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'@ rong ching minh cic bai toan bit ding thire

(BDT) thi dr doan duge diy ‘= xay ra khi nao
S€ giup ching ta biét cich sy dung cdc bat diing thire
mot c‘ﬁch hop Ii nhét. Trong bai viét nay ching t6i chi
nt?i den céc bai toan BPT o6 str dung BDT Cauchy ma
dau “=" xay ra khi cic bién X, ¥, z bang nhau.

Bai toin 1. Cho «. Y, z la cde 56 dwong théa

man x +y+z=1. Ching minh réng

..L:‘l:bl

v i
Phan tich. Nhan xét ring ding thirc xdy ra tai

A=x' 1"
I .4 . A =
x=y=:=§ (diém roi). Dé st dung BBT Cauchy

mot ve c6 s hang x*, vé kia phéi ¢6 x (dé c6 thé sir
dung gia thiet x+ y+z=1) va thoa mian diu “="

xay ra khi x=3l, ta s€ su dung BDT Cauchy cho
I 4
bon s6 14 x* va ba sb [5) . Nhu vy ta di ha bic tir
bic bon & vé trai sang bic mot & vé phai.
Léi gigi. Ap dung BPT Cauchy ta cé:
T W b W s ,(1 2op 2
3] = ok ~|l =44 =] =—=x (1
x +(3J +(3] +(3J =443 x : 27x (1)
Chimng minh tuong tur ta duge:
4 4 4
1 1 1 4
telis | +]=| 2— (2)
y +[3] ’{3) (3] 7
4 4 4
| 1 IJ 4
il =] =+ 2= (3)
4 +(3J [3) (3 27
Cong theo vé cua (1), (2), (3) ta dugc:

3
ey £2 "_27 2?( 27

RO muﬁr SU DUNG PIEM ROl
s, HRING BATRANG Tl cAueHy

NGUYEN NGQC HAN
(Tap chi Toan Tuéi the)

=>x°'+y"+zqz—l—.
27

Déu “=" xdy ra khi xzyzz:%.

Bai todn 2. Cho x, y, z la cdc sé diwong thoa

man x+y+z=1. Ching minh rang
L 3 3 1
B=x"+y +:z }9 .

: e : 1
Phén tich. Diém roi cua BPT tai x:y=z=5,

Tuong ty Bai todn 1, ta s& diung BDT Cauchy cho ba

3 a
56 1a f,[lJ (1] .
3e3

Léi giai. Ap dung BDT Cauchy ta cé:

3 3 6
x-‘+(l) + 1] >33’ 1) ==y,
3 3 3 8

Chimng minh tuong tu rdi cong cac BT d6 theo
vé ta duge: x° + P + 2 +§2%(I+y+z}=§

=>x3+y3+232-1—.

9
Aty .» % l
Dau “=" xay ra khi x=y=z=§.

Bai todin 3. Cho x, y, z 1 cdc s6 duong théa
mén x +y+z=1. Chimg minh rang:

,,‘x{l-x}+Jy(1—y}+‘jz(l—z)£\f§.

Léi gidi sai. Ap dung BDT Cauchy ta cé:
x+l-x 1

>
Chimg minh twong tu roi cong cac bat ding
thirc d6 theo vé ta duge:

x(1-x) <
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VE1=3) + (=) +=(1-7) s 3542

Nhdn xér. Loi giai trén sai vi %=1,5>\E- Ly do
din dén 161 giai sai & trén 14 khi ding BDT Cauchy
ta da khong chi y dén dau “=” cua BDT xay ra khi
nao. Déu “=" cua BDT trong l&i giai xay ra khi

1 5
xX=y=z =E , trong khi dau “=" cua BDT da cho xay

i 1
rakhi x=y=z =§. Ta co6 1&i giai ding nhu sau
Léi giai. Ap dung BDT C:-.much;,ar ta co:

o g \HZJ«(I < 2x41- xRl
B op Mg

Chirng minh tuwong tu réi cong cac BDT d6 theo
vé ta dugc:

.Jx(l—x] +\/y(l—_v)+Jz(l—z}
<x+y+z+3= 4

st 2

2 . : |
Daéau “=" xay ra khi x:y=z=§.

Bai toan 4. Cho x, v, z la cde 56 dwong thoa

man x+ v+ z=1. Chumg minh rang

D=x 'yiz + :\.'I_r":1.t o+ ._\-fr.:‘xz_l' <.

Phan tich. Diém roi cia BPT tai x=y=z= % Tich
x’ylz = xxx.y.y.z trong can ¢é su thira s, néu ta
nhan va chia thém véo tich nay hing s6 G {diém roi)

thi khi dung BDT Cauchy cho 7 s6 ndy ta s& chuyén
dang cin thirc & vé trai sang dang bﬁc nhit theo x, ¥
z & vé phai dé c6 thé sir dung gia thiét.

Lai gigi. Ap dung BDT Cauchy ta c6:

3x+2y+z+%

Yry?z =13 x’yzz% siB. z

Chirg minh twong tu roi cong cdc BDT dé theo
vé ta dugc:

Y2 yiz+y x + 32y
SU—?:-l':}(.l:+y+z)+l___-{’-:;'

7

: 1

Déu (o xa’y ra k.hl x:y:z_—é ;
Bai toan 5. Cho x, V. 2 la cdc 56 duony
min x+y+z=1 Ching minh rang
27x -,, +27y ﬁ+";, '~E+x'-\'+\;r Wi
Loi giai. Ap dung BDT Cauchy ta co:

0% + A% = 2327x* =631,
Chirng minh tuong ty roi cong theo vé céc BT
do ta dugce

278% + 279y +212Vz +x + [y + V2

>6\3(x% + ¥’ +2°) (1)

1 2 | 2 | 2
bl o= —=| +lz—=| 20
T'a lai co (.x 3) +[J’ 3] ( 3]

2x+y+z) 1 1
2 2 2:}_____———z—
— 0 T ) T 3 33

=632 +12 +25)2243 (2)
Tu (1) va(2) suyra
272\x + 217y 4272z +x +[y +4z 2243
; 1
Diu“=”xﬁyrakhix=y=z=§.

Bai todn 6. Cho x, v, z la cdc so diwong i/o.

médn x+ y+z=2. Ching minh rang

‘;F s 1 [3
:n|.__|_3.,|—._._+::||||_23|.‘I foe
X ¥ Nz [ 2

Loi gigi. Ap dung BDT Cauchy ta co:

20'{]I+ szz + Eﬂl‘ijz = 3.020m73 _1_
X \J
>300ral— T 0 \/
(x+y+ z)

Déu “=" xay rakhi x=y = zhg_

I-Jlb|

Dé luyén tap, céc ban hiy giai céc bai tap sau
BAI TAP

Cho x,y,z 1a cdc s6 duong thoa man x+ y+7 = |

Chimg minh rang;

-I\E z z?_—l—
1 +fy +24z Vi
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e T

2+ 4244yt e 252

3. (> +5 +zﬁ{x“+_;f‘ +z‘*):_,__1_*
243
8
4. xpz(1-x)(1-y)(1-2)< :
(-x)(1-5)(1-2)< 2,
5. l+l+129. ﬁ.~l—22'?
xyz
1 1 =
7. i{:+<(:+{ji235'j3;nel‘%'.
= Wy Nz
8. 3xv§+3y\,{;+32v’;+f+ﬁ+£22ﬁ.
9. 3o (1-x)+ J_ ) +3z* (1-2) < 2.

10. x{l—x)+y(1—y)+z(1—z)‘_ZE-.

1. P+ +z <. 12, 3y + 37 + P <1
Hudng din giii
1. Ap dung BDT Cauchy ta cd:

1 1 ’ B N i
x\fJ—r+x\f;+a—\E233 (\E) (\J%] =J§x.

Chimg minh tuong tr rdi cong theo vé cic bat ding
thirc do ta duoc: xV{;erJ; +24z > -\;—3

2. Ap dung BDT Cauchy ta co:

3 k} 6
1 1
I!+[%] +(%) =33 X".(Ej =§X
Ty i g
2 U= 2202 =] ===x
. +(3J % (3} 3

Chimg minh twong ti i cong theo vé céc bat ding

4
thirc dé taduge: x° + )’ +2° +x° +y* +2° 25.

3. Ap dung BDT Cauchy ta cé:

Ry Y . A4l
Pl o]+l =] 2332 = =—x:::-x3+y +z =z-.
3 3 3 3 9
4 12
By N P Y
o +[§} + 3 + 3 =44x". 3 ﬂx
1
=>x+_]; +z ZE

|
Suyra (x’+) +z Hxt+yt+z ]':’243-

4, Ap dung BDT Cauchy ta c6:

[xty+z 3= _I_T
55 e 3

3 3
(l—x}(l—y](I—z)$[1_x+1;y+1—1 z[g]

y)1-2)< 55

= xyz(1-x)(1- 77

5. Ap dung BDT Cauchy ta c6:
| ] gt 3 3

—t—+—2 2 =9.
x }: Z ]xyz x+y+z

3

6. Ap dung BPT Cauchy ta co:

B S P3RS F1o%,

07 (x+y -rf}’
3

7. Ap dung BDT Cauchy ta c6:

EE Lol L
e Ny Nz Xyz
23.3..—L3 =343,
(x+y+2)

8. Ap dung BPT Cauchy ta c6:

3.1«,"_; + -J’; >23x" = Z-ng.

Chimg minh twong tir 1di cong theo vé ta dugc
3xx +3yfy +3z2Vz 4 Vx + [y +4z 2243
9. Ap dung BPT Cauchy ta co:
: (2.()1(]—}:) k. 2x+ 2.;+l—x gt 3x3+1 :

Chimg minh twong tu réi cong theo vé ta duge didu
phai chimg minh.

10. Ta co: x(1-x)+y(1-y)+z(1-z)

1 & 1 2 2
=—[x—§) —[y—gj -[z—%) +—:lj:(x+y+z)+%$~§.

11. Ap dung BDT Cauchy ta cé:

[ PO x+i+1
[—] x=3-.—,xs—31—-3—.
3 O\ 3

Chirng minh tuong tu 16i cong theo vé ta dugc

P+ Yy +¥z <.
12. Ap dung BDT Cauchy ta cé; Yxty < S iy

3
Chimng minh twong ty r6i cong theo vé ta duoc

m+@+msl.
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U mét bai toan don gian, néu chiju kho suy
nghi, tim toi, x4u chudi cac bai toan lai véi
nhau thi s& c6 duge nhiéu két qua tha vi. Ching
ta cling bt diu bing bai toan sau day:

Bai todn 1. Cho tam gide ABC va duong phan
gidac trong AD. Qua D ké dwong thing song

song voi AC cat canh AB tai E. Chimg minh

2 ]
rang —+

AB " AC AE
Léi giai. (h. 1) Vi DEJ/JAC theo dinh li Thales:

A
=W ;

E

(*).

Tu DE//AC = A, = ADE

(so le trong), ma A =A b D
e e Hinh 1
nén A, = ADE suy ra AEAD
cin tai E = AE=ED.
Theo hé qua cua dinh li Thales ta c6:
AE=DE=BD
ACTACE BE
Tir (1) va(2) suyra
;A£+£=1:>1+1=1-
AB AC AB AC AE
Nhin xét. «Néu cho BAC=120° thi c6 AADE déu

A I -5

AE=AD, tha *) ta duge— +—=—.
= y vao hé thirc (*) chBT D
+Néu cho BAC=90° thi ¢c6 AADE wudng can
1 2
+—=—n-'
AC AD

«Néu cho BAC=60" thi c6 AEAD can co

(2)

AD : : 1
=>=AE=—E,d1ayvaohéthfrc( ) ta dugc o

i =3a°=>,q£=i;?i—, thay vao h¢ thire (*) ta duge

R
AB AC
Tir d6 ta c6 cdc bai toan quen thude sau;

whos

4 clusitpe s azee-2om)

Bai todn 1.1. Cho tam gidc ABC c6 BAC=1Xy,
deomg phdn gidc trong AD. Chimg minh rang

Bii toan 1.2. Cho tam gidc ABC c¢6 BAC=9Y,
duomg phan gide trong AD. Chieng minh rang

Bidde V2.
AB AC AD

Bai to4n 1.3. Cho tam gidc ABC co é&TC:mr.
dwong phan gidc trong AD. Chimg minh rang
(g0 =3
AB AC AD
Bai toan 2. Cho tam giac ABC co AB

BC =g, CA=b} goi L., lan legt la do d
cdc dwong phan gide trong vmg voi cdc canli
b, ¢. Chitng minh rang

e T

I—+E+H>E+B—+?.

Loi gidi. (h. 2) Goi AD, BM, CN 1a cac duong
phén gidc, k¢ DEJ/AC (E € AC),theo bai toan

. . o Tl ] 1 1
1 tacé AADE B~
can ta1 £ va AB+AC AE (1)
Ap dung bét ding
thirc tam giac ta co:
AE+ED > AD A
= 2AE > AD M
o R Ry
3E"dp. @
Tr()va@)suyra LN A
2 ,
Hinh
aBtACc <7D it
1
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Bﬂi todn E’a Cho f'am giac ABC can tai A, mot
duang 'Ihar“.'g Ef bat ky di qua trong tdm G cua
tam giac va cat cac canh AB, AC lan lwot tai M,
N. Chimg minh rang tong - 1— R Y
i I g YYYRYTT khong
phu thugc vao vi tri cua dieong thang d.

Loi giai. (h. 3) Goi AD 1a
duong trung tuyén, ke A
GE//AC(E€AB). Vi G

cﬁ‘ dinh suy ra dudmg

thiang GE (song song véi &

AC) 0 dinh. Nhu viy E M G

la giﬂﬁ ‘diémp cua hai B N0 O

dudmg thing cb dinh EG 4

vi AB nén diém E cb Hinh 3

dil.ﬂl, do d6 do dai doan

thing AE khong d6i. Theo bai todn 1, ta c6
1 1 1 A L.

AH+AN_AE (khong doi).

Viy tong T;f—- + ﬁ khéng phu thudc vao vi tri

ciia dudmg thing d.

Nhin xét Co thé chimg minh tong ﬁ*”;?

khéng dbi nhu sau:
Ké DK //GE//AC (E.K € AB), theo bai todn 1:

1 1 1
AN AE 0

Tir DB =DC va DK/IAC = AK =%AB.
Theo dinh 1i Thales ta c6:

L AE AB (2)

U q . _.l_ = _3_— i
Tua(l)va(2) = ryT +AN 2B (khong dbi).
Bai todn 4. Cho goc xAy, cdc diém B, C theo
thi tw chuyén dong trén cdc tia Ax, Ay sao cho
. —% (k li hing s6 duomg). Chimg

ABTAC
minh rang dwomg thang BC luén di qua mot

diém co dinh.

Lo giai. (h. 4). Ké tia
phan gidc Az cua goc
Ay, goi D = Az BC,
ké DE//Ax, (E€Ay) 4
theo bai toan 1 ta ¢d

1 1 BB
E.{.A—C—:-ﬁ,ket h‘?’P Hinh 4

L, 1 _1 6 AE=k suyradiém E cb

._.—+_—=_

AB AC ' ; i

dinh nén duong thang DE c6 dinh. piém D la

giao diém cla hai dudng thing co dinh Az va

DE nén diém D cb dinh. Vay dudmg thang BC

luén di qua diém co dinh D dugc xac dinh nhu

trén.

Bai todn 5. Cho tam gidc ABC, AD va AE lan

lieot la cdc dwong phan gidc trong va duong

phédn giac ngoai cua tam gide. Chimg minh
3 1 1 _i

rang ch +-C.—E = CB‘

Léi gidi. (h. 5) Trén tia CA liy diém M sao cho

CE=CM, goi I 1a giao diém cua MD vol

duémg phén gidc cia géc ACB, ké IK // BC
(K € AC). Khi d6 theo bai todn 1 ta co:

R By s N VI
cDTCE-cDcM T CK ()
M
A
K
E B D ¢
Hinh 5

Vi AD, AE lan lugt 12 cic duong phin giac
trong va dudmg phén gidc ngoai cia AABC nén
AB DB EB __CD _DB

AC-DCECCE B @
Vi CI la dudng phan giac cuaa ACMD nén
CD _CD _DI )
CE CM Mi )
. DB DI
Tir (2 (S ot
ir(2) va (3) suy ra FB - MI = BI/[EM (theo

dinh 1i Thales dao). Kéo dai BI cit AC tai P, vi
BPJ/EM, theo dinh li Thales ta co:

TOAN HOC 5
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CB_CP S o
CE CM = CB=CP = ACBP cin tai C nén

IB=IP.Xét ACBP c6 IB=IP; IK/(BC nén
IK 1a duong trung binh cua tam gide do

:>u(=%€, ma /K = CK nén CK:%Q (4)
Tk (15 va (4 iy o il e
cD ' CE~CB

Bai todn 6. Cho tam gidc ABC c6 A = 2B=4C.
S ! 3 1 I |
Chumg minh r, —_—=—

12 minh rang B BC ac
Loi gidi. (h.6) Qua 4 ké duomg thang song song
véi BC cit tia phin giac cua ABC tai M. Goi
N = AB~CM, theo bai toan 1:

N

AN
AB_ BC BN
Vi Y :
AMB = ABM = ACB
nén tr gidc AMCB C

o b <o g Hinh 6 :
= ACM = ABM = ACR

= .ﬁﬁ = :ﬁ = 2:@
ﬂ;M=M+M=3.ﬂ (2)

Xét ANMB ta thdy
M=130"—(M+m]zlsou—4ﬁ 3)

Mit khic: ABC + ACB + BAC =180° va
A=2B=4C = 7ACB = 180"

— 180° —4ACB = 3ACB (4)
Tir (3) va (4) = MNB = 3ACB (5)
Tir (2) va (5) => MNB=NMB = ABMN cin
tai B = BM = BN (6)
Xét hinh thang ABCM c6 AR:M:Z@
nén ABCM la hinh thang can = MB = AC , két
hop véi (6) suy ra NB=AC . Két hop (1) véi

| ] 1
NB = AC ta dugc AB_BC‘+AC'

Bai toan 7. Cho tam giic ABC. Hai dwomg

thang mi/n thay déi twomg img di qua B, C ma

m, n chi ¢c6 mét diém chung vai cdae canh cua

tam giac ABC. Gogi M=mnAC, N=nnAB.
1

Tim gia tri lom nhat clia !é-ﬂg FIBTFEE

TOAN

6 T cusige
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Léi gidi. (h. 7) Teén tia BC lay diém D sao ch,
BD =CN. Goi E 1a giao diém cua MD véi i,

4c cia MBC, ké EF// BC (F e BM),

phan gi : ;
khi dé theo bai todn 1 ta co: : ;
e 10y

mE ne mB BD BF D

Hinh 7
Theo tinh chat cua duong phan giac trong
WCN=.BD. ED

(2)

ABDM ta coé: V- BM _ EM
Vi BM//CN nén theo hé qua cua dinh i Thales

ta co Q:_.Ci (3)
BM MA ;
, CA i 4
Tur (2) va (3) :}EE%=E=> AE/ICD (theo

dinh li Thales dao), ma EF//BC nén ba diém A4
E, F thing hang. K& FH | BC(H < BC), ta co:
BF =2 FH (4)
Vi AF//BC nén FH chinh 12 khoang cach giiia
hai dudmg thing song song cd dinh AF va BC,
do vay FH khong d6i. Tur (1) va (4)
1 1 1 3 P,

= + < 01).

"MB " NC B rone don
Pang thirc xayra <> H=B < m | BC.
1

2 1 1
A% A T R
24 max(MB+NC] FH@m'LBF'

Bai tmi_n 8.' Cho goc ;(_)". t.na\' #180°%), M I
mét diém co dinh n&r;: trong goc do, d la du
rh{ing c.‘fl' qua M va cat céace eanh Ox, Oy lan |
tai A va B. Tim gia tri lém nhdt cuia tong
1 1

MA " MB
Loi gigi. (h. 8) Trén tia MO 14y diém C sao cho
MES MBS 20i D 13 giao didm cua AC voi
dudng phén gidc cua g0c OMA. Ké DE//OM,
MK/loy (k €Ox,E€AB), theo tinh chit duong
phén giac trong AMCA ta c6:

https://tieulun.hopto.org
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R T TR

(1)

Vi MK//Oy nen MB _ OK
St . (2)

4 : OK CD

T (1) va (2 b b S et
(1) va(2) = o = KD//OC (theo

dinh li Thales dao), nén ba diém K, D, E thing
hang.
Ke MH 1L KE(H €eKE),tac6 ME>MH  (3)

Vi dié}n M ¢6 dinh nén cac duong thiang MK va
OM co dinh suy ra dudng thang KE c6 dinh dan
dén do dai MH khong d6i (MH la khoang cich gitra
hai duong thang song song ¢o dinh OM va KE).
A 1 1 1 1 1

Theobaitodn 1! —+—=—+— =

eo bai toan B A MC+M% WE (4)

. 1 l 1
T 4 < .
e ) = S M

xdyra <> E=H=d 1 OM.

Vz_‘iymax( : + ] ] . <dl1OM.

Ping thirc

MB MA) MH

Bai todn 9. Tir diém A nam ngodi duong tron
(O) ké hai r!é:,t? _r!{'L'ffff AB va AC d"fjfi dwong tron
(B, C la cac tiep diém). Tia AO cal duéng tron
(O) tai Mva N (M nam giita A va N). Vé duong
kinh CE. AE cét dwong tron (O) tai D, DB cat

: I ] 1
AO tai I. Chiong minh rang T 77 - AN

Léi gidi. (h.9)

Hinh 9

Trén doan AB liy diém K sao cho AK = AM.
Goi P la giao diém cua KN véi tia phan giac
cua BAN.Ta cé: EBC =90° (goc ndi tiép chén
ntra dudmg tron) = BE L BC, ma OA LBC

— OA//BE =>BED=IAD . Ta lai 6

BED - ABD [:% dg"“o)

nén ABD = IAD => AIAD > AIBA (g.g)
IA_ID
AL — 1Az = JRID 1
B A% ()
Ta dé dang ching minh dugc IM.IN=ID.IB (2)
Tir (1) va (2) = IA? = IM.IN
IA_IM_IA+IM _AM _AK

A0 0 iy, = = B
~IN 1A IN+IA AN AN ©)
Tl AP la duong phéan gidc cia AAKN

AK KP @)

~ AN PN
2 . IA KP
T (3) va (4) = IN"PN
li Thales dao) nén theo bai toan 1 ta co

8 oindh o o ool oy A
Al AK AN AM AN’

BAI TAP
1. Cho hinh binh hanh 4BCD, mét duong thang
di qua 4 cit BD, CB, CD lan lugt ¢ E, K, G.
i SN
AE ~ AK  AG
2. Cho tam gidc déu 4BC. Trén tia BA lay diém
E (A nam gitra B va E). Goi D Ia diem d6i ximg
volr E qua BC, CD cédt AB tai F. Chimg minh
sy et

BC ~ BD ' BF
3. Cho tam giac ABC c6 dudng phin giac trong
AD, O la diém bat ky trén 4D (O khac 4 va D).
Tia BO cit canh AC tai E, tia CO cat canh AB
tai F. Chimg minh ring A ABC cin tai A néu
i 0
AB?  AE*  AC? ' AF?’

4. Cho tam gidc déu ABC noi tiép duong tron
(0), D 1a diem bat ky ndm trén cung nho BC,
DA cat BC tai E. Goi H, I, K lan lugt 1a hinh
chiéu cua D trén cac duong thing BC, AB, AC.
Chimg minh cac hé thic:

— PIJJAK (theo dinh

Ching minh ring

L 200 o1 i

%) DE " DB BC ) 5r=Dr t DK
’ TOAN H
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DE THI TUYEN SIVR YA LOP 10 THPT CHUYEN THAI Biv:
NAM HQC 2016 - 2017

UVONG 1

(Danh cho tat ca thi sinh)

Bai 1 (2,5 diém). Cho biéu thire:
P:[X‘E +x-2 |

x=] _J}'+1] ioh
a) Rut gon biéu thirc P.
b) Timxdé p=2,
¢) Tim x d€ P ¢6 gi4 tri nhé nhét.

Bai 2 (1,5 diem). Cho parabol (P): y = x* va
duomg thing (d): y = 2x — m + 3 (m 1a tham sd,
m € R).

a) Tim m dé parabol (P) va dudng thing (d)
cung di qua diém c6 hoanh délal.

b) Tim m dé parabol (P) cit duong thing (d) tai
hai diém phan biét 4 va B, sao cho tung do cua
diém A gip 9 lan tung d6 cua diém B.

Bai 3 (2 diem). a) Giai phuong trinh:
—2x-2-2J2 =0.

(Thoi gian lam bai: 120 phit)

b) Giai hé phuong trinh:
y2+y(x—4)+x+l=0
(x+12+(x2+y2 +2xy—-8)y* =0’

Bai 4 (3,5 diém). Cho hinh thang cin ABCD p;

tip dudmg tron (0) dwdng Kinh AD,

AB = BC = a. Goi E 1a giao diém cua 4B vy,

CD, H la trung diém cua AB, F la giao diém cug

BD véi OF, I 1a giao diém cta OB v&i HC.

a) Chimg minh ring tam gidc EAD déu.

b) Chimg minh rang IF // AD.

¢) Chimg minh ring F la truc tdm cua tam gidc

OBC.

d) Tinh d6 dai doan HI theo a.

Bai 5 (0,5 diém). Cho ba s6 duong x, y, z thoa

man xyz = 1. Chimg minh rang:
x+y)pt2)z+x)22(1 +x+y+2).

VONG 2

(Danh cho thi sinh thi chuyén Todn, Tin)
(Thai gian lam bai: 150 phiit)

Bai 1 (2 diém). 1) Giai phuong trinh:
5x—(x+3)2x-1-1=0.

2) Cho hai s6 thuc a, b bit ki. Chirng minh rang
it nhiat mot trong hai phuong trinh sau c6
nghiém: X +2ax+ 3ab=0;

x>+ 2bx — 8ab = 0.
Bai 2 (2,5 diém). 1) Tim cac s6 nguyén x, y
thoa man: 9x* + 3)” + 6xy — 6x + 2y — 35 = 0.
2) Cho P(x) la da thirc bac ba c6 h¢ s0 bic cao
nhit bing 1 va théa mian: P(2016) = 2017,
P(2017) = 2018. Tinh gia trj cua

_3P(2018) + P(2019).

Bai 3 (2 diém). Giai hé phuong trinh:

{ya + BxT =2y =2(2x* +3)

J2x2+x+y +2Jx+2y =

Ox—2x+19y

T?ﬂ?-luggcé S6 476(2-2017)
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Bai 4 (3,5 diém). Tt mét diém I nim bén ngoii
duong tron (O), V& céc tiép tuyén /4, IB (4, B la
cic tiép diém) va cat tuyén ICD (khong di qua
tdm O) véi dudmg tron (C nam giira 7 va D).
1) Chimg minh: AC.BD = AD.BC.
2) Goi K 1a giao diém ctia CD va 4B, E 1a trung
diém ctia OI. Chig minh ring:

KA.KB = OF* - EK*.
3) Goi H 1a trung diém cua 4B. Chitrng minh:

ADH = IDB.
Bai § (0,5 diém). Cho céc sb thyc x> 1,y > |.
z2 1 va thoa man: 3x* + 4)* + 527 = 52,
Tim gié tri nho nhét cia biéu thirc F=x + 1+ =
TRAN NGQC DAl
(GV THCS Thuy Thanh, Thai Thuy, Thai Bin!

https://tieulun.hopto.org

|






B |

Céu § Viy R,.R, dat gia tri 16m nhit khi M la diem
chinh giia cta cung nho BC.
a?-

K

F

a) Taco Aﬁmﬁ:ﬁﬂ“. AMH = ABC = 60°

= CMK =60° = AMH = HMK ma MH 1 AK
nén tam giac AMK can tai M. Suy ra / la trung
diém cua 4AK.

b) Theo trén ta ¢6 CA=CK, ma A, C cb dinh
nén K nam trén dudong tron tim C ban kinh
CA ¢6 dinh.

Tam gidc ABC déu, nén O 1a trong tim AABC

:OA—EACJ_ 3J‘_""C‘F AC =5

¢) Goi R ;R, lan lugt 12 ban kmh duomg tron

ngoai tiép cua hai tam gidc MBD, MCD, Dung
cic tam gidc déu BDF va CDG ra phia ngoai
AABC. Ta ¢6: BFD=BMD=60"= tir gidc
BDMF niji tiép.

Tuong ty CDMG la tir gidc ndi tiép nén R, ;R,

lan lugt 12 ban kinh dudng tron ngoai tiép cac

tam giac BDF va CDG.
Ta ¢6 ABDF va ACDG déu nén:
Rl :!@ﬁ : RI _ CDE = RI-RI i BD.CD
3 3 7
2 2 2
Lai o6 Bp.cp < (BRACDY _BC

= R R, <" Diu"="xiy a & D la trung diéem

cia BC <> M la diém chinh giira cung nho BC.

1 0 W S6 476 (2-2017)

bﬁ
*a+b+c)-bc—ab+2ca

Pak

+3abc
+ cla+ b+c)—ca—bc+2ab e

3 b3 C3 :
a* thc 9+ 2ac T 2ab Re
a’ b*
P AT et ki dar
(..3
e c2+2ab

P =

—c+3abc
_ ddbud | SbeL. BRaCC o
a® +2bc b*+2ac c*+2ab

1 1 1
o —Zabc( @ +2bc B +2ac | 2 +2ab

)+ 3abc

Ap dung BDT Cauchy:
1 i 1 i 1
a’+2bc b*+2ac c?+2ab
1
= 3 :
Y(a® +2bc)(b? +2ac)(c? +2ab)

Y(@? +2bc)(b? +2ac)(c? +2ab)

e a’+b%+c?+2ab+2ac+2bc
" 3

< Y(@+2be)B? +2ac)(c? +2ab) < “’—”;ii)— =3

1 | 1
a1+25c+b2+2ac+ ¢* +2ab F

Suy ra P-3<-2abc+3abe = abe

+b+cY
5[5—3—1] 8= p<a

Diing thirc xay ra khi va chi khi a=b=c 1.
Viy maxP = 4,

PHAM TRUNG KIEN
(GVTHCS Ho Ting Mau, An Thi, Hung Yén) Gidi thiéu
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@ %\;ﬂ:}g ia thai rang, ké tr khi By Gido duc va

40 chuyén mén Todn tron Ki thi
THI:‘TQG tr hinh thfrc.lu ludn sang hinhgthirc trélc
nghiém da thay doi nhiéu cich day cia thay va cach
hoc cua tro. Pac biét 1a khi cg dé thi minh hoa
THPTQG 2017, trong d& thi c6 nhidy diém moi
h"OIlg 510 nc:Ji bét lE‘l‘ cac bai toan thuc tién. Pidu né):
lzgn tran tro céc thay day todn, béi céc bai toan thyc
Yien trong sach gido khoa khong nhidu, ma céc bai
todn thuc tien lai gin gul va mang “hoi tho” cua
cudc sﬁng: Chinh vi vay, ching téi xin duoc trinh
bé:y mot s6 bai todn thyc tién, véi hy vong cung cap
tai ligu cho cic thiy co trong qua trinh gidng day va
dap img v&i Ki thi THPTQG 2017.

Bai todn 1. Ngwoi ta muon Xxay mot nha kho hinh
chir n{:{ir co dién tich mdt san la 648(m”) va chiéu
cao ¢6 dinh bing cdc bire tuong xung quanh va bén
trong dé ngan nha kho thanh 3 phong hinh chir nhét
co kich thuée nhir nhau. Gig méi mét twong la
600.000 (VND). Vdy can phai xdy cdc phong theo
kich thuegc nao deé tiét kiém chi phi nhar?

A. Theo kich thuoe 12x18

B. Theo kich thirée 9x24

C. Theo kich thuede 8x27

D. Theo kich thuoc 3x72

Lo gidi.

- TH1: Goi chiéu rong

clia mot phong 12 x (x>0), X X X
chiéu dai caa mot phong y y y
a h. 1). ¥ * x
. J’(J’>0) b Hinh 1

Khi dé dién tich cua mot
phong la xy. Dién tich cua nha kho Ja 3xy.

: 216
Theo gia thiét ta cé 3xy =648 &
Téng chidu dai céc birc tudmg can phai xdy dyng 1a
216 864
f=6x+4y=6x+4.T=ﬁx+T.
Dé chi phi xay dung thip nhit thi tong chiéu dai cua

céc bitc tuémg phai nho nhat.

g =
i
.,

Xétham sb f(x)=6x+3% vsi x>0.
X

Tacs f(x)=6-"0, f/(x)=0=x=12.
Béng bién thién

x |0 12 +0
S(x) 2, S0
fx)

\144 /
Tir bang bién thién ta thdy ring tong chiéu dai cac
birc twong nhé nhat bang 144 m khi chiéu rong cin

phong 14 12 m, suy ra chiéu dai cin phong 1a 18 m.
« Xét 2 TH xdy nha kho nhw 2 hinh vé sau:

y X 2x
X y By X 1‘.
x ¥ g
x ¥y x S A g
Hinh 2 Hinh 3

Ta thay & hinh 2 két qua nhw THI, & hinh 3 két qua
tong chiéu dai céc bic tuong la 84y/3(m)> 144(m).
Vdy ta phai xdy mdi can phong theo kich thude
12 x 18 dé chi phi xdy dung la nho nhat.

Bai todn 2. Thay A cé mét to giay hinh tron véi ban
kinh béang 12. Sau do thay A cdt ra mét hinh quat vori
goc o tam li 120° va phédn con lai ciing la mét hinh
quat. Lic nay thay A tao ra hai hinh nén véi hai
hinh quat néy. Ti 56 thé tich ciia khéi nén nho so vii
khai nén lém la bao nhiéu?

| I J10 J10
A 2 B. ; C. T D. b

Lai giai, Ta ¢6 dién tich hinh tron 1a

S=mt=m12? =144n.
Goi dién tich hinh quat nho 1a S,, dién tich hinh
quat16n 12 S,. Theo gia thiét, ta ¢6

5, =3S=48n, 5, =25 =96n

Goi 1 14 ban kinh dudmg tron day cia hinh nén nho,
1, 14 ban kinh duong tron ddy cia hinh non lém. Vi

TOAN HOC 11
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e —

¥ » w . 4
bén kinh hinh tron 1a 12 nén d¢ dai dudmg sinh moi £ |0 3 3
hinh nén la /=12, e |
S ® e .
Tacod S, =nrl S 12=48n > =4; 256
Szzrtrzfc:oﬂrz.!?.z%n@r::& ) / 2 \.
! Goi h, 1a dudng cao cia hinh nén nho, h, la duomg

cao cua hinh nén 1én T bing bién thién ta théy ring thé tich khoi non
: : 256n
Khidé h = [F=7 = JT27=37 - /T35 tron xoay I6m nhit 14 V === _
h, = “’2__,.-:1 =J127=87 = /30. Bii todn 4. Mot hinh h?p chir thﬂ ”‘;f‘t'-"’ f_;”ﬁ}'f'
Thé tich cua khoi non nho 1a dxdxh chira mot khoi cau lon cdé ban kinh bang 2

vai 8 khoi cdu nho ban kinh bang 1. Biét rang cic
khoi cdu déu tiép xiic nhau va tiép xic voi cac mdr

Y =—1i~mr,:h, =-,I¥Tt.4:.v‘128.

Thé tich cua khdi nén 16m 1a cua hinh hop (nhwe hinh vé). Hay cho biét thé tich
Ta R 1 ctia khoi hop. 2
1{_‘ = ‘j-nrz"h: = 5‘7[.82.1!%_7 A 324 31“;5 B. 4?‘ i 32‘].’5
Ta ¢6 ti 56 thé tich cia khéi nén nho so véi khéi nén C. 32+ 642 D. 32+32J7
vV 2 m.42.128 Jio Léi gidi. Gia sir bdn qua ciu
Kl —.= 3} R nho tiép xdc nhau nhu hinh
2 imﬂz-w’gﬁ vé. Goi tim céc qua ciu lan

Bai todn 3, Cho ram gidc OAB vuéng tai O va gt A Ry o {(hl d(?
OA=O0B=4. Ldy mét diém M thuge canh AB va ABCD_ 1A hinh* vubng c6
goi H la hinh chiéu ciia M trén OA. Thé tich ciia Ca{lh bang 2. Goi H 1a glan:
khoi tron xoay dwge tao nén khi quay AOMH diém cia AC va BD thi

quanh OA Iom nhat la bao nhiéu? AH =ﬁ Goi O la tﬁ.m
256 81 128 8 qua cdu lon. Xét cic qua cau
A. n B.—n e —— T D. —n
81 256 81 3

; (1),(3) va qua chu lén (nhu hinh vé),

tam gidc AHM wvuéng cin tai H nén HM =4 - x.
Khi tam gidc OMH quay quanh truc OA tao thanh
khéi nén tron xoay ¢6 chiéu cao la OH = x, bén kinh
dudmg tron day 14 r=HM =4 — x.

Thé tich khéi non tron xoay 1a

2 Khidétaco AO=3, AH =2 nén
V=lr:r3h=ln:(4—x} x
3 3 OH =JAO —AH7 = 7.
=—;-n(x‘—811+16x)+ 4 9:(_“3‘ ra khoing cich t¥ tim O dén mat day 1
T+1. Dodé h=2 -
Xét ham sb A (V7 +1)=2+2/7.

2N\u Viy thé tich clia khéi hap chir nhit 1a
1% =4.4.(2+2J'T)-_-32 +32./7.

B Bai 'tuin 5. M{:"f ngon hc_ii ddng dat tai vi tri A
Ta cé f'(-l')=lﬁ(3x3—lﬁx+lﬁ), frflf,"*‘ﬂ% cdch dén bor bién la AB =Skm. Trén i
3 bién ¢6 mét cdi kho o Vi tri C ca

f{x):%n:(x’ ~8x? +16x) .-:
vii 0<x<4. O

%) ch B mot khoang
il 0 % =i kT Ngw: L:anh hdi dang co thé cheo do tir vi i A
4 (x)_ - 2 ; den v tri diém M trén by bién véi vdn tée 4 km'h ro
x= :

: : df. b6 dén _C v?'rf vén toc 6 kmvh, Hoi v tri diém M
Bang bién thién m.ch Vl;ﬂ"! diém B met khodng bao nhiéu dé nguoi

12 TOAN
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A.0km B.7km
C. 25 km D. M km
12

Loi giai. Ta dat khoang cich BM =x(km), vdi
0<x<7thi MC=7—-x vi AM=25+".
Thdi gian dé ngudi canh hi dang chéo do tir vi tri
A den v tri diém M trén bo bién la

h, =——-——J254w ;
Thoi gian dé ngudi canh hai dang di bo tr vi tri M
dén vi trikho C 1a b =72,

Tong thoi gian dé ngudi canh hai déng di chuyén t
vitri A dénvitrikho C la
h=h+h = '25:":2 + ?;I.

vii 0<x=<7.

Xétham s f(x)= Y22 LE T2

6
Al x 1
Taco f(x)=4—m_—xz—g,
f'(-l')——-{l::rx*—*z\rf.
Bang bién thién
x |0 25 7
= - 0 S AT

A \ /
,fuJE)

Tir bang bién thién ta thiy rang dé ngudi canh hai
dang di chuyén tir vi tri A den vi tri kho C la
nhanh nhét thi vi tri diém M cach vi tri diém B mot
khoang 1a 2./5 km.

Bai todn 6. Mor cdi phéu dung nudc cé dang hinh
chdp i gide déu S.ABCD. Do nude vio phéu sao
cho chiéu cao cia muc nudc bang 2398 cm. Sau do
ta day ndp phéu va lit ip lai (lay ABCD lam mat
day cua ph{fu} thi liic nay chiéu cao cia myc nwie la
dcm. Hoi chiéu cao ciia cdi phéu la bao nhiéu?

A.12em B.10cm C.l4cm D. 16 cm

Loi giai, Gia s myc
nuéc ban dau tao
thanh mat A'B'C'D".
Sau khi lat tp phéu lai
thi myuc nudc tao
thanh mit MNPQ.

Goi H=MPANQ
SO'=d(S,(A'B'C'D )),A
SH = d(S.(MNPQ)),

50 =d(S.(ABCD)).

Ta ©d Viapco =Viwrgasco = Vs.anco = Vsmneo
i e 1 1
= ESO Silaaip =§SO.SMCD —-ESHSMMQ
@30'.M=50—5H.S““@
ABCD Spaco
TSoN) SHY

& S0 =503 ~(SO-0H)'.
biat SO = x, ta duge phuong trinh

(2{”5‘_3]3 =3 w(x+4]3 < x=50=10.
Viy chiéu cao cua cai phéu la 10cm.

Bai toan 7. Puoc sw hé tro tir Ngdn hang Chinh
sdch xd héi dia phuong, nham giup dé cdc sinh vién
¢ hoan canh khé khédn hoan thanh viéc dong hoc
phi hoc idp, mét ban sinh vién A da vay cua ngan
héang 20 tri¢u dong véi ldi suat 12%/nam, va ngdn
hang chi bat dau tinh iai sau khi ban A két thiic khoa
hoe. Ban A da hoan thanh khoa hoc va di lam voi
miec lieong la 5,5 ri¢u dcj:_rgx'fhdng. Ban A duwe tinh sé
tra hét ng gdg‘ lan lai suat cho ngdn hang trong 36
thang. Hoi 56 tiéen m moi thang ma ban A phai tra
cho ngan hang la bao nhiéu?
L1232 x20%x0,12 _ ..

A M= nigu

{I,l'l-‘ﬁl]xn .
1,122 %20%0,12

(1,122 -1)x12
_ 1,123 x36x0,12

C.m= trigu
(L1 -1)x12

D, moL122Xx36x0.12 .
. m= ‘ mgu
(1,122 ~1)x12

B. m trién

Lai gidi. Nam thir nhat tra goc va i, sb tién con lai

la (1+0,12).20-12.m =(1,12).20—12.m.

Nam thir hai, sd tien con lai
[(112).20-12.m].(1,12) - 12.m.

Nam thir ba, so tién con lai

TOAN HOC
“oTusitge 13
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([(112) 20-12m].(1,12) - 12.m} (1,12) - 12m =0
©20.(112)’ -12m.(1,12)° =12.m.(1,12) - 12m=0
= 12.m[1 +(1, 12)+{1.12}1=2n.(1,12)’

10 S |
— 12.m.{I‘T]_1—=20.[1,12]3

20.(1,12)" 0,12
[(1.12]’—1}12'
Vay ban A mdi thing phai tra cho ngin hing
20.(1,12)* 0,12

[[1.12)"-1]12

Bai todn 8. Hinh dwdi mo ta mét cai ao chira mieoc
nuoi cd tra dwoc tao bai hinh chop cut ABCD.EFGH
va hinh chop I EFGH, cdc ddy cua hinh chop cut la
cac hinh chir nhét va hinh chiéu cua I trén céc day
chinh la tam cua cdc day, biét d¢ dai cde doan thang

—cm=

tri¢u dong.

g g % ol TR | A% s
nhie trong hinh vé. Cir 10 ngay thi thay — nwde ci.

Hoi hegng muecc mét lan thay Ia bao nhiéu?
A.1827m’ B. 1890 m’
C.1773 m’ D. 1882 m’

B0m

...........

Lai giai. Goi § la dién tich hinh chir nhit
ABCD, S’ la dién tich hinh chit nhit EFGH.
Theé tich ctia khdi chép cut ABCD.EFGH 1a

h S
v=§(5+JsT+s]

=13(30.80+ J30B0Z878 +28.78) » 3436,727m’
Thé tich cia khéi chép /.EFGH 1a
V'=%S*.h' v6i h'=1] ~FK=1,8-1,5=0,3,

Viay V'= %.28.?3.{),3 =218,4m?,

Thé tich cua hd nudi ca 1a
V, =V +V'~3436,727 +218,4 =3655,127m’.
Viy lugng nude mot Iin thay 13 %-.1 ~1827,5635 .

Bii todn 9. Mot man hinh chir nhat cao | 4m duge
dar o do cao | 8m so vai tam mat (tinh tir dau mép
duai cua man hinh). Dé nhin ré nhat phai xée dinh

14700
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vi tri dimg sao cho “goc nhin” lon nhat. Hay xdc
d'lf'nh vi tri dimg do. (Goc BOC duge goi la “goc

nhin™).

A. AO=2,4m
C. AO=2,6m D.
Loi gidi, BOC 16n nhit khi ¢
tan BOC 16n nhét.

Pit OA=x, x>0.
Ta co B

zanﬁﬁf’ﬂaﬂ(‘ﬁ"ﬁ) 1,8m

B. AO=2m
AO=3m

- tanga&—tanAOB 4 0
1+lan.f5&'.:anAOB
AC AB 1,4
. —{ﬂ—a 5 i = 1,4x
T A g o C TR S a6
0A OA Al |
1,4x

Xeét ham S(‘:’l f(X)—_-mVéi x>0.

—1,4x* + 8,064
(2 +5,76)"
f(x)=0x=2,4.
Biéng bién thién

Ta co f‘(x)=

% 0 2.4 40
f'(x) + 0 =
7

f(x) /74\

Viy dé nhin 16 nhét thi ta dimg cach man hinh 2.4m.

Bai toan 10. Mor xe t‘j."r.? di tir A dén B, cting luic co
nguoi di xe dap tie B dén A. Ba phit sau khi hai xc
gdap nhau 616 quay ngay lai duéi xe dap, khi duoi ki
lai quay ngay dé chay vé B. Néu sau khi gap lan d.
met phit 616 quay lai con xe dap sau khi gap tang

~Z T e z :
van toc 7 lan thi 616 ciing chi mat fung ay the

gian. Tim 1y 56 vén toc clia xe 616 va xe dap.
A.2 B.3 C.4 D.5

Loi gidgi. Goi x (km/phit) 13 van tée cua ot6. y
(km/phiit) 1 vén tée ctia xe dap. Theo bai ra ta nhin
iy rang chuyén dong ciia 6t tx A dén chd gip lin
thit nhdlt trong c hai trudng hop déu mét mot s6 thoi
lgl::n nl}u' nhau va chuyén dong ctia 6t6 tir chd gap lan
nhat dt?n B trong ca hai truong hop ciing déu mat
mét theér glan nhu nhau. Nhy véy ta chi quan tim t6i
3;::;:8 rtg;e:; l;g;anl: Ot0 gdp xe dap lan thir nhit, tiép tuc
c‘l‘hﬁhg;p xe da; 12:1 ighalf n);féf L
a hay tinh théi gian trong mai true mg
hop thir nhat, sau khi gap xgr: dap |§.I1'11. ﬁugn?xg?(lﬁ?k
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thém 3 phit theo chiéu dén B. Trén dwon i o

= A . A A = g nguqc lal .
cho gi:i_p lan thi nhat can 3 phut Trong théi gian nay xe
dap da di dugc 6y km tinh tir chd gap nhau lan thir

nhat. Ot6 gap xe dap lin thir hai véi vén t6c chénh léch

(*=>) kmi/phit va cin thi gian -2 phat Trén
Y - ~ ! xhy

duong nguge lai tir chd gdp lan thir hai t6i chd gap

nhau 1an thir nhit ciing bj mét;% phit, nghia la mét
6y 6y 12y
+—=0 ¥
e +x—-y' phut.
Tuong tur, trromg hop thi hai mét
IRy ol
MR N Ve et
L 5 oy
-}.}

3+3+

60y x
=2
155 T " g o AR
Ry
Hai thoi gian nay bing nhau vi vay ta dugc phuong
trinh 6+ 12 _ 24 ih’__.
o Tx—15y
Bai todn dan dén phwong trinh thuén nhét bac hai
Tx? —16xy—15y =0.

bat r=l;—, ta dugc phuong trinh 712 =16t -15 = 0.

Giai phuong trinh trén ta dugc 7=3.
Vay ti s0 vén toc cua xe 6td va xe dap 1a 3.

BAI TAP

I. Cho mot tim nhém hinh chit nhit ABCD
biét AD = 60cm. Ta gip tim nhom theo 2 canh MN
va PQ vao phia trong dén khi 4B va DC triing nhau
nhu hinh v&, dé dugc mot hinh ling tru khuyet 2
ddy. Tim x dé thé tich khéi lang tru 16m nhit.
Ax=20 B.x=30 C.x=45 D. x=4%

M
V

B M Q0 c

AeZ SN i id
£0m

2, Nguoi ta mudn xdy mot
bon chira nudc dang khoi hp
chit nhit trong mot phf)_r:g Idm
tim. Biét chiéu dai, chiéu
réng, chiéu cao cua khoi hop
d6 lan luot 12 5Sm, 1m, 2;11, chi
4y 2 vach (hinh v bén). )
Egtzmﬁic vigln gach c6 chiéu dai 20cm, chiéu ron
10cm, chiéu cao Scm. Hoi ngudi ta sir dyng it nhét

bao nhiéu vién gach dé xdy bon do6 va thé tich thyo

ciia bén chira bao nhiéu lit nudc? (Gid sir luong xi
ming va cat khong dang ke).

LD

AD

‘ ]

A. 1180 vién, 8820 1it  B. 1180 vién, 8800 lit
C. 1182 vién, 8820 lit D. 1182 vién, 8800 lit
3. C6 mot cai ho rong 50m, dai 200m. Mt vin dong
vién chay phéi hop véi boi (bit budc ca hai) can di
tir géc ndy qua goc doi dién bing cach ca chay va
boi (nhur hinh v&). Héi rang sau khi chay dvoc bao
xa (quing dudmg x ) thi nén nhay xudng boi dé dén
dich nhanh nhat? Biét ring van téc boi 1a 1,5 m/s,
vén toc chay 1a 4,5m/s.

A, x=182,3m B. x=152,3m

C. x=183,3m D. x~197,5m

-ﬁ. 200 - x

x

50m =

200m

4. Mot bé tim nudce nong cé hinh dang duge mé ta
nhu hinh dudi. Bén trén 14 mét hinh try ¢6 duong
kinh 2,6m, d6 siu 4,5dm. Bén duéi 12 mét hinh try
c6 dudng kinh 2m, d9 sdu 4,0dm. Biét hai hinh tru
d6 déng tim & mét day va muc nude 1h§p hon miéng
bé 1dm. Lugng nuéc trong bé tim trén la bao nhiéu?
A.31151it B.36461it C.28011it D. 1161 lit

BmA

5. Mot cong ty bat dong san ¢6 50 cin hd cho thué.
Biét ring neu cho thué méi can hd vei gia 2000000
dfmg mét thang thi moi cin hd déu c6 nguoi thué va
cr mdi lan ting gid cho thué méi cin hé 100000
dong mot thing thi c6 thém hai can h¢ bj bo tréng.
Hoi muon ¢6 thu nhdp cao nhit, cdng ty dé phai cho
thué moi can hd voi gia bao nhiéu mét thang?

A. 2200000 B. 2150000

C. 2250000 D. 2300000

6. Mot cdi ly dang hinh non c6 thé tich bing
48mem’ . Cii ly dang chita mét hugng nuée ¢6 chidu
cao bing % chiéu cao cia ly. Bo mét vién d4 hinh

cdu vao trong ly, vién da ngdp hoan toan trong ly,
lam nuée ding vira day ly. Hoi ban kinh vién da
bang bao nhiéu?

A.6cm  B.{18cm  C. 4cm D. 3 cm
(Xem tiép trang 27)
: TOAN HOC
S6 476 (2-2017) & CTuditre 1 5
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CAC LOP THCS

Bai T1/476 (Lép 6). Cho tong
& 1 1

—+— + .t
n n+l n+2

—_— —

n+9 g

véi f;- 1a phan s i gian (mdu sé & cac sb
hang trong tong 1a 10 sé ty nhién lién tiép). Tim
sO tu nhién n nho nhét dé g chia hét cho 2006.
TA THI MUT
(GV THPT Khanh Duong, Yén M6, Ninh Binh)
Bai T2/476 (Lép 7). Cho tam gide ABC vuéng
¢an tai 4. Ly diém M nim trong tam gidc ABC
sao cho BM = BA vi ABM =30°. Chimg minh:
MA = MC.
DAU CONG NHO
(GV THCS Cao Xudn Huy, Dién Chdu, Nghé An)
Bai T3/476. Cho cac sb thuc duong a, b, ¢ thoa
mén a+b+c=3. Tim gia tri 16n nhit cia biéu
thirc: P =2(ab+bc+ca)—abc.
NGUYEN MINH SANG
(GV THCS Lam Thao, Lam Thao, Thi Tho)
B4l T4/476. Cho nira dudng tron tim O, dudng
kinh AB ¢6 dinh. V& tia Ax la tiép tuyén tai 4
cua nura duomg tron (tia Ax thufc nira miit
phing chira nira duémg tron c6 bo 12 duomg
thang AB). Goi M la diém thay dbi trén tia Ax
(M khéng tring véi 4). Poan thing MB cit nira
dudng tron tai diém K khac B. Trén tia AB xéac
dinh diém N sao cho AN = AM. Chimg minh
ring khi M thay dbi thi duong thing di qua K va
vuéng géc véi KN ludn di qua mot diém cb

Y NGUYEN TAN NGOQC
(GV THCS Nhon My, An Nhow, Binh Dink)

Bai 15/476. Giai phuong trinh sau:

J2x® =2x*+x+ 2883 +2x* =xt=x*+3.
HOANG LE NHAT TUNG
(SV K61 SP Todn, PHOG Ha Ngi)
CAC LOP THPT
Bai T6/476. Giai hé phuong trinh:
342" =5
3425 =5
NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang, My Tho, Tien Giang)
Bai T7/476. Cho ay, ay, ...,
duong. Pit S=a' +a;+..+a,, P=aa,.a .
Chirng minh ring:
. + L e l" < l
S—-a'+P S-a;+P S—a +P P
DANG THANH HAI - TRAN TUYET THANH
(GV Khoa Co ban, Hoc vién PK - KQ, Sen Tay, Ha Ngi)

Bai T8/476. Cho tam gidc ABC. Chimg minh
rang;

a, (n 2 2) 1a cac sb

b
2(sin 4 +sin B +sin C‘)(cos%+cos%+ c-:n»sE |

45 )
ST +(oosA+oosB+cosC)(smﬁ+sin§+sin%J.

TRAN TUAN ANH

(GV Khoa Todn Tin DHKHTN, PHOG TP. Hé Chi Minh)
Bai T9/47e.

1) Tim min {max lax? +bx+ ﬂ}
a, =-15x<1

2) Tim rmn{

ma.x|ax +x+b|}
ab

lexg

PHAM VIET HAI
(SV K49A41T, DPHKHTN, PHOG Ha Néi)

TIEN TOI OLYMPIC TOAN

Bai T10/476. Cho sé ty nhién @ > 2. Chimg

minh rﬁng ton tai vo sb s6 tu nhién »n sao cho
a" + 1 chia hét cho n.

VU THANH TUNG
(SV K5 CNTN, DHKHTN, PHQG Ha Nii)

https://tieulun.hopto.org



| Bai T11/476. Cho sé thuc a khac 0, khac —1.
: Timtﬁtcaicéchamsofk—)]l{ thoa man
| diéu kién

TRAN DIEU MINH
(GV THPT chuyén Ly Ty Trong, Can Tho)

Bai T12/476. Cho tam gidc nhon ABC véi
AB < AC va céc duong cao 4D, BE, CF; EF cit
BCtai G. K la hinh chiéu cua C trén AG. AD cht
CK tai H. AC cit HF tai L. Chimg minh rﬁngﬂ
la tam dudmg tron noi tiép cia tam gide FKL.

LE VIET AN
(56 nha 15, x6m 2, thén Ngoc Anh, Phi Thieong,

Phi Vang, Thira Thién Hué)

Bai L1/476. Khi tap luyén trong nha thi diu,
cau thu sut di mu;:t quéa bong theo dudmg thing
Vil vin ltfyc ban diu vy, sao cho bong ch{ trugt -

DARY SCHO% '

T *? b
| li- A ‘idl ma
-+ ... -h-?-—;rw;ﬁg'\. bt

n+2 m’&é‘ ﬁfi_*ﬂ ot

SF @) +ay)=(a’ +a)x+ f(f(y)-x),¥x,yeR

er ﬂvm m;:: grade). Consider the

khoéng quay va khong bi nay 1én khoi mat sén.
Gia thiét qua bong la mét hinh ciu c6 mat d6
khéi lwrong duge phan bd dong déu trén bé mit.
Ma sat lan va lyc can cua khong khi khong
dang ké, san tdp di rong va phang. Xac dinh
vin toc cua qua bong, khi ma n6 bat dau lan -
khong trugt.

NGO AN HOA KY (TP. Ho Chi Minh)
Bai 1L.2/476. Cho doan mach dién c6 R, L, C
mic nbi tiép, gom dién trd R = 100 Q, cuén
cam thudn va tu dién c6 dién dung C thay ddi
duge. Pién ap xoay chiéu dat vao giira hai dau
doan mach cé tin sé 50 Hz. Khi thay déi C thi
thiy c6 hai gi4 tri C; va 3C, doan mach déu
cho cung mét cong suat va hai dong dién
vuong pha v&i nhau. Léy 7 = 10. Tinh &6 tu
cam L cua cudn cam thuén.

THANH LAM (Ha Naf)
b TR

ISSUE

Mﬂmﬁamﬂhcle are w*ﬂﬁ ;-5“ ;
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7/ kY TRUGC|

Bai T1/472. Tim s6 chinh phuwong ¢é ba chit so
théa man: Néu doi chir s6 hang chuc va chit so
hang dom vi cho nhaw ta dwge so mdi la 56
chinh phwong lién sau 56 chinh phwong da cho
((n+1)* la s6 chinh phicong lién sau s6 chinh
phuong n"}.

Loi gigi. Goi s6 chinh phuong cin tim la
abc =n* thi achb = (n+ 1)~ Do (n + 1)* <999
thi »+ 1< 31 nénn<30. Tt ach — abe =
m+1)V-n"=n"+2n +1-n*=2n+1va
ach — abc =100a + 10c+ b—(100a + 10b +¢)
=9c -9 suyra 2n +1=9(c—b). T dd c-b
lasdléva 9(c—b)<6lsuyra c—b<5. Véi
c—b bang 1,3,5thi n twong img bing 4, 13,
22 vin' tuong {mg bing 16, 169, 484. Chi cé
s6n =13 véin’ = 169, (n + 1) = 196 thoa man
yéu cau dé bai. Vay sb can tim 1a 169. O

ding, tuy nhién mét s6 ban khong chi y han ché sb
n nén phai thir nhiéu hon cich trén. Cac ban c6 16i
gidi tot 1a: Phii Tho: Ha Quang Ting, Bui Trong
Hiéu, Ngé Van Tho, Tran Quang Pat, Bii Thi Bich
Ngoc, Nguyén Pham Thanh Nga, Tran Thi Yén
Khanh, D6 Quyén Quyén, Trdan Picc Ngoc, 6A3,
THCS Lam Thao, Lam Thao; Vinh Phic: Nguyén
Thi Thanh Hing, 6A4, Nguyén Ngoc Todn, 6AS,
THCS Yén Lac, Yén Lac; HA N{i: Hoang Lé Bich
Ngoe, 6A, THCS Thai Thinh, Q. Ddng Da, Bui Minh
An, 6Al, Truéng Hanoi Academy, Q. Tiy HJ;
Thanh Héa: Trinh Dirc Tudn, 6A, THCS Nguyén
Chich, Dong Son; Ngh¢ An: Nguyén Xudn Manh,
Nguyén Thi Thanh Hing, Nguyén Thi Khinh Th,
Nguyén Quoc Hiéu, Triong Cong Canh, 6A, THCS
Ly Nhit Quang, D6 Luong.

VIET HAI

Bai T2/472. Mgt day biéu thiee co dang sau
: 3+5; 7+9+1L 13+15+17+19; 21+23+25
+27+29:... Ching minh rang moi so hang
ciia day déu la lity thira bdc 3 cua mor so
nguyén dirong nao do. :

Loi gigi . Trong ddy cac biéu thirc da cho, dit
A= 1;A2=3+5;A3=‘?+9+ 11; 43=13+15
+17 +19; 4s = 21 4+ 23 +25 + 27 + 29,
Hién nhién 4, = 1%, 4,=8=2% Véin=3 ta c6 s
hang cubi ciing cua tong (biéu thirc) 4, 1a s6 l¢
thit (1 +2 +3 + ... + n) trong ddy cac so ty nhién

i . 1 .
1é dau tién, n6 bang 2.-{1{112:2“1 =n(n+1)-1. Khi

d6 s6 hang cudi cing cla tong A, 1a (n—1)n - 1,
suy ra s6 hang du tién ctia tong A, 1a (n — Ln +1.
Nhu vay 4, chinh 14 téng cua » 56 tur nhién 1¢
lién tiép, tir (n — L)n +1 dén n(n+1)—1.Taco
[(n=Dn+l+n(n+)-1l.n _2n%n _

A= = =n3

n 3 2
Vay méi s6 hang cua day déu 1a liiy thira bic 3
ctia mot s6 nguyén duong nao d6. O
»Nhdn xét. Bai toan khong kho, tat ca céc ban déu
tim ra két qua 4, = n’. Tuy nhién, nhiéu ban chi tinh
cu thé A,, Ay, A, As, As 161 dua theo quy ludt dua ra
két ludn. Lap ludn nay khong chit ché vi day 1a suy
luan kiéu quy nap khong hoan toan. Céc ban sau day
¢6 1o giai twong d6i tot: Phit Tho: Dao Nhan Do,
Vii Minh Khai, Nguyén Céong Hai, 7A3, THCS Lim
Thao, L&m Thao; Vinh Phic: Nguyén Thi Thanh
H&ng,h 6A4, THCS Yén Lac, Yén Lac; Ngh¢ An:
Nguyén Thanh Nguyén, Lé Anh Pirc, Lé Hai Phong,
7B, THCS Ly Nhit Quang, Do Luong; Ha Tinh:
Ngoé Duc ffodng, Tran Nhat Hoa, Péong Van S7
Hodang, Tran Phuong Thao, Nguyén Thi Thity Trang,
Nguyen Khanh Chi, Ngé Phwée Ha, Tran T Trinh,
TA, Nguyén Thi Ha Chi, 7B, THCS Xuin Diéu, Can
Loc; Quang Ngai: Vin Quang Tué, Lé Tuan Kiét,
7A, THCS Pham Van Déong, Nghia Hanh.

NGUYEN XUAN BINH
Bai T3/472. Tim cdc 56 nguyén x, y thoa man
phicong trinh: x* ~2x = 27?,
Loi gidi. Ta c6 ¥ - 2x = 27" o (x -1y -
2y + e (-1 =3y (9~ 3y+1) (1)
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Do x, y I cic s6 nguyén nén (x ~1Y? 1a s6 chinh
phuong.

Ma 27y (x =1’ > 0 nén y €N. Suy ra
3y+lva 9 -3y+113 haISOtLl'ﬂhlen

Gia st d = UCLNQ3y + 1, 9 — 3y + 1) véi
deN'. Suyra 3y+1:4, 9y? -3y+1id

=[(92-3y+1)- ~3Gy+1)+20y+1) Jid=3id.
Két hop véi 3y+1id suyral:d. Nénd=1.

[{ethqpvm(l)tacc dy+1lva 9" -3p+11a
hai s6 chinh phuung

Cach 1. Dat 93y + 1= (ke N)

S 36y 12y +4 =4k & 4)2 -(6y-1)2 =3
© (2k-6y+1)(2k +6y—1)=3.

Do y, k 14 cée 56 ty nhién nén 2k - 6y + | va

2k+6;y— ] Iéhalsonguycn hon nira 2k + 6y - |
—1. Xay ra cac trudmg hop sau:

2 [2-6y+1=1 k=1
2k+6y-1=3" _\-=%
2k—-6yv+1=3 -
L y+l=
) {2k+ﬁy-1=|°‘[_\-=ﬂ
g [2r-6ys1=—3 _ [k=-
2k+6y—1=~-1 _\‘%
Tir d6 chi chon duge y = 0. Do d6 x* — 2x =0
x=0

c#x{x—2)=0¢=-[ k
X =

+ 1=

Vay c¢6 hai cap sb nguyén (r, y) théa man

phuong trinh 1a (0 ; 0) va (2; 0).

Cdch2. Doy €N nén
(3}—]}3'-i':h"—:’)1+'+l‘*'(33.'+t“,|2

Hﬁ 9y‘ 3y + 1 14 s6 chinh phuong va khong

chia hét cho 3 nén xdy ra hai kha ning sau:

9=y + 1= 1)

&9y -3y+1=9y'-6y+1=y=0

923y + 1=y +1)

& 9y -3y+1=9y' +6y+1 < y=0.

Tir d6 tim duoe x = 0; x = 2 va ¢6 két ludn nhu

Cach 1.0

»Nhgn xét. Da sb cic ban tham gia gui bai déu giai

theo mét trong hai cach trén. Mot s ban khéng dua ra

nhin xétyeN nén phai xét nhiéu truomg hop va lai

giai phirc tap hon. Moi cac ban hay tim nghiém nguyén
cua phuong trinh: x° —2x =27y,
Tuyén dwong céc ban sau co 1oi giai tot: Nghé An:
Phan Thi Huyén Anh, 9C, THCS Ly Nhit Quang, D6
Luong; Phi Tho: Vit Minh Khai, Nguvén Céng Hai,
7A3, Nguyén Chi Céng, 8A3, Nguyén Thity Diong,
Nguyén Thi Hién, 9A3, THCS Lam Thao; Vinh Phic:
Ta Kim Thanh Hién, 8A4, Biii Tuan Anh, Nguyén Triic
Quynh, 9A2, THCS Yén Lac; Som La: Tran Vin
Chién, Nguyén Trung Thé, Diém Dang Hoang, 9Al,
THCS Chét lugng cao Mai Son; Thanh Héa: Thiéu
Dinh Minh Himg, 8C, THCS Nhir Bi S¥, Hoﬁng Hoa;
Hi Tinh: Hoang Quoc Khanh, THCS DPong Lang, Dire
The.

PHAM THI BACH NGQC
Bai T4/472. Cho tam gidc ABC ¢6 goc BAC ti

BC*

thoa man hé thire AB® — AC? = . Goi D la

diém trén canh AB sao cho BC = 2CD. Tir D ké
dweomg thang vuong goc vaoi duomg thang AB cat
ducmg thang AC 1ai diém E, K la giao diém cua
duomg thang CD va canh BE. Chimg minh rang
K la trung diém ciia BE.

Lai giai. Ha AH L BC tai H va ha BP 1 AE tai
P.Tacb AB® - AC®
=(AH’ + HB*) - (AH* + HC*) = HB* - HC®.

B

2 ;
Ma AB® - AC* = E-C— (gia thit), suy ra

BC bR
HB - HC = > = CH= -
[ccn
Ta ¢6 AAHC ©» ABPC
(g.2), nén BC-CP’
g 5
suy ra CA.CP = CH.CB T =CD
CA ¢
=TD_CP
4 TOAN H
S0 476 (2-2017) OC

* cusitre 19
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Tir 46 suy ra ACAD «» ACDP (c.g.c) Ta xét truomg hop lﬂ”;? <l a+b<l+ab
L +a
Sy i . U e (eaisn)<2(ivar)
Lai ¢o, tir giac BDPE ngi ti€p nén
e I Khi do

ot CPD = DBE (2) T (2+a+b)ab+ a+b+2ab

u(l)va(2) f.zra s 4 =]+ab+(1+ﬂ)(1+b) {]+g)(l+b)ab

DBK =CDA = BDK 3
. g G - a+b (2+a+b)ab+ a+b+2ab

?:m nra KDE =90°- BDK = DEK (4) Lt 2(1+ab)  2(1+ab)ab

r (3) va (4 = BK = EK {

u( ).;a ( ) suy M-PK ”Bﬂ. Eh? hay K la b +( +b]azh3 +(a+b)+2ﬂb(]+ﬂbj
trung diém cua BE (diéu phai chimg minh). O = 2ab(a+b)+(a =
»Nhgn xét. Chi ¢6 hai ban tham gia gidi bai todn 2(1+ab)ab
trén 1a ban Nguyén Ding Nhdt Minh, 8C2, THCS 2
Archimedes Academy, Ha N§i va ban Biii An Duy, _ (a +b)(ub+ I} 41 = (u+b)(ab+ I) +1
8B, THCS Ha N§i Amsterdam, Ha N¢i. Tuy nhién 2(1 +ab)ab 2ab

¢4 hai 151 gidi déu rt dai va trinh bay khong tt.

2
+b : 2
NGUYEN THANH HONG J%%Hza (lwuy (a+b) 24ab).

B&i TSM72. Chimg minh rang vii moi s6 thue Trong trudng hop nay tacé P>3.
dwomg a, b ta co bat ding thire: Nhur vy trong moi truomg hop ta ¢é P> 3 |
pala ol Y. "atbe2ah ¥ ) pliaiee v trong déu bai dwgc chimg minh.
? \I+a 1+b) " (1+a)1+b)ab Diiu déng thirc xay ra khi va chi khi a=b=1.0)
Ddng thiee xay ra khi nag? »Nhin xét. Diy 1a bai toan hay va khé n?n it ban giri
Lai gi‘i-in Goi b]éu thire Vé trai cua bél déng bii 21a1, Ve kién thirc chi Sir dl.mg cac bat difj.g thirc
thirc phai chimg minh 1a P. quen thude, don gian nhu a?b? + 1> 2ab; {a+bj' =4ab.
Tong hai s6 hang sau cua P la (lru y  Tuy nhién c4i kh6 phai biét céch bién déi bidu thire
a*b* +122ab): mét cich thich}hup. Cac ban sau ddy c6 bai giai tot:
: TV Nghé An: Tran Anh Quoc, 9A, THCS Pang Thai
A5 + l__b) gr2 e Mai, TP Vinh; Phi Theo: Trigu Quang Manh, 9A3,
l+a 1+ (1+a)(1+b)ab THCS Lam Thao, Lam Thao; Ha Nz Nguyén Deing
(2+a+b)a*b? +a+b+2ab Nhét Minh, 8C2, THCS Archimedes Academy.
3 (1+a)(1+b)ab NGUYEN ANH DUNG
(a+b)(a*b? + 1)+ 2ab(ab+ 1) Bai Tﬁa’d'}'z; _(_}'i:'rf_g{h:rfm;.; rr:‘_nh___
e B F s ()
Loi giai. (Cua . én Ba
2ab(a+b)+2ab(ab+1) 2ab(1+a)(1+b) L ””3 q;-H(P 2 I;lan Trieong Nhat Nguyén Bao,
2 = =2 ) chuyén Nguyén Binh Khiém.
(1+a)(1+b)ab (1+a)(1+b)ab Quing Nam).
. a+b ; Ta co: (l)c:;{ﬂle.pﬁﬁgx‘__ 5 sy
iy né 21 thi P23, bit din
Nine: YRE S e 6-6x° B 33
thirc duge chimg minh. (V2P +6) + 200 +6 +4x2  J@ 301312
Diu&lgﬁﬁcﬁﬂkklvichikh: l-x=0 )
ab?=1 2(1+x+x1) 1
Sa=b=1. e = 3)
{a+b=-l+d & (W2¢ +6P +22x° +6 442 V2 —3r13+x
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*(2) & x=1: l1a nghiém cua PT(1).
*(3) e 2(1+x+x2)(JVxT=3x+3 +x)

=(@'+—6]2+21m+4x2
S21+x+x)Y2x7+6

=(2x7+6)2 +2x32x7+6 +4x2
@(m—z)(m-m):

| P +6-2=0 (4)
V2x3+6-2x2 =0 (5)

"DV +6=2c2x3+6=8 x=1.

*(S) 2Y2x*+6 =2x2 & 2x3 +6 = 8§15

p el | =1
—
_T'}:—gcb x:—Bé_.

4 4
Thir lai ta thay x= 1 va x=— ﬁdén la nghié¢m

cua (1). Vay PT(1) c6 hai nghiém 1a: x =1 va
3

— 32, a

»Nhin xét. Da s6 cac ban gii theo céch trén hodc
theo cich dit an phy. Loi giai ciia mot s6 ban con
dai. Ngoai ban Bdo, cic ban sau c6 1&i giai ngin
gon: Lao Cai: Nguyén Thi Minh Ngoc, 10 Todn,
THPT chuyén Lao Cai. Phit The: Tran Quéc Ldp,
10 Todn, THPT chuyén Hung Vuong, Viét Tri.
Hung Yén: Duong Thanh Pat, 10 Toan 1, THPT
chuyén Hung Yeén; Nguyén Huy Hoang, 10A3,
THPT Duong Quang Ham, Vin Giang. Ninh Binh:
Vii Hoang Long, 10 Toan, THPT chuyén Luong Vin
Tuy. Thanh Héa: Lé Anh Dirc, Ddng Quang Anh,
10 Toan, THPT chuyén Lam Son; Lé Tién Pat, 10
Al, THPT Néng Cbng I; Nguyén Danh Thing,
Nguyén Bd Tudn, 11AS, THPT Luong Pic Bing,
Hoing Hoéa. Nghé An: Tran Tién Manh, 11A1,
THPT chuyén Pai hoc Vinh. Thira Thién Hué:
Nguyén Céng Phii, 10 Todn 1, THPT chuyén Qudc
Hoc Hué. Quing Nam: Nguyén Lé Thanh Hing,
10/1; THPT chuyén Nguyén Binh Khiém. Bén Tre:
Trinh Mai Truong Thinh, 11 Todn, THPT chuyén
Bén Tre. Binh Phwéc: Luu Tri Cuomg, 10T4, THPT
chuyén Binh Long, TX. Binh Long. Vinh Long:
Tran Minh Qudn, 12T1 , Tran Linh, 10T1, THPT

chuyén Nguyén Binh Khiém, TP. Vinh Long. Kon
Tum: Nguyén Ngoc Khanh Nhw, 10 Toan, THPT
chuyén Nguyén Tét Thanh, TP. Kon Tum;

TRAN HUU NAM
Bai T7/472. Tim nghiém nguyén cua bat
phuong trinh x° -2x’ —6x* -6x-17<0 (1)
Léi gidi. (Theo da s6 céc ban) ta ¢6

(1) < x6 <2(x+1)* +15 2)
Khi x<-3 thi 2(x+1)*+15<-1<0 nén tr
(2)suyra x=>2-2 ™

Mit khac, khi x >3 thi tir
x6 22723 =2x* +6x% +6x° +13x3

>2x3 +6x2+6x+17
suyra x%—2x*—6x2-6x-17>0.
Viynén x<2 %
T (*) va (**) suyra xe{-2,-1,0,1,2}.
Thir vao (1), ta thu dugc nghiém x €{-1,0,1,2}.
»Nhdn xét. Pay la dang todn co ban nén ¢6 nhiéu
ban d3 giri bai giai vé Toa soan va giai theo cach
trinh bay & trén va nhiéu céch nira nhu st dung dao
ham hodc xdy dung cic ddng nhit thirc khic nhau
ddi véi biéu thite & vé tréi cua (1).
Cac ban sau ddy c6 loi giai ding: Ha Nam: Lé
Phwong Nam, 11T, THPT chuyén Bién Hoa; Ha
N{i: Nguyén Vin Ding, 11A14, THPT Ngoc Tio,
Phic Tho, Ha Tinh: Nguyén Quang Hing, 11A1,
THPT Cu Huy Céan; Hung Yén: Dwong Thanh Pao,
10T1, THPT chuyén Hung Yén: Kon Tum: Nguyén
Ngoe Khdnh Nhur, 10T, THPT chuyén Nguy&n Tét
Thanh; Long An: Nguyén Thi Ngin Tric, 11T1.
THPT chuyén Long An; Nghé An: Bach Quang
Hi¢u, 11A1, THPT Cira Lo, Tran Tién Manh, 11A1,
Bui Thdi Cudng, 12A1, THPT chuyén PH Vinh:
Phi The: 7ran Quéc Lap, Hoang Lé Cing Khoi,
10T, THPT chuyén Hung Vuong; Quing Nam:
Nguyen Huy Hai, Trwong Nhdt Nguyén Bdo, 11/1,
Tran Van Tinh, 10/1, THPT chuyén Nguyén Binh
Khiém; Quang Tri: V6 Thuc Khdnh Huyén, 10T,
Nguyén Thi Phuong Linh, 11T, THPT chuyén Le
Quy Pon; Thanh Héa: Pang Quang Anh, 1
THPT chuyén Lam Som, Lé Tién Dat, 10A1, THPT
Nong Cong 1, Nguyén Bd Tudn, Nguyén Danh
Thang, Nguyén Khdi Hung, 11A5, THPT Luong
Pic Bing, Hoing Hoéa; Tay Ninh: Lé Hién Khai,
11T, THPT chuyén Hoang Lé Kha: Thira Thién

TOAN HOC
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Hué: Nguyén Thi Truc Ly, 11 Héa 2, Lé Cdm
Huyén, 11 Ly, Lé Cam Thanh Ha, 11T2, Lé Viét
Thanh Long, Nguyén Thi Phwong Ly, Nguyén Thi
Phuong Nhi, Cao Thi Linh, 11T1, THPT chuyén
Quéc Hoc Hué. Tién Giang: Lé Hoang Bdo, 11T,
THPT chuyén Tién Giang; Vinh Long: Phan Gia
Anh, 12T1, Tran Phan Thdi Anh, 10T1, Chdu Minh
Khdnh, 11T1, THPT chuyén Nguyén Binh Khiém;
Vinh Phiic: Kim Thi Héng Linh, 10A1, THPT
chuyén Vinh Phic; Nam Dinh: Neuyén Thanh
Huyén, 11T2, Vii Thi Diép, 11T2, THPT chuyén Lé
Hong Phong; Quing Binh: Lé Hoang Long, 11T, Lé
Dinh Hai, 10T, THPT chuyén V5 Nguyén Giép; Soéc
Triing: Lé Long Quoc, 12A1T, Nguyén Diic Thinh,
10A2T, THPT Nguyén Thi Minh Khai.

NGUYEN VAN MAU
Bai T8/472. Cho tam gidc ABC khéng cén c6 1
la tam dicong tron néi Ffép va H la trwee tam.
Ducng tron (1) tiép xic véi cde canh BC, CA,
AB tuong ung tai A,,B,.C,. Duong thang d, di
qua I, song song véi BC cadt ducng thing B,C,
tai A,. Tuong tu ta co B,,C,. Chimg minh cdc
diém A,,B,.C, thing hang va dudng thang qua
A,,B,.C, vuong goc voi IH.

Loi gidi. Ké cac dudng cao AD, BE, CF cua
AABC. Goi A],B;.C; theo thi tir 12 giao diém
cua d, v6i AD, d, voi BE, d, v6i CF (d,.d,
dugc xac dinh twong tu nhu d,). Ta thiy

ICA; 1AL, = TA,C, = AIC,A; > AIALC, (g.8)
= IC] =IA, .IA,. Xét phép nghich dao fcyc I,
phuong tich k=r® (r la ban kinh dudng tron
(D) (Kihigu f(I:k=r")).

y
g
B,
2
i d, 44
H
B ] &

S 476 (2-2017)

Khidé f(Lik=r"):4; A
B;"—)Bz
C—:ch

Dé thiy A;,B;,C; cing thuge dubmg. tron

duong kinh [H, suy ra duong tron () ngoai
tié‘pﬂa‘\;B;CE di qua 1. Tu do theo tinh chat
phép nghich dao ta thay A,,B,,C, cung nim
trén duong thing A, anh cua dudng tron (w)

. - :’_ e -~ i
qua phép nghich dio f(/;k=r"). V1 tam ciia
(@) thude JH, nén IH L A (dpcm). O
»Nhdn xét. 1) Ngodi cach giai trén, nhieu ban xét cuc -
doi cyre d6i véi duong tron (I), s dung dinh Iy La Hire
chi ra AD, BE, CF lan lwot cdc duong doi cuc cua cic
diém A,,B,,C, ciing di dén diéu can chimg minh.
2) Céc ban sau ¢6 101 gidi ding va gon: Ha Ngi: Ngﬂy(f:}?
Van Ding, 11A14, THPT Ngoc Téo, Phiic Tho: Bic
Giang: Chu Thi Ngan, 10 Toan, THPT chuyén Bac
Giang; Vinh Phic: D6 Trung Phuong, 11A1, THPT
chuyén Vinh Phic; Thanh Héa: Ddng Quang Anh,
10T, THPT chuyén Lam Son, Nguyén Ba Tudn, 11AS5,
THPT Luong Pic Bing, Hoing Hoa; Nghé An: Tran
Tién Manh, 11A1, THPT chuyén PH Vinh, TP. Vinh:
Thira Thién Hué: Nguyén Minh Hdi, Lé Viér Thanh
Long, 11 Toan 1, THPT chuyén Quéc Hoc Hué, TP.
Hué; Quing Nam: Trwong Nhat Neuyén Bio, 11/,
THPT chuyén Nguyén Binh Khiém: Kon Tum: Nguyén
Ngoc Khdnh N, 1070, THPT chuyén Nguyén Tt
Thanh; Vinh Long: Chau Minh Khanh, 11T1, Phan Gia
Anh, 12T1, THPT chuyén Nguy&n Binh Khiém, TP,
Vinh Long,

HO QUANG VINH

Bai T9/472. Cho phuong trinh
n n=1 fi=
XX +ax"? +a _ x+a =0
€d cde hé 56 théa man cdc diéu kién

n-1
Zai =0, Z(n—f)ar =2-n,

i=1 i=]

Z(nﬁr’)(rz—zll)af =3—n(n—1).

Gia si ; ié. '
QB Xy Ko . 1o nghiém cua phirong

trinh. Héy tinh gid tri cia cde biéy thire:



B s ien)!
dn (k=x)Yl-x.)

l1i F‘.—.T— [__.'
‘_‘|k—"l

Loi gidi. Dt

. n—1 n-2
JO)=x"+ax"" +a,x"* +..+a,_x+a.

Theo Dinh li khai trién cua mdt da thie theo
cdc nghiém ta cé
Jx)=(x=x)(x - x,)...(x - X, ).

Do dé f'(x)= Z (Xx~% ].4.(__1'4:‘.; )X =x )

(khéng c6 x-x,),

f(x)=2 z (.1'—_1'|)...(,\“:-;| )...(.J:;,)...(_t -X,).

IS yin
Suy ranéu x & [x,,x,,....x,} thi
f(x) i 1 f"(.rr}_,_J . 1

ll"'-l

f{ "} f{.\‘) 1Si<j<n ("_-_ '1-, }(-‘-—'IJ }‘
Tir gia thiét ta co f(1)= l.f'{l}: 2.5 (1)=4a.

B )
Bm vay | {. S i _..._=_

R 52 21 5 )

= | f(l}
2 =3.

,L,Zd,,{l x )M(1- r) f()

- =2 -3=1.

Z(l—.!r}' i\ 1 x] z(l x){l X))

" I 3
i N TR

I<i<)in

e =1.0
z{l—rJ

)Nhgnx&.ﬂmmnmlabajmanwban don gian
qanqcépdungd.pohmnuungdamm Céc ban hoc
sinh sau ¢6 lén giai dang: Ha Ni: Nguyén Vin Diing,
11A14, THPT Ngoc Tao, Phic Tho; Thanh Hoba:
Ngtg.'en Bd Tudn, 11AS, THPT Luong Pic Bing,
Hoing Héa: Thira Thién Hué: Phan Canh Minh
Phuoe, 11T2, THPT chuyén Quéc Hoc Hué, TP. Hué;
Vinh Long: Phan Gia Anh, 12T1, THPT chuyén
Nguyén Binh Khiém, TP. Vinh Long.

NGUYEN MINH BUC

Bai T10/472. C

Moi lan thue hién «

Co 20 vién soi dugc u;: thanh ba
dong. ho phép ;".-:.\ mof niea
56 vién soi tir dong soi co chan vién soi va
chuyén sang .,.fr.";n,f_: khac. Chimg minh rang, di
ban dau cdc cfu"ug sol dwgc .\1':;? thé nao, sau mot
so hitu han buwoc thuc hién nhu thé, ta co thé
tao ra mot dong soi co dung 10 vién soi.

Loi giai. Ta ky hi¢u s6 soi cia ba dbng soi la
(m,n,p). Do tong s6 soi 1 20 14 s6 chin cho nén
phai ¢6 it nhét 1 trong 3 s6 m, n, p 14 s6 chin. Bay
gi¢r ta chimg minh c6 cach thuc hién sao cho ta
thu duge mét cau hinh (2x,x,y). That vay, do
ludn c6 mot ddng c6 chin sb soi, cho nén ta c6 the
xét 2 déng soi (2m,n). Ta chimg t6 con khi nao
m# n thi ta con ¢6 thé thuc hién chuyén soi dé
thu dugc 2 déng (2m',n’) véi 2m'+n'<2m+n
hoiic 2m'+ n'=2m + n nhung vaéi higu
Im'=n'l<lm-nl. Thuc vay, xét 2 truong hop:
1) Trudng hgp m hodic n chin. Trong trudmg
hop nay, ta chuyén m vién soi tir dong 2m vién
sang dong thir ba va thu duge hai déng (m,n)
véi mot dong chin va téng sb soi cua ching
giam di.

2) Trudmg hop ca m va n déu lé. Ta chuyén m
vién s6i sang dbéng n vién dé thu duge 2
dong (m,m+n). Tong s6 soi 2 déng vin khong

d6i, nhung —m| = <|m-n|.

2 2
Qua trinh chuyén nhu vay khéng thé kéo dai vo
han dugce, cho nén lic nao d6 ta phai thu duoc
ba déng soi c6 dang 1a (2x, x, y). Khi dé
3x +y = 20. Bing cach chuyén X vién s6i tir
dong 2x vién sang dbng thi 3, ta duoc
(x,x,x+y) v6i x + y chin, va sau d6 khi
chuyén nira s6 s6i ¢ déng thir ba sang déng thi

hai, ta ¢6 ba déng la [x,x+x;y‘x—§yJ véi

m+n ‘m—n

x+x;y=10.ﬂ

»Nhdn xét. Bai nay nhiéu ban gui 1oi giai nhung da
phén giai chua tét va nhiéu ban phai dua vé duyét
cée trudng hop cu thé 1a diéu khong lam dugc véi
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bai todn tdng quét. Chi c6 hai ban sau day giai tong
quat va ding: Quang Nam: Truomg Nhat Nguyén
Bao, 11/1 THPT chuyén Nguyén Binh Khiém:

Thanh Héa: Hang Quang Anh, 10T THPT chuyén
Lam Son.

VU DINH HOA
Bai T11/472. Véi moi
hiéu o) la s6 cdc s6 nguyen dwong khéng
VT quad t va nguveén to cimg nhau véi t. Cho n.

k la cdc s6 nguvén dwomg va p la s6 nguyén 1o

lé. Chimg minh ton tai sé nguyén dwomg a sao

cho p' la woe cua 146t ca cac so @la).ola+1)

Pla+n).

Lai gidi. Ta ¢4 bd dé sau:

Bb @ 1. Cho x . keZ véi k21 va p la sb

nguyén 10 véi x, = 1(mod p). Xét da thirc
F(x)=1+xr"" 4 x27"" 4. + xlp-0p (1)

Gid sir g 1a s6 nguyén 1 sao cho g|F(x,). Khi

dé g=1(modpt).

Chimg minh: Ta cb F{.r,,)|.r*" -1, do d¢6

glx; ~1ex!' =1(modg).

Goi h=ord, (x). Suyra h|p* = h=pr,y<k.

Néu y<k=p'|p*' = x2" =1 (modq) (2)

= F(x) = p(modg). Ma F(x,)=0(modg) suy

rap=q.Do(2) = x{" =1(modp) (3)

Theo dinh ly Fermat x/ = x, (mod p)

=x; =x,(modp). Do (3) = x, =1(modp)

tréii gid thiét. Méu thuin nay chimg t6 v =k tirc

la h=p'. Mt khic do g|F(x,) nén (x,,q)=1.

Theo dinh Iy Fermat x{ "' =1 (mod g).

Vidy ¢-1:h=p' hay ¢g=1(modp*).

Bé @ 2. C6 vb sb sb nguyén b co dang

pit+1.

Chimg minh: Phan chimg. Gia sir ¢6 hiru han s6

nguyén t6 dang p'r+1 14 ¢,,q,,...q.. Xét sb

Xy =¢y.q, +1. Do ¢ =1(modp) (i=12,..,m)

50 nguvén dwong t, ta kv

nén x, =2 (modp)=>x, = 1 (@odp).

Goi ¢ la uée nguyén t6 cua F(xo), 0 ddy F(x) la
da thirc (1). Theo bé @& 1, g=1(mod p*). Viy
ton tai ie(l,2,...m) d& g = g. Suy ma
x, =1 (modg) = F(x)= p(modg) = g =p.
Méu thuin, '
Tror lai bai todn. Liy ¢g,q,,.q, 1a cdc so
nguyén t6 phin biét véi g, =1 (mod p*) (ta ldy
duge nhu viy la do bo dé 2). Theo dinh 1y Trung
Hoa tén tai aeN' sao cho a=i(modg,)
Vi=0,1,...n

Ticla a+i=0 (modg,),Vi=0,1,...n (@)
Chu y rang tir cong thire o(m) =[] p{* " (p, - 1),

piln
ta suy ra p—1|p(n) néu p|n. Vay tir (4) suy ra
q,~1|e(a+i). Do g =1 (modp*),¥i=0,1,...,n

nén @(a+i)=0(modp*),Vi=0,1,...n. O
¥ Nhdn xét. 1) bay la bai todn kh6 nén chi c6 hai ban
tham giai, nhumg 101 giai clia hai ban chura hoan chinh di
di theo hurémg diing,
2) B dé 2 1a mdt truomg hop riéng ciia Dinh Iy
Dirichlet: ** C v6 s6 s6 nguyén t6 dang d + b trong d6
(a, b) = 1. Tuy nhién Dinh Iy Dirichlet hign chwra c6 cich
chimg minh bing phurong phép toan so cip”.

DANG HUNG THANG
Bai T12/472. Cho tam gidc nhon ABC cé AD,
BE, CF la cdc duomg cao. Cic dwong tron
ducng kinh AB, AC theo thir tw cat cdc tia | )R,
DE tai Q va P. N la tém dwong tron ngoai tiép
tam giac DEF. Chung mink ring:

1) AN 1 PO.

2) AN, BP, CQ a'ci‘ng quy.

Lai gidi. Ta cin c6 mot b dé,

B &, Cho tam gidc ABC, O 1 tim dudng tron
ngoai tiép, N 1a tam dudmg tron Euler, M la
diém d6i ximg cia O qua BC. Khi d6 N 1a trung
diém clia AM,

Phép chimg minh b6 dé trén rit quen thuéc,
khéng trinh bay ¢ day.

Tra lai giai bai toan.
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1) Goi Ry la ban kinh dudmg tron ngoai tiép

ADEF. Dé thiy.

NP? - NQ*=(NP? - R} )-(NQ* -R3)
=PE.PD-QF.QD

=FE(FE+E] -EF.(Q_F+E)) =—EPED+FD.FQ

(vi PE = EF = QF)

=-EEC+FA.E=—E(E_A+R:)+FE(?E+E]

=—EA +FA (vita gidc BCEF ni tiép)
=PA —QA (Vi EA=QA; FA=PA)

Do d6 AN L PQ.

2) Ki hiéu A,B,C theo thir tu 1a sé do ciia cc
goc BAC.CBA,ACB. Goi X, Y, Z theo thir ty Ia
giao diém cua AN, BP, CQ véi BC, CA, AB; M
la diém dbi ximg cua A4 qua N. Theo b6 d@ trén
M va O doi ximg nhau qua BC, suy ra
BMC = BOC =2A. Tir d6, chii ¥ ring O, P theo
thir ty la diém déi ximg cia E, F qua 4B, CA,

suy ra ABM=§+ 90"—;1 = Eﬁb;

e

@=E’+90“—A=§E‘Tp;

BAP=2A = CAQ; BM=CM;

AP=AF:AQ =AE; CP =CF;BQ=BE.

Viy, chi y ring X thuge AM va céc tam gidc

ABE, ACF dong dang, ta c6

,XB YC ZA L Szum Sar:P SI’-‘AQ

B 78 S, Siv S

_ BABMsinABM CBCPsinBCP AC.AQsinCAQ
CACMsinACM AB.APsinBAP BC.BQsinCBQ

CF AE sinABM sinBCP sinCAQ _

AF 'BE ' inCBQ sinACM sin BAP
Theo dinh li Ceva, AN, BP, CQ dong quy. O
»Nhén xét. Bii todn nay khong kho nhung chi c6 7
ban tham gia gidi, nhiéu 16i giai qué dai, nhicu 1oi
gidi trinh bay qué t6i. Tuy nhién vdn néu tén ca 7
ban: Som La: Trdn Hoang Pat, 11A1, THPT Moc
Ly, Moc Chau; Thanh Héa: Pang Quang Anh, 10'!",
THPT chuyén Lam Son, TP Thanh Hoa, Nguyén
Danh Théng, Nguyén Ba Tudn, 11A5, THPT Luong
Pic Bing, Hoing Hoa; Ngh¢ An: Tran Manh Tién,
11A1, THPT chuyén PH Vinh, TP. Vinh; Ha Tinh:
Tran Héu Dirc Théng, 10T1, THPT chuyén Ha Tinh,
TP Ha Tinh; Thira Thién - Hué: Lé Viér Thanh

Long, 11T1, THPT chuyén Qubc ch'Hué,
NGUYEN MINH HA

Bai L1/472. Dét mét dién dp xoay chiéu on dinh
u = Uscos(wt) (V) (Us va o khong doi) vao hai
déau doan mach gom dién tro thuan R = 150 Q,
cuén cam thuan cé dé tw cam L va tu dién co
dién dung C thay doi dugc. Diéu chinh dién
dung C cua tu dién sao cho dién dp hiéu dung
cia tu dién dat gia tri cwe dai. Khi do, dién dp
cure dai cua dién tro la 120 V; tai thoi diém 1,
dién ap tike thoi hai dau mach la 160 V va hai
dau tu dién la 70 V. Xdc dinh dung khang cuia
fu dién.

Loi giai. Gia st mach di¢n c6 dang nhu hinh
dudi.

R i N

A,‘—.m—%——fﬂ
M

(824
Biéu dién vecto: U,; = U, + U, + U,.

Theo gian d6 vecto:

v N
Gy %
A M
p 19 et
7
Ui
B
: T
S0 476 (2-2017) OAN HOC
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Xét AANB, theo dinh li ham s6 sin ta co:
AB NB U g, R

= = U.=——s:sinf.
sinct sinﬁﬁsinu sinf ¢ sina P

7 ; U,
Theo bai ra: sma——ﬁ
= Utmax khi sinf} = 1 = B = 90°. Tam giic
1 1 1

va U khéng doi

ANB vuéng tai 4 = TR TR (1)
: Up,  u?
Mait khdc: u L up; = ———+F =2 (2)

Theo baira: u =160 V: ur= 70 V va

H=HRL+H{_'=>NRL=90V

1 1
Tu (1) va 2= URL +“2[F‘_B’T}=2
“ith " = 12
U, U’ U
1 160? 14
— (90 ~160?)=2 - -t
< gl ) (60v2)7 9

£
= Uy =75\2V= U——J_;_ﬁ—IOOJ"V
va U, =JU; —U3 =|(15J2) —(60J2)* =452V
[rr2 2
= UCM =U—£IR_H{".'_
UR
J(60V2)? +(45/2)
=10042 =125\2v. O
V2 ¥ V2

»Nhdn xét. Rét tiéc khong 6 ban nao giri bai giai
cho dé ra ki nay.

DINH TH] THAI QUYNH
Bai L2/472. Mot qua cau thiy tinh trong sudt
dat trong khong khi, chiéu mét tia sang dom sic

i b 3 o D n . o . {
dén mat cau voi goc | E!:U:EJ' biet chiet suar

clia qua cau doi véi tia sang la n > ny = 1.
a) Xdc dinh goc léch §'i) cua tia t6i va tia 16
thiek (k> 1).

Zﬁ % S6 476 (2-2017)

B G Y T A
b) Véin = V3. xdc dinh i dé o (i) cuc freu, xa

dinh 6 W in(d)-

) sini s :
Laoi giai. Ta co smr=—n—s ==6ind, , do do
khong xay ra phan xa toan phén, Tai méi diém
t&i trén mat cau, mot phén tia sang 16 ra, mét
phén phan xa.
®

a) Can cir vao so d6 truyén sang, ta co:
i)=(i-rN+k-1)m-2r)+(i-7)
=(k- n+2i-2kr

=) =(k-Dr+2i ~2kxarcsm(sml]

n

2:-2kxa.rcsm(“:'] , k=2a+1 (a>0)

n+2z~2kxarcsm(“:‘) Jk=2b (b>1)

b) Ta ¢6: 8'°(7) = n + 2i — 20
= 8'%(i)’ =2 - 201 (i).

Diéu kién cye tri: §'%)’ =0 = r'(r‘}=% (1)
sinr=%sim’:> cosrkr'(f)=5ﬂ
yo ' COSE cosi cosi
=r (l)=——= = 2
ncosr n?—sin?; v3—sin?j 2)

; o 97
Tir (1) va (2), ta co: =12
(1) va(2) sinj ,#99

= | = arcsin [Jg‘;) =~ 81°49'43.18".

Dé dang kiém tra duqc vOi gia tri cua goc t6i i
dd thi goc 1éch §'° cuc tiéu. O

»Nhin xét. Rit tiéc khong c6 ban nao g bai giai
cho dé ra ki nay.

NGUYEN XUAN QUANG
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EMS ... (Tié;b theo trang 17)
m T8/476. Given a triangle ABC. Show

+sin B -+~Si11(3')[tms—"E + cus£+ cosg-]
2 2 2

+cosB +005C)(smﬁ+sin£+sm£]'
2 2 s

T'iﬁh{ggxﬂh.x’ +hx+ ll}.

o5 uEk |

d %{ﬁhx’ +x+bi}.

~ TOWARDS MATHEMATICAL
s OLYMPIAD
T10/476. Given a natural number @ > 2.

‘that there exists infinitely many natural
n such that @" + 1 is divisible by ».

CAC BAI TOAN ... (Tiép theo trang 15)
7. Thay A mua nha nhung thiéu tién nén thiy 4
da vay ngén hang 300 triéu. Ngan hang ddng y
cho thiy vay véi 1ai xudt 6%/nam. Hoi thiy
muén tra hét so tién vay trong 5 nim thi thiy
phai tra cho ngin hang méi thdng bao nhiéu
(lam tron dén don vi nghin déng)?

} T A. 5.935.000 B. 5.550.000

i 'B C. 6.200.000 D. 5.320.000

8. Mot dudmg diy dién duoc ndi tir mét nha méy

dién & A dén mot hon dao & C. Khoang cach tir C

dénBla 1 km.

Khoang cich tir B

. dén A 1a 4 km MG [

~ km déy dién dat dudi B

 nube la mat 5000 " —

- USD, con dit dudi 4

~ ditmét 3000 USD.

* Hoi diém S trén bos cich A bao nhiéu dé khi méc

dién tir 4 qua S 10i dén C 14 it ton kém nhét?

Problem T11/476. Let a be a real number
which is different from 0 and —1. Find all
functions f :RR — R such that

(@) +a)=(@ +a)x+ f(f(y)-x),Vx,yeR.

Problem T12/476. Given an acute triangle ABC
with AB < AC and let AD, BE, and CF be its
altitude. Assume that EF intersects BC at G. Let
K be the perpendicular projection of C on AG.
Suppose that AD intersects CK at H and AC
intersects HF at L. Prove that 4 is the incenter
of the triangle FKL.

Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanoi)

3
. —km
D4

9. Khi san xudt vo hop sira bd hinh tru, cac nha
san xuit lubn &4t muc tiéu sao cho chi phi

15 13 10
A. Tkm B- Z’km C. T km

nguyén liu lam vo hop la it nhat, tirc la dién
tich toan phan cta hinh tru 13 nhé nhéit. Mudn
thé tich khéi tru d6 bing V va dién tich toan
phédn cua hinh tru d6 1a nhé nhét thi ban kinh
ddy bing bao nhiéu?

(V
A R=3—
« 2
i‘V
C|R= o
2n

10. Mét cong ty san xuit mot loai cbe gidy hinh

B. R=}

al< :I\‘CI

D. R=

nén co thé tich béng 27cm? véi chiéu cao h va

ban kinh ddy . Tim r dé luong gidy tiéu thy 1a
it nht,

o / 3 38
e 36
C.r—"'—'_znz D,r:ﬁz_nz.
- Tm
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THU SU'C TRUGC KI THI

DE SO 6
(Thoi gian lam bai: 90 phiit)

Ciiu 1. Trong céc @6 thi dudi day dé thi nao 14 db thi
cia him s6 y= x4 —2x2 —

¥

315
}J
#

C. D-’U‘"‘

Ciu 2. Két luin nio sau diy vé tinh don diéu cia
: : 2x+1
him sé y=

am SO y oot
A. Ham s6 ludn nghich bién trén R\ {1},
B. Ham s5 luon nghich bién trén (~o;1) va (1;-+e0).
C. Ham s6 ludn dong bién trén R\ {1},

la ding?

D. Ham s ludn dong bién trén (—oo;1) va (1;4<0).

Ciu 3. GTLN ciia ham sé y=x* —3x+5 trén doan

[0;1] 12

A 5 B.3 "oy D.7
Cilu 4. Cho ham sd y = x° - 4x. Sé giao diém cua dé
thi ham s6 va truc Ox bing

A.0 B.2 €3 D. 4

Ciu 5. Ham s y=§x’—2x*+3:+l adng bién

trén:
A. (2;4x) B. (1;4)
C. (—0;1) va (3;420) D. (1;3)

Ciu 6. S6 duong tiém can dimg va ngang cua dd thi

3 Pl _3X+l 5t
hm“"'_—xz_:; la:
A2 B.1 C.4 D.3

Ciu 7. Cho (C); y=x>+3x2-3. Tiép tuyén cia
(C) song song v&i duong thing 9x — y + 24 = 0 ¢¢

phuong trinh la:
A y=9x+8 B.y=9%-8;,y=9%+24
C.y=9x-8 D.y=9+24

Ciu 8. Tim m dé d6 thi ham s6: y = x*=2m2 +2
¢ ba diém cyc trj tao thanh mét tam gidc c6 dién
tich bing 1.

A.m=33 B.m=vy3 C.m=3/3 D.m=1
Ciu 9. Cho ham s6 y=f(x) c6 d6 thj 1a duong
cong nhu hinh bén. Khing dinh nao sau day la

khing dinh ding? » ‘
A. Ham sb dat cuc dai tai .
x=0 v dat cye tidu tai x=2. /\ uf A
B. Ham s6 ¢6 gid trj cwc tiéu = | O T
bing 2. 2 \/

C. Ham s6 c6 gid trj lon nhit

bing 2 va gi4 tri nho nhét

bing -2,

D. Ham s c6 ba cuc tri.

Céu 10. Mot ngudi cin di tir khich san 4 bén bo
bién dén hon ddo C. Biét riing khoang cach tir dio ¢
dén bo bién 12 10km, khodng cach tir khach san A
dén diém B trén b gin ddo C la 40km. Nguoi d6 6
thé di dudmg thuy hoidc di duong bé roi di duong
thuy (nhu hinh vé duéi déy). Biét kinh phi di duomg
thuy 1a 5 USD/km, di duong b6 1a 3 USD/km. Hoi
ngudi d6 phéi di dudmg bd mot khodng bao nhicu dé

kinh phi nhé nhét? (4B = 40km, BC - 10km).
[
10km
40km
A % = \B

5 65
A. Zlm B. =~km C.10km  D. 40km

Ciu 11. Toa 46 giao diém cia dé thi ham sb

=2 ;
Y=~ VAdudng thing y=-2x 1a;

https://tieulun.hopto.org
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A(-24) B.(~5 1)

C(By) D.(-2:4), (3 1)

Cin 12. Nghiém ciia phuong trinh 21 =1 13

A-X 4 B.x==2 C.x=3 D x=2
4 £ .“Eln 13. Pgo ham cia ham sé y = log, x 1a

OO

J \Ii-'h > I ¥ l
ATy 5 h e
o J"=-IE-§ D. y'=xIn3

;;tu 14. Nghiém cia bit phuong trinh GT i

27
B eS B .x>5S Cox>-1 D x<-1
. - 1
. Ciu 15. xdc cia him _—_—
 waliiariees S arY=r)
A D=(0:2) B. D=[0:2]

C p=[0:2]\{1) D. D=(0;2)\{1}
- Clu 16. Trong cic ham s6 du6i ddy, ham sé nao
~ 8bng bién trén R?

B.y= log,(x-1)

€.y = log,(x* +1) D. y=log,(2* +1)
| 7. Cho cac sb thuc duong a,b,cvaic#1.
dng dinh nao sau diy 1 sai?
-E-log, a-log b
-""‘"bﬂ..-b l.og a
, g_hn-hb
b Inc
b 2
(;) =log, b-log, a
4 18. Do him cta ham sb y-l?:; la
: ' L (x+2-xInx)
 2x(x+2) 2
% L x+2-Inx)

=.__' +2) In2

1
3 =—————(x+2~xlnx)
x(x+2)11:12(
B (4 2 cln )
2(x+2) In2
Ciu 19. Pat log,,27=a. Hay biéu dién log,16
theo a.
da-12 12-4a
— B. log,16=
A. log 16==—"— 0gs 16=—-
12+4a 12+4a
C. log,16= —a D. log,16= -3

Ciu 20. Cho cdc s6 thye duong a,b wfna #1va
log, b>0. Khing dinh nao sau day la ding?

O<a,b<l O<ab<l
"l0<a<l<b l<a,b
¢ O<b<l<a 0<bha<l
‘l1<a,b ‘|0<a<l<b

Ciu 21. Ngudi ta thi mét 13 béo vao mét hd nude.
Gia sir sau ¢ gioy, béo s& sinh séi kin c4 mit hd. Biét
ring sau mbi gid, lugng 14 béo ting gap 10 lin lugng
14 béo true d6 va tde do tang khong déi. Héi sau

miy gid thi s 1a béo phu kin -;7 cdi ho?

t 10! t
A. 3 B. o TEE
Ciu 22. Dién tich S ctia hinh phing giéi han béi db
thi ham s6 y = f(x) lién tuc trén [a; b] , truc hoanh
va hai duéng thing x=a, x=b dugc tinh theo
cong thirc nao sau day?

C. t—log3 D.

A §= ] Fx)dx B.S= Ihj(fu:xnzauc

b b
C. §= [|f(x)]dx D. S=x[(f(x)?dx

Cilu 23. Nguyén ham cia him sb f{x)=xil

A. F(x)=ln(x+l)+C B. F(x)=logi(x+1)+C

la:

C. F(x)=

l)’ +C D. F(x)=In|x+1[+C

Ciu 24. Mﬁt ca n6 dang chay trén h6 Tay véi van
tdc 20m/s thi hét xing. Tir théi diém d6, ca nd

chuyén dgng chim din déu véi vin tbe
S8 476 (2-2017) o lcr“ uﬁm gcé 290
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T

v(1)=~5t+20m/s, trong d6 ¢ la khoang thi gian
tinh biing gidy, ké tir lic hét xing. Hoi tir lic hét
xang dén lic dimg hin ca né di dugc bao nhidu mét?
A. 10m B.20m C.30m D. 40 m

1
Ciu 25. Gia tri cua tich phéan [ = J-xJ.rJ +1dx la
1]

1
A. 5{2\5—1) B. %(2..:’:7.“)

1
C. ~§(2J§—1) D. %{2—2\;’51

n

Céu 26. Gid trj cda tich phan / = [xsinxdx 1a
0

C 1 ) LA

2
Ciu 27. Thé tich vit thé trdn xoay khi quay hinh

7 Vg | |
2

phing gidi han boi céc duong _v=%. y=0, x=1,

x=4 quanh tryc Ox la
21n

B. — ;
16 €

Ciu 28. Mot nguyén ham F(x) cia ham sb

A. 6w 121 D. 8n
fu;=2sm5x+JE+§ sa6 cho 3 thi'cta hat ham
sb F(x), flx) cit nhau tai mét diém thude Oy 1a

2 2 3
A. -gcos51+§x-a";+ E.r—l

B. —%c0551+3xﬂ+§x

3 5
C. —§m551+%xﬂ+gx+l

D. ~%cos$x+%xﬂ+-§x+2

Ciu 29, Cho sé phirc z=3+2i. Tim phin thyc va
phén do cia s6 phuc z.

A. Phin thyc bang 3, phin o bing 2

B. Phin thuc bing -3, phin 4o bing 2

C. Phin thuc bing 3, phin do bing -2

D. Phan thyc bing -3, phén do bing -2.

Céu 30. Cho sb phirc z = 4 — 5i. 86 phirc lién hop
cua z ¢ diém biéu dién 14
A.(4;5  B.(%-5)

C.(5:4) D.(4:5)

Cau 31. Gia s z;, va z; la cic nghiém cua phuong
trinh 22 +4z+13=0.

2 i
Gié trj cua biéu thuc A= |z | + z,| la:
A.18 B. 20 C. 26 I 22
Céu 32. Cho sb phirc z=1+i. Tinh moédun cua sj
phirc w= zz+r21: :
A.2 B. 2 .1 D.\3

Ciu 33. Cic nghiém cua phuong trinh z*-1=0
trén tap s phirc la

A.-2va2 B.-1val
Ciiu 34. Cho sb phire z thoa man: 'z-— I| =

C.oiva—i D.-1;1;ivi~i

z—2+3.

Tép hop céc diém biéu dién s0 phiic z la:

A. Duomg tron tam /(1,2), ban kinh R=1.

B. Dudng thing ¢6 phwong trinh: x - 5y - 6 =0

C. Duong thing c6 phuong trinh: 2x — 6y + 12 =0
D. Puong thing c6 phueng trinh: x — 3y — 6 = 0.
Ciu 35. Hinh hop chir nhat co do dai ba canh XUt
phét tir mot dinh lan luot 13 2, 3, 4. Thé tich hinh
hop dé la:

A.24 B. 8 C.12 D. 4

Céu 36. Cho hinh chép tam gidc S.ABC co day la
tam gidc déu canh a, canh bén SA vuéng goc voi
day va SA=+3a . Thé tich V khéi chép S.ABC la:

03 . TR
A.V—Sa B.V—Ia C.szu- D.V=—a

\l_.
2

s

Céu 37. Cho hinh hinh ling try tam gidc déu
ABC.A'B'C'c6 goc giita hai miit phing (A'BC) va
(ABC) bing 60° canh AB=gq. Thé tich V khoi
ling tru ABC.A'B'C' 1a.

3V3

A-“':—B—a’ B. V=\3a°
V3

C. ""'=T£13 D. V:%a-‘

Ciu 38. Cho hinh chép SABCD c6 diy ABCD li
hinh vudng canh a, SA=aJ3va vudng goc voi
day. Khoang cich tir 4 dén mit phang (SBC) bing

A..Eﬂ BE_JE Ca D"_;
2 Mo A g

Ciau 39. Trong khong gian, cho tam giac ABC
vudng tai A, AC=a, ABC =30° . Tinh do dai duong

https://tieulun.hopto.org






THU SUC TRUOC KI THI
PESO &
(Thoi gian lam bai: 90 phiir) . .
Cau 1. Trong céc d6 thi dudi day db thi ndo [Add thi Cau 7. Cho (C): y=x'+3x? 3. Tiép tuyén cia

clia him 50 y = x* ~2x2 -39 (C) song song véi dudng thing 9x — y + 24 =0 ¢6
¥ phuong trinh 1a:
’ A.y=9x+8 B.y=9x-8y=9%+24
/\ \ } C.y=9x-8 D.y=9x+24
— gl — b Ciu 8. Tim m dé db thj ham sb: y = x*-2m? 42
’ \ \ j ¢6 ba diém cyc tri tao thanh mét tam gidc c6 dién
A L tich bing 1.
; Am=33 B.m=y3 C.m=3/3 D.m=1
\ J x g Ciu 9. Cho ham sb y=f(x) c6 dd thi 13 dudmg
T cong nhr hinh bén. Khing dinh nido sau diy la
L\j ‘ . . khing dinh dting? "
A. Ham s dat cyc dai tai
5 . > x OI r x=0vadat cat,rc:tiéu ?&_liti=2, /\\ 2 R
Ciu 2. Két luan ndo sau day vé tinh don digu cua B. Him s& ¢6 gid trj cyc tidy el —
ham sé y=22*1 }; ging? bing 2. ) ’
o C. Ham sé ¢6 gi trj 16n nhit

A. Ham s6 luon nghich bién trén R\ {1}, bing 2 va gid tri nho nhét

B. Ham s luén nghich bién trén (*00: l] va {1:+°0). bang 2.

D. Ham s6 c6 ba cye tri,

Cau 10. M{t ngudi cén di tir khéch san 4 bén by
D. Ham sé ludn ddng bién trén (—031) va (l;m)_ bi_én dén h.ém dao C. Biét ring khoang céch tir dio C
dén bo bién 1a 10km, khoang cich tir khich san 4
dén diém B trén bo gén dio C 12 40km. Nguoi d6 o6

C. Ham s ludn ddng bién trén R\ {1},

Cau 3. GTLN cia ham s6 y=x*-3x+5 trén doan

[0:1] 1a thé di dudmg thity hoic i duong bd rdi di dudng
A S B.3 C. 1 D.7 thiy (Tlhlr hinh v& duc_n day). Biét kinh phi di duong
Ciu 4. Cho ham sb y = - 4x. S8 gizo diém cia 4 ™Y lad ; ‘;SD:““ & dudng b 1a 3 USD/km. Hoi
thi ham s6 va tryc Ox biing :i‘;}“‘ 4 I'El'al hlt‘:“‘zg b6 mt khoang bao nhigu dé
0 n J = =
A.0 B.2 C.3 D. 4 ¥ At? (45 = 40km, BC Cl"}'““)-
Ciu 5. Ham sé y=%x’—212+3x+1 ddng bién
: 10km
trén:
4
A. (2+w) B. (1;+c) 4 LY AN
C. (~o=;1) va (3;4<0) D. (1;3) s
: ' 3 A. —km B ﬁkm C. 10k Ok

Ciu 6. S5 dudng tiém cdn dimg va ngang cia 83 th 2 ) - 10km  D. 40km
hamsb: y= 3f+l la: Cau 11. Toa 6 giao didm cia ¢4 thj ham sb

i J'='I_2 va dudmg thin 3
A.2 B.1 C.4 D.3 x+1] g g y=-2x la:

TOAN HOQC
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A.(-2,-4) B. (-%; 1)

1
2oL 1

D.(-2;4), (3D

¥

Céu 12. Nghiém clia phuong trinh 2+~ -t 1a
8

A. x=4 B.x=-2 C.x=13 D, x=2
Céu 13. Bao ham cia ham sé y=log,x la
o il
ey " xIn3 Ha 3
, In3
C.y S D. y'=xIn3

[ J‘_z
Céu 14. Nghiém cia bét phuong trinh [l) PERT

3 T

A. x<5 B. x>5 C.x>-1 D.x<-1

Ciu 15. Tép xéc dinh cia him s§ y=— L
log, (-x? +2x)

la

A. D=(0;2) B. D=[0;2]

C. D=[0:2]\ {1} D. D=(0;2)\{1}
Ciu 16. Trong céc ham sb duéi day, ham sé nao
ddng bién trén R?

()

C.y=log,(x2 +1)

B.y=log,(x~1)

D. y=log,(2* +1)
Ciu 17. Cho cac sé thuc duong a,b,c véic#1.
Khing dinh nao sau day 14 sai?

A. log, -:—: log, a-log b

B. log 2o -;— log b-log.a

a’
a Ina-Inb
R e

D_ llogz E zzlﬂg b—lﬂg,a
2= lg ¢ ’

log, x
x+2

Chu 18. Dao ham cia hamsd y= la

1

Ay=s—————————
2x{x+2}2 In2

(x+2-xlnx)

B. y' _—l-z—(x+2—1nx)

} 2x(x+2) In2

C. y'= {x+2-xlnx)

x(x+2) n2
: !

= x+2_x1“.x
o 2(x+2)’1nz( )

Ciu 19. D3t log,27=a. Hay biéu dién logg 16
theo a.

4a-12 _12—4&
A. log 16=—— B. logg16=——v
12 +4a _12+4q
C. log,16= Ao D. log,16= g

Cau 20. Cho cac sb thuc duong a,bvéia=1va
log, b>0. Khang dinh nio sau day la ding?

0<a,b<1 O<ab<l
% [0<a<1<b - [1<a.b

O<b<l<a O<b,ax<l
C'[1<a,b D'[0<a<l<b

Céu 21. Ngudi ta tha mdt 1d béo vao mdt hé nude.
Gia sir sau 7 gid, beo sé& sinh sbi kin ca mit hé. Biét
ring sau mdi gid, lwgng 14 béo tang gép 10 lin lugng
14 beo treée @6 va téc 4§ ting khong ddi. Hoi sau

may gi& thi s8 14 béo phu kin % cai ho?

t 10f t
Ak Bl Blisiogd el
3 3 5 log3

Cau 22. Dién tich S clia hinh phing gi¢i han boi 46
thi ham s6 y = f(x) lién tyc trén [a; b] , truc hoanh
va hai dudng thing x=a, x=b dugc tinh theo
cong thirc ndo sau diy?

b

A. S= [ Flx)dx

b
B.S= [(f(x)dx

b b
C. §= ||fx)|dx D. S=n[(f(x)ldx

J 1a:

x+1

A, F(x)=In(x+1)+C B. F(x)=logi(x+1)+C

Ciu 23. Nguyén him cia him sb f(x)=

-1
C. F(x]=(x+l)2+C D. F(x)=ln|x+1|+C

Cau 24. Mt ca n6 dang chay trén hd Tay véi van
tdc 20m/s thi hét xing. Tir thei diém d6, ca nd

chuyén d¢ng cham din du véi vin téc

TOAN HOC
* STusitre 29
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TOAN HOC
30

w(1)==5t+20m/s, trong d6 ¢ la khoang thoi gian
tinh bing gidy, ké tir lic hét xing. Hoi tr lic hét
xang dén lic dimg hin ca né di dugc bao nhiéu mét?
A. 10m B.20m C.30m D. 40 m

1
Cu 25. Gid tri cia tich phan / = [xJ/x7+Tdx 13
1]

A. %(2‘5-1) B. %(MEH)
ad —%(2\5-1) D. %(2—2&)

Cau 26. Gié tri cda tich phan / = [xsinxdx 1a
(1]

A. -1 B.

(Y=

n
| D. ——+1
& 2
Cau 27. Thé tich vit thé tron xoay khi quay hinh
phéng gisi han boi cic dudng y=%. y=0, x=1,

x =4 quanh truc Ox 1a

2in
B, ok
16

Ciu 28. Mt nguyén hdm F(x) cia ham sé

A. bm C. 12n D. 8n
f)=2sin5x+Jx +§' sa0 cho d3 thj ciia hai ham
) F(x). fix) cét nhau tai mot diém thudc Oy la

A. —%cosSx+-§xJ;+gx—l

B. —3c0551+2-.rﬂ+%x

5 3
C. —gc0551+§xﬂ+3x+1

2 2 3
D. —§c0551+3.xﬂ+5x+2

Ciu 29. Cho sé phirc z=3+2i. Tim phin thyc va
phin 4o cia s phic z.

A. Phin thyc bing 3, phin 4o bing 2

B. Phiin thyc bang -3, phén 40 bing 2

C. Phan thyc bing 3, phén 4o bing -2

D. Phn thyc bing -3, phin 40 bang -2.

Cau 30. Cho sé phirc z = 4 - 5i. S§ phirc lién hop
cua z ¢6 diém biéu dién la

A (%5  B.(4-5) C.(5%4 D.(4;5)
Cau 31. Gia sir z) va z, 1a cac nghiém coa phuong
trinh z2 +4z+13=0.

* CTusilye__S% 476 2-2017)

Gid trj cia biéu thic A =z +|z,[ la:

A. 18 B. 20 C.26 D. 22.

Ciu 32. Cho sé phirc z=1+i. Tinh mddun cia sd
- 4

phic w= z,-t ll :

A.2 B. V2 C.1 D.\J3

Ciu 33. Cac nghiém ciua phuong trinh z*-1=0
trén tap so phuc la
A -2va2 B.-1val

Ciu 34. Cho s6 phirc z théa mén: [z—1|=|z-2+3i.

C.iva—i D.-1;1;iva—i

Tap hgp cic diém biéu dién sb phirc z 14

A, Duodng tron tdm /(1,2), ban kinh R=1.

B. Dudng thiing c6 phuong trinh: x — 5y — 6 = 0.

C. Duéng thang c6 phuong trinh: 2x — 6y + 12 =0
D. DBudng thang cé phuong trinh: x — 3y - 6 = 0.

Cau 35. Hinh hdp chir nhat c6 dé dai ba canh xuét
phét tir mt dinh 1an lugt 1a 2, 3, 4. Thé tich hinh
hép dé la:

A 24 B.8 C.12 D.4

Ciu 36. Cho hinh chép tam gidc S.ABC c6 day la
tam gidc déu canh a, canh bén SA vudng géc véi

ddy va SA=13a.Thétich V khéi chop S.ABC la:
A.V=—§—a’ B.l—’=%a-‘ C.V=—';:a3 D.V:if—aﬂ

Cau 37. Cho hinh hinh lang tru tam gidc déu
ABC.A'B'C"c6 goc gilra hai m3t phing (A’ BC) va
(ABC) bing 60° canh AB=a. Thé tich V Kkhéj
lang tru ABC.A'B'C" 1a.

A-"':i;gﬂ‘ B. vV =./3q
C. V:ﬁul D V=22

Ciu 38. Cho hinh chop S.ABCD c¢6 day ABCD 1A
hinh vuéng canh a, $4=qay3va vudng gbe vai
day. Khoang cich tir 4 dép mit phing (SBC) bfmg

A ﬂ—z_ B a\fj o ad
¥R e C = D. -
2 2 3

Ciu 39. Trong khong gian, cho tam gidc ABC
Vuong tai 4, AC =a,ABC =30°. Tinh a5 dai duong
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sinh / cia hinh nén, nhin dugc khi quay tam gidc
ABC xung quanh tryc 48,

A.l=2a

-
B./=ay3 C.I-= "‘;3 D./=ay2

Ciu 40. Mt thing hinh try ¢6 thé tich bang 12x,

chiéu cao bang 3. Dién tich xung quanh cua thung

46 la.
A. I2=x B. 6
C. 4n D.2an

Ciu 41. Cho hinh chop tam gide S.ABC c6 day la
tam gmac vudng tar B, canh AB =13, BC =4, canh
bén SA vudng géc vén day va SA =12 . Thé tich v
khéi cdu ngoar uép khéi chop S.ABC 1a.

|69 o]

A V= B v=21%
6 6
2197 13
V= LV =—
C 8 D o R

Caw 42 Ngudi ta can 46 mdt éng bi thoat nudc hinh
tru vin chicu cao 200cm., d¢ day cua thanh bi la
10cm va duémg kinh coa bi la 60cm. Lugng bé
1ong can phai 46 cua bi 46 la.

A.Olam' B. 0.18am"' C. 0,147 m" D.V =am'
(e 43, M3t ciu (5) ¢o tam /(1; 2; -3) va ban kinh
R = 2 o6 phuong trinh:

A (x=1F +(y=2P +(z+3) =4

B. (1 =3F +(y=2F +(z-2) =2

C.ix-1F +(y=20 +(z+3¥ =2

D. (x+1F +(v+2) +(2-3) =4

( du 44 Trong khong gian cho dudmg thing d cé

= ) .
phuomg trinh. d:i:—l'—-% . Mot vecto chi

&
phuomg cua d la
A u=(2:01) B. u=(-20;-1)
C. u=(-1:2:3) D. u=(1:2;3)

Cdu 45 Trong khong gian vin hé wa do Oxyz, cho

mdt phing (F) t-2y+ 3z - 5-0 va mat phing

(Q): -2x+4y-6:-5=0. Khang dinh ndo sau diy
la dung?

A (P) Q)
C.(P)cin ()

B (P) = (()
D (P) L ()

Ciu 46. Trong khong gian vai hé tga Ao Oxyz, cho
mat ciu (5): 2 +y2 +22 +2x+6y-4:-2=0.

Xic dinh tam / va ban kinh R cia mji céu (5)

A I(1:3-2):R=23 B I(-L-3%2);R=23
C. I(-1:-3:2):R=4 D. /(1;3;-2);R=4

Ciu 47. Trong khong gian véi hé toa d¢ Oxyz, cho

dudmg thang d: ‘—2——] =% = -:_—:1 va diem A(2:0;-1).

Mat phiing (P) di qua diém A va vubng gbc v6i
dudmg thing d c6 phuemg trinh la:
A 2x+y-2+45=0 B. 2x+y+z+5=0

C. 2x+y-2-5=0 D. 2x+y+z-5=0

Ciu 48. Trong khong gian voi hé toa do Oxyz, cho
% . | z i
dudmg thing &:J:z =1T:ZT va mit phing

(P):x+2y-3z+4=0. Duong thing d nim trong
mit phiing (P) sao cho d cit va vudng goc v6i A ¢6

phuong trinh la:

x+3 y=Il_z-1 x+1 y-3_ z+]
ik R i g S ]
x=3 y+l _z+1 x+3 y=1_z-1
. = = D. — —
¢ 1 -1 2 -1 2 1

Ciiu 49. Trong khéng gian véi hé toa 4o Oxyz, cho
mat ciu (S):(x—1P +(y+2)? +(z—1P =4 va mit
phing (P):x—2y—-2z+3=0. Khing dinh nio sau
day la dang?

A. (P) cit (5)

B. (P) tiép xiic vdi (5)

C. (P) khong ciit (S)

D. Tam cia mjit ciu (5) ndm trén mjt phing (P)

Ciiu 50. Trong khong gian véi hé truc tga d§ Oxyz,
cho hai diém A(1:2;-1), B(0:4:0) va& mat phiing
(P) ¢6 phuong trinh 2x —y-2242015=0. Goi «
la goe nho nhit ma mat phing (Q) di qua hai diém
A. B tao voi mit phing (P). Gid trj chacosa 1a:

I . 2 1
A g B. C.5 S

A

PANG THI QUYNH HOA
(GV THPT Nghén, Can Lic, Ha Tink)

| -

TOAN HOC
Ccustre 3 1
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DAP AN VA HUGNG DAN GIAI DE SO S

IC 12C€ [3A |4D |sD |68 |78 [sD |oa [10C |11C | 12A |I13B (14D 15A | 16B |17A
18D |19C [20D (21D |22 [23a [24B [25B |26C [27D [28D |29C [30A |31C |32D |33C 1.»4[_)_
35A [36B |37C |38B |39A [d0C [41B |42B [43B |44C [45D [ 46D [47B |48A [49B |SOA

Cau 3. Tim dugc N=4y,=3=2y -y, =5,
Chon A.

Cau 4. Lwuy f(x) khéng c6 gi tri 16n nhét
va gi tri nho nhat trén R\ {-1}. Chon D.

Cau 7. Phuong trinh y' =0 3x2 +6x=0

< x=0,x=-2. Tinh dugc y(0)=1,y(-2)=5.
Tir bang bién thién cia ham sé suy ra (C) cht
(d) tai ba diém phan biét khi 1<5m <5
< 0<m<1. Chon B.

Ciu 8. Ta cé y'=3x2-2mx-2m>0,VxeR
SA'=m*+6m<0< —6<m<0. ChonD.
Cdu 9. Néu x=1 khong la nghiém cua da thirc
(m+1)x—2m+1 thi db thi ham sé c6 tiém cén
dimg. Khi x=1 la nghiém cua da thic
(m+1)x—2m+1 tirc la m=2 thi dd thi ham
s6 khong c6 tiém can dimg, vi khi d6 limy =3
voi moi a € R. Chon A.
Ciu 10. Chiéu cao cua hinh tru (T) la

il

h'=h—-x, ban kinh ddy r' théa man %:’T

=r' =~’§. Thé tich khéi tru (T 1

2
V= :lt(r')2 h' =%i—.x.x.(2h—2.t)
3
nr? [ 2h 4
LCoem| — | =—1r2
‘2.&2[ 3 ) 3 e

Thé tich phin khéng gian nim phia trong
(N) nhung phia ngoai cua (7) dat gia trj
nho nhét khi V dat gia tri 16n nhét, tic 1a

x=.\‘=2h—2x@x=%’l. C6 thé xét ham s

f(x)=—x+hx? véi x €(0:4). Chon C.

22 43x+m+1

Ciu 11. Him sé f(x)= T ¢ dao
m a

(x)=2— trén D=(—ogq—1)\A-1;+x0),

ham f'(x)=2 Gr 1y én D=( AN—1;+400)

Néu m>0 thi f(x) nghich bién trén cac

khoang (—I‘E:_l)'(_l;_]+\j%]' nén m>0

khong théa man yéu céu bai toan.

Néu m<0 thi lim f(x)= 1im(2x+l+i‘_:—~r_
x—=]* x—1* x+l/.

nén tén tai X, >=1 sao cho f(x,)<0, va

Jﬁq}_f(x)=xgrﬂ_(2x+l+}ﬁ—1]=m nén ton
tai x,<-1 sao cho f(x,)>0. Ta thiy
X;sX, €D, x, <x, va F(x) > f(x,) nén f(x)
khéng phai 13 ham dfﬁng bién trén D (mic du
trong truomg hgp ndy né ddng bién trén moi
khoang (~w03-1),(~1;420)). Do d6 m <0 khong
théa méan yéu cdu bai toan.

Néw m=0 thi f(x)=2x+1 xic dinh trén
D=(=0-1) U(=L;+). Ham y=2x+1 dong
bién trén R nén f(x) ddng bién trén D.

Viy véi m=0 thi f(x) déng bién trén tap xic
dinh D‘—'-(—-oo;—l)u(_
Cau

l;40). Chon C.
15. O clu nay cin lvu y: 9 xac dinh ki
az0, va Jb Xac dinh khj b=0. Vai a, b thoa
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mdn mot trong cac dfmg thirc, nén ra ¢ phuong
in B, C, D thi a, b ¢6 thé 1 56 4m. Chon A.

Chu 16. O cau nay can luu y: log, x+log, y

xac dinh khi x>0 va y>0, con log, (xy) x4c
dinh khi xy > 0. Chon B.
Ciu 20. Néu a> O,a#1, thi ¢*=g" & U=
Bién doi & bude 4 13 sai vi 3.2* ¢4 thé bing 1.
Chon D.
Ciau 24. Pién lugng céin tim 13

[Q,0.cos(wi)dt =0, sin6w (C).

0

Chon B.

Cau 27. Mdi don vi dai trén cic truc toa do la

2¢m nén méi don vi dién tich 12 4cm?. Do d6
dién tich cén tinh la [ ﬂx’]d\'].él cm? =17 cm?.
-1

Chon D.
Cdu 28. Lay tich phan tir 0 dén 1 hai vé cua
khai trién (1+x)" =C°+C'x+C2x? +...+Crx".
Chon D.
Ciu 34. Goi M(x;y) la diém biéu dién s6 phirc
Goi F,(—4;0),F(4;0). Ta

z=x+iy(x,yeR).

thly MF, +MF, =

JOxr—=4P +y? + J(x+4)* +y?
=|z-4|+|z+4|=10 nén tip hop cic diém M
¢6 truc lém 2a=10, téu cy
FEF,=2¢=8, nén a=5,c=4=b=3= tryc

la elip

nho la 2b=6. Elip nay c6 phuong trinh
2y

75 +? L.
|z|= J/x*+y7 bang 5 va gié tri nho nhét bing 3.
Chon D.

Cau 35. Mot hinh chép cé 2n canh sé gom »
canh day va n canh bén, nhu vay da giac day la

Din t6i gia tri I6n nhdt cua

n - gidc. Vay hinh chép d6 s& cé n + 1 mat, gom
1 mat day va n mat bén. Chon A.

Chn 3 e SRS SOY 2 ]

T e Tt ]
. 2
= Vsase =55 Vsanc —ﬁ ESA SRSE=2.
Chon C.
Ciul9. V 5= a3—4.[%a3]:%a3. Chon A.

Ciu 40. Goi khdi chép tir gide déu cé tat ca cac
canh bﬁng a la S.ABCD. Mat phﬁng (P) song
song v6i (ABCD) va cit cic doan thing
SA,SB,SC,SD.SO tai A'\B',C'\D',0' (O la
tam hinh vuéng ABCD). Dat
SA'_SB'_SC'_SD'_SO'
SA ' SB.SC SD S50
Sk o BE S . Taihiy

k= (0<k<1) thi

. L{S,A'E'C'D' _l

Yo e = T khi -
S.A'B'C'D A'B'C'D' ABCD %.ABCD 2
1 1
P ESO Swsco & E Sapcop 2
1 2 SO 28 w5
ESO-S,ww ABED
1 1 L= 7
< k.k? =§ﬁk=ﬁ' Do d6 dién tich thiet

2
ditn W, Sopcn =KSadl =[$J a =%.
Chon C.
Ciu 43. Xét hai truong hgp O<m<1 va
m>1. Chon B.
Ciu 47. Luu y, mdi sé a,b,c c6 thé am hoic
duong. Chon B.
Cau 50. Goi I 1a tim mit ciu (S) thi JA L IB.
Hon nita /A =B =2 nén khoang cach tir / téi
d bing V2. Chon A.

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Béc Ninh)

TOAN HOC
Ponusive 33

Sé 476 (2-2017)
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= e 1

min mot trong cac dﬁng thirc, nén ra & phuong
an B, C, D thi a, b ¢6 thé 12 s6 am. Chon A,
Cau 16. O cdu ndy cin lwu y: log, x+log, y

xdc dinh khi x>0 va y>0, con log, (xy) xéc
dinh khi xy > 0. Chon B.

Ciu 20. Néu a>0,a#1, thi g*=g" e =y,
Bién doi ¢ bude 4 13 sai vi 3.2+ ¢6 thé bing 1.
Chon D.

Céau 24. Dién luong can tim 1a

6
_[Qom. cos(wt)dt = Q, sin6w (C),
0

Chon B.

Cau 27. Moi don vj dai trén cic truc toa do la

2cm nén méi don vi dién tich 1a 4cm?. Do d6
2

dién tich can tinh la [ | |x3)dxj.4cm3 =17cm?.
-1

Chon D.

Céu 28. Ldy tich phan tir 0 dén 1 hai vé cua
khai trién (1+x)" =C?+Clx+C2x2 +..+Crx",
Chon D.

Ciu 34. Goi M(x;y) la diém biéu dién s6 phic
z=x+iy(x,yeR). Goi F(-4;0),F(4;0). Ta
thdy MF, +MF, = [(x=47 +)% + [(x+47 +y?

=|z-4|+|z+4| =10 nén tap hop cic diém M

la elip c¢6 truc lom 2a=10, tiéu cu

FE =2¢=8, nén a=5,c=4=b=3= truc
nho la 2p=6. Elip nay c6 phuong trinh

"2?*'?:1' Dan téi gia tri lém nhét cia
|zl = /x> +y2 biing 5 va gié tri nho nhat bing 3.
Chon D.

Cau 35. M6t hinh chép c6 2n canh s& gom n

~ canh day va n canh bén, nhu viy da gidc ddy la

B

n - gidc. Vay hinh chop d6 s€ c6 n + 1 mat, gom
1 mat day va n» mat bén. Chon A.

Viawe _SA' SB' SC' =l

{ VSl SBY S@T24

Céu 37.
Vs.a8c

1 11

= Viame = E-Vs.mc = 'ZTE-ES-"‘-SB'SC =2.

Chon C.
Cau 39. V,cpy =a° —4.[%&3]:%.&'3. Chon A.
Ciu 40. Goi khéi chép tir gide déu c6 tat ca cac
canh bing a 1a S.ABCD. Mit phang (P) song
song v&i (ABCD) va cit cac doan th:ing
SA,SB,SC,SD,SO tai A',B',C'.D'\0' (O la
tam hinh vuéng ABCD). Pit
LSAL VSBY SC Y ) SD S S04
SAx 8By S€C 15D, SO
Sapcp =k2Spep- Ta thay

k

(0<k<1) thi

WY Sl Ml
VS.A'B'C'D' 5 VA'B'C‘D'.ABCD k-h] —E"A e :E
5.ABCD
Lso's
IO B i g T B
1 24 L IS0 < es 2
iSO‘SMcn ABCD
1 1 ; y
@k.kz _Ec}k.:?i-. DO dé d]én ﬁCh ﬂ'l]ét

2
dign 13 S, pcp =k2S,50p =(?J%J a? =—§%.
Chon C.
Ciu 43. Xét hai truong hop O<m<1 va
m>1. Chon B.
Céu 47. Luu y, mdi s6 a,b,¢ ¢6 thé m hodc
duong. Chon B.
Ciau 50. Goi I 1a tdm mat ciu (S) thi 74 L IB.
Hon nita /A =/B =2 nén khoang cach tir 7 téi
d b?mg N2, Chon A.

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Béc Ninh)

TOAN HOC
' STusitre 33

S8 476 (2-2017)
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PHUONG PHAP

GIAT TOAR
ia ay so c6 nhiéu img dung tong rli trong

Todn hoc. Viéc xdy dung day so trong khi

giai ton 1a quan trong, Bai viét ndy chung t6i
dé cap dén viée xdy dung day nghiém trong cic
bai todn giai phwong trinh (PT) him da thic.
Hy vong ban doc s& tim thiy nhiéu diéu b ich
khi doc bai viét nay.
Thi du 1. Tim tat ca céc da thic P(x)e R[x]
thoa man P(0)=0 va P[.’(-" +l]=|:a"“(.'c)]J 5
VxeR.
Loi giai. Lap diy (e,) xdc dinh boi:

r a,=0,a,, =a, +1,n=0,1,... Khidé (a,) la

! day tang. Mat khac, bing quy nap ta ching

' minh duge P(a,)=a,,¥n=0.Do d6 da thirc
O(x)=P(x)-x cb vé sd nghiém a,.Vay
O(x)=0,¥xeR hay P(x)=x,YxeR. Thu
lai ta t.hﬁy da thirc nay thoa man.

Thi dy 2. Tim tit ca cdc da thice P(x)e R|x]

thoa mdn P(0)=6 va P(x)=
vx20.
Lai gidgi. Tir gia thiét ta co
P(x* +1)=(P(x)~6) +7,vx20.
Léap day (a,) xdc dinh boi:
e =a +1Ln=0l,..

 Bling quy nap ta chimg minh dugc
.~ P(a)=a,+6n20.

P_(x)=x+6,‘dxz 0.
tat cd ede da thic P(x)e R[x]
X l‘}’= P{x’ + 2].Vx eR.

J=c thic’=c o c=0,c=1.

P(x* +1)-7+6,

b

RN A2 DNG DAY A THONG 611
 PHOONGTRIHAAMDRTHAC

w S

U DINH MINH
wong, Pl Tho)

tra tryc tiép ta thiy da thirc P(I)=I2 —x+2
thoa min bai toan. Ta thiy néu P(x) théa man
thi da thirc (P(x))" (n eN’) cling thoa man.
Pat degP=n, khi d6 néu n 1é thi P(x) c6
nghiém x, = P(x,)=0=>P(x; +2)=0. Do
46 day sb duwong(x,):¥,, =X, +2,Vn=01,..
ciing la nghi¢gm. Piéu nay khong xay ra. Viy
n=2m(meN"). D& thdy hé s6 cao nhét cua
P(x) bing 1. Pat
P(x)= (x2 -x+ 2),,. +0(x),degQ =g <2m.
Thay vao PT ban dau cé
(12 +Jr+2)"I Q(.:!:}+(.\:2 —-x+ 2)"' O(x+1)
+0(x)0(x+1) =Q(Iz +2),VIE R.
Néu Q(x)# cthi bing cach so sinh bac hai vé
din dén ¢22m Vo ly. Vay Q(x)=c = O(x) =0,
VxeR. Dodé P(x)= (f i 2)’" . Tém lai:
P(I)EO‘P(x)$11P(1}=(x2 -x+ 2)”' (J?IE N'].
Thi dy 4. Tim tdt ca cdc da thic P(x)e R[]
thoa man[x}P(_r +1)= P(_r: oo 1]‘\” TR
Loi giai. P(x)= ¢ thic® =c<c=0,c=1.Ta co
P(x)=0,P(x)=1.
Xét degP=n21. N&u n 1& th P(x) c6
nghi¢m thue x,. Lip day s6 (@,) xéc dinh boi

{al =X
il
Cn =y +a, +ln=12 ..

Béng quy nap thi P(a,)=0,vn=1,2,..
Ma (a, ) ting thyc sy nén P(x)=0 c6vo sb
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nghiém, diéu nay 1a vo ly.

Néu # chin thi n=2m (meN"). Pat
P(x)=0(x)+ (Iz + l)m -

Thay vao PT ban diu va so sénh bac hai vé, ta

duge P(x)=(x"+ 1)". Tém lai:

P(x)=0,P(x)=1P(x)= (x*+ I)m (m eN’ )
Thi dy 5. Tim tdt ca cdc da thie P(x)e R[x]
sao cho P(J.'\}P(l\': )= P(2x' +x),vxeR.

Lai gidi. DE thay P(x)=0,P(x)=1 thoa man,
Xét degP=n>1.
Néu n 1é thi P(x) c6 nghiém x,. Léap day
(a,) xéac dinh bai

a, =x
{am =2a; +a,,n=1,2,...
Tacé P(a,)=0,vn=1,2,..
Xét n=2m(meN"). Dat
P(x)=0(x)+(x* +1)" ,degQ=g <2m.
Tirdé suyra P(x)=(x*+1)"(meN’).
Thi du 6. Tim tat ca cac da thicc P(x)e R[x]
sao cho P(x)P(2x*)=P(x’ +x),¥xeR.
Loi gigi. Chi ¢c6 P(x)=0,P(x)=1 la cic da
thirc hing thoa man. Néu deg P =n21. Dt
P(x)=a,x" +aq,
Cho x=0=> P(0)=a, =0 hoac P(0)=a, =1.
Néu g, =0 thi
P(x)=x"0(x),0(0)#0,meN".
Thay vao PT ta c6
() ee(xr)-
(xz +l)m Q(x’ +x):>Q(0]=
i v6i gia thiét. Vay a, =1. Dong nhit hé s

Suy ra diéu vé 1y.

A=l
xX""+..+a,_x+a,,a,#0.

- 1
;‘-aﬁ%nhﬁt ta dugc q, —E;_.'
Véu P(x) c6 nghiém x, € R. Lap ddy s (a,)
a, =X, =0

3 il
& . =a" +a",n o 152:'"

xéc dinh boi {

Thi day (a,) don digu ting khi x, >0 va don
diéu giam khi x, <0. Tu do, néu da thic da
cho c6 mot nghiém thuc khac O thi no s& co vo
s6 nghi¢m thye. Diéu nay khéng thé xay ra.

Vay P(x) chi c6 nghi¢m phic z,z,,...,2, Va

Iz, |\|z5|--|2,| = 2". Do d6 ton tai z, véi |z,[>2.

Piéu nay dan dén |zf +1’;3|zﬂ —123 va vi vy

|z§+z&}>1zi|. Ta thu duge P(x) c6 vo so

nghiém, diéu nay khong thé xay ra.

Tém lai: P(x)=0,P(x)=1.

Thi du 7. Tim tdt ca cdc da thice P(x)e R[x]

thoa man P(0)=0 va
P(x* ~x+1)=(P(x))

Léi giai. Thay x boi 1 —x, ta duge

P((1=x) =(1-x)+1)=(P(1-x)) ~P(1-x)+1

& P(x* —x+1)=(P(1-x)) = P(1=x)+1.
Theo gia thiét, ta c6

(P(x))' - P(x)+1=(P(1-x))" = P(1-x)+1

& (P(1-x)+P(x)-1)(P(1-x)-P(x))=
Do d6 mot trong hai da thac
P(1-x)+P(x)-1 va P(1-x)-P(x) co vo
han nghiém hay P(1-x)+ P(x)-—l =0,VxeR
hotic P(1-x)-P(x)=0,VxeR.
Thay x =1 vao PT dé cho, tac6 P(1)=1.
Vay P(1-x)+P(x)-1=0,VxeR.

- P(x)+LvxeR.

Thay x= l vao PT trén, ta cd P[-l—) = l Chna
2 2 2

y ring véi xe(0;1) thi0<x<x?—x+1<1.
Xét day s6 (x,) xéc dinh boi:

=%e(0;1) v x, =x -

n=1

X kL Vn=1,
Béng quy nap, ta dugc P(x,)=x,,Yn>0. Suy
ra da thic Q(x)=P(x)-x c6 vd s6 nghiém.
Do dé O(x)=0,VxeR. ViyP(x)=x,VxcR.

Nhﬁnxét.Diyso(x] X=0x=22 -x _ +1,Vn21
la tudn hoan nén ta khong thé lam twong ty nhu céc
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thi dy trén. Mau chét cua bai toan nay 1a chi ra duge
o(AL1
3
Thi dy 8. Xér tap hop cdc da thire P(x) voi h¢
50 thuc va cé bdc lém hon | thoa mén
P(x* -1)= P(x).P(-x),¥xeR.

Hﬁ_l:‘ tim trong tap hop dé mot da thire ¢6 bdc bé
nhat nhumg c6 nghiém lom nhit

Lai giai. Goi x, la mot nghiém cua P(x). Khi
46 P(x; ~1)=P(x,).P(~x,)=0=>x} —1 cing
la nghiém cua P(x).

Xét x >1+2‘E

0

, aed x;-x,-1>0 suy ra

p—

1++5

-

-

2
L=1>x>

. Thanh thir, tir m§t nghiém

1+ \,‘_5' e
n> B ta xdy dyng dugc mét diy vé han

cac nghiém phan biét cua P(x). Dilu nay vé Iy
vi P(x) 1a mt da thirc c6 bic 16n hon 1 nén cé
s0 nghiém la hiru han.

Nhu viy néu x, la mdt nghiém cua P(x) thi

I+J5_
2

X, < . Xét da thuc P(x)=x"-x-1, ta

céP(rr—I] =(x: -1]: —(x"' ~l)—l=x" -3x* +1,
P(x)P(-x)=(¥ -—x-l)(x: +:|r—1)=.7n:'I -3 +1.
1+4/5
2
P(x)=x"-x-1.Tém lai: P(x)=x*-x-1.
Thi dy 9. Cluing minh rdng néu da thicc P(x)

, P(x))
théa man P(2x* *l]=[——[?—”- ~-LvxeR

Hon nima

l& mét nghiém coa

-

thi P(x) phdi la hdng s6.

Lai giai. Xay dyng diy
=Ly, =~lu, =, f%’-.w 23.

Taco u, <u,, <1, Vn=2 va

Chi y ring P(u,)#0,¥n21.Vi néu P(u,)=0

Pt )Pt ) P4) 18 B 0, g
P(l)-——]i\[j- Liy dao ham hai vé cua phuong
trinh di cho, ta co 4;_}?’(2,:2 _1)=P(I)P'(I}-
Chox=1,do P(1)=4, taco P'(u)=P(1)=0.
Suy ra 0=P’[u1]=P'(u,)="' Vi vy P'(x)
la da thirc 0. Do d6 P(x) 1a da thic hing.
BAI TAP

1. Tim tit cé céc da thirc P(x)€R[x ] thoa man

p{u}=o,P(,rl+1)=(P(x})’+t.Vxe]R.
2. Tim tt ca céc da thice P(x)eR[x] thoa man

P(x)P(x-1)=P(x*),VxeR.
3. Tim tit ca cdc da thirc P(x)eR[x] thoa mén
P(x)P(x+1)=P(x*+x),¥xeR.
4. Tim tit ca cdc da thic P(x)eR[x] théa man
P{.r3+2x)P(x3+2,t+l)
=P{x"+4x“ +4x?),VxeR.
5. Tim tit c céc da thire P(x)eR[ x] thoa man
P(x)P(3x2)=P(3x® +x),¥xeR.

6. Tim tit ¢4 cac da thirc P(x)eR[x] théa man

P(I)P(Zﬂ—1]=P(x2)P(2,\-_1)‘v’rER
7. Chimg minh ring khong t6n tai da thirc P(x) €| x|
¢6 bic 998 sao cho (F’(x))2 ~1=P(x* +1),VxeR.
8.Cho P(x),Q(.t)ER[x] thoa min

P(l +x+Q[x)+(Q{x]]:)

=Q(l+x+P(x)+(P{x})2).V.rER-
Chimg minh ring néu P(x) =Q(x) c6 nghiém thuc
thi P(x)-Q(x),"v‘xeR.
9. V6i mdi da thie P(x)e R[x], ki higu A, 12 tap
hop cde sb thye x sao cho P(x)=0. Tim s phén i
nhiéu nhit ¢6 thé ¢6 cia A, kni P(x) thube tap
hgp cic da thite hé s6 thyc véi bac it nhit 12 1 vi
théa man P(x? —1)=P(x).P(—xJ.VxER.
10. Tim tt ¢ céc da thirc P(x)e i v ¢
C| x | chi vai cac
khbngdiémth\m va théa min ) [ ]
P(¥ ~1)=P(x).P(~x),vx e R.
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Dii song
ﬁ ha bac hoc X6 viét ndi tiéng, Vién si Migdal di
# ¢6 lan néu 1én mét quan niém dic sic: “Vé dep
ctia khoa hoc khéng nhimg chi ¢ trong sw hai hoa
logic ma con & trong sw lién hé phong phii nita”.
Toan hoc mang vé dep hoan hao, “m¢t trong nhitng
bieu hién dep dé cua tri éc con nguoi” (Peter
Hilton). C6 12 vé dep siéu pham trong l6gic toan hoc
khéng phai ban nhi¢u lam. Sy lién h¢ phong phi ctia
toan hoc v61 cude song da dugce Tap chi Toan hoc va
Tudi tre nhicu lan d€ cdp va gioi thi¢u. Poc nhimg
bai nhu: “Con ong gioi todn™; “Cay"”; “Cai ngau
nhién cing can tinh todn™ t6i thyc sy ngd ngang,
nhimg sy vi€c 161 von nghi “ban siung dai bac” cing
khong lién quan gi dén toan hoc vay ma chung lai co
mdi lién hé sdu sic véi todn. Viy nhung biy liu nay
chung to1 rat hiém khi gip mdt bai viét vé moi lién
hé gitra todn hoc va héa hoc. Trong ba anh em ruét:
Todn hoc, Vit ly va Héa hoc; Hoa hoc nhu ngudi
em ut khuat dudi cai bong cua hai 6ng anh Vit 1y va
Toén hoc di canh nhau. Diéu nay khién bay lau nay
ngudi ta hiéu lam géan cho héa hoc nhu dira con roi
trong gia dinh tir nhién. Mjt phﬁn do cich hoc Hoa
mang nang tinh kinh vién cia mét bé phédn hgc sinh
ngay nay. toan hoc chi dugc ap dung mét cich tho
thién nhat vao nhimg bai toan hoéa hoc rit thiéu tinh
thuc té. Thuc ra, chi can chiu khé di sdu mét chut
ban s théy toan hoc rat than thiét véi hoa hoc. Do
trinh d6 con thap 16i chi néu 1én vi dy nho vé moi
lién hé chit ché nay.
C6 1& khong ngudi nao timg hoc hoa hiru co ma
khéng biét dén khéi niém déng phan cdu tao. Pong
phén 12 hién tugng cic chat hiru co ¢é cling céng
thirc phin tir nhung c6 cau tao khac nhau. Rat nhiéu
bai tap yéu cau cac ban viét cong thic cau tao tir
cong thirc phan tir. C6 thé ban 1am rat d dang va rat
t6t, song c6 bao gior ban nghi c6 mét cOng thic tong
quat cho phép xéic dinh s6 dong phin cau tao tir cong
thire phén tir khong? Chang han cong thire day dong
dang ankan la: C,H,.;. Thuémg cic ban chi phai vict
cdu tao v&i n <7, do s6 dong phan khong 16m qud 9
nén cac ban d& dang dém dugc sé dong phén c6 thé
¢6 sau khi da liét ké day du, lan lygt timg cau tao.
Nhung néu n = 20, céc ban thi viét xem? “Chi c6”
366319 cau tao c6 thé c6 thoi. RO rang vige ligt ké
don thuin dya vao héa hoc rit dé gip sai lam thdm
chi 13 khéng thé. Nhung néu nho toén hoc: Py la
mét bai toan cau tao mot hinh lién théng ma cic
nat 1a nhimg nguyén tir cacbon va cac cung la
» hoa tri. Giéng hét mé hinh ciy van dugc ding

o
*-*_\-_

~ HOAHOC

LAI NANG DUY
(Cuwu HS chuyén Hoa,
THPT chuyén Lé Hong Phong, Nam Dinh)

trong 1y thuyét do thi hay t6pd t6 hop. Ciy dé nhanh
chinh [a sy kién ting so n trong céng thic phan tr.
Tu n = 4 cdy “céu tao héa hoc” bat dau dé nhanh
theo hai cach khac nhau. Poi véi nhimg thanh phan
tiép theo clia ddy ankan cdc quan hé con phirc tap
hon rit nhiéu, Nh& cach bién doi tir thuan tiy héa
hoc sang suy nghi todn hoc, ngudi ta da khang dinh
ring c6 thé xac dinh so 16n nhat cau tao hda hoc ung
v6i mét cong thic phén ti. Tat nhién trong mot s0
truomg hop do déc diém riéng cia héa hoc ma so
chét trén thyc té c6 thé it hon sy tién dodn cua todn
hoc. Nhung ciing nén nhé rang de biét duge so chat
trén thyc t¢ phai xac dinh s6 cau tao c6 thé co bang
toan hoc réi méi ki€ém chimg lai. V& mat nay ta co
thé néu lén mot dan chimg tiéu bi€u trong lich su:
Nam 1874, Cayley dua vao tr duy toan hoc da biét
rang vé ly thuyét nguoi ta cé thé c6 8 chat tir cong
thitc CsH,,OH. Nhung trong thoi ctua dng chi c6 2
chét trong s6 d6 dugc biét. Sau d6, nim 1901 nho
nghién ciru, tim kiém héa hoc theo nhimg cng thirc
cua Cayley ngudi ta da phat hién duoc 5 dong phin
nira, gan diy di tim dugc not chat con lai. Pay la
mot vi du vé su hgp tac tot dep gitta Toan hoc va
Hoa hoc. : .

Ngoai ra c6 thé ké duge v6 sb nhimg thanh tyu l6n
cua Hoa hgc nhé su trg gitip v6 cling quan trong cla
Toén hoc nhu: ly thuyét nhém, hinh hoc phi Euclit
(dac biét 1a phép todn d6i ximg) trong hoéa hoc hrgng
tir, hoa hoc lap thé, ly thuyét phan img hoa hoc. Mot
vai két qua trong s6 d6 rat gan gii vai hoc sinh
THPT nhu: hinh ding cac orbitan, thuyét lai hoa,
hinh hoc phén tir, cdu hinh phén ti, dong héa hoc,
dong phin cdu hinh, thuyét truémg tinh thé,... Qua
that toan hoc ngay cang di sau vao hoa hoc. O muc
d6 nhat dinh nao dé viéc giai quyét cdc van dé hoa
hoc da tré thanh giai quyét toan hoc nhu phwong
trinh Schrédinger (m§t phuong trinh co ban cua vit
ly lugmg tr cho phép xéac dinh xac suét c6 mat cua
electron ma thyc chat cac qué trinh héa hoc 1a su
phan b lai 16p electron cua nguyén tir). Tuy chua co
lon gidi chinh xdac nhung sy don gian héa cac
phuong trinh co lugng tir cua Toan hoc da giip Hoa
hoc dat két qua tuyét digu.

Céc ban thay diy Héa hoc va Toan hoc rit gin bo
vGi nhau. Nha bic hoc Richard Feynman néi ring;:
“Thién nhién noi voi chimg ta bang ngon ngir todn
hoc”. Hoa hoc la mét phan cua thién nhién, viy tai
sao ching ta khéng dé héa hoc ndi véi ching ta
ngdn ngir toan hoc nhiéu hon nira!
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pﬁﬂ}p S50 HANG TONG QUAT
b}

CUA DAY 50!

Diy s 1a mét chuyén dé quan trong trong bbi
GIAI DAP: 1=0" dudng hoc sinh giéi. Trong chuyén d& day sé co

| ' bai toan quen thugc sau:
(Dé ding trén TH&TT 56 471, thdng 9 nam 201 6)

Bai toan. Cho dav s6 lut, } thoa mén:

Phén tich sai lam., Ban hoc sinh dg da ap dung Ve

sar dinh ly: Néu hmu =a, limp =b(a, b hi 78 —‘_3"

han), thi lim(a, + v,)=limu_ + limy, =g+ p, L ot 2-43 : =8
T 1+ (V3-2p,

Cin nhé rang dinh ly trén chi duing trong trudng ; ,
b thiia u, + v, ¢6 hiru han sé hang. Tim 56 hang t6ng qudr ..
Léi gidi. Ta cé:

Stk 1 . :
Do 11m[—+—+. .. +l) la gigi han caa tong vd
n n n

p tan£—tan2 T 2fﬂﬂl“* ——1—

han nén khdng thé thyc hién bién d6i: 6 12 l—tanzlz o
. (: 1 |
m| —4—+...+—
n n n

4 T o
otan’ =+ 23 tan = —1=0 < tan = = 2 — 3.
12 12 12

. T o |
=lim—+lim—+...+lim==0. 8 -
n n n Khi d6: u,=—3 =tan—.

Do chinh 13 1i do dén dén két qua sai: 1=0!

T Fis
Nhdn xét. Nhiéu ban da tham gia bai nay nhung chi ¢6 e AT =tm[£+f_]
cac ban sau phét hién dung sai lam: . 2 1—1&n£tan—'£ £ 10
Ha Ngi: Dinh Chdu Anh, 12A1, THPT Hé Xuan 6 "2
Huong, sé 1, Nguyé&n Quy Dirc, Q. Thanh Xuan. Hung
Yen: Trigu Ninh Ngdn, 12A9, Nguyén Thi Phwong _ tan[ 51 i)“'taﬂ 2 L "
Oanh, 11A1, THPT Duong Quang Ham, Vin Giang. Uy '“l tan—tan[ . 3)— tan[g+2.a).
Vinh Long: Lé Minh Qudn, 11T1, THPT chuyén 6 12
Nguyén Binh Khiém.

Biing quy nap ta chimg minh dugc
KIHIVI

=lan( +(n-1).— ] Vnzl.

Cdc ban cé nhdn xét gi vé bai todn vi li giai
trén?

PHAM QUANG HUNG
(GV THPT chuyén Thdi Binh)
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tinh chét chia hét.

Huéng din giai D& thi chon hoc sinh gibi
mén Toan lép 9 tinh Vinh Phic, nidm
hoc 2015 - 2016.

Pé thi chon hoc sinh giéi 16p 9 tinh Hung Yén,
nam hoc 2015 —2016.
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Cudn sach
NH *
G] INH HOC

TAPICHINOANIHO CV/ANU®|

UONG SANG TAO TRONG

(cha cdc tac gid: PGS.TS. NGU'T Lé Qudc Han (ch bién), TS. Dinh Quang Minh, Th.S. Lé Thj Ngoc Thiy)

ach day 472 trang, kho 17 x 24cm, gia bia 80.000 doéng.

NGi dung cuia sach trinh bay cac phuong phép giai nhirng

logi toan hinh hoc phé théng dién hinh véi gan 1000 bai

an hinh hoc tir I6p 7 dén Iop 12 theo chuong trinh B Gido duc

& Pao tao hién ban hanh. Ngoai ra sdch con trinh bay ngudn géc

nhirng bai toan ay va cdch thirc sang tac cac bai todn méi tir ching.

Co |& day la nét khac biét ctia cudn sach ndy véi phan 16n cac sich
tham khao toan clng loai.

Sach gom ba phan chinh. Phan Hinh hoc phang danh cho cac hoc
sinh kha gioi vé toan; trong dé cé nhiéu bai toan khong dé, duoc
chon trong cac dé thi Olympic Toan Quéc té va Khu vuc. Mot s6
dinh ly va khai niem quen thudc va it quen thudc dugc dé cap kha
chi tiét nhu: Oinh ly Thales, Pjnh ly Pythagore, Bjnh Iy Ptolemy,
Céng thuc Lebniz, Cong thuc Euler, Bai toan Torricelli, Bai toan
Napoléon, Ouong thang va duong tron chin diém Euler, Pudng
thang Simson, Diém Lemoine, ... Phan Hinh hoc khdng gian chu
véu danh cho hoc sinh dai tra. Vi vdy bén canh cac bai todn kho
danh diu * 12 nhizng bai todn chon trong cac dé thi Tuyén sinh
Dai hoc hay Tat nghiép THPT may nam gan day. Ngoai phuong
phép chinh la suy luan légic, thinh thoang cac tac gia st dung
cong cu vecto néu thay that can thiét, Phan Méi lién hé gidra hinh
hoc vdi cde phdn mén khde nhu Lugng gidc, Dai s0; cac tac gia tap
trung vao phian Tam gidc lugng véi nhiéu bai todn hay, va trong
phan Phuong phdp hinh hoc trong dai s6 dé cap dén mot s dang
toan hinh hoc giai tich phang thudmg gép trong cac ky thi Tuyén
sinh dai hoc hay Tét nghiép THPT.

Sach c6 ging trinh bay dya trén su két hop hai hoa cla van

phong tuoi mat, déc dao va sic sdo clia Polya voi sy gian di
48 hidu m3 tham tr3m sau sdc clia Hira Thuin Phéng. Co thé

PGE TS LE QUOC HAN [Chi bign)
T5 BINH CUANG MINH - ThS. LE THI NGODC THUY

NHUNG CON PUONG SANG TAO
TRONG GIAI TOAN

HINH HOC

xem ddy 13 nhirng suy nghiém siu sic
nhat ctia nhém tac gia, dac biét Ia cua
NGUT Lé Quéc Han, chi bién cuén
sach vai 50 ndm hoc va giai toan.

Tin rang cudn séch khéng chi hiru ich cho
hoc sinh va thady ¢d gido yéu toan phé
théng, ma con 13 tai lidu tham khao tot
cho sinh vién va giang vién cac truong
Pai hoc va Cao ding nganh Toan, clng
cac phu huynh c6 nguyén vong gilp
con em minh hgc tét mén Hinh hoc von
dugre xem la khé nhung hap dan nay.
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GIAI DAP:

Phin tich,

! Ban Thanh 43 sai khi nhdn gia trj
P=—
5

, vi khi do:

-7 , . 1
o P =|sinx|+cosx>sinx+cosx=2:vo ly
: ;

Lgi giai diung. Cdch 1. (Sia i giai trén)
Néu sinx >0 thi

P = Siﬂ.\’|+COSI=SiIlI+COSx=l.
5

Neu sinx <0 thi P =sinx|+cosx=—sinx+cosx.

Khi siny <0, ta ¢é
1 sinx=l(—1~-P}
= 2.5
5 <=4

r cosx:l[l+P)
L 2\3

[sinx+cosx =

1—5inx+cos.t

Ta cd: sin” x+cos’ —1¢:::>1(l T+1(1+1’3’J2 1
ac nx 4\5 4 5

2 : 49 7
— =4 PP=—P=%—.
25+2P <= 25 5

7 Jg— 1 7
Visink <0 = P=E. Vay Pzg hodc P=g

1
sinx+cosx=-s»

Cdch 2. Taco
sin® x +cos’ x =1
1
i’ ; 1 sinx+oosx=g
| sinx+008 X =~
o sinx 5 Py 12

(sinx+cosx)’ —2sinx.cosx =1 SiNX.COSX =——

— sinx, cosx la nghiém cua phuong trinh
—3

-3 ;
Vau sin.t=i, cosx=—,1aco
5 5
& 3 1

e -3
Vi smx=?,cosx=§, ta co

+

Lh| b
Ln |~

LA | e

P=|sinx|+cosx=

1 7
Vdy P=— hodc P=—.
ay 5 a 5

Nhin xét. Trong cic bai gii vé Toa soan, céc ban sau da
phin tich ding sai ldm va dua ra 161 giai dlng:
Ha Npi: Hoang Thj Thu Hoai, 11A14, THPT Ngoc Tao.
Hung Yén: Nguyén Thi Quynh Hoa, 11A1, THPT Duong
Quang Ham, Vin Giang. Ha Nam: Lé Phuong Nam, 11
Todn, THPT chuyén Bién Hoa. Thanh Héa: Hodng Huy
Toan, 12A1, THPT Hodng Héa IV, Hoang Hoa. Ngh¢ An:
Mai Thi Kim Chi, Lé Thj Thiy Dung, 11A1, THPT Cira
Lo, TX. Cura Lo. Thira Thién Hué: Lé Cdm Thanh Ha, 11
Toén 2; Lé Cdm Huyén, 11 Ly, THPT chuyén Quéc Hoc
Hué. Tidn Giang: Lé Hoang Bdo, 11 Toan, THPT chuyén
Tién Giang. Bén Tre: L& Ngé Nhdt Huy, 10A1, THPT Lac
Long Quin, TP. Bén Tre.

KIHIVI

LOT GIAI NGAN GON'!

Dé bai: Trong khong gian Oxyz, cho diem M(1; 0; 5)
va hai dwong thing d,, d, ldn luot cé phuong trinh

tham 56 la
x=1+2¢ x=1-t
y=3-2t (teR) va {y=2+1 (teR).
z=1+¢ z=1-3¢

Viét phwong trinh duong thang A di qua M va cdt ca
hai duong thang d,, d,.
C6 ban hoc sinh gidi nhu sau:
Goi A(1+21,3-241+1)=AnNnd,
B(l-42+41-3)=AnNd,.
Khi d6 AB(-31;-1+31;-41) (AB=20VieR) la
mét vecto chi phuong clia A. Vay A ¢6 phuong trinh
x=1-3t
thamsé { y=-1+3 (teR).
z=5-4¢
Ban cé nhin xét gi vé 16 gidi ngén gon trén ?
NGUYEN VAN XA
(GV THPT Yén Phong S6 2, Béc Nink)
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BAN €O VAN KHOA HOC
GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG
TS NGUYEN VAN VONG

GS. DOAN QUYNH
PGS.TS. TRAN VAN HAO

HOI DONG BIEN TAP

Téng bien tap : TS. TRAN HUU NAM

TS,

‘ Danh cho Trung hoc Co sd
f For Lower Secondary School
Nguyén Ngoc Han — Ky thudt sit dung diém
roi khi dung bat ding thitc Cauchy.
o Nguyén Anh Tudn — Mot bai toan co ban c6
2 nhiéu ing dung
;o Dé thi tuyén sinh vao 1p 10 THPT chuyén
. Thai Binh, niim hoc 2016 — 2017

@ Huing din giai 8 thi chon hoe sinh gidi

mén Toan 1dp 9 tinh Hung Yén, nadm hoc
2015 - 2016.

@ Chuin bi cho ky thi THPT Quéc Gia
Nguyén Ngoc Duyét - Pham Binh Nguyén

~ Céic bai ton thyc tién tiép cin dé thi
THPT Quéc gia 2017. :
@ vérkyay

7S TRAN DINH CHAU, ThS, NGUYEN ANH DUNG, 5. TRAN NAM DUNG, 75 NGUYEN MINH DUC, TS. NGUYEN MINH
VIET HAL, PGS 7S, LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. 7S. VU THANH KE
GS. ISKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 75, PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHA
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. T5. PHAN DOAN THOAL ThS.
KIM THUY. PGS. TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG. '

TRONG SO NAY

CHIU TRACH NHIEM XUAT BAN

Chu tich Hoi dong Thinh vién

NXB Gido duc Viét Nam

MAC VAN THIEN

Téng Gidm doc NXB Gido duc Viét Nam

GS.TS. VU VAN HUNG .

Phé Téng Gidm d6c kiem Téng bientdp
NXB Gido duc Viét Nam -

7S. PHAN XUAN THANH

Thu ki Toa soan : ThS. HO QUANG VINH

@ Giii bai ky trusc

Solutions to Previous Problems
@) Thit site trude ky thi - Dé sq'6.
@ Dép 4n va hudng din giai dé s8 5.

€) Phuong phap gii toan

Kiéu Dinh Minh - Phuong phap

day nghiém trong bai toan phuc
ham da thie,

€ Toin hoc va ai séng

Lai Niing Duy - Toan hoc v Héa

@ Tigng Anh qua cac bai toan

Bai dich 5614 Tlsnsﬁnhm :

@ saitim s

Gidi dp: Di dtng chual
Neuyén Vin Xd - L giai ng



NHA XUATBAN GIAO DUC VIETINAN
?nm trong gzo’z thiéu
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ién Bach khoalBritannica

-:\f‘i’“a‘ xuat ban Giéq duc Viét Nam vira cho ra
~\ mat phien ban tieng Viét ctia cuén Tir dién
Bach khoa Britannica clia My

by

*f B khoa Britannica gbrn 25.000 muc TU BIEN

B
rrmh hoa Va ban do, 51 Imh Ve ACH KHOA

khoa ho doi %ong gan 300 muc tir vé Viét Bl 11[3.111]1&1
Nam do cac tac gia Viét Nam bién soan theo e

thoa thuan voi phia My, Céng ty Bach khoa thu

Britann Iy xét duyét.

Viéc chuyén dich sang tiéng Viét dwoc thwe hién

rat cdng phu, do 54 dich gia, 62 chuyén gia (trong

do co cac ':"1uyen gia tlr dién) hiéu dinh, tham

dinh, bién tap dwéi sy chi dao clia Héi dong bien

soan - d ich, do 6ng Ngé Tran Ai - Cha tlch Jritanrica
Hoi dong thanh vién - Téng giam déc Nha xuat

ban Giao duc Viet Nam - Iam chu tich.

Bo sach ;am hai tap, tong céng 3.056 trang.
Hinh thisc trinh bay cong phu, trang trong: in bon
mau toan bd, déng bia cirng chir dap chim, ép
nhi vang, cé bla ao cho tirng cudn, dat trong hop
cung, duoc phat hanh tir ngay 20/11/2014.

Giao sv, Vien si Pham Minh Hac, Nguyén Bo
trvong Bo Gido duc - Pao tao, danh gia bd
sach dat ba tieu chi: Khach quan, Chinh xac,
"Quyen uy” va viéc phat hanh Tt dién Bach khoa
Britannica tai Viét Nam cé thé duwoc coila mot sy
kién Ion trong d@i séng van hoa - gido duc nwoc
nha. Theo Gido sw, méi trudng nén c6 mot cudn
dé cac nha giao va cac em hoc sinh tham khdo.

Theo Nguyén Bo truong: ‘“Nhw Loi nha xuét
ban viét: cong viéc hét strc kho khan, cac dich
gia, ngudi hiéu dinh va bién tap vién da lam viéc
cat luc trong nhiéu nam, tuy thé ciing ‘kho tranh
khoi sai sét'.

Bc:n doclcojnhulcauixin lienihe;
Cong|fyiCRISachldichivaTu dién Gido duc. Tel: 04.38266359 - 0904608096,

Hode em thong tinitai www: facebook. com/pages/Tu-dién-Bach-khoa- -Britannica/
Be ia3)rieu dong. Giao'sachitan noi. mién phi.
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