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Mimg xuan Binh Than

(Bai tho xuwong)

Phuie lie trdi ban duoe tudi Than
AUng dung ching quan laim phong tran
Buyéin may dp a tinh Su phu

Owot nii béi héi nghia Dé nhan
Luyén Fodn — twe duy tim huong dung
Tu nhin — hanh déng biét xa gan

Oui xudn vinh canh “Ton Foanh Gid’
Fao thé tung hoanh “Cin ddu van’.

TP. Vinh, ngay 31 thang 12 nam 2015
PAO TAM (Pai hoc Vinh)

Bai hoa
Cluie ming Pao Lao — ban quen thin
Flon bay chue xuan trai bui tran
Puie dé sing trong té lao twing
Fai ndng euwit chuing ed danh nhin
Gioi suy, toan kho dua vé dé
Fhéo buce, duing xra bing hoda gan
Quyit ehi thanh tai, nén nghiép lon
Bay cao ching né phép “dang vdn'.

TP Ho Chi Minh, ngay 13 thang 1 nam 2016
NGUYEN HUY DOAN (Ha Noi)
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TRUNG HOC CO S@

i¢c hinh thanh ki nang giai toan la rdt khé, niume

veri mon hinh hoe thi nhieu hoc sinh khi adp niot bai
toan thwone lung ning khine hiét bat dau tir déu. 6 hoc
sinh con né tranh. Ddc biér la kha néng whan ra cac bai
tocn cing dang. Trong bai viet nay chiing t6i muon cimg
ban doc tim hiéu thém vé mor g dung cua tinh char
drwomg tron ngi tiép tam 2idc.
Pudng tron ndi tiép ciia tam gide tiép xtic v6i cic
canh va ¢4 tim 12 giao didm cia cic dudmg phn
giac trong. Gia st A ABC c6 dudng tron tdm O
ndi tiép tam gidc tip xic véi cic canh 4B = ¢,
BC=a, CA = b tai cic diém K, M, N ta ki hiéu do
dai cic doan thing nhu hinh 1. Khi d6 K, M, N Ia
hinh chiéu ciia O trén AB, CB, CA.

Hinh 1
Theo tinh chat tiép tuyén ta co

b+c—a
2

uBK:BM:%‘H’ (1)

a+b-c
2
_rla+b+c)

; SABE' ] 2
duwong tron néi tiép ciia A ABC.

Dé hiéu thém vé vmg dyng cua tinh chét don
gian trén ta xét mot sb thi du sau:

*Thi du 1. Cho tam giace ABC co
BC= 14 (cm), AC - AB =2 (em). Goi O la tam

diwrang tron noi tiep cua tam gidc. M la hinh

!
AK = AN =

CM=CN =

(*) vo1 r 1a ban kinh

chiéu vuong goc cua O trén BC. Tinh do dedi
cac doan thang BM, CM.

Lai giai. (h.2)

: Hinh 2
Theo tinh chit (1) ta ¢cd
CM - BC+ AZC—AB =.14;2 =5 (o),

Suyra BM=BC-CM=14-8=6(cm). O
Nh@n xét. Bai toan nay tuy khéng khé nhung néu
khong chon diung hudng di thi viée giai ¢6 th% gip
khé khiin. O déy ta nhin thdy trong A ABC, BC ¢
d6 dai dd biét, hidu AC — AB cé do dai di biét, nén ta
nghi ngay dén tinh chét (1).

* Thi du 2. Cho tam giac ABC vuong tai A co
dwong tron noi H'c-:l‘;'i tiep xuc voi eanh huvén BC
tai M va BM=m, CM = n (véi m, n la do dai da
bhiet). Tinh dié¢n tich cua tam giac ABC.

Loi gidi
AN

_ .
X,

Hinh 3
Ta ki hiéu d6 dai cic canh nhu hinh 3. Do A4BC

o o a —(b* +¢)=0. Goi

vuong tai A nén S 5
O 12 tim dudng tron ndi ti€p cia A4BC. Khi
d6 theo (1) ta co:

n

: TOAN HOC
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i =[a+§c][a+;—bj =%[H'+(b—ﬂ)] ﬁ[a——(b—c)]

=£l‘[a2 ~(b-cr] =-:1[a2 (B +E) 42| =K =S g

2
Vﬁy S.-IBC =m.n. O
Nhdn xét. Néu gilt nguyén gia thiét & thi du 2 va
cho biét dién tich AABC bang m.n thi ta ciing s&
chitng minh dugc A4BC vudng tai A.
*x Thi {]{I 3. f}r'.hﬁ tron tam O .F.i-‘_;:"
gidgc ABC tiép

do cua _--i;_h’ hiét rang AC.BC
Loi gigi (h.4).

(Iep (am
: oo m § ikt T g :
Yric vol cann A > Il i ). Tinn 50

2AD.BD.

Hinh 4

Goi E va F lan Iuot 1 cac tiép diém ciia dudng tron
(0) v6i cac canh BC, CA. Ta c6 AF = AD = x;

BE=BD=y. Theo (1) taco
I_b+c—q
P
a+c—b
! 2
Tit AC.BC=24AD.BD & ab=12xy,suyra
_ (c+b—a) (at+c-b)
ab=2 5 5

&2ab=[c+(b—a)|[c—(b-a)| <>2ab=c" ~(b—a)’
< 2ab=c"—(a’ +b")+2ab

ol —(a*+bh) =0’ —a’ +h.

Véay A4ABC vudng tai C, suy ra ACB=90°. O
* Thi du 4. Cho tam giac ABC vuong lai A va

il
1 [} 2 ! o8 5 1 |Jl: —— X s Ly’ 57T ,i' _.
1( :II'J. LriM] L2 IO ftrane dirém CHd DA |
5 \ _—_ & 2 r-- _ ] - ..
fcmt duronge tron nol nep lam giac finnR ry so
AL . . 3 -~ an o TS /ET TLLAL TT
I I.'l' 'cne b ."'tr ‘] f1) : A Jll}i I I L .-'Ir" r U J'Ijliﬂ'k { i
Al

so 367, thang 1 nam 2008).

Léi gidi. Goi E va F 1an lugt la cac tiép diém
cia dudng tron (f) véi cac canh AC, AB. Do
AABC vudng tai A nén tir giac AFIE la hinh
vudong => AE = AF = FI = IE = r. Goi H la hinh
chiéu ciia 7 trén BC, khi d6 ta c6 TH =r.

TOAN HOC
9 Q
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Hinh 5
Pit BC=a, AB=b, AC=c. Theo (1) ta co

r_b+l:-ﬂ a+b-c n=a+c—b_
g i 2 -

Ap dung hé thiric lugng trong tam giac vudng
JOB ta c6: IH? = OH .HB = (OB - HB).HB

oo {gelen(5]
=[%_[ﬂ+g—f:)].[a+g_ﬁ.}

& (b+e—a) =(c-b)a+b-c)

e b2 +e? +a* +2bc—-2ab-2ac
=ac—ab+2bc—(b* +¢*)

&2a° —2ab—-2ac =ac—ab—a" < a(3a—3c—b)=0

< (3a—3c-b)=0 (doa>0)

& 3a=3c+b <9 =(3c+b)

& 9(b* +¢%)=9¢” +b* +6bc < 8b* =6bc

b 3 AB 3

, m=

& —=— hay—=-.

c 4 AC 4
*Thi du 5. Cho tam giac ABC co hai trung
,"H'u'._".J;' BM va AN cal nAaU .r[_Ff (. '|:I-'r.i'|"_.;"-':'f-f minn

A e a1 ol tien tam eiaec AGM va
rang cac dwong [ron nol Hep ram gidc AW Vi

- d j # P 1] ] : ;
BGN co ban kinh bang

l:__ Il. l".'; F |'|.[_ II- :il L |Ir.'- l; i: :l‘- |'- { .

nhau thi tam giac ABC

Loi gigi. Gia sir dudng tron ndi tiép cac tam
giac AGM va BGN tiép xtc cac canh cuia nd
nhu hinh 6 dudi diy. Goi tdm cic duong tron la
Oy, vaOK=0:H=r. Apduﬂgﬁnhchﬁttiép
tuyén co E’ﬁ =E?z;a3=a4, ma A?E?E=NGB,
hay G1+G: =Gs +Gi = G, =G4 Tt d6 suy ra
AKGO,= AHGO, (g.c.g) = GK =GH =x.

Do G la trong tim cua A4BC nén dién tich hai
tam giac AGM va BGN bing nhau, cac d6 dai doan
thing dwoc dit nhu & hinh 6:

https://tieulun.hopto.org
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C

.'h-
rlll. \'l.
/ \

Hinh 6

Som =Sy S rla+b+x)=r(c+d+x)
S at+b=c+d o AM=BN < CB=CA

hay AABC can tai C. O

% Thi du 6. Cho tam giac ABC ¢6 hai trune tuvén
C M va BN cat nhau tai G. Chirng
A neu AM + MG = AN + G\

" | B¢
IRINM rang ADp\

H o R
LM LGN TN

Lii gidi

Hinh 7

Pat AB = 2a, AC = 2b, khi 46 AM = BM = a,
AN = CN = b. Goi O, va O; lan lugt 1a tim
duong tron ndi tiép cac tam giac AMG va ANG,
va cdc duong tron nay tiép xiic véi cAc canh cia
no nhu hinh 7. Do G 14 trong tAdm clia tam giac
ABC nén suy ra dién tich cac tam gidac AMG va
ANG bing nhau nén theo (*) ta cb
H{AM+GM+AG)=r(AN+GN+AG) ma theo

gia thiét AM + MG=AN+ GNsuyra r =r,.
Mt khéc ta co:

MK = ML =x=AM+G"?M-AG
=AN+{‘ZNhAG=PN=NQ=y.

Dodé ALOM =AQO.N (c.<)
= O, ML = O.NQ = 20, ML = 20,ND, hay

== : AM AC
— "1, _‘. - ‘} 2 —
AMC = ANB= AAMC A4l Bigg):AN i
a _2b b

hay =—=a =b" 2a=b=>2a=2b

b 2a a
= AB=AC nén AABC cintai 4. O

Nhdn xét. Tir gia thiét bai ra: chu vi va dién tich cia
hai tam grf’m AMG vi ANG bang nhau nén ta nghi
ngay dén viéc v& thém dudng won ndi tiép hai tam
giac nay. Do vay cach giai bal todn nay dé dang
nhdn ra. Bai toan c6 thé thay diéu kién 4. M+ MG =
AN + GN béi ban kinh dudng tron néi ticp céc am
gidc AMG va ANG bing nhau.

Trén diy 1a mét s6 thi du ma chung t6i da su
dung céng thirc kha quen thudc dé ap dung vao
giai mdt sd bai toan hinh hoc. Qua bai viét nay
t6i mudn cac ban hoc sinh hdy “dirng ngai khi
giai bai hinh hoc”, bai toan kho “thuéng” xuét
phat tir nhiing bai toan co ban, nhirng bai todn
gérc, tir nhitng tinh chit quen thuée, mong cac
ban s& hoc chéc v tdt kién thire hinh hoc. Mo cée
ban giai cac bai tip sau:

' Cho tam giac ABC c6 tdm dudmg tron ndi tiép tlép
xuc voi canh BC ¢ M. Ching minh ring tam gic
ABC‘ vudng néu dién tich clia nd bing BM.CM.

2. Tinh dién tich cua tam giéc vudng biét mot canh
goc vudng bﬁng 12cm, ty so glua ban kinh dudng
tr::-n ndi tiép va ngoai t:ép tam gidc d6 bing 2:5.

Cho tam giac ABC vudng tai 4, AB = 10cm. Tinh
ﬂt} dai cac canh AC, BC biét ring s6 do cua chu vi
tam gidc ABC bang s0 do dién tich cta né.

4. Cho tam giac ABC, dudng cao AH. Goi (O, r),
(O, ), (O, ry)theo thir ty 14 cic dudng tron néi
tiép cac tam giac ABC, ABH, ACH.

a) Chimg minh ring r +r, +r, = AH

b) Chimg minh ring#’ + 7 =+>.

c] Tinh d6 dai 0,0, biét AB = 3em, AC = 4cm.

- Bdn kinh cua duong trén néi tiép ctia mot tam

glac bing 2cm, tiép diém trén mét canh chia canh dé
thanh hai doan thiang ¢ d¢ dai 1 4cm, va 6¢m. Tinh
dd dai cac canh con lai cla tam gidc do.
6. Goi r va R theo tht tyr 1a cac ban kinh cia céc
dudmg tron ndi tiép va ngoai tiép cia mot tam giac
vuéng c6 dién tich 1a S. Chimg minh ring
R+r2 V25 .

7. Cho tam gidc ABC ¢6 dudng tron néi tiép tim O
tlep xtic véi canh BC & D. Goi M 14 trung diém cua
BC, N la trung dlf;m ciia AD. Chimg minh ring ba
diém M,0, N thing hang.

TOAN HOC
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LOT GIAI NGAN GON CHO PHUONG TRINH NGHIEM NGUYEN

ax+by=c

(Jg) huong trinh nghi¢m nguyén ax + by = ¢
(*) véi a, b, ¢ 1a cac 80 nguyen cho trudce

14 mot dang PT khé don gian. Véi d = (a, b),
khi do (*) vo nghlem néu ¢ khong chia hét cho
d va (*) co vi s0 nghiém néu ¢ chia hét chia d.

O trwomg hop thir hai, khéng mat tong quat gia

sit d=1 (néu d = 1 thi ta chia ca hai vé cho ).

Khi d6 néu (xo; yo) 1a mdt nghiém cta (*) thi ta

cO axg + byp =c, suy ra

~by+c _—by+ax,+by, _
ol v a T i

()= x=

Dat 2 oy e Z,tacd x=xo— bt y= at + y,.
a

Vay (*) co vo s6 nghiém nguyén:
{“xﬂ_bl véite Z.
Y=Yy, t+at
Sau ddy ta xét PT nghiém nguyén (*) vou
abceZ,ax0,bz0,(a,bc)=1,(ab)=1
1. Trudng hep nhim dwge nghiém

Loi gidl s€ ngan gon hon khi ap dung két qua
trén (chi can dit n phy mot lin do trong biéu

Y=y
ad

thirc t= hé s cia y bing 1).

*Vidu 1. /4

3 1 5 5 1 B FF7 F"-lll-."' i ] I""\-
||'F ."_-L::||I.III-'_.'..;.|'L i,'l';_:-'.':'i e :':_: f .'Il_'_:rrr-:_f Ld !_nll'n'_-

| 2

Phén tich. Do x, y phai tim 1a cac sO nguyén
nén7y:3mi(7,3)=1=y:3.
Loi giat.
e Chon y = -3 ta nham dwoc x = 2 nén (1) c6
mot nghiém nguyén (xo; yo) = (2; =3).
Cdch 1: Tir (1) ta rut ra dugc:

Ty+45  Ty+12.2-7.(-3)

y+3
— = =24+7.—.
T 12 12

Pit 2——=¢, dox,y e Z=>t e Z.

12
Teddx=2+7t va y=12t— 3. Viy (1) cd

H=LE I volt € Z.

vO sO nghiém nguyén: { y=-3+12t

TORAN HOC
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_b ,}?-—J']ﬂ.

TRAN XUAN UY (Nam Bjnh)

e Chon y = 9 ta nhim dugc x = 9 nén (1) c6 mét
nghiém nguyén (xo; yo) = (9; 9).
Céch 2 (rit x theo y): Tir (1) ta rut ra dugc:
Ty+45 _Ty+129-179 o - 3-9

12 12 T

X =

Dit 1—29—4‘ dox,yeZ=teZ.

Tedox=9+7t vay=12t+9. Viy, (1) ¢

RELE voit € Z.
y=9+12t

Cdch 3 (rat y theo x): Tir (1) ta rat ra dugc:
e 12x-45 _12x- 12'.~3i'+".1";-}_9 12X~ 9
7 7 7
x—3
Bﬁt—?—=r dox,y eZ=tel.

Ted6y=9+ 12t va x=7t+9. Viy (1) co

x=9+Tt Chsy o
y=9+12t

vO sO nghiém nguyén: {

vd sd nghiém nguyén: {

Nhén xét

- Néu (*) c6 (a, c) = 1 hofic (b, c)# 1 thi ta st
dung tinh chét chia hét dé nham nghiém s& dé
dang hon.

- Cac cong thic nghiém trén la tuong duong.

- Tinh x theo y hodc tmhy theo x déu cho 161 gjaj
ngin gon ma khong cin so sanh |al vai |b| dé
lra chon.

*Vidu 2. Tim nghiem trinh

H“.;H_'e 'en Clia piRuong

| 1x+ 18y =120 (2).

Phén tich. Do x, y phai tim la cac s6 nguyén

nénllx:6ma(ll,6)=1=>x:6.

Chon x = 6 ta nhdm dugc y = 3 nén (2) c6 mot

nghiém nguyén (xo; yo) = (6; 3).

Léi gidi. Tir (2) ta rat ra dugc x bang:
-18y+120 -18y+11.6+18.3 B A yl

3
11 = 11 '

1

Pit l_—3=.1f, dox,y eZ=te k.

11
Tedox=6- 18t va y= 117+ 3. Vay (2) co
x=6-18¢

voit e Z.
y=3+11¢

v6 sb nghiém nguyén: {

https://tieulun.hopto.org
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*Vi du 3.
l.llr ||f j ;i..l:‘.. 3 ] | n‘l-

Phan tmh. Do {11 73)=1, (8 73) =1, ta khong
sir dung dugc tinh chat chla hét. O d&y ta ¢4 thé
nham dwgc mot nghiém cua phuong trinh bing
mét vai phép thir don gién, ching han: chon

y=15tadugcx=3décho11.3+8.5="73.

Loi gidgi. T (3) ta rit ra duoc:
RY¥T73 -By+11.3+85 . o ¥y=5
gl T D T = T g

Batl—]s-—t dox,y e Z=1te€ 4.

Teddox=3-8 va y=11¢+35.
Dox=3-8>0va y=11t+35>0suyra
5 3

-—-ﬁ{!{g =

nguyén duong duy nhat 13: (x; y) = (3; 5).

Nhin xeét. Khi viéc nhim nghiém tryc tlep gdp

khé khan (gia tri 16m, ...), ta ¢6 thé rat an nay

theo 4n kia, tach 14y phin nguyén. Ching han,
73—-11x s 1—3}:,{10 1—83x <7

-5, tuong rng ¢o y = 16.

= (. Vay (3) c6 nghiém

rmty =

dé dang chon duge x =
* Vi du 4. Viet 47 thimk;
Phan rifrh. Céc sb nguyén duong chia hét cho 4
va 11 lan lugt c6 dang 4x va 11y (x, y nguyen
duong), thoéa méan diéu ki¢n: 4x + 11y = 47.
Chon y =5 ta nham dugc x =-2.
Lo giai. Goi hai sd nguyén duong can tim 12 4x
va lly (x,y €Z"), tacé: 4x+ 11y =47. (4)
-11y+4.(-2)+11.5 _ ¥ 5
— =
i R
bat %5;!‘, dox,y eZ=tel.
Trdox=-2-11f va y=4¢+5.
Dox=-2-11t>0va y=4t+5>0suyra
3

- 2
-Ec:.t-s:—ﬁ = ==1l=>x=9y=1.

Viy 47=36+11.

* Vi du 5. Tim nghie

)= x=

el phironmoe rrini:

Phén tich. Ta c¢6 16x chan = 25y 1é = y 1¢
= 25y ¢ thn cling 14 5 = 16x co tdn cung la 6

=> x ¢O tin cung 13 1 hodc 6. Thuchonx= 11 ta
tim dugcy=7.

Léi gidi. Tix (5) ta rit ra dugc x bang:

25y+1=25y+16.11-25,7:H_i_zs_;r—-'
10 - 16 16
y=—1I

Dat T =t,dox,y e Z=tel.

Tedéx=11+25f va y=161+17.

Dox=11+25t>0va y=16¢+7>0suyra
tb—%‘ r>—1—7:5~ =120,

Céc cong thic tinh x, y theo 7 co dang ham sb

bac nhat c¢6 cac hé sO0 géc duong nén x va y

nho nhit <> f nhé nhit, ta duge £ = 0. Khi d6

ta ¢6 nghiém nguyén duong nho nhit cua (5) 1a:

(e ) =(11;7).

Ay+100 - y=D5
e e

Loi gidgi. Tacd (6)=>x=

e =R
Dat 7

Y - .| x=—H
¢6 v6 sO nghiém nguyeén: {y 95471
Nhin xét
- C6 thé hd tro viéc nhim nghiém bﬁng cach
linh hoat 4p dung céc tinh chat nhu trong ¥DS5.
- Trudmg hop dic biét, néu UCLN(q, ¢) = a,
hodc UCLN(b, ¢) = b thi 1&i giai cua (*) con
ngin gon hon (nhu VD6).

2. Trudmg hop khong nhim dwgc nghiém

Cling giong nhu khi ta khéng quan tdm dﬁ:n vige
nha:m nghiém cta PT, khi d6 ta s& phai rat an nay
theo 4n kia, tach ldy phan nguyén va dit 4 4n phuy;
lip lai qua trinh ndy cho dén khi dat duge an

vait € Z.

phu 7., = L/ s trong dé m =1 (t,= pti.1 — n).
Loi giai
e Khoéng nhim nghiém.
Cdch 1: Tir (7) ta rat ra dugc:
_3%y+4 _ S5y+4
By
i rang +
TOFiN HOC -
S3464(2-2018 ' CTuGifre

https://tieulun.hopto.

org



https.//www.facebook. cc}m/lemmgkwnmarh

https.//sites.google. cﬂm/szre/lermngkzenmarh

Hmmg Adn gidi PE THI HOC SINH GIOI LOP 9

a) Piéu kién: x>0; y = %

Ap dung bat dﬁng thire Cauchy, ta co:

1.3 2:p, 0

xy,f_

Piéng thic xdy ra khi va chi kh1 x = y. Thay vao
PT thiT hai ta co:

x2=4x-3 & x? —2x+1=J4x-3-2x+1
1 2
+§-(J4x—3—l) =0

& (x—1)?

& x=1.
Pdp so: (x; y) = (1; 1).

b) Pat \[x2 +y? +Jxy=F (x20;,y20;x+y=2).

D& thiy x2 +y? =4—2xy.

Ap dung bit ding thirc Cauchy ta co:

F? =4—xy+2,2xy(2— %)
<4-xy+(2xy+2-xy)=6; (1)

Lai co x? +y? 22@2%, suy ra

F2 = x2 +y% +xy+2xy(x? +y?)
2x2+y?+2xy=4. (2)
Tir (1) va (2) suy ra 2< F <6 (dpem).

Ta cb 142+..4 k= "(‘2”} véi moi ke Z?

PO AR BB |
1+2+..+k KE+D  KE#D

14 2536 (n-D(n+2)

P =9854 A5 D)
_[123.(n-D).[456..(n+2)] _n+2
T [23.4..8][345..(n+])] 3n
- F =" 8
i ;s n+2

(don=2).

a) Mz.:m xét: Mot s6 chinh phuong khi chia
cho 3 va chia cho 4 chi ¢6 thé du 0 hoic 1.

TOAN HOC

0 T Cludilre  S8464(2-209

N EI FIA TINEL NAM HQC 2014 - 2015
" (Dé thi ding trén TH&ETT s6 463, thang 1 nim 2016)

» Gia str xy khong chia hét chn 3 thi x va y déu
khong chia hét cho 3, khi 6 x” va y” chia 3 du
1, suy ra " chia 3 du 2, vd li.

Vay xy chia hét cho 3.

» Gia sir xy khong chia hét cho 4 thi x va y déu
khong chia hét cho 4; x va y khong dong thri
chia hét cho 2. C6 hai trudng hop xay ra:

- Néu x va y déu 1é thi x* va y* chia 4 du 1,
suy ra z chia 4 du 2, vo 1.

- Néu x va y c6 mét sé chiin, mot s6 1& thi z 12
s6 18, Giastr: x=2a; y=2b+ 1;z=2c + 1.

Taco ¥+ =2 =4d+(2b+ 1) =(2c+ 1)’
= ad=cle+t1)-bl+1)=>d:2=>a’2

= x: 4, vo li.

Vay xy chia hét cho 4.

« Do (3; 4) = 1 nén xy chia hét cho 12 (dpem).

b) Nhgn xet: Mot s6 chinh phuong khi chia cho 7
chi co thé du 0, 1, 2 hodc 4.

Gia sir x'y—xy° =xp(* — ") khong chia hét cho 7.
Khi do x’y va )’ de:u khéng chia hét cho 7 va

khéng c6 cung so du khi chia cho 7.

- Néu x* chia cho 7 du 1 con y” chia cho 7 du 2
hodic ngwoc lai thi z* chia cho 7 du 3, vo 1i.

- Néu x* chia cho 7 du 1 con y* chia cho 7 du 4
hodic nguoc lai thi z° chia cho 7 du 5, v6 1.

- Néu x* chia cho 7 du 2 con y* chia cho 7 dur 4
hoac ngugec lai thi Z* chia cho 7 du 6, v6 li.
Viy x’y — :ry3 chia hét cho 7.

Cau 4.
C —
# ..f_._"
F I'. .l.
/ »
o |
] | G M|
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NAM HOC 2013 - 2014

(Théi gian lam bai: 150 phiit)

“u 1. Tim céc s6 thue x thoa mén:
x*+2x3 +x24+2x+1=0
11 2. Giai hé phuong trinh:
B+2y=1
y+2x=-1
Cho m, n 13 hai s6 nguyén duong 1¢
(m*+2):n
(n2+2):m
1) Hay tim mt cdp gdm hai s6 nguyén duong
& (m; n) thoa man cac diéu ki¢n dd cho vl
m>1,n>1;
2) Chitng minh (m? +n? +2) : 4mn.

thoa man;

a) Theo tinh chét tam gidc cin va géc ndi tiep
ta c6 CEA=CBA=CDA va CED =CDE nén
AED = ADE, suy ra AD = AE, két hop véi CD
= CE suyra DE 1L AC (dpcm).

b) Ap dung cdu a) ta c6 ADE = AED = ABF
(géc ndi tiép chan cung nhd E]. Suy ra FBD

la tam gidc can tai F = FB = FD. Két hop véi
CB=CDsuyra CF 1L BD hay CK 1 BG.

Mit khac CB = CE = COLBE hay
CG 1 BK.

Suy ra G la tryc tdm cua tam giac BCK.
Khi d6 CKG =90° —KCB =CBG (dpcm).

a) Chia hinh chir nhit da cho thanh 10 hinh chir
nhét cd kich thudc 2 x 3 nhu hinh du6i.

''''''''''''''

**************

1) Tinh s6 cic udc duong cia 1000;
2) Tinh sb c4c wéc duong chin cua 1000.

‘1 5. Cho tam giac ABC cé ba géc déu nhon.
Goi (0) 1a dwdng tron tim O ndi tiép tam gide
ABC va tiép xtc voi hai canh AB; AC lan luot
tai D; E. Goi M la giao diém cua hai dudng
thing OB va DE; N la giao diém cua hai dudng
thing OC va DE. Chirng minh bén diém B; C;
M; N cung thugc mt duong tron.

NGUYEN TAT THU
(GV THPT chuyén Luong Thé Vinh, Dong Nai)
gioi thig¢u
Theo nguyén li Dirichlet, 10 hinh chit nhat nho
chira 11 diém nén luén ton tai hai diém clng
thuéc mot hinh chir nhét nho, khoang céach giita
ching khong lén hon dudng chéo cua hinh chit
nhit nhé 1a V2% +3% =13 (dpcm).
b) Khi # = 10 két ludn trén van dung. That vay:
Chia hinh chir nhit d& cho thanh 9 hinh nhu
hinh duoi.

iiiiiiiiiiiii

-----------

Theo nguyén li Dirichlet, 9 hinh nhé chira 10
diém nén ludn ton tai hai diém cing thudc mét
hinh nhé & trén, khoang cach gifta ching van
khéng 1én hon +/13.

TU HU'U SON - TRAN QUOC LUAT
(Ha Tinh) Giol thi¢u.

S5 464 (2-2016)
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j’l' gi todn xde dinh tham sé dé ham da thirc

ﬁm: diéu trén mot khoang cho trudc ca lé
1o mét bai todn quen thude trong cdec dé thi
tuyén sinh Pai hoc tir xwa dén gio. Chiing ta noi
la “quen thupc” nhung doi khi dang toan nay
rat “xa la” va mang dén thdt nhiéu kho khan
doi voi s&{ dong cac em hoc sinh THPT. Tai sao
vay?! Bai vi cac em hoc sinh thuong hay quén
cdce kién thire ho tro nhue 1a: dinh ly vé ddu clia
tam thirc bac hai, diéu kién dé tam thire béc hai
khéng doi dau trén R, so sdnh c:ac nghrem cua
phuong trinh béc hai doi voi s6 mot s6 o nao
do,... dong thoi cac em chwa khéo léo trong
viéc van dung cdc kién thire vé dao ham co lién
guan. Nham gitip cdc em hoc sinh tw tin khi doi
mat voi ky thi THPT Qm:)c gia 2015, frong bai

bdo ngén nay t6i xin nhéc lai vai kién thice hé
tro, nhitng phuong phap chung va phan tich -
binh lugn mgt sé bai todn dién hinh.

1. Ta thue hién theu cac buoc sau day:

- Buée 1: Tim tép xé4c dinh clia ham s6.

- Biroe 2: Tinh dao ham y'.

- Buoc 3: Lap luan cho cac truong hop ma bai
toan ;,reu cau

2. D€ van dyng t6t phuong phép nay ta cédn nﬁm

vimg mot so kién thuc lién quan dén dinh Iy vé
dau ctia tam thire bdc hai.

Dinh Iy vé dau cua tam th

Cho tam thirc bac hai f(x) = ax” + bx+c. Khi d6:
. Néu A< 0 thi af(x)>0,VxeR.

. Néu A=0 thi af(x)}n,vx;e-%.
- Néu A>0 (gia st f(x) co 2 nghiém phén biét
x <x,) thi gf(x)<0,Vxe(x;x,) va af (x;x,) >0,
Vx € (—o0; x, )\ (x,;+00).

g2
Urc Dac nail

Pieu kien de tam thare bac hai Khong doi

O ! m.ﬁ"‘N HO*«-..
O Cludilre.

S§ 464 (2-2016)

- XAC BINH THAM 50 DE HAM BA THUC
DONDEU TR MOT KHOANG GO TRUCG

VAN PHU QUOC

(GV THPT chuyén Nguyén Binh Khiém, Quang Nam)

Cho tam thic bic hai f(x)=ax’+bx+c. Khi
do ta co:

Jﬂ{ﬁ

a>0

(A <0
haf:U
(A0
ha;v()
(A0
la<0

nghiém cua mot phwong

¢ f(x)>0,VxeR<

« f(x)<0,VxeR & -

« f(x)20,VxeR < -

« f(x)20,VxeR <

b | b, F ! PR R T i
Z.3. SO s5ann cac

[irimn rdal nai vai so v

Cho phuongtnnhbac hai ax” +bx+c=0. Khi d6:

- f(x) c6 hai nghiém x,,x, thoa min
»<0<x, < P<0.

- f(x) co hai nghiém x,,x, théa mén
(A>0

J<x <, &P >0

5>0

. f(x) c6 hai nghiém x,,x, thoa min

(A>0

X < <leq P20,

§<0

Pé v ring néu dé yéu cau so sanh cac nghiém
ctia mdt phuong trinh bic hai véi s6 a =0 ta
lam nhur sau:

Pit ¢ = x—ao., phuong trinh: ax’ +bx+c=0 tré
thanh phuong trinh at* +bf+ct=0.

Khi d6 bai toan quy vé so sanh cac nghiém cua
moOt phuong trinh bac hai vai so 0.

|| 11

han tich, binh luan mot so bai toan dien hinh

h;.i ~:E:'LEH |
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Trude hét tinh dao ham: ' =x* +2(2m—x+m+1.
Ap dung dinh Iy vé ham sé don diéu ching ta
lap luan nhwr sau:

Ham s6 dong bién trén R khi va chi khi ' >0,
vxeR hay ¥ +2(2m-D)x+m+120,¥VxeR (*)
Sir dung diéu kién dé tam thirc bdc hai khong

déi ddu trén R vira néu & trén ta dua (*) dén
diéu kién twong dwong:
A <0 (2m-1) —m—-1<0

5

<:‘,>4m2—5m£0<=>0£miz.

L R R ‘ S
Vaycacglamcannmcuamla{}ﬂmﬂz.

Bai toan 2. |/

Pai vai bai toan nay, ching toi xin trinh bay ba
huéng giai quyét dé ciac em hoc sinh tham
khao. Hy vong cdc em s& lya chon cho minh
dugc mot hudng giai quyét ti ru nhat.

Trude hét ta can tim tdp xac dinh va tinh sin
dao ham:

. Tép xac dinh: D=R.

- Dao ham y'=12x* +2(m+3)x+m.

Huwémg thir 1. Him s6 dong bién trén khodng
[0;40) <)/ >0, Vxe[0;40)<> PTy' =0 v
nghiém hodc c6 nghiém kép hodc PT y'=0 cé
nghiém x,,x, thdamin x, <x, <0

—

| (m=3)" <0
(A'<0 ’ s (m=3
| [a>0_ (m-3) a¥ P
L e s R P TR, e
P  [m20
S
Lo

Viy m >0 thoa min yéu cau bai toan.

(Cht y. Khi gap hé bat phwong trinh cdc em

hoc sinh cdn cdn thén hon trong nhitng thao tdc

suw dung phép hop, phép giao cac tap nghiém).

Hwéng thir 2. Chiu kho quan sat, chung ta s€

thdy phuong trinh »'=0 luén c6 nghiém
| m

I=—E,I=—-F.

Ham s6 dong bién trén khodng [0;+w0) <> ' 20,

Vxe[0;+x) < PTy =0 c6 nghitm kép Bee
PT y'=0 conghiém x,,x, thoa min x <x S8

A=0 -
1 R m=3
& _E{“FED{:} 0<m<3Ieem2.
m I _m}'S
S gl
_ 6-:: 2_0

Vay m =0 thoa mén yéu céu bai toan.
Hwéng thar 3.

Ham s6 dong bién trén khoang [0;+0)

& y'20,Vxe [D;-I-GG}

& 12x° +2(m+3)x+m = 0,Vx €[ 0;+)

< m(2x+1)2-12x" —6x,Vx €[ 0;+0)

— mz-ﬁx,‘v'xe[{);m) &> m2 max (—6x)=0.

xe| 0;+o0)
Véiy m =0 théa min yéu cau bai toan.

Bai toan 3.

. Tép xac dinh: D=R.

. Pao ham ' =—x* +2(m—1)x+(m+3).

. Ham s6 da cho dong bién trén khoang (0;3)

&y 20,Vx e (0;3).

. Vi ham s6 y'(x) lién tuc tai x=0,x=3 nén

¥'20,Vxe(0;3) < y' 20,Vxe[0;3]

& m2x+1)2x" +2x-3,Vx €[0;3] (muyc dich 1a
2

z ;xzfl 3 vxe[o]

(do 2x+1>0,Vxe [0;3] nén khi chia ca 2 veé

cua blﬁt phuong trinh trén cho 2x+1 khéng lam

do1 dau)

ch lap tham s6 m)<om=

x242x-3
2x+1
Vién dé con lai 12 ching ta di tim gia tri 16n nhat
x*+2x-3
2x+]

bay 1a mot bai toan vé cyc trj qud quen thudc
d6i voi tat ca cac em hoc sinh 1op 12.

om nwiﬁ]g(x) voi g(x)=

ciia ham s6 g(x)= trén doan [0;3].

Taco: g'(x)= 2 +2x~;8 >0,Vx e [{};3],
(2x+1)
) TOAN HOC
S0 464(2-2016)  ° Cludifre 9
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Diéu nay din dén viéc g(x) dong bién trén
12

[0;3] . Do dé: ﬂ%g(x:} =g(3)= =
Vay m= % thoa mén yéu cau bai toan.

Chung ta nhin thdy ring viéc gidi bai toan nay
bing phuong phép ham so6 1a mot phuong phap
oidi t61 wu. N6 don gian hon phuong phip tam
thirc bic hai rit nhiéu. Boi vi néu sur dung
phuong phap tam thirc bac hai chung ta sé quy
vé viéc so sanh cac nghiém cha mdt phuong
trinh bac hai ddi véi hai sé o, d6 1a: a=0,

o =3, vb cung vat va.

Nhin thiy bai todn ndy khéng thé cé lap tham
s6 m mdt cach dé dang nhu bii toan trén nén
chung ta hdy tir bo y dinh sir dung phwong phap
ham s6 ma nén tién hanh giai bing phuong
phép tam thirc bdc hai. Nhu vy, cdc em hoc
sinh c6 thé thdy ring viéc khing dinh mot
phuong phép giai toan nao d6 13 toi wu khong
phédi chuyén don gian. Phai tiy vao tung tinh
hubng toén, cdc em mdi co thé c6 nhitng nhén
xét, danh gia mot cach khach quan duge. Chung
téi hy vong rang cac em co thé khéo léo lya
chon cho minh mét phuong phap giai an toan,
chic chin nhat. Bay gi¢ chiing ta giai bai toin
nay cac em nhé!

* Tdp xac dinh: D=R .

+ Pao ham: ' =(1+1lriE -11);qc2 +2(m-1)x-2.

Pén day thudmg c6 nhiéu hoc sinh voi vang sir
dung kién thirc vé tam thirc bic hai da b s6t
mét trudng hop m=+1, thit 13 dang tiée. Vi
vdy, cdc em can phai cdn than dé khic phuc tinh
trang nay.

Biy gi¢ ta xem x¢t tirng treong hgp nhur sau:

- Truomg hop: m* —1=0 m==+1.

S 464 (2-20186)

+V6i m=1thi y=-2x+3 () =-2<0,vxeR).

" Suy ra ham s6 ludn nghich bién trén khoang

(—m;——E).

+Véi m=-1 thi y=-2¢ —Zx——%; ¥ =—4x-2<0
x> —%. Suy ra ham khéng nghich bién trén
khoang (—m; —2).

- Truong hop:m* —1#0 < m# +1.

Chdc chan ring ta s& quy vé dang toan so sanh
cac nghiém clia mét phuong trinh béc hai véi sb
o # 0 ma cu thé trong bai toan nay 12 a.=2. Vi
viy ta sir dung ki thuat dit an phy dé quy vé
viéc so sanh cdc nghiém cua mdt phuong trinh
bac hai véi s6 0.

Trudce tién ta ddt r=x—2 hay x=r+2. Thay
vao ' =(m2 —I)Jn:2 +2(m—1)x—2 ta thu dugc
mot tam thirc bac hai (theo ) nhu sau:
g(t)=(m’ -1 +(4nr" +2m—6)t+4m’ +4m-10.
Ham s6 nghich bién trén khoang (—c; 2)

&< V' 20,Vxe(—e; 2) < g(f) <0,V e(—o; 0).
Diéu nay sé trong duong véi:

a<(
A>0

(m? ~1<0
Im? =2m—-1>0

Z
hoiic | 4Am " +2m-6 <if

{mz—lf:(}

S 2

3m® -2m—-1<0 1
2 .

dm” +4m—10 >
m* —1

Giai hai hé bat phuong trinh ndy ta tim dugc

0

nghiém —%ﬂ m<].

Téng hop hai truomg hop trén ta di dén két ludn:
Véi -% <m<1 him & &4 cho nghjch bién trén
(—m; —2] :

https://tieulun.hopto.org



Bai toan S, Tin

Méi doc qua dé toan nay, co 1€ nhiéu em hoc
sinh s& “ng& ngang” vi yéu cau c6 vé “la 1am”.
Tuy nhién, chiu khé quan sat mot chit ciac em
s& nhén ra ring: ham sé chi nghich bién trén
mot doan c6 do dai bing 1 cé nghia la nghich
bién trén doan [x,,x,] sao cho /=[x —x,|=1
(véi x,,x, la nghiém phén biét cia phuong
trinh y'=0).
Béy gitr chiing ta bt dau giai bai toan nay:
* Tap xéc dinh: D=R.
* Pao ham ' =3x* +6x+m. Tacé: A'=9-3m.
- Néu m>3 thi y'20,¥xeR. Piéu nay din
dén ham s6 da cho dong bién trén R . Nhu vay
khong thoa man yéu cau bai toan.
- Néu m<3 thi A’>0. PT y'=0 c6 hai
nghi¢m phén biét x,,x, (x < x, ).
Ham so chi nghich bién trén mét doan cé 44 dai
bang l1<> ham s0 nghich bién trén doan
[x,:x,] voi ,xl —x2|=l.
H¢ thirc ndy da goi y ching ta sir dung dinh ly
Vieéte.
That vay, |x, —x,|=1< (x,—x,) =1

9

& (x +x,) —dxx, =1 (-2) —43—1-:::-:::—4

Néu kkang st dung dinh Iy Viete thi cac em hoc
sinh c6 thé lam nh sau:

PT »"=0 c6 hai nghiém phén biét la

_=3-49-3m  _ _=3+49-3m
R } X, = 3
Khi do:
o —3-—J9 3m _-3+\9-3m|_.
[x,—x2|—1 3 |:
IZ(.Q 20 }l & V9-3m =§4ilrm—E
2 4

Bai toan 6. Tim m dé ham s0:

P6i véi ham trung phuong bao gir ciing dé
dang tim dugc nghiém cu thé cia phuong trinh
y'=0. Vi viy ta hay tim ra cac nghiém ctia né

roi l4p ludn dé di dén duoc yéu clu bai toan,
* Tép xacdinh: D=R.

» Pao ham ' =4x —4mx = 4x(x* —m).

- Néu m<0 thi ¥'20,
ham s6 ludén dong bién trén (:+=) nén nd luén

vxe(0:42). Tic la

dong bién trén khoang (1;2)

- Néu m>0 thi phuong trinh 3 =0 s& ¢6 3

nghiém phéan biét 1a: —/m, 0,/ .

Ham so dong bién trén doan (1;2)

oJm<lem<l.

Tuong ty nhu bai 3, chung ta c6 mgt hudmg

giai quyét khac cho bai toan nay la phuong

phép ham sd. p_——

Ta lap ludn nhuv sau: Ham s6 dong bién trén

(1;2) ©y'20,vxe(;2) = y' 20,Vx E[I;Z]
(do y'(x) liéntuc tai x=1,x=2)

< 4x’ —4mx20,Vx e[1;2]

oSmxt ‘v’xE[I 2]{:}m<ﬁ n][m(x )=1.
xell;2

Cac em co nhdn ra rﬂng sur dung phwong phdp
ham s6 dé giai quyét bai todn nay rat la hdp
dan phai khong? N6 vira ngdn gon, vira gan giii
voi nhitng van dé ma cdc em dang hoc & ndm
cudi cdp.

[11. Bai t: '[" de n
|. Tim m dé ham so

% =mT_lx3 +nmx’ +(3m—2}x+m3 ~3m" —Tm+9

dong bién trén K.
2. Tim m @€ ham s

_y:%f-}-(n'i!+1):s:2 +(mz+-4::':'*:+3)Jr—'.l*s"z2 +1

dong bién trén [1;+e0) .
i Tim m dé ham so

y=x +3x* +(m+l)x+m3 +3m* -m—11
nghich bién trén (~1;1).
4. Tim m @é ham sb
y=%x3+%~(sinr—cnsr)x2 —(%sinrjx-&mlﬁ
luén dong bién trén R.
5. Cho ham s6: y =—x* +2mx* —m* . Timm dé:
a) Ham s6 nghich bién trén (1;+0);
b) Ham s6 nghich bién trén (-1;0), (2:3).

TOHM HOC
" Cludilre 11
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PE SO 6
(Thoi gian lam bai: 180 phiit)

o 1. (2 diém) Cho him sy = =1

1) Khao st sy bién thién va v& d6 thj (C) cua
ham s6 da cho. ! ,

2) Tim tham so m dé duong thang &: y=x+m
cit d6 thj (C) tai 2 diém phan biét 4, B sao cho
tam giac OAB vudng tai O (O la goc toa do).

Cau 2. (1,5 diém)

log, x & 1+log, x
log, x-2 2+log,x
2) Tim gié tri 16m nhat va nho nhat cia ham sé

y = \JIE +2 +'.J'4—Iz 2
Chu 3. (1 diém)
1) Cho s6 phic z thda min (1-2i)(z-1)=(2+3i)=

Hay tinh z.z

2) Trén gia sach c6 3 ngan, ngan thi nhat c6 5
cudn sich gido khoa Toén va 5 cucm sach bai
tap Todn; ngln thir hai c6 6 cubn sach gido
khoa Ly va 6 cudn sach bai tip Ly va ngin thir
ba cé 5 cudn sach giao khoa Héa va 5 cunn
sach bai tap Hoa. Léan lm;n 1ay ngau nhién moi
ngén mot cubn, tim xédc suit dé 3 cuén ldy duoc
déu 1a sach bai tap.

1) Giai bét phuong trinh

3
Cdu 4. (0,5 diem) Tinh tich phan [ = J._dxsmfx
EC(E X

HUONG DAN

Cau 1. a) Ban doc ty giai. , ‘
b) Goi x, 1a hoanh d¢ tiep diém, giai PT
Y'(%)=-3 dugc x, €{0;2}. Tir d6 tim dugc hai
tiép tuyén cd phuong trinh lan lwot 1a
y==—3x-1, y=-3x+11.
(Cau Z. a) Phuong trinh cho twong dwong vaéi

cos2x+cosx—sinx =0
& (cosx—sinx)(cosx+sinx+1)=0.

Dép s6. x=g+kn , = —g+ k2n,x =1+ k2T.

TOAN HOC
' CTudilre

12

S6 464 (2-2016)

(1 diém) Trong khong gian Oxyz, cho
x=1+t¢
duong thing A:{y=1+¢ va mit phing
z=1+t¢
(P):x-2y+2z-3=0. Tim toa d6 diém trén
truc tung sao cho khoéng cich tir dié!n do ﬂéﬂ
duong thing A bang khoang cach tir diém do6 dén
mt phing (P).
(1 diém) Cho lang try ABC.A'B'C’ co
A’ABC la nr dién déu canh a. Tinh theo a thé

tich khoi tir di¢n 4 'B'BC va khoang cach giira
hai dudmg thang AB va CC”.

(1 diém) Trong mit phing Oxy, cho
dudmg tron (C):x2+y2—-2x—4y=0. Tim toa
d6 cac diém 4,B,C ndm trén dudng tron (C) sao
cho OABC 12 hinh chir nhét c6 4B = 2BC.

" (1 diém) Giai hé phuong trinh
xJy+yJx =6
41+ x —xp J4+ )
(1 d'rem) Cho 3 s6 thuc x, y, z thoa mén
{xz +y*+2" =8

(x,y€R).

. Tim gié tri 16n nhét va nhé

xy+yz+zx=-4
3 3 3
nhit cta biéu thisc P= 22 T2
X' +y +z
NGUYEN VAN SANG

(GV Bé mon Toan Pai hoc Can Tho)

\l D SO 5
b) Pit z=a+bi véi a,beR, z—i=a—(b-1)i
Ta co: (3+i)(a+bi)+(1-i)(a—(b—1)i)=2-4i hay

(4a—2b-1)+(26+5)i=0< a=-1, b:—%.

Véy z c6 phin thuc 12 —1, phin do 1a -2 .

2

-1>0

PK: {‘Z .
X“4+x-4>0

Phuong trinh da cho tuong duong vi:

https://tieulun.hopto.o
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log, 2+log, (;ls:—l)2 = log, (xl +x—4)

< log, (2;:2 —4dx+ 2) =log, (;l:2 +x— 4)
Pdp s6. xe{2;3}.

Cau 4. DK: .xE(—UCJ;—I]U[i;-HG)a

Pat a=+yx> +x+2, b=+x* -1 thi

4% +x-1=3b> +a*,4x* +3x+5=3a’* +b*,
BPT dad cho co dang:

(367 +a*)a<(3a® +b7)b+1> (a—b) <1

& a<hb+lhay Y +x+2 <1+x2 -1 (1).
Giai (1) bang cach binh phuong hai vé dugc

déap s6 xe[—m;zngﬁ]u 2+§ﬁ;+m].
1 ¢
Caus. [ = J.(l+2.1')e:dx— (2x2-+-x)dx
0 0
! 3 2
_ 2 (2 x\_7
A-J(Zx +x)dx—[ 3 + 2}0_6_
I { u=1+2x {duzzdx :
Pt , taco:
dv=e'dx |v=e¢
B= j1+2x ¢'de=(1+2x)€" J.Ze‘dx e+l.

1

Vé’}’ IZB_A:E_E.

. Tinh SH =+SD”* - HD* =ay3,

S aco = ABAD =23, V; gcp =5 SH.S gy =23
. Tt AB//CD=> AB//(SCD), do d6: d(AB;SD)
=d(4B;(SCD))=d(H;(SCD)).

Ké HM 1 CD, HK 1 SM, ching minh
dugc HK L(SCD) nén d(H;(SCD))=HK .
1

Cau 6.

1 1
Chira AM =avy3, tir - =—+

y a3, & T = ot T E
= HK = “';F y d(AB; SD)—i

Cau 7.Goi E la diém d6i ximg cia 4 qua M
thi AB//EC. Xét AAEC c6 CM la trung tuyén,

C‘D=ECM nénD la trong tdm, AD la phan

giac cua EAC nén AAEC cén tai 4, suy ra
AD1 EC. T d6 AB1 AD. Tu két qua A la
hinh chiéu vudéng goc cia B trén AD,

dugec A=(1;-1).

Lay D(!%} thuc AD (D=Anént=1)

Tir BCAEBD tim duoc C=| 3;_‘4 q-ﬂv-}

- 4 2
28 e _ 3313

A

5 9

o 2)

Cau 8. Tx {I}=dn(P)=1=(323)

Mit phing (P) ¢6 VTPT la n(2;5-1), d <6

VTCP 14 u,(1;2;1). A c6 mét VTCP la

. vin

L.p.J

r}%. Tacd d(C;4B)=

T (*) tim duge =3, suyra C(

B X =3+1
E=%[;:,uﬂ,]:(l;—l;l}. Ddp sé. A: {y=2—-t.
z=3+t

CAu 9. Mdi cdu ¢ 4 cach Iya chon phuong én
nén khong gian mau Q cua phép thir cé 80
phén tir 1a [ =4".

Goi x 1a sb céu tra 151 dung cia mét thi sinh
(xeN,x<10), thi sinh dugc 26 diém khi va

chi khi 5x—(10-x)=26< x=6.
Goi A la bién cb: “Thi sinh lam bai bang cdch
chon ngdu nhién phmmg an tra 101 dege 26 diém”.

- Chon 6 cdu trong s6 10 cdu c6 Cj, céch.

- V&i mdi bd 6 ciu dd chon chi co mot cach dé
chon phuong an dung cho ca 6 céu do, 4 ciu
con lai c6 3* cach chon phuong én dé thi sinh
lam sai ca 4 cau nay. Suy ra |ﬂ,,,| =53

0 6 . 4
vay ()=l - B

Cau 10..

= 0,0162.
Vei x* +y* =1, ta co:
5+4y_4x2 :(2+y—x-\/’§)(2+y+x‘\l{§)s

2ExB+y =J[xi%]z +(y +;—T _

Trong mit phéng voi hé toa d§ Oxy, ta dat
. 93, 1] <8, 1 ,

A(O’])’B[_T’_E ,C ELE ,M(IJ)

thi 2P = MA.MB.MC (MA+ MB + MC).

(Xem tiep trang 15)

TOFIN HOC l
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(O GIAI NGAN GON ... (Tiep theo trang 5)

Pt 5:’;:;4=r, dox,yeZ=>1e k.

. dy+4 _17t-4 2t—4
Tacod T =t y= 5 =3+ z
Dat zr;{l:r,,dﬂy,rez::-r{c-z.

2t—4 3t +4 t
Tach ——=1 1= '2 =2£1+2+E].

{

bit ~=r,dot,1eZ=>1 e Z.

2
Tedot=56+2;x=14+39, ;y=17 + 6.
Viy, (7) ¢6 v6 s6 nghiém nguyén:
{x s .

y=6+17¢, = -
Nhin xét
- Viéc khong nhim durge nghiém hodc khong
nhim nghi¢m dan dén 1o gidi dai dong, viéc
bién @i va tinh toan nhiéu dé gay nham lan.

- Thye chat moi lan dat an phu 1a mot 1an dua
PT vé dang don gian hon. Vi du khi dat
Sy+4
17
nghiém nguyén -5y + 17¢= 4. Vi viy tiép tuc
nham dugc nghiém s& 1a phuong 4n tdt nhét.

e Nhim nghiém khi ¢6 co hoi. O PT trén ta
nham dugc mot nghiém (yo; o) = (6; 2).

= ¢, thyc chét 12 ta tiép tuc giai PT

Cach 2: Tt (7) ta rit ra dugec:
i 39y+4 g S5y+4 =2y+5y—5.6+ﬂf2

17 17 17

¥=9
=2y+245.54— 7

-6

Bat T ——=t, dox,yeZ=1€ Z. Suyra(7)

co
x=14+39¢

vd sb nghiém neuyén: yite Z.
ghiem nguy {y—ﬁ-i-l‘?r IS

Laoi giai. T (8) ta rut ra duoc:
_ 41x-187 o 4x-2
= g 37

oy g, 4x+4.18-372 . x+18

2 ) 37

x+18
37

bit =t, dox,yeZ=>telZ.

TOAN HOC
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Teddx=-18+37t va y=-25+4l¢.
Dox=-18+37t>0; y==25+41t>0
18 25 : e
| 1s 2 5 _
suy ra 3}37 r:>41:>r_1=>xvaynhﬂnhat

& t duy nhat. Khi d6 1= 1. Vay (8) ¢6 nghiém
nguyén duong duy nhat 13: (x; y) = (19; 16).

Nhan xét

- Khi tach dugc dén 4’;;
PT nghiém nguyén —4x + 37t = 2. Diéu nay

tvong duong vo1 viée tich duge -2 trong

, ta can tiép tuc giai

';; 2 thanh tong ciia hai s6 nguyén,

mot 553 chia hét cho 4, mot s6 chia hét cho 37
(dé thay —2 =72 -74=4.18 — 37.2).

®Vidu9. 7im nghiém nguyén cua phwong trinh

(Y).

biéu thirc

Sy

Phén tich

- Ta thay 40x ¢6 chir s6 tan ciing 1a 0 = 31y ¢6
chit so tan cling 1a 9; chon y = 9 ta nham duoc
x="1.

- Néu tach y=40x_1 9x—1

=X+

3] 3]

tich —1 thanh tong cua hai sb nguyén, mot sb
chia hét cho 9, mdt s6 chia hét cho 31, ta c6:

-1=62-63=31.2-9.7.

Loi gidi

Cach 1: Tir (9) ta rit ra dugc:

_3iy+1  31y+40.7-31.9 y-9
== 10 m7+31.———-40.

it Tog"’ dox,y e Z=>teZ. Suyra(9)

, ta cO thé

¢ vO so nghiém nguyén: { o1t € Z.
Cach 2: Tt (9) ta rit ra duoc:
_=4ﬂx—1 x+91_1
Y= 731 TTE
9x+31.2-9.7 _ X—{

=X+ 31 +2+9, T
=

31

Pat =

=t,dox,ye Z=t e Z. Suyra(9)

; : x=7+31t :
cO vO sO nghiém neuvén: it e Z.
i {y=9+4ﬂr i

https://tieulun.hopto.org



|. Giai cac phuong trinh véi nghiém nguyén:
a)3x+ 17y =159 e) 11x—20y =49

b)2x+ 13y=156 f) 9x + 20y = 547
¢) 5x—7y=21 g) 117x+38y=2
d) 11x 7y =31

Viét 112 thanh t{:ng cia hai sb nguyen
dumlg, mot s6 chia hét cho 5, s6 con lai chia hét
cho 7. , '
3. Tim cac s0 nguyén duong x, y nho nhat
nghiém dung phuong trinh:

a,) 15x-49y =11 b) 17x — 29y =100

- Tim hai s6 duong nho nhét thoa man; higu

ctia chiing 1a 10, s6 bi trir chia hét cho 8, so6 trir
chia hét cho 17.
5. Tim 30 hoc sinh cia mﬂt 16p hoc, biét ring
khi xép hang, néu xep mm hang 5 hoc sinh thi
thira 3 hoc sinh, néu xép mdi hang 7 hoc sinh
ﬂll thira 1 hoc sinh.

Cﬁn dit mot 6ng nudc dai 21m bing hai loai
ong ﬂng dai 2m va 6ng dai 3m. Hoi moi loai
cAn miy dng dé khong bi bo phi mét doan 6ng
nao?

HUONG DAN GIAI ... (]

Vi AB=BC =CA=+3 nén AABC déu, duing
tron tim @ wvo1 ban kinh R=1 la dudng tron
ngoai tiép AABC va M thay d6i trén duong
tron nay khi (x;y) thay doi.

. Bing tinh toin tryc tiép chi ra dugc:
MA* + MB* + MC* =6 (1)
MA* MB? + MB> . MC* + MC*MA* =9 (2)
Tir (1) va (2) co

22 P =( MA.MB+ MB.MC + MC.MA)" -9

=[%(AM+MB+MC)E-3] -9 (3)

. Xét diém M chay trén dudng tron ngoai tiep
tam gidc déu 4ABC, khéng giam tinh tong quat

7. Tim nghiém nguyén duong nho nhat cia hé
x+2y+3z=20
{3x+ S5y+4z=37

%. (Bai todn ¢6). Mai em di cho phién. Anh guri
mot tién (60 dong). Mua cam cling quyt. Khong
nhiéu thi it. Mua ldy 100. Cam 3 déng mét.
Quyt 1 dong nim. Thanh yén tuoi tot. 5 dong
mdt tréi. Héi mua mdi thir may tréi?

). (Bai todn c6). Mot trim con triu. Mot trim b6
co. Trdu dimg &n 5. Trau nadm &n 3. Ly khy trdu
gia, Ba con 1 bo. Hoi moi loai trau c6 méy con?

coi M thudc cung nhé BC, khi d6 chirng minh
dugc MB+MC = MA= MA+ MB+ MC =2MA,

c6 AB<AM<2R, nén 23 < MA+MB+MC<4,
trong d6 MA+MB+ MC =4, ching han khi
AM la dudong kinh cia dudng tron (0;1) hay
M (0;—1). Céc trudmg hop con lai vé vi tri cia
M trén dudmg tron (O;1) ciing cho két qua
twong tw: 243 < MA+ MB+ MC <4 (4)
Tir (3) va (4) suy ra P<4+/2 . Ching han khi
x=0,y=—1 thi P=42 nén max P=42.

PHAM BAC PHU
(GV THPT chuyén Lé Hong Phong, Nam Dinh)

"f’ﬂgﬁ-‘ﬁi L“'f:
Cludire
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CAC LOP THCS

I'1/464 (Lop 6). Tim tit ca céc cap $6 tu
nhién (m, n) théa man : 3" -2" =5.

: _ VU VAN LIEM

(C&m Quan. Cam Xa, My Hao, Hung Yén)

4i T2/464 (Lép 7). Cho AABC vubng tai A,

duémg cao AH, AB < AC. Trén canh AC 1a:,r
diém D sao cho AD = AB. Gt;u I1la trung diém

cua BD. Chirng minh rang BIH = ACB.
THAI NHAT PHUQNG (GV THCS Nguyén Viin Troi,
Cam Nghia, Cam Ranh, Khdnh Hoa)
a0 T3/464. C6 thé lat kin mét céi sdn hinh
vudng canh 3,5 m bing nhimg vién gach hinh
chit nhat kich thude 25 em x 100 cm ma khong
cat gach dugc hay khong ?
~ TRUONG QUANG AN
(GV THCS Nghia Thang, Tw Nghia, Quang Ngai)
%4i T4/464. Dung tam gidc ABC biét ba duong
thang dg, dp, d. chira ba duong trung truc cua
tam gidc (gia thiét ba dwong nay dong quy tai
0) va biét 46 dai doan AH, & day H 1a tryc tam
cta tam giac ABC.

IRAS
al

vU PINH PHUQNG
(GV khoa Todn, DHSP Ha Ngi)

Bai 1T5/464. Giai phuong trinh:

2010-{/6+%/6+%f2mﬁ-x = x.

PHAM XUAN TRINH
(GV THCS Truc Phii, Truc Ninh, Nam Dinh)

CAC LOP THP1
941 16/464. Giai hé phuong trinh

(12

22Y Sex-2 fAy—x
X

:.fy+3 +_}P=.r2 -x-3

HOANG PANG THUONG
(GV THPT Thanh Thity, Thanh Thtty, Phi Tho)

TOH N HOC
Crum t;c«_ 50 464 (2-2016)

16

Bai 1T7/464. Cho x, y, z 14 céc so thuc théa man

x*+y*+z'=8. Tim gid tri 16n nhat va nho
nhét ciia biéu thirc sau

H :1.1:3 —yE‘ -E-lly3 -53‘ +|z3 —xs'i.

VU HONG PHONG

(GV THPT Tién Du 1, Tién Du, Bac Ninh)

Bai T8/464. Cho tam giac ABC nhon co tam

duong tron ngoai tiép 1a O. P la diém bat ky

trén dudng tron ngoai tiép tam gidc OBC va P

nim trong tam gidc ABC (P khéc B, C). Phan

glac cua goc CPA cit CA tai E, phidn giac cua

géc APBcit AB tai F. Goi I, L, K lan luot la

tam duong tron no1 tlep cac tam gmc PEF, PCA,
PAB. Chimg minh ring /, K, L thang hang.

TRAN QUANG HUNG

(GV THPT chuyén KHTN, PHOG Ha Noi)

3ai T9/464. Tim céc s6 nguyén duong x, y sao

cho x° + =x +12xy+y

CAO NGOC TOAN

(GV THPT Tam Giang, Phong Pién, Thira Thién — Hué)

TIEN TO1 OLYMPIC TOAN
Bai T10/464. Cho n s6 thuc a,,a,,...,a,(n>3)

thoa man diéu kién:
a+ay+o.ta,Zn VA A +a; Fota, 2,
Chirng minh ring max(a,,a,,...,a,) = 2.

NGUYEN THI CHUC
(GV THPT chuyén Ha Giang)

Bai T11/464. Cho day so thue (a,):

a 20
L =10"a%, n21

Tim cac gia tri cia a, dé liman = ().
NGUYEN TAT THU
(GV THPT chuyén Luong Thé Vinh, Déng Nai)

Bai T12/464. Cho tam giac nhon ABC. Goi E,
F 14n lugt 12 hinh chiéu cia B, C trén AC’ AB; I,
J 1an lugt 1a tim dudng tron bang tiep cac goc
F, E cta cac tam giac AF C, AEB; BJ cat CI tai
K. Lay diém Q trén du.'{mg tron ngoai tiép tam
giac BKC sao cho AQK =90". Chimg minh
rang AQ, BI, CJ dong quy.

NGUYEN THANH DUNG
(GV THPT chuyén Chu Vin An, Lang Son)

https://tieulun.hopto.org



Bai 1.1/464. Mot thién thach c6 khéi lwgng
1600 kg chuyén dong quanh Trai Pat theo quy
dao tron & d6 cao 4200 km so v&i Mit Dat.
Thién thach d6 bat ngd va cham truc dién véi
mot thién thach khdc bé hon nhiéu va bi mét
2,0% dong ning, nhung khong bj l1éch hudng
chuyén déng va giit nguyén khéi lugng.
1) Mo ta hinh dang quy dao thién thach sau va
cham.
2) Tim khodng cich ngin nhit cia quy dao
thién thach sau va cham so v&i mat dit. Nhéan
xét. Cho biét bén kinh Trai Dét 14 6400 km.

VU THANH KHIET (NXBGD Viét Nam)

Bai 1.2/464. Cho mach dién c6 so dd nhu hinh
bén. X, Y 14 hai hop linh kién, mdi hop chi chira
2 trong 3 loai linh kién mic n6i tiép gom: dién
trér thuan, cuén cam thudn, tu dién. Biét ampe
ké c6 dién trd rat nho, von ké c6 dién tro rit

1én. Ban dau mic 2 diém 4, M vio hai cuc cia
mot nguon khong d6i thi #; chi 45V, ampe ké
chi 1,5A. Sau d6 mac 4, B vao nguéln xoay
chiéu c6 dién 4p u,, = 120sin1007s (V) thi
ampe ké chi 1A, hai v6n ké chi cing mét gié tri
va u 4 léch pha goc g SO VOI Upp.

a) Ho1 hop X, Y chita cac linh kién nao, tinh tri
s0 clia chiung? Viét biéu thic cia cuong do
dong dién.

b) Thay tu C trong mach bang tu C’ thi sé chi
V> 16m nhat. Tinh C’ va Uspay.

— - 7

-t

DINH THI THAI QUYNH (Ha Néi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/464 (For 6" grade). Find all pairs of
natural numbers (m, ») satisfying 3" —2" =5.

Problem T2/464 (For 7" grade). Given a right
triangle A4ABC with the right angle 4 and

AB < AC. Let AH be the altitude from the vertex
A. On AC choose D such that AD = AB. Let I be

the midpoint of BD. Prove that BIH = ACB.

Problem 13/464. Can we cover a square-shape
area of the size 3,5 m x 3,5 m by rectangle-
shape tiles of the size 25 cm x 100 cm without
cutting any tile?

Problem T4/464. Construct a triangle ABC
given three lines d,, d}, and d. which contain
perpendicular bisectors of ABC (assume that

they are concurrent at O) and given the length
of AH where H is the orthocenter of ABC.

Problem 15/464. Solve the equation

2010- 36+ Y6+ 32016 —x =x.

FOR HIGHSCHOOL

Problem 16/464. Solve the system of equations

12—'y=3|-|-x—2 4y —x

X :
k-.,p'y+3 +y=x2—x—3

Problem 17/464. Let x, y, z be real numbers
such that x* + y*+z* =8. Find the maximum

and minimum values of the expression
H=|x3 —y3‘+[y3 —23‘+‘33 —xj‘.
Problem 18/464. Given an acute traingle ABC
with the circumcenter O. Let P be an arbitrary
point on the circumcircle of the traingle OBC
such that P lies inside the triangle ABC and P is
different from B and C. The bisectors of the

angles CPA and APB respectivly intersects
CA and AB at E and F. Let I, L, and K
respectively be the incenters of the incircles of
the triangles PEF, PCA, and PAB. Prove that /,
K, and L are collinear.

(Xem tiép trang 37)

TOAN HQC
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Loi gidi. Goi tong cac chir sb cia a va b twong
ung la S(ﬂ) va s(b). Do tong cdc chir sé cia mot
sa c6 cung s6 du véi s6 d6 nén a — s(a) = 9r va
— s(b) = 9¢. Theo gia thiét c6 s(a) = s(b) nén
a—b=9(r— 1) chia hét cho 9, do dé sb 11...11
chia hét cho 9, ma tong cic chit sb cua sb
11...11 bing » nén n chia hét cho 9. Do a
gom céac chir s6 khac nhau nén » < 10. Suy ra
n = 9, Pidu nay xay ra, ching han véi
= 0087654321 va b = 8976543210, hoidc
= 1987654320 va b = 1876543209. (I

»Nhin xét. Mot so ban khi giai d3 dua thém yéu
ciu sép thir tu céc chit s6 cia a, hodc tim duoc
n = 9 nhung khong chi ra sy ton tai cua cac sd avab
nhu thé. Céc ban sau c6 16i gii t6t: Ha Tinh: Ngé
Dirc Hoang, Nguyén Thi Thiry Trang, 6A, Thiéu Thi
Hanh Nguyén, 6B, THCS Xuén Di¢u, Can Loc; Phu
Yén: Nguyén Trdn Gia My, 6E, THCS Luong Thé
Vinh, TP.Tuy Hoa; TP. H6 Chi Minh: Ngé V&
Hoang Viét, 6A3, TrH Thyc hanh Sai Gon, Q. 5.

VIET HAI

DA TY /AL
Bal 12/4961).

Loi gigi. Vi (x—y)+(y—-2)+(z—x)=0 1a sb
chin nén trong ba s6 (x-y),(y-2),(z—x)
hoic 1a cling chin, hodc 14 co hai s6 1& va mot
s6 chan. Mit khéc, (x-y) va (x-y); (y-2)°
va (y—z); 3|z—x| v (z—x) cing c6 tinh chin

T ””FiN HOC
18 s e S8 464(2-2016)

lé nén vé frdi cia ding thic dd cho, tic
(x=y) +(y—2z) +iz—x‘ ludn 12 s6 chin, trong
khi d6 27 (vé phai) 1a s6 1é. Vay khéng ton tai
cac sO nguyén x, y, z thoa man dé bai. OJ
> Nhdn xét. 1) Bi toan rdt don gian nhung nhiéu ban
chia trudmg hop khong hcrp ly, 1dp Iuén chwa 1 rang.
2) Cac ban sau day co loi giai tot: Phi The:
T'a Hoang Hai, Lé Trung Hiéu, Nguyén Trung Hiéu,
Khong Doan Hung, 7A3, THCS Lim Thao;
Vinh Phiic: L.é Héng Nhung, Lé Minh Viét Anh, TA,
THCS Vinh Yén, TP. Vinh Yén, Tg Kim Thanh
Hién, 7A4, THCS Yén Lac; Ha Noi: Neuyén Ha
Khanh Nam, 7A2, Truong Hanoi Academy, Tu
Liém; Nghé An: Nguyén Hitu Nguyén, Ting Hong
Quan, TA, Hoang Hai Long, Nguyén Thi Vin Quy,
Pham_Thi Hwong Giang, TB; Nguyén Sy Trong,
NguyEn Thu Hién, Nguyén Thi Thity Duong, Tran
Thi Cam Ly, Lé Biii Phuweng Huyén, Nguyén Thi
Linh Pan, Lé Dinh Thanh, Hoang Thi Ngoc Tram,
7D, THCS Ly Nhédt Quang, D6 Luong; Quang
Ngdi: Tran Thi Thanh Huyén, 6D, Nguyén Trung
Phi, 6A, Lé Tuan Ki¢t, 6A, THCS Pham Vin Pong,
Nguyen Thi Ky Duyén, 7A, THCS Hanh Trung,
Nguyén Thi Kiéu Man, 7B, THCS Nguyen Kim
Vang, Nghia Hanh, V& Thi Héng Kiéu, TA, THCS
Nghia My, Mai Thi Thu Thao, 7C, THPT Séng V¢,
Tu Nghia. |
NGUYEN XUAN BiNH
Bai T3/460. Cho a. b. ¢ la do dai ba canh cta

Léi gidgi Céch 1. (Cua ban Ta Kim Thanh Hién,
7A4, THCS Yén Lac, Vinh Phic). Ta co:

(*)@4@ 6, C)_z(ﬁ E+”+3J

c a c b a

F—t—t—t—t
D' & €8 8

] 0
< a-b)b-c)c—a)+

+la(b-c)* +b(c—a)* +c(a—b)*]|20

(do a, b, ¢ duong, quy dong va bé mau sd).
Mit khac, dé thﬁy vél mol x, y, z théa man

x+y+z=0thi3gz=x"+y +x. Suyra:
a-b)b-c)c—a)=(a—by +(b—c) +(c—a)’.

Do dé (*) < (a—b)*(a—b+c)

+(b—c(b—c+a)+(c—a)(c—a+b)=0.

+(abca¢b
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BDT trén luén ding véi mei a, b, ¢ 1a ba canh cia
mot tam gidc. Ping thitc xdy ra khia = b = c.
Viy (*) dugc chimg minh.
Cdch 2. (Cta ban Lé Tuan Tu, 8T, THPT Dén
Lap Luong Thé Vinh, Ha Ni).
Ta c6 (*) twong duong voi:
Aa*c+bra+c*b) > a*b+cta+ bPe+3abe
& a(c—b)+ b a—c)+c(b—a)
2 ac(b—a)+ ab(c—b)+bc(a—c)
& ale—b)a—b)+bla—c)(b—c)+c(b—a)(c—a)=20.
Mat khac, do a, b, ¢ 1a 4§ dai ba canh cua mot
tam gidc nén ton tai ba s6 duong x, y, z thoa man:
(a+b-c=2z>0 [a=y+z
b+c—a=2x>0=<b=z+x.
c+a-b=2y>0 |c=x+)
Thay vao BDT trén ta dugc:
+2)(y-2)y—x)+(x+z)z-x)Nz-y)
+(x+ ) x—yNx—2)20
& (-2 )y —-x)+(z* - x*)z—y)
+(x2—-y)(x-2)20
&34y +28-2yz2 202 - 25z
+xz24+x2y+y2z20
S x(x—zP+y(y—xP+z(z-y)y 20,
BDT dung véi moi x, v, z duong, dﬁng thirc xay
rakhix=y=z(khidba=b=c).
Vay (*) dugc chirng minh. O
» Nhin xét. Co nhiéu ban tham gia giai bai toan
ndy nhung chi c6 hai ban Thanh Hién vi Tudn Ti
giai diing. Céc ban khac da mac phai mét trong céc

sai 14m co ban sau:

« a, b, ¢ chi ¢6 vai trd hoan vi vong quanh, khéng c6
vai tro nhur nhau nén khong thé gia thicta < b <c.
.DoB=CnénAzB <& Az C (thye chat day chi la
“bic caw” nén chi c6 thé “suy ra” ma khong thé
“fuong duong”).

cA2B;C2D=>4-C2B-D.

« (a—b)b—c)c—a)z0luén dung do a, b, ¢ 1a 45
dai ba canh ctia mt tam giac.

Jh,

NGUYEN ANH QUAN
Bai T4/460. Xét tam giac ABC thay doi, can
h_e‘.‘_ A, FF[}."' Hi"[? H'Iirr}','iif tromn ((/ R) [.'-Jllil{-i ruwoce. Ke

BH AC tai H. Tim gia tri lon
nhat cua do dai doan thang BH

VUHONE gOC VYOI

Léi gidi.

Cach 1. Goi I 12 trung diém cua BC. Ké duéng
kinh AD. Ta c6

BH = BC sinC = 23&:05% = 2AB sin%cas%
= A A | i
2AD cos 3 .s1in 5 .COS > =4R.cos 5 .s1in 5 -

Mt Kkhéc, sir dung béit ding thic Cauchy cho
cac sO duong, ta co

l—sinz-{ql-—+l c052£+—1~c032£
e 2 2 Sl 2
s A

> 3J151n i .CO§ —

4 2 2
— sm—A-f-ig—{ tr do, BH< SRQ"'@.

2.2 0
Viy 4 dai BH 16n nhit bing SRf
J2

A A A_2
smE—TcosE , hay tan e
Cdch 2 (Theo ban Biii Thi Liéu Duong, 9A4,
THCS Yén Lac, Vinh Phic).

Ké duong kinh 4D, goi 1, K lan lwgt 14 trung
didm cia BC, HC, D& thiy IK = ~BH .

Suy ra cos’

xay ra khi

2
Pit Al = x. D& thiy IK // DC, 4p dung dinh li
Thalés cho tam gidc ACD, ta co é‘f) = :;; :
2.CD.AI
S BH =2IK = i
i AD

Mit khéac, tam giac ACD vudng tai C co CI 12
dudmg cao, nén CD* = DILDA = 2R(2R —x).

8R(2R—x)x
Vay BH® = ( 3) ---=3.£.i (2R-x)
(Z.R) R:2 2
Ap dung BPT Cauchy cho cac s6 duong ta
3
7 N
2R—x 2
, 8 (2 e ) 64R
s =
TSR 27 01
Vay BH < ERQJ_ ding thirc xdy ra khi va chi
_, TOAN HOC
S5 46422008 ' CTugifre | Y
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khlE—ZR x , hay x—%

» Nhin xét. 1) Pa s6 céc ban giri 161 giai vé Toa soan
déu cho 1o gidi chua chit ché, phy thugc vao hinh ve.
Chi yéu cac ban s6t truong hop goc B4 C tir. M6t s0
ban xét ca hai treong hop thi cho 141 gidi qua dai.

2) Ngoai ban Duong, ban Lé Tudn T, 8T, THPT DL
Liuong Thé Vinh, Ha Ndi cling cho loi giai tot.

NGUYEN THANH HONG

1 TS/461). (

-

Loi giai. PK: x>0,y>0vax+y#0(*). Taco
Q) ox -2y +x +x +y +2xy =4

o x(x—-y) +(x+y) =4
Tir didu kién (*) suy ra x(x—y)* 20,x+y>0.
Dodb (x+y)' <4=>0<x+y<2

3 7+3
x+ y 2
Ap dung bat dang thirc Cauchy véi hai s0

1
khﬁngﬁm,tacé:f_x+ 4\/_ 2(y+1)
Cong theo vé hai bit dﬁng thirc trén, ta dugc
J_+4J_-—:—+2(y+1)

_(x+y)+5+33i{7+3y
2 i 2
T (3) va (4) suy ra: \f!;+4\,l.]_fﬂl+ 5y ;
) : 2 xX+Yy
Két hop voi (1) thi ding thirc phai xay ra, tirc 1a

Xk y=2
oA —1 |
g
JLV=1
x=1

Viy hé phuong trinh c6 nghiém duy nhat {

L
Tir d6 suy ra —+

(4)

=1
p=1

.

(thoa min (*)).

»Nh@n xét. Da s& cac ban tham gia déu gidi vin
dung bt dﬁng thirc Cauchy hodc Bunyaknvsky va
cho ddp so ding. Tuyén duong cac ban sau cé 101
giai tot: Ha Nji: Ta Duy Phuong, 9A, THCS My
Hung, Thanh Oai, Lé Tuan Ti, 8T, THPT Dén 13p
Luong Thé Vinh; Vinh Phie: Bui Thi Liéu Duong,
9A4, THCS Yén Lac; Pham Hang Hanh, 9A, THCS
Lip Thach; Phi The: Tran Quéc Ldp, Tran Thi Thu

20

TOAN HOC
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Huyén, Nguyén Thao Chi, 9A3, THCS Lam Thao;
Nghé An: Nguyén Dinh Tudn, 8C, V6 Hoai Nam,
9C, THCS Ly Nhat Quang, D6 Luong, Tran Thi
Diém Quynh, 9G, THCS Ping Thai Mai, TP. Vinh;
Kon Tum: Nguyen Neoc Khdnh Nhu, 9A, THPT
chuyén Nguyén Tat Thanh, TP Kon Tum.

PHAM THI BACH NGQC
Bai T6/460. Chirng minh ra

- ¥ ‘o - ._-'\:

d 0 = | a
FFRLF Y rrer sidid [} 1€ TN IV M
o iEE PLE LS W-LF |"..,_\_| FEE-AF8 KAl b L A=

5 5 & = "\.. =
.-""., -"|-'_ . _’,l_‘!'

3

—3y=2m
Léi gidi. Dit Pxram=y, aooil . ~ .
¥ —3x=2m

Trir tirng vé hai phuong trinh ta duge:

(x— P} +zy+y2 +3)=0<=x—y=0x=y
(vi x° +xy+y°+3>0 Vx,y). Do dé
)< x’ -3x=2m (2).

bat y= f(x)
Khi d6: f'(x)=3x" -3=0&x=%]1, ta cé bang
bién thién cua f{x):

= =3x.

BEEEE 1 4o |
FT o —os |
Pl 3 +o |
I o o
o Y |

Tir bang blen thlen ta thay, voim>1thi2m>2
nén duong thang y=2m cat d6 thi (C) cua fix)
tai dang mot diém. Do d6 PT(2) c6 nghiém duy
nhat, vy PT(1) ¢6 nghiém duy nhat. OJ
»Nhin xét. 1) C6 thé chimg minh 3x+2m =x
nhu sau: Viet (1) dudi dang:

X +3x=3x+2m+3Y3x+2m (3).
Xétham g(t)=1>+31,c6 g'(f)=3"+3>0 V1,
suy ra g(¢) dong bién trén R. Do d6

(3) & g(x) = g(J3 3x+2m) e x=33x+2m.

2) C6 thé chimg minh (2) c6 nghi¢m duy nhat bang
cach: Do (2) 1a PT béac ba nén co it nhat 1 nghiém.
Gia sir x; va x,déu 12 nghiém cia (2), ta dugc hai
ding thirc, trir timg vé hai déng thirc nay, ta cling
suy ra dugc x; = x,.

3) Rét dong céc ban tham gia gnm bai nay. Céach giai
¢ trén dugc da so cac ban chon gidi. Cac ban sau ¢o
1o giai ngén gon:

Ha Ngi: Tran Thign Nam, 12A1, THPT Ung Hoa
A, Ung Hoa; Nguyén Hai Yeén, ]2A1 THPT Péng
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Quan, Phu Xuyén; 6 Minh Phuong, 10A14, THPT
Ngoc Tao. Nam Dinh: Ldm Vii Tudn, 12 Anh 1,
THPT chuyén Lé Hong Phong. Vinh Phiic: D6 Van
Quyét, 11A1, THPT chuyén Vinh Phic. Biic Ninh:
Nghiém Chi, 11A, THPT Yén Phong S6 2; Nguyén
Thanh Hiéu, 11 Toén, THPT chuyén Bic Ninh.
Lao Cai: Nguyén Thu Huyén, 11 Toan, THPT
chuyén Lao Cai. Phit Tho: V6 Tudn Diing, Nguyén
Dire Thugn, 11 Toan, THPT chuyén Hung Vuong.
Hung Yén: Triéu Ninh Ngdn, 11A9, THPT Duong
Quing Ham, Vin Giang; 76 Minh Hieu, 12A1,
THPT Trung Vuwong, Vian Lam; Pham Tién Dudt,
11A1, THPT Tran Quang Khai, Khoai Chau. Ha
Nam: Nguyén Bii Nam Cuwong, Nguyén Thanh Viét,
10 Toan, THPT chuyén Bién Hoa, TP. Phu Ly.
Thanh Héa: Vi Hiu Tung, Nguyen Van Hung,
11A1, THPT Ho#ing Hoéa IV, Hoang Héa. Nghé An:
Bii Van Bao, 11T1, THPT P6 Luong I, P6 Luong.
Ha Tinh: Nguyern Quang Himg, 10A1, THPT Cu
Huy Cén; Nguyén Van Diing, 10T1, THPT chuyén
Ha Tinh. Quéang Binh: Hoang th’ Tudn, 10 Toan,
THPT chuyén V& Nguyén Giap. Thira Thién- Hué:
Téng Ngoc Chung, Phan Tmn Hudng, 10 Toan 1,
THPT chuyén Qudc hoc Hué. Quéng Ngii: Lirong
Hé Hoang Nguyén, 10 Toan 2; P}z.;:rm Thién Trang,
[1 Toan 1, THPT chuyén Lé Khiét, Pk Lik: Ha
Thi Htrm:g Lan, 12A1, THPT EaSap. Binh Phwde:
Bui Cong Minh, 12.#5. Ly Thanh Trung, AKI13,
THPT chuyén Quang Trung. Long An: Nguyén Thi
My Ngoe, 10T1; Nguyen Phu Lgc, 11T1, THPT
chuyén Long An. Bén Tre: E'c:r Thanh An, 12B1,
THPT Lac Long Quén, TP. Bén Tre. B&ng Thép:
Huynh Xudn Nghia, 11T, THPT chuyén Nguyén
Quang Dicu.

TRAN HU‘U NAM

i Fr § | ks i § F ol i
||-,' | |;-II L 4L ._:r.lll -'r" i L L0

Bai T7/460. Tim 1

P va g sao cho vor cac gia iri do e pAaurong

Fasg sl
triritl

co hai nghiém (x,;v,) va (x,;v,) thoa madn dieu

Kien ¢+ _:'-'q' = .'Lf F Vs,

Léi gidi. (Theo da s6 cdc ban). Vi (x,;y,) va

(x,:y,) 12 nghiém cta hé théa man diéu kién

X} +y; = x; +y, nén thay vao (1), ta thu dugrc
Xr+y+5=q"+2x, -4y, (3)
{.I% +ys +5=¢"+2x, -4y, (4)

Trir vé theo vé (3) va (4), ta thu duge

q +2x 4y, —q —2x, +4y, =

Tuong ty, thay (x,;y,) va (1 y,) vao (2), ta
thu duogc
X +(12-2p)x, +y; =2py, +12p-2p"-27 16
{xj +(12-2p)x, +y2 =2py, +12p-2p~ =27 {7}
Trir vé theo vé (6) va (7), ta thu dwoc
(xl—xz)(li—z.v)ﬂp(y]—}'3;-1 (B)
3 ;z =2= GTP S p=4
Thay p=4 vao hé da cho, ta thu dugc
{(x—lf ++2¥=¢ O
(x+2)* +(y-4)" =9 (10)
Nhén xét rang (9) 1a phuong trinh dudng tron
tam /(1,-2) ban kinh |g|, con (10) la phuong
trinh duong tron tim J(-2,4) ban kinh 3. Dé hé
(9) — (10) c6 hai nghiém thi hai duong tron nay
phai cidt nhau tai hai diém hay
lgl-3l<ll<lgl+3<llgl-3]
<AJ(2-1*+ (@42 <lgl+3
& 3J5-3<lgl<3+3.5.
Két lugn. Céc gi tri cia tham s6 p va ¢ sao
cho rng vo1 cac gia tri do, hé phuong trinh
{xz +y* +5=q"+2x—4y
> +(12-2p)x+y* =2py+12p-2p* =27
cd hai nghiém (x,,y,) va (x,,y,) thoa min

Tir (5) va (8) suy ra

diéu kién x +y =x3 +y;
la p=4 valgle(3J5-3,3J5+3). O

» Nhdn xét. Cic ban sau day c6 10i giai ding: Bée
Giang: Nghrem Van Nghia, 11A1, THPT Lang
Giang 3; Hl.‘mg Thap: Nguyén Lé Minh, 10T, THPT
chuyén Nguyén Quang Diéu; Ha N¢i: Dang Thanh
Timg, 10A1, THPT Ung Hoa A, Nguyén Van Diing,
10A14, THPT Ngoc Tao, Nguyén Hai Yén, 12A1,
THPT Péng Quan, Phi Xuyén; Ha Tinh: Nguyén
Van Diing, 10T1, THPT chuyén Ha Tinh; Hu'n”g
Yén: Nguyén Manh Hiép, Duong Hong Son, Nguyén
Phuc Hoang, 11A9, THPT Duong Quang Ham, Vin
Giang; Long An: Pham Ddng Khoa, 11T2, THPT
chuyén Nguyén Binh Khiém; Nam Pjinh: Vii Quang
DPinh, 12A2, Ldm Vii Tuén, 12A1, THPT chuyén L&
Héng Phong; Nghé An: Bai Vin Bdo, 11T1, THPT
D6 Luong 1; Phia Tho: Nguyén Pirc Thudn, Lé Bdo
Anh, 11T, THPT chuyén Hung Vuong; Thai
Nguyén: Nguyén Triéu Minh, 12T, THPT chuyén

TOAN HOC
* Cludilre 2 l
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Thai Nguyén; Thanh Hoa: Vi Hitu Ting, 11A1,
Nguyén Danh Thdng, Nguyén Khai Hung, 10A5,
THPT Hoang Héa.

NGUYEN VAN MAU
Bai T8/460. Cho rtam giac ABL co BC
CA =5 | R, r. p lan luot la ban kinh
dwong tron ngoai tiép, ban kinh duong tron no

| [l @1 100, LIRUIMe minti

e, ¥ k. + . i e —m

- _B__ :.::1.3

Gid sir / 12 tAm dudng tron ndi tiép tam gidc

ABC. M, N 1a tiép diém cua dudng tron (/) voi

cic canh CA va CB tuong ung. Khi dé

CM = CN = p— c. Xét tam giac vuéng ICM

(p- c) 2(;9—032 ; b
P R T St dyng dinh ly

COS" —
2

cdsin cho tam giac ABC ta co:
a’+b*-c’ _2p(p-o¢)
2ab 1 N

(p—c)ab _ . _abc

P P
Mit khac abc =4RS ;- =4Rpr,

suy ra IC? = ab—4Rr. Tuong tu ta ciing co:
IB® = ac—4Rr; IA> =bc—4Rr (1)
Ap dung dinh Iy Leibniz cho AABC ta dugc
G* :é--(mz +IB* +IC2)—%(¢:12 +b*+c*)(2)
(véi G la trong tam AABC).
T (1) va(2) suy ra
IG* =%(ab+ bc+ca)-4Rr—%(a2 +b* +¢%)

cd IC* =

l+cosC =1+

Do d6 IC* =

—0JG* =3 ab+bc +ca)—36R—(4p” —2ab—2bc—2ca)
=5(ab+bc+ca)—4(p* +9Rr) = 0.
Tir 86 5(ab+bc+ca) = 4(p* +9Rr), din dén
ab+ bc+ ca 4

p* +9Rr (dpcm)
- TOAN HOC ,
2 4 " Cludilre SO 464 (2-2016)

Ping thirc xay ra khi va chi chi /=G, hay
AABC 1a tam giac déu. O

» Nhin xét. Da sb céc bai giai giri vé Toa soan déu skt
dung BDT Schur bic ba hoac st dung phuong phdp
chudn héa bat déing thize. Nhimg ban sau c6 16 giai gon
hon ca: Ha N§i: Pham Ngoc Khanh, 11Toanl, Tmn Ba
Khéi, 11 Toan2, THPT chuyén DHSP Ha N, Trdn Nhdt
Quang, 11A2 Toan, THPT chuyén KHTN, DPHQG Ha
Noi; Vinh Phiic: D6 Van Quyét, Ha Hitu Linh, 11Al,

THPT chuyén Vinh Phiic; Bic Ninh: Man Dic Bink
Minh, 11A1, THPT Yén Phong S6 1; Phit Tho: Duong
Gia Huy, l{) Toén, Lé Bao Anh, Nguyén e Thudn, 11
Toan, THPT chuyén Hiung Vuong; Hung Yén: Duwong
Hong Som, Triéu Ninh Ngdn, 11A9, THPT Duong Quéng
Ham, Van Giang; Ha Nam: Pham Quﬂc T}’amh 10 Tnan,
THPT chuyén Bién Hoa; Nam Dinh: Tréan Minh Hiéu,
10T2, THPT chuyén Lé Hong Phong, Ngh¢ An: Ngt.'yen
Durc Bao, Ngé Sy Qudn, 10Al, Nguyén Hoéng Quoc
Khanh, Nguyén Huy Himg Minh, 11A1, THPT chuyén
Phan Boi Chéu, Newyén Phing Thai Cuwong, 11Al,
THPT Théi Hoa, Ddu Thi Khanh Linh, 11A1, THPT D6
Luong I; Quing Binh: Hoang Nhat Tuan, 10 Toéan,
THPT chuyén V6 Nguyén Gidp; Thira Thién Hué: Phan
Tran Hudng, Nguyén Minh Hai, 10T1, THPT chuyCn
Quéc hoc Hué; Pa Ning: Trén Prrc Thanh, 11A1, Trdn
Nhan Trung, 11A2, THPT chuyén Lé Quy Don; Quang
Nam: Trwong Nhdt Nguyén Bao, 10/1, THPT chuyén
Nguyén Binh Khiém; Binh Djnh: Lam Bd Thinh, 11T,
THPT chuyén Lé Quy Pén; Phii Yén: Ngé Lé Phuong
Trinh, 11 Toanl, THPT chuyén LuungVﬁnChénh Vinh
Long: Nguyén Khiém, 10T1, THPT chuyén Nguyen Binh
Khiém: Ba Ria - Viing Tau: Lé Tran Trung Hiéu, 10T1,

THPT chuyén Lé Quy Dén.
HO QUANG VINH
thire dwong a, b, ¢ thoa

Bai T9/460. Cho ba so

man abc =21. Chune minh ran g
;'-. - / Ll a T ¥

LIIl |F1 l.l |F: \_. l:l'l i |_é| .'ll]
DC + | ca+ | ab + 1

Léi gidi. Vi abc =21 nén

. 2 2
b C
=(abc) | — _
S (a E) [bc+]+ca+l+ab+lj
ﬂ2 a3 bE + C’E
_ Ty bc+1 ca+1 ab+1
Ap dung bat dang thiic Bunyakovsky cho hai
day sd thue 4 —: b . -
vbe+1 Jea+1 Jab+1
Jbc+1:Jca+1:Jab+1, ta duge
2 a b ¢
(a+b+r:) {bc+1 o ab+1}(ab+fr+ca+3}*

Do d6 va theo bat ding thirc Schwarz, ta c6:

=
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B o ol vk G (a+b+c)
“bc+l ca+l ab+1 ab+bc+ca+3’

Lai co (.:1+1“.:r+.:')2 > 3(&b+bc+ca}, dau ding

thirc xay ra khi va chi khi a=bh=c.
Mit khéc ap dung bat ding thitc Cauchy cho ba

s6 duong, ta co: ab+bc+ca> 33 (czbcf =3, suy

ra: ab+bc+ca+3 £2(ab+bc+ca}, ding thirc
xay ra khi va chi khi

{abc—l ~Ssa=b=c=].
a=b=c

Ta dugc

(G+b+C)2 L 3(ab+bc+ca) g
ab+bc+ca+3 2(&b+bc+m) 5.
Bét ddng thirc trong dau bai dugc chimg minh.
Ding thirc xay ra khi va chi khi a=b=c=1. ]
»Nhdn xét. 1) Tir bat dang thirc hién nhién

|:.::.'—£:a)1 +(b—c')2 +(c-—-a)] 20

dé dang suy ra (a+b+r:)z >3(ab+bc +ca); ding

thirc xdy ra khi va chi khi a=b=c.
2) V& x;y;z duong, 4p dung bat ding thic
Bunyakovsky cho hai diy so thuc

i TR,

ta duoc bat ding thitc Schwarz

2
2 32 o8 b
e b c d+0+C
LS 2( .
e

S2

X+y+z
ding thirc xdy ra khi va chikhi £=2-€
Xy z

Céc ban sau ddy c6 bai giai t6t: Ha Tinh: Nguyén
Hoai Nam, 10A1, THPT Cu Huy Cin; Hung Yén:
Lé Thiy Duong, 10A1, THPT Duong Quang Ham,
Vin Giang; Quéng Nam: Trwong Nhdt Nguyén
Bao, 10/1, THPT chuyén Nguyen Binh Khiém;
Quing Binh: Hoang Nhét Tudn, 10 Toan, THPT
chuyén V6 Nguyén Gidp; Thai Nguyén: Lé Hoang
Thu Thao, 10 Toan, THPT chuyén Thai Nguyén,
Nguyén Thi Ngoc Lan, 10A1, THPT Luong Phu,
Phii Binh; Nam BPinh: Ddng Thién Hing, Vii Tudn
Triong, 10T2, THPT chuyén Lé Hong Phong; Vinh
Long: Truwong Ngé Minh Bdo, 10/1, Chau Minh
Khdanh, Trinh Thé Chwong, Lé Minh Qudn, 10 T1,
THPT chuyén Nguyén Binh Khiém; Nghé An:
Nguyén Viét Pire, 10A1, THPT chuyén Phan Béi
Chéu; Yén Bai: Hoang ngc Diing, 10 Toan, THPT
chuyén Nguyén Tét Thanh; Pha The: Nguyén Som

Tung, 10 Toén, THPT chuyén Hing Vwong; Quang
Ngai: P'u Vén Tién, 10 Toan 1, THPT chuyén Lé
Khiét; Péng Thap: Nguyén Lé Minh, 10T, THPT
Nguyén Quang Diéu, TP Cao Lanh.

NGUYEN ANH DUNG

Loi gidi. Ta thiy ngay k <2015.

» Vi k=2015 thi hién nhién théa man.

- Véi k= 1. Ta chimg minh bing quy nap theo
n ring: Voi moi n=3 luén ton tai » s6 nguyén
duwong phan biét sao cho tcmg cua chung chia
hét cho bét ky sb nao trong 7 s0 do.

Thét vay voi n =3 thi 3 so 1, 2, 3 théa mén. Gia
sit khing dinh ding véi »: ton tai n s6

M
a,,a,,...,a, sao cho S=Zaj chia hét cho a;

Vi=12,..,n Xét n+ 1 sb: @, Qy,...,a,,5 thi

tong n + 1 s6 nay 1a 25 chia hét cho - T
va S. Viy khing dinh ding véin + 1. 1

» Vo1 2<k<2014. Ta chitng minh khong ton
tai. Gia sir ton tai va gia st MRt D AL
bit t=min{a, —a,, a, —a,,a,, —dy,} v ipla

chisoma t=a. ., —a

ig+1 "

Xét 2012 sb a; khdc 2015,iy,fy.,.

Chtpn k—2 s6 a; trong céc sb nay ching han
ol (luu y rﬁng k <2014).

BEI A=a +..+a _+a +ay,

B=a, +..+a, +4q_,

va M = BCNN(A,B) Theo gia thiét S'A,S:B
nén S:M, suyra S=M (1).Laico

AB . AB }(azuls+aiﬂ )(azols+aiu+1}

(A,B) B-A a . —a

ip+1 i

T dy; 5

M=

(2)
Chu ¥ ring

a015 = 14 = Gogyq — Gog13 T a3 —Gpgp T

wta,—a +a, 22013t +a, >2013¢
va a_, =t+a_>r. Do dé a5+,

Thanh thir tir (2) va (3) ta duoc

( +a. )2014¢
M > 23 : =2014(ay,; +a, )

>2014¢ (3).

TOAN HOC
* Clusilpe 23

https://tieulun.hopto.o

S0 464 (2-2016)




>Oyys tt s T80 >0 Ha ety =S (4).
W14 565
Diéu ndy mau thun véi (1).
Ddp s6. k=1 hodc k=2015. 0
F'Nh@n xét. Chi co 4 ban tham gia giai bai toén nay

céc ban déu cho dap s6 diing tuy nhién 101 giai chua
chit ché. Loi giai ¢ trén 1a cua tac gia bai toan.

PANG HUNG THANG
Bai T11/460. Tim hdne so k lon nhar d §

FAaner thare o ¥
AT I - e e e | o S

(HON dung vat ot 30 (W duong d, 0, ¢ va ab

Léi gidi. Gia sir k 14 s6 thyc thoa mén bai toan.

' | S
Xéta=b=n,c=— voi neR".
n

Ta cé g~+r12+14-r2.'c2||3f<:+2). 2n+iz+1. Suy
n

n
& BTG TR
ra f(n)=2= >k+2 ding véi moi
J2n+—2+1
n
neR". Mait khac lim f(n)=2. Do dé

n—»0*

22k+2, suyra k<0.
Ta chitng minh & = 0 14 s6 théa man bai toan,

tirc la l+ 1 +— 1 +1:*2Ja+b+c+1

a b

(a,b,ceR",abc=1) (1)
Khong mat tinh tong quat ta gia st a=b=c.
Tacod: @’ 2abc2c’ =a’ 212¢°
—azlzc=(a-1)c-1)20&=a+c2ac+1
= ab+bczabc+b=1+b.
Do d6: l+E1;+1+1—bn:"+-::u:1+.:zE:l+1

a

=(ab+bc)+(ca+1)=2./(ab+bc)(ca+1)

=2Ja*bc +abe* +ab + be

=2Ja+c+ab+bc 22Ja+c+1+b. O

Bit ding thirc (1) ding. Vay s6 & 1én nhat bing 0.
» Nhdn xét. Bii toin bat ding thirc trén hay, c¢6 ding
dén cic ki thudt sdu sic trong bit ding thirc. Hoan
nghénh cdc ban hoc sinh 16p 10 sau tham gia va c6 10i
gidi ding: Vinh Phie: Ngwyén Duy Khanh, Phimg Van
Nam, 10A1, THPT chuyén Vinh Phiic; Ha N§i: Newuyén
Vin Ditng, 10A14, THPT Ngoc Tao, Nguyén Van Cao,
Dang Thanh Timg, 10A1, THPT Ung Hoa A; Nam
Dinh: Tran Minh Hieu, 10T2, THPT chuyén Lé Hong
Phong, TP. Nam Dinh; Thanh Hoa: Nguyén Ba Tuan,
10A5, THPT Luong Dic Bing, Hodng Théi, Hodng
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Hoa; Ngh¢ An: Nguyén Duic Béo, 10A1, THPT chuyén
Phan Bgi Chéu, TP. Vinh; Quang Ngii: Vi Van Tién,

10T1, THPT chuyén L& Khiét.
NGUYEN MINH PUC
Bail 112/460. Cho AABC va diem D chay trén
canh BC. Goi ([,), | I, ) thea thir tu la dirono
j { Li Cdd { % (51 il
{. ) [hie ¥, .;,.v 3 B
| ( " L aL )
/ | : X, ] iz, T.C
"
Y, £, I cung thuoc mot dwong tron tam K

Léi gidi. Tru6e hét xin phat biéu khong chimg
minh mot bo dé quen thude (h.1).

A
l".’/-,.l.:
X4
o |
F i [
F A
/4; |
-~ {i H‘\"'EK;‘:{.-? N
o -~ o
| Ll o ":,_M“- E
f-f"r/r - ’J'-f ! :'-. ‘
o “JJ_,_--""'J__H \ ._-_{ \ l
b 17 s

B & 9

Bo dé. Budng tron ndi tiép (/) cia tam gidc
ABC theo thir ty tiép xtic vo1 AC, 4B tai E, K
14 giao diém cua BI va EF; N la trung diém cla
AC.Khidé 1) BKC=90°. 2) NK =NE.
Trd lai giai bai toan T12/460.

1) Trén tia doi cua tia B4 1ay diém G sao cho
BG=BX. Goi H la trung diém cia GX.

Dé thay TY L1,C;TD L1,A (1)

Theo bd @& trén, AZD =90°=ATD.
Do do 4, D, Z, T cing thuéc mot duﬁng tron (2)

]_.--"'--.__ ——

Theo gia thiét CAL = CAD; DAZ_»DAB
XBH = ;ﬁG (3). D&thdy BH//XZ (4). Viy
(TY,TZ) =(TY,TD)+(TD,TZ)(mod )
=(I,C,1,A)+(AD, AZ)(mod ) (vi(1)va(2)
=(,C. AC)+{AC AL)+(AD, AZ)(mod )

1 = | — —

=_ (BC' AC)+ —(AC' AD)+—(AD AB)
(mod ) (vi(3))

s e ]

(BC,AB)(modn) = %(E,B_G'){mod )

1
2
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= (BX,BH)(mod ) (vi(3))

=(XY, XZ)(mod ) (vi(4)).

Diéu d6 co nghia 1a X, ¥, Z, T cing thudc mot
duong tron.

K_L h“-'\-\.‘_
e, ?K'-,_
g A S
f "':-;"F: ™ \
Y ! \\ R"x X E
J,/, R\ "
A RA \NH;KHJ_EH A ks .

2) Goi M, N, P, O, R, S theo thit tir 13 trung diém
1

cua BD, CD, I\D, LD, BI, CI, V2 1a phép vi tu
m Dt 8 5. Vi [XD=1,ZD=90° = LYD=,TD:
Pl,=PD;Ql,=0D nén PX=PZ;0Y =0T.

Do d6 MX=MZ;NY =NT. Theo bd dé trén, ta
c6 MX =MZ;NY =NT.

Viy, chi ¥ ring KX =KZ;KY=KT va M, N, P, O,
R, S theo thir tir 12 trung diém cua BD, CD, I,D,

! 1
LD, BI, CI, ta c6 K=MPNQ=V2(BI,)"V2(CI,)
1

I
=V2(Bl, nCl,)=V2(I)eRS.

Piéu do ¢é nghia 13 K chay trén mét dudng
thing cd dinh, d6 1a dudng thang RS. I

»Nhin xét. 1) Baltoannayl{hakho mbanﬂlmng;m
giai khéng nhiéu, mét s6 ban cho léi gidi qua dai, chi co
ban Pham Ngoc Khanh, 11T1, THPT chuyén DHSP Ha
Ngi khiic phuc dugc ﬁnh trang phép chimg minh phuy
thudce hinh vé trong cau 1.

2) Xin néu tat ca céc ban: Phi Thq Nguyén Tién Long
10T, Neguyén Pic Thudn 11T, chuyen Hung
Vuong; Vinh Phic: Ha Hitu Linh, 11A1, THPT chuyén
Vinh Phuc; Ha N§i: Hoang Lé Nhdt Tung, 12T2, THPT
chuyén KHTH, DPHQG Ha Ngi; Thanh Hoa: Vit Duy
Manh, Pé Thuy_Anh, 11T, THPT chuyén Lam Som;
Nghé An: Nguyén Puic Bdo, 10A1 , Nguyén Héng Quoc
Khanh, 11A1, THPT chuyén Phan _Boi Chau, Nguyén
Trong Dzmng, Biii Van Bao, Nguyén Xudn Céng, Péu
Thi Khanh Linh, 11T1,THPT D6 Luong I; Long An:
Pham Quac: T?:earzg, 11T1, THPT chuyén Long An; Pa
Nang: Trdan Nhdn Trung, 11A2, THPTchuyén Lé Quy

Dén; Cin Tho: Nguyén Trdn Hitu Think; 11A1, THPT
chuyén Ly Ty Trong.

NGUYEN MINH HA
Bii L1/460. Cho mach dién xoay chiéu nhu
Chirng minh rdne
A Kl f_ L _—f'B
CI 7
! ool
2 CZ
Ldi gidi.
. Khi zcz=z,£thu=u=-um=u&5=>12=zi
L
: 2%
- Khi ZC >Lr, I=h—-5L= Zyz= - }ZL
} Zﬂ.!—zf_
Z Z. -7
I=h-bk= 21 -L=I| 9 %]
1= 42 -ZL - I 1{ ZL }
+ U
U
AB o
I
Usnt

ZL
KhZ,=2.=25Lh= —Ii
ZL
'L
Ui
_-I-
o

.Khi Z. <Z,, twong tutaco L, = 2
G ZL

Vay I; khéng phy thuge G, O

»Nhidn xét. Chiic mirng hai ban c6 10i giai ding:

Ha N¢i: Tran Hitu Hoang, 11A1 Ly, THPT chuyén

KHTN, DPHQG Ha N¢i; Thai Binh: Ngé Vdan Khoa,

12A2, THPT Béc Déng Quan, H. Doéng Hung.
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Bai L2/460.

Mot gua bong dwoc nem voi van

20) .I.. 107¢ ]
nor mail nghieng goc oS¢ g ngang
Y am quad bong »
el i mal nemene. 1dal o HHen
'l f 1"-| ' I J
f T (T8 o
| = O / MEAIeng
. g Foe. e anlbots T
d) AdC dlnrl 2O L (RAEQD [N
1 o | f | {
31 l'-.:s';, Fi 1 [ g i1
| il I | '.". |

Laoi giai. a) Phan tich v, theo 2 phuong: v,
doc theo miit phing nghiéng; Vv, vudng géc mat

phang nghiéng. Ta c6: v, =, cosz;, v, =v,sina

. Doc theo mit phing nghiéng vét chuyén dong
v6i van toc dau 7, va gia toc — gsina
—gsina !

- :l'he:t:r phuong vuéng géc, vat chuyén dong
tuan hoan véi gia toc a = g-cosa. Thai gian

Vi =Y

gifta hai 1an va cham lién tiép la: T = ich ;
ad

« Nhu vy, sau N+1 vachamthi r=T-N.

Khi d6 van toc bong vudng goc voi mit phing

nghiéng, chimg t6 v, =0 hay v, = g.sinat
: 2.
= v, cosa=g-sina-N - Lt
gcosa
1
2t =, [=— 1
= tano=, [ (1)

b) Khoang cach giira 1an va cham thtr nhit va
tht N+11a 8. Tacéd: v} =2(g.sinax).S
2 2

1"] Vv CDSZ{I.
suyra S=————=

0
2gsinot 2gsinao.

Tir (1) = cosar =, =7
2
:.:S=v—°+cutga+cosa
2g
Lﬁ 2N vi N

28’ v2N +1 g-\,’

»Nhiin xét. Cac ban co 161 giai ding: Nam Djnh:
Nguyén Nam Khdnh, 12 Ly, THPT chuyén Lé Hong
Phong; Thai Binh: Ngé Vin Khoa, 12A2, THPT
Béac Pong Quan; Ha Ngi: Tran Hiru Hoang, 11A1
Ly, THPT chuyén KHTN, PHQG Ha Ndi.

Tlsirsgy Xssasrs ©hrars

Clf d |_:I h J.-! | .-"lr'rl..':_:' ll".'s'-f'_‘-__.' '

NGUYEN XUAN QUANG

.'le s "_'.’;__'. hh.f [‘f-;'.Jf:,_‘ :.:.-"' vl vrid

noi. U{.'fi" Po i

Puor Dai «
Duor Lon |
h."n Moc va

_-".I .'I.'”lf IVl |Ff~.lr'-I
J -lllr-‘ll-l [€R noon.
Fi Lflf-t:qul L.-IIE"-.'.. 'l t"l.f--'.lt

nine muon goi

LY VAN TOAN (Ha Ngi)

Chit giai: Trén thé gidi cé rat nhiéu loai Khi, nhung & Viét Nam, Theo Truing tim Gido duc Thién nhién, cé
5 loai Khi: Khi Mit do, Khi Vang, Khi dudi dai, Khi dudi lon va Khi Méc.

[{I'Ii M-’;’ll 1'-10 2 Khiéﬂg
TOANHOC
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Khi Puéi Dai

Khi Pudi Lon
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rén moi san phim (may méc, thiét bi dién
C_/ hodc dién i, sach, thum: chua bénh, thuc

..) hién nay thuéng thdy ma s va ma vach
(vmt ﬂit la MS&MYV) nhu ¢ hinh 1.

819349801221501
Hinh 1

Dic tinh cia ma so, mi vach
* Mdi sdn phim tuong img véi mot va chi mot mi
s6. MGi ma sé tuong ung vdi mét va chi mdt ma
vach, nhr thé mdi san pham twong img véi mot va
chi m{t ma vach.
* C6 may in va mdy doc dianh cho cac MS&MYV.
Véi céc sén phim thong thuong ta thiy ma sé kém
theo mi vach. C6 thé don vi quan lf san pham chi in
mi vach ma khéng in ma s6, khi cho may doc ma
vach s& hién ra ma sd.
* Mét don vi quan Ii san pham (nha mdy, doanh
nghiép, nhd xuat ban sich, co s& ché bién thuc
phdm,...) khi dua san phim ra thj tredmg mudn c6
MS&MYV thi phai dﬁng ki vé1 co quan quan i
MS&MYV cua timg quc--:: gia va clia quoc té.
* MS&MYV khong thé hign chit lwong san phdm hay
gid cd sin phdm, khéng thé hién noi sin xuft san
phdm ma chi cho biét don vi quéan li san phim dé
(doanh nghiép c6 thé cho phép san xudt & nudc niy
hay nude khac cho ré hon hodc lip ghép nhiéu thiét
bi dugc dit hang & cdc mréc khic nhau, nha xuit
ban c6 thé in sach & cdc nha in tai cdc dia phwrong
khac nhau,...).
* C6 loai MS&MYV véi diy s6 ngin duge cdp cho
timg doanh nghiép, siéu thi dé sir dung trong mét
quoc gia. C6 thé ding MS&MV loai nay cho méy
ban hang doc, hién ra khéi luong va gia ca clia mat
hang dé dé ngudi ban hang thu tién va hru dir lidu
tong hop hang va tién ¢4 ban.

“ “ VIET HAI (Ha Ngi)

50 luge lich sir xuat hién ma so, ma » ach

Mﬁl san pham thudng cé nhiéu chi tiét duge san
Xuat o nhleu noi khac nhau va roi ldp rap lai theo
ban vé nén cén duge gan cho moi chi tiét mot ma va
cho méi san phim mét ma (Code) gom cé chir va sd.
T ndm 1948 hai ngudi My 1a Norman .Io;e;:h
Wooland va Bernard Silver da c6 y tudng vé v1¢¢
chuyen mi $6 thanh ma vach dé thu gon théng tin vé
san pham va dé may c6 thé doc duge chinh xac loai
san pham d6. Ma vach déu tién dua theo ma Morse
gom cdc vach dai va vach ngin ghi trén gidy. Tuy
nhién may doc dung dén céng suit 16n 500 wat nén
chay gidy. Dén nim 1960 viéc phat minh ra tia lazer
cung sy phat trien manh mé ctia mach ban din d3
cho phép tao ra may quét va dgc dugc ma vach.
Nam 1973 Wr.}a!and da phat trién thanh ma vach
(Bar Code) tuyen tinh gom hai loai vach: vach den
va vach tring c6 cing bé cao. Cling nim do mot to
chirc quan li ma vach cic hang thyc pham dugc
thanh 1ap tai My va Canada, dén nim 1984 d6i tén 14
Hoi dong ma thcmg nhat UCC (Uniform Cﬂde
Council). Hoi déng ndy quan I{ nhiéu san phim
(trong do cé thuc pham) va dit ra MS&MYV la UPC
(Universal Product Code). Nam 1974 siéu thi Marsh
thue Troy, bang Ohio, nuéc My lan dau tién st
dung sin phan:l ¢O md vach. Nam 1992 Wooland
duoc Tﬁng thmlg MY trao ting Huy chwong Céng -
nghé Qudc gia, tiéc rﬁng Silver da mat tir nam 1963.
Nam 1977 Hoi md so vat phdm chau Au EAN
(European Article Numbenng Association) dugrc
thanh la.p tai Chiu Au va nim 1984 tr& thanh EAN
Quﬂr: t¢ (EAN International) gdm hon 100 thanh
vién tai cac quéc gia. Hoi nay dit ra MS&MV 1i
EAN (European Article Number). Nam 2000 hai t6
chirc ma vach UCC va EAN dat ra tiéu chuan chung
vé ma sb, md vach. Nam 2005 to chirc EAN-UCC
hop nhét va dat tén 12 Hé théng toan ciu GS1(One
Global System), huéng téi mot giai phéap toan cau
(One Global Solution) vd mét tiéu chuin toan cdu
(One Global Standard), sir dung vi¢c danh s6 thuong
mai toan cau GTIN (Global Trade Item Numbering).
Tu ndm 1995 Tong cuc Tiéu chuén Po luong Chat
lwong Viét Nam da tham gia EAN Quoc té. Vin
phong GS1 Viét Nam truc thude Vién Tiéu chuin

TOAN HOC
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Chit luong Viét Nam, thude Tong cuc Tiéu chuén
D0 luong Chat lugng cua BO Khoa hoc va Cong
nghé, la thanh vién cua GS1 Quoc té. Tai Viét Nam,

GSI Viét Nam dugc phép cap ma s0, md vach, to
chirc tuyen truyén, trién khai viéc sir dung MS&MV,

cung cip cic dich vu in, doc, kiém tra, lwu trir

MS&MYV,... Nam 2004 Cong ty Nanosys Inc. san
xuat duoc mé}r in nano co thé in dugc vach manh

véi bé diy bang 10 m. Nam 1992 Céng ty Denso
Wave , nay la Denso Corporation, trién khai ma hai
chiéu dang bang 6 vuong, goi la QR Code.

Cong dung cua ma s0, ma vach

° Mm MS&MV biéu thi mét san pham duy nhat va
tht.:mg nhét trén toan thé gidi (nhwr c& gidy, tén thuc
pham cac loai thudc,.. .) nén rit thuin tién trong
viéc trao d6i, van chuyen hang hoéa, kinh doanh,
tranh dugc sw nham 14n khi mé ta bing chit, sb hoic
hinh &nh trén hoa don. ‘
e PDanh so6 thuong mai toan cau GTIN giap cho viéc
lru trir va tim kiém san phim (hang trong kho, hru
trit sdch trong thu vién, danh muc cic tranh tuong tai
Vién Bao ting, hiéu thudc, ...) théng qua may tinh
duoc dé dang, nhanh chéng.
» Két hop may doc mad vach véi may dinh gia ca
khién viéc ban hang nhanh chéng va chinh xac.
* Khi gdp mét mat hang, quyén sach, tap chi hodc
mot hop thuébe,... cén ghi nhé, néu c6 mot dién thoas
di dong chup dugc anh va noi mang thi cé thé su
dung phan méeém doc md vach (nhu Poc ma QR cua
App fﬂr you; QR Droid Code Scanner cia DroidLa
...), ddn dén dudng link tra ctru trén mang nén tim
ngay duge théng tin vé& xuit xir, chat lidu, thim chi
gid cia sin pham dé.
* Giup phan biét hang that voi hang gia. Khi cho
may doc mad vach sé€ blBt la hang gia néu may
chuyen maé vach sang ma s6 ma khong khop vaéi so
kiém tra trén ma vach. Néu phat hién hang lam gia
MS&MYV thi don vi quan li san pham do s€ dwa ra
tda an kién noi lam hang gia vi hang that da dugc
dang ki ban quyﬁn Piéu nay cung kich thich doanh
nghiép san xudt san pham cd chat lugng hon.
* Doanh nghiép va ca nhén co6 thé tr tao cho minh
logo, danh thiép vo1 md QR mau sac dep (khi quet
ma QR trén danh thlep s€ hién lén day da ho tén,
dién thoai, chirc vy, noi lam viéc,...).

Cac loai mi so

Do hoan canh lich sir nén co nhiéu loar ma 6. Ma s
EAN c6 loai EAN-13 1a day 13 chir s6 hién nay dugc
hau hét cac nudc sir dung, loai EAN-8 1a diy 8 chir
s6 danh cho nhitng sin phim nhdé nhu bit, son
moi,... Md s6 UPC trude nam 2000 12 diy so c6 12
chir s6, sau khi EAN- UCC hop nhit thi ma sé6 UPC
duoc thém chit sé 0 vao ddu bén trai va tré thanh ma
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s6 UPC-A c6 13 chir s6. O Viét Nam, EAN-VN tix
ndm 1995 dén thang 2/1998 da cap mé s0 gbm 4 chir
su va tu thang 3/1998 cip ma s0 gém 5 chir s0.
Y nghia cua cac ma s6 UPC-A gﬂm 13 chit s6 ap a
a, ax dy As Ag A7 dg dg Gy A1 A2 nhr sau: ag hang 0
hnac 1 14 danh chc} nuoc My. a la so chi hé thr.‘-ng,
= 2 chi san pham ban theo khdi lwong nhu thit,
cz’i,_..; a;= 3 chi san ph:ﬁm y té: a;=4 chi hang bach
hoa (khong phai luong thyue, thyc pham); @; = 5 1a
cac loai phi€u, vé; a, chi nha dong géi; day a; as as
ag chi loai san pham day ag ag ajp a;; chi gia I:lE[l
ching han ag ay a0 @y = 1546 nghia 14 15,46 $. Con
ay, 14 s6 kiém tra (xem giai thich cach kiém tra hang
that & ma EAN-13).
Y nghia ciia cde ma 56 EAN-13 gom 13 chir s ag a
ty dy dy ds Qg a7 dg dg d1g A1) A2 nhu sau: cIp Ay dr la
mi s6 duge GS1 quy dinh cho timg nuée véi g tir 0
dén 8 (Xem trang web: Ma sé, md vach cdc
nwoc.Bao ho thuong hiéu). Vo1 ag = 9 thi ay a; a;
béng 978 chi 4n phdm dinh ki, bing 978 chi séch,
bﬁng 979 chi am nhac, bﬁng 980 chi b:en lai tra tién,
bang 981 hodc 982 chi cac phlEI.l vé tién té, dg a)
bing 99 chi coupon (phiéu cé ghi gia tién).
Ma so ay ay a; cia mét sé nude: 893 13 cia Viét
Nam; 000 dén 009 va 139 la cuia My; 300 dén 379 13
ciia Phap; 450 dén 459 va 490 dén 499 14 cua Nhit;
500 dén 509 14 cia Anh; 690 dén 695 la cia Trung
Québc; 880 1a cia Han Quéc; 471 1a cia Dai Loan;
489 la cua Héng Koéng; 885 14 cua Thai Lan; 460
dén 469 14 ciia LB Nga.
Day sO a3 aq as ag (hodic as a4 as ag a;) chi don vi
quan li sdn phﬁmﬁ Day s6 a; az ao ayp ap (hodc
asg dg ayg ap ) chi san phﬁm. Con chit s6 ap» la SO
kiém tra. Chiing han, day 6 s6 dau tréi ay a) a; a3 a4
as a bing 8934980 holic 8934994 cho biét sich clia
NXB Gido dyc Viét Nam; bing 8935036 cho biét
sach cia NXB Kim Pdéng Viét Nam; biang 8935018
cho biét san pham cua Céng ty TNHH New Toyo
Pullpy san xuét giﬁy lua tai Viét Nam.
Cach kiém tra hang that cua ma s6 EAN-13 dang ay
dy dy sy dg ds dg Ay dg dg dyg ) d)2 nhir sau:
Gﬂi € =ﬂu+ﬂg+ﬂ4+ﬂﬁ+ﬂg+ﬂm‘fﬁ
f=aitaatasta;tastay.
Giai phuong trinh dong du e +3f +x = 0 (mod 10)
véi 0 <x <9, néu x = ay, thi d6 1a hang that, neu
khic 1a hang gia. Ching han xét ma s
8934602321473.
Tinh e=8+3+6+2+2+4=25;
f=9+4+0+3+1+7=24,
Coe+3f+x=97+ xnén tim dugc x =3 = a,, , viy
hang do 1a hang that.
Yngkm cua cdc ma so EAN-8 g(}m 8 chu* SEJ do a1 s
as ds ds dg a, nhu sau: ap a; a; la ma sé quoc gia; a;
ds as dg chi san pham a; 14 s6 kiém tra.
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Cdch kiém tra hang thdt ciia mé s6 EAN-8 nhur sau.
Goi E“ag+az+a4+aﬁvéf a;tay+a;s.

Giai phuong trinh d6ng du 3e +f+ x = 0 (mod 10)
véi 0 < x <9, néu x = a; thi dé 12 hang thit, néu
khac la hang gia.

Ciu tao ma vach va cach chuyven ma s0 thanh ma ach
Viéc chuyén tir ma s6 sang ma vach dugc tién hanh
theo hai buéec.

Buéc thir nhat 13 chuyén mdi chit sé & ma sb thanh
ddly céc chir s6 0 va 1. Mdi ma s E4AN-13 dang
dg @y @y Gy A4 As dg ay dg dg @y dyy @12 dUoc viét thém
cac chit ¢; , ¢z, c3thanh dang ¢, @, @; a3 a4 as a5
a7 ag @s Ay 4y an C; , trong d6 ¢, 1a chir dau trai, c:
4 chi¥ déu phai, ¢, 14 chit & giira phin c4ch hai diy 6
chir s6. Mdi chit ¢, , ¢; déu dugc biéu thi béi day s
101, chi ¢, duge biéu thj béi day s6 01010. Mdi chir
sO thap phén a; v6i i tir 1 dén 6 dwoc biéu thj boi
day 7 chir s6 0 va 1 theo hai loai mi héa L-code va
G-code, con mdi chir s6 a; v&i j tir 7 dén 12 dugce
biéu thj béi ddy 7 chir s5 0 va 1 theo loai ma héa R-
code nhu & bang 1. Chit s6 a4y khong dwoc chuyén
trye tiép thanh ma vach, nhung a, quyét dinh dang
cua diy a,a,aa4asa5 nh thé}r trong bang 1.

:‘ L-code G-code dg dy @3 a3 @4 dsdg R-code
L

0 0001101 0100111 OLLLLLL /| 1110010
1 0011001 0110011 1l LLGLGG | 1100110
2 0010011 0011011 | 2 LLGGLG | 1101100
3 [ ot11101 0100001 | 3 LLG GG L | 1000010
4 0100011 0011101 4 LGLLGG | 1011100
5 | 0110001 0111001 5 LGGLLG [ 1001110
6 | 0101111 0000101 6 LGGGLL [ 1010000
7_| 0111011 0010001 | 7 LGLGLG | 1000100
8 | 0110111 0001001 8 LGLGGL | 1001000
9 0001011 | 0010111 9 LGGLGL | 1110100

Bang 1

Nhdn xét vé céc mi s6 trong bang 1:

* Dy 7 chit s6 ciia L-code va G-code déu bat dau tir
dau trai bﬁng 0 va két thic & dau phal bang 1, con
ddy 7 chit so clia R-code bit diu tir dau trai bi’mg 1
va két thic o dAu phai bing 0.

* Cac mi sb trﬂng bang 1 déu khéc nhau (tir nhén
xét trén, chi cén k1em tra 20 day 5 chir sr:: sip thir tr
ma khéng ké hai s nim & ddu trdi va dau phai cua
L-code va G-code).

* Khi ma héa cung mdt chir s0 thap phan, néu dbi
chir s6 0 va chit s6 1 cho nhau theo thir fur tir trai
sang phai trong day 7 chir s6 clia L-code thi dugc R-
code, cac chir s6 ciia G-code va R-code 14 d6i ximg
nhau, tirc 1a khi ldy céc chir s6 theo thi ty i tréi
sang phéi cia G-code thi duge céc chir s6 theo thit
tr tir phai sang tréi cua R-code.

. Mm mi s6 7 chit s6 chira khéng qué 4 chir sb
gidng nhau ma ké nhau.

Birde thir hai la chuyén moi chil sO 0 va | 36 thinh
vach ¢6 cling bé day (bé day cua mot vach goi Ia be
day don wi), trong d6 chir s6 1 biéu thi bing mt
vach den, chir sd 0 bicu thi bﬁng mdt vach tring
(khéng in trén gidy) sao cho hai chif s6 ké nhau buw
thi b&i hai vach lién nhau khong ¢o khoang tring
ngan cach. Ching han, diy 11 biéu thi boi vach den
c6 bé day hai don vi, hodic day 000 biéu thi bot vach
trong c6 bé day ba don v1). Tir nhan xét trén ta thiy
cic vach den ké nhau hodc cdc vach tréng ké nhau
khong day qua 4 lan bé day don vi.

Cac vach cua céc chir sd thip phan déu cé cung
chiéu cao, riéng ma vach cua ¢ , ¢y, ¢3 dai hon vé
phia dui (xem hinh 1) dé biét ¢, 12 hai vach den bit
diu, c; 1a hai vach den két thic cia mdt mad vach va
¢, la hai vach den va ba vach trong phan cach hai

day 6 sb thap phan. _
Thi du: Chuyﬂn ma sO 4003994155486 sang day s6

0 va 1 thinh ¢,003994 ¢,155486 c; , rdi chuyén
thanh ma vach theo quy wéc & bang 1, trong d6 do
ag = 4 nén day 003994 dugc mi hoa theo L-code va
G-code thanh dang L G L L G G nhu & hinh 2, con
moi chir s6 trong diy 155486 dugc ma hoéa theo R-
code. Dai bang ndm ngang chi ra sy chuyén méi chit
s thap phén thanh cac vach theo bang 1.

Cio o0 4 C2 1
T
Hinh 2

Khi mdy quét dé doc mé vach (khéng kém mi sd),
trong thi du trén, tr dang LGLLGG méy cho biét
ngay ag = 4, du ay = 4 khéng dugc ma hda thanh vach.
M3 hai chiéu c¢6 dang bang 6 vuéng nhu & hinh 3,
goi la QR Code (Quick Response Code, nghia 12 ma
ddp ung nhanh) véi dién tich nho hon, ghi duge
nhiéu thong tin (ca chit va chit sb), ¢6 tde dd gidi ma
nhanh va c6 kha niang phuc hoi khi ma bi mé mét it
cho. Viéc chuyén ma g&m chit va chit s6 thap phén
thanh ma hai chiéu QR-code can sir dung hé d¢ém nhi
phian nhung phirc tap hon nhiéu so véi viée chuyén
mi s6 thanh ma vach.

E 3
i

c
[=]=%7x

Hinh 3
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EPEE - ™ B AT

A5y
#

()4 rong dé thi THPT Quoc Gia, cdu giai
*/" phuong trinh, bit phuong trinh, hé phuong
trinh thirdng khé trong viéc dinh hudng phuong
phap giai. Trudc ddy, khi giai toan chung ta
thudng tranh viée dwa vé phuong trinh béc cao vi
cach giai qud khé hodc khong co phuong phap
gidi tong quat. Tuy nhién v6i sy giup d& cua may
tinh cAm tay (MTCT) bing viéc tim duge céc
nghi¢m gan ding ctia phuwong trinh co thé gmp
ching ta dinh huéng mot cach dé dang khi giai
phuong trinh bic cao, dic biét 1a bac chan.
Phwong phap.

Nhic lai dinh 1y Viéte cho phuong trinh béc 4.
Cho phwrong trinh: ad’ +bx’ +ox +dx+e=0(a=0)
Goi x,,x,,%;,x, la cdac nghiém cua phuong
trinh trén, theo dinh ly Vieéte ta co:

b
Sl +,S'2 =X +X +X +X, =—E',
P.B= =<

Dung MTCT tim 2 nghlém hodc 3 nghiém
(bing cach nhép biéu thirc vé trai cia phuong
trinh va ding hai phim SHIFT SOLVE). Sau
do, ta tinh téng va tich 2 nghi¢m trong s6 dé roi
dung dinh ly Viéte dao dua vé tam thirc bac hai,
tir d6 suy ra tam thirc bac hai con lai, va ta c-f':
két qua nhu sau ax* +bx’ +ex’ +de+e=0
& alx’ Sx+P){J: S,x+P)=0.

| hidu 1. ¢

Nhép: Nhép biéu thirc va bam SHIFT SOLVE
ta do dugc 3 nghiém la 4=-0,135041612,
B =-1,221404919, C =2,468374946.

Kiém tra bing mdy tinh ta thay:

P =A><C=—% va §, =A+C'=%.
Theo dinh ly Viete:

TOAN HQC
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St DUNG MAY TINH (
GlAl PHUONG TRINH BAC BON

= P DUNG GATPHLNG TRINH BAT PHUGNG TR HE PHUENG TR

1/) TRONG Kl THI THPT QUOC GIA

AM TAY

VU NGUYEN DUY
(GV THPT chuyén Hupnh Man Pat, Kién Giang)

r 43
SI +Sz =E

< p——a
8 e A s -

Léi gidgi. Phuong trinh ban ddu twong duong

i il el Ll als
vOl: 21(1 3;: 3J(x +7x 7)-!')

Tir d6, ta duge tim dugc bon nghiém cla
+. ~1+./5

phuong trinh la 7_2‘5; l__;f'ﬁ

Tuy nhién, khong phai lic nao phuong trinh
cling c6 nghiém ma tong va tich cua ching déu
la so hﬁ’u* ty, co the la so vo ty nhung MTCT
khong hién thi biéu thirc chira cdn dugc khi
dung chirc nang SHIFT SOLVEE lic nay ta phai
dung MTCT do tim cac chit so thzﬁp phén sau

dau pha}r clia céc sb V"_ J_ J_

JI

du 2. Giai,
Nhap: Dung may tinh bo tii do duge 2 nghiém
la —1,458692994 va 1, 694760971.
Nhén xét: S,=-1,458692994 + 1,694760971
: =0,236067977. ’
Két qua trén khong phai 1a s6 hiru ty, nén ta do
s6 vO ty tir V2 trdy 1én va thay 5 =2,236067977
suy ra S, =0, 236067977= /5-2.
B =-1,458692994 x 1,694760971
=-2,472135955
Nhin xét: Vi —0,236067977x2=-0,472135954,
nén B =-2,472135955=-2(y5-2)-2=2-2,5.

Suy ra x* +4x’ +3x° -12x-16
=(x* —(V5-2)x+2-25)(x* - S, + B, );

S+8,=—4 =8, =-4-(5-2)=—2-5;

BB GeS B e e

A

https://tieulun.hopto.o

9



Lei gidi. Tacé: x* +4x +3x* —12x-16=0

-=::‘:,~(Jr2 —(\E—Z)x+2—2\f§]

x(x* +(2+V5)x+2+245)
Véy phuong trinh ban du c6 2 nghiém 13

V524451
= .

Trong kp thi Pgi hoc nim 2013, dé khdi D cé
bai giai phwong trinh logarit gdy khong it kho
khdn cho cdc thi sinh, thim chi khong gigi

0.

diwge vi néu dit an phu (= J; sé dwa vé
phuong trinh bic bon khing cé nghigm hitu fi,

Loi gigi. Pieu kién xéc dinh: O<x<l.
Phuong trinh ban dau twong duong voi
X = (1-Jx)(x-2x +2).
bat 1 =+/x, 0<7#<]1, ta dugc phuong trinh:
4+ =3+ 4-2=0 (%
PT (*) twong duwong véi phuong trinh
(2 +2e-2)(r* —1+ 1)=0

St=—1+43 (0<zt<]l).
Viy phuong trinh ban diu c6 mét nghiém la
x=£=4-2./3.
Loi ban. Tr phuong trinh (*) do dugc 2 nghiém
la 0,7320508076 va —2,732050808.
Ta c6: 0,7320508076 + (—2,732050808) = -2,
0,7320508076 x (—2,732050808)= 2.

£'+2 -3 +4t-2=(F +21-2)(F S+ B)
S +85, =—1=5.8, =—1— () =1
ARE=-2=P =_—2=l.

Do do
(40 -3 +41-2=(F +20-2) (2 -1 +1).

Ap dung vio giai bit phwong trinh

I'hi du 4. (D

Loi gidi. Didu kién x4c dinh: x > 1+4/3.
Binh phuong hai vé ta duoc:
X+ 2x =2+ 2x(x+1)(x—2) 23(x* - 2x—2)
Thu gon vé: \/x(x+ D(x-2) =2 x"—4x-2.
Ta s& xét ddu ctia ham sb:
F(x) = x(x+1)(x—2) - (x* —4x-2).
Trudce hét ta tim nghiém cia f(x)=0:
Jr(x+1)(x—-2) =x* —4x-2

[(%* —4x—230

hx(x +1)(x-2)= (xz —4x— 2)1

<> 4

sz—4x—220
o 4 c 2
(X" =9 +13x" +18x+4=0 (%)
P Y
I(xz—ﬁx—fi}(_xl-?}x—I):D
FIEE—JE hnacx22+\f€

+
x=3i~fﬁ;x=3_;{1—3

Két hop voi diéu kién ban diu ta c6 duge
nghiém cua f(x) la x=3+4/13.

Ta cé f(x) lién tyuc trén [l+ﬁ;+ﬂo) nén co6

=

bang xét dau
¥ | 1+4/3 3+413

f(x) + 0 =
Viy f(x)zﬂcbxe[l+\/§;3+\f1—3].

Loi ban: Tir phuong trinh (*) do duoc 4 nghiém
la: 4 =-0,302775637; B=-0,605551275;
C=6,605551275; D =3,302775638.

Nhén xét

S$;=B+C=6, PP=BC=-4;,5,=A+D=3,
Py=AD=-1.Vay x" -9x" +13x” +18x+4

=(x"—6x—4)(x*-3x-1)=0,

+-00

TOAN HOC .

https://tieulun.hopto.org

SG 464 (2-2016)




Ap dung trong gidi hé phwong trinh D (x+dVx+2 = Y —xl—x-5

hi du 5. ciia Trung THP Véi diéu kién x=>-2 thi x+4>0. Do d6
camg Fo et phuong trinh nay twong duong vai

X —-x-x-520

-2 —x* -9 +x* -22x-7=0 (2)
Léi gidgi. Piéu kién xac dinh: J::*ﬂil,—E 'f:y-f.% X —x*—x-520 G)

&
2 3x—1)(x* +x° +3x7 +x+7)=0

(1) & 2y° +y=-2xJl-x+3J1—x (= 3x-1)(x* +2° +3x* +x+7)

——— Nhan xét:
| ‘3‘?2}’ "'}’-32(1';):\’1“;:' 11_;?‘(3)& x*+x*+x*20 Vx, 2x* +x+7>0 Vx
Xétham f(1)=2¢ +t, f(0)=61+1>0Vie nén x*+x° +3°+x+7>0.

nén f(t) dong bién trén R. Do d6

viviy, 3) & f(»)=f(V1-x) {B)G{f‘—xhx—sr—:om:sﬂfﬁ
y=20 x*=3x-1=0

(thoa diéu kién ban dau)

@y=ﬂ¢{

2
=]—x :
.4 Véy phuong trinh ban dau co6 2 nghiém la
Thay vao (2) ta duoc V4x+5=2x" —6x—1 \/‘_
- by e 3+4/13
2x* —6x-120 = :
> 4
xt—6x +8x* +2x-1=0 Chi y: Ta do dugc 2 nghiém cua (2) la
:2 ; o A=-0,3027756377, B=3,302775638 va
sl “BRr e A+B=3, AB=-1.
B R 3 - )
k(x = 1)(3: e l) V Qua cdc thi du trén chung ta thay voi cach giai
o dwa vé tim nghiém phuong trinh bgc bon hodc
— bic cao hon tuy khong phdi la mét phuong
x=2+ J3 phdp hay, tham chi céng kénh ndng vé tinh

2 el o X  ; toan, dé sai nhung nho vao MTCT, no tro thanh
Keét hop vdi diéu kién ban déau ta dugc I_l—\&' phuwong phdp vo cung hi¢u qua cho nhitng thi

Véy hé c6 2 nghiém (x; ) la sinh khong biét cdeh gidi néo khdc tét hon.
(l—ﬁ;fﬁ], (1 —ﬁ;—ﬁ). Bai tip vin dung
- Giai phwong trinh: 8x—5(5x" —1)* =-8
. Giai phuong trinh:
(x+3)V—x> —8x+48 = x—24
(x+D|vx+2-2). 3. Giai bat phuong trinh:
x'+5x< 4(1 +\fx(x2 +2x—4))

LR

Thir véi phwong trinh béc cao hom
[hi du 6. (Ky thi THPT Quoc gia 2013

(riai phwong tring
,

b

Léi gidgi. Pidu kién xé4c dinh: x > 2.

PT e ¥ ;‘_2),(“4) = (x41) = 4. (Pai hoc khéi B - 2014). Giai hé phwong trinh
x —2x+3 x+2+2
s (]—y)ﬂfx—y+x=2+(x—y—-l)\f; |
= 0 2y* —3x+6y+1=2x—2y —/4x—5y -3

(e+4)(Va+2+2) = (r+1)F ~2x+3)

TOAN HOC
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I. Dinh li Brocard. Cho nr gide ABCD ngi I‘férp
duang tron (0) co M=ABNDC, N=AD N BC,
E=ACNBD. Khidé O la truc tam AMNE.

Chimg minh. (h.1)

Hinh 1

Cach 1. Goi P, Q tuong tmg 1a giao diém ciia NE véi
AB va CD. Theo tinh chat cua hinh tir gidc toan phan
ta c6: (MPAB)=(MQDC)=~1. Do dé M lién hop

voi P, Q. Suy ra PQ 1a duong déi cyuc cia didm M

dobi véi dudmg tron (0), hay OM | NE .

Tuong tr ON L ME . Viy O I tryee tAm tam gidc MNE.
Cach 2. Goi K la giao diém thir hai cia dudng tron
ngoai ti€p cic tam gidc ABE,CDE. Ta thdy
K,E,M thing hang vi cing nim trén truc ding
phuong cua hai duémg tron (ABE), (CDE) .

Do (KB,KC)=(KB,KE)+(KE,KC) =(AB,AE)+(DE, DC)
=(0B,0C) (mod ) nén tir gidc OKBC ni tiép.
Tuong tu, tir gidc OKAD ciing ndi tiép. Suy ra K
cling chinh la giao diém thi hai khiac O cia hai
dudng tron (OBC), (OAD). Do d6 ba diém O,K,N
thiang hing vi cing nam trén truc ding phuong cua
hai duong tron (OBC),(0AD) .

Mat khac (KM,KN)=(KM,KB)+(KB,KN)
=(AE, AB)+(CB,CO) E{M.m)+(C&C@Eg(HNR)

Do d6 ME LON. Ching minh twong tu, ta c¢6
NE 1 OM hay E la tryc tdm cua tam giac OMN
va OF L MN (dpcm).

[I. Mot s0 thi dy 4p dung

Thi du 1. Cho tam gidc khong cdn ABC. R

/ - f o I Bwwasd Y i - |- [ ¥ ..‘,.
(I -'!'I"i'_’F iC8 FEERAl CrHEN CHA Cac dien i D L. I

;J‘Hrll-'.li_{ nang B( .1 LA AB. A H”. i .'fr‘ .r;r[ il Zlao

dwong thane BC va B.C. . AC va

g ' =
T CHld A ©ap

i{. . AB va A B, . L, k. F lan lwot la (LN

- ’ I ] ! . " { ' '
wa cac cannh DL, CA, AB. ( Ny mMina rang o
dir Ry VonNg ok ha tir 1 ), E. F lan ot

[OIrne SRR ) S e Y i e -": .
qairomge rdng 1 i LJJ"I""-11. L y O Gl

Léi gidi. (h.2) Goi H 13 truc tim tam gidc ABC,

Hinh 2
Dé thay D chinh 1a tim ctia durdmg trén ngoai tiép tir
gidc BCB,C,. Theo dinh Ii Brocard ta cé DH 1 AA,.
Tuwong tv EH L BB, ,FH 1 CC,. Viy cic dudng

vudng géc ha tir D, E, F lan lugt xudng cdc duong
thing AA,,BB,,CC, déng quy.

TOAN HOC
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Lo gidi. (h.3)
o
7 \H C
G- B+ D M
Hinh 3

Goi AD, BE, CF 1a ba dudmg cao cta tam gidc ABC.
G 1a giao diém cua EF v6i BC. GH cit AM tai K.
Theo dinh li Brocard, M la tryc tdm tam giac AHG.
Do d6 GK L AM . Khi d6 K thudc dudng tron ngoai
tiép tr giac AFHE.

Tir 8 GH.GK = GE.GF =GB.GC.

Viy K thudc duong tron ngoal tiép tam giac HBC.
Suyra K = 1. Dod6é HI L AM (dpcm).

Léi gidi. (h.4)
N
M-li s i- q C
PR
Hinh 4

Céc tir giac CDVN, CBVM ndi tiép nén
(VM,VN)=(VM,VC)+(VC,VN)
=(BM,BC)+(DC.DN)=0(mod 1),

TOAN HOC
' Cluditpe  SA 464(2-2010

RL

suy ra ba diém M, ¥V, N thing hang. Lai cé:
(VB,VD)=(VB,VN)+(VN,VM)+(VM,VD)

=2(CB,CD)=(0B,0D)(mod )
Viy tir gidc DOBV néi tiép. Suy ra

—— pme— e ee——

DVO=DB0O=0DB=0VB=>0V L MN.
Theo dinh 1i Brocard thi: OF 1 MN . Tix d6 ta thay
ba diém O, E, V thang hiang (dpem).

Nhén xét

+ Néu ¥ 12 hinh chiéu cua O trén MN thi OV sg la
phan gidc cia BVD.

+ ¥ thude ca bén dudng tron ngoai tiép céc tam
gisc (MAD), (MBC), (NAB), (NDC) . Biém V' 12 mjt
diém Miquel cta tir gidc toan phian ABCDMN.

Léi gidi. (h.5)
A
F
- Q
ElAXX
s /
r -r ¥ ‘H_
Pl _
e g 1C
B S D
Hinh 5

Goi S 13 chan dudng vudng goc ha tir 4 xudng BC.

Vi HA.HS = HB.HF nén H thuc truc dang phuong
ciia hai dudmg tron dudng kinh 4D va BC. Tir d6 H,
P, O thing hang, suy ra PQ L AD. Goi I 13 giao
diém cua EF voi BC. Theo dinh 1i Brocard ta co:
IH | AD=1 P, H, Q thing hang, hay BC, EF, PQ
déng quy (dpem).

Il Gu .

L gidi. (h.6)

https://tieulun.hopto.org



Hinh 6
Goi F 14 giao diém cua BE véi AC, M 1a giao diém
ctia CE v6i AB, N la giao diém cua MF véi BC. Vi
EBA=ECA nén tir gidc BCFM ndi tiép dudng tron
tim O. Theo dinh li Brocard ¢6 AELON=>AD L ON.
Lai ¢6 AD L BC=0eBC. Khi d6 OB=0C= O la
trung diém doan BC. Tir d6 E 1a truc tim A ABC.

E |"I l“li O

Loi giai. (h.7)
M
.Il%..'.
E'E:__: H‘..U ;._I
e U VRN
B! —h ‘_J;-"ﬂ'". — }
¥
Hinh 7

Cdch 1. Goi I 1 giao diém thir hai ctia hai dudng
tron (BMC) va (DNC), K 1a giao diém cua ME va
ON. Theo dinh li Brocard c6: ON L ME . Khi dé
- 2 " B 2
ON.OK =OM.ON =2M"+ Gg .

Lai c6 OM? —R? + NO? - R? =Pyy10) + Prro)

= NC.NB+MC.MD = NI.NM + MI.MN = MN?

OM? + ON? - MN?
2

= ON.OK = R?.

= R? =

Goi K' 1a giao diém cia ON véi UV, Khi &6
ON.OK'=0U*=R*=K=K'. Diéu niy din dén
M, E, U, V thing hang.

Cdch 2. Goi Tva T' 1 giao diém ctia UV véi AC va
BD. D¢ théy céc tir gidc AUDV, UCVB 1a céc tir gide
diéu hoa. Do d6 (IWTM)=(IVT'M)=—-1=T =T =E.

['hi du 7.

Li gidgi. (h.8)
Nhgn xét 1. Cho tam gidc ABC khong cin, AF la
dudng doi trung cia tam gidc ABC. E 14 trung diém
ctia doan BC. Khi d6 duong tron ngoai tiép cac tam
giac ABC va AEF tiép xtic v&i nhau.
Nhén xét 2. Cho tam gidc ABC c6 duong dbi trung
AP. Mot duong tron (O) qua B, C ciit AB, AC lan
lugt tai D, E. Khi 46 AP di qua trung diém cia DE.
Ban doc trr chirng minh hai nhin xét nay.

X

i S A ’
i ) o
' .1'

e

O
% Yy 4 l .
-

BC'“’*}j E‘f‘ H '*
\ Z i
o~

Y+~

Hinh 8

Tro lgi bai toan trén. Goi O 1a tim dudng tron ngoai
tiép tam gidc ABC. X 13 giao diém cia 4D va BC. ¥
& giao diém cla AB va CD; Z 14 giao diém thit hai
ciia hai dudng tron ngoai tiép cdc tam gidc ABE va
CDE. Dé thiy ba diém E, Y, Z thing hang.

Vi (ZA,ZD)=(ZA,ZE)+(ZE, ZD)
=(BA,BD)+(CE,CD)=(0A,0D)(mod ), nén tir gidc
ADOZ nbi tiép duomg tron. Khi doé
(Z0,ZY)=(Z0,ZD)+(ZD,ZY) =(A0,AD)+(ZD,ZE)

=(AO,AD)+(CD,CE) = g(mm_i ).

TOAN HOC o
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Suy ra O, M. N, ¥, Z cing nam trén dudng tron
dudng kinh QY. Theo dinh 1li Brocard, ta ¢o: O la

tryc tim tam gidc EXY. Vi OZY =90° nén ba diém

O, X, Z thing hang.
PD ___BDZ XD? 3 g Voo ks
Ta coé PC - ACT - XCE.DDdUXPladun‘ngdm

trung cua AXCD.
Theo nhin xét 2, P nim trén dudng thang NX.
Vi E, H, X, Z nim trén mot dudmg tron va H 1a truc

——,,, e, e, e,

tdm tam gidc OXY nén XHZ = XEZ =YOZ=YMZ .
Suy ra Z thu¢c dudng tron ngoai tlf:p AHMP. Vi Z
la tim cta phép quay bién AC thanh BD nén

PD BD*> ZD? e T
PC - ACT 70T Do do ZP la duong do1 trung
trong A ZCD.

Tir nhin xét 1 ta thay duong tron ngoai tiép tir gidc
HMPZ tiép xiic v&i dudmg tron ngoai tiép tir gidc
EDCZ tai Z. Biéu phai chimg minh.

[hi du 8. (IMO Shortlist 2005). Cho

Loi gigi. (h.9). Goi F 1a giao diém thit hai cia duong
tron () va dudng trdn dudmg kinh AH.

XG Mg AN
D /7
]'c L —— C
BXC M ,
Hinh 9

Goi G=CHNAB,K=BHNAC. D& thiy H, M, F
thing hang va HM L AF . Do GDH = KEH (Do tam
gidc ADE can), DGH = EKH =90° nén GHD = KHE .
Suy ra HD la phin giac cua goc GHB . Khi do:

DG _HG _HK _EK _ DG _BD _BG
BD HB HC EC EK EC CK

(1)

TOAN HOC
" Cludilre
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Lai co FGA = ﬁ&jxﬁ FEE va FBA Fﬁ
BG FG
on AFGB @2 AFKC (g. — 2
nén ©8)= ~r=7g (2)
. . e FG . GD KE il
Tu (1), (2) co: T FK:.':- CF " KF Diéu nay

din t6i AFGD v> AFKE = FDA = FEA . Khi 46 t&
giac FDEA ndi tiép. Piéu nay suy ra FA la diy cung
chung cta hai dudng tron (O) va (4DE).

] T Ffp B ST { 21 Ilil | F '-.=r| |.' BT T f i}
| 11.! I.-!..J 1|I'iI e | ._:1:."1. :.rl]'l. it FoLL I L L4 PR |r'I LAl

Lai gidi. (h.10)

Hinh 10

Goi F la giao diém thir hai cta hai dudng tron (Y),
(7). G 1a giao diém thi hai cia hai dudng tron (X) va
(Z). Khi &6 PF, PG lan lugt 13 truc d¢ing phuong cia
cac cidp duong tron ((Y), (7)) va ((X), (£)). Ta c¢o
XZ, ¥T lan luot 14 cdc duong trung trxe cia céc doan
PG,PF. Goi H 1a giao diém cua XZ va ¥T. Khi d6
tam gilac PFG nd1 tié‘p duong tron (H).

Goi R=ABNCD; Q=ADnNBC.

Theo dinh li Brocard thi O 1a tryc tdm tam giac
ERQ.Khido OFE LRQ (1)
Vi RA.RB=RD.RC nén R thude tryc ding phwong
ciia hai dudng tron (X), (2). Suy ra R, P, G thing
hing va RA.RB=RP.RG. Viy R thudc truc ding

T

e

phurong cua hai duong tron (O) va (H).

https://tieulun.hopto.o
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" Tuong tu Q thudc truc ding phuong cia hai

PROBLEMS ... Tiép theo trang 17)

Problem T9/464. Find positive integers x, y

such that x° + y° =x* +12xy + y*.

TOWARDS MATHEMATICAL

OLYMPIAD

Given »n real numbers

a,,a,,...,a, (n > 3) satisfying

Problem 110/464.

a+a,+..+a,=nand @’ +a; +...+a. zn".
Prove that max(q,,a,,....a,) = 2.

Problem T11/464. Consider the following

sequence of real numbers (a,):

a 20
a,.,=10"a*, n21

duodmg tron (O) va (H). Do d6 OR chinh la tryuc
ding phuong ciua hai dudmg tron (O) va (H).
Véiy OH 1 RQ (2)
Tir (1) va (2) suy ra O, H, E thang hang. Tirc 1a
XZ, YT, OF déng quy (dpcm).

[11. M{t so bai tap tu luyén.

|. Cho tit gidc ABCD néi tiép dudmg tron (0). E
1a giao diém cua AC va BD, F 1a giao diém cuia
AB va CD. Puong thing EF cét bon dudng tron
(EBC), (EAD), (FBC), (FAD) lan luot tai G, H,
P, Q. Chimg minh ring OH = 0G, OP=00.

2. Cho A ABC vudng tai C, D 1a hinh chiéu cua
C 1én AB. X la diém trén doan CD. K 13 diém
trén doan AX sao cho BK = BC . Tuong ty, L la
diém trén doan BX sao cho AL =AC. Dudng
tron (DKL) ¢it dudng thing AB tai diém thir hai

T. Chémg minh ring ACT = BCT.
3. Cho AABC. Dung phia ngoa1r A ABC cac

A APB, A ACQ can tai 4 sao cho BAP=CAQ.

Find all possible values for a; so that lima_ =10

Problem T12/464. Given an acute tnangle
ABC. Let E and F respectively be the
perpendicular projections of B and C on AC and
AB. Let I and J respectively be the excenters of
the excircles relative to the vertices F and E of

the triangles AFC and AEB. Assume that BJ
intersects CI at K. Choose ( on the

circumcircle of the friangle BKC such that
I{}E =90°, Prove that AQ, BI, and CJ are

concurrent.

Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietmam National University, Hanoi)

R 1a giao diém cua BQ va CP. O la tim duong
tron (BRC). Chirng minh ring A0 1 PQ.

4. Cho dudng tron tim O va mdt diém E co
dinh nam trong duong tron d6. Qua E v& hai
diy cung thay doi AC va BC. Goi
P=ADNBC;Q=ABNCD. V& dudng tron
duomg kinh PQ cit (O) tai hai diém M, N.
Chimg minh ring khi hai diy cung thay déi
quanh E thi tdm dudng tron ngoai tiép A OMN
luén nim trén mot dudng thang co dinh.

5 (Trai hé Hung Vuwong lan XI — Khoi 11
nim 2015). Cho A ABC nhon (4B < AC) ndi
tiép dudng trdn (0). Cac dudng cao BE, CF cit
nhau tai H (E € AC,F € AB). Puong thing EF
cit BC tai G. Liy diém T trén (O) sao cho
ATH =90°. Pudng tron ngoai tiép A GTO cét
EF tai K (K khac G). Chimng minh ring;

a) Ba diém G, T, 4 thing hang.

b) OK L AT
) TOAN HOC |
S50 464(2-2016)  * Cldilre 3 7

https://tieulun.hopto.org



TIENG ANH QUA CAC BAI TOAN

BAIsO S

Problem. Let f(x) be a i;?ff!i--:’.’{fj::".:e'.i‘.i"l'L’ CORNTINUOUS

function on the closed interval [0,1] such that

l.:" (x)ax =0. Prove that f(x)=0 Vxe[0,1].

Solution. Suppose that there exists a point
c €[0,1] such that f(c)> 0. First, we consider

the case ce(0,1). By the continuity of the

Ej'mdx=§f(c)}ﬂ.

;[ fdx 2 [ £

C=0
This is a contradiction.
For the case ¢=0 and the case c=1, we can

handle similarly but instead using the
neighborhood [c-8,c+8] we wuse the
neighborhood [0,8] and the neighborhood

[1-8,1] respectively (g.e.d.).

function f(x), there exists a number TU VUNG
8> 0 such that e
£ CORNUOUS : [1én tuc (tinh tr)
| f(x)=f(e) < Vx e[c—8,¢c+8]. continuity : l1ién tuc (danh tir)

2
Furthermore, we can make & smaller so that
[c—0,c+ 0] <[0,1]. In particular, we have

closed interval » khoaneg done
* hon nira

- mau thuan

Jurthermore
contradiction

f(c) (c) handle . xir Iy
for every x €[c—8,c+8][0,1]. Now from the ' &//70"/100d - lan can
NGUYEN PHU HOANG LAN

non-negativity of f(x), we have
(Trwong PHKHTN, DPHOG Ha Néi)

Han guwi bai dich: Muon nhar la hai thane sau khi déne bai.

L)

Lot giar. Chang ta s& dung lap luidn mang tén ngéi sao va vach ngén, mot lip luan di duoc biét dén trong to
hop. Goi mdi mgt cach viét d dudi dang tong ctia mot ddy gdm » sb ty nhién 13 mét n-phén tich cta 4. Ching
ta hinh dung m&i mét n-phén tichd = i, + i, + ... + i, theo cach sau: Trong mét hing ngang gom d ngdi sao,
ta chén | vach ngin vao gitra hai ngéi sao thir i), i+1; chén 1 vach ngin vao giita hai ngoi sao thir i;+i,
iy +Hip+15...; va chén 1 vach ngan vao giira hai ngéi sao thit i;+ ...+ iy, iy +..+ i, +1 (tc::nng cong ¢d n-1 vach
ngan). Vidy, void=3,n=3,3 -phintich3=1+0+2 twong img v6i * || * *, 3 -phan tich3 =2 + 0 + 1
twong ing v&1 * * | | *, va 3 - phén tich 3 = 0+ 0 +3 twong {g vdi | | * * *. N6i mét cach khic, viée xay dyng
mot #-phan tich cua d twong dwong véi viée chon n-1 vj tri trong d + (n — 1) vj tri dé diit cac vach ngin. Do

Bai toan. Cho 2 56 nguyeén dwong d va n. Co bao nhiéu cdch co thé viét d dudi

dang tong cua mol day gom n 5o fw nhien?

"y x j AP LR SR | R, W | W TN, | S SR _—— - ’ '
Chu y. Chung fa dung tir “day” nghia la thir ne cua cac s6 hang dweoce tinh dén.

d6, s céc n-phan tich clia d bing C7j;! .

Nhdn xét. Cac ban sau ¢6 10 dich tdt:
Vinh Phac: Lé flfi'c Thai, 8A2, THCS Yén Lac, Yén Lac; Yén Bdi: Hoang Ngoc Diing, 10 Toan, THPT
chuyén Nguyén Tat Thanh, TP.Yén Bai; Ha Ni: Neuyén Hai Yén, 12A1, THPT Ddng Quan, Phi Xuyén:
Hung Yén: Neuyén Viét Puc, 11A9, THPT Duong Quing Ham, Van Giang; Da Nang: Tran Nhdn Trung,
11AZ2, THPT chuyén Lé Quy Don, TP. Pa Nang.

LE MAI (Ha Ngi)

~o TOAN HQC
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GIAI DPAP; MOT BAI TOAN TiNH CO
(Dé diing trén TH&TT 56 460, thdang 10 ném 2015)

Nhian xét. Sai 1dm trong 16i gidi ctia ban hoc sinh 1a
viéc sir dung dn phu 7 = tanx ma khong xét tdi truong
hop cos x = 0 ¢é la nghiém cia phuong trinh da cho
hay khong !
Leéi giai dang. Giai phuong trinh:

2tan2x +2sin2x=3cotx (*)

cos2x=0 FF TR
PKXD: ) M N (M,HEE).
sin x # () x;t-i—&-?

o Vi x=%-+k:rc, k € Z : thoa man (*).

e VGi I?&E-l-k‘.'t, keZ (1), dat tanx=t¢. Suy ra:

2
tan2x = 2:‘2 , SinZ2x= 2:2 , cotx=—
1-¢ 141t t
Khi d6: (%) & 2——+2.—2 =32
1-t 1+t 4

Quy dbng hai v€ roi khir miu ta dugc:

3 18P a0 & Pt

i s
hay tanx=i—1}?<::~x=i%+kmkeﬁ-: thoa man
PK (1) va BPKXD,

Vay nghiém cta phuong trinh di cho la:

x=%+kn hoac I=i%+kﬂ {kEE).

Nhin xét. Trong céc bai giri ve, cé 2 ban khéng phat
hién duoc sai lam. Cac ban sau da tim ding sai 1am va c6
161 gidi ding:

Nam Pinh: Lam Vii Tuan, 12 Anh 1, THPT chuyén L&
Hong Phong. Ha Ngi: Nguyén Hai Yén, 12A1, THPT

Pong Quan, Phi Xuyén. Hung Yén: Duwong Héng
Son, Nguyén Viét Pire, Nguyén Manh Hiép, 11A9,
THPT Duong Quang Ham, Vin Giang. Thanh Hoéa:
Vii Hiru Ting, 11A1, THPT Hodng Héa IV, Hodng
Héa. Nghé An: Biii Van Bdo, 11T1, THPT D6 Luong
I, Bo Luong.

KIHIVI

.qg

B B = : .I— -3 -"' i
o XAC SUAT AM !

Bai rtoan. Cho 13 vien bi co
|I;Ilr.5 i .!.} "5 -n-.l;l_-"q;l .n"".- '.;ill-'_ ::" 1 |;L:'.'. .'I.:I'-. ,'rll-u::'.-'l IIL_: i" -'I...'-If':.ll.'. .'“"i' 'Ini[:.:{_;

¢ ; - , ’ . i - i
‘I'.ilv-:g!‘“f.jlll I CROR NEan nnten a4 vien D Inr 1D vien Dl

i'rJ'lf .3'-:]_-‘ e Stal e 4 9 .".:'-'-’.' II?:' ."z; R A | ."'.-, -."I,-'-'-'."." oL an .E Frcaid
Léi gidi. S6 phén tir cia khéng gian méu la

Q) =C; =1365.
Goi A 12 bién cé cén tinh xdc sut. Khi d6A 12 bién
cd: “4 vién bi duoc chon ra ¢ di ca 3 mau”.
Pé chon ra 4 vién bi tir 15 vién bi da cho sao cho c6
ca 3 loai mau duoc chon, ta lam theo hai bude:
- Buée 1: Chon ra 3 vién bi: 1 bi d6, 1 bi tring, 1 bi
vang, ¢6 C,C.iC} =120 cich chon.
- Bude 2: Chon ra 1 vién bi tiy y tir 12 vién bi con
lai, c6 12 cach chon.
Theo quy tic nhan, sé phin tr cia A la
n(A)=120.12=1440

. o= n(A) 1440 _96
Tael PO =t 136 Bl
2l e -
Vay: P{A)fl P(A)=1 i Fgliﬂ‘

Ban cé biét 1oi gidi trén sai & dau khong?
NGUYEN VAN XA
(GV THPT Yén Phong S6 2, Bic Ninh)

TOAN HOC
* cTusitre 39
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BAN CO VAN KHOA HOC
GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG
TS. NGUYEN VAN VONG
GS. POAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM X1 AT BAN
Chu tich Héi déng Thanh vién
NXB Gido duc Viét Nam
MAC VAN THIEN
Téng Gidgm ddc kiém Tdng bién tip
NXB Gido duc Viét Nam
GS.TS. VU VAN HUNG

HOI PONG BIEN TAP

Tong bién tdp + TS. TRAN HOU NAM Thu ki Toa soan : ThS. HO QUANG VINH

TS. TRAN DINH CHAU. ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH BUC, TS. NGUYEN MINH HA,
7s. NGUYEN VIET HAIL, PGS. TS. LE QUSC HAN, ThS. PHAM VAN HUNG, PGS. TS. VO THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. NGUYEN DANG PHAT,
PGS. TS. TA DUY PHUUNG, ThS. NGUYEN THE THACH, GS. TSKH. PANG HUNG THANG, PGS. TS. PHAN DOAN THOAIL, ThS. VO
KIM THUY, PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Cd so
For Lower Secondary School
Lé Bd Hoang — Khai thac mdt tinh chét duong
tron noi tiép cua tam giac.
o Trdn Xuan Uy — Loi giai ngdn gon cho
phudng trinh nghiém nguyén ax + by =c.
() Huéng din gidi D8 thi hoc sinh giti 1op 9 tinh
Ha Tinh, nim hoc 2014 — 2015.
€D D thi hoc sinh gidi 1p 9 tinh Déng Nai,
niam hoc 2013 — 2014.
o Chuén bi cho ky thi Trung hoc phé
théng Quoc gia
Véin Phii Quéc — Xac dinh tham sé dé ham
da thiic don diéu trén mét khoang cho trudc.
£5) Thit sttc trude ky thi - D& 56 6.
Huéng din giai - Pé sd 5.
@ Dé ra ki nay
Problems in This Issue

T1/464, ..., T12/464, L1/464, L2/464.

Truwomg ban bién tdp: ThS. NGUYEN ANH QUAN

€ Gidi bai ki trude

Solutions to Previous Problems
@ Toan hoec va ddi sdng

Vit Hai - M& s6 va Mé vach.
@ Dién dan day hoc Toan

Vii Nguyén Duy — Stt dung may tinh cAm
tay giai phudng trinh bac bén, 4p dung giai
phuong trinh, bt phudng trinh, hé phudng
trinh trong ki thi THPT Quéc gia.

@ Dién dan phuong phap gidi toan

Nguyén Truong Son — Dinh 1y Brocard va
mot s6 thi du ap dung.

Tiéng Anh qua cac bai toan - Bai s 5.
Bai dich s6 2 - Tiéng Anh qua céc bai todn
€) Sailim & dau?
Giai dap: Mot bai toan tinh co.
Nguyén Vin Xd — Xac sudit Am!

Mi thugt. QUOC HIFP, THANH LONG

Tri su, phdt hanh: NGUYEN KHOA DIEM, NGUYEN THITHUHUYEN  Thiét ké, ché bdn: VU MAI ANH
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Do sach

éy] NHA XUAT BAN GIAO DYC VIET NAM

CHUYEN PE BOI DUONG HOC SINH GIOI THCS MON TOAN

- Gitip céc em hoc sinh THCS yéu thich n{gn
Toan c6 thém tai liéu dé nang cao kién thirc

Bb sich Chuyén dé boi dudng hoc sinh
gioi THCS mén Toan gom 2 cuon:

o Chuyén dé béi duémg hoc sinh gioi
THCS mon Hinh hoc

o Chuyén dé boi duéng hoc sinh gioi
THCS mén S6 hoc va Dai 56

duge nhém téc gia 1a cac thay gido ¢6 kinh
nghiém giang day, nhitng chuyén vién moén
To4n cua S& Gido duc va Pao tao TP. Ho Chi
Minh bién soan. Noi dung bé sach bao gom
nhimg kién thirc bao quat chwong trinh mén
Toan xuyén sudt tir 16p 6 dén 16p 9 va duoc
viét theo nhitng chuyén dé nham muc dich:

R LT R TR B Ly T . |

- TRAM Fed . (s LR LR { et |
! | PR R PR TR o B e Ty HETT S b TR LT S0 '
= e gy L

| CHUYEN DE
BOI DUGNG .
HOC SINH GIO! ||

TRUNG HOC CO SO
MON SO HOC VA PAI SO

va ki niing giai toan.

- Gitp hoc sinh cubi cdp THCS 6n thi vao
16p 10 cac trwong THPT chuyén va khong

chuyén.

—ul"
- Cung cap thém tai liéuifham khao cho gido ‘
vién trong viéc boi dudng nang cao kién

thirc cho hoc sinh,

L 2

%

Hy vong ring bd sch s& dap img duge phin
lom yéu cau hoc tip cua hoc sinh THCS, viée
giang day cua gido vién cling nhu nhu cau

doc cua ban doc yéu thich toan.

TRAN NAM DORNG - NEUYEN AN HORANG - DUONG BUU LOC
TRAN DUKE RGEC - NGUVER BUC TAN - RGUYEN GIATE

CHUYEN DE
BOI DUONG  _
HOC SINH GIO!

TRUNG HOC CO SO
MON HINH HOC

/

Ban Toan Tin, Céng ty co phan Dich vu Xuat ban Gido duc Gia Dinh.
Dia chi: 231 Nguyén Van Civ, Quén 5, TP. Ho Chi Minh. Tel: 08.38323044.

https://tieulun.hopto.org
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Ban doc co thé diat mua cac cuon Déng tap nay tai cac co s&¢ BUU DIEN trén toan
quoc hoac dat mua tai Tea soan.
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