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BACH KHOA TRITHUCTUOI TRE
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Nha xudt ban Gido duc Viét Nam trén tr -~ gidi thiéu téi dong ddo ban doc ca nudc

m B0 sach Bach khoa tri thiic tudi tré - M. van cau hdi vi sao la bd sach dich hoan toan mdi, an ban thu 6 cia b sach
goc 10 van cau hoi vi sao” dugc r +io, 'an dau tién nam 1961.

#B0 sichraddinhim nang caot: " uckhoa hoc clia thanh thiéu nién, déng thai cap nhat nhing xu huéng khoa hoc,
cong nghé mai nhat hién r -+ *«n the gidi.

m B sach gbm 18 inh vuic, todn bo la céc cau hi - 16 dép da dang, su sac vé thé gici ty nhién, vé nhiing kham pha va
sang tao ctia con ngudi nhim mang lai cudc s6ng phit trién vin minh hon, déc biét la cac van dé co lien hé mat thiet
dén cudc song, khd niing Ung dung kién thiic cao ma thanh thiéu nién quan tam tim higu,

w5{ dung phuang phép trinh bay méi mé, nhiéu hinh minh hoa, ¢ céc 6 chi gidi hoac md rong hiéu biét vé
danh nhin, cong nghé méi hodc cac trao luu mdi trong cling vén dé.

1B sach gidp phat trién tu duy, thiic @y tinh than kham pha, tim hiéu khoa hoc.

m Sach day 200 trang/cudn, khd 21 x 26,5 cm, gid 180.000d/cudn.

Ban doc co6 thé mua sé&ch tai cac Cang ty Sach - Thiét bj trudng hoc & cac dia phudng
ho#c céac cilia hang sach cua Nha xuat ban Giao duc Viét Nam :

= Tai TP. Ha Ngi : A1 $ Vong ; 187, 187 g V@ ;232 T4y Son ; 25 Han Thuyén °
@ 385 Hoang Qudc Viat.
n Chinh ; Toa nha HESCO Van Quén - Ha Bong.
+ Tai TP. Ba Néng : 23 L& Binh Ly.

« Tai TP. Ha Chi Minh : [ 31 Nguyén Van Cu, quan 5 ;
&N Thanh.
= Tai TP. Cdn Tha : 162 3 thang 2, & (udn Khanh, quén Ninh Kieu.
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TRUNG HOC €U SO

ﬁgoéi nhimg phuong trinh ¢6 quy tic giai
nhu phuong trinh bic nhét, phwong trinh
bidc hai, ... thi phuong trinh nghiém nguyén
thuong khéng c¢é quy tic giai téng quat. Méi
bai toan, vdi diéu kién riéng cia né doi hoi phai
tim ra cdch giai riéng phi hop. Co rit nhiéu
phuong phap  giai phuong trinh nghiém
nguyén, trong bai viét nay t6i gi6i thiéu mét s6
vi du minh hoa cho m{t phuong phap giai
thuong diung do la phuong phap sir dung tinh
chét chia hét trén tap hop s6 nguyén.

1. SU DUNG TINH CHAN, LE

Thi du 1. Tim nghiém nguyén cua phuong
trinh: X' - 27=5 (1)
Loi giai. Vi x, y nguyén nén tr phuong trinh (l)
suy rax 13 s6 1&. Thay x =2k + 1 (k EZ)V&O&

taduqc4k'+4k+l—?v2—5 %
1)= v =y la sb ch

o 2K+ k-
Paty=2tr(t eZ) tacd 205+ k
SKP+k-1=2¢ < kk+1) &1(*)
Vi k(k + 1) 1a s6 chin ma 27 + 1 13 sb 1& nén
phuong trinh (*) v nghiém.
Vay PT (1) v6 nghiém,
Thi du 2. Tim nghiém nguyén cua phwong trinh
Sp+ 1)(2M (2)
(Trich @é thi HSG lop 9 TP. Ha Tinh, nam hoc
2006 - 2007)

(2 + +x+x+y)=105

Nhin xét. O bai niy ta thiy vé trai 12 tich cia hai s6
nguyén ma vé phdi 14 s6 18 nén né phai 1a tich cua
hai s6 nguyén 1é nén ta cé thé sir dung tinh chiin 1¢
dé giai nhur sau:

Loi gidi. Vi 105 14 sb 1& nén 2x + 5p + 1,

2"+ x2 4+ x+y 1a cac sb 1&. Suy ra y 1a s chin,

Gl PHUONG TRINHNGHIEM NGUYEN

HUUN PHAPSU I}HN O CHAT HET

i NGUYEN THI NHUNG |
{GV Taan THC'S Lé Vén Thiém, TP. Ha Tink)

ma x° + x = x(x + 1) 1a s6 chin nén 2P 1a sb 1&
&> x = 0. Thay x = 0 vao (2) ta duge (5¢ + D)y +
1)=105 & 5y* +6y=104=0 < y=4 (viyla
s6 chin). Do d6 y = 4. Vay PT cé nghiém
nguyén (x; v) 14 (0; 4).
Thi du 3. Giai phuong trinh nghiém nguvén
[19x + 5y + 1975 = [19y + 5x| + 2016" (3)
Léi gigi. Bién d6i phuong trinh (3) ta dugc:
1975 - 2016" = (|19y + 5x| + 19y + 5x) — (|19x

+ 5y + 19xg 5y) +14(x — ).
Vi |af +&6 chiin véi moi gié tri nguyén clia

a ném*¥® phai 13 s6 chin do dé 1975 — 2016"
s chin =2016"1as6 1& = x=0.
ay x = (0 vao phuong trinh (3) ta duge
59| + 1975 =19y + 1 < 14|y|= 1974
<>y = 141 hodc y = -141.
Viy PT c6 hai nghiém nguyén (x; y) 1a (0; 141)
va (0; —141).

Thi du 4. Tim nghiém nguvén cua phuong trinkh

VHPES: U N —'il'.': i 4 )
Léi gidgi. Tacé: (D)<= l+x+xX+x =4/ +4p+1
SE+1)(*+1)= (2p+1y (*)

Dé thidy 2y + 1)*1é = x+ 1 vax® + 1 14 hai
séle. Giasu(x+ 1,2+ 1)=d = dlé.

Mit khic x+ 1:d = 1 — x> d, két hop voi
F+lidtacol-X +1+x id=2:d

= d=1 (vidlé).

Vi (x+ 1)(x* + 1) la s6 chinh phuong (theo (*)),
vi(x+1,¥+1)=1nénx+1vax’ +1déula
s6 chinh phuong. Dé thiy x> vax® + 11a2sb ty
nhién lién tiép ma du la sé chinh phuong nén
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x = 0. Khi d6 theo (4) thi y = 0 hofic y = —1.
Nghiém cua PT la: (0; 0); (0; -1).

Nhin xét. Ta da sir dung tinh chin 1&, tinh chét chia
hét va tinh chat cuia s6 chinh phwong dé gidi bai toan
da cho.

Thi du 5. Chirng 1o phwong trinh:

4 4

! B -
& T =T T

FkY =2015

khang cd nghiem nguvén.

Lo gidi. Néu x 12 s6 chiin thi x* : 16.
Néu x la s6 1¢ thi +* : 8 du 1 nén

=8k +1*: 16 du 1.
Nhur vay méi s6 x*, 3, 2%, #* chia cho 16 du 1
hodic 0 nén x* + y* + z*+ £* + k* chia cho 16 ¢é s6
dur khéng 16n hom 5 con vé phai 2015 chia cho
16 du 15. Viy PT khdng c6 nghiém nguyén.

2. SUDUNG TiNH CHAT CHIA HET

Thi du 6. Chiing minh rang khong ton tai cde
56 nguvén x; v; z théa man

X+ .l"-‘ + 2 =x+ y+z+ 2017 (6)
Léi gidi. (6) ' (£ -x)+ (' - y) + (&
=2017. iy —x={x - Dix{x + 1) 14 tich cﬁ/,
sO nguyén lién tiép nén chia hét cho 6, t
y*—y; 2 — z ciing chia hét cho 6 nén* i1 chia
hét cho 6 ma 2017 khong chia hé@a 6 nén PT
(6) vo nghiém.
Viy khong ton tai cic s6 nguyén x; y; z thoa
manx’+ y*+ 22 =x+y+z+2017.
Thi du 7. Tim nghiém nguyén cua phuwong

0 (7).
(Trich dé thi HSG lap 9 huyén Can Loc, Ha Tinh)

rinh: xy-5x —xyv—x+y—1

Nhin xét. Diy 1a phuong trinh 2 dn ma bic dbi véi y
14 bac nhat nén ta d& dang biéu thi y theo x va ta co

cach giai nhur sau:

11111

Léi gidgi. (T <y =—5;£_+—x+l—

(dox*—x+1>0)
+1

6x—-4

Y= e
¥ x2-x+1

TOANHOC |
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Taco y eZ < (6x—4) : (F*-x+1)
& 203x-2) i (P =x+1)
@[25(12—“1)

3x=-2:x*=x+1)
(vi X2—x+1=x(x-1)+1 lasb1e).
«THI: 2: (@ —x+1)
e xt-x+l=%1 (vi F—x+118)
< x =0;x =1 (thoéa min x nguyén).
+Voix=0=y=1.
+Véix=1=y=7.
«TH2: 3x— 2):(x*—x+1) (*)
= x(3x-2) (X -x+1)
xR )it Lz 1)
=SB -3x +3+x-N(F-x+1)
= (x-3) (F-x+1)
=(3x-9af—x+1) (%)
Tir (*) 4 taduge 7: (X —x+1)
:>r$x + 1 bang mét trong cac gia tri —7; 7;
? Tir dy ta duge cac nghiém: (3; 7), (0; 1),

nguyén (x; y) 1a (3; 7), (0; 1), (1; 7).

= zﬁ@ﬁ; 7). Thir lai ta thiy PT (7) c6 cic nghiém
tw

Thi du 8. Ton tai hay khong so nguvén n thoa

méan n°+ 20151 =2014"""%+ 17

Léi gidi. Gia sir ton tai s6 nguyén » théa min
phurong trinh #” + 20158 = 2014™'° + 1, suy ra:
n’—n+2016n =2014"""%+ 1

& (n— Dn(n + 1) + 20162 =2014"0+ 1,
Do (n— )n(n + 1) 14 tich cua ba s6 nguyeén lién
tiép nén chia hét cho 3 va 2016: 3 nén

n'—n+2016n: 3 hay n° +2015n i 3.
Mt khac 2014 chia 3 dir 1 nén 2014™'° chia 3
du 1 =2014*""+1 chia 3 du 2.
Tir d6 ta thiy diéu mau thuin. Viy khong ton
tai s6 nguyén n thoa man PT

w + 20151 =2014°"°+ 1.
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Thi du 9. Ton tai hay khéng hai s6 nguvén

dwong a va b thoa man a’' + b*= 20137

Léi gidi. Gia sir ton tai hai sé nguyén duong

va b théa man &’ + b= 2013,

Tacé (a+ b)Y’ =a’+ b+ 3ab(a + b).

Vi a'+b6'=2013:3 = a’+ b’ +3abla + b) i3

f::}(a+b]3E3:>a+b53:>(a+f;-)359

=2013=a'+b"=(a+b) - 3abla+b) 19 (vo Iy).

Véy khong ton tai hai s nguyén duong a va b

thoa man a’+ b’ = 2013.

Thi du 10. Giai phieong trinh nghiém nguyén
Flx-y)=50-1) (10)

Léi gidi. Ta c6 (10) < x(x - ) = 5(y —x) +

Sk-1) & G+ S x—1)=5x—1).

Suy ra 5(x — 1) i (x* + 5)= 5(x’ + 5) — 5x(x — 1)

—5(x—1) i (x*+ 5) hay 30} (x*+5)

= (*+5)e {5; 6 10; 15; 30} va x la sb nguyén

= xe {0; £1; £5}. Thir lai ta dugc nghiém

nguyén cua PT 1a (0; 1); (1; 1); (-5; -4).

Thi dy 11. Ching minh phuong trinh

+

B N - " \Q:ﬂ 3 ¥ At
x—=2'=2015 { X+y+3xya=a

&
Ldi gidi. (11) & x*=2015+2". Q'?

Ta s& chimg minh A = 2015 + 2-‘ﬁ phii 1a
s6 chinh phuong véi moi sé nguyéh y. That vay
thay y bang 0; 1; 2 thi A lin lrot nhan cdc gia
tri 1a 2016; 2017; 2019 déu khong phai 1a sb
chinh phuong.

Véiy > 3 thi 2" chia hét cho 8, con 2015 chia 8
du 7 nén A chia 8 du 7 ma s6 chinh phuong 1
chia 8 chi ¢6 thé du 1 do d6 4 khéng phai 14 sb
chinh phwong. Vay PT (11) khéng co nghiém
nguyén.

khong ¢ nghiém nguvén.

Thi du 12. Tim cdc 56 nguyén duwong a, b sao cho

S s Ya+adb+b+Ya—alb+b (12)
ol

Léi gidi. Dit 32+p =x: 2-Jb =y

Nhin xét. Vib>=0nénx>0. Taco

xy=32+Ib2-Jb =Ya—b: $+y=a.

Do do phuong trinh (12) tr¢ thanh:

348 X 4y3 .
2 +xy =124y & s =x2+y? —xy
X+y)xt+y?—x
PN ) 2L 'ﬂ=-i'3+}’2—x}'
a
3 2
5 2 X
mi ¥+ — = = ¥ (5—;:] >0 suy ra

x+y=a=32+Jb +Y2-Jb =a *)
=4+ 334 —b.a = q? (**)

3
.
@4—a=(" 4].

la
Vi b 1a s6 nguyén nén @ - 4:3a =d’ - 4iq
=4:a = a €{1;2;4}).
=3.
g’2 hodic @ = 4 thi b khong phai 1a s6

+

-Voia=
- Vi
[/

ulai: Véia=1; b=>5ta co (**) ding tirc 1a
S &X' —Yga =0
< (@-x—p(a+xy+(@+y’+x-ypy]=0.
Dox>0;a>0nénx+a>0 =(@+x) +(a+
W+ x—p">0 =a-x—y=0haya=x+y,
tirc 1a (*) ding. Vay (a; b) = (1; 5) 1a cip sb
nguyén duong duy nhét théa man PT (12).

Thi du 13. Tim 56 tw nhién n thoa man

361(°+ Sn+ 1)=85(n"+ 61m° +n + 5) (13)

: m+5n+1 85

Léi widi. T o aeanl o 283

e a':0{13\)"::’n“+("fu'13+.=’r+5 36l
nt+5n+1

Ta s& chitng minh la phan sé

nt+6m+n+5
t6i gian voi moi gié trj ne N.

Thét viy, datd=(n" + Sn+ 1; n'+ 60>+ n + 3).
Suyran'+6n’ +n +5 - n(n’+5n + 1) idhay
n+5d T do (n'+ 50 + 1) — n(n*+ 5) d hay

TOAN HOC 3
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n?+5n+1

lid =d=1.Viyphinsh ——————
) nt+6n*+n+5

phén s6 t6i gian.

Mt khac phan sb 3—865—1— ciing 1a phan s t6i gian

ma dang t6i gidn cia mot phan s6 13 duy nhat
_—_— n?+5n+1=85
nt +6n* +n+5=7361

= (n* +6n2 +n+5)—n(n’+5n+1)=361-85n
& n?+85n-356=0< (n—-4)(n+89)=0.
VineN nén n = 4. Viy s tu nhién cin tim 1a
n=4.

Thi du 14. Tim tdt ca cac 56 nguyén dwong m,
"=+ 2n— 8 (14)
Lévi gidi. Ta co (14) < 3"=(n+4)(n-2).
Patn+4=3":n- 2=3"vérix,_vlésétunhiénv£1
x+y=m,khidé 3 —3=6hay 3¥(3"'-1)=6.
Vi 3 chi ¢6 wée 14 liy thira cua 3; 3° 7 — 1/ 3 va
6=32nén3¥=3va3¥ '-1=2hayy=1vax=2
Tedom=x+y=3van=3+2=5.

n thoa man 3

Thi du 15. Tim cac s6 nguyén dwong x, y tho
mén x—y! = 2015 {
Léi gidgi. Néuy > 5thiy! 19 =yl + 20}@1‘& 9
du 8 ma x* chia 9 chi c6 thé nhén c4 wla o;
1; 4; 7 nén trong truong hop nE@aong ton tai
nghiém.

Xét y 14n luot bing 0; 1; 2; 3; 4; 5 déu khong c6
gi4 tri x thoa méin.

Viy phuong trinh (15) v6 nghiém.

Thi du 16. Tim tat ca cdc s6 te nhién m; n dé
P = 33 +6n-61 14 |y 56 nguyén 16.

(Trich dé thi HSG TP. Ha Tinh, nam hoc 2015-
2016)

Nhin xét. Pé tim céc sb tw nhién m, » sao cho P la
s6 nguyén td thi ta cé thé chimg minh P chia hét cho
mot s& nguyén td n nao d6 va khi d6 P = n.

Loi gidgi. Dt 3m’ + 6n - 61 =3k +2 (ke N). Ta
c6 P=3"*2+4=927"+4.

TOAN HOC
4 - Cluitre S8 47501-2017)

Vi27=1 (mod 13) nén 27* = 1 (mod 13)
=927 = 9 (mod 13)=9.27"+ 4 = 13 (mod 13)
hay P:13, ma P la sb nguyén té nén P = 13,
didu nay xay ra khi va chi khi k= 0.

Suy ra3m’+6n-61=2 & m +2n=21.

Vi m; n 1a cdc sé tu nhién nén chi c6 2 cap sb
(m; n) thoa mén 1a (1; 10) va (3; 6).

Thi du 17.

LI 1] 1
frinhx” +y- =11z

Tim nghiém nguyén cua phuwong
| ¥4,
Léi gidi. (17) ¢6 nghiém nguyén khi x" +""

Vi 11 1a sé nguyén t6, theo dinh 1y nho Fermat
H_y i1l vay'' —p i11. Taviét (17)
duéi dang: (x'' —x) + G =)+ x+y) =11z
1. Bt x+y=1llkx=t¢
(k, teZ). Ta cbd cdng thic nghiém: x = £

ta ci: x

Suyra x+y:

y=11k—tva[r'+ Qlk-0"] i 11,

Trén day ot 86 vi du minh hoa cho viéc giai
phuor & nghi¢m nguyén bang cach su
ChlEl het Chiing ta thdy rang bai todn
uong trinh nghi¢m nguyén la mot vén dé
g dbi kho béi co nhidu cach giai, vi viy
viéc nhén dang va chon dugc phuong phap phu
hop la quan trong nhat, Sau diy 1 mét so bai
tap tu luyén:
1. Chimg to rﬁng cac phuong trinh sau khéng
¢6 nghiém nguyén
a) 2 + " = 1999.
b} 7X— 57 =3.
¢) x*+y*+(x+y)*=4004.
2. Tim nghiém nguyén cia mdi phuong trinh
sau;
a) 17x* + 26y = 846.
D323y =Tx—p—2L.
c)x'+3367=2".
d)2'-¥="1.
e)x! +y1=10z+9.
D=y +ly—z+-x=
g) ¥ +y +z* =2003.
3. Tén tai hay khéng 4 s6 nguyén lién tiép a, b,
c,dthoamin a’ + b +c+d=491.
4. Cho da thirc f{x) c6 cdc hé sb nguyén. Biét
ring f{1).A2) = 45. Chimg 6 da thirc f{x) khong
¢6 nghiém nguyén.

2017.
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gésc DE THI CHON HOC SINH GIOI

MON TOAN LOP 9 TINH VINH PHUC NAM HOC 2015 - 2016

(Dé thi dang trén THETT 50 474, thdang 12 ram 2016)

Cédu 1. a) DK: x>0 va x = 4. Ta rat gon duge:

2

Q=Y x+3)
b) Néu xeN ma x khéng phai sé chinh
phuong thi (2—Jx)(Vx+3)=(6—x)—Jx lasd
voti >AZZ Do d6 dé¢ AcZ thi x la sb
chinh phuong. Khi d6 (2—Jx)(/x +3)eZ nén
AeZ < (2-Vx)x +3)eUQ)=(+1;+2)
< xe@. Viy khéng ton tai x nguyén dé A
nguyeén.
Cau 2. a) PT da cho tuong duong vin
(x2 +7x+6)(x2 —5x+6) = 45x2,

Nhan thiy x=0 khong la nghiém cia PT nén
PT trén twong duong vii:

[x+ﬁ~5)[,r+§+7'}:45 ;
3 X

—8l=0=r=19,

s 6 ol
Pat r=x+—+l,tadugrc: i

PT ¢6 4 nghiém: x =4+10;x=-5+19.

Do x,yeZ=x,y=0.

Néu x=0=y=0= (0;0) 1a nghu:w
Néu x>0=y>0=x+1 chin, da k+1,
k=0, Khidé (k+l)(2k2+2k+ 2 -1,

Do 2k2+2k+1 lasd 1¢ =k=0=>x=1=y=1.
Suy ra (1;1) la nghiém cua PT.

PT da cho c6 nghiém (x;y) = (0;0);(x;y) = (1;1).
Cau 3. Do 3x+2y=1 suyra x,y trii ddu.

3x+2y=1 <:>y=-—_r+l_Tx

1-
2
Khi d6 H =r*-3t+|f-1.
Néu tz0=H=0-1»-2z-2, dﬁng thirc
xdyrakhi r=1.
Néu r<0=H =1

L =x=1-2Hy=3r-1

—dt—-1>-1>-2,
x=-1

Viy, min H =-2 khi r:]c:»{
y=2

Ciu 4. (h.1) a) Tir gia thiét, c6 CE > CD.

CE_CA
D 4]
CBE-CD =+/3; DCA = BCE =90

Hinh |

suy ra hai wﬁc ADC,EBC dong dang

¥ _ ibc-iBe (1)
Do L@ﬁc AHDC nji ncp, suy ra
Q,Q AHC = ADC 2)

\@v tr giac BCHE ndi tlep, suy ra
b) x(2+x+ ) =4 -1 (x+D(X2+1) =42, \1\

EBC + CHE =180° (3)
Tir (1), (2), (3) suy ra: AHC+CHE 180° = dpcm.
b) Ta co:
mnAR:%:ﬁ:EﬁE:ﬁoﬂ:Ec:mu.

Néu AD 1L HC thi ACH=ADC=60°. Lai c6
th gide BCHE néi tiép = AEB = HCA = 60".
Suy ra AABE déu= C la trung diém ciua AB.
¢) Do AHB =90° = H thubc duéng tron dudng
kinh AB c6 dinh. Kécu_ dai HC cat duomg tron
dudmg kinh AB tai diém thi hai I (I khac H).
Suy ra AHI =600 = ABI =60° =1 13 diém cb dinh.
Cau 5. Pat x+y=2a; v+z=2b;z+x=2c
=abc>20at+brc=2.

BDT tré thanh: a+b = 4abc .

Tacé: 2=a+b+c22fla+b)c

(ding thirc xay rac> a+b=¢) =12 (a+b)e

= a+hbz(a+b)c=4dabe.
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DI THI CHON HOC SINH GIOI LOP 9 TINH HUNG YEN
'NAM HOC 2015 - 2016

(Thoi gian lam bai: 150 phit)

Céu 1 (2 diém). Cho x =1+ 42 + /4. Tinh gié tri
biéu thire: A =43 =3x% =3x+2016.

Ciu 2(5 diém) 3

a) Cho duomg thang (d) cé phuong frinh
y mx+1—m (m=0). Tim m dé khoang cach or
gbc toa do O dén duomg thﬁng (a'} 1 1ém nhét.

b) Tim cic s6 ¢6 2 chir sb ab (a#h) sao cho s6

n = ab-ba la mdt s chinh phuong.
au 3 (2 diém). Giai phwong trinh:
N e L el J_+8
e
Cau 4(3 diém). Giai hé phuong il
2xt +y* —3xy—-4x+3y+2=0
-y 3+ Jy-x+1=2
5 (6 diém). Cho tam gidc deu ABC ndi tiép
duong tron tim O, ban kinh R. Liy diém M bét ky
trén cung nho BC (Mkhnng trung véi B, €).

i F u

Puomg thing qua A va vuéng goe voi CM tai H

cit tia BM tai K

a) Chimg minh H la trung diém cua AK.

b) Chung minh diém K luén nam trén mdt dudng

tron ¢6 dinh khi M thay d6i. Tinh ban kinh dudng

tron do khi R=343.

¢) Goi D la glao diém clia AM véi BC. Tim vij tri

dlem M sao cho tich hai ban kinh dudéng tron ngoai

tiép cia hai tam giac MBD, MCD dat gia tri lon

nhit.

Ciu 6 (2 diém). Cho céc s6 duong a, b. c thoa

min a+b+e=3. Tim gid tri 16n nhit cua biéu thirc:
3 b

= + +
3a—ab—ca+2bc 3b—bec—ab+2ca

i
+ 3abc.

C
3¢ —ca—bc+2ab

PHAM TRUNG KIEN

6 Ting Mdu, An Thi, Fing Yén) Gidi thi¢u

(GV THC,

Gia &%‘c"‘ B> ADB > AEB , khi dé dudmg tron di

a=h
B G e =h=—= : .
Déu ="' xdyra <>{a+b=c @{a 2 didm A.B.D chia didm C bén trong va
aebse=2 |e=l E bén ngodi.
Viy x+2y+z2(2-x)02-y)2-2). ‘%THI C6 mot diém khéc phia hai diém khéc & hai

: pere]
Dau “‘=""xiayra < &
mefl g
du 6. Tir 5 diém co 4+%+2+|-—1 nth%mg
tao thanh. Do d6 co it nhiit mét do% g cd do dai
nhé nhit. Gia st 5 diémla A, B va do dai

AB nho nhét. Khi a6 3 diém C,D,E con lai c6 hai
kha niing sau :

THI. Ca ba diém nay nim cling phia nira mat phing
bo AB (h.2).

X e
A T
.I-.\\ -‘H :._- II. ' e
\ | ot
\ o/ =
\ \'/’ { I‘E‘H\\
1 ;f\ |I .-‘-H"'-ﬁ. by
LY | ,"f N | ":"\E
Y C \ |
™ : p \L o
S

Vi khong ¢c6 4 diém nao cing thudc mot dudmg tron
nén C, D, E nhin AB dudi cac goc nhon khac nhau.

TOAN HOC

6 *clusige S84750-20m)

&

nira mit phiing bir AB. Gid st E khac phia hai diém
C.D (h.3).

N
o b o

o

Vi khong ¢6 4 diém nao ciing thudc mot duomg tron
nén C,D nhin AB dudi cdc goc nhon khac nhau.
Gia si. ACB>ADB, khi &6 duémg tron di qua ba
diém A, B, D chira diém € bén trong va diém E
bén ngodi. Viy ludn c6 mot duémg trom thoéa mén
diéu kién dé bai.

TRAN MANH CUONG
(GV THCS Kim Xd, Vinh Tuong, Vinh Phiic) gidi thi¢u
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THU SUC TRUO

iC KI THI

DESO 5
(Thdi gian lim bai: Y0 phir)

Ciiu 1. Cho ham sé : . ¥t
y=ax*+bx*+c codothi |

nl}u‘ hinh bén. Xic dinh i |

diu cla a,b,c . . | -
A. a>0,b>0,c<0. S
B. a>0,b<0,c>0. L kY
C.a>0,b<0,c<0. 2z |
D. a<0,b<0,c<0. '

Ciu 2. Cho him sd y=ax® +bx? +ex+d (@a#0) 1a

ham 1¢ trén . Khi d6 khang dinh nao sau diy la
dung?

A, b=0. B.d=0. C. b=d=0.D. b* -dacz0.
Céu 3. Cho ham sé y=—x*+2x2+3 ¢b gid tri cure

dai va gid trj cyc tiéu 1an lugt 1a y,,y,. Khidé

A. 2y, —y, =5, B. ¥ +3y, =15.

C.y, -y =243. D.y +y, =12

Céu 4, Cho ham s0 f(x) xdc dinh va lién tuc trén
B \{ I} , ¢6 bang bién thién nhu sau

X i—w _1

!
] i il TR
I | s |

Khing dmh nao sau day la ding va day di nhat?, //%

A. Phuong trinh f(x)—-4=0 co6 ding hai
thue phin biét trén R\{ }

B. Trén R\ {-1}, ham sé co gi4 tri |m®5t bang 5

va gid tri nho nhz}t bing 2.

C. DO thi him s6 ¢o hai tiém cfn ngang y=2,y=3

va mit tiém cén dimg x=-1.

D. Ca A va C déu dang.

Ciu 5. Cho ham s6 y= ;';fl Khing dinh nao sau

: X

day 1a dung va day du nhat?

A. DO thj ham s cat tryc tung tai diém A(0;-2) va

ciit tryc hoanh tai diém B(2:0).

B. Khang ¢ tiép tuyén nao cua do thi him sé di qua
L

C. Ham s6 déng bién trén mdi khoing [—m:—%].

(e

D. Ci A, B, va C déu dang.

Céu 6. Cho ham s6 f(x)=x*-2x?—-1. Ki hiéu

M= max f(x), m=min f(x). Khi 46 M~m bing
A.7. B9 G5 D.Dipsdihic.

Cau 7. Voi gid tri ndo cua m thi dudng cong
(C):y=x>+3x2+1 cit dudmg thémg (d): y=5" tai
ba diém phan bigt ?

A.l<m<b. B.0<m=<l1. C.0<m<5.
D. Khong co gid tri nao clia m thoa min yéu céu
clia dé bai.

Ciu 8. Tim m dé mdi tiép tuyén clia ¢d thi ham sé
y=x% —mx? —=2mx +2017 déu la db thi cia ham sb
béc nhit dfﬁng bién,

A —6=m=0. B. —24<m<.

[ —%-cm{[i. D. -6<m<0.

Chu 9. Tim m dé db thi (H):y=mtDx=2m+1

x=1
khong ¢6 ner\ﬁm dimg.
A, m¢=2.x .m=1. C.m=-1. D.m:%.
Ci ho hinh non tron xoay (V) 6 dinh § va

hinh tron tim O bén kinh r nim trén mat
ing (P), duimg cao SO=h. Piém O' thay dbi

trén doan SO sao cho SO'=x (0<x<h). Hinh
tru tron xoay (T) cé ddy thir nhét 13 hinh tron tim
O ban kinh r' (0<r'<r) nim trén mit phing
(P), day thir hai 13 hinh tron tdm ©' ban kinh '
nam trén mit phiang (@), (Q) vudng goc vai SO
tai O' (duomg tron ddy thir hai cua (T) la giao
tuyén clia (Q) voi mat xung quanh cia [N}) Hay
xdc dinh gid trf cua x dé thé tich phan khéng gian
nim phia trong (N) nhung phia ngoai cia (T) dat
gid tri nho nhit,

1 1 2 1
x==h B.x==h x=—h. Xx==h
A x 5 % 3}1 ¢ 3h D. x 3 ;
Cin 11. Véi gid ti ndo cia m thi ham s

2x2 +3x+m+1

)= = déng bién trén tap xac dinh.
A.m =0, B.m<(. C.m=0. D.m=-1.
Ciiu 12. Cho 9* +9-* =23, Tinh 3* +3~*.

A.S. B. £5. g § D. 6.

Ciu 13. Chon khing dinh sai trong céc khing dinh
sau diy. | i gk
A. Néu ba sb thuc x, ¥, z €0 tdng khong doi thi ba so

TOAN HOC
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2016, 20167, 20167 ¢6 tich khong dbi.

B. ]\eu ba so thue x, ¥, 2 theo thir ty la ba s6 hang
lién tiép trong mot cﬁp s0 nhan thi log x, logy, log z
theo thir tw 12 ba s6 hang lién tiép trong mét clp sb
cong.

C. Pao ham ctia him s6 y =In|2x - 1] trén R\{%}

la y'= ;
¥ 2x—1

D. Méi ham sb y =a*
xic dinh khi @>1 va nghich bién trén tip xdc dinh
khi 0<a<1 (ala hing sb).

, v=log, x dong bién trén tip

Ciu 14. Tip xéc dinh ciia ham s6 y = %_F la
er—g

A.R\{10}. B.[10;+). C.(In10;+20). D.(10;+0)
Ciu 15. Didu ndo sau day da dé suy ra Ya=+b?
|
Ad=log, a B.h=¥a. C.a*=b". D.dizl,
bj
Ciu 16. Diéu nio sau diy khong di dé suy ra
log, x +log, y=107
Aiy=21"lex B. log, (xy) =10.
C.log, x* +log, y' =30. D.x =287

Ciu 17. Ham s6 nao sau day c6 dao ham la
P=3103 e

B.y=3+7"%

Ay=3F+x".
D.y=xI+7 \

C.y=xI+x'.
Ciu 18. Phuong trinh log, x+log, 1+log\,, ‘ﬁﬁ
=log, x+log, x+log, x+log, x ¢6 bao ém?

A2 B. 4. L G

Céiu 19. Cho a=log,,3, b= Bleu dién
log,, 1350 theo a va b.

A a+2b+1. B. 2(a+bh).
C.2a+b+1. D. Két qua khéc.

Cau 20. Giai phuong trinh 3*. z
déy sai bat dau tir burde ndo?

Budc 1: Bién déi 3227 =1 3%.(2*) =1.

Buédc 2: Bién ddi 3520y =1 (3.2°) =1.

Budc 3: Bién doi (3.27) =1 (3.2%) =(3.27)°.
Bude 4: Bién ddi (3.2°) =(3.27) < x=0.

Budc 5: Két ludn: Phurong trinh da cho ¢6 nghi¢m

=1. Lién gidi sau

duy nhit x =0.
A, Budre 2. ) B. Buoc 3.
C. Ca 5 budc deu ding. D. Buérc 4.

Cau 21. Cac loai ciy xanh trong qud trinh quang
hop s& nhén duge mdt lugng nhoé cacbon 14 (mét
déng vi cacbon). Khi mdt bd phin cua cdy do bi chét
thi hién twong quang hop ciing s€ ngumg va no sé

TOAN HOC
8 " Cusilre S 475(1-2017)

khong nhin thém cacbon 14 nita. Lugng cacbon 14
ciia bd phin d6 s& phin hoy mdt cach chdm chap,
chuyén hoa thanh nito 14. Goi P(r) 1a s phin trim
cachon 14 con lai trong mdt bd phin cia mot cdy
sinh truémg tir ¢ nidm trude ddy thi P(r) duge cho

boi cong thirc P(r) = 100.0,5)7 (%).

Phén tich mét miu gd tir mjt cong trinh kién tric cd,
ngudi ta thiy hrong cacbon 14 con lai trong g6 1a
65,21 (%). Hay xdc dinh nién dai cia cong trinh

kién tric do.
A. 3574 nam. B. 3754 nam.
C. 3475 nam. D. 3547 nim

Céu 22. Cho cac ham f(x),g(x) cé dao ham lién
tuc trén doan [a; b]. Khi dé
b

il

2 j £(x)g(x)dx.

a

A [fog'(nde=(f(xgw)

Q“

o

B. [0 Code = ( Frgean)|”+ [ gt

I

C. [ @@ =(few)| - [ (g

u% a
7]

ﬁmg‘u)&r = f{x)g(x)— If'{x)g(x)dr-

Q" Cau 23. Ham s6 nao duéi day la nguyén ham ctia

trén khoang (—o0;+00)?

ham s6 f:_,r)=4—i,l_—j
-
A. F(.\'):ln{x+ 1+ x2 }+C,

B. F(x}=ln[1+\f'1+x?}+C.
C. F(x)=T+x +C.

2x
Jl+x%
Céu 24. Cho mach dién nhwr hinh v& dudi. Lic dau
tu dién co dign tich Q,(C). Khi dong khéa K, tu
dién phong dién qua cudn diy L. Gia st cuong do
dong dién tai théi diém ¢ phu thudc vao thai gian
theo cong thire | = I(r)anm.cos(mf} (A), trong do

D. Fix)= +C.

o (rad/s) 13 tin sd goc, 120 c¢o
dom vi la gidy (s). Tinh diép lugng
chay qua mdt thiét dién thing cua
diy tir lic bat dau dong khéa K
(r=0) dén thoi diém =6 ().

A. @ wsin(6m)(C). B. @, sin(6w) (C
C. Q,wcos(6w) (C). D. Q, cos(6a) (C).

am |l ¢
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Wl

Céu 25. Tinh tich phdn 1 = [(tan? x + tan® x)dx.
1}

& L E

“RBJ-3. c.::%“. D. Diip sé khéc.

Lh

Céu 26. Cho [ = jln xdx. Khi do
1

A.l=(xInx+x) T

B.T =(J‘|HJ\'-—1)‘T.
e

In? x
pr=(22)f

C#u 27. Tinh dién tich hinh phang dwgre gioi han bai
dd thi ham s y = x*, tryc hoanh va hai dudng thing

C.J =(x(ln.1'—1}}‘:

x=-1,x=2, biét ring mdi don vi dai trén cdc truc
toa dd la 2em.

A, §=15(cm?). B. S=17j-{r:.'mz i

Gy =%(cmlJ. D. §=1T7(cm?).
Ciau 28. Rut gon biéu thire

T=C? +lC,' 4-1(:‘3 +...+-1—C:. nelN".
2" n+1

3
T B.T =2,
n+1
7, R+l
gl O O i
n+1 n+l1

Cho hai 56 phirc z, =1-i, 22, =342i. Tra i cay,%

cdu hoi tir Cau 29 dén Ciu 32. 'Q
Ciéu 29. Phin thuc va phin 4o cia sb p B
twong (g bing

A.5val. B.5va-i. C.5va-l @4\;&1
Cau 30.Tim médun cta sd phirc z, - z,.

A5, B €13, D. /2.

Céu 31.Trong mat phang Oxy, goi céc diém M,N
lan lugt Ia diém biéu didn sé phic z,z,, goi G la
trong tim cia tam gidc OMN, véi O 1a gbe toa do.
Hoi G la diém biéu dién cia s6 phirc nao sau day?

: : 1.1 L
A5—i. A+l C=ucy 2+,
f B.4+i 3+3: D2+2r
Céu 32. Tim s6 phirc z thoa mdn Z.z, +z, =0.
il D ey R
A.z= ) 21. 314—2 21.
iy e W
C.5—2+2f. D. z= 2+2L

Ciau 33. Xét phuong trinh z3 =1 trén tap sb phirc.
Tép nghiém cua phuong trinh 1a

A. 5={1) B.Sz{l "jﬁ}.
V3. e
C s_{l;——i— ST T L
W . BEE
Ciiu 34. Cho sd phirc z thoa min |z—4|+|z+4/=10.
Gid trj 16
A.10vad, B.5vad C,4va3. D.5val,

Céu 35. Mot hinh chdp ¢6 2 * 1998 canh thi co bao
nhiéu mat?

A.1999. B.1998. C. 2000. D.Ca A, B, C déu sai.
Ciu 36. Khbi try tron xoay c6 duong cao va bin
kinh ddy cling bing 1 thi thé tich bing

1

A.m2. B. . C.En. D.2x.

Ciu 37. Cho khdéi chép SABC b
SA=9,88=4,5C=8 va ddi mdt vudng géc. Cic
diém A'.B'.C' thoéa min SA=254", SB=35B
SC=48C". Thé tich khdi chép S.A'B'C' 1a

A.24, B.16. Codo, D.12.
Cin 38. Khoi lang try tam gide déu cd tdt cd céc

canh béng n ‘%a c6 thé tich 1a % thi d6 dai mbi
canh ba x%

A.Y B3, U635 D. Dap s khic.
Cé . Cho ABCDA'B'C'D’ la hinh lap phuong
anh a . Tinh thé tich khéi tir dign ACD'B’".

e ‘E, t “T: D. “’t‘fa

Cau 40. Mot vien da co dang khéi chép tir gidc déu
V@i tat ca cac canh bing nhau va bing a. Ngudi ta
cua vién da dé theo mit phang song song vdi mit
day cua khéi chdp dé chia vién dé thanh hai phén c6
thé tich bang nhau. Tinh dién tich thiét dién vién da
bi cura boi mit phiang noi trén.,

a’ a’ a
A. Nk B. i B i
Cau 41. Trong cic ménh dé sau, ménh dé nao sai?
A. Mdi khéi da dién déu 1a mét khdi da dién 16i.
B. Hinh chép tam giac déu 13 hinh chép ¢ bdn mat
la nhimg tam gidc déu.
C. Chi 6 niim loai khéi da dign déu.
D. M&i canh ctia hinh da dién 14 canh chung cua
ding hai mat.
Ciu 42. Mot hinh try c6 tam cac day 1a A, B. Biét
ring mit chu dudmg kinh AB tiép xlc vai cdc mat
ddy cia hinh tru tai 4, B va tiép xtc véi mat xung
quanh cua hinh try d6. Dién tich cia mat ciu nay 13
16m. Tinh dién tich xung quanh ctia hinh try di cho.

A @ B. 16m. C. 8. D. ST“

D. Két qua khéc.

S6 475(1-2017)
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~ : % - x '&a .
CRNSCTin B RHT I e vesite A. Lape. B. Llabe C.Llabd. D Llan|.
ii=(Llog, S;log, 2), ¥ =(3;log, 3:4) 1a géc nhon. 6 6 3 ; 2
Céu 48. Cho diém M(1;2:-1). Viet phuong trinh

Chon phuong 4n ding va day du nhit. ; ;
mit phiang (a) di qua goc toa d6 O(0:(;0) va cach

1 1
A.m:»i,m:t}. B. m>1 hoic 0<m{—2-* Mm@tkhm‘mgldnnhét.
¥ 4

C.0<m{%_ D.m=>1 A x+2y—z=0. B.%+'5+_1=1.
Ciu 44. Vecto nao sau déy la mot vecto chi phwong  C.x—y-z=0. D.x+y+z-2=0.
cia dudmg thing ail gt iy 4 ! x=1+1

IR Ciiu 49. Tim diém M trén duong thing d:qy=1-1
At =T B. i, =(-1:2;0). 7= %
C. i, =(-2;2,-4). D. i, =(1;-2;0). sao cho AM =6, voi A(0;2;-2).
Ciu 45. Cho hai diém A(1;1;0), B(l;—1;-4). A. M(1;1;0) hoac M(2;1;-1).
Phwong trinh ciia mat cau (§) dwong kinh AB la B. M(1:1;0) hofic M(-1;3;-4).

C., M(-1;3;—4) hodc M(2;1;-1).

A. ,r2+(y—l)3+(z+2}1=5. i ; A :
D. Khéng cé diém M nio thoa min yéu cau cua bai

B. [_r+l]1+y3+(z+4}1=5. toan.
du 50. Cho mat ciu (S):x? +y* +22 —2x+4z+1=0
C.(x+1)2+}'2+(z—2]2=5_ Céau 50 o mit ciu (‘57)2\' +y+ +4z 4
x=2-t
X 2 7 - -
D. (x-1) +y> +(z+2) =5. va duomg thing d:{y= . Tim m & d cat
Ciiu 46. Cho hai vecto fi=(3nr0), v=(1;7-2m0) .% e At
lin Tuot 13 vecto phdp tuyén cia hai mat phing song  (5) 1gANN¥ diem phén bigt A,B sao cho cac mat
song. Khi do gia tri cia m la I pp' dién cua (5) tai A vatai B vudng goc
A2 B. 1. Gl D. Pip s0 khac. 3(:311.
Ciu 47. Cho diém M(a:b;c) voi a,b.c 1a céc hing Q_m =-1 hodc m=—4. B.m=0 hofic m=-4.

s6 khac 0, 0(0;0;0) 1a gbo toa do. Goi 4, B, C % C.m=—1 hodic m=0.  D.CiA,BvaC déusai.

lugt 1a hinh chiéu vudng goc cla M trén cic 2 NGUYEN VAN XA
d6 Ox, Oy, Oz. Thé tich khéi tir dién OAB@ (GV THPT Yén Phong so 2, Bac Ninh)
L
, . D
VTN 12 (OX GIAP &
COoON 5 G XUAD BINH DAU
Xudn Dinh Dau, 2017
e . (o ol weizgg i o (k' CFos
b . bkl ok, fa.
Ao Pt cinpg dbte, gid & gin xa
MG ad al 6&:@39 mfz.ér& @-.

Kt e, gis toin ok, geic 5

oo o, e, {5 A L i
= P (T, bink the ~ 5 thick gis

Clidin vig. cas cang. 43 fid fioa.

R tap thoing lin tive ook gidi
Qa i the b lgn (32 ba
%m o ckbd tham co kgt
a6 mO¥ iy, v o0
CFdo .. ﬂé‘g} e 4 ra. A
LY g:%;gi“ (GV Khaaf;"ﬁgr:[ g;a hoc Vinh)
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N, ]

DAP AN YA HUSNG DAN GIAI DE 56 4

|B 2A 1A 4B 5C 6A ¥ B 8B
9( 10A | 11X 1ZB | 13A | 14A | 15C 16D
178 | 18A | 19C 20B | 21IC 22B | 23A | 24B
’5A 26( 2TA 28B 29A 30D 3lC 32A
33C | 34D | 35C [ 36B | 37D | 38B | 39D | 404
MC | 42A | 43D | 44D | 45( 46D | 47B | 48B
494 | 500

Cau 1. Diy 1a dang db thi cua ham sb bac 4, hé
s6 cia x* duong, kiém tra va chon B.

Ham sé béc 3 ¢6 2 cuc tri hodic khéng
c6 cye tri, do d6 m = 0 ham s6 tré thanh ham sb

béc 2 c¢d mot cye tri. Chon C.

Cau 5.

Ciu 6. Ham s6 bic 3 c6 h¢ s6 ctia x° duong, tiép
tuyén tai diém udn c6 hé sb géc nhoé nhit. (C) co
diém udn (1:0) tir d6 viét duge phuong trinh tiép
tuyén tai diém ubn y = -3x+3. Chon A.

Ciu 7. Tim m dé phuong trinh —x* +4x> -3 =m
¢6 4 nghiém phan biét. Lap bang bién thién cia

ham sé y=-x*+4x? -3 tir d6 tim dugc m.

Chon C.
o r+3 1
Cau 8. = —
iu Tachd y= A 1+ o rigs’
khi x+2=+1, tirdé chon B. 3

| <
Cin 9. Haimso y=x*+x2+1 ¢b @cuc tri, hé
so cua x° dwong nén cue trj la cyc tiéu tai x = 0.
Chon C.

CAu 10. Moi d6 thi cua ho
(C):y=x*+mx2-m-1 di qua diém (x; y)
khi phuong trinh y=x* +mx? —m—1 nghiém

dung voi moi m hay m(x* =1)+x* —1—y=0,%m

i xz—l=0¢:> x =71
y=x*-1 f=x*—1

Tir d6 tim duroc 2 diém théa man. Chon A.
Cau 11. Ta ca:

Giao 2 tiém cin [/ =(-1:1). Phuong trinh tiép
fivin vl (O ke dliang [xo;l»rL] la:
x,+1

y=_—l(x —x)+1+

(xo+1)

x, +1 @

Khoang cach tir [ dén (o) la:

. 1
(=1-x,)=1+1+

(.r”.-l.;l] X, +1

Rk
(%, +1)*

d(f;(a)) =

" 2|xﬂ+1‘ 2|x0+1|
YO+ +1 7 2, +1)

(Bét dang thirc Cauchy). Chon C.
Chu 20. &bang bién thién cua ham s

doan . Tir bang bién thién

[JJ\
t GTLN, GTNN, chon B.
tir PT thi hai vao

21. Thay y=-2+1
&T thi nhat, giai phwong trinh bac 2 én £ = 2* tim

dwge mdt gia tri x, y. Hé ¢6 mét nghiém, chon C.
Céu 24. Dbi bién bang cach dat #=xZ+1
hodc sir dung may tinh. Chon B.

Cau 25. Ta cé:

f(llf 1|-2/)dx

Tir d6 tinh duoe tich phin, Chon A.

Cén 26. Tich phan timg phan tinh dwgc két
qua. Chon C.

Ciu 33. Ta co: A(2; -2); B(3; 1); C(0; 2).
Khi d6 AB= V10; AC=25; BC = J10;
AC* = 20 = AB* + BC". Do @6 AABC vudng
cén tai B. Chon C.

Ciu 39. (Ban doe tw vé hinh). Ta c6:

‘:il__'-ul—'

1
(1-5x)dx+ [(x-

1

i

SA L (ABCD)=> (SC; (ABCD)) =SCA = 45"

TOAN HOC |
* cTusitge 1 1
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Goi [ 1a trung diém canh 4D, ta c6 CI1AD; Ha AML1SB;ké MN// BC (NeSC)
CI L S4 =CI L SD;ké CJL SD =IJ1LSD = MN1SB =(AMN)LSB; MN 1AM
— gf.'C gifta mit phéng (SAD) va (SCD) chinh Tinh dién tich tam gidc vudng AMN:

P : 1 ; 2a
la CJI = . Tam gidc vudng can ABC co Tam gidc vubng S4B tinh dugc AM = 5
AB=BC=a =AC= a\2.
e sM=22. SB=4J5. Tam gise SBC e MN // BC,
Tam gidc vudng SAC c6 SCA= 45", do do 5
SA=AC = a2. Lai c6: ADAS «» ADJI tirdd tinh dugc MN = 4‘1& = dién tich tam giac
a :
tinh dwoc IJ = —. Tam gidc vudng JIC c6 : 1 4ay2 2a _ 4a2\10
NE) vuong AMN bang; 2 5 'J§ e
Cl=a; Ij—ﬁﬁmna—— V3 = a=60°. ChonA.
Céu 50. Goi / ( x; ¥; z), R lan lugt 1 tAim va ban
Chon D. kinh mit ciu ngoai tiép tir dién ABCD. Sir dung
“du 42, (Ban doc tw vé hinh). Tacd BCLAB; |4 =[D=IC=ID = R dugc hé phuong trinh, tir
BC1SA=BC1(S4B) =BC 1 SB. d6 tim x, y, z. Chon C.

TIN TI'C = GAN GIAIDUGC GIA THUYET YEU CUA GOLDBACH

ba thé ky.
i 1a vén dé dé

Cic nhi toan hoe gin tim dirge 1o gidi cho mot gid thuyét da ton tai
Mot trong nhitng vin dé chua giai dugc ¢b nhét cia toan hoc ciing dd,
hidu nhét. Gie thuvér yéu ciia Goldbach noi rang ta co thé bidu di cit 56 [& nao thanh
tdng ciia ti da 14 ba s6 nguyén t6, Vi du: 35= 19 + 13 + 3 hay 53+ 13 +11.

Nha toan hoc Terence Tao cla trudmg University of Calif; ™ 0s Angeles, nay dd gin
hoan tat mjt 1o giai. Ong da chimg minh duoc la m@ié tong cia toi da nim so
nguyén td, va nay 6ng hy vong c6 thé giam tir niim xufg¥on ba.

Tao cho biét ring, bén canh niém ham mudn ho, mét tré ngai da thach d& nhimg tri
tué sidu viét nhit cia nhin loai qua gan ba th{ figc giai quyé: dwoc muc tiéu hip din
nay ciing s& din cdc nha toan hoc 161 nhil omg hiru ich trong cuge song — vi du nhu
mi hda nhimg dir liéu nhay cam. @‘

Gid :hu;w’; yéu Goldbach dwgc d& xudt b¥ mot nha toan hoc cua thé ky 18, Christian Goldbach. N6 13 ho hing cua mét
phét biéu khic lién quan i cdc s6 chin, c6 tén 14 Giag thuyét manh Goldbach, nhu'ng thure ra lai dwgre xay dung b cong
sy cua ong nha toan hoc Leonhard Euler. Gla thuyét manh khing dinh ring méi s6 chin 1ém hem 2 1a tnng cia hai sd
nguyén t6. Nhu ten goi clia ching phén dnh, néu gia thuyét manh dung thi gia thuyét yéu cling ding: dé b1eu din mdi s6
1é thanh téng ba s6 nguyén 16, ta chi viée trir 3 dé tao ra mot sb chin, va ap dung gia thuyél manh dbi vii sd chiin nay.

Cic nha todn hoc d3 kidm chimg ca hai gia lhuyet nay trén may tinh cho tit cd moi sb nguyén toi da 1a 19 ky ty, va ho
chwa tim thiy truémg hop nao bi sai. Hon thé, véi sb cang 16m thi cang c6 nhiu cich dé biéu dién né thanh tong cia hai
hoiic ba s6 nguyén t6. Nghia la gia thuyét cang dé ding véi véi nhimg sb 16n. Trong thuc t&, cic nha todn h-;:-c da chung
minh ring, gia sir ton tai nhung ngoal 1& khong dung vori gia thuyét manh, thi ching s& cang hiém véi cac sé lén din tm
vé ciing. Con dbi voi gia thuyét yéu, mdt dinh 1y cé dién tir thip ky 1930 noi ring, néu cd thi chi 1a hima han mét s6
nhimg ngoai 1&. Nghia la & nhimg s6 “di 16n™ thi s& khong thé c6 ngoai 1¢.

Céch 1am cia Tao li két hop két qué kiém chimg cia méy tinh & nhimg s6 “d nhd”, véi két qua 1y thuyét ap dung cho
nhimg sb “dii lom”. Biing viéc céi thién nhimg tinh todn véi “rit nhiéu bude ngoat nhé”, éng noi, chiing ta s& thy 1a hai tap
sé c6 sw chéng l4p nhau, it ra 1d & gia thuyét véi ndm s nguyén t6. Tao hy vong co thé mé rong cach lim cia minh véi gia
thuyét v& niim sé nguyén té. Nhung céch giai niy s& khong gitp giai dwoc gia thuyét manh. Gia thuyét yéu twong doi dé hon,
Tao néi, vi viée biéu dién mot sé thanh téng ba sb khac s& “cé nhiéu co hdi hon dé ban gdp may, khi todn b§ céc sb thanh
vién la sb nguyén t6”. Viy 13, sau mét phan tw thién nién ky tir ngay Goldbach mét, vin chua ai tim dwge mét chién luoc
dé giai gia thuyét manh ma éng dt ra.

‘Nha Toan hoe

Terence Tao

LE MAI swu tdm (Ngucdn: Tia sdng)
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gl CHUYEN KEVE

LICH 8[3
TOANHOE

1. MO DAU

ﬁén toan hoc Hy Lap vdi cdc tén tudi I3y Hmg:
Thales, Pythagore, Euclid, Archimedes, ... 4
che mét mdt ngdi sao la - Pappus - ma néu khang co
sur xudit hién ctia ngdi sao nay, mét loat céng trinh
cuia cac bc tién boi ¢6 thé da bi chén viii véao 16p
bui théi gian. Do d6 s& khong cong bing néu ta biét
Pappus chi qua vén ven mot dinh 1y mang tén 6ng :
Trén hai dwomg thang a.a' twong img cd hai bé ba
diém phan biér (A:B;C) va (A%B5C'). Khi do
giao diém cua cdc cdp dwong thing AB' va
A'B; BC' va B'C; CA' va AC' thang hang.

Ta hdy di nguge dong lich sir dé hiéu hon vai trd vé
viéc xudt hién cua ngdi sao la nay. Vao khoang tir
nim 306 trude cong nguyén, Ptolemy thuc su bét
ddu triéu dai minh. C)ng dd chon Thanh phé«

Alexandria bén b song Nin lam Thu d6, thu hiat ca% e
va dudmg céu

hoc gia vé va lp tirc tién hanh xdy dung Truémg

hoc Alexandria danh tiéng. Chinh Euclid d3 g&3én
moéng cho Truomg phdi toan hoc Alex ndi
tiéng va hoan thanh tac phdm Neguvén I
thoi gian lam viée o day. Sau Ewcli
hoc kiém thién van hoc thién tai Apollonius (khodng
262 - 190 trudc cong nguyén) - mot thanh vién cua
trrdmg phdi nay - ciing ¢6 nhimng céng hién xudt sic
vé hinh hoc qua tic phdm dic sic Cdc thiét dién
conic. Sau khi Apollonius mat, nén todn hoc Hy Lap
véu dan va nhitng phat trién chi gi¢i han & cac linh
vire thién vin hoc, lugng gide hoc va dai s6 hoc.
Nam trim ndm sau (khoang thé ky III), Pappus xudt
hién va da nhen lai ngon lira say mé nghién ciru hinh
hoe 43 ngudi tan.

2. TAC PHAM CHINH

Cong trinh thuc sy to 16n cta Pappus 1a bd Tuvén
tdp todn hoc, mdt tic pham vira binh giai vira huéng
dan cdc cong trinh vé hinh hoc hién hiru & thoi dai
dng, khoi ddy lai nhimg ménh dé nguyén géc, cac
cai tién, m& rng va nhimg 161 binh ch lich sit. Dic

biét dng binh gidi vé Neuyén Iy va D@k ki¢n cia
Euclid, Syntaxis mathematica (thuémg duge goi la
Almagest) va Planispherium cia Ptoleny (nhi thién
van hoe vi dai nhat thai Aicdp ¢6 dai, khong phai
Ptolemy hoang dé i nhic dén trude d6).

Trong sd 8 quyén cua bd Tuvén tdp todn hoc thi
quyén thir nhit va mat phin ciia cudn thir hai da bi
thit lac. Tir nhfrng gl con gitr duoc, ngudi ta thiy
Quyén II néi vé mét phuong phap ma Apob'omus
phat trién dé viét va nghién ctu vé ca.c 50 lom.
Quyén III gbm 4 phin, hai phin du néi vé cic dai
lwong trung binh, phin thir ba néi vé mot sé bit

dang thirc tam gidc va phan thi tr noi vé viée
cho néi 13 da dién déu trong mdt hinh céu cho
trudg e

1a phan mé& réng cua Pappus vé Dinh 1y

gore mé ta, nguén g va tinh chét cia dudmg
odn Gc Arc'h:medes dudng conchoit cia Nicomedes
phuong cua Dinostratus cling véi
nhimg (g dung clia ba bii todn ndi tiéng va mdt bai
ludn bin vé mjt dwdmg xoin dc dic bigt v& trén mot
hinh céu.
Quyén V chu yéu néi vé sy ding chu, sy so sanh
dién tich cua céc hinh c6 chu vi chin ngoai bing
nhau va thé tich cdc hinh khdi co dién tich chin
ngoai bing nhau. Quyén nay ciling cd mét doan kha
Iy thii vé con ong va cdc tinh chit t6i da t&i thiéu cia
cde 0 ting ong. Trong quyén nay Pappus con dé cip
dén 13 da dién nira déu cia Archimedes.
Quyén VI néi vé thién vin va trinh bay nhing luin
viin nham giéi thiéu cudn Almagest ciia Prolemy.
Quyén VII miéu ta cic cong trinh tao thanh Kho
tang gidi tich, mdt svu tdp - sau Nguyén [y cua
Euclid - chita dyng cdc tr liéu duge xem 1a nhitng
trang thiét bj chi véu cia céc nha todn hoc chuyén
nghiép. Mudi hai ludn van duge ban ¢ diy 1a Di
kién, Porisms va Quy tich mat cia Euclid, Cdc thiét
dién conic va sau cong trinh khic cua Apollonius,
Cic quib tich hinh khoi cua Aristaeus vi Vé cde
trung binh clia Eratosthenes.

OAN H
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Quyén VIII chita dung nhiéu vén d& duoc xem la
nguyén goc cua Pappus. O day ta thay cach giai bai
toan dung conic qua niam diém cho trirde, ma rong
cua Pinh Iy Pythagore va dinh 1y: Néu D,E,F la
ede diém trén cdc canh BC, CA, AB ciia tam gidc

DB _EC FA ; .
ABC sao cho C_EA FB thi hai tam gidc

DEF va ABC cd cing trong tam.

3. TAM ANH HUONG CUA TAC PHAM “TUYEN
TAP TOAN HOC” POI VOI CAC HE SAU

Tuyén tdp todn hoc ciia Pappus thuémg dugc vi nhu
mdt mod vang trir lwong cao vé hinh hoc. Nhitng so
sanh, néu co thé, cho thiy nhimg 1&i binh trong tic
phim 4y rét ¢6 gid tri. Céc thé hé sau cé thé soi vio
ching dé thiy mot cach toan dién va sdu sic nén
toan hoc Hy Lap cb dai qua cac cong trinh cla trén
30 nha to4n hoc limg danh trong nhiéu linh vue
khac nhau. Ngudi ta vi von mdt cach kha hinh anh
riing tac phim &y nhur mét ban cdu hdn cia hinh hoc
Hy Lap (mic dit moi sir so sanh déu khap khidng!).

Tuy nhién qua bai viét t6i mudn ban dén mét khia
canh khac, d6 14 dnh huong clia nhimg van dé trinh
bay trong tdc phim Ay véi cdc cdng trinh nghién ciru
cia cidc nha todn hgc nhimg thé hé sau. Trong quyén

Mot vi du khac: Trong mét bai ludn (quyén VII) ban
vé mit quy tich ndi tiéng la "qu¥ tich doi vai ba

hodic bon dudng thing": Néu Py Do Py Py 18 chiéu

dai nhimg doan thing vé tir mt diém P dén bon
dieeng thing cho trude tgo thanh ede goe cho trude
vii bon diomg thang d6, va néu p,p, =kp,> hode
pip, =kp.p,, trong 36 k la mot hang si thi quy
tich P la mdt comic. Bai toan nay da duoc
Apollonius gidi va cé tim quan trong lich sir boi no
nhim téng qudt héa cho n duimg thﬁng ma
Descartes da gip nam 1673 dé hinh thanh phuong
phép toa dé. Nhitng ngudi cing thoi voi Pappus da
cb ging mot cach tuyét vong khi tong quat hoa bai
toan dé. Trong trdng hop tuyén tinh ciia dinh 1y goi
1a "Dinh 1y Stewart" ciing thay trong cudn nay:

Néu A, B,C,Dla bén diém nam trén mét duing
thing thi AD*.BC = AB2.DC + AC?.DB—DA.DB.DC.
Thuc ra Robert Simson (1687 -1758) da di truoc M.
Stewart (1717 - 1785) trong viéc kham pha ra dinh
Iy nay cho g hop tong quat hon khi D ¢o thé
A i thﬁug ABC.

. Pappus cing da chimg minh dugc

ai diy diém twong ing A B,C,D va A', B,

VI, Pappus 3 dua ra mdt trong nhimg dinh 1y vé % g
trong tim: 1. Néu mot trong nhimg cung phangxac@ , D' thi hai ti sé kép (A,B,C.D) va (A.B.C.D)

tron quanh mot Imc rrong mgf phang cua no n

2. Néu mot hinh phang xoay tron quanh mgt truc

trong mat phc%ng crua no nhemg khing cat hinh
phing do thi thé tich cta khoi tron xoay tao ra sé
bang tich ciia dién tich hinh phing do voi chiéu dai
ciia dirdng mda trong tam cia hinh phd'ng do vach ra.
Dung dinh 1y do co thé tim:

a) Thé tich va dién tich mat cua hinh xuyén tao Ta
duoe bing cich cho mét hinh tron ban kinh r xoay
quanh mét tryc trén mit phfmg cua hinh tron vai
khoang cach d >r dén tim cua hinh tron;

b) Trong tdm cua cung nira dudng tron;

¢) Trong tdm cta dién tich ntra hinh tron.

Cac két qua nay duge tim thay lai trong cong trinh so
khai vé phép tinh vi tich phan cia nha toan hoc Thuy
Si P.Guldin (1577- 1642). Diéu nay cho thiy Pappus
da di trrde thoi dai mdt nghin ndm trim nim.

TOAN HOC
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bing nhau. N6i cach khac, ti s6 kép cta bén diém
thing hang la bat bién qua phép chiéu xuyén tim.
Péy la dinh 1¥ co ban cia Hinh hoc xa anh. Diéu nay
ciing chimg to ring Pappus 13 mdt ngudi tién phong
trong vige nghién cliu Hinh hoc xa anh, mot nganh
hoc ma phai 1400 nam sau (thé ky XVII) mdi ¢é tén
goi chinh thire nhér cac cong trinh cua G. Desargues
(1593 - 1662) va duoc phat trién manh mé vao thé
ky XIX boi cidc nha toan hoc thién thi Gergonne,
Poncelet, Brianchon, Chasles, Steiner, ...

Sé khéng ké hét nhimg bai todn Pappus bin dén
trong Tuyén tdp todn hoc ma cac thé hé todn hoc sau
quan tam dén. Diéu t6i mudn gii gim vdi cc ban
tré qua bai viét nay la: Hay say dam véi vé dep trong
cac cong trinh toan hoc cua nhimg ngudi khic nhur
Pappus da say dam v4i cde cong trinh hién hitu thod
dai 6ng, nhu vy ban s& git hai dugc nhiéu thanh
cong trong sur nghiép va niém vui sdng tao trong
cude song.
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NGUYEN PHI MANG

Hué, Thita Thién Hué),

E/ rong tai liéu chuyén Hinh hoc Lép 10 &
bai doc thém: Ti s6 kép véi géc dinh
hudéng va Ti s6 kép ciia bén diém trén dudng
tron c6 trinh bay vé tir gidc didu hoa. Céc kién
thirc duge xdy dung theo mét hé théng kha
phirc tap. Do do viéc sir dung cac kién thirc vé
tir gidc diéu hoa nhur vay dé giai toan it ¢6 tinh
thuyét phuc. Hon nira theo quy dinh thi cac kién
thire d6 khéng ndm trong cac kién thiac duoc
phép sir dung trong Ky thi chon hoc sinh gioi
Qudc gia THPT nén néu hoc sinh muén sir
dung thi phai x4y dung céc kién thirc d6 va diéu
nay khong kha thi vi cach xdy dyng kha phirc
tap. PG 1a i do khién ching tdi tim hiéu dé
khic phuc tinh trang nay.
O day ta quan tam dén hai vin dé&: Thir nhit K
tir gidc diéu hoa co lién quan gi dén hang
diéu hoa hay chim didu hoa? (don gia Q{ﬁcm
chum diéu hoa 1a chum bdn duong @ theo
thit tw di qua mot hang diém d‘w ; thir hai
1a thiét 1ap cac kién thic vé 4c diéu hoa
mot cach ngin gon va chi dya trén nhimg kién
thire don gian quen thudc. Hai van dé trén duoc
giai quyét trong bai toan va cach giai cua bai
toan sau.
BAI TOAN. Cho tir gidgc ABCD ngi t

Du¢i ddy chung toi s& trinh bay mét cach giai
ngin gon ma chi ding nhimg kién thic don
gian quen thudc.Y tuémg cia cach giai nay xudt
phat tir su lién hé dén cac tinh chit ctia phép

nghich ddo ma chu yéu la tinh chét: * Phép
nghich dao bién dwomg tron di gua cuc nghich
dao thanh duong thing khéng di qua cuc

nghich dao”.

Goi§, 1a diém d5i xtmg cia Squa O, Ala

duong thing qua S, va vubng goc véi SS,. Do

dudmg tron (0) qua S va dudng thing A vudng
goc voi duong kinh 8S, cua (O) tai S, nén vdi

cach chon phép nghich dédo cé cuc § va phuong
tich §S? thi qua phép nghich dao nay duong

tron (O
hén d

thanh duong thing A, do dé bién
A,B,C,Dtrén dudng tron (O) khac

‘m: nghich ddo S thanh bén diém

%-l

.C,.D, trén dudmg thing A.
@TL‘I do duai cach nhin cua phép nghich déo ta co
thé giai bai toan nhu sau:

Léi gidgi. Goi S, 1a diém d6i ximg ciia S qua O va

A 1a dudng thing qua S, va vudng gbc véi SS, .

Cac dudng thing SA,
SB.SC, SD cit A lan
AI‘J‘BL!CI’DI'
Do A la tiép tuyén véi
duomg tron (O) tai §,

leot  tai

va S5 1a dudng kinh

cia (0) nén voi bén g

diém A,B.C,D phan
biét trén (O) va khic
voi Staco A,B,,C,,D,
la bén diém phan biét
trén A.

Taco ABCD =AD.BC <

Ss4750-2017) ¢
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(Xem tiép trang 27)
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CAC LOP THCS

Bai T1/475 (Lap 6). Cho sb tr nhién n. Hay
tim tit ca cdc s6 nguyén 6 P sao cho sb

A =10101% +2010(n+ p) +10""
duoc dudi dang hiéu cua hai s6 chinh
phwong.

¢ thé viét

NGUYEN HUU BANG
(GV THCS Hung Hoa, TP. Vinh, Nghé An)

Bai T2/475 (Lép 7). Gia sir tam glac ABC co

trung tuyén AM théa man ABC+MAC =90".
Chirmg minh rang tam gidc ABC la tam gide
cén hodc vudng. : e Jigd
NGUYEN XUAN BINH
(NXBGD Viét Nam)

Bai T3/475. Giai phuong trinh:

2Jx +1 2«/’_+3 4 /

LAI QUA
(GV THCS Tam Duong, Vi uc]

Bai T4/475. Cho hinh thang cén D ndi
tiép duong tron (O) véi AB song song vai CD
va AB < CD. M1a trung diém CD. P 1a diém
bét ky thudc doan thing MD. AP cit (O) tai
() khac A, BP ct (C') tai R khiac B. OR cét
CD tai E. Goi F la diém doi ximg cia P qua
E. Gia st EA nep xic véi (), chimg minh
rang AF vuéng goc vii AQ.

TRAN QUANG HUNG
(GV THPT chuyén KHTN, PHOG Ha Nei)

Bai T5/475. Cho x, y 1a cac s6 thuc thude
khodng (0 ; 1). Tim gid tri 16n nhat ctia biéu

thire: P-r,f] -y +y~.ﬁ—x +J_(r+y

TU HUU SON
(S¢ GD&BPT Ha Tink)
TOAN HQC :
1 6 * CTusilre S6 475(1-2017)

CAC LOP THPT
Bai T6/475. Cho f(x)=x*—6x+12.

Gidi phuong trinh f(f(f(f(x))))=65539.
NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)
Bai T7/475. Giai hé phuong trinh trén tap s6

thye: '2: = pnl)
2% =2x
TRAN VU HOANG PAO
(GV THPT chuyén Long An)
Bai T8/475, Cho hinh lang tru dimg ABCA'B’C,
diay ARC la tam gizjac déu. Goi @ la goc tao
bai A°B.véi mit phang (4CC°A™) vi B 1a goe
gitta mat phing (4’BC’) véi mat phing
(4CC’47). Chimg minh ring:
a<60’ va ootza-omzﬁzé,
g NGUYEN ANH VU
(GV THPTsXQén Binh Khiém, Hodi An, Binh Dinh)
Bai Tﬂ?a Cho p, ¢ 1 hai sb nguyén t6

Cﬁw u. Pt
O

o L)

¥ v"'l_-l- X %%\

a) Tinh T.

b) Xac dinh gia tri p, ¢ dé T 1a sb nguyén to,
trong do ki hiéu [a] la phan nguyén 1én nhit
khong vuot qua a.

. MAITUAN ANH
(GV THCS Nga Bién, Nga Son, Tharh Hoa)

TIEN TG OLYMPIC TOAN
Bai T10/475. Goi S la s0 céc ddy nhi phan (la
day chi gom céc $6 0 va 1) co do dai n (gém

n s0) sao cho tong ba s6 lién hep bat ki trong
day la s6 duong. Chimg minh rang:

3 13 (20
=] =5=— Yn=3.
(ZJ %R 2(9)

LE TAM THU
(Ddi 5, Lé Xuyén, Tricu Trach, Trigu Phong, Qudng Tr)

Bai T11/475. Tim tit ca cic ham f: —RE'
sao cho f( J+f(1f(y)) faf(x)), véi
moi x>y>1{.

LE XUAN DAl
(GV THPT chuvén Vinh Phiic)
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Bai T12/475. Cho tam gidc ABC. Pudng tron
néi tiép (/) cia tam gidc nay tiép xiic véi BC,
CA, 4B wi D, E, F twong img. Goi B,C, lin
lwot 13 giao cuia cdc cip dudng thing (4B, DE)
va (AC, DF). Goi H, K lan lugt 13 tryc tim
cua cac tam giac ABC, AB,\C,. Chimg minh
rang duomg thing HK di qua diém /.
NGUYEN THANH DUNG
(GV THPT chuyén Chu Vén An, Lang Som)

Bai L1/475. Cho doan mach gbm hop kin X
va Y. Trong do, hop X chira cudn day, hop ¥
chira tu dién C va mdt trong hai phan m d1¢n
trg thudn R hode cugn cam thudn mic ndi
tiép. Ngudi ta ndi hai dau hop X véi mot dién
ap khong d6i U = 12 (V) thi dong dién chay
qua c6 cuong do 1, = 0,3 (A); sau do6 thay
nguén dién khéng ddi trén bang dién ap

u = 12+/2 cosot (V) vao hai dau hop X thi
cuong do dong dién higu dung chay qua doan
mach 1 ;= 0,15 (A). Lay X mic ndi tiép vai
Y va dat dién ap xoay chidu trén vao hai diu

FOR SECONDARY SCHOOL

Problem T1/475 (For 6™ grade). G
natural number ». Find all the prime mérs P
such that the following number
A=10101" +2010(n+ p
can be written as a difference of two perfect
squares.
Problem T2/475 (For 7™ grade). Given a
triangle ABC and let M be the midpoint of BC.
Suppose that ABC + MAC = 90", Prove that
ABC is either an isosceles triangle or a right
triangle.
Problem T3/475. Solve the equation
X T
2Jx+1 2x+3° 4
Problem T4/475. Given a isosceles trapezoid
ABCD inscribed in a circle (Q) with 4B is

parallel to CD and AB < CD. Let M be the
midpoint of CD and let P be any point on the

*
1019

doan mach. Khi dié¢n ap tirc thdi gitra hai dau
cufn diay X béng mot nira gid tri cue dai cia

né va bing 346 (V) dang giam thi dién dp

tirc thoi gira hai diu doan mach 13 6+/6 (V)
v dang giam. Tinh cong sudt tiéu thu cia
mach khi do.

THANH LAM (Ha Ngi)
Bai L2/475. Mot khoi lap phuong dic, dong
chal canh 2q. Trugt déu thng ma sat, vin
toe vy trén mit ban nhin - nim ngang, & canh
ban ¢6 mot gor nho. Vi didu kién nao v, dé
vit ¢6 thé roi khoi ban? Gia sir kich thuée go
rat nho khong 1am sai léch dang ké chuyén
ddng quay cua vat.

2a

p—"—

r!'l:-aw

+

\% NGO AN HOA KY (TP. Hé Chi Minh)

Qs:de MD. Suppose that AP intersects (O) at the

5

second point O, and BP intersects (O) at the
second point R. Assume that OR intersects CD
at £. Let F’ be the symmetry point of P over the
point E. Suppose that E4 is tangent to (O),
prove that AF is perpendicular to 4Q.

Problem T5/475. Let x, y belong to (0; 1). Find
the maximum value of the expression

i -—-,1:1.)'1—}?T +;.=J1—x +—J-=(x+y]

FOR HIGHSCHOOL

Problem T6/475. Given f(x)=x’—-6x+12.
Solve the equation f(f(f(f(x]])] =65539.

Problem T7/475. Find all real solutions of the

o = 2y+1)

following system of equations: {
; =2x

(Xem tiép trang 27)

TOAN HOC
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Bai T1/471. Cho cac so nguyen 4,
r .\,_\'-
J ¥ ! |5 B T 50 L 1 DReD (
T 0y 5 1890~ cho 24

Lévi gidgi. S6 2015 1a 56 1é ma cdc s6 a, b, ¢
déu 1a ude sb cua s6 20157
sb1e.Pit a=2k+1thi =1=(a—1)a+1)
= 2k (2k + 2) = 4k (k + 1) chia hét cho 8 (vi
J (k + 1) 1a tich cta hai sb nguyén lién tiép nén chia
hét cho 2). Tuong ty b*— 1 va ¢ — 1 déu chia het
cho & (1). Sé 2015 khéng chia hét cho 3 vi tong
céic chir s6 bing 8, do d6 & 2015™" khang chia hét

nén a, b, c déu la

cho 3, suy ra céc sb a, b, ¢ déu khong chia hét ch@

3.Néua=3k+ 1thia—1=3knéu a=3k+ 1
a+1=3(k+1),dodoa-1=(a éﬁl)
chia hét cho 3. Tuong ty b° — 1 @c 1 déu
chia hét cho 3 (2)

Tir (1) va (2) véi chu y ring (3,8) = 1 suyra @ — 1,
b’ —1va ¢ —1déuchiahétcho 83=24 (3)
Tir (3) va 194° + 56% + 1890¢” = 19(a” — 1) +
5(h* — 1)+ 1890(c* — 1) + 1914 suy ra sb du cia
194 + 5h* + 1890¢" khi chia cho 24 ciing 1a 6
du ctia 1914 chia cho 24, va biang 18. O

»Nhgn xét. Mau chét dé giai bai nay 1a két qua (3),
mét sb ban khong chi y diéu dé nén giai kha dai
hoiic di lac huéng khi khai thac diéu kién a, b, ¢ déu
12 ude s6 ciia sb 20152,

Cac ban sau da giai thich rd cac két qua (1) va (2) dé

suy ra két ludn:

TOAN HOC
* CTudilre

18

S3& 475(1-2017)

Phii The: Trdn Hién Khanh, Lé Tuyét Nga, Nguyén
Thi Tra Linh, 6A3, THCS Lam Thao, Lam Thao; Ha
Nii: Nguyén Ngan Chi, 6C, THPT Ly Thai Té, Cau
Gidy: Nghé An: Nguyén Thi Khanh Thi, 6A, THCS
Ly Nhét Quang, P6 Luong.

VIET HAI

het cho 10 thi ( _-: Y chia ;'I.':'-." cho 1000
Loi giai. Vi (az +ab+ bz) chia hét cho 10 nén (a
—b)d* +ab+ B) chia hét cho 10 hay (&' — b°)
chia hét cho 10, suy ra a’ vi b’ c6 chit sb tan
cing giéng nhau (1). Bang cach lgp bang xét
chit s6 tan cing (tir 0 dén 9) cta cdc s6 tw nhién
va chit sb tin cing cua s6 1ap phuong tuong

(mg ta rit ra ghin xét : Hai 56 nguvén cé chir sé

Idn cung nhau thi ldp pheong cua chung
ciing. QX NiF 56 tdn cing khdc nhau. Do do tir
(1@ ra a vi b ¢ chir sé tin cung giéng nhau,

%1 d6 ba sé a’, ab va b ciing c6 chir s tin

cung gmng nhau. Ma (&* + ab + b*) ¢o chir so

tin ciing 1 0 (gia thiét) nén o*, @b va b’ déu cb
tin cing 1a 0, suy ra @ va b ¢o chir sb tin cling
la 0. Tir d6 o va b déu chia hét cho 1000, nén

(a* — b°) chia hét cho 1000. O

» Nhdn xét. 1) Ngodi cach giai trén day, da sb ban
cd 1dp ludn nhur sau :

Vi (¢* + ab + b%) chia hét cho 10 nén (& + ab + b%)
la s& chin, suy ra a va b ddng thoi 14 s6 chin.

Sau do dua vao nhin xét “Mgs s6 chinh phwong chia
cho 5 chi cho s6 die la 0; 1 hodc 47, viét lai 4(a” +
ab + B%) = (2a + b)* + 36, tir gid thiét (a” + ab + b°)
chia hét cho § suy ra ddng thoi (2a + b)Y va 3H°
cung chia hét cho 5 (vi 35" chia cho 5 chi cho sb du
120 ; 3 hoiic 2), suy ra b’ (va b) chia hét cho 5, tir d6
& (va a) chia hét cho 5. Nhu vy a va b cing chia

hét cho 10 va co két ludn cia bai toan.
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2) Cac ban sau ddy c6 léi giai tdt:
Phit Tho: Cao Ngoc Khoa, Nguye;}': Minh Tién, Vii
Minh Khai, Dang Thai Tudn, Nguyén Cong Hai 1,
Nguyén Ngoc Lan, TA3, Bii Nhit Minh, Tran Thi
Yén Khanh, 6A3, THCS Lam Thao; Ha Ngi:
Nguyén Ngdn Chi, 6C, THCS Ly Thai Té, Ciu
Gidy; Ngh¢ An: Nguyén Héng Khdnh Lam, 71,
THCS Ha Huy Téap, TP. Vinh; Ha Tinh: Pham Thi
Thao Huyén, Phan Vin Nam, Tran Ngoc Son, Lé
Nguyén Gia Huy, Ddang Dinh Huy, Pham Huynh,
7B, Tran Anh Tudn, Pham Thi Thiy Diép, 7C,
THCS Hodng Xudn Han, Birc The; Quéng Ngii: Lé
Tudn Kigt, 7A, THCS Pham Vin Dé-ng, Nghia
Hanh.

NGUYEN XUAN BiNH

phirone trinh

Bai T3/471. Giai

Q—x

Br-16

v |2x-220 5G|
S {Sx—lﬁiﬁ@{x;ﬁz

b#0)tacba*=2x—2= 20x-2)+2= 2§<‘F
nén @' =2b"+2(1).
Bién d6i PT di cho thanh

,@’

= 2+~J'-_ 16—-(2x-2)
43 x -2
iy o 2O & (a+2b)2 =16

a=4-2b
s ] %
|:a=—4—2b
Néu a =—4 - 2b thido a > 0 nén b < —2; tir (1)
talaicd 26°=da* -2 > -2=b > -1 (miu

thudn). Vay a = 4 — 2b. Thay véo (1) ta duoc
(4=2bY =2b* +2 & (b-1)(B2 —b+7) =0 (2)

A
Vi bl—b+?=(b-5J +T>U nén tir (2) suy

oWet 1 <x<2thi V2x-
Cich 1. Dat a=\2x—=2;b=3x-2 (véi aa,@f& -

rab=1,dodéa=2.

Tir d6 tim dwge x = 3 (thdoa man PK).

Cach 2.+ Vo1 x = 3 thi
=\32-2+¥B-2=2+1=3

VP = —— i, 6 =3, Nhén thdy VT = VP,

P83-16
nén x = 3 la nghiém cua phuong trinh,
* Xétx >3 thi
V2x-2>23-2=2;x-2>33-2=1;
1 1 |
Pr-16 ¥B3-16 2

nén VIi=2+1=3 véVP<-§=3.

9-x<9-3=6;0<

Do do VT > VP,
*Xét2<x<3thi 2x-2<2; ¥x-2<«1;

. | :}']_
x—16 2

%’T < VP.

0— x> 6Hy , nén VT< 3 va VP >3.

220:¥x-2=-1 nén

T>-1;9-x>7;-2<y8x-16 <0

=0<-3Bx-16<2 =— 1 ]

Y8x— 1
9—x }?: oD {:_1{_]
38\—16 P Y8x—16 2 '

Do do VT > VP, Vay phuong trinh di cho cé
nghiém duy nhitx=3. 0

»Nhin xét. Da so cac ban tham gia giri bai déu giai
theo mét trong hai cach trén. Mot s ban dat PK con
thidu x =2 va khi giai bing Cdch 2 cc ban thuong
xét gbp truong hop 1 < x <3 (ma khéng tach riéng
1 < x<2va2<x<3)nén bi nhiam khi danh gia. C6
hai ban & THCS Thét Nét - TP. Cin Tho 1am chung
mdt bai, diéu ndy pham quy nén khéng duge tuyén
duong. Tuyén duong cic ban sau co 1oi gidi tit: Nghé
An: Ng:{vé'n Thi Linh Ban, 8D, Phan Thi Huyén Anh,
9C, THCS Ly Nhit Quang, P6 Luong. Luong Thi

S6 475(1-2017) . udily
https: //tleulun hopto.org

TOAN HOC
¢19




Thanh Nhéan, THCS Hanh Trung, Nghia Hanh; Phd
Tho: Neuyén Thi Hién, Nguyén Thity Duomg, 9A3, Lé
Trung Hiéu, 8A3, THCS Lam Thao; TP. Hd Chi
Minh: Hoang Pdng Khoa, 9A5, THCS Lam Son;
Quing Tri: Poan Nhat Thanh, 9D, THCS Nguyén
Trai, TP Péng Ha; Pha Yén: Dam Nepe Hiéu, 9H,
THCS Trén Hung Pao.

PHAM THI BACH NGQC

Bai T4/471. Cho AABC. Bén ngoai tam gidc
ds vé cde tam gide déu ABD va ACE. Goi O la
tém ciia tam gide déu ACE. Trén tia doi cua tia
OE lay diém F sao cho OF = OE. Chirng minh
rang DF = BO.

Lai gidi (Theo da sd cic ban).

F
B C

Vi OF = OF = O4 vi AOF =60° nén ta@/ﬁc
AOF déu = AO = AF. ,&%

Mit khéac, vi DAB = FAO = 60° mﬁcé

DAF = DAB+ BAF = BAF + FAO = BAO. Tir d,
ADAF = ABAO (c.g.c). Do 46 DF = BO. O

% Nhiin xét. C6 nhiéu ban tham gia gidi bai todn nay.
Da s6 cac ban cho 10 giai ding va theo cich trinh bay
& trén. Céc ban sau day trinh bay 161 giai tot: Ha Tinh:
Nguyén Khanh Huyén, Lé Viét Hoang, Lé Hodng, 8D,
THCS Xuén Diéu, Ttr. Nghén, Can Lc; Nguyén Nam
Khdnh, 9A1, THCS Quan Hanh, Nghi Loc; Nghé An:
Hoiamg Manh Nehia, Tran Minh Duy, Lé Xudn Toan,
Nguyén Xudn Dar, Nguyén Thu Hién, 8D, Hodmg Anh
Diing, Nguyén Dinh Tudn, Nguyén Trong Lugng, Thdi
Thi Cim Chi, Phan Thi Huvén Anh, Tran Vin Hiéu,
Thdi Ba Bao, 9C, THCS Ly Nhit Quang, B Luong;

20 TOAN HOC
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Vinh Phiic: Newyén Thi Khanh Ly, 8A4, Lé Hong
Nhung, 8A1, Duong Tién Dat, Nguyén Tric Quynh,
9A2, THCS Yén Lac; Phit The: Bii Thi Quynh,
Nguyén Thup Duong, 9A3, Nguvén Trong Nhdt,
Nguyén Dic Tin 8A3, THCS Lém Thao; Binh
Thuin: Huywh Vi Khoi Nguvén, 9G, THPT chuyén
Trin Hung Pao; Quing Ngii: Huvnh Quang Diéu,
8D, Lwong Thi Thanh Nhan, 9A, THCS Hinh Trung,
Nghia Hanh; Hai Dwong: Neguyén Van Cuong, 9A,
THCS Hop Tién, Nam Sach.

NGUYEN THANH HONG
Bai T5/471. Cho tam thirc f(x)=20x" =11x+2016.

Chitng minh rang ton tai s6 nguyén o sao cho

a2

Li gidi. Cdich 1. Ta sé chimg minh bing quy nap

bai toan tong quat:
+ -
Voi moi &gm-‘én dwong n thi tém fai so

ngu@; sao cho f(a ):2" (*)
=1 taldy o, =2 thi £(2):2". Gia sir bai todn

Q@ing v6i n =k, tire 12 ton tai s6 nguyén o, sao cho

B= f(n,):2". Ta s& chimg minh bai toan ding

véi n=k+1.Chon a,,, =a, +p, ta thu duoc
f(a,.,) =10B(2p +4a, —1):2*"".

Bai toan tong quat (*) duge chimg minh. Do d6 ton

tai sO nguyén o sao cho f(a):2".

Céch 2. (ctia ban Nguyén Ding Nhdt Minh, 8C2, THCS

Archimedes, Trung Yén, Yén Hoa, Ha Néi).

Ta chimg minh két qua tong quét hon sau:

Véi moi s6 nguyén dwong chin n thi ton tai sé

nguyén wsao cho f(a)in (**).

Chia 7(1), £(2), ..., f(n)chonsécénsddu. Gia

sir trong d6 ¢o hai s6 ¢6 ciing s6 du khi chia cho n

la f(a)va f(b)(a>b;a bell,..,n}). Khido
f(a)=f(b):n.Taco:
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f(@)~f(b)=20(a’ ~b")~11(a—b)
=(a-b)[20(a+b)-11]in.
Do n la s6 chan, 20(a+b)-11 1asd 1é nén a—bin,

1,...,n}

dieu nady méu thuin voi

suy ra a—bzn. Mat khic, do a,be
nén a-b<n-l,
a—b=n. Viy gia sit trén la sai. Do d6 cac sb
£, £(2)...., f(n) khi chia cho n s& cho n s6 du
d6i mdt khac nhau. Suy ra ton tai s6 nguyén o

sao cho f(a):n.

Viy fl@)i2® 6 n=2").0
P Nhin xét. Ngoai 101 giai bai toan (**) cia ban
Minh, ban Nguyén Dinh Tudn, 9C, THCS Ly Nhit
Quang, D6 Luong, Nghé An cing di mo rong,
chitng minh dugc bai toan (*) bing quy nap. Bai
todn dd cho cé thé duge téng quat “manh™ hon
khéng? Rat mong cic ban tiép tyc khai thic, mo
rong bai toan trén!

TRAN HUU NAM

+

Bai T6/471. Gidi phuwong trinh

,.‘

log, x
x*—10x2 + 76

n

X
O

g duon
2)((5-2) +1)

(5-x2) +5-12

5
_I_l
|_

log

+

Lai gigi. DK: x > (. Phuong tri g

voi: log, x(logd x+1)=(5-

< logl x+log, x = (1)
Xéthamso f(1)=r+t (teR).

Taco f'(r)=3r2+1>0 nén ham s6 ludn ddng
bién trén R. Tir (1) ¢6 f(log, x)= f(5-2).
Do do: log, x=5-x* < 1% +log, x-5=0 (2)
Xéthim s6 g(x)=x? +log, x—5; 6

1

g'(x}———2x+ )

>0 Vxx(0.

X

Ham so g(x) ddng bién trong khoing (0;+00).

Ma g(2)=0 nén phuong trinh (2) ¢6 nghiém
duy nhét x=2 (thoa man DK bai toén) .

Vay phuong trinh trong dau bai cé nghiém duy
nhit x=2,

»Nhin xét. Rit nhiéu bai ton vé giai phuong trinh
st dung ménh dé sau: Néu ham sb Sy ludn dé-ng
bién (hotic nghich bién) trong khoang (a:b) va

u(x), v(x)e (a;b] thi

£(u)= £ () = () = ().
C6 thé dén (2) bang cich:
Dit a=log, x; b=5-x2, d& ding thu dugc
(a—b)(a®+ab+b*+1)=0a=h
<> log, x=5-x2.
Céc ban sau day cé bai giai tét: Hung Yén: Cao

thanh Trun, %AS, THPT Dwong Quang Ham; Ha
Nam: L&g Nam, 11 Todn, THPT chuyén Bién
H0§ g An: Pham Déng Hai, Nguyén Thi Ngdn
;s,- 11TI, THPT chuyén Long An: Quéang Nam:

@gﬁ}fm Huy Hai, Truomg Nhdt Nguyén Bao, Newyén

Hoang Hai, 11/1, THPT chuyén Nguyén Binh Khiém;
Nam Binh: Trdan Minh Hiéu, Nguygn Thank Huyénﬁ
11T2, THPT chuyén Lé Hong Phong; Vinh Phiie: £5
Trung Phuong, 11A1, THPT chuyén Vinh Phac: Ha
Tinh: Neuvén Quang Himg, 11A1, THPT Ci Huy
Cin; Quing Ngii: Nguyén Lé Minh Triér, 11TI,
THPT chuyén Lé Khiét: Tién Giang: Lé Hoang Bdo,
11 Toin, THPT chuyén Tién Giang; Séc¢ Tring:
Nguyén Dikc Thinh, 11A2T, THPT chuyén Nguyén
Thi Minh Khai; Lim Péng: Ngupén Quoc Trung,
11T, THPT chuyén Thing Long, Pa Lat.

NGUYEN ANH DUNG

Bai T7/471. Cho cdc s6 thuc dwong x, y thoa
man (\a{;+!}(2.‘f)_'+4)+ y=13. Tim gid iri
4

£t s B " X ¥
nho nhat cua biéu thic P =—+—+y.
y X

3

TOAN H
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Lai gigi. Ap dung bat ding thire Cauchy cho
hai, ba s0 thyc duong ta co:
13X+ D2y +9)+y
=2y +2 )y +4/x +4+y
S(x+Y)+(y+D)+2(x+1)+4+y

=6<Hx+y)=>2<x+y

4 3 3
va P:l—+:v—+y =[£+_v}+(y—+x+l)—x—l
X y X

3
>2\[ 3+3J—x1— —1

=2x1+3y—-x—-1 =2(x*+ 1)+3y—x-3
222x+3y—-x-3 =3(x+y)-32 32-3=3.
minP =3 khi va chikhix=y=1.

3 Nhdn xét. Bai toan bat dang thiee trén thuge dang co
ban, don gian. Céc ban 16p 9, 16p 10 sau co 161 giai ding:
Bic Ninh: Newyén Hitu Tinh, 10T, THPT chuyén Bic
Ninh; Hung Yén: Dwong Thanh Pat, 10T1, THPT
chuyén Humg Yén; Nam Binh: Vit Hoang Long, 1072,

Pham Chi Céng, Nguyén Hodang Minh, Bii Trong ()ﬂﬂk"k ivachikhix=yvaly=1-xypox= y—l

Liwong Piec Thinh, 10T1, THPT chuyén L&
Phong: Nghé An: Pinh Viét Ty, 10T1, T
Luong I; Thanh Héa: Lé Tién Dar, 10A1,
Céng 1, Pang Quang Anh, 10T, TH
Son: Ha Tinh: Newyén Thi Linh ChiNan Dinh Minh
Qudn, 10T1, THPT chuyén Ha Tinh; Quing Nam:
Nguyén Lé Thanh Hing, Lé Thio Huyén, 10/1, THPT
chuyén Nguyén Binh Khiém; TP. Ho Chi Minh:
Neuyén Dich Long, 10T, THPT chuyén Trén Pgi Nghia;
Phii Yén: Dam Neoc Hiéu, 9H, THCS Tran Hung Dao,
Pong Hoa; Vinh Long: H6 Huy Hodng, 1012, Tran
Link, 10T1, THPT chuyén Nguyén Binh Khiém, TP.
Vinh Long.

NGUYEN MINH bUC
Bai T&471. Cho tam gide nhon ABC. Ching
minh -".‘_:'.".'I.L_f
g = 10 : 2
yjeot A +cot B =2 —cot A.cot B.cotC.
TOAN HOC ’
22 & Crwtco 506 475 (1_-2017)

Léi gigi. Cha y dén dang thic
cotA.cot B+cotB.cotC +cotC.cotA=1.

Dit x=cotA,y=cotB (x,y >0) thi

1—xv
cotC = 2
X+

—xy >0

Ta cin chimg minh bét dang thirc:

{[mlb%n e hay

X+y

3 (x+y) 216’y (1-xy) (*)
Sir dung bt ding thirc Cauchy cho hai so
dwong, 1di bét ding thie Cauchy cho 4 s0

dirong ta cd: 3 (x+y)* 23.16x%y*

162y [3xy + (1= xy)+ (1= xy)+ (1= xp)]*

ml-—

P; A6 e 2 44 3xy(1-xy) =162 2y} (1—xy).

L.'J

Vay b@na thire (*) duge chimg minh, do do
& bai duge chimg minh. Piing thirc xay ra

2’
hay DOTA=CG[B=1 va cotC=§, El
3 2 4

»Nhin xét. Cac ban sau c6 101 giai ding: Ha Noi:
Hoang Lé Nhgt Ting, 12T2, THPT chuyén KHTN,
PHOQG Ha Noi; Nam Dinh: Tran Minh Hiéu, 1112,
THPT chuyén Lé Hong Phong: Thamh Héa: Hding
Quang Anh, 10T, THPT chuyén Lam Son, Nguyén Thi
Ngoe Khanh, 12B1, THPT Hau Loc 2, Hau Loc; Ngh@
An: Cao Hiru Pat, 12A1, THPT chuyén Phan B
Chauy, TP. Vinh; Quing Tri:
Qudn, 11T, THPT chuyén Lé Quy Dén: Thira Thién
Hué: Neuyén Thi Phuzomg Nhi, Phan Tran Hudmg, 11
Toan 1, THPT chuyén Quéc Hoe Hué; Tién Giang: Lé
Hodmg Bao, 11 Toén, THPT chuyén Tién Giang; Vinh
Long: Nguvén Khiém, 11T1, THPT chuyén Nguyén
Binh Khiém, TP. Vinh Long.

Newyén Hodng

HO QUANG VINH
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Léi gidi. (Cua ban Tran Minh Hiéu, 11T2, THPT
chuyén Lé Hong Phong, TP, Nam Pjnh).

Taco (1+a*)(1+b7)(1+c%)

=(1+d’B +b +a ) +(d* +b* + & +a'b )
=(ab+bc+ca-1) +(a+b+c—-abc)’.

Do a+b+c=abc nén

A+a )1+ +) =(ab+bec+ca-1) (1)

(a+b+c][l+l+lJ29
s

a+b+c=abc

nén gb+bc+caz9=ab+bc+ca-1>0.

Do détir (1) suyra

JA+a*)(1+b)(1+c*) =ab +be +ca-1.
Vay bt dang thirc can chimg minh tré thanh

JA+a)A+B7) ++J(1+8)1+c%) + '&

+JU+A)1+d%) 2 ab +!§&+3 2)

Tacé
(1+a* )1+b*)=(ab+1)* +(a—b)’ 2 (ab+1)°

= JA+a)1+b) 2 ab+1.
Tuong tu A/(1+b°)1+¢") 2 be+1
Ja+e)(1+a*) zac+1.

Tir d6 suy ra (2). Ding thirc xay ra
i=h=c

=5 Sa=b=c=+3.0
a+b+c=abc

¥ Nhin xét. Bai nay dugc nhiéu ban tham gia gial voi

nhiéu céch giai khac nhau (c6 céch gidi kha dai nhung

giai ding). Lo giai ngan nhét 13 1oi giai trén. (Ban Tong

Negge Trung, 11 Toén 1, THPT chuyén Quéc Hoe Hué,
Thira Thién Hué ciing co 1é1 giai twong tr nhir viy)
Céc ban sau diy c6 i giai tot: Ha Tinh: Nguyén Thi
Linh Chi, 10T1, THPT chuyén Ha Tinh; Hung Yén:
Nguyén Thi Hong Diém, 10 Toéan 1, THPT chuyén
Hung Yén; Quéing Nam: Trwomg Nhdt Nguyén Bdo,
11/1, THPT chuyén Nguyén Binh Khiém; TP. Hd Chi
Minh: Nguyén Dich Long, 10CT, THPT chuyén Trin
Bai Nghia; Quéing Binh: Lé Hodng Long, 11 Toén,
THPT chuyén V& Nguyén Giap; Ha Nji: Neuvén Minh
Hiéu, 11 Toén 1, THPT chuyén DHSP Ha Néi; Vinh
Long: Nguyén Khiém, 11T1, THPT chuyén Nguyén

Binh Khiém, TP. Vinh Long.
DANG HUNG THANG
dai T10/471. Mor trung tam mo ra 7 lop hoc
t ra _ trone rung
i wia it nhat 1ol frong o .-".'.J'|.'.' .l".'.:.-- _"_'c..r‘_!_ SO
."-".'-':.-'.-'_\®: 7 lop hoc cho thay fh'r,-'.-' :",-'-
e Co xﬁﬁric sinh tham dyw bing nhau va bdng

i ova cu hai lop hoc bar ky thi co khong

e sinh hoe ca hai lop do. Chimg minh

r trunge tam day hoc co it nhat 120 hoc sinh

! 'Il;.' 11« Ilrlj-ll L I'n;.'( 4 .'llll }f"! 'l"l[Jr . ITI-E

Léi giai. Ky hiéu n la s0 hoc sinh tham dir céc
16p hoc d6 va véi hoe sinh thir j ky hiéu a; 14 s6
lép hoc hoc sinh d6 tham gia. Ta ldp bang co 7
hing va n cot. O, f) ctia dong 7 va ¢t j duge
danh diu X néu hoc sinh j tham gia 16p i.

Téng sé ciac diu X néu tinh theo cot la
a, +a, +...+a,, vatdng ndy la 7. 40 = 280 néu
tinh theo dong (vi mdi 1ép cé ding 40 hoc sinh
tham gia). By gitr ta tinh S 12 s6 cip (X,x)

theo cung cot. Trén cot j c6 Cj cip, cho nén s0
i

§ cac cap (x,Xx) theocotla C7 + ... + Ci:%
(af +a3 +...+a§)—%(a1 st AL
, TOAN HOC ~ A
S8 475(1-2017) * CTudilre 23
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Thay @, +a,+..+a, = 280 va dp dung bit

dang thirc quen thude
(gt ta P

at+ai+..+atz - §
n

taco S= —&—140 g
2n

Mat khac véi mdi cip 2 dong, chi co nhiéu 1dm
€0 9 cft cd cdp (%, x) trén 2 dong nay, cho nén
tong sO cac cp (X,x) clung ct trén tit ca
(3 cap 2 dong khéng vugt qua 9 C? clip (X, X).
Ta 6 bt ding thirc: 9C2 > S.

Thay vao (¥), ta ¢c6 9C3= g%—140 v ¢co

2802

S Tl
209C2 +

q =
I40)> 119, Vaiyr=>120.0

»Nhidn xét. Bai niy nhicu ban giri 16 giai va déu
giai dung: Sée Tring: Lé Long Quéc, 12AI1T,
Nguyén Pirc Thinh, 11A2T, THPT chuyén Nguyén
Thi Minh Khai, TP Séc Triang; Quing Nam:

Léi gidgi. (Theo da sb céc ban) Dit 0) = c.
Thay y=0 vao (1), ta thu dugc

f((})=f[—";—2]+x3,‘v‘xem

hay f(r)=-2t+c, ¥i=20 (2). Thay y=1 vao

(1), ta thu duge

Fal= f(x +I)+{x—l)-’,‘v‘xe[@ 3)
Tir (2) va (3) suy ra
f{x)=f[x2+l]+(x—l)1~— k4] 1y?

=c—2x,Vx e R. Thir lai ta thiy ham
f(x)=c—2x théa mn céc diéu kién bai ra. O
»Nhin xét. Pay la dang todn co ban vé phuong
trinh ham véi cép bién tir do trén R. Rét nhiéu ban

da giri bajd vc toa soan va giai theo cach trinh

ba) Urr%

rad h lién lue cua ham f(x). Cac ban sau ddy co

¢ 1a khong sir dyng dén gia thiét cua bai

Treomg Nhit Nguyén Bio, 11/1, THPT chuyén . J8pidi ding: Binh Dinh: Phan Léc Som, 10T,

Nguyén Binh Khiém; Vinh Phic: D6 T
Phwong, 11A1, chuyén Vinh phic; Long An:

Quﬁrc Théng, 12T1, THPT chuyén Long, .* am
Dinh: Tran Minh Hiéu, 11T2, TH yén Lé
Hﬁ“mg Phong; Thanh Héa: Pdang ' Anh, 10T,
THPT chuyén Lam Son; Nghé An: Neuvén Hong
Quéc Khdnh, 12A1, Nguyén Pite Bdo, Pham Trdin
Anh, 11A1, THPT chuyén Phan B&i Chiu; Quéing
Tri: Nguyén Hodng Qudn, 11T, THPT chuyén Lé
Quy Don; Quang Binh: Lé Dinh Hai, Lé Hodng
Long, Hodng Nhdt Tuan, 11T, THPT chuyén Va
Nguyén Giap; Ha Tinh: Tran Nhat Tanm, 10T1,
THPT chuyén Ha Tinh.

vU DINH HOA
Bai T11/470. Tim tdt ca cde ham sé lién tuc

R —> R théa man diéu kién

f’(-\}’}=.f'(f:w |+(-1'—}‘}:~'V-1"}-‘ER (1)
\ o J

TOAN HOC
* CTugilye _S6 475(1-2017)
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QTHPT chuyén Lé Quy Dén; Ha Nam: Lé Phuong

Nam, 11T, THPT chuvén Bién Hoa; Ha Ni:
Nguyén Minh Hiéu, 11T1, THPT chuyén DHSP Ha
Noi, Nguyén Vin Diing, 11A14, THPT Ngoc Tao,
Phic Tho; Ha Tinh: Nguyén Dinh Nhdr, 10T1
THPT chuyén Ha Tinh; Hung Yén: Chu Minh
Vieong, 11A, THPT Van Giang, Tridu Ninh Ngan,
12A9, THPT Duong Quéng Ham; Long An: Lé Tri
Phii, 11T1, Pang Thanh Timg, 12T2, THPT chuyén
Long An; Nam Binh: Ngnygn Thanh Huyén, 11T2,
Vii Thi Digp, 11T2, THPT chuyén Lé Hong Phong;
Nghé An: Nguyén Diee Bdo, 11A1, THPT chuyén
Phan Boi Chaw, Tran Tién Manh, 11A1, THPT
chuyén BH Vinh, Quing Binh: Lé Hoang Long,
11T, Lé Dinh Hai, 10T, THPT chuyén Vd Nguyén
Gidp; Quang Nam: Nguyén Huy Hai, 11/1, THPT
chuyén Nguyén Binh Khiém; Quéing Tri: Nguyén
Hoang Quén, 11T1, THPT chuyén Lé Quy Don; Soe

https://tieulun.hopto.org



Trang: Lé Long Quic, 12A1T, Neuyén Drirc Thinh,
10A2T, THPT chuyén Nguyén Thi Minh Khai; Tién
Giang: Lé Hoang Bdo, 11T, THPT chuyén Tién
Giang; Thanh Héa: Pdang Quang Anh, 10T, THPT
chuyén Lam Som, Lé Tién Pat, 10A1, THPT Néng
Céng 1; Ty Ninh: Ha Nhdt Phuong, 11T, THPT
chuyén Hoang Lé Kha; Thira Thién Hué: Lé Viét
Thanh Long, 11T1, Téng Ngoc Trung, 11T, THPT
chuyén Quéc Hoc Hué; Vinh Phiie: Nguyén Lé Som,
11A1, THPT chuyén Vinh Phuc.

NGUYEN VAN MAU
Bai T12/471. Cho tam gide ABC, [ la tim
dwcmg tron ngi tiép. Puomg thing A di gua I va
vuéng goc voi Al Cdc diém E, F thudée A sao
cho EBA=FCA=90". Céc diéem M, N thugc
BC sao cho ME // NF || Al. Chirng minh rang
cac dwong tron ngoai n'ép cde tam giace ABC,
AMN fs’.:-f,rr xuc voi nhau.

Lévi gidgi. Bé dé. Néu cac diém M, N thudc canh

BC cua tam gidc ABC thi dudmg tron ngoai tiép «

D@ thiy 4, B, I, I. cung thudc dudng tron dudng
kinh . Vi AIE=ABE=90° nén A4, B, I, E
cung thudc duomg tron duomg kinh AE, Viy
AIEI 1 hinh chir nhat. Diéu d6 c6 nghia la

MIS=90° va Al E =90° (1)
Twong tu m' =90° va XEF =90° (2)

Vi IA, Bl,, CI,. dong quy tai I nén (AST,1)=—1
(hang diéu hoa co ban). Tir d6, chi y ring
S Al

M|
[3 = [ — C 3
I M//I,N, suyra NI, ST, —A-fr:, (3

Tir (1), (2) va (3) suy ra cac tam giac vudng

AMI,, ANT, ddng dang. Do d6 MAI_ = NAI,.
Két hop véi .§ZE = EE?,,, suy ra MAB = NAC.

Viy, theo bagé trén, duéng tron ngoai tiép cac
tam gidc " AMN tiép xtc v&i nhau, O

»Nh
th& a giai khong nhidu. Xin néu tén mot sé ban

) Dy la bai todn hay va kha khé, sé ban

lovi gidi twong d6i tot: Som La: Tran Hoang Bat,

cdc tam gidc 4BC, AMN tiép xiic véi nhau k},% 11A1, THPT Mgc Ly, Méc Chiu; Ha Ngi: Nguyén

v chi khi MAB =NAC.

&
gidn,

Phép chimg minh b d trén rw
khong trinh bay & ddy. Tré lai giai B toan 12.

B6 qua truong hop don gidn AB = AC.
Got [, I, theo thir tir 13 tdm duong tron bang

tiép d6i dién voi cac dinh B, C cia tam gidc
ABC; S 14 giao diém ctua BC va I,],.
i

= A
N
¥,

,-“-'n.u‘l"'\

[ SXSK AR

; ‘ L2
M= NL—IN

e

Minh Hiéu, 11T, THPT chuyén DHSP Ha Noi; Nam
Dinh: Tran Minh Hiéu,11T2, THPT chuyén Lé
Hffmg Phong, TP. Nam Binh; Thanh Héba: Ddng
Ouang Arh, 10T, THPT chuyén Lam Son, TP.
Thanh Héa; Nghé An: Nguyén Dirc Bdo, 11Al,
Nguyén Hong Quéc Khanh, 12A1, THPT chuyén
Phan Bdi Chau, TP. Vinh; Ha Tinh: Trdn Héu D
Thang, 10T1, THPT chuyén Ha Tinh, TP. Ha Tinh;
Thira Thién Hué: Lé Viét Thank Long, 11T,
THPT chuyén Quic Hoe Hué; Quing Nam: Nguyén
Pham Nam Dwomg, 11T, THPT chuyén Lé Thanh
Tong, TP. Hoi An; Long An: Pham Quic Théng,
12T1, THPT chuyén Long An: Séc Tring: Nguyén
Dikc Thinh, 12A2T, THPT chuyén Nguyén Thi Minh
Khai, TP. Soc Tréing.

NGUYEN MINH HA

S48 475(1-2017)
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. 3 P N T gl g g iR i
Bai L1/471. Mot eot chieu dai AB = 1,0 m ning
AN N dweore dat thang dung tren mal dal
m nea n, hé 50 n il g =04, Pan A
11D J A r f r
1o decn i frong
i e} ! o -_jr:lr 3 8
{5 3 ¥ P ’
el I ¥ TR i HHRE Vo
] f i ¢ / .
/iy A
i
P L] -
; =
C F
7
y
R
f { | 3 ) |
i 1 . L 00ery |
{ 1 ) Ma ¢ I'IL.;.'--' { Cor HT |
A R
; 2 i \ L3
) ( I diem Wwne vol i Lrarne B
\(
S i of r '|'--'| Jll

(Lay cos37°= 0.8 : sin37" = 0.6).

Loi giai. a) Luc ma sat nghi cyc dai tac dung
vio déu B:

AT +Tc‘()su] =200+0,32T

P (1)
Piéu kién cAn bing mémen ddi vai truc quay
qua 4 cho ta: F,, =nF, 2)
Piéu kién cin bing lyc theo phuong ngang:

F._=F _+Tsina

max 3

Tir cic phwong trinh trén voi 7 = 2 ta tim duge:

F._ =856N; F, =428N; T =714N.

- TOAN HOC

” r
px i ¢ Cluditre S8 475(1-2017)

b) Tir cidc phuong trinh trén ta tim dwge Iyc

120n

Fotheom K =m.

0,92
0,32

Dé luc Foay vO clng 1ém thi n= =3 BT

Khi do BC =0,65 m.
¢) Ta co n=2,5 < 2,875. Dé tinh T ta ding diu
kién cdn bing mémen ddi vdi truc quay qua B:

F.%AB =T.AB.sino =T =1000N. O

»Nhgn xér. Bé L1/471 da duge sia cho chinh xéc
la: “n du bé”, “C du thdp” va “n = 2,5". Rét tiéc
khong c6 ban nio giri 161 giai bai nay cho Téa soan.

NGUYEN XUAN QUANG

win kbéng c6 i tri bang 3.10° m/s

m=—— (1)

W 2

-5
-

Nang luong cia photon E =hf (2); mit khac

E=md(.Tu@va@) =m="Lz0 @

ot

Khéi lugng nghi cha photén : my = 0 (5)
Tix (1), (4), (5) =>m= =#0 (6)
W
l_c_,z

Dé (6) nghiém ding thiv=c. O
»Nhin xét. Rit tiéc khong c6 ban nao co 1o giai
dung cho dé ra ki nay.

DINH TH] THAI QUYNH
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PROBLEMS .

Problem T8/475. Given a uniform triangular prism
ABCA'B’C” (the base ABC is an equilateral triangle).
Let o be the angle between 4°B and (4ACC°4") and
let § be the angle between (4’BC’) and (ACC*4").

FLJ‘f

o trang 17)

Prove that 0.<60" and cot? o — cot? B =%

Problem T9/475. Let p, g be two coprime numbers,

Let T:[ﬁ}{g—”l}...{ﬂﬁ},whm ] s the
a] q q

greatest integral number, that isn’t exceed x and is called

the integral part of x.
a) Find T.
b) Find p. g such that T'is a prime number.

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/475. Let S be the number of all the
binary strings of length »n with the property that the

TU GIAC PIEU HOA ... (Tiép theo trang 15)
Tam gidc S5, A, vudng tai S, c6 dudmg cao §,A
nén SA.SA, = 88?7 . Tuong ty

SB.SB, =55}; SC.8C, =588}; SD.SD, = S§2.
Xét cac tam giac SAB va SB A, tacd
SASA, =SB, (= 85) = 34 . 35,

SB S84, v

§ chung nén hai tam gidc nay dong dang. %‘P

RASA%SBSASdeR&Eﬁ

BA SB SBSB, S

SB.SC SD.SA
T tw BC=BC,. s DA=DA ———,
st 557 552
e
DC=DC,. .S'S . T do
(1) BASASE _DASDSA BA DA

BCSRSC BC S T BL D

Do A.B,.C,.D, la bén diém phin biét thing hang
nén (2) = (A,C,BD,)=~1 < S(AC,BD,)=-

< S(ACBD)=-1 (dpcm).

Tir bai toan trén ta c6 thé xdy dung hé théng cac
kién thirc vé tir gide diéu hoa dua trén cac kién thire
quen thugc cia sach gido khoa mén Toan. Cu thé 1a
sau khi gidi bai toan trén ta ¢6 thé dinh nghia tir giic
diéu hoa nhu trong tai liéu chuyén hinh hoe Lép 10:
“Tir gidc ndi tiép ABCD duge goi la didu hoa néu

sum of any 3 consecutive numbers on any of these
strings is always positive. Prove that

3y 13 (20"
L 3 e SO R
2[2] i 2(9] L

Problem T11/475. Find all functions f:R —R' such
that f( ]"'f(‘}‘(.)’)] Fl¥(x), forevery x>y>0.

Problem T12/475. Given a triangle ABC. The incircle
(/) of ABC is tangent to BC, C4, and 4B at D, E, and F
respectively. Let B, (resp. C,) be the intersection
between the lines which go through 4B and DE (resp.
AC and DF). Let H and K respectively be the
orthocenter of ABC and AR,C;. Prove that the line
which goes through HK contains the point /.

Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanoi)

ton tai diém M_thude dudmg tron ngoai tiép tir gide
)=—1" trong 46 M(ACBD)=-

chim MA,MC,MB,MD 1a chim diéu

ta c6 thé dinh nghia “Ti gidc néi tidp

dwoc goi la diéu hoa néu AB.CD = AD.BC”

“ Tik gide diew hoa la tir gide ni tiép co tich cde

sao cho M
la ki hié
[

*®

— Vi goc & dln@i dp canh doi dién bang nhau”, Tir d6 chimg minh mét

56 tinh chét co ban ciia tir gidc didu hoa xem nhu bd dé
khi gidi toan. Ching han cic tinh chit hay duge sir
dung sau;

“Trong fir gide néi tiép ABCD ta cé6 AB.CD=
AD.BC khi va chi khi cde dudng phan gide etia cdc

gdc BAD va BCD cimg di qua mot diém trén BD
hogc AB.CD=AD.BC khi va chi khi cdc dwong
phan gide ciia cac géc ABC va ADC di qua mét
diém trén AC”.

“Trong n¢ gide noi tip ABCD, néu dudmg chéo AC
khong di qua tam duomg tron ngoai tiép e gide thi
AB.CD = AD.BC khi va chi khi cdc tiép wyén voi
dwong fron ngogi r:ep te gide tai A va C cat nhau
rén BD; néu dugng chéo BD khing di qua tim
dwong tron ngogi tiép ti giac thi AB.CD = AD.BC
khi va chi khi cac tiép fuyén vdi dwong tron ngoai
tiép tir gide tai B va D edt nhau trén AC”. Céc ban
c6 thé ding céc kién thire quen thude cia sich gido
khoa mén Todn dé chimg minh cac tinh chit trén
hodc co thé xem & i liéu “Mot sé chuyén dé hinh
hoc phing béi dudng hoc sinh giéi trung hoc pho
théng” cua téc gid Do Thanh Son.

TOAN HOC m r
_cusitre 2 7
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rong qua trinh gidi todn bat ding thirc

(BDT) ta thuémg gap dang sau ddy: ,
Cho cdc s6 thiue a,,a,....a,€D thoa man diéu
kién gla)+ga)+..+ga)zk(<k). Chimg minh

rang f(a)+ fla,)+..+ f(a)zM (M) (%)
Dé chimg minh BDT nay ta c6 thé xay dung va
chimg minh mét BDT phy c6 dang:

f(x)= fOx)+m[glx)—g(x,)], Vx € D
la mot BDT dang, trong d6 f(x), g(x) la hai
ham sb xéc dinh trong mién D va x,1a diém roi
clia BDT d4 cho khi ding thirc xay ra. Nghia 12
ta xdc dinh m de tao ra mot BDT phu co dang
trén va dong thoi chung minh BDPT phu do
dang khi m tim dugc.
Bai viét nay xin néu ra hai cach tim m nhu sau:

Cdch 1. Ta co f(x)zf(xDHm[g(X)—g(xu)@ gl

& f0)-fr)-m{g0-5(5)]20 S
& (x—x, )[h(x)—mk(x)] 2 0. *ﬁﬁb
Dé cho biéu thitc [h(x)—mkQQ¥co nghiém
x =x, tatimm sao cho h(x,)—mk(x,)=0.
Nhue viy BT duwoe viét lai dwdi dang

(x=,)" P(x)20.
Néu P(x)=0,YxeD ding thi ta c6 BPT phy
can tim.
Cdch 2. Gig sir hai ham s6 f(x), g(x) c6 dao
ham trong D .
Dé dira BDT vé dang ( xo) LP(x)z0 suy ra
F(x)=f(x)—f(xn)—m[g(x)—g(xﬂj} co nghiém
kép x=x, nghia la m can tim théa man
PTF'(x,)=0.

Nén nhé rang ching ta di tim BDT phu chi mai
di tim hudng giai quyét cho bai toan, con chimg

28 T?ﬂpuggce S48 475(1-2017)

PIIUUNG PH&DMI}BMI)MG THUS DII!J%)E
ame M MOT DANG nnwﬁue

THUC

NGUYEN LAT

(GV' THPT Lhuyen Liwong. Van Chanh, Tuy Hoa, PhiiYén)

minh BDT phy chinh la diéu quyét dinh giai bai
toan d6. Trong bai viét nay chi néu hai cich
ching minh BDT phy dya theo hai cach tim m
trén.

+ Véi su cho phép trong khudn kho bai viét
ching t6i néu ra cac dang toan tiéu biéu sau
day:

CAC BAl TOAN MINH HOA

Bai toan 1. Cho cdc 56 thuce dwong a, b, ¢ thoa

mdan ab+ bc +ca <3abe . Chirng minh rang:
a’ b g B 3
‘-

TR

Phin @Xet ham sof{r}-

[/
v roi x, =1.

&tim m sao cho f(x)zf(x0)+m[g(x}—xo]

X= 1

Z—+m l—1 J¥x >0,
¥l X

1 M e W
x+1 2 X

= F'(l)=

Xét ham s6 F(x)=

ﬂ Gk
T

e |
——1 . vx :
23 4[ ] x>0

Lai giai. Trudce tién ta chlmg minh

x’i}z%—%&-t],vﬂo (1)

x _l,j(l_l)

x+1 2 4{x
g+ic 3

(x-{—l)2 4x?
(x=1)(4x* +12x7 +9x +3)
4xz(x+l):

=)=
(x+l}

Xét F(x)=

=F(x)=

= F'(x)=

Béng bién thién
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x |0 1 +ao

R g

Duya vao bang bién thién
= F(x)= F(1)=0,vx >0

F(x)

Fix)

o AR IO i | e
= o >§_Z(__l] Vx>0 ludn ding.

Lin lugt thay x bing a, b,c vao (1), ta cb

a0 5—5[1 il }ﬁ S
a+l b+1 c+1 2 4 i) e LT
2 2 2 5
Viy aa+1 bh+l - r{l+ 1 b % Déng thirc xay ra
ea=h=c=1
Bai todn 2. Cho ba 56 duong a, b, ¢. Chimg
minh bat ddng thirc
E{: il —h-
>+ +c?+3bc @+ b+t +3ac
g o]
@b i +3ab " 2

Phén tich. Chua thay o hai ham sé f(x), g x)
nhung ta chuin héa a®+bh*+c2=3 vai
al+b*+c? =3=abc<], khi dé ta co Q{,

a? e bt 2 +
1+bc  l+ac l+ab l+a l+C
Ta cén chimn mih
R l+b b

a*+b*+ct =3,
3
o PR x ;
Lic nay xuéat hién f(x)=T—, glx)=x* va
+x

diém roi tai x, =1. Ta tim m sao cho
3
x—>i+m(ﬁ—l} 'v‘xe({);ﬁ] = m=

1+x 2
S‘x;_l,v,re [U;ﬁ).

Léi gidi. Nhin thdy BDT 13 thudn nhét nén ta
chudn héa a?+b? +¢2 =3.

ooJr_n

Suy ra BDT phu ix— 2

2 2 2
BRT GO Mah 0 wpef 8 B3
1+be l+ac 1+ab 2
Mat khac a2 +b*+c?*=3=abc<1.
Do dé

&

2 2 2 3 & 3
a b i b C

1+bc+l+ac+l+ab-1+a+1+b+l+c'
Ta chimg minh BDT phuy

x* . 5x2-1

2 g vxe(%3) ()
Thét véy
@) < (x-1)’ (3x+1)2 0, ding Vxe(0; V3).
Lan hrgt thay x bing a, b, ¢ vao BDT (2) ta ¢6
@& B | 3

b e 2 2 2 ==

Tra o5 T Tee gl +hA+e?)-3]=5,

T d6 BDT da cho duge chimg minh.
Ping thirc xdy ra <> a=b=c.
Bai todn 3. Cho cdc s6 a,b,c dwong thoa méan

abe = 1. Chitng minh rang

@' b i R 3y ff
J+a J+b° xet oD
X
Phén tich. Nhin tha T — nhun
an thay f(x)= T g

chua tl@gayhamso g(x).
TurQéc =1= Ilna+Inb+Inc=0 ta cb

&

o dota tim m sao cho

Inx, va diém roi chinh 1a Xo=1.

3
N1+ x 4.2"

Lai giai. Trudc tién ta chimg minh BBT

>Jl§+mlnx i

x 1 :
m}ﬁﬂrl“’we(”’*m) !
— __I —
Xét F(x)= J— 72 4J_
2+x 3
F(x)= ~ )=
=Fx] 4\51::-.'7().} 0

2J(x+l)3
<> (x=1)(8x* +31x* +36x+9) =

Lap bang xét dfau ta suy ra F(x)zF(1)=0

X
S e, ———Inx, ¥ O, +
m J,... 4\;_ nx, TE( GO)
Lin lwot thay x bang a,b,c vao (3) 1o cong vé
- S b gl 23~f2—'
LMEa JJl+b  fl+e 2

Ding thirc xdy ra <>a=b=c=1.

theo vé ta co
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Nhin xét. Tkt abc=1=a*+b*+c* 23 suy ra
ham g(x) = x*cd cach giai don gian hon.
Bai toan 4. Cho 3 56 a, b, 10 mdan

a+ b+ c=3. Chitng minh

¢ khdng am t}

(a® +a+l)(P2+b+1)c2+c+1)<2T
Lai giai. Voi moi a,b,c khong am co

A +a+1>0,P2+b+1>0,c>+c+1>0.
Logarit hai vé, BDT duge viét lai
In(@® +a+1)+In(h? +b+1)+In(c* +c+1) <n27.
Ta chimg minh BDT phy:

In(x? +x+1)<In3-1+x, Vxe[0; 3].
That vay, xét F(x)=
e e e S
xt+x+l X2+x+l

Lap bang bién thién ta c6
F(x)<F(1)=0,vxe[0;3]

< In(x? +x+1)<In3-1 +.\:,‘U’):E[0:3]

ln[:(2 +:r+1)—ln3+1~x

= F'lx)=

(4)
Lan lugt thay x bang a,b,c vao (4) ta co
1n(a3+a+1}+ln(b3+b+1]+ln[(rz+r.'+l)£11127.

Ping thitc xay ra <>a=b=c=1. .
Bai toan 5. Cho ba so thuc khong am a, “Q%\
thoa man 5(ab+ be +ca) 3la4

{] %
Q%

Léi giai. Trude tién ta chlmg minh BDT phu
x4 x225x—3,¥x=0. That vy

F(x)=x*+x2-5x+3 ¢d F'(x)=3x2+2x-3.

Lap bang bién thién ta cé F(x)=F(1)=0,vx=0
+x225x-3,Vx2z0 (5).

Thay x=a20 vao (5)taco a@*+a*25a-3 va

Tim gid tri nho nhat cua

S=ab*|b+1)+bc*[c+

—

vi ¢ 20 nén c~03{a+1)25ac—3c.

Tuong tu
ab® (b+1)=5ba—3a, be* (c+ 1)>5¢h-3b.

Cong theo vé ba BDT trén c6

ab?(b+1)+bc? (c+1)+ca® (a+1)
>5(ab+bc+ca)-3(a+bic)=6.

Viy min§=6 < a=b=c=1

TOFIN HOC
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&

Nhin xét. Ta nhan thiy bai toan trén khong thé
tach cac bién ra doc 1ap, ngoai cach gidi trén ta
con o thé 1dy mot bién nao d6 1am an con bién
con lai 1am tham sb. Ta xem vi dy sau:

|

Bai toan 6. Cho ba 36 thuce ditong a, b, c.

oid tri nho nhat ctia biéu thire
i h
b+ 2 "4 2a 3 tn'_ﬁ

Léi gidi. Téng trén c6 tinh thuin nhét, ta chuén
héa a+b+c=1, thng trén duge viét lai

a b ¢

“l+c—a l+a—b+l+b—c" Ta elrng mink
——>a-a(x-a),Vxe(G1)  (6)
Xét F(.\'}zl ——a+a(x-a)
= F'(x)=- g —+a
(1+x—a}'

K '3+2[I-a],r'—u3—2u]
S

(1+x—a)
o [
T@g bién thién ta co
F(x)z F(a)=0,Va,xe(0; 1).

Thay x=ce(0;1) vao (6), taco

a
l+c—a

ZG—Q(C—

a], Va. c E(U; l}.

b
- —
Tuwong tu T b— b a h),

2c—c(b—c), Vab,ce(0;1).

1+b-c

Céng theo vé ba BDT trén ta ¢6
L b e -

l+c—a l+a-b 1+b-c

>a+b+c+ad+b +¢? —(ab+bc+c'a}21.

ViyminS=l<a=bh=c.
Nhiin xét. Bii toan 6 cd thé duge giai gon hon
bing cach sir dung BDPT Schwarz.

Bai toan 7. Cho a, b, ¢ la cdc s6 thuc dirong co
t6ng bang 9. Churng minh rang
a+bd P+’ F+add
: i >0,

ab+9  bc+9

tt(—-)
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Léi giii. Ta ¢6
3
e sl el
ab+9 (a+b) +36 (a+b) +36
Twong tw véi hai BDT con lai 16i cong theo vé

— @ + b3 he BPicd A+ad
ab+9  bc+9  ca+9
{a+b}3 {.’J+(.‘)g (¢r+a}3

2 - .
(a+b) 436 (b+c)' +36 (c+a) +36

Trudc tién ta chirng minh
X3

3 ik o 2 ;
— 3¢ 253, Vxe(0; 18)

(8)
That vay
(8) =x* =(x-3)x? +36) <=>(x—6F =0 (BPT dung).
Thay x lan luot bang a+b, b+c, c+a taco
(.:::+,!:v}3 [b+c]3 3 (c+a}ﬁ
(a+b) +36 (b+c)' +36 (c+a) +36
22(a+b+c]—9:9.

a+bh b+ 4 . ;
q 29, Ding th
Mt0  etd cpra o RELIC
xay ra khi vachlkhl a= b—c—3l

Bai toan 8. a b, e laca
Li; Ju 0. Chien

Vb+e Ne+ta VNa+!
Phin tich. Nhin thiy BDT c & 01 ximg,
nhung dang thirc xay ra khong vao tim. Ta
nghi ngay dén diém roi tai bién a=0, b=c va

\.l'u' moit 50 b

cac hodan vi cua né.
Léi gigi. Ta nhin thay dang thirc xay ra khi
a =0, b= va cac hodn vi ciia n6.

BDT thuin nhét nén ta chuin héa a+b+c = 2

BDT viét lai sza +\{2fb +\{2ic 22
Ta chimg minh BBT phu

X Sl
e >x, ¥x 5[0;2) (9). Thét vay

Jc(x—l)2
fxzxz @272{1,‘:0:5[0;2}

Oy

luén ding.

Ding thirc xdy ra khi x =0 hodc x =1.
Lén lugt thay x bang a,b,e vao BDT (9) rdi

cong lai ta ¢ \/21‘: +J2£—’b +\/2ic 22.

5, o a b
e \[h+(+ (.'+a+\/a+b “:

Dang thirc xdy ra <> @ =0, b =c =1va cdc hoan

vi cuia no.
BAI TAP TU LUYEN

I. Gia st a, b, ¢ 1a cdc so thyc dwong, chimg

minh ring
By b il x by 9
{b+c]2 {(_"4‘1’}]2 (G+b)2 4(a+b+c)

2. Cho ba s6 thye x,v,z khong am théa man
x2+y2 +22 =1. Chimg minh rang

LS z 3(
l—yz 1-zx I— Z
3. Cho ‘%, ¢ la cace sb thuc duong. Ching
minh

[/ xl.'_? bJ ‘:-3
+— —+
ab+2b* b +bc+2c  +ca+la®
x

c o >

a+b+c
i

4. Cho ba s6 dwong a.b,c thoa man
3{a+b+¢')+6abc 212+ab+bc+ca.
Tim gia tri nho nhit cua
S=a*+b*+c* +abc(a+b+c),
5. Cho cac sb thyc duong a, b, ¢ thoa min
a* +b* +¢* =3. Tim gia tri nho nhét cia biéu
B+ Pl +Ca+aa
a+2b  b+2c c+2a’
6. Cho céc sb thyue khéng 4m a, b, ¢ thoa man
@ +b? +¢2 =1. Chiung minh ring
2 ] . 1 " I &
a+2 BFP+2 242 %
7. Cho céc s6 thye khong am x, y, z thoa min
x+y+z=1. Tim gia trj nhé nhét cua biéu thic

B 1-x+ l—y+ l—z.
1+x I+y 1+:z

thirc § =

TOAN HOC
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PHUONG PHAP

GIAT TOATR

QI rong bai viét ndy tic gia xin gi6i thigu voi
ban doc mdt s6 phuong phap tim ham lién

tuc trong céc phuong trinh ham.

. MOT SO BAI TOAN TiM HAM LIEN

TUC PUQC GIAI BANG CACH XET MOT

DAY SO HOI TU

Trong ki thi chon doi tuyén Vidt Nam du thi

Olympic Toan hoc Québc té ndm 2007 c6 bai

toan sau:

Tim tat ca cde ham lién tuc

\

f:R—>R sao cho f‘ X T—_%\+l = flx).,¥xeR

Bai toan 1.

L gidi. Gia sir tdn tai ham s f thoa man dé

bai. Voi D<x<§ Xét day (u,)(neN* )duq@

xdc dinh boi u, =x; u,,, =12 +—

et
Béang phuong phap quy nap toén @.& chung

minh duge 0<u, 4%, YneN*.

2
Ta co u,,, —u, =[“,. —%] >0,VneN*. Suyra

day (u,) la day ting. Vay day (u,) cO giéi han

hiru han khi n— +o0. Do d6 ton tai so thue

ae(ﬂ;%} sao cho limu, =a =>a=-1-

H—s+o 3
= limu =l
neptm 3
Tach u —u3+]u +] Nnel®
e o

= f(u,, )= f[u2+1u+ ] flu,),vneN*

TOAN HOC
32 ¢ CTubilpe  S64750-2017)

(GV THPT chuyén Lé Hang
= £ = f1) = £ (), YN => lim f(,)= £,

Mit khac f(x) 1a ham s6 lién tuc nén

lim f(un)=f(%} vay f0=1(3)

ong, i

Vi x.‘:--%: Xét diy (v,) (neN*) duge xdc
dinh boi
V=XV, = é+121i4v F; Vne N

Bing phu?ap quy nap ching ta chimg minh

duoe vy %™, Vrne N*. Taco
&

& 1 ¥iy

o =V, +3 Ve +§,VHEN‘

:}v ey "+] :[l’n”——;—j :’O,v’HEN-.
Suyra (v,) laddy giam. Véy day (v,) co gioi han
hira han khi »n — +o0. Do d6 ton tai sb thuc

R=p+0

b[bz%j sao cho lim v, =b = b=é~

= lim v, =-;-'. Tacd

A=+

fr)= f[ i +1+] £, el

= flv.)=f(w)=Fflx),¥necl"
= ral-i.l%-r-lr]mf(vn) i f(x)
Mit khac f(x) 12 ham s6 lién tuc nén

lim £(,)= f( ] Viy f(x)=f(";].

Suy ra f(.::):f(%],‘dx}(}. Voi xeR tacod
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N 6 12
=l mpl el ok
Suy ra f(x]—f(x +3x+9J_f[3}.

Pat k= f(%] tch fx)=kVicR.

Thir lai ta thiy ham s6 f:R—R sao cho
f(x)=k, VxR trong d6 k1a hing sé thoa
min dé bai.

Bai toan 2. Cho ham s6 g(x) = I it—

Hay tim tat ca cdc ham sé f(x) xdac dinh, lién
twe trén khoang (—1:1) va thoa mdan hé thirc
(1=x3)f(g(x))=(1+x2)2 f(x), ¥Vxe(=1:1.
(Pé thi chon hoe sinh gioi {_)mi:' gia nam 2001 -
Bang A)

o
1-x2°
¥x €(—1;1) thoa man dé bai. Sau day 1a 161 giai

Cdch tiép edn Ioi giai: Ham sb f(x)=

bai toan 2 cia tac gia bai viét nay:
Xétham sé h:(=1:1) > R sao cho
h(x)=(1-x*)f(x),Vx e(=1;1). «%

: «
lf’_(;:'z e(-11).

Suy ra f(x) = vah(g(x))= (x4

Véi xe(0;1): Xét day (u,)(n ®N*) dugc xdc

i L HYRETR

o
u"

dinh boi u, = x; u,
Bing phuong phdp quy nap toin hoc ta chimg
minh duge 0<u, <1,¥neN".

Tir d6 suy ra u,,, <u,,VneN*'. Suy ra diy
(u,) c6 gigGi han hiru han khi n—+w0 va

lim «, =0. Tacd u, =g(u,,,). Suyra

hiu,.,)=h(gu,, )= hlu,).
Vi h(x) 14 ham lién tyc trén (—1; 1) nén
h(x) = h(u, ) = h(0).
Tuong tur A(x) = h(0),Vx e(-1;0).

N

Véy h(x)=c,Vxe(=1;1) (c 1a hing s). Suy ra
flx)= I—_EF,v,x e (-1;1).
Thir lai ta thdy ham s6f:R—R sao cho
f(x):#, ¥xe(-L;1) (c la hing s6) thoa
min dé bai.
2. HAM LIEN TUC VA PON ANH
Pinh li 1. Cho ham s6 f:RE —> R lién tuc trén
R va la don 4nh. Khi d6 f déng bién trén R
hodc nghich bién trén E.
Bai toan 3. Tim tdt cd cdc s6 thuc k sao che ton
tai ham sé6 f:R — R thoa man
f(fN=k=, vxekR.
Lai gidgi. Voi k=0: Khi d6 himsé f:R >R
sao cho f(x)=0,vxeR théa min f(f(x)=k>,
VxeR Qt k=0: Gia su ton tai ham sb
e RX@ théa mén f(f(x))=kx®,vx R,
5 fdon 4nh. Suy ra f dbng bién trén R
ac £ nghich bién trén R.
Néu k <0: Gia sir f nghich bién trén R. Khi dé
f(=D>f(0) = f(f(-1)< f(f(0))
= —k<0=k>0. D6 1a diéu vé li.
Gia sir f dong bién trén R. Khi dé
FED< O = FF-D) < FFO)
= —k<0=k>0. Do la diéu v6 1i.
Véi k>0: Chon hamsé f:R > R sao cho
f(x)=4kx5, VxeR.
Khi @6 f(f(x)=k® VxeR. Vay sé thuc
k thoa man @8 bai khi va chi khi £ = 0.
Trong tap chi Kvant thang 11 ndm 1986 cd bai
todn sau:
Bai toan 4. Tim tat ca cdc ham lién fuc
[ RoR thoaman f(f(x))=f(x)+xVxek
Loi gidi. Gia sir ton tai ham lién tyc /:R >R
thoa man f(f(x)) =f(x)+x,¥vxeR. Dé dang
chimg minh dwge f don 4nh va f(0)=0. Vif

TOAN HOC
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lién tuc trén R va f don anh nén f dong bién
trén R hodc fnghich bién trén R.
Trieomg hop 1. f nghich bién trén R
Véi x e R, xét day (u,)(neN) sao cho
wy =x, u = f(x), u,,, =flu,) (neNN).

Khidétacd u,,,=u,, +u,vnelN.

f(—r]_azx o I-f(_.l’) al
Suy ta u = N o) +— o ol
trong do a, = l+2J§,a2 = 1_2'5.

Véi x>0 ta cd f(x)<0,f(f(x))>0. Bing
phuong phap quy nap toan hoc ta chimg minh

dugc u,,,, <0, 1, >0, VkeN, Vi u,, >0 nén
flx)—a,x
V5 J5
2k
fx)—o,x o,x-f(x) a,
+ =S
B B\

a,x— f(x)
lek + 1 5

az* >0

2k
Vi lim (ﬁ] —0 nén f(x)—o,x 2 0.

k—»4m [ll

Vi u,,,, <0 nén

+1 J’
f(x)—azx+alx—f(x)[ﬂlzn. «
V5 5 o :

&

2k+1
Vi lim [ﬁ] =0 nén f(x}—ag <0,

I ] 0;:
Viy f(x)=o,x ,Vx > 0. Tuong tu
f()=a,x,Vx<0= f(x)=0,x,VxeR
1-+/5
= f(x)= 2(
Truwong hop 2. f dong bién trén R.
Vai x>0 taco f(x)>0.

Mat khic f(f(x))=f(x)+x.

Suy ra f(f(x))>x. V6i x<0, tacd f(x)<O0.
Mat khic f(f(x))=f(x)+x.

Suyra f(f(x))<x.

x,VxelR.

~ . TOAN HOC
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Taco f lién tyc trén R. Vay Im f=R.

Mt khic  don énh nén ton tai ham g: R — R

sao cho g(f(x))=x,VxeR va f(g(x))=x,

vreR (g la ham nguoc cua f), g déng bién

trén B va g(0)=0.

Véi xeR tacd x=g(glx))+glx).

That vay, dit g(x)=y, g(y)=t tacd
g(g0))=gOn=1,y=f1)

= g(g0)+g(x) =1+ f)=f(fD)=F()=x

= 8(g(x)) = x—g(x).

Véi xeR, xét diy (v,)(reN) duge xdc dinh

nhur sau:
V=X, W= g(l‘}* Vo= {,’(1-'”) (ne N}

Tacd v,,,=v,—v,,.vaeN.

n+l*

K —h,X Ax—glx
Suy ra 1@3' -‘lf+ 'ré(‘)hg trong

&
dé&\_”ﬁ _—I—Jg_

Do v

7y

=

x
Qﬁ x>0 ta cé g(x)>0. Bing phuong phap

X3

quy nap todan hoc ta chimg minh dugc
v, >0 ,VneN., Taco

g(x)—h,x ke . :
A = 1"'.‘-; > D. vk N
LT s 1 2 g

2k
glx)—A,x( 51
=5 [£+1 5

N

24k
Ak +

A x—g(x)

= >0.VkeN.

5-1
J5 =1

Vi lim [

2k
/ ) =0 nén L, x—g(x)=0.
Ta cd
Y o Ax—g(x),
Vor = 5 = A

:}_g(x)-?.?x 31 pis hx—g(x)
B ASE B

;}Lfﬁ+l+ %krl }0

<0,vkeM.

5-1

2k+1
ﬁ} =0 nén A x—-g(x)<0.
+

Vi lim [

k—s+oe
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Viy hx—g(x)=0 = g(x)=4x, ¥Vx>0.
Twong ty g(x)=Ax,vVx<0. Tir 6 suy ra

glx)= ng_l x, Vel
Dods fi=tLy vreR.

2
Sir dung phwong phdp gidi cia bai toin 4
chiing ta cé thé gidi dwgc bai toan sau:

i - o r R R - -
Bai toan 5. Tim tdr ca « ac nam 1 xa _|':'"..-'.| ren
teip 50 1 lav gia tri frong R va thoa ma
+2 e 3 fia
done ot cac diel Kien sait:

i e L oy T o
I P Joia todn ann iy s dén s
2V f la ham so rang trén R:

3) FlF(x))=flo)+12x,VxeR.

(Bai toan 7 cua dé thi VMO 2012)

Loi gidi. Gia st ton tai ham sb f théa man cac
diéu kién dé bai. Khi d6 f 1a don 4nh. Suy ra
f(0)=0. Vifla toan 4nh tir B dén R va la

ham s6 ting trén R nén ton tai ham g xéc dinh

trén R, ting trén R sao cho

g(f(x))=x, VxeR (g la ham nguoc, ).
S

Ta chimng minh g(g(r))= 112 ﬁ}), VieR.
That vay véi 1R, dit g(t)=y tacé f(y)=t.
Dit gh)=x taco f(x)=y = g(gt))=g()=x.

Ta ¢6 t=f(y)=f(f(0) va F(f(x)=fx)+12x

g(x) 1a ham tang va g(0)=0.

= 1= g(0)+12g(8(0)) = g(8(0) =51~ 80,
Véi 1eR, xét day (u,)(neN) duge xdc dinh

boi wy =t va u,,, = g(u,)neN).

Khi do uMz:LM = YnelN

12"

N R
:u”—[z] [7r+Tg(r)J+

1
EHMH’

LT 1
+(--3-] [$:—Tg{r}],‘v‘neN.

Ta c6 g(g(n)= —-t—lzg(.f). Néu >0 thi

u,>0, YvneN.V6i keN, tacéo u,, >0

~@ [

2k
e ! wd ml?d
Vlﬁlﬂ{i] =0 nén 7!-73{1‘)20

e (r)} = —1—g(r) >0.

:g{ngén Vi keN tacé u,,, >0
gAY -
:(E] [? —= [.r)}—-_-?-!+—g(f)>0

:g(r)>—; Do do g(r)— : —t, ¥t>0.

Tuong tu g(r)_ t, Vi<0.
&

1
Véy%‘):—r, VeeR. Suyra f(r)=4t, VieR
Q\ 4 2
}&‘ lai ta thiy ham f:R—>R sao cho

(x) @ f(x)=4x, ¥xeR thoa man dé bai.

. HAM SO LIEN ruic v \([J"\(.HNH

Dinh nghia. Him s6 f:R— R duge goi la
cong tinh néu f(x +y)=flx)+ f(y), Vx,ye R.
Dinh li 2. Cho him s f:R — R I ham lién
fuc va cong tinh. Khi d6, f(x)=ax,vxelR
trong d6 a 13 hing sé.

Bai toan 6. Tim 1ar

ca cac ham lién fuc
f:E—=>R thoa min
l FOX) + FOv)
T - ..'..'__ X
5 = ;

Léi gidi. Gia str ton tai ham lign tye /'R > R

théa man f(x+y]= f{x)+f{y], Yx,yeR.

2 2
Xét ham 56 g(x) = f(x)- f(0),¥Vx e .

TOAN HOC
" CTusdifge 35

https://tieulun.hopto.org

Sa 475(1-2017)




Ta cd g(x) la ham lién tuc, g(0)=0 va

| x+y ) _ gx)+ely) ,
3,[ 3 )— 3 (1), ¥x,yeR.

Thay y=0 vao (1) ta dugc

g(x)= Zg(%}‘v’x el
%) =g(x)+g(y), Vx,yeR

= g(x)=ax,¥xeR trong d6 a 1a hing sb.

:>g(x+y)=23[

Suy ra f(x)=ax+b,¥xeR trong do a, b la

cac hang so.

4. SU DUNG DINH LY VE GIA TRI

TRUNG GIAN CUA HAM LIEN TUC

Pinh 1i 3. Cho ham s f(x) lién tuc trén doan

[a; b] sao cho f(a)f(h)<0. Khi do ton tai

ce(a;b) sao cho f(c)=0.

Bai todn 7. Tim tat ca cdc cdp s6 thuc khong

am (a.b) sao cho tén tai duy nhdat mét ham

lien tue f:R — R thoa man %
fUfxN+fx)=ax+bVrel.

Loi gidgi. Gia st a, b 1a céc sb thue

&F
sao cho ton tai duy nhét m@@ ién tuc
f:R—>R thoa min

fUfON+ f(x)=ax+b,VxelR.
Xéthaim f:R — R sao cho f(x)=mx+p,
VxeR trong dd m va p 14 céc hing sé.
FfN+ f(x)=ax+b,¥xeR khi va chi khi
m?+m—-a=0 (1) vd (m+2)p=>b. Néu a#2
thi phurong trinh (1) ¢6 2 nghiém phin biét khac —2.
Khi d6 ton tai hai ham lién tuc f:R - R thoa
min f(f(x)+ f(x)=ax+b,¥xeR. Do la diéu
vo li. Viy a=2. Khi d6, néu b=0 thi moi
ham f:R — R saocho f(x)=—2x+p, VxeR
trong d6 p 1a mdt hang s6 thoa min

FUfON+ f(x)=ax+b,VxelR.
Sé 475(1-2017)
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¥ ;
Niicu v6 1. Néu g0 <0, khi do lim gl,)=—=0.

S

D6 1a diéu vo li. Vay b>0. Nguoe lai, gia su
a=2,b>0 vatontaiham liéntyc fF:R >R
théa man F(f(xX)+ f(x)=ax+bh, VxeR.

Néu tén tai x, e R saocho f(x,)=x, suyra
2xy+b = f(f(xo N+ Fxy) = f(x5)+x, =2%,.
P6 1a didu vo6 1i. Vi f1a ham lién tuc nén
f(x)>x,VxeR hoic f(x)<x,VxeR.

Xéthaimsé g:R— R saocho

g(x)= f(x)—x—%,‘u’x eR.

Truomg hop 1. f(x)>x,¥xeR. Suy ra

Ay g Vx e R. Khi dé g(x) 12 ham sb lién

tue va &)= F(f ) =f)—2 =26+b-2f(0)~
==-2g(x). Véi xeR, xétday (u,)(neN) sao
cho u, = Qum =f(u,),vnelN.

Khi &ﬁté gl ) =(~2)" g(x), VneN.

£
@e{x}‘}ﬂ, khi 46 lim g(iy,,) == DS 1a

D6 la diéu vo li. Vay g(x)=0.
Trucng hop 2: f(x)<x,VxeR. Tuong tu nhu
truong hop 1 ta cling ¢o g(x)=0, Vxe .

hop ta

g(x)=0,vxeR. Suyra f[x}z.r-i-%. vxekR.

Thir lai ta thiy ham f:R — R sao cho

Trong moi trudng déu co

FHxi=x +g, Yxe R thoamin

fUFlxN+f(x)=2x+b,VxelR.
Viy cap so thuc khong 4m (a,b) thoa man dé
baikhi vachikhi a=2,b>10.

BAI TAP
1. Tim tit ca cic ham sé lién tuc f:R — R sao

cho f(x?2 +%) = f(x), VxeR.

https://tieulun.hopto.org



2. Tim tit ca cac ham lién tyc f:R >R sao
cho f(x? +%) = f(x),Vx e R.

3. Tim tit cd cac ham lién tuc f:R >R sao
cho f(x*-6)=f(x),YxeR.

4. Tim tit ca cac ham lién tuc f:R—>R sao
cho f(f(f(x)M+flx)=2x.¥VxeR.

5. Tim tit ca cdc ham s lién tuc f£:R—R sao cho
FUFx+y+00) = f()+F)+f (). Yx,y eR.
6. Tim tit ca cac ham s6 lién tuc f:B — R sao
cho f(x+ f(3))=2y+ f(x), Vx,yeR.

7. Tim tit ca cac ham s lién tuc f:R>R sao

cho f(x+y}f{_r—y} :(f(x]f(y}):._ vx,yeR.

8. Tim tit ca cac ham lién tuc f:[-K1]-R

sao cho f(2x* -1)=2xf(x),Vxe [—l;l].

9. Tim tit ¢ cac ham lién tuc £ : R — R sao cho
flx+fON=y+f(x+1), Vx,yeR.

10. Tim tit ca cic ham lién tyc f:R >R sao

cho f(x—-y)f(y—2)f(z—x)+8=0, Vx,y.zeR

(VMO 20006).

11. Tim tét ca cac hdm lién tyc f:R — R sao

cho 7 () +f(x)—xy—1= fy— ) -y (x)+1),

Vx,yelR.

12. Tim tit ca cac ham lién tuc f:R —> R sao

cho _f(f(x)) = f(x)+6x, Vxe R,

MUNG BAB TOAN HOE v{uuél TRE

NGUYEN HUU DU
(Xom 3, Quynh Lien, TX. Hoang Mai, Nghé An)

THONG BAO

Moi cic ban dit mua PONG TAP TAP CHI TOAN HOC VA TUOI TRE NAM 2016.
Gid bia: 199.000 dong tai cdc co s Buu dién trén ca nuée hodic tai Toa soan.
Moi chi tiét xin lién hé:
: TAP CHi TOAN HQC VA TUOI TRE
Tang 12, Toa nha Diamond Flower, s6 1 Hoang Pao Thity, Thanh Xudn, Ha Nei.
DT - Fax Phat hanh, Trj sy: (04) 35121606

Email: toanhoctuoitrevietnam(@gmail com
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TIENG ANH QUA CAC BAI TOAN
BAI sO 16

Problem. How many ways can we arrange the  choice, there are 3! = 6 ways to fill in the first 3
numbers 1, 2, 3, 4, and 5 to get a 5 - digit  positions. Therefore there are 4x6 = 24 ways to
number which is divisible by 127 arrange the numbers 1, 2. 3, 4, and 5 to get a

it & tunshes 15 dovsaible by 12 ifang ot womberwiios Ghmls by e

only if it is divisible by 3 and 4. A number with TU VUNG

the 5-digits 1, 2, 3, 4, and 5 is always divisible  arrange : s@p x&p

by 3 since 1+2+3+445 is divisible by 3. On the 5 - digit number : 50 ¢6 5 chir s0
other hand, a number abcde is divisible by 4 if divisible by - chia hét cho

NGUYEN PHU HOANG LAN
(Trieomg PHKHTN, BPHOG, Ha Néi)

and only if de is divisible by 4. Hence the
choices for % are 12, 24, 32, or 52. For each

Bai todn. (1998 APMO) Cho tam gidc ABC va D la chdn diwong cao
ké tir A. Goi E va F la cde diém nam trén dwong thang di qua D sao
cho AE vuong géc véi BE, AF vudng goc vai CF va E, F khong tring
voi D. Gia s Mva N lan heot la tr ung diém ciia cde doan thang BC va
EF. Chiing minh rang AN mfm._s:‘}, b vai MN.

Léi gii. Chon diém A lam g o va truc hoanh song song vai EF.
Gia sir toa d6 coa cac dié 3’ F lan luot 1a (d; m), (e; m), (f: m).
Trong trudmg hgp m = B& = E, méu thuin véi gia thiét.

Vi véy ta cd thé gia st m=0. Do BE | AE n@@ﬁg théng BE di qua F ¢o hé¢ s6 goc la ; Do

d6 phuong trinh dudng thang BE la: ex+rr/r® —m?* =0. Tuong ty phuong trinh cua CF va BC
lan lugt 1a: fx+my—f2-m?=0 v wdz—m-*(}
Mt khdc, cac dudng thang BE va n luot cit cac duong thang BC va CF tai B va C. Tir dé ta

tim dugc: [d+e m——] @’f m———).

Bai vi M va N lan lugt 1a trung diém cua

pa 2m

N(e;'f ) va MN[ —d; d?;ndf} I’\F(%}:;m}

cac doan thing BC va EF, nén M[d+ "*f.m_dﬁﬂf}

Tirdo MN.AN =0 < MN L AN.

Lurn $. Ta co thé chon gbe toa d tai D va truc hoanh chira canh BC. Tuy nhién vige tinh todn toa
do cac diém E va F s& phirc tap hon. Tét hon hét 1a chon dudng thang qua D, E, F 1am truc hoanh.

Nhin xét. Cac ban sau c6 bai dich tét hon ca: Ha Ni: Nguyén Huwong Giang, 10A13, THPT Ngoc Téo, Phic
Tho, Fii Thanh Thdae, 10 Toan, THPT Son Tdy; Hai Dwong: Nguyén Ddng Som, 11A, THPT Nam Séch,
Nam Séach; Nghé An: Lé Thi Thity Dung, Mai Thi Kim Chi, 11A1, THPT Cira Lo, TX. Cira Lo; Thira Thién
Hué: Phan Canh Minh Phude, 11 Toan 2, THPT Qubc Hoc Hué, TP. Hué; Vinh Long: Huypnh Ly Vin Anh,
11T1, THPT chuyén Nguyén Binh Khiém.

HO HAI (Ha Ni)

TOAN HOC )
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o= |

(Dé diing trén TH&TT s6 471, thing 9 nim 2016)

GIAI DAP:

Phin tich sai lam. Ban hoc sinh d6 da ap dung
sai dinh ly: Néu limu, =a, limv, =b(a, b hitu

han), thi lim(u, + v,) =limu, + limv, =a+b.

Cén nh¢ ring dinh 1y trén chi ding trong trirdng

hop tong u, + v, ¢6 hitu han sé hang.

: 1 S S g
Do hm(l+—+. IR +lj la gidi han cia tong vo
H n H

han nén khéng thé thye hién bién doi:

lim(%+%+..,+i) é

4
ol ol sas] Q,
=lim—+lm—+...+lim—=0.
H M M '$
#*
D6 chinh 1 Ii do din dén két qua s@u 0!
Nhn xét. Nhieu ban di tham gia bai ndy nhumg chi ¢o
céc ban sau phat hién diing sai ldm:
Ha N@i: Dinh Chdu Anh, 12A1, THPT H& Xuan
Huong, s6 1, Nguyén Quy Dirc, Q. Thanh Xuén. Hung
Yén: Triéu Ninh Ngdn, 12A9, Nguyén Thi Phuomg
Oanh, 11A1, THPT Duong Quang Ham, Van Giang.
Vinh Long: Lé Minh Qudn, 11T1, THPT chuyén
Nguyén Binh Khiém.
KIHIVI

D S0 HANG TONG QUAT
L )

o e

CUA DAY SO !

Diy s6 1a mot chuyén dé quan trong trong boi
dudmg hoc sinh gioi. Trong chuyén dé day sb cé
bii todn quen thude sau:

Bai toan. Cho dday so {u | thoa man:

Tim s6 hang tong qudt b
Lovi gidi. To:
T
Q& 2tan
=tan2

% = t=tan® % V3
x

12

-:>tan3£+2-~f§tan£—l=0@tan£=2—-f§.
12 12 12

B0

Khi da: “I =?=tﬂn_.

6
1ar1£+wmi =
u1=ﬁ—&=mn[_+_);
1—tan " tan e
t
n 2+ 2 tan 7
6 12 12 Fid T
B = = tan E+2.E E
l—tan-{rtan[£+£J
6 EAEE

Bing quy nap ta ching minh duoc
u, =tan(£+{n— l).E ,¥rzl,
6 12

Cic bgn c6 nhin xét gi vé bai todn va Ioi gigi
rén?

PHAM QUANG HUNG

(GV THPT chuyén Thei Bink)

TOAN HOC
" cTusitre 39

https://tieulun.hopto.org

S8 475(1-2017)




XUAT BAN TU 1964

Tup chi TOAN HOC va TU0I TRE e o O D

$d 1, Hoang Dao Thiy, Ha N§i

BT Bién 13p; 04.35121607, BT - Fax Phat hanh, Tri su : D4.35121606
Mﬂﬂ'lﬂmﬂhls llﬂd Yﬂlﬂh Mﬂgﬂlme o Email: loanhoctuoitrevienam@gmail.com

BAN CO VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. NGUYEN CANH TOAN Ch tich Hoi déng Thanh vién
GS. TSKH. TRAN VAN NHUNG FEER G 008 Pl O
ISR MAC VAN THIEN
TS. NGUYEN VAN VONG Téng Gidm d6c NXB Gido duc Viet Nam
GS. DOAN QUYNH GS.TS. VU VAN HUNG

Phé Téng Gidm déc kitm Tong bién tap
NXB Gido duc Viét Nam
TS. PHAN XUAN THANH

PGS. TS. TRAN VAN HAO

HOI PONG BIEN TAP
Tdng bién tap : TS. TRAN HUU NAM Thu ki Téa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DONG, TS. TRAN NAM DUNG, T5. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
7S. NGUYEN VIET HAIL PGS. Ts. LE_QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. v THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGU‘:"E.N KHAC MINH, TS. PHAM THI BACH NGOC. PGS. TS, NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. BANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. v
KIM THUY, PGS. TS. VI DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO N@
o Danh cho Trung hoe Co s6 xﬂ.é' ra ky nay
For Lower Secondary School
Nguyén Thi Nhung — Giai phuong trmh.Q Froblerse in This teeue
nghiém nguyén bing phudng phap st du T1/475, ..., T12/475, L1/475, L2/475.

tinh chat chia hét.

Hudng dén giai Dé thi chon hoe &101 @ Giai bai ky trude
mén Toan lép 9 tinh Vinh e Solutions to Previous Problems

hoc 2015 — 2016. -,

: @ Dién dan day hoc Toan
Dé thi chon hoe sinh gioi 1dp 9 tinh Hung Yén, o 5
n’:m ho:c ‘;;E]] ;C _s;r[*;l Egml fe he Nguyén Ldi — Phuong phap lap bat dang

: 5 thic phu @& ching minh mdt dang bat

Thit sitc trude ky thi - Dé s6'5. ding thic.
Déap an va hudng dan giai dé s6 4. @ Phuong phap giai toan
Trian Xudn Ddng — Mot s phuong phap

Tin tire tim ham lién tuc trong phuong trinh ham.

Eifgg:c;?ﬁn FARGk g Baoh e Tk @ Tiéng Anh qua cac bai toan - Bai 5616

Lich st Toan hoc Bai dich s6 13 - Tiéng Anh qua céc bal toan
Lé Quoc Hin — Pappus, ngdi sao la trong bau @ Sailam & dau?

tréfi toan hoe Hy lap cd dai.

Gidi dap: 1=0!

Nguyén Quang Hing - S8 hang tong

© @990@0

Ban doc tim toi
Nguyén Phi Mang — Tt gidc diéu hoa dudi

cach nhin cia phép nghich dao. quat cua day so !
Bién tap: LE MAI - NGUYEN HIEP | ' . Mithudt: QUOC HIEP, THANH LONG

Tri su, phat hanh: NGUYEN K}!OADI@M,NGUYﬁN’I}HTHUHUYEN Thiét ké, ché bin: MAT ANH
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Cuén sdach

TAR S TOAN Hoe VA TUd TE

NHUNG CON DUONG SANG TAO TRONG

GIAI TOAN HINH HOC

(cta cac tac gia: PGS.TS. NGUT L& Quéc Han (chu bién), TS. Binh Quang Minh, Th.S. L& Thj Ngoc Thuy)

ach day 472 trang, kho 17 x 24cm, gia bia 80.000 dong.

NGi dung ciia séch trinh bay cac pht}‘{:rng phap gidi nhirng

loai toan hinh hoc phé théng dién hinh véi gdn 1000 bai

an hinh hoc tir I6p 7 dén I¢p 12 theo chuong trinh B Gido duc

& Dao tao hién ban hanh. Ngoai ra sich con trinh bay ngudn goc

nhiing bai toan dy va cach thirc sang téc cac bai toan mdéi tir ching.

Co |8 day Ia nét khac biét clia cudn sach nay vai phan lén cac sach
tham khao toan cing loai.

Sach gom ba phan chinh. Phan Hinh hoc phdng danh cho cac h %

sinh kha gioi vé toan; trong dé cé nhiéu bai toan khong dé,
chon trong céc dé thi Olympic Todn Quédc t& va Khu vire
dinh ly va khai ni&ém quen thudc va it quen thudc dur
chi tiét nhu: Bjnh Iy Thales, Dinh Iy Pythagore, Dj Ptolemy,
Céng thure Lebniz, Céng thirc Euler, Bai todn lli, Bai todn
Napoléon, Buréng thdng va dudng tron ch;g& Euler, Buong

50
ap kha

théng Simson, Diém Lemoine, ... Phin oc khdng gian chi
yéu danh cho hoc sinh dai tra. Vl vay canh cac bai toan khd
danh dau * |a nhirng bai todn chon trong cac dé thi Tuyén sinh
Dai hoc hay Tot nghiép THPT may ndm gan day. Ngoai phuong
phap chinh 1a suy ludn logic, thinh thodng céc tac gid sir dung
céng cu vecto néu thdy that can thiét. Phan Méi lién hé giira hinh
hoc vdi cdc phdn mén khdc nhu Lugng gidc, Dai s6; cac tac gia tap
trung vao phan Tam gidc lwgng vdi nhigu bai todn hay, va trong
phan Phuong phdp hinh hoc trong dai s6 dé cap dén mét sé dang
toan hinh hoc gidi tich phang thudng gap trong cac ky thi Tuyén
sinh dai hoc hay Tét nghiép THPT.

Sach c¢6 gang trinh bay dya trén sy két hop hai hoa cda vin
phong twei mat, doc ddo va sac sao cla Polya vdi sy gian di
dé hiéu ma tham trdm siu sic cla Hira Thulin Phéng. C6 thé

NHUNG CON BUGNG SANG TAO
TRONG GIAI TOAN

HINH HOC

xem day 12 nhitng suy nghiém sau sic
nhat ctia nhém tac gia, dic biét a cla
NGUT L& Qudc Hén, chi bién cudn
sach vai 50 nam hoc va giai toan.

Tin rang cudn sach khéng chi hitu ich cho
hoc sinh va thay c6 gido yéu toan phé
théng, ma con la tai liéu tham khao tat
cho sinh vién va giang vién cdc trueng
Dai hoc va Cao dang nganh Toan, cling
cac phu huynh €6 nguyén vong gilp
con em minh hoc tét mon Hinh hoc van
duoc xem la kho nhung hap dan nay.
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