'."fln" la cdc die

r'.'".';'.f.f.'_;,’ AC: AB.

Thetn I.t_{,'f..ir' Irong oo

trink: x
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BAI SO 26

Problem. Show that the graphs of cubic
functions f(x)= ax +bx +ex+d (a=0) al ways
have a point of symmetry.

Solution: First, function
g(x)=ax’ + ¢ex is an odd function and therefore

we see that the

its graph (C,) has the origin as the point of
symmetry. The graph (C5) of h(x)=ax’ +ex+d
is received from (C)) by moving up or down
depending on the sign of d. Therefore (C;) also
has a point of symmetry.

Now we will make a change of variable to make
the part bx’ disappear. Notice that, changing
variable means translating the graphs left or right
and hence the fact that having a point of
symmetry or not is unchanged. Now from the
fact that the graph of the function of the form
h(x)=a'x" + ¢'x+ d' has a point of symmetry,
we see that the original graph does too.
More specifically, we have

4

X7

5

&
g %"
>

tuan hoan!

a(x+rY + b(x+a) +..=ax +3ax’ +..+ bx’ +...
: b

Therefore if we choose ¥ =—— we can reduce
o

f(x)=ax’ +bx’ +ex+d (a+0) to the form
hx)=a'x’+c'x+d".

Thus we can conclude that the graph of

f(x)=ax’ +bx* +cx+d (a#0) has a point of

symmetry.

Remark: By this method we can also find the point of
symmetry of the graph (how?).

TU VUNG
cubic :bac 3
P - db thi
;S’rm' of symmetry : taim d6i xtng

NGUYEN PHU HOANG LAN
College of Science - Vietnam National University,
Hanoi)

3 s z E . 2
Bm&u Chimg minh hodc bac bo ménh dé: Ham so f(x) = sinx
=r~
1

f'?

i Y. V&i bai todn nay, ching ta s& sur dung két qua sau vé ham
tudn hoan da duge dang o cung chuyén myc trong so bao truoc
(TH&TT so0 485, thang 11 nam 2017).

Cho f:RR — R 12 ham s6 tuin hoan va cé dao ham, khi do

(i) Ham f bj chiin, nghia la ton tai M'sao cho |£(x) < M, ¥x;

(ii) Him £ ciing 1a mot ham sb tuan hoan.

Léi gigi. Ching ta s& chi ra f(x)=sinx® khéng phii 1d ham tudn hoan. Thét vy, gia sw
f(x)=sinx’ 1 ham tuin hoan. Tir (ii) ta thiy dao ham ciia né f'(x)=2x.cosx’ la ham tuan hoan.
Nhur viy, theo (i) f'(x)=2x.cosx’ bj chan. Nhung didu nay khéng dung. Ta c6 thé thiy ring
bing cach chon diy x,=+/2nm, thi day sé tuong tmg f'(x,)=2 Znn.cos{Zm):Zv'% rd ring
khong b chin. Do d6 ham f(x)=sinx” khong phai Ia ham tudn hoan.

Nhiin xét. Hoan nghénh ban Nguyén Ding Som, 12A, THPT Nam Sach, Nam Sach, Hai Dwong di 6 bai
dich tot, giri bai dén Toa soan sdm.
HO HAI (Héa Noi)

TOAN HOC
* Clugilpe
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CHO MOT BAI TOAN

& BAI TOAN 7 (TH&TT sb 484, thang 10 nam
2017). Cho tam gide ABC (BC=a, AC=b, AB=¢)
1'? A Y -
an (ot ia

thoa mén cos B — (trong do R. 1

ban kinh dwong tron ngoai tiep, noi tiép tam

giac). Tim hé thire lién hé gita cac canlr a, b, c.
Cdch giai 1. Theo dinh 1y cdsin va sin, ta ¢
2 2 2
c+a -b" . b
0SB =———— sin R=——.
2ca 2sin B

Ta cé dién tich tam gidc ABC: S=%ac,sin3,

452 Sk 352
-, =1_ - (ﬂ' C]
p.abe 2eca
slptameln—bRp—dk oo o o
pb
o Stp—a}(pb— OXP=) _ 4(p-aXp-c)

S 2Ap-b)=be>a+c=2h.
Cuach giai 3. Theo dinh ly cosin va sin, ta c6
2 2 2
¢’ +a° b G b )
2ca 2sin B

cosB =

SN % 1 :
Ta c6 dién tich tam giac ABC: § =Eac.smB,

N s at+b+e
S=pr=r=—vbi p= TN
Sty R—F ¥ F
Khi do cos B = =l-—e—=1-=cosB
R R

-(1+c sB)=1-cos’ B

< é&* “ J Rsin’ B

§= r:;‘r__.g__acsin,ﬁ' . _a+b+c Q’ 5
p- B i hre 5 % S 2ac+c* +a* —b b sin’ B
aid % P 2ca " 2sinB
r _ 2acsin” B 2ac(l- cos’ B) % :
Do dé Ezb( P B b % = [[a+c)z sz abc.sin B
[} i} - ——
s e i $ a+b+c 2
-r
Taco cosB=—"=1-7 e - {&¥os5 &S —(are-ba+erb)=bS
Sael-cos’B) | o p.20c(4csB) | oate-b=bea+c=2h
ba+b+c) bla+b+c) Cidch giai 4. Theo dinh ly c6sin va sin, ta co
g g2
(do 1~cos §+0) cosB=—t2 —7 ta b ,R.sinB=P—
¢ s P-b 2 2
g Ta c6 dién tich tam gidc ABC:
- §
ha+b+c) S=\/plp-a)p-b)p-c), S=p.r==r=;.

o(a+e)’ b =bla+b+c)
e (a+c—bYa+b+c)=bla+b+c)<=a+c=2b.
Cich giai 2. Ta ¢6 dién tich tam giac ABC:

abe
5= — =pr=\p(p-a)lp-b)p—c)
v p:a+b+c.Theodéb€1i
GOSB=R_"=1_L¢:}%=1—CUSB

Véi _a+b+c
P 2 .
3 R—r
Khi do cos B = <> RcecosB+r=R

< R.sinB.cos B+r.sinB=RsinB (dosinB > 0)

@gcosB+ rsinB=—i—<:> rsin B =%(1—cosﬂ)

< rl—cos’ B =%{1 —cosB)

TOAN HOC
" cTusitre 4 1
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c>rJ}+cosB=%J1—cosB

& ri(l+cosB) = [%J (1-cosB)

Tk c+a’ -\ b @ B
PR LA g e &
p 2ca 4 2ca
27T By
Rl
5 b
¢:>—2(a+c“—b){a+c+b)=?{b—a+c)(b+a—c)
p

2
= %—2—[(0+c)2 —b

~(a=cy’]

o PP -a){iz—b)(p—ﬂ Ap—b)2p
2

=5’;2(p—a)2|:p—c)

o4(p-b)Y=b2p-b=bea+c=2b.

Click gl 8 T a6l 2 =0, w2
sin B
B X s
.S =lac va cosB:E__u
sinB 2 2ca \%
Do R=rnén c:usB——w::-O Khi dé: cc-s.B
< RcosB=R- r@RECOSB F@&r-ﬂ-
&> R*(1—-cos” B)—2Rr+r’
i 9 b b 3
SR sin’ B-2Rr+r7 =06 = | ———r+r=0
2) sinB
b _r T r .
@ T =t —F
2 sinB sin’ B
(b ¥ T cos’ B ,
ol o - r
2 sinB sin® B
(B _LosB b _1+cosB
o 2 sinB smB - 2  sinB
E_ u cosB 2_]—0053r
|2 sinB smB 2 sin B
-E_]+COSB E E 1+cos B e
2 iR, g o} 2 25 ¢
et =
b_l-cosB S |b 1-cosB 5
| & BinB ip#00) Fpoo
TOAN HOC

42
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gl
| [Friuat L e = bz
e 2ca i b=(cr+a] -
o 2 2p ,'“bﬂjq
1€ rE S pu=lc—al
Ez #15 S a+b+c
|2 2p
(b=c+a-b
= i q
| Bla+b+c)=b"—(c—a)
la+c=2b
= " :
bla+c)+(c—a) =0 (voly)

Vay ta thu duoc két qua a+c = 2b.

Cdch giai 6. Thyc hién twong ty cach 5 ta dugc
R®.sin® B-2Rr +r* =0, dén day ta c6 thé thuc
hién nhu sau: R*.sin® B—2Rr+r* =0

E sin® B— 2R+1—D

Q\ﬂ R in> B=1+cosB (1)

sin’ B L

1_cosB R B2 l—con B ()
sin’ B .

Tir (l)tablendm nhu cach gidi 3 taco a+c=2h.
Ta c6 (2) < Rsin® B =r(1-cos B)

2 72
S ¢ sin B—S‘ 1-—-———C ¢
2sinB P 2ea
@Lbc D, [2ac @~ =5 ]
2 2p
bS = b —(a-c)
. a+b+c[ (a C}]

e bla+e)+(c—a) =0 (va Iy).

Viy ta thu duge két qua a+c=2b.

Cdch giai 7. Thyc hién twong tu cach 5 ta duogc
R*.sin® B—2Rr+r* =0, dén day ta co thé giai
tiép nhur sau.

abe b 5 S

=2R,r=—,
4R 'sin B P

S=\p(p-a)p-b)(p-c).Khido
R*sin” B-2Rr+1 =0

2 2
¢j(€]-zﬁﬁ;§+ 41
2 4s p \p

Taco §=—
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@E_abC+P(P_a](P_b)(P_¢')=O

4 2p pz
b _abe  2Ap-alp-b)p-o)_,
4 ag+b+c a+b+c

&b (a+b+c)—4dabe+
(h+c—a)c+a-b)a+b—c)=0(*)
@b[b{a+b+c)—4ac]
+Hb+ec—alc+a—-b)a+b-c)=0

e b[ba+e)+(a-c) +b ~(a +c)2:|
Hb+c—a)c+a—b)a+b—c)=0
bl bla+c)+(a—e) |+bb-a-clb+a+c)
+[b2 —(c—a)z]{c+a—b}=0
& b[bla+c)+(a—c) ]
—(a+c—b]{b{b+a+c)—[b2 ~(c-a) |}=
@b[b[a+c)+(a—c)z]
~(a +c—h}[b(a+c)+(c—a)z]-——‘{}

& b—(a+c—b)=0 (do b(a+c)+(a—c)*

S a+c=2b. g

Loi binh. Viéc phan tich da thirc ‘ﬁén (*)
thanh nhén tr 12 viéc rat kho kha cach giai
7 kho c6 thé dén dich.

" ol e, 4 B
Cich giai 8. Tacd r =4Rsin E.Sln —.5in—,

sind+sinC—sinB = 4Sin£.SiH£.CGSE :
o) 2 2

S

T @%ﬂ—coaB

| Z ) ;
& 4sin—.sin—.sin— = 2sin’ E
2 2 g 2

=5 4sin£.sin£ = ZsinE
2 2 2

o N B ., B B
<> 45in—.8in —.co8s— = 25in —.Ccos —
2 2 2 2 )

sinAd+sinC—snB=sinB<2sinB=sinA+smC

b 2 i-:::‘er a+c.

2R 2R 2R

Cich giai 9. Ta c6

tanitan£+ tan£m£ + {a.ngtani= 15
2 2 2 2 2 2
cosA+cosC—cosB = 4c05§.cos£.sini§—1
cosA+cosC +cosB = l+45£n§.sin£.sinE

va ¥y =4Rsin -Ii.sin —C-.sinE.
2 2 2

Trudce tién ta chimg minh

B e e T Thameey
2 713 R
(3 A SaW
tan—tan —=— <> tan—tan—+ tan—tan—=
2 ] 2 2 2 3 3
A ] 2
< tan—| tan—+ tan— [=—
{ 2 2 3
L e o
Bsm[?r?} 2 1 2
@W—W — &>sin— i
% z,msE 3 Zcm—cosz 3
»
& 2sin? 2
2 g
4cos .cesg.sin— 3
2 2
l-cosB |

cosA+cosC—cosB+1 3
<> 3(l —cosB)=cosd+cosC—cosB+1

< 2-cosB=cosd+cosC+cosB
o :
<= 2-cosB=1+ 4511’1—.3111£.smE
: e
{:::»1—cusB=zlsmid-.s,m—.s.mE
2 2 2

R—r

<=1 —cnsB=%<:> cosB =
Tiép theo ta chimg minh

tangtanézlc:;cntc]:%.
2 2 3

Ta co: tanglan£=l
2 skt

S O A &
<> 38In—.8in— = CO8—.COS—
2 2 2 2

- L 6 A (AL e
<> 2s5in—.8in — = COS—.CO0S— — §in —.s5in—
2 2 2 2 2 2

TOAN HOC
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B
floon

S e | pl &
<> 28in—.sin— =sin— <> 45in“ — . sin
2 2 7

<> (l—cosA)l—cosC) = %(l —cosB)
4t =a Y
o 1- 1-
2bc 2ab

_l 1_t:2+c;'2—.b2
—2 2ca
o[a=(b-c) ][ -(a-b)]
=b[b’ ~(c—a) ]
< (a—b+elat+tb—cXc—a+blc+a-b)
=b(b-c+a)b+c—a)
o(a+c—b) = <a+c—b=b (Via+c—b>0)
< a+c=2b.

Ta cé thé chimg minh tan%tangzéac+a:2b

bang cach khdc nhr sau:
. [SA- |
Tacd tan—tan— =—
2 2 3

o o I A
< 3sin —.sin— = CcO0s—.COS—
2 2 2 2

| 0

2 2

) ¥
I

sin—.sin—
2 2 2

[ A AT
< 2| cos—.cosS— —sin—.sin
2 2

A
= C08—.CO0S

Ssin(d+C)= %(sinA +sin ()

< 2sinB=sind+sinC

@2—b—=i+i<:>2b=a+c.
2R 2R 2R
Nhdn xét.
- i |
I}TacécosB=Mc>tan£tan—=—
R 2 7 AR
e 2sinB=sind+sinC <= 2b=a+c.

TOAN HOC
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biy la didu kién dé dé dai 3 can}] thpo thir twr a, b, ¢
cia mét tam gide 1ip thanh mot cap so cong.

2) Céch giai 9 khong 1 cach giai tot cho bai toan nay,
nhung da thye hién duge mot cich chimg minh tryre
R—r

e G [ |
tiép két qua: tan—tan—=—<>cosB =

2 o

3) Néu ta chimg minh dwoc
A B C
=(p—a)tan—=(p—-b)tan—= (p—c)tan—
r(.vcﬂz(.u)ztp)z

thi tir két qua nay ta chimg minh duoc

C

7, A B
§ = p tan—.tan—.tan—.
2 2 2

Ma cosB:E-_—r-:::-tanEtan£=l, khi do ta co
R 2 TR

= (p- b}tan-—zjii—):-;-plang-::}%p b=poa+c=2b.

i NGUYEN ANH VU
(G I~ ngen Binh Khiém, Hoai An, Binh Pinh)

'ce.t. Cac cach giai cua tac gia Nguyé én Anh
éu xoay quanh dinh Iy cosin, dinh ly sin va

%\% cong thire dién tich tam giac. Trong bai tic gid
/% da dua ra duoc két qua: cos B =

R-r

= tan%tani =%<:> 2sinB=sinA+sinC

< 2b=a+c (diéu kién cin va du dé d¢ dai ba
canh a, b, ¢ theo thir tir &6 cua AABC lap thanh
mot cﬁp s0 cong). Ngoai ban Vi, ban Bii Thi
Thity Trang, 10 Toan 1, THPT chuyén Hung
Yén, Hung Yén cling dua ra mot cach giai
tuong ty nhu cach 2 ciia ban Vi, Xin hoan
nghénh ci hai ban.

LE MAI (Ha Noi)

Moi cac ban gir 16d giai Bai toan 9 sau ddy vé
Toa soan TH&TT trude ngdy 30.1.2018.

BAI TOAN 9 Cho a, b & :‘a cde $6 thue duong.

ﬂ‘#-c _3+\.5
+b* ¥t
TRUONG QUANG AN

(Xd@ Nghia Thing, huyén Tu Nghia, tinh Quang Ngdi)
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““_Map chi TH&TT sé 486, thang 10/2017 giéi
thiéu v&i cac ban hai bai toan nim trong ki
thi Junior Balkan MO cing véi cac 1o giai cua
ching.

Bai 11 (K3 thi Junior Balkan MO, 1998, lan 2,
nuce dé xuat: Albania), Tim 14t ca cdc edp s6
nguyén dwomg (x; y) sao cho

T - (1)
Léi gidi. Ta thiy ngay ring x = y = | 1a mot
nghiém cia bai toan. Néu x > | thi x > y, vi néu
trdi lai, x < y thi ta ¢6: y*™ £1<x”: mau thuan.

4

Ta c6 the gia sirx > y > 2. Viét lai (1) duéi dz
N

i e %
(- ¥

thix—2y>0,vadods =~ Ia sfﬁyén lém hon
Y

2. PT (2) tuong duong véi

x -2
T
y Y (3)
T adlt x & 5
T p*¥ =22Y guyra =227
y

Bing quy nap, ta d& chimg minh 2”2 >» véi

moin>5.Dod6 = <4,vay 2 =3 hosc Z=4.
Y v y

« Vi £=?:-,l':‘r{S)su};ra.;c=9,y=3.
1,:'

46 THE 7 0UA CAC BAI TOAN HAY

Vo =4, (3) suyrax=8,y=2.
y

Viy cac nghiém (x; y) 1a (1; 1), (9; 3), (8; 2).

Bai 12 (Ky thi Junior Balkan MO, 1997, Iin |,
mede dé xudt: Bulgari). Cho 9 diém nam trong
mot hinh vudng don vi. Chirng minh rang luon

(on tai 3 diém trong 9 diéem do la 3 dinh ctia

mgit HH?@(' co dién tich khong lon hon —.
Q i ]
L ‘

»
@i&; Chia hinh vuéng don vi thanh 4 hinh

’&uéng, mdi hinh ¢6 dién tich i Theo nguyén ly

Dirichlet, s& c6 ba diém trong 9 diém da cho nim
trong hodc ¢ trén canh mét hinh vuéng nho. Goi
ba diém nay 12 M, N, P va nim trong hoc trén

canh hinh vuéng ABCD c¢é dién tich %rXét cdc

duomg thang vé tx M, N,
P song song v&i AD. S&
¢6 mot duong nim gifra
hai dwong kia, khong mat |\
tinh tong quit, gia s )
NSIHAD, (H,T e NS). D

Ké MH va PT vudng gdc vdi NS. Ta co:

Sump = Syws +Sysp = ';"(MH.NS + PT,NS}

2 2 3 8
TOAN HOC
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Ding thirc xay ra khi NS(MH + PT)= AB.AD
< NS = 4D, MH + PT = AB, nghia 14 khi mgt
canh tam giac MNP bang mét canh hinh vuéng va
dinh thir ba niim trén canh doi cia hinh vuéng.
Chii ¥. Néu trong cac dudmg thing vé tir M, N, P va
song song véi AD co hai du&‘mg tring nhau thi ta thay

ngay Sy, < AB AL]“E.

HO HAI (Ha Néi)
Moi cdc ban tim thém nhitng 1&1 giai khac cho
hai bai toan trén.
Sau diy 1a hai bai tap dé nghi. Cac ban hay thi
sirc giai ching voi nhicéu 1o1 giai nhét cd thé va
giri 101 giai vé Toa soan TH&TT trude ngay
30.1.2018.

SU DUNG TINH CHAT...

Dinh huwéng gidi (h.10)
Phén gic trong H,CH, ¥ I'-'
chinh l1a canh AC = 41a [ / /:, A,
giao diém cua AC va tiép | /
1uyé~n At = A(—4:;2) . Goi B'x.\

g@

714 tam cua (C), dudmg thing %Q’
Al L At nén Al ¢co PT: @b
3x+y+10=0.Tacé H, dbi ximg véi H, qua

43 1

Alnén H; cotoa dd H, [-—-'——-).
ST,

Buong tron (C) di qua A, H,, Hy nén co PT:

[ 5}2[ 35)2 845
x——| +| yp+—| =—.
2 2 2
Toa d¢ C 1a nghiém cua hé:
(=3 (%)
o e =
2 AT

1x+y+2={l

_sas
T2 =C(22;-29).

Puimg thing BH, L AC => BH, ¢4 PT:
x—y+2=0,dodd B langhiém cua hé¢:

TOAN HOC
46 >
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BAI TAP DE NGHI
Bai 13. Tim tit ca cac nghiém thyc cua phuong
trinh 4x® —40[x]+51=0, & d6 ki hiéu [x] 1a s6
nguyén l6n nhit khéng virgt qua .
Bai 14, Xét hoan vi oty y cua cic $6:0,1,2, 3,
4,5,6,7,8,9. Véi mdi bo ba trong 8 bo ba, mbi
bo ba gdm ba s6 hang lién tiép trong hodn vi o,
xét tong cua ba sd ndy. Goi M(o) 1a tong 1ém
nhét trong 8 tﬁng nay. (Vi E!l,l: vii o= (4,6,2,9,
0,1,8,5,7,3),tacoco 8 tong la: 12, 17, 11, 10,
9,14, 20, 15 va M o) =20).
a) Tim mét hoan vi o; sao cho M( &) = 13;
b) Ton tai hay khong mot hoan vi o3 sao cho
M) =127

TRAN HU'U NAM (Ha Noi)

2=
$day 14 mot sb y tuomg sang tao thém mot s6
1 todn dya trén tr duy lat nguge vin dé, xét bai
&

én dao va két hgp mot sb tinh chat cia hinh
hoc phing. Rat mong sy gop ¥, chia sé cua dong
nghiép va ban doc.

BAI TAP

1. Cho A4BC nhon cé trge tim H. Pudng thét}g
BC co phuong trinh: y+1=0. Goi 4,8 lin
luot la céc diém doi ximg cua H qua cdc trung
diém cua cac canh BC, AC. Biét A4(0;-3),
B,(2;2), viet phuong trinh canh AC.
2. Cho AABC c¢6 truc tim H(-1;2) néi tiép
duomg tron (C). Cho trung diém cua BC la
M[-;-:—-]j. Goi H, la giao diém ctia duomg
thang BH véi (C), phuong trinh AH, la: y-4=0.
Tim toa do cac dinh A4BC biét B ¢6 hoanh do am.
3. Cho AABC néi tiép dudng tron (C). Goi H
la tree tim AABC ; H, la diém doi xing cua H
qua dudng thing AC. Biét H(-2;1); H,(1;4)
va tiép tuyén Ct cia (C) tai C ¢ phuong trinh:
Tx—3y-24=0. Tim toa d§ cac dinh cia AABC.
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GIAIPAP: NGHIEM NAO ?

(Pé ding trén TH&TT s6 482, thing 8 ndm 2017)
Phan tich sai lam. Lo giai cia An c6 ba 151,

1) Nhé ding thire o® +5° — ¢ + 3abe

;é(a+b~c][(a—b}3 +(a+c) +(b+c)2]

nén khi a#b hoic a#-c hoic bh#-c thi
at+b=co d +b +3abe=c’. Néu a=b=— thi
chwa thé khing dinh dwge a+b=c va
a' +b* +3abc = ¢ tuong duong.
2) Trong loi giai cia An, tt PT co dang a+bh=¢ lap
phuong hai vé dugc a’ +5° +3ab(a+b) = ¢*, sau dé
lai thé @ +b=¢ vio PT vididén &’ +b° +3abc=c'.
Nhu vady PT &' +b' +3abe =¢* chi la hé qua cia
PT a+b=c. Do d6, khi giai PT & +5° +3abe
tim ra x ta phai thir lai vao PT a+b=c s«
méi két Tuan. R
3) Trong l&i giai cia An c6 thém mot
851" ~939x° +1623x—769 = 0 da v@énh
853" —939x7 +1623x— 796 =0 .

Lo gidi sau ddy khic phuc hai 15i trén.

t, dong

Léi gidi ditng. Tir phuong trinh

9—x=33x-11 (1)

lip phwong hai vé, ta ducfc
zx+6+9~x+3if2x_+6.a‘f9—x{@’2x+6+¥9~x)

=3 =1l (2)

The (1) vao (2), ta thu duge phuong trinh hé qua

2x+6+9-x+32x+ 69— xBr—11=3x-11

&3 2x+6Y9-xBx-11=2x-26

> 27(2x+6)(9-x)(3x~11) = (2x - 26)

< B5x" ~939x" +1623x-769=0

Y2x+6+3

@[x—l}?(ﬁﬁx—?ﬁﬂ 0< x=1 hodc 1_3;659‘

Thir lai vao PT(1) thiy x=1 khéng thoa man (1),

xzzg%?— thoa man (1). Viy (1) co nghiém x——;—?

Nhén xét. Cic ban tham gia bai nay déu phat h1$-r1 duore sai

chi. Danh sich cic ban dtrm: khen Ia

Bic Giang: Hodng Mai Phieomg, 11 Toan, THPT chuyén
Bic Giang, TP. Bic Giang. Hung Yén: Cao Thanh Trung,
12A3, THPT Duong Quang Ham, Tran Thi Phwong Linh,
10 Toén 1, THPT chuyén Hung Yén. Thira Thién Hué:
Biri Nhit Minh, Nguvén Dinh Long, 12T1, Lé Cam Thanh
Ha, 12T2, Mai Thanh Hdng, 10T2, L8 Cam H.u}en, 12 Ly,
THPT chuyén Qubc hoe Hué. Quing Ngii: Tran Nguvén
Quy, 10T1, THPT chuyén Lé Khiét. Bén Tre: Lé Ngé Nhar
Huy, 11A1, THPT Lac Long Quan, TP. Bén Tre.

DA LA GIA TRI '3”“-,
LONNHATCHUA? |77
; A )
Bai to# tam gicic ABC i e
thay in tgi A, ngi tidp / / \ \\
in (O; R) cho tredc. I.r’r f [\ |
gid tri lom nhdt cua : /! s0\ |
%ﬁmg cao BD. R g /3\9 /
Mot ban hoc sinh d3 giai nhu B# "_'_'_J_f%
sau: Ve duong kinh AF, ta co \‘*-—-fif/
BD BC
ABDC en AACE = —=—— Su
2 &8) AC  AE %
"BC _(AC +BCY
it CRCE (1)
AE 44F
Diing thirc xay ra khi 4C = BC hay AABC déu.
Khi dé Eg:smEAC sin30° =1 = & —£=R.
FA v, 2
AAEC 6 AC* = (2R)' - R? = 3R?
= AC = AB=BC=\3R Q).
—_ 32
(2V3R)  3g
Thay (2) vao (1) ta duge: DB < _éR_ =_E- ;

Vay g tr I6n nhét cia BD la % Khi tam gide ABC dé,
Theo ban két qua trén di la gid tri lén nhit cia
diwdng cao BD chira?

TRAN THANH HUNG
(GV THCS V6 Trik, Tuy An, Phii Yén)

TOAN HOC
: cruﬁrigé 47
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BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN

Chi tich Hoi déng Thanh vien
NXB Gido duc Viét Nam

GS. TSKH. TRAN VAN NHUNG

75, NGUYEN VAN VONG NGUYEN BUC THAI
GS. DOAN QUYNH Téng Gidm déec NXBGD Vit Nam
PGS, TS. TRAN VAN HAO ~ HOANG LE BACH

Phé Téng Gidm déc kiem Téng bién tip
NXB Gido dyc Viét Nam
T e e PHAN XUAN THANH
HOI PONG BIEN TAP

Tang bien tap : TS. TRAN HU'U NAM Thu ki Toa soan : ThS. HO QUANG VINH

75 TRAN BINH CHAU, THS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH BUC, T5. NGUYEN MINH HA,
75, NGUYEN VIET HAI, PGS. T5. LE QLI(‘J'C HAN, Ths. PHAM VAN HUNG, PGS. T5. vU THANH KHIET
G5. TSEH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS, PHAM THI BACH NGOQC, FGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. VU
KIM THUY, PGS. T5. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NA\‘

o Danh cho Trung hoc Cd sd @ iai bai ky trudc

For Lower Secondary School Solutions to Previous Problems

Nguyvén Anh Tudn — Ty s6 dién tich cla hg" @
i Gidi tri toan hoc

tam giac.

o Hudng d&n giai D& thi tuyén sinh J%p Nguyén Hitu Dy — D6i diéu vé tho Duong luat.
e 1T e e O @) i iy ot

o Dé thi chon hoc sinh gidi 9 tinh Vinh Vo Xudn La.m — 81t dyng tinh chit duong
Phic, nam hoe 2017-2018, tron chin diém truc tim dé sdng tao mat sd

g bai toan toa do phing.
€ Thir st trude ki thi 2018 - Dé 553
A mal o @) Ticng Anh qua cac bai toan - Bai s5'26.
€D Dap an va huong din gidi dé 52,

. Bai dich s6 24 - Tiéng Anh qua cic bai todn.
@ Lich st toan hoc
. , ” Nhiéu cach gidi cho mbt bai toan
Bing Thi Kiém Hong — Ramanujan, nguoi o FRILE 0
di tim vb han.

€D Du lich thé gidi qua cac bai toan hay
@ Tim hiéu siu toan hoc sd cip

. : @) Sailim & dau?
Kiéu Dinh Minh, Nguyén Tién Long — Day

afr 161 Gidi ddp: Nghiém nao?
€D Dpérakynay Trdn Thanh Hung — D& 1a gia tri 1on nhat
chua?

Probilems in This Issue

T1/486, ..., T12/486, L.1/486, 1.2/486.
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Bo dong tap

TAP. CHI TOAN HOC VA TUOI TRE HANG NAM

T

TOAN HQC
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j Khé 19 x 26,5
’ Gia bia: 99.000 déng

Khé 19 x 26,5
Gia bia: 185.000 déng

> »

TAP CHi TAP CHI
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Nam 2011 +iam 2012 I Nim 2013

@ B A s L o T

T T TR e A et st
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Moi chi tiét xin lién hé:
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clia tc gid PGS TS. TA DUY PHUONG va Thiy gido HGANG MINH QUAN
Sach day 448 trang, kho 16x24cm, gid bia 80.000 dong.

NHHD!
THUM: A Fr]l‘llf

1N

i dung co ban cia cudn

sach dya trén két qua: Cac

yéu tb cia tam gide (ba

h, ba dudmg cao, bin kinh cua

ba dudng tron bang tiép, cac ham sé
lwong giac ciia ba goc....) co thé duoc
cot la ba nghiém cua mot phuong
trinh bdc ba véi cic hé sb phu thube
vio ba yéu t6 co ban 14 p. R, 1, trong
dé p la mra chu vi, con R va r tuong
img 14 ban kinh dwong tron ngoai tiép
va ndi tiép tam giac. Tir d6, theo tinh
chit nghiém ctia phwong trinh bic ba
vi vin dung cac bat dang thirc quen
thudc, sach trinh bay khodng 600 hé
thirc c6 lién quan dén céc yéu t6 hinh
hoc va lugng giac trong tam gidce.
Qua cudn sach chiing ta s& thiy mbi
quan hé hiru co gira Dai s0 (phuong

trinh va ham sb bac ba) véi Hinh hoc
va Lugng gide (cac hé thite trong tam
giac). Pay chinh 1a diém méi va khéc
bigt ciia cudn sach nay so véi céc
sach da c6 vé h¢ thirc trong tam gidc.
Cuén sich gbm ndm chwong.

Chwong 1 tép hop nhitng kién thirc
co bén vé tam gidc v céc cdng thire
hrong giac, ca‘u: bit dang thire dai sb
quan trong ¢an thiét cho céc chuong

saul. .

Chwong 2 trinh bay céc chiit
ctia ham sb va phuon ic ba,
trong d6 dic biét | tinh chét
nghiém cia phiron béc ba.

Chuong 3 va g 4 chi ra ring,
céc yéu td h c va luong gide cua
tam giwn , dudng cao, bin kinh

duém bang tiép, sin, cdsin cua
cé " ...) chinh 14 nghiém cta cic
g trinh bac ba voi cac hé sb

tra ba yéu tb co ban cua tam gidc
(tirc laba yéu td p, R, r). Vanhu la cac
hé qua, nho sir dung tinh chat nghi¢m
ctia phuong trinh bac ba va cac bit
ding thirc dai s6 nhu bét ding thirc
Cauchy, bt ding thitc Bunyakovsky,
bat dang thirc Schwarz, . . . céc tic
gia dd dua ra va chimg minh khoang
600 hé thire hinh hoc va lwgng gidc
trong tam gidc, trong d6 cé nhiéu hé
thirc 14 méi hodc chi mdi gip trén cic
wcm va con it duge t}letdén trong

é.ch hién nay.

Ngodi cic bit ding thic moi hofc
con it duge phd bién, nhiéu bai thi
dai hoc, thi hoc sinh gidi, thi Olympic

:ﬁﬁa céc nude, nhiéu hé thire hinh hoc
va lugng gidc quen biét trong tam

gide ciing dwoe chimg minh lai trong
Chuong 3 va Chuong 4 theo cach
mdi, dya trén tinh chat nghiém cia
phuong trinh bic ba, ma it dung dén
cach bién déi lugng gidc hoiic nhimg
cach chimg minh thong thudmg.
Chwong 5 (Phu luc) tap hop mdét )
muc dudi dang cic chuyén dé lién
quan dén phuong phap phuong trinh
bac ba chimg minh cac hé thic trong
tam gidc.

Ciing can hru ¥ thém ring, tir cic hé
thirc néu trong cudn séch nay, ta co
thé suy ra kha nhiéu hé thirc khic
nita, chua duge khai thac trong cudn
sach. Day 1a mot ggi ¥ tt dé ban doc
¢6 thé tim céch chimg minh méi cho
cac hé thirc cii hodce tim ra cac hé thirc
mdi. Ngodi ra, cich chimg minh mai
hogc cai bién nhimg hé thuc da co
con co thé glup cac thay ¢0 giao trong
viée thiét ké cac bai tap va dé thi méi.
Cubn sich khéng chi co ich cho céc
hoc sinh, cdc ban yéu todn, cic thiy
cb day toan phé thong, ma con la
tai ligu tham khao tét cho cac sinh
vién va giang vién dai hoc, cao ding
nganh taan ciing nhur cic phu huynh
mong mudn giip con em minh hge
t6t mén toén.

Moi chi tiét xin lién hé:

TAP CHI TOAN HQC VA TUOI TRE
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