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ThS. Binh Trong Diing
Higu trurdrng nha trdmg

hanh lap nam 1965, khoi dau tu “Ldp Toan ddc bigf’ dén

i i | nay la Truong THPT Chuyén Cao Béng. Qua 50 nam xay

dung va trutng thanh, Trudng ty hao |a céi ndi uom mam,

nudi duéng, phat trién nhimg tai nang cla tinh Gao Bang. Niém tu

hao va trach nhiém udn nhac nha thay va trd nha truong nd luc phén
didu dé ngay cang nang cao cht lugng va hiéu qua gio duc.

Trong nhimg nam qua, Truéng THPT Chuyén Cao Béng da tich cuc
day manh phong trdo thi dua “Day 16t - hoc t6f, khich & déng dao
can bé, giao vién va hoc sinh toan truong thuc hién. Dac bigt B
Giam higu d& chi trong chi dao va trién khai “thye day, thue

dén timg can bd, gido vién va hoc sinh, tao chuyén bién tickN
trong c6ng tac déi méi quan Iy va ddi moi phuong pha hoe.
Tap thé can bd, gido vién nha truong ludn quyét ta g danh
higu truéng Tién tién Xudt séc, gido vién déu phd & “Mai thay
gido, ¢d gido Jd mét tam guong dao dut, tur he ng tad'. Voi dai
ngi gi4o vién o kinh nghiém trong giang day va bdi dutng hoc sinh
gici, nha truéng da co nhing ddng gép to Ién vao Bang vang gido
duc tinh nha. Bén canh d6, nha truéng da chi dao Doan TNCS Ho
Chi Minh phdi hop v6i céc t6 chuyén mon va ddi ngd giao vién chi
nhigm t6 chuc nhiéu hoat dong tap thé bo ich, Iy tha, tao ra nhing
san choi lanh manh nhu: cac hoat ddng ngoai khoa, hoat déng ngoai
gitr [én I6p, céc cude thi Olympic tiéng Anh, thi lAm bao tudng, thi tim
hidu tu tudng dao die HA Chi Minh, thi sdng tac tho van, van nghé,
thi thé thao.,... thu hit déng dao hoc sinh tham gia. D& hoc sinh ¢
mét méi truong hoc tap tot nhét nha truong da dugc xay moi mot day
phing hoc chite nang vai déy d trang thiét bi phuc vu cong tac day
va hoc; Truong co nha da nang phuc vy cho cdng tc giang day thé
chét va cac hoat dng tap thé, khu néi trd duge thuong xuyén tu sua
bao dam diéu kién &n & cho hoc sinh.

Nhimg gii phép trén da tao dugc stc manh doan két cla tap the, da
nhan duoc duoc su ddng thuan, giip do cla Hoi cha me hoc sinh,
gop phdn nang cao chat lugng gido duc cla Trudng. Déc biét trong
nhing ném gén day ty 1& hoc sinh d6 Dai hoc va dat hoc sinh gidi cac
cap ngay cang tang, dugc xa hoi tin tudng.

» V& 1 Ié do dai hoc: Hang ndm, ty |é db dai hoc déu dat trén 90%,

Hi dong Gido dyc Trudmg THPT Chuyén Cao Bang

duoc xép trong t6p 200 trueng co6 didm binh quan thi dai hoc cao
nhét ca nudc: Ndm hoc 2010 - 2017 d6 96,6%, ding thi 187 trong
téng s 200 truong; nam hoc 2011 - 2012 db 97,9% dimg thir 138
frong top 150; ndm hoc 2014 - 2015 d6 98,6% ding thi 115 trong
t6p 150 true danh cé diém binh quén thi Dai hoc cao nhat ca
nugc. B&@;g Ky thi THPT Qudc gia ndm hoc 2015 - 2018,
nha tnamgMa co nhiéu hoc sinh dat diém cao nhét tinh & cac khéi
én Thu Huyén nhét khdi A1: 28,38, Hodng Duong Thanh
héi B: 26,5 diém; dac biét em Nguyén Thi Vén Khanh lot top
U khoa khdi D voi 30,75 diém; em Luc Thi Thuy Tién lot top thu
khoa khdi C voi 31,25 diém,... Cac em da tré thanh niém tu hao cla
nganh giao duc tinh nha va 1a t3m guong sang cho cac em hoc sinh
lop dudi noi theo.

» /& chét luong HSG: Nang cao chdt luong hoc sinh gioi la nhiem
vu trong tam dugc nha trudng dac biét quan tam. Véi su nd Iue cla
théy va trd nha truéng, chét luong HSG qua cac nam déu dugc nang
cao: Ndm hoe 201 1- 2012 trutng ¢6 4 hoe sinh doat gidi Qudc gia, 4
hoc sinh doat giai Khu vuc (trong dé c¢ 1 giai Nhi, 3 giai Ba va 4 giai
Khuyén khich); Trong ky thi Clympic cac mén vén hoa cua 16 trutng
THPT Chuyén khu vue trung du va mién nui phia Bac, Truong dimg
thar nhi véi 36 huy chuong, trang d6 ¢d 9 huy chueng Vang, 22 huy
chuong Bac va 5 huy chuong Bng, réi déu & tat ca cdc mon (Todn,
Ly, Hoa, Sinh, Van, Ngoai Ngi); Nam hoe 2015-2016: Trudng co 10
hoc sinh doat gidi Quéc gia, thang 8 nam 2016 trong ky thi Olympic
8 mdn vén hoa cla cla 21 trung THPT Chuyén khu vuc trung du
va mién ndi phia Béc 16 chuc tai Truéng THPT Chuyén Béc Giang,
Trudng co 48 hoc sinh du thi, doat 38 huy chuang (trong dé ¢ 2 huy
chueng Vang, 6 huy chuong Bac va 30 huy chuong Béng).

Nhing thanh tich trén da khang dinh trwong THPT Chuyén Cao Bang
xtmg dang 1a mat trong nhimg don vi dién hinh trong phong trao thi
dua “Day (dt - hoe t6f cla nganh Gigo duc va Bao tao tinh Cao
Bang. Dé gap phan thuc hién théng lgi nhiém vy "Bdi mdi cdn ban va
toan dién nén gido auc Vist Nam' theo tinh than Nghi quyét Bai hoi
Ian thir XI cia Bang, trong nhimg nam hoc 1¢i, nha truéng sé tiép tuc
phat huy nhimg thanh tich da dat duoc va quyét tam thue hién thang
Ioi nhing muc tiéu da dé ra.
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hiing ta bat ddu tir mdt bai todn trong Sach
giao khoa: |
Cho tam gidgc déu ABC ngi tiep dwong tron (O)
va M la mét diém ctia cung nhé BC. Trén MA
lay diém D sao cho MD = MB.
a) Tam gidc MBD la tam gidc gi ?
b) Chitng minh rdng ABDA = ABMC.
¢) Chimg minh MA = MB + MC.

(Béi tdp 20 — Sdch bai tdp Todn 9 - Tap 11).
Trong bai toan trén, néu lay két qua
“ MA = MB + MC ™ 1am tién dé cho viéc khai
théc cdc bai todn méi thi ta ¢6 cac két qua sau:
Bai 1. Cho tam gidc déu ABC néi n'(;p dicong
tron (O) ¢é dinh; M la mét diéem thudc cung nho
BC. Xdc dinh vi tri cua diém M dé:

a) Chu vi ciia A MBC dat gid tri lém nhat.

b) Tiong MA + MB+ MC dat gid tri lén nhat. \ :
/,Q? Chimg minh rang: —— =

Ggi y. a) (h.1) Chu vi cia
A MBC dat gia trj 16n nhat
& MB + MC lén nhat
&> MA 16m nhit

< M la trung diém cua
cung nho BC. B
b) Lam tuong ty. M

Néu két hop véi BBT — Hon
Cauchy thi ta c6 két qua:

MA = MB + MC 22{MB.MC .

Ding thirc xay ra khi M nim chinh giita cung
nho BC va khi d6 MA ciing dat gia tri lon nhit.
Tir @6 ta co bai toan sau:

A

&

Bai 2. Cho tam gide déu ABC néi tiép dwong
tron (O; R) co dinh; M la mot diém thudc cung

nho BC. Tim gid tri lén nhdt cua MA.MB.MC.
Néu goi E = MA~ BC (h.2) thi:

MB MA MB+MC
ME & A AM = =
e T G
1 MB+MC 1 1 Sy 7
::»ME— VBMC —MB+MC.Tudotaco.

Bai QN ho tam gide déu ABC néi tiép dwong
1 0): M la mét diém thudée cung nho BC.
1c doan thang MA va BC cét nhau tai E.
I I
T
ME MB MC
Goi Fla diém chinh gita cua cung BC (h.2)

thi AF 1 BC va AMF =90° = AM<AF,AE> AH.
Do viy ME = AM— AE < AF - AH=FH

=D e ahi.

ME ~ FH
Diu bing xayra <> M =F .
Tir do ta co duge bai toan nhu sau:
Bai 4. Cho tam gide déu ABC néi tiép dwing
tron (O); M la mét diém thuée cung nhé BC.
Cde doan rf?f?#rg MA va BC cat nhau tai E. Xdc
dinh vi tri cia M trén cung nho BC dé
1

T + T dat gid tri nho nhdt.

Khi M = Fthi ﬁ ciing dat gid tri nho nhd.

Tir do6 lai co thém bai todn nhu sau:

TOAN HOC
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Bai 5. Cho tam giac déu ABC néi rfcfp duong
tran (0);
Céc doan thang MA va BC cat nhau tai E. Xdc
M trén cung nho BC dé

M la mgt diém thugc cung nho BC.

dinh vi tri cua
o
MA MB MC
Luuy. Taco két qua sau (dinh 1y sin trong tam
giac): Trong tam gidc ABC co
N

sinA  sinB ‘ill']C

Chimg minh. (h.3). V& duong kinh BD cua dudng

fron (4BC) thi BAC = BDC.
Xét tam giac vudng BCD co:

dat gia tri nho nhat.

=2R (¥)

BC a
BD = =2R=—,
sinD sin A
Tuong tiy ta sé co:
a b o
= = =2R. B
sinA sinB sinC

Tir cac két qua trén ta co
bai todn hay sau:

Hinh 3

Bai 6. Cho duomig tron (O: R) vai déay cung AB c6

' bag¥h
e o A S R
dinh sao cho khoang cdch tir O to1 AB bang —-. €=
Ak

Goi H li trung diem cia AB, tia HO cat (O: R) S08% Mzt khic AMKA > AMBC =
C. Trén cung nho AB lay M tiiy v (khac AREY).

Goi H la trung diem cua AB

Duang thang qua A va song song l.'rJ"«f cal
iz , 3 A

CM tai I. Ddy eung CM eat ddy {?f@m K.

a) So sanh goc AIM véi gic A

b) Chirng minh J:mu !
' - M.-i MB ~ MK

¢) Goi Ry, B> lan hugt la ban kinh dwdng tron

ngogi tiep AMAK va AMBK. Hay xdc dinh vi

i cria diém M trén cung nho AB dé tich R,.R»

dat gid tri Ién nhat.

Hink 4

TOAN HOC :
v ok Cluditre 6 475(11-2016)

Huéng dan. a) OH =%R. hady nhan xét quan hé

gilta diy va s6 do cung cing diy (sé do cung
AB bing 120,
MK MK

b) (Can chimg minh WJFW 1).

Quy ddng méu s6 ¢ vé trii va chi ra céc cip tam gide
dong dang? (AMKA ©> AMBC, AMKB > AMAC).
¢) Ta tim mdi lién hé cia téng R +R, v&i cac
yéu t6 khong ddi cia bai toan (ding cong thic

2511’1.4) Dé ¥ hai tam giac AMK, BMK c6 hai

goc AMK, BMK khéng dbi (= 60°), tong hai
canh ddi dién khéng doi.
Loi gidi so lwee. (h.4)

e U

R s e enn
a) Taco cos AOH 0A 2=:>AOH 60

— AOB =120° = sd AB =120° = ACB = 60".

Viy ARG déu = ACB =60°; AI// MB
— ARESNMB = CAB = 60°. Viy AIM = ACB.

gidc ATM déu = AM= MI.
AAMB (c.g.c)=> CI = MB.

MK _MB,
MA - MC’
MK _MA
AMKB & AMAC = 3 =47
Vav. MK MK _MB MA _MB+MA _|
Y- Ma T MB T MC TMC T T MC :
AK Ak AK
Tt A B T
c) Trong R, i 2neP
BK BK  BK

Trong ABKM: R, =

2sinBMK  25m60° 3
Ap dung BDT Cauchy cho 2 s6 khéng am R;,

+R AK+BK 3R R
Rycé: (RR, < = ===
A W Dl 2
Viy maxR.R, = R khi M12 diém chinh gitra

—

cua cung AB.

Rat mong cac ban tim kiém thém nhiing bai
todn m&i quanh bai toan xuat phat ban dau (Bai
todn 20 - Sach'Bai tip Toan 9, Tip 2, NXBGD
Viét Nam).
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i DE THI TUYEN SINH VAO LGP 10
TP. Ho Chi Minh NAM HOC 2016 - 2017

(Dé rhi ding trén TH&TT so 472, thang 10 nam 2016)

VONG 1

Bai 1. Ding thite & ddu bai twong duong véi
a® —4ab+b* +2ab [JE)}HJEP—JE 5
a+b i Ja+b

((‘r} 3“:) +J_] =2016

[{J‘ VB (Va +b) ]=2016

o (“ ”) —bY: =2016 @L—zolﬁ

—

{a h)

at+h

1 1
016" Viy S:m,
Bai 2. a) PK: x>-5. Ta ¢o6 xJx+5=2x2-5x
S axr+5-2x2 +5x=0< x(Jx+5-2x+5)=0.
Tép nghiém ctia phuong trinh da cho 1a § ={0:4}.
b) Hé da cho twong duong vai
Jr+x=3=0vaxt+y=5(1)
=4 L+J_-=0 vaxt+y=3 (2
x=0vay=0
“Tir(1)cd B-yP+y=5 =y -y -2)=0
<>y=1lhoficy=4 = x=2hojicx=1.
“Vi x20,y20 néntir y+J/x =0 ¢6 x=
do x? +y=0 (vo li). Vay (2) vé nghiém.
Nghiém (x; ) cua hé phwong trinh 1a (2; 1)
Bai 3. a) Tép nghiém cia PT 1a: S=
b)PK:x>0.Tacé x+1>0, Jx >0.
Dodo(l) = x?+mx+2m+14=0 (2)
(1) co 2 nghi¢ém phin biét x,,x, < (2) co hai
nghiém duong phin biét
A=m

S a+bh=

&

+4).

—8m—=56=0
—T<m=<0)
=485= -m >0 4::-{ L *)
P=  2m+1450 =

Diing dinh 1y Viéte va gia thiét, két hop véi (*), tim
duge m=-5.
Bii 4. a) Goi chiéu dai, chidu rong cia mat hd hinh
chir nhét lin lrgt 1a x (m), y (m) (x =y > 0), dign tich
1a xy (m?). Ta ¢6 hé phwong trinh
{1 —S5=y+2 {x =15
f==]
(x=5)y+2)+20=xy y=8
Dién tich mit ho hinh chit nhit 1a 15.8 = 120 (m’).
Goi chiéu réng manh vudn 13 z (m) (z > 0), chiéu dai

ﬁzs‘

manh virdn 14 2.2,5 = 2.5z (m). Dién tich 1a z.2,5z =
2,527 (m%). Tacd PT: 2,57 . 3% = 120 <> z = 40 (nhan).
Viy chiéu réng manh vuém la 40 (m), chiéu dai manh
virom 14 2,5.40 = 100 (m).

b) Goi sé ban nif ting 2 con hac 14 x (ban), s6 ban nir
tang 5 con hac 1a v (ban) (x,veM).

Gid sir ban X'14 nam, ta c6 hé phuong trinh:

x+y=18 ks x=4 (nhan)
Iakgp=326 — =l

Gia st ban X'1a nir, ta co hé phuong trinh:

x+y=17 L= \
{h +5y=327 (hé khong c6 nghigém nguyén duong).

Véy ban X' la ban nam.
Bii 5. a) Ta c0 AAMN déu = AMN = ACB (=60°)
= tir gidc BMNC ni tiép.
Ta co S{!,f&.c.‘%m. —8 v =83a%.

"
&

N

b) Ta cb A, K, O, I thing hang va OJ = OI.

Ta co: AG:%A.‘ =2.3a, AK =-f3a.

Do d6é AK =0K =01 =3a.
Ta c6: OF =0l =0K =+3a,nén ban kinh dudng tron
(LJK) 14 y3a. Goi L 14 trung diém NC thi

KN+IC _a+3a 1

OL = ) 2 =2a =§NC‘.

Do d6 O thude dudmg trom tdm L dudmg kinh NC.
Ma OL // IC, Al | BC = L0 1 Al = dpem.

¢) Taco AAEM  AABE (g.g) = AE® = AM.AB =
=2a.6a=12a> = AE =23a

= AEQ can tai A = AFO = AJO =90

= tir gihc AFOJ ndi tiép = AFJ = AQJ = 60°,

TOAN HOC
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VONG 2

Bail.a) - Khi m=-3 taco h¢ PT
(x-2y)x—-3y)=12 £ X2 =3xy+6y* =12
(y=2x)y—3x)=12 y2—5xy+6x* =12

@{r’ -y2 =0 Q[xzy vi y2=6 :
y:—S5xy+6x* =12 x=—yva y'=1
Vay nghiém (x; y) cia hé PT la

(V6: V6 ), (—v6; =6, (1= 1): (=L:D).
« Hé di cho tuong duong véi

{(Zm +1(y* —x2)=0

y2 +(m—2)xy—2mx* =m* —=2m -3

+ Xét m ==—%. ta co: y* —%.xy +1? 5%‘:‘ cd nghiém
(x;¥) 14 [5 142 ] thoa min dé bai.

; 1 oy e
+Xét m#e——, tacd: ¥ -xt=0xr=y=x=y.

Tacd: =(m+1)y2=m*—-2m-3

& =(m+ 1Dy =(m+1)(m-3)
- Xét m=—1, tach (x—2¥)x—y)=0 cé nghi¢m
(x; ) 1a (1; 1) thoa man dé bai.
~Xét m#—1 va m;t—%, ta cd ¥ =3-m. Dé co
nghiégm x, =y, >0 thi 3~ m>0<m<3. Khi dé
PT co nghlf;rn Xo=~N3-m, yo=~v3—m vcrim<3
b) Dap s6. @ = 1 hogc a=3.

Bai 2. a) Gia sir trong hai s x, y ¢6 mft s6 Eﬁ’do

vai trd x, y nhu nhau, khéng maét tinh 6, it gia
sir x chin, ta co () : 2.

Ma (x2 + ¥ +10) :(xy) nén (x* § 0):2
=y2i2=y:2. Tacdh xy:4 +y2+10): 4.

Ma x2 4, y*:4 nén 10:4 (vd li). Vay x, y 1a hai

50 1é.

Dit d = UCLN (x, ). Taco x =da, y = db, véia, b, d

eM* vi(a, b)=1. Tacd (d2a’ +d*b* +10): (d*ab)

= (d*a® +d*b +10):d* =10:d* = d=1 (dpem).

b) Tacod key=x*+y*+10. Vix, y & nén
(x+Dix—1): 4, (y+L(y-1) 14

)idva (=14

Taco x2+y? +10=x -1+ y* -1+12 chia hét cho 4,

nén kxy : 4. Ma(o,4)=1nén k : 4. Gia sir trong hai

sd x, ¥ cO mot :_sé chia ﬁhét cho 3; do vai trd x, y nhu

nhau, khong mét tinh tong quat gia sir x : 3.

Vi (x2 +y* +10)  (xy) nén (x?+y*+10):3

:3 = y2chia cho 3 du 2

y 1a hai s6 khong chia hét cho 3

= (“\-: a3

=y +10):3=(y*+1)
(v6 1i). Viy x,

TOAN HOC
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= (xy,3)=1; x* va y chiacho 3 du L.

Do dé (x? +y? +10): 3 nén kxy : 3.

Ma (xy,3)=1=>k i 3. Theotrénk : 4. 3,4)= 1,

= k:12. Ma keN*, nén k212,

Bai 3. a) Taco (x+y+2P =2+ + 22 + 25 +yz + ).

—= xy+yz+zx=-3.

Tacé S=(x—yP+(x—-»y-2+(y-2)?
=xt4+yi42?

b) Pit a=x—y, b=y-—=

a=0,bh20 va a® +ab+h?

—(xy+yz+zx) =6+3=9.
Ta c& P=abla+h),
=9,

T (a+ by < (a+B)? +~1,i{.c.-—b)1
=%(u3 +ab+b)=12 = a+b= 2./3.

Taco P=abla+b)< —l-(a +b).(a+h)

g%[zﬁ) =63, Ping thirc xdy ra <> a=b= J3
& x=43,y=0,z=-3. VaymaxP 6+/3.

a) Ta co EAN = FAQ = EAB = FAC
AB AE AN AE

o
= AABE JMCF(gg]::»AC iF AQ AF

— AMNE ©* AAQF (c.g.c) = ANE = AQF.

b) Goi V =MBACP; ABV = ACV =90° = tir gidc
ABVC ndi tiép dudng tron dudmg kinh AV, Tir gidc
AEVF 14 hinh binh hanh nén / 1a trung diém cla AV.
Vay I 1a tam cia duong tron ngoai tiép AABC.

¢) Goi K'=DANEF.

Tacoé NDK'= NOA (DNAQ noi tiép). P

https://tieulun.hopto.org



DE THI TUYEN SINH VAO LGP 10 THPT CHUYEN TP, HO CHI MINH
NAM HOQC 2016 - 2017

(Thoi gian lam bai 150 phiit)

Cau 1. (2 diém)

a) Cho hai sé thuc a, b sao cho |a|ae|bj Vil
ab # 0 thoa man diéu kién:
a-b a+b _ 3a-b
a+ab a’*-ab a*-h?

i as o @24+2a’b+3H
biéu thirc P P o
b) Cho m, n la cac s6 nguyén duong sao cho
5m + n chia hét cho 5# + m. Chimg minh ring
m chia hét cho n.

. Tinh gid tf cia

Cau 2. (2 diém)
a) Giai phuong trinh: x2 —6x+4+2/2x-1=0.
.
T W L e
x2—y?=3

5 3 [
Can 3. (1.5 diem)

Cho tam gidc nhon 4BC c6 cic dudng cao 44,
BB, CC;. Goi K la hinh chiéu ctia A trén 4,B;;

L 1a hinh chiéu cia B trén B,C,. Chimg nnnl@"

rﬁngAK BiL.

7 NOA = NFK'(EFQNnmhcp}:b NDK, K'
= tir gilc NDFK’' ndi tiép. Mit &
NDPF i tiép, do dé6 N,D,F, cling thu0c
mt dudng tron = K’ thudc dudng tron ngoai
tiép ADNP.

Twong ty K' thujc duémg tron ngoai tiép
ADMQ. Vay K'=K. Hay D, 4, K thing hing.
Ta ¢6 AKE=DQE=90° (D,Q,K,E,N cing
thudc mot duﬂmg tron). Do d6 tir glac AKBE néi
tiép = EKB = EAB =90° - BAC.

Tmmgtu' FKC =90° - BAC. Do d6

BKC =180° - (EKB + FKC) =2BAC = BIC
=t gléc BKIC noi tiép.

Miit khdc JBI = JCI =90° = tir giac BIC ndi tiép.
Do d6 B,K,I,C,J cing thujc mét dudmg tron
= IKJ =IRT =90° = A,K,J thing hang.

Véy bén diém D,A,K,J thing hang.

Céau 4. (
Cho x, y 1a hai s§ thyc dwong. Chimg minh
X y+y\f;_x+y<l

x+y 2 mit’

1,5 diém)

rang:

Ciu 5. (2 diém)

Cho tr gidc ndi tiép ABCD ¢ AC cit BD tai E.
Tia AD cit tia BC tai F. Dyng hinh binh hanh
AEBG.

a) Chimg minh: FD.FG = FB.FE.

b) Goi H la diém déi ximg cia E qua AD.
Chimg minh bén diém F, H, 4, G cimg thudc
mot du(‘mg tron.

Ciu 6. (1 diém)

Nam cﬁt mot tor glay ra lam 4 mleng hoidc 8

nnéng, roi y mot sb6 mleng nho d6 cit ra 1am 4
miéng miéng nho hon va Nam ¢t tiép

én viéc cat nhur thé nhiéu lan. Hoi véi

t nhu vay, Nam c6 thé cit dugc 2016
g lém, nho hay khéng? Vi sao?

BUI VAN CHI

(GV THCS Lé Lgi, Quy Nhon, Binh Dinh)

O N O e o R B S M e e e F NN R e W A

Bai 5. Taco s(n,)<n, =>n-S(n)=1.
Dodé n,, 21 =n 21 voimei i=1,23,.
Mé nH—l

R=N 0. S A, >0

=n,—s(n)<n voi moi i. Suy ra

. Néu m > 1 thi ton tai

m'=m—s(m)=1.

Do d6 néu khong tén tai n, d& n, =1 thi day

n=n,>n >n, >..>1 vé han.

Véi n=21614"7 =22.717_ ta ¢d

H. — 233_’_}'1? _232:,‘1? =232_"__I'l?‘n2 = 231_'}”7_

Tiép tuc ta co ny, =7"7. Dit m,=7" ta cé

m, =6.7%m, =3.7%,m, =2.7'%,m, =7,

Tuong tyr mg =T, g, =10 =1,

Vay k=33 +68=101.

NGUYEN BUC TAN (TP. Hé Chi Minh)
Steu tim va gidi thigu

TOAN HOC
' CTusifre
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CHUAN B]
CHO KY THI
TRUNG HOC
PHO THONG
Qudc GIA

R B

m rong nhimg ndm gin dy, méi dé thi vao Pai
hoc, Cao ding thuémg cé mdt cdu lién quan
dén phuong trinh (PT) durdng tron trong mét phang.
Nhim gitip cdc ban hoc sinh lam tét phin nay, bai
viét ndy xin gidi thiéu mot s6 dang toan co ban lién
quan dén PT duromg tron va phuong phép giai chiing.
A. KIEN THUC CO BAN

I. Phwromg trinh dwdng tron

1. Phuong trinh dudmg tron tim [(a; b), ban kinh R
la (x—a) +(y—b)? =R

2. Phuong trinh dang x? + y> +2ax+2by+¢ =0 vii
diéu kién a@®+b>-c>0 1a PT cia dudmg tron
tam [(—a;—b), ban kinh R=a? +h* —¢.

il. Diéu kién dé dwimg thang [iép xic voi dudng %
tron "
Cho dudmg 1hfmg A va dudng tron (C) tdm 1, b@

kinh R. Khi d6 A tiép xic véi (C}@d(f,a.):«
L
B. MOT SO DANG TOAN CO BAN
¢ : *Qs

Dang 1. Viét phwrong trinh dwrirng thoa min
diéu kién cho trudc

Trong phan nay. ta di xét cdc bai todn viét PT dudng
tron dya vao vi tri tuong ddi cia dudmg trén voi
diém, duémg thing va dudmg tron,

Cich gidi. Ta co thé sir dung mét trong céc céch sau
* Tim toa d§ tim I(a;b) va ban kinh R cua dudng
trom.

* Gid sir PT dudmg tron co dang
x2+y2+2ax+2by+c=0
(hodc(x—a)* +(y—bP =R*). Ti didu kién cho

trudc dan dén hé PT dé tim a,b,c (hoic a,b,R ).

* Thi du 1. Trong mdt phang voi hé toa do Oxy,
cho AABC vdi A(2:—3). B(3:-2); trong tam G cua

AABC ndm trén ducng thang A:3x—y—-8=0 va

TOAN H
6 QC

* Cludilre S8 473(11-2016)

PHUONG TRINH DUONG TRON
TRONG WAT PHANG

LE HO QUY
PHAM LE THANH DAT
(GV THPT Lé Loi, Kon Tum)

B et :
= Viét phuong trink

dién tich cua tam gidc bang
duwcng tron (T) qua ba diém A,B,C.

Phiin tich. Trudc hét, ta tim toa d¢ diém C: Tir gia
thiét GeA, ta co thé viét toa do cia G chi phy
thudc mot tham sé x.. Sir dung cong thire tinh toa
do trong tim cua tam giac, ta tim duge toa dé cia C
ciing chi phy thudc mét tham sé x_. Viét PT duong

thing AB. Tinh S, =%AB.d{C.AB), budc dién

tich nay bin E,tim duge x,, tir do suy ra dugc
toa do cﬁ%b\
Livi gigd& i st Gix,:3x, —8)eA, C(x.1y.). Vi
ong tim cia AABC nén

%x 24840
T :{xc=3x¢; -5
Aegs =9x, -
Gy, = 3 - ¥e Yo =9x,-19
=C(3x; -39, -19). PT AB:x—y—-5=0. Taco
3 ! _|9-6x6,
E—SM_.——Z—AB.J(C.AB%-T

-::>|3—2xu|=l < x; =2 hodc x; =1.
= C(1;=1) hodc C(-2;-10).
Gia sir (T):x* +y? +2ax+2by+c=0. Do (T) d&i
qua A,B va C(l;—1) nén
449+4a-6b+c=0

9+4+6a—-4b+c=0
1+1+2a-2b+c=0.

11 14| 16

Giai hé trén dugc a=—F, b:——é—, c=—§—. Lac do
(T):x2+y’—%x+l§-}'+l—36~=0~
Twong tr, voi C(—2;-10) tacod
91 91 416
AE . i el ey —
(T)yx*+y 3 x+ 3 v+ 3 0.0
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* Thi du 2 (Dy bj Khdi A-2004). Viét phicong trink

duwong iron (C) di gua hai diem A(-1;1), goc toa

dg  O0:0) va .‘.-"n’.-"jJ xtic. vai dudng thang
Aix—y+1—+2 =0.

Phén tich. Vi (C) di qua A,0,ta c0 JA=I0=R
(véi I (a; b) 1a tim dudng tron cin tim) va gia thiét

con lai gitp ta tim duge R =d(I;A).

ja—b+1-J§|
Léi gidi. Taco IA=I0=d(l;A)=——— | -R
ey (=1—a) +(1—b) = a® + b?
{m:du;z_\.) WJH_M%‘Q
2

< a=0,b=1 hodc a=-1,b=0=R=1.

Viy (C):x* +(y—13* =1 hodc (O):(x+1P+»* =1. O
Nhin xét. Co thé giai theo cach khac nhur sau:

* Viét PT dudmg trung tryre o cia doan thing A0, khi d6 tam /
cia (C) s& thude d. Tir do, ta tim duoc toa db cua [ chi phu
thude mét tham s& x,. Tim x, tir hé thic JA=d(I,A), tim
durgre toa & cua [ va tinh duoc 4.

+ Viét PT dudmg trén (C) 6 tAm I va ban kinh /A,

# Thi du 3. Trong mat phang voi hé foa do Oxy.
cho dwing tron (C):x*+y* —2x+4y+2=0. Viét
(C") edt (C) tai hai diém A,B sao cho AB = 4
Phdn tich. «» Tim tim [ va ban kinh R cu &

* Viét PT duong thing IM. Tim to@mg diém
H cua doan AB tir

{HE M
IH=\R> - AH*

K
+ Viét PT dwong tron (C') tdm M, ban kinh

MA=JMH? + AH? .

3
3

(C)

Léi gidi. (C) c6 tam 1(1;-2), ban kinh R = /3.
PT IM:3x-4y-11=0. Goi H(x;y) la trung diém

clua AB. TacéH

HelM 3x—4y—11=0
3= 9
szJJW:E (.r-—l)2+(y+2)z=1
it Rl
5 = £3
[—3 ) hodc :_ﬂ
| 10°
129 1
Suyra H(—E, l ] hodc H[ 5 IO]'

. Véi H{T%:—ng], ta co MA=VMH +AIP =43.
Lic dé (C"):(x -5 +(y-1)* =43.

. Véi H['S—';—%} ta c6 MA=MIF + A =3
Licdo (CH:(x=-5P +(y—1*=13. Q

Dang 2. Viét phwong trinh tiép tuyén va cat tuvén
cua duong tron (O)

Bai todn 1. Viét PT tiép tuyén voi dudmg tron
(I R), biet

T +
a) Tiép dig A - T

%:n di qua M, (x

b) 'Eru :
Tl 1)
,&g

1€p tuyen song song (hodc vudng goc) voi duimg

;¥ ) cho trude, M; nam

»
phicomg trink dwong tron (C') tém M(5;1) 3@.1:”1; cho trurdre.

d) Tiép tuyén tao vai duong thing d cho trirde mt

goc a (0" <a <90") cho tnroe.

Cich giai
a) Viét PT duong thang vudng goc vai IM, tai M,.
b) Ta c6 thé sir dung mét trong céc cach sau :
* Viét PT duong tron (C') duong kinh M,/. Tim
céc giao diém A,B cua (C') va (C). Viét PT céc
duong thing M, A, M,B.
* Hodc gia st [{x,;y,)va Atax+by+e=0 (voi
diéu kiéna® +b* >0) la tiép tuyén cin tim. Dé tim
a.b.c tacén giai hé PT

|a.va'I + by, +c| _

VE + 5

ax, + by, +c=0.
¢) Tir DK cho trrde ta suy ra dang PT dudmg thing,
sau do sir dung DK tiép xic giita dudng thang va
dudémg tron.

TOAN HOC
FcTusitre /
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d) Viét PT'tlubng thing a:‘ qua 7 vatao ‘:'d'i d mét
goc e. Viét PT dudmg thang d, //d' va tiép xic v
(I;R).

# Thi du 4. Trong mdat phing vai hé foa dd Oxy,
cho dueng tron (C):x*+y*-2x-2y-8=0 va
dwcmg thing (:2x—y-2=0. Viét PT tiép tuyén véi
(C), biét f!ef_r: tuvén do 1ao vii
Phdn tich. * Tim tim I, ban kinh R cia (C).

o Gia sit Atax+by+c=0(vdi a®+b*>0)1a tiép
tuyén cén tim. Tim cdc hé sé a,b,c clia A tir hé PK

{d{f,a}=n
cos(f,A)=cos45",

Léi gigi. (C) c6 tim I(1;1), ban kinh R =10. Gia
sit Azax+by+c=0 (a®>+b* >0) la tiép tuyén can

{ mot goc 459,

. d(1,4)=+10
tim, Tir gia thiét, ta c6 :
. cos(f,A) = _«.f;_

{a=3,b=1,c =6 (hoic ¢ =-14)
a=1,b=-3,c=-8 (hoac c =12).

Viy c6 bdn tiép tuyén cén tim 1a: 3x+y+6=0,
3x+y—14=0, x-3y—-8=0 va x-3y+12=0. O
Bai todn 2. Viét PT tiép tuyén chung cua hai dudmg
tron (/R ) va (I,;R,).

Léi gidi. Puong tron (C,)cd tim 1, (1;~2) va bén kinh
R, =3; dudmg tron (C,) 6 tim ,(~1;1) vi ban kinh
R, =4. Xét duémg thing A c6 dang: ax—y+b=0.
Pé A 1 tiép chung cia hai dudmg tron thi

[a+2+b!_
d(I;;A) =R, Jaz+1
d(l,;A)=R, |ma-1+8]
T
ﬁ(a;b)z[ﬁgzﬂ;bzg—l;ﬁ) hoko
(a;b)z(—e—jzﬁ;bzhl:ﬁ]_

Viy c6 hai tiép tuyén chung cén tim 14
A:(-6+243)x -3y +9-1443 =0
va A:(—-6-2y3)x-3y+9+1443=0. Q0
Nhin xét. DBoi voi céch giai trén, ta xét PT clia A dang
ax—y+b=0 13 43 xem dudng thing ndy cb hé so goc
bing a, nhing trong thic té gidi toan vin cé thé ton tai
dudmg thing,
duimg tré P'Vi viy, sau khi lam xong can kiém tra
xem c6 dgW¥ tiép tuyen chung hay chwa, néu chua du ta
phai B trwomg hop tiép tuyén A c6 PT dang x =x,.
. Cho hai duong tron (C)) va (C,).

x=x, la tiép tuyén chung ctia hai

Cich gidi. Ta c6 thé sit dung mdt trong cic céch sal@ Néu (C,) va (C,) chira trong nhau (1,1, <|R, ~R;|) thi

* Gid st Atax+by+c=0(a*+b*>0) la
tuyén chung cia (I1,;R) va (I,;R,). Khi dlfll-@
d(I,,A)=R,
{d(‘fz’ﬂ)=ﬂz.
* Viét PT dudng thing A tiép xic vdi (1,;R,) tai
M (x,;y,) eI ;R ) (vai in X,.¥,). Tir DK ﬂtiép

PK nay dén dén hé ti &c.

xuc voi (I,;R,), ta suy rax,,¥,, tim dwrge PT ca A,
# Thi du 5. Trong mdt ;Ji.r{];r_rj_{ vai hé toa dé Oxy,
cho hai dwong tron (C,):x*+v' -2x+4y-4=0

va (C,):x?+y?+2x—-2y-14=1.

Viét phuong
trink cdc tiép tuvén chung cia (C,) va (C,).
Phén tich. » Tim tdm [, ban kinh R, cua (C,); tdm
1,,ban kinh R, cia (C,).
* Gia sit A:ax-y+b=01Ia tip tuyén chung cia
(C,)va (C,). Tim cic hé sb a,b,cclia A tir hé didu
Kién {ff(f:;fi‘-J=Rl

d(l,;;A)=R,.

8 T?ﬂ-?ugl,% S8 473(11-2016)

s6 tiép tuyén chung [a 0.

* Néu (C,) va (C,) tidp xic trong (1,],=|R, ~R,|) thi sb
tiép tuyén chung 13 1.

* Néu (C,) va (C,) cit nhau (|R,-R,|</,/,<R +R,)
thi 56 tiép tuyén chung 1a 2.

* Néu (C,) va (C,) tiép xic ngodi (I,1,=R,+R,) thisd
tiép tuyén chung 1a 3.

* Néu (C,) va (C,) & ngodi nhau (/,/, >R +R,) thisd
tiép tuyén chung 14 4.

Bii todn 3. Viét PT duong thing A di qua mdt
diém M cho trude, cit dudmg trén (C) cho trude tai
hai diem A,B saocho AB=Fk (k> 0).

Cidch giai. Tim tim I, ban kinh R cia (C). Goi H

2
1a trung diém cta AB thi IH = RL(%} 5
Gia st Arax+by+c=0(a?+b*>0) la duimg

thing cdn tim. Tir cic didu kién MeA va
d(l,A)=1IH tatimdugc a,b,c.
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#*Thi du 6. Trong mat phang voi hé toa dp
Oxy,cho dweong tron (C):22+y? —8x-2y-8=0
va diém M(9;6). Viet PT duomg thang cat ducng
tron (C) fai hai diém A,B sao cho AB=445.

Loi gigi. (C) cd tam I(4;1), ban kinh R=35. Goi

H la trung diém ciia AB thi [H =/5.

Gia st A:ax+by+c=0(a?+h >0) la dudmg thing

cin tim. Vi M €A nén ¢=-9a—-6b

= A:ax+by—9a—6b=0. Tacd d(I,A)=IH
5|a+b|

ey

Do a? +b? >0nén néu chon b=-1 thi a=2 hoic

=5 < 4a? +10ab+4b* =0.

" =%. Viy c6 hai duong thing cin tim, véi PT I
2x—-y-12=0; x-2y+3=0. Q

Dgng 3. Tim diém thufc duwdng tron théa mén
diéu kién cho trirde

Cdch gidgi, » Néu gia thiét c6 diéu kién vé goc thi
ding hé thirc luong trong tam gidc.

* Neu diém cén tim trén dudng tron ndm trén mot
dudmg (T) khac thi ta gidi hé PT, tim giao diém cla
dudmg tron va (T).

wThi du 7. Trong mdt phing voi hé toa do Oxy,
cho dicomg tron (C):(x=2P +y> =4. Goi I la tdm

cua (C). Xdc dinh roa d diem M c¢o tung d6 duong

thupe (C) sao cho dign tich tam giac OIM  ban ‘\

3 (O la géc toa do).
Phin tich. » Tim tim [ cua (C), suy ra
ctia duémg thing O,

ZPT
x
* Tim toa d6 (x;y) cua diém M tir hé s@%en

Me(C). S, =%GLd(M,OI)= Vi y>0.
Léi gidi. (C) c6tim 1(2;0). OI=2, PT Ol :y=0.
Gia st M(x;y), véi y>0 la diém cén tim.

Tacé d(M,0N=|y|=y; V3=5,, =%Of.d(M’,OI)

i

T
(x-2F +y* =

{y =N

# Thi du 8 (Khdi A-2011). Trong mdt phing véi hé

toa do Oxy, che dwong thang A:x+y+2=0 va

2.y=y. M e(C)nén ¢o toa dj thoa min

! Véay M(3;+/3) hoiic M(1;+/3). O

dwong tron (C):x* +y* —4x—-2y=0. Goi I la tdm
cia (C), M la diém thue A. Qua M ké cdc tiép
tuvén MA va MB dén (C)(A va B la cde tiép diém).

Tim tpa dé diém M, biét §,,,,, =10.

Phin tich. MAI=MBI=90°vi MA=MBnén
Syam =28, =MB.IB . Tinh dwgc MI, ngodi ra
MeA nén M cé thé tim duge bing cach tim giao
diém ciia A va duong tron tam [, bén kinh M.

Léi gidgi. (C) ¢6 tim 1(2;1) va ban kinh R=IB=5.

Ta cd S, =%sM =5, hay MB.IB =10 <>MB=25

= MI =5. Toa d6 ciia diém M la nghié¢m ciia hé
x+y+2=0 x==3y=1

{(x—2)2+(y—1)2=25 |:.r=2;y=—4.

Viy M(-3;1)hoic M(2;-4). O

Nhgn xét. Co thé gidi theo cach khac nhu sau:

* Tim tim /, ban kinh R cia (C).

* Tir S,,s =IA.MA=10, tinh dwgc MA,IM.
* Do M <A nén ta co thé viét duge toa d6 ctia M chi phy
thugc mét tham sb 1. Két hop vai két qua clia viée tinh
IMbtrén,tam)rmduch_iﬂtri L
_ BAITAP :

I. Trong mit phang vai hé toa d6 Oxy, cho hai diém
A(2;0) va B(6;4). Viét PT dudng tron (C) tiép
xtc véi truc hoanh tai didm A va khoang cach tir
tim cia (C4NMn B bing 5 (Khéi B-2005).
g Tron&lhﬁng véi hé toa 6 Oxy,cho dudong
tha ‘x—y=0. Puomg tron (C) c6 ban kinh

0 cit A tai hai difmA va B sao cho
M = 4.2. Tiép tuyén cia (C) tai A va B céit nhau
tai mot diém thugc tia Oy. Viét PT dudng tron (C)
(Khéi A-2013).
3. Trong mit phang véi hé toa d Oxy, cho duong tron
(C)):x2+y* =4, (C,):x* +y* -12x+18=0 va
dudmg thing d:x—y—4=0. Viét PT dwimg tron 6
tim thuge (C,), tiép xiic véi d vacit (C,) tai hai diém
phinbi¢t A va Bsaocho AB 1d (Khbi B-2012).
4. Trong mit phang vdi hé toa dd Oxy,cho AABC
voi  A(3;-7),B(9;-5)va C(-5;9). Viét phuong
trinh tiép tuyén véi duong tron ngogi tiép A ABC,
biét tiép tuyén d6 di qua diém M(-2;-7).
5. Trong mat phing v&i hé toa do Oxy, cho dwrémg
tron (C):x*+y? +2x-6y+9=0 va dudng thing
d:3x-4y+5=0. Tim diém M thudc (C) va diém
N thudc d sao cho dogn MN c6 d§ dai nho nhit.
6. Trong mit phing vdi hé toa d Oxy, cho dudng
tron (C):x?+y*+2x-4y=0 via duomg thing
d:x—y+1=0.Tim toa d6 diém M thudc dudng
thing d ma qua d6 ké dugc hai dudmg thing tiép
xtic véi (C) tai A va B sao cho AMB =600,

TOAN HOC
" cTusitge 9

https://tieulun.hopto.org

S4& 473 (11-2016)




HUGNG DAN GIAI DE SO 2

Ciu 1. a) Ban doc ty giai.

b) Két qua: y =-9x+17.
Céu 2. a) 12sina—-cosa—6=0
< 12cos? a+cosa—6=0

@cosa:%(vi~g<u<ﬂ}:> sinu:—g.

3(5-3J5)
20 i
b)Pat z=a+hi. Ta co:

(1-i)z+(2+i)z=5-4i

Dodo A=

©3a-2b+bhi=5-4i = z=-1-4i,iz=4-1.
iy |iz =J17.
Ciu3.Tach: ¥ 23" -2 & (F )P -3.F+220
iy 3*51{3_ x<0
3= =T o loe, 2

Citu 4. Ta c6 n(Q) =105

Goi A 1a bién ¢6: “ Vé ciia An tring giai Ba”.

Suyra AB=a,AC=a3. V, o ==

- Goi M, N lan luot 1a trung diém cua AC, 4B.
P, O lin luot 13 hinh chiéu vudng géc cia H
trén SM, SN. D& thiy HP L (SAC),HQ L(SAB)

= cos((SAC).(SAB)) = cos( HP, HQ)

av15 SH? _ 6a a3
SN = SP = HP ==,

2 M3

HO = @:m khac: SH? = SP.SM = SQ.SN
£
SO
§ ASPQ ©> ASNM.
K8 = o = AP

Cé C2 céch chon vi tri cho ba chit sd ding, hf%\ Suy ra PQ = MN.SL. SP  12a

chir s6 con lai phai sai nén c6 81 kha nin
8l «
100 %
il
Caus. 1= [[3x2 +1In(x+1) jdx
0

n(A)=81C? =810 = P(A)=

I
(l)+ fin(x+1)dx

o

=_JC3

|
=1 +x}n(x+l)‘:)— _fﬁd.t
3

1 1
=1+In2-x| +Injx+1 =2In2.

Ciu 6. * Goi H la trung diém ctia BC thi
SH L (ABC).SH =JSAZ-AH? =ay3.
Ké Al L BC thi A1 1 (SBC), do d6

(AC.(5BC))=(AC,BC) = ACB = 30",

41 nTOANHOC
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SN~ J195
cos PHQ = £ =5 cos({SAC] (SAB )} = l‘lg

Ciu 7. 9 [AB,AC] —(~6;3,-6), suy ra PT
miit phing (ABC): 2x—y+2z-3=0.

+) (}[l;—-l;{}), tim 7 ctia mit ciu thudc dudng
théng A di qua G va vudng goc voi (ABC),

x=1+2t
PTA: sy=—1-¢.
=2t

Suy ra I(1+2I;—] —:;ZF},IG == =42,
« Vi = 2, mit cdu cin tim cé PT:

(x-5) +(y+3) +(z-4)" =36.
- Vi t= -2, mat cdu can tim ¢6 PT:

().'+3)2 +(y-1)2 +[z+4)2 =36.

https://tieulun.hopto.org



Chu 8. Goi Q I trung diém cuia AD. Ké IK 1 MO,
taco A KMQ cin tai K = KMQ = KOM.

Do KI /f MC va IQ // CN nén:
PK PI PQ s
SR _FL_TC . kO//MN = KOM = NMO.
B Lo o R ©
N
i e
;P /
POANY;
LV N,

M

Suy ra MO 1a phan gidc cia PMN. Do dé:

S—ﬁ:%:%a@:%ﬁ = 0(1;4).

Trd6 AD: x—y+3=0; CD: x+y—-9=0

= D(3:6). Qlatrung diém AD nén A(-1; 2).

Do / 14 trung diém ctua MQ, AC, BD nén:
I(4; 1), C(9; 0), B(S; —4).

Ciu 9.

xy=3x—-y+4=0 (1)

(»* —y?-8x)(5y—xy) N
W v 0 00

[¢r=—1+2)(x“+x3+8] 8 i )/,@

PK: x31, x=1 khng théa mén (1), n%* 1
2y (»* -y*-8x)y(5-x)

=(x-

*
$‘+x3+8)

o x=35
Y-xl=xt+y'-8xy+8 (3)

[5;%] 12 mét

* Vai x=5:>y=%. Ta cé

nghiém cia hé da cho

*Voi l<x#5, taco

@) S F—a = —yz]z +2[Jx}r—2)2 (4)
Suyra y’-x?*20< x<y Mitkhac 1<x=5

nén (1}@;:3':_‘4 ~_z3;‘_'14

=X
1

@(.{—2}2 Sll=x=3=3y=0
Nhung (x;y)=(2:2) khong thoa min (4).

<:>x(x—l]£3x—4

Viy hé c6 nghiém duy nhét (x:y) =[5;141].

(a-1)(c-2)

Cau 10. P= i
1+C;r1

b

b 1
I+y xy+y

Pt Ot o
) L Sopetm Vi

ks

+ 3
X+y

. Khi do

Gy + iy +2x0yr + 2y +x+y

xy(1+x)(1+y) +

P+Q=

(1)
1 L

1 1
j+-=:}'+y_xy+x x+y

y 1l+x

x—y

& xy(x+1)(y+1)(x+y) i

('1-3}.1 + X2y + x4y —x2y? —x2y — xy? _x},)_

Ta chimg minh:

¥yr+x?yr x4+ y2 2y + 2y +xy? +xy (2).

Thit vy (2) < 2x°y? +2x*y3 +2x+ 2y + xy
22xy? +2xty+ 209+ 3xy (3)

Tacd x*y? +x2y% + xy 2 3x2y?;

Byt +x22x%y;, xty+y 22xy? (BPT Cauchy)

Suyra: VT(3)z3x7y? +2x°y+2xy* +x+y

=2x2y2 +2x2y+ 202 + x2yr +x +y 2 VP(3).

Vi xX2y?+x+y23xy;, x-y20=>P-020 (4)

Tir (1) v (4) suy ra 2P23<:>P2%.

Viy minP = % Sl sl S 0

BUI ANH DUNG
(GV THPT Ha Hoa, Phii Tho)

TOAN HOC
“crusitge 11
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THU SUC TRUOC Ki THI
DE SO 3 (Thai gian lim bai: 90 phiit)

x=2
2x-1

A. Ham sb ¢6 hai chiéu bién thién.
B. Ham s6 déng bién trén .

Céu 1. Cho ham sé y= - Hay chon céu ding:

C. Him sb dng bién trén céc khoang (—m; %] v G_ +w).

D. D6 thi ham sb c6 hinh dang

0 lfz! II‘\ x

En ! ]
£ -fa} |
-.___\E‘{li

[\l

Al

-

i e

Cfiu 2. Trong khong gian véi hé truc toa 46 Oxyz, cho

x=2-t

duong thingd:{y=3t ,reR. Vecto ndo dudi diy
z=2+5t

14 vecto chi phirong cliad?

A.d=(% 0 2). B.a=(5 -3 5).

C.a=(-1 -3 5). D.a=(-L 3 5).

Ciin 3. Néu y=e"2"7 thi y/(In2) biing ‘4

ol

A.2017. B.&2MW, C.289, D. e.
*

Ciu 4. Trong khong gian véi hé truc L@é Oxyz, cho
vecto MN =(0; 1; —1) va M(1; 0; 2) thi toa dd diém
Nla
A.N(L 1 1) B.N(-1; I; -3).
C.N(-L, -L; D). D. N(l; -1; 3).

Cau 5. Gia sit ham s f lién tuc trén khodng K va
a, b, c 13 ba sb bat ki thupc K. Khing dinh nao sau
day la sai?

a b
A, [f(x)dx=0. B. [f(x)dx= —j f(x)dx.
a a
b b c
C. [+ Llf{x)rir= [f(x)ax, ceas b).
a

b b
D. [/(x)d= [ £t

TOAN HOC
12+ crusie

S5 473 (11-2016)

Céu 6. Trong cic him sau hdy chi ra ham s6 giam trén R

_[=Y ol 78 1 e o L
AJ_[?] : B.y-[i LCoy=(m)y. D.y= 25
Cdu 7. Nghiém cha bét phuong trinh log,(4x—3)=2 I

3 3
B.x}-‘i- Cox>3; D.E{xsl
Ciu 8. Trong khéng gian v&i hé truc toa d¢ Oxyz, cho
hai diém A(1;—2; 3) va B(5;4;7). Phuong trinh mjt cu

nhin AB lam dwémg kinh la

A.x23,

A - +(p+2 +(z=-3)* =17.
B. (x-3P +(y-1P +(z-5*=17.
C.(x=5P +(y-4> +(z-7)* =17.
D. (x—6 +(y=2PF +(z-101* =17.
Ciu 9.

Khing dinh nao sai?

A 2017 >=L < x>—1.

3
B. Ham s@ogz 2x xac dinh khi x>0.
X
£

C@ him sé y=2"va y =(%J d6i xtmg nhau qua
x

sau diy la

Q¥ tung.
@ D. Néu In(x-I)(x-2)=In(x—1)+In(x—2) thi x phai

nghiém ding bét phuong trinh (x-1)(x—2) > 0.

Ciu 10. Cho sé phirc 2 =1+2i, zp =3+i . Mddun cia
s phirc z; +2z- bing

A. 65. B. /65. C. 21 D. {21.
Ciu 11. 86 phirc lién hop véi sé phic
z=(1+iP -31+2))° 14
A. —-9-10i B.9+10L C.9-10i D. -9+10i
Ciu 12, Trong khéng gian véi hé truc toa 4§ Oxyz, cho
! x=1+2¢ :
duimg thang d:{y =t va mit phang
z=-2-3t
(P):2x+y+z-2=0.
Giao diém M cia d va (P)cd toa d6 12
A MG L -5). B. M(2; L, 7).
C. M(4; 3; 5). D. M(1; 0; 0).

https://tieulun.hopto.org



Ciiu 13. Cho ham sb y=(x=1){x+2)*. Trung diém coa
doan théng négi hai diém cuec tr cua dd thi ham s nim
trén dudmg thang nao duwdi day?

A 2x—y-4=0, B. 2x—y+4=0.

C.2x+y+4=0. D. 2x+y-4=0.

Ciu 14. Ba A giri 100 tridu vao ngin hiang theo thé
thire 1di kép (dén ki han ma ngudi gl khéng rat 141 ra
thi tién 13 dugc tinh vao vén cua ki ké tiép) voi lai
sut 7% mot nim. Hoi sau 2 ndm ba A thu dwoc 14i 1a
bao nhiéu (gia sir 13 sut khong thay dbi)?

A. 15 (triéu ddng) B. 14,49 (tri¢u dong)

C. 20 (triéu ddng) D. 14,50 (triéu ddng)

Cfhu 15. Cho hinh chép S.4BCD, day 1a hinh chir nhét
ABCD ¢c6 BC=2A4R, S4 1L (ABCD)va M 1a diém trén
canh AD sao cho AM = AB. Goi ¥, ¥; lan lugt 13 thé
B
)

1 1
E' Di E

tich ctia hai khéi chép S.4BM va S.4ABC thi - bing

A, B. &0

=

1

8
o

Ciu 16. Gia tri nao cua a dé _[(3)1'2 +Ddx=a’ +27
a

AL D B. 1.

C.2 D. 3.

Cau 17. Nguyén him cilia him b £(x)=¢*(1-2017¢%) 1a

A. [fx)dx=€*+2017e* +C.
B. [f(x)dx=e*—2017¢ ™ +C.

2017 4
C. !'f(.r}cir=e”+Te"+C. 'Q
D. jf(.r)d;::eﬁ—ﬂ%e-* +C. )
Ciu 18, Trong khong gian v6i hé truc (WFA0 Oxyz, goi
{ct) 14 mét phing cit ba truc toa dd tai ba diem A(4; 0; 0),
B(0;-2; 0), C(0; 0; 6). Pmrong trinh ca (o) 1a
§+_lz+é:o. B. §+_L’l+_§=1,
C.3x-6y+2z-12=0. D.3x—-6y+2z-1=0.

A,

Céau 19. Dién tich ba mit cta hinh hop chit nhat héng
20 cm?, 28 em?, 35 cm®. Thé tich caa hinh hop do
bing

A.160cm’. B.190cm® C.140cm®. D.165cm-.

Ciu 20. Gi trj 16n nhit cta ham sb f{x)=x3 ;mu&
trén doan[l; 4] la

A9 B. 32. Gt i D. 42.

Cau 21. Cho hai s6 phitc zy=a+bi vi z; =a-bi
(a,be R vi z5 #0 ) Hiy chon ciu sai?

A,z +2, 13 56 thuc. B. z, — z, 14 56 thuiin do.

C. 2,2, 14 56 thire. D. ;’—' 14 56 thudn ao.

2
Ciu 22. C6 bao nhiéu dudng tiém cin cia dd thi ham
£ o x+1 a

50 y=- ?
J4x2+2x+1

Al B. 2. [ B D. 4.

Ciu 23. Diém biéu dién s6 phic z théa min
(3+2Nz=5-14i cotpadi la

A.(-L -4). B.(L -4). C.(-L4). D. (-4 -1).

Céu 24. Trong cdc phuong trinh dwdi diy, phuong
trinh néo c6 hai nghiém 1a 1+iy3.

A 3 +iB3x+1=0. B.x* +2x+4=0.

C.x"-2x+4=0, D.x?—2x-4=0.

Ciu 25. Trong khéng gian vai hé truc toa dé Oxyz, cho
: X o g y=2 _z-4

dudmg th@. x—1= e

(0); 26 %M + 62 +2017=0. Trong céc ménh dé sau,

vd mat phang

m nao dung?

song song vai (o).

%\%. d cit nhung khong vuong goc vai ().

C. d vudng goc vai (o).
D. d ndm trén ().
C‘iu 26. Chp hinh chop S.ABC, day ABC la tam giac
déu canh bing a, S4 L (4BC) va SB hop vai ddy mot
ghe 45°% Xét 2 cau:

3

12

|

(I) Thé tich ctia hinh chop S ABC1a ¥ =2

(I) Tam giac S48 la tam gidce cén.
Hiy chon ciu ding.
A. Chi (I) ding.
C.Ca 2 dung.

B. Chi (II) diing.
D, Ca 2 sai.

Ciu 27. Phuong trinh 5 +6.5° 3.5 =52 ¢6 mit
nghiém duy nhét x, thuge khoang nao dudi day?

A4 B.(-LD. C. (1;2). D. (0:2).

Céu 28. Hiam sé y=4y2x—x* déng bién trén khoang
nao dudi day?
A (- ). B.(0; 1)

C.(.2). D.(l +x).

TOAN H
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Ciu  29. Biétlog2=a, log3=>5 thilog30,18 tinh
Ihe()avabbfmg

2b+a-2 h+2a—-2 3b+a-2 b43a-2
Al 3 - B S L il D. e
Ciu 30. Véi gia tri nio cia x thi ham sb
y=—log} x+log; x ¢6 gia trj 1on nhét?

1 Z

o B. V2. C. 3. D5

Ciu 31.Giai phurong trinh: 2logy(x—2) +lo_fg,3(.:r—4}2 =(),
M6t hoe sinh lam nhu sau:

»>2

P L an X *
Breoe 1. Diéu kién: x;t:;[ ).

Bude 2. Phwrong trinh d3 cho twong dwomg véi
2logy(x—2)+2logy(x—4)=0

Bude 3. Hay la logyix—2)(x-4)=0

= E-Dix-NH=lex?-6x+7=0

> x=3+42. Dbi chiéu vai DK (*), suy ra phueng
trinh d4 cho ¢6 nghiém I3 x=3++2.
Bai giai trén ding hay sai? Néu sai thi sai & budc nao?

A, Sai & bude 1. B. Sai & budc 2.

C. Sai & bude 3. D. Bing.

Ciiu 32. Dién tich hinh phang gii han bai db thi ha

s6 y=2x*—x*va truc hoanh la Qfl
842 1642 N4

A 22 B. 5 C.42 o202

Ciu 33, M{t cai mii bing vai ciia nha do 01 cdc kich
thuée nhu hinh v&. Hay tinh tong dién tich vai cin c6 dé lam
nén céi mii d6 (khong ké vién, mép, phin thira).

A. 700w (cm?).

B. 754,257 (cm?).

C. 750,251 (cm?).

D. 756,257 (cm?).

Céu 34.50 sanh cac tich phan

w

4 2 1
I= _[J;dx J = [sin’ x.cosxdx, K = [xe" dx.
i i 0

Ta c6 két qua nio sau day?
Al>K>J B.I>J>K CJ>I>K. D.K>1>J,

TOF\N HOC
14 usitre S8 4735 (11-2016)

4T Sai o budc 2.
W«

Cdu 35, Tap hop cac diém trong mit phang phire biéu
dién cdc s6 phitc zthdéa min |z+ 2§|=1 13 dudmg tron
¢t phirong trinh nao sau day?

A (x+2P+ % =1.
C.x*+y* +4y-3=0,

B.x* +(y+2)P =1,

D, x> +)? +4x-3=0.

Cidu 36, Cho khéi ling try tam giac déu
ABC. A'B'C' ¢6 canh day bang av2 va m&i mat bén co
dién tich bing 4a*. Thé tich khéi lang tru do 1a

3 3
20 s g s i,

A.2a6. B.

Clu 37. Gii bt phizong trinh [%]

Mt hoc sinh [am nhur sau:
Buede 1. Didu kign x=0 (%),
1

Budéc 2. Vi %{1 nén[ ] (

Bude 3. Tir do suyra 1> 5x &> IE%- Vay tip nghiém

ciia bt phu@inh d cho la S:[—m; ﬂ \{0}.

Bai Wn dung hay sai? Néu sai thi sai & bude nao?
B. Sai & budc 1.

D. Sai & budc 3.

Cau 38. Mot cai thiap hinh m‘)l} co chu_ vi day béng
207,5 m. Mgt hge sinh nam mudn do chiéu cao cia cai
thap da lam nhur sau. T§i theéri didm nao dé, ciu do bang cua
minh dai 3,32 m va déng thiri do dugc bong cia cai thip
(ké tir chan thap) dai 207,5 m. Biét cdu hoc sinh d6 cao
1,66 m, hoi chiéu cao cia cai thap bing bao nhiéu mét?

51,875 51,87

A. h=103,75+—— B. hA=103+——

25, 94

C. h=103,75+—— D, h=103,75.

Céu 39. Cho ham sé f(x)=
ctia phuong trinh f'(x)=01a

In(x® ~3x). Tép nghiém

A. (~0;0) U (3:+0), B.P}. c.{3. D@

2
Céu 40. M6t qua bong ban duge dit tiép xic véi tht ca
cic mit cia mat cdl hop hinh 1ap phuong. Ti 86 thé tich
clia phﬁn khong gian nim trong hop dé6 nhung niim
ngodl qua bong ban va thé tich hinh hop 1a
b6-m

8 . 1‘4' C-r Tr

2
D. 3-
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Céu 41. Cho ham sé y_ﬁ"i”_:"l
x+m

dat cuc dai tai x=27 Mgt hoc sinh [am nhu sau:

Tim m dé ham s6

xf +2mx+m’ =1
(.T-I-m}z
Bude 2. Ham sb dat cye dai tai x=2 < '(2)=0 (*)

Bude 1. D=R\{-m},y'=

m=-1

Buce 3. (*}{:}m2+4m+3=0¢>[ :
m==-3

Bai giai trén dling hay sai? Néu sai thi sai & budge nio?
A. Sai tir budc 1.
C. Sai tir bude 3.

B. Sai tir budc 2.
D. Diing.
Cau 42. Gia trj coa m dé dudng thing y=2x+m cit

dutmg cong y =H tai hai diém phén biét 1

Am#l.  B.m>0. C.m#0. D. Mot két qua
khac.
Ciu 43. Voi gia tri nguyén ndo cia k thi ham sé

y=hx* +(4k —5)x* + 2017 c6 ba cyc tri?

B.k=2. C.k=3 D.k=4

Cau 44, Vi gid tri nao cia tham sb m thi ham s6

A k=1

y=sinx—cosx+ 20172mx dt:"_'mg bién trén B 7

1
A.mz2017. B.m>0. C. mzzm?
Ciu 45. C6 hai chiée coc cao 10m va
30m lan hegt dit tai hai vi tf 4, B.
Biét khoang céch giita hai coc bing
24m. Ngudi ta chon mét cai chdt & vi
tri M trén mit dat ndm giira hai chin 10
¢t dé giang diy ndi dén hai dinh C
va D ctia coc (nhu hinh v&). Hoi ta phai dat chét o vi tri
nio trén mit dit dé tong do dai cia hai soi day d6 1a ngan
nhat.

D.mz-

1
2017

A AM =6 m,BM=18m. B. AM=Tm, BM=17m.
C.AM =4m,BM =20m. D.AM =12m, BM =12m.

Ciu 46. Trong khéng gian véi hé trye toa d§ Oxyz, cho
mit phing (P):x—y+z+3=0 va ba didém A(0; I; 2),
B(l; 1; 1), C(2; —2; 3). Toa dj cia diém M thujec

ﬁo dwémg thing d -

S

(P)sao cho m+ﬁ+m nho nhit 1a

Al (4-2.-4). B. (—-1; 2; 0). C. (3—-2;-8). D. (,2;=-2).
Céu 47. Cho hinh 1dp phuong ABCD. A'5'C'IY’ ¢d canh
bing a Xét 2 ciw:

(I) Khoang cich tir 4 dén mit phing (A4'BD) la

(I1) Hinh 14p phuong ABCD. A'B'C'D' c6 9 mit phang
d6i ximng.

Hay chon cdu ding.

A. Chi (I) dang. B. Chi (II) ding.

C. Ca 2 dang. D. Ca 2 sai,

Céu 48. Tinh thé tich ¥ cia vat thé nim gitra hai mat
phing x =0, x=1, biét ring thiét dién cla vit thé bi cit
boi mat phing vuéng géc vai truc Ox tai diém co

hoanh do x (0<x<1) 1& mét tam gidc déu co canh la

4 fin(1+ x).

AV =43 B. ¥ =43(2In2+1).
C.V=83QN"2-1). D. ¥ =16r(2In2-1).
Cﬁ% xl'rong khéng gian véi hé truc tpa d& Oxyz,

x=2+t
y=1+mi vi matcdu
z==-2

(8): P +y 42 =2x+6y—4z+13=0.
Cé bao nhiéu gia tri nguyén cua m dé d cit(S) tai hai
diém phén biét ?

K5, B. 3. 02 D. 1.
Ciu 50. Cho céc ham sé y= f(x), y=g(x), ¥= Qﬂ

Néu cdc hé sb gée clia cdc tiép tuyén cua cac do thi cdc
ham sé da cho tai diém cd hoanh d5 x =0 bing nhau va
khdc 0 thi

D. f(0)21

PHAM TRONG THU
(GV THPT chuyén Nguvén Quang Diéu, Pang Thap)

i f({)}{%- B. f{O)ic—L- C. f0)> -

LTS. Bét ddu tir 56 Tap chi nay, Tap chi TH&IT sé gidi thiéu cdc dé thir sicc trueéc ki thi
THPT Qudc gia véi hinh thirc thi tric nghiém theo tinh than ciia By GD&DT. Rét mong
cdc thdy, €6 gido va ban doc giti dé va cdc bai viét phan tich cach day va hoc cho hinh

thirc thi trdc nghiém nay. Trdn trong cam on.
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Bai T1/473 (Lép 6). Tim hai chir sé tin cling

-2

920]6 91')45

cua hiéu: 2
TRAN QUANG CHUNG
(Lop DTYS 12— Hoc vién Ky thugt Qudn sw, Ha Noi)

Bai 12/473 (Lép 7). Tim sb tu nhién » thoa
min: n' +8n’ +197° ~337n-90=0.

CAO NGOQC TOAN
(GV THPT Tam Giang, Phong Dién, Thira Thién Hué)

Bai T3/473. Tim céc sé nguyén duong x, y sao

xly‘l

(x+y)

choA=x>+y"+ ~ 1a s6 chinh phuong,

TA HOANG THONG

(GV TT Thang Long, TP. Hé Chi Minh)

Bai T4/473. Cho tam gidic ABC nhon véi h

dudmg cao BE va CK. Goi R va S thir tu 1a s

chiéu cua K trén BC va BE; P va Q ¥ 14

hinh chiéu cua E trén BC va CK.
cic dudng thing RS, PO va EK doRRjuy.

PHAM TUAN KHAI

(S nha 29/67, duimg Gidp B, quin Hodmg Mai, Hi No7)

minh

Bai T5/473. Giai hé phuong trinh:
5x*+2y* +22 =2
xy+yz+zx =1 )
VU bUC CANH (Ha Noi)
CAC LOP THP1
B4 T6/473. Tim s6 nguyén m dé phwong trinh
2 +(m+ D2’ —-Cm-Dx—Cm* +m+4)=0
¢6 nghiém nguyén.

BUI HAI QUANG
(GV THCS Van Lang, Viét Tri, Phii Tho)

TOAN HOC
* Cludilre

S48 473 (11-2016)

16

&

Bai T7/473. Cho x, y, z 13 ba s6 thyc théa man

X+z—yz=1

. Tim gi4 trj 16n nhét va
y-3z+xz=

hé thire {
gid tri nho nht cua bidu thire T = x° + y° .
PHAM HOANG HA
(GV THPT chuyén Ngogi ngit, DHNN, DHQOG Ha Ngi)
Bai T8/473. Cho tam gidc ABC ndi tiép duong
tron (O). Pudng tron bang tiép goc 4 co tam /
tiép xic v&i AB, AC lan luot tai D va E. OF cét
DE tai A’. Céc diém B’, € duge xdc dinh trong
tw nhur diém A4°. Chirng minh ring A4°, BR’,
CC’ dong quy.
DAU ANH HUNG
(GV THPT chuyén Lé Quy Pén, Quéng Tri)
Bai T9/473. Gia st a, b, ¢ 1a cac s6 thuc duong
thoa mén a -1*+c =1. Chirng minh riing
("b\ a’b’c’ <ab+bc+ca.
N NGUYEN VAN NHO
&% GV THPT Nguyén Duy Trinh, Nghi Lic, Nghé An)

TIEN TGI OLYMPIC TOAN
Bai T10/473. Chimg minh réng ton tai v6 han
cac sd nguyén duong n sao cho n*+1cd mot

udc nguyén t6 P >2n++/10n.

NGUYEN ANH TUAN
(GV THPT chuyén Bic Giang, Bic Giang)

Bai T11/473. Véi hai sé nguyén duong bét ky
n, p, tim s6 cac ham sé

fi{L23,..,n>{pp+l-p+2....p} théa

mén tinh chit |£()—f()|<p véi ijell23..., ).

MAI TUAN ANH

(GV THCS Nga Pién, Nga Son, Thanh Héa)

Bai T12/473. Cho tam giac khong vudéng ABC,

O, H thit tur 12 tim dudng tron ngoai tiép va tryc
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tdm tam gidgc ABC. M 1a diém bét ky trén (O)

(M khéc 4, B, O); N 1a diém d6i ximg cua M

qua BC; P la giao diém thi hai cua AM va

dudng tron ngoai tiép tam gisc OMN. Chimg
minh AN di qua trye tim ctia tam giac AOP.

NGUYEN VAN LINH

(SV Khoa Todn DHSP Ha Noi)

Bai 1.1/473. Mot cudn cam c6 161 sit duoc mic
vao ngudn dién xoay chitu co dién ap
u(t)=U,coswt. DY ty cam cua cudn diy 1a L
va dién tro thudn R = 10°wL. Sau mét chu ki
bién thién cua , do ton hao dé lam nhidm tir st
& 161 toa ra mot nhiét luong ti 1€ thudn véi gia tr

cyc dai cua ning lwomg tir trwong duy trit trong

cudn cam véi hé sd ti 16 k=2n.10- . Tinh cdng
suét tiéu thy trung binh ctia cudn day.

THANH LAM (Ha Néi)
Bai 1.2/473. Mot mol khi 1y twéng bién déi trang
théi theo chu trinh biéu dién trén d6 thi P - ¥ (hinh
v&). Biét ring trong chu trinh ¢6 hai trang thai cd
cung nhiét d6 thap nhat T, va trang thai c6 nhiét
dd cao nhét T, a
(V6i T = 2Tomin). Chimg |
to trong chu trinh co0 3 ,| (1)
trang thﬁi ¢6 nhi¢t do bing R’i 2 i1
nhau. Xéc dinh cdc théng ;;!

MO
3063 trang thai d6. (Coi L ' | g
nhu da biét Py va V). h W
NGUYEN MINH TUAN

(GV THPT Yén Thanh 2, Yén Thanh, Nghé An)

PROBLEMS IN W

FOR SECONDARY SCHOOL

Problem T1/473 (For 6" grade). Find the last
two digits of the difference 2°"" —2

q'l‘lﬁ

"
Problem T2/473 (For 7" grade). Find na@’

numbers » such that
n' +8n° +19n* —33n—-90 =
Problem T3/473. Find positive in

@’%

ers x and y

2
sothat A=x*+y*+ Xy -
(x+y)

1s a perfect square.

Problem T4/473. Given an acute triangle ABC
with two altitudes BE and CK. Let R and §
respectively be the perpendicular projections of
K on BC and BE, and P and Q respectively the
perpendicular projections of £ on BC and CK.
Prove that the lines RS, PQ, and EK are
concurrent.

Problem T5/473. Solve the system of equations

S5x+2y* 22 =2
xy+yz+zx=1

I*OR HIGHSCHOOL

P@m T6/473. Find integers m so that the
ation

X +(m+Dx* —2m-Dx-(2m* +m+4)=0
has an integral solution.

Problem T7/473. Let x, y, and z be real

X4z yz=1

.Fi
y-3z+xz=1 et

numbers satisfying {

maximum and minimum values of the

expression T =x" +y*,

Problem T8/473. Given a triangle ABC. Let
(O) be its circumcircle. The excircle (1) relative
to the vertex A4 is tangent to AB and AC
respectively at D and E. Let A’ be the
intersection between Of and DE. Similarly, we
construct the points B’ and C°. Prove that 44°,
BB’, and CC” are concurrent.

Problem T9473. Let a, b, and ¢ be positive
numbers such that a+b+c=1. Prove that

a'b'c” <ab+be+ca.
(Xem tiép trang 26)

TOAN HOC

S6 473(11-2016) ¢ CTusitre
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Bai T1/469. So sanh biéu thirc A va B voi
L. 2. 3
= — + —+—+ .= v ;B
201 h

= 1,02015

Lai gidi. Bién dbi mdi s6 hang dudi dang sau:

n  (n+D)-1_ n+l Elivs, 1
m+D! (el (r+D! (m+D! nl (n+D)!
Cho n ldy céc gié tri lin luot tir 1 dén 2015 duge

[ 2015
TR TR TR T
iy, R R SRS [N

U T T T 2015! 2016!

1
= <
1- ZDIGT{I B. Viyd<B. 0O

»>Nhgn xét. Cac ban sau co bai giai dung, gon:
The: Vii Minh Khai, 6A3, THCS Lém Tha
Thao; Vinh Phic: Hoang Lé Quynh An
Thi Neoc Anh, Nguyé‘n Vi Ngoc Linh
Thu Nea, Nguyén Thi Hoang Ngdn,
Lac, Yén Lac: Ha Nbi: Nguyén :
THCS Ly Thai T6, Q. Thanh Xuén ; Nghé An:
Neuyén Hong Khdanh Lam, 61, THCS Ha Huy Tip,
TP. Vinh; Ding Thi Van Khdanh, 6A, Nguyén Dinh
Thénh, Lé Hai Phong, Lé Van Manh, Lé Thiwy Linh,
6B, THCS Ly Nhit Quang, D6 Luong; Cao Ngoc
Diép, Cao Thi Vin Anh, 6B, THCS Cao Xuén Huy,
Dién Chiu; Quéang Ngdi: Mai Thanh Nguyén, 6A,
THCS TTr. Song V&, Hupnh Déng Dié¢u Huyén, 6C,
THCS Nghia My, Tir Nghia; Nguyén Trung Phi,
Cao Thi Neoc Trdam, Pham Dinh Tdm, Pham Thj
Thu Nhung, Ngd Ngoc Hudn, V6 Pam Huong
Giang, 6A, Phan Ngoc Tuye.’ Suong, Trdn Thi Théo
Vén, 6C, Nguyén Thj Yén Nhi, 6D, THCS Pham Vin
E)f:ing, Cao Nguyén Cuynh Huwong, 6C, THCS
Huynh Thic Khang, Nghia Hanh; Poan Tu Uyén ,
6A, THCS Tran Hung Dao, TP. Quéang Ngi.

VIET HAI

TOFIN H
18" e

S48 473(11-2016)

Bai T2/469. Cho 5 doan thing trong dé bat ki 3
doan nao trong chiing ciing lap fhflrm'.r mot tam
giac. Chig minh rang frong so cdc tam giac
duwge thanh Idp co it nhat mét tam gidc la tam
gidc nhon.

Li gidgi. Trude hét ta chimg minh mot Bd dé: Néu
tam gidc MNP c6 géc M tu thi PN > PM + MN'.
Thét vay, vé duong cao PH thi H nim ngoai
doan MN.

r
H M L
Theo dinh Ii Pythagore ta ca PN = PH* + HN
= (PM’ — HM") + (HM + MN)? = = PM* +

MN? + 2HM. MN > PM* + MN".
Tré lai bai toan. Goi d§ dai 5 dogn thing da cho
la a, b, ¢, d, e. Khéng miit tinh tong quét ¢ thé
gia st a-':b‘if, <d<e. Gia sir trong cdc tam
gidc dugg@nh 1ap khong cd tam gidc nao la
tam gid on. Khi d6 theo BS dé va dinh 1i
re ta cO crzat+brdizh+c?,
&a’z suy ra €2 2@ +2b* +¢? 2a* +2ab+F
§?a+b)2 —e>a+h, tic 1a tir 3 doan thang a,
b e khong thé thanh 13p duge mot tam gidc,
diéu nay trai gia thiét. Vay trong s6 cdc tam
giac duge thanh 1dp cd it nhat mot tam giac la
tam giac nhon. O

»Nhin xét. Bai toan trong doi kho, co rét it ban tham
gia giri bai. Mt s ban ciing sép xép cac doan thing
nhu trén, sau khi lap ludn goe C trong tam gidge CDE 14
nhon, suy ra cac géc 4 va B trong tam gidc ABC déu
nhon (7). Sai 1dm 14 & chd: goc C trong tam giac CDE
khing pha1 goc C trong tam gidc ABC. Co duy nhét
mot ban co I giai dang 14 Lé Hai Phong, 68, THCS
Ly Nhit Quang, DBé Luong, Nghé An.

NGUYEN XUAN BINH

Bai T3/469. Cho a, b, ¢ la cdc s6 thuc dwong
v 1 la mot 6 ty nhién Ion hon hodc bang 2.

o [ [
130 Il |

’ [ 5
Chieng minh 7| Pl e |
\4 a+nb Nb+nc Nc+na
Léi giai. Ta cd
M a v a
atnb ~ yaT(a+nb) Ya+na'h’
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Mal<a"+na'b<(a+b)vaa b clacaic
50 duong nén

$oR a 5 a el
a+nb  Ya +na'b  f(a+b)y a+b’

Lalc0i> L nén b
a+b a+b+c a+nb

Chirmng minh tuong tu, ta dugc

b b c il
n = e o= F
Nb+nc ~ a+b+c’ Vc+na a+b+c

Cang theo vé ba bt ding thirc trén ta thu duge

{/ a _HJ b +{} r
a+ nb b+ nc c+na

a b (el at+b+c
a+b+c a+b+ec a+b+c a+b+c

()

a+b+r

Bat dang thirc da duoc chimg minh.0

»Nhin xét. Miu chot ciia bai todn 1a chi ra va
chimg minh BDT (*). Pa sb cac ban s dyng BPT
Cauchy cho » s6 duong dé chitng minh BDT (*) nhu

saw: Ta cod Ya* " (a+nb) = |aa..ala+ nh)
(] [t

n-lsa

a+a+..+a+(a+nb)
SRRl s R
i na+nb
AL = =a+b.
n n

Co ban sir dung BET Bemnoulli: Vaix >—1 va0 <
luén ¢6 (1+x) <1+rx dé chimg minh *)

nhusau:d REO I = ] “%%
a+nb b

| o | )
l+”—b.l l+E R
a n [

Ngoai ra mdt sé ban sir dung phuong phap quy nap
toan hoc dé chimg minh nhwmg qua dai dong. Tuyén
duong céc ban sau c6 loi giai tbt: Ha Niz Dink
Hoang Nhdt Minh, 9A5, THCS Ciu Gidy; Vinh
Phiic: Tg Kim Thanh Hién, 7 A4, THCS Yén Lac;
Nghé An: Nguyén Dinh Tudn, 8C, THCS Ly Nhit
Quang, P6 Luong; Thanh Héa: Lé Tién Pat, 9A,
THCS Té Thing, Néng Céng; Quiéng Ngdi: Lirong
Thi Thanh Nhan, 7A4, THCS Hanh Trung; Kon
Tum: Nguyén Ngoc Khanh Nhue, 9A, THPT chuyén
Nguyén Tt Thanh, TP Kon Tum.

PHAM TH] BACH NGQC

+

Dodad LR AL G ERTS Nl
at+nb \a'(a+nb) ga(a+nb) a+b%\

Bai T4/469. Cho hinh thoi ABCD co AB = 2a.
Goi R, .R, Jdn heot la ban kinh duong tron ngoaqi
:."afp cac tam gige ABC, ABD. Chimg minh ring
R, R,
Léi gidgi. Goi M la trung diém cua canh AB.
Puimg trung truc clua doan 4B cit cac dudng
AC va BD tai I va J. Khi d6 7 va J lan luot la
tim duong tron ngoai tiép cia cdc tam gidc

ABD va ABC. Dt BAC =a = ABD =90°—

> 2a”. Dau “=" xay ra khi nao’!

B
Am .
\
ik
D/a
} AM
g sQ=——r= 1
aco coso A (1)
BM a
-Q)=—=— 2
sino = cos( °—a) B "R (2)
“Sin2a+m52 =1
& — . Ap dung BBT Cauchy ta ¢é
1 2 2
— = 2 = 2a.
2 AR, & RiR 2 2a

Ping thirc xay ra khi va chi khi R, = R,, hay
ABCD la hinh vuéng. O
»Nhdn xét. 1) Co thé sir dung tam gidc dong dang
dé nhan duge cac hé thie (1) va (2).
2) Céc ban sau diy c6 161 giai tot.
Vinh Phiic: Pham Thi Kiéu Trang, 9A2, Bii Tudn
Anh, Lé Dirc Thdi, 8A2, Ta Kim Thanh Hién, TA4,
THCS Yén Lac, Vinh Phic; Ha Ngi: Dinh Hoang
Nhdt Minh, 9A5, THCS Cau Gidy; Phii The: Lé Na,
8A, THCS Thi trén I, Yén Lap; Nghé An: Hodng Thi
Bdo Ngoc, Thai Bd Bao, Phan Thi Huyén Anh, Dinh
Thi Quinh Chéu, 9C, Nguyén Pinh Tudn, Thdi Thi
Cdm Chi, 8C, THCS Ly Nhit Quang, Pé Luong;
Quang Tri: Neuyén Thuc Anh, 8A, THCS Trin Hung
DPao, Dong Ha.

NGUYEN THANH HONG

Bai T5/469. Tim nghiém nguvén ctia phuong

g
Il

11x
trinh: —— —+/2x

Sé 475 (11-2016)

https://tieulun.hopto.org



Léi gigi. Dé phuong trinh c¢é nghia, ta co

x> —%,y > % Chuyén vé phuong trinh, ta co:

%—3»—2 J2x+1- Ay

Vé trai cua phuong trinh 1a mét s6 hiru ty, cho
nén ¢o the dit no 14 mot s6 hiru ty g. Ta co:

32—y VA g=Brrl-JAy-1.

T—3v
Chuyén —,/4y—1 sang trai va binh phuong hai
vé ciia phuong trinh, ta thu dugc

2o+l =g+ [dy—1 = 2e+1=¢7 +2¢. 4y -1 +dy—1.
Ta s& chimg minh g=0. Thit viy, néu g#0
thi do 2x+1 va 4y —1 14 s6 nguyén, g 14 sb hiru
ty, suy ra Jdy—1 1a s6 hiru ty. Vi 4y -1 1a sb
nguyén, cho nén m la s6 nguyén. Dt
J#y=T=2k+1 thi sau khi binh phuong hai vé
dang thirc, ta c6 vé tréi chia 4 du 3 con vé phai
chia cho 4 dur 1 1a diéu vo ly. Vay g=0.

0 vao (*) ta co h¢ phuong trinh:
l;—.?, —2=0, Zx+1—Jdy—1=0.

Bién d6i, ta co hé: 11x—15y =10,2x -4y = -2,
Hé cudichota x =

Thay g=

nghiém ctia bai toan.0J

#Nhin xét. Ban Nguyén Dinh Tudn (T1
Quang, D6 Luong, Nghé An) cod chung& tong
quat 1a néu /a —+/b 14 hiru ty va nc s0 nguyén
khong chinh phmmg thi @ = b. Mt sd ban mic
nhién cong nhan diéu nay ma khoéng chimg minh.
Tuyén duong cac ban sau day co 1oi giai chit ché:
Ha Nii: Vi Phan Thang Long, 9A9 THCS Giang
Vo: Kon Tum: Neuyén Ngoc Khanh Nhie, 9A THPT
chuyén Nguyén Tt Thanh, TP Kon Tum; Nghé An:
Nguyén Dinh Tudn, THCS Ly Nhit Quang, Do
Lwong; Phi The: Neuyén Thiry Duwong, 9A3, THCS
Lam Thao, Ldm Thao.

VU DINH HOA

Bai T6/469. Tim 3 50 x, ¥, z theo s6 thuc diwong
m thoa mdn

[

J-‘f\.."}’-— m+wz—m+zdx—m=6mim (1)

i\x: +y +2% =120 @
Lai gigi. PK: x,y,z2m>0.

Tir (1), theo BDT Bunyakovsky ta co :

TOAN HOC
20 ¢ CTugilye S0 473(11-2016)

S,y =3. Thu lai, nghi¢m nay ,
théa man phuong trinh ban dau, cho nén né @

36m° <(x% + 1y + 2 ) x+ y+z-3m)
=12m*(x+ y+z—3m)

S x+y+z2om 3)
Lai c6: 12m* =x> + y* + z >(I+4J;+2_)_
S x+y+z<b6m @

Tr(3)va(d)suyra x+y+z=6m.
Dig. =2 xay ra khi déu “*="" trong (3) va (4)
cingxdyra @ x=y=z=2m .0
»Nhgn xér. 1) Binh phuong hai vé cua (3) va su
dung gii thiét (2) dan dén:

(x=y)? +l:y—z}2 +{z2xy=0.
Tirdo tim duge x =y =z =2m.
2) Cach giai bing phuong phap vecto cua mot 36
ban cling cho 101 giai ngén gon.
3) Bai toan khong kho, hau hét cdc ban déu co 1oi
giai ding. Cic ban sau co 1oi gidi ngéin gon:
Yén Bai: £6 Quang Huy, 11 Toén, THPT chuyén
Nguyén Tat Thanh, Ha Ni: Ngwyén Vin Ding,
10A14, THPT Ngoc Téo, Pinic The. Vinh Phue: Ta

Kim Thanh Faeda7A4, THCS Yén Lac, Yén Lac. Nam
Dinh: Lé Anh, 10 Toan 1, THPT chuyén Lé

Hong lyphe. Bic Ninh: Dink Quang Trwong, 11
Toa PT chuyén Béic Ninh; Mdn Dic Binh Minh,
1 HPT Yén Phong S6 1. Thai Binh: Trdn

e Minh, 12A1, THPT Péng Thuy Anh, Thai

uy. Hung Yén: Chu Minh Huy, 12 Toan 1, THPT
chuyén Hung Yén; Triéu Ninh Ngdn, 11A9, THPT
Duong Quang Ham. Thanh Héa: Ddng Quang Anh,
10T, THPT chuyén Lam Son ; Nguyen Danh ﬂrang,
11AS, THPT Lwong Pic Bing, Hodng Hoa. Ngh¢ An:
.m'g@é; Phimng Thdi Cwong, 11A1, THPT Thai Hoa,
TX. Thai Hoa; Nguyén Dk Bao, 10A1, THPT chuyén
Phan Boi Chdu, TP. Vinh; Ddgng Duy Bdo Khanh,
11A1, THPT chuyén PH Vinh. Ha Tinh: Ngweén
Quang Himg, 10A1, THPT Ci Huy Cén, Vi Quang.
Thira Thién Hué: Newvén Thi Phwong Nhi, Phan
Tréin Higmg, 11 Toén 1, THPT chuyén Quédc Hoc Hué.
Quing Tri: Newyén T?;; Phuwomg Linh, 11T, THPT
chuyén Lé Quy Don. Quing Nam: Nguyen Huy Hai,
11/1; Nguyén Xudn Anh Qudn, 12 Todn, THPT chuyén
Nguyén Binh Khiém. Quang Ngéi: Huynh Bing Diéu
Huyén, 9C, THCS Nghia My, T Nghia; Luwong Thi
Thanh Nhan, 9A, THCS Hanh Trung, Nghia Hanh; Dd
Thi My Lan, 10 T2, Doan Cao Kha, 11T2, THPT
chuyén Lé Khiét, TP. Quang Ngal Vinh Long: Tran
Linh, 10T1, THPT chuyén Nguyén Binh Khiém. Tién
Giang: Lé Hoang Bdo, 11 Toan, THPT chuyén Tién
Giang. Nha trang-Khénh Hoa: Nguyén Quang Dat,
11 Todn, THPT chuyén L& Quy Don, Cén Tho: P4
Trung Puic, 11A1, THPT chuyén Ly Ty Trong.
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Long An: Neuyén Thi Ngdn Tric, 11T1, Nguyén
Bink An, 11T2, THPT chuyén Long An. Ca Mau:
Nguyén Thanh Trung, 10 Toan 1, Hoang Cong Minh,
11 Toan 1, THPT chuyén Phan Ngoc Hién. Lim
Pong: Nguvén Quoc Trung, 11 Toan, THPT chuyén
Thing Long. Pik Néng: Phan Nguvén Huy Hoang,
10A1, THPT Chu Van An, Ddng Quang Hoang, 11
Toan, THPT chuyén Nguyén Chi Thanh. Pik Lik:
Nguyén Thanh Kim Ngdn, 10T, THPT Cu M’Gar, H.
Cu M’Gar.

TRAN HU'U NAM

Bai T7/469. Tim gia tri lon nhat va gia tri nho
nhdt ciia ham soé

y fh]_.mqr—a-lm-: 1?uas

. f bco.aﬁ.
2 4 8
Loi gidi. » Ta co
flx)=cosx+ 4005% +7 cos%ﬂi cns%
<1+44+7+6=18,

fx)=18 < %:2@ o x=16kn (keZ).

* Ta lai c6 cos2a+2cosa=2cos*a—1+2cosa

2
1 3 3
= 5 — -__2__
2[cow+2j 3

5 YaeR.

Dodo f(x)= cos.r+4cns%+?cos%+ﬁcos§—

X s X :
—[cos.r+2¢055]+2(m&2+2C°S4) Q‘.} & 4be(b? +¢?)—2bc.a’

2

+3 cmi+€$QE

= 8

z—%{]+2+3)=—9; f(x)=-9 W va chi khi
i 1 X 2n

COS5 =08 =Cosg=—5 > =+ =+ 2n

@x:il%ﬂmkn (keZ).

Viy max f(x)=18,min f(x)=-9. O

»Nhdn xét. Bii todn bat ding thirc luong gidc trén
thuge logi co ban, co y hay. Céic ban hoc sinh sau cé
loi giai ding:

Ha Ngi: Nguyén Van Ding, 10A14, THPT Ngoc Tao,
Phiic Tho, Hoang Lé Nhdt Ting, 12T2, THPT chuyén
KHTN, BHQG Ha Noi; Nam Dinh: Doan Thi Nhai,
12T1, THPT chuyén Lé Hong Phong. Thanh Héa:
Nguyén Bd Tudn, 10A5, Nguyé'n Danh Thang, 11A5,
THPT Luwong Dac Bang, Hoang Héa. Nghé An: Cao
Hitu Pat, 12A1, THPT chuyén Phan Bdi Chau, TP.
Vinh, Dik Lak: Nguyén Thanh Kim Nedn, 10T,

THPT Cu M’Gar, H. Cu M’Gar, Dik Néng: Ddng
Quang Hodang, 11T, THPT chuyén Nguyén Chi
Thanh, TX. Gia Nghia, Long An: Nguvén Thi Ngdn
Triie, 11T1, THPT chuyén Long An, Vinh Long: Lé
Nguyén Minh Long, 12T1, THPT chuyén Nguyén
Binh Khiém, Can Tho: Dé Trung Pire, 11A1, THPT
chuyén Ly Ty Trong, Ca Mau: Hodng Céng Minh,
11T1, THPT chuyén Phan Ngoc Hién.

NGUYEN MINH pUC
Cho tam giac ABC, M la trung
Chimg minh ring néu

Bai T8/469.
diém cua canh BC,

BAC<Z thi 2AM < \2(AB + AC?).cos

Bdng thiec xay ra khi nao?
Lai giai. Bit BC=a,CA=b,AB=c.

(1)
Tir cong thirc tinh d9 dai duong trung tuyén, cé
4AM? =2(b? +c?) - a? (2)
Ap dung dinh Iy cdsin cho AABC, ta dugc
g BAC +c05§2€? (b+ c:}2 —g
= ( 3)
4be
} ta tha;yr BDT can chimg minh

Tu*
uong véi

2 +e2)—a? <2(b* +c?).

Tir gia thiét BAC < g suy ra B2 +¢2 > a2

(b+c) —at
4bc

(B +e?)b+c) —a (B +c?)
S B+ b—c)-a? (B +c?=2bc)20
= (b= (B +cr-a?)=0.
R& rang bét dang thirc ndy ding, do (1). Déng
thirc xay ra khi va chi khi 5% +¢? —a® =0 hodc
b=c, nghia la khi AABC hodc vudng tai 4,
hodc cin tai 4, véi BAC < g 0
» Nhin xét. Rét nhiéu ban tham gia gidl bai toan nay,
héu hét giai ding. Mgt sb ban xét truomg hop xay ra
déu dang thirc con bo SOt trwomg hop AABC vudng tai
A. Xin néu tén mdt s6 ban cd 10 gial gon hon ca: Ha
Noi: Hoang Lé Nhdr Timg, 12T2, THPT chuyén
KHTN, PHQG Ha Nai, Nguyén Van Cao, Dang
Thanh Ting, 10A1, THPT Ung Hoa A, Ung Hoa,
Ngwen Van Diing, 10A14, THPT Ngoc Tao, Phic
Tho; Bie Ninh: Mdn Pirc Binh Minh, 11A1, THPT
Yén Phong S 1, Yén Phong; Hung Yén: Ngmfen
Manh Hiép, 11A9, THPT Duong Quing Ham, Van
Giang, Chu Minh Huy, 12 Toan 1, THPT chuyén
Hung Yén; Nam Binh: Poan Thi Nhai, 12T1, THPT
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chuyén Lé Hong Phong; Thanh Héa: Pang Ouang
Anh, 10T, THPT chuyén Lam Son, Ngwvén Bd Tudn,
10AS, Nguvén Danh Théing, 11A5, THPT Luong Diac
Bing, Hodng Hoa. Nghé An: Nguyén Phimg Thdi
Cuomg, 11A1, THPT Théi Hoa, TX. Thai Hoa, Trdn
Tién Manh, 11A1, THPT chuyén BH Vinh, Vo Vigr
Anh, 11A1, Nguyén Pirc Béo, 10A1, THPT chuyén
Phan Boi Chau, TP. Vinh, Thira Thién Hué: Nguyén
Thi Phuomg Nhi, Nguyen Minh Hai, To ang Ngoc Chung,
Phan Trdn Huong, 11T1, THPT chuyén Qudc Hoce
Hué, Quing Nam: Ngu_}nen Huy Hai, 11/1, Nguyén
Xudn Anh Qudn, 12 Toan, THPT chuyén Nguyén Binh
Khiém, Pik Lik: Nguvén Thanh Kim Ngdn, 10T,
THPT Cu M’ Gar, Cu M’ Gar, Tay Ninh: Hoang Thj
Hodi Thiwong, 10T, THPT chuyén Hoang Lé Kha,
Cén Tho: D6 Trung Dike, 11A1, THPT chuyén Ly Ty
Trong, Ca Maw: Tran Quic Vigt, 12CT1, THPT
chuyén Phan Ngoc Hién, Long An: Lé Tri Phii, Pham
Quéc Thang, 12T1, THPT chuyén Long An, Vinh
Long: Phan Gia Anh, Lé Nguyén Minh Long, 12T1,
THPT chuyén Nguyén Binh Khiém, TP. Vinh Long.
HO QUANG VINH

z la cde s6 thue dwong

Bai T9/469.

thoa mdn xvz=1.

Cho x, v,
Chiurng minh rang

-x <34

f Lo " ‘I. fas®
XY rZ2+XY+yz4 S |
1

voi nely .

Léi gidi. Tn.mc hét ta chimg minh ring: Néu a, \

b, ¢ la cdc 56 dwong thoa man abc=1
neN, n>1 thi a*+b"+c" za+b+c(]§§{/
Thét vay, ta c6 a+b+c>3Yabc =3 44
bat ding thie Cauchy cho n sb
a+1+1+..+1=2na (vé trai co
tuong tu: b" +1+1+...+12nb,
il 15 oM I ) 8y
Cong theo vé ba bat ding thirc trén, ta dugc:
a’*+b"+c"‘+3(;1—l]3_}n(a+b+c)

ung
dqung
=1 so 1);

= at+b"+c"
3.‘:{a+b+c]+(n—l](a+b+c'—3]3_>a+b+C‘.

Bit ding thirc (1) dugc chimg minh. Dang thic

xdy ra khi va chikhi a=b=c=1.

Ap dung bt dang thire (1), ta co

3+(;"—j +[1] +['—:J By ARl ooy
¥y z ;- Vid %
Béy gi¢ ta chimg minh

x+y+z+xy+yz+zx$3+§+%+ir (3).

TOAN HOC
22 ke
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Vi xyz=1 nén co6 cdc s6 duong a, b, ¢ thoa man

Gt ek o
ol }I_a’ e
Thay vao (3), ta duoc
o RN AR b ol o
s S L L e
b+a+c.+ e + _bc+ab+ +3

=N br:(b+ )+ c'a{c'+a]+ah[a+h)
<a*+b* +c +3abc (4).
Vaitrocliaa, b, cnhunhau. Giast azh=c.
Ta c6 (4) tuong duong vii
ﬂ'(ﬂ—b](ﬂ—(.‘}+b{f)—c)(h a}—H{(. ]{ h)
Vic(c—a)(c—b)20; ala—b)(a—c)+b(b—c)(
={a—b)(az —at'—b2+b(')=( )q(a+b } 0
nén ala—b)(a—c)+b{b—c)(b—a)+c(c—a)(c-b) 20

Ping thirc xay ra <x=y=z=1.
Tir (2) va (3) suy ra

" n T
X v
x+y+:+,r_~;+_vs+z.r's3+(;] +[; +( j :

Dﬁngth&c@akhl vachikhi x=y=z=1.0
»Nhin .t% au hét cac ban gui bai giai déu lam

trén. Mot sd ban chitng minh bét d.’lng

v

0.
ba}

B

ham so f(x)=x"; f"(x)=n(n n-1}x"2>0
x>0; ham sé f(x) 16i trén (0;+x0); dp dung bat

(
a+g+gJ (a)+f(b)+f

ding thirc f [ 3

Y a+b+c=3 tirdo dé dang suy ra (1). Cdc ban sau
déy c6 bai giai tot: Som La: Tran Heoang Dat, 11A1,
THPT Moc Ly, Moc Chéiu; Hung Yén: Dam Quang
Nhgt, 11A1, THPT Duong Quang Ham, Van Giang;
Ha Ni: Nguyén Vin Ding, 10A14, THPT Ngoc
Tao; Nghé An: Vo Viér Anh, 11A1, THPT chuyén
Phan B&i Chiu; Pha Yén: Lé Thanh Ldam, 10T1,
THPT chuyén Luong Vin Chanh, TP Tuy Hoa; Pik
Nong: Ddng Cuang Hodng, 11 Toan, THPT chuyén
Nguyén Chi Thanh, TX. Gia Nghia.

NGUYEN ANH DUNG

lru

Bai T10/469. Tim so nguyvén dwong n lom nhdt
sao cho tén tgi ddy n so dwong doi moi phdn

biét x,xy,...,x, thoa man tinh chat: Vai moi
i, | phdn biét thuge {l. . A n}. luon co
.‘L'I- X i E ‘ Ly I 1 Ii
~+—=+8({3:2)= (7443} —+x;x; |

.
x; X | %X,
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Loi gigi. (Cua ban Ddgng Quang Anh, 10T
chuyén Lam Son, Thanh Héa). Khong gidm
téng quat gia sir 0<x, <x, <..<x,. Khi d6
v i>j
Xt +x? 7-43)(x2x2 +1

R AP P G £, Gt
X X, X;

& (x,-x, P 2(T-4B)1+xx
=(2-3P(1+xx;).

(D<=

J>2 J3 (2).

Doi>jnén x, >x, ::>I+

' J

Do Vie{l,2,..n} x,>0 = 3gq, E(D,%j

sao cho tana, = x,. Thay vao (2) tacéd
tan(a; —a, )>tan1— (3)=a,-a, ]2 i
Néu n=7 thi

(n=-Dm_m
ﬂ"—ﬂlz(ﬂ" J.'—|.)+ +(a"_a1):}TEE

n?

= voly, vi a,.4, E(Ug]. Do dd n<6.

(i—-mn
12

Vain =06, 153: ae[{),{%] vi @ =a+

(i=1,...,6). Khldoae[ﬂz}{x—l s

<l
Pit x =tana, (i =1, ..., 6) thi x, 1@ 50

duwong pha’in biét va voi i >/ ta c6 (JaNwa man.

_"_ -tan(a a} ﬁ (:~;)n)

S =
> tan ¥3.

Viy s6 nguyén dwong 1ém nhét cin tim la n = 6.
»Nhin xér. Trong cic ban tham gia gidi bai todn
nay c¢o 3 ban co dap sbsal (n=2,n=6,n=w). Céc
ban sau diy co loi giai tot: Pik Lik: Nguyen Thanh
Kim Ngdn, 10T, THPT Cu M’Gar; Bdc Ninh:

Dieomg Phuomg Thanh 11 Toan, THPT chuyén Bic
Ninh; Ngh€¢ An: Cao Hiru Pat, 12A1, THPT chuyén
Phan B&i Chéu, TP. Vinh; Nam Binh: Trdan Minh
Hiéu, 10T2, THPT chuyén Lé Héng Phong; Hung
Yén: Chu Minh Huy, 12T, THPT chuyén Hung Yén;
Vinh Long: Phan Gia Anh, 12T, THPT chuyén
Nguyén Binh Khiém; Quing Nam: Nguyén Pham
Minh Tri, 11/1, THPT chuyén Nguyén Binh Khiém.

PANG HUNG THANG

That vay

@;*

Bai T11/469. Tim tar ca cac ham sé [ =R
thoa mdn diéu kién

(x+y) Ff(x)+ f(y) o
1= |= J{x) _ {l -, ¥Yx,yeR™ (1)
L2016 ) 2015

Léi gidi. (Theo da s6 cic ban) Theo (1), ta ¢6

R

016 | 2015 2015 °
Két hop (1) va (2), ta thu dugc
X4y
()
2015
Suyra f(x)+ f(yv)= 2f[

hay f(2x)+ f(2y)=2f(x+y),Vx,yeR*  (3)
Tir (3) ta thu dl.n:rc

] fx)+f2y),Vx,yeR* (4)

vx,yeR* (2)

_clxt+y)  fO+fO) !
=016 o T

x+y

] Vx,yeR*

2f ?—vf ks’ 2% "' f(1+x)+f(y)‘v‘xve]1%‘ (5)

4y va (5)suyra
F)+f(2y)=f(x+y)+ f(y),Vx,y eR* (6)
Tir (3) va (6), ta thu dugc
2F(x)+2f2y)=2f(x+v)+2f(¥)
=f2x)+f2y)+2f(y),Vx,yeR*

hay f(2x)-2f(x) = f2y)-2f(y), Vx,y e R*
& f(2x)-2f(x)=¢, ceR, VxeR* (7)
Tir (3) va (7) ta thu duge

flx+y)=f(x)+ f(y)+c, Vx,yeR*.
Bing phuong phap quy nap, tir dy suy ra

: f(nx)=nf(x)+(n-1)c (8)
Két hop (1) va (8) ta 6
. g
2 zomf;c)}l;zomc Py
hay f(x) = 2228/ (2‘;)1; 2006 o e

& f(x)=-2014c,Vx e R*.
Thé vao (1) ta thu duge ¢ = 0. Viy f(x)=0. O

) TOAN HOC
S3& 473 (11-2016) . CTudgifre 23

https://tieulun.hopto.org



#»Nhan xét. Day la dang toan co ban vé phuong
trinh ham véi cdp bién tu do trén R*. Nhiéu ban
airi bai vé toa soan di khong dé v dén 'r.ap xac dinh
nay nén thé ngay gid tri x = 0 vao (1) dé nhan dugc
két qua truc tiép. Lo gidi nhu vy 1a khong duge
chép nhan. Mgt s6 ban da tim duoc nghiém cua b
todn dua trén tinh tuyén tinh hitu ty cia ham cong tinh.
Céc ban sau diy co loi giai ding: Ha Tinh: Tran Heu
Pnee Thang, 10T1, THPT chuyén Ha Tinh; Nghé An:
Nguyén Puic Bao, 10A1, V3 Viét Anh, 11A1, Nguyén
Héng Quéc Khdnh, 12A1, THPT chuyén Phan Boi
Chéu, Tran Tién Manh, 11A1, THPT chuyén PH
Vinh; Quang Negdi: Vi Van Tién, 12T1, THPT chuyén
L& Khiét; Thdi Binh: Trdn Quang Minh, 11A1, THPT
chuyén Thii Binh; Thanh Héa: Ngwen Bd Tudn,
10AS5, THPT Luong Pic Bing.

NGUYEN VAN MAU

Bai T12/469. Cho hai duong tron (OQ) va (0))
cdt nhau tai B, C; M la trung diém cua BC.
Diém A chay trén (O) va khdc B, C. AB, CA
theo thir fir cat (O, tai F, E; P, Q theo thit tw la
hinh chiéu cua M trén BE, CF. Dung hinh binh
hanh MPKQ. Chimg minh rang AK luon di qua
mét diém co dinh.

Lai gidgi. B6 dé. Cho tam giac ABC, (O, R) la
dudng tron ngoai tiép, BE, CF 14 céc dudng cao
M, N theo th{r ty la trung diém cua BC, EF. K}(’

A 5] %
d6 AO//NM va — A P

&
&>

Chirng minh. Goi H la tryc tim AABC; K la
trung diém cua AH (h.1). D& thly AOMK 1a
hinh binh hanh. Do 46 AO=KM 1)

Tir (1) suy ra AQ//NM . Vi BE LAC,CF LAB,

MB=MC;KA=KH nén ME=%BC=MF;

24 TOAN HOC
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KE= %EF _KF. Két hop véi NE=NF, suy ra

MK di qua N va MK L EF. Tir dé, theo két qua
vé& duong tron Euler, suy ra KEM=90°. Viy
tam giac EMK vudng tai E va EN la dudng cao
(2). D& thay EM =%BC=Rsin A;

EK = % AH =R|cosA| (3).
Tir (1), (2) va (3), theo hé thirc lugng trong tam
gidc vuﬁng, suy ra

AO KM KM KM 1
NM NM NM “KM-KN ]__K_N
KM
_ 1 e, 1 ey
T EK?  l-cos?A sin?A’
- MK?

Tt ACHN v 22
NM sin?A

Tro lai g:m bgi rowf T12/469.
GoiR, St t tur 12 hinh chiéu cua B, C trén
CF, BE; BRACS; L la giao diém thir hai

clia va (0); (0;) 1a dudong tron ngoai tiép
A . r, r theo tha tu la ban kinh cua
@ (0y) (h.2, h.3).
mo'rzghpp i OCTTOL D@ thay

KR+ KS=MR—- MK +MS-MK
=MR+M5—2MK=MR+MS-2(W+ATQ)

= MR+MS -CS - BR
— MR+MS—CM —MS—BM - MR =0.

Hinh 2
Do d6 K 14 trung diém cua RS (1). Dé thiy
(LB,LO,)=(LB,LC)=(0OB,0M)=(0B,00,)
=—(00,,0B)mod n);
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(BL,BO))=(BL,CL)+(0,C,OM)+(OM,0,B)(modm)
= (BA,CA)+(EC,EB)+(FC,FB)(mod)
=(BF,CF)+(EC, EB)+(FC,FB) =(FC, EB)(mod )
=(GB.GC)=(0,B.0,0,)=~(0,0,,0,B)(mod ).
Do dé cac tam giac LBO;, O0,B dong dang
nguge hudng. Viy, cha y ring 0,C T10,L, ta
¢6 (0,C,0,B)=(0,L,0,B)=~(BO,BO,)
=—(0B,0,B)(mod2n)

Tir (2), cha y ring BE 1 CG, suyra
(0A,0,G) =(0A,0B)+(0B,0,B)+(0,B,0,G)(mod 27)
=2(CA,CB)+(0B,0,B)+2(CB.CG)(mod 2n)
=2(CA,CG)+(OB,0,B)(mod 21)
=2((CE,BE)+(BE,CG) ) +(OB,0,B)(mod 27)

2)

2(((35,35} +g]+((ﬁ.ﬁ)(mod2m

=2(EC,EB)+ n+(0B,0,B)(mod2n)
=(0,C,0, B)+n+(0B.0,B)(mod2n) = ni(mod2r).
Do d6 AOTL GO, (3). Tir (2) suy ra O; ¢cb

dinh. Do d6 r; khong déni_’ X (4)
Tu (1), (3) va (4), theo bo dé trén, suy ra

AD A0 GO v 1 ]

ﬁ—G—OZﬁ 1 sin?BGC
3 ik o 2__41';'2 //(5)
A

Tir (3), (4) va (5), theo bb dé tré@&m AK va
OO, cét nhau tai mot diém, ky Weu 1a N, va

NO b AO __4m
i 0 0 B
nghia 1a 4K ludn di qua mot diém co dinh, diém N.
Trieomg hop 2. 0,C T4 O,L. Tuong ty truimg
AO _ 4,

(khong d6i). Pidu d6 c6

hop 1, A0 M1 GO, va

M BC?

Hinh 3

§7’ rung Phuwang,

; drr, S by

Néu BC? =1 thi, chi y rang
4rr, _ BO .8(23'2_,E»’(,'I}I_BO2 o
BC* BM BM’'BM ~ 'BM
BO . BO, . e L

suy ra W_l’ BM =1. Vay O=M =0,.
; T T

Do do UEE—EE[GB,GC}—[BA,CA)

=(CF,BE)—(BF,CE)(modr) =(CF,BE)+(CE,BF)

=(CF, BF)+(CE, BE)=2(CF,BF)=(C0,.B0) ) (mod ).
Diéu do c6 nghia la B, C, O, thing hang. Noi
cach khic O, =M. Viy 0=0,, méu thuin.
4rr,
BC?
hop 1, AK va 0O, cit nhau tai mét diém, ky

NO AO _ A4,

NM KM BC:
Vay AK luén di qua diém N cb djnh. 01
#Nhdn xét. Bai toan nay kho, chi ¢ chin ban tham

gia gidi, tuy ghién ca chin ban déu khéng khiic phyc
duge tinh& phép chimg minh phu thugc hinh v&,
mic dﬁ% van néu tén céc ban: Phii The: Trdn
Ougaddlp. 10T, THPT chuyén Hing Vuong, TP. Viét
¢ Ninh: Dinh Quang Truwong, 11T, THPT
¢én Bic Ninh, TP. Bic Ninh; Vinh Phic: D6
11A1, THPT chuyén Vinh Phic, TP.
Vinh Yén; Thanh Héa: Pdang Ouang Anh, 10T,
THPT chuyén Lam Son, TP Thanh Héa; Nghé An:
Nguyén Purc Bao, 10A1, Nguyén Héng Quéc Khéanh,
12A1, THPT chuyén Phan Bdi Chéu, TP. Vinh; Bdng
Duy Bao Khanh, 11A1, THPT chuyén PH Vinh; Ha
Tinh: Newyén Thi Linh Chi, Nguyén Quoc Khdanh,
10T1, THPT chuyén Ha Tinh, TP. Ha Tinh.
NGUYEN MINH HA
Bai L1/469. Dogn mach xoay chiéu g(?:m mot
cugn ddy mdc noi ffafp vai ty dién co dién dung
C. Dat vao doan mach dién dp u=U,coswt thi

Toém lai #1. Do d6, twong ty nhu trudng

(khéng ddi).

hiéu 1a N, va

cuwong do dong dién trong mach sém pha géc
¢ s0 voi dién ap w va dién dp hiéu dung voi

C'=3C thi cuang do dong dién trong mach tré

, 18
pha gic ¢, =-
: T2 g

hiéu dyng gilta hai dau cudn day la 90V. Hday
xde dinh U,.

-, S0 vai dién dp u va dién dp

Léi gidi. Dién dp hai ddu cudn diy:
U,=30Vva U,=90Vnén Z=3Z'

TOAN H
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= JRR (2, —zc P =3/R*+(Z, —ZC.)l 2n _2mA

== —&-:4———05.4 =0,3 (s)
o z,-7.\ e vi H=0437 =0.5T=15(),
R k Khi hai vit gip nhau thi x; = x;
; n T
Hay tan® ¢, =8+ 9tan? [g—{plj, =X, = Acos[mz—f]-— X,= Acos[Zmr—E]
Phuong trinh trén c6 nghiém: tang, =-3 suy ra _ 9., T _ ., T opp (1)
2 2

, Z,-Z.=-3R
tan ¢, = , do do ta co: Za AR va 20f = =— mr—£}+2kn (2)

3 gl 2 -
Tir d6 ta tim duge: Z, =2R; Z. =5R. Tir (1): er:zkn:;,;:z%R 0,5kA =T =3k
Thay vao biéu thire: " Wi k=0.1.2.3..... 3)

—30V = T4 72 1

A e Tie @) Jarr=@nihrmr=Za =005
ta tinh duge U =3042V = U, =60(V). O voin=0,1,2,3,.. ‘ (4)
>Nhgn xét. Chi c6 ban Nguyén Viét Puie, 11A9, THPT 10 (3): Céc thoi diem gip nhau la:
Durong Quang Ham, Van Giang, Hung Yén gui 1o giaiva 7= (Dol g el e (5)
giai ding. o 51 ?T ; ®)
NGUYEN XUANQUANG VA T"=¢ i g i e i g i
Bai L.2/469. Hai vit nhé dao ding vdi cdc phicong Ty (5) va (6) ta duoc:
trink la x, = Asinwt va x, =Asin2ax, véi A = 6 em T 3F ST T 9T UT 13T
v voi tie do cwre dar cua vait 1 la vig .4'7[ Lem/s); tal 6 6 ‘Q & ? ,“-6_ b T i _'6_ i
hiing cing khai hanh tic vi tri cdn bang O, theo Viy hai ®p nhau lin déau sau lac khai hanh la:

<J'.l.. u dwong. Hoi sau do bao lau chi ing |\ i gap nhau 2 lx T 3

(lein daw) va di cing uJ'I.. u hay ngwoe chiéu. Q\ F:E=E=O’5(bln
Léi gidgi. Phwong trinh dao dong duoc viét lai: - %ﬂ' xét. Cac ban c6 loi gidi ding dé ra ki nay: Vinh
T T ng: Phan Gia Anh, 12T1, Nguyén Minh Long, 12T1,
x,= Acos s va x,= Acos| 20t - THPT chuyén Nguyén Binh Khiém: Long An: Nguyén
#¥  Binh An, 11T2, THPT chuyén Long An; Ha Ngi: Nguyén
IR & i @‘ Van Ding, 10A14, THPT Ngoc Téo, Phic Tho; Hung
Taoo: A?=x +@:"Am Vo g, O Yén: Neuyén Viét P, 11A9, THPT Duong Quang Ham,
" i % Vin Giang; Hai Duong: Nguyén Ddng Som, 11A, THPT

S o=6= ’"E" B —(radf:,) Nam Sach.

an DINH THAI QUYNH
vi m, =2w=—3— (rad/ s).

PROBLEMS ... (Tiép theo trang 17) which satisfy the property |f(i)—f{j}‘ <p for
TOWARDS MATHEMATICAL any i,je{l,23.... n}.
OLYMPIAD Problem T12/473. Given a non-right triangle

Problem T10/473. Show that there exist ABC. Let O and H respectively be the
: ; e " circumcenter and the orthocenter of ABC.
infinitely many positive integers n so that n°+1  Choose an arbitrary point M on (O) so that M is
has a prime divisor p which is greater than different from 4, B, and C. Let N denote the

symmetric point of M through BC. Let P be the
i second intersection between A4M  and the
Problem T11/473. Given two arbitrary positive  circumcircle of OMN. Prove that HN goes

integers » and p. Find the number of functions through the orthocenter of AOP.

Translated by NGUYEN PHU HOANG LAN
i {11 9.5 J e ﬂ} .4 {_P,—P el ik ,P} (College of Science-Vietmam National University, Hanai)
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mcmas TONG QUAT

1. MO DAU
Trén Tap chi Toan hoc & Tudi tré (s6 420
thang 6 nam 2012; trang 10) dd gigi thiéu bai
viét clia tic gia Pham Huy Hoang véi ndi dung:
Khai thic céc tinh chit cia diém FERMAT -
TORRICELLI gin véi ménh dé sau: “Néu vé
phia ngoai tam gide ABC dimg ba tam gide déu
BCA,; CABy; ABC, thi ba dudng thing AA,;
BB,; CC, dong quy tai mot diém” [1].
Trong bai viét ndy ching téi trinh bay mot sb
huéng tong quat ménh dé [1].
D¢ tong quat mt ménh dé todn hoc hay mot bai
toan nhiéu khi phai tién hanh theo trinh ty céc
budc:

phét bing mét gia thiét tong quat hon.

S

ch véi gia

- Dy doan két luin méi.
- Chon céng cu chimg minh tuon
thiét va két qua du dodn.
Thye hién xong cac bude trén ta ching minh
duoc ménh dé hay bai toan dé 6 két qua mai.

2. NOI DUNG
Cong cy sir dung cho viéc tong quat ménh dé
[1] 1a cdc tinh chét cia phép quay xung quanh
mot diém trong mit phang va phép déng dang
quay, thé hién qua cac ménh dé sau:
Ménh dé 2.1.

dwong thang a qua phép quay tam O géc o

Néu dwong thang a’ la anh cua

= L Jartog b z F1595
<~ 1hi goc giita duong thing a va a

vei 0= a

héng .

- Thay gia thiét trong ménh dé hay bai toérgg%

Théat viy, goi H 1a hinh chiéu cia tim O cla
phép quay lén duong thing a. Khi dé qua phép
quay Q(O;a) anh cta O la chinh né; anh cua H
la A (h.1). Tir d6 suy ra anh cia OH 1a OH".

\$ Hinh 1
[@ ép quay béo toan goc gitra hai dudng thing
\Q‘a vi OHLa nén OH'la'. Gia sit dudng

thing a cit o’ tai 1. Khi do6 tir gidc OHIH' noi
tiép. Suy ra goc giita @ va a’ bang .

Chii . Néu goc quay lay theo chidu am thi géc
gilta a va a’ bang |a|; 0<|o| i%.

Ta ky hiéu £ (O;a;k) 1a phép dong dang quay
(tich giao hoan dwge cia phép quay Q(0;a) va
phép vi tu V(O k).

Ménh dé 2.2. Néu a’ la anh clia dwong thing a

. ; o g - ;| R s
qua phép B(Q:a:k)vei 0<a < — thi goc gita

hai dwong thang ava a' hc?rrg ;1

Trong ménh dé [1] gia thiét da cho 12 cac tam
gidc BCA,; CAB,; ABC, déu. Vi moi cip tam
gidc déu thi dong dang v&i nhau va mdi tam
gidc déu 12 truomg hop dic biét cua tam gidc
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can. Tur d6 ching ta c6 hai huéng tong quat
ménh dé [1].

Huémg 1. Ta c6 ménh d& méi tong quat ciia [1]
Ménh aé 2.3. Néu vé phia ngoai tam gidc ABC
ABC,; A\BC;

AB\C dong dang, lan lwgt c¢é cde goc o dinh

nguoi ta dung cde tam gidc cdn

:9-;?11'-.] = ff_;(_' B,E( =o; 0<a ﬂ% thi cac dwdng

thing AA,; BB,; CC, dong quy tai diém I

o Bl

A, Hinh2
Chirng minh. (h.2) Goi I=BB nCC ta lap
ludn chiang to ba diém A; I A, thfmg hang. That
viy, thuc hién phép quay Q (A;a ). Khi do B la

anh cua C, va B, 1a anh cta C. T do dudn S\

thang C,C c6 anh 1a BB,. Theo ménh dé 2. 1
BIC =o . Tir d6 tr gidc BIAC, ndi @ng

i e g

mot duong tron va AIC, =C,B )
¢6 BIC =m—0. nén tir gidc BICA, ndi tiép. Tur

d6 BIA, = BCA, = AIC, +C, 1B+ BIA,

. LB
5 5 tats -5 =1 Suy ra ba diém A4; I; 4,

thing hang. D& dang kiém tra: A'}B*g+% =AIC,

BIC=n-a. Trong truomg hop dic biét néu
o=60° thi AIB=BIC =CIA=120", Khi d6 I
chinh la diém FERMAT - TORRICELLIL
Hudng 2. Do moi cip tam giic déu thi dong
dang voi nhau nén ta 6 ménh dé 2.4, khai quat
clia ménh dé [1] nhu sau:

TOAN HOC
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Ménh dé 2.4. Néu vé phia ngoai tam gidc ABC
ACB’; A'CB

doi mgt dong dang véi mhau va thoa mdan

nguwoi ta dyng cdc tam gidac AC'B,

BAC'=B'AC=BA'C=c; 0<a< E thi cac diong

thing AA’;, BR, CC° {ft}:ﬂ.':_j quy tai diém .

A" Hinh3
Chiing minh. (h.3) Thyuc hién phép dong dang

quay D(A:u;:—g=k]. Qua phép déng dang

P( Asat; k@r cia C” 14 B; anh cia C1a B’. Khi

do B ’,&anh cua duomg thiang C’C qua phép
s A

0 Xng noi trén. Tir do goc gitta CC” va BB’

a. Gia st CC’ cit BB tai I va goc
BA=CBA'=CB A=p. Khi 6 tir gidc AIBC’ 1a

tir gidc noi tiép nén ClA= B Ti dé BIA = a+p.
Pé chimg minh ba diém 4; I, 4’ thing hang ta
lp luan chimg to6 BIA'=n—(ci+p). Thit viy,
tir BIC+BA'C=(n-a)+a=n = BICA' 14 ti
gidc ndi tiép. Tir d6 BIA'= A'CB = n—(a+p).
Ban doc c6 thé kiém tra truc tiép: Néu
a=B=60" thi ] tring v&i diém FERMAT -
TORRICELLI va phép déng dang quay suy
bién thanh phép quay O( 0;60°).

3. KET LUAN
Ban doc c6 thé tim thdy nhiéu ménh dé, bai
toan trong Tap chi Todn hoc Tuéi iré con &
dang mé, viéc tim toi phat hién dé tong quat
hoa cac bai toan, cdc ménh dé s& b ich cho
viéc tr bdi dudng ning lyc phat hién va giai
quyét van dé, ning lyc nay dang dugc quan tim
trong d6i méi giao duc toan hoc hién nay.
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THUC POPOVICI

I. BAT DANG
Trude hét ching ta nhic lai mdt sé dinh nghia va
dinh 1i co ban

Dinh nghia 1. Cho [ la mor .l{.n con cua . Mot
ham s6 | s R dwoe goi la 16i trén 1 néu bat
dang thir

FOx+(1=An)=hf()+(1=2)f(v)
dwge thoa méan vai moi x,vel va Le(0,1)

mot ham so lién

Dinh li 1. Cho f:la.b]—=R I

tuc. Khi do, cdac khang dinh dwdi day la twong

dieong

X+ y f(x)+ f(y) .
1) ! . véi moi x,y €[a,b]

1] | 3

h) i +(1-=A)V) fix) | =AY Fiy) m

Il'_’. } I i # 0.1

X | \ FOx )+ 7 (x) fl )

I —
M )

vaimoi nelN va x,,x,,....x [a,b]

d) flrhx, +5 41 X )S R +n(x)+ "*@l'-. )
L
VT MOT X, X yenas X |J ."=| v BT, % Vieri
+
n+n et =1, @
+OLX, + - e S il oL fOe Y+ - o fix )

e) flox

vai mpi X, X,.....x, €lab]l va o0, o >0
vai o, +0l, +ta =1,

Nhdn xét 1. Phén (e) cia dinh 1i trén chinh la bat
dang thirc Jensen suy ring (weighted Jensen’s
inequality).

Dinh i sau déy la diéu ki¢n du cho mét ham s6 16i
Pinh 2. Cho f:[a,b]l— R la mot ham sa lién tuc
va ¢6 dao ham dén cap hai trong (a,b). Khi d6, néu
F(x)20" véi moi xe(a,b) thi f la ham l6i trén
(a,b).

Chiing minh. Gia sit x,y 14 hai diém bat ki thude
[a,b] vdi x <y. Khidé, voimei A e(0,1) taco

" Nhiéu tii ligu tiéng Viét quan nigm ham 16i theo nghia ngugc
lai, tire 14 f"(x)=0 véi moi xe(a,b). Ditu ndy trdi nguge vi
philn Iém céc tai ligu todn trén thé gidi.

XAY DUNG CAC BAI TOAN TU

AT DA THIC POPOICA VBT ok T ke

NGUYEN VIET HUNG
(GV THPT chuyén KHIN, PHOG Ha Ngi)

x<Ax+(1-A)y<y. Theo dinh li Lagrange thi tbn
tai Ee(x,Ax+(1-1)y) va ne(x+(1-A)y,») sao cho:
f®-= SOx+(1-1)y)—f(x) _ fOx+(1-1)y)-f(x)

A H(l-A)y—x (1-A)y-x) '
f.{n)=fb=) fOx+(1-1)) _ fO)-fOx+(1-1)y)
y—x—(1-A)y My—x) ’

Vi f"(x)20 véi moi xe(a,b) nén f'(x) 13 him
dbng bién trén (a,b). Do dd f'(E)< f'(m). Thc la ta
 fOx+A-My)-F(x) _ fO) - fOx+(1-D)y)
(1-A)y—x) My=-x) '
Nhung diéu nay twong dwong véi
FOX+ 1 =A)y) <A () +(1-1) f()-
Piéu nay N\RO f 12 him 13i trén (a,b).

Nam nha todn hoc ngum Rumani la T.
Popg da chimg minh dugc két qua sau dﬁy

(i

i li 3 (Popoviciu). Véu f la mot ham so loi
(doan thi vaimgi x,v,zel taco
U+ y+2
1 i F{v) {7y _{Ifl - -
; 3

X+ y L ¥+z Z+ X

> 7 f ) R B T e
2 al == LI\~ ek

Chimg minh. Do tinh d6i xtmg cta cic bién nén ta
co thé gia st x <y <z. Ching ta xét hai trudmg hop

X+y+z I+Xx X+

. WA X+y+z
Neu : 3 thi 5 Vg e[x, 3 1.
Khi d6, ton tai hai s6 A,,A, €[0,1] sao cho
Z+x-(1 A x4+, ﬂ';’l
x+y_(,1 lz}x+lix+§+z,
3

R’I +}L-2 =§.--

Sir dyung bét dang thirc Jensen ta duoc

f(x+y}+f(y+z)+f(z+x
x+y+z ARG
< (1=, F(X)+ A, F( =
x+y+z

+H(1=A)f(x)+A, f(

TOAN HOC
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= SO ) 3 ok ke

2 Rl s
£ + f y = +¥+z
« Néu y<Z ;l-h thi -;x,yz E[x : .z].

Khi do, ton tai hai s6 p,,p, €[0,1] sao cho

+ X+y+z

22x=(1—u1)2+u. g .

+z X+y+z

e
3

.LL1+}'L2=§'

Ap dung bit ding thirc Jensen ching ta c6

FED S s

X+y+:z

5 )= )f (@) +p, £
_fO)+fON+f(@) 3 xty+z
* 2 33
11, UNG DUNG BAT DANG THUC POPOVICIU
PE XAY DUNG CAC BAI TOAN

X+y+z
3

)

).

nin+1)

=0 vai
tur2

- Xét ham b f(x)=— c6 f"(x)=
X

moi x>0. Do d6 f 12 ham 15i trén khoang
{0,+), Theo bat dﬁng thire Popoviciu ta c6

i Gy ( 3 ]
+—+—+3
s LR a+b+c

+

IV

trong dd a.b.c > 0. Truding hop n=1, ta cg két
qui kha dep *$Q~

l.-+ j;'F l‘ﬁ' 9 2:__:i__ 4..4{35§t}L 4l !

a b ¢ a+b+c a+b b c+a

Két qua nay twong duong vdi bit ding thirc quen
thudc sau day

b+(7+£'+ﬂ+a+b:_)4 % G b i ity
a b & b+¢ c¢+a a+b

Tuong tw, véi mei a,b,c>0 vid moi sé nguyén

duong n=2, ching ta co

a+b+cY
3

a'+b" +c¢" +3[

sof 2D % b+cY c+a)
_2[ > +2 2 +2 3 .
« Xét ham sb6 f(x)=¢* cé f(x)=¢e" >0 vdi moi

xeR nén f la ham 16i trén R. Do d6 v&i moi
x.y.xelR tacod

X+y+2

e +e +e +3e

Ity y+z I+r

>2e 2 +2e2? 4+2¢ 2,

TOAN HOC
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Tir bit ding thirc nay, thay bé (x.v.z) bai

(Ina,Inb,Inc) v&i a,b,c >, taduge
a+b+c+3abe = 2(Jab +Jbe +Jca).

Nhdn xét 2. Bit dang thirc nay ciing ¢ thé duge

chirng minh nhé bat dang thire Schur.

- Xét ham f(x)=-Inx cb f”(x]=x—11 >0 véi moi

x>0. Suyra f la ham 15i trén (0,+). Do d6 vdi
moi x,y,z>0 taco

x+y+z

Inx+Iny+Inz+3In

x+y B i 2+ X
=21 +21 +21n g
il i) 2

(x+yMy+z)z+x)
8 ?

X+y+z 3{ (x+y)y+z)z+x) :
3 o 8 :

< In(xyz)+31n <2In

X+y+z
3

=1 xyz.(

1=

« Xét ham f(x)=—4% (122) c6 fr0=""lx
n

=
véimoi x>0. Suyra f 1a ham 16i trén (0,4). Do

+

vy vai >0 tacd

@E@-m +3J“+‘2+" gziﬁ;b £ Jb;r“ +2Q/%“.

ghop n=2, taco két qua

=

%x Ja+b+Jc+B3a+b+c)

ERNERER

<J2a+b) +J2(b+c) +2(c +a).

- Xéthamsé f(x)=— c6 f"(x)=—2L 50 vei
QEE- 2 ;+2
n X
moi x>0. Do dé voi moi ab,c>0 taco
_1__4._!__+._!__4-3n .__51___
Ya b e Na+b+c

2 2 2
=7 n 2a .
_2Ja+b+2Jb+c+ J;+a

Trudmg hop n=2, tacd
1 1

1 3
BRI S Y e
Uz W et Vowbee

2 2 2
> 2 ;
_ZJG+5+2JFJ+C+ c+a

«Ham sé f(x)=1x| thoéa man tinh chét

x+y.  f(x)+ f(y)
i 2 = 5
Vi the chung ta co
lal+lbl+lel+la+b+eclzla+bl+lb+el+le+al.

nén no ciing 1a mot ham 1oi.

Nhgn xét 3. Pay chinh la mdt trudng hop riéng cia
bit dang thirc Hlawka ndi tiéng.
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Xét ham f()=———e cb f'(x)=
Y +1

3x
(P +1PE +1 =
voi moi x e(0,4w). Nhu vidy f 1a him 16i trén
(0,0). Do d6, theo bat dé"mg thire Popoviciu thi véi
moi 50 thue duong a,b,c ta ludn co

a b sa-ibia Ia+b+c)
Ja' +1 B +1 P+l Jatb+cf +9
- 2Ma+b) 2(b+¢) 20c+a)

CJ@+b) +4  Jb+c)¥ +4  Jc+a) +4

» D& dang kiém tra duoc ring ham s6 f(x)=xInx
16i trén (0,+00) nén véi moi a,b,c >0 taco

a+b+c

alna+blnb+clnec+(a+b+c¢)ln

;c +(c+a)ln c';a

2
e[l S @b (e (cra)”
3 2 2 2

a’b’c(a+hb+e)* e . [i]ﬁbh
(a+ b}“h(b -+ (_‘]I’*“'((_. +a)r.'+a = b :

St Bt

« Ham sb f(x)= - 16i trén [0,40) vi
+e

e’(e” 1)>0 vii moi x=0. Do dé, theo

fﬂ(l_};

(e +1) 2

\J

Thay (x,y,z) b&i (A,B,C) v&i A,B,C la ba goc
cua mdt tam giac, ta thu duoc
: ; : 33 A B #
A+smn B+ = ol == i
sinA+sinB +sinC + 3 ,.2[!:052 + COs 5 +0052],
Hodan toan tuwong ty, ching ta cing xdy dung duoc

cusA+cosB+cusC‘+%52(Sin%+sin-§-+sin EJ

2
trong d6 A,B.C la ba goc cua tam gidac nhon ABC.
« Xét ham f(x)=tanx cd f“(x)-zsmx:}() Vi
cos'x

moi xe[O,g). Nghia la f 16i trén (I},E). Tir do

X+Vy+z
suy ra; tanx-+tany+tanz+3tan g
X+y y+z Z+x
=2tan + 2tan +2tan
2 2 2
trong do _r.y,ze{ﬂ,g}. Thay (x,y,z) badi

\
thi thu dm@n— + tan—+ [an— +3

A+ B B+C C+A
> 2 E .
L tan 2 <+ tan 3 + fan 2 ]

X
B
'ﬁlgm nhur thé, dbi véi ham f(x)=cotx ching

M|;:h.
lu[t:g

%J voi A,B,C 14 ba géc cua mét tam gidc,

hgld,&mg thirc Popoviciu, véi moi x,v,z20 ta co Q%\ a cling co: cu[x+cntv+wtv+3cm'1+»+
4
1 1 1 3 % i S
+ = = = Q s9cat XY s 3eat 25 15 ontZ
l+e' 1+e" l+¢ L o 2 o=
l1+e 3 %
#* g s 5 - ~
s 2. 2 2 Vi x,y.ze{[}.%}r, Tir diy cling suy ra dugc
l+e 2 1+ez l+.¢.-"2

Tir bat déng thirc ndy, thay bd (x,y,z) baoi

(Ina.Inb,Inc) v&i a,b,e =1, ta duge
1 1 1 3y 3
l+a 1+b 1+¢ 1+3abc
o 2 I 7 o 2
T1+Jab 1+Jbc 1+ea

« Xét hdim f(x)=-sinx ¢d6 f'(x)=sinx>0 v
moi x e(0,m) nén f 14 trén (0, 7). Thé thi v&i moi

x,v,ze(0,m) taco

i i : . X+y+z
51n.1'+smy+smz+3$ln-—-§:—
A i F i N i
<2sin J'I+2&‘.m£——i-~-—+25m 2

cotA+cotB+ cmC+ﬁ22[tan—';—+tang+tan%}

0 doé A,B,C laba gbc cua mét tam gide nhon.
Tuong ty nhu trén, nho bat ding thic Popoviciu ta
cing xdy dung duge cho hiam 16i (trén [0.,2))
f(x)=xe’ nhu sau

a+h+e

ae® +be” +ce’ +(a+b+cle ?

ath b 4

2(a+b)e ® +(b+c)e ® +(c+a)e 2
& 46 a,b,c=0. Tir day ta lai thay thé (a,b,c) boi
(Inx,Iny,Inz) v&i x,y,z=1 thi thu duge
xInx+ylny+ zlnz+@ln(xy3)
> Jxy In(xy) + fyz In(yz) + +/zx In(zx)

hay Jc“‘y"zz(xyz)ij"’E > ()™ (v (2x0)=.
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M. XAY DUNG CAC BAlI TOAN TU BAT

DANG THU'C JENSEN
« Tir hai ham s6 Bi f(x)=x" va f(x)=—, kt
X

hop voi bat ding thirc Jensen, ching ta suy ra: véi
a,b,c>0 thoa min a+b+c=1 thi v&i moi
x,v,2>0 taludn cod

ax" +by" +cz" z (ax + by + cz)",

i"+in+_‘§r_2 1
b, SEATE ) A -

Chon x=a,y=b,z=c tadugc
a +1 +bn+] +CII-] 2(ﬂ2+b2 +02)J‘r!
1 1 1 > 1 :
(@’ +b* +*)

(ax+by+ez)"

an—l bn—l L_N—l
Chon x=b+c,y=c+a,z=a+b thi duge
a(b+c)" +blc+a)" +ecla+b)

=25
(ab+ bc + ca)”

a b s
+

{ab+bc+ca)".[ p = wi|2lu.
(b+c)" (c+a)" (a+h) 2

bc
=—— Y =— 7= tad
Chon x = ¥ A z > roc

a[ﬁ) +h[£) +c[ﬁj =(ab+bec +ca)",
da b c

b

+

b+c

Wi : ,y=c+a

r
5 a+btadmrc Q{

(e ol g
a b

g . By A

B

a(b+c] +b(c+a) +C[a+b) g

+ Tuong tw nhir trén, sir dung bat dﬁng thirc Jensen

cho hai him 88 f(x)=—4F vi flx)=— abu 1hi

Yr
trén (0,+o0), chung ta cd

ayfx + byfy + ¥z < gfax+ by +ez,
i_}._._'!l..q.-c_}__l.._._.—
Yx 4y Wz gax+by+ez’

trong d6 a,b,c,x,y,z>0 va a+b+c=1. T diy,

ta lai thay bd (x,y,z) lin lugt bai
bc ca ab

)

(ab(}[l i l]{b—l-t c+aa+b),[
"b'e

(EH-C c+a a+b

= i ] thi thu dugc
a b

32 T?ﬁc?uggcc S6 473(11-2016)

J_ﬂaJ_+bJ_+c%if_S~.l'"az+bz+ .

:’Ez—+—+i2—-——~———,

aib+c+b¥c+a+c¥a+b Sﬁ,

Yab+bc+ca
a b ¢ 1
Yab+bc+ca. 4+ —_— |2,
A Ca[-'b’bﬂ' Ye+a %’E+b] 12
aﬂ£+b"%+m%b Yab+bc +ca,
a
a

an +b@+cn£>;
be ca Vab Yab+bctca’
b+c +b4c+a +L_;JE+.'J £
a b ¢
a b ' 1
n " f 2 i
Ig\“r+.:‘ +ch+a e a+b 42

Mit khéc, néu chon x=d" +8bc,y=h +8ca,z=c" +8ab

thi hai bit ding thirc trén tré thinh
aﬂaz +8be +z';l%‘b2 +8ca +c¥c? +8ab

< thal® + 8hc) + b(b” + 8ca) +c(c” +8ab)
+b® +¢* +24abe

<2 P& +3a+bXb+o)c+a) =Yla+b+c) =1.
iét, bai bit ding thire IMO nam 2001 1a mét

S

%mﬂng hop riéng cua bai toén trén, khi n=2,

AR (2] 5] rar g

ava® +8bc +b/b* +8ca +cct +8ab < (a+b+c),
a g b T c
Jat +8bc  b* +8ca +Jc* +8ab
«Khi abc=1 chiing ta c6 dong nhit thirc:
1 4 1 L 1 4
l+a+ab l+b+bc l+c+tca
Do d6 vai f 1a mot ham s6 16i va a,b,c,x,y,2>0

J(x) S Sf(z)

l+a+ab 1+b+be l+c+ca

ching ta co:

> . Y <2 ¢
"‘JF[H.{H::.-!J+ T+b+bc  l+c+ca
Chon f la nhitng ham & trén thi dwoc

" LU e

v z
T e

X
1+a+ab

l+c+eca

= X - ¥ 3 z i
“\l+a+ab l+b+bc l+c+eca )’
l+a+ab l1+b+bc l+c+ca

YooTs o F
l+a+ab 1+b+bc l+c+ca’
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Tir day ta lai tiép tuc lay (x,y,z)=(a,b,c) dé thu

duge: L8 2 + i P
l+a+ab 1+b+bc l+c+ca

v U’E b + e
l+a+ab 1+b+bc l+c+ca”

Sir dung bat ding thic Jensen véi ham 16
flx)=xInx taciing cd
arInx+bylny+czlnz=(ax+ by +cz)In(ax + by + cz),

& d6 a,b,c,x,y,z>0 vi a+b+c=1. Hay cd thé

J

av+byscr
.

-y .27 > (ax + by +cz2)
Lai thay bd (x,y,z) lan luot bai (a,b,c),

be ca ab] (b+£‘ c+a a+b

viét dudi dang: x™

b+c,c+a,a+b =
e )[abc a b c

i e Tom
thi duge: a” b* ¢ 2(a® + PP +2)7 0,
{b+c)a'[b+f'.l *l:f.' +a)b{1.’-l-¢? '(ﬂ T h)i‘fd+“

> (_20.’) +2b€ +2Cd)20h+2bc+2m’
G

ca ca db ak Lht
basaail 0 s = cd
b ] [ 5 J =(ab+ be + ca) :
bac c+a
eyl

a+h
o) (22",

Ap dung bit ding thic Jensen cho ham 1dm
fi(x)=Inx, tadugc

a;lnx +a,lnx, +--

bec

a

b+c
a

a+hb
o

+a, Inx,

<Info x, + 0L, +
M Zaaig D
= PRl X" S0 o o,

o

trong do o, >0,x, >0 va o, +a, +-- +4

Nhdn xét 4. Diy chinh 13 bit din AM-GM
suy rqng {weighted AM-GM mcqua]lt ma chiing ta
da biét. Ngoai ra né ciing cé thé duge xdy dyng tir
ham 16i f(x)=¢".

Trudng hop n=3, ching ta co (véi a,b,c,x,y,z>0

va a+b+c=1): ax+by+cz>x"y"z".

Lan lugt thay (x,y,z) bai (a,b,c), [-‘1;

C.abibreoraa+h) (E E,E],[b—,ﬂ.ﬁ—
d5h " a b c

thi thu duge:

1 :
@+ +c zabc = T > max{b’c"a*,a" b c"},

2(ab+bc+ca)z(b+c)(c+a)(a+b),

[E) (E] ['Lb] Zab+bc+ca,
b I

a

+

+a,5,) &

a+b
-

b+c
a

o
1= ] - <2
Tir day bét déing thirc diu tién co thé suy ra
min{a®*h* ¢, 8" ¢ ) 2 1.
Sir dung bét ding thirc AM-GM suy rong chiing ta
dé dang xdy dyng dugc bai toan
@b’ +a b + @b <(a+b+c) =1.

x
yx© +1

a,be,x,y,z>0 vi

Theo phén trén, ham s6 f(x)=- ciing 161

trén (0, +o0) nén v&i moi
a+b+c=1, taco
ax i .‘.:y e B ax+by+cz .
Vil (P41 241 Jlax+by+er) +1
Néu tachon a=b=c=1/3 thi duoc

£ o A 8.t x+y+2) ;
Nxt +1 Jy2+1 V22 +1 J{x+_y+z)z+9
Con néu ta lai thay (x,y,z) 1in lugt bai
@h,0G g M g ecaab O 52D
(b+c, c+®){b+" G ‘”"’1 thi thu droc:
a; a+bh+c’
J_ Jc_+ J@ +b* +c*) +1
%" b I - =
Ja +1 Jb2+l JE+1 10’
a b sl Y Ja+Jb+Je
B e ey Je+1™ \f2(Jab +Jbc +ea +1)
1 1 1 i 1 < 3 :
VB +1 Jidd+1 Ja?b 1 9Bt +1
| e o
RS 1l R - | S
JBPE+at  Jed + B Jath* +c* m’
alb+c) Me+a) ; cla+b) Aab+bc+ca)
Jb+eP 41 Jle+aP+1 J@+b’+1  JMab+be+cay +1
alb+¢) blc+a) cla+b) {":'2_
Ja@’ +(b+c) Jbz +(c+a) Jc’j +la+b} 5

Trong bit dang thirc trén, khi ching ta thay b
2,2) b | =2, 2 | thi ét qua
(x,y,z) bai [a 2 c] i nhin dugc két qua

ax

vai +x°

CcZ

by i X+y+z
Ve + 72

+ < :
Jb2+y2 J{x+y+z)z+1
Chon x=1,y=2,z=3 tacd m@théquﬁtmctiép 1a

&% 2b G 3c - 6
o+l e 14 49 ANIT
TOAN H
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Hay c6 thé chon a=%,b=% .'=—(a+h+a 1)
thi thu duoc

X p ¥ ” z ” J4:+3-~+z2 :
Ji+ax® 149y 143627 J(x+y+2) +1

Sir dung bét déng thirc Jensen cho ham 1om
flx)=lnx voi a,b,c>0 taco

Ina+
atb+c

al+.‘:-2+c'1]

b C
t s
l-;z+b+.[7}nfJ a+b+c]m [ a+b+e

& a'bre [L} .
a+hb+c

Tir day, cho thém didu kién a” +b* +¢* =1 thi thu
duoc: a®b’c‘(a+b+c)y*™ <1,
Con néu cho diéu kién a+b+c=1 thi lai duge

2Bt <a® 1B 4,
Tuong tr nhé bt ding thirc Jensen vi him
f(x)=xe* 16i trén (0,4+) ta xdy dung dugc

axe® +bye’ +cze” = (ax + by + cz)e™ ™"
0 46 a,b,c,x,y,220 vi a+b+c=1. Ta ciing sé&
tién hanh thay (x,y,z) boi (InwInv,Inw) véi

X by ow fl a boc
wv,w=1 dé thu duge: u™v"w™ Z(u"v'w ' " " .

Chon a=b=c=3 thi v w" = [aw)™.

b —

Chon (i, v, w)={l,— ) thi (a’h"c)" B > abe
a

Ciing sur dung bt dang thirc Jensen cho hj

f(x}: 16i trén [0,+0), v&i a, ;.0@; Vi
a, +a,+--+a, =1, chingta co @»
a @, a 1
L > a
l+e 1+e™ l+e™ 14717227 %%

Thay (x,,x,,...,x,) béi (Inx, lnx,,... Inx) voi

diéu kign x, > 1, ta dugc
a a 1
— s A MR s B o
I+x  1l+x, 1+ x, | b e
£ 1.5
Néu chon @, =a, =---=a, =— thi thu dugc
n
1 +L+... 1 > g
1+ 1+, 1+x,  1+zfxx,-x,

déy chinh la mdt bai toan trong IMO Shortlist 1998
(do Australia dé nghi). Xét néng trudng hop n=3

. 1 1 1 1
vé chon a, =E,a2 =-§-,a3 ="(;’ ta co
3 z 1 6
+ - > :
1+a® 1+ 1+ l+abc

TOAN HOC
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& d6 a,b,c>1. Diy ciing 14 mt bai toan rat quen
thude.

* Ta liép tuc chon ham f(x)=In(l+¢"). Dé dang
kiém tra duge £ 1i ham 16i. Do d6 (theo bét ding
thire Jensen) vai @, >0 va g +a, ++a,=1, taco

xl7"'+dn:n}

ot X
¥ “Pf).'i‘

a, 1r1(1+e"‘)+---+an ln(l+r:x")21n(l+eﬂ'

hay (1+€1) --(1+e™")" 21+

Ta lai tién hanh thay (x.x,....,x,) béi
(Inx,Inx,,....Inx,} trong d6 x, >0 thi thu dugc

(1+x, ) ...{14_11-"}“" 21_}_}::’1 ”'x:"
Néulay @, =a,=--=a, =;11- thi

1+ x)(A+x)-(1+x,) 21+ 4%, -, .

Py chinh 1la m{t hé qua qua quen thudec cua bit
déng thirc Holder. Xét riéng truomg hgp n=3, va
voi x,y,z>0; a,b,c>0; a+b+e=1taco
(1+x0)°(1+y) " (1 +2)° 21+ 2"y 2",
Pic biél hoa bflt d{'mg thirc nay bang cach chon
b— — thl
%Sﬂ x},u'l+vu'l+ 21+x 3y

M qua trinh trén d6i voi cac ham 16i

o w ooy 5
\Qﬁ,‘)_ﬁw va f(x)—ln(l+x).chung ta cling

thu dwge mot sé két qua hay (viée tim cac két qua

nay danh cho ban doc).

Dé két thl"lc bai viét ching tbi xin mdi ban doc luyén

tip mat 50 bai toan nhe nhang dudi day

Bai 1 (Belarus, 1995) Cho O<a,b<1 va p,g=0

théa min p+g=1. Chimg minh ring
a't+(1-a)'(1-6)7 <1.

Bai 2 Cho a,,a,,....4,

téng bing 1. Chirng minh ring

la cac s6 thyc khong 4m co

a;’la:: ___a:n +af2aj1 ---a:‘ +,_,+a;‘na;‘| __,a:n-l <1,
Bai 3 Cho tam gidc ABC c6 chu vi bing 1. Chimg
minh rang
"

= S ()(h) (R, <3r.

a +b +c
Bai 4 Cho a.b,c la cic 50 thyc duong thoa min
a+h+c=1. Chimg minh ring

P B +a"":§f"'("“ + & et sa ¥ b 4‘-:."]

Bai 5 Cho hai s6 thye ducmg a,b co tong bang 1.

Chirng minh ting  a"b" < 5 {a“b”
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Ret gué cuse ti GIAI TOAN va VAT L
TBEN TAP IJHI TBAN HIJG VA TUI]I TRE NAM hoc 2015-2016

I gidi cao hon ca. Giai Xuat sac vé mon Todn thudc vé ban: Trdn Bd Khoi, 11 Toan 2, THPT chuyén
| PHSP Ha Néi. Gidi Nhat mon Vit ly thudc vé hai ban: Trdn Hiu Hodng, 11A1 Ly, THPT chuyén

—
LTS. Cudc thi gidi Todn va Vit Iy nam hcj-c 2015-2016 trén Tap chi TH&TT dugce khaéi dong ti
thdng 9 ndm 2015 dén thing 8 nim 2016. Cudc thi nay dugc nhiéu ban tré yéu Todn va Vit Iy cip
THCS va THPT trén ca nudc tham gia gidi bai rat s6i ndi. Ha Ngi, Vinh Phiic, Phiéi Tho, Nam |
Dinh, Nghé An, Quang Ngii la nhiing tinh, thanh phé c6 déng hoc sinh tham gia vi doat nhiéu

| KHTN, DHQG Ha Néi, Pham Ngoc Nam, 12 Ly, THPT chuyén Lé Héng Phong, Nam Pinh. Chuc
| miing tit ca cac ban doat giai cudc thi. Hen gip cic ban & cudc thi tiép theo trong nim hoc 2016-

3{}1 SLLL' day l1a danh sach 81 ilm doat gidi Todn \a 16 ban doat g,m Vat Li nAm mu jUn]r 2016. -

: MON TOAN

# Gidi Xuit sdc (1 giai) 7. Nguyén Rurc Thugn, 10 Toan, THPT chuyén
Tran Bd Khoi, 11 Toan 2, THPT chuyén DHSP Hung Vited hii The.
Ha Noi, Ha N¢i. 8. Do Quyét, 10A1, THPT chuyén Vinh
# Gidi Nhét (4 giai) PhiWinh Phiic.

1. Nguyén Dinh Tudn, 7C, THCS Ly Nhit o@Wigu Ninh Ngan, 10A9, THPT Duong
Quang, D6 Luong, Ngh¢ An. «Quing Ham, Hung Yén.
2. Dang Thanh Ting, 9B, THCS Ngu 10. Hoang Nhgt Tuan, 10 Toan, THPT chuyén
Thugng Hién, Ung Hoa, Ha Noi. Z" Vo Nguyén Gidp, Quéng Binh.
3. Pham Quoc Thang, 10T1, T &en 11. Nguyén Pirc Bao, 10A1, THPT chuyén
Long An, Long An. ) Phan Boi Chéau, Nghé An.
4. Tran Quang Minh, 10A1, TH@Dng Thuy 12, va Héng Qudn, 11 Toan, THPT chuyén
Anh, Thai Thuy, Théi Binh. Nguyén Tat Thanh, Yén Bai.

# Gidi Nhi (15 giai) 13. Poan Thi Nhai, 11 Toan 1, THPT chuyén

: e . Lé Hong Phong, Nam Dinh.

1. Dinh HodngiBRat Mnh)iJAS) THCENGHS 14 prozns 75 Nigs Tiwe 11 Ton 2. THPT
S I  chuyén KHTN, DHQG Ha Noi, Ha N

2. Tran Quoc Lap, 8A3, THCS Lam Thao, Ldm 15 "4, Mpar Ouane, 11A2 Toén, THPT

Thao, Phi The. ; chuyén KHTN, PHQG Ha Noi, Ha Nai.

3. Ddng Quang Anh, 8A, THCS Nguyén Chich,

Déng Son, Thanh Héa. 7t Giai Ba (19 giii)

4. Nguyén Vin Cao, 9B, THCS Nguyén 1. Ta Kim Thanh Hién, TA4, THCS Yén Lac,
Thuong Hién, I:T'ng Hoa, Ha Nji. Vinh Phiic.

5. Vi Hic Van, 11 Toan 1, THPT chuyén 2. P6 Thi My Lan, 8A, THCS Pham Van
DHSP Ha N6i, Ha Ni. Dong, Quiing Ngdi.

6. Duong Hong Som, 10A9, THPT Duong 3. Nguyén Vin Manh, 8A, THCS Ly Nhat
Quang Ham, Hung Yén. Quang, D6 Luong, Nghé An.

: TOAN HOC
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4. Pham Ngoc Hoa, 8Al,
Song L6, Vinh Phiic.

5. Trdn Quéc Phuong, 9A, THCS Thj trén
Thuong Xuéin, Thanh Héa.

6. Nguyén Ngoc Khanh Nhw, 9A, THPT chuyén
Nguyén Tét Thanh, TP Kon Tum, Kon Tum.

7. Nguyén Minh Hiéu, 9D, THCS Vinh Yén,
TP. Vinh Yén, Vinh Phiic.

8. Phing Van Nam, 9E, THCS Vinh Yén, TP.
Vinh Yén, Vinh Phiic.

9. Ta Khanh Ha, 11 Toan 1, THPT chuyén
DHSP Ha Noi, Ha Nji.

10.Ha Hiru Linh, 10A1, THPT chuyén Vinh
Phc, Vinh Phiic.

11.Nguyén Phimg Thai Cuong, 10A1, THPT
Thai Hoa, TX. Thai Hoa, Nghé An.

12.Trdn Minh Hiéu, 10T2, THPT chuyén Lé
Héng Phong, Nam Djnh.

13. Cao Hiwu Pat, 10A1, THPT chuyén Phan
Boi Chau, Ngh¢ An.

14.Lé Anh Thanh, 10T1, THPT chuyén Nguyén
Hué, Ha Pong, Ha Nji.

15.Nguyén Hong Quéc Khdnh, 10A1, THPT
chuyén Phan Bbi Chau, TP. Vinh, Nghé An.

16. Nghiém Chi,
Biic Ninh.

17.D6 Thity Anh, 11T, THPT chuyén Lm‘q&
Thanh Héa. '%
18.Phagm Ngoc Khdnh, 11T, chuyén
DHSP Ha Nbi, Ha Ni.

19.Lé Huy Cuong, 12 Toan, THPT chuyén Bic
Ninh, Biic Ninh.

THCS Séng L3,

1. Nguyén Ha Khdnh Nam, 6A3, Truomg
Hanoi Academy, Quan Tir Liém, Ha N§i.

2. Lé Tudn Kiét, 6A, THCS Pham Vin Déng,
Quang Ngii.

3. Nguyén Thi Linh Pan, 6D, THCS Ly Nhat
Quang, P6 Luong, Nghé An.

4. Nguyén Hoang Kim Anh, 6A, THCS Hanh
Trung, Quing Ngii.

5. Phagm Thi Thu Nhung, 6A, THCS Pham
Viin Dong, Quang Ngii.

6. Mai Thi Thu Thao, 6C, THCS Thi tréin.
Song V&, Quang Ngii.

S6 473 (11-2016)

7. Cao Thi Khdnh Linh, 6B, THCS Hoang
Xuén Hén, Pirc Tho, Ha Tinh.
8. Nguyén Chi Céng, TA3, THCS Lam Thao,
Lim Thao, Phi Tho.
9. Nguyén Trong Bing, 8A2, THCS Thi trdn
Quén Hanh, Nghi Loc, Nghé An.
10. Tran Thi Thu Huyén, 8A3, THCS Lim
Thao, Lam Thao, Phii Thy.
11. Tang Vian Minh Himg, 8A, THCS Ly Nhat
Quang, D6 Luong, Nghé An.
12.Nguyén Hoang Phi, 8A3, THCS Lam Thao,
Lam Thao, Phii The.
13. Nguyén Théo Chi, 8A3, THCS Lam Thao,
Lam Thao, Phu The.
14. Nguyén Thi Hoang Cuic, 8D, THCS Nhir Ba
S¥, Hofmg Hoéa, Thanh Héa.
15. V& Thi Hong Kiéu, 8A, THCS Nghia My,
Tu Nghia, Qudng Ngii.
16.Nguyén Thanh Long, 9B, THCS Nguyén
Thuong Ung Hoa, Ha Nji.
17.N; Thi Kiéu Mdn, 9B, THCS Nguyén
g, Nghia Hanh, Quing Ngii.
ui Thi Liéu Duong, 9A4, THCS Yén Lac,

11A1K10, THPT Yén Phong 2\Q‘a(en Lac, Vinh Phiic.

19. Hoang Trdan Pire, 9D, THCS Ly Nhat
Quang, D6 Luong, Nghé An.

20.Vuwong Tién DPat, 9B, THCS Nguyén
Thuorn‘g Hién, Ung Hoa, Ha Noi.

21.Tran Van Thién, 10 Toan, THPT chuyén Lé
Quy Don, Binh Dinh.

22 Phan Xudn Thanh Ldm, 10T1,
chuyén Luong Vin Chanh, Phi Yén.
23.Nguyén Minh Hai, 10T, THPT chuyén Quéc
hoc Hué, Thira Thién Hué.

24.Chéu Minh Khanh, 10T1, THPT chuyén
Nguyén Binh Khiém, Vinh Long.

25. Ngé Lé Phuomg Trinh, 10 Toan 1, THPT
chuyén Lwong Vin Chanh, TP. Tuy Hoa, Pha
Yén.

26. Nguyén Thi Linh, 10T1, THPT chuyén Ha
Tinh, Ha Tinh.

27. Vi Duy Manh,
Son, Thanh Héa.

THPT

10T, THPT chuyén Lam
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28. Dang Thanh Trung, 10T2, THPT chuyén
Long An, Long An.

29. Nguyén Tién Long, 10 Toan, THPT chuyén
Hung Vuong, TP. Viét Tri, Phii Tho.

30. Truong Nhgt Nguyén Bao, 10/1, THPT
chuyén Nguyén Binh Khiém, Quing Nam.

31. Hoang Cong Minh, 10 Toian 1, THPT
chuyén Phan Ngoc Hién, Ca Mau.

32. Nguyén Huynh Huy Mdn, 10 Toén 1, THPT
chuyén Lirong Vin Chénh, TP. Tuy Hoa, Phua Yén.
33. Nguyén Kim Hoang, 10A12, THPT Nguyén
Tréi, Ninh Pa, Ninh Hoa, Khanh Hoa.

34. Nguyén Phiic Hoang, 10A9, THPT Duong
Quang Ham, Vian Giang, Hung Yén.
35.Nguyén Dinh Lwong, 10T, THPT chuyén
Lam Son, Thanh Hoa.

36. Nguyén Bd Tudn, 10A5, THPT Luong Dic
Bing, Thanh Héa.

37. Nguyén Thanh Kim Ngdan, 10T, THPT Cu
M’Gar, huyén Cu M’ Gar, Dik Lik.

38. Phan Trdin Hudng, 10T1, THPT chuyén
Quéc hoe Hué, Thira Thién Hué.

39. Nouyén Thi Thanh Lan, 11A8, THPT
Duong Quang Ham, Vin Giang, Hung Yén,

40. Vit Ba Sang, 11 Toan 1, THPT chuyén
Nguyén Hué, Ha Déng, Ha Nii.

41. Nguyén Thanh Hiéu, 11T, THPT chuyén
Bic Ninh, Bic Ninh.

42.Bii Céng Minh, AKII,
Quang Trung, Binh Phwde.

THPT chuyén

MON VAT LY

% Gidi Nhit (2 gidi)
l. Tran Hitu Hoang, 11A1 Ly, THPT chuyén
KHTN, PHQG Ha Noi, Ha N§i.

2. Pham Ngoc Nam, 12 Ly, THPT chuyén L@.

Hoéng Phong, Nam Dinh.

“r Giai Nhi (4 giai)

l. Nguyén Manh Hiép, 11A9, T
Quang Ham, Van Giang, Hung @'
2. Ngo Vin Khoa, 12A2, THPT Bic Doéng
Quan, Péng Hung, Thai Binh.

3. Nguyén Nam Khdanh, 12 Ly, THPT chuyén
Lé Hong Phong, TP. Nam Binh.

4. Nguyén Vin Qudn, 12 Ly, THPT chuyén Lé
Hong Phong, TP, Nam Binh.

% Giai Ba (10 gidi)

1. Nguyén Van Diing, 10A14, THPT Ngoc
Tao, Phiic Tho, Ha Nii.

&

Duong

2. Neu im Hoang, 10A12, THPT Nguyén
Pa, Ninh Hoa, Khanh Hoa.

Cao Anh, 10F, THPT chuyén Lam Son,
anh Hoa.

4. Nguyén Bdic Nam, 11 Ly, THPT chuyén Bic
Ninh, Bic Ninh.

5. Vii Hoang Yén, 11A7, THPT Uéng Bi,
Quaéng Ninh.

6. D6 Thiy Trang, 11 Ly, THPT chuyén Lé
Hong Phong, Nam Dinh.

7. Vi Minh Thanh, 12 Toén 1, THPT chuyén
Hung Yén, Hung Yén.

8. Tran Trung Diic, 12 Ly, THPT chuyén Lé
Hong Phong, Nam Dinh.

9. Ho Thanh Ting, 12 C1, THPT Kim Lién,
Nam Dan, Nghé An.

10. P Thuy Trang, 12 Ly, THPT chuyén L&
Hong Phong, Nam Dinh.

Cic .-‘mn doat ".'m Todn va Vit Ly nho gui ucrp dia chi moi cria mmh vé Toa soan hodgc lién hé
triec tiép qua sé dién thoai (04) 35121606 dé nhin Gidy Chirng nhdn va ting phim ciia Tap chi.

TOAN HOC
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TIENG ANH QUA CAC BAI TOAN

Bai s6 14

Problem. Find the number of natural numbers such g
g o o There are 2'° — 1 = 1023 such binary sequences (we

do not count the binary sequence 0000000000).
Therefore there are 1023 required numbers.

that in their decimal representations, the digits are
siricily decreasing from left to vight.

Remark. There are several solutions for this problem. The .
following one is suggested by two students T. Hoang and TU VUNG

B, She plln’la, TES0) natural mimbers : s6 tir nhién

Solution. Consider the following sequence 98 765 il yepresentation  : biéu dién thap phin
432 10. There are 10 positions to place the digits 9, ;.. - chit sé

8, ... 1, 0. Now, the given problem is reduced to the  5¢;5(; {igh school for gified students):

following one: among 10 positions, we will choose a Truomg THPT chuyén KHTN, PHQG Ha Noi
few (at least one) positions to place the number “1™ sequence  day bt

in and we place “0” in the remain positions. For ., respond - twong g

example, the number 9410 corresponds to 1000010011; hinary  nhi phin

3 corresponds to 0000001000, and so on,... . g
NGUYEN PHU HOANG LAN
(Trieomg DHKHTN, PHOG Ha Nii)

Bai toan. Cho manh giav hinh chit nhdt kich thude 15 em = 20 cm, fa adp no doc theo
mdt ducng chéo. Tinh dién tich I.'r.f,r.([:f? chune cua hai nirg mat :._:{J'-Ii'.".) (Cau 12. Dé thi
HOMC 2014)

Lern y. Chiing ta d4 dua ra mot 101 giai chogd
mét 10i giai khéc bing cach sir dung hinh
Solution. Chon hé truc toa dé nhir hinh vé. Ta cin dién tich t? FD. Viching ta da biét d6 dai dudmg cao

BA cua tam gidc nay, bai todn quy vé tinh canh day FD. Dig y s& thuc hién duroc néu‘ tim dugc toa d6 cua
diém F. Cach tim nhu sau: Trude tién ta tim toa do cua , sau da viet PT duong thing qua B vi E. Giao
diém cua dudng thing nay vdi tryc toa do Ox 1a diém : )
Tim E: Ta cé BE vudng goc voi DE, do dd BD vug c vai CE. Cac tinh chat hinh hoc sau duge chuyén qua
tinh chat dai s6: BE.DE =0 va CE.BD =0. Gi@'ma a6 diém E 1a (a, b). Ta cé hé phuong trinh

{a(a—dl) +b(b-3) = @ )

(a-4)4+(b-3)(-3) ¥ (2 & C4.3)

Tir (2) ¢6 b =4—“§-1. Thay b= 4"“3 A0 (1), ta duge mot phuong trinh bic

hai an la @. Giai phuong trinh ndy ta dwgc a = 4 holic a= %—E— Viviy a= % F
A=0 WDH' 0 x

E{a, )

=21

LR
X YD 3 . o e
B ey (3). Tim hoanh dé F: Thay y = 0 vao (3), ta duge
& .25

_'I::%. Tir do FD=4—% E Do do dién tich tam gidgc BFD (trong hinh ve) 1a l 3 285 %
75 1875

Viy dién tich cdn tinh & dé bai la 25- E yir (ta phai nhén thém v&i 25 vi hinh chir nhét xét rong 1o giai

¢6 kich thude 3cm X 4em, con manh glay hinh chi¥ nhat ¢ @ bai c6 kich thude 15¢m X 20cm).

Nhgn xét. Cic ban sau c6 101 dich tot hon ca: Hai Dwong: Newvén Ding Som, 11A, THPT Nam Sich; Hung Yén: Triéu
Qude Timg, 11A3, Nguyén Vigt P, 11A9, Lé Vin Trang, 11A1, THPT Duong Quang Ham, Vin Giang; Nghg An: Mai
Thi Kim Chi, 11A1, THPT Cita Lo, TX. Cira Lo; Bén Tre: Lé Ngé Nhdt Huy, 10A1, THPT Lac Long Quién, TP. Bén Tre;
Vinh Long: Lé Minh Qudn, 11T1, THPT chuyén Nguyén Binh Khiém, TP. Vinh Long.

la hoanh d6 cua diém E (ta khéng chona=4vi E=C). Suyra b=

Phwong trinh dieong thang qua B va E:

HO HAIL (Hdi Néi)

TOAN HOC
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GIAI DAP:

GIA TR] LON NHAT,
GIA TRI NHO NHAT, PUNG CHUA ?
(Pé dang trén TH&TT 56 469, thang 7 nam 2016)

Phan tich. Loi giai sai 1am & chd déu =" &
céc BDT khong xay ra, cu thé:
2x-5=-1

x=2
max f(x)=7<{ 8 w{‘ Vo Iy;
—_=3 x=0
x+1
2x-5=-5 e
minf(x)=—§@ B o @{: vo ly
x+1 3 ¥
Loi gidi ding. Ta co:
2
f(x)zw;z{;wrl)j;i_?‘
x+1 x+1

f(x}=1<:>2{x+1]=%<:>x=l (vj@’xiﬁ;
X
Vay min f(x)=1. Ta ciing cé: @

f(x}=2x‘—3x+3=3+2.r[x—-3)£3
x+1 x+1
. 2x(x-3)
x+1
thi f(x)=3. Viy max f(x)=3.

(d <0voimoi 0<x<2) Khi x=0

Nhén xét. Trong céc bai giri vé Toa soan, cic ban sau
phét hién ra sai 1dm va dua ra 1o gidi ding:

Vinh Phiic: Lé Pire Thdi, 8A2, THCS Yén Lac, Yén
Lac. Phii Tho: Nguyén Thity Dwong, Neuvén Thu
Hién, Bui Thi Quwnh, 9A3, THCS Lam Thao, Lam
Thao. Ca Mau: Trdn Quéc Viér, 12CT1, THPT chuyén
Phan Ngoc Hién.

KIHIVI

TiNH THE TICH !

Trong gir hinh hoc, thiy gido dira ra mét bai toan:
Cho hinh chop S.ABCD co dav ABCD la hinh
chit nhdt, AB=a, AD=2a, SA L (ABCD), gdc
giita SB va (ABCD) la 60°. Piém M thugc

sao cho AM:%.
(MBC) cdt SD tai N. Tinh thé tich khoi chép
S.BCNM.

doan SA Mat ph&ng

Ban Thanh da dé xuit 1o giai nhu sau:
S

Hinh chiéu caa SB trén
(ABCD) 1a AB nén goc
gitta SB @ABCD) A /
SBA =R Ta co: f o %

¢ é "-1:‘
o =tan60° =3 pL— 2 C

Vi 0<x <2 nén ap dyng BPT Cauchy ta duoc; Qx

W\

f@2 22— —7=1. ,@
x+1 7
&

= SA=aJ3. Dodd V, ., = és:a S

" ABCD

1 1 35
3

=3 $44B.AD =2 aia2a=="d"

Vi M thuoc doan 54 vi SA=ay3,AM ="

NE)
nén % = % Dé ¥ ring (MBC) (S4D) = MN,
(MBC) ~(ABCD) = BC, (S4D) " (ABCD) = AD,
BC /! AD, nén theo dinh li vé 3 duong giao tuyén
ctia 3 mit phing phan biét ta c6 MN // 4D // BC.
Dan téi ﬂzﬂzg. Taco

SO 53
V.-S' BCNM

F,

S.ARCD

=>F 2

_4 _428 5 83
S.BCNM q S.ABCD 9 3 2.? D

Ban cé tim dwge két qui nhw ciia Thank khéng ?

NGUYEN VAN XA
(GV THPT Yén Phong S8 2, bdc Ninh)

TOAN HOC
F eTusitre 39
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XUAT BAN TU 1964

Tap chi TOAN HOC va TUOI TRE s 0T A e

7’ 7 h . d h R BT Bién t4n: 04.35121607
BT - Fax Phat hanh, Tri su : 04.35121606
L= Mathematics and Youth Magazine B8 Lt
BAN €O VAN KHOA HQC CHIU TRACH NHIEM XUAT BAN
GS.TSKH. NGUYEN CANH TOAN Cha tich Hoi dong Thanh vién
ke e § NXB Gido duc Viét Nam
GS. TSKH. TRAN VAN NHUNG MAC VAN THIEN
TS, NGUYEN VAN VONG Téng Gidm déc NXB Gido duc Viet Nam
GS. POAN QUYNH GS. T5. VI VAN HUNG

Pho Téng Gidm ddc kiem Tdng bién tap
NXB Gido dyc Viét Nam
TS. PHAN XUAN THANH

PGS, TS. TRAN VAN HAO

HOI PONG BIEN TAP
Téng bién tdp : TS. TRAN HUU NAM Thu ki Toa soan : ThS. HO QUANG VINH

TS. TR.A'\] D]NH CHALU, ThS. NGUYEN ANH DUN(J Te. TR.-‘\"\] NAM DUNG, TS. NFUYEN MINH BUC, TS, NGUY I:N MINH HA,
TS, NGUYEN VIET HAIL, PGS T5. LE Q'LTO(. HAN, ThS. PHAM VAN HUNG, PGS. TS. VO THANH KHIFT
GS. TSKH. NGUYEN VAN MAU Cmg NGUYEN KH)&C MINH, TS. PHAM THI BACH NGOC, PGS, T35, NGUYE\ DANG PHAT.
PGS. TS. TA DUY PHUONG, ThS. NGUYEN 'I'IIETI—LACH S, TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAIL, ThS. VO
KM 11‘”..1\" PGS, TS, VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

c%

TRONG SO N@’

o Danh cho Trung hoc Cd sd @ Giai bai ki trude

For Lower Secondary School Solutions to Previous Problems
Ha Vin Nhéan — Khai thac sdu thém tir rn %

ha
a1 toan hinh hoc 9. ; @,

€2 Dién dan day hoc Toan

Hutng dan giai dé s6 2. €@ Tigng Anh qua céc bai toin - Bai s6 14

o Huédng dan giai Dé thi tuyen vao Bao T‘Iin = Eéc ménh dé t.ﬁx-1g C.Iuét ti
16p 10 PTNK, DPHQG TP. @hl Minh, ménh dé vé diém Fermat - Torricelli.
nim hoc 2016 — 2017. @ Dién dan phuong phap giai toan
o Dé thi tuyén sinh vao 16p 10 THPT chuyén Nguyén Viét Hing — Xay dung cac bai toan
TP. Hé Chi Minh, ndm hoc 2016 — 2017. tit bat déng thic Popoviciu va bit ding
o X thiic Jensen.
Chuan bi cho ky thi THPT Quéc gia !
i % i €D Két qua cuje thi Gidi Toin - Vat Ly
L& Ho szy , Pham Lé Thanh Bt — Phutong trén Tap chi Toan hoc va Tudi tré
trinh dudng trén trong mat phang. nam hoc 2015 - 2016
@) Thit site trude ky thi - D8 6 3. Bai dich s§ 11 - Tiéng Anh qua cAc bai todn
@ Dé ra ki nay @ Sai lam & dau?
Problems in This Issue Giai ddp: Gia tri 16n nhéat, gia fri nho nhat,
diing chua?

T1/473 ..., T12/473, L1/473, L.2/473. 3 2
: Nguyén Van Xa: Tinh thé tich!
{nh Bia 1: Pai dién hoc sinh chiic mimg cdc thay cé trong BGH Truong THPT chuyén Bde Giang nhdn ngay
Nha gido Viét Nam.
Bién tdp: LE MAIT Mi thudt: QUOC HIEP, THANH LONG
Tri su, phdt hanh: NGUYEN KHOA B[EM NGUYENTHITHU HUYEN  Thiét ké, ché bdn: MAT ANH
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ThS. Hé Thén Em

Bi thu Chi b@ - Higu trrdng nha trrdrng
ruong THPT Lé Loi tién than 1a co s& 2 cla Trudng THPT Kon
i:i | Tum dugc thanh 1ap nam 2001, theo Quyét dinh s 371/QB-
CT cta Ch tich UBND tinh Kon Tum. Tir do dén nay truéng
da trai qua mudi lam nam phat trién va timg buéc truong thanh.

Khi méi thanh Iap, Truéng chi ¢d 6 I6p 10 wéi 252 hoc sinh va 19 can
b, gido vién, nhan vién. Hiéu trudng dau tién cla nha truéng 14 ThS.
Trén Vién Thu (hién nay |a Phé Giam ddc So Thong tin va Truyén thang
tinh Kon Tum); cor s¢ vét chat ltic do con tam bg, thiéu thdn. Bén nay,
Trudng da co 21 1op voi 673 hoc sinh va 73 can bd, gido vién, nhan
vién; co so vat chat khang trang kién cd, Trudng cé di phong hoc,
phéng chuic nang, phang bo man véi trang thiét bj kha hién dai. Khu
vién trudng thoang mat, sach sé, canh quan nha truong rat than
dé tién hanh c4c hoat dong su pham. Hiéu trudng hién nay 13
Than Emva cac Pho Higu trudng: ThS. Nguyén Hai N;
Minh Hoéng; ThS. Lé H6 Quy:

Buoe sir quan tdm cua cac cdp lanh dao; sur chi’?ﬁu sat cla So
Gigo duc va Dao tao Kon Tum; dugc cd v béi truy@n thong hidu hoc
va khat vong vuon 18n cua cac thé hé gido vién, hoc sinh; su Gng h
cuia cha me hoc sinh, trong 15 nam qua, nhé truéng da dat duge nhimg
thanh tich dang phan khdi va tu hao.

HOC SINH: Do Truéng tuyén sinh sau khi mot 86 trwong trén dia ban
dé tuyén sinh nén du vao clia treeng phén lén la hoc sinh ¢6 hoe luc
trung binh, d6i sdng ctia da s6 phy huynh hoc sinh trén dia ban tuyén
sinh con nhiéu kho khén, Tuy vay, bang sy phén d&u khéng mét méi
cua théy va tré Truong THPT Lé Lai, hoe sinh cd hoc luc kha, gioi téng,
chiém 54,13%, hoc sinh ¢6 hanh kidm kha, t6t chiém 98,2%, ty 1& hoc
sinh bo hoe va Iuu ban gidm han; ti 1& hoe sinh dd t6t nghiép luén trén
98%, co nhiéu nam dé 100%; ti I tring tuyén vao céc trueng Bai hoc,
Cao déng ludn dat trén 70%. Cang tac bdi dudng hoc sinh gidi trong
nha truéng ngay cang duoc chu trong, sd lugng va chét luong hoe sink
gioi cép tinh ngay duge nang lén, trung binh héng ném Trutng dat duoc
10 gidi, trong d6 co mgt s6 em duge chon tham gia ky thi chon doi tuyén
hoc sinh gidi Quéc gia lop 12.

GIAO VIEN: B6i ngd gido vién khéng ngimg nang cao chat lugng giang
day, dam bao tiéu chudn truong chudn Quéc gia. Nhiéu giao vién dat
danh hiéu Gi4o vién day gioi cdp tinh; co sang kién kinh nghiém, d8 tai
khoa hoc dugc danh gia cao; dat gidi cao trong cac cude thi: Day fioe
theo chu dé tich hop ddnh cho gido vién trung hoc; Lém dd ding day
hoc sdng tac, Thiét ké bai giang e-leaming, 50 nam Tap chi Todn hoc

Hi dong Suw pham Tmo'ng THPT L& Lcn

vé Tudr iré, ... Mot s6 can bé, gido vien dat danh hiéu Chisn T thi dua
cép tinh; duoc Thi tuéng Chinh phi, Bo Gido dyc va Do tao, UBND
tinh tang Bang khen; nhiéu gido vién duge céng nhan 12 Chién si thi
dua cép co sd, duoc S6 Gido duc va Dao tao tang Gidy khen, ... S5
lugng gido vié inh dé thac &1, gido vién day gidi cép tinh dugc bd
sung hang gn nay, Truong cé 10 thac siva 11 gido vién day gidi
cdp tin 4o vién ludn guong m&u, nhigt tinh trong cong tac gidng
day y8 hoat déng gido duc.

UONG: Nhiéu nam lidn Truong duce cong nhén Ia tap thé Lao

g Xuét sée, duoc UBND tinh tang Bang khen, S0 Giao duc va Bao

ao Kon Tum tang Gidy khen; nhiéu té chuyén man nhu: T8 Ngir van,

Té Bia li, T6 Sinh hoc, T8 Héa hac, Ta Vat i, ... duge UBND tinh Kon

Tum, 56 GD&BT Kon Tum céng nhan 14 1 Lao déng Xust sic, 16 Lao

dong Tién tién. Nam hac 2014-2015, nha trudng duge UBND tinh Kon
Tum céng nhan trutng dat chuan Quéc gia.

Trong nam hoc 2015-2016 vira qua, nha trudng da dat duge nhidu
thanh tich vuot bac: Xay dung trudng, I6p cb trat ty - ky cuong - né
nép; chat lugng gide duc toan dién duge clng ¢ va nang cao, ti 18 hoe
sinh o hoe Iuc kha, gioi va hanh kiém kha, t6t tang; ti & hoc sinh & lai
lop va rén luyén hé giam. Nha truong duoc UBND tinh Kon Tum téng
Ca thi dua xudt sac bac THPT va dang dé nghj Thi tudng Chinh phi
tang Béng khen.

CONG BOAN: Thyc su 4 ché dua vimg chéc vé tinh thén va vt chét
cho can bé, gido vién va hoc sinh véi nhimg hoat déng thiét thue, duce
Lién doan Lao déng tinh Kan Tum t&ng nhidu béng khen; co 3 ¢4 nhan
duge Lign doan Lao dong tinh Kon Tum tn vinh céng nhan Lao dang
tiéu biéu.

DOAN TNCSHCM: Dé phat huy vai tré xung kich, duy tri tt né nép hoe
tap, sinh hoat cia hoc sinh, 1§ chiic duge nhigu san choi bd ich, duge
Tinh doan tang cor thi dua, Trung uong odn tang nhiéu béng khen; mét
s6 ddng chi can bd Doan dupe Trung wong doan tang bang khen. Cac
hoat dong doan thé khdc clia trudng dugc danh gia 14 mét trong nhimg
don vi cd phong trao va thanh tich xudt sac.

DAu biét rang “Su nghiép trdng nguéi® vn con nhiéu kho khan phia
truge, nhung voi stic tré va su quyét tam cla thay va trd, Truéng THPT
Lé Loi s& khong ngimg nd luc phén ddu vuon I&n tao duct niém tin cho
phu huynh va hoc sinh trén dia ban phia nam thanh pha Kon Tum.
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MNGUT, ThS. H6 Thi Lan
Bi thu Béng Uy - Hidu trrdng nha trudrng

ruong THPT Chuyén Bic Giang dugc thanh lap ngay
i i 26/8/1991, khi do mang tén Truong PTTH Nang khiéu tinh

Ha Béc. Nam 1997 tinh Ha Bac tach thanh tinh Bac Giang
va Béc Ninh, truong ddi tén thanh Trudng PTTH Nang khiéu Nga ST
Lién tinh Bac Giang.

K& tir ngay 18/11/2004 dén nay theo Quy ché truang THPT Chuyé
clia Bo GD&DT va Quyét dinh clia UBND Tinh Bc Giang, t
duoc mang tén THPT Chuyén Bac Giang, tinh Bac Giang. /,Q

Khi méi thanh Iap trudng chi c6 8 lép véi 3 mon chuyén, , Vat
li, Tiéng Nga) vdi 150 hoc sinh va 22 can bd, gido vj n vién.
NGUT Cao Ngoc Thanh & Hiéu truéng dau tién 005), tiép
dén la NGUT Nguyén Biic Hién (2005 - 2009), éﬁo Bach Pang
Khoa (2010 - 2015). Bén nay, nha trung da co %0 lop véi 11 mén
chuyén (Todn, Vat li, Hoa hoe, Sinh hoe, Tin hoc, Nglr van, Lich st,
Dia li, Tiéng Anh, Tiéng Phap, Tiéng Trung) gdm 961 hoc sinh. Hbi
déng Su pham nha trudng co 4 can b quan li: Hiéu trutng: NGUT-
ThS. Hd Thi Lan, cac Pho Hiéu truong: ThS. Nguyén Anh Tuén,
ThS. Nguyén Thi Mai Phuong, ThS. Luu Van Xuédn va 102 can
bd, giao vién, nhan vién (1 Tién s7, 54 Thac si, 1 dang 1am Nghién
ctu sinh, 5 gi4o vién dang hoc thac s); c6 7 t6 chuyén mon 13
cac 10 Toan-Tin, Vat li-KTCN, Hoa, Sinh-TD-QP, Ngir van, Xa hoi,
Ngoai ngi va t6 Van phong. Bang bé truong co 6 chi bd voi 58
dang vién.

Trai qua 25 nam xay dung va phat trién, nha truong luon hoan
thanh xu#t sdc nhiém vu chinh trj & truémg trong diém, ¢ chat
Iuong gi4o duc toan dién cao nhét tinh; 1a noi khoi nguén, phat hién,
béi duang hoc sinh gidi, dao tao ngudn nhan lyc chat lugng cao cho
dia phuong va dat nudc. Trudng ¢ 934 |uot hoe sinh doat giai Qudc
gia (frong da ¢6 2 gidi KHKT), 1 Huy chuong Bdng Olympic Quéic
t& mén Hoa hoe, 1 Huy chueng Bac Olympic Qudc t€ mén Toan va
nhiéu gidi Toan, Vat Ii khu vuc; trong ki thi tuyén sinh Bai hoc, thi
THPT Quéc gia c6 nhiéu hoc sinh dat diém tuyét ddi 30/30, nhiéu
hoe sinh Ia thi khoa cac truong Bai hoc hang dau; xép thit hang

ISSN: 0866-8035
Chi sé: 12884

Ma s6: 8BT11M6

Hai déing Giae dyc tneémng THPT Chuyén Bac Giang

rudng ¢6 diém binh quan cao nhét nudc, 1 hoo

1&n dinh Olympia I4n thir 13. Véi muc tigu giao
& tir d6 phat hién va bdi duéng nhing tai ndng tuong
chi kign thiic ma vun d&p tam hon, vén séng va budc dau
inh cho timg hoe sinh, Truéng ludn dinh hudng hoc sinh
n khang chi xudt sc trong hoc tap, co tam long nhén &i, v|
a ma con phai rét ban linh, khoa hoc trong 16 chic, xay dung cac
chuong trinh; biét yéu thueng, chia sé, hop tac tot, nhat 1a trong
thai ki hoi nhap gudc té. Chinh vi vay nha trusng thudng xuyén tao
diéu kién dé hoc sinh tham gia, 18 chuc cac hoat ddng ngoai khéa,
chuyén dé nham phat huy tinh néng dong, sédng tao cua hec sinh
chuyén. Cung voi kién thuc, dé 1a hanh trang bude vao doi cua
nhimg chu nhan tuong lai coa dét nuet.

[{=]

Vi sir quan tam sau sdc cla cac cap Uy Déng va Chinh quyén, su
nd luc vuon Ién nha truong da dat dugc nhimg thanh tich dang tran
trong va tu hao, Nha trugng lién tuc nhiéu nam lién dat danh hiéu
Truong Tién tign Xuét séc, duge Chu tich nudc tang Huan chuong
Lao dong hang Ba, hang Nhi; duge nhan Ga thi dua cla Chinh phi,
clia Tinh va nhiéu Béng khen céc cdp. C4c 18 chirc ludn duoe cong
nhan Vimg manh Xudt s&c. Hoi déng Gido duc nha trudng c6 thay
giao Tran Van Chut duoc phong tang danh hiéu Nha giao Nhan
dan, 11 thdy 8 gido duot phong tang Nha gido Uu ti va nhiéu nha
gido duoc tang Huan chuong Lao déng cua Chi tich nute, Bang
khen cla Thi tuéng Chinh phu, cua Bg truong Bo GD&DT, cua Chu
tich UBND Tinh,... Nhiéu thé hé hoc sinh ra truong dé trudng thanh
frén mgi mién dat nudc va & nudc ngodi, 1o tham thém Ia cd truyén
thang vé vang cla nha trudng.

Trén da phat trién cla su nghigp trdng nguai, trudng THPT Chuyén
Bé&c Giang xin cam on sy quan tam cla cac cAp lanh dao, cla
nhimg ngusi da danh tinh cam va nhimg diéu t6t dep cho nha
frudng. Mong réng nha truéng s& Ia noi héi tu, trd vé cla céc thé
hé can b, gi4o vién, nhan vién va hoc sinh da ting gan b vai mai
truong than thuong nay.

Gidy phép XB sé 510/GP-BTTTT cép ngay 13.4.2010
In tai Xi nghiép Ban do 1 - BQP ;
- In xong va nép lwu chiéu thang 11 nadm 2016

Gia: 12.500 déng
Muw&i hai nghin ndm tram dbng






