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. COSO LY THUYET
C6 nhiéu cach giai cho mot bai toan cuc trj dai

s6, nhung & day ching t6i muén gidi thiéu dén
cac ban hoc sinh mét cach giai khac do 1a “Sir
dung céng thirc d¢ dai doan thing dé giai mot
s6 bai todn cuwe i, Hy vong rﬁng, cac em co
thém mét phuong phap khac (nhit la cac ban
hoc sinh bac THCS) dé gidi dang todn nay.
Truée hét xin nhic lai mét sé kién thic bd
sung:

* Cho hai diém A(J\fl;y]);B(xz;y2 ). ta cé:

+ Cong thire tinh do dai dc-an thing 4B la:

AB=(x, +-n)

wmcﬁmmnﬂmmm
@6 ol m@rsésa T@ﬂﬂ ele rm

O QUANG MINH

(GV THCS Nguyen Ba Ngx]c An Xuan, Tuy An, Phii Yén)

1. MOT VAI BAI TOAN MINH HQA

Bai 1. Tim gid tri nho nhai cia ham so:

y=+2x —2x+1 L\lm.l- _{h.-'_?—l}_r—i-l

+\.'2,1-3 -|-{x-"'§ t ]"].r 2 G

.....

—~2 2
y= (_1'—{])2 +{x—1) +J[x—%} +[x+%)
N3 i
§\% +J[A +T + T+§ .
l\eu mit phing toa do Oxy xét cac diém

@LA(O by 3{ ] C["%“‘%J

+ Néu x, # x,; y, #),thi PT dudng lhﬁng@\ M (x;x) (ban doc tu v& hinh) thi

s vy Q
X —x -y
* Trong mit phang Oxy cho du ? ang d di
qua hai diém A4, va A,. Mot dudng gip khuc
lién tiép nhau gém » doan thing ma diém dau
cua doan thﬁng thir nhét tring véi 4;, diém cudi
cua doan thing thit n tring vdi A,.. Thé thi
AA +AA +. . +A ,

A +A A 2AA.

n-1

¥

0 I X

E}ang thirc xay ra khi cc dibniidy A A 1
A, (theo thir tur do) déu thude duong thang noi
diém A, véi diém A, .

y=MA+MB+MC.

DE kiém tra AB=AC=BC=+3; 0O4=0B =
OC = 1. Suy ra tam giic ABC déu véi tdm la
goc toa 4o O. Mit khac néu AABC déu thi

y=MA+MB+MC=0A+0B+0C
(Bé dé tam gidc déu).
Do d6 y=z3. Pang thirc xdy ra khi va chi khi
M=0< x=0. Viymin y=3, khix=0.

Bai 2. Tim gia iri nho nhdt cua ham so

vyt +x+l+yxt—x+1

Léi gidi. Biéu thirc y dugc viét lai:

o= (er ] o0 2] (x-3] 0]

Vi thé, trong miit phﬁng toa d6 Oxyp, ta xét cic

Lﬁ]. B[l._ﬂJ -

3* 2 1 2

diém: 0(0;0); A[—

TOAN HOC
* cTusitre 1
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diém M(x;0) (dé thiy 4, B nim khac phia dbi

véi truc hoanh va ba diém 4, O, B thing hang).

Khi d6 y=MA+MB > AB=2. Ding thirc xay

ra khi va chikhi M =0 < x=0.

Véiy min y = 2 khix=0.

Bai 3. Cho ba s6 dwong x, y, z théa man diéu

kién x + y + z <1. Tim gia tri nho nhat ctia
: R e i Bl 2t

biéu thire u= [x*+ I— 1y 4 l. +,/2° ] :

y ey ¥

Loi gidi. Biéu thirc » duoc viét lai dudi dang:

;¢=\[(0—JZ]3 +[x—g +J(0—J§)“ +[y—_lv]2
+\I(U—ff)2 +{z—é]z :

Vi viy, trong mat phéng toa dd Oxy ta xét cic

diém: O(0;0); A,(ﬁ;i_—x};
X

1 1 1 1 1
i ——rt—y b A | 30—tk
Az[\f_x A+}r }] AJ[?J_x X » i )

Khi d6 OA, =\{{0—ﬁ)2+(x—l)2; .

A,AZ:J[(J—ﬁ)Z+[_._j_)Z; '&

-t

2
AzAsz\/(t}—ﬁJzJ{z—%] - Be g:
1 e i e B IR D
I-—x+~};—y+: z= x+}l+z (x+y+z)

1
=[——+9x]4{l+9yJ+(l+9z]—10(x+y+z)
x ¥ Z
> 18-10=8 (4p dung bit ding thirc Cauchy

vi x +y + z =1). Khi d6, ta luén co

u=0A +AA, +AA, 204> |(32) +& =82.
Ping thirc xay ra khi va chi khi

.].=9x;1=9y;l=9z; x+y+z=1
" y z
1
@x=y=z=-3—.

Viy min u = /82 khix=y=z=%.

Bai 4. Cho cdc s6 dwong a, b, ¢ théa méan
a+2b+3c=2. Tim gia tri nho nhat cua biéu
thirc: y=+Ja* +1+2Jb2 +1+3Jc2 +1.

Léi gidi. Biéu thirc y duoc viét lai dudi dang:
y=+a® +12 +J(2b) +2% +./(3¢)* +3* .

Vi thé, trong mat phang toa d§ Oxy ta xét cdc
diém saw: 0(0;0); A, (a:1); A,(a+25;3);

A,(a+2b+3c; 6).

Khi d6 OA, =a> +12; A A, =J(2b)* +27;
AA, = B +32; 0A, =27+6% =210

= y=0A +AA, +A,A, 2 0A,, hay y>2410.

Ding thirc xay ra khi hai diém 4,, 4, déu thuge
dudng thing d di qua hai diém O va A4s.

Dé thiy phyong trinh cia dudng thing o la:
y=3x (@c ty vé hinh).
dé hai diém 4,, 4> thude (d) la:

Bié@
z@ 0. a+2b+3c=2; 1:30;3=3(a+2h}
%

e ... .1

; ) |
Vay miny =210 khi Xmymens
Trong bai béo niay mai chi dua ra mét phin nho
trong viéc s dung cong thirc tinh d¢ dai doan
thing dé giai bai toan cuc tri ma théi. Hy vong
rﬁng, ching ta chiu kho dé tim dugc nhiéu {mg
dung tha vi khac tir cong thirc tinh dd dai doan
thing, chuc cac ban thanh céng. Sau diy xin
giai thiéu mt vai bai tip ap dung.

BAI TAP

1. Cho cac sb dwong x, y, z théa mén
x+y+z=1. Tim gi trj nho nhit ctia ham s6:

y=Val+1+yr+1+422 41

2. Tim m dé phwong trinh sau c6 nghiém:

2 +x+l=-Yx’=x+1l=m.

https://tieulun.hopto.org
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THPT CHU

#z DE THI TUYEN SINH VAO LGP 10
TP. H3 Chi Minh NAM HOC 2016 - 2017

(Dé thi ding trén TH&TT 56 473, thang 11 ndm 2016)

Ciu 1. a) DK da cho tuong duong voi:
(a-b) K (a+b) _ a(3a-b)
ala+b)(a—b) a(a+b)(a—b) ala+b)(a—b)
< (a—bY+(a+ bl —aB3a-b)=0
< 2a°+ 26 -3d +ab=0

2b

o —d+2+ab=0 = ~%+— +1=0 (1)

Datr= % (t # 0), (1) tr&r thanh:

—r+%+i=0 S -L+1+2=0& h=-1;=2
Néu=—1thia=—b:logi,via # + b.
A .
Neu!—Zthl?)-
_a*+2a*h+3h
C 2d +ab* +b*
b) Taco: Sm+n: 5n+m
< Sm+n=(5n+m)a (viia el¥)
< Sm+n=>5an+am <::>5m—am—5cm—rj'
< m(5—a)=n(5a-1)
Vim, n,a € M" nén n(S5a—
Dodbéa e {1;2;3;4}.
Xét cac truomg hgpa=1;a=
(l)tadeuthaym.n(dpcm} @’

Cin2.PK: 2Zx-120 < x = i

=2,{aco;

e e e
280 +1+1

1)=>0suyra$ €$
% 4t

]

Phuong trinh da cho tuong duong vai

(x-2)" -2x+242x-1=0
& (x-2) -(VZx-1-1) =0
< (x=1-v2x=T)(x-3+42x-1) =0.
cx-1-y2x-1=0 & x-1=2x-1
S Y= -1HxeDh

S F-4dx+2=0@xz1) < x=2+.2.
* x-3+42x-1 =0 & 2x-1=3-x

o

o -1=3-x)7 [ <x

e ¢ _8x+10=0 (2<x<3]

< x = 4-+/6< 3. Vay PT da cho co hai

nghiém: x, = P = O R

b) Tir PT thir hai cia hé co: x +y # 0, x —y =0,

x # 0. Hé da cho tuong duong vai
{x.—_v){x3+xy+y2}=9[x+y)
(x-y)(x+y)=3

Chia theo vé hai PT cua hé, ta duge:

X+ xy+y? _9(x+y)

x+y 3

o Xty =3x+y)

2
& 22+ + 5y =0 < 2+z(~;"_] +5.E]=0.

+

Dﬁtr=@%¢il),tacé: 2 +5(+2=0
X

&

&

*Voit= —= < x=-2y. Thay vao PT thir hai

cua hé, ta co: ( ) -yt =3 & 3 =3

c:y—l s p=t ] S x=x9

* Véi t = -2 < y=-2x. Thay vao PT thit hai

ciia hé, ta c6: x* — (-2x)* = 3, PT nay vo nghiém.

Viy hé phuong trinh da cho cd hai nghi¢m:
(1) =(2: 1) () = (=2; 1).

Céiu 3. (h.1)

Hinh |

TOAN HOC
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https://tieulun.hopto.org

S6 474 (12-2016)




Ta co tr glac ABHC, n{ flép, suy ra T]:I(l), (2-], (3) suy ra: ﬁ:m (*)
HB,C,=A, (1). T gihc CA,HB, ndi tiép nén
HBA =C, (2). Tt gidc AC4,C ndi tiép nén
.;!-; :a (3). Tix (1), (2), (3) suy ra tia B\ H la tia
phan gidc cia géc A B,C,. Ké BM L B, tai
Mta C63|L=B|M {4}
Mit khac, tir gidac AB,4,B ndi tiép duong tron
c6 dudng kinh 4B, tdm la trung diém E cua AB.
Goi F 1a trung diém cta 4,8, thi EF 1 4B, (5)
Mit khic, AK // BM nén ABMK 1a hinh thang.
Do d6 EF // AK // BM, suy ra EF 13 duéng trung

Ta cé AFCD<AFAB {g*g):;»i—gz

Hiwth 2
binh ctia hinh thang ABMK, do 6 FM= FK (6) Nl
Tix (5), (6) suy ra: ByM = A, K (7) AEAB» AEDC (g.g) = D -ED_EC (5)
Tix (4), (7) suy ra B\L = 4, K (dpcm). B FA FC  FA
Ciu 4. Ta ¢6 Ted) Qlaym =m=an & 2-=1n
Vo (x+3) (e \(Vx ) x4y Mt ke B = Al i~ e (**)
T ey gy = PR AG
X+y 2 x+y 2 :
q = ; Keét hop (*) ya (**) ta co:
' iz i ¥ } 5 = +
Lai co: 2|:(*~‘F;) +(‘Jr;] i|_('JT+\E) .&FCEU@G (c.gc) = FG _FA (6)
. o, EE FC
” _.r;yg_(\d’}‘;ﬁ) o I Q;Eé(.;(a)tathudugc
) 4 =— < FDFG = FB.FE (dpcm).
T (1), (2) ta co: § D FE ’
2 b) Ta ¢6 £ va H doi ximg qua 4D nén
X y+}=&_x+y<ﬁ+ﬁ_(ﬁ+\f}) /,% _L_ e g 9 ,
x+y P ] 4 :@ AEF = AHF  JEENE. ow (1)
g = YRR P AFCE © AFAG nén AGF = CEF 2)
2 Miit khac, CEF + AEF = 180" (3)
1y (Vx+y) o : P ;
‘E;‘H—( g 4‘5) :%—%z IIZI Tir (1), (2), (3) suy ra AHF +AGF = 180° din
. dén tir gidc AHFG ndi tiép (dpem).
=(z—=1) +1 s 5
=-(4—Z}——-—-£%. Ciu 6. Goi x |a s0 miéng giay Nam c6 dugce sau

(afing thicc xay ra khi r=1). k-llan ca?t (xﬁk e N ?.V! Iuc d‘ﬁiu Nar:»::cc) 1 n:neng
gidy va moi lin cdt mdt miéng gidy ra lam 4

Vi 292 +yﬂ_x+}r£i. miéng hodc 8 miéng nén sau mbi lin cét, sé
4 atd el miéng gidy ting thém 3 miéng hodc 7 miéng,
bang thire xay rakhir=1vax=y do d6 ta co: x = 1(mod 3) hodc x = 1 (mod 7).
o x=p==. Vi2016 = 0 (mod 3) va 2016 = 0 (mod 7) nén
4 x # 2016,
Ciu 5 (h.2). Ta ¢o: E: =B: (1) Viy sau mt S:f) l%"in cit, s6 miéng giay Nam co
AG /I BD = D, +FAG = 180" (2j . S KhHnE Tl HANE20)0. o
C. +FCE =180° (3) (GV THCS Lé Loi, Quy Nhom, Binh Dinh)
TOAN HOC i
4 . CTuditre 56 474 (12-2016)
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DE THI CHON HOC SINH GIOI LOP 9 TINH VINH PHUC
NAM HQC 2015 - 2016
(Thoi gian lam bai: 150 phit)

Céu 1 (2 diém). Cho biéu thic:

Jx+4 oy
Az[ x—4 _\E—ZJ'[]_

a) Rt gon biéu thirc A.

b) Tim tit ca cac s6 nguyén x dé biéu thirc A

nhén gia tri nguyén.

Céu 2 (2 diém).

a) Giai phuong trinh:
(x+D(x=2)(x+6)(x—3)=45x2.

b) Tim tat ca céc cip sO nguyén (x; y) thoa man:

x(xt+x+1)=4r-1.
Cau 3 (1 diem). Cho céc sé nguyén x,y théa
mén 3x+2y=1. Tim gia tri nho nhét cia biéu

2JE+5]
Jreg

thire: H =x? =y +|xy|+|x +3] -

Céu 4 (3 diém). Cho hai diém A,B phén biét,
liy diém C bat ki thuoc doan AB sao cho
0<AC < %AB ; tia Cx vudng goc vol AB tai C.

Trén tia Cx ldy hai diém D,E phén biét sao

cho L E"—" 3. Pudng tron ngoai tiép

magcrmoaélé‘fﬁ@‘c*

&

Trong sach gido khoa (SGK) Giai $2 (co bén)

c6 bai tap (bai 10 trang 46):

Cho ham s6 y = —x* + 2mx* =2m + 1 (m 1a tham s6)

¢6 dé thi 14 (C,,).

a) Bién ludn theo m s6 cuc tri ciia ham sb.

b) Vai gia tr] nao cua m thi (C) ..

Pép s6 cho & cudi sach la: a) m< G mét cue dai;

m > 0: hai cyuc dai va mét cuc tiéu.

Nhiéu ban ban khofn ring khi m > 0 thi ding 12 ham

s6 c6 hai diém cwe dai va mit diém cue tiéu. Tuy

nhién hai gid i cuc dai lai bﬁng nhau nén ham s6

chi cé mét cuc dai va mot cure tidu ma théi.

Vé viin dé nay, 16i xin trao d6i nhu sau.

Theo dinh nghia trong SGK Giai tich 12 (co ban):

. Gia 11‘1 cuc dai (gia trj cuc tleu) com goi 1A cue

ﬁgl (cwe tiéu) va duoc goi chung la cwe trj clia him
5. (trang 14). Pinh nghia niy hoan toan thong nhit

vé'l dinh nghia trong SGK Gidi tich 12 ning cao.

tam gidac ADC va dwong tron ngoai tiép tam
gidc BEC cht nhau tai diém thir hai H (H
khong tring véi C).

a) Chimg minh ring ADC = EBC va ba diém
A, H, E thang hang

b) X4c dinh vi tri cia C d& HC 1 AD.

¢) Chimg minh ring khi diém C thay dbi thi
dudmg thing HC luén di qua mot diém cd dinh.

Céu 5 (1 diém). Cho ba s6 thyc khéng am x,y,z
théa mén x+ y+z =2 . Chimg minh ring:
x+2y+z2(2-x)2-y)2-2z).
Céu 6 (1 diém). Trén mat phang cho nam diém
phén biét sao cho khéng c6 ba diém nao thang
hang va khong c6 bon diém néo cung thude mot
dudng trb@(fhimg minh rang ton t:;n'_ mot
duong qua ba diém trong nam diém da

cho Vi diém con lai ¢6 ding mét diém nam
£
h&éﬁng duomg tron.

TRAN MANH CUONG

\Qi‘GV THCS Kim Xé, Vinh Twong, Vinh Phiic) Gidi thigu

C TRI CUA MOT HAM SO

NGUYEN HUY POAN (Ha Néi)
Theo dinh nghia do, dép s6 cia ciu a bai tap 10 néu
trén ding ra phai 1a: khi m = 0 thi ham b co mdt cyuc
dai va mot cuc tidu.
Ciing cén phai ndi thém ring trén thue té, do ngudi
ta thudmg quan tim dén 56 diém ciee tri hon 14 56 cuwe
fri cua ham s nén khl né1 “gh cuce tri” thi déi khi

e A

ciing duoc hidu 14 “sé diém cure tri” ma trudmg hop
bq1 tép 10 trén déy 12 mot vi du.

Bit diu tir ky thi THPT Quéc gia 2017, B Gido duc
vi Déo tao di quy dinh mén Toan thi tric nghiém.
Khi d6 mét cdu hoi vé s6 ciee tri ciia ham sb s la
cu héi ma thi sinh rat khé chon dép 4n ding véi v
cha ngudi ra dé. Vi vy téi xin dé& nghi cac thiy c6
gifo ra @& kiém tra, nhét 14 ra dé thi (tir trung wong
dén cac dja phuong) khong ndu cdu hoi vé sé cuwe tri
ctia ham sé; thay vao dd 14 hai vé 56 diém cuc tri cha
ham s6 dé dé thi duge 15 rang.

S& 474(12-2016)
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CHUAN B]
CHO KY THI
TRUNG HQC
PHO THONG
ubc eIA

. COSOLY THUYET

1. Xétham s6 y=ax* +bx? +c¢.

- Ham s6 khéng c6 diém cyc tri <> a=h=0.

- Ham s6 c6 mdt diém cue tri <> a=0,b%0
hodc a# 0,ab=0.

- Ham s6 ¢6 ba diém cyc trj <> ab<0.

2. Db thi (C,) clia ham s6 y=k(x* —2a°x*)+b
(k+0,a>0) c6 ba diém cuc tri la A(0;b),
B(-a;—ka* +b), C(a—ka*+b).Goi H I trung
diém ciia BC, ta ¢6

AH =|k|a*,BC =2a,AB = AC =Ja® +K*a® .

3. Db thj (C,) ctia ham s6 y=k(x* —2a%x?)
(k#0,a>0) cé ba diém cuc tri 1a A(0;0),
B(—a;—ka*‘*),C(a;—ka"’] Goi H la trung diém
ctia doan thing BC, ta ¢6

N
AH =k|a*,BC =2a,AB = AC =Jd* + k{'@

Nhin xét 1, Tam giéc tao b ba d@gc trj
cia dd thi (C, ) 1a anh tam gide QY ba diém
cuc tri cua dé thi (C,) qua phép tinh tién theo
vecto ;(O;—b).

Nhdn xét 2. Néu tinh chat cia AABC chuyén
d6i duoc vé mdi lién hé giita do dai cua cac
doan thiang AB,AC,BC,AH thi thay vi xét ham
s6 y=k(x*—2a2x2)+b (k=0,a>0) ta chi cin
xét ham sb y = k(x*—2a2x?) (k#0,a>0).
Nhén xét 3. Mot sb truong hop thuong gip:

- AABC vuobng cén tai 4 < AH _%E
- AABC déu @AH=£,;@,

6 T?g-l;-‘u:% S& 474 (12-2016)

 MOT HUONG GLINHANKTRACNGHN

VE CUC TRI A TRUNG PHUONG

A¢
N AREE

NGUYEN HOANG NAM
(GV THPT Tdy Son, Bmﬁ Dinh)

- AABC c6 dién tich bang ¢ < AH.BC =2g4.

- AABC c6 ban kinh dudng tron ngoai tiép bang
ARB?
AH

II. BAI TAP AP DUNG

R<2R=

Bai todn 1. Cho ham sé
y=(m—1)x*+(m?>—4m+3)x* +2017

(m Ia tham .s‘cf}.
Céu héi 1. Vi gid tri nao ciia m thi ham sé
khéng cd diém cye trj ?
A m=1 | B.m=3
C. m=— Q“ D. Khong ton tai m
Ciu '&&ai gi4 tri nao ciia m thi ham s6 co
mu& cire tri ?

Q‘bl:l B.m=1m=z3
D.1m<3

Céu hoi 3. V6i gia tri nao cua m thi ham sb co
ba diém cuc tr ?

A, m>1 B.m>3

C.m<3 D.1#m<3

Ddp dn

Ciauhoil. A Ciuhoi2.C Cauhoi3.D

Bai todn 2. Cho ham so
y=x*=2(m-1)x* +m* -3m? +2017

(m la tham s0).

Céu héi 1. V&i gia tri ndo ciia m thi d6 thi ham
s6 ¢6 ba diém cye tri tao thanh tam gidc vudng ?
A m=2 B. m=3

C. m=4 Dm=35

Céu héi 2. Vi gid tri ndo cia m thi @6 thi ham
s6 ¢6 ba diém cue tri tao thanh tam gidc déu ?
A. m=33-1 B. m=33+1
C.m=33 D. m=%3+1

https://tieulun.hopto.org



Céu héi 3. Vi gid tri ndo cia m thi do thi ham
s6 ¢ ba diém cuyec trj tao thanh tam gidc c6 dién

tich bang 32 ?
A.m=5 B. m=3
C. m= D. m=2

Ciéu héi 4. Véi gia tri ndo cia m thi dd thj ham
s6 c6 ba diém cuye tri tao thanh tam gidc c6 mot
goc bang 120° ?

3 1
A, m:ﬁ+1 B.m=2—-;£
C m=L+l D m—2+—L

Cau héi 5. Véi gi tr ndo ctia m thi d6 thi ham
s6 ¢6 ba diém cye tri tao thanh tam giae co mot
goc bang 30° ?

A m=1+3(243) B.m=%_§-§~

m=—q%+l,m=1+%}7+f«}3 D. m={2-3
i’l

Ciu hoi 6. Vi gid tri ndo cia m thi d6 thi ham
s0 ¢6 ba diém cuec trj tao thanh tam gidc ¢6 béan
kinh dudng tron ngoai tiép bang 1 ?

A m=2 B.m=_1+'d’§

C. m=

Céu hoi 7. Vi gia tri ndo cia m tly 1 ham
50 ¢o ba diém cuc tri tao thanh ta&}éc co chu
vi bing 2++/8 ?

A.m=2 B.m=3

C. m=4 D. m=+2

Céu hoi 8. Vi gia tri nao ciia m thi dd thi ham
s co ba diém cue trj tao thanh tam gide ¢6 ban
kinh duong tron noi tiép bang 1 ?

A.m=2 B. m=3

C. m=4 D. Khong ton tai m
Hudng din gigi. Xét ham s y=x*-2(m—1)x2.
Dit @ =m-1(a>0). Ta ¢6 AH=a* BC=2a,

AB=AC =a* +aB.
Ciuhdil. Taco BC=2AH=a*=a=a* =1
= m=2.Chon dap 4n A.

Céiu héi 2. Ta co Af-f=£%£:>a‘

= a? =3 =>m=3Y3+1. Chon d4p 4n B.
Cdu héi 3. Ta c6 AHBC=64=a’=32
=4=m=35. Chon dap an A.
LA s ke
BC J3

a3

= g

Céu hoi 4. Ta ¢é6 tan30° =

+% . Chon dép #n C.

:L:Hﬂ:l

3

Ciu héi 5.

=g’

c A=120° = m=1+—

=@ =T+4B > m=1+1+43.
Chon dép 4an C.

Cau hoi 6. Tacd AB? =2.AH = a® +a® =2q*
=al=1la _1+J_ =2,m=l+£.

i R i 2
Chondé@.
Chute¥). Taco 2AB+ BC =2 +8

@ +a=1+2, Him sé6 y=vJaZ +a® +a

Q&ng bién trén khoang (0-400) =a=1=>m =2,

2 o
l+2'J§ D. mzz’ m=l$

Chon dép an A.

Ce i & Ti'a pa s e it ol ]
P atJad+d &

= a®=2=m=3. Chon dép 4n B.

Bai todn 3. Cho ham s6
y=-2x*+3mx? +m* —5m* +1

(m la tham 50).

Céu héi 1. Vi gia tri ndo clia m thi d6 thi ham

s0 ¢o ba diém cuc tri tao thanh tam gidc co dign

tich bang 2 ?

4 i 5
A- m—"?" B.m—z

434 2
C.m= 3 D. m—E

Cau héi 2. Vi gia trj ndo ctia m thi d thi ham
s6 c6 ba diém cye tri tao thanh tam gidac co dé
dai canh bén bing % do dai canh day ?

(Xem tiép trang 27)

e 7
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THU SUC TRUOC Ki THI
PEsO 4
(Thai gian lim bai: 90 phiir)

(4w 1. Hinh dudi 1 db thi cia ham sb nao trong bon
ham sé duge liét k& & bon phuong én A, B, C, D
sau:

A, y=x3-3x+2 B. y=x*-2x7+1
C. y=x*+2x-3 D. y=—2x*+3x% -1
| 1y '
I\ 2__ f
1] }.-:n.“ /
\ " B
\}4_{.{ $ / |
3 -1 1 s
14
24

i : X ;
Ciu 2. Cho ham s6 y=f(.t}=7+‘2—+x, khi do
tip nghiém cua bét phuong trinh f'(x)<0 la:

A& B. (0;+0) C. [-2:2]
Ham sé y=Jx—x? nghich bién trén

D. (—c0;+00)
Cau 3.
khodng:

% " ; 5
A. [El] B. [0‘2) C. (—oz;0) D. (1;4x)

trén tp xéc dinh khi gid tri cita m 1a: ,Q‘

A.m<l B.mz3 C.-1<m<3 @23

Ciu 5. Cho ham sb y=mx? +2x? + Dx-2.
Vi gid trj nao ciia m thi ham s6 i cho c6 1 cye tri:
A.m=0 B.m=>=0 C.m=0 D.m=1

Ciu 6. Cho ham sb y=x*-3x?+2 (C). Puong
thing nao sau day Ia tiép tuyén cia (C) co hé sb goc
nho nhat:

A, y=-3x+3 B. y=-3x-3 C. y=-3x D.y=0
Cin 7. Cho phuong trinh —x* +4x? =3-m=0.
Vai gia trj nao cua m thi phuong trinh c6 4 nghig¢m

phén bigt:

A l<m<2 B. -l<m<2

C. -3<m<«l D.l<m<3

Cin 8. Sb diém c6 toa dd 1a cac sb nguyén trén dd
e £ x+3 5.

thj ham s6 y = e la:

A4 B.2 .3 D. 1

TOAN HOC .
8 & cl'ufiil;r;é S0 474 (12-2016)

e
S

Ciu 4. Ham s6 y=x*+3x2+mx+m déng}/@

Ciu 9. Haim s6 y =x* +x? +1 dat cuc tiéu tai:

A x=-1 B.x=1 C.x=0 D. x=-2
Ciéu 10. Cho ho d6 thi (C,):y=x*+mx>—m-1. Toa
46 céc diém ma moi dd thi cia ho (C,,) di qua la:

Al (-1;0) va(L;0) B. (1;0) va (0;1)

C.(-2;1)va(-2:3) D.(2:1)va(0;1)
Ciu 11, Cho ham sb: }fzz:? (C). Goi d la

khodng céch tir giao diém hai tiém cén ciia & thi (C)
dén mét tip tuyén cia (€). Gid tri 1én nhét d ¢6 thé
dat duge 1a:

A. 33 B. 3 5

Chu 12. Biéu thirc A =4"%:3 c6 gia trj 1a:
A.6 B.9 C.16

Ciu 13. Dao ham ham s6 y =2*.3* biing:
A. 6 ln%\%& 6 C.2r43 D, 243

Ciu 4o ham s f(x)=e*(3—x?). Pao ham
£

o, BT

D.2

s0 triét tiéu tai cdc diém:

B. x=1;x=3

D.x=0

Cau 15. Phuong trinh log,(3x—2)=3 c6 nghiém la:

e g

=l;x=-3

k=== 3

11
A — D. 87
3

Ciu 16. Him sé y=In(-x*+5x-6) c6 tdp xdc
dinh 1a:

A. (—2)u3+ee) B, (0;40) C. (—0;0) D. (2;3)
Caw 17. Tap nghiém cia bat phuong trinh
32.4* ~18.2* +1<0 la tdp con cia tap:

A (-5;-2) B. (4 0) Cil;4) Di-3;1)
Cin 18. Cho a=log,, 3.b=log,, 5, khi do log,, 1350
tinh theo a, b bing:

A, 2a+b+1 B. Za-b+1
C.a+2b+1 D. 2a-b-1
: b aVi+ g-3 ]
Céau 19. Rat gon bicu thitc ———=— (vaia=0)
a2 )’ t
duoe két qua la:
A at B.a C. & D. &

https://tieulun.hopto.org



Ciu 20. Goi M, m lan luot la gia tri 16n nhat va gia

trj nho nhét cia ham sé y=2— trén doan [-L:1].
F.l

Khi dé

1

A.M=;;m=0 B.M=e;:m=10

1

C.M=e;m=— D.M=e;m=1
e

Cidu 21. 86 nghiém cua hé phuong trinh

yi=4r+1 4"
{zm M
A.2 B.3 C.1 D. 4

Ciu 22. Nguyén ham cia ham sd  f(x)=sinx.cosx
trén tap s6 thuc la:

1 i
B L S
A, 4(:0:.._.1+C B. 4r::i:n:,2.1+C

D, —%Sin2x+C

Céu 23. Nguyén ham F(x) ciia ham s
f(x)=4x*-3x*+2 trén tép s0 thuyc théa mén
F-1)=3la:

A xt—x+2x+3
Coxi-x'+2x+4

C. —sinx.cosx

B. x*—x*+2x
D. x*—x*+2x-3

Ni]
Céu 24. Tichphan [3x(x?+T dr bing:
0

A3 B.7 C.-5

| »
CAu 25. Tich phan [(|3x—1|-2[x]) dx b@‘
i *ﬁ

)| =]
A —
6

5 D.0

7
B. —
6

Céu 26. Tichphidn |e*sinx dx bing:

[ Jrm— )

A Legl Boledr O %(Hﬁ) D. 2(1+e?)

Ciu 27. Thé tich khdi tron xoay nhdn dugc khi quay
hinh phing gi¢i han boi duong cong y=3x—x* va

truc hoanh quanh truc hoanh bﬁng:
8ln 85n
A, T { dvtt) B. W{dvtt)
C. "';—“(dm) D. % (d@vit)
Cau 28, Dién tich cha hinh phéng gidi han bai cde
Inx .

dutmg x=1,x=e,y=0 vi y=—= bing:

£ ¥ y 2x g

x
‘\%’ﬁu 35,
D.-3 /@1‘

ASE BIE C 20 Baodi=d
Ciu 29. S6 nio trong cac s6 sau 14 sd thuin ao:

A. (WZ+2D-(WZ-0) B. (2016+i)+(2017 i)
C. 3-1)-(2-) D. 2017

Ciau 30. S6 phic lign hop cia sb phic
z=(1-0)(3+2i) la:
A.zZ=1+i B.z=1-i C.z=5-i D.z=5+i

Céu 31. Pésd phie z=a+(a-1)i (ala sd thyc) co
|2/ =1 thi:

1 3
A &= B. a=w2~ C. a=0hoica=1 D. |.r2|=l
Ciu 32. 86 phite z=(1+2/)*(1—{) co md dun la:
Alf=ST Bl=50 Clf=22 p.-10

Cdu 33. Trén mit phing toa db céc diém A4, B, C lin
lwot 14 diém bidu didn cua cde sd phirc

_4_’-1; (1-i)(1+2f); —2i*. Khi do tam gidc ABC:
i

A. Vuodng tai C
C. Vudng cigNai B

B. Vudng tai A
D. Tam gic déu

Ciu 34.@hmzmaa man z+37 =(1-2i) I
X

£
@ : B 2. R
% 4'+2: B. 2+4: C.2 4: D. 7 2i
Dién tich hinh tron 16n cia hinh céu 1a S.
Mot mat phing (P) cat hinh ciu theo mét ducmg tron

co ban kinh r, dién tich %S. Biét ban kinh hinh ciu
14 , khi d6 r bing:

R\2 BRJ‘E
56 18

A B2 B2, RAB

2 3

Ciu 36. Hinh chop o gidc déu co tit ca cac canh

bang a. Thé tich khdi chop d6 bang:

A a\2 a’\2 a2
g

a3
B. 3 . 3 D. 3
Céu 37, Ngudi ta bd vao mét chiéc hop hinh tru ba
qua boéng tennis hinh céu, biét ring day hinh tru
bang hinh trén én trén qua béng va chidu cao cia
hinh try bing ba 1in dudmg kinh qua béng, Goi §, 1a
tong dién tich cua ba qua bong, S, la dién tich xung

quanh cua hinh try. Ti s6 dién tich j—l 1a:
2

g B.5 &7 D. 1

Ciu 38, Hinh hép chir nhat cé ba kich thuéc 12 a, b,

¢ thi dudmg chéo co do 16m la:

TOAN HOC
' eTusitre 9
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A Ja+ b= B. Ja? + b2 +¢2

C. 245 +2p" =% D. Ja® +b7 =2c7

Céu 39. Cho hinh chop SABCD co day ABCD la
hinh thang vudng tai A va B, S4 vuéng goc vdi mat
phing (ABCD), AB = BC = a, AD = 2a, gic giita SC
va mat phing (4BCD) bing 45", Goc gifra mit
phing (SAD) va (SCD) bing:

A. 45" B. 30" ey o D. 60°

Céu 40. Cho hinh chép tam gidc déu ddy co canh
bing a, goc tao bai cdc mit bén va day bang 60",
Thé tich khoi chép la:

@43 a*\6
V= V=
ek 24 2 24
a"-—-_ajw'fi f—a_j
C.V= 3 D. V= S

Ciu 41. Thiét dién qua truc cua hinh non 14 tam gidc
déu canh 6a. Mt mit phing qua dinh S ciia nén va
cit vong tron déy tai hai diém A va B. Biét so do goc
ASB bﬁng 30° dién tich tam giac SAB bé’mg:

A. 184 B.1645 C.9%" D. 10a”
Céu 42. Cho hinh chép S.ABC co day ABC la tam

gidc vudng tai B véi AB=a,BC=ay2,5A=2a va

SA vudng goéc voi mat phang (4BC). Biét (P) 1a mal‘* Song song

phing qua A va vuéng goc voi SB, dién tich
dién cit bai (P) va hinh chép la

&
E )
402,10 4a* 3 8a210 @J@
25 T X 15
Ciaun 43. Trong khong gian voi hé toMWI0 Oxyz cho
a(=1;1;0), b(1;1;0), ¢(L:1:1).
ménh dé sau ménh dé nao 1a ménh dé sai?

A ab=0 B. ‘E|= £ H:ﬂ D. be=0

A.

ba vecto Trong cac

Céu 44. Trong khong gian voi hé toa d§ Oxypz, mit
phéng song song voi hai duomg thing

Bl e x=2+t
dl."; =J—:_3-=i va d, {y=3+2
z=1-t
c6 vecto phap tuyén la:
A. n=(-5,6;-7) B. n=(5-6:7)
C. n=(-5-67) D. n=(-5,6;7)
TOAN HOC )
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Céu 45. Trong khong gian voi he toa dd Oz, mit
cau (S) tam K(1; 2; -3) di qua diém A(1; 0; 4) co
phuong trinh 1a:

A, (x+1P +(y+2)* +(z=-3)P =53

B. (x+1? +(y+2)® +(z+3)* =53
C.(x-1P+(-2P+(z+3P =

D. (x—1P+(y—2P+(z-3y =53

Céu 46. Cho ba diém A(136;2), B(5;1;3); C(4;0:6),
khi d6 phuong trinh mét phing (4BC) la:

A, 14x+13y+92+110=0

B. 14x+13y-9z—110=0
C. 14x-13y+9z-110=0
D. 14x+13y+9z-110=0
Ciu 47. Trong khong gian vdi hé toa d6 Oxyz, vi tri
x=1+2¢
twong d6i cla hai duémg thang dqy=-2-3t va
z=5+4¢
i
¢o nhau B. Ciit nhau
D. Tring nhau

Ciu 48. Trong khong gian v&i hé toa d0 Oxyz cho

ba diém A(-2:1:0), B(-3:0:4),C(0;7;3). Khi do
COS(E, E) I:lfing:
A 144118 B _7J118 ¢ J798 D 798

" 354 7 T g R

Cau 49. Trong khong gian véi hé toa d Oxyz cho tir
dién ABCD c¢bd A(2;3;1), B(4;1;-2), €(6:3:7),
D(-5;-4; 8). B dai dudmg cao ke tir D cia i dién la:

45
U | B £

Cau 50. Trong khong gian vai hé tpa dd Oxy=z cho
bén diém A(1;1;1), B(1;2:1), C(1:1;2), D(2;2;1). Tim
[ clia mit cau ngoai tiép tr dién ABCD ¢6 toa d

§ 33 .3 3
A.(3;3-3)B. [E'_‘E'E]C [2 3 2] D.i(3;3;3)

NGUYEN THANH GIANG
(GV THPT chuyén Hung Yén)
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DAP AN YA H

I |2 iC 4A 5C 6D TA &8

oD 10B [ 11B | 12A | 13C | 14B | 15D | 16B
174 | I8C [ 19C | 20B | 21D | 22B | 23A | 24C
25C | 26A | 27D | 28B | 29A | 30C | 31B | 32B
33D | 34A | 35B | 36C | 37D | 38A | 39D | 40C
41B | 42D | 43A | 44C | 45A | 46B | 47C | 48A
49A | 50B

3
(2x-1)2
(phurong an C).

Céu 14. Sau 2 nam ba A thu dwge ci vén 13n 13 1a
100.(1+0,07)? =114,49 (tridu ddng). Lai ba A thu
dugc sau 2 nam 14 114,49 — 100 = 14,49 (trigu dong).
Viy ta chon B.
Cdu 15. Vi SA L (ABCD)nén S4 la dudmg cao
chung cua hai khdi chop S.ABM va §.ABC.
Ta co i: SABM ABAM AB 1
Wit S - ABDC, “BAB. 2
Ciu 19. Goi a, b, ¢ (cm) 1a d6 dai ba kich thuéc
ab=20
cua hinh hép chit nhét. Ta co: < be =28
ca=35

Cim 1. ¥= :>D.*:fx¢%:> ta chon C

-Ta chon D,

= a?h2c? =19600 = V = abc = 140,
Viy ta chon C. //

Ciu 20. Co: f f'{’)_l2+T'}ﬂ ‘v’xe[%@gham

56 dong bién trén [1; 4] = max _,F f(4)=32.
xell; 4
Vay ta chon B.
Z =32 z
TV ke VML o
a4+ b? f.‘.‘r2 + b2 23

khéng 1a s6 thuan do. Ta chon D.
Ciu 22. = Vi 4x242x+1>0,VxeR nén db thi
ham sd khong co tiém cin dimg.
BT O R0t N s R :
Vl.rhﬂloc}_i Vaxl_l?n_]m}— 3 nén dwdmg thing

= i% la tiém can ngang cia dd thi. Ta chon B.

Ciu 25. d co vecto chi phuong a=(1; 2; 3); (o) co
vecto phip tuyén n=(2; 4 6).

Tacdii=2d=d L (a). Viy ta chon C.

Ciu 28. - TXD D=[0; 2].

USNG DAN GIAI BE 56 3

=0< x=1.Ta co bang xét du

Duya vao bang trén ta chn:;m B

Ciéu 29. log 30,1 —-—lug (lug32 ~log10?)

H]l] 3

=-3-(2|0g3+10g2—2}=M~

3
Viy ta chon A,

Céu 30. Co:-log3 x+log; x =j}—{%—lug3 x]z < %
= _‘_Em:aicﬂ y=y(3)= % Vay ta chon C.

Ciu 31. Hoc sinh giai sai t burde 2 bdi vi: Vi didu
kién {; z i thi PT d cho twong duong véi
2logs(x— log, |x-4f =0. Viy ta chon B.

Cau 33, il gom hai b phén:
. B@n hinh try véi chiéu cao /i = 30cm, ban kinh

®§R 35-210

=75 (cm). Hinh tru nay co cé dién

\ ich xung quanh la

$; =2nRh =2n(7,5).30 = 4507 (cm2).
* B& phén vanh mi ¢ dién tich 1a
8§, =m(17,5)2 - n(7,5)2 =250n (cm?2)
- Tong dién tich vai cin c6 dé 1am nén cai mii 1a
§=8, +8, +n(7,5)*> =756,257 (cm?). Ta chon D.
Céu 34, Taco:
5 38 o] x]:
[=3x2| ==, 0= j 2du="| =

Viy ta chon A.

Cau 35. -Goi z=x+iv(x, yeR) va Mix;y) &

diém biéu dién sb phirc z trong mit phing phic thi
z4+2i=x+(y+24

z+2il=1< x2 +(y+2)? =1. Viy ta chon B.
Ciu 38. Goi R, /1in luot 13 ban kinh day va chiéu
cao clia cdi thap. Theo gia thiét 2nR = 207,5

TOAN H
: cm% 11
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=R = 04=207,5+

_103,75
L

10375 &
ﬂ [

Vi béong cla ciu hoc sinh gap

2 14n chiéu cao thit nén

103,75
st

2h

OA=2h<207,5+

¢>h=]03,75+¥

- Viy ta chon A.

Ciu 40. Goi canh hinh ldp phuong co d6 daia.
Theo gia thiét ta suy ra duge ban kinh cia qua béng
banlaR = %- Thé tich Vi, ¥, cua hinh ldp phuong v
qua béng ban lan luot 1 '
na®

6
Thé tich ciia phén khéng gian
6-m

Vi=ad,V, =%nR3 =

cin tinhV =V, -V, = a.

Viy ta chon C.
Ciu 41. Hoc sinh gidi sai tir bude 2 béi vi ham s6
dat cyc dai tai x =2 = ¥'(2) =0. Sau khi tim ra duoc
2 gid tri m=—1,m=-3, ta thir lai chi thiym=-3
thda méin bai toan. Vay ta chon B.

Ciu 42, PT hoanh d9 giao diém cua duong thing va

duong cong di cho 1a ?—% =2x+m

S2x2 +(m=3)x-1+m)=0(x=1)
Ta thiy A=m? +2m+17>0,vm. Vﬁytachore
Cau 43, y'=2x(2kx2 +4k-5)=0

&

4 k=1

sl {22(5 —4k)>0 Q{Ud«

kefZ kel

Viy ta chon A.
Ciu 44. y'=cosx +sinx+20172m

=ﬁ[sin[x+ﬂ+2m?m).
Ham s6 dong bién trén R < y'20,¥xeR
P, sin[.t +%J2—201?m,‘rﬁxe]ﬂ. (*).
Vi -1 £sin[x+g'—j£ 1 nén tir (*) suy ra
200Tm=-1=mz L35 -Ta chon C.

2017
Ciu 45. Cdch 1. Pit AM=x (0<x<24), d=CM+DM.

TOAN HOC
* CTudilre
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Taco: CM =100+ x2 , DM = (24 — x)2 + 302
d=+100+x% + /(24— x)? +30% vi

d' X 24—x e ’j[)
!

{100+ 22 S Jea—xr 302
X . e L
ey =
J1I00+x2  J@4-x2+302 10

c 130

B

Binh phuong hai vé& PT(¥) va M M-
; = x=6e(0; 24)
thu gon ta ¢6 x2 +6x-72=0 @[1’_1255(0» ”

Tir dé ta chon A.

Cidch 2. Trong hé truc toa d6 Oxy , dit A=0,

C(0; 10), D(24; 30), C'(0; —10) va M(x; 0)

(0< x < 24). PT dwdmg thang DC': 5x -3y -30=0.
Do CM+MD =C'M +MD >C'D =834.Cho nén
CM +MD nhé nhit khi va chi M=DC'nOx, tix
d6 c6 M(6; (). Vay ta chon A.

Cau 46. Goi G(I; 0; 2) 1a trong tdm cua tam gidc

ABC.Ta c6, (A + MB + MC| = |3MG| = 3MG.

inh chidu vuéng géc ctia G trén mit
Y Toa d6 diém M la nghiém ctia hé
y+z+3=0

= M(-1; 2; 0). Véy ta chon B.

CAu 49. Tham s6 ¢ img véi giao diem cua d va (S)

1a nghiém cua PT

(2452 +(1+me¥ +42 =22 +16)+6(1+mr) +8t+13=0

o (m? + 502 +2(4m+ 5 +20=0.

«Biétsd A’ =—4m? + 40m-75

« d cht(S) tai hai diém phén biét thi a';-o@g qml_;-

Mi meZ=me{3; 4; 5; 6; 7}.Viy ta chon A.

F(0)g0)- f(0)g'(D)
£%(0)

=1 (dof'(0)=g'(0)#0).

Ciu 50. Cé: f'(0)=g'(0)=
_ 80~/
£2(0)
Suy ra PT ¢2 —¢ + f(0)=0cé nghiém 1 = g(0).
:>a=1—4f(ﬂ)20:>f(0}£%- Vay ta chon B

PHAM TRONG THU
(GV THPT chuyén Nguyén Ouang Diéu, Dong Thdp)
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MOT SO PHUONG PHAP GIAI PHUONG TRINH,
HE PHUONG TRINH KHONG MAU MUC

m rong bai bio ndy, chiing t6i trinh bay mét
sb phwong phap giai phuong trinh va hé
phuong trinh khéng mau mye. Pay 1a dang bai
toan kho, thudng duge xuat hién trong cc ciu
phén loai cua dé thi myén sinh Pai hgc, cao
déng nhimg nim gin diy va trong cic ky thi
chon hoc sinh gidi cac cép.

I. Phuwong phap lwgng gidc hoa

Bai todn 1. Giai phuong trinh:

J2(1+V1-2

_ j“{u_r)"‘ ~Ja=x) | =5

Loi gigi. PK: -1<x<1. Bat x=cost vbi

0<t<m,, khidotaco:

Ja+xP = J(1+cost) = iScos"’% =2\f§cns3£,

PANG THANH HAI
TRAN TUYET THANH
(Hoc vién PK - KQ, Son Téy, Ha Ngi)

Bai toan 2. Giai hé phuong trinh:
[128x2 (432 —1)(8x2 —1)" +1-2x=0 (1)
e,

[ ] 1
!—;{_lﬂ(}

Léi gigi. Do —%«:xd] =-1<2x<0.

Pt 2x = cost vl %‘“‘”‘

= (1) ¢>32c0s? t(omzr-l){Zomzr—l]z-kl—msr:O
< —32cos? isin?fcos® 2+ 1—-cosr=0

& —8sink st 2f+1—-cost=0

@if‘

4i+1—cost =0« cos8t —cost=0

2k
8t =t+2kn S
JA=3 = [(T=cos1)’ = [8sin® 3 =24/2sin® 7; ‘Q’&’“’SS’ °°“:>[3:=—r+2:m:' _2%n
T 9
J1-x? =y/1-cos?t =sint (do 0t <
Thay vao phuong trinh ta dugc: @ (k €L )
By (l+smr][2ﬁcos3——2ﬁs@ 5cost ;o 2kn . kn gl
RO Y D B
L SR It —<t<n |keZ keZ
@4[3032+5m2}(cosz smzjx
t g o o sxath 4n 4n 1 4n
cos® —+cos—sin—+sin® — |=5cost =2 32—?“ 21:3057 gy
2 S AVjES - 2 = — — |
k=3 6m 6w I 6mn
1.5 p = |Zrx=c08— =—C0S—
c>4mst[!+§smr]=5005r<:>c05.!{251n!—1}=0 7 7 27
2km
i e oMY (S Thad
x=cost=0 - Vai 2 =2 9 =4 2 bt
cost =0 —<t<n |kel keZ
= o 1 &| x=cost=—- 2
sint ==
2 2n 2n O
IECDSI‘:—E i‘=? 2x=msT X E —3"——:{
[ 2 = =
8 8n 1 8n
3 V3 t=— |2x=co8— |x=;cos—
Viy phuong trinh ¢é cic nghiém: x=0,x = i 9 9 29
TOAN HOC
S5 474(12-2016)  * Cludilpe 13
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Viy hé cd cac nghiém:
1 1. . .dn 1. on 1  8n

3
B g L e

PP P e s 2 =543
I1. Phwong phap ham sb Ve b6 nghign v= Y= BT
UL LA IR A, Bai todn 4. Gidi hé phuong trink
. sinx ’ :
g ;m; l.r" +3x—i4 Ing.a'f x+l)=y
L10J7+1 =3(y* +2) Y 43y-34in(y-y+l)=z (1)
Sx |22 432-2+In{2*—z+1)=2x
<X,y <= F :
* : Léi gidi. Xét ham sb
Loi giai. T phuong trinh thir nhat cua hé ta co: FO=P+3-3+ ln(ﬁ e ]) (r o R)
e* _sinx sinx _siny o) ;
e’ siny e & Ly ol s
) (; i i i=Li. i 2+
Xét ham sb f(;}zi"?_r i fe[m%‘) fi(©)=3t +3+f3_,+1 o +1+rz—-r+l >0,
’2_' _ vt e R. Suy raf{r) 1a ham ddng bién trén R .
e Py er(cm:z;—smz) o cosr.;sm! Khi 46 ta ob:
fx)=y
s
\'ﬁCOS(T-FE) {1)‘% FY) =z Sax =Y—2:
L T 1 Khi ¢g %hu{mg trinh di cho tro thanh:
Do n<r<T:>T~:I+E<:? ﬁ%:z
5 ' XT3 +3x-3+In(x2—x+1)=x
mcos(r+4)<0:>f{z)<(} & ( )
. 5n //% o 2
= f(t) nghich bién trén khoang (n;T @ X +2x-3+In(x2 —x+1)=0 (2)
Viy(l) © f(x)=f(y) &x=y. ‘\‘% Xét ham sb g(x)=.::3+2x—3+ln(x2—x+]).
., Ju=vx?+1 4 s Tacéd
bat AL o e =w+ri=xt+2, 9e %2 41
Lk it g(x)=3x2 +2+— =3x1 422 72>,
xi—x+1 x2—x+1

Khi do tir phuong trinh thir hai ctia hé ta cé:
u=3v
IDm==3(u2+v3]:>3u2—10w+3v2=0::> p

H=3

‘Néuw=3v =22 +1=3Jr* _x2+1
= 9x*~ 1042 +8=0: PT vo nghiém.

« Néu u=§:>v=3u =St =x2+1 =327 +1

25x?

2 2

St 0 —B=D = I ST
X2 =5+.33

TOAN HOC ;
CCTudilpe S8 474(12-2016)

14

¥x e R. Suy ra ham g(x) dong bién trén R .
Mat khdc ta ¢ g(1) = 0. Suy ra hé phuwong trinh
c6 nghiém duy nhdt x=y=z=1.

I11. Phwong phap danh gia bat ding thirc

Bai todn 5. Tim tdt ca cdc gia tri cua tham s6
thuc a sao cho hé phuong trinh sau c6 dung
2017 nghiém.

cos3x++y2—cos? 3x =2| 1 +sin?(2a—-2y) |
L by 2 -

1 v : — 1 \
{ M o | L [ o -
_ log,{a—y)+2log,| 2|y I =3 log, y+3log, (2x )

https://tieulun.hopto.org



Lot giai. DPK: x>0; y>0; a-y>0.
Ap dung BDT Bunyakovsky ta co:
cos3x++2—cos?3x =1.cos3x+1.4/2—cos?3x

<12 +12Jeos?3x+2—cos? 3x =2 (1)
M3t khac hién nhién ta c:
2[1+sin?(2a-2y) |22 (2)

Tir (1) va (2) suy ra phuong trinh thir nhit cia
hé xay ra khi va chi khi:
cos3x++2—-cos?3x = 2[1 +sin? (2a—2y]] =2

{cosh =1

e sin(2a-2y)=0 G)

Bién ddi phuong trinh thi hai cia hé ta dugc:
log, {a—y]+l+%]ng2 v =%]ng2 y+1+log, x

< log, ((I—-}’)=10g21'¢:'a—}‘=x (4)

Tir (3), (4) va két hop véi BK suy ra hé di cho
tr& thanh;

o e " x>0 y>0, a—y>0

x>0 y>0a-y> ert

cos3r=1 x==- (keZ) ;

sin(2a-2y)=0 pir ©)
a-y=— (meZ)

x=a-y 2 .
x=a-y

Tir ba didu kién cudi cua (5) ta co:

&
_2kn _mm v g
e >0=x=2nn [n*w.

¥y>0 ‘@'

Tir do suy ra: (5)<=>4x=2nn (neN").

y=a-x
Tir d6 suy ra h¢ phuong trinh da cho c6 dung
2017 nghiém khi va chi khi {mg v&i moi
x=2nn (n-—"],ZUIT), y=a-x>0; con ing

vii x=2nxn (n=2018) thi a—x<0.
Do viy ta c6: 2.2017n<a<2.2018n

&> 40341 < a < 40367 1a cac gia trj can tim.
Bai todn 6. Tim nghiém thuc khong dam cua

phicong trinh: log, (144 )-log, (9" +27)=0.
Ll gidi, Ta ching minh khi x>0 thi:

i0g4{1+4‘}}10g9(9x +2-"] (1)
Thét vy ta co:

Nl
/%%

log, (9.\- T 2.\.)

() log, (1+47)> gD

= ]034{1 + 4 ).I0g4 9>log, (9.'.' +2..-)
o log, (147" > log, (97 +27)
& (1+45)™" > 05 425 @)

Ta ¢6 nhan xét sau: Néu a >0, o >1 thi:

- a+1)°
(l+l) :--1+i ::;Q:;a—ﬂ
a a a“ a

7—>(ﬂ+1)u>a“ 1 ga-! (3)
4r 240 =1>0 ol
én 4p dyng bat d

{1024 9>log, 4=1 nen ap dung ba ng

thire (3) ta c6: (1+4° :]z...g__q 7 )1%9 +(4x]I%H
= (4'%9 }-*‘ o {41'95..u )

BET (2) Ctuic chirng minh. Vay phuong trinh

ddchok 6 nghiém khéng dm.

Dé h\*ﬁ 4ap mii cdc ban gidi cdc bai todn sau:
l@i va bién ludn hé phuong trinh:

x2+at =y +b? =(x-b)’ +(y—a)2

2. Tim tat ca cdc gia tri cia tham sé thue k sao

cho phuong trinh:

47 ¥ log 5 (2 ~2x+3) 422 log, [ 2x-k+2]=0
2

¢6 ba nghiém phén biét.
3. Giai hé bit phuong trinh:
4|\.1—H_\'—:1‘1'—Ing,1'." = J2r-1
ly—3|-3|y-2(»+ 1]12 =1
J'zy-‘ +2x2+3x+3=0
4. Giai hé phuong trinh: {223 +2y? +3y+3=0
12,1"" +2z2+3z+3=0

bt
T+x2
oo aly £ : 3y3
3. Giai hé phuong trinh: { —————=z
pE -yt
4:z9 e
Szt el

TOAN H
* c'ruaigcé 15
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CAC LOP THCS
Bai T1/474 (Lép 6). Chimg minh ring khong

ton tai hai s6 ty nhién @ va b 16m hon 1 va

n F 2007 2007 =
nguyén td cung nhau sao cho a™ +b chia

206 2006
hét cho @®™® + ™™

LE XUAN DAl
(GV THPT chuyén Vinh Phiic)
Bai T2/474 (Ldp 7). Tim céc $6 nguyén té a, b,

¢, d, esaocho a* +b* +¢* +d* +¢* =abede.
NGUYEN BUC TAN
(TP. Ho Chi Minh)

Bai T3/474.Cho f(x)=a™x* + bx+a™"c -1

(a,b,ced). Gia st phuong trinh f(x)=-2co,
P &

hai nghiém nguyén duong. Chiung minh ra@

2 2 4
A= I_U)%_f_ﬂ lamothopss.

Bw NHON
(GV THCS Nhon Léc, An NWW, Binh Dink)

Bai T4/474. Cho tam giac ABC v () la duong
tron noi tiép, D la tiép diém cua (/) va BC.
Pudmg thing qua D vudng goc vai Al theo thir
tu cat IB, IC tai P, 0. Chimg minh ring B, C, P,
0 cliing thude mot duong tron cd tam thude 4D,

NGUYEN THANH HONG

(GV THPT chuyén DHSP Hé N§i)

Bai T5/474. Tim tit ca cic s6 thuc k sao cho
voi moi a, b, ¢ khong am ta luén co bit ding
thirc sau

[a+k(b—c)][b+k(c = a)][c +k(a —b}} <abc.

PHAN THI MUI
(GV THCS Trdn Quoc Toan, TP. Tuy Hoa, Phi Yén)

16 TOAN HOC

& crmmc So 474 (12-2016)

CAC LOP THPT
Bai T6/474. Vi x la s thuc thay déi, tim gia
tri nho nhit cua biéu thie sau
F=dn* —2x+2 +x* —Bx+32 +Jx* —6x+25

+4x% —4x+20 +x* —10x+26.

NGUYEN VAN NHO
(GV THPT Nguyén Duy Trinh, Nghi Léc, Nghé An)

Bai T7/474. Phuong trinh log, x=cosx co
R

bao nhiéu nghié¢m ?
DAO CHI THANH
{GV THPT chuyén Vinh Phic)
Bai T8/474. Cho tir dién SABC c6 SA, SB, SC
d6i mot vuéng géc voi nhau. Mot mat phang
(P) thay d6i di qua trong tim cia tir dién cit cac
canh S4, SB, SC cua tir dién lan lugt tai 4, By,

1 1 | 4
Cy. +—>—, vii
‘ i
R 1a ban k1 mit cau ngoai tiép tr didn S4BC.

CAO HAI VAN
@! HPT Nguyén Chi Thanh, Pleiku, Gia Lar)

Ba@?el Tim phan nguyén ctia biéu thirc
S

;2468 2016
135772015

NGO QUANG MANH
(SV lop 09KT- Kién triic cong trink, DH Chu Van An,
Béc Ninh)

TIEN TGI OLYMPIC TOAN

Bai T10/474. M6t s6 nguyén duong duoce goi la
“s6 HV 2015” néu trong biéu dién thap phan
ciia né ¢6 2015 sé 9 dimg canh nhau lién tiép.
Xét (a),n=1,23,..1a diy ting nghiém ngit cic

s0 nguyén duong sao cho day [ "J,n—l 2815

chiin. Chimg minh ring diy s6 (a,).n=12,3,..
chita v6 han sé HV 2015.
KIEU DINH MINH

(GV THPT chuvén Hiung Vuwong, Phu Tho)
Bai T11/474.Cho n 6 vudng 1x1 sip xép thanh
hinh chit nhat 1x n. Mbi 6 duge dién bai s6 0
hodic s6 1. Mét cach
dién goi 1a “théa man”

https://tieulun.hopto.org



néu nhu ba 6 lién tiép nhau bét ki déu khéng
chira ba s6 giébng nhau. V&i mdi n>3, goi a, la
s6 cach dién “théa mén”. Tinh a, .

PHAM XUAN KHOA

(Lap DEKTE-K50- Trung tdm dao tao tai nang,
DH Bach Khoa Ha Ngi)

Bai T12/474. Cho tam gidc ABC, Chimg minh
ring

5[ sinA +sinB .-EH-ﬁ inB + [5inC
\aZI\.sm 5 +.‘am2 +sIn 5|2 sm2 +‘J|5m 5 +‘||Sm2'

J
NGUYEN VAN QUY

(SV K5641TI, DHKHTN, DHQG Ha Ngi)
Bai L1/474. Cho doan mach 4B nhu hinh a.
g = Uycosl00ms (V). Bién tré thuan R = 70 Q,
cudn day c6 d6 tw cam L va dién tro thuan r. Ty
dién c6 dién dung C thay doi tir 0 + oo, Dién ap
Upy phu thudée vao dung khang Z- nhu do thi
hinh b. Tinh gia tri cua L, r.

+—~B

h) B a5

O R in....—r————s

150 Zo ()
DINH THI THAI QUYNH (Ha Néi)
Bai 1.2/474. Hai vit dong thoi xudt phat o 4 va
C, vat & A duge ném xién goc a, vit & C bat dau
trurgt xuong khéng vén toc dau trén mit phing
nghiéng gdéc P. Bo qua
moi ma sat, xiac dinh cép

goc (o, B) dé 2 vat dén B '/

\QNGG AN HOA KY (TP. Hé Chi Minh)

FOR SECONDARY SCHOOL

Problem T1/474 (For 6™ grade). Prove t
there do not exist two coprime integers a
which are greater than 1 and satisfy thi hat

@™ + 5™ s divisible by a®™ + 4¥&
Problem T2/474 (For 7 b grade); Find prime
numbers a, b, ¢, d , e such that

a'+b' +c' +d' +e' =abcde.
Problem T3/474. Given f(x)=a™"%x> +bx+
+a"%c—1(a,b,c € Z). Suppose that the equation
f(x)=-2 has two positive integral solutions.

ke 5
Prove that A:M

3 is a composite

number.

Problem T4/474. Given a triangle ABC and (/)
is its incircle. Let D be the point of tangency

.@Nﬂcn () and BC. The line which goes

through D and is perpendicular to 47 intersects
IB and IC respectively at P and Q. Prove that all
B, C, P, and O lie on a circle whose center 1s on
AD.

Problem T5/474. Find all the real numbers k
such that for all non-negative numbers a, b, and
¢ we always have the following inequality

[a+k(b=0)|[b+k(c—a)][c+k(a-b)]| < abe

FOR HIGHSCHOOL
Problem T6/474. Find the minimum value of
the expression
Fodxt—20a 3 PR 30 W —6x 25
+x* —4x+20 + yx* ~10x+26.

Problem T7/474. How many solutions does the

following equation have log, x=cosx ?
: =

(Xem tiép trang 27)

TOAN H
; cruaigg 17
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) ) | i 1
y A L~ =01\
= ..

Bai T1/470. Tim ede 50 nguyén duomg x, y,z, t sao

cho 38(xyzt +xy + xt +zt + 1) =49(yzt +y + 1).
Lai gidgi. Tir gia thiét suy ra

38(zt+1)=(49 —38x)(vzt ty + 1) (1
< (zt+1)= [%—x}(yzr +y + 1)

Vi y, z, ¢ la cac s6 nguyén duong nén
yvet+y + =zt +1>0(%), dodd

49 11 9
(| i B RUCE 2 e

% Y 3 g
Thay vao (1) duge: 38(zt + 1) =11{pzt + y + 1)

<> (38-1ly)zt+1)=11¢

suyra x=1.

LAX
@[-l?f%vyj(zrﬂ):r {@\Q A

v

&

Vi zt+1>¢>0 (**) nén D{:E§$ 1
*
27 .
Sy {y{—lT,suyrzn v = 3I\PMay vao (2)

dugec S(zt+1)=11t < #11 -52) =5, suy ra

z=2var=35. Baitoan c6 mt nghiém la
Ewmsn=(; 2350

»Nhgn xét. 1) Mot sb ban bién ddi dén dang

1+ =x+ roi viét: Sy phan tich

trén 1a duy nhat, tuy nhién cac ban chura chimg minh
tinh duy nhét d6 (!). Pé chimng minh phai sir dung
cac bat déng thirc (*), (**) néu trén.

2) Céc ban sau c6 1o giai ding: Ha Noi: Nguyén
Ngdn Chi, 6C, THCS Ly Thai T4, Q. Ciu Gidy;

1 8 T?@uggce S6 474 (12-2016)

Nguyén Hitu Nam, 6E, THCS Ngoc Hoa, Chuong
My; Nghé An: Nguyvén Dinh Thanh, 6B, THCS Ly
Nhét Quang, D6 Luong.

VIET HAI
Bai T2/470. Cho tam gigc ABC cdn fai A. Diém
M nam trong tam gidc sao cho AMB > AMC,
diém N nam giita A va M. Chimg minh rdng
ANB > ANC.
Lévi gidi. Trude tién voi gia thiét AMB > AMC,
ta sé chi ra M, va do d6 ca N déu nam trong
AHAB (h.2) trong do H la chin dudng vudng
goc ké tir A dén canh BC. Gia sir M nam trong
AHAC (h.1). Goi P 1a giao diém cua BM véi
AH thi MB = MP + PB = MP + PC > MC, suy
ra MBC < MCB = ABM > ACM, ma
BAM > HAB :%PEEM, nén
ACM +CAM
— MRS AMC (trhi voi gia thidt). Viy M va

nam trong AHAB.

ABM +B

B

B |l
H

Hinh 1

Hinh 2

Tiép theo, goi O la diém dbi ximg véi N qua
AH (h.2), thi AN = AQ v& NAH = QAH

— BAQ = CAN, két hop véi 4B = AC ta cb
ANAC = AQAB (c.g.c) = ANC = AQB.

Vi N ndm trong AQAB, nén AQR < ANB.

Do d6 ANB > ANC (dpem). O

»Nhin xét. S6 15 gidi giri vé Toa sogn khong
nhiéu. Céc ban sau co 1o giai tt: Nghé An: Nguyén
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Thi Linh Dan, 7D, THCS Ly Nhat Quang, Do
Luong; Quang Ngii: Ly Tudn Kiét, Van Quang Tué,
Phan Dink Tam, Nguvén Trung Phi, TA, THCS
Pham Vin Bf?mg, Nguyé'n Hodang Kim ;fnh., TA,
THCS Hanh Trung, Nghia Hanh; Phia Yén: Va Linh
Kiéu, 7B, THCS Nguyén Chi Thanh, Péng Hoa.
LE MAI

Bai T3/470. Tim sé k lom nhdt sao cho ton tai k
s nguyén diromg khong viegt qua 100 c6 tink
char la khong co hai s0 nao trong ching ma sé
nay la liy thira ciia s6 kia.
Léi gidi. Pdp so: k=91.
1) Tap hop 91 s6 nguyén duong {1, 11,,12,...,100}
¢6 tinh chat 14 khong ¢6 2 s6 nao trong chiing la
liy thira cua nhau, vi 117 >100.
2) Béy gi¢ ta chimg minh ring trong mét tip
hop Agdm 92 sé nguyén duong tiy ¥ khong
virgt qua 100 ludn c6 2 s6 1a lily thira cia nhau.
That viy, xét cac tip hop roi nhau:
A =1{2,32}, A, ={3,27}, A, ={4,16},
A, =1{5,25}, A, ={6,36}, A, ={7,49},
A, =18,64}, A, ={9,81}, A, ={10,100}.
Gid sir A khong chira 2 s6 nao 1a liy m@ua
nhau, thi trong méi tip hop trén, A % Chira
nhiéu ldm 1 phén tir ctia n6, va do_ds
| AI100-9=91, méu thuin vai giﬁgt 1A=92,
» Nhin xét. Bai nay nhiéu ban giri 10i giai, nhung da
s0 giai sai hodic khong chi ra 91 s6 thoa man déu bai.
Chi cd 4 ban sau gidi chinh xac la: Ha Nji: Dinh
Hoang Nhdt Minh, 9A5 THCS Ciu Gidy; Nguyén
Hé Anh, Trdn Khdanh Vén, Nguyén Pang Nhat Minh,
THCS Archimedes, Trung Yén, Yén Hoa.

VU DINH HOA
Bai T4/470. Cho ram gidc ABC vudng tai A ngi
tiép nira dwdng tron tam O dwcng kinh BC. Hai
rf'r;;ti tuyén vé tir A va B véi mira dudng tron cdt
nhau tai D. Chirng minh rang DC di qua trung

diém I cua duong cao AH cua tam giac ABC.

B o 0 C

Loi gigi. Kéo dai CA cat BD tai K, M 1a giao
diém cua OD véi AB. Theo tinh chit hai tiép
tuyén cit nhau, ta c6 DA = DB va DO 1i trung
truc cua 4B. Suy ra M la trung diém cia 4B va
DM /! AC (cung vudng goc vai1 AB).

Viy DM la duomg trung binh cua tam giac
ABK, nén D 14 trung diém cua KB. Ap dung
dinh If Thales cho ACDK va ACDB ta c6
AL _HL (G, gy grelh X
KD BD cD HI BD
d6 71 1a trung diém cua AH. Ta c6 diéu phai

1, do

chimg mi
» Nhin

va

% nhiéu ban tham gia giai bai toan nay
cho 101 gidi ding. C6 thé ldy L 1a giao diém
vai tiép tuyén tai C clia (O), roi sir dung dinh i
iales cho hinh thang BCLD, hodc co thé chimg minh

&ﬁi todn truc tiép bang céc tam gidc dong dang,

2) Céc ban sau day c6 1o giai t6t.

Vinh Phiic: Nouyén Thi Huwomg, Pham Minh Ddng,
Pham Thi Kiéu Trang, Dwong Tién Dat, Péu Thi Thu
Trang, Pham Duy Khdnh, Nguyén Tric Quynh, Bii
Tudn Anh, Nguyén Anh Linh, Lé Phwong Hanh,
Nguyén Dinh Huy, Lé Dirc Thai, 9A2, THCS Yén Lac;
Phi Tho: Nguyén Thu Hién, Bii Thi Ownh, 9A3,
THCS Lam Thao: Ha Ni: Pinh Hoang Nhdt Minh,
9AS5, THCS Cau Gidy; Hai Dwomg: Nguyén Vin
Cueomg, 9A, THCS Hop Tién, Nam Sach; Thanh Hos:
Trdn Qudc Phwomg, 9A, THCS Thi Trin, Thuong
Xuén; Quéing Ngii: Hujnh Ddang Di¢u Huyén, 9C,
THCS Nghia M§, Tu Nghia; Quéng Tri: Nguyén Thuc
Anh, 9A, THCS Trin Humg Dao, Déng Ha; Nghé An:
Nguyén Dinh Tudn, Thdi Bd Bdo, Phan Thi Huyén
Anh, 9C, Lé e Toan, 9A, THCS Ly Nhit Quang, Do
Luong; Vinh Long: Lé Ni¥ Hodng Kim, 9/1, THCS
Nguyén Truomg Té: Binh Thudn: Fhomh Vi Khoi
Neuyén, 9G, Trutmg chuyén Trin Hung Dao; Son La:
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Diém Déng Hoang, Nguyén Trung Thé, THCS CLC
Mai Som, Ttr. Hat Lot, Mai Son.

NGUYEN THANH HONG

Bai T5/470. Tim nghiém nguyén duong cua
[= v [ o S

phwong trinh: xyz=x+2y+3z-35 (1)

Loi giai. Cach 1.

«Véix=1thi (1) codang yz =2y + 3z — 4
Cxlp—3jzel=2

Do y,zeN"nény—-32-2,z-2>2-1viy-3,

z — 2 14 s6 nguyén. Ta ¢6 bang sau:

gr==a [ =

z—2. 1.2 1 =1
¥ 4 5 1
z 4 |3 1

Do d6 (x, y, 2) la: (1,4, 4); (1, 5,3),(1, 1, 1).
« Véix =2 thifir (1) suy ra
2y+3z=x(yz-1)+5=22(z-1)+5
=22y -3 =20 (2)
-Véiz=1thi(1)codangxy=x+2y—2

[B=2 1212
et | 2 1 =1
I e e

" 4 2 0

Do dé (x, v, z)=(1,4,4); (1, 5,3); (1, 1, 1).

- Voi a =1 thi (3) co dang
be+tbh+becte=b+2c = c2b-1)=0

< c=0(do2b-1=20).

Do dé (x, v, 2)= (2, 145, 1).

« V6ia>2thitir (3) suy ra: 2bc+2b+2c+ be
<ht2ee b(1+3c) <0 b=0(do | +3c #0).
=0
a=2
Dodb(x,y,2)1a(l +a,1,1),(3,1,1+¢c).

Viy céc nghiém nguyén duong (x, y, 2) cua
phuong trinh (1) 14 (I+a, 1, 1); (1, 4, 4); (1, 5, 3)%;
(2 1+h 1),%1 1+c)véiag bceN. O

Thay b =0 vao (3) ta duge ac = 2¢ @[

» Nhﬁn@lﬂa sb céc ban tham gla giri bai déu giai
trong hai cach trén. Mot s6 ban nhidm l&n cho

the
r ai trd X, ¥, Z1a nhu nhaunén da gid srx <y < z

K Q‘a tim con thiéu nghiém.

=1 N
Y Q’% Tuyén duong cdc ban sau co 1o gidi tot: Ha Ngi: Tran

= (y—l)(x—2)=0@tc

-Voiz=2thil—z<0,tk(2)suyra

nén y =1 (do ye N"). Thay y =1 ya

x=x+32-3 & (z-1)}x-3)=
< x=3(doz=2).

Viy cdc nghiém nguyén duong (x, y z) cua

phuong trinh (1) 1a: (m, 1, 1); (1, 4, 4); (1, 5, 3),

(2,n, 1); (3, 1, p) v6i m, n, p 1a cac s6 nguyén

duong tiy y.

Ciéch2. PDitx=1+ay=1+bz=1+c¢

(a, b, ¢ €N). Thay vao (1) va bién déi din dén

abc +abt+ bc+ca=b+ 2c (3

«Voiaga=0thi (3)cédang be=bh + 2¢

o (b-Dec—-1)=2.

DobceM nénbh-23-2 c—1=-1va

b—1, ¢ —1 la so nguyén. Ta c6 bang sau:

20 TOAN HOC
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Khanh Van, 8A2, Neuyén Ha Anh, 8Al, THCS
Archimedes, Dink Hoang Nhdt Minh, 9A5, THCS Céu
Gidy; Vinh Phiic: Tran Minh Huy, 8A, THCS Ly Ty
Trong, Binh Xuyén; Nghé An: Ng:grén Dinh Tudn,
9C, THCS Ly Nhat Quang, D6 Luong.

PHAM THI BACH NGQC
Bai T6/470. Cho a, b, ¢ la cdc s6 thuc théa man:
ia = h|+|b i (‘|+'|f.-—.—a| =8. Tim gia i Iom nhat,
gid tri nho nhat ciia biéu thite P=d’ +1* +¢°.
Léi gidi. Gid tri nho nhat. V6i x,y,z 1a cac sd
thue bit ki ta 6

a2 4y +2)—(x+y+2)t

=(x=yP+(y-zP+(z-x)* 20.

Do d6 3P =3(a? + b* +¢2) = 3(|af* +[f +[c[")

https://tieulun.hopto.org



2(|d

2{‘a+b|+rb;c|+‘c:+a!]“ =16. Suyra P 2$L

2 2 2

iy z[!ﬂ1+lbl+\b|+|c| : |C|+MT

Ding thirc xady ra <> ‘a| :{h|:|{:§. cacsb a, b, ¢

cling ddu <:::>a=b=c=i%.

Viy gi tri nho nhit cia P bing %.

Gid tri Iom nhat. Ap dung tinh chét cua gia tri
tuyét d6i ta co 8 = |a+ b\ + ‘b+ c" + ‘c.‘ - a’

p- a+b+b+c—f—a|=2‘b| ::=42|h‘.

Tuong tu 4> M,f—l > ‘a| Do dé

P=a®+b*+c?<42.3=48.
Ping thirc xdy ra khi va chi khi
o= =[] =4

=|b+c|=|c+d|=

<> (a,b,c) 12 hodn vi hodc cia ba sé (4,4,—4)
hofic ctia ba sb (4,—4,~4).

Viy gid tri 1én nhét cia P bing 48. O R
» Nhin xét. Bai toan c6 gia tri tuyét doi m-:r@%’
dang co ban. Cac hoc sinh sau diy co |
Son La: Trdn Hoang Dat, 11A1, T %loc Ly,
Méc Chéu; Vinh Phiie: D6 Chung &, Nguyén
Lé Sem, 11A1, THPT chuyén Vinh Phic; Hung
Yén: Dam Quang Nhat, 11A1, THPT Duong Quing
Ham, Van Giang; Ha Néi:
10A14, THPT Ngoc Tao, Phic Tho; Nam Binh: Vi
Hodang Long, 10T2, THPT chuyén Lé Héng Phong;
Nghé An: Pham Trdan Anh, 11A1, THPT chuyén
Phan Béi Chéu, Trdn Tién Manh, 11A1, THPT
chuyén DH Vinh; Ha Tinh: Nguyén Thi Linh, Poan
Minh Qudn, Trdn Hdu Piee Thing, Bii Ba Vi, 10T1,
THPT chuyén Ha Tinh; Quéng Binh: Lé Dinh Hai,
10T, THPT chuyén V& Nguyén Giap; Thira Thién
Hué: Tong Ngoc Chung, 11T1, Lé Cam Huyén, 11
Ly, THPT chuyén Quéc Hoc Hué, Vinh Long:
Phan Gia Anh, 12T1, THPT chuyén Nguyén Binh

1 tot:

Ngz.{ve:n Vian Diing,

Khiém, TP. Vinh Long; Ca Mau:
Minh, 11T1,

Hoang Cong
THPT chuyén Phan Ngoc Hién.

NGUYEN MINH BUC

I'_'c:Z'_"

Bai T7/470. Giai hé phwong trinh L
1-1|:2| X

Loi gigi. DK: x>0,y >0. Ta chimg minh hé

1. Gid

; 1) 14 mét nghiém nio do

phuong trinh ¢6 nghiém duy nhit x = y =
sutrdi lai (x; ¥) 2 (1
ctia hé. Tir cac phuong trinh cua hé ta thiy néu
x> 1 thiy < 1 va nguoc lai. Do dé, khong mit
tinh téng quat gidsrx > 1. Khido 0 <y <1 va
ta c6 1 < x < 2. Tir hai phuong trinh cha hé ta
x27 =927 hay f(x)=f() véi
f()=t2". Xét ham f(r) trén doan [0 ; 2], ta

1'(H=2"(1-1In2).

suy ra:

co: Ham s0 tang trén

khoing @1—2] v gidm trén khoing [é;ZJ.
Ngog#d™ f(0)=0, f()=/(12)=1
@1 voi 0<t<l; f)>1 véi l<r<2. Vi

Tir d6 suy ra

‘\%<yc]c:x<2 nén khi do f(y)<1<f(x): miu

thudn. Vay didu gia sir trén 13 sai, nghia la hé
phuong trinh ¢6 nghiém duy nhit x=y=1. 0
»Nhin xét. Pa sb céc ban déu chimg minh tinh duy
nhat ciia nhiém bing cach xét tinh ddng bién hoic
nghich bién ctia ham s6. Tuy nhién do cdch dit ham
s0 khong khéo nén 11 giai ciia mdt s6 ban con dai.
Mot s6 ban con bj nhidm khi tinh dao him céia ham
mii. Cac ban sau c6 10i gidi ngiin gon:

Bic Ninh: Nghiém Chi, A1-K10-YP2, THPT Yén
Phong S6 2. Nam Binh: Doan Thi Nhai, 12 Toan 1,
THPT chuyén Lé Hong Phong. Quing Ngii:
Nguyén Bao Huy, 11B2, THPT chuyén L& Khiét,
TP. Quang Ngii. Thira Thién Hué: Phan Trdn
Hudmg, 11T1, THPT chuyén Quoc Hoc Hué. Bén
Tre: Lé Ngé Nhat Huy, 10A1, THPT Lac Long
Quin, TP. Bén Tre. Long An: Pham Quéc Thing,
12T1; Neguyén Thi Ngén Tric, 11T1, THPT chuyén
Long An. Bﬁng Thép: Nguyvén Lé Anh Minh, 12T,
THPT chuyén Nguyén Quang Diéu, TP. Cao Lanh.

TOAN HOC
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Ca Mau: Hoang Céng Minh, 11 Todn 1, THPT
chuyén Phan Ngoc Hién.

NHU HOANG
Bai T8/470. Cho tam giac ABC khéng co goc ti.
Chieng minh bt ddng thirc

cos Acos B +cosBeosC +cosCcos 4

> 2+Jcos Acos BeosC (1)

Lét gidi. Truomg hop 1. Tam gidc ABC vudng.
Khong mét tinh téng quét, gia si BAC =90°.
Khi d6 (1) < cosB.cosC >0 (bat ding thirc
nay ding, vi 3},6 la cac goc nhon).

Trueong hop 2. Tam gidc ABC nhon. Ta thiy

tanC  cosA.cosB.sinC

" _ cosA.cosB
tanA+tanB  sin(A+B).cosC '

cosC

tan B
" tan A +tanC

cosA.cosC
cos B

Tuong ty:

cos B.cosC _ tan A
cos A tanB+tanC~

Pjt x=tan A,y =tanB,z=tanC (x,y,z>0).

(I]@JMA"MB o |'ECGA.OGSC +\[cm3.r.mc
cosC | cosB cos A

X { ¥ z
ﬁ\’v+z+\)x+z+\/r+ i) %

Ap dung bét ding thic Cauchy CWI s

dwong, ta ¢6: | 2 s A A &Q’—h—
y+z 2 x(y+z) Xty+:z
s Y x+z 1+v+4 'l.’t+ Jt+y+z
Tudo\l = +J Y +\/ e T
y+ze X2 x+y

Piang thic xay rakhi vachikhix=y +z y=x+z

=2

z=x+y < x+y+z=0(trdi v6i diéu kién).
Tém lai bit ding thirc (2) dang, suy ra bt ding
thirc (1) dung (dpem). O

»Nhn xét. Cac ban sau cd 1&i giai tot hon cé:
Hing Yén: Dao Quang Hudn, 11A1, THPT Duong
Quing Ham, Vin Giang; Nam Pinh: Trdn Minh
Hiéu, 11T2, Poan Thi Nhai, 12 Toan 1, THPT

TOAN H
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chuyén Lé Hong Phong; Thanh Héa: Ddng Quang
Anh, 10T, THPT chuyén Lam Son, Nguyén Danh
Thing, 11A5, THPT Luong Pac Bang; Nghé¢ An:
Nguyén Dirc Bdo, 11A1, THPT chuyén Phan Béi
Chéu, Trdan Tién Manh, 11A1, THPT chuyén DH
Vinh, TP. Vinh; Thira Thién Hué: Nguyén Trung
Kién, 11 Toan 2, THPT chuyén Quéc Hoc Hué,
Quéng Nam: Nguyén Huy Hai, 11/1, THPT chuyén
Nguyén Binh Khiém; Vinh Long: Trinh Thé
Chuong, Nguvén Khiém, 11T1, THPT chuyén
Nguyén Binh Khiém, TP. Vinh Long; Ca Mau:
Trdn Quéc Viét, 12CT1, THPT chuyén Phan Ngoc
Hién; Kevin Soto Palacios

(email:virgozevolution kevinzhito(@gmail com).

HO QUANG VINH
thue

Cho n 50

Bai T9%/470.

L2,

khong dm

A ... thea mdan x +x+..+x,=1.

Chirng minh rang

a4y 1AW 14y, ) 1+x 14x l+x

at ding thirc Chebyshev). Khong mét
tng quat, tir gia thiét co thé gia si

&mx,zxzz...zxﬂz& Khi do, voi i< thi

de o> i < (x—x; X1-xx; )20, hién nhién.
X+l x +1

il
2
22 41

= 2

e

Viy nén Ap dung

2+l 2+1

bat ding thirc Chebyshev cho hai diy cing
chiéu, ta dwoc

X Y o . K
n| x,. et X,
2+1 %2 x2+1 "af 41

[Z"‘*][ixﬁl]‘ixgil @

1 k=1

Xy

Mit khic, vi 0<x, <1 nén —2—>—k_
|

41

k=1,2,...,n. Diu ding thirc xay ra khi

n xk

i xk
x, €{0,1}. Suy ra §x§+l ngkJrl )
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Tir (2) va (3) suy ra (1). Dau ding thirc xay ra khi
¢6 1 phén tir x; = 1, phdn tir con lai bing 0, diéu
nay din dén diu ding thirc khong xay ra & (1).
Cdch 2. Sir dung bit ding thirc Schwarz, ta c6

" "

X 1
Zr 2 zxk-t-l

k=1 "k k=]
2 2
n n n
<n- =H- = ]
L n+l n+l
n+y s,
k=1
L
2
W 12 " x2 (z‘r-‘) 1
va > R = (**)
Xl x,+1 3 n+l

Tir (*) va (**) suy ra dpem. O

» Nhign xét. Day 14 dang todn vé chimg minh bét
dang thirc co thé gidi bang nhicu cich. Ngoai hai
céch trinh bay ¢ trén, nhiéu ban con sir dung phurong
phép quy nap, phuong phip khio sat ham sd,... ciing
cho 1&i giai ding. Céc ban sau diy cd 16i gidi ding.
Bén Tre: Nguyén Minh Anh, 11T, THPT chuyén
Bén Tre; Ha Nam: Ngé Nhdr Long, 12T, THPT
chuyén Bién Hoa; Ha N§it Hoang Lé Nhat Timg,
12T2, THPT chuyén KHTN, PHQG Ha Nai,

Nguye:"n Van Ding, 10A14, THPT Ngoc Tao, [&x

Tho: Ha Tinh¢ Tran Hau Pirc Thing, 10T1,
chuyén Ha Tinh; TP. Ho Chi Minh: N} inh
Long, 10CT, THPT chuyén Trin Pai : Lim
Bfmg: Nguyén Qir(?;c Trung, 11T¢PT chuyén
Thiang Long, TP. Da Lat; Ngh¢ An: Cao Hiru Dat,
Nguyén Hong Quéc Khdnh, 12A1, THPT chuyén
Phan Bo6i Chau, TP. Vinh; Nam Binh: Trdn Minh
Hiéu, 11T2, Doan Thi Nhai, 12T1, THPT chuyén Lé
Hong Phong; Som La: Trdn Hoang Pat, 11A1,
THPT Moc Ly, Mjc Chiu; Thira Thién Hué: Téng
Ngoc Chung, Phan Trin Hwong, 11T1, THPT
chuyén Qudc hoc¢ Hué; Vinh Long: Pham Gia Anh,
Lé Pwe Minh, 12T1, THPT chuyén Vinh Long;
Vinh Phic: Nguyén Lé Son, 11A1, THPT chuyén
Vinh Phac; Yén Bait Pham Tién Truong, 10T,
THPT chuyén Nguyén Tt Thanh.

NGUYEN VAN MAU
Bai T10/147. Mot s6 tw nhién duoc goi la k -

success néu tong cac chit s6 cia nd bang k. Goi

Qi la cac sé k — success co i chir so. Tinh tong

k=1

Léi gidi, (Ciia ban Lé Thanh Lam, 10T1, THPT
chuyén Lwong Van Chanh, Phii Yén). Dé giai
bai todn ta sit dung bo dé& sau diy (khd quen
thude voi cac ban hoc chuyén).

Bé dé: Cho m, n € N*. S6 nghiém nguyén
khong dmi ctia phuong trinh x, +...+ x;=m la

n—1
nrdn=1"

wm n 9n n
Néu m > 9n ta co ZZ% = zz:}[}.
k=1 i=l k=1 i=]

Xét truomg hgp m < 9m;

Céc s6 thoa méan diéu kién la céc s6 ¢ i chir sd
(1 <1< n)va tong cdc chir s clia chiing khéng
vugt qua m. Tac la cic sb co dang x,x,..x,

0=x<91<i<n)saocho 1l <x+...+x,Sm.

Do lswz 083z €Z (0 <xpa <m—1)
¢, X mtl

sa@ > x, =m. DatAd = {(x,..., x,)|

S

i=l
% f+

ij_ =m; 0<x29;i=1,...1; X,y 2 0}

i=1

Viy a, =|Al-1 (ta bo di trudmg hop
k=1 i=I
X = =X =0ix 0 =m).
i+l
B3t §= {(X1001, Xy Xe)| Do x, =m 2,20},
i=l

nEl
A.;" i {(xb”u -Tml)| fo =m;x; 20 X = 10}

i=1

(i=1,n) vaq=[%]s[-’§]gm

;
Tacé | JA, =@, Vkzg+ 1. Taco

S=A4u|JA,5nA4=T(i=1,.,n).
i=l

Vay lAl=s|-

UA, =Isi+i[(—1)f' iUAJ.D (1)
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Theo bd dé |§] = Cnr

UJa

i=l

Biy gio ta can tinh k= l,q)

Xj

. &f1,2,0 0}

véimoi k < g.

Ta thﬁy Z

= .

J-

U

k

U

i=l

Pé tinh || JA,| ta ddty; = x,—10. Taco

ntl

UA = (Vs o Rl KoL) | Z},+ Z x; =m}

F=k+l

Viy theo bo dé

k
n
UA ‘ C(m 10k )+n*

Viy >

JI.E{],Z,...,R}

Thanh thir ZZad—tfﬂ 1=18]- UA

k=1 k=i

Al C::+n i('l) ,; 1m IUn+n_l

UA ‘ lfr.lr 10k)+n"

= i (— ]-)I C:-;C{"m—!UJ']—H 7 I N

i=0
Két hop hai truomg hop m > 9n va m <§&:0

Za _i( ~1)CiCr,_, Ry 1

k=1 i=1 =0
G 46 . z[mln{m,gn}]. q
10

» Nhin xét. Day 12 mot bai toan td hop rat kho nén
chi co duy nhat ban Ldm tham gia giai.

DPANG HUNG THANG
Bai T11/470. Tim tdt ca cdc bg ba (x; y; p) gom
hai sé nguyén duwong x, y va sé nguyén té p théa
man p* -yt =1 (1),
+V0‘lx=ﬂ'=>y= 0,p lasonguyentotuy}",
+V6iy=0=y=0,p lasd nguyén t5 tiy y.

24TOMHOC 56 araus-ooe

+ Vi x, y > 0, xét hai truong hop:

1) Khi p = 2 thi (1) cb dang 2°-2=y"-1
=(y—1)(y+1),suy ra (v—1)(y+1) chia hét cho
2. Do y—1 va y+!] cung tinh chin 1& nén
(y=1y+1)
chia hét cho 4. Do d6é x=1 vasuyra y=1. B§

chia hét cho 4, kéo theo 2° -2

(x 1 p)=(L12) thoa méan (1).

2)Khi p>2 thi p lasé nguyén tdléva y>1.
Khi dé, viét (1) dudi dang

P =y +l=(y+ DT, T=y"" — 32+ —y+1>1(2).
Tir (2) suy ra (y+1) chia hét cho p.

i) Néuy+1=pthitt(1)suyra p"~(p—1y¥ =1 (3).
- Ta thdy x = 1 thi (p—1)" = p—1, khéng xay ra.
« Xét x=2 thitr (1) suy ra p" =(p-1)" +1
= (p-1’4W¥p-1)+2 nén 2 chia hét cho
p—I{. 0 p=3vid y=2.

bé (x;3;p)=(2;2;3) thoa man.

%\Q@(ét x >3 thitir (3) suy ra (p—~1)" +1 chia hét
N

cho p’. Diéu nay khéng xay ra vi

(p=DFf +1=p° —C:Ip"'l +...+ Cﬁ_E'p" _ij: +p
chi chia hét cho p°.

; e
ii) Néu {;i;‘? Jc}“Nthi do y=-1(modpf)

nén y-y"?+.. —y+1=p (mod p*).

Suyra p** =p<y+]l, volivi p*™ > y+1.

Vay cac bd sb (x;y;p) théa min (1) la
(1;1:2),(2;2:3) va (0;0;p) voi p la s6 nguyén
to tiy v. O

¥ Nhin xét. Nhi¢u ban di biét sit dung dinh li nho
Fermat, b6 dé LTE d¢ 101 giai gon gang hon.

Cac ban sau diy c6 161 giai ngan gon:

Ha N§i: Nguvén Duy Khiong, 11T, THPT chuyén
Ha Néi Amsterdam. Nam Binh: Nguyén Minh
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Himg, 10T1, Poan Thi Nhai, 12T1, THPT chuyén
Lé Hong Phong. Vinh Phic: Nguyvén Lé Som, 11A1,
THPT chuyén Vinh Phic. Thanh Héa: Pdng
Ouang Anh, 10T, THPT chuyén Lam Son. Nghé
An: Tran Dirc Manh, Trdn Tién Manh, 11A1,
THPT chuyén PH Vinh. Ha Tinh: Bii Bd Vi,
10T1, THPT chuyén Ha Tinh. Thira Thién Hué:
Nguvén Minh Hai, Phan Tran Hwéng, 11T1, THPT
chuyén Quéc hoc Hué. Quang Nam: Nguyén Lé
Thanh Hﬁng, 10/1, Truomg Nhat Newvén Bao, 11/1,
THPT chuyén Nguyén Binh Khiém. Ca Mau:
Hoadng Céng Minh, 11T1, THPT chuyvén Phan Ngoc
Hién.

TRAN HUU NAM

Bai T12/469. Cho tam gidc ABC, H la mot

diem trong fam gidc sao cho ABH = 1_?_.-’ :
Mot duomg tron di qua B va C cat dwong tron
dwong kinh AH tgi hai diém phan biét X, Y. AH
cat BC tai D. Goi K la chdn dwong viiong goc
vé tir D xuong XY. Chimg minh réing

BKD=CKD.

Bo qua trudmg hop don gidn: AB = AC.

Kihigu E=BHNAC;F=CH nAB.

Goi (0), (0)), (Oz) theo thi ty la dudmg tron
chira cic by bon diém (B, C, E, F); (B, C, Y, Z);
(4, H,Y,7); S=BCEF,Z =SH " AO,

T =SANOH. Vi ABE=ABH =ACH =ACF nén
bon diém B, C, E, F cling thube mot dudmg tron.
Tir d6, 4p dung bd dé 1 cho bdn diém B, C, E,
F, suy ra AZH = ATH = 90°.

Vay Z, T cung thudc dudng tron dudmg kinh
AH. Ap dung b d 2 cho bén diém B, C, E, F,
suy ra bon diém 4, B, C, T cung thudc mét
duong tron.

Viy P, =SAST =SBSC =P

Sy
Diéu d6 ¢6 nghia la S thude XY (1)
ViAD, R& ddng quy nén

K(BCDS)=(BCDS)=-1 (2)

&
£
@ v (2), chu ¥ r?;ing KD 1 KS, suy ra

.. i i % P %= e
Loi gigi. Bo dé 1. Néu bén diém 4, B, C, QBKD:C,KD. O

cung thudc dudng tron (O) va AB, AC, A%%
thir tr ¢&t CD, DB, BC tai P, O, R thi@ trirc
tdm tam giac POR. “‘%

B dé 2. Cho bén diém 4, B, C¥ cimg thude
dudng tron (O) va AB, AC, AD theo thit tu cit
CD, DB, BC tai P, Q, R. Néu K 1a giao diém
cua OQ va PR thi bén diém 4, D, P, K cung
thudec mét dudmg tron. (Ban doc tu chimg minh)
Tré lai gidi bai toan T12,

» Nhin xét. Bai todn nay khong khé, kha nhiéu ban
tham gia gidi, xin néu tén mot s ban ¢ 1o giai
tuong doi t6t: Som La: Tran Hoang Dat, 11A1,
THPT Mdc Ly, Mgc Chau; Ha Nji: Hodng Lé Nhgt
Timg, 12T2, THPT chuyén KHTN - DPHQG Ha Nai;
Nam Binh: Vi Thi Digp, 11T2, THPT chuyén L&
Héng Phong, TP Nam Binh; Thanh Héa: Bing
Quang Anh, 10T, THPT chuyén Lam Son, TP Thanh
Héa; Nghé An: Nguyén e Bdo, 11A1, Neuyén
Hoang Quéc Khinh, 12A1, THPT chuyén Phan Béi
Chéiu, TP Vinh; Nghé An: Pdng Duy Bao Khanh,
11A1, THPT chuyén PH Vinh; HA Tinh: Nguyén
Quéc Khanh, Phan Thé Céng, Nguyén Quoc Khanh,
10T1, THPT chuyén Ha Tinh, TP Ha Tinh; Thira
Thién Hué: Lé Viét Thank Long, 11T1, THPT
chuyén Quéc Hoe Hué; Quang Nam: Nguyén Pham
Nam Dweng, 11T, THPT chuyén Lé Thinh Téng,
TP Hoi An; Long An: Pham Quic Thing, 12T1,
THPT chuyén Long An.

NGUYEN MINH HA
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Bai L.1/470. Ddr dién ap u = 400cos100at (V)
vao hai dauw doan mach mac nai tiép gom cuon
cam thuan co do tw cam L, dién tro R va tu dién

co dién dung C thay déi dugc.

TRL L -2 C. thi cé
Ehr C=. = F hodgc C = . thi cong
8m ' 3 '
sudt cua doan mach co cung gia tri.
S el e TR s e
Khi C=C,=——F hogc C =0,5C; thi dién ap
1 3T

hi¢u dung gitta hai dau tu dién co cimg gia tri.
Khi noi mot ampe ké xoay chiéu (I teong) voi hai

dau tu dign thi s6 chi cua ampe ké la bao nhiéu’!

Lai giai. Khi Z, =80Q.Z. =120Q thi cong

suit ciia mach ¢6 cing gia tri nén

T, 7, =22 =& 1000,
Khi Z, =150€.Z, =300Q thi dign 4p higu
dung hai dau ty dign c6 cung gié trj nén:

1 1

b =
7t g 7= e =200
2 3
Lai e6 zcu=R *Zi o R=1000, i

4 7
B L. . # %
Khi C bi ndi tat bang ampe ké 1 m@l iso
*
e G U

chi cia no bang: | = ———===
»Nhin xéf, Cac ban co loi giai ding: Hung Yén:
Nguyén Vigr Pire, 11A9, Trigu Ninh Ngdn, 12A9,
THPT Dwong Quang Ham; Nam Binh: Doan Thi
Nhai, 12 Toan 1, THPT chuyén Lé Hong Phong; Bac
Lidus DS Vin Duong, 12CA, THPT Tran Vin Bay.

NGUYEN XUAN QUANG

s

Bai L2/470. Trén mot khu dat rong va bang
phang, mat em bé ném di mot vien soi. Xdc dinh
goc ném dé doan duong vién soi bay di trong
khong khi la lon nhat. Bo qua moi ma sat, chiéu

cao em bé khong dang ké.

TOAN H
26 -
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Léi gidi, Phuong trinh chuyén ddng cia vién soi;

dx = veosadt

x=(vcosa)
{dy = (vsino — gf)dt

: ot?
1= ] r__
y=(vsina)

Thi gian dé vién soi dat gy 13 1=
g

Suy ra chiéu dai qu¥ dao vién soi:

V&N

&
L=2 j Jveosa)? +(vsine — gr)* dt
1]
2vicosia
PhEar j JI+ R dk
4]

= m.[hﬂ 1+k2 + In‘k +1+4k2 ‘]m
ez ]

vsing

gt
1 + tan o — dr.
. VCOSTL

Poi .sz tano —
&

=2vcosa

vcosu]

—VCosa

Q,%\ dt =Tdk

¥l 5 sina +1
= L=—|sina+cos’ axln| ———
gl Ccosd

Daoi cén:

f 0
k tanco 0

vsina/g

Léy dao ham cia ham L theo «, ta duge:

i i
L'(a)= 1;2 cos ct.|:i - sina.lq[wﬂ

COsCL

I

L'(a)=0< l—sina.ln(M]:D
~ cosa

T g i

»Nhin xét. Rit tiéc khong c6 ban nao c6 loi giai
ding cho dé ra ki nay.
DINH TH] THAI QUYNH
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PROBLEMS ... (Tiép theo trang 17)

Problem T8/474. Given a tetrahedron S4BC
such that S4, SB, and SC are mutually
perpendicular. A moving plane (P) which
contains the centroid of the given tetrahedron
intersects S4, SB, and SC respectively at 4,, B,

1 1 1 4

and C,. Prove that —+—+—2—

: SR SR

R is the radius of the circumscribed sphere of
the tetrahedron SABC.

Problem T9/474. Find the integral part of the
! 2468 2016
ber T="— — .z,
following number 135 7" 3015
TOWARDS MATHEMATICAL
OLYMPIAD

Problem T10/474. A positive integer is called a
“HV2015" number if in its decimal representation
there are 2015 consecutive digits 9.

, where

‘\10' H L;l(’)'_\'(; [Tl'i;}? theo trang 7)

Let (a)n=123,.. be a strictly increasing
sequence of positive integers such that the

sequence (%—],n =1,2,3,... 15 bounded.

Prove that there are infinitely many “HV2015"
numbers in the given sequence (g,),n=12,3,.,
Problem T11/474. Given a grid of the size | x n
(n > 2). Now we fill in each square with 0 or §,
A way to fill the grid is called “good” if any
three consecutive squares do not contain the
same number.

Let a, be the number of

“good” ways to fill the grid. Compute a_,

Problem T12/474. Given a triangle ABC, Prove
that

-ﬁ(siﬂé +:~'.in—’-g—+sin£]z‘jsinf‘—1 +\/Si"£ +\(5in£.

2 2 & 2z 2 2

Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanai)

A.m=0 ‘Q.m=l C.m=2 D.m=3

i 2. Ch ) v=—x*=2m-Dx*+m +1 (m
A.m=32 B 2 SO $5). Vi gia tr 5 thi
= i o la $0). V&i gia tri ndo cua m thi do thj
332 0 . s0 ca !aa diém cyec tri tao thanh tam gidc co
s s D. m==- @:en tich bing 32 ?
= 3 P A m=4 B. m=—+4
Hudng dan gidi. Xét ham so y=—2[r‘ —'& r| C. m=+4 D. Piap 4n khac,
i

e i % ’
e (a>0). @ c6

AH =2a*,BC =2a, AB=AC =+/a® +4a* .
Cau héi 1.Taco AHBC=4=ad"=1=a?>=1
4

:»mz?.Chondép an A.

bit

Ciu hoi 2. Taco AB= %BC‘ =Ja? +4gd =3g

A
=>g2=32:>m=i;—{§. Chon déap 4n B.

I11. BAI TAP TU LUYEN
1. Cho ham s6 y=x*-2(m+1)x*+m? (m la
tham s6). Vi gid trj nao cua m thi dé thi ham sé
c6 ba diém cure tri tao thanh tam gidc vudng ?

3. Cho ham sb y=x*+0C3m+1)x2-3 (m la
tham s6). Vi gid trj nio ciia m thi dd thi ham
s0 ¢6 ba diém cye tri tao thanh tam gidc ¢ do

di canh déy bing g— 46 dai canh bén ?

B. m=~—% | G m:—g D. m=-1

A.m =§
3
4. Cho ham s
y=x*+2(m—-2)x2 +m? -5m+5
(m 1a tham s6). Vi gid trj ndo cia m thi dd thi
ham sb co ba diém cuc tri tao thanh tam gide
déu ?

A m=2+33 B.m=2‘y§
C. m=2-33 D. m=-33
TOAN HOC
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E in 14 céc ban 8 timg gap bai toan sau day
«/ khi con la hoe sinh tiéu hoc: “Mét chiée ké
dai 13 em khéng c6 vach khéc (dié'm chia) trén
thucée. Ta phai phdn b6 4 diém chia vao bén
trong chiée thuéc do nhuw thé nao dé véi chiée
thieee 6 vach chia do ta cé thé do dwoc cde
doan rhang co chiéu dai lan lwot la 1 cm, 2 cm,
3 em, 4 cm, 5 cm, 6 cm, T cm, 8 em, 9 cm, 10
cm, 11 em, 12 em, 13 em?”.

Tir nay vé sau ta s& goi cac diém chia nhu vay
1a cde diém chia trong. Loi giai cha bai todn
dwoc minh hoa qua hinh 1.

13 cm

13 &t

Hinh 1 Q

Bai toan di dugc giai xong, nhung u hoi
dwoc dit ra "Liéu 4 da phai la @ﬁb chia it
nhét chiea 7. Cau tra loi 1a dang.

Thit viy gia sit 3 12 sé diém chia trong cua
chiéc thuéc dai 13cm, hién nhién hai déu mat
ctia chiée thudc ciing 13 cic diém chia. Cung
véi 3 diém chia trong va 2 dau mit cia thude ta
c6 5 diém chia. Vi 2 diém chia bat ky ta xdc
dinh dugc 1 doan théng c6 do dai 14 sb tu nhién
<13 em. Téng sb cac doan thing xac dinh boi 5

T "2”'5

=10 doan thing. Nhu

vy néu bén trong chiéc thude dai 13 cm chi c6
3 didm chia thi voi chiéc thude 4y ta chi do
duge tbi da 10 do dai khac nhau, nhung s6 doan
cin do lai 12 13 doan. Bai thé voi 3 diém chia
trong chiéc thude dai 13 cm 1a khong thoa man

TOAN HOC
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BET 1) 0 W61 4 TG T

Tl

HOANG BUC TAN (Ha Noi)
diéu kién cua bai toan. Va 4 ding la s6 chia
trong it nhit.

Xét bai toan tong quat: “Sé diém chia trong it
nhdt déi véi chiée thude ké cé do dai n cm la
bao nhiéu dé véi chiée thude c6 ede diém chia
trong c?y ta cé thé do duoc tat ca cde doan
thang c6 dé dai tir 1 cm dénn cm?”
Bai toan tong quéat nay dugc 4.Savin dé xuat
trén Tap chi Kvant ciia nuéc Nga tir nam 1976,
va trong subt 40 nim qua van chua c6 1&i gidi.
Ta xét 10 giai bai toan ddi voi mdt sb gid tri
nho (£13). Péi véi chiée thude co o dai 1 cm
thi khong cin c diém chia trong nio ca. Doi
voi chiée thude cd 46 dai 2 cm va 3 cm thi chi
chia trong la di. Véi chiéc thude
¢6 do BN 5. 6 cm thi chi can c 3 diém chia
tr di. Véi chiée thude c6 4o dai 10, 11,
3 cm thi cén phii ¢ it nhit 4 diém chia

cén ¢o 1

‘Q’frong Toan bd cac két qua nay dugc minh hoa

»

qua hinh 2.

Hinh 2

Véi nhitng gia tri # cang 16n thi bai toan cang tre
nén kho khiin hon. Bé glal chiing rd rang la cin
phai ¢6 mdt phuong phap tong quat nao d6 ? Sau
déy chiing ta s& tim céch danh gia s6 diém chia
trong (x4c dinh cén trén va cén durdr).

Gia str trén chiée thude co do dai n om ta dat k
diém chia trong. Tinh ca 2 dau mut trai va phai
cita chiéc thudc ta co (k+2) diém chia. S6 doan
thiing duoe tao thanh bai (k+2) diém chia d6 s&

https://tieulun.hopto.org



bing (kﬂ}zﬂ' Bdi vi theo didu kién cia

bai todn thi ta can phai nhdn dugc n doan cé 4§
(k+1)(k+2) s
2
d6 co thé c6 mot s6 doan c6 d dai bang nhau,
vi thé ta can phai c6 bét ding thirc:
e (k+1)§k+2)

@(k+3+”f§”+l][Ic—_?’-"‘;g”-ﬂ]go

dai khac nhau, nhung trong

Tird6 suyra: k= 7'8?1-;_3 (1)
Nhu vay trén chiéc thude c6 chidu dai # (cm) ta
chn phai c6 it nhit 1 7“8”;1‘3 didm chia

trong dé thoa man diéu kién cta bai toan (néu sé
trong biéu thirc la khéng nguyén thi ta phai 1ay
s0 nguyén 16m hon va gan nhét véi no, vi du gia
tri ctia biéu thirc 1a 6,25 ching han thi ta liy 7).
Tiép theo ta s& phan bd k diém chia trong trén
thuée nhw sau: Dau tién bat dau tir dhu mit bén
tréi ctia thude ta dat lién tiép tir tréi sang phai m
doan thing bang nhau ma mdi doan cé chicyg
dai 1 cm (m < k), tiép theo tir diém chia n;ﬁg
thir m trén thude ta dit lién tiép tir trai s ai
(k — m) doan thing bing nhau m}&m mdi
doan thing dy cé chiéu dai (m cm). Bay
gior ta xét chiée thudc ké co k didtn chia trong
nhur trén va doan thing cudi (c6 mét dau mit
tring véi diu mut bén phai coa thude va dau
mtit con lai chinh 14 diém chia trong thi k ma ta
vira thue hién) ciing ¢6 chiéu dai (m+1) (cm).
Tinh chiéu dai L cua chiéc thude d6 theo m va k,
ta co:

L=m+(k—m(m+1)+(m+1)

= ' +mk+ D)+ (k+1)

D& dang kiém tra dugc rang trén chiée thuéce cé
d6 dai L (cm) véi k diém chia trong dugce phén
bd nhu trén thi didu kién cua bai toan ludn duoc
thoa man.
Biy gir ta viét L dudi dang:

2
=(k+l)(k+5}_( _k+]]
g e i T e
Ta thiay rang L sé 1on nhit khi biéu thic
2
[m—k—;l) bé nhht. Va bibu thirc dy s& bé

+1 i

sk kit sz sl kol 56 16 hse khi

m=k52 néu k 12 s chin. Tir d6 suy ra:
I> (k+1)(k+5) 1_ kK*+6k+4
4 4 5
2
batL=n,ta cﬁ:nzw hay la:

k?+6k+4-4n<0
o (k+@3n+5+3)(k—Jdn+5+3)<0
Ta nhin duoc: k < Jd4n+5-3 (2)
Néu gia tri biéu thirc vé phai cua (2) 1a khéng
nguyén thi ta phai ldy sb nguyén I6n hon va gin
nhit voi KW du gia trj cta biéu thirc la 6,05

ching {R#Yhi ta ldy s6 7.

Ky k(n) 1a s diém chia trong bé nhit trén
e <o chiéu dai » (cm) thoa mén didu kién

ua bai toan, thi tr (1) va (2) ta ludn co bét
ding thirc sau:

—----—“3’“;1“35 Kn)< JAn+5-3 (3

Mot s6 két qua véi n nho dwogc liét ké ¢ dudi
day:

o B3RS |4 181812 &8
Blolt]L]2F22 | 333
E o] 118 Faha {0 hls |3
g 0] 27 B2 Pk ad s [
n 10 |11 : 12|13 18 | 15
k> |3 4 [4 |4 |4 4
&t Tl b el
ks |44 [ &8 5 5

Viéc tinh gia trj ding cua k (n) dén nay van
chua c6. Liéu ta co thé lam “chit hon” cac bét
ding thirc trong (3) hay khong ? Rét mong dugc
céc ban tré yéu toan tiép strc.

TOAN H
P enaie 29
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am 1930, René Goormaghngk mot ki su
dién nguoi Phap, da dé xuat mot dinh 1i
tha vi mang tén Ong.

Dijnh li 1. Cho tam giac ABC va diém P khac
A, B, C. Puong thang A di qua P. Cdc diém
A', B', C’ theo thir ty thujc cdc dwong thang
BC, CA, AB sao cho cdc duong thdng
PA', PB', PC' theo thir tiw la anh doi xung cua
ede dwong thang PA, PB, PC qua A . Khi d6 ba
diéem A', B', C' thang hang.

C6 nhiéu cich chimg minh dinh i 1, tuy nhién
cach chimg minh sau day khong nhitng khong
phu thuéc hinh v& ma con ngén gon nhét (h.1).

N
g@
Q'&

iy

B

Hinh |
Chu y ring phép d6i ximng truc oan ti s6
kép va A", B, C' theo thir tu thudc BC, CA,
AB,taco P(AA'B'C")=P(A'ABC)=A(A'PBC)
=A(A'PC'B")Y=A(PA'B'C").
Viy badiém A’, B, C' thing hang.
Téac gia cua phép chung minh trén la ban Pham
Nam Khdnh, hoc sinh Tredmg THPT chuyén Ha
N1 — Amsterdam.
Nam 2014, Dao Thanh Oai, 1ai mot kI su dién,
va Trdn Quang Himg, gido vién Truomg THPT
chuyén KHTN, PHQG Ha Néi, gan nhu cing
mot lac dd mé rong dinh 1 1 nhur sau [2], [3].
Djnh li 2. Cho tam gidc ABC va diém P khdc
A, B, C. Cdc ducng thang A va A' cdt nhau tgi
P. Cdc diém A', B', C' theo thir tir thugc cdc
dwomg thang BC, CA, AB sao cho

+

TOAN HOC
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NGUYEN MINH HA

% (GV THPT chuyeRBESP Ha N6i)

(PAPA AAN)Y=(PB,PB . AAN)=(PC,PC'\AA)=-1.
Khi dé ba diém A', B', C' thdng hang.

Khi ALA',dinh1i2 chinh ladinh i 1

Ciing nim 2014, dinh 1i 2 d3 dugc chimg minh
boi Tran Hoang Som, hoc sinh Truomg THPT
chuyén DHSP Ha Néi [3].

Trong bai viét nay, dua trén ¥ teéng cia ban
Pham Nam Khanh, to1 s& dua ra mot phép
chimg minh khac cho dinh li 2 khac v&i cdc
phép ching minh trong [3] va [4].

Trude hét ta cdn co mot bo deé.

Bé dé. NeucécdlémP Q,A AR B G D

g minh. Goi A la duong thang chira cic

Niém P, 0, 4,4, 8,8, C, C',D, D'. Khong mét

tinh téng quat gid st A 1a mot truc va cac diém
P, 0, A,A'B,B'.C, C'.D, D' theo thtr tir ¢6
toaddla0,q9,a a' b, b, c, c\.d d.

Vi (AA'PQ)=(BB'PQ)=(CC'PQ)=(DD'PQ)=-1,

2aa'=q(a+a')
_ |2bb'=g(b+b")
nén
2cc'=g(c+c')
2dd'=q(d+a“}
ol el R O e 0 e i B |
Dodé —+—=—+—=—+—==+—.
e a+a' b+b‘ (,‘+(." d+a.“
g—c_  g=&
a'e
b-c‘_ b'-c¢'
P be b'c’
v
L leadponaliet
ad ) et
p=d -
bd ~—  b'd'’
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il TVE GIAlI ABEL 2016

Vién Han 1am Khoa hoc va Vin chuong Na Uy dd trao giai Abel 2016 cho nha toan hoc néi tiéng
ngu&ri Anh, Andrew J. Wiles cho viéc chitng minh Dinh Iy Fermar lén bang cdach chimg minh gia
thuyét Tanivama - Shimura cho cac' duong cong efrpnc ban 6n dinh cia éng, mo ra mot thoi ky
mé&i cho chuyén nganh 1y thuyét so.

Wiles sinh ngay 11 thang 4 ndm 1953 tai Cambridge
(Anh). Théng 6 nim 1993, Wiles cho ring cong viéc
chimg minh sip dugc hoan tit, nhung sau do phat
hién ra mét 16 hong khéng nho. Cong viée con do
dang dén tan 19 thang 9 nam 1994, khi dt nhién
ong co y tuomg ding. Nam 1995, bai bdo Modular
ef!fp!i( curves and Fermat's Last Theorem cua Wiles
xudt hién trén Tap chi Annals of Mathematics.

Giai Abel duoc ]ay theo tén nha toan hoc Na Uy, Niels Henrik Abel (1802- 1829} nguoi co nhiéu
déng gop trong Giai tich va Pai s6, trong dé ¢6 viée ching minh phwong trinh béc nam khéng giai
dugce bing cin thirc.

Giai thuémg Abel duge trao mdi nam mét lan (1in dau vao nam 2003) sau mot cude tuyén chon do
mét hdi dong gom 5 nha toan hoc quédc té tién hanh. Khi$ thudng cling véi giai thuong gan

mot triéu dola My, gin nhu giai Nobel (trao thudmg & Th n va Na Uy nhung khong bao gom
todn hoc). Na Uy ban dau cung cdp cho gial 200.000. K (khoang 23.000.000 USD) lam qu¥y
trong ndm 2001. Muc dich cua giai la plm bién toa & ldim cho mdn khoa hoc nay thém uy tin,
déc biét 1a danh cho nhiing ngudn tre tudi.

%\ LE MAI (Nguon: diendantoanhoc.net)

< Chm vé cho vé ding thirc thir nhat va dﬁ@
thir hai, dang thirc thir ba va dang thm:& i, ta

a-c r')_{if'—.:.'1 b' #%

Vi (PA,PA, A A" =(PB,PB,AA)=(PC,PC", A ")
=—1 nén (PA,PA",A,A")=(PA',PA,A,A")

w6 Jb-ca b-c'ad @' =(PB',PB.AA)=(PC,PC,AA)==1.
a-d f{ Al a'-d'’ f_J_ Ttir do, theo bo dé trén, chi v ring phép chiéu
b-da b-d a xuyén tim bao toan ty sb kép va A", B,
Chia vé vai vé hai dang thure trén, ta co theo thir ty thude BC, CA, AB suy ra
0,850, 0 vk y8 =0 P(AA'B'C")=P(A' ABC)=A(A'PBC)

b—c b—d b'-c¢' b'-d"’ R g
Noi cach khic (ABCD)=(A'B'C'D’). —AaTC 8 ol B L
Tré lai chimg minh dinh 1i 2 (h.2). Viy badiem A’, B', (" thang hang.

TAI LIEU THAM KHAO
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Trude tién xin nhic lai dinh nghia v, (x) nhv sau :

1. Pinh nghia sb mii ding

Cho sé nguyén x va p la mét s6 nguyén 6 bat ki, ta
dinh nghia v, (x)=n 14 s6 mil cao nhat cia p ma p"
chia hét x. Hay noi cach khic ¥y (x) 1a 6 mil cua P
trong phén tich tiéu chudn cia x. Tac 1a: néu x # 0
thi v,(x)=neN néu p*lx va p™' Ix.Néux=0
thi v,(0)=+cc. Tir dinh nghia v,(x), ta dé dang

chimg minh dugc tinh chat sau day:
Cho x, y 14 2 sb nguyén va p 1a sb nguyén o bat ki.
Khi d6, ta cd:

) v, (0)=v,(x)+v, ()

ii) Néu xiy thi vp[i;;szp{x)—vﬂ (¥)-

i) xiyev (x)—- { )>0 véi moi s6 nguyén td p.
iv) xip" @ v,(x)zm (meZ-).

2. Ciing thire Polignac
Cho p 12 mét s6 nguyen th van la m-.;:
duong, khi d6 s6 mil cia p trong

guyén
tich tiéu
- +a
chudn cia n! 1a: v, (n!)= Z[p—] , trong dé, ki hiéu
i=1
[x] chi phin nguyén ciia sé thye x.
Chiimg minh. V&i méi s6 nguyén duong 7, goi e, 1 s6
chc sb chia hét cho p' trong doan [1; n]. Ta cé:

€ =l:%:| . Khi d6, s6 céc sb chia hét cho p' trong

doan [1; n] ma khong chia hét cho p™' Ia
fi=e—ey.

ciia n! 1&: v, (n!)= g:f Z(e —€1)
Ze ZL,}

S6 mil cua p trong phén tich tiéu chudn

=(¢ -&,)+2(e;,—e;)+3(e

3. Céc tinh chit

..34
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" (ONGTHUCPOLIGNAC VA UNGDING

T r’f:, { {f.*' il .

",/"';"__‘;' ﬁ' T

SV L A NGUYEN TUAN NGQC
VA e (GV THPT chuyén Tién Giang, TP My Tho, Tién Giang)

g & - = - . 4 a
Tinh chiit 1. Cho 56 nguyén duong n va o nguyen
to p. Goi s_(n)ld tong cac chit so bieu dién theo hé

- Ju'_“lH,'l

co 56 p cuia n. Khi ds, ta cé: v, (n!)= l
R p—

Chiing minh. Gia sit biéu dién cia » trong hé co sd
plas h=a pita Pt fa DRt L,

trong d6: ay, d,,.... 8.0 € {Cr; Lagp- l},:‘c eN.

Khldo[ } O.vizkicZ va
28

[Pi} =a P g P, E R e

=n—{p—l)i|:§}=n—(p—l}vl(n!] = dpem.

i=l
Khi p = 2 thi ta c6 hé qua sau:
HE qui 1. v, (a!)=n—s,(n).

Vi sp{n} =1 va p—121 nén ta c6 thém 2 hé qua sau:

Hé qua 2. v, [m)g"__ll Déu “=" e

& 5, (n)=1<>nla mét Iy thira cia p.
Hé qua 3. v, (n!)«—.: N

T £ - . - = - s N %
Tinh chét 2. Cho p la mit s6 nguvén to va n, k la
hai 50 nguyén dwong. Khi do ta co:

v [_[n—ﬁ ]!)2 % (2!)+ 1*_ﬂ{k!] ;
Chimg minh. Thét vy, theo tinh chit phin nguyén,
véi moi 86 thye x, y, ta co: [x ]+ [y ]<[x+y].

Do da, |:n+k} 2{l}+[£i|,"v‘fez*
p pil Ly

= v, ((n+k))zv, (n)+v, (k).
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Tinh chit 3. Cho p la 56 nguvén 16 va n,me N° sao
cho: n<p™t. Khi do ta co: v, (( <m, Vk<n,

kel .,

Chirng minh. Véiizm + 1 thi:

[—”.-}[i]:[”‘_k}ﬂ,wfsn, kel
7L P

Vi Ct T nén:
w22l

4.l n =k | n—k
o1 E 2]
Ta chimg minh: Vx,ye R*[x +y]—[x] - [ﬂ =1.
Théat vy, ta c6: ham phin nguyén la ham khéng
giam (néux <y thi [x] <x<y=[x] <[y]do [¥] 1a
s6 nguyén 16m nhat khéng vuot qué y).
Viy<[y]+i=x+y<x+[y]+1

= [x+y] g[x+|:y]+1]=[x]+|:y:|+1 = dpem.
e e e

=[$1_[§F}{%f_ﬂ <1,¥i=1m.

Do dé, vP(Cj]*_Cm.

, £ - M a - = 5
Tinh chat 4. Cho n la mdr s6 nguyén dirong va p le

mgt woe nguyén 16 bat ki cua C§, .

Bgtm= v, (Cs ). Khidotacé: p™ <2n. %
Chimng minh. Gu su nguoe lai, pm >@i do,
p’")n:b|:2} { } 0,%izm

y (2.':)1
Tachd: CI = o Suy ra:

e 5[5z

i=1 pf
|:2_r} i [_’{_D (*)
p p

-2 2])-3
2([x]+{x})—{2x}

Vi xR bit ki thi ta co:
[2.\‘] =2x- {21} =
=2[x]+2{x}-{2x} <2[x]+2{x} <2[x]+2
= [2x]-2[x]<1 (do [2x]-2[x] 1a s nguyén).
Do do, tir (*) suy ra: m<m—1 (méu thuan).
Viy pm <2n.
1. Mét so thi du img dung
a. Céc bai todn chia hét

&

i [ 2] }n[

Thi du 1. Chiing minh rang: tich cua k 56 nguyén
diong lién tiép chia héf cho k).

Léi gidgi. Goi k sb nguyén dwong lién tiép la:
n+1ln+2,..n+k ,trong dé n 1a s6 tr nhién.
(n+1).(n+2)...(n+k)

Ta co: 0
s (1.23..n)(n+1).(n+2)...(n+k) it (n+k}!-
(123..n)k! nlk!

Goi p 1a s6 nguyén t6 bat ki, theo tinh chit 2 ta co:

v ((n+k))zv, (nt)+v, (k).

+k)!
Vay (n+l]‘(n-:c!2] (n+k]=(11;3 el
nguyén. Suy ra dpem.

. (nrk)! SLES L :
Chu ¥ Tl =Ck . la mbt so nguyén. (Ddy 1a
cich chimg minh bing t6 hop).

Thi du ?. Cho p la mdt s6 nguyén 16. Chimg minh

thivai moi k, 1 <k <n,

Pt { e }

. Diéu ngwoe lgi co ding khong?

-":;i}.‘p': .'I:. H h
Ly
Lévi gidi. Gia st n=p*(seZ*), ta cin chimg minh:

Ci' = %ﬁt viy, ta co:
it R
SO

0 tinh chat phan nguyeén ta co;

“"‘*-1

g
sorm [

(do O<k,n—k<n=p’ ).
Do do, v, C: = —_ | —i = o [
(1) ZJLJ Z:[P] Z.[ 4 }
Suy ra dpem. Piéu nguwoc lai cling ding. That viy,
gid sir phan chitng # khéng c6 dang p'. Khi dé, chon
=[I0gpn}::-Iogpn—l«:mdogpn:}p"‘«:n«:p"’".

Xét k = p" < n. Ta chuimng minh : C} ,E'p . Thit vay,

véiizm+ 1 thi: [i}{i}:{"‘_k}:n,
P P P
Vaii<m thi % 14 mét s6 nguyén, nén
[.’I} [Iun—k} k [n—k] [k} [n—k}
g : = — | == T
pl pl pl pr pJ P]
0

=25

dodé C* [ p . Tacé dpem.

Viy
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Thi du 3. (IMO 1972) Chung minh rang: voi moi sé
nguyén duong m, n ta cé: (2m)!(2n)! chia hét cho
min!(m+n)!.

Léi gidgi. Gia sit p 1a s6 nguyén t6 bat ki. Ta cin
chimg minh: v, ([:2;::}!{2.'1)!] zv, (m] n!(m+ n]!)_

& L},‘(Zm}!}+vp{(2u}!}2vp[m!}+1-},[n!}+vr,[(m+n]!)_
Ta chimg minh:
‘v‘x,yeR,[Zx]+[2y]2[x]+[y]+[x +y].(®
That vay, ditu = {x}, v={y}. Taco: 0 =w, v<1va
x=[x]+uy=[]t+v
= [2x] = [2[x] + 2u] = 2[x] + [2u] va [2y¥] =
v]=20] t [2v], [x +y] = [x]+ V] + [w + ]
Do d6, (*) < [2u] + [2v] = [u + v]. (*%)
Tacd: 0 <wu + v <2, Ta xét cic truong hop sau:
+THI: 0 < u + v < 1. Khi 46, [# + v] = 0 nén (**)
hién nhién ding.
=TH2: 1 <w +v <2 Khidd, [u+v]=1vétrong 2

[2[v] +

S ek o | i e
s6 u, v phai ¢6 it nhat 1 s6 = 5 Khéng mat tinh tong

quat, gia st u = % S1c2u<2= [2u]l +[2v]=1

+[2v] = 1 = [u + v]. Viy (**) ding = (*) ding. Do

dé, [gﬂ]{z"]z[ﬂ]{i]{m”] Viel'

=¥, ([Zm}!}ﬂ}, [[:211]!}21?" (m)+v, (n!)+v, ({m+n)!]

Thi dy 4. Chimg minh ring: n! khng chia @@n

2" va&i moi 50 nguyén duong n.

Léi gidi. Theo hé qua 3 ta co:v, (n!) < %‘n ta co

dpem.

Thi du 5. Tim tat ca 56 nguyén dwong n sao cho n!

chia hét cho 2.

Li gidi. Gia sir biéu dién cua n trong hé nhi phn la:
e LS L e s ) R S

el {l]']} ket vig =1.

Za =n—1- Za

i=0

trong dé: a,.a

Theo hé qua 1 ta co: v, (n!)=n

Do d6, n!:2*! < v, (nl)zn-1 <:::>Za,. <0
i=0

< a=0vi=0,k-1 (do a,.9,.....9,

<n=2%kel".

Thi dy 6. Gid sir n va m la hai 56 ty nhién sao cho m

khéng o woc nguyén 16 ndao nho hon hodc bang n.

Chimg minh rang:

M =(m-1)(m* -1)(m* -1)..(m* ~1)in! .

e{0:1})

TOAN HOC
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@T H2: v, (m)=2.‘.'+l e la: m=p¥tlg

Nhur vy, ta co dpem. Q’

Loi gidi. Xét s6 nguyén td p bét ki, p < n. Theo gia

thiét ta c¢d: (p, m) = 1. Theo dinh li Fermat ta ca:
mr —Lip=mir) —1ip,VkeZ*.

S6 cac s6 14 boi cua (p — 1) khdng vugt qua (n— 1)

.| n—1 v n—1
la [p—l}' Do do, 1-'F(M)2[p_1}

Mt khac, theo hé qua 2 ta ¢6: v, (n!)<

4 farye| 51 e
Do do: LP(H.)_[p_] (vi e
-1
=
Suy ra: v, (n!)<v, (M), tir 46 ta ¢ dpem.
Thi du 7. (India 2000) Cho n va m la hai 50 tu

n—1

ll} la sb nguyén

lém nhét khéng vuot qud 2

4

i n-
nhién sao cho: m<

va m khdng co woc nguyén
t6 nao lém hom n. Chimg minh rang: n! :m.

Léi gidgi. Goi p 1a mot ude nguyén t6 bat ki cua m.
Ta cin chimg minh: v, (n!)2v,(m). Ta xét cac
truong hop sau:

* THI: v, (m)g 2s,tic la: m=p*.q , véi g 1aso tu
nhién, (p,

nz @? P =, (n!)= {%} 22p 22s=v, (m}

p"l‘-‘Z‘]—[l—i—l)

2l+s—-1=5).

,vdigla
s6 tur nhién, (p, g) = 1. Khi @6: n22Jm 22p*fp .
-Néu n>4p* thi

v, [n!)z[—;—}zétp-"' >2s+1=v,(m)

(vi 4p*t 242+ =22 =2(1+1) 22(1+5)>2s+1).
-Néu n<4ps khidé, 2p*Jp <n<dp
=Jp<2=2/p2p.Dods, nz2p'\fpzp.
Suy ra,

v, (Hg) 3{%}+[%}+_"+[;ﬂ ]Zp‘ +plt ot ptl

225427 4+ +241=21—122s+1=v,(m).

Viy trong moi truémg hop ta déu cé: v, {n!] 21-},(?:1).
Do d6: n! im.
b. Céc bai toan vé& phwong trinh nghiém nguyén

Thi du 8. Tim tdt ca cdc s6 nguyén dwong m va 56
nguyén !rfp sao cha: (p- 2]! -1=pm.

Léi gidgi, Tacé: p” >1 nén (p-2)!>2 =p=5.
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Nhan xét, néu p > 5 thi (p—1)1(p—2)!.

Thét vy, ta xét 2 trudng hop sau:

+ THI: Néup =5 vap— 1 cd it nhit 2 wée nguyén td,
Khido: p-1=g"..q" , trong do6 g, 1a s6 nguyén td

vak>1thi g* <p-2,%i=12,..k

= p-1=q"..qx 1(p-2)..

+ TH2: Néu p > 5 va p 1 chi cé | ude nguyén td 1a
2thi p=1=2".nz24.
Khi do, v, ((p—2)t)=v,((2"-1))

| 2" -1 2" =1 27 =1
= = — L |
2l il

=2m1 4202 225201 =(1+1)" >1+n-1=nYn24.
Dodo, (p-1)I(p-2)!.

Nhu vy, néu p > 5 thi pr+1=(p-2)! ip-1

= (pm-1)+2 ip-1.

Vip"—1:ip-1 nénsuyra 2:p—1 (vé li).

Ni?u’ viyp=5.Khiddtacd: 5=
Kétludn,p=5vam=1.

S e m=1.

Thi du 9. Cho 56 tir nhién n=2. C'r’n'mg minh ring

; x" gy Xt K
trinh: —+-= —t o+ —t—=4+1=0
al (n 1}! 211!

phieang

khdng co nghiém hiru 1.

Lai giagi. Gia sir phan chimg phuwong trinh da chﬂ@ va a, =(n+ I}C‘-’

nghiém hiru ti . Khi d6, a 1a nghiém cta da thiegy
P(r} x4 +—~r*+ +—13¢{&n1
Do P(x) 1a da thire bac n ¢ hé so W va hé sd
clia x" 14 1 nén a 14 sé nguyén.
Ta cd:

]
+%a +i0:+n'—[! (1)
Goi p 1a mét wée nguyén t6 cia n. Tir (1) ta co:

I
o +not 4L+ —z—;a*

arip=>aip (2). V6imdi k=1n,dat r, =v, (k).
Theohé qua3taco: r, <k=r <k-1.
Tx @ t c6: v (af)zk.
pF[-E-i—.u‘]:vp(n!)—vﬂ(k!)+vp(u*)

r—r+v, (at)2r —k+1+k=r, +1

Suy ra:

:;.,H_*ra.ti o+l 'v'_l_ﬁ
Ak Pty =ln.
Do d6, tir (1) suy ra: nlip+! = rnzvp(n!]i_*rﬂ+1.

Diéu nay méu thuin, Véy diéu gia sir sai nén ta co dpem.

c. Céc bai todn vé bi chung nhé nhit

Thi du 10. Cho n la s6 tie nhién va a, ={rr + l}("
vai k=0, 1,
[all‘al """ JIJ Ll JJ

chi bgi chung nho nhdt cia 2 56 nguyén x va y.

. n. Chimg minh rfi'ng:

N+ 1J, trong do ki hi¢u [x, v]

Lai giai. Ta bigt rang: néu

a=p;".py Py b=p'.p..p thi
max|m, .5 | max [m; .5 |
[a.h]=p, G ;
Biatm= [1,2, e M+ I], Gia sir pr la mét wée nguyén

t6 bt ki ciam v v, (m)=a=3Jiel,(n+1):p* i
vi n+l<p*! = p*<i<a+l<p*t! vi do do
n<petl, Ta ciin chimg minh:

v,(a)sv,(m),vi= 0 va Jj, €0,n:v (alu} v,

That vay, gia su EIkEO,n:v ( ) [ }
Do a, =(n+1)C! = v, (n+1)+v, [ij):au
=55 [n+l):~u—v (C‘]>0 (theo tinh chat 3)

=V, (n+l 3}1:>n+l r.

r ("”)f e
’S,Q_( . )“_}!(Hl ke
=(n+l].}c~!-[:;—k)!
=(k-+1) ("“)! = (k+1)CH.

Twong tu theo tinh chét 3 ta ciing co:
v,(n=k+1)21=>n-k+1ip va
v,(k+1)21=k+1ip.

Dodé, k=n+1—(n—k+1)ip

=1=(k+1)=kip (voli).

vp[a‘.]ivp(m) V'zﬂ
hEpt-1ga it @ = (i +1)C =p £,

Ta cé: vp(.:r!o}=v (p2)+v (Cf”] a+v {CL]}

v,(C2) = 0. Thit vay, vi
-Voiiza+1 thi:

[:1+1:|:]'£i|=[n+l—p“}_0
JUJ. Lpil pa #

TOAN H
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Ta chimg minh:

p* <n+l<pet! nén:

S& 474 (12-2016)




-Vaiisa thi P
{n+l}=[p“+n+l—pu]
P p'
_p_u+|:n+1—p“]={10“]J{nﬂ—.ﬂu}
P 24 r r
. A T = p“} = n+l-p“j|
vay v (5 )= — -2 = -2 —— =0
y n(Ga)= Z{P']E[P’ = r

Suy ra: v, (ar.n ] = o . Nhu vay

[an,al. cr":|= [I n+1]

ihl du 11. (L;u,k — Slovak ]999) Chirng minh

lé mét s6 nguyén, nén

n+1122% véi moi 56 nguyén dieong

rang, | L2,3;...
n= 1.
[".*._"I =
Léi gigi. Taco: CE<CL?*1,¥nz1,0sk<n (doso
J|'+]-I

hang 16n nhét trong khai trién (1+1)" 1a C[ iy
n+l
Do d6, 2 =(1+1)’ EC*‘ (n+1)C [ ') (1.

Theo thi du 10 ta co: [1,2,3.,..‘n+}}zta”,al,....a“}
trong 46 a, =(n+1)Cs k=0, 1,2..

:.-r+1
n+l] [n+l clzl

.>|+t

n+l]z (n+1 )CL 2 ().
n+l:|22”,

Viviy, [1.2.3,..

=L,

Te(Dva(D=|1,2.3,..,
Mva@ = [ S

d. Cic bai todn sb hoe khic Q

Thi du 12. (VMO - Bang B — 2002). f% { cd cdc
(I —'{-’ﬂ

s nguvén duong n thoa man diéu
trong do k la $6 cde wéc nguyén 16 ciia C?..

Lai gidgi. Gia sit p 1a mot wde nguyén td bat ki cua
C;,. Pt m = v, (Cz,). Theo tinh chit 4 ta co:

pr<2n. Suy ra: Cf, E[Zn}t . Déu “=" xay ra khi
k=1.Khidé, Ct =2n = C3,:2 va Cj, chicé ]
wée nguyén 6 1a 2 (do theo dé bai €3, co k =1 wée
nguyén t0). Do d6, Cj, =2°,s€Z*. Nén n ciing c6
dang n=2',1e N . Theo hé qua 1, ta c6: s =v,(C3, )
=v,((2n)!)-2v, (n!) =2n-1-2(n-1)=1

= Cp =2 van=1.

Thi dy 13. Tim tit ca cde 56 nguyén duomg n dé
Ci chia hét cho 4.

36 T?ﬂl# HCh):Ce S8 474 (12-2016)

Léi gidi. Goi s, (n) 13 tong cdc chir s6 biéu dién cia
n trong hé nhi phén. Gia sit biéu dién cua n trong hé
nhj phin 1a: n=ga,.2* +a, ,.2*" +q, ,.2"% +..+ 4y,

trong d6: a,,a,,....a,_,a, €{0;1} . keN.
Khi do, 2a=2,.28 +a, 2" +g,
Do dé: s,(2n)=a, +a, , +..+a,=5,(n).

Theo hé qua 1 ta ¢é: v, (€}, )=V, ({217)!] -2v,(n!)
=2n-s,(2n)-2(n—s,(n))=2s, (n)=s,(2n)=s3,(n)
Dodé, Cz,i4 < v (€1 )22 s,(n)22

& n khong phai 13 mét iy thira cua 2.

k-1
R e

Thi du 14. Chiing minh ring néu (n — 1)! chia hét
cho n thi n khong phai la 56 nguyén 1o,
Léi gidai. Gia su phan ching » la s6 nguyén to. Khi
n—s,(n) n-1
R
Ma (n — 1)! chia hét cho n nén ! chia hét cho n’
= v, (n!)22 (mau thuin).
Viy n khong la s6 nguyén to.
Al TAP REN LUYEN

ring 1300! chia hét cho 169™".

} thira cao nhét k ciia 7 ma 2016! ¢ thé chia

dé theo tinh chit 1 ta ¢é: v, (n!)= =

f}mptc Moscow, Vang 1, 1940)
&i 100! co tan cting bing bao nhiéu chir s6 0?

Q’% 4. (Thi hoc sink gioi bang New York, 1985. Cdu hoi

dong doi)
Cé bao nhiéu sb nguyén duong n sao cho n! cd tén
ciing bai 25 chir s6 07
5. (Olympic 30.4 lan thir 14, 2008)
C6 bao nhiéu s6 nguyén duong n khéng virgt qua 2008
thoa man CJ, khéng la bdi cia 47
6. (Thi hoc sinh gici edc ving cua Mi, 1986. Cdu hdi ed
nhdn)
Tim s6 nguyén duomg nhd nhét N sao cho N! chia hét
L]‘IO g

7. (Thi .‘zpc sinh gioi Quoe gia 1995)
Tim s& ty nhién lém nhit & thoa man didu kién

(19941)™ chia hét cho 1995

8. (Thi hoc sinh gioi bang New York, 1986)

Khi biéu dién trong hé dém co sﬁ 8, M duge két thic
béi diang 21 chir s6 0. Hay tim s6 nguyén

duong 16m nhat N co tinh chét nay (tim biéu dién cia N
trong co sb 10).

9. Cho n la mét so nguyén duong théa man n! cé
diung 2002 chit $6 0 dimg tin cung. Chimg minh
rang: n < 8024
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Cdu lac bo

Bai the nay anh viét tdang em
Neuwori ban doi anh hang mong nho
Bai tich phan vira lam ra két qud
Dai bién roi truy hoi Hep micyi Xong.

Hé Néi mita nay tiét da sang dong
Em nhd quang khdn khi di dao phé
Thanh pha lén dén khing gian ruc ri
Phutomg va chiéu em chi véc to théi.

Khéng gian yéu toa dg xde dinh roi

Phong trinh bdc cae dwong 161 chung ha bée

Ta diea veé ky nang thanh thao nhat
Bdc nhat bdc hai em noi tiéng mot thoi,

Déi mét em xanh anh xa cuoe doi
Mai lan trao vé han lan hanh phic
Nghiém ngr:m lai lam sao ma co dwge
Em biét réi anh bién déi twong duong.

Anh gui tinh ar

Nhitmg ld thi v,

THOWET TANG EM

NGUT. PAO QUANG PIEN
Cyeu sinh vién Khoa Todn, DHSP Ha Ngi 1969 - 1973
Tan Tien, H.Van Giang, Himg Yén

Lén dao choi noi thanh pho mé suong
Da Lat thong reo bén déo Neoan Muc
Anh veri em choi vt bai xde sudl
Anh héi em khéng gian madu la gi?

Va roi thei gian cie mdi miét di
Anh Ia dwong xién nhgn em hinh chiéu
Ngot biii ciing chia drfng cay ciing chiu
Gén hai déu dirdmg vudng gac cimg chung.

Anh tim em hang da thice die trung
Dao ham bédc hai biét r'cing em & do
Cé lin gign anh em bao la khing co
Gidic ngii khéng thanh gidn doan suét thau dém.

+

@1 dinh hai trung tuyén xa nhai

" tng vé trong tam tin ngay gap mat

& Gia trf tuyét doi bao gic am dirgc
- i T

x% Va bao gic anh khoi nha thirong em.

nhimg con tem
nuon frimg song gio

Mong dén trao wmn’ anh hing héing mong nhe
Bai Jh

anh viét ting riéng em.

TOAN H
* C'I'uﬁi‘t:_:;cé 37
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TIENG ANH BUA CAE BAI TOAN

BAI SO 15
Problem. Let f(x) = ay + ax + ... + ax" be a In high school, it helps you to integrate some
polvnomial with real coefficients and ¢ a non - functions, c.g., x? —21—2, = Bitst. you o revtte
zero real number. Can we nu'.f'f'fv fix) as by (x-17
bi(x — ¢) + ... + by(x — €)"? And if yes, how to Fde-2 dasfP- 351 1y 3
find b;'s in terms of a;’s? (x=1)* (x=1p? 1 =1

From the final form, you can easily integrate the
original function.

fx)=bo+tbilx—c) t .. +h(x—c)f (1) This kind of problem also appears in some
In (1), let x = ¢, we have by = flc). Taking  mathematics courses in college.
derivative both sides of (1), we get TU VUNG
FlX)=by+ 2bi(x—c) + ... +nb(x—-¢)"" (2)
In (2), let x = ¢, we have b = f(c). Taking coeflicient -+ b gb
derivative both sides of (2), we get f"(x) =126, . s - ‘o hdin

+23.by(x—¢) + ... +(n=Dabx—c)" (3)  application : 4p dung

Solution. The answer is yes. Suppose that

polynomial  : da thirc

¥ '(f-' [rteciate o | & s { i a
i (3), lok i = o, e BavE B, = (f 1 )}. mr.fﬁ.mn : m:h r%gﬁuyer: ham, tinh tich phan
2! original : déu tién, goc
i) ollece . dai
Similarly, we get b, = ! .(C), fori=1,..n. college G4 boc
i & NGUYEN PHY HOANG LAN
Remarks. The problem has several applications. % (Triromg DHKHTN, DHOG Ha Noi)
Problem. Cho mot duong & * ong c6 phuong trinh
“ 4 a{x--1) =27

Im ‘n,fmmr“ trinh ¢ rmu Ht’,f) mwu Vi dmmq cong tai cdc {g’f{m
diém cua duong ¢ éﬁ vari truc tung.

Solution. T A n ta tim toa do cac giao diém cua dudmg cong vdi
truc tung 0, ta c6 4" + 3y’ = 27. Vay toa d6 hai giao diém cua

aum@ﬁ»m s himg 18 [n 3\[_ ] i (t} 3\@

Bay gio ching ta can tim hé s6 goc cia cac duong tiép tuyén do. Trong truomg hgp nay khong dé
dé biéu dién y nhu mdt ham cta x mot cach twong minh, nhung ta ¢é thé sir dung mét ki thuat goi
1a qué trinh 1y dao ham ham &n. Pao ham hai vé ctia phudng trinh dé cho theo x, ta duoc:

20x + 29)(1 + 2y") + 6(x — y)(1 — ¥") =0 (hru ¥ rang ta da st dung quy tic 1iy dao ham cia ham

hop). Tir dé y:ij-c:f_-%. Vi thé céc gid tri ctia y' taicécdiém[o;?s@] ; { —3\( J deuhang

Viy phuong trinh céc duémg tiép tuyén cin tim 13 y = % x+3ﬁ va y =]? x- 3\/;

Nhgn xét. Cac ban sau 6 bai dich tét hon ca: Ha Nbi: Vii Trung g"ién, 8A2, THCS Trung Vuong, Mé Linh;
Hii Phong: Ngwvén Thi Xuan Nhi, TA1, THCS Hong Bang, Q. Hong Bang; Vinh Phiic: Lé Dare Thai, 9A2,
THCS Yén Lac, Yén Lac; Ha Nam: Pham Phuong Thao, 11 Toan, THPT chuyén Bién Hoa, TP. Phu Ly;
Quing Nam: Trieong Nhdr Som Neuvén, 10/1, THPT chuyén Nguyén Binh Khiém.

(Luew v: Mot s6 ban quén ghi tén, dia chi vao bai lam ctia minh!).

HO HAI (Ha Noi)

38T('.?il-‘iN HOC

* CTudilre  S6 474(12-2016)

https://tieulun.hopto.org



GIAIPAP:  TiM MAX, MIN
(Dé ding trén TH&TT sé 470, thdng 8 nim 2016)

Phiin tich. Ban hoc sinh d6 mic sai 1am khi két
3z

ludn max y=1. Vi td lim x2 x =1 va bang
(—oo;+om) x—rdma e +1

bién thién ciia ham s6 ta suy ra véi xe R ta cé
—1£y<l, y=—1 tai x=0, khong ton tai xﬂdé
¥(x,)=1. Viy ta phai két lufin min y = -1 va
ham s6 khéng c¢6 gia trj lon nhét.

Lai gidi dung. Tap xac dinh: E.

TiM GIOI HAN !

Trong gi&r bai tap tinh giéi han ham s& & lép
11A1. Thiy gido goi ban Van 1én bang tinh gigi

lim (2x +1) f12x7+3 '
Rt x +x+1
Ban Van da lam nh sau:

fim (2r41) 22
e X +x+1

x
s (2x -:1} (2x+3)
X +x+1

g 16

X X

han sau:

=1

K=p—2

»

4x 5 W 1 1
= y'=0x=0: P | Wl
4 (i 3 § i %\* x[+x‘+13]
¢ pud =i Q’s’ kil B
yO)=-1; lim——=1. @ [z+-) (2+_
: e %2 & = lim = 2
Bang bién thién Q{/ - WA
& 1+ x—z+ o §
T - = -8=22.
1 1 Thiy gido yéu cdu cac ban & dudi 16p nhan xét.
P \ / Ca 16p x6n xao, rAm ran “dung”, “sai”, “chua
5 chiic”,....

Véy min y = —1 khi x = 0, ham s6 khéng co gia
tri 16m nhit.

Nhgn xét. Céc ban sau phan tich ding sai 1im va dua ra
& giai dang: Ha N@i: Dink Vin Anh, 12A1, THPT Hb
Xuin Huong, s6 1 Nguyén Quy Pie, Q. Thanh Xudn,
Ha N¢i. Vinh Phic: Neuyén Lé Som, 11A1, THPT
chuyén Vinh Phic. Pong Thap: Neuyén Lé Anh Minh,
12T, THPT chuyén Nguyén Quang Diéu, TP. Cao
Lanh.

KIHIVI

Cic em hdy dwa ra nhin xét dimg din nhdt
cho loi gidi trén ginp cdc ban lop 11A1 nhé!

NGUYEN ANH VU
GV THPT Nguyén Binh Khiém, Hoai An, Binh Dinh)

Pop?

TOAN H
Penige 39
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XUAT BAN TU 1964

> Tap chi TOAN HOC va TUOI TRE T

DT Bién tap: 04.35121607

[ B : : _
/ &J Mathematics and Youth Magazine e

BAN €O VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. NGUYEN CANH TOAN Cha tich Hoi déng Thanh vién
A NXB Gido duc Viet Nam
GS'.TSKH.TR?NVANNHUNG MAC VAN TH[E,N
TS.NGUYEN VAN VONG Tong Gidm ddc NXB Gido duc Viet Nam
GS. DPOAN QUYNH GS.TS. VU VAN HUNG

Phé Téng Gidm déc kiém Téng bién tap
NXB Gido duc Viét Nam
TS. PHAN XUAN THANH

PGS.TS. TRAN VAN HAO

HOI PONG BIEN TAP
Téng bién tap : TS. TRAN HUU NAM Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH BUC, TS. NGUYEN MINH HA,
T5. NGUYEN VIET HAI, PGS TS. LB QUGC HAN, ThS. PHAM VAN HUNG, PGS. 7S. VU THANH KHIE'T
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, T5. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAIL ThS. VO
KIM THUY, PGS. 75, v DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NA&

o Danh cho Trung hoc Co sé ,& ra ki nay

For Lower Secondary School

" ; ‘ P OTINEPR SN
D6 Quang Minh — Su dung cong thic do dai % roblems in This Issu

oan thiing d¥ gtk st s et ok b i, \Q" T1/474 ..., T12/474, 1.1/474, 1.2/474.
© Huone din giai DS thi tuyén sinh \,ﬁ% @ Giai bai ki truse
lép 10 THPT chuyén TP. Hb Chl;.@h, Solutions to Previous Problems
nam hoc 2016 — 2017. : 3 @ Ban c6 biét
© pé thi chon hoc sinh gisi 1QERTinh Vinh Hoang Pite Tan — Cén bao nhiéu diém chia
Phiic, nam hoc 2015 — 20186. trong trén thude ke.
Ban doec tim toi @ Ban doc tim téi
Nguvén Huy Doan — V& s cue tri clia mét Nguyén Minh Hda — Dinh 1y Goormaghtigh
ham sd. va s md ring ciia no.
© Chuén bi cho ky thi THPT Quéc gia € Tin tirc. Gidi Abel 2016.

Nguyén Hoang Nam h— Mot huﬂnigié.i nhanh @ Dién dan phuong phap giai toan
trac nhié é cuc tri ham trang phudng. = !
PO 5 4 Nguyen Tudn Ngoc - Cong thidc Polignac

o Thit stic trude ky thi - Dé s6 4. va iing dung.
npe— 2 Tiéng Anh qua cac bai toan - Bai s6 15

o Dap an va hudng din giai dé s6 3. @ g A
Bai dich s6 12 - Tiéng Anh qua céc bai toan
@ Dién dan day hoc Toan G e
@) Sailim & dau?

Pdng Thanh Hdi - Tran Tuyét Thanh -

Mot s phudng phap gidi phudng trinh, hé Gidi ddp: Tim Max, Min!
phudng trinh khéng méu muec. Nguyén Anh Vi — Tim giéi han!
Bién tdp: GENAL e Jadle mequﬁcmﬁrmmmm

Ihs-u,pmmmwﬁri KH&ADEEMNGUYQNTPMHUHUYEN Thiét ké, ché ban: MAI ANH
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QD N EARXUJAT BUE VIEF NAM
CAC KI THI TOAN QUOC TE DANH CHO TIEU HOC
VA TRUNG HOC CO SO

ﬁ au cudn Tdp 1 - Ki thi Todn Qudc té Kangaroo, ching toi xin tran trong gidi thiéu Tap 2 cla b sach Cac

Y —

ki thi Toan Quéc té danh cho hoc sinh Tiéu hoc va THCS. Bo sach gdm bon tap:
Tap 1. International Kangaroo Mathematics Contest (IKMC) - Ki thi Toan Quéc té Kangaroo.
Tap 2. Bebras Computational Thinking Challenge (BCTC) - Thach thure tu duy tinh todn Bebras.
Tap 3. International Mathematical Assessment for Schools (IMAS) - Ki thi dénh gié néng luc Toan hoc Qudc té.
Tap 4. Math Olympiads for Elementary and Middle Schools (MOEMS) - Ki thi hoc sinh gidi Toan Hoa Ki
danh cho hoc sinh Tiéu hoc va THCS.
Viéc tiép can voi cac ki thi qudc 18, cac dang toan mdi la va hdp dan sé c6 tac dong tich cyc dén phong trao
hoc tap néi chung. B sach dugc thuc hién dudi sy chi bién cia PGS.TS. Lé Anh Vinh ciing cac téc gia co
nhiéu kinh nghiém trong viéc bdi dudng cing nhu dan doan hoc %giﬁi cta Viét Nam tham du céc ki thi
Toan qudc té va khu vuc. Q’z\
Tap 2 cua bé sach gioi thiéu Ki thi Tha thach tu @ug‘n‘ =
todn Bebras (Bebras Computational Challenge@e¥uoc t6 e e g

chirc lan déu tién tai Lithuania vao nam 20 au do mo
rong ra toan thé giéi véi hon 1300000 thi si
20 quée gia nam 2015 va tré thanh hoat
hoc duoc chu v nhét trén thé gisi vé vi
cho hoc sinh. Ki thi l&d mét hoat néam ngodi chuong
trinh truéng hoe, nhém thuc day g trao day va hoc céng
nghé théng tin cho cac em hoc sinh tiéu hoc, trung hoc co s&
va trung hoc pho théng. Truong Pai hoc Giao duc, Pai hoc
Quéc gia Ha Néi la don vi duoc Uy ban Bebras quéc té chi
dinh la diéu phéi quéc gia tai Viet Nam, t6 chuc ki thi Tha
thach tu duy thudat toan Bebras tai Viet Nam.

tir khodng
ngodi truéng

Cac bdi todn trong cudn sdch nay duoc cdce tac gia chon loc
tu cac boé dé caa nhing nudce tham gia ki thi trong ném 2015
nhu Anh, Uc va Mi,... déng thoi sép xép theo muc dé dé,
khé, trung binh cho ting cdp dé. Véi mébi bai chung téi dua
ra dap an, 16i gidi chi tiét va nhung kién thuc lién hé may tinh véi muc dich dé cac déc gia lam
quen voi cach thuc lam bai cua ki thi cang nhu thay duoc méi lién hé mat thiét véi céng nghé
théng tin. Chung té6i hi vong réng, voi cach tiép can do, cac ban déc gid sé duoc thue ddy su
hing tha, niém dam mé khéng chi trong linh vuc céng nghé théng tin.

bS]
€
bl

Lién h¢ mua sach:
PHONG KINH DOANH - CTCP DICH VU XUAT BAN GIAO DUC HA NQI
» Dija chi: Ting 4 Toa nha Diamond Flower, s6 1 Hoang Pao Thuy, Ha Nji
o Tel: 04.35121974 (may 1é 120)/ 0944591598/04.36210196
e Fax: 04.35121973/04.36210201 e E-mail: phathanh@xbgdhn.vn
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TS, Nguyen Birc Hodng - Higu trurding nha triréing

&n nam 2018, Truang Chuyén BHSP Ha NGi than yéu vim trén 50

tudi. Chang duing 50 ndm chua phai [ that dai, song clng du dé

ching ta nhin lai 44 buac tigp. Ca thé coi day 1a mt chang duing co
et kho khan nhimg cing cd bit bao niém ti hao.

Noay 4/9/1965, Hoi ddng Chinh phil da ra quyét dinh glao cho Bé Gido duc
18 chie céc 16p bdi dutng hoc sinh nang khiu Tean hoc. Lién sau do, néam

Truang BHSP Ha Noi duoe thanh lap. Khoa hoc ddu tign gém 33 he

duoc tap frung tai huyén Phi Ci, tinh Hai Hung cii (nay 12 tinh Huny sau

chuyén vé xa Vién Noi, huyén Ung Hoa, tinh Ha Tay. Tir nam hg - 1886,
Khdi PTCT tuyén thém mdt lop chuyén Tin hoc va tro tha phd thang
chuyén Toan Tin, truc thude Khoa Toan — Tin cla Trud Hé N6l Thang

42005, Ban Giam hiéu Trutng BHSP Ha Néi ra quyét dinh thanh Iap Khdi THPT
Chuyén true thude Ban Giam hiu frudng BHSP Ha Noi. Noay 20/7/2009, Cha
tich UBND TP Ha Nai ra quyét dinh thanh lap Truomg THPT Chuyén DHSP true
thuoe BHSP Ha Noi.

Bén nay Truang THPT Chuyén BHSP Ha NGi ¢ 38 lp véi 1580 hoc sinh gdm 7
man chuyén: Toan hoc, Tin hoc, Van hoc, Sinh hoc, Vat iy, Héa hoc, Tiéng Anh,
vé cdc lop chét lwong cao. B4 ngll can bd, gido vign duge tng cudng, 95% can
bé, giao vién cla nha trudng o trinh dd Thac a1, trong do 20% gido vién co hoe
vi Tign s7. Nha trutmg luon thixs hién 16t phuong cham gido duc toan dign dic,
i, thé, my, néng cao mon chuyén, chu trong tigng Anh, mé réng hop tac quic
{6, phat huy tinh sang tao va phét trién néng luc ciia hoc sinh ddp dng ngudn
d&u vao chét lugng cao cho cée trudmg Bai hos trong va ngoai nuoe,

Trong 50 nam qua, Trudng THPT chuyén BHSP Ha Noi da dao tao duge gén
5000 hoc sinh THPT chuyén. Hang nam, hoc sinh THPT chuyén déu tham dy
cac ky thi hoc sinh gidi Qudc gia va la mdt trong nhﬂrﬁ don vj dat két qua cao
nhét trong hémﬁhh cac truong THPT chuyén toan qusc vai hang tram giai. K8
tirnam déu tien Viet Nam tham gia Todn hoc Quéc t:a%ht}, nAm nan

IR
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‘TRUONG THPT. CHUYEN!DHSPHA NOI
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Hai rl-.;'hng Su pham Trudmg THPT Chuyén DHSP Ha Noi

Trudng THPT chuyén BHSP Ha Ngi cling cd hoe sinh tham gia va da dat 62
huy chuong ca om: 14 Huy chuong Vang, 28 Huy chuong Bac, 19 Huy
chuong B8 ang khen, trong A6 cd nhidu em tham du va hai l4n lién tiép
dath nhu cac em: Trdn Trong Hing (2 Huy chuong Bac, ndm 1887,
19 di Hoang (1 Huy chuong Béng, 1 Huy chuong Vang, nam 1998,

- Trdn Quang Khdi (1 Huy chuong Bac, 1 Huy chuong VYang, ndm 2001,

hoc: 1966 - 1967, Khi phd théng chuyén Toan (PTCT) thudc Khoa Todr ih N w]' Vii Ngoc Minf (2 Huy chuong Vang, nam 2001, 2002), ... Tix ki thénh

trudng (nam 2009) dén nay, hoe sinh cla Trudng da danh dugc 22 Hly chuong
Quic t8 va 1 Bang khen; 100% hoc sinh cia nha trudng thi dd vao cac truong
Bai hoc, nha trudng ludn ném trong t8p 3 céc trsimg THPT trong fodn quéc co
digm hinh quan thi Bai hoe cla hoc sinh cao nhat, trong dé, cd nhidu em la Thi
khoa clia nhigu truéng thude 18p trén. Cho dén nay, hon 300 cuyu hoc sinh clia
nha tnudng da bao vé thanh cdng ludn an Tién si, Tién s7 khoa hoc, trong do co
hon 150 ngudi duoc Nha nude phong téng hoc ham Gido surva Pho Gido sur

Ghi nhén nhimg déng gop. nhimg budt trong thanh cla truong THRT chuyén
BHSP Ha N6i, nha trutmg vinh di nhén duge nhidu danh higu cao quy: Danh
hiéu Tap thé lao dong Xuat sdc cdp Bo céc ndm hoc lidn tuc irnam hoc 2009 -
2010 dén nam hoc 2015 - 2016; Bang khen cia B trudng BA Gido dyc va D40
fao cac nam 2008, 2011, 2012, 2015; Béng khen cia Thi tudng Chinh phd nam
2013; Ci thi dua cda Bé Gido duc va Bao tag nam 2016; Huan chuong Lao
dong hang Ba ndm 1986, Huan chuong Lao ding hang Nhi ndm 1997, Hugn
chuong Lao déng hang Nhat nam 2001, .. .

Nira thé ky da di qua, nhimg thanh tich ve vang ca nha trudng xua va nay &
khéng dinh 14m voc va uy tin clia mat ngdi trudng gidu truyén thdng, mt trang
nhimg canh chim dAu dan va 14 nlém tu hao cia nganh gido duc Vit Nam. Thay
va fro Truong THPT Chuyén DHEP Ha Nii hdm nay nhin lai mt ching duéng
da di qua dé fiép fuc phat huy 16t hon hhimg truyén théng da co, ddp ing duoc
sur ddi méi cla nganh Giao dyc va Pao fao frong thei ki cng ngh@p héa, hign
flai hoa dat nudc.

Giay phép XB sb 510/GP-BTTTT cAp ngay 13.4.2010
In tai Xi nghiép Ban dé 1 - BQP
In xong va ndp lwu chiéu théng 12 ndm 2!]16

Gia: 12.500 déng
Muwdi hai nghin nam trim déng






