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Ki THI CHON HOC SINH VA0 POI TUYEN QUOC GIA
DU THI IMO 2015

q i thi chon hoc sinh vao doi tuyén Québc gia
dur thi Olympic Toan hoc Qudc té (TMO)
lan thir 56 nam 2015 (IMO 2015) da duoc
t6 chirc tai Ha Noi, trong hai ngdy 25 vi 26/3/2015. Can
cir Quy ché thi chon hoc sinh gioi cdp Quéc gia hién
hanh, Bo GD&DT da trigu tap 49 hoc sinh tham du ki
thi myén chon nai trén, gé;m 1 hoc sinh da tham dy TMO
2014 va 48 hoc sinh dat tir 21,50 diém tro lén trong ki
thi chon hoc smh gi6i Quée gia mén Toan THPT nam
2015. Trong mdi ngay thi, mdi thi sinh dugc dé nghj
g1a1 3 bai toan trong thoi gian 270 phat; diém toi da cua
mdi ngay thi la 21 diém.
PE THI
Ngiy thi thir nhdt, 25/3/2015
Bai 1. (7 diém). Cho a la nghiém dwong cia phuong
trinh ¥+ x=5. Gia st n vd g,q,....c, la cic )
nguyén khéng dm sao cho
G+ qa+ ga’+ ..+ ca"=2015 (*).

{mod 3).

b) Cho n thay déi va ¢,.¢,....c, thay ddi nhung ludn

a) Chimg minh ring ¢+ ¢ + g +..+¢,=2

thoa mén diéu kién (*). Tim gia trj nho nhat cua tong
G+taq+o+.

Bii 2. (7 diém). Cho duémg tron (O) va diy cung BC ch
dinh (BC khic dudng kinh). Diém A thay doi trén (O)
sao cho tam gidc ABC nhon va AB < AC. Goi H la true
tim tam gidc, J 14 trung diém cia canh BC, D 1a giao
diém cua AH va BC. Tia IH cit (0) tai K, tia KD cit (O)
tai M. Pudmg thang qua M va vudng goc vin BC cit AT
tai V.
a) Chirng minh rﬁng N chay trén mot dudmg tron cd dinh.
b) Pudémg tron di qua diém N va tiép xiic véi duomg
thiing AK tai diém A ciit AB, AC lin luot tai P, Q. Goi J
la trung diém cua doan PQ Chimng minh ring dudng
thiing AJ di qua mot diém co dinh.
Bai 3. (7 d‘:em] S6 nguyen duong k duge goi la co tinh
chit T(m) néu véi moi s nguyén a, ton tai so nguyén
duong » sao cho 1*+ 2%+ ... + a*= a (mod m.
a) Tim tit ci cdc s6 nguyén dwong k ¢6 tinh chit T(2 1)
b) Tim songuycu duong k nho nhit co tinh chit T(20

2 Ngay thi thi hai, 26/3/2015
Bai 4. (7 diém). C6 100 sinh vién tham dy mot cuge thi
vén dap. Ban giam khao gnm 25 thanh vién. Mol sinh
vién dugc hoi thi béi mét giam khao. Biét ring mdi sinh
vién thich it nhét 10 giam khao trong s6 cic thinh vién
trén.
a) Chimg minh ring ¢6 thé chon ra 7 gidm khio sao cho
mdi sinh vién thich it nhat mét trong 7 giam khéo nay.
b) Chimg minh riing c6 thé sip xép cude thi sao cho méi
sinh vién dugc hoi thi béi giam khdo ma minh thich va

NGUYEN KHAC MINH

(Cuc Khdo thi va Kiém dinh CLGD - B6 GD&DPT)

Bai 5. (7 zf:em) Cho tam gidc ABC nhon, khéng cin va
diém P ndm bén trong tam gidc sao cho
APB= APC=a BAC. Cic duimg
tron ngoai tiép cdc tam gidc APB va APC ldn Tugt cit
AC va AB tai E va F. Lay diém Q bén trong tam giic
AEF sao cho E&“E: fqap= a. Goi D 1a diém doi
ximg vai O qua duomg thing EF. Dudng phin gidc

vai o > 180° -

trong cua goc EDF cht PA tai T

a) Chimg minh DET= ABC, DFT= ACB.

b) Budng théng PA cit DE, DF lan luot tai M, N. Goi 1,

J lin ot 13 tdm cdc dudng tron ndi uep cdc tam grac

PEM, PFN va (K) la dwéng tron ngoai tlep tam giac DLJ

véi tim 13 diém K. Pudng thing DT cét (K) tai dlem H.

Chimg minh HK di qua tam dwong tron néi tiép tam

giac DMN.

Bai 6. (7 diém). Tim s6 nguyén duong » nho nbﬁt 540

cho ton tai » so thuc thoa man dong thoi cac didu kién

sau:

1) Tﬁpg cia ching la mot 50 duong; ;

11) Tong cac lap phuong cia ching la mét s6 dm;

iii) Tong cdc Iy thira bdc 5 cia ching 1a mét so duong.
KET QUA

Can ctr két qua chim thi va Quy ché thi chon hoc sinh

gioi cip quéc gia hién hanh, B GD&PT da quyét dinh

chon 6 hoc sinh ¢ diém thi cao nhat (c6 tén dudi day)

vao Bai ruyén Qudc gia du thi IMO 2015:

1. Nguven Tuan Hai Pdang, his 16p 12 Truong THPT

chuyén KHTN, PHQG Ha Ngi, 32.50 diém;

2. Neguvén Huy Hodng, h/s 16p 12 Tnedng PTNK,

PHQG TP. Hb Chi Minh, 29.50 diém;

3. Newvén The Hoén, his 16p 12 Truémg THPT chuyén

KHTN. PHQG Ha Néi, 27.50 diém;

4, Hodng Anh Tai, hfs 1op 12 Truomg THPT chuyén Phan

Boi Chéu, Nghé An, 25.00 diém;

5. Neuvén Thi Viér Heg s 16p 12 Truémg THPT chuyén Ha

Tinh, 24.50 diém;

6. Vi Xudn Trung, his 16p 11 Truéng THPT chuyén

Thai Binh, 24.50 diém.

Ngay 16/4/2015, Bé GD&DT da triéu tip 6 hoc sinh cia

Déi tuyén vé Ha Noi tham duy I6p tip hudn chuyén mén

chudn b cho IMO 2015. Truémg DHSP Ha Ngi duge Bo

GD&DT giao nhiém wvu chu tri céng tic tip huén doi

tuyén, durdi sur gidam sat cua B,

IMO 2015 s& duge to chiie'tr ngdy 4/7 dén ngly
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g" rong dé thi vao THPT luén xudt hién bai
toan lién quan dén viée dp dung hé thic
Viete. Cé nhitng bai todn c6 thé dé dang duwa vé
dang dp dung duec hé thic Viéte, nhung ciing
c6 nhitng bai todn phdi rt khéo léo méi thuc
hi¢n dwoe diéu dé va né gay khéng it khé khan
déi véi cde em hoc sinh. Sau ddiy la mot sé
dang toan nhw vdy va cdch sir dung hé thirc
Viete dé giai chiing.
Dang 1: Phuong trinh béc hai cé tham s6
Bai 1. Cho phirong trinh:

8 —Bx+m’ +1=0 M
Tim m dé phrong trinh (*) cé hai nghiém x,, x>
ma xf -} =1 —x3.

Nhgn xét. Ta thiy hé thirc dé bai dwa ra ¢ vé phirc
tap va gdy kho khin khi dwa vé x+ x> vd x,.x;
nhung ta ¢6 the bién déi x; x, thong qua phuong
trinh (*) d¢€ sir dung hé thirc Viéte.

Loi giai,. Ta c6 /' = 8 — 8m”. Dé PT (*) c6 hai

nghiém thi A' 20=-1<m=<1. Khi d6 theo
h¢ thire Viete ¢6: x, +x, =1; x,.x, =(m? +1):8.

Vi x, x; 1a hai nghiém cua PT ( *) nén

8x: —8x, =—(m?
F . oy
Tacosa ~xl=x —xd
<> x2(8x7 —8x )—x3(8x2 -8x,)=0 (1)
Thay (I) vao (1) ta duge

(xZ—x2)(=m*-1)=0
& (51— x)0n + X )H-m*—1)=0

< xp—x=0(vixtxn=1va wmz—lﬁﬂ).
i : m*+1
Do d6 x; =x, =35,md XX T
m =+1 (théa min bai toan).
Bai 2. Cho PT X’ — 2mx + m* —m + 1 = 0 (1).

Tim m dé PT c6 hai nhiém phan biét x,, x; thoa

man: xt +2mx, =9,

HoANG THUM

L (GV rycs‘ Nguya’n .I‘rw Thanh Oai, Hi Ni)

Loigigi. N'>0 < m—1>0 < m>1thiPT
¢d hai nghiém phén bigt x,, x; va theo hé thic
Vidte ¢6: x, +x, =2mx,.x, =m* —m+1.

Vi x| 1a nghi¢m cua PT(1) nén :
Xp=2mx, 4+ —m+1=0<x2 =2mx, —m* +m-1.
Két hop véi déu bai ta co: x2 +2mx, =9

< 2mx, —m?* +m-142mx, =9

< 2mxn+x)-m+m-10=0

< 3m+m-10=0

< m=-2(loai) ;m= % (chon).

Bai 3. Cho phuong trinh:

T 2m+1)x + m+4=0 (m la tham s6).
Tim m dé phuwong trinh co hai nghiém x,, x»
théa mdn x} +2(m+1)x, <3m* +16.

Loigigi. A" >0 & m= %{*} thi phuong trinh

0 hai nghiém x, x;, khi d6: x, +x, =2(m+1);
X X, =m* +4 va x} =2(m+1)x, —m* -4,
Theo d& bai x? +2(m+1)x, <3m? +16

& 2Am+]) (x; +x2) —4m> =20<0

& [2(m+1)] ~am?-20<0,

(do (x; + x3) = 2(m+1))
< 8m-16<0 < m<2,

Két hop vai (*) ta co: %Em =7

Bai 4. Cho phwong trinh:
X =2m—1)x+2m-5=0 (1)

Tim m dé phuwong trinh (1) cé hai nghi¢m phén

biét x,, x> thoa mdn

(X7 —2mx, + 2m — 1) x3 - 2mx; + 2m - 1) < 0)

Léi gidgi. 2

2)
= (m - 2)* + 2 > 0 ludén ding voi
moi m, vy phuong trinh (1) luén co hai nghiém
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phén biét xi, x; v6i moi m. Khi do:
X, +x, =2(m-1); x,.x, =2m-3.
Vi x, x2 12 hai nghiém PT(1) nén
x2-2(m-1)x,+2m-5=0
{x§ =2(m-1)x, +2m-5=0

X =2mx, +2m-1=4-2x,

x2=2mx, +2m—-1=4-2x,
Tir (2) suy ra: (4 — 2x,) (4 — 2x2) <0
< 4x,x, —8(x, +x,)+16<0

c:>4{2m-—5]—8.2{m—])+]6<0¢mb%.

Bai 5. Cho phiromg trinh CHEm-Dx-6=0 (1).
Tim m dé pheeng trinh cé hai nghiém phdn biét
9} (x> —4) dat GTLN.

Léi gidi. Ta thiy (1) luon c6 hai nghiém phan biét
X1, X véi moi mvi co a. ¢ =—6<0. Theo h¢ thirc

Xy, Xz B = 2

5 .
Vidte: x,.x, =6 x, =— va x+x,=1-m.
p e
i

B=(x2-9)(x2-4)=x7.x3—(4x2+9x2)+36

Dag(n s 22y

X
B<36-2 4x3.%‘4+3ﬁ=0_
i
Ding thirc xay ra khi 4 x; = 3}_;
|

o x! =81 @ x=3hogcx; =-3.

+Khix;=3thix;=-2,suyrazm=0

*Khix;=—3thixax=2,suyra:m=2

Viy minB = 0, khi m = 0 hodc m = 2.

Dang 2: Twong giao cia parabol va duwong
thing

"y . = : i
Bai 1. Cho parabol (P): ) 3

vir dwrong

thang (d): v = 2x —m + 1. Tim m dé (d) cat (P)

- g Fu = g - . = 2 .
tai hai diém phdn biét co tea do. (v v} vd

(x2; 1) sao cho xi. x3 (¥ + ¥:) =— 46

Lai gigi. Phuong trinh hoanh d¢ giao diém cia
(P) va (d) 1: %xz—lr+m— 1=0 (1)

Dé (d) ciit (P) tai hai diém phan biét thi phuong

TOAN HOC |
2 P CTudilre S8 456(6-2015)

trinh (1) ¢ hai nghiém phén biét & A’ >0 <
m < 3. Khi do x;, x> 13 hai nghiém PT (1), ta co:

{x,+x2:4 {y,=2x|—m+1

vil
XX, =2m=-1) |y =2x-m+l

Ta cd: xix; (1 +y2) =— 48
& xxa (g —m+1+20n—m+ 1}=—48
& (xx)[2(x, + x2) - 2m + 2] = - 48
&S 2m-1D[8-2m+2]=-48
om —-6m-7=0.
&> m = -1 (chon) hodc m = 7 (loai).

Bai 2. Cho parabol (P). y = — x° va dwong
thang (dy: vy = (3 — m)x + 2 = 2m. Tim m dé (d)
cdt (P) tai hai diém phan biét A (x4, v4). Blxg: vs)
thaa man: |'| .1'.-:| =

Lai gigi. Phuong trinh hoanh d6 giao diém cua
(P) va (d) 1a:
“+(3-mx+2-2m=0 (N
Phuong trinh (1) c6 A'> 0 <> m#— 1, ta thdy
x4 xp 14 hai nghi¢m cua phuong trinh (2).
Lai co:
{xﬂ +Xp=m-3

j}'a =(3-m)x, +2-2m
X, Xg=2—2m

|yp =CG-—m)x, +2-2m
Do d6
& B-m) [(ratxs) —4dxy . xp]=4
< (m—3) (m+ 1) = 4. Tim duge
m=1+J6:m=1%2.

Bai 3. Cho dwong thang (d): v = (k

Ya—ye|=2 € [B-m)x, —x,|=2

4 va

", Tim k dé (d) va (P) cat nhat

1 )x
parabol (P): y
tai hai diém phan biér. Goi tpa do giao diém la
( x1, 7)) i (x2,03) . Timk dé yy Ty =¥

Léi gidi. Phuong trinh hoanh do giao diém cua
(P) va (d) 1a: ¥*— (k— 1) x — 4 = 0 (k 1 hing

s8). Phuong trinh ndy c6: ac = — 4 < 0, nén
luén cé hai nghi¢m phan biét x), x,. ithi do
{x, +x,=k=-1 [y =x2
XX, =—4 e

i

Vay: ypt =y & xi+xi=xlx

2

< (x + 12 =20 1= X7 %3
o (k-1P+8=16 < k=1+242.
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Hudng dan gidi ®E THI TUYEN SINH VAO LGP 10 CHUYEN TOAN
TRUONG DHSP TP. HO CHI MINH NAM HOC 2014 - 2015

(Dé thi ding trén TH& TT 56 455, thang 5 nam 2015)

Ciu 1. a) PKXD: 12;2—. Khi d6
PT o (V3x+4) =(1+2x+1)

o x+2=2 2x+l¢>{x+2}2=4(2x+1}
o x' —4x=0.
Tir ddy tim duge nghiém: x =4, x = 0.
Viy tip nghiém ctia phuong trinh 1a: § ={4;0}.
b) BKXD: x> 0. Khi do
PT e (v +1) =2(x" +2x+1)-34x
& (x+1) +2x (2 +1) +x=2(x+1) ~34x
e (x+1) =35x-2x(x+1)=
& (x+1) =7x (x+1)+5/x (x+1)-35x =0
& (x+1)(x+1-7x)+5Vx (x +1-7x) =0
<=>(x+1—?ﬁ)(x+1+5ﬁ]:{).
Tim dugc tép nghiem cua phuong trinh 1a;
o_|47+2145 47-2143
b R R ;
Ciu 2.a) 8p-1.8p.8p+1 1d ba s6 nguyén lién

tiép, nén cé mét s0 chia hct cho 3. Ma 8p — I,
8p + 1 la cic s6 nguyén t6 1én hon 3 nén 1a sb

khong chia hét cho 3. Do viy (8p):3. Ma
(8;3)=1nén p:3. Do p la sd nguyén té nén
p=3;p=3thi8p+ 1 =25 li hop sb.

Viy khéng c6 s0 nguyén 6 p thoa man 8p — 1,
8p + 1 la cac s6 nguyén to.

b)Tact 3* -2" =13 -1=2" (%)

o Néux=2k (keN"), tir (*)taco

(3 +1)(3*-1)=2". Do d6 3 PRt

2&

trong

do a.beM vag=b. Tacod
r-2-2 azf’(f‘*"—l]:z Nén

2""’4:1@ 2”‘*:2'@ a-1=1_ [a=2
2% =2 b=1 b=1 b=1"

Do d6 {jﬂ:f =3 =3 o k=1, Khidé

F_1=2'

x=2.Tit(*e6 2’ =3"-12" =2 = y=3,

o Néu x=2k+1(keN)tacod
3*~1=3[32*—1]+2=3(9"~1")+2 chia cho &
du 2 (vi(9" =1 ):(9-1)) = 2" chia cho 8 du 2

=2 =2=y=1. Ta c6 3 -1=2"=x=1.
Viy céc cip s6 nguyén duong (x; v) cin tim 1a:
(2:3), (15 1).

Chu 3a) Tacd (ardf < (alf + (a-b =4 d+).
Dod6 (a+b)’ <2(a’ +5”). Tuong tu
(a*+8%) <2(a* +5*). Tacs

(a+b) (a+6°) <4(a’+07)(a" +b"). Ma
(a+b)' =4. Dovéy,tacé a’ +b° <a’ +b".

b)Dox,y,z>0,xy+yz+2x=1, apdungbat
ding thirc Cauchy cho hai s6 dwong, ta co:

1 (1( 1P J
(x+_v} Tkz) 2\ XEY x4z

1 1( 1 1 J
&= <— - :
\l'x +xz+xy+yz 2\X+Y XxX+z

It: % x
Do d6 =<7 ——1 :
" P 2[3“'}’ x”}(n
1
T t S
wong tir ta c6 o= 2[x+y JH_Z)(]
1
A9l
Vi1+Z 2[}’+z X+z )() Pl R
. £ 5
ta co:
J1+x ey a7
gl(x+x+y+y+z+z]=§»
2LXTY X4E =xhy " yAETNEE X422
Ciu 4.a) Gia st (d,),(d,), n\

Do AOBD vubng tai D, 5 ,b ,ﬁg\
AOCD vuéng tai D mén p =" L "N

theo dinh ly Pythagore ta @) P

‘f(?ﬁN HOC 2
crm gtle m
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TIn Tl LE TONG KET VA TRAO GIAI THUONG THI HOMC 2015
HOI DPONG THI HA NOI1

Ky thi Olympic Toén Ha Noi mo rong - gidi Toin béng tiéng Anh - Ian thir 12 nim 2015 (HOMC 2015) té
chire ngay 22/3/2015 da thanh céng tét dﬂ:«p Ngay 17/5/2015 tai Truéng THPT Chu Van An, Ha Noi, Ban chi dao
thi HOMC 2015 da tién hanh 12 tong két va trao gidi thudmg cho céc thi sinh dy thi & hoi d{’ing thi Ha Noi.

Lén thi thit 12 nay da ¢6 42 tinh, thanh phd tham dy v6i sb lugng 634 thi sinh: 320 thi sinh lira tudi Junior
(lop 8 THCS) va 314 thi sinh lira tudi Senior (lép 10 THPT) thi tai ba Héi dbng: Ha N§i: 487 thi sinh (237 lcrp 8;
250 lop 10); Pk Lak: 57 thi sinh (13 lap 8; 44 lap 10); Bong Thap: 90 thi sinh (25 16p 8; 65 lap 10). Téng so giai
thudng cua ky thi HOMC 2015 la: 449 giai gﬁm 45 giai Nhat 120 giai Nhl. 155 giai Ba vé. 129 giai Khuyen khlch
Bai thi dwgc chim theo thang didm 15, phé didm c6 tir 0 diém dén 13,5 diém. Khéng c6 diém tuyét doi 15/15. Chat
legng bai 1dm ciia thi sinh tot hon cic nim trude, thé hién & diém binh quan twrong dbi cao. Thi khoa & lira tudi
Junior ¢6 1 em: Mdn Pao Son Ting, THCS Hoang Vin Thy, Lang Son, 13,5 diém. Thu khoa & lira tudi Senior c6 3
em: Pham Kim Anh, THPT chuyén Hi N§i-Amsterdam, 13,5 dlcm, Mai Dang Quén Anh, THPT chuyén Ha Noi -
Amsterdam, 13,5 diém; Podn Cao Kha, THPT chuyén Lé Khiét, Quang Ngai, 13,5 diém. Thi sinh dat giai duoc
nhin Gidy chirg nhgn ctia S¢ GD - DT va Hoi Toan hoc Ha Noi, giaJ ﬂlmmg ciia S& va qua ting cua Hoi. Cac
tinh, thanh c6 hoc sinh tham dy ky thi HOMC 2015 dugc tang Cér Iwu niém cia Ban td chire. Moi ngudi déu mong
muédn, nhu 1&i GS. Nguyén Van Mgu, Chu tich Héi Toan hoc Ha N{i: “Sém mo réng cude thi HOMC ra cde niede
ASEAN" dé hoc sinh Viét Nam dugc dua tii cliing hoc sinh cic nude trong khu vye Dong Nam A — Thai Binh Dwong.

Théng tin chi tiét xin xem trén trang Web cia Hoi Todn hoc Ha Noi www.hms.org.va

THAM NGOQC KHUE (Ha Néi)

= c6 DB +0D*=0B?, DC* +OD*=0C*. Do d6  tiép —BHT=BAT. Ma_BAT =BCK (uir gide ABCD
QBE_‘E?CZ =0’ *?CJ' (D Ch;rng 1"nmh mg Or e nep) nén BHT = BCK , do d6
i i ZE’U ki s : BHT + BHEK =180° = K, H,T thing hang.
FA*-FB' =0A"-0B' Q). 1;" (1), ;{2) va(3) t;icu Chimg minh twong ty cling ¢6 P, O, T thing hang.
(DB ~DC* ) +( EC* ~EA?) +( FA _.FBE)ZD( ) Vay cdc duong thang 4D, PO, HK dong quy.
b) Gia sit cd (*). Goi O 1 giao diém cua (d,) va b) Tir glac DTBK co:
(d,). V& OD' L BC taiD'. Cén chimg minh D'=D. DTB+1)KB 90° +90° =180° =>tir gidc DTBK ndi
Tir cdu a) ta cod ti
el 5 . ép :}ADB HKB. Ta c6 BAD =BHK (vi cing
(D' B? —D'C?)+( EC? —EA?) +(FA* —FB* ) =0 (**), bt véi BCD ) = A4BD <> AHBK (g.2)
Tir (*) va (**) tacéd DB2—DC2=D'B2—D'C? AD _AD _ AB_24M _AM
< BC(DB-DC)=BC(D'B-D'C) = 4B " HK " HB 2HN _EN
SOB-DC =P -0 L ABAM va ABHN co: Bﬂf B_’:‘;fh\’ ol
<(DB+DC)-2DC=(D'B+D'C)-2D'C HB__HN
< DC=D'C < D'=D (dpcm). =EORAM == U (c.%.c] iim ,E_AH
= i gidc BNMT ndi tiep =BNM-+BTM=18(r.
T o P BNM =180° — BTM =180° —90° =90°,
7 Viy MN vudng goc voi NB.

B Ciu 6. C6 50 dinh nén c6 50 tich ba s6 trén ba dinh
lién tiép. Vi ba dinh lién tiép bét ky cic sb khong

\ bing nhau nén chi c6 hai loai tich:
M Logi I Ba s6 ¢ ba dinh lién tiép chi c6 mot 6 2, tich
H ba s6 ndy bing 2. Logi II: Ba s0 & ba dinh lién ticp

Céu 5.

co hai s6 2, tich ba s0 nay bing 4.
N Goisotichloaillax (xe[) thi 50 tich loai 11 1a

D ' C 50 — x. Ma s6 s6 2 & 50 tich ¢ 1a 30 . 3 =90, ta c6
y phuong trinh: x.1+(50-x)2=90< x=10.
— Viy ¢6 10 tich ]D‘:_l:l I va 40 tich loai II. Do vay tfing
a) V& BT LAD. Ta c6 BHC=BKC=9r = tir gisc tat cd cdc tich ba 56 trén ba dinh lién ticp cua da gidc
BHKC ndi tiép <> BHK + BCK =180°, Ma R s i AR
ATB + AHB =90° +90° = 180° = tir gidc ATBH ndi NGUYEN PUC TAN

(TP. Ho Chi Minh)
TOAN HOC
. S5 456 (6-2015)
4 cruéllh':L to. or(lq
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DE THI TUYEN SINH VAO LOP 10

Truong THPT chmn Lé Quy Don - Tinh Ninh Thuén
HOC2014-2015

(Thai gian lam bai 120 phiif)

Ciu 1 (2 diém). Cho phuong trinh:
X =2x+m* =2m+1=0 (1), v&i m la tham sb.

a) Gidi phuong trinh (1) khi m=+/2 .

b) Chimg minh ring néu phuong trinh (1) c6
hai nghiém x,,x, thi |x, — x| < 2.

Ciu 2 (2 diém). Tim gia trj nho nhét va gia tri
4x+3

x k1

Ciu 3 (4 diém). Cho dudng tron (O) dudmg
kinh 4B va dudng tron (C) di dong ludn tiép
xtic trong véi nira dudmng tron (O) tai C va tiép
xtic véi doan 4B tai D; CA va CB lan luot ciit

16m nhit cia biéu thire: D =

a) Xac dinh tdm O'cioa dudng tron (C) va
chirng minh AB // MN.

b) Chirng minh CD 14 tia phin gidc cia goc
ACB va CD di qua mét diém cé dinh E.

¢) Chimg minh rang duong tron ngoai tiép tam
gidc ACD tiép xuc voi AE tai 4.

n +4

CAu 4 (2 diém). Cho phén sé p =
n+5

, Voi n

14 s6 ty nhién. Hay tim tdt ca cdc sb ty nhién

trong khoang tir 1 dén 2015 sao cho phan sb p
chura toi gian.

CAO TRAN TU HAI

(Ninh Thugn) gidi thiéu

dudng tron (C) tai M, N.
Gidi dip

3\
L .
Gic"-i tri todin hoc _

Ki hiéu céc sé trong cdc 6 tron nhu & hink 1.

Hinh |

Tir gia thiéttacoé m=a’+b’+ ¢’ +d' =40 (1). Dat
n=a+b+c+d vi p =e+g+h+k Xét tong cic
sb nam trén sdu vong tron ta co 3(m + 10) + 2(n + 9)
+(p + 15)=50.6 hay 3m + 2n + p = 237 (2). Tir (1)
va (2) suy ra 2n +p = 117 (3). Téng cac sb duge
dienla 4+5+.+17+18=165=m+n+p+15
+ 10+ 9, két hop véi (1) suy ra n + p = 91. Thay
vao (3) tim duge n=26 va p =65 (4). Thay (4) vao
@) duwgcm+2(a’+b'+a+h) +2c+c' +h)+
d+d +k)+e+g=237+h+k Tirdoco 40 +
235+231+231+e+g=237+h+k,thcld e+
g=3+h+k(5).Te(5)va p=et+g+h+k=065
suyra e+g=34=18+16 va k+i=31=17+14.

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VO TO

BIEN SO VA0 HINH HOA

AN (Dé ding trén TH&TT 56 450 thdng 12 ndm 2014)

PHI PHI (Ha Noi)

*Véie=16,g=18va h=17,k=14,suyra c+ ¢’
=14=6+8,d+d'=17=4+13=5+12,a+a’'=
17=4+13=5+12, b+ b’ =11 + 7. Két hop voi
(1), (4) co nghi¢m (e, g, h, k, ¢, ¢’ d, d",a,a’, b, b")
bang (16, 18,17, 14,6, 8,4,13,5,12,11,7)

(hinh 2)va (16, 18,17, 14,6,8,5,12,4, 13,11, 7).

Hink 2

*Vaie=16, g=18va h=14, k=17, suyra d+
d'=14=6+8,c+c'=17=5+12, a+a’=20=
7+13,6+b'=15=4+ 11, khong théa mén (1).

* Voie = 18, g = 16. Xét tuong ty trén thi ton tai
hinh d6i ximg v&i hinh c6 nghi¢m néu trén qua truc
d6i ximg la dudmg thing di qua tam céc o tron ghi
cdc s6 15, 10, 9. Viy bai toan co tit ca bon nghiém.

TOAN HOC
* cTugitre S

S8 456 (6-2015)
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e
o SN
i TRUNG HOC
PHO THONG

Qubc GIA

A7 rong dé thi ruyén sinh vao cdc trirong Pai
J hoc, Cao déang (ma nay gor la Ky thi THPT
Quéc gia) cd mot céu hoi ve bai todn hinh hoc
vdn dung phiong phdp foa do trong mdt phang.
Day la bai todn twong doi kho de phdn loai thi
sink; ma phan co ban nhat la wer phweong trinh
(PT) dwong !kang Trong bai viét nay chung t0i
dwa ra mét s6 thi dy vé cdc bai todn viét PT
dwong thing di qua mét diém cho trée va tao
véi duomg thang cho trude mét goc a.
. COSOLY THUYET
1) Goc giira hai vector a v b khac 0 duoce tinh

A Hb\

2) Gée giita hai dudng thing cit nhau 14 goc
nho nhit trong hai cip géc dbi dinh, vy géc
giita hai duong thang la goc c6 sé do khong
vuot qua 90°.

3) Néu hai duomg thing a, b c¢é vecto phép
tuyén (VTPT) ldn luot 1 n,,n, thi

qua CO‘%({L

|"1 !

el

4) Néu hai duong thing a, b c6 vecto chi
phuong (VTCP) ldn lugt 13 u,,u, thi

—_——

Uy Uy

cos ab

e

cos(a,b)=

e

1. MOT SO THI DL

@Thi du 1. (Trich Cdu 7 trong dé thi mdu cua
Bo GD&DT ndam 2015). Trong mdr phdng voi
hé truc toa dg Oxv, OAB ¢o cac
dinh A va H thuoce dwong thang
\:dx+3v—12=0 vadiém K(6:6) latam

cho tam gide

r_f!,"r'l'fs_s_{ tron bang tiep goc 0. Goi C la diem nam

trén A sao cho AC=A0 va cac diem C,_B
ndam khac phia nhau so vai diém A. Biét rang

O Clusilre S6 4566-2015)

VAN DUNG GOC BE GIAI
¢AC BAI TOAN TOADO
TRODG AT PHADG

TRINH BA
(GV THPT chuyvén Hoang Lé Kha, Tdy Ninh)

24

diem C co hoanh do bang —. tim toa do cdc
- ~

dinh A, B

Phéin tich.

. Tim toa 40 diém A trude: 4 14 giao diém cua
duong trung trye cia doan CO va dwomg thing A,

« Tim toa do diém B: B la giao diém cia dudng thing
A va dudmg thing OB. Viét PT dwuéng thing OB qua
O hop véi OK mt goc bing goc gitta 04 va OK.

Léi gidi. (h.1)

K6, 6)
B
\B v i
\\ /‘J,' -.'
R //' ,”.
o
/ e
R
- )
T‘hx
{7
Hink 1
-12
V1Cthuocr_\.nenC 7 . Goi M la

trung diém ciia doan CO thi M[];, g] :

Goi d 1a duong trung true cua doan CO thi d di
qua M va vudng goc voi CO: x+2y=0 nén

d 2x-y-6=0.
Do AC =AO va A thue A nén 4 la giao diém
cia d va A, toa dd cha A 1a nghiém cua hé

2x-y=-6=0 =3
A(3:0
{4x+1y o 09{ Ly A0
— OAOK [3.6+06 2
AOK = bl &
Teet S o~ R e 2
= AOK =45° = AOB = 90°,

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI TOA SOANT
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Puong thing OB vudng goc véi OA nén cd PT
14 x=0.
Toa d§ cua B 1a nghiém cha hé PT

x=0 x=10
B(0:4).
{4x+3y—}2=0@{y=4=> (0:4)

OThi du 2 (Trich dé PH Khoi A ndm 2014).

Trong mat phang vai hé mrue toa dp Oxy, cho

hinh vuong ABCD co diém M la trung diém cua

doan AB, N la diem thuoc doan AC sao cho

AN =3NC. Viéet PT dwong thang CD, bi 't
;'.‘]"H_F_{ M(1:2).N(2:—1 ).
Phin tich.
* Tim toa dd diém P 1a giao diém coa MN va CD tir
"""" MN AJ'V
hé thire MN =k. NP k=
& thire Vi NP NG

* Pudng thing CD di qua diém P va tao véi dudng

thing MN goc o=MPH vi cosa:—g—;, cha y
ring HP, MP déu tinh dugc L
theo a (a 14 dd dai canh caa hinh \

vuong ABCD). .

Lai gidi. (h.2) [N
Goi P= MN N CD; H 1a diém n L_9AN] ~

H. P
Hinh 2

d6i xtmg clia M qua tim cua
hinh vubng ABCD. Tacd
MN _AM _ AN

2 0 MN =3NP.
NP PC NC 0 ey

Goi P(x:y), tir hé thirc trén ta c6 F(%;—Zj.

Gol @ la do dai canh cua hinh vuéng ABCD, tir
hé thirc (1) ta co:

MH =0, PC=, HP =0, MP = (W P =200,
Goi o la géc giita hai duomg thing CD va MP,
3l T HP 1
khido o= MPH = cosa=——=—.
MP 10

Goi ft=|fa;b]¢f) la vecto chi phuong cua
duémg thang CD, vi MN =(1;-3) nén

MN|  fa-zp

M ]MN| YN N
=|a-3b|=Va* +b7 < 4b>-3ab=0

COs0 =

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI T

T b:%a.

* V6i b=0, chon a=1 thi u=(1:0), duong

4
thing CD ¢4 PT 1a {* =3 +7.

YR
i 3 & I
« Voi hzza.chon a=4 thi u=(43), duong

7

thing CDc6 PT1a {*~3
y=-243¢

OThi du 3 (Trich dé DH Khoi A nam 2012).

cho hinh

+ 4

Trong mat phang voi hé toa do Oxv,
vudng ABCD. Goi M la trumg diém cua canh
BC, N la diém trén canh CD sao che

i : % Fik ] LS z
CN = 2ND. Gia su M| — va duong thang

4N ca PT: 2x
Phan tich. 4 ¢
* Vi dé bai yéu cdu tim toa dd diém A trong khi da
cho phuong t{inh dudng thang AN va toa do diem M
nén ta nghi dén viéc xem A=AM M AN,

0. Tim ioa do dienm A

. I}Iéu ta tinh dugc goc ﬂm (goc gitra hai dudmg
thing AM, AN), thi ta viét dugc phuong trinh dudmg
thang AN.
Vige tinh gdc MAN co thé thyc hién bing cich
dung dinh li cosin vi tinh duge AM, AN, MN theo a.
Nhung trong bai nay ta tinh dwoc goc MAN nho
i tana+tanb

ong th =
cong thire tan(a+b) e
Loi gidi. (h.3)
Goi a la canh cua hinh vuéng, 4 B

ta co Ian(m+m)

M

tan DAN + tan BAM i

1—tan DAN .tan BAM 25 g o
i),

+_
= 2 =1. Suyra

sl | bt

Hinh 3

d | —
ba| =

DAN +BAM = 45° = MAN =45°,
MAN 14 goc giira hai dudng thing AM va AN.
Pudng thing AN cé VTPT 1a n=(2:-1).

TOAN HOC
* CTusitre 7

thtgs.//tleulun hopto. or?
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Goi m=(a;b)#0 la VIPT cua duong thing

—  |2a-4
AMthi cosMAN = “‘—-—- = cos45°
Jsa2 + b

10./a> +b* =2[2a-b]
= 3a2—8ab-3h2 =0 (1)
Néu b=0 thiti (1) ¢ a=0 (loai).

2
: 5 a ay o a=3h
Neéu b0 thi [1)@ 3(3) S(JJ 3=0 c[b:——ﬁa

* Véi a=3b,chon b=1=>a=3 thi m=(31),
duong thing AM ¢6 PT 1 3x+y—17=0.

Tir A= AMNAN tatim duge A(4:5).

* V&i b=-3a, chon a=1=b=-3 thi E:{l;—:’:},
dudng thing AM c6 PT 1a x-3y—4=0.

Tt A=AM AN fta tim duge A(1;-1).

© Thi du 4. (Trich dé DH khéi D nam 2012).
Trong mdt phang voi hé toa do Oxy, cho hinh
chit nhdt ABCD. Céc dwong thang AC va AD
lan luot c6 PTla x +3y=0vax—y+4=0;

- v ( \
dwomg thang BD di qua diem M E\—%:IJ. Tim

toa di cac dinh cua hinh chit nhat ABCD.

Phin tich. )
» Trurdc tién ta tim duge toa 46 diem A = AC m AD,
+ Viét duge phuong trinh ducmg thang BD di qua M,

tao voi AD mt goc ADI = DAI (géc gitra hai
duomg thing AC, AD).

+ C6 phuong trinh dudng thing BD ta tim duge toa
d6 tim [ =AC~BD cua hinh chir nhit ABCD va
toa do diém D = AD M BD.
* Tir d6 ép dung cong thirc

tim toa do trung diém dé B
tim céc dinh con lai. I
Lai gidi. (h.4)
Toa d6 diém A4 1a M{-31)
nghiém cua HPT D C
x+3y=0 ? :

{x_y+4:0 A(n—?:.,l). Hinh 4
Gée DAC la gbc gitta hai dudng théng AD va
AC, DAC |1 1+3 }‘ :

t —

aco cos Jﬁﬁ J_

TOAN HOC
8  * Clusipe S8 456 6-2015

Goc ADB 1a goc giira hai dudmg thing AD va

DB, ADB=DAC. Goi n=(a:b)#0 la VTPT

cia duong thing BD, ta ¢6 VTPT cua 4D

(1 1) nén EADR T A ‘a i ]
B A+ B

o S[a-b] =2(a?+b?)

< 3g* —10ab+3h% =0.

Néu b =0 thi @ = 0 (loai)

Néu b0 thi 3¢>—10ab+3b* =0

al a 2 a=3b
<=*3[-EJ -—10[3}1—3—0 Q[b=3a+
« Vi a=3b, chon b=1=a=3, PT cha

duong thang BD qua M[—~%;l) la 3x+y=0.

Goi / 1a giao diém ciia AC va BD thi toa dé cua
114 nghiém cua hé PT
3x+y=0 x=0
1(0;0).
{x+3y=0¢>{y=ﬂ:> (¢:0)
Toa do diém D 1a nghiém cia hé PT
3x+y=0 x=-1
- = D{-1;3}.
{-f-y=—4ﬁ{y=3 Gl
Vi I 1a trung diém cua BD nén toa dé diém
B(1;-3).
» Véi b=3a, chon a=1=>b=3, dudng thing

BD ¢6 VIPT la n=(1;3), truémg hop ndy thi

BD song song hoéac trung véi AC (loai).

OThi dy 5. (Dé thi DH khéi B nam 2013).
Trong mat phd’ng vai hé toa do Oxy, cho hinh
thang cdn ABCD c6 hai diong chéo vuéng goc
v&i nhau va AD = 3BC. Puong thang BD cé
phuwong trinh x + 2y — 6 = 0 va tam gigc ABD
¢o trye tam la H (- 3; 2). Tim toa do cac dinh C
va D.

Phin tich.

+ Trudc tién ta xem xét tinh dic biét cua cic tam
gidc IBC,BHC.

+ Viét phuong trinh duéng thing AC di qua diém H
vi vudng goc véi BD. Suy ra toa do diém 7, C, 4.
*Taxem D=AD~BD

« Viét phuong trinh duong thing AD qua A tao voi
AC mét goc bing ADB = IBC = 45",

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI TOA SOANT
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Lai gidi. (h.5)

* Goi [ 1a giao diém cua AC
va BD, suy ra IB=1C. Ma I
IB LIC nén tam giac IBC
vudng cdn tai /, suy ra
1@:4? . Mt khac Hinh 5

BH 1L AD = BH 1 BC, suy ra tam gidc BHC
vudng cén tai B, suy ra / 1a trung diém cta HC.
* Dudmg thang AC di qua H, vudng goéc véi
dudng thing BD, c6 phuong trinh 2x—y + 8=0.

A

Toa d¢ cua / la nghiém ctia hé phuong trinh

2x—y+8=(]<:> x=-=2
x+2y—-6=0 y=4

Tir 7 1a trung diém cia doan HC suy ra
C(-1:6); H la trung diém cua doan AC, suy ra
A(=5:-2).

Goi n=(a;h)#0 1a vects phdp tuyén cia

duomg thing AD.
Ta c6 goc gitra hai duong thang DB va AD la
ADB = IBC = 45", Suy ra

TN ‘a+2b‘ Ia+2h| ey
TR B et % o WD REETE - oD

:>2(ar+2b} :5(a3+b3)-::>3a2—3521&1.b=(} (*)
Néu h=0 thi a=0 (loai).
Néu b+ 0 thi khi d6

oy

a
) ___=3
WYl &) g8 g b a=3b
{]@Lbj 8530@2 [
b

b=-3a
* Véi a=3b=>n=(3b: b)=b(3 1) =(3 1)

la toa d6 vecto phap tuyén cua AD, nén AD cb
phuong trinh 3x+y+17=0.

Toa d¢ cua D la nghiém ciia hé phuong trinh
{ii;t:; GD = {;:?8 = D(-9;7).

* Vi b=-3a=>n=(a;-3a) =a(1;-3) = (1;,-3)

la toa do vecto phap tuyén cia AD, nén AD cb

phuong trinh x —3y—1=0.

Toa do cua D la nghiém cua h¢ phuong trinh

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI TOA SOA

x+2y-6=0 y=1

Két ludn. Qua céic thi du trén, chiing ta thay vige
viét phuong trinh duong thing trong miat phﬁng toa
do Oxy di qua mét diém cho trudc va tao véi duomg
théng cho trurde m{)t gbc o co thé khai thac dé giai
nhiéu bai todn chi cin ta tinh duge goc o do. Viée
tim toa d6 mot diém duai dang la giao diém cua hai
duong thang ciing 13 mat hm:rng giai bal toan tim
diém khé hitu ich. Sau ddy xin gidi thiéu mét sé bai
dé ban doc luyén tp.

BAI LUYEN TAP

1. [Be thi DH Khéi D nam 2014). Trong mat
phing véi hé truc toa dé Oxy, cho tam gidc
ABC c¢6 chan dudmg phan gidc trong cla goc A

la diém D(1;—1). Puong thing 4B ¢o PT
3x+2y-9=0, tiép tuyén tai A cua dudng tron
ngoai tiép tam giac 4BC ¢6 PT x+2y-7=0.
Viét PT duémg thing BC.

Huwong dan. » Giai hé gom PT dudng thﬁ'ng AB
va PTTT t:;li A cua duﬁmg tron ngoai tiép tam
giac ABC dé tim toa 36 diém A

* Viét PT duimg thiing 4D, tinh géc (AB,AD)

« Viét PT dudmg thing AC hop vai AD mét goc
bing (AB.AD).

 Tinh géc (AE, AB) = (CA.CB).

» Viét PT duong thing BC qua D, hop v AC
mot goc bang (E:TEE)

2. (Pé thi thir nam 2015 cuia Truong THPT

Luong Thé Vinh — Ha Ngi). Trong mit phang

véi hé truyc toa do Oxy cho hinh chir nhat

ABCD c6 dién tich bang 15. Puong thing 4B

co phuong trinh x—-2y=0. Trong tdm cla tam
16 13

giac BCD 1a diém G[— “j') Tim toa do bon

dinh cta hinh chit nhét biét rang diém B c6 tung
do lém hon 3.

Huwdng dén. » Tinh d[G;AB] suy ra

d[C; AB]— d[G AB]--— [G:AB]=BC.

* Tir dién t;ch hinh chtr nhat va d6 dai canh BC
suy ra d¢ dai canh AB.

TOAN HOC
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THU SUC TRUOC Ki THI
pEsO 9
(Thai gian lam bai: 180 phiit)

Ciu 1 (2 diém). Cho ham sb
y= mxd = 3mx? +3(m—1)
(m 14 tham s6) ¢o db thi (C,).
a) Khio sat sy bién thién va v dd thi (C)cta him
sé trén khi m=1.
b) Chimg minh ring dé thi (C,,) luén cé hai diém
cuc trj Ava Bvdi moi m = 0,khi do tim céc gia tr
cua mdé 2AB? —(0A? + OB?)=98.
Ciu 2 (1 diém). a) Cho géc o thoa man -::orafzé-
Tinh gi tri cia biéu thic
2015
5 sinla—sina.cosa—cosza'
b) Tim s6 phirc z¢o maaun nthé nhét théa man dicu
kién li;—’%‘
Ciu 3 (0,5 diem). Giai phl.m'ng trinh

4sin® % —J3cos2x=2-sin2x.

Ciu 4 (1 diém). Giai hé phuong trinh
25 P
Ry 4—6[. T
Tt 4y +3op(x -~ y) - 12¢* + 6 =1
Ciu 5 (1 diém). Tinh tich phin

A
J (x.ycR).

Ciu 6 (1 diém). Cho hinh chép S.ABC cé day
ABC 14 tam gidc vudng tai A, AB=3a, BC =5a; mit
phang (SAC) vudng goc véi mit phﬁng (ABC). Biét
ring SA=2aJ3 va SAC =300, Tinh theo athé tich
cua khéi chop S.ABC va khoang céch tir diém A dén
mat phang (SBRC).

Ciu 7 (1 diém). Trong mat phing v&i hé toa do
Oxy, cho dwong trdn (C):(x-2) +(y-2 =5 vi
dudmg thing (A):x+y+1=0. Tir diém 4 thuje
(A) ké hai duomg thing lan lugt tiep xte véi (C) tai
B va C. Tim toa dd diém A biét rang dién tich tam
gifc ABC bang 8.

Céu 8 (1 diém). Trong khong glan voi hé toa do
Oxyz cho mit cau (S): @+ 47 ~2c+6+4e- L= 0
vi mit phing (a):2x—2y-z+2=0. Chimg minh
ring mit phéng (¢) cit mat ciu (8) theo mdt dudmg
tron, Xdc dinh tim va ban kinh cla dudng tron do.
Céu 9 (0,5 diém). Tim 56 hang khong chira x trong
l 12

il

Ciu 10 (1 diém). Cho x, y la céc s6 thuc duong thoa
min x+y<1. Tim gia tri nho nhét cta biéu thire

khai trién Newton cua (

0 = P=J4x3+— o f4y3+— 4 I 1 eyl
e J‘(xl—x~2)e‘~13+2x-x1+idl o 2 a2+l P+l
1 (x+D3+2x—x? PHAM TRONG THU
i (GV THPT chuyén Nguyén Quang Diéu, Ping Thip)
VAN DUNG GOC ... (tiép theo)

« Tir d6 tinh dugc cosin cha goc BAC, day la goc
gitra hai duomg thing 4B, AC.
« Viét phuong trinh duéng thing AC di qua G, tao

vi duong thing AB mt goc bing BAC.
» Tim toa d6 A=ABNAC, suy ra toa do C (tr
AC = %E ), trung diém 7 cia AC.

* Viét phuong trinh duomg thing BC qua C, vudng
goc v&i AB, suy ra toa d§ B, suy ra toa d§ D (doi
xtmg v&i B qua tam [f). Cha y gia thiét diém B co
tung d¢ lén hon 3.

3. Trong mit ph?mg v hé truc toa do Oxy, cho
hinh vuéng ABCD. Diém F{%—;B) I trung diém

cua canh AD, diém E 14 trung diém cla canh AB va
diém K thudc canh DC sao cho KD =3KC. Dudng

TOAN HOC
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thing EK c6 phuong trinh 12 19x -8y —18=0. Tim
toa 46 diém C cia hinh vudng ABCD biét ring diém
E ¢6 hoanh dé nho hon 3,

Huwdng din. « Tinh dugc tan,ﬁ tan BEI, dung
tana + tan b

— ——— tim due
|-tana.tan b

cong thire tan(a+b)=

tan FEI suy T cos FEI, véi FEI 1 goc gitra hai
duomg thing FE va EK.
» Viét phuong trinh duﬂ‘ng thang EF di qua F, hop

voi EK mit goc bamz FEI .

o Tim E=FE~EK . tir do tinh dwge d6 dai canh

hinh vuéng. Tir d6 tinh ducc cos FEC, voi FEC 1a

goc gitra hai duéng thing EF vi EC.

= Viét phl.rcmg trinh dudmg thang £C hop véi FE mit
goc bing FEC.

e Tim toa d6 diém C tir C e EC va EC =FC.

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI TOA SOA
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Ciau 1. a) Ban doc tu giai.

b) Goi M(x,:y,)la tiép diém cua tiép tuyén.
e

{xo +2)2

)

& xp=— 1 hodic xp =— 3; suy ra yy = — 4 hoidic
yo = 10. Phuong trinh tiép tuyén: y = 7x + 3
hodc y=Tx + 31.

Hé s6 goc cua tiép tuyén: k =

Tir gia thiét suy ra:

Ciu 2. a) Phuong trinh da cho tuong duong véi

sinx+v“§cos.r=2<:>sin[x+—§—j=1

<:>.r=£_+k2n (keZ).
b) Tacod 22 =

_5—121_;_.
e o

-12i,z+2z=6

A8 5,13
W [6)+4—6.

Céu 3. Dbat r=2+" (+> 0 ), ta c6 phuong trinh

5 t=2
:+—=‘E<:> A 1;1=2<x-1=1l<x=2;

Ciu 4. PK: 2 +2x-120¢ x<-1-+/2 hoic
x=-1+42. Pit Vx*+2x-1=a20,1-x=b,
bat phuong trinh di cho trer thanh

2ab<a*-4(1-b) = (a—2)a+2-2b)20
c:>{\-’x2 +2x~1 —2]{~J’x2 +2x-1 +2x) =0(1)

Xét 2 truong hop sau:

THI: x2-14v2. Khi 46 Vx?+2x-1+2x>0,

nén (1) twong duong voi /x* +2x—-1-220

a{i:tjg,: >l B

TH2: x<-1-v2. Khi d6 Jx?+2x-1+2x<0,

nén (1) tré thanh Va2 +2x-1-2<0

& -1-J6<x<-1+6.

Két hop diéu kién cuia truong hop nay ta duge

—1-6 <x<-1-42.

Viy nghiém cua bat phuong trinh da cho la

HJoex<iisp iU

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI T

Ciu 5. Dat t=Jx = 2 =x=2dr=dx:
x=l=t=1lx=4=¢r=2. Tadugc

3 o e
I=2;[r (r+l)dr_2l(r"— +m_?}k

2
3
= 1+2ln74-.

i +2In r_ﬂ
i

1
2z
Ta ¢6 SMC=“f.
Goi D 1a trung diém

AB, thi OD L 4B

= AD 1 AB 4 ¢
= A'DO=60". c

a3

1 '
oD = ECD_?’

A'O=0D.tanA'DO =

1
Ciu 6.
AF r

;;‘ MIE:

g
LA'O= J“

(dvtt). Ta co

d(C.(ABB'A")),

Viscane = Sanc
CC'//(ABB'A") = d(AB, CC'} =
@3

24

2
Suw =5 AD.AB= %f’ﬁ ol f Vi

d(AB.CC) =2

Ve = gS,wc A'O=

¥ gape :E

S,‘I'AB A

Céu 7. Goi S = AB N DE. Theo dinh ly Thales
A W

T Eﬁﬁ 7 T dé d(C DE)

2 10 70 l(l]
=5.-d(M, DE
7 ( = 7"J610 dﬁl

Goi canh hinh vuéng la 4. Trong tam gidc
vudng DCE ta co
1 e ] 1 2 T80 810 61

et il s
(d(C. DE)) d5q% 0 I54°

ta co ~SE=
S4

=5d(B, DE)

FCDR CER

Sa 5 . D
=d(C,DE)=—. § == 2410
(C, DE) ol uy ra ; 6o — o

61
10523r]‘ Ta cb

(Xem tiép trang 27)

Vi D e DE nén D(I;
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@ a thire ld mot ngi dung rzfg quan trong trong
cﬁrmmg trinh todn hoc pho thong va bat dau
duge giang day trong chwong trinh dai sé o cap
THCS. Cdc bai todn lién quan dén da thire xudt hién
nhiéu trong cdc ky thi hoc sinh gioi Quéc gia va
Quéc 1é. Bai todn vé da thicc la bai todn dai s6 tuy
nhién nhiéu bm todn vé da thike ban chaz cua no lai
la bai !pan 56 hoe. Néu ching ta rbh?i' keg‘ hop khai
thac moi quar hé’ gitra cde 11’1::.’: chat dai St‘i_v& 56 hoc
thi sé giai guyéf dwge nhiéu bai todn vé da thirc.
Tinh chdt so hoc ddic trung thueng sir dung do la
tinh chia hét, tinh chan Ié, tinh chdt cua cdc srﬁ
nguyeén 16, hop s6. sé nguyén,...Cdc dinh Iy vé 56
hoc thuang  sw dung do la dinh Iv Bezout, Fermat,
Eisenstein, ...

Trudce hét ta nhic lai mot sb két qua co ban:

« Da thirc béc » cd khéng qua » nghiém thyc.
«Da thirc ¢6 vé sb nghiém la da thirc khong.

« Pa thitc ¢6 bac nho hon hodc bing # ma nhén
ciing mot gi4 tri tai n + 1 gid tri khac nhau cia
dbi s6 thi da thic do 1a da thire hing.

» Hai da thirc bic nho hon hoic bing » ma nhén
n+ 1 gia tri thoa mén bﬁng nhau tai » +1 gia tr]
khéc nhau cua d6i sb thi dong nhit bang nhau.

« Bic cia tong hai da thirc khong 16n hon bac
clia méi da thirc do.

. Bic cua tich hai da thirc khac khéng bing tong
cac béc cua hai da thire do.

. Hai da thirc fva g thugc R[x] trong d6 g khac
khong (da thirc khéng) , khi d6 c6 duy nhét mot
cdp da thic ¢, r € R[x] sao cho f=gqg +r
trong do6 hodic r = 0 hodc deg r < deg g voi r
khac 0.

« Du ctia phép chia da thirc f{x) cho x — ¢ 1a fc).
. VGi bit ky hai da thic £, g € Z[x] bao gid
ciing ton tai UCLN cua fva g va UCLN d6 duy
nhat.

. Néu da thic d 1a UCLN cia cac da thirc f va
g, khi d6 ton tai hai da thirc , v sao cho

fu + gv = d. Nguoc lai néu da thic d 1a wéc
chung cua cac da thie f va g va théa mén
fu+gv=dthidla UCLN cua fva g.

12 T?ﬁc?uz% S& 456 (6-2015)
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] 1; =»  p; TINH CHAT SO HOC BAC TRUNG

~ TRODG BAI TOAN PA THiiE

NGUYEN LUU
(GV THPT chuyén Ha Tinh)

. Hai da thirc fva g nguyén td ciing nhau tirc 1a
(f. g) = 1 khi va chi khi ton tai hai da thic u, v
sao cho fu +gv=1.
. Néu céc da thirc f{x) v g(x) nguyén t6 cung
nhau thi [fx)]" va [g(x)]" s& nguyén t& cing
nhau véi moi m, n nguyén duong.
« Moi nghiém x; cua da thirc

fx) = apx” + ax"' +.. +a,x + a,(ap #0).
déu thoa min bat ding thirc

|“o|(|xu‘“1}{—:

. Pa thire p bét kha quy khi va chi khi moi wdc
ctia n6 déu la da thire bac 0 hodc 1a da thirc c6
dang ap véi a 1a hang s6 khac khéng.

« Mbi da thirc / béc 1on hon khong bat ky déu
phén tich dugc thanh tich cic da thirc bat kha
quy. Va sy phan tich d6 1a duy nhét néu khong
ké dén thir tr cac nhan tir va nhan tir bic khong.
. Tiéu chuén Eisenstein:

Cho P(x) = a"+ apix* " + ...+ aix + ape Zlx]
Néu ¢6 it nhit mét céch chon sb nguyén t6 p
thoa man ddng thoi cac didu kién:

*) a, khong chia hét cho p.

*) Tét ca cac hé s6 con lai chia hét cho p -

*) @ chia hét cho p nhung khong chia hét cho
p" thi P(x) khong phén tich duoc thanh tich cac
da thirc co béc thip hon véi cac hé s6 hitu ty.

=L ki

Ngi dung ctia cdc bai todn vé da thirc thuong xoay
guanh viéc tim nghiém va xdc dinh so nghiém cia
mot da thirc, xde dinh mét da thirc  hode wdc lhwong
gid tri cua da thire khi biét da thire thoa mdn mdt so
tinh chat cho truede hodc la chimg minh cde da thire
bt khé quy...

Trong khudn khé bai viét nay ching ta sé de cdp
dén mot s6 bai todn dién hinh nham minh hoa cde
tinh chat 56 hoc dic trimg thudmg xudt hién & bai
todn da thirc.

Bai todn 1. Cho cde da thire P(x), O(x) € ZIx]
va a € Z thoa méan P(a) = P(a+ 2015) =
0(2014) = 2016 . Chitng minh rdng phirong
trinh Q(P(x)) = 1 khéng c6 nghiém nguyén .
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Lai gidi. P(x) = (x —a)(x — a— 2015). g(x)

= P(x) chiin voi Vx e Z. Gia sir Ixoe Z dé
O(P(xo)) = 1=> O(x) = [x — P(xo)].h(x) + 1

= 0(2014) =[2014 — P(xy)].h(xs) + 1.

Do P(xe) chin va h(xo)€ Z, nén vé trai chin, vé
phai 1¢, mau thuén.

Léi binh. iy la bai toan don gian, sir dyng phuong
phap ching minh phén chimg phm hop dinh Iy

Bezout cung tinh chén, 1¢ ciia sé nguyén ta suy ra
diéu phai chimg minh (dpem).

D@ thiy Q@) — Q(1) chia hét cho * — 1 suy ra
Q(x")~ Q(1) chia hét cho »* + x + 1. Tuong ty:
P(x*) - P(1) chia hét cho ¥* + x + 1. Tur (1) dya
vao gia thiét ta suy ra [xP(1) + O(1)] chia hét
cho x* + x+ 1 (2). Dodeg (> +x +1) =2 va
deg [xP(1) + Q(1)] £1 nén tir (2) suy ra:

xP(1) + (1) = 0= P(1) = Q1) =0 (3).
Véy 1 la nghiém cua P(x) va O(x). Theo dinh ly

P(x)=(x—D)R,(x) Do P()

1 Bezout ta co: { :
Bai todn 2. Tén tai hay khong da thic P(x), Q(x) = (x-1R,(x)
deg(P(x)) = 2015 théa man P(x* — 2014) chia va Q(x) la cac da thirc véi hé sb nguyén nén
hét cho P(x)? Ri(x) va Ry(x) ciing 1a cac da thic v6i hé sb
Léi gigi. Xét da thitc P(x) = (x +a)*",ac R. P(2015)=2014.R,(2015)
Khi d6 P(x* — 2014) = (x* + a — 2014)*""* 0(2015) = 2014 R' (2015)
= [(x+a)’ - 2a(x + a) + a® + a — 2014]". D& sk
thf't}’ phuong trinh ad+a-2014=0Iubncd2 Suyra P(2015) v Q(2015) chia hét cho 2014,
nghiém phan biét. Tc Ia ta chon duge a sao Y14 = (P(2015), Q(2015)), suy rad = 2014.
chod +a-2014 =0, tir 46 suy ra P[xz -2014) Léi binh. Bai toan nay kha dep vé tinh chia hét cua
= (x + a3 (x - g;.l“” chia hét cho P(x). da thirc. Sir dung tinh chét (@ —b)|(P(a)-P(b)),
Léi binh. Tir yéu cau P(x) c6 deg P(x) = 2015 va  va két hop giita dinh 1y Bezout véi tinh chit vé bic
P(x* - 2014) phai chia hét cho P(x) nén ta co thé dy  cua da thire d6 dem lai 1od giai.
dodn ngay P(x) c6 dang (x + a)™*"*. Bai todn 5. Cho da thirc fix) = x°7 + ax* + bx
Bai todn 3. Cho k € N'. Tim tat cd cac dathic . ysi a b ¢ e c6 ba nghiém nguyén x,,
P(x) thoa man: X2, X3. Chimg minh ring:
(x—2015)".P(x) = (x —2‘{}16)it P(x +1) (j‘] (@7+ B4 A4 1%, - x2)( %2 ey
Loi giai. Gia st P(x) la da thitc thda man diéu  .pig héf cho 2017,
kign trén. Tir gid thiét ta thiy x = 2016 14 747 ii. Xét phuong trinh:
nghiém bdi bic = k& cia P(x). P x+ (@ + (b + D +e] =
Theo dinh 1y Bezout ta co: pit fix) = a + (b + 1)x + ¢. Theo dinh 1y
P(x) = (x — 2016)".Q(x), Fermat bé ta ¢6: "7 — x = 0 (mod 2017), suy
thay vao (*) ta dugc: ra: fix) = 0 (mod 2017), i = 1, 2, 3 hay
(x - 2015)".(x ~2016)*.0(x) fix) 12017,
| =(x-2016)(x-2015)Q(x + 1), « Néu (x, — x2)(t2 — %)% — %) | 2017 thi bai
T}I doisuy A=A 1)1 hay‘ Q(_x) ’= 4 toén chimg minh xong.
hang s0.Vay P(x) = a ( x -2016)". Thir lai ding,
Léi binh. Diy 12 bai todn co ban, sir dung tinh chét
chia hét, nghiém boi, cung dinh Iy Bezout cho ta 1&i

nguyén. Lai thay: {

« Néu (x; — x:)(xs— x3)(es— x;) khong chia hét
cho 2017 ta c6: fix,) — fixz) : 2017, suy ra

giai, = (x) —xy) [@(x; +x2) +h+17]:2017
Bai todn 4. Cho P(x) va O(x) la hai da thirc V61 — g 4 ax, + b+ 11 2017 (1).
he 56 nguyén. Biét rang da thic xP(°) + Q%) Tyono tu: avs + ary+ b+ 1 12017 Q).

chia hét cho X’ + x + 1. Goi d la UCLN clia
P(2015) va Q(2015). Chitng minh ring d = 2014,

Léi gidi. Ta c6: xP(x*) + Q(x*) = [0() - O(1)]
+x[P() - P(1)] + [xP(1) +Q(1)] (1).

Tir (1) va (2) suy ra: af x; — x;) :2017
hay a 12017, suyra b+ 1:2017,
fx)=[ax’+ b+ 1w +¢] | 2017, suy ra
c : 2017.

TOAN H
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Viy a+ b+ c+ 1 :2017. Theo dinh ly Fermat
bé ta c6: @ = & '(mod 2017), b = b**"'( mod
2017), ¢ = ¢"(mod 2017), suyraa+ b +c+
1= a7 + 57 + Y +1 (mod 2017).
Tir 46 cd: @7 + b7 + 27 4 1:2017 (dpem).
Léi binh. Vi 2017 1a s6 nguyén td, nén trong loi gidi
tir da thirc d6 cho ta thém bét x dé sir dung dinh 1y
Fermat bé 1a mot diéu ty nhién,
Bii todn 6. Cho s6 nguyén n = 2 va da thirc c6
cdc hé s6 nguyén diong
Px)=x"+ap X" +..+ax+ L.
voimoi k=1, 2,...,
Chitng minh rang ton tai vé s6 cde cdp s6
nguyén duong x, y sao cho x|P(y) va y|P(x).
Léi gigi. D& thiy it nhét cap (1, P(1)) thoa man
bai todn. Ta gia sir chi c6 hitu han cap thoa man
dé bai. Khi d6 chon trong 46 mot cip (x, v) ma
y 14 sb 16n nhét. Ta s& chimg minh néu 6 cip
s6 nguyén duong (x, ¥) sao cho x|P(y) va y|P(x)

Gia sit ap = dpy n— 1l

thi cip [ ¥, {_y )j ciing thoa man tinh chat do,

nghiia 1 ta ¢6: » | P[P“’}J (do P(”'P(s) a

didu hién nhién). Thit vy tir gia thiét a, = a, 4

ors P POy 1
ta ch: P[ ~ ]—( = JP(P(}-‘}]
. P(y) .
= P[ ] [P()] P[F( )]

P(P( }](mod}] P(x)=0(mod y)

(do P(y) =1 (mod y)).
Miit khac do x| P(y), nén (x, y) = 1 vi néu ngugc

lai (x, y) =d > 1 thi P(, ): 1 (mod d), vo ly.

Suy ra P[P(})} O(mod y). Hon nita y > x

i B
x X
té‘::n tai vo sb cap sd nguyén duong x, y théa mén
dé bai.
Léi binh. Diy 14 bai todn kho, didu then chot 12 biét
sir dung phuong phap cuc han, phﬁi hop véi phép
toan dong du trong qué trinh chimg minh phan
ching dé tim ra 1o giai.

TOAN HOC
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Bai toan 7. Cho a, b, ¢ la ba 56 nguvén phan
biét va da thire P(x)e Zlx]sao cho P(a) = P(b)
= P(c) = 2. Chimg minh rang phwong trinh
P(x) -3 =0 khong co nghiém nguyeén.
Léi gidgi. Tt gia thiét ta suy ra da thirc P(x) —
6 ba nghiém nguyén phén biét la a, b, c. Do do
ton tai Q(x) e Zlx] sao cho:
P(x)-2=(x-a)x—b)x—c)O(x).
Gia sir phuong trinh P(x) — 3 = 0 c6 nghiém
x = d nguyén. Khi do:
1=P(d)-2=(d-a)d- bld-c)Od).

Dod-a,d-b,d-c, Qld) €¢Z nénd— a,
d—b,d-c e {l1,-1}, miu thudn véi gid thxet
a, b, ¢ d6i mot phan bigt. T do ta cd diéu phai
chimg minh .

Bai toan 8. Cho da thikc f{x)e Z (x) . Ching
minh rdng néu da thire Q(x) = fix) + 12 ¢d it
nhét 6 nghiém nguyén phan bigt thi fix) khéng
co nghiém ngiyén
Loi giai. Gia sir O(x) c6 6 nghiém x|, x2 ...,
xge £ suy ra Q(x) = fix) + 12
= (x— x)(x — x2)...(x — x¢).2(x) vGi g(x) € Z[x].
Gia sir ton tai xo e Zma flxg) =0 tasuyra:
12 = Q(xo) = (Xo - Yl)(xu—-l’;]---(xﬂ—xﬁ) - §(xo)
— 12’1( |r” ;i |"u 'caHg(rﬂ}‘

Do xy— x1, Xp— X3,. —xs la cac sO nguyén doi
mot khac nhau nén trong cac so

[y = X, |y.er ¥y — | Khong thé c6 3 s6 td Ién

bang nhau, suy ra
[ =l — 55|y~ 2 122232 = 24
gxy)|z1=>vo ly.
Bai 1}1;it1 9. Cho fix) la mét da thirc bdc 5 voi
hé s6 nguyén, nhdn gia tri 2015 voi 4 gia tri
nguyén khdc nhau ciia bién x. Chiing minh rang
phitong trinh fix) = 2046 khong thé c6 nghiém
nguyen.
Léi gidgi. Theo gia thiét phuong trinh fix) -
2015 0 ¢6 it nhat 4 nghiém nguyén. Ta c6
Ax) = 2015 = (x— x;)( x— x2)(x — x3)(x — x4).8(x)
v x; <x2 <x3< Xxg va g(x) 1a moét da thirc vl
hé sé nguyén. Gia sir ton tai s6 nguyén x, sao
cho fix;) = 2046 thi:

31 = (xp—x1)(xo — X2)(Xo— X3)(xo — X4).8(Xc),
VO Xp — X=X — X2 = Xg— X3 > Xp — X4 VA cAc 8O
ndy déu 1a sé nguyén. Vi 31 1a s nguyén tb

hon

nira

r1Ctt§s,//t|e ulun.ho| p
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nén: 31 =31.1=(-1).1.(-31)
=(=1).(-3 l:! =31.(=1).(-1).

Do d6 31 khéong thé phén tich thanh tich cua 4
s0 nguyén khac nhau. Diéu nay chirng to rf'mg
phuong trinh f{x) = 2046 khong thé ¢6 nghiém
nguyén.

Loi binh. Cac bai toan 7, 8, 9 cling mdt thé loai.
Phuong phap chung dé giai & ddy la ching minh
bang phan ching. Str dung tinh chét nghiém, tinh

chét sé nguyén to, s6 nguyén, phéi hop voi dinh Iy
Bezout.

Bai todn 10. Chitng minh rang da thirc
P(x)=(x-1)(x - 2)...(x —2015) - 1

bat kha quy trén Zlx].

Léi gidi. Gia sir da thirc P(x) khong bat kha

quy, suy ra P(x) = F(x).G(x) trong d6 F(x) va

G(x) la céc da thirc bac nguyén duong véi hé s6

nguyén. Khong giam tong quat gia st cac hé s6

bac cao nhit cia F(x) va G(x) bﬁng 1

Vi deg P(x) = 2015 nén deg G(x) < 2014 .
Ta cé:
P(x) = (x =1)(x- 2)...(x-2015) -1 = F(x)G{x).

Do do F(k).G(k) = -1 hay F(k) =-G(k) = £ 1,
Yk, 1<k<2015.5uy ra F(k) + Gk) =
Vk,1<k<2015. bt O(x) = F(x) + G(x) thi
deg O(x) < 2014 va Q(k)=0Vk,1 <k <2015.
Suy ra: Q(x) = 0 hay F(x) =- G(x), VxeR.
Khi dé cac hé s6 bac cao nhit cua F(x) va Gx)
d6i nhau, méau thudn véi gia thiét ¢ trén. Vay da
thire P(x) bat kha quy trén Z[x].
Bai todan 11 (/MO-1993). Chitng minh rang da
thirc fix) = x" + 53" + 3 voi n e N" bt kha
quy trén Zlx]. '
Lai gidi. Dé thay voin =2 thi flx) =x* + 5x +
3 bét kha quy trén Z[x]. V&i n 2 3, gia sk
fix) = g(x).A(x) v6i g(x), h(x) thudc Z[x] va cé
bdc > 1. Videg g + deg &/ = n 2 3 nén suy ra
trong hai 50 deg g va deg h co mét so > 1. Mat
khéc f{0) = 3 1a s6 nguyén t5 nén [g(0)|=1 hodc
h(0)=1. Gia sit g(x) = x* + au*’
(k> 1) va |g0)=1. Goi ai, a,..., a 1a cic
nghiém cua g(x) ta co:

g(x) =(x —a )(x —az)...(x — a).

o 2 ag
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Vi [g(0)| =1 nén jmar...ai =1 (¥)
Do g(a,)=0nén fla;)=0vGimoii=1,...k
Trdotacod: a"'(a;+5)=—
Nhan céc ding thirc trén lai va két hop véi (%)
ta duge: (@ + 5)az + 5)...(ap + 5)| = 3" (**)
Mat khac ta co:
lg(=5)| = (a1 + 5)(a; + 5)...(ax + 5)|
va 3 = fi-5) = g(=5)h(=5) nén
(@1 + 5)az + 5)...(ax + 5)| bang 1 hodc bing 3.
Diéu nay mau thuin véi (¥*) vi & > 1. Tir d6
suy ra dpcm.
Bai toan 12 (MO 2013-2014). Cho da thirc
P(x) = (x* — Tx + 6)* + 13, ne N*.Chimg
minh rdng P(x) khéng thé phdn tich thanh tich
cia n + 1 da thirc khde héng s6 véi hé sé
Hguyén.
Léi gidi. D& thiy deg P(x) = 4n va P(x) khéng
¢6 nghiém thye. Tam thirc x* — 7x + 6 c6 hai
nghiém la 1 va 6; va 13 1a sb nguyén td.
Gia st P(x) = Pi(x)...Prn(x), thi Pox) co bdc
chan. Vi tcmg cac bac cua cac P(x) 1a 4n nén
phai ¢6 it nhit 2 da thirc c6 bac 1a 2 gia su la
Pi(x) va Px(x). Do hé sb cao nhit cua P(x) 1a 1
nén dit P\(x) =x* +ax+ b >0, Py(x) =x* + cx
+d>0Yx Taco 13 = P,(1).P,(1)...Py(1) =
P(6).P:(6)...P.1(6). Tr db suy ra trong hai 56
Pi(1) va Py(1) c6 it nhat mét s6 bang 1. Khéng
giam tong quat gia s P(1)=1suyraa=—b .
Khi do Pi(6) =36 —5h = 0 va Pi(6) = 13, suy
ral36 —5h=1hay b =7,a=-7vakhido
Pi)=x*-Tx+7cbd nghiém thyc , mau thuin!

Lévi binh. Ca 3 bai toan 10, 11, 12 vé da thire bét
kha quy dd néu déu co chung mét huwong giai la:
chimg minh bang phan chimg. Tuy nhién béi toan 10
thi & mirc trung binh va kinh dién, chi sir dung tinh
chat vé bac cua da thire 14 cho két qua. Bai todn 11 &
mirc d6 cao hon, ta d6 sir dung tinh chét vé béc cua
da thirc, tinh chit cia sé nguyén tb, sd nguyén, két
hop vai dinh Iy Bezout. Bai toan 12 cling & nire do
nhu bai 11, tuy nhién diy 14 bai todn mdi trong ky
thi hoc sinh gidi Qudc gia nidm qua, giy khéng it
khé khin cho nhiéu hge sinh. Bai todn nay c6 vai
cich giai tuy nhién déu chimg minh bfmg phucmg
phap phan ching phap phan chimg. Cach giai trén
déy dua vao viéc khai théc bic cia da thirc, tinh chat
nghiém cung tinh chét cla sé nguyén to.

Pé luyén tap phan nay céc ban hay lam mét s6
bai tip sau: (Xem tiép trang 26)
TOAN HOC

* Cludilye 15

tht_Ss.//tlequn hopto. or?

S3 456 (6-2015)




https:'www. facebool. com/letrungldenmath

https:/sites.google.com/site/letrunglidenmath

CAC LOP THCS

Bai T1/456 (Lép 6). Tim tét ca cac b sd
nguyén t6 sao cho tich cia chiing bing 10 1in
tong clia ching.
TRUONG QUANG AN
(GV THCS Nghia Thing, Quang Ngdi)
Bii T2/456 (Lap 7). Cho tam gidc ABC cén tai
A6 BAC =80°. Cic diém D, E theo thir tu
thude cac canh BC, CA sao cho :
BAD = ABE =30". Tinh sé do BED.
NGUYEN MINH HA
(GV THPT chuyén DHSP Ha Ngi)

Bai T3/456. Giai phuong trinh

JII _2Jr:I_ J“(Jﬁx 1 J9xl—4J

LAI THI HOA
(GV THPT Lé Quy Pon, Thdi Binh)

Bai T4/456. Cho hinh vuéng ABCD canh a.
Trén canh AB, BC lan lugt lay cac diém M, N
sao cho MDN =45, Tim vi trf cia M, N dé do
dai doan thang MN ngin nhit.
BUI VAN CHI

(GV THCS Lé Lyi, TP. Quy Nhom, Binh Djnh)
Bai T5/456. Tim cac sd nguyén duong x, y thoa
man: x*+y? +13y+1<(y—-2)x? + 8xy.

BUI HAI QUANG
(GV THCS Vén Lang, Viét Tri, Phii Tho)

TOAN HOC
* Clugilpe SO 456 (6-2015)
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CAC LOP THP1
Bai T6/456. Giai hé phuong trinh
[x+y+z=3
xry+y*z+ix=4
xr+y*+22 =5
TRAN QUOC LUAT
(GV THPT chuyén Ha Tinh)
Bai T7/456. Cho hinh chop S.ABCD c6 day
ABCD 14 hinh chir nhat, S4 vudéng goc vai mit
phing (4BCD). Goi G la trong tim tam gidc
SBC va khodng céach tir G dén mit phiing (SBD)
la d. Bat SB = a, BD = b, SD = ¢. Chitng minh
ring: a?+b? +c? 216242,
LE QUANG HAO
(GV THPT chuyén Huynh Mdan Dat, Kién Giang)
Bai T8/456. Chimg minh ring phirong trinh

1
(x+1)x = xx
co nghiém duy nhat.
NGUYEN VAN XA
(GV THPT Yén Phong 2, Yén Phong, Béic Ninh)
TIEN TOI OLYMPIC TOAN

Bai T9/456. Cho a,,a,

duong thoa min:

,a,5 14 céc 50 nguyén

d) @ <a, <w<@s;

b) V&i méi s6 nguyén duong k, k=1,..., 15,
néu ki hiéu b, 14 udc s6 lon nhat cia g, sao cho
b <a,,thi b >b,>..>b;.

Chimg minh ring a,; >2015.

TRAN NGOQC THANG
(GV THPT chuyén Vinh Phic)
Bai T10/456. Cho da thirc
F(xX)=x+3x2+6x+1975.
Héi trong doan [1 ;3’-’“”] ¢6 tit ca bao nhiéu sb
nguyén a sao cho fla) chia hét cho 321 7

TRAN XUAN PANG
(GV THPT chuvén Lé Hong Phong, Nam Dinh)
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Bai T11/456. Tim tat ca cac ham don anh
f:R—> R thoéa min

FO)+FOH =X+ P[40 ) f )
+F2X2N—FOL )+ )]

voimot x,yel.
KIEU PINH MINH
(GV THPT chuyén Himg Vuong, Phii Tho)

Bai T12/456. Cho tam gidc ABC va diém M
nam trong tam giac khong trung vai trong tam
G . Noi AM, BM, CM lan lugt ciat BC, CA, AB
Gi 4,,B,.C, . Ké A A HCA, A A, IfAB v

A, A, thuge B,C, . Tuong ty, taco B,,B,,
C,.C, . Goi G,,G, lin luot 14 trong tim tam
giac A,B,C,, A,B,C, . Chimg minh ring

a) AB, I BC,IICA,.

b) MG di qua trung diém cia G,G, .

PHAN VAN NAM
(GV THPT chuyén PHSP Ha Noi)

Bai 1.1/456. Thi nghiém giao thoa song trén
mét nuée voi hai ngufin dao dong tai S; va S
u, = u, = acosmr. Coi ning lugng truyén soéng
khong doi, bude song do dugc A =4 cm, 5,5 =
8 cm. Diém M trén mit nude thude dudng cong
cuc dai ké tir dudng trung tryc cia 5,5;, M dao

dong co phuong trinh wy = 2acos{wt ——%}.

DPiém M’ ndm trén duong trung tryc S,S5; va

dao déng tai M ciing pha v&i M. Diém M gin

S, nhét. Tinh khoang cach tir M dén M nho

nhit .

LE TAN RI

{GV THPT Huynh Thiic Khdc, TP. Hé Chi Minkh)

Bai 1.2/456, Cho mach dién nhu hinh bén. Biét

Ri=Ri=Ry=1Q ;R =3Q;R=20Tim
dién tré tuong duong cha doan mach 4B,

PINH THAI QUYNH

(Hda Néi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T11/456 (For 6" grade). Find all finite
sets of primes such that for each set, the product
of its elements is 10 times the sum of its
elements.

Problem T2/456 (For 7" grade). Let ABC be
an isosceles triangle with the vertex angle

BAC =80°. Choose D and E on the sides BC
and C4 respectlvely such that

BAD = ABE =30°. Find the angle BED.
Problem T3/456. Solve the equation

e )

Problem T4/456. Let ABCD be a square and
let g be the length each side. On the sides 48
and BC, choose M and N respectively such that
MDN =45 Find the positions of M and N so
that the length MN is minimal.

Problem T5/456. Find all positive integers x

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI T

and v such that
X+ 13y + 1< (y—2)x +8xy,
FOR HIGHSCHOOL

Problem T6/456. Solve the following system
of equations

X+y+z=3
ypyizieiy=d,
x2+yr+22=5

Problem T7/456. Given a quadrilateral
pyramid 8. ABCD with the following
properties: the base ABCD is a rectangle and 54
is perpendicular to the plane (4ABCD). Suppose
that G is the centroid of the triangle SBC and let
d be the distance from G to the plane (SBD).
Let 8B = a, BD = b, and SD = ¢. Prove that
a’+b?+ct>21624°.

Problem T8/456. Prove that the following

1 1
equation: (x+1)=+1 = xx has a unique solution.

(Xem r.i.c?}: trang 27)

TOAN HOC
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Bai T1/452. Cho x, y la cdc so tw nhién khdc 0,
136" —5" |
Léi gidi. D& théy ring 36" ludn co chir s tan
ciing bing 6, con 5 luén ¢ chir s tin cing
bing 5. do d6 néu 36" > 5" thi 36" — 5" ¢6 chir
s6 tin cung bang 1, néu 36 < 5" thi & - 36" ¢6
chit s tan cing bing 9. Vi x =1,y =2 thi 4
=36 - 5%= 11. Ta chi con xét xem A co thé ldy
gi tri bang 1 hoac 9 hay khéng.

e Gia sit ¢6 36" — 5= | hay 36" — 1 = 5" thi vé
trai chia hét cho 36 —1=235=5.7 nén chia hét
cho 7, trong khi vé phai 5 khéng chia hét cho
7. do d6 khéng ton tai cc s6 x, y nhu thé.

* Gid sit ¢6 5 — 36" = 9 hay 36" + 9 = 5 thi vé
trai chia hét cho 3, trong khi vé phai 5 khong
chia hét cho 3, do d6 khong ton tai cac s6 x, y
nhur thé.

Viy gié tri nho nhét ciia biéu thie 41 11. 0

» Nhin xér. Mot vai ban khong xét trudmg hop

5"~ 36" Céc ban sau c6 101 gidi dung: Vinh Phiic:
Nguyén Thi Ngoc Mai, 6A4, THCS Yén Lac; Quang
Ngii: Lé Tuan Kiér, 6A, THCS Pham Vian Dong,
Nguyén Hodang Kim Anh, 6A, THCS Hanh Trung,

Nghia Hanh; TP. Cin Tho: Nguyén Hoang Oanh,
6A7, THCS Thét Nbt.

'h

-

tim gid tri nho nhdt cua biéu thuc A

VIET HAI
Bai T2/452. Goi O la trung diém ciia doan thing
AB. Trén mét mia mét phang bo AB, vé hai tia
Ox, Oy vudng goc véi nhau. Trén Ox, Oy lan heot
lav hai diéem M. N khong tring voi O. Chimg
AM + BN =z MN .
Léi gidi. Trén tia d6i coa tia Ox ldy diém P sao
cho OP = OM. Xét hai tam gidc OAM va OBP,
¢6 O4 = OB (gt), OM = OPF (cach dyng),

AOM = BOP (4bi dinh), do 46 AOAM = AOBP

minh rang:

TOFIN HOC
crua.llre S6 456 (6-2015)
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(c.g.c), suy ra AM = BP (1) va AM // BP. Mjt
khac theo cach dyng va gia thiet ta co ON la
trung trye cia MP, nén MN = PN (2).

Két hop (1) va (2) ta co

AM + BN = BP+ BN =z NP = MN. Viy ludn ¢o
AM + BN > MN. Diu bang xay ra khi N, B, P
thing hang (B nim giira N va P), tirc 1a khi
AM// BN. O

» Nhén xét. Day 12 bai toan d&, mdt s6 ban st dung
tinh chat cua dwdng trung binh trong tam gidc nhung
khong chimg minh. Céc ban sau c6 lii giai tot:
Nghé An: Nguyén Pinh Tuan, 7C. THPT Ly Nhat
Quang, D6 Luong; Quang Ngii: Vo Thanh Hy, TA,
THCS Hanh Trung; Nguwyén Thi Kiéu Mdn, 7B,
THPT Nguyén Kim Vang; Bii Thi Lé Giang, 7C,
Pé Thi My Lan, hguven Lé Hoang Duyeén, TA,
THCS Pham Vin Dong, Nghia Hanh; Huynh Ddng
Di¢u Huyén, 7C, Vé Thi Héng Kiéu, 7A, THCS
Nghia M§, Tu Nghia; Cin Thao: Ngu}en Hoang
Nhi, 7A6, THCS Thot Nét, Q. Thét Nét.

NGUYEN XUAN BINH

Bai T3/452. Giai hé bét phirong trinh
()
(2)

[2 JEE =y 43T <(x+y)P
Loi gigi. PK: |x+y|<1 va x< 1.
Ta xét hai trudng hop:

e Vi x+y=0, thay vao(2)taduocx=0,suyra
y=0.Cap sb (x, y) = (0, 0) thoa mén (1) nén la
nghiém cua hé bat phuong trinh.

e Véi x+y#0, thi [x+)|>0. Tact:

—xy+y? :%(x-l—}’)2 +%{l‘“}’}1
25-(x+y)2 >0
=2x—xy+y2 2|x+y|

:>|x+y|(|x+y\—1]20:>|x+}-'|2l.
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Két hop véi DK suy ra |x+y|=1
= x+ y=1 hodic x + y = 1. Thay vao (2) ta
tim duoc (x, ¥) = (1, 0) hode (x, ¥) = (1, -2), déu
khong thoa man (1).
Viy hé bét phuong trinh ¢6 nghiém duy nhét
() =(0,0.0

» Nhdn xét. Mot s6 ban 1am bai thiéu thin trong
nén da xét thiéu truomg hop hodc khéng thyc hién
budc thir lai nén khong loai duoc nghiém khong
thoa man. Cac ban co léi giai dung la: Nghé An:
Nguyén Binh Tudn, 7C, THCS Ly Nhit Quang, Do
Luong; Vinh Phiic: Nguyén Minh Hiéu, 9D, THCS
Vinh Yén, TP. Vinh Yén: Hai Dwong: BPong Xudn
Ludn, 9B, THCS Hop Tién, Nam Sich; Ha Ngi:
Nguyen Véin Cao, 9B, THCS Nguyén Thugng Hién,
Ung Hoa.

NGUYEN ANH QUAN
Bai T4/452. Cho tam gidc ABC cdn tai 4, noi
tiep duwong tron (0), AK la dwong kinh, I la
diem bat ki trén cung nho AB (I khac A, B). KI
cdt canh BC tai M. Dudng trung triee cia M1,
AC thir twr tai D, E. N la trung
diém cua DE. Chitng minh rang ba diém A, M.

cat cac canh AB,

N thang hang.

Lavi gidi.

E

' T
Goi F 14 giao diém cua DE va BI.

Tir DE L MI (vi DE 1a trung trye ctia M) va
Al L MI (do AK 1a duomg kinh), suy ra 47 // DE.

Ta co IFE = 180°— FIA = ACB=ABC (1)
Mit khac, do EF la trung tryc ctia /M nén
IFE = EFM (2)

Tir (1) va (2) ta c6 DFM = DBM , nén DFBM
14 tir gidc ndi tiép.

Suy ra DMB = IFE = ACB = MD / AC 3)
Mt khéc IDE = EDM = IBC = 180°— IAC = AED .

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI T

Suy ra AIDE 14 hinh thang cén, din t6i

AE=1D =MD (4)
Tir (3) va (4) suy ra ADME la hinh binh hanh.
Do dé 4, N, M thang hang. O

»Nhin xét. Mot s6 ban ngo nhan khi két luan vide
chimg minh ME // AB va chimg minh MD / AC la
tuong tw nhau. Céc ban dudi day co 101 giai 10t :
Ha Nbi: Ngwvén Vin Cao. hguyeri Thanh Long, Ddng
Thanh Timg, 9B, THCS Nguyén Thugng Hicn, Ung
Hoa; Bic Ninh: Newvén Thj Bich Hang, 9A, THCS
Yén Phong, Yén Phong: Phi Thy: Trdn Qudc Lép,
8A3, THCS Lam Thao: Vinh Phiie: Nguyén Mink
Hiéu, 9D, Hoang Van Hiéu, 9E, THCS Vinh Yén; TP.
Hé Chi Minh: Nguveén Dinh Duy, 9A6, THPT chuyén
Tréin Dai Nghia.

NGUYEN THANH HONG
Tim so nguvén m dé phirong trinh
Fmi+d4)=0 (1)

Bai T5/452.

o (m+ D —(2m—Dx—(2m?

co nghiém nguyén.

Loi gidi, Cach 1. Taco

(e 2 +in+ D = 2ni—1x—

2m—Dm—02m—-1)-5=0

=yt x+m+D)-Cm—D(x+m+1)-5=

-2m+1)=5 (2)

Do m, x 14 cac s6 nguyén nén x + m +1 va

x*—2m+11a wéc cha 5.

Ta ¢6 5 = 1.5=(=1).(=5). Nhan thiy x + m +1 va

x> — 2m +1 phai 1a s6 1& nén x va m la so chan,

suy rax’ — 2m +1 chia cho 4 du 1, nén x*~ 2m + |

bang 1 hoac 5. Do @b tir (2) xdy ra hai kha

nang:

1) {x +m+1=1

& (x+m+ (a2

- (m=—x
5 i(x+l}2 =5(*)
VixeZnén (x + 1)* la s6 chinh phuong, vi viy
PT (*) khéng co nghiém nguyén.
2) {,\'+m+1 = @{m=—1+4

x*-2m+1=1 (x+1)2 =9 (¥%)

PT (**) co hai nghiém nguyénx =2 vax =-4.
Twong tmg tim duge m=2 vim = 8.
Viy khim =2 hogc m = 8 thi PT (1) ¢6 nghiém
nguyén.
Cdch 2. Viét PT (1) thanh dang PT béc hai an m
(coi x 14 tham sd);
2m? —(x? -2x-Dm—-(P +x*+x-49=0 (3)
Taco A=(x2=-2x-12+8(x* +x"+x-4)

TOAN H
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={(x*+2x+3) -
Dé PT (3) ¢ nghiém nguyén thi A phai la s6
chinh phuong.
Pat (2 +2x+3P -40=k2 (kel)
S +2x+3+ (2 +2x+3-k)=40 (4
DoxeZ,keNnénx +2x+3+kvax +2x+
3 — k 1a u6c sb cia 40. Hon nira, do
(xz+2x+3+k)—(x2+2x+3 ~k)=2klasd
chin, vax* +2x+3+k>0,nénx +2x+3 +k
vax’ + 2x + 3 - k 12 cac s6 nguyén duong chin,
Tacd 40=10. 4 =20. 2. Do do tir (4) xay ra hai
kha nidng:
Iy X2 +2x+3+k=10 k=3
xX2+2x+3—k=4 (x+1)2=5(%

PT (*) khong co nghiém nguyén nén khéng xay
ra trudng hop nay.

) P +2x+3+k =2(}<::> k=9

X2 42x+3-k=2 (x+1)% =9 (¥%)
PT (**) ¢ hai nghiém nguyénx =2 vax=—4,
trong tmg timdugcm=2vam=28. 0
»Nhin xéi. 1) Bai todn thudc dang giai phuong
trinh tim nghi¢gm nguyén, nén vi¢c nhin xét cang
nhiu tinh chét cua cac thira s6 nguyén ve. trdi cia
(2) hodc (4) thi xct‘cang it trrong hop. Da s0 cac ban
tham gia gii bai déu lam theo hai cich n:én_
2) Tuyén duong cdc ban sau c6 101 gidi tot:
Ha Noi: Hang Thanh Ting, 9B, THCS Nguyen
Thurgmg Hién, Ung Hoa; Phii Tho: Nguvén Thiy
Dwong, TA3, THCS Lam Thalu Vinh Phie: Pham
Xudn Cuwong, 6.{1_.4, Bui Thi Liéu Ducng, 8A4, THCS
Yén Lac; Nguyén Minh Hiéu, 9D, THCS Vinh Yén;
Thanh Hoéa: Ddng Quang Anh, BA, THCS Nguyf?n
Chich, Dong Son; Ngh€ An: Thdi Bd Bdo, 7C, Tran
Lé Higp, 8A, Nguyen Thai Hiép, 8C, Bui Thi Nhdt
Linh, Dinh Viét Ty, 8D, THCS Ly Nhit Quang;
Quing Ngai: Nguyén Lé Hoang Duyén, 8A, THCS
Pham Vin Pong, Nghia Hanh.
PHAM THI BACH NGQC

Bai T6/452. Cho ba sb khong dm a, b, ¢
minh ring

(a+ b{']:

. Chimg

+ (b + {'u}: +(c+ m’:-]3

> ﬁ.[u+b](h+{'}(r+u],
Lai gidi. Dé y ring trong basé a—1,b—1,¢ -1
lubn ¢6 hai sb khéng tréi ddu véi nhau.
Giasit (a—1)(b-1)20=ab+1=a+b

20 TOFIN HOC
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= c(ab+1)zc(a+b) (1).
Ping thirc xy ra khi c=0holic a=1 hoic b= 1.
{a+b('+h+ca}2
IRy iR g
Ap dung bit ding thirc Cauchy cho hai s6 khong
am, ta duoc

Lai ¢6 (a+bc) +(b+ca) 2

(a -t—.br:-!—b+-:‘n:1)2
2

+(::+ab)2
> \E.(a+ bc+b+ca)(c+ab}

{a+bc+ b+c‘a}2

3 +[c+ab)2

22.(a+b)(c+1)(c+ab) (3.

=

Tir (2), (3) suy ra
{a+ .'J{')2 +[.')-I-|L'|:.!)2 +(c‘+ab}2
Eﬁ.(a+b)(c+ 1)(c+ab)
Pang thire xdy ra khi va chi khi
{a +bc=b+ca

G

a+bc+b+ca=+2.(c+ab)
c+ab
;i
Ta chimg minh ring
((r+ 1)(c+ab}2(b+c)(c+a) (5).
That vay (5) <> c? +abc+c+ab=be+ab+c? +ac
< abc+czbe+ac
< c(ab+1)2c(a+b).
Bét dang thirc ding, do (1). Tir (4), (5) suy ra
bat ding thirc trong dau bai dugc chimg minh.
Dang thire xay ra khi va chi khi

<Sa+bc=b+ca=

c=0

a=1 vi a+bc=b+m=% (6)

o ~
Néu a=1: (6)=>1+bc= b+c_‘j§b:{g;*:0.
Piéu nay khéng xdy ravi bc20=>a=1.
Twongtwed b=1.

2 b=+2

Néu c=0: (6 b=2|9" ;
eéuc (B =a= ﬁc::sL b=0

Viay dang thic xay ra khi va chi khi

to. or?
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a=b=c=0 hoiic a=b=+2; ¢=0 va cic
hoan vi fwong tmg cta ching. [
»Nhn xét. Diy 13 bai todn twong dbi kh6. Hau hét
cdc ban giri bai vé toa soan lam theo céach trén. Diéu
then chét ciia bai toan la gia st (a—1)(b—1)20 dé
suy ra bét ding thirc (5). Céc ban sau day c6 bai gidi
tot:
Ha Noi: Vii dwec Van, 10 Toan 1, THPT chuyén
DHSP Ha N§i; Vinh Phic: Nguyén Minh Hiéu, 9D,
THCS Vinh Yén, TP. Vinh Yén; Hung Yén:‘Nguyé'n
Phiic Hoang, Nguyen Viét Purc, Dwong Hong Som,
10A9, THPT Duong Quang Ham, Vin Giang; Béc
Ninh: Lé Huy Cudmg, 11 Toan, THPT chuyén Bac
Ninh; Thanh Héa: Ddng Quang Anh, 8A, THCS
Nguyen Chich, Pong Son; Ha Tinh: Nguyén Vin
The, Lé Van Trwomg Nhdt, 11T1, THPT chuyén Ha
Tinh; Binh Pinh: Tran Vian Thién, 10 Toan, THPT
chuyén Lé Quy Doén, TP. Quy Nhon; Quing Binh:
Hoang Thanh Vié.!,‘ 11 Toan, THPT chuyén V&
Nguyén Gidp, TP. Dong Héi; Long An: Nguyen Lic
Phiic, Pham Quoc Thang, 10T1, THPT chuyén Long
An.

NGUYEN ANH DUNG

Bai T7/452. Cho tam gidc ABC cdn fai A, ngi
tiép dwong tron (0). D la trung diém AB, tia
CD cit dwong tron (O) tai E. Ké CF // AE vdi F
thuge (O), tia EF cat AC tai G. Chimg minh
rang BG la tiép tuyén cia duomg tron (O).

Lo gidi.

Goi H la giao diém cia AF va CE. Ta thiy
AEFC 1a hinh thang can, suy ra ba diém O, H,
G thing hang va OG 1 AE.

Miit khac AB = AC = EF, nén BE // AF. Tur 46
ABDE = AADH (g.c.g) => BE = AH, dan dén
tr gidc BEAH 1a hinh binh hanh, suy ra

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VO O

AE I/ BH = OH L BH. Goi K 1a giao diém cua
BH véi dudng tron (0) (K = B) thi H 13 trung

diém cua BK. Tir day, két hop voi AE // BK ta
duoc A(EHBK) = -1 (chum diéu hoa co ban).
Cit chim diéu hoa nay boi dudng tron (O) ta
thdy tir giac EBFK la tir giac diéu hoa. Do do
tiép tuyén tai B, K ciia dudmg tron (O) va EF
dong quy (1). Cling tir EBFK 1a tir giac diéu hoa

el i SR B e ABCK i i

““XC BF KF BC
gidgc didu hoa, do vy tiép tuyén tai B, K cia
dudng tron (O) va AC dong quy (2). Tix (1), (2)
va gia thiét G=EFNAC ta c6 GB la tiép
tuyén ciia duong tron (0) (dpem). O

»Nhén xét. S6 161 giai giri vé toa soan kha nhi{f:u
theo céc hudng: Sir dung tinh chit clia tir gide didu
hoa, hang diém — chim diéu hoa, tinh chat dudng
d6i trung hodc bién ddi goc, ... Xin néu tén nhitng
ban cd léd giai gon hon ca:

Ha N{i: Hoang Lé Nhdt Ting, 11 Toan 2, THPT
chuyén KHTN, DHQG Ha Néi, Vi Pic Van, 10
Toan 1, Phgm Ngpc Khdnh, 10 Toan 2, THPT
chuyén PHSP Ha Noi; Pha Tho: Nguvén Dic
Thudn, 10 Toan, THPT chuyén Hung Vuong; Vinh
Phiic: Hoang Van Hiéu, 9E, THCS Vinh Yén, o
Vin Quyét, Ha Hitu Linh, 10A1, THPT chuyén Vinh
Phiic; Bic Ninh: Nguyeén Van Tam, 10 Toan, THPT
chuyén Bac Ninh; Hai Dwong: Ha Minh Hoang, 10
Toan, THPT chuyén Nguyén Trai; Hung Yén: Trigu
Ninh Ngan, 10A9, THPT Duong Quang Ham; Théi
Binh: Trdn Quang Minh, 10A1, THPT Déng Thuy
Anh, Thai Thuy; Thanh Héa: Vi Duy Manh, 10T,
THPT chuyén Lam Son; Nghé An: Nguyén Hing
Quﬁ';c Khanh, 10A1, THPT chuyén Phan Bgi Chau,
TP. Vinh, Nguyén Phimg Thdi Cuong, 10A1, THPT
Thai Hoa, TX. Thai Hoa; Ha Tinh: Phan Nhat Duy,
Nguyén Quang Diing, 10 Toan 1, Nguyén Vin Thé,
Lé Van Triegng Nhdt, Vo Duy Khanh, 11T1, THPT
chuyén Ha Tinh; Quéang Binh: Tran Nam Quang
Trung, 11 Toan, THPT chuyén V6 Nguyén Giap; Da
Ning: Ly Phuée Cong, Trdan Nhdn Trung, 10A2,
THPT chuyén Lé Quy Pén; Binh Djnh: Tran Vin
Thién, 10 Toan, THPT chuyén Lé Quy Dén; Kon
Tum: Ngtgygn Hoang Lan, 11A1, THPT chuyén
Nguyén Tat Thanh; Long An: Pham Quic Thang,
10T1, THPT chuyén Long An; Cin Tho: Nguyen
Tran Hitu Think, 10A1, Tran Minh Nghia, 11A1,
THPT chuyén Ly Tu Trong; Péng Nai: Cao Dinh
Huy, 11 Toén, THPT chuyén Luong Thé Vinh; TP.
Hd Chi Minh: Nguvén Pinh Duy, 9A6, THPT
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chuyén Trin Pai Nghia; Ca Mau: T.i‘ci:{:: Xudn Sdc.
10 Todn 1, THPT chuyén Phan Ngoc Hién.

HO QUANG VINH
Bai T8/452, Hay xdc dinh gid trj nhe nhat ciia
ham so f(x) =+/sinx +tan.x ++/cosx +cot.x .

Lai gidgi. (Theo da s céc ban)

Diéu kién dé cac biéu thirc cua f{x) cd nghia la
sinx, cosx khac 0 va cung dau. Nhan xét ring
khi sinx, cosx khac 0 va cung dau thi

F(x)=/tan x(1 + cos x) +/cot x(1+sin x)
= Vﬂlan xl(l - ‘cosx‘} + J|cot x}(l —|sin _rI).

Vi f{x) la ham tuin hoan chu ky 2n khéng mat

tinh tong quat, dé tim gia tri nho nhat cia ham
St Bt} o

sOtaxét xe [EET—EJ Bit siny=—a, cosx=-5

via+b=mthi a,be(0,1) va 1<m<+2 Diu

h:E hay x:%. Ta co

2
flx)= \/-E{l—b) +J—E{1—a],

fii.r)z—f;lg—(a+h)+2,fl+ah—{a+b}

L Ry L as b1
=——(a+b)+2|=(a+b-1)

=i—(a+b)+\f§(a+b—u
ab
et (B

m? ~1
+(2V2-2)(m+1)

{ 2
Lm-1
+H(2VZ+2)(m-1) |- (32 +1)m+4-12 ).

Ap dung bit déng thitc Cauchy cho ba sé trong
moc vudng, ta duge

: +(2J§—2}(m+'|)+{2ﬁ+2](m—1}
m—

>3\/ (22 -2)m+ (242 +2)m-1) =6 @)
E

Diu dang thire xay rakhi a=b = 15-.

bing xéy ra khi a=

Miit khic, do 1<m <2 nén
~(3V2+1)m+4—22 (32 +1)V2 +4-2
==2=-22 (3)

TOAN HOC
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V2
2
vao (1), ta thu duge f2(x)>4-242 hay

f)24-2J2. Két luan: min f(x)=y4-22

—_

Diu bing xay rakhi a=bh="=. Thé (2) va (3)

. v
hay sinx=cosx=——,

R ol ol
dat dugc khi a—h—T, 5

e 1 x:%”ukn,kez. 0

» Nhin xét. Pa s cac ban chi xét trrémg hop
sinx > 0, cosx > 0 nén chi nhin dugc dap so

min_f'(.r}=\}4+2;2.

Céc ban sau day cd 1oi giai dung.

Vinh Phic: H6 Van Quyét, 10A1, THPT chuyén
Vinh Phic; Hung Yén: Fi Minh Thanh, 11T1,
THPT chuyén Hung Yén; Nam Binh: Poean Thi
Nhéi, 10T1, THPT chuyén Lé Hong Phong, Thai
Binh: Tran Quang Minh, 10A1, THPT Péng Thuy
Anh, Thai Thuy; Ha Tinh: Lé Fan Trudng Nhdr,
11T1, THPT chuyén Ha Tinh; Quing Binh: Hodng
Thanh Viét, 11T, THPT chuyén V& Nguyén Giap;
Binh Dinh: Trdin Vin Thién, 11 Toan, THPT
chuyén Lé Quy Dén; Sée Trang: Fuong Hodi
Thanh, 11T2, THPT chuyén Nguyén Thi Minh
Khai; Bén Tre: Tran Thanh Dwong, 10T, THPT
chuyén Bén Tre.

NGUYEN VAN MAU
Bai T9/452. Trén mdt phang toa do Oxy,
M cac diém cé toa do (x;

12,3512,

xet
tap hop V) voi

xyeN' va x Moi diém trong M
dirge 16 bai mot trong ba maw:. mau do, mau
f.;'a'éif_-.e hodgc mau xanh. Chirng minh :'.:i‘n_s{ 1on tai
mat hinh chiv nhdt co cde canh song song voi
cac truc toa do ma tét ca cde dinh cua no thuoe
M va dwoe 1o ciing mair.

Léi gidgi. M gbm 12 X 12 = 144 diém va duoc
t6 boi ba mau nén ton tai it nhit 48 diém dugc
t6 cing mau, chiang han mau do. Chon 48 diém
cia M duoc t6 bdi mau dé va trong cac diém
nay ki higu a, 1a sé diém t6 mau do c6 hoanh

12 }

46 i (i = 1,...,12). Ta c6 D) a,=48. S0 cap
i=l

diém mau @6 c6 hoanh d¢ i 14 €7 = @

Chiéu céc diém mau dé 1én truc tung thi mdi
cap diém mau do co hoanh 46 i s& thanh mot

thtgs.//tlequ n.hop
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doan thing [x, y] voi x,yeN', x<12,y<12.

Sé céc doan thing [x.y] (x,yeN',x<12, y<12)

1a C2, =66. Tong s6 cac cap diém mau do duge
5 G 12 2 ] 12 s 1 12 ] 11 5

chicu la ;Cu, =-i;a,. —Egaf =—2u§aﬁ -24

12 2

S

12 :
Vi Y C] 27266 nén ton tai hai cip doan

| 48
U=z -AU=T2

thing, mot cip ¢ hoanh do i, mdt ¢ip c6 hoanh
do j (i <j) duoc chiéu 1én cing mot doan thang
[k, 1] trén truc tung. Khi do hinh chir nhat
ABCD v&i A=(i,k), B=(i.D),C=(J.D), D=(j.k)

déu duge to mau do. O

#Nhin xét. Trong s6 cdc ban tham gia gidi bai nay
chi c6 mot ban giai khong dung. Cac ban sau diy co
1 giai tét.

Ha Néi: Vii B4 Sang, 11 Toan 1, THPT chuyén
Nguyén Hué; Hung Yén: Vil Minh Thanh, 11 Toan 1,
THPT chuyén Hung Yén; Pha Tho: Lé Bao Anh, 10

Toan, THPT chuyén Hung Vwong. Vinh Phic: Do

Van Quyét, 10T, THPT chuyén Vinh Phic; Nam
Dinh: Pham Héng Trwong, 10T, THPT chuyén Lé
Hong Phong; Quéng Tri: Nguvén Vin Twimg, 11T,
THPT chuyén Lé Quy Pon; Binh Dinh: Tran Vian
Thién, 10 Toan, THPT chuyén Lé Quy Dén.

PANG HUNG THANG
Bai T10/452. Xdc dinh so nguvén duong t nho
nhdt sao cho ton tai t 56 ngUYén XX, X,

thoa mdn: X=X +x8 — ..+ x = 20652 (1)

Lai giai. Dé thay: x*= 0,+1(mod9), VxeZ .
Mat khac:
20652014 = 42014 (mod 9)=4*¢""*! (mod 9)
=4.64%! (mod 9)=4 (mod 9) .
Do d6 vdit = 1, 2, 3 déu khong thoa man (1).
Voir=4,taco: 2065=10° +10* +4* + I
=> 20652014 = (206571 ).2065
= (206551 Y .(10° +10° +4° +1°)
=(10.206551)® + (10.2065™ )3

+ (4.206557' 3 +(1.206557" )

=x} —xd +x3 —x] voi x =10.2065%",
x, =—10.2065", x, = 4.2065!, x, =—2065%"".
Viy ¢ = 4 12 6 nhd nhét cn tim. O
% Nhin xét. Bai toan kho ¢ chd can chi ra sy ton tai
c¢hc sb nguyén x,,X,,...,.x, thoa mén ding thire (1)
Chi cé hai ban tham gia giai bai nay va déu c6 101
gidi ding. Tén coa hai ban 1a: Ha Nﬁi Vit Ba Sang,

11 Toan 1, THPT chuyén Nguyén Hué. Ha Tinh:
Nguyen Van Thé, 11T1, THPT chuyén Ha Tinh

TRAN HUU NAM
Bai T11/452. Cho a la so nguvén dwong va day
56 (x ) xde dinh boi x, =1 va

X, =a%; +2ax, +la+]

_\.-'_K'; 2ax +2a+1  ¥nell

Xdc dinh a dé day sé (x, )co gici han hitu han.
Léi gidi. (Theo ban Nguyén Hé Minh Phutc,
11T1, THPT chuyén Quoc Hoc Hug).
=J4a+2—2,x," —2ax, +2a+120
o (VA2 -JI) -2(VAa+2-2)a+2a+120
o 4a+2-22J4a+2 +2
—2ayda+2 +22.a+2a+1z0

& F=2a(Vda+2-3—2)+4/2a+1-5<0.
* Néu a5 thi
Jaa+2-3-2>22-3-J2>4,5-3-1,5=0
va 4y2a+1-52411-5>0. Suyra F>0.
* Néu CI:4,F=8[J1_§"-3—E)+4\@_

=1642-17>16.1,4-17>0.
*Néu a=3, F=6(J14-3-y2)+4J7-5

=27(3V2+2)-23-642
>2.2,6.(3.1,4+2)-23-6.1,5
=5,2.62-32=0,24=0.
Nhu viy v6i @ e N', a =23, x, khong xé4c dinh.
Xét ae{l,2}. Tacd
2 2ax+2a+1=(x-a) +2a+1-d* 22a+1-a >0.
Ki hiéu
f(x)=\fx2+2ax+2a+l —Jx? =2ax+2a+1

Taco x,

=J(X+H)3+za+i—ﬂ2 —\ﬁ:xna)z+2a+l—a2

TOAN HOC
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Ta thiy ngay f(x)>0 VxeR" (R" 14 tip hop
tat ca cac sd thuc duong) va

F)= x+a
J(x+a}2 +2a+l-d

X—a

= = —>0 VxeR’
J(x—a) +2a+1-a’

it 1 el

\f.! +2a+1-a JH_E&H—@

2z

it

ham s6 ting.

Mit khac VxeR"

FX)=vx" +2ax+2a+1—Jx* —2ax +2a+1
i I

VO +2ax+2a+1 +xF —2ax+2a+1 X

Ap dung ta c6 x, =l<x, =V4a+2 -2 (ae{1,2)),

flx) 1a ham 86 ting (do f'(x)>0VxeR'), suy

i flx)<fln)=x,<8 ..

4a.

Nhu vdy I=x, <x, <x, <..<4a.

Tirdo suy ra {x, |7, la day s6 c6 gidi han hiru han.
Két luan: C6 hai s nguyén duong thoa mén bai
todn l1a ae{1,2}.

Chu y: Pat ¢ = lim x,. Tacé

o

flo)=c Vet +2ac+2a+1 —ve =2ac+2a+1 =c
‘lac
“— g 3 =
Jc‘+2ac+2a+l+~fc —2ac+2a+1
-<:>Jc:2 +2ﬂ(:+2-.’1+1+\"{?2 —2ac+2a+1 =4a

=2’ +2ac+2a+1 =c+4a=>3c" = 164" —8a—4
ﬁc-:%demz-za—]. 0

»Nhdn xét. iy 1a bai toan gidi han day sb la, hay.
Ngoai ban Phurde, hai ban hoc sinh sau ciing ¢é loi
giai tét:

Ha Tinh: Lé Van Truomg Nhdt, Nguvén Vin Thé,
11T1, THPT chuyén Ha Tinh.

NGUYEN MINH BPUC

Bai T12/452. Cho tam gidc ABC. Pudng thang
A khong di gua A, B, C cit BC, CA, AB thit tur
tai A,B,,C,. A, A theo thir tw la diém doi

e

TOANHOC |
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xung cua A, qua AB, AC. A_la trung diém cua
Al Cie diém B,, C_dwgc xdac dinh twong ty
nhie diém A_. Chimg minh ring cdc diém
A B.C thang hang.

Loi gidi.

Hinh 1

Ta cén c6 mot bd dé.
Bo d&. Cho hai bj ba diém thing hang A4, 4,,
— = ,
As va B, B,, By sao cho ﬂi—='—8’ =k Néu C,
BB,

Cs, Cs theo thi ty 1a trung diém cia 4,8, 428,

ity

e |
Phép chimg minh b6 d& trén rit don gidn,
khéng trinh bay & déy.
Tré lai giai bai toan T12/452 (h.1, h.2).
Goi Ay, By, Cy theo thir tr 1a hinh chiéu cia A,
B, C trén BC, CA, AB; B’, C” theo thit ty 1A
diém ddi ximg cta B, C qua AC, AB.
Vi phép d6i ximg truc bao toan sy thing hang
va ti s6 don nén 4 el sk Pl it B

A3Bs thi C), Cs, Cthing hang va

1

™
e

_‘i‘b|
Y
S

Hinh 2
Tir d6, ap dung bo dé trén cho hai bo ba diém
Ay, B, C’ va A, B, C, chl ¥ ring A,, By, Co theo
thir tu 1a trung diém cua 4,4, BB, CC’,
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suyra A, € B,C,; A L E
Ay AL
Tuong tw B, e C A,; it IBC va
B,A, BA
C.eA\B, CAy C—
CFH Ch

Chu y rang A,, By, C, thang hang va theo dinh li
Menelaus, ta cé

ABy, BCy CA _ AB BC CA_
AT B A Gl AL AA CR

[+ 2 1] e
Tir d6, lai theo dinh i Menelaus, suy ra 4,, By,
C, thang hang. O
»Nhgn xét. Day la bai toan hay nhung khong kho,
tuy nhién rat it ban tham gia giai, xin néu tén cic
ban co 11 giai dang: Ha Ngi: Hoang Anh Qudn,
10T1, THPT chuyén DHSP Ha Noi; Hung Yén:
Durong Hﬁ'ng Son, 10A9, THPT Duwong Quang Ham,
Vin Giang; Thanh Hod: Vi Duy Manh, 10T, THPT
chuyén Lam Som; Cin Tho: Neuyén Tran Hiru
Thinh, 10A1, THPT chuyén Ly Tw Trong.
NGUYEN MINH HA

Bai L1/452. Mot r_yfunh dat thang dimg, dau
dwdi chim trong nudc, dau trén thong voi khi
quyén. Trong xyvlanh ¢6 mét pittong dat nam
trén mdt nuwde. Kéo chdm pittdng lén dé cao
H = 15m. Tim cdng kéo pittong. Cho dién tich
pitténg la § = 1dm’, dp sudt khi quyén
po=10° Pa. Bo qua khoi lwgng pitténg.

L;

Léi gidgi. Goi D, 1 khéi lugng riéng cuia nudc,
P la trong lugng cua cot nude trong ong khi kéo
pittong tir ngang mét thoang cua nudce 1én téi d6
cao la H=15m.

Khi kéo pitténg 1én trén, do tic dung cua ap
sudt khi quyén nudc sé déng lén trong émg theo
pittong cho t6i khi ap sudt do cot nudc gay ra
tai diém ngang mat thodng cén bing véi ap khi
quyén thi ngimg. Ta ¢6: p, =p, (p,1a dp sudt
do ¢cft nudc gay ra)

ot L gt

4= 10000 - 10 (m)

Viy ta c6 thé chi hut duge cot nude c6 chiéu
cao ti da i bang 10m.

Do cOt nude tang déu nén Iyc kéo ciing ting
déu tir 0 dén P (P la trong Iugng cot nurde dang

= p,=d, h=>h=

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI T

1én trong dng) . Vi luyc kéo ty 1& véi d6 cao h
cua cOt nuoc nén luc kéo trung binh la:

= U;P L . Viy cdng thue hién duoc khi
kéo ¢dt nude ¢b chidu cao h la:
P 1
A] =5h=5dn5hh
=—;—-100{)0-{),01-]0-10=50(}D (1.

Khi pittong dit khoi ¢t nude thi lyc kéo lic
ndy cén bang véi dp lue cia khi quyén tic dung
1én mait trén ciha pittong. Cong thuc hién trong
giai doan nay la:
A, = py. S(H - h)=10°.0,01(15-10) = 5000 (J)
Viy cong thue hién tong cong la:
A=A +A, =5000+5000=10000 (J)=10(k)) O
»Nhgn xét. Cic ban c6 161 gidi ding:
Quing Ninh: Vi Hoang Yeén, 11A7, THPT Udng
Bi; Thai Binh: Ngé Van Khoa, 11A2, THPT Bic
Déng Quan, H. Dong Hung; Bic Ninh: Nguyen Dac
Nam, 11 Ly, THPT chuyén Bic Ninh.

NGUYEN XUAN QUANG
Bai L.2/452. Cho doan mach dién xoay chiéu
gdtm dién tro thuan R, CUON Cam thuan cé do tw
cam L va tu dién co dién dung C mdc néi tiép.
Trong do cac dai hegmg (R, C, w) khong doi con
L thay déi dieore. ermng khiL=Lival =L,
thi thdy dién dp gita hai dau cuén cam thuan U
déu nhu nhau. Xdc dinh L theo Ly va L, dé dién
ap hai dau cuon cam dat ciee dal.
Lai gidi. Dién ap gitra hai ddu cudn cam thuin
Uz,

JR+(Z,-Z.7

mau cho Z;). Tacé: U, =

=1z = (chia ca tir va

Uz,
= o L S o
JR2+ZE_£+1 T s el P
Ze L
SRR, 22
.  Z

s "RTR

Néu ditx= Zi thi ham y c6 dang tam thire bac
&

haiy = ax’ + bx+ cco6 hé sd a = R2+ Z2 > 0

b

= Vmin khi X g Khi dd:

TOAN H
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R*+Z2

ZL =— € — Zr.lo= R? +ZE-
Zf.-'
Khi U =Upn < L2 =17
vz,
=
JRE AL 28 Ak T2
- U'ZL2
R 27,7+ 7%,
i z,
2
sz (2)
" R? +Z% - 27,7+ 73,
Zi,

Thay (1) vao (2) = G R A B
2 Zi,

VA A AR A A

ZHhZ T =221\ 7157 ¢ + 212 5
=212, Zc —223,2)\Z¢ + 21\ 7,

© ZhZ, = Z},Z; - 22757,
© 2 (2]~ Z1)) =22 252y — Z;5)
< Z(Z +Z5)=2Z175.

© Upax khi : l[ l. 1 ]——l :L:%.

¥ Nhin xét. Mot s6 ban ¢o 10 giai ding va chat
ché: Biic Ninh: Ngu_vén Ddc Nam, 11 Ly, THPT
chuyén Bic Ninh; Nam Dinh: Pham Ngoc Nam,
11 Ly, THPT chuyén Lé Héng Phong; Thai
Binh: Ngbé Vin Khoa, 11A2, THPT Bic Déng
Quan, huyén Pong Hung : Bic Giang: Ho Thanh
Tiing, Ngé Tudn Himg, 12 A6, THPT Tin Yén $6
1; Nghé An: Hé Thanh Ting, Hoang Nghia
Virong, 12 C1, THPT Kim Lién, Nam Dan.

2
-2Z5\Zp,

PINH THAL QUYNH

TINH CHAT SO HQC ...(Tiép the

i) .'IJ.-(II"-‘i_r . 1“
BAI TAP

I. Tim tit ca ca’lc s6 nguyén dwong m, n sao cho da
thic flx)=x - 17¢ + mx — n° co tht ca cac
nghiém déu nguyén.

2. Cho da thirc O(x) =x" + 19x* + 99x + a, aeZ.
Chimg minh ring: Véi moi s6 nguyén td p = 5, trong
cac so nguyén Q(0), O(1), O(2)......0(p —1) khéng
thé ¢6 hom 3 s6 chia hét cho p.

3. X4c dinh céc da thire P(x) c6 bic nho nhit voi cac
hé s nguyén khéng am sao cho véi mbi sb nguyén
duong n thi 4” + P(n) chia hét cho 27.

4. Cho py, pa. Pas Pa la bén sb nguyén th phén biét.
Chimg mmh rang khong ton tai dd thire O(x) bic 3
co hé 56 nguyén thoa man:

1Q01)] = 1Qp2)| = |03} = | Opa)| = 3.

5. Cho n €Z*. Tim 56 ty nhién & bé nhit sao cho
ton tai da thirc dang P(x) = x* + @ ' + ..
ae Z[x] chia hét cho # vdi moi x e Z.

6. Cho da thirc P(x) = ax® + bx* + ex + d e Z[x]
‘trong d6 a, b, ¢, d €Z , a chia hét cho 3, b chia hét
cho 3 va c khong chia hét cho 3. Chu‘ng minh ring
v6i mdi s ty nhién n luén luén ton tai sé nguyén a,
sao cho P(a,) chia hét cho 3".

7. Xét da thic:

TOAN HOC
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Jx)

= ("2 5 B2 FE+2 gk
feilie B Brie b Bk ST e o i B 8

n—Zi
3 -

v m 12 mot s6 tw nhién va k =[

a) Chimg minh rang
P a(x) = 3P, 2(x) — 3P (x) + (x+1)Pu(x).
b) Tim tit ca cdc s twr nhién a sao cho P,r(as) chia
n-1]
hét cho 3. 2 | véimoi n=2.
8. Tim tit cé cée gid tri cua » sao cho da thic:
X"+ 4 o thé phén tich thanh tich cua hai da thirc
khac hang sb voi hé ) nguyén.
9.Chopla s6 nguyén t6. Chimg minh riing da thirc:
=x 14 ¥ 2+ +x+1Dbhtkha quy trén
Zlx].
LOT KET
Bai todn lién quan dén da thirc vé ciing phong phii
va hdp dan, ngoai ban chét sé hoe, da thire con
mang ban chdt hinh hoc va dai 56 thuan miy clig no.
Sir dung tinh dom diéu , gici han, dao ham va do
thi... ta ¢o thé giai quyvér duoc nhiéu bai todn vé da
thite. Tuy nhién trong pham vi bai néy ta chi di theo
mot hieomg nhie déi trink bay, mong ban doc trac déi.
Xin chdn thanh cam on GS.TSKH Phimg Ho Héi —
TS Tran Hitu Nam da gop ¥ dé 16i hoan chinh bai
viét HAY.
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PROBLEMS ...(Tiép theo trang 17)
FOWARDS MATHEMATICAL
OLYMPIAD

Problem T9/456. Given positive
a,,4,,...,a,5 satisfying:

integers

a) a, <a,
b) for each k (k= 1,..., 15), if we denote b, the
largest divisor of @, such that b, <a,, then
b, >b, >..> b, . Prove that a, >2015.

Problem T10/456. Given the following
polynomial f(x)=x%+3x*+6x+1975.

i e

In the interval [1;35], how many are there
integers a such that fla) is divisible by 3?5 ?

Problem T11/456. Find all
f:R—R satisfying :

injections

HUUONG DAN GIAI DE SO 8 | J'Ilul.[,-'.ll" theo trane [ 1)

1 23-'J -50

DM? =DA? + AM? =50@[;+3)3+[

t=2

—332{)=U<:: 166
=~ (Loai).

<6107 +440¢

Suy ra D(2; —4),
Ciu8.DiémA e A, nén A2 + ;2 + £, 3 + 20).

61+ 6|
—

hodc t =—4. Vay A(4; 4; 7) hodic A(-2; -2; -5).
Ciu 9. S6 céc sb6 thude M cé 3 chir sd la
A3 =60. S6 cac s6 thude M co 4 chir s la
A#=120. S6 cac sb thubec M cé 5 chir sb 1a
A3 =120. Suy ra s6 phan tir caa M la
60+120+120= 3{)[).‘ ,
Cac tap con cla £ c6 tong cac phan tir bang 10
gom E, ={1,2,3,4}, E, ={2,3,5}, E, =(1,4,5}.
Goi A4 1 tap con clia M ma moi s6 thude 4 ¢o
tong cac chir sé biang 10. Tl E, 1ap dugc s cac

d(A,(P))= d{A,(P))=6 & r=2

s6 thudc 4 1a 4! Tir mdi tap E, va E, lap duge
s6 cdc s6 thude 4 1a 3!

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI T

FOO)+ (%) = (x+ P[4 = P ()

A ()- f(x)f"(y}+f4(}’)] for
all x,yeR .
Problem T12/456. Given a triangle ABC and
let G be its centroid. Choose a point M, which
is different from G, inside the triangle. Suppose
that AM, BM, and CM intersect BC, CA4, and AB
at A,,B,,C, respectively. Choose A,,A, on
B,C, such that A,A // C4 and A A, /1 AB. We
choose four points B,,B,, C,,C, similarly. Let
G,,G, be the centroids of the triangles A, B,C,,
A,B,C, respectively. Prove that

a) AB, I/ BC, Il C4,,
b) MG goes through the midpoint of GG, .

Translated by NGUYEN PHU HOANG LAN
(College of Science-Vietnam National University, Hanoi)

Suy ra sd phén tir cia 4 1a 41+2.31=36. Do d6

2 Lo e : 36
ssudtcantinh 1a P=——=0,12.
Xac sudt cén tinh la 300 0,12

Céiu 10. Taco b* +16 = 8b?% . Suyra
2 ..Efl__bi ;> M 1__."‘1‘__ L I_E\\
Er‘+16_16L b +16 8 )16 B8 )

Twong tu ta cd h b [ 3 J

16 16
€ ¢ a?
e[y | Bos . 3
2 +16 lﬁ[l 8) iy
2 ] :
E]ﬁgﬁ(m’) +be? +ca?) (1

Khong mit tinh tong quét ta gia sir b nim giira

avac Khidotaco alb—a)b-c)<0, hay

ab® + bc? +ca® < a*b+bet +abe = bia® +c* +ac)
<hla+c)y =b(3-h).

Xét ham so f(h)=h(3—h)?,0<bh <3 taduge

fb)< f(1)
Khi a=0, b=1, ¢c=2 ta ¢ diu diing thirc xay

=4 (2). T (1) va (2) ta co Az%.

: 5
. Vi A= =.
ra. Vay min »

PHAN VAN THAI
(GV THPT chuyén Phan Bdi Chdu, Nehé An)

TOAN HOC
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0 il 3
oo "Q«

g' rong mdt budi hoc nhém, hai ban Déng
va Xudn cung giai bai toan Sc trang 154

sdch gido khoa DPai s0 16p 10 (Co ban):
Tinh sin2a, cos2a, tan2a biét rang

; 1. o0 3m
sma+msa=5va mec:n.

« Loi gidi ciia Péng: Tir gia thiét

In sing >0 :
b P — Saien!
4 cosa<(
1 sina—i-cosa (0
sing+c0sa=— 2

= 2
sin” a+cos’ a=1 [E—msaj +eos’ a=1 (2)

(2]<:>2|:1:152 a—cnsa—% =0 < cosa=

: ¢ 1=+47 3 1

vi cosa < 0 nén cosa= 3 =>51na=—2-—oma
T R T 7 A

A

: ? 1437 17 3

5 2 =2 5 :2- _— =,

51N a7 SINacosda 4 4 4

2
cos2a=2cos’a—1=2- ﬂ —l:—ﬂ
4 4
sin2a 3

:»tanEG—M—ﬁ.

« Loi giai ciia Xudn: Tir gia thiét %m-«:n

- sing>0 o 1’;_7:{2{;‘{211:> sin2a<0
cosa<() 4 cos2a>0"

1+7
4 3

[II I]Illlli il 5HI‘7III Sllﬂ

PHAM C‘ONG MINH

(Hai Dwong)
si 2 cosa = Lot
4 Inag+cosa == 4
Ta ¢b 2 o
sina+cos’a=1 sina = +4
Vay sin2a=2sinacosa= Zﬁ—{% —%
cos2a=+1-sin’2a = 1—%:%
i @inda  ~3
Suy ra: tanza_cosZa S

So sanh két qua, Péng va Xudn tim mai khong
biét vi sao lai c6 hai két qua khéac nhau, sai &
dau? Rat may ban Thanh — cay toan cua 16p t6i
cho 1&i giai.

» Lai giai cua Thanh:

i Al g ; |
Tt gia thiét: sma+msa=%—_*.-(sma+cosa] 4

:>1+sin2a=%:>sin2a=—%l
i i RERTT 3m
Tuglathlet:T«:a-:n:T{hf:er

=>cos2a >0 =>cos2a=+1 —sin’ 2a =§
_=3

7
Thanh va Xudn vui muing, khéng dinh loi giai
cua minh ding vi ding vai dap so cta sach giao
khoa. Ban Déng khéng dong ¥.
Céc ban yéu toan, hay gitip mét v kién cho biét
ai diang? ai sai? Vi sao?

sin2a

=tan2ag=
cos2a

PHAM CONG MINH
(TP. Hai Duong)

POC LAI CHO PUNG. Trén Tap chi TH&TT sb 455, thang 5 nam 2015 trong muc Pé ra ki nay

« Xin doc lai dé bai T6/455 nhur sau: Phuong trinh thir ba ciia hé 1a; 3z° + x* =4x2

—5x+9z+8.

- Bai T6/454 dénh sb lai thanh Bai T6/455, Bai T7/454 thanh Bai T7/455, Bai T12/454 thanh Bai

T12/455.
Thanh thét xin 15i ban doc.

TOAN HOC
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/V ra qua, bao dién tir Vietnamnet c6 dang bai
toan do mt gido vién & huyén Bdo Ljc
tinh Lam Dong ra trong dé on tap 16p 3:

Bién chin 56 tw nhién tie 1 dén 9 vao cdc 6 trong:

T B T
+ x| |=| I=
5 [ [10] [
.2 P ! B (5 R Bl
+1 | X

Bai toan da lan sang tin Chau Au. To bao The
Guardian cua Anh, trong myc Khoa hoc goi do
la “Bai todn con rdn”, di ding bai cua Alex
Bellos vé cach giai bai toan nay. Bai viét dugc
Nguyén Thao dich trén Vietnamnet nhu sau:
“Bai todn nay giong nh mot bai toan do danh
cho Khoa hoc may tinh nhiéu hon la danh cho
Toan hoc.
Tuy nhién, voi hau hét chiing ta — nhitng nguoi
ciia thoi dai gidy va but chi, t6i sé viét lai bai
todn dudi dang phwong trinh nhie sau:

a+ 22 d+12e~f 1145

c

= 66.

Trude khi giai phwong trinh nay, hdy xem tong
s6 ddp dn ciia bai todn nay: cé toi 362880 16
hop cdc 56 tir 1 dén 9 co thé dién vao é trong.
Quay lai véi bai todn, ching ta co thé rit gon
phuong trinh thanh
13h

¢

a

2e- f*“ﬂf{:=3?,

1
e I W T & B gh .
Tir day ta co thé gia dinh rang 4 la cdc

56 nguyén va ching ta khéng muon E—'!-J- qud lém.
-

C6 nhiéu hon mét loi graz nén cé nhiéu di dodn
khdc nhau dan toi két qua dung. Loi giai ma toi
cho la triec quan nhat thudc vé doe gia

HAY BAT MUA TC TH&TT TAI BUU CUC HOAC VOI T

vtr Htm BINH (Ha Npi}

Brollachain. Dé % nho nhdt, cé thé anh dy
ddchob=2,c=1. Tu dé ta duoc
a+d—f+26+ ]2e+gT_k:8? hay

a+d—f+126+ng‘1=6l.

Vay cdc dn 56 con lai sé tir 3 dén 9, trong dé ¢é
3,5, 7 la cde s6 nguyén t6. N Brollachain ldp
ludn thi logi bo ching cang som cang 16t dé
khéng lam phikc tap thém cde sé khdc.
Choa=3,d=5vaf=17,taco

3+5~?+12€+—gﬂ=61 hay IEe-i—g—hzﬁ().

Cdc ao con lai la 4 6, 8, 9. Lue nay fa thir edc
an 56 voi cdc 56 trén thi dige mot két qua hop
lilae=4,g=9,h=8,i=6vaco
48+% — 48+12 = 60.

Co nhitng bai toan yéu cau ban phdi soi xét thét
ki, nhung ciing cé nhitng bai todn nhw bai todn
nay, chang co cach giai nao khdc ngodai viéc
thit, sai, lai thir lai.
Ca hai dang bai todn déu co thé khién cho
nguwdi ta thoa man khi giai xong.”
CACH GIAI PAY BU “BAI TOAN CON RAN”
Nhimg nguoi yéu thich lap luén chat che chic
khong thoa min véi 1o giai trén, vi do chi la
mét dap s6 chir chua phai tit ca cac dap s6. Va
vikcchobh=2,¢c=1,a=3,d=35,f=7 mang
tinh ap dit.
Ta di tim 15i giai ddy da cho bai toan trén, tirc
la tim tat ca cdc gia trj nguyén khac nhau tir 1
dén 9 ciaa, b, c. d, e, f. g, h, i thoa man

a+¥+d+129 Lf +3h =& : ().

Trude hét, de chg bai toan do phluc tap, ta bo
sung thém vao dé bai mot yéu cau la két qua

TOAN HOC
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céc phép tinh trung gian ciing 1a sé nguyén dé
di dén nhan xét E va 2~ g déu 1a sé nguyén,

do do khong phal xet cic tru{mg hqp nhur:
Khong mét tinh tfmg quét, gidsta<dvah<g.

Do liﬁ 14 56 nguyén, ma (13, ¢)=1nén b c.

Néu i>5 thic=1,e=22 Vb&i e=3 thi vé trai

clia (l) 16m hon 87. Véie =2 thi
l’ib oh

—— ek Rl f+—>3+i35+4+122 9+1=88.

Viy gia tr] cua 2 chico thé 12 2, 3, 4.
-

foy , '
A. Xét © =2, Khido (1 ) trs thanh
g

a+d+12e— f+ -8? 26=61_. (2).
; b=2 |b=4 |b=6 |b=8
Cé bon trudmg hop: ;
ik {:::1 {v:g {;:3 {c=4
. Xéth=2,¢=1.Do e#l,e#2 va khoéng
thé e>6 nén e (3:4:5).
1) Xét e = 3. Khi do (2) troé thanh
avd—f+E 061236 =35, (Gl chin nhigh gik
tri 4, 5, 6, ?, 8. 9. Ta cht y ring
‘ih =25-a-d+f>25-8-9+4=12.
Lai xét ba trudmg hop cua i
S gh
Xét i = 4 thi 4

%§=12:a+d—f=13. cac chit nhdn gia tri

cb thé 1a: %mu, Togis

5, 7, 9 loai; 3%:14:m+d—f=u, chc chit

nhin gi tr 5, 6, 9 loai; gé: 1B=a+d-f=T7,
céc chir nhan gia tri 5, 6, 7 loai.
— Xét i = 6 thi % cé thé 1a: ——==6,

6
9.8 ; 0y [ e
?=12 = a+d-f =13, cac chir nhin gia tri

4,5, 7 loai.

—~ Xét i =8 thi 3’8“ %ﬁ%, loai.

2) Xeéte=4. Khl do (2) tro thanh

a+d— f+ —61—48“13 Cac chit nhin gia
tr; 3,5,6,7. 8 9, Tachuyrang

~n TOANHOC
3(] * CTuditre SO 456(6-2015)

: loai;
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‘i—_h=I3—a—d+f£13—3—5+9=14. Lai xét

ba truwomg hop cua i
~Xéti=3thi 3; c6 the la:
6.5
3
7, 8, 9 loai; . 4= a+d—-f=

3
nhéan gia trj 5, 8, 9 loai; — <l =16; 0

A L8
9.5 9.7 9.8
o ={at N 21: R 24 déu loai.

—Xéti=6thi%hcéthélé:
8.3
6

7, 9o: %:123“0*4:1, che. chit nhin

=10=a+d - f =3, cac chir nhin gia tri
—1, céac chir

=15k

=4=ag+d- =9, cidc chit nhdn gia trj 5,

giatr 3,5, 7Tthoaman voia =3, d=5vaf="7.
Ta tim duge mét déap s6, d6 14 ddp sb trong bai
viét trén to bdo cua Anh:

3+1§]—2 Y ?+25§=87.
e 0 i %"’_6;_2:,“@' £l

cac chir nhén gia tri 5, 7, 8 loai.
3) Xeét e = 5. Khong co dap s6, ban doc tu giai.
I1. Xét b =4, ¢ = 2. Khi do

a+d— f+12e+gh—61 (3). Do e#2,e%4

va khong thé ¢o 926 nén e e{1;3;5}.

1) Xét e = 1. Khi do (3) tro thanh
a+d—f+fii-=61-12=49. Cac chir nhan gia
i 3,5,6,7,8,9. Ta chi ¥ ring
%ﬁ=49—a-d+f249—8—9+3 =35. Lai xét
ba truong hop cua i:

— Xeti=3thi gh 2.8

£ —— =24 ]oai.

ol 3 o e T il
—‘Xﬂtl.—ﬁthl 6 cothela. 6—4, 6 =12
déu loai.
¥ o gh 6.3

Xéti=9 thi oy —— =72 loai.

2) Xét e = 3. Khi d6 (3) tré thanh
a +d—f'+ng‘I:6] —36 =25. Cac chit nhin gia
tri 1,5,6,7,8,9. Tachiy ring

thtgs.//tlequ n.hop

to.ol

AN

I



https:'www. facebook. com/letrunglienmath

https:/sites. google.com/site/letrunglienmath

ﬁ=2§—a—d+f£25—-l-—5+9=28. Lai xét
hzii trudmg hop cua i

—Xéti=1thi ilh-fz—s=30, loai.

~ Xét i =6 thi ‘gh=?8=12:>a+d—f=13,
céc chir nhéin gid trj 1, 5, 7 loai.

3) Xét e = 5. Khong co6 dap s0, ban doc ty giai.
1Il. Xét b = 6, L—? Khi do

a+d+12e— f+ —61 (4). Do e#3 va

khong thé ¢=6 nen eef{l;2:4:5).
~Véie=1,lanlugt xéti=2,i=4,i=8.
—Véie=2, linlugt xéti=1,i=4.
~Véie=4,linlugt xéti=1,i=2.
—Véie=5linlugtxéti=1,i=2,i=4,i=8.
Giai theo cach twong ty nhu trén, khong co
thém dép s6 mai.

IV. Xét b = 8, ¢ = 4: khong c6 dap s6, ban doc
tr giai.

B. Xét i’ 3 KHi 86 (1)t thanh

a+d+129—f+%:8?—39:43

} h=3 [b=H, |b=9
Lébatruimghc;rp.{ e {(:2 {E:3.
-Véaib=3,c=1, dokhongthe €25 nén
ee|2:4). Véie=2, lanlugt xéti=4, i =6,
i=8 Véie=4,lanlugt xéti=2,i=6.

— Véi b =6, ¢ = 2, do khong thé e¢>5 nén
ec{l:3:4}.

Vaie=1,lan luot xéti=3,i=4.
Véie=3, lan lugt xéti=1,i=4.
Véie=4,lan lugt xéti=1,i=3.

—V6i b=9, ¢ =3, do khéng thé c6 e>5 nén
ec{l;2:4}.

Véie=1,linlugt xéti=2,i=4,i=8.
Véie=2,lanlugt xéti=1,i=4,i=8.
Véie=4, lan luot xéti=1,i=2.

Giai theo cach tuong ty nhuw trén, ta co thém ba
dap sb trong céc trudng hop sau:
Voib=3,c=1,e=2,i=4, chon

g=8h=T tadugca=6,d=9,f=5, chon
g=9 h=8tadugca=5,d="7, f=6vach

6+~13]—q+9+122 5+¥-87

(5).

5+]—?;§+?+122 6+—9—8-ST

4
Vaib=9¢c=3,e=2,i=4,chong=8 h=17,
tadugca=5,d=06,f=1vacd:

5+%—?-+6+122—l+87;’r—3?.

C. Xét 7~ 4. Khi dé (1) tré thanh
a+d+12e—- j+ _8? b I (6).
A b=4 |b=8§

d truomg h :

Co hai trudmg qp{c=] {5:2

~ Véi b =4, c =1 do khéng thé e>4 nén
ec{2;3}. Vaie=2, lan lugt xéti=3,i=6,
i=9.Voie=3,xéti=2.

—Véi b =8, ¢ = 2 do khong thé c6 e>4 nén
ec{l:3).Vdie=1, linluot xéti=3,i=6,
i=9 Véie=3,lanluotxéti=1,i=6.

Gidi theo cach twong tu nhu trén, ta co thém
mét dap s6 méi trong trudmg hop b =4, ¢ = 1,
e=2,i=6,g=8,h=3,dodba=5,d=9,

8.3
- 22— =
9+1 6 3

f=7vaco: t‘-+134

KET LUAN
Ta dugc nam dap s trén voi gia sira < d va
h < g. Néu doi gid trj cia a va d, cha i va g thi tir
mét dap s6 co thém ba dap so nita. Do do bai toan
c6 tit ca hai muoi dap sb.
Lo giai ddy du cia bai todn nhu trinh by & trén
tuy phai xét nhiéu trudmg hop nhung cé dudmg 161
rd rang. Mau chot cia cach giai 13 phat hién ra
b:c va gh:i.Sau khi xét cap gia tri cia b va c,
ta xét e dé giam sé truong hop cin xét, roi xét 7 dé
chon g va h, cudi ciing xdc dinh a, d, .
R& rang bai toan nay vian thich hop cho mén Toan
chit khong phai chi danh cho mén Khoa hoc may
tinh.
Ban doc nao cd himg tha vai bai toan dang nay co
the thu suc vai “Bai todn con |
rdn mor: 1
Dién cdc .9::'; ftr nhién tir | den
6 vao edc 6 trong (cdc ket qua
trung gian ciing la so Iy
nhién).
Bai todn ndy don glan hon “Bai ton con ran” v
¢6 tt ca bon dap so.
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BT - Fax Phal hanh, Tri sy : 04.35121606
Muihemuilts und Yonh Mugulne Email: toanhoctuoitrevietnam@gmail.com
BAN €O VAN KHOA HOC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. NGUYEN CANH TOAN Chii tich Hoi déng Thanh vien

- MNXB Gido duc Viét Nam
 TSKH TRAN VAN NHUN S
i i MAC VAN THIEN

= ¥y
TR RN b Téng Gifm d6c kiem Téng bien tap
GS. DOAN QUYNH NXB Gido duc Viet Nam
PGS. TS. TRAN VAN HAO GS. TS. VU VAN HUNG

HOI DPONG BIEN TAP
Tdng bién tdp : TS. TRAN HUU NAM Thue ki Toa sogn : ThS. HO QUANG VINH
TS. TRAN BINH CHAU, ThS. NGUYEN ANH DONG, T7§. TRAN NAM DONG, 75. NGUYEN MINH BUC, 75. NGUYEN MINH
HA, TS. NGUYEN VIET HAI, PGS. TS. LE QU(‘}C HAN, ThS. PHAM VAN HUNG, PGS. T5. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHm: MINH, TS. PHAM THI BACH NGOC, PGS. T5. NGUYEN DANG PHAT,

PGS. TS. TA DUY PHUONG, ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOALI,
ThS. VU KIM THUY, PGS.TS. VU DUONG THUY, GS. TSKH. NGO VIET TRUNG,

TRONG SO NAY

@ Dpanh cho Trung hoc Co & @ tiwong din gidi - Dé 508,

For Lower Second School = e .
Y €D) Dién dan phuong phép giai toan

Hodang Thudt - Linh hoat dé dua bai toan

: i Nguyén Luu — Tinh chat s& hoe dic trun
vé st dung hé thie Viéte. guyen Luu ae di g

trong bai toan da thic.
Huéng dan giai Dé thi tuyén sinh vao 16p 10 @
chuyén Toan Trusng DHSP TP. H6 Chi

Minh, nam hoc 2014 — 2015.

Pé ra ki nay
Problems in This Issue

T1/456, ..., T12/456, L1/456, L2/456.
@ Giaibai ki truse

Solutions to Previous Problems

o Tin tie toan hoe

Tham Ngoc Khué — L& Tong két va trao giai
thuong thi HOMC 2015, Hai déng thi Ha

Néi. @ Sai 1am & dau

@ Dé thi tuyén sinh vao 16p 10 Truéng THPT Rt ngiduieh S iangs Suatt
chuyén Lé Quy Pon, Ninh Thuin, nim hoe Vi gao?
2014 — 2015.

@ Dién dan day hoc toan
Giai tri toan hoc :
Vi Hitu Binh — Vé “Bai toan con ran”.
Phi Phi — Giai dap: Dién sé vao hinh hoa.
Anh Bia 1: GS.TSKH Nguyén Vin Mau,

© chuin bj cho ki thi THPT Qudc gia Chii tich Hei Todn hoc Ha Noi va Ong Chiz

Trinh Ba — Van dung géc dé gidi cac bai Xudn Diing, Phé Gidm déc Sd GD — BT
qua trdi) tai Lé Tong két ki thi Todn hoc

@ Thit stc truce i thi - Dé s6'9. Ha Néi md réng ldn thit 12 ndm 2015,
Tnfﬁ’ngﬁanbi&n tdp: ThS. NGUY&N,ANHQUAN < Mﬂm&:QlﬁcmﬁP 'IHANHLGNG

Tri su;, phat hinh: NGUYEN maMNmmmUHwﬁN Thiét ké, ché ban: VU MAI ANH
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S (1) 7 D D BB VIR D
Gidi thigw U3 sack

B6 sach “Tai liéu chuyén Toan” 16p 10, 11, 12 c6 tat ca 12 cubn, mbi I6p ¢6 4 cudbn gom 2 cudn li
thuyét (Pai s6 - Gidi tich va Hinh hoc) va 2 cudn bai tap. Nai dung trong méi cubn déu bam sat chuong
trinh cho hoc sinh cac triding THPT chuyén ma Bé Giao duc va Pao tao da ban hanh. & méi cudn li
thuyét gi&i thidu cac chuyén dé bat buéc clia chwong trinh chuyén dugc trinh bay kha sau va chat che,
c6 kha nhidu cac vi dy, bai tap la nhirng bai thi ciia khdi chuyén Toan, thi hoc sinh gidi Toan Quéc gia, thi
Toan Québc té. Trong méi cudn bai tap, ngoai hwéng dan giai kha day di cac bai tap trong cudn li thuyét,
con cd mét s0 bai tap bo sung dé hoc sinh tham khao. Céac tac gié clia b sach la cac thay giao co nhiéu
kinh nghiém trong viéc boi dworng hoc sinh gii Toan, déu da hoac dang truc tiép giang day tai cac
trirrng THPT chuyén, khéi chuyén Toan, cac trding Dai hoc, Vién nghién ciru, . . . trén khap ca nuwdc,
nhte.: GS. Boan Quynh, GS.TS. Van Nhw Cuong, PGS. TS. Nguyén Bang Phat, PGS. TSKH Vi Binh Hoa,
GS.TSKH Ha Huy Khoai, TS. Nguyén Minh Ha, GS.TSKH Bang Hung Thang, PGS.TS. Nguyén Vi Luong,
i ThS. Bé.Thanh Son, TS. Tran Nam Diing, TS. Lé B4 Khanh Trinh, ThS. Nguyén Trong Tuan, ...

Hiveng rang b sach sé dap ng dwgc phan Ién yéu cau hoc tap cia hoc sinh, viéc gidng day cia gido
vién & cac trurdng THPT chuyén; cling nhw nhu cau doc clia nhirng nguedri yéu thich Toan.

TAl LIEU CHUYEN TOAN

; g oy Al TAP HINH HOC
TAI LIEU CHUYEN TOAN TAI LIEU CHUYEN TOAN 10

HINH HC_)C L e | TAI LIEU CHUYEN TOA BA' SO 1 0
Al TAP DAI S( j

Thl LIEU CHUYEN TOAN

BAITAP PAISO TAI LIEU CHUYEN TOAN
VaGIAITICH ]| B4R HINH HOC 1(

TAI LIEU CHUYEN TOAN

BAI TAP HINH HOQC

1

Dia chi lién hé: - Phéng kinh doanh CTCP Dich vu Xuat ban Gido duc Ha Noi
Dia chi: 187B Giang V6, Bong Da, Ha Noi
Tel: 0435121974 - Fax: 0435121973
- Céc cira hang Sach Gido duc clia Nha xuat ban Giao duc Viét Nam trén ca nwéc
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i[*-”';";;;';‘{';;"’“ g & Quyén 1. 300 trar g, khé 1926,5 cm. Gié bia: 58.000 déng

o i Quyén 2. 252 trang, khd 19265 cm. Gid bia: 48.900 déng
% Quyén 3. 252 trang, khd 1926,5 cm. Gié bia: 48.900 dng
Quyén 4. 200 trang, khd 19%26,5 cm. Gié bia: 39.500 déng
% Quyén 5. 240 trang, khé 19x26,5 cm. Gia bia: 42.500 ddng
% Quyén 6. 224 trang, khé 19%26,5 cm. Gia bia: 45.000 déng

Tm‘ e 1 desvup'ne o
To

(oredii {n

T AACH TOAR HOE WA

§{) 6 sach c6 hai tap gébm 10 chuong véi nhiéu

chuyén d& dugc tayén chon tif cac bai viét
clia cac thay cb giao gi nf- chuyén moén va co kinh
nghiém giang day trong%@ nudc, dudc sap xép
theo ding thir tuf trong Cau tric dé thi tuyén sinh

Pai hoc, Cao déng cla B{iu}'-__iéo duc va Pao tao.

Ph&n cudi méi cudn gidi thisumot s6 dé tu luyén va
¢6 huéng dan giai.

260 trang, khd 17x24 cm. 240 trang, khé 1724 cm,
Gia bia: 46,000 dong. Gia bia: 44.000 ddng.
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