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g’ rong chuong trinh bdc hoc THCS mot s6 bai todn vé
day 56 duge hoc sinh hoc tie nam I6p 6, sau dé hoc
sinh sé dwoc hoc tiép tue vao cdc ndm tiép theo va duoc
hoc effé}) tuc hoc ndng cao ¢ bdc THPT. Mjt s6 bai todn vé
déy sé néu chi sir dung kién thirc cia todn hoc thi hoc sinh
khéng thé gidi dwoc, nhung néu két hop thém sir dung
MTCT thi ¢6 thé tinh dwoc két gua gan ding. Tir két qua
cdc bai todn Hit ra duoc cdc tinh chat cia day so.

DANG 1. CHO DAY SI'.), SU DUNG MAY TINH VIET
QUY TRINH BAM PHIM LIEN TUC VA TINH.

A. DAY SO CHI CO MOT BIEN.

Rioar |
Bai toan 1.1. Cho ddysé S, =18, =1+—,...,
1 .
S = 1+~1—+}—+. +—,neN*.
20083 n

1) Viét quy trinh bam phim tinh S, theo »;
2) Tim n nho nhat dé cho S, > 5.

Léi gidi. Sir dung May tinh CASIO fx — S70MS
1) Quy trinh bam phim:

o[saIFT| [sTO| [4] O[SHIFT]|STO] |B]

1[+] [4LPHA| 4] [SHIFT|[STO] 4] 2)
ALpHA| B [+)1]+] [aLPHA| [4] [sEiFT] [sTO] [B] (3)
Al[SHIFT|[coPY 4)
= EE HE - [H=] @n -2 ddubing) )

2) » nho nhat bang 83.
Nhan xét. Trong bai todn 1.1 di néu cach xay dung quy
trinh va duoc giai thich timg budc cia quy trinh nhwr sau:
Dong (1) ghi nhé céc bién.

Dong (2) ghi nho cac chi sb chay.

Dong (3) g.l:u nhd biéu thitc day

Dong (4) t6 hop nhém phim dé ghi vong 1ap.

Dong (5) 1a két qua. :
Trong bai todn 1.1 hoc sinh khong thé 14p duge cong thirc
tong quat tinh tong S, , va khé tinh duoc
ding) v6i » kha 16n. Nhung néu két hop voi méy tinh
CASIO thi c6 thé tinh gin ding duge S, véi n kha 16n.
Tir bai toan 1.1 ta c6 bai toan 1.2.

H

S, (du la gin

(ITRIVHSI DUNG AT

'H"-:l"\&‘“"?'

' Y\ TVACA]

oy

pE GIM BAI TOAN Vi Dj 50

-~ VU HUU CHIN
(GVTHCS Hﬂngﬂang, TP. Hai Phong)
Bai todn 1.2. Cho U, =1- rops ey gy |
2% 3‘ 4- H

(i=1néunleé, i=—1 néunchan, ne N ).
1) Tinh chinh xdc dudi dang phdn sé cde gid tri
{.. £ ':. . (. fl,

2) Tinh gia tri LE;"{EH ffi;.'ﬁg cdce gia tri cua DIED* UZE'! [.«I_;ﬂ*

) Néu quy trinh bam phim dé tinh giad tri cua U .

'\-ul.‘l

Loi gidi. Sir dung May tinh CASIO fx — 570MS.
1) Kétqua: U, = A —, U, = i EE gl
144 3600 1200
2) Két qua: U,, ~0,8474920248,
U.. =~ 0,8895124152, U,, ~0,8548281618.
3) Quy trinh bam phim:
'.__Ef_'_'! |[sTO| |B (1)

SEIFT) [STO| [4] |aLPHA| 4] [ALPHA]  (2)
| ALPHA [}
B|4LPHA] |= [uPHAJ

(D] Pl [ [4LpaAl 4] [H D))
( TarpaA| A [ D] <] [4LPHA] [4] |#2]  (3)

Bam déu "=" lién tiép theo d&i s6 dém A img véi gid
el
Gidi thich: Dong (1) ghi nhé cic bién.

Dong (2) ghi nhé cac chi sb chay.
Dong (3) ghi nhé biéu thirc day.

Nhin xét. Co thé giai bai toan 1.2 twong ti theo cach cua
bai toan 1.1. Tuy nhién 161 giai dua ra quy trinh st dung
phim do cia méy tinh dé giai. Phim [4LPHA||A4]
arppA| =], [4LPHA] [} 12 céc phim d6. Quy trinh sir
dung phim d6 gon hon, ngudi hoc dé nhé hon. Bai todn
1.2 khic véi bai toan 1.1 13 bai toan 1.2 tinh gia tri cta
U_ phu thude vao chi s& chén, chi sb 1é.

=|1|+| |[4LPHA| |4

—-—

ALPHA||B

1

Trong qud trinh giai bai toan 1.2, nén viét quy trinh bdm
phim trirde, sau dé s& tinh duoc cac gia tri twong img cua
U, (m=4,5.6; ..5,.30).
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Bii toan 1.3. 1) Viét quy trinh bam ph;m tinh

T e —— e =

T TN

J2+\f?+\[’?+\j2+ +\/_ (n dau can):

nL :m

2) Tim cdc gia tri gdn dung cua A, A,, A, A,, 4, , 4.

Lot giai. St dung May tinh CASIO fx — 570MS
1) Quy trinh bam phim:

o[SHIFT]|STO|[4

V| [(2[+] [4LPHA|[ 4]])][sAzET][STO] 4]

1|abic|2 |4LPHA| | 4] |SHIFT|STO][ B!
Al [SHIF T] Fc ()Plr

]jT_"

2)
4, 4, | 4,
0,707106781 | 0923879532 | 0.999981175
4, Wy A- | Ay
0,999995293 | 0,999999999 |

Nhén xét. Trong bai toan 1.3 hoc sinh khéng thé rat gon
dugc A , va do do kho tinh duge A4 vdi » kha lon.
Nhung néu két hop véi mav tinh CASIO thi ¢6 thé tinh
gin ding duoc 4 véi n kha 16n.

Dua vao két qua bai todn 1.3 ta ¢6 khi gia trj cia n cang
l6m thi gid tri ciia A tién dan vé gid tri 1. Do d6 rit ra
tinh chdt ddy A_1a day hoi tu vé gid tri 1.

B. DAY SO CO BIEN KET HOP VOI CAC CHI SO
THAY POL.

Bai toin 14. Cho day s6 |u, |, biet u =I;

\ 5

T :(1+i].un 10— ineN ).
n, n

1) Viét quy trinh bam phim tinh gid tri u cua day

) (H & N‘);

2YTinkgid trf 1l U, 3

Loi gidgi: St dung May tinh CASIO fx — 570MS
1) Quy trinh bAm phim:

\[stiFT| [S7O| |Blo|SHIFT] [STO] [A]\[-]| ALPHA
[ALPHATA])]

A||SHIFT|[STO|| 4] (1][+]3]ab/c

—————p — _.|.|. ——

ALPHA||B||+]2]|=|3|ab/c|[ALPHA|[ Al[SHIFT

STO||B] A copy|l=l === HH

(2n — 2 dau bing)

e T

SHIFT

TOAN H
) QC

usSilré S0 465 (3-2016)

2)
1, i, u, 7 T |
3 8 17 31 il 78
Uy Hy Uy U Uy Uys
113 | 157 #2110 2860 1. 353 " 1443
s Ui e Gt U9
547 | 666 | 801 | 953 _ 1123 | 13210
Mol |l e Uy Uy Uoy Uys
1521 | 1751 [ 2003 | 2278 | 2577 | 2901 |
Uy Hore i o ts9 sy U,
3251 | 3628 | 4033 | 4467 | 4931 | 5426

Nhdn xét. Trong bai todn 1.4 phﬁn bién 12 u_, phan chi

s6 12 ». Phén bién va phin chi s§ cing thay d6i. Bai toan

1.4 @3 x4y dung quy trinh bam phim twong tu nhu bai toan
1.1

Bai toan 1.5. (Pé thi HSG toan quoc nam 2013)
Lap quy trinh bdm may va tinh gia tri ctia moi biéu
thire sau:

HP= lm{/;_{nfl b :“1{[2{]1 jop ”W’qul il_]”l-'}\ifig_{(}
2) Q) Ay i]l q[}]"!' E:l\/}lll\jf}[”” ‘J}Fgllmﬁéa

Loi giai. 1) Str dung may tinh CASIO fx 570MS
ta dung lénh:
1989|SHIFT| [STO| | 4]0 SHIFT] [STO] | B] ALPH A

T

(4] [+] 1[sHIFT] [sTO|[4][(| [ALPHA][ J + IM

saiET|[N|([4LPHA 4] +][ALPHA]|

[ S —

P

s10| [Bl[Al [sHiFT] [copy] [=][H [E] [Q _____

Tiép tuc 4n phim |~ khi ndo trén man hinh hién
dong Iénh: A+1—> A4 va dong thoi trén dong két

qua hién 1én 2012 thi 4n tiép mot ddu |~ nira ta c6
ké,t qua clia biéu thirc can tinh:

Két qua: P=1,003786277

2) Sir dung may tinh CASIO fx - 570MS

ta ding Iénh:
1989|SHIFT||STO![ 4]
Al |+] 1[SHIFT] [STO]

1lSHIFT| STOI| Bl ALPH A

[ §

Al [4LPHA| 4] [+] 1)]

—11——0-1——

SHIFT| [ (| |ALPHA] [4] ] [4LPHA] [B]])

SHIFT||STO||B||Al|sHIFT||cory ||=|[=][=][H] ..

Tiép tuc 4n dau f_ khi nao trén man hinh hién dong
lénh: 4+1— A va ddng thoi trén dong két qua hién

LS s oo T

5. 3L s A LN 3 = oy ok
1€n 2012 thi 4n t1€p mdt ddu = niia ta c6 két qua
cua biéu thire can tinh:

https://tieulun.hopto.org
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Két qua: Q = 1,003787915.

Nhin xét. Be giai bai todn 1.5 pha1 dua bai toan dua vé
viéc xét ddy s, tinh s6 hang thit » ctia déy so.

1) S, =+1;8,=32+8;5,=43+8,; ...
S,="yn+S,  (1990<n<2012).

2) 8, =+1;8,= JL’—S],S \/3—3'1-;”,.;
S, ="(nS, , (1990<n<2012).

Tu viéc lap duge day 50, sau d6 lap quy trinh bam phim
lién tuc dé tinh sb hang thir » cia ddy s0. Bai toan 1.5 da

xdy dung quy trinh bam phim ddi v6i bai toan day sb chia
can thue.

. VIET oUY TRINH BAM PHIM KET HOP NHIEU
D4 Y SO KHAC NHAU

Bai toan 1.6. (Bai nay lay gan dung voi hai chiv so
thap phan '} Ta c‘fi bdt dang thiee sau:

1
i &l bt SO T
\/ 2 \f 3 \sf”
1) Hay viét quy trinh bim ph:m tinh lan luot theo
F F u il - ].
thu tur cac gia tri: ﬂr; 1+ + - 2
\E \/5 Y
(co thé lan vao do cac gia tri bién d’{?m).

1 ] =
2) Tinh bo gia tri \frz, ] + R e

\f Jn

< EJH neN,n=2).

voi n wnhan gia tri fir 1 dm I U.

Léi gidgi. Sir dung M4y tinh CASIO fx — 570MS
1) Quy trinh bam phim: .
O[SHIFT| |STO| | 4]0[SHIFT| |STO| | B|| ALPHA||

ALPHA|[ Al[=] | 4LPHA]

Ji[sazET|[sToll4lV || =| |[ALPHA|

B[V [aPrHAl4][skiFT][STOl[BI2|V |
| A|[=][A]

Al [Al[sazFT][COPY][=][=][=][=]
HEEE--BEEE

(4n — 4 diu bing)

A

4
2) Két qua: (1; 1; 2), (1,41; 1,71; 2,82), (1,73; 2,28:
3,46), (2; 2.78; 4), (2,24; 3,23; 447), (2,45; 3,64;
4,90), (2,65; 4,02; 5,29), (2,83; 4,37; 5,66), (3; 4,70:
6), (3,16; 5,02; 6,32).

Nhan xét. Bai toan 1. 6 gdm cé ba day 13

\/—HJ_J_ \/_M_

Quy trinh bam phim twong tu nhu bai toan 1.1, nhung moi
nhém dau "=" g-:}m 4 dau bang dﬂ chi (chi

s6:4/m; 1+ .+ +————~—
T

tinh ¢ ciac by gid tri, ta mit ra dugc du dodn

J;{1+Jl§. \;3_' ..,.+T{2J_(HENH 2)

2\/— 1 ). Tir cac két qua

Tuong tu tir bai todn 1. 6 ta ¢d bai toan.

Bai todn 1.7. Cho day s6 U, dwoc xdc dinh nhu

sauzUs=LU, =3;
{'{;” —_ 4.{}”

+2U. ,, Vi n 18

":1:{,"'” =3 . véi n chan

1) Ldp quy trinh bam phim tinh U _;

2140, DR DERA Ul 0 SR D
Lot giai. :
1) Quy trinh bam phim:

|| SHIFT|[STO|[ 4]3[SHIFT] [sTO] | Bl4| 4LPHA]
B ’Ti‘"_ 2| ALPHA| | 4] [SHIFT] [STO|[4] (tinh U,)

ALPHA| 4| [SHIFT]|STO||B (tinh U, )

AllsaiFT][cory] === =
2) Két qui: U,,=115248; U,, = 537824
U, = 1613472; U,, =7529536 ; U,, = 22588608.

Nhan xét: Bai toan 1.7 gnm hai diay khac nhau, diy theo

chi s6 chin, ddy theo chi s6 1&. Quy trinh bim phim bai
toan 1.7 tuong tu nhu bai toan 1.1.

DANGIIL C HL'N(: MINH ("{)N(: THUC TRUY HOI,
VIET QUY TRINH BAM PHIM LIEI\ TUC CUA
DAY SO DE TiNH GIA TRI CUA TONG.

5 E sl n—1
Bai toan 2.1. Cho A4 femchr—p :
;?.I +31 44 1150 n!
(.I? - j__, B> 11 ”! _“123.51)

1\ T3 i
1) Thu gon A ;

2) Viér quy trinh bdm phim lién tuc dé tinh A ;
3) Khi .’I?ij!’ff quy trinh tinh, may bao Math ERROR,
khi do n bang bao nhiéiu?

Loi gigi. Sir dung May tinh CASIO fx — 570MS
1) Thu gon A, :

T T i 0 e i 1
A=1-—+———+———+...+
: o) e o1 s TR (e | (n—2)!
1 1 1 1
1 T e e
n=-1! (n-1)! n! n!

2) Viét quy trinh bam phim lién tuc dé tinh A :
"QEP r]srol4]1
\ALPHA|[A|[SHIFT]|STO][4] 1

|SHIFT ||x!|])

E ;

[1[:][4LPHA 4]

E I
|

f_-
AllsaIFT|[cory] == [H=.. ==
T Ay Ay

3) Két qua: n=70.

Nhdn xét. St dung kién thic toén hoc it gon b]E:lI thirc
da cho dé duoc biéu thitc don gian hon, tir d6 viét quy

TOAN HOC
‘ cTusite 3
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trinh badm phim lién tyc dé dang hon. Sau dé bim phim
ddu "=" lién tuc & tinh dugc gid trj cia A .
Bai todn 2.2. Cho day s

(5+47) ~(5-7)

-, voin=0,1,2 3, ....

W=

n

27
1) Tinh 5 56 hang ddu tién ciia day sé;

2) Chung minh u_,, =10u_, —18u_;

3) Lip quy trinh bam phim lién tuc tinh u__,
may tinh.

Loi giai: Sw dung May tinh CASIO fx — 570MS
1) u,=0,u, =1, u, =10,u, =82,u, =640 .

2) Chimg minh: »_, =10u,,, —18u .

~184, -F[ID(S+J_)HI

—10(5—ﬁ)'”' -13(5+ﬁ)”+13(5—ﬁ)"]
QJ_ {(5+\/_) [ (5+\ﬁ)—18:|—

~(5-7) [10(5—-ﬁ)—18]}

=_1T_[(5+ﬁ)”(32_]_10\/'7)—(5—5)”(32—10\5)}

-5 [(5+\/_ ]*"=+2 ~(5-v7 )nﬁ]:um_

3) Quy trinh bim phim lién tyc:
Cach 1. 0 [SHIFT| [STO| |4] 1[SHIFT][sTO][B]

fren

Xét 10u,,

ALPHA|| Al[ALPHA||=l10[4LPHA|[B|[-18]4LPHA

A|[4LPHA| [ [4LPHA| [B][4LPHA] [=] 10| 4LPH A
Al [H18[4LPHA [B[=][=][=].. [5] (n-2 dsa bing)

[T S—— —_— [—_—
31'-3 Hq ﬂ'& i

Cdch 2. 0[SHIFT| [STO| [4] 1[sHIFT] [STO| [B
10| ALPHA||B| |-18| 4ALPHA| | 4l|stiFT][STO] [ 4

S R
[,

10| ALPHA|| 4| [-18| 4LPHA| | B|[SHIFT][STO] | B

Al[SHIFT| [copY | |=] [5] [=] ..[=] (n-4 daubang)

Nhan xét. Bai toan 2.2 di néu hai cich xay dung quy
trinh sir dung mdy tinh CASIO dé giai bai todn vé ddy s6.

DANG III. CHO BIET QUY TRINH BAM PHIM
TREN MAY TiNH. HAY NEU KET QUA BIEU
THUC CAN TINH, DAY SO TONG QUAT.

o

Bai toan 3.1. Cho quy frinh sau (trén cdac may
Casio, Vinacal)

|[SHIFT| [STO] [4] 0|SHIFT] [STO] [B]
1 [+] [4LPHA] LA_I \SHIFT| [STO] [4

TOFIN H
4 ol

udilre__ S6 465 (3-2016)

\ALPHA| [B] [+]1 [ 2 [N [4LPHA] [ Al [SHIFT
7o) (5]l [sezT [cor] [l I
e ey

(2n — 2 nhom)
1) Gia tri nho nhat A bang bao nhiéu thi B = (), 5;
2) Quy trinh nay tinh gi ?

Léi gidi. 1) min A =35 thi B~0,5.

e ligsps o1 4pdl
2) Tinh téng > + = +24 +.....
Nhan xet. T quy trinh bam phim trén mdy tinh d3 c6, ta
tim dwgc két qua bai toan, c6ng thirc thé hién quy trinh

bam phim. La bai toan nguoc lai ciia cac bai todn 1.

Mot quy trinh may tinh viét:

STO)| | 4|5 | ALPHA| [A] +@]ﬂ 24
[ALPHA ?_;.}?_:_a_ HJFT\LSTO A== Q

1 ddu "=" g duge u,

cdc gia tri Uyps Uy yoeeey Uyq,

Bai toan 3.2.

= ~r
1 |SHIFT

Bém lién ticp 1. 2. 37

o

1) Tinh dung
2) Quy frinh nay tinh u_ co cong thic nhie thé nao?
3) Neu may tinh hong phim b’HIFT

' . i F ¥ A Py -: A 4 . A # .
ALPHA| co the khdc phuc dé tinh lién tuc cdc gid

va phim

tri u  dwoc khong ? Néu duoe, quy trinh duoc viét
nhie thé nao ?

Loi giai. 1) K&t qua:

u, =1 u, =9; u, =89; u, =881; u, =8721;

u, =86329; u. =854569; u, =8459361;

u, = 8373904 1:2, =828931049;u,, = 8205571449.

2) u, =l u_, =5u_ +¥';24uj -8 (neN").
3) Quy trinh méi ¢6 thé 1a:

~or T | ) T T e
1[=]s[Ansl[<] W d24] 4ns]l2 | HSIEE .=

Nhin xét. Tt quy trinh bam phim trén mdy tinh da co, ta
tim duoc két qua bai todn. cong thirc thé hién quy trinh
bam phim. L3 bai toan ngugc lai cua cac bai toan 1.

Trong truomg hop méay tinh hong phim SHIP T

va phim

|ALPHA,| ta c6 thé khic phuc bing viée sir dung cac
phim khéc thay thé van giai duoc bai toan.

DANG IV. TINH TONG, TICH CAC SO HANG CUA
DAY SO.

Bai toan 4.1.

Cho day so6 u_, duoc xdc dinh nhu

{;'zf _..zf +2012, nlé

sau:u, =L u,=2;u =4 :
{sz 2 +2013 , 7 chan

Goi S, la

tong cia n so hang dau tién cta day u_ . Tinh

1) Tinh dung cac gia tri uy, ; w;u,,.

n L |

https://tieulun.hopto.org



Siss SanSs: (két qua lam tron dén 6 chir s6 thap
phan); ?
2) Viét quy trinh bam phim tinh S .
Loi giai: Si dyng May tinh CASIO fx — 570MS
1) Két qua: u,, = 22,070563; u, =25,571101;
u,, ~29,018365; S, =144,227692,
S, =265,461899; S,, ~431,961988.
2) Quy trinh bam phim lién tuc:
1[SHIFT|[STO|[ 42| SHIFT|[STO| [ BI3[SHIFT|[STO||C

sHIFT| 3 _|[([ALPHA|[B] [ALPHA| [4] [x*][+
2012 DIISHIFT||STO!| 4)|+|| 4LPHA|[C

SHIFT

-y
-

[sTol[cllsErFT)| ||
B [+]2013 )[sHIFT

ALPHA|| A||x* | |4LPHA

STO| B+

ALPHA||C

SHIFT| [sTO| [Cl[A][Al[Al[SHIFT
copry| == [=][=].....

T T

Nhin xét. Trong bai todn 4.1 dd xdy dung quy trinh sur
dung may tinh CASIO dé glal bai todn vé& diy sb. Trong

bai toan 4.1 viét quy trinh bim phim tinh gia tri cua U,
két hop vai tinh tong n sd hang dau tién cla day.

Bai todn 4.2. Cho day s6 {u,} vdi n la s6 tr nhién
khac0,c0 w, =Lu, =2, u, =3 va

U, ., T2 . — U
1) Viét quy trinh bam mdy tinh u,,

n+1 o+ ZH” ;

roi tinh

Uyg o UngsUggs UgnsUgg s

2) Viét quy trink bam may dé tinh tong ciia 20 56
hang dau tién cia day $6 do.

Loi giai. St dung May tinh CASIO fx — 570MS
1) Quy trinh bam phim:

1 [SHIFT| [STO| [4]2 [SHIFT|[STO| |B]3 |SHIFT
IsT0|[C] 2 [aLPHA][C]| -] 3 [4LPHA| |B] |+ 2
ALPHA| [ 4] [SHIFT] [STO| | 4]2 [ALPHA| [4] |-
ALPHA| [C] [+] 2 [4LPHA] |B] [SHIFT] |STO| |B]
2 [4LPHA| [B] || 3 [ALPHA| |4] |+] 2 |4LPHA| |C|
sairT [sTol[c] [l Al [saiFT] [Al ] [E]..

o
iy Wy

J

Két qu:'i'
o =315; u,, =—142; u, =2777450630;
= —3447965925; u,, =—9002867132.

2) Tmh tong 20 s hang dau tién cia diy ( 2,;,)

1 |SHIFT

I

STO| [4] 2 [SHIFT] [sTO] |B|3 |SHIFT
s7o![cl 6 [sHIFT|[sTO| [D]2 [4LPHA| [C| -] 3
4LPHA| [B| [+] 2 [4LPHA| | 4] [SHIFT] [STO] | 4
4LPHA| [ 4| [+ [ALPHA| | D] [sHIFT] [sTO] [D]
o [aLprAl | 4] [-13 [4LPHAl[Cl[+] 2[42PHA] [B
SHIFT| |STO! B[ 4LPHA| |B] [+ [4ALPHA] |D
sHIFT| [sTo| [D]2]4LPHA] |B] [-]3[4LPHA| |4
+| 2 [4aLprA| [C| [sHIFT]|sTO| |Cl|4LPHA| |C
l+|[4LPHA| D

SHIFT||STO! | D]
Al[Al[A] [A] [A] [sHIFT] Al =]

2
# 5 i;

Két qua: S,, =272.

PE XUAT CAC BAI TOAN TUONG TU
1 2 i

L Cho §, =+ .+ (e 2)

1) Viét quy trinh bam phim tinh S

2) Tinh chinh x4¢ S, . Tinh gia trj gin diing voi 6 chir 50
thdp phan cua S,;;

3) Tim n nho nhat dé S, > 2.

2. Cho 4,=(7+48) " +(7-48) " (neN).

Diat x, — 7 +/48, X, =7-./48 .
Viét quy trinh bam phim lién tuc tinh 4, =x"" +x""".
3. Cho diy sé U,=3U,=1%U, =6U, =6+2;...
d6 moi sé ké tir sb thit ba bing cin béc hai cia tich hai sd
dimg truée d6. (U, =U, \U,, ;neN,n23).
1) Lap quy trinh bam phim tinh U theo U__;U, ,.
2) Tinh U ;53U 3633 Usog3z007 -
4. (Pé thi HSG Toan quéc ndm 2014)
Cho ddiy s6: x =x, =Lx,=2;

2 1

~-§’—;r:”+l +EI”’ vain = 1,2,3; ...

Thuc hién quy trinh bim mdy tinh x, roi st dung quy
trinh d6 dé tinh x,5, Xy, X,s.

5. Cho hai s0 x, vd x, thod min x, +x, =4 va xx,=1.

-
e N

trong

n+3

Pat 8§ =x' +x; (HE N*),.

1) Chimg minh ting: S ., =4S, -, ;

2) Viét quy trinh bdm phim lién tuc tinh duge S,,, theo
S pvasy (=172, 50%..).

6. Cho diy sb {uﬂ} xac dinh boéi: u, =

? rr+!

;(3+un),

Tinh tdng 20 sb hang d4u tién cia day.

TOAN HOC
e S
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Huang dan
Timmi

S+ x2+2x+1=0 (¥

x4 +2x
Ta thdy x = 0 khong 12 nghiém cia (*) nén khi
chia ca hai vé cho x?, (*) twrong dwong véi:

Cau 1.

r3+—1-+2(x+ 1]4-1:0

xz
S 1
St s lett — =)
G - X
x«~|—-1—:—1+\/§
& X
x+i=—-1—\/§.
e X

- Xét x+%= —1+2 < x2 +(J§—1)x+lzﬂ.

Ta ¢6 A=(v2-1) —4=-2J2-1<0 nén PT
v0 nghiém.

B0 7 ST

+(\/§+I)x+1=0+

A
Taco A=(v2+1) —4=242-1>0 nén PT cb
hai nghiém x=— s 1+2\/2\/2 =
=2 S JONPEA

Vay nghi€ém cuia (*) la: x= 5
C‘4u 2. Cong theo timg vé cia hai PT ta duoc:
B3 +y3+2(x+y)=0
S (x+y)(x2—xy+y*+2)=0
Sit+y=0x=—y
(do x2—xy+y2+2>0 v6i moix, y).
Thay vao PT thir nhat ctia hé ta duoc:
~2x-1=0x (x+1)(x>—x-1)=0
_1+J§_1—\/§}
= AL
Tir do suy ra HPT c6 ba nghiém (x; y) 1a:
)_(I+J§__1+J§]‘(l—\/§__l—\/§]
5% ; :

X E{—-l

L) 2 R
Ciu 3. 1) Xét cip b (m;n)=(311), ta co:
m?+2=11:n va n2+2=123:m. Do d6
(m; n)=(3; 11) 12 mét cip s6 thda min diéu kién.

TOAN HOC :
6 - CTudilre SO 465 (5-2016)

jai BE THI HOC SINH GIOI LGP 9
OSng Nai NAM HOC 2013 - 2014

(Dé thi ddng trén TH& TT s6 464, thing 2 nim 2016)

2) Theo gia thiét ta c6:
m>*+2:n=>m*+n’+2:n;
n”*+2:m=>m+n2+2:m.

Suy ra m>+n*+2 :mn (do (m, n) = 1).

(Luu y: gé bai rén T. ap chi s6 464 in thiéu gid
thiét (m, n)=1).

Dé thay m, n Ia nhimg s6 1é nén m? +n2+2:4
va (mn; 4)=1.

Suy ra m” +n°+2 : 4mn (dpcm).

Cau 4.

1) Ta ¢c6 1000=2353, do dd cac udc sb duong
cua 1000 co dang 2*5” véi 0<x<3;0<y<3.
Do d6 ¢6 4.4=16 uéce s6 duong caa 1000.

2) Uéc so dirong chin cia 1000 c6 dang 2*.5¥
vO1 1<x<3;:0<y<3. Do d5 cd6 34=12 udc
s6 duong chin caa 1000.

Cau 5.

Theo gia thist ta c6 O4, OB, OC lan luot 13
phan giac cua cac goc 4, B, C cla tam gidc
ABC va ADQOE la tir giac ndi tlep Suy ra:

ODM — ODE = OAE _%

o

B@=%+(ﬁ=90ﬂ+§.

Suy ra BMN = BMD =180° —DBM - BDM
§ E s N A, |

=] [}“————9{]0——— ; =—= .
8 5 M) = 2 BB BCN

Do do BC VIN 12 tir gidc ndi tiép.

NGUYEN TAT THU
(GV THPT chuyén Luong Thé Vinh, Dong Nai)
Gioi thiéu.

https://tieulun.hopto.org



; DE THI TUYEN SIVH VAO LOP 10 CHUYEN TP, HO CHI MINH |

| . Céu 1. (1,5 diém)
Chﬂ hai s6 thuc a, b théa man diéu kién ab =1,

l a+b;t0 Tmhglatncuableuthu'c

i [151]E 3 [111]
: (a+bP\a® B) (a+b)*\a? b?
i A [l , 1]

: = (a+b)5 x t b .

1 ;

: Cau 2. (2,5 diém)

' a) Giai phuong trinh: 2x” + x + 3 = 3xy/x+3.

: b) Chimg minh ring;

i abc(a® —b* )b —3)(c* —a’)

I chia hét cho 7 v6i moi sd nguyén a, b, c.

| Cau 3. (2 diém) Cho hinh binh hanh 4BCD.

: Puong thang qua C vubng goc voi CD cat

: du&ng thang qua A vudng goc vGi BD tai F.
Drmng thing qua B vudng goc voi AB cit

I dumlg trung truc cia AC tai E. Hai duong thing

KE

' BC v EF cét nhau tai K. Tinh ti s6 ==

' Cau 4. (1 @ém) Cho hai sé duwong a, b thoa
| man diéu kién @ + b < 1. Ching minh ring:
| Dol E el

NAM HOC 2015 - 2016 ;
(Thoi gian lam bai 150 phtt)

Cau 5. (2 diém) Cho tam gidc ABC c6 ba goc |
nhon ndi tiép dudng tron (0). Goi M 14 trung |
diém ciia canh BC va N 14 diém déi xtmg cta M |
qua O. Puong thing qua 4 vudng gbc véi AN !
cit dudng thang qua B vudng goc véi BC tai D. '
Ké& dudng kinh AE. Chimg minh ring: :
2) BA.BC = 2BD.BE: !
b) CD di qua trung diém ciia dudng cao AH clia I

l
tam giac ABC. l

Céu 6. (1 diém) :
Mudi van dong vién tham gia cudc thi diu quan I
vot. Cir hai ngudi trong ho choi v6i nhau dang
mot tran. Neudi thir nhét thing x; trin va thua !
v trdn, ngudi thr hai th‘f'ang X, tran va thua y, :
tran, ..., ngudi thir mudi thing xyo trdn va thua |
J1o tran. Biét ring trong mét tran d4u quin vot -
khong c6 tran hoa. Chimg minh rang: :
x5 ek Xt = 0P et Y |
BUI VAN CHI *

(GV THCS Lé Loi, TP. Quy Nhon, Binh Dinh) !
gidi thidu. |

THhONG BAO

Ky thi tim kiém tai nang toan hoc (ﬂet tat tleng Anh 1a MYTS), nam 2016 dwge to chite
nhim khoi diy tinh yéu todn hoc cho hoc sinh. Hoc sinh trong Iia tudi phia hop (tw 10 dén
14), ¢ tat ca cdc trudng trén pham vi ca nude céd thé tham gia trén co s¢ tw nguyen.
Cung véi Hoi Todn hoc Viét Nam (VMS), Hexagon of Maths & Science la don vi dong to
chite va didu phéi chwong trinh MYTS. MYTS duge té chite hang nim, véi sy ing hd va
tham gia Iam dé thi ctia nhiéu nha toan hoe, gido duc toan ¢ Viét Nam va thé gidli.
Pong treéng ban: GS.TS. Nguyén Hitu Dw, Chu tich Hoi Todn hoc Viét Nam; TS. Vi Thé
Khéi, Vién Todn hoc; Pham Vin Thuin, Hexagon of Maths & Science.
Han ding ky duge néi rong sang ngay 20 thang 3 nam 2016.

Thong tin chi tiét xem tai www.hexagon.edu.vn/myts

TOAN HOC

S& 465 (3-2016)  CTusitre 7
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TRONG HOC |
PHO THONG
QUoc GIA |

J rong ki thi THPT Quoc gia 2015, Cung nhu m-::*-t < i, £-38

@€ thi dai hoc nhimg nim tr& lai day, bt ding
thirc va bai toan tim gia tri lon nhat va nho nhét bao gio
ciing 13 vén d& khé khiin va hdc bia nhat. C4 rat nhidu
cach giai khac vo1 cac phuong phap khac nhau. Bai
viét ndy trinh bay Phirong phdp dinh gid mién gid
tri ciia bién s6 trong béi todn chirng minh bit ding
thirc. Phuong phap nay mac du don gian nhung lai
vO cung hi€u qua. Hy vong no s€ gitip ich cho cac
em hoc sinh trong cac ky thi sip tdi.

Ta chu y cac danh gia sau:
Sa s E[a;b]:}(x—a)(x—b)ﬂﬂ.

(x=a)

3
)<0

[(x— (y—b
- x,yela;b|=|(x—a)(y—a)=0.
x—b)(y—-b)=
- x}y,ze[a;b] “( )(J’ :
:}(x——a)(y—a)(z—a) (xﬁb)(y—b)(z—b)z().

. .x‘_iyiz:}(y—.r)(y_ ) 0.

Bai toan 1. Cho 0<x,y<l; x+y=4xy. Tim gia
tri [om nhdt, gid tri nhé nhdt ciia A=x"+y* —xy.

Léi gigi. Taco A=x*+y* —xy=(x+y) —3xy
=(x+y)2 —%(x+y). Tir gia thiét ta cé

(,x—l)(y—1)20<::>x}?+12x+y
C}%(I+}J)+IEI+}’@I+}’£%.
Laic x+y=4xy<(x+y) = x+y>1.

Vay 1<1+}<4

(3
Dit r=x+ye 1i :A:f(r):tz——%.
3 4
Khao sat ham so f ( ) ta duoc
4
t |1 =
7
{1 /5
4

: S6 465 (3-2016)

ol Plieoil iy QAT icies
TPONG BAl TOAN CHUNG MINH BAT BHNG THUG‘

LE TAI THANG
(GV THPT }’en Phang S6 1, Bar:: Nmﬁ)

A : 1 ’ : 1 7
A:— Y= - ———s

Vay min 1 Xay ra kh1 x=y > max A 9
1 ~ 1

x:l;y=§ hodc x::—a—;y=1.

Binh lugn. Do vai tro cua x, y 1a nhu nhau nén ta

lam tudng Ve viéc dang thirc xay ra tai x = y. Tuy
nhién thire té bai toén lai khoéng hoan toan nhu vy.

Bai toan 2. Cho x,y,ze (O,l], x+vzz+l. Tim

xay ra khi

gia tri nho nhdt cua biéu thitc

X ) Z
B=——+—+
B i = I

l}’+:2 .
Loi gigi. Tir gia thiét ta c6 (x—-1)(y-1)20
S xy+lzx+y. Ma x+y=z+1nén z<xy.

2
| AT
Ta co: .{y+zzéw+(x}!)2£2xy ~:_:( 2}’) <XA+y
(do xy<1l; x+y<2)
X v z X y Z

= b= + + s +
Ve TN s xy+z
Cuoi cling ta s& chimg minh
edls ppo £ g 3.
y+z x+z x+y 2
Day la bat dang thitc quen thudc, doc gid tu
chimg minh. Dau ‘=" xayrakhi x=y=z=1.

et :
V+z X+z x+y

Vay mjnB:% Jehi®y —y =7 =1

Bai toan 3. Cho ab,ce|li2]|,at+b+c<4.
a’ b’ ¢ 2
Chitng minh rdng e + *ﬂ+2+t@+2 3

Loi giagi. T gia thiét ta cd
J(6-1)(¢~2)<0 _ [be+2<2b+c
(b—z)(c—]_)ga be+2<b+12¢

= 2(bc+2)<3(b+c)<3(4—a).

|

a- 2 a*

bc+2 3 i a
ki a=2:b=c=1.

Do do ta co , ding thirc xay ra

https://tieulun.hopto.org



Fo)82 54 2 o 12 8¢
rca—]—ﬂ 34bab-|—2 34—
Cong ting ve cadc BPT trén ta duoc:

o B o ) ik §2[{ atn)ebi s 4 ich *)
bc+2 Ca+2 ab+2 3|\ 4—a 4 b 4—c
(do dau bang khong xay ra).

rE
4—t’
minh ham Sé: d6ng bién trén [1;2] nen

()2 f(1)=35

dugc didu phal chirng minh.

Tuong tu ta c6

Xét ham s f(1)=

te[1;2]. DE chimg

. Thay ¢ lan luot bdi a,b,c ta

Binh lugn. Bai nay cho ta thay r6 hon sy loi hai cua
cach gidi. Tuy nhién phai két hop cic phép bién dbi
mdt cach thanh thuc thi méi dat duge két qua cia bai
toan.

Bai toan

4 (D-2014). Cho «x,y thoa man

1<x<2;1<y<2. Tim gid tri nho nhdt cua

x+2y y+2x i 1

biéu thirc P=— - -
X +3y+5 ¥y +3x+5 4(.1'—1—_}*—-1.;

Lm gidi. Tt gia thiét ta cé:

) xe LE (x—D(x—2)= x2 3x+2<0__|x* <32
ye| 12| 7\ 0-D(y—2) =y -3y+2<0 " |y? <3y-2
Tu do6 suy ra:
p>_ Xt 2y y+2x 1

+- +
3x+3y+3 3y+3x+3 4(x+y—l)

SRR

x+y+1 4(x+y-1)=Q'
Bﬁtu=x+ythi2<u'~’i4 khi dé

= 1
Q= flul=pcx AT
Ta cb: s Gt el L Gu-Dw-3)
(u+1)2 4(;1,;—1)2 4(H+I)E(H“I)E

Lap bang bien thién suy ra him sb f{z) dat gid tri nho
nhit tai » = 3. Khi dé PEQE%. Tir d6 min P =%

xdy ra <> (x, ) 1A bd s6 (1, 2) hoic (2,1).

Bai todn 5 (THPTQG 2015). Cho cdc s6 thiee
a, b, ¢ thugc doan [1,3] va théa mén diéu kién
a+b+c=6. Tim gid tri lom nhdt ctia biéu thirc
a’b’ +b*c* +c*a’ +12abc + 1251 e
ab+bc+ca 2k

Loi giai. Ta co:

e

(ab+bc+ca)’ =a’b* +b°c* +c°a” +2abc(a+b+c)
= a’b* +b*c* +c*a* +12abc

(a+b+c)*
3

Taco:a, b, c e [1;3] = (a-1)b-1)c-1)20

= abc—(ab+bc+ac)+a+b+c—-120

—>abc—x+520 = abczx-5.

Lai co: (a—3)(b—3)(c-3)<0

— abc—3(ab+bc+ac)+%a+b+c)-27<0

—>abc<3x-27.

Vay:3x—-27=abcz2x—-5= 2x>22 = x> 11.

Pit x=ab+bc+ca<

=12.

¥
Faco: P= i +72—-1-abc
X 2
X723 1 oo 1 25
< 28 —
= = 2(.Jc: 5) 2er—l—z
PPN I 3 '
Xét ham s0 f(x) = §+ +5, xe[1512].
1.7
Taco f'(x )_E_I_E 0 Vx [11;12] nén
11 L72,5 160
P<f(x)< F(11 = .
f(x)=f(1)= S il
P-—%k}ua—lb 2,c=3 = maxP= 1]610

Binh [ugn. Day 12 bai toan rat hay. Ta phai dung hai
lan gia thiet cia cdc bién a;b;ce[1;3]dé tim ra
mién gid trj cia x = ab+bc +ca va danh giad duoc P
thong qua bién x.

Bai toan 6 (Du bi THPTQG 2015). Cho cdc

: 1 : s i alhid b
so a.b E|;;;1 . Tim gia tri nho nhat cua
P=a’b+ab’ +———-3(a+b).

a“+b’
Loi gigi. Do a,b<1=>(a—1)(b-1)20
<>ab>a+b-120. Khi d6

@ +b* =(a+b) -2ab<(a+b) -2(a+b-1).

(az b’ )2

Ma a’b+ab’ =ab(a‘1+b¢)2ab. 5

2%&b(a+b)4 2%(a+b—1)(a+b)4

nén P>—(a+b-1)(a+b)’
6

+(a+b)2—z(a+bﬁ1)_3(a+b)'

TORN HOC
¢9

S0 465 (3-2016) :
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Dit =a+be[1;2], xét ham s6

F()=5(-1)t +—

-3t te [1;2] co

(1-1) +1
'r——1~ A E(I_l) <0, Vrell;
M i e el

nén day 12 ham s nghich bién .

Do d6 f(t)=f(2)=-1. Vay gi4 tri nhd nhat
cua Pla—1, dat duogc khi a=b=1.

Bai toan 7. Cho x,v,z=-1 thoa
x+vy+z=3. Tim GTLN cua biéu thirc

Mdn

RN LB gl . 1
oy +4(xy+l) 2P-4z+5

Léi gigi. Do gia thiét ta co: (.x:+ 1)(y+ 1) >0
=" +y +4{xy+1) 2+ +4{xy+1) 2 x+1)( y+1)
=x 4y +2xy—2x-2y+2 :(.x-l-y—l)z +1

2 2

el

=(3 LY 1= 55 e<E ™Y
~4z+5

Xty +1+2Jc+2y+2;ty—2(x+y+xy+1)
T 7" —4z45

—2(x+1)(y+1) (4-z)
1205

(4-2

722 —4z+5
ta dugc f(z)if(%]zi Vay maxC=5 khi

_ -(.:a:+y+1)2

72 =4z ES

Khao sat ham s6 f(z)= trén [-1;5]

zzz x=-1 y:é hodc z=-—3— x=E y=—1.

2 N R
Bai toan 8. (‘!.m cde so thue khong am a,b,c
thoaman a<1,b<2,c<3. Tim gia tri lon nhat cia:
| "(:uh + €IC + h{ ) Q_p
i 1 +2a+b+3c “}hh +f}(f£+£) 3

b
J12a° 436 +27¢% +8
Léi gigi. Taco 124" +3b +27¢°
-—“\/3(4{12 +b*+9¢%) > 2a+b+3c (1).
Mat khac 2a+b+3c—b—c—bla+c)
=(c1+c)(2—b) >0=2a+b+3c=b+c+bla+c) (2).
Laico 2ab+ﬂfc+br:—b—c—b(a+c) =(b+c)(a—l) <0

1 0 T?ﬂ“uggg S6 465 (3-2016)

:>2ab+ac+bc£b+c+b(a+c:) (3).
Tir (1), (2), (3) ta co

£2[b—1—c+b(a+c)] Qb
1+b+c+b(a+c) b+c+b(a+c)+8

b
b+c+b( c)+8

h2[b+c+b(a+c)]+ Q
b+c+b(a+c)+8

Pat t:b—l—c-t—b(a—{—c):}()iiriw

21 8
) éf(r): f+1 5 t+8
F)= 8 _ 2A3t+10)(6-7)
(f+1)" (z+8) (t+1)°(t+8)
Bang bién thién
t | o 6 13
() + 0 =

¥ 1+b+c+b(a+c)

U=r=.13

=S f—06

ra khi a:Lb:lc‘:%

Bai todn 9. Cho x.y.zelL;2].

nhat cua

Loi gigi. Vi x.y.z<|1:2]|, néntacd
(I—l)(}'—?;_,ll‘:—'lﬁ)?.0
&z +2Q2x+y+2)22(y+z)x+yz+4.

Diu “="" xay ra khi x=1 holic y=2 hoic
z=2 . Dodoévado x=1 néntacd

e 2(xy+yz+zx) 3 8 y+z+4
Cxyz+2Q2x+y+z) 2x(y+2)+yz+4  [yz+1
2 2(xy+yztzx) 3 Cy+z+4

2x(y+2)+yz+4  2x(y+2)+yz+4 Jyz +1

2x(y+z)ryzrd tyz+t4 yi+z+4

* 2x(y+z)+yz+4 \/y‘z*pl
B yz+4 v+z+4
21(1-[—")—-1:‘-]—4 yz +1
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o vz+4 y+z+4
2Wy+2)+yz+4 \/JTz+l
<1 YZt AL, b yz+4-
+_}PZ+4\/}’_E+4 Yz 1
Dat r:Jy_:E[l;Z].
' +4  2t+4 _
Xét f(t)=1+ - trén [1;2].
(=t w12
4t — 8 2 4 2
Taco f'(¢ > >0,
)= (1+2) (rr+1)2 279 7
lién tyc trén [1;2] nén f(r) dong bién trén [1;2].
_ 7
Suyra E< f(1)< f(2 ):_E

Vay max E ————é khitte=1:y— 7=

Binh Iugn. Cac bai toan 8, 9 nhin thi rat cfmg kénh,
tao cam gidc kho va ngai. Tuy nhién sau khi sir dung
mién gia trl cua cac bién ta dd danh gla dua duoc vé
mdt bién dé khao sat va bai toén trd nén don olan.

Bai todan 10. Cho x,y,z¢ [1;1]. Tim gid tri lon

nhat cua F -

(41 <]
J| —+—+
s ~

| XYz

Loi giai. Tacod

F=(x+y+z)(—1—+-l—+1]:3+z+ i
yA X

Xix Y
Khéng mat tinh t6ng quét gia st

[1—5)(1——}’—)20 =1-Z-2 4250510 <142
Y Z Y 2 ez ¥ iz z
(1——)[1-2}0:;1—2 R N, g
N b Y- ok Vo X

Khi dé F = (I+y+.¢,)[i +%+11;]

—3+E+x+i+£+l+££5+2[z+x].

Lk 428 v iba Nl Ly )

bat == 5[1;2] :>G=5+2(£+£]=5+2(r+%].
Z X Z

Ta nhén thiy

G-10=2(:+L§]=[21“1)(r_2) <0=F<G<I10.

(8.2 f
Vay quleﬂ khi trong ba sér.x,y,zcé hai s6 b‘ﬁng
2 mot so bang 1 hﬁﬁcmﬁtsﬁbéngZhai sO bang 1.
Bai toan 11.
:fuun if 1]

Cho cde s thue a, b, G thuoc
[im oia tri lon nhdat cua bicu thire

H pes-
b*+1 c¢"+1 a +1
: a+l a2
Lot giai. Vi a, b €[0; 1] nén ta co -<
b+l b +1
=(a"+2)| 1- b =(a"+2)—(a" +2) b
b +1 b +1
2 2 bz 2 2 1 272
<@ +2)-(a +2).-——2—=a —~b +2—§a b
Dau ding thirc xay ra <> a, b {0, 1}.
Tuong tu, ta cling ¢6
)
O 12— B €2 g0 Lag
& +1 b, e 2

Suyra H < 6——;—(&'2&)2 +b’c” +c*a*)<6. Dau ding

thitc xay ra ¢:>a, b,cel0, 1} va &b*+b°c +:::'Ea2 =0
hay trong ba S0 a, b, cco nhiéu nhét mét s6 bang 1,

cac sO con lax bang 0. Vay max H =6, dat duﬁc
khi trong ba sO a, b, ¢ ¢6 nhiéu nhit mot sb
bang 1, cac s6 con lai bang 0.

Nhén xét. Mic du xuat phat tir gia thiét sin c6 clia bai
toan, va 1a moét c:f:“:ng doan nho trong ca qué trinh giai
nimmg viee danh gia lai ¢o sy hi€u qua vo cung to 16m.

Thoéng qua cac vi du trén ta da thiy duoc cdc ki ning
dénh gid bién sb hét strc da dang va phong pht.

BAI TAP TUONG TU'

1. Cho a,be[1;2]. Tim gi4 tri nho nhét cla

b+3 i a+3 +a+b*
a’—-2a>+b+4 b*-2b2+a+4 25
2. Cho ﬂ,b,CE[U;Z:I théa man ab+bc+ca=2.
Tim gi4 trj nh6 nhét cia P=—~— 410, %€

(a+b) 2

3. Cho a,b,c€[0;2]thoamin ab+bc+ca=2.Tim
oid tri nho nhat cia P = a®b? + b3c? + c3a® +9abe.

P =

4. Cho cac s6 thuc %Sa£1£b£2£c£3 thoa

man a+b+c=4. Tim gia tri nho nhit cta biéu thic

P=1+ 3 % 5 +3ab£+8

a2 b*+2 c?+6 o7 1 e

5. Cho a;be[ﬂ;l].Tim gia tri 16n nhat cia
P_8+6(”+b)+(a+b)z
L 4+2(a+b)+ab '

6. Cho a;b;c;d €[ 1;2 |. Chimg minh rang :

1 1 1 .
b2+£2+d2J£25.

1
(@ st +d1)(az L

TOAN HOC
* cTusitre 11
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Sovl A
HUGONG DAN
Cau l
1) Ban doc fur giai.
2) PT hoanh d6 giao diém

2x—1
x—1

=x+m < x +(m-3x+1-m=0 (¥
(x =1 khong la nghiém)

DPudng thing cit db thi tai 2 diém A(xl;xl +m),
B(x,;x,+m) thoa min AOAB vudng tai O khi

va chi khi PT (*) ¢6 2 nghiém phén biét Xopis

thda man OA.OB =0
S 2x,%, +m(x, +x,)+m* =0, v6i x,x,1a 2

nghiém cia PT (*). Pdp s6. m = -2.
Cau 2
1) Dat r=log, x, BPT da cho ¢6 dang

atpele e i3r+2}0{:?“’32

=2 1+H2F T ~2<r<—%
log, x >2 x>4

o 2 <1 /i
_—Eilogzx{—g _I{x{:ﬁ

2) Ham s6 y"—-\fx2+2 +y4— x> xéc dinh va
lién tuc trén doan [—2;2].

o tack
Ve 2 WAS

Tacoty‘=

X X x =)
—

= = :

J XD e 2 x =11
Ddp s6. min y =+/6, max y =2./3.
Cau 3

0471
26 08

1) T (1-2i)(z-1)=(2+3i)z suyra z=

2 2
Taco: ziz= 312:[%] +(%) :;_6'

- TOAN HOC
12  *clusife

So 465 (3-2016)

GIAl DE 56 &

2) Goi 4 1a bién cd: “Ba cudn lay dwoc déu 1o
sdch bai tdp”. Cac két qua ddng kha ning 1a:
@ C=1200.

Céc két qua thuan loi 13: C.CL.C! =150.

: 7SS - 150 1
Xacsuatcantimla: P(A)= =i,
can tim Ia: B(4) 1200 8
Caud. Taco
I=2]; X dr:—;j L d(cosx)=2.
COS- X 2 cos” x

Cau 5
PT mit phing (Q) vudng g6¢c v6i A c6 dang
(Q):x+y+z+d=0.

Goi H=A(O) = H —i;—i;-i.
o ‘S 5 3

Goi M=0y(l10)=> _HITO —d; 0) . Khoang

cach tir M(0:—d:0)&n mp(P) la |2d3_3| :

Theo gia thiétd( M. (P))= MH
12d-31  |6d> ~-6-3J6 . _

<> 3+ ~elle0 == 5 hoac
iy, & "/

d-—-_- 6 .ﬂJ"'..E) ' ‘své} .M 0, 6+3\{E #0] h{}f;i,[:

2 \ 2
M[O; S
Cau 6

Vi A’ABC 12 tr dién déu, nén néu goi H 13 tAm

tam gidc deu 4BC thi A'H L (ABC).

2
B T s St V3

_ Ane 2 A'H, voi

a6

A'H =+ A'A*> — AH? 3
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a2

Suy 12 Voo sper = 4

1 T D

Vay Vﬁ'B'Bi?' ZEVABC,A’B'C' T 1R

T CC'//mp(A’AB), suy ra d(AB,CC’)=

=d(C,(A'AB))=d(A',(ABC)) = A'H =“—3‘@"—.

Cau 7
Goc toa d6 O nim trén duong tron (C) c¢b

tim/(1;2)va ban kinh R=+5 va I 1a trung
diém OB suy ra 3(2;4).55‘[ A(x;y) , ta co:
OB’ = 0A’ + AB* < OB® = OA” +(20A)’

& OB’ =5.0A” & x* +y* =4. Giai hé PT

)

X +y* —2x—4y=0 % =2 0

: = hodc « :
{xz+y2=4 {}’=0 A
S

Suy ra A(?. : 0) = C(0;4)

6 8 16 12
hodc A| ——: —= ' :
04c ( 5,5}::%3’[5,5}.

Cau 8
PKx>0: 9 > 0.

Tacd 41+x —xy\J4+y* =0

<441+ x :xy\/4+y2

@%x/si-f—ﬂrx :y\ffil-+y2

H¢ tuong duong vdi

{x y+yJx =6 st
yJx =2 =

Cau 9.Hé DK

r(x+y+z)2 ~2(xy+yz+zx) =38

=
Xy + Yz +zx = —
x+y+z=0 y+z=—x

= =2 (%)
Lx(y+z)+yz:—4 yz=x"-4

Taco
X —:—}*3 +7° = x° +(y+:z)3 —3}?2(};-1-2)

+(=x) =3(x? ~4)(~x) = 32’ -12x va

|

4yt 42 = 1y +2) 2Py 1P 420

=64——2:.x2(y2 —!—2’2)-}-}*222]

:64-2rx2(8—xz)+(x2—-4)1:32.

SuVIaP:SIa_IZI xe|— o
: g CaSHen Pt Rl
N s e 3x=19x [R5 1
Xethamso y= W XE| ———: C
Seaa EEERE
o -1 A o2 i
pe— == x=t— | — : :
: 32 327 | 23 /B
Ta thay
( 4]_ V3 [ 2] e e ) V3
V| ——— == _——— :-——1)}' —— :—-——!
V3 6 BB 16 w3 6
1[%] = }/6_§ = min =——?~;ma}{P —{i
NGUYEN VAN SANG

(GV B6 mén Todn Pai hoc Can Tho)

TOAN HOC
213
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E & : = B . .
THU SUC TRUOC KI THI
DE SO 7
(Thoi gian lam bai: 180 phait)

Caun 1 (1 diém). Khao sat va v& do thi hiam so:
Y=t 2y .
Cau 2 (1 diém). Tim m dé ham so
=0 —E—(4rr.t+2),vc:2 —I—(m2 +8).x+2
dat cuc dai tai x = 3.
Cau 3 (1 diém).

a) Tim sO phurc: z biét z ¢6 phan thuc va phan ao
d61 nhau, z c6 modun bing modun cua

=(1+2i)(1-1).
b) Giail phuong trinh: 3= 47 =1,
Céu 4 (1 diem).
a) Cho sinx+cosx :%. Tinh
A=2sIn3x.cosx —sin4x.
b) Cho da giac (H) co & canh, go1 5 la tap Cac
doan thing nbi hai dinh bat ki ctia da giac (H)
Tt S chon 2 doan thang bat ki, tinh xac suat dé
trong hﬁﬁ doan thang dwoc chon ¢6 it nhat mot
doan thang l1a canh cua da giac (f1).
Céu 5 (1 diém). Tinh tich phan

dx.

7= Tsm X+cosx
= sin” x

Caué6 (1 dzem) Trung khong gu—m vGi1 hé toa do
Oxyz cho diém M(3;-1:-2) va dudng thang d:

el SRl e

TR o AT Viét phuong trinh miit

NGAY TOAN TUQ

Sang ngay 19.1.2016 tai Truong Tiéu hoc Doan Thi Biern Ha N1, tap chi

phing qua M va vuéng gbc v6i d. Tim toa d6
diém A4 thude d sao cho OA =+/11 .

Ciu 7 (1 diém). Cho hinh chép S.ABC cb
AABC va ASAB 13 cac tam gidc déu, hinh chiéu
vudng goc cha S trén (4BC) 1a trung diém cia

AB.SC = “""‘ 6

. 20i M 13 trung diém cua SC.
Tinh thé tich khéi chép S.ABC va tinh khoang
cach gira AM va1 SB.
Ciu 8 (1 diém). Trong miit phﬁng vl hé toa do
Oxy, cho AABC can ta1 4, H 13 trung diém cia
BC, D 1a hinh chiéu vudng goc cua H trén AC,
3 11
M [E.’T
duong thang BD: x + y — 4 = 0; phuong trinh
duong thing AB: 3x + y — 10 = 0. Tim toa do
diém C.

Céu 9 (1 diém). Giai phuong trinh:
B =Tt es oA L
—(x—3 }[‘*,1'—2—1—5@)(\[:1:—_3—1).
Cau 10 (1 diém). Cho ba s6 thuc duong a, b, ¢
théa mén a+b+e<2.
Tim gia tr1 nho nhat cua:
ala NoR e . |
LJabib bilbetc c+ecata 2Wabe
PAU XUAN NAM
(GV THPT Tran Phii, Tan Bién, Tay Nink)

Ol THO

Ia trung diém cta HD, phuong trinh

P=

Toén Tudi tho di tu chirc Ngay Toan Tudi

tho. Bén du co GS. TS. Vi Van Hung, Tnng Giém doc, Tong bién tap "\KEL"‘ Viét Nam; Ba Do Thi Phuong, Pho Giam
doc NXBGD ‘ta1 Ha Noi; Ong Pham Quynh Pho Gldm d6c Cong ty CP sach Gi L_@ duc tai thanh phd Ha Nbi; TS. Pinh
Viin Vang, Téng bién tip tap chi Vin hoc va Tudi tré; Pai dién Phong Giao duc Tiéu hoc va Phong Giao duc Trung hoc
cua S& Gido duc va Pao tao cic tinh phia Bic; NGUT Nguyén Thi Hién, Hiu trudng truomg Ti€u hoc Doan Thi Diém
Ha No1; Ong Hoang Manh Anh, Pho Tﬂng Gi1am ﬂDG Cong ty CP Vin phong pham Hong Ha; Ba Dink Huong Ly, Pai
dién Trung tAm phat trién tu duy va ki ning TEG; Ong Biii Minh Man, Giam doc Cong ty CP dlch vu Gido duc Viét Nam;
Ong Pham Tho Hoan, dai dién website: Olm.vn; TS. Chu Céim Tho, Giam doc T"‘L’aﬂﬂ tim Toan POmath; cac thiy ch gido
nguyén 1a lanh dao Tap chi; cac Uy vién Hoi dong bién tap Tap chi Toan Tudi tho; cdce cdu lac bd Toan Tum tho dén tir:
Nam Pinh, Thai Binh, Son La, Hung Yén, Quang Ninh, Vinh Phic, Ha Noi va cac em hoc smh khm lop 5 Truong
tmu hoc Poén Thi Blem Ha N6i. Céac nha tai tro: NXBGD Viét Nam; Cong ty CP Vin phong phanl Hung Ha; Truong
tiéu hoc Bﬂan Thi Piém Ha Noi; website: Hocmai.vn; website: Olm.vn; Tmrr tam phat trién tu duy va ki ning IEG.
Trnng 1€ ki niém 15 nim Tnan Tuoi tho, ThS. Vi Kim Thuy, Tong bién tap tap chi Todn Tudi tho di co bal bio cdo vé
15 nam hoat dﬂﬂg cua Todn Tubi tho. Tap tri Toan tudi tho ciing da trao thirdng bén cudc thi trén tap chi la: Cugc thi ra
dé kiém tra, dé thi toan; cude thi dic biét nhan 15 nim Toan Tum tho; cudc thi tim hiéu Cﬂng dong ASEAN, cude thi vui
chao he 2015. Trong ngay Toan Tudi tho ciing d3 t6 chirc thi dau cau lac bd Toan Tudi tho lién tinh cho 9 céu lac bé.
Ngay héi Toan Tusi tho dd dién ra trong khong khi vui tuoi va phin khoi.

TH&ETT

TOAN HOC
" Cluéilre
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BAN DOE TRAB DO

BPIDH LI SID DANG PAT SO

Ban Pham Nam Khanh, 10T, THPT chuyén Ha
NO1 - Amsterdam c6 giri téi Toa soan Tap chi
TH&TT bire tha sau.

Kinh giii cdc thdy cé trong Ban bién tap Tap chi
TH&TT, nam nay em hoc I6p 10, bude dau lam
quen vJi khdi niém dp dai dai s6 va khdi niém gdc
dinh hirong, sau nhitng bo ngd ban dau, em ciing
hiéu ra r&ng khdi niém dp dai dai s6 va khdi niém
goc dinh hudng la nhiing cong cu quan trong
gitip ta dai s6 hod hinh hoc vé phirong dién d dai
doan thang va sé do géc. Tuy nhién sir dung
thanh thao khdi niém do dai dai s6 va khdi niém
goc dinh huomg lai la van dé khéng don gian. Co
rét nhiéu bai todn em biét chdc chin rang dé gidi
chiing can phdi sir dung khdi niém do dai dai so
va khdi niém goc dinh hudng nhumg em van
khéng gidi duoc. Kinh mong cdc thay cé frong
Ban bién tdp givip em gidi mot bai todn nhe vay.
@Bai todn. Cho tam gidac ABC va diém M khong
thubc cdc duong thang BC, CA, AB. A,. By, ¢
theo thir tir la giao diém cua AM, BM. CM vér
BC, CA, AB. 4>, B>, C; theo thir tw la giao diém
thir hai cua dwomg tron ngoai tiép cdc tam gidc
AB\Cy, BC14,, CA\B;y va duong tron ngogi rff?};
tam giac ABC. 4, B;, G5 theo thir i la giao
diém ctia BC, CA, AB v6i AA>, BB, CC,. Chimg
minh rang As, B;, C thang han o,

Nhan thiay dé nghi cua ban Pham Nam Khdanh
cling 1a @ nghi cta rat nhiéu ban khac, Toa
soan Tap chi TH&TT gidi thiéu voi cac ban 161
giai bai toan trén cta TS Nguyén Minh Ho.

Ta can ¢o hai bo de.

e

B6 dé 1. Cho tam giac ABC, o,B,y theo thir tu

la vecto dinh huéng ciia cic dudng thing BC,

— - ol =

CA, AB. Khi d6 f"i“('i V) _sin(y,0) _ sino., )
’ BC CA AB

B6 dé 1 duoc goi 1a dinh 1i sin dang dai s, c6
thé tim thiy phép chitng minh nd trong cudn
sach Hinh h¢c phiing dinh hwéng, tr 137, 138.
Bo6 dé 2. Cho tam gidc ABC. Cic Gidm E, F
theo thir tu thudc cic dudng thing 4B, AC
(khac 4, B, C). D la giao diém thir hai cia
dudng tron ngoai tiép cac tam gidc ABC, AEF.

Hinh 1
Dinh huéng cic duong thing BC, CA, AB, DM,

DE thay
(BE,BD)=(BA,BD)=(CA,CD)=(CF,CD)(mod);
(EB,ED)=(EA,ED)=(FA,FD)=(FC,FD)(mod ).
Do d6 cac tam gidc DBE, DCE dong dang cling
hwéng. Vay khong mat tinh tong quat gia sir
(¥,5) = (B,¢) (mod 2m); (v,¢) = (B, f) (mod2m);
(b,e)=(c, f)(mod2mn).

(Xem tiép trang 27)

TOAN HOC
 CTusitre 15
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CAC LOP THCS
Bai T1/465 (16p 6). Dit
S=120 22 3920 19016000

va quy udc 2° =1 . Haly so sanh S véi s 2015.2%

NGUYEN ANH VU

(GV THPT Nguyén Binh Khiém, Hodi An, Binh Pinh)

Bai T2/465 (1op 7). Cho tam giac ABC vubng

tai 4, AB < AC. Trén tia d6i cua tia 4B iy diém

D sao cho BD = AC; trén tia d6i cta tia CA4 lay

diém E sao cho CE = AD. Tia DC cét BE tai F.
Tinh sb do gbc CFB.

NGUYEN KHANH NGUYEN (Hdi Phong)

Bai T3/465. Cho a, b, ¢ 1a cic sb nguyén duong

@il e W

13 mot sb
bc ca ab ;

thoa man

nguyén duong. Chirng minh rang
(a,b,c) < [%/a +b+ c] :

trong do ki hi€u (a,b,c) 1a uéc chung 1én nhét

ctia cac sd a, b, ¢ va [x] 1a s6 nguyén 16n nhat
khong vugt qua x.

NGUYEN VIET HUNG

(GV THPT chuyén KHTN, PHOG Hea No?)

Bai T4/465. Cho tam giac ABC vudng tai A4

(4B < AC) ¢c6 BC=2+2/3 . Dudng trdon ndi

tiép tam gidc ABC c6 béan kinh bang 1. Tinh s6
do cac géc Bva C.

VU HOU BINH (Ha Néi)
Bai T5/465. Giai phuong trinh
1 [P A0
«Jx+ J2x+1 Jl—zx 31N
LAI QUANG THO

(Phong GD - DT Tam Dwong, Vinh Phiic)

TOAN HOC
* Clubitré S6 465 (3-2016)
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CAC LOP THPT
Bai T6/465. Giai hé phuwong trinh

& =y+z" +1
e’ =z+/x" +1

& =Xty %l

P

NGUYEN VAN XA
(GV THPT Yén Phong 2, Yén Phong, Bdc Ninkh)
Bai T7/465. S6 nao 16n hon:
sin(cosx) hay cos(sinx)?
HOANG CHI (Ha Néi)
Bai T8/465. Cho 4, B, Cla ba géc cia mot tam
gidc. Chimg minh ring

1 1 ] 2 A B &
e < LR 2 ~
sin A % sinB sinC~ 3 (cot 2 0! 2 et 2 )

LE VAN CHANH
(GV Khoa Todn. DHKHTN, PHQG TP. Ho Chi Minh)

Bai T9/465. Tim gia tri duong 16n nhét cia sé
thue 7 sao cho v6i moi a, b, ¢ duong thda mén
didu kién abc = 1 thi bat dang thirc sau ludn
dang:

a+-b bEciNScta ST
b(ﬂ+]'l c(b+1) a(c+l)_

CAO MINH QUANG
(GV THPT clunvén Nguyén Binh Khiém, Vinh Long)

TIEN TOI OLYMPIC TOAN

Bai T10/465. Tim tit ca cac sd nguyén duong
x" chia hét cho 2xy” —° +1.

PHAM THANH HUNG
Toan gidi tich K19, PH Céan Tho)

X, y Sao cho x

' e = S

' o +. X

li__‘{.-'__- L) I -‘I\_
i - -

Bai T11'465. Tim tit ca cic ham don didu

f:(0:+0) —> E thoa mén di€u kién sau

, | s | 2016 1
f(x+v)=x ( - )+
J ( - f I,DIS y f(yZ{]!S]

vOl IllDI X, GIID'II'-T

KIEU PINH MINH
(GV THPT chuyén Hung Vwong, Phu Tho)

Bai T12/465. Cho tam giac ABC cin tai 4 co
A<90°, dudng cao CD. Goi E 1a trung diém

https://tieulun.hopto.org



cia BD, M 12 trung diém cua CE, phan gi4c cua
goc BDC cit CE tai P. Dudng tron tdm C ban
kinh CD cit AC tai Q. Goi K=POnAM .
Chimng minh rang tam gidc CKD vudng.
NGUYEN XUAN HUNG
(GV THPT chuyén Ha Ngi - Amsterdam)
Bai L.1/465. M6t binh hinh tru cach nhiét, kin
hai dau, dit thﬁng dimg, duoc ngin lam hai
phan boi mot pittdbng méng, ning din nhiét 1y
tudng. Ban dau hai phan c6 thé tich biang nhau,
chira cung moét lwong khi ly tuéng don nguyén
tr & 4p suat p, nhiét dd 7. Buong pitténg, no
dich chuyén xudng dudi mot khoang nao do6 va
dirng lai & vi tri can bing khi ma hiéu 4p suat
ctia khi ¢ trén va & duéi bang Ap. Tinh d6 bién
thi€n nhiét d§ cua khi khi d6. Nhiét dung cua
pittdng va cta thanh binh khong déng ké.
VU THANH KHIET (Ha Néi)

FOR SECONDARY SCHOOL
Problem T1/465 (For 6" grade). Let

S$=12"+2.2+3.2%+...+-2016.2%"
where 2° =1. Compare § and2015.2%*¢
Problem T2/465 (For 7" grade). Given a right
triangle ABC with the right angle 4 and 4B <
AC. On the opposite ray of the ray 4B choose D
so that BD = AC and on the opposite ray of the
ray C4 choose E so that CE = AD. The ray DC
intersects BE at F. Find the angle CEB .
Problem T3/465. Let g, b, and ¢ be positive

2 2 2
geEby o B o i 1s also
bc ca ab
a positive mteger. Prove that

(a=b=3)'5|:%fér+b:+c]g

integers such that

where (a,b,c) is the greatest common divisor of
a, b, and ¢ and [x] is the integral part of x.

Problem T4/465. Given a right triangle ABC
with the right angle 4, AB < AC, BC=2+2+/3 ,

Bai 1.2/465. Cho hé théng nhu hinh duéi.
Thanh din MN = [ nim ngang, c6 khi luong m
va c6 thé truot khong ma sat doc theo hai thanh
ray song song. Pau dudi cua hai ray nbi voi
mot cudn day co df ty cam L. Bo qua dién tro
cia mach. Hé thong duoc dit trong mot tu
truomg déu c6 vecto cam ng tir B thing dimg
hudng xu-‘f:-ng, & thoi diém ban diu thanh MN ¢é
van téc ¥, nhu hinh v& Viét phwong trinh
chuyén dong cta thanh MN.

M

|

= f
- B

AN K
l

PINH THI THAI QUYNH (Ha Néi)

and the inradius is equal to 1. Find the angles B
and C.
Problem T5/465. Solve the equation

1 ol 1 410

Ere W R s e
FOR HIGHSCHOOL
Problem T6/465. Solve the system of equations
= y+ JzZ2 +1

Jed =z 4+x*+1.

| e =x+\fy2r+.1
Problem T7/465. Which number is bigger
sin(cos x) or cos(sinx)?

Problem T8/465. Let A, B, and C be the angles
of a triangle. Prove that

b ik b v B AT s 1B s C.
sinA+smB+smC£3(COt2+c0tz+mt2)'

(Xem tiép frang 27)
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Bai T1/461. Ky hiéu 1.3.5..2n—1)=2n-1)!!,
24.6..2n)=2m)!'\. Chimg minh rang $0
A =(2013)!1+(2014)!! chia hét cho 2015.

Léi gidgi. Cdch 1. Ta thay 20150= 583,31 S6
hang (2013)!! chira cac thira s6 1é 5, 13, 31 nén
chira tich 5.13.31 = 2015, suy ra (2013)!! =
2015k v6i k 1a sb nguyén duong. SO hang
(2014)!! chira céc thira s6 chiin 10=15.2, 26 = 13.2,
62 = 31.2 nén chira tich 5.13.31 = 2015, suy ra
(2014)!! = 20154 v6i A 13 s6 nguyén duong.
Tt @6 4 = (2013)!! + (2014)!! = 2015(k + h)
chia hét cho 2015.
Cdch 2. Ta bién d6i (2014)!! =2.4...2012.2014
= (2015 — 2013)(2015 — 2011) ...(2015 — 3)
(2015-1)=2015k—-1 3....2011 2013
= 2015k — (2013)!! v&i k 1a s6 nguyén duong,
suy ra 4 = (2013)!! + (2014)!! = 2015k cha
hét cho 2015. O
» Nhén xét. 1) Xét bai toan tong quat: Chitng minh
rang s6 A = 2n — D+ 2!l chia hét cho 2n + 1.
Trong truong hop s6 chia la hop s thi str dung cdch
1, con khi sb chia 13 s6 nguyén t6 thi st dung cdch 2
(cﬁa tac gia Poan Cat Nhon).
2) Rét nhiéu ban d3 giai dung bai nay. Xin néu tén
mot sd ban trinh bay chinh xic, 1o rang, gon: Phi
Tho: Cao Thiy Quynh, Neouyén Minh Thuy, Nguyén
Cong Hung, Nguven Cong Hadi, Nguyén Ngoc Lan,
Kiéu Manh Tién, Tran Anh T, 6A3, THCS Lam
Thao, Lam Thao; Nghé An: Nguygn Hﬁng Khanh
Lam, 61, THCS Ha Huy Téap, TP. Vinh, Nguyén
Dinh Thanh, Lé Vin Quang Trung, Tran Pic An,
6B, Thdai Thi Hoai Thuong, 6C, THCS Ly Nhat
Quang, D6 Luong; Ha Tinh: Tran Ha Nhi, Lé Van
Viét Hoang, Neuyén Thi Viét Tra, Ha Trung Chién,
Neouyén Thi Neoc Tram, Ddu Khanh Linh, Tran Pirc
Tung, Pham Thi Khanh Huverr Nguyén Hzmg Phat,
Nguyén Hiru P, Nguyén Tién Pirc, Lé Neuyén Gia
Huy, Cao Thi Khanh Linh, 6B, THCS Hoang Xuan
Han, Puc Tho, Thiéu Thi Hanh Nguyén, 6B, Nguyeén
Thi Thuy Ngan, 6C, THCS Xuan Diéu, Can Loc;
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Quéng Ngii: Cao Thi Ngoc Tram, Pham Thi Thu
Nhung, 6A, Phan Ngoc T uyet Swong, Tran Thi Thao
Vén, 6C, Neuyén Thi Yén Nhi, Tran Thi Thanh
Huyén, 6D, THCS Pham Vin Pong, Nghia Hanh;
TP. Ho Chi Minh: No6 V5 Hoang Viét, 6A3, Trung
hoc Thuc hanh Sai Gon, Q.5; Can The: Tran Danh
Nhdn, 6A5, THCS Poan Thi Diém.

VIET HAI
ABC can fai A co

Tvén nmira mdt phung bo BC,

Bai T2/461. Cho tam giac
'1 = %B

diém A, vé tia Cy sao cho H( Ne=

chira
Tia Cy
cat tia phdn gide Bx cua géc B tai D. Tinh s6 do
goc ADB.

Lot giai

g"]ﬂ

B &=

Tu gla thiét AABC can tai 4 va A=3B suy ra

B=C=36" Trén tia BA lay diém E sao cho
BE = BC (E nam ngnal doan AB), khi d6 Bx la

tia phn giac cua ABC dong thoi 13 trung truc
cia doan EC. Tam gidac EBC can tai B c¢o

180° —36°
2

EAC = ABC+ACB=T72° = AACE can tai C
nén C4A = CE (1). Ta lai c6 ADEC can tai D, va

ECD =132°—-72° =60° nén ADEC 1 tam
giac déu (2). T (1) va (2) suy ra ACAD cén tai

C. c6 ACD =132° —36° =96°

180° —96°
2

ot

BDC =180° —132° —18° =30°,
ADB = ADC —BDC = 42°

Vay ADB=12°.0

»Nhin xét. 1) Bal toan tuong d6i quen thudc va cd
nhiéu cach giai. Tat ca cdc ban tham gia giri bai déu
cho 101 g1ai dung.

2) Cac ban sau day co 10i gidi ngan gon, vé hinh
chinh xac:

Ha Noi: Nouyén Ha Khdnh Nam, TA2, THPT
chuyén Ha Noi - Amsterdam; Vinh Phuc: LE Héng
Nhung, 7A, THCS Vinh Yén, TP. Vinh Yén; Phu
Tho: Tran Cao Ky Duyén, TAl, Pham Thity Linh,

e

BEC = BCE = =772

h_

= ADC =

=42° Trong ABCD coé

suy ra
302 =12
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Triéu Hﬂﬂg Ngoc, Tran Hdai Nam, Lé Thi Phuong

Lan, Nguyén Kim Khdi, Nguyén Chi Cong, TA3,
THCS Lam Thao; Ha Tinh: Bui Thi Minh Tha,

Pham Yén Nhi, Pham Thi Thu Hoai, Pham Hféu
Ngdn, Thai Thi Thu Sang, Neguyén Hdi Ly, TA,
THCS Hoang Xuan Han, Dic Tho; Quang Ngiai:
D6 Thi My Lan, 7A, THCS Pham Vin Poing;
Nguyén Hoang Kim Anh, Nguyen Thi Ky Duyén, 1A,
THCS Hanh Trung, Nguyén Thi Kiéu Man, 7B,
THCS Nguyén Kim Vang, Nghia Hanh, Mai Thi
Thu Thdo, 7C, THCS Séng Vé; Vo Thi Héng Kiéu,
7A, THCS Nghia My, Tu Nghia.

NGUYEN XUAN BINH
Bai T3/461. Giai phirong trinh
I 1 2

J253 193 x+l
Loi giai. DK: x # —1. PT tuwong duong voi:
x+1 L x+1 _5
: Jx2+3 -\{1+f’5;!f2 ‘
Ap dung BDT Cauchy ta co:
1 :Jl‘ 22 £1[1+ 2:z )
o3 9N 20 0 20 2 S as
X 2 ‘.x:‘ :J AN ey
Jxei3 Thlvtine Nxhil i3
2 2
_:_:1[ X +x +1)
2 Lot to] el
Eoien (B2 3)
= < - 1);
S s 2(f+1 2 o
1 _J [ ]
e Xl 3
- 2
il[ 1o | = +1}
PAG Gl T
Ve < M :\/1' 2x :
J14+3x%  A1+3x Y2 1+3x
Ly
£1[1+ 2% j
202 e
x+1 1 1 3
= < + - 2
J143x2 2[13+4 2] =
Tu (1) va(2) suyra
2
BHLAY ueibl 51(;: Y 21 +3]:2_
8 S 3 N e T e

Ding thic xay ra khi x =1, thoa min PK.
Vay PT da cho c6 nghiém duy nhatx =1. O3

> Nhin xét. 1) Ban D6 Hoai Phuwong, THPT Quéc
Oai, Ha Noi da phat hi€n ra “bai todn c6 y tudng
gidng bai T3/449”.

2) Sau day 1a mot 101 giai khac, ngin gon ciia ban

Nguyén Dinh Tudn, THCS Ly Nbhat Quang, D6
Luong, Nghé An.
Dé nhén thay, dé PT c6 nghiém thix + 1 > 0.

PT tuong duong voi x__+ 1 1 =k £ — 2
Jx© +3 Jl+3f
x+1 x+1

Pat =g > =b>0 taco:

vxi+3 JV1+3x?

1)? (z:— i A
2+bﬂ—2=('3{+ — D=
- Bl iR
g —2(x-1)4 <0
(x2+3)1+3x%)

=a’+b?<2=(a+b)yP <2(a?+b*)<4
=>0<a+b=2.

Béng thirc xadyrakhi x=1. Thirlaitaduocx=1 la
nghiém cua PT.

3) Cac ban duoc khen ki nay 1a: Khanh Hoa: Tran
Minh Quan, 9/6, THCS Chu Vin An, Ninh Pa, Ninh
Hoa; Binh Thuin: Nguyén Quoc Phii, 9G, THPT
chuyén Tran Hung Pao, TP. Phan Thiét; Thanh
Héa: Pang Quang Anh, 9A, THCS Nguyén Chich,
Dong Son; TP. Hai Phong: Phung Quang Minh,
9A1, THCS Hong Bang, Hong Bang; Quang Ngai:
Dé Th.! My Lan, 8A, THCS Pham Vin Pdng, Hanh
Phudc, Nghia Hanh, V6 Thi Hong Kiéu, 9A, THCS
Nghia My, Tu Nghia; Pha The: Lé Nguyé'n Quynh
Trang, 9C, THCS Vian Lang, TP. Viét Tr, Pao
Tudn Minh, 9A3, THCS Lim Thao, Lam Thao;
Nghé An: Nguyén Thi Linh Dan, 7D, Nguyén Dinh
Tuan, 8C, Dinh Viét Ty, 9D, Nguyen Canh Giang,
9B, Hoang Tran Piic, Nguyén Vin Manh, Neuyén
Thz Nhuw Quynh A, Tang Van Minh Hung, 9A, THCS
Ly Nhat Quang, D6 Luong, Tran Thi Diém Quynh,
9G, Duwong Van Minh, 9A, THCS Dang Thai Mai,
TP. Vinh.

NGUYEN ANH QUAN
Bai T4/461. Cho tam giac déu ABC va O I mot
diém nam trong tam gide. Goi M, N, P lan lwot
la giao diém cua A0, BO, CO vdi ba canh tam
gide. Chitng minh rang

1 | s imik bt ] 122
Q) —+—+—<—| ——+—+— | ;
AM vy BNy GE 1 83GvOM ON. _OF
] H’|

g ] 1A AN O] 1
b) —+— ._ | — .
AM BN ( f’ VO4 T OB YOC
Loi giai. (Ban doc t‘i_].' vé hinh). Dit S pc = S,
SGBC =3 SGCA = SOAB o Khﬁllg glﬁm tinh

tong quat gia sit 04 > OB > OC (1)
: TOAN HOC
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T O4 = OB suy ra hogc O thudc trung truc cta
AB hoic O va B nim cung phia so véi trung

trec cua AB, do do OCA > OCB. Goi H, K lan
lugt 1a hinh chiéu cua O 1én BC, CA, ta ¢

OH = OCsinOCB < OC sinOCA = OK.

Suyrax<y. Tuongtu,tacox<y<:z (2)
Mit khéc, tir O4 > OB= OBA > OAB 3)
— OBM < OAN , suy ra B nam ngoai (hodc
trén) duong tron (4MN), va A nam tmng (hﬂﬁc
trén) dumlg tron (BMN), do d6 OBA < OMN
va OAB>ONM . Két hogp véi (3) suy ra

OMN > ONM = OM< ON.
Tuong tu, ta c6 OM < ON < OP (4)
a) Ta co két qua quen thudc

OM x ON 2 Xy OP s 2,
AM S’ AM S’ AM S’

1 " 1 -8 1 a ok y z )
AM BN CP S\OM ON OP
Tu (2), (4), 4ap dung BDPT Chebyshev, ta co

suy ra

. y : 1(x+y+z)( ol oLue g 1]
oM™ OP 3 OM ON OP)
Suyra

1+1+L51[1+1+1)_
AM BN CP 3\0OM ON OP
Pang thirc xay ra khi va chi khi O 1a tim A4BC.
b) Ta c6 két qua quen thudce

0Ny +2 OB_z-i-Jr: oC L oyl
AN SRCHBVATE NS “Uopis o0 .

1 Ko eyt z iz x+yj

SUy It et e S[OA OB " OC

Tu (1), (2), 4p dung BDT Chebyshev ta cé

VahZ s 2k Xy 2(x+ +z)(_l_+i LJ
B oc-—3" 2 N eat o8 oC

1+1+1<2(1+1+_1_J

AM " BN CP"3\0A OB OC)

Ding thitc xay ra khi va chi khi O 1a tim A4BC. (J
»Nhén xét. Khong c6 ban nao cho 10 giai ding bai
toan trén.

Vay

NGUYEN THANH HONG
Bai I'S/461. Giai hé phuong trinh

i[ IaVx +y +2)=x+y+z (1)
¥ \[}: =2z (2)
Jy+zZ5=J1-x+2 (3)

TOAN HOC
20  “crusi
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Loi gigi. Trade hét, ta _chimg minh bat ding
thitc: VGi g, b, ¢ 1a cac sb khong am luén co

(@a+b+c)’ <9(a’ +b° +c°) (*), dang thirc Xay
ra khi va chi khi @ = b = c. That vay, ta cé
(@a+b+cY =a +b° +¢° +3(a+b)(b+c)(c+a).
Ma (a+b)’ +(b+c) +(c+a)’
>3Y(a+b) (b+c)(c+a)’ =3(a+b)b+c)c+a)
(BDT Cauchy)
nén (a+b+c) <a +b +c +(a+b)’ +(b+c)’ +(c+a).
Lai c6 4(a +5 )—(a+b) = 3@’ +b° —ab(a+ b)]
=3(a+b)a—b) >0. suy 1a 4(a’ +b°)>(a+b)’:
twong tir 45 +¢c )= (b +c)’: 4(c’ +_a3) 2(¢:+a)3.
Do d6(a+b+¢) <9a +b* +¢°). Ding thic &
(*) xdy ra khi va chi khi
a+b=b+c=c+a
{—b:b—fzf—a

Sa—b—rc

Tré vé bai T5/461. DKXD: 0<x<1;y>0.
Ta PT (2) suyra=z> 0. Do 0 < x < 1 nén

Vx<x o xfx = (Jx o Ap dung BDT
(*) cho ba s6 khéng am x, 3, z ta c6
I xVx+y’ +2) >0 + ¥ +2°)> (x+y+z)°,
Suy ra :3/9(1-\"?- 2z :; )2 X+ =7
Do d9, tir PT(1) suy ra é3ng thirc xay ra nén

X=P=Z= P‘*':‘-':::

H = =5

(VX =X At — 1
Vo1 x =y =z = 0 khéng nghiém ding PT (3)
nén loai. Vo1 x = y =z = 1 nghiém dung ca PT
(2) va (3). Vay hé p“Jcmrr minh co nghi€ém duy
nhit(x;y;2)=0:1:1). 0

»Nhin xét. Cac ban tham gia déu van dung bat
dﬁng thae (*) dé giai, tuy nhién moét sO ban di khéng
ching minh BBT (*) Ia chwa dat yéu ciu. Tuyén
duong cac ban sau co loi giai tot: Vinh Phiic:
Nguyerz vin Hiéu, 9A4, THCS Yén Lac; Phi Tho:
Tran Quoc Lap, Tran Thi Thu Huyén, Nguyen Thao
Chi, 9A3, THCS Lam Thao; Nghé An: Trdn Thi
Diém Quynh, 9G, THCS Ding Thai Mai, TP. Vinh;
Nguyén Vim Manh, 9A, THC S Ly Nhat Quang, Do
Luong; Thanh Hoa: 7. i Quoc Phuong, 8A, THCS
Thi Tran huyén Thuon g Xuin.

PHAM THI BACH NGOC
Bai 16/461. Gia: phirong trinh:
720
(1+1) -}]{'L—.“.j'l';]“‘ —
(x+d(x+5)x+6)
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Loi gidgi. PK: x &{-6,-5,—4}.

Khi d6 phwong trinh da cho twong duong véi

phuwong trinh:
=((x+D(x+6)).((x+2)(x+5)).((x+3)x+4))—720

=(x" +7x+6).(x* + 7x +10).(x* + 7x+12) - 720

=y.(y+4).(y+6)-720 (y = x* +Tx+6)

=y’ +10y* +24y—-720

=y’ —6y*)+(16y> -96y)+(120y—720)

=(y—6)(y* +16y+120)

=x(x+7)((y+8)" +56) < xe{-7,0}.

Vay phuong trinh dd cho ¢ hai nghiém

x=—7;x=0.0

»Nhan xét. Day 1a bai toan don gian. C4c ban 16p 7.

16p 8 sau co loi gial dung:

Pha Tho: Nguyén Thu Hién, Bui Thi Quynh, SA3.

THCS Lam Thao; Vinh Phiic: Ta Kim Thanh Hién,

7A4, Bii Tudn Anh, Nguvén Triic Quynh, 8A2,

THCS Yén Lac; Ha Ngi: Dinh Hodng Nhdt Minh,

8AS5, THCS Cau Gidy; Hai Dwong: Nouyén Vin

Cuong, 8A, THCS Hop Tién, Nam Séch:; Nghé An:

Nguyén Thi Link Pan, Lé Dinh Thanh, Nguyén Sp

Irong, TD; Hoang Si Dat, Nguyén Thi My Hoa,

Trdan Vin Nham, Nguyén Ddng Quang, Lé Dikc

Toan, A1, THCS Nghi Huong, Thi xd Cua Lo; Phu

Yén: Bam Ngoc Hiéu, 8H, THCS Trin Hung Dao,
Thi tran Hoa Vinh.

NGUYEN MINH BUC
Bai T7/461. Xdc dinh s6 nghiém cia moi
phuong trinh sau:
i
nx=——— (1
L S
b) sinx =log,,, x (2).

Loi giai. a) Nhan xét: x =0 14 nghiém cua (1).
Néu X, la nghiém cua (1) thi —x, cing la
ngh:tem cua (1) = sb nghlem am cua ( 1) bing

SD cac nghiém duong (neu cd) = ta chi can tim
30 cac nghiém duong. S6 nghiém cua (1) chinh
[a s0 giao diém cta dd thj y=sinx va duong

thing y*-ﬁ“;i. Ta co: x=1964.sinx <1964

= nghiém 16n nhat ctia (1) khéng vuot qua
1964. |
Ta chia truc Ox, td 0 dén 1964 thanh cac

khoang bang nhau, do dai 11101 khoang la 2=
(trlr khodng cubi c6 do dai ngan hon). Ta duoc

312 khoéang, moi khoang d6 dai 2w, va khoang

cudi ¢ do dai 1964-31227>3.64 > . Dua

vao tinh chat do thi him y=

15;24 va y=sIinx

trén khoang (0; 1964) ta xac dinh duoc sb
nghiém cta (1) nhu sau;

l
TR el ¥ =smx 1964
o . =
! 5 O 1a6s ..-?z.i. ..,---"'

G

; SEIIR /322w %
ek e /

- Trén khoang dau (0; 27) thi (1) c6 1 nghiém
duong.

- Trén mdi khoang tiép theo (trir khodng cubi),
(1) co 2 nghiém duong.

- Trén khoang cuéi (312.2w; 1964), vi khoéang
nay co d6 dai 16n hon = 1én khoang nay “chira”
di phan dd thi y=sinx nam trén Ox

(sinx >0) nén trén khoang nay (1) ciing c6 2
nghiém dwong. Suy ra sé nghiém duong cua (1)
la: 1 +311.2+ 2 =625.

Vay (1) c6 tat ca: 1+ 625 . 2 = 1251 nghiém.

b) DK: x> 0. Ta cé: log,,, x=snx<1=>x<100.
Tuong tu cau a), ta cung chia truc Ox, tir 0 dén
100 thanh 16 khoang, gom 15 khoang c6 d6 dai
bing nhau va bing 2, khoang 16 co do dai
100—15.21>5,75>m. Tir @6 thi ham y = log,, x

va d6 thi ham vy =sinx trén khoang (0; 100) ta
xdc dinh duge s6 nghiém cia (2) nhu sau:

y=sinx

- Trén khoang dau (0; 27) thi (2) ¢6 1 nghiém
duong.
- Trén moi khoang tiép theo (trir khoang cudi),

chang han trén khoang (k2x; (k+ 1) 2n), k=1,
2 e Mdtach:

- T :
VOl X =—2——1—k2n = sinx =1>log,,, x,

S6 465 (3-2016) G
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VOl x =n+k2n=sinx =0<log,, x .
Vay trén moi khoang nay (2) ¢6 2 nghiém.
- Trén khoang cudi (15.27; 100), khoang nay co
d6 dai lon hon w Ién khoang nay “chua” du
phan do thi y=sinx nam trén Ox nén trén

khoang nay (2) cting co6 2 nghiém. Vay (2) co
titca: 1 +14 .2 +2 =31 nghiém. OJ
> Nhdn xét. Bai toan ndy twong tir mot bai trong dé
thi Olympic Moscow (Nga) nim 1941. Bai toan
khéng khd nhung co 1€ “la” nén da khéng co ban
nao tham gia giai.

TRAN HUU NAM
Bai T8/461. Cho tam gidc ABC néi tiép dwong
tron (0). Cdc tia phan gidc cua cdc goc A, B, C
lan ot cat diwong tron tai cac diem D, E, F. Ky
hieu h,, hy,h.,S thr tw la do dai cac duong cao
ABC.
4‘\}‘%15

ke tr A, B, C va dién tich cua tam gidc
Chitng minh rang: ADh_ + BEh, + CFh,

Loi gigi. Dat BC=a,CA=b,AB=c va

p:%(a+b+c?). Ap dung dinh 1y cosin cho

AABC taco
cos A = b” +cl—a2_ Suy ra
| 305 hankeid Tk
A breia’
2cos” —=1+
it 2 2bc
_(btc+a)bt+c—a) 2p(p—a) (1)
= 2bc bc
Theo dinh ly Ptolemy: AD.BC =AB.CD+AC.BD
:‘,;-AD:(b-I_C)CD 5 b+c (2)
= 2{:0‘5‘{1
)
Tk (1) va (2) suy ra AD = (b+c)Jbe . Lai vi

2./p(p—a)

Np(pﬁa){p b)(p—c)

d

(b+)be(p—b)(p=0)

a

Tuong tw BE.h, = 41 CN&C(‘Z e :

(a-+b)Jab(p=a)(p—b)

C

Do d6 & =(AD.h,).(BE.h,).(CF.h)

(cong thirc Heéron),

nén AD.h_ =

CF.h =

TOAN HOC
* CTusilre.
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=(a+b)(b+c)c+a)p—a)p—-b)p—c)
_(a+b)(b+c)c+a)s

= = : |

St dung BDT Cauchy cho hai s6 duong, ta
duoc (a+b)(b+c)(c+a)=8abc, suyra

8@55_5" _"'-":-5 E (v(‘_l‘] R la ban kinh

p 2
dudng tron ngoai tiép AABC).

P>

Lai c6 p=R(sinA+sinB+sinC)£3J§'R
gl 40l 2 _ 64S°
B 3B 3( 343
Ap dung BDT Cauchy cho ba s6 duong thu duoc
AD.h +BE.h, +~CF.J: >33 AD.h .BE.h, .CF.h

=

Vay Sy =

3
ool o =4./3.S.
\ 33
Ping thirc xay ra khi va chi khi AABC déu. O
»Nhin xét. Tat ca cac 11 giai giri vé Toa soan déu
ding. Nhitng ban sau co lo1 giai gon hon ca: Ha
Noi: Tran Nhdt Quang. 11A2 Toan, THPT chuyén
KHTN, PHQG Ha Néi. Tran Bag Khéi, 11T2, THPT
chuyén DHSP Ha Noz. 7

Vieong Tien Pat, 10 Toan A,
THPT chuyén Nguvén Hué, Newén Fan Cao, Pdng
Thanh Tung, 10A1, THPT U ng Hoa A: Vinh Phic:
Nguyén Duy Khanh, 10A1, THPT chuyén Vinh
Phuc; Béic Ninh: Newyén Thu Thuy, 10 Toan, THPT
chuyén Béc Ninh, Mdn Dic Bink Minh, 11Al,
THPT Yén Phong Sé I, Yén Phong; Hung Yén: Vi
Tén Khang, Vii Tan Pat, 10 Todn 1, THPT chuyén
Hung Yén; Nam Dinh: Doan Thi Nhai, 11 Toan 1,
THPT chuyén L& Hong Phong; Nghé An: Nguyén
Huy Hung Minh, 11A1. THPT chuyén Phan Boi
Chéu, TP. Vinh, Nguyén Phimg Thdi Cuong, 11A1,
THPT Thai Hoa, TX. Thai Hoa; Thira Thién Hueé:
Téng Ngoc Chung, 10 Toan 1, THPT chuyén Qudc
hoc Hué; Quang Nam: Trrong Nhdt Nguyén Bdo,
10/1, THPT chuyén Nguyén Binh Khiém; Phi Yén:
Ngé Lé Phuong Trinkh. 11T1, THPT chuyén Luong
Vin Chénh; Pik Lak: Lé 4nh Tuan, 11CT, THPT
chuyén Nguyén Du, TP. Budén Ma Thuét; Long An:
Nguyén Thi My Neoe. Nguyén Thi Ngdn Triic, 10T1,
Pham Quéc Thang, 11T1, THPT chuyén Long An;
Binh Phwéc: Dwong Thai Duc Son, 11T2, THPT
chuyén Binh Long; TP. H6 Chi Minh: La Trdn Hai
Pang, 10A4, THPT Bui Thi Xuan, Quéan 1; Vinh
Long: Chau Minkh Khanh, 10T1, THPT chuyén
Nguyén Binh Khiém.

HO QUANG VINH
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Bai T9/461. Cho cdc sé thue a. b, c.
man a‘+b*+c°+d” =1.
va gid rr;' nho nhdt cua
=ab+ac+ad+bc+bd+3cd .
Loi giai.
. Tim maxP: Ap dung bét dang thitc quen

thudc 2ab<a’ +b*, voi x 1a s6 thye duong bit
kijtaco: 2xP = (2ab)x+2a(xc)+2a(xd)
+2b(,r(.‘)+2b(xd)+(2cd)(3x)
< (az +b2)x+a2 +(I(.?)E t+a +(.;h:a'f)E +b°
+(xc)2+bz+(xd)2 (C —i—dz)(&x)
:>2xP£(x+2)(a2+b) (2x +3x)(c -I-dz).

Chon x >0 sao cho: x+2=2x"+3x =>x*+x-1=0

J5 -1
2

24P < (x+2)(@* +b* +* +d ) = x+2
x+2 2445

T s Y 2 ¥

Dau bang xay ra khi va chi khi

d thoa

Tim gia tri lon nhat

=>I— . Ta duoc

== e

azi:xc:xd gz_bzzﬁ_‘g
S pend = 20
2 : Ezzdz:ﬁ‘l‘\/g
La2+b2+c“+d2:1 ._ 20
2105 B=0= S;_E}E
Vay maxP = khi <
2 g Sas
UILTGV S\i0e0
a=b=-— —V5
hos 20)
odc  + :
(_:d:_\/SJmE
s 20

. Tim minP : Ta cé (ﬂ+b+£‘+d) >0

:‘;»1+2(ab+ac+ad+bc+bd+cd)3_>0

:>ab+ac+ad+bcr+bd+cd2—l = zml— +2cd.

2 2
Lai co (C+d)z+ﬁ12+b2 >0

:‘PZCdE—'(ﬂ2+b2+C2 +d3):—1

Do do P}_—l+2{.‘d>—-?i.

2 T
Dau dang thirc xay ra khi va chi khi
a=b=0"c==d, c"+d =1.

Viy minP = —E-. (1a tr1 d6 dat duoc khi

7
1 1
a=b=0;, c=—; d=——
2
1
hodc a=b=0; (,-—— d=—
42 J_

»Nhin xét. Viéc tim min P don gian, hau hét cic
ban gir1 bai lam dang.

Pé tim maxP, c6 thé dit r=c*+d° va ching
minh ring P < f(¢) véi

f(i‘}=i“—.'*3,;r(l—z‘)+%, re[{];l] ; st dung dao

ham, khao satham sd f(7) ; suy ra két qua.

Céac ban sau diy c6 bai giai tot :

Ha Noi: Nguyén Thanh Long, 10A1, THPT Ung
Hoa, Lé Thanh Anh, 11 Todn 1, THPT chuyén
Nguyén Hué: Nghé An: Pham Cong Hodng,
Nguyén Huy Himg Minh, 11A1, THPT chuyén Phan
Bo1 Chau, TP Vinh; Ha Tinh: Lé Vian Hung, 10A1,
THPT Cu Huy Céan, Vi Quang ; Quing Ngai: Vﬁ
Van Tién, 11 Toan 1, THPT chuyén Lé Khiét, TP
Quang Ngai: Quang Binh: Hoang Nhdr Tudn, 10
Toan, THPT chuyén V6 Nguyén Giap, Pong Héi;

Thira Thién — Hué: 70 ong Ngoc Chung, 10 Toan,
THPT chuyén Quéc Hoc Hué, TP Hué.

NGUYEN ANH DUNG
Bai T10/461. ( hn k21 va r.uc SO diong x, y.
Chirng minh IHHU VOT moi % nguvén diong

n2>2 taco bar dang thire

- ——

T o om e wmmw

3 ek v}*”+£[{1*1} —x" = J| i

e = o

\’ “» ?FH!L(?H_ =

o l
|

Lot giai (Theo da s0 cac ban). Nhan xét rang
vl céc sO duong x, ¥ ta ludn cé bat dang thirc

(x+v) x"
(SrEy e X +y"

| < ,VneN'. (D& ding chimg minh

2 2
'\ L
bing quy nap dua Vé.ﬂ dﬁng thire
Yaket Y Xty _ +}-, (I—y)(xﬂ——}’ﬂ))
2 2 2 4 '
Vaynén » ey —l—k[(x+y)_—x —y"]
Dtk (2223
_ Jk(x+y) —(k—D(x" +y )
2Lk 22)
; n : I-l—_‘)J o
iy k(x+y) —2(_L—~1)(_____2_,_ ) il
\ 2+ k(2" —2) 2
, TOAN H
S6 465 (3-2016) & cru&gg 23
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Mat khéc, tir khai trién nhi thirc Newton, ta thu
]_ n—1 2
(ju(j'c X+ 1”_x”_ﬂ__ C.l THI_FCHI n—i_ I
X (X+y) y 2;( ¥ )

11_—1

[Py it o
=22 Gy +x™y)
=1

1
%Z C:2J(xy)" = (2" -2)\/(xy
=1
Tu day suy ra

x" +y" +E(x+y)" —x" —y"]
2+k(2" -2)

Jz\(( )" +k2" —2)J(xy

2+ k(2" - )
Dau ding thirc xay ra & cdc vé khi va chi khi

=y ]
»Nhin xét. Pay 13 dang bit ciang thirc co ban cua
da thuc dung bac doi ximg hai bién nén ¢6 nhiéu ban

gial dugc va hau hét theo cach da trinh bay ¢ trén.

Mét s6 ban sir dung phuong phap khdo sat tinh don
diéu ctia ham

M,(x,y) =[IF = ]

0#peR, imM (x,y)=\[xy

p—0

2

cling cho 101 giai ngan gon.

Céc ban sau diy c6 16i giai dung. Bic Giang:
Nghiém Vin Nghia, 11A1 THPT Lang Giang 3; Bic
Ninh: Nghiém Chi, 11A1 - K10 Yén Phong 2 Lé
Huy Cuong, 12T, Nguyén Thanh Hiéu, 11T, THPT
chuyén Bic Ninh. Binh Phuéc: Dwong Thai Puc
son, Lé Thanh Binh, 11T2, THPT chuyén Binh
Long; Ha Néi: Trdn Nhdt Quang, 11A2, Hoang Lé
Nhat Tung, 12T2, THPT chuyén KHTN Ddng
Thanh Timg, Nguyén Vin Cao, 10A1, THPT Ung
Hoa A, Nguyén Vin Diing, 10A14, THPT Ngoc Tao,
Lé Anh Thanh, 11T1, Vuong Tién Dat, 10TA, THPT
chuyén Nguyén Hué, Tran Ba Khéi, Vi Duc Van,
11 THPT Chuyén DHSP, Ha Noi; TP. Ho Chi
Mmh La Tran Héi Dang, 10A4, THPT Bui Thi
Xuan; Gia BDinh: Poan Quang Minh, 10CT, THPT
Gia Dinh; Thira Thién Hué: Neuyén Mi nh Hadi,
10T1, THPT Quéc hoc Hué; Nam Pinh: Tran Mink
Hiéu, 10T2, Docn Thi th Biii Thi Tuyét Chinh,
11T1, Dang Thién Hung, 10T2 THPT chuyén L&
Hong Phong; Nghé An: Nguyén Phimg Thai Cuong,
11A1, THPT Thai Hoa, Pgng Duy Bdo Khdnh,
10Al, THPT chuyén DH Vinh; Quéing Binh:
Hoan_g Nhdt Tuan, 10T, THPT chuyén V& Nguyén
Giap; Quang Nam: Lé Tdn Péng Iam, 11/1, THPT
Lé Thanh Téng; Thai Binh: Zran Qucmg Minh,
11A1, THPT Déng Thuy Anh; Thanh Hoa: Nguven
Danh Thing, 10A5, THPT Lurong Pic Bang, Hoing

TOAN HOC
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Hoa; Vinh Long: Chdau Minh Khanh, 10T1, THPT
chuyén Nguyén Binh Khiém; Vinh Phuc: Po Van
Quyét, 11A1, THPT chuyén Vinh Phiic.

NGUYEN VAN MAU
Bai Ti1/461. Cho n s6 nguyén duong khdc
nhai. h::r cap SO duoc Zm* e n su nguyén
dwong da cho duroe goi la 1ot néu 1 s6 ciita hai

=201 SR8

-

5o nay la 2 ", Hoi khi cho n-

nguvén du ong .' hde nhau tiy ¥ thi s6 cdp $6 16t
lom nhat bang bao nhiéu ?
Loi giai. (Cua ban Tran Nhdt Quang, 11A2

Toan THPT chuyén KHTN, DPHQG Ha Ngi va

ban Tran Bd Khéi, 11T2, THPT chuyén DHSP
Ha Noi).

Ta gidi bai todn tong quéat voi » 1a sd chinh
Dat a =2"3"¢, (1,,6)=1.
Ta thay néu (a.a.) 13 cip tdt thi t. =t dodd

S0 cap toi trong 7 SO a,,.

phuong n=m".

a, khong vugt qua
o B 3
Cap (273%,2737 )12 cap 6t khi va chi khi

I
I.=r S; =8,
1 _! hﬂéc 3 ]
s, —S =1 ;Ij—}“}.‘=1

Trén hé truc toa d§ Oxy xét n diem A, =(7,, 2l

s cip tot trong n s6 273"

Nhu vay ¢dp (2°37.273" ) 1a cap tot nhét khi va
chikhi AA =1 hayAA Iladoan thang don vi.

Gia st n diém A......A_nam trén k dudng thing
song song v&i fruc Or kihi€éula d,,4,...,d,.
Goi m, 1a s6 diém A(i=1,..,n) nim trén

d(l=1,...k) va d.la duong thing chira nhiéu
diém A nhét. Khi 6

)

n=m,+m,+.. S

Ta co nhan xét sau:

1) S6 doan thang don vi A A, trén dudng thing
d, khong vuot qua m, —1.

2) S6 doan thang don vi A;A; song song voi Oy
nam gita hai doan thing d,, d,, khéng vuot
qud min{my, my,|. Vi thé s& doan thing don vi

k=1

AA, khéng vuot qua 2(}?1, —1)+Zr.rt|111{mE "%_1}
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h=1
=n-— k+Zm£+me+1 =n—k+n—m, =2n—k—m,

=1 I=h
= 2n—k——E£2n—-2J— =2m(m—1).
Ta chi ra trudng hop c6 dau dang thirc., Xét
n = m" sH {2131, liiim,lﬂjim}. Dé thay
c6 m(m—1) cip co ty s6 bang 3: d6 1a cac cap
(2'3,2'3"), 1<i<m1<j<m-1) va m(m—1)
ciip co ty s6 bang 2: d6 14 cac cip (2'37,27137),
(I1<i<m-1,1<]<m).
Do vay dap sO bai toan 1a 2m(m—1). O
»Nhin xét. Bai toan nay chi c6 sau ban giri 161 gidi.
Ngoai hai ban Quang va Khdi, hat ban Nghiém Vin
Nghia,11A1, THPT Lang Giang 3, Bic Giang va ban Ha

Higu Linh, 11A1, THPT chuyén Vinh Phie cling ¢o Ioi
gla1 dung tuy chua that chat ché va ngan gon.

DANG HUNG THANG

Bai T12/461. Cho fam giac ABC. Goi E, F
tirong 1tng la hinh c hiéu cua B, C trén A( AB:;
T la hink chiéu ctia A trén EF va M, N lan z'zmz‘
la trung diém ciia BE, CF. Gig sir TM. TN cdit
AB, AC twong wng tai P, Q. Chung minh rfiﬁg
EF di qua trung diém ctia PO.

Loi gigi. (Cua ban Nguyén Thu Uyén, 10T2,
THPT chuyén, DHSP HaNoi).

Goi S 1a trung diém cta PQ. Lay K, L thude EF
sao cho BK//IMT;CL//NT. Goi D la hinh chiéu

cua 4 trén BC. Vi M, N theo thir tu 13 trung
diém cia BE, CF va BK//MT.CL//INT I]EI]

theo dinh Ii Thales va tinh chat cua day ti sd
bﬁng nhau, ta co

TK MB NF TF i 1 BEAN FK

TE ME NC L IL T e
Do do FL=FK (1).

=—]=

Vi E, F theo thi tu 1a hinh chiéu cia B, C trén

AC, AB nén B, C, E, F cung thudéc mot duong

tron. Do d6 AAEF «°2 AABC. Két hop voi
AH 1 EF;AD | BC, suy ra 2h 1L (2).
FI CD

Vi AD 1 BC;BE | CA;CF 1 AB nén AD, BE,
CF dong quy. Do d6, theo dinh 1i Ceva,
DB FC FA SPEQFA( )EQFA
DCFAFB SO EA FP FA FP
(vi S 1 trung diém caa PQ)

EQ EC FA FB ET EC FA FK

-1 (3). Vay

EC EA FB FP EL EA FB FT
(vi QT //CL;PT//BK)

EIEC EA ' BD EC FA
= (vl (D)N= (vi (2))

FT EA FB CD EA FB

DB EC FA

— ? ; =—(—1 S = 1
DC EA FB ( )(H())

Tu do, ap dung theo ::ijnh li Menelaus cho
AAPQ, suyra S, E, F thing hang (Gpcm). O

» Nhin xét.

1) Bai todn nay khong kho, kha nhiéu ban tham gia
giai, tuy nhién, ngoai ban Thu Uyén, chi c6 5 ban cd
y thirc khic phuc tinh trang phép chirng minh phu
thude hinh v&: Thai Binh: 7rdn Quang Minh, 11A1,

THPT Doéng Thuy Anh, Thai Thuy; Nam Dinh:

Tran Minh Hiéu, 10T2, THPT chuyén L& Hong
Phong, TP Nam Dinh; Long An: Pham Quac.
Thang, 11T1, THPT chuyén Long An; Quéng Binh:

Hodang Nhét Tudn, 10T, THPT chuyén Vo Nguyén
Giap, TP Pdong Héi; Thira Thién Hué: Nguve?ﬂ
Minh Hdi, 10T1, THPT chuyén Qudc Hoc Hué.

2) Mot vai ban dé xudt bai todn tf‘mg quat sau:

Cho tam gidgc ABC va cdc diém D, E, F theo thir tu
thupe BC, CA, AB sao cho AD, BE, CF dong quy.

Diém T thuéc EF sao cho TEﬁDB

IF iDC
la trung diém ctia BE, CF: P, O theo thir te la giao

diém ciia TM, TN va AB, AC Chitng minh rang EF di
gua trung diém cua PO.

M, N theo thit fir

NGUYEN MINH HA
Bai L1/461. M6t mach dién xoay chiéu ¢é so do
nie hinh veé. Trong dé R =R, =R; =R. Cudn
day co dién tré khong dang ké. Do tw cam L
cua cuon day va dién dung C cua tu dién dwoc
chon sao cho LCo” =1. Véi o 1 tan s6 goc
ciia dong dién xoay chiéu. Vi gid tri nao ciia R
thi cuong do dong dién trong mach chinh nho

e 25
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hon cuong do dong dién qua moi nhanh n lan
(gia tri hiéu dung)? Tinh Icilngg tro doan AB va
cong sudt tiéu thu toan doan mach trong truong
hop do. Cho Uy =

f,z | Bt
R
R 3
MJ, 2 L
A T
N I
B
Léi gidi. Theo gia thiétta ¢6: R, =R, =R; =R.
LCw'=1=Lo= i:}ZL:zg
Co

Goi [, I1, [; 1a cuong do hiéu dung qua R, R;, Ra.
L= JRZ—FZ?‘ 1 Lh = \/RE—FZE, L=l = 11= 1.
Z Ty

tanQ, =—

=

Mat khac:
tangp, =—

| N

b

N
I{r
o=
W o

T TR
I—_E} i rr{f.
(g6c 1€ch pha so vo1 U, g) = 1= 21cos@, = 2Lcos@;
Gian d6 vecto quay :
2nIR JR*+Z;
= = R 2
VR +Z; 2n
ey i — hodc R = mf
oCy4n* —1 Jan® —1
Tong trd doan AB :
Vil
7 :UAB:ZiII<I1: 1 9 1
AR IS BE2Eosg) 1 R Y
_ JR: + 72
1
5 _R+Z i3 :R ToC? _R+o’l
5 HAI2R 4 2R 2R
Cong suét tiéu thy trong mach : P=RI" +RI + ;

+2)

2
P =R(I*+2I})= R[I 213] (

»Nhdn xét. Chiic ming hai ban c6 10i giai ding :
Tran Hiru Hoang, 11A1 Ly, THPT chuyén KHTN,

DHQG Ha Noi; Ngé Van Khoa, 12A2, THPT Bic
dong Quan, H. Dong Hung, Thai Binh.

PINH THI THAI QUYNH
B.Eli [.2 /461. u? vat diroc treo 1’:.'1() day tai mot
diém cO dinh. thuc hién mgt chu én dong tron
deu xudt phat "‘: Tai M - goc quay O day dot
ngot bi dut. Xdc dinh li dp x cua diém vt roi
doi vdi goe toa ;fr; ) theo 0. Cac dir lieu khac cho
trong hinh vé. Gia thiét day manh, khéng gidn,
khoi hieong khéng ding ké va h > r.

v
N \
I .._.._.1.--- 41'“'-';"
[IND
';: r H L.H"a .Fl. s
. | "*«.f‘_ SR,
- 1;“__. f _1f \\ X
: -
0_ = |

Loi giai. Go1 o la g6¢c ma ban kinh OM lap véi
phuong thing dimg. Diy chinh 14 goc ma vén
tbc ciia vat 13p v phuong ngang tai M. Ki hi€u
C 1a diém vat cham dat. Phuong trinh chuyén
dong cua vat theo hai phiong sau khi day dirt:

x =rcosa+vcosaet (1)

i
=(h—rsina)+vsinar—=— (2)

Tiur (1) va (2) cho y=0 va khir 7 ta duoc:

X=rsina+vcosda

ysinoe /v sIn” a.+2gh—2rgcoso.

I g
Ma a=0—7/2 nén sina=cos0,coso.=—sin0,
thay vao (3) ta duac

veosO Jﬁ cos” 0+2gh—2rgsind

\ & g
»Nhdn xet. Cac ban c¢o6 101 giai dung: Ha Noi: Tran
Hitu Hoang, 11A1 Ly, THPT chuyén KHTN,
DHQG Ha No1, Nguyén Van Ding, 10A14, THPT
Ngoc Tao, Phuc Tho; Huwng Yén: Nouyén Manh
Hiép, 11A9, THPT Duong Quang Ham, Huyén Van
Giang; Vi T zia'rz Dat, 10Toan 1, THPT chuyén; Nam
Dinh: Nguyén Nam Khanh, Pham Ngoc Nam, 12

Ly, THPT chuyén L& Hong Phong; Bén Tre: Ho
Tran Minh Tam, 10 Toan, THPT chuyén Bén Tre.

NGUYEN XUAN QUANG

(3)

x=rcos6—vsmb
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PROBLEMS ... Tiép theo trang 17)

Problem T9/465. Find the maximal positive
value of 7 such that the following inequality
Gl g DR o (830
bla+1l) cb+1l) a(c+1
always holds for all positive numbers a, b, ¢
satisfying abc = 1.
TOWARDS MATHEMATICAL
OLYMPIAD

)ET

Problem T10/465. Find all pairs of positive
integers x and y so that x° is divisible by

Dy e

DINH LY SIN ... ( Tfe%? theo trang 15)
Tir d6, 4p dung bo dé 1 cho céc tam giac 4MB,
AMC, ABC, ABD, ACD, DBE, DCF, suy ra

MB MB MA sin(y,m) sin(B,o)
MC MA MC

sin(y,a) sin(B,m)

sin,0) sin(y.m) _sino) sindrm) sinB.c)
sin(y,a) sin(B,m)  sin(y,0) sin(y,b) sin(B,m)

_BADBDA_BA DB _BA EB DB FC
CA DAIDG" CA DCOCA 'F&€ EB DC

_ AB EB sin(y,e) sin(c,f) _ AB.EB
AC FC sin(b,e) sin(®,f) AC.FC

Trd lai giai bai toan trén (h.2).
Theo bd dé 2, cha v ring 44,, BB,, CC, dong
quy tai M, theo dinh 1li Ceva, ta co

B BIGCIASVAB.CIB’ BC.AC CABA™
A,C B,A C,B AC.BC BAC,A CBAB

- Biéu thirc trong dé bai T11/463 (trang 17) bi in s6t, Xin sira ding la: —

- C6 mot sai sot trong hé diéu kién clia dé bai thi du 8 (trang 31), xin duogc sira ding la: {

Thanh théit xin 161 ban doc.

Problem TI11/465. Find all
functions f :(0;+w) — R such that

| 1 1
fx+y)= Imﬁf(xzms ] + J"zmaf[yzmﬁ ]

for all positive numbers x and y.

monotonic

Problem T12/465. Given an isosceles triangle

ABC with the vertex angle A<90°. Let CD be
the altitude from C. Let E be the midpoint of
BD and let M be the midpoint of CE. The angle

bisector of BDC intersects CE at P. The circle
with center at C and with radius |CD)| intersects
AC at Q. Let K = PO AM . Prove that CKD

1s a right triangle.
Transiated by NGUYEN PHU HOANG LAN

(College of Science-Vietnam National University, Hanoi)

_AB BC CA AC BA CB
BA CB AC AB BC CA
=(-D.(-D.(-D.(-1)=1.

B;
Hinh 2
Theo dinh li Menelaus, 43, Bs, Cs thang hang.
TH&TT
m -1,
m—1 4y
x+2y+z<25
3x+2z<33
TH&TT
TOAN HOC
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hi tim t6i d& phat hién huéng giai mot bai

todn khong méu muc ngudi ta quan tdm tim
ciu tra 101 cho céc cau hoi then chét sau:
. Ciéin ctr vao d4u dé dinh huéng ding dan dudng 16
gial mot bai toan?
. Nhitng loai hinh tri thitc nao dd biét 1a cha yéu
trong viéc diéu chinh cac hoat d6ng tim toi 101 giai?
.- Hoat dong ngdn ngir tham gia vao viéc tim to1 o1
gidi mdt bai toan nhu thé nao?
Bai viét nay dé cip t6i mot s6 phuong thic dinh
huéng ding cach huy dong kién thire dé giai mot bai
toan va tir d6 1am sang té k¥ thuat thie hién 1o1 giai.
Phirong thize 1. Tao nhidu co héi dé hoc sinh
nhin thire vai trd ciia moi lién hé nhin qui
trong hoat déng tim kiém Io1i giai.

Y nghia triét hoc sdu xa nay thé hién trong hoat
dong giai toan & chd: Sang to didu can tim, cin
chimg minh trong bai toan cé ngudn gdc tir tri
thitc ndo da biét. Ching han, néu diéu can tim
lién quan t6i @6 dai doan thing, tich cic do dai,
binh phuong dd dai, d6 lon goc thi ta thuodng
dung tich vd huéng hay dinh 1y dan xuat tir tich
vO huong la: dinh ly cosin va dinh 1y sin trong
tam giac. That vay, tich cac do da1 a; b chinh
la tich vo hudng cua hai vecto I, v cung huong

vi=h. Khi d0 v = }u 1vlcos0® = a.b.

va H —

Pic biét U =uu= a’: cosou= _f} ; trong do }T; }
la cac vecto don vi va gbc giita ching bang o .
C6 thé 14p luan khi gip dang toan lién quan tGi
do dai, tich cac do dai, binh phuong d6 dai va
do 16n gdc thi ngudi ta st dung hinh hoc ddng
dang. Piéu nay cd thé giai thich 13 tir hinh hoc
dong dang va doi hinh 13 trudng hop riéng cua
no, ¢ thé chimg minh dinh 1y Pythagore. T
dinh 1y nay c6é thé ching minh dinh ¥ cosin
trong tam giac. Tu dinh Iy cdsin cé thé suy ra
dinh ly sin trong tam giac va tor 4o xay dung
duoc cic kién thic vé hé thire luong.

. TOAN HOC
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CAC PHVONG THUC DIN HUONG 0

NHAM Tinv TN D1 sS4l
CAC BAI TOAN O TRUONG PHO THONG

a

W

PAO TAM

(GV Khoa Todn, Dai hoc Vinh)
Thi du 1.1. Xér AABC co goc BAC = o, thay
doi (0° < <180°), cde canh AB=2; AC=5.
D la diém thude nira mdt phdng cé bo la duong
thang BC khong chira dinh A sao cho ABCD
déu. Hay xdc dinh o dé do doi doan AD Iom
nhdt.
C6 thé dinh hudng theo hai cach gidi bai toan
trén nhu sau:
Cach 1

A |

Hinh 1
Biéu thi AD qua biéu thic phu thudéc o:
AD = f(a). Ba1 toan xac dinh d6 dai AD nén
theo nhén x¢t trén ta s€ sir dung dinh ly cbsin
cho cac tam giac thich hop (h.1). Ap dung dinh

ly cosin cho AABC ta ¢ BC”=29-20cosa (1).
Pyt BC —B Khildbmbokimll cosmpridme
2—-5cosa

V29—-20cosa.
dung dinh ly cosin cho AABD ta co:

AD* =33—-20cosa.—4+/29 —20cos o
% (cos60°cosB —sin60° sinf) (2)

cho AABC ta cO cosP= Ap

ffl— (2—-5cosa)’ ¥ dsinac
V' 29-20cosa  /29—20cosa
vao (2) ta nhan duwgc AD* =29—20cos(60° +t).
AD 16m nhiat<> AD? 1én nhat. Diéu dé X4y ra

Thay sinp =
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khi va chi khi 20cos(60° +a) bé nhit, khi d6
o =120" va gid tri 16n nhéat cia AD =7 .

Cach 2. Nhdn xét. Bai toan lién quan dén do dai
néen ta st dung phép doi hinh (h.1).

Thuc hién phép quay Q c¢6 tim C, gbc quay
bang 60° (cung chiéu kim déng hd). Khi d6
qua phép quay Q% anh cua D 1 B: anh ciia 4
la 4;. Tk d6 anh cia doan AD la AB va
AD=AB. St dyng BDT tam gidc ta cd
AD=AB<AB+AA, ; dang thic xay ra
< AecBA. Khi d6 do CAA;=60° nén
BAC=120° v BA, 16n nhit khi va chi khi
AD 16n nhat. Tr 46 AD nhin gi4 tri 16n nhat
bing 7. O

Thi du 1.2. Cho tam gidc ABC vdi AB +# AC.
Cac diéem M,N di déng trén cdc tia BA,CA
sao cho BM =CN. Chimg minh ring duong

trung triec cua doan thang MN luén di qua mot
diém cé dinh.

Cach giai (h.2)

Hinh 2
Diéu kién cla bai toén lién quan té1 d§ dai cac

doan thing BM va CN (BM = CN) va ching

thudc hai dudng thang khac phuong nén cdé mot
phep quay blen B thanh C va M thanh M.

Tir d6 diém cb dinh dugc du doan la tim cua
phép quay néi trén. Phép quay bién B thanh C
va M thanh N nén tdm cua phép quay do la giao
cua cac trung truc cia doan BC va doan NM.
Gia s S 12 giao cua hai duong trung truc ndi
trén, kh1 d6 ASBM =ASCN (c: C.C). - do

SBM=SCN. Khi 46 SBA=SCA, suy ra S
thudc dudng tron (@) ngoai uep AABC . Vay S
la glao cia (@) va trung truc cta doan BC nén S
c6 dinh. OJ

Phirong thirc 2. Dién dat Iai gia thiét va két luan
ctia bai todn vé dang sang té dugc cich két noi
voi tri thire da cé dé phat hién hwdne olai.

C6 thé lam sang t6 cic phuong thirc nay qua thi
du sau day:

Thi du 2.1. Cho 2k+1 s6 tw nhién déi moét
khdac nhau (k>1;keN") théa man tong cia
k+1 ';(:; fu nhién bcft ky trong cdc s6 da cho lém

hon mng cua k so con lgi cong véi 2016, Ching
minh rang moi sé t nhién trong 2k+1da cho
lon hon k+2016.

Cach gtai. RO rang voi moi k=1 cd vo s6 bod
2k+1 s0 thda mén diéu kién d3 cho. Tir @6 hoc
sinh (HS) gdp kho khan khi tim 1¢i gidi cho moi
bd 2k +1 théa min diéu kién bai toan.

Do moi by 2k+1 s6 tu nhién hiru han nén cé
thé sip xép ching theo tht ty ting dén:
aida < ay..<di, < a, (). Tix 36 c6 thé

dién dat lai bai todn nhu saw: Cho 2k+1 s6 tir
nhien thoa man dieu kién (1) va mng cua k+1
s6 bat ky lay trong (1) Ién hon z‘ang cua k SG
con lai cong voi 2016. Chirng minh rang maoi s6
frong cdc s6 Zay tir (1) lon hon k+2016 .

Vi cach dién dat trén s& xuat hién y tuéng

chimg minh 1a chi ra g, > k+2016. Noi cach
khéc, phai chimg t6 s bé nhit 16n hon
k+2016. Khi d6 ta c6 k¥ thudt chimg minh
nhusau: a_,+a,.,+..+a,,, +2016<q +a,+..+a,_,

<(a,. —aﬁ)—h(a ). +(a2k+]—ak+l)+2016<al

Do mdi sd hang trong dau ngodc ¢ vé trai 16n
hon hoiic bing 1 (hi€u hai s0 tu nhién khic
nhau) do cd6 k& sO hang trong ngodc nén
a, >k+2016.0

Thi du 2.2. Tim cdc s6 nguyén dirong a,b,c,d
thoa mén @ +b° +¢” +d” +12<ab+3b+6¢c+2d (1)

Cach gidi. Vi CdC s can tim nguyén, dl.m'ng
nén vé trai va vé phal cua BDT (1) 1a nhitng s6
nguyén, duong, sai khac nhau it nhat mét don
vi’. Khi do c6 thé dién dat la1 bai todn: Tim cdc
50 nguyén, duong a, b, c, d thoa man:
a+b*+c*+d* +13<ab+3b+6c+2d  (2)
Khi d6 (2) ©a®+b* +c* +d* +13
—ab—3b—6¢c-2d <0 (3)

Ve tra1 cua BT (3) goi cho HS lién tudong dua
vé dang tong cac binh phuong dung:

S6 465 (3-2016)
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1 : 1 ~ 2 2
(3) @[a~§b] +3(§b—lj +(c=3) +(d-1) <0
a=1th=—"2c—3-4d=1. [T}

Pinmu" thire 3. Dién dat cai di cho, diéu can
tim, can chung minh theo cic ngon ngir khac
nhau va lra chon ngdén ngir thuin tién cho
viéc két ndi véi tri thive di co.

Thi du 3.1. Tim gid tri nho nfmf cra biéu thire
J1+2x 1h;l+1 3%
1D

Hinh 3

Qua trai nghiém ctia HS giai bai toan trén cho
thﬁy ho gip kho khin khi st dung dao ham dé
gial quyet bai toan. C6 thé huéng din HS nhan
xét cac biéu thirc trong can duong. Vi hai gla
tri ctia x d6i nhau thi véi x 4m gid tri ciia biéu
thire 16n hon khi x duong.

Vay gi4 tri nho nhat cua biéu thic chi dat véi x
duong. Tir d6 c6 thé hudéng dan HS lién tudng

V1+x*—x 1a d6 dai canh BD cila tam gidc
ABD ¢b6 AB=1; AD =x . C6 thé kiém tra didu
do nh¢ su dung dinh 1y c¢6sin cho A ABD ¢6
BAD =60° (h.3). Tuong tw 1+ x° —3x 13 d5
dai canh CD cia AACD ¢6 AC=1: AD=x va
CAD =30°. Tir d6 nho BBT tam gide ta cb
BD +DC > BC, dang thitc xay ra khi va chi khi
DeBC. Khi 66 BD+DC=BC=+2. Tix d
gia tri nho nhat cta biéu thirc néi trén bing /2 .
Thi du 3.2. Cho tam giac déu ABC.
BC liv cde  diém A, A,

BA =AA, =AC.
B,,B, sao cho ( B,

trén canh
SAO cho
Trén canh CA lay cdac diém

BB, =B,A. Trén AB ldy
cac diém E.C. saotcho AC, =C€, =C.B.

Chirng minh rang cac giao diém cua cdc cdp

TOﬁN HOC
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duong thang: (BB,.CC),). (AA;3 BB, ), (AA;CC,),
(CC,3BB)), (BB,;AA,). (AA,;CC,

N LY e i o P
{*E‘l!{‘r ;}Er}if:!f’{ __i_f;-lgu -,

., la cac dinh

cac dirong {*fia’u u’m{z{ quy.

Goi M,N,P,Q.R,S theo thtr tr 1 giao diém
cua cac c@p duong thing néu trén. Khi gial bai
nay nhiéu HS ngo nhan luc giac MNPORS 1a

luc gi4e déu va chimg t6 cic dudng chéo dong
quy, viéc ngd nhan nhu vdy la sai vi cic cip
canh ddi cia huc giac nay thudc hai duong
thing cit nhau.

Sau day la cach giai dugce dién dat theo ngén
ngit gan giii v6i HS.

Hinh 4
Do tam gidc déu co ba duong cao 1a ba truc doi
xung cua tam giac do. Xét duong cao AA, qua
phép doi ximg truc AA, anh ciia 4 14 chinh né:

anh cua B la C; énh cua C 1a B. Khi d6 do phép
d6i xtmg bao ton goc va d0 dai doan thang nén

anh cua C, 1a B,; éanh cua B, 1a C,; anh ciia
B, la C,; anhcta C, 1a B,. Tir d6 suy ra cac
diém M va Q qua phép dbi ximg truc AA, c6
anh la chinh n6 (h.4). Lap luan tyong tw P va S
3 hai diém thudc truc d6i xtmg BB,; N va R
thudc truc d6i xtmg CC, . Tir @6 do cic dudng
cao dong quy nén suy ra cic dudng chéo cia
luc gidc MNPQRS dong quy tai truc tim H cia
tam giac ABC.

Irén day chung tdi trinh bay ba phuong thirc
giup dinh hudéng tim toi 101 gidi cic bai todn,
ban doc co thé nghién ciru dé& xudt thém céc
phuong thirc khdc gitp cho viée dinh hudng tim
toi 101 giai cdc bai toan & truomg phd théng
thém phong phu hon.
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cﬂ Ot bai toan trong ki thi hoc sinh gioi
qudc gia trung hoc phd théng mdn Toan
nim 2016 (Bai 7) dd dé cap dén mot van dé kha
kinh dién trong sb hoc, do la s6 hodn hao (hay
con goi 1a s6 hoan chinh), mot chi @& bi ling
quén lai dugc chon trong dé thi nim nay. P&
oiai bai toan ndy, ngoai cic dinh 1i da biét vé sb
hoan héo, thi sinh con phai biét van dung tinh
chit nhan tinh ctia ham G(ﬂ) (ham toéng céc

udc sb cna n) 1a co thé giai quyét duge. Nhan
bai todn néu trén, chung t61 xm gid thiéu voi
ban doc lam quen mot sO tinh chat cia s6 hoan
hao cung cac vi du minh hoa.

Ta da biét ton tai vo han s tu nhién # ma tong
cac ude sd (duong) cua n (khong tinh ») Ia nho
hon n. Chdng han cic s nhu viy 1a cac s6
nguyén to va lily thira ctia chung. Ciing tén tai
v6 han cic sO tw nhién » ma téng trong Ung
16m hon 7. Vi du cac sb6 ¢6 dang n=2%-3, vdi
E=7.3 -
han cac s tu nhién n ma tong cic udc sb cia
n (khong tinh ») bang n hay khong. Cac sd ¢
tinh chat nay duogc goi 13 cac sb hoan hao. Cu
thé, 6=1+2+3, 28=1+2+4+7+14,
56=1+2+4+7+14+28 . Tong cic udc sb cla
n duoc ki hiéu 12 o(n). Do d6 mot s6 tu nhién
1 hoan hao khi va chi khi1 o(n)=2n.

Tuy nhién ta chua biét c6 ton tai vo

1. Mt so tinh chat cia s6 hoan hio
Pinh li 1.1 (Euchde-Euler) S(} nguyén dum:lg
chin #n 12 s6 hoan hio néu va chi néu

n=2"" (2'”—1), trong do m 1la s& nguyén

duong sao cho 2™ —1 1a sd nguyén to.

S0 HOANHAO 12

UING DUNG

NGUYEN CUU HUY - NGUYEN DINH MINH
(GV THPT chuyen Lé Quy Don, Da Nang)
Pinh li 1.2 (Euler). Néu 7 14 s6 hoan hao 1¢ thi

n phai c6 dang n=p*'m*, voi p 1a so6
nguyén t0 dang 4k+1 va m 13 sO nguyén

dwong khong chia hét cho p.

Pinh li 1.3 (Cataldi-Fermat). Néu 2™ —1 12 s6
nguyén t6 thi m 1a s6 nguyén to.

Pinh i 1.4. Néu n=p" pS ---

“*—Hp- 13

phép phan tich nhan tir cia » thanh céc s6
nguyén to, thi
k

G(H)=H(1+p‘.+p?+”-+p ) ﬁp‘

i=1 i=] px
Pinh 1i 1.5. Néu » 12 mot s6 hoan hao 18, thi

I

a2 2B, yrie _ -
n=Dp qlﬂlqz g T, NG 0, EZ D, G, s Q
A cic sb nguyén to 1 phan biét va

pEA=] (mod4).

Hé quéd 1.6. Moi s hoan hao chin cho boi
cong thire 277 (2" ml), vol p va 27 -1 1a céc
sO nguyén to.

Hé qua 1.7. Néu n 13 s6 hoan hao thi

Zi;zZ , trong d6 d la cac uoc duong cua n
d|n

khong ké 1 va chinh n.

Tix dinh 1i 1.1 suy ra viéc tim tat ca céac s6 hoan
hao chin teong duong véi viée tim tat ci cac sd
Mersenne (la cic s nguyén to6 c6 dang
M =2"-1,neN,n=1). Cic dinh li va hé qua
trén c6 thé chimg minh kha ngin gon dua vao
dinh nghia s6 hoan hao, dinh 1i co ban cta s6

hoc va céc tinh chat cua ham »:::r(n) :

TOAN HOC
 cTusitre 3 1
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Tinh dén nay, ngudi ta da tim ra dugc 48 s6
hoan hao, tit ca ching déu 13 s6 chin va van
chua biét ¢ ton tai s6 hoan hao 1& hay khéng.
Nam 1993, R. P. Brent, G. L. Cohen va H. J. J. te
Riele trong bai bao ctia minh da chitng minh dugc
rang néu ton tai cic s6 hoan hao 1& 2, thi nd phai
1a n>10°". Duéi day 1a mot s6 vi du khai théc
tlr cAc tinh chat cta s6 hoan hio néu trén.

2. Cacvidu

Thi du 2.1. Chung minh rang néu n la mot 56
hoan hdo chan thi s6 8n+1 la sé chinh

phirong.

Loi gigi. Vi n la s6 hoan hao chan, nén ta co
% m(m+1) \

=0 lezj(f—l): > trong dé

m=2"-1.Khi dé
8n+1=4m(m+1)+1=(2m+1) .

Thi du 2.2. Chitng minh rdng moi s hoan hdo
lé co 1t nhat ba nhan tir nguyén té phdn biét.

Léi gidi. Gia sir ton tai mot s6 hoan hao 1& n
ma khong co it nhat ba nhén tir nguyén {6 phén
biét. Trong trudong hop nay » hodc cod dang

n=p",véi p 1256 nguyén to (p=3) va k 1a
mét sd nguyén ducmg, hoac ¢O dang n = L.r:::1 pz .
VOl p,, p, la cac sd nguyén t6 (3< p, <p,) va
k., k, lacac sO nguyén duong.

Do d6, néu n=p* thi o(n)=1+p+p°+--+p".
Bing quy nap, dé dang chimg minh duoc
l+p+p°+--+p“ <2p"=2n. T diy suy ra
o(n)<2n, vo i vi theo gid thiét n la mot so
hoan hao.

Nu n= it s o) =o{ol )

=5( D3 )G(pgl), vi plt, p 14 c4c s6 nguyén
duong nguyén to ciing nhau. Khi do,
G(H) :(1+p1 +pf foet i )(1+Pg +D; +“'+P§2)

4 l: &l 15| & 1% tl 1
=Pl et I et ek AR
P p 2% B 2

I B | 1 1
il Dos il P Ep gt
m=0 p1 m=0 pg l_ = 1_ =
D P>
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lic -yl 13 sioniii

<pipF—T—7=g PP <2pipy =2n.
T~ apits

Je s
Do d6 o(n) <2n, volivi n 1a mdt sd hoan hao.

Thi du 2.3. Cho a,n la cac 5O nguyen dieong

sao cho a Ila mot sé hoan hdo. Chirng minh

H

2 Ll r Pyl g A ’
rang a® >, trong do W ki hiéu la 56 cac woc

S

nguyén to phan biét cua a’”.
Loi giai. Ta biét rang vo1 moi sO hoan hﬁo m

thi déu co: Z— Do do, ta cob Z =7
da

Gia st @" = p“ p% .- p* 1a phén tich nguyén tb

duy nhat cia s6 a". Ré rang la

1 ] 1
Foe e = <2 (1)

Theo bﬁt ding thirc trung binh nhin — trung
binh diéu hoa suy ra duoc

“____l_ ._I_...._.__
Bl a0 @1
hay lk + L+ + ipz = = T
P P P M pasp
Do 86 ——+—p+-t—p 2-b 2)
npy I V% 2%

Ta(l)va(2)suyra 2> H & af ::v%.

(I”
Thi du 2.4. Cho n la mét s6 hoan hdo. Chitng
minh ring:
a) Néu s6 hoan hao Ién hon 6 chia hét cho 3, thi
noé ciing chia hét cho 9.
b) Néu sé hodn hdo Ién hon 28 chia hét cho 7,
thi né ciing chia hét cho 49.

Loi giai. Vo1 sO0 nguyén duong n, ki hiéu
G(H) la tong cua tit ca cac uoc duong cua n

Vi o la ham nhéan tinh, nén néu a va b la

nguyén to cling nhau, thi G(&b) =G(a“5(b" :

/ J

Dé v ring n 1a s0 hoan hao néu va chi néu
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G(ﬂ) =2n, cr(n)zn va dau dﬁng thirc xay ra
khivachikhi n=1.

Gid st p e {3,7} va n 1a s6 hoan hdo chia hét
cho p nhung khong chia hét cho p’. Ta viét
n=2%pm voi cac s6 nguyén a va m sao cho
a>0 va UCLN(m,2p)=1 . Khi d6

2" pm =2n = D‘(n) = G(Z‘I)G(p)cr(m)

= (2‘*” —1)(p+1)5(m).

Bo1 vi p+1 14 mét Hiy thira ctia 2, ta ¢
2" > p+1. Do d4,

2 pm = (2‘”1 —-1)(;:' I)o'(m)

> (2‘-‘*“ .(1 - Zjﬂ D(p +1)m

a+ 1 a+
>2 I[I—EJ(pﬁ-l)m:Z ‘pm,

trong d6 ding thire x4y ra chi néu r:s(m) =m
(the1d m=1)va 2°" =p+1.Néu p=3, thita
tim dugc (m,a)=(11) va n=2"-3-1=6. Néu

p=T7, thi ta tim duoc (m,a)=(12) va

n=2"-7-1=28. Do d6, néu sb hoan hio 16n
hon 6 (twong ung 28) ma chia hét cho 3
(twong Umg 7), thi n6 ciing chia hét cho 9
(twong img 49 ).

Thi du 2.5. Mof sr,;- nguyeén dwoc goi la binh
phitong - tir do néu né khong chia ﬁzet cho mot
binh phu‘oﬂg cua bczf ki 56 nguvén 0.

a) Tim tat ca cac s0 nguyén binh phieong - tir do
ma la s6 hoan hao.

o) Chumng minh rang khong cé sé chinh phuong
la s6 hoan hao.

Loi gidgi. Dé y ring néu n=p™p% ... D, thi
cua ' ‘m 1A

( ) H[Zp:}’ trong do P1<Pg<'”“f~P;¢

i=1

tong cac udc duong

la céc s nguyén t6 va a,, a,, ..., a, 14 cic sb
nguyen duong.
a) Gia st n 1a mot s6 hoan hio binh phuong -

tir do. Trong trudng hop ndy, n=p,p,---p, véi

cac s0 nguyén t0 nao d6 p, <p, < --< p, va

2D\Py Py = (p1+1)(p2 +1) (pk+l).

- Néu py#2 thi p+1, p,+1,..., p,+1 déu la

cac sO chan, trong khi p,p,---p, 1a mot so 1&.

Ta két ludn k=1 va 2p, = p,+1, diéu nay 1a
khong thé.

- Néu p;=2thi p+1=3=p, vanéu k>2, ta

CO P3Py~ py = (PR * 1)(}?4 +l) '”(pk St 1) ;

Didu nay lai khong thé xay ra vi ca hai vé ¢6
tinh chén 1¢ khac nhau. Do d6 k=2 va n=6.
Vay chi ¢6 duy nhat s6 hoan hio binh phuong -
tudola 6.

b) Gia st # 12 mot s6 chinh phuong. Khi dé ton
tai cac s6 nguyén to Py <p,<---<p, vacac sb

nguyén dwong o, 0,,..,0, sao cho
2oy _2a Za.
ﬂ pl ];}E e g k k

Bdi vi ij [Bemet 30,18, woi i =12, ... . k.

j=0
nén tong 5( ) cac udc duwong cua n 1a sb 1é
trong khi 2n la s6 chan. Khi d6 » khong thé 1a
mot s6 hoan hao.

Thi du 2.6. Cho p va q la cdc sé6 neuyén t6
khdc nhau.

a) Tim cdc s6 hoan hdo néu biét dang phdn tich
tiéu chudn cia né la Mot H‘()HE’ cac dang sau:

n=pg: n=p‘g.

b) Chitng minh rang khong ton tai s0 hoan hdo
ma phan tich tiéu chudn cia né la mét trong
cdc dang sau: n=p*; n=pq.
Loi giai
a) « VO1L n=pgq tacod G(n)=(p+1)(g+l):2pq
nénsuyra (p-1)(g-1)=2,trdé tacé n=6.

- V6i n=p°q taco ofn)= (p +p+1)(q+1) 20°q
nen suy ra (q—l)(p —p—1)=2(p+1).Nh1rng
ta thﬁy UCLN(p+1,p2—p-1):l cho nén
p”—p—1=1 hoic p—p—-1=2. Néu p’—p-1=1
thi p=2, khi §6 g=7, do 86 n=2%-7=28.
RS rang n=28 12 mdt sd6 hoan hio. Néu

p’—p-1=2 thi p 13 udc cta 3, nhung 3
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khong 14 nghiém cia phuong trinh

p°—p-3=0. Vay chi cé n=28.

b) Ta chiing minh bing phan chimg.

p* 12 mét s6 hoan
_ . p +1 ___1

hao thi G(F’?) =2n +thé thi =——

p—1
ra p**' —p® =p“—1. Dang thirc ndy khong thé
xay ra voi p 1a s6 nguyén td, béi vi p=2 tacod

p—1>1 chonén p™ —p” =p“(p—l) >p*>p*—1.

S NVG1en —ine S G113 ST 7=

=2p"~, suy

. V61 n=p’q. Gia sit n=p’¢ 1a mot sb hoan
hao thi (p3+p2+p+1)(q+l)=2p3q, suy ra
(p3—p2—p—1)(q—1):2(p3+p+1). Nhung
UCLN(pH—pQ-p——],p2+p+l)=:1 nén hoiic

p’—p’—p-1=1 hoic p’ -p*-p-1=2, nghia
1a p°-p*—~p—2=0 hoic p*—p*—-p-3=0.
Phuong trinh p’ —p®-p-2=0 (1) ¢6 nghiém
nguyén p thi p'Z. Do p 12 sd nguyén t6 nén ta
co p=2. V6i p=2 (1a nghiém cia (1)) suy ra
= 15. Khi d6 n= 23.1§ =120, khéng 1a sb
hoan hao. Dé thady phuong trinh
p’—p°—-p-3=0 cing khéng c6 nghi€ém
nguyén t0. Do d6 khdng thé ¢o cac s6 hoan hao

dang n=p’q.
Thi du 2.7.

~m-1{ ~m
=7 {f.’,

Chung  minh raneg néu

= I) la mot so hoan hao chan, thi

| y L] \l:
=1+ pot] 2 2 = 3

Léi gigi. Bang quy nap ta c6 thé chimg minh
mz(ﬂlfzﬂ)E ! s
KT SIE =0
4
thé thi ta c6 13 +3° +-u+(2$’c—1)3
=(13+23 +---+(2k)3)—(23+43+~-+(2k)3)

duoc tong ij =

(2k) (2k+1)° 3 K (k1)
3 4 & 4
=k* (2k+1)" —2k2 (k+1)

iy (4k’~ + 4k +1—2k> —-4k—2) = 12 (2}&2 -1).

TOAN HOC
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Thay gid tri cia k vao dang thitc trén ta duoc
diéu phai chimg minh.

3. Cac bai toan danh cho ban doc

1. Mot s0 n duoc goi 1a so fam gide néu ton tai

k(k+1)

2,

P

rang moi s hoan hao chan 1a sd tam giac.
2. Tim tat ca cac so tir nhién n cob tinh chat »
va G(G‘(H)) la cac sO hoan hdo, hodc nguge lai

s0 keN sao cho n= . Chitng minh

chitng t6 khong ton tai sé »# nhr thé.

3. Chimg t6 ring mdt s6 hoan hao ¢6 % nhan tir

nguyén t0 phan biét thi ¢ it nhat mot nhan tir

nguyén to khong virot qué k.

4. Gid st g,,...,q, 12 cic sd nguyén tb phan

biét. Chimg minh rang

(¢ +1)(g+1)-+(q, +1}
QIQ'E T q’h

4D
(@—1)(&~1)-(q—1)

<2<

a diéu kién can @& n=] |¢* 12 mét s6 hoan hio.

5. a) Chimg minh rang néu p 1a s6 nguyén t6
1¢, thi lity thira p* khong 12 s& hoan hao.

b) Chimg minh ring s6 ¢6 dang 3'-5' khong Ia
sO hoan hao.

:.2

n 2

6. Chitng minh ring néu n = g'a vOi

g,a, 12 cic s6 nguyén t6 phian biét,

g, e=1 (m0d4) va néu 3 chia hét n, thi n
khong 13 s6 hoan hao 1é.
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KY THI CHON HOC SINH GIOI QUﬁ(l GIA THPT
NAM 2016 — MON TOAN

o4/ v thi chon hoc m“h o101 Quoc gia THPT nam

‘ ?{Hh LIHTLIUL tO chuc ';E'nlzj._‘: cacngay 6. 7va &/ 1
2016, cho 12 mon hoc ¢ ?’1*-..—‘-;'5} )¥/01 la ngay thi thue *1
cho cac mén Vit ly, Hoa hoc va Sinh h hoc). Tham d

thi, 0 mén Toan co 464 1 aj:L sinh (nhiéu hon 4 hqh sinh
so vor nam 20135) thudce 69 don vi dir thi; trong do, ¢co 4
hoc sinh dang hoc 1op 10 (em Pham Nam Khanh,
truong THPT chuyén Ha N1 - Amsterdam, TP. Ha
NoO1, em Ta Anh Dung, truong THPT chuyén Hung
Vuong, tinh Phu Tho; em Huynh Bach Khoa va em
N;{f.fyﬁ;? Truong Hai, truong THPT chuyén Tran
Hung DPao, tinh Binh Thuén).

1. Dé thi

Ngay thi thir nh at (6/1/2016)
Bai 1 (5 diém). Giai hé phuong trinh
6x — y+z'=3
)
hﬁxz _ 3y —y 27

NS

(x,y,ze R).
=.()

Bai 2 (5 diém). a) Cho day so (a,) xdc dinh béi
a, =In2n" +1)=In(n* +n+1), véin=1,2, ...

Chimg minh chi ¢6 hiu han s& n sao cho

]
< —
la.} <5
b) Cho diy s6 (b,) xac dinh boi

b =InQ2n* +D+In(n’ +n+1), véin=1,2, ... .
Chimg minh ton tai vo

1
1%} <3016
s0 thuc X : {’c} = x‘—[x]_
Bai 3 (5 diém). Cho tam giac ABC ¢6 B, C co dinh, 4
thay doi sao cho tam gidc 4ABC nhon. Goi D 13 trung
diém cia BC va E, F tuong tng 13 hinh chiéu
vuong goc cua D 1én 4B, AC.

han sO0 #n sao cho

5 {x} 1a ky hiéu phén 1¢ cia

a) Goi O 1a tam cua dwong tron ngoai tiép tam giac
ABC. EF cit AO va BC Ian luot ta1 M va N. Ching

minh dwong tron ngoai tiép tam gidc AMN di qua
mot diém co dinh.

b) Céc tiép tuyén cia dudng tron ngoai tiép tam gidc
AEF tai E, F cat nhau tai 7. Chimg minh T thudc
mot duong thing b dinh.

Bai 4 (5 diém). Neuodi ta trong hai loai cy khéc nhau
trén mot miéng dat hinh chit nhét kich thude mxn

NGUYEN KHAC MINH

(Cuc Khdo thi va Kiém dinh CLGD - B6 GD&DPT)
0 vuéng (moi 6 trong mot cay). Mot cach trdng ciy
duoe goi la an teong néu nhur:
i) SO hrong cay duogc trong cta hai loai cy bing
nhau;
ii) SO hrong chénh léch clia hai loai ciy trén mcn hang
khéng nhé hon mét nira s6 O cia hang d6 va s6 hrong
chénh l€ch cua hai loai cdy trén moi cft khdng nhé hon
mdt nira s6 6 cua cdt do.

a) Hiy chi ra mot cach trong cdy 4n twong khi
m=n=2016.
b) Chiing minh néu c6 mdt cach tréng cay an trong
thi ca m va n déu 1a bo1 cua 4.

Ngay thi thir hai (7/1/2016)
Bai 5 (6 dié?m). Tim tat ca cac so thuc a dé ton tai
hamso f:R — R théa man:

i) f(1)=2016;
i1) f(x+y+f(y])=f(x)+ay

x,yeR.

VOl mol

Bai 6 (7 diém). Cho tam gidc ABC ndi tiép duong
tron (O) (véi tAm O) co cde goc ¢ dinh B va C déu
nhon. Lay diém M trén cung BC khong chira 4 sao
cho AM khong vudng goc voi BC. AM cit trung trye
cia BC tai 7. Puong tron ngoai tiép tam giac 40T
cit (O) tai N (N # A).

a) Chirng minh BAM =CAN.

b) Goi 7 13 tdim dudng tron ndi tiép va G 1a chan
duong phan giac trong goc 4 cua tam giac ABC. A/
MI, NI cit (O) 1an lwot tai D, E, F. Goi P va O twong
ing 13 giao diém ctia DF véi AM va DE vé6i AN.
Pudng tron di qua P va tiép xic v6i 4D tai I cit DF
tai H (H # D), duwong tron di qua Q va tiép xac véi
AD tai [ cat DE th(K #D). Chu'ng minh dudng
tron ngoai tiép tam gidc GHK tiép xuc véi BC.

Bai 7 (7 dzem) S6 nguyen dtrong n dugc goi la 50
hoan chinh néu » bang tong cac udc s6 duong cia
n6 (khong ké chinh no).

a) Chiing minh rang néu » 12 s6 hoan chinh 1& thi »
cO dang n = pjmz, trong d6 p 1a s6 nguyén 6 ¢d
dang 4k + 1, s 13 s6 nguyén duwong c6 dang 44 + 1
va m 12 s6 nguyén duong khong chia hét cho p.

b) Tim tat ca cac s6 nguyén duong » > 1 sao cho

nn+1)

n—1 va déu 1a cac so hoan chinh.

TOAN HOC
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2. Két qua cham thi va Giai thuéng
Piém s6 cao nhat ctia ki thi 1a 37/40; ¢6 1 thi sinh
dat diém sé nay (em Vi Diuc Tai, truong THPT
chuyén L& Hong Phong, tinh Nam Dinh).
Chiéu theo Quy ché thi chon HSG QG THPT hién
hanh va can ci két qua chim thi, Lanh dao B
GD&PT di quyét dinh mirc diém cho mdi loai g1d1
nhu sau:

. Gigi Nhat: tir 32 diém dén 40 diém;

. Gigi Nhi: tix 27 diém dén 31,75 diém;

. Gidgi Ba: tir 22 diém dén 26,75 diém:

. Gidgi Khuyén khich: tix 18 diém dén 21,75 diém
Theo do, c6 232 thi sinh (chle:m 50% tong s6 hoc
sinh dy thi) dugc trao giai; gobm 9 thi sinh duge trao
Giai Nhat (gém 6 hoc sinh 16p 12, 2 hoc sinh l6p 11
va 1 hoc sinh 16p 10), 49 thi sinh duoc trao Giai Nhi,
84 thi sinh dugc trao Giai Ba va 90 thi sinh dquc
trao Giai Khuyén khich.

Trong s6 69 don vi c6 hoc sinh du thi, c6 10 don vi
¢6 100% s6 hoc sinh dur thi dat giai va ¢6 13 don vi
khong ¢6 hoc sinh dat giai.

Dud61 day la danh sach cac thi sinh duoc trao giai.

o Gidi Nhit: Lé Phudc Dinh (THPT chuyén L& Quy
Don, Pa Ning); Pham Nam Khanh, Pdo Vii Quang
(THPT chuyén Ha Noi-Amsterdam, Ha Néi); Vi
Dirc Tai (THPT chuyén Lé Hong Phong, Nam
Dinh); Phan Duy Phiuc (THPT chuyén Phan Boi
Chau, Nghé An); Cao Minh Hiéu (THPT chuyén
Thai Binh, Thai Binh); Lé Quang Ding, Lé Kha
Hai (THPT chuyén Lam Son, Thanh Héa); Ta Ha
Nguyén (THPT Chuyén KHTN - PHQG Ha Noi).

o Giai Nhi: Lé Thanh Long (THPT chuyén Lé Quy
Don, Ba Ria - Viing Tau); Lé Nhdt Hoang (THPT
chuyén Lé Quy Don, Binh Dinh); Nouyén Hiu Minh
Thong (THPT chuyén Lé Quy Doén, Da Nang);
Nguyén Dinh Tudn Anh, Nguyen Trung Hiéu, Dinh
Thanh Hung, Lirong Quoc Trung (THPT chuyén Ha
NGi-Amsterdam, Ha Noi), Trdn Huy Quang (THPT
chuyén Nguyén Hué, Ha Noi):; Ngm’en Nhu Hoang,
Tran Pinh Himg, V6 Duy Khdnh, Tran Pikc Manh, Lé
Van Truwong Nhdt (THPT chuyén Ha Tinh, Ha Tinh);
Vii Quang Minh (THPT chuyén Nguyén Tréi, Hai
Dwong); Nguyén Khanh Hung (THPT chuyén Tran
Pha, Hai Phong);, Truong Quang Khanh (THPT
chuyén Hung Yén, Hung Yén); Nguyén Himng
Cuong, Tran Thi Ha, Tran Thi Nhai (THPT chuyén
L& Hnng Phong, Nam Dinh); Nguyvén Cénh Hoang,
Nguyén Hang QHGU Khanh, Vo Hai Thién, Nguyén
Minh Tién, Nguyén Anh Ti, Nguyén Ha Trang, Neé
Thi Tra (THPT chuyén Phan Boi Chau, Nghé An);
Pham Minh Himg, Neuyén Quang Khai (THPT
chuyén Hung Vuong, Phit Tho); H6 Anh Tién (THPT
chuyén V0 Nguyén Giap, Quing Binh); Truong
Céng Cwong (THPT chuyén Nguyén Binh Khiém,
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Quang Nam); Tran Lueu Thai Phong (THPT chuyén
Ha Long, Quéing Ninh); Trdn Duy Hoadng, Nguyén
Van Huy (THPT chuyén Thai Binh, Thai Binh);
Hoang Anh Ding, Lé Viét Hoang, Nguyén Tién Tai,
Nguyén Nhdt Tan, Lé Céng Thanh, Nguyén Ngoc
Vinh (THPT chuyén Lam Son, Thanh Héa); Nguyén
Lam Tung (THPT chuyén Tuyén Quang, Tuyén
Quang); Do Van Quyét (THPT chuyén Vinh Phuc,
Vinh Phuc); Trdan Minh Khoa, Phan Minh Nghia
(THPT chuyén KHTN - DPHQG Ha Ngi); Vi Hung;
Pham Nguyéen Manh (PTNK - DPHQG TP. Ho6 Chi
Minh); Giang Trung Hiéu, Nguyén Doén Thanh Tz ung
(THPT chuyén DHSP, DHSP Ha Néi); Lé Ngoc
Truong Giang., Dang Lam San (THPT Chuyén, PH
Vinh).

o Gigi Ba: Hoang Hiru Ouée Huy, Pham Thi Hong
Nhung, Nguyén Quang Thang (THPT chuyén Lé Quy
Don, Ba Ria - Viing Tau); Thdn Minh Duy, Nguyen
Thi Hmen Le Trung Thanh (THPT chuyén Bac
Giang, Bic Giang): Newyén Puc Tudn CTHET
chuyén Bic Ninh, Bic Ninh); Pham Lwong Hao,
Dang Hé6 Trung (THPT chuyén L& Quy DPon, Binh
Pinh); Bui Van Binh, Triong Van Hoang (THPT
chuyén Quang Trung. Binh Phwéc); Huynh Bdch
Khoa (THPT chuyén Tran Hung Pao, Binh Thuan);
Nguyén Kinh Ludn (THPT chuyen Neuyén Quang
Diéu, Pong Thap); Pink Newyén Hoang Kim (THPT
chuyén Hung Vuong, Gia Lai); Pham Tién Khoa
(THPT chuyén Bién Hoa, Ha Nam); Vi Tudn Hién
(THPT chuyén Ha Noi-Amsterdam, Ha Noi), Lé Ba
Truong Giang (THPT chuyén Neuyén Hué, Ha Noi);
Phan Nhdt Duy, Nguyén Van Nghia, Ngwen Thanh
Nhd, Nguyén Vin Thé, Neuvén Duy Tudn (THPT
chuyén Ha Tinh, Ha Tinh): Khéng Tién Pat, Neuyén
Tudn _Hiép, Nguye en Viét Hoang (THPT chuyén
Nguyén Trii, Hai Dwong); Do Tan Diing, Dwong
Minh Hiéu, Nguyén Huy Hoang, Vi Hung Quan
(THPT chuyén Tran Phu, Hai Phong); Nouyén Thiwy
I'rang (THPT chuyén Hoang Van Thy, Hoa Binh);
Nguyén Manh Cuong, Tran Vin Hiép, Tran Thi Thu
Hué, Chu Minh Huy, Tran Huy Phan, Lé Viét Tudn,
Pao Cong Tu (THPT chuyén Hung Yén, Hung Yén);
Lé Thi Thao (THPT chuyén Neuyén Tat Thanh, Kon
Tum); Dao Son Tra (THPT chuyén Thing Long,
Lim Pong); Pham Quang Huyy (THPT chuyén L&
Hong Phong, Nam Dinh); Trdn Nguyén Lén, Nguyén
lrung Phuc (THPT chuyén Phan B&i Chau, Nghé
An); Nouyén Dirc Minh (THPT chuyén Lwong Vin
Tuy, Ninh Binh); Nguyén Thanh Pat, Nguyén Hai
Dang, Hira Ha Phuwong, Pham Quy Viuong (THPT
chuyén Hung Vuong, Phi Tho); Phan Xudn Thanh
Lam, Tran Ngoc Tin (THPT chuyén Lwong Vin
Chénh, Phi Yén); Biii Quang Diing, Tran Khdnh
Linh, Nguyén Minh Ngoc, Hoang Thanh Viét (THPT
chuyén V& Nguyén Gidp, Quing Binh); Nguyén
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Cong Thdo (THPT chuyén 1Lé Thanh Tong, Quang
Nam); Lé Kha Tri (THPT chuyén Lé Khiét, Quing
Ngdi); Poan Thi Hién, Trinh Minkh Nhét (THPT
chuyén Ha Long, Quéng Ninh); Lé Thanh Dat
(THPT chuyén Hoang L& Kha, Tay Ninh): Pham
Thanh Nam (THPT chuyén Thai Binh, Thadi Binh);
Lé Thiuy Diéu, Nguyén Dink Ltmﬂg (THPT chuyén
Lam Son, Thanh Hoa); Tran Minh Hién (THPT
chuyén Tién Giang, Tién Giang); Tran Cao Nhiém
(THPT chuyén NEIJ}'E:H Binh Khiém, Vinh Long);
Nguyén Khde Viét Anh, Ngwen Viét Hodng, Neuyeén
Hanﬂhqoc Nguyven Quoce T ‘rung ('HPT chuyén Vinh
Phic, Vinh Phic); Vi Hong Qudn (THPT chuyén
Nguyen T4t Thanh, Yén Bai); Hoang Trung Diing,
Tran Quang Huy, Hoang Dire Kién, Tran Minh Tién,
Trinh Huy Vi (THPT chuyén KHTN - DHQG Ha
Noi); Nguven Puzc Duy, Hoang Pinh Hiéu, Nguyen
Phan Quéc Khang, Podn Minh Khéi, Huynh Pham
Minh Neouyén, Nguven Vo Thanh Thién (PTNK -
DHQG TP. Ho Chi Minh); Ta Khdanh Ha, Tran
OQudc Nam, Hoang Anh Qudn (THPT chuyén DHSP,
DHSP Ha Néi); Tran Quang Huy, Phan Neuyén
Khéi (THPT Chuyén, DH th)

o Gidi Kh uyén khich: Neguyén Bda Nguvén, N ouven
Phuée Thing (THPT chuyén Lé Quy Pon, Ba Ria -
Viing Tau); Ngzg?en Thanh Lam, Than Thi Quynh
(THPT Chuyén, Bic Giang); Tran Minh Danh, Ly
Hoang Thién (THPT Chuyén, Bac Lieu); Nguyén
Thanh Hiéu, Nguyén Vin Tém, Mdn Bd Tudn (THPT
Chuyén, Bic Ninh); Ng@g}fﬁ Xudn Quang (THPT
Chuyén, Bén Tre); Tran Hié iep Nguyen (THPT chuyén
L& Quy Don, Binh Pinh); Newyén Gia Bdo (THPT
chuyén Hing Vuong, Binh Dwong); Biii Cong Minh,
Lé S5V Quan (THPT chuyén Quang Trung, Binh
Phwaoc); Lam Phing Phuoc Vinh (THPT chuyén Phan
Ngoc Hién, Ca Mau); Lé Vii Nam Anh, Pham Nguyé én
Thién Huy, Nguyén Minh Qudn, Huynh Ngo Nghi
Truyén (THPT chuyén L& Quy Pon, Pa Ning);
Neuyén Thanh Phdt (THPT chuyén Nguyén Du, Bik
LiK); Neuyén Phi Hiéu, Luu Hoang Huy, Nguven
Cong Phiic (THPT chuyén Luong Thé Vinh, Pong
Nai); Huynh Trung Tin (THPT chuyén Nguyén Pinh
Chiéu, Pong Thap); Nguyén Quoc Vii Hodng, Pinkh
Thanh Nam (THPT chuyén Hing Vuong, Gia Lai);
Docn Tudn Anh, Neuyén Prrc Huy (THPT chuyén Bién
Hoa, Ha Nam); Khudat Duy Hong, Pinh Xudn Titng
(THPT Son Tay, Ha Néi); Truong Mink Quang, Pao
Minh Qudn (THPT chuyén Nguyén Trii, Hai Duong);
Hoang Hiép, Nguyén Trung Kién, Duong Minh Trung
(THPT chuyén Tran Phii, Hai Phong); Khirong Anh Tu
(THPT chuyén Hoang Vin Thy, Hoa Binh); 7rdn
Hoang Thinh (THPT chuyén L& Quy DPoén, Khanh
Heéa); Ding Thé Himg (THPT chuyén Huynh Man
bat, Kién Giang); Dao Huy Hai, Néng Neoc Qudn

(THPT chuyén Chu Vin An, Lang Som); Trdn Viér

Huy, Pham Nhdt Huy, Nguyén Pdc Thinh (THPT
chuyén La Cai, Lao Cai); Hoang Lir Pirc Chink
(THPT chuyén Thing Long, Lam Bf}nm} Nguyeén
Giap Pheong Duy (THPT Héu Nghia, Long An); Bui
Tuan Anh, Nguyén Hung Bang, Déng Thi Héng Van
(THPT chuyén Lé Hong Phong, Nam Dinh); Ddng
Ngoc Anh, Ha Quy Anh (THPT chuyén Luong Vin
Tuv Ninh Binh); Nguyén Pire Thudn (THPT chuyén
Hung Vuong, Phu Thﬁ) Lé Bdo Pai, Neuyén Trdn
Hau, !\.ﬂmen Thr Truc Nhie (THPT chuyén Luwong Vin
Chanh, Phvi Yén); Bui Vin Tudn (THPT chuyén V&
Nguyén Gidp, Qudng Binh); Truong Trdn Tan Phudc
(THPT chuyén Neuyén Binh Khiém, Quang Nam);
Nguyen Lé Duy, Doan Cao Kha (THPT chuyén Lé
Khiét, Quing Ngai); T ran Pike Hidu, D6 Gia Khiém,
Lé Quang Thing (THPT chuyén Ha Long, Quing
Ninh); Truong Nhdt Neuyén (THPT chuyén Lé Quy
Don, Quang Tri); N‘-’J‘E{H’H Thanh Chung (THPT
chuyén Thai Binh, Thai Binh); Neé Thu Thdo (THPT
chuyén Thai Nguyén, Thai Nguyén); V6 Thanh Pat,
Nguyén H6 Minh Phirée, Vo Bé Mink Thang, Lé Viét
Minh Thong (THPT chuyén Qudc hoc, Thira Thién -
Hue) Neouyén Minh Thong (THPT chuyén Tién Giang,
Tién Giang); Bii Manh Khang, Nguyén Doédn Hoang
Lam, Ddng Nhi, Dang Vi Quarzg Thinh (THPT chuyén
L& Hong Phong, TP. Ho Chi Minh), V6 Thanh Dat
(THPT chuyén Tran Pai Nghia, TP. Hé Chi Minh);
Pham Tan Kha (THPT chuyén Nguyén Thién Thanh,
Tra Vinh); Newyén Ha Duy (THPT chuyen Tuyén
Quang, Tuyén Quang); 7; ran Nguyén Tudn Vy (THPT
chuyén Ngu}ren Binh Khiém, Vinh Long); Bui Tién
Diing, Neuyén Trieon g Giang (THPT chuyén Vinh
Phuc, Vinh Phiic); Nguyén Xudn Truong (THPT
chuyén Nguyén Tat Thanh, Yén Bai); Newvén Tho
Khang (THPT chuyén KHTN - DPHQG Ha Néi);
Ngwerz Khdc Duy, Vo Hién Thong (PTNK - BHQG
TP. Hé Chi Minh); Neuyén Viét Hoang, Pham Ngoc
Khdanh, Vii Dire Van (THPT chuyén DHSP, PHSP Ha
Noi); Phan Ba Hoang, Hoang Nhdt Minh, Qudch Thi
Phuong Thao (THPT Chuyén, PH Vinh); Nghiém
Dieong Ludn (Truong Trung hoc Thyc hanh - PHSP
TP. Ho Chi Minh).

3. Tuyén chon hoc sinh tham dw ky thi chon hoc
sinh du thi Olympic To4an hoe Quoc té nim 2016
(IMO 2016)

Cén cu Quy che thi chon hoc sinh giodi cap qch gla
hién hanh va két qua ky thi chon hoc sinh gioi quéc
gia THPT mon Todn, B GD&PT quyét dinh tridu
tdp hoc sinh Vi Xudn Trung (16p 12 truong THPT
chuyén Thai Binh, Tinh Thai Binh, thanh vién d6i
tuyén hoc sinh Vlet Nam du thi IMO 2015) va 49
hoc sinh dat tir 27,50 diém tr& Ién trong ky thi vira
néu tham du ky thi chon hoc sinh du th1 IMO 2016,
dugc t6 chirc trong cac ngay 24 va 25/3/2016 tai Thu
do Ha Noi.

S0 465 (5-2016) TQQPu:gg 3 7

https://tieulun.hopto.org



TIENG ANH QUA CAC BAI TOAN

BAI sO 6

Problem: Let f(x)=a x"+a, x""'+---+ a, be
a polynomial with real coefficients satisfying
a,za,  =-=zay>0. Prove that every solution
ze C offsatisfies 1z1<1.

Remark. The above result is called the
Enestrom-Kakeya theorem.

Solution. Suppose that there exists a solution
zeC of fsuch that |zI>1. Since f(z)=0, we

have f(z)(z—1)=0. Hence
(a,2"" +a, 2" ++-+a,z)

~(a,z" +a, 2" +--+a,)=0
or equivalently,
az" : =@ —a )" Ha_ —a' )" g o +(g, —q))z+a,.
Therefore
la,z"" Kl(a, ~a,_ )z" | +] (a,,—a, )" 1+

< (] (ﬂﬂ _an—l) | 1 | (an~1 % aﬂ—z) i T

=@ —a, M liay Iz =iz 1P

(for the second inequality we wuse the
contradiction assumption that | zI> 1 and for the

last equality we wuse the fact that
a,za, 2---z2a,>0). But the obtained
inequality |,z I<lq z" | cannot hold if | zI> 1

and a, > 0. This is a contradiction. (g.e.d.)

TU VUNG
equivalently : mot cach twong duong
inequality : bat ding thirc
equality : dang thuc
Jact : tinh chat

NGUYEN PHU HOANG LAN

(Trueomg PHKHTN, PHOG Ha Noi)
ot 1(a, —ay)zl +1a, |

Han guri bai dich: Muén nhat Ia hai thang sau khi dang bai.

B Bai toan. Cho n la mét sé tir nhién Ién hon 1. Chitng minh rang tong

cac can bdc n ciia don vi bang 0.

Loi gidgi 1. Goi z,,...,z 13 tit ca c4c cin bac n cua don vi, nghia la -, .- Z, 12 c4c nghiém phirc cua
phuong trinh z" —1=0. Vi viy, ta c6 thé phan tich thanh nhén tir =" —1=(z—z VR (o — ] )
Khai trién vé phai cia (1) ta thay hé s6 cua 2" & vé phéi cia (1) bang (~1)(z, +...+ z,). Mit khéc,

hé s6 cua 2" & vé trai cua (1) bing 0. Do d6 Z,+2,..+z, =0 (diéu phai chimg minh).

Lot giai 2. Gid st z, = cns(g%]+ 1sin (—Z-EE), k=1,...,n.

Ta biét rang chung 1a tat cd cic cin bac » cua don Viglalconriz = oz =r. oz 7 =z,

2., =75, Twdd z,(z +z,...42,)=(z,+z,...42). Tt z, #1 ta c6 2, +2,...+z, =0 (diéu phai
chirng minh).

Nhgn xét. Cic ban sau ¢6 101 dich t0t, giti bai sém vé& Toa soan: Ha Noi: Newpdn Hai Yén, 12A1, THPT Péng
Quan, Phu Xuyén, Nguygn Van Diing, 10A14, THPT Ngoc T2o, Phic Tho: Lao Cai: Pham Thi Ha, 11 Toan,
THPT chuyén Lao Cai; Hung Yén: Vil Minh Thanh, 12 Toén, THPT chuyén Hung Yén; Nghé An: Ha Gia Bdo,
10A1, THPT Cura Lo, TX. Cira Lo, Gia Lai: Trdn Piic Vink, 11A1, THPT Mac Dinh Chi, Chu Pih.

HO HAI (Ha Néi)

TOANHOC
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GIAI DAP: CHI CO 3 TIEP TUYEN CHUNG
(Dé ding trén TH&TT 56 461, thang 11 nim 2015)
Phan tich. 1I,=3J5>R +R,=6 nén (C,) vi
(C,) ¢ ngoai nhau, do d6 chiing phai c6 4 tiép tuyén
chung. Sai 1am & 1di giai cua ban Yén 1a & TH2 da
chon ngay b=4 ma chua biét » c¢6 khic 0 hay
khéng. Sai 1am & 16i giai cua ban Phong 13 méi xét
truomg hop tiép tuyén cd hé sb goc, ma chua xct
trudng hop tiép tuyén khong ¢6 hé s goc (tiép tuyén
vudng goc v&i truc hoanh). C6 rit nhiu cach giai
quyét bai toan nay, sau ddy 12 hai cdch duoc cii tién
tir 101 giai cua ban Yén va ban Phong.

Loi gigi ding 1. (C) c6 tim I,(2;0) ban kinh
R, =3; (C,) tam [/,(—4;3), ban kinh 1a R, =3. Goi
tiép tuyén chung cia (C)) va (C,) 1a A:ax+by+c=0,
a* + b* # 0. Khi do

{d(fl A)=R, _ 4@ +dac+c =9a +9b*

d(l,,A)=R, ~ ||4a+3b+d=2a+(
4a* +4ac+c? =9a* +9h? @{41,::2 —dac—c2 =0

—da+3b+c=2a+c b=2a '

Néu =0 thi a =0, mau thudn véi a® +5> 20. Do

do h=0.Chon b=2 thi a=1 va 2+4c—41=0

& c¢=-2+3/5. Ta dugc hai tiép tuyén chung 1a

x+2y-2+35=0.

= {4{12 +dac+c =9 +9b? @{4&(‘+L‘E =5a2 +9b?

—~4a+3b+c=—2a—c 3b=2a-2c

-

ad=c

Bl e a—e. €6the
dac+c” =5a

-Néu »=0 thi {

chon a=c=1, dugc tiép tuyén chung x+1=0.
-Néu b=0, cb thé chon b=4 thi

(dac+c? =5 +l44@;4{6+c')f+r:2 =5(6+c) +144
a=06+c a=6-+c
36c+324 =0 {c -9
e 3 o 3
LT.:1=15+c: la=-3

Ta duoc tiép tuyén chung 3x—4y+9=0.
Viy ¢6 4 tiép tuyén chung giira (C,) va (C,) 1a
x+1=0, x+2y—-2+3J5=0,3x-4y+9=0.

Loi giai ding 2. (C,) c6 tam I,(2;0) ban kinh
R =3; (C,) tdm I,(—4;3), ban kinh 14 R, =3.
- Xet tiép tuyén chung A codang A:x=x,.

(7, ) Bl
iy - d ,ﬂ =RI 1 ich
A tiepxue (@ ) (@ =2

P (C),(C,) {d(fgaﬁ):RZ ‘_4_%1 i,

1

< x,=-1. Vayx+1=0 la mot tiép tuyén chung.

- Xét tiép tuyén chung c6 dang A:y=kx+m . Dén
day gia1r nhwr cuia Phong duoc 3 tiép tuyén chung
nita. Vay co co 4 ti€p tuyen chung gitta (C,) va (C,).
Nhan xét: Khen ngoi cdc ban sau dd phat hién va phén tich
ding sai lam: Ha Néi: Nguyén Van Diing, 10A14, THPT
Ngoc Téao, Phac Tho; Dinh Vin Anh, 12A1. THPT Hd
Xuan Huong, s6 1 Nguyén Quy Ditc, Q. Thanh Xuan. Bic
Ninh: Mai Tién Thanh, 11A1, THPT Qué V5 s6 1, Qué V5.
Hung Yén: Triéu Ninh Negdn, Nguyén Viét Pire, 11A09,
THPT Duong Quéing Ham, Vin Giang; Vit Minh Thanh, 12
Toan 1, THPT chuyén Hung Yén; 76 Minh Hiéu, 12A1,
THPT Trung Vuong, Vin Lam. Ca Mau: Hoang Céng
Minh, 11 Toan 1, THPT chuyén Phan Ngoc Hién.

KIHIVI

BAI TOAN “ROT RAC”

Bai todn. Mpt dé thi Todn & mot truong THPT gbm 3
bai: Hinh hoc, Pai 56 va Té hop. C6 100 em tham gia
ky thi. Két qua cho thdy: 80 em gidi dugc bai Hinh, 70
em gidi dwgc bai Dai, 50 em gidi dieoc bai To hop, 60
em giai dwoc ca hai bai Hinh va Dai, 50 em gidi dioc
ca bai Hinh va T6 hop, 40 em gidi dieoe bai Pai va bai
Té hop. C6 30 em giai duge ca ba bai. Hoi cé bao
nhiéu em gidi dicoc it nhat mét bai?

Loi gigai. Go1 A 1a tép hop cac hoc sinh giai dugc bai
Hinh, B 1a tdp hop cac hoc sinh giai duoc bai Pai, C
1a tdp hop céc hoc sinh giai dwoc bai Td hop. Ta co:

AUBUC|=|A|+|B|+|C|-|AnB|-[BNC]

—CﬁA+AmBﬁd
=80+70+50-60-50-40+30=80.
Nhu vay co 80 em giai diroc it nhat mdt bai thi.
Cic ban c6 nhéin xét gi vé bai todn trén ?
PHAM QUANG HUNG
(GV THPT chuyén Thdi Binh)

TOAN HOC
 cTusitre 39
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bl e AL o 49 XUAT BAN TU 1964
Tap chi TOAN HOC va TUOI TRE i

BT Bién tap: 04.35121607
BT - Fax Phat hanh, Tri su : 0%.35121606

Mu“‘emuﬁ‘s und You"l Muguzi“e Email: toanhoctuoitrevietnam@amail.com

| —~F ar . ; & - At oy |
BAN CO VAN KHOA HQOC CHIU TRACH NHIEM XUAT BAN

GS. TSKH. NGUYEN CANH TOAN Chu tich Hoi dong Thanh vién
& . NXB Gido duc Viét Nam
GS. TSKH. TRAN VAN NHUNG MAC VAN

TS.NGUYEN VAN VONG

GS. DOAN QUYNH
PGS.TS. TRAN VAN HAO

Téng Gidm déc NXB Gido duc Viét Nam
GS.TS. VU VAN HUNG
Pho Téng Gidm doc kiem Téng bién tip
NXB Gido duc Viét Nam
L LHTS TS. PHAN XUAN THANH
HOI DONG BIEN TAP

Téng bién tdp : TS. TRAN HU'U NAM Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG TS. TRAN NAM DUNG, TS. NGUYEN MINH pUC, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAI, PGS. TS. LE QUD-: HAN, ThS. PHAM VAN HUNG. PGS. TS. VU THANH K_HIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC. PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. VU
KIM THUY, PGS.TS. VU DUGNG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

@ Danh cho Trung hoc Co 56
For Lower Secondary School
Vi Huu Chin — Quy trinh st dung méy tinh
Casio va Vinacal dé giai bai toan vé day 6.

@ Huong din gizi D& thi hoc sinh gidi 16p 9 tinh
Dong Nai, nam hoc 2013 — 2014.

o Dé thi tuyén sinh vao 16p 10 chuyén TP. H3
Chi Minh, ndm hoc 2015 — 20186.

© cChuin bi cho ky thi Trung hoc phd
thong Qudc gia
Lé Tai Thang — Phuong phap danh gia mién
gia tri cua bién s6 trong bai toan ching minh
bét dang thiic.

@ Huong dan giai - Dé s56.

@ Thi st truse ky thi - D8 s5 7.

@ Ban doc trao doi

BDinh 1y sin dang dai sé.
@ pérakinay

Problems in This Issue

T1/465 ..., T12/465, L.1/465, 1.2/465.

@ Giaibai ki truse

Solutions to Previous Problems

@ Dién dan day hoc Toan

Bao Tam — Cac phuong thite dinh huéng cé
cin cd nham tim 01 101 giai cic bai toAn 3

truong pho thong.

@ Dién dan phuong phap giai toan

Nguvyén Ciru Huy — Nguyén Pinh Minh
S0 hoan hao va dng dung.

@ Ky thi chon hoc sinh gioi Quéc gia
THPT, nam 2016 - Mén Toan

€ Tieng Anh qua cac bai toan - Bai 566
Bai dich s6 3 - Tiéng Anh qua cac bai toan

€ Sailim & dau?

Giai dap: Chi c6 ba tiép tuyén chung.

Pham Quang Hing — Bai toan “roi rac”

Anh Bla 1: C{} gldl'.) Phan Hﬂng Anh Gld*:} Vién tnan Truﬂng THPT chuw én Hd Nm Amsterdam

Tm’ng bﬂn b:én tﬂp Th.S’ NGUYEN ANH QUAN
Tri anh: NGUYEN KHOA PIEM, NGUY "’I}HTI%[UHUYEN Thwtké ché ban'WMAIANH |

Mi thudgt: QUOC THANH LONG
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TUYEN CHON THEO CHUYEN D
CHUAN BI CHO Ki THI VAO TRUNG HOC PHO THONG NION TOAN

) 6 sach gom hai tap tuyén chon theo o

= chuyén dé nhiing bai viét hay trén Tap 2060 THED G rEv) R R e
chi TH&TT va mot s6 bai viét thém clia cac ;;ijf;;f@%ﬁ"ﬁf; o $§3ﬁ’;ﬂ§£:ﬂ:§;‘;ﬂ
nha gi4o c6 kinh nghiém nham gitip cac ban ~ $ZA0NTORN R gﬁﬂ"jﬁ 1]y

HS THCS 6n tap va thi cd hiéu qua vao 16p 10 S~ s |

cac truong THPT va THPT chuyén. Bo sach
cling la tai liéu tham khao hiiu ich cho cac thay
c6 gido va cac bac phu huynh HS.

Fi gl

~ .

zuu trang, Kho 17><24cm 200 trang, Kho 17x24cm
Gid bia: 35.000 dong Gia bia: 35.000 dong

B sdaeh TUYEN CHON THEO CHUYEN PR
CHUAN BI CHO KI THI TGT NGHIEP THPT VA THI VA DAI HOC,
CAO DANG MON TOAN -

) 0 sach cd hai tap gom 10 chuong vGi ~ TUIENCHONTHEOGHUYENDE | TuyEN GHON THEO CRUYEN DE
o | 1= S AR % = CHUARBICHOMLTHE | CHUERBICHORITHE |
ZAnhieu chuyén de dugc tuyén chon tur TOT NGHIER TRUNG HOC PHOTHONG | 707 NGHED TRUNG HOC PRO THONG |
s R - R i ol e UA THI U410 DRI HOS. CRO BANG } Ui TRI UA0 BRI HOE, Eﬁﬂﬂﬂnﬁ gf;
cac bai viét cua cac thay ¢o giao gioi chuyén M ON TO ANl ON Té?A N |
mon va ¢6 kinh nghiém giang day trong ca TAPMOT | M e
nudc, dugc sap xép theo ding thit tr trong ~ mEER i e g
CAu triic dé thi tuyén sinh Dai hoc, Cao dang '
cua Bo Gido duc va Bao tao. “9 |
Phan cudi m6i cudn gidi thiéu mét sé dé tu Baisimmcore 1 B
luyen va co huang dan giai. 260 trang, Khd 17<24cm 240 trang, Khé 17> 24cm
Gia bia: 46.000 dong Gia bia: 44.000 dong

Moi chi tiét xin lién hé:  TAP CHi TOAN HOC VA TUOI TRE
187B, Giang Vo, Ha Noi
® DT-Fax Phat hanh, Tri su (04)35121606 @ Email: toanhoctuoitrevietnam@gmail.com
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CAC KI THI TOAN QUOC TE DANH CHO TIEU HOC

VA TRUNG HOC CO SO

au bo sach Cdc ki thi Toan Quéc té danh cho hoc sinh THCS va THPT da dugc cac giao vién va
cac ban hoc sinh hao hing don nhan, ching toi gioi thiéu tiép bo sach tuong tu danh cho Ita tuoi
nho hon, b6 séch Cdc ki thi Todan Quédc té danh cho hoc sinh Tiéu hoc va THCS. Du kién bon tap
U cla bd sach nay nhu sau:

Tap 1. International Kangaroo Mathematics Contest (IKMC) - Ki thi Toan Quoc té Kangaroo.

Tap 2. Bebras Computational Thinking Chalfenge (BCTC) - Thach thic tu duy tinh toan Bebras.

Tap 3. International Mathematical Assessment for Schools (IMAS) - Ki thi danh gia néng luc Todn hoc Quoc te.

Tap 4. Maih Olympiads for Elementary and Middle Schools (MOEMS) - Ki thi hoc sinh gioi Toan Hoa Ki
danh cho hoc sinh Tiéu hoc va THCS.

Viéc tiép can voi cac ki thi quoc té, cac dang toan mai la va hap dan sé co tac dong tich cuc dén phong trao
hoc tap ndi chung. B&n canh dd, day cling sé la mét tai liéu tham khao hiiu ich gitp cac em hoc sinh chuan bi
tot hon trong cac ki thi hoc sinh gioi ma cac em ¢6 co hoi tham du. Bé sach duoc thuc hién duai sur chu bién
ctia PGS.TS. Lé Anh Vinh cung céc tac gia ¢6 nhiéu kinh nghiém trong viéc bdi duéng cling nhu dan doan
hoc sinh gioi cua Viét Nam tham du cac ki thi Toan quoc té va khu vuc.

Tap 1 caabo sachgidithieu Kithi Todn Quécté Kangaroo o
(International Kangaroo Mathematics Contest — IKMC) ety LT
duoc t6 chuc lan dau tién tai Phap vao nam 1991, Day CﬁC Kl -"“

la ki thi Todn hoc cé s6 luong thi sinh tham du lon | st
nhdt trén thé gidi, thu hiat trén 6 000 000 thi sinh dén tir
khoang 50 quéc gia moéi nam. Ki thi la mét hoat dong
phi loi nhudn, nham thuc day phong trao day va hoc
Todn theo xu huong héi nhdp quoc t€, tao ra mot san
choi mé cho céaec em hoc sinh Tiéu hoc va Trung hoc co
s&. Trung tam Nghién ctru va Ung dung khoa hoc Gido
duc (CERA), Truong Pai hoc Gido duc, Dai hoc Quéc
gia Ha Néi la don vi duoc Uy ban Kangaroo quéc té chi
dinh la diéu phéi quéc gia tai Viét Nam, dai dién phoi
hop cung Trung tédm Phdat trién Tu duy va Ky nang IEG
t6 chire Ki thi Toan Quoc t€ Kangaroo tai Viét Nam.
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