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MOT VAI KY NIEM VUI THAY PHAN BUC CHINH

Nghe tin thiy da quy tién, 61 boi hoi
nhé lai mét vai ky niém vai thiy.

1) Théng 7 nim 1974 giita lic chién
tranh dang khdc ligt, kin ddu tién Vit
Nam cir mot doéin hoe sinh gém 5 em do
thily Lé Hai Chdu 1am Truomg dodn vi
théy Phan Pire Chink 1am Phé tnrmg
doan tham dy ky thi IMO tai Dong Dire.
Poi tuvén Viét Nam 1dp chién céng diu
vé vang danh duge 1 Huy chuong Ving
(HCV). 1 Huy chuong Bac (HCB) va
2 Huy chuoong Péng (HCH). Thinh
tich ndy cua ta ldm cac d§i ban ngac
nhién va dem vé tin vui lam mic long
ca nuoc,

Khoa Todn BPHTH Ha Ni ¢o t0 chirc
mdt budi cho sinh vién nghe thiy Chinh
ndi chuyén vé ky thi IMO. Thiv diém
@6 i dang 1d mdt sinh vién nam thir ba.
Sau budi ndi chuyén cua lhuy Chinh,
niém himg thi vai Todn so cip vin da
ngu quén trong 160 miy nim nay h-ung
thirc diy. Té1 quan uim (o1 Bai toan so
6, mot trong hai bin todn khé nhit caa
kv tha. 1 d1 dd tim duge mot cach mm
khic ngin gon hem v tir do l{"u'rg Quit
héa bii todn s6 6. Téi rit muon khoe
két qua do vii thay Chinh nhung chura
biét lim thé nao tiép cin vai thiy vi
thay Chinh khing day bon sinh vién
chiing téi. Bong 161 nhé ra ¢b ban gii
hoe cing lop Phan Thu Huong, la em
rudt cia thiy . T6i bén nhd Hirong noi
gitip cho 161 xin gip thiy Chinh. Vio
mdt budi 61 theo lich hen ma Hiromg
thdng béo, t6i dén nha thiy Chink & sb
10 phé B Hanh. Téi ngoi
chir mdt lic ¢ phong
khach thi thiy thiy
Chinh tr trén pic

di xuong, Té1 dura

~ thiy xem bai viét
.. cua minh, Tha.-i:s.-r
bao 61 “Anh o
dé diy dé t6i xem.
Néu dhepre thi 1o
sé& cho ding trén
Bao Toan hoc
var Tudi ire”.

Vi thing

sau I
rist  vui
mirng

PGS.TS Phan Buc Chinh (1536 - 2017)

khi thily bai viét cia minh xudt hién
trén Bio Todn hoc v Tubi tré vii
nhan dé “Ma rone bai foan sa 67,
Piy & cong trinh Todn hog diu
tién trong doi cua tHi duge ;
2) Théng 3 ndm 1976 theo |
GS. Ty Quang Buu, Bg
hoc va Trung hoc ch
su L. Schwartz, nhs
tiéng, ngudi d
ndm 195043

cua
¢ Bo Bai
ghi¢p, Gido
hoc Phip ndi
i thuomg Fields
am Vier Nam. [rong
. tai Truomg DPHBK Ha
Schwartz d3 trinh bay bal
¢ DO do Radon, Xde suit tru,
oc khong gian Banach va cac
dung. Té6i khi do vira bao vé xong
lufin an 11 nghiép, khi biét tin di hao
hirc dén nghe. Ngudn phién dich 1 thay
Phan Bire Chinh. C6 thé nbi ::htwﬁn
thim vii gidng bai tai Vigt Nam cia
GS. L. Schwartz di c6 anh hudmg rit
lon vén 161, dinh ra hwomg nghién ¢l
sau nay cua to1. Toi ghi long tac da va
mdi mii khong quén GS. L. Schwartz.
GS. L. Schwartz nay cting dd qua dn.
Trong cuén Hoi kv cia minh , dng viét
“Nuweeri Vigt Nam khong guén t6i, Vigr
Nam ghi dau én trong cuge deri 167", RO
rang néu khiing co su phién dich téi
chay, chinh xdc cua thiy Chinh 1561 dd
khiong thé ghi chép, tiép thu va hiéu
dugce bii giang cua GS. .E Schwartz.
Chi ¢d nguin thong thao lleng Phip vi
ndm vimg cic kién thirc vé Xac sudt,
D% do va Giai tich ham méai co the dich
nhudn nhuyén nhu viy. Toi thiy minh
chiu on thiy Phan Pree Chinh ritt nhiéu
trong viéc nay.

Bang Hang Thang

. Trweomg DHKHTN - BDHOG Ha Noi

3) Thang 7 nam 1994 lan dau tién thiy
Chinh duoe Bé Gido dyc va Bao tao
cur lam Trromg dodn ta ky thi IMO ta
Héng Kéng . Toi cing lan ddu duge
cur lam Phé Truomg doan. Thé 14 16i ¢
dip 0 cing vini thay trong khflr..h 4N
v lam vige v 1h=1}' trong suot kv thi.
Thiy ké cho t8i riing minh da may mén
“lot Iwdn™ khi duge di nghién et sinh
@ Lién Xé vi thiy khong thude thinh
ph:"m cong nong, ong cu thin sinh ra
thdy 14 cong chirc cil (thii Phép). Nam
46 danh diu thei khiic oanh liét nhi
chia A0 (Chuyén Todn DPHTH Ha Ngi):
Trong 6 thanh vién trong ddi tuyén thi
¢t § em la hoc sinh AO. Poan Viét Nam
danh duge | HCV va § HCB, em Dao
Hai Long (A() danh duge HCV vin
diém s6 41/42. Nam sau, tai IMO &
Canada. em Long lai dinh duge HCV
vai diém sb 40/42.

Vi dong hoi (re niy nhue mdt nén huong
nrong nhd 16 thiv Phan Dic Chinh.
Xin dugc gin lod chia buon séu sic o
odn the gla quyén cia thiy. Ciu mong
cho thay durgc vén nghi thanh than & céi
vinh hing.

SO LUQC TIEU SU

PGS.TS. NGND. Phan $hee Chinh sinh
ngay |3 0/1936, mdl ngay 26/872017,
Ong nguyén 14 giang vién cao cip Khoa
Todn-Co-Tin hoc Truomg DHKHTN
- PHOG Ha N1 Giang day tai Khoa
tr nim 1956, Nhin hoc vi Tién s¥ tqi
Pai boe  Lé-md-no-xop (Nga) ndm
1965. Duge phong hoc ham Pho giao
su ndim 1979, Ong @3 nhi¢u ndm lam
Trudmg, Pho doan hgc sinh "n-u:t Nam
di thi Olympic Toin hoe Qudc 1, la tac
gid cha nhicu cudn sach Todn so cdp vi
cao cip trong do cb cudn sach viet bing
lI::JlL. Negu. Un-r con ld Phé Chi ych Hé
dong Bo mon Todan Trung hoc cia B
Gidio dye va Dao tao. Ong thudmg xuyén
tham gia cdng tic vai Tap chi Toan hoc
v Tudi tré vil 13 Phé Tong bién tip Tap
chi giai dogn 1983-1984, Ong da co
nhiéu dé win va bai viét ding trén Tap
chi Todn hoc v Tudi tré. Ong da duge
Bing va Nha nude wing thudng Fludn
chreng Lao ding hang Ba nlim 1999,
Hudgn chieomg Lao déng hang N ndm
2002 va nhiéu danh higu cao quy khic.
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TRUNG Ilt ¢ CO SO

rong khi giai cdc bai toan ¢ chira diu can néu

ta biét khéo 1éo phan tich bai toan dé sir dung
nhin v&i biéu thire lién hgp mét cich hop i, sing
tao thi ta s€ tim duge 161 gidi bai todn rat ngin gon,
doc dao va tha vi. Bai viet nay xin trinh bay mdt 56
thi dy vé sir dung biéu thirc lién hop trong giai toan.
L. Sir dung biéu thire lién hop dé tinh gia trj cia
bi¢u thire
Thi du 1. Tink wid tri cua biéu thi:

| l I |

S=— — o e o — -
vi+vd 2443 Y344 2017 ++ "'H['-u.

Lén giai. Taco

o 1 e R R
1+ J_ 2017 +v2018

_V2-4i +J§ —ﬁ J' , ~2018 - /2017
| | — l
= J2018-1.

Thidu 2. Tinh gig tri ciia biéu thirc:

b, i 1 4
N —— = ._ =

+1v2 _.'I--..-'..-{"'.-.'w..'ﬁ 4.3+ 1&*

' 2 '-._.Lﬂ + 202442025

20250

P=—

21

Lai gidi. Ta co:
! | |
(k+)k+kJk+1 JE  JEk+1 K7
That viiy, vdi mdi k nguyén duong, ta co:
1 _ (e Wk —kfk+1
(k+ Wk +kfk +1 [[H“@]’ _[k\gm]l

={A—+1}J}'-NA—+I_ 1 1

k(k+1) Wk kel
ﬁLp dung diing thire (*) lin lugt véi & bing 1, 2, 3, 4,
..y 2024 ta duge:
pot Lot 33 ! :
e " 024 Ja0zs
S| L s B
205 45 45

éo

kienmath https: /sites. poogle. com/site letruneldenmath

mnmumm
tﬁvwmmmu A‘ﬁ!ﬁiﬁiﬁg Yén)

Thi dy 3. Che cdc 56 thie x, v

thoa mdn

[x+v20184 7 )( v+ 20184 17 ) = 2018

Tinh gia tri cua bidu thire

._|_’_J_ nal i |':Ilq+:,’ﬂlHll.'|'--

Lai gidi. Vi (I+szs+x= ](_phr':ma»ff ] = 2018

Suy ra

[J:maﬂf r-.l:](:c+ \I'IEﬂlE+.t2)(_1'+1/2[”3+_r-"]
= 2ﬁ18(¢2ﬂ18+f ——.r]

= _F&]E-I—_FE = 2018+ x* — x

yr, la co:
X+ V20184 2 =J2018+ % - y
Cqmgt]mnv:wa{]]w‘i{l’],mc!uqc x+y=10

v)+]

(1)

(2)

? 7
S x=—y=xP = M il

Viypg=1
I1. Sir dung biéu thie lién hop A2 gidi phwomg trinh
Thi du 4. Giai phiromg trink:

V20182 —1 4+ 4x-3 =

i
+y " =0,

JIX+2+J201Tx+4 (1)

L giai, DK x&%. Khi dé

(1) < vV2018x -1 =201 7x+4 +/dx=3-3x+2 =0

xX=3 x-5
= S E——— =1)
v2018x=1++2017x+4 34::—3 ++3r+2

| |
T [J—ﬁﬁ m]”

:l

¢2>x-5=0 (do 4 > 0 v&i moi xl%}

<> x =35 (thod min DK).
Viy PT (1) c6 nghiém duy nhét x = 5.
Thi dy 5. Giai phwong trin;

| 3 1 | 4 j -3 "
VIr©r =Tx+5—dx +2=+43 —Sx+l—-vxr —x+4 (I}
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GIAIPAP: BAITOANCUCTR] !
(Dé ding trén TH&TT 56 479, thdng 5 nim 2017)
1. Phén tich sai lam.
« Dé thay riing néu A(1:1;0). B(1:1:2) thi
HA+HB=1+322= AB.

Do d6 véi AL 1:0),B(1;1;2) thi dang thic & (1)
khong xay ra. Ban Toan khiing dinh “ding thirc & (1)
xdy ra khi ba diem H, 4, B thing hang hay
HA.HB cimg phuong ™ 14 khong ding. Dang thirc o
(1) xay ra khi diem H thufc doan 4B, nghia I hai
vecte HA, HB cung phwong, ngupe huimg. Tir dac
diém toa 46 cua HA. HB ta Iha:y néu hai vecto nay
cung phuong thi H.
HA.HB cing phuong, cing hiémg. Viy chi
diing thire & (1) khong xdy ra.

» Hom nita A, B la nhimg  diém thay dAQE% luot trén
A,, A, nén dd dai doan AB khong 4 hing sd. Vi
thé néu ding thire ¢ (1) xay ra thi cling khong két luan
dwoc riing khi 46 4 + HB dat gid tri nho nhit,

2. Lo giai diing. Cich |,
Goi Al +a:1+2a;0)e A, B(-3-2h—-1-h;2) £ A,

Lucndy HA+HB=+5a" +1+ VX b+ 2¥ +924 (2).

Dang thirc & (2) xay ra khi ¢ = 0, b = -2. Suy ra
A(1;1:0), B(1:1:2) . Vay HA + HB dat gid tri nho nhit
bang 4 khi A(1;1:0), B(1:1:2).

Cach2 Goi H (1+a;l+2a,0)e A, va
H,(-3-2b;-1-b;2)e A, lin lugt 13 hinh chiéu
vudng goc cua H wén A, A, . Ta ¢6 r:f{l;l:l}} la
VTCP cia A, v,(~2;-1;0) 1a VTCP cia A,.

¢.com/site’ letrunglienmath

GGk HHIiizﬂﬂ{ﬂ+4a=ﬂ
HH,u,=0 |-A4-2b)-1(-2-b)=0
a=1{)
- .
b=-2

Suy ra H (LL0), H,(L:1:2). Viy véi moi AeA,,
Be A taco: HA+ HB = HH + HH, =4,

Ding thitc xdy ra khi A, B tuong img tring voi
H  H,. Viyvai A(1;1;,0),B8(1;1;2) thi HA + HB dat
gid trj nho nhit bing 4,

Nhgn xét. Chi co ban Ngwyén Trung Kién, 11 Todn 1, THPT

chuyén Quic hoe Hué, Thir Thién Hué 13 phit hién ding
sai lim va dum ra 1 gidd diing,

THEM DAU IIEU;
NHAN BIET HINH BINH HANH 1

=

1Y%

Led giaii Ha BH | AD wa H, DK | BC @i K. Vi

BAD = BCD nén H, K holc twong {mg thuge céc doan

AD, BC hoiic twong img thube tia déi cia 4D, CB.

Ta ¢ AABH = ACDK (canh huyén - goc nhon)

Suyra DK = BH va CK = AH.

Suy ra ABHD = ADKB (canh huyén-canh goc vudng),

Do do BK = DH. Tir d6 suy ra BC = AD.

Viy tir gidc ABCD ¢6 AB = CD va AD = BC nén né 1a

hinh binh hanh. O

Nhur viy, ta di chimg minh duge diu hiéu nhin biét

min cho hinh binh hanh: “Tir gide cd mét cdp canh

doi bang nhaw va mot cdp gac doi bang nhau la hinh

hirh hanh™,

Theo cdc ban, léi giai trén diing hay sai ? Tai sao?

NGUYEN THANH HONG

(GV THPT cluvén DHSP Ha Néi)

TOAN HOC 47

Sé 483(9-2017) * Cluditre

https://tieulun.hopto.org



hittps:vwww. facebook com letrungkienmath

Ta co:

hnps://sites. google com/site letrrungkienmath

| | 1
Fy Ty | e B S S
V) [\I'I+2+] 3] [\"'72”1%5 *?J =2

4[? F) 4-22-3x
3(Va+241) 3[M+5)

~4{x-2)
3{1#r+1+1][ x+2 +2)

x=2

-(x-2)=

4 -(x—2)=0

(V22-3x +5)(V22-3x +4)

= i{x-2)

T

I

_[622—31+5)(ﬂl—31‘+4]-] 2

-d

IVxr2+1)(Vrr2+2)

< x-2=0 (do

L |
(V22-3x+5)(v22-3x +4)

+> x = 2 (thod min DK).

Viay PT (1) 6 tip nghiém Ia § = {-1;2} .

Ihi du 11, Giai plneome trin
Leai gigi. DK: 0 <x < 1. Khi d6 i
M1+ )VI—x =(2x+ ¥ Wx
t}i[dlv u"_) ( Ex-g"'_] 0
x° [1—21'} |- x=dx

Ji-x J q'r_—+2:-.,"r_

x(1-2x) {l—IxJ{ZI +x+1)

"':-_n.-"-“‘,_.— ﬂ
JI—x ++x Jl BB e o el
W{I—ZI][ 2x" +x+1
V- r+~f JI—HI.:J"
A

> 1-2x=0(do 4>0, vimoi D<x<1)

<> x=— ( thoa man DK).

|
2

Viy phuong trinh (1) ¢6 nghiém duy nhit x =

-1 < ()

N
&
1I{I X h_'#

1
>

ITL Sar dyng biéu thie lién hop dé giai hé phaong

trinh

Thi du V2. Gigi hé phuceme trinh
NX=d=py=Jy=2=xvx (1)

. (1)

== 1x+yv +y=-9=0 (2

Laigiagi DK: x=22, y22,
Tacé: (1) *:’-ﬂr[\l'(.!l.'—z —..j'_r——E)+[.w'r;—_1.rJ;]=[?

= L 0 S R

Je+dy
-ﬁ[-ﬂ-ﬁ} ﬁ%—ii— ,;Tz+x+\}';+y ={)

-,

A
eVr—Jy=0(doA>0, véimoix22; y22)
Sx=y,

Thay x =y vio PT (2) ta dugc: 3x° —6x-9=0
| x=-1 (loai)

S Hx+1x-I= ;
| x=3 (thoa min x 2 2)

Vay hg ¢t nghiém duy nhat (x; y) = (3 3).
Tlade®®: "1 3. (Ficn i pleecrng trindy
Vek+AdA+Jdd—v=4 (]}
i k i)
J2y+3add=x=4 ()

Lo giai, DK —%*_i.r;_'p-*54.
Trir theo vé PT (1) cho PT (2), ta duoc:
{-ﬁ"':!:ra}] —-._.I'Z_i.'+3)+(..,l'4-—rr - u'r4_-—1-.}=ﬂ

o e

D ——
2t+1+“|'21,+ -,," +.|'4—1
SA-y) —m—t———

[u'21+3 +y2y+3 ~.|'4—x+.,,|'4~_1;]

ex=y=0(doA>0, vdi moi x, y thod min PK)

=0

&S xX=y.
Thay x =y vio PT (1), ta durge: v2x+3 +/4—x =4
2 +8x-34% = 0= 3

4159
= i ;i
|4(12+5x~2x") =81-18x + x’

[x<9 {xﬁ?
=1 S =
|9%° =38x+33=0 (x=39x=11)=0
. TOAN HOC
S34850-2017  © Clugitre 3
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X =3
11 (thod min DK)
xX=—

9
Viy hé PT (I) co hai nghigm (x; ) la:

11 11
(3:3) a[g g],

Thi dy 14. Giai hf phueng trinkh:

[

g

|vx+3+Jy-2=5 (1)

(1)
-

.|~..,n'|-'+3 fx=2 (2)

Loi gigi PK: x=22; vz 1.

Trir theo vé cac PT (1) va (2) ta duge:

Jx+3-Jx-1=J_v+3rJy—-2

= 2 - 3 -
Jr+3+4x-2 J}'+3 +\_,Iry-1

S Vr+3+Vx=2=Jy+3+ [y-2

“Néu x>p22=Jx+3+Jx-2> fy+3+y-2

- Néu y>x22=>Vx+3+Vr-2< Jy+3+y-2

Do d6 x = y. Thay vao (1) ta duge:
Jr+3+fx-2=5 o Jr+3=5-x-2

= Jx-2 =2 ¢ x=6 (thod min DK).

Viy hé phuong trinh (1) c6 nghiém duy nhit

(x: ) = (6; 6).
Thi du 15. Giar he phueng trink:

@"g

)

P ——

Vi  +9] =

Il.—.1

1‘ ! "'"-”. = %y 'E'—
Loi gidgi, DK: x22:y22,
Trir theo vé PT (1) cho PT (2) ta duge:

(Ve +1 —Jﬁ+91)+(&4-iy—1)+(r= -y%)=0

_-‘.3
-T— +I_'t—plx1_5} 0
J.‘~':‘°-||-'55‘1+,.II J

=0

X+ |
S Tt ——=txty
{Jr+91+,fﬁ+ul Vx—=2+4/y-2 ]

e x-y=0 (doAd>0,Vx,y22)

csx=y.
Thay x = y viao PT (1) ta duge: Ve 49l =x-2+2

-::::-(w.‘l,r +91 -m)-[J;r—z-: (¥ =9)=0

TOAN HOC
4

& '-Tuﬁlt;é Sé 483(9-2017)

é&

=9 x=3

ﬁ P
Ji2 +91+10 Vx-2+1

—{x=3)x+3)=0

x+3 I
o (x-3)| =——-—r——-(x+3) |=0
NP +91+10 V=241 ]
I : 1
& (x-3) (x+3) —]]v—-—-—-—]ﬂ]
I [Jf +91+10 vi=2+1

1
< x-3=0 (doAd<0,¥xz2)
< x =3 (thoa mén DK).
Viy HPT (1) cé nghiém duy nhat (x; y) = (3; 3).
Thi du 16. Giai h¢ pheemg trinh sau:

. »  1hxy .
" +dy 4 =16 (1
. x+2
' {1}
3 5 ¢ A
|NE 16+ =X+ 2y =2x+ X" +7 (2)

Lani gidgi. DK: x+2y > 0. Taco:
(1) & (x Ey}l:{x+ly}: —4.::}:]+Iﬁw=lﬁ[x+2_v‘.i

= [@3-}[“ +2y)* =16 ] ~4xy(x+2y—4)=0

ﬁ +2y - 4}[:1 + 4y +4{x+2y}]=ﬂ
> x+2y—4=0

(vi x+2y >0 nén X +4yt +4(x+2y)>0).
Thay x + 2y = 4 vao PT (2) ta dugc:
Nl 416 +5=2x+Vx" +7

oV 116 -Vt +7=2x-5

(3)

Ta co, vt moi x thi \"Ix: +16 :-Jx’+?

:?Jx:+lﬁ—~.‘r.r1+? }D::rlxnﬁ}ﬂ:}x:rg.

—§=2x—6+x"+7

2]-o

(4)

Khi d6: (3) <> VJx" +16 -4

x+3 x+3
VXl +16+5 %r__;+4
x=3=0

x+3 x+3

;x +16+5 J:c +T+4

-Vadix=3thayvao2x +3y=4tacd y=--§-.

- — {xnj}[
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x+4 2

Eu}fmhéFT{l}EﬁmﬁlnEhi'iM{x;}'}z[3:-5] “].:_-,2[ ﬂ_[]_pxz-jg : -

x°+1
- Giai PT (4): Vi .r:=—5~=:.t+]:nﬂ; vl moi x ta co 3
2 2{ X +I+l—-l]+x"’-—3£3_ x +1
VX +16 45>V +7+4>0 x+4 VX +1
x+3 x+3 .rz_+_t:_]_i
- 2 1 x+4 . l':+1}
V2 +16+5 ¥ +7+4 ﬁ2.1——+r
x+3 xX+3 ¥ +x+b o ("-’ 1"'3)‘4
||'__ <0. x+4
x+16+35 1...".1' +'.-'+4 g i
Suy ra PT (4) vo nghiém. Vay h¢ PT (I) c6 nghiém < 2%1"—3} s E AL -3 <0
Jf+|{u’f+|+z]

3] :..i{.r+4l.r +x+1)+x+4

duy nhat Gy = [3;-3 ;

IV. Sir dung biéu thic lién hep dé pidi bt {3
; = +—-+1 <()
phuong trinh ,|| x+4}{f+x+l}+x+4 \I'fﬁ—(u +I+2]

Thi dy 17. Giai hdt phieomg trinh:
J2017x-2 —J2018x-5 < x—3 (1)

Lo glih, DK: x> —2
201

& x* -3£l]{dnd:-ﬂ,\?’x}—4}
. Khi dd6: J3 5 (th

”]ﬁ?-.__i‘r_;gx_J 24 @flngbiémlﬁ -JI1sx<4f3.
V2017x—2 ++/2018x -5 V. Sq bi¢u thire lién hyp dé tim gid trj lom
I n i2t trj nho nhit cia hiéu thire
L -3}(] +m)zﬂ ._‘hl' j“-_f h”r H_ﬂ 50 fﬁ!ﬂ v, v thoa mdn diéu kién
e x—320ex23 VE=1=¥y) w.l_1'—| ew.x. Tim gig tri nho nhat cua
Viy nghiém cua BPT(1)1a x2 3. é biéu thire §=x"+3xy—-21 -8y +5.

Thi dy 18. Gigi bat phieomg trink: Loi gidi. DK: x2 1Ly 21.

3 q@u eNéu x=y=1=85=-]
— ol X4 2] (1)

ta_,,.-'m]l . é‘ sXetxzLy2l vax#lhoicy=1.Tacd
9 :z ) 9 da=b-ply=ofy-1-als
Lai gigi. DK {3—\@9—:3;1{}& 13-5. -::::(Jx-l-—J_'-'—l]+(xﬂ—_p,f;)=u
- e e MU CNC
<x+21
Ve=Jy)(Vx+Jy
I

= 9+21ﬁ4ﬂﬂ59+2.¥€|ﬁ¢:&—§5155.

Khi dé (1)<

Két hop voi DK ta c6 BPT (1) c6 tap nghiém 14 ﬁ-[&—ﬁ)[ x+J‘ +x+f+qr]-
SE{IEE*EEIEE;I#H}. ﬁ+
2 2 1
Thi dy 19. Giai bar phuong trinh: e Vx-\fy=0(do 4>0,%x,y=1vdx=1hodcy #1)
i ST 2 "W o
x+4 i e Khi d6, ta c6 §=2x" ~8x+5=2(x~2) 323,
Léi gigi. DK: x> -4 . Khi d6 §=-3 khix=y=2. ViiyminS=-3 khix=y=2.

TOAN HOC ve 5
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Thi dy 21. Cho cace sa thue x, v thaa man dién kien

Suy ra P:--j—.‘u"&}r

Nie+l—y'=Jv+2-x". Tim gid tri lém nhdt cia bidy

thite: P=x"=2xv+dx—y +2017 __I__+;+;+ ...+—]—‘:-=g.
4

Léi gidi, PK: x> -2;y2 -2, A48 5+47 V9 +11 V97 +99

e Néu x=y=-2=5 P=2001. Bii 3. Cho (x+v201142% )(y+y20114)% |=2011.

o Xét x2-2,v2-2 va x#-2 hodcy #-2. Tinh gi trj biéu thie 7 = x™"" + 3211,

‘ = 73 (Trich dé thi HSG Todn ldp 9 tink Phii Tho nam hoc
Tacod: Vx+2-y' =y+2-x 2010 - 2011)
= {J.H 2z~ Jy +2 ] . [_f‘ -y ) =) Bai 4. Giai céc phuong trinh sau;

| a) Vax—1+v3dx-3=433x+24+3x+4
St (x- ) +2p+)7)=0 b) V3P —Sx+1 -V —2 =} —x—)—V¥ —3x+4

Jx+2+4y+2

I ¢) Yx-2+vx=1=5

ﬂ{.t—v}[——-i*f +xp+ 9y (=0 d) Vix+1-J6-x+3x" -14x-8=0
ol +2 4.0y +2 ]
- ~ e) {«.n"lt+|-Jx+2](1.l'lt"’+?x+2+4]=4.‘r—2

x-y=0 ) Vr+3+Jx+8+22 +3x—9=0

(doAd>0,¥x2-2;y2-2 vax#-2holcy=-2) g) J2x+2+Y2x+1 =42 +3227 +1

<> x = y. Khi do, tacé h) V2x ;4 22-x= ﬁlr__x—-ti
¥ i I: +4
P=-2x" +4x+2017=2019-2(x—1)" <2019. e

P=2019khix=y=1.
ViymaxP=2019khix=y=1.
BAI TAP TU LUYEN

Bai 1. Tinh gia trj cta biéu thirc sau: éﬁ'
P= l + ) + : +
l+35 ;5 +39 ;'}+313

LJ}*+3 +V10-x =5

rh‘f +5=2y-1 +y°

I c)
ﬁJf W +5 =2 -1+

+—] + d) iﬁ+\|l'3~fl'=u'§
" /2005 +4/2009 +4/2013° | B e
Bai 2. Chimg minh ring: . "
- N ¥
| 1 | | 9 X4y + =16
N TSN O A T TR e i S
11 + + +
HD: it VXt +12 +§-1i|.r+}' =3r+x’+5

| | Bai 6. Gidi cic bt phwong trinh san:

. i
P-ﬁ+ﬁ Toed7 Boadil T o7+ d08" &) Vi-2-3x-5<2x-3

o U L oA e b) 9(x+1) <(3x+7)(1-Bx+4)
t-gﬁ+£ ﬁ-&ﬁ Jﬁ_'_m B \I'rg_'ii-ilﬂl.

Taco P> A suyra 2P> P+ F. Lai ¢

€) Vot +2x492 2 2 + 243141
Bai 7. Cho céac 56 thye x, y thoa man

F'+P:—--l—u+ I i | & Vx+5-y = fy+5-x". Tim GTNN ciia biéu thirc
VI3 a5 e P=4x'-3xp+y  +x+y+1.

Bai 8. Cho céc s thire x, v thoa min

1 |
e e
V97 +499 99 + 101 V2013x +1 = (p+ 1)y +1= 2013y +1 —(x+ IWx +1.

Sl J5= J101-v99 10141 9  Tim GTLN cia biéu thirc
= e + T = o 1 2
2 2 2 2 2 O=x"-3xy+y =3x+Ty+10.
TOAN HOC
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BAI TOAN PAO CUA TRUC TAM TAM GIAC

THAINHAT PHUQONG

(GV THCS Nguyén Vin Tréi - Cam Nghia - Cam Ranh - Khdnh Hoa)

*yfl AABC nhon, ba diimg cao AD, BE, CF ci

nhau tar /. Kh dé ta co cac tinh chat sau:
|1VAF . AB=AE . AC=AH . AP
BF .BA=8D.BC=8H . BE:
CD.(CB=CE I=CH.CF,
DR .DC=DH.DAEC . EA
FAd.FB=FH . FC.

3) ADF = ABE = ACF = ADE:

LIt . BB,

BED = BCF = BAD = BEF:CFE = CAD = CBE = CFD
4) H L tdm dudmg won ndi tidp ADEF.
SVHA . HD = HB . HE = HC . HF

6y A, 8. Cla tim cac {1Lr{Tll“ tron bing tiép ADEF

/'x

o
fil'"
?fﬁ# j ll"x
WA\
’l, '-.\/ M'R_%.H-
af —
£
Hrmhy

Céc tinh chét trén quen thudc, ban doc mg minh.

Mot van dé dit ra 1a khi xét -1-rH(¢:: co A, BE

CF dong quy i H (D, E, F lan e thube cie canh

BC, CA, AB vii khong tming vai céc dinh A4BC) thi

vin diéu Kidn nao tr cic tinh chat trén, H s& 1a ruc

tim cua A4ABRCT

Ta 6 duoc cic dau higu cia tnre tim tam gide sau diy,

1. a) Néu AF . AB = AE . AC va BE hode CF la

dieong cao thi H la trye tam A4BC.,

b) Néu AF . AB = AH . AD va AD hodc CF la cheomg

cao thi H la trire tém AABC.

Thit viy (xem h.1)a) Tk AF . AB = AE . AC

=34—E—£ = AMEB en AAFC (c.g.c) —s AEB = AFC.
AC AF'

Do d6 néu mot trong hai dwemg BE va CF la duang

cao thi dwdmg com lai cling la duémg cao nén H la

true tim A4BC.

b) Tuomg ADB = AFH. Do dé néu mt trong hai
dudmg AD va CF la dudmg cao thi dudmg con lai
ciing 1a dudng cao nén H la tryc tam A4BC.

2. Néu DB . DC = DH . DA va AD L BC thi H la
truee teim AABC.
Thét viiy (xem h.2) tt DB . DC= DH . DA

:;E-E::-ﬂﬂﬂﬂmﬁ.ﬂ{ﬂ(cgc}
DC  DH

— DAB = DCH => DCH + DBA = DAB + DBA = 90"

= CF L AB, tirc 1& CF 14 duémg cao thir hai nén H
la trre tim A4BC.
3. Néu ABE = ACF vit AD | BC thi H lé traec idm
A4BC (AB # AC).

A
A
4 T

.\-\-H -
. "% "-.; .

N
x‘“xz
HN

.r-"
r

.I'u.rr.I!r

Thit vaj,r, goi G i diém d6i ximg cia B qua D thi
AGH = ABH = ACH = 1t gide AHGC ndi tiép

— HAC = HGD = HBD

— HAE + AHE = HBD + BHD = 90° = BE | AC,
e lé_BElﬁduﬁngc.aﬂ thar hai nén H 1a tnre tim A4BC.
4. Néu M la tam cheomg tron noi tiep ADEF thi H la
triee tam AABC.

Chirng minh (h.3)
s
/ | :%f
2 J}(' k N\
;z g | ~a ™,
f | B
Bi’lf{/'—v THXM.{

X
; Hinh 3 -

Qua F ke duimg thiing song song vai BC cit AB, AC,

DF, DE lan lugt tai M, N, I, K. Theo dinh li Thales

Hf =FH=.¥H-.':}HI:ED.MH. (1
CD FC BC »
HK EH HN _ BD.HN -
BD EB BC R BC @)
TOAN HOC
S& 483(9-2017) . CTuditre 7
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MH _AH _HN
Ma Lo = MH.DC=BD .HN (3)
Tir (1), (2), (3) suy ra HI = HK, ma HDI = HDK
nén DH L IK = AD | BC. Twong tw, BE L AC.
Véy H 14 tryc tim A4BC,
8. a) Néu HA . HD = HB . HE va AD hodc BE la
dwdng cao thi H la tryec tdm AABC.
b) Néu HA . HD = HB . HE = HC . HF thi H la truc
tdm AABC,
Chumg minh (h.3)

a) Tir HA . HD = HB . HE QEEE

HD
=5 AHEA <n AHDB (c.g.c) = HEA= HDB.
Do dé néu mot trong hai duimg AD va BE la duimg
cao thi duémg con lai ciing 1a duimg cao nén H la
tryre tim A4BC.
b) Tir gia thiét suy ra cac nr gidc ABDE, BCEF,
CAFD ndi tiép = ADE = ABE = ACF = ADF.
Twong te BED = BEF. Do d6 H 1 tim duémg tron ndi
tiép ADEF. Theo déu hiéu 4 thi H 1a tnre tim A4BC.
6. Néu A, B la tam dwomg tron bang tiép ciia ADEF
thi H la trwee tdm AABC.
Ching minh. Vi A, B 1a tim dudmg tron bang tiép
cua ADEF nén DA vi DB la phin gidc trong va phin
gide ngodi cha EDF. Suy ra AD | BD. Tuong tu o
BE | CE. Viy H la truc tim A4BC.
7. Néu AF . AB = AE . AC: BF . BA = B
CD.CB=CE. CA thi H la trwe tdm AAB
Chimg minh. Tir gia thiét suy ra cic t BCEF,
CAFD, ABDE ndi tiép. Chimg nﬂw tr ddu
hi¢u 5b ta duge H ki tryc tdm AABC
8. Néu AF . AB = AH . AD; BD . BC = BH . BE:
CE.CA=CH.CF thi Hla triec tdm AABC.
Chimg minbh. Tlfr BD} . BC = BH . BE = it glan::
DHEC ndi tiep. Tuong twr CAFD, ABDE ndi ticp.
Chimg minh trong ty dau hi¢u Sb ta dugce H 13 true
tim AABC.
9, Neu DB . DC = DH . DA; EC . EA = EH . EB:
FA.FB=FH . FC thi H la tryee tdm AABC.
Chitng minh (h.4)

/
ol
Hinh 4
TOAN HOC :
8 & C'['wﬁtr&_ S06 483(9-2017)

Goi / 1a diém dbi ximg ctia C qua D, K 1a diém dbi ximg
cia Cqua E. Tacé DH . DA=DB . DC=DB . DI

= tir gidc AHBI noi ticp. Twong tu tr giac BHAK
ndi tiép. Do 46 A, B, H, I, K cing thuge mit dudmg

tron = ABD = IKC, ma IKC = DEC (DE ! IK)
nén ABD = DEC = tir gidc ABDE nbi tiép.

Twomg ty céc tir giae BCEF, CAFD ndi tiép.

Chimg minh twong ty ddu hiéu 5b ta duge H la tryc
tdm AABC.

10. Néu ABE = ADF; BCF = BEF; CAD=CFD
(hogc ABE = ACF; BCF = BAD: CAD =CBE)
thi H la trec tim AABC.

Chimg minh, T g:a thiét suy ra cac tr giac ABDE,
BCEF, CAFD ndi t:ép Chimg minh twong tr diu

hiéu 5b c6 H 14 true tim A4BC.
\1. Néu ADF = ABE; BED=BCF; CFE =CAD
thi H la tree tam AABC.

Chieng minh. Tir gia thiét cé céc tir gidc BDHF,
AFHE nditiep = CD . CB=CH . CF=CE . CA

= ur gidc ABDE ndi tiégp. Tuong ty cic nr gidc
BCEF, C ndi tiép. Chimg minh twong tr diu
hiéu 5@: H 1a trye tim AABC.

BAI TAP AP DUNG

in 1. Cho AABC. Puwemg trom () noi tiép
C tiép xie vai BC, CA, AB kin gt tai D, E, F
Diremg thang vuong goc vwii CT tgi C edt FD, FE lan
fwgrt tgi P, Q. Chirng minh rdang gige diém H cua Cl
va DE la tryee tdm ctia AIPQ,

Lévi giai (h.5)

Hinh 5
Vi DE I/ PO va CA tiép xuc voi duong tron (J) nén

DPC = FDE = FEA = QEC < 90",

Tuong tw £OC = PDC < 90°.

Do d6 ACDP en ACQE (g.g) = CD . CE = CP.. CQ.

Ap dung hé ﬂ'll.ﬂ: luomg trong ACDT vubng tai /, ta co
CH.CI=CD’=CD.CE=CP. CQ.

Két hop CI L PO va IPC < DPC < 90",
IQC < EQC < 90°, nén theo déu hiéu 2 thi H 14 tryc
tam AIPQ.

(Xem tiép trang 11)
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FHirdng ddn giai BE THI VAO LGP 10 TRUUNG THPT CHUYEN
BHSP HA NOI NAM HOC 2017-2018

UONG 1

Cau l.1) Taco
a' ~a* ~2ab—b r[{u1+a}{n+bl b
la+bMa-b) a-b)

P= :
ﬁa—w.l'a+b:|{u+x.l'u+b:|
a' —la+h) {{H‘!+a}[a+-bl+ b |
(a+bMa-b) a—-b |

[a~.."u+&]{ﬂ+ ,-:.r+.-{1]-
:fﬂ:+ﬂ+b}[ﬂ:~ﬂ—¢5]1ﬂ:+ﬂ+ﬁ_ﬂ_h
a —a—bh " oa-h '

a-h=1 {a—hzl

a-b =7 (a-bWa* +ab+b)=7
Jﬂ—h=1 {ﬂ-—h=1 la=2

= G . e .
Iu'+uﬂ+b‘=? ab=2 lEI-=I

I 3

¥4+l x4l

E}Tacﬁ[

Cau 2. Tacd ——+
x +1

& (o D =2(2 + DEA+ 1)

S+ + =+ + 27

S +y - 2oy =x"+3" - 2xy

& (x =) (1 —x) = 0.

Vixzynénl —xy=0<=xy=1.8uyra §=

Cin 3.1) Khi a =~ thi (d); y = x QP hoa

dd giao diém cha (@) va (P) la = = 1, = -1

X2 =2 =5y =1 vay; =4 Cic giao diém 1a 4(=1: 1)

va B(2; 4).

2) Phwong trinh hoanh d¢ giao diém cua (P) va (d);
¥ =-2ax-dac>x +2ax+4a=0 (1)

(e cit (P) 1ai hai diém phan biét < PT (1) c6 hai

nghiém phin biét, tic AA' >0 & a” —4a >0

<a>4hoica<0 (2)
Theo Binh li Vidte, x; +x; = —2a; x,.0; = 4a.
Khi d6 x| + vz =3 & x +x3 +2|.x,]=9

& da’ - Ba + 8la| = 9.
sNéua>4tacoda" =9

Sa= % {loai) hodic a=——§— (loai).
sNeua<0thidd — 16a—9=0

9 .
Sa= E (loat) hojic a = —% (thoa mén).

-

@‘0

Cilu 4. Thén gian anh Nam di hét quing duémg BC 1a
nghiém cia phuong trinh -8+ a=0<& ¢ =%.

*
(a

ks] +ai;=lﬁ &5 a= 16 (km/h).

Vay quiing dudmg AB dii %.16 =24 (km).
b A

Theo gia thiét ta c6 4

Ciu 5.(h.1)

1YViPB=PCnén PM L BC.
Mat khac PD | 4B va

PE 1 AC nén cic tir giac

BMPD, CMPE ni tiép.

Suy ra PEM = PCM : D
PDM =

I

v .. Hinh |
=~ PBM, suy ra PEM = PDM.

c6 BAC = BCP = PEM, ma

AEM +PEM =90° = BAC + AEM = 90°

= EM 1 AB = EM /| PD. Tuomg ty DM /! PE.

Suy ra W giac DMEP 14 hinh binh hanh, nén DE di
qua trung diém [ ciia PM ¢6 dinh,

3(h2) Do AM | BC,OM L BC,PM L BCnén A, O,
M. P thang hang.

APDA = APEA = AD = AE. DAE = 60° 4

3 Y

= ADAE déu = AM = SR

3
s flwn AM =R
2 4
W3 D
3D£=——'—_'_-:3 K.
273 !

l
Suy ra Spae= EJI,DE = TRI . Hinh2

Ciiu 6. Dé thiy

9+ 10k — k(20 — k) = (k- 1)(k-9) <0
véi k=19, nénk(20-K)29+ 10k. k= 1.9.
Suyral.19x, +2.18x; + ... + 9.1 1% 2
Mxy +xa+ L +xg)+ 10{x; + 202+ .+ 9g) =
910+ 10.18 = 270.
Piang thirc xayrakhin=x=.. =% =0,1,=9, x= 1.

TOAN HOC 9
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Cau 1. Ap dung BDT Cauchy cho 3 so duong ta cd

F, W )
l.ar'+l+l l+(h: +1+1J+(r-:+l+l]+{d"+l+i
¥ h L l‘l ﬂ'

€ a a b
:['.:r'+-|—+1]+|r.*f+l+l]+(r‘*+l+l]+tdl+—l-+-!-]
\ a al \ b b c £ d o,
=>12.

Tir d6 suy ra trong bon s da cho ¢6 it nhat mdt so
khéng nho hon 3.

Ciu 2, Taco (F + 2xF +4(x+ 1Y = (& +2x +2);
EHa+ 1P+ +x) =0 +x+1) . Suym,

PT < (@ +2x+2) - (¥ +x+ 1)=2017 & x=2016.
('du 3. 1) Theo gid thiét & = b, suy ra & chia hét cho
b*. Viy a chia hét cho b.

Viéta =xb thi b =x" va a=x trong d6 x Ia s6 nguyén
duong. Tuong t ¢ = y* vad = 3" véi y nguyén duong.
Doa-d=98 nén (x - y)}x" +xy +y)=98= 27,
Vix—y<x +xy+ ) vix, yciing tinh chin 1é nén
x—y=2vix +xy+ 3" =49, Tir dé tinh duge x = 3,
v=3Suyraa=125,6=25c=8l.d=27.

2) Diit ﬂz.x—w.!'rl_'. i‘:r=,r—1, r=x+l,d=.r:+1ﬁ.

X X

Ta c6 b va ¢ khong thé cing nguyén. Vi néu trdi Jg4
thibte=2re Z =xe Q,suyma,del
SO

gia thiét). Viy trong 2 s0 b va ¢ co nhieu npy

nguyén, néna,d € Z . Taco x=at+y2
d=a*+2al2 42+ 2 =d* +2% J2eZ.
Tir d6 phai cé @ = —1 => x = +/2 — 1 hi do

h==2,d=3,¢= 22

Cau 4. (h3)
T
__.--~'I:""--""':-.'.-"'ﬂ'-":I o
L —"pf"
_—T—A \ :
] | o |II W | \
M = o ro
. -:_—__q_ 'i":i___‘__ | \ I- |
-\_\-\_H-""\-\_\__ R — -h'q._%_"‘—':'.:’% IIl' S
- Q“‘EL .
—

Hife 3

1} Ta o AB L OM va IK 1a duong trung binh cua
AMAC, suy ra IK L MO.

ViyKO' - KM =10 - IM =10’ -I4 = R".
2) Ta co KD.KA = KO' - R* = KM,

10

TOAN HOC
' Cluditye S8 483(9-2017)

Suy ra AKMD e AKAM (c.gc). Tir do

KMD = KAM = DBA.
Viy tir gidc BCDM ni tiép.

3)Taco AED = ABD = DMC . Viy AE I/ MC.

Suy ra CKF = AEF = MAF , nén tir gidc MAFK nji
tiép. Tir d6 AKE = FMA ,ma FAM = AEK .

Viy AEK v AFAM.

o S
V= — ’f—-*L o~
e i
Hirh 4
Mat kha tremg (mg 1a trung diém EK, AM.

e AFAl (e.g.c).

ANE = AIF . Vay tir gidc ANFI ndi tiep.

u 5. Goi cac 56 @ dinh lin luot la x,, ..., xx. Dat
X=Xttt X V=XptXpt xRz =Xt Xu T X

Suyrax + p+z=1+2+ . +9=45 Xét tdng cic
s0 trén 6 canh 48, BC, CA, DE, EF, FD ta ¢6

2x+ 3 +z=6x18= 108,
Xé1 tong céc sb trén 3 canh AB, BC, CA ta cé
2x+y=3x |8 =54,

Suy

[2x+3yv+z=108 x=15
Viymcohg {2x+ y =54 > 1 y=24.
X+ y+z=45 l3=

Tey=M o xptap+txp=24=T+8+9.
Suy ra (xp ; xr ; x) 1a hodn vicoa (7 ; 8; 9).
Kétxp=9:
o Néu vz = 8 thi xp = 7 = d& xéc dinh (duy nhét) cac
so con lai.
» Néu x; = 7 thi x; = 8 = d& xéc dinh (duy nhét) cic
s0 con lai.
Viy néu xp = 9 thi ¢6 hai cach viét phin bigt.
Do dd c6 6 cich viét phén biét,
NGUYEN THANH HONG
(GV THPT chuyén DHSP Ha Noi) Gidi thigu.
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BE THI TUYEN SINH VAO LOP 10 CHUYEN TRUNG HOC PHO THONG

TP. HO CHi MINH NAM HOC 2017 - 2018
(Thai gian lam bai: 150 phuir)

Can 1. (2 diém)

a) Cho cic so thyre @, b, ¢ sao cho a + b + ¢ = 3,
a+b+c=29vaabe=11.Tinha' + b*+ ¢,

b) Cho biéu thitc 4 = (m + n)* + 3m + n véi m, n 1
cac s nguyén duong. Chimg minh ring néu A Ia
mot s6 chinh phuong thi #* + 1 chia hét cho m.

Can 2. (2 diem)
a) Giai phwong trinh: 2(x + 2)v3x -1 =3x" - Tx - 3.
1 10

_ Xp———=-]
b) Giai h¢ phuong trinh: y x
20y* —xy—y =1

Cia 3. (1.5 Jicm

Cho tam gide ABC ¢d AB < AC < BC. Trén céc canh
BC, AC lin lrot liy cac diém M, N sao cho
AN = AB = BM. Céc duimg thing AM va BN cét
nhau tai K. Goi H la hinh chicéu cia X trén AB.
Chimg minh ring;:

a) Tam duwdmg tron ni tiép tam gidc ABC ndim wén KH.

b) Cac dudng tron ndi tiép cic tam gide ACH ,‘%

BCH tiép xtic v nhau.

= R S S — -

BAI TOAN BPAD...

Bai wan 1. Che hinh vuonge ABCE. Trén tia doi ciio
[ ¥ i... I .I-u :.'l.l .'- L J |T P | JLd -|III'-I- il ] I-. | f 1
iiem F oo ohe B | i I
rang ADEF e F121 WFH = CEl LA
MR P e 1 ia I ALY
Loi gidi (h.6)
By
¥ =
A ) _f. —
He— y
| a1
f
I ] o
.--- k
e c

frhnie
Dt AD=x, AE=y. Tacd

Cita 4. (1.3 oficem)

Cho x, v 1 hai s6 thire dwong. Tim gia trj nho nhét
16yxy X'+ 37

x+y Xy

clia biéu thirc: P =

Cau 8. (2 didm)

Cho tam gidc ABC c6 gbc ABC tir. Puémg tron (O)
ndi tiép tam gidc ABC tiép xic voi cic canh AB, CA,
BC lin luot tai L, H, J.
a) Céc tia BO, CO cit LH lan hrot tai M, N. Chimg
minh 4 diém B, C, M, N cing thudc mt dudmg tron.
b) Goi d la dudmg thing qua O va vudng goc vii AJ:
d ciit AJ va duémg trung tryc ctia canh BC lin lugt
tai D va F. Chimg minh 4 diém B, D, F, C ciing
thude mot dudmg tron.
Can 6. (1 Jiem)
Trén mdt dudmg tron cd 9 diém phén biét, cde diém
nay dugc @i nhau béi cde doan thing mau xanh
¥ Biét ring mdi tam gidc tao bai 3 trong
it nhat mdt canh mau do. Chimg minh
tai 4 diém sao cho 6 doan thang ndi ching
mau do.
NGUYEN DUC TAN - NGUYEN ANH HOANG
(TP. Hi Chi Minh) Gidi thiéu

. A . O e O O T S S e S G e e e e

DE* +CF* =(AD+ AE) + BC® + BF*

=(x +_}r}= +x° +

EF* +CD* = AF* + AE* + CD* =(x+y) +x* + 7.
Dodd DE* +CF* =EF?+CD* = CELDF (1)
Mat khic tir FDH - DFH = CEF - CED
;(m“-ﬁ}ﬁ)—[ﬂﬂ”—{ﬁ):cﬁ—ﬁﬁ

= CHF ~CEF = CHD - CED => HFE = HDE (2)
Tur (1) va (2) suy ra H la trye tdm ADEF (theo dau
hidu 3).

BALTAP TU LUYEN

Cho A4BC ¢6 AB = 13cm, BC = 2lem, CA = 20cm.
Trén dudmg cao AD liy diém H sao cho

:-a‘H:?-:m. Chimg minh ring H I3 tryc tim cua

AABC.

TOAN HOC
' CTuditre
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cHUAN 8]
CHO KY THI
TRUNG HOC
PHO THONG
eubc Gia

rong ky thi quur. gia nim 2017, mot s6 ciu vin
dung cao c6 dé cdp dén céc tinh chét clia ham

s6 y = flx) duge suy ra tir do thi ham s6 y = f'(x).
Dé gilip hoc sinh co luéu thire va k¥ ning khi giai
cac dang toan ndy, bai viét sau trinh bay mit sb cach
tiép céin dé giai quvét bai todn lién quan dén dd thi
hamsb y = f'(x).

Thi dy L. (Thi thar cua trieong THPT chuyén Lam
Som. Thembt Hoed Cho cae so thwe a. b, ¢ o hoa
d va ham 54 v=f(x). Biet ham

man l<ag<hecr<

¥0 v=f(x) codo thi nfar hinh vé

¥

S

Gl M wiom lan heot la gia i lom whear va nho nhar
fix) trém [U;J-:

cug fam 50 ¥ Khéing dinh ndo

seau denv o khdre dinh dung’?

A M+m= f(0)+ [lc).
B M+m=fld)+ f(r)
C Mim= [ib)+ [(a)
D M+m= () + fla)

Léi giai. Tir d6 thi ham s6 y = f'(x) ta co bang bién
thién

x10 a b e )
¥ = 0 + 0 - 0 4
A0) fb)

TOAN HOC
12
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KHAI THAC MOT SO TINH CHAT
CUA PO THI HAM SO y = f'(x)

NGUYEN VAN CUONG (GV THPT My Puic A - Ha Noi)

Tir béng bién thién ta co

M el f(0), f(b). f(d)): me|fla), fle)}
Pé thi ciia ham s6 v = /'(x) lién tyc trén cic doan

[0:a).[a:8].[tsc] [esdl]

Lai co f(x) la mdt nguyén him cha f'(x).
Goi 8, la dién tich hinh phing giéi han bai do thi
y= f'(x), chc duimg thang x=0,x=a,y =0
Goi S: la dién tich hinh phang giGi han bai do thi
y= f'(x), cdc duémg thiing x=a,x=b,y=0
Goi S, la dién tich hinh phang gidi han b do thi
y= f'(x),cdc duomg thing x=b,x=c,y=0
Goi S, ién tich hinh phing gidi han bai d6 thi
y=f®cﬁ:duﬁngmhg x=c,x=d,y=0

fsl > 8, = jfuum jf'mdr

| Na
i &
&

< f(0)- fl'ﬂ]} i"{ﬁ"l f{ﬂ}‘:* F0)y> f(b) (1)
S =8, =~ jf{x‘jdt‘:s jf{x‘,ldx

& f(0)- f{m}ﬂd} fle)
= f(0)> f(d)+ fla)- fle) (2)

e b
S, > 8y =~ [ (x)de > [ [ (x)dx
i i
< f(B)- fle)> f(b)- fla)= fla}> f(c) (3)
Tir(1)(2)va3)taco M = f(0);m = flec).
Thi du 2. (Dé THPT QG, nam 2017) Cho ham s
y= fx) Do thi ciia ham xo v = ' x) nhue hink vé

r...;.;- e fin g
I
=T
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Bt () =2f(x)~(x+1) . Menh ¢ ndo dhecri ity ching”?

A g(3)>g(-3)>g(1) B g(-3)>g(3)>e(1)

C g{1)>g(-3)>g(3) D g(1)>g(3)>g(-3)

Léi gidgi. Cdch 1. Ta c6
g'(x)=2/"(x)=2(x+1)=2[ f'(x)-(x+1)].

V& dudmg thing y = x + 1, cit 4 thi tai ba diém

(-3-2)i(52):(3:4).

Goi S, la dién tich hinh phing gigi han boi db thi

y=f'(x) vicdc a6 thi: x=-3.x=Ly=x+1.

Goi S, la dién tich hinh phing gidi han boi do thi

v=f"(x) vacdcdothi x=lLx=3 y=x+1.

5, =8, e -J[f‘{.t]—{x-t-l}:[:.h' > (1) /() Jate

& l][;"{.r}—[xﬂ}:dr }EI[.IH]-_{H}}:&

I

= [3_{{;}— [:-r+1}1:| 5 > - iEI{I}‘{-"H]E] ?

< gll)-g(-3)>egl)-g3) = g(N>g(-3) (1)

Laicé S, = -[:f{x}-(ﬁ 1}1‘? =g()-g(3)> u*

Jﬁ}'

< g(l) > g(3)
Tir (1) va (2) ta chon dap én D.
Cdch 2. Theo hinh vé (mdi & vudng c6

L] 3
Dtact: [f(x)dx<6= [(x+1)dr
l |

ch bing

3 i

=2 [(x+1- £100)dr =2 [( £ ()~ (x +1))dx > 0
| |

< g(l) > g(3)

3 3
Theo hinh v& ta ¢c6 If'{r].:ir::- 6= I{x+1}d~:
-3 :

3
=2 [[ /')~ (x+1)]dr >0 g(3) > g(-3)
-3

Viy g(l) > g(3) > g(-3). Ta chon dap 4n D.

Thidy 3, (Thi thir cua rru‘riT?,E THPT Chu Van An, Ha
Ngi. nam 2017) Cha ham s y = f(x) lién tuc va oo
dgo ham cdp hai trén R. Do thj ciia cdc ham sé
v=f(x), v=[f"(x) va y=7"(x) lan hept la cic

dicomyg cong nao trong hink vé sau”?

I.E']}I
A [G)AG )Ly ).

B. (C).(C1(Cy).
C(G)AG LG) _
Lai gidgi. Do him sb v=f(x) lién tyc va c6 dao ham
cdp hai trén R, nén néu diém M(x,; f(x,)) 14 diém
cye trj ciia do thi ham s6 thi hinh chiéu cua diém M
trén Ox trang voi giao diém cia d6 thi him s6
v=f"(x)véi Ox. Tir hinh v& ta thiy hinh chiéu cic
diém m?:m (C;) tén Ox tring véi giao diém
cita (G Ox

tr, hinh chiéu cdc diém cue trj cia (C,)trén
tring véi giao diém cua (C, ) va Ox. Tir do (C,)
la 45 thi ham sé y = fix), (C,) la db thi ham
soy=f"(x), (C,) 14 d6 thi ham s6 ¥ = £"(x).

Thi du 4. (Thi thwr cug |I 4,
.-'-"H"fﬁ:_:_{ THPT -:'IiI]'H_I.'{-"J‘J‘ Thai \ |

D. (C).{G ).(Cy)

Bink) Cho ham s0 v = f(x) 'I .f/_\'\
s - = f Ii
co do thi ! [(x) cal fruc |'||I ;“ |
Chx tai ba diem co hoanh do I'|,| i JI."II \
a< b <e nhir hinh vé ' el -

a \r_‘i{/h
Ménh dé nao dindi ddv ld dhing? I|

A flc)> fla)y> (b)), B flc)> fla)> £(B).
C. fla)=f(b)> Fle). D. F(B) = fla)= f(o).
Léi gigi. PO thi ciia ham s6 y = f(x) lién tyc trén
cic doan [a:b] va [bic], lai ¢6 f(x) 1d mdt nguyén
him cta f'(x). Do d6 dién tich cia hinh phing gidi
han bii cdc duomg: y= f'(x),y=0x=a,x=b la

$ = [ £ de=—[fx)de=- 1 (x) = f(a)- 1 ().

Vi § >0 nén f(a)> f(b) (1)

TOANH
P ensitye 13
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Tuwong ty, dién tich cia hinh phing gi¢i han béi cac

duimg y= f(x),y=0,x=b,x=¢ 1&

= @l = e = 1 (2, = ()£ (8)

Vi§, >0 nén f(c)> f(b)
Miit khac, dya vio hinh vé ta co: §, < §, nén

fla)=f(b)< fle)-S(b)= [(a)< [e)
Tir(1).(2)va(3)ta chun A.

— ¥i
Thi du 5. (Tl th
5o D& Lonmpe
i1 j
1 i
| b Dr
L
i i | { 1
; n O L F i TS . X1 [ 1 :
i nbsirt Bores milnidn nehiiom teen Khocg |
. § B2 .4 D. 3

Lai gidi. Tir do thi ham s6 y = f'(x) ta c6 bang bién

Lai giai. Tir 46 thi ham s6 y = f'(x) ta c6 bang bién

thién sau
x | O ¥ 3 5
Pk = 0 + +

(2)

¥ ﬁﬁ}\ /HSJ
A2)

(3) Dua vao bang bién thién ta cd min f(x)= f(2) va
£13)>£1(2) (do ham s dong bién trén khodng (2; 5)) (1)

Tacéd: f(0)+ f(3)=r(2)+ f(5)

& f(0)-£(5)=1(2)-/(3)<0= f(5)> f(0) ()
Tir (1) va (2) ta chon D,
- Thi do 7. Cha R Vi
X " r B ; i
| 'l = | | —|"_ .- A I, _._.- .
. | & r x

i) |'.'.|'.' X)) Oy .I.lllu i .|T| o IrC [ri f
L0 %‘ B. | C.2 p. 3

thién sau AaMi®. Phuong trinh f'(x)=0 c6 ba nghi¢m la
N 13 0 2 = g r x=0, x=-2, nhumg gid tri /'(x) chi d6i
r c 0 & Bl e B uiu (tr &m sang dwomg) khi di qua x =1 nf:nham
56 f(x) chict | diémewetrila x=-1 (la diém cyc
; \ tidu cla ham s::r] Chon B, yi £ix) |
' Fhi du &, i s f(x) | oy |I

A=1)

Dya vio bang bién thién m@mg trinh key ooy wdl ) n ,'
£ (x)=m ¢6 nhiéu nhit 2 nghi¢m. fon B. & hdn e _, S Y, S o -

Thi da 6. (T thir cig trieeme THPT chvé
B carr 200 1) i
X |

nl;

Yi

— - = - e il

o 2 5 =z
o] g {0 { P2+ F{5). |

il Terry it A ] L1

|'I'.
i { 1)) | B I £] { ]}
{ [ 3] (4] } |

S 483(9-2017)

TOAN HOC
14 * fusitre

: g 1 Femin 1 I
LELL - CAfrers ol o 00 e fitl I I

' ()
wn A | B. 2 3 D, 4 .
Léi gidi. Phuomg trinh f'(x)=0 ¢6 bon nghiém
nhumg gia tri f'(x) chi d6i ddu ba lin nén ham s6
f(x) c6badiém cye tri. Chon C.
Vhi du 9. ( Thi thir cua triecme THPT chiveén Bail hox
Vinfi, Nehe An lan 3 nam 2017y Cho ham
fon ham: ['(x) lén e rén B va di
fiim s {x) trén doan | <2 6| e hindy o
‘ Vi
feir : +3
I"-, 11: ./ﬁﬂ ﬁm‘x
<X A o
2 I:‘i'!"‘*; 2 x
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i xhang dimh dung trong cac Khang dinh sau
P .|
T L)

L omax fix)=J 2 B max fix)

. max fix)= [(6) D. rn.h fixi= f{-1)

L gidi. Dya vao do thj cia ham sé £ '(x) taco bang
bién thién

x |-=2 -1 2 + [
v - 0 - 0 + 0 %
A=1) A6l
-2}/ A7)

Tir bang bién thién ta c6 ma:; f{:.r] f(6) hoac

M_[

max ()= f(-1). Tacs j'|f{,1}|dr j'f (x) el
= [(-1)-F(2)=8 = F(-1)=5+1(2).
J] dr-jf[x]dr f(6)-7(2)=5,

:::.f[ﬁ} S, + f(2).
Dya vio hinh v& 1a thiy S, > 8, = £(6)> f(-1).

Chon C.

Phi dy 10. (Thi thie ctia So GD&DT Hi Noi. théne 3-
2007 Cho ham 56

V= [{Xx)=m ™ +ex+d la b, o, de R,

co da thy (C) . Biet rane do

i (C) nép xue wni dieemge

thdneg v=4 i diém co

hoanh do dm va & thi cua

gm0 0 "lfl-"] iy bari \ /

iy ve. Timh ¢ién Neh S eng I"'-, /

Iindy phang gidi han bai do \ /

i (C) va fruc hoarh _}
27 : 2] 5

A A=Y B S=— | D 5S=—
4 J 4

Li gigi. Tir 46 thi cia y = f(x) qua cac diém
(~1:0),(1;0),(0:-3) suyra f"(x)=3x* -3,

= [£'(x)de= [(3x" -3)dv=x"-3x+C.
Do (C) tiép xiic véi dudmg thing y=4 i diém co
hoinh d) x, dmnén f(x)=0e3% -3=0ex, =~
Viy f(-1)=4 néncdngay C =
Viy phuong trinh duémg cong (C) la y=x —3x+2.

Xét phuromg trinh: & —3.r+2={]-¢:-|:

Thidu 1).(Th

Xx==2

x=1

Dién tich hinh phing cin tim 1a

27
[ (@ -3x+2)axc=2".
) 4
thir cugr Sor G X&AdXT He Nai, thang -
iren K oo dao

2007 Che ligm s¢ y flx) lien fin

_ 3 i o
e [ ix)=x{xy=1) (x+1) . Ham s0 did che oo

hao nliéu diem cure ri?

4. Coi 3 -Jrjr'*!.l'.l egre g B. Khwong oo cwe irf

C. Cd iy D. Che ca | diém cure 1
L gidi. Ta cd bang bién thién ctia ham s6

£(x)=x(x=1) (x+1)".

2 dié'm el

x |- -1 i | s

f{..x} 0 c¢o ba nghigm nhumg gia m
i ddi déu hai lin nén ham s6 f(x) co hai
ctre tri. Chon C.

i du 12, Che fim 0

Phuron

v= f[x)= ax' +bx" +ex+d (a.b, a0
oo did thi (C). Biér do thi (C) di Vi
qitir goc Tog do va do thi ham 56 | | Il.ll
= ' x) cho bat hinh vé&. Ula I'. I |
_ - |
i (3 =11 o 1 | IJ'
\
A24 B2 €28 D \ |

Léi gigi. Nhin xét rang do thi \ ,
ham s0 y = f{x) nhdn truc tung ‘ /
lam truc do1 ximg nén 1a cd

f'(x)=3ax" +e, |
(N =f(-)=b=0. |
Do db thi ham 7(x) qua (022) ~* 9

va (1:5) nén ta c6

{fm:';lm{ﬂzzzarrm=3f +2

L

=5 la=
= f(x)= Jf‘[x}:it=ﬂ3r2+2]dx=x3+lr+m

Lai ¢ (C) qua gic toa dd nén m = 0.
Viy f(x)=x" +2x= f(3)- [(1)=30. Chon D.

( Xewr tichy tremyp 34)

TOAN HOC
' cTusitre 15
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TOAN HOC SO C AP

vE CONG THUC SO NGUYENTO

N

=

HIII.TMM

" HOANG BUC TAN (Ha Noi) /

NHAP DE

S& nguyén 16 nim rii ric trong sb cic sb ty nhién, do
do khong co gi dang ngac nhién la trong nhiéu thé ky
cac nhi win hoe da cd ging hét sirc dé cé durge mot
"edng thitc cho s6 nguyén 16", Ngudi ta o thé phat
hién cdc cong thirc nhur vy bang nhiéu cach khac
nhau. Vi vdy, diéu quan trong la phai x4e dinh nhimg
&1 ma ta thye sy mong mudn.

R& ring, cong thire don gidn nhit cho sé nguyén t6 ¢6
dang p = p,, trong d6 py, 14 ky hiéu s6 nguyén 6 thir a.
Tuy nhién cdng thirc nay khong dat yéu cau boi vige
tinh todn vé phai cia no la vo cing kho khiin (vi du so
Paonr). Nhumg ching ta muon co duge mot cong thirce
turong ty duge mé ta bing phuong phap tinh toan don
gian nhit o vé phai (tuy nhién, nhu sé trinh bay dudi
day, tinh dom gidn cia tinh toan khong phai 12 mt
khai nigm rd ring).

Nim 1947 W. H. Mills & chimg minh ring

e K, I 3 - R
mil hang 56 A sao cho 5o [A ] fa mor so

doi voi moi s6 e nhién n. Gén day dd tinh
duge gia trj it nhat co thé cha hin cia Mills
bit diu bing 1,3063778838. DO | tinh todn khé

ri¢ rot.
Nha todn hoc E. M. Wright cing da chimg minh duge
ring fon tai mot so thye p sao cho mai 50 €6 dang

il

Da thirc mil cua Julia Rebinson
Ba thirc mil khic vén da thirc thong lhl.l'!f‘.l'ﬂg & chd so
mil ctia n6 khong nhat thiet phai la cic sO t nhién ma

nd cd the la mdt da thirc tyén tinh cua mot 6 bién
viri hé s6 1a 50 tr nhién, nre 1a da thirc co dau'ig

ax, +..+a,x, +b, trong 46 a,....a,,b i cic so

>

déu la 56 nguvén 1o,

nguyén khéng dm.

Vi du vé cdc ii:l thirc mii dom gidn d6i véi bién ty
nhiénm: p=2"-1 (1)
va (2)
R& rang cong thire (1) khéng phai luén cho ta céc so
nguyen th, vi du khi s6 n 1a mét hop 50, chﬁng han

16™BAX  ogsnen

P=1.H+'I

n =kl (k>1,1> 1) thi p ludn chia hét cho 2' — 1 va
2 _ 1. Ngay ca khin 14 mr.u s0 nguyen td thi sb nhe&n
dirgre tir ¢dng thire (1) van ¢o thé 1 mot hop 5o, vi
du: 2" — 1 = 2047 = 23.89.

Céc s6 nguyén t6 nhin duge tir cng thirc (1) duoc
goi i cdc sb Mersenne.

Tir nay vé sau ta ludn gia thiét ring tit ca cac bién ma
ta glip trong béd viét déu nhin céc gid tr nguyén duong.
Nam 1952 nha toan hoc My J. Robinson di cong bo
mdt két qua 1y thi sau:

Ton tai da ghirc mii R\ xy.....x, ) sao cho:

duromg cuia mo vl win cae gia irf nguyven
u cde bién la s6 nguyén 1o

sa nguyen 10 bat kv déu co thé viet dwgre dwdi
g R(x5y.0 Xy ).

Két qud 14 ta nhin duge mdt “Cong thike ctia cdc 56
= R{p%3) ®)

D6 1i mot cong thire ndi trdi vé nhicu mat. Thir nhit
trong cong thirc d6 chi ¢d cic s6 nguyén, vi viy khac
viri comg cong thire coa Mills va Wrighr cong thirc cua
J. Robinson ¢6 thé duge viét ra mit cich rd rang. Thir
hai no cho ta tt ca céc s6 nguyén 16. Thir ba 14 céng
thire (3) khéng nhimg chi cho ta cdc gid tri nguyén 6
mé né con 13 phuong phip don gian nhat giup ta logi
bo céc 50 “thira” rmmﬁiﬂﬁdﬁgiﬁrricﬂaﬁkhéng
phai 14 s6 nguyén th viri cde gia tri nguya.:n duung cha
ciic bién khong vuot qua 0. Cac diéu d6 cho thiy wu
diém ctia cong thitc Robinson d6i vai cac cong thire
(13, (2) hay cac cong thirc cua Mills va Wright,

nguven Lo’

Cich chimg minh ciia J. Robinson la khi so cip. Sau
ddy la phac thao cic ¥ trémg chinh cua chimg minh
d6 (con viéc phat biéu va chimg minh mdt cich chiit
¢h& xin ban doc ty hoan thién). Tét ca cic két qua
trung gian dugc phit biéu dwdi dang 5 Bo de, dé la
cac két qua ma ta can phai chung minh. Nhir chimg ta
s& thiy dudi ddy tir cic Bo & 46 ta khong chi suy ra
duge sy ton tai cua da thire mil R ma ta con c6 thé
thiy duge dang trimg minh ctia né nira.

https://tieulun.hopto.org



Nhdmg nédt chinh trong chimg mink Binh K cua
Julia Robinson.
R ring dé chimg minh dinh 1y cua /. Robinson ta cin
phai chi ra da thirc mii R sao cho phuong trinh (3) 1a
gidi duge trong cdc s0 ty nhién dbi vai cac bién
Xgy--ry ¥y ki v chi ki diéu kién sau 12 thoa min:
P = mot 56 nguyén 16 (4)
D6 12 mt vi du vé didu kign trén bién p. Ta xét thém
vai vi dy vé cic diéu kién trén tip cdc bién
:1|-|1;"']1-u:-1,,1-rni-t|;--h1-tk {4'}
Néu ta yéu cdu tip céc s6 (4) thoa man hé phuong
trinh dang:

B bR Ay g s Xgadaune Xy )= 0. =12,
hoidc dat duoe mé lilhﬁng lin ¢ dang sau; “Tat ed cde
A, la ede 56 nguyvén 16™ holic “A, la s6 nguvén 16, con
Xg s Xy thi chinh 14 ta da téch
mét s6 phin tir cla tdp céc sb (4') ra va dit diéu kién
lén chiing roi.

Chiing ta s& khong xéc dinh xem cdc loai diéu kién
nao la u_;.'hn phép. Céc vi du vé cac dicu kién néu trén
la dii dé Ii gidi cho cdch tiép cin cia ching ta.

Tiép theo ta s& phan biét giita cac bién md mdt sb
trong chiing duge goi 1a cic tham sé, cho nén tp cic

+8) (4")

X, la cae s6 chan™,...

bién dwge phin chia thinh cdc céc tham sé va cac q%.

56 ndm trong so cdc dicu kién.

Néu toan bd vé trdi cua hé phuong trinh (4") |
thire mit doi von Py s dayyiiis Mo 5 s Koy ieca K
ctia hé do la cac sf:: nguyén duong thi
Diophantine mii; néu cdc ham F, la
thudmg thi hé phuong trinh (4") d
don gian 1a Diophantine.

Phuong trinh (3) 1a mdt vi du vé phuong trinh
Diophantine mii dbi vai cic bién PYL X X, ,.u X,

1em
hé do 1a
thirc thong
go1 mdt cach

Ta sé noi niﬂg hai hé diéu ki¢n coé cimg mgt 56 cic
tham s6 la neomg dwong voi nhau doi voi cde tham sé
ay néu 1dp gid tri ciia nhitng tham s6 ciig mot trong
hai hé diéu kign do c6 nghigm sé trimg vévi tdp gia tri
ciia nhimg tham s6 cia hé diéu kign con lgi co
nghi¢m (can luu ¥ ring dinh nghia nay khéng noi vé
mdi quan hé vé& gid i ciia cic dn sb ma ddi véi ching
ta muc ticu do 1a khéng quan trong, su tuong duong
theo cach hiéu cia ching ta ndi chung céc hé dy co
thé khong c6 cac dn s6 chung).

Mt vi du vé diéu kién tuong duong dbi véi tham sb A
¢6 thé thyc hién bai bét ding thirc 2" < & < 2" va
diing thire A = (25, + 1).x,.

RO rang moi mdt trong céc diéu kién do sé co nghiém
khi va chi khi tham s6 % ndm trong tp cdc s6 khong
phai 14 lity thira nguyén ctia so 2.

Sur dung thudt ngir trén muc dich cia ta ¢ thé duge
phat biéu lg nhu saw: Hay tim cde da thire mii
R(Xy,.s %, ) a0 cho diéu kign (3) twomg deomg viri
dié kign (4) dai véri tham 56 p,

Tuy nhién yéu ciu dé tham so p dimg mét minh & vé
trii clia déing thire (3) nhu chimg ta thay li qua han che.
Gia sir ta tim duge mét da thic mi Q( p.x,...x; )
sao cho phuomg trinh Diophantine mii (diéu kién trén
PsXysosXy o QUP Xy X )= 0 (5)
I3 tremg duwong vii diéu kién (4).

Dit: R(xg,0%; )= rf,_[l -0 (%s-m )| (6)

Bo dé 1. Néu cdc da thice mii R va 0 ca moi quicn hé
(6) thi cac phromg trink (3) va (5) la neomg dieomg doi
ver tham s P

Ta chi cin tim mét hé phuong trinh Diophantine mi
(thay vi tim phuong trinh mong muon)

Py, ) =0

..................... (7)
O px,. Ji)—ﬂ
omg duong vai diéu kién (4) déi vai p.
B dé 2. Nim O(p.x,....x, )= E{LJ [ o, X,y )

thi hé (1) neomg duwomge vori pheomg trink (5)

Dudi diy ta s& cb ging tim kiém mdt hé phuong
trinh Diophantine mil twong dwong vai dieu kién (4).
Mt sé nguyén th 13 gi ?

D6 1a mdt ciu hoi giy bt ngr cho ngudi doc. Bai vi
ai cling biét ring 50 nguyén 16 1 s6 tw nhién 1ém hom |
chi chia hét cho 1 va chinh n6. Tdt nhién la nhir vay,
nhu‘ng VIEC st dl,mg dinh nghia nay khong phai 1a vige
dedangnmrat vat va, b ta phai ln ot tim céc wée
sO cuia 0o trir s0 1 va chinh nd. Viy & 14 16t hon néu
la noi rﬁng wpl&m nguyén 16 néu p > 1 va p khong
chia hét cho bit ky so nao nho hom p va lén hom 1,
Déi voi myc dich cia chiing ta thi dinh nghia sau diy

la phil hgp hom ca:

Sé p la mét s6 nguyén 16 néu p >
g nho hem p, UCLN(g, p)= 1.
Trong dinh nghia dé khéng han ché 4 # 1 v quan
trong hem né cho phép ta giam mét sd lwong lém cic
bién diéu kién UCLN(1, p)=1, UCLNQ2, p) = 1, .
UCILN(p - 1, p) = 1 xuung con duy nhit mdt dléu
kién: UCLN((p— 1)!, p) =

| v doi v moi 56
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Do do ching ta viét lai h@ diéu kién ﬁﬁu tién fuwomg
duomg v diéu kign (4) d6i vai tham so p thanh:
p=r+l (R}
=7l (9)
UCLN(s,p)=1 (10)
Phuong trinh ddu tién trong cdc dién kién do co dang
Diophantine mii can tim (hon nita no la Diophantine),
con phuong tinh thir 3 ta ¢6 the lam giam bat vige
tinh todn bing cich dua thém vao hai in s6 man:
B dé 3. Dicu kign (10) teomyg deomg diéu kign
s+ xp=l
doi voi cac tham ﬁ;p Vel .
Do phwromg trinh (11) 1a Diophantine mil nén ching 1a

chi con phai tim hé phuong mnh Dmphnntme mii
twrong dwong vai dicéu kién (9) -'.inl viri tham s 7 vi s,

(11)

Tinh todn giai thira nhir thé nio
Piéu kién (9) lién quan dén r!, d6 1& mt “tré ngai”
clia chiing ta. Ta nhé ring giai thita xudt hién lﬂ}ﬂg
bicu thitc h¢ s6 cia nhi thire Newton, van 7 2
¢ = Wt =100 —r+1) e B ¥ _Hr=1). {r—r+H

' rl "W

Da thirc niim & tir s6 ¢ cdu trie kha phire tap. Ta thir
thay no bang mot da thirc don gian hon, cy thé 1a da
thite . Vi 1 2 rta co:

' 7

———— o —

G H=-lt=

;|P+—!. l+— I"J
O e I L A . b

Dé dang thay ring: F'—I!IIT:F (13)
Tu;.f nhién cdch viét giai thira nhu viy s khong cho la
didu gi ca, béi vi ¢ trong tuong lai s€ la mot tham 50
trong hé phuong trinh cin tim sé nhan cde s6 lén tiy
v nhumg c6 gid tr] hitu han. Nlwmg ching ta s& khong
chuyvén qua gidi han md ta s& sir dung tinh nguyén cua
1t (12) va (13) ta suy ra ring vai - da 1om:

t(r—1).. H—J +1)
1)

rl= (14)

Bo dé 4. Cing thire (14) chi dimg vai t 2 2.7
B dé 4 cho phép ta bién ddi didu kién (9) thanh mét
hé tromg duwong vl no:

:::1;“3 (15)
e={; (16)
1" =sc+(x-1) (17y
(x5 =1)+x, =¢ (18)

TOAN HOC
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dbi v cic tham s6 7 va 5 (ban hay tr kiém tra xem!).
O day cac diéu kién (15), (17) va (18) c6 dang véu
ciu va ching ta chi con phai tim mot hé phuong trink
Diophantine mii twong dwong véi diéu kién (16) doi
vii cac tham sb r, 1va c.

Viy la ching ta con phai tim cich “thodt khoi” hé s
cua nhj thire Newton.

Hé so nhi thire — dé 1a mdt hé s6 cia nhj thirc !
Chiing ta chi mdi sit dung hé sb cia nhj thite théng
qua giai thira, nlumg hé sb nhj thirc con cé cic dinh

nghia khéc. Biy gior ta sir dung: (u+1) =Y Cu' (19)
{sifl

Cong thirc ndy 1 dinh nghia cic hé so cia nhj thic
néu chiing ta xem nd nhu 1a mot dong nhét thire doi
véi u. Cai chiing ta ¢én 14 én 56 nhin chi mot gid tri
duy nhit trong m&i nghiém cu the cua hé can tim. Ta

nhan xét ring: €' E C -(1+1) (20
Vi vily ni*b- 4 (21)
thi CF@...C,’ d6 la cac chit sd & trong vige viét so

( "theo v tri trong hé dém co s6 u. Do 46 cde
cua nhj thire duwee xac dinh mdt cach don i
co cic diéu kién 1d dang thirc (19) va bat dang thic
r!m. (21) déng théi thoa min vdi it nhét 1a mdt gia
tr] cua m.

I oaa = A . EI TRt B e
B dé 5, Dicu kign (16) la nemg dhemg verl g didu kién

= 41 (22)
|r"d“” (23
)l = i FOH X (24)
X+ Xy =1 (25)
lc4+ x; =u [16]

dai vai cac tham s r, 1 va ¢. Trone do tdt ca ede diéw

kién déu co dang ma ta can

Nhir vy ching ta d3 chimg minh duoc ring diéu kién
(4) 1a twong duong véi hé bao gdm cdc phuong trinh
Diophantine mii (8), (11), (15), (17), (18), (22)-(26)
dbi voi tham s0 p. D& ¢d thé nhin duge da thirc mi ta
mong muon thi ta cn phai doi tén cac bién r, 5, £, ¢ va
w thanh X5, %7, Xj2: %130 X4, S dung Bé dé 2 két hop
1t cé cic phuong trinh vao mét phuong trinh don va
sir dung Bo dé 1 dé bién doi phuong trinh thinh dang
mong mudn (3) ma ta can phai tim.

(Xem ticp rrang 23)
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I. Apollonius véi tic phim " Cic thiér dign conic”
bt hu

Euclid, Archimedes, Apollonius duge xem la ba nha
todn hoc vi dai caa thé ky 11 trude cdng nguyvén. Do
d6 s& khong céng bing néu ta biét Apollonius chi qua
ven ven mot quy tich mang n ong: Gia s A, B la
hai diém cé dinh va k héing s6 cho trede khdc 1. Khi
do quy tich nhimg diem M thoa man diéu kién

13"4
e =Kk la dwimg tron duomg kinh 1J, wong do [

va J la cde diém chia trong va chia ngodi AB theo
nso k.

Apollonius it hon Archimedes khoang 25 tudi, sinh o
Perga, mien nam Tiéu A quing nim 262 trude cong
nguyén. Ngudi ta bidt rét it vé cude don ong. Chi biét
ring khi con 1a mét thanh nién 6ng da dén Alc'-mmha
theo hoc nhimg nguin ké tuc Euclid va & lai do
thon gian da. Vé sau éng c6 dén thim Pergam
vitng Tiéu A, tai 46 cb mdr Trrémg Bai hoe v
thur vién mdi duge xidy dung theo mau o A .
Ong tror lai Alexandria va qua doi tai do oang
nam 200 tneée cong nguyén.

Apollomus duge xem la mot tmngﬁg ngudni bic
nhip ciu dau tién gita todn hoe va thién van hoc.
Danh tiéng cua dng duge e truyen cing hdu the nho
tic phim Cadc thiét di¢n conic, mdt cong trinh déic séc
khién nguér duong thai phai goi dng 14 mot "nhi hinh
hoc Vi dai". Cac thiér dign conic cha Apollonius gom
8 quyén, co khodng 400 ménh d&, Ja mdt cong trinh
hoan chinh vé cic dwéng nay va trdi hon hin nhimg
cong trinh trude do cling nghién ciu cling cha dé cua
Menaechmus, Aristaeus va Euclid. Chi ¢ 7 quyén
diu trong 8 quyén con gilr duoc cho tdi ngay nay, bén
quyeén diu bing tiéng Hy Lap va ba quyén sau la mot
ban dich A Rap cua thé ky XIX. Ba quyén diu duroc
xdy dung trén co s¢ mdt cong trinh trude d6 cua
Euclid noi vé ly thuyét ser cip tong quat vé conic, con
cic cudn sau chira nhitng nghién ciru sau hon,

Trurire Apollonius, ngudi Hy lap da dat duge cac thiet
dign conic tir ba loai hinh nén trén xeay tiy theo goc
& dinh cua hinh nén 14 nho hom, bing hay 1ém hon mdt

goe vudng. Bing cich cit ba hinh non dé béi mot mét
phiing vudng goc véi mot dudmg sinh cia hinh ndn, ta
s& duge thiét dién 14 mdt hinh elip, parabol hay
hypepol. Tuy nhien chi mot nhanh duomg hypepol
duge quan tdm nghién ciu. Chinh Apollonius 1a
ngudi diu tién thu duoe ca ba loai thiét dién nay bing
phuong phip ngay nay rit quen thuje 1a tir mdt hinh
non ron kép thiang hodc xién. Ong 13 ngudi dau tién
dira ra cac thudt nglt elip. parabol hay hypepol cho
cde thiét dién do, duge mugm tir thudt ngir cia Trome
phdi todn hoe ﬁ-rhag(m' xa xua khi dp dung tinh céc
dién tich. Ngay nay ta biét rit 1o r.‘lng trong hé truc ta
dg Des vuéng goc vOv , tip hop nhimg diém

F'[-':P;@ a mot elip. parabol hay hnvpepol thoa mén

Bt

X y
PXp = ?— » ¥p=pxp hay _1" = pXp +——

Dai bo phin ndi dung cia hinh hoe cdc thiér dién
comie Apollonius da trinh bay wong dwong hinh hoc
duge suy ra tr cac phuong trinh Descartes nay. Vi
viy ngudi don sau cho rng Hinh hoc gidi tich 1a mdt
phat minh cua ngu-m Hy Lap., ma ngudn goc chi yéu
tir tac pham Cac thiét dign cdnic ciia Apollonius.

Quyén 11 noi vé tinh chit cla cac duémg tiém cin va
cta cée hypepol lién hop, cich dyng céc tiep tuyén.
Ouwen 111 ban vé e tinh chat diéu hoa cua cac cc
diém va cye tuyén, nhimg dinh 1v noi vé tich cic
secmiing cua cic diy cung tuomg giao (ching han co
mat dinh 1y ma ngay nay dugre goi 18 Dinh iy Newton:
"Néu hai diav AB va MN song song vii hai hieing

PO.OQ

cho trude va cdr nhaw tai O thi N It mor

hang s6 doc Idp véi vi tri diem O"), Nhitng tinh chét
tiéu didm cua cdc conic co tam dwoe dé cip cudi
quyén 1. Quyén IV trinh biy chimg minh ménh dé
dio coa mot s6 ménh dé rong quyén 111, Quyén V la
quyén doe ddo va dang chii ¥ nhit trong edc cudn hién
¢o, trong dé cic phap tuvén dugc xem la cic doan
thiing cure dai v cyc tiéu v& tir mdt diém dén dudng
cong. Quyén VI trinh bay cac dinh 1v va cic bai todn
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dymg hinh vé cdc conic bang nhau hay dong dang.
Quyén VII chira dumg mét so dinh ¥ néi vé chc
dudmg kinh lién hop, chiang han dinh 1y néi vé tinh
khéng d6i cua dién tich mét hinh binh hanh tao bén
cdc tiép yén cua conic ¢d tam tai hai ddu cia mit
cdp dudmg kinh lién hop.

Ngodi tac pham Cdc thiét dign cénic, Apollonius con
dé lai cho hau thé 6 cong trinh gid khac. Do 1a
Ve thiet dién v Ig (181 ménh de), Ve thiét dign khing
eian (124 m&nh dé), Tiém can [llﬁ ménh &), Cdc
qui thch phang (147 ménh &8), Tiép xic (124 ménh
de), Vé thiét dién xdc dinh (83 ménh de). Trong Tiép
xiie, Apollonius dé cip dén bai toan dvng mdt duomg
tron tiép xiic vdi ba dudng tron cho trude (trong dé
cic dudmg tron cho trude duge phép suy bién thanh
doan thing hay diém). Ngay nay nd duge goi la Bai
todan Apollonius, va d3 wmg thu hit sy chi y cia
nhiéu nhé toan hoc danh liéni., doi sau nhu Viéte,
Euler, 'HE'WI:UI‘I Gergonne, Tmng Cac qup tich phing
¢ hai két qua quen thude dﬁl v hoe sinh phﬁ thing;
1) Néu

A B & hai diém cé dinh va k I:un,i__; sir cho thi

gut tich nhimg diém thoa mdn dién kign ﬂ =k ld
M

mot duemg tron néu k=1 va la mt dieemg !.l'j.:i.rrrq nét

k=

Z) la n diégm co dinh va

Neu A (i=\2..n)

ki (i=1,2....n); a licdc hang 56 cho truoc thi ?
tich nhitmg M thoa mdn diéu kicn z A M_-:# v
@a Dueimg

2. Hypparchus vit Claudius Ptolemy, hai nhjp ciu
thiét yéu tiép theo

{hn dén ngay nay, nguon goc cua Liomg gide hpe
vin chua duge xdc dinh rd rang. Co mot so bai toan
trong cac ban c¢o chi Rhud thon Acdp co dai con luu
eilr duge décﬁpdén cotang cia goc nhj dién & day
mot hinh chop, con trong ban ném Babylon Plimpton
322 chii yéu ld mdt bang cic secan. Céc nha thién viin
hoc Babylon cia thé ky IV va V trude cong nguyén
da thu thip duge mot khdi lrong ding ké cac dir kién
quan sdt, vi ngly nay ngudi ta biét dugc ring phin
lém cde dir kign do d3 dupc chuyén qua tay nguin Hy
Lap. Chinh thién viin xa xwa da khai sinh ra Lwgmg
gide hoc cau,

Hipparchus dugc xem la nha thién van hoc xudt sic
nhit théi o dai. Ong song vio khoang thé ky 1 trude
cong nguvén. Mic dau nhimg quan sat vé xudn phén

mof deemigr frew.
Ngay nay, dudmg tron noi trong 1)
tran Apallonius.

20" ORAS 6 assis0m

cua ong duge ghi lai ¢ Alexandria vao ndm 146 tnurdc
cong nguyén, song nhimg quan sat quan trong nhit lai
duoc thuc hién & dai quan sit ndi tiéng cla trung tim
thuong mai Rhodes. Ong la mét nha quan sat cyc ky
can thin va trong thién van, nhiéu ky tich da thude ve
Ong nhur vife xdc dinh théi gian cia mdt thing am
lich trung binh chi sai khéc 1" so v&i gia tri hién nay
dirge chip thudn, viée tinh toan d nghiéng cuia hoang
dao, viéc khdm pha va dinh gia tiéng déng hing nim
clia cac phin diém. Ngoai ra ong da tinh todn thi sai
cia mit trang, xac djph cin diém v chuyén dong
trung binh cia mit tring vi dd ghi vio danh myc
dwrge 830 cdc dinh tinh.
Tuy nhién dieu chiing ta quan tim & ddy la nhimg
dong gop cua ong vao sy phat trién clia Lugmg gidc
hoc. Ong GE lai cho hiu thé mdt tac pham gom 12
quyén ban vé viéc xiy dumg mdt bang cde day cung.
Mot bang ma sau nay Claudius Ptolemy da3 lam theo
dé cho chifu dai cia cac diy cung truong it ca cdc
goc o tim cua mdt hinh tron cho tnrde theo khoang
nira 46 mot, tixr 0,5” dén 180" . Thire ra bing nay lip

dm.mnh@

g cb gbe & tim bing « va R la ban kinh

trom. Chinh cich gii thich trong sang sau nay
Claudius Ptolemy da gitip ching ta hiéu vi sao
Hipparchus lap duoc bang cac day cung chinh xac va
chi tiét nhur viy.
Mgt cong trinh thién van hge khac ¢6 anh hudng to
Iom dén sy phat trién toan hoc Hy Lap thé ky 11 trude
cong nguvén duoc viél bai Claudius Ptolemy o©
Alexandria vao khoang 150 sau cong nguyén. Tac
phim nay mang tén Syntaxis mathematica hay “Swu
tap toan hpc", dya trén nhitng bai viét cua Hipparchus
vi duge ghi nhin 1 1a ddy stc tich va my 18, Vé sau
cdc nha dijch thuat Arip grgl nd 1A Almagest. Tli:: phim
nay gbm 13 quyén. Quyén I bén canh mdt s tai lidu
md dau vé thién van hoc 1 bang diy cung néi & trén
ciing véi mit gidi thich ngin viée nd duge ra dévi tir
mit ménh dé ma ngay nay goi & Dinh Iy Prolemy:
"Trong mat tie gide ndi tiép, tich cde dwimg chéo bing
iong cdc tich cua hai edp canh doi dién”. Tir dinh ly
nay ong rut ra cac h¢é qua san day:

thire sinuzﬁ trong do AR la div

—_

1) Néu a va b (véi a2 b) la cde ddy clia mir deemg
h f

trom ¢ bem kinh dom vi thi 5 = % [4-b* + 4 —

o

a I - N : » £
4 h - ur—'l—a‘ ) la ddy eua ting (hi¢u)

I.l

{f."—

L

hei cung d.
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2) Néu t la dey ctia mpt cung ciia deomg trom c6 bdn

kinh dom vi thi p= "I.||I.-1 N4-F la ddy cua nira

cung do.

Duya vao cic két qua ndy Ong xdy dung bang cac day
cung véi khoang cach 0,5"

Quyen Il ndi vé cac hién frgmg tuy thuge vao tinh
hinh cdu cla trai dat. Cic quyén I11, IV, V phat trién
hé thong d;a tim cia thién vin bing céc epicyclic.
Trong quyén VI 6 léni giai bai todn ba diém trong tric
dja: xdc dinh diém dé tr d6 cac cip ba diém cho trude

duge nhin dudi cde goe cho trude, Trong quyén VI
trinh bdy Iy thuyet cac thién thye va da ra gid tri bon

chir s6 cua = {n=% hay m=3,1416 ). Cic quyén

VII va VI trinh bay danh muc cha 1028 céc dinh
tinh. Céc quyén con lai néi vé cdc hanh tinh. C6 thé
n6i rang Almagest la mt cong trinh miu muc vé
thién vin hoc tinh dén thoi Copermnicus va Kepler.,

3. G. Galileo (1564 - 1643) - ngwiri khai séng
nghién ciru thidn viin hoc theo tinh thin hign dai
Galileo i con trai coa mdt nha quy toc Florence di
hét thévi, sinh & Pisa nim 1564. Sau bude diu 13 sinh
‘ncn trurimg y ong da duge phép cha me cho theo hoe
vé khoa hoc va todn hoc 13 nhimg linh vye dng co
nhiéu tii ning tu nhién. Trong khi con ld mdt sinh
vién tmromg y & trudmg dai hoc Pisa, Galileo da
mét nhin xét noi tieng vé mit lich s, ring ng
treo lém cua nha thé d3 dao dong qua lai thau

dng cho biét ring chu ky cia mot qua
lip voi trong lugmg cua qua lic e 25 tudi
Galileo da duge chi dinh lam gié’m suvoan hoc & Pisa
la :Iu da co nhimg thr nghi¢m veé thap nghiéng cho
thay rang, trdi v&i nhitng diéu Aristotle d3 day, cdc
vit thé niing khﬁng roi nhanh hon cée vt thé nhe.
Ong rit ra mét dinh ludt noi ring khoéing cfch mét
vill roi ty 1€ vdi binh phuong ctia théi gian rot theo

Vi co nhimg

cudc ludin chién cuc bd ma Galileo d3 tir chéi chire Vil
gido sur dai hoc cia minh vao ndm 1591 va ndm sau
di chap nhéin ham gido s todn hoc tai Padua, & d6 o
bdu khéng khi hiru nghi hom d2 trao dbi cdc muc tiéu
khoa hoc. Tai day, trong gﬁn 18 nim, Galileo nép m:.
|am cic thi nghiém va gidng day va da tro nén rit noi
tieng. Tai Padua, vio khoang 1607, khi nghe tin mit
tho mai Johann Lippershein ngudn H& Lan Johann
Llppmhem phit minh ra mgt kinh vien vong, Galileo
du kién ldm ra mor s6 dung cy tuong ty va ky digu
thay da 1dm ra dwge mit kinh vién vong khéch dai

mgt cong thire quen thuje s =%:.

tren 30 lan. V6i kinh vién vong d6, éng quan sdt cac
vét den mdl trin, mii non trén mit trang, cac pha cua
Sao Kim va cdc vanh cia Sao Tho va bon vé tinh cua
sang ciia Sao Méc. Quan sit cic vt den cia mat tré
khing hé co khuyét tt va quan sat cic vé tinh cua
Sa0 Méc da lam vimg thém Ly thuyét Copemic vé
hé thong mit troi. Nhlmg kham phai nu} budc Gido
hi Vaticing Ién tieng phan d6i va cudi cung vao
ndm 1633, mdt ném sau khi &n hanh cudn sich tng
hé ly thuyét nhit tim coa Copernic, Galileo pha
trinh dién truée Toa dj gido va bi bt phai tuyén bé
hity bo cdc kham pha vé khoa hoc clia minh xung
quanh dé tai nay.

Nhir ¢6 Galileo ma lodi ngudi bude sang ky nguyén
nghién cira mjt khoa hoc theo tinh thin hién dai : kér
hop hai hoa giita thc nghiém va I thuvét, Galileo
ciing la ngudi diu tién thiy duoc hinh ding parabol
cua dan dao vi suy dodan cic ludt moment. Uﬂg da
sa.'ng ché kinh hién vi déu tién thuge loai hign dai va
chiée coma 'q.' 1& d& co mét thoi rat phod bién, Diém
ddng chii y vé mat lich sir la qua nhtrng liri phét biéu
cua Galileo chimg to 6ng ndm rit vimg khai nmém
itta cac lue lugng v han, mét van dé
Iy thuyét la{:u hop thé ky XIX cia Cantor
huyét o nhiéu anh hudng nhat di vai sy
én ciia todn hoe hién dai. Nhimg v kién phit
ndy cting nhir nhiing quan niém cta Galileo vé
djng lyc hoc co thé tim thiy wong tic phim
Discorsi e dimostrazioni matematiche mtorne a due
nouve scienze cia dng duge in hinh & Leyden vio
nim 1638,

Galileo qua doi ndm 1643 dé lai sy tiée thuong clia
bao ngurén,

4. J. I-u:phr (1571 - 1630) - Cha dé ba Djnh luit
noi tiéng vé chuyén ding cia hanh tinh trong
thién van hgc

Johann Kepler sinh ¢ gin Stugart ndm 1571 va hgc &
Dai hoc Tubingen vdi khuynh himg ban diu 1a muén
tror thanh mgt muc sur dao tin lanh trudmg phai Luther,
Vi qua say mé thién van hge nén ong da thay doi muyc
tiéu, va ndm 1594 khi mdi vao tudi hai mud, ung
chiip nhin chirc vj gidng vién ciia Pai hoe Gratz ¢ Ao.
Nim 1599 Gng lam phu td cho ¢ho nha thién viin hoc
noi tieng Tycho Brahe nguéi Pan Mach. Chiing bao
ldu sau, ndm 1601, Tycho Brahe dgt ngdt qua dén va
Kepler di thira huomg ca cwong vj 1in mét bo s tip
phong phi vi rit chinh xde cic dit kién thién van vé
sir chuyén dong ciia cdc hanh tinh do thiy minh dé lai.
Vi tinh gan ly khac thwomg, sau nhiéu tinh todn vat
va, MmO mam va sai lam, cubi cing Kepler da phat
biéu dwge hai dinh luit diu tién cua ong vao nam
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1609, va mui nam sau 1619, dinh ludt thir ba vé
chuyen dong cia hanh tinh:

1. Cde hanh tinh quay xung quanh mdt troi thee cdc
guv dao hinh elip ma m:;}f travi la mt tiéu diem.,

1. Vector ban kinh noi hanh tinh véi mdt trai 5€ quér
cdc dign tich hdang nhau trong cae khoang théi gian
béng nhe.

1. Binh phwong thei gian ciia toan bé mgr lan guay
ciia hanh tinh theo quv dao cua nd thi bing lap
phuremg cua mea tryc chink cua guy dao do.

Thét thi vi, 1800 néim sau khi nguéi Hy lap phét trién
Ly thuvét vé céc thiét dién eonic da c6 mdt img dung
|6m lam séng 16 1y thuyét do.

Kepler la mit ngum di tién phong trong khao st phep
tinh vi tich phan. D¢ tinh duge dién tich n6i dén trong
dinh ludt thir hai cia dng vé chuyén déng hinh tinh.
ong da phai dua vao mit dang thd sor cua phep tinh
tich phén. Trong cubn Stereometria doliorum vinorum
(Hinh hoc khoi ede thimg rmirgu vang) cia minh, ong
ciing 44 dp dung cach lay tich phén cua thd so dé tim
thé tich cia 93 hinh khéi bing cich xoay tron cdc
phﬁn ctia cac thiét dién conic quanh mot truc trong
cac miit phang cua chung. Trong s0 cdc hinh khoi nay
¢d hinh xuyén va hai hinh khéi khac ong goi 13 hink
trai tdo va hinh gua chanh nhin duwgc bing cach lin
lrgt cho quay mdt cung 1ém va mdt cung nho cua mg
vong tron quanh day truomg cé cung do lam
Kepler quan tim dén van dé ndy khi nhin thiy
phuomg phap diang dé tinh do Iuimg rugu thin
d6 qué thd so. Rit co thé Cavalieri khiRgT ra mot
phuirong phap tinh vi cho phép tirw'\ goi la
phwemg phdp cdac cai khing chia * dd chiu dnh
huomg clia cong trinh ndy cia Kepler.

Kepler @4 c6 nhitmg dong gop dang ké vé chu dé cée
hinh da dién. Dudmg nhir 6ng 13 ngudi diu tién nhin
ra mt doi lang tru (c6 duge tir mot mot hinh ling try
bﬁng cach cho quay day trén trong mit phﬁng clia no
sao cho cac dinh cta né twong (mg v&i cic canh ddy
dudri roi ndi ziczie cac dinh hai day véi ‘nhau). Ong
cing phit hién ra khéi da dién ndi tiép hinh lap
phirong, hinh khéi 12 mat dang thoi, va khoi 24 mit
dang thoi. Khéi da dign thir hai trong cdc khoi trén
tréng gidng nhir mdt tinh thé granat trong thién nhién.
Trong sé bon khoi da dién hinh sao déu 6 thé c6 thi
hai do Kepler phat hién con hai do Louis Pomsot
(1777 - 1859), mt ngudi di trude trong linh vire co
hoc hinh hoe, tim ra vio ndm 1809, Cic da dién hinh
sao Kepler - Poinsot la cac md hinh khong gian cta
cac da glu: hinh sao déu tmng miit phﬂng Kepler con
quan tim dén bai todn phu diy mdt phang bing cic da

22 T?g?ug,gg S4 483(9-2017)

gific déu (khong nhét thiét tat ci phai giong nhau) vi
phu diy khéng gian bing cic da dién déu.
Kepler di giai bai todn xac dinh logi comic duge xac
dinh b mot dinh cho trrde, true di qua dinh do va
mdt tiép tuyén ny ¥ clng tiép diém cua né, va ong
ciing gidi thigu tir tiéu diém (focus) vio hinh hoc céc
conic. Ong da tinh chu vi mt elip ¢6 ¢ic nira truc la a
va b bang cich ding cong thirc m(a+5). Ong ciing
dé ra cdi goi la nguvén ly xap xi lién fuc ‘mic du thira
nh:;m ring & vo cyc trong mat phﬁng ton tai nhimg
diém 1y tudémg nhit dinh va mat dudmg, thiing 1y tuong
cé nhiéu tinh chét hon cua cic diém va dwomg thing
théng thwémg, Vi viy ong giai thich ring mot dudmg
Ihang ¢c6 thé xem nhir dong tai v cye, hai dudmg
lhang song song ¢6 thé xem nhur cit nhau tai vé cue,
vi mot parabol 13 mot triomg hop tién 161 gidi han cia
mdt elip hay mdt hypebol trong d6 mdt ong cac ticu
dmm dd tién ra vo tan. Quan diem nav di duge mo
rong vao ndm 1822 bén nha hinh hoc Phip Poncelet
vi 14 co so cia v trong hinh thianh Hinh hoe xg anh
Sau nay.

Cong 1 Kepler thuomg la mot sy pha tron giia
nhimgyduén huyén bi va day twomg tuimg vin
milg nhén thue sur séu sic vé chin ¥ khoa hoc.
: a ddi vao ndm 1630 khi trén ddmg di Tinh s6
cong tra cho cong vigc dai ngay ma ong di lam.

5. Newion (1642 - 1727) - nha thién vin hgce ding
trén vai nhirng ngudi khing 16

Issac Newton sinh & Woolsthorpe nam 1642 trung
vio ngiy Thién Chia gidng sinh. Cha 6ng von 1a mét
néng din va da mit trude khi éng qua doi. Vi viy ong
song & ndng thon vai me va mai dén nam 18 woi mai
duge vio hoe Trudimg Ba ngdi tai Cambridge. Tai l.'inj.'
ong doc Ngwvén Iy cua Euclid va thay moi vin dé
duge trinh bay trong 46 qud hién nhién. Sau d6 Gng
doc La géometrie cua Descartes thi thiy co cai gi d6
khé hiéu. Ong con doc Clavis cia Oughtred, cic cong
trinh cia Kepler va Viete, Arthmetica infinitorum cua
Wallis. Tir viéc doc todn hoc dng chuyén sang tim toi
n6 va lie 23 tudi, ong chimg minh thanh céng cong
thirc nhij thirc tong quét va phat minh ra phép todn vi
phén. Ong con quan tdm dén nhiéu vin dé vé vit ly
hoe, quang hoc va phat minh ra cdc nguyén 1y co ban
cta ly thuyét dong luc.

Do nhimg thanh kién cua gidi khoa hoc quy téc Anh,
nhiéu cong trinh quan trong cua dng chi duge cong bo
nhiéu nam ké tir khi téc gia kham pha ra ching. D6 la
mt thiét thoi khéng nhimg cho ban thin éng ma cdn
cho nén todn hoc Anh duong théi. Tuy nhién ong
cing duge dit vao nhimg vi ti ximg dang vol thi
ning vi sir cng hién khéng biét mét moi coa ong.
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Nim 1696, ong duge chi dnh lam Hiéu trudmg
Trudmg dai hoe Mint va ndm 1699 duge phong danh
hi¢u Master (bic thiy) ciia truémg dai hoc iy. Nam
1703 ong dugc bau lam Cho tich Hoi (Khoa hoc)
Hoang gia (Anh) va gilt cuomg vi d6 cho té hic qua
doi. Nam 1705 ong duge phong tude hdu va thi hai
durge mai tang tai nha thiy Westminaster.

Diéu mudn nhin manh & day Ia ding nhuy Newton
da timg tam tam sy "So &7 16i cao hon Descartes
la vi ti biét dimg trén vai cia cde nguei khing
[6". Xin néu hai vi du: Galileo da dit nén méng cho
b mdn cor hoe ede vl thé roi ne do va dang e
fipe noi chung, trén nén mong trén d6 Newton da
xdy dyng hoan thién mdn khoa hoc nidy. Nhimg
dinh ludt vé chuyén dong hanh tinh cua Kepler la
cac moc lich sir trong thién viin hoc va toan hoc ma

DINH LY JULIA ROBINSON...
( F':;?IIF theao trang 18)
Ciic buive tidp theo
Ré ring cdmg thire (3) khong cho ta biet thir tr cua o
nguyén 16 nhan duge tr nd. Phong phap xdy dung da
thire mii R dm;rc md ta & irén khfmg cho 1a p{h-.rcmg
phap truc tiép dua vio chi s6 (s6 thir nr) cia sé
nguyén t trong céng thitc (3). Bing cich sir dung cic
k¥ thudt phic tap hon nhidu cic tic gia M.
Davies, Hilary Putnam va Julia Robinson nim
3 chimg minh dwge mét dinh ly rit manh,
nhur sau:

qua

H¢ qua. Ton tai da thiee mii P x,,¢in van cho
v sie co dink gid tri cila tham s6 n Y vOi cdie it i
tiry ¥ eviar cac bidn con lai thi da thike P sé nhin dine
Mg e 1y .-r'm.rn;,: va gia trj do chinh [a 56 nguvén o
e

Nam 1970 Yu. V. Matijasevic (nha todn hoc Nga)
bﬂng cach sir dung mit két qui khic cia Julia
Robinson di8 xfy dyng duge phuong twinh
Diophantine M (a,b,c.z,.....2, ) =0 (27)

ma no6 la giai duge khi va chi khi cde tham s6 a, b vi ¢
co mdi quan hé @ = . Két qud nay cho phép ta bo di
trong phat biéu dinh Iy & trén tr “mi™, tire I3 no cho
phép ta xdy dymg duge mt da thirc ma nd s& cho ta
cac sb nguyén 16, Cic doc gid quan tm 1&i chi dé nay
c6 thé xem bai viét “Tgp Diophantine™  cla
Matijasevic cong bo trén Uspekhi Mat. Nauk 27
(1972), no. 5 [English translation in Russian Math.
Surveys].

Isac Newton di dya trén do dé xdv dyng mén co
hoce thién thé hign dai.
Sau Newton, nhieu nha bac hoc da béic thém nhimg
chiée cu vi dai dé néi Thién van hoe va Todn hoc,
ma dinh cao la A. Estein (1879 - 1955). Nlnng d6 lai
I mgt ciiu chuyén thi vi s ké trong mdt dip khdc.
6. Thay cho loi két
"Moi Iy thuver dew I méme xdm, chi cay doi mai madi
xanh need” (Gotte). Cée nha todn hoc Hy Lap hiéu rat
ré nguyén ly nay, do do ngay tir khi khai sinh ra Todn
hoe suy v, ho ludn tim cach gin né vio thye tién, ma
Thién vdn hpe la mot trong nhimg ménh dat mau ma
diu tién. Céc nha todn hoc va thién van hoc sau nay
da tiép tuc xudt sic tinh thin d6 cho dén ngay nay.
Thanh Vinh, eudi Thu 2016

o E———— T ] N 1 S O e W e W 0

Ciie b todn ¢ nghi
I. Chimg minh ring trong cic cﬁps&c{mg 3.7 1.

va 3, 11,17,... chira v6 56 50 nguyén t6.
2. Dinh ly Wilson cho ring néu p la s6 nguyén 16
thi sg 1)! + 1 s& chia hét cho p. Két qua nay

sit dung nhur the nao dé lam giam di S0

8¢
0 trong da thire mi £ cho ta cie sd nguyén

* Hiy xdy dumg da thirc mi S{x,,....x, ] mano sé

cho ta tip mdt nira céc s6 nguyén 16 sinh doi, tire
la néu S(x,,...x,)>0 thi ca hai sb
S (g ) =1 V& S(xs

nguyén 10 va nguoe lainéu s - 1 vas = 1 1a cic o
nguyén 10 thi §(xy,..x,)=5 véi cic x....x,

x, )+ 1 déu la cic so

nao do.
4. Hay xdy dung da thic mi T(g.x,...x, ) sao
cho:
- Néu g la s6 nguyén 16 thi tdn tai céc s6
Xis.en X, 820 cho T(q,x,...x,)>0.

- Néu ¢ la s6 nguyén to va T(g.x....x,)>0

thi T(g,x,..x,)>0 la s0 nguyén té tiép

sau 50 g. ‘
- Néu ¢ khong phai 14 sd nguyén 16 thi ta luén
€0 Tlg 3 ,.,%, ) 240

Céc ham mii da thire dé s& cho “Céng thike clia cde 56
nguveén 1o tiép theo™,

Cic ban thin men ! Bai bdo két thilc ¢ diy. Téa soan
hy vong s& nhdn duge chimg minh diy du, chit ché
dinh Iy Robinson tir cic ban yéu todn.
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CAC LOP THCS
Bai T1/483 (Lép 6). Tim tit ca cac chir s a, b,
cab ,

¢ sao cho cac sO abc, ach, bac, beca,
cha déu 1a cc sb nguyén 16,

NGUYEN ANH VO
(GV THPT Nguvén Binh Khiém, Hodi An, Binh Dinh)
Bai T2/483 (Lép 7). Cho tam giac XYZ vuong
tai X (XY < XZ] ke XU vudng goc vai YZ. Go
P la trung diém cua YU, Ly diém K thude nira
mit phiang bo YZ khéng chira diém X sao cho
KZ vudng goc voi XZ va XY = 2KZ. Qua Y ké
dudmg thing o song song véi XU, d cit dudmg
thing KP tai V. T la giao diém ctia duomg thang
XP vi dudmg thing d. Chimg minh ring

VTK = XKZ + VXY.

TRAN AN
(GV THCS Hai Hdu, Ly Nhd lam)
Bai 13/483, Co ba nguin t&i mua ong An:

Ngudi thir nhét doi mua & 56 dan ciru cia ong,
a

ngudri thir hai ddi mua % sO dan ciru coa ong,

ngudi thir ba don mua i sO dan ciru cua ong, sao
[

cho thoa mén dong thai 3 yéu to sau:
1) abcel via<b<ec;
2) S6 con ciru ma mdi ngudi mua duge phai la
mot s0 nguyén:
3) Sau khi ban xong, 6ng An con dur lai 1 con cirw
Hoi dan ciru cia 6ng An co thé c6 miy con? (tim
tat cé cac dap an co the).
HOANG THE TOI
(GV THPT Tan Pa, Thanh Thiy, Phit Tho, Phii The)

24TOHN HOC

* Cludilre SO 48300-2017)

Bai T4/483. Cho dudimg tron () dudmg kinh
AB. Trén (O) lﬁj;.»r dlém C sao cho CA < CB.
Trén doan OB ldy diém E (E khic O, E khéc B).
CE cit lai dudmg tron (O) tai D. Qua A ke
duong thing song song vdi BD, ¢t duomg
thﬂng BC tai /. Puomg thing OF va du&mg thing
CE ¢it nhau tai F. Chimg minh 4 1a tiép tuyén
cta dudmg tron (O).
BUI VAN CHI
(GV THCS Lé L, TP. Quy Nhon, Binh Dink)
Bai T5/483. Cho cdc sO thyc a, b, ¢ théa min
didu kién a+b+c¢=3 va abcz-4. Chimg
minh rﬁng Nabe +4) 2 5(ab + be + ca).
NGUYEN VAN HUYEN
(SV DH Giao théng Vin tai TP. Hé Chi Minh)
CAC LOP THPT
Bai T6/483. Giai va bién ludn (theo tham 56 a)
hé phuong trinh:

2x(y* +a’)=y(»" +9a")

2_1:{2: +a*)=z(z* +9a%).

b (x? +a)=x(x* +9a%)
NGUYEN DUY THAI SON
(GV khoa Todn DHSP Dda Ndng, TP. Da Nang)

ai T7/483. Gia sir x = iglg la mot nghiém cua

ﬁ da thire f(x)=a, + ﬂ...'v:+4::||3.1r1 +...+a,x" e Ex].

Hoi tong cde hé sb cta fix) co thé bang 2017
duoe khong?
_ b0 CAO TRI
(Huvén Long Dién, tinh Ba Rja - Viing Tau)
Bai T8/483, Cho ba dudng tron (O,;R),
(0,:R,),(0,;R,) 461 mdt tiép xic ngoai vai
nhau tai ba diém A, B, C. Ggi r 1a ban kinh
duomg trdn ndi tiép tam gide ABC. Chimg minh
R + R, + R,

rﬁnri
» 63

i CAO HAI VAN

(GV THPT Nguvén Chi Thanh, Pleiku, Gia Lai)

Bai T9/483. Cho cic so thuc duong x, y, = thoa

min x° +y° —2z7 4 2xy+yz+2x<0. Tim gia
tri nho nhit cia biéu thire

4 4 T 4 4

X ":}- +} ':.r. +Z’ +‘I

=2 X _]r
LE BA VIET HUNG
(Phong GDTrH, S GD&DT Phii The)

e
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TIEN TO1 OLYMPIC TOAN
Bai T10/483. Tim gia trj lom nhét ctia biéu thire

ﬂ‘-‘l-fi(ﬂ'-i-f h+a’]

= +

c+d\a+d b+c
trongdo a, b, ¢, dldmcsﬁmuctmngdnan [—; T:ﬂ

DUONG CHAU DINH

(GV THPT chuyén Lé Quy Doén, Quéng Trj)

Bai T11/483. Cho R(f) 1a da thirc c6 bac 2017.

Chimg minh ring t6n tai vo s6 cdc da thirc P(x)
thoa min diéu kién

P((R™ (1) + R()+1) —2) = P (R (1) + R(1) +1) - 2.

Hiy tim mdt hé thirc 1én hé gifta cic da thirc
P(x) do.

NGUYEN THANH NHAN

(GV THFT chuyén Himg Vieemg, Binh Duomg)

Bai T12/483. Cho tam gidc ABC. Pudng tron (/)

ndi tiép tam gide ABC, tiép xtic véi AB, BC va

CA thr tr tn K, L va M. Duong thfmg,.*di qua B

khiac vin AB va BC cét cac duong thing MK va

ML thir tyr tai R va S. Chimg minh géc RIS nhon.,

LE VIET AN

(Nha 15, xom 2, thon Nepe Anh, Pht Thuong, ?hrm

FOR SECONDARY SCHO
Problem T1/483 (For 6" grade). Fj
digit numbers a, b, and ¢ such e numbers

abc, ach, bac, bca, cab, and cha are prime
numbers.

Problem T2/483 (For 7" grade). Given a right
tnangle XY with the right angle X (XY < XZ). Draw
XU perpendicular to ¥Z. Let P be the midpoint of
YU. Choose K on the half plane determined by Y7
which does not contain X such that KZ is
perpendicular to XZ and XY = 2KZ. The line d which
passes through ¥ and is parallel to XU intersects KP
at V. Let T be the mtersection of XP and 4. Prove
that 77K = X7 + 7

Problem T3/483. Therc are 3 people wanting to
buy sheeps from Mr. An.

The first one wants to buy — of the herd, the
a

second one wants to buy Fl:«' of the herd, and the

Bai 1.1/483. Trén mit chit long c6 hai nguon
Lﬂf‘rng két hop dao dong dfmg pha, phat dnng thén
song co budc scmg bang 1,2 cm. Hai diém C va
D thuge ciing mdt elip trén mit cht 16ng nhan A,
B 1a hai tiéu diém. Biét hiéu s6 khoang cich tir
hai nguon tdi C va D lin lugt la
AC-BC=48cm va AD-BD=0,4cm. Coi
bién d§ ::ung do mbi uguﬁn gir dén mdi diém
trén elip néi trén déu bang nhau. Tai thii diém t
nao d6, 1i 4 cta diém C la 1,5 mm thi 1i d6 cua
di¢m D la bao nhiéu?
VIET CUONG (Ha Noi)
Bii L.2/483. Pt dién dp u = U2 cosot (V)
(trong d6 U khong doi, o co thé 'Lhﬂ}l’ doi dugc)
vio hai dau mot doan mach 48 gom dién tro

thuian R, cuén cam thuan co d{: ty cam L va tu
dién co dign dung C, mic noi tlf:p Cho biét

L = CR*. Thay déi tin sb gbc cua dién dp
nguoi ta tim duge hai gia tr] 1a @, = 50x (rad/s)
va » = 30m (rad/s) img voi hé so cong suat cua
doan ma ) gid tr1 biing nhau. Véi ha gi:i tri

N UG hdy xdc dinh hé s6 cOng sudt cua

THANH LAM (Ha Noi)

third one wants to buy ~ of the herd and it
[

happens that

1) a.beeN anda<b<c

2) the numbers of sheeps each person wants to buy
are positive integers; war

3) after shelling, Mr. 4n still has exactly one
sheep left.

What are the possibile numbers of sheeps Mr. An
has?

Problem T4/483. Given a circle (©O) with a
diameter AB. On (0) choose a point C such that
CA < CB. On the open line segment OB choose £.
CE intersect () at D. The line which goes

A and is parallel 10 BD intersects BC at I. The lines
OI and CE meet at F. Prove that FA4 is a tangent to
the circle (7).

Problem T5/483. Given real numbers a, b, ¢
satisfying a+b+c=3 and abcz-4. Prove that

3(abe+4) 2 5(ab + be + ca). _
. (Xem tiép tremg 38)
S6 483(9-2017) T?gzlg{éce 2 5
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Bii T1/479. Sip xép cde s6 nie 1 dén 20 vio mot

dueme tron sao cho tong cua hai 50 lién k& la mot sé

nenven fo.

Lai gidi. Goi tong hai sd lienkéthy ya, blaa + b=

¢ thie< 411 Theo car:h lap Sémg Erumsr&enfs v it

hom 40 s6 thi ta chi cin chon sé nguy{-n 16 ¢ sao cho

¢ khong la boi coa cac 50 nguyén t6 2.3, 512 du, vi

5% <40 < 7°. Tir d6 suy ra cach chon a va b nhur sau:

» Trong hai 56 a va b phai ¢6 mdt s6 chiin va mdt so

1é (dé tong @ + b khing 14 bdi cia 2);

. T&-ng hai s6 a va b khéng cé tén cung la 5 (d& tong

a + b khong la bdi cua 5);

» Thng céc chit s cia a va b khodng 13 bi 3 (dé thng

a + b khong 1a bbi cia 3).

Cé nhiéu cich chon nhu thé. Ching han, Cach 1

tic gid ra dé :

9-20-11-18-13-16-15-14-17- ]w—

10-1 —2—3-3-5-&—?-4#

Cédch 2 cia ban Tudn:

3-20-11-18-19-12-17-14 -16-13
10-9-8-5-6-7-4-1-2-3.0

»Nhin xét. Ban Trinh D Tuam, 6A, THCS Nguyén
Chich, Dong Son, Thanh Héa ¢6 dip 4n ding.

VIET HAI

viuone dal A,

Bai T2/479. Choe tam gid
ABC < 45"

thing AB cd chira diém C lay cdc diém D va E sao
cho: BD = BA vi DBA=90"; EBC =CBA va ED
vudng goc voi BD. Chinig mink rdang: BE = AC + DE,

ABC

Irén mrea mat phing b la dwonmg

A B

26 T?ﬂc?ug% S3 485(9-2017)

Léi gidi. Tix B ké duimg thing vudng goc voi BC cit
duimg thing DE i F. Chi y riing véi gia thiét
ABC < 45" thi ABC < ABE < ABD =90" < ABF .
Do do thir ty cac ta 84, BC, BD, BF xac dinh nhu
trén hinh v& D ndm gira £ va F. Khi do
ABC = DBF (cing phu v&i CBD ).

Suy ra A4BC = ADBF (canh goc vudng — goc nhon).

Tirdé c6 AC=DF (1)va ACB = DFB (2)
Lai ¢6 AC // BD (cing vuing gboc v AB) nén
ACB = CBD = CBE + EBD . M EBC = ABC = DBF
nén ACB = DBF + EBD = EBF (3)

Tir (2) va (3) suy ra EFB = EBF . tam gidc EBF cén
tai E.SuyraBE = EF = ED + DF = DE + AC, |
# Nhin xét. Hiu hét cac ban déu ke thém hinh phi nhim o

mu'nﬁldnanlhﬁngcﬁdﬁldﬁlhﬂng wong AC' va DE, rﬂlchlmg
minh doan thing d6 bing BE. Tuy nhién, chi duy nhit 1 giai

cia ban £ Lé Trung, 6A4, THCS Quang Trung, Thanh Hoa

o6 chil ¥ dén gid thiét ABC < 45" d& 1ip ludn vé vj tri cla
cic tia BA. BC, BD, BF. Néu b6 qua pia thiét nay, cic bién

ddi cong gid@Mng do dai vi két luin cia bai toan co thé
khong

NGUYEN THI QUYNH ANH

479, Cho x va v la hai 56 thue thoa man dicu

4+ 2xy+ 2y =1, Tim gia tri lim nhdt va gid

| |
"+ ().

tri mho nhdt ctia biéu thiie P = x* 4
Lai giai. Ta co
P=x'+y 4 (x+p)

=x'+ ' 1 4y 6%yt +4n’ +0Y)
=2+ 5717 + 3 42 v+ 20 + 20%)7)
=4t + v+ y°).

Béy gi¢ ta tim gid trj nho nhat va gid trj lon nhét cia

O =x"+xy+y nhu sau:

Céch 1. Do x* +2xy+23" =1 nén
F a i F)
E.:[J:' +2xy+2y° )+ x =1+.1|: El 0
2 2 2
0 1 [x=0 B
= - > :
2 if+2x_1'+3_1*2=1 }ztf
L : In 7.2 2
ngmg=3[,1 +2xp+ 2y )—(x" +4xp+4y°)
2
_{x; 2¥) 5% (2)
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Bios NE
0 g {.t+2_1‘=ﬂ s T
2 2 +2ov+2y =1
; ) _1;=—\E;1.==£
B T2
. | 3
Tu[l]vﬁ{E]MB{EEEQEE.suym
(1 cpea(3] o Lapsd.
2 2 2 2
Viy gif trj nho nhét cua.ulaé- khix=0,y= i—"?;
gid rj 16n nhit cia P 13 = khi x=¢'i:,1-=—l‘?

V2

hofc x=—/2:y=—,
oa J B

Cdch 2. Néu y = 0 thi tir gia thiét ©* + 2xy+ 237 =1
suyra x =1, nén Q= 1.

Néuy #0,dat == thi
r].-.

2 2 2
X +xy+y = +1+1

T + 20+ 29" TPyu+2
e (0= +(20-1)1+20-1=0
Néu Q=1 thir=-1.
Neu ( #1 thi (*) la phwong trinh béc hai (dn 7

(*) ¢ nghiém thi A=(20-1)" -4(Q-1)

mizgmma—:mznaéigé

{'!I

)20

Q‘lﬁ-r—ﬂ =

Tir d6 ta ciing tim duge gid tri nho nhit va 1én nhit
cia Pnhucich 1.0

» Nhin xér. Da s6 cic ban giri bai déu giai theo mdt trong
hai céich trén. Tuyén duong cde ban sau ¢ 1oi giai tot: HA
Nfi: Lé Tudn Ti, 9T, THPT din lip Lwong Thé Vinh;
Thanh Héa: Pham Anh Dure, Pé Cao Bach Timg , 8B,
THCS Trin Mai Ninh; Ha Tinh: Hodng Oude Khdnh, 9A.
THE"% Pong Lang, Pirc 'Fhm Vinh Long: Neguvén V3
Thudn, 9A1, THCS Thi trdn Tam Binh: Phii Yén: Dam
Negoc Hiéu, 9H, THCS Trin Hung Dpo, Déng Hoa;
Quang Nghii: L& Tuan Kigt, 8C, THCS Pham Vin Ping,
MNghia Hanh

t~.l|1..|-.il
!I
[
3

PHAM THI BACH NGOQC
Bai T4/479. Cho tam gidge ABC o AB <

fiep duong

AC va npogi
tran (), Canh BC tiep xuc duomg tron
({2 o [ Ke (Y viome goc vart dogn thdane ALD tail 1.

(i 10 edt dwerng trumy trgee cua dogn thang BC o K

Chareng minh tir gide BIKC la nr giace ngi tie

Goi E, FlanIm;rt la tiép diém cia dwdmg tron (O) va
CA, AB. Dé thay A4, E, E}!,Fcungthuocduungu'un

dudmg kinh 40, ta co AIF = AEF = AFE = AIE .

Suy ra /A4 la phan gidc EIF.

Qua B. C ke cic duimg thing song song véi AD,
tuong (mg ciit cac tia IF, JE wi P, 0. Goi L 14 giao
diém cua 4D va PO. Tach

I[P LP BD BF BF EA BP Al BP
I0 LQ CD CE FA EC Al CQ CQ

Ma B T4 = AIE = EQC.,

PB e AIQC (c.g.c). Suy ra L

IC €@ DC’
Do dé BID = CID . Suy ra xIB = CIK , trong db tia
Ix 14 tia doi cia tia IK.

Goi K’ la giao diém thir hai ciia /O véi duimg tron
(BIC). Tacoé KBC =K'IC =xIB=K'CB.

Suy ra K'BC=K'CB nén K' thudc trung tryre cua
BC.Dodé K'=K . Viy tir gide BIKC nji ticp. O
> Nhdn xét. Tit ci cic ban tham gia gidi bdi toén ndy déu cho
honi i khong tot.

NGUYEN THANH HONG

Bai 15479, Giai phwong rink
Jx +28x+4 x+4
— (=

K+2 v =]

Laoi giagi. DK: x = 1.
Cach 1. Taco:

x=1+5

2
+II_JI +231+4_B=ﬂ
x+2

|+ 2{x-24571)s
+[z— Ve +zax+4J=ﬂ

(1) &

x=1

= 5| vx-1-2+

x+2

ORA
Chsitge 27

So 483(9-2017)
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1 z 2
#.;___I] +2(~..'.r-] -1] +
Hx=2)

+ : -0
(-T+EIL1[I+3}+Jx:+ZBx+4:[

c:;j[*x-—]—

L= T=1=0
e..':::-w”.t‘—]—

x=2=0

Viy PT(1) c6 nghiém duy nhét x = 2.
Cich 2. Ap dung BDT Cauchy ta co:
vetys-21R_ Loy A s
it 5 x
2

=2+E+2122+11||E-11=m (2)
X X

JA(x+2) —3(x—2)’

Xx+2

Va(x+2)
:_:___.“LL+3=H} (3)

x+2

Viy dé (1) xdy ra thi didu ding thirc trong (2) va (3)
cung xay ra < x = 2 (thoa min PK).
Vay PT(1) c6 nghiém duy nhitx=2. 0
»Nhin xét, Cich 1 ding bien d6i twong dwong duy
dang cdc tong binh phuromg 3€ tim nghiém. Cich J0a88
BDT Cauchy dinh gid hai vé, c6 101 gidi trong e
ban tham gia déu gidi bai nay theo cach 2. CigN
1t la: Bde Ninh: Nguyén Hiru Tudn Nan@@®®, THCS Thi
trin Ché, Yén Phong; Ha Niz Lé Tudn TI. 9T, THPT dan
lip Luomg Thé Vinh; Thanh Héa: Pham Anh e, D6 Cao
Bdch Ting, 8B, THCS Tran Mai Ninh, TP. Thanh Hoa;
Nghé An: Nguvén Dare Pini, 9A1, THCS Nghi Huong, Cira
Lo: Newvén Thi Linh Dan, 8D, THCS I_:-,r Whit Quang, B
Liomg. Vinh Long: Ngioén Vo I?imn 9A1, THCS Thj
trdn Tam Binh; Ddng Thip: Newvén Phic Tang, 9A10,
THCS Kim Hﬁng. TP, Cao Linh.

TRAN HUU NAM
Bai T6/479. Cho cac 30 thuc khong am a, b, ¢ thoa
min ab+ be +ca = 1. Chimg minh ring

Veiea® + 148 #\1+¢* —a-b-rs2.
L gidi. Trong tam gidc ta cb ding thirc quen thuje
cot A.cot B+cotB.cotC+cotC.cot 4=1. Nhwr viy
néu chon 4, B la cic goc nhon théa min
a=cotA.b=cotB thi c=cotC vin C=n-(A+B).
Ta co:

P=vl+a® +V1+b 414

28 T?ﬁcl;_luﬁl':% S& 463(9-2017)

=0 <> x=2 (théa midn DK).

|
dx-1

+8

VI{l)=

—-—h—r

=1+ 00 4+1+cot? B +V1+cot’ C - cot A~ cot B—cotC

1 1 I
- + +

sind smAB sinC

—cot A=cot B—cotC

| + tan” E I~|~1£m2£

2, 2 _

|+'Eﬂ:12ﬁ
= £

A

2tan?

2

A B C
= (AN —+ [an — + tan —.
2 . 2

Sir dung dAng thirc quen thube
B C C

mnitan£+tan—tan—+tnn—
- 2 2 2

m;ﬂ, Taco

B B G .{]
—+tan—.tan —+tan—.tan— (=3
2 2 2 p
: I
thic xayrakhi a=bh=c=—., Mit
J3
P3=[tan£+mnﬂ+mngj
2 2 2
= tan i+':'an‘£+L.'!r|1£+2*54|'5‘+2
2 2 2
do Iang.mg.mn%ﬂ. Chuyén vé, ta co

(P+1(P-2)<0= P<2. Ping thircc chi xiy ra khi
A B
trong mnE,tanE.tang co dung hai gid trj | va

mit gid trj 0 13 di¢u khong dat téi. O

» Nhin xét. Bii todn nay co kha nhicu ban gin 1o gidi va
co nhiéu 1 gidi khac nhau, Mot si ban ding cong cy lrong
gidgc quén bién ludin tai sao minh co thé chon cic gic cla
mat tam gidc sao cho gia tri lwgng gidc coand K a b, c.

Cdc ban sau diy cd 16i gidgi tot: Long An: Phan Oy Loie,
lép 10T, THPT chuyén Long An; Vinh Long: Chdu Minh
Khanh, 11T1, THPT chuyén Nguyén Binh Khiém TP. Vinh
Long; Bén Tre: Lé Ngo Nhdt Huy, 10 A1, THPT Lac Long
Quan TP. Bén Tre, Phan Thank Dai Dwemg, 10 Todn,
THPT chuyén Bén Tre; Tién Glang: Lé Hoang Bao, 11
Todn, THPT chuyén Tién Giang : Quing Tri: V5 Thanh
Long, 10T THPT chuyén Lé Quy Pdn; Thanh Héa: Lé
Tién Bar, 11A1, THPT Néng Céng 1; Hué: Lé Cdm Thanh
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Ha, 11 Toan 2, THPT chuyén Quéc hoe Hué; Quing Binh:
Ho Amh, 10 Toan, THPT chuyén V& Nguvén Gidp; Nam
Dinh: Neuyén Himg Sem, 10 A2, THPT L& Quy Dén, Truc
Ninh; Ngh§ An: Tran Ticn Manh, 11A1, THPT chuyén
DH Vinh.

VU DINH HOA
Bai T7/479. Giai hé phuweemg trinh
(¥ =21y+13
b x adr aa |r+1}
I[J; +y } {1‘ + ¥ } ; -.=::-c

Lo gidgi. Phuomg trinh thir hai trong hé twong duomg van:

[.‘l.’-!-_]."}] (xl—x}r+,v1)3(x‘+_y4). -LTLI';: =)

x+y=0 (1)
el R 3 s (x+p)”

{I'—.t}'+_‘r:] (,r‘+_r'1} =% (2)
o« THL. x+y=0,

Thay v=-x vio phuong trinh thir nhat trong dau
bai, ta duge: x° +21x=13=0
o +x- L x® —x® + 20" = 30" + 56" — 8+ l3}= 0
Taco:

- 422 =30 + 527 —Bx+13

=.1r'*'{:|r’.I —x+|)+:-r: [:: —3x+3)+2.r= —E_r-l—l?

(vix*—x+1>0; x =-3x+3>0; Exz‘w}ﬂ}
nén phuong trinh twong duong v

x2+x—-|=ﬂ¢:}r=j@

—1-5 145 | [ 1445 1-45
2 oo e ag oy
» TH2. Xét phvwong trinh (2). Ta cé:

a(xf ~xy4y? )= (x4 y) =3(x-y) 20

Ta duge (x;v) —{

(x+ _}-jl
4
(x+y)

E'ﬁ
Mt khac, p dung bat diing thirc quen thudc
(a+b)

= X —4}-+‘|-I 2

=[x x4+ y* }1 2 (3)

a +h >

, ta durgre

g N Y
xd+}"2[x ¥ ) E{xt‘r]
2 8

: [
:-.:r[x"+}-“'r ;:E_;%.J_ )
[IE -.xy-i-_pijl(.rd +_]."‘)“I E“;]_‘:]“ (5)

Dau diing thirc xay rakhi x= y.
Phuong trinh (2) twong duong véi diu ding thire
trong (5) xay ra. Nghia la (2) = x=y.
Thay vao phuromg trinh thir nhét trong ddu béi, ta droe
P =21x=13=0
ﬂ::-{f —-x- l)[.t“' +2° +2x" +3x" +5x° +8x+ I3] =0,
Ta co:
X+ 2% 43 452 +8x+13
= x* (:.r] +x+[}+f {':: +3.r+3]+ 2x" +8x+13>0

(Vi x*+x+1>0 x* +3x+3>0 2 +8x+13>0)

nén phurong trinh twong duong vin
xl—.t—l-:ﬂmx:tiﬁ.
2
: e l—d’g_l—ﬁ I+v'r§.l+u"§
“ - DU A it R

hé phuomg trinh trong dau bai ¢ bin nghiém la
= -.E 1445 ) { —144/5 1-45
[TJ} 5 E\ E ;2 .
l—-ﬁ'l—u@ 1445 1445 o
- M S - L O A
» Nhin xét. Mﬁlsﬁbanchﬂng minh

¥
(22 (st oty 2T
trinth thir hai I:mnghenmngdmgvﬁi k= y (thifu treimg
hgp x+ y=0).
Liru ¥, bét ding thire (6) chi ding khi x+ y = 0. Céc ban
két ludn bit ding thire trong tniimg hop x+ v <0
Khi gidi cic phuong trinh 2 +21x—13=0; »*-21x-13=0,
mdit 86 ban sir dyng ménh dé ;
Mgt him 56 lién tuc fx) md phicong trink ['(x)=0 cd

nghigm cdhay nhat thi phuong trinh flx)=0 co khéng qua 2
nghigm, Tuy nhién vigc chi ra hai nghiém cuia phuong trinh
14 khéng tir nhién.

Céc ban sau diy cb bii gidgi 160 Quing Binh: Hd Anh, 10
Todn, THPT chuyén V& Nguyén Gidp; Quéng Trj: V5
Thanh Long, THPT chuyén L& Quy Dén; Ngh¢ An: Trdn
Tién Mgnh, 11Al, THPT chuyén Bai Hee Vinh; Séc

(6) vi cho ring phuong

TOAN H0C29

Sa 483(9-2017)
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Tring: Ldm Quée Bao, 11A7, THPT Hoing Diéu, TP. Sic
Tring, Vinh Long: Chaw Minh Khanh, 11T1, THPT
chuyén Nguyén Binh Khiém; Binh Phuie: Npuvén Hodng
e, 11A, THPT chuyén Quang Trung; Long An: Newén
Thi Nedn Triie, 11T1, THPT chuyén Long An; Bén Tre:
Phan Thanh Bgi Dwemg, 10 Toan, THPT chuyén Bén Tre;
Ha Noi: Hoang Timg, |1 Todn, THPT chuyén KHTN,
PHOG Ha Noi; Nam BDinh: Ngu_vfn Hing Sem, 10A2,
THPT L& Quy Don, Tryc Ninh; Thanh Héa: Lé Tién Dar,
11A1, THPT Néng Cing 1. Néng Cong.

NGUYEN ANH DUNG

Bad T84T, Cho tam eilac ABC va diém P ndm trong
ricic. £, F theo ilur tr la giao diem cua 8P, CF va
{C. AB. K lg gigo diém cua AP va EF. H o hink
chiew vuang goc cua K trén BC. Diém M thugc Lnllll.:'r.{.”
4F. N la giao dicm cua MK va PE. Chimg minh ring
KHM = KHN

Loni giai. Gia sir R = BK m AC, Xét hai tnromg hop:
Trieomg hop 1. MN /! BC.

Vi AP, BR, EF dong quy tai K, nén (4ERC) = -1
{hnng diém diéu hod co ban] = B(AERC) = -1, tir do
két hop vai MN // BC ta thay K 12 trung diém ctia MN.
Lai do HK 1 MN, suy ra AHMN cin 1t H. Do d6

KHM = KHN.
Triremg hop 2. MN khéng song song v BC (hinh v)

frr 4

Illr"x_

df
;i#'

Goi O la giao diém cia MN véi BC. Tit (AERC) = -

= B(AERC) = -1, Xét phép chiéu xuyén tim B lén
dudmg thang MO ta duge (MNKQ) = -1, dan dén
H{MNKQ) = —1, két hop voi HK | HO, suy ra HK,
HQ nromg img la duémg phan giic trong va duomg

phin gidc ngoai cia MHN, do viy KHM = KHN

(dpem). O

» Nhdn xét. Hiu hét cac 1oi giai gini vé Tod soan déu sir
dung tinh chdt ciia chiim diéu hoa & gidi bai todn nay. Sau
diy la danh sich cic ban co &1 giai tot: Lao Cai: Tran Thu
Nga, 10 Todn, THPT chuyén Lao Cai; HA Nji: Hoang
Timg, 11 Todn, THPT chuyén KHTN, DHQG Ha Néi;
Vinh Phic: Hd Trung Phiemg, 11A1, THPT chuyén Vinh
Phiic; Béc Ninh: Nguvén Ngoe Khinh, 10 Todn, THPT
chuyén Bic Ninh: Nam Djnh: Pham Neoe Anh, 10AL, Trén
Minh Hiéu, 1 1T2, Nguvén Thanh Huyén, 12 Todn 2, THPT

30T0F|N HOC

' Cludilpe

So 483(9-2017)

fim) > fli

chuyén L& Héng Phong; Nghé An: Trdn Tién Manh, 11A1,
THPT chuyén DH Vinh, TP. Vinh; Quiing Binh: Ha Anb,
10 Toan, THPT chuyén V& Nguvén Giap: Thira Thién
Hué: Phan Hodng Mink Hrc, 11 Todn 2, THPT chuyén
Quic hoe Hué: Quing Nam: Ddng Thi Tra My, Dam Thi
Xudn ¥, 10/1, Trwomg Nhgt Newvén Bao, 11/1, THPT
chuyén Nguyén Binh Khiém, TP. Tam Ky, Lé Ha Khiém,
10T, THPT chuvén Lé Thanh Tdng, TP. Hji An; Séc
Trang: Huynh Gia Bao, 11A1, THPT chuyén Nguyén Thi
Minh Khai; Binh Phwde: Trinh Hoang Hiép, 11A; THPT
chuyén Quang Trung; Am Giang: Newyén Minh Uvén,
10T 1, THPT chuyén Thogi Ngoe Hiu; Bén Tre: Duwong Lé
Hodang Hiép, Phan Thanh Dgi Dwomg, 10 Todan, THPT
chuyén Ben Tre; Long An: Phan Owy Lic, 10T, THPT
chuyén Long An; Vinh Long: Chdu Minh Khanh, 11TI,
THPT chuyén Nguyvén Binh Khiém, TP. Vinh Long.

HO QUANG VINH
Bai T9479. Vi |

myinh Fang fon kgl cox

» N [ mot semgr el Chning

SO RELYeER -.|".'.".'-‘.I.'-_HI g, 0, €.d &6
< dvafla) + Ad) = Ab) + fc)

Lai giai. Vm s0 nguyén dwong n bat ki ta ki hiéu
m = g(n) 1A g0 nguyén du::mg nho nhat thoa mdn
1, 2...., n (10n tai s6 nguyén duong m

14 todn anh),
s0 nguyén duong bét ki, b= gla), ¢ = g(b).
0 fla) < fib) < fic). Suy ra fih) + fic) - Aa) = fic).
Lai do /14 toan anh, ton tai d € N ma
A =fb) + c)—Aa).
Chit ¥ fld)> fle) vi ¢ = o(B) = d>c.

Nhirviytacha<bh<ec<dva fa)+Ad)=Ab)+Ac). O
»Nhign xér. Trong chimg minh trén chi co ma thiet £a todn
nh droe sir dung. Hoan nghénh cac ban hoc sinh sau ¢d lin
piagi dimg Vinh Phiic: £ Trung Phiemg, 11A1, THPT
chuyén Vinh Phic; Nam Pinh: Nguyen Hing Som, 10A2,
THPT Lé Quy Dén, Truc Ninh: Trdn Mink Hiéw, 1172,
THPT chuyén Lé H::‘lng Phong; Quing Binh: Hdé Anh, 10T,
THPT chuyén V& Nguyén Giap; Thira Thién Hué: Trwomg
Minh Tué, 12T1, THPT chuyén Quéc hoc Hué: Phi Yén:
Lé Thanh Ldm, 11T1, THPT chuyén Luong Vin Chinh;
Soc Triing: Lam Ouoc Bao, 11A1, THPT Hodng Diéu.

NGUYEN MINH bUC

(&, ) cdc x0 ng

O a < b«

Bai T10/A479. Choe dd

wven deromg

thoamen 0<u_ . -u_—u, <2 vwrimoi mon 2|

Chimg minh romg fon feri it 56 thiee dvompe a,

i
cho |r.r,ir- i |-..l:u1

n=2017

s LN

£ § ’
| € u, '_]..i',u] | I-‘h-'|'| 1 wer mot
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((F derv ki Bigu L x] la s0 newveén lim mhar khong vieot

§ira x)

Léi gigi. (Cia ban D4 Trung Phuemg, 11A1, THPT
chuyén Vinh Phic)

Trudre hét ta chirng minh vai moi m,n e M thi
mid, < mi, + 2) (1)
Chimg minh bing quy nap theo m + n.
Voum +n=2,khidém=n=1,(1) tra thanh
<y +2.1a T.hﬁ}' (1) ding.

Giasr(l)dingvoimoim+nmal<m+n<k Ta
= k. Thiit vy

o Néu m = n thi (1) < mu,, < miu,, + 2), BDT ding.

chimg muinh (1) diang véi m + n =

o Néu m > n: Xét clip 6 (m - n, 1) ta co
m—-n+n=m<m-+n=K.
Do do theo gia thiet quy nap (m = mj, < Mg, + 2).
Mt khde tir diéu kién dé bai w, + u,, , < u,,
= (U, + by ) S Mlig. Tl dO
(m — ndu, + iy + U} < My, T 2) +0a,
&> mit, < by, + 2).

o Neu m < m: Xét cip 50 (m, n—m) 1a co

m+n-m=n<m+n=k Dndnmmawi

NAP My < (10— m Ny, + 2).

Mat khac, tir didu kién dé bai w, < u,
= mu,, < m{u, ., + i, + 2). Thanh mj
My g+ 0 < (0= MWt + 2) + (i U+ 2)

<> i, < iy, + 2). Viy (1) duge chimg minh.

e : R a
Trvr lai bai togn. T (1) suy ra L =-"— VmneN .
n

m
f!-l’,, ]‘ "!‘ L
l<ws2017l po

Pit K= max
[.H_+1_]J= i, +‘-.**L

I g

L= min

Eet B | 1R

+2
Do (1)} ih et =
7 q

=K<l

Do u; > | nén KE?AEU. Vivo<K<L.

Chonay=1via; (K, L), a, e K.
Vaimoi | <n <2017, ta co;
u, +2

n

-ﬂm{.{ﬂ{[ -—]]n=u,+2—ﬂ.si.i}*ra

la,n]<u, —n+1. Dodo

[a1n]+[a:n]—l=n+1+[azni£n-]+u,—n+l=u,,

-a:n}ﬁnz["—"ﬁ]n:u”—ﬂ =~[a:n]?:u“—n
n

(dow,-nel vian>u,-n). Viy

[qﬂ] +{a:un]+l =n+I +Iﬂ_,.n]En+I +u, —n=u +1>u,

Bai todn da dugre chimg minh xong. O

# Nidn xét. Chi ¢6 hai ban tham gia giai bii wdn niy va chi
duy nhit ban Phiome o6 o giai diing va hoan chinh

DANG HUNG THANG
Bai T11 . Tim tat ca cae ham so ' xae dinh va
ficn rt_% e khodng (=2016;+x) sao cho
[+ "“l Fi
L 2016) = f|
-'HE:'-.
* 4+ 4033 x + 4066271
M e el s <2016
r+ 21K

L gidi. Viét lai biéu thirc cia gia thiét da cho:
x+2017 ]
x+ 2018

f(x+2016)= I,r(

+x1 +4033x + 2016.2017 -1
x+ 2018

Pat r=x+2016 vén x>-2016, khi dé ¢+ > 0 va

ta co:
©+i-1_ Jlr[Ht]_“l o
t+2 "L +2) t+2

10)=1{15 )+
:wlf{r]—r-—-f[n'l]—H],W}ﬂ 1

142
142 f+2

141
t42

Bat g(1)= (1)~ fﬂﬁ[r:;] f[::j_

Tie(l)taco: g(1)= g[%), vie(04x).
+
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Chon a >0 tiy ¥, ta xdy dyng div sb (x,) nhur sau:

.Itzﬂ
x.+1

X, =—Yn=12,...
x +2

Khidé gla)=gl(x)=glx)=...=g(x,,)=...
Trude tién ta chimg minh diy s6 trén co gioi han.

That viy, gia sir b > 0 thoa min
pultl o cleds
b+2 2
Vib>0,x, >0,¥n=123,... néntaco:
0<lx,., ~4|= xn+l_h+l|=l X, —b |
x, +2 b+2| |(x,+2)(b+2)|

1 1Y 1Y
EEIIH —bl"_:[;] |.I:'n_] —bl E...ﬂ[;] !..'l‘.'l -f:ll
Theo dinh 1y kep suy ra lim|x,,, =5 = 0= limx, =b.

Vi ham  f{x) lién tue trén (~2016;+2) nén him
2(r) lién tuc trén (0;+x). Taco

2

i =i

! ! ! ' -] 43
gla) = lim g(a) =;Ir1;ﬂg{x,}=g[luﬂ X, '=g[ +V5 ]

Nhu vy, véri moi a > 0 ta ludn cod

Siﬂ1=3[4;£] = g(t)=e, we{:];é;&
&

Thu lg, ta ﬂﬁ}r ham so can tim la fix)=x+e¢,
Yxe(-2016;+x), c 1 hing sb wy y. O

= f{f)=t+c. Y1 e(0;4xm),

» Nhin xét. 1) Dé bai cin sima: f xdc dinh v lién tyc twén
(0; +) thanh £ xéc dinh va lién tac trén (—2016; +=) (Vi néu
“I+5
2

2) Bién ddi vé diing thire (1) 1a méu chit 1éd gidi cia bai todn,
Trong cic bai g vé c6 mdl ban gidi sai, mdt ban cd lii giai
khing chat ch. Cac ban co I gidi iromg doi 1t li: Quing
Binh: Hi Anh, 10 Toan, THPT chuyén Vo Nguyén Gidp,
Nam Bjnh: Tranm Mink Higu, 1172, THPT chuyén Lé Hing
Phong, TP. Nam Dinh; Binh Phurétc: Nguvén Lé Phi Long,
11T3, THPT chuyén Binh Long — Binh Phudc.

NHU HOANG
Bai T12/479. Cho dicimg tron (O) v hai diém B, €

eor dinh rén (O). Mgt diem A thay dbi men () san

32

x € (0; +w) thi r = 2016 va g khdéng xiéc djnh i

).

TOAN HOC
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ep

cho tam giagc ABC la tam giac nhon va ¢o AB < AC
AD. BD
cat dheome tron (O) tai diem E khdic B. Hinh chiéu

D la mot diém trén canh AC sao cho AB

viuding poc cua B trén AC la H, hinh chicu VI BN
ctia ) trén AE la M. Preonyg tron ngoai tiép tam gid
AMH cat dwemg tron () g diem K. £iem N la hind
chicu viuonge goc cua digm K tren diremg théng A8

a) Clveng minh rang MN di qua trung divm | ewa 8D
b) Evwramg tran ngogi rf.['}'- tam giac BCD va dwromg
tron ngogl H:;}-p tam @iae AMH cdt nhaw rai P va Q.
Chimeg minh ring trung diém dogn thing PQ luon
thuge mpt diemg thang oo dink khi A they dii trén
checng tron (O)

Léi gidgi. Ta cin c6 mot bo dé.

Bé dé. Cho tam gide ABC, (0) la dudmg tron
ngoai tiép. Diém P thuée (0). H. K, L theo thi tw
I hinh chiéu cha P trén BC, CA, AB. Khido H, K,
L thang hang.

B dé trén rét quen thude, khong trinh biy cich chimg
minh & day. Trd lai giai bai toan T12/479.

a) Goi K' diém cia DM va EH.

M 1L AE.AH =AC L K'E

=LE L AK' va K thujc dudmg tron ngoai
tam gidc AMH.
Vi AB=AD vi BD=EB | AK' va chi y ring

AC 1 EH = EK' néntacd
(AB, AK "\ =(AK ', AC) = (EB, EK")(mod n).

Do d6 K" thude duémg tron ngoai tiép tam gidc ABE,
N6i cdch khic K~ thude (0). Viy K tring K.
Vi AB=AD va BD=EB | AK nén

KI= KA L BD= BE.
Tir d6, chii y ring KN | BA;KM | AE, theo bd dé
trén, MN di qua .

https://tieulun.hopto.org



b) Goi L Ii trung diém cia AK. Vi AMK = AHK =9%0°
nén L la tim dudmg trdn ngoai tiép tam gide AMH, ki
kigula (L). Vi AB = AD vi BD | AK nén

(EK,ED)=(EK,EB)=(AK, AB) = (AC, AK) =( EC, EK }(mod ),

Két hgp véi EK 1 DC, suy ra EK I3 trung trire cia
DC. Tir d6, chi ¥ ring AK 1a trung tryc clia BD, suy
ra K la tim dudmg tron ngoai tté;p tam giac BCD, ki
higu 1a (K).

Dé thiy AK, BC, PQ theo thir ty 14 trye diing phurong
cua cdc cdp dudmg tron (L), (O): (0). (K): (K), (L).

Do 46 AK, BC, PQ ding quy (tai 5). Tir 46, chi ¥
ring AK = LK, suy ra § 4 trung diém cua PQ. O

» Nhdn xét, 1) Bdi toan nay dé, s6 ban tham gia giai kha
nhiéu, tuy nhién viin ¢6 ban giai sai. 2) Xin néu tén it ci
cac ban giai ding: Lao Cal: Ngwvén Thi Minh Neoe, 10T,
Nguyén Minh Higu, 11T, THPT chuyén Lao Cai, TP. Lio
Cai; Nam BDinh: Tran Mink Hiéu, 11T2, THPT chuyén Lé
Hong Phong, TP. Nam Dinh; Thanh Héa: Lé Tién Pat,
11Al, THPT Néng Cong; Nghé An: Trin Tidn Manh,
11A1, THPT chuyén BH Vinh, TP. Vinh; Quing Binh: /6
Anh, THPT chuyén Vo Nguyén Gidp, TP. Déng Hdi; Thira
Thién - Hul: Ngwvén Trung Kiém, 1172, THPT chuyén
Quic Hoc Hué, TP. Hué; Quing Nam: Treome Nhd
Nguyén Bao, 11/1, THPT chuyén Nguyén Binh Khié
Ha Khiém, 10T, Tran Thién Thu Uyén, 1071, THPT
Lé Thinh Toéng, TP. Hii An; Phda Yén: N,
Phueemg Trang, 10T1, THPT Liomg Vian
Hoa; Binh Phuée: Trinh Hodng Hiép, 1
Quang Trung, TP. Bong Xoii; Lm:g*‘ ,
10T1, THPT chuyén Long An; Bén Tre: Phan Thanh Dai
Duwemg, 10T, THPT chuyén Bén Tre, TP. Bén Tre: An
Giang: Ngwyén Minh Uvén, 10T2, THPT chuyén Thoai
Ngoc Hiu,

NGUYEN MINH HA

Bai L1/479. Cho dogn mach nhwe hinh vé. Trong do
R, = 30 (L cupn cam thudn. it vao hai déiu dogrn
mach AB mgt dién dp xoay chiéu cé gia wi higu ding
U= 150 V va tan s6 f = 50 Hz thi cong sudt fiéu thy
trang mach b:‘in,e 500 W. Ndi hai dau cudn cam thudn
bing mét dav dan o6 dién tro khéng ddng ké. Khi do
dién dp hi¢u dung trén cac doan AM va MO hdng
nhau va bing 5043 V. Xdc dinh dg tr cam L cnia
cron day.

il

My & g L
Afg—_ ] ——{__——Tr—'8

Loi gigi. Sau khi nbi tit cudn cam thuéin, ta co gidn
d6 vecto nhur hinh v&.

Tir Uy =Upp = Zyp =o/R3+Z¢ =R, =30 ()

- R;=Ewms§=]5[ﬂ} . Z. =153 Q).

Khi chira ndi tiit cudn cam thudn thi:

{*\jnﬁm Jﬁﬂﬂ Ll_u[ G

45

0 E=%=45 (£2) . Mt khac :

Z=\(R+R,) +(2,- 2,
=457 =45 +(2,-Z. ) =2, =2 =153 ().
33

Suyra: L=——(H). O
Y Eunf]

»Nhgn xér: Chiic mimg hai ban da c6 11 giai ding dé ra
ki ndy: Nguyén Thanh Huyén, 11 Toan 2, truémg THPT
chuyén Lé Hong Phong, Nam Binh: con mdt bai giai
dung nira, nhumg ban 46 lai khéng ghi ho €n va dja chi
nén tda soan khdng co thong tin dé viét 1én ban 1én tap chi
khen nggi durgre.

DINH THI THAI QUYNH

Bai L.2/479. Newdi ta bé i hé nhue hinh
vé: Lo xo nhe L di dai, c6 dp cumg k. dau
trén gdn vao gid c6 dinh con diu deoi L
treo N v@l nho danh 5o theo thir tu tie trén

xuong la1, 2, ... 'N-1, Nivwsi Nz3) 1
Cac vt c6 khoi heomg lan leor 1o W2
my iy, My my . Gilea cde vt noi vai : N-1

nhau bing cdc doan déay nhe khong co N

TOﬁN H0C33
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Tl . #H Tt chon exr grig 07 im b e the o i
Fine Bien dy ddeer chome K ol com Lad val iy dd don
Léi gigi. Muon thoa man dicu kién bai ra thi cic day
noi gitra cac viit phai luén cing. Sau khi dot diy lin 1,

bién d6 dao dong cia cde vt con lai la: 4, = "’f

my+my +..tm

Picu kién cin thoa min: 4 <

]

Tuomg tw cho lan dot déy thir 2:

M Sy tatm, (2)
Dén lin dét day thir N - 2 thi diéu kién 1a:

iy S My + 1y (N-2)

Vi 16 x0 c6 thé nén nén ta khong cin diéu kién cho lin
dot thir & — 1.

Tir (1), (2)..... (N - 2) ta ¢6 diéu kién khdi lugng céc
vt cin thoa man:

iy < iy + sy < 20my +my Yiim, <277 (my 4 my)
b) Ta co:

mAX iy, = my 4+ e = 2my; maxm, = 2(my +my ) = 4m,
Do dé bién 4§ dao dgng khi chi con m; 1a:

{_m:+maxm3+maxm, _?m!,g A
k 4
» Nhin xét. Rt tiéc khing o6 ban ndo giri 1éi gidi cho bai

k Vit Iv nay.

suyra: o, Sttt (1) 0 NGUYEN XUAN QUANG
KHAI THAC... hi thr cua THPT o

s {ru_vér: L&fi Cai) Chﬂ. hi’m.’t: | |

gt @ s0 y=f(x) co do thy | ik

BAI TAP VAN DUNG J y= 1) cttye Oxtai | /\

1. Cho @6 thi cia ba ham sb ? 7). ba Sikoicd bowoh @8 \ |/ H".
y=f"(x), y=/f"(x) dugc vé¢ & hinh g<b<e¢ nhu hinh vé, “l"'x_f_*’ 7h el x
dudi ddy. Hoi db thi cic ham s6 y= f(x), Ménh dé nio dudi diy la 1|

y=f"(x) vd y=/"(x) theo thir tir, ldn luot
tiromg irng voi duong cong nao ?

R
" -

A. (GG h(C). B. (C;)i(C)i(G)-

C. (GG R(G). D. ()G ().

TOAN HOC

' Cluditre S4 483(9-2017)

34

dung?

A (f(B) = f@)(f(b)- flc))<0.
B. f(c)> f(b)> fla).

C. fle)+ f(a)-2/(b)>0.

D. f(a)> f(b)> f(c).

3. Cho him s y = f(x) c6 dao him

£1(x)=(x-1)(x* -2)(x* -4).
S6 diém cyc trj cua ham s6 y= f(x) la

B. 2.
D. 1.

A, 3.
C. 4.

https://tieulun.hopto.org



DOT MOT
Bai 1. HINH VUONG VA TAM GIAC YUONG YOI 2017

a) Tim hai hinh vudng vii s6 do cdc canh la 56 nguyén
sao cho tong dign tich hai hinh vudng d6 bdng 2017.

|||||

b) Hay tim cde tam gide vudng cé 56 do cde canh déu la
50 nguvén sao cho so do mét canh bang 2017,

Léi giai. a) Goi s6 do hai canh hinh vuong 1 m, n v m
<nTe2017=m’+n co " <2017<2n" suyra32=n
< 44, Ta co thé han ché s6 lin thir d6i véi m nhur sau: Xét
s6 dir khi chia cho 10. Chir sb tin cing ctia mdt sb chinh
phuong chi cdthé 12 0, 1, 4, 5, 6, 9 ma tdng hai s6 chinh
phirong (biing 2017) 6 tin cing la 7 nén m* v chi co
thé c6 chit s6 tan clng 14 1 va 6, do d6 chit s6 tin cf
clasdnchicothéla 1,4, 6,9 Thirvéi n bing !
39, 41, 44 (chi cin S phép thir) tim dwye nghig@®duy
nhat 1 2017 = 9"+ 44°,
b) Gia sir 2017 1a canh huyén va m, m“?u canh goc
vudng clia mt tam gidc vudng,
Do (r +m) = (' - m’y + 4’ " nén

2017 = (44°+ 9°)' = (44~ 9°)' + 4.44°9°

= 1855° + 792,

Viy tdn tai tam gidc vudng cé ba canh 13 792, 1855 va
2017. Gia sur 2017 la canh gée vudng cia mit tam giic
vudng c6 canh huyén Ia # va canh goc vudng 14 m thi ¢6
2017 =’ — o’ = (n— m)(n+ m). Do 2017 Il sb nguyén
th thi chi xdy ra n—m =1 vi n+ m= 2017 = 4068289,
nén n=2034145 v m=2034144 , tir d6 cb

20177+ 2034144° = 2034145°,

Nhu vily ton tai tam gidc vudng co ba canh la 2017,
2034144 va 2034145,

DAN QUYNH (Ha Nai)

B0 VUI NGAY HE 2017

Baid 2. TAM GIAC NGUYEN !

Tam gidac nguvén la tam gide co di dai cae canh la cde
56 nguyén. Khing tink dén don vi do, hdy tim tét ca ede
tam gide nguvén oo chu vi bing dién tich

Lai gidi. Goi a, b, c la 40 dai 3 canh tam gidc nguyén
cintim (a.b,ce L"), va gid sir @ < b <. Tir gia thidt ta

a+h+c

¢: Jp(p-a)p-bXp-c)=2p (1) véi p=

Dt x:@:m;“’}n y:p_h-_-”‘z’_"’;un.

a+bp—-e

— = :=-ﬂ:':-.t+y+:=p,.rly2:-

Khi 46 (1) trés thanh:

.J{J: +y+z2doz=dx+y+2)e z=4x+y+2) (2)
Néu x, v, z khong nguyén thi VT(2) khong nguyén,
VP(2) nguyén, (2) khing xay ra. Viy x, v, z phai la céc
s0 nguyén duong. Tir (2) tacé xyz=4{x + vy +2) < 12x
nénz <vz<12, dodd z < 3. Xétba ruimg hop:
1)z =1, thay vao (2) dugc xy=4x + 4y + 4
=(x-4)y-4=20.Do(y -4 < (x - 4y -4)=20
nén v — 4 <4. Ta co nghigm (x;y:2) li:

(24; 5; 1), (14;6; 1), (9; 8; 1).
2)z= 2, thay vao (2) duoc xy=2x + 2y + 4
=(x-2(y-2)=8 Do(v-2ys(x-2)y - 2)=8
nén y - 2<2. Taconghiém (x;y;z)1a

(10; 3; 2), (6; 4; 2).

3)z =3, thay vao (2) duge 3xy =4x + 4y +12 < Bx + |2
= -B<x(I-8s12= 3 -8y-12<0

TOAN HOC
' CTusitre 39

S46 483(9-2017)

https://tieulun.hopto.org



=]<y<

<4. Doz=3<ynény=1], thay viao

4+-J"§
3

(2) thi x khéng nguyén. Viy ¢ § tam gide thoa min dé
bai, trong d6 ¢6 2 tam gidc vudng:

X ¥ z XHytr=p o b e
24 5 ] 30 [ 25 29
14 fi i r4 7 15 20
9 Hd | 1% 9 10 17
10 3 2 15 5 12 13
b 4 b 12 6 B L]

Thir lai ta thay céc gid tri a, b, ¢ tim dwoc thoa man bai
todn.

NHU HOANG (Ha Néi)
Bai 3. PHAN CHIA MOT TAM GIAC PEL
Cho tam gidic déu ABC. Hay vé dogn thing DE vdi diém
D thuge canh AB va diém E thuie canh AC sao cho dogn
thang DE ngan nhdr va chia tam gige ABC thanh hai
phan cd dién tich bang nhau
Ldi gidl, (Cla ban Vi Thanh Thao, 11 Toan, THPT Som
Ty, Ha Nji)
AABC déunén AB = BC = CA. Theo gia thiét, ta co :

POT HAI

Bii 1. CAT GHEP HINH VUONG

Ba tam bia hink vuéng c6 canh tuomg img la 4 cm, 13
cm va 16 cm vdi mgdr frén mau xanh, mdt dwoi mau
tramg. Ban tim dwge bao mhiéu cich car ba tam bia do
thanh cac da giae véi hai canh chung dinh vuing gdc
v nhau dé ghép lai dege mot hink vudng mau xanh
canh la 21 cm sao cho so da gide bi cat ra la it nhat
Biét rang hai kiéu cit ghép coi la nhie nhau néu méi da
gide b edt ra ciia kiéu niy chong khit lén mot da gide
citng méu ciia kidu kia.

Léi gigi. Do diéu kién 4+ 13% + 16° = 217 thi phii ghép
tit cd cdc da gide bi cit ra ma khong chom 1én nhau. S6
da gidc it nhit bj cit ra dé ghép 14 6.

Cic hinh 2, 3, 4, 5 dudi diy (wrong (mg véi 4 cich cit
ghép) chi ra cich cit ghép cdc da gidc bi cit ra thinh
hinh vudng canh 21 ¢m, trong d6 goi hinh vuéng canh 4
¢m la a, hinh yudng canh 13 em 14 b, hinh vudng canh
16 cm lac céc hinh 2, 3, 4, 5 ¢6 thé thay ddi vi tri
nhit bing nhau, nhumg van chi la mot céch.
461 ximg cua céc hinh 3, 4, 5 qua dudmg trung
cua canh day hinh vudng 21 em ta duge thém 3 cach

1 ¢ : : . 2
. e =ES”"" & 5 AD.AE sin Jz%.%.dﬂ..if‘.sm A ‘.’n ghép khac. Néu ta chia hinh vudng canh a thanh 2

L4B*. Ap dung dich

3-

< AD.AE = thu
AADE va sir dung BDT Cauchy ta c6: 40’
DE* = AD® + AE* =2 4D AE.cos A

= Al + AE* — AD AE

2 2AD.AE -~ ADAE = AD AE = :l’-.-uar2

- DE > ""TB- Piing thirc xdy ra khi

A
AR D
AD = AE = ;
w2 g
Viéy ta vé doan thing DE // BC : e

sao cho AD=;:E=% thi DE ¢6 d6 dai ngin nhét va

chia tam gide déu ABC canh a thanh hai phin c6 dién
tich bing nhau.
VIET HAI (Ha Noi)

3 6 T% S6 485(9-2017)

phén, hinh vuéng canh b thanh 3 phin thi c6 thém cac
cich khdc,

a, Co
cz G-I 8, I ?‘ ¢3
a
ul
€4
Cq b b
Hinh 2 Hinh 3
c 1
€3 c,) ZI Cy
2
b b
Hinh 4 Hink §
VIET HAI (Ha Nai)
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Bai 2. THANG 6 NAM 2017
Trén hang ta viét tdt ca cde sé tie 1 dén 2017, Hoi xba
ngdu mhién nhiéu nhat bao nhiéu sé dé trén bang chdc
chan ton tai 6 $6 va tong clia chiing 7
Lai gidi. X6a ngiu nhién 332 sd, ta goi cac s6 con lai
trén bing: ay<@m<ay<... <a
Voimeii=1, ..., 1685,13 c6: ayes —ar; = 1685—1
=20172 ajs = a;+1685—1 = a, < 332 +1i,
Dodo: aj+ay+ oyt ay <133B< a3 —as
= 8=aq+atast+ a*as < ap.
Ta ¢6 2 day nAm trong khoang tir 1 dén 2017
@< = ... <Oz
i~ S<apuy~85< .., <dye -5

Ca 2 ddy c6 1680 + 342 = 2022 sb, Cac sb ndy nim
trong khodng tir I dén 2017 nén khéng thé khic nhau
timg d6i mdt. Suy ra ton tai 2 56 thude 2 day sao cho
a, = a,, — 8. Do do trén bang ton tai 6 s06;

hT™T T detas+a,=a,.

trong cic s0 con lai lém hom hodic bing

Miit khic neu x6a di 333 s6 nho nhdt thi tong 6 sb bit ﬁ

334+ 335+ 336 + 337 + 338 + 339 = 2019 v
lom nhat con lai trén bang. Viy xoa ngi
nhit 332 s6 dé trén bang chic chiin 14
cua chung,

nhiéu
50 Vi tong

NGUYEN HIEP (Ha Nai)
Bai Y. XOA NHONG CHO SO NAD!
Cho 50 A = 1234567891011...100101102 (gém tip hop

cdc 56 viét lién tuc tir 1,2, 3, ..., dén 102). Hay xéa bo
102 chiz sa trong s6 A dé dwpe s6;

a) ca gid tri lom nhat:

b) cd gid trj mho mhat.

Lo gidi. S 43 cho c6 198 chir sb, s6 c6 duge sau khi
gach bo di 102 chir s, 1 56 gdm 96 chix s,

a) Cdc chit s6 diu cia s6 ma chiing ta quan tim phai co
gid trj Iém nhiit. Chiing ta c6 thé x6a bo 102 chir 56 trong
50 6 198 chit s6 da cho sao cho 96 chir sb con lai tao

thinh s6 duge bt diu vai S chir s6 9, 5 chir sé 9 niy co
thé ldy nir cée $6 9, 19, 29, 39, 49 biing cach loai bo
B+ 194 19+ 19+19 = 84 chiX sb.

Chiing ta khong thé thiét Ip chir sd tiép theo Ia 9 vi chit
50 9 gin nhit chira trong so 59 vi ching ta phai x6a bo
thém 19 chir 56, khi d6 di xda bo di 84 + 19 > 102 chi
s6. Chir s6 ta thiét 13p tiép theo 1a chit 6 § chira trong sb
58, khi do ta & xda bo thém 17 chir s nira, tdng cong

dd xda bo B4 + 17 = 101 chir s6, va ta duoc sb:
999908596061, .. 101102,

Ta chi phai xda | chi¥ s6 nira 1 s6 5 trong sb 59 dé duogc
chir s phai tim 13:  99999896061...101102,

b) Mgt chir s& # (khac 0) s8 viin 14 chinh né néu ta vié
thém tity ¥ cdc chit s6 0 & bén trii cia . Nén dinh huémg
trurre tién cia ta i cdn xéa bo thé nao do dé chir sb cin
tim ¢6 nhiéu chir 4 0 nhét & bén trdi. Chiing ta c6 thé co
duucsﬁphﬁjtim,snukhi xéuhﬁﬂﬁchﬁsﬁdédmsﬁ
bat diu véi 5 chir s6 0: nhimg chir sb 0 niy chira trong
cde so 10, 20, 30, 40, 50; sb cac chir s& sb loai bo la:

$’+ 19+ 19 + 19+ 19 = 86 chit s,

duge so: 000005152, .6061...102.
s6 tiép theo 5 chit s8 0 vira thiét 1ap khong thé 13
hit s6 0 chira trong s6 60 vi khi d6 ta s& loai bo di 86 +
19 > 102 chit sd. Ta loai bo chit s6 5 trong sé 51 dé duge
chir 56 tiép theo 14 1 vi durgc s6 -

DO0001525354.. .606162...102.

Chir s6 tiep theo khéng thé 1a 0 trong s& 60 (vi khi d6 cdc
chir 50 loai bo s& > 102), nén ta logi bo chi¥ s6 5 (trong sb
52) dé duge chir sé tiép theo li 2. Dén diy ta di loai bo
88 chir 56 dé durge sé:

0000012535455, 606162102,
Chi 56 tiép theo khong thé 13 0 trong s 60, nén ta loai
bo s6 5 trong s 53 dé duge chir sb 3 tiép theo. Pén day
ta 4 loai bo 89 chir sd dé duge sb:

000001235455, .606162...102,

Dén ddy ta thiy c thé thiét 1gp chir sb tiép theo 13 0
trong so 60, va dd loai bo di 89 + 13 =102 chir sb dé
dugre s6 0000012306162,..102.

Bo di 5 chix s6 0 dimg & ddu, ta duge 56 cin tim 1a:
12306162...102 (gom 91 chir s6),
NHU HOANG (Ha Nii)

So6 483(9-2017)
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. Chdu Minh Khdnh, 12T1, THPT chuyén Nguyén Binh Khiém, Vinh Long.

& Gial Nhilt (1 ghil)

2 Giai Nhi (2 gind)

|, Hodng Mink Diing, T6 5A, T6 din phi 2, Phusémg Bong Som, TP. Déng Héi, Quéng Binh.
2. ¥ii Thanh Thao, 11 Todn, THPT Som Tiy, TX. Som Téy, Ha Nji.

¥ Cini Ba (3 gial)

|. Cao Ngoc Todn, Gido viégn THPT Tam Giang, Phong Dién, Thira Thién Hué.

2. Lé Tri Phii, 11T1, THPT chuyén Long An, Long An.

3. Nawyén Van Ban, Doi 4, Pom Lit, H. Dién Bién, Dién Bién,

T Gial Khuvén khich (3 gisi)

L, Nguyén Hiwomg Giang, | |1A13, THPT Ngoc Tio, Phic Tho, Ha Nji.
2. Lé Neo Nhgr Huy, 10A1, THPT Lac long Quén, TP. Bén tre, Bén tre.
3, Ham Ngoc Higu, 9H, THCS Tran Humg Pao, Dong Hoa, Phi Yén.
Crial thwomg cua Tap chi

Giai Nhit: Gidy Chimg nhin + Cudn dong tip Tap chi TH&TT ném 2016 + Tién thudmg.

Gidi Nhi: Gidy Chimg nhdn + Cubn déng tip Tap chi TH&TT nam 2016 +
Giai Ba: Giy Chimg nhin + Cudn déng tip Tap chi TH&TT nim 2016 + T43
Giai Khuyén Khich: Gidy Chimg nhin + Cudn déng tip Tap chi TH& TN

> g dogit miu g gap i chi maon cua minh v Toa soan de nhin CHls

FPROBLEM...

nmg nhin va Thng phdm cia Top chi

Problem T9/48). Given positive numbers x, y, z

i % satisfying x* + y° —22° + 2xv + yz+ 2x < 0. Find the

FOR TGHSCHOON

Problem T6&/483. Solve the followin m of

equations (a 18 a4 parameter)
rlx{_l': +at)=y(y" + E'lai!

d 1‘,1:[;E +a*)=z(z" +9a%).
22(5° + @) = x(x* +9a°%)

2013
2015

Problem 17/483 s a

Suppose that x=

solution of the polvnomial

fixy=a, +tax+ ul.rz +...+a.x" e Ex].
Can the sum of the coefficients of f{x) be 20177
I 8/4R0, Given three
(O R), (O:;R,), (Oy;R,) which are pairwise

externally tangent to each other at A, B, C. Let » be
the radius of the incircle of ABC, Prove that

L RAR R,
[h@

Problem circles

TOAN H
38 CoRaas

' CTuditre S& 483(9-2017)

minimum value of the expression

4 F |
X +¥ _
P= gt "1 2
F X V

TOWARDS MATHEMATICAL OLYPIAD
Problem T10/483, Find the maximum value of the
a+h{n*r+b+d]

c+dla+d b+c

expression T =

%
where a, b, ¢, d belong to E : §:|

Problem T11/483. Let R(t) be a polynomial of degree
2017, Prove that there exist infimitely many
polynomials P{x) such that

P{(R™7 (1) + R(r)+ 1) =2) = P* (R (1) + R(1) +1) - 2.

Find a relation between those poynomials P(x).
Problem TI2/483. Given a triangle ABC. The
incircle (f) of ABC is tangent to AB, BC and CA at

K, L and M. The line r which passes through B and 1s
different from AB and BC intersects MK at ML

respectively at R and S. Prove that RIS is an acute
angle.

https://tieulun.hopto.org
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ﬁuﬁ-c thi Olympic hinh hoc Sharygin liy 1én tir nha

sir pham ndi tieng 1F. Sharvgin. Péy la mot cude thi
do Nga t6 chirc vi mé ring ra quoc t&. Nhimg nim
gé’m day, nhiéu hoc sinh Viét Nam da lot véo ving
chung két va dat duoc mét sb thanh tich ding ké.
Pién hinh 1a Ngwyén Huy Hodng tmg dogt Huy
chuong Bac IMO nam 2015 14 thi sinh Viét Nam dau
tién gianh duoc Huy chwong Bong Olympic Sharygin
ndm 2013,

Nam nay vong chung két cude thi Olympic hinh hoc
Sharygin dién ra tai Moscow trong hal ngay 31/7 va
I/8, Trong do ngdy thi thir hai ¢ mét bii toan cha
khdi 9 kha thii vi nhur sau,

{40 virr B e it rgne 8P = (OF)

Sau diy ching ta s& dua ra loi gidi cho
va tim cdch khai thic md rbng no.

—l 5. Cob—
.'Lh_- TT —— L
o, | Y ey
(s
_{ i ety | ',l
[ - ._"' y =
;-" i
gl' I . "\.'ij-! I
% i J
' :
._"l'.
\ "-«.“'-.HE..'
! |"|I-'

Loi gia. (h.1) Goi (J) 1a dudmg tron (AEF), § 14 giao
ciia hai tiép tuyén chung trong cia (AEF) va (f,):
(7),(K) lin lugt 14 duémg tron ndi tiép tam gidc
ABC. SPQ; (1),(K),(1,) lan lwot tiép xic véi BC tai
D, D', T, L ladiém ddi ximg véi 7 qua /..

OLYHPIC AN HOC SHARYGIN NAM 2017

NGUYEN VAN LINH
(SV Khoa Todn, Trudng PHSP Ha Nii)

TacdbJ4 // L va § la thm vj ty trong cia (J) va
(1,) nénba diém 4, S, L thang hang.

Lai ¢6 A 1A tim vi tr ngodi ctia (1) va (1) ddng
thiri ID // IL nén 4, D, L thing hing. Do @6 bén diém
A, S, D, L thing hang,

Mit khic, S 14 tdm vi tr ngoai cia (K) va (1)
ddng thri KD' // IL nén S, I, L thing hing. Suy ra
D'=D. Tiedbtacdo DP=T0Q. Ma DB =TC nén
BP =CQ.

Co thé thiy trong 1&i gidi bai todn 1 chi sir dung dén dix

I i TN I il
I ol giiem ’ i i
| | fill Ly | ] ]
'\-\.E- ___'-E e =
l'. ‘-
)
I 17}
/ {l'_ r.li-
III. - f+|l:l
F.?\. |'
‘.,'. '-I'.J
|
\
'~.

Co thé gidi hoan toan twong ty bai todn 1 voi huu §
ring néu goi J 14 thm cla (AEF) va AH la dudmg
cao cua tam gide AEF thi AJ va AH dang gic trong
BAC . Dong thoi EF dbi song véi BCnén AJ | BC,
Néu thay dudmg tron bang tiép (/) bing duémg tron
ndi tiep (/) ta thu duge bai todn twong tu bai 2.

Bai 3. Cha rame giew: ABC ngogl tiep dveeme ron (1)
vior citecrmer trem i Kf gua B, C cdt AC. AB lan fuen
TOAN HOC
S6 483(9-2017) ' Cuditre 39
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i E, F. Tr'é;u nuven chung ngoal cua (AEF) va (1)
cdt BC tai P, (. Chimg minh rang BP = CQ.

Qua khai thac, ta phat hién mét tinh chét kha dep lién
quan Wi hinh v& cha bai todn 1, d6 14 dudmg tron
dudmg kinh PO tiép xic vin (AEF) va (0).

Ta s& phat bicu tinh chét nay trong trdmg hop tong quét.
Bai 4. Cho tam gide ABC néi tiép didmg tron (0),
ngogi tiep dwomg tron (I). Mit dwomg trén tam J bar
ki qua B, C cdt AC, AB lan hegt tgi E, F. Tiép tuyen
chune ngoai cua dieemg tron (AEF) va dwemg tron (1)
cat BC tgi P, Q. Chumg minh rdng dieomg trin (J, JP)
tiép xiic v (O) va (AEF),

Hink 3
Léi gigi. (h.3) Goi K, M lin luot 14 giao diém cua

phén gidc BAC voi (AEF) va (0): L la tam cia
(AEF). Ta ¢o6 K la diém chinh giita cung EF cia
(L) nén L, K, J thing hing. Theo bdi 2, ta ¢

AL 1 BC . Chimg minh tuong tv AO L EF nén
ALJO 14 hinh binh hinh.

Do dé JK = LJ~LK = A0~ AL = OM -0OJ = M.
Nhur vy (J,JM) tiép xiie véi () va (L).

Lai theo bai 1, BP=CQ nén JP=JQ. Viy ta chi
¢én chimg minh tir gidc PKOM ndi tiép.

Do MP= MQ nén ta cin chimg minh KM I3 phin
Goi X, § lan lugt 13 tigp diém cia tiép tuyén chung
qua P cia (L),(1) v6i (L).(1); ¥ la tiép diém cia

TOAN
40" usige

S6 483(9-2017)

tiép tuyén chung qua Q cia (L).(f) voi (L) . Gia sir
duémg tron (1) tiép xitc vdi BC tai D.

Tac6 IS/ LX, ID // LA nén ALX +SID =180" . Suy
ra Ff“m%ﬂ =180° hay PID = XAL.

Tir 6 AX // IP. Ta thu duge PIK = XAK = PXK hay
tir gide PXTK ndi tiép.

Tuwong ty ta ¢6 tir gide QYIK ndi tiép.

Suy ra PKM = PXI = [YQ = MKQ (do PX va QY
d6i xiing nhau qua L), Ta c6 dpem.

Nhidn xét: Ta lai thay duong tron ndi tiép (/) thanh
dwimg tron bang tiép (/) voi P', Q' la giao cta tiép
tuyen chung trong cua (AEF) va (7,) vii BC thi
(J.JP') vin tiép xic voi (O)(AEF) lin luot tai M,
K.Doddé P'=P,0" = Q. Ta thu duoc bai toan sau.

Bai 5. Cho tam gide ABC ngoai tiép dieimg ron (1) |
vai (1) la deomg ron bang tiép goe A . Mgt dwomg
tron MF:'H gua B, C cat AC, AB lan hegt tai E, F. Mot

i 3 g ngoai cua (AEF) va (I eat BC tai

Hinh 4

Sau day ta phat bi¢u bai 4 dun dang khic dep hon
nhur sau.

Bai 6. Cho nr gide ABCD ngi tiép dimg tron (0) .
AC giao BD tai P. Gpi (1).(J) ldn lwot la dwong
trén i tiép cdc tam gide PCD, PAB. Hai tiép tuyén
chung trong cua (1) va (PAB) edt CD tai E, F. Hai
tiép tuyén chung trong cia (J) va (PCD) cdt AB tai
K. L. Chung minh ring E, F, L, K cing thugc mot
dwamg tron tdm O va dwdmg tron nay tiép xiic vor hai
dwomg tron (PAR),(PCD) (h.5).

Tét nhién 4 diém L, K, E, F nim trén cac tiép tuyén
chung ngoal cia ciac cip duomg tron (PCD) va
dudmg tron bang tiép géc P cua tam gidc PARB,

https://tieulun.hopto.org



duimg tron (PAB) va dudmg tron bang tiép goc P
cua tam giac PCD.,

Himh 5
Béy gid ta tim dieu kign dé cip tiép tuyén chung trong
cua mot duomg trom (J) diqua A va duimg tron néi
ticp tam gidc ABC cit BC tai hai diém P, O thoa man
BP = CQ . Ta thu dugce két qua sau.

Bai 7. Cho tam gidc ABC ngoai tiép dwomg mon ()
veri diweomg tron (1) bang tiép goc A. (1,) Hép xuc v

BC tai T. Dwomg trung trwe cia AT cér | A tai K. J i
diem bat ki trén AK sao cho din mg tron (J, J4) vg

Ap dung dinh Iy Monge-D'Alembert cho ba duimg
ron (7},(K)(/,) ta thu duge thm vi ur trong cia
(1) va (K) ndm trén AT

Lai ap dung dinh 1y dinh ly Monge-D'Alembert cho
ba dudmg tron (J), (1), (:t’} ta thu duge dm vi tr
trong cua (/) va (K) nim trén AS. Suyra 4, S, T
thiing hang,.

Goi D la tiép diém cia (/) véi BC. R 13 diém dbi
ximg véi D qua /., Taco A 1 @ém vi tr ngodi cua
() va (1,) nén A, R, T thang hang. Suyra S, R, T
thing hing. Tir d6 7 la tiép diém cta dwimg tron
bang tiép gbc § cua tam gidc SPQ véi PQO. Suy ra
DP=TQ .Ma DB =TC nén BP=CQ.

Khai thic cdu hinh cuia bai todn 7, tic gia tim ra bai
todn sau.

Bai 8. Cho tam gidc ABC ndi tiep dwomg tran (0),
ngogi tiép dwecng tron (I). M li diém chinh gifta
cung BAC eiia (0). Goi E, F la hai diém bt ki trén
BC sao chagBE = CF . Tir E, F ké tiép myén d,.d,
khae: ) . Chimg minh rang ton tai mgt deomg
17 di qua A v tiép xiic voi dg.d. . (MEF).
xét. Nguoc lai néu cho mit diém P chuyén
g trén (@). Tir P ke hai tiép tuyén 16i (/) cit
BC i K, L thi (PKL) tiép xiic véi hai diémg trom cb

ngoai nhaw. Goi P, Q la cde giao diem ciia 1ié TE - dinh, trong d6 mt dwdmg tron 13 (MEF), mt dudmg
chung trong ctia (1) va (J, JA) vii BC. ( h&/mh

rang BP = CQ.

Hinh 6

Léi gidi. (h.6) Goi S 1a giao diém cua hai tiép tuyén
chung trong cua (J) va (/). Dymg dudmg tron
(K, K4) thi (K,KA4) tiep xic vii (J) tai A va tiép
xtic vai (1) tai T

tron di qua giao diém cla hai tiép tuyén chung ngoai
cua (f) va () v BC va tiép xic vii (o),

DE két thic bi viét, méi ban doc thir chimg minh mét
trudmg hop ddc biét cua bai todn 4.

Bdi 9. Cho tam gidc ABC ngogi tiép dwomg tron (1)
v (1) la dining trim bang tiép goc A, Goi P. Q lan
hopt la tiép diém ciia (1) va (1) véi BC. M I
frung diém cua l,, AH la deomg cao cia tam gide
ABC. Cluing minh rdng dwomg tron (PMQ) tiép xiic
vt dhwemg trom deemg kinh AH,

Tai li¢u tham khio
[1] Sharygin Geometry Olympiad 2017,

hup://geometry. ru/olimp/201 7. php

[2] AoPS topic Mixtilinear incircles and somehow
Poncelet'’s porism,

https://artofproblemsoly Ing.com/community/céh1861
17p1022749
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TIENG ANH BUA EAE BAI TOAN

BAI SO 24
Problem: Prove or disprove the statemenr: “The  Stalement fails. We can see this by choosing the
functions f(x) =sinx" is periodic" sequence x = v2nm , the corresponding  sequence

Remark: For this problem, we will use the following  f'(x, )=2+2nn cos(2nn)=2+/2nn is clearly
facts about periodic functions which were given inthe  yphounded.  Therefore the  given  function
same section of the previous issue.

fix)=sinx’ is not periodic.
let f:R—R be a differentiable and periodic

function, Theo s i )
(i) f is bounded, i.e. there exists M such that 1 s R
|. f{-ﬂ[ < M., Vr. statement . phat bigu I[fm:nh de)
(i) £ is also a periodic function. ] :;;ﬁ;:huyen R
Solution: We will show that f(x)=sinx® is not  uphownded - khéng bj chin
periodic. Assume that it is periodic. By (i), its NGUYEN PHU HOANG LAN

derivative f'(x)=2xcosx® is periodic. And then, by (Treng DHKHIN, DHOG Fa Nov}

i)y r ’[.1'}=.1.1:::me is bounded. But the later

- Bal toan. /Hay Vel clierre mat hemt 8 chao d6 thi cra o o4 (vir ol 4) dhome
tiem can: | y=t:x=0wy

J 2 néuxzl
sb: flx)=1-3 nfux<0
... trong cic tredmg hop con lyi.

Laoi giai. Chung ta xay d

Roringla lim f@N*=2 va lim f(x)=-3.
Theo dinh nghia, 46 thi ham s6 ¢6 hai dw*m cfin ngang la y = -3 va y = 2. Biy gio ta tip trung vio “cdc
dwimg tigm cin dhimg”, Ta s& sir duni 6 lwong gide v=tanx,——<x <= vid0 thi cta ham s nay ¢6 céc

dwimg tiém cin dimg x=-— vi x=— tuong ty nhur yéu ciu ciia dé bai. Chiing ta cin chuyén déi tir khodng

2
f—%:%] thanh khoang (0; 1), Dé lam duge diéu do ta thay ham s6 v = tany bai ham so y = tan n(x — 0,5), Ta
| 2"
nhén véi m dé dieu chinh chu ki tir © vé 1 vé trir di 0,5 d& tinh tién d6 thi sang phai 0,5 don vi. Do d6 ham s
i néuxz |
flx)=4-3 néux <0
tan m( x —0,3), trong cic truimg hop con lai
s& thod man yéu cu ciia bai todn.

Céau hoi: C6 thé xiy dung mot ham so f{x) sao cho do thi clia ham so do trén doan [0; 1] co vo 30 dudmg tiém
cén dimg hay khong?

Nhdn xét. Cic ban sau ¢d bas dijch tot hom ca: Yén Bai: Ngny& Khank Linh, 11A1, THPT Hodang Vin Thy, Lue Yén; Hung
Yén: Hodang Van Thai, 11A3, THPT Duong Quang Ham, Vin Giang; Thira Thién Hué: Nguyvén Ngoe Thanh, 12T1, THPT
chuyén Quic hoc Hué; Quing Nam: Ngwvén Thanh Hime, Huwnh Dink Nepe Trde, 10/1, THPT chuyén Nguyén Binh
Khiém, TP, Tam K3; Dong Nai: Pham Hiru Danh, GV THPT chuyén Luong Thé Vinh, TP. Bién Hod; Vinh Long: Lé Mink
Qudn, 11T1, Chéu Minh Khank, 12T1, THPT chuyén Nguyén Binh Khiém, TP. Vinh Long; Bén Tre: Lé Nao Nhgt Huy,
10A1, THPT Lac Long Quén, TP. Bén Tre; Déng Thép: Lé Vit Lam Hién, 10A1, THPT Thép Mudi.

HO HAI (Ha Noi)

4?2 T?glh-‘ugg S& 485(9-2017)
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© BAIl TOAN 3. Tim wid tri lom mhdy va el tri nho
Il R |'I'.'.|;J'J .r.l'.'.';'r .|Il i

0 e thoa mdn dicw kien ¥+ v =x + 3 (1)

2V, Irong do x, v la hat
Livi giai

PINH HUONG 1. Thay x = F — 2y vao (1) duge
phuong trinh (PT) bc hai dn y vai tham s6 F ri xét
cdc gid trj cua F dé PT ndy ¢ nghiém,

Cdeh giai 1. Thay x = F 2y vao (1) duge PT bic
hﬂ.lﬂﬂlhﬂu (F— Ev} +y —F+2'|,—1,r ]

-:::-33. ~(4F - W+ F-F=0 (2)
PT (1) c6 nghiém y khi biét s6 A= 0
S@EF-1F-20(F -F)20e4F - 12F-1<0

c:rdr{ FE—I.EF+E)—IH£U o | F‘--B—] EE
. 2 4 \
hay la 3410 < F< j—q’ﬁ.
2 2
Bing thirc xay ra khi A= 0. '&
D QF
Thay F = it V1o vao (2) tinh d
5+ 2410 5++10
y = vix = :
d 10 10
thay F = 3-;&_“ vao (2) tinh duoc
_5-210 5-+/10
= vix = :
10 10
Vay, max F =3+;ﬁ vi min F = 3:"@ i

Co thé 1am twong ty nhur trén khi xét PT bic hai 4n

x, hofic PT bic hai dnz = y - %,.

PINH HUONG 2. Xét vi tri tuong d6i cua ho
dudimg thang x +2v F = 0 véi tham so F va dudmg
tron x° +r2— x—y=0.

Cdch gidi 2. Bién d6i (1) thanh dang

4]

Péy la PT duomg tron tim T[% %] vl ban kinh

1
R=—.

V2
dwong tron (7) khi khoang cich & (T,A) tir tdm
dwimg tron dén dudmg thing A khéng Iom hon R,

Ho dudmg ﬂ-;-fmg Arx+2y—F = 0 ¢it

;1|-+2.%—F l
e lad(T,A)E R & 5 ———
" +2¢ 2
q‘i—Fs‘“ﬁ o 210 o B4VID
2 2 2 2
3+
Viy, max F = ;‘_ khix + 2y = 3+£ﬁ-ﬁ v (1).
Giai hé hai PT nay duge x 5 J_ 5+2m.
10 10
] N
Y10 khix + 2y = 3 ;Tﬁ vi (1).
— ir_ -
hai PT ndy dage x= 510, 3 z»fﬁ_n

INH HUONG 3. Bién déi (1) thanh

(_ 1Y [ 1Y 1
X=—| | Y= | ==
2 4lr-g) =g

Néu viét F=.1'+31-'=[.1'—-!-]+2[V—l]+1 thi co
: 2 SR 2

thé dp dung duge BDT Bunyakovsky,
Cadch giai 3. A\p dung BET Bunvakovsky ta co:

.. ] T Iy
:L"-r_E]-;-z[.F-EJ} E{I__r]\‘l'r_EJ +[L.F_E] ]:SI%

-:';:a[.t‘+2].—-— EE,
: L
Tir d6 ci “ﬂ5x+2}——3-£@
2 2 2
o’ ﬂ—jﬁ Sx+2y< 3+:ﬁ

Tir day ta cling nhiin dwgce két qua nhur cach giai | va
cach giai 2.
DINH HUONG 4. Bién déi (1) thanh dang

[Ji.t-if-] +[-.-"H3‘_t'r-i§]h=f (3)

TOAN HOC
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Tir (3) ta biéu dién x, y thanh dang lugng gidc roi tim
cure tri cia ham lugng gidc F =x + 2y

V2

Ciich gidi 4. Dir Jir—?ﬂm vi 2 =-—§:5inu

v 0< a < 2 n thix va y thoa min PT (3).

Tir cach diit trén o r—%+§mﬁu va y_%+ijmu.

V2 [IJ’E.]

i |
con F=x+2y=—+—cosa+2| —+—sina
2 2 2

3 2

=—£+-2—[msu+sinu}.

Ta xét cyc 1 cla ham hogmg gide £ = cosa + 2sina .
Dt tan @ = 2 véi —gﬂp-.:ﬁ thi

2
Ecosp= cosacosp+ sinasin o= cos(a—@)=<],
suyra Ecos9 < 1o E <1 +tan‘g=1+2"=35,
hay 12 —J5 < E < V5.
e 2 g 200 300

Péng thirc xay ra khi a =g, tire 14 khi cos’a = % va

4 .
sin‘o = — . Do tan > 0 nén cos o va sin e cling dé
3 0 g l‘,

0{@

: - S 245 :
Khl:ﬂsa=Tmlslnﬂ=T,mcu

s+ Vi, _ 542410 A
{1 10 0‘

34410 34410
3 ,max F = T

245

Khi coso = — i;*lhi sin o= — T.ta-:ﬂ

5-410 5-210
T va

10

I=

F=I+2_'|r'=

x’:

min F = 0

3-4/10
g

F=x+2y=-

3—10
2

DINH HUONG 5. Ta nhin thiy ¥* + y* = x + y
khang co sé hang wr do khic khong nén ¢6 thé biéu
dién x va v qua mdt bién mdi, rdi chuyén vide xét
F = x + 2y tir hiam hai bién vé ham mdt bién.
Cdch giai 5. Dat v = x1 thi

Py =X+ rvax+y=x+x.
T ddco '+ °F =x+xt (4)

44 : cru:{écé S6 483(9-2017)

*Néur=0thiy=0vi F=x+2y=0.

* Néu x khdc 0 thi tir (4) ¢
1+1 P+
XS o—— vy =xf= T
P 141
2 2
TirdéF=J;+2y=]H+2{ZH 1.4 ]+3:+11.'r :
1+t 1471

Dé xé1 cyc trj ciia ham F(f) ¢6 thé lam nhur cich giai
1, tirc 14 coi F 14 tham sb cia PT bic hai an ¢ dang
Fl+f)=1+3t+2Ff <@ (F-2Ff-3t+F-1=0
roi xét cdc gid tri ciia F dé PT ndy co nghiém,

PT trén ¢6 nghiém 7 khi biét s A= 0
SI-4HF-2)UF-1)204F — 12F - 1<0.

Ta tiép tuc lam nhu Cach gidi 1, din dén két ludn
sau khi so sanh véi gid tri F= 0.0
» Nhin xét. 1) Tac gia ra dé Trdn Van Hanh, GV DH
Pham Vin Pong, Quang Ngdi d die ra 4 cich gidi ddu
tién. Cac ban gini bai gidi cling néu ra 4 cich gidi nhu thé
la: Nguven Vin Xa, GV THPT Yén Phong 2, Yén Phong,
Bic Ninh; 'urgu;.m Anh Vi, GV THPT Nguyén Binh
Khiém, Hodi An, Binh Dinh; Triromg Quang An, GV, xa
u Nghia, Quing Ngii. 2) Ban Nguvén Anh
cach giai 5 va chil v ring hoc sinh lop 12 co
ciich khao sat ham phan thirc nhér ldy dao ham
50, Ban Ngm-cfn Anh Vi cing néu rd: S0 dyung
idi 1 ta giai duge bdi todn tong quit hon khi xét cye
ua biéu thirc F = mx + ny + v vén diéu kién

ax+ hl.':
3) Ban "-g:m.u Vin &a nr.:u cach glm nrong ty nhur cach g
2 khi bién d6i F —t‘+1 + y 1o 1Elg|nuﬂtemcunha.|

cx+av+e

. r
di'mg tron: Pudmg tron (.&r—%] +("|'—~%J =% im T
\

bin kinh R va duimg trén r?+[y_%] =%+F dm QO
ban kinh r. Cich nay phitc tap hom cach gidi 2 mit chit khi

phii xét diéu kién F+ % >0vi[R—F|STQ SR+F

4) C6 ban néu 1ii gidi bang cich s dung BDT vé tich vo
hirémg cua hai vecto |u.v (s u|.|v|, tuy nhién vé thue chit
diy ciing 14 cach sir dung BDT Bumyakovsky.,
NGUYEN VIET HAI (Ha Ngi)
Méi cde ban giri Bai todn 6 sau diy vé Toad soan
TH&ETT truwde ngay 31.10.2017,
Bai todn 6. Cho miea diecmg tron tam O dieomg kinh
AB va ddy cung CD khéng 14 diecmg kinh. Goi H la
giao diém ciia cdc dwomg thang AC va BD. Duomg
thang qua H vudng goc vai HO ear AD, BC lan lwpr
tai E, F. Chimg minh: HE = HF.
PAU CONG NHO
(GV THCS Cao Xuan fhy, Dién Chdu, Nghé An)
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Trong bai ky nay 1a l&d giai cac bai todn dugc (sin x +cosx)+(sin y +cos y)
dura ra trong phan bai tap dé nghi & TH&TT sé

+(sin x+cosx)23v2 (1)

481, T7.2017.

Bai 3. (Ki thi ldn thit 50 vé dich Czech va Ta co: sinx +cosx </ sinx|+|cosx|

Stovak, nam 2000, bai 4, vong 1). R
.r {thmx cos’x _ 3
SINXY+Cosy=242 2

Crici Ilr.'lfj-ll f!ﬁ?[ﬁﬂiﬂ rinfr; < 'ull'l ¥FTrelhz 2 'n..-ll..: ng m: Elnv + COS .1- El Sin v | + I COS ¥y ?-5 JE
SiNz+cosx=y2

sinz+cosz <(sinz|+|cosz|< J2.

Loi gidgi. Cdch 1. Cong theo vé cac BPT ta co: Céng thé cac BDT trén ta co:

(sin x +c0sx)+(sin y+cosy) (sin AQ$®s:x) + (sin y+c0s v)+ (sin x+cosx) <32 (2).
) va (2) suy ra phai ¢6 ding thirc tai cic

T trén va ta co:

+ (Sin x+cosx)= 31.5 (1)

Mt khae véi moi so thye ¢ ta ludn co: : : |
* SINX=COSX=SIN Y =COS ¥ =SINZ=COSZ.

| .. W o ek L
sint + cost =+/2 —2-smr+rr1—cusr Tir do ta lai c6 nghiém:

X==+2kmy=242km, 2= + 2k
= ﬁ[cnsﬁsinr+ ‘ usf} 4 . S 4
4 w Cdch 3. Tir hé phwong trinh di cho chuyén vé va
binh phuong hai vé ta c6 hé

-rsm[H ] <V3.

sin® x>2-2cos y + cos® y
Cong theo vé cic BBT twong (mg véi 1 =x, y,z tsin’ y22—2cosz+cos’ z .
ta nhan duge: sin~z22-2cosx+cos’ x

(sin x+cosx)+(sin y+cosy)+(sin .r+m5.r]£3& (2)
Tir (1) va (2) suy ra ta phai c6 ding thirc
(sin x+cosx)+(sin y+cos y)+(sin x+c=usx]=3~."i

Cong theo vé cic BDT va bién déi ta thu dugc:
0=(1- ﬁt‘:ﬂsx}! +(1 uﬁcﬂs_p]“

T do suy ra phai co +(1-/2 cos z)*.
. ( n} . ( n) : [ ﬂ) Tir d6, két hop vdi sinx > 0,sin y 2 0,sinz > 0,
Sin| x+— |=8in| y+— |=sin| z+— |=1 B
4 4 4 fa co nghig¢m:
n n m L T _T
:::x=1+2k1m y=—+2k,m, z=1+2j:_]m .‘r—1+1l,ﬂ:,_1. -E+H3H.E-E+3hﬂ-

Cédch 2. Cong theo vé cdc bt ding thirc ta c6:  Cédch 4. Binh phuong cdc vé cia hé

S& 483(9-2017) T?@uggce 45
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sin® x4+ cos’ v+ 2sinxcos y > 2

sin® y + cos® z + 2sin ycosz>2.

sin” z 4 ¢os” x+ 2sinzcosx =2
Cong theo vé cic bat ding thirc, ta thu duoc:

2sinxcos v+ 2sin ycosz + 28inzcosx 23,
Tuy nhién, ta coé

2sinxcos y+ 2sin ycosz + 2sinzcos x
< (sin” x +cos” y)+(sin” y+cos” z)

+ (sin’ z +cos’ x) =3

cho nén cac BPT trén tré thanh ding thirc va ta
dé dang thu duge nghiém:

T m

=—+ 2k T y=—+20n, 2 s + 2k, 1.
4 4 4 4

Bai 4. (K: rhe fam thar 27

2001, bai 1, vang 1).

va dich Serbia, nam

] -

—-.\II"I'——_—W..-'_

I

¥

{ho hiét W

Hday cinemg minh ring x=y=z.

lllll

éﬁ

Tit wﬁ—l=ﬁ—ilacé &
¥ Z @
| Z
G=f=l-lcny
y z ¥
Viy: A 4 (1)
o " '_r J_
Tuong i -=—Z 2)

: f-x,;

y=Xx

= (3)
Jz+ J"
Pit A=(x—y)yv—-z)Nz-x) va nhin theo vé
cua (1), (2) va (3) ta thu dugc:

4 = m
(Ve 3)({r +4z) [z 44x) =97
46T?g?ugg§ S& 483(9-2017)

(Vs ](ur ) ) F

Viay A=0, do d6 phai ¢ 2 trong 3s6 x,y,z
bang nhau, va khi thay vao hé ban déu ta thu
dugc x=y=2z

e A =0,

Cdch 2. Ciing bién d6i nhur trén dé thu dugc ba
dang thirc (1), (2) va (3). Xét cac truong hop:
THl: y>z. Khidotir (1) suyra v>x. Tir (3)
suy rafir z>x. Nhumg tir (2) suyra z> y:
méu thudn.
TH2: y <z Khido tir (1) suy ra y<x. Tir (3)
suy ra tir z<x. Nhung tir (2) suy ra z<y:
mdu thudn.
Tirdé suy ra v =z v turomg ty ta co:
4’ X=y==r

@ VI DINH HOA

V khoa Cang nghé Thong tin, DHSP Ha Ngi)

ﬁ:&, Mt s ban g bai ¢o dua ra mit s cach

hinh thirc trinh bay c6 vé khic nhimg cich ga da
trinh bay trén nhimg thyre chit viin 1a nhimg cach gidi
d6. Xin néu tén hai ban c6 1oi giai tot: Quﬁng Binh:
Hodang Mink Diing, 16 dan phé 2, phudmg Béng Som,
TP. Dong Héi; Quing Ngii: Trwomg Quang An,
thén An Hba Nam, xi Nghia Thing, huyén Tu Nghia.

NHU HOANG

BAI TAP DE NGHI

Bai 9. Goi a. b, ¢ 1a 4§ dai ba canh cia mdt tam
gidc ¢6 dién tich 13 S. Chimg minh rang

@ +h +32 24038,

Bai 10. Cho x, y, z 2 ba 0 thye dwong. Chimg
minh ring

¥ ¥ z
]x’ +8yz +1)y’ +Bzx +:,le +8xy =

NGO VAN THAI
(GV THPT Pham Quang Tham, Vii Thu, Thai Binh)
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BAI TOAN CUC TR1 !

GIAI DAP:
(Dé ding trén TH&TT si 479, thdng 5 nim 2017)
1. Phén tich sai lim.
« Dé thiy riing néu A(1:1:0), B(1:1:2) thi
HA+ HB=1+322=AB,
Do d6 véi A(1;1:0), B(1;1;2) thi ding thirc o (1)

khong xay ra. Ban Toan khing dinh “ding thirc & (1)
xay ra khi ba diém H, A, B thing hing hay
HA,HB cimg phuong ” 13 khong ding. Ding thire &
(1) xay ra kiu diem H thuc doan A8, nghia 13 hai
vecto HA, HB cung phuong, nguge huong. Tir dic
diém toa 46 cia HA, HE 1a thiy néu hai vecto nay
HB=3HA, ure la khi
HA HB cung phuong, cing hwémg. Viy chy

cung phirong  thi

déng thirc & (1) khong xay ra,
« Hon nira 4, B la nhimg diém thay dAQe® luot trén
A, A, nén dj dai doan 4B khong a hing s6. Vi
thé néq dng thire & (1) xay ra thi ciing khang két luan
duge ring khi 46 HA + HB dat gi tri nho nhit,

2. Lai giai diung. Cach |,
GOl Al +a:l+2a;,0) e A, B(-3-2b;—1-h2) e A,.

Liucnay HA+HB=v5a" +145(b+2) +924 (2)

Ping thirc ¢ (2) xay ra khi @ = 0, » = -2. Suy ra
A1 1:0), B(1:1;2) . Viy HA + HB dat gia tri nho nhit
bang 4 khi A(1;1;0), B(1;1:2).

Cach 2. Goi H (1+a:1+20:0)e A, va
H,(-3-2b;-1-b;2)€A, lin luot 14 hinh chiéy
vudng goc ctia H wén A, A,.Ta ¢6 w (1;2:0) 13
VTCP clia A,, u,(~2:—1;0) 1a VTCP cua A,

H_.Hrl.l;=ﬂ o rﬂ"l"lﬁ‘:ﬂ
HH, i, =0 {—2{—4—2‘!:]—1{—2—&]:1}

e
—

o

bl

Suy ra H,(1:1;0), H,(1;1;2), Viy véi moi AcA,,
BeA,taco: HA+ HB =z HH, + HH, =4.
Ding thirc xdy ra khi A, B trong ing tring vdi
il H,. Vay vén A(1:1;0), B(1;1;2) thi HA + HB da
gid tri nho nhat bang 4.
Nign xét. Chi ¢o ban Newvén Trung Kién, 11 Todn 1, THPT
chuyén Qudc hoc Hué, Thim Thién Hué 13 phat hién ding
sai lam va diea ra 16 gidi ding,

KIHIV]

THEM DAU HIEU: . A
NHAN BIET HINH BINH HANH | =
Bai tosrfao i gidc ABCD co -

v BAD = BCD . Chitng minh réng ABCD
binh hanh.

B [

./

Léi gigi. Ha BH | AD wi H. DK L BC @i K. Vi

BAD = BCD nén H, K hoiic trong img thude cic dogn

AD, BC hodc twong img thudc tia ddi cua AD, CB,

Ta c6 AABH = ACDK (canh huyén - goc nhon)

Suy ra DK = BH va CK = AH.

Suy ra ABHD = ADKB (canh huyén-canh gée vudng).

Do d6 BK = DH. Tir dé suy ra BC = 4D,

Viy tit gidc ABCD ¢ AB = CD va AD = BCnénné la

hinh binh hanh. O

Nhur vdy, ta di chimg minh duoc diu hiéu nhin biét

mm r:_hn hinh binh hanh: “7ir gidc c6 mét cap canh

doi bang nhaw va mor cdp goe doi bdng mhau la hink

binh hanh™.

Theo cic ban, lid gidi trén diing hay sai ? Tai sao?

NGUYEN THANH HONG

(GV THPT chuvén DHSP Ha Néi)

TOAN H
: ﬂuﬁi?;cé 47
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XUAT BAN TU 1964

‘ ' "
Tﬂﬁmnu'ﬁmm mmu:rhu.mﬁm'ﬂz
Mothemtics ond Youth Magazine e v o o

BAN €O VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
¢ y Chil tich Hoi ddng Thinh vién
GS. TSKH. TRAN VAN NHUNG MR Gl i VAt R
TS NGUYEN VAN VONG NGUYEN DU THAT
GS, POAN QUYNH Pho Téng Giam d6c phu trich NXBGD Viét Nam
PGS TS, TRAN VAN HAD HOANG LE BACH

Phé Téng Gidm doc kiem Téng bién tp
NXB Gido duc Viét Nam
e — . TS. PHAN XUAN THANH
HOI PONG BIEN TAP

Tdng bién tdp : TS. TRAN HOU NAM Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, 75, TRAN NAM DUNG, T5. NGUYEN MINH BUT, TS NGUYEN MINH HA,
TS. NGUYEN VIET HAL PGS TS. LE QUGC HAN, ThS. PHAM VAN HUNG, PGS 75. VI THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 75. PHAM THI BACH NGOC, PGS. 75 NGUYEN DANG PHAT,
PGS. TS, TA DUY PHUUNG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS, PHAN DOAN THOAL ThS. VU
KIM THUOY. PGS TS5, VD DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO N&‘

o Dinh cho Trung hoe Co sa e ra ky nay

Foar Lower Secondary School

Pham Trung Kién — Sit dung hiéu thie lié
hop dé giai toan.

€ 7hdi Nhdt Phugmg — Bai toan dio %

Problems in This Issue
T1/483, ..., T12/483, 1.1/483, L.2/483.
€D Giai bai ky trude

Solutions to Previous Problems

tAdm tam gifc. *
€D Giai déap a6 vui ngay he 2017
© Huong din gisi DE thi va 10 THPT
chuyén DHSP Ha Néi. nAm hoc 2017-2018. @ Ban doc tim toi
€D bé thi vao 16p 10 chuyén THPT TP. Hé Chi Nguyén Van Linh - Khai thac mjt bai
Minh, nim hoc 2017-2018. toin hay tit dé thi Olympic hinh hoc
Sharvgin nam 2017.

€ Chuin bi cho ky thi THPT Quéc gia
@ Tiéng Anh qua céac bai toan - Bai s6 24,
Nguyén Van Cuimg — Khai thac mot sd

tinh chit cia 48 thi ham s§y = f'(x). Bai dich s6 21 - Tiéng Anh qua cic bai toan,
@ T hifn sdu theen tokn hoe s clip ) Nhiéu cach giai cho mét bai todn
Hodng Pue Tén — Dinh 1y Julia Robinson @ Du lich thé gidi qua cac bai toan hay
Mg AN 10 @) sailim 5 aau?
@ Lich sit toan hoc Gidi ddp: Dap an nao?
Lé Quéc Hdn — Nhitng nhip ciu néi toin Nguyén Thanh Héng — Thém dffu hiéu
hoe va thién van hoc. nhan biét hinh binh hanh!

https://tieulun.hopto.org
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NHA THO PUSKIN QuA 614U
TUONG TUONG, ...

Puskin la nha tho Nea
vi dai, 0 nhimg bai
tho lam rung dong trai
tm hdm_. rigu nguol
trén thé i ur thé ky
nay sang thé ky khic.
Diéu do khong ai phu
nhin, nhung nhicu khi
vi Puskin dé tam hon

clia ong cd u chi

A. 5. Pushkin (1799 -1837)

ret rru:r* thul thay
quéd hao hung, nhung binh tdm doc k% o1 chiéu 1

tho véri hién thure thi thay qua vé Iy dén MO cudi, ..

Thirc vay, cac ban hay doc bai tho “Chang hip sTkeo kiét
" trong truyén cd tich bing tho ciaa Puskin:

* Truvén xwa chép rdng:
M@t hdm nha Vua truyén cho quén si:
Moi ngueri boc mot ndm ddt xép thanh dong cao
Dé dung lén ngon dsi kiéu hdnh ",

Va nha vua co thé ngy trén dinh d6i vui vé ngim nhin:

“Céi thung ling day dic lev trai trang xda
Ca bien khoi tap ngp chién thuyeén ...."

Huing tring va dep qua ! Nha Vua dimg trén dinh doi cao,
ching kiém nheo mat nhin doan quan chién lhﬂnu durin
thung Iung & chin doi va trén cac chién thuyén ken day
diic ngoai bién khoi. ..

Nhung nhi Vua dimg trén dbi nao nhi?

Chinh la edi doi duoc tao thanh bd “méi ngwai hoe maot
mam dar’ dip nén.

“ma theo trang va
van ctng may” |
Diéu) nénw 10

Péi nay chic I phii cao Mﬁhﬂa*ﬁnhuemdémﬁ ;5
tmdacﬁnnﬁﬂh&u Cir cho doan quin déng
nhit 12 10 van ngudi = 100.000 ngudi. Moi ngudi

boc més nﬁm dét khodng .1_ i oy GG T
= lnﬂﬂnﬂ {]ﬂﬂﬂdm’;zﬂmxi

Trurde hét ta ﬂ}a}r do dﬁc lém nh:ﬂ ctia d6i 14 45°, vi néu rﬂ
doc Iém hon thi dét chudi xudng, khéng bio dim an toan
cho nhit Vua; 20 m® ddp thanh mét hinh non c6 dé déc i

da 14 45 40, Khi d6 dé thiy h<R (h, Rthirty 13 duimg

cao, bin kinh ddy cla hinh non). Ly t=3,14va chiéu
cao b lén nhat bang R, ta co:

V= ETER:II = ]3 14k’
3 3

- ED_-%:{}.M:‘:IF == h=27m.

Ngon doi chi cao ¢6 2,7 mét ma nha Vua lai cd thé ngu
1nln ngon doi kiéu hanh do nhin xa thay “léu trgi trdng
a”, “tép ndp chién thuyén”, vé ly qua.

Tri tromg tuwong cua nha tho vi dai Puskin ¢ thé noi 13

bay bong thit, nhung rd rang la khéng thire té chat nao!

ngurn yéu tho Puskin not ; Bar tho co tr tho
phg trong ta bay bing. giy cho ta nhiéu cam xic
¢ la tot Toi. Khong co a1 cam thy tho theo cdi kiéu

W theo cdi kiéu “Dii duc chim mdm cay” nhu viy!
PHAN THANH QUANG (TP Hi Chi Mirk) sien rém

"
e -
\?ﬂ A

1) PHAN VIDU!

Sau khi hoc xong céc ddu hiéu chia hét, ban Chi, hoc lép
6, hoi chi minh 1a Phicomg, hoc lop 9:

Cdic 58 tr nhién co tdng cdc chi¥ s8 chia hét cho 3 (n23)
co chia hét cho 3 khong?
Suy nghi mot lat, Plucomg bao: Co thé g khdng. Vi du: s0
9819 cH 9+ 8+ 1+ 9 =27, mung 9819727,
Chi 0 lén ngac nhién nhung y‘ﬁﬂ muon chi minh dua ra
phan vi du cho truémg hop tong quat. Phiromg hoi lung
tung! Ban co thé giop Phuong khéng?
LE QUANG NAM
{ Khoa Todn Tin, BH KHTN, BHQG TF. Ho Chi Minh)

https://tieulun.hopto.org



n\mmmm I NAM

e f

cic Ki THI TOAN QU()C T DANK gﬂo TIEU HOC
VA TRUNG HOC CO' SO

au bo sach Cdc ki thi Toan Qudc té danh cho hoc sinh THCS va THPT da duoc cac gido vién va

cac ban hoc sinh hao hing don nhan, chiing t6i giéi thiéu tiép bd sach tuong tu danh cho Iua tui

nho hon, bo sach Cac ki thi Todn Quéc 1€ danh cho hoc sinh Tiéu hoc va THCS. Du kién bon tap
u cua b sach nay nhu sau:

Tap 1. International Kangaroo Mathematics Contest (IKMC) - Ki thi Toan Quéc té Kangaroo.
Tap 2. Bebras Computational Thinking Challenge (BCTC) - Thach thuc tu duy tinh toan Bebras.
Tép 3. International Mathematical Assessment for Schools (IMAS) - Ki thi danh gia nang luc Toan hoc Qudc té.

Tap 4. Math Olympiads for Elementary and Middle Schools (MOEMS) - Ki thi hoc sinh gioi Toan Hoa Ki
danh cho hoc sinh Tiéu hoc va THCS.

Viéc tiép can voi cac ki thi quoc té, cac dang toan mai la va h$ sé co tac dong tich cuc dén phong trao

hoc tap noi chung. Bén canh do, day cing se la mot tai lieu th o hin ich gitp cac em hoc sinh chuén b
tot hon trong céc ki thi hoc sinh gioi ma cac em co co hoi, ¥"0u. B sach duoc thue hién dudi sy chu bién
cia PGS.TS. L& Anh Vinh cung cac tac gia co nhiéu kig@Whhiém trong viéc boi dudng cing nhu dan doan
hoc sinh gioi cua Viét Nam tham du cac ki thi Toan, gu#Cte va khu vuc.

Tap |l cuabésach gigithiéu Kithi Toan té Kangaroo
(International Kangaroo Mathem Contest - IKMC)
duoc t6 chirc lan dau tién tai Phagg ¥Yao nam 1991, Day
l&t ki thi Toan hoc c6 sé lu@j sinh tham du lém
nhat trén thé gidi, thu hat trérws 000 000 thi sinh dén tu
khoang 50 quéc gia moi nam. Ki thi la mét hoat déng
phi lo1 nhuén, nham thuc day phong trao day va hoc
Todan theo xu huéng héi nhap quéc té, tao ra mét san
choi mo cho cac em hoc sinh Tiéu hoc va Trung hoc co
sé. Trung tam Nghién ciru vés Ung dung khoa hoc Gido
duc (CERA), Truong Pai hoc Gigo duc, Pai hoc Quéc
gia Ha Néi la don vi duoc Uy ban Kangaroo quéc té chi
dinh la diéu phéi quéc gia tai Viét Nam, dai dién phéi
hop cung Trung t&m Phat trién Tu duy va Ky nang [EG . SR
té chuc Ki thi Toan Quéc té Kangaroo tai Viét Nam.
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Lién h¢é mua sach: Phong Kinh doanh - Céng ty c6 phan Dich vu Xuat ban Gido duc Ha Néi
e Dia chi: 187B Giang V5, Quin Dong Da, Thanh pho Ha Noi
e Tel: 024.35121974 - 024.36210196 - Fax: 024.35121973 - 024.36210201
¢ E-mail: phathanh/@xbgdhn.vn
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