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Nha xudt ban Gido duc Viét Nam trén t=," .~ gici thiéu t6i dong ddo ban doc ca nudc

mB0 sach Bach khoa tri thifc tudi tré - M- <:; van cau héi vi sao la bd sach dich hoan toan méi, dn ban thit 6 clia bd séch
g6c 10 van cau héi vi sao”dugc ra v - dn dau tién ndm 1961,

mB0 sach ra doi nham nang cao - *.uc khoa hoc ciia thanh thiéu nién, dong théi cap nhat nhimg xu hudng khoa hoc,
cong nghé mai nhat hién r= . en thé gidi.

m B0 sach gdm 18 linh vuic, toan b 14 céc cau hoi - 16 dap da dang, sdu sac vé thé gidi tu nhién, vé nhiing kham pha va
sang tao clia con nguoi nham mang lai cudce séng phat trién van minh hon, dac biét |a cac van dé c6 lién hé mat thiet

dén cudc song, kha ndng (ing dung kién thiic cao ma thanh thiéu nién quan tam tim hiéu.

m5i dung phuong phap trinh bay mdi mé, nhiéu hinh minh hoa, c6 céc 6 chii giai hodc md rong hiéu biét vé
danh nhan, cong nghé mdi hodc cac trao luu mdi trong cing van dé.

m BG sach gitp phaét trién tu duy, thic day tinh than kham phd, tim hiéu khoa hoc.

m Séach day 200 trang/cudn, khé 21 x 26,5 cm, gia 180.000d/cudn.

Ban doc c¢6 thé mua sach tai cdc Céng ty Sdch - Thiét bj trudng hoc & céc dja phudng
hoac céc cla hang siach cda Nha xuit ban Gido duc Viét Nam :

+ Tai TP. Ha Néi : 45 Phé Vong ; 187, 187C Giang Vo ; 232 Tay Sm_1 . 25 Han Thuyén -

51 Lo Bc ; 45 Hang Chudi ; ngd 385 Hoang Qudc Vigt.

1772 - 1773 Trung Hoa, Nhé&n Chinh ; Toa nha HESCO Van Quan - Ha Bang.
« Tal TP. Da Ning : 78 Pasteur ; 145 L& Loi ; 223 Lé Binh Ly.

* Tai TP. H6 Chi Minh : 261C L& Quang Bjnh, quén Binh Thanh ; 231 Nguyén Van Ci, quin 5 ;
116 Binh Tién Hoang, phudng 1, quén Binh Thanh.
*+ Tai TP. Cdn Tho : 162D Buting 3 thang 2, phudng Xuan Khanh, guan Ninh Kiéu.
« Tai Website ban hang tryc tuyén : www,sach24.vn
Website: www.nxbgd.vn

www heid.vn
www.sachgiaoduconline. net
Facebook:/SiéuThiSach NXBGDVN
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rong cac dé thi tuyén sinh vao 1ép 10 chuyén,
g 16p 10 THPT ciing nhur dé thi chon hge sinh
gidi toan cap THCS cua nhitg nim gan déy, ching
ta thudng gip nhimg dang toan lién quan dén
phuong trinh bic hai cd vin dung dinh i Viéte;
chang han nhu: Tinh gid trj cua biéu thirc, chimg
minh bit ding thitc, tim gid tri 16n nhéit (GTLN) va
gid tri nho nhit (GTNN) cua biéu thic, giai hé
phuong trinh (HPT) hai an... Khéng it ban hoc sinh
con nhiéu ling ting khi gidi cdc dang todn trén.
Nhim gilp céc ban hoc sinh 1am tét phin nay dé co
duge 161 gidi hay, ngin gon va d& hidu, bai viét xin gidi
thiéu ndi dung trén.
A. KIEN THUC CAN NHO
Pe giai quyét tot cac dang todn vira néu trén ngodi
viéc ching ta cn co ki ndng giai todn thit tdt; bé
canh d6 ta con phai nam chic cic tinh chit va di
lién quan véi ching, trong dé co dinh i Viét&%’{

y
Dinh Ii Vidte *$§~

Néu phuwong trinh ax®+bx+c= (@ 0) co hai

s : b e
nghigm x|, xothi xp+x =——, Nx2 =—-
= - : a g

Ngwoc lgi, néu hai s6 u, v cé e‘d—rrg u+v=_3 va tich
uv="Pva §?=4Pthi u va v la cdc nghiém ciia
phuong trinh X2 -8X +P=0.

Y nghia ciia Dinh Ii Viéte

+ Cho phép nhim nghi¢m trong nhing trudmg hop
don gian.

+ Cho phép tinh gia tri cia biéu thirc d6i ximg cua
cac nghiém vi xét diu cta cac nghiém khong can
giai phuong trinh,

B. MOT SO DANG TOAN LIEN QUAN

Dang 1. Van dyng djnh 1i Viéte vao mdt s bai

todn tinh gid tri ciia biéu thire.

Thi dy 1. Che x, x; la cdc nghiém cia phuong
trinh x* +2017x+1=0va x3, x4 la cde nghiém cia
phicong trinh x> +2018x+1=0. Tinh gid tri cia
biéu thie M = (x, + X3 Wxg +x3) g — 23 W —x4).
Lai gigi. Dé thay cac PT da cho luén c6 hai nghiém,
nén theo dinh i Viéte ta co

X +x; =-2017; x3+x4 =-2018; xyx3 =x3x5 =1.
Do viy

M ={lez +(x +x2)x3 +x33}.[x1x2 —(xp + 27 )y +If)

:(]_
; ';&2@!&!@,+1—4035x3).(x§+2max4+1~x4)
@(4035.1:3 )(—x4) = 4035x3x5 = 4035.

’?Vh_ﬁn xét. Qua thi dy vira néu trén, néu céc ban HS
gidi tryc tiép hai PT bic hai dd cho dé tim nghiém

x5+ 7 ). (14201704 +7 )

x|, X2, X3, X4:8au do thay gid tri cdc nghiém vira
tim véo biéu thirc M thi vige tinh gia trj M s& tro
nén phirc tap. Néu khéo 1éo vin dung dinh li Viéte
thi & giai bai todn s& ngin gon, d& hiéu hon.

Thi du 2. Gia sir phwong trinh a +he+c=0(a#0)
co hai nghiém x|, x; va thoa man ax; +bxs +¢ =10,
Tinh gid tri cia biéu thie M = a’c +ac® + b —3abe.
(Dé thi TS vao lop 10 THPT chuyén Nguyén Trii,
Hai Duomg nam hoc 2005-2006).

L% gl T o -t bl - ) (%)
a a

e " b £
Theo dinh li Viétetacod xj+x: =——; xx =—-
a a

Nén (*)chota

0-%0q+x)+txan=0x-x}=0=x=2x].

2 3
Do dé M=a3[£+[5) +(E] _3..'!.’..5_]
a a o a a

=a [xi‘ +x8 —(xF +x2) +3(x3 +x2].x§]=a3.0=(}.
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Dang 2

o e

Vin dung dinh li Viéte vao bai todn tim
tham s6 dé cac nghi¢m cia phwong trinh di cho
thoa min mét hé thire
Thi du 3. Tim m dé plrong trinh

(X2 =D(x+4)x+6)=m

ca bon nghigm phan biét xy, xa, ¥3. Xy thoa man

1 1 1 1
e
X X2 i X3 |
Lai gidgi. PT d3 cho tuong dwong véi
(x+Dx+d)x-1)x+6)=m

& (2 +5x+4) (X2 +5x-6)=m (1)
2
Dt :=x2+51+§:(:¢+§2—J =0, khi do (1) co

dang (4t — (41 —49) =16m, hay

166> =232t +441-16m =0 (2)
PT di cho cé bén nghiém phén biét < PT(2) cb
hai nghiém duong phin bi¢ty,

A'=256m+6400=0
= S—-EE>U = 25<m-cf:4—l 3)
2 16
P:M}O
16

,.é?'

4x2 +20x+25- 41 = %Q’ )
Gol x3. x4 la nghiém cia PT

4x2 +20x+25-4t =0 (5)
Ap dung dinh li Viéte cho PT (4), (5) va (2) ta ¢o

Gol x, x;1a nghiém cia PT

x1+1’1=x3+‘c4=—5
25-4n 25-4n
XX = .« A3X4 = L]
4
PWET _E_ r _441—16m
1 +12 » hif2 __16
PR L UL AR e o e b
5 X Xz Xy X4 X X3 X3X4
. oan LoD
25—-4n  25-41
e 50-4(h +12) o 1 4
62510008 +12 )+ 1641 —24—m

Tir do suy ra m =1 (thoa man (3)).
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y A Cluditre S8 481(7-2017)

@

Nhin xét. V6i dang toan nay ching ta thwong khong
giai PT dé di tim nghlem ma bién d6i biéu thic da
cho theo tng va tich cdc nghi¢m, sau d6 vin dung
dinh 1i Viéte. Biéu thire bién déi thudmg gip trong
dang toan nay la

(1 —x2)? = (% +32)? — 4xxz;

x+x2 = (o + 12y —2xix2;

x+03 =(n+x) -3nx(n+x);

2 2.2
xt +x2 ={(x| +x2)? —lexz] = S

Dang 3. Vin dyng dinh li Viéte vio mjt s bai
toan chimg minh bit ding thire, tim GTLN va
GTNN

thoa mdn

Thi du 4. Gia sw of

10 hea 50 .'."II'I'_n"\' i B

diéu kien a>0, be=3a>, a+b+c=abc. Chimg
. . f14 2\,
minh rang a = | -
.\I 4
Léi giai. Jaco be=3a, b+c=abc—a=3a’—-a
Theo Viéte ddo thib, cla nghiém ctua PT

\8( —(3a-a)x+3a’ =0 {*)

(*) co6 nghiém khi A=a?(9a*-6a>-11)20

3 1+2\f_’: 1+2‘G.
Y 3

e rmoa mcn a =0

,kéthopa > 0dugca =

Thidu 5. Cho a, b, ¢ la ba si il

vi da+9h+24c=0. Tinh khoang cach (GTTD) nho

nehiém  cua  phuong  trinh

2ax2 +3bx+d4c=10
Lai gidgi. Tir4a+9b+24c=0:>c=—ﬁ‘)-zﬁ-
PT da cho cd A' =9b% —=32ac =9b% +32£{40219bJ

¥
=9{b+%€} +4%‘>0(d0a:¢0) nén PT di cho

luén e6 hai nghiém phin biét x;, x2.
Theo dinh li Viéte, ta co
3b e

Xt sy R =—==
2a a

da+9b
12a

Do d6 khoang cach giira hai nghiém cua PT da cho

la |I1 —).‘2| = “I(x] +I1)2 —4x1x2

https://tieulun.hopto.org
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[Sb]z [4a+9ﬂ [3b+2a]2 1
= — +4 = +—-
2a 12e 2a 3

z—g—h’ﬁy khoing cich nho nhit

Suy ra |.1:1 — X2

ciia hai nghiém cia PT di cho le‘x?khi vé chi khi

2a=-3b=-24¢c. Khi dé PT di cho tr¢ thanh

. 3+.15
bax? —bax—a=0 x= .
Thi du 6. Cho phuong trinh ax® +bx+ec=0 (a # 0)
co hai nghiém m, n thog man 0<m<n<1. Tim
S - ; Sa? —bab+ b2
wict i fon nhat cua biew thee P=——.
2a* —2ab+ ac

Lévi gidi. T gia thiet 0<m<n<l = m’ <mnvi
nt <l = (m+n) =2mn<mn+l

= (m+n)* =3mn+l.

Theo Gl B VISE & s e 0 Lo har s

a a
(Y
5__@_’_ h] i
pP= a a; _S5+6(m+n)+(m+n)
2...2_&4.6. 24 2(m+n)+mn X
a a

{5+6(m+n}+3mn+l
24+ 2(m+n)+m LY
&

m
Ding thirc xay ra khi va chi khi {m =0 hay

n=1
2e==h=2a Ze=—b=2a
b=-a Viymax P=3<| |b=-a
C=0 C:(}

Nhin xét. Voi dang toan nay ching ta thuong két
hop BBT cd dién hay ding (BPT Cauchy, BT
Bunyakovsky, BPT tam gidc, ...) hodc cdc tinh chét
cua BDT cing vdi viée van dung dinh 1i Viete mot
céch nhuan nhuyén s& gitp ta tim ra duoc 161 giai bai
todn rit ngin gon, djc ddo va thu vi.

Dang 4. Vin dung dinh li Viéte vio mdt sb bai
todn so hoe

Thi du 7. Cho phirong trinh 2x* +mx+2n+8=10

(x la dan so; m, n la cde 56 nguyén). Gia sic phwong

irinh co cac nehiém déu la so newvén., Chimg minh
rang m? +n?la hop s0. (Dé thi TS véo lop 10 THPT
chuvén TP. Hé Chi Minh. ném hoc 2010 - 2011).
Lai gigi. Go1 xp, x2 € Z |4 hai nghiém cua PT.

Ap dung dinh li Viete vao PT da cho, ta duoc

m ol
X +Xy ==—1 XX =n+4, Khido

2 2
m? +n? =[2_1:]+23(3} +{x]_t2—4]
- 3 2
=d4x? +4x3 +xlx} 416 = (x +4)(x3 +4)
la hop s0 vi xZ+4vax}+41a cic so nguyén Iém
homn 1.
Thi du 8. Goi x;, x» la hai nehiém cua phirong

trinh x2 —2(m—Dx+2m—6=0. Tim m nguvén

2 . i
Xy | [ %2 | e :
Fl = | o gidg tri nguyén.
\Xi

deong dé A _i'
Lot gidi. PT da cho c0 A'=(m=-12-(2m-6)
=(m=2 >0 %m, nén PT 43 cho ludn cé hai

nghigaiin biét v6i moi m. Ta c6
[

%Q\Yf rxd (O x)? -2%% )2 —2(ax)*
¥

C(ux)? (x1x2)?

& Ap dung dinh li Viéte vao PT d4 cho, ta dugc

X +Xx; =2(m—]},, XXz =2m—06 [*}
Thay (*) vao A, sau do khai trién va rit gon lai ta
dugc

A=

2

dm? - 12m+16 5

o i —2:(2m+ B ] -2,
(2m —6)2 2m—6

Dé A nguyén vi me Z* thi
16:(2m—6) 2m -6 e {+1; £2; +4; +8; 116}
s
me &t meZ*
suyrame{l; 2; 4 5; 7; 11}.

Dang 5. Vin dung dinh li Viéte vio mit sb bai
toan ¢ lién quan ham 56 y=ax?(a=0).

Trong chuong trinh Todn cudi cip ciia THCS khi
hoe phin db thi ¢ mét s6 bai tip lién quan dén giao
diém gitta dwong thing (d): y =kx+m va parabol
(P)y:v=ax*(a=0). Néu vin dung dinh i Viete vio
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giai toan mot cach sang tao va linh hoat thi 1o gidi
s& ngan gon va hay.
Thi du 9. Cho parabol (P):y=2x* va dwong
thang (d): y=2ax+1 (a#0). Tim aeN dé (d)
cit (P) tai hai diém phdn bi¢t M, Nva do dai
doan thing MN J15.

L gidi. PT hoanh do giao diém cia (P)va (d) 1a

2x2 =2ax+1 & 2x? =2ax-1=0 ™

Ta thdy A'=a?+2>0 Vanén PT (*) ludn cé hai
nghiém phéin biét x, x; hay () luén cit(P)tai hai
diém phén biét M, N.
Goi M{xg; 2)?]2’], N[.rg; h%}
Tacé MN =15 & MN? =15
o m-xR+a(2-x) =15
& (x—x)? [1+4(x2+x.)2)=15

= {(xg +I]]2 —dxax ](14—4(.7(2 +JC1?]2 ] =15 (*‘)
Ap dung dinh 1i Viéte cho PT (*) ta c6
1
nt+x=a yxn=—_.

4

Thay vao (**), sau d6 khai trién va rat gon lai @
duge 4a? +9a2 -13=0 ‘4

1 :
< a? =1hoic a? =—?3< 0 (loai) .
Vi aeNnén a=11a gid tri can ti
Thi du 10. Cho parabol (P).y= 2axi{a>0) va
ducng thang (d):4x—y-2a*=0. Tim a dé (d)
cat (P)tai hai diém phdn biét M, N cé hoanh di

8 1

1 co gid tri nho nhdl.

Xpp. XN va -
2xXprxp

LT Sl
Léi gii. PT hoanh @6 giao diem cua (P)va (d) la
2axl =4x-2a S axt =-2x+a? =0 (¥)
(d) cét (P)tai hai diém phin biét M, N < PT(*)
¢t 2 nghiém phén biét xu, xy
SA=l-a >0 < 0<a<] (doa>0).
Ap dung dinh li Viéte cho PT (*) ta ¢6

2
Xy +Xy =—; AyXIN =4d ()
a

4 T?cﬁ:?uggcc S§ 481 (7-2017)

Thay (**) vao T = b + l

thu dugce
Xpr HXw 2xp XN

T=4a+—21—- Ap dung BPT Cauchy cho hai sb
a

duong 4ava -l—tacc'lTl_* 21’4a-—1- =22. Ta thay
2a 2a

minTszE ¢>4a=Lv€t O<a<l <:>a——--
2a 22

p 1
Viy gid tri can timla a=—+=-
22
Dang 6. Vin dyng dinh li Viéte vao bai toan giai hé
phwong trinh hai 4n
Thi du 11. Gidgi hé phuong trinh
l 54x2 —78xy+24y? =0

1 1
Ix—y

3.\' + ¥t

Lai gidgi. Piéu kién dé HPT da cho c¢6 nghia la
Ix-y QWPT di cho tuong duong véi
&+ ¥ - 9(3x +y)(3x - ) +14(3x—y)* =

% 3x+y+

=3
SBe
?“3’ . ﬂ +14=0
3x } 3):—_1’
'%x+}+ =3
: [ 1
[ [Pt Gr+y)—=7
x—=y 3x-
| | M
Ix+y+ =3 Jx+y+ =3
Ix—y Ix—y
= Ix+y in 1
;‘—”’-:2 Gxty)—=2
X—y x—
J 1_? @)
Ix+y+ =3 3x+y+ =3
| Ix-y L L Ix-y

Ta thay HPT (1) vd nghiém vi

2
Jx+p+ : —4{3x+y}—] =9-28=-19<0.
3 Ix—y

=N

Tir HPT (2) va theo dinh li Viéte ddo suy ra Ix+y

va 14 cac nghiém cua phurong trinh

Ix-y

https://tieulun.hopto.org



X —3X+2=(}c:-[ Tir dé
) fo =1
Ix+y=1 g
1 1
:2 | s
3x—y A
2) < (thoa mén PK).
Ix+y=2 1
I=E
31 s !
x—y i
g )r 5

Vay HPT da cho co hai nghiém (x; y) 1a

[i, l] [l. 1]
L T e
BAI TAP TU LUYEN

I. Khong gidi phuong trinh, goi x, x; (x; > x;)la
YB3 19
1 x+—=0.

cac nghiém cia PT x? - ¥

Tinh x{ - x3.

2. Cho x, x3, x3, 412 bbn nghiém cua phuong
trinh (x + 2)(x +4}(x + 6)(x +8) =1. Tinh gia tri cua
biéu thire x,x2x3x4.

3. Cho phuong trinh (x—1)(x—2)(x—4)x—-8) =
gia sir mnhdn cic gia trj sao cho phuong t@’fﬁ 4
nghi¢m x, x, x3, x4 déu khic 0. Chim rang
biduthire T=—+L+ 14 Lkhaéhu thude m.
Xl X3 Xy Xy

4. Cho phuong trinh x2 =2(m—1)x+2m+1=0.Tim
m dé phuong trinh cé hai nghiém x;, x; thoa man
2x; —x =8.

5. Cho phuong trinh 2x2 —(3m—2)x—2=0.Tim m
dé phwong trinh c6 hai nghiém phén biét x;, x, va

S e +2(ﬂ2— L ~-1-T ¢6 gid tri nho nht.
2 X X

6. Cho hai phuong trinh x?+2ax+1=0 va
x2 +2bx+31=0 ¢ nghiém chung va |a|+|b| nho
nhit, Tim a va b .

7. Cho phuong trinh x* —4mx—2m =0 (ma tham
50) c6 hai nghiém phén biét x,, xo. Tim GTNN ciia

m* Jc]2 +4dmx; +6m

biéu thirc P =

x3 +dmx +6m m?

8. Gid st a, b, cla cic sb thyc thoa man
|a(b—c)| >|b> —ac| +|c> ~ab| va PT ax? +bx+c=0
¢0 nghi¢m thyc. Chirng minh phwong trinh trén cd
nghi¢m thye duong nhd hon 3 —1.(Bai todn ky
niém 35 nam Tap chi Todn hoc va Tudi tré),

9. Gia st x, x214 cdc nghiém cua phuong trinh

x2 4 2kx + 6 =0.Tim tit ca gid trj ciak sao cho ¢

) L
bit ding thirc [f'—j +[J‘_2J >5.
X2 X

10. Cho cac sb thyc x, y, z thoa man didu kién
X+y+z=5 vd xy+ yz+zx =8, Chimg minh ring

IEIEE, l<y<— 1<Z<l-

3 i P
11. Tim tit ca @l @& phuong trinh x2 —a?x+a+1=0
co nghiém nguyén.
12. Tim tit ca cdc gid trj thuc a@ dé phuong trinh
2x2 (4a+—]]x+4a3 +7=0 co nghiém nguyén.

(Dé Ih@vaa Iép 10 THPT chuyén Lé Qui Pon,
Bin nam hoc 2010-2011).

s6 nguyén 16n nht khong vugt qua

g (DE thi U : b
\% 4+\.]5) (B¢ thi TS vao lop 10 chuyén Todn

Tin DHSP Ha Ngi, nam hoc 1998-1999).
14. Cho parabol (P):y=x2> va duong thing
(d):y=-mx+m+2 (m=0). Tim m sao cho (d)
cit (P) tai hai diém phén biét 4, B ¢6 hoinh d

X4, x5 thoa mén }x,. —-x3| =+/29.

15. Cho parabol {P]:y:%x2 va duomg thing

(d):y=— 2 s (m=#0). Chimg minh ring (d)
m

cat (P)tai hai diém phén biét 4, B vdi do dai doan
thing AB 16n hon 2./6.
2-2x)(B3x+4y)=6

VERTATL | e e

¥ +x+4y=35
.. x—4y-4=0

17. Cho hé phuong trinh :

X2 432 3x-3y-224m=0

Trong truong hop hé ¢o hai nghiém (x; » ) va(x; »2)

hay tim m dé J{:ﬁ T }2 +{31— )2 el

Sa 481 (7-2017)
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DE THI TUYEN SINH VAO LOP 10 TRUONG THPT CHUYEN KHTN, PHQG HA NOI
NAM HQC 2016 - 2017

UVONG 1

(Danh cho tat ca cde thi sinh; Thoi gian lam bai: 120 phiir)

Céhu 1 (3,5 diem). 1. Gidi hé phuong trinh
XX +yt-xy=1

{x+ Py=2y" ‘

2. Giai phwong trinh
2(x+1)Vx+1 =(\fx+l+\r'l—x](2—ﬁ).
Ciu 11 (2.5 diém). 1. Chimg minh réing khong ton tai
cac s0 nguyén x, y thoéa man dang thirc
12x° + 26xy +15y* = 4617,

2. Véi a.b 1 céc sb thyc duong, tim gia trj 1om nhat

i | 1
1a bigu thire M =(a+b b— .
it A }[a3+b bs+a] ab
Ciéu 11 (3 diém). Cho hinh thoi ABCD v

BAD < 90°. Pudmg tron thm [ ndi tiép tam gidc
ABD tiép xtic véi BD,BA lan luot tai J,L. Trén
duomg thing LJ liy diém K sao cho BK song
song vai 1D,

1. Chimg minh ring CBK = ABI.

2. Chimg minh ring KC 1 KB.

3. Chimg minh ring bon diém C,K,/,L cing nam
trén mot duromg trom.,

Céu IV (| diém). Tim hop sd nguyén duong # sao
cho ton tai mét cich sﬁp xép cac 50 1, 2, ..., n thanh

a,, dy, ..., a, makhi chia cic sé a, aa,, aaa;, ...,

v £ - - .
aa,..a, cho n ta duge cic so du d61 mot khac
nhau.

UONG 2 $

(Ddank cho thi sinh thi chuvén Todn - .I',rg}un gian lam bai: 150 phiir)

Ciu 1 (3,5 diém). 1. Giai hé phuong trinh
X+y=yJx+3y
::1+y1+xy=3'

2. Vi a, bla nhimg s6 thuc dlrcm

ab+a+b=l,chungm1nhrang

a b 1+$’
5t T = :
lva” 146" B(1+a*)(1+5?)

Ciu I1 (2,5 diém). 1. Gia sit p, ¢ la hai s6 nguyén

man

t6 thoa mén ding thire p(p—1)=q(g” 1) (*)
a) Chimg minh ring ton tai s6 nguyén duong k sao
cho p—l=kq,q —1=kp.

b) Tim tit ca céc s6 nguyén té p, g thoa man ding
thite ().

2. V6i a,b,c la cac sb thue duong théa min

ab + bc +ca+abe = 2, tim gia trj 16n nhat coa biéu
1 b+1 4

thirc M = it Ll

Z+2a+2 B+2b+2 Pw2e+d

Ciu 11 (3 diém). Cho tam giac ABC nhon véi
AB < AC. E, F 1an lugt la trung diém cua cac canh
CA, AB. Trung trye ciia doan thfmg EF cit BC tai

D. Gia sit cé diém P nim trong EAF vanim

TOAN HOC
6

* CTudilre S8 481(7-2017)

@‘al tam gisc AEF sao cho PEC = DEF va
%% PFB = DFE. PA ciit duiémg tron ngoai tiép tam gidc

PEF tai O khac P.

1. Chirng minh ring @ = BAC+ EDF.
2. Tiép tuytf-ln tai P cua dl}'t'}'ng tron ngoqi tiép tam
giac PEF cit cac dudng thing CA4, AB lan lugt tai
M,N. Chimg minh ring bon diém C,M.B.N
cling ndm trén mot dudmg tron. Goi dudmg tron nay
la dudmg tron (K ]
3. Chirng minh rang duémg tron (K) tiép xtic vai
durémg tron ngoai tiép tam gide AEF.
Céiu IV (1 diém). Cho n la sb nguyén duong,
nzs. Xet mét da giac 161 » canh. Nguoi ta mudn
ké mot s6 duomg chéo cha da gidc ma céc ducmg
chéo ndy chia da giic da cho lhanh dung k mién,
mbi mién 1d mot ngdl gide 16i (hai mién bét ki khong
¢6 diém trong chung). :
a) Chimg minh ring ta c6 thé thyc hién duge vai
n=2018, k=672
b) Véi n=2017,k =672 ta co thé thuc hién dugc
khéng? Hay giai thich.
NGUYEN VU LUONG - PHAM VAN HUNG
(GV THPT chuyén KHTN — DHOG Ha Noi) Gidi thién.

https://tieulun.hopto.org



iﬂfﬂgm PE THI TUYEN SINH VAO LGP 10 CHUYEN
DHSP TP. HS Chi Minh NAM HOC 2016 - 2017

(Dé thi ding trén TH&TT 50 480, thang 6 ndam 2017)

Cau 1. a) &':nf-&m-l=(m+%) +%>(},VMERV:§}'

PT ¢6 2 nghi¢gm phan bit x,x,voi moi melR.
Theo hé thirc Viéte ta cox, +x, =2m, xx, =-m—1.
Vi x, 1a nghiém ctia PT nénx” - 2mx, —m—1=0
< x” =2mx, + m+1.Do d6
x4+ 2, —m=2mix, +x,)+1=4m’ +1.

Tuong tir: x,” +2mx, —m=4n" +1.

=2

Do d6 x> +2mx, —-m+———=
X, +2mx, —m

<:>4m2+]+-4 : I=2<::>4m2+1=1¢:>m=l].
M+

x+yx+1 3
L P ks L,

Jx—1 Jx -1

Tacd xeZ dé PeZ thix laso chinh phwr
Jx ~1 1d wéc cia 3. Do dé x e {0,416}, 6{{
3

Cau 2. a) HS ty v& (P) va (D). Q.
PT hoanh d¢ giao diém cia (P) va N
x* =3x+4 ¢ x* =3x—4=0cé nghiémx =—Lx, =4
Vay giao diém cua (P) va (D) la A(-1; 1), B(4: 16).
b) PT (D7) cd dang y = ax + b.
AL e(D) =l =—a+b=b=a+1=(D): y=ar+a+l.
PT hoanh d giao diém cta (P) va (D)

P =axta+l o x —ax—a-1=0 (%)
(D" tiép xic v&i (P) <> (*) ¢6 nghi¢m kép
& A=a" +4a+4=0<a=-2.Suyra b=-1.
Vay (D) :y=-2x-1L
o i {(x+l]2 =2y+5<:{(x+l)z—('y+l)2=2y—2x

(41 =2x+5  |(p+1Y =2x+5

(x—yix +}-+4)=U<:>J'_r—y=0 hoiac x+y+4=0
(y+1F =2x+5 |r+1) =2x+5

LaX

x=y, (y+1) =2y+5 {x=2, y=2
o= " = .
x=—y—4, (y+I)f =2A-y-4)+5 |x=2y=-2
Viy HPT cé nghiém (x:y) € {(2:2);(-2;-2)}.
b) Goi thti gian 3 méy bom clng bom xong cdng
viéc 1a x (ngay) (x > 0). Théi gian méay I, may II,
may I11 bom mdt minh xong céng viéc lan lugt 12
x + 28, x + 48, 2x (ngdy). Trong 1 ngay, cd 3 may

1
bom dugce l , may I bom duce 2’ may 11 bom
X

durgre —]- may 111 bom durge x (canh dong). Ta
x+4 2x

céPT®+ Losd it o e il
‘g_+28 x+48 2x x
g

112
co nghiém: x, =12 (nhédn), x, = — (loai).

Viy may I bom mdt minh xong cong viéc la 40
ngiy, may Il bom mét minh xong cong viéc la 60
ngay, may III bom mét minh xong cong viéc la 24
ngay.
Ciun 4

a) Ta ¢ IN =4 (I thudc phan gide cia AMB),
BC L IN = BC tiép xic voi duong tron (1) tai N.
b) Ta co MA la tiép tuyén cia cac dudmg tron (1), (O)
— MAE = ADE, MAE = MCA = ADE = MCA
ma ADE va MCA dbngvi = ED// BC.

TOAN HOC
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¢) Taco ED//BC, IN L BC = IN L ED. Do d6
N la diém chinh gitra ED cia dudmg tron ()

— EAN = DAN = AN la phén gidc BAC. Mt khac
KB =KC = BAK = CAK = AK la phén gisc BAC.
Do d6 AN, AK tring nhau suy ra 4, N, K thing hang.

X6t AKBN v AKAB c6 BKN chung, KBN = KAB

S KB KN
KC = KB). Do d6 AKBN 2 AKAB (g. et oind
( ). Do do {gg)nm P

Viy KA.KN = KB,
d) Ta co JBA=JBC (J 13 tim dudng tron noi tiép

e

MBC). Do 86 KJB=JBA+KAB = JBC+KBN = KBJ

— AKBJ cn tai K. Mt khic BKP=AKP (PB = PA)
= KP 1a dudng trung tnre ctia BJ = HB = HJ

— HJB = HBJ = HJB = JBC => HJ // BC. Twong tu

G/ BC. Do d6 HJ, GJ tring nhau. Vay HG di qua J.

VONG 2

Ciu 1. a) Goi vin toc ban ddu cua ngudi di xe dap 1a
x (km/h) (x > 0). Thoi gian dir dinh di la L (h).

Quiang duomg ngudi d6 di voi vén toc ting thém 2
km/h 1a 50—-2x (km). Thoi gian di vai van toc sau

khi tang tém 2 kuvh 1a: 5”_? (). Ta coPT:
+
o Mo L W T %

2 x+2 X

Viy viin toc ban diu cia ngudi di xe dap 1 10 ,
P
b) DKXD: x = 4. W

Jx+d+4x+9-yx+25=0=x+4 +

& 2+13+2J(x +4)x+9) =x+25 <

i
2

x<12

o o
x2+13x+36=[6—%J ‘bl

X=

(vi PKXD x> -4). Vay PT ¢6 tip nghiém S ={0}.
Cau2.a) ' —n=nn+)(n-1(n* +n* +1). Suyra
n’ —n'6.Mat khac n" —n:7 (theo dinh li Fermat
nhé) ma (6; 7) =1 nén »n’ -n342.

b) x eﬁz,% eZ=>x-3x" +1=> (x+3)x-3)ix’ +1
=10ix* +1= x € {0;1;-1;,2,-2;3;-3}.

Thi lai, ta c6 x e {0;1;-1;-2;3).

TOAN HOC
* CTudilpe

8
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2 X paaes o S e
x&ii a) (x+y+z) =x"+y" +2° +2(xy + yz + zx)

PT coé nghi¢m: x; =10 (nhdn), x, = -20 (loai). t%

Ciu 3.2)Taco 2@ +5) =|(a+b) +(a-b) za+b

Tuong ty: ,JZ{bl +c2}2b+c,|||2|:c2 +a2}2 c+a

Vay J?(a: +bz]+J2(b2 +c‘2}+\]2[(,2 +a2} 22(a+b+c).

b) Ap dupgBPT Cauchy ta duge:
a+bﬁ:3(a+b}+ a+b+J£f§ Supt
b aJab | 4Jab a+b

a+ 2 2

= xp+yz+zx=5.

Taco (x+y) <2(x* +)*)=(4-2) <2(6-27)

@(32—2](:—2)£0<:>§£2£2,

52

b) Tuong tir:

| k2

<x<2,—=y<

W pa
o

(x+y+2)(d +)* +2 —p—yz-zx) = +)* +7' -3z
= x4 pi 42} =3xyz 4.
Vixpzs2=(x-2)(y-2)(z-2)<0

=xnz-2Axg+yz+ )+ Hx+y+z)-8<0=x2<2
Viy MaxP=10khix=2,y=z=1.

2 2 2 2
Vixyz2o= [x-2|y-2 | z=2 |20
g [I 3][* 3][2 3]

2 4 8 50
=ar-—(xy+w+x)+—(x+y+z)-—20=xz2—.
Xy Sfﬁ} Yz +z) 9( y+z) e e

Vay minP:E khi x:z,yzf_-zi.
9 3 3

(Xem rié'p trang 16)

https://tieulun.hopto.org



DAP AN YA HUGNG DAN GIAI B8 56 10

IC |2B [3A |4D | 5B |[6C |7D | 8B | 9D |10B |11B | 12A |13C | 14D | 15C |16D |17C
I8C | 19B (20C |21B [22D |23B |24C |25B |26A |27B |28C | 29D |30D | 31C [32D |33B |34C
35A |36B (37D |38C |39B |40A |41D [42A |43C [44B [45C [ 46D [47C | 48C [49B |50A

Cau 5. Ham s0 c¢o mién xac dinh

Dz[—w;_i_ﬁ}u{_hrﬁﬁo:]‘a{]}_
2 2

VX +x-1-

7

x =1

4 1—! J
khong ton tai nén d6 thi khéng c6 tiém cdn dimg.

V'G‘“‘+x—l =X
x* =1

-J[x Fx=F=%

xt —1

Ta ¢o lim

x=4]

Vi lim =0 nén dd thi co 1 tiém

can ngang y = 0. Chon B.

Ciu 6. Ba diém cyc tri d6 1a A(0; 1), B(-1; 0),
C(1; 0) dé thiy tao thanh mdt tam gidc vudng cén.
Chon C.

Ciu 7. D@ ding thiy dé thi nay cit Ox tai 3 diém Q’

&

'

&

Khi m = 0= y'=1>0, VtER@‘miO aé

nén khéng tiép xic Ox. Chon D.
Ciiu 8. Pé ham s6 déng bién trong R thi

y'=mx’ -2mx+1=0,vxe

=0

<= 0<m=<1.ChonB.

Ht
}"ZU,VXER:?-{
<0

A,

Ciu 9. Dt 1= x >0. Dé PT cé nghiém thi PT
' +3* =a cénghiém >0, Lip bang bién thién
ta c6 két qua. Chon D.

1—x?
x+2

_x2+4x+l
(x+2)

Cau 10. Vi f=

c6 f1=0e>x=(-2+3)e[-LI]. Tinh fi-1),
0, f(2+3) = £ =f(2+3)=4-243.
Chon B.

Céu 11. Pit BC=a,BM =x= MA=+40" +x°,
MC =a-—x,(0 <x < a). Dodd thai gian chay bd

tr C sang M 1 “—;i . Théi gian boi tir M sang A

RV ||
3

la - Vay thoi gian di tir C sang A 1a
N4 +x* a-x : x 1
3 5 40" £ x% 55

Khiy’ =0 < 5x=3y40° +x* = x=30. Lip
bdng bien thién ta c6 két qua. Chon B.

1 142
{ar: + bg] =

‘::-a+b+v‘_——1—xf'r_
) (e st )1 vap)

a®—h?

(%-sz[a+b+\j—.)

(a +h? ){]"\f_b)_a;
1—ab -

Cau 13. Vi m khéng phai luén 1a s6 nguyén
duong nén a=§’}%_"- sal. Chon C.

1 1
Ciul2. Taco @ +b? =1

q:;+b¢(_l
A
&

|u|-—-

=1. Chon 4.

Céu 15. Vi lg2,25=]g%=2[133_lg2]=2[a—b]¢§-
Chon C,

Ciu17.Tacod y'=¢" +xe’" =& +y:>y'—y:e”.
Do d6 y"0 -y =" 1),y = 3"V =" (2).
Trir theo vé (1) va (2) ta dwoc y"’"’ P = 2
Khi # = 2016 thi théa min C. Chon C.

Céu 18. (_3-\4'5]3‘ 5(3+«J§f c>(3+«,fé}'2"_~:(3+u%]f

oS x+2x20x>20vx<-2, ChonC.
Ciiu 19. Ham 36 xdc dinh khi
log, ; (log, (x=1))+120
< log, ; (log, (x—1)) = -1
< 0<log, (x-1)<2
= lax-1€£4=2<x<5 ChonB.

TOAN HOC
* cusitre 9
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Ciu 20. PK: x> 0.

(> -1)

Pit y=x*'-2Inx= "=2.r—2=2
¥

-Lép

X X
bang bién thién ta c6 ham so nhan x = 1 la diém
cye tiéu va cd gia tri cuc tiéu y = 1. Ta thay duong

thiing y = 2017 > 1 ¢t duong y =x” —2Inx tai hai
diém nén phuong trinh c6 hai nghiém. Chon C.

1 A
Ciu 21. Taco y' =nxtl, y"=—-Biéu kignx > 0.
X

PT y-p'=0<>Inx+l=— c6 nghitm x = 1.
x

Mat khic ham s6 bén trai luén dong bién va ham

s6 bén phai luén nghich bién nén phuong trinh co

nghiém x = 1 la duy nhat. Chon B.

Céu 23. Dit x=—¢, vifix) la him chin nén

] 2

1= [ rCodv=] o = o[ s+ |1

! Li]
= I=2. ChonB.
Ciu 24. Ban 1, ban 2 vi pham mién xac dinh ham
s6. Chon C.
Ciu 25. Ham s6 f(.r]:m—xxé,c dinh trong ((t4e)
X
nén HE(U‘,+’3C').
“lnx i 1 i o /%
— = [Inxd(lnx)=={In’* x| =—IneZ
T ;[ ( } 2[ J' 21@
| FEeS 1 1 Q’
=>-—Iha=—=a=e¢,a=—C v
2 2 e

Chu 26. Thoi gian vat thay di van toc dén khi

dimg u(:):@:»zz%- Do dé ta co

= a
o5 = 2 =
I (-20r + a)at = 10<[-10¢ +at |7 =10
e % —10=a=20. Chon A.
40

i :

Céu 27. Isin"r sin 2xdy =2 Isin " xcosxdx
0 L1}

5 in®t? %
=2J-Sin””xd{sinx]=2{sm x} e
! nv2 || (n+2)2
1 1

ﬁm’:—:Ein:ZChDﬂB
H+ :

TOAN HOC
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Céu 28. I va II ding. Chon C.
Cau 29. Ba diém A(1;2), B(7:10), C(-3;5) tao
thanh tam giac vudng. Chon D.

-

Ciu 30. Z° +(E} =0,z +(E)3 =—4, {z+_z)[z—-}] =4,

1N1

%z =—1+1i. ChonD.

Z-—-
Z+

=

Lo |

Chu3l. GiaiPT 22 -2z +1+m* =0
z[:u’1+m2.

bé |z|:§\f§:>—2£m£"*. Chon C.

= z=l-mi,z=1+mi=

Cau 32. Goi z=a+bf(ﬂ,bERJ
::>z—1={a—l]+bf::>lz——1|2=al+b:—la+l_
Tach zz—z—z+l=a* +b* —2a+1.ChenD.
Cau 33. Gia st z=a+bi(a,beR).

Ta cd |zL+E\=2aa1+bz=1:> tip hop 1a mot

dudm : z+§|=l2vzi¢>a=ib = tap hop

o i R T
@duc‘mg thing. |z| = 2‘2! & Vd +5 =2ld +F

\Q," = tap hop 14 diém 0(0;0). zz=|z| +

sd+bh=0d +b od +b =4va=b=0
= tap hop la mot duomg tron va diém O(0 ; 0).
Chon B.

Ciu 34. Giasit z=a+bi(abeR) suyra

il =1 a0 =1,

b R e ry
|z + 1+ = (a+1)’ +(b+1)" =\ +5 +2+2(a+b)

= 3+2(a+b) 5J3+2\fz[(f +5) =142,

Chon C.
Cin 37. Goi x 1a canh day hinh chop ta ¢

1 42

V=—x*SH=""a"=x=a
3 6

suy ra canh bén hinh chép cling I;oﬁng a. Do d6 4
mjt bén hinh chop la tam gidc déu canh bang a.
nén dién tich toan phén cua hinh chop bang

V26’

Sm=4£a]+a;=(l+v§)a3:>r=£= =
4 S"D

Chon D.

https://tieulun.hopto.org



Céu 39. Thiét dién qua truc hinh try cit hinh tru
va hinh cau lan Iugt 13 hinh vuéng ndi tiép trong
hinh tron. Goi r 14 ban kinh cua hinh try, suy ra
bén kinh day cia hinh ciu bang 2r . Do d6

ST . BT

:ZEP‘],VZ :—3 Tr :’—=?+Ch0“31

2

,
Céau 40. Gia sir hinh chop co canh bén S4=a va
dudng cao hinh chép 12 SH, theo gia thiét thi
SAH =30". Goi M la trung diém SA, tir M dung
ducmg uu:mg goc voi SH tai O thi ban kinh mat
cau ngﬂal tiép hinh chép 1a R = 0S. Xét hai tam
giac dong dang ASHA, ASMO

SO S =R =50= SMﬂ—a Chon A.
SM SH SH

Ciau 41. Cach lam nhu trén thi ta co

=V e 2. ;50 Ko = ;SOS

2V, POR ABC

= 25(}".Eﬁ

ABC

=] i =i. Chon D.
SO 2

Ciu 42. Gia su dudng sinh
SA cnia hinh non cat day trén
hinh tru tai N. Goi O, O' 1a
tim cua hai day hinh try va
04 cit duomg tron day duai
hinh try tai M. Bat OM =x

=AM =R—x, MN=R—»x.
Viy thé tich hinh try ¥, = 7x" (R - x).

= S0 230‘.[59]_ )
SO

Xéthamsd f(x)=x"(R-
Léap bang bién thién , ta nhan duoc

x)= f{(x)=-3x" +2Rx.

flx)= f(% R], x> 0.
Thé tich 1ém nhét cua hinh try (7) bang
2 2
v, = ﬂ'[-R] [R —ERJ LG Plion A
3 3 27
Ciu 44. Goi h 1a khoang cach tir 4 dén canh BC,
hMB _h.MB

e il ey i

ta co S.a.uﬂ = 25.4.HC = 5

Vi M thudc canh BC nén ta cd

-1-x=-2(3-x)
-y==2(1-y)
3-z=-2(4-2z}

:M[S:’“] Chon B.
Jhata

MB =-2MC

Ciu 47. Puomg thang d6 di qua hai diém

M(2;1;-3) va tim 7(1;2;0) cla mat cau (S), c6
x=t

phuong trinh § y=3—¢ ,(1eR). Chen C.
z2=3-3%

Céu 48. Véc to phap tuyén cia (P) 1a n=(1;2;1).

Véc to chi phuong cta d 1a v=(1;0;-1). Ta co

nv=0 va diém M{L-%1)ed nhung M(L-L1) (P).

Do dé d //(P). Chen C.

Ciu 4@@ tam tam giac ABC la G(0;0;0).

G X;¥;z)e(P). Tac

S 5.3 -] 7 o

?_?-Jg[x+y - z)=3~a'§.
Chon B.
Cau 50. Goi (xyz) 14 toa do trong tdm tam gidc
ABC, ta co

3=3(1-x) (r=2
AM =3GM < {0=3(1-y) =1{y=1
0=3(-z) z=0

=G(21;0).
Goi I(x;y;z)la toa d6 tim dudng tron ngoai tiép
tam gidc, ta co
8-x=3(2-x)
IH =31G 11— y=3(1-y) = I(-1;1;0).
0-z=3(0-2z)
Chon A.
NGUYEN LAI
(GV THPT chuvén Luong Vin Chdanh, Tuy Hoa, Phi Yén)
TOAN HOC
“ cTusitge 11
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A

¢ 6 mét ngudi ban dang sdng o Peru trao doi
vOi t61 mot bal toan qua facebook. Thoat
nhin, t6i ¢t ngd diy 12 mdt bai todn khé khi dé
bai khéng cho sé do goc cy thé nhung qua md
mam, du doan 61 da dua duoc nd vé mot bai
toan ma té1 da ting gidi. Hoa ra tir bai toan ma
161 da giai trude d6 c6 thé khai thac siu hon va
cho ra nhiéu bai toan tuong tu.

Hai hom sau do, t6i lai nhan dugc mét 1oi dé
nghi giai mgt bai todn hinh hoc khéc ciia mdt co
gido ¢ tinh Vinh Phiic. Trong lic bé téc, that bét
ngd tdi phat hién ra trong hinh vE& cua bai toan
nay ¢6 mot tam gidc cling ¢6 tinh chat dac biét
gidng nhu 2 bai todn dd néu & trén. Do d6 5]
siru tim thém 1 bai toan ¢6 chung “tinh

dic biét” d6 roi tong hop lai thanh mot bgmct
dé chia sé vdi cac ban dong nghiép cu%

hoc sinh. ﬁ.
Bai todn 161 nhan dwge tir ngueoi b¥n Peru:

Tam gidc ABC co AD = BC va sé do cdc goc
nhu hinh vé. Tim x.

Trude khi dén véi nhimg phan tich va 1oi giai
cho béi toan nay, moi ban doc dén vdi bai toan
mé déu sau:

Bai toan 1. Cho tam gide ABC cdn tai A, co
A=20°, trén canh AB ldy diém D sao cho
AD = BC. Tinh s6 do gbc ACD.

12 TOMHOC  ssuncam

CHA THAC VA PHAT TRIEN

1 f \

Pay la bai toan khong xa la vdi nhitng ai nghién
ciru sdu vé hinh hoc phing & THCS. Bii todn
co xuat xir tir Nga, trong tap chi Kvant va da
xuit hién nhiéu trén tap chi TH&TT. C6 rat
nhiéu cich giai cho bai toin nay nhung téi xin
tom tit cich gidi nhu sau:

Cdch 1. Liy diém M nam trong tam giac ABC
sao cho tam gidc BMC 1a tam giic déu.

o
yy AMCA=ADAC (c.g.c) = MAC = DCA.
at khac AM la duong trung trye dong thoi 1a
duong phéan giac cua AABC — MAC = ACD=10".
Cdch 2. Trén nira mat phing bir AC chira diém
B dung tam gidc déu HAC. Goi I la giao diém
ctia HC va AB. Ta ¢6 ACAD = AHCB (c.g.c)

=» ACD=CHB=q. Ta lai co
ABH =180° — [HB — HIB =180 — a. —100Y

=800 —t = AHB =80" -,
H

Taco ﬁ—ﬁ:ﬁ
=80 -a-a=60"=a=10"

Viy ACD=10".

https://tieulun.hopto.org



* Tir bai todn m¢ déu, dé chimg minh CD la
phan gidc ciia gbc ACM, tir d6 ta c6 hai bai
todn maoi:
1.1. Cho tam gide ABC can tai A c6 A =20,
vé tam gidc déu BMC nam trong tam gidc ABC.
Tia phdn gidc cia géc ACM cdt AB lai D.
Chirmg minh AD = BC.
1.2. Cho tam gidc ABC cdn tai A c6 A=20°,
J'.-:f}’ diém D thuée canh AB sao cho AD = BC,
vé tam gide déu BMC nam trong tam gidc ABC.
Chung minh CD la tia phdn gide cua goc ACM.
* Ta c6 BDC =30, gid sir vé& tia Cy sao cho
ACy =40°, Cy cht AB tai P = tam gidic PDC
cén tai P, tir d6 ta cd bai todn mdi:
1.3. Cho tam gidc ABC cdn tai A c6 A=20,
f(fv diém D thudc canh AB sao cho AD= BC,
vé tia Cy sao cho EEy =40°, Cy cdt AB tai P.
Chitng minh tam giac PCD can. .
* Tir cdch giai thir 2 ciia bai toan thay rﬁng@
gidac AHB cln va c6 }%:400, da 4gi§1
thiét ta ciing c6 mdt bai toan méi n@u:
14. Cho tam gide ABC cin 1R cé A=40°,
trén mira met phing bé AB chira C dung tam
gide déu ABD, diem E thuge canh AC sao cho
AE =CD . Tinh 56 do géc ADE.
Bai todn 2 (Bai todn dén tir ngueci ban Peru).
Sau nhimg thoi gié bé tic trong viée tim loi
gial, toi quyét dinh mo mam, thay ring diéu
kién dé ton tai sé do goc duong x 1a

0

36—8x> 0" =(° qx{:%,
Thir véi x=20 = CAB=20°; ABC=100P: ACB=6(F.
Liéu c6 sy lién quan nao dén Bai toan 1 khong

(vi CAB=20")? Néu mudn c6 su lién quan

phai ching ta can tao ra mot tam giac can ACE
nao do?

Theo du doan d6, trén canh 4B kéo dai !:'i‘y
diém E sao cho tam gidc ACE cin tai 4 (trong
tam giac ABC, goc B lom nhit, canh AC 1on
nhat).
Néu thém diéu kién 4D =CE thi bai todn nay
6 nét giong voi Bai todn 1.

H

S
g A e

chimg minh BC =CE ta s& ching minh
X fam gidc CBE can tai C. That viy:
1807 —36° + 8x

—

AEC = =720 +4x (1)

EBC = BAC + BCA

=36 —8x+5x+36"+7x=72"+4x (2)
Twr (1) va (2) suy ra tam giac CBE cén tai C
=CE=4D=CB.
Trén nira mit phing by AC chira diém B, dyng
tam gidc déu ACH.
Ta c6 AHCE=AMCD (c.g.c) =CHE = ACD=5x.
HEA=180° — HBE — EHB

=180° —(180° — 720 —4x)-5x=72" —x
= AHB =72 — x—5x hay 60° =720 —6x.
Suyra x=2°
Chii ¥: Néu dung tam gide déu MEC nidm trong
tam giac ABC thi bai toan s& bé tic vi ta chua

chirg minh duge MCA = BAC.

TOAN HOC
" cTusifre 13

https://tieulun.hopto.org

S5 481 (7-2017)




Bii toan 3 (Pén tir ¢d gido o Vinh Phuc). Cho
hinh vé sau, biet tam gidc BDC cdn tai B.
BDC =500, ADB=ACD=30", AC e¢it BD

tai I. Chiing minh tam giae AIB cdn.

Ciing phai méit khé nhiéu thei gian t6i moi phat
hién ra dugc tam giac BIC cén tai C va co
BCI = 20%, Thé thi tam gidc BCT & bai todn nay
lai ¢6 nét giéng véi tam gidc ABC cia bai toan
mé dAu, toi lai “ngua quen duong ci” ldy diém
K thudc canh /C sao cho KC=1B.

Theo bai toan 1, c6 CBK =10° !
— JKB=CBK + KCB =3

Vi BD=BC=CI va IB=KC

Xét AAID va ABIK c6 ID = IK (cmt),

ADI = BKI (emt), AID = BIK (déi dinh)

= AAID = ABIK (g.c.g).

Suy ra /4 = IB hay tam giac IAB cin tai [.

Bai toan 4 (Siru tam). Cho tam giac can ABC
(AB=AC: A
AC khéng chira B lav D sao cho DA=DC va
ADC = 100", Chitng minh AB = BC + CD.

() bai toan nay, ti da ldy diém M thudc AB sao
cho AM = BC giong nhu cic bai toan trudc
nhung lai gip kho khan khi chimg minh
MB = CD. Khi phat hién ra goc DAB =60° thi
t6i nghi ra ngay phuong an liy diém E thuéc
canh AB sao cho AE =DA (diém E luén dung

TOAN HOC
14 *crsige

=20"). Trén mira mdt phang bo

S6 481 (7-2017)

duogce vi AD < AC = AB). ADEA co DAE = 60°
vi AE = DA => DEA 1a tam gidc déu
= DE = DC hay DEC la tam giac cén.

EDC = 40° = DEC = ECD = 70°

— BEC =180° — AED—CED

=180° —60° —70° = 50°,
ECB = BCD— ECD =120 — 70" = 50
= AECRB cintai B = BE = BC.
Vay CD+ BC=AE+ EB= AB.
Piém thi
dun

ciia bai toan nay la ta cé thé sic
qua chimg minh dé khai thic thanh
ai todn hode ching minh bai toan khac.
todn van ding khi D nam cung phia voi B,

@4.1. Cho tam gidc can ABC (AB= AC; 4=20°).
[ QI{% Trén nira mit phang b AC chia B lay D sao

cho DA=DC va ADC=100°. Chimg minh
AB=BC+CD.

* Gig sw ldy F thuge AC sao cho AF =BC. Ta
suy ra dwge CF =CD . Khai thdc két qua nay
ta co bai foan:

4.2. Cho tam gidc cin ABC(AB = AC; 4=20").
Trén nira mat phing bér AC chita B 1iy D sao
cho DA=DC va ADC =100°, Trén canh AC
liy F sao cho AF = BC. Chimg minh tam gidc
CFD can.

*Ciing sur dung két qua ctia bai todn 4, ta co bai
toan mar:

4.3. Cho tam giac ABC c0 4B = AC, BAC =200,
Trén nira mit phing bo AC chira B 13y D sao
cho DA=DCva CDA=100". F thujc 4B sao
cho AF = BC . Ching minh tir gidc DBCF la
hinh thang cén.
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FHU{JNG PHAP

GIART TOATFL

& hoc 1a mot trong nhitng chuyén nganh

lau doi va quan trong nhat ctia Toan hoc.
Nhimng bai toén s6 hoc thuomg thu hit dugc sy
quan tim cua nhiéu nguoi, va dé giai mot bai
toan s6 hoc trong chwong trinh toan hgc pho
théng, chung ta thuémg sir dung nhitng kién
thire trong néi tai chuyén nganh nay. Tuy nhién,
c6 nhimg bai toan ‘sé hoc neéu chi sir dung
nhig kién thire thuan tay nhu vay ching ta cé
the s& gdp kho khan trong cach tiép can, nhung
néu ching ta khéo léo sir dung kién thirc trong
céc chuyén nganh khéc cua toan hoc thi lai co
thé thu dugc nhimg 161 giai kha thu vi. Tham
chi trong nhiéu truong hop, ta cé thé tong quat
bai todn da cho bang chinh phuong phip do.
Bai viét nay s& dé cap dén mot sb {mg dung nhw
Vay cia dai sb va giai tich trong s0 hoc.

Phin 1. Ung dung ciia dai sb trong sé hoc %\%

Trong muc nay ching ta s& sir dung _0
phép bién 'dm, ti 1¢ th'uc ciing nhu cac  nhat
thirc dai s6 co ban ,dé nhén dqu'.rc : két qua
kha thu vij trong s6 hgc. Ta bé ang vi du
don gian saw:
Thi du 1. Cho x, v, z, t 1a cdc 56 nguvén dwong
thoa mdn xy = zt . Chumg minh rang

il o P i o
la hop s 6 veri moi 56 fir nhién n.
Chiing minh. Gia sit phan chimg ton tai s6 tu
nhién n sao cho x"+y"+z"+t"=p la sb
nguyén td. Vi xy =zt nén

X"y = (xp)* =(zt)" =z"¢".

Ti d8y, tacd pt”"=(x"+y" +z" +1" )"
———
= x"h +_V"f” +xnyﬂ 4 pin
= (xnyn + x"m } o (},.ufn i on)
=x"(Y" +P)+ (" + 1) =(x" + 17 )" + 7).

A y"f” + znn +f2"

| uATS0UNG DUNG
h,, Sy ADAI 50 VA GIAT THCH TRONG S0 1H0C

PHAM DUC HIEP
(GV BH Gigo Duc, DHOG Hd Noi)
Diéu nay din dén x" +¢" hodc y" +1" chia hét
cho p. Nhung rd rang ca hai truong hop nay
déu khong thé xdy ra vi
Q<xt +15, 4+ <x"+ P +2"+1" = p.
Viy x" +y" +2z" +¢" phai 1a hop sb. Bai todn
duge chimg minh.

Thi (lu 2. Cho p la mot $O nguvén 16 va m, n la
cde so nguyén dwong.
nouven

(H.’.l’ S J'L‘H? 4’{” ((1‘. O
dieong a, b ¢, d sac cho

h? =me? +nd?. Chimg minh rang

1) néu :a;‘l hode n=>1 thi

2) nuE: n=1 thi (a,b) la mot hoan vi cua
(o ald

¢ minh. Truéc hét, ta c6 cac dong nhat
trc quen thudc (ma® +nb*>)mc* + nd?)
= (mac + nbd)* + mn(ad — bc)*
= (mac —nbd)* + mn(ad + bc)?
va ding thitc (mac + nhd)(ad + be)
=(ma* + nb*)cd + (mc* +nd?*)ab.
Viy tir gia thiét ta nhan dugc
p* =(mac+nbd)* + mn(ad — bc)?
= (mac —nbd)* + mn(ad + bc)? (1)
va plab+ cd) = (mac + nbd)(ad + be).
Noi riéng, p |mac +nbd hodc p ‘ad +be.

P - ma* + nb

= vl b=y

Néu m>1 hodc n>1 thi mn>1, viy tir (1) ta
cé p? =mn(ad + be)? > (ad + be)*.

Suyra p>ad+bc,noiriéng ptad+be. Vay
p|mac+nbd , suy ra (mac + nbd)? > p* . Theo
(1), didu nay dan dén mn(ad —bc)* =0, hay

twong duong véi ad —be =0, nghia la gzg :

Tir day 4p dung tinh chat cua ti 1¢ thirc, ta nhin
ma’ _nb> _ma’+nb’ it

= =1,
(i me:  nd®  mc? +nd? P
p TOAN HOC
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Viya=cva b=d.
nghia 1& plac+bd hojc
Ta nhin

P fac +bd 1a mot truong hop riéng ¢ trén va do

Néu m=n=1,

plaa’+bc, thiy truong hop

d6 a=c va b=d . Xét trumg hop plad +be,
ta cd (ad+bc)? = p?. Lai theo (1), didu nay
dan dén ac=bd , tir diy ciing theo tinh chét ti
1€ thirc ta nhin duge a=4d va b=c. Bai toian
duoc chirng minh. ‘ :
Nhgn xét. Ta cling c6 thé sir dung dong dur thirc
dé tiép can bai toan trong vi du trén nhu sau. Tir
gia thiét p=ma®+nb?>=mc?+nd?, ta cb
ma* =—nb? (mod p) va mc? =—nd” (mod p).
Piéu nay din dén (mac)? =(nbd)? (mod p),
hay trong duong

P ‘{mac}? — (nbd)? = (mac — nbd)(mac + nbd).
Viy p|mac-nbd hofic p|mac+nbd.
(mac —nbd)* . Theo
mu{ad + be)? .

p* zmn(ad + be) ,

Néu p|mac—nbd , thi p?

(1), ta suy ra p? Nhung lai ¢

viay p?=mn(ad+bc)’.

Diéu nay 1o rang chi xay ra khi m=n=1 \«a%

ad+bc=p. T d6 ta nhan lai duge chu@
minh nhur trén,

Thi du 3. Cho »n Ia mgt so numw]
lH"J‘-: & mét so c6 ba chit 56 théc &
abe,bea va cab déu chia hé
—3abc.

z 1{1’
qurﬁ 3{)
o n. Chirng
mink ring nja®+ b +¢
Chirng minh. Tir gia thiét ta co n|100a+10b+c,
n|lDf}b+lUc+a, n|100r:+1{)a+b. Tasuyra

n|(l{}0a+ 106 +¢)(c? —ab),
n[(100b +10c +a)(a® - be) ,
n|(100c +10a + b)(b? — ca).
Cong lai ta dugc » 1a wée cia
(100a+10b + ¢)(c? — ab)
+(100b+10c+ a)a® — be)
+(100¢ +10a + b)(H* —ca)
=100{a(c? — ab) + b(a* — bc) + c(b? - ca))
+10[B(c? —ab)+ c(a* — bc) + a(b? — ca)]
He(e? —ab) + a(a® — bc)+ b(b* —ca)).

1 6TOFIN HOC
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Hién nhién rang a(c® —ab)+ba® —be) + (b - ac)
=ac? —a*h+ba’ -bc+ch? —ac? =0,
b(c? —ab)+ c(a® — bc)+ a(b? — ac)

= be? —bc? +ab? —ca =0
va ¢(c® —ab)+ala® —be)+ b(b? - ca)
=¢ —abc+a@ —abc+ b —abc=a® + b + ¢ —3ahc.
Do d6 nla®+b* +¢? - 3abc.
Nhn xét. 1) Bai toan nay c6 thé giai bing cach
thuan tiy so hoc dyva vao

—ab? +ca?

n|abc +bea+cab=111(a+ b+ c)

va dang thitc a® +b* + ¢ —3abe
=(a+b+c)a®+b +c? —ab—-bc—ca).

Sau d6 xét cac truong hop coa (m,111), tuy
nhién cach giai nay kha dai dong.

2) Cach giai sir dung dai sb nhu trén ngoai viéc
ngin gon hon con gidp chang ta mo rong duoc
bai toan di cho. Cu thé ta chimg minh duoc bai
toan sau

Cho n, ¢, k 1 la cdc s6 nguyén théa man
cac t;$+fb+c kb+ilc+a va ke+la+b déu

%t cho n. Khidé nla® +b® +¢* - 3abe.

#. Nhitng dang thirc dai sb trén thue chit la img
dung cia dinh thirc (determinant) dai voi cac ma
trdn vudng (square matrix) cip 3 trong dai s6 tuyén
tinh (linear algebra), mét chuyén nganh nim trong
toan hoc cao cip (advanced mathematics).

"‘:

Phin 2. Ung dung cia gidi tich trong s6 hoc
Trong muc nay, ta s& xét mdt s tmg dung cua
gioi han déi vai day sb nguyén va da thirc. Ta
bit diu bing cic bd dé& quen thujc sau diy
(chimg minh cdc b6 dé nay nhu mot bai tap
danh cho ban doc).

B6 d@é 1. Cho (a,),.; la diy cic sé nguyén co

gioi han lima, =a, acR.

n—s10
Khi dé ton tai s6 nguyén dwong n, sao cho véi
moi s& nguyén duong n=n, ta cd a, =a. Noi
riéng a phai la mot s nguyén.
Bo dé 2. Cho f(X)=au +au 3™ ++ax+a
12 da thirc mot bién x bic d =0 voi hé s thuc.
Khi d6 lim AL ay.

Tyt
Ta s¢ str dung cdc bo dé trén dé gidi mot s6 bai
todn s0 hoc sau.

https://tieulun.hopto.org



Thi du 4. C!m a, b la cdc sé thue thoa man
2"a+b la s6 chinh phuong (binh phmms; clia
mot $6 tu nhién) véi moi 50 nguyén dwong n.
Chirng minh rang a =0,
Ching minh. Gia st a =0, tir gia thiét ta suy
ra a>0 (vi néu khong, voi n du lon thi
2"a+bh<0, do d khéng thé 1a s6 chinh
phuong), va ton tai day cac s tu nhién (x,),
sao cho x7 =2"a+b.Taco
(IH" —23(,;. ]{xra+2 + zxu)
=x2,—4x}=(2"2g+b)-4(2"a+b)=-3b

Vi @>0 nén hién nhién lim x, =+, vy

)=o0.

Ap dung bd dé 1, ta suy ra ton tai s6 nguyén
duong n, sao cho véi moi sd nguyén duong
nzng ta cd 2x,=x,.2, va do do h=0. Noi
riéng, a vi 2a dong thai 1a sé chinh phuong,
diéu nay ro rang chi xay ra khi =0, mau
thudn véi gia sir & trén. Vay a=0, bai toan
duogc chimg minh.

Thidu 5. Cho f(x)=ax®+bx+c la da thic
hé 56 thire bac hai thoa man [ (n) la 56 chir

a+:

~2x,) = lim(———

lim(x,.,
e Rt -’“n+“ n e xJJ

phuong vat moi 56 nguvén dwong n. C
minh rang [(x) la binh phuong cua da

thirc bc nhat véi hé sé nguyen, .
Chirng minh. Theo gia thiét, ton dMMdy so tu
nhién (a,),» sao cho f(n)=%$Vvd moi so

nguyén duong ». Theo bé dé 2,
a=lim 2% _ tim f(”) = lim 22> 0.
X—pi x‘ R—00 ppe
Vay a>0 (vi a;ﬁD) B1eu nay ciing chi ra
ring tén tai s& nguyén duong n, sao cho
a, >0 v&i moi s& nguyén duong nzny.
Ta co

n—0

sl — 4, :aﬁﬂ_an f(ﬂ'-}'l) f(n)
X ; Dy Ty W_,_W

Vi f(n+D)—f(n)
=a(n+1y +b(n+1)+c—(ar +bn+c)=2an+a+b,

5 HmM m 2antath
Mo H—¥x n
Hon nfta, a = lim s = lim Jth
e nz n—s0o (n-p-l}z

o
b R, T S AN )
R—»x nt n—sm (n + l:|2 n—sx ne
Do do ta nhén duge lim(a,,; —a,)
M
2a

—ll

\/f{rHl) \/f(rr) 24a,

Theo bd dé 1, ta suy ra ton tai sé nguyén duong
m=m sao cho v&i moi s6 nguyén duong

nzmotacod g —a, =-Ja va Ja 1a mot so
nguyén duong. Pat \4"— =A,viy a,,—a,=4
véi moi s6 nguyén dwong n = n. Pidu nay din
dén Aysr =y +kd,vido f(m+Ek)=a?,

"+
=(a, +k4) =[(m +k)A+(a, —m AP, WL'EN.
bat B=a, —-mAeZ, tit trén ta suy ra m +k
la nghiém cia da thirc f(x)—(4Ax+ B)* vai
moi sb ty ghién k , va 16 rang diéu nay chi xay
ra khi é =(Ax+ B)*, bai toan dugc chimg

mings
§er Biing phwong phap chimg minh hoan
il

$In turong tu nhu trén, ta nhin dugc két qua
tong quat sau: :
Cho [(x) la da thirc hé 56 thuc bdc k=21 thoa
man f(n) la liy thia bdc k ciia mét sé tw
nhién véi moi sé nguyén dwong n. Khi do f(x)
la lity thira bdc k cua mjt da thiee bdc nhat voi
hé so nguvén.
Thi du 6. Tim tat cd cde da thiec mot bién hé s6
ngwen f( x) sao cho véi moi s6 ngmr*n 16 p va
Vi mr:-; $6 nguyén dwong n, ton tai s6 nguyén té
g v 6 nguyén dwong m thoa man f(p")=q".
Chirng minh. Gia st f(x) la mdt da thire thoa
mén didu kién bai toan. Hién nhién f(x)£0.
Goi d labaccua f(x).
Néu d =0, trong truomg hop nay da thire f(x)
la lity thita cia mdt s6 nguyén to voi s6 mil
nguyén du'cm_g. : e
Néu d =1, lay p la mdt s6 nguyén t6 bat ki,
theo gia thiét ton tai s6 nguyén té6 g va sb
nguyén duong m sao cho f(p)=¢™. Voi moi
s0 ty nhién &, ta cd pta D — p= p(pHa-l —])
chia hét cho p(p9'-1). Theo dinh 1i Fermat
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bé, p(p?!—1)=pi-p chia hét cho g . Mat
khac, theo dinh li Bézout

pHe = p| F(HeD)~ £ (p).
Tir d6 ta nhan duoge ¢ ‘f(p“‘f' 1y~ £(p), dan
dén q|f(p*e™) véi moi keN. Két hop
diéu nay voi gia thiét, ta suy ra ton tai so
nguyén duong my, sao cho

f(p.ﬂ.'fq-'—ljﬂ.) = qm* . Yk e N

Miit khéc, theo b dé 2, ta thiy

£ pteiKa-lsly f( ptla-rt)
m B R —_——, | m -_ -

ks {p(h-l)tq—lhl)rf Esen (pk(u—thl)d

v6i a, 14 hé sd bic cao nhit cua f(x).

Do dé

f(Pt-‘cmiq—ml) f(p{k+l]{q 1)+I]
(keha-D1)d & N gyl
lil'l'l (p ) """ (p ) e o
EL ) T JEe) g,
; kg1 )d koo (pHa-1)41)d
() g-1)+1
\"E‘:ly p{ﬂ'—g]‘i thM: mqua.'l—mk‘

k— f{pk{ﬁ"l]ﬂ} k—a

Tir déy, theo bo dé 1, ton tai s6 nguyén duong
ko va sb nguyén M sao cho my.,
v6i moi sO nguyén duong k=kg. Do,,
p(‘?—”ﬁf — q-‘”

Diéu nay din dén ¢ = p . Néi céc : ta da
chirng minh duge rﬁng véi moi guyén t6 P
ton tai s6 nguyén duong M, sao cho
f(p)=p"r. Goi (pe)e= 12 diy tit ca cic sb
nguyén td theo thir tr ting din bat dau tir
py=2. Lai theo b6 dé 2, ta ¢6

ay = lim f(x):llm f(pk)

X=X Kby pf

Noi riéng a, khong am va do do a; =1 (vi
ay; #0). Viy ton tai so nguyén duong &, sao
cho v&i moi sd nguyén duong k>k ta co
M, —d>0. Noi cach khac, day (py"™ ™ )ik
[a day sb ty nhién c6 gidi han 14 a, . Ap dung
b dé 1 1in nita, ta nhan dugc ton tai sé nguyén

e = I etk
duong k; =k sao cho p* ™ =a, véi moi sb

TOAN HOC
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nguyén duong k = k, . Didu ndy rd rang chi xay
rakhi M, —d =0 (khido a, =1).

Nghia I, f(pi) = pi'** = i, Vk2 k.
Tir ddy ta suy ra f(x)=x va dé thay khi do
/(x) théa min diéu kién bai toan. Viy dap so
cua bai toan la f(x)=g" vii s6 nguyén t6 g
va sO nguyén duong m hodc f(x)=x7 vai s0
nguyén duong d .
Cudi cing 1a mét s6 bai tp danh cho ban doc.
Bai 1 [Iranian Mathematical Olympiad
2010]. Cho @, b 1a cac s6 nguyén duong thoa
min a>b. Gia su
(a—b,ab+D=(a+b,ab-1)=1.
Chimg minh rang (a-b)? + (ab+1)* khong la
s6 chinh phuong.
Bai 2 [USA Mathematical Olympiad 2015].
Cho a, b, ¢, d. e 1a céc s6 nguyén duong doi
mét khack théa min a* +b* =c* +d* =¢°.
Ching ring ac+bd 1a mt hop so.
B g“mlgmmn Mathematical Olympiad
. Tim tat ca cac da thic P(x) voi hé s6

o \Q,nguyén sao cho v&i mdi so nguyén duong » thi

phuong trinh P(x)=2" c6 nghiém nguyén.

Bai 4 |Canadian Mathematical Olympiad
2010]. Cho P(x) va Q(x)#0 la hai da thuc
véi hé sb nguyén. Gia st @, =n'+n. Chimg
minh ring néu P(a,)/Q(a,) 1A sb nguyén véi
moi n thoa man (a,)#0 thi P(n)/Q(n) la
s6 nguyén véi moi s6 nguyén n thoa man
Q(n)=0.
LOI CAM ON

Béai viét nay dugc dua irén moi pka:n ndi dung bai
giang cua tac gia rong Truong hé Todn hoc nam
2016 danh cho hpc sinh chuyén toan THFPT (tai
Trucng DH Gido dyc, PHOG Ha Ngi va THPT
chuyén Nguyén Binh Khiém, Quang Nam) duge tai
tror beri Vien nghién cuiu cao cap vé todn (VM.S‘M)
Quia ddy, tde gia xin gui loi cam on den Ban t6 chirc
triromg hé va Vién nghién ciiu cao cap vé todn. Tdc
gia ciing xin cam on Ths. Trinh Hoai Duong (Trudng
THCS Giang Vo, Ba Dinh, Ha Noi) da dit cau hoi
lién quan dén van d‘e Vvé biéu dién ciia s6 nguyén 16,

qua do tdc gia da iong qudt cdu hoi nay thanh thi dy
2 rong bai viét.

https://tieulun.hopto.org
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Tom tit. Bai viét da ra cdc 1&i giai khac nhau ddng
thori phat trién va md rong mot dé toan hay trén Tap
chi TH&TT ding céc cong cu hinh hoc thuan tay va
hang diém didu hoa.

Tap chi Todn hoc va Tudi tré s6 471 co dang mot dé
toan hay (Bai T12/471) cia thiy Nguyén Xudn
Himng va sau do dap 4n co trén Tap chi Todn hoc va
Tudi tré s6 475 [1]. Toi xin viét lai dé bai cho phi
hop hon véi bai viét.

Bai todn 1. Cho tam gide ABC co tam dwing tron
e .'.'li.r? I Goi AP,AQ la dudng kinh cua cdc

dwang tron (AIB).(AIC). M.N thudc BC sae cho
PM iy ON [f Al. Chitng minh ."c:.'-'.i.';" .-l.e’ *'t-ﬁ = \J.L

Loi giai dau tién do téc gia dé nghi.

Hinh 1

Lai gidi thie nhdr. (h.1) Goi J,K,L lan luot 14 tim
dudmg tron bang tiép goc A, B.C ciia AABC va Al
cit BC tai D. DE thiy L,P,M thing hing va
K.Q,N thing hang.

IM IM DI BL CJ AL
KN DJI'KN BI'CK AK'
cudi co do dinh ly Ceva. Tir 46 AALM < AAKN

Tir d6 ding thire

nén HL:.@TR, hay I;?B:K!EE:

VE MOT BAI TOAN HAY TU TAP CHi
TOAN HOC VA Tud TRE

TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHOG Ha Ngi)

Lii giai tiép theo sir dung dép an trén Tap chi
THE&TT s0 475 thang 1/2017.

M B D a

Hinh 2
Livi gidgi thie hai. (h.2) Goi K, L lan luot 1a tim
dutmg troedng tiép goe B,C cua AABC. Al cit
BC ta KL cit BC tai G. Dé thiy L.P.M
thi@@ang va K,O,N thing hang. Do CK,LB, AD
quy nén (KL,AG)=—1 chiéu song song xuéng

4 i :
QBC suy ra hang (MN,DG)=-1 ma AD L AG nén

/,%%

AD 1a phan gidc cia MAN. Tirdé MAB=NAC.
Léi giai tiép theo sir dung hudng tiép cén theo tam
gidc dong dang cta ban Hodng Nhdt Tudn, 12 Toan,
THPT chuyén V& Nguyén Giap, Quing Binh dugc
tac gia lam lai khéng sir dung lugng gide.

Hinh 3
Léi gidgi thir ba. (h.3) Gia st AB,AC lin lugt cit
MP,NQ tai K,L. D& thly K =BAI=CAI=L. Ta
chimg minh AMKA «» ANLA. That vay, goi U,V
lan hzot 13 hinh chiéu cia B,C trén P,Q. DE thiy
BPV = BAl = CAl = CQU nén ABPV «> ACQU.

TOAN H
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MK MK AD _MB DC
‘NL AD NL DB NC
_FPV DC_BV IU_Sy
FTOA T T A T
Goi H 1 hinh chiéu cta / trén BC ta thiy tir gidc
IHCU 1di tiép nén UHC = UIC = ACI —90° — IBC

Ta thay

nén HUJBI. T do S§,, =S,  tuong tg
Swe = Sicw » vAY ﬁz Siss _H—B . Laico

NL Sy HC

KA _DB_DC_LA . 4 KA_DM_IP_HB
MD AB AC ND IA DN I HC
dang thirc cudi do AAPQ v AIBC c6 dudng cao
tuong g & Al va [H.

Tirds 1 =2 = AMKA <> ANLA nén MAR=NAL

Nhgn xét, Lisi giai thi nhit chi ding toi kién thire chuong
trinh 1ép 8. Tuy nhién voi 1o giai thir hai thi chiing ta co
thé m& rong bai toan. Léd piai thir ba kha ki thuit nhung
hurémg tiép edn thi lai kha tir nhién.

Bai todn 1 14 mét bai todn dep cd nhiéu phat trién, sau
ddy 13 hai huréng phét trién khac nhau cho bai toan

Bai todn 2. Cho AABC va P ndm trong tam gidc
sao cho néu D, E, F la hinh chieu cua P trén

BC.CA.AB thi AD,BE,CF dong quy. Goi AQ,AR

T d6 do AD, BE,CF dbng quy, nén

XC ZB YA DB EC FA -
EZAYC-—D—CEE—] Suyra AX.,B}”.{Z
dong quy. Tir d6 néu goi G=YZnBC thi
(YZ,AG)=-1. Chiéu song song xudng BC ta dugc

(MN,LG)=-1 véi AP cat BC tai L. Lai co

AG L AL nén AL 14 phén gidc cua MAN. Ta hoan
thanh chimg minh. .

Nhin xét. Cach lam nay giong voi cach lam o loi giai 2 1a
chiéu song song mot hang diéu hoa lén dudmg thang BC.
Cich chimg minh AX,BY,CZ déng quy dua theo ¥ tuong
cua ban Triwong Tran Mink Tri, 10 Toén, ITHPT chuyén
KHTN, PHQG Ha Nji. Ching ta cé thé chimg minh
AX,BY,CZ dbéng quy bing cich khic dua trén dinh Iy
Ceva, Tir bai toan 1 ta thiy cdc dudmg tron (AMN) va

dutmg tron (ABC) tiép xic nhau tai 4. Céch phat biéu
nay ciing la cach phat biéu gic tir dé bai trén Tap chi
TH&TT 56 471. Dya trén cich phat biéu ndy ta co thé dua
ra m{t md rong khae khac tha vi nhu sau:

Bai toan 3. Cho AABC noi Hc’;p dweomg tron (O), tim
dwomg tron néi tiep la | 1'&. diém P r?rfm trén cung BC
khong chj PB . PC lan lheot cat cac ducng tron
(AIB), M) tai M\N khdac B,C. Q.R thujc BC
5 ﬁ MQ,NR cimg vudng goc voi MN. Chimg

réing tém diecmg tron (AQR) nam trén PO.

lan heot la deeomg kinh ciia hai dwomg tron (APB),(APC), ’i?éch gidi sau 1a ctia ban Nguyén Dirc Bdo, 11 Toén,

.’_d:r M.N trén BC sao cho OM [{ RN |/ AP. Chy

minh rring PAM = PAN.

Hinh 4

Lai gidgi. (h.4) Cic duémg thing qua A, B, C lan lugt
vudng goc vii P4, PB, PC cat nhau tao thanh
AXYZ. Goi H la hinh chiéu cia X trén BC. Tadé
thay APBD 2 ABXH va APCD ©> ACXH, do d6

XC_XC Xi _PD DB_DB

XB XH XB DC PD DC’

& A e o R - R

Tuong ty ciing co T v Yoo A

2 0 T@&gﬁ S6 481(7-2017)

THPT chuyén Phan Bgi Chiau, Nghé An.

Hinh 5

Léi gidi thir nhdt. (h.5) Dé thiy M,I,N thang hang,

taco PMA=180" — AIB
=%{ﬁ+.§)=9ﬂv—%6 —90° —%Eﬂf& nén AMPA

https://tieulun.hopto.org



cin suy ra PA=PM . Tuong ty PA=PN suyra P
la tim dudmg tron ngoai tiép AAMN. Goi E.F lin
lugt la giao diém cua AP voi cic dudng tron (AIB)
vi (AIC). Do AEM = ABM = ACP nén ME L OP.
Tuong ty NFLOP =ME//NF. Goi §,T lin
lugt 12 giao diém cua PB,PC véi dudng thing qua
A wubdng goc vin PO. Do STHME/INF nén theo
S _ZE TP _ap
SP AP'TN AF
:@_{-E=£. Mit khac do cac tam gidc
SP TN AF
APM va APN cin tai P nén BE//AM,CF /AN
Siy T8 E:E,H =NC. Do dé
AE:AF=MB:NC . Goi X la giao diém ciia MN
véi ST . Ap dung dinh Ii Menelaus cho ASPT, cat
tuyén M,N,X tacd

XN

dinh i Thales

:.=-==I:>-E£=£ @:E
XM AF XN NC AN
Goi K.L lin lugt 1a giao diém cia MQ,NR vai
dudmg thang ST. Theo dinh 1i Thales
LN XN

B

LN NC

Do PM =PN nén AMPN cin tai P suyra
MNP = NMP = KMB = LNC. Tir d6 {,
AKMB =2 ALNC (c.g.c)suyra KBM = :
Do d6 AKB=KSB+ KBS =90° — 028 YCN
=BE*".§=+.€?:T¢ =180° -éaf. suy rﬁtgiéc KBCL
ndi tiép. Goi Z 1a giao diém cia ST voi BC, theo
tinh chét phuong tich ¢6 7K 7L =ZB.ZC. Lai do
MKA =180° — (PO, MN) =180° —(BMI + BPO)

= 180° —[-2‘-£i+ B’E?}} =90°+§,i?v—%ﬁ

=90v+%ﬁ—ﬁﬁé = 180° —(90“ —%AJ—HE“Q

= BOM.

Tir do tir gide KLRQ noi tiép suy ra 7ZK-ZL=70-7R
— ZB-ZC =Eﬁi’ nén £ thudc truc dfing phuong
cua dudmg tron () va dudng tron(AQR) suy ra
AZ la truc diing phuong cta (0) va (AQR), tir d6
tim dudng tron ngoai tiép tam gidc AQR thude
OF, do OP 1L AZ.

Lén gidi sau sir dung tinh chét v& ty sé phwong tich
cta ban Hodng Trung Dimg, 12 Toan, THPT chuyén
KHTN, PHQG Ha Nji.

Hinh 6

Lévi gidi thie hai. (h.6) Ta thdy MPA=ACB=2AIB-1%0

———

=2(180° ~&MP)—180° =180° —2AMP .
Tir dé cin tai P nén PM=PA. Tuong tu

¥ Vay P la tam dudng tron ngoai tiép

PN g
. Ta s& ching minh cac dudng tron
&).(AQR},(ABC} ddng truc thi ba tim thing
%hémg. Goi ME,NF i dwémg kinh ctia (P). Ta thdy

N
&

Py _OMQF _QM OF

PR.‘[A_M‘N] i ﬁﬁ RE E

_BO CO_0BOC _ Ty
BR CR RBRC Fuwse
Dén day ta chi y cac duong tron 44 c6 chung diém
A nén theo tinh chit ty s6 phuong tich bing nhau
thi céc dudng tron nay dong tryc. Do do P.K.O
th'fmg hang.
Nhdn xét. Bai toan 3 1a bai toan hay c6 nhiéu gié tri img
dung khéc nhau. Khi nghich dao bai todn 3 theo cyc 4
phuong tich bat ky ta thu dwoc bai todn sau:

Bai todn 4. Cho AABC co tam dudng tron ngoai
Ifé;;;' O va tam dwong tron ngi tiép 1. D la mt diém
bdt ky wén BC. IB.IC cat duonmg trung triee ciia AD
tai M.N twong img, K la tam domg tron ngogi tiép
AAMN. Trung trwc cia AN,AM lan heot cd
duwomg théng qua A vuong goc AK tai Q.R. S.T ddi
ximg véi A qua OQ,0R. ST cit BC tai P. Chitng
minh ring PA=PD.

Bai todn ¢6 loi giai tryc tiép khong ding nghich dao
duge dé nghi boi ban  Trwong Manh Tuan, 11 Todn,
THPT chuyén KHTN, DPHQG Ha Néi.

TOAN H
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Hinh 7
Léi gidi. (h.7) Gia sir IB,IC cit (0) tai E,F khac
B,C. Do MN la dudng trung truc cia AD va
BM,CN lin luet 13 phn gidc cia ABD,ACD nén
cic tir gidc ABDM.ACDN ndi tiép. Ta thfiy Q
nim trén céc dudmg trung trire cia AN, AS nén Q
14 taim dudmg tron ngoai tiép AANS.

Tir do ﬁ%@:@:ﬁﬁk:w _ NMA
= MAD = MBD = ABE = ASE .

Tir d6 S,N.FE thang hang, twong tw T,M,F thing

SBF

cT E]

ra P,M.N thing hing. Lai c6 MN la

cia AD nén PA=PD. : R

Lo gidi bai todn trén ciing ¢6 thé coi lg?giai khéc

cho bai todn 3 sir dung phép nghich ﬁ. wa vao 1

giai thir hai cia bai toan 3, Chl:l.l'lg co thé dua ra

mgt me rong hon nira va phat biéu bai toan nhu sau:

Bai todn 5. Cho AABC (K),(L)

lan fge  cheomg  tron ngogi .'fc:,H cele  fam  giac

PCA.PAB. Duomg tron (KCA) va (LAB) cdit nhau

tgi D khdc A. DC.DB ldn hegt et (K),(L) tai N.M

khaec C.B. Q,R ithuge BC sao cho MO.NR ciing

vuong goc vai MN. Goi J 1a tam duong tron ngoai tiép

MAQR. Chimg minh rang dweong thang DJ luon di qua

hang. Ap dung dinh 1y Pascal cho bd [

co P la diém bat o

mot diém co dinh khi P thay doi
Léi gidi. (h.8) Ta c6 ADB=180° —ALB =180° —2AMB
suy ra ADAM cin tai D . Tuong ty ADAN can tai
D nén DM=DA=DN, do do D la tim duong
tron ngoai tiep AAMN. Goi ME,NF 1a duong kinh
clia duémg tron (D) ngoai tigp AAMN thi E.F
nim trén RN, QM . Xét ty s phwong tich
TOAN HOC
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pQ.f-rA.wJ "
Friamwy RN -RE

R Hinh B

% cac duong ton (AMN),(AQR),(ABC)cd

ng diém A nén theo tinh chét ty 5O phuong tich
bing nhau thi cac dudmg tron nay dfing true. Do d(?
DJ diquatim O duomg tron ngoai tigp AABC ¢b
dinh. St dung phép nghich dao ta di t¢i moét mo
ring tiép cho bai todn 4 nhur sau:
Bai toan 6. Cho AABC voi P la diém har iy, EF
doi xtmg voi A léin lwot gua PB,PC. BE cit CF tai £
PB,PC lan heopt cdt cace dwong tron (DAB),(DCA)
tai M.N khae B.C.
tran (K) ngogi ffa;f;} fam gidac
AM AN @i Q.R. ST
OR,0Q. Clhumg minh rang MN,ST,BC
Mot bai tip img dung cua bai toan 3:
Bai toan 7. Cho AABC nhon voi AB < AC co tam
duomg tron néi tiép la 1 va phdn gide trong AD. H la
truc tam AABC. fren AP

Tiép tuvén qua A cua dwong
AMN cat mrung triee
doi xime v

CHd A gua

dong quy.

P doi ximg véi H gua BC
lay Q sao cho P_(EH =ADB. K,L lin liegt la tam
clia AABC. M.N
thuge BC sao cho KN,LM vudng gaic vai QI. R la
APMN.

diremg ron hang tiep goc B, C

tam dwdng tron ngoai tiép
réing HH_( = PHB.

Cac ban hay thir lam hai bai toan 6, 7 trén nhu cic
bai luyén tip nhé!

Chirng minh

https://tieulun.hopto.org



TIENG ANH BUA EAE BAI TOAN
BAI SO 22

Problem. Lei § be the set of all complex numbers  maximal value of the expression P[z)=|z+3

satistving |z =-2+3i|=2 (1) .
Nk : ze 8 is AC and equals to AQ + OC = 41 +2.
Find the minimal and maximal values the of the
expression P(z)=|z+3 ."!.:I_.S' (2) 24
1 et Ip] ,cf
Solution. We solve this problem geometrically. Let !

A(=3; 1) and O(2; -3) represent the complex numbers
2 - 3i and -3 + i respectively. Let M (a; b)
correspond to the complex number z. Then (1)
means that the distance MQ always equals to 2 when
M varies. Equivalently, the geometric picture of the
set § is the circle ((: 2). The problem now becomes
finding the smallest and biggest distances 4M when
M is moving on the circle (Q; 2). Suppose that the
line which goes through A4 and QO intersects the circle

(0Q; 2) at B and C where B is closer to A than C. It’s ! : Tu vt '\':'; :

not difficult to see that AM obtains its smallest (resp. =7/ HEEr :sophic

biggest) value when M is at B (resp. C). Thus the ~7/"/ondio g AU AT v

minimal value of the expression P(z) =|z +3-il.ze58 NGUYEN PHU HOANG LAN
‘\% (Truweng DHKHTN, DHQG Ha Néi)

is AB and equals to AQ — OB =41 -2. Similarly the @

BAIDIC

B.u mau Tim tcp ur;; ** tich) cde so plic w va z thoa mdn
3l =liw \ 3=-2i1=1. Voi moi w va z, hay tim gia tr

nno nial cna

b 4
Lm gidi, Chung t@nhﬁt ) phirc a+hi vai diém co toa do (a;b). Theo
3l 1

nh nghia, |w, | 14 khoang céch tir w dén w, =-2-3i vi lw-3-2i
/'JJ la khoang w dén w, =3+2i.

Do da. tdp hop céc s6 phire w tho w+2+31=lw=-3-2il P J

la nira mat phing chira w, xéac dinh B0i duwdng trung truc [ cua w, 2 { / /:

va w, (hinh v&). Tuong or, |z—3-2il la khoang cich tr : den 4 : s
w,=3+2i. Vi viy tip hop céc so phirc - théa min TS Nk T
z-3-2il<1 la dia won, ké ca bién ¢ tim 13 w, =3+2i ban f

kinh bang 1. %, / |

Dé thay ring dwémg thing di qua w, va w,, goi 1a [ , vudng goc
véi | dbng thoi cét | ti diém {%%} Tirdé 1z—w dat gid trj nho nhét khi w=[%;—%] va z la giao

diém phia dudi ciia [, va duomg trdn |z-3—-2i1 =1. Va gid tri nh nhat 1

J[3~%)2+[2+%—T —1=g—ﬁ—| ;

Nhgn xét. Cic ban sau 6 bai dich t6t hon ca: Ha Nii: Newyén Huong Giang, 10A13, THPT Ngoc Tio, Phic Tho; Yén
Bii: Neuyén Khdanh Linh, 10A1. THPT Hoang Van Thu, Luc Yén; Vinh Long: Huynh Ly Viin Anh, Lé Minh Qudn,
11T1, THPT chuyén Nguyén Binh Khiém, TP. Vinh Long.

HO HAI (Ha Noi)

g TOAN HOC
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CAC LOP THCS

Bai T1/481 (Lop 6). Tim céc sé nguyén khong
dm a, b, ¢ thoa man 9°+952=(h+41)’
a=2"c.

NGUYEN DUC TAN (TP. Hé Chi Minh)
Bii T2/481 (Lép 7). Chimg minh ring:

1 1 |
= T o
1000 1002 2000 2
LUU LY TUGNG
(GV THCS Viin Lang, Viét Tri, Phii Tho)

phuong trinh $§/{
x4+ +2016=(x+2017) +{}=g@;18]5.
MINH HIEU
(G V THCS Yén Lac, Vinh Phiic)
Bai T4/481. Cho tir gidac ABCD ndi tiép dudmg
tron (0) ¢6 AB = BD. Cac duong thing AB va
DC cit nhau tai N; dwong thing CB cit tiép

tuyén tai A cua duomg tron (O) tai M. Ching

minh AMN = ABD.
TO MINH THUONG
(GV THCS Ky Tdn, Ky Anh, Ha Tinh)
Bai T5/481. Gidi phuong trinh
(1-2xW2—x* =x—1.
TRAN VAN HANH
(GV DH Pham Van Déng, Quang Nedi)

24 TOAN HOC

: cl'ualtr;o S6 481 (7-2017)

CAC LOP THPT
Bai T6/481. Giai hé phuong trinh:

++/14x2 ey
1+ f1+y?
I+ y*— 4}‘ 3 —=0
=

NGUYEN VAN NHO

(GV THPT Neguyén Duy Trinh, Nghi Lic, Nghé An)

Bai T17/481. Cho sb nguyén duong n > 1.

22rz

il

NGUYEN TUAN NGQC

(GV THPT chiyén Tién Giang, TP. My Tho, Tién Giang)

Bai T8/481. Cho tir gisc ABCD ngoai tiép

duomg tron (O). E, F, G theo thir tu la giao diém

cua cac cip dudmg thing (4B, CD), (4D, CB),

(AC, BD). K la giao diém cua EF va OG.

Ying AKG = CKG;BKG = DKG.
NGUYEN HUU TAM
(GV THPT Lh‘h‘} én Lé Quy Pon, Binh Dinh)

. . 2 -
Ching minh ring; — <, <
g g 2‘)’; 2n

Chimg

&

ho ba so thure khé thoa
L L, T, L%%\ﬁ;al T9/481. Cho ba sé thye khéng dm x, y, =

man 2 +4> +8 =4, Tim gi4 trj 16n nhat va nho

= j Vo L
nhét ctia biéu thirc § = G 3+2.
NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bdc Ninh)
TIEN TGT OLYMPIC TOAN
Bai T10/481. Tim tit ca cac cdp so ty nhién
(m, n) sao cho 2.3 —1 1 s6 chinh phuong.
VU VAN LIEM
(Cédm Xd, MV Hao, Hung Yén)
Bai T11/481. Cho diy s0 (u,) thoa man
u =0
I [IJ“f,VHEN'.
0 - —
g;ll_*_uarﬂ 4

Chirng minh ring day s6 c6 gidi han hitu han va
tinh giéi han d6 khi » din dén vo cuc.

NGUYEN LAl
(GV THPT chuyén Liromg Vin Chdnh, Tuy Hoa, Phi Yén)

https://tieulun.hopto.org



Bai T12/481. Cho tam gidc ABC, (O) la dudng
tron ngoat liép, (Qg), (O) theo thir tr 1a cac
duomg tron mixtilinear Gng voi cac dinh B, C
(duomg tron mixtilinear (mg véi dinh B la
dudng tron tiép xic vai hai canh B4, BC ddng

thoi tiép xuc trong véi dudmg tron (0)). M, N

theo thir ty 14 tiép diém cua (0) va (Op), (O0).
(M), (N) theo thir o 1a cac dudng tron co tdm la
M, N v tiép xtic véi AC, AB. Chimg minh ring
tam vi tu ngoai cta (M), (N) thude BC.

TRAN VIET HUNG (Séc Tring)
Bai 1.1/481. Hai vt nho co khoi lugng lan lugt
14 my va m, véi my = Im, dang dao déng dicu
hoa cung bién d6 10 cm trén hai dudmg thing
cung song song Vi trye Ox va co hinh chiéu
cua vi tri can bang lén truc Ox tring véi O.
Thoi diém ban déu, vit m; ¢6 li do 5v3 cm va
dang chuyén dong nhanh dan con vat m, di qua

N
\gc

Problem T1/481 (For 6™ grade). Find n@ﬁ

FOR SECONDARY SCHOOL

numbers a, b, ¢ satisfying 97 +952 —Q’

and a=2%c. %

Problem T2/481 (For 7™ gradeﬁove that
1 1 e i

A= To00 " To02 * " 2000 <2

Problem T3/481.

solutions of the equation

41)*

Find positive integral
X4y +2016=(x+2017)° +(y—2018)°.

Problem T4/481. Given a quadrilateral ABCD
inscribed in a circle (O) with AB = BD. The
lines AB and DC intersect at N. The line CB and
the tangent line of the circle (Q) at the point 4
intersect at M. Prove that AMN = ABD.

Problem T5/481, Solve the equation

vi tri c¢in bang theo chiéu 4m. Biét hinh chidu
ctia chiing 1én tryc Ox gp nhau lan dau & vj tri
c6 toa dd -5 cm va dang chuyén déng ngugc
chiéu nhau. Tinh ti s6 giira dong ning cia vt
my va cia vat m» tai thoi diém hinh chiéu cua
ching trén truc Ox gip nhau lan thir 2017.
VIET CUGNG (Ha Néi)
Bai 1.2/481. Cho mach dién RLC mic ndi tiép,
trong 46 R°C < 2L. Bt vao hai diu doan mach
dién 4p xoay chidu u=U~2 cos 2mfi, trong do
U cb gia tri khong ddi, f ¢6 thé thay dbi duoc.
Khi f= /; thi dién ép hiéu dung trén tu cé gid tri
cuc dai, mach tiéu thy coéng sudt hfmg 75%
cong suit cuc dai. Khi tin sé clia dong dién la
= /i+ 100 Hz thi dién ép hiéu dung trén cuén
cam thuin c6 gid tri cuc dai. D& dién ap hiéu
dung trén dién tro dat cuc dai thi tan s6 cua
dong dién phai bing bao nhiéu?
& PINH THI THAI QUYNH (Ha Néi)

(1-2x2—x2 =x—1.
FOR HIGHSCHOOL

Problem T6/481. Solve the system of equations

i G SR

X
Ty

4y30

1+y*— =
X
th]em T7/481. Given an integer n > 1. Prove
F2n
that <C, < .
ZJ_ o JIn+1

Problem T8/481. Given a quadrilateral ABCD
circumsribing a circle (0). Let E, F, and G
respectivly be the intersections of three pairs of
lines (4B, CD), (AD, CB), and (AC, BD). Let K
be the intersection between EF and OG. Prove
that E'fr‘é=c‘i€€?; EE@:H&E

Problem T9/481. Given three nonnegative
numbers x, y, z such that 2* +4> +8° =4, Find

TOAN HOC
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7~ the maximum and minimum values of the

expression S—i+}1+z
P R

TOWARDS MATHEMATICAL
OLYMPIAD

Problem T10/481. Find all pairs of natural
numbers (m, n) so that 273" -1 is a perfect
square.

Problem T11/481.

defined as follows

Let (u,) be a sequence

u, =0
1 [1)“*,‘9%(—:&1‘.
Og HI‘I+ il

e

HUONG DAN GIAI ... (Tiép theo trang 8)

Céau s

a) Ta c6 ABLCD = AC=AD :§CEA — DEA
— AE 13 phan gidc CED. FOB = BEF =90°
— FOBE nii tiép.
b) AC = AD = HBG = HEG = GEBH n#i tiép
— GHO =GEB=90" = GH | ABma
CD L AB = GH J/ CD.
¢)GH | /CD = GHE = CDH,CHG = DCH ma
CDH = DCH = GHE =CHG = HG 13 phén
gide CHE. ACHEc6é EG, HG la phan gidc
= G la tim dudng tron ndi tiép.
AL BE CAE
AB ~_ BC AB+BC
AB.AC AB.AC

AB+ BC AC+BC
Vi AB < AC = AE > AF.

TOAN HOC
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Prove that the sequence has a finite limit and
find that limit.

Problem T12/481. Given a triangle ABC and
its circumcircle (0). Let (Og) and (O¢)
respectivly be the mixtilinear incircles
corresponding to B and C (recall that a
mixtilinear incircle corresponding to B is the
circle which is internally tangent to B4, BC and
the circumcircle (0)). Let M (resp. N) be the
tangent point between (O) and (O) (resp.
(Oc)). Let (M) and (N) be the circles with
centers at M and N and are tangent to AC and
AB respectively. Prove that the center of
dilation of (M) and (N) belongs to BC.

Translated hy NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanoi)

AAEF ¢6 AE > AF = AFE > AEF (1)

Ve Fum@gem::,— B e
<—=A>FA=F

IA FA AC AB EA
$ LA EA

AC, AC
S8 4, L = AFE < AFL = ABC < 90" ()

@ Tir (), @)= AEF < AFE < 90",

Mat khac EAF <900 Viay AAEF c¢6 ba goc nhon.
b) Goi N, V¥ lan Iuot 13 hinh chiéu cua E trén
BC, AB. G, J ln luot 1a hinh chiéu cua F trén
BC, AC. P la giao diém cua MH va NF. Ta cé
EN =EV, FJ=FG.

MD _EM NP _PH

FI BF a6 ekl
MK FM MP
= FF =g = MK =MP.

Do d6 MH = PH + MP = MD + MK,
Ciiu 7. Bat M=(a—-b){b—cXc—d)d—aXa—cXb—d).
Cac s6 a, b, ¢, d chia cho 3 ¢6 s6 du 14 0, 1 hodc
2= ton tai 2 s6 ¢ hiéu chia hét cho 3= M:3.
Céc s6 a, b, ¢, dxay ra 2 truomg hop:
~ (6 2 sb chin (chang han a va b) va 2 sb 1é
(cvad).Tacod a—b:2,c—d:2= M4,
— C6 3 sb chin hodc 3 s6 1é (chang han a, b, ¢).
Taco a-b:2,b—c:2= M:4.
Vi(3;4)=1= M:12.

NGUYEN BUC TAN (TP. Hé Chi Minkh)
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-__ |
a—%
= e T,
S

Bai T1/477. Xet tong S .qr.";m 20 56 hang:
1 | l
. — o —
1.23.4 2345

2022225
1

R

Hay so sanh § voi

|

Lo giai. Dya vao hé thire
mi{m~+ 1 m+2)}m+3)

1 ( 1 1
C 3l mmA+)m+2) (m+)(m+2)(m+3) )
voi m 1a s6 nguyén duong tiy v, ta co

8= s + 2 +
1234 2345

3
19 20.21.22 20 21 2@\

2(1_1}(1_1}‘
L2353 2354 234 3.4.5$§.

$//

e
19.2021 202122 2021 2122723
1 e A b 5.4

123 D520 .5

Tir do Sfii_ O
18

10626 6

# Nhin xér. 1) Cach khde: Dhra vao hé thire

1 1{ 1 1 :
=—| == vai m, k& la cac s6 nguyén
m(m+k) k\m m+k
duong tiy ¥ thi vai s la 56 nguyén duong tiy v ta co

1 1 1 |
n(n+l)(n+2}{n+3)_E(H(n+3]_(n+l}(n+2]J
A

213\ n n+3 n+l n+2

=l{l_ 1 J_l' L=t 1 ]
eln n+3 Zth n+2

1[1 1 ] 1[ | 1 ]
=] ——— -] ———— |+
6in n+l 6\n+l n+2

1 1 | 1 | 1
6\n+t2 n+3) 2intl n+2)

Ap dung hé thirc trén v&in lin hegt 1iy cac gia tri 1,
2,3,..., 19, 20 r6i gidn wée hidu hai phin s0 gidng
nhau ta dugc

1[1 1] 1(1 IJ 1[| 1] 1[1 1]
S=—|--— 4= = —— |+=| =— |—=| =——
[ el Al o L) Bl O B ) R R )
ok 295 205 1 Viy § < 1
5313 5310 18 18
2) Céc ban sau c6 101 giai ding: Pha The: Trdn Thi
Yén Khanh, Bui Thi Bich Ngoc, Nguyén Pham
Thanh Nga, Trdn Nhe Quinh, Tran Quang Dat, Vii
Tién Dat, Nguyén Céng Thanh, 6A3, THCS Lim
Thao, Lam Thao; Vinh Phiic: Ta Kim Nam Tuan,
6A2, THCS Yén Lac, Yén Lac; Ha N{i: Hoang Lé
Bich Ngoc, 6A, THCS Thai Thinh, Q. Pong Da;
Nghé An: Dang Hitu Khanh, 0A, Dao Danh Hio,
Chu Thé FPhong, 6D, Va Dinh Hung, 6C, THCS Ly
Nhit Quang, D6 Luvong: Pha Yén: Newvén Hupnh
Ngoe A A. THCS Nguyén Chi Thanh, Déng

Hoa. :S"l\

VIET HAI

2/477. Cho tam giac ABC can tgi A, diong
o an gidc BD. Trén tia BA ldv diém E sao cho

BE = 2CD. Chung minh Jumr fﬂﬁ-’ 00",

Loi gigi. Cach 1 (Cua da sO cac ban).
Goi F la ‘tnng diém cua BE A
thl FB = CD (cung bing E

EBE) . Ma 4B = AC (tam

£\

gidc ABC cin tai 4) nén
AF = AD. Suy ra tam giac
AFD cén tai A.

e e % B B A
Tirdd AFD = ABC (cing bling M].
Suy ra DF // BC (hai gée dong vi bang nhau), nén

?ﬁ)z FDB (cting bang DBC ). Diéu nay dan
dén tam giac FBD can tai F, hay

FD=FB= %BE :
Tam gidc BDE c¢6 DF I trung tuyén {mg véi canh
BE vi DF = %BE nén tam giac BDE vudng tai

D hay EDB = 90" (dpem).

TOAN H
: cruéig;cé A
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HD Céch 2. Tit D ké DF // BC (F € AB). Ching
minh F 13 trung diém ctia BE va DF = %BE .

HD Cich 3. Kéo dii ED cat BC tai M. Tir D ké
DI /1 AB (I € BC). Ching minh D la trung diém
cua EM.O

> Nhin xét. Dy 1 bai toén c6 nhiéu cach giai va déu
phai v& thém dudmg phy. Viée ldy thém diém F 14 trung
diém cia EB theo cach 1 duge nay sinh mét cach fur
nhién tir gia thiét £8B = 2DC. Cac ban sau day c6 loi
oidi t6t: Vinh Phic: Ta Kim Nam Tudn, 6A2, THCS
Yén Lac; Phi The: Trin Hodang Anh Tudn, TA1, Déo
Nhén P, Nguyén Cong Hai, Neuyén Som Tung, Ha
Minh Nhdt, 7A3, THCS Lam Thao, Lam Thao; Nghé
An: Lé Thiy Linh, Lé Van Manh, Lé Van Quang
Trung, Nguyén Thién Phiic Anh, 7B, THCS Ly Nhat
Quang, D6 Luong; Ha Tinh: Nguyén Thi Ha Chi,
Neuvén Hai Pang, Lé Huyén Linh, TB, Ngé Dic
Hodng, 7A, THCS Xuin Digu, Can Loc.

NGUYEN TH] QUYNH ANH
Bai T3/477. Cho x, y, z la cdc s6 thuc diwong
thoa man diéu kién x + v + z = xyz. Tim gia trj

1 = “m " o X v ol
nho nhat cua biéu thic § =—+-=5+—-.

A N
Lai gidi. Cach 1. Theo BDT Cauchy ta cd:
o+ L b = 1 =£; Q\*r
1 3 or %

;;:22 X

Céng theo timg vé cac BDT trén ta c6:

x,+li~+-:,—+l+i+122[l+L+l]
= X B

§is lﬁ+—7+ 1Q+E[L+L LJ
X 3 e Xy yz zx
23( 1 +i+—l—J=; X+y+z_ o
TPyl xyz

= §=3: Szﬁ-::bx:.v:z:ﬁ.

Vay min § =4/3.

Céch 2 (cta ban Ta Kim Thanh Hién, 8A4, THCS
Yén Lac, Vinh Phic)

TOAN HOC
* Clusilre S& 481 (7-2017)

28

|
Tachd: x+y+z=nz&—+—+—=1L

Xy yz =
DﬁI—L:a,l:b l—c thia, b, cduong va

X y =
ab + be +ca =1. Theo BPT Bunyakovsky ta co:
(a+b+c) =23(ab+bc+ca)=3
= a+b+c2+3. Ap dung BDT Schwarz ta cd:
£+ gt 2 (a+b+c)

5= T —a+b+e=3
g RN a+b+c

=minS=3 < a=b=c=% ox=y=z=43.0

» Nhgn xét. Khong nhiéu céc ban tham gidi bai nay,
céc loi giai déu twong ty nhur mdt trong hai cach
trén. Ngoai ban Hién, cic ban sau co 1oi giai tot:
Ha Noi: Nouyén Dang Nhdt Minh, 8C2, THCS
Archimedes Acadamy. Thanh Hoa: Bé Cao Bdch
Tiing, 8B, THCS Trin Mai Ninh, TP. Thanh Hoa.
Ha Tinh: Hodng Quoc Khanh, 9A, THCS Péng
Lang, Birc Thy. '
TRAN HUU NAM

Bii T4f4@ffm AABC cdn tai A va M la mot
diém Qg trong  tam gigc do sao cho
A BCM. Goi H, I K lan lwot la hinh

1 vuéng goc cua M trén AB, BC, CA. Goi E
a giao diém ciia MB va IH, F la giao diém c ua
MC va IK. Gia sir hai dwong tron ngogi tiep
ctia cdc tam gige MEH va MFK cat nhau tgi
N # M. Chimg minh rang dwong thang NM di
qua trung diém cua BC.

A

E F
B I0Q C
Loi giai. Dé tha).r cac tr giac HBIM, KCIM ndi
tiép, suy ra HIM = ABM = BCM
KIM = ACM = CBM.
Do dé EMF + EIF = EMF + HIM + KIM
= BMC + BCM + CBM = 180°,
Vay tir glac EMFT m)l tlep, ta co
MFE = MIE = MBH = BCM .

https://tieulun.hopto.org



Suy ra EF // BC (1). Goi P, O lan luot 14 giao
diém cua MN voi EF va BC. Taco

PNE = MHE (vi tir gidc MEHN noi tiép)
= MBC (vi tit gide MHBI ni tiép)
= MEP (Vi EF /I BO).

Suy ra APNE <2 APEM, nén
N TE o= pit (2)
PE PM
Tuong ty, PM PN = PF* (3)
Tir (2) va (3) suy ra PE = PF (4)

Tur (1) va (4), suy ra OB = QC (hé qua cua dinh
Ii Thales), tirc 1a dudmg thang MN di qua trung
diém cua BC. O
> Nhgn xét. 1) Dé ¥ MNH + MNK = MEI + MFT =180°
nén H, N, K thing hing,
2) Tir gia thiét nhan thiy duémg tron (BCM) tiép xic
vii AB va ACtai B, C tuong tmg.
3) Chi co hai ban tham gia giai va déu lam theo cich
trinh bay & trén 1a céc ban Nguyén Pdng Nhdt Minh,
BC2, THCS Archimedes Academy, Ha Ngi, va ban
Hodng Quoc Khanh, 9A, THCS Dong Lang, Dirc The,
Ha Tinh.

NGUYEN THANH HONG
Bai T5/477. Giai phuong trinh:

(x* +r—l}(\,|[’h—2) +1.,fh—?+l} 9,

Léi gigi. Cdch 1. + Nhan thiy x = 1 n
dung phuong trinh.

+ Xét x #£1 thi ¥3x-2-1=0, phucm
cho trong duong vai

(,x +\.+1) \.f(h T +J3r—@r
x(Bx=-2-1)=9(Bx-2-1)
¢>(I2+x+]](x~l}=3(%,’3x—2—])
S -1=3Bx-2-3 2 =31-2-2 *
Pat 3x—-2 =y thi y* =3x-2, két hop véi (*)
=3y-2 (1)
¥ =3x-2 (2)
Trir theo vé cua (1) cho (2) ta duoe
x =y =3(y-x) (x— +xy+y +3)=0.

+%y1+3>i}

ta cd h¢ phuong trinh {

-

Do x* +xy+}’2 +3=(.t+%y]

nénsuyra x—-y=0x=y.
Thay y=xvao (1) taco

¥ =3x-2ox-1)(x+2)=0.

Vix#1lnén(x—1¥#0,suyrax+2=0

< x=-2, Vidy phuong trinh d3 cho cd hai
nghiémx=1vax=-2

Cdach 2. Phuong trinh di cho tuong duong voi

(x? +x—2)[$fl:3x—2)2 +3Bx—2+ 1]+
+3(m +Bx-2+ 1) =9
N (x—n{x+2)[$x(3x—2}1 +3Ax—2 +1]+
+3(Y3x-27 +33x-2-2)=0 ©3)
Nhin thiy J(3x—2)" +33x—-2 -2
=(¥Bx=2 +2)(¥3x-2-1)
Nx—1)x+2)

nén PT (3) tr& thanh
(x-D(x+2)(YBx—2)7 +Bx—2 +1

2’? |
WH"wﬁM)h& 2 Ha2+) |
\ 3
@ +y+l'(3’ J T

% Y =2y+4=(y-1*+3>0 vdi y=33x-2,

nén biéu thirc trong dau ngoac luén duong vai

moix. Suyra(3) < (x- )x+2)=0 @[:]_2

»Nhgn xét. Dy la bai toan giai phuong trinh c6
chira can thirc béc ba, ta cin dit 4n phu (cich 1)
hodc nhin biéu thire ciin lién hgp chuyén vé phuong
trinh tich (céch 2) dé dwa vé piai phuong trinh khong
chira cin. Da sé céc ban giri bai déu giai theo mot
trong hai cac+h trén. Tuy nhién co mdt 56 ban khi
nhin thém biéu thirc d3 khéng dat diéu kién cho biéu
thire do khde 0. Tuyén duong cac ban sau c6 loi giai
tot: Vinh Phite: Nouyén Cong Hai, Ha Minh Nhdit,
7A3, THCS Lam Thao; Ha Tinh: Hoang Quéc
Khénh, 9A THCS Péng Lang, Pic Tho; Vinh
Long: Nguyén Xudn Quang, 9/1,THCS Cao Thing,
TP. Vinh Long; Bén Tre: Ngé Quoc Bdo, 7/1,
THCS M§ Héa, TP. Bén Tre;

PHAM THI BACH NGQC
Bai T6/477. Gia su phuong trinh

Y —ax’+bx—¢=0 . :

¢6 3 nghiém thue duong. Chimg minh rang néu

2a° +3a” —Tab+9c—6b—3a+2=0

thil<a<2,
TOAN H
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Loi gigi. (Cia ban Nguyén Khdnh Linh,
10A1, THPT Hoang Van Thy, Lyc Yén, Yén
Bai). Gid su x,x,,x;1a 3 nghiém duong cua
PT da cho. Ap dung dinh Iy Viéte ta dugc:

Xy X X =X X, XX XX, =6 xx =c
Ta co:

(%, +x, ](A‘, —.\‘1)2 +[.r3 +x, }[.\'3 -x,)

+(x; +x, )[A‘_L—.r,)z 20

4

©2(x, +x, + .1‘3\]3 =7(x, +x,+x3)
x (2,7, + X, X, + XX, ) +9x,x,x, 20
= 2a —Tab+9c =0 (1)
Talaico: (x,—x, ) +{x, —x, )" +(x, —x, ) 20
= 2(x, +x, +x, )2 —6(xx, +x,0,+ 5,7, )20
—2a° —6h=0 (2). Theo gia thiét:
24’ +3a’* —Tab+9c—6b-3a+2=0
=(24" ~Tab+9¢)+(2a° —6b) +d’ —3a+2=0  (3)

Tir (1), (2) va (3) suyra @’ —3a+2 <0.

Viy 1<a<2.0

»Nhgn xét. Nhidu ban tham gia giai bai va déu giai
ding. Mot sb ban giai theo cach trén. Da s6 céc ban dp
dung cic dang khic nhau cia bit ding thie Schur.

Minh Khdnh, 11T1, THPT chuyén Nguyén Binh
Khiém: Bén Tre: Pham Nhgt Minh, 10T, THPT
chuyén Bén Tre; Tién‘ Giang: Lé Hoang Bao, 11
Toan, THPT chuyén Tién Giang. ’
NGUYEN HIEP
Bai T7/477. Cho a, b, ¢, d, e ld cdc 56 thuc thoa
_ [sina+sinb+sinc+sind +sine=0
mdan: i
| cos 2a+c0s2b+00s 2 +cos 2d +cos 2e =3
Tim gia tri lon nhat va gia tri nho nhdt ctia biéu
thirc: P=cosa+2cos2b+3cos3c.

Lo gidi. D& cho gon ta ki hiéu x=sina, y=sinb,
}_r

|| va theo gia thiét x+y+z+1+e=0,

k] ]

z=sinc,f=sind, s =sine. Ta co lz‘x ,Iz
|t
—3=cos 2a+cos 2b +cos 2¢ +cos 2d + cos 2e
=(1-2x)+(1-2y2)+(1-222)+(1-22) + (1-2s%).
Suyra x2+y? +z2+2 +57 =4.

Céc sb thue duoc chia thanh hai nhom: Cac s6
khong am va cac s6 &m. Theo nguyén li
Dirichlet 550 x, v, z, t, s €O it nhat ba s6
thude mét nhom, khong mit tinh tong quat
2id @6 12 cic s6 x, v, z (do vai trd cua x, y, z,
ong gia thiét 1a nhu nhau).

Céc ban sau co 101 gidi 161 HA Ngi: Hodng Tung, 1 ;N0 40 22t +[s| 2|t +5|=|-x— y—z|

Toan, THPT chuyén KHTN, DHQG Ha

Ngu}*gn Fan Ding, 11A14, THPT Ngoc T§q ]
Phiuc Tho; Lao Cai: Va Lé Mai, Hoangs Hai
Nedn, Ngu_}’gn Thanh Dai, 10 Toan, T%‘C uyén
Lao Cai; Yén Bai: Nguyén Khan oA,
THPT Hoang Van Thy, H. Luc Y inh Phic:
Kim Thi H-:ing Link, 10A1, THPT chuyén Vinh
Phic; Nam Binh: [é Tién Dat, Tran Minh Hiéu, Vii
Thi Diép, 11 Toan 2, THPT chuyén Lé Hong Phong,
TP. Nam Binh, Nguyén Himg Son, 10A2, THPT Lé
Quy Dén, H. Truc Ninh; Nghé An: Trdn Tién
Manh, 11A1, THPT chuyén Pai hoc Vinh, Vd Viét
Anh, Nguyé'n Hiru Th&ng, Pham Tran Anh, 11A1,
THPT chuyén Phan Bdi Chiu, TP. Vinh, Bgch Ouang
Higu, 11Al, THPT Cira Lo; Ha Tinh: Hoang Quoc
Khdanh, 9A, THCS Pong Lang, H. Pirc Tho; Quing
Binh: /6 Anh, 10 Toan, THPT chuyén Vo Nguyén
Gidp; Thira Thién Hué: Phan Hoang Minh Dikc, 11
Todn 2, THPT chuvén Quic Hoe Hué; Quéing Nam:
Nguyén Lé Thanh Hding, Huynh Minh Tri, 10/1,
Trweong Nhét Nguyén Bao, 11/1, THPT chuyén Nguyén
Binh Khiém, TP. Tam K3, Pham Ly Nhdi Duy, 10/1,
THPT chuyén Lé Thanh Tong, TP. Hdi An; Binh
Phuée: Neuvén Hoang Dike, Nguyén Tan Tai, Trinh
Hoang Hiép, 11A, THPT chuyén Quang Trung; Vinh
Long: Tran Link, 10T1, Trinh Thé Chwong, Chdu

TOAN HOC
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=|x| + |y| +‘:] 2 x2 4y + 22,
Két hop voi 2>72 +52, suyra
4> x2 4+ p2 422 +12 + 5%
2+ 32+ 22 +12 +52 =4 khi va chi khi:
hodic t=s =1, trong ba s0 x, ¥, z cO hai ) balmg
-1, mot sb bﬁng 0,
hoiic 1 = s = —1, trong ba s6 x, y, z ¢6 hai s&
bang 1, mét sb bs"mg 0. :
Nhur viy tir gia thiét ta suy ra trong cdc so x, ¥,
=, t, 5 ¢o hai sO bang 1, hai 6 bing -1, va mot
) bﬁng 0. Suy ra trong 5 s6 cosa,cosb,cosc,
cosd,cose cO 4 56 héng 0,1sb bfmg +]. Chu
y cdc cong thitc cos 2o =2cos? a—1,
cos3a=4cos’ a—3cosa,
ta co bang

cosp | 0 1 |-l

cos2ep| -1 | 1 1

cosligl O 1 | -1
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Bai viy tacd 5.4 :
cos a 0 1 | =1 0 0 0

cos b 0 0 Tasali 1 0 0

cosc | O 0 0 0 | -1

|P=cosa | [
|F2eos26 |5 |1 1 2] 1|5
+3cosde |

Két lun:

+ Gia trf l6n nhit cia P bing 2, dat duoc khi
cosh=tl,cosa=cosc=cosd =cose=0.

+ Gid trj nho nhét cha P biang -5, dat dugc khi
cosc=—l,cosa=cosh=cosd=cose=0. O
»Nhin xét. Rit tiéc Toa soan da khéng nhan dwoc loi
gidi ndo cua cdce ban hoc sinh.

NGUYEN MINH PUC
Bai T8/477. Cho diem H o mién trong fam
gidc ABC. Goi K la truc tam tam gidc ABH.
Daecng thang c|.=.#.-.-.' H, vudng goc vai BC it AK

E aJ FOTID ”'

i F. Chu :f'- minh ra ing ( Uﬁ LF.
Lm giai. Cach 1 (Theo da 56 cdc ban).
Bé dé. Cho 4 diém A, B, C, D. Khi d6

AC 1 BD & AB* +CD’ = AD* + BC®.
Chirng minh. Goi J 13 trung diém cua BD.
thay: AB‘ +CD? = AD* + BC’- %
& (4B’ - 4D )+(CD' -CB)=0 Qﬁ'
<:::D§.,«1J+BD.CI—O<:>BD.CA = C_LBD
Bo6 dé duge chirng minh.

Ap dung bd dé trén ta duge:
EH* + AB° =BE* + AH* ; CF* + AH’
AF® + BH* =FH’ + AB* ; CH® + BE®

= AF* +CH?;
=CE? +BH".

.||‘).l.l” ".f:': |:.J'|'. |'(

o

Cong theo vé 4 BDT trén ta co:

CF* +EH* =FH* +CE*,suyra CH L EF.
Cdch 2 (Cua ban Nguyén Van Ding, 11A14,
THPT Ngoc Tao, Phic Tho, Ha N§i).

Goi M, N lan luot 14 hinh chiéu vuéng goc cua H
trén CA, BC; P, Q lan luot 1a giao diém cia BF
voi AH, AE vai BH. Lic doé:

HM HF = HP. HA = HO.HB = HN HE = k.
Xét phép nghich dao f cuc H, phuong tich k ta
thy: f(H,k): EF — (NMH);

CHw— CH ;

(ki hiéu (VMH) 1a duomg tron di qua ba diém N,
M, H). Vi phép nghich dao co tinh bao giac, va
CH la dudng kinh cta (NMH) nén CH LEF. O
#Nhdin xét. Sé 1 giai giri vé Toa soan kha nhidu, tit
ca déu giai dimg. Sau day la danh sich cic ban co loi
giai tot (ngoai ban Ding): Ha Ngi: Hoang Ting, 11
Toan, THPT chuyén KHTN, BHQG Ha Ngi: Vinh
Phiic: Kim Thi Hong Linh, 10A1, THPT chuyén Vinh
Phuc; Hung Yén: Newyvén Lé Huy, 10Al, THPT
Duemg Qu' Ham, Vin Giang; Nam Dinh: Tran

AN\ Thj Digp, Lé Tién Pat, 1112, THPT
ong Phong; Nghé An: Tran Tién Manh,

AN chuyén DH Vinh, Nguyén Xudn Manh
& 10A1, Nguyén Hitu Thing, Pham Trdan Anh, Vo
t Anh, 11Al, THPT chuyén Phan B¢i Chiw, TP.
Vinh; Bach Quang Higu, 11A1, THPT Cira Lo ; Ha
Tinh: Nguyén Pinh Nhdt, 10T1, THPT chuyén Ha
Tinh; Quang Tri : Neuyén Thi Pheong Linh, 11 Toén,
THPT chuyén Lé Quy Déan; Thira Thién Hué: Ho Th
Hai ¥én, 11 Toan 2, THPT chuyén Qubc hoc Hué;
Quing Nam: Tran Van Tinh, Phan Tam Li Na, Pham
Thi Hong My, Nowyvén Thanh Hime, Huymh Minh Tri,
Diing Thi Tra My, Lé Thio Huyén, Phan Van Chinh,
10/1; Trirong Nhgt Nguyén Bao, Nguyén Huy Hai,
11/1, THPT chuyén Nguyén Binh Khiém; Pham Ly
Nhat Duy, 10/1, THPT chuyén Lé Thanh Tong: Dik
Nong: Nguvén Tudn Hai, 10 Toan, THPT chuyén
Nguyén Chi Thanh; Phi Yén: Pham Minh Chién,
10T1, THPT chuyén Lwong Vin Chéanh, TP, Tuy Hoa;
Bén Tre: Phan Thanh Dai Dieong, 10 Toan, THPT
chuyén Bén Tre: Tién Giang: Lé Hodng Bao, 11
Toan, THPT chuyén Tién Giang; Vinh Long: Trink
Thé Chuemg, Chdu Minh Khdnh, 11T1, THPT chuyén
Nguyén Binh Khiém, TP. Vinh Long.
HO QUANG VINH
|

$e |
goi 5, =l+=+.. I

Bai TY9/477. Voi ne ¥,

Ky hiéu {S,} I& phdn Ié cia S, Chimg minh
.r'ciw,f_j - Vi méi £(0,1), ludn ton tai neN* dé
(8, <&
) TOAN HOC
ssamoson " ougs 31

https://tieulun.hopto.org



Léi gidgi. Vi £<(0,1) ton tai keN* dé kLm;

Xétday (S,) vaoi n=z k. Taco e

Sy <8 <...<... vd lim S, =400,
Tontai meN* @& S, <m. Ton tai neN* n>k
sao cho §,<m<S,.,. Kh d6 [S,.]1zm>S,.
Vay {8ia}=3Sw —[Sunl

I é——l-—-ﬁs. a
n+l k41

# Nhin xét, }) Cf) it ban tham gia g1 bai toan nay, Céc
lévi giai g dén déu clura chit ché chinh xac.
2) Ban Tiuong Nguvén Nhdt Bao, 11/1, THPT chuyén
Nguyén Binh Khiém, Quang Nam, nhén xét ting khing
dinh cua bai todn dimg cho moi diy ting (S,) thoa min
diéu kién lim S, = +00 va lim(S,,,; = S, )= 0.
PANG HUNG THANG
Bai T10/477. Tim 56 mau k nho nht dé co thé
16 mau cdc s6 [ I 1 (ms?;’ ] mot mau, hai
56 khdc nhau cé thé duwoc 6 ciing mau) sao cho
khong c6 3 56 nao cimg mau ldp thanh mét cap
50 CONg.

‘-:;Sru] _Sn ==

Léi gidi. S6 mau nhé nhit théa man diéu kién
dau bai la k=3. Thuc vay, cach t6 mau sau
thoa man diéu kién bai toan:
Maul:1,2,6,791820,
Mau2:34,11,12,15,16 va
Mau 3 : 5,8,10,13,14,17,19.
Bay gu:r ta chimg minh r%‘mg trong I'm,ll ?
mau cic sobm 2 mau, ludén ¢o6 3 so ¢t
thanh cap so cong. Gla SUr ngug tS mﬁt
cach o cac 86 tir 1 dén 20 sao ch ng ¢0 3 s0
nao cing mau lap thanh cap S0 u;-ng Ta nhén xét
la trong 3 50 lién tiép luon c6 2 s6 khéc mau nhau,
va neu a,b cling mau thi 2a—b,2b—a khac
mau voi chimg. Xét 3 s0 liénticp 1a 9, 10 va 11.
Chico2 khanéng xay ra;
1) S6 10 khéc mau voi s6 9 va s6 11, Khi do so
29-11=Twv2ll-9= 13cungrnau voi 8o
10. Ta gap mau thuin vi 7, 10 va 13 lap thanh
cap 50 cong
2) S6 10 cung mau vi s69 va khac mau voi 80
11 (twong tu s6 10 cling mau voi s6 11). Khi do
2.9 - 10 = 8 cing mau vi sd 11,
Do do, 2.8 =11 =5 va 2.11 = 8 = 14 cling mau
véi 9 va 10. Tuong ty thi 2.5 - 9 = | va
2,10 - 14 = 6 cing mauy véi 11, mau thuan vi 1,
11 va 6 lap thanh cap so cong. O
% Nhdn xét. Co ban giai sai bai toan ndy, tim ra sé
mau k=2. Co vai ban c6 loi giai danh may v hét
nhau (tuy chi cé khdc con s6). Nhitng ban sau day cé

TOAN HOC
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loi giai 1ot Quing Tri: Neguyén Thi Phuong Linh,
11T, THPT chuyén Lé Quy Dén; Vinh Long: Chdi
Minh Khanh, 11T1, THPT chuyén Nguyén Binh
Khiém TP Vinh Long; Pha Yén: Lé Thanh Lam,
THPT chuyén Luong Van Chanh TP. Tuy Hoa:
DPik Néng: Nguyén Tuan Hai, 10 Toan, THPT
chuyén Nguyén Chi Thanh; Quang Nam: Pham Ly
Nhgt Duy, 10/1 THPT chuyén Lé Thinh Téng, TP.
Héi An; Trieomg Nhdt Newyén Bao, 11/1, THPT
chuyén Nguyén Binh Khiém.

VU DiINH HOA

Bai T11/477. Cho day ] (x ) thoa mdn diéu kién

x=—mnx=—I

0+ 3(cosx

COSX ) —COSX.
log, ———— - -

, COS.X,

] |
=X o —
S+8m x

| H=LXi..
Ching minh dayv (x,) co gidi han hitu han khi
n dan dén vé cung va tinh gidi han do.
Lai giagi. (Theo da sé cac ban). Nhin x¢ét ring

&8 2 5
8+sin” x, =9—cos” x, va

i

9+1(co COSX, ) —COSX, COSX,
=(3+cosx,, M3—cosx,)

(3 +cosx,  N3-cosx, )

@? x, ., +log

9—cos’ x,
x, ,, +log,(3+cosx,  )-log, (3+coq X
n=1, 2 . Suyra

—log,(3+cosx, ,,)=x,,, —log,(3+cosx )=

r|r—1 n+l

..=x,—log,(3+cosx )=-2
din dén x_, =log,(3+cosx,)-2, n=12,..(1)
Tiép theo, ta chimg minh —t<x, <0 véi moi
neN’, bang phuong phip quy nap. Ta thiy X,
va x, thoa man. Tir gia thiét —mw<x <0 suy

ra 2<3+cosx, =4 nén 1=<log,(3+cosx, )<2

hay -1< ‘-»+1 <0. Suyra -n<x,,, £0.
Xétham sb f(x) = log,(3+cosx)—2—x,
xe(-mn0]
| gt Sy A
ta co f(")_(3+cos_r)ln2 1<0, ¥Yxe(-m0]

nén f(x) la ham nghich bién va
flx)z f(0)=0 vin xe(—m0].
Suy ra log,(3+cosx)-2>x, xe(-m0],
o =log,(3+cosx,)-22x,, VneN’; tirc
(x,) la diy tang va bi chan trén béi 0 nén co

va X
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gidri han hiru han khi 7 dan dén vo cung. Gia su
gidi han do 1a a thi tir gia thiét (1), ta thu duge
a=log,(3+cosa)-2< fla)=0

< fla)= f(0)<>a=0.Viy l_i.ﬂ.'].,'{'" =0.0

»Nhin xét. Diy 14 dang todn co ban vé diy sinh b
ham s6 dom di¢u. Cac ban sau ddy ¢6 1o giai ding,
Binh Phwée: Nguyén Hoang #iie, Trinh Hodng
Higp, 11A, THPT chuyén Quang Trung; Ha Ngi:
Nguyen Van Diing, I}Al4,‘ THPT Ngoc Téo, Phic
Tho; Nghé Amn: Trdan Tien Manh, 11Al, THPT
chuyén DH Vinh, Vé Vigt Anh, Nguven Hiu Thang,
11AL, THPT chuyén Phan Bgi Chau; Quing Nam:
Truong Nhdt Ngwvén Bao, 11/1, THPT chuyén
Nguvén Binh Khiém; Quéng Tri: Neuyén Thi
Phuwong Linh, 11T, THPT chuyén Lé Quy Don.
NGUYEN VAN MAU
Bai T12/477. Cho ti gidgc ABCD néi tiép dwong
tron (0). Phdn gidc ngoai cua cdc gic
DAB,ABC.BCD,CDA theo thir thir cdt phdn
gidc ngoai cla cdc goc ABC,BCD,CDA, DAB
i X Y. Z T.E F rheq thir ti la trung diém cua
XZ, YT. Chitng minh rang:
1) Tir gicic XYZT néi tiep va XZ 1L ¥YT.
2) O, E, F thdng hang.
Léi gidi. Bo dé. Cho tir giac ABCD. E, F the

thir ty 14 trung diém cua AC, BD. Cac diém %‘

N theo thir tu thudc cic doan AB, CD sagﬁ
AM _CN
Ax h
doan EF. Phép chimg minh b6 dds
gian, khong trinh bay ¢ déy.

Tror lai bai toan. Trong 1o giai ndy ki hiéu
d(X,AB) chi khoang cach tir diém X téi dudng
thang 4B. Goi «.B,v,8 theo thir tr 1a sé do cia

— —

cic goc DAB,ABC,BCD,CDA.
1) Goi K 1a giao diém ciia phin gidc trong cac
goc DAB,CBA; I i giao diém ciia XZ va IT.
— 180°-a — 180°—P
—_ ==

Khi d6 trung diém ctia uoc

n rat don

Dé thiy XAB= . XBA=

Do d6 TXY = Ei?,g:&;fﬁ_

Tuong tu TZF = 5‘—2:(_,2%.‘2 Vay

TR+ Tob = o+ y+8 a+P+y+6 360°
i T e Una i
Dicu d6 cd nghia la tir gidc XYZT noi tiép.

180°,

& s

Dé thiy
d(X,AD)=d(X,AB)=d(X,BC):
d(K,AD) = d(K,AB) = d(K,BC);
d(Z,AD)=d(Z,CD)=d(Z.BC).

Do do X, &7 thing hang.
D& thy =90° = XBK. Do do tir gidc XAKB
¥ do o
p. Vay IXV = KXB=KAB =%. Tuong ty

e G L
e

vx :%. Tom lai IXY + IYX =
Piéu d6 c6 nghia la XZ L ¥T. ;
2) Goi M, N, P theo thu ty la giao diém thir hai
cua (Qyva Xy, Yz, ZT.

Vi XY, ZT theo thhr tu la phin gidc ngoai cua
cic goc ABC,CDA nén M, P theo thir tu la

trung diém cua cic cung ABC,CDA. Do 46 MP
la dwémg kinh cua (O). Néi cach khac O la
trung diém caa MP (1). Vi YZ 1a phin giac

=90,

ngodi cua goe BCD nén N la trung diém cia
cung BCD. Tir tir gide XAKB noi tiép, suy ra
YMN =BAN =BAK =BXK =BXZ. Didu d6 c6
nghia la MN//XZ. Tuong tu NP//¥T. Theo dinh
XM ZN ZP

i Thales, —= =—(2). Tu a (2
li Th Ies. XY =727 - 7T (2). T (1) va (2),
theo ho dé trén, suy ra O thudec EF. O

» Nhgn xét. 1) S0 ban tham gia giai kha nhiéu, mat
50 ban phai dung dinh 1i sin.

2) Xin néu tén tit ca cic ban: Vinh Phic: Bii Nam
Som, THPT chuyén Vinh Phic, TP Vinh Yén; Nam
Dinh: Vit Thi Diép. 11T2, THPT chuyén Lé Hong

OA
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Phong, TP. Nam Binh; Ngh¢ An: Tmn Tién Manh,
11Al, THPT chuyén BH Vinh, Nguyén HiuThdng,
11A1, THPT chuyén Phan Bgi Chau, TP. Vinh;
Quiang Nam: Phgm Ly Nhat Duy, 10/1, THPT
chuyén Lé Thanh Téng, TP Héi An; Lam Dong: Vo
Minh Qudn, Nguvén Huynh Tuyén, 10T, THPT
chuyén Thang Long, TP. Pa Lat; Binh Phuwdc:
Nguven Hoang Dite, Nguyén Tan Tai; Trinh Hoang
Hiép, 11A, THPT chuyén Quang Trung, TP. Dong
Xoai; Bén Tre: Phan Thanh Dai Dwong, 10T,
THPT chuyén Bén Tre, TP. Bén Tre.

NGUYEN MINH HA

Bai L1/477. Mot chat diem M chuyén dong tron
déu trén qui dao c6 bdan kinh R nguoc chieu kim
dong ho, toc do goc . Chon hé truc toa do x(Oy
ném trong mdt phang quy dao, c6 2 truc Ox va Oy
tiép xiic voi qui dao tai P va Q nhur hinh vé. Goi
M, M, lan luot la hinh chiéu ctia M trén 2 truc
Ox va Ov. Chon goc thoi gian t =0 la hic (hur
diém di qua P. Tim thoi diém dau tién dé
khoang cach giita M, va M, la lon nhat, nho
nhat. Tinh cdc khoang
cdch do?l
Léi gigi. Sau thoi gian ¢, M
chit diém M quay dugc
mot goc o= va co toa
do: x=R(1+sina);
y=R(l-cosa).
Khoang céch gitra hai hinh
chiéu ctia M & thoi diém &
MM, =x*+y* = RJ3+2(si$sa) (1)
Ap dyng BDT Bunyakovsky:
(sin a—cosa) < [I2 +(=1)](sin’ o0 + cos” o) =2.
Suy ra: —2 <sino.—cosa £~2 2)
Tir (1) va (2) ta co:
« MaxM M, = Ry3+242, xdy ra khi

q=—r kﬁrt———— (obion o= bt o
A 4w

*MinM M, = R\B—ZJZ , xay ra khi

=7 n 2 o nl
D:——4-~+2kﬂ:—T (chon k= 1) nén r—4m

» Nhin xét. Danh sich cic ban gii ding bai nay 1a:
Nghé An: Newvén Mgnh Himg, 10A1, THPT
chuyén Phan Bgi Chdu; Long An: Nguyén Phimng
Hai Pang, 1071, Nguyén Puc Qudn Kién, 11T1,
THPT chuyén Li.mg An. L

NGUYEN XUAN QUANG

TOAN HOC
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Bai L2/477. Cho hai thau kinh hoi tu L, va L,
dat -:}'crng truc co tiéu cy lan hegt la f. 20cm
va fr = 30cm. Hai quang tam cua :hmr“ cdach
nhau L = 0,0, = 100cm. Hoi phai dat vt sang
AB ¢ cdch thau kinh trude Ly bao nhiéu cm dé
anh cuéi cing A,B; tao boi hé Ly, Ly la anh

thét va co do lon A,B, = %AB 7
Léi gidi. So d6 tao anh :
quL alil
g%, A1B'_.((}1) A,B,
d i
Ll 2
Ta co: a‘ dl—f,"d—20
20d,  80d, —2000
gy = 100 - =—
d;=L—d'= d-20 d,-20
s ar e (80d, —2000).30
2 T a—f 80d, 2000 , °
(e =20)| =4 554 -—30J
48d. —
= M’ X . Do A»B; 13 anh thit, nén d,” > 0

M 3&&425@[1{41’ # 20 cm) hodc d,> 28 cm.

d' 4 20 30

A T

i 600 g
80d, —2000 d,—28°

(d, 20)( i 2—0——30]
A2 rnes

pé p3|%" B B [d,:ﬁomn(chom_

87| 12 _ 37 |d =—4cm(oa)

d-28 8

Két lugn: Dé anh cudi cing 4.8, tao boi hé L,
L, 1 anh thit va c6 d6 16n 4,8, = %AB, thi

phai dit vit sing AB & trede va cach thiu kinh
L, 60cm. O

»Nhdn xét. Chic mimg cic ban da c6 161 giai ding
@& ra ki nay: Tién Giang: Lé Hoang Bao, 11 Toén,
THPT chuyén Tién Giang; Nam Dinh: Vit Thi Diép,
11 Toan 2, THPT chuyén Lé Héng Phong; Long
An: Nguvén Phimg Hai Dang, 10 T1, THPT chuyén
Long An; Bac Liéu: Ty Vigt Ho&ﬂg, 11 T, THPT
chuyén Bac Liéu; Nghé An: Bach Quang Hiéu, 11
Al, THPFT Cira Lo, Tran Tién Manh, 11 Al, THPT
chuyén DH Vinh; Lao Cai: Ly Nhdt Linh, 10 toan,
THPT chuyén Lao Cai.

DINH THI THAI QUYNH
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PRUCHE TRINEN PYTHACORAS

ﬁ]ﬂ trong nhimg phuong trinh nghi¢m nguyén
6i tiéng nhat trong ly thuyel 80 1a phm}ng
trinh Pythagoras x2+y? =22 (x,y,z la cac s

nguyén duong.) Phuong trinh da duwge ngm:n
Babylon biét t&i tir lau. nhung chi duge gidi quyét
hoan chinh bdi Pythagoras khi 6ng nghién ciru dinh
ly Pylhagoras néi tieng trong hinh hoe.

B ba sb (x,v,2) nhu trén duge goi la bd ba sé
Pythagoras. D& thiy néu (x,y,z) la bd ba sb
Pythagoras thi bo ba s6 (£x,1y,1z) cling la bd ba sb

Pythagoras v&i moi £ nguyén duong. Do d6 ta chi xét
cic nghigm cua phuong trinh vl cac b ba sd
Pythagoras nguyén thiy, hay cac bé (x,y,z) thoa
min (x,y,z)=1.

Bo dé 1. (x,v.z) fa hd ba 56 Pythagoras nguyén
thaythi (x, )=y, z)=(z,x)=1.

Gia st (x, ») > 1. Khi do ton tai s6 nguyén to p sao
cho p|(x »). Suyra 2!{1:2 P p|BRiy=2

nén plz,volyvi(x, yz)=1.

Bé dé 2. (x,v,z) la bé ba s6 J”_l'.fi'.'rmfn'.f.li&ﬂ‘r"h‘
thty thi x chan, v lé hode nguoe lai.

Vi (x, ]—lnen x, y khéng cing chj %%su %0
cing lé thi z2 =x? + % =2 (modél& Iy.
Bbdé3. r.seZ' thoa man (== 2. Khi
o friu iai ."I.." eZ saocho r=1[? 5= h?.

Bdy gitr ta co thé mé ta tar ca cde bg Pythagoras

nguyen thaiy.

Dink Iy 1. a) Gia st (x,y,z)la bé ba s6

Pyvthagoras nguyén thiv, x chan, y lé. Khi do
x=2mn

(x, ¥, z] ¢ dang {y=m?—-n® véi mn nguyén
z=m?+n*

duong; (m,n)=1,m>n;m,n khac tinh chén Ié.

b) Ddo lgi, véi m,n nguyén duong (m,n)=1;

m=n,mn khdc .f;:nh chéin 1é thi bj ba 56 xdc dinh

whir trén la bg ba so nykagm"a'f nguyvén thiy.

Chikng minh. a) x* =22 -y =(z-y)(z+y).

NGUYEN NGOC TRUNG
(Nguvén HS THPT chuyén DHSP Ha Ngi)

2
Vi y,z1& x chin nén [1] =z_1_z+}’ s
2 2 2
i 5. ¥
22X 22V e Z. Laico (y,2)=1(bd dé 1) suy
2 Rk 2
- z—_1=1z+}’]=]ne“ ﬂ: ”2’2+y 5
x=2mn
(b6 d&3).Suyra: {y=m?—-n?.
z=m’+n?

Ta ¢ (m,n)=1 vi moi udc chung cua m,n ciing
12 wéc chung ciia x=2mn, y=m? —n?,z=m? +n?
vi (x02]=1.

Lai do m,n khong cing 1a hai s6 1¢ nén m,n khac
hu vy, moi b ) Pythagoras déu co

g bo ba s6 nhir trén 1a bd ba so Pythagoras.
chn chimg minh d6 14 bd ba s6 Pythagoras

ﬁcn thiry. Thit vay, gia sit d =(y,z). D& thay

%\ dl1é Taco d|y+z=2m? nén d|m?. Tuong ty

d |n?, Mat khdc (m,n]=l nén d=1. Tir d6

{x, e
H¢ qua. Moi nghiém cua phuong trinh Pythagoras
x=2kmn,
déu ¢6 dang y=k{m2~nz) vaim,n ke Zt;
=k(m +n?)

(m, n] =lim>mm,n khac tinh chdn lé.
Sau ddy 14 hai img dung cua dinh ly 1.
Thi du 1. Khong ton tai hai 56 nEuveén dirong x va y
dé tong cde binh phirong va hiéu cde bink phwong
ctia chiing déu la cdc 50 chinh phicong.
Loi giai. Gia sir ton tai cac sb nguyén duong x, v
thoa mén. Trong cac cip sd {x, y) thoa min ta chon
(xo, 30 ) 12 cap sb théa man x? + y® nho nhat. Gia

[ x0? + y0? =z
SLr

xp? = yp* =1p*

gia sir d=(xn,yu) thi d|zu‘d| fo .

. Ta cd (x,¥0)=1. That véy,
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DE thiy (xn . J thoa mén tinh chat trén.

thél}’ 2.).’1]2

Do do (x{),y{.)=l. Dé =z +4* nén
2 (ZUH'“}Z (z0—t0)
Xg© = L
4 4
)+

Zg — K B
=”—2ﬂ-, Khi d6 u+v=zu-v=0n

va wl+vi=x2. Tacd (u,v)=1, vi néu (u,v)=d
thi :f]_x.;_d| zp.Suyra d| vy nén d=1.

Theo dinh 1y 1, do (u,v, Xo ) la bd ba s0 Pythagoras
nguyen l}}il}f nén ton tai cac sd nguyén duong m,n
nguyén to cing nhau; m > p; m, n khac tinh chin 1€
sao cho: u = 2mm,v=m? —n?

2

hoac u=m’-nt,v=2mn.

Viy uv =2mn(m? —n* ). Laic6 2y = zo® 152

=(u+ L']z

=y =2k = mn(m>—n*)=k>. Vi (m,n)=1 nén

—(u —v}?’ =dyy = 8mn{m2 _nz}

(m, m? —nz‘}--'-[n,m2 —n2}= 1. Suy ra theo bé dé 3,

2

ton tal cdc sO nguyén a,b,¢ sao cho m=a“,

n=h% m
Lai vi (mn)=1 vd m, n khic tinh chin ¢

=1. Theo bd dé 3, ton tai 9}&
. Khi da @%ﬂ}’ clp

(a,b) thoa man tinh chit dé bai. $

Miatkhéc a2 +b2 =m+n<2m<2mn=v

9 5 3
2 _pi=ct.

(m+n,m—n)

. . |m—n=r?
nguyén r,s dé 4
m+n=gs=

Zgp +io A

<= < Znp = Zo —‘L'U“+_]?D

méu thudn véi cich chon (xg, yo ) cia ta.

Nhin xét. Tuong ty ta dé dang chimg minh phuong
trinh x* — y* = z2 khang co nghiém nguyén duong.

Thi dy 2. Chimg minh phuong trinh x* + y* = z?

khéng o nghiém nguyvén diong.

Loi gigi. Gia st phuong trinh ¢o nghiém nguyén
duong. Goi (xo,y0) ld cip nghiém thoa min

xo*+ y* nho nhit. Twong ty Thi du 1, ta cb

(x0.30)=1. Nhur vy (xo%,70%,29) 14 b ba sb
Pythagoras nguyén thuy. Gia sir yp 1&. Khi d6 theo
dinh 1y 1 ton tai m,n nguyén t6 cung nhau, khic
tinh chén 1¢ sao cho:

TOFIN H
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xg =2mn, yi =m®—n?,zg =m* +n*.

Vi m, n nguyén t6 cung nhau nén (m,n, v ) 12 bo
ba sb Pythagoras nguyén thiy. Do do ton tai a, b véi
(a.b)=1 sao cho: n=2ab, yp =a’>-b*,m
Khi do x32 = 2mn = dabm .

Vi (a,b)=(a,m)=(b,m)=1 nén theo bé dé 3,
a=c2.b=d? m=¢e2. Suyra ¢ =c¢*+d*. Mit khac

ctadd=el =m<m?+n®=z5<z? =x*+wt

=a’ + b2

trai véi cich chon (xo, yo ) 1a cip nghi¢m théa min

xp* + yp* nho nhat.

Nhin xét. Qua loi giai 2 thi du trén, ta nhn thay
hidu qua cia phuong phip suy tan cia Fermat: D&
chimg minh mdt phuong trinh khéng cd nghi¢m
nguyén, ta gia sir phrong trinh ¢6 nghiém va khi do
phrang trinh ¢6 mot nghi¢m nho nhit (theo mot
nghia nao do). Ta tim cach chi ra mdt nghi¢m nho
hon nghiém néi trén va din dén mau thuan.

Thi dy 3, @nimg minh khdng ton tai tam gide viong
veri do ¢ canh la nhiimg 5o nguyén ma dign tich
clia wa chinh phiromg.

4 b, - - 3 s
i, (Gia sir ton tai tam gidc vudng thoa mén voi

canh goc vudng a, b va canh huyén 1a c. Khi d6
F+P=¢ va ab=2d?. Suyra c?+2ab =(a~|~b}2
hay ¢2 +(2d)? =(a+b)’.
Tuong tr ¢ —(2d)? =(a—b)* . Trai véi Thi du L.

Thi du 4. Giai phuong trinh nghiém nguyén duong:

¥4 yti=gt,

Lai gidi. Phurong trinh tuong duong véi
¥ 4? =(£] .Dodb z|xy nén xy=zt,teE*.
L

Phuong trinh trér thanh x2 + 2 =¢2. Dit

R +B =2
d=(x,yt),x=ad,y=bd,t=cd = 4 F
(a.b,c)=
Taco x =z.‘::»;=% i el =cld=d=ke
c

Theo djoh Iy 1, tén tai cac s6 nguyén dwong m,n

théa man a=m? —n,b = 2mn,c=m?* +n.

Suy ra x =k (m* —n*),y = 2kmn (m?+n?),
z=2kmn(m? -n*), k.m,neZ*.

Nhén xét. Néu x,y,zeZ+ thoamin x2+y2 =z72

thi x*+y*+z% la sb chinh phuong. That vay
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{IZ)E +{_}'z}2 = {1}1)2 =+t =+ 4+ 2
+2 {xy]g —2(.':2)2 —E(yz)z =(x2+y2 =22 )2 .

Thi du 5. Tim nghiém nguyen dwong cua phuong
trink: x(x+1)=2y*.

Léi gidi. D& thiy (x,7)=(11) 1a mdt nghiém. Ta
chimng minh phuong trinh khéng cd nghiém x > 1.
Thét vy, vi [x,x + l] =1 nén ¢t hai trudmg hop:

x+1=2b%
bE—ag*=(b*-12 Vix>1 nén b>1,volyvi
phuong trinh x* — y* = z? khéng cé nghiém nguyén

I=ﬂ4
THI:{ . Suyra 2b* -1=a* nén

duong.
= 2 4

TH2: { ' . Suy ra 2a*+1=b* nén

x+1=p*
A +b*=(a*+1)*, w6 ly vi phuong trinh
x4 + y* = z2 khdng cd nghiém nguyén duong.
Thi du 6. Tim nghiém nguvén duwong cua phirong
trinh: x (x> +4)=y?
THI; x1é DE thiy (x,x2+4)=1 nén x=a?,
x2+4=p2 Suy ra b?—x%=4. Diéu nay khf}ng
x4y ra.
TH2: x=2k (k> 0). Thay vio PT ta cé: @

2k (4k2 +4) = 32 = 2 ES:>yE4:>k[k3+w j
F
k=242 k @'

vii y=4y = 1) hodc o ).

Fiad 1 {k2+!:bf’-() &thz&!( )
Dé thay hé (I) co nghiém khi & =0, loai.
Xét hé (II). ta ¢6 b*—a* =(b?-1)’. Do phuong
trinh x* — y* = z? khéng cé nghiém nguyén duong
nén phuong trinh b* —a* = (5% - I): chi ¢6 nghiém
khib=1.Tudé k=1va (x,y)=(2,4).
Thi du 7 (Bulgaria 1998). Tim nghiém nguyvén
duwong ctia phiong trinh: x> + y* =1997 (x - y).
L gidi. Phuong trinh twong duong véi

2t +y2)=2.l99?(x—y).

Suy ra (x+y)’ +{1?3'97!'—Jc+y}2 =19972.
Vi x,y ldcic s6 nguyén duong, 1997 > x+ y > 0;
1997 -x+y >0 nén ta quy vé xét phuong trinh
nghiém nguyén duong a? + 52 =19972, Vi 1997 Ia
s6 nguyén to nén (a,b)=1. Do @6 (a.5,1997) l1a

bd ba sé Pythagoras nguyén thuy nén ton tai m, n
sao cho 1997 = m? + n?(m > n) .
Dé thay 31<m<45.Ta c6: 1997 =2(mod3) nén
m=n=xl(mod3). Tuong tw m=n==xl(mod5).
Suy ra me {34,4[,44). Thir lai ta 6
(m,n)=(34,29). Do d6 (a,b)=(1972,315). Tir
do6 ta dé dang tim dwoc nghiém cua phurong trinh.
Thi du 8. Chung minh phuong trinh:
x4+ 92 =[:a3 + b2 ]zj.u, b la cdc 56 nguyén diromg
cho trrde, ludn cd vé han nghiém nguyén dwong
(x, 7, 2).
Lavi gidi. Dat x = au + by, y = bu —av. Khi do

x4 y? =(32 +b? ](ul +1? ) :
Phuong trinh trg thinh #? +v2 = =2, Theo dinh Iy 1,
U= k(mz —n? ),szIann,z= k (m?® +n? } Suy ra

I=k(cim2+2bmn-an2),.}'=k|:bm2—me—hng),

z=k(m? +n~}
Thi du hathematical Excalibur). Chimg minh
;J.l';urm nh (xp)? =22 { 72 —x2 —y2 ] khéng co

nguyeén dwong.

giai. Gia su PT co nghiém Viét PT dudi dang
Nhrung phuong in z thi biét 6 A ciia PT béc hai trung
gian la s6 chinh phuong hay

3t (x% +y?)? +4x?y? =¢2. Mat khac:

(x2 + 2P —4x2y? =(x2 - 32)2, v Iy theo Thidy 1.

Thi du 10. Giai phuong trinh nghiém tuw nhién:
xtept=227

Loi gigi, Dé théy x=p,z=x* 13 nghiém cuia

phuong trinh, Gia st x> y. Khi do x, y cang tinh
x2 + 2 x2—y?

chin Ié nén a-= bh="—"" 13 cic sb
2 2

nguyén duong.

Suy ra xX=a+bh,y? =a-b,2z? :2(a3+b3). Lai
co a? —b2 = x2y?, méu thufin véi Thi du 1.

Thi du 11. Tim tdt ca cdc sé hitu #f r sao cho

r2+2,r2 =2 la binh pfm'm:rr cde 5o hiw 1.

Lai gidgi. Gia sic r== {p gq)=1. Khi d6 ta ¢6 hé sau:
i

Bl
e e .Suyra 2p? =x2+)2,4g2 =x2 -~
p2 =2 =2
. 2 2
Vay (2p) = (x+y)? +(x—y)
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=[2p(x-0)] =(2-22) +(x-)* =(24)" +(x-p),
méu thudn theo Thi dy 2.

Thi du 12. Chimg minh hai ménh dé sau tuong
duong:

(i) Ton tai cdc so nguvén dwong a,b,e.d,e, f.g
thoa mdan a*+b* =e? b* +¢° e at+et =g*,
a*+bht+ct=d2.

(ii) Ton tgi cac 50 hitu 1y x, v, z = | thoa mdn

Loi gidgi. ()= (ii). Gia sit (a,b,c,d)=1. D& thiy
d lé, dung mét trong cic 6 a,b,c 1&, gidsirla a.
Theo dinh Iy 1, ton tai cdc sO nguyén duong
d:,m:,m (i=1,2,3) sao cho dang thirc

a=d(m?-m?),b=dy2mm, c=d32mn;,

d=d, (m?+n?). a® +b*+c? = d* tr§ thanh
(damyng)? +(dsmsns)? = (dymym )2

Chia ca hai vé cho d? =d? (m? +n? ]2 , ta dugc (ii)

o iz L 5] 1,
hbid Jf=—3>1,Jrfﬂ—‘:>1,z=—'-:--I.
m Hy ]

.
s Tir do
(i) = (). Gi?asﬁx=ﬁ>l,y:-n¥=>l,z=ﬂ:-%\§

e m "1/,%
Pit a=4d {mlz —n? },b=d22m1ﬂz.f=i 13,
e=di(m? —m?), f=d2mm, g =d Qe —m?).

3
= ]_[ (m,z +n? ] thoa man (i).
i=1

Thi du 13. Giai phuomg winh nghiém nguvén
dwong: x4 —x1p? + ¥ =22,

Léi gidi. Trude hét xin gidi thiéu mét bd dé quen
thugc: a,b,c,d la céc sb nguyén duong thoa min
ab=cd. Khi d6 ton tai cic so nguyén duong

x,v,z,t sao cho a=xy,b=zt,c=yz.d =1,

(x,z)=1. Gid sir x# y,(x, y)=1. Trong tt ca chc
nghiém (x, y,z) nay xét nghi¢m c6 tich xy nho
nhit. Xét truomg hop xv chin, gia st y chan.
Phuong trinh tuong duong (x* — 2 ]2 # () =22
Vi (x,»)=1 nén (x2 -2, xy)=1. Theo dinhly I,

ton tai cdc s6 tw nhién m,m théa man

(mn)=1mn chin sao cho x?-y?=m?-n2,

TOAN HOC
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xv=2mn Dat y=2y, ta cd xg=mn,
(x,30)=(m.n)=1. Theo bd dé ton tai cic sd
nguyén duong a,b,c,d thoa min x = ac, yo = bd,
m=ad,n=bc,(c,d)=1. Vi (x,y0)=(m,n)=1
nén a, b,c,d d6i mét nguyén th cung nhau. Do x,m
16 nén a,c,d 1&, b chin. Tir x2—y2=m?-n?, ta

c (a? +bz}52 =(a? +4b?)d>.

Dt e=(a? +b%,a® +4b? )= e|3b%,¢|3a’.

Vi (a,b)=1 nén e|3=>e=1 (néu e=3|a’+b’

thi 3[(a.b),vé1y). Suyra a® +4° | d.

Mit khéc (e, d) =1 nén d2 |a® +b2.

Viy d? =a? +b2,a* +4b? = 2. Theo dinh 1y 1, t6n

tai cdc s6 ty nhién x;, v, (x. 3 ) =1L xin chin sao

cho a = x2 - 12,2b=2xn.

Dodé x —xiy?+ vt =d?, vilyvi

xv =b<2bd = y < xy, trai voi gia thiét ban din vé

nghiém ;

Xet ifR0 hop xy 1. T (x2 )2 ) +(w)’ =22,

inh 1y 1 ton tai cic s6 tu nhién m, n thoa mén

n)=1,mn 1& sao cho x?—y* =2mn, xy=nf—n'.

2 2 15
2 =+ P
m4—m2n1+n4=(m2~n3) +m2n2=[ 2}’ ] ;

vo 1y nhur trvomg hop trén. Viay phuong trinh ¢hi ¢o
nghiém x=y,z =x%.
Cuoi cing 14 hé qua noi tiéng cia Thi du 13, bai toan
cua Fermat.
Thi du 14. Khing Ir_jn tai bon binh phiong khe
nhau tao thanh mot cap so0 cong.
Léi gigi, Gia st x?,y%,z%,w? tao thanh cip sb
comgthi 2y? =x? +22,227 = »2 + w2, Suyra

2ytw? = xIw? + z22w?, 222x2 = y2x? +wix?
= 222x2 —2y2n? = y2x? — z2u2.
Tirdo xy, zw clng tinh chiin 1é.

;4 Zw =

bt u=ch,1u=y|fu,:"=JLJ . S___xy
sd tr nhién. D& thiy u? -v? = 2rs,uv = r? —s2. Suy

w .
la cac

ra wt —u?vi v = (w2 —v2)2 Lyt =[r2 + 52 )2 .
Theoe Thi du 13, Khac

x2, y2, 2%, w? la cdp s6 cong co cong sai d # 0 nén

xz=u=v=yw Mit

xz < yw, voly.
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ﬁ ai viét gidi thiéu than thé s nghiép nha toan
hoc Viét Nam dau thé ki XIX, ¥ Trai Neuyén
Hitu Thdn, so bo gidi thiéu va danh gid néi dung
cuon sdach Y Trai toan phap nhét dic luc ciia Ong,
I cuon sdch todn coé nhiéu gid tri trong di san
sdeh todn viét bang chir Han va chir Nom.

1. So luge vé sIr ng_,hll:-p va di san toan hgc-lich
phap cua Y Trai ‘\r-uwn Hiru Thin

1.1. Tiéu sir Y Trai Nguyén Hiru Thén

Nguven Hieu Than tr Chan Nguyén, hiéu ¥ Trai.
Ong sinh thing 3 nim Dinh Siru (1757), qué lang
Dai Hoa, tong An DA, huyén Hai Lang, phu Tri¢u
Phong. nay 1a xa Triéu Pai, huyén Triéu Phong,
tinh Quang Tri. Thén phy Neuyén Hitu Thén 1a
Nguyén Phii Piéu, 1am Huin dao, say mé toan
phap va thién van, lich phap. Diéu nay anh huong

rat nhi¢u dén thién hudng nghién ciru lich phap va%

toan hoc ctia Ong.

&

Hitu Than (1757-1831)
Trong bai Tya Y Trai fodn phdp nhdt dic luc,
Nguvén Hiru Thdn viét ([3], Quyén 1, trang 1): Ta
thuo nho, som da dwpc nghe giang va thude long
curu chuwomg, ddn hiéu “bo todn chi tung hoanh”.
Ném Ki Déu nién hi¢u Canh Hung, cha ta méi Co
Trai ldo tién sinh, iy Nham, cimg tim hiéu phép
lich dai théng, ta thiomg dimg hau bén canh, moi
lan dicoc nghe ban Chﬂ}eﬁ nhur thé, thi faﬂg cam
rhm st hoe chua du, cang can déc long can ci,
cham chi suy ciru, tim toi, hi vong dat dén ché udn
o, sdu xa.

Y trai Neuy

| A g L TER T ] 1
DO NET Ve NHA TORN HOC VIET NAM DAU THE K xox
Y TRAI NGUYEN HUU THAN
VA CUGNSACH Y TRAITOANPHAPNHATDACTUC CLAONG

TA DUY PHUQNG - POAN THI LE

- CUNG THIKIM THANH PHAN ANH TUYET{Herai)

Nam 1786, Mguven Hizu Thdn ra lam quan cho
nha Tay Son, din thing dén Hitu thi lang b HO.
Nam 1802, Ong ra lam quan cho triéu Gia Long.
Ban diu duge bd lam Ché céo & Vién Han lam,
roi Thiém sy bd Lai va Cai ba Quang Nghia. Biu
nim Ky Ti (1809), 6ng duge diéu vé kinh lam
Tham tri bd Lai. Thang 3 (dm lich) nim do, ong
dugc cir lam Chénh sir sang nha Thanh. Thei gian
& Yén Kinh (Bic Kinh), ong chiu kho hac hoi va
tim mua dugce nhiéu sach quy vé lich s6 va toan
hoc. Ong viet ([3], Quyén 1, trang 1): Nim KiTi
nién hiéu Gia Long, ta .ci‘zm’c lem hcmg giao cong
bé chinh sg nhdn ds, lién thie hién v muon hoi
h sach vo, khong trir trie dem tién cria
dé mua sach, ghi chép lai thanh mot
g e cong viée su bo r;hdn roi, ta fgi_ dem
ra dich o cong quan. Dén khi lén thuyén fro
. van mo sdch xem xét, suy tim todn phdp khong
mé! moi, thé maoi biét cai uyén tham cua dao hoc,
nhitng ghi chép/sach vé nay di dé tin dwoc vé su
ki diéu cua toan phdp.
Théng 4 (am lich) nam Canh Ngo (1810), vé
nuoc, Ong duge thuyén chuyén lam Tham tri bd
Ho. Thang Giéng nim Nham Than (1812), Ong
duge e lam Pho quan li Kham Thién giam.
Nam Binh Ti 1816, Ong dugc diéu lam Ho tao
Bac Thanh, roi 1am Thugng thu bé Lai, nén ngudi
din Quang Tri goi Cu & Cu Thuong Pai Hoa.
Nim Canh Thin (1820), Vua Minh Mang di Ong
lam Thuong thu bd Hd. Nam Nhiam Ngo (1822),
Ong kiém quan Khim thién giém.
Nam 1828, Ong vé tri si, doc tim hoan thién cudn
sach Y Trai todn phdap nhat dac luc (Mot diéu tam
dic vé toan hoc cua Y Trai).
Ngay 5 thang 7 (dm lich) ndm Tén Mio (12 thing
8 nim 1831), Nguyén Hiru Thin mit, tho 74 tudi.

1.2. Di sin toan hgc lich phip cia Y
Nguyén Hivu Thin

Trai

Nguyén Hitu Thén ham mé toan hoc va thién vin,
lich phép tir nho. Gng hgc co phén tich, phé phan.
Ong viét ([3], Quycn 1, bai Tya): Khi dd khon
I6m, thi ta tim 10i dén tdn goc ré ciia phép lich dai
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thong, nghiém xem ldu ngay, bdt dau nhdn ra
nhiéu cho sai sot, bén xem xét, ké ciru lai nhitng
diéu ghi chép trong sdch vo xwa, thi nhdn thdy
cudi doi nha Minh, dau doi nha Thanh, lich phap
da swa lai theo phép tinh lich cua phuong Tdy.
Ngieoi doi c6 dupe nhimg sach nay, déu dé e
fru}en day trong nha, con ta, nho nh:mg lan tim
thay noi bang hitu sao chép lai ma co dege sdch.
Trong thoi gian di su (1809-1810), Nguyen Hitu
Than di tiép thu lich mdi cia nha Thanh Vé
nude, Ong dang 1én Vua Gia Long quyén Pai lich
twong khdo thanh thw va tau: Lich Van Toan nude
ta va sdch Dai Thanh Thoi Hién bén Tau, déu
theo lich Pai Thong nha Minh, hon 300 ném chica
hé sira lai, cang liu lai cang sai lém. Doi Khang
Hy nudc Tau, mdi tham ding phép lich Thadi Tay,
lam ra quyén lich nay, ma sdch nay suy xét goc do
56 tinh teong hom sdach Dai Théng, phép tam
tuyén bat gigc lai tink xdo lém. Xin giao hoc tro
Khdm thién gigm theo lich nay dé khao cieu lam
phép lich, thoi biét diing di 56 troi ma nhdm tiét
hau.
Khi 1am Phé quin i Kham Thién gidm (1812),
Ong da tau xin lam lich Hiép Ki thay cho lich Van
Toan. Lich Hiép Ki duge triéu dinh ban bo vio
ndm 1813. Ong viét ([3]. Quyén 1): Tro Vé triéy
la nam Qui Dgu nién hiéu Gia Long, ta d
nham chite quan Ii kham ,'hr'é{:' gffjm SU Vi, WAL
hanh Hiép Ki lich, va tir ddy bat dau f?‘r' odn
phap.
So véi lich ¢, lich Higp Ki c6 % | tién 1ém:
ngay tiét duge bao chinh xéc hon; gier mat troi
moc va lin duoc cin cr vao kinh dd va vi do noi
quan sat & Viét Nam nén phi hgp hon, dap (mg
dwroc yéu ciu phuc vy thoi vu cho néng dan. Lich
Hiép Ki do 6éng chi dao bién soan dugc sir dung
cho t6i nam 1945. Ong da dugc Vua Gia Long
dinh gia 1a: Thién van gia vé xudt ki hiru (nha
thién van khong ai sanh kip).
Nam 1820, duadi thoi Minh Mang, éng co thém
mot déng gop déng ké 1a tau xin dinh tiét khi thoi
hau o kinh do Phu Xudn, Gia Dinh va Biic thénh;
theo kinh do o dia li ma tinh gig moc, lan cua mdt
trot va ngay dem dai ng&n {(xem: Phan Tric Trwce,
Qudc st di bién).
'\{guyen Hitu Thin dé lai ¥ Trai todn phdp nhat
ddic lue, cudn sach toan duge Ong bién soan trong
nhiéu nam va hoan thanh nim 1829. Hodng Xudn
Héan dénh gia: Neuyén Hiu Than la mot nguoi
nudc ta, trivde thoi Phdp thude, co trinh do todn
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hoc khd cao. Ta biét vdy, qua khéng nhitng dp
dung phép lich Hi¢p Ki, ma con qua mot toan thie
ma ong dé lai: Y Trai todn phdp ([2], trang 918).
2. Gidi thiéu ni dung co bin cua ¥ trai todn
phdp nhat dac luc
Y trai todn phap nhdt dic luc cia Nguyén Hiru
Than gc-m 8 Quyén.
Déiu Quyén 1 12 bai Ty cia chinh tic gia, noi vé
long ham mé tim toi toan hoc cua Ong va qua
trinh viét ¥ trai todn phap rnhat dic luc.
Trong cac trang 5-16, Nguvén Hiu Thén viét vé
Bang Ciru chuong. Khac voi cac sach toan Han
Nom khéc, Nguyén Hirw Thin khong chi trinh bay
Béang Ciru chiong nhu mot bang nhén. Ong con
phin tich quan hé va y nghfa cia céc sb.
Cubi Quyén 1, Nguyé'n Hitw Than trinh bay cach
lap ma phuong bic 3x3, 4x4 va 8x8. Hoang
Xudn Hdn 33 nhin xét: Lan ddu tién, mot nhd
todn hoc Viét Nam la éng ban toi ma phuong.
Hoéang Xudn Han cing d3 sit dung phuong phap
cua Ong«@° lip ma phuong ([2], trang 1097-
1110}
%: PHUONG DIEN PHAP danh cho bai
hh dién tich cac hinh. Péu tién 1a céc don vi
dién tich va cach déi cac don vi. Ong ciing luu

%y dén céch tinh don vi dién tich khac nhau & céc

dia phuong khéc nhau. Cudi cung la cac don vi do
dién tich cua Trung Qube va Xiém La.

Tiép theo, sach trinh bay cich tinh dién tich cac
hinh vudng, hinh chir nhét, hinh tam giic. di¢n
tich cac hinh cong (hinh tron va céc phén cua hinh
tron). Ong cling di st dung cong thirc Heron
trong tinh dién tich.

Quyén 3 n6i vé PHEP SAI PHAN, gom Binh
phan (phép chia déu) vi nhieu dang sai phén (chia
theo ti 1¢ hodc chia theo céip s6 cong,...).

Trong Quyén 4, PHEP KHAI PHUONG, Nguyén
Hiru Than trinh bay phép khal cén bic hai va cac
bai todn lién quan. Ong da sir dung gan diing can
bic hai dén 8 chir s6. Rit nhiéu bai toan a6 va
nhitng bai toan dp dung dinh li Pythagoras dan
dén giai phuong trinh, hé phuong trinh bac hai da
dugc trinh bay.

Quyén 5, CAU CO PHAP, duoc danh cho viéc ap
dung dinh Ii Pythagoras (véi edu va ¢o 1a hai canh
géc vudng, huyén 1a canh huyén) vao cc bai todn
hinh hoc: Hon 60 bai giai tam gidc vudng (bdng
phucmg phap lap he phuong trinh bic hai) khi biét
hai yéu t6, thi dy, biét tich ciia cdu va co va 1ong
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ciia huvén voi hiéu cia cdu va cé, tim cdc canh va
di¢n tich. Chwong nay ciing trinh bay mét sb img
dung cia dinh li Pythagoras két hop v&i tam gide
dong dang dé giai cac bai toan thuc t: do chidu
cao cua cdy.,...

Péu Quyén 6 trinh bay cach tinh dién tich va thé
tich cac hinh (hop, non, ciu, non cut,...). Mic du
chua cd khdi niém rd rang vé sb vé ti, Nguyén
Hiru Thén da sit dung gin dung céc sb v ty dén 8
chir s6 thap phan, Ong chon m=3,14159265. Céc
sach todn Han Ném khac thudmg ding n=3,14,
thdm chi mw=3. Nhu vy, Ong di vuot truéce cac
nha todn hoc Viét Nam cing théi hodc san @ng,
Cé dugc sy tién bo nay la do Neuyén Hitu Than
da doc cac sdch todn mdi nhét cua clia Trung Hoa.
Ong viét: Vao nam Ki Ti doi Gia Long, 16i mua
dwge cuon sdch Kham dinh s6 li tinh udn va Mai
thi ting thu. Hai cuén sdch nay, bén trong c6 vé
hinh, tinh dién tich, thé tich. Suy tir viée do dac de
lap phép tinh. Tat ca déu suy dén 1dn ciing nguon
goc, lan luot phan tich ttrng myc, rat la ki lwimg.
Nay t6i chon nhitng diéu tong qudat, cor véu, ghi
chép rd rang dé tién dimg.

Trong Quyén 6, dua theo céc sach toin Trung
Hoa, Neguyén Hiru Than ciing trinh bay cach tinh

Quyén 8 (quyén cudi) trinh bay phép khai can bac
ba va mdt sb bai todn hinh hoc dan dén giai
phuong trinh béc ba.
3. Mit s6 ddnh gid ban ddu vé gia tri cua ¥
Trai todn phdp nhit dic luc
Cén thoi gian va cin nhiéu nghién ciru chuyén sfu
dé dénh gia ding va du gia t coa ¥ Trai todn
phdp nhat dac luc: Néi dung todn hoc, tinh sir
pham, tinh thoi sy, sy ké thira va phat trién toan
hoc Trung Hoa, anh huémg ctia ¥ Trai todn phdp
nhat ddic lyc dén toan hoc Viét Nam, nhimg sing
tao toan hoc trong ¥ Trai tedn phdp nhat déic
¢.... Dudi diy ching i trinh bay mét sé dénh
gi4 ban déu vé Y Trai toan phdp nhat ddc luc
trong qua trinh tim hiéu cudn sach nay.
Gia tri toan hoc ciia ¥ Trai todn phdp nhét dic
luc
Theo ching t6i, Nguyén Hitu Thén 1a nha nghién
ciru todn hoe s6 1 Viét Nam diu thé ki XIX. Cin
cit theo cic sach toan Han Nom hién thn va tr liéu

lich s, chi c6 thé danh gia Ong 1a nha
nghién oan hoc sé 1 Viét Nam thai Trung dai

(thé -XIX), mic di Ong, do bin cong viée
: inh, di khong thé tap trung nhiéu thoi gian
toan hc:-c

gin ding chu vi hinh tron bang cach gp doi 5%0 Ong, noi tréi rd dac tinh cua mot nha nghién

canh Luﬂ hinh vuéng ndi va ngoai tlcp hinh tro
Phin t1f:p theo ctia Quyén 6 trinh bay dang#thn
chuyén dpng, toan vdn chuvén (Quan 1h&ang

todn Idp va giai phwong trinh, hé p o trinh.
Thi du, bai toan trong trang 6 ( 6), duroc
chon tr sach toan Trung Hoa: Gia ¥r c6 ga va tho

nhor chung long, chi bter tong s6 dau lat 36, tong
sé chdn Ia 100, hoi s ga va tho moz con Ia bao
nhiéu. Bii todn ndy thuémg dugc viét trong sich
toan hign nay dudi dang bai tho: Via ga wiea
cho,...

Trong mét s6 bai todn dan dén h¢ ba phuong trinh
bac nhit ba in, Aguyen Hiru Than da sit dung
phuwong phdp cong dai so dé giai.

Phén cudi cia Quyén 6 13 todn ;i"cmg dir (Binh li
thang du Trung Hoa). Ong da mo rong quy tic
dong du cho céc truomg hop khéc khé hon.

Quyén 7 danh cho céc bai toan tong hop va céac
bai todn kho. Dic biét 1a Phuong phdp phdn bo cé
trong (sai phin phap). Cic bai toan nay trong Y
trai todn phdap nhat dic luc di duoc A. Volkov
phén tich trong déi ki trong [4].

cliu ¢ huyen nghiép: Ong thudmg dat va gidi quyf:t
bai todn, Ong khong hai long voi nhimg cai biét
niea véi, ma luén tim toi dén tan cing 1o giai.
Diéu _nay cd the minh hoa qua nhimg trinh bay
ciia Ong vé sé vé ti, toan déng du, khai cin va
giai hé phuong trinh, ma phuong, ...

Mic di chwa c6 khai niém 15 rang vé sé vo i,
nhung Ong di gin di dén khai niém nay. Ong da
ding gia tri ciia 2 va © gin ding dén 8 chir sd,
14 mdt tién b lon o thoi dai Ong.

Ong da khang chi trinh bay bai toan ddng du, ma
da di séu nghién ciru, téng quat héa bai todn nay
cho nhirng tnréng hop phire tap hon.

Khi trinh bay phuong phép tinh dién tich c4c hinh,
Nguyén Hitu Thgn da phan nao di gin dén khai
niém dién tich va tich phén hién dai.

Ong khong bing long véi nhimg hiéu biét cua
minh vé khai céin bic ba va phuong trinh béc ba,
ma sudt doi tim hiéu né dé trinh bay sao cho dé
hiéu. Ong viét: Ldp phuong (cdn bdc ba) trong
todn thudt so véi can bdc hai c¢é phdn hoi
khé ... Ta tic nho ciing hoc ldp phirong nhing moi
biét dai khai vé no. Nay soan cuon sdch mdi fie
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cde ban thao cii con heu lai. Tur ngam di t6n hao
tam lec, cing khong né bo sot. Nay bé sung hé
thong lai dé dwec o rang, day di..([3), Quyén 8).
V6i ma phwong, Ong di dua ra cach tim ma
phuong bic 8x8 bing cach ldy ddi ximg, sau nay
duoc Hoang Xudn Han tham khao dé viét bai bao
(xem [2], trang 1097-1110).

Khac véi mdt so cudn sach toan Han Nom khac
mang tinh gido khoa, ¥ Trai toan phdp nhat déc
Iuc 14 mdt cubn sach nghién ciru chuyén siu vé
toan, chir khong don thudn 1a mét quyén sich
luyén thi hodc gido khoa toan. Day ciing chinh la
muc dich viét sach cia Ong.

Gia tri s pham cua Y Trai todn phdp nhit dic
luc

Maic di kién thire todn hoc trong Y Trai todn phdp
nhat déc luc 1a rat rong, nhung dugc trinh bay
twomg d6i dé hiéu, bai vi tac gia khong chi la nha
toan hoc, nha khoa hoc, dich hoc va li hoc uyén
thim, ma con 14 nha su pham toan dich thue, mic
dit Ong khéng 1am nghé day hoc.

Phén diu mdi Chuong bao gio Nguyén Hiku Thén
ciing néu ¥ nghia, myc dich cua vin d& nghién
ciru. Ong thuémg trinh bay dai cuong vin d& va
phuong phép gidi quyét van dé. Sau do 1a chuygy
bai todn tir dé dén khé. Cac dang toan (ca

phap, sai phin phap, hé phuong trinh,...) oC
Neuvén Hitu Thdn trmh bay ti mi, tir d dén
phtre tap, bao quat gan nhu toan bg dung co

thé 6 trong dang toan duoc Iﬁnhﬁs

Ciing chinh vi vy, Y Trai todan phtip nhdt déc luc
cho ti nay van con gid tri su pham va tinh thoi s
cao. Nhiéu dang toan (phép céu c6, hé phuong
trinh,...), néu viét lai dudi ngon ngir hién dai, vin
con nguyén gia tri vé ni dung.

Theo Luong An [1], Nguyén Hiru Than da séng
tac kha nhiéu bai todn tho Ném duge luu truyén &
ving Quang Tri. C6 thé n6i, ddy ciing la mot nét
su pham déac biét cia Neuyen Hiru Thén noi riéng
vl toan hoe Viét Nam ndi chung.

4. Lori két

Trén diy chi la doi nét phéc thao ¥ Trai tedn phdp
nhdt déc Iue cua Nguyén Hiru Thén. Cudn sach
cita Ong con goi ra rat nhiéu vin d& cin nghién
ctru tiép tyc. Clmg v6i nhimg dong gop cia Ong
trong cdi cach lich, Ong that xtimg dang véi danh
gia cua Hodng Xuan Han khi so sanh Ong véi Tir
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th :
vng chup).
x - .2

Quang Khai, nha toan hoc va lich phap noi tiéng
cia Trung Hoa (xem [2], trang 918): Hitu Thdn
that la mét ngudi mede ta,...co trinh do todan hoc
khd cao....Chi tiéc rang Nguyén Hiru Thin da
khong gav dwge sw nghiép truyén bd toan hoc &
mmff ta nhwe Tir Quang Khai ¢ Trung Qudc, tuy
rang phong thai va phdm chat hai nguoi ngang
nhau.

Puéng Newyén Hiru Thén (thanh phd Hué)
Nhirng cong hién cua Neuyén Hiru Than da duge
dénh gid cao, mic du con it ngudi biét Nguvén
Hitu Than nha mat nha nghién ciru toan hoc.

Hién nayQd co S thinh phé c6 phé mang tén
Nguy@; Than va mot truong Trung hoe pho

ang tén Ong (cac anh trong bai do Ta Duy

Téi liéu dan
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LTS. Trén sach bdo thuong chi ghi loi giai bai
foan nén hoc sinh khong biét tai sao lai lam nhie
thé va nén lam nhe thé nao, déc biét la cdc bai
fodn phirc tap, phdi qua nhiéu bwdc bién déi
mdi dén két qua. Viéc chi ra dinh hwéng gidi
todn ciing vdi cde cdch gidi sé giai ddp diéu do,
dong thoi gmp rén luyén, tich liy nhu‘ng kinh
nghiém giai cdc logi toan. Vi thé va theo ¥ kién
ciia nhiéu ban doc, tap chi TH&TT n.:p tue
déing cdc bai viét cua chuyén muc Nhiéu cdch
giai cho mgt bai todn. Toa sogn mong digc
nhiéu ban doc hwong vmg, gii dé bai kém theo
cac cdach giai. Cac ban doc gwi bai giai co

chi. Duwdi day trinh bay hai bai toan minh ho %

Cdch gidi 2. Binh phuong hai vé x + y > a (déu
dwong) duge X’ + 37 + 2xp > &°. Ap dung BDT
x*+ 3% 2 2xy duge 2(x* + y*) = @', binh phuong
hai vé lan nita duge 4(x* + v+ 257y ) 2 a* (1)
T (=1 =0co 40"+ —2x317)=0 (2)
Cdng theo timg vé ctia (1) va (2) duoc

8x'+y' )= a'.
Xét ding thirc xay ra nhur & cach giai 1.0
DINH HUGNG 2. Danh gia téng x' + »* qua

2 3 g
x+yduavaOBDT(”;”] el ;" (3)

Cdch giai 3. Trudc het ta chimg minh BDT (3).
T (w—v)'=> 0 cod W+ v = 2uv, do do (u + v)?
4(u® +v?)

=+ V' + v <28 + V) = , Suy ra

BDT (3). Pang thirc xay ra khi v = v.
x2 4+ y?

2
‘ ‘ pilial T
Ad@ﬂh:o—g <
pL'Q, o hualter [2} 2

o %
ung BDT (3) lan nira duge

nhimg cdch giai hay sé dwoc néu 1én irén iap & SGRE e 32 t ot 4
— | = - , suy ra
16 ( 4 ] [ 2 J 2

O BAI TOAN 1. Cho cdc 56 a, x, v o g Wi

0. Chirng minh rang x$$$§ “-_ i
8

x+ty=a>
-

;L e
xay ra W nao
8

Léi gigi. Co thé chimg minh bat ding thirc
(BDT) twong duong 12 8¢*+ ') > o',
PINH HUGONG 1. Tir x + y > a va st dung
BDT o + 1% > 2uv dé danh gia tong x*+ "
Cich gidi 1. Tinh liy thira bic bdn cia x + y
duge ((x + ) )’ ="+ + 2xp)°
=x'+ '+ AP + 20V + 4y + A
=x*+ '+ 6y + Ay (P + )

<x't ]’4+ 3(t_4+y4)+2(3_:+y2)2
_4(x + 5 )+2{‘( I'), 2 \1, )
=6(x"+") +4x_;- <6(x*+y" )+ 2"+
=8(x*+y*), tir dé a* < ((x + p)* ) < 8G*+ ).
Ping thirc xay rakhi x=yvax'=y’ véix + y=a,

Dang thue x" +yv

tfrcls‘akhix=y=%.

o
—< xt oyt
8

Xét dang thirc xay ra nhu & cach giai 1.0
PINH HUONG 3. Tir gia thiét x +y > a ta dat

a ’ i b As o
x=—+r vl y=——p wn «—vy20,r0itinh
2 2
tﬁngf +y*,
" * . = a 4 4
Cdch giai 4. Khi dat x = EWLI-‘VEI & gl

voiu—v=20thix+y=a+u—v>a Licdd
2x=g+2uvaly=a-2v
Tudo 4x* = (a + 2u¥ =a + 4 + dau va
4 = (a—2v)*=d*+ 4 —4av.

Tinh tiép duge 16x" = (a” + 4u” + dau)’
=g+ 16u' + 24"’ + 8a’u+ 32au’ va
16y* = (& + 1" — dav)’

=d'+ 16v*+ 244’V — 8a'v—32av".
Cong theo timg vé cta hai ding thirc trén duoc

TOAN HOC
" crusitce 43

https://tieulun.hopto.org

S5 481 (7-2017)




16(* + %) = 2a* + 16(u* + v + 24d* (i + V') +
8a’(u—v)+ 32a (- V).
Do u—v>0vaw—v' = (u—v)(u' + uv +v%) =0
nén 8(x*+y") = a'.
Ping thirc xay ra khi u = v = 0, din dén két qua
nhu & cach giai 1.0
O BAI TOAN 2. Cho tam gidc ABC véi BC = a,
CA=b AB=cvaa+ b+ c= 2p Goidj dai
ba diwomg cao cua tam gide twong g voi cdc
dinh A, B, C la hy, hy , he . Chimg minh rang
byt g+ he < \,i p.
Lai gidi. Ban doc ty v& hinh.
PINH HUGNG 1. St dung cong thirc Héron
dang ah, = 28.c = 24/p(p-a)p—b)(p-c)
¢6 thé tinh dugc chiéu cao img voi mdi dinh, tir
d6 danh gia tong ba chidu cao ciia tam gidc.
Cich giai 1. Tir cong thitc Héron co

ahy =2 \[p(p-a)(p—b)p—c).
Tatinha=2p-b-c=p-b+tp-c

=2 (p-b)(p—c)

nén 2ah, = 4\/p(p-a)lp-bYp-0) &
<2a./p(p-a), suy 1a hy < a) (4).
Tuong tu c6 hig < /p(p—b) va

he £ yp(p—c).

Cong theo timg vé ba BDT trén duoc

byt hg+ he = J;(\fp—a +.J5—b +V{p-c).
Ap dung BDT Bunyakovsky c6

(lL.Jp—a+1.p-b+1p-c)
<(1+1+1)p-a+tp-b+p-c)=3p.
Thay vao BDT trén duge

het hp+he < Jp . Bp=3p.
Ping thirc xay rakhip—b=p—c = p—a, hay
lia=b=c0
DINH HUGNG 2. Tir tinh chit vuéng géc cua
durdmg cao ta tao ra tam gidc vuong dé 4p dung

dinh I¥ Pythagoras roi tinh tdng ba chiéu cao.

N
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Cdch giai 2. Qua dinh 4 vé dudng thing
d // BC. Lay D la diém déi ximg voi diém B qua
truc d thi tam giac DBC vuéng tai B. Ap dung
dinh ly Pythagoras co

BD* + BC:=CD? < (AD+ ACY,
suyra 4h’+da <(c+b)’, dodo co
4hl<(c+byf-d=(a+b+cc+b-a)
= 2p(2p - 2a) = 4p(p — a), hay 12 h'<p(p-a),
suy ra BDT (4). Tir d6 lap luan tiép tuc nhu
cach giai 1.0
PINH HUONG 3. Tir cac cong thire dién tich tam
giac ahy = 2548 =%%C tinh dwoc A, theo be va
R, tir 86 tinh A, + hp+ he theo ab + be + ca VAR
roi xét BBT chiraa + b + ¢ vAR.
Cich gidi 3. TU cac cong thic dign tich tam

giac ah, ‘*g,wc = (;—E;; cO 2Rh, = be. Tuong tu

)

y=ac vi 4Rhc= ba.
0 co 2R(h,4+h3+h(_'):ﬂb+bf + ol

o w3(ab+bctca)=ab+bctca + 2ab + 2bc
% +2ea<a+b+ct+2ab+2be+2ca=(a+b

+¢)’, suy ra 6R(h, + hg+ he )< (a+ b+ ) (5).
Ta can xét BT chiraa + b +cvaR.

Tir a = 2Rsind, b = 2RsinB, ¢ = 2RsinC ¢o

a+ b+ ¢ = 2R(sind + sinB + sinC ) ma

sind + sinB + sinC < 3—2VE (ban doc ty chimg

minh BT nay) nén c6 a + b + c< 3\3R.
Thay vao BDT (5) duge 6R(hs + hy + he )<
3J3R (a+ b+ c), hay 1a b+ hg+ he < V3 p.0

NGUYEN VIET HAI (Ha Ngi)

Moi cac ban gui 101 giai cia BAI TOAN 3 sau
day vé Toa soan TH&TT trudce ngay 30.8.2017.

BAI TOAN 3. Tim gid tri lem nhat va gia tri nho

nhdt ctia biéu thite F'=x + 2y, trong do x, y la hai

s6 thiee thoa man diéu kién x° +},-‘1 =x+y.
TRAN VAN HANH
(GV truomg DH Pham Van Dong, Quang Ngdi)
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LTS. Bar ddu tir s6 481 (thdng 7.2017) Tap chi TH&TT xin gidi thiéu chuyén myuc mdi: Du lich thé gidi
qua cdc bai todn hay. Moi 56 sé dang 2 bai todn kém theo 2 bai tdp dé nghi la cde bai toan hay duge
liwa chon trong cdc dé thi hpc sinh gici Todn, Olvmpic Todn ctia cdc nude, Khu viee va Quoc té. Rat
mong cdc thay cé gido, ban doc yéu todn tham gia swu tam, lwa chon nhitng bai todn hay trong cde dé
thi noi trén, giri bai cho Tap chi, moi bai todn kém theo loi gidi cimg véi xudt xir ciia bai todn dé. Cde
ban hoc sinh tham gia giai cdc bai toan ¢ phan Bai tgp dé nghj. Trong phdn 16i gidi nén cé nhimg nhén
xét, phdn tich, binh lugn nhitng van dé hay xung quanh bai todn do. Ddp dn ciia cdc bai toan trong
pmin Bai tap dé nghi sé diuroe ding cdch mot s6 ké tir khi ra dé. Nhitng ban tham gia giai bai va c6 loi
giai hay (khdc ddp dn) sé duoe khen, diroe tdng mot to Tap chi véa nhitng 161 gidgi hay, djc ddo sé duoe
dang trén Tap chi.

Tap chi s6 481, thang 7 nay xin gi6i thiéu voi b) X+ (mod3). Trong truong hop nay

céc ban hai bai todn thi vé dich qudc gia cua . ¥ x—2y
CHLB Biic va cila CHLB Ao ciing 16i gidi cia Qe ~ 2 =0 (mod3). Ta dat m=—-=,

chuing. Q,%\

J oWz o o ol e " E .
Bai 1 (CHLB bire, 2005, vong thir nhat HSG Q@ .3 e e s
gfc'f. bhai l). : /%. . — (x- 2}’}: 5 2(I+}f‘)3
S0 nguyén a co tinh chat la 3a cq g = = G 9 9
d:'le;n dudi dang tong x* +2y° voiQQy la cde 3 x> +6)* 5
so nguyén. Hay chimg 16 rar cling biéu 9 -

dién dwoe dudi dang tong m* +2n°, véi m va ; T
g 5 & 1ong : st - Trong ca hai truong hop, @ luén biéu dién

n la cdc 56 nguyén.

Lai gigi. Dé dang thiy vi x + 2" chia hét cho

3, cho nén néu x# y(mod3) thi cd x va y

dugc thanh dang m” +2n° véi m va n la céc
s0 nguyén.

Nhdn xét. C6 nhidu bai todn dang ndy, ciing loai vdi
bai todn khé quen biét 14 “Néu mor s6 biéu dién
thanh tong 2 chinh phuomg thi binh phwong ciia no
! ciing bidu dién dwge dwdi dang téng hai chinh
Xay ra. phieong”. Loi giai bai toan s6 hoc nay ciing 1a mt
a) x=y(mod3). Trong trudbng hop nay phuong phap kha phé bién trong sé hoc: phuong

i ) x+2y x—y phap biéu dién mét cach hinh thirc. Tuy ciing ding
EopmE b ol ) Mmns s 9= phuong phap biéu dién hinh thirc, nhung bai todn
trén ngoit nghéo hon trong phuong phap, cin lip
ludn va phén chia trromg hop cho ding.

déu khong chia hét cho 3, va khi d6 phai c6 mot
sO chia 3 dur 1 va sb con lai chia 3 du 2, tirc 1a
khi d6x+y=0(mod3). Ta xét 2 truong hop

d&u 1a céc sb nguyén. Ta co
: o2 (x42p) 2x-y) 3 +6y°
m +2n° = 9 o 9 = 9 =4  Bai2 (Ao, 2012, vong thi tinh, bai 4). Trong tam
1a dang biéu dién theo yéu ciu déu bai. gidc ABC, H_.H,,H_la chan cac dwong cao
; TOAN HOC
56 481(7-2017) & CTusitre 45
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ha tir cdac dinh twong wmg A,B,C xubng cde
ABC nao thi hai
H,H._ va H,H,

canh doi di¢n. Trong fam gide
trong cdc doan !hﬁng HH,
hang nhau?

Loi gidgi. » Ta xét truong hop khong tam gidc
ABC khong phai tam gidc ta.

- Néu tam gidc ABC c6 mdt géc vudng, chang
=H, vata
c6 H H,=HH_. Nhu vy moi tam gidc

han vuong tai 4, thi hién nhién H,

vudng co tinh chét déu bai yéu cau.
- Biy gio ta xét A
truong  hop  tam
giac ABC nhon va H,
gia sir la

HH,=HH,. Goi H

M 1a trung diém

canh BC. HONS ¢

Ta co

MH, = .MHr_[:%BC}, do do trung trye canh

H_H, cit BC tai M. Do H,H,=H H,, choaX

nén H, la giao cua trung truc canh H H

EED nén

« Biy gidr gia st tam gidc ABC Tu tai dinh 4.
Néu H H, = H H, thi twong ty nhu rén, ta co
tam gidc ABC cén tai dinh 4.

BC. Suy ra H,=M va tam glac
duomg cao tai A ciing la trung tu
can tai A

B .

Truomg hop H H,=H,H, va truong hop
H_H_=H H, twong tr nhau nén ta chi can xét
truong hop H_H, =H,H_. Trong trudng hop

46TOFIN HOC

¢ CTuGilhre 56 481(7-2017)

niy H, nim trén trung trye doan thang H H,
v trung diém canh ACciing nim trén trung
truc doan thing H_H_ va tir d6 suy ra la canh
AC la trung tryc doan thing H H..
Tir dé d dang suy ra la ACB = ACH_ va do do
CAB = ACB +90". Pio lai, néu trong tam gidc
ABC tacb CAB= ACB+90° . Khi d6 tam giac
ABC ti tai dinh A va khi ha dwong cao tir cac
dinh cta tam gidc, ta c6 ACB=ACH, (vi
CAB = ACH_ +90") . Tir d6, ta ¢6 hai tam gidc
vuong AH C va AHC bing nhau. Suy ra
AH,=AH_,CH,=CH, . Do 3 AC la trung
tryccua H H, vavivay H H, =HH,.
Tém lai, tat ci céc tam gidc thoa min diéu kién
ddu bai Ia tam gidc vudng, tam gidc can va tam
giac ¢6 2 goe hon nhau 90,
Nhin xé y 1a mdt bai toan hinh kha don glan vé
mit ki t, nhung lam diung ciing khong dé. Cai
hg ai toan 14 né khong phai san phim ché bién
%m tap 1én caa bai toan hinh cé sin, ma no
su dé cap dén mét tinh chét toan hoe. Tuy 12
m@t tinh chét nho va don gian, nhung né 1a bii toan
dimg dé luyén tép cich lam todn va phét hién cac

vin dé toan hoc cua cudc song quanh ta mdt cach
don gian va thi vi.

Moi cac ban tim thém nhimg loi giai khac cho
hai bai toan trén.
Sau diy la hai bai tap dé nghi. Cac ban hay thir
sirc giai ching voi nhidu 10i giai nhat co thé va
gui loi gidi vé Toa soan TH&TT trudc ngay
30.8.2017.
BAI TAP DE NGHI
Bai 3. Giai bat phuong trinh
sm.vc+cosy2v5
siny+c03z2\5.

sinz +cosx =~/2
o 2 1 | =
Bal 4. Cho biblv/x ~—~= .5~ =z . Hay
y z b
chimg minh ring x =y =z

VU PINH HOA
(GV Khoa Cong nghé Thong tin, DHSP Ha Noi)
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GIAI DAP: DAP AN NAO !

(Pé ding trén TH&TT 56 477, thang 3 ndm 2017)
Phin tich. 1) Sai 1im thir nhét 13 dé bai da ghi nhim:

Y\
.. nghich bién trén khoang t € (U ] EJ !

Dung ra la ... nghich bién trén khodng x & [0%]

2) Sai lim thir hai 1a & trong 1&i giai:
- Sai & budc khing dinh: “... Khi dé m can tim thoa

me (0:1)
mén - co8 =3 3 . Sai lam & day 14 ta dang
= — <
l CoSX — m

xét tinh dom diéu cua him sb thi phai xét diu »° chir
khong phai ddu ctia y, va " < 0 chir khong chi 3 < 0
(vi ' = Onhiéu nhat ¢6 hiru han nghi¢m hodc vé han

4

dém duoc nghiém trén khoang dang xét), nhu viy

m & (0;:1) %
la: y,%M]‘gﬂ' $§$

COSX —m
3) Tuy nhién néu nhu hai sai lam tr$qc sta thi lin
giai vin bj sai vi li do sau:

Pit + =cosx, do xe(ﬂ:g) nén ¢ (0;1), nhung

ham sé ¢ = cos x nghich bién trén khoing [D%J nén

viéc chuyén sang xét bai toan tuong duong theo bién ¢
1a khong ding. Viéc chuyén xét d6 1a ding néu ¢ va x
cling dong bién hodc cing nghich bién.
Xét mpr loi giai divng nhw sau:
* V&i m =2 thi ham s6 tro thanh y = 1 1a ham hing nén
m = 2 khéng thoa min bai toan.
Vi m# 2tacod

, _ —sinx(cosx —m) +sinx(cosx —2)  (m-—2)sinx
e i (cosx —m)?

{cos x — m)?

. -2 .
Himso y = e nghich bién trén khoang [0 ) Ej
COSX — M 2

<> y xac dinh trén [{];?—21) va p'<0, Vxe [D;%j ol

Vi moi .s:e[ﬂ:fﬂ taco sinx >0 va 0 <cosx <1 nén

me (0;1)
M= (m-2)sinx < =y (dom=2)
f=—————— <0 |l=m<2 -
(cos x — m)-
Vay ta chon dap an 4.

Nhdn xét. Chi ¢t ban Treomg Xudn Nine Ngoc, 11 Toén 2,
THPT chuyén Qudc hoc Hué, Thira Thién Hué da phat hién
dwoe sai 1am va dua ra cich giai ding.

KIHIVI

GIAI HE PHUONG TRINH !

Trong gitr bai tip Thiy gido goi ban Pdng 1én giai hé

phu'o'ngt B AR T i
ﬁ’ P =3x=3p (2)
a

lén giai coa ban Ddng

Sa Bt o g
wo vé cac phuong trinh (1), (2) suy ra
B3 =30 -+ 3y - x)

= (x—-E+xp+ 12+ 343y + 3 =0 (3).
+ Xétx =), thay vao phuong trinh (1) ta co:
=3x+3) =
(0, 0).
fXét x? v+ pr 43 +3y+3=10

=3t 43x =0 & x(x? 0= x=0

Do dd hé ed nghiém (x, v) =

o+ 3+ + 1 +3y+3=0.
Ay =03+ ¥P 402 +3p+ N ==30+1)? 20
Khi dé

Ta cé:
Phuong trinh c6 nghiém khi Ay =0 & y=-1.
phuong trinh tré thinh: 2 +2x+1=0 & x = -1.

Viy hé phuong trinh c6 nghiém (-1; -1).

Két lugn: HPT @3 cho ¢6 nghiém: (0 ; 0) va (—1:-1).

Tir dudi lép ban Bdc xin phdt bidu: “Thwa Thdy
(—1 : =1) khéng phdi la nghiém cia hé phuong trinh, vi
thay vao hé phirong trinh khing thoa mdn”.

Cic ban trong l6p dang ban khoan vé 1&i gidi ciia Péng!

Ban cho biét 1vi gidi cia Pdng sai & diu, theo ban nén
giiii thé nio cho ding!

vO HU'U HA

(GV THPT Cam Xuyén, Ha Tinh)
TOAN HOC
F cTusitge 47
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Gié\i tri toén hoe _

1. Ngay con nhé, trong ching ta ai ching thudc nhirng “ciu van
van" vé cong thire todn hoc chi doc vii 3n 13 thudc:

Mudn tim dién tich hinh thang

ddy lon ddy bé ta mang cdng vao

r&i dem nhdn vdi chidu cao

chia déi Idy nika thé nde cling ra

Muédn tim dién tich hinh tron

ban kinh nhdn no ta con nhdn pi

con nhuw mudn tim chu vi

6 pi durdng kinh ta thi nhdn ngay.

Hay:

Ta cling d3 gidi nhiéu bai todn bing “tho” duoc lwu truyén tir the
hé nay sang thé hé khac:

Mot dodn em bé tam bén sing

tranh cdi vai nhau viée choi bong

mdt bé ba bong thira bay bé

mdt bang ba bé ban bong khéng.

Ai o xin tinh cho nhanh nhé

co mdy bé chai cd mady bong”...
Lémn |én, kigén thirc toan hoc phong phi han, tinh vi hoin va ban than

4

tugng hon, bign do hon:
Vo dé &
&
&

Ting 06 Thi Cdn
Al diit tén em sao khéo thé
dau long van van ké thu sinh
nghe tén thi dung Ié vé ty
ma nét xem ra rdt hifu tinh
Dang Han
Wa ddi khi cling sdu sac hon day dit vai dai hon

Bbuong tron
Diém dbu va digm cudi
v tdn va ménh mong
Khi khong con tdm niva
durgng tron thianh sé khdng
Pham Quy Hing

2. Tuy nhién, dac diém chung tho cha cac tdc gia gbc todn I3
trong sang, co dong, dé thudc va dé nhé:

Toan va hoa
Em ddit lp hoa & trén ban
cho ddi ldm todn bot khé khan
Em ai trong todn nhigu céng thirc
cing dep nhr hoa lgi chéng tan
Van Nhw Cuong

Dau nhigu khi hg ndi quanh co ménh mong trévi d&t vin khang
gidu dugc dic diém chung ay:
':E'.-‘

]

S

ngudi hoc toan day toan cling tirng trai hon nén tho ho cling tm%

&

" ) MOILUONG DUYEN GIUA
TOAN va THO

Lé Qudc Han (Khoa Todn, BH Vinh)

Dau vé cung*
Khi chura yéu hai dia
tréng réng co gi ddu
niém vui da khéng cod
khong cd ndi du séu
Yéu roi thanh vd han
tron dét hda ménh méng
mdt tiéng chim nho nhé
ciing vang lirng khdng trung
Hai s8 khéng két lai
too nén ddu vé cing!
(*: 00 —>» o0}
BPing Han
Thi thoang, nhirng vui budn ngdm vao tdm hon ho, va ho mugn
cac khai niém cong thirc dinh Iy todn hoc dé giri gdm niém tam
sir kin ddo cig minh
E mii x**
x@fw dd day hinh lgp phireng séu mat
t\ Nhwrng con ngudi chi o mét mdt théi
(MGt trdo tré chi lé chiéc béng
Con dd nghe vé day dit dén bdy gidy)
Théy dd day hinh Sin Ia hinh séng
Nhung song o trén doi khéng phai hinh Sin
Ai bdo cong la mém mai
Nhitng quanh co con lgi thay trén doi
Va Parabol la ducng con di
Tiéu, dai, dm, duong xoay vdn hé s6
Nhirng dudng thang cit nhau dau nhirc
Nhirng vdi cudc déi con khdng thé song song
Sw that phai la 56 thuc
Mé 58 do kia vdin lo ling trén déu
Hiing 58 Ia chdn Iy
Nhung qua dgo ham lgi hod he khéng
Con dd cho biét bao ding thic
Lai nhédn vé minh nhifng ky tir mdi tén
Nhifng phuong trinh vei déu béng ém énh
Cé doi con chira thdy nghiém bao gidr
Vi trong gidic dém nao
Con mo' 56 dd vao con vd cyc
Con thdng thét giai thira
Con chip chon s mi
May gép duroc thiy con nhan chir Lim
Biét bao diéu trén trd thiy oi
Ddu chua tron ciing goi la dap so
PE con duroc trd vé thang ngay xua cii
Nhw e mii ich ngay nao thay thueng dio bao:
“Diiu thé nao no ciing cur tro' tro™.
P e )
i, Nguyén Minh Birc
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'HOC VA TUOI TRE

'PHUONG TRINH NGHIEM NGUYEN VA KINH NGHIEM GIAI

(Tai ban lan th& nhat, cé chinh li, b sung) Cua téc gia NGND. VU HPU BINH
Sach day 224 trang, khd 17 x 24 c¢m, gia bia 42000 déng
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0i dung cla sach trinh bay

cac phuang phap giai phuong

trinh v6i nghiém nguyén, vén

ot dé tai ly thu cua Sé hoc va Dai s6,

tr cac hoc sinh nho véi nhimg bai toan

nhu Tram trau fram cd dén cac chuyén

gia todn hoc vai nhimg bai toan nhu dinh
i Ién Fermat.

Séach gdm 5 chuong:

Chuong | giéi thiéu cac phuong phéap
thudng ding dé giai phuong trinh nghiém
nguyén.

Chuong |1 giéi thiéu nhimg phuong trinh
nghiém nguyén duoc sap xép theo timg
ngay.

Chuong IIl giéi thigu nhing bai toédn dua
vé giai phuong trinh nghiém nguyén,
trong d6 c6 nhing bai toan vui, bai toan
thuc té.

Chuong IV gioi thidu mét sO phuong
trinh nghiém nguyén mang tén cac nha
toan hoc nhu Pell, Pythagore, Fermat,
Diophante, ...

Chuong V gidi thiéu nhing phuong trinh
nghiém nguyén chua duoc giai qu gt va
nhimg budc tién cia Toan h iai
nhimg phuong trinh nghm&uyén,
trong dd co nhing ddng ]
Wiles chimg minh di
Gido su Ngo B4 ching minh B&
dé co ban tron g trinh Langlands.
Phuong fzigw®hghiém nguyén co sd
phuon it hon s6 4n nén doi hoi

ngua R toan phai van dung kién thic
o a0, vi thé phuong trinh nghiém
lyén thuong co mat trong cac dé thi

hoe sinh gioi tir béc tiéu hoe, trung hoc co
s0' dén trung hoc phé thong. Cubn sach
danh mdt phan thich dang néu nhing
kinh nghiém giai toan vé phuong trinh
nghiém nguyén nhu cach phan tich bai
toan, cach suy luan dé tim hudng giai,
cach phén chia bai toan thanh nhing bai
toan nho dé giai quyét hon, cach “dua

Fermat va

kho vé dé, dua la vé quer, cach lién hé
tinh hudng dang giai quyét véi nhimg van
dé mai, cach chon huong di phu hop voi
timg bai todn dat ra ...tat ca nhing diéu
d6 @éu la nhimg ki ndng ma mai nguoi
can co trong hoc tap, trong nghién cuu va
trong cude séng.

Trong lan tai ban nay, cuén sach bé sung
thém nhing kinh nghiém gidi toan, bo
sung thém mot 6 thi du, cdp nhat thém
mét s6 su kién lién quan dén tiéu s cac
nha todn hoc, b sung thém mot s6 cach
giai.

Vi nhimg cau tho & dau moi chueng, voi
céch trinh bay rd rang, dé hiéu, tuoi mat,
vai nhing théng tin cap nhat, voi nhimg
kinh nghiém thuc té trong boi dudng hoc
sinh gidi va viét sach, tac gia cudn sach,
NGND Vi Hiu Binh s& dem dén cho ban
doc nhimg kién thiic hé théng va nhimg
kinh nghiém giai toan gidp giai quyét mot
loai todn kho 6 béac pho thong.

Tin rAng cudn sach khéng chi hiu ich
cho hoc sinh va thay co gido, ma con la
tai liéu tham khao t6t cho sinh vién va
giang vién cac truong Dai hoc va Cao
dang nganh Toan, clng cac phy huynh
c0 nguyén vong gidp con em minh hoc
Toén t6t hon.

Ban doc co thé dat mua an phdm trén tai: Toa soan Tap chi TH&TT; Cac co 56 Buu dién; Cac Cong ty Sach - Thiét bi truong
hoc & cac dia phuong; Cac Clra hang sach clia NXB Gido duc Viét Nam; Siéu thi truc tuyén www.sachtoan24h.com (hotline:

0973472803, 0912920591).
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