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HUONG TOT KI NIEM 10 NAM THANH LAP
NHA XUAT BAN GIAO DUC TAI HA NOI

e Hoat dgng tir thién

Theo ké hoach, trong thang 11 va thang 12 nam 2015,
NXBGD tai Ha Noi té chuic ba dot cong tac tir thién tai
Ha Giang, Tuyén Quang va Lao Cai.

Ngay 12/11/2015 NXBGD tai Ha Noi phdi hop cung
CDCS NXBGD Viét Nam thuc hién chuong trinh tir
thién tai Ha Giang. NXBGD tai Ha N6i da tang sach,
v va quan ao cho 1 fruong THCS va 3 truong Tiéu
hoc Dan téc ndi trd véi tong tri gia 50 triéu dong.

e Hoat ding ton vinh cac nha gido

Ngay 18/11/2015, tai Héi trudng 22/12 - 187B Giang
Vo, Béng Da, Ha Noi, NXBGD tai Ha Néida to chuc
& ki niém ngay Nha giao Viét Nam dé tén vinh nganh
Giao dyc va cac Nha giao hién dang cong fac tai
NXBGD Viét Nam va cac don vi thanh vién Khu vuc
phia Bac.

e Hoat dng thé thao

Ngay 19/11/2015, tai San van ddng Phong khdng
Khéng quan da dién ra tran giao hiru bong da gita doi
tuyén ctia NXBGD tai Ha Noi va ddi tuyén cla cuc An
ninh Théng tin Tuyén truyén A87 - Téng cuc An ninh
Il - Bo Cong an. Pay la mot hoat déng giao luu mang
y nghia tang cuong tinh cam doan két, dong thoi tang
thém sy hiéu biét trong cang tac chuyén mon gita hai
don vi trong linh vuc xudt ban.

e Chuan bi co s vilt chit cho eiai doan lam sach giiao kKhoa mai

Phong Thu vién da duoc cai tao nang cdp vé co sa vat chét, sap xép va quan |i khoa hoe hon dé phuc vu
cac bién tap vién, tac gia va ban doc trong giai doan lam sach gido khoa méi. Hién tai Thu vién co khoang trén
50 000 dau sach phuc vu cong tae tim kigm tu liéu, tra ctu théng tin va cung cap tai liéu nghién ctiu.

Phong Tac gia da duoc lam méi va trang bi co s& vat chét véi dién tich khoang 80m2, dap Uing yéu cau hop
tac gia cdc mon hoc chuén b cho viéc lam sach gido khoa moi.
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TRLU “. llm { O SO

rong SGK Hinh hoc 8, cic ban hoc sinh

duoc hoc tinh chét sau: “Néu AD va AE
lan heot 1o dwong phdn gide trong va dwdng
phdn  gide ngoai cua tam gide ABC thi
AB DB EB
ASWpCA EC
Bai todn 1. Cho tam giae ABC, diem D thude
canh BC (D khdc B va O), diém E thudc tia dai
BD EB
Ch: EC’
AD la tia phin g

", Pao lai ta co bai toan sau:

{01 AE va

ctig tia BC sao cho
minh rang

BAC.
L gigi. (h.1)

Chirng idc trong

CHEr e

Hinh |

Vétia AC"sao cho AD la tia phin giac cia BAC’
(C'e€BC), vi AD | AE vén AE B phﬁn gihc

Gt s TR BB ADCY.
ngoai cua BAC :>DC'_EC":> EC EH { )
o< B1y. RSO0 Rl
Mt khac: E,E—EC:?' EC—E [2}
DC‘ DC

Tir (1) va (2 =— , md Cvi C' nim
clng phia d6i véi DE = C=C", do d6 4D la
tia phin gidc trong cia BAC (dpcm).

Nhdn xét. Bi toan 1 1 mjt dau higu dé nhin biét tia
phin gidc cila mdt goc, ching ta cing xét mét so thi
du ap dung két qua bai toan 1,
Bai todn 2. Cho tam gide
dwcng cao AH(H  BC).
vudng goc cua H trén AC, I la trung diém cua
EH. Tia Af car BC tai M. li.lrmm minh rang EH

Hf;_l,F_

ABC vuong tai A
(roi E la hinh chiéu

la tia phdn gide cua go

hitps:isites. google. comisiteletrunaldenmath

MAT BAU KIEU Nsldn BIET

TIA PHAN GIAC CUA MOT GOC

. _NGUYEN ANH TUAN
(GV THCS Hoa Hiéu 2, TX Thdi Hoa, Nehé An)

Lévi gidi. (h.2)

A
E
i
B H M C
Hinh 2

fip dung dinh li Menelaus vao AHEC vdi ba
diém thang hang 4, I, M ta co:

HM CA EI | _HM _AE
CM AE HI ~ CM ~ CA '
AE _BH
Vi HE/{4B nén TAi-CF (2).
) MH _ BH
E
T (1), 2) = 7==5c Md EH L C nén
theo bai toan 1, EH la tia phin gidc cia BEM.

Bai todn 3. Cho ram gide nhon ABC, dwong
cao AD, M la diém nam giita A va D. Tia BM
cdt AC tagi E, tia CM cdt AB tai F. Chitng minh

rang DA la tia phdn gide cria goc EDF.

Lai gidi. (h.3)

A

Hinkh 3

Goi K=CFnDE. ﬁup dung dinh li Menelaus
vio cac tam giac MBC, CMD, BMD vai cac bo
ba diém thing hing twong ‘mg la: (D, K, E);
(B, F, A), (C, A, E}ta co:

BDCK ME | (B Dd MF

BD K ME_ (B DA MF_, (D BE MA_
CD'MK BE " DB -

DB MACE " BCMEDA -

https://tieulun.hopto.org
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Nhin timg vé cac dang thirc trén ta co:
BD CK ME CB DA MF CD BE MA
CD MK BE DB MA CF BC ME DA
::»ﬁE:l:b—M-K—-:EE-.
MK ' CF MF ~ CF
MK _CK

bai todn 1, DA la tia phén gidc cia EDF .

Bai todn 4. (Bai T4/453, Tap chi TH&ETT, thang
3/2015). Cho tam giac ABC nhon cé ba dwong

cao AD, BE, CF cdt nhau tai H. AD cat EF tai

I Lm diéem K trén doagn thang CD. Ve AS
vudng goe voi HK tai S. Chimg minh rdng SH

=1

theo

I diecng phdin gide cla ISD.

L giai. (h.4)
A
E
5
F
B D K C
Hink 4

Cic tir glac AEHF va AEDB ni tiép dudng tron
nén FEH=FAH = HED do d6 EH 13 tia phin

gidc cia FED. Xét AIED c6 EH vi EA lin
hrot 14 cidc duomg phin gidc trong va dudmg

phin  gidc ngodi cua IED  nén

HI Al (_EI Foame
c x t AISD b

HD AD( ED) R

vi SH 1 §4 nén theo bai todn | ta co SH la
dwomng phén gide cia I5D.
Bai todn 5. (Bai T5/407, Tap chi TH&TT,
thang 5/2011). Tir diém M nam ¢ ngoai dudng
tron () ké tiep tuyén MA va cat tuyén MBC (B
nam giita M va C) véi duong tron. Goi H la
hinh chiéu cua A wén MO, K la giao diém cua
dogn a‘.{a:‘z:ng MO vai dwomg tran (OQ). Chimg
minh rdng BK la tia phan gidc cua goc HBM.
Lai gidi. (h.5) Gia sit MO cit duomg tron (O) tai
diém thir hai 14 D, ta c6 MK, MD=M{ = MH. MO
MH _MD b MH - MK _ MD-MO
MK ~ MO MK MO

hittps:isites. google comisiteletrungldenmath

_KkH _OD_ R
MK MO MO
durdmg tron ().

(1), véi R 1a ban kinh cta

Hinh 5

Mit khic R.MD =R(MO+0D)=R(MO+R)(2)
MO.HD = MO(OD+OH ) = MO.OH + MO.OD
=04’ + MO.R=R" + MO.R = R(MO+R) (3).
i _ R _HD

Tir (2) va (3) €6 RMD=MOHD=—"5 =5 (4)
KH _HD _ KH _ MK
MK~ MD _ HD MD’
Mat khic KBD=90°, hay BK LBD. Xét

KH MK .

bai toan 1, BK la tia phin giac cua MBH.,

Tir (1) va (4) =

Bii todn 6. Cho tam giac ABC khing cdn, I la
giao diem ba dwomg phdan giac trong. Dung
ID1 BC (DeBC), 101 AD (Oe AD).

Chimg minh rang OD la tia phdn gidc clia BOC.

Ldi gidi. (h.6)
A
E
F
M C
il i Hink 6

Goi E, F lan lugt 1a tiép diém caa () voi cac
canh AC va AB; M =EF nBC. Ta co tir giac
FIEA néi tiép dudmg tron. Goi @' 13 giao diém
cia MI vo&i duong tron (FIEA), khi do:
10" 4 = IFA=90° = MO' A=90° (1). Mat khac:
MEMF = MD* vi ME.MF = MI.MO'

[ 2 M J;IP.{D
= MI.MO' =MD" =~ = =Mo"

= AMID~> AMDO'(c.g.c) = MO'D = MDI =" (2)

https://tieulun.hopto.org



https:www. facebook. comdetrungldenmath

Tir (1) va (2) = 4,0, D thing hang, nén
0=0" = MO 1 OD.

Ap dung dinh li Menelaus vio AABC véi ba
diém thang hang E, F, M ta c6:
AE CM BF _ _ AF CM BD

BD BM
CEBM AF CD'BM AF

~CD M

CE'BM AF
(vi AE=AF,CD=CE;BD=BF).

. . , BD BM
Xét ABOCcd MO LOD va —=——

i~ =G hén

theo bai todn 1, OD 14 tia phin gidc ciia géc BOC.
Bai todn 7. Tir J:'é:m M ndam o ngoai dwong tron
(O R) ke tiep tuyen MA, MC va cdt tuyén MBD
khing di qua tam O (B nam giita M va D) vai
dwong tron. Goi H, I ldn lwot la giao diém cia
AC vii MO, BD. Chimg minh rang
a) AC la dudng phdn gidge cua BHD.

- | 2 : .
b' —t—=— (Ba1 T5/414 TT i
A TR (Bai . TH&TT thing
12/2011).
Loi giai. (h.7)

£

a) Taco ABMC <= ACMD (g.g) va

AMBA <~ AMAD B e, MU, A0
€8 =~ wm—ap ™

Mi=MC otn Z_ B 1) T4 o4

D AD
BM _BM CM_BC CM (. BM _BC),
) e Fek

MD CM MD CD MD
Mat khac:
B _Scwr _ Sam _ Scwr+Susr _ Scaa
ID Sep Sar Seor tSar Sens
_CBBAAC CDDACA
R e A
_CBBA _CB MB _CB MB
" CDDA CD MA CD MC

[vi@izﬂvﬂM=Mcj 3)

MA AD
MC BM
w-cw W

Vi ABMC ©» ACMD(g.g) =

https:\sites. google. comisiteletrungldenmath

. - B MB
T (1) (2),(3)va(d) = DD

. , . IB_MB
Xet ABHD ob IH | MH va DD’ nén
theo bai todn 1, AC Ia dwimg phan gide ciia BHD.
I:IJTL‘rl;'.i?n.J,a}£=E Suy Ta

D MD’
ID+IB MD-MB _,  BD_ BD _,
D MD D~ MD
2w i1 2

= f-ﬁ +E = E {dpcm}.
Bai todan 8. Cho dudmg tron (O; R) dieomg kinh
AB. M la diem d@oi ximg ciia O gua A. During
thang d di gua M cit dwong tron (O) tai Cva D
(C ndam giita M va D). AD cdt BC tai I. C. himg
minh ring tam gide 10A cdn.
Léi gigi. (h.R)

N

3

Hinh 8
Goi E la trung diém coa 04, ta cod

%=%{=%J, xét AEDM c6 BD L AD va
,ﬁf} :% e Theorbil Tods 1ot obid 1h tin
phan gidc cia EDM => EDA= ADM (1)

Mit khic ABC = ADM (2). Tix (1) va (2)
= EBI = EDI nén tit gidc BDIE néi tiép
= [E 1 OA. Suy ra tam gidc /OA cin tai [.

Cudi cung xin mai cac ban van dung dau hiéu
trén d@é giai thém bai todn sau:

Cho tir giac ABCD néi tiép dwomg tron (0). Goi
I, J theo thir tir |4 trung diém cua BD va AC.
Chimg minh ring BD 1a phin gidc cua goc AIC
khi va chi khi AC la phan gidc géc BJD (Bai
T5/431, Tap chi TH&TT, thdang 5/2013).

TOAN HOC 3
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Hudng dan giai DE THI CHON HOC SINH GIOI LOP 9

Ciu 1.PK: x20x2Lx=4. A:\g:i
b) Bién d6i:
Azwﬁﬁﬁ_g =—6¢>v’?—9:—6(ﬂ—2)

e Tx =21 < x =9 (théa man DK).
Viy dé A=-6 thi x=9,

Ciu 2. a) Pap s6: V&i m=10 thi hé c6 nghiém

: 15 .23
duy nhat; (x; ) =(§;§~2—).

b) Ding phuong phip thé, tim duge hé co
nghiém duy nhét 1a:
_2m+10

m’ +4
.
R

m +4

J.'

Thay vao hé thirc:
—2015m" +14m—8056

x+y—-2014= = qo

ta dugre:

~2014m* +7m—8050 _—2015m” +14m—8056
m+4 5 m* +4

> =2014m" +Tm—8050 = -2015m" +14m 8056

x+y-2014=

St —Tm+6=0<(m-1)(m—6)=0 < [:: : :,}
Két lu@n. Dé hé phuong trinh da cho c6 nghiém
(x;¥) thoa man hé thirc:
—2015m" +14m—R056 m=1

% 57 thi [m:fi'

Ciu 3. a) Chimg minh:
(@ +B +M) (P + )7 + ) 2 (@ + by +cz),

Ya,be,x,y,zelR (1}
Thit viy:
() = (a*y” —2abxy +bx* )+ (a2 —2acxz+c°x7)
Hb 2 =2beyz+ 7y )20

& (ay—bx) +(az —ex)’ +(bz—cy)* 2 0(ding).

S6 462 (12-2015)

TOAN HOC
4 cnsie

TINH VINH PH U C NAMHQC2014-2015

(D¢ thi dang trén TH&ETT s 461, thang 11 nam 2013)

ay =bx
Dau “=" xay ra <4 az =cx.

bz=cy

Ap dung BDT (1) ta co:
O +32 +¢)| Latsc|>@rbrept=1.
-

Déu “=" xay ra ¢>a=b=c=%,

a*{ [j—+1+c}

9q* +3b° +¢ D3
Vemn N h[—L+l+aJ
T e T

e B Moo c£i+l+b]
g 4327+ A% 3

1l a+b+c
:>P£3.§+ 3
TR (@a+b+c)
ek e

{dﬂ ab+bc+ca= WJ

Tuong tu co

+({ah+be+ca)

=P= =1

Viy maxP=1c>a:b=c=%

b) Ta cé'x(1+x+x2}=4v{y—l)
S +x)+(x+D)=
e (x4 +D)=2y-1)° (1).

43" — 4y +1

Vi x,yeZ=(2y-1) >0, néntir (1)=>x20
va x chin. Giasit (x+Lx*+D)=d=d 1&va
P -lidix +1id = 2d=d=1. Vi (x+1)(x’ +1)
la s6 chinh phuong, (x+1,x* +1)=1 nén (x+1)
va(x’+1) ciing 1a hai s6 chinh phuofg. Do
x20= 2 < +1<(x+1F =22 +1=(x+]) =x=0.

https://tieulun.hopto.org



y=0

y=1

Viy ¢6 hai cip sd nguyén (x;y)théa man yéu
céu bai toan 1a: (0;0),(0;1).

Khi x=0, ta cd 4y(y-l}|:ﬂ<:>[

Cau 4

a) Ta cd: EBC = ADC (cung b vai goe KBC X
ACD = ECB = 90" = AACD = AECB (g.g)
DO A

= o5 =25=DCCE=ACHC.

3a o

D 43"— =" AL
o 4B=2;BC=21= DCEC=ACBC= 4 _
b) S,pr == BC.DE=>S,,. nho nhit khi vi chi

i 2
khi DE nho nhat. Ta co:
DE =DC+EC=2JDCEC _z,|l =ay3

(theo chimg minh phan a).
Diéu “=" xdy ra <> DC = EC‘-“—“': Do dé:
3a°3

S, nho nhit bing
a3

sao cho D= =S

3 khi D thudc tia Cx

¢) Goi giao diém cia dwomg tron duémg kinh
DE véi duomg thing AC 1a M, N (M nim gifra
A v B) = M, N dbi ximg qua DE.

Taco: AAKB @ AACD (g.g)

A‘KAB

S on=Sp=>AKAD=ACAB  (1).

AAKM < AAND (g.g)

AKX  AM

N =Gp = AKAD=AMAN ()

2
Tir (1) va (2) suy ra: AM.AM:AC.AE:%

1

:‘%={AC—MC}(AC+NC}=AC3—MC3
(do MC=NC)
= MC! = 33 MC:NC:a—f

= M, N la hai diém cb dinh,

Véy duong tron dudng kinh DE ludn cd day
cung MN c6 dinh.

Céu 5. Véi hai s6 thye w,v bt ky ta ludn co:
(w+v+D=w+v+uv+l=(u+v+uv)+1 (*)
Vai diy 50 thirc bt Ky a8
“Tich thém T ™;

T =(a,+1)(a, +1)(a, +1)...(ay; +1)

Ap dung cich bién déi day nhw trong d& bai két
hop voi nhin xét (%), ta nhan thiy “Tich them T
khong thay ddi véi moi day thu dwoe. Véi diy da
cho ban diu ctia bai toan, “Tich thém T ™

(i k)

4 2015 2016
20142015 SRle,

Gia sir sau 2014 lan bién dbi tiy v theo yéu ciu,

a5 5 12 X6t

2
F

E_
273

day con lai chi con mét s6 1 x thi “Tich thém

T d6i vdi day cudi la: T=x+1. Viy ta co:
x+1=2016= x=2015.

Bai toan dugc giai quyét va sau 2014 lin bién

dbi day theo ding yéu cdu ctia bai todn ta thu

duge s6 2015.

TRAN MANH CUONG

(GV THCS Kim Xd, Vinh Twdmg, Vinh Phiic)

Sueu tim vi gici thigu

TOAN HOC
F CTusifre
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Gié: i :rli.ltnﬁgt _J

rén m{t mit ban hinh wvudng gf‘}m

6X6 =736 (6) da dat 18 khay banh, mbi
khay banh dugc ddt vao mt & nhu & hinh 1.
Hai 6 goi 14 ké nhau néu ching c6 chung mot
canh hoiic chung mét dinh. Cé thé chuyén khay
banh theo quy tic: nhic khay & & 4 qua khay &
6 B dén & trong C néu A, B, C thing hang, 4 ké
BvaBkéC.

O
O
0O

Q|00

O
0]
O

O
O
O

Hinh 1

C|o|0
o|0|0

uvén TUT.\' nmllk

PHI PHI

(Ha Noi)
1) Ban hdy chi ra cich chuyén cdc khay banh &
hinh 1 dén vj tri cdc khay banh nhu & hinh 2 dé
moi ngudi xung quanh ban dé lay banh.
2) C6 thé chuyén cac khay bénh & hinh 1 dén vi
tri cic khay bdnh néim trén hinh chir nhat 3 %6
6 ma c6 chiéu dai chung v&i canh clia mat ban
hay khong 7 Vi saa?

00|00
O

o|0|0|0

Q|10

000
Hinh 2

niml-mcn‘qnmmmmammnmmn

‘NAM HOC 2014 - 2015
(Thai gian lam bai: 150 phut)

Bai 1.(6 diém)
a) Tinh gid tr] biéu thiec: -
=(x—y)" +3(x—y)oxy + 1), biét rang

x=32+3-32-3, y={5+2-{(5-2

x+y =11
x+xy+1=3442

b) Gidi hé phuong trinh: {

Bai 2.(5 diém)

a) Cho phuong trinh: 5x* + mx — 28 = 0 (m la

tham s6). Tim m dé phuong trinh ¢6 hai nghiém

x|, X2 thoa man didu kién : 5x, + 2x-= 1.

b) Tim nghiém nguyén cia phuong trinh:
5x2+y2+4xy+4x+2y i=0

Bai 3.(3 :ﬁem] Cho tam giac ABC (AB < AC)

¢6 canh BC bing trung binh céng cua hai canh

ABva AC. Goi G 14 trong tAm va [ 14 giao diém

6 T?g'r“uggﬁ S6 462 (12-2015)

ba dudmg phin gidc trong cua tam gidc ABC.
Chirng minh ring IG /! BC.

Bai 4. (3,5 diém). Cho tam giac ABC (4B > AC)
ngual t1ep dudmg tron tim [. Pudmg tron (/) uép
xiic voi cdc canh BC, CA4, 4B lan luot tai D, E,
F. Puémg thiing EF cit duimg thing BC tai M.
Duémg thing AD cit duong tron {.’} tai N (N
khac D). Chimg minh ring MN l tiép tuyén cua
dudmg trém (7).

Bai 5. (2,5 diém). Cho ba sb x, y, z > 0 thoa

diéu kién x + y + z = 1. Tim gi4 tri 1ém nhit cia

bidu thire P= =+ +- =
bl oyl ozl

BUI VAN CHI

(GV THCS Lé Loi, TP. Quy Nhon, Binh Dink)

https://tieulun.hopto.org



HUGNG DAN GIAI BE 56 3

Ciiu 1. Ban doc ty gidi.
Ciu 2. PK: —15x<7. Pat r=Jx+1+J7—x,
vi xe[-17] =>re[2V2; 4], tacs

T_'K__j‘ﬁ_g
x+1)7T-: -——?E—,
7)

Ta tim GTLN, GTNN ctia ham sé y:—%+3r+4
trén doan [2VZ; 4]. Ta oo ¥ =—1+3, )/ =0<>1=3,
Tinh y[i!-}:%, Y(2Z) = 643, p(4)=8.

o 17 ;
v — = — =

gy max y(x) [rggg__:g]y{r} 5 khi £=3

% 6135

P = g
Ciéu 3,

Pt z=x+ yi, {x,yER} :>;=x—yi.

¥(it)=8 khi t=4<x=3.

o] =[z=3+4i] & [x+ yil =|(x-3) + (4= )i

o +y’ =(x=-3)' +(4-y)’

= 6x+8y-25=0.

Tép hop nhimg diém biéu dién sé phirc z 14
dwémg thing ¢é PT 6x+8y-25=0.

2)PK: x=-1.Taco [\.@—2}={J_+2}'1

=] 1:-r| __]
PTe 5+ =(V5+2) 1 eox-1=——

qx—l+£:~1~:[}<:>x:—2;_t=1,
x+1

Ciu 4. Dt x =sins = dr=cosde, re[——;%}
Suyra = I‘l sin”f costdr = _[cot 1de
sm f

X
3 4

X

zim;r_qm“{

4

Ciu 5. Mat cau (S) c6 tam 7(3;-2;1), bén kinh

n

i

R=10. Vi h=d(1,(P))=0, nén (P) cit () va
(P) di qua tdm [ cia (). Vay thiét dién c6 tim /
(3; =2; 1) va ban kinh R = 10,

Ciu 6. 1) Ta ¢ tana=>22
CD5a

=3=cosa=0.

_146
115’

8+4tan‘1'a+3{l+tan2a)_
2(l+tan2a]—5tan"a
Tl 1-:+1:-Cin1 ua] g 2r!+| C;:H
= +C',"m|—22':'—l
=2%,
{\"l 2n+l _1}

+...+ l:\F'-"“ﬂ'-rl )

Khidd, B=

2)Tacd C
Tir gia thiét: C! , +C?.

Ir+l
= C?M, +|f:'l +C’§m| + .0

Insl

(s

2r+l

{C”'+ +C2n+t)]=220

L+l 2n+l

1 '-'m-l

37
Vé&i n=10, nhi thirc trén c6 11 s6 hang, sb

=2 en=10.

hang dimg chinh giita la s6 hang thir 6 Gng véi

b
k=5.Vay T,=C3(x*)" j[i] =22

2
X

Ciu 7.

Goi M 14 trung diém BC, ta thiy 4G L(4BC)
vi AA'G = 30"

Taed 5, -—ABACsmEU“

2 E
Theo dinh 1y cosin ta co
BC® = AB* + AC* -2 A4B.AC.cos60" = 34",

TOAN HOC
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AB*+4C*' BC* 74

. T W v
Vi AM* = 5 3 1
o= 46Ty AC__alT
2 g tan30° 3
a3 afT _aVT
Suyra Vi spe =S AG= 2 7

Goi I = AC' M A'C = I 14 trung diém clia AC".
Tir do d(C",(A'BCY) =d(A,(4'BCY)=3d(G,(4BC))
(do AM=3GM). Trong mp(ABC), ké GH L BC

tai H. Trong mp (A'GH), ke GK L AH @ik (1).

Ta cb BCLAG
BC LGH

Tir (1) va (2) = GK L (4'BC), hay
GK = d(G,(A'BC)). Tacb

=BC L{AGH)=BC LGK (2).

s "‘rv?

]
Sﬁﬂr_‘ :"3' ABC Gl = E(J’H BC
5 a0 V3

25 il e

H = GAC -

B aula R Fo
1 | | 5. 9. BB a7
— = - —=——t—=— =Gk =—.
GK: AG GH* 748 & 4 J66

3a7
Viy J(C' (A'BCYH=3GK = :

(iw 8. Toa dG dinh B 13 nghiém cia hé

2x—y+1=0 §:9
{x+3y—4:{}:>3{?ﬁ]‘

Goi A I duémg thing qua H va song song vai
BC=A:2x-y+m=0, (m#1). Do HeA
nén A:2x-y+2=0. Gpi K la giaocia A vdi
dudmg cao ha tir dinh B suy ra toa dé diém

. e v | 2—y+2=0 2 100
Kl oS
a nghiém cia hé {x+3y :ﬂ:;»-K[ 5 ?J

. k|
Goi [ la trung diém HK ﬁf[%-gj va [

nim trén duong cao AM.

Tir AM LBC=AM :x+2y+c¢=0 va Te AM
:>c=—?—i:>AM:t4x+28y—3i=U_

Tacé M = AM ~ BC, toadd diém M 1a nghiém

2x=y+1=0 53 88
14x+28y-81=0 M(ﬁ’ zs]‘
48 131]

3535

cua hé {

Tir M la trung diém BC = C [

Do A AM = A[.ﬂ';m‘Mﬁ)1

28

— (1 14a-45) == _(_
AE—[?_H, 28 }ﬁ C-H—[

LETS
35°35 )

457
490

457 1189 .. (4571189
A[ﬁ‘ 490 ) vay A(-ﬂr‘?ﬂ‘ 490 }

(1.9, ~(48 131
Hl\? T] v [{Eﬁﬁ}
Ciau 9, DK: -1=£x<4.
BF’T<::>x{x+1}{x—3]2[,f4-x_[2_lx”

Tachd AB L CH ¢ ARCH =0 a =

3
+[JIT}-—[1 +%ij|

< 3x(x-3)(x+1)2 [vidr—_x—{ﬁ—x}]
+[3m—{3+x}]

c>3x{.r—3}{x+|}3[g{ B } {5 T}_]

3J4—x+(6-x)
-

9(1+x)- 3+x
+
3n'r]+,r+{1

Mi céc ban dit mua PONG TAP TAP CHI TOAN HQC VA TUOI TRE NAM 2015.
Gid bia: 199.000 ddng tai cic co' sé Buru dién trén ci nwie hodc tai Toa soan.
Moi chi tiét xin lién hé:
Tap chi Toan hoc va Tudi tré, 187B Giang V&, Ha Nai.
DT - Fax Phat hanh, Trj su: (04) 35121606
Email: roanhoctuoitrevietnami@gmail com
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THU SUC TRUOC Ki THI
pEsO &
(Theri gian lam bai: 180 phut)

Céu 1 (1 dicm). Khdo sdt sy bién thién va v& d6 thi
cia ham s6 ]
e x=2

Cau 2 (1 dicm). Lap phuong trinh dudmg thing A
cit d6 thj ham s6 y=x*-2x? —x+2 tai hai diém

A,B phin biét sao cho AB =5 trong d6 diém A
thuge trun;, tung
Ciu 3 { ). a) Tim hé sd khéng chira x trong khai

15
trién nhj thire Newton cia [%—nﬁ] x>0 bib
X

tong it ci cic hé s trong khai tmién nay bang 0
(nelk).

b) Giai phuong trinh 3% % 4 32—l = 1),
Céu 4 (1 dién). Tinh giéi han [ =lim &5

x—+l X

Céu 5 (1 diem). a) Cho s6 thyc a théa min

i 1 :
cosa —sinea = —. Tinh A =tana + cot 2.

J5
b) Mot hoang tir di sin tho véi xdc sudt bin tring
tho ty 1§ nghich vdi khoang cich tir hoang tr dén
tho. O khodng cich 20m kha ning bin tring cia
hoing tir 1a 50%. Néu & khoang cach 20m hodng tir
bin khéng triing thi hoang tir s& bin tiép lin thir 2 (&
khoang cach 30m) va néu Iar} 2 hodng ur ban khong
tring thi hoang tir s& biin ticp lan thir 3 (& khoang
cach 50m). Tinh xédc suat dé hoang tir bin triing tho
sau nhiéu nhat 3 lin ban.
Ciu 6 (1 Trong khing gian wii hé truc toa dé
Oxyz, cho cic mit ciu (8,).(8,) co pmrong trinh lin
hrgt 1a 2+ +2° =5=0 vl a2 +3? +2 —6y—Bz—15=0),

fra
IEN )

I
e l2 ) {*
3 l+.x+{3+x}.| )
Vi xe[—l; 4] thi biéu thirc trong méc vudng
x<0
Tek
Két hop véi DK, suy ra —1<x<0 hofc
3=x=4. Viy tip nghiém cua BPT da cho la
§=[-1;0]u[3;4].

duong nén (*) <= x{x—3] 20 [

Ciu 10. Ap dung BBT Cauchy ta duoc

Chimg minh rﬁng (5,) va (5;) cit nhau theo £ia0
tuyén la mit dudmg tron (C). Tim bdn kinh va toa
dé tim J cha (C),

Cau 7 (1 diém). Cho hinh chép S.ABCD cé diy la
hinh thang wubng tiAD; AB=AD=a wva
CD =2a. Biét ring hai mit phing (SAC) va (SBD)

cling vudng goc véi mit phing (ABCD) va goc gilta
hai mt phing (SBC) va (ABCD) bing 45°. Tinh
theo a thé tich khéi chop S.ABCD va khoang cich
gitra hai duimg thang SD, BC.

Céu 8 (1 diém). Trong mit phﬁng viri hé truc toa did
Oxy, cho tam gidc ABC vubng tai A ngoai tiép
dwémg tron (C) tim K cb D 14 tiép diém cha (C)
trén canh AC. Pudmg tron ngoai tiép tam gidc
BCD citcanh AB tai diém E khic B. Céc duimg
thing qua A,D va vudng goc véi CE ¢t canh BC
tal F va G. Tim toa 4§ cic dinh cla tam giac ABC
biét F(-3;-4):G(L;-1) va K(-2;3).

Ciu 9 (| diém). Gidi bit phuong trinh
2x =252 +(x+ 15+ 2% <Tx-5 (xeR).
Céu 10 (1 diém). Cho céc s6 thue dwong x,y,z thoa

miin didukisn L+ 241210 Ty it 1m
b < AR s i
nhit ciia biéu thirc
e ALl
Cxydyzeze X 4yier
TRAN QUOC LUAT

(GV THPT chuvén Ha Tink)

...............................................................................

4y’ 4’
—{z+x}y+[z+x]+2y2 3{!;2+x}y

cling véi hai BDT twong tir ta thiy

{z+x}2y = O,

X+y+z
4
Ap dung bat dang thirc Cauchy cho hai s6 ta co:

x+y+22 57 437 43 =1, nén P>

8P+4x+4y+4z26x+6y+6z& P2

I ry=p=== l i = l 3 H _i
Khix=yp=z 3ﬂ11P 4,\’@}? mmF'—4
NGUYEN QUANG THI
(GV THPT Bdo Léc, Lam Déng)
) TOAN HOC
So6 462 (12-2015) A CTuditre 9
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CHUAN B|

TRUNG HOC
PO THONG
oudc GIA

g’ rong cdc kv thi tuyén sinh Pai hoe va Cao
ding cdc nam trude, nay la ky thi THPT
Qucfc gia thiedng co bai toan .raf: xudt lién quan
dén kién thitc 16 hop dé tim sé két qua ci'ong kKha
nang hey m két qua thugn lpi cho bién co. Dé
chudn b tot cho ky thi THPT QHO{. Gia sdp toi,
chuyén dé nay mét lan nita khdc sdu va khai
qudt lgi cho hoc sinh cd cai nhin tong qudt vé
dang toan nay.

Trude tién ta nhic lai mot s6 kién thic 1y
thuyét:

- thing gian mau: Tap hop tit ca cac két qui
co thé xay ra cua phép thir goi 14 khong gian
méu, ki hiéu © va sb phin tir cia khéng gian
mau la n(€2).

- Bién cé: Mi tip con A cia Q goi la bién cb
va b két qua thuin lgi cho bién ¢d A4 ki hiéu
n( A).

- Bién ¢6 doi: A duge goi 1a bién cb dbi cua
bién cd A néu A=Q\ 4.

n(A)

n(Q)’

- Xdc sudit bién cb dbi: P(A)=1-P(A).

Chay: 0<P(4)<1.

- Xdc sudt cla bién c6 4 la P(4) =

Tiép theo ta xét mét s6 dang todn
DANG 1. CAC BAI TOAN
SUAT PON GIAN

Céc bai toan tinh xac sudt don gian khéng co
nghia 14 bii todn dé. O ddy ching t6i muén de
cip dén cac bai toan chi sir dung céng thirc dinh
nghia xdc sudt ¢d dién ma khong cin ding dén
n(4)
)

TINH XAC

quy thc edng, quy tic nhan xac suat: P(4)=—=

TOAN HOC
. Cﬁﬁt!:é S3 462 (12-2015)
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MG S0 BA TOiN
10 HOP XAC SUAT

TRAN VAN BUC |
(GV THPT Cém Binh, Ha Tinh)

Thi du 1 (Dé thi thir THPT Ouoic gia ciia trieomg
THPT Ly Tu Trong, .”(} Tinh 2015, lan 1). .

Xét tdp hop cac s0 tr mi'n;én co 5 chiv 56 khac
nhau dwoc Igp tir cae chitso 0:1;2; 3,4, 5,6, 7;
Chon ngdu nhién mat phan tie cua tdp hop trén.
Tinh xac suat dé phan nr do la mot so chia heét
cha 5.

Léi gidi. Goi A 1a bién cb: “Lip dugc s0 ty
nhién chia hét cho 5, f:é 5 chir s6 fkhéc nhaun”, .
So cac s0 ty nhién gom 5 chir so khéc nhau ké
ca sb 0 dimg ddu la A so.

Sé cdc s tu nhién gom 5 chir s6 khac nhau va
c6 sb 0 dimg dau 12 A} s6.

S6 cac sb tu nhién c6 5 chir s6 khic nhau 13
Al — A} =5880. Viy n(Q)=5880.

S6 cac s6 ty nhién chia hét cho 5 cd 5 chit s6
khic nhau 1a A +6A2 =1560 suy ra n(A)=1560.

Do dé xéc suat ciia bién ¢b A 1a:
1560 13

)= 5880 49
Thi du 2. (Dé thi thir THPT Quéc gia cia
THPT Cit Huy Cdn, Ha Tinh, 2015, ldn 4).
Goi A la tdp hop cdac 56 ¢o 3 chir 56 khdc nhau
dwee ldp tir cde chii $62,3,4,5, 6. Chon r:gc:frf
nhién 3 56 tir tdp A. Tinh xdc sudt dé irong 3 50
dicgre chon co dung | $6 c6 mdt chir 56 5.

Léi gidi. S6 phin tir cia 4 13 Al =60. S6 cic
s6 thude A khong co chir so 5 1a: A} =24.

So cac sb thu-:}c Acochitsd 5 la 60 — 24 = 36,
Chon 3 sb ty nhién tir tip A4, s6 phin tir cua

khéng gian mau n(Q)=C,,.
Goi B 1a bién cé: 3 sé duoe chon ¢o ding 1 sd
c6 mit chir sb 5: n(B)=Cl,.C3,.

https://tieulun.hopto.org



Xac suét cia bién ¢d B la:
(G

== =0,29.
. 8555

Thi du 3 (DH Khdi A - 2014). Tir mgt hip chira
16 tam thé danh so tir 1 dén 16. Chon ngdu
nhién 4 tém thé. Tinh xéc sudt dé 4 the drpe
chon déu dwoc ddanh s6 chan.

P=—_"<

Léi gigi. Rt ngdu nhién 4 tim thé trong 16 tim
thé duge danh sb tir 1 dén 16, ta co:
n(Q)=C/, =1820.
Goi A 14 bién cd: Cé ding 4 tim thé mang sd
chin.
S6 két qua thudn lgi cho bién ¢b A 1a:
Gt A

n(A)=C; =70, Véay P{A}=@=E,

Thi du 4. Tam ngwoi trong do c6 2 v chong
anh A dieeoe .'f{?;r: chiu nhién xung quanh mgt cai
bén tron khong danh 56 ché ngoi. Tinh xdc sudt
dé 2 v chong anh A ngoi canh nha.

Léi gigi. SO cach sip xép 8 nguoi vao 1 ban
tron la: 7!
Xem 2 v chng anh 4 ngdi 1 vi tri. Nhu véy co
6! cich xép & ngudi trong d6 cap v ching anh
A xem nhur 1 ngun.
Ta lai ¢6 2 cich déi chd cla vo chong anh A.
Do dé xac sudt cin tim 1a EP%.

FEev
Chii y. Néu cho bai toan cé danh sb chd ngdi thi
s6 cach sip xép 8 ngurdv 1a 81

DANG 2. BIEN CO POI

Trong todn hoc, ¢6 nhitng bai toan khi tinh todn
tryc tiép rat dai dong va phire tap. Khi dé
phuong phip gidn tiép lai rit hidu qua va cho ta
cach lam ngin gon. Phuong phap sir dyng bién
cb doi 1a mét phwremg phép nhir vay.

Thi du 5. (Dé thi thie THPT Quoc gia cua trieomg
THPT Lé Hong Phong, Hé Tinh, 2015, lan 1),

Mgt lop co 15 ban nam va 20 ban nit. Chon
ngu:u nhién 6 ban di trec nhéat. Tinh xde suat dé
trong 6 ban dirge chon cd it nhet mat ban Ia nir,

Léi gidi. Goi 4 1a bién cé: “Trong 6 ban dugc
chon c6 it nhidt mot ban 14 nit”, lac do bién cb

A4 1a: “6 ban duge chon déu 14 nam”
n(A)=C",.
S6 phén tir ciia khong gian miu 1a: n(Q)=C5,.

suy ra

BT T
Viy xdc sudt cia bién ¢d 4 1a
o = 13 4203
VAR T 4216 4216

DANG 3. CAC BAI TOAN SU DUNG QUY
TAC CONG, QUY TAC NHAN

Thi du 6. Trong cudc thi chon hoc sinh gioi
todn quic gia grﬁm co 3 vong. Vang 1 f{fL' 80%
thi sinh dy thi. Vong 2 ldy 70% thi sinh di thi
ctia vong 1. Vong 3 ldy 80% thi sinh vong 2.
Tinh xdc sudt dé | thi sinh lot gua 3 vong thi.

Lai gidgi. Goi A, 14 bién c6: “ Thi sinh virot qua
. Tacod P(4,)=0,8.
Thi sinh vurgt qua vong 27,

vong 1’
Goi A, 1a bién cb: =
Taco P(4,)=0,7.
Goi 4, 14 bién cd: * Thi sinh vurgt qua vong 3,
Taco P(4,)=0,8.

Goi 4 la bién c6: “Thi virgt qua 3 vong thi”.

ﬁp dung quy thc nhin xdc sudt. Ta c6 xdc sudt
bién cd A la:

P(A) = P(4).P(4,).P(4,)=0,8.0,7.0,8 = 0,448.
Thi du 7. Xéc suat ban tring hong tam ciia mot
.rrse;:mr hin ¢ ung la 0,2, Tinh xde sudt dé frong
ba lan bdn Jn;:rcl ldp: . _

a) Ngwai do h:’?n fring Plrdng teim d:hfg mgt frin.
b) Negwrdi do ban treimg hong tdm it nher mot lin.
Loi gidi.

a) Goi A la bién cd: “Ngudi d6 bin tring hong
tim & lan thir i ™ voi i=1,2,3. Taco P(4,)=0,2.
Goi K la bién cb: “Trong 3 lin ban déc lap
ngudni doé bin tring | hl:-ng tam ding 1 lan”. Khi
do K = AA A uAA ASUA1 4,4, Taco
P(K)=P(4, 4, A)+P(AAA4)+P(4, 4 4)
Miit khic P(4, 4, 4,) = P(4)P(4)P(4;)
=0,2.(1-0,2).(1-0,2)=0,128.

Tuwomg tur ta co: ... >
(Xem tiep trang 30)

S5 462 (12-2015)

TOAN HOC
" cTusifre 11

https://tieulun.hopto.org




THIDAU QUOC TE CUA NHUNG NHA TOAN HOC TRE (ITYM)

IIYM  (International Tournament of Young
Mathematicians) la cude thi dau gitta céc dii
tuj,ren hoc sinh Trung hoc phéd théng toan thé
gidi vai muyc dich kich thich say mé toan hoc va
img dung cia toan, kich thich phét trién suy
nghi khoa hoe, ki niing th("_‘rng tin va 1am viéc tip
thé. N6 duge khoi xuong boi héi dnimath va
mat so trémg Pai hoc Phép, td chirc méi nam
mot lén, thi & mét trong cdc nwée tham gia, bit
déu tir nim 2009; nim dé cé 4 nude tham gia
v 6 doi tuyén (Belarus, Bulgaria (2 déi), Nga,
Phép (2 d6i)), thi & Phap; nam nay, 2015, c6 8
nurde wvii 11 déi tuyén (Belarus, Bulgaria,
Brazilia, Birc (2 d¢i), Georgia, Nga, Phap (2
d6i), Romania (2 di)), thi ¢ Bulgaria. Cich to
chitc cuée thi cb ging truyén ba tinh thin
nghién ciru Todn:

+ Khic véi cdc cude thi va Olympiad khic 14
nhitng cudc thi gilta cic ca nhin, ITYM la cude
thi giita nhimg ddi tuyén (mdi dgi nhiéu nhat 6
ngudi, trong do cd mot i trong (captain), dii
dugc hudng din bai 1 hay 2 lanh dao déi (la
ngudi dd timg tham gia ki thi ndy nhimg nam
truée, 14 tién si, gido su.. - MGéi nude tham gia
o thé cir 1 hay 2 doi tuyén tham gia (dugc su
dong y cua ban td chirc ciia nuée ding cai).

- Hoc sinh ¢6 nhiéu thi gio suy nghi vé bai todn
(hon 2 thang rudi); moi ki thi c6 khoang 10 bai
todn; moi bai todn c6 nhimg phan ngudi ta
chura biét loi giai vé céc linh xw. dai so, gidi
tich, t& hop, hinh hoc, li thuyét sd nhumg tac gia
(nha todn hoc) biét chic chin hoc sinh co thé
lam mit phé‘m bdi todn; hoc sinh ¢d nhiém vy
tim hiéu duge ndi dung bai toan, giai duge mot
s6 trrong hop riéng, biét duge nhimg khé khan
.. Hoc sinh tr minh giai todn, trao d6i trong
déi, hoi v kién lanh dao doi, ci nhan mat sd
nhi todn hoc... (nhung khéng dgce to chire kiéu
héi thao (forum)), xdy dung l&i giai chung cia
d6i. Loi giai moi bai todn khong dai qua 30
trang (ngdén ngr ding chung cho cudc thi 14
tiéng Anh).

TOAN HOC
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DOAN QUYNH (Ha Noi)

+ Viée cham thi mang tinh chét tranh lufin gitta
cac ddi, cb nguiri bdo cdo (reporter), ngudni
phian bién (opponent), ngudi  binh  luén
(reviewer), ngudéi quan sat (observer). Cudc
chim thi kéo dai mot tudin, c6 2 vong chim (&
mdi vong cé 2 hay 3 bang thi, mdi bing gom 3,
4 dbi, hoan vi cdc ddi cia hai bang qua mdi
vong thi) va vong tong két. Ban chém thi (Jury)
gbm céc lanh dao cac déi (lanh dao ddi khong
tham gia cham thi & bang ¢6 ddi minh hudéng
din), mot s6 ngudi do ban td chire dé nghi. Boc
thim dé phin chia déi nao bao vé l&i giai bai
toan nao, déi nao phan bién,... Budc vao cudc
thi con ¢6 cude thi db (quizz) kiém tra xem cé
phai tét ca thi sinh & tét ci cic doi déu hiéu ndi
dung cac bai todn.

Két qua cuge thi: sip xép cac doi duge gidi 1,
giai 2, giai 3, ¢d nhan xét bao cao vién hay nhit,
ngudi phan bién tét nhit, ngwi binh luin tot
nhét, 1o giai tot nhat cho timg bai todn thuge
déi ndo.

Nim nay, 2015, cudc thi duge td chire &
Bulgaria, nit Chu tich Quéc héi Bulgaria doc loi
chao mimg. Két qua: déi 1 cia Phip duge giai
1, i cua Belarus , dgi 2 ciia Phap va doi 1 cuia
Birc dugc giai 2, dji 2 coa Buc, dfi cia
Bulgaria va ddi cua Nga dugc giai 3. Déi 1 cila
Phap da duge mdi tdi dy cude phat giai thuong
Abel nam nay, 2015, ¢ Na-Uy cho hai nha todn
hoe 16i lac J. Nash va L. Nirenberg. Sau diy xin
gidi thiéu vai bai todn & cde cude thi diu nay:

L. Bai todn thir 6 trong 10 bai todn cho ki thi
ném nav: hai todn ¢ tiéu dé bai toan “diém i
frern™,

f la gid tri
{'(x) =10

Mét diem tai han ciea ham sad kha vi

% thude mién xdc dinh cua [ sao cho

Xér ham 56 f(x)= 2‘1"’

dieong,

n la s neuven

c, la 86 thire khae 0. Pix) la nhimg da

thire phen biét vei hé so f‘.";'r_!: 3
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HOI NGH) QubC TE

VE GIANG DAY TOAN ICME 2015)
“ﬁng dung Cing ngh¢ thing tin vao viéc gidng day, hoc tip, nghién ciu
va ing dung Todn hoe”

Thai gian: 19 - 20/12/2015

Bja diém : Truomg Dai hoc Bach Khoa Ha Niji.

Negdn ngii: Tléng Anh (khuvén khich dimg tiéng Anh tuy nhién 6 thé sir dung tiéng Viét).
Cor quian 16 chire:

- Truwdomg Dai hoe Bach khoa Ha Ngi (HUST).

- Hji Ung dung Todn hoc Viét Nam {VE‘.AM}

- Vién Nghién cira Dio tao & Pht trién ngudn nhin lyc Quie té (Viét tar: IHR).

- Céng ty TNHH ChamGroup ( ChamGroup Company).

Dueci sur chi dao trie tiép ena: Bd Gido dye va Dao tao - Hi gidng day Todn hoe Quic té

EJC TIEU VA NOI DUNG I;‘HINH ;
* Trinh biy nhimg két qua méi nhat & trong nwde va trén thé gidi vé img dung Cong nghé Thong tin
vio giang day, hoc tip, nghién ciru va tmg dung Todn hoc va cic mdn khoa hoc vao cie linh vure khdc nhau
cla doi sdng xa hoi. 1
* Trao doi kinh nghi¢m giira céc gido vién phé thing, giang vién dai hoc, cin b khoa hoc tir cie Vién nghién ciru
va céc cong ty trong mwde cling nhu trén the gidi vé vige sir dung cac cong cu tin hoe try gitp cho giang day,
nghién cim va img dung Toén hoc va cac mén khoa hoc véo céc linh vire khéac nhau cia din song x3 hdi.
* Trao ddi kinh nghiém vé viéc xdy dymg cdc phong thi nghiém Todn - Tin trong nha treémg trg gip cho
cing tac giang day, hoc tip, nghién ciu vi ng dung.
* T chirc trién lam gidi thigu va trinh dién cic phian mém day va hoc Toén, cic mén hoc khac dang dwoc
sit dyng pho bién trén thé gidi va trong nudc.
* Thao luan dé cuwong va gido trinh giang day mon Toan va cac min hoc khic theo hirdng higén dai hoa va
tin hoc hoa, phu hop v xu hwdng phat trién ciia thé gidi.
* Xiy dyng gido trinh va séch gido khoa dién tir cho cde mon hoc khie nhau cla ede cip hoc.
* Thanh ldp Cau lac bd vé “Tin hoc hoa qud trinh giang day, hoe tdp” .
; LE MAI (Ha Noi)
(Nguon: hepeliwww. vietsam.org.vir)

Ham 56 [ xdc dinh trén B trie tai cde khing 1. Bai todn cudi (thir 11) cho ki thi nam ngocdi,
diem cua cac da thire P(x). Gig sir ham so [ 2014, tai D vai ticu dé “diém, dwomg thding.
miit phang”: Cho N diém trong R . khaing ¢ g
ném trén mot mat phang hay khing tat ca ndam
trén hai dwomg thang. Ki hiéu L la so dwimg
.f.l':l.(.rm._{ eli quici it nhat 2 1 ong cdc diem dd cho, P
1) Gig s edc da thire PAx) la da thiee bde 1. la s6 mat phang chiea it nhat 3 diem trong cde
diem da cho.

1) Hai vari N bé, hiéu thiee N — L + P co thé lav
nhimg gid tri nao?

khange hang,
Ta muon danh gia vé 56 N{f) cde diém toi han
phen bidt cra [

Pix)=x+a.a B Tim tdp hop cdc gia tri

cuia N(f) vdi n co dinh va;

a) cae sa a,,c; co the thay doi; 2) Cd phai N — L + P khong dnm vai N da lon?

b} cde 50 a co dinh nhime ¢ oo thé thay doi: 3) Gia su trong cac diem da che khang co 3
i gL A ) diém nao théng hang, Co phai N- L+ P = 2

EHENR X0, .60 SPIEINENG &1 CeInE N R veri mod N du lom? Hoi ki ;r:f'm co dd héing?

2) P(x)=x"+ax+b .a.b e RB.a’ <4b vdi 4) Xdac dinh moi gid tri co thé ciia biéu thirc

moii=1,2.....n0 N —L + P vai N cho tniede. Phan biét triomg

a) Ddnh gic N(f). Co phai N(f)<2n—1? hop tong qudt vai irucmg hop trong cac diém

da cho khing co.3 diém nao thang hang.

: : fipenty (Xem trén Internet, International Towrnament of
3) Khao sat che da thirc bdc cao homn. Young Mathematicians),

by Tim moi gidg tri ¢d thé cua N(f) khi n c6 dinh.
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VEMOILIEN HE DA€ Mv’é’ CA
sivsd FIBONACCI VA SO 11

PHAM THI LIEN

(Lép Cao hoc Todn 2013 - 2015, BH KHTN - DPHOG Hé Nii)

dy Fibonacei do

m{t nhd Todn
hoc lém & chiau Au
thii Trung dai tén 14
Fibonacci (1170 -
1240) phat hién. Mot
tén khac cia ong 13
Leonardo of Pisa, do
ong sinh ra & Pisa
(Italia) va thude dong
ho Bonacei. Xuit phat
tir bai todn sy sinh san cia mdt cip tho ma ong
dé xuft diy s6 sau: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34,
55, 89, 144, 233, 377, 610, 987 ...

M@t cich tong quat, day Fibonacci IF, }:nn la

day sb v6 han, bt diu bang hai sé 0 va 1, cac
s0 sau duge thiét ldp theo quy tic mdi phin tir
luén bing téng hai phin tir dirng truée né, tire
duge biéu dién qua cong thire truy hoi sau:
0 néun=10
F =41 néu n=10
F  +t& pfan>2

Fibonacci (1170 - 1240)

Nhu vily, diy Fibonacci duge xdy dung theo
mét quy mc hét sirc don gian, nhung cé nhiéu
tinh chét rit tha Vi va ngudi ta di nghién el
nhiéu den né. Piéu dang néi 12 day nay cé mdi
lin hé rét chét che vai nhieu hién trong
nhién, 11|'IIEL1 van dé ky thuat, kién trie, thim chi
dén chi s6 chimg khodn, dm nhac va ca Fractal
nita, Tuy nhlén trong bai viét nay, ching téi chi
xét hai mbi lién hé dic biét gitra ddy Fibonacci
va 86 11. Mo lién hé thir nhat qua that 1a kv la,
do Jekuthiel Ginsburg phat hién, chimg t6i nhic
lai duGi diy ma chua giai thich duge vi sao lai
nhu vy, ¢6 thé xem nhu mét bai toan con dé
ngd. Moi lién hé thir hai duge ching téi chimg
minh day du. Vé diéu nay, thoat tién théng qua
mgt vai hi¢n twgng ban déu, nguoi ta da dua ra
mot phét biéu, nhung chiing téi chua thiy ngudi

14 TOAN HOC

* Cugifre S8 46202-2015)

ta chimg minh & dang tong qudt. O déy khi néu

tinh chat do ra, chung t6i ciing dua ra mit

Lhung minh téng quat dé ban doc tham khao.

1. Mai lién hé thir nhat

Co the noi diy la mot dieu ky la. Ta biét rang

Fi, = 89, Nhung nghich ddo cia sé Fibonacei

Fpla %:ﬂ 01123595505617...

Piéu la ling la 6 s0 sau dﬁu phiy 0,1,1,2.3,5

la céc s0 F1bonac::| lién t:ep nhau. Nhung tir dc:

tryy di cdc sb sau do lai la tong cla cac sb

Fibonacci lién l:ep viét léch di nhu duge mo ta

duri diy.

(0,0112358
175

21

1< i

-0 Ln
LE= I S =]
¥

4
i3
0Ll 2as9ssneal 7.,
Cho dén nay, ngudi ta chua giai thich duoc tai
sao co hign tugng nay. Ching t6i cing khong
hiéu tai sao va theo quy ludt nao? Nhé doe gia
chi gihp.
2. Mi lién hé thir hai
Trong mot s6 séch viét vé sé Fibonacei, ngudi
ta phat hién ra rang, cir liy 10 s6 Fibonacci diu
tién, tre 14 0, 1, 1, 2, 3, 5, 8, 13, 21, 34 dem chia
cho 11, thi duge s6 dur lan ot 140, 1, 1, 2, 3, 5,
8,2, 10, 1 va 10 sb Fibonacci tiép theo 55, 89,
144, 233, 377, 610, 987, 1597, 2584, 4181 dem
chia cho 11 ta lai duge ding day trén, nghia la
0.1, 123582 101,
Khi lay tong cia 10 s6 du nay duge 33, no chia
hét cho 11. Digu dé co nghia 14, tong cia 10 sb
Fibonacci lién tiép bét ky chia hét cho 11.
Bang su quan sat cu thé, ngudi ta phat hién ra
tinh chét trén, didu nay nghia la:
a) Tong 10 s Fibonacei lién tiép chia hét cho 11.

https://tieulun.hopto.org



b) Khi chia céc s6 cua diy Fibonacci cho 11 thi
dwoc diy cac phin du vo han tuin hoan chu ki
10. Hinh dudi ddy minh hoa tinh chit b).

10 3

) 3
8
Tinh chét a) va b) & trén chwa co tai liéu nao
chimg minh téng quat (ching ti chia tim
thay). Sau day, chiing t6i s& chimg minh tong
quat tinh chat a) va b) néi trén bing mot dinh 1y
R onse = moal 1),

Tir d6 suy ra dugc hai tinh chat a) va b) néi trén.
Trude hét, ching ta chimg minh bo dé sau.

khing dinh ring; F,

Bo dé. Vi moi s6 tw nhién m, n sao cho 1 <m <n,
tadéucé F,=F,_, F, +F, F

-+l a—m- m—-1"

Chiing minh. (Bing quy nap theo m.) Vaim = 1,

taduge: £ F+F_F_  =F.1+F_0=F.
Viy diing thirc ding véi m= 1. Véi m =2 ta duoc
Fooab+F F _F;fl'1+F;?—2']"__EI—I+F;—2=EI

(theo dinh nghia sé Fibonacei). Viy diing thirc
ding véi m = 2. Gia sir dang thie ding dén
m=kticlataco F,=F _, F+F ,F_,.
Ta phai chimg minh ding thirc ding dén m =k + 1,
tirc ta phai chimg minh

F =F b+, E

—(k+117 (k+1)-1%
hay F.=F ,F, .+F . F.
That vay, theo dinh nghia s6 Fibonacci va gia
thiét quynaptaco F,_ F,_ +F_, F
=F (R +F)+F _ F=F . F |+F;1-J.F:t
=F F ,+F F+F_, F

S R B o e o e

=F _,F,  +FF =F.

Viy bd dé durge chimg minh.

Chang han, v&i n= 10 vam = 7, ta duge
Fafs+ FyFg=3-13+2-8=55=F;.

Binh ly. Vaimpi nelM vak=0,1,...,9, fa cd

Fiyey = F(mod 11).
Chikng minh. Ap dung bd dé trén khi thay »
bai 10m + k& vam = 10, ta duoc

'F;Urr-tﬂ: =FIIJ.'J+J.—]1.'I—.!'F T'F]L'I.\HJ. H]'F]L'I—i
= Etlm—]]ﬂn‘ﬁ;ﬂ + F;u-:w Y 0%
Do Flg=55=11+5,con Fo=34=11+3+ 1,
néntaco F, ,=F. .. (modll)
Tiép tuc thay n boi 10(n — 1) + kvam = 10, ta
dum Flm.-u 4k = FlLH.u— Tk {l‘ﬂﬂd 1 ]'}

Cir tlép tuc nhu viy » lin, ta dugc
F =F(mod11) véik=0,1,...,9.

10a+&
Viy ta co diéu phai chimg minh.
Chiang han, véi n =1 va k=15, ta dugc F;s= 610
va Fs=35 Taco: Fis=Fs(mod 11).

Tir Pinh ly trén, ta cd hé qua sau.

H¢ qua,

a) Khi chia cde s6 cua div Fibonacci cho 11 ta
dwge mot ddy vé han tudn hoan cde ;;hcfn dir
chu ky 10,

b) Téng cde phan dw ciia 10 56 Fibonacei lién
tiép khi chia cho 11 la mot so khong doi va
bdng 33.

¢) Téng 10 so Fibonacci lién tiép thi chia hét
cho 11.

Chikng minh.

a) Ta thiy 10 sé Fibonacei lién tiép Fy, F\, Fs,
o P P Fo oy Fe e a0 1 L2 3.5
8, 13, 21, 34, khi chia cho 11 ta dugc cic phén
duf 1,1,2 3582 1,1,

Nhimg theo chitng minh trén, cic phin du cuia
10 s6 Fibonacci tiép theo co cing phin du voi
Fn F| F}_ F} F4 Fj F._ﬂ, F'} Fg, Fg khi chia cho
11, nén 10 s6 tiép theo clia sb Fibonacei khi chia
cho 11 cingedduvanla 0, 1,1,2 3,5 8 2,10, 1.
Hon nira theo dinh Iy trén, 10 s6 du tiép theo
cuia diy Fibonacci khi chia cho 11 cling 1la 0, 1,
1,2 3, 5 8 2 10, 1. Nhu viy, diy cic phin du
ciia diy Fibonacci khi chia cho 11 1a mdt day
tuan hoan chu ky 10.

b) RG rang trong diy cdc phan du 0, 1, 1, 2, 3,
5321{]10]123532|U] . nghia
14 cir lay 10 s6 bat ky déu co tung la 33.

c) Diy Fibonacci gém ca:: so lién tiép khi chia
cho 11, ta dwgc day s0 du tuin hoan, ma cir
tong 10 so dur 14 33, nén tong 10 s Fibonacci
lién tiép chia hét cho 11.

S& 462 (12-2015)
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CAC LOP THCS

Bai T1/462 (L6p 6). Tim chit s6 tin ciing cia
tong gom 2015 s6 hang sau

¥ 1S i Sl S [ T el 1

LE MINH HOA
(GV THCS Va Miéu, Thanh Som, Phii Tho)
Bai 12/462 (Lép 7). Cho hinh thang vuéng

ABCD (vudng tai A va B), AD < BC,
AC L BD . Chimg minh ring
C? + BD* =34B° + CD*.
CAO NGOC TOAN
(GV THPT Tam Giang, Phong Dién, Thira Thién- Hué)
Bai T3/462. Co ton tai hay khong cdc cip so
nguyén duong (a, b) sao cho hai phuong trinh
2 +2ax—b-2=0 va x’+bx-a=0 dbng
thii co nghiém nguyén 7
NGUYEN VIET HUNG
(GV THPT chuvén KHTN, PHOG Ha Noi)
Bai T4/462. Cho tam gidac ABC vuong tai 4.
Céc canh cia tam gidc théa man diéu kién:

BC? =2BC.AC +4AC* . Tinh s do goc ABC .

PHAM HOANG HA
(SV CLC K49 Todgn -Tin DHSP Ha Néi)

Bai T5/462. Giai phuong trinh:
Px-2-32x+1=Ux-3.
THAI NHAT PHUONG
(GV THCS Ngwvén Vén Troi, Cam Ranh, Khinh Hoa)

16 T‘?ﬂ,'-‘m”,gﬁ S3 462 (12-2015)

CAC LOP THPT
Bai T6/462. Giai hé phuong trinh:
x+xt +9 =3+

+yz2 +9 =33

NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Bink)

Bai 17/462. Cho tam gidc ABC c6 ba goc nhon
(¢6 s6 do bang radian). Chimg minh ring
2, p2, 2
smA+smB+smC>%—w
n

DANG THANH HAI - TRAN TUYET THANH
(GV khoa Co ban - Hpe vign PK-KQ Son Tdv, Ha Ngi)
Bai T8/462. Tim d6 dai cdc canh cia khdi
dién ABCD néi tiép trong hinh ciu bén kinh

bﬁng 1 va ¢o tich d6 dai cac canh 14 %

DUONG CHAU DINH

(GV THPT chuyén Lé Cuy Ddn, Oudng Tri)

Bai T9/462. Cho a, b, ¢ 1a d6 dai ba canh cua
mét tam gide, chimg minh rﬁng

4Ry 8 :
a +b +c ]+ab+b{.+ﬂ;£2

(a+b+e) @t +b +c

NGUYEN VAN HUYEN

(SV BH Giao Thing Vin tai TP. Ho Chi Mink)
TIEN TOI OLYMPIC TOAN

Bai T10/462. Véi cée sb nguyén duong a, b, ¢

thude doan [1; 2015], hdi cd tat ca bao nhiéu

bé (a, b. c) sao cho &’ +b* +¢* chia hét cho 9 ?

KIEU BINH MINH
(GV THPT chuyén Himg Virong, Phi Tho)

Bai T11/462. Cho a, b, ¢ 1a cac sb thyc thoa
man a° +b° +¢* =1. Tim gia tri nho nhit coa
biéu thirc P=|6a’ + bc| +[6b +ca| + |6c> + ab) .
VU HONG PHONG

(GV THPT Tién Du 1, Bdc Nink)

Bai T12/462. Cho tam gidc ABC véi (0), H
theo thir tw 1a dudémg tron ngoai tiép va trwc tim
tam gidc. P la diém bit ky tén OH.

https://tieulun.hopto.org



Ay, B,.C, theo thir tr 14 giao diém cua 4H, BH,
CH va BC, CA, AB. A4,B,,C,theo thir tir 1a
giao diém thir hai caa AP, BP, CP va (0).
A,.B,,C, theo thir tu la diem doi ximg cia
A4,.B,,C; qua Ay,B,,C,. Chimg minh ring H,
A5, B,,C; cung thudec mdt dudng tron cd tim

thudc OH.
NGUYEN VAN LINH

(SV BH Ngogi Thiremg Ha Ngi)
Bai 1.1/462. Dt dién dp u = Uycoswt (Uy
khéng doi con o thay doi) vio hai dau doan
mach gom dién tré thudn R, cudn cam thuan cé
do ty cam %H va tu dién mic ndi tiép. Khi

@ = 0} thi dong dién hiéu dung qua doan
mach dat gid trj cye dai [, Khi @ = o, hodc
w = m, thi cuong do dong dién cuc dai qua
doan mach bing nhau va bang I,,. Biét o, - o,

= 200n rad's. Tinh gia trj cia R.
BINH THI THAI QUYNH (Ha Ngi)

Bai 1.2/462. Mot nguon phit sang dao déng
diéu hoa tao ra séng tron df":-ng tam O truyén
trén mat nudc voi tan s fva budc song A. Hai
diém M va N thudc miit nudc, nim trén hai
phwong truyén séng mé cdc phan tir nrée dao
dong. Biét OM = 8,5L; ON = 12,84 va OM
vubng gée véi ON. Phuong trinh dao déng cia
phén tir murére tai M 1a uy, = Acos2n ft (cm). Cho
ring ning luong song truyen di khong mat mat
do lue can ciia méi trwdng nhung phan b déu
trén mit song tron lam cho bién d§ song giam
din khi truyén ra xa ngudn.
1) Viét phuong trinh dao dong cia phan tir
nude tai N,
2) Trén doan MN, s6 diém ma phin tir nuée dao
déng nguoc pha voi dao dong cla phén i nurdre
tai diém 7 1a trung diém ctia MN 1a bao nhiéu?
NGUYEN MINH TUAN
(GV THPT Yén Thanh 2, Yén Thanh, Nghé An)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/462 (For 6" grade). Find the last
digit of the following number

A=1015427005 L 32005 4 201420 42015218

Problem T2/462 (For 7" grade). Given a right
trapezoid 4ABCD (4 and B are right angles) with
AD <BCand AC 1 BD . Prove that

AC? + BD* =34B* + CD*.
Problem T3/462. Does there exist a pair of
positive integers (a, b) such that both the equation
+ +2ac—b-2=0 and the equation & +hx—a=0
have integral solutions?
Problem T4/462. Given a right triangle ABC
with the right angle 4 such that
BC* =2BC.AC+4AC? . Find the angle ABC .
Problem T5/462. Solve the equation

Px-2-Y2x+1=3x-3.

FOR HIGHSCHOOL

Problem T6/462. Solve the systemn of equations

x+Axt +9 =3
y+ ||y2 +9=4||3z+4 :
242?49 =3+

Problem T7/462. Given an acute triangle ABC
with angles measured in radian. Prove that
S B
sin 4 +sinB+sinC >E—M.
2 °

Problem T8/462. Given a tetrahedron ABCD
inscribed in a sphere of radius 1. Assume that
the product of the lengths of its sides is equal to

% e e B R
(Xem tiép frang 27)
) TOAN HOC
S5 46212-2015 ' cTusifre | £
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Bai T1/458. Tim cdc s6 nguvén dirong x, v thoa

LS T gOr L g
mdn: —+—=— vdi p la s6 nguyén o da cho.
£ P B

Léi gidi. Tir dang thirc & gia thiét suy ra x > p,

g nxE ] g i :
>pva =— Tixdo (x +yv)p =xy
Y >p S B (x+y)p=xy
Sxy-xp-yp+p =p o &-ply-p =p.
Do 56 nguyén td p chi ¢ hal wée sd dirong 1a
1 vd p nén xay ra ba trudmg hgp sau:
Dx-p=1lviy-p=p.ticlax=p+1va
y=p+tp
Dy-p=lvax—p=piticla y=p+1va
x=p+ p:
Nx-—p=pvah y—-p=p,ticld x =2p vl
= 2 :
Cac s0 x, y trong ca ba truomg hgp trén déu
thoa min déng thirc & dé bai. [
¥ Nhin xét. Whidu ban chua lip lugn chit che:
khéng néurd x —p>0va y—p >0, hojic cho ring
p 13 sih nguyén ti nén x > p, v > p, hodc chua thir lai
nghigm néu bién déi khong twong dwong. Cic ban
sau oo 1o gidi tot: Phia The: Tran Hodng Anh Tudn,
6A2, THCS Lam Thao; Vinh Phic: Lé Mink Viét
Anh, 6A, THCS Vinh Yén, TP. Vinh Yén; Ha Nii:
Cao Hoang Minh, 6Cl, truémg Archimedes
Academy, Q. Cau Gidy; Ngh¢ An: Newvén Thi Linh
Ban, 6D, THCS Ly Nhit Quang, B6 Lwong; Ha
Tinh: Tran Ngoc Son, Cao Thi Khdnh Linh, 6B,
THCS Hoang Xuin Han, Dirc Tho; Quing Ngii:
Cao Thi Ngoc Trdam, Nguyén Tmfzg Phu, Ph.r_:{n Thi
Thu Nhung, 6A, Phan Ngoe Tuyet Swemg, Tran Thi
Thdao Vin, 6C, Nguyén Thi Yén Nhi, 6D, THCS
Pham Van DPong, Newyén Hodng Kim Anh, 6A,
THCS Hénh Trung, Nghia Hanh: Cén Tho: V5 Yén
Oanh, 6A6, Neuven Hodng Oanh, 6A7, THCS Thét
Not, Q. Thit Not. !
VIET HAI

TOAN HOC
! Cludilre
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Bai T2/458. Cho tam gidac nhon ABC cd truc
tém H. Gpi M la trung diém ciia BC. Puong
thang qua A song song véi MH va dwong thang
qua H song song véi MA cdt nhau tai N. Chimg
minh rang: AH* + BC* = MN*,

Lévi gidi.

Taco AN/HM, AM//HN nén AMAN = ANHM
(g.c.g)=> AN = HM. Goi I 14 giao diém cia AH

vai MN, ta co A4ANI=AHM! (gcg)
:>fA=fH=fE’i,fN=fM=-‘“’§f. Goi X 1

giao diém cia BH va AC, ta c6 BK 1 AC.
Trong cdc tam giac vudng AKH va BKC co KI
va KM tuong (mg 14 cdc trung tuyén img vii

3 ] AH BC
canh huyén, nén M=IK=T.M=J¢E=T,
Tir &6 céc tam gide AIK va BMK 14 cdc tam gidc cin,
suy ra IAK = IKA, MBK = MKB, ma IAK = MBK
(cing phu véi C) nén IKA=MKB. Tir do

TKM = IKH + MKB = IKH + KA =90° = MKM
vuong tai K. Theo dinh ly Pythagore ta cé

2 2 2

IK* + MK® = IM® hay [ﬁ) +[E) =[@) :

2 2 2
viviy AH® + BC* = MN* (dpcm). O
¥ Nhin xét. 1) Tit ca cic ban giri bai déu cho loi gidi
diing. Mot s6 ban sir dung két qua AH =2 OM (O 1a
giao diém ciia ba dudmg trung tryc cla tam gibe ABC),
tuy nhién két qua niy cin phii chimg minh.
2) Céc ban sau diiy co léni giai ngn gon vi chinh xéc:
Pha Theg: Tong Thu Ha, TAl, Nguyen Chi Cong,
Hoang ik Thudn, Nguyén Hong Khai, TA3, THCS
Lam Thao; Ha Tinh: Pham Huyén Trang, Thdi Thi
Thu Sang, Nguyén Ngoc Anh, Lé Vin Nhi, Nguyén
Hai Ly, Nguvén An Na, Tran Thi Kim Oanh, Pham
Yén Nhi, Bid Thi Minh Thir, TA, THCS Hoang Xufn
Han, Bl;ﬂ: The; (;ﬁn Thao: Lé Ha Trang, TA6, THCS
Thot Not, TP, Cén Tho.

NGUYEN XUAN BiNH
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Bai T3/458. Cho hai so a, b thoa mdn:
la' —a*+a-5=0 (1)

<lh¥ 252 +2b+4 Tinha+bh,
Aokl yahay

=0 (2)

Lai giai. Ta co (2) twong duong vor:
(6’ =38 +3b—-1)+ (V" -2b+ 1)
+(b-1)+5=0
Sh-1Y+bh-1Y+bB-1)+5=0. (3)
Cong theo timg vé cta (1) va (3) ta dugc:
[@ +(b—1Y]+[(B- 1) - ]+(a+£:— 1)=0
Sla+tb-D[d—alb-1)+(b-1)
t+th-1-a)y+1]=0
<(atb-1)Na'—ab+a+b -2b+]1
+h=1=ag+1)=0
Sla+b-1)d+b —ab-b+1)=0.
Tathdy: 2(@+ b —ab—b+1)
=(@-b+a+(b-1Y+1>0
vaimoi a, b nénatbh-1=0=a+b=1
Viya+b=1.0
*Nhin xé: Cﬁr nhiéu ban giai dfmg béi né}r Céc
gia}r hojc file (word) khic nhau, trén do gh diy du
théng tin cd nhin bao gém ho tén, ldp, tnrong, xi,
huyén, tinh (thanh pho} Cac ban co lon gial tot nhét
li: Phi The: Ngé Binh Minh, 6A3, THCS Lam
Thao, Biii Ngec Tdn, Lé Ngwven Cuynh Trang, 9C,
THCS Van Lang, TP. Vigt Tri; Ngh§ An: Lé
Trieong Thai Bao, 8A2, THCS Thj trdn Quan Hanh,
Nghi Loc, Nguvén Thi Linh Dan, 6D, Nguyén Dinh
Tudn, 7C, Dink Thi Cwinh Chdu, Thdai Ba Bao, 8C,
-".’guyen Thi Nhie Qwynh A, 9A, Hodng thic Nhir, 9B,
Newyén Hitu Himg, Hoang Trdn Dire, 9D, THCS Ly
Nhit Quang, B6 Luong; Vinh Phic: Pham Negpe
Hoa, 9A1, THCS Séng Lo, Ta Kim Thanh Hién,
TA4, Biii Thi Liéw Dwong, 9A4, THCS Yén Lac: Ha
Nii: Tg Duy Phwong, 9A, THCS My Hung, Thanh
Oai, flinh Hoang Nhdr Minh, 8AS5, THCS Cau Gidy,
Q. Ciu Gidy; Thanh Héa: Ddng Quang Anh, 9A,
THCS MNguyén Chich, Péng Son, Trin Quic
Plwong, 9A, THCS Thi Trin, Thuimg Xudn;
Quing Tri: Dodn Nhdt Thanh, 8D, THCS ng)%n
Trdi, duémg Nguyén Binh Chiéu, Phuémg 3, TP.
DBong Ha; TP. Ho Chi Minh: Nguyén Tién Hoang,
9A6, THPT chuyén Trin Dai Nghia, 20 Ly Ty
Trong, Quén [; Thira Thién — Hueé: Neuvén Thanh
Nghia, 9/1, THCS Phi Thudn, Phi Vang; Quing
Nedi: DG Thi My Lan, 8, THCS Pham Vin E}ﬁng,
Hinh Phude, Nghia Hanh: TP. Hii Phong: Phing
COuang Minh, 9A1, THCS Hong Béng, Hong Béng;

Kon Tum: Nguyén Ngoe Khdnh Nhe, 9, THPT
chuyén Nguyén Tét Thanh, TP. Kon Tum: Hai
Dweong: Nguyén Van Cudng, 8A, THCS Hop Tién,
Nam Séch.

NGUYEN ANH QUAN
Bai T4/458. Tir diém M nam ngoai deong tron
(0) v& cic tiép tuyén MA, MB dén dwdgng tron
() (A. B lg cac Ir'[.';lr} diém). C la diém bat Ky
trén cung nho AB cua (). Cac tia AC va BC
lan fegt cdt MB va MA tai D va E. Chiing minh
ring dwdng tron ngoai tiép ciia cdc tam gide
ACE, BCD, OCM drjng guy Lai mof diém thir hai
kehac C.

Lévi gidi.

Ki higu (X¥Z) 1a duémg tron ngoai tiép tam gidc
XYZ. Goi F 1a giao diém thir hai cia cic duimg
tron (ACE} va (BCD). Ta s& chimg minh F
thujc dudmg tron (OCM), hay tir gidc OMCF
nfi tiép.

Ta ¢6 BDF = BCF = FAE nén tir gidc AFDM
ndi tiép,

Tuong tu AEF = ACF = FBM nén ti gidc
BFEM néi tiép. Tir d6 ta c6 CFM = CFE—MFE

1.—-——-- —

— CAM— MBE = E[O.‘JA—C‘GE) = COK =COM.

Suy ra tr gide OMCF ndi tiép. Véy ba dudmg tron
(ACE), (BCD) va (OCM) cling di qua diem F. O

# Nhin xét. Cac ban sau diy co o giai tut.

Phii tho: Newvén Hoang Phi, Tran Quic Lip, 9A3,
THCS Lém Thao; Thanh Ho#: Ddng Ouang Anh, 9A,

THCS Nguyén Chich, Bong Son; Nghg An: Ng:r,gwn
Trong Bing, 8A2, THCS Tir. Quan Hanh, Nghi Lic

NGUYEN THANH H{’:NG
Bai T5/458. Tim tat ca cdc bg ba sé nguyén

dieong (a, b, ©) thoa mdn: (@ +b)a+ B)=2

S6 462 (12-2015)
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.....

b nhu nhau. Khéng gidm téng quat, gia sir

az bz1. Khidéa'+b=a+b>2.

Tir dicu kién dé bai suy ra a, b cing chiin hodc
PRI [t el

ciung I, va .

at+bh’ =2" (2)

vidimneN mznm+n=c

Céng theo vé cta (1) va (2) ta co

(a+b)d' —-ab+d'F —ab’ +B' +1)=2"(2""+1) (3).
Néu g, b cling chin thi

a'—a'b+d'b —ab’ +b*+1 la s6 1e, tir (3) suy ra
(a+ b):2",

Ma2+2<a+b<a+b =2"nén a+b=2" vi
b="b" Suyrab=1, diéu nay méu thudn véi b
la s chan. Viy a, b cing 1é. Khi d6

a‘ —a'b+a’h’ —ab’ +b* +1chia 4 du 2, tir (3)
suy ra(a+ b):2"",

Ma l+1l<g+b<a+bh =2" néna+bchicd
thé 12 2" hodc 2".

“Néua+b=2"",kéthop véi (2)suyra b’ — b
=2"1 o pb*-1)=2"" Suyra2"': b,ma b
& 56 nguyén duong 1é nén b = 1, khi d6 2" =0,
diéu nay vo 1i.

*Néua+b=2" két hop véi (2) suyra b= b,
ma b 1a sé nguyén duong nén b = 1. Thay vao

Waimend® o2
a+l=2"

Trdésuyra a' —a +a° —a+1=2""(4). Doa
14 86 1é nén vé trai cia (4) 14 s6 1é, suy ra 2" "
phailaséle, tic1la2™ "=1 < m=n. Do do
@+ 1=a+1,suyraa=1. Thay a=b= lvao
(a° +b)a+b>)=2°, tatim duge c = 2.
Vay co ding mot bé ba s6 nguyén durong (a, b, c)
=(1, 1, 2) théa man dé bai. O
% Nhin xét. Da so cdc ban tham gia déu gidi trong
nhur céch trén. Tuyén duong cac ban sau cd loi giai ot
Ha Nii: Dinh Hodng Nhar Linh, 8A5, THCS Cau
Gidy; Vinh Phiae: Bii Thi Licu Dwong, 9A4, THCS
Yén Lac; Pham Ngoc Hoa, 9A1, THCS Séng Lo;
Ngh¢ An: Nguyén Dink Tudn, 7C, THCS Ly Nhit
Quang, D6 Luong; Tran Thi Diém Quynh, 9G,
THCS Biang Thai Mai, TP. Vinh; Thanh Héa: Odng
Quang Anh, 9A, THCS Neuyén Chich, Déng Son.
PHAM THI BACH NGQC

TOAN HOC
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Bai T6/458. Giai hé ;:Im'rmu trirnh:

lx+y+z +4 'r'. 4
1 — '.'\‘;"‘l
T T ! ] s
A EX oI T9IAZ =
| i 2

|.|. = minf.x, ¥, z)

Lai gidgi. Cach 1. PK: x.y,z20.
bit: Vx=a,Jy=bz=c = a20,b20,cz0. Khi
@+l +ct+abe=4 (1)

aﬁﬂmc}f_i (2).

d6 hé tro thanh:
a=min(a,b,c) (3)
Tir (1) va (3) suy ra:
=@ +P +* +abczid +a = a' +3a* -4<0
& (a-a+2F <0 g2l = g-2<0;

d=ag* +(b+c¥ +(a-2bc

> g +(b+cP +(a-2). {b;‘} ‘“”‘ 422 (brep
a+2 5
= 4- asz(bﬂ*)—::s b+c<2V2-a.
Két hop véi (2) ta duge

NH{ av2+232-a) ﬁ;{a+,|"6{2 ~a)
-:>|[1.16{2~a}~3]2~=_iﬂc=- a:%. Diu "=" xay ra

khi b=c=§ (théa mén). Tir d6 suy ra hé da

(#33)

39

Cdch 2. (Cha ban Fii Hﬂng Qudn, 12 Todn,
THPT chuyén Nguyén Tat Thanh, Yén Bai).
PK: xyz20. D3t x=42.y=4F:z=42>
az0,bz0c20 vd a=min{a,b,c). Thay vio hé

@+ +c +2abe=1 (4)

d3 cho duge . Tir (4)
Lﬁ+bﬁ+cﬁ=¥ (5) :

cho ¢é nghiém (x; v;z

suyratontal 0=, B, ;-i i+ p+y=n sao cho

a=cosa, b=cosP,c=cosy. Thay vao (5) ta

duge: V2cosa++3(cosp+ msﬂ=%§
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?J_ 2&::.:.@‘3' Te ——q’_ms{ﬁﬂf}

EZnﬁcosm—Eﬂ ¢051E.%l'f+ﬁ

’ (thoa mén). 0
y=z= 5

¥ Nhin xét. 1) Trong céc bai gidi chi c6 hai bai sai.
Pla 56 cac ban déu lam theo ¥ tuéng cia cach 1 14 dat
in phy dé khir can, réi danh gid theo bién mdi, tir do
tim duge nghiém cia hé. Nhiéu ban di dura ra nhimg
cach ddnh gid hay. Cich gidi biing lrong gide bai
nay cing 1a cach giai gon gang va dic déo.

2) Ngodi ban Qudn, cic ban sau cé 11 tot:

Ha Nii: Trdn Bd Khoi, Pham Negoc Khdanh, 11T2,
THPT chuyén BHSP Ha Noi. Nam Binh: Nguyén
Hoang Huy, 10T2, THPT chuyén Lé Hong Phong.
Phii The: Ngu}en e Thugn, 11 Toan, THPT
chuyén Hing Vuong. Bic Ninh: Newvén Viét Ha,
11A1, THPT Yén Phong so I, huyén Yén Phong;
Lé Huy Cuwemg, 12 Todn, THPT chuyén Bac Ninh.
Hung Yén: Vi Tdn Khang, 10 Toan 1, THPT
chuyén Hung Yén; Nguyén Thi Thanh Lan, 11AS,
Nguvén Phic Hoang, Nguvén Manh Hiép, 11A9,
THPT Duong Quang Ham, Van Giang. Thii Binh;
Tran Quang Minh, 11A1, THPT Péng Thuy Anh.
Nghé An: Nguyén Phimg Théi Cuwomg, 11A1, THPT
Thai Hoa, TX. Thdi Hoa; V8 Viér Anh, 10A1, THPT
chuyén Phan Béi Chiu; Bdng Hodng Manh, 1241,
THPT Anh Son 2. Thira Thién — Hué: Phan Trdn
Hudng, 10T1, Phan Thi Thdo Huyvén, 12T1, THPT
chuyén Quéc hpc Hué. Binh Dinh: Trdn Lé Xudn
Triic, Tran Van Thién, 11 Toan, THPT chuyén Lé
Quy Bon, TP. Quy Nhon, Bﬂng Thép: Pé Hoang
Viét, 10T, THPT chuyén Nguyén Quang Diéu. Phi

Yén: Phan Xudn Thanh Lam, 10 Toan, THPT
chuyén Luong Vian Chinh. '

TRAN HU'U NAM
Bai T7/458. Cho hinh thoi ABCD o6 e

BAD =120 Goi M la diém thay doi trén canh
BD: H va K lan heot la hink chiéu vHgng goc
AB, ALy, N la trung
diém dogn HK. Chimg minh rang dwomg thing

cua M frén cac dwong thang

MN ludn di qua mot diém co dinh.

Lévi gidi.

Trén nira mit phing bd BD chira A, 1y diém E
sa0 cho ABED déu thi £ la diém co dinh.
Goi P, O lan lugt 14 giao diém cia MH, MK véi
BE va DE; I 14 giao diém cua PO va EM. Dé
thdy EB 1 BC, MK 1 AD = MK 1 BC, do d6

EB//MK. Tuong tuv ED//MH, suy ra tr gidc
EPMQ la hinh binh hanh, nén 7 1a trung diém

cia PQ (1). Mit khdc, vi PBH=MBH=3(F
= ABPM cin tai B = HM = HP. Chimg
minh twomg tir cd KM = KQ, suy ra HK la
dudmg trung binh cua AMPQ = HK//PQ (2).

Tir (1). (2) va chii y dén NH = NK ta thiy ba
diém M, N, I thiing hang. Tir d6 ta c6 ba diém
M N E thang_ hang. Tom lai duong thing MN
luén di qua diém £ co dinh.

»Nhin xét. Trén day la mjt cich giai phu hop vii
cic ban bac THCS, Hau hét cic 1éi giai giri vé toa
soan déu sir dung phuong phap vecto hodic phuong
phap toa dd. Nhimg ban sau c6 1&d gidi gon hon ca:
Ha Nji: Vii Buec Van, Pham Ngoe Khanh, 11 Toan
1, THPT chuyén DHSP Ha Néi. Tran Nhdt Quang,
11A2 Toan, THPT chuyén KHTN, BHQG Ha N,
Vieemg Tién Dat, 10 Todn A, THPT chuyén Nguyén
Hué; Vinh Phiic: 6 Van Quvér, Ha Hiru Linh,
LIA1, THPT chuyén Vinh Phic; Yén Bai: Vi Hong
Quan, 12 Toén, THPT chuyén Nguyén Tét Thanh;
Humg Yén: Vit Thi Vin Anh, 10 Toan 1, Bii Tién
Trung, 11 Toén, THPT chuyén Himg Yén; Neuvén
FPhiie Hoang, 11A9, THPT Dwong Quang Ham, Vin
Giang; D6 Trung Hiéu, Neuyén Dirc Liomg, 10A1,
THPT Yén My, Yén M¥; Phi The: Newyén Dire
Thugn, 11 Toan, THPT chuyén Hing Vuong; Nghé
An: Tang Van Minh Himg, 9A, THCS Ly Nhit
Quang, D& Luong, Nguven Thi Hang, 10Al, Cao
Hiru Dat, Neuvén Hong Quic Khanh, 11A1, THPT
chuyén Phan Bdi Chiu, TP. Vinh, Nguyen Phing
Thai Cucng, 11A1, THPT Thii Hoa, TX. Thai Hoa;

Binh Pinh: Trdn Van Thién, 11 Toan, THPT
; TOAN HOC
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chuyén L& Quy Bon, TP. Quy Nhon; Long An:
Pham Qudc Thang, 11T1, THPT chuyén Long An;
Vinh Long: Lé Nguyén Minh Long, 11T1, THPT
chuyén Nguyén Binh Khiém.

HO QUANG VINH

Bai T8/458. Cho tam giac ABC. Tim gida tri lim
nhdt va gia tri nhd nhat coa biéu thiec:
P =cos” 24.cos” 2B.cos” 2C
cosdA.cos4B.cos4C
' 3 5 8 . |
Lai gigi. Nhan thay trong ba s0 2cosd4A+1;
2cos4B8+1: 2cos4C+1 ludn ton tai hai s
khong trai déu nhau. Gia st hai sé d6 13
2cosd44+1; 2cosdB+1.
Suy ra (2cos4A+1)(2cos4B+1)=0.
Ta cé 8P =8cos’ 24cos” 2Bcos” 2C
+cosd dcosdBcosd4C
=2(1+cos4A)(1+cos4B)cos’ 2C
+cosdAcos4B(2cos’ 2C 1)
=2(1+cosdd+cos4B +2cosdAcos48)
X cos’ 2C —cos4Acos4B
=(2cos44+1)(2cos 4B +1)cos” 2C +cos” 2C

u%{cns 4{A+ B)+cosd( A —E}]
=(2cos44 +1)(2cos 4B +1)cos’ 2C +cos’ 2C

] 1
g Cos 4C—ECUS4{A— B

=(2cosd4A4+1)(2cos4B +1)cos* 2C +cos’ 2C
—%(zcoslzc—l}—écusau—g}
=(2cos4A+1)(2cos4B +1)cos’ 2C
i 1 —msz{A—B} >0,
Suyra P = 0. Déu ding thirc xay ra khi vi chi khi
(2cos4A4+1)(2cos4B+1)cos2C =0
1 -cus4{A —B} =0

n 3 —_ —-.TE = :3_ﬂ:
@A-E—i hodc A—B_ﬁ hodic A=8 3

Viay minP =0 khi tam gidgc ABC déu hodc c6
hai goc bing =, goc con lai bing 2—; hoke 66
hai goc %" géc con lai bing .

Mat khac P =cos’ 24cos’ 2Bcos” 2C

22
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cosdAdcos4Bcos4C 1 9
+ 7 £l+§_§
Déu dang thirc xay ra khi

cos’ 24cos* 2Bcos’ 2C =1
cosd Acosd4Bcosd4C=1

He nity v6 nghiém v 4, B,C e(0;m). Viy P{%.

Xeét truémg hop tam gidc ABC co A=B=ux
C=n—-2x Taco

limP:lim[ms“ 2xcos” dx+
x—ld x—l

cos” 4xcos8x e
] 8

Do d6 P khong cé gia tri 1ém nht.

Két lugn: min P=0 khi tam gidc ABC déu

hodc ¢6 hai géc bing % gbe con lai bang

2
e )
#Nhin xét. Day la bai toan kho nén chi co rat it

P khéng ¢6 gid tri 16m nhat. O

byt it bdi gidi. C6 ban ssu khi chi ra P s% i
diu ding thirc khong xdy ra, d3 két luin P khong c6
gia tri 1ém nhét. Ly ludn nhur thé 13 khéng ding. _
Chang han, ta c6 f(x)=sinx+cosx=2 va diu
ding thirc khéng
max f(x)=+2.

Lwu ¥ réng, néu chimg minh duge f(x,v,.)<C

xiy Ta nhumg vin cb

va cd mit tneémp hop riéng cia (x, p,..) sao cho
lim f(x, v,...)=C thi ta cé thé két lugn f(x,»,...)
khong c6 gid trj 16n nhat. _
Cée ban sau déy co bai giai tot : Ha Nji: Tran Ba
Khai, 11T2, THPT chuyén DHSP Ha Néi; Hung
Yén: Negwyén Manh Hiép, 11A9, THPT Duong
Quiang Ham.
NGUYEN ANH DUNG
Bai T9/458. Tim s6 k nho nhat sao cho:
S=a +b +c +kabe
E::;[u:“l-r(‘]+h:[(‘+ﬂ}+f.':fu+ﬁ:|-i*_~'l::H_]J-
. 4
vai moi a, b, ¢ la dé dai ba canh ctia mét tam
gide. )
Lai giai. (Theo cach cua da so cac ban) Xét cac
1 1

tam gidc cin ABC véi c=1, a:h:§+;._
nel . Khido

3 2 k+3 2
S=2a +1+ka - [2a(a+1}+ 2a]

i}
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=q -a --a+1—%|{a3 -2a° +a)

;(a—l}z[{an}—%a].

(+3)
Didh Setes kgt " wneN'.
@ T+

£

Vi Iim—g=3 nén suy ra k=>9. Ta chimg
i [

minh & =9nﬂ_16a mdn (1). Thit vay, vi vai trd
a, b, ¢ binh ding, khong mat tinh tong quat, coi
g =maxia,b,ct. Khidd
S=a'+b'+¢’ +9abe
2@’ (b+c)+ b (c+a)+c*(a+b))
=(a’ —a’b—a'c)+(abc+ab® —a’h)
+abc+ac® —a'c)
+(abc=bc=bc )+ b+ = (bPc+bc?)
+(6abc—3ab’ —3ac’)
=a' (a-b-c)-abla-b-c)
—~acla-b-c)+be(a-b-c)
Hb+c)b” —bc+c ) =belb+c)=3alb’ =2bc+c*)
=(a—b—c)(a —ab—ac+bc)
+Hb+e)b* =2be+c*)-3a(b® —2be+¢t)
=(a—-b-cllala-b)—cla-b)]
+Hb+e)b-cy =3alb-c)
=(a—b—cla—b)la—c)+(b—c) (b+c—3a) 0.
Viy s6 k nhé nhét sao cho
S=a'+b' +¢" —kabc

—mfa (b+e)+b (c+a)+c’(a+b)]<0

théa min v&i moi tam gide cd 4o dai cac canh
tiromg img a, b, cla k=9. 0O

#Nhdn xér. Diy la bai toan vé bit dang thirc cé yéu
to gidi tich lién quan dén gicri han {tiém cin) nén
nhiéu ban d3 khéing chi ra dwuge st k chinh xdc.
Mot so ban biét sir dung bét dang thire Schur hodic
sit dyng phuong phép vecto ciing cho két qua ngin
gon. Cac ban sau diy c6 1o giai dang. )
Bic Ninh: Lé Huyy Cuwong, 12T, THPT chuyén Bic
Ninh; Ha N§i: Hodng Lé Nhdar Ting, 11T2, THPT
chuyén KHTN, BPHQG Ha N&i, Vi Puc Vin, 10T1,
Ta Khdnh Ha, 11T1, THPT chuyén BHSP, Lé Duy

Anh, 11A1, THPT Nguyén Tit Thinh; Hung Yén:
Nguyén Phic Hoang, Dwong Hong Som 11A9,
Newyén Thi Thanh Lan, 11A8, THPT Duong Quéng
Ham; Long An: Nguyén Lic Phic, 11T1, Deng
Thanh Trung, 11T2, THPT chuyén Long An; Nam
Pinh: Dodn Thi Nhai, 11T1, THPT chuyén Lé Hong
Phong, Phi Yén: Phan Xudn Thanh Ldm, 10T,
THPT chuyén Luong Vin Chénh; Quéng Binh:
Hoang Thanh Viér, 10T, THPT chuyén Vo Nguyén
Gidp; Thdi Nguyén: Vwong Lam Huy, 11T, THPT
chuyén Théi Nguyén; Thanh Héa: Newyén Ba
Tudn, 10A5, THPT Luong Dic Bing; Yén Bdi: Vi
Hong Quén, 12T, THPT chuyén Nguyén Tit Thinh.

NGUYEN VAN MAU
Bai T10/458. Cho ddy da thie |F, {r‘J:l thoa
man diéu kién: Rix)=2x, B(x)=2 *+1) va
P(x)=2xP, ,(x)—(x" 1P _,(x), ne N,n 23,
Chumng minh rang diéu kién can va du dé da
thiee P (x) chia hét cho da thic Q(r}l=x2 +1
la n=4k+2,kel,
Léi gidi. (Theo ban Trdan Nhet Quang, 11A2,
Todn, THPT chuyén KHTN, DPHQG Ha Ngi).
Bang quy nap dé dang chimg minh duge

Pix)=(x+1)"+(x-1)".
Xét n=dk+r,0=r=3. Tacd
B(x)=(x+1)" +(x=1)"=(x+ D" +(x-1**
=(x+ D[ +D'TF + (=D [x-1'Y
=(x+1)[(x" +1)(x° +4x+5) - 4T
Hoe =1 [(x" + 1)(x* —4x+5)-4]

={x" + DR, (x)+ (~4) [(x+1) +(x=1)").
bt H (x)=(-4) [(x+1) +(x-1)"].
Ta thdy P(x):x"+1 khi va chi khi H (x) chia
hétcho x* +1.
Vi r=0, H,(x)=(—4)* 2,
Véi r=1, H(x)=(-4)" 2x.
V6i r=2, H,(x)=(-4)" 2(x" +1).
Véai r=3, H,(x)=(—4)".2(x" + 3x).
Ro raing H,(x)ix'+1 va H (x)[x*+1 voi
r=20,1,3 Viy P(x):x"+1 khi va chi khi
n=4k+2.0
»Nhgn xét. Bai niy duge rit nhidu ban tham gia
giai véi nhidu cich khic nhau. Tuy nhién cich giai

néu trén cla ban Quang 1a ngan gon va hay nht.
Céc ban sau diy cd lin giai tot:
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Ha Nji: Fi Duc Van, 11 Todn 1, THPT chuyén
DHSP Ha Noi; Yén Bai: Vii Hong Qudn, 12 Toan,
THPT chuyén Nguyén Tit Thanh; Nam Dinh:
Dodn Thi Nhai, 11 Toan 1, THPT chuyén L& Hong
Phong: Phii Yén: Phan Xudn Thanh Lam, 10 Todn,
THPT chuyén Luong Van Chanh; Nghé An: Cao
Hiru Pat, 11A1, THPT chuyén Phan Bdi Chéu;
Hung Yén: Triéu Ninh Ngdn, 11A9, THPFT Duwong
Qudng Ham; Long An: Nguyén Lic Phic, 11T1,
THPT chuyén Long An.

DANG HUNG THANG

Bai T11/458. Cho ham so

flm)=14+2n+3r +...+ 20160
v (B By Bage s (S Sjsens S

2016).

o) la hai hoan vi

ctig (0, L..., Chitng minh rang trong idp

fop A f.'-:l_-"'if“fl, TR N _-’.‘.-'-.,:ir_]: .f-:J:'.l.' fexi

Mk
hai s6 khdc nhau 6 hiéu chia hét cho 2017.
Léi gidi. D& cho gon ta ki higu 2017 = p, p la sb
nguyén tb 1& Taco fln)=1+2n+37 +..+H(p—lr'™
= (n=-1)f(n)=n+2n"+3n" +...

Hp-Dn"' —1-2n=30* + ...+ (p-Dn*"*

=pn" —(l+n+n’ +..+n"")

= (n=-1)" f(n) = pn’ " (n=1)

—(l+n+n" +..+n"" Wn-1)
= pn” —pn” —(n” ~1)
=—n" +1 (mod p)=—n+1 (mod p)

(theo dinh 1y Fermat) (1).
Do dé néu ne{i},,l,l,...,p—l}, Ji(m)=0(mod p)
thin=1
(cha ¥ f{l}:l+2+3+...+{p—]}=w L p
do p 1€).
Gid s n,me {ﬂ,?,,..,p—l} ma
f(n)= f(m)=c (mod p),c=0.

Tir (1) ta suy ra (n=lc+l=(m—1)c+1=0(mod p)
= (n—m).c=0(mod p)=>n=m. Nhir viy
L), F(D,.... f(p—1)} 12 mdt hé thing du diy
du (HTDDD) mod p.
Giasir f(i)=a (modp), 0=a <p-1, i=0L...p-L
Theo chimg minh trén {a,.q,,...,a,,} la mdt
hodn vi cta cde s6 {0,1,2....p—1}.
Tiép theo ta s& chimg minh {5,q,5,.. S,qd, .}
khéng 1a mét HTDED modp.

TOAN HOC
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Phan chimg {s,a,,5a,5,8,....5, @, ;} la mot
HTDDD modp. Néu cin ki hiéu lai, khéng mét
tinh tong quét ta gia sir 5, =0. Suy ra a, =0. vi

néu i#0,a =0=sa,=5a=0 miu thuin
v gia thiét phan chimg, Suy ra

5,8,.5,,...5, a, =(p-1)I=-1(mod p), theo
dinh ly Wilson. Mat khic s,q,5,a,...5 2,

= (8,835, M@ ay.t, ) =((p~1))* =1 (mod p).
Do d6 ta c6 méu thuin —1=1 (mod p).

Bdi vy gia thiét phan chimg sai, tir d6 ta ¢6 két
ludn cua bai todn. O

» Nhn xét. Diy 1a bai toan s6 hoe sdu sc, hay. Cée
ban hoc sinh sau co 1od giai dong:

Yén Bii: Vi Hong Qudn, 12T, THPT Nguyén Tat
Thanh; Vinh Phic: Ha Hitu Linh, Do Van Quyét,
[1Al, THPT chuyén Vinh Phic; Hdi Phong: Pa
Tién Pgt, 8A2, THCS Héng Bang; Ha N§i: Ta
Khdnh Ha, 11T1, THPT chuyén PHSP Ha N,
Tran Nhdt Quang, 11A2 Toan, THPT chuyén
KHTN PHQG Ha Noi; Nam Dinh: Nguyén Hodng
Huy, 10T2, THPT chuyén Lé Héng Phong: Thanh
Hoa: Nguyén Tién Tai, 12T, THPT chu;en Lam
Son; Nghé An: Cao Hifu Dat, Neuvén Hiong Quic
Khdnh, Phan Dire Tién, 11A1, THPT chuyén Phan
Bai Chau: Long An: V5 Quic Thinh, 11T1, THPT
chuyén Long An; Phi Yén: Phan Xudn Thanh Ldm,
10T, THPT chuyén Luwong WVan Chénh; Binh

Phwrdc: Pham Ngoe Huv, AK11, THPT chuyén
Quang Trung.

NGUYEN MINH bUC
Bai I.t1 4"8 Cho fe I'.'i" giac Al B a diem M
hér kv, Chimg minh rdng

| | | q
BC® CA* AR (MA+MB+ MCY

Loi giai. (Theo ban Tg Khanh Ha, THPT
chuyén DHSP Ha Ngi).

Trude hét xin phat bidu khéng chimg minh mét
bé dé quen thude.

Bé dé. Cho tam gidc ABC va diém M bat ki.
Néu A>120° thi MdA+MB+MC nho nhét khi
va chi khi M tring A.

Néu B=120° thi MA+MB+MC nhé nhét khi
va chi khi M tring B.

Néu C=120° thi MA+MB+MC nho nhit khi
vi chi khi M tring C.

Néu max[ﬁ,ﬁ,(‘f} <120° thi MA+MB+MC
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nho nhét khi va chi khi

BMC=CMA = AMB=120°.
Chii y. Néu m{ﬁ,ﬁ,@] <120° va
BMC=CMA=AMB=120° thi M nim trong
tam gidc ABC va M dugc goi la diém Toricelli
cua no.
Tror lai gidi bai toan T12/458. C6 hai trwomg
hop xay ra.
Trueomg hop 1. mx{ﬁj,&}zum.

Khong mét tinh tong quét gia st A= 120°.

I 1 1 1 1+
-+ +—_ |
BC' CA* AB  (C4+4BY 2((:4 AB]
(ViBC<CA+AB;2(x* +y' )= (x+y)’ ¥, 3)
1 1 16
> = +§ =
(CA+AB) (CA+ AB)

% |
{w{x+y)[;+
o o i 2

(CA+ABY  (MA+MB+MCY
Trieomg hop 2. max{ﬁ, B, E‘} <120°.

Goi M, 1a diém Toricelli ciia tam gidc ABC.

bat x=M A;y=MB,z=M,C. Vi
BM,C=CM,A =AM, B=120° nén, theo dinh li
cosin, taco BC =y +2° +yz;CA* =2° + x* + =
AB =x"+y" +xy (1).

Fl)z 4,%x>0,y>0)

(theo bd dé trén).

2

2 LA
¥ +z_}{x+_v+z]

£ = !vx! Fr=
b ¢ a+bte ¥

Chii ¥ ring §+
a.b,e>0, ta co

P +2hptzry o) +7 HEa(x+y+z)
E yz+zz+}z _é VY +Z 4

.1'+ +2'
Sy
lPZ.P +z +.}Z

+(x+y+z) Z {

xly +z +yz)

3+{.I+_}’+Z Em

|[x+y+z]

i = o e T e e v

{Jt:+y+z]3
(x+y+z)(yz+2x+xy)

=3+(x+y+z)

el i ot
yz+zx+xy
; (x+y+ z]2 F '5|'|'[Jr+y+z}2 —9(yz+zx+xy)
JELENF XY (x+y+ z]z

'5'(.»:z 432 428 +yz+zx+,{v}

{x+y+z]2
+{r+y+z 9(v‘z+zx+xy
VABRY | (xaytz)
2

9( +y°+2° +yz+z¥+xv)
5 3
(x+p+z)
LR I[x+y+z]'l9{yz+z.x+a?i}
yz+zx+xy {x+y+z}'

9(x* +y? +27 +yz+ax+xy)

{.I-!-_}‘-i-z}l
‘](.ri+y2 +zl+yz+zr+1j,']
B {.x+y+z}2 ‘
Dodé > : > ' (2).

:.}-.:..:!'Jz_'-Zz-‘_y3 {x+}’+2}:

Tir (1) va (2), theo bd dé trén, suy ra
1 4 1 L 1 > 9 -
BC' CA" AB® "~ (MA+MB+MC)

E):ﬁng thirc xay ra khi va chi khi tam giac ABC
déu va M1a 1a diém Toricelli cia n6. O
* Nhdn xét. Bai toan nay kho, ngoai ban Khdnh Ha,
chi c6 5 ban tham gia giai: Ha Ni: Ta Ngoc Khanh,
Vii Dirc Van, 11T1, THPT chuyén DHSP Ha Noi;
Ngh& An: Nguyén Hong Quoc Khanh, Nguyén Huy
Himg Minh, Phan e Tién, 11Al, THPT chuyén
Phan Bgi Chéu, TP. Vinh,

NGUYEN MINH HA
Bai L1/458. Mot thaw kink mang hai mdt 16 c6
ban kinh bang nhau. Khoang cdch giita hai tiéu
diém chinh khi dat thau kinh trong khong khi va
dat trong mede Idn legnt la 2/, va 2f5. Cho chiét
suat trvet doi ciia khong khi béang 1. chiét sudt
fuvet doi cuia mede bing n,,.
1) Tinh chiér sudt tuvél doi ena chet lam thanu kink.
2} Pt thau kink-ngdp mdt mia trong mede sdo

cho true chinh vuong gac vai mdt phang phdn

TOAN H
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cach medc va khing khi.Tinh khoang cdch giita

hai tiéu diém chinh.

Lo gidi.

1) Khi d3t thiu kinh trong khéng khi thi khoang

cich giira hai tiéu diém chinh 1a 2f;

::% ={n~l}% (1) (véi R 1a ban kinh mit cong)
41

Khi dat thdu kinh trong khong khi thi khoang

cach giira hai tiéu diém chinh 14 2,

| n 5]
:E{E‘i]ﬁ @)
Tir (1) va(2) taco: j{f‘: = i__ll :.-r.-zflifz
" n

2) Khi dat thau kinh ngdp mét nira trong nudc
* Xét truomg hop 1, mdi truémg téi 1a khong
khi, 4p dung cong thirc lwdmg chét cu ta co:

n=1_ I " Fo— o el
i (] P B!, DO
R dd O mtatae

Vi thiu kinh 12 méng nén: d, =— dz ,di =
|

Tix (3) va (4) suy ra: n—‘.‘,— 7

Thay (1) va (2) vao (5) ta cd:
”.11 __]" _FEE.. e 2f-l-lirzﬂlﬂ
T T

* Xét truémg hop 2, méi trudmg téi 13 nudce,
tuong tr ta cé:
R, e L

251
T ® TR 3y ar R i

Suy ra khodng cich gilta hai tiéu diém la:

= g = 2ALMED 4

&f = f[ +.-f1 = fz ’rﬂf '
¥ Nhén xét. Chic mimg cc ban ¢6 1o giai ding dé
ra ki ndy: Nam Dinh: Newén Dirc DPar, 11L¥,
Nguyén Nam Khénh, Pham Ngoc Nam, Nguyén Vin
Qudn, 12 Ly, THPT chuyén Lé Hdng Phong;
Khinh Héa: Ngwyén Kim Hoang, 10A12, THPT
Nguyén Trdi, Ninh Pa, Ninh Hod; Binh Phudc:
Pham Van Som, AK11, THPT chuyén Quang Trung.

DINH TH] THAI QUYNH

TOAN HOC
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Bai L2/458. Mot qua cdu lém dan dién c6 bdn
kinh R = 0.2 m duwgc tich di¢n dén V = 1000V,
Mot qua cau nho dan dign cé bdn kinh
r=01m chua tich dién, co gci'n fay cam cdch
dién. Cho hai gua cdu tiép xic voi nhau roi
diea qua cau nhé ra xa va cho né phong dién
hét dién tich thu dwpe. Sau dé lai cho hai gua
cdu tiép xiic nhau. Hoi can lam nhw vay bao
nhiéu lan dé dién thé qua cau lém con lai bang
F'=905V.

Léi gidi. Goi V; 1a dién thé cia qua ciu l6n
(ciing bang dién thé ctia qua cau nho) sau lin
tiép xtic thir nhét. Dién tich ban dau cia qua ciu

T -
lom: 0= T
Sau lan tiép xic thir nhit, dién tich cua qua ciu

16n va nho l4n luot bing: O, = i;—"?":Q2 -l

?.
Do bido toan dién tich O=0,+Q, nén ta tim
V.R
QR85 R+r

Tuong tu nhu viy, sau lin tiép xie thir 2, dién

" y V.R R Y
SO Lk _ _v 1
thé qua cau lom 14 V. e [R+r]

i \|.. Suy ra

Sau lan tiep xic thir n: V, = V[RH';

P, :
n:lug,ﬂ_l__[ﬁ-]. Thay V, = V'= 905(V);
V= 1000(V); R = 0,2(m); r = 0,1{cm) ta tim
duge n=2014n. O
¥ Nhn xét. Do d& bai in nhim » = 0,1(cm) thinh
= 0,1{m) nén mét 6 ban ¢6 dap sb khong hop 1.
Thanh thit xin 15i ban doc. Céc ban cé 1&i giai ding:
Nam Dinh: Ngwvén Nam Khanh, 12 Ly, THPT
chuyén Lé Hong Phong; Khanh Hoa: Nguyén Kim
Hodang, 10A12, THPT Nguyén Tri, Ninh Hoa.

NGUYEN XUAN QUANG
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TIENG ANH QUA CAC BAI TOAN

Bai sé 3

Problem. Let n be a natural number which is
greater than 1. Prove that the sum of all n"
roots of unity is equal to (.

be all n"
unity, i.e. they are complex solutions of the
z"-1=10, the
factorization z" -1=(z—z)...(z—-z,) (1)
Expanding the right hand side (RHS) of (1), we
see that the coefficient of 2" in the RHS of (1)
is equal to (=I)(z, +...+z,). On the other hand,
the coefficient of ="~ in the left hand side (LHS)
of (1)is 0. Thus, z, +z, +..+z, =0.(q.ed.)

Solution 1. Let z,...,z roots of

]

equation Hence we have

N
Solution 2. Let z, .—,mg[@J... jsin[@}
" n

k=1,..,n. We know that they are all »™ roots of
unity. It is also true that z.z =z, z,.z, = z,,..,

2.2, =2, &2, =2

Therefore, z(z+z+.4z) =(z+z+.+2) Since
zy#l,weget z+2,+..+2, =0, (qe.d)
TU VUNG

unity :dom vi
n™ root of unity  : ciin bic # cia don vi
ie : nghia la
complex solution : nghiém phirc
factorization : phén tich thanh nhin tr
to expand : khai tnén
: vé phai (thuémg duoc viét

tit la RHS)
: Vé tréi (thuomg duroc viet

tit la LHS)

right hand side
left hand side

on the other hand : mét khac

q.e.d. - diéu phai chirng minh

NGUYEN PHI HOANG LAN
(Trwong DHKHTN, PHOG Ha Ngi)

Han giri bai djch: Mudn nhat la hai thing sau khi dang bai.

PROBLEMS ... (Tiép theo trang 17)

Problem T9/462. Let a, b, ¢ be the lengths of
three sides of a triangle. Prove that

Ha® +b° +c%) ab+bc+ca{2
(a+b+e)  d+dP+er

TOWARDS MATHEMATICAL
OLYMPIAD

Problem T10/462. Find the number of the triples
(a, b, ¢) of integers in the interval [1, 2015] such
that @* + b + ¢ is divisible by 97

Problem T11/462. Let a, b, and ¢ be real

numbers such that a +b°+¢” =1. Find the
minimum value of the expression

P= |ﬁ¢13 + bc| i |ﬁb3 - cra| £ |ﬁc3 + ab| :

Problem T12/462. Given a triangle ABC with (O)
and A respectively are the circumcircle and the
orthocenter of the triangle. Let P be an arbitrary

point on OH. Let A,.B;,C; respectively be the
intersections between AH, BH, CH and BC, CA,
AB. Suppose that A, B,,C, respectively be the
second intersections between AP, BP, CP and (O).
Let 4,,8,,C, respectively be the reflection points
of 4,B,C, through A,,B,,C,. Prove that H,
4,,B,,C, belong to a circle with center is on OH.

Transiated by NGUYEN PHU HOANG LAN
{Caollege of Science-Vietnam National University, Hanoi)
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CHUYEM KE vE

LICH ST
T0 %llHt’J{“

I __"‘-—_...__

|. Diophante vi tic pham Arithmetica

Cho dén nay, ngudi ta chua xac dinh duoc nim
sinh vi quédc tich cia Diophante, chi biét ring
ong song vao thé ky thir 11, cing théri véi nha
todn hoc Heron. Ngoai su kién dng di thanh dat
& Alexandria, nguin ta khéng
biét duge gi hon vé 6ng.
Diophante viét ba cong trinh:
Arithmetica, d6 13 céng trinh
quan trong nhit cia éng va
hién com gilt duge 6 trong 13
quyén; Vé cde da gide chi con
giit lai vai doan; va quyén Porisms hién bi tht
lac.

Arithmetica 13 mot tac pham 1én phan tich siu
shc cdc van dé ly thuyét dai s6 vé s6 va cho thay
tic gia 14 mét thién tai trong linh vire nay. Phén
con luru giir duge cla cong trinh nay noi vé cach
giai khoang 130 bai toan rit khac nhau din dén
cac phuong trinh bic nhét va bic hai. Mot sé
phuong trinh bac ba dic biét da dwgc giai.
Quyén thir nhit néi vé cdc phuong trinh xédc
dinh mot dn va cic qu};én con lai ban vé céc
phueng trinh bét dinh bac hai hodc cao hon véi
hai hodic ba én.

Sau diy la mdt sd bai todn trong Arithmetica,
tit ca déu rat qu}rén rii va mot s6 con lai con
thach thire nira. Cén chu v ring & diy “s6” cd
nghia 14 s6 hiru ty duong.

Diophante

I. Tim hai sé chinh phuong sao cho tich ciia
chiimg cong véi moi sé do déu la sé chinh
phicong (Bai toan 28, Quyén 1I).

2. Tim ba 56 sao cho téng ctia ching la mét s6
chinh phicong va tong ciia bdt ky edp néo ciing
I mit 56 chinh phiong (Bai toan 6, Quyén I1T).

TAC PHAM ARITHMETICA

RGUON CAM HUNG
KHONG BAD IO VOl CAN CUR CAC NHA 50 HOC

*Mathematics is the Oueen of allScience and Arvithmetic is the Chieen of Mathemarics™

C. F. Gauss

3. Tim ba s6 trong cdp s6 cing sao cho tong
cua bat ky cdp nao ciing la mot s chinh
phieong (Bai toan 7, Quyén I11).

4. Tfm ba so sao cho tich cua hai 56 ndo cong
Vi 56 con lai ciing la mgt 56 chinh phwong (Bai
toan 13, Qu}:én 1. '

5. Tim ba 56 sao cho tich cua hai 56 nao cong
vdi tong hai sé do ciing la mét so chinh phiong
(Bai toan 15, Quyén II).

6. Tim hai s6 sao cho tong cia ching bing
mng ldp phwonmg cua ching (Bai toan 10,
Quyén IV).

7. Tim ba 56 trong edp 56 nhan sao cho hi¢u
clia bat ky cap nao ciing la mot 56 chinh
phurong (Bai toan 21, Quyén IV).

Trong tac phiam Arithmetica, Diophante da dua
ra cach viét tit cho cdc n s6, 1én dén liy thira
béc 6, phép trir, ding thirc va phép nghich dao.
Ngudi ta xem ong 14 ngudi tién phong trong
viée sir dung ki hidu dai sb dé trinh biy cic lip
ludn cua minh.

2. Anh hwing cua tic phim Arithmetica dii
vi¥i cde nha todn hoe edn dai

Téc pham Arithmetica c6 anh huémg siu sic va
la nguon mach khoi déy niém dam mé sang tao
d6i voi cac nha s6 hoc cdn dai, ddc biét 1a nha
todn hoc Phap Pierre de Fermat (1601 — 1663).
C6 nhimg két qua sdu sic vé s6 duge phat biéu
trong Arithmetica. Ching han: higu hai ldp
phuang hitu v cing la .I"(ing ctia hai ldp phiong
hifu 1y, mot vin dé ma sau ndy di dugc Viére,
Bachet va Fermat nghién ciru téi. C6 nhiéu
ménh dé noi vé cach biéu thi cac sé dudi dang
tong cua hai, ba hay bon binh phwong, mét linh
vire ma sau 1500 nim sau mai duee hodn thién
bai Fermat, Euler va Lagrange.

Nha toan hoc Pierre de Fermat (1601 — 16635)
sinh & gén thanh phd Toulouse trong mdt gia

https://tieulun.hopto.org



dinh kinh doanh da thuge. f}ng von la mat luat
sur nhung lai rit dam mé nghién ciu todan hoc,
va dugc xem nhu nha toan hoc Phap vi dai nhiit
clia thé ky XVII. Trong nhitng déng gop da
dang ctia Fermat cho todn hoc thi noi bt nhit 14
viée dat nén mong cho 1y thuyét hién dai vé so.
Trong linh vue nay, Fermat to ra ¢d mdt tryuc
giac va mdt kha nang thit khac thuomg. Cam
himg ctia éng ¢6 1& duge khoi day béi tac phim
Arithmetica cua Diophante théng qua ban
dijch Latin cia Bachet de Méziriac duge cong
bo niam 1621. Nhidu déng gop cia ong vé Ly
thuyét 50 12 nhimg v kién ghi ngoai I& trong ban
sao clia 6ng vé cong trinh cla Bacher. Nam
1670, khi éng qua d&i duoce nim niim, nhimg
ghi chép nay di dugc con trai clia dng la
Clément-Samuel thu thip lai dua vao lan xuit
ban mdi cudn Arithmetica . Sau diy 1a mot s6
két qua minh hoa phuong hudémg chung trong
cdc cing trinh nghién ciru cia Fermat.

1. Néu p la s6 nguvén to va a nguyén to ciing
nhau doi véip thi a*' =1 chia hét cho p.

2. Moi 56 nguyvén té lé déu co thé biéu thi dwge
bang hiéu cua hai binh phirong bang mét va chi
mot cach ma thoi. :

3. Mot sé nguyén fo duug dn+1 bidy thi dweoc
dudi dang tong cua hai so chinh phwong.

4. Mot 56 nguy én 1o dang 4n+11thi chi mot lan
la canh huyén cua mgt tam gidc vuong co cdc
canh la la cde 56 nguyén; binh phuong cua nd
g hai lan; tam thira cita no thi ba lan va ...
Vidu 5=4.1+1 va 5° =3 +4°,

257 =157 +20° =77 + 24°, 125% =757 +100°
=352 +120° =44° +117°, ...

5. Moi sé nguyén khéng dm biéu thi dwoc bing
ting ciia bon binh phwong hodc it hom. .
6. Dign tich tam gidc vudng co cde canh la so
nguyvén khing thé la mat chinh phueong.

7. Chi cé mot loi giai bang so nguvén cho
x*+1=y" wvachicohaicho x* +4=y".

8. Khéng ton tai ede s6 nguvén dwong x,v,z
sao cho x* +y* =z,

9. Khéng ton tai cdc 56 nguyén duomg x, v,z

sao cho x"+y"=z" khi n>2 (‘Binh I§"

Fermat cudi cung).

10. Phong doan F, = 2% +1 la 50 nguyén to voi
moi nld s6 tr nhién.
Mic du san nay Ewler di chimg to phong dodn

10 1i sai khi chi ra F; 1a hop sd, nhung céc s6

nguyén t6 dang F]I_:EF +1 (duoc goi la so
nguyén to Fermat) c6 mdt v nghia rat dic biét.
Chang han, nam 1796, khi mé&i 19 tudi , nha
toan hoc Bire Carl Friedrich Gauss di phat
trién mét 1y thuyét cho biét ring mét da gidc
déu 6 s6 canh 13 s6 nguyén to dyng duge bang
cac dung cu Euclid khi va chi khi so d6 co
dang F, =2" +1(s0 nguvén t6 Fermat). Nhu
vily cac da gidc déu co s6 canh 13 17; 257 va
65537 déu co thé dung duge bing thude ké va
compa, diéu nay cdc nha todn hoc Hy Lap cb
dai chura biét. _
3. Anh hwing cia tic phim Arithmetica doi
viri céic nha toan hoe hién dai

Nhu di biét, ‘Pinh Iy” Fermat cuoi clng:
Khéng ton tai cde s6 nguvén diwomg x,y,z sao
=z" khi n>2 dugc phat biéu tir
cam himg cua Fermat khi doc Bai toan 8, quyén
I1 trong tdc pham Arithmetica. Nguyén vin cia
Digphante: “Hay chia mgi $6 chinh phwong
cho trudc thanh mng hai 56 chinh phuong”, con
Fermat thi viét bén 1é tac pham ay: chia mot ldp
phicong cho triede thanh tong hai lap phirong,
mot Iy thira bdc bon va noi chung mot liy thira
bat ky Iém hon hai thanh tong hai liv thira co
ciing chi so trén la khong thé dwoc. Téi dam
bao la dd tim ra cdach chimg minh tuyét voi cho
diéu nay nhwng vi lé sdch hep qud khing ghi
lai dege. Khong biét Fermat ¢6 thuc su chimg
minh dugce khong, chi biét ring ;:rhm mét gan ..

(Xem riép trang 38)

cho x"+3"
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PpAM ME TOAN HOC

TS Nguyén Minh Ha vita ra miit ban doc yéu todn ca mude b sach hai tip do Cong ty C6 phén Vian hoa
Gido dyc Long Minh va NXB Din Tri lién két xuét ban: Hirdng trong hinh hoc phing va Hinh hpc phang
dinh hiring.

Pé khuyén khich cic ban hoe sinh chuyén todn ca nude tich cyc tham gia cdc cude thi Gidi todn va vit li
trén Tap chi Toan hge va Tudi tré va giai cic bai toan trong myc Pé ra ki ndy cla tap chi Todn hpc va
Tubi tré, TS Nguyén Minh Ha va C{'mg ty Cb phin Vin hoa Gido dyc Long Minh phoi hop t6 chirc mot
chweng trinh ting sich co tén 12 Pam mé todn hoc: ting 76 b sich Hudng trong hinh hpc pﬁdﬂg va Hinh
hoc phing dinh hwdng (co chit ki cua TS Nguvén Minkh Ha va éng Dd Hoang Sem, Gidm déc Cang ty Co
phan Vin hod Gido dyc Long Minh) cho 76 hoc sinh chuyén todn, ma mii mijt trong s6 76 hoc sinh nay la
hoc sinh cta mét treomg THPT chuyén trong 76 traémg THPT chuyén cua ci nude.

B)é nhin dugc sach ting cia chuong trinh Dam mé todn hpe, ban cén phai tra léd cdc cu hoi sau:

1) Ho v tén cia ban?

2) Tén lép v truémg THPT chuyén ma ban dang theo hoc?

3} Ban di may lin duge giai mén toan trong cée cude thi Gidi todn va vit li trén Tap chi Todn hoc va
Tubi tré? Pé nghi néu rd loai giai, ndm duge giai, vi du: giai Nhit, nim hoc 2014-2015.

4) Ban di méy lin dwgc néu tén tmng myc Gidi bai ki triede cua tap chi Tedn hpce va Tubi tré 7 Dé nghi
néu rd bai todn va 56 tap chi Tedn hpc va Tudi tré ma ban duge néu tén, vi dy: Bai T12/456.

Sau khi hoan tit, ban hdy giri céc cu tra 1oi vé Cong ty Co phin Van hod Gido duc Long Minh trnrde ngay
31/1/2016, qua thir hodc email theo dja chi: C ﬁng ty Cu phin Vin hoa Gido duc Long Minh, Phong 303, Nha 1719,
Trung Hoa - Nhin Chinh, Ha N1 Email: sach(i) .com.vn hofic vithui@longminh.com.vn,

TS Nguyén Minh Hé va éng D6 Hoang S-;m 5& eiin ol vio ndi dung tra & cic ciu hoi 3 va 4 cia ban dé
ting sich qua dwémg buu dién theo dia chi lép va trudmg THPT chuyén méa ban dang theo hoc.

Mgt MRk Ha Mpan Bk iy
HUONG : :“
HINHHOCPH
o N
- defe et Cpkae
L] o -,

MQT SO BAI TOAN ... chir sé: 1;2; 3; 4; 5; 6; 7. Xdc amhmphanmcuas
Chon nglu nhién mot so tir S, tinh xdc sudt dé s6

(Tiép theo trang 11) oo
duge chon 14 so chan.

P(A,A,A,)=P(A A,A,)=0,128.
Viy P(K)=3.0,128=0,384.
b) Goi H 14 bién cd: “Ngudi do bin tring hong tim
it nhat mdt lan”.
Bién chddi H cia H 13 :*Ca 3 lin bin déu bén khing
triing héng tim”. Ta c6 H = A, A, A,. Do dé
P(H) = P(A,)P(A,)P(A,)=0,8.0,8.0,8 =0,512. Vay
P(H)=1-P(H)=1-0,512=0,488.
Sau déy 1a mdt sb bai tip tu luyén:

BAI TAP

1. (DH Khoi A-2013) Goi S 1a tip hop tit ca cdc so
tir nhién gom ba chir s6 phén bigt dirge chon tir cdc

TOAN HOC
¥ Clugitre S8 462(12-2015)
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2. (PH Khdéi B-2013) Cé hai chiée hip chira bi. Hp
thir nhét co 4 vién bi dé va 3 vién bi uﬁng, hop thir
hai chira 2 vién bi do va 4 vién bi tring. Liy ngiu
nhién tir mdi hop mét vién bi. Tinh xdc suit dé hai
vién bi ldy ra cling mau.

3. (PH Khdi B-2012) Trong mét 16p hoc gom 15 hoc
sinh nam va 10 hoc sinh nit. Gido vién goi ngriu
nhién 4 ban lén bang giai bai tip. Tinh xdc sudt dé 4
hge sinh duge goi ¢6 ci nam va nil.

4. (Dé thi thir THPT Quéc gia ctia truong THPT
Trdan Phu, Ha Tinh, 2015, lan 1) Mt hop dung 9
vién bi trong d6 ¢ 4 vién bi mau do, 5 vién bi mau
xanh. Liy ngiu nhién 3 vién bi. Tinh xdc suit dé
trong 3 vién bi ldy duge 6 it nhét 2 vién bi mau xanh.

https://tieulun.hopto.org
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& giai HPT béng phuomg phap danh gia,
ta hay ding hai BET sau:

» Bit dang thirc Cauchy.

Véi n sb thire khéng am a,.a,,a;,....... .a

Diu bing xay rakhi a, =a, =.....=a,.
« Bit dang thirc Bunhiacovsky

Vi 2 bo sd {(a; ay;.ca) va (bbb )a co:
@+ +.Ad NG+ +.+5) 2(ah +aby +.+a by
Diéu bing xéay ra khi 3reR:a, =th. (hodc b =ta),
i=Ln, hay khi % =-E-=...=§:- (véi cc b, #0).
Sau day 1a mét s6 thi du:

Thidu 1 (DH - A - 2014). Giai hé phwong trinh

r

| T2=y +p12-%) =12 (1)

; RN (x.yveR)
| % -8x-1=2/3-2 2)
Lo gigi. DK: -23<x<2J3; 22 y<12,
Vi 2 so thue a,b bét ky ta co:
. 2 z
{a-b}‘an@i’—%—iﬂ_aa& *)

Ap dung (*) ta duoc:
¥ =y+12
i it S o Y
x 12—y = 3 ,
Ha2—) = y2-= Ew

Suy ra x 12—y +/y(12-x") £12, do d6:

xz0
(]}Q{_‘JF:IE"JC:.

¥ -Re-1=210-¥ &x &3+ 2A1—/10-x")=0

2{x+3
{—}2}:{] (3)

Thay wvao (2) ta duge:

< (x=3) x* +3x+1+
1++4/10-x

0 DUNG PHUONG PHAP DANH GIA DE

(AL 2 DHuoN, TN

NGUYEN VAN QUOC TUAN
(K112, Pai hpe Y Ha NGi)
z 2x+3 ;
Do xE—D:}x‘+3x+1+~L-}--—}D, khi do
14+410—x°
(3) < x=3= y=3 (thoa man).
Viy nghiém cua hé PT la: (x;y)=(3:3).
Thidyu 2. Giagi hé phueong trinh

] ] 2
| ——+— == (I)
J vi+2x®  1+2y J1+2xy
i r 2
|l,~ll_1'[]—23;].—\‘..1'[E—2j-'] =2 (2)
..... 1 |
Lai giai. BK: ﬂﬂxiifﬂ Sy 55'

Ap dung BDT Bunhiacovsky ta c6:

1 e 1L 1 1
, + = [ <2 —+ ™
[\”4_2)‘-2 J[.;.EJ:"] [1+lx* ]+2}»‘2}
Diu biing xay ra ¢>v1+2x" =,/142)" ©x=».
WL D
1+2x  1+2y° 1+2xp
E{x—y}z (2xy—1)
(I Rt )(I +2y2)[] +2xy)
1 1 2
= ~+ = s
1+2x° 142y 1+2xp 3
Diu bing xdy ra <> x = 1.
Tir (*) va (**) ta suy ra

Ta lai co:

1 1% 2 [ w02
—+ =
JI+2x°  1+2y7 | 1+2xy
P TR S il et
1424 \|'II+2y3 SR 2%
Déu bing xay ra <> x=y. Khi dé ()= x=y,
thay vao PT (2} ta duoc:

v“x{l—ix} +.Jx{l— 2.1’} = %
ssasmson _conmce31
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9+73 9173
INE T
Viy nghiém (x; y)cua hé PT da cho la:

(9+Jﬁ‘9+4ﬁ]_[9—ﬂfﬁ‘9—ﬁ]l

R | -1 A A
Thi du 3: Giai hé phieong frinh
|2 =3x+2=p"+3y (n
\,1—_2 Faf X I +p+2=x"=-3y ()

Nhgn xét. Nhin vao phuong trinh ddu cia hé ta co
cam giac ngay la co thé so dyng ham s6 da1 dién
' =3 nhung cin cé didu kién cia bién. O diy
mudn tim diéu kién cia bién y thi ching ta cin suy
ra tir phuong trinh 2 nhumg kho khin, do vy ching
ta phai nghi hréng khdc. O diy co thé phin tich
thanh nhin tir nén ching ta thir di theo hwdmg do
xem sao!

x>2

A v y+220

Tacé: PT() < x* —3x=(y+1) =3(y+1)
St =(y+1f =3x-y-1)

@{x—_vul}[xz £x(p D)+ (41 | =3(x-y-1)

_y=x—l

Lii giagi. DK {

e . ik
| X" +x(y+1)+(y+1)" =3
[ y=x-1

bl 1 .'{'2 y T
-41 + 3 +x(y+D+(p+1)" =3
[y =x-1

3 e e
rid +[2+y+IJ =3

3
e 3 T
Vi x2 2:>Ex2 =3 ::szx‘ +{§+y+l] =3

3 - 2 x=12
Do dé —x2+[—+y+1J =3
4 2 —+y+I~[!

@{x > Y khéng thoa man DK,
Vi y=x-1 thay vao PT (2) ta dugc:

Jr—Z ¥y = el = =+
x21++2

.

o E=2+ (x-1)(¥ ~2x-1) = _3x+30)

1 TOAN HOC
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.fkp dung BPT Cauchy ta cé:
Jx=2 f_ixT_]

J{x—l]{xz—zx—l]ixl_Tx_z
S +J[x—]}(::c2 2% 1] < X _3
Miit khac

x"2—3 = = {_1’—3}: 2
Khi d6 VP(*)=VT(*) nén

Véy nghiém cia hé PT 1a: (x))=(32).
Thi du 4. Giai hé phuong trinh

[ %" + 50+ v :I'.II."_!_:l."
| Pt -3 =2
'V 3 Vv 2
g+ a2 +xp=4

Lot giagi, DK: —1=x=2. Tach
X +xy+y 2%{x+y}3 Si{x=-y)Y =0

Ly %{x+y}‘1. Khi d6 ta suy ra:

2 k]
Z:Jr +x;+y +4f;ﬁ Zx4+px+ysl

Ap dung BDT Cauchy ta cé:
2J2-x<€3-x; 22/2x+2 <2x+6

— J2 x4 2x¥2 =3,
(x+y)
4

Do xys———=<1suyra

V2=x+2x+2+xv =4
=7
Déu bing xay rakhi: {2-x=1 < x=y=1.
2x+2=4
Thir lai vio hé PT ta thiy thoa man.
Viy nghiém ctia hé da cho la: (x; ) = (L1).
Thi du 5. Giai hé phirong trink

[ T &
W2x—1

: 3 i
+Oy +R=3r+—+ v +8y (1)
x

2x' +3y+4=3" +6,fy (2)

https://tieulun.hopto.org



Léi gidi. DK: xij-%-;yl_*ﬂ.
Tacd: (2) & 2x' =3x" +1=-3(Jy-1)’ <0.
Ma 2x* —3x* +1=2x+)(x-1)* 20, Va2

b | —

do dé: 20 -3¢ +1=-3([y -1y’ =0 x=y=1.
Thay lai vao PT (1) ta thiy thoa man.
Viy nghiém cia hé Ia: (x;y) = (L1

Thi dy 6. Giai hé phiremg trinh

!
Ix—l=2—Jp-2 (2)

Loigigi. PK: yzx;x-y+220x2 %;y =3,

bit [y-x=aaz0=>-a’ =x—y. Khi dé (1)
3.3
d—a
o V2-a* Ji-a* +2ad4-a =33

oV6-3a Ji-a +2aB3Jd-a =9 (¥

tra thanh: V2—-a +2a=

]

.f‘kp dung BDT Cauchy ta co:
J6-3a Ji-a’ < m‘;"z =52
2a3:f4-a’ $2a° +4

=J6-3a JA-a* +2a3.4-a’ <9.

Va-a® =\J6-34"
afi=4-a
Sa=l=y-x=l y=x+]

Thay vio (2) ta duge: x* +/2x—1=2-/x-1
e X + -1 +x=1-2=0 (3).
Xét ham s6: f(x)=x"+2x-1+/x-1-2.

| 7 1
N2x—-1  24x-1
F(1)=0 nén x=1 la nghiém duy nhit cua (3)

Khi dé (*) a{

Ta ¢6: f(x)=2x"+ >0, ma

Ta thiy x = 1; y = 2 thoa min DK. Viy nghiém
cia hé PT 14 (x;»)=(1;2).

Thidp 7. Giai hé phiremg trinh
| | 242
) \I—h- J417 +x .,\_':.'_T VE a4y
: v+ A(v—1)
X Jy—=1+px=1= ==

Lo gial, PK: x 2 1; y 2 1. Theo BET Cauchy ta cb:

1 é 1 > 2 _
VA +y \I"4J"'2 TX (4x2 +y]{4y2 +.x]
Suy ra 22 :

il S —
e +xty @+ +x)

& 2J(4x7 + )4y’ +x) 2 2x+y)P +x+y

" 2
S 4(4x" + )4y +3)2[ 205+ ) + x4
e 16x° 3 +4(x° + v ) +ay

z(x+ ) +(x+ ) +%(x +y)
<:;={x—yf[%+x2+y2+6xy—3(x+_v}} <0

@'[I—}’]![Eﬂy}z —3(x+y}+4xy+gj£ﬂ Sx=y.

(Vo1 x,y=1tact: [x+y]||1 =3{x+1) +4xy+%

E(x+y}2—3(x+y}+4+~:-1-}i}}.
Thay y=xwvao PT thir hai cia hé ta duoc:

zx,lll_x'_] :w

& 1 —dxx=1+4(x-1}=0 <:>{x-2\.'x-i)2 =0
e x=2/x-1 < x=2= y=2 (thdéa min).
Viy hé PT c6 nghiém duy nhat (x;v) =(2;2).

Thi du 8. Giai hé phieong trinh

2xy -
X+ —— =x"+y {1
' =2x+9
g =
25
|'.'I B s Y (2)
| Yy —2y+9

Phin tich. Diy 1a hé PT dbi ximg loai 2 nén trir
(1) cho (2), ta ¢6 x =y, tiy nhién néu lam theo

cich théng thuémg thi s& rat khé khin vi co su
xuat hién coa cin bic 3. Nhung néu cing 2 vé
lai véi nhau thi vé trdi xuét hidn 2xy va vé phai
xudt hién x*+y°, dén diy ta cd thé nghi toi
viéc danh gié tiép PT méi duge hinh thanh dé.
Lévi gidgi. V&i x=0=> y=0 thoa min hé PT.

Vi x, v khac 0, cdng (1) va (2) ta duge:
TOAN H
S§462(12-2015)  © Cl'u&gg 33

https://tieulun.hopto.org



1
1 -2x49 \I'y‘ 2y+9

xX+y +21y[ yz +x+y

|
@EI}[JT T \,I'Jr —1y+ ] X+ (3)

Suy ra xy > 0. Mit khic ta co:
1 i 1
P —2x+9 _%j{x_l}%,
1 1l l {_l_
l#_m':—2y+9 {‘{y~l]2+3_2
-~ | i 1
Yo —2x49 {."y:—zy+9

I

L
5 2

=1

= 2xy ] :
Yx* -2x+9 ‘|"y -2y+9
<2xy<xi 4yt (4)
Tir (3) va (4) suy ra x=y=1. Thi lai ta thiy
thoa man. Vay nghiém (x; v) cia hé la: (0;0),(L;1).

Thi du 9.
2x
—=Y
¥ +1
iy . 297
| Giai hé phicong trinh: | — e z.
| yo+
2z
% ;
= +1

Li giagi. Ta thiy x=y=2z=0 1a | nghiém cua
hé PT. Néu x,y,z khac 0 thi x, y,z duong, khi
d6 nhan cac vé cia hé PT ta co:
8 x:yz e

(" + (7" + 1)z +1)
e (2 D07 +DE + 1) =80z
Ap dung BDT Cauchy ta c6:
(F -+ +1XE +D) 220 2y 27 =8nz =Ryz
(do x, v, z duong). Déu bing xay ra khi
- {x;y, 2 j 0 2

=y =z"=1

Véy hé PT co nghiém (x; y;z)la: (0;0:0).(111).
O céc thi dy trén ching ta thay chi sir dung 1
P:l" cua hé dé danh gid, trong mdt s6 bai todn ta
cén danh gia ca hai PT trong hé. Ching ta xét
thi du sau.

=Xz

< x =y =z=1 (thoa man)

TOAN HOC
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Thi du 10. Giai hé PT
[Ce=1)7 4
l3x: X+-

\.r{iw-lj

v
1 :
_‘—wt X
F4

Laéi giai, DK: x>0,y >0.Taco:
Lt = {x1—]}2 + 3% = 3x(2x+1)
6x” ~21‘+1:1yw.,|'x3 +x

(x=1P +y* =3x(Zx+1)
— > 5]

53 +(x—1)" =2pxt +x
2x+1+4x+2

3 =2x+1

Miit khic ¥24x.2x+1) <
= (=1 +y 2x2+1
&2 —4x+2+2)° S2x+] 27 —6e+142)" <0
Lai theo BET Cauchy thi
S -1 =2l rx s vV et 4
e 5x° =3x+1-3" <0. Két hop lai ta duge:
2(5x% =3x+1-y")+2x" —6x+1+2y" <0

=-{2x—1}3£[}<:>.x-—-%:>y=§_
S g S ih
Viy nghiém cha hé PT la: (x;y)= E - |
BAI TAP
Gidi cac hé phwong trinh sau:
a+b=324
1. ,."_+J_}[ 1 ﬁ
Ja+3b J3a+ ,r

t-ln

{JLJsz ¥ +6y=24
3 y=—x'+3x+4
o |x=2y-6y-2
[ﬂl —xyptiay? +2]—t‘5+x"13+%

1
s e
= 2

JE P+ 2y +2) =

=13 —‘4}:{Sx+- )
40x% + x=yfldx -

T
{xl+w 3y? —vﬁ

th

2= ‘f}lz_
I+q'r2—1 I+y

a *4-"’“ _4’ ot I;.r+_}}—l

{x+]}’- o+ R4+ 2y +5 -2y +3) =Jx + yH
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TIM HANG SO TOT NHAT

BAI TOAN )

TRONG BAT DANG THUC

LE XUAN DAI

\hunm:*_
i viét na;f dé cﬁp dén mét sé bai todn tim
hing sd t6t nhit trong bai toan bit ﬂang

thirc (BDT). Ni dung cia nd duqc phat hiéu

kha dom glan nhu sau: Tim hing s k lém nhat

(nho nhit) d& mot BDT luén dung véi mot sb

gia thiét ndo dé cha cac bién. Dé giai dang todn

nay ta thuwdmg thue hién theo cac bude sau:

Bude 1. Chon gia tri dac biét cia cac bién hoac

danh gia tryc tiép céc bién dé chi ra diéu kién

can cua k.

Budge 2. Chimg minh BBT di cho ding viai gia

tri ciia k (I6n nhét, nho nhét) vira tim duge,

Viée chon cdc gid tr diic biét nhue & budc 1

khéng phai lic nio ciing dé dang ma con phy

thudc vao diu bing va cac diéu kién cia gia
thiét. Xin dwa ra mét s6 Thi du minh hoa:

Thi du 1. 0 lin nhdt sao cho

bt dang thire sau ding vai moi 56 thue x, 3,2

Tim 5o thie k>

Hyt 2t vozix s ye 2k xz)y (1)
Lai giiii.,

Trong BDT (1) cho ,!r=y=z=l::».i'v:5E Ta

3
chimg minh BDT (1) ding khi k:%, tirc 1a
can chimg minh BT
x"+y‘1+z“+x}:[x+y+z)2§{xy+}z+xz}z{I.l}
Tacé (1.1) < 3(x* +y‘*+z‘)

22y + 222 22 4 oz(x 4+ v+ 2)

Ap dung BBT &° +b° +¢” 2 ab+bc+ca,
Ya,b,ce R ta duoc:

2Ax* +yt+zY) 2 2y + 22t + X212 va
Syt 42t 2xpz(x+ y+2), viy BT (1.2)

duge chimg minh, Do d6 maxk = 3} m)

(GV THPT chuvén Vinh Pks.'rc}!

Thi du 2. Tim i'?a'}ng s6 k=0 lom nhdt sao cho
hat dang thirc sau dung vai moi a,b.c.d dieong

[_a+h+¢-1{34|{a+h+{:+df+’24{a+h+f-+2df]
=k.abed® (2)

Lai gidgi. Trong BDT (2) cho a=b=c=1;
d=3,suyra k<3'.2'5.
Ta chirng minh BDT (2) ding véi k=325,
tirc 14 cin chimg minh:
T=(a+b+c)| 3 (a+b+c+d) +2(a+b+c+2d) |
=3 .2% 5.abed” (2.1). Tacod
T233."abc.[ *(3¥abe +d) +2*(3¥abe +2d}}= ;
Cén chimg minh § =3'.2*5.abed’

) (o) 2 2s(oe)
P A i oy S, g B PRL- R K o o T
[ Vabe ] Yabe

Dt 1 = . Ta c¢én chimg minh:

d
ilabe
3 (3+1) +24(3+2)’ 2382454
Ap dung BDT Cauchy ta co:
3+122H =0+ 22232

3+2t=3+t+1=233 =3+ 23
= VT(2.2) 2 3°2* (231 +133%1).

3ial
Do 23t +133% =3t +-31 + N{?

3fa3 a3 z
+.{....3£+.{....3_{. =55 3113_.-3.}.'_{ =
3 3 \il 27

nén BDT (2.2) duge chimg minh. Dau “=" xay
rakhir=3. Viymax k= 3".2'5.0

Nhdn xét. BBT (2.1) 1a BDT thuin nhit véi cac
dé dua vé

(2.2)

i

.x S d
bién a,b,c,d nén viéc dat = Toie
mét bién 1 réit tir nhién. Mot s6 bai toan tromg tur:
TOAN HOC
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Bai 2.1. Tim hang sé k>0 lén nhdt sao cho

veri moi tam gidge ABC vudng tai C vii ba canh

a,b,c tadeucé BDT @’ +b +¢’ 2kla+b+c).
|

¥l J_{J2+|}

Sau d6 chimg minh a* +5* +¢* 2 tla+b+¢)’.

Huwéng din. Cho a= p=-<

Bai 2.2. Tim hdng 56 k lon nhdt sao che bdt
dédng thirc sau dimg véi moi x,,x,,.., % dwong.
XX+t X 2 Bz Pt +X,X ).
3 2
Bdp 50. maxk =—.
i B
Bi 2.3, Tim hing so k nho nhdt nhét sao cho bt
deng thire sau ding véi moi X,,X,,X;,X,, X, duong.
: 16
k[x{‘m’+ R ]E.x,tl ,..r.i{t, 4 +x'r') !

Ddp s6. min k=5". : .
Bai 2.4. Tim so thie k nho nhat sao cho bal
ding thire sau diing véimoi a2 b >0

Jat +b0* +3a + 5 220+ kb,
Huwdng din. Cho a = b, ta dugce:
P2a7 +324° <2a+ka= k22 +32-2. Véi

k=J2+32-2, dit x=% (x=1), BPT tré
thanh: ¥ +1+¥x*+1<2x+k (BPT niy

duoc chimg minh don gian bing phuong phap
dao ham hodc phirong phép lién hop).

Thidu 3 (BMO 2012). Tim sa thye & ldn nhat
dé wai mol  oa b khae 0 thoa mdn
1|1 I: } ; g iy
o f_ (<3 ta déu cd béat dang thire
1 |

;--:-'. (I + 'b-i[ﬁ. + ¥ —-f'x_luf"‘---if.::" i ]J?_*.-r-. (3)

Loi giai. Trong (3) cho a=b=c=1, suy ra
k <729 . Ta chimg minh (3) dung voi k=729
Tir gid thiét ta co

3|abe] = |ab|+|be|+|ca| = 33(abe)’ = |abe|=1.
Do do

[az +4(p* +c2}][b2 +dMd’ +¢* }][cl +4(d’ +b2]]
>(a® +8)bc])( B +8|ad)(c* +8/ab]) 29" (abc)’ =729

(str dung BDT Cauchy cho 9 s6: @ vi 8 56 |be])
Viy maxk=729.0

TOAN HOC
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Thi du 4 (IMO 2006). Tim hdang s6¢ M nho nhat

sero cho vei mof 5o thue a, b, ta déu co

abla® =B )+ be(h* =" Y+cale’ —a®)

L |- (4)

sEMa

|abl{a —b Y+be(b® =Y +calc” —a” }|
=|(b—c)a—b)a—c)a+b+c).
Viy bai toan trér thanh: Tim M nho nhar dé
(B-cXa—BXa—cNa+b+o)| S M{d +B +¢) (4.1)
Gia st a =max(a,b,c), tacod Na +b* +c’)’
=[(a+b+ey +2b—c) +2a~b)Na—c) |
>[2J2|(a+b+e)b-c)|+2|@a—b)a—c) ]
2162 |(b—c)a—b)a—c)a+b+c)|.

Viy [6-0Xa-a-0Nasbr| 5+ 40

C6 thé chon h=1 thi a—1+% =1—3:|r;j d
g 5 L iy L i 2

diu diing thire xay ra. Viy min M =%. a
Thi du 5. Cho ay,a,....a, la cdc 5o thi hat ki
cd tong bang 0. Tim hang $6 ¢ =c(n) lom nhat
san cho bat dang thire sau ding:

r.E?;‘:_ Z |a. —ex (3)

1 I<i )

Lot gl Trong (5) o o, =L, = .. =aii= n'_l
ta duge = % :
Ta chirng minh BPT (5) ding vai c:g. Tirc

la cén chimg minh Z |a H!EEZ|H| (1)

Lgi= fEn
Ta co thé gid sit g 2a, =..2a,, khi d6 ton tai k
(1=k<n-1) saocho @, 2..24,2024q,, >..2aq,
Khidb, tacod a, +...+a, =

Y |la-al= 3

i jin

~(ag,, +...+a,) va

-aj):i(n+l—2f}ar.;

=i rS.Jr

https://tieulun.hopto.org



3 la|=2 Za BDT (5.1) trés thanh:

i=l

E(PHI 2i)a, = nZa

=l

@Z{nﬂ 2i)a, + Z{n+1 2i)a, anZa (5.2)

il =]
Taco g z..2a, va n+l1-21=z..2n+1-2k%

létp dung BBT Cheh}-’shev ta dwgce

Z{n+1—21}a 2= fz(nn—z;}] [ia]

N =] 1=]

:[n—k}.lzq.] (5.3)
i=l
Tuong t thi g, =...24a, va
n+l-20k+D=...2n+1-2.n nén
Z{HH 2i)a, >— [Zml—z:}] [Za]
I=k+] d=fo+] Fadr+]
=—k.[ > a ]: k.[iar] (5.4)
=k +1 i=1

Tir (5.3) va (5.4) suy ra BDT (5.2) dang.

Viy maxc(n)= g a

Thi du 6. Tim hang so M

(T H !

lim nhat sao cho véi
wvén  duong  1on  tai cde 80
aaend. =0 va bbb >0 thda man
dong thai cdc digu Kién:

I.
i) Y b =1 2h, 28, +b,,

&

N o A

i@ <1+ ab. Yk=1.n:
L e

iii} a = M.

Lavi gidi

Ta chimg minh maxa, <2 va maxh, c:—-%-—.
k=lnm k=inm n-=1

That vdy, dat L=maxa,, tir (ii) suy ra
k=l,n

Fsl+L=L<2.
Diat b, =maxb, , tir (i) dé thay

k=ln
> ¢ +_(;'” Db néu 1<k <mva
b, E(k_m}b"ﬂ"_k}b”, néum<k<n.
n—m

néu l<k<m va

(k=1b,
SH}’ ra b* - '—'m—_I-"'

(n—k)b

" néu m<k<n.Dodbd
H—m

lng Zb +Y b [Z{k—I)] :

k=m+1 k=]

| n—1
+n_m[£z [n—k]].bm=-—2—.bm

=mi+l

b, =

=~bm<i.
a—1

i i3

&
Batix =Lz =1+Zab k=1,n thi
i=1
x, —x_ =ab,. T (i) suy ra a; <x, =a, < Jx,.

Do d6 vini

N
W x

Tir maxa, <2 suyra x, —x,_, <2b,.

k=l.n
\.I"E =K < ‘E'J.

moi & =1,n thi:

-k [l_'_ XX, J
2 i)

b, 1 s
i [2 4 J{b’*[?’ Efn—l]}

Léy tong k tir 1 dén n ta dugc:

3 1
a,<\x, c:“.f_+2h [2 e 1]] AT

Cho n— +x tadugec M =a, {%.

Bl I ey AN ’
Cudi cung chon bé a,;--I+E,.f::JE_—,i thoa
man céc didu kién d& bai. Viy max M = % u

BAI TAP

1. Tim hing s0 k 16n nhat sao cho véi moi
%, ¥,z d61 m§t phin biét ta déu co:

l s ] S+ 1 =2 k J

(x=y) (-2z) (x—z)) Xp+)yz+z=

2. Tim hiing s6 k 16n nhit sao cho v&i mei so
duong a,b,c thoa min abe = | ta déu co:

| 1 1

a—1+§+c—1+3k2{k+1]{a+b+c},

3. Tim hing sé k>0 Ién nhit sao cho v&i moi
s thue x,y,z thoa mian x*+y° +:2° =1 ta déu

co [kxy+ ﬂg%.
TOAN HOC
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4. (Iran 2007). Tim s6 C 16n nhét sao cho véi
moi a,b.e,d,ez0 thoa min a+bh=c+d+e 1a
déu co:

&+ +C+d" +¢ 2C(v‘5+d@+¢'@+qﬁ+£)z
5. (IMO 1992). Cho n s6 khéng dm x,,x,,...,x, ,
n=2 . Tim hing s6 C nhé nhét sao cho

Z x,.xj(xf‘ +xf}£('.'[ix|.] :

1€i< jgn f=1

6. (TH&TT T10/2007). Tim sé thyc m lém nhit
sa0 cho ton tai sb thyc k thudc doan [1;2] dé

bét d?mg thirc sau ding voi moi a.b,c = 0.

b
7. (TH&TT 2012). Che truéc céc sb
azb>c>d va abed = 1. Tim hing s6 & nho
nhét sao cho bt ding thirc sau ding

1 % 1 l i k 23+ch

+1 bEl e+l d+1- 2

8. Tim gid tri 16m nhét cia s6 thue & >0 sao cho

b k | | 1
[E+—~+£] 2(k+1}{a+b+c}[—+—+—)+m
c a F o,

véri moi sb thue a, b, e, d ta c6 bét ding thirc:

2 JUra ) 1+ B NI+E) + 2+ B 1+ N1 +d”)
20+ +d ) 1+a ) + 21+ Wl +a NI +b)
> k(ab +be+cd +ac+bd +da-2).

TAC rmﬁwmnmm we (Tidp theo trang 29)

350 nadm sau, nidm 1994, nha toan hoc Anh
Andrew Wiles va hoc trd dng 1a Richard Taylor
moi chimg minh hodn chinh “Binh 1y” d6. Dé
dat dwge két gua d6, hai ong ciing dua trén
nhiéu thanh twu cla toan hoc hién dai nhur Ly
thuyét dg cao cua Arakelov - Faltings, Ly Ihu_}'ér
dwomg cong elliptic trong d6 Gia thuyét
Taniyama — Shimura ddng vai trd chu yéu.

B la nguénn cam himg cua Arithmetica giin
tiép thong qua ‘Dinh Iy” Fermat cudi cing,
nhung ¢6 thé ké ra vo sb cae phat minh vé sb
hoc trong thai dai ngay nay (thé ki XX —XXI)
duge khoi nguon tir Arithmetica. Hay quay lai
Béi toan 7, Quyén III trong tac pham dy. Céc
nha 1y thuyét sb rit quan tim dén cac diy cip
s6 cong voi nhimg tinh chit s6 hoe dac trung
nao d6 (ching han ching déu 14 s6 chinh
phirong hodc déu la sé nguyén t6) . Trong sb
céc nha todn hoc d6, khéng thé khong nhic téi
Terence Tao, nha toan hoc Australia gic Hoa,
ngudi duge ménh danh 13 “Mozart cua toan
hoc”. Anh sinh ngay 17.7.1975, tai Adelaide
(Australia), Nam 1986, khi mai 11 tudi, Anh da
tham dy Ki thi Olympic Toan hoe Qubc té va
ba nim lién tuc dat Huy chwong Pong, Bac va
Vang. Anh 1d nguoi tré nhit cho dén nay gianh
dupe Huy chuong Ving trong lich sir Olympic

TOAN HOC
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Toan hoc Quoc té. Nam 20 tudi anh bio vé
thanh céng ludn 4n Tién s tai Truong Dai hoc
Princeton (Hoa Ky) va bon nam sau duge
phong ham Giao sur thue thu (full professor) clia
truomg d6. Nam 31 tudi, tai Pai hdi Todn hoc
Québc té lin thir 25 & Madrid, anh duge trao
Giai thuong Fields, giai thuémg cao quy nhat
trén thé gidi danh cho cdc nha toan hoc dic bigt
xudit sdc chua qua tudi 40 (twrong duong véi gidi
thwémg Nobel danh cho cic nganh khoa hoc
khac). Terence Tao nghién ciru rit nhiéu linh
vire, nhung hién nay anh danh nhiéu sy quan
tim dén so hoc. trong d6 cé nhimg vén dé néu
trén. Viét Nam co anh Vi Ha Vin, hién 1d Gido
st Truomg Pai hoc Rutgers (Hoa Ki), mit
ngudi ban thin cua Terentao Tao clng co
nhitg thanh tyu déng ké trong linh vyc nay.
Hai nguér di cling cong bo 15 bai béo khoa hoc va
cudn sich chuyén khao Additive Combinatorics
(T6 hop cdng tinh) duge gidi todn hoe dinh gid cao.
Lam sao ké hét gia trj to lén cia tic phim
Arithmetica d6i voi sy phat trién cta toan hoc
nhan loai. Chiic cdc ban tim duge ngudn cam
himg séng tao tir nhitng vén dé tac phim Ay dat ra.
LE QUOC HAN

(GV Khoa Todn, Truomg DH Vinh, Nghé An)
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GIAI PAP: LO1 GIAI DA TRON VEN ?
(Pé diing trén TH&TT 5o 458, thang 8 nam 2015)
Nhin xét. Viéc giai thich: V& moi x=D thi

JZx—120 nén (*) & ——

= =0 13 chura da can

x—215
clr. Thit viy, néu 2y—1=0 thi gid tri cuia
x=9 § G ; WA
215 twy ¥ thi (*) van duge thod min, Cilng

duge nhic thém: Trong giai todn, nhidu em vin
thuimg ap dung phép bién déi khong ding sau:

{f{x}é[]

glo)=0

.e(x) <0 :

flx)ex)=0= F020
glx)=0

Lii giii dimg,  TXD: D={x: %5.:.-;2915}.

VéiGx—1 =D<:>x=l (thod min). ".-"{‘.F‘.i.r.‘:»% thi

(*) <::> =< 9= x<2015 (thod man). Viy

2]5

1
nghiém cua (*) la: | * 3
0= x<2018 5
Nhin xét. Céc bai giri vé déu phat hién duge sai lim
v dwa ra 1&d gidi ding. Tuyén diwong céc ban san dua
ra c& nhimg phén tich sai lim xdc dang:

Nam Binh: Lim Vi Tudn, 12 Anh 1; Trdan Thi Kim
Ngdn, 12A1, THPT chuyén Lé Héng Phong. Ha Nii:
Dink Vén Anh, 12A1, THPT Hd Xuin Huong, so |
Nguyén Quy Birc, Q. Thanh Xuin. Hung Yén: Trdn
Phieomg Linh, 10 Todn 1, THPT chuyén Hung Yén;
Duwomg Héng Som, 10A9; Nguyén Thi Thanh Lan,
11A8; Triéu Ninh Ngdn, 11A9, THPT Duong Quing
Ham, Vin Giang. Thanh Héa: Vi Hiu Timg, 11Al,
THPT Hoang Héa IV, Hodng Hoa; Bdng Quang Anh,
9A, THCS Nguyén Chich, Déng Som. Nghé An:
Nguvén Phing Thdi Cuomg, 11A1, THPT Thai Hoa,
TX. Thai Hoa. Vinh Long: Trwong Negd Minh Bdo,
10/1, THPT chuyén Nguyén Binh Khiém.

KIHIVI

PHUONG TRINH LOGARIT
CO HAI DAP AN 7

Trong giér bai tip Toan caa lop 12A1, thiy gido dua
ra bai toan: Giai phuwong trinh

3 :
“log, (x+2)" —3=log, (4—x) +log, (x+6) (1).
F 3

2 1
&
Sau mit lie suy nghi, ban Binh xung phong lén bang
(x+2) =0 ;
st s Bl A e 1T
= i s 1 6<x<d’
{x+ﬁ} =0

Vi BK trén, ta co:

3
()« log, ((x+2)")? ~3=log, [ (4~ x)" (x+6)']

4 4

< log, (x+ 2y ~log, [{4—_r}3.(_-.'+ﬁ]]'] =,

i, x+2 g l
(4-xix+6) 4

e 1 +6x—16=0<= x = 2 (thoa min), x = -8 (loai).

Viy PT (1) ¢6 nghiém duy nhit x=2.

Sau khi ban Binkh gidi xong thi ban Phuong dimg diy

xung phong lén bing lam theo cach khic nhur sau:

x==2
bK:
{—-6-:x~:4

x4+ =d-xHx+6)

. Vi DK nay, (1) twong duong v
3log, i:.l:+?l—310g| l=31ngl (4—x)+3log, (x+6)
3 34 3 7

<> log, (4| +2)=log, [(4-x)(x+6)]
4 4

{—2{1’{4
@¢|.r+2|={¢—x](x+ﬁ‘.l¢> Hx+2)=(d-x)x+6)
{—6<_r<—2
~Hx+2)={4-xHx+6)
[[—2<x<—4
—2<r<—d [1=2
- {.r2+6.x—]ﬁ='[] x=-8 [x=2
—H<r<-2 —h<x<-2 =1-433
{f—zx—n:n x=1+433
x=1-33

Vay PT (1) c6 2 nghiém 1d x=2 va x=1-433.
Theo cdc ban thi ban nao gigi dang? Vi sao?

NGUYEN TRAN HUU
(GV THPT Cit Huy Cdn, Vil Quang, Ha Tink)

S 462 (12-2015)
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BT - Fax Phat hanh, Trj s : 0435121606
Email: Inanhociuitrevietnamggmail.com

BAN CO VAN KHOA HOC
GS. TSKH. NGUYEN CANH TOAN
GS. TSKH. TRAN VAN NHUNG
TS, NGUYEN VAN VONG
GS. DOAN QUYNH
PGS. TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN
Chii tich Hai ddng Thanh vién
NXB Gido duc Viét Nam
MAC VAN THIEN
Téng Gidm ddc kiém Téng bién tap
NXB Gido duc Viét Nam
GS. TS. VU VAN HUNG

HOI PONG BIEN TAP

Téng bién tap : TS. TRAN HUU NAM

Thu ki Toa soan : ThS. HO QUANG VINH

5. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, 5. TRAN NAM DONG, T5. NGUYEN MINH DUC, TS. NGUYEN MINH HA,
7s. NGUYEN VIET HAI, PGS. TS. LE QUGC HAN, ThS. PHAM VAN HUNG, PGS. T5. VO THANH KHIET.
G5 TSKH. NGUYEN VAN MAL, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGQC, PGS. TS. NGUYEN DANG PHAT,
PG5, TS, TA DUY PHUCNG, ThS. NGUYEN THE THACH, GS. TSKH, DANG HUNG THANG. PGS, TS, PHAN DOAN THOAIL Ths. VT
KIM THUY, PGS, TS. v DUONG THUY, G5. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co sd
For Lower Secondary School
Nguyén Anh Tudn — Mjt diu hidu nhin
biét tia phin gidc cia mjt goc.

@ Huing din gidi Dé thi chon hoe sinh gidi 16p 9
tinh Vinh Phiie, néim hoe 2014 — 2015.

o Giai tri Toan hoc
Phi Phi — Chuyén khay banh.
Dé thi chon hoe sinh gioi ldp 9 tinh Binh
Pinh, nim hoc 2014 — 2015.

€ Huong din gidi - Dé 563,

© Thit site trude ky thi - Dé 5 4.

m Chuén bi cho ky thi Trung hoc phé
théng Québe gia

Trén Vén Bite — Mt sd bai toan t6 hop xée
sudt.

@ Poan Quink — Thi ddu Qudc t& cia nhing
nha Toan hoe tré (TTYM).

@ Ban doc tim toi

@ Dé ra ki nay
Problems in This Issue

T1/462, ..., T12/462, L1/462, L2/462.
Giai bai ki trudc

Salutions to Previous Problems
@) Ticng Anh qua céc bai toan - Bai s6'3.
€D Lich sit Toan hoc

Lé Quée Hdn — Tac phdm Arithmetica,
ngudn cim hitng khing bao gid voi ean cilia
cic nha sd hoco

€ pién dan day hoc Toan

Nguyén Vin Quéc Tudn — Sii dung phuong
phap danh gia dé giai hé phudng trinh.
€ Dién dan phuong phép giai toan

Lé Xudn Bgi — Bai toan tim hing =8 tot
nhit trong bét ding thice.

€ Sailim § dau?
Gidi dap: Lai giai da tron ven?
Nguyén Trin Hitu — Phuong trinh Légarit cd

y &G 2 i y

Pfa.g,m_ Thi Llrén - V.E mfi litn hé dic bigt hai dap an?

ciia day s0 Fibonacel va 88 11,
Anh Bia 1: Cac -.|1;'§|:.. ch gigo va cac em hoc sinh Triimg THCS Gidng VB, Ha Moi doat giai trong Ky thi IMSO
(Imternational Mathematics and Secience Olympiad) {(lir a1 qua phai): Hang - Mon Todn: Thay Trinh Hogi Dwong, em

Wen

¢ What Link (HCV), em Tran Gia Bao (HCB), em Phimg Nam Anh (1 ICBY. em Pham Hé Phueng (HCB), em B

."J.'.l.-..rm,-__r Nam (HCV), cm Pham Gia Khdnh (HCD), thay Vi Mgnh Tiramg Hang 2- Man Khoa hoe: C6 Deng Thi Thuy Nga
em Pham Ouy Hieng (HCB), em Nguyen [am Vit (HCB), em Newvén Som Lam (HCD), em Trdn Hoang Thy Uhvén (HCB), cm
Trd Boo Khué (HCR), em Bii An Bink (HCB), cd Hodag Kim Lvén,

Trudng ban bién tap: ThS. NGuYﬁNANHQUaN

Tri sut, phéit hanh: NGUYEN KHOA DIEM NGUYEN THI THU HUYEN ~ Thiét ké, ché bdn: VU MAT ANH
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& gilip cho hoc sinh THCS hoc tap tét mén
Tﬂan chuan bi cho ki thi vao I&p 10 THPT va
F'T chuyén, Nha xuét ban Gido duc Viét Nam
xuat ban b sach ; “Céc chuyén dé chon loc Toéan
THCS" gém 8 cubn :
Céac chuyén dé chon loc Toan 6 (Tap 1, Tap 2),
Céac chuyén dé chon loc Toan 7 (Tap 1, Tap 2),
Cac chuyén dé chon loc Toan 8 (Tap 1, Tap 2),
Céc chuyén dé chon loc Toan 9 (Tap 1, Téap 2).
M&i cudn sach déu cé cac churong twong (ing v
cac chuong trong SGK Toan THCS. Méi chuong
gbm ba phan: Kién thirc cén nhe, M6t sé vi du va
Bai tap dé nghj. Phin Kién thirc cdn nhé dua ra
nhirng kién thirc co ban va bd sung nhiing kién
thirc can thiét d& hoc sinh co thé gidi dwoc céc
bai tap, cac dang toan trong chuyén d&. Phan M6t
s6 vi du dua ra nhing vi du minh hoa cho céc
dang toan dién hinh clia chuyén dé. O day co

ehﬂ‘*

"% HUVEN[BE

10N LOG!

TOAN

Ban doc c6 thé mua sach tai c:
cac Cira hang sach ciaa Nhé

NHA XUAT BA‘N GIAO DUC VIET NAM

nhirng nhén "'

vé nhiing kién thire, nhii
ma hoc sinh can lwu v, ghisRG:.
nghi dua ra nhitng bai tap duoc pharr hal theo
cac dang todn ela chuyén d& d& hog sinh tw 1am.
Qua nhirng hwéng dan cu thé trong phéan Hudng
dén gidi - Pap s6, hoc sinh s& nam rd hon cach
gidi cho m6i dang toan, dan dan tw minh co thé
ldm duwge cac bai toan trong tuy. ]
Cac tac gia clia bo sach 1a nhikng thay g
gido da céd nhiéu kinh nghiém trong:
giang day, bdi duéng hoc sinh gioi
béi dudng hoc sinh thi Violympic Toar,
bd sach 13 NGND Tén Than.

Hi vong rang b sach sé dap (g nhu cau hoc tap

ngay cang cao cla déng ddo cac em hoc sinh va |
la tai liéu tham khao hiru ich cho viéc gidng day

clia cac thay cé gido.

Viét Nam

https://tieulun.hopto.org



N[MYATINHIHUNGAE

50 NAM XAY DU’NG VA TRUONG THANH

Dia chi: xa Tan Lap, huyén Yén My, tinh Hung Yén; So dién thoai: 03213.961.906

ThS. Nguyen Ngoe Luan Tép thé gido vién Truong THPT Yén My

B thur ¢ b - Hidu truding nhd budng

nam 1965, dén nay via tron 50 nam tudi. Trudng

duoe dau tu xay dyng 36 phong hoc kién cd cao
tang, 3 phong hoc Ngoai nglt, 6 phong Ba mén véi cac trang
thigt bi hign dai. Khudn vién trugng xanh sach va dep. Hién
nay Truong co 78 can bd, giao vién, cong nhan vién, trong
@6 c6 12 Thac si, 66 Cirnhan. Ban gidm hiéu va tap thé gido
vién nha truong 1a nhing ngudi giau nhiét tinh, yéu nghé,
co trinh d6 chuyén mén vimg vang, duge cac cdp lanh dao,
chinh quyén, nhan dan vé hoc sinh yéu mén!

@r‘.ﬂng THPT Yén My dupc thanh Iap vao thang 8

Mot trong nhimg niém ty hao lon nhét cla nha frung la cac
thé hé hoc sinh sau khi t6t nghiép, da tiép tuc phan dau va
trugmg théanh. Nhiéu trong s6 do 1a nhing can bo cap cac cua
Bang, Nha nuoc, Quan ddi, lanh dao cac By, Nganh, Boan
thé & Trung wong va cac dia phuong. Ho 1 nhing nha khoa
hoc, nhimg gido su, tién si, nhing can bd quan ly tai nang,

_nhing doanh nhan nang dgng va thanh dat, ..., ho chinh la
“nguyén khi qudc gia" ma truong THPT Yén My “dang tang”
cha qué huong dat nudc.

&% gang nhing nam qua truong ludn tich cuc tham gia cac hoat

dong chuyén mén va hoat dong phong trao do So GD&ET
Humg Yén, tinh - huyén dodn t6 chic. Nam hoc 2014 - 2015
hai thdy ¢d gido clia truong tham gia Hoi thi gido vién thuc
hanh thi nghiém giéi cap tinh déu dat giai Ba. Hoc sinh nha
truong tham du ky thi hoe sinh gioi khu vuc Duyén hai va
ding bang Bac bj dat 4 gidi (1 HCB va 3 giai khuyén khich).
Bac bigt trong ndm hoc 2015 - 2016 ¢6 18 hoc sinh nha
truemg dat giai trong ky thi HSG cap tinh do S0 GD&DT Hung
Yén 6 chic voi 2 giai Nhi, 10 giai Ba va 6 giai Khuyén khich.

Ty 1& hoc sinh khdi 12 clia nha trugng dd 16t nghiep trong ky
thi THPT Qudc gia 2015 |a 98% va ty 18 hoc sinh co t6 hop
s6 diém cac mon xét tuyén Dai hoc di dé vao Dai hoc la
55,44%; xép thir 9 trén 37 trudng THPT todn tinh.

Phat huy truyén théng 50 nam qua, truong THPT Yén My
dang trén da vuon lén phat trién dé khang dinh minh xung
dang voi truong trung tam. Thay va tro nha truéng dang ra
stic phan d&u va chudn bj hanh trang tién 16 ky niém 55 nam
ngay thanh 1ap tremg vao ndm 2020.

Mat tiét muc van nghé cia truong THPT Yén My
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