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T o sach “Tai liéu chuyén Toan Trung hoc co s6”
c6 tht c& 8 cudn, cho cac lép 6, 7, 8, 9, mdi lép
gom 2 tap: tap mot 1a Dai s6 (& 16p 6, tap mét la S6
hoc), tap hai la Hinh hoc. Néi dung trong méi cudn
déu bam sat chuong trinh Toén & céc Idp THCS.
Mbi cudn déu cé hai phan: phan Cdc chuyén dé
co bdn (viét theo ting chuong clia SGK) va phan
Mot s6 chuyén dé ndng cao. Phan dau trong méi
chuyén dé la tom tat cac kién thic li thuyét cla
chuyén dé ma HS cén ndm viing, tiép theo gidi
thiéu mét s6 vi du minh hoa va sau d6 la cac bai tap
dé nghi dé HS luyén tap. Nhitng chuyén dé nang
cao nhém gitip HS hiéu sau va rong hon nhitng néi
dung ¢6 lién quan dén chuong trinh. Nhitng vi du
va cac bai tap trinh bay trong séch dugc céc tac gia
chon loc kha ki luéng, trong dé c6 nhiéu vi du, bai
tap 1a nhiing bai thi hoc sinh gidi Toan Quéc gia,
thi Olympic Toén, ... Béng viéc doc, gidi nhiing vi
du va bai tap nay, HS sé dugc mé rong, dao sau
nhimng kién thic da hoc, qua d6 dugc rén luyén kha
nang tut duy Toan hoc. Cuéi sach sé la phan Hudng
dén giai cho céc bai tap dugc dua ra & cudi méi
chuyén dé.

Nhom téc gia clia bd sach la nhitng thay cé gido da
hoic dang gidng day & cac I6p chuyén Toan ctia cac
truding Dai hoc va cac trudng Trung hoc phé théng
¢6 uy tin, [ nhitng chuyén gia Toan & Tap chi Tean
hoc & Tudi tré va Nha xuét ban Giéo duc Vié Nam,
chéng han nhu: NGND. V@i Hitu Binh (chi bién),
NGUT Nguyén Tam Son, nha gido Dam Hiéu
Chién, PGS.TS. Vidn Nhu Cuong, PGS.TS Dam
Vin Nhi, TS. Pham Thi Bach Ngoc, PGS. TS Le
Quéc Hcm TS. Trdn Hitu Nam, ...

Hi vong rang bo sach sé la mot tai lieu thiét th!,m A
va bé ich gilip cac em hoc sinh “hiéu sau sic nhing
kién thic Toan da hoc, va gop phan vao viéc nang = ¥4
cao chat }udng dao tao va béi dudng hoc sinh gibi _. .

D
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Toén & cap Trung hoc co s6. : J

Ban doc c6 thé dit mua sach tai cac Cong ty Sach - Thiét bi Trudng hoc & cac dia phuong
hodc cac Cira hang sach cua Nha xust ban Giao duc Viet Nam.

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NHAT T
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C/”ﬁn todn ¢ chirong trinh gido duc phé
théng hién hanh ciia mede ta chi dé cdp
dén ddiu hiéu cac 50 chia hét cho 2:3:5va 0,
Ngoai ra, trong qua trinh tim toi, hoc hoi,
chiing ta con dwoc biét dén cdc ddu hi¢u chia
hét khdc nhu dau hiéu chia hét cho 4; 6; 8; 11; ...
Trén mét sé dién dan toan hoc ciing c6 dang
mot vai két qua khi xét dau higu chia hét cho 7.
Vi niém dam mé todn hoc, t6i da tim toi va xin
trinh bay mot dau hiéu chia hét cho 7 nho cac
b s duwoe sap theo thir tw ma 16i sé dgt tén
trong phan trinh bay dwdi day.

- - - A
I. Nhiin xét mé dau

Xét cac s6 co dang 10* véik=1,2,3 ... va
moi s6 nay khi chia cho 7 c6 cac két qua sau:
10 =71+ 3

10°=7.14+ 2

10°=7.142+ 6

10°=7. 1428 + 4

10°=7.14285+5

10°=7. 142857 + 1

10'=7. 1428571 + 3

10°=7. 14285714 + 2

10°=17. 142857142 + 6

10" =7. 1428571428 + 4

10" =7. 14285714285 + 5

Nhur vy, vai cac s6 tir 10" dén 10°khi chia cho
7 thi s6 du ldn lugt theo thir ty 1a: 3; 2; 6; 4; 5;
1. Diéu thi vi 1a cc s6 tiép theo tir 10" dén 10"
khi chia cho 7 ciing 1dp lai cic so dur theo bo s6
(3;2;6; 4,5, 1).

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NHAT 1™

NGUYEN VAN HIEU

An (GV FHCS Vinh Hhng, Phit Lic, Thira Thién Hud)

Diéu nay din dén cdc dy doan phai ching c6 su
lp lai thi vi ndo dé vé s6 du? Cac bd s nay
lién quan gi dén “dau hi¢u chia hét cho 7"?

II. Nhin xét ting quat

Khi chia cde 56 ¢6 dang 10" va 108 (véik=1;
2;:3;4; ...) cho 7 thi ching co ciing $6 dh.
Chitng minh:

D@ thiy 10° khong chia hét cho 7 (10* = 2*.5%).
Gia sir chia 10* cho 7 duoe thuwong s6 1a g va s6
delar 10 =7g+r (1) (greNva0<r<7).
Ta cin chimg minh khi chia 10*"® cho 7 cling
duge sd du 1a r. Thit vay, tir (1) két hop véi
nhén xét mé dau ta cé: 10° = 10°.10°

=(7g +7)(7.142857 + 1) =7X + r (X e N*),

I11. Quy wée cich goi tén

1) Cac bd s6 sap thir tyr: (1; 3; 2; —1; =3; -2),

(L 2,05 32 1) (k. 5 &5 ~1; 3, = 1. 3),
(1; 3; 2; -1; =3; =2; 1; 3; 2)... dugc goi 14 céic
“bd s6 tuin hoan” twong img v&i cac s

abedef |, abedefe , abedefeh , abedefghi, ...

2) Khéng mét tinh téng quat, xét sd tr nhién
abedef , khi dé néutbng 1. f +3.e+2.d- l.c—
3.b — 2.a chia hét cho 7 thi ta néi “cac chir s6
ciia s6 Fcc.!e} thoa min bg $6 tudn hoan tuong
mg”.

IV. Diu hiéu chia hét cho 7

1) Trude hét ta tim diéu kién can va di dé so co

6 chit s6 dang abcdef chia hét cho 7.

TOAN HOC
* CTusitre 1
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Dit A = abedef = a(7.14285 + 5) + b(7.1428 +
N+e(7.142+6)+d(7.14+2) +e(7.1+3) +f
=T7(14285a + 1428b + 142¢ + 14d + e ) + Sa +
4b + 6c + 2d + 3e + f = 7(14285a + 1428b +
142¢ + 14d+e)+ T(a+b+c)—2a-3b—-c+
2d + 3e + f. Nhu véy A chia hét cho 7 khi va chi
khi tong R = —2a — 3b — ¢ + 2d + 3e + f chia
hét cho 7 (2).

Sip xép lai cdc hé s6 —2; —3; —1; 2; 3; 1 ¢6 mit
trong témg trén theo b (1; 3; 2; -1; -3; -2) vdi
thir tw: hé s6 1 {mg vdi chir s6 hang dom vi £, hé
s6 3 {mg véi chir s6 hang chuc e, hé sb 2 tmg
voi chir s6 hang trim d, hé s6 —1 g véi chir s6
hang nghin ¢, h¢ s6 -3 tng voi chir s6 hang
chuc nghin b, h¢ s6 -2 tng va&i chir s6 hang
trim nghin a. Tir (2) suy ra “S6 nr nhién c¢6 6
chir s6 A = abedef chia hét cho T khi va chi khi
f+3e+2d—c—3b—2achia hét cho 7. (3)
V&i quy woc cach goi tén nhu trén, lic nay (3)

dién dat nhu sau:

“Sé tir nhién c6 6 chit s6 abedef chia hét cho 7
khi va chi khi edc chiF s6 ciia né thoa man bé s6
tudn hodn twong vmg (1; 3; 2; —1; -3; -2)".

Chu y rang, trong chimg minh trén céc chir s6
a, b, c, d, e, f co thé dong thai bang 0 hoic
khéng dong thoi bing 0 thi khi d6 (3) vin ding.
Thi du 1. Khong ding phép chia, xét xem sb
3780 c6 chia hét cho 7 hay khong?

Taco: 1.0+3.8+27-13=24+14-3=35
chia hét cho 7, suy ra 3780 chia hét cho 7.

Thi du 2. S6 120476 ¢6 tinh chét; 1.6 + 3.7 +
2.4 — 1.0 -3.2 - 2.1 = 27 khong chia hét cho 7
nén s6 120476 khéng chia hét cho 7.

Thi du 3. Tim gia tri cia chir s6 x dé sé
70x026 chia hét cho 7.

Xéttong: 1.6 +3.2+20-1x-3.0-2.7

TOANHOC |
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= -2 —x, s 70x026 chia hét cho 72 — x
chia hét cho 7 <> x=5.

2) Bdy gio ta xét diéu kién can va di dé cdc sé
6 nhiéu hon 6 chi s6 chia hét cho 7. Tix nhan
xét m& dau ta thﬁy co sy lap lai vé b du khi
chia cac s6 c6 dang 10° cho 7, do d6 khéng 1am
mit tinh tong quat ta xét sd ¢ 7 chir s co dang

abcdefg. Do abcdefg = a.10° + bedefg, dé y

cach phan tich 10° nhu & muc Nhdn xét mo ddu

va két qua chimg minh trén cho s6 E@g ta co

abcdefg chia hét cho 7 khi va chi khi sb

l.g + 3f+ 2e — 1d — 3¢ — 2b + l.a chia hét cho

7. Ta thay xudt hién bg 56 tudn hoan: (1; 3; 2; ~1;

=3;-2;1).

Chimg minh twong tr nhu trén ta ¢ bg 56 tudn

hoan tong quat sau: (1;3; 2; —1;-3; -2; 1; 3 ; 2;

-1;-3;-2; ...).

3) Déu hiéu chia hét cho 7

S6 tw nhién a,a,a,a,a;...a, chia hét cho 7 khi

v chi khi cdc chit s6 ciia né théa man “bj si

tudn hoan” cé n sé twong tng:

(153;2:-1;-3;-2;1;3;2;-1;-3;-2;1; ...).

Thi du 4. S6 10197824 ¢6 chia hét cho 7 hay

khong? Ta cé:
14+32+28-17-39-2.1+1.0+3.1

=4+6+16-7-27-2+0+3=-7.

Viy s6 10197824 chia hét cho 7.

V. Ap dyng

Véi diu hiéu nhin biét mét sé chia hét cho 7

noi trén, ta co thé kiém chimg dwoc cic két qua

sau:

1) Céc sb 6 6 chit s6, 12 chir s6, 18 chir s, ...

gidbng nhau thi chia hét cho 7. Nhw 111111;

222222222222; 999999999999999999; ...

2) Cac sd dang abcabc; abcabcabeabe;

abcabcabcabeabeabe;, .. .déu chia hét cho 7.
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Hudng dan gidi BE THI TUYEN SINH VAO LOP 10 CHUYEN TOAN

Bai 1. a) PT co hai nghiém phéan biét

Lo 22 =0 v Dani 23 0.
b) Theo dinh Iy Viete, ta co

2
x+x =2, 5% =(m-1),

nén (x,—x) =(x +x)’ ~4xx, =4-4(m-1)’ <4,

: 4 —x1|£2.

4x+3

e |

& Dx* -4x+D-3=0 (1)

—NéuD=0thix:%3+

Bai 2. Tacd D=

+Néu D0 thi (1) phai c6 nghiém x, vi thé
A=16-4D(D-3)>0

< 4D +12D+1620 < (2D -3)* <25
<—552D-3<5<-1=sD=4.

Khi D= -1, (1) c6 nghiém kép x =%=—2+

Khi D =4, (1) c6 nghiém kép x=

mm
M_|""

Vay maxD = 4 khi x:%,minD=—1 khix=-2.

Bai 3.

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NHAT 1™

Truomg THPT chuyén LE QUY DON - TINH NINH THUAN NAM HOC 2014- 2015

(Dé thi ding trén TH&TT 5o 456, thdng 6 nam 2015)

a) Do MCN =90° nén MV la duémg kinh cua
(C), kéo theo Q' 14 trung diém cia MN.

Ké tiép tuyén tai C ctia (0), cit AB kéo dai tai /.
Vi (0), (C) tiép xtic nhau nén IC ciing 1a tiép

tuyén tai C' cua (C), suy ra m = ﬂ{;

ICM =CBA = CNM =CBA = MN // AB.

b) Ta c6 O'D LAB nén O'D L MN. Do d6
MD = ND hay CD 1 tia phén gidc cua ACB.
Kéo dai CD cit (0) tai diém thi hai E. Suy ra £

la trung diém cia AB (khéng chia C), E cb
dinh. Viy CD ludn di qua diém E ¢6 dinh.

c) Tacod EAD=ACD (chan hai cung AE =BE ).
Xét dudng tron ngoai tiép AACD, ACD chin
AD, tia AE nim ngoai AACD, suy ta AE tiép
xiic v&i dudng tron ngoai tiép AACD tai 4.

Bai 4. Goi d =UCLN(n” +4, n+5).

Do n’ +4 =(n+5)(n —5}+ 29

nén d =UCLN(n+5,29). Tacé p la phén sb
chua tbi gian

o d>1en+5:29 (vi29 la s nguyeén td)
on=29%-5(keZ).

Theo gia thiét 1< n <2015

2{}20
29

< 1<29k - 5<2015¢>5{k<

Ma keZnénk=1,23, .., 69
Viyn=20k-5voik=1,2,3,..,69.

CAO TRAN TU HAI (Ninh Thugn)
Gidi thidu

. TOAN HOC
S48 457 (7-2015) s Cl'um?;c 3
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DE THI TUYEN SINH VAO LOP 10
mtme THPT CHUYEN KHOA HOC TU NHIEN - DHQG HA NOH v noc 2014- 2015
VONG 1 (120 phiir)

Céu 1 (3 diém). 1) Gia sir @, b 14 hai sb thyc phan

biét thda man a® +3a=5h +3b=2.

a) Chimg minh ring a + b =-3

b) Chimg minh ring a* + b* = —45.

2) Gii h¢ phuong trinh{i‘; - ji = :;3 o

Ciu I (3 diém). 1) Tim cac sd nguyén x, y khong

nhd hon 2 sao cho xy—1 chia hét cho (x=1)}(y-1).

2) Véi x, y 1a nhimg s6 thyc thoa man ding thirc

x?y? +2y+1=0, tim gid trj 16n nhat va nho nhat
-"j’ .

3v+1

Céu 111 (3 diém). Cho tam giéc nhoq ABC khing

cin ¢o tim dudng tron ndi tiép la diém /. Pudng

thang Al cit BC tai D. Goi E,F lan lugt 13 cac diém

d6i ximg cia D qua IC,IB.

1) Chimg minh r%ng EF song song 1{6‘1 BC.

2) Goi M,N.,J lan lugt 1a trung diém coa cac doan

thing DE, DF, EF.Pudmg tron ngoai tiép tam gidc

AEM ciit dudmg tron ngoai tiép tam gidc AFN tai P

khic 4. Chimg minh rang bén diém M, P, N,/ cing

thudc mét duong tron.

cuia bidu thirc P =

R Y

3) Chimg minh ring ba diém A, J, P thing hang.
Cau 1V (1 diém). 1) Cho bing 6 vudng 2015x2015.
Ki hiéu & (i, /) 1a & & hang thir 7, cot thir j. Ta viét
cac sd nguyén duong tir 1 dén 2015 vao cic 6 cla
bang theo quy tac sau:

i) S0 1 dugce viét vao 6 (1,1),

ii) Néu sb k duoe viét vio 6 (), voi i>1, thi 0
k+1 dugc viét vao 6 (i—1,j+1),

iii) Néu s6 & duge viét vao 6 (1, /) thisd k+1 duge
viét vao 6 (j+1,1). (Xem hinh 1)

1 316 |10
241515
4 | 8
7
Hinh 1

Khi d6. sé 2015 durge viét vao & (m,n). Hay xac
dinh m va n.
2) Gia sir a, b, ¢ 1a cac s0 thuc duong thoa man
ab + be + ca+abe <4, Chimg minh ring

at+ b +et+a+b+e=2ab+be+ea).

-------------------------------------------------------

VONG 2 (150 phiif)

Céu 1 (3 diém). 1) Véi a, b, ¢ 1a cic s6 thuc thoa
min (34 +3b+3c)?
=24+3a+b-c) +(3b+c—a) +(3c+a-b) .
Chimng minh réng (a+2b)b+2c)c+2a)=1.
2) Gidi hé phuong trinh
{2x+2y+r}f=5
2N x+y)+y' +7=26x +27x +9x.
Ciu 1T (3 diém). 1) Tim sb tu nhién n d& n+5 va
n+30 du l1a s6 chinh phuong (s chinh phuong 1a
s6 bing binh phurong clia mét sé: nguyén).
2) Tim x, y nguyén thoa man dang thirc
L+ x+y+3 =Jx +y.
3) Gia sitx, y, z1a nhimg sb thue 16m hon 2. Tim gid
tri nhé nhét cia biéu thire
o ¥ z
Jy+z—4 W e p Jx+y-—4 ‘
Ciu 111 (3 diém). Cho tam gidc nhon ABC khong
cin véi AB < AC. Goi M la trung diém cia doan

TOAN HOC
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thing BC.Goi H la hinh chiéu vuéng géc cia B trén
doan thing AM. Trén tia ddi cua tia AM ldy diém
N sao cho AN = 2MH.
1) Chimg minh rang BN = AC.
2) Goi Q la diém ddi ximg véi A qua N. Puimg
thang AC cit BQ taiD. Chimg minh ring bon diém
B, D, N, C clung thudc mét duong tron, goi dudng
trom nay 13 (O).
3) Puémg tron ngoai tiép tam gidc AQD cit (D) tai G
khéc D. Chimg minh ring NG song song véi BC.
Cau IV (1 diém).
Ky hiéu S 13 tip hop gdm 2015 diém phén biét trén
mit phing. Gia sit tit ci cic diém cua § khéng clng
nim trén mt duéng thing. Chimg minh ring co it
nhét 2015 dudng thing phan biét ma méi duing
thing di qua it nhit hai diém cuia S.
NGUYEN VU LUONG - PHAM VAN HUNG
(GV THPT chuvén KHTN - DHQG Ha Ngi)
Gidi thiéu
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HUGNG DAN

Ciu 1. a) Ban doc tir gidi.
b) Tacd y' =3 —6mx, ¥ =0@E fg (vm#=0).

Do y' dbi ddu khi qua x=0vax=2nén dé thi
ham s6 ¢6 2 diém cyc tri.

+ Vi x=0 thi y=3(m-1) véi x=2 thi y=—m-3
Do vai trd cia A va B nhu nhau, khong mét
tong quat gia st A(0; 3m—3),B(2; —m—-3).
Taco 2AB? —-(0A*+0B*)=98

S 9m-1P +4+(m+3) -2(4+16m*)=-98
_28

2 hoic m= T

= 1lm* +om-56=0=m=
Céu 2. a) T =4030.
b)Pit z=a+bi(x,yeR)=7=a-bi.Tacod
Ii:~3|= z—2—i| =:::>!—b—3+ai =|a—2+(h—l)i‘
=a==-2b-1=z=(=-2b-1)+bi.

Taco||—i5(b+ ) E %
2

Dﬁng thie xay rakhi b=——

sl i) A TRk oo 0%
Tir 6 so6 phirc can tim la z =————1.
5

Ciu 3. PT di cho < sin2x—3cos2x=2cosx

<> 5in 2x—~—)= s‘m[E—x].
[ 3 2

Tir d6 suy ra nghiém ctia PT da cho la
Sm. k2T " 5?'{
ﬁ"" T, 6 kZTE (k = Z]
Céu 4. PT thir hai cua hé tuong duong voi
2x-1=(x-y)’ > y=1-x
Thay vy =1-x vao PT thit nhit ctia hé duge

2t 9 ey
x x*+1

(1)
Giai (1). PK: [x|> %

Véi x = % PT (1) twong duong véi

¢ S
25_'_9\;941 4 =_2_+ 18 )

x2 o xr+1

VIQ2) > 25[(10 % 3)

Ta co nén PT (2) vo
VP(2) < —+% <25

GIAI D& SO 9

nghiém, suy ra PT (1) vo nghiém.
» Voi x S-%, PT (1) twong duong voi

4 2 18
S M A @)

Pat % — [o << %), PT (3) trér thanh

9(1-9-41)= 2k 16

1+t
36(1—-2) _2(t—-2)(t+4)
1+y9-4t 141
@(1_2)[ 18 _r+4j=
1+49-4¢ 1+t

: 9 18 18
Vai 0<t== ¢ ————=>—
4 1+49-4t 4

ﬂ=]+ 3

F 18 . 18
1+t 1+t

(4)

va

_t+4

«::4-::
Tt

nén
1494t
'D r o ek ﬁ ) I3
0 do (4)<=r=2.Suyra x4—7<0‘ Tir d6

HPT di cho c6 nghiém (x;y) 1a [-—E 2+IJ

o)
0 0 d
Caus5.Taco I= |(x-2edt+ | ——0—o"
-!' ooy -][ (x+IN3+2x—22

k= ¥
u=x-2 {du =dx.

dv=edx |v=e*

0
+Tinh [, = [(c-2edx. Dat {
3

3—-x

xltud!

Dit 1=

Vay 1=—3+%(%+ﬁ—ﬁ}.

Céu 6. - Ké SH | AC (H € AC).
Do (SAC) L (ABC)nénSH 1 (ABC).

TOAN HOC
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Ta c6 SH = SA.sinSAC = Zaﬁ% —a3.

i 1 1

= 2304003 =24,
«Ké HD L BC (D € BC), HK L 5D (K e SD).
Khi d6 HK = d(H;(SBC)). Vi AH =SA.cosSAC
:mﬁi% = 3a, nén AC = 4HC
— d(A:(SBC)) = 4d(H;(SBC)) = 4HK.

5 HD _AB _3a
L e e
Tir d6 d(A;(SBC))=4HK
3a
asHHD  4BT 6T

" JSHE+HD* J3 . 9&2 7

Céu 7. Puong tron(C) ¢6 tim /(2; 2)va ban
kinh R =+/5, Ae(A)= A(a; —a-1).

Bit IA=x (x>0),BAC =2« thi sina:%:%g
|I| L
gl (vm 53 )
1A *
P O e -%AB.AC.sinza -8

< AB.ACsina.cosa =8. Suyra

Liac) f(xz ) =8 = 5(x2 -5) =64x*

&5 5x0 —139x* +375x2 —625=0

& (x2 -25)5x* —14x* +25)=0=> x =5.

Déi chiéu vai PK x > /5 ta chon x=5.

Tedo IJA=5&(a-2)+(-a-3)* =25
Sat+a-6=0<a=2hojca=-3.

V& a=2 thi A2 -3); véi a=-3 thi A(-3; 2).

TOA
i ?c?'lu;gg S8 457(7-2015)

Cau 8. » Mat cdu(S)c6 tim I(1; —3; —2) va ban
kinhR=6.Vi d(/, (a))=4 < R suy ra dpcm.
» Goi H va rlan luot 13 tdm va béan kinh cua
dudng tron giao tuyén, ta thay H 1a hinh chiéu
vudng goc cua [ trén (a). Taco
IH =d(l, (@) =4, r =VR? - IH” =2.5.

Toa d6 diem H 1a nghiém cua HPT

x=1+424 v=-3-2t;z=-2—¢
{2.):—2)-'—::+2 =

4 3 Lol

:>r=-——3~ ::aH[—E; -3 _Ej
Ciu 9. S6 hang khéng chira x 1a

Ch (-1)*24=7920.
Ciu 10. «Dat Mz\lagxz +_12, +\/4},2 +L2
X ¥
Ta cod

1 24 2. 1 1
Mz—| 2x+= [4+—| 2y+— |=—=| x+y+—+—
) ﬁ[-‘ y] )
(Theo BDT Bunyakovsky)
1

S5 S

[2 i4\f_ = 7 J 245 (do gia thiét),

Suyra M=>2J5(1)

IV

4
N

«Dit N = - Taco

)

xt+1l o i+l

X ¥

= -
x2+L _;,_é 2+_1_ +§
g Al a

X i S 4x - 4y
x+§ ,+§ 4x+3 4y+3
g ¥y

i 4y 1 1
: == “s
Bonnle oo (4x+3 4y+3]

i ot Do do

34x+4»+6 e ﬁZS

—NQ—E{Z]. Ti(l)va(2)suyra P2 2-,@—%-

Khi x=y=7 thi P=25—- Vay

minP =25 ——

_ PHAM TRONG THU
(GV THPT chuyén Nguyén Quang Diéu, Dong Thdp)
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i giai cdc bai todn cuc tri trong hinh hoc
khong gian, ta thuong gip bai toan tim gia
trj 1ém nhat hay nho nhit cia s6 do mot goe, d6
dai mot doan thang, dién tich ctia mot hinh
phéng, thé tich cdc khdi da dién hay khéi tron
xoay. Tap chi TH&TT di gidi thiéu mét s6
phuong phap giai lop toan nay dua vao cdng cu
foa dp. Trong bai bio nay, chung téi trinh bay
mét s6 phuong phap chu yéu sir dung cdng cu
hinh hoc thuan tity, c6 thé két hop véi céng cu
dai so hay céng cu vecto.

1. Phuong phap sir dung thuin tiy cic dinh
I¥ hinh hoc

Céc dinh Iy quen thudc thuomg duge sir dung
la: duong vudng gée ngin hon moi dudng xién,
méi canh tam gidc nho hon téng hai canh con
lai va 1én hon hi¢u cta ching, dwong vuéng
goc chung cua hai dudmg thdng chéo nhau la
doan thang nga:n nhét trong céc doan thi’mg co
hai dau mut nam trén hai duong thing dy, ...
©Thi dy 1. Cho hinh Igp phuwong ABCDABCD'
va mét diém M Chuyen dong trén canh AA'

Mat phing (BMD') cat CC’ tai N. Tim vi tri
diéem M d*e dién tich thiét dién BMD'N dat gic

tri nhé nhat.
L gidgi. (h.1)

A

Hinh 1

Vi (ABBA)(DCC'D') nén BMJ/D'N. Tuong
ty, MD'//BN. Viy t& gidc BMD'N 1a hinh
binh hanh. Ké MH | BD' thi

] ¥ ¥
=2y, =2.5-BD" MH = BD' MH

SBMD'N

MOT SO PHUONG PHAP
GIAI BAI TOAN Cl CTRITRONG

HIVE HOC KHONGGLAN

LE QUOC HAN

(GV Khoa Todn - PH Vinh, Nghé An)
VAy Sgpy dat gid tri nho nhét khi va chi khi
MH @&at gid tri nhé nhét, nghia 14 khi va chi khi
MH la dudng vudng goc chung cia AA" va
BD' (hay M la trung diém cua AA'va H la
trung diém cua BD').
Chit §. O diy, diem M phai ndm trén doan thang
AA' vi N phai nim trén doan thing CC'. Lo gidi
trén thoa man ca hai diéu kién aj_,! Tuy nhién khong
phai bao giv ta cling gip may man dy. Trong mot so
bai toan, cdc chan dudng vudng goc chung cua hai
doan thang lai nam trén cac doan thing ay kéo dai,
Trong mét s bai todn khac, c.ac diém chuycn dong
lai phai thoa méan them -mit so diéu kién b sung,
nén doan thing ngin nhit chura hiin 13 duomg vudng
gbc chung. Khi d6 ta phai sir dung k¥ thudt khic.
Thi du sau diy minh hoa cho nhén xét do.
©Thi du 2. Cho hinh Igp phuong ABCD.A'B'C'D'
va hai diem M, N lan lugt chuyén ding trén
cac duong chéo A'B va AC sao cho
A'M = AN . Tim vi tri cia M,N dé d¢ dai doan
thing MN dat gia tri nho nhat.
Lei gidi. (h.2)

Hinh 2

Cum 1o gidi, ta s& thiy ring khi d6 dai doan
thing MN dat gia tri nho nhit, MN khong
phai la dwong vudng géc chung cia A'B va
AC (¢ day, diéu kién rang buoc 1a A'M = AN).
Ky hiéu canh hinh lip phuong di cho la a,
A'M = AN =x thi 0Sx<a/2,MB=NC=a2-x.
Trén AB liy diém H saocho MH /| AA’ thi

AH A'M AN

HE - MB - NC nén theo dinh Iy Thales dao
HN // BC.
TOAN HOC
S6 457(7-2015) : Crumct;e r
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Tur do tam gide MHN vudng tai H. Vi cdc
tam gidc AHN va BHM vuong can tai H nén

AN _x BM _av2-x
HN = HM = . Va
B AP he
x2+{a 2—x}2
MN? =M +NHP =—————=x" —af2x+e.

MN dat gid tri nho nhét -¢:>x=% & M,N
twong img 13 trung diém ciia A'B,AC . Khi dé
W—W—BN=%— nén BMN la tam gidc déu,

do dé goc gifta MN va A'B bﬁng 60° . Tuong
tr, goc gitta MN va AC cling bing 60° .

2. Phuong phap thiét 1ap hé thire xdc dinh
Trong nhiéu bai toan, dé tim cyc tri cia do dai
mot doan thing, dién tich ciia mot hinh phang
hay thé tich cta mt khéi da dién, trude hét ta
phai thiét 1ap mét so hé thirc lién quan dén cac
bién chira trong céc biéu thirc biéu dién cac dai
lugng noi trén. Sau d6 diung cac BDT quen
thudc (Cauchy, Bunyakovsky ...) dé tim cyc tri
ctia cic biéu thire trén.

OThi du 3. Cho hai ducng thang Ax,By chéo
nhau va vuéng géc voi nhau c6 AB = a la
dwong vudng géc chung. Hai diém M, N lan
lwot chuyén dong trén Ax, By sao cho MN =b
(voi b la dp dai cho truéc). Tim gia tri lon
nhat ciia thé tich tir dién ABMN .

Lai gidi.

Hinh 3

Diat AM =u, BN =v. Vi BN L AB,
BN L AM theo gia thiét, nén BN L (ABM),

Do d6 BN L BM. nén Vi =V e =%_S‘WBN

=% %AMABBN—Eauv(h 3).

Theo dinh 1y Pythagore co

BM?* = AB* + AM* = MN* —BN? suyra
AM? + BN? = MN? — AB® = b? —a*. Tt d6
uw? +v2 = b? —a* (khong dbi) nén uv 16n nhét

TOAN HOC
* Cluditye S8 457 (7-2015)

= bE ___a.'!
(nghia 1d V,,, 16n nhit) <u=v=~7
2 a(#? —az)
theo BDT Cauchy. Viy maxV ... = g
2 g2
dat dirge <> AM=BN = |2 <

OThi du 4. Cho iz diégn ABCD va mgt diém M
chuyén dong trong tie dién. Cac dwong thing
AM, BM, CM, DM cat cdc mét (BCD), (ADC),
(ABD), (ABC) tai A',B',C'"\D" twong tkng.
a) Xdc dinh vi tri diém M dé biéu thire
AM  BM CM
e Lk
MA'" MB' MC
b) Xac dinh vi tri diém .M dé biéu thirc

£ 1 DM dat ia
Mc  \MD’ ‘8

DM d“ai‘ id tri nho nhat.

[AM JBM 5
MB'

e ‘J MA'
tri nho nhat.

Lai gidi. (h.4)

" Hinh 4
. MA'" Viysp . MB' Viuo
g s s e
AA ‘{A.MD BB VH.ACD
MC' s VM.ABD = MD' o ‘i;ﬂ-f.d.ﬂ'c

va

CC} 3 VC..-‘IHD ; DD' VD.ABC

Varseo T Viraco + Vi aso T Varase = Vagop» SUY T2

MA'" MB' MC'+MD’

=1.
A4 T BB CC DD
A BR
Theo BET Cauchy, VAT + ME + MC =g MDD
_(MA'  MB' +MC’+MD’
BN TR R g
Ax" . BRY.CC . DD
>
(MA'+MB'+MC’+MD )ﬂl{i
T AM+BM+CM . DM
MA' MB' MC' MD'
Ad' - BE o Ccc'.. DD
8 =13
va v e MDY

Do &6 minP = 12, dat duoc khi va chi khi

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NHAT 1™
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B I Ny Lt
AT B ol DI A e M
tidm cia tir dién ABCD.
b) Bat Vyuop =@ Viuep =% Vipapp =%,
.. AV @& +h+c? d’z
V, =d?*. Thé th —_AKD _
sac CMA TV, &
AM Bt +d
Do do VA o . Twong tu
BM &+ +d*, CM 15,12+.':l°+a?2
ME b ' MC ¢l
DM BP+ecr+a? o :
WD - Ve . Mat kl:ac do
3(b*+c*+d*)2(b+c+d) nén nhén duge
fAM Jh +24d? _ 1 b+c+d
l\l MA = _ﬁ' va ba BDT
tucmgm Tir do
T>—-| (b+c+d a+('+d+a+b+d+a+b+rw
J3 a b c d )

:>L 12=43 (vi —+ >2 Yx,y>0).
¥

Vay mmT 4\5 dat du’qc Ichi va chi khi

g =hr=c ="
: 1
= Visaeo =Viraco = Vieas = Varasc [: E‘{asrnw
SMA_MB_mMC_MD 1
AX BB CC. DI 4%

trong tdm cua tir dién ABCD (Ban doc hay
chimg minh chi tiét nhan xét nay).

Chi y. Mot s6 bai todn cuc tri hinh hoe gép trong
cdc ky thi hoc sinh gioi hay Vo dich todn, nhi¢u khi
phai tur x:"n dung Mot Iy thuyét mc'ri {so v hiéu biét
@ Thi du 5. Cho tir dién ABCD. Tim cdc diém
X.Y.ZT thue cdc mat phang (BCD), (CDA),
(DAB),(ABC) sao cho tong sau ddy dat gid tri
nhé nhdt XY? + XZ? + XT? +YZ2 + YT? + ZT2.
Loi gidi. Dé giai bai todn nay, can dua vao céc
khai niém va két qua sau

Dinh nghia. Cho tir dién ABCD, M la trung
diém canh CD . Mat phing (MAB) dugc goi la
mt trung dién xudt phat tir canh AB cia tir dién.
M@t tir dién ¢6 sau mat trung dién. D thiy sdu
mit trung dién cua tir dién dong quy tai trong
tam cua tir dién.

Dinh nghia. Cho tir dién ABCD . Goi (@).(S)
twong img 14 mat phin gidc va mit trung dién

xudt phét tir canh AB cua tir dign. Goi (y) 1
anh ctia (/) qua phép dbi ximg miit () . Khi
do [ }f} dwoc goi la mat doi trung xuit phat tir
canh AB cua tir dién. )

Mot tr dién co sdu mat doi trung. Ngudi ta di
chimg minh duoc ring sau mit ddi trung ciia tr
dién dong quy tai mot diém. Diém nay duge goi
la diém d@oi trong tdm cua tir dién.

Dinh Iy. Cho tir dién ABCD va M 1a mét diém
nim trong ti dién. Goi H.I,J,K tuong (g la
hinh chiéu ciia M xudng céc mat phing (BCD),
(CDA), (DAB),(ABC). Khi d6 cac diéu kién sau

trong duong:
i) M la diém doi trong tdm cua t& dién ABCD,
“} VMBCD = VMACD £l FMAHD s VMABC .

5 52 R
iii) M 1a trong tAm cua tir dién HLIK .
O day S,.5,,5..5, 1 ki hiéu dién tich cdc mit
(BCD),(CDA),(DAB).(ABC) cua tir dign ABCD.

(Ban doc hay chimg minh két qua nay).
Bay gio ta tro lai Thi du 5. Goi G 1a trong tAm
cua tir dién XYZT (h.5).

Kok ofmeme e D)

NE#

Hinh 5

Khi do GX.S, +GY .S, +GZ.S.+GI .5, 23V 5.
Theo BDT Bunyakovsky, cé
(G2 +GY2 +GZ* +GT? (5 +S3 +52+53 ) 2 WV
Cha y ring, vi G la trong tdm cua tir dién
XYZT nén X¥?+ X224+ XI? +YZ? +¥YT?* + ZT*
=4(GX* +GY* +GZ? +GT* ). T d6

L
ST AR AR ST
bing thire xdy ra <> G nim trong ti dién ABCD
sao cho GX, GY,GZ, GI' tuong (g vudng goc
véi ciic miit phiing (BCD), (CDA), (DAB), (ABC)

X+ X2+ X Y22+ YT + T2 >

TOAN HOC
* CTusitye P
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va —HG—X-:-G}'- ——G—?——g < G nam trong tir
SA SB SC SD

dién ABCD sao cho GX,GY,GZ,GT tuong
img vudng goc véi cac mét phang (BCD), (CDA),

i P it V,
(DAB). (ABC) va ﬂ;‘:”: f;g“: ﬁ;;“‘: gf'-"

<> GX,GY,GZ,GT tuong img vudng goc voi
cic mit phing (BCD),(CDA),(DAB),(ABC)
vi G la diém dbi trong tim cia tir dién
ABCD < X,Y,Z,T tuong tmg la hinh chiéu
vubng goc cua diém d6i trong tdm cua tr dign
ABCD 1én cac mijt phing (BCD], (CDA:I,
(DAB). (ABC)(*). Viy tong
XY+ XZ2 + XT2+YZ2 +YT? + ZT? nho nhit
khi va chi khi X,Y,Z.T thoa min (*) va gia tri
36V,
Si+SE+SE+85°

nho nhit d6 bing

3. Phwong phap vecto
Mot s6 bai toan cye trj hinh hoe duge gidi gon
hon néu ta biét sir dung cong cu vecto thich
hop. Ngoai nhimg kién thuc quen thude da hoc
& bac THPT, ban doc can biét thém khai niém
va cac tinh chét cua trong tim mot hé diém,
cong thirc Lagrange - Jacobi, tdm ti cy cua mét
hé diém, Pinh ly “Con nhim” cho khéi tir dién. ..
Dinh nghia. Giasu A A,,...,A 1amithé¢ m
diém sap xép tuy y trong khong gian khong
phin biét thir tu. Piém G duoc goi la trong
tdm cuia hé diém trén néu ZG—Ar =0,

=]
D thiy trong tam clia mdt hé diém luén ton tai
va duy nhat. Hon nira néu G 1a trong tdm cua
hé diém A, A,,..,A thi véi moi diém M

ZMA

i=1
Pinkh Iy (Cong thirc Lagrangp — Jacobi ). Gia sir
G la trong tdm coa hé diém A ,A,,...A, va
M 1a mét diém tiy v trong kh:")ng gian. Thé thi
1 m
oy bl A 2
MG m;nm: =~ Y AA

|{i<_|'{m

trong khéng gian, c6 MG =

@Thi du 6. Cheo i dién SABC vii SA=SB=SC=1.
Mot mét phang (@) thay doi luon di qua trong

TOAN HOC
* CTuilre S8 457(7-2015)

10

tim G cua tir di¢n, cdit SA,SB,SC tiwong 1ng
tai D, E,F. Tim gid tvi lom nhdt cia biéu thirc
1 1 1

P=DsESESF T SFsD -
Lai gidi. (h.6)

Hinh 6

Vi G la trong tim cia fT dién SABC nén
dudng thang SG di qua trong tim §' cua tam
gidc ABC va cod hé thic
G =255 =(SA+5B+5C).
SA 8B — 280 —

Tir dé 4SF—S—SD+S—E SE+S—~ SF.

1 5

= 4SG=3:B~SD+ SB SE+§SF

Lai vi bén diém D.E.F,G dong phing nén
TNt T
asD T asE T asF
1 1 I
SD.SE | SESF | SFSD

Tt d6 suy ra

1.1 1 1Y 16 16
g [ G
_3[ +SE+SFJ T . DoddominP = 5

dat duge khi va chikhi SD =8SE=8F = %

nghia 1a khi va chi khi mat phéng (DEF) di
qua G va song song vdi mit phang (ABC).
©Thi du 7. Cho ni dign SABC voi SA=a,
SB = bSC c. Mot mat phing («) thay do:
lun d@ qua trong tim G cia te dién, cdt
SA,SB,SC  twong ung tgi D,E.F.Tim gia i
cofbE b il el | 1 1
nho nhat cria biéu thirc P= D7 + S5 + SF2
Lai gidi. (h.6) Lap ludn twong tu thi du 6 nhin
SA 8B SC k. $Dsse
dugce hé thitc —+—+—=4 h ++—4
uge hé thirc o =T ay — y
trong 46 x=8D,y =SE,z=SF, Oixia,
0<y<h,0<z<c (1). Theo BPT Bunyakovsky,

2
lﬁz[a.i+b.i+c.l] (c:.r2 + 5 +L2}[ 12 +—L- +L,]
L. FLEE s
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xay ra khi va chi khi a:b: r_-—l

X

\1:|--

%+%+%:4,nghiﬂ 1a khi va chi khi
1_2.5? +B +2 o @ +b +c2 3 a +b* +c? @)
4 .7 45 2 4¢
thda mén diéu kién (1). Véy gia tri nho nhét cua
1 1 1 16
biéu thire P_SD’ +SE2 +SF’ la iR
dat dugc < x,y,z xac dinh bai (2).
BAI TAP
1. Cho hinh lip phwong ABCD.A'B'C'D'. Hai
diém M,N chuyén dong trén AB va DD’ sao
cho AM =DN.
a) Chimg minh céac (iom')'ng_thfing MN luén song
song vl mot mat phang c6 dinh. , ;
b) Xdc dinh vi tri cha M,N dé doan thing
MN ¢6 do dai nhé nhét.
2. Cho tir dién ABCD va mét diém M
chuyén dong trong ti dign. Cdc duomg thing
AM.BM,CM ., DM cit cac mat doi dién cua ti
dién lan lugt tai A".B,C".D". Tim gia tri nho
nhét cia biéu thire

(MAJE (MBT [MCJZ [MDT
| o [ | Wl (2 | et O ol el
| AA BB i DD
3. Cho tit dién ABCD va mdt diém M chuyén
dong trong mit (BCD) . Xac dinh vi tri M dé
tong cac binh phuong khodng cach tir M dén
ba mit con lai dat gia tri nhé nhat.
4. Cho hai duong thang Ax,By chéo nhau c6
AB=a la dudng vudng goc chung. Hai diém
M,N chuyén dong trén Ax,By twong (mg sao
cho AM + BN = MN,
a) Chimg minh thé tich cta tir dién ABMN
khong doi.
b) Xdc dinh vi tri M,N dé doan thing MN cb
d6 dai nho nhat.
¢) Xéc dinh vi tri M,N dé dién tich toan phin
clia tr dién ABMN dat gia tri nho nhat.
5. Trong khéng gian cho dudng thing

(4L oyl 2=
S B ot

va mit phéng

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NHAT 1™

(@):2x—2y+z-3=0 citnhautai A . Trén d
léy mdt diém B ¢b dinh sao cho AB=a. Xét
ty 56 —-——M+AB
BM
Ching minh rdng ton tai mét vi tri M sao cho
ty s0 do dat gid tri 16m nhat va tim gia tri 1én
nhat ay. t .
6*. Cho tir dién déu ABCD . Tim cdc diém
X.Y.Z.T thudc cic mit phing (BCD),(CDA),
(DAB},(ABC] sao cho tong d6 dai cac canh
cua tu dién XYZT dat gia tri nho nhit.
7*. Cho tr dién ABCD sao cho ciac canh
AB,BC,CA déu nho hon cic canh DA, DB,
DC . Tim gia tri 16n nhit v nho nhét cia PD,
trong do diém P thoa man diéu kién
PD?=PA*+PB* +P(C*.
8%, Cho tir dién ABCD vudng ¢ D. Goi
a, B,y twong img la goc gita dudmg cao
DH véi cac canh DA,DB,DC . Tim gia trj nho
X+y y+z z+x
22-} +}x2 5 yi
trong d6 x =cosa,y=cosf,z=cosy .
9*. Xét cic i dién AA,AA, ciing ngogi tiép

véi M chuyén dong trén (a).

nhit cia biéu thic P=

mét mit cdu cho trude. Mai tiép dién cua mat
cdu, song song véi mt mat cua tir dién niy, cat
ra khoi ti dién d6 mot wr dién nhd. Goi

v,(i=1,2,34) la thé tich cua khdi tir dién nho
c6 dinh A, va ¥ la thé tich cua tir dién
A A,A,A,. Tim gi tri nho nhét cua

LRl o e el

V

A A, A A, nhu thé,

10*. Cho tir dién ABCD . Liy mét diém Q
nam trong tr dién. Goi Q' 1a diém dbi ximg v
qua mit phing (BCD). Qua Q' dung mit

va xdc dinh nhitng tir dién

phing song song véi mit phing (BCD), mit
phing nay cit cic duomg thing AB,AC,AD
twong ung tai A,B,,C, tao thanh hinh chop
cut BCDB,C,D,. Bing cach liy diém déi ximg
véi qua mdt mat con lai cia tir dién roi dung
cac mit phang song song tuong tu nhu trén, ta
dugc ba hinh chép cut nita.

Hiy xdc dinh vi tri diém dé téng céc thé tich
clia bén chop cut tao thanh dat gia trj nho nhat.

TOAN HOC
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%fn todn chimg minh bét dang thic (BDT)
¢6 sy danh gia thay d61 s6 mil cua cac liy
thira thuémg lam cho hoc sinh lung ting. Bai
viét giéi thiéu cho ban doc phwong phép sir
dung BT Cauchy d& diéu chinh sé mil cua cic
liiy thira trong chimg minh BDT hodc tim gia tri
16m nhét (GTLN) va gia trj nho nhat (GTNN).

I. PHUONG PHAP
Dé danh gia tix liiy thira x"sang liiy thira x"
(véi x 14 sb thye dwong), ta thuong lam nhu sau:

« Xdc dinh diém roi cia BDT;

« Dua vao diém roi, dua vao phan tir phy (phan
tir phu thuong 1a hing s hoic tong quat 1a bidu
thue ¢ dang x'), dua vao BDT Cauchy ching
ta thiét 1ap dénh gia sau:

mx® + nx" 2 (m+n)." Y x™ x"

LAY

=(m+n)x " *)

(v&i m, n 13 céc sb nguyén duong). Tir (*) dé

c6 dénh gia tir x* sang x” ta can chon cac s6

= N ma +
nguyén duong m va n sao cho L O B.
m+n
II. MOT SO THi DU
Thi du 1. Gia su x, y, z, 1, 5 la cdc s6 thie
dirong thay doi thoa man:
' 4y +z' +t' +5 5
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* CTudilpe S6 457(7-2015)

oimumm’rnﬁsm

S s BANG HUNG PRAP DIED CHIVH SO M

5 NGUYEN VAN NHO
(GV THPT Neuyén Duy Trinh, Nghi Lic, Nehé An)

Tim GTLN cua biéu thirc:

P=x"+y"+z"+1"+s".

Phin tich. Dé st dung duge gia thiét, ta phai
thiét 1dp danh gia tir x” sang x°, nghia la giam sb
mil, ta chon phin tir phu la hing s6, dya vao
diém roi x=y=z=t=s=1, nén ta chon pha"in
tir do 1a 1, khi d6 v&i m, n 13 céc sé nguyén
duong thi theo BDT Cauchy ta cd:

mx’+n=x"+x"T+..+x +1+1+...+1
n 0 hang

m sﬁvhang

Tm

> (m+n)"Yx™" =(m+n)xmn.

M 6o m=6n, tir &6

m+tn

Pé c6 x° ta chon
chon m=6,n=1.
Lai gigi. Theo BPT Cauchy, ta co:
rar e sy Pl =T
Suy ra 6x  +127x°, ding thitc xay ra khi va
chikhi ' =1 x=1.
Twong tw, tacod: 6y’ +1=7y°%, 62" +127z2°
67 +12 7%, 65" +12 75",
Cong cac BPT ciing chiéu & trén, ta duge:
6(x" +y +z +t" +5)+5
2705+ y* + 28 415 4+ 5%).
Miit khac, theo gia thiét thi

X +y 42+ 57 €5,
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Tir hai BDT trén ta suy ra P<5. D& thiy khi

x=y=z=t=s=1t 22 +y 42" 47 +5" =5
va P=5. Viy maxP=35.

Thi du 2. Che ba so thiee divong thay doi a, b, ¢

thoa min ab+bc 4 ca=3abe. Tim GTLN ciua

hiéu thiec:

P= 5(“ b+ {']- 2{‘{;‘- 1 ||'-l|i 1 f_'.i ).

- r 0 =3 - K » 1 ]. 1 =
Phin tich. Tir gia thigttacdé —+—+—=3. Bé
a b &
dénh gi4 can trén cua P, ta cAn dénh gia tir ¢°
sang a, dua vio diém roi a=b=c=1, ta cin
: e i 1 i e -
dua vao phan tr phu 1a —. Khi d6 voi m, n 14 cac
ad

s nguyén duong thi theo BDT Cauchy ta c6:

m 1
—+na*z(m+ n).f”‘+”‘]’—m.a4"
a a

4n-m

=(m+n)a=r,
Dé co a ta can chon m, n sao cho:

dn—m

=1<3n=2m, tirdé chon m=3, n=2.
m+n

Lai giai. Tir gia thiét ta c6 i+1+1=3 ().
P s

Theo BPT Cauchy, ta co:
3

~+2a =l+l+l+a"Jrc.r“‘ES,i‘fis.a8 =5a.
a i ad o a

+2q°

o ey 1
DPing thic xdyra <> —=a* < a=1.
a

Twong ty, ta co:

+2-:' = 5e¢.

3+2§)4 > 5h,
b c

Céng ba BPT ciing chiéu & trén, ta dugc:

3{l+l+lj+2(a4+b4+c4)25(a+b+c).
a b ¢

Két hgp véi hé thire (*) suy ra P<9.

Khi a=b=c=1 thi ab+bc+ca=3abc vaP=9.
Viy maxP=9.

Thi du 3. Cho cac so thuc dwong a, b, c.

Chung minh rang.

II/ i V2 |" h Y 5 { ¢ N3 ) 3
| et aklm i )
\b+c) \a+c,) \a+b) 242

(SRR

Phén tich. Ta cin danh gia tir (—auj sang
b+e

9 dwavao diémrai a=b=c khidé
b+e

tir 46 ta chon phén tir phuy la

a .5_ 1
b+c 2\5’
1 :

———, khi d6 vdi m, # 1a cac s6 nguyén duong
2 Buy

thi theo BDT Cauchy ta thiy:

m[i]g—lhnL}(mk{hn} m—n[ | ]R(ijlgs
b+c sl " Wa2v2) Lbte
Im

1 2 a  \2imm)

--(m+n). ﬂh"[zﬁ] [E] 5

=]1<>m=2n, nén chon
2(m+n)

Ta cin chon
n=1l,m=2.

Léi gidi. Theo BPT Cauchy, ta co
3 3 3
) ) i)
b+c b+e et b+e

Suy ra: 2( ]E i
4 b+e ZJ_ *J_(-.'J-i—c)

Ping thirc xdy ra khi va chi khi

( a ]'2 1 a l
b+c z-f_ b+c '

TOAN HOC
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Tuong tu, ta cé:

2( b ]:'Jr 1 5, 3b
a+tc 22 -ﬁ(aﬂ-)

2( Fil ]'3'+ | - 3
a+b Z\E-ﬁ(a+b)'

Céng cac BPT cing chidu & trén, ta dugc:

3 3 £
2 (5] Howe) o s o
\b+c a+c a+b 22
) a b i
St + + :
\E[b+c a+c a+b]

Mat khéc, theo BBT Cauchy ta c6:

a b €
+ +
b+e a+b
| 1 |

. -
+c a+c

=i[(a+ by+(b+c)
a+tc 2

+(c + af}](b

}323-3:5.
a+b 2 2

Tir hai BBT & trén suy ra:

3 3
EiR iR
+ + 2_{'_
b+e a+e a+h 242

BDT da cho dugce chimg minh.

b | L

Pang thirc xay ra khi va chi khi

a 1
b+c_5
2 =l<:>a=b=c,
at+c 2
£, a3l
a+b_5

Thi du 4. Cho x, y, z la cdc 56 thie dwong.

Chitng minh rdang:

x4+ P+ I 2N+ {;.'_I.- +4/z).

Phén tich. Trudce tién ta cin chimg minh BDT:

2Vx +4fy +V2)+323@x + Py +¥2).

TOANHOC
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Ta cin danh gia tir Jx sang x , nghia 14 ta

sang x°, tire la dénh gia

3 | -

cén danh gid tr x°
giam sé mi, dva vao diém roi x=y=z=1, ta
dua vao phan tix phu la 1, khi d6 vé&i m, n 1 céc
s6 nguyén duong thi theo BDT Cauchy, ta cé:

1 " "

— mEn  —
mx*+nlz(m+n) Vx? =(m+n)x

Hmren)

1
. 1
Bé co x* ta chon i =—<<m=2n, tir
2Am+n) 3

dd6 chon m=2, n=1.
Loi gigi. Theo BPT Cauchy, ta co:
Vr +x +123¢x = 2Jx +12 3¢,
Déng thirc xay ra khi va chi khi
Jr=lex=l.
Twong ty, ta co:
2y +1233y; 2Jz+123Yz.
Cong cac BDT cing chiéu & trén, ta duge:
2x +y +V2)+323@x + 3y + ¥2).
Mat khac, ciing theo BDT Cauchy ta co:
Wx+y+Vzl =x+yp+z+2ny
+2yz + 2zx <3(x+ ¥+ 2).
Suy ra \f;+\f}+\fz_£m.
Két hop hai BDT o trén, ta duoc:

2 x+y+z+ﬁ2ﬁ(ﬂ‘f’;+¥;+{g),

BDT di cho dugc chimg minh. Ding thic trong
BDT di cho xay ra khi vachikhi x=y=z=1.

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NHAT 1™
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Thi du 8. Cho n 56 thuc x,, x%,,...x thay doi,

22422 4 472 =p

thoa man: 22 42 - vai 1 Id so

neuvén dwong cho truede, va ludn thoa man dieu
kien n=2, Tim GTNN cua biéu thirc:

P=8" +8% +. . 4+8%.
Li gigi. Theo BDT Cauchy ta coé:
8% +5=8" +1+1+1+1+1=26.8".
Suy ra 8" +52=6.22. Ping thirc xay ra khi va
chi khi 8" =1 hay x, =0.
Twong tir, ta co:
87 +526.22,

8% +5>6.22,

Y&

8% +5>622.

Cong n BDT cung chiéu & trén, ta co:

8 4+ 8% 4. +8% + 512 6(22 +22 +..422)

= 6n.
Suy ra P2n. D@ thiy khi x,=x,=..=x, =0
5 5 n
thi 22422 +..+42%2=n vA P=n Viy

min P=n.

Két ludn. Tir bai viét ching ta rat ra mét kinh
nghiém cho viéc hoc toan do la thudomg xuyén
tim cich dé bién ddi vdn d&, bién ddi cac tinh
hudng cta céc bai todn. Tir d6 s& gop phin cho
chiing ta giai quyét dugc nhiéu bai toan khé tir
cac bai toan co ban. Dé thanh thao véi phuong
phap trén cac em thir bit tay vao giai cac bai

toan sau.

BAI TAP
1. Cho x, y, z la céc s6 thye khong dm thoa mén
x" + 4+ 2% £3072. Tim GTLN cua biéu thire:

P=x'+3"+2°

2. Gia sit a, b, ¢ 14 cac s6 thuc duong théa man
a +b* + ¢’ =729. Tim GTNN cua bicu thirc:

3. Cho a, b 14 cic sb thuc duong thoa man
1 1 i 7

a® +b* >2. Chimg minh ring a® +b* >2.

4. Cho cac sb thyc duong a, b, ¢ théa man
1 | 1
a® +b* +¢* =3. Tim GTLN cua biéu thirc:

2 ¥ 2
E=a +b7 +¢'.

5. Cho céc s6 thuc duong a, b, c.

Chimng minh ring:
2(a5+b5+cs+a2+b2+c"‘)+ 9
a+b+c (a+b+c)

6. Cho céc s6 thuc duong x, y, z thay déi thoa
min x* +p?? 4+ >3 Tim GTNN cia

2015 2015 2015

biéu thirc: 4=x""+y®¥ 4z

7. Cho cac sb thuc duong a, b, c.
Chimg minh ring:

5
M

4 + = >
2b+ 3¢ 2¢+3a 2a+3b) 545

8.V6ia, b, c d elacic s6 thyc duong thay
doi. Tim GTNN cia biéu thirc sau:

i} 10

[ da ] 4h )?
P= +
b+c+d+e ctdieta
L] L)
( 4c )9 ( 4d J?
e A i [ b
d+e+a+h e+a+b+c

Hawrd)
a+b+c+d )

TOAN HQOC
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CAC LOP THCS
Bai T1/457 (Lép 6). Tim 6 tu nhién n thoa
man diéu kién 222 +32° +42% +.. +n2" =24
: v HU'U CHIN
(GV THCS Héng Bang, TP. Hai Phong)
Bai T2/457 (Lép 7). Tim céc sb nguyén a, b, ¢
b—c|+|e—a|=2014" +2015".

dé co |a—b‘+

NGUYEN DUC TAN (TP. Hé Chi Minh)
Bai T3/457. Cho flx) 1a da thac co hé sb
nguyén va f{1) = 2. Chimg minh ring A7)
khong thé 1a s6 chinh phuong.
NGUYEN BINH SON
(GV THPT Tran Cao Vin, Tam K3, Quang Nam)
Bai T4/457. Cho tam giidc nhon ABC véi céc
duong cao AH, BK. Goi M la trung diém cua A4B.
Dudmg thing CM cat HK tai D. Ké AL vudng
gbc véi BD tai L. Chimg minh rang dudong tron
di qua ba diém C, K, L tiép xiic véi duong thing
BC.
LE VIET AN (Thira Thién — Hué)
Bai T5/457. Giai hé phuong trinh:
9x° +2x+(y=1)J1=-3p =0

9x% + 2 +4/5-6x=6

(x,yeR).

LUONG CAQ VINH
(GV THPT Cgng Hfén, Vinh Beo, Hai Phong)
CAC LOP THPT
Bai T6/457. Cho f{x) 1a da thic bic ba v&i hé

s0 cao nhét 1a 2 va thoa man:
J(2014)=2015, f(2015)=2016.

Tinh f(2016)— f(2013).

LAM QUOC TOAN
(GV THPT chuyén Nguyén Thi Minh Khai, Soc Trang)

TOANH
16 umgce S 457 (7-2015)
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Bai T7/457. Ky hi¢u S,p, V theo thir ty 12 dién
tich toan phin va thé tich caa tir dién ABCD.

3
Ching minh rang [%SFP) .33

LUC BINH

(GV Trwomg Trung Vwomg, Déng Ha, Quang Tri)

Bai T8/457. Cho da gidc 16i » canh (n24)
A Ay...A, . Chimg minh ring

n+sin A +sin 4, +...+sin 4,

44

EE[COS ol +CO8—=
4 4

An _AIJ
TR PR [¢
4

Ping thire xay ra khi nao?
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHOG Ha Ngi)

TIEN TGI OLYMPIC TOAN
Bai T9/457. Tim tt ca céc bo ba (x; »; p) gbm
hai s6 nguyén duong x, y va s6 nguyén t6 p thoa
min p*' —yF =1.

NGUYEN TUAN NGOC
(GV THPT chuyén Tién Giang, TP. My Tho, Tién Giang)

Bai T10/457. Cho k 1 s6 thye 16n hon 1. Xét

=1 1

day s6: I|=% [ 1: X = 1 +5 B

I '_.;—

B (B-1, 81113

X, =y ——+ -2y L=k =1,
4 '\ 4 Va4 2

n diu canbachai
Chirng minh {x, } 1a day héi tu va tim limx,, .

n—»a

PHAM HUNG (Ha Ngi)
Bai T11/457. V&i mbi s6 # nguyén dwong, dat
pin)=>d".

a‘|n
1) Chimg minh ring w(n) 12 ham nhan tinh,
nghia 1a: y(ab)=w(a)uAb) néu (a.h)=1.
2) Cho I 1a sb nguyén dwong 1&. Chimg minh
r?mg: y(n) =yAn+l) chi xay ra tai hiru han 56
nguyén duong n.
NGUYEN DU THAI
(Ldp Todn K25, DPHKH Hué)
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Bai T12/457. Cho tam giac ABC ndi tiép dudng
tron (O) va ngoai tiép dudng tron (7). Cac tiép
tuyén voi (O) tai B va C cét nhau tai 7. Goi M
la trung diém cua BC; D la diém chinh giira
cung BC khéng chira diém 4; AM cét lai (O) tai
E; AT cit canh BC tai F; J la trung diém cua
doan IF. Chimg minh ring AE] = ADJ.

HO QUANG VINH (Hda Ngi)
Bai L1/457. Pé do dién trd R va dd tu cam L
ciia cudn déy, ta dung cu xoay chiéu néi vao
nguén dién xoay chidu ¢é tin sé géc @ (Hinh
vé). C 1a mét tu dién c6 dién dung da biét, R; 1a
dién tror c6 gia tri da biét & hinh dudi, R, va r la
hai bién tra, r lap ndi tiép véi C. Bién d6i R, va
r dé ciu can bang (khéng c6 dong dién qua 7).
ta doc dugc R, va r. Goi cac tong tr cia doan
AB, BD, AE, ED \an lugt 1a Z,, Z», Zs, Zs.
a) V& gian dd Fré-nen. Suy ra moi lién hé giira
R LvaC,r, .
b) Tinh tong tre Z; va tim lién hé gilra chiing.
Suy ra méi lién hé gitra R, L va C, r, Rs, R.
¢) Tinh R va L theo cdc gia tri da biét Ry, B>, C, 7, w.

Apdung sé: R;=R;=1000Q:r=5000Q:C
=0,2 puF ; @ = 1000 rad/s, tinh R va L.
DINH THAI QUYNH (Ha Ngi)

Bai 1.2/457. Trén mét doan song thang va bang
phing, van toc chay cua nude on dinh v, Mot
ca-nd xudat phat tir 4 véi toc d6 khong doi Ve
(v. > v,) va luén huéng vé B & phia bo déi dién
nhu hinh v&. Tim quy luit chuyén déng cua
ca-nd khi 6, = 120°? Bé qua moi ma sdt va xem
kich thudc ca-n6 khong ding ké.

A

NGO AN HOA KY (TP. Ho Chi Minh)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/457 (For 6" Grade). Find all natural
numbers n satisfying

Bl el WL e L N L

Problem T2/457 (For 7" Grade). Find integers
a, b, and ¢ such that

|a—b|+|b—c|+|c - a|=2014° +2015°.

Problem T3/457. Suppose that fix) is a
polynomial with integral coefficients and f{1) =
2. Show that f{7) is not a perfect square.

Problem T4/457. Given an acute triangle ABC
with altitudes 4H, BK. Let M be the midppoint
of AB. The line through CM intersect HK at D.
Draw AL perpendicular to 8D at L. Prove that
the circle containing C, K, and L is tangent to
the line going through BC.

Problem T5/457. Solve the following system
of equations

9x® +2x+(y—1)f1-3y =0
(x,yeR).
9x2 +y2 +/5-6x=6
FOR HIGHSCHOOL

Problem T6/457. Suppose that flx) is a
polynomial of degree 3 and its leading
coefficient is equal to 2. Also assume that

f(2014)=2015, f(2015)=2016.
Find f(2016)- f(2013).
Problem T7/457. Let S,, and V respectively be

the surface area and the volume of the
tetrahedron ABCD. Prove that

T i
(ES‘P) e

(Xem tiép trang 26)

TOAN HOC
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Bai T1/453. Tim cdc so i nhién x, v, z thoa

mén x! + p! + 21 = 1-._\: Vi .-r_r: la s6 tir nhién
c6 ba chitsé, n'=12.3...n va 0l = 1.

Loi gidi. Ta c6 4! = 24; 5! = 120; 6! = 720. Néu
mot trong cic s0 x, y, z bang 6 hoac lén hon 6
thi xyz =x!+y! +z! 2 720, suyra x> 7, md
71 = 1000, suy ra mdi sb x, y, z déu phai nho

hon 6, Liic @6 xyz = xh+ yl+ 21 < 514+ 514+ 51 = 360

nén x < 3. Do xyz< 344 yl+z1<6+5+5! =246

nén x=<2.

e Xét x =2.Tir 2! +y! +z! = 2yz suyra

pl+21 >197>41 +5'nény—z = 5.

Thar lai ta thay khong théa mén.

e Xét x=L1LTir 1! +p!+z! = 1yz suyra

41+ 41 <98 <y! +z! <200 < 5! + 5! nén trong

ha‘xi s6 y, z phai c6 mét sb bfmg,’ 5 va mot sd

bing 4. Thur vai y = 5, z = 4 ta thay khong thoa

min; voi y=4,z=>5 thoa min (1! +4!+5!=145).

Viy bai toan ¢6 nghidm duy nhét la:
x=1ly=4,z=5 0O

»Nhin xét. Nhiéu ban 1dp ludn khong day du hoic
dai dong. Céc ban sau cd I&i giai tot: Phi Tho: Nguyén
Chi Cong, 6A3, THCS Lim Thao; Vinh Phae: Lé
Minh Viét Anh, 6A,THCS Vinh Yén, TP. Vinh Yén,
Ta Kim Thanh Hién, 6A4, THCS Yén Lac, Tran
Minh Huy, 6A, THCS Ly Ty Trong, Binh Xuyén;
Hii Phong: Bii Thi Thiy Linh, 6A, THCS Dai
Théng, Tién Ling.

VIET HAI

Bai T2/453. Cho tam gide ABC cd BAC =50°,
ABC=60'. Trén canh AB va BC lan luot ldy cde
diém D vir E sao cho ACD = CAE = 30",

Tinh so do goc CDE.

TOAN HOC
* CTudilpe S6 457(7-2015)
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Lévi gidi.

Tir gia thiét ta tinh duge BAE=20°, BCD=40".
Goi K la giao diém cia AE va CD. Néi K véi B.
Theo gia thiét ta ¢ K4 = KC. Ta s& chimng
minh: K4 = KB = KC. That vdy, gia sit

KB < KA. Khi 46 KBA > KAB =20°; KB < KC
3@?}@:4{)",. suy ra

@=@+KJ§C>6O°, trai gia thiét. Tuong ti,
khong xdy ra KB = K4, do vay ta co KA = KB =
KC (1) Ta c6 AKAB cén tai K nén

BKE =2BAK =40°; AKBC can tai K nén
KBE = KCB = 40° = ABEK cén tai E va EB =
EK (2. Ta lai c6 DKB=2DCB=80"
KDB=DAC+DCA=80° = ABDK cin tai B va
BD = BK (3). Xét hai tam giac EBD va EKC, co
EB = EK (theo (2)), EBD=EKC=60", BD=KC
(theo (1) va (3)), do d6 AFBD=AKC=FED=FC

— AEDC cén tai E. Vay CDE = DCE = 40°.0
#»Nhin xér. 1) Bai toan nay cdé dang quen thude.
Ngodi cich giai trén diy, mot sd ban con ding
phuong phap vé thém tam gidc déu.
2) Tiit ca cac ban tham gia giri bai déu cho két qua
ding. Céc ban sau diy c6 16i giai tot: Phi The: Lé
Na, 7A, THCS Thj trén I1, Yén Lép; Vinh Phiic: Tg
Kim Thanh Hién, 6A4, Duwong Tién Dat, TA2,
THCS Yén Lac; Ha Nji: Dinh Hoang Nhédt Minh,
7AS5, THCS Céau Gidy: Nghé¢ Am: Ngwyén Dink
Tudn, Ddng Nit Quinh Anh, 7C, THCS Ly Nhat
Quang, D6 Luong; Quang Ngii: Mai Thi Thu Thao,
7C, THCS Thi trin Séng V&, o Thi Hong Kiéu, TA,
THCS Nghia M§, Tu nghia, Nguyén Thi Kiéu Mdn,
7B, THCS Kim Vang, Trwong Thi Mai Tram, D6
Thi My Lan, Neuvén Lé Hoang Duvén, TA, THCS
Pham Vin Déng, Nghia Hanh.

NGUYEN XUAN BiNH
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Bai T3/453. Cho ba s6 thue duong a, b, c.
gidt tri lom nhat cua biéu thire:

Tim

Fh+c

(4a® +2b% + 1)(4c? +3)
Léi gidi. Da s6 cac ban déu sir dung BDT Cauchy
vi BDT Bunyakovsky dé giai bai toan nay:

(4a® +2b* +1)(4c? +3)
=(4a3+2b2+%+%][%+%+4(:3+2]
fT
(20 gy an gy ?"F]
%(a+b+c+l]
2%4.(a+b+f).l=?{a+b+c'}.
Suyra T = isisden Pl

(4a +2b2 + 1)(4c? +3) ™
Ding thire xay ra khi va chi khi

1
2.3: .3: =
b s T

1
J3, =
at+b+c=1

Viy T dat gié trj 1 nhit 13 %. A

»Nhdn xét. Cac ban c6 1o giai tét nhit: Phi Tho:
Hoang Thi Hong Ngdt, Déo Tudn Minh, Phan Phi
Diing, Nguyén Hdi Dwong, 8A3, THCS Lim Thao,
Ldm Thao; Ha Noi: Vieong Tién Dat, Neuvén Thanh
Long, Ddng Thanh Timg, 9B, THCS Nguyén
Thugng Hién, Ung Hoa; Thanh Héa: Nguvén Thi
Hoang Ciic, 8D, THCS Nhir Ba S§, Hoing Hoa,
Ding Quang Anh, 8A, THCS Nguyén Chich, Déng
Son; Vinh Phiic: Nguyén Minh Hiéu, 9D, Phing
Van Nam, 9E, THCS Vinh Yén, TP. Vinh Yén.
NGUYEN ANH QUAN
Bai T4/453. Cho tam giac ABC
duomg cao AD, BF, CE cdt nhau tai H. Lay K trén
doan DC. Vé AS | HK tai S, EF cdt AH tqi I

nhon co ba

Chiimg minh rang SH la phan gidc ciia DSI .

Lai gidgi. Ta ching minh dwge FH la phén giac
trong cua goc EFD. ViFA L FHnén FA la
phén giac ngoai cha gbc EFD, ta cd

Al HI HI HD

AD _ HD ~AD M

G

K
Qua H ké duomg thing song song véi AS, cit
SD va SI tai M, N tm:mg tmg. Ap dung dinh 1i

HN
: gl o B N/
Thalés ta cd A (do HN // AS) (2)
HM HD
5 = ap (do HM Il 45) (3)
HN HM
Tir (1), (2), (3) suy ra H IS , Suy ra
HN=H

Vay ASMN la tam giac cin 1:_1'1 S, do d6 SK 1a
phin gidc cia goec DSI. O
¥ Nhin xét. Chi c6 sau ban tham gia giai bai toan nay
va tat ca déu cho 1 giai ding. Xin néu tén ca séu ban:
Ha Néi: Dang Thanh Timg, Newvén Thanh Long,
Vieong Tién Dat, 9B, THCS Nguyén Thugng Hién,
Ung Hoa; Nghé An: Hoang Trdan Drre, 8D, THCS Ly
Nhit Quang, D6 Luong; Thanh Hed: Hdng Cuang
Anh, 8A, THCS Nguyén Chich, Déng Son; Vinh
Phiic: Nguyén Minh Hiéu, 9D, THCS Vinh Yén.
NGUYEN THANH HONG
Bai T5/453. Cho cdc 6 a, b,c dirong théa man
at + b+t 2D + bt +cta?). Chimg minh
it nhat mot trong cdc phieong trinh sau vé
nghiém: ax*+2bx+2c=0, bx* +2cx+2a =0,
cx?+2ax+2b=0.
Lii giagi. Cach 1. Gia sir ca ba phuong trinh
ax?+2bx+2c=0 (1), bx? +2cx42a=0 (2),
ex? +2ax+2b=0 (3) déu co nghiém. Khi do
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Al=b*=2acz0; A, =c*-2ab>0;
A;=a*-2bcz0. Suyra

brz2ac>0 b4 2 4dac?
c2z22ab>0 = {c% 2z 4a2b?
atz2bc>10 at z4bc?

= a* +b* +c* 2 4a?b? +4b%c? + 4c%a?
Theo gia thiét @ +b* +c* <2A@B + B2 +2ad).
Suy ra a*h? +b*c? +c2a* <0 . Picu nay vo li vi
a, b, ¢ 1a cic s6 duong.
Viy c6 it nhat mot trong ba phuong trinh da
cho vo nghiém.
Cach 2.Theo gia thiét
a+ bt +ct <2a@?*h? + b*c? +c?a?)
= (a* +b* + )P £4a*h? + bt +cta?) (%)
Do a, b, ¢ 14 cac 56 duong nén 2abe(a+b+c) >0
& ath? + bic? +cta* +2abe(a+b+c)
>a*h’ + b’ +ca?
< (ab+be+ca) > a*b* +b*c? +cra’ (*¥)
Tir (*) va (**) suy ra
(@*+b*+c?) < 4(ab + bhe + a:'a')J
= a’+b* +c? <2ab+2bc+2ca
= A +4A; +A, =a® +b? +c? —2ab-2bc—-2ca <0
= it nhit mdt trong céc s6 A!, A, A} phai la
s6 4m. Do d6 it nhat mét trong ba phuong trinh
di cho vé nghiém. O
»Nhin xét. Da so cic ban déu giai theo mét trong
hai cach trén. Tuyén duong cac ban sau cd 1o giai
tot: Ha Nbi: Vit Bd Sing, 8C, THCS Thanh Thay,
Thanh Oai; Pht The: Trdan Quéc Ldp, Tran Thi Thu
Huyén, Hoang Thi Hong Ngdr, 8A3, THCS Lam
Thao; Bic Ninh: Nguyef;n Thi Bich Hr‘ing, 9A, THCS
Yén Phong; Vinh Phiie: Nguyvén Minh Hiéu, 9D,
Phimng Van Nam, 9E, THCS Vinh Yén, TP. Vinh
Yén; Thanh Hoéa: Ddng Quang Anh, BA, THCS
Nguyén Chich, Péng Son; Nghé An: Hodng Trdn
e, 8D, THCS Ly Nhit Quang, Bé Luong; Ha
Tinh: Lé Tuan Anh, 9A, THCS Phan Huy Chu,
Thach Ha; Vinh Long: Chdu Minh Khdnh, 9/12,
THCS Lé Quy DBon, TP. Vinh Long.
PHAM THI BACH NGQC
Bai T6/453. Giai hé phuwong trinh:
(B+y3=1 (1)
.1

I).
F+y¥ =1 (2) M
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Léi gigi. Cdch 1 (cua ban P6 Hoai Phuong,
9C, THCS Tuyét Nghia, Qudc Oai, Ha Npi).

Vi hé (I) dbi xing dbi véi x va y nén ta c6 thé
gia thiét x>y. Do (1) nén x>0.

THl p=0—=] = 0=70).

TH2: y>0. Do(1)nén x,y €(0;1). Suyra

1= 2 +)%> x5 + )" =1, méu thuin.

TH3: y<0. Taco:(l) &

Do @6, néu hé (I) cé nghiém (x;3,) thi hé (T)

G . o | ”’}’n] > :
ciing ¢ nghi¢m (—; —4 | Tuy nhién vaiy < 0
X X

thi theo TH2, [%, ﬂj khong 1a nghiém cua (I).

%
Két ludn: hé (1) ¢é hai nghiém la (1;0) va (0;1).
Cach 2 (cua ban Va Minh Thanh, 11 Toéan 1,
THPT chuvén HungYén, Hung Yén).
Tir hé (I) suy ra (1-)")°=(1-»°) (3). Khai
trién va bién d6i (3) ta duge:
Pr=1P(51+155 427 +3 112+ 2712 +15y+5)=0

B

<> y=0 hodc v =1. Tir diy ta tim dugc nghiém

ctia hé (I). (Chii ¥ rang biéu thic

:

v W 63 ,( 62V
B—Sy"(} +§] +E} [}+63)
740 189V 125
+§[}+2—96] +5—(;.2':>0, ‘?’_).PER)
Cédch 3 (cta nhiéu ban). Ta c6:
Do {x+}’]3‘|—3:{1f'(x+y}=] :
(2 +32)( + ) - a2 (x+ y) =1
Pat: x+y=a,xy=5h. Do (1) nén a>0, khi do
@ —3ab=1 (4)

hé (I) trd thanh: {

.Tir (4
Bag et T8

%—;—] , thay vao (3) va bién doi, ta duoc:

& -5 +9%a—5=0 < (a—1P(a +3a* +6a+5)=0
=a-1=0 (doa>0)=a=1 = 5=0.
Pén day ta ciing tim dugc nghiém cua (I). O

e b=
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»Nhin xét. Tit cic cic ban tham gia déu giai diing
bai nay. Ngoai ba cach gidi trén, mdt sO ban con
ding bét ding thirc, dao ham, ... cling tim dugc
nghiém cua hé. Ngoai ban Phuwong va ban Thanh,
céc ban sau co loi giai ngan gon: Ha Ngi: Nink Dikc
Cwong, 10 Toan, THPT Chu Van An, Nguyén Xudn
Phuwong Tu, 10 Todn, THPT Son Tdy ; Vinh Phic:
Dé Van Quyét, 11A1, Ha Hiwu Link, 10A1, THPT
chuyén Vinh Phic; Thai Nguyén: Ma Thi Khdnh
Huye“;n, Toan K25, THPT chuyén Thai Nguyén; Pha
Tho: Nguvén Ditc Thudn, 10 Toan, THPT chuyén
Hing Vuong; Hung Yén: Dwong Hong Son, 10A9,
THPT Duong Quang Ham, Van Giang; Nam Binh:
Ngé Tudan Anh, 11 Toan 1, THPT chuyén Lé H(}ing
Phong: Thanh Héa: Newyén Tién Tai, 11T, THPT
chuyén Lam Som; Vi Hitu Tiing, Nguvén Hicong
Giang, 10A1, THPT Hoing Hoa IV, Hoing Hoa;
Nghé An: Nguyén Phimg Thdi Cuwomg, 10A1, THPT
Thai Hoa, TX. Thai Hoa, H6 Xudn Himg, 11T1,
THPT Bé Luong I, D6 Luong; Ha Tinh: Ngo Viér
Hoang, 10T1, THPT chuyén Ha Tinh, Pham Hing,
11B1, THPT Cim Xuyén, Cim Xuyén; Binh Dinh:
Tran Vin Thién, 10 Toan, THPT chuyén Lé Quy
Pon; Ninh Thudn: Tran Lé Xudn Tric, 10 Toan,
THPT chuyén Lé Quy Dén; Phi Yén: Nguyén
Huynh Huy Mdn, 10 Toan 1, THPT chuyén Luong
Vian Chanh, TP. Tuy Hoa; Long An: Ddng Thanh
Trung, 10T2, THPT chuyén Long An; Séc tring:
Vieong Hoai Thanh, 11A2T, THPT chuyén Nguyén
Thi Minh Khai.

TRAN HUU NAM
Bai T7/453. Cho hinh chop ti gidgc S.ABCD
co day ABCD la hinh binh hanh. Mot diem M
di dong trén canh ddy AB (M khac A, B). Mat
phdng (o) di qua M déng thoi song song voi
SA, BD. Xac dinh thiét dién cuia hinh chop
S.ABCD cadt boi (o) va tim vi tri diém M dé
thiét dién do co dién tich lom nhat.
Loi giai. Ké MN // BD (NeAD); NP |/ 54
(PeSD); MO /! S84 (QeSB). Goi O la giao
diém hai dudng chéo AC va BD; E=MNNAC;
F=PQNSO; R=SCNEF. Khi do thiét di¢n
cén tim 12 ngil gide MNPRQ. Goi o 1a goc giira

S4 va BD, Dt x = % (0<% <1y, Knido

MN=x.BD, MO = (1 —x)84, suy ra
Syweg = MN.MQ.sinw = x(1-x).5A.BD.sin .

Mt ko, AE - L AE _1 AM _1,

A 2 20w T AR T2
:%:%=1—%:>RE=[I—%J.SA
:>RF=RE—EF:RE—MQ=%.SA. Luu v ring
goc gitta RE va PQ bang © nén
e %PQ.RF.sincz}:%,MN.RF.smm

-

X
4
Viy SM!'-'FRQ =Synre T Spro

SA.BD.s1n .

- x( i %T'IJ.SA.BD.sinm (*).
Ap dung bit ding thirc Cauchy, ta c6

2
3x 3x I 3x 3x 1
Rt b Lot ] o e et s | i,
4[1 4]‘4[4” 4] 71
=55 l—~3—I <l Tir (*) suy ra
e y

% s *E%SH.BD,sin o. Ding thic xy ra khi

3x 3x

B LIS - o ARAY
va chi khi —4——1 2 <::';-.1:—3. Do do dién

tich thiét dién MNPRQ lén nhit bing
%SA.BD.sin 0, ik dloge KhiE v chi Khi M thabe

MA
doan AB sao cho VB~ 2.0

»Nhin xét. Mot s0 ban xdc dinh khong ding thiét
dién tao boi mit phang (o) va hinh chép S.4BCD,
din dén viéc tim vi tri diém M khéng chinh xac.
Nhimg ban sau cd loi giai t6t: Thai Nguyén:
Nguyén Triéu Minh, 11 Toan, THPT chuyén Théi
Nguyén; Yén Bai: Vii Hong Qudn, 11 Toan, THPT
chuyén Nguyén Tét Thanh; Thanh Héa: Tran Tri
Tdn, 12A1, THPT Sim Som, TX. Sim Som; Nghé
An: Pang Hoang Manh, 11A1, THPT Anh Son 2,

TOAN H
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Anh Son; Ha Tinh; Trdn Bao Trung, llTl, THPT
chuyén Ha Tinh; Vinh Long: Lé Nguyen Minh
Long, 10T1, THPT chuyén Nguyén Binh Khiém;
Long An: Pham Quic Thing, 10T1, THPT chuyén
Long An.

HO QUANG VINH
Bai T8/453. Giai phuong trinh

3sin x + 2cos® x = 2sinx +cosx.

Léi giai. Nhan thiy néu cosx =0 thi sinx=+1,
phuong trinh khong thoa man.
Véi cos.x =0, chia ca hai vé cua phuong trinh

1
cho cos® x vathay ——— =1+tan? x, ta duge:
COs= X

1
cos’ x | cos? x

< 3tan® x+2 = 2tan x.(1 +tan? x)+ 1 +tan? x
<vtan’ x—tan’ x—2tanx+1=0 (1),
Xét ham sd f(r)=r* —* -2 +1, lién tuc trén R.
Ta co f(-2)<0; f(O)>0; f(1)<0; F(2)>0
nén ton tai cac gia tri f;, f, 13 thoa man:
=2<t, <0<t <1<t <2 f(t,)=f(t,) = f(t,)=0.
Nhu viy phuong trinh bdc ba f(r)=0 co ding
ba nghiém phén biét thudc (-2:2).
Dit tanx=2cosy véi ye(0;m), PT (1) tré

Jtan® x+2 =2tanx.

thanh: 8cos® y—4cos® y—4cosy+1=0

< 4cosy(2cos? y—1)=3—-4sin? y (2).
Véi ye(@m), ta co siny#0. Nhin hai vé cua
PT (2) v&i siny va thay 2cos® y—1 =cos2y ta
dugc: 4sinycosycos2y=3siny—4sin’y

<> sindy =sin3y

A s = e (keZ)
dy=n-3y+2kn  |y=L+2kZ
7 7
; b G I T
Yi 3 ; én ye{—; —; — . Tir dé:
i ye(0;mn) nen_‘;e{?, 7 ?} Tir do

=

T o 9 cos-—~.
(i s e 1 x =arctan| 2c0s=; |+ 1

3
tanx=2-:c»;:‘]',’F—;rt L= x:arctan[ZCos%EJ+nn
Sm

tanx=2-:osT x:arctm[ZcussTﬂ]JrM

tne &)

¥ Nhdn xét. Cach giai phuong trinh dang
asin® x+ beos® x+esinxy+dcosx+e=0

TOAN HOC |
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Néu cosx =0, chia ca hai vé cia phuong trinh cho
cos? x va thay —1,-=]+lan3.r , ta duge mit
cos® x
phuong trinh béc ba coa tanx .
Cai hay trong bai todn trén 13 chimg minh
tanx e(—2;2) va dit tanx=2cosy vai ye(0;m),
dé duoc phuong trinh co ban sindy =sin3y .
Cac ban sau déy c6 bai giai t6t: Ha Tinh: Tran Bao
Trung, 11T1, THPT chuyén Ha Tinh; Long An: Lé
Ngoc Tri, 11T, THPT chuyén Long An; Ca Mau:
Hoang Céng Minh, 10 chuyén Toan 1, THPT
chuyén Phan Ngoc Hién: Hung Yén: Nguyén Manh
Hiép, 10A9, THPT Duong Quéng Ham, Van Giang.
NGUYEN ANH DUNG
Bai T9/453. Tim tat ca cdc cdp s6 nguvén
duang (a b) thoa man 4a + | va 4b — 1 nguyén
10 ciing nhau va a + b la woe cua 16ab + 1.
Loi giai. Gia sit (a, b) 1a cap céac s6 nguyén duong
thod min bai toan, fic 1a da +1, 46 - 1) =1 va
16ab+1: (a+b) (1). Taco
(da+1)dh+1)=(16ab+1)+da+bh) : (a+h) (2)
Chuy(4a+1,4b-1)=1va
(da+1D)+db-1)=4(a+b) : (a+h).
Suyra(4a+1,a+b)=1(vinfuhaiséda+1,
a + b cing chia hét cho s6 nguyén td p thi tir

(da+1)+(db=1): (a+b)=>4b—-1: p, mau
thudn véi (4a + 1,45 — 1) = 1).
Do d6 tir (2) suy ra 4b+1 : (a+b). (3)

Nguoc lai gia sir (a; b) 1a cip cdc sb nguyén
duong thoda min (3). T (2) ta co
16ab+1: (a+b). Tathdy (da+1,4b—-1)=1vi
néu hai s6 4a + 1, 4b — 1 cing chia hét cho sb
nguyén té p => p la s nguyén t6 1¢. Ta lai co
(4a+1)+(4b—-1)=4(a+b)=(a+h) i p
=4b+1: (a+bh) : p.
Mau thuan véi (4b+1)—(4b-1)=2 { p.
Nhu vy cic s6 nguyén duong a, b thoad min
(1), tirc 1a (1) twong duong vai (3).
Chuy4bh+1lévadb+1<4(a+b) tasuyra
(3)¢[4b+l=a+b @[a=3b+].
4b+1=3(a+b) b=3a-1
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Viy tat ca cac s6 nguyén duong thoa min bai
toan la (@, b) € {(B3c+1,¢)(c,3c-1)ce N*}. 0
» Nhin xét. Dé bai ndy da duoe dang & TH&TT sb
447, dép an dwoc ding trén TH&TT sé 451. Viy
Toa soan xin khéng chim diém céc 1oi gidi giri vé
lin nay. Thanh that xin 15i ban doc.

TH&TT
Bai T10/453. Cho da thirc
Px)=a x"+..+ax+a, (a #0; n>2)co cdc
hé 56 déu la s6 nguvén. Chimg minh rang ton
tai V6 56 56 newvén k sao cho P(x) + k khénge
phan tich dwoe thanh tich cua hai da thiee hé 56
nguven voi bdac lon hon 0.
Léi gidi. (Theo ban Nguyén Dirc Thugn, 10
Toan, THPT chuyén Hung Vuong, Phi Tho)
Ta chon k=p—a, v&i p 1a s6 nguyén t6 thoa

n
mén p>2|a,.|. Vi co vo s 50 nguyén tO nén
i=1
¢6 vo s k nhu vay. Khi d6 ta s& chimg minh
O(x)=P(x)+k=a,x" +..+ax+p 1a bit khi quy
trong Z [x]. Truée hét nhan xét ring: Néu o la
mdt nghi¢m phirc bit ky cia O(x) thi || >1.
Thét viy néu |o| <1 thi

P =‘an0." +...+a,u‘ < ‘aﬁ1+...+|al , miu thudn

voi cach chon p. Gia sir trai lai O(x) 1a kha quy

tire 1a O(x) = glx).h(x) véi g(x), h(x)e Z[x] va

degg=1l,degh=1. Tacop= 0(0) = g(0).h(0).

Vi p 14 s6 nguyén t6 nén suy ra |g(0)‘ it
P guy bi |h(0)‘ =

Gia sir |g(0) =1 va g0)=hx* +..+hx+1 (k=1).

Goi z,, z,, ..., 2, 14 céc nghiém cia g(x).

Vi QO(x) = g(x).h(x) nén z, (i=1,....k) cling la

nghi¢m cta (J(x). Theo nhdn xét EZF‘ >1 (i=l,..%)

thanh thir |z,...z,| > 1. Mgt khéc theo dinh 1y

i - 1 i 5
Viete ta lai co ‘z]...zk|=—£l, méu thufn. Viy

A
O(x) phai la bit kha quy trén Z [x]. O

»Nhin xér. Cic ban tham gia giai déu giai dung v
phuong phap nhu trén (ding s6 phtrc). Ngoai ban
Thudn, cc 161 giai tot bao gom: Nghé An: Trdn
Quang Huy, 11A1, THPT chuyén Dai hoc Vinh; Ha
Tinh: Nguyén Vin Thé, 11 Toan 1, THPT chuyén
Ha Tinh; Yén Bai: Vi Hong Oudn, 11 Toan, THPT
chuyén Nguyén Tét Thanh; Ha Ngi: Vil Bd Sang, 11
Toén 1, THPT chuyén Nguyén Hug; Pong Nai: Cao
Binh Huy, 11 Toan, THPT chuyén Luong Thé Vinh;
Nam Dinh: Tran Thi Nhan, 11 Toén 1, THPT
chuyén Lé Hf‘}ng Phong.

PANG HUNG THANG
Bai T11/453. Cho ham [T

» B [a toan anh
via ham g: ™M — N la don anh thoa man
finyz g(n), Yne M. Ching minh rang
fin)y=gln), ¥ne .
Léi gidi. (theo da s6 cac ban) Nhin xét ring
néu tdn tai meN dé& fOm)=g(m) thi fim) >
g(m). Khi d6, do tip A:= {n eM: f(n)> g(n]}
A4 tip con khac réng cia N nén tap
B: ={g{n]:n EA} cling 14 tdp con khdc réng
cua N. Do db, t6n tai m,=g(n,)<B la phin
tir nho nhét cua B. Vi f1a toan anh nén ton tai
n, € N sao cho fln) = mo. T fln) = mo= g(ng)
< flmy) suy ra n, #n, (*). Theo gia thiét thi
fny) 2 g(m).
~ Néu xiy ra fim) = g(n)) thi g0m) = mo= (o)
nén my = ny, mau thuan van (*).
— Néu xay ra fin) > g(n) thi g(n,)e B nén
g(m) < mg= g(ng), trai voi gia thiét mq 1a phan
tir nho nhat cia B.
Két ludn: Vy ta ludn co fin) = g(n), YneN. O
»Nhin xét. Cac ban sau diy cd I giai dung:
Bic Ninh: Lé Huy Ciedng, 11T, THPT chuyén Béc
Ninh; Binh Dinh: Nguyén Truomg Giang, Trdn Vin
Thién, 10T, THPT chuyén Lé Quy Bén; Gia Lai:
Nguyé'n Quang Nhgt, 11C3A, THPT chuyén Hing
Vuong; Lao Cai: Nguyén Thu Huyén, 10T, THPT
chuyén Lao Cai; Ha Ngi: Vi Bd Sang, 11T1, THPT
chuyén Nguyén Hué, Ha Tinh: Nguyén Vin Thé,
10T1, THPT chuyén Ha Tinh; Nam BDinh: Ninh
Quéc Cuomg, 11T1, THPT chuyén Lé Hong Phong;
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Nghé An: Nguyén Hong Quoe Khanh, 10A1, THPT
chuyén Phan Béi Chau; Quéang Binh: Ho Anh Tién,
11T, THPT chuyén V& Nguyén Gidp; Thanh Héa:
Nguyén Tién Tai, 11T, THPT chuyén Lam Son,

NGUYEN VAN MAU
Bai T12/453. Cho tam gigc ABC nii tiép dwong
tron (). M. N la hai diém co dinh trén (0) sao
cho MN /#/BC. P la mét diém di chuyén trén
dwong thang AM. Pucéng thang qua P song
sorg voi BC cdt CA, AB lan ot tai E, F.
Dudng tron ngogi tiép tam gige NEF cit dwong
tron (O) tai Q khac N. Chirng minh rang diong
thang PO ludn di qua mét diém cé dinh khi P di
chuyen.

Lai giai.

Goi R, S theo thir tu l1a giao diém thi hai cua
FN, PO va (0); A la duong thang qua € vudng
goc voi BC. Vi FE [/ MNva A, R, M, N cing
thudc (O) nén (FR,FP)=(RN,FE) =(RN,MN)
=(RA,MA)=(AR,AP)(modn). Taco E,R, P, A
cting thuge mét dudomg tron. Cha y r%ng A BC
M, N cung thudc (O) va A la tryc d6i xtmg cua

hinh thang cdn BCNM, suy ra
(RP,RC)=(RP,RF)+(RN,RC)
= (AP, AF)+(RN,RC)(modm)

=(AM,AB)+(BN,BC)=(CM,CB)+(CB,CM)
=(CM, CM)=0 (modm). Do d6 R, P, C thing

TOAN HOC
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hang. Chu ¥ ring C, R, O, N cung thuée (O) va
N, F, O, E cing thugc mét dudng tron, suy ra
(CP.CQ)=(CR,COY=(NR,NQ)Y=(NF,NQ)
=(EF,EQ)=(EP,EQ)(mod ).
Do dé P, O, E, C cing thujc mdt dudng trom.
Chu ¥ ring BC//EP vi 4, S, C, Q cing thudc mdt
dudmg tron, suy ra (AS,BC)=(AS,QS)+(QP,EP)
=(AC,QC)+(QC,EC)=(AC,EC)=0(mod ).
Piéu do c6 nghia 1a AS//BC. Viy PQ luén di
qua mét diém co dinh 1a diém S. O
» Nhiin xér.
1) Kha nhiéu ban tham gia giai bai toan nay. Vi
khéng sir dung goc dinh hudng nén loi gidi ctia mt
s6 ban khéng chuén (v&i hinh vé nay thi loi gidi
dung, nhung véi hinh vé khac thi 1&i giai sai).
2) Xin néu tén mdt s6 ban ¢d 1 giai t6t: Yén Bai:
Vii Hong Qudn, 11T, THPT chuyén Nguyén Tét
Thanh, TP. Yén Bai; Thanh Hod: Nguyén Dinh
Luong, 10T, THPT chuyén Lam Son, TP. Thanh
Hod; Ha Tinh: Neuyén Vin Thé, Vo Duy Khdnh,
11T, THPT chuyén Ha Tinh, TP. Hd Tinh; Qudng
Binh: Hé Anh Tién, 11 Toan, THPT chuyén Vo
Nguyén Giap, TP. Dong Héi; Pa Ning: Ly Cing
Phuce, 10A2, THPT chuyén Lé Quy Don, TP. Pa
Ning; Binh Binh: Trdn Van Thién, 10T, THPT
chuyén Lé Quy Bon, TP. Quy Nhon; Nghé An:
Tran Quang Huy, 11A1, THPT chuyén Dai hoc
Vinh, TP. Vinh; Ha Ni: Pham Ngoc Khanh, 10T2,
THPT chuyén DHSP Ha Noi.

NGUYEN MINH HA

Bai L1/453. Cho 4 vién bi hinh cau dong chat,
ciing kich thiede va dwoe ché tao chinh xde. Sap
.\'{jp chiing thanh mot khéi déi mét tiép xie nhau
trén mot mat ban ,uf?f?;ri;:. Xdc dinh w,, w lan
legt la hé s6 ma sdt gitta cdc vién bi va giita bi
voi mét ban dé co hé cé thé duy tri trang thai
cdn bang ban ddu.

Loi giai. Goi A, B, Cva D lan ot 14 tim céc
vién bi da cho, suy ra ABCD la mét tir dién déu
canh 2R. Giai phong lién két cho céc vién bi,
lin leot khao sat céc vién bi tim A va B, ta
dugc:
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Zﬂ"‘ = 3(N,cosa+ fisina)—mg =0 (1)

D FP =N cosa+ fsina+mg-N,=0 (2)

pr = ficosa+f,=Nsina =0 (3)

¥ =0 AR S =07 E)
Mt khac, khio sat cic diém tiép xdc cua bi voi
mit ban, nhan thay tong trong luc phin phoi
déu cho 3 diém do, ta co:

IN, =4mg >N, =5mg (5)

Tir (1), (2), (3), (4) va (5), suy ra:

1
i i

1

N, :Emg g
4

N, =§mg

Dé co hé c6 thé duy tri trang thai cin bing ban
dau khi ma st & cc mat tiép xic dang con &
trang thai nghi, nghia la:

1
ot
V2433 (theo ()

iy et T L
T N )

la didu kién cin xac dinh. O

»Nhin xét. Cic ban co 1o giai ding: Bic Ninh:
Neuyén Pic Nam, 11 Ly, THPT chuyén Bic Ninh;
Nam Binh: Pham Ngoc Nam, 11 Ly, THPT chuyén
Lé Hong Phong.

{Jﬂ SN
=Ny,

NGUYEN XUAN QUANG
Bai 1.2/453. Hai ban ty di¢n dat trong khong
khi co cung dién tich S, co thé chuyén djng

khong ma sdat doc thea mot sgi ddy cdch dién
ndm ngang xuyén qua tam ctia ching. Ban 1 ¢6
khoi lirong m, dién tich O, con ban 2 ¢o khoi
lwgng 2m, dién tich —2Q. Ban dau hai ban dwge
gii¥ cdch nhau mét khodng 3d (d rdt nho so véi
kich thwoc cdac ban)

1. Xdc dinh nang leong dién trwong gita hai
ban tu dién.

2. O mét thoi diém nao ds, nguwei ta buéng hai
béan ra. Xéc dinh vén téc cia mai ban khi chiing
cach whau mot khoang d

Léi gigi. 1) Cudmg do dién truong tong cong
trong tu dién la:

o ,20 3¢

Ta i “Tek ek

E=Eit k=

Niang lugng dién trudng gilta hai ban ty la:
1 Ll Bp Y g g
= g E2V,=~¢ 3d==2 2% (]
Hisgforh 2“‘0[25051 e

2) Khi hai ban cach nhau mét khoang d, goi v;,
v, 14 van toc cha hai bin, ta co:

v+ 2mv; = 0 = vi=—2v,, (2)
Niing lugng dién trudmg bén trong tu khi do la:
1 90°d
W= —gaF2sd =222, 3
R g 8&,s 3

Cuong d6 dién trudng bén ngoai tu dign la:
En e Ez oo El = L
28,5
Khi hai ban cach nhau mdt khoang d, thé tich
bén ngoai tu dién ting mdt luong la: Ap = 5.2d.
Ning lugng dién trudmg bén ngoai tu ting thém
mdt lugng:

B 0%d
SR AL S 4
Aw ZEUE“ ¥ d&,s )
Ap dung dinh luit bao toan ning lugng ta cd:

mvi  2mv3

Wi— W, = 21 Ay (5
Tu (1), (2), (3), (4). (5) suy ra:

' e S TR 2d
it 3eysm s 3ggsm

»Nhin xét. Chic mimg ba ban co loi gidi ding:
Bic Ninh: Nguyén Ddc Nam, 11 Ly, THPT chuyén
Bic Ninh; Nam Dinh: Pham Ngoc Nam, 11 Ly,
THPT chuyén Lé Hong Phong: Binh Phwéc: Pham
Van Son, AK11, THPT chuyén Quang Trung.

PINH THAI QUYNH
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MOT bl TOIIN KO DAP AN

TU HUU SON
(Sé GD - BT Ha Tinh)

LTS: Pé chuyén muc Sai lim & déu? xudt hién thuomg xuyén hon trén Tap chi, rat mong cdac Thay

cd gido, cdc em hoc sinh va ban doc trén ca medc gui dé bai va loi giai vé Toa sogn.

“-?7' rong gid hoc ?nén, thiy giétct dura ra bai toan:
Co 8 doi tuvén bong da quoc gia & khu vue
Déng Nam A tham gia thi diu giai AFF Suzuki
Cup trong do co dgi tuyén Viét Nam va doi tuyén
Thdi Lan, cde déi dieoc chia lam hai bang, ky hiéu
li bang A va bang B, méi bang c6 4 doi. Viéc chia
bang dirge thue hién bing cdch béc thdm ngdu
nhién. Tim xde sudt dé hai dgi tuyén Viét Nam va
Thdi Lam ndm trong ciing mét bang ddu,

Céch gidi cua ban Nam:

S6 cach chia & déi thanh hai bang la (1 By

SO cach chia 8 dgi thanh hai bang, trong do doi
tuyén Thai Lan va Viét Nam nim cing bang la

PROBLEMS ...

Problem T8/457. Given an n-sided convex polygon
(nz4) 44,..A4,. Prove that
n+sind +sind, +...+smm A4,

Tiep theo trang 17)

AL = A -4

EZ{C{)S ' 7 Heos 4'4* o eos— ’].

When does the equality happen?
TOWARDS MATHEMATICAL

OLYMPIAD

Problem T9/457. Find all triples (x; y; p) where

x and y are positive integers and p is a prime
number satisfying p* —y” =1.

Problem T10/457. Let & be a real number which
is greater than 1. Consider the following sequence

x[=%\|'k?—l R =,|'%+%ka el

) i BT | k= 5
I”_J*T +\/ 3 +...+J-m4 +2 K-

1 Squcre oot symbols

TOAN HOC
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GG_3
ga u

CL.C2. Suy ra xc sudt cin tim 1 P=

Cich giii ciia ban Binh:
S cach chia 8 d¢i thanh hai bang 12
C4
Cd
20
S6 cach chia 8 ddi thanh hai bang, trong do d6i
tuyén Thai Lan va Viét Nam nim cung bang 12

C1.C2. Suy ra xdc suit can tim la

Ci.C: 3
e

Theo ban, cach giai cia ban nao diung? Vi sao?

Prove that {x,} converges and find limx, .
=y
Problem T11/457. For each positive integer n,
put w(njl:Zd‘z .
dln

1) Prove that i (n) is multiplicative, i.e.
w(ab)=w(a)y (b) if (ab)=1.

2) Suppose that / is an odd positive integer. Prove
that there are only finitely many positive integers
n such that w(n)=y(n+l).

Problem T12/457. Given a triangle ABC with the
circumscribed circle () and the inscribed circle
(1. The tangent lines to () at B and C intersect at
T. Let M be the midpoint of BC and D be the
midpoint of the arc BC which does not contain A,
Suppose that AM intersects () at E and AT
intersects the side BC at F. Let.J be the midpoint

of IF. Prove that AEI = ADJ.

Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanoi)
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Q/‘éc dinh trinh d6 cua mét dau tha trén co
¢ 8¢ nhitng thanh tich da dat dugce 1a dicu
lau nay van thuc hién. Nhung cic nha toan hoc
Tay Ban Nha lai nhin vén dé nay dudi con mat
“khong g."(f;.ﬂg ai” va theo ho 1a “cé tinh, co Iy,
chinh xdc hon™ hon!

Khi hai d4u thu quan vot ddu véi nhau dé xem
ai tai hon thi qui d& Két qua thing thua sau
trin ddu cho ngay céu tra loi.

Nhung khi s6 dau thu 16n hon 2 thi vén dé xép
loai dd c6 khac! Phdi to chirc nhiéu cudc diu
hon dé xac dinh thir hang chung cudc.

Trong viéc so sanh don gian (vi du tai san, diém
s6, can nang, vong nguc, ...) thi néu A 1ém hon
B, ma B lén hon C, thi hién nhién (khong ai
tranh cdi) A 1én hon C. Nhung trong viéc so
sanh tai néng khi thi dau (bong ban, quin vot,
bong dé, ...) thi hiém gi truomg hop 4 hon B, B
hon C, ma A4 lai thua C! Viy thi trong truong
hop nay, 1am sao so sénh tai ning céc diu thu?
Dé giai quyét van dé nay, ngudi ta tim cich
todn hoc hoa viée so sanh, bang cach gan cho
mdi ddu thu mot “thé nang” (potentiel) duge
xdc dinh (14 mot ham sd) theo két qua cua cube
thi dau. Vi dy, néu 4 thing B hai van cich biét
thi thé ning cta A cao hon thé ning cua B hai
béc va cir thé ma tién hanh. Két qua cua nhing
tran dau khac nhau cho phép viét mot hé
phuong trinh. Muén hé nay c6 nghiém thi khi A
thdng cach biét B hai van, B thing cach biét mot
van ta phai c6 4 thing C: 2 + 1 = 3 (van).
Trwéng hop nay khé xay ra 1dm, va néi chung

POC LAI CHO PUNG:

- Trén Tap chi THETT s 456, Bai L2/456 trang 17, ¢t phai thiéu hinh v bén:
* THATT 56 455, 60t 1, trang 9 sita T 1d: 1= o1~ ~2nft+4f <3 m3— 2

Thénh thit xin 161 ban doc.

THANG THUA TRONG THI DAU THE THAO

ATV AT TORN HC

PHAN THANH QUANG
(Theo La Recherche)

hé v6 nghiém. Nhung c6 thé dya vao nhimg thi
thudt toan hoc, tim ra duge mét cach xép loai
gin sat hon, nghia [a sit nhdt co thé dugc véi
nghiém cua phuong trinh. Michel Brozos —
Vasquez va dong nghiép ¢ Tay Ban Nha dé cap
dén bai toan bing cach cho ring sy kién mot
ddu thu cé thé nang cao hom dau thi khic
khong dam bdo cho diu thu do théng, ma chi
chimg to ring xac suit thing 13 cao hon théi.
Hai ban thing céch biét chi 1a mét chi sb trén
nhimg gia tri twong d6i cla thé ning cua hai d6i thi.

Phwong phép dé x4c dijnh thé ning dugc tién
hanh theo cach xuit phat tir nhitng “gia i tién
khoi (a priori) cho trude va bién ddi theo két
qua cia trin ddu. Dé tranh truomg hop cac két
qua anh hwong qua nhiéu dén viéc xép hang
chung cude, ho co v trong 1a ap dung phuong
phap d6 mét ldn nita bing cach ldy nhing két
qua dau 1am “gid #rj tién khoi™ moi (vi dy: mot
trin c¢6 nhiéu van, thi ldy két qua cta vén dau).
R&i ctr nhur thé ma tiép tuc tir diu. Cac tac gia
chimg t6 ring bang cach d6 cong thém mét so
k¥ thudt duoc thuc hién cén than, ngudi ta co
thé tiép cin dén moét su xép loai khéng phu
thuéc vio su chon lua thé nang xuiit phat ban
ddu, ndi cach khac két qua chung cudc vén
khéng d6i, dii sy hya chon thé nang ban dau ra
sa0 va cudi cung cd duge mot su xép loai khach
quan, phan anh dung thye lyc cic diu thi,
khién cho ngudi thua ciing “tdém phuc, khdu

& 1]

i A BT S ST e S N

7

2

TH&TT
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%éi viét nay trinh bay nhitmg bai toan dic
trung vé day s Catalan, chi ra méi quan
hé mat thiét cua cdc bai todn, dwa ra mot cach
nhin méi théng qua Bai toan 3.6 ¢6 tén goi kién
hanh qudn. Voi cach nhin méi nay, vige phat
biéu bai todn Catalan tré nén rd rang hon va bai
todan Catalan it:)ng quat (cho nhiéu chiéu) dugc
trinh bay mot cich don gian. Ching t6i hy vong
déng gop mot cach tiép can méi cho céc nghién
clru mo rong dé tai nay.

1. Déay Catalan
Céc s Catalan (hay con goi 1a day Catalan) lan
diu tién duge Leonard Euler (1707 — 1783)
quan tdm dén khi 6ng nghién ctru van dé: co
bao nhiéu cach co thé chia mot da giac thanh
cac tam giac. Nhung tén cuia ddy nay lai thudc
vé Eugene Charles Catalan (1814 — 1894) — mét
nha toan hoc ngudi Bi khi 6ng giai quyét thanh
cong bai toan: co bao nhiéu cich dé dong ngodc
va m& ngoic mdt diy sé khi thuc hién phép
tinh. Nam 1838, Catalan da phat hién ra ring
cac s6 nay la 10i giai chung cua rat nhiéu bai
toan tuong chimg xa la. C6 nhimg bai dé &
dang nay thi vd cing phirc tap, nhung néu
chuyén sang mot dang ngén ngir khac, thi bai
toan trd thanh don gian.
Pinh nghia 1.1. Ta goi ddy Catalan 1a day C,
doc dinh nghia béi cong thire truy hdi
C,=LC =1
G =CC +CC Ly +.. 4G, G
Pinh 1y 1.1. Ham sinh cua diy Catalan dugc
xdc dinh nhu sau:
gt afsap gk o)
B
AL D

n-2

TOAN HOC
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172N CAC BAI TOAN NAI TIENG UE DAY

ATALAN ~

NGO THI NHA - NGUYEN VAN LO1
(PHTH Budapest, Hurngary)

Chitmg minh: Ta ¢6 F(x)=YC,x*. Khi d6
k=0
FlO=U 83 Lo =14 § Lox*
k=1 k=l

4] 2 o
Mat khac, Fz(x}:[ C*_r*] =Zakx*, véi
k=0 =)
i
a, = ZC!CA'—E =G, Suyra

i=0

FQ(_t}=ZCk+|,\:*' Z%ZCL"'*' hay
b |

k=0

Y Coxt = xF2(x). Do d6 F(x)=1+xF*(x).
k=1
i:;il:f&i hodc
2x
1++1-4x
p(x}__.% ™).

Do biéu thirc (*) khéng khai trién dwge chudi liy

1-y1-4x .
— la
2x

Tirdo ta duge F(x) =

thira tai x =0 nén ta duge F(x)=
ham sinh cua day Catalan.
HE qui 1.2. Ding thirc sau ding: C, =;%C;,,‘

Chirng minh: Ta khai trién ham F(x)=%+

Theo dinh ly Newton mé rng, ta co

_I x
(1+x)2 = ZCflx“. Nhur viy,
=0
ek S

=1
(1+x)2 = (-1 = xk,
k=0

Thay x bt —4x ta duge

1-4x

| dx
Taco 1-4x = - ;
J1-4x +f1-4x

Suy ra V1-4x = ch‘&x* - 4xZC§kx*
k=0 k=0

HAY DAT MUA TC TH&TT TAI CO SO BUU DIEN GAN NHAT 1™
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i icgk.ﬂ —4it’:§k_r*+1

= 1+ch&x* 42C§k12x*

k=1
—1+Z(C§i —4Ck1 )xk

(2K)!
(k1)

~4ci,

Ciila
—4)_ = 5

Mit khéc, C%, —4C¥!, =
_ (2k=-2)! _(2k~l)2k
T (k=11 k2

[ (2k=1)2k
— C;AEZ[ kz

-4,

o P
rar |

Viy, cong lhuc tong quat cua diy Catalan la

o k-1 o k
Suyral ~,,'l 4T_ZCM2 it S

C, = Cr w0l n=0,1,2,...
e e

2. Céc bai to4n lién quan dén day Catalan
Bai todn 2.1. (Bdi todn ban cé) Cé bao nhiéu
ciach budc trén ban cd n X n tir 6 phia dudi
cung bén trai dén 6 trén cing bén phai sao cho
khong bao gio buoc qua hin duong chéo chinh,
mdi 1an buéc chi cé thé 1én | don vi hojc sang
phai 1 don vi, khong budc li hay sang trai?
Léi gigi. Ki hidu H, 14 sb cach di tir toa do (0, 0)
dén toa d6 (m, n) theo ding diéu kién cua bai
toan — khong vuot qua duong chéo chinh. Ta s&
chirng minh bai nay bang hai cach.

Cich thir nhdt, Chimg minh H, = C, bﬁng quy nap.

I B

s gma

A A |
P el il
A A ] |

Hinh 1: Minh hoa Bai toan 2.1
Tacé Hy=1,H,=1,H,=2,H,=5,H, =14.
Gia sir dang thirc diing dén n, tirc 14
H=HH +HH ,+-+H_H, Taphaichimg

=10
minh ding thirc ciing dang voi n+1, tirc la

H ,=HH +HH  ++HH,
* Truomg hop 1. Khi di chuyén khong bao gio
cham vao duong chéo chinh. Khi dé bude dau
tién di chuyén phai 1a (0, 0) — (1, 0) va budc
cudi ciing di chuyén phai la (n+1, n) — (n + 1,
n + 1). Trong khoang hai bude nay, tinh trang
chuyén dong tuong tng voi chuyén dong cua
H,. Nhu vay truomg hep nay cé H H cich di

n+l

chuyén. .
* Truong hop 2. Khi di chuyén cﬁs cham vao
duimg chéo chinh. Xét mét chuyén dong H,
nhu vay. Ki hiéu (7, /) 14 vi tri 1in dau tién khi
chuyén dong nay cham dutmg chéo chinh. RS
rang, trong doan dau tir (0,0) dén (i, 1) chuyén
déng clia ta nim trong chuyén dong H, .

Tir (i, 1) dén (n+l,n+1) chuyén dong cua ta
thuge H

thude chuyén dong ciia HH

Do do, chuyén dong cia H,

n+l—i "
2e1-i- Hién nhién

chiéu ngugc lai cung dung, mdi chuyen déng

thugc H, H,, . déu la mot chuyén dong cua
H_.. . Két hop ca hai truémg hop ta co
i PR 1 S A R s ] - S

Theo nguyén Iy quy nap ta ¢é H, =C, voimoi n.

BEL

Cich thir hai. Chimg minh H_ tryc tiép ma
khong sur dung cong thire truy héi. _
Khéng gay hiéu 1dm néu ta thay H, biang C, .

Hinh 2: Minh hoa Bai toan 2.1

Ta sé chung minh ¢o C1 cach di tir g6c
c G g L 2H+1 2n g

cubi clng bén trdi 1én géc trén clng bén phai
ma khong bao git bude qua dudng chéo chinh
(c6 thé cham). Téng sb cach di: C2,. Ta sé tinh
cach di pham ludt trude. Mot cach di goi la
pham ludt néu budc qua dudng chéo chinh it
nhit mét lin.

Ta xét mot dudong pham ludt tai lan déu tién.
Khi d6 quang dwdmg di duge dén noi pham luit
s& phai co k budc sang phai va ding & +1 budc

A
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lén trén. Nhu viy dé di dén (n,n) thi can
(n—k-1) buoc di 1én va (n—k) budc sang phai.
Ta xét mot phép bién hinh sau: tir diém pham
ludt, ta liy ddi ximg qua dudng chéo chinh cua
quing duomg con lai. Néu di sang phai thi doi
thanh di lén, va néu la di Ién thi doi thanh sang
phai. Vi phép bién hinh nay phin duéng méi
nhin duoc s& ¢cd n—k budc di 1én va n—k-1
budc sang phai. Tong cong con dudmg mai sé
cO k+1+(n—k)=n+1 budc di lén, va
k+(n—k-1)=n-1 budc sang phai . Tuc la
diém cudi cung s& 1a (n—1, n+1). Tat ca cac
con dudong pham ludt s& c6 chung mét diém
dén. Ta s& chi ra mdi con duomg tr (0,0) dén
(n—1,n+1) déu tuong tng véi mot duong
pham luit. Ciing bang phwong phép ddi ximg
qua duong chéo chinh khi pham luat dau tién, ta
s& nhin dwoc mét 16i di pham luat tir (0,0) dén
(n,n). Viy, s6 duong pham luat 1a C#1, Suyra

s6 duong ding luat la i e C”' 2HI_IC;”,

Cong thirc dugce chimg minh.
Bai toan 2.2. (Bai foan Euler) Co6 bao nhiéu
cdch chia mét da giic 101 thanh cdc tam gidc ma
khong co canh nao cit nhau?

Loi guu

1. Nifinl b " :
1 3: Minh o Bai toan 2.2

Goi gid tri phai tim 1a £,. Pat £, =1.Khi n>3
ta c6 E,=1,E, =2, E, =5.Pa giic déu n dinh
dugc ki higula AA,...A .

Xét mot phan hoach da gidc thanh cac tam giac.
Xuit phdt tir canh A,A ¢ dinh, dinh thir ba
cua tam gide c6 canh A/A 1a A . Cac dudng
chéo A.A,A A, chia da gidc A A,...A, thanh
ba phin: da gidc k dinh A A,...A,, tam gidc
AAA, vadagidcn—k+1dinh A A ..A,

TOAN HOC
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S6 cadch chia céc da gidc con lai s€ 1a E.E

va phép tuong img nay voi A A, A, la song anh.
Cho k chay tir 2 dén n—1 (v&éi n=>3) nhin
n-=1

duoc: E, = Z i 5

m=k+1"

Thay E, bang E

n+2

vao cong thire ta nhan dugc
n+l o

E..,=> EE,,., Thy E,, bing E, vio
k=2

n+32

n+l

cong thirc ta nhén duge E/ ZEl L

n-k+1
k=2

hay

!
E = ZE}E;—I-I' Céng thirc cuoi chinh 14 cong
j=0

thirc Catalan. Do dé E, =C, _,

3. Cic bai todn Catalan néi tiéng khic

Bai toan 3.1, (Bai todn dau ngodc) Voi n ddu
ngodc md va » ddu ngoic dong (n b diu ngodc
mé — déng), cd bao nhidu cach sip xép cc déu
ngodic hop 187 (Hop 1§ © day dugc hiéu la kc
trai sang phai, tai bat ki vi tri nao, thi SD dau
ngodc dong da sir dung khong vugt qua s6 ngodc
mé da ding va khi két thic thi dung bing nhau).

1]

0

(0. 00

LI S i

(0N, (O, (00, O, D00

00N, OO, WMOD: OXHO O WO, (OO, | 14
(OO0 (OO OO0 GUON OO0 OLO0). OOD),

0000

Hinh 4: Minh hoa Bai todn 3.1
Bai toan 3.2. (Bai toan hanh trinh Dick) Xét hé
truc toa d¢ xOy. Xuét phat tur diém (0, 0) dén
diém (2n, 0)cé bao nhiéu kha ning dé bude
sao cho mdi bude chi ¢6 thé 1a cic vecto y(l. 1)
hoic x(1,-1) va khéng di xudng dudi truc
hoanh (y 14 l1én va sang phai, x la xubng va

sang phai)?
AVATE AN
AT S A

Hinh 3:

Bai toin 3.3. (Bai todn phdn vimg) Cé bao
nhiéu bd sdx, (1<i<2n), mdi s6 x, cb gia tri

Minh hoa Bai toan 3.2
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la 1 hodic —1 sao cho X, +x,+--+x, =0 va tit
cd chc gia trf X, X +%, 4 +04x, . K,
déu khong am?

Bai toan 3.4. (Bai todn doan qudn kién) Co
mdt dodn quén kién dang hanh quin qua mét
con dudng ham chét hep. Khéng con nio ¢é thé
doi chd cho nhau. C6 mot ngich nho ciing chat
hep nhu viy, néu con kién nao mudn nghi thi c6
thé ré vao dé va cic con khac lai tiép tuc di.
Néu ¢6 nhiéu con mudn nghi thi cac con nghi
truge 10i sdu vao ngach nhudng chd cho con
mdi, theo thir ty khéng duoc doi chd. Khi ra thi
trit tw nguoce lai, con ndo nghi sau thi ra trudc.
Hoi ¢6 bao nhiéu cach ra khoi duomg him chit
hep nay

Pt ‘“"‘“‘&ﬁ

1

Hinh 6: Minh hoa Bai toan 3.4

Bai toan 3.5. (Bai todn mua vé xem phim) Mot
lép hoe c6 21 hoc sinh dang dimg xép hang
mua vé xem phim, gia vé 1a 10000 déng/chiéc.
M2di em hoc sinh chi c6 mot trong hai to tién 1a
10000 déng va 20000 dong.

Ban diu qudy vé khong cé tién. C6 bao nhiéu
cach mua vé dé nguoi ban vé ludn ludn tra lai
dugc tién thira va cong viée khong bj gidn doan?

Ta chimg minh cic bai todn trén la twong
dwuong:

~ Bai toan Déau ngojc va bai toin Hanh trinh
Dick: V&i phép song anh diu ngodc mé tmg véi
buée di 18n y(1,1) vi ddu ngodc dong mg véi
buére di xubng x(1, —1).

— Bai toan Hanh trinh Dick va bai todn Béan cd
hoan toan 12 mét khi ta xoay ban co 45°,

- Bai toan Phdn ving chinh la bal toan Dau
ngodc phat biéu dudi dang dai sb, thay ngoic
mé& bang +1 va ngoic déng bing —1.

— Bai toan E}oan quan kién 12 bai toan Diu
ngodc néu véi moi con kién trrde khi dén hém
duge phat mot gidgy kiém tra (ddu ngodc mé),

sau khi nghi ngoi (hodc tiép tuc di ludn) qua
hém thi thu hoi lai gidy théng hanh (diu ngojic
dong).

— Tuong tu nhir thé, bai todn Mua vé xem phim
va bai toan Ban co la tuong dwong khi tra tién
10000 dbéng tuong tng v&i bude sang phai 1
don vi va tra 20000 dong tuong ng v&i bude
1én trén 1 don vi.

Bai todn 3.6. (Bai todn kién hanh quan)
Hai doan quan kién vang (m chién si) va kién
den (n chién si) dang hanh quin vé diém tip
trung. Pén nga ba thi hai duong hop nhau thanh
mét. Pén d6 dan dudng khong hoat dong. Co
bao nhiéu cach hanh quin qua nga ba ma khéng
chen lan x6 day nhau?

Néu thém diéu kién sb kién den duge qua cira
luén luén khéng bé hon sé kién vang dugc qua
clra, ta cling nhén duge bai toan Catalan dudi
day don gian va tha vi.

=, A . o
iR noa Dol toan 2.0

Bai toan mé. (Bai todn Catalan tong quat) Co
n doan quan kién nhap lam mét theo quy tic 50
kién cua doan i luén ludn khong nho hon sb
kién cta doan k khi nhdp hang (k =i). C6 bao
nhiéu cach thye hién?

4. Mét sb bai tap
Bai todn 4.1. C6 bao nhiéu ham s6
f:L2..,n—12,...n sao cho f1a mdt ham

ting va voimoi k taco f(k)<k?

Bai todn 4.2. C6 bao nhiéu cach bat tay nhau
clia 27 ngudi ngdi quanh mot cai ban tron ma
khéng c6 cip ndo bit chéo tay véi cap nao?

Bii todn 4.3. Chirng minh ring C =C}. —C>".
Bai toan 4.4. Co 15 hoc sinh nam va 12 hoc
sinh nir cing bude vao phong khiéu vii, hoi co
bao nhiéu cach vio? Biét ring © bat ki thoi
diém néao, sé hoc sinh nam déu khéng it hon sb
hoc sinh nir. Téng quat v&i m nam, n nir va
m 2= n (trong bai chi phan biét nam — ni, khing
xét timg ¢4 nhén cy thé).

TOAN HOC
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