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HA HUY KHOAT
(Vién Toan hoc Viét Nam)

gi@o 0 thénhrtit:h xuat sac trong giang day mén Toan & bac pho thong va hoc sinh phé théng dat
[ thann tich xué:c sac trong hoc tap mén Toan. Doi vaéi hoe sinh thi doi tuong duoc xét la: hoc sinh dat
thanh tich dac biét xuat sac va néu nam nay da vao dai hoc thi theo hoc nganh Toan — Tin; hoac hoe sinh
vuot nhieu kho khan, dat thanh tich xuat sac. B

Qgiéi thuong Lé Van Thiém duoc Hoi Toan hoc Viét Nam trao hang ndm cho hai thanh phan: théy olo}

Giai thuong Lé Van Thiém nam 2015 dugc trao cho c4c gido vién va hoe sinh sau:
. GIAO VIEN

1. Thay giao NGUYEN LUU

Sinh nam 1959, Gido vién Truong THPT chuyén Ha Tinh.

Thanh tich: Tham gia gidng day, boi dutng cac Poi tuyén Toan cua truong THPT
c}]uyén Ha Tinh 15 nam lien tuc tirndm 1999, gop phan quan trong vao thanh tich
cua Boi tuyen: (1 Huy Chuong Vang IMO 2013, 1 Huy chuong Bac IMO 20086, 1 F Ly
chuong Bong IMO 2015; 71 hoc sinh dat giai hoc sinh gioi Quac gia, trong d6 ¢6 1
giai Nhat, 11 giai Nhi, 25 giai Ba .

2. Co gido NGUYEN THI THANH TAM
Sinh nam 1969, Gido vien Truong THPT chuyén Nouyén Tat Thanh, KonTum.

Thanh tich: Day Toan ttr 1992, Ve Truong chuyen tlr 2009. Ba khac phuc nhiéu kho
khan, co dong gop dang ke vao thanh tich cta Boi tuyén Toan (tir nam hoc 2010 —
2011 den nay, nam hoc nao cling cé giai hoc sinh gi6i cdp Quédc gia mon Toan,
dac biet nam hoc 2012 — 2013, em Phan Hong Hanh Trinh dat giai Nhi Quéc gia mén
Toan, duoc nhan giai thuong Lé Van Thiém).

ll. HOC SINH
1. Vi Xuan Trung, hién dang theo hoc 16p 12, THPT chuyén Thai Binh
Huy chuong Vang IMO 2015.

2. Hoang Anh Taj, THPT chuyén Phan B6i Chau. Nghé An
Huy chuong Bac IMO 2015. Hién dang theo hoc tai DHKHTN-DHQG Ha Néi.
3. Nguyén Tuén Hai Bang, THPT chuyén DHKHTN-DHQG Ha Noi
Huy chuong Bac IMO 2015. Hién dang theo hoc tai PHKHTN-DHQG Ha NGi.
4. Nguyén Huy Hodng, THPT chuyén PHQG TP. H Chi Minh
Huy chuong Bac IMO 2015. Hién dang theo hoc tai PHKHTN-DHQG TP. Hé Chi Minh.
. Nguyén Thj Viét Ha, THPT chuyén Ha Tinh. Huy chuong Bong IMO 2015.
Hién dang theo hoc tai DPHKHTN-DHQG Ha Noi.
6. Pham Lam Tung, hién dang hoc 16p 12 THPT chuyén Tuyén Quang,
Giai Ba Qudc gia 2014-2015; giai Nhi Quéc gia 2015- 2016.
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Jci' rong qua, trinh gia1 toan, chung ta cOo gip mot
I6p céc bai toan ma dé giai cac bai toan dé ta

phai phat hién duge quy ludt cua chimg. Cac quy
luat d6 13 néu ta thuc hién mot sd thao tac trén cac
doi twong thi dén mét lac nao do se xudt hién bdr
bién nhu tinh chin 1é, tong, tich ... cia cdc bién

khong thay doi. Ching ta s& lam 16 ]:u:rn khai niém
bat bién thong qua hé théng cac bai tap sau.

& Bai todan 1. C6 mét to gidy, ta xé né ra lam
ndam manh. Lai Idy mét trong ndm manh nho xé
lam nam manh khdc, v&i méi manh ¢é duoc ta
lgi xé lam nam manh nho,...Cir rie?:p tuc kéo dai
qua trinh xé nhw vay, héi cé khi nao ta nhin
duge 2016 manh giay hay khéng? 2017 manh
giay hay khéng?

Loi giai. Khi ta xé mot manh gidy lam niam
ménh nho thi s6 manh g1ay s€ tang thém 4. Vi
lac dau cé mot manh gidy nén tai bat cir thoi
diém nao, s6 manh gidy ciing c6 dang 4k + 1

(k e N’ ) , biéu thtic nay chinh 13 bdt bién trong

qua trinh xé gidy. Vi 2016 khong cé dang
4k + 1, nén khong thé xé dugc 2016 manh. Vi
2017 =504.4 + 1, nén ta s xé dugc 2017 manh
sau lan xé thir 504.

O Bai todn 2. Trén bang viét cée sé tw nhién 1,
2, 3, ..., 2002. Ta tién hanh tro choi nhir sau:
Moi lan ta xéa hai sé roi thay vao doé mét so
maoi b&ng rcfng hodc hidu ciia hai sé bi xéa. Kéo
dai qua trinh do nhiéu lan cho dén khi nao trén
bang chi con mét sé thi dimg lai. Hoi 56 cudi
cing ¢6 thé la s6 0 hay khong?

Loi gidgi. Ta thiy qua trinh x6a cac s6 nhur vay
s€ cho ta cac tinh huﬂng sau:

- Néu x6a mot s6 chan va mot 50 1é thi s thay
bang mot s 1é, nhur vay s cdc sb 18 khong thay
d6i.

- Neu x0a hai s6 chan thay bang mot s6 chin thi
50 cac sb 16 cung khong thay doi.

- Néu x6a hai s6 1¢ s& thay bang mot s6 chin thi
5O cac s6 1é giam di 2 sd.
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Nhu vay sau moi 1an xoa thi s0 cac s6 1é hodc
khong doi, hodc giam di 2 sO. Nghia 1a tai moi
thoi diém thi sb céc sb 1é khong thay d6i tinh
chin 1& (day chinh 1a bdr bzen cua bai toan). Do
lac dau trén bang co 1001 s-:m lé nén so con lai

-::.um cung phai 14 s6 18, viy s6 con lai cubi cung
la s6 khac 0.

Qua hai bai todn trén cdc ban da hiéu thém khdi
niém the nao la “bat bién” ctia mét bai todn. Do dé
viée phdat hién ra bat bién ciia mét bai todn Ia quyét
dinh cho viée giai dwgc bai toan do. Ching ta hdy
tiép tuc lom quen voi cac bai todn khdc ma viéc phat
hién ra bat bién ciia né cé khé hon.

& Bai todn 3. Trén bang viét 2016 s6, moi s6 chi
nhdn mot trong ba gia ri 0, 1 va 2 . Moi Ian ta xéa
hai s6 khac nhau (co gia tri khac nhau) va thay
vao do sr) thir ba (co gia tri thir ba). Chimg minh
rang néu kéo dai qud trinkh xoa nhur vdy cho dén
khi trén bang chi con mét s6 thi s6 con lai do
khong phu thugc vao qud trinh xoa.

Loi gidi. Sau mdi 14n xd6a nhw vy thi sb lugng
moi loai sO s& giam di 1, hoac tang thém 1.
Nghia 14 sau moi 1an xda, sd lugng cdc loai sO
thay d6i tinh chén 1& cta chung. Vi cudi cung
trén bang chi con lai mot s, nghia la hai tmng
cac 80 0, 1, 2 co 50 luong bang khéng, con sd
thir ba co sc} lwong bang mot. Nghia Ia lic dau
trong ba s6 0, 1, 2 phai c6 hai sb c6 sb luong
cung tinh chan le va khic tinh chan 1& véi SO
con lai (day la bat bién cua bai toan). Do d6 neu
cudi cung con lai mot sO trén bang thi d6 13 sd
ma Mic dau cé so lwong khac tinh chin 1& v6i
hai loai s6 con lai (khong phu thudc vao thir tu
thue hién cach xda).

@ Bai toan 4. Trén bang ta viét ba s6 nguyen. 1a
thiee hién thao tdc sau: Xoa di mét sé va viét vao
do tong hai s6 con lai trir di 1. Lap lqi thao tac do
nhiéu lan, cudi cimg ta nhdn diroe ba sé 19, 1945,
2015. Hdi vdi thao tdc dé thi cdc 56 ddu tién ta c6
thé bat dau tir cde 56 2, 2, 2 diroc khong?
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Loi giai. Gia su luc dau ta c6 ba S-:J 2,2,2 thi sau
bude dau tién ta nhén dugc ba $6 2,2, 3 gom hai
sd chén va mot so le. Tur budce thir bhai tro di ta
luén nhan dugc ba s6 ma trong d6 ludn c6 hai s6
chﬁn va mot s6 1€, di bat dau tur bat cur sO nao (vi
tﬂng hai s6 chin trur 1 1a mot SO X tong cia mdt
so chan voi mot sO 16 trir 1 1a sb chan) va day
chinh 1a bat bzen ctia bai toan. Do két qua cudi

cung 1a ba so 1& nén ta khong the nhan dugc ba
s6 19, 1945, 2015 bit dau tir ba s6 2.

& Bai toan 5. C6 ba dong s6i véi s6 lrong viéen
teong ung la 10, 15, 20. 1?55 lan ta chon hai
c!rmaf bat ki roi c:fnﬁ'rfn tir moi cfu.'rw ao mot vién
sang r.fmzf? thir ba. Cu lam nihie vay mot m lan.
hoi ¢o thé nhan -:i'fm.f ba -:fr,uz” sOi o sO vién
f;.:msg nhau khong {mru dﬂnu co 15 vien) ?

Loi gidi. Ta tha.y khi dem chia s6 lwong soi luc
dau trong ba dﬂng cho 3, ta dugc ba s6 du 1, 0,
2. Sau mot lan thuc hién theo yéu cau dau bai
thi dé thay du trong phep chia 0 vién cua ba
dong soi cho 3 van 14 cac s6 0, 1, 2 (bat bién).
Diéu nay ching t6 khong the thu'c hién dugc
yéu cau d4u bai dé duoc ba dong soi o sb vién
bing nhau.

O Bai toan 6. Trén bang ta viét 100 dau cong
va 115 dau trir. Ta thue hién thao tde sau: Moi
lan xéa hai dau va thay vao dé déie COng neu
hai dau bi xéa giong nhau, con thay vao ddu
trir néu hai dau bi xéa khde nhau. Hoi ddu con
lai cuoi cime trén bang la dau oi?

Léi gigi. Néu ta coi thao tac “x6a” nhu 1a phép
tinh nhan cic s6 am, so duwong thi ta c6 bang
sau: (+).(t) = (1), ()-0) = () (D)) = )
@) &) = &) Nhu viy sau moéi 14n x6a thi SO
dau trr khong do6i hodc giam di 2, nghia la sO
dau trir khong thay d6i tinh chéan 1é caa no (bdt
bién). Vi lac dau sb dau trir 13 16 nén cudi cing
phai con lai dau trur.

O Bai toan 7. Trén mot cdy “than” moc 25 qua
chuoi va 30 qua cam. Moi ngay nguoi chi hdi
di hai qua va sau do cay lai moc ra mot qua
mdi theo quy ludt: Néu newdi chii hdi hai qua
oione nhau thi qua moi la cam, con néu hai qua
dieoe hai khdc nhau thi qua méi 1o chuéi. Hoi
qua con lai cuoi cimg trén cdy la qua gi?

Loi gigi. Ly luan gidng bai trén ta thiy s6 qua
chudi trén cay ludn 1a s6 1é. Viy qua cudi cing
trén cay la qua chudi.
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@ Bai tﬂ.:lﬂ 8. Cho ba so 2 alEr \f}'. JZ.

Sau moi budc ta thay ca ba sO, moi 6 hcms,r
trung hmh cong cua hai 5O kia. Hoi ¢é thé sau

mot s6 budc nao do ta sé nhan dwoe ba so 1,

2{,-5’}

[~ - ¢
N2, |2 hay khong?!

Loi gidi. Dé thay vOl thao tac da cho trong dé
bai thi sau mo1 budc tong cua ba 50 ludén khong
d6i (biang 4), ma tong ba s6 cudi biang 5, nén
cau tra 101 1a khong thé.

S Bai toan 9. C6 ba con chau chau ¢ tai bu
dinh cua mot hinh vuong. Moi con déu cé thé
nhay qua mot trong hai con con lqi den vi tri
moi doi xung voi vi tri ban dau ctia no qua vi
tri cua con bi nhay qua. Hoi c¢o con nao sau
mét s6 lan nhay sé dén vi i dinh thir tw ciia
hinh vuong hay khong?

Léi gidi
X A
B1(0;1)
& i | 3
A 1(0;0) C(1;0)

Gia str ba con chiu chiu lac dau ¢ tai ba dinh 4,
B, C cua hinh vudng ABCD. Ta dua vao mdt hé
toa do Oxy véi cac toa do nhu hinh v&. Vi moi
ct nhay theo quy udc ciia d& bai thi mdi toa d6
(gdm hoanh d6 va tung d6) cuia chau chiu sé
duoc ting 1én hodc giam di 2 don vi. Nhu vay
tinh chin 1é ctia moi toa do ludn duoc bao toan
(bat bién). Do d6 khong thé c6 con chau chau
nao nhay duoc vao dinh D(1; 1) (c6 hoanh dd
va tung do déu 18).

O Bai toan 10. Cho 2n + 1 s6 tur nhién thoa
man: Tir 2n s6 bat ki t 'Ong cac s6 do luon co
fhe’ chia dwoc thanh hai nhém (moi nhum m 7

w) CO mnﬂ hfﬁf” nhau. ( kzﬁw minh nmﬂ mr ca
2n+ 1 56 doé bang nhau.

Léi gidi. Gia stit 2n + 1 50 d6 12

ar Sap<aas..Sa;: o0 K.
- Tr d€ bai suy ra tong cuia 2n sé bat ki luén
chan, nén ca 2z + 1 s6 d6 co6 cung tinh chan 1€.
- Vi day (1) théa mén dau bai nén day sau cling
thoa man dau bai:

https://tieulun.hopto.org
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Suy ra cac sd cta diy (2) cling cung tinh chin
1&, ma trong diy nay cé s6 0 nén tat ca cac sb
ctia dy (2) déu chan.
- Pem chia tit ca cic sd cua ddy (2) cho 2, ta
dugc ddy mé1: 0= b, <b, <bh, <...5b,, ., (3)
ciing théa man dau bai.
Do d6 1i ludn nhu trén ta cling c6 tit ca cac sb
cua day (3) déu 1a s chin (diy chinh 13 bat
bién cta bai toan).
- Lai dem cac so cua day (3) chia cho 2 ta dugc
day moi: 0 = ¢;2¢,2c; £...2¢,,,; (4) cling
thda man dau bai va cling gém toan sd chan.
Iai dem cac s6 cua day (4) chia cho 2....
RO rang qua trinh nay kéo dai vo han, nghia la
cac s6 cua diy (2) luon chia hét cho 2” vdi moi
sd tu nhién #. Piéu nay chi xdy ra voi tit ca cac
s cta diy (2) déu bang 0. Tiu d6 suy ra diéu
phai chirng minh.
& Bai toan 11. Trong mot bang o vuong kich
thiee 100 X 100 ta dién vao moi ¢ mot dau (+).
Ta tién hanh bién doi nhu sau: Moi lan ta doi
ddau tdt ca cde 6 B ong cung mot hang hodc
trong cung mot cot (dau (+) thanh (), va dau
(—) thi thanh (+)). Hoi sau mot sO hitu han bude
bién doi nhwr trém, liéu trén bane co ding 2016
dau trir hay khong?
Léi gidgi. Gia st sau mot s6 budc bién d6i, trén
bang c6 ding 2016 dau trir. Gia st & hang thi i
ta da ddi diu x; 14n, con & cot thir j ta d3 d6i dau
y; 1an. Nhu vy dau & 6 (i; j) da thay d6i x; + ¥
1an. Suy ra tai 6 niy c6 déu (-) khi va chi khi
x; + ;12 s6 1é. Goi p 1a s céc so 18 gifta cac s0
X;, g 12 sb cac sb 1& gitta cac s6 y,. Khi d6 tong
s6 dau (-) trong bang s& 1a

p(100-¢)+(100-p)g=100p+100g-2pq,
do d6 ta nhan dwgc ding thirc

100p +100g -2 pg = 2016

ci::-(p—SO)(quO):1492=12.131, )

Vi 131 1a s6 nguyén t6 nén mdt trong hai sb
p — 50 hodc g — 50 phai chia hét cho 131.

Gia stir p — 50 : 131, nhung -50< p-50<50,
nénsuyrap—50=0, diéu nay trai voi (*). Vay
khong thé thuc hién dugc theo yéu cau dau bai.

https://sites.google.com/site/letrungkienmath
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[, Trén bang viét mot s6 dau (+) va mot sb dau (-).
Moi lan ta x6a di hai dau bat ki va thay vao do dau
(+) néu hai dau bi xoa cung loai, con dau () neu hal

*dau bi xda khac loai. Chimg minh rang néu cudi

ciing con lai mot dau thi dau do khong phu thudc
vao qua trinh xdéa.

2. Trén bang viét cac s6 1, 2, 3, ..., 2016. Mbi lan
x0a hai s0 bt ki va thay vao dﬂ 5() du trong phép
chia tong hai s6 d6 cho 13. Cu lam nhu vay dén khi
nao trén bang chi con mot s6. Hoi s6 con lai ¢ thé
1a nhitng s6 nao ?

3. Trén bang viét 1975 chit a, 2001 chit b, 2015 chit
¢. Mdi 1an x6a di hai chit khic nhau rdi thay vao d6
hai chir cia loai thit ba (vi du néu x6a hai chir g va b
thi thay bing hai chit ¢ va c). Hoi cir x0a nhu vay thi
cudi cung trén bang co thé chi con lai mot loai chir
dugc khong ? (Goi y: Giai giong bai toan 5)
4, Chobasb 2, 1++/2, 1—+/2 . Sau mdi budc ta thay
hai s6 @ va b (12 hai s trong ba s6 dang c6) bang
a+b lﬂ bl
va ———

Nz V2
thé nhan duoc basé 1, V2,

. Hoi sau mot s6 budce thay thé ta cd

1
—— hav khong?
T e

(Goi y: Xét tong cac binh phuong ctia ba s)

5. Trong mot cal hdp co 15 qua cdu xanh, trong mot
hop khac ¢o 12 qua cau do. C¢6 hai ngudi chot, 11101
lugt di ho phai ldy di 3 qua cdu xanh hoic 2 qua ciu
do. Ngu’c:ﬂ thing cudc 1a ngudi lay duoc nhiing qua
cau cudi cung. Hoi nguoi th nhat phai choi nhu thé
nao dé luén gianh phan thing?

6. Trén mot hang ngang ¢6 viét 2016 déu (+). Hai
ngu:m choi lan luot thay mot ddu (+) bang mot trong
cac s0 1, 2, 3, 4, 5, 6. Nguoi choi thir hai s@ thing
neu $6 nhan duge cudi cung (g6m 2016 chir s6) chia
hét cho 9. Chirng minh rang nguoi choi thir hai luon
thing. (Goiy: Néu ngudi thir nhat viét s6 a thi ngudoi
thir hai viét s0 7 — a).

7. Cho bang 6 vuéng Kich thude 5 X m dugce lat kin
bang nhimg quén bai kich thude 1 X 2, trén mm quéan
bai duge viét hai sb 1, 1. Biét rang tich céc so trong
mot hang hoic mét cot cua bang déu duong. Chitng
8. Cho bang sb

g B |

123 g

21,2223, ... 30

91,92 93 ., 100
Trong mm hang va moi cot ta Vlet dau trir (—) vao
dting 5 :50 bét ki. Chirng minh ring & bang m&i nhin
duoc cb tdng cac s6 bang 0.
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GIAI HE PHUONG TRINH
ING PHUCNG PHIAP KKHU $O HIAS

NGUYEN TRONG THO

(GV THCS Nguyén.Trdi, Nehi Xudn, Ha Ti nh)

C%Z{é phuong trinh 12 mdt ndi dung quan
trong dugc bat dau nghién ciu trong
chwong trinh Toan THCS. Chinh vi thé trong
cac dé thi chon HSG 1ép 9, thi tuyén sinh 16p
10 THPT chuyé€n, ... cic bai toan nay thuong
dugc khai thic dudi nhiéu dang khéc nhau.
Trong qua trinh nghién ctru, chiing t6i thay ring
néu céc phuong trinh ctia hé déu xudt hién sb
hang ty do thi viéc danh gid dé kho ching la
cach ma hoc sinh nén wu tién khi giai. Bai viét
nay s€ gidi thiéu céch giai hé phwong trinh bang
phuong phap do.
Thi du 1. Giai hé phirong trinh:
;.1:?‘%.1:}%_1?2 =1 (1)
X +xy+2y° =4 (2)
(Dé thi tuyén sinh vao lop 10 THPT chuyén
KHIN, DHOG Ha Noi, nam hoc 2014 - 2015)
Nhén xét. Ta thay hai phwong trinh cua hé déu
chita s6 hang tw do. Dé khir s6 hang nay, ta

nhin ca hai vé ctiia phuong trmh (1) vm , Sau
d6 trir cho phuong trinh (2) vé theo vé.

—xy+y° =1 )
X +xy+2y° =4
(4x% —4xy+4y* =4
L.rz +xy+2y° =4

<

Loi gidi. Ta co : +

<

Suy ra: 3x” —5xy+2y* =0
< 3x?=3xy-2xy+2y° =0
< I(x—y)20x—y)=0 <= (x—y)Bx—-2y)=0

& x—=y=0 s 3
_31’—2}?:0 ,r:'g}’
. Vi x =y, két hop vdi (1) ta co:
¥=1= Sl (thoa mén)
x=-l;y=—

- Vi x=%y, két hop véi (1) ta co:

TOHN HOC
4 uSitré _ SO6 466 (4-2016)

" '%«f7 =T
o el (tho% i)
Vi =— 114arn
i e m3f i )
[T B

Bﬁng nhdn xét twong tu, ta co thé gial cac hé
phuong trinh sau day :

Thi du 2. Giai hé phicong trinh:
x*+y° +3=4x
X" +12x+ Y. =6x"+9

(Pé thi chon HSG Todn 9, finh Ha Tinh nam
hoc 2012 - 2013)

(x*+y*+3=4x (1)
h.l;j +12x+y’ =6x"+9

3x% + 3> +9=12x

X +12x+y’ =6x% +9

= (B2 +3y" +9)+(1 +12x+y’) =12x+(6x” +9)
& X +y =327 +3y* =0

& (x+ P —xy+y*=3x +3y)=0

9

Lot gigi. Ta co: <

e gl

x+y=0

< | , 5
X =y -ty =33y =

. Véi x =—y, két hop voi phwong trinh (1) ta duoc:
2y* +4y+3=0 <> 2(y+1)* +1=0(vd nghiém)

» V6i x*—xy+y*—3x+3y=0, trir theo tirng

vé voi phuong trinh (1) ta duoc :
Xy —Xx—3y+3=0 (x=3)y=1)=0

Er—3 ) -0 |
> " 104 man).
et (thoa man)
Thi du 3. Gidi hé pkxm'rzg trinh:
J X _}-‘ Z
7 ]1 o
YAz

(Pé thi chon HSG Todn 9, TP. H6 Chi Mink

nam hoc 2004 - 2005)

Loi gidgi. PX: x, y, z # 0. Tt hai phuong trinh
cua hé suy ra:

https://tieulun.hopto.org
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2
(e
= Db E Xy Za
2 7.
= [“;l“i'l] +[l+1] =0 (F).
X Z D2

| 2 2
Ta co: ('1—1‘1] >0 va (l+l] =0, vé1r moi
X 2 e

X, V.2 # 0, két hop vol () ta duoc :

Lo dedis poigpin.
SRR 7

thay vao (1) suy ra :
L R
I_Q,’ym 5 zZ= 3 (thnaman).
Vay hé phuong trinh da cho c6 nghiém

Thi du 4. Giai hé phuong trinh:
[201+ xy)* =9y/x
2(1+yvx)? =9xfy

(Dé thi vao I6p 10 trrong PTNK, PHOG
TP.H6 Chi Minh, ndm hoc 2014 - 2015)

Lot giai. DK: x>0, y=>0. Ta co:

201+ x/y)* =9px (1)
2(1+yx)” =9xfy (2)

Tu (1) va(2)taco:

2(1+ /)’ =20+ yJx)* =9yx —9x.fy
& 2x’y—2xy* +11xJy —11yJx =0

& (V=) (2xfy +23Vx +11)=0  (3).
Ta thiy x = 0, y = 0 khong thoa man hé, va do
x20,y=0nén 21ﬁ+2yﬂ+11>0,

nén (3) <& x =y, tu do ta tim dugc nghiém cua

h¢ 1a: (Y4;34) va [QE;QE).

Thi du 5. Giai hé phwong trinh:

[x* —x+ ¥y =2

{3.1:2 —x+3xy+y=4
(Bé thi vao lop 10 THPT chuyén Dai hoc Vinh,
nam hoc 2014 - 2015)

o2
X=Xy =2

Loi giai. Taco:
3x" —x+3xy+y=4

237 —2x+2xy=4
3x° —x+3xy+y=4
Suy ra:
Bx* —x+3xy+y)—(2x* -2x+2xy)=0

=t

S FHxtay+y=0 & (x+y)x+1)=0.

« Vo1 x=-1 = y=0 (théa man).

. Voi x = — y, thay vao phuong trinh thir nhét
cua hé ta dugc: y = 2, x = — 2 (thoa mén).

Viay hé phuong trinh d4 cho c6 nghiém (-1; 0)
va (-2; 2).

Thi du 6. Giai hé phwong trinh: l

(Pé thi vao I6p 10 THPT chuyén Phan Béi
Chadu tinh Nghé An, ndm hoc 2009 - 2010)

Loi giai. DK: y # 0. Cong hai phuong trinh

cta hé ta dugc: P hgpeOy 83
Xy
<~ I3_-§;+3I—§:U
iy y
& (x_z][xz e i].k_q,[x__z_}:@
Y Y-y y
TR 5 F]
= [I—E x2+-2i+%+3 =0
Yol B ) ]
N[ 1Y _ )
@(I—*) (I‘F—'] - ,,+3 :0-@- X =
YN Yse et Y
: -
thay vao phuong trinh x° —2 :% Suy ra:

x’=3x—-2=0. Tix d ta tim dwoc nghiém cuia

he la: (— ;,——2) va (2;1).
40
3}11" 1“
Thi du 7. Gigi hé phirong trinh: < _j" x (I).
3_1-:ij:
¥y

Loi giai. T hai phuong trinh cia hé ta suy ra:
x>0vay>0.
3’y =92 +2 (%)

Khi do: (I) <&
2 h3xy2=x2+2

=3x"y—-3xy +x°—y’ =0

TOAN HOC
_* CTusitre S
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< 3xy(x—y)+(x-y)(x+y)=0
<= (x-y)Cxy+x+y)=0

X=Y

=
3xy+x+y=0(vonghiém dox,y > 0)

Voi x = y thay vao phwong trinh (*) ta duoc :

3x° =x"+2 & 337 -x*-2=0
.
& (x-1) 3[.1:%} +2[=0

— x=1; y=1 (thoa man).
Vay h€ phuong trinh da cho c¢6 nghi€ém (1; 1).

Thi du 8. Giai hé phirone trinh:

3 2 . ::;
X AP+ x y4+Hay Xy —=—

- () (x,ve R)
X +¥y +o(l+2x)=—

4

Lot giai. Ta co:

C AT R L T R
(I)@w(x V) +xy+xy(x”+y) 4

5
(x2+y)2+xy=+—z (¥)

— (" +y) —(x°+y)—xoy(x* +y)=0

< (X +y)(x*+y-1-xy)=0.

o 5 2
- Véi x* +y=0 = xy=—-=. Ta tim dugc

4
;
4 425 (thoa man)
P o S, [l St
Yl

- V6i x* +y—1-xy =0, két hop véi (¥) ta co:
r.;t:2+y——1—x_}?=0

> D
(x° +y)° +xy= S

f.1:2+y=1-+xy
> b 5 <> 4

(1+xy)" +xy T

#J:2+y=1+xy
(3+2xy)* =0

- r2x3#x—3=0

= = 3
e y=L2

A ? 2x

TOAN HOC
6 clsie

Sb 466 (4-2016)

2

(x—1) 2(3{4—%} +~g— ={J

< < L J
)

s

(x=1
= 3 (thoa man).

Lo

BAI TAP LUYEN TAP
1.(G1d1 cdc hé phuong trinh sau:
(x® +2xy+3y2 =9
k2x2 +2xy+y° =

(Pé thi vao [6p 10 THPT chuyén Hung Virong,
Phu Tho, nam hoc 2002 - 2003)

a) <

(x+ )% +y*) =15
(x-y)(xt-y*)=3

(Pé thi vao Iép 10, PH KHTN, PHOG Ha Néi
ndm hoc 2004 - 2005)

b) -

o S
c}{x}+ly 30

x =y =35

x+i:2
d) - \’G;

kv

(Dé thi vao I6p 10 THPT chuvén Pai hoc Vinh,
vong 2, nam hoc 2005 - 2006)

252 —~3y" +xy=12

k6x+x2y =124+6y+y°x

(Pé thi vao lép 10, PH KHTN-PHOG HN,
vong 2, nam hoc 2014 - 2015)

(.x—y)(l—%jzz

XY

I) <
(J:E—yz)(l— _?_1 E]zl2

Xy

o

2. X4c dinh cac gi4 tri Am cua @ dé hé phuong

i) 2
3 YVt a=1 vy ; b :
trinh: <~ 7 ", ¢0nghiém duy nhat.
yrta=x

https://tieulun.hopto.org
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e e 1
3 Bh THI TUYEN SINH VAO LOP 10 CHUYEN TINH l?[["\(x YEN :
| NAM HOQC 2015 - 2016 \
i (Thoi gian lam bai 150 phut) . I
L4l (2 diém). Cho biéu thire Tia phén giac cua goc BAC cat duong tron (O) tai :
; el ey D1 (D khic 4) va cat 1tié‘}} tu}fn tal B cla \duﬁmg ;
. A= Lo e J_ e tron (O) tai E. Goi F la giao di€m cua BD va AC. -
: 3 2) Chimg minh EF song song véi BC. .
I v6i x20x#1. b) Goi M 1a giao diém cua AD va BC. Céc tiép |
| a) Rat gon bicu thire A. tuyén tai B, D cia dudng tron (O) cit nhau tai |
| ) Tim cac gid tri ctia x d&¢ — 12 mot so tw nhién. 1 g vl ;
- A N. Chimg minh — BN = Pt - |

| Cau 2. (2 diém). . §! - -
| a) Trong mit phﬁng toa d0 Oxy, cho parabol (.,!au 5. (1 diem). Cho ta;m giac nhon AE{C 11ng
I 2heny wid an ok ws R ; P tiép dudng tron (O), duong cao AH. Go1 M la
A e A e s giao diém ctia 40 va BC.

' (P) @ tam gi4c Q4B déu. UB MB . AB l

I 'b) Tim cac cap sO nguyén (x, v) thoa man phuong Ching minh HC T MC 2 ZE Dau dang

trinh (x+2)° (y—2)+xy> +26=0. thirc xy ra khi nao? :

' Cau 3. (2 diém). CAu 6. (1 diém). Trong hinh vudéng canh 5cm |

: Q3 3 1 R o 1 l

- a) Giai phuong trinh IE+\{98X =9, dat 2015 dudng tron co dudng kinh 50 °m- |
X . , » r

: Chimg minh t6n tai mot dudng thing cit it nhat

L] = [ ]

£+ y=y + 3 L 20 duong tron trong 2015 duong tron trén.

; b) Giai h¢ phuong trinh 4 |
: :r: +2y =

y : e NGUYEN THANH GIANG |
. Cau 4. (2 .fffém) Cho tam giac ABC ¢o goc 4 (GV THPT chuyén Hung Yen)
' nhon, noi tlcp duong trdon (O) va AB > AC . Swu tim va guﬂ thigu. !

GIAT @A@: TAO HiNH DA GIAC DEU 12 CANH

(Dé ra trong TH&TT 50 459 thang 9 nam 2015 )

Ta cit hinh chit nhat 4BCD c6 AB = 34D nhu hinh 1 ra 7 da giac roi ghép lai thanh da giac 12 canh
nhu ¢ hinh 2.

.......................................................................................................

DOC LAI CHO DPUNG: Bai todn 1 (trang 8, TH&TT s6 465) can bd sung thém gia thiét:
x2 +y2 =0, thi 161 gidi méi chinh xac.
Thanh that xin 161 ban doc.
TH&TT

TOAN HOC
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Hudéng dan gidi HETHITUYEN SINH VAO LGP 10 CHUYEN
TP HS Chi Mink NAMHOC 2015 - 2016

(De thi dang trén TH&TT 56 - 465, thang 3 nam 20 16)

Cau 1. Ta c6 Do d6 ba sb a’, b°, ¢ chia cho 7 ¢6 sé du 1a 1
i a + b:']_ i 3(f12 _+ bz) 4 6 hodc — 1, theo nguyén tic Dirichlet ton tar hai
(a+b)3 (a+b)4 (a+b)4 trong ba sd nay chia cho 7 ¢6 cling s6 du, va

hiéu hai s6 dé chia hét cho 7.
Vay trong moi truong hop cta a, b, ¢ €Z, ta

[udn co: abc(a3 /5 )(b3 --{33)(::*3 -a3)57‘.

2 (a3 +e!:f"’)(a+£:»)+3(a2 +bz)+6
(a+bf '

(@+b)’~3ai(a+b) (a+b)+3|(a+b] -2ab |+6 't e g

| 4 —~  Ciw 3.7""Gor I 13 tming diem “cua’ CF,
a+b) O=ACNBD (h.1),tac6 Ol // AF.
(doab=1).VayP=1.
Cau 2. a) DKXD: x>=-3. PT 43 cho tuong
duong voi:

2 X+3 _3x\/x+3 L5

X+ >
AL o 3~\/.x+ x+3“9(x+3) 2
| 2 16
3~Jx+ x+3
={
16
{:} 3~Jx+3 3 [l —0
4 4
F
= (x Jx+ 3)( I;'BJ = (). Hinh 1
Mat khac, AF 1. BD,do d6 OI L BD
PT da cho c6 hai nghiémx =1, x = ”jﬁ = 0,+0, =B0OI =90’ (1)
b) Néu c6 it nhit mét trong cac thira s6 a, b, ¢ Vi OF L ACnén O, +0, =EOC =90"  (2)
chia hét cho 7, hodc a = b (mod 7), hoic T (1), (2), suy ra 5 = 5 (3)
b = ¢ (mod 7), hoidc ¢ = a (mod7) thi két qua =
hién nhién diing, Ta giac DOCI ndi tiép suy ra a0,=D, (4)
Néu ca ba thira s6 a, b, ¢ déu khong chia hét Tt gidc AOBE noi tiépnén O, = A (5)
cho 7 va ting cdp hai trong ba s6 a, b, ¢ khéng e

T (3),(4), (5) suyra D, =A,.

doéng du véi nhau theo mé dun 7 thi khong mat
Do d6 ADCI = AABE (g.c.g)

tinh tong quat, ta gid si: @ = +1 (mod 7);

-t 2(m0d7);c = + 3 (mod 7) — BE=Cl= %CF.
= a =% 1(mod7); 6’ = + 1 (mod 7);
C3 Ee] (mﬁd Tua BE // CF Suy ra EE“' = BE 1
0 KFCF ~2"

TOAN HOC
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Caud.Tacod: 12a+b>22-Jab & 1=>4ab>0

@:i_)g <—4a*. Tu d6

A= .-:12-—{_13‘:I g*‘ia —%—4:1 3(:1 +i]

1 Ol 3R |
4'< Bligtr—Sl="3l g—= i gl
== ( + 4{1} 3(& 2] +(a+ %) 4
| ’ 1
Voia>0thi a+—>2.la— =1.
da da

Do do
[ 1 4 g
A=< 3l lfa——| #1== |=Bla== st
[a 2]+ 1| 3[’3 zJ 44
Ding thirc xay ra < aib—%.

Cau 5. a) Goi / 1a giao diém ctia AD v6i (O) (I # A)
T gidc AMEN 1 hinh binh hanh, nén AN // ME.
Mait khac AN | AD= ME 1 AD. Ta lai c6

AIE = 90°, suyra E, M, I thing hang.

P
A
_ N
1
K
1 O
| 2
R = C
=
E
Hinh 2

Ty, AN, A

A =E,kB =§; (cung phu voi ABC)
nén A ABD > A EBM (g.g)

Ta ead:

::)__@_LAQ@BD AB ZBD___AB
BM BE ~ BC BE-7! BC: | BE
o

< BA.BC=2BD.BE.

b) Trén tia BD liy diém. P sao cho
PD=DB; go1 K=CDnAH.
Theo két qua ciu a): B4.BC = 2BD.BE

BA 2BD BP 5
& =
BE - BC | BaAP B =B,

Do d6 AABP o AEBC (c.g.c)= BAP = BEC (1)
Tt gidc ABEC ndi tiép nén BEC +BAC = 180°(2)
Tir (1), (2) suy ra BAP +BAC = 180°

=P A5G thﬁng hang.

Xét tam gidc CBP c6 CD 13 trung tuyén va
AH /I BP (cung vudng gbéc vo1 BC), nén suy ra
AK = KH. Vay CD di qua trung diém K cta AH.

Cau 6. C6 10 van dong vién, moi vin dong thi
ddu dtng 9 tran véi 9 ngudi con lai.
Do d6 sb tran thua ctia mdi nguoil tuw nguoi thi
nhat dén nguoi thi mudi 1an lugt 1a:
V1i=9—x, = 9—x, ..., V10= 9 — x10.

SO tran dau ¢ tat ca 1a: % =45 (tran).

Vi khéng ¢6 trdn hda nén tong s c4c tran thing

cua 10 van dong vién la:

x1+3:g+...+xm:9+8+.“+2+l=45.

Ta co:

2 2 2 = 2 - 2
WY, ety =(9-%) +(9-%) + {9-x,)
S yll _{_}:224..“._;_};]“2
=10.9° +(:Jr,12 +le +- - -+xmz) —2.9(1’1 +X, +- -—1—110)
=810+ (5,7 42,7+ 43,7 )~ 2.9.45
=X +x ot x,

SuSioly. o ) 2% a Mo 2
Vay X" +x, 4 X, =,y ey

BUI VAN CHI
(GV THCS Lé Loi, TP. Quy Nhon, Binh Pinh)
Gioi thiéu

i TOAN HOC
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TRUNG HOC |
PHO THONG

c.0/~ rong qué trinh gidi todn, cic phép bién doi
twong duong thuong duoc hoc sinh wu tién.

Tuy nhién, bén canh c4c diéu kién kém theo nhiéu

hon thi ¢6 khi phép bién d6i twong duong khong

phai lac ndo cling 1a huéng di ding dén. Trong

cac truomg hop nhu vay thi phép bién dbi hé qua

lai duwoc xem nhu 1a mot hudng di tich cuc c6 thé

giai quyét duoc bai toan.

Mot s6 luu y trong giai phuong trinh, hé

phuong trinh bang phép bién ddi hé qua:

i) Phuong trinh hé qua c6 thé chia mot sb

nghiém ngoaqi lai. Do do khi1 giai xong phuong

trinh, hé phuong trinh bang phép bién dbi hé

qua thi bit budc ta phai thir lai nghiém dé loai

nhitng nghiém khong la nghiém cia phuong

trinh, hé phuong trinh ban dau.

11) Cho hai phuong trinh: f(x) = g(x) (1)

va f(x)=g(x)(2) va gia st (2) 1a phuong

trinh hé qua cta (1). Khi do6:

. Néu (2) vé nghiém thi (1) v6 nghiém.

- Néu (1) c6 n nghiém phan biét va (2) ¢ 1 nghiém

phan biét thi (1) < (2).

Sau ddy toi xin trao d6i véi ban doc mot sd bai

toAn ma c6 thé phép bién d6i twong duong

khong hoac kho g1a1 quyét duoc nhung phép

bién d6i hé qua lai grip chung ta gid quyét nd
mot cach kha dé dang.

Thi du 1. Giai phwcong trinh:
VAdx+5+3x+1 =2x+7 +/x+3.
Phan tich. RO rang voi x 2 -% ta nhan thay ca

hai vé déu dwong. Do do binh phuong hai vé
phwong trinh dd cho ta thu dugc phuong trinh
tuong duong sau:

Tx+6+2,(4x+5)(3x+1) =3x-+10+2,/( 2x+7)(x+3)

& 2x-2+[(4x+5)(3x+1) = [(2x+7)(x+3).
Cau hoi dit ra “Budc tiép theo lai binh phuong

TOF'lN ]
10 T qsine

S6 466 (4-2016)

GIAI PHUONG TRINH, HE PHUONG TRINH

BANG PHEP BIEN DOI HE QUA

! CAO HAI VAN
(GV. THPT Nguyén Chi Thanh, Pleiku, Gia Lai)

hai vé 1én ching?”. Tat nhién ching ta s& hinh
dung dugc mot phuong trinh rat phuc tap sau
khi tiép tuc binh phuong hai vé cua phuong
trinh nay.

Néu ching ta dé ¥ ki hon thi s& it ra duoc mét
nhan xét quan trong sau:

2
(\/4x+5) +(m'x+ 3)2 = (\/ZIJrT)E +(-.,X3,1:+1)2 !
Chinh vi thé ta c6 thé bién ddi phuong trinh da cho
védang: VAx+5—x+3 =2x+7 —B3x+1.

Sau khi binh phuong hai vé ta thu duoc mét
phuong trinh kha don gian nhu sau:

J(4x+5)(x+3) = J(2x+7)(3x+1) .

Dén day tiép tyc binh phuwong hai vé thém lin
nita ta s& thu duoc mdt phuong trinh bac hai va
col nhu bai toan da giai xong,

Khi do phuong trinh da

Loi giai. DK: x> —é.

cho tuong duong voi phuong trinh:
JAX+5 —x+3 =2x+7 —3x+1

:>(\/4x+5 H) (\/2x+7 \/3r+1)
= J(4x+5)(x+3) = /(2x+7)(3x+1)

x=1

_I = _4 .

P6i chiéu voi didu kién va thir lai ta thiy x = 1
thoa man phuwong trinh. Viy phuong trinh da
cho ¢6 nghiém duy nhat x = 1.

= x*+3x-4=0>

Thi du 2 (;zm p!u,mffﬂ L ‘mh:

w:‘ll """ I-’rx,l —1‘1-— \,,._,1 'T_l'l‘;’i"\,}.. —-‘i-}f’

Phén tich. Ta ciing dé nhin thay ca hai vé déu
khong 4m, do d6 binh phuwong hai veé ta sé thu
dugc phuong trinh tuong duong nhu sau:

\](2:::2 — l)(x2 —3x— E’.)

L 2x+4+\ﬁzf +2x+3)(x* —x+2).

https://tieulun.hopto.org



Pén day nguoi hoc s& gip khé khan vi néu tiép
tuc binh phuong hai vé thi bai toan sé phrc tap
hon. Chiing ta dé y ring:

(\/2_.1:2 -1)2 +(x/xz —Jr:+2)2

:(\/xz —31‘—2)2 +(\/2I2 +2I+3)2

Vi vdy, néu phuong trinh da cho duge viét dudi
dang sau:

\/212 -1 —\/.1:2 —x+2 = JZZ.J:.:2 +2x+43 mwfxz —3x-2,
binh phuong hai vé thi bai todn s& giai dugc dé
rang. Tuy nhién can lwu v rang véi phép bién
d6i ndy ta chi thu dwoc phwong trinh hé qua.

1
s AT Y
* 73 i~ [ . a5
Loi giai. DK < — :
R 2 -3x-220 | 34417
¥ Feg 59

R

Phuong trinh d3 cho dugc viét lai:
N2 —1—32 —x+2 = 2% +2x+3 - x> —3x—2

= J[2x° 1) —x+2) = [[2 +2x43)( @ -3x2)

:,;(2,;:2 ml)(f o E 2) =(2JL'2 +2.r+3)(f —31:—2)

= x +5x" +7x+2=0

xX=-2
_—3+45
AR

Thir lai ta thdy chix=-2 thoéa min phuong
trinh d& cho. Do dé phuong trinh c6 nghiém
duy nhét x=-2.

= (x+2)(x* +3x+1)=0 =

X

'T'hi du 3. Giai phuong trinh:

e 3 - g —
vadx =1+ ) T L TR

Phan tich. Ta co cac nhan xét sau:

(\/4.1'2 —1)2 +(\f2,1::+1)2 =4x* +2x

2
va («,/sz -—x) -1—(\/?)2 =2x°.
Chinh vi 1& d6 ma ta s& dwa ra v tudng bién doi
phuong trinh d cho vé phuong trinh

Vax2 —1—2x+1=+ 2 —x —Jx 16i gial phuong
trinh nay theo phép bién d6i hé qua.

Loi giai. Vo1 x 2% thi phuong trinh da cho

twong duong véi phuong trinh:

Jax® —1-2x+1=+2x> —x —/x
= (\/4,1:2 —1 %~J2I+1)2 = (\f2x2 oy —\E)
= 4y +2:c—2\/(4x2 —1)(2r+1) = 2% —Z\Kx(lf —_1:)

e
=

= x2+x~—~(x+1)\/2x—l =0

= (x+ Dt =2 =1)=0

= x—2x-1=0=x"=2x-1=x=1.

Thay x = 1 vao phuong trinh ta thiy thoa mén.
Do do phuong trinh da cho c6 nghiém duy nhat
x=1.

Thi du 4. Giai hé phirong trinh:

F-

¥ l:_r’ i 'j'-l-\".:-jj
TJ 1!'3-‘- -\F -I—‘ULL [} .J P

Jx+y+x—y=1I

Phdn tich. Nhin vao phuong trinh thu nhit vi
dieu ki¢n dé phwong trinh c6 nghia, binh
phuong hai veé ta thu duge phuong trinh twong
duong. Tuy nhién néu lam nhu vay thi bai toan
lai phttc tap hon. Thay vi nhu vay, ta chuyén
Jx+y sang vé phai rdi binh phuong hai vé thi
ta s& ¢o duoc mot phuong trinh don gian hon.

by >

2%+ ¥ Whi % he phuong
x+v=0
trinh da cho twong duong vou:

{W:E— X+y (J3}{+}7)2:(2— I+}’)2
Jx+y+x—y=1 Jx+y+x—y=1

Loi gigi. DK: {

—

o 2x—4=—4 x+y
—
JX+y=l=-x+Yy
F2x*—-4:—4(1—x+y) =2y
o | e -
th,./.1::+j.ﬁ =1-x+y Xty =l-x+y
x=5++21 x=5-421
=1 54421 hoac 5-+21-
Vo= > Y =y

Thir lai ta thay nghiém (5 AT : "F] thoa

méan hé phuong trinh ban ddu. Do vdy hé c6
nghiém duy nhit 1a [5 =21 s_jﬂ] .

TOAN HOC
* cTusitre 11
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Thi du 5. (Pé thi thir PH lan 4 THPT chuyén
Vinh Phic nam 2013) Giai hé phuong trinh:

Px+y+1-Jx+y=1
3x+2y=4 :

Phéan tich. Ching ta d& nhén thdy ring

(V2x+y +1)2 +(.,./.vc:+;a)2 =3x+2y+1, néu két
hop vo1 phuong trinh thir hai thi bai toan s€ tro
nén don gian hon thay vi chuyén vé phuong
trinh thé nhat rdi binh phwong hai vé.

2x+y+120

Loi giai. DK
ek {x-&-yz(}

. Binh phuong hai

vé phuong trinh thir nhét ta thu duoc hé sau:
3 +2y+1 —ZJ(ZJH— y+ 1) (1 + y) =1
3x+2y=4

[[2x+y+1)(x+y) =2

i

3x+2y=4
:};(23:+y+1)(x+y)=4

3x+2y=4

) “x+y:1

::»{(4_'1_iy+1)(x+y)=4:::-<L_x+y=4

3x+2y=4 3x+2y=4
= i hoac I St

y:—l 3 }*:8 ]

Thir lai ta thdy (2; —1) thoéa man. Do vy hé da
cho ¢ nghiém duy nhat (2; —1).

Thi du 6. (Pé thi thir PH lan 1 THPT chuyén
Lam Son). Giai hé phuong trinh:

b S P A

Vx? -9 =3y —3x+3-2

Phan tich. Khi binh phuong hai vé ciia phuong
trinh thit nhét thi vé trai s& c6 nhitng thuén loi
chung ta dé nhén thay:

(J.x+ﬁ)2 +(yx-
va 2,x 4y x =y Jy =2x*-y.

Do do, bai nay chung ta co thé giai bang phép
bién doi hé qua nhu sau

TOAN HOC
1 2 * CTudilre SO 466 (4-2016)

.\Ef:l}:

x=>3,y=0
Léi gidi. {)I{:ﬁ%ixﬂy;3.
ﬁf-_? y

T phuong trlnh thir nhét ta thu dwoc phuong

ZJI —y

£

y=4x — 4

Thay y = 0 vao phuong trinh thtt hai ta thay
phuong trinh nay vo nghiém.

Thay y = 4x — 4 vao phuong trinh thur hai ta co

phuong trinh: vx* -9 =3Jx—1-2

trinh hé qua sau: y -2x =

=y ~4xy + 4y = 0=

= VJx* -9 —(x-1)=3Vx-1—(x+1)
262 TR E i x 10
\/1: _,9+(1_1)_3 :x:—l+(x+1)
(x—5=0
— ) —(wa) :
_x/x29+x—1=3m+x+l
RO rang véi x > 3 thi phuong trinh
< - st vO nghiém
JE2—9+x—1 3x—1+x+1 3

Vé&ix = 5 ta ¢6 y = 16. Thir lai ta thay (5; 16)
théa man hé phuong trinh ban dau.
Vay hé da cho c6 nghiém duy nhat (5; 16).

Bai tap luyén tap

Gidi cic phuong trinh va hé phuong trinh sau:
1. Jx+3+B8x+1=V2x+2+2Jx
2. JZJE:E +x+9 +\/21:2 =114

{JK —x—4y=y—x
Yo I S e

3ny+x—y —y+x=3y+4

Jﬁiyz —x-2 +\m =x—1
" ;(f —y +2)(\/(x3 +9)(_}’+7) —15) =0

NP9+ [y+T7 =8
Jx+1+[=%
Jx—2+Jy— =%§

https://tieulun.hopto.org



HUGONG DAN GIAl D

Cau 1. Ban doc tu giai.
Cau 2. Ddp 5s6: m= 1.

Cau 3. a) w—(1+2i)(1—
Vi z ¢6 phan thue phan 4o d6i nhau nén
zzcz—ai,(aE]R); z}=«fa?‘ +a” =410

=5 holic a=—J5. Viy z=+5-5.i
hodc z=—/5++/5..

b) 3°.4* =1 log, (3°.4") =0

1) =3+i=|w|=

< x° +xlog, 4=0¢ x=0hodc x=—log,4.

Cau 4. a) Taco A=2sin3x.cosx—sindx
=sin4dx+sin2x—sindx

—=sin2x —(s1nx+cnsx) =] --—f

b) S6 phén tir cua tap S la: C> =28.

Goi M 1a khong gian mAu, sd phan tir ciia khéng
gian mau 13 n(M)=C,, =378.

Goi A 13 bién cb: * hai doan thing dwoe chon
co it nhat mot doan thdng la canh cua (H)”
Bién cb ddicia 4 12 A: “ hai doan fhéf;’ng duroc
chon khong c6 doan thang nao la canh ciia (H)”
C6 28 — 8 = 20 doan thang khdéng 14 canh cua (H)

suy ra A (1—4:) =C;,. Vay xdc suat ctia bién cb 4 1a:

. — G -94
Al=l=plA|=1=== "=
p( ) p( ) ng 189
: 2 COS X
Cau 5.Taco I = |sinxdx + j dx.
C Tsm X
4 4
3 :
= Isinxdx=~c05x|§=£; L= ‘[C_Oi“x dx, dat
7T 4 2 nsm X
: :
Eatoq
f =Smx =>df =cosxdx, thlf ?j = 1% By Yo
& .
2 b

fa

? "ﬁ
$O 7
24342

Viy I =
ay )

Cau 6. Pudong thing d ¢ VICP: u= (2;2;-1).

Goi (P) la mit phang di qua M va vudng goc

vol d, khi do0 mp(P) nhan VTCP cua d la

u=(2;2;-1) lam VTPT. Tir 46 PT (P) la:
2x4+2y—z—6=0.

Vi A4 thudc dnénA(l +2r;-l+2r;%t);

OA=(1+21) +(-1420) +7 =TT ¢ = 1
hofic £ =—1. Vy 4(3; 1; 1) hodc 4(~1; -3; 1).

Ciu 7. %) Goi H la trung diém 4B, thi

SH.L (ABC). Tir gi thiét ta c6 SH =CH = Aﬂf .
Ta c6 ASHC vudng can ta1 H
— SC=CHA[Z— A‘Bz*fg By o
a3 a’ J_
S'i.l‘jy’ Tra SH—"—Q—'—- S{ﬁ( A
i a
= V. ph = == SHS,,. = i (dvtt).
) Goi N 13 trung diém BC thi SB // (AMN).
d(SB,AM )=d(SB,(AMN))
AWV cimpll il IO S
= S,' AMN) ) = S.AMh; S.AMN o ==
( ( )) SAMN V.S' ACN SC 2
| J | a’

= Vs aun = EVS.ACN g 39 Sen = 32

S48 466 (4-2016)
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AM':\/ACE—MCE :Jaz

T dinh 1y co6sin c6

CDSAW :.ﬁ::- sin ANM :E

A 4 °

Az
D e —% NM.NA.sin ANM =2 \/_

82
31{5 AMN ﬂ\/_

S 13

Véy d(SB,AM )=

5. Ta ¢0 B(3; 1). T M la trung diém HD
suy ra 2.AM = AH + AD:

2.BDAM=(BH+HD)(AH+AD)

= HD . AH +BH .AD.,
A
/ I'\,I \'\.
JJ-" : *gx \‘-1\
J 2%
AR
r'_f i',! \\ :
: ‘_,ﬂ"; l _r_,.E---"‘""r"Tnﬁ.;E)
pl—E"H \
e f

Ma HD.AH +BH.AD = —~HD.HA + CH.DA
=—HD.HA cc:s@ + HC.AD wsfﬁ

=—HD?* +AD.CD =0

= BD.AM =0 BD | AM.

AM: x —y+2=0, A=AM N AB nén A(2;4);
D(a; 4 —a ), M 14 trung diém HD nén

H[E—-ajé“l-ﬂ)? EE:['—;-Q;%“I‘H];

2 2 2

2 2
BH.AH = —E—- —l—ﬂ -+ }—+a ——+a |=0
. 2 B 2 R
@a—% hoic a_*——-l-

Véi a=—
01 d )

£.7
thi H(1:2), D[z 2} CET:8).

HOC

S6 466 (4-2016)

R e gy A
Vo1 a = > thi F1(2;1), ( > 2) C(1;1) loai,

vi 4, C, D khong thang hang. Vay C(-1; 3).
Cau 9.DK: x 2 3. PT di cho twong duong véi

(x=4)(* ~3x-3) =(x-3) x—2+5Vx-3) J;“:’iﬂ

x—4=0
il _ (x-3)(x-2+5Vx=3)
7 vx—3+1
x=4
x=3)(x=-2+5Jx-3
7z 35:2—3.1::---32(]L )(r i )(1)
E x—3+1

Ta ¢6 x = 3 khong 1a nghiém cta PT(1), do d6
x>3=>x—-4>-1 va

—4)2+5(x—4)+1__( .r—3)2+ x—3+1

ot X
= (x—4)+1 Vx—3+1

(2).
257+ 1
r+1

5 +2It4 =0 ‘v’re(—-l;-i«r:::n) nén

(r+1)

Xétham s6 f(r) = trén (—1;+o0).

Ta co f'(1)=

ham s6 A7) dong bién trén (l;+::::~).

Ma (2) c6 dang f(x—4)=f(Jx=3) ex—3=x-4
=>4

of 9+

e
¥ Or+ 1910 : 2

Vay PT da cho c¢6 hai nghiém: x=4;x= 9-26 :

10. Dat x:\/E, y=~f_,z=\/g thi

I:)O,y>0,3>0;.1:2+}‘“+:2 =<2 ¥

3 3 3
% y z P |

P=— e :
X +xy+y° Yy +yz+z 2lxyz

2
32 +ZX 4+ X

3 —
Ta chitng minh > % - = £
x“+xy+y 3

Y (*) ding

v01mo1 sd duong x, y.
s,

52Xy

That vay ta c6 — =
X+ xy+y° 3

@
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DE SO 8

(Thoi gian lam bai: 180 phuit)

1 (1 d;em) Khao sat su bién thién va vé
36 th;t ham s6 y=x*—-2x>+4.
Cdu 2 (1 diém). Tim gia tri 16n nhat va gia tri

nho nhat ctia ham sb i =r= 3+—i—treu

x—1
doan [2; 5].

u 3 (1 diém). a) Cho s6 phuc zthoa mén
(2—3i)z+(4+i)Z =—(1+4i)*. Tim phan thuc

va phén 4o cla z.
b) Giai phuong trinh

logg, (x+ 1)6 s — 10g%§, %T}'+Img8(,r+4)3.
C4u 4 (1 diém). Tinh tich phan

0 ;
COSX —Sin X
= I : : - dx.
. SIN2x +2(sin x + cos x) + 2
4

Cau 5(1 ci‘fém). Trong khong gian vo1 hé toa do
Oxyz, cho ba diém A(l; 1; 1), B(-1; 0; 2),
C(0; —1; 0). Tim toa do diém D trén tia Ox
sao cho thé tich khoi tir dién ABCD bang 2, khi
d6 hay viét phuong trinh mit cau ngoai tiép ti
dién ABCD.

Céu 6 (1 diem).
a) Tinh gi4 tri cta biéu thic
2015 c0s20.+2016 cos” =
P =

1+sin2o.s1n o

biét ring cos ol = g—

*,u@3x32(2x 1)( : xy+}=?‘)g{]

< (x+y)(x
ding thirc xay ra khi x = y. Tuong tu
3 3
¥ ) i o g _ p f oy T
: y 222} Z A 22 222;, X
y +yz+z 3 4zx+x
1 1
5 3
21 xyz (x+y+z)
Xtz 1
——

3 (r+}+x)
(J:+y+:)2£3(x +y° +z )<6:> x+y+z<A/6.

—y)" > ding vé1 moi x, y > 0,

Mat khac

IV

nen

B> . Taco

b) Mot bo dé thi hoc sinh giéi vong truong ma
moi dé gom 5 cau duoe chon tir 15 cau dé, 10 cau
trung binh va 5 céu kho. Mot dé thi duoc goi la

“t5t” néu trong dé thi ¢o ca ba cau dé, trung binh
va kho, dong thoi s6 cau dé khong it hon 2. Lay
ngffm nhién mot dé thi trong bo dq trén. Tim xac
suat dé de thi lay ra 1a mot dé thi “tot”.
Cau7(1 dzém) Cho tir dién OABC vo1 OA=a.
OB=b, OC=c, AOB=60°, BOC=45", COA=3("
GoiCH va CK lan luot 1a dudng cao cia tam
giac OAC va OBC. Tinh thé tich t dién OABC.
C4u 8 (1 diém). Trong mit phang vGi hé toa do
Oxy, cho hinh vudong ABCD co6 M la trung
diém canh BC, phwong trinh dudng thang
DM :x—y—2=0,dinh C(3;-3)va dinh 4 nim
trén duong thang d:3x+y—-2=0. Xac dinh
toa d6 diém B.
C'4u 9 (1 diém). Giai hé phuong trinh
4x° =(«.,‘.f2 +1+ 1)(,1(2 —y’ 13y-—9)

(X" +y7)° +2015y° +2016 = x* +4032y
au 10 (1 diém). Cho a,b,c <[0; 1]. Tim gi4 tri
Ién nhat cta biéu thic
=abc+(1—a)l—-b)2—c)

1+1+14. a +b+ C s
1+ad 1+5 1+ b+e+l ctatrl arb+l

_ PHAM TRONG THU
(GV THPT chuyén Nguyén Quang Diéu, Pong Thap)

(x,yeR).

Pit I=I+_}*+E:>IE(0;\/€], khi do

PEf(r):%—J—;—rE(O V6 :

f‘(r):%—%, (£)=0<t=+3 (dore(0,V6)).

Lap bang bién thién ta dugc

\E 1 4(
P>f(r)2f(\f3-) 3\/_ (Df]
Khi g:b:,:_-:l thi P:ﬂ Va}r mP—-i\[E

3 0 9
DAU XUAN NAM
(GV THPT Tran Phii, Téy Ninh)
: TOAN HOC . .
S6 466 4-2016)  * CTudi re 13
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Bai T1/466 (Lép 6). Cho x, y, z 1a cac sb

2,
G 0 B s et
nguyen vol x # y va thoa min —=

Vit

Chtmg minh ring x* + 32 + z° khong thé 13 mét
s6 nguyén to.

NGUYEN CHINH TAM

(Hoc vién lop Cao hoc K20, Vién Todn hoc Viét Nam)

Bat T2/466 (LLop 7). Cho tam gidc 4ABC c6

AB < AC, AD la duong phan giac. E, F 13 céc

diém 1an luot nam trén céc canh AB, AC sao cho

BE = CF. G, H lan luot 13 trung diém cia cac
doan thing BF, CE. Chimg minh ring GH L AD.

NGUYEN BUC TAN

(TP. Hé Chi Minh)

Bai T3/466. Cho c4c so6 nguyén dwong a, b, ¢

phan biét thoa mén ab+ bc +ca > 674 . Tim gia

3 3 3
- ] : .':. 7 g ;-. r a +b + r:'
tri nho nhat ctua biéu thic P= = —abc.
NGUYEN TAT THU

(GV THPT chuyén Luong Thé Vinh, Bién Hoa, Pong Nai)

"I

Bat T4/466. Cho tam giac ABC nhon c6 duong
cao AH. Ke HE vudng goc vo1 AB, HF vudng
goc vo1 AC (E € AB, F € AC). Goi K 1a giao
diém ctia HE va BF, G la giao diém cta HF va
CE. Lay cac diém M, N lan luot thudc doan
thing HB, HC sao cho ti gidc EMHG va FNHK
no1 tiép. Ching miiit i*aﬁ!: KN=GM.
NGUYEN DUNG
(GV THCS Bdc Binh I, Binh Thudn)

TOAN HOC
D " Clusilre

S3 466 (4-2016)

Bai T5/466. Giai hé phuong trinh:

5
X +y3:22'

Ly 420 =2x.

2 +x° =2y

NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)

CAC]
-7-

Bai T6/466. Cho céc s6 khong 4m a, b, ¢ théa
man a+H+c <. Ching minh rang

¥y 'TE Y
""1, IeF't"'_}}F

J J“.:-. R

0<a-sina—sinb—sinc+sin(a+b)+sin(a+c) <.

VO QUOC BA CAN (Ha Néi)
Bai T7/466. Cho a, b, ¢ 12 dd dai 3 canh cua
mot tam giac. Chfrng minh rang

S { b e 4?1:
+C c+a a+b 5
NGUYEN VAN NHO

(GV THPT Nguyén Duy Trinh, Nghi Ldc, Nghé An)

Bai T8/466. Cho tam giac ABC, ké duong cao
AH (H € BC). Dung duong tron tam / dudng
kinh AH. DBuong tron (1) cit AB, AC theo thir tu
tail 1, 5. Cac tiép tuyén vai duong tron (/) tai 7,
S cat nhau tai M. Goi N 12 giao diém cia BC va
MA, K la giao diém cua BS va CT, J la giao
diém cta 7S va /M. Ching minh rang NJ di qua
trung diém cta 4K.

HO QUANG VINH (Ha Néi)
ai T9/466. Cho a,a,,....,a, €eR, neN,n>3. Tim

-

. |laqgta, ayta,
max | min- = .
+a;  1+a;

ﬂn_,g + a?lml - aﬂ—l 75 t, : aﬁ T l':;”!rl

>

2 AR 2
l+a; I+a 144

NGUYEN VAN XA
(GV THPT Yén Phong sé 2, Bac Ninh)
TIEN TGI OLYMPIC TOAN
Bai T10/466. Chirng minh ring
(3m)!
nl(n+1)l(n+2)!

|4 mot s6 nguyén véi moi sé nguyén # S
NGUYEN TUAN NGQC
(GV THPT chuyén Tién Giang)

https://tieulun.hopto.org



Bai T11/466. Cho hai dy s6 (x, )va () thoa
min diéu kién:

P | 2 e
JJJH ] +1 _'xn &
VnelN .

1—5:1:0
n

J3+ X =7, +‘fl(]+1«';pI =X

Chimg minh rang hai diy s (x )va (v, )cé
gidi han hiru han khi » dan dén vo cing, tim
gi61 han cua hai day so do. g
NGUYEN LAI
(GV THPT chuyén Luong Vin Chanh, Phii Yén)
Bai T12/466. Cho tam giac ABC nhon, khong
can, noi tiép duong tron (0). P 1a mét diém
nam trong tam giac sao cho 4P | BC. E, F l4n
luot 13 hinh chiéu vuong goc cua P trén CA, AB.
Duong tron ngoai tiép tam g1ac AEF cit (O) tai
diém G khéac 4. Chimg minh ring GP, BE, CF
doéng quy. 1 :
TRAN QUANG HUNG
(GV THPT chuyén KHTN, DHOG Ha Noi)
Bai 1.1/466. Cho hé nhu hinh dudi. Co1 khung
day ABDE khong c6 dién tr¢ va AB // ED dit
nam ngang ; tu dién cd dién dung C, 10 xo0 ¢6 dd
cimg k; doan day MN c6 do dai / va khoi luong
khong dang ké, tiép xtc voi khung va c6 thé
chuyén dong tinh tién, khéng ma sat doc theo
khung. C4 hé duoc dit trong tir trudng déu cb

cam Ung tr B c¢6 hudng vudéng goc vo1r mat

FOR SEC

Problem T1/466 (For 6" grade). Let x, v, and z be

2
- : - 2 .I +Z
integers satisfying x # y and — =- o Prove
, y 3
LT gl e FL : a1
that X~ + y~ + 27 1s not a prime number.

Problem T2/466 (For 7" grade). Given a triangle
ABC with 4B < AC. Let AD be the angle bisector.
Let £ and F respectively be points on the sides 4B and
AC such that BE = CF. If G and H respectively are the
midpoints of BF and CE, prove that GH 1 AD.

Problem T3/466. Given 3 different positive integers
a, b, and ¢ satisfying ab+bc+ca=>674. Find the
minimum values of the expression

khung. Tinh tién MN khoi vi tri can bﬁng mot
doan nho ré1 budng. Chung minh rang MN dao
dong dicu hoa va tim tan s6 goc cia dao dong.

4 M B

' |
gﬁ___.._ T | "" B‘ {-’ T
B ASE I D

DINH THI THAI QUYNH (Ha Néi)

Bai 1.2/466. Trong long giéng Paraboloid, & do
cao h, mdt vién bi nho va cham lién tiép tai 2
diém dbi dién nhau trén thanh giéng tao thanh
mot quy dao khép kin 6n dinh OmAnO. Biét
thor gian vién b1 thuc hién tung doan OmA,
AnO lan luot 13 #, va #. Bo qua nang lugng mat
mat do va cham, ma sat khong khi khong dédng
ké va gia thiét va cham 1a tuyét déi dan hoi. Xdc
dinh:

a) Khau d6 0A4? b) Cao do h?

Problem T4/466. Given an acute triangle ABC with
the altitude 4H. Let E € AB and F € AC such that
HE is perpendicular to 4B and HF is perpendicular
to AC. Assume that HE and BF intersect at K and
HF and CE intersect at G. Choose M and N
respectively on the line segments AB and HC such
that EMHG and FNHK are inscribed quadrilaterals.
Prove that KN = GM.

Problem T5/466. Solve the system of equations

r:Jl:S cE _';.z3 =)z
1y’ 420 =2x.
.; e
(Xem tiép trang 26)
, TOAN HOC |
S& 466 (4-2016) * CTudilre 1 7
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Bai T1/462. Tim chir so tan ciing cua tong oom
2015 $6 hane sau
4 =170 4+2%004 304 .+ 20147+ 20157,
Léi gidi. » Goi chit s6 tin cing bén phai ciia s6 x
la /(x). Gidsir a=10b+cva d=10g + e vii
cac sO nguyén dwong a, b, ¢, d. g, e thi
a+d=10b+g)+c+e néntla+d)==Hc+e)
TU ad = (106 + ¢)(10g + e) = 10(10bg + be + cg)
+ce suyra fad) = t(ce).
N6i riéng r(r:,z )= #(c") vi b nguye:—:n duong 7.
» Xét chit sO tan cung ctia moi sé hang trong
tong 4 = 12" & 2P ¢+ 201475 + 201520
ta cO #A)=tB) véi tong B gébm 201 téng c6
10 s6 hang trong ngodc va 5 sb hang cubi cung
nhu? sau:
= (15422005 4 QRIS 2015y | 4 (2013
24]15_'_ + 2015 4 2015y 4. 2015 4 52015 32015
42015 52{115 2 201(1 + 22015+ 32{}1*: Sk 92013 ) 4t
| + 92015 4 32015, 42015 | 2015
» Vi s6 nguyén duong 7 thi:
157 ) =5, 16°) =6; t(9°) =1 nén 797" ) = 1,
(O ) =9 (30— (0 ) = 1: 47") = ((497)
=197")=1; (4" ) =1(16") = ¢(6") = 6;
127") = H47)=6; «(8"") =1(64°") = H(4*") = 6.
» T d6 va 2015 = 4.503 + 3 nén #9*°")
= AR = L) = 8 suy ra §1 + 9°°0)
= (5= 9)E =0T =D > ) i9)
= 8: #8°") = (8" 8°) = #6.2) = 2 suy ra
r(zzms s 82&15) = {8+ 2) = 0; 42015) t(44.5£‘-‘3 43)
= /(6.4) = 4 suy ra (4" + 6°°7) = (4 + 6)
= 0; 13%%) = (3% 3% = 41.7) = 7; {(7%°%)
=6 % ) = H(158) = 3 suyira i@+ 72
=(7+3)=0. Dovay {4)=4B)=1201.5+1
_|_22!J]5_|_32015_|_42015+ SEDIS)ZI(S‘F JIEER T
+5)=0. Viy téng A c6 chit sd tan cing bang 0. (7]

Q TORN | HOC
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»Nhin xét. 1) Cha vy rang c6 thé ) + #(e) > 9 nén
f(c + ) khong chic bang #c) + f(e). Tuong tir c6 thé
#(c) #(e) > 9 nén #(c) f(e) khong chic bing t(ce).
2) Cach gidgi khdc: @ — a =a(a@— 1) = a(a— 1)(a + 1)
(a—2)a+2)+ 5a(a— 1)(a+ 1) chia hét cho 2.5 = 10,
suy ra a”° — &= a’(@"~ 1) = ala ™~ 1)k chia hét
cho 10 (véi s6 nguyén duong k). T d6 #4) = #C)
voi C =17+ 2° +.. .+ 2014’ + 2015° , sau dé xét
(C)=4D) voi D =201(1+ 2%+ 32015 4 92015
1 +22U15+ 32015+42015+ 52@15_
3) Céc ban sau c6 1oi gidi diy du: Pha Tho: Ha
Hién Luong, 6A2, Cao Neoc Khoa , Vi Minh Khdi.
6A3, THCS Lam Thao, Ldm Thao; Vinh Phiic:
Nzuyén Thi Quynh Anh, Lé T. rung Hiéu, Nguyén Vi
Ngoc Linh, Nguyén Thi Thu Nga, Nguyén Thi Hoang
Ngdn, Nguyén Thi Ngoc Anh, 6A3, THCS Yén Lac,
Yén Lac; Nghé An: Lé Hai Phong, 6B, THCS Ly
Nhit Quang, D6 Luong; Ha Tinh:Trdn Ngoc Som,
Nguyén Ngoc Mai, Tran Ngoc Khiém, Ping Dink
Huy, Phan Vin Nam, Nguyén Tién Pic, Pham
Huynh, Trin Pic T ung, Neuyvén Hung Phdt, Cao
Thi Khdnh Linh, 6B, THCS Hoang Xuin Han, Piic
Tho; Vo Dinkh Nguyén, 6A, THCS Phan Huy Chu,
Thach Ha; TP. Ho Chi Minh: Ngé Vo Hoang Viét,
6A3, TrH thuc hanh Sai Gon, Q. 5: Can Tho: Vin
Tudn Kiét, Poan Minh Oudn, 6A7, THCS Thét Nét,
Q. Thét Nét, TP. Can Tho.
VIET HAI

ABCD
AC 1 BD .

._‘h‘* rg..‘ -'rﬂf-i-dl f rlir % !I-ﬂ;r1l1 "1" o OF ' "r""'
q-};;—iﬂ | Elrhhluyzﬂ E .lllri::lf" fuJ-n.'-!. : & i r .'-5.;-}:':'-.] -:!5";: Jl?!lfﬁ-f‘

(vuong tai A va B), AD < BC.
Chirng minh rane AC* + BD
Loi giai. Go1 O 1a giao
diém cua AC va BD. Ap
dung dinh ly Pythagore
vao cac tam giac vuong
ABC, ABD, AOB, BOC,
COD, DOA, ta co:

AC? + BD” = (AB® + BC*)+(AB* + AD?)

=2AB’ + (0B’ + OC*)+(0A* +OD?)

=2AB* +(0B” +0A*) +(OC* +OD*) =3AB* +CI
(dpcm). OO

»Nhdn xét. 1. Bai toan nay qué dé, tat ca cac ban
tham gia giri bai déu cho 101 giai dung. Gia thiét
AD < BC 1a khong can thiét.

2. C4c ban sau ddy co 10i giai ngin gon giai thich 16
rang: Hai Phong: Vié Dwong Binh, 7A1, THCS
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Héng Bang; Vinh Phuac: Lé Hong Nhung, TA,
THCS Vinh Yén, TP. Vinh Yén; Pha Tho: Lirong
Thi Minh Huyén, Tong Thu Ha, TA1, Neuyén Trung
Hiéu, Nouyén Chi Céng, Triéu Hang Ngoc, Biii Tién
Manh, Nguyén Thu Huong, Nguyén Viét Thu, Ta
Haang Hdai, Vi Ngoc Anh, Nguyén Héng Khdi,
Nguyerz thee Tan, TA3, THCS Lam Thao; Nghé An:
Nguven Tién Pat, TA, Thdi Ba Tudn Anh, 7B,
Nguyén Sy Trong, Tran Thi Minh Nguyét, Nguyén
Thu Hién, 7D, THCS Ly Nhéit Quang, P Luong;
Ha Tinh: Nguyén Ngoc Anh, TA, THCS Hoang
Xuan Han, Duc Tho; Quéing Ngii: Neuyén Thi Ky
Duyén, Nguyén Hoang Kim Anh, 7A, THCS Hanh
Trung; Nguyén Thi Kiéu Man, 7B, THCS Kim Vang,
Bui Thi Lé Giang, Van Quang Tué, Lé Tudn Kiér,
7A, THCS Pham Vin Pdng, Nghia Hanh.
NGUYEN XUAN BINH
Bai T3/462. C6 ton tai hay khong cdc cdp so
nguyven diwrong (a, b) sao cho hai phwong trinh
x*+2ax—-b-2=0 va _‘:;': Fbxy —a =) L-;I{j.Fflif
thoi co nghiem nguvén’?
Loi gidi. Piéu kién can @€ hai PT trén dong thoi
¢6 nghiém nguyén 12 hai biét thic A, =a?+b+2
va A, =b?+4a déu 13 cic sé chinh phuong.

Do a, b nguyén duwong, khi d6 ta c¢o
a*+b+2>a* =>a*+b+22(a+1)?

hay b+12> 2a; (1)
b>+4a>b*> = b>+4da>(b+1)>?

hay 2a 2b+%. 2)

Tu (1) va (2) suy ra 2a=b+1 hay b=2a-1.
Thay tr& lai A, va A, ta duge A, =(a+1)* 13
=(2a)* +1 khong

phai 14 s6 chinh | phuong V61 moi @ nguyén duong.
Do d6 khong ton tai cdp 30 nguyén duong (a, b)
nao théa man yéu ciu ctia dé bai. O]

» Nhin xét. C6 nhiéu ban tinh toan nhim 13n hoic
1ap luan sai dan dén két luin khéng dang. Céc ban
dugc khen ki nay la: Ha Noi: Dinh Hoang Nhdt
Minh, 8A5, THCS Cau Gidy, quan Ciu Gidy; Vinh
Phiic: Bui Thi Lieu Dwong, Chu Thi Nhung, 9A4,
THCS Yén Lac, Yen Lac; Nghé An: Neuyén Pinh
Tuan, 8C, Pinh Viét Ty, 9D, Tang Van Minh Hing,
Nguyén Van Manh, Hoang Tran D, Neuyén Thu
Giang, Tran Lé Hiép, 9A, THCS Ly Nhat Quang,
D06 Luong.

so chinh phuong nhung A,

NGUYEN ANH QUAN

T.! - ¥ -,-. - - A -
Cho tam eiac ABC vuone tai A.

r T . F T ~ 3o in T WA
] R e W AR T i W T d= e 1717 T ¥ 22 [/ SrEye
Cdnrl Clid ITam i"f.’.‘l:-f{ noa RIAR dI€eld KlIen.
- i :

5 : | F
F.\: T -..’_9 ".l'_)- ’ .‘f ! | 1 { I ='I'r ;T'\- T . 3 % Jl ] f < I ’
B( 2BC.AC+4A4AC" . I'nh so do ooc AbC .

Léi gidgi. Cach 1. Goi D 1a trung  B)

I\

diém cta BC, tir gia thiét ta c6 [\
(2CD)? = 4CD.AC + 44C* | > D
& CD*=CD.AC+AC /\ &
3 AG, JCH M L\
CD CD+AC | ‘

K¢ phan giac trong AE cia AACD. Theo tinh
chat duong phan giac ta c6

EC:AC:£ :,EC:- AC W )
ED CAD DC CD AC+CD
To (1) va(2) suy ra — BE o Rl L0

AGY CD-TACY ICD:
Suy ra AACE <> ADCA, nén AACE can ta1 A.

La1 co EACF%EID %ﬂ do doé

1_.--—--... —

EACB+ACB+ACB 180° = ACB =72°.

Viy ABC =90°-72°=18°. B
Cdch 2. (Dua theo ban Dinh /|
Hocng Nhdt Minh, 8A5, THCS /

Cau Gidy, Ha Ngi) Ldy diém Kk / D
d6i xtmg v6i C qua 4. T gia f’ \
thict suy ra CB > 2CA, hay C /
BC>CK = KCB>CBK .
Lay diém D trén doan BK sao cho CDK = CKD.

Suy ra ABCK o> ACKD, ta ¢o gg, = [C{g
= CK? = BC.KD , hay 4AC? = BC(BC — BD).

Két hop voi gia thiét, ta ¢6 BC.BD = 2BC.AC,
hay BD = CK = CD, nén ACDB céan tai D. Vay

BKC = KDC =2CBK = 4ABC tr do suy ra

ABC'+4ABC ~90°= ABC =18°. 03

»Nhin xét. C nhiéu ban tham gia giai bai toan trén,
VO —1

4

ma khong chitng minh. Ngoai ban Minh, cac ban dudi
day cling cho 10i gidi t6t: Vinh Phtic: Nguyén Vin
Hiéu, Chu Thi Nhung, Tran Pirc Duy, Duong Quang
Tung, 9A4, THCS Yén Lac; Thanh Hoa: Dang Quang
Anh, 9A, THCS Nguyén Chich, Péng Son, Thanh

mét s6 ban két luan sin ABC = & ABC = 18°

TOAN HOC
- CTuéilre 1 9
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Hod; Tran Quoc Phuong, 8A, THCS Thi trin Thuong
Xuan; Nghé An: Nguyén Pinh Tudan, 8C, THCS Ly
Nhat Quang, D6 Luong; Khinh Hoa: Tran Minh
Quan, 9/6, THCS Chu Vin An, Ninh Hoa.

NGUYEN THANH HONG
Bai T5/462. Giai phzm‘ﬂﬂ trinh
WB3x-2-Y2x+1=3x-3.

Loi gidgi. Pit u=33x—-2 ,v=32x+1 thi

=3x-2)—-2x+1)=x-3.
Do d6 phuong trinh d& cho tré thanh

3 3
U —V

u —v =33’ —v°
5
@(u-v) —
@(H—v)((u—v)'i W +iv+itV +v4))=0

& (u—v)u' 4w’y +6u'v: — 4w’ +v*

Syt vy s gy —vH =0
& (u— 1*)(51121?2 —S5uw’v—Suv’)=0

& uv(u—v)u —uv+v*)=0

u=0
v=0
e u—v=_0
_uz —uv+v: =0

L Néas =01 Br =G<:>.x=%.

S NEu v 0thi SPxad ——-0-*::‘;-,?{:——;-.

+ Néu » — v =0 thi
Y3x—2 =3Y2x+1<=3x-2=2x+1< x=3.

+ Xét trwomg hop u* —uv+v* =0

2 g .
‘@‘(M—*l] —I—'gl—_*{]@.gu_"i—{}@{u—o

2 4 y=0 v=_0
2
x = b ?
Suy ra < 3 {: Diéu nay khong thé xay ra.
X = _E

Vay tap nghiém cta phuong trinh 1a

|
S‘{‘“ﬂf”}

TOﬁNH C
20 ' Peruane

So 466 (4-2016)

»Nhén xét. Cic ban tham gia déu giai theo céch
twong ty nhu trén. Mot so ban con thidu xét truong
hop " —uv+v* =0. Tuyén duong cic ban sau c6
I gidi tot: Ha Noi: Neuyén Minh Nehia, 9D, THCS
Nguyén Thuong Hién, Ung Hoa, Pink Hoang Nhdt
Minh, 8AS, THCS Cau Gidy; Hai Dwong: Newyén
Van Cwong, 8A, THCS Hop Tién, Nam Sach: Ha
Nam: Tran Hodi Giang, 8A, THCS Dinh Cong
Trang, Thanh Liém; Bic Ninh: Nguyén Hzm Tinh,
9A1 S THES Yén Phong, Phia Tho: Ngm én Thao
Chi, Hoang Thi Hong Ngdt, Tran Quoc Ldp, 9A3,
THCS Lam Thao; Vinh Phic: Bui Vi Phuong Anh,
9D, THCS Ly Tu Trong; Ta Kim Thanh Hién, TA4,
THCS Yén Lac; Nghé An: Trinh Thi Kim Chi,
Nguyén Vian Manh, 9A, Pinh Viét Ty, 9D, THCS Ly
Nhit Quang, P6 Luong; Thanh Héa: Neuvén Thi
Hoang Cuc, 9D, THCS Nhir B4 S¥.

PHAM THI BACH NGOC

Bai T6/462. (:rmz he p.uw

r frinh:

— g

3&"1“\!.'{. "'Q VI

e == e——— - om
»

-

y+aly +9=N3

M

e .
-

BT
L:+~J::"+9:_--.,_

Loi giai. Xét cac ham s6 F(r)=1=t"+9 va
g()=v3"" trénR. Ta c6:

Il =

— >0, VR

i) =14 F H9ere
N2 +9 \/rz +9

nén A{f) dong bién trén R.

! .|
: x 4 AN R X =
Ham sé g(1)=+v3"" =34 12 ham dong bién

trén R. Hé dd cho duoc viét lai dudi dang
f(x)=g(»)

1 f(y)=g(z). Day la hé hoan vi vong quanh
f(2)=g(x)

z} . Xet truong
hop: x==z=" ()= (3 ==
= g(y)zglz)zgx)=p2z2x2p.

nén cd thé gid st x=maxix."

Xét truong hop: x=>z=>y
= f(x)2 f(2)z f(¥)=g(¥) = g(x) = g(2)

|

=S o0e> >y Cahalmm‘ngh(}ptﬂd u co

https://tieulun.hopto.org



=z . Do do hé phuong trinh di cho duoc

X

X=y=z

% \/.1:2 £ 9= %[3“4 (1)

viét lai thanh: -

—x+1 a
Taco: (I)=3 (\fx" +9—x):9

1
o 34 (\/,1:2+9—J:)-—3=0‘

1

Xét ham so: A(x) :34{ (\/ X +9 —x) —3 trén R,

A ST R &
. 4\/1:2 +9

1
co(x)=3% (\/xz +9 — x)

1
Do 34 (\/x2+9—x)>0, Vxe R nén phuong

trinh /'(x) =0 ¢6 nhiéu nhét 2 nghiém. Khi dé
phuong trinh /4(x)=0c6 nhiéu nhit 3 nghiém.
Mit khic ta nhan thady x=—-4,x=0.x=4 thda
man phuong trinh 4(x)=0. Vay phuong trinh
h(x)=3 x =4,
x=0,x=4. Viy hé di cho c6 ding 3 nghiém
la: (—4;,-4;-4),(0;0; 0),(4;:4; 4). O

» Nhdn xét. Lap luin trong 101 giai trén thue chét d3
st dung hé qua cua dinh 1y Rolle: Néu ham f co dao
ham trén khodng (a;b) va néu PT f'(x)=0vé
nghiém trén (a;b) thi PT f(x)=0 c¢6 nhiéu nhat 1

cO dung 3 nghiém la

nghiém trén (a;b); con néu PT f'(x)=0c¢é n
nghiém trén (a;b) thi PT f(x) =0 ¢é nhiéu nhat n+1
nghiém trén (a;b). Nhu viy dé chimg minh PT(1) ¢6
nhiéu nhat 3 nghiém ta cling ¢6 thé tim dao ham dén
cap 3 va chimg minh dao ham nay duong (hodc dm).
Hé¢ qué trén la kh4 hién nhién néu ta dua vao déang
diéu ctia @6 thi ham s trong truong hop ham sb
dong bién, nghich bién, cling nhu khi ham sé co cuc
tri. Cac ban sau c6 1oi gidi ngin gon: Ha Noi:
Nguyvén Vin Cao, 10A1, THPT U’ng Hoa A, Ung
Hoa; Tran Bd Khéi, 11T2, Pham Ngoc Khdnh,
11T1, THPT chuyén DHSP Ha Néi; Neuyén Tudn
Viong, 11 Toan 1, THPT chuyén Nguyén Hué.
Nam Binh: Doan Thi Nhai, 11 Toé4n 1: Trdn Mink
Hiéu, 10T2, THPT chuyén Lé Hong Phong. Bic
Ninh: Nghiém Chi, 11A1-K10, THPT Yén Phong s6

2; Lé Huy Cuong, 12 Toan, THPT chuyén Bic Ninh.
Quing Nam: Nguyén Xudn Anh Quén, 11 Toén,
THPT chuyén Nguyén Binh Khiém. Long An:
Pham Quée Thang, 11T1, THPT chuyén Long An.
Binh Phuwdce: Bii Cong Minh, 12A, THPT chuyén
Quang Trung. Péng Thip: PS Hoang Viét, 10
Toan, THPT chuyén Nguyén Quang Diéu.

TRAN HUU NAM

Bai T7/462. Cho tam gidc ABC ¢ 0 ba goc nhon
(do hf:,.mﬂ radian). Chirne minh Fr:mﬁ

: : wu W SilbeAceE Bl
sind +smmB+sinC > v - Ly

_rj

2 T

M e L R S z : 5% e

Loi gidgi. Xét ham sO f(x)=sinx—="+
27 71;2
VOl X € O;g . Ta co:

TR e o M L i
f(,x)—c-:)sx 2ﬂ+ﬂ:ﬂ T (.1)—- s
f‘”(x):ﬁrca}sux{{]. Ham s6 f”(,x) nghich
bién va lién tuc trén | :Z|. C6 £7(0)=-2 >0;

b2 T

I

X, E[O;E) sao cho f"(x,)=0.

Ta ¢6 bang bién thién cta ham sé f'(x):

il
X 0 Xq ?
S (%) i 0 2
:fix})
&) / \
4 5 3
2T 2T
Lai co
i , S T 3
)= (0):1-5&-}0 7 [E] 35 =0

nén ton tai duy nhét X E( ;] (thuc chat

o E(I‘ —] va f( )‘.}O ‘v’xe((];xl)) sao cho

f‘:(xz):{] .

S6 466 (4-2016)
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[ — e _

Ta co bang bién thién cia ham s6 f ("C) :
fi:

I
Eﬁ |

[ fils] aci woll AOS R
[14hiy /()
S 7 ]
| 28 ) PEGRY [~ e -MDJ
Cén cur bang bién thién, ta duoc fo)>0x E[G; lzt)
2 |
Nghia la sinx > %ﬁiﬁ Vx e [0 g)
2
Do do sinA::-SA——A smB::»iB-—-B :
27 ﬂ; 27 HE
sinC > s c
27T 1

Cong theo vé ba bat ding thuc trén va thay

A+B+C=m, ta duoc:

5 A’+B’ +C’

o o2
Bét ding thic trong dan bai duoc chimg minh. O3
»Nhin xét. Day 13 bai toan khé vé tng dung ham
sb chimg minh bat dang thic.

sinA +sinB+smC >

Pé khao sat ham s f(x), xdc dinh diu cia dao
ham f'(x), ta phéi sit dung dén f"(x) va f"(x).
Piéu then chdt 13 ching minh mdi phuong trinh

f'(x)z(}; f"(x)={]

khoang (0;%] , tr @6 suy ra dau cta ching trong

c6 nghiém duy nhit trong

khoiang nay. Ban Nghiém Chi, 11A1, THPT Yén
Phong s6 2, H. Yén Phong, Bic Ninh c6 101 giai
twong tu nhu trén.

NGUYEN ANH DUNG

Bai T8/462. Tim do dai cac canh cua khoi dién

ABCD noi tiép trong hinh cau ban kinh bang 1
3 ¥ r 2 A " . ¥ o :" ] s

va co tich do dai cac canh la — .

J—T
21

Loi gidgi. Go1 a,,a,,...,
khéi tir dién ABCD ndi tiép trong hinh ciu tim
O, ban kinh 1. Dé ¥ rang véi cac diem M, N, P

a, la do dai cic canh cua

TOAN HOC
" Cludilré

22

S8 466 (4-2016)

bit k¥ ta ludn c6: 2MN.MP = MN* + MP* —NP”.

Do d6: (OA+0B+0C+0DY =0

< 4 +20A.0B+20A.0C +20A.0D
+20B.0C+20B.0D +20C.0D >0

O
< 16-) a’ 20 ()
i=1

6 [ 6
T do 162 ) a; Eﬁijna? =16
=1 i=1

(ap dung BPT Cauchy cho 6 s0 a’ (i = 1,6)).
Ding thitc xay ra khi va chi khi

OA+OB+0C+0D=0 va a=a,=. :af“‘/a

Véy cac canh cia ti dién ABCD c6 do dai bang

nhau va bang 2516. O

» Nhan xét. Hau hét cac 101 giai giri vé Toa soan déu
sit dung dinh 1y Lagrange: Gia sit G la trong tam
ctia hé m diém A, A,,...,A

trong khéng gian. Khi do ta co hé thirc

m

MG> :—ZMAE e Z AA? ¢ di dn BDT (¥).

1,J=1
IJ

Céc ban sau ¢6 &1 giai tot: Ha Noi: Lé Anh Thanh,
11 Toan 1, THPT chuyén Nguyén Hué, Ha Pong;
Quang Nam: Nguyén Xudn Anh Qudn, 11 Toan,
THPT chuyén Nguyén Binh Khiém; Pak Nong:
Phan Nguyén Huy Hodng, 10Al, Truong Tién
Hodng, Tran Vin Tri, 11A1, THPT Chu Vin An,
TX. Gia Nghia; Long An: Pham Quoc Thang, 11T1,
THPT chuyén Long An, TP. Tan An.

HO QUANG VINH
Bai T9/462. Cho a, b, ¢ la do dai ba canh cua

mot tam gide, chirng minh rane
3{1:‘1' +b* ﬂ:-{*‘i) ab + be + ca
e S22 )
(a+b+c) a - +b” +c¢
Léi gidi (Theo da sé cdc ban). Ta c6:
(1) < 3(@* + b +¢*)? +(ab+bc+ca)a+b+c)’
<2(a+b+c)(a +b*+c°)
< 3@ +b” +c¢°) +(ab+be+ca)
X [(a® +b" +c¢”)+2(ab+bc+ca)]
<2a® +b* +c*) +4(ab+bc+ca)@ +b* +c%)
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(a2 +b*+¢7) =3(ab+be+ca)a® +b* +¢7)
+2(ab+bc+ca)* <0

(@ +b° +¢” —(ab+bc+ca)ll(a® +b” +c*)
Dbt be ea)] <0

f::;-%[(a'—-b)2 +(b-c) +(c—a)’] [a(a-—b—-c)

+b(b—c—a)+c(c—a—->b)] £0,dpcm.
Dau dang thirc xay rakhiva chikhi a=b=c. O

»Nhén xét. Diy 12 bai todn vé bt dang thirc co ban
trong tam gidc thudc loai dé cia THCS nén c6 nhiéu
ban 16p 7, 8 va 9 cling gid1 duge (theo dung cach da
trinh bay & trén). Nhitng ban sau ¢6 1oi giai tot va
ngin gon nhat; Ha Néi: Trdn Bd Khéi, 11T2, THPT
chuyén PHSP Ha Néi, Tran Nhdt Quang, 11A2
Toén, THPT chuyén KHTN, DHQG Ha N,
Nguyén Tudn Viecong, Lé Anh Thanh, 11 Toan,
THPT chuyén Nguyén Hué; Phi Tho: Tran Quoc
Lap, 9A3, THCS Lam Thao; Vinh Phic: 7a Kim
Thanh Hién, 7A4, THCS Yén Lac; Hung Yén:
Duong Hoéng Son, 11A9, THPT Duong Quang Ham,
H. Vian Giang; Nam DPinh: Poan Thi Nhai, 11 Toéan
1, THPT chuyén Lé Hong Phong; Nghé An: Pdng
Duy Bao Khanh, 10A1, THPT chuyén DH Vinh, Vo
Viét Anh, Neuyén Pirc Bdo, 10Al, Nguyén Huy
Hung Minh, 11A1, THPT chuyén Phan B61 Chéu;
Quang Binh: Hoang Nhdt Tuan, 10 Toan, THPT
chuyén Vo Nguyén Giap; Thira Thién Hué: Phan
Tran Hudng, 10T1, THPT chuyén Qudc hoc Hué;
Pha Yén: Newuyén Huynh Huy Man, 11 Toan 1,
THPT chuyén Luong Van Chanh, TP. Tuy Hoa;
Kon Tum: Nguyén Ngoc Khdanh Nhu, 9A, THPT
chuyén Nguyén T4t Thanh; Vinh Long: Tran Phudc
Phii Khdnh, Lé Nguyén Minh Long, 11T1, Chdu
Minh Khénh, 10T1, THPT chuyén Nguyén Binh
Khiém, TP. Vinh Long; Long An: Pham Quéc
Thing, 11T1, Pdng Thanh Trung, 11T2, THPT
chuyén Long An, TP. Tan An; Tay Ninh: Lé Hién
Khai, 10 Toan, THPT chuyén Hoang Lé Kha, TP.
Tay Ninh.

NGUYEN VAN MAU
Bai T10/462. Véi cdc s6 nguvén duong a, b, ¢
thuoc doan |[1; 2015], hoi co tat ca bao nhiéu
¢ chia hét cho 97
Léi gidgi. (Dya trén 101 giai cia ban Nguyén
Giap Phuong Duy, 12A1, THPT Hau Nghia,
Long An va ban Hoang Céng Minh, 11 Toan,

f?{:? (a., b, ¢) sao cho a +b

THPT chuyén Phan Ngoc Hién, Ca Mau).
V&i moi s6 nguyén x datx =3k +r, r€{0,1,2}.

Tacod x° =Bk+r)’ =r’(mod9).

T d6 x° =0(mod9) < x = 0(mod3);
¥’ =1(mod9) < x = 1(mod3);

x> =—1(mod9) < x =2 (mod?3).

Suyra @’ +b° +¢’ =0(mod9) khi va chi khi:

Truong hop 1. Caba sb a, b, ¢ chia hét cho 3.
Truong hop 2. C6 mot sb chia hét cho 3, mdt sd
chia cho 3 du 1 va mét sb chia cho 3 du 2.
D2 thiy trong doan [1; 2015] c6 671 sé chia hét
cho 3, 672 s6 chia 3 du 1 va 672 s6 chia 3 dur 2.
Vay sb bd (a, b, ¢) & trudng hop 1 14 671%; s6 bd
(a, b, ¢) & trudng hop 2 1a
31(671)(672)(672) =6.671.672°.

Thanh thir sé bd (a, b, ¢) thoéa man diéu kién dé
baila 671° + 6.671.672° =2120188895. 3
» Nhén xét. Nhiéu ban tham gia giai bai nay. Céc ban
hoc sinh sau ¢ 101 giai tot:
Binh Phwdéce: Bui Cong Minh, 12A, THPT chuyén
Quang Trung; Nam Dinh: Trdn Minh Hiéu, 10T2,
THPT chuyén Lé Hoéng Phong; Thira Thién Hué:
Nguyén Minh Hai, 10 Toan 1, THPT chuyén Qudc
hoc Hué; Ca Mau: Tran Quoéc Viét, 11 Toan 1,
THPT chuyén Phan Ngoc Hién; TAy Ninh: Lé Hién
Khai, 10 Toan, THPT chuyén Hoang L& Kha; Ha
Nam: Nguyén Manh Cuong, 10 Toan, THPT chuyén
Bién Hoa; Vinh Phic: PS Van Quyét, 11A1, THPT
chuyén Vinh Phuc; Ha N¢i: Dinh Hoang Nhat
Minh, 8A5, THCS Céu Gidy, Hoang Lé Nhdt Timg,
1272, THPT chuyén KHTN, DHQG Ha Ng§1; Hung
Yén: Duong Hong Son, 11A9, THPT Duong Quing
Ham, Van Giang,.

DPANG HUNG THANG

Bai T11/462. Cho

da. b, C la cac SO f‘f:f_r:’t RO
man a +b° +¢ | . IIm l}',_{s;c! Irl HRO nhat cua
| 3
1 , 3 7 |
Feal+|0¢T +ap) .
E |

f'?ft:.;-?! thirc P hu’ﬁ‘ | !?1{“; 1 ;"'f}f?:
Loi gidgi. Ap dung tinh chét ctia gia trj tuyét d6i
ta co |6a3‘ = |(-6r:13 +bc*)—bc‘ £‘6a3 +bc} -I-lb(?‘
ddng thirc xay ra khi va chi khi (64’ +bc).be <O0.

b? +¢?

>— ()

Suy ra |6a3 +bc] 2‘6a3|—|bc| 2\6::13‘—

TOAN HOC 4
* Clusdilre 3
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(theo bat dang thirc Cauchy cho hai s6 %, %)
zﬂlp dung bat dang thirc Cauchy cho 3 sb
|a| ~—1-—- ta co ]a[ -f—]al e

343

3(
> 3i/|a[3 .}al"q Tl V3a® (2).

Tu (1), (2) ta nhan duoc

|6a3 +bc| > 3.2\a3[—bz el

Tuwong tu ‘6() +ac} =3B b

N ath
J3 2
Cong theo vé ba bat dang thirc trén ta suy ra
P=|6a’+ be| +|6b° +cal+[6c” + ab
>BBED (@ TP+ B E2 3L
P =243 -1 khi va chi khi
(6@’ +bc)be <0, (6b° +ca)ca< 0, (6¢° +ab)ab <0,

]6{-'3 +flb| >48. ¢ —

‘al=|b|:|c‘|:-j—§-*, a+b>+ct =1

@(abc)e{_l Al __L) (_1 L 1)
wLAS] et asBl o B 531308
va cadc hoan Vi}_ Viy minP =2/3-1. O

>Nhiin xét. Pay 1a bai toan bat dang thirc gia tri tuyét
d61 hay, kh6. Cac ban hoc sinh sau c6 1o giai tht:
Ha Noi: Nguyén Van Dimg, 10A14, THPT Ngoc
Tao, Phiic Tho, Tran Bd Khéi, 11T2, THPT chuyén
DHSP Ha Noi; Pha The: Nguyvén Tién Long, 10T,
THPT chuyén Hung Vuong; Bic Ninh: Lé Huy
Cuong, 12T, THPT chuyén Bic Ninh; Hung Yén:
Duong Hong Son, 11A9, THPT Duong Quang Ham,
Vin Giang; Thai Binh: Tran Quang Minh, 11A1,
THPT Doéng Thuy Anh, Thai Thuy.

NGUYEN MINH BPUC

Bai 12/462. Cho tam gidc ABC véi (0), H theo
thir tw la duong tron ngoai tiép va trire tém tam
gide. P la diém bat ky trén OH. Ay, By, Cy theo
thir ne la giao diém cia AH, BH. CH va BC,

TOAN HOC
24 Yot

& C'rumue So 466 (4-2016)

CA, AB. A, B,,C,theo thir tir I giao diém thir
hai cua AP, BP, CP va (0). 4,,B,,C, theo thit
doi 4B .G
4y, By, Cy . Chitng minh ring H, 4,,B,,C, cime

tw la diem Xung cua qua

thugc mot duong tron cé tam thuée OH.

Loi gidi, Ta can c6 mot bd dé.

B6 dé. Cho tam giac 4BC, (0) 1a duong tron
ngoai tiép, H 14 truc tAm. P 13 diém bit ki thudc
OH. By, Cy theo thir ty 1a giao diém cua BH, CH
va AC, AB. By, C theo thtr ty 13 giao diém thir
hai cia BP, CP va (O). B,, C, theo tht tr 13
diém d6i xung cua Bl, Ci qua By, Cy. S 1a giao
diém coa duong thang qua B, vudng gbéc voi

HB, va dudong thing qua G, vudng goc voi
HC5. Khi do S thude OH.

Churng minh.

Goi Bs, C; theo thir tur 13 giao diém thi hai ctia
BH, CH va (0); Bs, C; theo thir tu 14 giao diém
thir hai cua B,0, C;0 va (0); Bs, Cs theo thit tur
la giao diém tht hai cia B;0, G0 va (O):;
N=B,B,C,C,;0=B,B; "C,Cs;R=B,C, "C,B,;
M a trung diém cua AN .
: sl BB
Ap dung dinh 1i Pascal cho sau dié egaln
p aung dinh 11 Fascal cho sau diém [C’ICBB)
chi y ring R= BiCanC B P=B.BaCC:
H=B,BNC,C, suyraR, P, H, thing hang (1).

‘ : - it B B.C
Ap dung dinh 1i Pascal cho squ diém [ Cz Cz B:}

https://tieulun.hopto.org



chi y ring R=B,C,NC,B,; O=B,B,nC,C,;
N=B.B,NC,C,, suyraR, O, N thang hang (2)

: _ SR BRE
Ap dune d&inh 1 Pascal cho sdu diém | ' 32 |,
p dung dmnh l1 Pascal cho sau dic [CICSBSJ

chi y rang R=B,C, "C,B;;
Q=B,B;,NC,C,;O=B,B,"C,(;, suy ra R, 0,

O thang hang (3)
T (1), (2) va (3), chi ¥ ring O, H, P thing
hang, suy ra O, H, N, O thing hang (4)

D& thay By, Cp theo thir tw 13 trung diém cua
HBs, HC;.
Két hop véi M 13 trung diém cia AN, suy ra
B.M [/ B,N;C M [{ C;N.
T d6, chi v rang HB1B3B,, HC,C5C, 13 hinh
binh hanh va B;N | B;B,;B,Q0 | B.B,;
B,S | B,H//B,B,, suy ra BJM [/ B,O//B,S (35)
Tuong tu C,M //C,O//C,S (6). Tu (5) va (6),
chli ¥ rang By, Cp theo thir tur 13 trung diém cua
B\B,, C,C,, suy ra M, O, S thang hang (7).
Twr (4) va (7), cht v rang H, M, N thang hang,
suy ra S thudc OH.
Tré lai giai bai todn trén. Goi S 1a giao diém
cta dudng thing qua 4, vudng goc véi HA, va
duong thing qua B, vudng goc v6i HB,; S’ 1a
giao diém cua duong thing qua 4, vudng goc
v&i HA, va dudng thing qua C, vudng goc voi
HC,. Theo b6 dé trén, S va S° cung thudc OH
va duong thing qua 4, vudng géc vGi HA,.
Diéu d6 c6 nghia la S trung S°. Vay H, 4, Bs,
C, cung thudc mot duong tron duong kinh HS.
Noi cach khic H, A4,, B;, C; cung thudc mot
duwong tron ¢o tdm thudc OH (dpem). O
» Nhan xét. Bai toan nay kho, chi ¢o 4 ban tham gia
giai: Ha Noi: Pham Ngoc Khanh, l;lT, THPT
chuyén DHSP Ha Noi; Nghé An: Nguyén Duc Bao,
10A1, THPT chuyén Phan E@i Chau, TP Vinh;
Quang Binh: Hoang Nhe;:ir Tuan, 10T, THPT chuyén
V6 Nguyén Gidp, TP Pong Hoi; Binh Phwoe: Bui
C'c:?ng Minh, 12A, THPT chuyén Quang Trung, TX
Pong Xoai. ; 1
NGUYEN MINH HA

Bai 1.1/462. Pdt dién ap u = Ugcosot (U
khong doi con o thay doi) vao hai dau dogn
mach gom dién tro thudn R, cuon cam thuan co

do fir cam = -H va tu dién madc noi tiep. Khi
Ry

® =, thi dong dién hi¢u dung qua doan mach
dat gid tri cuc dai I,. Khi o= ®, hodgc ®= 0,
thi cudng dé dong dién qua doan mach bang
nhau va hr%ﬁg I.. Biét ®,—®, = 200x rad/s.
Tinh gia tri cuia R.

Léi gidi. Khi cho biét hai gia tri o; = », ma

/
I]zfzz _ani_. th121

\R2+[L(ol (,:01] —\Rh[mz—i] = nR

Vi ®; > @, thi chi ¢ thé xay ra trudng hop :

= Zz = nR hﬂy

Loy, — 1 =Ryn® —1
Co,

|

Lo, — L p —Rn* —1
Clna

Vl cho biét L ma khong biét C nén khix C

Lﬂﬁ =——E=(ﬂiR—\!n2 =1

1

h Lo, = F mzR«fnz —1
= L(0* - 02)=Ryn" —1(0, + ®,)
0,8
L(ml--mz) g 200R

— R= —160(Q2). O

VP -1 \/ﬁz—l

»Nhdn xét. C6 nhiéu ban tham gia gidi bai ki nay
va di c6 101 giai ding: Ha Noéi: Nguyén Vin Ding,
THPT Ngoc Tao, H. Phic Tho; Bac Liéu: P Van
Dwong, 12CA, THPT Tran Vin Bay, H. Phudc
Long; Pong Nai: On Tir Quéc Pat, THPT chuyén
Lwong Thé Vinh; Nam Pinh: Trdn Trung Dirc, Pham
Ngoc Nam, Neuyen Van Qudn, D6 Thuy Trang, 12 Ly,
THPT chuyén Lé Hong Phong; Hung Yén: Nguye en
Viet Duec, Ngz{ven Manh Hiép, 11A9, THPT Duong
Quéng Ham, H. Van Giang, Vit Minh Thanh, THPT
chuyén Hung Yén; Thai Binh: Ngo Van Khoa, 12A2
THPT, Bic Péng Quang, Pong Hung.

PINH THI THAI QUYNH

So 466 (4-2016) ¢ CTudilré
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a) Loi gidi. Taco

\r ﬁ

—-ON)+ k21 = o, = 5?:.

Q©y —Qy =

. Let a, b, and ¢ be nonnegative
numbers such that a+b+c < . Prove that

[]iia—sina—sinb—sinc+sin(a+b)+si11(a+c)£7::.

| . Let a, b, and ¢ be three sides of a
tnangle Prove T_hat

C 411:
J +,}—+J
b+.: c+a a+b

00, Given a tnangle ABC with the
altitude AH (H € BC). Let (f) be the circle with the
diameter AH and the center [. The circle (/)
ntersects A8 and AC respectively at T and S. The
tangents of (/) at 7" and § intersect at M. Let N, K, J
respectively be the intersections of BC and MA, BS
and CT, TS and IM. Prove that N.J goes through the
midpoint of AK.

Given g.a....a €R neN,n=3. Find

LR (9 SprT)
ax | min-< 1 22 : 2 23 -
Larag  isran
- an——z +aﬂ—l . an—l +aﬂ . an +al }
e 2 2 G 2
1+a? I+at = 1+a
= VRN I rxu;* - =
o\ - Cludsihra S0 466 (4-2016)
S = L i _',ﬁ:-i.‘;?,'._‘ e T EEEEEEE e ==

A 170 ' 3m
Vay u, = ¢ Cos 211:15—-—5— 1
= 3
b) Taco of =NOM +ON* . oo

2
Khoing cach tr O dén doan thing MN la
OH = 7,081 .

Pé dao dong tai diém P trén doan MN nguoc pha

vo1 dao dong ta1 [ thi: OP—-0I = (!c +%)l.

Khi PelIN:OH <0OP <£0ON , ta tim dugc 6 gia
tri cua k thoa man.
Khi Pe HM : OH < OP <0OM , ta tim dugc 2 gia
tr1 cua k thoa man.
Vay trén MN c6 8 diém dao déng nguoc pha véi
dao dong tai /. [
»Nhin xét. Cac ban sau c6 101 gidi dung: Thai Binh:
Ngé Vin Khoa, 12A2, THPT Bic Pong Quan, HPong
Hung; Nam Binh: Nguven Vin Qudn, Pham Ngoc
Nam,]12 Ly, THPT chuyén 1.& Hong Phong.

NGUYEN XUAN QUANG

/466, Let n>23 be a natural number.

(3n)!
rl(n+1Dl(n+2)!

Prove that 1s also a natural number.

06, Given two sequences (x )and
(y.) such that

r f 2 -
ﬂyn _xn-]—l -i_]' 1_"'}'.“}1

) 1—-Sn
.J3+ X2 =y +J10+}‘n_1—x~ +——=0
n

Vnel',

Prove that (x_ ) and (y,) converge. Find the limits.

(Given an acute triangle ABC
which 1s not isosceles and is inscribed m a circle
(0). Let P be a point mside the triangle such that
AL E @S Eet S Nand WS respechivelylibeSithe
perpendicular projections of P on CA4 and AEB. The
circumcircle of the triangle AEF intersects (()) at
another point G besides 4. Prove that GP, BE and
CF are concurrent.

Translated by NGUYEN PHU HOANG LAN

(College of Science-Vietnam National University, Hanoi)
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"’“Mll d6i dién vo*l mot bai toan, moi nguoi déu co

el

“mot cach tiép cin, mdt cach nghi dua theo hiéu
biét cla riéng minh. Tuy nhién khong phai bao gid
cach tiép can dy, cdch nghi 4y ciing ding hudng va
kha thi. Chinh vi thé bai viét nay di sau luin ban vé
cach tiép cdn va k thudt khdam phd mot bai toan. Cu
thé 1a vé céch tiép can va k¥ thuat kham pha trong
bai toan chimg minh BT, bai to4n thuong xuét hién
trong cac ky thi chon hoc sinh gi6i

V6i mdi bai toan, ¢o thé co nhitng cach tiép cin sau:

« Cach tiép cin algorit: Cich tiép cin nay dugc
thue hién theo tuyén, vl quy tic dinh sin ma trinh
tw dugc dua theo dang bai, kiéu bai c6 tinh khuédn
mau.

» Cach tiép cén suy Iy: Tiép can dua trén hé thé‘rng
cic suy luan c6 rang budc tuong hd, nham bic duoc
nhip cau, gin két gitta diéu d3 biét vdi diéu can tim.

» Tiép e¢4n bing kinh nghiém: Dua trén nhitng trai
nghiém, va cham di duoc tich liy, dic két qua ca
mét qué trinh d¢ tim ra nhimg dic diém, tinh chat
tiém 4n trong bai toan, phat hién dugc soi diy rang
budc, lién lac gitta nd1 dung an dau véi néi dung ¢can
hudng toi.

» Tiép cn sang tao: Cach tiép can nay co tinh dét
pha, duoc tao ra to nhitng y nghi méi mang tinh
budc ngodc, khac la, doc lap, tinh té trong tw duy.

» Tiép can két néi: Pé giai quyét dwoc mdt bai toan
khé ngoai viéc nim chic kién thirc ciin ban, nén tang
nhu dinh nghia, dinh 1y, ... ta con cin phai tip duot, rén
luyén k¥ ning gidi quyét nhimg bai toan don gian hon,
vira siuc hon. Nhitng bai toan nay dﬂng val trd nhu
nhitng bai toan trung gian, va viéc két noi nhiing bai
toan trung gian nay mét cach hgp ly ta s€ nhan dwoc
nhitng bai toan hay. Cach tiép cin nay rit phd bién
tfrong hoc toan, nghién ciru toan.

Bai viét duoc trinh bay chi tiét ké ca phan bién d6i &
o1 gidi moi bai toan nham tao ra cach nhin da chiéu,
rd rang vé céch tiép can va k¥ thuit kham pha bai
toan BDT.

CACH TIEP AN VA K¥ THUAT KHAM PHA

I 2
F o
FOrEA A RO NDAT nh T RT METT A
1 1k AIAN EA I 1A @“ A i N i’
P VALY DA VALY 1IRUN
u, _ ; . -
HUYNH DUY THUY

(GV THPT Tang Bat H6, Hodi Nhon, Binh Dinh)

.__p '\l‘. ] ..; ; ; = 1 F. (. g
Bal toan 1 (JMO

rdaa
aaaaaa

7 ! e
rerner 1 b oo ( harn
:1‘.3;'«"-"!'.1!: £ n 4"-'.\ L# e N .-[.' i

e =TIR
L]

] -.‘ : _- L M k.'
5 i L] i a _| i r
\ L4 L FL \ ! COL Lo I i :a‘

Bit dang thirc nay xuat hién tmng ki th1 IMO 42
nam 2001 to chirc tai My, bai toan nay do doan Han
Qudc dé nghi. Mot bat ddng thirc that 1a dep! Pep
khong chi & hinh thirc cia nd ma con béi co nhiéu
cach tiép can. Téc gia da tim hiéu va dua ra 4 161 giai
tir cdc tai liéu hién hanh. Ngoai ra, tdc gia ciling tur
dua ra mot 101 gi1a1 maéi, doc lap voi 4 1o giai trén.

Loi gigi 1 (Van dung ham s6). Xét ham so

f(x)=

— trén khoang ((}; +cao).Ta co

Jx
' 1 = B kil
T el e

Suy ra d0 thi ham s6 f(x) 16m trén(0;+o).

>0, Vx> 0.

Su dung bat dﬁng thirc Jensen ta duorc:
a b G
- + =
Ja* +8bc  b*+8ca Nt +8ab

=a.f(a* +8bc)+b.f (b +8ca)+c.f(c* +8ab)

al & +8bc|+b| b* +8ca)+c|c” +8
}:(a—f-bJrc).f ( gbf) biﬁ_bi‘) -C(i Sab)
" (a—l—b+c),f a+b +¢ +24abe
at+b+c
o a+b+c
\/ +b3+f, +24abc
a+b+c
= a+b+c
\fa3-}333+( +2(a+b)(?_—_l—c)(c+g)
a+bic

a+b+c

- -1.
\/ (a+b+c )2
: mﬁ N HOC A
SG 466 (4-2016) * CTusitre 2
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Loi gidgi 2 (Van dung BDT Chebyshev, BDT  Loi gidi 4 (Su dung bdt ding thitc trung gian).
Cauchy va BPT Bunyakovsky). Pat P bang v€  Trude hét ta chitng minh BDT dai dién

trai cia bat ding thirc can chimg minh. Khong 4
mat tinh tong quat, gia sta>b > c. a 3 a:
St dung cdc BPT Chebyshev, Cauchy va Ja* +8bc a-‘;- , b; +{*:
Bunyakovsky, ta co: | |
a b fod TR A o
P | a?+bd+c? | 2a(a* +8bc).
Ja® +b* +c* +6bc Na& +b% +¢* +6ca |

C
e LR O TSR Y
va* +b” +c* +6ab Thit vay taco\"a> b+ —|"a°

1 - 1
2—{a+b+cﬂ: |
3 * +b* +c° +6bc by o llaats cic it pigd

+ "? ) 1 ' + ."J' 1 ] ‘
J&+b* +c +6ca  a® +b” +c* +6ab 2 2 171 2
>| 2b3¢3? || 4a®bic? |=8a’be.Suy ra

2%(a+b+5‘).

k| B

9 g ) @A NTAS FARN 2
= — a’+b3+c3 | 2| ad | +8acbec=a’\a +8bc).
J & +B +C +6bc &+ +E +6ca-+d +B +¢ +6ab [ ] [ } ( )
> l(.:z+ b+c). : | 4
3 . a a b b
O Vay: 2 T LA = 455 R AP
i Yo =1 vt +8bc @& +b +c3 NOESCE  s
(48 401G} -85+ s6f{ -5+ 46| __4_
Loi gidi 3 (Van dung BPT Bunyakovsky). ¢ > © _ Tird6 tanhan duoc:
Su dung BDT Bunyakovsky, ta co: Je? +8ab AL RE
2 a b i 4 4 4
a+b+c) < | o+ + Al an =
( ) [Jﬂz—kac JBr+8ca +8ab] Jgfagbc‘_l_\/bzb + ,_1{1%_2:&4 'b4+{‘4 =8
+O0C +8ca ¢ o = =
x(cz\faz +8bc +bb +8ca +cc +3ab) ; & I D G
_[ 4 i b : 2 ] ~ Loi giai 5. Dat b
\fa.z—l—Sbc.' \[b2+8m \/62+8ab X — Ea = i — ZC :
. Ja’ +8bc Wb~ +8ca Jc? +8ab
::-:(Jﬁ_z & +8abe 1+ BB +8abc ++/cAlc +8abc) . it 72 ] ; :
a X v Vi ¢ Z
Do d¢ = : = = .
< [ a i b + C J RS SO PR Sad }12 8ab 1-z°
\/aEJerc \/3934.3(;& JCZ_I'S‘Ib Nhﬁnxétrﬁng: Ol <y <sle 0 <ol

xJ(a +b+c) (cf B+ 24{15"'«') T d6 ta co:
> 5 ) 7

|\ Ja?+8bc b +8ca Jc* +8ab 8bc 8ca 8ab 1-x* 1-y°
x\f(a+ b+(r)(a +b+{?)3 ; X e Z

a % b i C > 1
Ji? +8bc b +8ca 2 +8ab

Vay
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Nhu vay ta chuyén viéc bai toan dd cho vé bai
todn tuong dwong sau: Cho ba so thuc x, Y,z
(0;1) théa man dicu kién:
(1-2)(1-)(1-7)=512¢y"Z (*). Ching minh

rﬁng:x+y+zzl.

thuéc khoang

Ta chitng minh bai to4n nay bang phwong phép
phan chung. Gid st O<x+y+z<1.

. r r ' 2
Khi d6 ta c6: 1-x°>(x+y+z) -x*>0,

l—-f}(x—l—y-l—z)z--—yz >0, l—zzb(.¥+y+z)2 ~z* >0.

Do d6: (1—.1;2)(1—};2)(1—:2)}
[(x+y+z)2-—xz}[ (x+y+2z) —y ][ x+y+z) —z }

s Torsar

x(x+y+z+y)(x+y)(x+y+z+2)

[(x+y+z)“—x1[ .1+y+a —y
z(y+z)(x+y+z+x)(x+z)
> 2.yz. 4% x*yz 2 xz . 4Y xy*z 2 [xy 44 xyz*
>512x°y*z*. Tu d6 ta nhin duoc:

(l X )( )(1_, )}5121 iz
két qua nay trai véi gia thiét (¥). Vay x+y+z>1.
BDT da cho duoc chirng minh.
Nhén xét. Moi cach tiép can bai toan mang mot ¥
teong riéng, cho ta mot cach kham pha bai toan
theo nhitng khia canh khic nhau. Piéu dang ghi
nhin & bai toan nay 1a tinh dong bac cta cac biéu
thirc duoc khai thac triét @&, dudi nhiéu goc d6 khac

nhau. Bai toan nhu modt bic tranh thit nhiéu mau
sic!

Bai toan 2 (Italia MO) Cho a, b, ¢ la ba s6 thuee

thuéc doan [0; 1]. Chitng minh rang:
a+b’>+c° La’b+b’c+cla+l.
Loi gidgi 1 (Pdp dn cia ban to6 chirc ky thi).
Bién doi BPT can ching minh:
a’ +b*+c* <a’b+b*c+cla+l
Sib—a-+betcatrl=—b—c >0.
2

Vi 0<ag<1 nén a>a* & c’a>ca
Do d6: (b—1Da* +b*c+c*a+1-b*-c*

>ib=atr bre+cta® 1=t ¢

=(c* +b—Da’ +b*c+1-b* —c*.

Xét ham so f(@) = +b-Da* +bc+1-b* -
trén doan [0; 1]. Lic nay bai todn dugc chuyén
vé viée chimg minh: f(a”) =0, Va* €[0,1].
-THl: ¢ +b—1=0< = H=b

Khi d6 f(a")=bc+1-b"-1+b=b'c+(b—b")=0.
BDT nay ludén dung vi b<[0,1] nén b > b*.
.TH2: ¢*+b -1 # 0. Khi dd f(a®) 12 ham sb
bac nhét véi bién 1a a® trén doan [0; 1], dd thi
ham sé f(a®) 12 mdt doan thang. Nhu vay dé
chimg minh f(a®)> 0, ta cin phai ching minh:

{f(D) 0

J1)=0
=-b’(1-c)+(1-c)1+c)=(1-c)(=b* +1+c¢)
=(1-c)[c+(1-b*)]20.

Diéu nay hién nhién ding vi b,c €[0;1].
f)=c*+b-1+b’c+1-b*-c

=b*’c+(b-b*)>0.
BDT nay ding vi b,c €[0;1].
Vi ¢a hai trudng hop da xét, ta déu cé:
f(@*)=0 véi ae[0,1] (dpem).

. That vay: f(0)=b’c+1-b"—-¢?

Loi gidi 2 (cua tdc gia). Tix gia thiét ab,ce[q]]
suy ra: (a—1)(b-1)(c-1)<0
< abc—ab—bc—ca+a+b+c—1<0
<:>a(l—b)+b(1—c?)+c(1-a)El—abcﬂ1 (1)
(do abc>0). Mt khéc , vi a,b,c €[0;1], nén
a(1-b)+b(1-c)+c(1-a)
>a* (1-b)+b*(1-c)+c* (1-a) (2).

Tir (1) va (2) suy ra

a’(1-b)+b*(1-c)+c* (1-a)<1
S at+b*+c? <a’b+b’c+c’a+1 (dpem).

Dau dang thirc xay ra khi (a,b,¢)=(1,1,0) hoic
(a,b,c)=(0,0,1) va cac hoan vi ctia 2 b sb trén.

TOﬁNH C
Laie 29
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Loi gigi 3 (ciia tde gia). BT can chimg minh
tuong duong voi :

az(lwb)+b2(1—c:)+c'2 (l—a)il. Ao HO_ (P —5)?

Mat khac; az(lmb:+b2(1—-(:')+cz(1—a) L ke

| 2

Ea(l—b: +b(116)+£3(1—a)+ab{?_ minh BDT f(yz)>0, Vyz e ;(I_I)

Xét ham sb: fOz)=Bx-Dyz+x° -x+-}£ trén

——

. Nhu vy ta phai chimg

4
Ta s€ ching minh: : ¥ 1_
a(l—b)+b(l—c)+c(1~a)+abcil. gt vy New 3I“1=O¢>I:'§’ LIS
Ta co:; a(l—b)+b(1—c)+ﬂ'(l—a)+abci1 f(y)__-g—% :}1—:51-6-:}[} Suy ra BDPT;
> a+b+c—ab—bec—ca+abe<], £(y2)= 0 hién nhién dtng.

BDT nay hién nhién ding do a,b,c e [U; I]. 1
: ’ Néu 3x-1#0< x %=, khi d6 f{yz) 12 ham s
Nhn xét. . Trong ba cich tidp cin trén, gia thiét o

! 4 | = e 2 ~ r
a,b,ce [0; I:l dugc khai thac dudi nhiéu khia canh. bac nhat. Trén doan | 0; d :) dd thi ham so

fyz) 1a mot doan thang. Liic nay dé chitng minh

- Diém hay trong cach xir Iy cua 161 eiai 1 13 ta da
van dung duoc tinh chat coa doan thang dé chimg

minh f(x)=>0, Vxe [{1; B] ma khong phai xét tinh 7 (_0) : =20
, » . - ; T |t cA i ) . 5 e
chat dong bién, nghich bién ciia ham so6 fx). f(y2)20 ta s& ching minh: ; f (1-x) >0
Nhu viy dé chimg minh Ji(x)<0, Vx E[U.;B:l Vo1 f bl : 2
S 2 S ; ; X ; .
la ham bdc nhat trén [a,B] thi ta chi can ching That viy: £(0)= x> —x +l: A___l_ > 0:
. = 2
minh < f([x,)ﬂ[] 7 2
f(B)<0 =) bt (1—1)“ i
: . 14 fer Px=lsey Mt
Bai todn 3 (US4 MO). Cho ba s6 thuc khong dm ;, 1 Ry = i V5
X P2 z‘fma man diéu kicn x +y+ z= 1. Chitng :1 ,1:( X — ’H-g] =it-_r (g;ﬂ%) -;-% >0
ninh rang: x> +y’ +2° +6xyz > — . Lo - \
sl A e e 4 (1) (vi 0<x<1). Trong ca hai trudong hop ta déu
Loi giai 1 (Pdp dn ciia ban t6 chire ky thi). co f(yz)=0. BDT (1) ugc chimg minh.
Tir gia thiet, suy ra: x,y,z e [0; 1]. Ta co: Loi gidi 2 (cita tde gia). Ta co
> R
X’ +y +2° +6xyz }_% (1)< (3x—1)yz '*(f —X "‘z) = ()
N I )+6l}?2—-j-1~2 0 Ta s& chiing minh BDT (*). That vay, khong

; mat tinh téng quat, gia sax = max{x, Y, z}. Do
& x” +(1-x) =3yz( —Xx)+6xyz——2>0

4 x,y,:e[ﬂ;l] nén _rzl <3x-1>0. Hién
(doy +tz=1-x) 3
2
@x‘+1~3x+3x2—x3—3y3+3xy2+6lyz—%20 nhién: yz>0 va J:E—x+%={x—%) > ().

< Bx-1Dyz+x° -—x+i 20. Ta danh gia tich Vay BDT (*) duoc chimg minh.

Nhidn xét. O cach tiép cin tht 2 véi viée gia

+zY  (1=x)
30 yz. Taco: (< VZ S < (-YT] = ( 4I ! SU X = max {I, }‘,E} dem lai hiéll qui that bﬁit ngﬁr,
' | mot cach tiép can cua sy trai nghiém.
TOAN HOC ;
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Bai toan 4 (/MO 24 — France ). Cho a, b, ¢ la do
dai ba canh cua mot tam giac. Chirng minh
ulh(ci ----h_) 1 h}i'(h' {) "i"('jd(i"""* Gz 07 (1),

Lai gidgi 1 (Khai thdc yéu 16 hinh hoc).

Gia st dudng tron ndi tiép

AABC tiép xtc VvOi céc

canh BC,CA,AB lan luot

tai M,N,K.

Dit AN = AK = x>0, -
BK =BM =y >0, TN

_ i

CM=EN=2z>0: Y MRS

Ta co: a=y+z,b=z+x,c=x+y. Khi dé

BDT (1) duoc viét thanh

(y+z]1 (x+2)(y—x)+(x+z : (2+y)(z—y)
x5 (42)(3-2)20

& xy +yz 4ox —xyz(x—l—ydﬂz) > ()

A

o .xy?’ +y33 + 2% 2xy:(x+y+:)

W SRS

Ap dung BDT Bunyakovsky cho cic bd sd
Vz;xs.fy va
R i

[J_ \/_+J- T+ﬁ J_J (.w:+y+:)[};+;+i]

. ko Vo2 o2
ﬁ:}(.ﬂ-}*—[—:)"5(.r+y+:)['——~—+" +- }

, 1a cO:

A e
2 L ED

& —+—+—2x+y+z (dpcm).
Zo ey Ly

Loi gidi 2 (Phuong phdp ham sé). Do BPT (1)
khong ddi qua phép hoan vi vong quanh nén ta
gila st a = max (a, b, c¢). Xét truong hop:
a>b=c. Chia 2 vé BPT (1) cho ¢*, ta dugc:

(322l
C (8 il = C C &5 C

Dit = 0 os w S ohi GO BBTO)
¢ C
trd thanh: Xy—x’y +y’ -y’ +x—x>>0. Xét

ham s6 f(x) =yx ﬁ(yg Jrl),:lrr2 Ly

trén khoéng |1;+00). Ta ¢6

il z)=3x" —Z(yz +1)x+1

£7(x)= 2[3yx-(y1 +1)} > 2[3}9 ~(»? +1)}

=2(2y*-1)20,Vy>1. Suy ra ham sb

f'(x) dong bién trén [1;+00). Khi d6:
(027 ()= -2y+1=(y-1)(5* +y-1)20, ¥y > 1.
Suy raham s§ f(x) dong bién trén [1;+00).

Do d6 f(x)2f(y)=y*-2y*+y=y(y-1) 0.

Vay yx’ = (3% +1)x" + x4y —y* 20,

Lam twong tu dbi voi trudng hop a>c2>b ta
ciing nhan duoc két qua trén.

Loi giai 3 (Van dung BPT hoan vi). Ta co:
(D) adb+bc+caza’b’ +b*c* +cd .
Khong mat tinh tong quat, gid st a>b = ¢. Khi

do bc <ac <ab . Xét hiéu:

(@® +bc)—(b* +ac) =(a-b)(a+b)-c(a-b)

=(a=—b)(a+b—c)20 (vi a,b,c 1a dd da1 3
canh cua tam giac). Chung minh twong tu, ta
duoc: (bz +ac)-(c?2+ab)20f St dung BDT
hoan vi véi 2 day so sip thir tw ngugc chiéu
nhau: bc<ac<ab, a +bc>b>+ac>c* +ab,

ta co: be (az - bc)+ac(b2 + ac) ~h::zf:>(a:::*2 - c:zb)
< bc (bz + ac) + ac(cz +ab) B ab(ag +bc)

& ab + bt +ctd <a’b+be+cla
Lam nhu trén vl truong hop a=c > b, ta ciing
c6 két qua tuong tu.

Két Iudgn. V6i nhiéu cach tiép can khéac nhau, giip ta
16t ta duoc ban chét cua bai toan, nhin dugc bai toan
tir phia bén trong, ndm chic “cai 1y”, “cai ¥ tm::-'ng
khai thac bai toan. Diéu quan trong ]a ta can cap
nhat, tip duot, tw minh rén luyén nhiéu cich tiép
can, kham ph4 gia thiét clia bai todn, tao cho minh
nhiing kinh nghiém, nham tiép cin bai toan médt cach
hop ly, thong minh. Qua d6 hinh thanh dwgce nhiimg
101 giai hay.

: TOAN HOC
S0 466 4-2016)  * CTuGilré 3 1
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g ap chi Todn hoc & Tudi tré (.5'0 237, Thang 3

nam 1997) da dang mot bai viét khd hay cia
tdc gia Vo Kim Hué vé “ Dinh Iy bén diém va cdch
chimg minh hai dwong thang vuéng eéc voi nhau”.
Sau do, tap chi cd gidi thiéu thém mgt sé bai viét
xung quanh vin dé nay. Noi dung “ Dinh I bon
diém” nhu sau:

Ménh @é 1. Vi bon diém A,B,C,D thi AC | BD
& AB? +CD? = AD? + BC?.

Ching t6i mudn ban thém mét vai khia canh khac vé
dinh 1y trén.

1. Khi sit dung “ Dinh Iy bbn diém” phai ding cac
phép bién ddi dai sb. Néu céc phép bién ddi dy phirc
tap, can can nhic xem c6 thé gidi thuin tiy bang hinh
hoc khong. Xin néu mot vai thi du:

Bai toan 1. Cho hinh chir nhit ABCD. Duong thine di
qua D vuong géc véi duong chéo AC cét BC tai N. Goi
E va F twong itmg la trung diém cia CD va CN,
Chimg minh rang AE 1. DF.

Léi gidi. Cach 1. St dung “ Pinh 1y bdn diém”
(TH&TT s6 237 thang 3 nam 1997).

bat DE=EC=x,CF=FN=y,AD=BC=a (h.1).

A 2 B

e

S D
Hinh 1
Khi d6 AB=2x,BN=a-2y,BF=a—y .
Vi DN L AC theo gia thiét, nén

AD? + CN? =DC? + AN?
& a* +4y? =4x% +4x7 +(a—2}'}2

2t —ayl):

TOAN HOC
32 clusilre
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BON BIEM

LE THI NGOC THUY
(GV Khoa Tu nhién, CDSP Nghé An)
Ap dung “ Pinh Iy bén diém” cho ti gidc 16i ADEF
cO AE 1 DF <& AD? + EF? =DE? + AF?
& a?+x2+y? =x2 +4x2 +(a—y)z ZXT=y.
dung theo (1).

Cach 2 (Dimg thudn tity hinh hoc). Vi hai tam g1ac
vuong DAC va CDN dong dang, nén hai trung
tuyén tuong img AE va DF chia hai tam giac do

thanh nhimg tam gidc twong Ung dong dang. No6i
neng, hai tam glac AEC va DFN d6ng dang. Tir

d6 CAE = NDF , mda AC LDN theo gia thiét nén
AE | DF .

Bai todn 2. Cho nr gide ABCD ndi tiép duong tron
(O;R ) va ngogi Ift:‘ii!} dieong trom (I ;r). Goi M, N,
P, O tuwong vmg la cdc tiép diém cua (I ;r] voi
DA,AB,BC,CD. Chimng minh rang MP L NQO.

Léi gigi. Cach 1. Dung “Pinh 1y bén diém”
(TH&TT, sb 367, 1/ 2008). Goi E,F 1in luot la
giao diém ctia PQ v6i CI ; MN véi Al (h.2).

Hinh 2

Khi dé wi ABCD ndi tiép nén

BAD + BCD =180°. Tir tinh chéit tiép tuyén ta cé

tr giac

IAM +ICO = (DAB i BCD) 900

Tir &6 IAM = CIQ = AIAM 2 ACIQ
IM _ MA
CQ Ol

Tuong tur, hai tam giac INB va DMI dong dang

v&1 nhau nén IN? = DO.BN.

PDat AM =AN=x, BN=BP=y, CP=CQ=1z,

= IM? =AM .CQ .

https://tieulun.hopto.org



DO=DM =r.Twdo r> =xz=yt.
1 1 1 4 | gl
Mat khic - = + = =
‘ MF?  MA? MI? ~ MN? x2 2
232 gites 2
e ATNZ 427 4,1: Xz _4x%z .
X*+xz xX4+xz x+z
2 2 2
Tuong tur, PQ1=4L S NP2:4y r, MQ2=4“W ;
Xt Z y+1I Vbl

2 o]
T d6 MN2 + P@2 =352 A%2° _ 4 4

Xk Z f npXiec b 7
12 2
Tuong tu NPE+MQE=4} f--|-4yf =4yt =4r? nén
y+t y+t

MN? + PQ? = NP2+ MQ* . Viy MP | NO .

Cdch 2 (Dimg thudn tiy hinh hoc). Ta thdy céc tir
grac AMIN,CPIQ ndi tiép nén

ﬂ}}ﬁﬂ”ﬁ}@:(mm —JﬁD)Jr(lSO“ —BEB)
— 3609 —(BE+§FD)=3GDD ~180° =180°.
Goi H 1agiao diém ctia MP va NO .

Trong duong tron (I;r) ,c6sd MHN = sd MN;PQ
=sd MO =90° nén MP | NQ.

2
2. NoOi vay khong phdi ha thap gid tri “Dinh 1y bén
diém”. Thue t&, ¢ nhicu bai toin gial dugc nho s
dung “Dinh Iy bon diém”, nhung mot 101 eiai “thuin
thy hinh hoc” ching t6i chwa tim duoc (xem thém
phan bai tdp). Nhung didu thir hai chiing t61 mudn
lwu y: chinh nho vao “cic phép bién dbi dai s6” ma
viéc sir dung “Dinh 1y bén diém” gitip ching ta d&
mo rong bai todn da cho hon, ddc biét khi phai co su
hoé tro cua *coOng cu luong giac™.
Bai todn sau ddy rat quen thudc véi céc hoc sinh yeu
toan.

Bai toan 3. Dung vé phia ngodai tir gicde ABCD cdc
hinh ABMN ,BCPQ,CDRS,DATV va goi

0,,0,,0,,0, fuong vng la tam cac hinh vudng do.

VHOng

Chimg minh ring O,( 2050, .

Cach gidi thuong gip la sir dung “thudn tay hinh
hoc”: Goi M Ia trung diém cia AC, chitng minh
hai tam gidc O,MO,,0,MO, vudng cin tai M . Sau
d6 chimg minh hai tam gide O,MO,,0,M0O, bing
nhau dé suy ra 0,0, 1 0,0,. Ban di thtr ding
“Dinh 1y bon diém” dé giai bai todn ndy chua? Riéng
ching té1 khi dimng “Biﬂ]{{ ly ]:3611 diém” dé giai ]}:?ai
toan nay da thu duoc nhiéu két qua tha vi va tong
quat hon. Sau day 14 mdt trong ching.

Bai todn 4. Dung vé phia ngodi nr giac ABCD cac tam
giac can tai 0,,0,,0,,0, twong ing: AO,B, B( LE,
CO,D,DOA  sao cho OAB=OBA=a,
0,BC=0,CB=f,0,(D=0.DC=a,
O.DA=0,AD = f véi a+ f=90°.

Chitng minh rang ( 20, 100, .

Loi gidi. (h.3)

0;
Hinh 3
Dat AB=a,BC=b,CD=c¢,DA=d .
Tir gia thiét suy ra
a b
s O B— :
2cosau i Wlcosip

Ap dung dinh i cosin cho tam glac O,BO, c6

0,B =

0,03 =0,B% +0,8° ~2.0,B.0,B.c05(90° + AR)

LA g —+ : +2 g0 .Sin ABC
dcos’ ¢

" 4cos? B 2cosa.2cos 3
a* ht 1

= + + S,
4cos’a 4cos* B cosa.cos f A5

Tuong tu
62 d? 1
0,0:; = + + it
7% dcos?a  4cos? B cosa.cos B AP
ﬂz bi
+ +
4cos* ¢ 4cos? fi
= d? I

+ + -+
dcos* @ 4cos? f cosa.cosff

al bl
4cos’ a & 4cos? i
- G = S + 1 S
4cos’a  4cos’ B cosa.cos B 4B
nén O,0; +0,0; = 0,0 + 0,0?.
T d6 0,0, 10,0, .
Bai toan 3 1a truong hop dac biét cua bai toan 4 khi
a=[=45". Vo1 a =30°, f=60° nhin duoc.

Do d6 0,07 +0,0? =

SABC'D

Tuong tw 0,07 +0,0? =

S6 466 (4-2016)




Bai toan 5. Dung vé phia ngoai tir gide ABCD cdc
tam gidac deu ABM,BCE,CDN,DAF va goi O,,( )sis
(,,0, tuwong ung la tam cac tam giac deu do. Chirnge
mmh O,CQ, | EF; 0,0, 1 MN.

3. Bé chung mmh AC L BD trong nhiéu truong
hop nén dung két qua sau tuong duong voil “Dinh ly
bon diém”.

Ménh aé 2. Vi bon diéem A,B,C,D thi AD 1 BC
<> AB? —AD?* =CB? - CD>.

Bai toan 6. Cho A ABC noi tiep dwong tron tam O
voi B ¢6 dinh va A, C di déng trén (O). Cdc dwong
tron bang n'»:fp o6¢ A va goe C tiép xiic voi AB va CB
kéo dai twong wung tai M va N. Chirng minh rz?ng
dwong thang di qua tém dwong tron noi tiép tam
gidc ABC va vuong goc voi MN [uon di qua mot
diém ¢o dinh.

Loi gigi. (h.4)

Hinh 4

Goi K 1a diém d6i xtimg ciia B qua O va I latim
dudng tron ndi tiép AABC thi K c¢b dinh. Ta s&
chimg minh K7 1 MN .

Pit BC=a,CA=b,AB=c va 2p=a+b+c. Khi

d6 AM=CN=p.Goi P,Q thir tu la céc tiép diém
ciia dudng tron ndi tiép AABC trén cic canh AB,
BCthé thi AP=p—a,CQ=p—c, BP=BQ=p-b.

Ta c6 KM? — KN? =(KA* + AM? }-(KC? + CN?)
= KA? —KC? (vi AM =CN) =BC? —BA? (1)
Mit khac IM? —IN? =(IP* + PM?)—(I1Q? + QON?)
=PM? -QN? (vi IP=IQ)

—(AM - AP)’ —(CN —CQ)’

=[p—(p-BC)[ ~[p-(p-4B)] =BC? -BA2 (2)
Tir (1) va (2) suy ra KM?* — KN? = IM? — IN® nén
KI 1. MN (dpcm).

TOAN HOC
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Loi két. Sau khi viét bai ndy, chung toi cang tham
thia bai hoc: Co khong it bal bao da dang trén Tap
chi Toan hoc & Tudi tre dang o dang mo, con bao
dicu bi mat giﬁu sau ching cho ban doc khai thac,
phat hién.

BAI TAP
Giai cac bai toan sau day bang hai phwong phép: sir
dung “Pinh 1y bon diém” hodc dung kién thic “hinh
hoc thuan tay” (néu dugc).
1. Dung vé phia ngodi AABC cac hinh vuéng
ABDE,ACFG va hinh binh hanh EAGH . Ching
minh ring:
a) AH 1 BC;
b) Cac dudng thang AH,BF,CD dbng quy.
2. Cho AABC cén tai A. Tu trung diém M cua
canh BC ké MH wvuong goc vol AC. Go1 N Ia
trung diém ctua MH. Chimg minh ring AN | BH
(Olympic Toan Bac Kinh, 1968).
3. Dung ngoai hinh chit nhat ABCD céc hinh vudng
CDFE va BCHK.
Chirng minh rang AE 1 FH.
4. a) Trén canh BC cua hinh vudng ABCD ta lay

doan BE =% _ trén canh DC kéo dai ta 1y doan

CF =% . Chtmg minh rang giao diém cia AE va
BF nim trén dudng tron ngoai ti€p hinh vudng
ABCD (Olympic Toan Hungari, 1951) .

b) Phat biéu bai todn tong quat.

5. Cho AABC cin tai A ndi tiép duong tron tim
O .Goi D latrung diémcua AB va E 1a

trong thm AACD. Ching minh ring OE L CE
(Olympic Toan Anh, 1983).

6. Cho ngii gidc ABCDE v6i EAB=ABC =90,
AE = BC . Chimg minh ba duong thing di qua ba
dinh A,B,D tuong Ung vudéng goc vO1 cac canh
CD,DE,AB dong quy.

7. Gia st H 13 truc tim va P 13 mét diém nim
trong AABC . Goi L,M,N lan luot 12 hinh chiéu
vudng gbc cua H trén PA,PB,PC. Giasu D,E,F
theo thtt ty 1a giao diém cua cic duong thing
HL,HM,HN vo&i BC,CA,AB. Ching minh rang
D,E.F thang hang.

Ghi chii. Ba bai toan cudi cing ching t6i chua tim
duoc cach giai “thudn tay hinh hoc”.
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% iéc phat minh ra phép tinh vi - thh phan dugrc
xem 12 thanh tuu toan hoc vi dai nhét cia thé ky
XVIIL Thanh tuu nay co ban da két thiic giai doan lich
str todn hoc so cap dé buoc sang mot ky nguyén moi -
ky nguyén toan hoc cao cap. Phat minh vi dai trén gin
lién véi tén tudi cta hai nha toan hoc thién tii: Isaac
Newton (1642 - 1727) va Gotifried Wilhem Lebniz
(1646 - 1716), nhung thuc ra ¥ twéng vé nd da duoc
hinh thanh hon hai nghin nam trudc va da trai qua bao
thang tram lich sir @& thiang hoa dwoc vao thoi dai vin
héa phuc himg ctia loai ngudi. Trong 1an néi chuyén
v31 cac sinh vién va giang vién Truong Pai hoc Vinh
(15/12/2015), Gido sw Ng6 Bdo Chau da nhan manh
rang, cai quan trong nhat viét nén nhimg trang chéi loi
cua lich st toan hoc la nhilng y firong déc ddo cia céac
nha toan hoc. Trong bai bdo nay, t6i xin diém qua
nhimg v fwong nguvén thuy dan téi viéc phat minh ra
phép tinh vi - tich phén.

I. PHUONG PHAP VET KIET CUA EUDOXUS
Mot trong nhimg dong gop quan trong som nhat cho
bai toan cau phuong hinh tron thudc vé nha bic hoc Hy
Lap cO dai Antiphon (khoang 430 nam TCN). Theo
6ng, bing cach li€n ti€p nhan doi sd canh cua mot da
oidc déu ndi tiep mdt dudng tron thi hiu sb glufa dién
tich ctua hinh tron vé1 dién tich cia da giac cudi cing sé
bi vét kiét. Lap luin nay vira dugc cong bd di bi phé
phan quyét liét, vi bi xem 12 vi pham vao nguyén 1y céc
dai lwong 14 chia duoc vO gidi han, ring qua trinh cla
Antiphon khong bao gio sit dung duoc cho té1 khi da
gidc cudi cling lap day hinh tron di cho!

Tuy nhién, Fudoxus (khoang 370 nam TCN) lai dua
trén v tudng cua Antiphon dé dua ra phuong phdp
vet kiét, duge xem la mét phat minh ddc dao cua
nguwdi Hy Lap c6 dai. Phuong phip vét kiét thira
nhan tinh chia hét v han cta dd 1én va dua trén
ménh dé co ban sau day: “Néu tir bdt kp mot dai
leong nao bo di mot phan khéng nhé hon mot nira
ctia no, ¥oi tir cho con lai bo di mot pha:n khdc khong

nho hon mot mra cua no, van van thi cuoi cung sé

CON Ic;:e.{ mot dai lwong nho hon bét ky dai lvong nao
duege an dinh cung logr”.

Ta hay st dung phuong phap vét kiét dé giai bai
toan sau:

ki by s e e
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NGUON Gc“")c NGUYEN THlle CUA

f PHEP TINH VI - TICH PHAN

LE QUOC HAN
(GV Khoa Todn PH Vinh, Suu tam va bién mcm)

Bai toan 1. Gia sir S, S> la dién tich cua hai hinh tron
co duong kinh tiwong tng la d,, d». Chirne minh HH?”’

S, :S, =d? :d?

)

Trudc hét, theo ménh dé co ban, ta chimg minh réng
hi€u dién tich gitra mét hinh tron va mét da giac déu
nodi tiép hinh tron d6 nho bao nhiéu cung duoe. Goi
AB 14 canh cia mét da gidc déu noi tiép hinh tron va

M 14 trung diém cta cung nhd AB (h.1).

1 - ]

V1.8 par = EShemRSB nen S gy > ESFHFAMB'

Suy ra, bing céch tang gap

doi 30 canh ctia da giac déu 2 M S
ndi tiép ta s& lam ting dién "

tich cua da giac hon mét mra 4= B
hiéu dién tich gifra hinh tron
va da giac. Do do voi sd 1an
ting gap d6i so canh du 16n thi
ta c6 thé lam cho hiéu dién
tich giita hinh tron va da giac
nho hon bit ky mot dién tich
nao da duoc 4n dinh.

Tré vé bai todn di cho. Gid thiét phan chimg rang
S, :8, > d :d;. Theo chimg minh trén, ta c6 thé noi
tiép duong tron co dién tich S; mot da giac déu co dién
tich P, <S,décho P :S, =d{ :d>. Goi P, 1a mét da
gidc déu ndi tiép dudng tron ¢ dién tich S, va dong dan ang
vo1 da giac déu co dién tich P,. Theo mot dinh Iy da bict
vé da giac dong dang ta c6 R:PR =d’:dz. Tado P, :
S, =P, : Py, suyra S, = P, 12 diéu khong thé xay ra. Lap
luin twong tu, ta thdy khong thé c6 S, : S, <df :da.
Tirdésuyra S, : S, =d> :d2.

Tir Bdi fodn 1 truc tiép suy ra dién tich S ca mét hinh
tron duong kinh d'1a S = &d” véi k 13 hing s6 cho moi

Hinh 1

hinh tron. V@ sau ngudi ta x4c dinh dugc & = 3}

Trong s6 céc nha todn hoc Hy Lap c6 dai thi Archimedes
(286 - 212 TCN) la nguoi ¢6 nhing ung dung dep
nhét vé phuong phap vét kiét va Dng tro thanh nguot
dau tién tiém can vdi phép tinh vi - tich phan hién
nay. Sau diy 1a 16i giai cua 6ng vé cach tinh dién
tich (cAu phuong) mot phan ciia parapol.
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Bai todn 2. Cho trude mot phan parabol véi day
triong cung AB. Duong thang di qua trung diém I,

cua AB va song song voi truc cua parabol cit AB
tai C (h.2). So sanh dién tich phan parabol dé véi
dién tich tam giac ABC.

Goi M va N lan luot 1a trung diém ctia AC va BC.
Céc duong thang ké tir M va N song song v&i CL cit
AB twong ung tair D va E. Archimedes d4 chi ra

S.icB
4 b
nay suy ra di€n tich cia phan parabol di cho bang

1 ] 1

rang Sepy+Seep =—A%L Bing céch lap lai ¥ tuong

S 4 +4SAE£ +43 S 4Bc +4 S 4c + -
L | 1 4
[14‘4'5‘42 +43 +'"JSABC =_3-SABC'

O diy ta d3 1am gon
bancr cach lay 2101 han
mng cua mot cép sb
nhin; con Archimedes
thi sir dung cung cong cy
hai l4n dwa dén vo Iy cua
phuong phép vét kiét.

Trong cac cong trinh cuia
minh vé mot s6 dién tich
va thé tich, Archimedes
da dat t&i nhitng két qua tuong duong ctia mot sb
tich phin x4c dinh trong cac sich gido khoa vé phép
tinh v1 - tich phan hién luvu hanh.

II. PHUONG PHAP CAN BANG CUA ARCHIMEDES

Phuong phap vét kiét la mot cong cu tot dé chimg
minh mot cong thirc khi da biét két qua, nhtmg lai
khé kham pha ra céc két qua. Pé khic phuc diéu do,
Archimedes da dua ra phiong phdp cén bang. N6 dugc
tim thay trong mét ban sao luin vin ciia Archimedes
gui Eratosthenes (khoang 230 nam TCN).

Tu teong chinh cua phuong phdp nay la: dé tim mét
dién tich ho#ic mot thé tich thi céit no thanh mdt sd
rat 16n cac giai phing mong song song hodc cac 16p
mong song song va tuéng tuong treo ching & mot
dau tam d3 duoc xac dinh.

Bai toan 3. Tinh thé tich hinh céu biét ban kinh ciia
né bang r.

D3t hinh cdu da cho cling duong kinh cuc clia nd
doc theo mdt cuc nam ngang x’x v4i cuc bic N tai
goc (. 3). Dung mét hinh try va mét hinh nén tron
xoay bang cach cho quay hinh chit nhit N4BS quanh
truc x ’x. Bay gio cit tir ba hlnh khoi @6 nhitng lat cit
thing dimg (thia nhin ring ching déu la nhimg
hinh tru det) cich N mdt khoang bang x va ¢6 chidu
day 1a Ax. Theo két qua Bdi todn 2, thé tich ctia cac lat

S6 466 (4-2016)

cit nay xé‘ip Xi bﬁng: * hinh cdu: ¥V = me(2r — X)Ax;
* hinh tru: ¥, = n#°Ax; * hinh nén: V5 = mx’Ax.

Ta treo céc 14t cdt & hinh cu va hinh nén tai 7 trong d6
IN = 2r. Moment hop cuia ching quanh N la
[nx(fir — X)Ax + m:%).] 2y =4nrixAx (moment cla

mot thé tich vét thé

quanh mot diém 1a

tich ctia thé tich dé

vol  khoang cach A
vuong goc tu diém

dy to1 duong thing
ding di qua trong T
tAm vat thé da cho).
Két qua nay bang
bon 131:1 moment cuia

1at cat tir hinh tru ma

ta dé nguyén vi.
Cong mot s6 du 1én
céc 14t cat ndy ta dugc 2r(V +V, ) = 4rJ;.

Hinh 3

43

3
Tu do 2r[V+8?§r j:S’n:r“. Suyra V =

Day la lo1 giai cua drchimedes trong method. Tuy
nhién ban than 6ng khong yén tim véi 11 giai d6 va
da sir dung phuong phéap vét kiét dé dua ra mot phép
chirng minh chit ché.

Trong phu*cmg phép cén bang, ta nhin th&y su dep dé
cua y tuong vé mot do 16n thé tich c6 thé xem 1a hop
béi mdt s6 du 1on cac bd phan nguyén tr. R6 rang so
VOl phu:cmg phép hién dai vé gi¢i han thi phuong
phép cin bang cla Archimedes c6 thé 1am cho né tr&
thanh chit ché va vé co ban giong nhu phép tinh tich
phan hién nay.

. NHUNG BUOC KHOI PAU CUA PHEP
TINH TICH PHAN O TAY AU

Dén gilra thé ky X VI, cac cOng trinh cua Archimedes
méi dén duoc Tay Au qua ban dich duoc Johann
Muller, thudng goi la Regiomontanus (1436 - 1475)
4n hanh nam 1540. Nhung mii dau thé ky XVII cac
tu twéng cta Archimedes méi dugc phat trién xa hon
0 luc dia nay.

Hai tic gia dau tién cua thoi cin da1 da dung nhimng
phuong phip cé thé so sanh véi cic phuong phap
cua Archimedes 1a hai ky su Simon Stevin (1548 -
1620) va Luca Valerio (1552 - 1618). Modi ngudi da
co gang tranh viéc hai lan dua dén vé Iy cua phuong
phép vét kiét bang cach cho qua gi6i han. Chang han
trong mdt cong trinh vé thity tinh hoc, Simon Stevin
da tim ra ap luc cua chat 1ong 1én mot ddp hinh chir
nhat thang dung bing cach chia dép do thanh nhiing
dai méng nam ngang rdi cho quay cac giai do quanh
cac cac canh bén cho téi khi ching song song véi
mdt mit phing nim ngang.
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CACH TIM BO BA PYTHAGORE
VOI SO TU NHIEN

NGUYEN VAN HIEU
= (GV THCS Vinh Hung, Phii Léc, Thita Thién Hué)
A 0t 50 thay c6 khi day bai dinh Ii Pythagore (Aiink = NGEE 70 MR 721 o Tl
hoc 7), thuomg hay ling tling khi ra dé kiém tra ~ Vidw: voic=Tthib=——=24 vi a= —— =125

hay bai tap lam the nao dé chon d¢ dai cac canh cua tam
gidc vudng la cac s6 tw nhién. Sau mdt thoi gian tim toi
nghién ctru chiing t61 xin trinh bay hai cach tim bd ba véi .,
s6 tir nhién sau day Ta c6: (2n) +(n” - 1) =(n? +1)
Bai toan: Cho A ABC; A = 90°, 4B = ¢; AC = b va

BC = a. Tinh a va b theo c. Dé tién cho viéc tim cong thirc

Vay (c; b, a) = (7; 24; 25)
B. Trudng hop c 1a s6 chin

Dodé:c=2nthib=n"—1vaa=n*+1
SR Vidu: Véic=8thib=4-1=15vaa=4"+1=17
ta gia thiet rang: 0<c<b<a,3 < ¢; b;ac N. Vay (c; b; a) = ( 8, 15, 17).

A. Trudng hop c1a so 1é Tém lai. Ta c6 cdng thirc tim bd ba Pythagore:
L A - 2

2 2 7 2
Ta c6: (2n+1)+ (2”**"2‘) g (2”+21) Sl Véic=2n+1 thib= L vaa= & ;1
L el : Voic=2nthib=r'—1vaa=n"+13<n;n eN).
i e i (2?14‘1)2 =L e =l Nhén xét. Ta c6 nhiéu bd ba Pythagore khac nhau, vi
Dotosesing Ll 02 s ——=——; du nhir: (12, 16, 20), (12, 35, 37),.....vA ciing c6 nhidu
(2n+1 P2 cach tim b¢ ba Pythagore khac. Trén day trinh bay hai
Vi g= >+ - +1 cach tim by ba Pythagore v sO ty nhién. Mong quy

f:' k - a, " " r -
- 2 thay cd va cac ban doc dong gop thém.

oo DRSO RDODOD -'Il-l"'ll-'l-"l'-ﬂll".I-'!llE'IFI"I'II!I'I--Il"'l-I'I--'II"ll!"Ill-I"III'I'IIll'lll'l'ﬂll"llll'lﬂl"'"ll"lll"l'li L

= Déy la phuong phép hién dugc trinh bay trong cdc sach gido  Bai fodn 3, xét hinh ban cau & bén tréi ¢6 ban kinh 7, hinh
khoa so cap ve phep tinh tich phan. Nha thién van hoc vidai  tru ¢ bén phal cd béan kinh #, chiéu cao » véi mét hinh nén
Johann Kepler (1571 - 1630) 12 mdt trong s6 cac nha khoa  khoét ra, co day 1a day trén ctia hinh tru va dinh [3 tim cla
hoc chau Au sém phét trién ¥ tudng vé vo cung bé ién quan  day duoi. Hinh ban cAu va hinh tru bi khoét nam trén ciing
dén phép tinh tich phan. Theo dng, mdi duong tron ¢o thé  mat phang (h.4).
xem nhur mét da giac ¢é vo han canh Néu mdi canh ding Czit ca hai hinh
lam day cua mot tam giac co dinh tai tim hinh tron thi hinh khdi nay bang
tron 46 dugc chia thanh vo han cac tam giac nho co chif(u mdt mit phing
ca0 xap xi ban kinh hinh tron. Vi dién tich mdi tam gidc  song song véi
bang nira tich cta diy nhén voi chiéu cao nén dién tich cia  mit phing day
hinh tron bang nira tich ctia chu vi duong tron nhan voiban  va cach né mot Hink 4
kinh. Tuong tur ¢6 thé xem hinh cdu 1a hop v0 han cac hinh  khoang 4. Mat |
non hep ¢6 chung dinh 12 tim hinh cdu, do do thé tich hinh  phing nay cit ban cau theo mot thiét dién tron va khéi tru bi
ciu bing mdt phin ba dién tich bé mit nhan véi ban kinh. khoét theo mot thiét dién hinh vanh khuyén. Béng hinh hoc
Mit di phuong phap suy ludn trén khdng chat ché theo  so cp ta tinh duge mdi thiét dién déu co dién tich bang
quan diém toan hoc thuan tiy, nhung lai duwa dén nhitng két  7(* — #%). Theo nguyén Iy Cavalieri, hai hinh khéi d6 c6 thé
qua dung kha don gian. D6 1a nhitng “suy lufn ¢ Iy” ti€ém  tich bing nhau. Do d6 thé tich hinh cu V= 2(V; — V), trong
can dén phép tinh vi - tich phén theo quan diém toan hoc : ey pirell o : T3y b ettt
hién dai. N toén hoc Y S s (1598 - 40 V1= la the tich hinh tru vi ¥, == I thé tich hinh
1629) da phat trién nhimg v tuong cua Johann Kepler thanh 405
nguyén 1y mang tén 6ng: (1) Néu hai maupﬁzwzg dwoc chira  non. Tu do V = 3
gitta hai duong tkang song song va mau hai doan rhang frén Neyenily Crvalice:! i bty Stk g sauld5Htir
mgl duong thimg bar ky song song voi hai duong thiing rén g _ _ ;
bi chiing cdt ¢é chiéu dai bang nhau thi dién tich ciia cdc mau 4 o f"CEH'T” Fermat, P asc::zf, Saint - Vicent, B ergp @?g
phang do bang nhau;, (2) Néu hai hinh khdi dieoc chita  giita c6 hiéu qua trong viée lay tich phén cic ham x”, sinx, sin’x,
hai mat phaﬂ o SOng song va hai thiét dién ma chimg cat trén XSInx, ... Tuy nhién c6 khong it Dhlm g pheé phan nghiém ttc
mot mat phing song song voi hai mdt phang frén co dién tich ~ Xung quanh nguyén ly nay. Mai vé sau Isaac Newton va

bane nhau thi thé tich ctia hai hinh khéi do bémg nhaut Gottfried Wilhem Lebniz, doc 1ap v61 nhau xay dung dugc

Nguvén IV Cavalieri 1a mot cong cu 6 gid tri trong vige tinh ~ Mot Iy thuyet chat ché vé phép tinh vi - tich phén nhu trong
dién tich hinh phing va thé tich hinh khéi. Chiing han trong cac g1ao trinh giai tich chuan ngay nay.

TORN HOC
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TIENG ANH QUA CAC BAI TOAN

BAI SO 7

Problem. Given a rectangle paper of size

15 em = 20 em, fold it along a diagonal. Determine  Hence FD = - o B Sl . Thus the
the area of the common part of two halfs of the cosD,) 2 4 &
paper? (Question 12, HOMC 2014 exam). area of the triangle BFD is e AB-FD — 1875
Remark. HOMC: Hanoi Open Mathematics Competition. 2 16
Solution. We need to p_ C TU VUNG
compute the area of the | : :
trianzle BFD. Using the rectangle : hrmh chir nhat
fact that AB = ED, it is e oo SRR
easy to sec that two diagonal : duong chéo
triangles ABF and EDF m:m ; :‘ d“'?“ tu.h
are equal (asa). Therefore, Ifﬁfz*{" " I d t?'m gm S
the triangle FBD is isosceles with the base BD. ’_ g = ; tdl..n = e
Let FG be the altitude of FBD. In the right ¢"8/¢-Side-angle (asa) : goe-canh-géc (g-c-g)
BD 95 isosceles : tam g14c can (tinh tir)
triangle F¥GD, we have GD = 0% BT altitude : duong cao
e NGUYEN PHU HOANG LAN
and cos(D,) = == =" (Trieong DHKHTN, PHQOG Ha Noi)
e T T
Han giri bai dich: Muon nhat la hai thang sau khi ding bai.
BAI TOAN
Chimg minh rang day s6 {4, (n = 1, 2, 3. ..), trong do
|l omine ol A
A,=1+ -,15— .. T — ien tol dmmg VO CURE.
2 7.

Loi giai. Xét day con {4,"} (m=1,2,3...),tacd
| | T6es. il 1 lnglat 2l 2
=TS R W Ltal G e (T 5 =+ | 2+ = o
A =1 2,A4 1 > (3 4]>1+2 (4 +4} R 5
1 1 il | 1 | 1
A ]| Al S el o e Bl o et SR R, L () -
8o g (3 4} (5+6+7+8J T8 (4+4)+[8+

Bang cach nhém cac s6 hang theo cach trén, d& thdy ring 4,” > 1 + % Vi thé diy con {4,™} tién

1+1+1 —l+§—
B 818 2l di

t6i dwong v6 cung. Nhung day s6 da cho 1a diy dwong ting dan, nén diy nay ciing tién t&i duong
vO cung.
Luwu y. Y tuong phép ching minh trén 1a ctia Nicole Oresme (ngudi Phap, khoang 1323 - 1382). Ban doc
quan tdm c6 thé tim hiéu tiéu st ciia 6ng tai dudng dan
http:/lwww.nicole-oresme.com/seiten/oresme-biography.html

Nhdn xét. Cdc ban sau c6 101 dich chinh xdc, giri bai sém vé Tda soan: Ha Noi: Ta Duy Phuong, 9A, THCS My
Hung, Thanh Qai, Truong Thi Ngoc Bich, Tran Thi Hfing, 10A14, THPT Ngoc Tao; Yén Bai: Hoang Ngoc Diing,
10 Toan, THPT chuyén Nguyén Tat Thanh, TP. Yén Bai; Hung Yén: Nguyén Thu Trang, 10A1, THPT Duong
Quang Ham, Vin Giang; Ngh¢ An: Tdng Van Minh Himg, 9A, THCS Ly Nhit Quang, D6 Luwong, Vinh Long:
Chdu Minh Khanh, 10A1, THPT chuyén Nguyén Binh Khiém, TP. Vinh Long.

HO HAI (Ha Ngi)

TOAN H
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GIAI PAP: PHUONG TRINH LOGARIT
CO HAI DAP AN ?

(Dé diing trén TH&TT sé 462, thang 12 nam 2015)

Nhan xét. 1) Ban Bink d3 sai & budc bién dbi:

3 |
élug1 (x+2) = log, (x+2))2 = log, (x+2)
2 7 :

vi véi DK e thi x+2<0, do d6
—6<x<4

(x+2)’ <0 . Khi dd log, (x+2) khong ¢6 nghia.
:
Can nhé rang cong thic: ctlog, x=log x" chi

ding voi diéu kién x>0 .

Con cach gidi cua ban Phuong ding vi ban d3 thuc
hién phép bién ddi chinh x4c:

3 2

—log, (x+2)" =3log, ‘x +2‘ :

Zs 4
Va ban Phuong da tim ding dwoc nghiém cua PT da
chola x=2 va x=1-+/33. Tuy nhién ban Phirong
dd viét nham —2<x<4 thanh —2<x<—4 & hai phép
bién ddi cubi.

2) Cac ban sau d3 tim ding sai 1Am va giri bai sém vé
Toa soan: Ha Néi: Dink Vin Anh, 12A1, THPT Hb
Xuén Huong, s6 1 Nguyén Quy Dirc, Q. Thanh Xuén:
Nguyén Vin Diing, 10A14, THPT Ngoc Tao, Phic
Tho. Nam Binh: Trinh Tuin Giang, 11T2, THPT
chuyén Lé Hong Phong. Hai Dwong: Neuyén Vin Son,
[2A, THPT Bén Tam, Chi Linh. Hung Yén: Neuyén
Viét Dirc, Duwong Hong Son, THPT Duong Quéng
Ham. Van Giang. Nghé An: Nguyén Phimg Thdi
Cuwomg. 11A1, THPT Thai Hoa, TX. Thai Hoa.

KIHIVI

SAI O DAU ?

Trong git bai tidp ung dung tich phin dé tinh dién
tich hinh phing & 16p 12A3, Thay gido c¢6 néu bai
tap sau: Tinh dién tich hinh phang gidi han béi cdc
4—x

x=2"

Sau khi ghi bai tip trén bang, ban 7ink lién xung

duong y=x"-2x-2vi y=

phong Ién bing gidi. Sau day 14 161 giai ciia ban Tk
Phuong trinh hoanh d6 giao diém cua hai duong

V=it —2x—2v3 }7=4-—.r la :
x—2
e 2»4—‘1:
x—2
= =2 (e D)=4—x (x#£2)
[ x=0
<5 x3—4.r2+3x=0-c::~»x(xzﬁ4x+3)=0<:> x=1..
x=3
Dién tich hinh ph-;?ang can tim la;
1
S = ﬂr —2x—-2— d?s:+ f 2— ;dx
0

1
J(r —2x— 2—4 I}h‘+ J(r —2x— r}ihf
. x—2 -2
i 2 2
= J.{.l —2x—1———— dx| + I[x —2x— ] — }Lr
5 x—2 1 x—2

L

{5 s-ampa]|

0

._3_|_§

-5
=l +2]112| +
=3—In4 (dvdt).
Sau khi bai giai dwoc trinh bay xong, ca 16p déu
cong nhan 161 giai trén 13 ding. Thay gido khing
dinh lo1 giai trén chua ding. Cac ban hiy chi gitip
cac ban 16p 12A3 chd sai cua 11 giai trén!

NGUYEN ANH VU
(GV THPT Nguyén Binh Khiém, Hoai An, Binh Dinh)
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BAN CO VAN KHOA HOC
GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG
TS.NGUYEN VAN VONG
GS. POAN QUYNH
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Cha tich Hoi dong Thanh vién
NXB Gido duc Viét Nam
MAC VAN THIEN

Tong Gidm doc NXB Gido duc Viét Nam
GS.7S. VU VAN HUNG

Phé Tong Giam doc kiem Tong bién tap
NXB Gido duc Viét Nam

TS. PHAN XUAN THANH

HOI PONG BIEN TAP

Téng bién tip : TS. TRAN H{'U NAM

Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH Dfmu, TS. TRAN NAM DUNG, TS. NGUYEN MINH BUC, T5. NGUYEN MINH HA,

TS. NGUYEN VIET HAL PGS. IS. LE QUOC HAN,

ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIE‘.'T

GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, T#S. NGUYEN THE THACH, GS. TSKH. PANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU
KIM THUY, PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO

Danh cho Trung hoe Ca sd
For Lower Secondary School

Nﬂj’gﬂ Khanh Nguyén — Su dung tinh bt /

bién dé gidi toan.
(D) Nguyén Trong Tho — Gidi hé phuong trinh
bang phuong phap khii s6 hang tu do.

&0 pé thi tuyén sinh vao 16p 10 chuyén tinh
Hung Yén, ndm hoc 2015 — 2016.

(&) Huong din gidi D8 thi tuyén sinh vio 16p 10
chuyén TP H6 Chi Minh, niim hoc 2015 — 2016.
Chuén bi cho ky thi Trung hoc phé
thong Quoc gia

Cao Hai Van — Giai phuong trinh, hé phuong
trinh bang phép bién doi hé qua.

(5) Huéng din giai- Dé s0 7.

@ Thi sirc trude ky thi - D& s6'8.

Pé ra ki nay
Problems in This Issue

T1/466 ..., T12/466, 1.1/466, L2/466.

GE) Giai bai ki trude
Solutions to Previous Problems

#2) Dién dan day hoc Toan

Huynh Duy Thuy — Céch tiép cin va k¥
thuat kham pha bai toan bat dang thiic.
57) Dién dan phuong phap gili toan

Lé Thi Ngoc Thiiy — Suy nghi thém vé dinh
1§ bén diém.

$5) Lich st Toan hoc

Lé Quée Hdn — Nguodn goc nguyén thuy cua
phép tinh vi - tich phan.

7) Ban doc tim toi

Nguyén Vin Hiéu — Cach tim b6 ba Pythagore
v6i 6 tu nhién.

Tiéng Anh qua cac bai toan - Bai s6 7

Bai dich s6 4 - Tiéng Anh qua cac bai toan

GL) Sailim & dau?
Giai ddp: Phuong trinh Logarit ¢6 hai dap an?
Nguyén Anh Vii — Sai 6 dau?

Anh Bia 1. (Tir trdi gua phai): GS.TSKH Ha Huy Khodi, Thay gido N Eﬂ:’.ﬁ Lieu, GS.TSKH D6 Long Vin, C6 gido Nguyén Thi Thanh Tam,
em Vi Xudn Trung, em Hoang Anh Tai, em Neuven Huy Hoang, em Nguyén Tudn Hai Péng, em \guurz Thi Viét Ha, em Pham Lam Tung

PGS. TS Phan Thi Ha Duong {hm, sinh dan tién duoe ;:g:dl thuéng L& Vin Thiém nam 199(]) GS.TS Neuven Hiwu Due.

.Tma:ng ban bwn ;‘Rp ThS NGUYEN ANH QUAN

KHDAB NG-.--' YEN
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MI muat' QUOC I—IH JANH LONG
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NHA XUAT BAN GIAO DUC VIET NAM
TRAN TRONG GIGI THIEU BO SACH GIAO KHOA
TOAN SONG NGU VIET - ANH

him muc dich hd trg phat trién k§ ning giao ti€p va khd ning st dung
N ti€éng Anh nhu mdt cong cu d€ hoc todn, Nha xuat bin Gido duc Viét
am phdt hanh B9 sdch gido khoa Todn song ngit Viét — Anh tir 16p 3 dén
16p 12.
B0 sdch dude bién soan, bién dich theo ding cu tric, ndi dung va chuong
trinh cua sach gido khoa dang dudc su dung hi€én nay va s€ gitip cac em ting
buGc 1am quen véi viée hoc todn biang ti€ng Anh: tir viéc biét doc tir todn,
biét viét cac phép tinh dén viéc tin dung von kién thic ti€éng Anh da hoc
vao vicc hoc toan va cac mon hoc khac.
Sdch do NXB Gido duc Viét Nam 4n hanh.

Sdch dugc in 2 mau kho 16n (20,5 x 29,5 cm), trén gidy chat lugng cao.

Dia chi lién he:

Céong ty Co phan Thiét bi gido duc va
Cong nghé Viét Nam.

187B Giang Vo, quian Dong Pa, Ha Nji.
Dién thoai: 04.35124198




NHA XUAT BAN GIAO DUC VIET NAM
CONG TY CO PHAN SACH VA THIET Bl GIAO DUC MIEN BAC

o MST: 0104546308,

NBEE - 1ai Khoan: 0091100177008 tai NH TMCP Quan Déi Phong Giao dich Kim M4 - Ha Néi

@ﬁng ty Co phan Sach va Thiét bi Gido duc mién Bac la don vi  duc khac cho cac don vi thanh vién trong NXBGD Viét Nam, lién
thanh vién cua Nha xuat ban Gido duc Viét Nam. dugc tach tr  doanh lién két san xudt — phat hanh xuét ban pham, van hoa pham
Nha xuat ban Giao duc tai Ha Noi. Cang ty ¢o nhiém vu 16 chic in phuc vu nhu cau da dang cta hoc sinh va gido vién, Phuc vii rong rai
an, phat hanh, cung tng SGK, STK, thiét bi giao duc cho nha truong  ca trong va ngoai nha truang.

va cung cap cho thu vién truong hoc cac tinh, thanh pho phia Bac tir
Ha Tinh trg ra.

Ngoai ra, Cong ty con lam Tong dai ly phat hanh cac san pham giao

Hat mong nhan duoc su hop tac cua quy khach hang!

TONG GIAM POC
Nguyen Thi Mo

TRAN TRONG GIOI THIEU CAC BO SACH

ON TAP HE THCS PHAN LOAI TOAN THEO CHUYEN BE
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