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CO SO

ac bai todn vé tinh chdt day tf s6 ."RH‘!” nha,

TRUNG 11O 6 (

C hoc sinh duge hoc & nam hoc lép 7. Cac bai
todn vé day #f 50 b:n:-g nhau duoc g dung nhiéu
trong vige giai cdc bai todn thye 16, Vige lea chon
cdch giai tuy thude vao gid thiét cuia fung bai toan
giip cho hoc sinh b .'u cach lam cdc bai todn Hmng
tw, dong thoi cung ¢o cdc kién thicc co ban mé hoc
sinh dd deore hoe.

Tinh chit cua day ti sé bang nhau la:

e [r! a a, a
Ch t bng nhau: L=2="3_ _"rn g4
0 n ti s0 bang nhau A b TH B
i ﬂ' '+(J"+|5I'-, ..... +(I”
b b +b,+b +.. ki

k
_N@ +Xa, 4 X5a ..t Xa

xib +x,b, + x.b, +...

nelN, n22, x,#0,i, ke{1,2,3,..,n} .

DANG 1. VAN DUNG TINH CHAT DAY Ti s% 7]

BANG NHAU DPE Tim CAC GIA TRI

"
Bai todn 1.1. Cho x, v, z théa mdn = éﬁmr
X
X, Y. Z trong cdc truong hop:
a) 2x—3y+4-=5 b) x%yiz"= 36
Laoi giai,
: w2 3 1 3 9
a)Cdch 1. T == =2 _J_2
) + il S -
Dit %:5 -':—k::-x 2k,y=3k,z

Thay vio 2x—-3y+4z=35, Suy ra:
22k-33k+4k=5k=-5

Dodd: x=-10,y=-15,z=-5

Céch 2. Ap dung tinh chét dy ti sé béng nhau c6

2 3 1 4 0 4 d-9i4
X ¥y z 2x 3y 4z 2x-3y+4z 5 °
Suyra: x=—10,y=-15,z=-5

Bl ey 7
b h 1 e
) Cde Tir i z::.z e

Dé:
2

UNG DUNG VE TiNK gﬂr g’m
RAY T 5O BANG NelAL

VU HU'U CHIN
(GV THCS Héng Bang, Hai Phong)

Thay vao x?y?z? =36 ta dugc:

(2k)' (3k) k2 =36 > k6 = 1em k41 |
«VGik=1,suyra:x=2,y=3,z=
«Voik=—l,suyra:x=-2,y=-3 z=_],
Viycaccap (x;y;2) 1a (2;3;1),(—2:—3;-]}.

Cheh2.Te 23 .1_ 4

4;=]¢>x=i2_
2

=-2, suyra y=-3,z=—1.

dn xér. Tmng phan a) phén b) céch 1 dat day t
béng nhau bing k, réi rit x, ¥, z theo k. Sau d6
thay vau dé bai. Trong cach 2 sir dung tinh chét cua
ddy ti s6 bing nhau thi s& nhanh hom.

Bai todn 1.2, Tim cip 56 x, v thod man:
3x+3 _.1.\'—8 3x+9y- 21
B 8x
Ldi gigi: Cach 1.
- Xét 5x+9y-21=0, thix = -—%,y= —2—
dé bai.

thoa méan

« Xét 5x+9y-21at0,thix:—%,_p#% Theo tinh

3y-8
i
_9y—-24_5:c+9y—2I_5x+9}'—-21
TETIRN W cagge 8x

Suyra: x=3,y=6. Viy cac cap (x; v) la;

34
[ 7 3] 8

; o 9X+3 3y—8 Sx+9y-21
~dch 2, - =
Cde Dit 9 3 =

chit day ti sé bing nhau: Ei;—?' =

=k,
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Suyra: Sx=9k —3,3y=5k+8,5x+ 9 —21 = 8kx
= 8k{(x—3)=0 = k=0 hodic x=3.

Vi k=0, suy ra (x; y) =[-%;:§-],

Véix =3, suy ra (x; ) = (3; 6).
Viy céc cap (x; ) la [—% 3) (3; 6).

Nhin xét. Trong cdch giai 1, 4p dung tinh chit cia
diy ti sd bing nhau dé xdy ra sai sot 1a xét thidu
trromg hop. Céch gidi 2 da khéc phuc duoce kha ning

:..I_zzk,-l-z—3k.l=4k.Thayvan l+l+]—=3 s
x ¥y z = T

suyra 2k—-3k+4k=3 < k=1.
Suy ra: x—l,y _l l

2 gy
Nhin xét. Trong céch gidi 1 can xudit hién day ti sb
bing nhau phii hop dé két hop véi dicu kién dé bai.
Tir 6 van dung tinh chét ddy ti s6 bing nhau dé giai
bai toan. Cach giai 2 dat ddy ti sd bing nhau bing

1 , tir 46 biéu dién x, v, z theo k dé giai bai toan.

xét thiéu triromg hop. k
Bai todn 1.3. Tim x, y, z biér: Bai todn 1.5. Tim cdc 56 x, y, z thod man:
TN L o x4y4z . SR S - N o i
ya4l x9zel pwy=l T 2y+d4x  4z+6y 6x+27 2244246
Lavi gidi. Xét x = 0, tir dé bai suyray =z =0, S—
Bo (x; ; 2) 14 (0; 0; 0) thoa man. Loigii. .
Xét x#0=>y,z,x+y+z#0.Theo tinh chit day ti = Xetx=0,trdébaisuyray =z=0.Suyra 2y+
) bang nhau, ta co: 4x =0 (vo li). kI
- y 4 « Do dé x,y,z=0, tir & bai suy ra
i = =X+y+z : i - 0 b O
y+z+l x+z F1 x+y-2 2y+4x o 4z +6y i 6,1722= 2244 +6
X+y+z x+y+z 1 Xy yz zX ey e
= - = : = 2 AT 4 A2
(y+z+1)+(x+z+1)+(x+y-2) 2(x+y+z) 2 _ 2 _ ﬁ"&+£=§+£= 22+41+452 M
(vi x+y+z20). = @ ¥ 2 3 & XBHFE¥s
: e 4 6 1 2 2
Do d6 x+y+z=0,5, thay két qua nay viodé baita g o =S el
AT % “l i S
Y S0 VLR W o T L s L
Bhcsil Uil 650 & SEL s e e e
x ¥ z o 1 2 3 13422473
= = =0,5. g :
L5-x 15-y -15—’ % ¢>.1' y oz x*+yi+7° @
Viy bo (x,, 2) T 1 (0 0; 0), § e s Y
X ¥
Nhin xét. Trong 1o giai trén xét trfong hop x = 0 kz_jl P T L R
tir do tim duoc bd gid tri (x; y; 2). Sau do xetn'u'nn = "'1"_3.?_:_2 R R

hgp x=0. Trong qua trinh giai bai todn 1.3, mdt ‘;ﬁ
em hay xét thiéu trudmg hop x = 0.
Bai toan 1.4. Cho P | —%

X

3 va 2x=-3y=4:z.
Timx, v,z

Lai gidi. Cach 1. Ta 2x=-3y=4z

2_-3_4_2-3+4 3

I°% 1 & 1§ &

A F B sk F R
Suyra:2x=l:.>x=%;—3w,r=1:>yz—_,

Cadch 2. Pt 2x=J3y=4z=—

TOAN HOC
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Thay vao (2) suy ra:

do k=0
(k-1)=0=k-1=0 < k=1.
L==13

Nhin xét. Trong 1o giai bai toan trén can xét t'ru':':‘rng
hop x = 0 va x =0, tir 6 xuat hién day ti sd bing
nhau don gian hon. Véan dyng tinh chat day ti so
bing nhau dé giai bai toan.

DANG 2. TINH GIA TRI BIEU THUC

k=k* < k(
Suyra x=1y=

Bii todn 2.1. Cho 1i I¢ thire:
X+y x—Y¥
X+2z A Z
: 2014y3+2015yz + 201622
Tinh M= : :

2015y7 +2016yz+20172*

(r=tzyx&0; z20)

https://tieulun.hopto.org
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Lévi gidi. Ti ti 1& thire
poxty_x—y (x+y)+(x-y) 2«

=—=1.
x+z x-z (_r+z}+(x—z] 2x
=x+y=x+z=y=z.Dodd
_ 2014y +2015yy +2016y* _ 6045y> 2015
T 2015y? +2016yy+2017y?  6048y2 2016

Nhdgn xét. Trong bii todn trén co thé thay dé bai
baing viéc tinh gi4 trj biéu thirc M bing viéc so sinh
Mvéi 1.

S o a+b b+te c+a
Bai toan 2.2, Cho x = —— il

(@, b,ez0), Tinh A={x*—x+ HE'
Lot giagi. ~

«Xéta+hbh+c=0.nén a+bh=—c.
a+b:—_(*=_1

5 C

Dods A=(12+1+1)" =3 =59049,
« Xéta + b + ¢ #0. Theo tinh chit ddy ti sb bing
a+b_b+c_c+a

il T e iy

(@ +b)+(b+c)+(c+a) 2(a +b+e)
a c+a+b T a+b+c
Suyra A=(22-2+1)" =310 = 50049,

Viy trong moi trémg hop déu co A =59049 i@

Suyra x=

nhau, ta co; x =

Nhégn xét. Trong khi gim béi todn trén n

tinh chit cna ddy ti s6 bing nhau p du cac
tromg hop.
Bai todn 2.3. Cho day ti 56 bang nhau:
2y +y+e4+i x+2y+z+t  x4y+2z41
T v =i _‘ s
_ X+ yp+z+ i
t
Tinh gid tri biéu thirc:
X+ ¥ Z &+ ' e 0
P="—— e =~ 4
ol I+ X+ Y+ 2z
Léi gidi. Cach 1. Tir gia thiét, ta c6
Xtytz4t xty+z+t x+y+z+e
X ¥ Z
_X4y+z+t
; ;

«Néux+y+z+r#0thix=y=z=¢khidé
P=1+1+1+1=4,

Néux+yp+z+¢t =0 th x+y=—(z+.r};
J’+z=—{r+x:|; z+£=—[x+y};r+x=_[y+z}_
Khi do P=(—]]+[—1]+(-1)+[_1}=_4_

Viy P=4 hogc P=-4.

Cidch 2. Dat
2x+y+z+t  x+2y+z+t_ x+y+2z+i
X 2 ¥ = b4

_X+y+z+2t

.
Suyra 2x+y+z+t=kn; x+2y+z+t=ky;

X+y+2z+t=kz; x+y+z+2t=ht.
Cong cic ding thirc co:
S(xt+y+z+t)=k(x+y+z+t)
S (x+y+z+1)(k-5)=0
«Néu x+y+z+1 =0thik=5, suy ra
X+y+zi+r=dx=4y=4z=4¢,
< x=y=z=r,khiddP=1+1+1+1=4.
+Néu x+y+z+¢ =0thi x+y=—(z+t);

=k

}’+?=—{I+‘ ”+r=—(x+y};r+.x:=—[}'+z).
Khi do PX I}+(—l)+(—])+(__1}=_
Viy hodic P =4,

NIRQg®xér. Bai toan trén dua ra 2 cach giai. Trong
h gidi 1 van dyng tinh chat dy ti sé bang nhau,

% an chi y xét du céc truémg hop.

Bai todn 2.4. Cho x,y,z>0 vaday i so bang nhau:

2x + y—z

(3x-2y)(3y—22)(3z
#.1 x == H: 3

Lai gidgi. Tir gia thiét
y+z—x _2z-y+x_ 2x +y-z

X ¥ z
_2x+2y+2z _y+3z _x+3y z+3x _
X+y+:z X+y xX+z y+z
¥y+3z=2x+2y ¥y=3z-2x 2x=3z-y

=x+3y=2x+2z4x=3y-2z&42z=3y—x

z+3x=2y+2z z=3x-2y 2y=3x-z
=>P=[3.1:—2)})[3}—23){32—21]2 szy 1
(3x—z)(3y-x)(3z—y) ~ 2y.2z2x 8

Nhin xét. Trong qué trinh gidi bai toén trén cin vin
dung tinh chit diy ti s6 bing nhau mét céch phu hop
khi két hop 2 hodc 3 ti s6 bang nhau.

(Ky sau ding tiép)

TOAN HOC
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Alirs gidic DE THI TUYEN SINH VAO LOP 10
Truong THPT chiayén KHTN, PHQG Ha NGi NAM HOC 2016 - 2017

{Dé thi ding trén TH& TT 50 469, thdang 7 nim 2016)

" VONG 1

Vi x=1 khong 14 nghiém cia PT nén PT tuong
2

Ciu I. 1) Hé PT tuong duong vai
(x+y)(x2+y?)=4
(xy+1)(x% +y? :|=4+

Suy ra x+y=]+x}r«:::-{x—l}(y—l]=0.
« Truong hgp

x=1 =]
{(W+l}(x2+y1)=4@{(y+l](l+},2}=4

r=1 x=1
Q{y3+_‘;’2+}‘-3=ﬂ¢> {y—l}(y2+2y+3}=0
s x=1 y=1.
y=1 c}{x=l
(xy+1)(x2+y?)=4 " [y=1

Pdpsé. x=1, y=1.

« Trurdmg hop {

2) bK: —%:-fxiﬁ. PT dd cho twong duong voi

8x—3 8x -3
§ X3

Iy e W mer

@[8x—3}[—ﬁ—%}=ﬂ*ﬁ$

- 3
« Ta cd nghiém x=§‘

o Gidi: JTx+2+45-x=5

< 6x+7+2[(Tx+2)(5-x) =25

o T +33x+10=9-3x (x<3)

= —Tx? +33x+10=9x2 - 54x + 81

o165 -87x +71=0e> x=1, _x=% (loai).
3

5

Ciu IL 1) Néu m=0 thi h¢ vd nghiém.

Dip s6. x =1, x=

xy? =3—%
Xét m=0, tir hé suyra

2z
2 l=p——
¥+yl=6
Suy ra xy2+3=x1+y1<::-(x—l)y2=.rl+3.

TOAN HQC
4
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e A T e ol +1_L
duong v y oo, i i =

Suy ra —21~ sb nguyén, nén x-1e{l, £2}.
x_

2
. x—l=l:>x=2,y2=1:>;}=1=2:>g=1jm=2
s x-1=-1=x=0, y*=3 (loai).
« x—-1=2=x=3, y* =3 (loai).

« x-1=2=x=-],y*=1

22I2+}‘2—I2 =.T1+}|2 [1)
« Taco
| Gl P
1?:1“+2“=x4(F+-j-4—]+(y‘—x“}y—¢
4
.—+_
=172 2x* IEJ’

Hogat e

zdxt+yt—xi=x'+y* (2)
Tir (1) va (2) suy ra
x“+y4+x3+y1=x2(1+x2)+y2{l+yz]£22.
Pap s6. maxP =22 khi x=1, y=2.

https://tieulun.hopto.org
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1) Ta c6 MPN = BAE =CAE suy ra tir giafc APNM
noi tiép. Tir d6 ANM=APM=ACB suy ra
MNJ/ BC nén N la trung diém cua AC.
2) Tt MN/JI BC va tir gilc MNQE néi tiép suy ra
MEQ=MNA = ACB = AEB nén
AAEB = AAEQ (gc.g). Tir 46 d& thiy B, Q0 dbi
ximg nhau qua AE.
3) Tuong ty nhu phan 2), ta ¢6

REN = PMN = PBC = PEC

" YONG 2

Ciéu L 1) Hé PT da cho twong duwong voi
[.1'= +4y: =5 (1)

suy ra APRE=APCE (g.c.g) nén R, C dobi ximg
nhau qua PE. Tir d6 NR=NC=NA, suy ra
ARC =90,

Ciu IV.

o Gid st x;, x,, Xy, ..., X 18 mot hodn vi thy ¥
cia cdc sd 1. 2, 3, ..., 100. Ta chia thanh 10
nhém, mdi nhom 10 s6 hang lién tiép

Sy =X+ X+t Xy, Sy =2 Hxyy Her by,

Sio = Xy + Xgp +-o+ 4 Xy,

11 103 [[H]
100.101
Tach 3 8= =% 1= =35050
R r N
nén c6 it nhit mét §, > 2020 — 505,

10
Véy a=505 1a mét sé “dep”.
« Ta xét mét hoan vi dic biét 100, 1, 99, 2, 98, 3,
... 51, 50, khi do6 téng 10 s lién tiép hodc bing
505 (néu sé ddu tién 13 I6n nhit) hofic bing
500 (néu s6 déu la s6 nho nhat) suy ra néu a > 505
thi a khong la sb “dep”. Viy d4p sé maxa = 505.
.\%
S

< 5 6x+5=16x2 = 1122 —6x-5=0

-5 3

=1,x=— (loai).

$OF=1x=17 (log)
X

“au IL 1) Tir gia thiét dé bai c6

X+2y ) 4xy 5}=] (2) - dp s6. x =1.
l( J(4xy+5, Q&” 1

Thay (1) vao (2) suyra
(x+2y)(x* +4xy+4y?) =1

&
&
::-(x+2y}3=1:>x+2}~=1. @»

Ta thu dugce hé
x+2y=1
ay=-1

b
I
~
=
I
L

=>2;.r?—}-—1=0:{ 1

Bap 6. (=, y}e{(—l, 1);[2. %‘]}

2) PT da cho twong dwong vii

(522 +6x+6)5x2+6x+5 =64x* +4x
-:::-(Jﬁxi +n5x+5)3 +y9x2 +6x+5 =(4_r:|3 +4x

Chuyring @* +a=b'+b<a=h.

Viy 5x2+6x+5=4x (:c = 0}

3x? -2y? =1=>3x2 -2y =1(mod 8),
3x* =2y? =1 (mod 5).
11 {.ﬂ EG.I.-’ifmod 8)
y2=0,1,4(mod 8)
du {3,1-! =0, 3, 4(mod 8)
2y?=0, 2 (mod 8)
nén 3x* -2y? =0, 6, 3, 4, 1, 2(mod 8). Do dé
3x? -2y =1(mod 8)
< x?=y*=1(mod 8)<:>x2 —-y*:8
: {x"EO.l,ci(mod 5)
y? =0,1,4(mod 5)
an {312 =0, 3, 2(mod 5)
2y* =0, 2, 3(mod 5)
nén 3x2-2y2=0, 3, 2, 1, 4 (mod 5).
Do d6 3x2 ~2y* =1 (mod 5)

TOAN HOC
' Clusilpe

https://tieulun.hopto.org

S6 470(8-2016)




o x?=y? =1(mod 5)& x* - y*i5.
Ma (5, 8)=1 néntacé x* —y?:40.
2) Ding thirc da cho twong duong véi
[x3+1}3=(y+1:|(_v2—y+k). Vi

y?-y+1=[y+l)2—3[y+1}+3 suy ra néu d la
wdc sb chung 16m nhét cia y+1, y> —y+1 thi d 14
udce cia 3. Suy ra d nhan mot trong hai gid tri 1,3 .
Ma x? =0, 1(mod 3) suyra

x> +1=1, 2(mod 3) nén d#3.

Suyra d=1=y+1,y?—y+1 nguyén t6 cling nhau.
Vi (y+1)(y*-y+1) 1a s6 chinh phwong, suy ra
y+1, y?—y+1 la cée s6 chinh phuong. Ta ky hi¢u
y+l=a?, y?—y+1=»F*, a, beN.

Do d6 4y? -4y +4=4b2 < (2b) —(2y-1)
o (2b-2y+1)(2b+2y-1)=3.

Vi 2b-2y+1+2b+2y—1=4b20 (do ta chon
hz=0)suyra

=3

2b+2y—-1=3 5 .

: = — :
{2b—2y+]=lz>} I1=a (loai)
2b+2y—-1=1 o o

: {2b—2_1.'+1=3:>y_0'x_0'

Pdp sé. x=0, y=0. N

Céu 111 @
¥

K R

SN—H 1 §*$
| -

- L =

E F

A N D

Q
P

1) Vi ACND vudng tai D nén L la trung diém
cia NC va O la trung diém AC suy ra OL/{ AD,
twong tw OK [/ AD, viy O, K, L l.héng hang.

2) Goi Q 14 giao diém cuia EM va PO. Ta co tam

gidc EAM wvubng cén tai £ nén EMA =45,
Do d6 EMA = BDA = 45° suy ra MQ/| BO.
_PQ

T T
uong ty NF//CO. Taco — PB = 50"

TOAN HOC
* CTudilpe S8 470(8-2016)

6

PM PN
Mat khic MN// BC nén — F5 - PC suy ra
PN PQ ! :
PC-PO hay ON//OC. Viy @, N, F thing

hang. Tl d6 t& giacOFQE 14 hinh chit nhét nén
PO di qua trung diém R cia EF.
3) Theo tinh chit déi ximg thi ST, EF, KL déng
quy tai G (truwémg hop P 14 diém chinh giita cung
AD thi ST, EF, KL song song v&i nhau nén dé suy
ra U, V, K, L cung thude mot dudmg tron). Goi
H 1a giao diém cha PO vi ST. Theo 2) thi
RO=RF va LO=LF nén RL la phin giic cua
FRO ma GL 14 phan gidc cia TGR. Tirdo L la
tdim dwimg tron ndi tiép cia tam gidc GHR ma
RLG =135° suy ra RHG =90°. Vay UV L PO,
Ta co tam giac OPC céntai O nén
OPC = OCP = ABP = VKS.

Ma HPU +VUL=90", SKO=90" nén

VUL +VKL =180".
%. L cung thudc mdt dudmg tron.
a, chiéu dai s=3 ty

Do dé U,
Cau IV
R

Lt P s e

e a, +a o : "
goi la day “16t" néu a; # L vdi moi chi

Q¥ (i, /. k) thoaman (1<i<j<k<s).

Néu diy a,a,a, ...a, la diy tot thi day

2a,, 2a,, 2a,, ..., 2a, vi diy 2a -1, 2a,-1,
2a,-1, ..., 2a,—1 cing la day tot.
Tir nhén xét trén ta suy ra néu A3y N S

la ddy tot cia cac sd 1,2, 3, ..., s (s23) thi diy

o . S SRR o T D B S TR« et
1a day tét cua cée s6 1,2, 3, ..., 2s (cha y ring
2x,+2x_ -1 :

—-‘% khong la s6 nguyén).

« (1 3, 2) 1a day tét ciia cdc s6 1, 2, 3.

« Voi nz3 ludn tdn tai k dé 3.2 <n<3.2%
Theo nhén xét trén, ta xay dung dugc day tot tir cdc
1,2,3, ....3.2" sau d6 ta bo di cic sb
n+l, n+2, n+3 ...,
thttircacso 1, 2, 3, ...,
s6 hang bét ki thi day con lai vin 12 day 16t).

NGUYEN VU LUONG - PHAM VAN HUNG
(GV Truomg THPT chuyén KHIN, DHQG Ha Ngi)

50
3-2% ching ta nhén dugc day
n (trén déy tot ta bo di cac
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DE, THI TOYEN SIVH VAQ LOP 10 TRUONG THPT CHUYEN BHSP HA NI
NAM HQC 2016 - 2017

VONG 1
(Thoi gian lam bai: 120 phiit, danh cho moi thi sinh thi vao Triecmg chuyén)

Céu 1 (2 diém). Cho biéu thirc

e e (]
V1+a—vJl-a J1-¢* ~1+a r a

voi 0 < a < 1. Chimg minh ring P = —1.

Ciu 2 (2,5 diém). Cho parabol (P): y = —x" va
duémg thing d: y = 2mx — 1 v6i m 13 tham s6.

a) Tim toa do giao diém cua d va (P) khim = 1.

b) Chimg minh ring v méi gia tri cua m, d
luén cat (P) tai hai diém phén biét 4, B. Goi yy,
v, la tung d6 cia A va B. Tim m sao cho

v -»i|=35.

Céu 3 (1,5 diém). Mot nguoi di xe may tr dia
diém A4 dén dia diém B cach nhau 120km. Vin

toc trén -i— quing duong AB diu khong d6i, van
tbc trén —_!1— quing dudng 4B sau biang é vin

toc trén % quing duong AB dau. Khi dén B,

+

ngudi do nghi 30 phut va trd lai 4 vai van ,%}
NG 2

dﬂng»& cho thi sinh thi vao chuyén Todn va chuyén Tin)

(Thoi gian lam bai: 150 phit,
Céu 1 (1,5 diém). Ching minh bis
nhan gia tri nguyén duong vog
nguyén duong cia n:
P={ it +{me1) (n1)" 427 N 42-200 41,
_ Cau 2 (2,5 diém)
a) Tim cdc s6 nguyén duong x, y thod min:
’xa -y =950 + 7).
b) Tim céc s6 thuc x, v thoda man:

. +8 4[.1—+1—)

c sau
1 gia tri

gl
X

Céu 3 (2 d‘mm}. Cho § 1a tdp céc sd nguyén
dwong n c6 dang n=x" + 3)7, trong d6 x, y 1a céc
50 nguyén. Chimg minh ring

a)Néua,b e Sthiab  S.

b) Néu N € S va N chin thi N chia hét cho 4 va

-{-:F—ES.

16m hon vin téc trén % quang duong AR déu
tién lic di 1a 10km/h. Thai gian ké tir o xuét
phét tai 4 dén khi xe tro vé 4 1a 8,5 gior. Tinh
vin toc clia xe may trén quing dudng ngudi d6
di tir B vé A?
Céu 4 (3 diém). Cho ba diém A, M, B phan biét,
thang hang va M nim giita 4, B. Trén ciing mot
nira mit phing b 1a dudmg thing 4B, dung hai
tam gidc déu AMC va BMD. Goi P la giao diém
ciia 4D va BC.
a) Chiang minh AMPC va BMPD la céac tir giac
noi tiép.
b) Chitng minh /CP.CB +DP.DA = AB .
¢) Duémg thang nbi tim coa hai dudng tron
ngoai tiép ha tir gidc AMPC va BMPD cit PA,
PB tuon tai £, F. Chimg minh CDFE la
hinh t 9§§

4
Ci

I diém). Cho a, b, ¢ 1a ba s6 thuc khong
thod min ¢ + b + ¢ = 1. Chimg minh rang
JSa+4+J5b+4 +5c+427.

Ciu 4 (3 diém). Cho tam gisc ABC nhon,
AB < AC. Ké dudmg cao AH. Puong tron (O)
duong kinh AH cat cac canh 4B, AC tirong mg
tai D va E. Pudng thing DE cit duong thing
BCtai §.
a) Ching minh BDEC 1a tlr giac ndi tiép.
b) Chimg minh rang SB . SC = SH".
¢) Pudng thing SO cat AB, AC tuong tng tai M
va N, duong thing DE cit HM, HN tuong img
tai P va Q. Chimg minh ring BP, CQ vi AH
dong quy.
Ciu 5 (1 diém). Gia sir mdi diém cia mat
phing duoc t6 bai mot trong ba mau xanh, do,
ving. Chimg minh rang tn tai ba diém cing
mau la ba dinh cua mét tam gidc cin.
NGUYEN THANH HONG
(GV THPT chuyén DHSP Ha Noi) gici thiéu

TOAN HOC

S6 470 (8-2016) & cl'umlye
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TOAN HOC PHO THONG

Meo vit: Khong ding dong hé vin biét dwoe hai
goc dinh huéng cé cing hurdng.

Nhic lai ring mdi gée dinh hrémg gbe O trong mit
phﬁng 12 mét cép tia (c6 thi or) géc (. Sau day chi
xét goc dinh huéng gbc O ma hai tia cia n6 khong
ciing phuong (khéng cing ndm trén dudng thing).
Pé xem hai goc dinh huéng géc O nhu thé la
(Ox,0y), (Ou, W) ¢6 cing hudng ta thudng ding
dbng hd, xem khi quay theo con dudmg ngin nhat tir
Ox dén Oy va tir Ou dén Ov thi cac quay dé c6 cing
chiéu hay cung ngugc chiéu quay kim dong ho (dé
trén mat phing).

Mit dong héd, lam sao biét (Ox,0y), (Ou,0v) ciing
huréng hay khéc hudng ?

Goi s la phép dbi ximg tryc
bién Ox thanh Ou thi ta c6:
(Ox,0y) va (Ou,0v) cung
huémg khi va chi khi s bién
nira mit phang chira Oy véi bo
Ja dudmg thing chira Ox thanh
nira mit phing khéng chira Ov
véi b 1a dudmg thang chira Ou
(h.1). Néi cach khac dé dé v&
hinh ta lam nhwr sau:

Vé mot duomg tron (C) tdm O. Trén (C), mdi nira
dudmg tron ¢ hai mit, bo di mét mat, giir lai mat A

Hinh 1

thi tap diém con lai dugc goi 14 nira dudng tron goc
A. Méi diém A cia (C) xic dinh hai nira duéng tron
gbc A, ching cé chung mot diém duy nhat 4. Gia st
cac tia Ox, Oy, Ou, Ov cit (C) theo thir ty tai X, ¥,
U, V. Khi dé:

Cdch I: Néu s 1a phép dbi ximg truc véi truc Ia
dwomg thing qua O, s bién X thanh U thi hai goc
(Ox, Ov), (Ou, Ov) cing hudng khi va chi khi s bién
nira dudmg tron gde X chita ¥ thanh nira dwdmg tron
gbe U khéng chira ¥ (h.2).

TOAN HOC "
* CTugilpe _ SG 470(8-2016)
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1 M O

(Khong diing chidu quay kim dong ho)

DOAN QUYNH (Ha Noi)

Cdch 2: (phat biéu mét cich “hinh hoc” hon va chi
tiét hon cach 1) Ki hiéu X* 12 nira duéng trén goe X
chira ¥, U* la nira dudmg
tron gbe U chira ¥ thi hai
goc (Ox,0), (Ou,0Ov) cling
huomg khi va chi khi 6 1
trong 4 diéu kién:

1) .08 =T

XN =T,

NXe U UegX*;

bt P gty Hinh 2

HXe e XF.
(2 didu JN& ddu rit d2 thir! 2 diéu kign sau nén ding
hi & kiém tra!) (h 3,4,5,6).
K> x

U
55 (N f o XY o
U
Hinh 3 Hinh 4

Hinh 5

Hinh 6

Chii y: Néu cho phép dimg tryc gidc (nhung van
khéng ding truc gide chidu quay cia kim déng ho),
dé xét xem goc dinh hudng gitta hai tia khong cing
phuong (Ox, Oy) c6 huong duong (“nguoc chiéu
quay kim dong ho™), ta hiy:

- Pimg huéng mit vé phia tia Ox (coi miat phéng
chira Ox, Oy nim ngang) thi tia Oy nim trong nira
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mit phing bo Ox vé phia tay trii cia ta.
- Hodc dat gay cubn sach dang m& doc Ox theo
hudmg Ox (dong dudi 1én dong trén theo hudng Ox)
thi Oy nam & trang tréi cudn séch.
Chic déc gia con nhiéu cich khéc ?

Bdy giér chiing ta tiép tuc ndi dung nay voi vai lap
ludn chat ché hon (xem thém [1], [2]).
1. V&i mdi tia Ox, ki hidu Ox* 1a mira mit phéng Vi
bé 1a duomg thing Ox, bo di tia dbi cia tia Ox (tirc 13
hop cia tia moé Ox\{ O} vl mot nira mit ph?mg ma
véi bar 1a duong thing Ox). Ox* goi la nira phiing
v6i tia khéi ddu Ox.
MB&i tia Ox xéc dinh hai nira phing véi tia khoi déu
O, giao cia chiung 14 tia md Ox\{ G‘} :
2. Ox* goi la eiing hwéng voi Ox™, viét
Ox* ~ Ox’* néu c6 mot trong bén didu kién:

1) Ox* = 0Ox’*;

D0 oy O =1

3) 0\{0} < Ox'*, Ox"\{0} & Ox*;

4) 0x\{0} & Ox™*, Ox’*\{0} = Ox*.

Chimg minh ring d6 1a mét quan hé twrong ducmg
trong tip hop céc nira phing véi tia khai diu gbe O

Cdch 1: Tinh phén xa, d6i ximg suy ra tryc tl:p?

dinh nghm dé Lhng minh tinh truyén {mg nhe

vé (chii yéu chi cdn xét 2 truong hop).

Cdch 2: Cit bai duomg tron (C) tam O @phﬁng
véi tia khoi dau Ox trér thanh hop éﬁu@ng tron
mé cua (C) voi mot diém mut cia né va hinh vé tré
nén don gian hon (va cfing ¢6 thé xdy dung huding
clia mat phéng tai O nhir cdc nira dudmg tron nay;
cich xdy dung niy gin vdi xdy dyng nho” dong
h6™! (xem lai cich 2 néi trong “Mgo vat”™);

3. Quan hé tuong duong nodi trén cd dung hai lap
twong duong. Mai 16p twong duong dé goi 1a mot
hwréng ciia mit phiing tai O (chon mot hudng tai O
6 nghia 1a véi mdi tia Ox, chon mét nira phéng Ox*
sao cho v&i moi Ox, Ox’, Ox* cling hudng vdi
Ox'*),

Huwéng ciia mit phiing 14 ho huéng tai moi diém O
clia mat phing bét bién qua phép tinh tién ty y cua
miit phéng (tirc 1a phép tinh tién bién tia Ox thanh tia
O’x" thi bién nira phing thude huémg tai O thanh

nira phing thudc huéng tai 7). Cho mét nira phing
véi tia khoi diu Ox thi né thude mt va chi mot
huéng ciia mat phing.

C6 thé chimg minh ring phép ddi ximg qua duong
thing A di qua diém O déo hudng tai O (tirc bién 16p
twong duong cac nua phéng xdc dinh hudng tai O
thanh 16p tuong duong kia) bing céch xét timg
trrdmg hop tia Op (Op\ {0} 1a giao cia A véi Ox*)

tao voi Ox goe hinh hoc ;5:0 ¢6 56 do 0, s6 do gbm
gifra 0 va m/2, b do w2, sb do gfim giira w2 va m; t
do phép dai hinh thudn (hop thanh cua mét s6 chiin
d6i ximg truc (tinh tién, quay) bao tén hudng cua
mit phing con phép doi hinh nghich (hop thanh cta
mot so 1& d6i ximg truc) thi ddo hudng cia mat
phing). Ciing tir cach chimg minh trén dé suy ra su
trong duong cia hai cach 1, 2 trong “meo vat”.
(Vé tryc gidc, ta thuomg dimg hwdmg xic dinh bdi
nira phing trdi (ma ding tryc gidc “dong hé” ta
thudmg goi digh hudéng ngwge chidu quay kim déng
hu) nhur ‘@y trong phan ma ddu “Meo vat™: dit
gy hale & doc theo Ox, dong cudi 1én déng
trénd hudng cta Ox, thi Ox* la nira phing cua
én trdi; do huéng clia mét phing bit bién qua
i hinh thuén nén dinh nghia do la thoa dang tc
chang han htrcmg d6 khéng phuy thude phép doi hinh
thun dua cudn sach dé dinh huéng di dau tay ¥).
4. Nhic lai gic dinh hwéng gﬁc O trong mat phang
la clip ¢ thir ty tia (Ox, Oy).
Khi Ox, Oy khéng ciing nim trén dudng thing (tic
la Ox, Oy khong cung phuong, noi cich khic la
Ov=+0x, +0x 14 Ox, —Ox la tia ddi cia tia Ox), co
ding mot nita phing voi tia khoi diu Ox ma chia
0y\{0} . Hai géc dinh hudng (Ox,0y), (Ox',0v")
(Oy#+Ox, Oy #+Ox") goi 1 cing hwéng néu
mira phing Ox* ma chia Oy\{D} cling huéng véi
nira phing Ox’* ma chira Oy’\{D}, Hai goc dinh
hudng khéc dinh (Ox, Oy), (O'x", O"y") (Oy=+ Ox,
Oy’ #+ O'x’) goi la ciing hwéng néu phép tinh tién
véi vecto 0'O dua (O’x",0°y") thanh péc cing
huémg véi (Ox, Oy).
Khi da ¢6 hudng tai O thi goc dinh hudng (Ox, Oy)
(Ov++ Ox) goi 1a ¢6 hwéng dwong néu nira phing
Ox* mé chira O\ {0} thue hudng tai O (va goi 1a

TOAN HOC 9
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¢6 hwémg Am néu nira phang Ox* ma chira O\ {O}
khéng thude hudng tai O).

Phép déi hinh thuin bién goc dinh hudéng ¢6 hudng
duong (dm) thanh gée dinh hudng ¢ hudng duong
(am) , phép doi hinh nghich bién géc dinh hudng cé
hudng duong (dm) thanh géc dinh hudng c6 hudng
dm (duong).

5. Khi da c6 hudng tai O thi mdi goc dinh hudng
(Ox, O) c6 mdt sd do goi 12 sb do chinh ki higu
sdo(Ox, Oy) xéc dinh nhu sau:

sdo(Ox, Ox) = 0; sdy(Ox, —Ox) =m; khi Oy==+ Ox,

sdo(Ox, Oy) == sd 10y,
(Ox, Oy) co hudmg duong hay am.

liy diu céng hay trir tuy

(Goc dinh hudmg (Ox, Ox) con goi 14 goc dinh
hudmg 0, (Ox,~Ox) con goi 14 gbée dinh hudng bet.
Ta khéng dé cdp dén hudng cia ching).

Khi mat phﬁing dd co hudng, hai goc dinh hudng
(Ox,0y), (O'x", O'y") goi la bﬁ’mg nhau néu ching
¢6 cic 56 do chinh bang nhau; khi d6 sé do chinh
cho ta mdt song anh tir tip cac goc dinh hudng trong
mit phﬁng sai khac bang nhau dén nira khoang

—Tl:.,TE:| ] +

X0z thi sdx0y+sdy0z=sdx0z (*). Bé,@f

phép cdng do cho cac tia tay ¥, khi day
O, ta qui wée moi goc dinh hudmg
56 s6 do 1a

sd(Ox, Oy) =sdy (Ox, Ov) + 2k, ke Z tuy v;

ong tai
, ) co vo

Hiéu hai sé do tiiy ¥ ctia mét géc dinh hudéng 13 mot
boi cla2n: ta noi sd do cha goc dinh hudng xdc
dinh sai khac 2kn (keZ) hay modulo 2. Khi do
véi ba tia tlly y Ox, Oy, Oz ta 6 h§ thire Chasles vé
s6 do cua cac goc dinh hudng géc 1a

sd(Ox,0z) + sd(0z,0y) = sd(Ox,0y) 2k, ke Z,
hodc viét dang hoan vi vong quanh:

sd(Ox,0y) + sd(Ov,02) + sd(0z,0x) = 0 mod 27 .
Chitng minh: DE thir trong truémg hop Ox = Oy;
Pé xét truomg hop Oy = —Ox, chil ¥ ring vdi moi tia
Ou, O, ta cb sd(Ou—Ov) = 1t + sd(Ou,0v) mod 2.

10 T?g?uggce S48 470(8-2016)

8.

N\
6. Ta da biét ring néu tia Oy nim trong goc hmh,@

Con trromg hop Ox, Oy khong cing ndm trén duémg
thing, néu Oz nim trong nira mit phing bir Ox chira
Oy, chi can xét khi Oz thuge mién goc hinh hoe xOy
va khi Oz thudc mién goc hinh hoc tao bai Oy va
~Ox, dé ¥ ring khi hai tia Ou, Ov khéng cing nim
trén duong thing, néu tia Ow ndm trong mién goc
hinh hoc uOv (ké ca khi Ow trimg vai Ou hay Ov),
ta ludn co
sd(Ou,Ow) + sd(Ow,0Ov) = sd(Ou,Ov) mod 270,

suy ra tir (*); con néu Oz nim trong nira mat phang
b Ox khong chira Oy thi d6i Oz thanh —0z).

Nhir thé 13 néu mit phing di c6 hudng thi hai goc
dinh huéng (Ox,0y), (0'x",(’y’) bang nhau khi va

chi khi ching c6 cing s do modulo 27 .

7. Khi da c¢6 hudng tai O thi phép guay tim O vdéi
gbe quay 1 gée dinh hudmg cho trude gée O la bién
ddi cua mat phing bién O thanh O, bién M khac O
thanh M sao cho OM = OM va gbéc dinh hudng

(OM, OM) Jing goc dinh huémg da cho. Méi lop
gbc dm

gnc o hang nhau hoan toan dwoc
1 s6 do modulo 27 cia ching; tap cic s6
thanh mot nhom (cdng) 14 nhom R /2xZ .

coi cong hai 16p goc dinh hudng bang nhau 1a
chng céc s do modulo 27 cua chiing thi céc lop goc
dinh huéng bing nhau nay lam thanh mot nhém ki
hiéu nhom A dfing cAu nhém B /277 . Mit khaic ki
hiéu @ 14 nhém nhan (phép nhin & day 1a hop thanh)
cic phép quay tdim (. Cho hai tia Ox, Oy thi cd mot
va chi mét phép quay tim © bién Ox thanh Oy nén
hé thitc Chasles chimg td nhém (cdng) A ding ciu
nhém Q.

Dé thiy mdi phép quay tim O bio ton sy bing nhau
cia goc dinh hudng va tir do suy ra khi mét phang
da co hudng, hai gée dinh hudng bang nhau néu va
chi néu co phép doi hinh thuan bién géc nay thanh
goc kia. Khi mit phing di c6 hudng, déi khi hai goc
dinh hudng (Ox, Oy), (O'x’, 0"y’) goi 14 hai goc doi
(nhau) néu mot goc c6 mét sé do bing sé ddi cua
mot s do ciia goc kia. Khi d6 phép dai hinh nghich
bién mdi goc dinh huémg thanh mét goc doi cia no.

8. Khi da c6 hudng tai O thi méi goc dinh hwémg
(Ox,Oy) cling vol mit s6 do cua goc do goi 1a mot
goc hrgng giac gfuc 0; sb nay goi la sb do va goc
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dinh hudng (Ox,0Ov) goi la hinh biéu dién ciia goc
lwong gidc do.

Mbi s6 thyc 1a s6 do ciia mdt goc lwgng gide ma
hinh biéu dién xdc dinh sai khéc bing nhau. Viy ¢6
thé xem géc huong gidc 14 mét cap (o, p(o) ). o la
mét s6 thire, p: R — A, p(a)bing 16p tit ca goc
dinh huéng nhin o lam mét s6 do. RS rang p la
mét toan cAu nhém. Khi dd ¢ hudng tai O, vach
dwong tron don vi ' tim O va liy mjt diém A ¢b
dinh trén dudmg tron do (com goi la dudmg tron
lwgng gic) thi diém M thuge §' cing véi mét sb do
cua goc dinh hudng (O4, OM) xic dinh mdt goc
lwgng gidc gbe O; M goi la diém biéu dién goc
lwrgng gide d6. Mdi s6 thye 1a sé do cia mét goc
lwong gidc ma diém biéu dién M hoan toan xac dinh.
Ciing c6 thé xem goc lugng gidc 14 mt cip phan tir
(o.g(e)), o la métsd thue, g: R > S', gla)=M ,
sao cho mat s6 do cua gboc dinh hudng (OA4, OM)
bang o .

Cho trude sé o, d6i khi ciing néi phép quay tim O
goc o la phép quay tim O voi goc quay la goc dinh
hwéng p(a); khi @6 chiang han phép quay tim O
goc - cling 14 phép quay thm O goc n, va do la
phép ddi ximg qua tim O.

+

9. Vé goc dinh huéng giira hai duong thing: %\

Cap c6 thir ty hai dudmg thing 4, & di qua djgg

2oi la mot goc dinh hwdng géc O giira h ng
thing, ki hiéu (d, d"). Gia sir da c6 hu ’* (). Khi
hai dwomg thang d6 phén biét va khg ong goc
vl nhau, l.'?'uy mét tia Ox = d thi co * nhit mot tia
Ovcd sao cho sd :@{g; néu nira phang Ox*
chita Oyt {O} thudc hudng tai @ thi ndi (d, d°) co
hwimg dwong, ¢ sb do chinh 14 my(d.d") = sdJ-L‘a':-‘:
néu nira phing Ox* chira Q}v\{()} khéng thudc
hurémg tai O thi néi (d, &) c6 hwéng dm, co sb do
chinh 1a my(d, d") = —sd xOy (khong dé cap huwéng
clia goc (d, d) ma d, &" vudng goc (goc vudng) ciing
nhu cia goc (d, d) (goc 0)).. Sé do chinh cia (d, d)
(goe 0) 14 0, sb do chinh cta goc vudng li g{cfic

didu trén khong phu thude Ox da chon). Mdi goc

dinh huémg (d, d) co vbo so so do I
m(d, dY=myld, &)+ km, keZ thy y. Khi do,vdi
hai tia Ox, Ox’ tily v theo thir ty ndm trén d, & thi
mid, d)=sd(Ox, Ox" ) mod & .
Cho ba dudmg thing d), ds, ds qua O ta c6 hé thirc
Chasles: m(dy, dy) + m(dy, ) =m{d, d;) +kn, ke k.
Gia sir mit phing da co huimg. Hai goc dinh hudéng
giita céc cap dutmg thing (cit nhau) (d\, a" 1), (db, d'2)
goi 1a bing nhau néu ching co s6 do chinh I:-fmg
nhau, tirc ¢6 cic so do bﬁng nhau modulo 7 ; kh1 do
chimg bing nhau néu va chi néu ¢ phép dri hinh
thuéin bién &, thinh &, & thanh o';. S do chinh
xéc dinh mdt song anh tir tip cdc 16p bing nhau cua
cac goc dinh hudng gilra cac cip duong thing qua O
dén nira khoang (—%ﬂ . Phép doi hinh thugn bio
ton huémg cla céc géc dinh hudng gilta cdc cip
dirémg thang (khac 0, khéng vuéng), bao ton sy bing
nhau cuia cde goc dinh hudng gilra cdc cép dudmg
thing. Phép déri hinh nghich lam déo hudéng cia cic
goc dinh h giita cac cap duomg thang (khéac 0,
khéng v :
ChiR gidc ABC trong mit phing da co6 huémg thi
¢ dinh hudmg gitta cac tia (4B, AC), (CA, CB),
. BA) c6 cung hudng nhung cic goc dinh hudmg
gitra cdc cap dudmg thang dé (néu khong c6 cdp ndo
vudng goc) khong chic co cing hudng.
Cho ba diém phén biét 4, B, C trén dudng tron tim
O thi 2m(CA, CB) = sd(0A, OB) mod 2, nén: Cho
hai diém phan biét 4, B trong mit phing di cé
hudmg thi qui tich cac diém M (khac 4, B) sao cho
goc dinh hudng gifra cac tia (M4, ME) béng mot goc
dinh hwdng (gifta cac tia) khac 0, khac bet cho trnrde
la mot cung tron (khong ké hai mut 4, B), con qui
tich cac diém M (khac A, B) sao cho gée dinh huéng
gitra cac duomg thing (M4, MB) bang mét goc dinh
huémg (giita cic duong thing) khic 0 cho trwée la
mét duong tron di qua 4, B (nhumg khéng ké 4, B)

Tai liéu tham khio
[1]. Poan Quynh (CB). Dai 56 10 néng cao, Tai liéu
chuyén Bai s6 10. NXB Gido duc Viét Nam, 2010.
[2]. Poan Quimh (CB). Tai ligu chuvén Hinh hoc
11. NXB Gido duc Viét Nam, 2010.
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,B 6i ximg truc 1a mot phép bién hinh quan
trong trong nhém céc phép déi hinh, Khi
d6i ximg truc két hop vdi nhitng mé hinh hinh
hoc khac nhau s€ tao ra nhitng bai todn kha
théch thirc trong viéc giai. Khi ta dinh nghia vé
dudng trung truc doan thing 13 ta co thé hiéu
duge vé dbi ximg truc. Phép déi ximg truc dugc
gidi thiéu 1an diu tién trong chuong trinh hinh
hoc 1ép 8 & Viét Nam va sau d6 mét lan nira
dugc gioi thi¢u hé thong hon cing vdi cac tinh
chét trong truong trinh hinh hoc 16p 11. Mac di
doi xung truc dugc dinh nghia rat don gian,
xong chinh vi tinh don gidn cliia né ma khi ap
dung trong nhitng mo hinh va tinh huéng khac
nhau ta ¢6 thé thu duge nhimg bai toan tha vi.
Nhitng bai todn trong bai viét nay hudng téi
mét doi twong kha rong, nhitng ban hoc sinh
THCS hoc t6i tir gide ndi tiep 1a hoan toan o6
thé hiéu 1oi giai, xong dé tim to1 ra hudng gig
va cach gidi thi cac ban cén c6 nén kién
cao hon. Chiing t6i viét bai nay duwa tré an
diém 1a st dung mét phép bién hinh@g giai
toan, diéu d6 co nghia 1a ching 491 %0 ging
nhidn manh tinh chét cia phép bﬁinh théng
qua cac bat bién caa no khi ta sir dung no. Mic
di1 véi mdt phép dai hinh nhw d6i ximg truc ma
thé hién o dwoc cac tinh chit bit bién trong
gidi toan 13 kha khé khan vi bét bién cia céc
phép d&i hinh sinh ra tr viée gilt nguyén
khoang céch nén d6i khi ta d& bj lan cac bit
bién d6 trong cac tinh chét hinh théng thuémg,
Chung ta hdy di sdu va phan tich mdt s vi du
cy thé sau.
Bai todn 1. Cho tam gidc ABC ndi tiép duong
trén (0) co tém dwong tron néi tiép la 1. Al eat
BC tai D va cat (0) tai K khdc A. :‘m P sao
cho DP L AO. AP cit (0) tai Q khac A. QI
cat (0) tai G khdc Q. J la trung diém cia IP. L
lé hinh chiéu vuong goc ciia G lén AD. Trung

1 2 Tog-glﬁche S6 470 (8-2016)
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TRAN QUANG HI‘JNG
{GV TTHPT chuyén KHTN, DHQG Ha Néi)

triee ciia KL cdt KJ tai R. Ly diém H sao cho
LH/[AG va RH /| AD . Chung minh rang H
luén thuge mgt dwong tron co dinh khi P thay
doi.

Goi E la diém d6i ximg v6i P qua AD thi E
thugc BC va EAB=PAC. D& thly GK chia
d6i EI. Viy qua phép dbi ximg truc AD thi
KJ va KG dbi ximg nhau qua KA . Tir d6 goi
GL cit KJ tai F thi L 1a trung diém GF. Suy
ra H 14 trung diém AF. Do F va G @bi ximg
qua AD nén F di chuyén trén anh ddi ximg
clia (0) qua AD. H 14 trung diém 4F va A ¢b
dmh nén H thugc mot duomg tron ¢6 dinh.

Nhin xét. Viéc sir dung déi ximg truc AD dong vai
tro gquan trong trong viéc tim ra diém F la diem doi
xung cua G gua AD. Bai todn GK ghia’ ddi doan El
la bai todn 2 thi IMO ndm 2010 néi tiéng. Tir do ta
thu dirgre dirimg tron ¢ dinh.

Bai todn 2. Cho tam gidc ABC vdi true tam la
H. Tam gidc DEF déi ximg vdi tam giée ABC
qua mpt diomg thang d bat ky di qua H. Cdc
diem X,Y.Z chia cdc doan HA,HB,HC theo
cing mot ty so. Ching minh rang DX,EY,FZ
dong quy.

https://tieulun.hopto.org



bai todn sau

Bai todn. Cho tam gidc ABC vai truc tam H va
mét dwong thang d di qua H. A,,B,,C, la cdc
HA,,HB,.HC, doi ximg
H[_‘lﬂ =, HBEJ - HC[’]
HA. HE . HC:
Chiing minh rdng AA,,BB,,CC, dong quy.

diém sao cho

HA,HB,HC qua d va

Bb dé (Mé rong dwomg thing Droz-Farny).
Hai dwomg thang vuéng goc vai nhau tai tryc
tam mgt tam gide thi chan trén ba canh tam
gidc ba doan thdng ma cdc diém lan heot chia
cdc doan thing dé cimg mot 1y sé thi thang
hang.

B dé c6 trong nhiéu i lidu xin khéng nhéc lai
chirng minh.

A. ' &

Tré lgi bai todn. Goi A,.B,.C, |; i ot
xung cua A,B,C qua d A, B,,C, la trung
diém AA,,BB,,CC,. AA, BB, CC, cit d tai
A,,B,,C,. Tu dinh 1y Menelaus dé& thay
A,,B,,C, chia HA,,HB, HC, theo cing ty sb.
Ta phai chimg minh AA,,BB,,CC, déng quy.
Gia st d cit BC,CA,AB tai A,.B,.C,.
AA,,BB;,CC; la cac duong cao AABC thi
HA, .HA, = HA.HA, =k . Phép nghich dao cuc
H phuong tich k bién A, thanh A,,A thanh
A;. Tuwong ty véi cac dinh B,C, khi do
A,,B,.C, chia HA, HB, HC, theo cung ty sb
s& bién thanh A.,B.,C, chia HA, HB, HC,

+

cling ty $6. Ta can chimg minh cic duong tron
(HAA,),(HB.B,),(HC.C,) dong truc. Goi
A.,B,,C, 1a cic diém déi ximg cia H qua
As,B.,C; vi A,B,.C, 1a cic diém dbi xing
cua H qua A, B,,C,. Nhu vy qua phép vi tu
tim H ty sd 2 ta can chirng minh cac dudmg
tron (HA,A,),(HB,B,),(HC,C,) dbng truc. Chi
y rang tim A, cia (HA,A,) chinh la giao cua
duong thing qua A, vuéng goc véi d va BC.
Twong ty voi B,,C,. Ta can chimg minh
A,.B,.C, thing hang. Pudng thing qua H
vudng géc d cit BC,CA,AB tai A,.B,,.C,,.
Dé thdy A,,B,,.C, chia A,A,,B,B,.C,C,
cing ty so. Theo bo dé thi A,,B,,C, thing
hing. Ta c6 diéu phai chimg minh.

Mé rong dé tuyén sinh 1é6p 10
KHTN, DPHKHTN, PHQG Ha
r Cho hinh vuong ABCD noi tiép

ong tron (0). P la mot diém thuoc
nho AD cuia (0). PB.PC ldn lwot cdt

Bai toén }

gn.;m AD tgi M,N. Trung truc cua AM,DN

&

lan luot cat BD,AC tai S,T. ST cit PC.PB
lan heot tai U,V . Chimg minh rdng ducng tron
duwong kinh UV tiép xiic véi (0).

X

B &

M

P
Loi gigi, Gia sir trung truc cia AM cit PB,AC
tai K,E. Trung tryc cia DN cat PC,BD tai
L,F . Do tam giac NCD vudng nén L la trung
diém CN, suy ra LO/AD. Tuong tu
KO [/ AD nén K,O,L thing hang. Dé thiy tam

TOAN HOC
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gidc AEM wvudng cdn nén EM LAC=
EM [{DB. Tuong t¢ FN /{fAC. Chi ¥

oM PN o y

MN [ BC nén E——PC .Lay diém Q thu»:_}c
PQ_PM_PN .. ..

PO sao cho PO-PB_PC" Te do

OM [/BD || EM nén E,M,Q thing hang.
Chimg minh twong tw F.N,Q thing hang. Tir
do OEQF la hinh chit nhit, nén PO di qua
trung diém R coa EF . D& thiy S.E d6i xtmg
nhau qua K. T.F d6i ximg nhau qua L. Viy
ST,KL,EF d6ng quy tai G . Ta thdy R cling la
trung diém OQ. Nén trong hinh thang BOOM
¢d KR 14 dudng trung binh, suy ra KR // OM .
Tuong twy LR //QN. Ta ciing co MN //KL.
Mait khac AOMN vudng cin nén ARKL vudng

can. Tir 46 RLG =135°. D& ¢c6 RO=RF vi

LO=LF nén RL 13 phan gidc cia ORF . Tir
d6 goi PO cat ST tai H thi L la tim duomg

tron noi tiép ARHG va RLG=135°. Tir dé

OG /| DL,OH [/ DK . DPuwong tron qua 1.,C
tiép xuic IA cat AC tai E khde C. Pwong tron
gua I,B tiép xic IA cat AB tai F khac B. Trén
IE,IF ldy P,Q sao cho GP [/ AL.HQ /{ AK .
Chiing minh riing PQ luén tiép xic mét dwong
tron ¢ dinh khi A thay doi.

Léi gigi. Khong mit tong quat gia si
AB<AC. Do OG//DLGP//AL nén

—— e e e

OGD =LDA=LAD=PGD, nén hai dudng
thing GP va GO dbi ximg nhau qua AD . Ly

M thude GO sao cho BIM =90° . Ta thy

——

ﬂ;ﬂ}@@g@

@:w_grmgon_[w

nén hai duong thing IM va IP déi ximg nhau
qua AD. Tix d6 M va P dbi ximg qua AD.
Dung N tuong ty Mthi N va Q ddi ximg qua
AD . Goi AD cit (0) tai J khac A. Do K 1A
tim ngoaj 8 AADC nén DK L BJ tir d6 dé
thiy O trung trye cia BJ . Cha y OJ L BC
e = JON = JBC = JAC = BIC —90° = BIN,

Rff}az ZRALG—I.SOD =90°. nén PO LST tﬂi‘gra tr g]éc BION ﬂ.al tlép T‘lIUng nr co tr
I sy v 4 gihc: SHOR S0 tifp, Tit @\ Iﬂ'C rc’om ;r}m'tlep. Tur ha‘u:tu ggl_é(: 'nay noi tiép
== =20 y cha vy tinh doi xirng ta co bién dd1 goc sau

SHK = SOK =45° = KPL nén tir giac '@P
néi tiép, suy ra ﬁ=@=90“,@mg tu
PLU=90° nén K.L nim tré ong tron
duémg kinh UV . Goi X la diém d6i ximg véi
P qua KL thi X thude (O)
KXL =45 =KSO=KHP=KVP nén X nim
trén dudng tron ngoai tiép tam gidge KLV ciing
la dudmg tron dudmg kinh UV . Do KL [/ AD
nén duong tron ngoai tiép tam gidc XKL, hay

nén

dudng tron dudng kinh UV tiép xiic véi (0).

Bai todn 4. Cho tam gidc nhon ABC ni tiép
dwang tron (0) co dinh vai B,C co dinh va A

di chuyén. AD la phan gidc va I la tam dwong i

NIM =360° -O0JN -0IM

= 180° ~OBN +180° ~OCM

=180° ~OIN + OIM =180° - MIN = BIC

tron noi tiep cua tam gide. Goi K,L ldn lwot la

ti cfp
AD

tam dwong tron ngogi fam gidc

ADC,ADB. Liy G,H trén sao cho

1 4 T?g}quggce S6 470(8-2016)
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= 90° %HC =90“+%W
chi ¥ dfing thire cubi c6 do h’i)ﬁ:éﬁ?ﬁ:@.

Tir 46 chit y OJ 1a phén giac cua MON nén J
la tim dwong tron ndi tiép AOMN, viy MN

ludn tiép xic véi [,ri;i) ¢ dinh. Vi hai duong

thing MN va PQ dbi ximg nhau qua truc AD
va (J) tu dbi xtmg qua AD nén PQ ludn tiép
xuc (J) cd dinh. Ta cé diéu phai chimg minh.
Nhin xét. Viéc fim ra phép doi ximg truc AD la
buoc quan trong trong loi giai bai toan nay. Nher cd
phép doi ximg truc ta da chuyén viéc chimg minh
PQ tiep xuc voi dwong tron co dinh thanh viéc
chiing minh MN fiép xiic vai dwong tromn co dinh co
phdn don gian hon.

Bai todn 5. Cho tam giac ABC nhon noi tiép
dwong tron (Q) voi triee tam H va duong cao
AD. Pudng thang qua D vudng goc véi OD cdt
AB tai E. Trung truc cua AC cat DE tai F. Goi
OB cat DE tai K. L la doi ximg cuia O qua EF.
Dudng tron ngogi tiégp ABDF car (Q) tai G

khdc B. Chirng minh rang GF va KL cdt nimn\

trén dwong tron ngogi tiép ADEH .
§
N

Loi gidi

Bo dé. Cho AABC néi tiép duong tron (0) va
P.Q la hai diém dang gidc trong tam gidc. AP
cat (0) tai M khde A. QM cat BC tai E thi
PE [/ AQ.

Chieng minh. Goi AQ cit (0) tai N khic A
va cit BC tai H. Vi P,Q dang gidc nén
ACHN <2 AACM va ACPM 2 AQCN (g.g).

Ta suy ra HN.AM =CM.CN =QN.PM vi thé
MP NH ME
MA_ NQ MQ
H¢ qua. Cho AABC néi tiép dudmg tron (O)
va P,Q la hai diém ding giac trong tam gidc.
E thuée BC sao cho PE [/ AQ thi OF va AP
cit nhau trén dudng tron (O).

Tré lai bai todn. Goi AD ciit (0) tai P khac
A, dé thdy D 1a trung diém HP. Goi DE cit
PC tai Q thi theo bai todn con buém D la
trung diém EQ nén OD 1a trung truc cia EQ .
Vi G la giao diém cua duong tron ngoai tiép
tam gidc BED va BAC nén AGED ©“? AGAC,
Tu d6 GED=GAC=180°-GPC. Tir d6 tir
gidgc GEQP ndi tiép, nhu véy tim duong tron

hay PE /] AQ.

ngoai tiép tir gidc nim trén OD .

Lai co (ﬁ={§aﬁ4=6}?ﬁ nén dudng trom
(GDP) tiép xtic véi DE noi cach khac tam
duong t ‘%goai tiép tam AGDP nim trén
oD vay OD di qua tdm dudmg tron
n@iép tr giac GEQP va tam giac GDP

S 0D LGP, Tt d6 GEQP 1a hinh thang
N can. Ta dé chimg minh ADGE = ADHE . Viy

QF 1a trung tryc cia GH . Ta xét phép dbi
ximg truc EQ thi GF va KL cit nhau trén
(DEH) khi va chi khi cdc duomg déi xtmg cua
GF.KL qua QF cit nhau trén duomg tron doi
xtrmg cua (DEH) qua EQ. Noi cach khic chi
can chimg minh FH,OK cit nhau trén dudng
tron (BDE). Ta dé y HBE=0BD va EDH=0DC
nén O va H la hai diém ding giac trong
ABDE . Ap dung hé qua trén ta thiy FH,0K
cit nhau trén duong tron (BDE) .

Nhin xét. Bo dé c6 nguon goc tir dien dan AoPS vi
phép chimg minh trén cug Phan Anh Quéin hoc
sinh lop Al Toan K48 truong THPT chuyén KHTN,
DHQG Ha Ngi. Trong viée dp dung bo dé ta da chi
ra mot chi tiet khd thi vi la Hva O d‘d?gg gidc trong
tam gidc BDE. Mgr khdac viée xie Iy hang phép doi
xténg truc dé roi sau do dp dung bd dé i mot bude
quan trong cua bdi todn.

(Ky sau ding tiép)
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CAC LOP THCS

Bai T1/470 (Lép 6). Tim céc s6 nguyén x, v, 2,
t sao cho
38(xyzt + xy + xt + zt +1) =49 (yzt + y + 1).

DAU CONG NHO
(GV THCS Cao Xudn Huy, Dién Chdu, Nghé An)

Bai T2/470 (Lép 7). Cho tam gidc ABC cén tai

4. Diém M nim trong tam gidc sao cho

AMB > AMC , diém N nim giira A va M. Chimg
minh ring ANB > ANC.

PHAM VAN BINH

(GV THCS Vii Hirw, Binh Giang, Hdi Duwong)

Bai T3/470. Tim s6 k 1ém nhét sao cho ton tai
s6 nguyén duong khéng vuot qua 100 cé
chét 14 khong c6 hai s6 nao trong chﬂr& s

&
&‘lNH HOA

(GV Khoa Todn Tin, BHSP Ha Noi)

nay 1a lity thira cua sd kia.

Bai T4/470. Cho tam giac ABC vudng tai 4 ndi
tiép nita duong tron tim O duomg kinh BC. Hai
tiép tuyén v& tir 4 va B vdi nira dudng tron cit
nhau tai D. Chirng minh ring DC di qua trung
diém I ciia dudmg cao AH cia tam gidc ABC.

PHAM TUAN KHAI
(29/67 Gidp Bdt, Hoang Mai, Ha Noi)

Bai T5/470. Tim nghiém nguyén duong cua
phuong trinh: xyz=x+2y+3z-5.

LAI QUANG THO
(Phéng GD&DT Tam Duwong, Vinh Phiic)

TOAN HOC
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CAC LOP THPT
Bai T6/470. Cho a, b, ¢ 14 cic sb thyc thoa
man: |a + b|+|b+c|+|c+a|=8. Tim gia trj lon
nhat, gia trj nho nhat cua biéu thirc
P=a*+b+c%
VU HONG PHONG
(GV THPT Tién Du 1, Béc Ninh)

Bai T7/470. Giai hé phuong trinh
x=2
y= zl—z
TRAN NAM DUNG
(GV Khoa Todn, DHKHTN, DHQG TP. Hé Chi Minh)
Bai T8/470. Cho tam giac ABC khong c6 géc
ti1. Chimg minh bat déing thirc
cos A.cosB+cosB.cosC +cosC.cos A
> 2+Jcos Acos BeosC.

LEONARD GIUGIUC & DANIEL SITARU
% {Drobeta Turnu Severin, Romania)

Bai T9/.

X 1%

Cho »n sb thuc khong am
.7 (n=2) théa man x; +x +..+x,=1.
C minh rang
2 2
i A Il'+an{“:1+x2 %

; 5 5+t
nll+x  1+x, 1+x, ) 1+ l+x

{342

PHAM XUAN THI
(GV Khoa Co ban, Trieomg 87 quan luc qudn 2, Pong Nai)

TIEN TGI OLYMPIC TOAN
Bai T10/470. Mot sé ty nhién dugc goi la
k - success néu tong céc chit s6 clia né bang k.
Goi ay 14 sb cac sd k - success ¢6 i chir sb.

m R
Tinh tong Z Za,-k .

k=1 i=l
(k, i, m, n 1a céc sb nguyén duong).
PHAM QUANG HUNG
(GV THPT chuyén Thai B:‘nh)
Bai TIIMTI] Tim tt ca céc bd ba (x: ¥ p) gom
hai 56 nguycn khong dm x, y va sb nguyén to p
thoa man: p* —yp” =1.

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang)
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Bai T12/470. Cho tam giac ABC, H 1a mét

diém trong tam gidc sao cho ABH = ACH .

Mot duong tron di qua B va C cit dudomg tron

duong kinh AH tai hai diém phan biét X, Y. AH

cit BC tai D. Goi K la chian dudng vubng géc

vé tr D xubng XY. Chimg minh ring
BKD=CKD.

LE VIET AN

(Nha 15, xém 2, thén Ngoc Anh,

Phii Thuone, Phii Vang, Thira Thién Hué)

Bai L1/470. Pat dién ap u = 400 cos 100z (V)

vao hai dau doan mach mic ndi tiép gdbm cudn

cam thuan c6 d6 tw cam L, dién tro R va ty dién

c6 dién dung C thay dbi duoc.

PROBLEMS IN

FOR SECONDARY SCHOOL

Problem T1/470 (For 6™ grade). Find all
integers x, v, z, and ¢ such that X

38(xpzt+xy+xt+zt +1)=49(yzt + y + :]&

Problem T2/470 (For 7" grade). &?au
isosceles triangle ABC with the v ngle A.

Let M be a point inside the tri such that
I’I@:»AMC, and N is a point between 4 and
M. Prove that ANB > ANC.

Problem T3/470. Find the maximal k such that
there exist & positive integers which do not
exceed 100 and have the property that any
number among them cannot be a power of any
remain one.

Problem T4/470. Assume that ABC be a
triangle inscribed in the semicircle with the
center O and the diameter BC. Two tangent
lines to the semicircle (O) at 4 and B intersect
at D. Prove that DC goes through the midpoint J
of the altitude AH of ABC,

107}
ok

Khi C=0C'= F hoic C :§Cl thi cong

suét cua doan mach co cing gia tri.

R
15m

Khi C=C,=——F hodic C = 0,5C, thi dién

ép hiéu dung gitra hai ddu tu dién c6 clng gia
tri. Khi ndi mot ampe ké xoay chiéu (Ii tuéng)
v6i hai ddu tu dién thi sd chi cuia ampe ké 1a bao
nhiéu?

NGUYEN QUANG HAU (Ha N6i)
Bai L2/470. Trén mot khu dit rong va bing
phﬁng, mét em bé ném di mdt vién soi. Xac
dinh géc ném dé doan dwomg vién soi bay di
trong khong khi 1a 16n nhét. Bo qua moi ma sat,
coi chidu cao em bé khong dang ké.

NGO AN HOA KY (TP. Ho Chi Minh)

&
@em T5/470.
.4

Find positive

integral

*olutions of the equation

&

xyz=x+2y+3z-5.
FOR HIGH SCHOOL
T6/470. Let a, b, and ¢ are real numbers such
that |a+b|+|b+c|+|c+a=8. Find the
maximum and minimum values of the
expression P=a’ +b* +c”.

Problem T7/470. Solve the system of equations

x=2"7
y=21_x‘
Problem T8/470. Let ABC be a triangle

without any obtuse angle. Prove that

cos A.cos B +cosB.cosC +cosC.cos A
>2IJcosAmsB.cosC.

(Xem tié'in frang 37)

TOAN HOC
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f*? BAT ||

/ ‘ KY TRUGC ||:

Bai T1/466. Cho x, y, z la cdc so nguyén voi
2 3
i : = o X i ;
x # y vd thoa man —=——. Chimg minh
O i

rdng x° +y° + z? khéng thé la mot $6 nguyén 6.

Léi gidi. Tacoy 0 vax()* + ) =y (& + 2,

suyra (x — ) (Z —xy)=0.

Do x#y nén 2 —xy =0,hayla Z2=xy (¥

»Néu z=0thitd (*) cox=0,lcdé »*+" +
= 3” khéong 14 s6 nguyén td.

» Néu z # 0 thi tir (*) thiy x, y co6 cung dau, do

do chi can xét cac s6 nguyén dwong x, v, z.

Ta(*)ed 2+ +2=+y + g7

=(x+yP-F=@+y+z)x+y-2).

Vi x, y, z déu 1 s6 nguyén duong thi x+y+z > 02

vé X¥+y?+7>0nén x+y—2z>0.Do x#y
Z=xy>1nén z>1vd 7>z Déth'é‘.yx
yzl‘*v nén ¥ +y +zZ >x+y+z>x+am {:-
dodd x+y—z>1,suyra x+y+$; z
déu 1a udce sé duong khéc 1 cia x 7, tie
la x2+y2+22 khong 13 s6 nguyén td. O

» Nhin xét. Rét tiéc 1a nhiéu ban tim duge hé thic

(*), nhurng tiép do khéng lap luin chét ché.
VIET HAI

Bai T2/466. Cho tam gidc ABC c¢o AB < AC, AD
la dwong phdn gide. E, F la cac diém lan leot
AC sao cho BE = CF.
G. H ldn hept la trung diém cua cdc doan rhciug
BF, CE. Chirng minh rang GH L AD.

Léi gidi. Trude hét ta nhic lai mot bo dé quen
thugc: Trong tam gidc, doan théng ndi trung
diém cua hai canh, song song véi canh con lai
va c6 do dai bing nira canh 4y (ban doc tw
ching minh).

/

nam trén cac canh AB,

TOAN HOC
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Goi M l1a trung diém cua EF, 4p dung bd dé
trong tam giac FEB ta c6 MG // EB va

MG =%EB (1). Tuong ty, trong tam gidc ECF

ta o6 MH // FC v MH =%FC 2). Tir (1) va

(2). két hgp v&i BE = CF suy ra MG = MH, nén
tam giac MGH cén tai M va MGH = MHG (3).
Goi [ va K thir tyr 14 giao diém cua dudng thing
GH véi cac canh AB, AC. Vi MG // Al nén

MGH =AIK, MH /| AK nén MHG = AKI
(d6ng vi), kc hop véi (3) ta cod AIK = AKI suy

ra tam gig cén tai 4. Ma AD la tia phén
giac cug A nén no ciling la dudng cao, suy
ra 4 IK hay GH 1 AD (dpem). O

Wh xér. 1) Bai toan tuong d6i d&, tat ¢4 cac ban
ai déu c6 lovi giai dung. Mot sb ban ldy trung
iém N ciia BC ciing cho 1&i gidi tuong tu.
2) Céc ban sau c6 1o giai tot: Vinh Phi: Lé Hong
Nhung, 7A, THCS Vinh Yén, TP Vinh Yén; Ha
Noi: Nguyén Ha Khanh Nam, TA2, Truémg Hanoi
Academy, Quin Tiy Ho; Neguyén Ha Anh, TAl,
THCS Archimedes, Yén Hoa; Ha Tinh: Trinh
Hoang Anh, Phan Nguyén Vi, 7D, THCS Xufn
Diéu, Can Lic; Kon Tum: Lé Viét Luu Duy, TB4,
THCS — THSP Ly Tu Trong, TP. Kon Tum; Quéng
Ngdii: Newyén Hoang Kim Anh, TA, THCS Hanh
Trung; Nguyén Thi Kieu Méan, 7B, THCS Nguyén
Kim Vang; Van Quang Tué, Dé Thi My Lan, TA,
THCS Pham Van Dong, Nghia Hanh; Mai Thi Thu
Thao, 7C, THCS TT Song Vé, Tu Nghia.

NGUYEN XUAN BINH

Bai T3/466. Cho cdc 56 nguvén duong a, b, ¢
phan biét thoa mdn ab+bc +ca=674. Tim gid
tri nho nhat cua biéu thuc

a+b +c

P= —abc .
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Léi gigi. Khong mit tong quat co thé gia sir
a’ +b +¢’ =3abe
3
1 I
=§(a+b+c){a +b”+c¢" —ab—-bc—ca) [t |
Vi a, b, ¢ la cac s6 nguyén duong phan biét, cho
nén a-bzlL b-cz2l,a-cz2.

a>b>c.Taco P=

T db, tacod a* +b* +c* —ab—bc—ca=
=%[{a—b}2 +(b—cf +(c-a)] z%m 1+4)=3.

Mt khéc, tir gia thiét ban dau ta cé
(a+b+c¢) =(a* +b* +c* —ab—bc—ca) +
+3(ab+bc+ca) 2 3+3.674 = 45",

Tir (*) suy ra

P=%(a+b+-:‘){cf 46 —a!1—fx‘—cu)2%.45.3=45.

Ping thirc dat duge chi khi ta co dong thoi
ab+bc+ca=674, a=c+2,b=c+1.

Giai ra, d& dang ta c6 a=16,b=15c=14.

Kiém tra lai, nhin dwgc P = 45. Vay gia tri nho

nhét ciia P14 45. O

»Nhin xétr. Bai toan nay it ban giri 1&i giai. Chi cd

hai ban sau ddy c6 10i giai dung: Nguyén Thi Hoang

Cuc va !\.fgu_vgn Trong Thudn, 9D, THCS Nhir B&\

S¥. Hodng Hoa, Thanh Héa.
vU PiNH
Bai T4/466. Cho tam giac ABC J?hu@m;;;
VUHORE

cao AH. Ke HE vudng goc voi ARBY
goc voi AC (E € AB, F ¢ ;-IC}I.&K la giao
diém cua HE va BF, G la giao diém ciia HF va
CE. Lr.?:'; cac diém M, N lan luot thudc doan
thang HB, HC sao cho nr giac EMHG va
FNHK ngi tiép. Chieng minh rang KN = GM.
Loi giai

A

G

B 8
M HN

DE thiy tir gidc AEHF ndi tiép, nén ta thiy
AFE = AHE , ma AHE = ABC

= AFE = ABC = tit gidc BEFC néi tiép.
Vay EBF = ECF
— EKF = EBK + BEK = FCG + CFG = EGF .
Do d6 EKGF 14 tir giac ni tiép
= GKF =GEF = CBF .
Suy ra KG // BC. Lai cd cac tir gidc EMHG,
FNHK ndi tiép, ta c6 GMH=GEH=KFH
~KNH. Két hop véi KG / MN ta c6

NKG = KNM = GMN = MCK.
Tir do suy ra KN =MG. O
% Nhdn xét. 1) Sit dung tinh chit GMN = GFB suy ra
BFGM ndi tiép, két hop véi EFGK ndi tiép ta c6
HG.HF = HK HE = HM HB = BEKM noi tiép = KM
L BC. Tuong ty, GN L BC, ta suy ra KGNM 14 hinh
chir nhat.
2) Chi ¢ ba ban sau cho 1o gidi tot:
Phii Tho: Tran Thi Thu Huyén, Trin Quoc Ldp, 9A3,
THCS Lam Thao, Phii Tho; Quéing Ngii: DG Thi My
Lan,9A, T ham Vin Pdng, Nghia Hanh.

NGUYEN THANH HONG

Bard466. Giai hé phwong trinh:

x% X’ +y' =2z

Loi giai. Hé phuong trinh xac dinh véi moi x, y,
zelR.
Cach 1. Nhan thidy hé phuong trinh ¢o tinh
hoén vi vong quanh d6i véi x, v, z, nén khéng
giam tong quat gia sir x = max (x, y, z). Tirc 1a
r2pvaaxzz
Dodd y' +2° =2x22y=2"+4+x",suyra

y-2zx*-2220 (ix'z7)
:>)‘5225<::>-y22 (1)
Laicoé x* +y’ =22<2x=y"+2*,suyra

-y <=y =0

(vido(Dnénz <y )= x" <y o x<y.
Theo gia st x>y, do dox =y (2). T (1) va (2)
suyraz +y =2 +x° =2y22z=x"+y’

"'—")ZSE_Ii = o

TOAN HOC
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Theo giasix >z, dodox=z (3)
T (2)yva(3)tacox=y=rz.
Hé phuong trinh da cho tré thanh

X=)
_xj +x°=2x (4
Taco (4) < x(x=D(x+1(x*+2)=0

X=cl)
&|x=1 (dox*+2>0, VxeR).
x=-1

Viy hé da cho c6 ba nghiém (x; y; 2) 1a (0; 0; 0),
(LA Lyval=1 =1 =)
Céch 2. + Néu trong ba sb x, y, z khéng ¢6 hai
s6 nao bing nhau. Khong giam tong quat, gia
sir x = max (x, y, 2)
Trueomg hop 1. x =y > z, Khi 6, trir theo vé hai
phuong trinh ddu cua hé, ta co

0< X" +y -2 =2@—-x)<0(vdli).
Truong hop 2. x > z > y. Khi d6, trir theo vé hai
phuong trinh sau cua hé, ta co

0<z = +x =2 =2(y—x) <0 (vé Li).
Viy khong thé xay ra truomg hop x#y, y#z,
Z#X.
» Néu hai trong ba s6 x, ¥,z bing nhau. Gia str
x =y, khi d6 trir theo vé cua hai phuong trin
dau clia hé din dén

-z —2{'-x)<:>(xv‘)(xz+t2+‘ +2)= 0«::@..

Trdosuyrax=y= Q.
=;§gy=z ta

Xét twong tu voi tru-:‘mg hop x
déusuyrax=y=z.

Vay hé phuong trinh da cho twong duong vai
hg

. Va gidi tiép nhu céch 1. 0

» Nhin xét. Mau chét dé giai hé phuong trinh nay 14
suy luin x = y = z. Mt s6 ban d nhim quan niém
ring vai trd x, y, z trong hé 1a nhu nhau nén chi gia
sirx > y = z nén bai giai con xét thiéu truomg hop
v suy ludn con dai dong. Toa soan nhin dugc bai
giai cua cac ban THPT nhung bai nay chi danh cho
cac ban THCS.

Tuyén duong cdc bai sau c6 1oi gidi tot: Hai Dwong:
Nguyvén Van Cuong, 8A, THCS Hop Tién, Nam
Sach; Nghé An: Nguyén Dinh Tuan, 8C, THCS Ly
Nhét Quang, D6 Luong, Dwong Vin Minh, 9A,

TOAN HOC
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THCS Diang Thai Mai, TP. Vinh; Pha Yén: Pam
Ngoc Hiéu, 8H, THCS Tran Hing Pao, Bing Ha.

PHAM THI BACH NGOC
Bai T6/466. Cho cdc s6 khéng dm a, b, ¢ thoa
man a+b+c<n. Ching minh rang
0<a-sing-sinb—sinc+sin(a+b)+sin(a+c)<m.
Léi gigi. Dat
P =a-sina—sinb—sinc+sin(a+b)+sin(a+c).

Ta c6 sin(a+b)—sinb+sin(a+c)—sinc

= Zcos[gnLb]sin%+2cos[%+c)sin%

—4sin£cosa+h+{‘cosb"€
i 2 2 2
Vi a,b,cz0; a+b+c=<m nén
a+b+c b—c|_ =
<—<_ < A .
0= 7 7 G_‘ 7153 suy ra
a+b+c b—c

. a
sin— = 0;cos =2 0:cos——2=20.
e 2

Xét ham s\ ®) =a-sina; f'(a)=1-cosa20.

Hﬁrr} 50

&

a) lién tuc, dong bién trén R nén voi

a<mco f(a):a—sinaéf(ﬂ):[].

Q’%\@n do

=(a»sina}+4sm%msa+g+ccr_)sb;c2{).
a=10
Ding thirc xay ra khi {b,c=0 . Laicd
b+c<n
a_a+b+c a at+b+c
B Sl P0l o Rk e D bpne S RHE
SR 3
sin%kﬂ; coshgcil nén
P:a—sina+4sin§cosa+;+ccoshgcs

a—sina+4sm%cos%=a+sma.
Xét ham sb g(a)=a+sir1a; g'(a]=l+cosa2[).
Ham s g(a) lién tyc, dong bién trén B nén
véi 0<a<n ¢6 g(a)=a+sina<g(n)=mn.
Ping thirc xay ra khi (@ b;c) =(m0;0).
Viy 0< P <n. Bai toan duge chimg minh. O
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» Nhén xét. Co thé chimg minh bit ding thic
P <a+sina nhu sau;
Tir gia thiét co: sina = 0:sinb = 0:sinc =0 va
cosa=lcosh<1l;cosc <l
nén Sin{a+b]=sin acosbh+sinbcosa <sinag+sinkb:
twong tir ¢6 sin(a+c)<sina+sinc.
Do dé P=a-sina—sinbh—sinc+
+sin(a+b)+sin(a+c)<a+sina.

By 1a bai todn khong kho nén héu hét cic ban aui
bdi giai lam dung va theo cich giai trén. Céc ban sau
day co bai giai tot: Ha Nam: Lé Phwong Nam, 11
Toan, THPT chuyén Bién Hoa; Vinh Long: Phan
Gia Anh, 11T1, THPT chuyén Nguyén Binh Khiém;
Ha Noi: Lé Anh Thanh, 11 Toanl, THPT chuyén
Nguyén Hué, Hi Déng; Thdi Binh: Tran Quang
Minh, 11A1, THPT Pdng Thuy Anh, Thai Thuy;
Dik Lik: Nguyén Thanh Kim Ngdn, 10T, THPT Cu
M’ Ga, huyén Cu M'Gar.

NGUYEN ANH DUNG
Bai T7/466. Cho a, b, ¢ la do dai 3 canh cua
mdgt tam giac. C Fni’ng minh rﬁng

3u;FZT
C+a

2 EJ+(
Léi gidi. Ta cé: .
| e g
\b+c Jalb+c) a@c

Twong t J J
ol a+c a+b+c a+b+c
Suyra‘j +J +J
b+e a+c a+h

2a 2h 2c 3
= + + =2>—
a+b+ec a+b+c a+b+c 2

Theo BDT Bunyakovsky ta co :

\[ a J b J ¢ a b e
+ + = + + :
h+c a+c a+b b+e a+ec a+b

Via, b, ¢ 1a 6 dai ba canh ciia mdt tam giac
nén a<b+c,b<c+a, c<a+h Do dd

{214;;

a+b 5'

a+b+c

Ty
a® <ab+ac < at +ab+ac < 2(ab + ac)
2a
b+c a+b+c

(3)

BDTtguch\ 2a »%\

b 2b C 2c
Tuong tir : < g < ’
a+c¢ a+b+c a+bh a+b+c
Suy ra L b R <2. Do viy
b+c ag+c a+b

J = +J 2 +J £ 6<i1£ a
b+c a+c a+h ]

»Nhin xét. 1) Cé thé ching minh BDT (1) nhwr sau:
Do a, b, c 14 ba canh ciia mét tam giac nén

J a J b \( c a b c
+ + > + + :
b+c VYa+c a+h b+c a+c a+b
Nhung —+i+———~}§ chinh 14 BDT Nesbitt
b+c a+c a+bh 2
quen thuge. BDT (2) co thé duge chirng minh b%.ng

cich dung BPT Schwarz, Cé thé c¢6 BDT (3) nhi
tinh chét;

ﬂ<:m+P, Wp=0.

Néu 2 <1 (m>0,n>0) thi:
n o ntp

3) Céc ban tham gia déu giai ding bai nay. Céc ban
sau co loi giai ngén gon:
Vinh Phu rvén Hir Huy 11A1, THPT chuyén
Vinh P 4i Binh: Trdn Quang Minh, 11A1,
THP ﬁ Thuy Anh, Thai Thyy. Bﬁc Ninh: Vu
Nad d@nh, 11A1, THPT Tién Du sé 1; Lé Quang
10A9, THPT Yén Phong s6 1 Ngh:'ém Chi,
IA1-K10, THPT Yén Phong sb 2. Ha Ngi: Nguyén
Thanh Long, Dang Thanh Ting, 10A1, THPT Ung
Hoa A, Ung Hoa; Hoang Lé Nhdt Timg, 12T2,
THPT chuyén KHTN, PHQG Ha Noi; Lé Anh
Thanh, 11 Todn 1, THPT chuyén Nguyén Hué;
Tran Béa Khéi, 1172, THPT chuyén DHSP Ha Noi.
Ha Nam: Pham Diie Long, 10 Toan, THPT chuyén
Bién Hoa. Nam Binh: Trdn Mink Hiéu, 1072,
THPT chuyén Lé Héng Phong. Hung Yén: Tridu
Ninh Ngdn, 11A9, THPT Duong Quang Ham.
Thanh Héa: Nguyén Bd Tudn, 10A5, THPT Luong
Pic Bing, Holing Hoa ; Trin Quic Phuong, 8A,
THCS Thy Trén, Thudémg Xudn. Nghé An: Ddng
Duy Bao Khanh, 10A1, THPT chuyén Pai hoc Vinh.,
Quing Nam: Nguvén Huy Hai, 10/1, Trieong Nhét
Nguyén Bao, 11/1; Nguyén Xudn Anh Qudn, 11
Toén, THPT chuyén Nguyén Binh Khiém. Long
An: Pham Quéc Thing, 11T1, THPT chuyén Long
An. Tdy Ninh: Lé Hién Khai, 10T, THPT chuyén
Hodng Lé Kha, TP. Tiy Ninh. Pidk Lik: Nguyén
Thanh Kim Negdn, 10T, THPT Cu M'Gar, Cu

M’ Gar.
TRAN HUU NAM
TOAN H
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Bai T8/466. Cho tam gidc ABC, ké duong cao
AH (H € BC). Dung dwong trén tam I duong
kinh AH. Pwong tron (I) cdit AB, AC theo thie tie
tai T, S. Cdc tiép tuyén voi duong tron (I tai T,
S cdt nhau tai M. Goi N la giao diém cua BC va
MA, K la giao diém cua BS va CT, J la giao
diém cua TS va IM. Chimg minh rang NJ di qua
trung diém cuia AK.

Lévi gidi. B6 @ (Puomg thang Gauss). Cho ti gidc
toan phan ABCD véi ABNCD =E; ADNBC=F.
Goi H, I, J lin luot 14 trang diém cta AC, BD, EF.
Khi d6 ba diém H, I, J thing hang va dudng thing
qua H, I, J duge goi la duong théng Gauss.

Hinh 1

Chimg minh. (h.1) Goi K, L, G theo thir tur 1a trung

G, K thang hang; J, L, K thing hang. Suy ra: &
HG JL IK _AB FC DE Q@

HLJK'IG~ AEFB DR
Ap dung dinh ly Menelaus cho E va cat

£ : AB FC DE
tathay —.—.—=
tuyén ADF ta thay AE FB DC 1
HG JL IK .
— === I ang.
jHL K 1G | = H,I.J thang hang
Bo dé dugc chimg minh.

Trd lai bai toan (h.2). Goi A, 14 giao diém cua
MA véi dudmg tron () (A, = A). Khi d6 ta thay
fir gidc ATA,S la tir gidc didu hoa. Ké tiép tuyen
At cia duong tron (I) thi (At, AA,, AS, AT) 14
chum diéu hoa ((At, AA,, AS, AT)=-1).

Pé ¥ ring At/ BC va dudng thing BC cit
AT, AA,, AS theo thir tr tai B, N, C nén theo
tinh chit ctia chim diéu hoa thi N 1a trung diém
cua BC.

TOAN HOC :
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U A !
r.f/ \\\
|"' T IS
\ 1
\ 7
T 2
R
B i
M
Hinh 2

Ap dung Bb d& vé duong thang Gauss cho tir giac
toan phin ATKS véi AT NKS =B; ASNTK =C
va chit ¥ ring J 13 trung diém cta 7S ta théy NJ
di qua trung diém ctia doan AK (dpem). O
» Nhdn xét. 1) Hiu hét cic 16 gidi giri vé Toa soan
déu sir dung Bé dé vé duomg thing Gauss, két hop
véi tinh chat cua tir gide didu hoa, hing diém - chim
diéu hoa dé gi'i quyét bii toan nay. Hoan nghénh
ban Ngu udn Anh Qudn, 11 Toan, THPT
chuyén vén Binh Khiém, Quing Nam da dé
XU % bai todan sau: Che AABC ngi rié:n duwong
). Mét dwemg tron (K) bat kp qua B, C cdt cdc

1 ; %ﬁgmh AC, AB lén luot tai E, F. Cdc tiép tuyén tgi E, F
diém cia BE, CE, CB. Ta ¢6 H, G, L thing hing. 8N

ctia dwong tron ngogi .rié:n AAEF cat nhau tai T,
dueomg thing AT cét BC tai N. Goi H=BE nCF, AH
¢t (O) tai P khdc A, PE cdt (O) tai R khdc P, BR cdt
EF tai J. Chiimg minh rdng NJ chia déi doan AH.

2) Céc ban sau c6 1o gidi gon hom ca: Ha Noi:
Nguyén Minh Hiéu, 10T, Tran Ba Khéi, 11T2,
THPT chuyén DHSP Ha N&i, Nguvén Duy Kihwong,
10T2, THPT chuyén Ha Noi - Amsterdam, Nguyén
Van Cao, Ddng Thank Ting, 10A1, THPT Ung Hoa
A, Ung Hoa; Vinh Phiic: Phing Vin Nam, 10Al,
THPT chuyén Vinh Phuc; Phi Tho: Nguygn Tién
Long, 10 Toan, THPT chuyén Hing Vuong; Bic
Ninh: Nguyén Thanh Hiéu, 11 Toan, THPT chuyén
Bic Ninh: Nam Dinh: Trdn Minh Hiéu, 1072,
THPT chuyén Lé Héng Phong; Thai Binh: Trdn
Quang Minh, 11A1, THPT Déng Thuy Anh, Thai
Thuy; Ngh§ An: Nguyén Pic Bao, 10A1, THPT
chuyén Phan Bgi Chau. TP. Vinh; Quing Binh:
Hoéng Nhdt Tudn, 10 Toan, THPT chuyén V&
Nguyén Giap; Thira Thién Hué: Phan Tran Huong,
11 Toan 1, THPT chuyén Qudc hoc Hué; Quing
Nam: Trwonmg Nhdt Nguyén Bao, 11/1, THPT
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chuyén Nguyén Binh Khiém; Pik Néng: Dgng
Quang Hodng, 10 Toan, THPT chuyén Nguyén Chi
Thanh, TX. Gia Nghia; Cin Tho: Nguyén Hé Nhét
Thanh, 10A1, THPT chuyén Ly Ty Trong; Vinh
Long: Phan Gia Anh, 11T1, THPT chuyén Nguyén
Binh Khiém; TP. H6 Chi Minh: Neuyén Minh
Chdu, 10 Todn, PTNK DHQG TP. Hé Chi Minh,
HO QUANG VINH
a, eR,

Bai T9/466. Cho a,a,,..., neM,nz3.

| . |la+a, ay+a,
Tim max| min- = —= '

g =
| 1+ay  l+ay

Gy tay, G, t+a, d+a | |

> |

| :(_]'_: [-—"l

"

Léi gidgi. (Theo da s6 céc ban). Dt

i+ay | )

a, +a, L4, +{2'3 :

.an- 1 +aﬂ - arf+a‘. }

M =min . 5
l+af

l+a; 144, 4a J

Gid sit M> 1, khi 46 252 5154 +4,>1+2

1+a;

va 1+4; > 2a, nén q, +a, >2a, (1). Tuong ty,
ta cling co

a, +a =2a, (2)

a,+a, >2a, (n) X
Tir cac bt ding thirc (1) — (n), suy ra

zia{ > zi“k méu thuan. Vay M‘CQ%

__a”éml -I
Vay nén maxM =1. O

Nhin xét. Diy 1a dang toan co ban vé bit ding thirc
nén cé nhiéu ban giri 16i giai dén Tda soan. Da sb
céc ban déu giai theo cach trén, tirc 1a dua vao bét
ding thirc co ban quen biét, mot sé khac sir dung
khao sat him s6 ciing cho két qua ding. Dk Lik:
Neguyén Thanh Kim Ngén, 10T, THPT, Cu M'Gar;
Ha Ndi: Hoang Lé Nhat Ting, Trdn Nhit Quang,
12T, THPT chuyén KHTN,Trdn Bd Khoi, 11T2,
THPT chuyén DHSP, Lé Anh Thanh, 11T1, THPT
chuyén Nguyén Hué, Nguyén Thinh Long, 10A1,
Bing Thanh Ting, 10A1, THPT Ung Hoa A; Long
An: Pham Hoang Nguyén, THPT Hau Nghia, Dirc
Hoa; Thai Binh: Tran Quang Minh, 11A1, THPT
Béng Thuy Anh; Vinh Long: Phan Gia Anh, 11T1,
THPT chuyén Nguyén Binh Khiém.

NGUYEN VAN MAU

Nhan xétringkhi a, =a, =

Bai T10/466. Chirng minh ring

s (3n)!

nl(n+Dn+2)!
la mét s6 nguyén véi moi sé nguyén n=3.
Loi gidi. (Dya trén l&i giai cua ban Phimg Vin
Nam, 10A1, THPT chuyén Vinh Phic).
Ky hi¢u y,(n)la s6 mii cua sb nguyén to p
trong phan tich chinh tic » thanh cac thira sb
nguyén to. Ta cin chimg minh v&i moi sb
nguyén to p thi
1,[Gn)] 2y, (r)+y, [(n+DY]+7, [(n+2)1] (1).
Ap dung cong thirc ?p{mD:Z[%J thi bat

el P

dang thirc (1) quy vé viéc chimg minh véi mdi
s0 nguyén to p thi:

R ) @

Ta cin haiddkdé sau:

Bmfe@]-{xh[w-] J:x+2jl

3

nay dé chu’ng minh.

@o dé 2.Vé&i moi s6 nguyén duong a >3 thi

&

s el

Chirng minh: Theo bd dé 1 ta c6

T

Vi az3 nén

—+123+i:[£+1]2{”+]]
3 a a Pt a
a 3 a a 3 a

B& dé 2 duge chitng minh. Tré lai bai toan

«Néu p=3 thi p* 23 voimoi k21 thanh thir
(2) dugce chimg minh (do bé‘dé 2).

» Xét truomg hop p = 2. Ta can chitng minh véi
moi n=3 thi

S s (a5 ) o

Nhén xét. Ton tai s6 nguyén duong ¢ sao cho

TOAN H
: cruaigg23
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n+2 <29 <3n. That viy, néun=13 taldy g = 3.

Véi n> 4 thi log,(3n)—log,(n+2)=log, 2"‘2_ ;

Do d6 ton tai ¢ sao cho
log,(n+2)<g<log,(3n) = n+2<2 <3n.

Nhan xét dugce ching minh.
Voi k=2 k# g thidobode?2

FEFHEE] o

Ta s& chimg minh

RS
ekl

Thit vy theo nhéin xét trén

o o

Dé chimg minh bang quy nap theo k, n = 2k va
n=2k+1.

3n| |n|, |1+l n+2 |
ralia el
Thanh thur tir (6), (7) ta suy ra (5). Tir (4) va (5)

ta suy ra (3) do do suy ra (2). Bai toan dugc giai
xong. OJ

co it ban tham gia gidi va mot s6 loi giai g

chwa diing hodic giai chua hoan chinh. Loi gidg 2
déi tot thude vé cdc ban: Vinh Long: Phay4sic®Anh,
11T1, THPT chuyén Nguyén Binh Khj a Nji:
Tran Nhdt Quang, 12 Toan, THPT KHTN,

DPHQG Ha Néi, Trdn Bd Khéi, 12T2, THPT chuyén
DHSP Ha Noi. J

PANG HUNG THANG
Bai T11/466. Cho hai ddy sé (x,)va (v,) théa

man diéu kién:

TR S
2

| B
'\l.pn _x;"1 +1 =Xy

vneN .

e
n_o

n
Chirng minh rang hai day so (x )va (y,)co

B =y {104y~ +

gidi han hitu han khi n dan dén vé cimg, tim
gidi han cua hai day sé do.

Loi gidi. (Theo cac ban T ran Bd Khoi, 11T2,
THPT chuyén DHSP Ha N§i va Tran Nhdt
Quang, 12T, THPT chuyén KHTN, DHQG Ha
Noi). Tir gia thiét thir nhét ta co

TOAN HOC
* CTudilpe S8 470(8-2016)
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yﬂ ru+! x _I Vne N,
Thay vao gia thiét thir hai

1-5n e
Ja-x3 +. o+ =0, VneN
okt o : , YRe

@(2-J4~,t:)—(v‘9+.t3—3}=3—!

@IZ 1 -_— l :l
(2442 J9+x?+3) 7
Chi§ 2+ J4—x2 <2+2=4,

_9+x§ -3>3+43=6.
g i, 1a%
Suy ra —»-'x [E—E] i

:>2JE2
n

Mit khac lim ZF 0. Bo&i vy theo DPinh i

n—+e

kep ta co &&r

Dodc- &me+x -1—-1 khi n— 4o,
Ké : imx, =0, imy =-1. O

H—par A

s | = 0.

=0.

é’vfm xét. 1) Ta phai hiéu gia thiét thir nhét dung
»Nhin xér. Diy 1a mot bai toan tu:crng ddi khé % & moi n=0, 1, 2, ... va gia thiét thir hai dung v&i

moin=1,2,3, ...
2) Ngoai ban Khdi va ban Quang, cac ban hoc sinh
sau ciing co 1o giai dung: Béc Ninh: Nghiém Chi,
11A1-K10, THPT Yén Phong S6 2; Vinh Phie:
Nguyé'n Van Tiép, 11A3, THPT chuyén Vinh Phuc;
Ha Néi: Ddng Thanh Ting, 10A1, THPT Ung Hoa
A; Lé Anh Thanh, 11T1, THPT chuyén Nguyén Hug,
Ha Pong: Thai Binh: Trdn Quang Minh, 11A1,
THPT Péng Thuy Anh, Thai Thuy; Thanh Héa: Dd
Thity Anh, 11T, THPT chuyén Lam Son; Quing
Nam: Nguyén Xudn Anh Qudn, 11T, THPT chuyén
Nguyén Binh Khiém; Dik Lik: Neuyén Thanh Kim
Ngdn, 10T, THPT Cu M’'Gar; TP. Hd Chi Minh:
Nguyén Minh Chdu, 10 Toan, PTNK DHQG TP. Hb
Chi Minh; Long An: Phgm Hoang Nguyén, 11A1,
THPT Hiu Nghia, Pic Hoa; Phi Yén: Lé Thanh
Ldm, 10T1, THPT chuyén Lé Vin Chanh,
NGUYEN MINH PUC

Bai T12/466. Cho tam gidc ABC nhon, khong
cdn, ngi tié}) dudng tron (O). P la mot diém
ndm trong tam gidc sao cho AP 1 BC. E, F ldn
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lwot la hinh chiéu vuéng goc cua P trén CA,
AB. Bmmg trén ngogi rch tam gidc AF F cdt
(O) tai diém G khdc A. Chimg minh rang GP,
BE, CF déng quy.

Léi gidgi. (Theo ban Nguyén Tién Long, 10
Todn, THPT chuyén Hung Vwong, TP Viét Tri,
Phi The). Vi tam gidac ABC khéng céin tai 4
nén BC va EF khong song song.

Goi § 1a giao diém cua BC va EF: M, N theo
thir ty 13 giao diém clia PG va EF, BC; O la
giao diém cua SP va NA.

Vi BF L PF;BC 1L PA va A, P, E, F cing thube
mot dudmg tron nén
(BF,BC)=(PF,PA)=(EF,EA)=(EF, EC)(mod ).
Do @6 B, C, E, F cung thudc mit durimg tron.
Viy BC, EF, AG theo thir ty 13 tryc dang phlmrngc

cia cdc cdp dudng tron (0), (BCEF); (BCE?\

(AEFG); (AEFG), (0). Do &6 BC, EF, AG

quy. Néi cich khac 4, G, S thang hang

Vay PN = PG 1 AG = AS. *@’

Két hop véi PA L BC = SN, suy

PO=PS 1 NA=AQ.

Viy 4, P, E, F, G, O ciung thuéc mét duomg

tron (2). Tr (1) va (2) suy ra

(SNBC)=A(SNBC)=A(GQFE)= P(GOFE)
=P(MSFE)=(MSFE) =(SMEF).

Piéu do c6 nghia 1a GP=MN,BE,CF dbng

quy. ‘

¥ Nhin xét. Kha nhiéu ban tham gia gidi bai todn

nay. Pa sb cac ban déu sir dung dinh Ii Brocard. Céc

ban sau ddy co6 l&i giai twong dbi tét: Théi Binh:

Tran Quang Minh, 11A1, THPT Déong Thuy Anh,

Thai Thuy; Vinh Phie: Phing Van Nam, 10A1,

THPT chuyén Vinh Phic, TP Vinh Yén; Quéng

Binh: Hodng Nhdt Tudn, 10T,THPT chuyén Vo

Nguyén Giap, TP Déng Héi; Ba Ria — Viing Tau:

Vi Minh Quang, 10T1, THPT L& Quy Dén, TP
Ving Tau; Long An: Phgm Hoang Neuyén, THPT
Héu Nghia, Dirc Hoa; Cin Tho: Nguyén Hé Nhgr
Thanh, THPT chuyén Ly Ty Trong, TP Cén Tho; TP
Hb Chi Minh: Nguyén Minh Chdu, 10T, PTNK,
PHQG TP.H6 Chi Minh; Ha N§i: Nguyén Minh
Hiéu, 10T2, Trdn Bd Khéi, 11T2, THPT chuyén
DHSP Ha Ngi

NGUYEN MINH HA
Bai L1/465. Mdr binh hink tru cdch nhiét, kin
hai ddu, ddt thang dimg, dwoc ngan lam hai
phan boi mét _pittong mrmg ndng dan nhiét Iy
twomg. Ban dau hai phan c6 thé tich bang nhau,
chira ciing mot lwong khi Iy fweng don nguyvén
tir & dp sudt p. nhiét dé T. Budng pittong, no
dich chuyén xudng dwdi mét khoang nao do va
ding lai o vi tri cdn f:ang khi ma hiéu dp suat
ctia khi ¢ trén va & dwdi bang Ap. Tinh dj bién
thién nhiét do cua khi khi dé. Nhiét dung cua
pittong va cua thanh binh khong dang ké.

4 M B

Hff g &
|

% E N D
mr Khi MN chuyén déng cit vuong goc
cic dwomg cidm tGng, trong MN xuit hién

suat dién déng cam mg: € = Bvl (1)
Do d6 : & = u (hiéu dién thé ¢ hai ddu tu) nén
tu mang di¢n tich: ¢ =C& = CBv/ (2)

Trong mach c6 dong dién do tu tich va phong
dién. Nhu vay, MV chiu mét lyc tir tic dung
.E"1 trong mat khung:

Fy=Bil=B f% = BIq’ = C(B)v' = C(B)’x”’

Mit khac MN con chiu thém luc dan hdi
F, trong mat khung : F, = —kx.
Suy ra phuong trinh chuyén dong cua MN la:
— C(BIYx"~ kx = ma = mx”’ (3)

Vi thanh MN khong c¢é khoi lugng nén phuong
trinh (3) tr¢ thanh:
wy g s k

CBOx-kx=0 =>x"+ C(Bf)zrx (4)
Vay tir (4), suy ra MN dao ddng diéu hoa véi

tin s6 goc m = —( 0

TOAN HOC
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» Nhiin xér. Chiic mimg céc ban co lod giai dung: Bae
Ligu: Trdn Van Bay, 12CA, THPT Huyén Phuoc Long;
Ha Noi: Tran Hiru Hoang, 11A1 Ly, THPT chuyén
KHTN, DPHQG Ha Noi; Thia Thién Hué: ¢ Cdm
Huyén, 10 Ly, THPT chuyén Quéc Hoce Hué.
DPINH TH] THAI QUYNH
Bal L23465 Cho hé théng nhu hinh dwdi. Thanh dén
- | ndm ngang, c6 khoi hegng m va cd thé trueot
khrmv ma sat dpc theo hai thanh ray song song. Déiu
dwoi cua hai ray néi véi mét cugn ddy cé dg tr cam
L. Bo qua dién tro cua mgch. Hé thing dwgc ddt
trong mét tir trecng déu cé veclo cdm img tir B
thang dirng hedng xuong, & thoi diém ban dau thanh
MN ¢6 vin téc v, nhw hinh vé. Viét phwong trinh
chuyén dpng ciia thanh MN.

19
=L @ |l
B

Léi gigi. Chon tryc Ox trimg voi O, goi o vi
lin lwot 13 géc ma vecto vén toc tai O ldp voi
phuong ngang {mg vdi quy dao OmA va Ond. Ki
hiéu v la d¢ lom vin tc ngay trudc va ngay sau mi

ok T
Y Ry sin2a _ v?sin2p @
g
Tir (2) suy ra: {1-1—[5:% nén f.t, =% 3)

a) Tuw(3)mtra: L =%g
b) Dé dang ldp dwoc phuong trinh cia parabol:

i

y =——x nén cao d A~ tim dugc bang:

L. 4

Wik ()
e 2 g
OA:L:" 51n2a:1 sin2p @)
5
Tir (2) suy ra: cr,+|3=_725 nén 1., =§g£ o

¢) Tir (3) ritt ra: L:%g
Dé dang lap duge phuong tinh coa parabol:
¥ =5%—x nén cao dé h tim dwgc bing:

= _E_rlfz
h_yx-gl_ 8

» Nhin é\m tiéc khong c6 ban nio tham gia giai

2. O

e _2vsina,, _ 2vsinf 1 b 4y :
VA I TG i o 3 M S NGUYEN XUAN QUANG
e - £
CAP POI HOAN HAO ... (Tiép theo trang 34) \Q x*—3x+42x-1+1=0 (4)

-Khidd flu)=f(v)Su=v. Tacoddnglhucqﬂ
hé giita hai bién x va . S
- Bién ddi dang thirc, két hop vai phum@uh (2)ta

c6 phuong trinh v ti mot an.
E)en day, ta khai thac kién thirc vé p tgin]‘l duemg
thang trong mét phing toadd Oxy d¢ giai quyet bai todn.

Léi gidgi. Buoc 1. Pidu kién: 2x—120 < xE%.
Nhan hai vé phuong trinh (1) véi (y* +3)(x* +2) ta

co phuong trinh
(D +3) = (" +2)(x* +2x° +4)

& (D +3) =((xz +1)+1)((* 417 +3) (3
Xét ham s f{r] =(4\:-+-l)(t2 +3):.r3 +1 +31+3
xéc dinh trén |, c6 dao ham

fi=3"+2+3>0vtecRk
nén f(r) dbng bién trén R.
Viy (3) & f(y)=f(x* +1) &y =x" +1, thay vio
phuong trinh (2) ta duge phuong trinh

2 6 T?g?ug% S48 470(8-2016)

Bude 2. Dit X =+/2x-1, ¥ =x>=3x, (X 20) khi
do phuong trinh (4) duge vidt lai X+¥ +1=0 { )
(la phieong trinh diong thang). Ta co:
X=t,t20 [J2x-1=
(5]‘1){ 6120 | [N2x-1=t,120
Y=-l=i x*=3x=-1-t
ox-1=¢ 45 —4x+1=¢'
= <
X =3x==1-¢ 4x:—12x=-4-4¢
t=1
o A 44120 < | r=-1442.
f=—1-+2
Dorz0 nénkhﬁngnhﬁn.r=—l—\ﬁ,
-Voi =1 V2x—I=1lox=1= y=x"+1=2
- V6 f=A2-1 5 Bx-1=2-1ex=2-42
:>y=x2+1=?-—4wE-
K&t lugin: Téap nghidm ciia hé 14

s={(1:2); (2-V2; 7-42)}.
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CHUAN B]
CHO KY THI
TRUNG HOC
PHO THONG
ubc Gia

E é thi Trung hoc phd thong Qubc gia mén

Toan ndm nay duge bién soan theo ciu
tric mdi va ciing dd duge thay doi vé mirc do
kho - dé so voi dé thi nam trude. Qua bai viét
nay chiing t6i phén tich cu thé chi tiét timg bai
dé thiy co va hoc sinh trong ca nudc kip thoi
bt nhip véi dinh hudng dbi mai @é tir d6 didu
chinh phuong phap day va phuong phap hoc

pht hop.
CAU L 1) Cho 56 phitc z=1+2i. Tim phdn
thuwe va phén do ciia w=2z+7.

2) Cho log, x = 2. Tinh gia tri cua biéu thirc

A=log, x" +log, x" +log, x.

Huwdng din. 1) Ta c6 7 =1-2i. Do do6
w=2z+Z=2(1+20+(1-2)=3+2i.

Viy phan thuc va phin a0 cia sé phic u,/@

Iwgt 14 3 va 2.
2) Do log, x=+2 nén x>0 va

&
@’%

&

=log, x* +log,, x° +log2_

=2£032x-3]0g21+%10g2x
_—log,x _—y3
By

»Nhgn xét. Day 1a bai tip co ban thuge kién thic
mén Giai tich lop 12 & mirc d6 nhéin biét, thong
hiéu. Y 1 kiém tra dugc kién thirc s6 phirc lién hop,
phén thyc va phin do; k§ nang cdng, nhén cic sb
(phirc). Y 2 kiém tra duge kién thirc, k§ ning chuyén
ddi co 50, thu gon logarit cia liy thira, dua cdc dbi
tugng lién quan vé d6i twgng chinh (ban chét). C6
thé phat biéu ¥ 2) nhu sau: Cho sb thuc duong x

thoa man log, x = /2. Tinh gié tri ciia biéu thirc

A=log, x* +log, x’ +log, x.
2

BINH l.llﬂll
of THI TRUNG HoC 0 THONG gUc i

MON TOAN NAM 2016

TRAN QUOC LUAT

(GV THPT chuyén Ha Tinh)
* Bai luyén tdp
1) Cho sé phirc z=2—i. Tim phan thuc va
phin a0 ciia w =l 7127 + -
2) Goi z 1a nghiém phtrc ¢ phan do duong clia
phuong trinh z*—2z+2=0. Tim toa dé diém
M biéu dién s6 phitc z trén mit phing toa dé.

3) Cho log 5 2 = x. Tinh gid tri cia biéu thirc 9*.
4) Cho 3lnx=In[x(y*+2)]. Tinh gia trj cta

J(y +2).

10 Sat sir bién thién va vé do thi cia

biéu thl’rc‘l
CAUI

Ky =—x*+2x°
n xét. Dy la mjt bai tip co ban thude kién thirc

haw,

) an n Gidi tich 16p 12 & miic d6 nhén biét, théng hiéu.

* Bai luyén tip
Khao sét sy bién thién va v& dé thi cta cac ham

2 X
s6 y=—213+3x2,y=——-——-—1-,y=x“—4x3+3.
=

CAU L. Tim m d@é ham sé

Jixl= =3 +mx-1
cd 2 diém cuc tri. Goi x,,x, la hai diém cuc tri
do, timm dé x; +x; =3.
Huréng dan. Ta cé f'(x)=3x" —6x+m. Diéu
kién dé ham sé da cho c6 2 diém cuc trj la
phuong trinh 3x* —6x+m=0 c6 2 nghiém
phén biét, didu kién1a A'=9-3m>0< m<3.
L

3

—2x,x, nén yéu cau

Véi m<3,tachd x,+x,=2,x,x, =
Cha ¥ xi{ +x3 =(x, +x,)
bai toan trong duong vai

23-2.%3-=3<:>m=% (thotaman m<3).

T oC 27
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¥ Nhin xét. Day la mot bai tip co bin thuge kién thire
mén Gidi tich 16p 12 & mirc d nhan biét, thong hiéu.
Bai nay kiém tra dirgc kién thirc vé dao ham, biét thire
A, DBinh ly Viet va k¥ ning bién déi chinh xéc.

* Bai luyén tap

1) Cho y=x'—3x. Viét phuong trinh tiép
tuyén cua db thi ham sb da cho tai diém M cach
truc tung 2 don vi.

2) Tim tét ca céc gia trj clia tham sb m dé ham
b y=1x"+mx’ +2x—1 ddng bién trén R.

3) Tim tat ca cac gia tri ciia tham sb m dé do
2x+1
X -

thi ham s6 y= cit duong thing

3x+y—m=0tai 2 diém phan biét. Goi x,.x,
la hoanh d6 2 giao diém do, tim m de
| x, — %, 1=3.
CAU IV. Tinh tich phén
3 : 4
I= .[3.\’{.1'+J.r‘ +16)dr.
0

Huwdng din. Ta co
3
= j{3x2dx +3xx" + Iﬁdr)

]

S
- (@ +(V16) | ,@fb

0

¥ Nhin xét. Day 1a tich phan co baﬁéc chuong
trinh Giai tich 12, mitc dd nhan biét, thing hiéu. Hoe
sinh chi cin nhé ding 1y thuyét 14 1am duge. Bai nay
kiém tra durgre k¥ nang téch tich phan va k¥ ning dat
in phu. Hoce sinh c6 thé sir dung may tinh dé kiém
tra két qua bai nay.
* Bai luyén tép. Tinh cac tich phin

1
I=

I3 _3 1
5[\.';52+1m = FJ

CAU V. Trong khéng gian véi hé tpa dé Oxyz,
cho ba diém A(3:2;-2),B(1;0;1) va C(2;-1;3).
Viét phwong trinh mdt phang di qua A va vuéng
gbc véi duong thang BC. Tim toa dj hinh chiéu
vuong goc cua A trén duong thang BC.

3

=88,

b
IX'FJC
2.1+

2 STQQTI_‘“;IIEE S6 470(8-2016)

Huéng din. Mt phing di qua diém A(3;2;-2)
vd vubng géc voi dudong thing BC nhdn
BC(1:-1;2) lam vecto phap tuyén nén cé
phuong trinh la

H(x=3)-1(y-2)+2(z+2)=0= x—y+2z+3=0.
Puong thing BC @i qua B(1;0;1) va nhan

ﬁ-(l;—l;Z] lam wvecto chi phuong nén co

x=1+t
phuwong trinh 13 <y=-r . Goi H la hinh
z=1+4+2¢

chiéu vuéng goc clia A trén dudmg thang BC.
Do HeBC nén H(1+h—h:1+2h). Diéu kién
dé H 14 hinh chiéu vudéng goéc cia A trén
dudmg thing BC 14 H thudc mit phang qua A
vubng goc véi BC, diéu kién la

(1+h)-(-M+2(1+2h)+3=0= h=-1.
Do d6 H(0-1-~1)

¥ Nhin xé v 1 bai tip co ban thude kién thic
mon Hm lép 12 & mirc d6 nhin biét, thong
hiéu. ‘-" Ge iém tra duge kién thic vé phuong trinh

mi 2, v sau doi hoi hoc sinh or duy mdt chit,
sir dung bién d6i dai s6 dé giai quyét.

; N
= J‘{d(.rj)+3(\,’x2 +16]2 d(Vx*+ 16]} ,,Q% 1) Trong khong gian véi h¢ toa 46 Oxyz, cho
il

%Bal luyén tap
mit phang (P):x+3y-2z+1=0 va dudng
thing d: I__lz = ‘ZL] :%. Viét phuong trinh

duomg thing A nidm trong (P) biét Adi qua

giao diém cia d va (P) va vudng goc voi d.

2) Trong khong gian voi hé truc toa d§ Oxyz,

x_y-1_z+2
2 -

Viét phuong trinh duomg thang d di qua hinh

cho A(1:=2;0) va duong thing L\.

chiéu ciia diém A trén duong thing A v
vudng goc voi mat phing di qua diém A chira
dudmg thing A.

CAU VL

1) Gidi phwomg trinh 2sin® x +7sinx—4 = 0.

2) M6t hoc sinh A thiét ké bang diéu khién dién nr
ma cita phong lop minh. Bang gom 10 mit, moi
it duoc ghi mgt s6 tie 0 dén 9 va khéng c6 hai
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mit nao dwge ghi ciing mét s6. Dé mor cira can
nhan lién tiép 3 mit khdc nhau sao cho 3 sé trén 3
miit dé theo thir ty da nhan tao thanh mét day sé
tang va cé téng bang 10. Hoc sinh B khong biét
quy tdc mo cira trén, da nhan ngau nhién lién tiép
3 mit khdc nhau trén bang diéu khién. Tinh xdc
sudt dé B mo dugre cika phong do.

Hudng dan. 1) Ta c6

2sin® x+7sinx—4=0
< (sinx+4)2sinx—1)=0

<:>sinx=%(do sinx+423>0;vx)

& x= (*1)*.—E-+kn.kez.

2) S6 phan tir caa khong gian mau A% =720
Cac bd ba s6 ddi mot phan biét co tong bing 10
la: (0;1;9), (0;2:8), (0;3;7), (0;4;6), (1;2;7),
(1;3:6) va (2:3;5). Do viy s6 phan tir thuin loi
cho bién ¢6 "hoc sinh B mé dugc cua phong” 12
ol
720 90
»Nhin xét. Cau VI thude chuong trinh Pai s6 11, v,
dau & mirc d6 nhén biét, thong hiéu; V sau & mirc
véan dung. Céu x4c suft nhiéu hoc sinh bj nha
C6 thé phat biéu lai mét s6 chd chang han ay
"dugc ghi mot s6 tir 0 dén 9" thanh " hi mot
chir s6 tir 0 dén 9" hay bo hai chit “?ep" thi vén
de can chuyén tai s& tré nén rd rang h

8. Viy xdc suat can tinh 1a p =

* Bai luyén tip

1) Tim nghiém thude khoang [ ol _znj cia

phuong trinh cos2x —542 cosx—5=0.
2) Tim s6 nghiém thugc khoang [%E;—TE]

ctia phuong trinh /3 sinx = ms{g’ﬂE -2.::).

3) Goi S 1a tip cac s6 tw nhién c6 4 chir sb doi
mot khac nhau duge chon tir cac chir s6 0, 1, 2,
3, 4, 5, 6. Chon ngiu nhién mét s6 tir tip S, tinh
xéc sudt dé s6 duge chon 1a sb chiin ¢6 chit sb
hang don vi bing nira tng cac chit sd.

4) Tir mét hép chira 10 thé dwoc danh sé tir 1
dén 10 (mdi the chi danh 1 s va khong c6 2 thé
nao duge danh cing s6), ta chon ngiu nhién 3
thé. Tinh x4c suit dé 3 thé dugc chon co tong
céc s6 1a mét sb chia hét cho 5.

CAU VIL Cho hinh ling try ABC.A'B'C' 6
day ABC la tam gidc vudng can tai B,AC = 2a.
Hinh chiéu vudng géc ciia A’ Ién mat phang
(ABC) la trung diém canh AC, duong thang
A'B tgo vdoi mat phang (ABC) mét goc 45°.
Tinh theo a thé tich khéi lang tru ABC.A'B'C'
va chieng minh A'B . vudng goc voi B'C.

Hudng din.

(&1’ atmng diém cia canh AC, ta ¢

%A’H 1(ABC). Do do A'BH =45° (chi ¥

A’BH{:QO‘ va A'B tao voi (ABC) goc 457).

AC

Suyra A'H = HB. tan A'BH = = tan45” =a.

AHS o=q.

Goi D la diém d6i xtmg véi B qua H. Ta co
céc doan thing B'A’,BA,CD song song va bing
suy 1 B'CHA'D. Lai  co
HB =HD = HA'(=a) nén BA'D =90°. Do viy
A'B 1L B'C (dpcm).

» Nhdn xét. Diy 1a bai toan co ban, y sau ¢ ddi mai
s0 v&i dé thi cdc ndm tnrde. Chu nay thude chuong
trinh Hinh hoc 11, ¥ diu kiém tra mirc d¢ nhan biét
théng hiéu, ¥ sau kidm tra mirc dé van dung. Tuy xét
trén phuong dién hinh hoc khong gian thuin tiy thi
y sau bai todn ndy twong dbi kho, song néu ta g:—fm
cho md hinh mdt hé truc toa do thi véu cau cta bai
toan duoge xu ly rat gon.

Do vay Vige ype =

nhau
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* Bai luyén tip

1) Cho hinh chop S.ABCD c6 ddy ABCD la
hinh vuéng canh a, canh bén SA=ga; hinh
chiéu vuéng géc clia dinh S trén mat phing
(ABCD) 1a diém H thudc doan AC thoa min
4AH = AC. Goi CM 14 dudmg cao cia tam giic
SAC. Tinh theo a thé

tich khi tir dién SMBC va tinh ti s6 %%-

2) Cho hinh chop S.ABC c6 day la tam gidc
vuéng tai A, AB=2a, AC=a. Céc canh bén
cta hinh chép bing nhau va biang a+2. Goi
MK l4n lugt 13 trung diém cia AB va SC, [
la diém thoa man 3Bl = AC. Tinh thé tich khoi
chép S.ABC va goc giita hai dudng thang
MK ,SI.

CAU VIIL Trong madt phd.ﬂg vai hé toa do
Oxy, cho tir gige ABCD ngi tiép dwong tron
dwong kinh BD. Goi M, N lén luot 1a hinh chiéu
ctia A trén cdc dwomg thang BC, BD va P la
giao diém ctia MN va AC. Biét duing thang AC
c6 phwong trinh la x—y—1=0,M(0;4),N(2;2),

va hoanh do diém A nho hon 2. Tim toa do c@

diém P, A, B. 4

Huong dén. '@

Pudng thing MN di qua M(0;4) va nhén

MN(2;-2) lam vecto chi phuong nén cé

phuong trinh 1a
2(x-0)+2(y-4)=0=>x+y-4=0.

Do P=ACAMN nén toa d¢ cia diém P la

o x—y-1=0 5
hé vi=| ==
nghiém ciia _{x+y_4:0<::(x;y) [2,2)
3 o8y
Do do P(Z’E]'

30 TOAN HOC
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Ta s& chimg minh PA=PM. That viy, khong
mét tinh tong quat, gia st vi tri cac diém nhu
hinh v&, cic truémg hgp khac chimg minh tuong
ty. Ta co m:ﬁzﬁzm (do fir
gidc NMBA,ABCD ndi tiép va CD// MA ). Do
do PAM la tam giac can. Suy ra PA=PM.

Do A€AC:x—y—1=0 nén A(ga-1) véi
a < 2. Theo két qua trén ta c6

2

[a_%] +(a—l—%j =—2—25—<::>a=0 (do a<2).

Do d6 A(0;-1). Puong thing BC di qua
M(0:4) va nhin MA(0;=5) lam vecto phap
tuyén nén cé phuong trinh 12 y—4=0.

Pudng thing BD di qua N(2;2) va nhan
AN (2;3) lam vecto phép tuyén nén cé phuong
trinh 1a 2(x—2)+3(y-2)=0<2x+3y-10=0.
Do B=BCQBD nén toa db cua diém B 1A

n hi"m@l\u’% S o2 Hme
BN T 125 +3y-10=0

o y=4.

f§& B(-1;4).
hin xét. Piy 12 bai todn khong qua kho, thude

chuong trinh Hinh hoe 10 & mic d6 véin dung. ]?ﬁi
todn nidy ndm trong motuyt quen thuge & thol dié{n
hién tai cua dang todn nay la su dung‘ mé]: tinh ci}ﬁt
ciia hinh hoc tong hop dé giai quyét van dé tim diem
cuia hinh hoc giai tich. Vi c6 nhiéu vi tri tuong doi
gilra cdc diém c6 thé xay ra nén vige "gid st cac
diém nhu hinh v&, cdc trrdmg hop khac chimg minh
trong ty" 13 can thiét.

* Bai luyén tip

1) Trong mét phi:mg v hé toa d§ Oxy, cho tam
giac ABC co phuong trinh dwomg thang chira
canh BC li: x—2y—4=0. Goi D,E lin lugt
1a hinh chiéu vudng géc cuaB 1én AC , Al voi
I 13 tim dwéng tron ngoai tiét tam gidc ABC .
Tim toa dd cac diém AB,C  biét
D(2;2),E(-1;-4) va diém B cd hoanh do am.
2) Trong mat phing voi hé toa dd Oxy, cho
hinh thang ABCD (AB// CD) ndi tiép dudmg

tron tdm I(2;—1), ban kinh R=+10. Tiép
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tuyén cua (/) tai B cit CD tai E. Goi F 1a
tiép diém cua tuyén thir hai coa (/) qua E. Céc
dudng thang AF va CD cit nhau tai 7(2;-2).
Tim toa do A,B biét E thuoc duong thing
d:x+7y-1=0 vadiém B c6 tung d6 dwong.

CAU IX. Gidi phurong trinh

3log; (V2+x +V2=x)+2log, (V2+x +42-X)

3
¢ 2
f

X log,(9x" )+

|1-log, x | =0.

Hudng dan. PK: 0<x<2, Khi dé phuong
trinh da cho twong duong vii

3log; (VZ+x +2—x )-4log, (V2+x +42-x)

X log,(3x)+log;(3x)=0.
Pit a=log,(V2+x+V2=x).,b=log,(3x) thi
phuong trinh trén tré thanh

a=b
3a=b

Néu a=b thi loga(u2+x+ 2——x)=log3(3x)
S2+x+2-x=3x ©4+2/4-x* =9.
= y
<:::=(\.f4—x2+2)(9xf4— & —16)=U '$,
~@(dax>0). "$

Néu 3a=b thi

3log, (V2+x +v2=x ) =log,(3x)

2+ x+2-x=33x.
Xét ham sb f(x)=v2+x+V2—x—-3Bx trén
(0;2], tacod

3a* —dab+ b’ =0<:>(a—b)(3a—b)=0¢::>[

A=

| 1 |
W2+x 2-x Yo
(do 242—x <242 <22+ x;Vx 2 (0:2]).
Do dé f(x)= f(2)=2-36 >0; Vx (0;2].
Suy ra trudng hop nay vo nghiém.
»Nhdn xét. Day 13 bai toan phu hop véi mirc dé
phan loai bai toan kho thir nhi cua dé thi. Cong thire
chuyén dbi co sd logarit hay cong thire thu gon

fl®= <0; Vx e(0;2)

légarit cua liy thira d& duce kiém tra mét lan trong
dé & cau L.2). Bé xir 1y phuong trinh
Zrx+2-x=3x

ching ta lam nhur sau:
Pit a=y2+x,b=y2—x thi 2za>bH20 va

7 i

at b

at+b=4,x= 5

. Khi do phuong trinh trén

tré thanh (a+b) :%(az —£%). Phuong trinh nay

duge viét lai (a+b)[2(4+2ab)—-3(a—b)]=0 hay
(a+bm[-2(a—b) -3a-b)+16]1=0, vd nghiém do
O<ca-b<a=<2:a+b=0
* Bai luyén tip
Gidi cac phuong trinh va hé phuong trinh sau
1) logi(1-9x*)+log, (1-9x*)

3

X log,(27x7)+2(1+log, x)* =0.

=17

1 =x*-18x-31.

2) 8log, *

3) fl*SH

¥ +1)= 942 log(x+1).

-t —(2016y+1).3 =log,, P —x+ l)ms"*
.\% : logl2* —x-+1) _'_3.25-—1 :9},_3.

CAU X. Xét cdc 56 thiec x, y théa man
x+y+1] =2(v".r7-q--§ + \."y-—rf%] (*)

1) Tim gid tri lom nhdt ctia x + .
2) Timm dé

3 4 (x +y+ 1).27% —3(x? +_vz}<_im
dung vai mei x, v thoa man (*).
Hudnmg din. 1) Diéu kién x>2,y>-3,
Pit Vx-2=a,fy+3=>b thi a20,b20 va
x=a*+2,y=b*-3. Khi 46 x+y=a*+b* -1
va (*) tro thanh a® +b* = 2(a+b).

2
Diit S=a+b,P =ab thi SED,OEPEST.

Tacé x+y=2S—1 vadidu kién trén trd thanh

§?-28

§?—2P=2S hay P= T

S8 470(8-2016)
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2
Két hop véi didu kién §20,0<P < ST ta duoc

§20,0<

53—2s$g¢[s=0
2 Pl 0
Do viy x+y=28-1eD={-1}V[3;7].
Khi x=6,y=1 thoa min (*) thi x+y="7.
Viy gid tri 16n nhat cia x+y 1a 7.
2) Dit

A= (1 3 P LA +¥).
Vai x+y=-1 thi

S=0=a=b=0=>x=2,y=-3.

9476
243

sb F(H)=3""+(@+1).2"" trén [3;7].

Tacod fi()=3"*1In3+2"" —(t+1).2""In2 vd
=3 (n3y -22"" 2+ +1).2"" (In2)"
=3*(n3)* +27 In2[(t +1).In2-2] > 0; vt €[3;7].
Do d6 ham s& f'(r) dong bién trén (3;7), két
hop v6i f'(3).f'(7) <0 suy ra c6 duy nhét mdt

Khi d6 A=

. Véi x+ye[3;7]. Xét ham

gid trj 7, €(3;7) sao cho f'(t,)=0. Suy ra ham,

s6 f(f) nghich bién trén (3;1,) va dong l}@

trén (¢,:7). Két hop véi f(7)=35<f ﬁﬁ;
e S

tach fir)< %;VIE[S;?J.
Néu y=1 thi x+y*222+17=5. Néu y<I
thi x* +(y+1)* 2-;—(x+y+1)1 > 8.

Dodé x*+y*=7-2y>5. Suyra

193 148 0476 148
Sty i SR | st T el iy
A 3 35 3 teD (do % <0< 3 )

Khi x=2,y=1 thoa man (*) thi A =$.

Suy ra diéu kién dé bat phuong trinh da cho
dling véi moi x,y thoa man (*) 1a m> %.

» Nhdn xét. Ciu cudi cing duge chia thanh 2 y 1a
diém mdi cua dé thi nam nay, ddy 1a mdt xu huéng
tt & hoc sinh khong c6 tu tuéng bo han bai todn &

TOAN HOC :
32 chusilpe S8 a706-206

vi tri nay. Y 2) ciia bai toan nay thuge dién rat kho,
mic dii 1a dang toan dwa vé 1 bién nhu nhifmg nim
gén diy song mot s6 danh gid trung gian doi hoi hoe
sinh phai rit giéi m&i phat hién duge. Diy la mot
cAu phan loai tt. Ching t4i du doan dicm 10 mdn
Toén nim nay s& rat it. ¥ 2) nén duge phat biéu la
"Tim tAt ca céc gié trj ciia tham s6 thyc m dé...".

Ta co thé chimg minh x? +y? =5 bang céch:

Céch 1. Néu x=3 thi x?+y*29. Néu 2<x<3

thi 2 +y22x? +(3-x) =2(x—1Nx-2)+525.

Do viy ta ludn c6 x* +y* =35.

Cidch 2. Ta sé chimg minh
K22A(x=2x-2-2)+4; Vxz2.
v2iz4(y-2Jy+3+3+1; Vy=-3.

Pit Jx—2 =k>0 thi bt ding thirc thir nhit tuong

duwong vai k(E +8) =0, ding.

Pat Jy+3 =120 thi bit ding thirc thir hai twong

duong voi (IS2P (P +41+2)2 0, dung.

Céng g vé ta dugc x? +y2 5.

* BaQitven tip
tit ca cdc gid trj cua tham sb m dé hé

wrong trinh sau ¢6 nghiém

logi.\':ﬂf'-] ['r_'_y) 21
{%4-”1 —x—2}')[1 +4”2}"2] <6

2) Tim tht ca céc gid tri thyc cla tham s6 m dé
phuong trinh sau cé nghigm

JE+ A -1 =T =m 'x:c—}

3) Tim tit cac gia tri cua tham s6 m dé phuong
trinh sau c6 dung 3 nghiém
31—|J\'—.§i1‘|m4—ll Iﬂg“ (xl +4x +6)+

[ﬁ]_rz_“ log, 1 =0.

2(Ix—sinm+1|+]}

Hi vong ring qua céc phén tich trén doc gia s&
thu dugc nhidu kinh nghi¢m bé ich va hitu dung
khi dbi mat véi cdc bai toan trong dé thi THPT
QG nhimg ndm toi. Mong cac dong nghiép
phén hdi, xin trin trong cim on.
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1. MO PAU

Trong nhimg nim gin déy, dic biét la khi B gido
dyc va dio tao trién khai to chirc ki thi THPT Quéc
gia, ki thi hai trong mét. Phuong trinh va hé phuong
trinh lai xudt hién véi nhimg “dién mao™ mai. Vi
dién mao mdi, dé giai hé phwong trinh ngudi hoc
can nhimg ki thuit, phuong phap méi. Kién thirc vé
phuong phép toa db trong mit phiang da duge hoc
trong chuong trinh Hinh hoc 10, viéc vin dung kién
thirc nay trong gidi bai toan én thi THPT quoc gia 1a
khéng méi. Tuy nhién, bai viét cung cip mét céch
nhin khic vé tmg dyng ctia phuong trinh dwong
thang trong vigc giai hé phuomg trinh. Trong bai
viét, kién thirc duémg thing duge két hgp kha “hoan
hao™ véi kién thire ham s6 (duge hoc trong chuong

trinh Giai tich 12) tao ra cip d6i hoan hao vé phucng*’fm“g

phép giai hé phuong trinh vo ti. Sau day la mot "%
du cho viéc sir dung ¢ip d6i hoan hao “du‘f%ﬁ:’g

va ham s6” trong giai hé phuong trinh vo & giai
m&i bai toan duge thye hién qua hai burg

Bude 1: Sir dung cong cu ham so 1g tién dé cho
cong cu dwomg théng giai quyét béi todn.

Bude 2: Gidi phwong trinh bang phwong phdp “tham
50 hod duong thang ", ddy 1a cong cu duomg thing.
Mdi budc trén 12 mét trong “Cap déi hoan hao™.

I1. NOI DUNG

* Bai todn 1. Giai hé phuong trinh sau

82"~y =6(6x% +?)~356x+13y+40 (1)

< - e
[3W2x+4+2Yx+y =8 (2)

Phin tich. - Phuong trinh (1) 13 phuong trinh da
thire béic 3 hai 4n, dé sir dung cong cu ham sb, trong
truémg hop nay, ta can chuyén ddi phuong trinh vé
mét dang thirc ham s6 cé dang S(u)=f(v). trongdo

£ () 1aham don digu (déng bién hodc nghich bién).

HUYNH VAN MINH
(GV Trieomg PTDTNT Sa Thay, Kon Tum)

- Khi d6 ta ¢6 f(u)=f(v)< u=v. Khi dé ta c
ding thirc quan hé giita hai bién x va .

- Khi phén tich dwa phueng trinh (1) vé dang mi vé
phuong trinh chira mét bién ta thiy vé da thire bién

x ¢6 chira dai lugng 8x’ =(2x)" nén ta bién dbi vé

da thirc bic 3 co dang (2x—a)3+n{2.t—a]+m,
trong d6 a, n, m 1a hé so thuc (ra dimg phuong
phdp déong nhat thirc dé tim ra cdc hé sé nay) va sir
dung ham @(r} =1 +at

- Bién ng thire, két hop véi phuong trinh (2) ta
Y. g trinh v§ ti mdgt an.

diy, ta khai thic kién thirc v& phuong trinh
thing trong hé toa dd mat phf;ng Oxy {gff;m.'
phuong trinh dudmg thang dang tong qudt, phirong
trinh dwong thang dang tham so va thao tdc chuyén doi
gitta hai dang phuwong tinh) dé giai quyét bai toan.

Léi gidi. Bude 1. Bién déi (1):

(1) & (2x) -36x% +56x=3* +6y> +13y+40 (1)
Ta cd VT(l') = {Ex-—a}j +n(2x—a]+m

=%x" —12ax’ +{t§ra1 +2n]x—a7‘ —na+m

-12a=-36 a=3
<46a’ +2n=56 o< {n=1
~a* —na+m=0 m=30

Suy ra VT(1')=(2x-3) +(2x~3)+30.Bién déi
VP(1°) theo két qua ciia VT(1°), ta c6:
VP(I')=(y-b) +(y-b)+30

=y} _3hy? +(3b2 +1]y—b’ ~b+30

TOAN HOC
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—3b=6
e 130 +1=13
—b’ —b+30=40

& h==2

Tir do suy ra VP(]I)E (3,r+2)3 +(y+2)+30.

VI(1) = VP(1) e (2x-3)' +(2x-3)=(y+2) +(y+2)
Xét ham sé f(t)=1"+1, xdc dinh trén R, c6 dao
him f'(t)=3+1>0,v1eR nén f(r) dong bién
trén B. Do d6 (= 2x-3=y+2=y=2x-5
thay vao (2) ta co: 32x+4+233x-5=8 (3).
Bude 2. Pt X =2x+4, Y =3x-5.

Phuong trinh (3) duge viét lai 3X+2Y =8 (4)
(la phuwong trinh didng théng trong mat phdng
X=2t
OXY), nén (4) = 4 o
= [ ] {1’ =4-3¢ { )
Do do (*) twong duong véi
{3-.’2_r+4=21 @{2x+4=8f3

Px-5=4-3 3x-5==27F +108¢* — 1441 + 64

@{6x+12=24r‘

6x—10=—54> + 216> —288¢+128
— 781 —2161° +288t-150=0 <> 1 =1.
V=1, taCUJZI—+ esgp—2 =k g= }’
Két lu@n: Tap nghiém ciahéla S= {(zf

+

* Bai toan 2. Giai hé phiwong n-in}@s

'{ ~I(y+2)=x(y* +4y+3) (D)
|2 \..",t+1,+3\,'6 5x=8 (2)

Phiin tich:

- Phuong trinh (1) 1a phuong trinh hai an x, y. Sir
dung klEl'l thirc vé ham s6 ta co ghng phén tich dé
dua (1) vé mot d%’mg thirc ham s6 dang f(u) = f(v),
mdi vé chira mét bién x, y, véi f 13 ham s6 don
diéu (déng bién hodc nghich bién).

- Tit flu)=f(v)<> u=v.Khi d6 ta c6 ding thic
quan hé giita hai bién x va y.

- Bién dbi ding thirc, két hop v6i phuong trinh (2) ta
di dén phwong trinh vé ti mot in. ‘

- Pén day, ta khai thac l_ucm thirc vé phuong trinh
dudmg thing trong mét phang toa dd Oxy dé giai
quyét bai toan.

34T9ﬂ¥ug% S3 470(8-2016)

Léi gidi. Buoc 1. Didukién: 6-5x20&x < %.

- Xét {*" 5 02 khéng thda man phuong trinh (2) nén
y P

hé khong nhan nghigm (0;-2).

{ khéng thda mén phuong trinh (1).
T # _
{ khang théa man phuong trinh (1),

- Vai
y#-2

};t 0. Chia hai vé phuong

trinh (1) cho x(y+2) ta.c6 X i e
X )1_'.2
G'A’—l—v+2—# (3)
% y+2

Xét ham s6 f(1)=t—~ xic dinh trén D =R\{0},
f

¢6 dao ham f(D=1 +i1 >0,vreD nén f(r)
+ b
mbi khodng xéic dinh cua D.
x=v+2 <& y=x-2 thay viao phuong

Tac
£
tr& taduge 233x-2+3vy6-5x =8 (4)
2. bat X=3x-2, ¥=+6-5x, ¥=0. Khi

dbng bié

Qdo phuong trinh (4) dugc viet lai 2X+3¥ =8 (5)

&

(I phwomg trinh dwomg thing). Ta c6
X=1+3 [J- e =1 3
(5) = o4
Y=2-2t |\6-5x=2-2t, t<l
j3x~2=z?:3+27:2+9r+|
—
6-Sx=4r" —8r+4, t<1
trinh 4n 7: 13582 +147¢ +21t+9=0 <t =-1.
Vai t=-1tacod YIx-2=2cx=2 = y=-4

Két lugn: Tip nghiém cia h¢ 1a § = |(-2; —4}}

, suy ra phuong

* Bai todn 3. Giai hé phuong trinh sau

422" +4

y+1

= % (1)
o ¥y +3
|13x=y+v2x-1 (2)

Phin tich: - Phuong trinh (1) 1 phwong trinh hai 4n
x, ¥. Sir dung kién thirc vé ham s0 ta co gang phéin
tich dé dua (l) ve mot dang thire ham s6 dang
f(u)= f(v), moi vé chira mdt bién x, y, v6i f 1a

ham sé don diéu (dong bién hodc nghich bién).
(Xem riép trarng 26)
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rong cac gido trinh todn hoc bic phé- théng hién
luru hanh, cac khai niém, dinh ly, cong thirc toan
hoc déu mang tén cac nha toan hoc Chéu Au, tir cac
nhi todn hoc cb Hy Lap: Thales, Pythagore, Euclid,

Archimedes, ... dén cac nha toan hoc Tdy Au cén
dai: Newtqn, Leibniz, Gauss, Ca!._!chy, Fermat,
Euler,... Biéu nay lam cho hoc sinh dé ngd nhin cac

thanh qua toan hoc chi thudc vao cac nurée Chau Au.
Thit ra hoan toan khéng phai nhir viy. Ciing nhu tat
ci cdc tinh hoa van héa khac hién duge truyén day
déu I3 cong lao cila toan nhin loai. Theo cich néi
cua Newton, s8¢ di toin hoc Chiau Au dat duoc
nhimg thanh tyu nre rd nhu viy vi da biét " dimng
trén vai nhimg ga khong 16", Mot trong nhimg gi
khéng 16 d6 14 nén todn hoe An Pé. Trong bai viét
nay, toi khong co tham vong trinh bay toan bd
nhitng thanh qua cia nén toan hoc do, ma chi dua ra
vai nét dde ddo cua nd ma thoi.

1. SULANG MAN CUA CAC NHA TOAN HO(
PO TRUNG DAL \1\
Vin minh An D6 véi sy hop hru cia hai ncnﬂ
minh Séng An va Séng Hing 1 mét tro
nén van minh ldu doi nhit cua nhan lo
2000 nim trude cong nguyén, trong ¢ viét vé
ton gido thoi Sulvasutras chimg to ngudi An
B4§ da bict cac dinh ly hinh hoc de xay dyng dén dai,
bao gom Dinh Iy Phythagore.

Clng vai todn hoc Hy Lap cb dai, todn hoc An Do
trung dai 14 mdt vién ngoc séng cua nén vin minh
nhan loai. Tuy nhién khac v&i cac nha toan hoc Hy
Lap lubn coé géing trinh bay nhimg tri thirc ciia minh
mot cach sang to va hop l6gic, cac nha toan hoc An
Do lai viét cac thanh twyu toan hoc héng tho ca va
khoac 1én céc cong trinh ciia minh bing mt ngon
ngit 40 md. Phai ching cic nha todn hoc An D
thwomg xem minh chu yéu la nha thién van hoc,
trong khi d6 cac nha toan hoc Hy Lap xem toan hoc
ton tai dc 1ap va duge nghién ciru vi ban thin no.
Xin diém qua nhitng thinh tiu va mét s6 giai thoai
vé cdc nha todn hoc An Do 16i lac s0ng vio khoing
thé ky V dén thé ky XII sau cdng nguyeén, thoi ky
ric ri¥ nhat cua toan hoc An D6.

- Nhi todn hoc Aryabhatas sinh tai mét noi gﬁn
Ptatna ngay nay trén viing chéu thd Séng Hang. Ong

nan

| LE QUOC HAN
(GV Khoa Todn DH Vinh)
Slm' tim va bicn sogn

séng o the ky VI. Xin hay doc mét bai todn cua dng:
" Hei kiéu nit xinh twoi voi doi mét sang ngoi, vi
nang ed biét t6i phép nghich dao nén Ftkong hé bi sai
lam, xin nang cho biét s6 ndo nhdn véi 3 roi ting
% cila
thicerng, roi whén 1én chinh nd, réi lai giam di 52, ol
e’c?:v can bdc hai, cong thém 8 va chia cho 10 sé dwoc
con 56 2",

» Nha toan hoc Mahavira sémg & mién Nam An bd
vao gifra thé ky 1X. Cic bai todn dng dat rit ndn tho:
1. Mgt dai méanh xa méu den chwa hé ném mii that

thém % vae tich, réi chia cho 7, lai giam

bai dai 80 q@:’a dang chudi minh vao hang, cir %

ngm ﬁ&@c 7,5 angula va cir trong :;l- ngay dudi

ém 1,25 angula. Oi niém kiéu hanh ctia cdc
& 56 hoc, xin cho biét trong bao ldu mang xa do

\%Jao hén duwoc trong hang?

2 O O R B e 1 R i

6
o

2

56 con Ia; ke r;ep con lai 3 qua danh cha hoang fe
nho nhat. A, ngai, mgt nguoi sang suot khi gidi cde
bai todn phdn s6, xin cho biét sé xoai trong sot hic
ddu bao nhiéu?

3. Mo pha;n twr lac da thay trong rieng, hai ldn cdn
bdc hai cua dan dang di lén doc mii, con lai ba phan
ndm s6 lac da dang uong miede bén bo séng. Viy so
lac da cua dan la bao nhiéu?

- Nha toin hoc Bhaskara séng vao cudi thé ky XI
diu thé ky XII. Cong trinh cua dng co tén rat dcp
"Vong nguvér qué ctia mot hé rhrmg thién van"
(Siddhanta Sitimani). Cac chuong vé todn hoc trong
cong trinh d6 ciing mang tén lang man khéng kem: "
Cdi dep" (Lilavati) va " 56 hoc hat" (Viria ganita).
C6 mot giai thoai thit vi ké vé éng. Chuyén ké ring
cac vi sao dd bao trwéc mot diém bat hanh khing
khiép s& xay ra néu ngudi con gai duy nhit ciia éng
1a Lilavita dugc 1am 1& vu quy khéng ding mét ngay
il tm lanh da dinh. Trong ngay do khi co dau day
lo lang theo dai mirc nude dang xudng dan & chiée

Iy -é ché con lai, va ba hoang nr ldy 31 ; va

TO
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déng hd hinh chén thi khong hiéu sao mét vién ngoc
tir chiéc khin dgi dfm ciia ¢6 roi xudng cdi 16 cho
nude chay & chiée dﬁng hé va dimg lai lam cho nuge
tﬁc va glay phut may miin qua di mdt cach dm tham.
Pé an ui ngudi con gai bit hanh ciia minh, Bhaskara
da lay tén con dit cho mdt chuong sach cua minh.
Cic bai toan cia Bhaskara thudmg lién quan dén cip
56 oa;mg cap s6 nhén va Dinh Iy Pythagore voi ndi
dung rat hép din:

l. Cdn béc hai ciia mia s6 ong trong bay da bay ao
161 mi# bui hoa nhai, con lgi % béy ong & lai phia

sau, mot con ong cdi bay quanh chi ong dwe dang
vo ve trong bong sen co mui thom ngot ngao da
quyén rii no dém qua. Xin quy ba cho biét 56 ong do
la bao nhiéu?

2. Arjuna bimg bieng tiec gidn trong cugc chién da
bén ca mét bao tén dé giét cho dwoc Karna. Bang
ntkq s6 miii tén ctia minh Arjuna da dimg dé che
chdn nhimg miti tén ciia dich thu, vai 4 lan can béc
hai cia bao dung day tén da giét dwoc con ngua,
bing 6 mili tén giét dwoc nguwdoi ddnh xe ngua cia
Karna, véi 3 mili tén da phd hiy man chan cor hiéu
va cdy cung va hang mét miii tén hin chét ké thi.
Arjuna da bdn di bao nhiéu miii tén?

3. C6 bao nhiéu cdch lam bién dang khdc nhau cia
than Sambu khi thay doi 10 vt [fwgng trung Vi
nhau trong nh;e‘u ban e‘a_y cia than: ¢di roi, chiéc
ngd voi, con rdn, cdi trong con, cdi so ngudi, c.:;g—

dinh ba, cdi khung giwong, con dao gam, mili 167NN

cdi cung nhe than Hari bang cdch thay doi cdi ¢
cdi dia, bong sen, cdi tir va va vé 6c? /

2. BRAHMAGUPTA, CHIEC CAU ﬁf\ SIUA
NEN TOAN HOC coO PAI HY L TOAN
HOC CHAU AU TRUNG DAI

Tuy nhién, c6 mot 36 nha toan hoe An Bn;) lam todn
theo tinh thin Hy Lap, dién hinh 13 nha todn hoc
Brahmagupta, ngudi duge xem la nha toan hoc
Hindu 15i lac nhét cia thé ky VIL Ong séng va lam
vige tai trung tim thién van Ujjan tai Trung An.
Nam 628 ong viét cubn "H¢ thong Brahama da
duyét lgi" (Brahama - sphuta - siddhata), mdt comg
trinh thién vin hoc gom 12 chuong, trong dé chuong
12 va charong 18 noi vé toan hoc.

Khéic v&i nha todn hoc Hy Lap cb dai Diophante
thuomg quan tim dén mét nghiém hitu £y nao do cho
phuong trinh vé dinh, Brahmagupta mong mudn fim
14t cd cédc nghiém co thé co. Trong cong trinh ndy, dng
trinh bay cach gidi ¢ic phuong trinh vé dinh Diophante:
ax+by=c¢ vii a,b,c la nhimg s0 nguyén. Phuong
trinh vé dinh hai 4nxy=ax+by+c di duge gidi
bing phurong phap ma hon 1000 nim sau Euler mdi

S5 470(8-2016)

TOAN H
36 crua&

tim ra. Pdc biét ong di chi ra cich lam: tir mét
nghiém nguyén x,y,xy #0 cia phuong trinh Pell:
y?=x? +1 (trong 46 x khong phii I sb chinh phuong)
suy ra vé sé nghiém nguyén khac. Ly thuyét hoan
chinh vé phwong trinh Pell phai t¢i hon 1200 nidm
sau méi duge Lagrange hoin tit vao nhimg nim
1766 -1769.

Vé hinh hoc, Brahmagupta khong nhimg dua ra
cong thirc Héron dé tinh dién tich mét tam gidc theo
ba canh cia né ma con dua ra mét mé rong dang chi
y cho dién tich mt tr gidgc ndi tiép duomg tron cd
chc canh 14 a,b,c,d vanita chu vi p:

s=(p-a)(p-b)(p~c)(p-d).

Sau d6 6ng con mo rong cho mot fr gidc 16i thy ¥:

§* =(p—a)(p-b)(p-c)(p-d)-abedcos 22E

trong d6 A.C 14 hai gbo d6i dién cia tr gidc.

Sau diy la mét so ket gqud dang chu y cua

Brahmagupta lién quan dén tir gidc:

l. G:a sir ABCD la nr gigc ngi .tfep véi bon canh

lién r:ep 1a a,b,c,d vacac duong chéo la m,n.

_(ab+cd)ac+bd) (a(_-+hd){ad+bc]
a.::’ be ab+cd i

2z Trong \.: ngi tiép cé mn=ac+ bd.

(Dinh ly Ptolemy).
mbcosq=ab+cd,

Khi do

£,

3,
£

tie gidc nagi n'é};r cad
=ad+bc, irong do dudng kinh MN =

%uring goc vai mot trong hai dwong chéo va ¢ la

goc gitta MN va duong chéo kia.

4. Néw a.b,c va A,B,C la cdc 56 nguyén duong
sao cho a*+b*=c2, A2+ B*=C* thi nr gide ngi
tiép c6 cdc canh ké nhau aC,cB,bC,cA (goi 1 hinh
thang Brahmagupta) sé ¢d dién tich va cdc dudng
chéo 1a nhitng s6 hitu 1y, hon nita cdc dudng chéo
viong goc vai nhau.

5. Dién tich cua mdt he gide nii i‘:ep lan ngogi .‘ze‘p
dwomg tron bang cén bdc hai ctia tich cdc canh ctia
no.

6. Mt ne gide c6 hai dwong chéo vudng goc voi
nhau khi va chi khi tong binh phuong cua mét cdp
canh doi dién bdng tong cdc binh phiwong ciia cgp
canh déi dién cén lai (Dinh 1y bon diém).

3. RAMANUJAN, NHA TOAN HOC THIEN
TAI POC DAO AN PO THOI CAN DAI
Ramanujan sinh ngay 22.12.1887 tai mot lang qué
An Bé, cach thanh phé Madras khoang 400 km. Mac
dil tir nho soéng trong canh bénh tat thiéu thén, éng
viin ¢6 nhiéu két qua toan hoc kha an tugng. Nam 15
tudi, ong da gidi duge cic phuong trinh béc ba va
béc bon theo cach riéng cia minh. Sau dé bang con
dudmg tr hoc, dng co nhimng két qua sdu sic vé cac
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chudi, vé hﬁng s& Euler, vé cac sd Bernoulli va vé
ham eliptic.
May man thay, 6ng di dugc nha todn hoc Anh noi
tiéng G. H. Hardy (1877 - 194?) biét dén va giup da.
Nhér thé, nim 1914 éng duge cdp hoc bong sang hoc
dai hoc Trinity & Cambridge nudc Anh. Hardy ké
nhiéu ciu chuyén thi v vé Ramanujan. Chdng han
mét lin dén thim Ramanujan & bénh vién, Hardy néi
diia ring minh d di taxi mang bién so 1a mot s6 "vo
vi" 1a 1729, Ramanujan noi ngay: "0 khong, do la
mit sb ly tha, 14 s6 nho nhit trong cdc so viét duroe
dudi dang tong cua hai lap phuong:
1729=13 +12* =93 + 103 1",

Trong cudc d&i lam todn ciia minh, Ramanujan dé
lai 3000 cong thirc va dinh ly, trong d6 nhicu két qua
khong c6 chimg minh hofc chi din vé chimg minh.
Dén nay nhiéu cong thirc va dinh ly cia Ramanujan
con duge nghién cuu va mot s0 két qua vin con lam
nhiéu ngudi sung sot, chwra biét cich nao dé suy ra
ching. Chang han cac cong thire sau

' | 3
ilfcoszTn + i/cos% +i/c0537ﬂ = 1?’-:cus 2 _;ﬁ ;

3o _
3\(&:05%{ + i’cos% +i/cosg?r = {jcosizﬁ

Ramanujan da tim ra ]5. cong thire tinh gid tri cua n
lam kinh ngac nhidu thé hé, ching han cong thirc sau
1 8 &(4n)! (110?+26190n)
n 980175 (n]) .396% I
cong thirc ndy s hang dau tién cho ta gid tri ci N
chinh x4c dén & chir s6 thap ph?m, con sb I}ang tl%
cho ta gia tri cia m chinh x4c dén 12 chir 56
Ramanujan cd mét doﬂg cop quan tw
tim cong thirc cho p( H , 1a 86 c4 &
nguyén duong n dudi dang téng cWRAC 56 nguyén
duong khing tang.
Vidu p(4)=5 vi 4=3+1=2+2=2+1+1

Str dung

an!
z viéc
16t mot s6

PROBLEMS ... (Tiép theo trang 17)

Problem T9/470. Given n non-negative real numbers
x,i=L2,...,n (n=2) satisfying x+x+.+x,=l. Show
f_hat..l.. ....J&_.}.._jfz_.q."_: n xz I§ +
CIRES N B ) l+x, 1+xl- 1+,% Iﬁ
TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/470. A natural number is called & -
success if the sum of its digits equals to k. Let a,, be the

number of all k — success numbers which have i digits.

mo N
Find the sum Z Z ay . (k. i, m, n are positive integers).
k=1 i=l

»

=1+1+1+1.D&thdy p(l)=1,p2)=2, p(3)=3,

p@)=5.p(5)=7,p(6)=11..vd p(n) ting rit nhanh
khi » ting. Ching han p(200)=3.972.999.029.388.
Nam 1918, Ramanujan cing véi Hardy tim ra cong

STt}

4n4§

thirc tinh gén ding p(n)= trong  dé

£'=TE['§—]2 . Mai dén nin 1937, Redenmacher mai

tim duge eong thic xéc dinh p(n).

Vi nhimg cong hién xudt sic cia minh, ndm 1918
Ramanujan duge bau vao Hai Khoa hoc Hoang gia
Anh, mdt t6 chirc khoa hoc ¢6 uy tin nhit & Anh.
Tiéc thay do didu kién sirc khoe, Ramanujan qua déi
vao ngay 26.4.1920 khi méi 33 tudi, dé lai sy tiéc
thuong cho bao thé hé.

Hién nay, mét giai thudng toan hoc thudng nién
mang tén ong - Gidi thuomg Ramanujan - danh cho
cac nha toan hoc tré co nhimg két qua xuiit sic vé
toan hoc. Giai thuong nay dygc thanh lap bai trung
tdm Vit 1y Ly thuyet Quoc té ICTP ¢ Trieste (Italy),
Uy ban Khoa hoc Cong nghg An Do DST va Lién

doan Toa Quéc té IMS.
Q¥ 4. THAY CHO L O1 KET
S g budc thang tram do cac bién ¢o lich su

, ngay nay nén toan hoc An Dé la mét nén
n hoc kha phat trién so véi khu vire va Chéau A.
Nam 1907 Hai Toan hoc An D¢ duge thanh lap va
hai nam sau Tdp san ctia Hi Todn hoc An D¢ ra doi
& Madras, gin qué huong ciia nha todn hoc thién tai
Ramanujan. Nam 1933, Tép san Théng ké Samkhya
cua An B¢ bat dau duogce dn hanh.
Mot dicu hét sire thi vi la Gido su Ngé Bao Chéu
cua Viét Nam da nhin Giai thieong Fields & Dai hji
Toan hoc Qudc té ICM 2]1]10 td chire tai New Dely,
Thi dé cta dit nudc huyeén thoai An Pa.

Problem T11/470. Find all triples (x; y; p) of two
non-negative integers x, ¥ and a prime number p
such that p* — ¥ =1.
Problem T12/470. Given a triangle 4ABC and H is a
point inside the triangle such that ABH =ACH . A
circle which goes through B and C intersects the
circle with the diameter AH at two different points X'
and Y. AH intersects BC at D. Let K be the
perpendicular projection of D on XY. Prove that
BKD=CKD.
Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanot)
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TIENG ANH QUA

BAI S
Problem. Given paper of size 15 cm >

20 cm,

a rectangle
fold it along a diagonal. Determine the area
of the common part of two halfs of the
(Question 12, HOMC 2014 exam)

Remark. We already gave one solution for this
problem. We would like to give another solution for
this by using analytic geometry.

Solution. Choose a coordinate system as in the figure.
We need to compute the area of BFD. Since we know
the height BA, the problem is reduced to the problem
of computing the base FD which is done if we know
the coordinates of F. Qur proof is as follows. First we
find the coordinates of E, then we write the equation
of the line going through B and E. The intersection of
that line and the x-axis is D).

Find E: We have BE and DFE are perpendicular and
so are BD and CE. These geometric properties are

paper?

translated into algebraic properties: BE.DE=0 and

CE.BD=0. Assume that the coordinates of E are
{a, b). We have a system of equations

ala—4)+bb-3) =0 (D
(a—4)d+(b-3)(-3)=0 (2)
7 4a 7

4a— :

From (2), we have hb=———. Plug in b= 4
(2) 3 24 %\
into (1), we get a quadratic equation in the varia

a. Solve this equation we can get either a or

L
=2 %o @?vhy
*

25 = E is the x-coordinate

25

L i . %
o Chung minh rang UCLN (m.n) =

BAIDICHSOG v
T = am + bn va r+1=cm + dn. Do
By gidy, gia str ing UCLN(m.n) = 1. D¢ chimg minh [N\
lién tiép. Gia str fing am + bn = 1, voi a va b |4 cic s6 nguyé

Problem. Cho m va n la cde so nguvén dicong. Xéi tdp hop S

Lot gidgi. Néu [N\ S| 12 hitu han,

CAC BAI TOAN
S 1

don’t we choose a = 47). Thus b=—— 2l

2
J,'.

.s[u 3)

L4
AO\

E{a. by

Eguation of the line going
through B and E:
S e le S

8 A,
25 25
Find the x-coordinate of F:

Ci4. 3

N

%L“ o x

(3)

plug in y = 0 into (3), we get x= i

5
7 25
Thus FD=4- E . Hence the area of BFD (in the

25 _ ?5

]. e
8 16

figure) is —

iy 18?5
16

Therefore the actual area is
— = (why do we need to multiply with 257).

TU VUNG
: hinh hoc giai tich (toa 4§)
: hé toa dé
: duge quy vé
: cac toa 4§
: duéng thing
: truc toa 46 Ox
: vudng goc
: céc tinh chat hinh hoc
: céc tinh chit dai sb
: phurong trinh béc 2

NGUYEN PHU HOANG LAN
(Tricmg PHKHTN, DPHQG Ha Néi)

analvtic geometry

rendicular

coordinate |
iy reduc

f.-'-'.'.'lfl'r ]

,lr

”{r}"(’.’ '3|?1|.l fres
h + i

tH_LU el properfes

L;'Hn'.'.."l-"\' e ‘,‘c;‘”:ﬁfﬂ”

lam + bn | a, be M].

| khi va chi khi tdp hop TNS chi co hitu han cde

thi ton tai cdc sb nr nhién 7, a, b, ¢ va d sao cho
46 (c—a)ym +(d—b)n=1.Tird6 UCLN(mx) = 1.
S| hiru han, ta s& chi ra tip S chita m hofic # s6 ty nhién
n. TacHthécoia<Ovab>0.Ditr=nlam e S.

Tacor+1 =nlam+am+bn =(n—1alm+bn € S;r+2 =nlajm + 2am + 2bn=(n-2)lajm + 2bn € §; ...

r+(n=1)=nlam+ (n—1)am + (n— 1)bn=lajm + (n-

1}bn € 8.

Viy ta di chi ra rang ton tai 7 s0 ty nhién lién tlcp trong S. Phép chimg minh dwgc hoan tit.

Chii y. Phwong phap trén co thé tong quét hoa dé chimg minh ménh dé twong ty cho mét sé hitu han cdc s6
nguyén duong bit ky, khong chi voi hai s6 nguyén duong m va n.

Nhién xét. Cac ban sau c6 bai dich tét: Ha Ngi: Nguyén Van Diing, 10A14, THPT Ngec Tao, Phic The; Hung
Yén: Triéu Ninh Ngdn, 11A9, Nguyén Thi Thity Linh, 10A1, THPT Duong Quang Ham, Van Giang; Nghé An: Ha
Gia Bao, 10A1, THPT Cira Lo, TX. Cilra Lo; Ca Mau: Hoang Céng Minh, 11 chuyén Toan 1, THPT chuyén Phan
Ngoc Hién; Vinh Long: Chdu Mink Khdnh, 10 T1, THPT chuyén Nguyén Binh Khiém, TP. Vinh Long.
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GIAI PAP: SAIGDAU?
(Dé diing trén TH&TT s 466, thdng 4 ndam 2016)
Nhgn xét. Loi gidi di sai & ché Ban Binh da sai

x2—2;m:—2—E

)dx
x-2

B e 4 - e Y
khong ton tai, vi ham 56 y = —'; khong lién tuc
i

.}
& ché tich phan § = J-(
1

trén doan [1; 3]. Vé mit hinh hoc thi hinh

phing gidi hang boi hai dudng y=x" —2x—2 va
4-x

.-V:__

x—

duoc thé hién nhu hinh vé sau:

N

NEE
__\_'_‘_‘—‘—-.A E f
2\/ *@
-4 qlll @’
I.
Léi gidi ding: Phuong trinh hoanh d6 giao diém
cia hai dudng y=x"-2x-2 va y= 4d; la
we
X -2x-2= s
x—2
S -2x-D(x-2)=4-x (x%2)

x=0

S x —4xt +3x=0& |:x=1 .

x=3
. % 4—.!’ e "
Do ham s6 vy = e khong lién tuc trén doan
x-—-

[1;3], nén dién tich hinh phing cén tim 12

oo
c@so y=-
¥

4—x

x=2

1
S= j'xz-zx—z—- de=
1]

; : 4—x
Po2x-2———
{,[(x X x—E)m‘{

)

g- In4 (dvds).

3

o

S e Myind
-5

—+2In2
3

i

2) Céc ban sau 44 tim ding sai lim va gl bii sém vé
Toa soan: Ha N§i: Dinh Vin Anh, 12A1, THPT Hé
Xuan Huong, s6 1 Nguyén Quy Pie, Q. Thanh Xuén:

Bén Tre: D6 Thanh An, 12B1, THPT Lac Long Quin,

TP. Bén Tre.

KIHIVI

TIM MAX, MIN

Trong git bgi tp todn, thdy gido yéu ciu hoc sinh
lam bai Tim gid tri lom nhdt, gid trj nhé nhdt

‘0t hoc sinh dd 1é€n bang trinh bay 1& giai nhu sau:
Tap xdc dinh: R.

':147;(2; y‘mﬂc}xzo;
(x"+1)
Z
. x=1
0)y=-=1; 1 - =1
¥(0) e
Bang bién thién
x| —m o
¥ i 0 +
1 |
o
=

Viaymaxy=1, miny=-1.
Livi gidi trén cd diing khéng, néu khdng ban sé giai
bai todn trén thé nio ?

THAN VAN DU’
(GV THPT Lang Giang 86 1, Lang Giang, Biic Giang)

TOAN H
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GS. TSKH. TRAN VAN NHUNG

TS, NGUYEN VAN VONG
GS. DOAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chi tich Hai ddng Thanh vién
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MAC VAN THIEN

Téng Gidm doc NXB Gido duc Viet Nam
GS.T5. VU VAN HUNG

Phé Téng Gidm déc kiem Tong bién tap
NXB Gido duc Viét Nam
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HOI DONG BIEN TAP
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75 TRAN BINH CHAU, ThS. NGUYEN ANH DONG, T5. TRAN NAM DONG. T. NGUYEN MINH BUC, TS. NGUYEN MINH HA,

TS. NGUYEN VIET HAIL PGS. TS. LE QUOC

HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,

GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,

PGS, TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG

ANG. PGS. TS. PHAN DOAN THOAL Ths. VU

KIM THUY, PGS.TS. VO DUONG THUY, GS. TSKH. NGO VIET TRUNG. ‘b\

12
16/

Tri su, phdt hanh:

Danh cho Trung hoc Co s&
For Lower Secondary School
Vii Hitu Chin — Ung dung vé tinh chfi@a
day ti s6 bang nhau. é
Huéng din giai D& thi tuy§ h vao
lép 10 Trudng THPT ch KHTN,
PHQG Ha Néi, nam hoe 2016 - 2017.
P8 thi vao 16p 10 Trusng THPT chuyén DHSP
Ha Noi, nam hoc 2016 — 2017.

Tim hi€u sau thém vé Toan hoc Phd
thong

Poan Quynh — Mot cach trinh bay sd cip
vé hudng trong mit phing (khong dung
chiéu quay kim déng hé).

Dién dan phudng phap giai toan

Trdn Quang Hung — Phép d6i xiing truc
trong thyc hanh giai toan.

Dé ra ki nay
Problems in This Issue

T1/470 ..., T12/470, L1/470, L2/470.

TRONG S
e

W

9

® 6 06 ©6

N

e

Giai bai ki trudce
Solutions to Previous Problems
Chuén bi cho ky thi THPT Quéc gia

Trén Quéc Lugt — Binh luan vé dé thi
Trung hoc phd théng Quéc gia mén Toan
nam 2016.

Dién dan day hoc Toan

Hujnh Vin Minh - Cap déi hoan hao
trong giai hé phuog trinh hai an.

Lich stt Toan hoe

Lé Quéc Hdn — Sy doc dao cia Toan hoe
An Do,

Tigng Anh qua cac bai toan - Bai 5611
Bai dich s6 8 - Tiéng Anh qua cac bai toan
Sai lam ¢ dau?

Gidi ddp: Sai & dau?

Than Van Dy — Tim Max, Min.

Anh bia 1: Nha Toan hoc An D Brahmagupta (khoang 598 - 670 sau CN) - Newon Internet
Bién tap: LE MAL

Mi thugt: QUOC HIEP, THANH LONG

EN KHOA PIEM, NGUYEN THI THUHUYEN  Thiéi ké, ché bdn: MAT ANH
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Khd 19 x 26,5 Khd 19 x 26,5
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Khé 19 x 26,5
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Ban doc c¢6 thé dat mua cac cudn Déng tap nay tai cdc ¢o s& BUPU BIEN trén toan

quoc hoac dat mua tai Toa soan.
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® Dién thoai — Fax Phat hanh, Trj
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Cuén sdeh

NHUNG CON PUONG SANG TAO TRONG

GIAI TOAN HINH HOC

(ctia cac tac gid: PGS.TS. NGU'T Lé Quéc Han (chu bién), TS. Binh Quang Minh, Th.S. L& Thj Ngoc Thuay)

4ch day 472 trang, khé 17 x 24cm, gia bia 80.000 dong. Noi

dung ctia sach trinh bay cac phurong phap giai nhirng loai toan

hinh hoc phd théng dién hinh vdi gan 1000 bai todn hinh hoc

I6p 7 dén I&p 12 theo churong trinh B Gido duc & Dao tao hién ban

hanh. Ngoai ra sach con trinh bay ngudn géc nhitng bai toan ay va cach

thirc séng tac cac bai toan méi tir chiing. €O I& day Ia nét khac biét cua
cubn sach nay véi phan lén cac sach tham khdo todn cung loai.

Sach gom ba phin chinh. Phan Hinh hoc phéng danh cho cac hoc sinh g

khé gidi vé todn; trong dé c6 nhiéu bai toan khong dé, dugc cho
trong cac d@ thi Olympic Todn Quéc t& va Khu virc. Mot s8 din
khai niém quen thudc va it quen thudc duge dé cap kha chi i i
Dinh Iy Thales, Binh Iy Pythagore, Pinh Iy Ptolemy, Céng, ebniz,
Céng thikc Euler, Bai todn Torricelli, Bai toan Napoléo ng théng
va duong tron chin diém Euler, Budng thang S:m m Lemaoine,
... Phian Hinh hoc khéng gian cht yéu danh cho nh da| tra, Vivay
bén canh cac bai toan kho danh dau * la n@bal toan chon trong
cac d& thi Tuyén sinh Dai hoc hay Tét n HPT may ndm gan day.
Ngoai phuong phép chinh la suy ludn I6gic, thinh thoang cac tac gia
sir dung chng cu vecto néu thay that can thiét. Phan Moi lién hé gilra
hinh hoc vdi cdic phdn mén khdc nhu Lugng gidc, Dai s6; cac tac gia
tap trung vao phan Tam gidc lwgng véi nhiéu bai toan hay, va trong
phan Phueng phdp hinh hoc trong dai s6 d& cap dén mot s6 dang
todn hinh hoc gii tich phing thudng gap trong cac ky thi Tuyén sinh
dai hoc hay Tét nghiép THPT.

Sach cf géng trinh bay dua trén sy két hgp hai hoa cda van phong
twoi mat, doc ddo va sic sdo cia Polya véi si gidn dj dé hiéu ma
tham tram sau sic cia Hira Thuan Phong. C6 thé xem day la nhitng
suy nghiém sau sic nhat cia nhom tac gia, ddc biét la cia NGUT

PGE.TS. LE QUOC HAN (Chii bEin
TS BIMH DUANG MINH - The. LE TH| NGOG THUY

NHUNG CON PUGNG SANG TAO
TRONG GIAI TOAN

HINH HOC

L& Quéc Han, chil bién cudn sach vai 50
nam hoc va giai toan.

Tin rang cudn sach khéng chi hitu ich cho
hoc sinh va thiy co gido yéu todn phd
théng, ma con 1a tai liéu tham khao tét
cho sinh vién va giang vién cac trugng Dai
hoc va Cao dang nganh Toan, cung cac phy
huynh cé nguyén vong gitip con em minh
hoc t6t mén Hinh hoc von duge xem la
khé nhurng hdp dan nay.

Moi chi tiét xin lién hé: TAP CHI TOAN HOC VA TUOI TRE
187B GIANG VO, DONG DA, HA NOI
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